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Abstract

GENERALIZED ULAM-VON NEUMANN TRANSFORMATIONS

by

Yunping Jiang 

Adviser: Professor Dennis P. Sullivan

The first part of this thesis uses a singular change of metric on an in­

terval to study mappings on the boundary of hyperbolicity. The change 

of metric makes it possible to apply the theory of expanding mappings. 

We classify these mappings up to smooth equivalence, by showing that 

all the eigenvalues at the periodic points, the type of power law at 

the critical point and a quantity which we call the asymmetry at the 

critical point form a complete set of invariants.

In the second part of this thesis, we study hyperbolic mappings de­

pending on a parameter e. Each of them has an invariant Cantor set. 

As e tends to zero, the mapping approaches the boundary of hyperbol­

icity. We analyze the asymptotics of the gap geometry and the scaling 

function of the invariant Cantor set as € goes to zero. For example,
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in the quadratic case, we show that all the gaps close uniformly with 

speed v/S. There is a limiting scaling function of the limiting map­

ping and this scaling function has dense jump discontinuities because 

the limiting mapping is not expanding. Removing these discontinuities 

by continuous extension, we show that we obtain the scaling function 

of the limiting mapping with respect to the Ulam-von Neumann type 

metric.

A key technical result of this thesis is the uniform (a +  7 )-Koebe 

distortion lemma (Lemma 2.7). Its proof combines the ideas of the 

distortion lemmas of Denjoy and Koebe.
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Introduction

Ulam and von Neumann studied the nonlinear self mapping q : x  

1 — 2x2 on the interval [—1,1], They observed that pq =  l /( a V l  — xa) 

is the density function of a unique absolutely continuous ^-invariant 

measure (we only consider probability measures in this thesis). In 

modern language, this observation follows from making the singular 

change of metric |dy| =  (2|dx|)/(7rVl — a;2). If we let y =  h(x) be the 

corresponding change of coordinate and q =  hoqoh"1, then q becomes 

q(y) = 1 — 2 |y|, a piecewise linear mapping with expansion rate 2 on 

[—1,1]. The dynamics of q is more easily understood.

/  =

Figure la Figure lb

The first part of this thesis analyzes certain smooth nonlinear self 

mappings like q (see Figure la). Under quite general conditions, a 

mapping whose graph looks like the graph shown in Figure 2 has hy­

perbolic properties. We may say that a mapping whose graph looks
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like the graph Bhown in Figure la  is on the boundary of hyperbolicity 

(a more precise definition of what we call the boundary of hyperbolicity 

is given below).

Figure 2

One knows that some mappings whose graph look like the one shown 

in Figure 3 have an iterate whose graph, when restricted to a subinter­

val, looks like the graph shown in Figure la. Some of our results apply 

to this wider class and to the more general setting of Markov mappings 

but to avoid confusion we leave aside further discussion of this extra 

generality in the introduction.

/  =

Figure 3
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In order to study more general smooth self mappings of the interval 

with a unique power law critical point, we employ a change of metric 

similar to the one used by Ulam and von Neumann. The change of 

metric has singularities of same type at the two boundary points of 

the interval It is universal in the sense that it does not depend on 

particular mapping / ,  but only on the power law |ar|'1' at the critical 

point. Suppose y =  hy(x) is the corresponding change of coordinate on 

the interval. After this change of coordinate, /  becomes /  =  o /o /t"1

(see Figure 16), which is smooth except at the critical point. The 

mapping /  has nonzero derivative at every point except the critical 

point. At the critical point, the left and the right derivatives of /  exist 

and are positive and negative, respectively.

A nice feature of the mapping q(x) = 1 — 2x3 is that q is expanding 

with Holder continuous derivative, which implies that a certain binary 

tree of intervals associated with the dynamics of q has bounded geom­

etry. The expanding property does not carry over to our more general 

setting but the bounded geometry does. An hierarchical structure of 

intervals has bounded geometry if the ratios of lengths in successive 

generations are bounded below. (In other contexts, one also requires
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these ratios to be bounded away from one.)

Suppose Eq is the set consisting of the critical point of /  and of 

the two boundary points of the interval. For every positive integer 

n, let En be the preimage of En- i  under / .  The nlA-partition rjn of 

the interval determined by /  is the collection of all the subintervals 

bounded by consecutive points of En. Let An be the maximum length 

of the intervals in the n(*-partition.

We say the sequence of nested partitions determined by

/  decreases exponentially if An decreases exponentially. We say the 

sequence of nested partitions {»?n}£Lo determined by /  has bounded 

geometry if there is a positive constant C such that for any pair (J , I)  

with J  C / ,  J  6  »7n+i and I  € r/n, the ratio of the length of J  to the 

length of I  is bounded below by C.

Bounded geometry enables us to show that all mappings on the 

boundary of hyperbolicity are quasisymmetrically equivalent. (A map­

ping is quasisymmetric if it distorts symmetrically placed triples by 

a bounded amount). To prove bounded geometry for the sequence of 

nested partitions determined by a mapping whose graph looks like the
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graph shown in Figure la , we develop a  tool which we call the (a  +  7 )- 

Koebe distortion lemma.

Suppose that /  has the power law |x |7 with 7  > 1 at the critical 

point and that /  is piecewise C l+a for some 0 < a < 1. The first 

partition 71 determined by /  contains four intervals. For any pair x 

and y in one of these four intervals, let Jq be the interval bounded by x 

and y and 6{x, y) =  {Jo, J\, • • •} be a sequence of backward images of 

Jo under / ,  that is, the restriction of /  to Jn embeds Jn onto Jn- 1 for 

all positive integers n. Define gn to be the inverse of the restriction of 

the nth iterate of f  to Jn and define the distortion of the ntfl iterate of 

/  along 0(x,y) to be the ratio |^ ( * ) |/ |0n(y)|. Let dxy be the distance 

from {x,y} to the boundary of the interval where /  is defined.

LEMMA 1.13 (the ( a + 7 )-Koebe distortion lemma ). There are positive 

constants A, B  and C such that for any pair x and y in one of the four 

intervals in i}\ and any sequence 8{x,y) — {J0» J i , * * *} of backward 

images of J0 under f ,  the distortion of the nih iterate of f  along 8{x, y) 

satisfies



for every positive integer n.

After having shown that all mappings on the boundary of hyper­

bolicity are quasisymmetrically equivalent, we go on to classify the 

smooth conjugacy equivalence classes of these mappings by also em­

ploying changes of metric. We then construct a unique smooth / -  

invariant measure which transports to a unique absolutely continuous 

/-invariant measure pj. The corresponding density function of p j  is 

smooth on the interior of the interval and has the same singularity at 

both boundary points.

For all this to be true, we need

(*) /  to be a C 1 self mapping of an interval with a unique power law, 

|x |7 for some 7  > 1 , critical point and to map the critical point to the 

right endpoint of the interval and both endpoints of the interval to the 

left endpoint (see Figure la),

(**) the derivative of /  to be piecewise a-Holder continuous for some 

0  < a  < 1 and

(***) the sequence of nested partitions {»/n}SLo determined by /  to 

decrease exponentially.
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We prove this exponential decay of (***) under either of the follow­

ing two hypotheses.

(1) The mapping /  is C3 with nonpositive Schwarzian derivative 

and expanding at both boundary points of the interval, that is, the 

absolute values of the derivatives of /  at both boundary points are 

greater than one (see also [Mi]). The Schwarzian derivative of /  is

s(f) = nr  - (3/2)(/"//')a.

(2) The mapping f  is piecewise Lipschitz and all the periodic points 

of /  are expanding, that is, the absolute values of the eigenvalues of /  at 

all periodic points are greater than one (see also [Ma]). The eigenvalue 

of /  at a periodic point p of period n of /  is ep =  ( / on),(p).

We call the set of mappings satisfying (*), (**) and (***) the 

boundary of hyperbolicity, BTi. Now we can describe the results of 

the first part of this thesis more precisely.

THEOREM 1 .3 . Any two mappings f  and g on BH  are quasisymmet- 

rically equivalent.

Moreover, we classify the smooth equivalence classes on BH. To

7



proceed, we need one more definition. The asymmetry of /  at the 

critical point c is the limit of / ' ( —(* — c))/f'{x  — c) as x decreases to 

the critical point c. Recall that the eigenvalue of a  mapping /  at a 

periodic point p of period n is e/ =  ( / on)'(p).

Now, assume that /  and g are on BH, that h gives the quasisym- 

metric equivalence between /  and g and that the derivatives of /  and 

g are piecewise a-Holder continuous for some 0 <  a  <  1.

THEOREM 1 .4 . The conjugating mapping h is Ct+t for some 0 < e <  1 

if  and only if  e/(p) =  eg{h{pj) at all the periodic points p of f  and f  

and g have the same power law and the same asymmetry at the critical 

point.

We say an object associated to /  on BH  is a (^-invariant if this 

object is the same for /  as for ho f  o h~x whenever h is an orientation 

preserving Crl-diffeomorphism.

COROLLARY 1 .5 . The eigenvalues at all periodic points, the power 

law and the asymmetry at the critical point form a complete set of 

C1-invariants on the boundary of hyperbolicity.
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These invariants are optimal to form a complete set of C^-invariants

on the boundary of hyperbolicity (see Remark 1.5).

Suppose /  is on BH  and has the power law with 7  > 1 at the 

critical point and the derivative of /  is piecewise a-Holder continuous 

for some 0 < a  < 1. We extend the Ulam-von Neumann example in 

the following sense:

THEOREM 1 .6 . The mapping f  has a unique absolutely continuous 

/ —invariant measure ft/  = f  pj(x)dx. Furthermore, if  pi and ps are 

the boundary points of the interval, then pj(x)(\x—pi\) (t®—P2I) y

a positive a-Holder continuous function on the interval. In particular, 

pj grows like (as — p|-2^~ at each boundary point p of the interval.

The mappings /  on BH  are limits of mappings /e, which do not 

keep the interval invariant, but keep invariant a Cantor set Ae having 

bounded geometry (see Figure 2). We say the mappings like f ,  are 

hyperbolic (a more precise definition of what we call a hyperbolic map­

ping is given below). The space of hyperbolic mappings is the topic of 

the second part of this thesis, as well as the asymptotic behavior of 

these hyperbolic mappings as they approach the boundary of hyper-



bolicity. We use /«,o and /«,i to denote the left and right branches of 

/ , ,  respectively. Let gt,o and gt , 1 be the inverses of f e,o and /«,i. For a 

finite string w = t0 * • • in of zeroes and ones, we use ge,w to denote the 

composition gt>w =  o • • • o gt>in. Define It,w to be the image under 

gt,w of the interval where /« is defined (see Figure 4).

----------- --------------  or ------------but---------
 fgriul Ie.lirCl

Figure 4

Suppose r/n.e is the collection of ItiW for all finite strings w of zeroes 

and ones of length n +  1. We use Ani« to denote the maximum length 

of the intervals in rjn,^ Notice that the union of all the intervals in ijn,e

covers the maximal invariant set of / c.

___________________  _______ w.________
.u;0 .u>l tul. u>0 .

* ¥* ¥
•  ¥

c c*
Figure 5a Figure 5b

There are two topologies on the set of all the labellings w. One 

topology is induced by reading the labellings w from left to right; the 

other by reading the labellings w from right to left. The limit set 

of the set of these labellings w in the topology induced by reading the
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labellings w from right to left is the phase space of the dynamical system 

f e. We call it the topological Cantor set C (see Figure 5a). Points in C 

are one-sided infinite strings of zeroes and ones extending infinitely to 

the right. If we take the limit set of the labellings w in the topology 

induced by reading from right to left, we obtain the dual Cantor Bet 

C*. A point in C* is called a “dual point” which is one-Bided infinite 

string of zeroes and ones extending infinitely to the left.

The scaling function of / e, when it is defined, is a function defined 

on C". Assume a* G C*, so that a* is a one-sided infinite string of zeroes 

and ones extending infinitely to the left. Suppose a* =  (■ • • tin'.), where 

w is a finite string of zeroes and ones and i is either zero or one. Note 

that Iwi is a subinterval of Iw. Let s(tiu) equal the ratio of the lengths, 

\Iwi\l\Iu\- We let s(o*) be the limit set of s(tvi) as the length of w tends 

to infinity. If this limit set consists of just one number for every a* G C, 

then we say that s(a*) is the scale of f ,  at a* and that s is the scaling 

function of f e defined on C*. Note that the scaling function s(a*) of f e 

depends on e. Sometimes we denote it by sc(a*). The same definition 

gives the scaling function s0(a*) of a mapping f 0 on BH. Since for the 

mappings /«, e >  0 , the length of the interval Iw converges to zero

11



uniformly as the length of w approaches infinity, it is obvious that the 

scaling function is a CMnvariant. Recall that a smooth invariant is 

an object associated to /« which is the same for /« as for h o f e o h_1 

whenever k  is an orientation preserving C 1-diffeomorphism.

To be sure that the limits defining the scaling function of /* actually 

exist, we need

( 0  f t  to be a mapping from an interval to the real line which maps 

its unique critical point out of this interval and both endpoints of the 

interval to the left endpoint (see Figure 2),

(it) f t to be C 1+a for some 0 < a  < 1 and

(tit) the sequence of maximum lengths An>e determined by f e to decrease 

exponentially.

Parallel to what we do for the boundary of hyperbolicity, we prove 

the exponential decay of (iii) under either of the following two hy­

potheses.

(1) The mapping /* is C3 with nonpositive Schwarzian derivative 

and expanding at both boundary points of the interval.

12



(2) The mapping f t is C1’1 and all the periodic points of f e are 

expanding.

We call the set of mappings f e satisfying (*), (it) and (tit) the 

space of hyperbolic mappings, H . Without loss of generality, we may 

assume that the interval where / ,  is defined is the interval [—1, 1] and 

that the critical point of f e is zero.

Sullivan [S2] showed that the scaling function is a complete invari­

ant for C'1-conjugacy of mappings in H. It plays the same role that 

eigenvalues play in the C2-case (recall that Sullivan [SI] showed that 

the eigenvalues are complete invariants for C71-conjugacy of C2 map­

pings of 7i). We examine the asymptotics of the scaling function of f e 

as £ decreases to zero.

Figure 6

Hereafter, we say that a family {/*}o<*<«0 (see Figure 6 ) of mappings
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in BH  U H  is a good family if it satisfies the following conditions:

1 . the family /«(x) is C1 in both variables e and or,

2 . each f ,  has the same power law |x |7 with 7  >  1 at the critical 

points and R~(x,e) =  / '( x ) / |x |7-1 defined on [—1,0] x [0,eo] and 

i 2+(x,e) =  / '(x ) / |x |7-1 defined on [0 , 1] x [0 ,£o] are continuous,

3. there are positive constants K 1 and o ' <  1 such that / e is C1+a> 

and the o'-Holder constant of / '  is less than K ' for any 0 <  e <  eo»

4. there are positive constants K H and a" <  1 such that / '( x ) / |x |7-1 

defined on [—1,0] and / '(x ) / |x |7-1 defined on [0,1] are a"-Holder 

continuous and their a"-Holder constants are less than K "  for any 

0 < e < e0,

5. there are two positive constants Co and A < 1 such that the 

maximum lengths AB<e satisfy A„(,  <  CoAn for all positive integers 

n and all 0 < e < Eq-

A function a defined on C* is called Holder continuous if there are 

two positive constants C and A < 1 such that |s(a*) — s(6*)| <  CAn for 

any a* and bm in C* with the same first n coordinates.

14



Let A  stand for the countable set of points in C* whose coordinates 

are eventually all zeroes and let B stand for the complement of A  in 

C•.

We can now state the results of the second part of this thesis more 

precisely.

T heorem  2 .1 . Suppose {/,}o<e<»0 a good family. There is a family

of Holder continuous functions {ae}o<e<«0 on dua/ Cantor set C* 

such that st is the scaling function of f t and

(1) for every 0 < £1 < eo, &e converges to sei uniformly on C* as e 

tends to e\,

(2) for every a* e  Cm, the limit s0(a*) of {se(a*)}o<e<e0 exists as e 

tends to 0 , the limiting function so(a*) is the scaling function o f f 0 and 

satisfies:

(2.1) sq has jump discontinuities at all points in A,

(2.2) so is continuous at all points in B and the restriction of sq to B 

is a Holder continuous function.

Our proof of this theorem depends on a distortion lemma (Lemma

15



2.7) which we develop for a family of folding mappings with a-Holder 

continuous derivatives and with the power law I®!7 for some 7  > 1 at the 

critical point. We call it the uniform (a  +  7 )-Koebe distortion lemma. 

It is a generalization of Lemma 1.13.

More generally, every /  on the boundary of hyperbolicity BH  has 

a scaling function (see Figure 7 and Figure 8 ). In fact, we show the 

following theorem.

THEOREM 2 .3 . Suppose f  is on BH and f  is again f  viewed in the 

singular metric associated to f . There exist the scaling function s /  of 

f  and the scaling function s j  of f  and these scaling functions satisfy:

(a) s j  is Holder continuous on C*,

(b) Sj has jump discontinuities at all points in A  and s j  is continuous 

at all points in B,

(c) the restriction of &j to B equals the restriction of s j  to B.

For any /  on BH, the eigenvalues of /  a t all the periodic points and 

the power law at the critical point of /  can be calculated from s /. We 

obtain the following consequence to Theorem 1.4.

16



COROLLARY 2 .4 . The scaling function and the asymmetry at the crit­

ical point form a complete set of C1-invariants on the boundary of 

hyperbolicity.

These invariants are again optimal to form a complete set of Cx- 

invariant on the boundary of hyperbolicity (see Remark 1.5).

One example of a result about a scaling function for a mapping on 

the boundary of hyperbolicity is given in the following proposition (see 

Figure 7).

P r o p o s i t i o n  2.2. Let q : x t-+ l  -  2x3. Then sq(a*) =  1/2 for all a* 

in B and sq(a*) ^  1/2 for all a* in A .

Suppose f e is a mapping whose graph looks like the graph shown in 

Figure 2 and {f7„,*}£L0 *s the sequence determined by / e. We suppress 

the subscript e when there can be no confusion. For every positive 

integer n and /«, in qn, let I^q and Iwi be the two intervals in r/n+1 

which are contained in Iw. We call the complement of I^o and Iw\ in 

Iw the gap on Jw and denote it by Gw. Let G be the complement of Iq 

and 1\. We call G the leading gap and the set of ratios {| | / 1 | } for 

all finite strings w of zeroes and ones the gap geometry of the maximal

17



invariant set of /«. We study the asymptotic dependence on e of the 

gap geometry of the family of the maximal invariant sets of f e for 

0 <  e < e0.

Suppose ft is a function defined on [0,1]. We say ft determines 

asymptotically the gap geometry of the maximal invariant sets of / ,  

for 0 < e <  £o, if there is a  positive constant C  such that for all 

0 < £ < Co and all finite strings w of zeroes and ones,

(1) C -'P (£) <  |G .,„ |/|/,,„ | <  c m  and

(2) I / .  ,wi|/|/e,iu| >  C ”1, where * is either one or zero.

The constant G is called a determining constant.

Suppose {/e}o<e<e0 is a good family. Then the sizes of the leading 

gaps Gt is of order of Moreover, we prove the following theorem.

THEOREM 2 .2 . The family o f the maximal invariant sets of f t for 

0 < e < So is a family of Cantor sets. Furthermore, the function ey 

determines asymptotically the gap geometry o f the family of maximal 

invariant sets of /* for 0 < e < €q.

Suppose HD{e) is the HausdorfF dimension of the maximal invariant

18



set of f t  and s€ is the scaling function of f ,  for 0 <  e <  e0* Theorem 

2.2 has the following two corollaries.

COROLLARY 2 .2 . There is a positive constant C  which does not depend 

on e such that

0 <  HD(e)  <  1 - C e *

for all 0 < e <  £<>•

COROLLARY 2 .3 . There is a positive constant C which does not depend 

on e such that

1 -  C "1̂  <  se((a*0.)) +  se((a* l.)) <  1 -  C ei

for alt a* €  C* and all 0 < e < e0.

For the family {1 +  e — (2 +  c)a:2}o<«<i in H  U BTC, we can say even 

more:

PROPOSITION 2 .3 . There is a constant C > 0 which does not depend 

on £ such that

1 -  C -'y/E  < HD(e) <  1 -  Cy/E

for all 0 <  £ < 1 .
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The grppMwd) of scaling function for: f(x)=xA2*2-0.0x*2(4-xA2).

Figure 7
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The grgpMwd) of sealing function for: f(x)=xA2*2*9.iKA2(4-xA2 ) .

Figure 8
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Part one. The geometry on the boundary of hyperbolicity.

The example studied by Ulam and von Neumann [UN] in 1947 is the 

nonlinear transformation q : x  »-► 1 — 2x2. They discovered the density 

function =  1/(tt\/1 — x 2) of the unique absolutely continuous

invariant measure for this mapping (see §1.3). From the metric point 

of view, dy = 2pq(x)dx is a singular metric on the interval [—1,1]. 

Under the corresponding change of coordinate y = h(x), q becomes a 

piecewise linear transformation q = h o q o h-1 : y 1 — 2|y|. The 

point is that the dynamics of q is more easily understood. We will use 

this idea to study the space of certain nonlinear transformations like q 

in the first part of this thesis.

§1.1. The singular change of metric on the interval.

Suppose /  is a C 1 self mapping of an interval with a unique critical 

point c. We always make the following assumptions: (1) f  is a C 1 

self mapping of [—1,1], (2) f  is increasing on [—l,c] and decreasing on 

[c, 1], (3) f  maps c to 1 and (4) f  maps —1 and 1 to —1 (see Figure 

la). Without loss of generality, we always assume c equals 0.

Let r/(x) = f ,(x )/\x j'1'-1 for x 0. We say /  has power law at
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the critical point if there is some number 7  > 1 such that the limits of 

rj(x)  as x increases to zero and as x decreases to zero exist and equal

nonzero numbers A  and — B t respectively. For example, /  has power 

law at the critical point if /(x )  =  1 — (.4 / 7 ) |x |7 for negative x close to 

zero and /(x )  =  1 — (i? /7 ) |x |7 for positive x close to zero. We call the

zero, the asymmetry of /  at the critical point. We always assume that 

/  has power law |x |7 for some 7  > 1 at the critical point.

We define the singular metric associated to /  to be

on [—1, 1], where 7 * =  7 / ( 7  — 1) is the dual number of 7  which means 

that I / 7 + 1/ 7 * =  1. The corresponding change of coordinate on [—1,1] 

is y =  h.y(x), where

ratio of A  to — B , which is the limit of / ' ( —x )// '(x )  as x decreases to

with b =  2/ dxj{\ — x3) ^  . The representation of /  under the

singular metric associated to /  is

f  = hy o f o h ; \
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Before we see some properties of /  and / ,  we state some definitions. 

DEFINITION 1.1 . Suppose I  is an interval and g is a function on I . 

We say that

(a) g is an embedding if g is a homeomorphism from I  to g(I),

(b) g is a C1-embedding if  g has a continuous derivative gr on I  and the 

derivative o f g at every point in I  is not zero, as usual, the derivative 

of g at each boundary point of I  is a one-sided limit,

(c) g is a C 1+a-embedding for some 0 < a  <  1 if  g is a C1 -embedding 

and the derivative g* on I  is a-Hdlder continuous on / .

I f  a  = 1, we usually say g is a C1’1-embedding in (c).

Suppose I  is an interval and g is an a-Holder continuous function 

on I  for some 0 < a  < 1. There is a positive constant K  such that 

l^t®) ~  ff(y)| < K \x  — y\a for all x  and y in I . The smallest such K  

is called the a-Holder constant of g. If or =  1, the smallest such K  is 

usually called the Lipschitz constant of g.

LEMMA 1 .1 . The mapping f  is continuous on [—1,1] and the restric­

tions o f f  to [—1,0] and to [0,1] are C 1 -embeddings.
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Proof. If y is not one of 0, 1 and —1, then /  is differentiable at y. 

Suppose x is the preimage of y under /i7. By the chain rule,

/ '(» )  =  / '(* )(!  -  x3) ^ / ( I  -  ( /(* ))’) * .  (EQ  1.1).

Using this equation, we can get that / '(0 —) and / '(0 + )  exist and 

equal nonzero numbers and that / ' ( —I) =  ( / '( —1))^ and / '( l )  = 

- d / ' ( l ) l ) ’ . QED.

R e m a r k  1.1. The inverse of hy is C l . If the restrictions of r /  to 

f— 1,0) and to (0,1] are «-Holder continuous for some 0 < a  <  1, then 

the restrictions of /  to [—1,0] and to [0,1] are at least C 1+a because of 

(EQ 1.1) (see [J3]).

L e m m a  1.2, Suppose f  is a  continuous self mapping of [—1,1]. Assume 

0 is the unique turning point, f  maps 0 to 1 and maps —1 and 1 to 

—1 and the restrictions o f f  to [—1,0] and to [0,1] are C 1-embeddings. 

Then f  = h~l o /  o hy is a C 1 mapping and has the power law |a?|7 at 

the critical point 0 for any 7  > 1 .

Proof. If x  is not one of 0, 1 and —1, then /  is differentiable at x. 

Suppose y =  h^(x). By the chain rule,

A * )  =  / >( » ) ( i - ( * ; , ,>/(»))’ )’J,/ ( i - ( V ( » ) ) , )+ . (e q  1.2 ).
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Using this equation, / ' ( —I) =  ( / '( —l))'v and / '(  1) =  —1/'(1)|7, and 

the limits of r/(x ) as x increases to zero and as x decreases to zero exit 

and equal nonzero numbers. QED.

R em ark  1 .2 . The mapping h7 is ( l / 7 )-Holder continuous. If the 

restrictions of /  to [—1,0] and to [0,1] are C1+a embeddings for some 

0 < a  <  1 , then /  is <7 1+* and the restrictions of r /  to [—1, 0 ) and to 

(0,1] are a / 7 -Holder continuous because of (EQ 1.2) (see [J3]).

§1.2. The boundary of hyperbolicity, BH.

Let /o and f \  be the restrictions of /  to [—1,0] and to [0,1], re­

spectively. Then fo and /1  are both embeddings. Let go and g\ be the 

inverse of fo and f \ .  For a finite string w = in • • • t'o of zeroes and ones, 

let gw be the composition, gw = g^ o • • • o Define Iw to be the 

image of [—1,1] under gw. The ntA-partition of [—1,1] determined by /  

is the collection of Iw for all finite strings w of zeroes and ones of length 

n + 1. We denote it by t)„j  or just by rjn when there is no possibility for 

confusion. We use An to denote the maximum length of the intervals in 

r)n- The ntA-partition 1jn j  of [—1 , 1] determined by f  and the maximum 

length \ n j  of the intervals in Tfn j  are defined similarly.
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DEFINITION 1 .2 . We say that the sequence of nested partitions {r/n}^_0 

determined by f  decreases exponentially if there are two positive con­

stants C and A < 1 such that An < CXn for all positive integers n.

LEMMA 1 .3 . The sequence of nested partitions determined by f  de­

creases exponentially if and only if  the sequence of nested partitions 

determined by f  decreases exponentially.

Proof: Because hn is ( l / 7 )-Holder continuous and the inverse of is 

C1, we can easily see this lemma. QED.

DEFINITION 1 .3 . The nonlinear mapping f  is on the boundary of 

hyperbolicity, BH, if

(a) the restrictions of f  to [— 1,0] and to [0,1] are C1+a embeddings for 

some 0 < a < 1,

(b) the sequence of nested partitions {r/n} determined by f  decreases 

exponentially.

Next lemma follows from Remark 1.1 and Remark 1.2.

Lem m a  1 .4 . The nonlinear mapping f  is on BH  if  and only if
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(i) /  is C1+a for some 0 < a  < 1 and the restrictions of r j to [—1,0) 

and to (0,1] are fi-Holder continuous for some 0 < (3 <  1 and

(it) the sequence of nested partitions determined by f  decreases expo­

nentially.

The condition (i) in Lemma 1.4 and r /(0 —) =  r/(0+) are equivalent 

to the statement that f(x )  = F (—|zpr) where F  is a C 1+a diffeomor- 

phism from [—1,0] to [—1,1] (see [J3] for more details).

We give two examples of mappings on B'H.

EXAMPLE 1 .1 . Mappings f  such that (1) /  is C3 with nonpositive 

Schwarzian derivative, (2) /  is expanding at both boundary points of 

[—1,1], that is, / ' ( —l)  and |/ '(1 ) | are greater than one, and (3) the 

restrictions of r j to [—1,0) and to (0,1] are a-Holder continuous for 

some 0 < a < 1.

The Schwarzian derivative S ( f)  of /  is S ( f)  =  y#—(3/2) ( /‘" /y ')2-

EXAMPLE 1 .2 . Mappings f  such that (I) the restrictions of f  to [—1,0] 

and to [0,1] are C 1*1 embeddings and (2) all the periodic points of f  are 

expanding, that is, the absolute values of the eigenvalues of f  at all
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periodic points are greater than one.

The eigenvalue of /  at a periodic point p of period n of /  is e/(p) =  

( / on)'(p).

The facts that Examples 1.1 and 1.2 are on BH  follow directly from 

Theorems 1.1 and 1.2, respectively. To see these facts, we introduce a 

geometric concept, the bounded geometry, for the sequence of nested 

partitions {ifnlJJLo determined by / .  The concept of bounded geometry 

was first defined in [S2] for Cantor sets on the line.

DEFINITION 1 .4 . The sequence of nested partitions {qn }J^o determined 

by f  has bounded geometry if  there is a positive constant C such that 

for every positive integer n and every pair («/, I) with J  C I , J  £ T}n 

and I  £ ij„_i, the ratio | J | / | / |  > C. The largest such C is denoted as 

Cf and called the bounded geometry constant of {»7n}^o *

REMARK 1 .3 . Then the ratio |« /|/|/| < 1 — C because I  is the union of 

the two intervals in r/n+i and the sequence o f nested partitions {Tjn}^L0 

determined by /  decreases exponentially.

For completeness, we prove two distortion lemmas (see [D], [GS]
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and [S3]). One of them is the naive distortion lemma. We call the 

other the <?3-Koebe distortion lemma.

First, let us prove the naive distortion lemma. Suppose g is a  C'1+“ 

self mapping of an interval for some 0 < a  < 1. Let K  be the a- 

Holder constant of the derivative g* on this interval. Suppose {x,}"=1 

and {j/v}?=i are two sequences of points in this interval. We call the 

product of ratios n?=i ly^O I/l^fyO l the distortion of g a t {x,}”=1 and

L&MMA 1.5 (the naive distortion lemma). Suppose Ji, • ■ ■, Jn are 

subintervals in the interval. Let c be the minimum value of |y'| on 

U”_j J,-. For any two sequences {xi}"=1 and {y,}”=i with x i and y,- in 

Ji, the distortion of g at {x,}"=1 and {y,}"=1 satisfies

Proof. Take the function log a: at n ”=i ^'(ar,) |/[^'(j/,) |. Then

log(R̂ w})=§(losl,,(:Ci)l" loglff,(!'')l)-
Because logx is Lipschitz continuous with the Lipschitz constant 1/c
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on [c, +<x>) and the a-Holder constant of g' on the interval is i f ,  we 

have that

I £ 0°* “ log |5#(y.)|)| < 7 - S  \Xi ~  ̂ 1°
i = i  c  %=1

which is bounded above by (K /c)J2?=i |*A|“- QED.

Next let us prove the C^-Koebe distortion lemma. Suppose I  and J  

are two intervals and g is a  C3 diffeomorphism from I  to J . A measure 

of the nonlinearity of g is the function n(g) =  g"/<f. If the absolute 

value of n(g) on I  is bounded above by a positive constant C, then 

the distortion \ff{x)\l\(f(y)\ of g at any pair x and y in /  is bounded 

above by exp(C\x — y|). Suppose dj(x) is the distance from x  to the 

boundary of /.

LEMMA 1.6  (the C3 Koebe distortion lemma). Suppose g has nonneg­

ative Schwarzian derivative. Then n(g)(x) is bounded above by 2/d/(x) 

for any x in I .

Proof. The relation between the Schwarzian derivative and the measure 

of nonlinearity of g is n(g)1 = (n(g))2/2+ S(g). For any x  in / ,  consider
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the ordinary differential equation

j v\t) = mm,
\  y{o) =  «($)(*)•

The unique solution of this ordinary differential equation is the function 

yo(t) =  2/ ( —t  +  2/y (0 )). Suppose <1 is the unique pole of this solution. 

Then n(g)(x) =  2/ t \ .  Suppose t =  y — x for y in I . The function 

yi(t) =  n(g)(t +  x) is a solution of the ordinary differential inequality

*'(*) > m m ,

y(0) =  n(^)(x).
i

If n(<?)(ar) is greater than or equal to zero, then yi(t) is greater 

than or equal to y0(t) for t > 0 because of the comparison theorem 

from ordinary differential equations (see, for example, [A]). Suppose 

I  =  [a, 6], then ifo(f) is a finite number for f <  b — x. Hence ti has to 

be greater than 6 — x, and furthermore, n(<j)(x) is less than 2 /(6  — x) 

which is less than 2/d/(x). If n(^)(x) is negative, similar arguments 

show that — n(y)(x) <  2/<f/(x). QED.

THEOREM 1 .1 . Suppose f  satisfies the conditions (1) and (2) in Ex­

ample 1.1. Then the sequence o f partitions determined by f

has bounded geometry.
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Before proving this theorem, we state some basic properties of map­

pings with nonpoBitive Schwarzian derivative. Suppose h and g are two 

C3 diffeomorphisms. Assume the domain of h is contained in the range 

of g. Cayley identity says S(h o g) = S(g) +  (p')a • 5(h) o g. Applying 

Cayley identity with h = <7-1, one get S(g) — —(g')2 ■ S(g~l ) o g. As a 

consequence, we have the following corollary.

PROPOSITION 1.1 . The composition of mappings which have nonposi­

tive Schwarzian derivatives has nonpositive Schwarzian derivative. The 

inverse of a mapping which has nonpositive Schwarzian derivative has 

nonnegative Schwarzian derivative.

Next lemma is a special property of mappings with nonpositive 

Schwarzian derivative. The reader may refer to [VS, pp32-34] for the 

proof.

LEMMA 1 .7 . Suppose T  =  [«, 6] and f  : T  »-► f (T )  is a C3 injective 

mapping with nonpositive Schwarzian derivative. Suppose x is an inte­

rior point in T . Let L and R  be two connected components o f T \  {x}. 

Then

(a) l / '( * ) l l / ( r ) l /m  >  (l/(* )l/l* l)( l/(£ )l/ |£ |) ,
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(b) |/ '(* )l >  m in{|/'(a)|, | / '( 6)|}.

Proof o f Theorem 1.1. Suppose T  is either [—1,0] or [0,1] and x is 

either the right endpoint of loo or the left endpoint of / i0. Note that 

loo and ho  are the two intervals in rft adjacent to 1 and —1, respectively. 

By (a) of Lemma 1.7, the derivative of /  at * is greater than 2. Let c 

be the minimum of 2, |/'(1 )| and / ' ( —l). Then (b) of Lemma 1.7 says 

the minimum value of | / ' |  on loo U Iio is greater then or equal to c.

Suppose Ci is the minimum of { |J |/ |I |}  for all pair (J, I)  with 

J  C / ,  J  € t)i and I  & tj0 and all pair (J, J) with J  C J, J  € t}2  

and I  € ift. Let K  be the maximum of the Lipschitz constants of the 

restrictions of / '  to Zoo and to ho.

For any integer n > 2 and any pair (J, I)  with J  C / ,  J  € ijn+i and 

I  € rjn. Let Ji and U be the images of J  and I  under the ith iterate of 

/  for 0 <  t <  n — 1 . Note that In- i  is in ift and Jn^x is in 1}j. There is 

a unique finite string w of zeroes and ones of length n — 1 such that the 

restriction of gm to I„_i is the inverse of the restriction of the (n — l) th 

iterate of /  to I.

Remember that rft contains four intervals Iqo, h i ,  h i  and ho- Let
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us call loo the left interval, ioi and In  the two middle intervals and /io 

the right interval.

We divide the possible itineraries of the sequence of intervals 

into two cases. The first case is that there is no in the union of the 

middle intervals. The second case is that some /* is in one of the middle 

intervals.

In the first case, because the restrictions of /  to the left interval and 

to the right interval are expanding mappings with expanding constant 

c, the length of is bounded above by c~* for 0 < * < n. We use 

the naive distortion lemma to show that the distortion |flC(®)|/|<j£,(y)| 

a t any x  and y in \ is bounded below by a constant where C? = 

exp(—K /(c —l)). Because | J \/\I\ =  ( | < / ( „ ( a r ) | / | < / ^ ( y ) l ) ( | | )  for 

some x and y in / n- i ,  we have that |J | / |J |  > C1 C2 .

In the second case, assume m is the largest positive integer such 

that Im is in one of the middle intervals. We could divide this case into 

two subcases according to m. One is that m is n — 1. The other is that 

m  is less than n — 1.

If m =  n — 1, then /„_ 1 is one of the middle intervals. From Propo­
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sition 1.1, gw has nonnegative Schwarzian derivative. The C3 Koebe 

distortion lemma says n(gw)(x) < 2/d[_i,ij(x) for any x  in [—1, 1]. 

Moreover, n(yw)(x) is less than 2/mm(|7oo|, |/io|) for any x  in /«_ 1. 

Suppose C3 =  exp(—2/ min(|Joo|, |/io|))- The distortion |j£,(s)|/| 

of g a t any x  and y  in In- \  is greater than or equal to C3. We get that 

|J | / | I |  >  CiC3 because |J |/ |7 | =  (M * )\/\9 l(y M \J n - i\/ \In - i\)  for 

some x  and y in Jn_i.

K m < n - 1, then /,• are in one of the left interval and right intervals 

for m < * <  n — 1. Because 7n_i is either the left interval or the right 

interval, 7m+i has the critical value 1 as a boundary point and 7m 

has the critical point 0 of /  as a boundary point. For the sequence 

fm+i,' * •, I n- 1, no one of them is in the union of the middle intervals. 

The same arguments as that in the first case say | J m+i | / | / m+i| >  C\C3. 

Suppose Jm+i is the complement of the interior of «/m+i in 7m+j. Then 

Jim+i *8 al80 an interval in tyn-m which is contained in Jm+i- The same 

arguments say |J^ +1| / | / m+i| > C\C3. Because 7m+i =  Jm+i U J ^ +1, 

we get |7m+i]/|7m+i| < 1 — C\C3. For the sequence 7o, ••*, 7m, the 

last interval 7m is in one of the middle intervals. Similar arguments 

to that in the subcase m =  n — 1 say |J |/ |7 | >  C3|Jm|/ |7m|. Because
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the restriction of /  to Im is comparable with the power law mapping 

x *-* |x|7, we have a positive constant C\ such that |</m|/ | / m| is greater 

than both of C74( |J „ +l| / | / m+1|)>/i and C ,(l -  (1 -  MUiI/IAm-iI)*'7). 

Let Cs be the minimum of C^CiCa)1̂ )  and C^{\ — (1 — C\Ci)1̂ ) .  

T h en \J \f\I\ > Cs.

Let G be the minimum of the constants C1C2, C\Cs and C5. The 

constant C satisfies the requirement in the definition of bounded ge­

ometry. QED.

C o r o l l a r y  1 .1 . Example 1.1 is on BH .

Proof. The proof follows from Theorem 1.1, Remark 1.1 and Remark 

1.3.

Suppose M  is [—1,1] or the circle S l which is [—1,1] glued at its 

boundary points. A partition of M  is a collection of intervals with 

pairwise disjoint interiors such that the union of all intervals is M . We 

say a piecewise monotone mapping F  from M  into itself is a Markov 

mapping if there is a partition t\f of M  such that for every interval 

in the partition, the continuous extension of the restriction of F  to 

the interval is an embedding and the image of this interval under the
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continuous extension of this restriction is a union of some intervals in 

the partition. We call rjp a Markov partition associated to F. We note 

that when we talk the value of F  at a  boundary point a of an interval in 

rjF we means either F(a—) or F (a+ ) according to different situations.

Suppose F  : M  M  is a Markov mapping and i)f =  {Jo, • • •, J*J 

is a  Markov partition associated to F. From the definition of a Markov 

mapping, all the turning points and the jump points of F  are boundary 

points of some intervals in t}p. We call the turning points and the jump 

points of F  the singular points of F. For every /, in rjp, let Gi be the 

inverse of the restriction of F  to J,-. The domain of Gi is F (/,).

Suppose to = t0 * • • *n is a finite string of 0's, • • *, k's of length n +1. 

We say to is an admissible if the image of under F  contains J,l+1 for 

all integers 0 <  / < n. In the other words, to is an admissible if and 

only if the composition Gw =  G^ o • • • o (?,■„ is well-defined. For an 

admissible finite string to, define Iw to be the image of F(/,„) under 

Gw. We call the collection of the intervals l w for all the admissible 

finite strings to of zeroes and ones of length n +  1 the n*h-partition 

of M  determined by (F, rjp) or just by F  if there is no possibility for
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confusion. We denote this partition by r\ntF or just by r)n. Suppose An 

is the supreme of lengths of the intervals in rjn.

We call (F, t)f ) or just F  a finite Markov mapping if rjp contains 

only finite intervals. Otherwise, we call F  an infinite Markov mapping.

We extend Definition 1.4 to Markov mappings.

DEFINITION 1 .5 . Suppose. F  is a finite Markov mapping. The sequence 

of nested partitions {»/n}5JLo determined by F  has bounded geometry if 

there is a positive constant C such that for every positive integer n and 

every pair (J, I)  w ith j C I , J  £r)n and I  6  qn- \ f the ratio | J | / | / |  >  C. 

The largest such C is denoted as Gp and called the bounded geometry 

constant o f {>/n}£=o •

REMARK 1 .4 . The ratio |« / |/ |ij  could be one.

We say a periodic point p of F  is topologically expanding if there 

is a number 8 > 0 and an integer n > 0 such that for any interval 

satisfying that p is a endpoint of this interval and the length of this 

interval is less than 8, the image of this interval under the nih iterate 

of F  contains this interval.
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T heorem  1 .2 . Suppose F  is a piecewise C 1’1, finite Markov mapping. 

Moreover, suppose all the periodic points of F  are topologically expand­

ing. Then the sequence o f nested partitions {r/n}£L0 determined by F  

has bounded geometry.

We prove this theorem through several lemmas. To state the first 

of these lemmas, we define the notion of homterval. A homterval is an 

interval of M  such that all the iterates of F  restricted to this interval 

are embeddings.

LEMMA 1.8 . The mapping F  does not have any homterval.

Proof. Suppose F  does have a homterval and J  is a maximal such 

interval. Here maximal means that there is not a different homterval 

containing this homterval. We use Jn to denote the image of J  under 

the nth iterate of F  for all n >  0. Let Ki be the Lipschitz constant of 

the restriction of F' to /,• in i}p and K  be the maximum of all K Let 

c be the minimum value of |.F,| on M,

For the sequence {J„}£L0> either they have pairwise disjoint interiors 

or some of them are overlap.
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Suppose {JnJ^Lo have pairwise disjoint interiors. Then j J ,| <

2. By the naive distortion lemma, |(-f,on)/(af)|/|(iron)'(y)| <  C\ for any 

x  and y in J  and all n >  0 where C\ =  exp(2K/c). This implies that 

|(F on)'(:c)] <  C'i|Fon( J ) |/ |J r| for all a: in J  and all n > 0. We claim 

that there are two positive constants e and C2 such that for any interval 

T  D J ,  if the restrictions of the ith iterate of F  to T  are embeddings 

for all 0 < t <  n +  1 and the lengths of the two connected components 

of T  \  J  are less than e, then

( i ) E f a o l^ ‘'( r ) |< 4 ,

(ii) | ( f “ +l)'(tl)|/|(F“ +‘)'(x)| <  C1 for all x  and y in T.

We use the induction to prove (i) and (ii). For n is zero, (i) and

(ii) hold by choosing a constant C2 > C\ and positive constant c small 

enough.

Suppose (i) and (ii) hold for all 0 <  n <  IV. Because the restriction 

of the iih iterate of F  to T  is embedding for every 0 < i < N , then 

F ot(T) is the union of three intervals F oi(L), F°'(J) and F oi(R) for 

every 0 < : < N. The length of F oi(T) equals |F oi( i ) |  +  |F oi(J ) | +  

|F°’(f2)| which is less than |F 0,(7)|(1 +  2e/|J |) because of (ii) in the
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claim. Let e be a positive number and less than |«7|/(2Ca), then 

ZiLo\Fot(T)\ is less than 4. We proved (i) in the claim for n = N. 

Using the naive distortion lemma, we derive (ii) in the claim for n =  N.

Suppose Tn is the maximal interval containing J  such that the re­

striction of the nth iterate of F  to T„ is an embedding. Let Ln and Rn 

be the two connected components of Tn \  J . The lengths of Rn and 

Ln (one of them may be empty set) go to zero as n goes to infinity 

because J  is a maximal homterval. Moreover, the lengths of F on(Rn) 

and F an(Ln) go to zero as n goes to infinity because of (ii) in the claim. 

This implies that the length of the image of J liL n under the nth iterate 

of F  goes to zero as n increases to infinity.

One of the boundary points of F on(J  U Ln) =  Jn U F on(Ln) is 

either a singular point of F  or a boundary point of M . Remember 

that every singular point of F  is a boundary point of an interval in t}f - 

Because F  permutes the set of the boundary points of the intervals in 

ijf, F  maps eventually any boundary point of any interval in rjp to a 

periodic point of F. We can find a  subsequence {n,} of the integers 

such that Jn< UFoni(Lni) goes eventually to a periodic point of F . This
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periodic point cannot be topologically expanding. This contradicts the 

assumptions on F. Hence some Jj have to be overlap.

Suppose J m and Jn are overlap for some integers m > n  >  0, that 

is, the intersection of J m and J„ is a nontrivial interval. Let k =  m — n. 

Because the restriction of the kth iterate of F  to J*U Jo is an embedding, 

Jk and Jo are overlap. By the same reason, J/* and J(j-i)jt are overlap 

for all integers / > 0. Let P  be the union of J(/_i)* where I runs over 

all positive integers. Then J* is a nontrivial interval. The restriction of 

the kth iterate of F  to P  is an embedding and the image of P  under F  

is in P. The kih iterate of F  must have a  nonexpanding fixed point in 

P. This contradicts the assumptions on F. QED.

COROLLARY 1 .2 . The maximum length of the intervals in rfn goes to 

zero as n goes to infinity .

Proof. If not, there is a positive constant Co with the following property: 

for every positive integer n, there is an interval Jn in rjn such that the 

length of Jn is greater than to. Because M  is a compact space, we can 

find a subsequence {Jn, } such that it tends to an interval J . The length 

of J  is bigger than or equal to £o. There is a little small interval in
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J  such that contains this interval for t large enough. This implies 

that all the iterates of F  restricted to this interval are embeddings. 

This contradicts the previous lemma. QED.

Using similar arguments to the proof of Lemma 1 .8 , we can still 

prove the following property for an infinite Markov mapping.

Lemma 1.9. Suppose F  is a piecewise C1’1 mapping and an infinite 

Markov mapping. Moreover, suppose all the periodic points of F  are 

topologically expanding and F  maps eventually every point, which is 

either a singular point of F  or a boundary points of M , to a periodic 

point of F . Then F  does not have any homterval.

Let us go on to consider the finite Markov mapping F  in Theorem 

1.2. Suppose J  is an interval in t/„. Let «/„_,• be the image of J  under 

the i tk iterate of F  for 0 < t <  n. Notice that Jo is in rjp and J„ is J . 

There is a unique admissible finite string w of 0's, • • •, k's of length n 

such that the inverse of the restriction of the nih iterate of F  to J  is 

the restriction of Gw to Jo. Next lemma actually means that for any 

periodic point of F  with large period n, the inverse of the nth iterate 

of F  is a contracting mapping on a neighborhood of this periodic point
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and the neighborhood has definite size.

LEMMA 1.10. There is an rti > 0 such that for any integer n > «i 

and J  in Tjn, i f  Jo, Ji, • • Jn have pairwise disjoint interiors, then the 

maximum value of the restriction o f |G(J to Jo is less than 1/ 2 .

Proof. Suppose C\ is the minimum length of the intervals in rfp. Let 

K  be the maximum of the Lipschitz constants of the restrictions of F  

to Ii in t}f for 0 < i <  k and c be the minimum value of |F '| on M . By 

the naive distortion lemma, |GJ„(®)| < exp((if/c) £ £ . 0 |J;|)jJn|/|Jo | for 

any x  in J0 because Jn =  Gm(J0). Choosing «i is a positive integer such 

that A„ is less than Ci/(2exp(2K/c)) for all n > ni since An <  |Jnj 

and | Jo| > C\. The maximum value of the restriction of to Jo is 

less than 1/2. QED.

Let ri be the inverse of the minimum of the absolute values of the 

eigenvalues of F  at the periodic points whose periods are less than 

ni +  1. The number Ti is less than one because there are only finite 

many such periodic points. Suppose n and no are two positive integers 

and J  is an interval in ?7(n+no). Let Jn_, be the image of J  under the ith 

iterate of F  for 0 < * < n. The interval Jo is in ijno and Jn is J. There
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is a unique admissible finite string w of 0 's, • ■ •, k's of length n such 

that the inverse of the restriction of the ntfl iterate of J*1 to J  is the 

restriction of Gw to Jo. Suppose r  is a constant which is greater than 

both of 1/2 and T\ and less than one. Next lemma extends Lemma 

1.10 to all the periodic points.

Lemma 1.11. There is an integer no > 0 such that for any periodic 

point p of period n o f F  and the interval J  in J/(n+no) which contains p, 

the maximum value of the restriction of | 6 r ( J  to Jo is less than r .

Proof. If n > nj, then the maximum value of the restriction of \G'W\ to 

Jo is less than 1 /2  for all no > 0 because Lemma 1.10 .

Suppose n < n*. Because |C?^(p)| is less than r  and G'w is a con­

tinuous function, we can find an positive integer np such that for the 

interval J  in T)n+np which contains p, the maximum value of the restric­

tion of |C?{J to Jo is less than r .

Let no be the maximum of ni and {np} for all periodic points p 

whose periods are less than nj +  1. It satisfies this lemma. QED.

We say a sequence of intervals {J0, J i , • * •} is a sequence of backward
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images of Jo under F  if the restriction of the nth iterate of F  to Jn 

embeds Jn onto Jn~\ for any n > 0. Let Gn be the inverse of the 

restriction of the ntK iterate F  to Jn. We note that for any n >  0, Gn 

is the restriction of Gw to Jo for some admissible finite string of 0 's, 

• • •, k's of length n.

Lemma 1.12. There is a positive constant C such that for any J0  in 

i)no and any sequence o f backward images {Jo, J j, • • •} of Jo under F,

(a) IGnt^l/lG'nClOl <  C for all x and y in Jo and n > 0 , moreover,

(b) j |G ;(x)| <  C for all x  in J0.

Proof. The naive distortion lemma says iGnCaOI/IG^y)! is bounded 

above by exp((K /c) 1*̂*1) f°r any x  and y in Jo.

For the sequence of backward images {Jo, Ji, • * •} of Jo under F, 

either they have pairwise disjoint interiors or some of them are subin­

tervals of others.

If {Jo, J i, • • •} have pairwise disjoint interiors, then £"-To |J;| < 

2 . There is a positive constant Ci =  exp(2K/c) such that the ratio 

iGJ^xJI/lG^fy)! <  Ci for all x and y in Jo and n > 0 .
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Suppose some of {Jo, J i, • • •} are subintervals of others. Let m  be 

the positive integer such that J0, • • •, J m_i have pairwise disjoint inte­

riors and J m is a subinterval of J* for some 0 <  Jfc < m. Let I = m — k. 

There is a period point of period / of F  in Jm. Prom Lemma 1.11, | Jm | < 

t |J*|. The same reason implies that | |  <  r |J ( j _1)/+t+m| for all 

j  > 0 and 0 < t < / — 1. Now we can get that |«A| <  2 /(1  — t ) +  2. 

Let C2 =  exp((tf/c)((2 / ( l  -  r))  +  2 )). Then |G'n(s)|/|G 'n(y)| <  C2 for 

all x  and y in Jo and n > 0 .

Suppose C$ is the minimum length of the intervals in Then 

|C?J,(a:)| <  {C2 fCz)\Jn\ from the naive distortion lenuna. Moreover, 

TSLi |G»(*)I <  C =  (Ca/G3)(2 /(1  -  t ) ) . QED.

Proof of Theorem 1.2. Suppose ftn is the minimum length of the inter­

vals in 7„. Let C% be the minimum of p„+i/A„ for all 0 < n < no*

For any integer n > 0 and any pair (J, / )  with J  C I , J  € 

and I  € rjn. If n < no, then |J |/ |J |  >  G\. Suppose n > no. Let 

Jo and J0 be the images of J  and I  under the (n — no)** iterate of 

F  and Gn be the inverse of the restriction of the (n — no)** iterate 

of F  to J. The intervals Jo and Jo are in »7no+i and 17̂ ,  respectively.
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From Lemma 1.12, we get that \J\f\I\ >  C\Jo\!\h\ > CCi because 

| J | / | / |  =  ( |C 7 n ( a ? ) | / |C ? n ( » ) | ) | J n | / | / n !  f o r  some x  and y in J 0 . QED.

C o r o l l a r y  1.3. Example 1.2 is on BH.

Proof. Because the corresponding change of coordinate A7 is smooth 

at the interior points of [—1, 1], all the periodic points of /  in the 

interior of [—1,1] are expanding. Lemma 1.1 says —1 is an expanding 

fixed point of / .  From Theorem 1.2, the sequence of nested partitions 

determined by /  decreases exponentially because every interval in the 

n‘h-partition contains the two intervals in the (n +  l)*fc-partition. Then 

from Lemma 1.3, the sequence of nested partitions determined

by /  decreases exponentially. QED.

In Theorem 1.2, the condition that F  is C 1’1 can not be weakened to 

the condition that it be C l+a for 0 <  a < 1. It is enough to weaken the 

C 1’1 condition of Example 1.2 to construct a counterexample similar to 

the Denoy counterexample in the theory of circle diffeomorphisms (see 

[D] or [H]).

C o n s t r u c t io n  o f  t h e  C o u n t e r e x a m p l e

Suppose q : y —► 1 — 2 |y| is the piecewise linear mapping. Let x 0  be
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a point in [—1, 1] such that the forward images of xo under q is dense 

on [—1,1]. Let x m be the image of xq under the m th iterate of q for any 

positive integer m. Suppose go and g\ are the inverses of the restrictions 

of q to [—1, 0] and to [0,1], respectively. Suppose w = t'o ■ • • *„ is a finite 

string of zeros and ones. Let gw be the composition, gw = g,-0 o * • • o gin. 

Let xm(u;) be the image of xm under gw for every nonnegative integer 

m and every finite strings w of zeros and ones.

Suppose a  is a nonnegative number and less than one. For all inte­

gers m >  0 and finite strings w, we choose a  nontrivial intervals Im(w) 

containing xm(tu) such that {/m(tw)}m,tu are pairwise disjoint intervals, 

Em)W|Jm(uOI -  2 and Em.w |fm(wO[“ =  + 00 . For a pair xm(u>) and 

xmi(w'), if q(xm(w)) = xmr(w'), then we construct a C 1+a diffeomor- 

phism f m<w from Im{w) to Imi(w'). The mapping f m<w satisfies that (1) 

the a-Holder constant of its derivative is bounded above by a fixed con­

stant, (2) its derivative is piecewise monotone, (3) the maximum value 

of its derivative is less than a fixed constant and (4) the derivatives at 

both boundary points of Im<w are greater than one. We construct such 

fm,w such that its derivative /™>tu has the same sign as that of q'(xmtW).
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The mapping /o from U„(U,/n,w to itself is defined as fo(x) =  f n,w(z) 

for x  in In,w Let /  be the unique continuous extension of / 0 to [—1,1], 

From the construction of / 0, we can make that 0 is the unique turning 

point of /  and the restrictions of /  to [—1,0] and to [0,1] are C i+a 

embeddings.

Let /  =  h~ 1 o f  o k 7  with 7  > 1 . It is a (71+* mapping and has the 

power law |x |7 at the critical point. Moreover, all the periodic points of 

/  are expanding. Because /  has a homterval, it is not on the boundary 

of hyperbolicity. QED..

There is only one topological conjugacy class on the boundary of 

hyperbolicity. This means that for any pair /  and g on there is a 

unique homeomorphism h from the interval [—1 , 1] to itself such that 

g =  ho  f  o A-1. The homeomorphism h can be constructed from the 

sequences of nested partitions {»/n,/}n^o an^ determined by

/  and g. In the other words, h is determined by the following rules: it 

maps the intervals in t/„,/ to the intervals in jj„i3 preserving the order of 

intervals. The following sections are devoted to study some geometric 

properties of the mappings / ,  g and k.
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§1.3. Q uasisym m etric  classification o f BH.

A homeomorphism H  from an interval to itself is qnasisymmetric 

if there is a positive constant C such that for any pair x and y in the 

interval, \H(x) — H (z)\/\H (y) — H(z)\ is bounded above by C where z 

is the middle point of x  and y.

THEOREM 1.3. For any pair f  andg on BH., the conjugating mapping 

h between f  and g is quasisymmetric.

To prove this theorem, we develop a tool which we call the (a  +  7 )- 

Koebe distortion lemma. This lemma has a generalization, Lemma 

2.7, which is for a family of mappings and which we call the uniform 

(a 4 - 7 )-Koebe distortion lemma.

Suppose /  is a self mapping of [—1,1] with unique critical point. 

Assume that /  has the power law |x |7 with 7  > 1 a t the critical point 

0, /  maps 0 to 1 and maps —1 and 1 to —1. Suppose the restrictions 

of /  to [—1,0] and to [0,1] are Cl+a embeddings for some 0 < a  < 1. 

Remember that tji is the first partition determined by /  and contains 

four intervals Zoo, /oi> h i  and ho> Suppose x  and y are two points in 

one of these four intervals. Let Jq be the interval bounded by x  and
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y and 0 (x ,y)  =  {Jo, Ji,** •} be a sequence of backward images of Jo 

under / ,  that is, the restriction of /  to J„ embeds Jn onto J„_i for all 

n > 0. Let gn be the inverse of the restriction of the nth iterate of /  to 

J„. Note that for each n, there is a finite string w of zeroes and ones 

of length n such that the restriction of gw to Jo is gn. We define the 

distortion of the nih iterate of /  along 0(ar, y) to be |$£(x)|/|fl£(y)|. Let 

dxy be the distance from {x,y} to {—1, 1}.

LEMMA 1 .1 3  (the ( a + 7)-Koebe distortion lemma ). There are positive 

constants A, B  and C such that for any pair x and y in one of the 

intervals in t}i and any sequence 0 (x ,y ) = {Jo, Ji,*'*} of backward 

images of Jo under f ,  the distortion of the nth iterate o f f  along 0 (x,y) 

satisfies

M M  < exp((^4 +  B ±  |4 |  +  3 * 1 )  ±  |4 |* )
IflnWl i=0 “ly ,‘sO

for all positive integers n.

Proof. The second partition t}2 determined by /  contains eight inter­

vals. The two of them adjacent to 0 are Joio and /no* We call these 

two intervals the middle intervals. The union of other intervals in 

consists of two intervals. We call them the left interval and the right
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interval (see Figure 9).

/ooo loot /o il /oio /n o  / i n  /io i /ioo 
i ^ i"  i i I— n

left middle right
Figure 9

Since we are assuming that /  is C1+“, the restrictions of /  to the 

left interval and to the right interval are C l+* embeddings because of 

Remark 1.2. Let K\ be the maximum of the ( a /7 )-Holder constants of 

the derivatives of these restrictions, that is, ) f>(x)—f ,(y)\ < K \\x—y\al '1 

for all pair x  and y in the left interval and for all pair x  and y in the 

right interval. Let c\ be the minimum value of | / ' |  on the union the 

left and right intervals.

The restrictions of /  to the images of the middle intervals under A7 

are C1+a embeddings by the assumption. Let K 2 be the maximum of 

the a-Holder constants of the derivatives of these restrictions. Let c2 

be the minimum value of | / ' |  on the image of the union of the middle 

intervals under /t7. Remember that at the turning point, /  has two 

one-sided derivatives.

The restriction of h7 to the union of the middle intervals is C 1’1. Let
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K 3  be the Lipschitz constant of the derivative of this restriction and C3 

be the minimum value of h'y on the union of the middle intervals.

Let Xi and y; be the images of x  and y under Then Xi and y,- lie 

in the same interval in r/,+i for i > 0. For every integer n > 0,

* ( * ) /* (» )  =  ( D ' M n r y M .

By the chain rule, the ratio ( / on)'(yn)/(/on)'(*n) equals the product of 

ratios f 'iy n - i) /f(x n - i)  where t runs from 0 to n — 1. This product can 

be factored into two products,

II /'(&•)//'(*.) and II
Xi,VieLR xj,v«€Jtf

Here L R  stands for the union of the left and right intervals and M  

stands for the union of the two middle intervals. Note that the subscript 

t in the products are positive integers and less than n +  1 .

Using the naive distortion lemma, we can show that the absolute 

value of the first product Uxi,VieLRf,(y i) ff>(x i) is less than or equal to 

di = exp((K i/ci) £|*_i

The second product n*j,vi€M f'iV i)! can be factored into three
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factors,

TT £ M =  n  TT S t i Z i l ) .  n  K { n x i ) )
*.,»< €M hi , ( f (y i ) )  ■

By the naive distortion lemma again, we can show that the absolute 

value of the first factor is bounded above by d3 =  exp((/sr3/c3) E "= 1 1 J,-|) 

and the absolute value of the second factor is bounded above by c/3 =

e x p W * ? * . )/<*)£"=, 141“).

The third factor can be factored again into two products,

n  ( i + / w ) »  on<( n  a - m *

Because X{ and y,- are in one of the two middle intervals, then /(x ,) =  

Xt-i and f ( y i )  = y,-i are in I 10 which is the interval in t)i adjacent 

to 1. This implies that the first of these product is bounded above by 

d4 =  exp(l/7 * E?=o I^D-

To control the second of these products, we write

1 ~ f i i u )  , , f ( x i) ~  f (V i )
1 -  /(*«) +  1 -  /(**)

for all pair x, and y,- in M.

Suppose ko is the smallest positive integer such that and are
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in M . We may consider ko in two cases. The first case iB that ko =  1 

and the second case iB that ko >  1 .

In the first case, the images of and under /  are x and y. We 

have that

I/(s *q) -  /(y*o)l _  k - y |  <  |Jo|
|l - /(* * o ) l  jl -  x| _  dxy '

In the second case, the intervals Ji for 0 < t < ko are in the union 

of the left and right intervals. The interval J0t which is bounded by 

x  and y, and the interval bounded by —1 and x  are the images of 

the interval Jko-i, which is bounded by /(x*,,) and f(yko), and the 

interval bounded by 1 and /(x ^ )  under the (ko — 1)"* iterate of / ,  

respectively. We get that |x -  yl/l/fx*,,) -  /(y * J | =  ( / otfco_1>)'(0) for 

some 9 in Jf^-i and |1 +  x |/ / | l  — /(x*o)| =  (/°^*0- l )̂,(»7) for some t} in 

the interval bounded by 1 and /(x*n). By the naive distortion lemma, 

I(y°<fco—1))'(|7)|/|(/^°f*0—1>)'(^)| is bounded by d\. This implies that

l / ( s * o )  -  / ( y * J l  <  .  I *  -  y \  ^  ,  I J o l  
| l - / ( * f c ) l  “ * U  +  *I ~  'd*v '

For any k > ko with xt  and y* in Af, let / be the smallest positive 

integer such that x*_/ and y*_/ are in M. The interval «/*_/, which is
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bounded by i*_j and Vk-i, and the interval bounded —1 and x*_; are 

the images of the interval Jjb-i, which is bounded by /(x*) and /(y*)> 

and the interval bounded by 1 and /(x*) under the (/ — l ) th iterate of 

/ ,  respectively. We get that lx*_/-y*_i|/|/(x*) - / (y * ) | =  (/°(,-1))'(0) 

for some 0  in Jk~\ and |1 +  x*_ i|//|l — /(x*)| =  (/°*,- 1))'(»7) for some 

tj in the interval bounded by /(x*) and 1. By the naive distortion 

lemma, |( / 0̂ “ 1̂ ),(>/)|/|(/0̂ -1 )̂/(^)| is less than or equal to d\. This 

implies that

l / f o )  -  /(y * ) l  <  . k t - i - y t - i l
|i -  /(**)| |i + i»_,| •

Because x*_/ is in one of the middle intervals, 1 +  x*_/ is greater than

the length of Iqo which is the interval in iji adjacent to —1. Then

l/(sfc) -  /(yjfc)| ^  dx , T 
| l - / ( x * ) |  "  |/oo|l'/*-il*

Now we have that

(1 — / (x ,- )p  7 7 KOOl ,=i

We put all the estimations together. Because J J ,j“ , 53?=!.

E"=o l«A| and 53"= 1 |«A| are less than or equal to 1*̂ *1 we proved

this lemma and A = K l /c l + (KgK 2 )/c 2 + K 3 /cb+l/'y*, B  =  l / ( 7 *|/oo|) 

and C  =  I / 7 *. QED.
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COROLLARY 1 .4 . Suppose f  is on BH. Then there are positive con­

stants D and E  such that for any x and y in one of the intervals in 

i)x and any sequence B(xt y) = {J0l Ji*’**} of backward images of Jq 

under f ,  the distortion of the nth iterate of f  along 0(ar, y) satisfies

k(#)l
for all positive integers n.

Proof. Because /  is on BH, there are two positive numbers C\ and 

A < 1 such that | J j |  <  C \\' for all integers i > 0 .  Then £?=o I-A'I is less 

that C2  = C\/(l — A) and S?=o 1*̂ 1* “  I®88 ^3 =  Ci/(1 — A*). We

use D to denote (A  +  BCf)Cz and E  to denote CC3 , where A, B  and 

C are the constants in the previous lemma. Now it is easy to see this 

corollary. QED.

LEMMA 1 .14 . Suppose f  is a mapping on BH. Then the sequence of 

nested partitions {i7n) 5JLo determined by f  has bounded geometry.

Proof. The proof of this lemma is similar to the proof of Theorem 

1.1. The condition that the sequence of nested partitions {»?n}^:0  de­

termined by /  decreases exponentially plays the same role as the ex­

panding condition of the restrictions of /  to the left interval and to the
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right interval plays in the proof of Theorem 1.1. Corollary 1.4 plays 

the same role as that C3-Koebe distortion lemma plays in the proof of 

Theorem 1.1. QED.

Proof of Theorem 1.3. Suppose Cj and C„ are the bounded geometry 

constants for the sequences {Vn./JJJLo an<l For any pair x

and y in [—1, 1], let n be the largest positive integer such that there 

is the interval Iw in rjnj  which contains both x  and y. Suppose Iwqq, 

Iwoi, fivii and 7wio are the intervals in ffa+a,/ which are contained in 

Iw (see Figure 10). We call f woi and /un  the middle intervals and Iwoo 

and Iwio the left and right intervals.

fw f%u
i i i i i or « i i i i
IyjQO fw Q l h u l l  f w  10 fw i o  fio Y l fmO  1 f ujOO

Figure 10

We may assume x  < y and consider x  and y in two cases according 

to the positions of * and y in Im. The first case is that one of them is 

in one of the left and right intervals. The second case is that both of 

them in the interiors of the union of the middle intervals.

In the first case, the interval bounded by x and y contains one of the 

middle intervals. This implies that the ratio of \x — y| to |/w| is greater
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than or equal to C j by the property of bounded geometry. We can find 

a positive integer k  which only depends on Cj such that in t/n+*,/, there 

are two intervals J\ C [x, z] and Ji C [x, y]. Then h(J\) and h(Ji) are 

in qn+*tp and A(Ji) C [A(x), A(z)] and h(Ji) C [A(x),A(y)J. Because 

the interval bounded by h(x) and A(y) is also contained in h(Iw), we 

can find a positive constant C\ which only depends on Cj and Cg such 

that C i1 < |h(z) — A(x)|/|A(x) — A(y)| <  C%.

In the second case, let p be the common end point of the two middle 

intervals. For any i > 0, let Li be the interval in which is

adjacent to p and in Iw01 and Ri be the interval in T}(n+i),f which is 

adjacent to p and in Iwu . Suppose / is the largest positive integer such 

that Li contains one of x  and y and m is the largest positive integer 

such that R n  contains one of x  and y. Assume I < m  (if / > m, the 

proof is same). We call Li and Ri the central intervals. Under the 

(n +  l) th iterate of / ,  Iw is mapped to [—1, 1], p is mapped to 0  and Li 

and Ri are mapped to the two intervals in adjacent to 0. Let Lc

and Re be the images of the central intervals under the (n +  1),A iterate 

of / .  Note that I is greater than one in this case and Lc and R c are in 

the union of the middle intervals /oi and In  in tjij. The restriction of
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/  to the union of Lc and Rc and the restriction of g to the image of the 

union of Lc and Rc under h are comparable with the power law mapping 

|x|7. |x|7', respectively. We can find a positive constant C2 such that 

C'a’1 ^  \lc\/\Rc\ <  C2 and C2 X <  |A(Lc)|/|A (/2c)| <  C2 because the 

images of Lc and Rc under /  are same and the images of h(Lc) and 

h(Rc) under g are same. The union of Lc and Rc and the image of this 

union under h are far to the boundary of [—1, 1], that is, the distances 

from this union and the image of this union under h to {—1, 1} are 

bounded below by |Jio| and |h(/io)|, respectively. By Corollary 1.4, we 

can find a positive constant C3 such that C2 X < \Li\f\Ri\ < C3 and 

C3-1 <  |h(£f)|/|h(iZ{)| < C3. Moreover, we can find a positive constant 

C4 such that |i2,-| <  Ca\Li\ and |h(i2j)| <  C4 \h(Li)\ for all t > / by using 

the property of bounded geometry. This implies that there is a positive 

constant C5 such that C ^x\Lt\ < |x — y| <  Cs\Lt\ and C ^l \h(Li)\ < 

|h(x) — h(y)| <  Cr6 |/»(Z/)|. Using the property of bounded geometry 

again, we can find a positive integer k which only depends on Cj such 

that in gi+kj, there are J\ C [x, z] and J 2 C [«,y]. The intervals h(Ji) 

and h(J2) are in T}i+k̂  and h(Jt) C [h(x), h(x)] and h(J2) C [h(x), h(y)\. 

Finally, we can find a  positive constant Ce which only depends on C/
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and Cg such that C f 1 < |A(z) — h(®)|/|h(a!) — h(y)| <  C«. QED.

§1.4. C 1+* classification of BH,

The conjugating mapping h between /  and g is usually not a diffeo- 

morphism because /  has a lot (^-invariants, for example, the eigenval­

ues of /  at the periodic points, the power law and the asymmetry of /  

at the critical point. A question is that do all these (^-invariants form 

a complete set of ^-invariants for dynamical systems on the bound­

ary of hyperbolicity? Next theorem gives an affirmative answer to this 

question.

Recall that the asymmetry of /  at the critical point is the limit 

of / ' ( —x ) / f f(x) as x decreases to zero and the eigenvalue of /  at a 

periodic point p of period n is e/(p) =  ( / on)'(p).

Suppose /  and g are on BH  and the restrictions of /  and g to [—1,0] 

and to [0,1] are C1+a embeddings for some 0 < a  < 1. Let h give the 

quasisymmetric equivalence between /  and g.

THEOREM 1 .4 . The conjugating mapping h is a C lJrt-diffeomorphism 

for some 0  < e < 1 if and only if  ej(p) = eg(k(p)) for all the periodic
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points p of f  and f  and g have the same power law and the same 

asymmetry at the critical point.

A CMnvariant on B H  is an object associated to /  on BH  which is 

the same for /  as for ho f  o h~* whenever h is an orientation preserving 

C^-diffeomorphism.

COROLLARY 1 .5 . The eigenvalues at all periodic points, the power 

law and the asymmetry at the critical point form a complete set of 

Cl -invariants on the boundary of hyperbolicity.

REMARK 1 .5 . These invariants are optimal to form a complete set of 

C 1-invariants on the boundary o f hyperbolicity. In fact, we can find 

two mappings f  and g on BH such that (1) f  and g have the same 

eigenvalues at the corresponding periodic points and the same power 

law at the critical point and (2 ) f  and g have different asymmetries at 

the critical point. We also can Snd two mappings f  and g on BH such 

that f  and g have the same eigenvalues at the corresponding periodic 

points and the same asymmetry at the critical point and (2 )  f  and g 

have different power laws at the critical point.

In order to construct these counterexamples f  and g, which satisfy
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(1 ) and (2), respectively, we let f (y )  =  1 — 2|y| on [—1, 1]. Suppose k is 

a function on [—1, 1] satisfying that h(y) =  |y  +  ~ for — 1 <  y <  0 and 

h(y) =  \ y  +  j  for 0 <  y < 1 in the first case and satisfying that h is 

C 1 on [—1, 1] and k(y) — (1 +  y)^ for 1 +y small enough in the second 

case. Let g — h o  f  o h~l and g = h ^ o g o  A"1. Let f ( x )  = 1 — 2 x3. 

Then f  and g for 7  =  2 satisfy (1) and (2) in the first case and f  and 

g for 7  7̂  2 satisfy (1 ) and (2 ) in the second case.

Let h gives the quasisymmetric equivalence between f  and g in both 

cases. Then h is not C 1 -diffeomorphism on [—1,1]. In the second part 

o f this thesis, we also show that the scaling function plays the same 

role as the eigenvalues and the power law at the critical point play 

together here (see Corollary 2.4). There the scaling function and the 

asymmetry at the critical point are optimal to form a complete set of 

C 1 invariants on the boundary o f hyperbolicity too.

Theorem 1.4 is a corollary of the more general Theorem 1.5 which 

states for Markov mappings.

Just as in §1.2, M  is the interval [—1,1] or the circle S 1, F  is a 

Markov mapping from M  to itself and t)f  = {/o, •*•/*} is a Markov
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partition associated to F. Suppose the restriction of F  to each /,■ is 

a C l+a embedding and F  is an expanding mapping, that is, under an 

appropriate smooth metric on M, the minimum value of |F '| on M  

is greater than 1. We call such F  a C 1+a expanding Markov map­

ping. Recall that we call the turning points and the jump points of 

F  the singular points of F. For each singular point a of F, the ratio 

F ,(a—)/F ,(a+) is a CMn variant. Here a CMnvariant means again an 

object associated to F  which is the same for F  as for H  o F  o H~x 

whenever H  is an orientation preserving C1-diffeomorphism. We call 

the ratio F'(a—)/F'(a+)  the asymmetry of F  at a and denote it by 

svf(o). Recall that the eigenvalue of F  at a periodic point p  of period 

n is e/r(p) =  (FonY(p). Suppose G is also an C 1+<l expanding Markov 

mapping and topologically conjugate to F  by an orientation preserving 

homeomorphism H  from M  to itself, that is, G =  H  o F  o H~l . We call 

H  the conjugating mapping between F  and G. If F  and G are also fi­

nite Markov mappings, then we can prove that H  is quasisymmetric by 

similar arguments to the proof of Theorem 1.3 because the sequences 

of nested partitions determined by F  and G have bounded geometry 

(compare to Theorem 1.2). Moreover, we prove the following theorem.
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THEOREM 1 .5 . Suppose F  and G are finite, C 1+a expanding Markov 

mappings and the restriction of F  to every interval in rjp embeds this 

interval onto M . The conjugating mapping H  is a C 1+a diffeomor- 

phism from M  to itself if  and only i f  ejr(p) =  cg(H(p)) for all periodic 

points p of F  and svp(a) = svq(H(ci)) for all singular points a of F .

First, we prove a lemma. Suppose F  and G are C 1+a expanding 

Markov mappings (allowed to be infinite Markov mappings) and H  is 

the conjugating mapping between F  and G. We say H  is an absolutely 

continuous conjugacy between F  and G if it is non-singular with re­

spect to the Lebesgue measure m, that is, m(X) =  0 if and only if 

m(H(X))  =  0. For example, if H  and i f ”1 are Lipschitz continuous, 

then H  is an absolutely continuous conjugacy.

LEMMA 1 .14 . Suppose H is an absolutely continuous conjugacy be­

tween F  and G. I f  H  is differentiable at an interior point o f M  which 

is not singular point of F  and at which the derivative o f F  is nonzero, 

then the restriction of H  to each interval ofrjp is a C1+a embedding.

Proof. Suppose is the interior point of M  at which F  is differentiable 

and the derivative of F  is nonzero. Because x  is not a singular point
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of Fy H(w) is not a singular point of G too.

Using the equation, H  o F  — G o Hy we can show that H  is differ- 

entiable at any point in the grand preimage of 7  under F  which is the 

set U^.0F _n(a). For every z  ^  3F in the grand preimage of x  under F, 

by the chain rule, we have that

H '(F {z))F \z)  =  G \H {z))H \z)y  

and furthermore, the derivative of H  at z is nonzero.

Consider an interval in rjp. Let x and y be any two points in the 

intersection of this interval and the grand preimage of F  at T  and Jo 

be the interval with boundary points x  and y. Suppose {Jo, J i, • • •} is 

a sequence of backward images of Jq under F, that is, the restriction 

of F  to J n embeds J n onto J„_i for all positive integers n. We use x„ 

and yn to denote the boundary points of Jn. Then H  is differentiable 

at xn and y„ because they are in the grand preimage of x under F.

For any integer n > 0 and any boundary point z of J n, applying 

the function logx to H,(F (z))/H ,(z) =  G,(H (z))/F r(z), we get

iog|ff'(F(*))i -  log m*)i=log i<n*r(*))i -  log in*)i-

68



We add the last equation over all integers n and all boundary points z 

of J„ to get that

|lo g |// '(z „ ) | — log|/T(yo)ll =

| ± (lo ,\G '(H (x„ ))\ -  log IffW ir.))!) +  (log |f*(*.)l -  log IH»»)I)I-
n=0

Because the derivatives of F  and G are a-Holder continuous and the 

minimum value of |F ,| and \G'\ on M  is nonzero, we can find a positive 

constant C\ such that

|log |fl'(x„)| -  log |//'(j/o)ll <  C, £ ( |/ f ( * „ )  -  jy(w„)i“ +  |x» -  SI.I”).
n=0

The sequences {Jo, J i, • • •} and {H(J0)y H (Ji)t • • •} are sequences of 

backward images of Jo and H{Jq) under F  and G, respectively. By the 

expanding property of F  and G, there are two positive constants Ci 

and A < 1 such that |//(J i) | <  C2 ^\H{Jq)\ and |J ,| < CjA’IJol. We 

can find a positive constant C3  such that

I log -  log |if'(»)|| < C3( |t f ( * ) |” +  1* 1").

Because H  is uniformly continuous on Af, from last inequality, 

log | i f '|  is uniformly continuous on the intersection of this interval and 

the grand preimage of 7  under F. It can be extended to a continuous
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function on this interval. Moreover, the derivatives of H  on the inter­

section of this interval and the grand preimage of 7  under F  can be 

extended to a continuous function on this interval. This continuous ex­

tension is the derivative of the restriction of H  to this interval because 

H  is an absolutely continuous conjugacy. Hence the restriction of H  

to this interval is C 1.

Now the inequality, | log | i r ( x ) | - ] o g | l i r ' ( y ) | |  <  < 7 3 ( | t f ( J o ) | a + ! J o | " ) ,  

says the restriction of H  to this interval is a C 1+a embedding. QED.

Proof o f Theorem 1.5. The “only if” part is obvious. We give a proof 

for the “if* part.

For any positive integer n and any interval I  in i)n,F% the restriction 

of the (n +  l ) tfc iterate of F  to I  embeds /  onto M. There is a periodic 

point p of F  in I . The image of p under H  is also a periodic point of 

G  in the image of I  under H.

Consider the ratio \H (I)\/\I\. It equals |(Go(n+1W ) l / l ( ^ o("+1))'(OI 

for some £ in /  and some £ in H (I)  because both images of I  and 

H (I)  under the (n +  l ) tfc iterate of F  and G are M . The naive 

distortion lemma says there is a positive constant C such that both
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|(F » ("+ * )) '(p ) |/|(f  l“+«l)'(f)| and |(G‘(“+1))'(C )l/l(ff,<n+,)) '(^ (p ))l 

bounded above and below by C  and C -1, respectively. Because ep(p) — 

ea{H(p)), \H (I)\/\I\ is bounded above and below by C 2 and C~2.

For any x  and y in Af, the interval bounded by x  and y can be 

written in a union of intervals {/,•} where each is an interval in 

T)n,F for some positive integer n,\ The set {/,•} may consists of either 

finite intervals or infinite intervals. The ratio \H(x) — H {y)\j\x  — y| is 

bounded above and below by C 2 and C ~ 2 because each ratio |/ f ( / ,) |/ |/ j | 

is bounded above and below by C 2 and C ~3. Hence H  and H~x are 

Lipschitz continuous. Moreover, there is an interior point of M  which is 

not a singular point of F  and at which F  is differentiable with nonzero 

derivative. From the previous lemma, the restriction of H  to each 

interval in tjp is a C 1+a embedding.

Suppose I  is an interval in tjf and a is a boundary point of / .  

Assume a is not a boundary point of M . Let a0 be one of the preimage 

of a under F. Then ao is an interior point of an interval in »jf- By 

the chain rule, =  Hi(a0 )G,(H (a)+)/F ,(a+) and H ‘(a - )  =

H ,(ao)G'(H(a)—)fF f(a—). If a is not a singular point of F , then it is
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easy to see that H'(a+) =  H '(a—). Suppose a is a singular point of F. 

The condition sujp(a) =  svo(H(a)) implies that G (H (a)+)/F,(a+) =  

G(H(a)—)/F '(a—). Moreover, H'{a+) =  H'(a—) and H  is a C 1+a 

diffeomorphism from M  to itself because F  has only finite singular 

points. QED.

COROLLARY 1 .6 . Suppose F  and G are C 1’1 expanding Markov map­

pings and the restriction of F  to every interval of i}p embeds this 

interval onto M . The conjugating mapping H  is a C 1,1 diffeomor­

phism if  and only i f  Cjr(p) =  ea(H(p)) for all periodic points o f F  and 

3 Vf(o) =  sva(H(a)) for all singular points of F  regardless of F  and G 

are finite or infinite Markov mappings.

R em ark  1.6. The condition, the restriction of F  to every interval in 

rjp embeds this interval onto M , guarantee that the periodic points of F  

are dense on M . For a finite, C 1+a expanding Markov mapping whose 

periodic points are not dense on M , we still can use a new geometric 

invariant, the scaling function for this Markov mapping (see [J2] or the 

second part of this thesis), to character the smooth conjugacy class 

of this Markov mapping. Actually, by using similar arguments to the
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proof of theorem 1.5, we can prove that for any finite, Cl+a expanding 

Markov mappings F  and G, the conjugating mapping H  is a C 1+" 

diffeomorphism if and only if they have the same scaling function and 

the same asymmetry at any singular point.

Proof o f Theorem 1.4. The proof of the “only if” part is easy. We give 

the proof of the “if” part.

Suppose F  = / ,  G = g and H — hn o h o A"1 is the topological 

conjugacy between F  and G. Using similar arguments to the proof 

of Theorem 1.5, we can prove that H  is a C 1+a diffeomorphism from 

[—1, 1] to itself.

For any x  in [—1, 1], let y be the image of x under hy. Applying the 

chain rule to H  = o h o h~l t we get that

*'(*) =  n '(v )( i  -  (» ;'(ff(» )))J) * / ( i  -  ( V ( » ) ) J)* -

From this equation, we can get that that h! is ( a /7 )-Holder continuous 

on [—1,1], In the other words, h is a <71+e diffeomorphism from [—1,1] 

to itself where e > a / 7 . QED.

REMARK .1.7. By some discussions on the relation between the smooth­

ness of /  and g and the smoothness of /  and g (see Lemma 1.1, Lemma
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1.2, Remark 1 .1, Remark 1.2, (EQ 1.1) and (EQ 1.2)), we may show 

that if /  and g on BH  satisfy that (1) /  and g have the same power 

law |®|7 with 7  >  1 and are C1+a' for some 0 <  o ' <  1 and (2) there is 

a neighborhood U of 0 such that the restrictions of r /  =  /'(ar)/|ar|'T—1 

and rg =  ^(ar)/!®!7-1 to U (7 [—1,0) and to U n  (0,1] are a'-HoIder 

continuous for same a1, then c =  o ' in Theorem 1.4.

§1.5. Invariant measures for mappings on BH.

Suppose p  is a measure on [—1, 1] and /  is a mapping defined on 

[—1,1]. We say p is an / —invariant if / i( /- 1(j4)) =  p(A) for all the 

Lebesgue measurable subsets in [—1,1]. We say p is absolutely con­

tinuous with respect to the Lebesgue measure if p = f  p(x)dx for a 

nonnegative Lebesgue measurable function p. We call p the density 

function of p. We say p is a probability measure if /i([—1,1]) =  1. If 

a probability measure p is absolutely continuous with respect to the 

Lebesgue measure and / —invariant, then we call it an absolutely con­

tinuous /-invariant measure.

Suppose /  is on BH, the derivative of /  is piecewise a-Holder con­

tinuous for some 0 <  a  < 1 and /  has the power law |x |7 with 7  >  1
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at the critical point. Remember that 7 * is the dual number of 7 .

THEOREM 1 .6 . The mapping f  has a unique absolutely continuous 

f —invariant measure p j  =  fp j{x )d x . Moreover, p /(x )(|1 — ar3])^  is 

a positive a-Holder continuous function on [—1,1]. In particular, pj 

grows like |x — p\~t* at each boundary point p o /[—1, 1],

Lem m a  1 .1 5 . The mapping f  has a unique absolutely continuous f -  

invariant measure p j  =  /  pjdx. Moreover, p j is a positive, a-Holder 

continuous function on [—1, 1].

This lemma follows from a more general theorem proved by Sackst- 

eder (see [Sa]). We write down a proof here for the sake of completeness.

Proof o f Lemma 1.15. Let go and gi be the inverses of the restrictions 

of f  to [—1,0] and to [0,1]. For a continuous function p on [—1, 1], the 

measure p = f  pdx is /-invariant if and only if p satisfies that

tP ° ffo)(ffo 0 0o) + (p o gi)(g[ o gi) - p

on [ - 1, 1].

Let C+ be the space of nonnegative, a-Holder continuous functions 

on [—1, 1]. For any p in C%, we use ||p ||0 to denote the maximum value
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of p on [-1,1]. For any x  in [-1,1], let Sa(p)(x) =  a u p ^ g ^ ijf lp fx )  -  

P(y)\!\x  — tfl") and IIHU *be niaximum value of s«(p) on [—1, 1]. 

The space C° equipped with the norm ||p|| =  ||p||o +  ||p|U is a Banach 

space. We define an operator C from C° into itself by

C{p) =  (p o p0)(5' o go) + {po px)(p[ o px).

It is a bounded linear operator.

Let pa be the constant function 1 in C+. Suppose p» is the image 

of po under the nih iterate of C, that is, pn =  Con(po). The function p„ 

has the form ^ wg'w, where the sum is over all finite strings w of zeroes 

and ones of length n +  1 .

Using the naive distortion lemma, we can show that there is a posi­

tive constant C\ such that sa(p[y) 5s C\ Ww\ on [—1, 1], and furthermore, 

Sa(Pn) <  C'iPn on [—1,1]. Because pn is a positive function on [—1,1] 

and /* j pn{x)dx =  1, there is x n in [—1,1] such that p„(®„) =  1. By 

sa(logp„) <  Sof(Pn)/pn, we can get that ||logpn||Q <  C\. This implies 

that

I logp„(x) -  logpn(y)| < C\\x -  y\a 

for all x and y in [—1, 1]. For y = xn, last inequality says | log pn(x)| <
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C \\x—x n\a <  2°Ci for all * in [—1,1] and all positive integers n. More­

over, exp(—2“Cx) <  pn <  exp(2aCi) on [—1, 1] for all positive integers 

n. Using the naive distortion lemma again, we can show that there is 

a positive constant C2 such that 1 — C2\x — y\a <  |yu>(®y|/|flC(j/)| <  

1 +  C2\x — y|®, and furthermore,

1 -  C2\x -  y|“ <  pn(x)fpn(y) <  1 +  C2\x -  y |“.

Combining the fact, pn > exp(—2aCi), we have that |pn(s) — pn(y)\ < 

Ca\x — y |“ for all x  and y in [—1, 1] and all positive integers n. These 

implies that {pn)n^o “  a uniformly bounded and equicontinuous family 

in C+.

Let X  be the closure of convex hull of {pn}J^o Then X  is

a compact subspace of C+. The operator C maps X  into itself. The 

Schauder theorem says C has a fixed point p j  in X . Because /  is 

ergodic on [—1, 1], p j is a unique fixed point of C in C+. The measure 

Pj = S pj(x)dx  is a unique absolutely continuous /-invariant measure, 

(see [Sa] for the proof of the uniqueness).

Proof o f Theorem 1.6. Letp/(x) =  p j( l—x 2 )~t*. Then/i/ =  /  pj{x)dx 

is a unique absolutely continuous /-invariant measure. QED.
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Part tw o. The asymptotic geometry on the space of hy­

perbolic mappings

A type of perturbation of q : x  i-» 1 — 2x2 is a mapping j , : i h  

1 +  e — (2 +  e)x2 for a positive number e. The mapping qe maps the 

critical point out of [—1, 1] and it does not keep [—1, 1] invariant but 

invariant a Cantor set which has bounded geometry. In the second 

part of this thesis, we will study the asymptotic behavior of certain 

mappings like qe as they approach the boundary of hyperbolicity (see 

Figure 6 ).

§2.1. The definition of the scaling function.

Suppose e is a positive number and f e is a Cl mapping from [—1,1] 

to the real line with a unique critical point c. We always make the 

following assumptions: (1) f e is increasing on [—1, c] and decreasing on 

[c, 1], (2) f t (c) =  1 +  e and (3) f e maps 1 and —1 to —1 (see Figure 2). 

Without loss of generality, we always assume c equals 0.

Let f ttQ and f e<i be the restrictions of f e to [—1,0] and to [0,1]. 

They are two embeddings. Let gtio and gt,i be the inverses of f tJ0 and 

/ e,i. For a finite string w = i0 ■ • ■ t„ of zeroes and ones, let ge,w be the
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composition g€<w = o • • • o gtiin and ItfW be the image of [—1,1] 

under gt<w. Suppose r/n>e is the collection of I€,w for all finite strings 

w of zeroes and ones of length n +  1 and A„iC is the maximum length 

of the intervals in 7„,,. The union of the intervals in r?n,« covers the 

maximal invariant set of We always assume that An,c goes to zero 

as n increases to infinity.

For every interval in r?n|C, there is the labelling tv where w is the 

finite string of zeroes and ones such that this interval is the image 

Iw of [—1, 1] under ge,w There are two topologies on the set of all the 

labellings tv . One topology is induced by reading the labellings w from 

left to right; the other topology is induced by reading the labellings w 

from right to left.

Suppose we read all the labellings tv from left to right and Cn — {wn|

— (-*o*i * * * *n)» where i* is either 0 or 1 for k > 0 and n >  0}. Let 

Cn have the product topology. The continuous mapping <r„ ■ Cn+l H  

Cn is defined by <7n((-*’o*i • • • *„)) =  (.*i •••*„)  for n >  0. The pairs 

{(Cn ,(7n)}£Lo form an inverse limit set. Let C be the inverse limit of 

this inverse limit set and cr be the induced mapping on C. We call C
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the topological Cantor set. For any a in C, it is an infinite string of 

zeroes and ones extending to the right, that is, a = (.to*i • * *) where t* 

is either zero or one for k >  0. The mapping a  is the shift mapping 

on C, that is, a  maps (.i0t'i • • •) to (.*i • • •). We call (C,o) the symbolic 

dynamical system of / ,  because of the following lemma.

LEMMA 2.1. Suppose A, is the maximum invariant set of /*. There is 

a homeomorphism he from C to A* such that he o a  =  f e o he. In the 

other words, (A*,/*) and (C, <r) are conjugate.

Proof. Suppose a =  • • ■) is any point in C. Let wn = (.*o* • • *n)

be the first n +  1 coordinates of a. The intersection of nested intervals 

{f«;„}S!Lo nonempty and contains only one point x(a) because the 

length of IWn goes to zero as n increases to infinity. Define he{a) =  x(a). 

Then he is a  homeomorphism from C to Ae and he o<r = f e o he. QED.

Suppose we read all the labellings w from right to left and C* = 

u?" =  (*„ • • * t'iio*)i where t* is either zero or one and n >  0}. Let C* 

have the product topology. The continuous mapping er* : C*+1 

C* is defined by • * • z'i*o.)) =  (*n ■ ■ ■ *i-) for n >  0. The pairs

{(Cn, <r*)}^L0 also form an inverse limit set. Let C* be the inverse limit
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of this inverse limit set and a* be the induced mapping on C*. We call 

C* the dual Cantor set. Any a* in C* is an infinite string of zeroes and 

ones extending to the left, that is, a* =  (• • • iiio-) where u  is either zero 

or one for k >  0. We call a* a  “dual point” of / , .  The mapping a* is 

the shift mapping on C*, that is, a* maps (• • • tit'o.) to (• • • We call 

(C*, er*) the dual symbolic dynamical system of f e.

A sequence {x„}£L0 in the maximum invariant set of f t is a sequence 

of backward images of xq under f ,  if f e(xn) = x„_i for all positive in­

tegers n. The dual Cantor set will not represent the maximal invariant 

set of f e, but there is a one-to-one corresponding from the dual Cantor 

set to the set of sequences of backward images of xo under f e for all 

points Xo in the maximal invariant set of f e. The scaling function of /« 

is defined on the dual Cantor set C* if it exists.

Suppose a* is in C*, so that a* is an infinite string of zeroes and 

ones extending to the left. Assume a* =  (• • • tot.) where to is a finite 

string of zeroes and ones and t is either zero or one. Note that is 

a subinterval of Jw. Let s(wi) equal the ratio of the lengths, |/w,-|/|/w|- 

We let s(a*) be the limit set of s(wi) as the length of w tends to infinity.
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The following definition iB due to Sullivan [S2].

DEFINITION 2.1. Suppose f ,  is a mappings in H. I f  the limit set 5 (0 *) 

consists of only one number for every a* in Cm, then we say s(am) is 

the scale o f f t at a* and s is the scaling function o f f e defined on C*. 

Note that the scaling function s(a*) o f f e depending on e. Sometimes 

we denote it byse(a*).

REMARK 2.1. For a  finite Markov mapping F  (see §1.2). Using similar 

arguments, we can also define the scaling function of F  on the dual 

symbolic representation of F  by using the sequence of nested partitions 

■fonJSJlo determined by F  (see [J2]). For example, let /  be on B H , we 

can use the the same arguments as Definition 2.1 to define the scaling 

function s j  of /  on C* by the sequence of nested partitions {r/nJS'Lo 

determined by / .

§2.2. T he  space o f  hyperbolic  m app ings, H.

Suppose {»?*,n)̂ so *s the sequence determined by / e. Just as in def­

inition 1.3, we say the sequence determined by f e decreases

exponentially if Xn<t decreases exponentially. Using the same state­

ments as Definition 1.2 , one can define the concept of bounded geome­
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try of {ifc,n}SLo [S2]). If {i/«,n}SILo bas bounded geometry, then it 

decreases exponentially.

Defin itio n  2.2. The nonlinear mapping /* is in the Bpace of hyper­

bolic mappings, H, if

(a) f t is C 1+a for some 0 < a  < 1 and

(b) the sequence {^n,*}^o determined by /« decreases exponentially.

We give two examples of mappings in 'H. They are similar to Ex­

ample 1.1 and Example 1.2 in §1.2.

E xam ple 2.1. Mapping f t such that (1) f s is a C3 mapping on [—1,1] 

with nonpositive Schwarzian derivative and (2) /  is expanding at both 

boundary points o f[—1, 1], that is, / ' ( —1) and |/e(l)| are greater than 

one.

E x a m p l e  2 .2 . Mapping f e such that (1) / ,  is C 1*1 and (2 ) all the 

periodic points of f e are expanding, that is, the absolute values of all 

eigenvalues o f f e at periodic points are greater than one.

The proofs, that Example 2.1 and Example 2.2 are in H, are similar 

to the proofs of Example 1.1 and 1,2. In fact, we can extend Theo­
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rem 1.1 to the mappings satisfying the conditions in Example 2.1 and 

Theorem 1.2 to the mappings satisfying the conditions in Example 2.2.

DEFINITION 2.3. A function a defined on dual Cantor set C* is Holder 

continuous if there are two positive constants C  and A < 1 such that 

|s(a*) — s(6*)| < C An for any a* and b* in C* with the same first n 

coordinates. We call C a Holder constant o f s.

LEMMA 2.2. Suppose f ,  is in H. There exists a Holder continuous 

scaling function se o f / , .

Proof. Let de be the minimum value of the restriction of f e to the union 

of / e,0 and /C|1. We suppress e if there can be no confusion. Note that 

dt goes to zero as e decreases to zero. For any a* in C*, we use wni to 

denotes the first (n + 1) coordinates of a* and s(u>nt) to denote the ratio, 

|Xuint|/|fwnl* By (b) of Definition 2.1, we have two positive constants <70 

and A < 1 such that An,« <  Co A". Let K  be the Holder constant of / '  

on [-1,1]. Becauses(u;mt) =  ( |( /o{m"n))'(a ;)|/|(/o(m_n))'(y)|)5(uj„t) for 

some x  and y in JWm, by the naive distortion lemma, there is a constant 

Ct which equals C0K /(de( 1 — A®)) such that for any m > n >  0,

|s(tUm*) “  (̂tOnOI S  
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The last inequality implies that the limit of sequence {s(wnt')}£?o exists 

as the length of wnt increases to infinity. We denote this limit by s(a*) 

or st (a*) if we need to indicate dependence on e. Let m tend to infinity, 

then |a(a*) — s(wni)\ < Ct\I€,Wn\a for all positive integers n.

Suppose a* and bm are in C* with the same first (n + 1) coordinates, 

that is, «* =  (••• wni.) and 6* =  (* • • u>nt.). Because |s(a*) — s(u?„t)| < 

Ct \IWn\a and |s(6*) —s(u>„t)| <  C,\IWn\a% we have that |s(a*) —s(6,‘)j < 

2C€\IWn\a < 2CoCt \ n. In other words, st is Holder continuous on C* 

with a Holder constant 2CqCc. QED.

§2.3. G ood  fam ilies o f  m app ings in  BH  U H.

Suppose f t is in H. Let r,(x) =  fi(x ) /\x \y~1 for nonzero x  in [—1, 1]. 

We say that f t has power law at the critical point if there is some 7  >  1 

such that the limits of r e(x) as x increases to zero and as x decreases 

to zero exist and equal nonzero numbers Ae and —Be, respectively.

We define the smooth metric associated to / e to be

, dxdy = -------------------jp
((l +  e ja - x * ) *

on [—1, 1], where 7 * =  7 / ( 7  — 1) is the dual number of 7  (see §1.1).
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The corresponding change of coordinate is y = A7i,  where

h-tAx ) =  -1  +  6,  /  — ----- ^ — — r-
J~1 ((1  +  e)3 — x3) ^  

with bt = 2/ dx/((l +  e)3 — x3) ^  . The representation of / ,  under 

the smooth metric associated to /« is

f t  = K *  ° f* °

LEMMA 2.3. I f  f ,  has power law |ar|'r with 7  >  1, then the mapping 

f e is continuous on [—1, 1] and the restrictions of f t to [—1, 0] and to 

[0 , 1] are Cl embeddings.

REMARK 2.2. The mapping h7lC is a C°° diffeomorphism from [—1,1] 

to itself. If the derivative / '  and the restrictions of re to [—1,0) and to 

(0,1] are a-Holder continuous for some 0 < a  <  1, then the derivative
* f w
fe is a-Holder continuous. The a-Holder constant of f e depends on £ 

and may go to infinity as e goes to zero.

L e m m a  2.4. Suppose f ,  is a continuous mapping from  [—1,1] to the 

real line with a unique turning point 0. Suppose f e maps 1 and —1 to 

—1 and f e(0 ) =  1 +  e. I f  the restrictions o f f e to [—1,0] and to [0,1] 

are C l embeddings, then / ,  =  h~* o /« o h^t,  for any 7  >  1 is a C1
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mapping from [—1, 1] to the real line and has the power late |®|7 at the 

critical point.

The proofs of Lemma 2.3 and Lemma 2.4 are the same as those of 

Lemma 1.1 and 1.2.

LEMMA 2.5. Suppose f t has the power law |a:|'r with y  > 1. The 

restrictions of f e to [—1,0] and [0 , 1] are C 1+a embeddings for some 

0 < a < 1 if  and only if the restrictions of r, to [—1, 0 ) and to (0 , 1] 

are a'-Holder continuous for some 0 < at* <  1.

The proof of Lemma 2.5 is similar to Remark 1.1 and Remark 1.2.

Suppose {/*}o<e<«0 is a family in WU BH  where / e(0 ) =  1 +  e.

D efinition  2.4. The family { /e}o<e<eo a 3 °°d family if  it satisfies 

the following conditions:

1. the mapping F (x,e) = f t {x) is C 1 in both variables x in [—1,1] 

ande in [0 ,£o],

2. each f t has the same power law |x|'1' with y  > 1 at the critical 

points and the functions =  re(x) defined on [—1, 0] x 

[0 , £o] and R^{x^e) =  r«(®) defined on [0 , 1] x [0 ,eo] are continu­
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ous,

S. there are positive constants K ' and o ' <  1 such that f c is C 1+a' 

and the c/-Holder constant of / '  is less than K ' for any 0 <  e < 

Co,

4. there are positive constants K " and a"  < 1 such that the restric­

tions of r, to [—1,0) and to (0,1] are d ’-Holder continuous and 

the a"-Holder constants o f these restrictions are less than K " for 

any 0 < e <  1,

5. there are two positive constants Co and A < 1 such that An,e < 

Co A” for all positive integers n and 0 < e < £0 .

Let a  be the minimum o f o ' and a".

An example of a good family in BTiUTi follows the following propo­

sition.

PROPOSITION 2.1. Assume that (a) {-Fe}o<«<e0 is a family o fC 3 em­

beddings on [—1,0] with nonpositive Schwarzian derivatives, (b) Ft fixes 

—1 and maps 0 to 1 +  e for any 0 <  e <  eo, (c) the derivative F '(—l)  

of Fe at —1 is greater than I / 7  and (d) G(x,e) =  Ft (x) is C2 on
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[ - l , l ] x [ 0 ,co]. ///« (*) =  then the family { F ,( - |x|'v)}o<«^«0

is a good family.

To prove this proposition, we only need to check the condition (5) 

in Definition 2.4. The condition (5) is a direct consequence of the 

following lemma. Suppose {tfa,c}£L0 is the sequence determined by f e 

for every 0 <  e <  e0*

LEMMA 2.6. Suppose {/*}o<e<«0 13 the family in Proposition 2.1. 

There is a positive constant C which does not depend on parameter e 

such that for any 0 < e < eg and any pair (J, I)  with J  C I , J  G 7n+i,«

and I  e  fin,., \ J W \ > C .

Proof. We suppress e if there can be no confusion. For any 0 <  e < £o, 

the first partition r/i contains four intervals Zoo, foi, h i  and ho- There 

is a positive constant C\ which does not depend on e such that the 

lengths of the left interval Zoo and the right interval I w are greater 

than Ci. The C3-Koebe distortion lemma says n(flrw)(a;) < 2/d[_i,i](x) 

for any finite string w of zeroes and ones. Moreover, n(^u,)(x) < 2/C i 

if x  is in the union of two middle intervals Zoi and h i-  We also can find 

a constant r  > 1 which does not depend on e such that |/ '(x ) | >  r  for
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all x  In the union of the left interval Zoo and the right interval 7io. Now 

the proof just follows the proof of Theorem 1.1. QED.

Let A  stand the countable set of points in C* whose coordinates are 

eventually all zeroes and let B  stand the complement of A  in C*.

THEOREM 2 .1 . Suppose {/*}o<«<e0 ** a good family. There is a family 

of Holder continuous functions {s*}o<*<«0 on the dual Cantor set C* 

such that se is the scaling function of /« for any 0 < e0 <  £o, and

1. for every 0  < £i <  eo, s« converges to s„  uniformly on Cm as e 

tends to ei,

2. for every a* € C”, the limit s0(a*) o f {se(a’)}o<e<eo as e decreases 

to zero exists, the limiting function s0(a*) & the scaling function 

of fo and satisfies:

2.1. so has jump discontinuities at all points in A ,

2.2. so is continuous at all points in B and the restriction of so 

to B is a Holder continuous function.

We will prove this theorem through several lemmas. The first lemma 

is a generalization of Lemma 1.13. We call it the uniform (a  +  7 )-Koebe
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distortion lemma. It is one of the key lemmas in this thesis.

Suppose {/c}o<«<*0 is & family of mappings in H  U BH  and satisfies 

the conditions (l)-(4) in Definition 2.4. We suppress e when there can 

be no confusion. For each 0 < e <  £o> 7i contains four intervals loo, 

IQi, In  and I iq. Suppose x and y are in one of these four intervals and 

Jo is the interval bounded by x and y. Let 6(x, y) = {J0, J u ' * ’} be a 

sequence of backward images of Jo under / , ,  that means, the restriction 

of f t to J„ embeds J„ onto J„_i for any positive integer n. Let gn be 

the inverse of the restriction of the nik iterate of /* to J„. Let dxy be 

the distance from {x,y} to {—1,1}. Define the distortion of the nth 

iterate of f t at x  and y along 8(x,y) to be the ratio |^(ar)|/|flr^(y)|.

LEMMA 2 .7  (the uniform (a  + 7)-Koebe distortion lemm a). There are 

positive constants A, B and C such that for any 0 < e < £q, any 

x and y in one of the intervals tn T}e,i and any sequence o f backward 

images 0,(x, y) — {J«,o, Jt,u • • ° f  J*,o under f t , the distortion o f the 

nth iterate of f t at x  and y along 9t (x,y) satisfies

for every positive integer n.
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Proof. For every 0 <  e < £o» 7a contains eight intervals. The two 

of them which close to 0 are low and In o- Suppose low = [a, 6] and 

h  10 — [c, d]. We call [a,0] and [0, d] the middle intervals, [—l,a] the 

left interval and [d, 1] the right interval (see Figure 11).

A ,000 /(t,001 j«,011 -f«,010 ,It,lW  le ,111 ^t,101 A ,100 
^ v -A  ------------------ X

left middle right
Figure 11

By the condition (1) in Definition 2.4, there is a positive constant 

Ci which does not depend on e such that the lengths of the left interval 

and the right interval are greater than C\.

By the conditions (1) and (3) in Definition 2.4, there are positives 

constants ci and K \ which do not depend on e such that the minimum 

value of I / '| on the union of the left and right intervals is greater than c\ 

and the o'-Holder constants of the restrictions of / '  to the left interval 

and to the right interval are less than K\.

Suppose y is not one of 0, 1 and —1 and x  is the preimage of y 

under A7,e. By the chain rule,
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j ,M  = f .M ( (  i  + «)» -  «*)»
' K l  ((1 + * )’ - ( / . ( * ) ) » ) * '

This equation and the conditions (1) and (4) in Definition 2.4 imply 

the restrictions of /« to [—1, 0] and to [0 , 1] are C 1+a“ embeddings. 

Moreover, there are constants c? and K i which do not depend on e 

such that the minimum value of | / ' |  on the image of every one of 

the middle intervals under h^,e is greater then c% and the a"-Holder 

constant of the restriction of / '  to the image of every one of the middle 

intervals is less than K%.

The restriction of h'̂  t to the union of the middle intervals is Lips- 

chitz continuous. There are positive constants C3 and K 3 which do not 

depend on e such that the minimum value of restriction of h'̂ c to the 

union of middle intervals is greater then C3 and the Lipschitz constant 

of such restriction is less than K3.

Let x; and y,- be the images of x  and y under ge,i- Notice that this 

implies that 2 ,- and y,- lie in the same interval of 77;+1 for t > 0. For 

every integer n >  0, £ |B(*)/s£fB(y) equals ( /r) '(V n )/(/eon)'(*»)- By the 

chain rule, the ratio (f^nY{yn)/(fT*Y(xn) equals the product of ratios
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ft(V n -i) /ft(xn-i) where * runs from 0 to n — 1. This product can be 

factored into two products,

II f,(Vi)/f'(xi) and n  /«(»••)//!(*.■)*
Xi,vi£LR Xi,yiSM

Here LR  stands for the union of the left and right intervals and M  

stands for the union of the two middle intervals. We factor the product 

Yl*i>VieM f ' M / M * )  into three factors,

TT _  TT TT *(yi) )  TT htf t i f t x j ) )

&i,Vi GM *•)) Xi,yi€M ^7.e (/(» .)) ’

The third factor of them can be factored again into two products,

n  (!_+ ■ « * » *  a n i  n
(1 +  f e i X i ) ) ^  x ityie M  (1 -  f e ( X i ) ) ^

Now just following the arguments in the proof of Lemma 1.13, we 

can estimate every factors. We then put all estimations together to get 

A — K i/c i +  (KgK 2 )/c2  + K 3/c3  + 1/ 7 *, B  — l / ( 7 *Ci) and C = I / 7 *. 

The constants A, B  and C  do not depend on the parameter £. QED.

COROLLARY 2.1. I f  the family {/e}o<*<e0 *s a 9°°d family, then there 

are positive constants D and E  such that for any 0 <  e <  So, any 

x  and y  in one o f the intervals in ijlie and any sequence 6e(x ,y )  =
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{ J*,i, ■ • •} of backward images of Jtio under f„  the distortion of 

the nth iterate o f f t along Ot {x, y) satisfies

l^»,n(*)l ^   t  n  , i a_ _  <  exp(C +  _ _ ) |y .i0| 

for every positive integer n.

Proof. The condition (5) in Definition 2.4 implies £ " =0 |«/e,i| is less that 

C2 =  2C o/(l—A) and £?=o \Jt<i\a is less that P  =  2a |J ,i0|"C0/ ( l - A Q) =  

l^e.ol"^- We use D  to denote (A+BC2)C$ and E  to denote CC3, where 

A, B  and C are the constants in the previous lemma. Now it is easy 

to show this corollary from the previous lemma. QED.

Before we prove more lemmas, we study asymptotic behavior of the 

maximal invariant set of f e in H  when f e approaches B'H.

§2.4. Determination of the geometry of Cantor set by the 

leading gap.

Suppose f t is a mapping in 'H. We suppress e when there can be 

no confusion. Let A be the maximal invariant set of f e and be

the sequence determined by / , .  For any positive integer n and any Iw 

in T)n, let Iw0 and Iwi be the two intervals in r)n+l which are contained
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in Iw. We call the complement of Iwo and Iw\ in Iw the gap on Iw and 

denote it by Gw. Let G be the complement of lo and Ii in [—1, 1]. We 

call G the leading gap.

D e fin itio n  2 .5 . We call the set of ratios, {|G>,«i|/|i*,u;|}, for all finite 

strings w of zeroes and ones the gap geometry of A, or /«.

Suppose {/*}o<*<«0 *8 a family in H U  BH  and {A«}o<e<e0 is the 

family of the corresponding maximum invariant sets.

DEFINITION 2.6. Suppose fi is a function defined on [0, £o]- We say 

determines asymptotically the gap geometry of {Ae}0<e<i if  there is a 

positive constant C such that for all 0 <  e <  £o, all finite strings w of 

zeroes and ones and i = 0 or 1,

i .  c - ' m  < ig.,„i/i/.,.i < c m ,  

i- >  c-'.

The constant C is called a determining constant.

THEOREM 2 .2 . Suppose { /e}o<*<i0 ** °  good family. Then the family 

{Ac}o<c<e0 ,s a family o f Cantor sets. Moreover, the function on 

[0, eo] determines asymptotically the gap geometry o f {Ar }o<ff<e0 ■
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Proof. For each 0 < e < e0) *7i contains four interval loo, h i ,  h i  and 

ho- We call 7oo the left interval, ho  the right interval and 7oi and h i  

the middle intervals. We also call rji the first level and rfo the second 

level.

By the conditions (2) in Definition 2.4, there is a  positive constant 

C\ which does not depend on e such that C7f1e^ <  |C?o| < C\e^.

By condition (1), there is a positive constant C? which does not 

depend on e such that for any triple (G, J, I)  where I  is an interval in 

the first level or 170, G is the gap on I  and J  C /  is an interval in the 

second interval or the first level, |J |/ |7 | >  Ci and < \G\f\I\ <

Ciey.

For any integer n > 1 and any triple (G , J, I)  where 1 is in rjn, G 

is the gap on I  and J  C I  is in tjn+1» let G,, and /,- be the images 

of G, J  and I  under the itk iterate of f e for 0 < * < n — 1. Then / n_ 1 

is in the first level, Gn- \  is the gap on In- i  and «7n_i C /„-i is in the 

second level.

We divide the possible itineraries of the sequence of triples Ji, 

7 , ) } ^  into two cases. The first case is that no one of h  is in the union
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of the middle intervals. The second case is that some of /,- is in one of 

the middle intervals.

In the first case, G%, J% and /,- are in the union of the left interval 

and the right interval for all 0 <  * <  n. By the conditions (1) and 

(3) in Definition 2.4, there is a positive constant c which does not 

depend on e such that the minimum value of the restriction of / '  to 

the union of the left and right intervals is greater than c. Suppose 

A, Co, a 1 and K ' are the constants in the conditions (3) and (5) in 

Definition 2.4. By the naive distortion lemma, there is a constant C3 

which equals Caexpf/CCo/fcfl — A“'))) such that | J | / | / |  >  C3 1 and 

< \G\j\I\ < C3e* because G, J  and I  are the images of Gn- 1, 

J„_i and / n_ 1 under the (n — 1)<A iterate of f e.

In the second case, let m be the largest positive integer such that 

/ m is in one of the middle intervals. We can divide this case into two 

subcases according to m. One is that m  is n — 1 . The other is that m 

is less than n — 1.

If m =  n — 1, then In- i  is one of the middle intervals. By the 

condition (1) in Definition 2.4, there is a positive constant C4 which
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does not depend on e such that the lengths of the left interval and the 

right interval are greater then C\. By Corollary 2.1, there is a constant 

C8 which equals C ^xp iD  + E  /  C+) and does not depend on e such that 

|«/|/|-f| >  C&1 and C f <  |(7 |/|/| <  C6e i  because the restriction of 

the (n — 1)*A iterate of /  to /  embeds I  to In- i  and the distance from 

/„_ 1 to {—1,1} is greater than C4.

If m < n — 1, then /,• is in the union of the left and right intervals for 

m < t < n — 1. Because In- i  is one of the left and the right intervals, 

Im+1 has 1 as a boundary and Im is the one closing 0 in ifa-m,*- For 

the sequence / m+i> ’ *'»In -u  no one °f them is in the union of the mid­

dle intervals. By the same arguments as those in the first case imply 

that |Jm+1|/ |Jm+1| > C3 1 and < |Gm+i | / | / m+i| <  C3 ey. For

the sequence io, • • •, Im, the last one Jm is in one of the middle inter­

vals. Similar arguments to those in the subcase m =  n — 1 imply that 

| J | / | / |  >  C . - V J / I / J  and Ce- '|G m|/ | / m| < |G |/ |/ | < C.|Gm|/|7 „ |, 

where Cq =  exp(D +  E/C4). Because the restriction of f t to Im is 

comparable with the power law mapping |x|7 uniformly on e by the 

condition (2) in Definition 2.4, we may assume / , |J m =  1 +  e — |x|7. By 

similar arguments to those in subcase m < n — 1 in the proof of Theo­
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rem 1.1 and the naive distortion lemma, there is a positive constant CV 

which does not depend on e such that |Jm|/ |J m| >  C f1|Jm+i|/|/m+i[ 

and C f 1|GTO+1|/|Zm+i| <  |Gm|/ | / m| <  C7|Gm+, |/ |J m+1|. We get that 

\J \f\I\ >  (CeCrC* ) - 1 “ d (&CrCz)-*ey < |G |/ |/ | <  (C6C7C3)e*.

Let C be CVCeCa. It is a determining constant of the gap geometry 

°f {A«}o<e<c0- QED.

In [Jl], we also studied some universal property of determining con­

stant C for a special subspace of H.

Let HD{e) be the Hausdorff dimension of Ae. An immediate con­

sequence of Theorem 2.2 is the following corollary.

COROLLARY 2 .2 . There is a positive constant C which does not depend 

on e such that

0 < HD(e) <  1 -C e *

for all 0  <  e <  £o.

COROLLARY 2 .3 . There is a positive constant C which does not depend 

on e such that

C -'ey  <  s«((a*0.)) +  s«((a*l.)) <  Cey 
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for all a* in C* and 0 < e < e<>.

Proof. For any 0 < e <  e0 and any a* e  C*, s(w l) +  s(u;0) =  |C?u,|/| 

where a* =  (• • • w.) and Gw is the gap on 7W. Now this corollary is a 

consequence of Theorem 2.2 and Lemma 2.2. QED.

§2.5. Scaling functions of mappings on B7i.

Let us go on to prove Theorem 2.1. Suppose {/e}o<r<e0 *s a  good 

family. For any a* in C*, we always use u;ni to denote the first (n +  1) 

coordinates of a*, that is, a* =  (■••«;„».), and use s(e, wni) to denote 

the ratio of lengths, |/«,«,„,• | / |It ,Wn |. Suppose se is the scaling function 

of f t  for 0 < £ <  £q. We suppress e when there can be no confusion.

Lemma 2.8. For each 0 < ei <  £o, ss converges to sei uniformly on 

C* as e tends to £i.

Proof. Suppose Ct  is the constant obtained in Lemma 2.2. By the 

condition (1) in Definition 2.4, Ct is continuous on 0 <  e <  Eq. We can 

find a positive number 8 such that C€ < 2Ctl for all e in (ei — 6,ei +  6).

From the proof of Lemma 2.2, we have that for any a* in C*, 

|se(a*)-s(e,u;n*)l ^  C'c|f«lW„|a' and <  C'ei|/ei,WB|“'.
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Because we may write |a«(o*)—s„(a*)| in |a,(a*)—s(e, tyn»)+3(e, u>„*)— 

s(£i,wnt) +  s(ei,wnt) — s*,(e*)|, this implies that

K(a*) -  aei(a*)| < 2C€l |/ ,,« „ r ' +  Ctl |7,lttIJ “' +  |a(e, wni) -  «(ex, u;ni)|

for all n > 0 and e in (ei — S, ex — 6). Now the last inequality and the 

conditions (1) and (5) in Definition 2.4 imply this lemma. QED.

Lemma 2 .9 . For every a* in C*, the limit o /{s*(u*)}o«< «0 exists as e 

decreases to zero.

Proof. For every 0 <  £ < eo» Vi,e contains four intervals 7Cioo, Ie,oi» 

7C|n  Mid 7C|io. We call 7(|oi and If,\\ the middle intervals, 7C|oo the left 

interval and 7e,io the right interval.

For a* in (7*, we may arrange it into two cases according to its 

coordinates. The first case is that the coordinates of a* are eventually 

all zeroes. The second case is that there are infinite many ones in the 

coordinates of a*.

In the first case, we can find a positive integer N  such that 7e<Wn is 

in the left interval for every n > N . By the condition (1) in Definition 

2.4, there is a positive constant c which does not depend on c such
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that the minimum value of | / ' |  on the left interval is greater than c. 

By the naive distortion lemma and and the conditions (3) and (5) in 

Definition 2.4 and similar arguments to the proof of Lemma 2.8, there 

is a constant Ci, which equals exp(K'Co/(c(l — A"')), such that

M ° * )  ~  M « * ) l  <  C ' i ( f / « , « i J a '  +  +  l * ( e ,  w » t )  -  s ( e ' , t O „ * ) l

for all e and e' in (0, eo] and n >  N. Now we can show that the limit 

of {^c(o*)}o<c<e0 218 £ decreases to zero exists.

In the second case, by the condition (1) in Definition 2.4, there is a 

positive constant C% which does not depend on e such that the lengths 

of the left interval and the right interval are greater than C% for any 

0 <  £ < €o- By Corollary 2.1, there is a constant C3 =  D + E /C i which 

does not depend on e such that if 7,|Wn is in one of the middle intervals, 

then |s(e,wmi) — a(e,tt>„*)| < Cz\htVln\a for all e in (0,eo] and m > 

n > 0 because s(£,wmt) =  ( |( /o{m_n)),(a;)|/|(/o(m“n0 ,(y)l)8(£*u’nt) for 

some x and y in J«)tUm. Moreover, let m  increases to infinity, then 

|se(o") — s(e,urnt)j <  Cz\It,wn|a if /«,«,„ is in one of the middle intervals.

If the nih coordinate of a* is one, then for any e and e' in (0, eo], 

/ e,Wn is in one of the middle intervals for e and / c',Wn is in one of the
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middle intervals for e'. Then

M O  “  a«’( O I  < l«(e,to„i) -  s (e ',« jn*)| +  C3(|J«(UJ "  +  M w J® ).

Because there are infinite many ones in the coordinates of a*, the last 

inequality implies that the limit of {se(a*)}o<«<*„ as e decreases to zero 

exists. QED.

Let s0(a*) be the limit of {se(a*)}o<*<eo as e decreases to zero. Then 

so defines a function on C*.

LEMMA 2 .1 0 . The lim iting function So is the scaling function o f /o .

Proof. The proof is similar to the proof of Lemma 2.9. Let us outline 

the proof. There are four intervals in the first partition 171 determined 

by fo- We call the one adjacent to —1 the left interval, the two adjacent 

to 0 the middle intervals and the one adjacent to 1 the right interval. 

For any a* in C", its coordinates either are eventually all zeroes or 

contains infinite many ones.

If the coordinates of a* are eventually all zeroes, then all IWn are 

eventually in the left interval. There is a positive constant C\ such 

that for any m > n > 0 , |s(tcmi) — s(tun*)| by the naive
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distortion lemma.

If there are infinite many ones in the coordinates of a*. Suppose 

the n th coordinate of a* is one. Then / Wn is in one of the middle 

interval. There is positive constant Cj such that for any m >  n >  0 , 

|s(tum*) — s(tont)| <  Ci\IWn\a by the Corollary 2.1.

In both of cases, the limit of {s(tont ) } ^ .0 the length of wni in­

creases to infinity exists. The scaling function of f 0 exists. Allowed 

e = 0 in the proof of lemma 2.9, we can show that this scaling function 

is so. QED.

LEMMA 2 .1 1 . The scaling function s0 has jump discontinuities at all 

points in A .

Proof. Suppose a* is in A  and a" — (OooWt.) where Ooo is the one-sided 

infinite string of zeroes extending to the left, w is a finite string of 

zeroes and ones and i is either zero or one. Let 0n be the finite string 

of zeroes of length n. The interval /o„u» is eventually in the left interval 

loo■ We use bn to denote the length of IonW and an or a'n to denote the 

length of Ionwi' Let c* be the distance from I0nW to —1 (see Figure 12).
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Figure 12

Let j  be either zero or one. Because /o has the power law |xj7 with

7  >  1 at the critical point and IjionU/ close to the critical point, the

limit of {sfjlOnwOJ^o equals the limit of

(O n+ C nJ^-cJ 
n ,i--------------7 r

( b n + C n ) i  ~ C n

or the limit of

_ _  (K  + Cn)^ -(<*„ +  c„)i
5n,a------------------- 7------1-----

(K  + cn)'1 -  <£
as n increases to infinity if the limits of sn,i and sn,i as n increases 

infinity exist.

Because the minimum value of the restriction of /o to the left inter­

val loo is positive, by using the naive distortion lemma, we can show the

106



limit of {&n/cn}nso an<  ̂ limit {art/cn)5JL0 48 n increases to infinity 

exist. We use Tj(a*) and Ta(o*) to denote these limit, respectively. Now 

we conclude that the limit of {s(^10nwt)}^.o as n increases to infinity 

exists and

i- / - . a  ( 1 + t 3 ( o * ) ) ^  - 1lim s(ilOnu>i) —  --------1 -------  or
n~ +°° ( l+ n (a * ) )T - 1

lim  4(jl0nU>t) =
n ~ +co  ( 1  +  T j ( a * ) ) >  — 1

Because IjionvA is in one of the middle intervals, 70i and 7n. from the 

proof of Lemma 2.10, the error of s(jlOnt) to s0(6*) can be estimated 

by |7jiontui|", that is, there is a positive constant C% such that

M&*) -  s ( i l 0„u>i)| < C2\Ijl0niui\a

for any b* =  (• • • j l 0„tuz.) in C*. Now we can get that the limit of s0(b*) 

as 6* ft  am tends to a* exists and

Um „ (> • )=  (1 + r ,( “ ‘))! ~ 1*.~a. ( l  +  n ( a * ) ) T - 1
or
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Because So(a*) =  r2(a*)/ri(o*), the limit of a0(6*) as b* ^  a* tends 

to a* does not equal so(a*). In other words, So has jtunp discontinuity 

at a*. QED.

LEMMA 2 .1 2 . The scaling function s0 is continuous at all points in B.

Proof. Suppose am is in B. Let b* be any point in C* with the same first 

(n + l) tfc coordinates ti>„* as that of a*. If the nth coordinate of a* is one, 

then IWn is in one of the middle intervals iioi and In . The errors from 

so(o*) and So{b*) to s(wni) can be estimated by |/Wn|0', that is, there is a 

positive constant C  such that |so(a*) —s(u;n:)| and |so(6*) —s(u>nt)| are 

less than C7|/o,u,n|“. Then |s0(a*) — s0(6*)| < 2C\IWn\a. Because there 

are infinite many ones in the coordinates of a*, the limit of {s0(6*)} as 

6* tends to a* exists and linu.^o* $o(&*) =  s0(a*). In other words, so is 

continuous at a*. QED.

Suppose /o =  o /o o h~l is again the representation of /o under 

the singular metric associated to fo .

LEMMA 2 .1 3 . There is a Holder continuous scaling function so of fo 

and the restriction of s0 to B equals the restriction of So to B. In 

particular, the restriction of s0 to B is Holder continuous on B.
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Proof. By using similar arguments to the proof of Lemma 2.2, we can 

show that there is a Holder continuous scaling function So of f 0.

The restriction of to the union of the middle intervals I\o and In  

is a C1 embedding. For any a* in B, if the nth coordinate of a* is one, 

then IWn is in one of the middle intervals. We use |h7(/„,n,-)(/1hy(IWn)| 

and l-ftunil/l-ftunl to approach 50(a*) and So(<**)» respectively. Now we 

can show that So(a*) =  so(a") because there are infinite many ones in 

the coordinates of a*. QED.

Lemma 2.2 and Lemma 2.8 to 2.13 give the proof of Theorem 1.1.

More generally, we have the following theorem.

T heorem  2 .3 . Suppose f  is on BTt and f  is the representation of 

f  under the singular metric associated to f .  There exist the scaling 

function s j  of f  and the scaling function s j o f f  and these scaling 

functions satisfy that

(a) Sj is Holder continuous on C*,

(b) s j  has jump discontinuities at all points in A  and 3/ is continuous 

at all points in B,
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(c) the restriction o f s / to B equals the restriction o f s j  to B.

Proof. The proof is the same as the proofs of Lemma 2.10 to Lemma 

2.13. QED.

Suppose S  =  { s j \ f  € BH ). We can use Sf to compute the eigen­

values of /  at all periodic points (see [J2]) and the power law at the 

critical point, that is,

logs/tCOoo.)) 
log(lim*.6Bl6*,-o0o a/(&*)) ’

The absolute value of the asymmetry of /  at the critical point is |su/| =

lim„,_+00 |/oio„|/|/iioJ- Suppose /  and g are two mappings on BH  and

h is the conjugating mapping between /  and g. A consequence of

Theorem 1.4 is the following corollary.

COROLLARY 2 .4 .  The scaling function and the asymmetry at the crit­

ical point form a complete set o f C 1-invariant on the boundary o f hy- 

perbolicity.

REMARK 2.3. These invariants are also optimal to form a complete 

set of (^-invariants on BH  (see Remark 1.5).

An example of a scaling function in S  is the following proposition.
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P r o po sit io n  2 .2 . Let q : * 1 — 2x2. Then «,(«*) =  1/2  for  a* 6  5

and s 9(a*) ^  1 /2  /o r  a* €  .4 .

Proof. Recall that q(y) =  1 — 2|j/|. The proof of this proposition juBt 

follows the proof of Lemma 2.11 and Lemma 2.13. QED.

§2.6. The HausdorfF dimension of the maximal invariant set 

of qt .

From Proposition 2.2, we can observe more on the HausdorfF dimen­

sion of the maximal invariant set of &(x) =  1 +  e — (2 +  e)x2. Suppose 

Ac is the maximal invariant set of qt and HD(e) is the HausdorfF di­

mension of A«.

P r o po sitio n  2 .3 . There is a positive constant C which does not 

dependent on e such that

1 -  C -1 y/e < HD(s) < 1 -  C y/i

for all 0 <  e <  1.

Proof. Suppose dy = dx/yj{ 1 + e )a — x 3 is the metric associated to qe 

on [—1,1], y =  Aa,c(x) is the corresponding change of coordinate and 

qt =  Aa>c o qe o Aj*. We suppress e when there can be no confusion.
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Let e be in [0,1]. We call Iot and I i0i the end intervals. Recall 

that Iot is the interval in 1/3 adjacent to —1 and I\qa is the interval in 

1J4  adjacent to 1 . We call the complement of the interiors of the end 

intervals the middle interval.

Suppose y is in [—1 ,1] and x is the preimage of y under h2. The 

nonlinearity of q at y is

n{q){y) = ------------------
(2(1 +  e) -  (2 +  e ) x ^ ( l  +  e)2 -  x2

We can find a positive constant C\ which does not depend on e such

that

| n ( ? ) ( » ) l  <  C i e

for any y in the image of the middle interval under h2.

Let A be the maximal invariant set of q. It is diffeomorphic to A. 

The sets A and A have the same HausdorfF dimension. We use I  to 

denote the image of I  under h2 and computer the HausdorfF dimension 

of A.

By direct computations, there is a positive constant C2 which does
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not depend on e such that for any /u, € ffc,

1 — C7a <  |/u o |/ |/ tu i  | ^  1 +  C je .

Suppose to is a finite string of zeroes and ones. We call a piece string 

of consecutive zeros in to a zero element. We call the maximum length 

of all the zero elements in to the zero-length of to. If the length of to 

is greater than 4 and Iw is in the union of the end intervals, then the 

zero-length of to has to be greater then or equal to 4. Using this fact, 

we can show that for any finite string 10 of zeros and ones, if the length 

of to is greater than 4 and the zero-length of to is less than 4, the image 

under the i th iterate of q for any 0 < * <  n — 4 is in the middle interval 

for any 0 < t < n — 4, For any finite string to of zeroes and ones 

satisfying that the length of to is greater then 4 and the zero-length 

of to is less than 3, the image of Iw under the (n — 4)** iterate of qe 

is in 173 and >s bounded above by exp(Cie) for

any { and 9 in Iw. We can find a positive constant C3  which does note 

depend on e such that

i - c 3e < & s l < i  + c 3£
lAuil

for any finite string to of zeroes and ones satisfying that the length of
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tv is greater then 4 and the zero-length of tv is less than 3.

The restriction of the nonlinearity, n(/t2)(z) =  x /( ( l  +  e) 3 — z3), to 

the middle interval is bounded above by a positive constant C\ which 

does not depend on s. For any finite string tvt of zeroes and ones, 

we use S(wi) to  denote the ratio |/,ui|/|Jtu|* A direct consequence of 

Theorem 2.2 is that there is a positive constant C& which does not 

depend on e such that S(tvO) +  s(ivl) >  1 — C6 y/e for all finite string 

tv satisfying that the length of tv is greater then 4 and the zero-length 

is less than 3. Moreover, there is positive constant Cq which does not 

depend on e such that S(tvt) > (1/ 2)(1  — Cey/i) where t =  0 or 1 .

Let Sn = Yl where sum is over all finite string tv satisfying that 

the zero-length is less than 3. For tv =  t'ot'i • * • tn, let tv* =  t0 • • • t* for 

4 <  k <  n. We can write Sn in

^(S(tv„)5(tv„_i) • • • a(tV4))f l/w, |S.

Suppose C7 is the minimum length of the intervals in 1/3. Then Sn is 

greater then Ct((1/2)(1—Ce\/e))^n-4)iVn, where JV„ is the total number 

of finite strings of zeroes and ones which satisfies that the zero-length 

are less than 3.
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It is easy to check that iVj =  4 and Nn =  2iVn_i — 1 for any 

n >  2. We can find a positive constant C% such that Sn is greater than 

C8((l -  Ce>/e)/2)nff2" for n  >  4.

Let S0  =  Iog2/(log2 -  log(l — Ce\/e)). Then 2((1 — C e\/e)/2 )So =  1 

and HD(e) is greater than or equals to SQ. Here S0  is bounded below 

by 1 — Cy/e for a positive constant C  which does not depend on e.

Another side of the inequality in Proposition 2.3 comes from Corol­

lary 2.2. QED.
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