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Abstract
TrCHNIGUES COF FLEEDBACK SUB=UPTIMAL CONTROL
by

Chanbin Fark

Advisors: Prof. George l. Kranc and Frof, frederick E.Thau

A design procedure is developed for obtaining
sub=optimal feedback control laws.

The approach taken is based on the results of
the lL=problem in functional analysis. The new design
procedure requires the solution of a set of linear-algebr-
aic equations., An estimate of the error resulting from
use of the sub-optimel control law is also derived. This
design approach differs from preveous sub-=optimal centrol
techniques in that there is no need to solve a Riccati
matrix eguation.

Four examples (1) two integrator problem(
minimizing maximum amplitude of control) (2) Bushaw's
problem (3) three integrator problem (minimum time problem
with hard constraint on control) are presented to demon-
strate the effectiveness of the design procedure.

Analytic¢ sub-optimal control laws are derived and the
performance of the resulting closed-loop systems is
simulated using & digital computer progran,
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I. INTRODUCTION

1.1 Motivation and Summary of Results

During the period of the last 15 years, several
genaral mathematical methods5'5'27 for optimal control
problems have been presented. Except for very simple
cases all these methods lead to complicated computational
procedures, Also in many cases the solution is obtained
as an open-loop solution, that is, it is valid only for
a single specified initial condition and the presence of
deviations from a pre-calculated trajectory is often
ignored. Cne could of course precalculate optimal
solutions for all possible initial conditions and thus
theoretically speaking, implement the feedback structure
for the optimal control problems, This procedure would
lead, however, to prohibitive requirements on the storage
space of the control computer and it is therefore

unrealistie.

For this reason much resecrch®rl+10: 4150606

in recent years has been devoted towards the development

of practical feedback control solutions often called

suboptimal or quasi-optimal, where the objective is to
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Obtain a relatively simple, cheap feedback control law
which yields a performance criterion "close" to the optimal

one and which can be esasily implemented.

These techniques have certain common character-
isties: first, the proposed suboptimal feedback solutions
are assumed to be operating in the presence of "small
deviations"; second their theoretical development is based

27 and therefore, it is

on the lontryagin Maximum Principle
not surprising that the resulting computational problem is
that of a two-point boundery-value problem and involves

solution of a Riccati matrix differential equation; third

either some form of the quadratic criterion is 1.15@(16'"‘4"’15

16 for a nonlinear plant or when the admissible control
has a magnitude bound, then a soclution can be obtained for
all practical purposes for a linear plant only. (Either
one has to linearize the nonlinear plant around the
nominal optimal trajectory or one has to be able to
approximate a given nonlinear plant by a simplified non-
linear modelg'qo whose feedback control law is already

known. )

The objective of the research presented here is
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to develcp suboptimal control schemes based on the methods

of functioal analysis (The L-problem1'q8‘19'22'25'24).

A8 in other methods the feedback suboptimal control system
is assumed to be operating in the vicinity of an open-loop
nominal optimal trajectory. 'The admissible control may
have a magnitude constraint and in general is assumed to
be an element of a "suitable" L spaceeg, 14pSo0. The
motivation for the use of the L-problem is that it elimin-
ates the need for solving a two-point boundary-value
problem, However, it introduces a different type of a
compuational problem, & problem of approximation in Lp
space., The seeming disadvantage of the L-problem method

is that it can conly be applied to a linear system. However,
this is not a serious objection, since nonlinear processes

can be linearized around the nominal optimal trajectory

which in any case is assumed to bhe known.

The results of the disscrtation may be summarized
briefly as follows:
(1) It is shown that the optimal control law of the "mini-
mum norm problem" can be obtained as the solution of
a set of nonlinear algebraic equations ( Theorem

in Chapter II)
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(2) The direction of the "optimum lambda vector" used in
calculating the optimum control law is shown to be
constant on the optimum trpajectory (Theorem 2 in
Chapter I11).

(3) It is shown in Chaptcr II1I, theorem 3, that the
.ptimum control law of the " minimum time problem" can
also be obtained as the sclution of a set of nonlinear
algebraic equations.

(4) A new design procedure for both problems is developed
in Chapters I11,III, and IV,

(5) A bound is obtained on the size ¢f the allowed
seviation from the nominal optimal trajectory corres-—
ponding to a given terminal error (Chapter 11,I1I, and
IV,.

(6, The me.hod developed for linear system is extended to
nonlinear systems in Chapter V by linearizing the
given nonlinear system arocund the nominal optimal control
and its corresponding trajectory.

(7) 1t is shown in appendix B that the "optimum lambda
vector" used inthe functional analysis approach
turns out to be the costate vector of the Naximum

27

principle evaluated at the terminal time within a



scalar multiplicitye.
1.2 Mathematical Formulation of the lroblem

We are given a dynamic system which is to be

controlled and which can be described by

ax(t)
—— e A(E)x(t) + B(t)ult) (1=1)
dt

y(t) = C(t)x(t) (1=2)

where x(t),u(t) and y(t) are respectively the system
state variable, contrel input, and output vectors; A(t),
B(t), C(t) are respectively (nxn), (nxr), (mxn) matrices
whose elements are known continuous, real-valued functions
of time t, where t2,0. The solution of the vector diff-

erential equation for a given initial state x, at time

oy De 37
ti 18

t
x(6)= (t,5,)x(t;) +S & c,s)B(s)u(s)ds (1-3)
t.
i
where?Eﬁt,s) is the system transition matrix 5'51.

Therefore, the ocutput vector at terminal time te is

te

x(tf)-C(tf)i(ti.,ti)z(ti)+S c(tf)Etf,s)B(a)g(s)ds

vy

(1-4)



Define

e(teyx(t:0)% F(t,)-CC6. 0Bt sy ;)% () (1-5)
and

H(tp,8) = C(t,)P(t4,8)B(s) (1-6)

ihis yields the relatively simple uescription

£
e(tpyx(t,)) = § H(tpy8)uls) ds (1=7)

T3

Now let us state the problems to be solved in this thesis:
1.2.17 Froblem 1

Given an initial state X, at time ti and a
desired final output 1d at a fixed time t,, find a feed-
back "suboptim&l" control system which forces the dynamic
system after an elapsed time T-tf-ti, to x(tf)-xg while

. . 28 .
the performance index J= “g“p, 1€p where.g“p is a

Suitable norm in Lp space, is minimized,
1.2.2 lToblem 2

Given an initial state x, at time v and a
desired output Id, we wish to find a feedback "suboptimal”
control system which enables the dynamic system governed
by (1=1) and (1=2) initially in state Z(ti)-zo to setisfy

d . .
x(t;)-x for the least elapsed time T*=tji-t; subject to a
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constraint on the norm of u that is “g“p ‘Lo‘ where L,  is

a given positive number,

For both problems it is assumed that the dynamic

21 and further

system is completely output controllable
assumed that the process operates in the presence of
"small perturbations" and that the actual trajectory E(t)
is not "far" from the nominal optimal trajectory Eé(t)'
the nominal solution trajectory of the problems. It is

also assumed that all the states are accessible for

measurement.

Remark 1-1
A dynamic system is called completely output controllable

21 if and only if there exists an input u(t) which enables
the system with an arbitrary set of initial states to
achieve any desired output in a finite interval ti to tf.

20.21 that a dynamic system is completely

Cne can show
output controllable if for every nonzero vector b, the

inner product Q,Qj(tr,s)) is not identically zero over
any subinterval of ti, tr for every Jj, which corresponds

to a normal systames; Ei is the Jj=th column of matrix

H(tf,ﬂ). LE R R K

Remark 1=2
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"suitable norm" in Lp space which can incorporate

28

numerous practical constraints are defined as follows:

Case 1 Systems with one input

In this case define

Lo 1/p

Hul, *[S E] b dS] ' BY (1-8)
t.
1

The et of real-valued time functions u(t) which is cefined

on an interval ti to tf and whick has a finite norm
8.29

indicated by (1-8) is cailed a Lanach space denoted
by L_.
Y *p
Case 2 systems with multiple inputs and an overall
Constraint on all inputs
In this case define
t, 1/p
a T P
fu,, (S ()| as ) L ) (1-9)
1=
t.

1

Case 3 oystems with multiple inputs and different types
of constraints on each input

In tnis case define

r p/pi )1/13

(TS =(_X (S:|ui<t1pi at)

(1-10)

The resulting Banach space will be called a product Lp



’l? space. LR RN N

Remark 1-3
csuppose that one wishes to minimize the energy, area

or the maximum amplitude of the single control input, one
can incorporate these physical constraints with norm

definea in (4-8)17-ﬂ8-ﬂ9.22

with p=Z, p=1, Oor p=00D .
tLnergy, area, and the maximum amplitude for each input

are applied in the same manner, ***°**
1.% Historical Background

As has been mentioned, solutions to optimal control
problems are not always easily obtained. In addtion even

when it is possible to obtain the desired optimal solution

it may be impossible to implement it, that is, to construct
a controller capable of duplicating the exact mathmatical
results., For example, determination of the feedback control
law for a particular problem may require a forbidding amount
of computer memory space to carry out a complex set of
computations in real time. Hence, determination of the
optimal feedback control law would require a large economic
effort, This is not always justified since it may be
possible to use a relatively simple and cheap control law

which yields a performance criterion close to the optimal
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one., We have thus traded simplicity and lower cost for

the suboptimal performance.

In order to solve the suboptimal problem, it is
necessary to know the open~loop nominal optimal trajectory
when the technique in this thesis is used; one can obtain
this using the well=—established method of the lL-problem
1.16.19.22.23.24 which is outlined in appendix A. It is
shown there how to obtain an open-loop nominal optimal
control u*(t) both for the case of the minimum-norm optimal
problem (see problem 1) and the time-optimal one (see
problem 2). Once the nominal optimal control u*(t) is

formulated, the nominsal optimal trajectory ga(t) can be

obteined.

Cf course other methods are available to obtain
Eé(t) such a8 Pontryagin Maximum Princip1927, Dynamic
rrogramming 5, and various Steepest Descent methods7‘14‘15.
These methods have the advantage over the L-problem
approach in that they are not limited to linear systems,
As has been mentioned, the open-loop solution of the
optimal problems has a limited usefulness., It can at best

serve as a gulue a8 to what is the best under idealized

condtions.
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2.4.6.9.16.26 attaCde

A number of investigators
the practical aspect of the optimal control problem,
A point of view of some of them which bears a relation to
the presented research depends on the assumption( not
unreasonable in many cases) that the system operates in
the presence of small perturbations, which continuously
or otherwise cause "small" deviation from the nominal
optimal trajectory monitoreu at the output of the system
will be Eé(t) + AX and since Eé(t) is known, AX can be
measured. A suitable correction on u*(t), gu is generated
to make the actual output u®(t) +4u. When AXx is suffici-
ently small, a good approximation to gu(t) can be made
presumably by setting gu = M AX, where M is a matrix
which has to be precalculated.

The elements of the matrix M using the second

©e14.15-1C . an be found only in situations

variation method
where there is no hard constraint on the control input,
Essentially, only quadratic types of constraints can be
handled by this method, In reference 15 the second
variation method is extended to the case of the magnitude

bound by the use of penalty function. This increases the

dimensionality of the problem and the amount of required



computations, 12

An alternative approach is described in reference
9"10. Instead of trying to find directly a correction gu,
an attempt is made to calculate 4p, the change in the
costate vector p as a result of small changes 4x from the
nominal optimal trajectory. Although this approach can
handle magnitude constraints and others, the technique
requires in the general case of a nonlinear problem that
an approximate, simplified nonlinear model must be

determined. For this, however, there is no general techn-

ique available and authors discuss only a few special cases.

The manner in which the approach of this dissert-
ation differs from these previocous techniques can be summa-~

rizcd in the following table:

Breakwell Friedland Froposed
son ) Sarachick, Thau Technique
Value of p in
performance p =2 1{p< oo 1{p & o0
index
Control
constraints none yes yes
for minimum
time problem
Error
| analysis none none yes
Computational] Solution of Solution of Solution of
problem two-point matrix linear
boundary-value| Riccati algebraic
problem equation equations
Table 1=1

Comparison of Suboptimal Control Technigues
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In the case of magnitude constraint on control,
the proposed technique can handle situations where deviat-
ions may occur after the first switching instant on the
nominal optimal trajectory. The other techniques cannot
account for such deviations. Hence, the contribution of
this dissertation is that a feedback-suboptimal control
design procedure is presented together with an error analysis

to estimate its effectiveness,
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II SOLUTION OF FROBLEM 1 THE LAMBDA METHOD

2.1 Introduction

A solution of the minimum-norm suboptimal control
problem presentrd in this thesis is based on the assumption
that the dynamic system operates 1in the presence of small
perturbations during the actual operation and hence, in
this restricted problem, s suboptimal controller which

yields a periormance close to the optimal one and which can

be readily implemented is formulated,

The objective of this Chapter is to explore the
feasibility of designing a suboptimal control law for

problem 1 based on the results of the L-problem. It is

for simplicity assumed that in this Chapter that the control

is scalar and that suitable norm is defined by (1=8),
2.2 An Alternative Method on Obtaining A*

As h:s been reviewed in Appendix A, one can obtain
the open-loop optimal control of the problem 1*(see appen=

dix A), problem of finding control u(t) which makes

||u‘|p = min (2.2=1)

while keeping
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s
S h(tey8lu(s)ds = e(tsyx(¥,)) (2.2-2)
By
where t. is fixed.
One can write optimal control u*(t), the solution of

Froblem 1* as
u*(t)= u'(tf,b‘,t) (2.2=3)

where1b' is the minimand in the expression (A=12) in

appendix A with
A'T g(tf,z_(ti)) = 1 (2.2=4)

Remark 2-1
One can of course obtain A* as the meximand in the

expression (A=11). In this case we see that the optimum

lambda vector A* is maximand within non-zero scalar multi-

plicity. Thus the direction of the vector A* is sufficient

to determine the optimum lambda vector'A'. Therefore, the

maximum value of (A-=11) is independent of the number
i;1A{°i(tf’§(ti)) so that the quantity of 1;;4\{ei(tf,§(ti))

may be set to 1 as has already been done in appendix A.

As an advantege for this approach, one can reduce the

dimension of A* in the maximization by one,i.e., m to m-1.

Once we set t te.(t.,x(t.)) = 1, the magnitude as well
l_qAn iv'ree i ’
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as the direction of the optimum lambda vector are fixed

for this particular f& te. . (Lo,x(t;)) =1, *eees
- Aj0y (Trax(ty

The optimum control u*(t), (2.2-3) which is the
solution of (2.2-1) and (2.,2-«2) is completely specified
by the optimum lambda vector ‘A‘. The optimum control
u*(t) must satisfy (2.2-2). Substituting (2.2-3), that is,
(A=17) in Appendix A,into (2.2-2) gives

-

f q
g; g(tf,s)‘h(tf,é',s)l sgn(h(tr,L‘,s) ds

vy

'g(tfsﬁ(ti))
ln-fl >3

where

h(tg,A%,t)2 ?"A{hi(tf,t) S he
Now premultiplying the both sides of (2.2=5) by‘b‘T
(transpose of M), we see that the side constraint (2.2-4)
is automatically satisfied. Therefore, one may obtain
the optimum lambda vector A\* as the solution of nonlinear
algebraic equations (2.2-5) instead of finding A* as the
maximand in the expression (A-11) in Appendix A for given
initial state E(ti) at time tys terminal time t. and q.

Thus, one can summarize this as Theorem 1:
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Theorem “1

A*, optimum lambda vector which is maximand in the
expression (A-11) in Appendix A, can be obt&ined as the

solution of (2.2=5).
2ela hﬁ for Single Output System

To clarify Theorem 1 consider the dynamic system
with a single input and a single output. In this special
case the optimum lambda vector becomes a scalar and its

value can be obtained directly from (2.2=4) or (2.2=5)
A*= 1/ e(tpyx(t;)) (2.2-6)

Since the optimum lambda vector can be explicitly
obtained for all initialstates x(t;), the optimum control
can be obtained as a function of §(ti) and can be found

by substituting (2.2-6) into (A=17) in Appendix A sas

follows:
q-
.(t) .(tf’-x—(tl))lh(tf't)| sgn(h(tf,t))
u - aim—
Qe )4 (2,2=7)
qQ
where ’I\(q « This agrees with the result given in

reference 18,

Hemark 2-2

We obtained an open-~loop type of optimal control which
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is tunction of initial state x(ti) and initial time t..
If we take the initial time ti to be the current time ¢
and the initial state ;(ti) to be the current state x(t),

we obtain feedback optimal control., =*****

2.2 A' for Multiple Output Systems

Case 1 Energy constraint on control input; p=2:ge=2
In this case also, using the Theorem 1 one can

obtain A* explicitly. PFrom (2.2-5) we obtain

6. - (“h‘lz)aw(tf’ti) .e_(tfi.].c.(ti)) (2.2=8)
where
te -
T .
W(bpet) = ( S h(t,.,8)8(t,,8) d8 ) and b (t,,t) is

£y

transpose of Q(tr.t). Now premultiplying both sides of
(2.2=8) by ET(tf'E(ti))' the transpose of g(tf,g(ti))
and recalling that g?(tr,i(ti))é‘ = 1, we can obtain

)
& (tp,E(t;))W(tgyt,)0(tpyx(t;))

W o2
Mbel\)<- (2.2-9)

Conplete cutput controllability of the system guarantees
that W(tf,ti)'q is positive definite and therefore W(tf,ti)
exists. Thus the optimum lambda vector A' can be obtained

by inserting (2.2-9) into (2.2-8) as follows:
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W(tf,ti) g(tfoz(ti)) (2.2-10)

a -

IqJ

(tfgz(ti) )U(tf.ti)g(tr,?_ﬁ(ti) )

Therefore, optimal control u*(t) for this case
can be obtained explicitly for any initial state E(ti)i

Inserting (2.2-10) into (A=-17) in appendix A gives
s (6) = B (tgyt) Wltgyty) e(bpax(ty)) (2.2-11)

As it has been pointed out in Remark 2-2, feedback optimal
control can be obtained if we take initial time ti to be
the current time t and the initial state E(ti) to be the

current state x(t):

(€)= BT (tget) W(tpat) o(tgyx(t)) (2.2-12)

Case 2 lMagnitude constraint on control input; p=00

When we observe (2.2=5) for the case of g=1,
it is seen that the immediate difficulty is raised in
calculating the optimum lambda vector A* for all x(t,)
as the number of outputs is increased, However, for the

dynamic system whose impulse response belongs to a Tcheby-

22.2%.24

cheff system certain simplifications are possible

23,24

and the simplifications depends on the terminal

vector g(tf,g(ti)):
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(i) 91ﬁ0, OJ- 0’ J’E‘},..,ﬂ
In this case a closed form relation can be obtained.

(ii) 01,32'000'93 ‘ 0’ L) = es+2- cee = @ - O

8+1 n

where 1¢{s¢m
For the case of (ii) the problem is reduced to the Geroni-
mus problem15, the problem of finding s=-coefficients which

maximizes a linear form subJject to an integral constraint.

As far as the feedback control system is concerned
the case (i) becomes the case of sem in case (ii) during
the process of the system. Thus, to implement the contin-
uous feedback control system it is necessary to solve the
Geronimus problem on-line. Therefore, it requires in
general, a forbidding amount of computer storage space to
generate A* for all initial states. Thus, one must trade
simplicity and lower cost for allowable approximation of
the optimum lambda vector which yields acceptable perform-
ance of the dynamic system, One way of approximating ‘A‘
will be presented in the coming section on the assumption
that the dynamic system operates in the presence of small

perturbations.
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2.3 A Structure of Feedback Suboptimal Control System

It has been shown in section 2.2 that A® has been
explicitly obtained for ps2 and for the single input =
single output systems( 1<p,goo Je In this section one
obtains an approximate expression for A‘ for the single
input - multiple output systems { 1€ p{o@) on the assump-
tion that the system operates in the presence of small
perturbations. External unknown forces can cause perturba-
tions during operation; for example a gust of wind or change
in temperature; ancther example of engineering interest is
the regulator problem for which the possible range of ini-
tial states is large. Yet another type of perturbation is

that due to imperfect knowledge of the system.

However, in this section one focuses on the pert-
urbations essentislly due to the external force and assumes
that all the system parameters, reference input and sensing
devices are precisely known.

Now let us develop the feedback suboptimal control
system., The basic idea used in obtaining the suboptimal
control is the utilization of the general form of the open-

loop optimal control input which is obtained in appendix A
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using the method of functional analysis. This solution

can be written as

u*(t) = u"(tr,b;,t) (243=1)
where t. is the fixed terminal time and a; is the
optimum lambda vector whose precomputed elements depend.
on the desired final output xg and the initial state x(t)

of the system, different in genersal from x_ , the nominal

X,
initial state.
Remark 2«6

Note that A* = A? when computation of )\* is performea
foer the initial state E(ti)-g(t) and the desired final

output 1d. crense

It is seen in (2.3-1) that the optimal control
u*{t) depends on parameter A;. However, as has been

mentioned, the on-line computation of A; requires prohi-

bitive samount of computer memory space for the case of
single input - multiple output systems. Therefore, one
must trade simplicity and lower cost for the approximate
value of ‘A;. One way of approximating A; will be
presented in this section. The approximate calculation

of A; is based on the assumption that the system operates
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in the presence of small perturbations. Before developing
a method of finding approximate é;, it will be helpful to
define the following items (refer to fig.2-1):
(1) Es(t)’ the optimum nominal trajectory is the solution
of equation (1-1) with u replaced by u‘(tf,Ar,t) and

x(t;)= X,

(2) x*(t), the optimum trajectory is the solution of
equation (1=1) with u replaced by u‘(tf,b;,t) and
x(t)=x(t).

(3) x(t) is the actual trajectory not far from ths neminal
optimal one.

(4) Ax(t) = x(t) - ES(t), deviatiom measured by sensing

devices,

(5) u*(t) is suboptimal control.

(6) ‘A% is the value of the A* at every instant of time

along the nominal optimal trajectory zg(t).

In the proposed scheme A; can be approximated by
first obtaining aj, small change in A%, as & result of

small change gx in zs,i.e.,

A = A + 4\ (2.3=2)

When the deviation gx is & small quantity, it is shown in
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Graphical Illustration Of Notation

Optimum trajectory

ﬁt(t)f b;

Nominal trajectory
x2(t), Al
u‘(tf,Aé,t)

A + 8A
u*(t)= u'(tf1A%+AAst)

x(t)
Actual state

Nominal initial state

Fige 2-1
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a later section that pAXx can be approximately related to

A) bPY & linear relation. Thus, the deviation gx must be
small enough to be linearly related to ¢Qy Suppose that
the linear transformation which maps Ax into gA is found,

i.e.,

AN - [an]ﬁ » 183 @ (2.3=3)
Then the feedback suboptimal control system proposed in
this thesis is shown in fig.2-2. In this figure the box
marked "suboptimel controller" realizes eq.{(2.3-1), that
is, (A=17) in appendix A with T A' replaced by t and A;,
respectively. To find ‘A; in addition to A\, it is nece-
ssary to know A;. It turns out that the determination of
ag can be achieved without the necessity of repeating at
every instant of time the computational process indicated
by (A=-11) in appendix A. The determination of A% is based
on the following theorem in which we Bhow that the direction
of A% is constant on the optimum trajectory for all &,
ti\<~ t,s te-

Theorem -

The direction of A% which defines the optimum control

input u;(t) at time t when starting from initial state Es(t)



SUBLPTIEAL CONIROUL oCHeMa

CONTROLLER

CONTHOLLER

| g SUBOPTIMAL E',,

oYSTeM TO BE
CON./ROLLED

Fig, 2«2

9c
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is invariant for all t, ti‘t‘tf, where initial state X

is defined at time ti'
Froof
trinciple of (ptimality guarantees that u;(t) must be

an optimum policy. Hence,
u(t) = u*(t) (24 3=~4)

for all ¢, €, {t Qtr
where u*(t) is the optimum control corresponding to the
initial state x_ and is given by (A=17). And also from

=0

(A=17) in appendix A

Q=1 m
‘ﬁ A'Eihi(tfvt) ' sgn( Z&ihi(tf't))
=’ i=
u;(t) = (2.3=5)
by
I q
S |EA§ihi(tf’B)| ds

t i=1
where 1£q{ @
Comparing (A=17) and (2.3=5), it follows from the condtion
(2435~4) that
a. egn((AZ,b(t;,t)) = sgn ({A*+B(E,,t))) (2.3~6)
b jur(t)] = Jui(e)| (2.3=7)
To prove the theorem, it is sufficient to show that

u*(t) = u;(t) when
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At = m(te,t)A° (243=8)

holds for all t, t; (t This can be demonstrated by

f.

observing that condition (2.3-7) is satisfied when

t A? b, (tf,a)\ ds
1-

m(tfit') = (203"9)
q

|Z,\1hi(t ,8) | ds

ie1

d‘\_/\cf

d\f’\d

and that this automatically satisfies the requiremens of
condition (2.%=6) since m(tf,t)>0 for all t, t; \(t,gtf.
Hence, the theorem is proven. Alternatively m(tr,t) can
al80 be derived directly from the side condition, that
is, since the side condition must be satisfied on the

optimum trajectory
Qﬁz'g(tfs_o(t))> = 1 (2e3=10)

Inserting (2.3-9) into (2.3-10) and solving for n(tf,t),

1
(E.,t) = (263=11)
mE (A*18(ta,x3(6))

Note that (2.3-9) is equivalent to (2.3%=11). To 8see this

we observe that (1-7 ) with Ty ;(ti), u(s) replaced by
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t, _x_;(t), u‘(tf,g‘,t) respectively yields

&
£ q=1
S a(tg8)|BA | sen(n(d*)) 4ds

t
e(tpx]) = - (2.3-12)
t
S A |' s
ty
where

m
BA") 2 ] by (580N

im
Inserting (2.3=12) into (2.%-11) gives

L
SI ‘h(ét) ‘q ds

1 tl

(6' 9£(tf’?_§5(t) ))

t
Sf |h(é‘ ) ‘q ds
t

Thus, A? can be precomputed and A; be obtained at every
instant of time on line as A? = At + A) provided that
A is obtained on line. As has already been mentioned
4) is estimated approximately from (2.3=-3) where m x n
linear transformation matrix [r»:nq is to be precomputed.
To determine [an] we first define from (1-~5) that

a8 = o(tpyX(t)) - e(t,,x3(t))
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Then we can have

a8 = "C(th(tf!t).ﬂE (2¢3-14)

since I(tf) = x‘(tf) - z@, where z‘(tf)- C(tr)ga(tf).

It turns out that

[anl- -an] C(t )P tgrt) (c03-15)

where [an] is sn m x m linear transformation matrix

defined by
a) - [an]ag (2.3-16)

A method for computing matrix[R ]is described in the

nq

following section,

2.3.,1 Derivation of lLinear Transformation Matrix[an]

It will be shown in this section that an m x m
linear transformation matrix [an] is determined through a
Taylor series expansion., To do this we first note in
theorem 1 that A; can be obtained as the solution of
(2.2-5) with t;, x(t ), A® replaced by t, ES(t),A%,

respectively, that is

£ . q=-1
B(t,e8) [AD | sen(b(A}))ds

o A ct

o(t,,x3(t)) = (2.3-17)

q
dnApil >
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Define the right hand side of (2.3=17) as E(A%9tf)- Then,

(2.%=17) can be rewritten as
[ ]
_e_(ti\’a(_o(t)) = E(Ag’tf)
The above equation must be valid for any state x(t) which
may or may not be on the optimum trajectory Z;(t) if there

exists a.A; corresponding to x(t)( otherwise, the corres-

ponding optimum control input dose not exist);

q="1
I

t

f
S E(tr’snh(&) sgn (h(A;()) ds
t

g(tfiz.(t) =

HnQdplly”

(2¢5-18)

= 2(A5ty)
Now the linear transformation matrix an which maps ge
into,AL is obtained through a Taylor series expansion of
(2.3=18) around AE and x2(t)( see (2.3-2) and the
definition of g4x in item 4 in pages 23). From the definition

of A8
a8 = z(A7 + 84, tg) - z(ALty) (2.3-19)

Substituting a Taylor series expansion for EQ&% +4&, te)

into (2.3=19) gives
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(@2

AE"QT;—AA-rR

where [QE | 2[ga(é;htf) ]
m‘ oé.;c J A; - At

t

and R is the remainder.

Now define

-1 Pz
an = QA; (203-20)
9z
To evaluate —_—— one takes the symbolic derivative
PA;

51.355 for sufficiently small pe( that is, for sufficiently

small deviation gx)

tf Q=2
(q=1) S E(tf,s)g(tf,s)T |h(AE) \ ds
t

R~V |2z K, ( *
[} 3

e -1
2 ( n(vpon(e, 0T @D 1T SRQAL) s
t
2 ) -
Kq
te - t. -1
Sp_(tf,s]h(bgﬂ sgn(h(Ay))ds(q Sg(tr.s)T|h(A.;)|q sgn(h(Af))ds
t t
2
Kq

(2.5-2")
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where se[l:, tf] and &(t) is an unit impulse and

§f|hQ;)|q ds
t

For qe=1:p=g0p ( minimizing the maximum amplitude of control)

(243=21) becomes

£,
n D §(h(AL))ds

[Rn.? ] = g(trtg(t))g(tfsﬁ;))'r (2.3=22)

where e is the transpose of e and hT is transpose of h,

b # h(s,,s)

The above equation (2.%-22) can be further simplified

upon using the formula55'31

8(s=-82)
Sh(AL)) = > - (243-23)
T e,
8 L

where B* is 8 simple zero,if any, of h(at), t {s £ f .
Then performing the indicated integration of (2.3-22) by

using the formula (2,3-23)

» Z 2n(tgr82)B(t,,85)" .
an - 3 . —2(tr,_o)e(t x‘)
K‘Ilﬁ (At'g(tf'“ﬂ 8=8%

(2.3=24)
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where B; must be in the interval ¢ to tr.

Remark 2-7

Suppose that v=1,2,..,k where k is the number of times
that the nominal open loop optimal control,u‘(tf,bf,t),
switches. Then (2.3-24) suggests that (k+1) suboptimum
controller must be constructed so as for the v-th contro-
ller to be valid in the interval a;_1 to s;. For example,
for the n-th order system with all real eigen~values, there
can be at most n suboptimum controllers since there are

at most n-1 switching5'27. vrees

For pe=2:qm=2( Energy case of control), (2.3-21)

becomes

-
-1 (w(tf,t)) T
= -2 g(tf.g(t))g(tr.g(t))

R
ns
ko

Now to obtain the linear transformation matrix
[an] which transforms Ax into A} and which is defined as
as the inversion of the matrix [Rn;T} one must make the
inversion of [an'1] and the existence of this inversion
requires that the determinant of [Rn;1] must be non-zero,

that is,

=1
Det ([an ]) £ O (2.3=26)
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In fact the above condition is always satisfied whenever
1{q{ 00 ; when q=1(p=00, one ig trying to minimize the
meximum magnitude of control) the condition (2,3-26) is
satisfied. when there are at least n-1 switching instants
between the current time and the final time. The above
statement follows from the uniqueness condition 24,38
for Mz since, if we consider e as a function of A;
(see (2.3=18)), then a necessary condition for unique
invertibility of the function A; is precisely the condition
(2.3=26).

Thus, to evaluate [an] for q=1, gq=2 it is necessary
to obtain the inverse of the matrix given by (2.3-25),
(2.3=-24), respectively. It follows from the above
invertibility condition that [RnJ can always be found and
that for a system with n real é&igenvalues for an n x n
system matrix A,[ﬁnqlcan be obteined only for the time
interval up to the first switching instant 83 assuming that
the original open-lcop optimal control,u‘(tf“b‘,t) contained
(n=1) of these instants., I1f these conditions are not
satisfied, we can attempt to estimate an approximate [RHA}

namely [an] « This of course may be necessary whenever we

have to worry about deviations which occur beyond the
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first switching time interval( for exsmple, t a;, val,240

eeyn=1 in the case of the system with n real eigen-values).

Remark 2«8

Using a matrix idenit356

1 1

(I + A B )- = I - A( I + BA )- B

one may obtain Rn2 which is the inverseion of[Rnel]givan

by (2.3%=25), as
[Rnel- Ko(I = 2 Af @(t,,x3(t)) W(ty,t)

where

ct

£ T -1
W(tp,t) = ( h(t;y8)h(tey8) d8 ) seess

ot

2.%3.2 Estimation of [ﬁhﬂl

(a) Pseudo Inverse Method

When[anqlia a8 singular matrix, one cannot obtain

A) such that pe = [Rn;l']M . However, one can try to
obtain the best &) a8 the minimand of Ijg '[Rn‘l Jaél '
where for simplicity the inner product is taken for the
norm. There is no unigque solution to this problem.

However, one can further stipulate that the choice for the

best &) should be made such that [Ja)] has the least value.

Under this condition it can be shown that 12431



37

a) = BT (88T)"" (ATa)" AT 4e (243=27)
hence
[Hm]' BT(B BY)~T(aTa)=1 AT (2.3-28)

=1 =11 .
where[Rn,' ]- A B and the rank of [an ]13 k$m

A is m x k matrix of rank k
E is k x m matrix of rank k
For any fixed instant of time it is always possible to

decompoae[ﬁn;q]into matrices A abd B defined above,

(b) An Alternative Method
Instead of using the l!'seudo-~inverse method
an approximate a) can be obtained by assuning that for
small Ae the direction of vector ag:esaentially remains

the same as that of A! and therefore, A*,i.e.,
A\ = a(t) .Y (2.3-29)
where a(t) is a scalar function to be determined.
Using che side condition
(A;, e(tpyx*(t)) = 1 (2.3=30)

it follows from (2.3=-29)and (2,3=30) that

AA . -@',dﬁ)

) PP . (2e3=3%1
’i/m(tf,‘b) + (é-"2> m( £ )A )
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Thus, &)\ can be obtained on line since A?*, m(t.yt) can
be precomputed
Remark 2-9

If we assume that A* = a(t) A* through the process
(from the start to the end of operation), we can make use
of (2.3=31) in estimating A‘b through the process. It is
worth noting that an estimation of AA through (2.3-3) is
based on the assumption of small changes in magnitude as

well as the direction of of A as a result of g4x. *****

2e.34% Suboptimal Control for Single Input and Single
Output Systems

Consider the dynamic system which consists of
single control input and single control output. For this
system, as usual,[an]must be determined to develop the
suboptimal control system. To determine [Mm} [an] must be
calculated( see (2.3%=15), To evaluate the [an] we first
observe that Qz, g(tf,t)) are scalar qQuantities,respectively
and from (2.3=10) that A - 1/o(tf,§5(t)). Therefore,

the first term in[Rn;1l(2.3-2ﬂ) becomes (q—ﬂ)o(tf,gs(t))2

el
nq

when recalling formula (2.3-2%) and the last term results

and the second term in [R ]vanishea for all q, 'I\<q
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q e(tf,gs)a. Thus we obtain

[an]. “1/0(t,,x2(5)) (2.3-32)
and hence from (2.3%-15)

[um} “1/8Ct £ x3(£))C(t P, E 0 t) (2.3-33)

2.4 Simplified Suboptimum Controller

Optimum control (2.3%-=1) can be rewritten here

for the sake of convenience

q-1
u(t) = Kp ARt )| sen ( Q3T Blbgt))  (2.4-1)

where a scalar Ky is evaluated to satisfy (1-8) and

obtains
et xa(t))
x A1

(2ot=2)

Note in (2.4=-2) that on-line integratiom routine is required
to evaluate K;. This problem also arises in realizing the

suboptimal control law (2.3-5), where AE is replaced by

L]
Ax. To overcome this difficulty, an approximate solution
of K; is presented in this section.
When we recall the side condition, one can

rewrite (2.4=2) as

kgl AxTm(ep el " = 1 (2.4-3)



with the side condition
AT e(to,xt(6)) - 1 (2.4-4)

Note in (2.4-=3),(2,4=4) that Ky = K* in case when

* = 1 - % -
;O(t) X, at time ¢ ti. Define K as the value of K;
on the optimal nominal trajectory ;;(t). It is shown in
reference 1 that a small change of ;5, AX, results in a
small change in the minimum norm, and therefore, & small

change in K;, AK. Thus, one can write
- »
K¥ = K} + &K (2.4=5)

as a result of small deviation Ax, and a corresponding

small change QA such that

A;- A,“; ‘*.‘A (2.4=6)

Inserting (2.4=5),(2.4=6) into (2.4=3) gives

(kg + 8 (| AsT + aADR(t,,8)| NPT
9 (2.4=7)

Taking a Taylor series expansion in the left hand side of

(2.4=7 ) gives

t
b4 q-1
q . q
K;(“A;Tguq) + K( nA;Tglq) + QK S QT(tr.s)ldngl
e

sen( A h(tpys) ds B + R = 1 (2o44=8)
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where R is the remainder.

Note that the third term in the left hand side of (2.4=8)
becomes q gT(tf,za(t))AA and the zerc order terms of AK
and A\ in both sides of equation (2.4=8) vanish.

Collecting the first order terms of AK, AA gives

AK = = g K% Q(tft,&(‘;(t))T AA (coet=9)
In similar way one obtains from (z.4=4)
e(tryx3(t))AN = ~Ae Ar (2.4=10)

where Ae was specified in (2,3«14)

Inserting (2.4-10) into (2.,4=9) gives
K == q K} ( C(t)F(tsyt)A% T AL (2.4-11)

Therefore, one can obtain the suboptimal controller
u*(t) as

T - - T =1 » T

T7(t) = (Kg+aK) (AL +aN) B(tp,t sen((AL +aA) "h(t.yt))

(2et=12;
where AA , AK are obtainei from (2.3-3), (2.4-11),

respectively. The resulting feedback suboptimal control

system can be shown in fig. 2-3 .

2.5 Lkrror Analysis

let y(t) = x(t),i.e., C(t) = I for the sake of
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simplicity and let‘agd be the terminal error deviated from

the desired state xd at the terminal time tr as a result

of small deviation AX. In this section we deal with the
following problem: For & given positive number T, such

that

I 2=°] ¢ = (2.5-1)
find a number rn(t,ro) which satisfies
" Ag_c_(t)l LENCT (245=2)
while employing the suboptimal control acheme proposed.
One may give an explanation of the phisical meaning of the
problem as that of finding a bound on the size of the

allowed deviation from the nominal trajectory corresp-

oncing to a given terminal error.
To solve the problem, recall that
A" et yx* () = 1 (245-3)

where e(t,,x*(t)) = x¢ -F(tp,t) x* (%)

Note that (2.5~%) can be obtained by premultiplying
(2.3-18) by A? and thatequality in (2,5-3) must hold for
the optimum lambda vactorib; corresponding to x*(t).

However, in the suboptimal control scheme, AQ: has been
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approximately estimated as

5 - & +[nde (245-4)
when (2.5-4) is inserted into (2.5-3), the equality in
(2.5=3) dose not hold and one may expect the terminal error
A;d deviated from the desired state ;échuato the approximate
value of A&. Therefore, one may rewrite (2.5~3) as

(At +[rr:n42)T(zd + Axd o, t)( x2(E) +ax(t))) 3 ; )

Note that the matrix[b‘lnq]- -[an]C(tf)itf,t) has been

chosen 80 that the zero-order and the first-order terms

in x vanish,i.e,,
ArTC 2 -t 0)x3(E)) = 1 and

- AT Eprt)ax + (xP-Ftgyt) E;(t))T[Mm]g =0 (2.5-6)

To see the reasson why (2.5=6) dose hold, recall first that
Ae ==Ftpt)ax(t); e(ty,x3(t))= _Jsd-itr.t)zg(t);ﬁ-[l?n;‘]qb
and therefore, one may rewrite the left hand side of (2.5-6)
as (A%T[Rn:‘]+ g(tf,_;_;(t))TAA which is identically zero
since premultiplying [Rn;1]given in (2.3=-21), by AQF

gives g(tf,ES(t))T. ‘"Therefore, (2,5-5) is reduced to

(At *[’%4 7" ax? - {”m] )Tt 4y t)ax (2.5-7)
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Now applying Schwarz's inequality in the left hand side
of (2.5-7) and solving the inequality equation for 4;@

gives

I Tim I & tpot)
Sk fa£||n+| . Je] . o

where the norm is taken as the square root of the inner

product of vectors. Recall that our objective is to
obtain rn(t,ro) such thatlg;l ,‘rn(t.ro), where rn(t,ro)
is the upper bound on'ﬁ;“. To do this one expresses the
right hand side of inequality (2.5-8) in terms of flaxi{i:

31

For this purpose, make use of a relation

/emin(ATA) é-uﬁW (2.5-9)

are the minimum and

T T
where ?min(A A) and max(A A)

maximum eigenvalues of the matrix (ATA) respectively.

In order to obtain the least upper bound on [jpx|} one takes

the coefficient of the first order and the second order

of fax|| as /?mionE;“Mn} and Pmax{“ni[”nq} Pmax(iqT)-

respectively. Thus, one can find the following inequality

J Braxuifc) Posx B puct? , flo" [MalBCeer©) ax)
AN Prin Gralrng Boxi NAsh B[ Jaxll

(2.5=10)




Now solving

J PuexPrug o) Coax @ B i’

T 1/2
lA‘E“" Pmin([mnq nq]) / l‘!l

for Xx &and noting x O gives

(20 5"11)

2 2
T a, + (r< aZ + 4r_a AT )
“!_“‘ o 2 /2: e o‘!"— “

1

where a, s w/rmax([ﬂn’glﬁnq} fmaxqr 1) and
s, * \/ Cnin @nzwnq}

Therefore, one determines rn(t,ro) from (2.5=11) as

(2.5=12)

e om o To%2 * JT a5 sraATy
n O 2a

1
2.6 Design Frocedure

A design procedure for the problem 1 developed

in chapter II can be sBummarized as follows:

Step 1 Calculate the state transition matrix !(tf,t), the
optimum lambda vector N and A_E defined by (Z2.3=8).
Calculate the nominal optimal control u*(t) asnd its
corresponding trajectory ;;(t).

Step 2 Calculate the appropriaste linear transformation

matrix
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[an] - - [an C( tf)i( toy t), where the matrix
. . , -] . -1
[Rn q] is8 the inversion of [I?ln q]and the matrix [Rn q]is
defined by (2.3%3-21)

Ste Calculate a scalar function K% and K, where

K? =

1
¢ (AL hCte, tH) T

and OK is defineu by (2.4=11)
bStep 4 On-line computation on the deviation Ax and the

suboptimum controller u*(t) defimed by (2.4-12).
2.7 Illustrative Example

To clarify the application of the theory developed
in this chapter, an illustrative example is presented in

this section.

Consider the inertia plant which csn be represented
as the dynamic system which is governed by (1-1) and (1=2)
where the matrices A, B, C in this case are given

respectively as

L efl- [ b

Given san initisl state X, = at time t=t, -O and the
-0
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a 0
desired output z(tr) -y = o at time tf-2, we wish to
solve the problem 1 for the case of p =00 (minimizing the
maximum amplitude of the control u(t))
Step 1 Calculate the state transition matrix, the optimum
lambda vector A’ and At. Calculate the nominal optimum

control and its corresponding nominal trajectory 55:

(a) The state transition matrix for this system can be
obtained 3¢21 as
1 tf-t
i(tr’t) -
0 4
(b) Making use of a method of functional analysis

reviewed in appendix A, one can obtain the optimum

lambda vector

At = 1 (2.7=2)
-

and AE = m(tr,t) A*, where m(tr,t) is obtained
from (2.3=11) with tf,b‘ replaced by 2,[ :]
respectively,i.€.,

m(2,t) = 1/(-x3,(t) = (1=t)x:,(t) )

. s .
where x"c’,| and 2 35 indicate elements of Eo(t)

{(¢c) The nominal optimal control u*(t) becomes
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u*(t) = sgn(1-t) (2.7=3)

(d) The nominal optimel trajectory Eé(t) valid for
t &1 is given by

-1 + t2/2
_358(1;) - (207-4)

and for t)/"l is given by

-2 + 2t - 1/2t°

x5 (t) = (2.7-5)
2=t

Step 2 Calculate the appropriate linear transformation

matrix [Mn1]

(a) 0Lt {1 (during the first switching interval)
To obtain the matrix [Mn’l] (see (2.3=15)) one first
obtains the inversion of [R;:.}} where [R;::] can be
obtained from (2.3-24) with tey kqy 81, g(tf,s)
replaced by 2, 1, 1, [%; ]respectively.

1]
Ferforming the inversion of the matrix an Yields

]

2

'E/m(E,t)-eé -2/m(2,t) + a; eé ]

[an}--m(2,t)5/2 )

~2/m(2,t) + e% eé 2/m(2,t) -e;

"

where e*'s are the elements of the vector g(tf,;_:_;(t))
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which is obtained from (1-5) as

1 2=t
- - .
2(2,x3(%)) x3(t)

0 1

(b) 1¢t<€2

In this interval the matrix anq becomes
1 3% ef ez

[ ]= -

o3 o3 o

Since the determinant of [Rn;1] is zero, one makes

use of the pseudo-inverse method described in

section (2.3.2) to obtain the approximeate inversion.

To do this decomposelﬁ;:lappropriately as

A= - ! y B -[042 e%eé]

eé/ea

and performing the indicated calculation of (2.,%-28)

gives
2 | o5 o503
B . l= -1/t 02°)
n1 1 2
eles e52

Therefore,[ﬁn{]is obtained from (2,3=15) as

2-t

b ||

(207"7)

(2.7=8)
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where [Rm] is specified in (2.7-6) and (2.7=7) for the
interval [0,1) and [1,ﬁ1 respectively.

! and AK

Step 3 Frecomputation of Kt

(a) Ky is obtained from (2,4-2) with A;, x*(t), tsy Q

replaced by A;, ES(t), 2, 1, respectively:

ﬂ
Kf = (207"'9)
© | rapd

(b) AK is obtained from (2.4-11), where gq=1, C(tf)-I,

the transition matrix §(2,t) and the optimum
lambda vector AP are found in step 1.

Step 4 On~line computation of the suboptimal controller
The suboptimal controller can be simply programmed

from (2.4-12) &8

ut(t)=(Kg+ K)sgn((1+ o} /m(2,1))(2-t)+(~1+84,/m(2,t))
where a\'s are the elements of the vector g)\ and are
obtained through (<.3=3%) and[Mn;]is specified by

(2-'/-&).

To demonstrate the effectiveness of the technique
developed in this Chapter, the example was simulated using
a digital computer for the initial state xo1--1.0, X 0= 0.0

at time t = O, In this simulation for practical purposes
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SUBCOCPTIMAL CUNTRCL SYSTeM OF THE EXAMPLE

F +1}' u* 1
— AK
=4 P,
=
where
ho' Pq, P, are realized s¢o that

Ko-‘l+bl‘{
F = 1=t =0,58x, +(0.75+0.5t)ax%,

AK = ngq + (ﬂ-t)Axe)m(E,t), m(2,t)-1/(x84—(ﬂ-t)x52)

and
xaq = =1 + t2/2
Xon = & for O&Ltg 1 ;

X*, = =2 +2t=0.5t°

xX3p = 2-t for 1&t 42,

Fig.2=4
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L=2 a1qey

L*0 = (2)°x 0°L 650°0=(2)°x 0°L 0L*0 = (0)°x
V00 =(2)bx 660°0=(2)"x oL°L= = (0)tx
. 2 . 2
. €60 0=(2)~x . oL*0== (0)°x
L ¢G0*0=(2)"x OoL*L=- = (0)"x
| £to= () x
N = c
L*0*(2)%x 0°t £90°0=(2)%x o 0L*0 onex
¢ro=(2)'x £90°0=(2) “x 0670~ = (o)
. 2 crm( >3 .= 2
Leo—=(2)™x . 090°0=(2)x 9L 0L*0= = (0)°x
Lo—=(2)"x oL 090°0=(2)"x 06%0= = (0)‘x
YOy TOFINDD ¥O¥HT TOYINOD
TYNINNAT |A0 FAATINOVY VNI 1 gonzTe —_—
TONINOD TYNIWON DNICN WELSXE TYIIINT
WIISKS J0NT=N7I0 TYNILOENS

~ WALSAT TONINOD

WIIA0HAS JO ADNVNMNOIYII 40 XWVHNNS
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[Mn,]] was evaluated at time ts1 second,i.e., the matrix [Mn'l]
which transforms gx into a) becomes constant. This simpli-
fication is not unreasonable since deviations are most
effective around the switching instant t=1 second. The
suboptimsl control system based on this simplification is
obtained as shown in fig. (2-4) and some parameters of
controller to be reslized are given there, In this simul-
ation, the controller measured the output and corrected the
preprogrammed conctrol law at every 0,05 seconds. As the
process time approaches the terminal time 2 seconds, the
maginitude of m(2,t) becomes large and hence one cannot
realize this., In this simulation the function m(2,t) was

allowed to saturate at 1000, Under these limitations the

performances between the copen loop nominal control without
correction regardless of deviation gx and the suboptimal
one are compared and are summarized in table 2-1,

According to the error analysis, one could estimate
a bound on the size of deviation px: For a given positive
number r,=0,71 such that |05F1[$rb s+ one wishes to find
rn(o,ro). Using (2.5~ 2) one obtains rn(0,0.1) = 0,189
which is alloweble boumd on initial deviation that will

result in the allowed terminal error,
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The phase portrait in Xq =X, plane for each case
A,B,C,D is given in fig.2-5, where the actual trajectory
for each case, indicated by the s0lid line is compared
with the trajectory due to the open loop nominal control
without correction, indicatea by the dot line. And slso
in fig 2-5 the suboptimal control for each case is compared

with the open loop nominal one.

2.8 Summary

In this chapter it was shown that a design
procedure of a feedback suboptimum control law for the
minimum norm control problem was developed, The assump-
tionsa on which the technigue is based are that the dynamic
gystem operates in the presence of small deviations during
the actual coperation and that the deviations are that due
to the unknown external forces and all the system para=-
meters, reference ocutput and sensing devices are idealized,

The limitation of the approach is that one cannot

apply this technique to the system which is not normal.
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IIT SOLUTION OF PROBLEM 2 THE LAMBDA MLETHOD

2.1 Introduction

It has been shown in chapter 11 that problem 1
can be reduced to the problem of ottaining a suboptimal
lambda vector in terms of the initial state for the given
terminal time tf and also that the problem of estimating
the suboptimal lambda vector can be reduced for certain
cases to a relastively simpler problem, that of finding an
inversion of an m x m linear transformation matrix[Rn&}

In this chapter we explore the feasibility of
deriving a suboptimal control law for problem 2 based on
an idea and scheme similar to that used in obtaining the
suboptimal lambda vector and an approximate expression
for the terminal time of the given problem. Alsc it turns
out that the problem of estimating the suboptimal lambda
vector and the terminal time can be reduced to the problem
of finding an inversion of a suitable linear transformation

matrix.
542 A Theorem on Cbtaining A* and t}

To develop & Theorem on obtaining an optimum pair

optimum lambda vecor Af and the least terminal time t;, we
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first recall that according to theorem 1 one could find

the optimum lambda vector of the problem in terms of
initial state for the given terminal time t;,i.e., it is

obtained as a solution of

te -
S h(tg,8) (h(AD | sen(n(d*))as

t.
g(tf!z(ti))' 1

RIS P (3.2-1)

where tf is fixed in the minimum norm control problem.
However, in the minimum time control problem, the terminal
time tf is not fixed but must be determined as a part of
the problem, To determine the least terminal time tf, one
recalls that the norm of control u(t) is bounded by Lo,
uu|p‘$lb. In fact, as has been reviewed in appendix A,
one can determine t; as the least value of tf for which

(A=-23) in appendix A is satisfied with the equality sign

namely

ﬂ - L (3.2-2)
RO\ 8 °

subject to

(A" 1a(tg,x(t)))= 1 (3.2-3)
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where A* is the optimum lambda vector obtained as a
solution of (2.2-5),namely, (3.2-1).
Inserting (3.2=-2) into (%.2-1) with tf replaced by the
least terminal time t; gives
»
r q=1
n(t3,8) |A*,b(tz,e) | een@d®,n(t3,8)) ds
i (5.2-4)

e(tg,x(ty)) =13

€ St

Therefore, the optimum lambda vector1b‘ and the least
terminal time t; must satisfy (3.2-=1) to (5.2=3) or
equivalently (3.2-3) and (3,2-4)., Thus one can state &

theorem as a summary:

Theorem :

If there exists a time optimal control for the
problem 2 with an initial state E(ti)s an optimum pair
‘A' and t; corresponding to the initial state g(ti) can be
obtained as a solution of (3.2-3) and (3.2-4) simultaneously.
Thus, (m+1) undetermined control parameters A},AS..
essALs -t3 may be determined from the solution of (m+1)
nonlinear algebraic equations given by (3.2-3) and (3.2-4)
for a given initial state s(ti) and for all q, 1 £q{c0.
For q=00 : p=1 the theorem 3 is still valid, However, in

this caese the limiting process qw»eis required and depends
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on the property of (bf,g(t;,s)).

3.2.1 A®* and t$ for Single Input and Single Output

Systems

As the first aspplication
the dynamic systems which consist
output, In this case the optimum
a scalar. Thus, from (3.2=3) and

nonlinear algebraic equations for

of theorem 3, consaider

of single input and single
lambda vector L‘ becomes
(3.2=4) we have two

two unknowns A* and t}

N = 1/0(17}1_35_(171)) (3.2=5)
where t; is the least value of tf for which
tf .
e(tf,g(ti)) - Lg S‘h(tf,s)‘ ds (3.2=6)
t.

i

is satisfied for & given q, 1 ‘q(co.

3.2.2 A* and t$% for Single Input and Multiple Outputs

t
Systems

Case 1 tnergy constraint on control input(p=2:q=2)

As the second application of theorem 3, consider

the dynamic systems which consist

of & single input and

multiple outputs, where the control input is bounded in

eNnergy,l.0., nu“;_; ‘Lo' In this case also, using theorem 3

gives
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At = /12 W(t3,t,) e(53,x(%,)) (302-7)
where
t3 -1
w(t3,t,) 9[8 g(t;.s)g(t;..a)T ds]
t

i
and t; is the least value of tf for which
(X (£ )W (t oyt )8(tpyx(5;)) = L§ (3.2-8)

must be satisfied,

As has been pointed out in Remark 2=4, the
completely controllability of the system gusarantees that
w(t;,ti) is positive definite. To compute the least
terminal time t; one solves an nonlinear algebraic equation
which may not be always easy for every initial state ;(ti).
However, when this problem is attempted by the method of
the Maximum Principle 27, one must solve a two-point
boundary-value problem which may not be well suited for

computer methods.

Case 2 Magnitude bound on control input( p=00 : qe1 )
It is seen from (3.2=3) and (3.2=4) that an
immediate difficulty is raised in computing the optimum

pair A* and t} for every initial state as the dimension of
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output vector is increased., Therefore, one must seek a
method for computing an approximate optimum pair, A sub-
optimal coamputation of the optimum pair will be discussed
in section 3.3.

3.3 A Development of Minimum Time Suboptimum Control
Systems

AB has been mentiomed, the computation of A* and

t‘

¢ for every g(ti) are in general difficult and sc is the

computation of the corresponding optimal control. However,
a suboptimsel control may be obtained by first approxima-
ting A* and t} for every x(t;). For this purpose one
assumes that the dynamic system operates in the presence
of small perturbations, Before presenting a method for
obtaining spproximate A* and t3 for every initial state,
it may be helpful to define the following items:

(1) u*(t) is optimal control obtained in appendix A and

can be written as

u.(t) - u.(T;'&’t) (3.5-‘1)
for an initial state x*(t), where T3 is the computed
le st elapsed time and A; is the optimum lambda vector

which is the minimand of (A-12) with (@;,g(t§,5‘(t))>-ﬂ.

(2) x*(t), the optimum trajectory, is the solution of
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(1-1) with u(t) replaced by u*(Ti,A%,t). X(t)=x*(t).
(3) ;5(t), an nominal trajectory, is the solution of (1-1)
with u(t) replaced by u*(T*,A*,t) and E(ti) I
where T* is the least elapsed time corresponding to
initial state X,
(4) x(t) is the actual trajectory not far from the nominal
one.
(5) u*(t) is the suboptimal control.
(6) x(t)= x(t) - zs(t) and the deviation agx is assumed
to be measured continuously.

(7) A} is defined as the vector A® at every instant of

time on the nominal trajectory ES(t).

In the proposed scheme ‘A; and T$ may be obtained
by first finding a)(small change in Al) and At (small change

in t;.) as a result of small change in _3_:_;(1:). AXx, namely,

AL = AL + A} (3.3=2)

t.

rx® v

;‘ + atf (305-5)
as a result of pgx. When the deviation 4x is a small
quantity, A)A and Atf can be approximately related to Ax

by a linear transformation matrix., Suppose that the

linear transformation matrix which maps Apx into A) and At,
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is found( see section 3.3.1),i.e., Buppose

‘-é- - --P-qt-g ax , 16(1 (o (3e3=4)

is known, where [g%;] is defined as the transpose of
composite vector &k .48Mky.c..y8)18t; « Then the feedback
suboptimum control scheme can be as shown in fig 3-1.

In this figure the box marked "suboptimum controller"
realizes (3.3-1) with T}, A} replaced by T*+ aT, A% + &)\
respectively,where A} and At, is given by (3.3-4):

-1
E*(t)-ro(t)ql(é_g + Mg 8%, h(t3+ quzvt))rq

sgn((Af + My aXy B(tEeg 8%y D)) (3.3-5)
where Eo(t) is the time varing bound; when p =00 ,
To(t) = L, since the magnitude bound is independent of
time. However,this is not true for 1 { p{ee since in this
case the amount of "energy" associated with ﬂu]\p which
can be utilized depends on the amount equal to the given
Lo minus the energy expended during the interval ti to t,.

Hence,

t
T:o(t)p - Lz - 1 lu(a)\p ds for 1 {p{o®
* (3.3-6)

Note that ro(ti) - Lo.
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SUBCPTIMAL CONTROL SCHEME

At

x*(t) &x g‘
-O -—

i Mtq +
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»
tfx
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To find A} it is necessary to know A% in addition to A).

As has been already shown in chapter II, one can determine
AQ as
AE - M(ti't)ﬁb.
where m(t;,t) is a scalar function specified by (2.3-8).

2e3e1 Derivation of lLinear Transformation Matrix

In this section we derive an expression for the

Me
matrix E-g 80 that approximately

i)

is satisfied for the sufficiently small deviations AXx.

To do this we first note in appendix A that tfx

is the least value of tr for which

44 qQ 1/q
[SI(A;'Q“I”“))' TN IRV AC (3.3-7)
t

is satisfied with
(A 8(te,x* (1)) = 1 (343-8)
where Eo(t) is the time varing bound and ﬁo(tg is

defined by (3.3=6).

According to the theorem 3, one can obtain ‘a! and t3_



67

88 8 simultaneous solution of

q (= Q-
(£}, x* (€)= T (t) S B(t3,08)|(AsB(t3,08))
t

sen ((A;.b(t3,,8))) as & £(Az,t1,) (3.3=9)

Azr8(t3,0x*(£))) = 1 (343-10)
As a simultaneous solution of (3.,3=9) and (3,3-10) for
a given initial state x*(t), one can write
Ay = Ap(x*(t),t) and t3 = t3 (x*(t),t); note that
when x*(t) = x,, then J® = A* and t3 = t3; when x*(t)=x2(t),
then A% = A? and ti_  =ti.

Remark 2-1

For p=2:qme2 the simultaneous solution of (3.3-9) and

(3.3-10) for A; and t},  gives
2

Ar = T (6) Wt ,t) e(bs ,x*(£)) (3.3-11)
where tfx is the least value of tr for which
T 2
(L x* (£))W(t,,t)e(t,pyx* (1)) = T (t) (343-12)

18 satisfied, *****

Now an approximate linear relation between 4x

and g\, Aty is obtained through a Taylor series expansion
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of (3.3~9) and (3.32-10) around ;S(t) and AE at time t.

To do this let ae be defined as
Ae % o(tj+aty, xi(t) +ax(t))~e(t3,x3(t)) (3.3=13)

From the definition of 2(tf,£(t))(aoe (1-5)), one can

write (3.,%3«13) as

A e--(C(t‘+at )i(t“-n—atr,t)(x‘(t)d-‘x(t) )=C(t2 )!( t)x'(t))

-14
since x&t;x) - zét;) - xg, where x&t}x -C(t )x‘(t' ; )
and xStE)-C(ti)gs(tE).

From (3.3-13), (3.3-9) one can express e as
ae = £(A? + a8, t} + At;) - £Al,t3) (3.3=15)

Substituting a Taylor series expansion for g(é%+'gb,t§+atr)

into (3.3-=15) gives

ae [95:] ) + [.agv- Aty + R (3+3-16)

where R is the remainder and

[9: [95(5;(,1:;) ] [ ar(At,
AL 24; . 9t
Ay = At 3 -t3
°L L
To evaluate --;] and —---] one takes the symbolic
[95; ot}
derivative 21+33 for sufficiently small pAe(that is, for

sufficiently small 4x),i.e.,



69

t
-2

l°r - T (t) (S B(t30RC6,8) RgoCsz ) asa)
).+ t

t.
f
T -1
+2 E n(t$,s)h(t3,s) KA;.g(t;..a))lq SQin(t3,8))) de
(505-17)
where §( ) is & delta function 335,

One also obtains

[;t.i;'_]. TS (CTITRES / CRITRIDY P77 LRYCTRITS

. Q=1
h(t3,8))(Ar R(t3,80)|  sen QAf.b(t3,8))) ds +

CF Nyt
Ho»

*
4 Q-2

E(t;_-,s>(&;é(t§.s))|@;.9.(t;,s)>l sgn ((AL,h(t},8))ds(q-1)

[y gra o B

te
f .
2 S g(t;.s)|(A;,,t_z,(t;,a))lq"'(&.g(t;,a))&@;.g(t;.s))) ds
. oh(ts _,
where h(t},s) = _t.fx )
2 tx CEx"te

The above equation (3.3-17) and (3.3-18) can be simplified
using the formula indicated in (2.3=2%),namely, after

evaluating the integrals involing delta functions in
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(3.3-17), (3.,%3~18) by the use of (2.3-23) and employing

the properties of the transition matrix 3

$(t3,8) = A(s3)P(t3,8)
then one can simplify (3,3=16) for the following cases:

(1) Magnitude constraint on control (p=w: q= 1 )

et C = I for simplicity.
l_i(t;,s;)_g(t.;,s;)T
(A ateg o |
v
E E(tfs 5;)2("5}'3;)

7 |&-@incspe)]
v

T
ACepA;

2= [Lo(g(t;.t;)-sn(@;.g(t;.t;)))»fz};-

A)

+ACtPe(t3,x3(t) Jat, + 21

(363-19)
(ii) Energy constraint on control(ps=2:q=2)

2 e
se =T (8) (nCey, o3 Qroncez e+ { nCez,0n0tz,8):
t

T
sgn({A7,B(3,8))) A(t3) A7 ds)+ A(tpe(ti,x3(v))]at,
tt

2 i\
+ T () Eg(ti‘.,s)_t_x_(t;,,s) ds A\ (3.3-20)

where C(t) « I for the sake of simplicity

A8 indicated in (3.3%-16), in particular, (3.3=19) and

(3.3-20) for the case of peop 8and p = 2 respectively, only
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m equations are given for (m + 1) unknowns a), ate.

An additional equation may be obtained from (3,3-10) in
a similar way that we have obtained (3.3-16) through a

Taylor series expansion:
T T
Atae = - ANe(t2,x3(%)) (3.3-21)
M¢
To find [—--9] which maps ax into a), one notes
Bq
from (3,3=14) in case of C(t) = I that
ae = -(A(tp)P(t1,L)x3(t)at, - F(ti,t)ax ) (343-22)
Thus, the linear transformetion matrix can be obtained
approximately from (3.3=-21) and (3.%=16) after discarding
the remainder terms in (3.3-=16),i.e.,

[22s] - [_Eg_]"’ e 2l ] (3.3-23)

Bq 2q - AL F 3.0)

where the submatrices wq and gq can be properly defined

from (3.3-16), (3.3-21).

W

The inversion of the matrix [--9;]dependa on
z
=q

W
the determinant of [59;]. In case when the determinant

=q
is zero, we employ the pseudo-inverse technique as has
been already developed in the chapter II for the minimum

norm control problem,
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3.3.2 Paeudo=-inverse Technique

W
When the determinant of [29;]becones zero, one

-1 =4
cannot find [—-9;] such that

ANy SEE I

[

a
In this case one can try to obtain the best [Zf;]
£

88 the minimand of

(t2,t
I[ IT £ ]45 - [-9-] ‘-é-} " s where for simplicity
A-E Etf’t) U:f

the inner product norm is taken. There may be no unique
solution to this problem or there may be no consistent
solution to this problem. However, one can further
reasonably stipulate that the choice for the best a) and

Atf should be made such that
‘L minimum
At

12431

Under this condition one can show that

(t3,t)
[‘.‘.%ﬂ. BT (BBT)=T(aTa)=1aT [A;_gt;'t) }45 (3.3-25)

Hence,
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w
[_ES.] - BT(BBT)"'(ATA)"'AT (3.3-26)
=q

where

W W
[-Eﬂ.l = A B and [-2-9-] is rank k, k £ m
=q -=Q

A =mx k matrix of ramnk k

B =« k x m matrix of rank k
For any fixed instant of time t, it is always possible
to decompose [;;9] into the matrices A and B indicated

=q
above,

5.4 Approximate Error Analysis

In this section one deals  With the same problem
posed in section (2.5) in chapter II: Given a positive

number ro such that
a
lax" W & -, (3.4-1)
find a number which satisfies
hax(o)R {r, (3e4-2)

while providing the Buboptimal control input into the
8yst'm to be controlled.

To solve the problem one makes use of (3,3-10)

which 1is rewritten here for the sake of convenience
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( ;o E(tf-x’_x,-(t))> = 1 (Zel=3)

Note that (3.4=3) can be obtained by premultiplying
(3.3=9) by A%T

oD y Ax and that the equality in (3.4=3) must
hold for any x(t) such that x(tg ) = gd and for its
corresponding A; « However, in the suboptimal control

scheme A; and the terminal time tfx has been approximately

estimated as

Ay = Ay +[My e (3ol—1t)

and
B3y = t3 + BgX (34=5)

Thus, one expects the terminal state error 4£§ deviated

from the desired state ;d due to the approximate value of

a;:and t3,+ Hence, one must include the error term d;é in
(3.4=3) with A%, t} , and x(t) replaced by'béﬂytékg, t§+5q‘5
and 55(“) +ax(t), respectively so that the equality in

(3.4-3) dose hold, i.e.,

Qrr Mo e Fepegpx )(xp(e)eaw) = 1

Recalling that the matrices[ﬁtéland Bq have been chosen
s0 that the zero order and the first order terms of ax
vanish in a Taylor series expansion of (3.4-6) and

assuming that Ax is small enough to neglect the third order
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and the higher order terms of gx , and making use of some

properties of the transition matrix 1 gives
Qoo ax)- At Be)mqan W[ Jusdex) Arodes x)sps
+(1/2)(5t,1 (t»(gqo_ (3e4=7)

wheref gt Wt I A(te )§t',t) and

I -r'OA(tE.x)/at;.x )I(t;.,t) + A(t;.) i(t;.,t)
t. .t‘

fx °f

Now applying Schwarz's inequality to both sides of (3.4-7)

and solving the inequality equation for zd gives

BaxY) A, Box)qnx +([”tq]m£4*) (I TF £5380  WE
+ (1/2)%; -(t)>(5qax) /(lA;pnmt axl) (3.4-8)

where the norm is taken as the aquare root of the
inner product of vectors. Recall that our objective is to
obtain T, such that jax ||‘r s+ where r, is the leasat upper
bound onjlaxfje To do this one makes use of a relation
(2.5=9) in (3.4=8) to express the inequality (3.4=8) in
terms of jaxf. This yields an egquality of quadratic of §ax|.
However, in order to find the least upper bound on jax||
one takes the coefficient of the first order of n x| as
small as possible and the coefficient of the second order

of jaxk as large as possible:
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2
To 7 CRA-RACRA T U (3.4=9)
MAH + \fusn (Mool N

where

@t 1B Paax( 2 E)

% t [Poax(Meq Mog) faax@E ®

Qs 8 emax(ntﬁ Myo) (:mu(ﬁ)

o t (VWAL FxsOMMEN’

sSolving the inequlity (3.4=9) for Jax{ and noting lg“)o

gives

Ty Qg + s/(rﬁ Qg + 4, Q HAE\D
laxh & ™ (3.4-10)

where Q : Q1 + Q2 + Q5 + Q4 and

s T
Qs 'v/fmin(Mtq Meq)
Therefore, one determines an approximate bound on jax(t)ii,

at time t as
2 .2 .
T, Q5 + /ro Q5 + 4 rolAt'
2 Q

b (3a4=11)

3.5 Design Procedure

A design procedure for the problem 1 developed

in this chapter can be summarized as follows:
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Step 1 Calculate the state transition matrix Etr,t), the

optimum lambda vector A*and A! = m(t},t)A* as defined
by (2.3=-8), where t; is the least terminal time computed.
Calculate the nominel optimal control(the open-=loop optimal
control) u*(t) and its corresponding trajectory zs(t).
Step 2 Calculate appropriate linear transformation matrix

or matrices
["23] =] [At;f;; ]

where [ ] is the inversion of [--9 y which is
=qQ

properly defined from (3.3=16), (3.3-21) as indicated

Step 3 Continuous measurements on

ax = x(t) - x3(t) and T _(t)
Step 4 On-line computation of the suboptimsel control u*(t):
- q q=1
u-(t-,).ro(t)w;mtqg,g(t?sq.g;,t))\ sen({Ag+M,  ax,

E(tf‘*ﬁqﬁlo t )»
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2.6 Illustrative Example {(Bushaw's Froblem)

To clarify the application of the theory developed
in this chapter, one illustrative example is presented below:

The system to be controlled is assumed to consist
of two integrators and therefore, its differential equatiom

can be written as

dx(t) O 1 0
J(t) = x(t) (3.6-2)

=100

Given an initial state x(0) = x = [ l and desired
0

final output x% = 0, xg = O find the time suboptimal

control system for p=o and Lo-'!,namely,
Iu(t)l ‘ﬂ

Step 1 Obtain the state transition matrix and the
Nominal optimal control and its corresponding
trajectory.

(a) A* = 1/100 (3.6=3)
~100

(b) Nominal optimal control becomes
u*(T*,A*,t) = sgn (10-t) (3.6~4)

where the least elapsed time T* = 20 and hence the
least terminal time t; = 20,

(¢) Nominal trajectory
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-100 + 0.5t

x5(t)= for t {10
t

~0.5%2 + 20t-200
x3(%)= for t %10 (3.5-5)
20 - t

(d) Gtate transition matrix

1 to=-t

b o

E(tf,t).
0 g

(e) Af = m(t3,t) A*

where m(t},t) =100/(=-x7, <(10=-t)x},)

o
Step 3 Llinear Transformation Matrices
Meq N
To obtain ———— it is required to know H
E’I 24

(a) 0&t{10

Making use of (3.3=19), (3.3%=-21), (3.3=22), one can

obtain
(2/m)10*  (2/m)10° 20
¥ 3 2
l---l. (2/m)10 (2/m)10 1
21 —e} -e3 (-n/100)e3

where m = m(20,%t); e = 01(20,55(t)); eé- 32(20,53)
lerforming the inversion of this matrix and

calculating the matrix indicated by (3.3-2%) gives
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2 2 ,
[ m n
(83 +20) (2083-te%+200-20t)
2x10° * 2x10° ¢ @
[EEi - -—535(9*-209‘-200) -:fs(-te‘+o§(20t-200)
1 2 1
B1 | Jax10 2x10 -2000+200t )|
«1/10 =(10=t)/10
(3.6=6)
(b) 104t
W
For this region lfﬁil becomes from (3.3=19),(3.3=21)
4
[0 0 0
W
1
l-zz—,- 0 0 -
—e; -95 —eém/ﬂoo

This is & singular matrix., Thus, in this region

M
one can estimate the best [31-
II

the pseudo-inverse of the matrix. For this purpose

by first performing

W
one follows the indicated partition of IE;-IaB
1

W

i g A B
where

0O © o - O -]
A={1 0l; B= |

o 1 -e; -eé -eém/ﬂOO

And performing the pseudo-inverse indicated by

(3.3=26) gives
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(0 e3e3m/100  -ej]
R
Al - —1/(e2+e3 ) 0 e3°m /100  -es| (3.6-7)
z, 1772 2 2 °
[ 0 —ex®-ey 0

Substituting (3.6=7) into (3,3-25) gives

'-e;m/1oo ete3m/100 -(10-t)me3/100

x| -1/(e2%+ e3%) |-esm/100  e2°m/100 -03(10-t)m/100
Eq 1 2 2 l 2

(3.6-8)
step 3 Continuous measurements on

ax = x(t) = x3(t), T(t) = 1

where x3(t) is precomputed by (3.6-5) and must be
stored,
Step 4 On-line computation of the suboptimal control u*(t)

The suboptimum controller is programmed by use of

(343=5),namely,

u*(t)= sgn(10=-t +848X + (100/m)(20+§¢4£ -t)-

(Mg198%q + Bgqpaxp) + (100/m)
(B oq8%)+ Bess8X5) ) (3.6-9)

where m indicates the i-th row and the Jj=th column

tij
of the matrix Mtﬂ specified by (3.6-6) for O(t(10

and by (3.6-8) for t)10 and 4X,,4X%, 8re the elements
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of the vector ax.

To demonstrate the effectiveness of this technique
the example was simulated using & digital computer for the
initial deviations from the nominal initial state x1(0)--400
and xE(O)-O.O. In this simulation the suboptimum controller
measured the output x(t) and corrected the nominal control
at every 0,05 seconds. The summary of results is tabulated
in table 3=1, where the performances between the optimal
control system and the suboptimal one, the performances
between the suboptimal system and the system with open-
léop control without correction are compared, In case no
correction is made on control input regardless of deviations,
the terminal state error is more than 15 times greater than
those obtained using the suboptimal control scheme.

The phase portrait for each case A, B, C, D is

given in fig 3-2 where an actual trajectory indicated by

the s01id line ( ) is compared with the traje-
ctory due to the open loop control without correction,

indicated by the dot line (—-———- --) and alao is compared

).

with the nominal trajectory indicated by ( X X:

In fig %-2 the suboptimal control indicated by the solid

line is also compared with the nominal one indicated by
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0,00
-100.0,1,0 19.05 0.00 19,09 0.50; 0.00| 20.00 20,0031,00
0,00
-110.0,1.0 | 20,02 o 00 20,09 0.78; 0.00| 20.00 10.0034.00
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dot line. To illustrate the error analysis, let the radius
of the terminal error be 1 or 2 units. Then, making use

of (3.,4-11) at time t= 7 seconds, one can precompute the
error bound S 0.55 and 0.78 corresponding to r°-1 and
r0-2, respectively. To demonstrate the error bound precom=-
puted for given r,» one made deviations from 55 at time
7 seconds as indicated in fig.%-3 and the suboptimal
controcl ended up with a terminal error which was within

the error bound predicted for each corresponding deviation.

3.7 Summary

In this chapter it was shown that a design proce-
dure of a feedback suboptimum control law for the minimum
time control problem was developed.

The proposed technique is based on the assumption
that the dynamic system operates in the presence of small
perturbations during the actual operation and that all the
system parameters, reference output and sensing devices
are idealized,

The limitation of the approach is that one cannot
apply this technique to the system which is not normal,

The illustrative example showed that in case no

correction is made on the ncminal control regardless of
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perturbations, the terminal error is more than 15 times
greater than those obtained using the suboptimal control

scheme,

IV ALTERNATIVE OUCLUTIONS OF PROBLEM 1 AND }FROBLEM 2
FOR A SPECIAI CASE

4.1 Introduction

In this chapter an alternative solution to
problem 1 and problem 2 in the case of p=oop (minimizing
the maximum magnitude of control in problem 41 and the
minimum time problem with hard constraint on control )
is developed by correcting the switching instants s;,aé,
s%,..., s; instead of correcting the optimum lambda vector
A* as a result of a deviation from a nominal trajectory.

An advantage of this approach is that one can
obtain relatively simple controller structures for certain
cases, HHowever, one cannot apply this technique to general
cases,

It is assumed in this technique that there is a
known bound on the total number of switching instants for
the optimal trajectory x*(t). Also assume for simplicity

that y(t) = x(t) and the control is scalar.
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4.2 Alternative Solution of Problem 1 ( p = 60 )
In the case when p«@® (minimizing the maximum
amplitude of the control) in problem 1, one can rewrite
the optimum control u‘(tf,A;,t) given by (2.%=1) in chapter

1T as
m

u*(t)= UK; | ‘ sgn (t-s;k) (4,2=1)
k=1

where U i8 +1 or =1 determined by the nominal optimal
control u*(t.,A*,t) and 8341801 eeey8y, 8re the optimum

switching instants not far from B;,sé....,s; as a result

of small deviation ax and for each s;k,k-1,2,...,m

(Apb(tpy83,)) = O (4e2=2)
is satisfied; K} denotes the minimum norm and AZ is

defined in (2.5—1 ) .

Note that the vector é;, the transpose of (Biﬂ""
Sim) and K; depend on the initial state x(t) and the final
desired output zé. Also note that K} = K* and S7 = S5°,where
5* is the vector of switching instants determined from
u‘(tfwb‘,t), when the computationas of X®* and S* are perfo-
rmed for the nominal initial state x  and the desired final

output xd .
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Consider a time-invariant system in which the
eigen-values of the system matrix A are all real and
non-positive. Fontryagin ahowad27 that the number of
switching instants m dose not exceed n-1 for the systenm
under consideration. More generally the technique can be
applied when there is a known bound on the total number of
switching instants for the optimal trajectory (see section
5e2)s LlLet us assume here that m=n-1 without loss of

generality and that

t\is;c‘l $5;2$B;3 cee B 4 \(tf

Inserting the optimal control (4.2=1) into (2.2=-2) and

Tewriting the latter in terms of switching instants gives

noa  3x1 835
0 (tpyx(t))=(-1) UK;(‘ B(te-8)as - { h(tg-s)ds + ...
t g"
x
te
see + (_1)11-'1 Sg(tf-a) ds ) (4.2-5)
8 n=1

One can observe that the only terms in (4.,2-3) which are
not fixed by the system description are K; and §; for
the initial state g(t) at time t. Therefore, one can

express (4.,2-3%) as



g0

S‘
1. gn"q(t,g(t)) (4o2-4t)

L
Kx

-1
where Q.  (t,x(t)) is inverse mapping of Q (S%,K3)

and gn(éi'K;) is defined from (4.2-3) &g
8(tpyx(t) = g (E2,K3) (4.2-5)

If one could determine the inverse mapping of Qn(gi,K;)
which satisfies (4.2-3) for a given initial state x(t)

at time t, the optimal control which transfers x(t) to zd
with the minimum norm of contrcl will then be completely
specified. Thus, the problem of obtaining the optimal
control which minimizes the maximum amplitude of control
is equivalent to obtaining the ng(t,z(t)). However, it
may be in general difficult to obtain the inverse mapping
for all x(t). Hence an approximate sclution of L* and K;
is attempted to obtain on the assumption of small pertur-
bations during the actaul process. As has been already
assumed in the previous chapters, all the system parameters
reference cutput, and sensing devices are idealized and

the perturbations are essentially due to the external

forces,

Before developing a design procedure, it may be

helpful to define the following terms :
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(1) §.(O) is a vector of switching instants using nominal

control u‘(tftb',t) and K‘(o) is a minimum norm of the
nominal control. §*(0), K‘(o) can be calculated as a
solution of (4.2-%) when x(t) = X, (. nominal initial
state) at time t =t;.

(2) §‘(k), K‘(k) are a nominal switching instant vector,
the nominal minimum norm, respectively and are corre-
cted k-times from §‘(0), K'(O),reSpectively.

(3) ng(k) is a veetor, s small change in §‘(k) ag & result

of deviation AX, where

ax(t) = x(t) - xF)(¢) (4.2-6)

(4) x(k)(t) is a nominal trajectory corresponding to

e (k) .«(kK)e Note that x(o)(t) is a nominal
o and K =

(0)_ge(0)

trajectory corresponding to S* s, namely .

ut(to,A%t).

In the proposed scheme §; and K; can be approximated

(k)

by first obtaining Ag(k), a small change in 5* "/, and AK(k) a

) (1)

small change in x'(k) as & result of a small change in X ’

Ax(t), i.e.,

s2 - §.(k) . ‘§(k) (4,2=7)
K2 = ge(X) , ag(®) (4.2=8)

where k is the number of correction made on the
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nominal trajectory 5(0)(1;) and k »0.

when the deviation 4x is a small quantity, it is shown

later that AX can be approximately related to jg(k),‘dK(k)

by a linear relation. Thus, the deviation ax must be small
: (k) (k) .

enough to be linearly related to AS y 8K .« Suppose

that the linear relation is found,i.e.,
(k)
a5
43 s oo _
;grm] [Qn ]AE (#.2-9)

where Qn(k) is an n x n matrix whese elements depend
on §'(k), K'(k),g(k)(t). The derivetion of this matrix
is aeveloped in the next section.

To find SZ,K3 it is necessary to know the nominal
quentities 5*{¥) k«(¥) x(X{ty jn addition to as(¥), ax(¥K),
The nominal quantitiese depend on the number k, the nunmber
of corrections made on the nominal quantities §‘(0), K‘(o)’
g(k)(t). When k = O, the nominal quantities become §‘(0)
K‘(O),g(o)(t) and are employed through the processj when
k becomes large enough to obtain §;, K; for each E(t)o
this procedure would implement the feedback structure but
may lead to prohibitive requirements on the storage space
of computer. ILet k be the number of original nominal

switching instants, the dimension of the vector §’(O)and

let the dimension of the vector §‘(0) be n-1. Moreover,
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let the corrections on the nominal quantities be made at

each nominal switching instant, namely

§-(k)_ §:(k'"])+ Aﬁ(k-q) (4.2_q0)
ke (KL gelh=1) | Ay (k=) y,q (4.2-11)
where é(k“q) ana K¥7) gre constant evaluated at

time t = si(k) and 3;(k)'s are elements of the vector

go (),

The estimation of the nominal trajectory g(k)(t) can be
accomplished by solving (1-1) with u*(t) (4.2-1), where

§;, K;, m are replaced by §.(k) ’ K‘(k), n=1, respectively
and with initisal state E(ai(k)) at initial time ta= sﬁ(k),

namely,
E(k)(t) 'f(tr-ﬂi(k))z(si(k)) + U K.(k)(_q)n-k(
-z(t, 8% « 28,0 ) (4.2-12)

where 83 Ki¢tqas{®*1) | p(p,a) ¢ Sg(t-a) ds
Note that when the running time t is in the interval

ai(k) to ai£§+1), one can set
B,’l(k)- Bé(k)-.-. = ‘iig} L4 ﬂi(k)l t
and siiﬁ), Biﬁg), esny ‘ﬁiﬁ) are constant switching instants

which are evaluated at t = si(k) in the previous interval

s;i*'q) to si(k).“ Thus, one can have
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.
520 [oy5,00n0t,53 ), 8p(8),. 000 (00] (4.2-13)

Suppose that the linear transformation matrix
[ng)L the nominal guantities §'(k), K‘(k), ;(k) for given
k are precomputed. Then, the suboptimal control ﬁi(t)
can be obtained as

n="

E;(t).(x*(k)+ax(k))( ]—1- Bgn(t-s;(k)-nsik))) U (4.2=14)

va

. (k) (k+1)
for the interval ai to Bi+q .

4,2.1 Linear Transformation Matrix [ng)]

The transformation matrix [Qn(k)] which maps gx
into 4§(k), AK(k) is obtained through a Taylor series
(k)

”

expansion of (4.2-5) around the nominal quuntities S*

k(¥ (K (g), 1o do this define

e = 8(t,x(8)) = a(t,yx¥) (1)) (4.2-15)
then
pe = 952 4 ag() e (O )y g (50D guli))

(4.2=-16)
Substituting a Taylor series expansion for

Qn(g‘(k)+ A§(k), K'(k)+,AK(k)) into (4,2-16) gives

o xo(K) (k) ye
I N )Ag(k) %8 .x_,g)l“(k)+ .
953 dKZ

A2
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where the partial derivatives are evaluated at
Sy = §‘(k), Ky = K*‘¥) and R is the remainder.

Performing the indicated partial derivatives in (4,2-17)

gives

n-="

= o (k «(k (k 1
ae = (=)= "Toyg« () ; n(t-s2(%))28{8) (-)V*

+(1/x2 {8y (6, x K (£) )ak X (4.2-18)

(k)

Hhere note that 8,‘1(k)-8§(k)-oo.o- si = t

Recalling the definition of ge (see (4,2-15)) and associa-

ting it with (4,2~18), one can find [Qn(k)]as

-1
[, ) = - (@8 ™) Flvpmt)  (4.2-19)

where (Qnék) an(k)) is an augumented matrix whose

submatrices [Qns(k)] and [an(k)] are properly defined
from (4,2-18) and (4,2=15).

Remark #4-1

In the case when C ¥ I,i.e., the dimension of the output
is m which is not equal to n, the dimension of the wvector
Sy is at most n=-1( the bound on the switching instants are
still n-1). Therefore, (4.2-18) may not be enough to det-
ermine A§(k) and.AK(k) and additional n-m equationge are

required: Consider the n-1 equations generated from the
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switching condition, (4.2-2)

(axB(tg-83,)> = O (#.2-20)

where va 1,2,...,0-1 8nd the dimension of the vector

h& is m.
Consider also the constraint
(AL 8(te,x(£)))= 1 (4.2=-21)
One can easily derive the n-m equations in terms of
8%, x(t) by eliminating the m vector Ar from (4.2-20)

and (4,2~-21), Define these n-m equationa as

Vi(gé,K;c) L O ,i-",E,...,n—m (4.2-22)

From (4,2-18),(4,2-22) an approximate linear relation
(k) . (k) o
between AS s AK and AX can be obtained through a

Taylor series expansion as usual, *****

To estimate [Qn(k)] in (4,2=-19) one must perform
. . (k) (k)
the inversion of the matrix QnS QnK « The inversion

of this matrix depends on the determinant of [éns(k) QnK(k1'

In cases where the det rminant is zero, one can employ the

pseudo~inverse technique developed in chapter II and III.

k)

as(

In this case one may try to obtain the best [ﬁerT] as the
AK

minimand of
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ast®)

et aut®)] ["‘1"27] (#.2-23)
where the norm is taken as the inner product,.
To this problem there may be no uniqgue solution or even
no consistent solution., However, the choice for the best

Ag(k), AK(k) can be made so that

ast®) -
—_— = minimum
ZTE)

Under this condtion one can have that
(k) T T\ =1 T 1
i - I — T - -
where the matrices A, B sre n x r, r x n, respectively

and its rank is r ;

[ ] -

Hemark &4-2

In practice as a further simplification, the nominal
quantities 5(0)(t), §'(0), h'(o) are used through the
whole process without further correcting the nominal guan-
tities, namely, for the small deviation Ax(t)-;(t)-g(o)(t)
one ma&y estimate the approximate §;,K; as

se = 540 L ag(®
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k2 = k*(0) , ak(0)

where ag(o) and AK(O) can be estimated as

[";v;l - [00] o

and the linear transformation matrix [Qn(O)l is found from
(4,2-19) with k =0, Note that the matrix [Qn(O)] depenaus

on §'(0), K'(o), E(O)(t).

The resulting suboptimal control becomes in this case
n-1

T (e) = uk=(0), ax(®)y TT sen (t-54{%-ss, (00,
’ k=1

The pseudo-inverse technique may be applied in the inver-
s8ion of the matrix appropriately. *°****

4,3 Alternative Solution of FProblem 2 for a Special
Case

As has been mentioned in appendix A, the minimum
time control problem is closely related to the minimum-norm
control problem. Hence, one may obtain the suboptimal
control law for problem 2 when p =ein a similar way to
that obtained in the previous section as an alternative
solution of the problem 1 (pwoo ).

Note that in the least time control problem the



99
magnitude of the control is bounded by Lo and the terminal

time tf is not fixed but must be determined as a part of

18.19.22.23 ;¢ yas shown that

the problem. In references
the least terminal time t;x can be determined as the least

value of tf for which

Ky = Lo (44%=1)

where K; is the minimum norm defined in the previous
section and computed for the initial state x(t) and the
desired state zé. Thus, one can rewrite the optimal

control of the problem 2 (p=o0 ) directly from (4.2-1) as

u*(t) = U L, 'lT sgn (t=s3, ) (442=1)
ks

where U is +1 or -1 determined by the nominal optimal
control u’(t%,h ,t) and 8;4,8;2,...,8;m are the optimum

switching instants not far from s;,sé,...,a; as a result

of small deviation 4x and for each Bk Kul,2400aym

(A;,g(t;x,s;kx>- o (4,2=2)
is satisfied; tfx denotes the least terminal time for .
which (4.3=1) is satisfied.
Assume that a bound on the total number of

switching instants for the optimal trajectory is given.
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in this section also we consider a time-invariant system
in which the eigen-values of the system matrix A are all
real. Then, one can assume without loss of generality

that m = n-1 and that
t{8318830 8853 oo S5 4{t3,

Inserting the optimal control (4.3-2) into (2.2-2) with

t;,t., Xx(t.) replaced by t,t%_,x(t),respectively gives
i &Y Ui fx*= i

a‘ g*
x2
e(t3 ,x(£))=(-1)""" ur_( s h(t‘ ~8)ds - S n(t3 -s)ds
x1
tex
+....+(-1)n"1 S h(t'x-a) ds ) (4e3=4)
8 n-1

Cne can observe that the only terms in (4.3-4) which are
not fixed by the system description are t; and §; for
the initial state x(t) at time t, Therefore, one can

oexpress (4.3=4) as

"
2x

—t— = gt-1(t’£(t)) (4.3-5)

fx

where Qn (t x(t)) is the inverse mapping of gt(s ,t

(S*,t

and 8¢(Sy rx) is defined from (4,3-4) as

)
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x(t) = Qt(B .t ) (443~6)
If one could obtein the inverse mapping of Q,(S83,t3 )
which satisfies (4.3~4) for each initial state x(t) and
the desired output 1#, the optimal control which transfers
x(t) to 1 in the least elapsed time T3, tfx t, will then
be completely specified., However, it may be in general
difficult to obatin the inverse mapping for each x(t), hence
an approximate solution of S v 63, is attempted to obtain
on the assumption of small perturbations during the actual
process. As has been already assumed in the previous
section,all the system parameters, reference output, and
sensing devices are idealized and the perturbations are
essentially due to the external unknown forces,

A design procedure of obtaining the suboptimal
control for the problem 2 (p=@ ) is analogous to the one

developed in the previous section, The teras §‘(0), §‘(k)

Ag(k),‘ﬂz(t), and z(k)(t) defined in the previous section

with t, replaced by t; will be used in thies sectionj

Define tf(k) as the nominal terminal time corrected k-times
0

from t;( )y t;(o) t3.

In analogy to the suboptimal control U*(t) of

problem 1, one c¢an obtain the suboptimal control of problem
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2 (p=OD ) as

n-1
ﬁi(t)-ULO 'rr sgn (t-s;(k)- B‘(rk)) (4.3%3=7)

V-‘l
where the least terminal time t}x may be determined as

£ty . t;.(k) + ntr(k) (4.3-8)

and Atgke Agﬁk) are small change in t§(k), §‘(k),
respectively as a result of small deviation pzx, a2 small
change in g(k)(t). The linesr transformation matrix [Qt(k)]
which transform gx into 4S5 (k), atf(k)
(k)
nggj - [Qt(k)]4§ (4.3-9)
at,

is derived in the next section,

4,.3.,1 Derivation of the lLinear Transformation Matrix
[2.)
t
In anslogy. to obtaining the matrix [Qn(k)]in the
previous section, one can determine without difficulty
[Qt(k)]which satisfies (4.3«9). To do this recall (4.3«6),
which can be obtained by premultiplying both sides of
(4.3=4) by ﬂt-t}x),namely, Q.(83,t3,) can be identified
as » [
Bx1 By2
-1
x(t) -i(t-t;.x)z(t;.x)-(-"l)n ULO(‘ h(t-s) ds - ‘_h;_(t-s)dl
t 8?
x1
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tix
tevenet (=127 S B(t-8) ds ) = Q,(8%,t3) (4.3=10)
8 n-1

The matrix [Qt(k)] which satisfies (4.3=9) is obtained
through a Taylor series expansion of (4.3-10) around the
noninal quantities ;(k)(t), §‘(k),t§(k) in a similar to
that the matrix [Qn(k)] is obtained in the previous section:

From (4,.,3=10)

ax(6)egy (8ot 63 )1 pe (1)) g (570,63 (%))
(4e3-11)

where
ax(t) = x(t) - x{¥(¢) (4.3-12)
Substituting a Taylor series expansion for

gt(ﬁ'(k)* ﬂﬁ(k)vtf(k) + Atr(k)) into (4.3=11) gives

28850 i, 988

£x (K)
= R S t
ax =R o» ? 8 ? 63 4%t

where the partial derivatives are evaluated at

(k) (x) :
Sz = 8° v T3, = b2 and R is the remainder.

Performing the indicated partial derivatives and noting

a
that ;(t}x) =y and

(t-t,)
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gives 3
n=-1
a x= P53 )agdae, (Ko (21)?" 1 (2 : B(t-8%(k))(=1)V"
Ve
28,4 (<11 n(p-t3(%) )40, (F) (4.3-13)

‘(k)- sé(k)-°"° si(k) =t

where 81

Thus, one can obtain the matrix which satisfies (4.3%-9)

as
-

[0.9) - [0l @] (o310

where [Q(k) Q(k)] is the augumented matrix whose
submatrices [Q£S }lﬁﬁ;)]are properly defined from (4.3-13),
To measure deviations 4x defined dy (4.3-12), one
must determine E(k)(t). This can be sccomplished by solv-
ing (1-1) with u(t) replaced by ug(t) indicated by (4.3-7),

namely and an initial state x(s (k)) This gives
20 (&) agre-sg ¥ yx(sp ¥ uL (-1)"E( p(t,83%)) -
r(t,t) ) (443-15)

where aﬁ(k)stésigf'ﬂ); r(t,s) - Sg(t,s) ds
Thus, one can obtain the suboptimal control
scheme as shown in Figure 4«~1, In this Figure one notes

that the nominal trajectory g(k)(t) and the matrix [Qt(k)]
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may be computed by simple substitutions at time t.

t= si(k>. In practice as a further simplification, one

may assume k = O,i.e.,

5% = §-(O) + ﬂ§(0) (4.5_16)

-t, (O +atf(0) (4.3-17)

Cex =tr

where S5, t, are obtained as
5(0)
o) 1)
s

and ax = x(t) - 5(0)(t). In this simplified case,

the suboptimal control u*(t) yields
n-="1
Tg(t) = UL, TT sen (t-s;(o)- sv(o))
v (4.3-19)
where AQ(OAndjtf(o) are found from (4.3%=-18).

4.4 Approximate Error Analysis

In this section consider following problem:

Given a positive number r, such that

| oz lg -, (4a4=1)
find a number rs such that
Hax figTs (4.4-2)

while providing the suboptimal control into the system

to be controlled.
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To solve the problem observe (4.3-10): When
approximate value of §;, tfx for a given initial stave
x(t) and the desired final output zd,i.e.,

Sl - St(k) + As(k)

— -— -

(k) (k)
t;x- t} + ﬂtf

are inserted into (4.3=10), the equalit; in (4.3%«10) dose

not hold., Therefore, one may expect an error in the desired

output xd,i.e., xé + axé.
let

ag'®) . [Qq(k)] aXx (4.4=3)
and Atf(k) - [Qg(k)] ax (4 4=t)

Let g(k) be the v=th row vector of [Q1(k)}
Inserting an approximate values of §;, Ex obtained

through (4.2=7),(4.3=-8), respectively into (4.%=10) gives

E'(k)(t) + AX -ﬂt-t§(k)_gg ) )(I +aY ) ( 1)11-‘1

=1
2 ii: g(t,s;(k)+ Qq(k) x )( 'l)v"I ~r(t,t)
v=]
+ (=P z(t,e5) glk) x ) (444m5)

where r(t,s) % Sg(t-s) ds
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Since ng), Qz(k) are chosen so that the zero order
terms and the first order terms of gx Vanished,

one can express (4.4=5) as
0 = F(t-t3() g, (X x)ay? +(1/72)F t-13 %) )a%y% (g, Fax)?

n="

el
~(-1""yr v; (-1)" F(t-82F)) aB(g, %)

+(1/72) (-0 1 F(e-03%))aB(ax)2 ) + R (4.4=6)

where R is the remainder,
Assume that x is small enough to neglect the remainder
terms. One may solve Axé by premultiplying (4.4=6)
by i(tf(k) + Atgk) -t ) to give

ne=1

o - - 4 428 F2@ap? + (-1 Mur, T FeptK)-sp )

vai

(k) 2 Ve 1 n=-1 k 2
48(Q, 2)°(=1V"" + (-1 §(0)aB(g, Fax)
(4.4=7)
From (4.4=7) one may not precompute‘dxé for a given
deviation ax since the computation of the matrix [Qt(k)]
is required on~line. However, one may resolve this

problem by seeking a further approximate equality relation

in (4.4=7): Note from (4.,2<10)%(4.3=8) that

t;‘(k) - tf(o) "’dtg") + ssee +dtf(k) (4'4"8)
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s;(k)- s;(0)+ 5851) + eses + Aa(k) (4.4-9)

and from (4.3-14) and from the definition of Q (k) g(g)

that
g, {8)a g, () (ga(K) gulk)y (4.4=10)
where ve1,2,.4qeyn=1
Qék) - Qg(k)(tf(k),§‘<k)) (444=11)

Inserting (4.4=10),(4.4-11) with t3(¥)  g+{¥) replaced
by the right hand sides of (4.4-8), (4.4-9), respectively,
into (4.,4~7) and neglecting the third order and the

higher order terms of AX in the resulting equation gives

n=-,

ar® = - %%l (349, 5+ 0" -y ¥

ve=

2
2
» 2 @l (630,509 ap) (4as-12)
Now applying the Schwarz inequality in (4.,4-12) gives

2
““xd“ 1 AExd+ -%-Ulowl\\gék)(tf(o)'ﬁ'(o))‘

n-1 n-1
LO“E IR IR O B AP ORTIONOS
v=1 va’l
2. 2
o )“AE“ (4e4=13)

where the norm is taken as the square root of the inner
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product norm,

Since the objective is to find a number Tg such

that u“$r8 for a given positive number r, which satisfies

(4.4-2), one solves (4,4=1%) forfaxff in case of Iﬂldll‘ro

and obteins rB as

b4 ro

r -
& ne~"

1/2
Ba2atvnoan | QN E ez s @mn | VT,

n--1
Y 17 (13,509 (4ol=14)
v -

v=]

4,5 Design Frocedure

A design procedure for the problem 2 (in case of
p =00 ) developed in chapter IV can be summarized as
follows:
Assume that the upper bound on the number of optimal
switching instants are known, In the following design
procedure consider the dynamic system all of who.e
eigen~values are real and its number of switchings is
n-1, ILet k, the number of corrections be n-1 and the

corrections be made on the nominal switching instant,
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Step 1 Calculate the state transition matrix $(t,s), the

63(0) 4a(0), e (0)

nominal switching instants seey Bp_ 479

the least terminal time tf(o). and the nominal
trajectory 5(0)(t). Determine U from the nominal
optimum control u*(t;(o),y,t).

Step 2 Calculate the nominal trajectory g(k)(t) at the
nominal instant time si(k) and the nominal switching
instants corrected k-~times: Use (4.3=15), (4.2-10),
respectively.,

Step 3 Calculate the matrix [Qt(k)]at time t = ai(k)
for each k, k),O. Make use of (4,3=14) to obtain
[Qt(k)] .

Step 4 OUn<line computation of the suboptimal control

defined by (4. 3-7) .
4,6 Illustrative Examples

Consider Bushaw's problem presented in section
%+6 in Chapter 111,

Note in this problem that the system matrix A
has two real roots and both are zero. Hence, there is
at most only one switching instant 8;1 » In this exan-
ple the suboptimal control indicated by (4.3-=7) yields

Sp(t)=U sgn (t-83)- as{%)) (4e6=1)
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let k,the number of corrections be 1 and the correction

be made on the nominal switching instant.
Step 1 Calculate the state transition matrix, the O~

nominal switching instant s;(o), the O=least terminal

time t}ﬁo), the O-nominal trajectory 5(0)(t),i.e.,

s2(0) o 104 tf(o) = 20 ;
-10040.5 t=2

x(%%c)- for t £10

~0,5t% 420t - 200
x(0)(g) - for 10¢t & 20
200 - t (4.6-2)

U = =1 determined from the nominal optimal
control,
>tep 2 Calculate 1(1)(t) by making use of (4.3=15):

-

ts1(1)-0.5(s2(17)2 0,52
z(q)(t)-i(t-—s,‘im))g_c_(sfl“))+

| s2(1) ¢ ‘
(4.6=3)
where 82¢1) & ¢ & t3(7) ana
83(1) & 23(0) | 45,10 (s (1)) (446m4)
ga (1) o £2(0) 0)(s3¢"?) (4.6=5)

i i tetyr
Step 3 Calculate the matrices [Qt(k)] for k=0, 1;

Make use of (4.3=14) to obtain [Qt(kj}.
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In the ase when k =0,

2(t=10) =(t=20)
[ (0),Q (0)] L
tS t
2 =1

terforming the inversion of the matrix indicated above

gives

(20-t)
IQt(O)l - - (446-6)
1 (10=t)
In the case when k = 1, one can obtain [thq)] in a
Ssimilar way to that [Qt(o)l:
[ 1 (5347 - ¢t)
\ (1) = i (406—7
“t 2(1-...1;;_.( DR , o )

Step 4 The on-line computation of the suboptimal control
\ 1
(1) 0 £t \(B,T( )
ﬁa(t) = = 8gn (t—ﬂO—-ABq(0>) (4,6-8)

where 451(0) is determined from (4.6-6) and
(4e3-9) with k = O and Ax is the difference
between the x{(t) and Z(O)(t), where 5(0)(t) is

defined by (4.6=2)
(11) 8316 ¢ ge3()

G (t)= ~ sen ( -48,(1)) (446=9)
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where 48%1) is determined from (4.6-7) and (4.3-=9)
with k = 1 § Ax is the difference between the x(t) and
5(1)(t), where 5(1)(t) is determined from (4.6=3).
Note that s;(q) is measured at time t so that the
running time t may satisfy

10 - =5 (Bx,(t) + (20-t)gx,(E)) - t = O

and that the process is stopped at time + so that the

running time t may satify
20 + 8,49 44t (M) -t =0

Remark 4«1

When k=0, as has been mentioned earlier, a further
simplification may be possible, i.e., it i8 not required
to estimate the nominal quantities §'(1),5(1), tg(q) } use
all the formulas with §.(1)’ 5(1), tf(1) replaced by S5*(0),

5(0)(t),tf(o), respectively. sesem

It is interesting to note that

o (1) 1 «(1) -
83" = 2(t_t;(,1)) (ax, + (t3 '=t)ax,) = O

may represent an approximate switching line: To demonstrate
this some deviations from the nominal trajectory 5(0)(t)
are made at 17 seconds, 18 seconds, 19 seconds &8 indicated

in Figure 4~2. The suboptimal control (#.6=9) is calculated
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ACTION OF SUBOPTIMAL CONTROLLER AROUND NOMINAL TRAJECTORY

x5(%)
0,0 0,5 140 145 240 2 Q
o~ J _2r qu5
qu( 9)=0. ,5x2(ﬂ9).0.0
-0.5 *(19) =
Axa(qg)--os
ax,(19)=0.0
-1.0p—) P
T*(19)= +1 ‘\\\\

-’].5 qu(/g)-O.‘]"

"ax,(18)=0,"
=2,0 0*(18 ) am?

AJL,("B)*;-O.Z‘
Axg(’]a)--O.E
-2.5 - b #1
x,(t)
-500
Nominal Trajectoly-—
Ty A
-5.5 \
=4 4,0
ax,(117)=~0y 3%
e W)= A x
U ([17) ==

"b.o

Fige 4=2
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for each deviation and is as shown in Figure 4-2, Thus,
the Figure shows that 431(1) = O can represent the sube

optimal switching line.

As a second problem, consider a dynami¢ system

described by the first ordexr differential equations

(0 1 0] (0]
dx
—_— = Jo o 1| x(%) + o| u(t) (4.6=10)
dt

|0 0 O 1

Given an initial state x

x, = [1 o o]T at an initial

time ti = O and a desired final output x% - xg - xg = 0 3
we wish to find the suboptimal control which transfers
the initial state x  to gd in the least time whea the
control is bounded by 0.5,i.e., |u(t)l $0.5 .

It is easy to see in this problem that there are

at most two switching instants 3;1, s;a . In this example

the suboptimal control indicated by (4.3-7) yields

Tp(t) = 0.5 sen (t-83%) - 48, %)) (5= 830X - pe,(¥))
(4.,6=12)
Let k, the number of corrections be 2 and the corrections

be made 8t the nominal switching instant,

Step 1 Calculate the state transi.ion matrix, the U-nominal
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quantities §'(O). tf.(o), 5(0)(1:):

(a) transition matrix

9

[ tes  1/(2(t-8)2)
i(t-s) =]0 1 t-8
Xe; 0 1 J

(v) 83(0) =1 ; 83000 23 €300 Ly

(c)
i) 0Lt €1
x,400(t) = i £ -
x,{00(8) = gt?
x5 9)(t) = 0.5 ¢
ii) 14t 43
(0)

X" ' (t)e - ’Er t2 + 0.5t° - 0.5t - -2-

x,{%2(t) = -0.25t% + t -0.5
x5 00 (£) = 0.5t + 1
iil) 34t €4
x, 00 (8) - - o= 5+ 4t - —%9_
x,(00(t) = 0.25 t2 - 2t + 4

x5(o)(t) - 0.5t = 2



(d) U= + 1

118

Step 2 Calculate E(k)(t) by making use of (4.3=15)

t
¥ (6) « Fr-spFyx(ap(¥))- S 0.5 (t=-8)B ds
-]

« (k)
k (4.6=17)
where ke« 1, 2 and
82(1) . 52(0) , 45 (D(ga(1)y (4.6-18)
85(2) = s3(M) L 45, (1) (se(3)) (4.6=19)
otep 3 Calculate the matrices[gt(k)]for ka0,1,2
Make use of (4.3=14) to obtain [Qt(k)]:
(i) k = O
[ =1 (t-3.5) -0,5(t=3)(t-4)
Q9 = T -3 3t= 7.5 =1.5(8=1)(t-8)
-4 4t=8 ~(5-1)(t=3)2 |
(ii) k = 1
[-0.5 ~(3.5-t)  =0.5(t=3)(t~4)]
Qt(q) - n 0.5(t—4)  =0,25(t=4) 0
(t=3)(t=4) .
| (- 3) 0.5(t-3)° 0 J

« (1) .
where 83 = % 3

(iii) k=2

t;(ﬂ) = 4 for simplicity.

In this case one cannot make inversion of
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the matrix [Qts(z):Qt (24. To employ the Pseudo-inverse
A ¥
method, one decomposes the matrix as indicated in section

4.2 , Chapter IV

[QtéaﬁQt§2)] - AB

where
r 2 O
O 5(t-4) 0 0 O.5(t=4)
A= 1 Ol ; B =
1 -1 Oe5
\ o) 1]

Performing the indicated Pseudo~inversion in section 4,2

gives
=(t=it) -2 " 0.5
(t=t) Ve (t=4)(4+(t=4)")
“(2)I_ Ctet) 2
-005
% (t=4)"%+ 4 (=) (4+(t=8)")
4( bmdt) g o
(t=4) 44 (t=t) (4 +(t=t) ) ‘
(4.6-22)

where tf(z) =4 for the sake of simplicity.

Step 4 The on-line computation of the suboptimal control:
- o (1)
(i) © $t $85
Ta(5)=0.58gn(t=1-48,(0)) (t-3-83,(%)) (4.6-23)

where 681(02 432(0) are determined from (4,6~20)

and (4,%5=9) with k = O and ax is the difference between



120

x(t) the actual output and x'°’(t) defined by (4.6-14) to
(4.6=16).
(11) 831 (v & 83(2)

ur(t) = 0.5 sgn (as,,(")) sgn (t- sg.(") -435"))

(1)’ Ase(q) are determined from (4.6-21)

where A 8,
and (4,3-9) with k = 1 and Ax(t) is the difference between
the actual output x(t) and 5(1)(t) defined by ( 4.6-=17)

with k=1, sé(q)- 3 +482(0)+ 482(1)(83(1)).
“
(iii) s3 ,)st < t3(2)
u(t)= 0.5 ssn(aaq(z)) sgn (482(2))

where 081(2),1482(2) are determined from (4.,6=22)
and (4,3=-9) with k = 2 and g4x is the difference between

x(t) and x'%’(t) defined by (4.6-17) with k = 2,

To demonstrate the effectiveness of the technique
the suboptimal control system was simulated using a digital
computer for the initial deviation from the nominal initial

state x

o1 ™ -1, Xop = xo5 = 0 . An error in position was

taken as the initial deviation. The reason for this devi~
ation is that one can obtain the optimal ceontrol in refer-

22.2%.24

ences so that one may compare the performance

between the optimal control and the suboptimal one. In this
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simulation the suboptimal controller measures the output
at every 0.01 seconds and corrects the preprogrammed sub~
optimal control., The summary of the results is tabulated
in Table 4-=1, The Table 4="1 shows that for 20% deviation
from the initial position the suboptimal control results
within a circle of radius 0,04 from the desired output
while the nominal control without correction results
within a radius 7.5 times that of the suboptimal one. In
Figure 4-=3 the suboptimal control and the nominal one are
compared. In Figure 4=4 a state trajectory is plotted for
each case A, B, C, D in Xq=Xo plane, where the solid line,
dot line indicate the state trajectory due to the suboptimal
control, and due to the nominal control without correction,

respectively.
4,7 Summary

In this Chapter it was shown that a design proce-
dure of a feedback suboptimum control law for the minimum
time control problem (p=00 ) was developed.

The proposed technique is based on the assumption
that there is a known bound on the number of the optimum
switching instants and that the dynamic system operates

in the presence of small perturbations during the actual
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operation and that the perturbations are essentially due
to the external unknown forces,

The limitation of the approach is that one cannot
apply this technique to the system which is not normal,

The illustrative example showed that in case no
correction is made on the nominal control regardless of
the perturbations, the terminal error is more than 7,5
times greater than those obtained using the suboptimal

control scheme.

V SOLUTION FOit THE NON-LINEAR SYSTEMS

In this Chapter consider the dynamic system to

be controlled is described by a non=linear differential

equation

d x\(t)
It - _{(EN(t),uN(t),t) (5=1)

where EN(t) is n-state vector, uN(t) is for simplicity
a scalar control input, f is a continuous real-valued n-
known vector function of time t, x,(t), and uy(t) for
t)»0 and is continuously differentialable with respect

to ¢, EN(t), and uN(t).
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One cannot apply the technique developed for the

linear system to the non-linear one since the technique is
based on the results of the lI-problem and the L-problem
was restricted to the linear system only. However, one
nay extend +the technique to the non-linear systems by
linearizing the non-linear system around the nominal
optimal control uﬁ(t) and its corresponding trajectory 2

xp(t).

5.1 Linearized System

Assuming that the system operates in the presence
of smell deviations from the nominal trajectory, one can

write
xy(t) = xp(t) + 4% (51=1)
uN(t) - uﬁ(t) + 4Au (5e1=2)

Linearize the non-linear system described by (5-1) around

xp(t), ug(t) snd define x, and uy so that

ax,(t) i
is satisfied, where
MK B P D
-X 'V o2y,

xy(t) uy(t)
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let 5L(t) and uL(t) be defined as

x (8) = xf(t) + xu (%) (5=t
ur(t) = up(e) + uy(t) (51=5)

Inserting (5.7-4) and (5.1=5) into (5.1=3) gives

= £y 2 (0L, up () +£(xfuget)=Ly X{-1 (5.1=6)

dx(t)
X uy
dt =Xy XN Fuy N

where it 1is assumed that the initial state EL(ti)z
xp(t;)=x . Thus, the above differential equation (5.1=6)
describes a linear system aerived from what was originally
a nonlinear system., Then the subcptimal control systems
developed for the linear systems can be appliea provided
the linearized system meets the requirements of Chapter 1,

The linearizea system has following properties:

Let the optimum control ui(t) be the solution of the problem

1* (se¢e Appendix A} for the lineariz.c system,

froperty 1

volving (5.1-6) with uL(t) replaced by uﬁ(t) gives
x; (t) = xp(t)

rroperty e

The optimum control for the linearized system has the

same form as that of uﬁ(t).
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Property 3
Let the costate vector 27 for the non=linear system be
PA(t). And let the optimum lambda vector for the linearized

system be A*. Then,
A* = K, pR(te) (5e1=7)

where t. is the fixed terminal time; Ko is scalar,
To show Froperty 1 one must show that x;(t) = xx(t)

when uL(t) » uﬁ(t). when uL(t) = uﬁ(t), (5.1=6) yields

XL(8) = £GERpupet) + £y (e () - x3(e)

and solving .32 the above differential equation

t

;L(t)-I(t,ti)ac_o-r ii(t,a)(g(zﬁ,zﬁ,t)-%ﬁzﬁ(s) ds (5.1-8)
i

where i(t,s) is the transition matrix of p

=N
Making use of Property of the transition matrix

‘aigt,s}
28 - '3it’s) £EN
in (5.1-8) and integrating by parts the integral in (5.1=8)

one obtains

x.(8) =§(,t)x, +|P(t,80x5(e)| = xy(t)

t;

»
since xy(t,) x .
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To show Property 2, one makes use of the Maximum Priciple
27 . According to the Maximum Principle, The optimum
control uﬁ(t), its corresponding trajectory ;ﬁ(t), and the

costate vector pg(t) must satisfy

x2(t) = L(x{(L),uf,t) (5.1=9)
pa(t) = —(;,XN)T p3(t) (541-10)

with boundary conditions

a, o
xn(tp) = x5 te is fixed

-’Sﬁ(ti) - EO ’

l 1/(p=1)

, T
uf(t) = K, |(Rﬁ £uN) Sgn(ﬂﬁTiuN) (5.1=11)

where K, is a constant scalar.
Also applying the Maximum Irinciple to the linearized

system, one may obtain a candidate for the optimum control
1/(p=1) D
sgn(py ()L, )

(5.1=12)

» - «T
ur(e) = Kolpp <t>£un)\

where K, is a constant scalar; p;(t) is the costate

vector corresponding to the linearized system. Moreover,

ui(t), ;i(t),pi(t) must satisfy
gi(t>-£(£g(t),uﬁ(t),t)+££N<5£(t)-zﬁ(t>)+£uN (up(t)-

us(t) ) (541-14)
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pI(t) = - (%N)T;Ei(t) (541-14)

with Dboundar conditions Ei(ti) = X,
According to Property 1, uﬁ(t), a candidste for ui(t)

satisfies (5.,1-13),(5.1-14), Thus, uy(t) is a candidate
for the optimum control., However, since we assumed that

the linearized system is normal, uj(t) is unique and
uy(t) = ug(t).

To show Property 3, recall that the direction of the
optimumlambda vector is the same ss that of the costate
vector evaluated at the terminal time tf. According to
Froperty 2, ui(t) = uﬁ(t) « Moreover, ui(t) - uﬁ(t)

if and only if Eﬁ(t) = gi(t) within a scalar multiplicity,

Therefore, Property 3 is asserted.
Hence it has been shown that a solution of &8 two-

point boundary value problem for the nonlinear system is also
a selution of the two point boundary value problem for the
linearized system, Hence, the nonlinear control law is a
candidate for being the optimum control of the linear system.
However, what is assumed in the following suboptimum

design is that a suboptimum control for the linesar system

is "close" to the optimum control law for the non=linear on«,
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No analytic verification for this assumption is available
at this time,
Based on the above assumption, one can reduce

the original nonlinear problem to a linear one. Then the
suboptimum control system developed for the linear system
can be applied provided the linearized system meets the
requirements of Chapter 1., The feedback suboptimal control
scheme obtained for the non-linear system is as shown in
Figure 5-1. In this Figure, the box marked " suboptimum
co ntroller" realizes (2.3=~1) (in Chapter 11) which is
obtained from the linearized system (5.1-6), The seeming
difficulty with this approach is that one must estimate
the impulse response for the time-varying linearized system,
Although there is no general approach to obtain a closed-
form expression for the impulse response of the time
varying system (5.,1-6), there are some spec¢ialized techniques
57 for obtaining the impulse response of timee-varying linear
Bystems.

In case of problem 2( the minimum time suboptimum
control problem) tha terminal time is also corrected as a
result of a deviation from the nominal trajectory according

to the technique developed in Chapter I1I,
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In case there is a bound on the number of the

switching instants of the optimal control, ome can apply
the switching method developed in Chapter IV to the corres-
ponding non-linear system( see the illustrative exanmple

given in seoction 5.2).

5.2 Illustrative Example

To clarify the technique developed for the none
linear system, & problem of guiding an air-craft to a ter-
minal take-off area in the least time is presented here:
The simplified equations of motion of the air~craft in the

horizontal plane are >4

x,, = CO8 x5

X, = 8in x3

Xz = = u(t) (5¢2=1)

where x, and x, are the Cartesian coordinates of the
air-craft, Xz is the heading angle measured counter-clockwise
from the positive X4 axis. The problem considered in this
example can be stated as follows: Given a dynamic system
(5¢2=1) with a magnitude constraint on control,i.e.,

|u(t)|$4 find a suboptimal control which transfers

initial states xq(o)- -2 xg(O)- 2, x5(0)- /2 to the origin
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in the least time in the presence of perturbations.
It has been shown in reference 34 that a bound
on the number of the switching instants is two and that
the switching instants for a particular initial state

x, are 83(0) = 0,3%%731, 35(0)_ 4,797017, And the least

terminal time t;(o) = 7.34801, The corresponding nominal

trajectory x'%7(t) can be found as
(1) ogtgsz(®)
%507 (£)=-201n(t3(?)4262(%7-52¢0)) 5in(£2(0) 12650
283(0)) + 2sin(53(0)455(9))
x,(0) (£)m2cos(t3( 0425300 6500y con(£3(?)s2e5(0
283(0)) - 2cos(£3¢0)4s5(0))
é J(£) = t‘(0)+2(s‘(0) B-(O)) + t (5¢2=2)
(11) 83O grg 5@
(0)(t)-231n(a‘(0) ~t5(90)- 281n(2s‘(0) t‘(o) t)
(0)(t)-1 2cos(a‘(0) t‘(o))+coa(23‘(o) t'(o) %)
xgo)(t) - 235(0)-t;(0)-t (5.2=3)
(1ii) 83(9¢ v ¢t3(9)
x{07(t)= 281n(t-t3(0))

xa(o)(t)- 1-cos(t-t;(0))
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x3(°)(t) - t-t3(0) (542=4)

To construct the suboptimal control, one first

obtains the linearized system: From (5,1-6) one obtains

r r

0 ') -ain(x5(o)(t))' 0

2(t) = Jo 0 coax{®t)) | x () +] 0 [up()egt)

O 0O 0O | 1
. (502-5)

where
rcos(xgo)(t)) + xéo)(t)sin(xgo)(t))
B+ [sin(x{®7(£)) - x{®(t)cos(x§?) (£))

0

Suboptimal Control law

Since the bound on the number of switching
instants of the optimel control is known, one applies the
switching method developed in Chapter IV for the sake of
simplicity: According to the design procedure presented

in Section 4.5, Chapter IV,
Step 1 Calculate

(a) State transition matrix Et,s)

In this particular example one can obtain the state
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t
transition matrix of £ analytically since S f (s)ds
XN XN
51 5

and £ (t) commute for all t, Therefore,

t
i(t.s) - exp(g £ (s) ds)
g TN

and in this problem one obtains

£, (8) ds ) (5.276)

D ™™ ot

t
exp( S £EN(B)d8) = I 4
8

(b) The nominal trajectory 5(0)(t), which is calculated

by (5.2-2) to (5.2«-4)
(¢) U = =1

Step 2 Calculate ;(k)(t)
Assume that k = O for the sake of simplicity. Thus,
employ g(o)(t) ag the nominal trajectory through the

whole process,
: (k)
Step 5 Calculate [Qt

To simplify the the controller structure, a design
procedure is taken so that the suboptimal controller
measures an initial deviation gx and corrects the control
input, For this purpose one finds [Qt(o)]at initial

time t«0 which transforms gx into ‘§(0)'At§0). Note that



137

in this case the matrix [Qt(o)] becomes constant,

To obtain [Qt(o)]indicated by (4,3=14), one first deter-

mines g(o,s;(o)), v=1,2. Recall the definition of

h(t,s) = Et,B)B

where B -[0
By making use of

h(0,85(°))=

8(0,83¢%)) =

B(0,5()) -

Now inserting (5
with t,k, n, L,

and making the i

0 -1]1-

(5.2=6) one obtains

f «(0))

-sin(&l,I

cos(s2(0)) - 4 (5.2-7)

=1

:Qsin(s;(o))-cos(sﬁ(o)-tg(o))

-1-sin(s§(0)-t;(o))+2cos(sq(0))

-1 (502“8)

(—2sin(83(?))-2c08(s3({?-t3(%)) 4 1

Ecos(sﬁ(o))-2sin(35(0)-t;(0)) - 1
-4 5.2-9)

.2-7)’ (5.2—8), (502-9) into (405-15)
x@ replaced by O, O, 3, 1, O respectively

nversion of the resulting matrix gives



Q1 Q2 U3
l%(o)l = % Wy Qs (5.2-10)
Uzq Q3o Q33

where Q 41Qqnre0ey Q55 are defined as follows:
Let cos(s;(o)) 2 aj sin(s;(o)) = a; sin(sé(o)-t;(o))gs
cos(séco)-tE(o)) = b; D 2 ab+a b, then
Qqq =0.5(a=b)/D 53 Q4o = 0.5(b+8)/D ; R1z= -0.5(a+b)/D
Qoq =(0e5a =B)/D; Qyy = (0.58 + b)/D
Q3 =(a b =0.58 +8b =b)/D ; Qzq = =5/D; UGp = b/D
Qz3 = (@b ¥ ab =b )/D (542-11)
Step 4 Suboptimum controller
The suboptimum controller can be obtained from (4.3=7)
with k = O :

(0) _‘Bq(o))(t_sé(O) -432(0))
(5.2=12)

ug(t) = - sgn(t-sj

where

431(0)' Uyq8Xq + Qu8X; + Qqz8%5

28, %)=Quaxy  + Qup8x, + Qozaxs

(0)

Atf - Qaqﬂxq + Q52ﬂ2 + Q55‘15

and Qqq1Qqpeeey Qzz 8aTE defined in (5.2=11)
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To demonstrate the effectiveness of the tech=
nigque, one simulated the simplified suboptimum control
system with an initial deviation ax, & deviation from
x°1-2.00,x°2- .00 in x,-x, plane and a deviation from
Xoz = TW/2, a heading angle of the air-craft. The results
are tabulated in Table 5=1 where the performances between
the suboptimum system and the system with control input
without correction are compared, The Table shows that
in case no correction is made on control input regardless
of disturbances, the terminal state error is more than
five times greater than those obtained from using the
suboptimum control system. The phase portrait in X =X
plane for each case A, B, C, D is given in Fig.5«~2, 5=3
where an actual trajectory indicated by the solid line
is compared with the trajectory corresponding t¢ the nomi -
nal control., In Fig.,5-4 the suboptimum control for each

case is compared with the nominal one,

One showed in Fig.5=5 that the mathematical
solution of the problem can be simulated using an electronic
analogue=computer, In simulation of the air-craft in the
horizontal plane, one usec three integrators and two

oscillators as indicated in the sclid line box, One can



SURNARY OF <ESULTS

oSUBUPTINUK CFEN I1OOUF CUNTROL 5YSTEM
INITIAL STATE CONLrOL SYoTeM (NOL1NAL CONTRCL)
TERKINAL  ERROR () .
X1 Xo2 x03 t‘(q) t; TERNINAL EXKCR
f
-1.990 2,010 1,700 | 74 |=0.,010]=0,064 | 0,020 7ot 04307 |0.300 |0,180
i - P . o
22,000 11,99 | 1.470 | 7.3 |0.039 |-0.038 |o0.010 | 7 |-0+15]-0:194-0.050
=2,000 2.010 1,670 7.4 (0,018 | 0,117 | 04030 — lo.240|0.232 0.150

Table 5«1

Oohi
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measure deviations of the position in x -X5 plane and a

1
heading angle through the summing amplifiers 10,11,12.
The corresponding corrections of the switching instants
581(0),552(0), Atf(o) are obtained through the sunmming
amplifiers 13,14,15, And the approximate switching
instants a%(o), si(o)are obtained through 20,18 which are
fed into the two integratore 1,2 as an initial condition
respectively. The two integrators are for simulating the
argument of the signum function given in (5.2=12). One

stops operation of the system when the light is off which

indicates t = tE(O) +-otf(0).

5¢3 Summary

In this Chapter it was shown that a design
procedure of a feedback suboptimum control law for the
control problems of & non-linear system was developed
as an extension of the linear version of the problem,

The proposed technique is based on the assumption
that the linearized system meets requirements given in
Chapter 1 and that the suboptimum control for the linear-
ized system is close to the optimum control law for the

non-linear system,
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The limitation of the approach ia that one cannot
apply this technique to the non-linear system in which the

linearized system is not normal,

The illustrative example showed that in case no
correction is made on the nominal control regardless of the
perturbations, the terminal error is more than five times
greater than those cobtained using the suboptimal control

scheme.
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VI FURTHEn CUFMMENTS

In this chapter the above techniques are
extended to the sampleda version of problem 2, to the
multi-input version of the problem, and to the fuel
problem with an additional magnitude constraint on the
control input., This chapter also includes some suggestions
for further research,
©.1 Sampled version and multi-input version of the problem
0.141 ampled version of problem 2

Consider an m=output and a single-input system

whose dynamic¢ behavior is described by the difference

equations

x{(n + 1)=A(n)x(n) + B{(n)u(n) (6.1=1)

28451

Solving (6.1=1) at the N-th step for a given

initial state g(no) at n, -th step gives

N
x(N) = Fyndx(ny) + T PN LIB(EIu(i)
i-no (6.’]-2)

where i(n,no) is the state transition natrix of

matrix A(n).

The sampled version of problem 2* (see appendix A)
whose solution is quite analogous to the continuous one

can be stated as follows:
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Given a completely output controllable e system

d

described by (6.2-2); a desired output x and an initial

cutput .98 at the no -th step; & constraint on control input
| RUCON S (6.1=3)

Find an optimal control sequence u(no),..,u(N) witilich

wakes ;(h)z;é at time I for minimum N, The solution of this

problem is quite analoprous to the continuous one and is
given 30 as

g=-"1

Q - o
u*(n,slkg IA‘lQ(N‘,n}| szn ( Aflg(ﬁ',n) J (6.1=4)

where A*, N*, h(N*,n) are defined as follows:
(1) h(h,ij= E(N,i) B(1i)
(2) A* is thre minimand of the expression
} h 6./I-
min || “q ( 5)
I.D - - . . -
A e(l,x(n_) )=1 (De1-6)

where e(l,x(n_ J)) = x(I, -i(lnno)gg(no);

/9

m

J="

(3) N* is the least terminal step obtained as

the least value of N Ior which
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“ K* “ q 2 1‘/1'0
wnere k* is the value of h evaluated at A = A*,
Now consider the suboptimal control problen,
the problem of finding a suboptimal control sequence u*(n)
which makes the actual output apjroximately equal to the
desired one at time N for minimum N in the presence of
small disturbances during the process.
In mnalogy with the continuous version of the
problem ovne can solve the sampled version of the problem:
(i) Yuboptimal Controller
From (6.1-4) the suboptimal control can be

obtained as

-1
sen(( A2 +AAI13(N"H))

- - a T _ q
T (n)=I, | ( AL + aAJE(k"+ aN,n)

where T _, A+ 4, ax ere derined as follows: (1) Io
denotes a time-varying bound on control effort., When
p=00, T%(n)-Lo wnich is constant since the magnitude bound
is indeprendent of time, This, however, is not true for
1{pP{ 0 B8ince in tuis case the amount of "energy "
associated with [lu\\p which can be utilized depends on

the amount equal to the given Lo minus the " energy "
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expended during the interval n, to n. (see (3.3=-8) in

chapter 111).

() Aﬁ is the vector A* cumputed for x3 (n), the
norminal optimal trajectory and has the same property as
in the contli nuous case: the direction of tue Aﬁ is

constant and

A; = m(N*,n) A* (6.1-8)

where m(N*,n) is tue sample version of m(tf,t) give
in (2.3=Y%) with the integral operator and tf,ti,t
replaced by a summation o, erator and N*, n, » Dy respecti-~
velye.

(3) alh, AN are obtained from similar arguments developed

in chapter 111;

where

4x(n) = x(n) - x* (n)

and the linear transformation matrix [J;l] can be
obtained in a similar manner to tnat developed in

Chapter 11X
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Delec Multi-input version of the problem
Consider the multi-~input version of the problem

which is the generalized case 9

of s single control input.
Without theoretical difficulty one can apply the suboptimal
feedback control scheme developed for a single control
input to the multie-version of the problem. Still the
direction of the optimum lambda vector is invariant along
the optimal trajectory. However, the magnitude of the
optimum lambda vector may vary differently for each optimal

control input ua(t),i.e., let AEJ be the optimum lambda

vector in Jj=tii optimal control, tnen
A;J. - mj(tf,t) A°

on tne optimal trajectory, where mj(tf,t) may be determined
from (A=-c<>) in appendix A in a similar way to that obtained
for single control input. (see (2.5-9) ). The suboptimal
control scheme is completely analogous to the case of

single control input.
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6.2 Fuel problen with addéional magnitude constraint
on Control input (Van Gelder problem)

Consider the case of p=s1 in the problem 1. The
open loop study has been reported in 16.19.50.3b. . Since
the optimal input for p=1 consists of delta functions, it
is of interest to study the cese when there is an additional
magnitude constraint on the input: Given a completely
controllable system described by (1-~1) in cnapter I

9 .t a fixed time t,. and the initial

a desired output Xx £

output X, at time t;; a magnitude constraint on the control

input
|ueedl & 1 (602-1)
Find an optimal control which makes tne actual output equal

to the desired output while “11“1 is minimized.

The solution for tnis problem in tlie case of no disturbance
is 50. :

u*(t)m=sgn( A*Th(t,,t)) for 1 A*'h(tp,t) )

u*(t)= O for 1) M h(t.,t) (602=3)
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where ‘6' are chosen so that the terminal conditions
(1=7) with u replaced by u*(t) ((.2=2) and (c.2=%)) are

satisfied, i.€.,

t
T
E(ti"z(ti))' S _ll(ti.,S)u'(S) ds (Ge2=4)
t

i

Note tnat ‘A‘ is a Lagrange nultiplier and is slightly
different from the optimum lambda vector used in the
previous ciapters, hnowever, one can see from (6.2-¢) and
(Dec=2) tiat tne direction or the A is constant on the
optimum trajectorye.

Now consiader tie problem or finding, for a given
open=l1loopr optimal control u*,tne corresponding vector‘b*,
and the corresponding optimum trajectory 56, the suboptimal

feedback contrcvl law for small deviations from 5; « 'TO

golve tnis problem rewrite (©.2-2) and (b.2-5) as a single
form,i.e.,
u*(t)=(1/2) (sgn( A*Th(t,4t)=1) + sen(A* by, t)+1) )

(602"5)

Let Abbe small cnange in b‘ as & result of small

deviation from the optimal trajectory Ea(t)° ‘then, the
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linear transformation matrix wihich maps AXx into AA

can be found as has been done in chapter 1I: the linear
transformation matrix can be found througii a Taylor series
expansion of (6.<-4) arouna A* and _:Ea with u* replaced by
(6.2-5), Suppose that tune corresponding matrix Mr is

found., Then one can obtain the suboptimum control as
- 1 P
u*(t)=—— [se;n(( A* + AQ)"h(to,t) =1)

+ sgn(( A‘ + AA)T_k']_.(tf,t) + ’l)]

where
a) = M, px
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b.% Buggestions for Further Research

The research reported here also points out that
additional work would be worthwhile in the following areas:
(1) Parameter Variation

In this dissertation one has focused on the distur-
bances essentially due to the external forces and one
assumed that all the system parameters are known precisely.
Now suppose that the mathematical model of the system is
different from the actual system,i.e., the system matrix A,
B of the mathematical model are different from the actual
one, Then, one may ask how a small change in the system
parameters affects the performance of the suboptimal
feedback control scheme, In the two integrators problem
it was found in the simulation the variation of a12(1st
row and 2nd colunmn of matrix A ) within 10%» results in the
terminal error being within a radius .0b. However,more
general theoretical study is required to obtain a bound on
allowed parameter variations corres,.nding to a given
terminal error,

(2) Simplified Linear Transformation Matrix

The linesar transformation matrix an or M are

tq

time-varying matrices and therefore, for certain cases,
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the evaluation and implementation of these matrices may
be difficult. Therefore, one may investigate the
possibility of whether one can overcome this difficulty
by using reasonably simplified matrices: One possibility
for this is to use an or Mtq as constant matrices by

evaluating these at switching instants since AA is most

effective around switching instants .

(3) Additional State Constraint
It is of interest to study the case of state
constraints in addition to control constraints,

The open=-loop study for this was reported in 7.
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Appendix A
In this appendix we wish to review some arguments
leading to the solution of problem 1* and 2* (see footnote)
stated in chapter 1
(1) Solution of the Problem 1°*
Consider that the case when there is only a single
input (t). Froblem 1* can be therefore restated as follows:

Find the control function u(t) which makes
- i -]
“ll“p min (A-1)
while maintaining

t
h
£(h,) = g hy(tg,8)u(s)ds = e (A=2)
vy
where jm1,2,.00,03% €, and t, are fixed; e is the
J=th element of the vector g(tf,g(ti)) defined in (1-5);

hj(t,s)jxsthe'response observed at time t due to an unit

impulse applied at time t = 8} ||1“1> is & norm in Lp

Bpace,i.e.,

te b 1/p
‘u“p = (S lu(s)‘ ds ) » DY (A=3%)
t.
i

In the problem 1* and 2* we ask for opemn loop optimal
control in the problem 1 and £ in chapter I respectively,
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Consider now a linear functional

te

f(x) = S x(8)u(s) ds (A=)
5

The norm of the functional f of (A-4) is defined as

r - I(x) -
| o sup il (A=5)

One can choose that |r||- “u|p when x is in Lq space
with norm lx“q given by

t
hxly = Sfli(")\q as )8 (A=6)
Yy

where q is congugate to p is defined by

1“/p + 1/q = 1

Thus, the variational problem (A-1),(A=-2) can be
reformulated as follows: Choose the bounded linear func~

tional f which has minimum norm
“ f l = min (A=7)
and satisfies

f(hj) - e 3 = 1,2,00eyD (A=8)

J ]
The problem (A-7),(A-&) is called the L-problem in the

Theory of moments 1.
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In solving the problem (A-7),(A=8) it is assumed

that h,,h,y+.0,h, &are linearly independent. This will

certainly be the case if the controlled system is complet-

ely output controllable 2".. The case when this condition

is not satisfied has been treated in Kreindler's work 20.
Since hq,hg,....hm are linearly independent, they span a

m-dimensional linear space and the linear functicnal f is

completely defined on this space. let h be defined as

m
L 4 :‘\ihi (a-9)
i=1
Then, we have
m m
f(h) = f(Dihi ) = ;Aif(hi)
im =
Thus, we obtain
i
f(h) = Z'\iei (A=-10)
ie1

The norm of f may accordingly be computed over this m

dimensional space according to the definition (A=5),i.€.,

i'/\iei

Nzh« sup (A=11)

A Ini

or equivalently 1.7
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1 -
X - igr“h“ (A=12)

with

;N_e - (A=13)

where 's are not all zero; h = h q and is defined
as t
4 q 1/4q
m
| &, - ¢ S IF'\ihi ds ) (A=14)
=

where the infimum is to be evaluated over all real
values of A' 8.
But now, according to the Hahn-Banach Theorem 17
the functional f defined by (A=10) over the linear span
h can be extended over the whole Lq space without an
increase of the norm. That is, among all the extensions
of f, none of which can have & norm smaller than (A=-11),
there is certainly one which has & norm just egqual to that
given in (A-11), The norm evaluated in (A=11) or equival-
ently in (A-12) with (A=-13) accordingly is $he minimum norm
sought in (A-7) consistent with the condition (A-8), This
concludes the argument from the Hahn -Banach Theorem, which

guarantees the existence of a functional f that solves the

problem (A-7),(A~8) and hence of its function component u
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in Lp space which solves problem (A-1), (A=2).
Now consider finding an expression for the optimum
control u*(t). If u*(t) is the control which solvea the

problem 1*, then

l‘
. -
e =
A |
with
m
ZAiel = 1
im1

Let A® be the minimand of the above expressionj then

» 1 __ -
1y, e (r-15)
1 ) /]

m 1 wh e Alby
with ;Aiai = 1, where = ; i
| -

The existence of solution has been demonstrated
by an appeal to Hahn-Banach Theorem 17. This argument
gives no direct information about the form of solution
u*(t). PFor this we turn to Holder's inequality for functe
ional of the form (A-2) operating on h* and satisfying the

condition (A-8). Using (A-10) this inequality gives

|z -{E Ao il N 2ol

and recalling *ei = 1, then we have
=]
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1

Hull 7 (A-16)
” el

Comparing (A=15) and (A-16) we sce that

Bull, - Bul,

when the Holder's inequality is satisfied with equality

1718.1Y

condition Jnnamely

I m
q="1
u(t) = xlz:l)\i ny(teetd | sEn(L A pi(pt)) (a17)
1= 1=

where constant K is evaluated to satisfy (A-b) which

implies that

m
f(n*) = @2 Al e (A=18)

i=1

m
Recalling ZA; e; = 1, we obtain
1=

1
E = - (A-"cj)
¢ Bneft d

Thus, the problem 1* has been reduced to the

problem of finding the optimum lambda ‘A* which minimizes
I Iﬁ
h subject to *e, =1, This is a minimization in
b M 0

m-1 dimensional spece and in 8 me cases can be solved more
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easily than the two=point boundary-value problem which
arises from applying variational methods., Various itera-
tive techniques 2”7 are available to find the A*. And

glso it has been shown that for certain cases this problem

can be reduced <.ct to a problem in the calculus of appro=-

15

ximetion .

Special Consideration of the Case of p=1

The development leadling to the control function
(A-17) applies strictly only for . H1 17. ynamely,only for
q {oo. In the case when p=1, the expression (A=17) must
be given a proper interpretation. This cen be accomplished
).

by using a limiting process and letting g- co (Kirillova

This leads to
ur (%) = xz’l |k,| 8Ct-t,) sen ( An(epyt)) (a-20)
V=

where _* is obtained so that at A - A‘

min sup |A*h(t.,t) (A=21)
A tide t!. el

has minimum with A‘T e(teyx(t.)) = 1

Note that S(t-tv) is an unit impulse which occurrs at the
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instant of tv at which a supremum occurrs and its amplitude
kv must be determined. Constant K may be determined by

letting A*Te(tx(ti)) = 1.
(2) 5o0lution of the lroblem 2*

The least time control problem is closely related
to the minimum norm control problem (problem 1*). In fact
since there is an upper limit on ||u|p , that is, hu‘p £L, »
it is apparent that L_ will be the value of Ju*} p that will
enable us to obtain the least elapsed time T‘-t; - ti, if
it exists, for which the minimum f£|\ of (A-11) becomes equal
to Lo'

heh - 1 (A-22)
when we recall

z/\i €

1

“h'“q

Nl -

the least time condition is

i=1 - L (A—25)

for which the least value of tf is obtained as the least
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terminal time t; if its soluticn exists.
wWhen the least time c¢ondition is satisfied, the control

function (A-17) is
ut(6)=13 | n=(t3,t) |9 sgn(ne (£5,)) (Am24)

In the case when p=1, the limiting process
letting qQq-=00, can be also applied to the least time
problem 17. « It leads as before to impulsive solutions,
Since it can be shown that the product Lp spaces 17.
are also Banach spaces, all previous arguments apply to the

multi-input cases., The norm on vector u whose elements

are different inputs of the system is defined as in eq.(1-10),

sy Y ¢

g=1

namely

|ué(t)|pd a68Pd y1/p

d‘-"\d

then the following results can be obtained for the multi-

input version of the problem treated in this aprendix:

sSolution of the problem 1* for multi-input systems 171879,
t
f q a/q; -1
| fjceene! ’

. ti . a; =1
Ui(t) = 'Kj(tf’t)‘ sgn(KE(tf,t))
4 Py A
(A-25)

for j=1,2,..,1
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where 1/p + 1/q =1 ; 1/pj + 1/qj =13 1poo 31 py
T

and K(tfas)'kq’kg’*':kms kj =‘kj (tr:s) ol A Qj(tfss)

Qj(tr,s) indicates the Jj-th column of the m x r impulse

response matrix of the dynamic system. And
v ol .
&‘(tf’5)=k1'k§’..o’k;}; kS(tf’S) = A Ed(tf’s)

where A* is maximand of

]
z:fhi e,
=
nax 1 (A=26)
A (HE“qJ

Solution of the problem 2* for multi-input systems

In the case of the multi~input version of the

problem 2* the least time condition is

m

z;kiei

1'“K. - I, (A=-27)
Rl

for which the least value of tf is obtained as the least

terminal time t% if its sclution exists.

f
wWwhen the least time condition is satisfied, the control

function (A-~25) is

q;, =1
us(t) = rd |k3(t;,t)| J sgn k3(t1,t) (4-28)

1“q {oo ; 1 ‘QJ { o0
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In the case when p=1, the limiting process letting
qQ — 00 can be also applied to the multi-input version
of the least time problem. It leads, as before, to

impulsive solutionse.
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Appendix B
In this appendix one shows that a relation between

the optimum lambda vector A* and the costate vector

)5-270 is

p(t A* = K p(t,) (B-1)

where K is scalar,
To show this, one applies the Maximum Principle c7.

to find the open loop ortimal control u*(¥t) of the problem 1

in chapter I to obtain
1

w () = K, |p0)TBGEY sen (p(6)TB(E))  (B-2)

where K, is constant scaler; p(t) is the solution

of the adjoint system of A(t) and is found to be 5e27.

E(t) - §(tfgt)T2(tf)

where i(t,s) is the transition matrix of A(t).

Now applying the sclution technique of the
functional anslysis to the same problem, one obtains (A=-17)

in asppendix A, Since one deals with the normal system, the
optimal control is unique 5‘and therefore, both solutions
indicated by (B=2) and (A=-17) must be identical, Recall

the definition of g(tf,t),g_(tr,t) 'i(tf't)B(t)' and note

_3%1_ = gq=1 since 1/p + 1/q = 1, to give (B=1),
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