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Abstract

GENERALIZED ULAM-VON NEUMANN TRANSFORMATIONS
by

Yunping Jiang
Adviser: Professor Dennis P. Sullivan

The first part of this thesis uses a singular change of metric on an in-
terval to study mappings on the boundary of hyperbolicity. The change
of metric makes it possible to apply the theory of expanding mappings.
We classify these mappings up to smooth equivalence, by showing that
all the eigenvalues at the periodic points, the type of power law at
the critical point and a quantity which we call the asymmetry at the

critical point form a complete set of invariants.

In the second part of this thesis, we study hyperbolic mappings de-
pending on a parameter . Each of them has an invariant Cantor set.
As € tends to zero, the mapping approaches the boundary of hyperbol-
icity. We analyze the asymptotics of the gap geometry and the scaling

function of the invariant Cantor set as € goes to zero. For example,
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in the quadratic case, we show that all the gaps close uniformly with
speed /c. There is a limiting scaling function of the limiting map-
ping and this scaling function has dense jump discontinuities because
the limiting mapping is not expanding. Removing these discontinuities
by continuous extension, we show that we obtain the scaling function
of the limiting mapping with respect to the Ulam-von Neumann type

metric.

A key technical result of this thesis is the uniform (o + 7)-Koebe
distortion lemma (Lemma 2.7). Its proof combines the ideas of the

distortion lemmas of Denjoy and Koebe.
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Introduction

Ulam and von Neumann studied the nonlinear self mapping ¢ : z —
1 — 2z? on the interval [-1,1]. They observed that p, = 1/(xv/1 — z3)
is the density function of a unique absolutely continuous g-invariant
measure (we only consider probability measures in this thesis). In
modern language, this observation follows from making the singular
change of metric |dy| = (2]dz|)/(xv/1 — 23). If we let y = k(z) be the
corresponding change of coordinate and § = hogoh~!, then g becomes
d(y) = 1 — 2|y|, a piecewise linear mapping with expansion rate 2 on

[-1,1]). The dynamics of § is more easily understood.

Figure la Figure 1b

The first part of this thesis analyzes certain smooth nonlinear self
mappings like g (see Figure 1a). Under quite general conditions, a
mapping whose graph looks like the graph shown in Figure 2 has hy-

perbolic properties. We may say that a mapping whose graph looks




like the graph shown in Figure 1a is on the boundary of hyperbolicity

(a more precise definition of what we call the boundary of hyperbolicity

is given below).

Figure 2

One knows that some mappings whose graph look like the one shown
in Figure 3 have an iterate whose graph, when restricted to a subinter-
val, looks like the graph shown in Figure 1a. Some of our results apply
to this wider class and to the more general setting of Markov mappings
but to avoid confusion we leave aside further discussion of this extra

generality in the introduction.

Figure 3




In order to study more general smooth self mappings of the interval
with a unique power law critical point, we employ a change of metric
similar to the one used by Ulam and von Neumann. The change of

metric has singularities of same type at the two boundary points of

the interval. It is universal in the sense that it does not depend on
particular mapping f, but only on the power law |z|* at the critical
point. Suppose y = h,(z) is the corresponding change of coordinate on
the interval. After this change of coordinate, f becomes f = hyofoh?
(see Figure 1b), which is smooth except at the critical point. The
mapping f has nonzero derivative at every point except the critical
point. At the critical point, the left and the right derivatives of f exist

and are positive and negative, respectively.

A nice feature of the mapping ¢(z) = 1 — 22? is that § is expanding
with Holder continuous derivative, which implies that a certain binary
tree of intervals associated with the dynamics of § has bounded geom-
etry. The expanding property does not carry over to our more general
setting but the bounded geometry does. An hierarchical structure of

intervals has bounded geometry if the ratios of lengths in successive

generations are bounded below. (In other contexts, one also requires
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these ratios to be bounded away from one.)

Suppose Ey is the set consisting of the critical point of f and of
the two boundary points of the interval. For every positive integer
n, let E, be the preimage of E,_; under f. The nt*-partition 5, of
the interval determined by f is the collection of all the subintervals
bounded by consecutive points of E,. Let A, be the maximum length

of the intervals in the n*f-partition.

We say the sequence of nested partitions {9,}22, determined by
f decreases exponentially if A, decreases exponentially. We say the
sequence of nested partitions {,}32, determined by f has bounded
geometry if there is a positive constant C such that for any pair (J, I)
with J C I, J € 41 and I € 5, the ratio of the length of J to the

length of I is bounded below by C.

Bounded geometry enables us to show that all mappings on the

boundary of hyperbolicity are quasisymmetrically equivalent. (A map-

ping is quasisymmetric if it distorts symmetrically placed triples by
a bounded amount). To prove bounded geometry for the sequence of

nested partitions determined by a mapping whose graph looks like the




graph shown in Figure 1a, we develop a tool which we call the (a+ 7)-

Koebe distortion lemma.

Suppose that f has the power law |z|* with ¥ > 1 at the critical
point and that f is piecewise C!** for some 0 < a < 1. The first
partition 5; determined by f contains four intervals. For any pair =
and y in one of these four intervals, let Jy be the interval bounded by z
and y and &(z,y) = {Jo,J1,* -} be a sequence of backward images of
Jo under f, that is, the restriction of f to J, embeds J, onto J,_; for
all positive integers n. Define g, to be the inverse of the restriction of
the n*» iterate of f to J, and define the distortion of the n'* iterate of
f along 8(z,y) to be the ratio |g}(z)|/|94(¥)]. Let dr, be the distance

from {z,y} to the boundary of the interval where f is defined.

LEMMA 1.13 (the (a++)-Koebe distortion lemma ). There are positive
constants A, B and C such that for any pair z and y in one of the four
intervals in m and any sequence O(z,y) = {Jo,J1, -} of backward
images of Jo under f, the distortion of the n** iterate of f along 0(z,y)

satisfies

..l_g.:'_.(x.)_l ex 1 . % n 2
@] S oA+ BRI+ R 31l
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for every positive integer n.

After having shown that all mappings on the boundary of hyper-
bolicity are quasisymmetrically equivalent, we go on to classify the
smooth conjugacy equivalence classes of these mappings by also em-
ploying changes of metric. We then construct a unique smooth f-
invariant measure which transports to a unique absolutely continuous
f-invariant measure uy. The corresponding density function of u; is
smooth on the interior of the interval and has the same singularity at

both boundary points.

For all this to be true, we need

(*) f to be a C* self mapping of an interval with a unique power law,
||” for some v > 1, critical point and to map the critical point to the
right endpoint of the interval and both endpoints of the interval to the

left endpoint (see Figure 1a),

(**) the derivative of f to be piecewise a-Hélder continuous for some

0<a<1land

" (***) the sequence of nested partitions {n,}%., determined by f to

decrease exponentially.




We prove this exponential decay of (***) under either of the follow-

ing two hypotheses.

(1) The mapping f is C? with nonpositive Schwarzian derivative
and expanding at both boundary points of the interval, that is, the
absolute values of the derivatives of f at both boundary points are

greater than one (see also [Mi]). The Schwarzian derivative of f is

S()="1f = B/2)(f P

(2) The mapping f’ is piecewise Lipschitz and all the periodic points
of f are expanding, that is, the absolute values of the eigenvalues of f at
all periodic points are greater than one (see also [Ma]). The eigenvalue

of f at a periodic point p of period n of f is e, = (f"Y(p).

We call the set of mappings satisfying (*), (**) and (***) the

boundary of hyperbolicity, B. Now we can describe the results of

the first part of this thesis more precisely.

THEOREM 1.3. Any two mappings f and g on BH are quasisymmet-

rically equivalent.

Moreover, we classify the smooth equivalence classes on BH. To




proceed, we need one more definition. The asymmetry of f at the
critical point ¢ is the limit of f'(—(z — ¢))/ f'(z — c) as = decreases to
the critical point c¢. Recall that the eigenvalue of a mapping f at a

periodic point p of period n is e; = (f*")(p).

Now, assume that f and g are on BH, that A gives the quasisym-
metric equivalence between f and g and that the derivatives of f and

g are piecewise a-Holder continuous for some 0 < a < 1.

THEOREM 1.4. The conjugating mapping h is C'*¢ for some 0 < e <1
if and only if es(p) = e,(h(p)) at all the periodic points p of f and f
and g have the same power law and the same asymmelry at the critical

point.

We say an object associated to f on BH is a C'-invariant if this
object is the same for f as for ho f o h~! whenever A is an orientation

preserving C'-diffeomorphism.

COROLLARY 1.5. The eigenvalues at all periodic points, the power
law and the asymmetry at the critical point form a complete set of

C'-invariants on the boundary of hyperbolicity.




These invariants are optimal to form a complete set of C'-invariants

on the boundary of hyperbolicity (see Remark 1.5).

Suppose f is on BH and has the power law |z|Y with ¥ > 1 at the
critical point and the derivative of f is piecewise a-Holder continuous
for some 0 < a < 1. We extend the Ulam-von Neumann example in

the following sense:

THEOREM 1.6. The mapping f has a unique absolutely continuous
f—invariant measure puy = [ ps(z)dz. Furthermore, if py and p; are
the boundary points of the interval, then p,(a:)(la:—pll)l:r"'(h—pgl):%" is
a positive a-Holder continuous function on the interval. In particular,
py grows like |x — pl"":r—l at each boundary point p of the interval.
The mappings f on BH are limits of mappings f., which do not
keep the interval invariant, but keep invariant a Cantor set A, having
bounded geometry (see Figure 2). We say the mappings like f, are
hyperbolic (a more precise definition of what we call a hyperbolic map-

ping is given below). The space of hyperbolic mappings is the topic of

the second part of this thesis, as well as the asymptotic behavior of

these hyperbolic mappings as they approach the boundary of hyper-
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bolicity. We use f.o and f, 1 to denote the left and right branches of
fe, respectively. Let g0 and g, be the inverses of f,o and f;,. For a
finite string w = ip - -4, of zeroes and ones, we use g.,., to denote the
composition gew = Fe,ip © * * * © Ge,in. Define I, to be the image under
ge.w Of the interval where f; is defined (see Figure 4).

Igmf or Igm

Ig_.m_ Izm_ I‘ T | I: 20l)

Figure 4

Suppose 7, . is the collection of I, , for all finite strings w of zeroes
and ones of length n + 1. We use A, to denote the maximum length
of the intervals in 5, .. Notice that the union of all the intervals in #, .

covers the maximal invariant set of f,.

R w.
w0 awl wl. wl.
c c*
Figure 5a Figure 5b

There are two topologies on the set of all the labellings w. One
topology is induced by reading the labellings w from left to right; the
other by reading the labellings w from right to left. The limit set

of the set of these labellings w in the topology induced by reading the

10




labellings w from right to left is the phase space of the dynamical system

fe. We call it the topological Cantor set C (see Figure 5a). Points in C

are one-sided infinite strings of zeroes and ones extending infinitely to
the right. If we take the limit set of the labellings w in the topology
induced by reading from right to left, we obtain the dual Cantor set
C*. A point in C* is called a “dual point” which is one-sided infinite

string of zeroes and ones extending infinitely to the left.

The scaling function of f., when it is defined, is a function defined

on C*. Assume a* € C*, so that a* is a one-sided infinite string of zeroes
and ones extending infinitely to the left. Suppose a* = (- - - wi.), where
w is a finite string of zeroes and ones and ¢ is either zero or one. Note
that I, is a subinterval of I,,. Let s(wi) equal the ratio of the lengths,
| Twil/1Iw|. We let s(a*) be the limit set of s(wz) as the length of w tends
to infinity. If this limit set consists of just one number for every a* € C,
then we say that s(a*) is the scale of f, at a* and that s is the scaling
function of f, defined on C*. Note that the scaling function s(a*) of f.
depends on ¢. Sometimes we denote it by s,(a*). The same definition
gives the scaling function sp(a*) of a mapping fo on BH. Since for the

mappings f,, € = 0, the length of the interval I, converges to zero

11




uniformly as the length of w approaches infinity, it is obvious that the
scaling function is & C'-invariant. Recall that a smooth invariant is
an object associated to f, which is the same for f, as for ho f, o h~1

whenever k is an orientation preserving C!-diffeomorphism.

To be sure that the limits defining the scaling function of f, actually

exist, we need

(1) fe to be a mapping from an interval to the real line which maps
its unique critical point out of this interval and both endpoints of the

interval to the left endpoint (see Figure 2),
(1) fe to be C*** for some 0 < a <1 and
(3:¢) the sequence of maximum lengths A, . determined by f, to decrease

exponentially.

Parallel to what we do for the boundary of hyperbolicity, we prove
the exponential decay of (iif) under either of the following two hy-

potheses.

(1) The mapping f, is C® with nonpositive Schwarzian derivative

and expanding at both boundary points of the interval.

12




(2) The mapping f, is C'! and all the periodic points of f. are

expanding.

We call the set of mappings f, satisfying (i), (i1) and (i#i) the

space of hyperbolic mappings, H. Without loss of generality, we may

assume that the interval where f, is defined is the interval [—1,1] and

that the critical point of f, is zero.

Sullivan [S2] showed that the scaling function is a complete invari-
ant for C'-conjugacy of mappings in H. It plays the same role that
eigenvalues play in the C?-case (recall that Sullivan [S1] showed that
the eigenvalues are complete invariants for C'-conjugacy of C? map-
pings of 7{). We examine the asymptotics of the scaling function of f,

as £ decreases to zero.

{fz}ogzs_eo =

Figure 6

Hereafter, we say that a family { f; }oce<s, (see Figure 6) of mappings

13




in BHU™H is a good family if it satisfies the following conditions:

1. the family f,(z) is C! in both variables ¢ and =z,

2. each f,; has the same power law |z|” with ¥ > 1 at the critical

points and R~(z,€) = f!(z)/|z|"~! defined on [—1,0] x [0, £] and

R*(z,e) = fi(z)/|z[*? defined on [0,1] x [0, o] are continuous,

3. there are positive constants K’ and o < 1 such that f, is C1+*

and the o/-Holder constant of f! is less than K’ forany 0 < ¢ < €.

4. there are positive constants K" and o” < 1 such that f!(z)/|z|"*

defined on [—-1,0] and f!(z)/|z|"~! defined on [0, 1] are o”-Holder

continuous and their o”-Holder constants are less than K” for any

OSESEO,

5. there are two positive constants Cy and A < 1 such that the

maximum lengths A, . satisfy A, < CoA™ for all positive integers

n and all 0 < € < ¢g.

A function s defined on C* is called Holder continuous if there are

two positive constants C' and A < 1 such that [s{a*) — s(b*)] < CA" for

any a* and 5" in C* with the same first n coordinates.

14




Let A stand for the countable set of points in C* whose coordinates
are eventually all zeroes and let B stand for the complement of A4 in
c*.

We can now state the results of the second part of this thesis more

precisely.

THEOREM 2.1. Suppose {f.}oce<e, 18 a good family. There is a family
of Holder continuous functions {s.}ocece, on the dual Cantor set C*

such that s, is the scaling function of f. and

(1) for every 0 < &, < €q, 8, converges to s, uniformly on C* as ¢

tends to €,,

(2) for every a* € C*, the limit so(a*) of {3.(a*)}ocece, €zists as e
tends to 0, the limiting function sp(a*) is the scaling function of fo and

satisfies:
(2.1) 3¢ has jump discontinuities at all points in A,

(2.2) sg is continuous at all points in B and the restriction of sp to B

is a Holder contlinuous function.

Our proof of this theorem depends on a distortion lemma (Lemma

15




2.7) which we develop for a family of folding mappings with a-Hélder
continuous derivatives and with the power law |z|” for some ¥ > 1 at the

critical point. We call it the uniform (a + 7)-Koebe distortion lemma.

It is a generalization of Lemma 1.13.

More generally, every f on the boundary of hyperbolicity BH has
a scaling function (see Figure 7 and Figure 8). In fact, we show the

following theorem.

THEOREM 2.3. Suppose f is on BH and f is again f viewed in the
singular metric associated to f. There ezist the scaling function sy of

J and the scaling function s; of f and these scaling functions satisfy:
(a) sj is Holder continuous on C*,

(b) sy has jump discontinuities at all points in A and s; is conlinuous

at all points in B,

c) the restriction of s; to B equals the restriction of s; to B.
! I

For any f on BH, the eigenvalues of f at all the periodic points and
the power law at the critical point of f can be calculated from s;. We

obtain the following consequence to Theorem 1.4.

16




COROLLARY 2.4. The scaling function and the asymmetry at the cril-
ical point form a complete set of C'-invarianis on the boundary of

hyperbolicity.

These invariants are again optimal to form a complete set of C-

invariant on the boundary of hyperbolicity (see Remark 1.5).

One example of a result about a scaling function for a mapping on
the boundary of hyperbolicity is given in the following proposition (see

Figure 7).

PROPOSITION 2.2. Let g: z — 1 — 2z2. Then s,(a*) = 1/2 for all a*

in B and sy(a*) # 1/2 for all a* in A.

Suppose f, is a mapping whose graph looks like the graph shown in
Figure 2 and {f,,}22, is the sequence determined by f.. We suppress
the subscript £ when there can be no confusion. For every positive
integer n and I, in %y, let I,o and I, be the two intervals in 9,4,
which are contained in I,,. We call the complement of I, and I,; in
I,, the gap on I, and denote it by G,,. Let G be the complement of I,
and I;. We call G the leading gap and the set of ratios {|Gy|/|lw|} for

all finite strings w of zeroes and ones the gap geometry of the maximal

17




invariant set of f,. We study the asymptotic dependence on ¢ of the
gap geometry of the family of the maximal invariant sets of f, for

OSESE().

Suppose § is a function defined on [0,1]. We say # determines
asymptotically the gap geometry of the maximal invariant sets of f,
for 0 < £ < &g, if there is a positive constant C such that for all

0 £ € £ g and all finite strings w of zeroes and ones,
(1) C-18(e) < |Gewl/|1ew| < CB(e) and

(2) Lt wil [ Iew| 2 C~1, where i is either one or zero.
The constant C is called a determining constant.

Suppose {f:}oce<e, i8 a good family. Then the sizes of the leading

gaps G, is of order of €3, Moreover, we prove the following theorem.

THEOREM 2.2. The family of the mazimal invariant sets of f. for
0 < € £ g i3 a family of Cantor sets. Furthermore, the function e
determines asymptotically the gap geometry of the family of mazimal

tnvariant sets of f, for 0 < ¢ < .

Suppose HD(c) is the Hausdorff dimension of the maximal invariant

18




set of f, and s, is the scaling function of f, for 0 < € < €9. Theorem

2.2 has the following two corollaries.

COROLLARY 2.2. There is a positive constant C which does not depend
on € such that

0<HD(e) <1 —Ce*
for all0 < € < &

COROLLARY 2.3. There is a positive constant C which does not depend

on & such that
1—C % < 5.((a*0.) + 5.((a"1.)) < 1 — Ce7
for all a* € C* and all 0 < € < gg.

For the family {1 + & — (2 + €)z?}oc.<1 in HU BH, we can say even

more:

PROPOSITION 2.3. There is a constant C > 0 which does not depend

on € such that
1-CWe<HD()<1-Cve
forall0 <e<1.

19




The grbph(ml) of scaling function fon: f(x):x*ZiZ-ﬂ.Qx‘ZM-x‘Z).

Figure 7
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prhired) of scaling function fop: F{x)=xA202¢@, In*2(4-x72),

Figure 8

21




Part one. The geometry on the boundary of hyperbolicity.

The example studied by Ulam and von Neumann [UN] in 1947 is the
nonlinear transformation ¢ :  ~— 1 — 222, They discovered the density
function py(z) = 1/(w/1— 23) of the unique absolutely continuous
invariant measure for this mapping (see §1.3). From the metric point
of view, dy = 2p,(z)dz is a singular metric on the interval [—1,1].
Under the corresponding change of coordinate y = h(x), ¢ becomes a
piecewise linear transformation § = hogo h™! : y — 1 — 2|y|. The
point is that the dynamics of § is more easily understood. We will use
this idea to study the space of certain nonlinear transformations like ¢

in the first part of this thesis.
§1.1. The singular change of metric on the interval.

Suppose f is a C! self mapping of an interval with a unique critical
point ¢. We always make the following assumptions: (1) f is a C?
self mapping of [~1, 1}, (2} f is increasing on [~1, c] and decreasing on
[e,1), (3) f maps ¢ to 1 and (4) f maps —1 and 1 to —1 (see Figure

1a). Without loss of generality, we always assume ¢ equals 0.

Let ry(2) = f'(z)/|z|*"! for = # 0. We say f has power law at

22




the critical point if there is some number 4 > 1 such that the limits of
ry(z) as x increases to zero and as z decreases to zero exist and equal
nonzero numbers A and — B, respectively. For example, f has power
law at the critical point if f(z) =1 — (A/v)|z|” for negative ¢ close to
zero and f(z) = 1 ~ (B/v)|z|" for positive z close to zero. We call the
ratio of A to —B, which is the limit of f/(—=z)/ f'(z) as = decreases to
zero, the asymmetry of f at the critical point. We always assume that

f has power law |z|" for some v > 1 at the critical point.

We define the singular metric associated to f to be

dz

dy = ————
TS

on [—1,1], where 4* = v/(y ~ 1) is the dual number of v which means

that 1/4+1/9* = 1. The corresponding change of coordinate on {—1,1]

is y = h.(z), where

z d
() = =1+5 [ (1__17?-'

with b = 2/ f1, dz/(1 — z’)"" . The representation of f under the

singular metric associated to f is
f=hyofoh.
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Before we see some properties of f and f, we state some definitions.
DEFINITION 1.1. Suppose I is an interval and g is a function on I.

We say that
(a) g is an embedding if g is @ homeomorphism from I to g(I),

(b) g is a C'-embedding if g has a continuous derivative g’ on I and the
derivative of g at every point in I is not zero, as usual, the derivative

of g at each boundary point of I is a one-sided limit,

(c) g is a C'*t*-embedding for some 0 < a < 1 if g is a C*-embedding

and the derivative ¢’ on I is a-Hoélder continuous on I.
If a =1, we usually say g is a C''-embedding in (c).

Suppose I is an interval and ¢ is an a-Holder continuous function
on [ for some 0 < @ < 1. There is a positive constant K such that
lg(z) — 9(y)| £ K|z — y|* for all z and y in I. The smallest such K
is called the a-Hdlder constant of g. If a = 1, the smallest such X is

usually called the Lipschitz constant of g.

LEMMA 1.1. The mapping f is continuous on [—1,1] and the restric-

tions of f to [—1,0] and to [0,1] are C'-embeddings.
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Proof. If y is not one of 0, 1 and —1, then f is differentiable at y.

Suppose z is the preimage of y under h.,. By the chain rule,

Fiw) = £@)(1 - )7 /(1 = (F@))™. (EQ 1.1).
Using this equation, we can get that f’(0—) and f/(0+) exist and
equal nonzero numbers and that f/(—1) = (f'(—l))# and f(1) =

~(1f(1)])>. QED.

REMARK 1.1. The inverse of h, is C!. If the restrictions of r; to
[—1,0) and to (0,1] are a-Hdlder continuous for some 0 < o« < 1, then
the restrictions of f to [—1,0] and to [0, 1] are at least C1** because of

(EQ 1.1) (see [J3]).

LEMMA 1.2. Suppose f is a continuous self mapping of [—1,1). Assume
0 is the unique turning point, f maps 0 to 1 and maps —1 and 1 to
—1 and the restrictions of f to [—1,0] and to [0,1] are C'-embeddings.
Then f = h:'o foh, isa C' mapping and has the power law |z|" at

the critical point 0 for any 4 > 1.

Proof. If z is not one of 0, 1 and —1, then f is differentiable at .
Suppose y = k,(z). By the chain rule,
(=) = Pa)1-(7* 0 f@))* /(1-(h7* @)} *. (EQ 1.2).
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Using this equation, f'(—1) = (f/(~1))" and f'(1) = —|f/(1)|", and
the limits of r;(x) as = increases to zero and as z decreases to zero exit

and equal nonzero numbers. QED.

REMARK 1.2. The mapping h, is (1/v)-Holder continuous. If the
restrictions of f to [~1,0] and to {0,1] are C1** embeddings for some
0 < a <1, then f is C**¥ and the restrictions of r; to [—1,0) and to

(0,1] are a/4-Holder continuous because of (EQ 1.2) (see [J3]).
§1.2. The boundary of hyperbolicity, BH.

Let fo and fi be the restrictions of f to [—1,0] and to [0, 1], re-
spectively. Then fo and f; are both embeddings. Let go and g, be the
inverse of fo and f;. For a finite string w = i,, - - - iy of zeroes and ones,
let g, be the composition, g, = gi, 0 *++ 0 ¢;,. Define I, to be the
image of [—1, 1) under g,,. The n**-partition of [-1,1] determined by f
is the collection of I, for all finite strings w of zeroes and ones of length
n+1. We denote it by 5, or just by 5, when there is no possibility for
confusion. We use A, to denote the maximum length of the intervals in
7. The nt*-partition n,, 7 of [1,1] determined by f and the maximum

length A, ; of the intervals in 5, ; are defined similarly.
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DEFINITION 1.2. We say that the sequence of nested partitions {n,}32,
determined by f decreases exponentially if there are two positive con-

stants C and A < 1 such that A\, < CA" for all positive inlegers n.

LEMMA 1.3. The sequence of nested partitions determined by f de-
creases exponentially if and only if the sequence of nested partitions

determined by f decreases ezponentially.

Proof: Because k., is (1/v)-Holder continuous and the inverse of A, is

C!, we can easily see this lemma. QED.

DEFINITION 1.3. The nonlinear mapping f is on the boundary of
hyperbolicity, BH, if
(a) the restrictions of f to [-1,0] and to [0,1] are C1+* embeddings for

somell<a<l,

(b) the sequence of nested partitions {n,} determined by f decreases

ezponentially.
Next lemma follows from Remark 1.1 and Remark 1.2.

LEMMA 1.4, The nonlinear mapping f is on BH if and only if
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(¢) f is C**2 for some 0 < a < 1 and the restrictions of ry to [—1,0)
and to (0,1) are B-Holder continuous for some 0 < 8 <1 and

(i%) the sequence of nested partitions determined by f decreases ezpo-

nentially.

The condition () in Lemma 1.4 and ry(0—) = r;(0+) are equivalent
to the statement that f(z) = F(—|z[") where F is a C'*+* diffeomor-

phism from [—1,0] to [-1, 1] (see [J3] for more details).
We give two examples of mappings on BH.

EXAMPLE 1.1. Mappings f such that (1) f is C® with nonpositive
Schwarzian derivative, (2) f is ezpanding at both boundary points of
[-1,1], that is, f'(—=1) and |f(1)] are greater than one, and (3) the
restrictions of ry to [—1,0) and to (0,1] are a-Hélder continuous for

somel<a<l.
The Schwarzian derivative S(f) of fis S(f) = f*/f'—(3/2)(f"/ f')>.

EXAMPLE 1.2. Mappings f such that (1) the restrictions of f to [—1,0]
and to [0,1] are C*? embeddings and (2) all the periodic points of f are

expanding, that is, the absolute values of the eigenvalues of f at all
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periodic points are greater than one,
The eigenvalue of f at a periodic point p of period n of f is es(p) =
(F*") (p)-

The facts that Examples 1.1 and 1.2 are on BH follow directly from
Theorems 1.1 and 1.2, respectively. To see these facts, we introduce a

geometric concept, the bounded geometry, for the sequence of nested

partitions {5, }32, determined by f. The concept of bounded geometry

was first defined in [S2] for Cantor sets on the line.

DEFINITION 1.4. The sequence of nested partitions {n,}2, determined
by f has bounded geometry if there is a positive constant C' such that
Jor every positive integer n and every pair (J,I) with J C I, J € n,
and I € na—y, the ratio |J|/|I| > C. The largest such C is denoted as

Cy and called the bounded geometry constant of {n,}2, .

REMARK 1.3. Then the ratio |J|/|I| £ 1 —C because I is the union of
the two intervals in 1,41 and the sequence of nested partitions {n,}22,

determined by f decreases exponentially.

For completeness, we prove two distortion lemmas (see [D], [GS]
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and [S3]). One of them is the naive distortion lemma. We call the
other the C3-Koebe distortion lemma.

First, let us prove the naive distortion lemma. Suppose g is a C1*
self mapping of an interval for some 0 < a < 1. Let K be the a-
Holder constant of the derivative ¢’ on this interval. Suppose {z;}1,
and {y;}}, are two sequences of points in this interval. We call the

product of ratios [T, |¢'(2:)|/|¢’(y:)] the distortion of g at {x;}, and

{y' i=1"

LEMMA 1.5 (the naive distortion lemma). Suppose Jy, ---, J, are
subintervals in the interval. Let ¢ be the minimum value of |g'| on
UL ,Ji. For any two sequences {z;}%, and {y;}%, with z; and y; in

J;, the distortion of g at {z;}, and {y;}, satisfies

cop(~5 3 10i%) < JTEE < ean(X 351

Proof. Take the function logz at [T, |¢’(x:)|/l9'(y:)]- Then

([T 1) — 3~(tog(29)] - logls' ()

Because log x is Lipschitz continuous with the Lipschitz constant 1/¢
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on [¢,40o0) and the a-Hélder constant of g’ on the interval is K, we

have that

|3 (oglg'(z:)| — loglg )| < =3 las = il

i=1 =1

which is bounded above by (K/¢) T, |Jil*. QED.

Next let us prove the C3-Koebe distortion lemma, Suppose I and J
are two intervals and g is a C? diffeomorphism from I to J. A measure
of the nonlinearity of g is the function n(g) = ¢”/g’. If the absolute
value of n(g) on I is bounded above by a positive constant C, then
the distortion |g’(2)|/|¢’(y)| of g at any pair ¢ and y in I is bounded
above by ezp(C|z — y|). Suppose di(z) is the distance from z to the

boundary of I.

LEMMA 1.6 (the C3 Koebe distortion lemma). Suppose g has nonneg-
ative Schwarzian derivative. Then n(g)(z) is bounded above by 2/d(z)

foranyz in .

Proof. The relation between the Schwarzian derivative and the measure

of nonlinearity of g is n(g)’ = (n(g9))*/2+ S(g). For any z in I, consider
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the ordinary differential equation

y'(t) = (¥(t))*/2,
y(0) = n(g)(z).

The unique solution of this ordinary differential equation is the function
vo(t) = 2/(—t +2/y(0)). Suppose ¢, is the unique pole of this solution.
Then n(g)(z) = 2/t;. Suppose t = y — z for y in I. The function

y1(t) = n(g)(t + z) is a solution of the ordinary differential inequality

y'(2) 2 (w(£))*/2,

y(0) = n(g)(z)-

If n(g)(z) is greater than or equal to zero, then y;(t) is greater
than or equal to yo(t) for ¢ > 0 because of the comparison theorem
from ordinary differential equations (see, for example, [A]). Suppose
I = [a,}), then yo(t) is a finite number for ¢ < b~ z. Hence ¢, has to
be greater than b — z, and furthermore, n(g)(z) is less than 2/(b — z)
which is less than 2/d;(z). If n(g)(z) is negative, similar arguments

show that —n(g)(z) < 2/d;(z). QED.

THEOREM 1.1. Suppose f satisfies the conditions (1) and (2) in Exz-
ample 1.1. Then the sequence of partitions {n,}=., determined by f

n=0

has bounded geomelry .
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Before proving this theorem, we state some basic properties of map-
pings with nonpositive Schwarzian derivative. Suppose h and ¢ are two
C3 diffeomorphisms. Assume the domain of A is contained in the range
of 9. Cayley identity says S(h o g) = S(g) + (¢')* - S(h) o g. Applying
Cayley identity with A = g~1, one get S{g) = —(¢')*- S(g~1)og. As a

consequence, we have the following corollary.

PROPOSITION 1.1. The composition of mappings which have nonposi-
tive Schwarzian derivatives has nonpositive Schwarzian derivative. The
inverse of a mapping which has nonpositive Schwarzian derivative has

nonnegalive Schwarzian derivative.

Next lemma is a special property of mappings with nonpositive
Schwarzian derivative. The reader may refer to [VS, pp32-34] for the

proof.

LEMMA 1.7. Suppose T = [a,b] and f : T — f(T) is a C? injective
mapping with nonpositive Schwarzian derivative. Suppose x is an inte-

rior point in T'. Let L and R be two connected components of T'\ {z}.
Then

(a) |7 @ADN/IT] = (ISR IRNFLN/ILI),
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(3) 1f'(2)| 2 min{|f'(a)l, | F(B)]}.

Proof of Theorem 1.1. Suppose T is either [-1,0] or [0,1] and z is
either the right endpoint of Iy or the left endpoint of Io. Note that
Igo and Iy are the two intervalsin 1, adjacent to 1 and —1, respectively.
By (a) of Lemma 1.7, the derivative of f at « is greater than 2. Let ¢
be the minimum of 2, | f’(1)| and f/(—1). Then (b) of Lemma 1.7 says

the minimum value of |f’| on I U Ip is greater then or equal to c.

Suppose C; is the minimum of {|J|/|I|} for all pair (J,I) with
JcI,J€mnandl € n and all pair (J,I}) with J C I, J € 5,
and I € . Let K be the maximum of the Lipschitz constants of the

restrictions of f/ to Ipo and to Iye.

For any integer n > 2 and any pair (J,I) with J C I, J € 9,4, and
I € ,. Let J; and I; be the images of J and I under the i*® iterate of
ffor 0 £i<n—1. Note that I, is in 9, and J,,_; is in 3. There is
2 unique finite string w of zeroes and ones of length n — 1 such that the
restriction of g,, to I, is the inverse of the restriction of the (n — 1)t

iterate of f to I.
Remember that , contains four intervals Ipo, Io1, J11 and I o. Let
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us call Jgo the left interval, Ip; and I;; the two middle intervals and I1o

the right interval.

We divide the possible itineraries of the sequence of intervals {I;}7-)

into two cases. The first case is that there is no I; in the union of the
middle intervals. The second case is that some I} is in one of the middle

intervals.

In the first case, because the restrictions of f to the left interval and
to the right interval are expanding mappings with expanding constant
¢, the length of I,_; is bounded above by ¢~ for 0 < i < n. We use
the naive distortion lemma to show that the distortion |¢’,(z)|/|g. (¥)]
at any z and y in I,_, is bounded below by a constant Cj, where C; =
exp(~K/(c~1)). Because |JI/I1] = (192(z)1/1gt, @)))(|n-s)/|Ens]) for
some z and y in I,_,, we have that |J|/|I]| > C,C;.

In the second case, assume m is the largest positive integer such
that I, is in one of the middle intervals. We could divide this case into
two subcases according to m. One is that m is n — 1. The other is that

m is less than n — 1.

If m =n —1, then I,_, is one of the middle intervals. From Propo-
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sition 1.1, g, has nonnegative Schwarzian derivative. The C3 Koebe
distortion lemma says n(gu)(z) < 2/dj-1y(z) for any z in [-1,1].
Moreover, n(gy)(z) is less than 2/min(|Joo|, |I10]) for any z in I,_,.
Suppose C3 = exp(—2/ min(|Jool, |110})). The distortion |g.,(z)|/|g.(¥)I
of g at any z and y in I,,_; is greater than or equal to Ca. We get that
[71/M| = C1Cs because |J|/|I| = (lgi,(=)l/ |9l (¥))(Ja1l/|In-1]) for

some 2 and y in [,,.

If m < n—1, then I; are in one of the left interval and right intervals
for m < i < n — 1. Because I,_, is either the left interval or the right
interval, I,,41 has the critical value 1 as a boundary point and I,
has the critical point 0 of f as a boundary point. For the sequence
Ing1, oy In-1, no one of them is in the union of the middle intervals.
The same arguments as that in the first case say | Jm41|/|Ims1| = C1Cs.
Suppose J;, ., is the complement of the interior of Jin41 in Jn4y. Then
Jin41 18 also an interval in ,_m which is contained in In4;. The same
arguments say |Jj, .11/l Ins1] 2 C1Ca. Because Imyy = Jnga U Jhy,y,
we get |Jmy1|/|[Ims1] < 1 = C1C;. For the sequence Iy, - -+, I, the
last interval I, is in one of the middle intervals. Similar arguments

to that in the subcase m = n — 1 say |J|/|I| 2 Cs]Jmm|/|Im]. Because
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the restriction of f to I, is comparable with the power law mapping
z = |z|7, we have a positive constant Cy such that |J,,|/|Im| is greater
than both of Cy(|Jm+1|/m+1])/ and Cy(1 ~ (1 = [pys|/ | Ima[)*/7).
Let Cs be the minimum of Cy(C1C3)*/7) and Cy(1 — (1 — C1C3)1/7).

Then |J|/|I| Z Cs.

Let C be the minimum of the constants C,C;, C;C3 and Cs. The
constant C satisfies the requirement in the definition of bounded ge-

ometry. QED.
COROLLARY 1.1. Example 1.1 is on BH.

Proof. The proof follows from Theorem 1.1, Remark 1.1 and Remark

1.3.

Suppose M is [—1,1] or the circle $* which is [~1,1] glued at its
boundary points. A partition of M is a collection of intervals with
pairwise disjoint interiors such that the union of all intervals is M. We
say a piecewise monotone mapping F from M into itself is a Markov
mapping if there is a partition nr of M such that for every interval
in the partition, the continuous extension of the restriction of F to

the interval is an embedding and the image of this interval under the
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continuous extension of this restriction is a union of some intervals in
the partition. We call ny a Markov partition associated to F'. We note
that when we talk the value of F at a boundary point a of an interval in

7r we means either F(a—) or F(a+) according to different situations.

Suppose F' : M — M is a Markov mapping and np = {Io, -+, Ix}
is a Markov partition associated to F'. From the definition of a Markov
mapping, all the turning points and the jump points of F are boundary
points of some intervals in nr. We call the turning points and the jump
points of F' the singular points of F. For every I; in nF, let G; be the

inverse of the restriction of F' to I;. The domain of G; is F(I;).

Suppose w = iy - - iy, is a finite string of 0’s, - - -, k’s of length n + 1.
We say w is an admissible if the image of I;, under F contains I;,, for
all integers 0 < [ < n, In the other words, w is an admissible if and
only if the composition G, = G;, 0 --- 0 G;, is well-defined. For an
admissible finite string w, define I,, to be the image of F(J;,) under
Gy. We call the collection of the intervals I, for all the admissible
finite strings w of zeroes and ones of length n + 1 the n**-partition

of M determined by (F,nr) or just by F if there is no possibility for
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confusion. We denote this partition by 5, r or just by 5,. Suppose A,

is the supreme of lengths of the intervals in %,.

We call (F,nr) or just F a finite Markov mapping if nF contains

only finite intervals. Otherwise, we call F' an infinite Markov mapping.
We extend Definition 1.4 to Markov mappings.

DEFINITION 1.5. Suppose F is a finite Markov mapping. The sequence

of nested partitions {n,}>, determined by F' has bounded geometry if

there is a positive constant C such that for every positive integer n and
every pair (J,I) withJ C I, J € 9, and I € 5,4, the ratio |J|/|I| 2 C.
The largest such C is denoted as Cr and called the bounded geometry

constant of {Na}2, .
REMARK 1.4. The ratio |J|/|I| could be one.

We say a periodic point p of F' is topologically expanding if there
is a number § > 0 and an integer n > 0 such that for any interval
satisfying that p is a endpoint of this interval and the length of this
interval is less than §, the image of this interval under the n» iterate

of F' contains this interval.
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THEOREM 1.2. Suppose F is a piecewise C1, finite Markov mapping.
Moreover, suppose all the periodic points of F' are topologically ezpand-
ing. Then the sequence of nested partitions {n,}32, determined by F

has bounded geometry.

We prove this theorem through several lemmas. To state the first
of these lemmas, we define the notion of homterval. A homterval is an
interval of M such that all the iterates of F restricted to this interval

are embeddings.
LEMMA 1.8. The mapping F does not have any homterval,

Proof. Suppose F' does have a homterval and J is a maximal such
interval. Here maximal means that there is not a different homterval
containing this homterval. We use J,, to denote the image of J under
the n*® iterate of F for all n > 0. Let K; be the Lipschitz constant of
the restriction of F’ to I; in nr and K be the maximum of all K;. Let

¢ be the minimum value of |F’| on M.

For the sequence {J,}5.0, either they have pairwise disjoint interiors

or some of them are overlap.
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Suppose {J,}3%, have pairwise disjoint interiors. Then 332, |Ji} <
2. By the naive distortion lemma, [(F°")'(z)|/|(F°")(y)| £ C: for any
z and y in J and all n > 0 where C; = exp(2K/c). This implies that
[(Fo)(z)] < Ci|F°™(J)|/|J]| for all # in J and all n > 0. We claim
that there are two positive constants ¢ and Cj such that for any interval
T D J, if the restrictions of the it} iterate of F to T' are embeddings
for all 0 < i < n +1 and the lengths of the two connected components

of T'\ J are less than ¢, then
(i) Zho |F(T)| < 4,

(ii) |(Fert 1y () |(For+)(z)| < Cg for all z and y in T'.

We use the induction to prove (i) and (ii). For n is zero, (i) and
(ii) hold by choosing a constant C; > C, and positive constant € small

enough.

Suppose (i) and (ii) hold for all 0 £ n < N. Because the restriction
of the i** iterate of F to T' is embedding for every 0 < i < N, then
F*(T) is the union of three intervals F**(L), F°(J) and F*(R) for
every 0 < i £ N. The length of F*(T) equals |F*(L)| + |F*(J)| +

| F*(R)| which is less than |F°/(J)|(1 + 2¢/]J|) because of (ii) in the
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claim. Let ¢ be a positive number and less than |J|/(2C;), then
TN o |Fo(T)| is less than 4. We proved (i) in the claim for n = N.

Using the naive distortion lemma, we derive (ii) in the claimfor n = N.

Suppose T, is the maximal interval containing J such that the re-
striction of the n*! iterate of F to T}, is an embedding. Let L, and R,
be the two connected components of T, \ J. The lengths of R, and
L, (one of them may be empty set) go to zero as n goes to infinity
because J is a maximal homterval. Moreover, the lengths of F°*(R,)
and F°*(L,) go to zero as n goes to infinity because of (ii) in the claim.
This implies that the length of the image of JU L,, under the n** iterate

of F goes to zero as n increases to infinity.

One of the boundary points of F°*(J U L,) = J, U F°*(L,) is
either a singular point of F' or a boundary point of M. Remember
that every singular point of F is a boundary point of an interval in ng.
Because F permutes the set of the boundary points of the intervals in
nr, F maps eventually any boundary point of any interval in 5 to a
periodic point of F'. We can find a subsequence {n;} of the integers

such that J,, UF°®™(L,,) goes eventually to a periodic point of F'. This
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periodic point cannot be topologically expanding. This contradicts the

assumptions on F'. Hence some J; have to be overlap.

Suppose J, and J, are overlap for some integers m > n > 0, that
is, the intersection of J,,, and J, is a nontrivial interval. Let k = m —n.
Because the restriction of the k* iterate of F' to JyUJp is an embedding,
Ji and Jp are overlap. By the same reason, Jix and Jj;_;) are overlap
for all integers [ > 0. Let P be the union of Jy_,)x where ! runs over
all positive integers. Then P is a nontrivial interval. The restriction of
the k** iterate of F to P is an embedding and the image of P under F
is in P. The k** iterate of F' must have a nonexpanding fixed point in

P. This contradicts the assumptions on F. QED.

COROLLARY 1.2. The mazimum length of the intervals in 5, goes to

zero as n goes to infinily .

Proof. If not, there is a positive constant ¢; with the following property:
for every positive integer n, there is an interval J,, in 5, such that the
length of J, is greater than €y. Because M is a compact space, we can
find a subsequence {J;,;} such that it tends to an interval J. The length

of J is bigger than or equal to €. There is a little small interval in
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J such that J,, contains this interval for i large enough. This implies
that all the iterates of F' restricted to this interval are embeddings.

This contradicts the previous lemma. QED.

Using similar arguments to the proof of Lemma 1.8, we can still

prove the following property for an infinite Markov mapping.

LEMMA 1.9. Suppose F is a piecewise C''! mapping and an infinite
Markov mapping. Moreover, suppose all the periodic points of F are
topologically expanding and F maps eventually every point, which is
either a singular point of F' or a boundary points of M, to a periodic

point of F. Then F' does not have any homterval.

Let us go on to consider the finite Markov mapping F' in Theorem
1.2. Suppose J is an interval in 5,. Let J,,_; be the image of J under
the i** iterate of F for 0 < i < n. Notice that Jp is in g and J, is J.
There is a unique admissible finite string w of 0’s, - - -, k’s of length n
such that the inverse of the restriction of the n** iterate of F to J is
the restriction of G, to Jo. Next lemma actually means that for any
periodic point of F with large period n, the inverse of the n** iterate

of F is a contracting mapping on a neighborhood of this periodic point
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and the neighborhood has definite size.

LEMMA 1.10. There is an ny > 0 such that for any integer n > n,
and J in 9, if Jo, J1, -+, Jo have pairwise disjoint inleriors, then the

mazimum value of the restriction of |G| to Jo is less than 1/2.

Proof. Suppose C} is the minimum length of the intervals in ng. Let
K be the maximum of the Lipschitz constants of the restrictions of F
to I; in 5 for 0 < ¢ < k and ¢ be the minimum value of |F'| on M. By
the naive distortion lemma, |G, (2)] < exp((K/c) T 0 |JiD]Jnl/ | Jo| for
any z in Jo because J,, = G,,(Jp). Choosing n, is a positive integer such
that A, is less than C,/(2exp(2K/c)) for all n > n; since A, < |J5]
and |Jp| 2 €. The maximum value of the restriction of |G| to Jp is

less than 1/2. QED.

Let 7, be the inverse of the minimum of the absolute values of the
eigenvalues of F' at the periodic points whose periods are less than
n1 + 1. The number 7; is less than one because there are only finite
many such periodic points. Suppose n and ng are two positive integers
and J is an interval in f(n4ny). Let Ju—; be the image of J under the it

iterate of F for 0 < ¢ < n. The interval Jy is in 9,, and J, is J. There
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is a unique admissible finite string w of 0's, .- -, k's of length n such
that the inverse of the restriction of the n** iterate of F' to J is the
restriction of G to Jo. Suppose 7 is a constant which is greater than
both of 1/2 and 7; and less than one. Next lemma extends Lemma

1.10 to all the periodic points.

LEMMA 1.11. There is an integer no > 0 such that for any periodic
point p of period n of F and the interval J in 9(u4ny) which contains p,

the mazimum value of the restriction of |G| to Jy is less than .

Proof. If n > n,, then the maximum value of the restriction of |G/,| to

Jo is less than 1/2 for all ng > 0 because Lemma 1.10.

Suppose n < n,. Because |G, (p)| is less than 7 and G, is a con-
tinuous function, we can find an positive integer n, such that for the
interval J in nn4n, which contains p, the maximum value of the restric-

tion of |G",| to Jp is less than .

Let no be the maximum of n;, and {n,} for all periodic points p

whose periods are less than n, + 1. It satisfies this lemma. QED.

We say a sequence of intervals {Jy, Ji, - - -} is a sequence of backward
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images of Jp under F if the restriction of the n** iterate of F to J,
embeds J, onto J,._; for any n > 0. Let G, be the inverse of the
restriction of the n* iterate F to J,. We note that for any n > 0, G,
is the restriction of G, to Jp for some admissible finite string of 0's,

+++, k's of length n.

LEMMA 1.12. There is a positive constant C such that for any Jy in
Tno and any sequence of backward images {Jo, J1, - -+} of Jo under F,
(a) |Gi(2)|/1G, ()] £ C for all x and y in Jy and n > 0, moreover,
(d) T2, |IGL(z)| £ C for all z in Jo.

Proof. The naive distortion lemma says |G/, (z)|/|G" (y)| is bounded
above by exp((K/¢) =04 |/i|) for any z and y in Jo.

For the sequence of backward images {Jo, J1,::-} of Jy under F,
either they have pairwise disjoint interiors or some of them are subin-

tervals of others.

If {Jo, J1, -+-} have pairwise disjoint interiors, then 353 |J/i| <
2. There is a positive constant C; = exp(2K/c) such that the ratio

|GL(2)|/|G4(y)]| < C, for all z and y in Jp and n > 0.
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Suppose some of {Jo, J1,--} are subintervals of others. Let m be
the positive integer such that Jy, - - -, Jin-1 have pairwise disjoint inte-
riors and J,, is a subinterval of J; forsome 0 <k <m. Let [ =m —k.
There is a period point of period { of F in J,,. From Lemma 1.11, |J;,| <
7T|Jik|. The same reason implies that |J;ipipm| < 7|Ji—1)i4ism| for all
J>0and 0 <¢<I-1. Now we can get that 32, || < 2/(1—7)+2.
Let C; = exp((K/e)((2/(1 — 7)) + 2)). Then |G, (z)/IG,()| < C: for

all z and y in Jp and n > 0.

Suppose Cj is the minimum length of the intervals in n,,. Then
|G4(z)] £ (C2/Cs))Jn} from the naive distortion lemma. Moreover,

T2, G (z)| < C = (Ca/C3)(2/(1 — 7)). QED.

Proof of Theorem 1.2, Suppose ,, is the minimum length of the inter-

vals in 7,. Let C, be the minimum of g1/, for all 0 < n < ny.

For any integer n > 0 and any pair (J,I) with J C I, J € fpp1
and I € n,. If n < ng, then |J|/|I| 2 Ci. Suppose n > ng. Let
Jo and Iy be the images of J and I under the (n — no)t* iterate of
F and G, be the inverse of the restriction of the (n — ng)** iterate

of F to I. The intervals Jy and I, are in %,,41 and 7,,, respectively.
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From Lemma 1.12, we get that [J]/|I]| = C|Jo|/|fo| 2 CC, because
[JI/H = (|Ga(2)|/IGn(y)|)|Jnl/|1n] for some z and y in I,. QED.

COROLLARY 1.3. Ezample 1.2 is on BH.

Proof. Because the corresponding change of coordinate k., is smooth
at the interior points of [—1,1}, all the periodic points of f in the
interior of [—1, 1] are expanding. Lemma 1.1 says —1 is an expanding
fixed point of f. From Theorem 1.2, the sequence of nested partitions
determined by f decreases exponentially because every interval in the
n'h-partition contains the two intervals in the (n +1)**-partition. Then
from Lemma 1.3, the sequence of nested partitions {5,}22, determined

by f decreases exponentially. QED.

In Theorem 1.2, the condition that F is C''! can not be weakened to
the condition that it be C'*+= for 0 < a < 1. It is enough to weaken the
C*'! condition of Example 1.2 to construct a counterexample similar to

the Denoy counterexample in the theory of circle diffeomorphisms (see

[D] or [H]).

CONSTRUCTION OF THE COUNTEREXAMPLE
Suppose § : y — 1 — 2|y| is the piecewise linear mapping. Let zo be
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a point in [~1,1] such that the forward images of zo under § is dense
on {-1,1]. Let z,, be the image of o under the m* iterate of § for any
positive integer m. Suppose go and g, are the inverses of the restrictions
of § to [-1,0] and to [0, 1], respectively. Suppose w = iy - - i, is a finite
string of zeros and ones. Let g,, be the composition, g,, = ¢;, 0---0g;,..
Let z,(w) be the image of z,, under g, for every nonnegative integer

m and every finite strings w of zeros and ones.

Suppose « is a nonnegative number and less than one. For all inte-
gers m > 0 and finite strings w, we choose a nontrivial intervals I,,(w)
containing z,, (w) such that {I,(w)}m,w are pairwise disjoint intervals,
Tow lIn(w)| = 2 and 3,  [Im(w)[* = +00. For a pair z,,(w) and
('), if §(zm(w)) = zm(w’), then we construct a C'** diffeomor-
phism f;, ., from I,.(w) to I.+(w’). The mapping f, ., satisfies that (1)
the a-Hélder constant of its derivative is bounded above by a fixed con-
stant, (2) its derivative is piecewise monotone, (3) the maximum value
of its derivative is less than a fixed constant and (4) the derivatives at
both boundary points of I,, ., are greater than one. We construct such

fmaw uch that its derivative f,’,,,u, has the same sign as that of §'(zm ).
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The mapping f from Uy, o], » to itself is defined as fo(z) = f, w(2)
for z in I, ... Let f be the unique continuous extension of fy to [—1, 1].
From the construction of f,, we can make that 0 is the unique turning
point of f and the restrictions of f to [—1,0] and to [0,1] are C'+

embeddings.

Let f=hlo fo k., with 4 > 1, It is a C**7 mapping and has the
power law |z|” at the critical point. Moreover, all the periodic points of
f are expanding. Because f hag a homterval, it is not on the boundary

of hyperbolicity. QED..

There is only one topological conjugacy class on the boundary of
hyperbolicity. This means that for any pair f and g on BH, there is a
unique homeomorphism A from the interval [—1,1] to itself such that
g = ho foh-l. The homeomorphism h can be constructed from the
sequences of nested partitions {n, ¢}}2 and {n.,}133 determined by
f and g. In the other words, h is determined by the following rules: it
maps the intervals in 5,4 to the intervals in 5, ; preserving the order of
intervals. The following sections are devoted to study some geometric

properties of the mappings f, ¢ and h.
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§1.3. Quasisymmetric classification of BH.

A homeomorphism H from an interval to itself is quasisymmetric

if there is a positive constant C such that for any pair z and y in the
interval, |H(z) — H(2)|/|H(y) — H(2)| is bounded above by C where 2

is the middle point of z and y.

THEOREM 1.3. For any pair f and g on BH, the conjugating mapping

h between f and g is quasisymmetric.

To prove this theorem, we develop a tool which we call the (a + v)-
Koebe distortion lemma. This lemma has a generalization, Lemma

2.7, which is for a family of mappings and which we call the uniform

(a + v)-Koebe distortion lemma.

Suppose f is a self mapping of [-1,1] with unique critical point.
Assume that f has the power law |z|* with 4 > 1 at the critical point
0, f maps 0 to 1 and maps —1 and 1 to —1. Suppose the restrictions
of f to [-1,0) and to [0,1] are C'** embeddings for some 0 < a < 1.
Remember that 7, is the first partition determined by f and contains
four intervals Ioo, Io1, J11 and I1p. Suppose z and y are two points in

one of these four intervals. Let Jy be the interval bounded by z and
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y and 8(z,y) = {Jo,J1,-*} be a sequence of backward images of J,
under f, that is, the restriction of f to J, embeds J, onto J,-; for all
n > 0. Let g, be the inverse of the restriction of the n* iterate of f to
Jn. Note that for each n, there is a finite string w of zeroes and ones
of length n such that the restriction of g, to Jp is g,. We define the
distortion of the n** iterate of f along 6(z,y) to be |g.(z)|/|g4(v)|- Let

d;, be the distance from {z,y} to {—1,1}.

LEMMA 1.13 (the (a++)-Koebe distortion lemma ). There are positive
constants A, B and C such that for any pair z and y in one of the
intervals in ), and any sequence O(z,y) = {Jo, 1, -} of backward
images of Jo under f, the distortion of the n** iterate of f along 6(z,y)

satisfies

e o G 3
o)) = S A+ B+ %) 3 i)

Jor all positive integers n.

Proof. The second partition n; determined by f contains eight inter-
vals. The two of them adjacent to 0 are Ip¢ and ;9. We call these
two intervals the middle intervals. The union of other intervals in 1,

consists of two intervals. We call them the left interval and the right
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interval (see Figure 9).

Tooo Toon ITonn Tore Tro T11x Thor Jaoo
| I [ | LN ¥ | T 1 1

— A
left middle right
Figure 9

Since we are assuming that f is C1**, the restrictions of f to the
left interval and to the right interval are C'*7 embeddings because of
Remark 1.2. Let K be the maximum of the (e/+)-Hélder constants of
the derivatives of these restrictions, that is, | f'(z)~f'(y)| < KiJz—y|*/”
for all pair z and y in the left interval and for all pair # and y in the
right interval. Let ¢; be the minimum value of |f’| on the union the

left and right intervals.

The restrictions of f to the images of the middle intervals under k.,
are C'** embeddings by the assumption. Let K; be the maximum of
the a-Hélder constants of the derivatives of these restrictions. Let ¢
be the minimum value of | /'] on the image of the union of the middle
intervals under h,. Remember that at the turning point, f has two

one-sided derivatives.

The restriction of k., to the union of the middle intervalsis C*!. Let
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K3 be the Lipschitz constant of the derivative of this restriction and ¢3

be the minimum value of h’,, on the union of the middle intervals.

Let z; and y; be the images of z and y under g;. Then z; and y; lie

in the same interval in %4, for 1 > 0. For every integer n > 0,

9a(2)/9.(¥) = (S*Y (4a)/(F°"Y (zn)-

By the chain rule, the ratio (f°*)'(yn)/(f°") (=) equals the product of
ratios f'(ya—:)/ f'(zn-:) where i runs from 0 to n — 1. This product can

be factored into two products,

II F@)/f'(z:) and I @)/ f(=).

zi,wELR zi €M

Here LR stands for the union of the left and right intervals and M
stands for the union of the two middle intervals. Note that the subscript

¢ in the products are positive integers and less than n + 1.

Using the naive distortion lemma, we can show that the absolute
value of the first product [];, ,.err f'(¥:)/ f'(:) is less than or equal to

dy = exp((K1/e1) T,y [4]7).

The second product [1, ,.em f'(¥i)/ f/(z:) can be factored into three
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factors,

FO) _ oy M) Flha@)) 1 W)
tulleM f’(.‘t.) i EM h' (:B.) c.;.IEM f’(h‘v(zs)) si,}iIeM 1(f(y‘))

By the naive distortion lemma again, we can show that the absolute
value of the first factor is bounded above by d; = exp((K3/c3) T, |Jil)

and the absolute value of the second factor is bounded above by d3 =

exp(((K§K32)/e2) Tiey | i|*)-

The third factor can be factored again into two products,

R IC0) (1= @)™
e ™ L e

Because r; and y; are in one of the two middle intervals, then f(z;) =
z;—1 and f(y;) = yi-1 are in Ijo which is the interval in n; adjacent
to 1. This implies that the first of these product is bounded above by

dy = exp(1/y* T3 1)

To control the second of these products, we write

1— fly:) _ f(z.) f(w:)
l—f(ﬂ?i) 1— f(x:)

for all pair z; and y; in M.

Suppose ko is the smallest positive integer such that zx, and y;, are
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in M. We may consider kp in two cases. The first case is that kp = 1

and the second case is that &y > 1.

In the first case, the images of x4, and yi, under f are z and y. We

have that
|f (i) = £l _ |z =3l _ 1ol

11— flzx)| 1—2| = dgy

In the second case, the intervals J; for 0 < ¢ < ky are in the union
of the left and right intervals. The interval Jy, which is bounded by
z and y, and the interval bounded by —1 and z are the images of
the interval Ji,.1, which is bounded by f(zx,) and f(yi,), and the
interval bounded by 1 and f(zi,) under the (ko — 1)** iterate of f,
respectively. We get that |z — y|/|f(zx,) — Fyk,)| = (foP~1Y(8) for
some 0 in Ji—1 and |1 4+ z|//|1 = f(zk,)| = (fo~1Y(n) for some 75 in
the interval bounded by 1 and f(z4,). By the naive distortion lemma,

1(FoRo=0) (n)|/|(fot*—1)'(8)] is bounded by dy. This implies that

HEMEFITS] |z —y| |Jo)
M- )l = 1Fs S%d,

For any k > ko with z; and y; in M, let { be the smallest positive

integer such that z;; and yx.; are in M. The interval J;..;, which is
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bounded by zx_; and yi-i, and the interval bounded —1 and z,.; are
the images of the interval Ji_,, which is bounded by f(zx) and f(yx),
and the interval bounded by 1 and f(x;) under the (I — 1)** iterate of
J, respectively. We get that |zx—1 — yi—i|/|f(zs) = F(we)| = (F°U-1)(6)
for some & in Ji—y and |1 + zx_1|//I1 — f(zx)| = (f°¢-V)(n) for some
1 in the interval bounded by f(zx) and 1. By the naive distortion
lemma, J(f°U-DY(p)I/I(f°¢-1)(8)] is less than or equal to dy. This

implies that

|f(zx) — flys)l <d |2e—i = yr—il
11— f(z)l s 11+ 24|

Because zi-; is in one of the middle intervals, 1 + x;_; is greater than

the length of Iog which is the interval in 5, adjacent to —1. Then

|f(zx) = f(yk)| IJk i
11— f(ze)l |I ™

Now we have that

(1= f(w:))™ f))? <o d,|Jo| 4 &
I e e T i DRl

i=1
We put all the estimations together. Because ™0, |Ji|*, 10, |4,
"3 |Ji] and X%, |Ji] are less than or equal to "% 4 ]Ji|7, we proved
this lemmaand A = Ky /e, +(KgK2)/ea+ K3fes+1/7*, B = 1/(v*|Too])
and C = 1/4*. QED.
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COROLLARY 1.4. Suppose f is on BH. Then there are positive con-
stants D and E such that for any = and y in one of the intervals in
m and any sequence 8(z,y) = {Jo,J1,*+:} of backward images of Jo

under f, the distortion of the n** iterate of f along 0(z,y) satisfies

l94(2)] E
@] =P+

for all positive integers n.

Proof. Because f is on B'H, there are two positive numbers C; and
A < 1 such that |J;] < C, X for all integers ¢ > 0. Then T, |Ji] is less
that C3 = Cy/(1—)) and Y%, | /|7 is less that C3 = Cy /(1 — A7). We
use D to denote (A + BC;)C3 and E to denote CCs, where A, B and
C are the constants in the previous lemma. Now it is easy to see this

corollary. QED.

LEMMA 1.14. Suppose f is a mapping on BH. Then the sequence of

nested partitions {1,152, determined by f has bounded geometry.

Proof. The proof of this lemma is similar to the proof of Theorem
1.1. The condition that the sequence of nested partitions {n,}2, de-
termined by f decreases exponentially plays the same role as the ex-

panding condition of the restrictions of f to the left interval and to the
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right interval plays in the proof of Theorem 1.1. Corollary 1.4 plays
the same role as that C3-Koebe distortion lemma plays in the proof of

Theorem 1.1. QED.

Proof of Theorem 1.3. Suppose C; and C, are the bounded geometry
constants for the sequences {n,}2, and {7n,}2,. For any pair z
and y in [—1,1], let n be the largest positive integer such that there
is the interval I,, in 9, s which contains both z and y. Suppose .00,
Iuo1, Tun1 and Iy are the intervals in 5,42 which are contained in
I, (see Figure 10). We call I,,0; and JIy11 the middle intervals and 7,00

and I the left and right intervals.
I, I,

L 1 L | ] or [ I | (] 1 ]
Iwoo Twor Tuna Twio Tuio Tuir Tuwor Tuoo

Figure 10

We may assume = < y and consider # and y in two cases according
to the positions of z and y in I,,. The first case is that one of them is
in one of the left and right intervals. The second case is that both of

them in the interiors of the union of the middle intervals.

In the first case, the interval bounded by z and y contains one of the

middle intervals. This implies that the ratio of |z —y| to |I.,| is greater
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than or equal to C7 by the property of bounded geometry. We can find
a positive integer k which only depends on Cy such that in 9,44 s, there
are two intervals J) C [z, 2] and J; C [2,y]. Then h(J1) and h(J3) are
in fu4x, and h(Jy) C [h(z), h(2)] and A(J2) C [A(2), h(y)]). Because
the interval bounded by A(z) and A(y) is also contained in h(l,), we
can find a positive constant C; which only depends on C; and C, such

that Cr" < [h(2) — h(2)|/|h(2) — h(y)] < C).

In the second case, let p be the common end point of the two middle
intervals. For any i > 0, let L; be the interval in 1(n4:),s which is
adjacent to p and in I,01 and R; be the interval in n(n4s,; which is
adjacent to p and in I,y;. Suppose [ is the largest positive integer such
that L; contains one of £ and y and m is the largest positive integer
such that R, contains one of ¢ and y. Assume [ € m (if I > m, the
proof is same). We call L; and R; the central intervals. Under the
(n 4 1) iterate of f, I, is mapped to [—1,1], p is mapped to 0 and L;
and R; are mapped to the two intervals in n;_,),y adjacent to 0. Let L,
and R, be the images of the central intervals under the (n 4 1)* iterate
of f. Note that [ is greater than one in this case and L. and R, are in

the union of the middle intervals I, and Iy, in , ;. The restriction of
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f to the union of L. and R, and the restriction of g to the image of the
union of L. and R, under A are comparable with the power law mapping
|z]. |z|”, respectively. We can find a positive constant C; such that
C7! < |L|/IR:| € Ci and C;t < |A(L.)|/|h(R,)| < C; because the
images c;f L, and R, under f are same and the images of h(L.) and
h(R.) under g are same. The union of L. and R, and the image of this
union under h are far to the boundary of [—1, 1], that is, the distances
from this union and the image of this union under k to {—1,1} are
bounded below by |I10| and |h(]10)|, respectively. By Corollary 1.4, we
can find a positive constant Cs such that C;! < |Li)/|Ri| < Cs and
C3! < |h(Li)l/|h(R:)] £ Cs. Moreover, we can find a positive constant
Casuch that |R;| < Cy|Ly| and |h(R;)| < Cy|h(L:)| for all ¢ > I by using
the property of bounded geometry. This implies that there is a positive
constant Cs such that C5'|Li| < |z — y| £ C5|Ly| and C5th(Ly)| <
|k(z) — h(y)| < Cs|h(Li)|]. Using the property of bounded geometry
again, we can find a positive integer ¥ which only depends on Cy such
that in 74,7, there are J; C [2,2] and J; C [2,y]. The intervals k(J;)
and h(J;) arein miyr g and h(Jy) C [h(z), h(2)] and h(J3) C [(2), k()]

Finally, we can find a positive constant Cg which only depends on C;
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and C, such that Cg! < |h(z) — h(z)}/|h(2) — A(y)] < Ce. QED.
§1.4. C'*¢ classification of BH.

The conjugating mapping h between f and g is usually not a diffeo-
morphism because f has a lot C''-invariants, for example, the eigenval-
ues of f at the periodic points, the power law and the asymmetry of f
at the critical point. A question is that do all these C''-invariants form
a complete set of C'-invariants for dynamical systems on the bound-
ary of hyperbolicity? Next theorem gives an affirmative answer to this

question.

Recall that the asymmetry of f at the critical point is the limit
of f'/(—z)/f'(z) a8 = decreases to zero and the eigenvalue of f at a

periodic point p of period n is e;(p) = (f°")'(p).

Suppose f and g are on BH and the restrictions of f and § to [—1,0]
and to [0,1] are C'*+* embeddings for some 0 < o < 1. Let h give the

quasisymmetric equivalence between f and g.

THEOREM 1.4. The conjugating mapping h is a C'**-diffeomorphism

Jor some 0 < € < 1 if and only if es(p) = e,(k(p)) for all the periodic
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points p of f and f and g have the same power law and the same

asymmetry at the critical point.

A C'-invariant on BH is an object associated to f on BH which is
the same for f as for ho foA~? whenever h is an orientation preserving

C'-diffeomorphism.

COROLLARY 1.5. The eigenvalues at all periodic points, the power
law and the asymmelry at the critical point form a complete set of

C'-invariants on the boundary of hyperbolicity .

REMARK 1.5. These invariants are optimal to form a complete set of
C'-invariants on the boundary of hyperbolicity. In fact, we can find
two mappings f and g on BH such that (1) f and g have the same
eigenvalues at the corresponding periodic points and the same power
law at the critical point and (2) f and g have different asymmetries at
the critical point. We also can find two mappings f and g on BH such
that f and g have the same eigenvalues at the corresponding periodic
points and the same asymmetry at the critical point and (2) f and g

have different power laws at the critical point.

In order to construct these counterexamples f and g, which satisfy
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(1) and (2), respectively, we let f(y) = 1—2|y| oh [-1,1]. Suppose k is
a function on [—1,1] satisfying that h(y) = 3y + 1 for -1 <y < 0 and
h(y) = ly + 1 for 0 < y < 1 in the first case and satisfying that b is
C' on [~1,1] and R(y) = (1 + y)* for 1+y small enough in the second
case. Let § =hofoh'andg = hyogohjl. Let f(z) =1 — 222
Then f and g for v = 2 satisfy (1) and (2) in the first case and f and
g for v # 2 satisfy (1) and (2) in the second case.

Let h gives the quasisymmetric equivalence between f and g in both
cases. Then k is not C*-diffeomorphism on {—1,1]. In the second part
of this thesis, we also show that the scaling function plays the same
role as the eigenvalues and the power law at the critical point play
together here (see Corollary 2.4). There the scaling function and the
asymmetry at the critical point are optimal to form a complete set of

C? invariants on the boundary of hyperbolicity too.

Theorem 1.4 is a corollary of the more general Theorem 1.5 which

states for Markov mappings.

Just as in §1.2, M is the interval [—1,1] or the circle S, F is a

Markov mapping from M to itself and np = {Iy, -+ I1} is a Markov
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partition associated to F. Suppose the restriction of F to each I; is
a C't* embedding and F is an expanding mapping, that is, under an
appropriate smooth metric on M, the minimum value of |F'| on M
is greater than 1. We call such F' a C'** expanding Markov map-
ping. Recall that we call the turning points and the jump points of
F the singular points of F. For each singular point a of F, the ratio
F'(a—)/F'(a+) is a C'-invariant. Here a C'-invariant means again an
object associated to F which is the same for F as for H o F o H!
whenever H is an orientation preserving C'-diffeomorphism. We call
the ratio F'(a—)/F'(a+) the asymmetry of F at a and denote it by
svp(a). Recall that the eigenvalue of F at a periodic point p of period
n is ex(p) = (F°")'(p). Suppose G is also an C*** expanding Markov
mapping and topologically conjugate to F' by an orientation preserving
homeomorphism H from M to itself, that is, G = HoFo H-1. We call
H the conjugating mapping between F and G. If F and G are also fi-
nite Markov mappings, then we can prove that H is quasisymmetric by
similar arguments to the proof of Theorem 1.3 because the sequences
of nested partitions determined by F and G have bounded geometry

(compare to Theorem 1.2). Moreover, we prove the following theorem.
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THEOREM 1.5. Suppose F and G are finite, C1** expanding Markov
mappings and the restriction of F' to every interval in ng embeds this
interval onto M. The conjugating mapping H is a C'** diffeomor-
phism from M to itself if and only if ep(p) = ec(H(p)) for all periodic

points p of F and svp(a) = svg(H(a)) for all singular points a of F.

First, we prove a lemma. Suppose F' and G are C** expanding
Markov mappings (allowed to be infinite Markov mappings) and H is
the conjugating mapping between F' and G. We say H is an absolutely
continuous conjugacy between F' and G if it is non-singular with re-
spect to the Lebesgue measure m, that is, m(X) = 0 if and only if
m(H(X)) = 0. For example, if H and H-! are Lipschitz continuous,

then H is an absolutely continuous conjugacy.

LEMMA 1.14. Suppose H is an absolutely continuous conjugacy be-
tween F and G. If H is differentiable at an interior point of M which
is not singular point of F' and at which the derivative of F' is nonzero,

then the restriction of H to each interval of nr is a C'** embedding.

Proof. Suppose % is the interior point of M at which F is differentiable

and the derivative of F' is nonzero. Because ¥ is not a singular point
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of F';, H(%) is not a singular point of G too.

Using the equation, H o F = G o H, we can show that H is differ-
entiable at any point in the grand preimage of F under F which is the
set U2 o F~"(Z). For every z # ¥ in the grand preimage of ¥ under F,

n=0

by the chain rule, we have that
H'(F(z))F'(z) = G'(H(2))H'(2),
and furthermore, the derivative of H at z is nonzero.

Consider an interval in np. Let z and y be any two points in the
intersection of this interval and the grand preimage of F' at ¥ and Jp
be the interval with boundary points = and y. Suppose {Jo, Ji, -+-} is
a sequence of backward images of Jy under F), that is, the restriction
of F to J, embeds J, onto J,_; for all positive integers n. We use z,
and y, to denote the boundary points of J,,. Then H is differentiable

at r, and y, because they are in the grand preimage of T under F.

For any integer n > 0 and any boundary point z of J,, applying

the function logz to H'(F(z))/H'(z) = G'(H(2))/F'(z), we get
log |H'(F(z))| — log |H'(2)| = log |G'(H(2))| — log | F'(z)|.
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We add the last equation over all integers n and all boundary points z

of J, to get that
|log | H'(zo)| — log | H'(30)]| =

I i(loyIG'(H (2n))| — log |G'(H (yn))|) + (log | F'(zn)] — log | F'(yn)|)I-

n=0

Because the derivatives of F' and G are a-Holder continuous and the
minimum value of |F’| and |G’| on M is nonzero, we can find a positive

constant C; such that

|0 | H'(z0)] — log |H"(yo)l] < Cs 3 (1H(2n) — H(ya)I + Iza — yal®).

n=0
The sequences {Jo,J1, -} and {H(Jo), H(/1), +--} are sequences of
backward images of Jo and H(Jp) under F and G, respectively. By the
expanding property of F' and G, there are two positive constants C;
and A < 1 such that |H(J;)| < C2X|H(Jo)| and |} < CoAé|Jp|. We

can find a positive constant C; such that

|log | H'(z)| ~ log [H'(y)I] < Ca(|H(Jo)|” + ol”).

Because H is uniformly continuous on M, from last inequality,
log | H'| i8 uniformly continuous on the intersection of this interval and

the grand preimage of ¥ under F. It can be extended to a continuous
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function on this interval. Moreover, the derivatives of H on the inter-
section of this interval and the grand preimage of ¥ under F' can be
extended to a continuous function on this interval. This continuous ex-
tension is the derivative of the restriction of H to this interval because
H is an absolutely continuous conjugacy. Hence the restriction of H

to this interval is C1.

Now the inequality, | log |H'(z)|-log|H'(y)|| < Cs(JH(Jo)|*+]Jo|*),

says the restriction of H to this interval is a C'+* embedding. QED.

Proof of Theorem 1.5. The “only if” part is obvious. We give a proof

for the “if” part.

For any positive integer n and any interval I in 5, r, the restriction
of the (n + 1)* iterate of F to I embeds I onto M. There is a periodic
point p of F in I. The image of p under H is also a periodic point of

G in the image of I under H.

Consider the ratio |H(I)|/|1]. It equals |(G°*+)Y/({)|/|(Fetn+DY (£))
for some { in I and some { in H(I) because both images of I and
H(I) under the (n + 1)** iterate of F and G are M. The naive

distortion lemma says there is a positive constant C' such that both
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[(FeC+0)Y (p)/|(For+Y(€)] and [(Go+DY(O)I/I(G+MY(H(p))] are
bounded above and below by C' and C'~1, respectively. Because er(p) =

ec(H(p)), |H(I)|/|I| is bounded above and below by C? and C-32,

For any z and y in M, the interval bounded by z and y can be
written in a union of intervals {I;} where each I; is an interval in
7, F for some positive integer n;. The set {I;} may consists of either
finite intervals or infinite intervals. The ratio |H(z) — H(y)|/|z — y| is
bounded above and below by C? and C—2 because each ratio |H(L;)]/|1i]
is bounded above and below by C? and C~2. Hence H and H™! are
Lipschitz continuous. Moreover, there is an interior point of M which is
not a singular point of F' and at which F is differentiable with nonzero
derivative. From the previous lemma, the restriction of H to each

interval in pp is a C1** embedding.

Suppose I is an interval in nr and a is a boundary point of I.
Assume a is not a boundary point of M. Let a¢ be one of the preimage
of a under F. Then aq is an interior point of an interval in yg. By
the chain rule, H'(a+) = H'(ao)G'(H(e)+)/F'(a+) and H'(a—) =

H'(ao)G'(H(a)-)/F'(a—). If a is not a singular point of F, then it is
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easy to see that H'(a+) = H'(a—). Suppose a is a singular point of F.
The condition svr(a) = svg(H(a)) implies that G(H(a)+)/F'(a+) =
G(H(a)-)/F'(a—). Moreover, H'(a+) = H'(a—) and H is a C'*
diffeomorphism from M to itself because F has only finite singular

points. QED.

COROLLARY 1.6. Suppose F and G are C'! ezpanding Markov map-
pings and the restriction of F' to every interval of np embeds this
interval onto M. The conjugating mapping H is a C'! diffeomor-
phism if and only if er(p) = eq(H(p)) for all periodic points of F and
svp(a) = svg(H(a)) for all singular points of F regardless of F' and G

are finite or infinite Markov mappings.

REMARK 1.6. The condition, the restriction of F to every interval in
nr embeds this interval onto M, guarantee that the periodic points of F
are dense on M. For a finite, C'* expanding Markov mapping whose
periodic points are not dense on M, we still can use a new geometric
invariant, the scaling function for this Markov mapping (see [J2] or the
second part of this thesis), to character the smooth conjugacy class

of this Markov mapping. Actually, by using similar arguments to the
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proof of theorem 1.5, we can prove that for any finite, C'+* expanding
Markov mappings F and G, the conjugating mapping H is a C'*
diffeomorphism if and only if they have the same scaling function and

the same asymmetry at any singular point.

Proof of Theorem 1.4. The proof of the “only if” part is easy. We give

the proof of the “if” part.

Suppose F = f, G = § and H = h,oho h:! is the topological
conjugacy between F' and G. Using similar arguments to the proof
of Theorem 1.5, we can prove that H is a C'** diffeomorphism from

[—1,1] to itself.

For any z in [—1,1], let y be the image of = under k.. Applying the

chain rule to H = k., o0 h o h3!, we get that

K(=) = H'(y)(1 - (b3 (HE)))™ /(1 - (b @)
From this equation, we can get that that 4’ is (a/~y)-H6lder continuous

on [—1,1]. In the other words, A is a C'** diffeomorphism from [—1,1]

to itself where € > afv. QED.

REMARK.1.7. By some discussions on the relation between the smooth-

ness of f and g and the smoothness of f and § (see Lemma 1.1, Lemma

3




1.2, Remark 1.1, Remark 1.2, (EQ 1.1) and (EQ 1.2)), we may show
that if f and g on B satisfy that (1) f and ¢ have the same power
law |z|* with 4 > 1 and are C'**' for some 0 < o’ < 1 and (2) there is
a neighborhood U of 0 such that the restrictions of ry = f'(z)/|z|*"?
and r, = ¢'(z)/|z[""? to U N [-1,0) and to U N (0,1] are of-Hdlder

continuous for same o/, then € = o in Theorem 1.4.

§1.5. Invariant measures for mappings on BH.

Suppose p is a measure on [—1,1] and f is a mapping defined on
[-1,1]. We say g is an f—invariant if u(f~1(A4)) = p(A) for all the
Lebesgue measurable subsets in [—1,1]. We say p is absolutely con-
tinuous with respect to the Lebesgue measure if 4 = [ p(z)dx for a
nonnegative Lebesgue measurable function p. We call p the density
function of u. We say p is a probability measure if u([—1,1]) = 1. If
a probability measure pu is absolutely continuous with respect to the

Lebesgue measure and f—invariant, then we call it an absolutely con-

tinuous f-invariant measure,

Suppose f is on BH, the derivative of f is piecewise a-Hblder con-

tinuous for some 0 < a < 1 and f has the power law |z|* with vy > 1
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at the critical point. Remember that 4* is the dual number of 7.

THEOREM 1.6. The mapping f has a unique absolutely continuous
f—invariant measure py = [ py(z)dz. Moreover, ps(z)(|1 — x’l)"}" is
a positive a-Holder continuous function on [—1,1]. In particular, p;

grows like |z — pl"r"' at each boundary point p of [-1,1].

LEMMA 1.15. The mapping f has a unique absolutely continuous f-
invariant measure p; = [ p;dz. Moreover, p; is a positive, a-Holder

continuous function on [—1,1].

This lemma follows from a more general theorem proved by Sackst-

eder (see [Sa]). We write down a proof here for the sake of completeness.

Proof of Lemma 1.15. Let go and g, be the inverses of the restrictions
of f to [~1,0] and to [0, 1]. For a continuous function p on [—1,1}, the

measure g = [ pdz is f-invariant if and only if p satisfies that

(Pogo)(go0g0) + (poa)(giom) =p
on [-1,1].

Let C§ be the space of nonnegative, a-Hdlder continuous functions

on [—1,1]. For any p in C$, we use ||p||o to denote the maximum value
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of p on [—1,1}. For any z in [—1, 1), let sa(p)(z) = sup.gyer—1.)(|o(z) -
p(¥)l/lz — y|*) and ||p||« be the maximum value of s,(p) on [—1,1].
The space C¢ equipped with the norm ||p|| = ||p]lo + ||#]|~ is 2 Banach

space. We define an operator £ from C¢ into itself by

L(p) = (p© 90)(96 © 90) + (p © 91)(g1 © 91)-
It is a bounded linear operator.

Let po be the constant function 1 in C§. Suppose p, is the image
of po under the n'? iterate of £, that is, p, = £°"(pg). The function p,
has the form }_,, g/,, where the sum is over all finite strings w of zeroes

and ones of length n + 1.

Using the naive distortion lemma, we can show that there is a posi-
tive constant Cy such that s,(g,) < Ci|g,,| on [-1,1], and furthermore,
Sa(pn) < Cipa on [—1,1]. Because p, is a positive function on [—1,1]
and [, pu(z)dz = 1, there is z, in [—1,1] such that p,(z,) = 1. By
3a(log pn) < 3a(pn)/pn, we can get that ||log palla < C;. This implies
that

|log pn(z) — log pn(y)| < Cilz — y|*
for all z and y in {~1,1]. For y = z,, last inequality says |log pa(z)| <
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Cilz—zn|* < 2°C, for all z in [—1,1] and all positive integers n. More-
over, exp(—22C}) £ pn < exp(2°Ch) on [-1, 1] for all positive integers
n. Using the naive distortion lemma again, we can show that there is
a positive constant C; such that 1 — Ca|z — ¥|* < |gu(z)|/lg%(¥)] <

1 + Cy|z — y|®, and furthermore,
1 - Calz — yi* < pa(2)/Pa(y) < 1+ Ca|z —y|*.

Combining the fact, p, = ezp(—2C}), we have that |pn(z) — pn(y)] <
Cs|z — y|* for all z and y in [—1, 1) and all positive integers n. These
implies that {p,}}2; is a uniformly bounded and equicontinuous family
in C%.

Let X be the closure of convex hull of {pn}}25 in C¢. Then X is
a compact subspace of C¢. The operator £ maps X into itself. The
Schauder theorem says £ has a fixed point p; in X. Because f is
ergodic on [—1, 1], p7 is a unique fixed point of £ in C$. The measure
#j = [ pj(z)dz is a unique absolutely continuous f-invariant measure.

(see [Sa] for the proof of the uniqueness).

Proof of Theorem 1.6. Let py(z) = pj(1—22)~7. Then p; = { py(z)dz

is a unique absolutely continuous f-invariant measure. QED.
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Part two. The asymptotic geometry on the space of hy-

perbolic mappings

A type of perturbation of ¢ : £ — 1 — 2z? is a mapping ¢, : = —
1+ ¢ — (2 + €)z? for a positive number . The mapping g. maps the
critical point out of [—1,1] and it does not keep [~1,1] invariant but
invariant a Cantor set which has bounded geometry. In the second
part of this thesis, we will study the asymptotic behavior of certain
mappings like g, as they approach the boundary of hyperbolicity (see

Figure 6).
§2.1. The definition of the scaling function.

Suppose ¢ is a positive number and f, is a C* mapping from [—1,1]
to the real line with a unique critical point ¢. We always make the
following assumptions: (1) f, is increasing on [—1, c] and decreasing on
[e,1), (2) fe(c) =14 € and (3) f, maps 1 and —1 to —1 (see Figure 2).

Without loss of generality, we always assume ¢ equals 0.

Let f.o and f,; be the restrictions of f, to [—1,0] and to [0,1].
They are two embeddings. Let g,0 and g, be the inverses of f,o and

fen. For a finite string w = 1o+« - i,, of zeroes and ones, let g, be the
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composition gew = Gei; ©*** O g¢,i, and I, be the image of [—1,1]
under g.,,. Suppose 7, . is the collection of I, for all finite strings
w of zeroes and ones of length n + 1 and )\, is the maximum length
of the intervals in ,,. The union of the intervals in 5,, covers the
maximal invariant set of f,. We always assume that A, . goes to zero

as n increases to infinity.

For every interval in %, ., there is the labelling w where w is the
finite string of zeroes and ones such that this interval is the image
I, of [-1,1] under ¢, .. There are two topologies on the set of all the
labellings w . One topology is induced by reading the labellings w from
left to right; the other topology is induced by reading the labellings w

from right to left.

Suppose we read all the labellings w from left to right and C, = {w,]
Wy, = (.fgf) + + - 4n), where i} is either 0 or 1 for k > 0 and n > 0}. Let
C. have the product topology. The continuous mapping o, : Cpyy —
Cn is defined by on((-iof1+--in)) = (1---ip) for n > 0. The pairs
{(Cn,0a)}2, form an inverse limit set. Let C be the inverse limit of

this inverse limit set and o be the induced mapping on C. We call C
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the topological Cantor set. For any a in C, it is an infinite string of

zeroes and ones extending to the right, that is, a = (.ipf; + - -) where 1}
is either zero or one for k > 0. The mapping o is the shift mapping
on C, that is, o maps (.igfy - -) to (.i;---). We call (C, o) the symbolic

dynamical system of f, because of the following lemma.

LEMMA 2.1. Suppose A, is the mazimum invariant set of f,. There is
a homeomorphism h, from C to A, such that h,oo = f, o h,. In the

other words, (A., f;) and (C, o) are conjugate.

Proof. Suppose a = (.ipis---) is any point in C. Let w, = (.ig+«+1y)
be the first n + 1 coordinates of a. The intersection of nested intervals
{I4,}2 is nonempty and contains only one point x(a) because the
length of 1, goes to zero as n increases to infinity. Define k.(a) = z(a).

Then h, is a homeomorphism from C to A, and k; 0o = f, 0 k. QED.

Suppose we read all the labellings w from right to left and C; = {w}
w}, = (in -+ - t180.), Where i, is either zero or one and n > 0}. Let C;
have the product topology. The continuous mapping o} : Ci,y +
C; is defined by o}((in:--i180.)) = (in---41.) for n > 0. The pairs

{(Cx, 02)}22p also form an inverse limit set. Let C* be the inverse limit
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of this inverse limit set and o* be the induced mapping on C*. We call
C* the dual Cantor set. Any a* in C* is an infinite string of zeroes and
ones extending to the left, that is, a* = (- - - §14p.) where i, is either zero
or one for k > 0. We call a* a “dual point” of f,. The mapping o* is
the shift mapping on C*, that is, o* maps (- - - f18p.) to (- -+ 4;.). We call

(C*,0*) the dual symbolic dynamical system of f,.

A sequence {z,}3%, in the maximum invariant set of f, is a sequence
of backward images of zp under f; if fi(z,) = z,-; for all positive in-
tegers n. The dual Cantor set will not represent the maximal invariant
gset of f., but there is a one-to-one corresponding from the dual Cantor
set to the set of sequences of backward irha.ges of zo under f, for all

points Zo in the maximal invariant set of f.. The scaling function of f,

is defined on the dual Cantor set C* if it exists.

Suppose a* is in C*, so that a* is an infinite string of zeroes and
ones extending to the left. Assume g* = (---wi.) where w is a finite
string of zeroes and ones and ¢ is either zero or one. Note that I,; is
a subinterval of J,,. Let s(wi) equal the ratio of the lengths, |Iy|/|1|-

We let s(a*) be the limit set of s(wi) as the length of w tends to infinity.
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The following definition is due to Sullivan [S2].

DEFINITION 2.1. Suppose f, i3 a mappings in H. If the limit set s(a*)
consists of only one number for every a* in C*, then we say s(a®) is
the scale of f, at a* and s is the scaling function of f, defined on C*.
Note that the scaling function s(a*) of f, depending on &. Sometimes

we denote it by s.(a*).

REMARK 2.1. For a finite Markov mapping F (see §1.2). Using similar
arguments, we can also define the scaling function of F' on the dual
symbolic representation of F by using the sequence of nested partitions
{7n}2o determined by F' (see [J2]). For example, let f be on BH, we
can use the the same arguments as Definition 2.1 to define the scaling
function s; of f on C* by the sequence of nested partitions {9,}52,

determined by f.
§2.2. The space of hyperbolic mappings, .

Suppose {5,,)2%, is the sequence determined by f,. Just as in def-
inition 1.3, we say the sequence {5,.}32, determined by f. decreases
exponentially if A,. decreases exponentially. Using the same state-

ments as Definition 1.2, one can define the concept of bounded geome-
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try of {nen}2o (see [S2]). If {50}, has bounded geometry, then it

decreases exponentially.

DEFINITION 2.2. The nonlinear mapping f, is in the space of hyper-

bolic mappings, H, if
(a) fe is C'** for some 0 < a < 1 and

(b) the sequence {1,,}32, determined by f, decreases exponentially.

We give two examples of mappings in H. They are similar to Ex-

ample 1.1 and Example 1.2 in §1.2.

EXAMPLE 2.1. Mapping f, such that (1) f, is a C® mapping on [-1,1]
with nonpositive Schwarzian derivative and (2) f is ezpanding at both
boundary points of [-1,1), that is, f!(—1) and |f!(1)| are greater than

one.

EXAMPLE 2.2. Mapping f, such that (1) f, is C** and (2) all the
periodic points of f, are expanding, that is, the absolute values of all

eigenvalies of f, at periodic points are greater than one.

The proofs, that Example 2.1 and Example 2.2 are in H, are similar

to the proofs of Example 1.1 and 1,2. In fact, we can extend Theo-
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rem 1.1 to the mappings satisfying the conditions in Example 2.1 and

Theorem 1.2 to the mappings satisfying the conditions in Example 2.2.

DEFINITION 2.3. A function s defined on dual Cantor set C* is Holder

continuous if there are two positive constants C and X < 1 such that
|s(a*) — 8(b*)] £ CA™ for any a* and b* in C* with the same first n

coordinates. We call C a Hélder constant of s.

LEMMA 2.2. Suppose f, is in H. There ezists a Holder continuous

scaling function s, of f..

Proof. Let d, be the minimum value of the restriction of f, to the union
of I,y and I,;. We suppress ¢ if there can be no confusion. Note that
d, goes to zero as € decreases to zero. For any a* in C*, we use w,t to
denotes the first (n+1) coordinates of a* and s(w,t) to denote the ratio,
Hwnil/lwa|- By (b) of Definition 2.1, we have two positive constants Cp
and A < 1 such that A, < CoA". Let K be the Holder constant of f!
on [-1,1]. Because s(wmi) = (|(f°0"=)(2)|/1(f°0"~™)(y)])s(wni) for
some z and y in I, by the naive distortion lemma, there is a constant

C. which equals CoK/(d(1 — A*)) such that for any m >n > 0,

|s(wmi) — s(wni)| < Ce|li, |
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The last inequality implies that the limit of sequence {s(w,t)}}2 exists
as the length of wy,¢ increases to infinity. We denote this limit by s(a*)
or 3.(a") if we need to indicate dependence on &. Let m tend to infinity,

then |s(a*) — s(wni)| < C¢ll; w,|* for all positive integers n.

Suppose a* and b* are in C* with the same first (n + 1) coordinates,
that is, a* = (-+ - wni.) and b* = (- - - wui.). Because |s(a*) — s(wyi)| <
Cellw,|* and |s(b*) — s(wnt)| < Ce|lw,|*, we have that [s{a*) — s(b*)] <
2C |1, |* < 2CoCcA*. In other words, s, is Holder continuous on C*

with a Hoélder constant 2C,C,. QED.
§2.3. Good families of mappings in BHU H.

Suppose f, isin H. Let r.(z) = f!(z)/|z|*"? for nonzero z in [-1, 1].
We say that f, has power law at the critical point if there is some v > 1
such that the limits of r.(z) as z increases to zero and as x decreases

to zero exist and equal nonzero numbers A, and — B,, respectively.

We define the smooth metric associated to f, to be

dr
dy =
Tt

on [—1,1}, where 4* = 4/(y — 1) is the dual number of v (see §1.1).
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The corresponding change of coordinate is y = h,, where

-c(‘-'?) = =14b, j a+ e)’ _ mz)_,‘_

with b, = 2/ [1, dz/((1 +¢)* — z2)7 . The representation of f, under

the smooth metric associated to f, is

fc = h'y,c o fs o h;':

LEMMA 2.3. If f, has power law |z|" with v > 1, then the mapping
fe is continuous on [~1,1] and the restrictions of f. to [—1,0] and to

[0,1] are C* embeddings.

REMARK 2.2. The mapping k.. is a C diffeomorphism from [-1, 1]
to itself. If the derivative f] and the restrictions of r, to [—1,0) and to
(0,1] are o-Holder continuous for some 0 < a < 1, then the derivative
f,’ is a-Holder continuous. The a-Halder constant of f. depends on ¢

and may go to infinity as £ goes to zero.

LEMMA 2.4. Suppose f, is a continuous mapping from [—1,1] to the
real line with a unigue turning point 0. Suppose f, maps 1 and —1 to
—1 and f,(0) = 1+ €. If the restrictions of f; to [—1,0] and to [0,1]
are C* embeddings, then f, = hlo feohye foranyy > 1 is a C?

86




mapping from [—1,1] to the real line and has the power law |z|” at the

critical point.

The proofs of Lemma 2.3 and Lemma 2.4 are the same as those of

Lemma 1.1 and 1.2.

LEMMA 2.5. Suppose f, has the power law |z|* with v+ > 1. The
restrictions of f, to [~1,0] and [0,1] are C*** embeddings for some
0 < a <1 if end only if the restrictions of r, to [—1,0) and to (0,1}

are of -Holder continuous for some 0 < o’ < 1.
The proof of Lemma 2.5 is similar to Remark 1.1 and Remark 1.2.
Suppose {f,}o<e<e, i8 a family in H U BH where f(0) =1 +¢.

DEFINITION 2.4. The family {f.}oce<e, is a good family if it satisfies
the following conditions:
1. the mapping F(z,€) = f.(z) is C! in both variables z in [—1,1]

and ¢ in [0, &),

2. each f, has the same power law |z|" with v > 1 at the critical
points and the functions R~ (z,e) = r.(z) defined on [~1,0] x

[0,20] and R¥(z,€) = re(z) defined on [0,1] % [0,&9] are continu-
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ous,

3. there are positive constants K' and o < 1 such that f, is C'+

and the o/ -Holder constant of fi is less than K’ for any 0 <e <

€o,

4. there are positive constants K" and a” < 1 such that the restric-
tions of r, to [—1,0) and to (0,1] are o’’-Hélder continuous and
the o”-Hélder constants of these restrictions are less than K" for

any0<e<l,
5. there are two positive constanis Cp and A < 1 such that A\, <
CoA™ for all positive integersn and 0 < e < €.

Let a be the minimum of o/ and a”.

An example of a good family in BHUH follows the following propo-

sition.

PROPOSITION 2.1. Assume that (a} {F.}oge<e, 18 @ family of C° em-
beddings on [—1, 0] with nonpositive Schwarzian derivatives, (b) F, fizes
—1 and maps 0 to 1 + € for any 0 < ¢ < &g, (c) the derivative F!(—1)

of F, at —1 is greater than 1/v and (d) G(z,c) = F.(z) is C? on
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[-1,1]%[0,£0]. If fe(z) = Fe(—|z|"), then the family { Fe(—|2|")}oge<es

is a good family.

To prove this proposition, we only need to check the condition (5)
in Definition 2.4. The condition (5) is a direct consequence of the
following lemma. Suppose {n,,.}>., is the sequence determined by f,

for every 0 < € < &q.

LEMMA 2.6. Suppose {fe}ocece, 8 the family in Proposition 2.1.
There is a positive constant C which does not depend on parameter ¢
such that for any 0 < € < &g and any pair (J,I) with J C I, J € u41,.

and I € ., |J|/|I| 2 C.

Proof. We suppress ¢ if there can be no confusion. For any 0 < ¢ < g,
the first partition #; contains four intervals Ing, Ip;, 111 and I;o. There
is a positive constant C; which does not depend on & such that the
lengths of the left interval Ipp and the right interval Iy are greater
than C;. The C3-Koebe distortion lemma says n(g,)(z) < 2/d[1,1)(z)
for any finite string w of zeroes and ones. Moreover, n(g.,)(z) < 2/C)
if z is in the union of two middle intervals I, and I;,. We also can find

a constant 7 > 1 which does not depend on ¢ such that |f!(z)| = 7 for

89




all z in the union of the left interval Joo and the right interval Ig. Now

the proof just follows the proof of Theorem 1.1. QED.

Let A stand the countable set of points in C* whose coordinates are

eventually all zeroes and let B stand the complement of A in C*.

THEOREM 2.1. Suppose {f.}oce<e, 5 @ good family. There is a family
of Holder continuous functions {s }ocece, On the dual Cantor set C*

such that s, is the scaling function of f, for any 0 < go < €9, and

1. for every 0 < £, < €o, 3, converges to s,, uniformly on C* as ¢

tends to g,

2. for everya* € C*, the limit s0(a*) of {3¢(a*)}ocece, @3 € decreases
to zero exists, the limiting function sg(a*) is the scaling function

of fo and satisfies:

2.1. sg has jump discontinuities at all points in A,

2.2. 3¢ is continuous at all points in B and the restriction of so

to B is a Holder continuous function.

We will prove this theorem through several lemmas. The first lemma

is a generalization of Lemma 1.13. We call it the uniform (a + v)-Koebe
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distortion lemma. It is one of the key lemmas in this thesis.

Suppose {f,}oce<e, 18 a family of mappings in % U BH and satisfies
the conditions (1)-(4) in Definition 2.4. We suppress € when there can
be no confusion. For each 0 < ¢ < &9, 7y contains four intervals Iy,
Iy, Iy and I1p. Suppose z and y are in one of these four intervals and
Jo is the interval bounded by = and y. Let 8(z,y) = {Jo, J1,--*} be a
sequence of backward images of Jp under f,, that means, the restriction
of f. to J, embeds J, onto J,_; for any positive integer n. Let g, be
the inverse of the restriction of the n*» iterate of f, to J,. Let d;, be
the distance from {z,y} to {—1,1}. Define the distortion of the nt

iterate of f; at z and y along 6(x,y) to be the ratio |¢}(z)|/|g.(¥)I-

LEMMA 2.7 (the uniform (a + 7)-Koebe distortion lemma). There are
posilive constants A, B and C such that for any 0 < € < &9, any
z and y in one of the intervals in 7.1 and any sequence of backward
images 0,(z,y) = {JeoyJe1,° -} of Jeo under f,, the distortion of the

ntt iterate of f. at x and y along 0.(z,y) satisfies

all < g Ceoly 8 e
] = XA+ B Vel + =75 3 1)

for every positive integer n.
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Proof. For every 0 < € < &, 13 contains eight intervals. The two
of them which close to 0 are Inio and Ij39. Suppose Ipo = [a,b] and
Lo = [¢,d]. We call [a,0] and [0, d] the middle intervals, [-1, a] the
left interval and [d, 1] the right interval (see Figure 11).

Ic.OOO Ic,OOl Ic.Oll Ic.OlD .Ic.llo Ic.lll Ic.lDl Ic.lOO
- oA Y o~
left middle right

Figure 11

By the condition (1) in Definition 2.4, there is a positive constant
C which does not depend on ¢ such that the lengths of the left interval

and the right interval are greater than C.

By the conditions (1) and (3) in Definition 2.4, there are positives
constants ¢, and K; which do not depend on ¢ such that the minimum
value of | f!| on the union of the left and right intervals is greater than ¢,
and the o’-Holder constants of the restrictions of f! to the left interval

and to the right interval are less than Kj.

Suppose y is not one of 0, 1 and —1 and z is the preimage of y

under k.. By the chain rule,
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Fi=)((L + € — )
((1+ )2 - (fel2))2)™

This equation and the conditions (1) and (4) in Definition 2.4 imply

fiw) =

the restrictions of f, to [-1,0] and to [0,1] are C'+*" embeddings.
Moreover, there are constants ¢; and K; which do not depend on ¢
such that the minimum value of |f!| on the image of every one of
the middle intervals under k.. is greater then c; and the a”-Holder
constant of the restriction of f to the image of every one of the middle

intervals is less than K.

The restriction of A , to the union of the middle intervals is Lips-
chitz continuous. There are positive constants c3 and K5 which do not
depend on ¢ such that the minimum value of restriction of A, to the
union of middle intervals is greater then c3 and the Lipschitz constant

of such restriction is less than Kj.

Let z; and y; be the images of ¢ and y under g, ;. Notice that this

implies that z; and y; lie in the same interval of n;4; for ¢ > 0. For

every integern > 0, g (x)/g. .(v) equals (f2)'(yn)/(fo")'(2n). By the

chain rule, the ratio (f2")'(yn)/(f2")(z») equals the product of ratios
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Ji(yn—i)] fi(2n-:) where i runs from 0 to n — 1. This product can be

factored into two products,

II f@)/fiz) and T fiw)/fi(=).

=i WELR rivi€M
Here LR stands for the union of the left and right intervals and M

stands for the union of the two middle intervals. We factor the product
. yien Jo(¥i)/ f1(x:) into three factors,

H f(yl = H e ,.(y. H f.(hq.c(y.)) H .¢(f(z"))

zi €M f'(z,) zivi€M -r.c('t') =i HEM f'(h .e(“’-)) 20 EM ,(f(y.))

The third factor of them can be factored again into two products,

CFACD) AR SO 1))
35 N
ziweM (1 + fe(zi))7 zivieM (1 — fe(z:))™
Now just following the arguments in the proof of Lemma 1.13, we
can estimate every factors. We then put all estimations together to get
A= Ki[ey+(K$K3)/ca+ Ksfes+1/4*, B=1/(7"C1) and C = 1/7".

The constants A, B and C do not depend on the parameter . QED.

COROLLARY 2.1. If the family {f.}o<e<e, 18 6 good family, then there
are positive constants D and E such that for any 0 < € < €9, any

z and y in one of the intervals in 1, and any sequence O.(z,y) =
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{Je0yJe,1y <} of backward images of J,o under f,, the distortion of

the nt? iterate of f, along 8,(z,y) satisfies

Ig:.n(z)l _E— o
Ig:,n(y)l S exp(D + dw)lJc,OI

for every positive integer n.

Proof. The condition (5) in Definition 2.4 implies 3°% , |/ ¢| is less that
C2 =2Co/(1-)) and T% |Je,i|* i8 less that P = 2°|J, o|*Co/(1—A%) =
| Je,0|*Cs. We use D to denote (A+BC3)C, and E to denote CCs, where
A, B and C are the constants in the previous lemma. Now it is easy

to show this corollary from the previous lemma. QED.

Before we prove more lemmas, we study asymptotic behavior of the

maximal invariant set of f, in 7 when f, approaches BH.

§2.4. Determination of the geometry of Cantor set by the

leading gap.

Suppose f, is a mapping in H. We suppress ¢ when there can be
no confusion. Let A be the maximal invariant set of f, and {9,}2, be
the sequence determined by f,. For any positive integer n and any I,

in ny, let I0 and I,y be the two intervals in 9,4, which are contained
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in I,. We call the complement of I, and I, in I, the gap on I, and
denote it by G,. Let G be the complement of Iy and I; in [—1,1]. We

call G the leading gap.

DEFINITION 2.5. We call the set of ratios, {|Geu|/|Le,w|}, for all finite

strings w of zeroes and ones the gap geometry of A, or f,.

family of the corresponding maximum invariant sets.

DEFINITION 2.6. Suppose B is a function defined on [0,&0). We say 8
determines asymptotically the gap geometry of {A.}oce<1 if there is a
positive constant C such that for all 0 < ¢ < €y, all finite strings w of

zeroes and ones andi =0 or 1,

1. C71B(e) £ |Gewl/ el < CB(e),
2. |It.un'|/lIt.w| >CL
The constant C is called a determining constant.

THEOREM 2.2. Suppose {f,}oce<e, 8 a good family. Then the family
{Ac}ocece, 38 a family of Cantor sets. Moreover, the function €Y on
[0,c0] determines asymptotically the gap geometry of {A¢}oce<e,-
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Proof. For each 0 < ¢ < &p, ;1 contains four interval Ipg, Ioy, I13 and
Iio. We call Iy the left interval, Ijo the right interval and Io; and Iy
the middle intervals. We also call #, the first level and 5; the second

level.

By the conditions (2) in Definition 2.4, there is a positive constant

C) which does not depend on ¢ such that Cy 163 < |Go| £ C‘;e‘}r.

By condition (1), there is a positive constant C; which does not
depend on ¢ such that for any triple (G, J, I) where I is an interval in
the first level or 5o, G is the gap on I and J C I is an interval in the
second interval or the first level, [J|/|I| > Cz and C;e¥ < |G|/|I] <

1
Cg&‘".

For any integer n > 1 and any triple (G, J, I) where I is in 5,,, G
is the gap on I and J C I is in 9,41, let G;, J; and I; be the images
of G, J and I under the i** iterate of f, for 0 <i < n— 1. Then I,
is in the first level, G,_; is the gap on I, and J,_; C I,_; is in the

second level.

We divide the possible itineraries of the sequence of triples {(G;, J;,

I;)}2=3 into two cases. The first case is that no one of I; is in the union
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of the middle intervals. The second case is that some of I; is in one of

the middle intervals.

In the first case, G;, J; and I; are in the union of the left interval
and the right interval for all 0 < i < n. By the conditions (1) and
(3) in Definition 2.4, there is a positive constant ¢ which does not
depend on ¢ such that the minimum value of the restriction of f! to
the union of the left and right intervals is greater than c. Suppose
A, Co, o' and K’ are the constants in the conditions (3) and (5) in
Definition 2.4. By the naive distortion lemma, there is a constant Cs
which equals C, exp(K’Co/(c(1 — A*"))) such that |J|/|I| > C5! and
C;;"e# < IGI/H) € Cae¥ because G, J and I are the images of G-,

Ja-1 and I,,_; under the (n — 1)** iterate of f,.

In the second case, let m be the largest positive integer such that
I, is in one of the middle intervals. We can divide this case into two
subcases according to m. One is that m is n — 1. The other is that m

is less than n — 1.

If m = n — 1, then I,_; is one of the middile intervals. By the

condition (1) in Definition 2.4, there is a positive constant Cy which
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does not depend on ¢ such that the lengths of the left interval and the
right interval are greater then Cy. By Corollary 2.1, there is a constant
Cs which equals Czezp(D + E/C,) and does not depend on ¢ such that
I71/M] = C5! and C5le¥ < |G|/|I| < Cse¥ because the restriction of
the (n — 1)** iterate of f to J embeds I to I,_; and the distance from

Iy to {—1,1} is greater than C,.

If m < n—1, then J; is in the union of the left and right intervals for
m <t < n-1. Because I, is one of the left and the right intervals,
Iny1 has 1 as a boundary and I, is the one closing 0 in f,_p . For
the sequence Iy, ¢+ *, In—1, no one of them is in the union of the mid-
dle intervals. By the same arguments as those in the first case imply
that [Jms1)/[Tms1] = Ci? and C5led < |Gmisl/Imsr] < Cae™. For
the sequence Iy, - -+, I)n, the last one I, is in one of the middle inter-
vals. Similar arguments to those in the subcase m = n — 1 imply that
I/ = C&'|Jml/lm| and Cg? |G|/l Im| < |GI/I| < ColGuml/|Iml,
where Cg = exp(D + E/C,). Because the restriction of f, to I, is
comparable with the power law mapping |z|* uniformly on ¢ by the
condition (2) in Definition 2.4, we may assume f;|I, = 1+&—|z|". By

similar arguments to those in subcase m < n — 1 in the proof of Theo-
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rem 1.1 and the naive distortion lemma, there is a positive constant C;
which does not depend on ¢ such that |Jn|/|/fm| = C7|Imsal/ 4]
and C7'|Gmaal/lImsi] < |Gml/Hm] £ C1lGmaal/|Im4r]. We get that
|ZI/1I] 2 (CeCrCs5)~" and (CeCrCs)-'e5 < |G|/|| < (CsCrCh)e™.

Let C be C7CgCs. It is a determining constant of the gap geometry

of {A8}0535¢o . QED.

In [J1], we also studied some universal property of determining con-

stant C for a special subspace of H.

Let HD(e) be the Hausdorff dimension of A,. An immediate con-

sequence of Theorem 2.2 is the following corollary.

COROLLARY 2.2. There is a positive constant C which does not depend
on € such that

0< HD() €1-Ce?
for all 0 < e < g.

COROLLARY 2.3. There is a positive constant C' which does not depend

on € such that

C-1e < 5.((a"0.)) + s.((a°1.)) < Ce?
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Jor alla® in C* and 0 < ¢ < &p.

Proof. For any 0 < € < & and any a* € C*, s(wl) + 3(w0) = |Gy|/| 1wl
where a¢* = (---w.) and G|, is the gap on I,,. Now this corollary is a

consequence of Theorem 2.2 and Lemma 2.2. QED.
§2.5. Scaling functions of mappings on B7.

Let us go on to prove Theorem 2.1. Suppose {f.}ogc<:, is a good
family. For any a* in C*, we always use wyf to denote the first (n + 1)
coordinates of ¢*, that is, a* = (---wpi.), and use s(c,w,) to denote
the ratio of lengths, |I;.w,il/| 1w, |- Suppose s, is the scaling function

of f, for 0 < £ < g9. We suppress £ when there can be no confusion.

LEMMA 2.8. For each 0 < ¢, £ €9, 3. converges to 3., uniformly on

C* as ¢ tends lo €.

Proof. Suppose C, is the constant obtained in Lemma 2.2. By the
condition (1) in Definition 2.4, C, is continuous on 0 < &€ < gg. We can

find a positive number § such that C, < 2C,, for all € in (&1 — 6, &, +6).

From the proof of Lemma 2.2, we have that for any a* in C*,

|3¢(“—)-3(€1“’n")| < C.lI.,w,J"" and |s,, (a')—8(€1,wni)| <C, Ist.wnla‘-
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Because we may write |s,(a")—s,, (a*)] in |s.(a*)—s(e, wnt)+ (€, wni)—

8(e1,wnt) + s(€1, wat) — 8, (a*)|, this implies that
|se(a*) — s, (a*)| < 2C, |Ic,wn|°' + Co ey la' + |s(&, wat) — s(e1, wai)|

for all n > 0 and ¢ in (e1 — 4,6y — §). Now the last inequality and the

conditions (1) and (5) in Definition 2.4 imply this lemma. QED.

LEMMA 2.9. For every a* in C*, the limit of {s.(a*)}ocece, €2i8ts ase

decreases to zero.

Proof. For every 0 £ ¢ < £, m, contains four intervals I, 00, 101,
I¢'11 and I,.}o. We call I;,m and I,'n the middle intervals, Ig,oo the left

interval and I o the right interval.

For a* in C*, we may arrange it into two cases according to its
coordinates. The first case is that the coordinates of a* are eventually
all zeroes. The second case is that there are infinite many ones in the

coordinates of a*.

In the first case, we can find a positive integer N such that I, ,,, is
in the left interval for every n > N. By the condition (1) in Definition

2.4, there is a positive constant ¢ which does not depend on £ such
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that the minimum value of |f!| on the left interval is greater than c.
By the naive distortion lemma and and the conditions (3) and (5) in
Definition 2.4 and similar arguments to the proof of Lemma 2.8, there

is a constant Cy, which equals exp(K'Cp/(c(1 — A*')), such that
|se(a*) — ser(a")] < Cr(lFenl™ + ot ™) + 13(€, i) — 3(€’, wni)|

for all € and &’ in (0,20} and n > N. Now we can show that the limit

of {3¢(a*)}o<e<e, 28 & decreases to zero exists.

In the second case, by the condition (1) in Definition 2.4, there is a
positive constant C3; which does not depend on £ such that the lengths
of the left interval and the right interval are greater than C; for any
0 < € < go0. By Corollary 2.1, there is a constant C3 = D+ E/C; which
does not depend on ¢ such that if I, ,,, is in one of the middle intervals,
then |s(e, wmi) — s(g, wni)| < Cs|liw,|* for all € in (0,&0] and m >
n > 0 because s(¢, wmi) = (|(f*=™ ) (2)l/I(f") (y)])s(e, wni) for
some z and y in I,,,. Moreover, let m increases to infinity, then

|se(a*) — s(e, wni)| < Cs|lew, | if It,u, is in one of the middle intervals.

If the n** coordinate of a* is one, then for any ¢ and &' in (0, &),

I, is in one of the middle intervals for ¢ and I/, is in one of the
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middle intervals for /. Then
|se(a®) — 3-'(‘“)' < fs(e, Wat) ~ s(e', wai)| + Ca(lleywnl™ + et wnl|*)-

Because there are infinite many ones in the coordinates of a*, the last
inequality implies that the limit of {s.(a")}o<e<s, a8 € decreases to zero

exista. QED.

Let so(a*) be the limit of {s.(a*)}}ace<e, 28 € decreases to zero. Then

3o defines a function on C*.
LEMMA 2.10. The limiting function 3o is the scaling function of fo.

Proof. The proof is similar to the proof of Lemma 2.9. Let us outline
the proof. There are four intervals in the first partition 5, determined
by fo. We call the one adjacent to —1 the left interval, the two adjacent
to 0 the middle intervals and the one adjacent to 1 the right interval.
For any a* in C*, its coordinates either are eventually all zeroes or

contains infinite many ones.

If the coordinates of a* are eventually all zeroes, then all I,,, are
eventually in the left interval. There is a positive constant C; such

that for any m > n > 0, |s(wnt) — s(w,t)| < C1]1u,|*" by the naive
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distortion lemma.

If there are infinite many ones in the coordinates of a*. Suppose
the n** coordinate of a* is one. Then I,, is in one of the middle
interval. There is positive constant C; such that for any m > n > 0,

|s(wmi) ~ s(wnt)| < Ca|ly,|* by the Corollary 2.1.

In both of cases, the limit of {s{wnt)}2., as the length of wyi in-
creases to infinity exists. The scaling function of fy exists. Allowed
€ = 0 in the proof of lemma 2.9, we can show that this scaling function

is 80. QED.

LEMMA 2.11. The scaling function sy has jump discontinuities at all

points in A.

Proof. Suppose a* is in A and a* = (0, wi.) where 0, is the one-sided
infinite string of zeroes extending to the left, w is a finite string of
zeroes and ones and ¢ is either zero or one. Let 0, be the finite string
of zeroes of length n. The interval Iy, ., is eventually in the left interval
Ioo. We use b, to denote the length of Iy, and a, or @/, to denote the

length of Iy, .i. Let ¢, be the distance from Ip,,, to —1 (see Figure 12).
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Figure 12

Let j be either zero or one. Because fy has the power law |z|Y with

4 > 1 at the critical point and I;10.. close to the critical point, the

limit of {s(j10,wt)}2, equals the limit of

L= (an + cn)
(bn + ¢n)

Sn

1
—cd
I
—Cn

2] 2w

or the limit of
_(bat )i —(an+c)¥
‘2 - l 1
(bn + cn)" —cn

as n increases to infinity if the limits of s,; and s,2 as n increases

Sn

infinity exist.

Because the minimum value of the restriction of f to the left inter-

val Igg is positive, by using the naive distortion lemma, we can show the
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limit of {bn/cn}2. and the limit {a,/ca}2, a8 n increases to infinity
exist. We use 71(a*) and 72(a*) to denote these limit, respectively. Now

we conclude that the limit of {s(j10,wt)}2, as n increases to infinity

exists and
L a(i10mwi) = (LT ma(a*))¥ -1
) = @) 1
im o(i10wi) < (L T(ET — (1 + 7o)
ml-'r-l!-loo $(710qwi) = (1+ 'rl(a'))# -1 '

Because [0, i is in one of the middle intervals, Jp; and I;;. from the
proof of Lemma 2.10, the error of s(j10,1) to so(b*) can be estimated

by |Ij10,wil*, that is, there is a positive constant C; such that
[30(6%) — 8(j10nwi)| < CalIjr0nuil”

for any b* = (- -- j10,wi.) in C*. Now we can get that the limit of so(5*)

as b* # a* tends to a* exists and

_ (L+m(a)T ~1

s0(b*) 1+ 1'1(0‘))# 1

b'#a‘,b'r-m‘

o) o L@ = (4 et}
b‘#ul',b'o-m‘ o#) = (1+ Tl(a*))'# -1 .
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Because so(a*) = 13(a*)/71(a*), the limit of sp(b*) as b* # a* tends
to a* does not equal sg(a*). In other words, so has jump discontinuity

at a*. QED,
LEMMA 2.12. The scaling function sy is continuous at all points in B.

Proof. Suppose a* is in B. Let * be any point in C* with the same first
(n+1)* coordinates wyt as that of a*. If the n** coordinate of a* is one,
then I,,, is in one of the middle intervals Io; and I;;. The errors from
so(a*) and 30(b*) to s(wyt) can be estimated by |1, |, that is, thereisa
positive constant C such that |so(a*) — s(wat)| and so(d*) — s(wai)| are
less than C|Ipw,|*. Then |so(a*) — s0(6*)] < 2C|1,,|*. Because there
are infinite many ones in the coordinates of a*, the limit of {sq(4*)} as
b* tends to a* exists and limge, g s;,(b‘) = sp(a*). In other words, sy is

continuous at a*. QED.

Suppose fo = hyo foo h7! is again the representation of fy under

the singular metric associated to f,.

LEMMA 2.13. There is a Hélder continuous scaling function 30 of fo
and the restriction of so to B equals the restriction of 5 to B. In

particular, the restriction of sy to B is Hélder continuous on B.
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Proof. By using similar arguments to the proof of Lemma 2.2, we can

show that there is a Holder continuous scaling function 3 of f;.

The restriction of k., to the union of the middle intervals I,y and I,
is a C! embedding. For any a* in B, if the n** coordinate of a* is one,
then I, is in one of the middle intervals. We use |k (Zu,i )}/ 1By (Tw,)]
and |Iy,il/|1w.| to approach §g(a*) and s¢(a*), respectively. Now we
can show that 3o(a*) = so(a*) because there are infinite many ones in

the coordinates of a*. QED.
Lemma 2.2 and Lemma 2.8 to 2.13 give the proof of Theorem 1.1.
More generally, we have the following theorem.

THEOREM 2.3. Suppose f is on BH and f is the representation of
f under the singular metric associated to f. There exist the scaling
function s; of f and the scaling function 85 of [ and these scaling
functions satisfy that

(a) sj is Holder continuous on C*,

(b) sy has jump discontinuities at all points in A and sy is continuous

at all points in B,
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(c) the restriction of s; to B equals the restriction of s; to B.

Proof. The proof is the same as the proofs of Lemma 2.10 to Lemma

2.13. QED.

Suppose § = {s;|f € BH}. We can use sy to compute the eigen-
values of f at all periodic points (see [J2]) and the power law at the

critical point, that is,

S Y
log(limg«es,be0,, 37(5%))

The absolute value of the asymmetry of f at the critical point is |svy| =
limps oo | Io10.1/|I110.]- Suppose f and g are two mappings on BH and
h is the conjugating mapping between f and g. A consequence of

Theorem 1.4 is the following corollary.

COROLLARY 2.4. The scaling function and the asymmetry at the crit-
ical point form a complete set of C'-invariant on the boundary of hy-

perbolicity.

REMARK 2.3. These invariants are also optimal to form a complete

set of C'-invariants on BH (see Remark 1.5).

An example of a scaling function in S is the following proposition.
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PROPOSITION 2.2. Let q:z — 1—2x2. Then s4(a*) =1/2 fora* € B

and s,(a*) # 1/2 for a* € A.

Proof. Recall that §(y) = 1 — 2|y|. The proof of this proposition just

follows the proof of Lemma 2.11 and Lemma 2.13. QED.

§2.6. The Hausdorff dimension of the maximal invariant set

of ¢..

From Proposition 2.2, we can observe more on the Hausdorff dimen-
sion of the maximal invariant set of ¢,(z) = 1+ & ~ (2 +€)z%. Suppose
A, is the maximal invariant set of ¢, and HD(¢) is the Hausdorff di-

mension of A,.

PROPOSITION 2.3. There is a positive constant C which does not

dependent on ¢ such that
1-CWe<HD(E)L1-Cye
forall0<e<1.

Proof. Suppose dy = dz/\/(1 + €)? — x? is the metric associated to ¢,
on [-1,1], ¥ = ha.(z) is the corresponding change of coordinate and
Ge=h3e04qc.0 h,‘j. We suppress ¢ when there can be no confusijon.
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Let ¢ be in [0,1). We call I, and I;o, the end intervals. Recall
that I, is the interval in 13 adjacent to —1 and Iy, is the interval in
n4 adjacent to 1. We call the complement of the interiors of the end

intervals the middle interval.

Suppose y is in [—1,1] and z is the preimage of y under h;. The

nonlinearity of § at y is

e(l +¢)
(2(1+€) = (2+€)a?)y/(1 +€)2 — 22

n(§(y) =

We can find a positive constant C; which does not depend on ¢ such
that

In(@)(y)] < Che

for any y in the image of the middle interval under 4,.

Let A be the maximal invariant set of §. It is diffeomorphic to A.
The sets A and A have the same Hausdorff dimension. We use [ to
denote the image of I under h; and computer the Hausdorff dimension

of A.

By direct computations, there is a positive constant C; which does
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not depend on ¢ such that for any I, € 53,
1= C;e € |Lwol/|fn} €1 + Cae.

Suppose w is a finite string of zeroes and ones. We call a piece string
of consecutive zeros in w a zero element. We call the maximum length
of all the zero elements in w the zero-length of w. If the length of w
is greater than 4 and I, is in the union of the end intervals, then the
zero-length of w has to be greater then or equal to 4. Using this fact,
we can show that for any finite string w of zeros and ones, if the length
of w is greater than 4 and the zero-length of w is less than 4, the image
under the i** iterate of ¢ for any 0 < { < n —4 is in the middle interval
for any 0 < i < n — 4. For any finite string w of zeroes and ones
satisfying that the length of w is greater then 4 and the zero-length
of w is less than 3, the image of I,, under the (n — 4)** iterate of ¢.
is in 73 and |§2-4(£)|/|§*~4)(8)| is bounded above by exp(Cie) for
any ¢ and @ in J,. We can find a positive constant C3 which does note

depend on ¢ such that

1-Cae < LI;‘-’?-I-S 14 Cae
|Iw1|

for any finite string w of zeroes and ones satisfying that the length of

113




w is greater then 4 and the zero-length of w is less than 3.

The restriction of the nonlinearity, n(hs)(z) = z/((1 +£)* — z?), to
the middle interval is bounded above by a positive constant C; which
does not depend on £. For any finite string wé¢ of zeroes and ones,
we use §(wi) to denote the ratio |,;|/|I,]. A direct consequence of
Theorem 2.2 is that there is a positive constant Cj whicﬁ does not
depend on € such that §(w0) + §(wl) > 1 — Cs/¢ for all finite string
w satisfying that the length of w is greater then 4 and the zero-length
is less than 3. Moreover, there is positive constant Cg which does not

depend on € such that 3(wi} > (1/2)(1 — Cey/€) where i = 0 or 1.

Let S, = ¥ |1, |® where sum is over all finite string w satisfying that
the zero-length is less than 3. For w = g8y --- 1, let wy = #5- - ¢; for

4 < k < n. We can write S, in

D 2(8(0n)3(wn-1) - §(wa))’ | Ly [*.

Suppose C7 is the minimum length of the intervals in 3. Then S, is
greater then C7((1/2)(1—Cs/2))*(»~4) N,,, where N,, is the total number
of finite strings of zeroes and ones which satisfies that the zero-length

are less than 3.
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It is easy to check that N; = 4 and N, = 2N,.; — 1 for any
n > 2. We can find a positive constant Cp such that S, is greater than
Ca((1 — Cer/E)/2)"2" for n > 4.

Let 8o = log2/(log 2 — log(1 — Ce\/€)). Then 2((1— Cev/E)/2) =1
and HD(e) is greater than or equals to &. Here §; is bounded below

by 1 — C+/e for a positive constant C which does not depend on ¢.

Another side of the inequality in Proposition 2.3 comes from Corol-

lary 2.2. QED.
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