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Abstract

TECHNIQUES OF FEEDBACK SUB—OPTIMAL CONTROL

by

Chanbin Fark
Advisors: Prof. George M. Kranc and Frof, Frederick E.Thau

A design procedure is developed for obtaining 
sub-optimal feedback control laws.

The approach taken is based on the results of 
the L-problem in functional analysis. The new design 
procedure requires the solution of a set of linear-algebr­
aic equations. An estimate of the error resulting from 
use of the sub-optimal control law is also derived. This 
design approach differs from preveous sub-optimal control 
techniques in that there is no need to solve a Riccati 
matrix equation.

Four examples (1) two integrator problem( 
minimizing maximum amplitude of control) (2) Bushaw's 
problem (5) three integrator problem (minimum time problem 
with hard constraint on control) are presented to demon­
strate the effectiveness of the design procedure.
Analytic sub-optimal control laws are derived and the 
performance of the resulting closed-loop systems is 
simulated using a digital computer program.
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1
I. INTRODUCTION

1.1 Motivation and Cummary of Results
During the period of the last 15 yearB, several

x S 27general mathematical methods>#^* r for optimal control 
problems have been presented. Except for very simple 
cases all these methods lead to complicated computational 

procedures. Also in many cases the solution is obtained 

as an open-loop solution, that is, it is valid only for 
a single specified initial condition and the presence of 
deviations from a pre-calculated trajectory is often 

ignored. Cne could of course precalculate optimal 
solutions for all possible initial conditions and thus 
theoretically speaking, implement the feedback structure 
for the optimal control problems. This procedure would 
lead, however, to prohibitive requirements on the storage 

space of the control computer and it is therefore 

unrealistic.
 ̂ u u6 .9.10.14.15.ih.; hFor this reason much research 

in recent years has been devoted towards the development 

of practical feedback control solutions often called 
suboptimal or quasi-optimal, where the objective is to
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Obtain a relatively simple, cheap feedback control law 
which yields a performance criterion "close" to the optimal 

one and which can be easily implemented.

These techniques have certain common character­
istics: first, the proposed suboptimal feedback solutions 
are assumed to be operating in the presence of "small
deviations"; second their theoretical development is based

27on the iontryagin Maximum Principle { and therefore, it is
not surprising that the resulting computational problem is
that of a two-point boundary-value problem and involves
solution of a Hiccati matrix differential equation; third

fc 14 1Seither some form of the quadratic criterion is used *
jy A for a nonlinear plant or when the admissible control

has a magnitude bound, then a solution can be obtained for
all practical purposes for a linear plant only. (Either
one has to linearize the nonlinear plant around the
nominal optimal trajectory or one has to be able to
approximate a given nonlinear plant by a simplified non- 

9 10linear model whose feedback control law is already
known.)

The objective of the research presented here is
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to develop suboptimal control schemes based on the methods 
of functioal analysis (The L-problem^*^8.19*22.23*24^^

As in other methods the feedback suboptimal control system 
is assumed to be operating in the vicinity of an open-loop 
nominal optimal trajectory* The admissible control may 
have a magnitude constraint and in general is assumed to 
be an element of a "suitable" Lp space^, l ^ p ^ o o .  The 
motivation for the use of the L-problem is that it elimin­
ates the need for solving a two-point boundary-value 
problem. However, it introduces a different type of a 

compuational problem, a problem of approximation in 
space. The seeming disadvantage of the L-problem method 

is that it can only be applied to a linear system. However, 
this is not a serious objection, since nonlinear processes 
can be linearized around the nominal optimal trajectory 
which in any case is assumed to be known.

The results of the dissertation may be summarized 
briefly as follows:
(1) It is shown that the optimal control law of the "mini­

mum norm problem" can be obtained as the solution of 
a set of nonlinear algebraic equations ( Theorem 1 
in Chapter II)



(2) The direction of the "optimum lambda vector'1 used in 
calculating the optimum control law is shown to be 

constant on the optimum trajectory (Theorem 2 in 

Chapter II).
(3) It is shown in Chapter III, theorem 3* that the 

optimum control law of the " minimum time problem" can 
also be obtained as the solution of a set of nonlinear 

algebraic equations.
(4) A new design procedure for both problems is developed 

in Chapters 11,111, and IV.
(3) A bound is obtained on the size of the allowed

deviation from the nominal optimal trajectory corres­
ponding to a given terminal error (Chapter 11,111, and 

IV).
(6) The method developed for linear system is extended to 

nonlinear systems in Chapter V by linearizing the 

given nonlinear system around the nominal optimal control 
and its corresponding trajectory.

(7) It is shown in appendix B that the "optimum lambda 
vector" used in the functional analysis approach
turns out to be the costate vector of the Kaximum

27 . . . .principle evaluated at the terminal time within a



scalar multiplicity.

1.2 Mathematical Formulation of the Iroblem

We are given a dynamic system which is to be 
controlled and which can be described by

dx( t)- A(t)x(t) + B(t)u(t) (1-1)
dt
£(t) - C(t)x(t) (1-2)

where x(t),u(t) and ^(t) are respectively the system 
state variable, control input, and output vectors; A(t), 
B(t), C(t) are respectively (nxn), (nxr), (mxn) matrices 

whose elements are known continuous, real-valued functions 
of time t, where t^O. The solution of the vector diff­

erential equation for a given initial state x_ at time“O
i. ^

x(t). +\ ^t,s)B(s)u(s)dB (1-5)

where^(t,s) is the system transition matrix p.31

Therefore, the output vector at terminal time tf is

r f
(t^ j *C( t}J( t̂ ,, t^)x( t^) + V C( t j,)̂ R t , s)B( s)u(s)ds

J ( 1- <0
*i



Define
e(tf,x(ti))- i(tf)-C(tf^ ( t f,ti)x(ti) (1-5)

and
H(tf,s) - C(tf)J(tf,s)B(s) (1-6)

Phis yields the relatively simple uescription

e(tflx(ti)) - \ K(tfls)u(s) ds (1-7)

*i
Now let us state the problems to be solved in this thesis:

1,2.1 Problem 1

Given an initial state x at time t- and a— o 1

desired final output ^  at a fixed time t̂ ., find a feed­

back "suboptimal" control system which forces the dynamic 
system after an elapsed time T-t^-t^, to while

nothe performance index J» H HKp, 1 ^ p  , where fclp ° «
suitable norm in Lp space, is minimized.

1.2.2 Problem 2

Given an initial state xA at time t. and a—o i
Jdesired output £ , we wish to find a feedback "suboptimal" 

control system which enables the dynamic system governed 

by (1-1) and (1-2) initially in state satisfy
£(t£)-jrd for the least elapsed time subject to a
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constraint on the norm of u that is where LQ is

a given positive number.

For both problems it is assumed that the dynamic
21system is completely output controllable and further 

assumed that the process operates in the presence of 
"small perturbations" and that the actual trajectory x(t) 

is not "far" from the nominal optimal trajectory 
the nominal solution trajectory of the problems. It is 

also assumed that all the states are accessible for 

measurement•

Remark 1—1
A dynamic system is called completely output controllable

2*1 if and only if there exists an input u(t) which enables 
the system with an arbitrary set of initial states to
achieve any desired output in a finite interval t^ to t^.

20 21One can show * that a dynamic system is completely 

output controllable if for every nonzero vector the 
inner product ^,h^(t^.,s)^ is not identically zero over

any subinterval of t^( tf for every j, which corresponds
25to a normal system h. is the j-th column of matrix—  f I

H(tfts). *****

Remark 1-2
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"suitable norm" in Lp space which can incorporate
28numerous practical constraints are defined as follows:

Case 1 Systems with one input 
In this case define

rrtf r, f /pIWlp l“(s)|P , p^1 (1-8)

The set of real-valued time functions u(t) which is refined 
on an interval t^ to t̂ . and which has a finite norm

Q OQindicated by (1-6) is called a banach space denoted
by Lp.

Case 2 dystems with multiple inputs and an overall 
Constraint on all inputs

In this ca^e define 
t

ll“lp ^i<8)lPdS ) , P) 1  (1-9)

‘i1*1

Case 3 dystems with multiple inputs and different types 
of constraints on each input

In tnis case define
/r- /(tf p. xP/Pi \ V PI|H|p -(L () I V M  dtj ) (1-10)

„ t .1-1 1

The resulting Banach space will be called a product Lp
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17 *****r space. *****

Remark 1-5
suppose that one wishes to minimize the energy, area 

or the maximum amplitude of the single control input, one 
can incorporate these physical constraints with norm 
definea in witil p»2, p»1, or p- CO .

Hnergy, area, and the maximum amplitude for each input 
are applied in the same manner. *****

1.3 Historical Background

As has been mentioned, solutions to optimal control 
problems are not always easily obtained. In addtion even 

when it is possible to obtain the desired optimal solution

it may be impossible to implement it, that is, to construct 

a controller capable of duplicating the exact mathmatical 
results. For example, determination of the feedback control 
law for a particular problem may require a forbidding amount 
of computer memory space to carry out a complex set of 
computations in real time. Hence, determination of the 

optimal feedback control law would require a large economic 

effort. This is not always Justified since it may be 

possible to use a relatively simple and cheap control law 
which yields a performance criterion close to the optimal
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one. We have thus traded simplicity and lower cost for 

the suboptimal performance.

In order to solve the suboptimal problem, it is 

necessary to know the open-loop nominal optimal trajectory 
when the technique in this thesis is used; one can obtain 
this using the well-established method of the L-problem 
1.16.19.22.23.24 outlined in appendix A. It is

shown there how to obtain an open-loop nominal optimal 
control u*(t) both for the case of the minimum-norm optimal 
problem (see problem 1) and the time-optimal one (see 
problem 2). Once the nominal optimal control u*(t) is 
formulated, the nominal optimal trajectory x*(t) can be 
obtained.

Cf course other methods are available to obtain
27x*(t) such as Pontryagin Maximum Principle , Dynamic —o

*5 7 14 1^Programming , and various Steepest Descent methods'* *
These methods have the advantage over the L-problem
approach in that they are not limited to linear systems.

As has been mentioned, the open-loop solution of the
optimal problems has a limited usefulness. It can at best
serve as a gui^e as to what is the best under idealized

condtions.
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A number of investigators 2*^*^*9*16.26 attacked, 

the practical aspect of the optimal control problem,
A point of view of some of them which bears a relation to 
the presented research depends on the assumption( not 

unreasonable in many cases) that the system operates in 
the presence of small perturbations, which continuously 
or otherwise cause "small" deviation from the nominal 
optimal trajectory monitoreu. at the output of the system 

will be x£(t) + and since ^nownt d* can
measured, A suitable correction on u*(t), ĵu is generated 

to make the actual output u*(t) +^u. When is suffici­
ently small, a good approximation to AH(t) can be made 
presumably by setting dH “ M where K is a matrix 
which has to be precalculated.

The elements of the matrix M using the second 
fo 14- 15 1bvariation method " can be found only in situations

where there is no hard constraint on the control input.
Essentially, only quadratic types of constraints can be

15handled by this method. In reference ^ the second 

variation method is extended to the case of the magnitude 
bound by the use of penalty function. This increases the 
dimensionality of the problem and the amount of required



c omputat ions•

An alternative approach is described in reference
Q •'irj. Instead of trying to find directly a correction *u, 
an attempt is made to calculate the change in the

costate vector £ as a result of small changes ^x from the 
nominal optimal trajectory. Although this approach can 

handle magnitude constraints and others, the technique 
requires in the general case of a nonlinear problem that 
an approximate, simplified nonlinear model must be 
determined. For this, however, there is no general techn­
ique available and authors discuss only a few special cases.

The manner in which the approach of this dissert­
ation differs from these previous techniques can be summa­

rized in the following table:

Breakwell Soever.Bryson
Friedland 
Sarachi ck.Thau Proposed

TechniqueValue of p inperformance
index

p - 2 1 < p <  CO 1 < P $ o o
Control constraints 
for minimum time problem

none yes yes

Erroranalysis none none yes
Computational problem Solution of two-point boundary-value 

problem

Solution of matrix Riccati 
equation

Solution of 
linear algebraic equations

Table 1-1
Comparison of Suboptimal Control Techniques
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In the case of magnitude constraint on control, 
the proposed technique can handle situations where deviat­
ions may occur after the first switching instant on the 

nominal optimal trajectory. The other techniques cannot 
account for such deviations. Hence, the contribution of 

this dissertation is that a feedback-suboptimal control 
design procedure is presented together with an error analysis 

to estimate its effectiveness.
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II SOLUTION OF PROBLEM 1 THE LAKBDA METHOD

2.1 In troduc t i on

A solution of the minimum-norra suboptimal control 
problem presentrd in this thesis is based on the assumption 
that the dynamic system operates in the presence of small 
perturbations during the actual operation and hence, in 
this restricted problem, a suboptimal controller which 
yields a performance close to the optimal one and which can 

be readily implemented is formulated.

The objective of this Chapter is to explore the
feasibility of designing a suboptimal control law for 
problem 1 based on the results of the L-problem. It is

for simplicity assumed that in this Chapter that the control
is scalar and that suitable norm is defined by (1-8).

2.2 An Alternative Method on Obtaining

As h- s been reviewed in Appendix A, one can obtain 

the open-loop optimal control of the problem 1*(see appen­

dix A), problem of finding control u(t) which makes

|| u H p * min (2.2-1)

while keeping



{ *\ h(tf,s)u
fci

15

(s)ds - o(tffx(ti)) (2.2-2)

where tf is fixed.

One can write optimal control u*(t), the solution of 
Problem 1* as

u*(t)- u*(tf,^*,t) (2.2-3)

where is the minimand in the expression (A-12) in 

appendix A with

A'T - 1 (2.2-4)

Kemark 2-1
One can of course obtain as the maximand in the 

expression (A-11). In this case we see that the optimum 

lambda vector is maximand within non-zero scalar multi­
plicity. Thus the direction of the vector is sufficient 

to determine the optimum lambda vector Therefore, the

maximum value of (A-11) is independent of the number

ei(tf,£<ti>) so that the quantity of *ie ±(tf,x(tA>) 
may be set to 1 as has already been done in appendix A.
As an advantage for this approach, one can reduce the 
dimension of ^ * in the maximization by one,i.e., m to m-1. 

Once we set ^  ^ ei ^ f  *— ^i^  ̂  ̂* the magnitude as well
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as the direction of the optimum lambda vector are fixed 

for this particular f r j s v w v )  -1. ....

The optimum control u*(t), (2,2-3) which is the 
solution of (2,2-1) and (2,2-2) is completely specified 
by the optimum lambda vector The optimum control
u*(t) must satisfy (2.2-2). Substituting (2.2-3), that is, 

(A-17) in Appendix A,into (2.2-2) givei!S

?£ q-1
\ h(tf,s)|h(tf,A*,s)| sgn(h(tf
*i

s) ds

------  -e(tf,x(ti))(llb*|L)q
(2.2-5)

where
i h*

1-1

v TNow premultiplying the both Bides of (2.2-5) by 
(transpose of ), we see that the side constraint (2.2-4) 
is automatically satisfied. Therefore, one may obtain 

the optimum lambda vector ^ * as the solution of nonlinear 
algebraic equations (2.2-5) instead of finding as the 
maximand in the expression (A-11) in Appendix A for given 
initial state at time t^, terminal time t̂ , and q.

Thus, one can summarize this as Theorem 1:
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Theorem 1
X* * optimum lambda vector which is maximand in the 

expression (A-11) in Appendix A, can be obtained as the 

solution of (2.2-5)*

2.2.1 X* for Single Output System

To clarify Theorem 1 consider the dynamic system 
with a single input and a single output. In this special 
case the optimum lambda vector becomes a scalar and its 

value can be obtained directly from (2.2-4) or (2.2-5)

A*« 1/ e(tflx(ti)) (2.2-6 )

Since the optimum lambda vector can be explicitly 

obtained for all initial states x(t^), the optimum control 

can be obtained as a function of anci can found
by substituting (2.2-6) into (A-1?) in Appendix A as 
follows:

i *q“1

U ‘ ( t ) -----------------------------------------------------------------------------------<2-2"7>
<3

where 1 ^ q  . This agrees with the result given in

reference 18.

Hemark 2-2
We obtained an open-loop type of optimal control which
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is iunction of initial state x(t^) and initial time t^.
If we take the initial time t^ to be the current time t 
and the initial state £(t^) to be the current state x(t), 
we obtain feedback optimal control. *****

2.2 fa* for Multiple Output Systems

Case 1 Energy constraint on control input; p«2:q*2 
In this case also, using the Theorem 1 one can 

obtain explicitly. Prom (2.2-5) we obtain

fa* - (Hh*»2 )2W(tf ,ti ) e(tf,x(ti )) (2.2-8)

where
^f —1

W(tf,t) - ( ^ h(tf,s)h(tf,s) ds ) and hT(tf,t) is

*i
transpose of h(tf,t). Now premultiplying both sides of
(2.2-8) by eT(tj.,x(t^)), the transpose of e(tflx(t^))

T tand recalling that e (tf,x(t^))fa* - 1, we can obtain

^  ^  eT (tf ,x(t±) )l»l(tf>, t1)e(tf ,x(t^) ) (2.2-9)

Complete output controllability of the system guarantees 
that W(tf#ti) is positive definite and therefore W(tf,ti) 
exists. Thus the optimum lambda vector fa* can be obtained 

by inserting (2.2-9 ) into (2.2-8) as follows:
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W(tf,t±) e(tf,x(t±))

- “TP------------------------------  (2*2-10)e (tf,x(ti))W(tf*ti)e(tr,x(ti))

Therefore, optimal control u*(t) for this case 

can be obtained explicitly for any initial state x(t^); 
Inserting (2.2-10) into (A-17) in appendix A gives

u*(t) « hT(tf,t) W(tf ,t±) e(tf,x(t±)) (2.2-11)

As it has been pointed out in Remark 2-2, feedback optimal
control can be obtained if we take initial time t^ to be

the current time t and the initial state x(t^) to be the 

current state x(t):

u*(t)- hT(tf,t) W(tfft) e(tf,x(t)) (2.2-12)

Case 2 Magnitude constraint on control input; p-GD

When we observe (2.2—3) for the case of q»1t 
it is seen that the immediate difficulty is raised in 
calculating the optimum lambda vector fa* for all x(t^) 

as the number of outputs is increased. However, for the
dynamic system whose impulse response belongs to a Tcheby-

22 23 24cheff system certain simplifications are possible
23 24and the simplifications depends on *** the terminal 

vector e(tf,x(ti)):
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(i) BjyftOj Bj* 0 , ja2f3i
In this case a closed fora relation can be obtained,

(ii) e1,e2 ».• •*®s / 0 , «s+1 - es+2" " em “ 0 
where 1 ̂  s 4 a

For the case of (ii) the problem is reduced to the Geroni- 
mus problem , the problem of finding s-coefficients which 

maximizes a linear form subject to an integral constraint.

As far as the feedback control system is concerned 
the case (i) becomes the case of s-m in case (ii) during 
the process of the system. Thus, to implement the contin­
uous feedback control system it is necessary to solve the 
Geronimus problem on-line. Therefore, it requires in 
general, a forbidding amount of computer storage space to 
generate for all initial states. Thus, one must trade 

simplicity and lower cost for allowable approximation of 
the optimum lambda vector which yields acceptable perform­
ance of the dynamic system. One way of approximating ^ * 

will be presented in the coming section on the assumption 
that the dynamic system operates in the presence of small 
perturbations.
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2.3 A Structure of Feedback Suboptimal Control System

It has been shown in section 2.2 that has been 
explicitly obtained for pm2 and for the single input - 

single output systems( )• In this section one
obtains an approximate expression for for the single 

input - multiple output systems ( 1 < p^0®) on ttie assump­
tion that the system operates in the presence of small 
perturbations. External unknown forces can cause perturba­
tions during operation; for example a gust of wind or change 

in temperature; another example of engineering interest is 
the regulator problem for which the possible range of ini­

tial states is large. Yet another type of perturbation is 
that due to imperfect knowledge of the system.

However, in this section one focuses on the pert­
urbations essentially due to the external force and assumes 
that all the system parameters, reference input and sensing 

devices are precisely known.
Now let us develop the feedback suboptimal control 

system. The basic idea used in obtaining the suboptimal 
control is the utilization of the general form of the open- 

loop optimal control input which is obtained in appendix A
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using the method of functional analysis. This solution 
can be written as

u*(t) - (2.5-1 )
wh.r. is the fixed terminal time and V  is the

optimum lambda vector whose precomputed elements depend, 
on the desired final output and the initial state x(t)

of the system, different in general from 3̂ , the nominal 
initial state.

Remark 2—6

Note that A* “ A* w^en computation of ^ • is performea 
for the initial state x(t^)«x(t) and the desired final 
output •*•**

It is seen in (2.3-1) that the optimal control 

u*(t) depends on parameter However, as has been

mentioned, the on-line computation of ^  requires prohi­

bitive amount of computer memory space for the case of 
single input - multiple output systems. Therefore, one 

must trade simplicity and lower cost for the approximate 
value of One way of approximating will be
presented in this section. The approximate calculation 

of A* is based on the assumption that the system operates
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in the presence of small perturbations. Before developing

a method of finding approximate it will be helpful to
define the following items (refer to fig.2-1):

(1) 3c*(t), the optimum nominal trajectory is the solution —o
of equation (1-1) with u replaced by u*(tf,^*,t) and 

So*

(2) x*(t), the optimum trajectory is the solution of 
equation (1-1) with u replaced by u*(t^,^£tt) and 
x(ti)-x(t).

(3) x(t) is the actual trajectory hot far from the nominal 

optimal one.
(4) Ax(t) « x(t) - x*(t), deviatioa measured by sensing

—  “  “ O

devices.

(5) u*(t) is suboptimal control.
(6) ^  is the value of the at every instant of time

along the nominal optimal trajectory x^^)*

In the proposed scheme ££ can be approximated by
first obtaining small change in as a result of

small change £X in x£,i.e.t

(2.3-2)

When the deviation 4^ is a small quantity, it is shown in
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Graphical Illustration Of Notation

Optimum trajectory

Nominal trajectory 
u*(tf ,^*,t)

*x(t)

Actual state
Nominal initial state
So* **

Fig. 2-1
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a later section that can be approximately related to 

by a linear relation* Thus, the deviation £x must be 
small enough to be linearly related to Suppose that
the linear transformation which maps into is found, 
i.e. ,

* 1 < 9 < <D (2.3-5)

Then the feedback suboptimal control system proposed in 

this thesis is shown in fig.2-2. In this figure the box 

marked "suboptimal controller" realizes eq.(2.5-1), that 

is, (A—17) in appendix A with t^, replaced by t and 

respectively. To find in addition to it is nece­
ssary to know It turns out that the determination of

can be achieved without the necessity of repeating at 
every instant of time the computational process indicated 
by (A-11) in appendix A* The determination of ^  is based 

on the following theorem in which we Bhow that the direction 

of ^  is constant on the optimum trajectory for all t,

tii tf •

Theorem 2
The direction of which defines the optimum control 

input u£(t) at time t when starting from initial state x*(t)
v  ~ Q
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is invariant for all t, where initial state 3̂

is defined at time t ..1
Proof

Principle of Optimality guarantees that u^(t) must be 

an optimum policy. Hence,

u*(t) - u*(t) (2.5-4)

for all t, t^ ^t^t^

where u*(t) is the optimum control corresponding to the 

initial state 3̂  and is given by (A-17). And also from 
(A-1?) in appendix A

i JL ml/_ I sgn( T"X?ih-j )
*T-1 i-1u*(t)------------------------------------------- (2.3-5)

 ̂|f A E i V V > rt i-1 
where 1 ̂  q ̂  GO

Comparing (A-17) and (2.3—5)* it follows from the condtion 
(2.3-4) that

a. sgn((^*,h(tf,t)^ - sgn ( ^ ^ h C t ^ t  > »  (2.3-6 )
b. |u*(t)| . |u»(t)| (2.3-7)

To prove the theorem, it is sufficient to show that 
u*(t) - uj(t) when

|4 ds
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A£ - m(tfft)£* (2*3—6)
holds for all t, t^ ^t^ tf. This can he demonstrated by 

observing that condition (2.3-7) is satisfied when

,q ds

m(tf,t) -   (2.3-9)
^f ID ^
( | E < M W 8) | d S

ti X“
and that this automatically satisfies the requirement of 
condition (2.3-6 ) since m(t^.ft) ^ 0  for all t,
Hence, the theorem is proven. Alternatively m(t^,t) can 

also be derived directly from the side condition, that

is, since the side condition must be satisfied on the

optimum trajectory

- 1 (2.3-10)

Inserting (2.3-9) into (2.3-10) and solving for n(t.,t)«

1«(t,,t) - ------------------------------(2.3-11)<i*,e(tf,x£(t))>

Note that (2.3-9) is equivalent to (2.3-11)* To see this 
we observe that (1-7 ) with ti( x(t^), u(s) replaced by
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t, x£(t), u*(tft<£*,t) respectively yields

C f Q -1\ h(tf,s)|h(^*)| egn(h(^*)) ds
t

e(tf#xj)  --------    (2.3-12)

ds
*i

where m
h(&*) i £

i«1

Inserting (2.3-12) into (2.3-11) gives

f  lhCA*)|q ds
*i

<A*.e( tff5S(t))> t
) |ii(^*)l ds
t

(2.3-15)

Thus, can he precomputed and be obtained at every

instant of time on line as A; - A{ + 42 provided that 
is obtained on line. As has already been mentioned 

is estimated approximately from (2.3-5) where m x n 

linear transformation matrix ̂ *nqj to 1)8 precomputed.
To determine |^nqj we first define from (1-5) that

At - e(tf,x(t)) - e(tf,x£(t))
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Then we can have

A£ - -C(tf t)A£ (2.3-14)

since £(tf) - £'(tf) - £d, where C(tf)x£(tf).
It turns out that

(Mnq|- f n q j ^ V S V 1̂  (-.3-15)

where |Rnqj an m x m 1*-near transformation matrix
defined by

a X -|Rnqjae (2.3-16)

A method for computing matrix |RnqJis described in the 

following section.

2.3.1 Derivation of Linear Transformation Matrix

It will be shown in this section that an m x m 

linear transformation matrix ̂ nqJ ^etsr®ined through a 
Taylor series expansion. To do this we first note in 

theorem 1 that ^  can be obtained as the solution of 
(2.2-5) with t ^  xCt^, replaced by t, x£(t),^*, 

respectively* that is

Q h(tf,s) |h(^») I*1 sgn(h(^J))ds

e(t — ------------------------------   (2.3-17)
(*h(^t)llq )
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Define the right hand side of (2.3-17) as z(^£,tf). Then, 

(2.3-1?) can be rewritten as

S ^ f * ^ ^ ) )  “ £(^J,tf)

The above equation must be valid for any state x(t) which

may or may not be on the optimum trajectory xX(l') there—o
exists a ^  corresponding to x(t)( otherwise, the corres­

ponding optimum control input dose not exist);

.Q-1

te(tf,x*(t)

^ h(tf,s)|h(^J)| sgn (h(^J)) as

<llh(^)|lQ)qn q (2.3-16)

Now the linear transformation matrix R „ which maps a ®nq —
into is obtained through a Taylor series expansion of 

(2.3-18) around ^  and x£(t)( see (2*3-2) and the 
definition of Ax in item 4 in pages 23). From the definition 

of a®

A® - + a A  ♦ tf) - *CAj,tf) (2.3-19)

Substituting a Taylor series expansion for *ca; *4^» 

into (2.3-19) gives
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where g * < A j . V

+ R

®*£
and. R is the remainder.

*
a

Now define
-1

R.nq (2.3-20)

To evaluate 
31.33

one takes the symbolic derivative 
for sufficiently small £e( that is, for sufficiently 

small deviation £x)

R.nq
I

r* q-2
(q-1) J h(tf,s)h(tf,s)T |h(^J) | ds

V K

t f q—1
h(tf,s)h(tf,s)T |(h(^{) | S(b(^J)) ds

K

f  ̂ f
^ h(tf,s)|h(^*) |q sgn(h(^J))ds(q ^h(tf ,s)T|h(^J)f sgn(h(^*))ds

K

(2.3-21)
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where *rl and £(t) is an unit impulse and

K- * daq
t

For q-1:p-00 ( minimising the maximum amplitude of control) 
(2.3-21) becomes

r£2W  hr$(h(^))dB
Hjjj |  --------------------------------------- (2.5-22)

K1
T Twhere e is the transpose of e and h is transpose of h,

h ♦ h(tf#s)

The above equation (2.3-22) can be further simplified
33.31upon using the formula -̂7 ^

S(s-s;)
SU(&)) - 2_ -----------:—  (2.5-25)

where is a simple zero,if any, of
Then performing the indicated integration of (2.3-22) by 
using the formula (2.3-23)

-1
Rn1 E 2h(tf,s*)h(tf,s*)T 

Ki|-a«<At«fe(tf.»}| B.s.
( 2 . 5 - 2 4 )
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where must be in the interval t to tf.

Remark 2-7
Suppose that v-1,2,..,k where k is the number or times 

that the nominal open loop optimal control,u*(tf,^*,t), 
switches. Then (2.3-24) suggests that (k+1) suboptimum 
controller must be constructed so as for the v—th contro­
ller to be valid in the interval to ŝ .. For example,
for the n-th order system with all real eigen-values, there

can be at most n suboptimum controllers since there are
^ 2 7at most n-1 switching-'* f

For p»2:q«2( Energy case of control), (2.3-21)

becomes

-1
Rn2

-1
(w(tf,t)) T -------- 2 e(tf,x£(t))e(tf,x£(t))

k2
(2.3-23)

Now to obtain the linear transformation matrix 

|Rnqj transforms Ax into 4^ and which is defined as
as the inversion of the matrix one must make the

inversion o f a n d  the existence of this inversion 

requires that the determinant o f ^ nq̂ | ®ust be non-zero, 
that is,

( %  ]Ve* < ^ 0 (2.3-26)
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In fact the above condition is always satisfied whenever 

l ^ q ^ O O  ; when q-1(p-0D, one is trying to minimise the 
maximum magnitude of control) the condition (2.3-26) is 
satisfied when there are at least n-1 switching instants 

between the current time and the final time. The above
O iL Zfistatement follows from the uniqueness condition 

for ^  since, if we consider e as a function of ^
(see (2.3-18)), then a necessary condition for unique 
invertibility of the function ^  is precisely the condition 
(2.5-26).

Thus, to evaluate ̂ R^j for q-1, q-2 it is necessary 

to obtain the inverse of the matrix given by (2 .3-25)t 
(2.3-24), respectively. It follows from the above 

invertibility condition that M  cam always be found and 
that for a system with n real eigenvalues for an n x n 

system matrix A, can obtained only for the time
interval up to the first switching instant s)j assuming that 
the original open-loop optimal control,u*(t^,^*,t) contained 

(n-1) of these instants. If these conditions are not

satisfied, we can attempt to estimate an approximate (■4
namely J^nlJ * ^his of course may be necessary whenever we 
have to worry about deviations which occur beyond the
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first switching time interval( for example, t ŝ ., v-1,2,. 
..,n-1 in the case of the system with n real eigen-values)

Remark 2-8
56Using a matrix idenity^

-1 -1(I + A B ) - I  — A( I + B A ) B

one may obtain which is the inversion o^^Rn2 |giv®n 

by (2.5-25), as

P W J -  K2(I - 2 At W(tf,t)

where
tf T —1

W(tf,t) t ( ^ h(tf,s)h(tf,s) ds )

2.3.2 Estimation of

(a) Pseudo Inverse Method

When^Rn^ji s  a singular matrix, one cannot obtain

such that A® - M  However, one can try to
obtain the best ^  as the minimand of j^e -^R n1 )^A| .
where for simplicity the inner product is taken for the

norm. There is no unique solution to this problem.

However, one can further stipulate that the choice for the

best should be made such that Ia AI has the least value.
12 51Under this condition it can be shown that
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- BT (BBT)"'1 <ATA ) - V  4e (2.3-27)

hence

[Rnlj* bT(B - ^ ( A - A ) - 1 A'r (2.3-28)

where - A B and the rank of |Rn.,“ J is k^. m

A is in x k matrix or rank k

B is k x m matrix of rank k
For any fixed instant of time it is always possible to 

decompose |Rn^ J  into matrices A abd B defined above.

(b) An Alternative Method
Instead of using the Iseudo-inverse method 

an approximate 4̂  can be obtained by assuming that for 

small ^e the direction of vector essentially remains 

the same as that of At and therefore, ^*ii.e.»

*A - «(t) A* (2 .>29)

where a(t) is a scalar function to be determined.

Using che side condition

«(tf,x*(t)^ - 1 (2.3-30)

it follows from (2.3-29)and (2.3-30) that

AA ■ ---^  — - — 7 7--- r- m(tf,t) A* (2.3-31)
1/m(tf,t) + ^A *,Ae/
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Thus, can be obtained on line since ^*, m(t^.,t) can 
be precomputed

Remark 2-9
If we assume that ^  « a(t) through the process 

(from the start to the end of operation), we can make use 
of (2 .3-31) in estimating Ah through the process. It is 

worth noting that an estimation of Ais through (2.3-3) is 
based on the assumption of small changes in magnitude as 
well as the direction of of ^  as a result of Jx. *****

2.3.3 Suboptimal Control for Single Input and Single 
Output Systems

Consider the dynamic system which consists of 
single control input and single control output. For this 

system, as usual, |MnqJmuet t>e determined to develop the 
suboptimal control system. To determine |Rn<J must be

calculated( see (2.3-15). To evaluate the [Hnq] w* first 
observe that h(tf,t)}are scalar quantities,respectively 

and from (2*3-10) that AJ - 1/«(tf,xj(t)). Therefore, 

the first term i n (2.3-21) becomes (q-1 )e(t^,x£(t))^ 

and the second term in vanishes for all q, 1 ̂ [q
when recalling formula (2.3-23) and the last term results
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oq e(tflx£) . Thus we obtain

w -  -1/e(tf,x£(t)) (2.5-32)

and bence from (2.3-15)

fMn^ -1/a(tf,xJ(t))C(tf® t f,t) (2.3-33)

2.4 Simplified Suboptimum Controller

Optimum control (2.3-1) can be rewritten here 
for Phe sake of convenience

u*(t) - Kj|i£Th(tf,t)|Q  ̂ sgn ( ^  h(tf,t)) (2.4-1)

where a scalar K£ is evaluated to satisfy (1 -6 ) and 
obtains

K* - ~ ^  „----- (2.4-2)
x (lh(Aj)H,,)q

Note in (2.4—2) that on-line integration routine is required 

to evaluate K£. This problem also arises in realizing the 

suboptimal control law (2 .3 -5 ), where ^  is replaced by

Ax. To overcome this difficulty, an approximate solution 
of is presented in this section.

When we recall the side condition, one can 
rewrite (2.4—2) as

Ki(# AJT&(V B)|Q)q ■ 1 (2.4-3)
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with the side condition

AjT S(tf,x*(t)) . 1 (2.4-4)

Note in (2.4-3),(2.4-4) that ■ K* in case when

x^(t) ■ time t*t. . Define Kf as the value of K*"O —O 1 u X
on the optimal nominal trajectory x£(t). It is shown in 

reference 1 that a small change of A£* results in a 
small change in the minimum norm, and therefore, a small 

change in K£, AK. Thus, one can write

K* - K* + AK (2.4-5)

as a result of small deviation AS* an(i a corresponding 
small change a Ai such that

&  * At + 4k (2.4-6)

Inserting (2.4-5)*(2.4—6 ) into (2.4—3) gives

(K* + AK)(U AtT + AAT)h(tr.s)|| )q - 1
9 (2.4-7)

Taking a Taylor series expansion in the left hand side of 

(2.4-7 ) gives

t

sgn( AtTh(tf,s) ds A* + R - 1 (2.4-8)
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where R is the remainder.

Note that the third term in the left hand side of (2.4—8)
mbecomes q e (tf,x£(t) and the zero order terms of AK

and a A  in both sides of equation (2.4—8) vanish.
Collecting the first order terms of AK, gives

AK - - q K* e(tf,x£(t))T U.4-9)

In similar way one obtains from (2.4—4)

e(tf ,x^(t) )^A - -Ae (2.4-10)

where A £  was specified in (2.5-14)
Inserting (2.4-10) into (2.4-9) gives

K —  q K* ( C(tf)£(tf,t)^x )T (2.4-11)

Therefore, one can obtain the suboptimal controller 

u*(t) as

u*(t) - (K*+AK)|(£* + ^ ) Th(tf,t)|q 1 sgn((^* + ^ ) Th(tf,t))
(2.4-12)

where , AK are obtainea from (2.3-5), (2.4-11), 

respectively. The resulting feedback suboptimal control 

system can be shown in fig. 2-3 •

2.5 Irror Analysis

let j(t) ■ x(t),i.e.v C(t) - I for the sake of
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simplicity and let A*d be the terminal error deviated from 
the desired state at the terminal time t^ as a result
of small deviation A£* In this section we deal with the 
following problem: For a given positive number ro such
that

||A2d |

find a number ** (t,rG) which satisfies

U A2 (t)|$rn(t,ro) (2.5-2)

while employing the suboptimal control scheme proposed.
One may give an explanation of the phisical meaning of the 
problem as that of finding a bound on the size of the 
allowed deviation from the nominal trajectory corresp- 
onuing to a given terminal error.

To solve the problem, recall that

AJT e(tf,x*(t)) - 1 (2.5-5)

wher. e(tf,x*(t)) - xd - J(tf,t) x*(t)

Note that (2.5-5) can be obtained by premultiplying 
(2.3-18) by and that equality in (2.5-3) must hold for

the optimum lambda vector ̂  corresponding to x*^)*
However, in the suboptimal control scheme, has been
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approximately estimated as

■5)

a  - & t + (Mn<Je (2' ^

When (2.5-4-) is inserted into (2.5-3)* the equality in 

(2.5-3) dose not hold and one may expect the terminal error 

Ax*1 deviated from the desired state due to the approximate 

value of Therefore, one may rewrite (2.5-3) as

(At + fr,:n<Jl̂ )T(^d + A £d -8 tfft)( xj(t) +4g<t))) - 1
1 ’ (4.5-!

Note that the matrix |^nqj * - C(tf )<ft(tf,t) has been
chosen so that the zero-order and the first-order terms

in x vanish,i.e.,

id * 181x1(1

“ &tTf tf»t^ 5  + * 0 (2*5-6)

To see the reason why (2.5-6) dose hold, recall first that

A® — JtfiOAx(t); «(tf»x£(t))« xd- J tf»t)2E5(t)iA£-|Rnq1jA^ 
and therefore, one may rewrite the left hand side of (2.5-6)

aB (AtT |Rnq^]+ »ij(t))TA^ which is identically zero
since premultiplying |Rnq̂ J Given in (2.3-21), by 
gives e(tf.,x^(t))T. Therefore, (2.5-5) is reduced to

+ (K‘n J ^ )T^ d ’ {Mn<j i )Tf  (2.5-7)
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Now applying ochwarz1s inequality in the left hand side 
of (2.5-7) and solving the inequality equation for 
gives

| . 5*I j y ' k t e y - H  « .« >
1 1 I «l ‘I K H

where the norm is taken as the square root of the inner

product of vectors. Recall that our objective is to

obtain rn(ttrQ) such that | dx| ̂ r n(t.ro). where rn(tfr0)
is the upper bound on|Ax|J. To do this one expresses the

right hand side of inequality (2.5-8) in terms of |t£H:
51For this purpose, make use of a relation

m
where pinin^'^ and Pmax(A^A^

are the minimum and
Tmaximum eigenvalues of the matrix (A A) respectively.

In order to obtain the least upper bound on Basil one takes 
the coefficient of the first order and the second order

of laxII as / f min(«nql[Kn<J and / P m a x K ^ n q J  P m a x ^ ’1' ^

respectively. Thus, one can find the following inequality

J fmax^nq^nq) fmax® iP |U«I|2 ^ [Hn q ^ tftt')
|A?V/PminKqK<}l̂ll 7 ll̂tt 'IftqM(2.5-10)
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Now solving

ro
/p»a4Mn q W  fWjfl) i m 2
I A? II- Pmin(f,nq|'nql)V2|^l

for x and noting x 0 gives

.  ̂ r^ a§ + 4r a^UXIII)IAx|\ 4  — 2_g--- 1--S _ i ----- ° I"06!1. (2.5-11)r_a-,
2ai 

*. /* r nwhere al1

a2

ypBax^nqlKqJ ^

y K Z t i Q -
Therefore, one determines rn(t,ro ) from (2.5-11) as

f 2 2r_a0 + yr a^ +4r_a>rri(t,ro) - 1q°2 ' V'° “2 ' ^ o “1^ t l| (2.5-12)
‘ l1n ’ ° 2a.

2.6 Design Procedure

A design procedure for the problem 1 developed 
in chapter II can be summarized as follows:

Step 1 Calculate the state transition matrix J(tf,t), the 
optimum lambda vector £  and ^  defined by (2.3-6 ). 
Calculate the nominal optimal control u*(t) and its 
corresponding trajectory x£(t).

Step 2 Calculate the appropriate linear transformation 
matrix
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^S^f *t  ̂* wh«re the matrix 
^RnqJis the inversion of ̂ “^"Jand the matrix j^qjis 
defined by (2.3-21) 

btep 3 Calculate a scalar function K£ and K, where

*1

and AK is definea by (2.4—11)

Step 4 On-line computation on the deviation &x and the 
suboptimum controller u*(t) defined by (2.4-12).

2.7 Illustrative Example

To clarify the application of the theory developed 
in this chapter, an illustrative example is presented in 

this section.

Consider the inertia plant which can be represented 

as the dynamic system which is governed by (1-1) and (1-2) 

where the matrices A, B, C in this case are given 
respectively as 

0 1

0 o Cl* B - I , C. (2.7-1)

Given an initial state x^ * at time t-t.*0 and the—o 1
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desired output £ ( * 0  » £ » I I at time tr-2 , we wish to

,0;
solve the problem 1 for the case of p - 00 (minimizing the 

maximum amplitude of the control u(t))
Step 1 Calculate the state transition matrix, the optimum

lambda vector and Calculate the nominal optimum
control and its corresponding nominal trajectory x£:

(a) The state transition matrix for this system can be 
obtained ^ ^  as

y( tf,t)
1

o

V t

(b) Making use of a method of functional analysis

reviewed in appendix A, one can obtain the optimum 

lambda vector 
1 

-1
A* (2.7-2)

and - m(tj.tt) where m(tf,t) is obtained
from (2.5-11) with replaced by 2t| ^J

respectively,i.e.,

m(2 ,t) . lA-xJ^t) - (1-t)x*P(t) )o2

where x#Qx| and x*^ indicate elements of £^(t)

(c) The nominal optimal control u*(t) becomes
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u*(t) - sgn(1-t) (2.7-5)

(d) The nominal optimal trajectory ^(t) valid for 
t ^  1 is given by

x*(t)
-1 + t /2

2
(2.7—4)

and for t ]̂ 1 is given by

a^ct) -
-2 + 2t - 1/2t‘

2-t
(2.7-5)

Step 2 Calculate the appropriate linear transformation 
matrix

(a) 0 ^,t^1 (during the first switching interval)

To obtain the matrix (see (2.3-15)) one first
obtains the inversion of where CAn
obtained from (2.3-24) with tf* k^f sjj, h(tfts)

[2-81
replaced by 2 , 1, 1t I [respectively.

I 1 J
Performing the inversion of the matrix jR-}] yields

2/m(2 tt)-e22 -2/m(2,t) + e* e£

-2/m(2tt) + ejj ej 2/m(2,t) -e*2

where e*'s are the elements of the vector e(t-,x^('t))“ I *“0
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which is obtained from (1-5) as

e(2,x*(t)) -

(b) 1 ( t <2

2—t

-1In this interval the matrix RQ  ̂ becomes

[v1]- ®1

6 * B*1 2

®1 ®2

.*2

Since the determinant of i® z&rot one makes
use of the pseudo—inverse method described in 
section (2.5.2) to obtain the approximate inversion,

To do this decompose appropriately as

®2/e1
B "le12 ®1®2 ]

and performing the indicated calculation of (2*3-28)

gives

[Vl]- - V C * 2* «?2)'
e*2

®1®2

®1®2

e*22
(2.7-7)

Therefore, ( " m l  is obtained from (2.3-15) as
1 2—t

M -  - M (2.7-6)
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where £Rn<jJ ±s specified in (2.7-6) and (2.7-7) for the 
interval [o,l) and respectively.

Step 3 Precomputation of K£ and AK

(a) is obtained from (2.4-2) with x*(t), tf, q 
replaced by x^(t), 2 , 1, respectively:

Kt -  =— !-- s—  (2.7-9)I!
(b) A K  is obtained from (2.4-11), where q-1, C(tf)«I,

the transition matrix£ ( 2,t) and the optimum

lambda vector ^  are found in step 1.

btep 4 On-line computation of the suboptimal controller 
The suboptimal controller can be simply programmed 

from (2.4-12) as

u*(t)«(K*+ K)sgn( (1+ AX|/m(2, t) )(2-t)+(-1+ A^/m(2,t) ) 

where aX's are the elements of the vector and are 
obtained through (2.3-5) and is specified by

(2.7-6).

To demonstrate the effectiveness of the technique 
developed in this Chapter, the example was simulated using 
a digital computer for the initial state xq^«-1.0 , x ^ -  0.0 
at time t ■ 0. In this simulation for practical purposes
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SUBOPTIMAL CONTROL SYSTEM OP THE EXAMPLE

+13CT C ̂

x(t)

where

Kq, P1, P2 are realized so that
K - 1 + AK o
F • 1-t +C0.75+0.5t)/iX2

AK - (A*1 + (1-t)AX2)»(2#t), m(2#t)-1/(xj1-(1-t)x*2 )
and

xSi - -1 + t2/2
x*2 - t for 0 ^ t ̂  1 ;

x;n - -2 +2t-0.5t2
x*2 - 2-t for 1 ̂  t ^ 2.

Pig.2-4
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[Mn1] was evaluated at time t«1 second,i.e., the matrix M  

which transforms &x into 4^ becomes constant. This simpli­
fication is not unreasonable since deviations are most 
effective around the switching instant t-1 second. 'The 
suboptimal control system based on i.his simplification is 
obtained as shown in fig. (2-4) and some parameters of 
controller to be realized are given there. In this simul­

ation, the controller measured the output and corrected the 
preprogrammed concrol law at every 0.05 seconds. As the 

process time approaches the terminal time 2 seconds, the 
maginitude of m(2,t) becomes large and hence one cannot 
realize this. In this simulation the function m(2,t) was
allowed to saturate at 1000. Under these limitations the 
performances between the open loop nominal control without
correction regardless of deviation ^x and the suboptimal
one are compared and are summarized in table 2-1.

According to the error analysis, one could estimate 
a bound on the size of deviation flx: For a given positive 

number rQ*0.1 such that rQ , one wishes to find

rn(0,ro). Using (2.5- 2) one obtains rn(0,0.1) - 0.169 
which is allowable bound on initial deviation that will 
result in the allowed terminal error.
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The phase portrait in plane for each case

A,B,C,D is given in fig.2-5, where the actual trajectory 
i'or each case, indicated by the eolid line is compared 
with the trajectory due to the open loop nominal control 
without correction, indicated by the dot line. And also 

in fig 2-5 the suboptimal control for each case is compared 
with the open loop nominal one.

2.6 Summary

In this chapter it was shown that a design 
procedure of a feedback suboptimum control law for the 
minimum norm control problem was developed. The assump­

tions on which the technique is based are that the dynamic 
system operates in the presence of small deviations during 
the actual operation and that the deviations are that due 
to the unknown external forces and all the system para­
meters, reference output and sensing devices are idealized.

The limitation of the approach is that one cannot 
apply this technique to the system which is not normal.
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III SOLUTION OF PROBLEM 2 THE LAMBDA METHOD

3.1 Introduction.

It has been shown in chapter II that problem *1 
can be reduced to the problem of obtaining a suboptimal 
lambda vector in terms of the initial state for the given 

terminal time t^ and also that the problem of estimating 

the suboptimal lambda vector can be reduced for certain 
cases to a relatively simpler problem, that of finding an 

inversion of an m x m linear transformation matrix
In this chapter we explore the feasibility of 

deriving a suboptimal control law for problem 2 based on
an idea and scheme similar to that used in obtaining the
suboptimal lambda vector and an approximate expression 
for the terminal time of the given problem. Also it turns 

out that the problem of estimating the suboptimal lambda 
vector and the terminal time can be reduced to the problem 

of finding an inversion of a suitable linear transformation 

matrix,

3.2 A Theorem on Obtaining ̂ * and t£

To develop a Theorem on obtaining an optimum pair
optimum lambda vecor and the least terminal time t£, we
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first recall that according to theorem 1 one could find 

the optimum lambda vector of the problem in terms of 
initial state for the given terminal time tffi.e«, it is 

obtained as a solution of

where tf is fixed in the minimum norm control problem. 

However, in the minimum time control problem, the terminal 

time tf is not fixed but must be determined as a part of 

the problem. To determine the least terminal time t£, one 

recalls that the norm of control u(t) is bounded by Lq, 
(|u|p^L0. In fact, as has been reviewed in appendix A, 
one can determine t* as the least value of t̂ . for which 
(A-25) in appendix A is satisfied with the equality sign 

namely

subject to

h(tf,s) [h(^*)| sgn(h(^*))d

II C3.2-1)

(3.2-3)



where is the optimum lambda vector obtained as a

solution of (2.2-5)fnamely, (5.2-1).
Inserting (3*2-2) into (5*2-1) with t^ replaced by the 
least terminal time t£ gives

terminal time tj must satisfy (3.2-1) to (5*2-3) or 
equivalently (3*2-3) and (3*2-4). Thus one can state a 
theorem as a summary:

Theorem 3

problem 2 with an initial state x(t^), an optimum pair 

and t£ corresponding to the initial state x(t^) can be 

obtained as a solution of (3.2-3) and (3*2-4) simultaneously.

•*»A£t-t£ may be determined from the solution of (m+1) 

nonlinear algebraic equations given by (3*2-3) and (3*2-4) 
for a given initial state x(t^) and for all q, 1 ^q<O0.

For q*oo : p-1 the theorem 3 is still valid. However, in 
this case the limiting process q-»cois required and depends

sgn^*,h(t*,s)^ )ds 
(3.2-4)

Therefore, the optimum lambda vector and the least

If there exists a time optimal control for the

Thus, (m+1) undetermined control parameters
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on the property of <*• ,h(t*fs)).

3.2.1 and t£ for Single Input and Single Output 
Systems

As the first application of theorem 3t consider 
the dynamic systems which consist of single input and single 
output. In this case the optimum lambda vector becomes 
a scalar. Thus, from (3*2-3) ®urid (3*2—4) we have two 
nonlinear algebraic equations for two unknowns X*

X  - 1/e(tJ,x(t±)) (3*2-5)

where t£ is the least value of tf for which

^f
©(tftxC^)) - ^|b(tffs)JQ ds (3.2-6)

*i
is satisfied for a given q, 1

3.2.2 and tj for Single Input and Multiple Outputs 
Systems

Case 1 Energy constraint on control input(p-2:q»2)
As the second application of theorem 3t consider 

the dynamic systems which consist of & single input and 

multiple outputs, where the control input is bounded in 

energy,i.e., RU(|2 ^ L0* In this case also, using theorem 3 
gives



61

- i/l| (3.2-7)

where

and t£ is the least value of t^ for which

(3.2-8)

must he satisfied.
As has been pointed out in Remark 2-4, the 

completely controllability of the system guarantees that 
W(t£,t^) is positive definite. To compute the least 

terminal time t£ one solves an nonlinear algebraic equation 
which may not be always easy for every initial state x(t^).
However, when this problem is attempted by the method of

27the Maximum Principle f , one must solve a two-point 
boundary-value problem which may not be well suited for 
computer methods.

Case 2 Magnitude bound on control input( p-OO : q-1 )

immediate difficulty is raised in computing the optimum 

pair and t£ for every initial state as the dimension of

It is seen from (3.2-5) and (3.2-4) that an
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output vector is increased. Therefore, one must seek a 

method for computing an approximate optimum pair. A sub­
optimal computation of the optimum pair will be discussed 

in section 3.3.

3.3 A Development of Minimum Time Suboptimum Control 
Systems

Ab has been mentioned, the computation of fa* and 
t£ for every x(t^) are in general difficult and so is the 

computation of the corresponding optimal control. However, 

a suboptimal control may be obtained by first approxima­

ting fa* and tj for every xCt^. For this purpose one 
assumes that the dynamic system operates in the presence 
of small perturbations. Before presenting a method for 
obtaining approximate fa* and t£ for every initial state, 
it may be helpful to define the following items:
(1) u*(t) is optimal control obtained in appendix A and 

can be written as

u*(t) - u*(TJ,Aj,t) (3.3-1)

for an initial state x*(t), where T£ is the computed 
le at elapsed time and fâ  is the optimum lambda vector 

which is the minimand of (A-12) with ^J*e(tJ,x*(t))^-1•
(2) x*(t), the optimum trajectory, is the solution of
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(1-1) with u(t) replaced toy u*(TJ,^J,t). xCt^ax’Ct).

(5) x?(t)* an nominal trajectory, is the solution of (1-1)
with u(t) replaced by u*(T*,^*,t) and x(t^) « a^,
where T* is the least elapsed time corresponding to
initial state x_.—o

(4) x(t) is the actual trajectory not far from the nominal 

one.
(5) u*(t) is the suboptimal control.

(6 ) x(t)- x(t) - x?(t) and the deviation ax is assumed™ “ “O ™
to toe measured continuously.

(7) ^  is defined as the vector at every instant of
time on the nominal trajectory x£(t).

In the proposed scheme ^  and may be obtained

by first finding 4^(small change in ^£) and Atf(small change
in t5) as a result of small change in x*(t), £x, namely,x —o —

hi - ^  + *h (3.3-2)

tfx“ tf + Atr (5*3-3)
as a result of £x* When the deviation is a small
quantity, and £tf can be approximately related to 4 x
by a linear transformation matrix. Suppose that the
linear transformation matrix which maps ^x into Ah and
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is found( see section 3.3*1)* i.e.« suppose

i* m

At^
k .

(3.3-4)

is known, where [Sfl is defined as the transpose of

composite vector sX) • • * - • * • Then the feedback
suboptimum control scheme can be as shown in fig 3-1•
In this figure the box marked "suboptimum controller" 

realizes (3*3-1) with TJ, ^  replaced by T*4 AT, +4^ 

respectively,where and Atf is given by (3*3-4):

U*(t)-ro(t)q|(A* + MtqAX, fiqAx»'fĉ |q
ssn((^{ + Mtq*£* *2* t)^) (3.3-5)

where EQ(t) "the time varing bound; when p *co ,
H0(t) - Lq since the magnitude bound is independent of 
time. However,this is not true for 1 < ptfio since in this 
case the amount of "energy" associated with (|u\\ p which 
can be utilized depends on the amount equal to the given 
Lq minus the energy expended during the interval t^ to t. 

Hence, t
ro(t)P - LP - ^ |u(s)\p ds for 1 {p

(3.3-6)
Note that r (t. ) - L .o i o
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To find ££ it is necessary to Know in addition to 

As has been already shown in chapter IX, one can determine

^  as

Aj - B(tj,t)4A*

where m(t£,t) is a scalar function specified by (2.3-8).

3.5.1 Derivation of Linear Transformation Matrix

matrix

In this section we derive an expression for the

£0 so that approximately

A*

is satisfied for the sufficiently small deviations Ax.
To do this we first note in appendix A that t£x 

is the least value of t^ for which

ft 1/q
()|(^(tf’B)>l dBJ (3.5-7)

is satisfied with

<*£, e(tftx*(t))> - 1 (3.3-8 )

where E0(t) is the time vexing bound and IQ(t^ is 
defined by (3.3-6 ).

According to the theorem 3* one can obtain ^  and t£x
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as s simultaneous solution of

t

agn ((A£»fe(tfx»s))) dB S r(£j,tjx) (3.5-9)
and

- 1 (3.5-10)
As a simultaneous solution of ($.3-9) and (3,3-10) for 
a given initial state x*(t)f one can write

011(1 “tfx “ i note that
when x*(t) - Xq* then AJ “ A* 811(1 ^Jx * tJ»

then Ai ■ At 8(11(1 **fx “^f*

Remark 3-1
For p-2:q-2 the simultaneous solution of (3.3-9) and

(3.3-10) for Aj and tjx gives
-2

. I0 (t) W(tJx ,t) e(tjx ,x*(t)) (3.5-11)

where t£x is the least value of t^ for which
T 2

•(tf ,x*(t))W(tf ,t)e(tf ,x*(t)) - I0 (t) (5.5-12)

is satisfied, *****

Now an approximate linear relation between £x 
and £tf is obtained through a Taylor series expansion
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of (3.3-9) and (3.3-10) around x£(t) and at tine t.
To do this let ^e be defined as

4 ! *  «(tj+*tft x£(t) +A3 (t))-e(t*,x^(t)) (3.3-13)

From the definition of e(t^.,x(t)) (see (1-5))* one can 
write ( 3 . 3-13 ) as

A e — (C(t*+Atf)JCt*+atf ,t)(x£(t)+ax(t))-C(t*)J(t*,t)x£(t))
(3.3-14)since ” Z  i where y£tfx )-C(tfx )i*(tjx )

and )3E2('tf)•
From (3.3-13)* (3*3-9) one can express e as

A® - + A ^* *f + Atf) ” £ (̂ t*tf ) (5.3-15)

Substituting a Taylor series expansion for r(^J+ A^*tJ+^tf) 
into (3.3-15) gives

" [^5?] + f ^ J ”]Atf + R <3.3-16)

where H is the remainder and

To evaluate one takes the symbolic

derivative 21.33 for sufficiently small is, for
sufficiently small dx)ti.e.f



(5.3-17)
where £( ) is a delta function 31.33^

One also obtains

S q-1h(tJ,B) l ^ lh(t*,8)̂ | sgn <^J*h(tf ,s)^) ds +

+■ * . q_2 
\ — (^f * ®) ^ f  *8 ̂ J^t’— ^ f  * a6n ^ ( A t ^ t f * a^)ds(q—1)

*.i
t . (5*3"

9h(t*x ,s)
18)

where h(t£,s) ■
a t f x

'hr**

The above equation (3-3-17) and (3.3-18) can be simplified 

using the formula indicated in (2.3-2 3 )*namely, after 
evaluating the integrals involing delta functions in
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(3.3-1?)i (3.3-18) by the use of (2.3-23) and employing 
the properties of the transition matrix ^

j(t*,s) - A(tJ)J(t*fs)

then one can simplify (3.3-16) for the following cases:
(i) Magnitude constraint on control (p«oo: q- 1 )

Let C - I for simplicity,

V

, T- h(ti,s*)h(tS,s*)
+A(tp.(t|,x;(t)j,tf + 2l0£  - * v - 1 g .

'S'V
(3.3-19)

(ii) Energy constraint on control(p«2:q*2)

+■ *r 2  ft t
AS. - L V * )  ^ < tf»tf ) ^ t * ^ tf*tf>>+ \ b(t*,s)h(t*,s)-

T
agn(^*,h(t*,s)^) A(t*) ds)+ A(t*)e(tJ,xJ(t))^Atf 

2 *f T
+ E0 (t) | h(tj,s)h(tj,s) dsA^ (3.3-20)

where C(t) - I for the sake of simplicity

As indicated in (3.3-16)t in particular, (3-3—19) and 
(3 *3 -2 0 ) for the case of p«oo and p • 2  respectively, only
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m equations are given for (m + 1 ) unknowns 4 ,̂ atf.

An additional equation may be obtained from (3.3-10) in 
a similar way that we have obtained (3.3-16) through a 
Taylor series expansion:

" 4 j?*(tf#x£(t)) (3*3-21)

ElTo find |— 21 which maps ax into *A* one notes 

from (3.3-14) in case of C(t) - I that

A& - -(A(t*)J(t*,t)x£(t)Atf - J(tJ,t)*x ) (3.3-22)

Thus, the linear transformation matrix can be obtained 
approximately from (3 .3 -2 1 ) and (3.3-16) after discarding 

the remainder terms in (3.3-16),i.e.,
-1

( fiq J l-oj (5.5-2?)

where the submatrices W_ and z can be properly definedq -q
from (3.3-16), (3.3-21).

P H

G H  U

The inversion of the matrix |— |depends on
■q

the determinant of f I • In case when the determinant

is zero, we employ the pseudo-inverse technique as has 
been already developed in the chapter II for the minimum 
norm control problem.
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3.3*2 Pseudo-inverse Technique

When the determinant of | b e c o m e s  aero, one 
W *1-1cannot find such thatf t T

In this case one can try to obtain the best 
as the minimand of

(5.5-2*)

[ S ; ]  ■ [ P ; l

-  - m m  i, where for simplicity
the inner product norm is taken. There may be no unique 
solution to this problem or there may be no consistent 
solution to this problem. However, one can further 
reasonably stipulate that the choice for the best and 
&tf should be made such that

i ^ l * minimum

'ip X/lUnder this condition one can show that

[£1-
Hence,
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* A B and £L.j is rank k, k $ m

A ■ m x k matrix of rank k 
B - k x m matrix of rank k 

For any fixed instant of time t, it is always possible

filto decompose 1 into the matrices A and B indicated
above.

3*4- Approximate Error Analysis

In this section one deals with the same problem 

posed in section (2.3) in chapter II: Given a positive
number r such thato

ll«d t t 4 ro (3-4-1)

find a number r^ which satisfies

BAx(t)R 4 r t (3.4-2)

while providing the suboptimal control input into the 
syst1 m to be controlled.

To solve the problem one makes use of (3*3-10)

which is rewritten here for the sake of convenience
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<AJ. - 'I (i.4-3)

Note that (3.4-5) can be obtained by premultiplying 

(3*3-9) by and that the equality in (3.4-3) must
hold for any x(t)such that x(t£x) - x^ and for its 

corresponding ^  • However, in the suboptimal control 
scheme and the terminal time t£x has been approximately 
estimated as

&  - ^ ♦ K q j e  »•«-*>

and

*}x * tf + £ q4£ (3.4-3)

Thus, one expects the terminal state error £x^ deviated

from the desired state x^ due to the approximate value of
and t|x. Hence, one must include the error term 4xd in 

(3*4-3) with t*x , and x(t) replaced by tf+£q4^

and x ^ 1*) +Ax(Jfc)* respectively so that the equality in 
(3*4-3) dose hold, i.e.,

<&t+["tq)«* 5d+«£d - f *>-«>> - 1 (3^ )
Recalling that the m a t r i c e s a n d  ^  have been chosen 
so that the zero order and the first order terms of a x 

vanish in a Taylor series expansion of (3*4—6) and 
assuming that Ax is small enough to neglect the third order
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and the higher order terms of a x  , and making use of some 
properties of the transition matrix ^ gives

2^>V2
+ ̂ /2)<^,£*;(tJ(aq4x )2 (3.4-7)

wherej-jtj,t), j -  A(t*)JtJ,t) and
• • I  ^£  )J(t*tt) + A(t*) $(t*,t)

1 tfx"tf
Now applying Schwarz's inequality to both sides of (3.4—7)
and solving the inequality equation for x^1 gives

+ (V2)<£*,jj[x£(t)^(£qAx) / (*4t^+^MtqA-l^

where the norm is taken as the square root of the 
inner product of vectors. Recall that our objective is to 

obtain r^ such that I  A* II V t  t where r^ is the least upper 
bound on |ax«. To do this one makes use of a relation 

(2.3-9) in (3.4-8) to express the inequality (3*4-8) in 

terms of Uil- This yields an equality of quadratic of |£x|. 
However, in order to find the least upper bound on |ix\\ 

one takes the coefficient of the first order of U s l  as 
small as possible and the coefficient of the second order 

of as large as possible:
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2

r. >  ^  * Q2 - <?3 * V  U * l
l & t l  +

where

H  *- I Jtl / " Tmax< i l )

<*2 * ypmax(<q V f m a x ^
<*3 * v / ( W  "tq " t q ^ m a x ^
Q4 * (1/2 )|(AJ. £2ES (t )>ll |fiqB2

Solving the inequlity (5.4—9) for ||A£f| and noting 

gives

ro Q5 + M  <4 + 4 r0 Q
NasH 4   — --------------  (5.4-10)2 y

where Q * + Q2 + ^3 + ^4 811(1

S  *-yp.in(Mtq * V
Therefore, one determines an approximate bound on|£x(t)lt,

at time t as
r Qc + J t2 Q? + 4 r 1^*1

r - — 2— 5 T.,q..5-----------  (3.W1)
2 Q

5.5 Design Procedure

A design procedure for the problem 1 developed 

in this chapter can be summarized as follows:



Step 1 Calculate the state transition matrix "JCt^t), the 
optimum lambda vector ^*and ^  - a(tj,t)^* as defined 

by (2.3-3), where t£ is the least terminal time computed. 
Calculate the nominal optimal control(the open—loop optimal 
control) u*(t) and its corresponding trajectory x£(t)*

Step 2 Calculate appropriate linear transformation matrix 
or matrices

properly defined from (3*3-13), (3.3-21) as indicated 

in (3.3-23).

Step 3 Continuous measurements on

*x - x(t) - x£(t) and EQ(t)

Step 4 On-line computation of the suboptimal control u*(t)

where is the inversion of which is
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3*6 Illustrative Example (Bushev1e Problem)

To clarify the application of the theory developed 
in this chapter, one illustrative example is presented below: 

The system to be controlled is assumed to consist 

of two integrators and therefore, its differential equation 
can be written as

dx( t ) 
dt

r- O 

.O 
O.

l°x(t) + u(t) (3.6-1)

£(t) - x(t)
-100

(3.6-2)

Given an initial state 2E(0) - £0 “ 0
and desired

final output x^ « 0 , x^ ■ 0 find the time suboptimal 

control system for p«o» and Lq«1,namely,

|u(t)| ^1

Step 1 Obtain the state transition matrix and the
Nominal optimal control and Its corresponding 
trajectory,

1
(3.6-3)(a) - 1/100

-100

(b) Nominal optimal control becomes

u*(T*,£*,t) - sgn (10-t) (3.6-h)

where the least elapsed time T* « 20 and hence the 
least terminal time t£ ■ 20.

(c) Nominal trajectory



-100 + 0.5t' 
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f o r  t  ^ 1 0

-0.5t + 20t-200

20 - t
for t ^10 (3.5-5)

(d) State transition matrix

fl tf-t

(e) X* - m(t*,t) X*

where m(t|,t) »100/(-x*^ -(10-t)x*2)

Step 3 Linear Transformation Matrices

To obtain 

(a) 0 ^ t <10

Mt1
Si"

it is required to know w.

£1

-1

Making use of (3.3-19)* (3.3-21), (5.3-22), one can
obtain

W,
* 1

(2/m)10^ (2/m)10^
(2/m)10^ (2/m)10^
—A *®1 2

20
1

(-m/100)e^

where m - m(20,t); e^ - e1(20,x^(t)>; e*- e2(20,x£) 
terforming the inversion of this matrix and
calculating the matrix indicated by (3.3-25) gives



2x10
2

+20)
2x10
2-—  (20eS-te*+200-20t)

— 2L_(ei-20ei-200) 
2x105 n *

- 1/10

(b) 10^t
For this region

2x105(-t«*+*2(20t-200)—2000+200t )
-(10-t)/10

(3*6—6)

Hi
B-l becomes from (3*3-19)*(3.3-21)

®i

0 0 0
0 0 - 1

-ejj -e£ -e£m/100

This is a singular matrix. Thus, in this region

one can estimate the best Hi
b -i

by first performing

the pseudo-inverse of the matrix. For this purpose
. w.one follows the indicated partition of as

si A B

where
f

0 0 0 0 -1
A - 1 0 ; b -

,0 1, -e* -e£ -e^m/100

And performing the pseudo-inverse indicated by 

(3-3-26) gives
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* 1

-1
-1 /(e*+e* )

O

o
0

e ^ « * m /1 0 0

e£2m /100 
-e*2-e*

■e*

-ei (5.6-7)

Substituting (5.6-7) into (3.5-25) gives

"ti
£i

'-e)jm/100 e^e£m/100 -(10-t )me^/100

-e^n/100 e£2m/100 -e2(10-t)m/100
2 2 

0 ”ei “e2
(3.6-8)

Step 3 Continuous measurements on

AX - x(t) - X^(t), ro(t) - 1

where ^(t) is precomputed by (3*6-5) and must be 
stored.

Step 4 On-line computation of the suboptimal control u*(t) 
The suboptimum controller is programmed by use of 

(5 * 5-5)t namely t

u*(t)- sgn(lO-t + £ ^ 2  + (100/m) ( 20+ B ^ x  -t)* 

(mt11Ax1 + mt12AX2) + (100/m)

(mt2i*X|+ mt22AX2  ̂ ^ (3.6-9)

where m̂ . • . indicates the i-th row and the j-th column 

of the matrix specified by (3.6-fe) for 0^t<10 
and by (3.6-8 ) for t .̂10 and are the elements
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of the vector Ax»

To demonstrate the effectiveness of this technique 

the example was simulated using a digital computer for the 
initial deviations from the nominal initial state x,j(0)— 100 

and X2(0)-0 .0. in this simulation the suboptimum controller 
measured the output x(t) and corrected the nominal control 

at every 0.03 seconds. The summary of results is tabulated 
in table 3-1, where the performances between the optimal 

control system and the suboptimal one, the performances 

between the suboptimal system and the system with open- 
loop control without correction are compared. In case no 

correction is made on control input regardless of deviations, 
the terminal state error is more than 13 times greater than 
those obtained using the suboptimal control scheme.

The phase portrait for each case A, B,. C, D is 
given in fig 3-2 where an actual trajectory indicated by 

the solid line (--- — —  ■■■■■— ) is compared with the traje­
ctory due to the open loop control without correction, 
indicated by the dot line (-— ) and also is compared

with the nominal trajectory indicated by (  x x---
In fig 3-2 the suboptimal control indicated by the solid

line is also compared with the nominal one indicated by
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SUMMARY 0 E HEoULTo

(A)

00

(C)

00

INITIAL
STATE

x1( o ) t x2 (o;

OPTIMUM SYSTEM aUBOPTIKUK
SYSTEM

SYSTEM WITHOUT CORRECTION

'TERMINAL
TIKE TERMINAL

STATE

W

TERMINAL
TIKE

20.0+

TERMINAL
^TATE

3G, i X2

TERMINAL
TIKE
*5

TERMINAL
STATE

*1 i *2

-9 0 .0 , 0 .0 18.97
0.00
0.00 18.99 0 .2 3 ; 0 .00 20.00 1 0 .00 ;0 .00

-9 0 .0 , 1 .0 18.03
0.00
0.00

17-89 -1 .1 9 ; o .oo 20.00 30.00;1.00

-1 0 0 .0 ,1 .0 19.03
0.00
0.00 19.09 0 .50 ; 0.00 20.00 2 0 .0 0 ;1 .00

-1 1 0 .0 ,1 .0 20.02
0.00
0.00

20.09 0 .7 8 ; 0 .00 20.00 10 .00 ;1 .00

Disturbances are made on initial 
state ■-1 0 0 .0 , x2 ■ 0 . 0

Table 3-1
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dot line. To illustrate the error analysis, let the radius 

of the terminal error be 1 or 2 units. Then, making use 

of 0.4— 11) time t« 7 seconds, one can precompute the 
error bound r*., 0.55 and 0.78 corresponding to r -1 and

v O

rQ-2, respectively. To demonstrate the error bound precom­
puted for given rQ , one made deviations from x£ at time 

7 seconds as indicated in fig.5-3 and the suboptimal 
control ended up with a terminal error which was within 
the error bound predicted for each corresponding deviation.

5.7 Summary

In this chapter it was shown that a design proce­
dure of a feedback suboptimum control law for the minimum 
time control problem was developed.

The proposed technique is based on the assumption 
that the dynamic system operates in the presence of small 
perturbations during the actual operation and that all the 
system parameters, reference output and sensing devices 
are idealized.

The limitation of the approach is that one cannot 
apply this technique to the system which is not normal.

The illustrative example showed that in case no 
correction is made on the nominal control regardless of
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perturbations, the terminal error is more than 15 times 
greater than those obtained using the suboptimal control 
scheme,

IV ALTERNATIVE J0LUTI0N8 OF PROBLEM 1 AND PROBLEM 2 
FOR A SPECIAL CASE

4-.1 Introduction

In this chapter an alternative solution to
problem 1 and problem 2 in the case of p» oo (minimizing
the maximum magnitude of control in problem 1 and the
minimum time problem with hard constraint on control )

is developed by correcting the switching instants sjj,s£,

s?,..,, s* instead of correcting the optimum lambda vector 5 v
as a result of a deviation from a nominal trajectory.

An advantage of this approach is that one can
obtain relatively simple controller structures for certain
cases. However, one cannot apply this technique to general 

cases.
It is assumed in this technique that there is a 

known bound on the total number of switching instants for 
the optimal trajectory x*(t). Also assume for simplicity

that ^(t) - x(t) and the control is scalar.
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4*2 Alternative Solution of Problem 1 ( p ** e© )

In the case when p«60 (minimizing the maximum 

amplitude of the control) in problem 1f one can rewrite 
the optimum control u*(t^,2£*t) given by (2*3-1) in chapter 

II as m
u*(t)« UK* |  ̂ sgn (t-s^) (4.2-1)

k-1

where U is +1 or -1 determined by the nominal optimal 

control u*(tfl^*,t) and s*^ t8 *2 i . • • *sJm the °Ptimujia 
switching instants not far from as a result
of small deviation ax and for each s^ykal,2y * * * ,m

<&,h(tf,e;^)) . O (4.2-2)

is satisfied; denotes the minimum norm and is 

defined in (2.3-1).

Note that the vector the transpose of

sxm^ 8111(1 Kx °LePend on initial state x(t) and the final
desired output jr*1. Also note that ■ K* and ■ S*,where 

S* is the vector of switching instants determined from 

u*(tff^*,t), when the computations of K* and S* are perfo­
rmed for the nominal initial state x^ and the desired final—o
output 2̂ *
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Consider a time-invariant system in which the

eigen-values of the system matrix A are all real and
27non-positive. Pontryagin showed f that the number of 

switching instants m dose not exceed n-1 for the system
under consideration. More generally the technique can be
applied when there is a known bound on the total number of 
switching inBtants for the optimal trajectory (see section 
3.2). Let us assume here that m-n-1 without loss of 
generality and that

Inserting the optimal control (4.2-1) into (2.2-2) and 
rewriting the latter in terms of switching instants gives

n-1 8^  **2e(tf,x(t))-(-1) UK*(^ h(tf-s)ds - ^ h(tf-s)ds + ...
* 8x1lf

s) ds ) (4.2-3)... + (-1)n~1 ^ h(tf-
s*xn-1

One can observe that the only terms in (4.2-3) which are 
not fixed by the system description are K* and for 

the initial state x(t) at time t. Therefore, one can 

express (4.2-3) as
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Sn"1(tfx(t)) (4.2-4)

-1where £n (t,x(t)) is inverse mapping of 

311(1 x ,Kx^ aefined (4.2-3) as

e(tf,x(t) - (*.2-5)

If one could determine the inverse mapping of £ (£i**K*)n *™x x
which satisfies (4.2-3) for a given initial state x(t) 

at time t, the optimal control which transfers x(t) to ^  

with the minimum norm of control will then be completely 
specified. Thus, the problem of obtaining the optimal 
control which minimizes the maximum amplitude of control 
is equivalent to obtaining the £n (t,x(t)). However, it 
may be in general difficult to obtain the inverse mapping 
for all x(t)« Hence an approximate solution of and
is attempted to obtain on the assumption of small pertur­

bations during the actaul process. As has been already 

assumed in the previous chapters, all the system parameters 

reference output, and sensing devices are idealized and 
the perturbations are essentially due to the external 
forces.

Before developing a design procedure, it may be 
helpful to define following terms :



(1) is a vector of switching instants using nominal

control u*(tf,^*,t) and K*^0  ̂ is a minimum norm of the 
nominal control, can he calculated as a
solution of (4.2-3) when x(t) - Xq ( nominal initial 

state) at time t *t^.

(2 ) S*^k \  K*^k  ̂ are a nominal switching instant vector, 
the nominal minimum norm, respectively and are corre­

cted k-times from S*^°\ K*^°\respectively.

(5) is a vector, a small change in S#^k  ̂ as a result

of deviation Ax, where

Ax(t) - x(t) - x(k)(t) (4.2-6)
(4) x^k^(t) is a nominal trajectory corresponding to

"•00 * a i*00* Note that x^°^(t) is a nominal£> and h —
trajectory corresponding to namely .

«*(tfffc*,t).
In the proposed scheme and can be approximated

Tk'l f'k') (k)by first obtaining AS » a small change in S* , and AKV 7 a
small change in K*^k  ̂ as a result of a small change in x^k ^(t),
Ax(t), i.e.,

g. - S*<k ) + A S (k  ̂ (4.2-7)

Kx * + 4 K ^  (4.2-8)

where k is the number of correction made on the
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nominal trajectory xv y(t) and k ̂ 0.
When the deviation 4x is a small quantity, it is shown 
later that can be approximately related to 4S^k\  4 K^k^
by a linear relation. Thus, the deviation £x must be small

Suppose
that the linear relation is found,i.e.,
enough to be linearly rolated to flŜ k \  AK^k^

D7SP*% 4

m (4.2-9)

where
W

k) is an n x n matrix whose elements depend 
on S*^k\  K*^k\ x ^ k  ̂(t). The derivation of this matrix 
is developed in the next section.

To find it is necessary to know the nominal
quantities S*^k\k*^k\ x ^ k?t) in addition to AS^k\  4K^k .̂ 
The nominal quantities depend on the number k, the nunmber 

of corrections made on the nominal quantities S * ^ \  K * * 
x^k\t). When k - 0, the nominal quantities become 

K*^°\x^°^(t) and are employed through the processi when 
k becomes large enough to obtain S£, K* for each x(t), 
this procedure would implement the feedback structure but 
may lead to prohibitive requirements on the storage space 
of computer. Let k be the number of original nominal 
switching instants, the dimension of the vector S’^^and

let the dimension of the vector S*(0) be n-1. Moreover,
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let the corrections on the nominal quantities be made at 
each nominal switching instant, namely

S*(k)_ s*(k- D + (4.2-10)

K*dO_ K*(k-1) + A K(k-1)f iĉ -i (4.2-11)

f k - l ' i  d c - l }where Sv ' and K v ' are constant evaluated at

time t - *s are elements of the vector
5*(l0  ̂
The estimation of the nominal trajectory x^k\t) can be 

accomplished by solving (1-1) with u*(t) ( 4 . 2 - 1 ) where

K*, m are replaced by S*^k  ̂ , K*^k\  n-1, respectively

and with initial state x(s£^k )̂ at initial time t« 
namely,

x(k>(t) - 5(tf-s*(k))x(sj^k)) + U K*(k^(-1 )n“k(

-r(t,sf(k)) + r(t,t) ) (4.2-12)

where 8j^k^ t 4s£^k+  ̂) • r(t,s) • ^h(t-s) ds 
Note that when the running time t is in the interval 

s*^k  ̂ to 8k+i+1 »̂ one can aet

S*^k^» o * ^ -  m ■ •<*> m t
f ]r ̂ f V ̂and ®k+1 * sk+2 * **•* an-1 are constant switching instants

( kwhich are evaluated it t > s*v ' in the previous interval
(lc—1 ̂ f v\sJ_yj * to s£v 7. Thus, one can have
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♦ (k) B*(k)
k+1 k+2 s*(k>l *f n-1 J (4.2-1?)

Suppose that the linear transformation matrix 

l^n^t the nominal quantities S*^k\  K*^k\  x ^  for given 
k are precomputed. Then, the suboptimal control u£(t) 

can he obtained as
n-1

u£(t)-(K*(k)+ftK(k))( "P|" sgn(t-s*(k)-4s^k))) U (4.2-14)
v«1

for the interval to sk+k+^ -

4.2.1 Linear Transformation Matrix

The transformation matrix which maps ax

into 4SV J# AKV J is obtained through a Taylor series
( klexpansion of (4.2-5) around the nominal quantities S*v , 

K*^k \  x^k \t). To do this define

.o - e(tf ,x(t)) - e(tf , x ^ ( t ) ) (4.2-15)

then

A« * + AS(k)fK*^k ^+^K(k^)-^n(S*(k\K*^k))
(4.2-16)

Substituting a Taylor series expansion for 
£^(3*(k)+ *S^k\  K*^k^+ £ X ^ )  into (4.2-16) gigives

t ©
^  s*• —X

AS(k) +
^ g n(S»(k),Kj»)

* Kx
■ <k)aKv“-'+ R
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where the partial derivatives are evaluated at 
S* « S*^k\  K* » K*^k  ̂and R is the remainder.™0C X

Performing the indicated partial derivatives in (4.2-17) 

gives
n-1

A® - (-1)n“12UK*(k) 2 ^  h(tr-s*(k))as£k)(-1)v+1

+ ( l A * (k))e(tf ,x(k)(t))AK(k) (4.2-18)

where note that s ^ k^*s^k ^-....- s*^k^- t

Recalling the definition of ^e (see (4.2-15)) and associa­
ting it with (4,2—18) , one can find

[Qn° ° ]  - - (Qn|k) QnK(k))“1f < V t> <*.2-i9>

where (Qn^ ^  ^ n K ^ ^  6111 auKumen'fco<i matrix whose

submatricea K b U > ] “ d [l!nK0t)] are properly defined

from (4.2-18) and (4.2-15).

Remark 4-1
In the case when C / I,i.e., the dimension of the output 

is m which is not equal to n, the dimension of the vector 

is at most n-1( the bound on the switching instants are 
still n-1). Therefore, (4.2-18) may not be enough to det­
ermine AS^k  ̂ and £K^k  ̂ and additional n-m equations are 
required: Consider the n-1 equations generated from the
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switching condition, (4.2-2)

<Ai*fe( “ 0 (4.2-20)

where v- 1,2,...tn-1 and the dimension of the vector 
is m.

Consider also the constraint

(A** 1 (4.2-21)
One can easily derive the n-m equations in terms of 
S*t x(t) by eliminating the m vector ^  from (4.2-20) 
and (4.2-21). Define these n-m equations as

Vi(S£tK*) - 0 ,i«1,2,...,n-m (4.2-22)

Prom (4.2-18)t(4.2-22) an approximate linear relation
rv'i Cklbetween ASV * AK a*id £x can be obtained through a 

Taylor series expansion as usual. *****

To estimate (4.2-19) one must perform

the inversion of the matrix ^nK^^]* ^iie inverB*-on
of this matrix depends on the determinant of ^nK^I*

Incases where the determinant is zero, one can employ the

pseudo-inverse technique developed in chapter IX and III.
fisOOl

In this case one may try to obtain the best I j  as the 

minimand of
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*s(k> I

'2 - [<Uk) « ik)] [iF*j]\ (*.2-23)
where the norm is taken as the inner product.

To this problem there may be no unique solution or even 
no consistent solution. However, the choice for the best

can be made so that

J m i n i m u m

Under this condtion one can have that 

[ak^] "  " b T ( B b T ) " 1  (aJ?a)‘1 AT* t f-t).x (4.2-24)

where the matrices A, B are n x r, r x n, respectively 
and its rank is r ;

[ « i ,)  c 0] A B

iiemark 4-2
In practice as a further simplification, the nominal 

quantities x^°^(t;)» are used through the

whole process without further correcting the nominal quan­
tities, namely, for the small deviation ^x(t)- x ( t t ) 

one may estimate the approximate S*,K* as

S* - S*(0> + 4S^°^



9 8and
K* - K*(°^ +

where and can be estimated as
c(0)

[ s H «
and the linear transformation matrix ^ 0 ^ ^ ]  is found from 
(4.2-19) with k -0. Note that the matrix ] depends
on S*(0\  x(0\t).
The resulting suboptimal control becomes in this case

n-1
u*(t) - U(K*(0^+ Ak(°)) TT 8gnJ k«1

The pseudo-inverse technique may be applied in the inver­
sion of the matrix appropriately. *****

4.3 Alternative Solution of Problem 2 for a Special
Case

As has been mentioned in appendix A, the minimum 

time control problem is closely related to the minimum-norm 

control problem. Hence, one may obtain the suboptimal 
control law for problem 2 when p »oo in a similar way to 
that obtained in the previous section as an alternative 

solution of the problem 1 (p-oo )•
Note that in the least time control problem the
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magnitude of the control is bounded by Lq and the terminal
time tf is not fixed but must be determined as a part of

*16 22 2̂ ithe problem. In references • ^ it was shown that
the least terminal time t£x can be determined as the least 
value of t̂ > for which

Kx “ Lo (4.3-1)

where is the minimum norm defined in the previous 
section and computed for the initial state x(t) and the 

desired state Thus, one can rewrite the optimal
control of the problem 2 (p«a) ) directly from (4.2-1) as

m
u*(t) - U Lq "|“j" sgn (t-s^) (4.2-1)

k - 1

where U is +1 or -1 determined by the nominal optimal 

control u*(t|r|ĵ ,t) and S^1 * sx2* • • • • sxm are °P'timum 
switching instants not far from as a result
of small deviation 4x and for each s^ , k«lf2f...,m

0  < 4 * 2 " 2 >

is satisfied; t£x denotes the least terminal time for ~

which (4.3-1) is satisfied.

Assume that a bound on the total number of 
switching instants for the optimal trajectory is given.
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In this section also we consider a tine-invariant system 
in which the eigen-values of the system matrix A are all 
real. Then, one can assume without loss of generality
that m - n-1 and that

* $ Bx1 < sx2 4 8 J3 ’ *- sn-1 4* fx

Inserting the optimal control (4-.3-2) into (2.2-2) with 

ti*tf, x(t±) replaced by ,respectively gives

o(tJx ,x(t)).(-1)n"'1 ULe( ( h(t*x-s)ds - C h(tJx-s)dB
* Sx1

*fx

fl ♦xn-1

One can observe that the only terms in (4.3-4) which are 

not fixed by the system description are t£x and for 
the initial state x(t) at time t. Therefore, one can 
express (4.3—4) as

J L
*rx

■ (♦•3-5)

where £n (t,x(t)) is the inverse mapping of 2t^^x#tfx^

and is defined from (4.3—4) as
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x(t) - 2t(SJ.t:*x ) (*.3-6)

If one could obtain the inverse napping of 
which satisfies (*.3-*) for each initial state x(t) and 
the desired output the optimal control which transfers
x(t) to ^  in the least elapsed time T*, ttien
be completely specified. However, it may be in general 

difficult to obatin the inverse mapping for each x(t), hence 

an approximate solution of £x *^fx attemPted to obtain 
on the assumption of small perturbations during the actual 
process. As has been already assumed in the previous 
section,all the system parameters, reference output, and 
sensing devices are idealized and the perturbations are 
essentially due to the external unknown forces.

A design procedure of obtaining the suboptimal 
control for the problem 2 (p«<© ) is analogous to the one 

developed in the previous section. The terms

s^d x (k)(t) defined in the previous section 

with t^ replaced by t£ will be used in this section)
( l r  ^Define t*v J as the nominal terminal tine corrected k-times 

from tj^°\ tj^0  ̂ • tj.

In analogy to the suboptimal control u*(t) of 
problem 1, one can obtain the suboptimal control of problem
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2 (p» OO ) as

n-1
u£(t)«UL0 I \ sgn (t-e*(k^- (4.3-7)

v-1

where the least terminal time t£x may be determined as

t*x . t|(k) + fitf(k) (4.3-8)

and At^k ; gS'k  ̂ are small change in ti^k\  S*^k\  

respectively as a result of small deviation £Xf a small 
change in x^k\t). The linear transformation matrix 
which transform ax into AS ^k \  Atf^k^

W \

- [ V 10]^A£'

is derived in the next section.

(4.3-9)

4.3.1 Derivation of the Linear Transformation Matrix
K (k)]
In analogy, to obtaining the matrix in the

previous section, one can determine without difficulty 

k (k)] which satisfies (4.3-9). To do this recall (4.3-6), 
which can be obtained by premultiplying both sides of 

(4.3-4) by J£(t-t£x),namely, x’^fx^ can i^-^tifi®*!
as

sii si2
x(t) - J(t-tJx )x(tJx )-(-1)n-1UL0(J h(t-s) ds - J h(t-s)da

s*x1
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*fx

(_1)n-1 ^ h(t-s) ds ) - (4.3-10)

8£n-1

The matrix which satisfies (4.3-9) is obtained
through a Taylor series expansion of (4.3-10) around the 
nominal quantities x^k ^(t), S*^k \tJ^k  ̂ in a similar to 
that the matrix is obtained in the previous section;
Prom (4.3—10)

Ax(t)-fit(S*(k^+AS^k\tJ^k +̂/itf^k^)-£t(S*^k:\tf^k )̂
(4.3-11)

where
flx(t) - x(t) - x(k)(t) (4.3-12)

Substituting a Taylor series expansion for 
£t( S * ^  + AS^k\ t * ^  + Atf^k )) into (4.3-11) gives

A X . R  + 4 S ( k ) + ^ ^ L  u )
» s i  " » * ? x

where the partial derivatives are evaluated at 

SJ > S*^k \  tjx - tj^k  ̂ and R is the remainder.

Performing the indicated partial derivatives and noting 

that £(t£x ) ■

3f(t-t )
) A
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31gives

n-1
A x-gt-t*(k))AidAt,r(k)-(-1)n"'1 U V 2 H ,  *<*-■£<*)

A»v(k)+ (-1)n“1 h(t-tJ(k))Atf(k) (4.5-13)

where s^(k)- sj(k^-.... sj(k) -t

Thus, one can obtain the matrix which satisfies (4.3-9) 
as

K (k>] - [«ts° « 4 k)] (*.3-14)

where ^Q^k  ̂ auffum8n‘ke<̂  matrix whose
submatrices [q^s ^  properly defined from (4.3-13).

To measure deviations dx defined by (4.3-12), one 
must determine x^k\t). This can be accomplished by solv­
ing (1-1) with u(t) replaced by u£(t) indicated by (4.3-7), 

namely and an initial state x(s£v ')• This gives

x(k)(t)-j;t-s*(k>)x(s*(k))- ULo(-1)n“k( r(t,s*(k)) -

r(t,t) ) (4.3-13)

where ®J^k^  t ̂ 8J+k+^^» £(t,s) ■ ^h(t,s) ds
Thus, one can obtain the suboptimal control 

scheme as shown in Figure 4—1. In this Figure one notes

that the nominal trajectory x^k\t) and the matrix £ o ^ k ]̂
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may be computed by simple substitutions at time t , 
t> In practice as a further simplification, one

may assume k ■ 0,i.e.,

SJ - (4.3-16)

tfx -tf (0> (4.3-17)

where S, tf are obtained as

r a < ° >  1
“ -rO)j- [«t ] «  (4.3-18)

and ax » x(t) - x^°\t). In this simplified case,
the suboptimal control u*(t) yields

n-1
u$(t) - UL | f sgn ( t - s * ^ -  b t0 )̂

V“1 (4.3-19)
where 4 S^°indit are found from (4.3-18).

4.4 Approximate Error Analysis

In this section consider following problem:
Given a positive number rQ such that

l|4Zd H*r0 (4.4-1)

find a number r„ such thats
||4X^rs (4.4-2)

while providing the suboptimal control into the system 

to be controlled.
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To solve the problem observe (4.3-10): When 

approximate value of S*, t|>x for a given initial state 
x(t) and the desired final output £dfi.e.,

S* - S*(1°  + A S ^

t# « t*^k  ̂ + At ̂k ^f x *f + fltf

are inserted into (4.3-10), the equalit;/ in (4.3-10) dose
not hold. Therefore, one may expect an error in the desired

j  < i doutput £ ,i.e., ^ •
let

AS(k) . [Q>/k)] a x  (4.4—3)

and Atf(k) - [fi2(k)l (4.4-4)

Let be the v-th row vector of
Inserting an approximate values of *!x obtained
through (4.2-7),(d.3-8), respectively into (4.3-10) gives

x*(k)(t) + a x  -J(t-t*Ck)-C^k^ ) ( £d+A2d)-(-1)n"1 UL(

2 ^  £(t,s*(k)+ Q1Yk)A* )(-1)V“1 -r(t,t)
n-1
E
v-1

+ ( - 1 ) n ~ 1 r ( t , t * ( l ° )  )  ( 4 . 4 - 5 )

where r(tfs) « ^h(t-s) ds
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Since £2^ ^  are chosen 80 that the zero order
terms and the first order terms of ix vanished» 

one can express (4.4— 5) as

0 «£(t-tf(k)-22(k)^x)4£d +(1/2)5t-tJ(k))A2£d(22(k\x)2

-(-1)"-1UL0 | ^  (-'l)y-1 i(t-S*(k )) AB (ai‘k>A5)2

+ (1/2)(-1)n“1 £(t-t*(k))AB(C^k^ x ) 2 ) + R (4.4-6)

where R is the remainder.
Assume that x is small enough to neglect the remainder 
terms. One may solve A£d by premultiplying (4.4—6) 

by {(tj^k  ̂ + ht£k  ̂ -t ) to give
n-1

a2B zd(2^k)Ax)£ + (-i)n“1UL0 Y L  Sct*(k)-s^(k))
v-1

a b ^ v Ax )2 (-1)V"'1 + -J-(-1)n“1f(0)AB(a£ Ck)ldx)2
(4.4-7)

From (4.4—7) one may not precompute d£d for a given 
deviation a* since the computation of the matrix 
is required on-line. However, one may resolve this 
problem by seeking a further approximate equality relation 

in (4.4-7): Note from (4.2-40), (4.3-8) that

t*(k) - tj(0) +dt£1) + .... +4tf(k) (4.4-8)
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s;<°>+ + .... + (4.4-9)

and from (4.3-14) and from the definition of £qyk\  £^2^ 
that

Siik)- S1v(k)(tj(k),s*(k)) (4.4-10)

where v-1,2,•..,n-1

^ 2 ^  “ (4.4-11)

Inserting (4.4-10), (4.4-11) with tj^k\  6*9^ replaced 
by the right hand sides of (4.4-8), (4.4-9), respectively, 

into (4.4-7) and neglecting the third order and the 
higher order terms of £x in the resulting equation gives

AZd - - -5-A2id(S2k)(tf(0)’̂ (0)^ i )2 +(-1)n’1uL0 T ~
v-1

£(t*(0)-s*(0))AB(-1)v"1(^1^k)(tf(0),S*(0))^x)2 

+ -2-(-1)n“1AB (^ k)(t*(0),S*(0)) Ax) (4.4-12)

Now applying the Schwarz inequality in (4.4-12) gives

II *ZdH ̂ - A 2£d+ -^-ULoABlH^kJ(tfC0),S*(0))H2 +
n-1 n-1

L0llIZ <“1 )V_1 £(tf(0)tSj(0))AB|Ĥ  2̂ k)(tf(05,8*(0))
V - 1  v-1

2 2
(-1 )v 11| jlUxll (4.4.15)

where the norm is taken as the square root of the inner
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product norm.

Since the objective is to find a number rs such
that y p \\ £ for a given positive number rQ which satisfies
(4,4— 2), one solves (4,4-13) for(^x(l in case of
and obtains r ass

rs
/2 ro

J/2 n-1 1/2
V - 1

V - 1

4,5 Design Procedure

A design procedure for the problem 2 (in case of 

p » GO ) developed in chapter IV can be summarized as 
follows:

Assume that the upper bound on the number of optimal 

switching instants are known. In the following design 
procedure consider the dynamic system all of who.ie 

eigen-values are real and its number of switchings is 
n-1. Let k, the number of corrections be n-1 and the 
corrections be made on the nominal switching instant.
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Step 1 Calculate the state transition matrixJ(t,s), the 

nominal switching instants .. . ,

the least terminal time t£^°\ and the nominal 
trajectory x^°^(t). Determine U from the nominal 
optimum control u*(tj^°\^*,t).

( k)Step 2 Calculate the nominal trajectory xv y(t) at the
(nominal instant time 8£ and the nominal switching 

instants corrected k-times: Use (4.3-15), (4.2-10), 
respectively.

Step 3 Calculate the matrix time t *
for each k, k^.0. Make use of (4.3-14) to obtain

K (k)] •

Step 4 On-line computation of the suboptimal control 
defined by (4.3-7).

4.6 Illustrative Examples

Consider Bushaw's problem presented in section 
3*6 in Chapter III.

Note in this problem that the system matrix A 
has two real roots and both are zero. Hence, there is 

at most only one switching instant . In this exam­

ple the suboptimal control indicated by (4.3-7) yields

u£(t)-U sgn (t—SJj(k)— As<jk)) (4.6-1)
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Let k,the number of corrections be 1 and the correction 
be made on the nominal switching instant*
Step 1 Calculate the state transition matrix, the 0- 

nominal switching instant the O-least terminal

time t|A®\ the O-nominal trajectory x^®^(t),i.e.,

s*(0) - 10; tj(0) - 20 ;

-100+0.5 t‘

t
for t ^10

x(0)(t)
-0.5t +20t - 200

200 - t
for 10 $ 2 0

(4.6-2)
U - -1 determined from the nominal optimal

control.
. (1)Step 2 Calculate x (t) by making use of (4.3-15):

|ts*(1)-0.5(s*(1))2-0.5t2
x ^  (t) -J( t-ŝ J ̂ 1 ̂ )x( s ^ 1 ̂ )

- t

where ^ t $ t£^^ an(̂
• d )

(4.6—3)

(4.6—4)

(4.6-5)

Step 3 Calculate the matrices for k-0, 1;
Make use of (4.3-14) to obtain •
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In the ase when k -O,

■
f

1 2(t-10) -(t-20)
■ao>:«4°) m m

\ X
4 2 -1

Performing the inversion of the matrix indicated above

gives * 1 (20-t)
Qt(°) iN (4.6-6)

1 (10—t)
In the case when k » 1, one can obtain in a
similar way to that k «»i.

(1)
2 (t-t*^)

(t,(D - t)
(4*6—7)

2 0

Step 4 The on-line computation of the suboptimal control

(i)

u§(t) - - sgn (t-10- A s ^ 0 )̂ (4.6-6)

where ds. (O) <is determined from (4.6-6) and
(4.3-9) with k ■ 0 and is the difference 
between the x(t) and where x ^ \ t )  is
defined by (4.6-2)

(ii) s^(1)̂ t ^ t j <1)

u * ( t ) -  -  sgn  ( - A b^ ^ ) (4.6-9)
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(1 'Iwhere As)j J is determined from (4*6-7) and (4*3-9) 
with k - 1 ; £x is the difference between the x(t) and 
x^^(t)t where x ^ \ t )  is determined from (4.6-3).

(1 'jNote that sjp J is measured at time t so that the 

running time t may satisfy

10 " ~XT ( ^ ( t )  + (£0-t)*x2(t)) - t - O

and that the process is stopped at time t so that the 

running time t may satify

20 + Atf(0) + £ t f^1)(t) - t - 0

Remark 4-1

When k»0, as has been mentioned earlier, a further
simplification may be possible, i.e., it is not required

d'j fi'i M } to estimate the nominal quantities S*v *x , t£ * ; use
all the formulas with t£^^ replaced by S*(0),
x ^ ° \ t ),t r e s p e c t i v e l y .  *****

It is interesting to note that

8

may represent an approximate switching line: To demonstrate
this some deviations from the nominal trajectory x^°\t) 

are made at 17 seconds, 18 seconds, 19 seconds as indicated 
in Figure 4-2. The suboptimal control (4.6-9) is calculated
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ACTION OF SUBOPTIHAL CONTROLLER AROUND NOMINAL TRAJECTORY
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for each deviation and is as shown in Figure 4-2. Thus,
the Figure shows that 
optimal switching line.

(1) 0 can represent the sub-

As a second problem, consider a dynamic system 
described by the first order differential equations

1
0 1 0

f
0

- 0 0 1 IX ct + 0

, 0 0 o 1

dx
dt

l(t) - x(t)

u(t) (4.6-10)

(4.6-11)
T

Given an initial state Xq * £-'1 0 o] at an initial
j  j  j

time t^ - 0 and a desired final output “ xj * 0 i
we wish to find the suboptimal control which transfers

the initial state r  to x in the least time when the— o —

control is bounded by 0.5ti*e.» |u(t)|^0.5 •
It is easy to see in this problem that there are 

at most two switching instants s ^ , s ^  * this example
the suboptimal control indicated by (4.3-7) yields

uj(t) - 0.5 sgn (t-s^(k) - A s 1(kb(t- sj(k) - * s 2VJL')(k) 
(4.6-12)

Let k, the number of corrections be 2 and the corrections
be made the nominal switching instant.
Step 1 Calculate the state transition matrix, the 0-nominal
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quantities S*^°\ tj^°\

(a) transition matrix

£(t-s)

lo

t-s 1/(2(t-s)2)

t-s

O

(b) s<[(0) - 1 ; - 3 ; t*<°) . 4

(c)
i) o ̂ -t 41

(0)(t) T 2 ~  t5 -1

*2(0)ct>

*5(0)(t)

1 t2 X

0.5 t

ii) l 4 t 4 3
(0)(t)- - 0.5t2 - 0.5t ---|-

(O)(t) • -0 .25td + t -0.5
x5(0)(t) - -0.5t + 1

iii) 3 4 ^ 4 4

<0), ^-t3- t2 + 4t 16

(0)(t) - 0.25 t - 2t + 4

x5(0)(t) - 0.5t - 2
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(d) U - + 1

.(k)Step 2 Calculate xv '(t) by making use of (4.3-15)
t

x(k)(t) «I(t-sJ(k))x(s£(k))- f 0.5 (t-s)B ds

where k* 1, 2 and
,*(1) , .(0 )'1
(2> - s*(1) +

! 2 +

>tep 3 Calculate the matrices for k»0f1,2

Make use of (4.3-14) to obtain :

(4.6-17)

(4.6-18)

(4.6-19)

(i) k

Q< (0)
-1 (t-3.5) —0.5(t—3)(t-4)

-5 3t- 7.5 -1.5(t-1)(t-4)

—4 4t—8 -(t-1)(t-3)2

(ii) k - 1

Q*(1) - (t-3)(t-4)

-0.5 -(3.5-t) -0.5(t-3)(t-4)

0.5(t-4) —0,25(t—4)'

(t - 3) -0.5(t-3)'
(1 'lwhere s£v * 4 for simplicity.

(iii) k-2
In this case one cannot make inversion of
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the matrix | • Q+. %  To employ the Pseudo-inverse
method, one decomposes the matrix as indicated in section 
4.2 , Chapter IV

A B

where
'0.5(t-4)2 0 ' 0 0 0.5(t—4)

A - 1 0 t B «
. 1 -1 0.5

0 1

Performing the indicated Pseudo-inversion in section 4,2 
gives

► -2

(2)
(t—4) +4

(t—4*(t—4) + 4

(t-4) +4

(t—4)(4+(t—4) )
2

(t-4)(4+(t-4)*)

 6_______
(t—4)(4 +(t-4)^)

0.5

-0.5

( o')where t£v J -4 for the sake of simplicity.
(4.6-22)

atep 4 The on-line computation of the suboptimal control: 

(i)

u*(t)-0.5sgn(t-1-4s./0))(t-}-4s2(0)) (4.6-25)

where Ae.^^ are determined from (4*6—20)

and (4.5-9) with k - 0 and Ax is the difference between
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x(t) the actual output and x^°^(t) defined by (4.6-14) to 
(4.6-16).

(ii) s*(1) < t $ s*(2)

ujj(t) - 0.5 sgn sgn (t- s j ^  - 4 s ^ )
where d s ^ ^ ,  are determined from (4.6-21)

and (4.5-9) with k ■ 1 and dx(t) is the difference between 
the actual output x(t) and x^^(t) defined by ( 4.6-1?)

with k-1| 5 + ^ 2^^+ £s2^  ̂ (sjj^ ̂ ).
C D  f O \(iii) ^  t < tj^ '

uj(t)» 0.5 sgn(ae^2 )̂ sgn (ds^2-*)

where 8X6 (ie^er*min6(i from (4.6-22)
and (4.5-9) with k - 2 and is the difference between 
x(t) and x^2 \t) defined by (4.6-17) with k « 2.

To demonstrate the effectiveness of the technique 
the suboptimal control system was simulated using a digital 
computer for the initial deviation from the nominal initial 

state x0  ̂ ■ -1, xo2 - xQ^ - 0 . An error in position was 
taken as the initial deviation. The reason for this devi­

ation is that one can obtain the optimal control in refer- 
22 23 24ences so that one may compare the performance

between the optimal control and the suboptimal one. In this
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phase portrait of the example

0,6

0.2
o.'aA

0.6

0.4

0.6

0.2

c o.d

0.6

0.2
0.0D 0.6 0.8 1.0



12 3
CONTROL INPUT OF THL LXAKPLE

INPUT

3*10 4.UU'4.14

0.5

B

-0.5

TJJ?

0.5

2.790.93
-0.5

0.5

2.69 3.610.90
-0.5

Pig. 4-4



124
simulation the suboptimal controller measures the output 

at every 0.01 seconds and corrects the preprogrammed sub­
optimal control. The summary of the results is tabulated 
in Table 4—1. The Table 4-1 shows that for 30# deviation 
from the initial position the suboptimal control results 
within a circle of radius 0.04 from the desired output 
while the nominal control without correction results 

within a radius 7.3 times that of the suboptimal one. In 

Figure 4-3 the suboptimal control and the nominal one are 
compared. In Figure 4-4 a state trajectory is plotted for 

each case A, B, C, D in Xy|-X2 plane, where the solid line, 
dot line indicate the state trajectory due to the suboptimal 
control, and due to the nominal control without correction, 

respectively.

4.7 Summary

In this Chapter it was shown that a design proce­
dure of a feedback suboptimum control law for the minimum 
time control problem (p- 00 ) was developed.

The proposed technique is based on the assumption 
that there is a known bound on the number of the optimum 

switching instants and that the dynamic system operates 

in the presence of small perturbations during the actual
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operation and that the perturbations are essentially due 
to the external unknown forces.

The limitation of the approach is that one cannot 

apply this technique to the system which is not normal.

The illustrative example showed that in case no 
correction is made on the nominal control regardless of 
the perturbations, the terminal error is more than 7,5 

times greater than those obtained using the suboptimal 

control scheme.

V SOLUTION FOH THE NON-LINEAR SYSTEMS

In this Chapter consider the dynamic system to 
be controlled is described by a non-linear differential 

equation

d x N(t)
^ -fc—  - f(xN(t),uK(t),t) (5-1 )

where £N(t) is n-state vector, ^("0 is for simplicity 
a scalar control input, f is a continuous real-valued n- 

tnown vector function of time t, xN(t), and uN(t) for 
t ^ O  and is continuously differentialable with respect

to 8111(1 un ^ *
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One cannot apply the technique developed for the 

linear system to the non-linear one since the technique is 
based on the results of the L-problem and the L-problem 
was restricted to the linear system only. However, one 
may extend the technique to the non-linear systems by 
linearizing the non-linear system around the nominal 
optimal control uĵ (t) and its corresponding trajectory .*,* 

2j$Ct).

5.1 Linearized System

Assuming that the system operates in the presence 

of small deviations from the nominal trajectory, one can 

write

(5.1-2)

Linearize the non-linear system described by (5-1) around

xN(t) - x*(t) + iX

x*(t), uj(t) and define xN and uN so that

d t -XN * £u n "H '

is satisfied, where

* f £
~-N 2 £n ’ UNxj(t) 3 “n

(5.1-3)

"N(t>
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Let x^Ct) end u-̂ Ct) be defined as

xL(t) * + (3.1-4.

uL(t) - + (3*1-5)

Inserting 0.1-4) and (5» * 'I—5») into (3*1-3) gives

dx(t)
— ------ L k2l ( * > +£u,uI( S } +£C *t* - ut, -1 ̂ -ix/N-iuNuN <5.1-6)

where it is assumed that the initial state xT(t.)=™L X
—N^ti)"2£o* ^hus, the above differential equation (5*1-6) 
describes a linear system aerived from what was originally 
a nonlinear system. Then the suboptimal control systems 
developed for the linear systems can be applied provided 
the linearized system meets the requirements of Chapter I .

The linearizea system has following properties:

Let the optimum control u£(t) be the solution of the problem 

1* (see Appendix A) for the linearized system. 
property 1

solving (5*1-6 ) with u-̂ (t) replaced by u^(t) gives

xL(t) - x*(t)

Property 2
The optimum control for the linearized system has the 

same form as that of uj^(t).
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27Let the costate vector ' for the non-linear system be 
£^(t)» And let the optimum lambda vector for the linearised 
system be Then,

A* - K0 Pg(tf) (5.1-7)
where t*. is the fixed terminal time: K is scalar, r o

To show Property 1 one must show that xL(t) ■ 
when u^(t) » ujj(t). When uL(t) « ujj(t), (5*1-6) yields

xL(t) - £(XpJ>uJJ,t) + - xjj(t))

and solving the abova differential equation

t
2l,(t)”i.(t*ti>2o''' (5.<t«B><I<£N*2N*t)-£xIJ£N(s) ds (5.1-8)

where ̂ (t,s) is the transition matrix of f.
-N

Making use of Property of the transition matrix

^Ct.s)
QB

in (5*1-8) and integrating by parts the integral in (5*1-8)
one obtains

xL(t) .J u . t ^ j ^  + J(t,s)xjj(e) x*(t)

since x * ^ )  3̂  .
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To show Property 2, one makes use of the Maximum Priciple
27' • According to the Maximum Principle, The optimum 
control u^(t), its corresponding trajectory xjj(t), and the 
costate vector £^(t) must satisfy

sRCt) - (5.1-9)

£jj(t) - -(£x )T Ej(t) (5.1-10)

with boundary conditions

xjj(ti) - 3^ ; - 2d i tf iB fixed

and
■ Mi I 1/(P“1) rri

uj(t) - |(2S £u n) I sen(E5 £u n) (5.1-11)

where is a constant scalar.
Also applying the Maximum Irinciple to the linearized
system, one may obtain a candidate for the optimum control

■ <p • 1/( P—1) rpu£(t) - K2 (t)f ) sgn(££ (t)^ )
N (5.1-12)

where is a constant scalar; J>£(t) is the costate 

vector corresponding to the linearized system. Moreover, 

u£(t), x£(t),j>£(t) must Batisfy

x£(t)»£(xj(t),ujj(t),t)+f (x£(t)-xJJ(t))+fu^ (u£(t)-

u £ ( t )  ) (5.1 - 1 * 0



with boundar conditions x£(t^) ■ i£(t^) »

According to Property 1, ujjj(t), a candidate for u£(t) 

satisfies (5.1-13) * (5.1-14) • Thus, ug(t) is a candidate 
for the optimum control. However, since we assumed that 
the linearized system is normal, u£(t) is unique and

u£(t) » u*(t).

To show Property 3, recall that the direction of the 
optimumlambda vector is the same as that of the costate 
vector evaluated at the terminal time t̂ .. According to 
Property 2, u£(t) « ujj(t) • Moreover, u£(t) « ug(t) 

if and only if £jJ(t) - ££(■£) within a scalar multiplicity. 
Therefore, Property 3 is asserted.

Hence it has been shown that a solution of a two-

point boundary value problem for the nonlinear oystem is also 

a solution of the two point boundary value problem for the 

linearized system. Hence, the nonlinear control law is a 

candidate for being the optimum control of the linear system. 
However*, what is assumed in the following suboptimum 
design is that a suboptimum control for the linear system 

is "close" to the optimum control law for the non-linear one.
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No analytic verification for this assumption is available 

at this time.
Based on the above assumption, one can reduce 

the original nonlinear problem to a linear one. Then the 
suboptimum control system developed for the linear system 
can be applied provided the linearized system meets the 

requirements of Chapter 1. The feedback suboptimal control 
scheme obtained for the non-linear system is as shown in 
Figure 3-1. In this Figure, the box marked " suboptimum 
co ntroller" realizes (2.3-1) (in Chapter II) which is 
obtained from the linearized system (3*1-6). The seeming 

difficulty with this approach is that one must estimate 

the impulse response for the time-varying linearized system. 
Although there is no general approach to obtain a closed- 

form expression for the impulse response of the time
varying system (3*1-6 ), there are some specialized techniques
37 for obtaining the impulse response of time-varying linear 
systems.

In case of problem 2( the minimum time suboptimum 

control problem) the terminal time is also corrected as a 
result of a deviation from the nominal trajectory according 

to the technique developed in Chapter III.
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In case there in a bound on the number of the 

switching instants of the optimal control, one can apply 

the switching method developed in Chapter IV to the corres­
ponding non-linear system( see the illustrative example 
given in section 3.2 ),

3.2 Illustrative Example

To clarify the technique developed for the non­
linear system, a problem of guiding an air-craft to a ter­
minal take-off area in the least time is presented here:
The simplified equations of motion of the air-craft in the 

horizontal plane are ^

Xyj » cos

x-2 m sin
x^ « - u(t) (3.2-1 )

where x^ and x^ are the Cartesian coordinates of the 

air-craft, x^ is the heading angle measured counter-clockwise 
from the positive x^ axis. The problem considered in this 
example can be stated as follows: Given a dynamic system 
(3.2-1) with a magnitude constraint on control,i.e.,
|u(t)|̂ ,1 find a suboptimal control which transfers 

initial states x^(0)- -2, x2(0 )- 2t x^(0)« /2 to the origin
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in the least time in the presence of perturbations.

It has been shown in reference 34 that a bound 
on the number of the switching instants is two and that 
the switching instants for a particular initial state 

2̂  are s ^ 0  ̂ - 0.33731, s ^ 0 ^- 4.79701. And the least 
terminal time t£^^ - 7*34861. The corresponding nominal 
trajectory x ^ \ t )  can be found as

(i) 0 4 t < 8jj(0)

x<j°)(t)—  2sin(tJC0^+2s2(0^-s^0))+sin(t*(0)+2s2(0^- 

2s*^°)) + 2sin(t*(0)+s|(0))

X2^°\ t )-2c o s ( t ^ ^ + 2s ^ <̂ - s ^ 0  ̂)-cos(t£^^+2s ^ ^ -  

2s*(0)) - 2cos(tJ(0)+ s ^ 0)) 

x£0)(t) . tj(0)+2(s2(0 )-s*(0)) + t (5.2-2)

(ii) 8*(0)£ t ^ S * (0)

x^°\t)-2sin(s2^0^-t*^0  ̂)-2sin(2s2^°^-tJ^°^-t)

*2^( t )»1-2cos(s2^^-t)+cos(2s2^^-t^®^-t) 

x<0)(t) - 2s2(0 )-t*<0)-t (5.2-3)

(iii) s|(0)^  t ^ t j (0) 

x^0)(t). 2sin(t-t*(0)) 

x2(0 ^(t)- 1-cos(t-t*^0 )̂



-135

x5(0)(t) - t-t*(0> (5.2-4)

To construct the suboptimal control, one first 

obtains the linearized system: From (3*1-6) one obtains
*

0 0 -sin(xj^°^(t)) 0

*!,<*> - 0 0 cos(x^°^(t)) iL(t) + 0

0 0 0 1

uL(t)+g(t)

(3*2-3)

where

cos(Xj°^(t>) + Xj'J',(t)sin(XjJ',(t)) 

sin(x^°^(t>) - Xj°^(t)cos(x^°^(t))

0

.(0), . (0 ),

Suboptimal Control Law
Since the bound on the number of switching 

instants of the optimal control is known, one applies the 
switching method developed in Chapter IV for the sake of 
simplicity: According to the design procedure presented

in Section 4.3* Chapter IV,

Step 1 Calculate

(a) State transition matrix * * . • >
In this particular example one can obtain the state
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31 sand f (t) commute for all t. Therefore,
transition matrix of f^ analytically since \ f (s)ds

) —N

J(t,s) - exp( ̂  ^  (s) ds)

and in this problem one obtains 

t t
exp(

t t
\ Lr (s)ds) - I + \ f. (s) ds ) (5.2-6)/ -N ' —N8 6

(b) The nominal trajectory x^^(t), which is calculated

by (5.2-2) to (5.2-4)

(c) U - -1

Step 2 Calculate x^k\t)
Assume that k - 0 for the sake of simplicity. Thus, 

employ x^^(t) as the nominal trajectory through the 
whole process.

(k)Step 3 Calculate

To simplify the the controller structure, a design 
procedure is taken so that the suboptimal controller 
measures an initial deviation £X and corrects the control 
input* For this purpose one finds initial
time t-0 which transforms &x into Note that
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becomes constant*in this case the matrix 
To obtain indicated by (4.3-14), one first deter­
mines h(0,s*^0^), v-1,2. Recall the dafinition of

h(t,s) * j(t,s)B

where B » [o  0 - l ] T

By making use of (5-2-6) one obtains

-sin(s * ( 0 ) )
cos(s^^) - 1

-1

(5.2-7)

h(0,sj(0))

-2sin(s^°^)-cos(s^0^-t )

-1-sin(s£^0^-t*^0  ̂)+2cos(s^0  ̂)

-1 (5.2-8)
and

h(0,t*(0))

-2sin(s^0  ̂)-2cos(s£^(’>'>-t£^^) + 1 

2cos(s^®^)-2sin(sp^^-ti^^) - 1

-1 (5.2-9)

Now inserting (5.2-7)t (5.2-8), (5.2-9) into (4.3-13)
_awith t,k, n, L^, £ replaced by 0, 0 , 3i %  0 respectively 

and making the inversion of the resulting matrix gives
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I Oil ^ 2 ^15

«t(0l - Q21 Q22 q23 (5.2-10)

Q31 Q32 Q33

where Q>I1*Ql2 » • q33 are defined as follows:

Let cos(a*(0)) * a; sin(s*(0)) £ a; sin(s*(0)-t*(0))*E 

cos(s^^-t£^^) £ b; D * ab+aT T)t then

Q11 -0 .5(a-E)/D i Q12 “ 0.5(b+a)/D i Q13« -0.5(a+b)/D

Q21 -(0.3a -S)/D; Q22 - (0.5a + b)/D

-(a E -0.5a +ab -b)/D ; - -T>/D; Q^2 “ b^D

q „  . (ab + ab -b )/D (3.2-11)

Step 4 Suboptimum controller
The suboptimum controller can be obtained from (4*3-7) 

with k ■ 0 :

u£(t) - - sgn(t-s^0  ̂ -as2(0))
(5.2-12)

where

AS1(C)- ♦ ^12^*2 + ^13^*3

ft®2  ̂ ^-Q2-jAX<i + ^22^*2 + Q23^ 3

+ Qj2ax2 + ^33**3 

Q11tQ12,**t ^33 are defined in (5.2-11)
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To demonstrate the effectiveness of the tech­
nique, one simulated the simplified suboptimum control 
system with an initial deviation ax, a deviation from 

xQ>j«-2.00,xo2* 2.00 in plan© and a deviation from
xQj ■ 'W2, a heading angle of the air-craft. The results 
are tabulated in Table 3—1 where the performances between 

the suboptimum system and the system with control input 
without correction are compared. The Table shows that 
in case no correction is made on control input regardless 

of disturbances, the terminal state error is more than 
five times greater than those obtained from using the 
suboptimum control system. The phase portrait in 
plane for each case A, B, C, D is given in Pig.3-2, 3-3 
where an actual trajectory indicated by the solid line 

is compared with the trajectory corresponding to the nomi - 

nal control. In Fig.5-4 the suboptimum control for each 
case is compared with the nominal one.

One showed in Fig.5-5 that the mathematical 
solution of the problem can be simulated using an electronic 
analogue-computer. In simulation of the air-craft in the 
horizontal plane, one usea three integrators and two 
oscillators as indicated in the solid line box. One can



SUMMARY OP .vESULTS

INITIAL STATE CON'
SUbOPTIKUK 

:EGL SYSTEM
OPEN LOOP CONTROL SYSTEM 

(NOMINAL CONTROL)

xo1 xo2 x ,o5 t*(D
TERMINAL ERROR t*(0)z£ TERMINAL ERROR

ax 2 4x2 **3

-1.990 2.010 1.700 7.4 -0.010 -0.064 0.020 7.4 0.307 0.300 0.180

-2.000 1.990 1.470 7.3 0.059 -0.058 0.010 7.4 -0.15:»-0.19€ -0.050

- .000 2.000 1.620 7.4 0.053 0.044 0.041 0.150 0.114 0.1 01

-2.000 2.010 1.670 7.4 0.016 0.117 0.050 — 0.240 0.232 0.1 pO

Table 5-1
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measure deviations of the position in plane and a

heading angle through the summing amplifiers 10,11,12.
The corresponding corrections of the switching instants

At^*"^ are obtained through the summing 
amplifiers 13*14,15* And the approximate switching 
instants s ^ ^ a r e  obtained through 20,18 which are

fed into the two integratore 1,2 as an initial condition 
respectively* The two integrators are for simulating the 

argument of the signum function given in (5*2-12). One 
stops operation of the system when the light is off which 
indicates t * t|/^

5*3 Nummary

In this Chapter it was shown that a design 

procedure of a feedback suboptimum control law for the 
control problems of a non-linear system was developed 

as an extension of the linear version of the problem.
The proposed technique is based on the assumption 

that the linearized system meets requirements given in 

Chapter 1 and that the suboptimum control for the linear­
ized system is close to the optimum control law for the 
non-linear system*
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The limitation of the approach ia that one cannot 

apply this technique to the non-linear system in which the 
linearized system is not normal.

The illustrative example showed that in case no 
correction is made on the nominal control regardless of the 

perturbations, the terminal error is more them five times 

greater than those obtained using the suboptimal control 

scheme.
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VI FURTHLn COMMENTS

In this chapter the above techniques are 

extended to the sampled version of problem 2, to the 

multi-input version of the problemt and to the fuel 

problem with an additional magnitude constraint on the 

control input. This chapter also includes some suggestions 

for further research.

6.1 Sampled version and multi—input version of the problem

6.1.1 Sampled version of problem 2

Consider an ra-output and a single-input system

whose dynamic behavior is described by the difference 
equations

x(n + 1)-A(n)x(n) + B(n)u(n) (6.1-1)
2bSolving (6.1-1) at the h-th step for a given

initial state x(n ) at n -th step gives— o o
h

x(N) - ̂ (N,no )x(no) + ^ ( N ti)B(i)u(i)
i«nQ (6.1-2)

where J ( n »nQ) i® state transition matrix of

matrix A(n).

The sampled version of problem 2 * (see appendix A) 

whose solution is quite analogous to the continuous one 

can be stated as follows;
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21Given a completely output controllable system

described by (6.2-2); a desired output x^ and an initial 

output xQ at the nQ -th step; a constraint on control input

I u(i) II p 4 Lo (6.1-3)

Find an optimal control sequence u(nQ),..,u(lO which 

makes x(h;*x^ at time N for minimum h. The solution of this

problem is quite analogous to the continuous one and is 

given as

u M n ; = L Q s ^ n  (  )  ( 6 . 1 - 4 )

where f h(N*,n) are defined as follows:

( 1 )  h ( h , i ) - J ( h f i )  3 ( i )

(2) is the minimand of the expression

min || K ||q (6.1-5)

^  £(Kii(n0) )“1 (6.1-6)

where e.(Nfx(no)) - x(K; - J(h,nQ)x(no) ;

n ii * * v<3II K « q - t  (Aj hjU ,i). )
0-1

(3) N* is the least terminal step obtained as 

the least value of h for which
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II K* II q - VL0
wnere K* is the value of h evaluated at ^

Now consider the suboptimal control problem, 

the problem of finding a suboptimal control sequence u*(n)

which makes the actual output approximately equal to the

desired one at time N for minimum N in the presence of 

small disturbances during the process.

In analogy with the continuous version of the 

problem one can solve the sampled version of the problem:

(i) huboptimal Controller

Prom (6.1-4) the suboptimal control can be 

obtained as
(6.1-7)

u* (n) -Lq |( ^  + A^Jh(I’ *+ AN,n)|q sgn( ( ^  +A^Jh(N*,n))

where T7q1 are defined as follows: (1) X Q

denotes a time-varying bound on control effort. When 

p*oo , X Q(n)«Lo wnich is constant since the magnitude bound 

is independent of time. This, however, is not true for 

1 ^P^oo since in tuis case the amount of "energy " 

associated with |( u ^  which can be utilized depends on 

the amount equal to the given LQ minus the " energy "
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expended during the interval nQ to n. (see (3*3-6) in

chapter 111).
<£ > ^  is the vector computed for x£ (n), the

norminal optimal trajectory and has the same property as

in the conti nuous case: the direction of tne ^  is

constant and

where m(M,n) is tue sample version of m(t*(t) give 

in (2*3-5) with the integral operator and t^,,t^ft 

replaced by a summation operator and ft*, nQ , n, respecti­

vely*

obtained in a similar manner to tnat developed in 

Chapter III

A j  - ra(N*,n) A* (6.1-8)

C3) AN are obtained from similar arguments developed

in chapter III;

wnere

*x(n) - x ( n )  - x* (n)

and the linear transformation can be
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6.1.2 Multi-input version of the problem

Consider the multi-input version of the problem
19which is the generalized case ' of a single control input. 

Without theoretical difficulty one can apply the suboptimal 

feedback control scheme developed for a single control 

input to the multi-version of the problem. Still the 

direction of the optimum lambda vector is invariant along 

the optimal trajectory. However, the magnitude of the 

optimum lambda vector may vary differently for each optimal 

control input u^(t),i.e., let be the optimum lambda

vector in j-tn optimal control, then

Atj - v v o  A*

on tne optimal trajectory, where m.(tf,t) may be determinedJ ^
from (A-^p) in appendix A in a similar way to that obtained 

for single control input, (see (2.5-9) )• The suboptimal 

control scheme is completely analogous to the case of 

single control input.
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6.2 Fuel problem with addcional magnitude constraint 
on Control input (Van Gelder problem)

Consider the case of p»1 in the problem 1• The
/I C  -j Q  7 Q  7  Lopen loop study has been reported in . since

the optimal input for p-1 consists of delta functions, it 

is of interest to study the case when there is an additional 

magnitude constraint on the input: Given a completely 

controllable system described by (1-1) in cnapter I;

a desired output xa at a fixed time t^ and the initial 

output at time t^; a magnitude constraint on the control 

input

| u(t)| 4  1 (6.2-1)

Find an optimal control which makes tne actual output equal 

to the desired output while || u ̂  ̂  is minimized.

The solution for this problem in the case of no disturbance 

is $0, :

u*(t)«sgn( A * Th(tr ,t)) for 1 <, A* ̂ h( tf , t ) (6.2-2)

u*(t) ■ 0 for 1 y ^*Th(tf,t) (6.2-5)
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where are chosen so that the terminal conditions

(1-7) with u replaced by u*(t) ((6.2-2) and (6.2-5)) 
satisfied, i.e.,

fre(t1,,x(ti))- V h(tr,s)u*(s) ds (6.2-4)

*1
Note tnat is a Lagrange multiplier and is slightly

different from the optimum lambda vector used in the 

previous chapters. nowever, one can see from (6.2-2) and 
(b.^—p) tnat tne direction of the is constant on the

optimum trajectory.
Now consider tne problem of finding, for a given 

open-loop optimal control u*,tne corresponding vector^** 
and the corresponding opcimum trajectory x£, the suboptimal 
feedback control law for small deviations from x* . To

solve tnis problem rewrite (6.2-2) and (6.2-5) as a single 

form,i.e •,
u*(t)-(1AO(ssn( + sgn(^

(6.2-5)

Let be small change in as a result of small 
deviation from the optimal trajectory x£(t). Then, the
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linear transformation matrix which maps ax into A k  

can be found as has been done in chapter IIi the linear 
transformation matrix can be found through a Taylor series 
expansion of (6.2-4) around and with u* replaced by

(6.2-5)* Suppose that tne corresponding matrix K, is 
found. Then one can obtain the suboptimum control as

u*(t)— 2— £ sgn( ( + 4&^) ih( t^f t) -1)

+ sgn(( + A^)Th(tf,t) + 1)J

where
^  - Mf *x
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6.3 Suggestions for Further Research

The research reported here also points out that 
additional work would be worthwhile in the following areas:
(1) Parameter Variation

In this dissertation one has focused on the distur­
bances essentially due to the external forces and one 
assumed that all the system parameters are known precisely. 
Row suppose that the mathematical model of the system is 
different from the actual system,i.e., the system matrix A,
B of the mathematical model are different from the actual 
one. Then, one may ask how a small change in the system 
parameters affects the performance of the suboptimal 

feedback control scheme. In the two integrators problem 

it was found in the simulation the variation of a^Clst 

row and 2nd column of matrix A ) within 10^ results in the 
terminal error being within a radius .06. However,more 
general theoretical study is required to obtain a bound on 
allowed parameter variations corresponding to a given 
terminal error.

(2) Simplified Linear Transformation Matrix

The linear transformation matrix or M. arenq t q
time-varying matrices and therefore, for certain cases,
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the evaluation and implementation of these matrices may
be difficult. Therefore, one may investigate the

possibility of whether one can overcome this difficulty
by using reasonably simplified matrices: One possibility

for this is to use M or M._ as constant matrices bynq t q
evaluating these at switching instants since is most 
effective around switching instants .

(3) Additional State Constraint
It is of interest to study the case of state

constraints in addition to control constraints.
17The open-loop study for this was reported in



Appendix A

In this appendix we wish to review some arguments 

leading to the solution of problem 1* and 2* (see footnote) 
stated in chapter I

(1) Solution of the Problem 1*

Consider that the case when there is only a single 
input (t). Problem 1* can be therefore restated as follows 
Find the control function u(t) which makes

I u II p - mln (A - 1 )
while maintaining

rff(hj) - I hj(tfts)u(s)ds - ej (A—2)

ti
where j-1t2t...tm; t^ and tf are fixed; e^ is the

0-th element of the vector e(t^#x(t^)) defined in (1-5);
h-i(tfs) is the response observed at time t due to an unitd
impulse applied at time t - s j  | u H p is a norm in Lp 
spaceti.e.f

tt p 1/p
l u H p  * |u<s)| ds ) » P>1 (A-5)

In the problem 1* and 2* we ask for open loop optimal 
control in the problem 1 and 2 in chapter I respectively.
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Consider now a linear functional

*f
f(x) ■ ^ x(s)u(s) ds (A-4)

*1
The norm of the functional f of (A—4) is defined aa

I ' " ’11 ■ 3 5  M "  '*-5)
One can choose that |f || - |\u|p when x iB in space 

with norm given by

Hx 4q  ̂ ) |-^SM  dS  ̂ (A—6)
ti

where q is congugate to p is defined by

1/p + V q  - 1

Thus, the variational problem (A-1),(A-2) can be 

reformulated as follows: Choose the bounded linear func-

tional f which has minimum norm

U f jj » rain (A—7)

and satisfies

f(hj) ■ (A™6)

The problem (A-7)*(A-6) is called the L-problem in the
<iTheory of moments •
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In solving the problem (A-7)t(A—8) it is assumed

that h ^ •••,hm are linearly independent. This will
certainly be the case if the controlled system is complet-

21ely output controllable • The cose when this condition
20is not satisfied has been treated in Kreindler's work . 

Since h^th2 >..•,hm are linearly independent, they span a 
m-dimensional linear space and the linear functional f is
completely defined on this space. Let h be defined as

m
h ■ Z \ ± hi U-9)

i-1

Then, we have

f(h) . f ( ^ hi > - 
i-i

Thus, we obtain

f(h) * I I * i ei (A—10)
i-1

The norm of f may accordingly be computed over this m 
dimensional space according to the definition (A-5),i.e.,

m
e.

II f | -  sup —  --   (A-11)
A  " h  H

1 17or equivalently * f



w i t h

- 1 (A-15)

where ^'s are not all zero; h - h and is defined

aS ■ M I ID i <1 V q
I hBq * ( \ | d" > <A-1^)

where the infimum is to be evaluated over all real 

values of ^'s.
17But now, according to the Hahn-Banach Theorem r 

the functional f defined by (A-10) over the linear span 
h can be extended over the whole L space without anq
increase of the norm. That is, among all the extensions 
of f, none of which can have a norm smaller than (A-11), 
there is certainly one which has a norm just equal to that 
given in (A-11). The norm evaluated in (A-11) or equival­
ently in (A—12) with (A-13) accordingly is the minimum norm 
sought in (A-7) consistent with the condition (A-8). This 

concludes the argument from the Hahn -Banach Theorem, which 
guarantees the existence of a functional f that solves the 

problem (A-7),(A-8) and hence of its function component u
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in L space which solves problem (A-1), (A-2).

Mr

Now consider rinding an expression Tor the optimum 
control u*(t). If u*(t) is the control which solves the 
problem 1*, then

II “ ’I P II q

with
m
E A i « i  - 1
i-1

Let be the minimand of the above expression} then

n u-» . 1 (a-15)n *p ii“*ii
with 7"Ajej “ where h* - T* ̂ l hi

The existence of solution has been demonstrated 
by an appeal to Hahn-Banach Theorem This argument
gives no direct information about the form of solution 
u*(t)* For this we turn to Holder's inequality for funct­

ional of the form (A-2) operating on h* and satisfying the 

condition (A-8). Using (A-10) this inequality gives

l«*->|-|f^«4iNp I **ii,
and recalling ^lAiei “ ^» “then we have
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,u'’ » “ F I T
Comparing (A-1b) and (A-16) we see that

I u Hp -

when the Holder's inequality is satisfied with equality 
condition ^7*18.19 tnameiy

u*(t) - k |2IA j hi(tf ,t)| s g n ( ^ A i  h ^ t ^ t ) )  (A-1?)

where constant K is evaluated to satisfy (A-b) which 
implies that

m
f(b*) = 2 ^ ^ i  ei (A-1b)

i-1
m

Recalling ] ^ A x  ei “ 1 * we °b-t&in
i-1

K - _---   * (A-19)
( II **11, >9

Thus, the problem 1* has been reduced to the
problem of finding the optimum lambda A* which minimizes

m
n h ||q subject to - 1• This is a minimization in

m-1 dimensional space and in s me cases can be solved more
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easily than the two-point boundary-value problem which 
arises from applying variational methods. Various itera­

tive techniques ^  are available to find the A*- And

also it has been shown that for certain cases this problem
2 5 2̂ +can be reduced to a problem in the calculus of appro-

1 ̂ximation .

Special Consideration of the Case of p-1

The development leading to the control function
17(A—17) applies strictly only for p>1 ,namely,only for

q ̂ oo• In the case when p=1, the expression (A-17) must

be given a proper interpretation. This can be accomplished
52by using a limiting process and letting q^ oo (Kirillova ^ ). 

This leads to

u*(t) . K I kvl 8(t-t ) sgn ( ^ h ( t f,t)) (A-20) v*1

where _* is obtained so that at A  ■ A*

min sup |X*h(tt)l (A-21)
A f

Thas minimum with A* ^

Note that S( t-tv ) is an unit impulse which occurrs at the
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instant or t at which a supremum occurrs and its amplitude 

must be determined. Constant K may be determined by 
letting ^*Te(tf ,x(ti)) « 1.

(2) Solution of the lroblem 2*

The least time control problem is closely related

to the minimum norm control problem (problem 1*). In fact

since there is an upper limit on liulD • that is, ^u| tP P ®
it is apparent that Lq will be the value of |u*|p that will 
enable us to obtain the least elapsed time T*-t£ - t^, if 

it exists, for which the minimum |f|\ of (A-11) becomes equal 
to L ,

ll* ft - L0 (A-22)

when we recall

lUft - - 1
ei

n h*nq

the least time condition is
m

l A i  .4
1’1 -  - L CA-25)o

for which the least value of t^ is obtained as the least
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terminal time t£ if its solution exists.
When the least time condition is satisfied, the control 
function (A-17) is

u*(t)-Lq |h*(t*ft)|q"1sgn(h*(tj,t)) (A-24)

In the case when p-1, the limiting process

letting q-eoo, can he also applied to the least time 
17problem r* . It leads as before to impulsive solutions.

17Since it can be shown that the product Lp spaces r* 

are also Banach spaces, all previous arguments apply to the 
multi-input cases. The norm on vector u whose elements 

are different inputs of the system is defined as in eq*(1-10), 
namely

| | 2J H P ■( Y _  lu ;:( t ) |Pi d t ^ / P j  ) V P
j-1 *i

then the following results can be obtained for the multi­
input version of the problem treated in this appendix:

Arp / |  o  ^1QSolution of the problem 1* for multi-input systems y*

tf q/q-i -1( j ds)q 9'i
ti _  l„.,. ^1*1

Id( l s i ,  >q
(A-25)
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where 1/p + 1/q -1 ; 1/p. + 1/q^ - 1 ; 1 p o o  ; 1 p. oou u J
and K(trts)-k1#k2#..tkm> k^ -k.j (tf,s) - ^  Thj(tf,s)

h.(t-,s) indicates the j-th column of the m x r impulse “J ^
response matrix of the dynamic system. And

h/ (t^ , s ) =k^ , k£« • * • t kj|| i kj(t^.,s) ■

where is maximand of
m

r  M  ®i
max — --------  (A-26>
*  ( « S « q )

Solution of the problem 2* for multi-input systems

In the case of the multi-input version of the
problem 2* the least time condition is

m
E ai Bi
1 ’ 1 -  L q C A - 2 7 )
I r i

for which the least value of t̂ . is obtained as the least 

terminal time t* if its solution exists.

When the least time condition is satisfied, the control 

function (A-25) is

uj(t) - |k*(t*,t)| d sgn k*(t*ft) (A-26)

1 ^oo ; 1 ^  ( oo



16?
In the case when p-1, the limiting process letting 
q — > oo can be also applied to the multi-input version 
of the least time problem. It leads, as before, to 
impulsive solutions.
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Appendix B

In this appendix one shows that a relation between 
the optimum lambda vector and the costate vector

E (t)J-27* is . K E(tf) (B-1)

where K is scalar.
27To show this, one applies the Maximum Principle f * 

to find the open loop optimal control u*(t) of the problem 1 
in chapter I to obtain

1

u*(t) - K1 |£(t)TB(t]| sgn (p(t)TB(t)) (B—2)
where is constant scalar; £(t) is the solution

x 27of the adjoint system of A(t) and is found to be 
J£(t) - J(tf,t)T£(tf)
where ^(t,s) is the transition matrix of A(t).

Now applying the solution technique of the 
functional analysis to the same problem, one obtains (A-17) 

in appendix A. Since one deals with the normal system, the 

optimal control is unique ^*and therefore, both solutions

indicated by (B-2) and (A-17) must be identical. Recall 
the definition of h(tf,t),h(tf,t) - J ( t f ,t)B(t) » and note

'jj ■ q-1 since 1/p -► 1/q » 1, to give (B-1).
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