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Abstract

Dynamics of a certain class of transcendental meromorphic functions
by

Shenglan Yuan

Advisor: Professor Linda Keen
The theory of iterated transcendental functions has been extensively
studied in the past two decades. We are interested in some “slices” of
parameter spaces of certain classes of meromorphic functions with two
asymptotic values, 7, x, Sx. We study the properties of the dynamic
plane of functions in the families. We also study parametric represen-
tation of the families. We study the relationships between Sy and the
tangent family, between S, and the exponential family, between 7, »
and the tangent family and between 7, , and the exponential family.
The functions T; y have two asymptotic values, one is —A and the
other one is aA. Under conjugation, the family can be written as

{Tux(z) = a)\%,a € R,A € C\ {0}}. We can see that
as a approaches oo, the asymptotic value a\ escapes to oo, and that
each function T} y(z), on any compact subset, will uniformly converge
to the exponential function Aexp(2z) — A\. We will show that there is
dynamic convergence as a — oo, and we will study the relationship of

the hyperbolic components of the two families, 7, » and Aexp(2z) — .

In the family S, each function Sy has two asymptotic values, 0 and

v



A, and 0 is also a pole. We will show that each component of the Fatou
set of Sy is simply connected, and that there is at most one completely
invariant domain of the Fatou set. We will also prove that these results
can be generalized to functions with finitely many singular values and

certain restrictions.
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Chapter 1

Introduction

1.1 Introduction

In recent years, there has been increasing interest in the study of the
transcendental entire and meromorphic functions (see, e.g., [1,2, 20,
21,31,32]). In particular, there are many studies about the exponential
functions Aexp(z) (see, [6,8,11]), one of the simplest entire functions,
which has only one asymptotic value and no critical values. There
are also several studies about the tangent family Atan(z), (see, e.g.,
[18,22,23,24]) which is the simplest one parameter family of mero-
morphic functions with two symmetrically located asymptotic values.
There has been a veritable explosion in studies of the general entire
function and meromorphic functions and much more is known about
the functions with finitely many singular values.

We are interested in various “slices” of parameter spaces of certain
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classes of meromorphic functions with two asymptotic values, Ty x, Si.
We study the properties of dynamic planes and parameter planes of
T, and Sy. We study the relationship between S, and the tangent
functions Atan(z), as well as Sy and the exponential functions Ej(z).
The relationship between T, , and T)(z), as well as T, , and F)(z) are

also studied.

1.2 Notations

Let us introduce the notations will be used in this thesis.

e &) stands for the exponential family {E,(z) = Aexp(2z) — A\, A €

C\{0}}.

e S, stands for the family with two asymptotic values. One of the

asymptotic values is also a pole, whose normal form is {S) =

Ao — A e C\{0}}.

exp(z)—exp(—z

e [ stands for the family of meromorphic functions with finitely
many singular values such that one of the asymptotic values is
a pole. In addition, we exclude those functions with exactly one
pole that is also an omitted value. That is, we assume that any
f € F, f has either at least two poles or f has exactly one pole

which is not an omitted value.

e 7, stands for the tangent family {7\ = Atan(z),A € C\ {0}}.
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e 7,, stands for the family with two asymptotic values with the

normal form {7,; = aw A e C\{0}}.

exp(z)+aexp(—

e 7, stands for the family with two asymptotic values with the

normal form {7, = w\w A e C\{0}}.

exp(z)+aexp(—

1.3 Dynamic Plane of the Functions S

Asymptotic values in the transcendental meromorphic functions play
the same role as the critical values in the rational functions. The
function Sy has two asymptotic values 0 and A, no critical values, and
0 is also a pole. That is, 0 is the preimage of co, which is an essential
singularity. S\ behaves more like the function in the exponential family

than the function in the tangent family because of the following:

e For each A\ # 0, the Julia set of Sy is connected. There is no Julia
set which is homeomorphic to a Cantor set. For the functions in
the tangent family, when |A| < 1, A # 0, the Julia set of \tan(z)

is a Cantor set.

e Each component of the Fatou set of S is simply connected. Each
component of the Fatou set of the function in the exponential
family is simply connected. When || > 1, each component of
the Fatou set of the function in the tangent family is simply con-

nected.

e There is no isolated Jordan curve in the Julia set of S). For a
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function in the tangent family, when A > 1, the Julia set is the
real line. For a function in the exponential family, there is no

isolated Jordan curve in the Julia set.

e The Julia set of S) contains Cantor bouquets. The Julia set of

the exponential function F) contains Cantor bouquets.

e For a function Sy, there is at most one completely invariant com-
ponent of the Fatou set. For a function in the tangent family when
A > 1, there are two completely invariant Fatou components, the
‘Upper half plane’ and the ‘Lower half plane’. For a function in
the exponential family, there is at most one completely invariant

Fatou component.

We prove that all the above properties can be generalized for functions
in the family of transcendental meromorphic functions with finitely
many singular values with the property that one of the asymptotic

values is also a pole and some other conditions.

1.4 Parameter Plane of S)

We describe the parameter plane of Sy, which has a similar structure

to that of the tangent family 7.

e There exists a positive number R > 0, such that when R\ > R,
then S, has an attracting fixed point and thus &) has an un-

bounded hyperbolic component €2; in the right half plane. When
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A € Qq, the Julia set of S, contains a Cantor bouquet. The tan-
gent family 7, has an unbounded hyperbolic component €2, in the
right half plane where there are two attracting fixed points. When
A € q, the Julia set of T) is an isolated Jordan curve homeomor-
phic to the real line R, and there are two completely invariant
components of the Fatou set of T). The exponential family &,
has a bounded component §2; which has a fixed attracting point,

and the Julia set of E) contains a Cantor bouquet.

e Each hyperbolic component of &), except the component €2, is
unbounded. All hyperbolic components of 7, except the compo-
nent {2; in the right half plane and a component €25 in the left half
plane, are bounded. For the family Sy, there are unbounded com-
ponents and bounded components. We give some criteria for the
hyperbolic component to be bounded or unbounded. In the right
half plane there is the unbounded component {2; and in the left
half plane it seems that there are infinitely many unbounded hy-
perbolic components. Whether there are unbounded hyperbolic

components with periodic cycles of all orders remains unresolved.

e There are bounded hyperbolic components of Sy with all orders
k > 1. Like the tangent family, we can describe all the bounded
hyperbolic components by the combinatorial deployment of the
virtual center. For the family S), there is a hyperbolic component

pair (£, €2) attached at each prepole p, of order p — 1, where
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p' =p+ 2. Sy has an attracting cycle of period p for any A € Q,
and Sy has an attracting cycle of period p + 2 for any A € (.
For the tangent family 7, there is a hyperbolic component pair
Q,, €2, attached at each prepole p, of order p — 1, where p" = 2p.
T has two attracting cycles of period p for any A € €, and T}

has an attracting cycle of period 2p for any A € €.

e For S) there is periodical doubling along the internal ray of s
when the virtual center is the even pole 2nm, and there is period-
ical doubling along the internal ray of €2, when the virtual center

is the odd pole (2n + 1)mi.

1.5 Dynamic Planes of 7, and E)(z)

We are interested in the dynamic planes of T}, ; and E(z). These are the
real slices of the families 7}, » and E) when A = 1. We are interested
in the relation between the functions in two families. We have the

following:

e When a — oo, the functions T,(z) converge uniformly on any

compact subset to the exponential function E(z).

e For the function 7,(z), when a > 1, the Julia set is a curve
bounded by the vertical lines [; and [y, where [; is the line x = 0

and [y is the line x = %log(a). The Julia set passes through the

points z = nwi on [; and the points z = 1log(a) + 257 on
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Iy, for all n. The Fatou set consists of two completely invariant

components, each of which contains one of the asymptotic values.

When a = 1, the function T,(z) = tanh(z) is conjugate to the
tangent function tan(z) and the Julia set is the imaginary axis

z = 0.

When 0 < a < 1, the Fatou set consists of one completely invari-
ant component containing both asymptotic values, and the Julia

set of T,(z) is a Cantor set.

e We prove that the Julia set of T, ; converges to the Julia set of

the exponential function E(z), which is a Cantor bonquet.

For any fixed real A\, we study the relationship of the dynamic planes
of T, » and E\(z), and we also describe the Symbolic Dynamics for 7T, »

and F)y, and prove that 17, y converges to E in the combinatorial sense.

1.6 The Parameter Planes of 7, and &)

We study the parameter plane of 7, ), when a is real, and discuss
the relation of 7, to the tangent family 7, when a is near 1. We
also study the relation of 7, to the exponential family £, when a is
near co. When a — oo, the hyperbolic components of 7, , approach
the hyperbolic components of Aexp(z). That is, for a A, such that
exp,(z) has a periodic cycle of period p, there exists a sequence \;,
1=1,2,---.n,---, such that T%’,\i(z) has a periodic cycle of period

p, satisfying \; — A and a), — oo as ¢ — oc.
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1.7 Outline

In Chapter One we will introduce the meromorphic families that we
are interested in. We will list our results and discuss and compare
our results with known properties of the exponential family and the
tangent family.

In Chapter Two we will include some basic prelimaries that will be
needed in later chapters regarding the theory of the Julia set and the
Fatou set.

In Chapter Three we will study the dynamic plane of functions in
the family 8 = A\g=S2E— A € C\ {0}. We also will study the
family F of the transcendental meromorphic functions with finitely
many singular values, one of whose asymptotic values is a pole. In
addition, we assume that functions in F have either a minimum of two
poles or one pole which is not an omitted value. We prove that for
a function in either of these families there is at most one completely
invariant domain. We also discuss the connectivity of the component
of the Fatou set.

In Chapter Four we will study the parameter plane of the family S).
We introduce the notion of virtual center and show how the deployment
of bounded components are related to virtual centers.

In Chapter Five we will study the dynamic plane of functions in
the family 7, when both @ and A are real and prove the dynamic

convergence to the exponential function as a approaches oco.
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In Chapter Six we will discuss the parameter plane of the family
7, for a fixed a which is real. We will also discuss the relationship
between the parameter planes of the family 7, , and the exponential
family &,.

In Chapter Seven we will discuss open questions and future inter-

ests.



Chapter 2

Preliminaries

2.1 Basic Definitions

2.1.1 Julia Sets and Fatou Sets

Let us recall some definitions and basic facts about the dynamics of
meromorphic functions in general. For a complex analytic function
f, the Julia set carries the interesting dynamical information (See,

[5,7,8,26]).

Definition 1 The Fatou set of f is defined to be: {z: z € C and there
exists a neighborhood U of z such that all f*, n € N, is defined in U
and form a normal family in U}. The Julia set J(f) is the complement
of the Fatou set.

For a function a meromorphic function f the Julia set J(f) can also

be described by the following equivalent conditions:

10
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e J(f) is the closure of the set of repelling periodic points of f.

e There are points whose forward orbit lands on a pole and are thus
preimages of co. Such points are called prepoles and J(f) is the

closure of the set of prepoles of f.

2.1.2 Cantor Sets and Cantor Bouquets

The Julia set of some rational functions and transcendental meromor-
phic functions is homeomorphic to the standard Cantor set. Topologi-
cally, a Cantor set is non-empty, perfect, compact, totally disconnected,
and metrizable. A perfect set is a closed set in which every point is an
accumulation point.

A Cantor bouquet appears in the Julia set of certain entire func-
tions. Roughly speaking, a Cantor bouquet can be thought of as a
collection of cantor sets of curves. Topologically, it can be defined as

follows (See [8,14]) :

Definition 2 A Cantor bouquet is a subset of C' which is homeomor-
phic to a straight brush. By a straight brush, we mean that a subset S
of [0,00) x (R — Q) has the following properties:

e Hairiness. For every s € R — Q, there is a t; € [0,00) such
that all points (t,s) € S where t > ts. The hair hg is defined by
hs = [ts,00) X {s}. The point es = (ts, s) is called the endpoint of
the hair h,.
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e Density. The set {a|(y,a) € S for some y € [0,00)} is dense in
R — Q. Moreover, each endpoint of a hair is the limit from above

and from below of other endpoints of hairs.

e Closed. S is closed in R?.

2.1.3 Singular Values, Critical Values, and Asymptotic Val-

ues

As we know, studying the orbit of the critical points or values gives
us a lot of information about the dynamics of the rational functions.
Similarly, by studying what happens to the singular values of transcen-
dental entire or meromorphic functions, we garner much information

about the dynamics of transcendental functions.

Definition 3 Suppose that f : D — C is a nowhere locally constant
holomorphic function where D is open and D C C. 4 point u € C is
satd to have a reqular covering if it has a neighborhood U such that each
component f~Y(U) is mapped holomorphically onto U by f. A singular

value is a value at which f is not a regqular covering.

Definition 4 A point z is called a critical value if there exists a point
w € f~Y2), a neighborhood U of z, and a neighborhood W of w such
that f : U\ {z} — W\ {w} is a degree-d covering for some d > 1. w

1s called a critical point.

Definition 5 A point v is called an asymptotic value if there exists a

path « : [0,00) — D such that a(t) — 0D and foa(t) — v ast — oco.
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Notice that if v is isolated in the singular set then we can choose a
small neighborhood V' of v whose closure contains no other singular
values. Let U be the component of f~!(V) containing the tail of «.

Then f: U — V' \ {v} is a universal covering.

Definition 6 If we can associate a given asymptotic value v with an
asymptotic tract, that is, a simply connected unbounded domain A such
that f(A) is a punctured neighborhood of v, then v is called a logarith-

mic singularity.

Definition 7 A set U 1is called completely invariant under f if z €
U implies f(z) € U when f(z) is defined. Also, for all w such that
f(w) =2z, weU. Thatis, U C f(U) and f~1(U) C U.

2.2 Fatou and Julia Sets

The following background material about Fatou and Julia sets can be
found in the books (see, [4], [7], [26]) or in the paper (see, [5]).
2.2.1 Basic Properties of Fatou and Julia sets

Lemma 2.2.1 The Fatou set and Julia set are completely invariant.

Lemma 2.2.2 Either the Julia set is C or the Julia set has an empty

nterior.

Definition 3 If the backward orbit of zy is finite, then we say that zy

18 an exceptional point.
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Lemma 2.2.4 [f 2y is not an exceptional point in the Julia set, then

the Julia set is the closure of the backward orbit of zy.

Proposition 2.2.5 If f is meromorphic then the Julia set J(f) is a
perfect set.

2.2.2 Periodic Points and Periodic Components

Periodic points play an important role in iteration theory. By defini-
tion, periodic points consist of points such that f"(z) = z for some
n > 1and f*(z) # z for any k < n. For a periodic point 2y of period n,
the multiplier of zy is defined by (f™)'(z0). Notice that the multiplier
is independent of the choice of conjugation of the function. (When
zp — 00, the multiplier is defined as (¢™)'(0); where g(z) = 1/f(1/z).)
A periodic point is called attracting, indifferent, or repelling when the
modulus of the multiplier is less than 1, equal to 1, or greater than 1.
A periodic point of period 1 is called a fixed point.

By definition, the Fatou set F'is open. By convention, a component
U of the Fatou set F' always means a connected component of F'. For a
component U, f*(U) is contained in some component, which we label
U,, of F'. A component U is called preperiodic if there exist m > n > 0
such that U,, = U,,. A component U is called periodic component of
period n if we have U, = U for some n > 0. U is called invariant if
f(U) c U. A component U is called a wandering domain if U is not

preperiodic.
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2.2.3 The Classification of Periodic Components

Let U be a periodic component of period p, then we have one of the

following;:

e [ is attractive: each U contains an attracting periodic point zg

of period p. Then f"(z) — z for z € U as n — oo.

e U is parabolic: the boundary of U contains a periodic point 2y of
period p. The multiplier of z equals exp(2mip/q), (p,q) = 1, and

f(z) — 2o for z € U as n — oc.

e U is a Siegel disk: there exists an holomorphic homeomorphism
¢ : U — D where D is the unit disc such that ¢(fP(¢~'(2))) =

exp(2mif)z for some irrational number 6 .

e U is a Herman ring: there exists an holomorphic homeomorphism
¢ : U — A where Ais an annulus, A ={z:1<|z| <r},r>1
such that ¢(fP(¢71(2))) = exp(2mif)z for some irrational number
0.

e U is an essentially parabolic or Baker domain: the boundary of U
contains a point zp, such that f"(z) — 2 for z € U as n — oo,

but fP(z) is not defined.



Chapter 3
Dynamic Planes of S\, and F

3.1 Basic Properties of 5

In this section we describe the basic properties of the dynamic plane
of the family S, (see, [DK]), defined as those meromorphic functions
which have two asymptotic values 0, A, one of which is a pole, and
no critical values. By Nevalinna theory (see, [Nevalinnal), these func-
tions are characterized by the fact that they have constant Schwarzian

derivative.

Proposition 3.1.1 A meromorphic function f with two asymptotic
values 0 and A, and no critical values, has Schwarzian derivative equal
to 2k, and if, in addition, 0 is also a pole of f, then f has the following

normal form:

o exp(z)
J(2) = 50 = A ) — exp(=2)”

16
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Proof. From the fundamental theorem of Nevanlinna, (see,
[DK],[Nevalinna].) a function with constant Schwarzian derivative 2k

has the following form:

A€2kz _I__ B

=——— A B D AD - B
&)= gy AB.CDEC, C#0

Its two asymptotic values are A/C' and B/D. If one is 0, then either
A/C =0or B/D = 0; we also have C'+ D = 0. Since 0 is to be a pole,

f has either the form f = 2= or f; = 22 Note that f and f; are

-1

conjugate to each other by the map z — —z.

4

For the next three propositions of this section, we assume that A is

real. The following results can be found in [DK].

Proposition 3.1.2 When A > 0, S\ has the following mapping prop-

erties:

e S\ preserves the real line, S\(RT) = R" and Sy(R™) =R".

2k+1

e For each integer k, Sy maps the horizontal line z = =£=1 onto

the interval (0, ) in R.

Proposition 3.1.3 S, has two fized points, xr1 < 0 < x5, on the real
line. If A > 0, then x5 is an attracting fized point. Moreover, if Rz > 0,
then SY(z) — x2 as n — oo. It follows that the Julia set J(Sy) is

contained in the left half plane Rz < 0
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Proof. Let f\(z) = Sx(z) —z, x € R. When A > 0, we have f)(z) —
+o0o as x approaches 0 from the right side, and f\(z) — —o0 as x
approaches +o0o. Thus, there is a fixed point x5 > 0 on the positive x
axis. By a similar argument, we can show that there is a fixed point
x1 < 0 on the negative real axis. We can also show that S%(zq) < 1
and |S5(x1)] > 1 by a straightforward computation. In addition, Sy
maps each vertical line with Rz > 0 to a circle which is contained in

the plane Rz > % Thus, by Schwarz lemma, S7(z) — 22 as n — 0.

i

Proposition 3.1.4 The Julia set J(S\) contains a Cantor bouquet.

Proof. First we show that J(S)) contains R~ U {0}. Let x < x;. It
can be shown that |(S3)'(z)| > 1 by a straightforward computation.
It can also be shown that {S{} is not a normal family at x. Thus
J(Sy) contains (—oo, x1), and one branch of S;*(—o0,z;] is [1,0), so
J(Sy) contains R~ U {0} and all its preimages. Since S\(t + nmi) =
R~ U {0}, the preimages of R~ U {0} are countably many horizontal
lines, {l, = t + nmi,n € Z}. The preimages of each line, [,, for a
fixed n are countably many curves. Each curve is contained in the
strip Hg, = {s + kimi,s + (k1 + 1)mi, s < 0} and approaches co. We
denoted the curve as «ay,. For a fixed ky, the preimages of the curve
ayg, are again countably many curves. Each curve lies in the strip Hy,

and approaches co. We denoted the curve as ay, x,. This process can
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Figure 3.1 The Julia set of Sy(z) when A\ = 0.3828125 + 0.03125:¢
The green region (1) is the Fatou set, which contains an attracting fixed
point. The Julia set consists of the Cantor set of curves in the dark brown
region (2) (Due to its complexity, a computational error makes it appear
larger than it is).
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Figure 3.2 The Julia set of S)(z) when A = 3.5i
The green region (1) is the Fatou set, which contains an attracting periodic
cycle of period 2. The Julia set consists of the Cantor set of curves in the
dark brown region (2) (Due to its complexity, a computational error makes
it appear larger than it is).



CHAPTER 3. DYNAMIC PLANES OF Sy AND F 21

Figure 3.3 The Julia set of S)(z) when A = —0.6 — 0.8071875¢
The green region (1) is the Fatou set, which contains an attracting periodic
cycle of period 8. The Julia set consists of the Cantor set of curves in the
dark brown region (2) (Due to its complexity, a computational error makes
it appear larger than it is).
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be continued for each (ki, ks, ---). We can find a curve ag, g, ... Thus,
we find a Cantor set collection of curves in the Julia set which have

limit on oo. These curves form a Cantor bouquet.

The following propositions hold for any A € C\ {0}:

Proposition 3.1.5 The Fatou set of Sy has at most one completely
wmvariant domain. When X\ > 0, the Fatou set of S\ has one completely

movariant domain.

Proof. Let D be a completely invariant domain of the Fatou set of S).
Then D contains a fixed point in its interior or on its boundary that
attracts a critical point or an asymptotic value of S. Note that Sy has
only two asymptotic values, 0 and A, and it has no critical values. Since
0 is also a pole, it is in the Julia set J(S)). Thus only A can belong the
Fatou set of Sy, and S has at most one completely invariant domain.It
can be derived directly from the above proposition that when A\ > 0, the
Fatou set of S\ has a completely invariant domain, and hence exactly

one.

Proposition 3.1.6 Any neighborhood of 0 contains countably many

nondegenerate continua in the Julia set J(S)).
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Proof. If S\ has an attracting fixed point, by the above proposition,
we know that the Julia set contains all the preimages a; of R~ U {0}.
We can pull back each a; to 0. Since 0 is a pole, each of these pullbacks
is in J(S)) and is a continuum limiting on 0.

Suppose S, has an attracting periodic cycle with period p > 1.
Let Uy, Uy, -+ ,U,—1 be the immediate basin of the attracting cycle
20,21, ", Zp—1. Assume that Uy contains the asymptotic value A and
that U,_; is contained in the asymptotic tract of A\.That is, U,_; is
an unbounded component, and there is a continuum « in the Julia set
approaching oco. Pulling back « to 0, we find a continuum [y on the
boundary of Uy in the Julia set limiting on the pole 0. There are also
countably many preimages of 3y, 3;,¢ = 1,2,--- which are contained
in the Julia set and are inside the asymptotic tract of 0. Pulling back
each (3;, we find countably many continua 7; in the Julia set limiting

on the pole 0.

Corollary 3.1.7 No invariant component N of the Fatou set of Sy can
contain a curve v whose winding number satisfies n(~y,0) # 0 and lies

in{z:]z] >s>0}.

Proof. This corollary follows directly from the fact that any neigh-
borhood of 0 contains countably many nondegenerate continua in the

Julia set. Thus, if «y is any curve in N that lies in {z : |z| > s} for some
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s > 0, the bounded component of its complement contains a continuum
a C J(Sy) limiting at 0. If we choose a repelling periodic point zy of
period k on o and a subset o’ C « containing 0, then S3*(a/) contains
a continuum from zy to co and must thus intersect . v can not be

contained in N.

Proposition 3.1.8 There is no isolated Jordan arc in the Julia set of

Sh.

By definition, a closed Jordan arc is called isolated in the Julia set if
there exists an open set which contains the arc but no other points in

the Julia set except for the end points of the arc.

Proof. Suppose that such an arc exists and is parametrized by
v :[0,1] — C. The repelling periodic points are dense in J(Sy). We
may therefore assume that there is a repelling fixed point in the arc
21 = (t1). In [DK] it was shown that the prepoles are dense in this arc
too. Let us assume that pg is a prepole in this arc. Then there exists a
k such that S¥(po) is a pole and S5%!(py) = oo. Let U be an open set
containing this arc but no other points in the Julia set. Then S5t (U)
is contained in a neighborhood O of co and one of the preimages of O
is a neighborhood of 0. By the previous proposition, there are count-
ably many continua limiting on 0 in the Julia set. Therefore there are

countably many continua in the Julia set approaching co. Pulling back
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these continua to pg, we find countably many continua in the Julia set
limiting on py and lying in U. This contradicts the fact that U contains

no other points in the Julia set.

Proposition 3.1.9 The Julia set of Sy is connected and all the Fatou

components of Sy are simply connected.

Proof. Assume that U is a Fatou component of S, which is multi-
ply connected. It was shown in (see, e.g., [GK]) when f has finitely
many singular values there is no wandering domain. Thus, U is a
preperiodic component of the Fatou set. Let v be an SY invariant,
non-homotopically trivial curve in U, that is, SY(y) C U. Since U is
multiply connected, v contains a preimage of a pole in the bounded
component of its complement, D.,. That is, some iterate S§(v) con-
tains some pole py, in S¥(D,). Assume that v has been chosen to pass
very close to the prepole such that the bounded component of the com-
plement of S’/\““(”y), Ds’;“ () contains both asymptotic values 0 and
A. By the previous proposition there are countably many continua o
in the Julia set attached at 0. The image of each «; must intersect
S¥*1(~), which contradicts the fact that v is in the Fatou set which is

invariant.
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Corollary 3.1.10 There is no totally disconnected invariant subset in

J(Sy).

Proof. That there is no totally disconnected invariant subset in J(S))

is direct result of the above proposition.

3.2 The Dynamic Planes of the function f € F

We let P be the family of transcendental meromorphic functions with
exactly one pole, which is also an omitted value. It can be shown
that if f € P, then f can assume the form f(z) = GXPZ(# for some
positive m and some entire function g(z). Here, we may consider an-
alytic self-maps of C* without requiring 0 as a pole of a function (see,
e.g.,[K1],[K2]).

We let F be the family of meromorphic functions with finitely many
singular values such that one of the asymptotic values is a pole. In
addition, we exclude those functions with exactly one pole that is also
an omitted value. That is, we assume that any f € F, f has either
at least two poles or f has only one pole which is not an omitted
value. That is equivalent to saying that the backward orbit of co is an
infinite set. Note that the prepoles are dense in the Julia set of any
function f € F (see,[5]). In this section we study the dynamics and the
invariance and connectivity properties of the components of the Fatou

set, for these functions.
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3.2.1 Completely Invariant Domains

In the paper [BKY] it was shown that there are at most two com-
pletely invariant domains for transcendental meromorphic functions
with finitely many singular values. In [KK1] it was shown that when
A is real and A\ > 1 for the family Atan(z), there are two completely
invariant domains, the upper half plane and the lower half plane. In
the papers [Bakerl] and [EL], it was shown that there is at most one
completely invariant component of the Fatou set for any transcenden-
tal entire function. We will show here that for f € F there is also at
most one completely invariant domain.

The following lemmas can be found in [BKY]:

Lemma 3.2.1 If a transcendental meromorphic function, f, has
finitely many singular values, and f has either at least two poles or
has only one pole which is not an omitted value, and if N is a com-

pletely invariant component of the Fatou set of f, then ON = J(f).

Proof. Let zy be a point in J(f) and let U be any neighborhood of z.
The prepoles are dense in the Julia set of f (See, e.g.,[KK1], [BKY]).
Therefore there exists a point z; € U and an integer n such that f™(z)
is a pole of f and f*V(U) contains a full neighborhood of co. By
the complete invariance, N C f~'(N), and by Picard’s theorem, N is

unbounded. Therefore N meets f"*(U) and we deduce z; € N.
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Lemma 3.2.2 Let f be a function as in the previous lemma. If there
are two or more completely invariant components Ny, Ny, --- of the

Fatou set of f, then each of them is simply connected.

Proof. Let Ny and N; be completely invariant components of the
Fatou set of f. By the previous lemma, 0Ny = ON; = J(f). Suppose
that Ny is not simply connected. Then there exists a non-homotopically
trivial Jordan curve v in Ny. Let By be the bounded component of the
complement of 7. By must contain a component «; of dNy, and the
complement of By contains another component as of 9N;. Since ONy =
ON;7, oy C ON; as well. We can find an open set U C N; containing
points z; with z; converging to some point z* in a;. Similarly, we can
find an open set, V' C Nj, containing points z, with 2z, converging to
some point z* in a. Since N; is arcwise connected, we can find a curve
0 in Ny joining points 2; and z;. Then ¢ intersects v, which implies

that Ny and V7 are not distinct.

Lemma 3.2.3 Suppose that f is a transcendental meromorphic func-
tion with finitely many singular values, and N is a simply connected

completely invariant component of f. Then oo is an accessible point of

ON.

Proof. Since f has finitely many singular values, N contains a finite

subset, Sy, of the singular values of f. Let D be a Jordan domain,
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bounded by the curve 7, such that D C N and Sy C D. Let K be any
component of f~*(N \ D). Then f : K — N\ D is a covering. Since
N is a completely invariant component of f, we have K C N. Since
N\ D is doubly connected, K is either doubly connected or simply
connected.

We show that K is simply connected. If K is doubly connected,
both 7(N \ D) and 7(K) are infinite cyclic, and f : K — N\ D is
a finite to one covering map. One boundary component v; of K is
an inverse branch of the curve v. If D contains an asymptotic value,
then v, = f~'(y) — 7 is infinite to one map. Thus f : K — N\ D
can not be a finite to one covering map, and hence K can not be
doubly connected. If there are no asymptotic values in D, then each
component, of f~1(v) is bounded, since f is transcendental, there are
infinitely many components. There are points belonging to the Julia set
in each component of f~'(N \ D). Thus N \ D is infinitely connected.
This contradicts the assumption that N is simply connected. Thus K
cannot be doubly connected.

Now K is simply connected, and Vz € N \ D, there is preimage of
zin K C N. Let 7 be a simple closed curve in N\ D which separates
the two boundary components of N \ D. Let z be a point in the
curve 7o, and let v,,,, be a preimage of 7y, which starts at z; and ends
at some point zo such that f(z1) = f(z2) = 2. Lift 7, again to zy
and get 7,,.,, which starts at z; and ends at some point z3 such that

f(z2) = f(z3) = 2. Continuing this process, we get 7., ... ,, which
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begins at z, and ends at z,,1, with f(z,) = f(zn11) = 20. We claim
that the curve I' = 7.,2,7Vz025 * * * Vanznyn -+ 0 N joins 2; to oo. Since
all the z, are different, lim,_ . z, = oco. If not, let z, be a limit point
of z,. Then for any neighborhood U of z,, there are infinitely many z,
such that f(z,) = f(2.) = 2. This in turn implies that f is a constant
map in U, which is a contradiction. For a disc D, with center x € 7,
such that D, C N\ D, all branches of f~! are holomorphic in D, and
take disjoint values at z. The branches of f~! form a normal family in
D, since they omit all values in D. The subsequence which we write as
[t such that f,;*(x) € 7s,2,,,, converges pointwise to oo and therefore
uniformly to oo in the spherical metric. We can cover ~, with a finite
number of discs D,. For each we have v, . ., — oo, and the spherical

length of ~.,..., — 0. Thus oo is accessible along ~.

4

For the rest of this section, we assume that f is a meromorphic tran-

scendental function and that f € F.

Theorem 3.2.4 The Fatou set of f € F has at most one completely

movariant domain.

Proof. Suppose that the Fatou set of f has two completely invariant
components N; and N,. By the previous lemma, there is a curve I'y in
N; with I'y — oco. Let p be an asymptotic value which is also a pole,
p € ON; and p € ON,. Then there is a preimage I} = f~1(I';) which

approaches p and lies in N;. That is, p is accessible in N; along I'.
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Joining I'y and I'} in V;, we get a curve 7, joining p to oo. Similarly
we can find a curve 75 in Ny which joins p to co. I' = 7 U 7, forms
a Jordan curve which separates C into two regions, D; and Dy. We
choose points 1 # p and r; # oo in y; and 79 # p and ry # oo in
v and a curve in the region D; which connects r; and r3. It must
meet the Julia set. Thus there is a continuum £, C J(f) N Dy which
has one end at p and the other at co. Similarly, there is a continuum
Ba C J(f) N Dy which has one end at p and the other at oco.

Since p is an asymptotic value of f, let U be a neighborhood of
pand V = f~}U) be the asymptotic tract of p. Let 3} = 3, NU,
then the preimages of 3} in V are infinitely many continua, oy, as, - - -,
extending to co and belonging to the Julia set. They lie either in Dy
or D,. Assume that D; contains infinitely many continua «;,, ay,, - - -
in the Julia set approaching to co. We choose R to be a large enough
positive number, with Dy = {z||z| > R}, such that each region A;
surrounded by curves o, a;y1 and Dg has a pre-image B; inside U.
Since ON; = 0N, = J(f), for every j,j = 1,2,---, the domains A;
and B; belong alternately to N; and N,. Assume that the domains
A; and Bj belong to Ny, then the domains A; and B, belong N, and
the domains A3 and Bjs belong to N7, and so on. The domains A,
share the same boundary point at oo, and the domains B; share the
boundary point at p. This contradicts the fact that N; and N, are

simply connected.
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3.2.2 The Connectivity of the Components of Fatou Sets

In this section, we prove that each component of the Fatou set of f € F

is simply connected.

Proposition 3.2.5 Let f € F, and let py be an asymptotic value of
f which is also a pole, then any neighborhood of py contains countably

many nondegenerate continua in the Julia set.

Proof. First we claim that if there is one nondegenerate continuum «
belonging to the Julia set in a neighborhood U of pg, then there are
countably many continua (3; belonging to the Julia set in U. Since py is
an asymptotic value, the pullbacks of a are countably many continua
«; inside the asymptotic tract of pg approaching co. And since pq is
also a pole, for each «;, there is one pullback 3; belonging to the Julia
set and limiting on py. Thus there are countably many nondegenerate
continua belonging to the Julia set in U. There is no Baker domain for
any function f € F.

Case 1: If the Fatou set of f has only one component /N, and then ei-
ther N contains an attracting fixed point zy or N contains a parabolic
fixed point, N can not be a Baker domain since f has finitely many
singular values (see,e.g. [4]). Suppose that there is no nondegenerate
continuum belonging to the Julia set in a neighborhood U of pg. Then
there exists a non-homotopically trivial curve v belonging to the Fatou
set in U, and we may assume that ~ passes very close to py so that

there exists 3 C 7 such that f(v;) is inside the asymptotic tract of
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po, considering the forward orbits of 71, f?(71) and we can choose the
sequence 7™, the part of 7, such that f2"*!(y(™) is inside the asymp-
totic tract of pg. Thus, there exists a limit point z* on the v such that
there forward orbit of zx is accumulating at co. This contradicts the
fact that the forward orbit of v approaches the attracting fix point z.

Case 2: If there are more than one components in the Fatou set.
Thus there is a nondegenerate continuum « in the Julia set, and since
the prepoles are dense in the Julia set, there is a prepole p in the «,
and f"(p) is a pole. Thus f™(«) is a continuum [ approaching oo, and
there is a preimage of 3, ', which is a nondegenerate continuum in

the Julia set, limiting on the pole py.

Corollary 3.2.6 If a meromorphic function f € F, and p is an asymp-
totic value of f which is also a pole, then there is no invariant compo-
nent N of the Fatou set of f that can contain a curve v whose winding

number satisfies n(vy,p) # 0, and which lies in {z : |z — p| > s > 0}.

Proof. This follows directly from the previous proposition that any
neighborhood of p contains countably many nondegenerate continua in
the Julia set. Thus if 7 is any curve in N that lies in {z : |z — p| > s}
for some s > 0, the bounded component of its complement contains a
continuum « limiting at p in the Julia set. Since the repelling periodic

points are dense in the Julia set, there exists some periodic point zy € «
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with f"(z9) = 2z9. Thus f?"(«) contains the point zy and extends to

00. Therefore it must intersect ~, v can not be contained in N.

g

Corollary 3.2.7 There is no isolated Jordan curve in the Julia set of

f.

Proof. Suppose that such an arc exists and is parametrized by v :
[0,1] — C. Since the repelling periodic points are dense in this arc
(see, [4], [26]). We may therefore assume that there is a repelling
fixed point in the arc z; = 7(¢;). The prepoles are dense in this arc
too (see, [4], [12],[13]). Let us assume that p is a prepole in this arc.
Then there exists a k, S¥(p) is a pole and Sy™(p) = oo. Let U be
an open set such that it contains this arc but no other points in the
Julia set. Then Sy (U) is contained in a neighborhood O of co and
one of the preimages of O is in a neighborhood of py. By the previous
proposition, there are countably many continua limiting on py in the
Julia set. Therefore there are countably many continua in the Julia set
approaching oco. Pulling back these continua, we get countably many
continua in the Julia set limiting on p and lying in U. This contradicts

the fact that U contains no other points in the Julia set.

g

Theorem 3.2.8 The Julia set of J(f) is connected, and all Fatou com-

ponents of f is simply connected.
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Proof. Assume that U is a Fatou component of f which is multiply
connected. As we know, when f has finitely many singular values, there
is no wandering domain. Thus, U is preperiodic component of Fatou
set F'(f). Let v be a f™ invariant non-homotopically trivial curve in
U, that is, f™(y) € U. Since U is multiply connected, vy contains a
preimage of a pole in the bounded component of its complement, D.,.
That is, some iterate f*(v) contains some pole py in f*(D,). Assume
that v has been chosen to be very close to the prepole such that the
bounded component of its complement D 1.y of the f¥+1(v) contains
all asymptotic values. Thus f**!(v) must have non-zero winding num-
ber with respect to the origin. Let pg be the asymptotic value which is
also a pole. Let Oy, be a small neighborhood of py and O, C Dgr+1(y),
and let o be a continuum attached to py which is in the Julia set and
let p; be a repelling fixed point in a. Let ag be the part of o which
connects py and p;. The image of g is a continuum has one end at
p1 and the other end at co. Thus it must intersect f**!(~), which

contradicts the Fatou set is invariant.

Corollary 3.2.9 If f € F, then there is no totally disconnected in-

variant subset in J(f).
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Parameter Space of S)(z)

In this chapter, we will describe the parameter space of ). Our de-
scription is analogous to the combinatorial description of the hyperbolic
components of the tangent family. Like the tangent family (See, [KK1],
[KK2], [KY]), functions in S, have no critical point, thus the hyperbolic
components do not have centers at which the periodic cycle is super-
attracting. We will introduce a notion of the virtual center, a unique
common point on the boundary of a pair of hyperbolic components.
We describe how the deployment of hyperbolic components are related

to the virtual centers.

4.1 The Tangent Family

In this section, we will summarize the properties of the hyperbolic
components of the tangent family 7, = {Atan(z), A € C\ {0}}. Each

function in 7, has two symmetric asymptotic values A and —\. There

36
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are two unbounded hyperbolic components, {2, in the left half plane
and €2y in the right half plane. There are two attracting fixed points
for any function in 7, with A € €);; there is an attracting periodic cycle
of period 2 for any function in 7, with A € Q. There is a hyperbolic
component which is the punctured unit disk A* = {\, |\| < 1} \ {0},
so that when A € A*, the function Atan(z) has an attracting fixed
point at 0 which attracts both asymptotic values, and its Julia set is a

Cantor set.

4.1.1 The Hyperbolic Components of 7,

All hyperbolic components of 7, are bounded except for ; and 2.
All hyperbolic components, except A*, appear in pairs. Each compo-
nent pair has a unique common point, which we call the virtual center
of the component pair. The virtual center of the pair of unbounded
components € and s is the point at infinity (See,[KK1] and [KK2]).

For each hyperbolic component €2,, we can define the eigenvalue
map m : £, — A* by A — m,, where m, is the multiplier of an
attracting or neutral periodic cycle of T} containing the point z,, the
attracting periodic point of the function T)\(z). For each a € R, the
internal ray R(«) is defined by R(a) = m™'(re*™*),0 < r < 1. The

following results can be found in [KK1].

Proposition 4.1.1 The eigenvalue map m : A* — A* is the identity.
For each component (), except A*, the eigenvalue map is an infinite

degree reqular covering map.
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Figure 4.1 The parameter space of \tan(z)
Each color represents a component of parameters of the function that has an
attracting periodic cycle of a certain order (as delineated by the numbers).
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The eigenvalue map lifts to a conformal isomorphism from €2, to the

upper half plane H, m : 2, — H by

m(A) — 2margm(A) — ilog |m(M)|

where the branch of the logarithm is chosen so that the internal ray

R(0) is mapped to —ilog(r).

Definition 2 The boundary point corresponding to the point at infin-
ity of the component Q, is called its virtual center. Recall that the
hyperbolic components have no center since the functions in 7T, have

no critical points.

Proposition 4.1.3 For any hyperbolic component €2, there is a con-
formal homeomorphism M : €2 — H between €2 and the upper half plane
H. Moreover, M extends continuously to the boundary 02 such that ioco
18 the unique boundary point in the upper half plane H corresponding

to the virtual center \*. Thus, the virtual center is unique.

Proposition 4.1.4 Let 2, be a hyperbolic component which is not A*.
Then for A € Q,, T\ has either

e one attracting periodic cycle; both asymptotic values are in the

immediate basin of the cycle and p s even, or

e two attracting periodic cycles of period p, symmetric with respect
to the origin, both cycles have the same multiplier, and each has

a basin that contains one of the asymptotic values.
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We use the notation €2, for the hyperbolic components with two distinct
attracting cycles, and €2, for the components with a single cycle of

period 2p.

Proposition 4.1.5 For any bounded hyperbolic component €2, or S,
with p > 1, the virtual center X* is finite and TSP~ (\*i) = oo, that is,

A 1s a prepole of order p — 1.

The following theorem from [KK1] gives a combinatorial description of

the component pairs using the itineraries of the virtual centers.

Theorem 4.1.6 Let \gi be a prepole of order p — 1 with TP~ (Agi) =

Sn, where s, = 2”2—+17T 15 a pole of T\. Then Xy s the virtual center of a

component pair (§2,,€2,) and Ng € 982, NOKY,, where Ty with A € €, has
two attracting cycles of period p and Ty with A € ), has one attracting

cycle of period 2p.

4.1.2 Periodic Doubling

In this subsection we summarize the period doubling phenomena for
the tangent family 7,. When A is on the imaginary axis any function
T\ = A tan(z) maps the imaginary axis to the real axis, and 7% maps the
imaginary axis to the imaginary axis. Along the imaginary axis, there
exists a period doubling phenomena analogous to the phenomena on
the real axis for the quadratic family. Standard period doubling occurs
at a parabolic point when an attracting cycle bifurcates to a cycle of

double the period. Non-standard period doubling occurs at a parabolic
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Figure 4.2 The parameter space of Sy(z)
Each color represents a component of parameters of the function that has an
attracting periodic cycle of a certain order (as delineated by the numbers).

point when an attracting periodic cycle bifurcates to two cycles of the

same period. The following result can be found in [KK] and [KY].

Theorem 4.1.7 Both standard and non-standard period doubling oc-

cur in the tangent family.
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4.2 The family S)

In this section, We give the basic description of the parameter space of
Sa(z), A € C\{0}. As for the tangent family, we let €2, be a hyperbolic
component such that when A € ), the function S\ has an attracting
periodic cycle of period p. There are bounded and unbounded hyper-
bolic components. There is an unbounded hyperbolic component 2; in
the right half plane such that when A € €2y, the function S has an at-
tracting fixed point. There are unbounded components in the left half
plane. As for the tangent family, we will give a description of bounded

components using the virtual centers.

Definition 1 Let m, denote the multiplier of an attracting or neutral
periodic cycle of Sy containing the point z5. If Q, is an arbitrary hyper-
bolic component of H and A* is the unit disk punctured at the origin,
the eigenvalue map m : Q), — A* is defined by A — my. For eacha € R
the internal ray R(a) is defined by R(a) = m™1(re*™),0 <r <1

Definition 2 The corresponding point m=*(re*™®) asr — 0 in the Q,

18 called the virtual center.

Proposition 4.2.3 Giwen a hyperbolic component 2,. For any X\ €
Q,, let z;(X) be an attracting periodic point of period p of the function
Si. If there exists an € > 0 such that |z;(\)—kmi| > € for all\ € Q,,i =

0,1,---,p—1, and all k € Z, then ), is an unbounded component.
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Proof. By the hypothesis, there exists an R > 0 such that exp(z;(\)) <
R, for all ¢ = 0,1,---,p — 1. If not, there is an ¢ and a se-
quence of \; € Q, such that exp(z;(\;)) — oo as j — oo. Thus,
there exists a ko, z_1(\;) — komi, which contradicts the assump-
tion that there exists an ¢ > 0 such that |z;(A\) — kmi| > € for all

A€ Q,i=01,---,p—1, and all k € Z. Also z; > € which follows

exp(2i)

7

directly from the assumption when k£ = 0. Thus we have that is

bounded for every 1.

Since Si(z) = /\_—2))2 and X - 2RC=1) — oxp(z ) —

(exp(z)—exp(—2 z;

exp(—z;_1), we find that the multiplier m is:

p p —9

mx =[S (20(N))]" = H SAIS (20(N)] = H NeapCaiin) |

exp(z;

Since — ) ig bounded, the only way that m) — 0 is that A — oo;

that is, €2, is unbounded.

Proposition 4.2.4 For any bounded hyperbolic component 1, with
p > 1, the virtual center \* is finite and S(’i_l)()\*) = o0; that is,

A is a prepole of order p — 1.

Proof. For A € €, let 2y = 29(\) be the attracting periodic point of
Sy of period p belonging to the component N, of the Fatou set that

contains the asymptotic tract and is such that both A\ and z; are in
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N; = S)\(Ny) and Sy has an attracting cycle of period p. Denote the
preimage of zj in the periodic cycle by z,_; and the preimage of Ny by
N,_1; then the map Sy : N,_1 — N is bijective. Since Ny contains
the asymptotic tract and the map is bijective, there must be a unique
pole, p,, on ON,_;. To see this, note that there is a preasymptotic
tract at p, in N,_; containing a preimage of either z = z or z = —x
for large x > 0. So if ON,_; contained any other pole, there would be
a preasymptotic tract in N,_; of the same segment and S|y, , would

not be injective.

Since S\ = )\——2) and \ = z - (eXp(Zifl)*eXp(le',l))’ the

(exp(z)—exp(—=z))? exp(zi—1)

multiplier m, can be written as

—QZZ

p
- exp(22;-1) -1

my = [SP(20(\)] = HS[S“Zo =11

The only way some factor may tend to 0 as A — A* is if for some ¢,
exp(2z;) — 1 — oo, that is, for some i, Rz; — oo. Since zg is in the
asymptotic tract, we conclude that Rzy — oo. By hypothesis p > 1
and \* # 00 S0 2,_9 # %,—1. We have

lim A xp(zp-1(V) = lim zy = 0.
A APt V) — exp(—5p 1 (V)] Ak

We conclude that limy_y« z,_1(\) = p,.
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The following propositions are standard adaptations of the arguments

for the tangent family (See, [Jiang], [KK1]).

Proposition 4.2.5 Let ¢ > 1 and A € 0%, be such that the multiplier
m(\) is a primitive ¢~ root of unity. Then there is a "bud” component
Q,q with an attracting cycle of order pq tangent to the component €2,

at \.

Theorem 4.2.6 For each pole nmwi and n # 0, there exists a A close to
nmi, such that S\ has an attracting cycle of period 2 and there exists a

X close to nmi, such that Sy has an attracting cycle of period 4.

Proof. Assume that € is a small positive number and € = |A—nmi|. Let
us consider the ball By, = B(\,€). Choose R, so large that A = {Rz >
Ry > |3 log(e)|} is an asymptotic tract of A such that nmi € Sy(A). Let
C = S;}\(A) be a triangular region with a vertex at nmi. For A € C,

set D = UgezS;, A (C). To claim that S3(D) C D, we need the condition

RSA(A) > Ry
Let 2o = %log €, then
- 1 Zo A A
RSy (20) = 7|1 ~ 920 Jlog(e)]
v (o) = glloe (I~ 5 - = o]
Thus we have
A

1S5 () — ni| =
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and we can choose € small enough such that ﬁ > €. Therefore,

log

e = |\ — nmi| < |Sy ! (zo) — ni
so that we have
%S)\()\) > .
On the other hand, there are preimages wy,y = 5y }\(nm'), with

1
Rwg \ = %Sk_i(nm) = 3%[5 log()\ e

)l

€

Thus Rwy,» ~ £ log |e| Therefore we have

%SA(A) > %wk,)\.

Which proves that there exists A, such that Sy has an attracting cycle

of period 2.

Let A~ = {Rz < —3log|e|} be an asymptotic tract of 0, and let

B* be an preasymptotic tract S } (A7), that is, an open set containing

the pole nmi on its boundary. Then
e S,'(B*) is an asymptotic tract A = {Rz > r'}.
e 5)(A7) is an open set containing O.

e S%(A7) is an asymptotic tract A = {Rz > 1"}
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Let D = S \(B*). We need to show that S§(D) C D, that is,

n,

RSZ(N) > RS H(N). As above, we have
RSN(A) < RS, 5(2)

and also we have

Si(z) > S;}\()\)

This proves that there exists X, such that S} has an attracting cycle

of period 4.

We have the following immediate corollary.

Corollary 4.2.7 For each pole nmi, n # 0, there is a hyperbolic com-

ponent pair (Qg,€2%). Moreover Qy and Qy are tangent at the pole ni.
Furthermore, we have the following:

Proposition 4.2.8 Choose a hyperbolic component pair (2,2) at-
tached at the pole 2nmi, n # 0. For any X € $o, if the multiplier
m(A) is real, then m(\) < 0 and for any N € ), if the multiplier
m(X') is real, then m(X') > 0. Therefore there ezists a Ay € 0y with
m(Xo) = —1, such that there is a hyperbolic component Q4 tangent to
Qs at Ay so that for A € Qy, S\ has an attracting cycle of order 4.
Choose a hyperbolic component pair (22,€) attached at the pole
(2n+ 1)wi, n # 0. For any A € Qy, if the multiplier m(X) is real, then
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m(A) > 0 and for any X' € Y, if the multiplier m(X') is real, then
m(XN') < 0. Therefore there exists a Ay € 0, with m(\,) = —1, such
that there is a hyperbolic component Qg tangent to 25 at X so that for

A € Qg, S\ has an attracting cycle of order 8.

Proof. Let Ly be the set such that m(\) is real for any A € Ly. Let
A = 21 + 111 € Ly be a parameter which is close to the pole nmi, the
common point of 92y and 0€),. Thus z; is close to 0 and y; is close to
nrw. Let zy and z; be the periodic cycle of period 2 corresponding to

Sy,- Then we have

- —2A (2 — yi 4 2z000) (¢ + di)

m(h) = H (exp(z;) —exp(—2))2 2+ d?

where ¢ = R([[Zh(exp(z) — exp(—2))?) and d = S([[Zh(exp(z) -

exp(—2))?). Since Sm(\;) = 0, we have

2 _ .2
cC_ iU

d 2x191 '

Therefore,
2 2 4afy?
(2] —yi — ﬁ}[_yl)c

2 + d?

m(A;) =

So that sign(m(A)) = sign(—c).
Now we prove that when the virtual center is the pole p, = 2nmni,

we have ¢ > 0, that is, we need to show that

R(exp(zo) — exp(—20))? - (exp(21) — exp(—21))?) > 0.
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Since zg is close to the pole and Rz, is a large positive number, we have
R(exp(z) — exp(—2))* = R(exp(2z) + exp(—22) — 2)

= exp(2Rz) cos(232) + exp(—2Rz) cos(23z2) — 2.

Since Rz, is close to 0 and Jzj is close to 2nm, we have R(exp(zg) —
exp(—20)?) > 0, and since Rz; is a large positive number and Jz; is
close to £z, we have R(exp(z1) — exp(—2z1)?) > 0. Thus m(X;) < 0.
Since for all A € Ly , m()\) # 0, it follows that for all A € Ly, m()\)
have the same sign.

Using the same argument, we can show that when the virtual center
pn = (2n + 1)mi, we have ¢ < 0. Therefore, m(\) > 0 when A € Ly.
Using a similar method we can show that when X € Ly and the
virtual center p, = 2nmi, we have m()\) > 0 and when the virtual

center p, = (2n + 1)7mi, we have m(\') < 0.

In general, we have the following:

Theorem 4.2.9 Let \y be a prepole of order p — 1 with S°P=2)(\g) =
pn = nmi. Then Ay is the virtual center of a hyperbolic component pair
(Q,, Qpi2). That is, Ao € 02, N OQyya, and for any X € ,, Sy has an
attracting cycle of period p and for any A\ € Qp19, S\ has an attracting

cycle of period p + 2.
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Proof. The proof is similar to the proof in [KK1] for the tangent
family. We’ll show that there exists a A arbitrarily close to Ao such
that S, has an attracting periodic cycle of period p. To construct the
attracting periodic cycle, we want to find a A and a domain D in the
dynamic plane such that S}(D) C D.

Let Ay = {z|R(2) > R} be an asymptotic tract of A\ and Ay =
{2|R(z) < —R} be an asymptotic tract of 0, let Uy, = Sy,(Ay), that is
a neighborhood of A\ and let Uy = S\(Ap), that is a neighborhood of

0. For A € U,,, let B} be the common preasymptotic tract:

B = (] S,a(A)

/\EU/\O

attached to the pole p,. Let By be the common preasymptotic tract

0= () SaalA)
AEUN,
attached to the pole 0. For any A € U,,, define the map f : f(\) =
SP7*(X\). Then f(U,,) is an open set containing the pole p, and there
exists open set Uy C Uy, such that Uy = f~'(B}). For any A € Uy,
5P~ belongs to an asymptotic tract A’ = {Rz > '} where possibly

r’" < r. Moreover, for inverse branches such that

—(p—2
S)‘O(yl:lp—)Q (p”) = /\0
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-2

We have that z), = S):gi 72)(pn) #+ ), so that there are preimages
of z) in each strip wy x which depends on A continuous and if A —
Ao, then Rwy, — oo Let k) = |A — z,| and consider the ball By =
B(zy, k). Then Sf_Q(B)\) is an open set containing the pole p,,, Using
the principal part of Sy we see that S2'(By) = C — B(0, Ry) where
R, is some positive real number.

Set D = UpezS; A(B;), To claim that S}(D) C D, we need to show

that RS?~'(\) > Rwy.r. Let

K= max
AeB»,2€B3(S5 %) (2)]

We have

1
Rwy, ) = ?RS/\_l(zA) < %S;l()\ + Ky = 3‘%[5 log A : o
A

]
Thus, Rwy,\ &~ 3| log |ka||-
[SV2(A) = pal <A = 2A|K = Ky
on the other hand, we have
p—1 1
RS75(A) > 5 log

Thus RS} '(\) > Rwyy ~ 3|log|rs||. Now we can construct the
suitable domain D such that SY(D) C D. Using a similar argument,

we can construct a domain D’ with S¥**(D’) c D'
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U

The following proposition is similar result as in [KK1] for the tangent

family.

Proposition 4.2.10 Let )\, be a virtual center such that Sf\’f()\n) =
nmi. Then there is a sequence of component pairs (£, xQp421), k € Z,

with centers A\, where ka_l(/\k) = kmi and A\, — A\, as k — 00

Proof. Let D(\,,€) be an neighborhood of the asymptotic value A of
Sy in the dynamic plane. Let D’(\,, €) be the corresponding neighbor-
hood in the parameter plane. Thus we have the map g : D'(\,,€) — C
with g(A) = SP"V(A). Then g(D’'(A,€)) is a neighborhood of oo,
therefore for any large k, there exists A, such that g(\y) = kmi. Thus,
by the pervious theorem ) is the virtual center of (€2, 52,42); more-

over, A\ — A, as k — oo.



Chapter 5
The Dynamical Plane of T, )

5.1 The Dynamical plane of T,(z) and E(z)

In this section we discuss the dynamical plane for the family 7,(z) and
for F(z). These are the real slices of the families T, and E, when
A = 1. Furthermore, we’ll study the relation between the two families.

First let us describe the Julia set of the family 7,(z)

Lemma 5.1.1 For the family T,(z), when 0 < a < 1, the function
Tu(z) has an attracting fized point at z = 0 and two repelling fized
points on the real axis.

When a > 1, there is a repelling fized point at z = 0 and two
attracting fized points on the real azis with one in a > Re(z) > 1 log(a)
and the other in —1 < Re(z) < —g;.

When a = 1, there is a parabolic fized point at z = 0.

93
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Figure 5.1 The Julia set of Th90,1(2)
The Julia set is the boundary curve of the green region (1) and the purple
region (2).
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Proof. First we observe that z = 0 is a fixed point of T,(z), for all a.

By direct calculation, we see that when 0 < a < 1,

2a

T'(0)] =
7,0 = =

< 1.

That is, z = 0 is an attracting fixed point. When a > 1,

2a

T.(0)] =
72(0)] = =

> 1.

That is, z = 0 is a repelling fixed point.

When a > 1,
T(ll (@) 1l ()_a—l—log(a)>0
a(5 log(a 5 log(a) = 5
and
Ta(a)_a:aexp@a)—a_ —a — a? _o

a=——"
exp(2a) +a exp(2a) + a
Therefore, when a > z > $log(a), there exists a zero for the function

T.(z) — z, that is the fixed point zy of T,(z). Notice

2a(1 + a)

|T0/L(ZO)| = |(6Xp(20) + aexp(—zo))2’

B 2a(a + 1)z?
~ la2(exp(zg) — exp(—z))2

2(a + 1)zp* |
(exp(229) + exp(—220) — 2)a

2 1)2p2 1
(a+ 1)z _at

< 1.
| a(4z¢?) | 2a
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Here we used the fact that exp(zo) 4 a exp(—zy) = 42 (ZO):XP(*ZO)) and
exp(2z)+exp(—2z) = 1422+ (222!)2 +o 4+ 1-22+4 (7;2)2

40> 24(22)%

Thus, zp is an attracting fixed point. Using a similar argument, and

by direct calculation, we have T,(—g;) + 53 < 0 and T,(—1) +1 > 0.
Therefore, when —é > 2z > —1, there exists a zero for the function

T.(z) — 2z, that is, a fixed point of T,(z). We can also estimate that
|T!(2)| <1, that is, it is an attracting fixed point.
When a = 1, we have

T'(0) = 1.

That is, 0 is a parabolic fixed point.

Proposition 5.1.2 For the family T,(z), when a > 1, the Julia set is
a curve bounded by the vertical lines |y and ly, where ly is the line x = 0

and ly 1s the line x = %log(a). It passes through the points z = nmi on

I, and the points z = Llog(a) + 25w on Iy, for all n. The Fatou set
consists of two completely invariant components each of which contains
one of the asymptotic values.
When a = 1, the function T,(z) = tanh(z) is conjugate to the
tangent function tan(z) and the Julia set is the imaginary axis x = 0.
When 0 < a < 1, the Fatou set consists of one completely invariant
component containing both asymptotic values and the Julia set of T,(z)

1s Cantor set.
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Proof. When a > 1, the function 7,(z) maps the line /; into the left
half plane H;, and maps H/, to a region to the left of T,(l;). By Lemma
3.1, there is one attracting fixed point Py, in the left half plane and the
other attracting fixed point Pg in the right half plane. By the Schwarz
lemma, under iteration, the left half plane is attracted to P;. The line
[y is mapped to the line z = % which is, since a > 1, at the right of
the line # = £ log(a). Again by the Schwarz lemma , under iteration,
the region Re(z) > ilog(a) is attracted to the attracting fixed point

Pr. The other two cases follow the arguments in the paper [KK1].

i

It is well known that the Julia set of the exponential function F(z)
is a Cantor bouquet. We give a brief explanation of this fact. The left
half plane = < 0 is mapped to the disk |z + 1| < 1 which eventually
will be attracted to the attracting fixed point. The preimages of the
left half plane form infinitely many finger-like regions. These infinitely
many fingers are along the lines :E+%n7ri for all n, one in each horizontal
strip of width 27. There are infinitely many narrower fingers which are
mapped to each finger along the line x + %nm’. Thus the left half plane
together with all the fingers are in the Fatou set. Their boundaries
form a set of infinitely many curves all connected to co in the Julia set.

We observe the following fact. When a — oo, the family 7,(z) also
converges uniformly on any compact subset to the exponential E(z).

Specifically, we have
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Theorem 5.1.3 Given any compact set K C C, and any e > 0, 3R >
0 such that Va > R and z € K,

|To(2) — (exp(2z — 1))| < e.

Proof. A simple calculation shows that for all z, we have,

exp(2z) — exp(4z)
exp(2z) +a

|Ta(z) — (exp(22) — 1)| = | |

| exp(42)] + [exp(22)]
| exp(2z) + a

We can find a large enough, such that
1
K C {z|Rez < glog(a)}.

For z € K, we have,

_ exp(Re(2z)) + exp(Re(4z)) _ a3 + as
a — exp(Re(2z)) a—ar’

The right hand side approaches 0 as a — oo. Therefore Ve > 0, we can

2 4
find R > 0 such that when a > R, % < ¢,

a—ab

In general, we have the following,
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Theorem 5.1.4 Given any compact set K C C, given any X\ # 0 and
any € >0, IR(A) > 0 such that Va > R and z € K,

’Ta,/\<z) — E)\(Z)’ < E.

Remark 5 In Section 5.2, we study the convergence of the family T,(z)
to the function E(z) in the dynamic plane. In the Section 5.3, we study

the general case T\ and E.

5.2 Symbolic Dynamics for 7}, \ and E)

5.2.1 Symbolic Dynamics for T}, \

Now let us study the inverse branches of the family 77 . For any fixed
real number a, the function 7, \(2) is periodic with period 7 and so is
an infinite to one cover of C' — {—=A,a\}. The origin is the fixed point
and the points z = nmi are the pre-images of the origin. The poles
are 3 log(a) + 2%t i. The image of any vertical line segment between
1log(a) + 2217 and log(a) 4+ 25 7i is the vertical line z = %1, We
denote by [, the horizontal line [, = = + %m’,z € Rne Z. We
denote by L, the horizontal strip between the lines /,,_; and [,,. Then
the function T}, , maps each horizontal strip L, onto C' — {—X, aA}.

The inverse of Ty 5 is given by the following multivalued formula:

1 A
_ log(a +az

)

a\ — z
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Let A = A\, + 1)y, z = o +iy; then

1 aX+ az
—1 _ - _
Re(T,\(2)) = 5 log |~ ——]
L og(@PE = alzf + (@ — )z + A)* + (@ + 0P (phe —2,)°
108 ((ary — )2 + (aNy, — y)?)? ’
_ 1 (a® + a)(yAs — x\,)
Im(T71(2)) = = arct a Y .
T (2) = g aretan (e e (0 — ) s + Ag))

In the second formula we must specify which branch of the arctan we
use. We therefore denote by T ;)\ the branch of the inverse whose
image is in the strip L,. For a given p € N and any sequence n, =
(n1,n2,M3,- -+ ,np), we define a branch of T, } by

—p . -1 —1 —1
T, =Ty yoT,, ,ow-of

anp, @, Np, A a,mni,\°

Definition 1 We call the sequence n, the itinerary of the map T;f.
We say an infinite sequence n = {ny,ny, -} has bounded itinerary if

there ezists N, such that |n;| < N for all i.

When A\ > “2—4(’11, we have that 0 is a repelling fixed point of 7 y. There
are two attracting fixed points Py, in the left half plane and Pg in the
right half plane. Using the same argument as in proposition 5.1.2, we
know that the left half plane, z < 0, lies in the basin of P, and the

right half plane, x > %log lal, lies in the basin of Pr. Now let us define
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the rectangles
1
R,={z€ L,|0 < Re(z) < §log(a)},

and set

Ry = URi, ‘Z’ < N.

For any n, the inverse map Ta_’in is well-defined and analytic on any
compact subset of R, and takes values strictly inside the strip R,.
Hence Taf T}L ) is a strict contraction in the Poincare metric on R,. As
a consequence, for any infinite bounded sequence n with |n;| < N, we
can define the following:

-1 _ -1 -1 -1
Ta,n,)\ =0 Ta,np,)\ © Ta,np,l,)\ 00 Ta,nl,)\(z>‘

For any z € Ry, Ta_{/\ is well-defined on Ry.

,n

Proposition 5.2.2 Let n = niny--- be any bounded infinite sequence
with |n;| < N. Then there are some limit points z, x(n) in Ry whose
itinerary under T, » is n. These points lie in the Julia set of T, »,
where A > %}1 Moreover, if n is a repeating sequence, then z, \(n) is

a repelling periodic point.

Proof. From the above discussion we know for any k and any se-

_ : _ =1
quence ng = ninsg - - - ng, we have that the inverse map Fj = Ta’nw\ o

—1 1 . . . .
Ton, n0 o1, , \(2) is a contraction map in the region Ry. The

maps Fj, are uniformly bounded and thus form normal family in the re-
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gion Ry. Therefore there exist limit functions for any subsequence Fy,.
Any limit function must be a constant by the Schwarz Lemma. When
NN« * * MpgNAN2 -+ * Ny, -+ + 1S a Tepeating sequence, then the maps of
the subsequence F,, Fopy, -+, Fing, - -+ are contractions in the region
R,,. Thus this subsequence converges to an attracting fixed point 2
of T, \* in the region R,,. Thus z is a repelling fixed point of T7'} and

a repelling periodic point of T, ».

i

When A < “2—*;1, 0 is the attracting fixed point of Tj, , and the real
line is mapped to the interval (—\, a\), which is attracted to the point
0. Since both asymptotic values are attracted to 0, the whole Fatou
set is the basin of 0. The lines x 4+ nmi for all n are also mapped to the
interval (—A,aX). Thus these lines [, = = + nmi together with open
strips L,, about them are in the basin of 0, that is, in the Fatou set.
The far left half plane H;, = {z|Re(z) < —R} is mapped to a small
disk about —\, so this half plane Hj, lies in the basin of 0 as well. We
can choose R large enough so that T, \(H) C Ly. The far right half
plane Hr = {z|Re(z) > R’} is mapped to a small disk around the
asymptotic value aX. So this half plane also lies in the Fatou set. We
can also choose R’ large enough so that T, x(Hgr) C Lo. Let O be the
union of these pieces of the basin. That is, O = UH;, U Hr U[,. So
Tox(O) C O. O is connected. Thus the complement of O consists of

infinitely many closed, simply connected regions Rz;. We have that T}, 5
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maps each R; one to one onto C' — T, (), so Tya(R;) D R; U {co}
for each j. There is a pole in each R;. Thus for any given A # 0 and
z € J(T,), we have that the orbit of z is contained in the UR; U {oo}
for all i € Z. For any itinerary n = (nq,no,--- ), there exists at least
one point z corresponding to the sequence (nj,no,---). Thus we may

use symbolic dynamics to associate to each z € J(1,,) an itinerary.

Definition 3 For any z € J(T,,), we have one of the following two

forms for the itinerary of z:
n(z) = ngning - -+ or n(z) = ngning -+ - Ny_100.

Here each n; € Z and n; = k if and only if Tév/\(z) € Ry. If z is
a prepole, Ty, (z) = oo and T;f;l(z) is a pole; we associate the finite

SeqUence NgniNg -+« N,_100 to z.

Thus for any given A and any point z € J(T,), let A denote the
set of all possible such itineraries, consisting of (ng, ny,ng,---) where
n; € Z and all finite sequences of the form (ng, n1, ng, - - - n;,00). There
is a topology on A originally defined by Moser [Mo], by taking the usual
neighborhood basis about an infinite itinerary. For a finite itinerary
n = (nq,ng, -, n;,00), we associate a neighborhood basis of n to all (fi-
nite or infinite) sequences ng, ny,--- ,n;7--- where |7| > K for some
K € Z*. In this topology, A is homeomorphic to a Cantor set. There
is a natural map called the shift automorphism o : A — A defined

by o(ng,ni,ng,--+) = (n1,n9,---). Note that o(oco) is not defined.
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Let An . be the set of all itineraries which remain in the region Ry.
Let ¥y consist of all bounded itineraries n = (ng,ny,ng,---) with
|n;] < N. Then we have the same result for all maps in our family
as for tangent and exponential maps, which were proven in [KK] and
[Devaney]| respectively. We also claim any point z in the Julia set is
uniquely determined by its itinerary. Using an argument from [Mc-
Mullen], we deduce that z € J(T5) and T} \"(z) — oo if z is not a
pole. At the poles, we have that T} ,(z) = oo. Therefore T ) is ex-
panding on its Julia set. Since two points corresponding to the same
itinerary must remain a bounded distance apart, it follows that two
points in the Julia set cannot have the same itinerary. Thus, we have

the following Theorem.

Theorem 5.2.4 Suppose N > 0. For each A\ # 0 € C, Aygn 1S
homeomorphic to ¥y and T, \|Anax is conjugate to the shift map on

YN

Thus for any given itinerary n € Yy, we can define z,,(n) be the
unique point in Ay, » under this homemorphism.

5.2.2 Symbolic Dynamics for F)

Now we set up the combinatorics for E).
For the exponential family F) (see, [Devaney]), we can define hori-

zontal strips R(k) = R\(k) by

R(k) ={z € C|(k — %)7‘(‘ <Imz < (k+ %)T(}
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For any given A # 0, we may use symbolic dynamics to associate to

each z € J(E,) an itinerary of the following form:
n(z) = ng,ny,ng, -

where n; = k if and only if Fj(z2) € R(k).

Now let us define the rectangle
Rb(n;) = {z € R,,|0 < Rez < b} and R&K = Upn, < RS (n4).
Throughout this section, we fix b such that
IA|(exp(20) — 1) > K + |)|.

Our choice of b guarantees that when |n;| < K, Ex(R}(n;)) covers each
R§(n;) for each |n;| < K. Let Ak, be the set of points whose orbits

remain in RS.

Definition 5 X is the set of itineraries {n = (ng,ny,---,)} such

that |n;| < K for alli € Z.
The following theorem is from [Devaney]

Theorem 5.2.6 Suppose K > 0. For each A € C, ¥ is homeomor-

phic to A\ and Ex\|Ak  is conjugate to the shift map on Y.

Thus for any given itinerary n € ¥y, we can define z,(n) to be the

unique point in Ak, under this homemorphism.
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We have the following

Theorem 5.2.7 For any given itinerary n € Yk, as a — oo the cor-

responding points zy .(n) — z\(n).

Proof. Let n = (ng,ni,n9,--+) be any given bounded itinerary,
and choose a z € Ry N R,. First, we claim that as a — oo,
Ta_inl(z) — E;}“(z) This is clear since when a — oo, T}, A(z) is uni-
formly convergent in the compact set to £)(z). By induction, assume
that when ¢ = k, we have

Thu oo T 0 Tok(2) = Biby 00 Bl o Bl (2)

AT a,\,n1 a,\,ng

For any € > (0, there exists a R such that when a >

R, |zan(nk) — za(nk)| < 36 When i = k + 1, we have
le we can choose a large enough if necessary. There-

2

fore [T, 3., (Zap(0x)) — B, (aa(mo)| < T3, (zaa(ni) —

Ty )+ [T,y (a(i) = Ex L (2a()] < e
Thus we have

oo T o7l o7l (z)—>~--OE;}\7MOE):}L10E;;0(Z)

a,\,na a,\,n1 a,\,ng
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5.3 The Dynamic Planes of 7;, ) and E)

Next we’ll discuss the relation between Julia sets of the function Tj, »
when A > % and the exponential function Fy. As we stated before, the
Julia set can be characterized in two ways: the closure of the pre-poles
and the closure of the repelling fixed points. First, when for any given
A > %, there exists a large k, such that when a > k, 2z = 0 is the
repelling fixed point of T}, x(z). The imaginary axis contains the pre-
images of z = 0. Now let us consider the pre-images of the imaginary

axis. By direct calculation, the first pre-image is,
exp(4Re(z)) + (a — 1) exp(2Re(z)) cos(2Im(z)) —a = 0.

The curve passes through the points z = nni for all n € Z and the

poles %log(a) + @m’ for all n € Z. Let us denote this curve Cp, and

let Cﬂfﬁl be that part of the curve in R;. That is,
Cl={vVzeCll|lz€Cpn,z€ Ry}

Let C’;}Q "2 he that part of the pre-image of the curve C’% that lies in R;,.
and let Cp, be the pre-images of Cp,, that is, Cp, = UC’;}Q’i2 In general,
we can follow this procedure; for each itinerary i, = 7,49, , ), we
can define

C'"}lp@’m’lp =T roTl ool ! (2),

a,ip a,ip—1 a,iq

where Re(z) = 0 and C%) i e R;, and C7,, is the pre-image of C7,,_, .
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Figure 5.2 The inverse image of Tj, » when a = 10
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By induction, we can show that the curve Cr, .| contains all of the
pre-poles P; up to i = k, where P, is the pole of T!(z), and contains
all of the pre-images of 0 under it iteration up to © = k+ 1. When
k — oo, we claim that the curve Cp, = UC”le”“ converges to the
Julia set of T,. Clearly from the above discussion the limit curve Cp_
contains the Julia set J(7,). On the other hand, assume that there is a
point z is in the limit curve which is not a pre-pole. Then there exists
a k and z € Cp, with T%(2) on the imaginary axis. If T%(z) is not pre-
image of 0, then T*™(2) lies in the left half plane, and thus eventually
maps to the attracting fixed point in the left half plane. Therefore, z
is not in the curve Cr,, . This implies that z is not in the limit curve.
Which is a contradiction. So, z must be in the Julia set.

We can use the same method to describe the Julia set of the expo-
nential function £(z). As above, we know that z = 0 is a repelling fixed
point of E(z) and the points z = nmi are pre-images of z = 0. The
pre-images of the imaginary axis will be the union of curves, denoted

by U®___Ci* where C{* is in the region

11=—00

211 — 1 21 1
Ly = {¥s € Ly | == < Im(2) < “;

}.
In general, we denote
Civizrin = prlo B! o0 B Y(z),

where Re(z) = 0 and G, € L, . Again as above, we can show
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that the limit curves will be in the Julia set of E(z), which we saw in

previous section is Cantor bouquet.

Theorem 5.3.1 When a > 1

5, 0 is a repelling fized point of T,1(z).

For any given itinerary iy = 41,12, -+ , ik, as a — oo the curve Cp/" "™
of Tu(z) converges to the curve G\ where O™ and C\"""™ are

defined as above.

Proof. We prove this by induction. When n = 1, from the calculation

as we stated above, the curve Cp is

exp(4Re(2)) + (a — 1) exp(2Re(z)) cos(2Im(z)) —a =0

restricted in the region 22=1 < I'm(z) < 2Lt "and the curve Cit s

exp(2Re(z)) cos(2Im(z)) — 1 = 0.
We have the curve
exp(4Re(2)) + (a — 1) exp(2Re(2)) cos(2Im(z)) — a = 0.

Therefore
1 — L exp(4Re(z))
(01— L) exp(2Re(2)

cos(2Im(z)) =

3 1
exp(2Re(z))

as a — Q.

This shows C;ll goes to O
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Assume that when n = k, the curve Cleka approaches the curve

O When n = k + 1,Vz e Cil’m’i’““, we have
k Tiy

1

i1, i exp(2z) — 1

T,(z)=CeCp " (=a—FF—.

(2)=¢ T ¢ aexp(Qz) +a

We also have
1 al +a
= -1
2= 5 los( 2
iy 1—1 i1+l

where log takes the branch of =— < Im(z) < =4

We know as a — oo,

1 ataz 1. (a®=alz]’ + (a® = a)v)? + (a® + @)y’

=—1
2 & a—z| 40g( ((a —x)? +y?)?

Lo (=gl + (1= o) + (14 2%
(1= 32)* + ¢v?)?

)

1
-7 log((1+2)* +1)% +9?);

(T, (2) = enctan g )
— arctan( A+3)y )

2 1—22P2P+(1—- 1)z

).

— — arctan(
2 1+x

Now we observe the inverse of E~*(z) = 3log(1 + z). Re(E~'(2)) =

)
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ilog((z® + 1) + 9?) and Im(E~'(2)) = jarctan(y%). Therefore

we have %log(“fjg) — 3log(¢ +1). By induction ¢ € Zle’k —
some point ¢’ € O} and therefore, +log(¢ + 1) approaches

%log(g’ + 1) which is in the curve ;1“ ey

i

From the above theorem, we have the following as an immediate

corollary:

Theorem 5.3.2 As a — oo, Julia set of T,(z) converges pointwise to

the Julia set of E(z).

For any z € J(T,,) which is not prepole, there is a corresponding
unique infinite itinerary and as a — oo, 2z — 2y which is the the end

point of J(E}).



Chapter 6

Parameter Space of 7, )

In this chapter, we will discuss the parameter plane of the family 7, 5
for a fixed real a. When a approaches oo, we will describe how the

parameter plane of 7, ) relates to that of the exponential family. Set
Ex={Ex(z) = Aexp(2z) — A\, A € C\ {0}}.

Note that the exponential function E) = Aexp(2z) — A we study here

is conjugate to the exponential function Aexp(z). We have
L;}) o Eyo L., = Nexp(z)

where L., = %z — A and X = 2Xexp(—2A). Note that the map from
A to X is not one to one. The A plane we have here is an oo to 1
covering of the X’ plane. See the pictures below. In A’ plane, there is a

bounded heart-shaped component which represents parameters of the

73
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functions having an attracting fixed point, there is an unbounded light
brown component which represents parameters of functions having an
attracting periodic cycle of period 2 in the left half plane, there are
countably many purple finger-like components which represent param-
eters of functions having an attracting periodic cycle of period 3, there
are countably many finger-like components which represent parameters
of functions having an attracting periodic cycle of period 4 between
every two purple components, and so on. The bounded heart-shaped
component in A plane corresponds to the circle and the unbounded
region in the right-half plane in the A plane. The unbounded compo-
nent in the left half plane in the X space corresponds to the countably
many finger like shaped components in the A space. Each finger-like
component in the X plane corresponds to countably many narrower

finger-like components in the A plane.

6.1 Parameter Plane of &,

In this section, we will give an outline of the properties of the hyper-
bolic components of the family £, which is the direct corollary of the

properties of the family {Aexp(z)}.

Proposition 6.1.1 When |\ < 3, the function E\ has an attracting
fixed point at 0. When X\ is real and \ > %, the function E\ has an
attracting fixed point at some negative real number. When X\ is real and

A< —%, the function Ey has an attracting periodic cycle of period 2.
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i

Figure 6.1 The parameter space of F\ = Aexp(z)
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Figure 6.2 The parameter space of £y = Aexp(2z) — A
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Figure 6.3 The parameter space of T, x when a = 1.01

7
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Figure 6.4 The parameter space of T, x when a = 10000

78
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Proof. It is clear that 0 is a fixed point of E\ and Ef(0) = 2\. When
Al < 3, |[EA(0)] < 1. When [A| > 3, |E5(0)] > 1. When A > 1,
the function g(x) = Ej(z) — 2 — —o0 as © — o0; also g(—\) =
Aexp(—2A) > 0. When z < 0 and z is very close to 0, g(z) < 0,
g(3—=X) = Xexp(1—2X)—3 < 0. Thus g(x) has a fixed point z( between
2 —Xand —\ and Ej(z0) = 2Xexp(2z9) = 2(xo + A) < 1. That is, zo
is an attracting fixed point. When A\ < —%, we have F3(\) — A < 0 and
B3 (1)) = Nexp(—2n — 2)) — A > 0, where we choose n < |)|
and n is so close to A such that Aexp(—2n—2X) —A+11n(2) > 0 Thus
there exists an attracting periodic cycle of period 2 between —% ln(%)

and A\, and we can calculate that the multiplier of the periodic cycle

less than 1.

g

It follows from the above proposition that there is a hyperbolic com-
ponent €; = {\,|A] < 1} \ {0} such that when A € Qy, the function
E, has an attracting fixed point at 0. There is a component €2} which
lies in the right half plane Rz > % such that when A € f, the function
E)\ has a repelling fixed point at 0 and a single attracting fixed point.
There is a component €5 which lies in the left half plane Rz < —% such
that when A € 2y, the function E) has a repelling fixed point at 0 and

an attracting periodic cycle of period 2.

Proposition 6.1.2 For each n there exists an unbounded hyperbolic

component (3 ,, which contains the line x+ 2”—;17m' for all large negative
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numbers x, such that when \ € Qs,,, the function E\ has an attracting

periodic cycle of period 3.

In general, the following theorem regarding the existence of hyperbolic

components of the family {Aexp(z)} can be found in several papers

(see, e.g., [8], [11],[30])

Theorem 6.1.3 For every n > 3, there exist countably many hy-
perbolic components in A-plane in which every exponential function
Aexp(z) has an attracting periodic cycle of period n. Moreover, there
exist countably many hyperbolic components of period n + 1 between
every two hyperbolic components of period n.

There exists an analytic curve tending to —oo such that along the

curve the multipliers of the attracting orbit tend to 0.

As we’ve seen that A plane of {\exp(z) — A} we have here is an co to

1 covering of X’ plane of {\ exp(z)}, we have the following:

Corollary 6.1.4 For every n > 3, there exist countably many hy-
perbolic components in A-plane in which every exponential function
Aexp(2z) — A has an attracting periodic cycle of period n. Moreover,
there exist countably many hyperbolic components of period n + 1 be-
tween every two hyperbolic components of period n.

There exists an analytic curve tending to —oo such that along the

curve the multipliers of the attracting orbit tend to 0.
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6.2 The Parameter Plane for 7, )

In this section we will discuss some properties of the parameter plane
for the family 7, and their relation to the exponential family FE).
When a = 1, the family 7, \ conjugates to the tangent family A tan(z).
This family has been studied by several authors (see,[Jiang], [KK1],
[KK2],[KY]). The stable and unstable sets inherit symmetric prop-
erties from the symmetry of the tangent map. That is, Atan(z) =
—Atan(—z), and asymptotic values of Atan(z), A and —\, are sym-
metric with respect to the origin. Either both asymptotic values are
attracted to the same cycle, or are attracted to two symmetric cycles
respectively. When a # 1, the family loses this symmetry property.
When a is near 1, for each A, the action of T, ) is similar to the action
of Atan(z); that is, the dynamic and parameter planes of 7, , and the
tangent family exhibit similarities. On the other hand when « is a large
real number, the action of T, ) is similar to the action of Aexp(2z) — A,
and the dynamic and parameter planes of 7,, and the exponential
family &, exhibit similarities.

More specifically,

Proposition 6.2.1 For any given positive real a, and real A such that

A < ZHany function T, s in the family T, has an attracting fived

2a 7
point at z = 0. When X\ > a2—J;1, the function T, x has a repelling fized

point at z = 0 and two attracting fixed points on the real line. When

A < =2 the function T, \ has a repelling fived point at z = 0 and an

2a ’
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attracting periodic cycle of period 2 on the real line.

Proof. By direct calculation, we have T, ,(0) = 0 and when A < %=

we have
2a\
T . (0)] = < 1.
|T,,(0)] ]
When \ > % we have
2a\
" (0)] = >1
|75, (0)] PR TRt

and

1
Tor(x) —x — —00 as © — oo,Ta,A(i) 5> 0.

Thus, T, A(z) has a fixed point z; in the positive real line z > % and
by direct calculation we can show that T, ,(z1) < 1. So that z; is
an attracting fixed point. Using a similar argument, we can show that
there exists an attracting fixed point x5 in the negative real line x < —%.
When A\ < —%Ll, there are points z; in the positive real line and z5 in
the negative real line that form an attracting periodic cycle of period

2.

g

It can be derived directly from the above proposition that there is a
hyperbolic component Q1+ = {, |\ < % \ {0}}, such that when

A € 7, the function T, ) has an attracting fixed point at 0. There is

a+1

%=, such

a component €2y ;  which lies in the right half plane itz >
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that when A € €7, the function 7, » has a repelling fixed point at
0 and two attracting fixed points. There is a component 2y 7 which
lies in the left half plane Rz < —%}1, such that when A € Qyp, the

function Ty, » has a repelling fixed point at 0 and an attracting periodic

cycle of period 2.

Proposition 6.2.2 Let a be a fized large positive real number, and
r be a real number such that r > 5. For any A such that R(\) >
max(rlog(a), va) and nw — 17 < S(\) < nw + 37 for each n € Z, the

function T, \ has two attracting fized points.

Proof. Let D_, . be a small disk with center —\ and radius e. We
choose € so small that 0 < |e| < 3|(r—1)log(a)| and nw — 17 < [S(N) —
S(e)| < n+ 17 for some n € Z and also aexp(—a-+|e|) < |e|. We show
that when R(A) > max(rlog(a), /a) and nr — i < S(\) < nw + {7

for some n € Z, we have
Ta,A(D—)\,e) C D—)\,6~

For any z € D_, ., we have

aXexp(2z) + Aexp(2z)

T, A =
Tax(2) + Al =] exp(2z) +a

<M+ ;)?R(exp(zz)) < 22R(exp(22)) < |e].

Thus, there is an attracting fixed point in D_) .

Using a similar argument, we can show that there is an attracting
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fixed point near the asymptotic value aA. Let D, . be a small disk
with center aX and radius ¢, and 0 < € < 3|(r — 3)log(a)|. We show
that when R(A) > max(rlog(a), va) and nr — Ir < S(\) < nw + I7
for each n € Z,

Tux(Daxre) C Doy

—al—a?\
exp(2z)+a

For any z € D, ., we have |1, \(2) —a\| = | | < e. Thus, there

is an attracting fixed point in D) .

Proposition 6.2.3 When R(\) < —rlog(a) where r < —3, the func-

tion T, x has an attracting periodic cycle of period 2.

Proof. Using a similar method to the previous theorem, we consider
the neighborhoods of —A and aX. Let D_, . be a neighborhood of the

asymptotic value —\; we can show that T ,(D_xc) C D_x..

g

Let a be a large enough positive number, and choose r < % When
|R(N)| < rlog(a), the function T, \ behaves similarly to the exponential

function E). We have the following:

Proposition 6.2.4 Let a be a fixed large positive number, and choose
r < %. In addition, assume that R(\) < —rlog(a), and that the asymp-

totic value —\ of the function T, y is attracted to some immediate basin
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of an attracting periodic cycle of period n. Then the other asymptotic

value aX is attracted to the same cycle.

Proof. Assume that the function 7, »(z) has an attracting periodic cy-
cle zg, 21, - , zn_1 of period n and the asymptotic value —\ is attracted
to this attractive cycle. Let D; be the immediate basin containing z;
, 2 =0,1,--- ,n — 1 and suppose that Dy contains —\. Then there
exists an € > 0 and k > 0, such that T}, (=) lies in the disk D,, . with
center zo and radius e. Let Dy i:T(; 1(D.,.c) be the inverse lying inside
D; where i = i(k).
On the other hand, we can assume a is so large that
exp(2a\) — 1

Toa(aN) = a\———F— ~ —\.
Mar) =a exp(2a)) +a

In fact, we can choose it large enough such that 7, x(a)) lies in Dy*.

Thus 77, (a)) will be in the disk D, .

Proposition 6.2.5 When a is a large enough positive number, for each

n, there exists a X which is close to —%log(a) — 25, such that the

function T, x has an attracting periodic cycle of period 3. There also

_ 2n+41

54, such that the function

exists a A which is close to —1log(a)

1o has an attracting periodic cycle of period 2.

Proof. Let D, ., be a disk with center a\ and radius €;; let D_) ., be
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a disk with center —\ and radius €y; let A_, be an asymptotic tract of
—\; let A, be an asymptotic tract of al.

Let B_) be the pre-asymptotic tract of A_y, T,(B-\) C A_j,
attached at the pole p, = ilog(a) + Z%Hmi; let B,y be the pre-
asymptotic tract of Agy, TuA(Bax) C Aan, attached at the pole p, =
% log(a)+ 2"2—+17m'. From the previous proposition, we can choose a large
enough such that T;, y(a) is in the disk D_, ,, let Dy be D_y ., N By».
We can show that for a large enough a, we have T ,(D;) C D;. Be-
cause we have T, ,(D;) C A, we can choose a large enough such
that a) is in the asymptotic tract A_,. Thus, Ta_j(Dl) contains Agy.
Therefore, the function 7}, y has an attracting periodic cycle of period
3.

Let Dy be D_y ,NB_y. Similarly, we can show that T} ,(Ds) C Ds.

Thus the function 7, has an attracting periodic cycle of period 2.

g

In general, when a is a large positive number, we can show that there

exist hyperbolic components of period n for any n.

Theorem 6.2.6 For a fized large enough positive number a = a(n),
there exists a hyperbolic component pair (42, Qny3) near p, in the
A plane, where p, is the complexr number such that T;fpn(pn) =
—1log(a) — ZEH i for some k. When X € Q,4o, the function T,
has an attracting periodic cycle of period n + 2. When A € Q,,3 the

function Ty, \ has an attracting periodic cycle of period n + 3.
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Proof. Using a similar method to the previous proposition, we choose
a neighborhood, Dy, of p,, and a neighborhood, T',(Dy), of the pole,
—1log(a) — 2 ri. We can select a suitable subset of Dy such that
T;jl(Do) is inside an asymptotic tract of the asymptotic value —\.
For a large enough a, we can choose D’, a subset of Dy, such that
D) cD.

We can also choose a subset D" of Dy such that Tgfjl(D” ) is inside
an asymptotic tract of aA and T:f(D” ) is in a neighborhood of aA.

We can choose a large if necessary so that a neighborhood of a\ is

mapped to a neighborhood of —A.

g

The following proposition describes the relationship between the hy-
perbolic component of the family £, and the family 7, » when a is a

large positive real number.

Proposition 6.2.7 For any A\ in a hyperbolic component of £\ such
that the function E), has an attracting periodic cycle of period n, there
exists a sequence of pair (a;, A,,) with a; — 00, Ay, — Ao such that the

function Ty, y, has an attracting periodic cycle of period n.

Proof. Let Ay be a parameter such that the function E),, =
Ao exp(2z) — A has an attracting periodic cycle of period n; that is,
there exists a zy such that EY (z0) = 2. Let D, be a disk with center

2o and radius €. We can choose € so small that |E} (D.,.c)—z0| = €1 < €.
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By theorem 5.1.4, there exists an a; such that

|EX,(2) = T3,

ak’Aak(z)| <€ < |e—e).
For any z € D, ., we have

Tainay (2) = 200 < T na, (2) = B (2) |+ [EY (2) = 20] S Je—ar[ +e1 < e

This implies that T, »., (D) C Dy, . Therefore, the function Ty, Moy

has an attracting periodic cycle of period n.



Chapter 7

Open Questions

7.1 Open Questions and Future Work

In this chapter we will discuss some open questions and future work.

Unanswered questions regarding the parameter space of Sy include:

e Are there unbounded hyperbolic components with any given or-

der?

e [s there a curve such that a periodic doubling phenomenon occurs

along the curve?

e Can we characterize the boundary of the hyperbolic components

of SA(?

Unanswered questions regarding 717,  include:
In the papers [KK] and [KY], it was shown that for the tangent

family Atanz, which is conjugate to 717 ), there are infinite cascades of

89
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non-standard period doubling bifurcation along the imaginary axis.

e A natural question arises: Is there a similar phenomenon for the
family 77, » in general? That is, when a # 1, is there a curve such

that a period doubling occurs along the curve?

e For the tangent family Atanz, which is conjugate to T} ), both
asymptotic values are either attracted to the same cycle or at-
tracted to two symmetric cycles. When a # 1 for certain a,
the asymptotic values A and a\ may be attracted to two cycles
with two attracting periodic cycles each with a different period.
Richard Oudkerk showed that when one asymptotic value is an
attracting fixed point, the other asymptotic value could be at-
tracted to an attracting periodic cycle with any period. We can

then ask the following questions:

e Is there a condition for a such that two asymptotic values are
attracted to two attracting periodic cycles, each with a different

period?

e If one asymptotic value is attracted to an attracting periodic cycle
with a certain period, can the other asymptotic value be attracted

to an attracting periodic cycle with any period?

e We proved that the family 7, » has dynamical convergence to the
exponential family E) when a — oo along the positive real axis.
How does the corresponding dynamic plane change when a is not

real and a approaches oo along certain curves?
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There are also questions regarding more general families of functions.

For example:

e We studied transcendental meromorphic functions in the family F
with finitely many singular values such that one of the asymptotic
values is a pole. We proved that the Fatou set of any function
in F is simply connected. What can we say about the dynamic
plane of transcendental meromorphic functions with finitely many
singular values such that one of the asymptotic values is a prepole

or a critical value is a pole?
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