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INTRODUCTION

The main thrust of this thesis is to investigate
the decomposability of certain algebras into wreath pro-
ducts, direct products and free products.

In 1964 A. I Smelkin Ll 2] introduced the notion of
a verbal wreath product of groups. In 1973 §mefkin]]i] in-
~troduced the analogous product for Lie algebras. 1In

-particular, he defined the verbalCEB-wreath product W of

the Lie algebras A and T (denoted W = A qub‘r) where
A is contained in a variety CEB of Lie algebras over

a commutative ring "\ with 1 . This wreath product

is the semidirect product of K and T , where K is

the ideal generated by A .

In general, it is not an easy task to decipher this
wreath product. However, SmeTkin remarks that this wreath
product has a fairly simple description if CES is the
variety of abelian algebras, (12 » and the underlying
coefficient:ring’J/&.is a field. In this case, this
verbal (Il -wreath prdduct is the semidirect product of B
and T , where B 1is a free T-module whose rank is equal
to the dimension of A . In this case W is simply de-
noted A wr T .

This thesis will be mainly concerned with such wreath

products. However we will adopt a rather different view-

point towards wreath products. Thus we will define, in
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general, quite different wreath products ffqm those in-
troduced by A. I. SmeXkin L1l . 1In the spirit of group
theory, we will define wreath products in terms of genera-
tors and defining relations (see Chapter 1, Section 1).'
Indeed, we are motivated throughout by group theory. 1In
fact, this thesis may be viewed as an attempt to cdrry over
to Lie algebras some theorems in group theory.

In Chapter 0 we record some of the basic definitions
and theorems that will be used throughout this thesis.

We define in Chapter 1 the wreath product of Lie al-
gebras and discuss its structure. In Section 3 of Chapter 1
we show that the center of a wreath product of Lie algebras
is trivial. This theorem may be viewed as the analogue
for Lie algebras of the corresponding theorem for groups.
We recall some of the details. In 1959, Gilbert Baumslag [_2.-]
proved that if W 1is the wreath product of a non-trivial
group A by an infinite group B , then W has trivial
ceﬁter. Peter M. Neumann {101 in 1964 generalized this
" result of Gilbert Baumslag's and proved that if A is not
trivial the center of W= A wr B 1is the center of D ,
where D 1is the subgroup of the base group of W con-
sisting of all of the constant functions. .

In Section 4, Chapter 1, we prove that the wreath
product of a non-trivial abelian Lie algebra by an ar-
bitrary Lie algebra is directly indecomposable. Peter M.
Neumann [)d] proved the corresponding theorem for groups,

specifically, that the wreath product of a non-trivial
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group by an infinite group is directly indecomposable.
In fact he goes further and states conditions on the
groups for the wreath product to be directly decomposable.

We investigate associative algebras in Chapter 2 for
two pfimary reasons. First, the universal enveloping al-
gebra of a Lie algebra is an associative algebra. Se-
condly, most of the Lie a}gebra computations are actually
performed in its universal enveleoping algebra. In par-
ticular, we prove that the free product of associative
algebras is directly indecomposable.

In Chapter 3 we prove a most useful result, namely,
that the universal enveloping algebra of a free product of
Lie algebras is the free product of the respective univer-
sal enveloping algebras. .Hence, working ingide the univer-
sal. enveloping algebra of a free product of Lie algebras re-
duces to working inside of the free product of associative
algebras. Chapter'B concentrates on the indecomposability
of free products of Lie algebras. Two main theorems are
‘ proved, namely:

Theorem A: A free product of Lie algebras is
never decomposable into a wreath
product of Lie algebras.

Theorem B: The free product of Lie algebras is
directly indecomposable. |

Chapter 4 concludes the thesis with several miscella .-
neous results on the finite dimensionality of some Lie

algebras and certain ideals of Lie algebras. We also
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prove that an extension of a finitely presented Lie
algebra by a finitely presented Lie algebra is finitely

presented.
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CHAPTER 0O
PRELIMINARIES
We first present some preliminary definitions,

conventions and notation.

Section 1.

If F 1is a field, a left F-vedtor space. "A ., equipped
with a multiplicatlon
ﬂzAXA'_éA

is termed a bilinear algebra if

(i) (r1a1 + r2a2. b)/LI = rl(al'b)/'/ + rz(azib)/

(ii) (a, ryby + ryb,) e = rl(a.bll;/ + rz(a.bzl/u
where ry 2 Ty € F, ajr 2o b, bl' b2 € A.

A 1is said to be associative if its multiplication
is associative, thdt is, if

((agrap) wrvaz) = (a(agag)wly (ag € A)
We will usually write ab in place of (a,bLA/ if A is
an associative algebra..

Definition 0.1. A bilinear algebra A over a field F

is termed a Lie algebra if

(1) (a.a%// = 0 for alla € A
(ii) [9.b.q] + [}.c.é] + [?,a,b] = 0
for all a, b, ¢ € A where @,b,c] = ((a,b)/,.c)/a .

The second condition, (ii), is called the Jacobi Identity.

We will usually denote the multiplication in 'a Lie algebra



| by .j , that is, we will write [a,b] in place of
(a,b;A/ . It is clear from the preceding definitions
that [b'.a] = = [a.b]m.

The concepts of subalgebras, ideals,factor algebras
and the isomorphism theorems for both associative and Lie
algebras will be taken for granted.

The derived algebra of a Lie algebra L is denofed L.
or [L,L] where _

el - {Z{"i'yi]\ Xje¥; € L}'
We define the center C of a Lie algebra L to be
the following set - .
c=§_ceL\[a,cJ=0forallaeL .
c .

A Lie algebra 1 1is called abelian if L

Let U be an associative algebra over some field F.
We define a new operation on U by

Gl = o -

for all x, y € U , where the operations on the right
side are the usual ones in JU. .. U , with the given
~ multiplication replaced by [ ._] , becomes a Lie
algebra, as is easily verified, called the Lie algebra
of the associative algebra U . This Lie algebra is
denoted by U~ .

Definition 0.2. A pair (U,i) is said to be a univer-

ersal enveloping algebra of the Lie algebra T if U

is an associative algebra (with 1) and i is a homo-

morphism of T into U~ and the following hold:



if U is any associative algebra and & 1is a
homomorphism of T into Y~ ', then there exists a

unique homomorphism @' of U ‘into U such that

e = ie » that is, the diagram
U= U"
N\ '
i N e
N
T U=y
Sou-y

is commutative. As usual, the pair (U,i) turns out to
be unique (up to isomorphism) and so we shall simply refer

to it as the universal enveloping algebra of T .,

Let L Dbe a Lie algebra over a field F generated

by a set X. . L 1is said to be free on X if, given

any mapping (P of X into a Lie algebra M there
exists a unique homomorphism kP: L —>M extending d) .

Definition 0.3. A presentation is a pair (X;R) where

X is a set and R is a set of X-words, that is, R
is a subset of the free (associative or -Lie,as is appro-
priate) algebra on X .

. Definition 0.4, If L is a Lie (or associative) algebra

and (X3R) 1is a presentation then we shall write
| L = (X3R)

if there exists a map ©: X —> L (set map) such that
the extension {7 of © to F = F(X) = the free Lie
(or associative) algebra on X satisfies:

(1) {D is onto;

(ii) ker @ = idp(R).
Notice also that this implies L = F/idF(R)' where

1d(R) is the least ideal of . F generated by R .



Recall that @ 1is sometimes referred to as the "pre-

gsentation map" and that it is often injectiv'é. Usually
© is implicit.

Definition 0.5. Let- X and Y be Lie subalgebras of

a Lie algebra W (denoted: X< W, Y< W ). Then W

is said to be the direct product of its-subalgebras X

and Y (denoted: X % Y ) if
(1) X and Y are ideals of W (denoted: X & W
and Y4 W );
(1ii) W is the direct sumof X and Y (denoted:
W=X®&Y), that is, X/\ Y= 0 and
W=X+Y (in other words, every w ¢ W
can be writtenas w=x+y, x€ X, yeY).
Notice that if W= X% Y then [x,y] = 0 forall
x € X andye Y .
Definition 0.6. Let W be a Lie algebra. Let B<&2 W ,

T < W . Then W is the split extension of B and T

(denoted: W=B>4 T ) if W=B & T .

. It is clear that

wWB=38oT/B%T/BNT= T ,
Also in BYQ T the multiplication is

Lo+t br+t7] = (Ub,o7] + [6.0%] +[b,t'—l ) + Et,t"_\ .

Notice that if B is abelian then

Do+t or+t] = ([to07 + [oottl )+ [

Definition 0.7. A derivation § of a bilinear algebra

U 1is a linear map

S:U-—-—)U



satisfying the product rule

(ab)§ = a(b)§ '+ (a)Sb .
So if U is a'Lie algebra this becomes

[a,b38.= [a.bS] + {ag.b] .

The set of all derivations of U is denoted as Der U .
If End U is as usual the set of linear transformations
from U to U , then clearly Der U is a vector sub-
space of End U ., It-is easily checked that the bracket
. ‘-_S ; 6'-_1 of two derivations is again a derivation.
This turns Der U into a Lie algebra (indeed a Lie sub-

algebra of (End U)~ ).

Section 2.

The following are some theorems that we will make
use of throughout this paper.

The first of these is the so-called Poincare’ -
Birkhoff-witt Theofem. In order to explain, let V be
a vector space over a field F . Then the tensor algebra

TV of V 1is the direct sum of veector spaces
W = V@ V@ ...V (n=0,1, ...)
Here TOV is by definition simply F . The multipli-
cation in TV 1is defined via distributivity by
(a1® ...@ap) . (b1® ...®bm) =
2)® .. @23 @& ... Qb
This of course turns TV 1into an associative dlgebra
over F .

Now suppose L 1is a Lie algebra (over F ). On

forgetting the multiplication in L , the tensor algebra



TL on L can be formeds Let now I be the ideal of
TL generated by the elements of the form |
a b - b&®a - [a.bj
where a,b ¢ L and, of course, [a,b] is the
product in L itself. Now put
U= TL/1
and denote the coset of a;® ... a, in U by
aq8y eesca, d )
al@az@... @an+I=a1a2...an (aié L).
Then, adopting the notation above, we now state the

following theorem.

Theorem 0.8 (Poincare” -Birkhoff-witt & 1)

If i is the homomorphism of L into U~ defined

by
is at——>a+ 1 (a ¢ L)
then (U,i) 1is the universal enveloping algebra of L .
Furthermore if
Xy0 Xpr eee

is any ordered basis of L +then 1 together with the
elements

x(i,1)x(i,2) ... x(i,m) ((i,1) ... <(i,m))

where we will write x(i,j) for x; and (i,j) for ij ’
J

form a basis for U .
Notice that this . contains. the information that
i is actually a monomorphism. L can therefore be
jdentified with its image in U~ , Moreover, if L is

now thought of as a subset of U and if a,be L , then



ab - ba = La,b]

where the right hand side can be viewed eith;er as the
given product in the Lie algébra L itself or as the
left hand side, that.is, the difference of two products
in the associative élgebra u .

We will need the following analogues of two well-
known theorems from group theory.
Theorem 0.9. (von Ryck's Theorem L&)

Suppose A and B are Lie algebras where A and

B can be presented as follows:
A = (X;R) and B = (T3R U S).

Then the map that sends x qua element of A to x
qua element of B defines a homomorphism of A onto B .

Theorem 0.10. (B. H. Neumann [63 )

If
L= (X940 oo .xn;h) (n < oo)
is a finitely presented Lie algebra, then there exists a
finite subset S SR such that
L= (xl. cee xn;S) .

The proofs of these theorems are analogous ""bo the
corresponding theorems for groups and will be omitted here.

All of the Lie algebras discussed in this thesis will
have as the underlying ground field, the commutative field F .

1 1xy will de-

1

If G is a group and x,y €G then [x,y]=x""y~

note the commutator of x and y in G . xy=y' xy will de-
note the conjugate of x by y . If L~ is a Lie algebra,

x,y& L then [x,y] is the Lie product of x and y in L .



CHAPTER 1

WREATH PRODUCTS

Section 1. Introduction

Recall that if A and T are two groups where
A= (X3R) and T = (Y;S)

then a presentation for the wreath product of A and

T (denoted: A wr T) is:
Awr T = (XUY;RUS U {[x.x""il’a)]\ x,x' € X
and w(y) is any word in Y#1 in T} )
By analogy we make the following

Definition 1.1, If A and T are two Lie algebras

" where
A= (X;R) and T = (Y;S)
then the wreath product of A and T , denoted A wr T ,

is defined by

Awr T= (XVUY;RUS U {_[E"Q&)'VQ)] ' [W'(,i,)""—(\y_),—ﬂ}
v {0 D] 1) )

Lemma 1.2. P = AXxT, the direct product of Lie algebras

A and T , is a quotient of W .
Proof
Clearly P and W are both generated by XuvYy .
Since P 'is the direct product of A and T

[(wwv] @]l =0

and



i), Tyl ) =0 o
Since A and T are embedded in AxT , both R
and S are satisfied in AxT . Hence all the relations
of W are satisfied in P and P is a quotient of W
by von Dyck's Theorem(0.9). ‘
Lemma 1.3. Ae>W, that is, A is embedded in W .
Proof |

In W=Awr?T, set X =L, (X), that is, the Lie
subalgebra generated by X , and T = La(Y) . Clearly,
A<W and T=w . Let
AW—>> AXT

be the homomorphism (actually the epimorphism) of Lemma 1.2.

Then
Tt owDmaxr
\VO(
A
Where o tat+—a , t~—>0 . Here V 1is the com-

position of o , /L aﬁd i , that is,
Vv =1 Ay,
It is clear that ) is the map that sends x qua
element of T to, x. qua element of A .
Now ’Av clearly satisfies the relations R of A..
Hence by von Dyck (Theorem 0,9), we have the epimorphism

~)
‘0 tA —>7 A
which sends x qua element of A to x qua element of T.

It is clear that (V= 1 and 1)F= 1 , so
A

T A



that is
Ae—DW
and the lemma is proved.
By a similar argument, we also have

Lemma 1.4. T e«—> W, that is, T embeds into W .

. . . st . A
So we may now identify A with A and T with T .

Definition 1.5. Let W= A wr T . Then the bottom B

of W 1is defined to be
B = idw(A).

Notice that if M is an abelian ideal of a Lie
algebra I then M can be turned into an L/M - (Lie
algebra) module by setting

m(a + M) = [_m,aj (meM,ael).
This vaction" of L/M on M can be extended to an
action of U(L/M) on M . This then turns M into a
right U(L/M) - module in the usual sense.

Theorem 1.6, If A 1is an abelian Lie algebra, then the

bottom B of W= Awr T is also abelian. If B 1is

_ viewed as a right U = U(T)-module then B 1is actually
a free U-module freely generated by any chosen basis of
the vector space A .,

The proof of this theorem will be divided up into
four lemmas, which depend in part on the following con-
struction. The hypothesis of Theorem 1.6 will be adopted
throughout.

Let A and T be copies of A ‘and T respectively.

Let B be the free right U(T)-module on a basis for A .



We can form the semidirect product
@F=8M7T

of B and T using this action of U (%) on B .

We remind the reader of the details‘. First the
vector space structure of W 1is defined by putting
W=T®&B .
Then W is turned into a Lie algebra by defining
(1) Cypregavgrxg] = [vpovp] + (x5 - xp9p)
where x; C B , yic—’f' for i= 1,2, Clearly xy
is the product given in B as a U(T) module.

Notice that

(i) [5%) =5t for T¢F , 5B
(2) (ii) B4 W
(iii) #W/B= T .

Finally observe that
. W= La(’r uXx) .
The preceding remarks are made use of to prove the

following lemma.
Lemma 1.7. There exists a canonical homomorphism

O W —>W
which maps X+—> X and y+——>y where x¢X, yeY .
Notice that & , if it exists, is simply the ex-
tension of the map |

X—> X , Y—> ¥ (xeX , yeY) .



But the latter map does indeed extend to W because the
defining relations of W go over into relations in 'W .
Observe next that
Lemma 1.8, idw(l) =B .
Proof
To see this observe first that since A<B
idg(A)<B .
In order to prove the reverse inclusion notice that if
be B then b can be expressed in the form
b=Zau .
Here the a range over part of a basis for A while the
u'eu(T) . Now each u occurring can be written: in
the form
8= Z¥ 3(5,1%(3,2) ... ¥(§,r)
where Y€ F, (jy1), eeuy (jor)e T, (§,1)=(j,2)2 . &
(jor), and {’Ej\jéJ} is an ordered basis for T . So
B=Zau=22% at(j,1) ... Ei,r) .
But it follows, on repeatedly invoking (2(ii)), that
Yat(j,1) .o T(j,r) =

¥ L... [_[a,%(.j.n] 3(5,2) ] ...jl,ft(j,r.)] .

S
¥ at(j,1) ... T(j,r) € idg(R) .
Hence b € idw(K) « This completes the proof of the
lemma.
Now since © 1 A~——>X then it follows that
© + B——>B . Indeed, we claim the following:



Lemma 1.9. The restriction of & to B ,
e\B —>B , is an isomorphism.

Proof

It suffices to prove that there exists a /9 such
that g B—>B where p(g[8) =1 and (QIB)‘p =1,

Recall that if W 1is a Lie algebra, B an abelian
ideal of W , then B can be viewed as a  U(W/B)-module
Aby setting

a(wtB) = [a,w] .

Since W/B'ng , B can therefore be thought of as a
U(T)-module . But since p 2T , B can also be
thought of as a U(T)-module. Hence since both B and
B are U(T)-modules, we can use the "freeness" of B

to show that f7 exists.
In other words, if B is any U(T)-module and
F',)'E ——>B (where here ( ' sends X to x )..' then
there exists an extension homomorphism () of 'a'
such that (7:?3‘ —>B . Clearly ¢ is such that
F(@[B) = 1 and (QIB)€ = 1 as desired.
Moreover, it is clear from (1) that B is abelian.
The proof of this lemma completes the proof of
Theorem 1.6, but we can additionally observe that
Lemma 1.10. ©:W——> W 1is an isomorphism.

Proof
Since W= L,(AUT) it follows that

W = B+ .
So if we& W , then ’
w=b+ t (béeB, téeT ).



Suppose that wekere . Thus
0=we = DO + t@ .,
Notice that b©&e B and t@&T . Since
W=Be6T
it follows that
b =0= 1t .,
But © is an isomorphism when restricted to BH and T .
Hence b=0 and t=0 , that is w=0 and the proof of
Lemma 1.10 is complete.
It is clear that we have

Corollary 1.10.1. W= A wr T=B&®&T .

]
3
&
o

This is easily observed. Since W .= W and W
as a vector space, 69'1 maps T onto T and B onto B .

So W=T®&B=B®T.

Section 2. A universal mapping theorem.

Proposition 1.11, ILet A, A° and B be arbitrary Lie

algebras. Let o 1A—>7 A* be an epimorphism. Then
there exists an epimorphism

/AJ:A wr B—>> A" wr B .
Proof

Consider the following presentations:

A= (X3;R) and B = (Y;S) .

Then '
W=AwrB-= (XuY;z)

where



2 = RUS u{[wg) Y_w (x) v ()1 3R, .
L Lo, VJ)] Lwe(), v,&y)]]k :
Notice, since o 1A —>> A is onto, X generates A* .
Also A" ¥ A/kero = F(X)/Q , where the latter iso- |
morphism is induced by the isomorphism between A and
F(x)/idF(R) . Notice that R<.Q and At = (X:Q)
Now
#

W' = AT wr B= (XuY;z')

where

2* = qus u (o), W) eIl § U
{{[w@.uﬂ.[w,\gx).v;\(y)] 13 ,
Since Z*:D Z it follows immediately (from von Dyck's
Theorem (0.9)) that the canonical map from W to W  is

a homomorphism.

Section 3. The center of a wreath product of Lie

algebras is trivial.

Let A Dbe an abelian Lie algebra, T an arbitrary

Lie algebra. Recall that
Awr T=7T@B={tol|ter, beB ¢
where B is the free right U = U(T)-module on a basis
for A , and the Lie product in T ® B is defined as
follows:
Letogitaro, 1= Logaty ]+ (018,058,

where Db;€ B, t,6T (see (1)).

Consider the set:

N = z(“ 0” u e u(r) , b«:—B\S |
b0 o -



These matrices can be multiplied naturally, that is
(uiﬁﬁ(u'oﬁ - (uu' O>
b O b' 0 bu*. 0
.and as such form an associativg algebra. For any s,t é‘l‘fj
define [s.t] = st - ts where the operations on the
right are the usual ones in N as an associative algebra.
(N, L 1) = N is a Lie algebra. Consider
=L E] e ven
Clearly M =N ., Define a vector space map y? such that
PiWw=T® B —>MNM

— t 0
¢’:t + b 72 (1)())

It is easy to.prove now that

where

Proposition 1.12. 99 is a Lie algebra homomorphism. In

fact, (/ is an isomorphism.

We now prove

Proposition 1.13. The center 2(M) of M is zero.
Proof '

If (g: 8) ¢ Z(M) then {'(: 8))(3 g)] = 0

for all bé& B , by definition. But

K( (3] (8 8)

for all 9 ¢ « Hence we must have -bt' = 0 for all

aj; where a; 1s one

of the generators for A , bt' = ait' = 0 . But since

bé B . In particular, for b =

the aj are all basis elements, we must have t' =0 .

So if



({ﬁ: 3)e Z( )

0 O
(b' o) € Z(M )

(2 8) 8- o

for all té¢T, beB . Hence

o 0)_
' (b't o)" 0

for all téT implies that b't=0 for all t&T . Now

then t'=0 . Now

implies that

b'€ B implies that b's Zaiui , u €U(T) . If
t#0 , then
0 = Db't =Z—ai(uit) . .
Hence u;t=0 (all. I.) 'implies. u;=0.(all 1) since t#0 and

U”:iS~an integral domain. .. So. b'=0 and 2Z(M)=0 .

Proposition 1.14. 2Z(W)=0,
Proof

Z(M )=0and W& M . So 2(W)=0.

Section 4. Direct decompositions of wreath products

of Lie algebras.

A. In this section we will show that the wreath
product of a (non-trivial) abelian Lie algebra A by
a (non-trivial) Lie algebra T is directly indecomposable.
We do not know what happens in the general case because
the structure of the wreath product of arbitrary Lie-

algebras. is unclear.
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In order to prove this we will first show that if
a Lie algebra is directly decomposable then the dimeﬁsion
of the centralizers of all of its elements must be greater
than or equal to two. We then choose an element from B
‘the wreath product and show that the dimension of its cen-
tralizer is less than two. Hence, a wreath product of
Lie algebras can not be a direct product of Lie algebras.

B. Let W=A wr T where A0 is an abelian Lie
algebra and T#0 1is an arbitrary Lie algebra. Recall
that W= AwrT=B®T where B 1is the free right
U-module on a basis for A and U is the universal en-
veléping algebra of T .

We begin by proving (see Definition 0.5)
Lemma 1.15. W# BX T .,

To see this we need only point out that T is not
an ideal of W . If T were an ideal of W , it
would have to contain all products of the form [ai,t:] R
where the a; are basis elements of A and tC T ,

/0 . But the products [a;,t| = a;t# 0 . Hence
BNT# 0 . This contradicts the definition of direct

product.

Lemma 1.16. W 1is not the (non-trivial) direct product

of B and T* , where T' ¥ 0 , T'2W .

Proof
Suppose
W= BXT' .. (T'¥#0) .
Let teT , t#0 , then t=Db+ %' , becB, t'¢gT'.

Choose some a &€ B where a 1is one of the basis elements



of A . Then
0= [a.t'] since BNnT' =0 ,

La,t-0]
\'_a.t] - Ea.b]

= [_a,ﬂ since B 1is abelian.

So 0=at in B . But a 1is part of a basis, so
a#0 . Hence it must be that t=0 . But this is a
contradiction. Therefore
W# BXT' .

Befinition 1.17. If 1 1is a Lie algebra and wel ,

the centralizer of w , cr{(w) , is defined as follows:
er{w) = {xeL'@.x:{:Ok .
Lemma 1.18. Let L ©be any Lie algebra such that
L =CxD where C<L , D€L , C¥o¥D . If el

then the dim(er(f))=Z2 , where dim denotes dimension.
Proof

Let Ael . Without loss of generality, we may

assume £#0 . Then fec+d , ceC , deD . Now
Letd,d] = [e,a] + [d,a] =0 .

So decr(d). Also
[c-l-d,c] = [c.c] + El,c] =0 .

Hence cecr(f) .

If ¢#0#d , then ¢ and d are linearly inde-
pendent since they occur in different factors. So clearly,
dim(er(D)z2 . )

Suppc;se one of ¢ and d is zero, say ¢ . Then

f=c¢ . Soall of D centralizesﬂ . Hence, cr(2 >
{c.D_k « 'Therefore, in all cases, dim(er(f))Zz2 .
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Cs Choose w=a+t where a 1is same. basis elementA
of A and t€ T , 0 . If ¢ & cr(a+t) then
0= [a+t,c] = ig.c] + [t.c] .
This implies that
(3) 0 = [a.C] + [t.c] .

Ezggositionv1.19. A non-zero element c¢ ¢ cr(a+t)

is neither an element of B nor an element of T .,

Proof

(i) Suppose c € B . Then from (3) we obtain

0= [a,c] + [ﬁch = -ct .

So e¢=0 , a contradiction.

(ii) Suppose'Ac &T . Then from (3) we obtain
0 = [a,q] + [f,c]

and so

) (ane] = o] -

But the left hand side (lhs) of (4) is in B and the
right hand side (rhs) of (4) is in T , so that we
must have

[a.c] = 0= [c,t]
since Bf]T =0 . This implies that c¢=0 since a

is some basis element of A .

Hence ¢ is neither an element of T nor of B .



This allows me to prove

Theorem 1.20. The centralizer C of w=a+t 1is one-"

dimensional.

We shall divide this theorem into two lemmas (1.25
and 1.26) and one corollary (1.26.1), But first we
recall . the following, and state some definitions.

If {_uj]jé.J} is an ordered basis for T , then
the elements '

u(i,1)u(i,2)...u(i,r) ((i,1)=(i,2)= ... =(i,r))
and 1 from a basis for U (by the Poincare -Birkhoff-
Witt Theorem (0.8)).

Definition 1.21., An element of U is termed a monomial

if it is written in the form
xu(i,1)u(i,2)...u(i,r) (ee¢F,=x5#0)
where the u's are basis elements of T . We allow
r=0 which.is interpreted simply as & .

Definition 1.22. An element of U is termed a straight

monomial if it is written in the form
u(i,1)u(i,2)...u(i,r) &ePR,x50)

"and the wu(i,j) are basis elements of T , where

(i,1)=(i,2)< ...<(i,r) .

Definition 1.23. The weight of a straight monomial m ,

where

 u(i,1)u(i,2)...uli,r) ,

m
(i,1)€ ... £(i,r) 1is defined to be r . We will write:
Wt(m) =X .
Notice that the definitions exclude 0 from the

straight monomials,



Definition 1.24, An element ueU 1is termed homogeneous

of weight r if it can be written as a sum of straight mo-
nomizls of weight r . ”

Notice that if ueU (u¥0), then it can be written
uniquely in the form
(5) u=u(0) + u(l) + ... + u(p)
where u(r) 1is homogeneous of weight r .+ Notice that

u(p) is the term of highest weight.

Lemma 1.25. 1If

oeu(i,1)u(i,2)...u(i,r)
is a straight monomial and if u is any basis element
of T , then
S u(i,1)u(i,2)...u(i,r) . v =

S 4+ C¥'u(i.l)...u(i,k)uku(i,j+1)...u(i,r)
~ where G~ is either zero or a sum of straight monomials
of weight less than r+l1 and

(i,1)=(i,2)< ... 2(i,j)=k=2(i,j+1)=...=(i,r) .
Proof

The proof will be by induction on r , the weight
of the monomial.

Suppose 1r=1 , then for

m=ocu(i,1)
mew, = & u(i.l)uk
If (i,1)€k , then we are finished, that is, u(i.l)uk
is a straight monomial as it stands. If (i,1)>k, then
u(i,l)uk = uku(i,1)-uku(i.1)+u(i.1)uk |

wu(i, )+ [u(i, ) | k<(i,1) .



So u(i,l)u, = uku(i.l)-i-zé(juj » orjef
since {u(i.l).ué] ¢ T . Notice that wt(O(juj) =
i<r+l =2 , for all r as required.

Now suppose the theorem is true for some r>1 ,

that is
u(i,2)u(i,2)...u(i,r) . w =
q o+ u(i,l)...u(i,j)uku(i,j+1)...u(i,r)

where < 1is a sum of straight monomials of Weight
less than r+1 and

(i,1)= (i,2)z «os =(1,§) 2k =2(i,jH)z ov0 =(i,r) .

Consider u(i,1)u(i,2)...u(i,r)u(i,r+l) , a straight
monomial of weight r+1 .
Case 1., Suppose k32(i,r+l) . Then u(i.l)..{u(i,r+1) .
is a straight monomial and we are done.
Case 2. Suppose k<(i,r+1) . Then

u(iol)---U(i,r)u(i,r-i-l) . uk =

u(i,l)...u(i,r)(uku(i,r+1)+u(i,r+1)uk-uku(i,r+1))

u(i,1)eeou(i,r) (ueu(i,r+1)+ [u(i,r+1),u] )
u(i,l)...u(i,r)uku(i.r+1)+u(i.1)...u(i,r)quuj _

(u(i.l)...u(i.j)uku(i,j+1)...u(i.r)+€?)u(i.r+1)

+quu(i.1)...u(i.r)uj =
u(i,l)...u(i,j)uku(i.j+1)...u(i,r)u(i.r+1)
(6) +u(i,r+1)+ Zog guli, 1) eu(d,rug
where

(i,1)e...2(i,j)=kc(i,jtl)= o2 (i,r)= (i, r+1) .
Since by the induction hypothesis < is either
zero or is a sum of straight monomials of weight less

than r+1 , QG u(i,r+l) can be written as a sum of
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straight monomials of weight iess than r+2 . Simi;arly
we can "straighten" the monomials involved in
-%;csu(i,l)...u(i.r) . Uy

and obtain a sum of straight monomials of weight less
than r+2 , or zero. Rewriting (6) we are led to the
equation
u(i,1)eeceu(i,r)u(i,r+1) . uy =
7 =u(i,1)...u(i,j)uku(i.j+1)...u(i,r)u(i.r+;) + CTJ .
where

(1,1)€ vvv 5(1,§) £k £(4,§+1)2 o00 2(1,0) S (1,r+1)
and & ' is a sum of straight monomials of weight less".
than r+2 , or O ' 1is zero. This concludes the proof
of Lemma 1.25,

Iﬁ follows from the proof of Lemma 1.25 that we have
proved

Lemma 1,26, If u= u(0) + ... + u(p) , uniquely,

(u#0) and u, is a basis element of T , then
Cu ey = v(0) V(L) + el 4 v(pH)
where v(i) 1is either zero or homogeneous of weight i
for i=0, ..., p and v(p+l) 1is homogeneous of degree
ptl , pti 2 0 .

As a consequence, we have the following corollary.
Corollary 1.26.1. If wu= u(0) + ... + u(p) , (uwf0) |,
uniquely, and t =.jqujuj & T, t#0, then .

ut = v(0) + v(1) + ... + v(p+l) , v(p+1)70

where v(i) is the homogeneous component of weight i or

zero, and p+l>0 .



D. We now make use of the following calculations.
Suppose ceC = cr(att) . If c=d+s , df0¥s , deB ,
seT , then
[g+t.d+s] = [a,d] + [g,é] + [%.d] + [y.s] = 0
which implies
as - dt = 0= [s,t]
since BNT=0 , So as=dt and [s,t] =0 .
Now if d=2féiui » WU ._the.univergal enveloping
algebra of T , then dt=Za;(u;t) . Since as=dt=
ji:ai(uit) then dt=ak(ukt) (for some k) and all other
uit=0 . So:.ui=0;wsince g..is an‘integral.domain.:Here”

'~ak;a~;'Simplifying.notation.we write. u.‘for',,uk o -.S0O

(8) d = au .
Therefore
(9) as = a(ut) implies s = ut .

We shall examine this equation (9), which invoives only
elements in T .
Recall that s=ut where s,teT , s#0#t, uelU and
u#0 . So we may write s=s(1) . Write u in the form
u=u(0) + ... +ulp) , (u(p)#0, p=0) .

So

ut = v(0) + ... + v(p+1)
by Corollary 1.26.1 . Hence, we obtain

s(1) = v(0) + ..o + v(p+l) .
Hence p=0 1is thé only possibility, that is, ueF .
So rewriting (8) we have the equation

d = «a (gfeF) .



Now d=ora and s=«t , since d=au and s=ut
by (8) and (9), where d+s & cr(att) . So d+s =
cAat+ Xt = o(a+t) . Therefore the centralizer of
w = at+t 1is one dimensional as desired. This completeé

the proof of Theorem 1.20,
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CHAPTER 2

ASSOCIATIVE ALGEBRAS

Section 1. Introduction

We first define a free product of associative

algebras ( F , the underlying commutative field).

Definition 2.1. C 1is said to be the free product of

a family of associative algebras { Cj‘ jed } (with 1.
for each j ) iff
(3) ¢ =alg(c;| j €9
(ii) for every associative algebra C' and every
family of algebra homomorphisms Q(j‘cj';—;> c* ,
there exists an algebra homomorphism <¢ such
that o« :C —> C' extends < 3 (j&J) .
Let A and B be associative algebras with 1 .,
Let X ={1‘§U{Jeg\ i€ Ik and Y = {1{0{&:\1 ¢ Ik
be bases for A and B respectively. Consider { 1 g

and the set of monomials

J Y .
(1) a e 1(i.l)e 2(i,2) ceo € T(i,r)
where ¥, @{A,Bk and Xi # b/i+1 . It is easily seen

that this set constitutes a basis for P = A *a B , the
free product of associative algébras A and B . We also
term Ya (X €& F, = #0), where a 1is given by (1), a

monomial of weight r . Notice that every element u¢g P,
u#0 , can be written uniquely in the form
(2) u=u(0) + u(l) + ... + u(n)



where u(0) &€ F and each u(i) is either a sum of mono-
mials of weight i or zero., We term u(i) +the homo-

geneous component of u of weight i . Notice that the
form (2) depends on the choice of bases for A and B .
Since this choice is made at the outset we shall have no

occasion to mention it further. We term u of weight n

if u(n) ¥ o .

Section 2. A free product of associative algebras A

and B 1is directly indecomposable if A

and B are integral domains.,

A. In this first part of Section 2 we prove
Theorem 2.2.
Let A and B be associative algebras. If A
and B are integral domains, then there exists an ele-
ment peP (p#0), P = A *a B , such that cr(p) = F[pl .
Proof |
Choose pe¢ P (p#0) such that p = ef , where
1# e is and element of X and 1 # f is an element
of Y . We will show that C = cr(ef) = Flef] . Let
wué&c , w0 . We will prove that u & Flef] by in-
duction on the weight of u .
Let ue ¢ , wt{(u)< 1 ., Writing u in its homo-
geneous form, we have ‘
u = u(O).+ u(l) .

Since ué&C = cr(ef), we. have
(3) u(ef) = (ef)u .



If u(1)70 then u(l) = Z«x + Zgy (xeX, y& Y).
consider the term of highest'ﬁeight on the léft'hand side
of (3) (lhs (3)) and the right hand side of (3) (rhs (3)):
-1hs(3) = Z/g yef and rhs(3) = T oefx .

So
(4) sz?yef = Zocefx
which is not possible since lhs(4) ends in f & Y and
rhs(4) ends in x€ X . So we must have /g = 0= % for
all < and /6 .

Therefore u= u(0)e F and u & C is trivially a

polynomial in ef . So the theorem is proved for wt(u)

<1 .,

Let ué also consider the case when u & C has weight

two. That is |

u ='u(0) + u(l) + u(2) (u(2)¥0) .
Since u €& C we have
(5) u(ef) = (ef)u .
Consider u(2) , the term of highest weight in u
C(6) u(2) = Zoawe + Zx'w'e' + ZAVE + ZAV'E"
where w, w', v, v' are all of weight one, that is, are
equal to e, f or one of the elements e' in X - {ek
or f' in Y - {iﬁi . It is clear that we have taken all
the terms in u(2) and grouped them as follows: first,
those terms ending in e ; second, those terms ending in
the elements of X -{_e} , denoted e' ; third, those

terms ending in f 3 and last, those terms ending in

elements in Y - {f_} , denoted f' . Alliof the

A



monomials are straight (see Definition 1.22)., ~ °  So

v and v' are equal to e or one of the elements e

and w and w' are equal to f or one of the elements f'

Congider the terms of highest weight, that is of
weight four, in (5):
(7) 2ﬂvfef+ Zg'v'f'ef = 2/3fvf+ Z'/g'efv'f' e
Since no terms of the lhs(?7) end in any f' (f#f'), it
must be that

ZR'efvifr =0

Hence
(8) gr=0 .
Rewriting (7) we have

ZAvfef = z/gefvf

which implies that for some i and

'givifef = ,K;jefvjf .

Hence
A= /% and vi = e = v,
forall 1 and j . So (6) may now be rewritten as
. (9) u(2) = Zetwe + 2 ol'w'e' + Bef .
Now
(10) u(1) = ¥e + &£+ Zxte' + I{'r

We now consider the “terms of weight three in (5):
Z\qusf + Zc('e\_:;f + & fef + 25 f'ef =
Loctfwe + Zq'ef\v_g'e' + yefe + Zyefe'

where " Y " indicates that an amalgamation takes place

(11)

between these factors since they occur in the same basis.

Since every term on lhs(11) ends in f , we must have

lhs(11) = 0 = rhs(1l) . Considering rhs(11) and the fact



o

that e¥e' , we obtain

iz«xfye + wefe =0 .
So .
ef(Zo¢w + Hel)e =0 .
Since P 1is an integral domain

Zotw+ ¥e1=0

But no linear combination of basis elements is zero un-
less all the coefficients are zero. Hence
(12) o =0= &
for all o + Also since

iq'e{w_/'v'e' + Zz{'efe' =0

then

iq'em'e' + ZB'efe' =0
and

ef(’?iq'w'e'-+ 2;8"e') =0
so .
(13) 'Zoi(%g, + ’Zx;i; =0 .

But (13(i)) begins with and element of Y and (13(ii))
begins with an element of X so the only way (13) can

be true 1is if

(14) X' =o0= ¥ :
So (12) and (14) give us that (9) may be written as
(15) u(2) = B(ef) .
Considering lhs(11), it may now be rewritten as
(16) : ZSfef + Z§'flef =0 _ |
But f¥f' so S =0= §° forall § and §' .

Hence (12), (14) and (16) give us fhat u(l) = 0 .



Hence u = u(0) + &(ef) which is clearly in F [ef] .
Hence the theorem is proved for wt(u)< 2 ., |
Next we show that if u &cr(ef) and wt(u) = m =
on = 1 then u(2n - 1) = 0 (that is, u = u(0)). Let
u = u(O) + oo + u(2n - 1) ,
Clearly we have u(l) = 0 for n = 1 from the first case
considered (page 28). Consider u(2n-1) , n 22 . Write
u(2n-1) as follows: .
u(2n-1) = Zo(xwxe + ZS‘(ywye + ch('x'w}'ce' +
(17) ;z;?y'wée' + 'Z;gx"v;f + Z;?ymv;f -+
Zgrvyerst + Zayt i
where x, x', x", x'"'' & X and y, y', ¥, ¥y'""'€Y .

The monomial w_ is the wremaining (straight)’ part of the

X
straight .monomial of u(2n-1). that ends in e and begins in
xe X (the other monom;als in (17) are éimilarly defined).

Again we have

(18) u(ef) = (ef)u .

Consider the terms of highest weight (that is, weight 2n+1)

in (18):

Z/g x"vyfef +. Z,Zy"v;fef + Z:g'x' ‘tvittftef o+
Z@yt vy e

wefxw.e + Zo'efx'wle' + Z4efx"vyt +
Zgg%fx"'vi"f'. .

Since no term on lhs(19) ends in f° (f#T') we must

(19)

have

2p'efx! tvpr £t =0
So '
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™

Similarly
iqefxw e=0= Za('efx'w'e' .
X X

So
(21) X = 0= <
for all <« and ' « So (19) may be rewritten as

‘Z/éx"v; fef + Zﬁ-y"\r;fef + Zﬁ'y" 'va',"f'ef =
(22) ' 7,8 efx"v;f .
Since every term on rhs(22) begins with ef , we must
have that
(23) 'Z,Zy"v;fef + Z,&’y"'v&"f'ef = 0 .

But since the first summation ends in fef and the second

ends in f'ef (f#f'), we must have

(2’4') /Z = 0 =/6_—’_

for all /Z and /5’ .
Finally (22) may be written as

(25) Z/'g x"vefef = Z;@ efx"vyf .
So

(Z;gx"v;fe -_Z/g efx"vi)f = 0 .
Since P 1is an integral domain we must have

24 x"vite - ZF efx"vy = 0
which implies that

Z-/gx"v;fe = Z;é'efx"v; )

So all x" = e and we may write
(26) Z/d evefe = Z:/s’efev;'[ | .
We obtain

Z/ vyfe = Z£ fevy
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which implies that all v, must begin with fe and end

X
with fe . Now wt(v;) = 2n-3 1is odd. For n = 4 then
wt(vy) = 5 so

| v; = fe . R . fe
‘where R 1is the remaining factor of v" , wt(R) =1,

X

Considering v" in (26) we have for some i and

X
/3ife . Ry + fe . fe =

SO
iRi.fe=/jfe.Rj .

But wt(Ri) =1 = wt(Rj) implies that f =e , a con-

tradiction. So

Z/é evyfe = Zléefev;

only if

ZZf?ev;fe

which implies that

(27) ﬂ=o .

So (17) may be rewritten as

0 = ZC/?efev;

u(2n-1) = Z;(ywye + Zo—iy'wa',e' .
Write u(2n-2) as follows: '
u(2n-2) = Zo(*x*w;e + Z'o’g*y*w;e + Z-w'*x'*w}'(*e' +
ZZ*Y'*W&*Q' + Zlé’*x"*v;é*f + ZZ"‘.‘)’"*\S}'*f +
2;6'*x"'*vi"*f' + Zfﬁ?*y'--*v§--*ft
where x¥, x'*, x"#, x'''®# ¢ X , y¥, y'¥, y"d,6 yrrew oY

and all monomials are as in (17) except that their weight

is 2n-4 ,



In (19) we considered the terms of weight 2n+1 .,
Now consider the terms of weight 2n in (18):
chxwxqgf-i- Zo(ywyg_e;f+ zq'x'w"ce\:_gf-i- Z°r y'w;,e'ef +
Zprx eviatert 3 *yravirfert T 4 xx! 1 eV IXE ef
+Z,67*Y"'*V§"*f'ef =
(28) - -7 ] 3 T PY
Zp(ei“_ywye-f ic{ef“_s_f' w&e'+flg efy vyf-i-Z/Sefy‘ AR AL
Zq*e fx*wre+ Zo{ "Hefx'Hw te't Z,g*efx"*v;*f
+Zp'*efx"'*v)'c'_'*f' .
Notice that all terms on 1lhs(28) end in 'f and since f¥f°

(also eFe') we must have

(1) Z&‘ef&'wye + Zq*efx*w;ge = 0 .

So
e(Zafywy+ Zotfx*wile = 0
Since P 1is an integral domain,
Ze‘(fywy + Zq*fx*w;z = 0
which implies that
(& yw, + ZO(*X*W;E) = 0

so
(29) Z?(ywy + Zq*x*w;; = 0 .

Since wt(ywy) = 2n-2 and wt(x*w;:) = 2n-3 and since the
first summation begins in y € Y and the second in x* e X ,
it must be that
(30) X = 0= o . .

(ii) Z;g—'—efy'w;,e' + 'Z-q'*efx'*w;c*e' = 0
S0

— A
ef(Z"(Y'Wb',e' + ZO&'*X'*W;(*Q') = 0
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Since P 1is an integral domain we have

(31) Zozyow§en ¥ Z('*X'*W'#e' ;= 0o .
But clearly this can only be so if
(32) o/ =0= '

since the first summation in (31) begins with y' and the
second summation begins with x*'¥* ,
So finally (30) and (32) give us that (17) is zero,
that is |
u(2n-1) =
for all n .
Since we have shown that if u 1is of odd weight then
u= u(0) , we now prove that if u 1is any centralizer
of ef of even weight then the theorem is true for it.
Consider |
u= u(0) + ... + u(2n) (n 22) .
Write u(2n) as follows:
u(2n)=7.°(xwe+20(ywe+'zogxwe' '-l-
(33) qu 'wie! + 'Z,@x"v"f + 2,5 yUvyt +
Z,ex"'v-"f' + Z,ey"'v'“f'
where the x's, y's and monomials are as in (17), except
the monomials have weight 2n-2 .,
Again we have
(34) u(ef) = (ef)u .
Consider the terms of highest weight (that is, weight= 2n+2)
in (34):
x"vifef + Z;Qymv fef + 2;5 x"'v"'f'ef +
Z,& y"'v"'f'ef

(35)
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(35)) T oefxwe + Zalefx'wie' + ZAefx"vif |
+ i/d'EfX"'V;c"f' o,

Since no term on lhs(35) ends in f' (f#f') we

must have

Z/eoefx'oov;co tFfr = 0 |,
So

/
A =0 .
Similarly _
z«efxwxe = 0 = i_q'efx'w;{'e' .

So
(36) X =o0= o

for all &« and X' « So (35) may be rewritten as
pr"v}'éfef + Zlg y"v;fef + Z-,By' ' 'vg,' 'f'ef =

7zeefx“v;f "

Since every term on rhs(37) begins with ef , we must

(37)

have that ‘
3 [1] 11 -7 —
(38) ZAy"vytef + ZAy 1 tvytretes = 0 .
But since the first summation ends in fef and the second
ends in f'ef (f#f'), we must have that
(39) 2B =0= 4
for all g? and /5' .
Finally (37) may be written as
24 x"vifef = Z;éefx"v;f .
So ‘ .
(Z4x"vife - Zpefx"ve)f = 0 .
Since P 1is an integral domain we must have |

'Z/gx"v;fe - Z'/ge_fx"v;z = 0



38
which implies that
S pgxvvite = Zgefx'vl .
So all x" = e and we may write )
(40) Z/s evefe = Zﬁ efevy .

We obtain

(41) Zﬂ v;fe = =Alé’f'ev;é

But this says that vg must begin and end with fe ,

that is

(42) vy = fe . Ry . fe (wt(vy) =.2n-2)

where R1 represents the remaining 2n-6 factors of v

x
Suppose R, = f' . R, then for n =4 , we would have

(43) V;E = fe . f*' . R2 . fe (wt(R2)=1) .
Replacing (43) in (41) we obtain, for some i and j ,
(4b) fife « £' . R, . fe . fe = p’jfe.v:]:

S0

(45) ,gif' + Ry . fe , fe = ,Jj\}'"_i .

This says that some vy = VH begins with f'. But this

can not be so since all vy begin with f and f#f"
for any f' . So clearly the bnly choice for the first
factor in R; is f ., In fact, from (45) we know that
the first factor must be fe . So R, = fe since
wt(Rl) =2 , Also from (45) we have that /91 = /63
and’ vy = fefefe = vg . So continuing this process

inductively for all n we see that there is only one

term, that is

(46) Zp xmvat = Beo(fe)lr = fler)d
£ f yd
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(47) u(2n) =Zo7 ywye + Z;Fy'ws',e' + /{(e-f)n e

In (35) we considered the terms of weight 2n+2 .
We now consider the terms of weight 2n+1l in (34). But
first we write u(2n-1) as follows:

u(2n-1) = Zcx*x*w;e-!- Z&*y*ws‘;edr ?;('*x'*w;c*e! +
(48) Zo-(’ *y'*wb'f*e'+ Z,—g*X"*V;*f'*' Z/g *y"*V;*f

+2’/5 XY TEy '*f'+z/g’*y"'*v&' v

where the x's , y's and the monomials are as in (17)
except ﬁhat each monomial has weight 2n-3. So the terms
of weight 2n+1 in (34) are:
2; yw e f+ 297 y' w)',q_'_p £+ 2.8%x" *vy*fe f+‘Z,-o’— *y"*v;*fe f+
Zf xRV R et Z}?*y"'*v&"*f'ef =

(49) -
Za'/egwye+ 2% e:f’z)'wb',e v+ Zoptte Ix*wket Z o' *efx" ¥wi¥e '+
*efx"HVoHf+ T gt refx! ' T Hv ¥ )
Since all terms on lhs(49) end in f +then rhs(49) =
0 = 1hs(49) . Ndw ee' and rhs(49) = 0 imply that
(i) p A efywye + Z-o«*efx*w;:e = 0
~ so
ef(Z X ywy + Z_oe*x*w;)e = 0 .
Since P is an integral domain,
(50) Z&ywy + Zq'*x*w;z = 0 .
But this can only be so if
(51) X =0= g

since the terms in the first summation in (50) begin with
YE€ Y and the terms in the second summation in (50) be-

gin with x*¥é&¢ X . Also (from (49))
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(fi) ZZ;Zefy'w'e'-+ ZEgﬂ*efx'*wi*e' = 0

Y
SO
-~ = _

ef(Zo( y'wa',e' + Zc('*x'*w;c*) = 0 ,
But P an integral domain, implies that
(52) 2237'y'w§e' + :Z;x'*x'*wi* = 0 .
Clearly (52) can only be true if
(53) X mo=

'since the * terms in the first summation in (52) begin with
y' ¢ Y and the terms in the second summation begin with
x'*ec X .

So from (51) and (53) we now may write (47) as follows:

(54) u(2n) = Z(ef)? .

Clearly /(ef)né cr(ef) since u ecr(ef) , so
z = u -~ u(2n) € cr(ef) ]

But wt(z) < 2n hence the theorem is true for 2z , that

ié z e F [pf'] . Since ‘/@(ef)n is cleérly an element

of Ftef] , we have that u= z + u(2n) ¢ FEef_] ,

and the theorem is provea.

;P Suppose for P = A *a B , the free product

of associative algebras A and B , P=CXD , that

is, P can be decomposed into a direct product (C#0#D).

The next two lemmas are central in completing the proof

that if A and B , associative ‘algebras, are integral

domains, then the free product of associatve algebras A

and B 1is directly indecomposable.



Lemma 2.4. If peP ,p#0 , p=c¢c+d , ceC ,

deD , then ¢ and d are elements of cr(p) .
Proof |
If peP=CxD (p#0, C£0#D) , then p=c¢c + d

uniquely. Thus

(¢ + d)e - c(c + d)

02 + dc - 02 - cd

pc - Cp

=0

since all c¢,d products are zero (CN D = 0). Simiiarly,

pd - dp= 0 . Sov ¢ and d are both elements of

er(p) .
Lemma 2.5. Let peP , p/0 , P=A*aB=CxD ,
C#0#D . Then the centralizer of p , ecr(p) , is not
a polynomial ring in one variable.
Proof

By Lemma 2.4 ¢ and d are both elements of the

centralizer of p=c¢c+d . Suppose cr(p) is a poly-
nomial ring in one variable, say ‘F[q] . Then c¢ = f(q)
and d = h(q) , f(q), h(aq)eF[q]l] . If c¥0#d +then

0

L

cd = f(q)h(d) since c and d occur in different
direct factors. But this contradicts F[q] an inte-
gral domain. So cr(p) is not a polynomial ring in one
variable.

But clearly Lemma 2.5 contradicts Theorem 2.2. So
the stated decomposition of P = A #a B 1is not possible,

that is, P = A #a B 1is directly indecomposable.,

L1



" CHAPTER 3

FREE PRODUCTS

Section 1. Introduction

We will first present the following comments on
free products of Lie algebras.

Suppose A and B are Lie algebras. Let X and

Y be the ordered bases for A and B respectively.

Let U= U(A) and V = U(B) be universal enveloping
algebras of A and B respectively. Form Q= U #¥a V ,
the free product of U and V . We dnote the free |
product of Lie algebras A and B by: A *L B .

" Definition 3.1. C 1is said to be the free product of

a family of Lie algebras {cjljeﬂ iff
(i) c=1, '(le jed)s

(ii) for every Lie algebra C' and every family of

algebra homomorphisms o(jzcj >C' , there

exists an algebra homomorphism < such thaj..

L2

>C' extends the ¢,

3 (j&dg).

& :C

Lemma 3.2, La(A\J B) = A ¥ B ,

L
Proof

We will investigate La(A\J B), the Lie algebra gen-
erated by AUB , in Q=U #a V , From the definition
of the universal enveloping algebra, we have that the

following diagrams are commutative:



= - ‘-, 4" . =v-
S | A
iAT N Sy and iBl Ny E'B
A—> Uu=U" | B—> U' =(y')”

where U and J' are arbitrary associative algebras

| =]

and 6, and €9B are homomorphisms such that
S, ia—> U’ and S giB—>U')” .
In order for the definition of P = La(A U B) vto
coincide with the definition of other free products, we
need to show the existence of an algebra homomorphism ¥
where ¥ is as follows:

>. L

I, then there exists a homomor-

if 1 1is any Lie algebra and if o A

(1) {and /:B

phism 2{:P

L which extends & and /6 .o

Consider U(L) , the universal enveloping algebra
of L , where L 1is a Lie algebra such that there exists
homomorphisms o and /g where

X tA—> L and AiB—>L .
TPhen, since L=U(L)™ |, o¢ can be extended to U(L)™ .
~ By an abuse of language, we call this extension <« ,
>U(L)” . Similarly, & B U(L)™ .
So, there exist o' , such that o(':U—>U(L) and
,6 * such that ,guv > U(L) where

that is, o :A

U\= U ' V\= V= ,
i /[ N et i N Ig
A N and B \14
A > U(L) = U(L)” B———>U(L) = U(L)"

are commutative,



Since we have the existence of homomorphisms
x ' and /2' such that |
<,<'zU —> U(L) and /3':V —> Uu(L) , |
the definition of the free product U *a V gives us the
existence of a homomorphism ' which extends «¢°
and 4 such that
¥ ':U *a V. —>U(L)
(the universal mapping property for free products). Now
let the desired ¥ of (1) be the restriction of ¥' to
La(A\J B) in U *a V . So La(A U B) has the uni-
versal mapping property, and we now write
La(A\J B) = A *,B=P .
Lemma 3.3, If A and B are Lie algebras, then
U(A *L B) = U(A) *a U(B) .

Proof

We first recall the definition of the uni-
versal enveloping algebra of P = A *L B .

A universal enveloping algebra of P = A *L B is
~a pair (U,i) where U is an associative algebra with 1 ,
over F , itP —> U~ is a linear map satisfying
(2) i([xyd) = ix)i(y) - i(y)i(x)
for x,y € P , and the following hold:

for any associative F - algebra U with 1 , and
any linear map J:P —> U satisfying (2), there exists

a unique algebra homomorphism ¢ :U —> U (sending 1,

to ig ) such that (P . 1=3 , that is
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ALY
i‘ \\\dp
N\
P—— 9y = §”

is commutative. Equivalently,
U(A *, B) = (gru *, B))
N
~N
~

LB——-__\ 2:_!!

A *
is commutative.
By the definition of the universal enveloping
algebras of A and B , there exists injections iA

and iB such that

ip:4 >U(A)” and ig:B —~u(B)” .

Now form U(A) *a U(B) = H . Clearly, U(A)" 1is a
subalgebra of H- and U(B)~ is a subalgebra of H~ ,
so iA can be extended to an injection from A into
H . Similarly,( iB can be extended to an injection
from B into H . By 'an abuse of language, call these
extensions iA and iB respectively.

So 1i,:A >H" and ig:B >H~ can be extended

to an injection & such that
S A ¥ B—H
by the universal mapping property of free products.
Finally we have that there exists 4) where
U(A *; B) = (U(A * B))”
(] \
i ’ ~ GP
)

A % B H U(A) *a U(B
LG->' ()a()

(U(A) *a U(B))~




46
and this diagram is commutative.
On the other hand the inclusion of A into P ’

Ac—>P=A % B

L
yields by the Poincare’-Birkhoff-Witt Theorem an:in-

clusion £ of U(A) into U(P) = U(A *; B),
f1 U(A)e—> U(P) = U(A *; B)

and similarly an inclusion g of U(B) into U(P)
g: U(B) c——> U(P) = U(A *L B) .

Hence by the universal mapping property, f and g

extend to a homomorphism ¢ of Q into U(P) ,
Y + @ —>U(P) = U(A * B) .

Notice that ©&¢ and PG are the identity on A

and B and hence on P and Q respectively. Hence
~S
u(p) = Q

as required.

Let
X = {eﬂielg and Y=§_e?li€-1§

be bases for A and B respectively. Let X and ¥

be the respective bases for U(A) and U(B) (see Poincare”-
Birkhoff-Witt Theorem 0.8). The basis for Q = U(A)*aU(B)
is given in Chapter 2, Section 1 . If 0o#p€ P = A * B

then it is clear that p may be thought of as an
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element of Q (actually Q° ). Writing p 1in its

homogeneous weight form (see (2), Chapter 2,:Section 1)

we have
p = p(0) +-p(1) + ... + p(n) (wt(p)=n)
where p(i) 4is a sum of straight monomials of weight 1
or zero and p(0) & F . For each monomial
U= WiWy eoe Wy (wt(u)=4)

in p(d) where each we{X,Yl » each w has the form
w = e4 oo e4' or w = eg 0o e?

J1 Is 11 1

where eA's & X and eB's &Y , respective bases for A

and B . SO0 u= WiW, «ee Wy may be viewed as
A A B "B B B
(3) u=ei.coo i v €. seee €. o ese o8 cese €
J J R 2

where weight u=4d . From az) we define the microweight
of a monomial u to be r =£Z;ri . Notice that every
element p e P (p#0) can be expressed uniquely in the
form |

(4) P=DPg+tPy ¥ e Fp

" where DPg & F and each P; is either a sum of monomials

of microweight 1 or zero. We term Ps the homogeneous

component of p of microweight i . If p #0 then m

is said to be the microweight of p (denoted microwt(p)=m) .
Notice that

p(0) + p(1) + ... + p(n) (wt(p)=n)

(homogeneous weight form)

o]
]

= Pgp* Pyt oo +p. (microwt(p)=m)

(homoseneous microweight form)
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and m>2n ., Clearly then, _
wt(p) = n does not imply microwt(p) = n
(in general).

Also if p and 'qe A * B<=Q  , and microwt(p) =

]

m (m >0) and microwt(q) = n (n > 0) , then
microwt(pq) = m + n

where this product, pq , takes place in Q .

Section 2. The wreath product of Lie algebras is freely

indecomposable,

Let L = A wr T be the wreath product of an abelian

Lie algebra A Dby an arbitrary Lie algebra T . Suppose
it were possible to decompose L into a (non-trivial)
free product of Lie algebras, that is suppose

Awr T=2C* D
where *L indicates that this is a free product of Lie
algebras. Let X be an ordered basis for C , Y an
ordered basis for D . Let V be the associative
" subalgebra of U(L) generated (in U(L)) by C and W
be the associative subalgebra of U(L) generated by D .
Then | |
Lemma 3.4, U(L) =V #¥a W ,
Lemma 3.5. Suppose that the Lie algebra 1L is a non-
trivial free product, that is

L=C # D (cfofD) .

Then every abelian ideal of L 1is zero.
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Let B be a non-trivial abelian ideal Qf L .

Notice that if either x & C or y & D ‘then

(5) [o,[b,x<d] =0 ana [b,[b,y]] =0

for every b& B . In particular for xe€ X , bv/0 ,

0= '{5.[p.£]:l "

b, (bx - xv)]

b(bx - xb) - (bx - xb)db

b%x - 2bxb + xb?

= b%x + (xb - 2bx)b .

Hence

(6) b°x = (2bx - xb)b .

Since U(L) = U(C) *a U(D) , we can avail ourselves of
the usual description of the elements of U(L) in terms
of a basis of U(C) and U(D) . We now write |

b = ZZwal eee W
as the following sum:

(7) b=cx+ 2ydx' + ZEey

r

" where

(i) we take all terms in v ending in x ,
factor X our of each term and cail the
sum of what remains, ¢
(ii) then we consider the sum of all terms ending in
other elements x'¢ X -{xk y factor «x!
out of the term and call what remains d ,

where & is the coefficient associated

with each of the terms; and finally
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(iii) we consider all terms in b ending in the
y's and do as in (ii), (Y eY). |
We assume that '2561ey'# 0 . Notice that if b
had no tefms ending in y' , then all termé must end in
one of the elements x' (or x ), So instead of con-
sidering [b,[b,xj] we would have examined [b, Y_b,y]] ’
and the argument would proceed in the same manner.
Substituting (7) in rhs(6) we may now write rhs(6)
as follows:
(2bx-xb)(cx + LS ax + Zeey) ‘
(2bx-xb)(cx) + (2bx-xb)(Z &dx') + (2bx-xb)(ZLCey) .

Consider the term
(8)  (2ox-xb)(Zeey)
Clearly all of these terms will end in some y . But
there are no terms ending in y on lhs(6), so
(2bx—xb)(2§éey) = 0 .
So, since U(L) is an integral domain, one of (2bx-xb)
and (Z.€ey) must be zero. But 2 €& ey # 0 by hypo-
. thesis., If 2bx-xb = 0 +then rhs(6) = 0 . This would
imply that lhs(6) = 0 , that is, b°x = 0 . Since
x# 0 , it follows that b = 0 as desired. Hence
B=0 .,
This yields in particular the
Theorem 3.6.
If

L=AwrT (A#o#f)

is the wreath product of the abelian Lie algebra A with
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T , then L is freely indecomposable.

Section 3. The free product of Lie algebras is directly
indecomposable. |
Let P = A *a B =(U(A) *a U(B))™ = (u(p))” .
Let p = [p,f] & P where e X , feY , and X

and Y are the respective ordered bases of A and B .
(So Le,f{ # 0). Recall that by the definition of the
universal enveloping algebra, P sits inside of U(P)~
and we can identify P with its image in U(P)~ . 1In
fact
[_e.f] = ef - fe
in U(P)" .
-Lemma 3.7?. C = cr(ef - fe) = FE(ef - fe) | .
Proof
Let u & C = cr(ef - fe) (u0) . We will prove that
ue F[(ef - fe)] by induction on the microweight of u .
Let u & C and microweight(u)< 1 . Then by (&),
. Section 1, u may be written in its homogeneous micro-
weight form as follows:
u=u; +tu .
Since u 1is a centralizer of (ef - fe) , (uw?0) , ‘then
(9) u(ef - fe) = (ef - fe)u .
If uy ¥ 0 then
Yy =-§Z°(x + fzyfy

(where x¢ X ,ye& Y , X and Y are the réépective

ordered bases of A and B ). Consider the terms of
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highest microweight on the 1lhs(9) and the rh§(9)z
1hs(9) = Tuxef - Zexfe + ZLyef - Zgyfe
rhs(9) 7 efx - Zafex + z-,g efy - Z4gfey
(o , /g ¢F). It is clear then that we must have
-Zx xfe = Lo efx
That is, there exists X 4 and %’2 such that

- lxlfe = °(2efx2

and so

-°(1=°(2 and X; = e = X, .
So
(10) X. = e and =X, = o,

i i i
for all i and (10) gives us that all « =0 .,

Similarly Z,g yef = -Z;ery - leads us to the con-
clusion that all /g are zero.

Therefore u = u, €F and u & C 1is trivially a
polynomial in F [_(ef - fe)] . So the lemma is proved
for microwt(u) <1 ,

Let us also consider the case when u ¢ C has
' microweight two. That is

ous=uytuy tou, ,(u27’0) .
We want to show that u is a polynomial in (ef - fe) |,

and, in fact, u, = Y(ef - fe) (¥ & F) . Since

ué& C then
(11) u(ef - fe) = (ef ~ fe)u .
Consider Up the term of highest microweight in u

(12) u, = Lecvetr Log'wie'+ Z;é’vf'i-z/s".v'f'

where w, w', Vv, Vv' are all of microweight one, that
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is, are equal to e, f or one of the elements e' in
X -fel or f' in Y -J£} - . It is clear that we have
taken all of the terms in 5u2 and separated them into
four groups: first, those terms ending in e ; second,
those terms ending in the elements of X -{e} » denoted
e' ; third, those terms ending in f ; and last,
those terms ending in elements from Y -zf} , denoted f' .
It should be pointed out that the monomials were straight
(see Definition 1.22) before e, e', f and f° were
factored out. Hence the parts remaining are straight,
that is, v, Vv!', w and w' are straight monomials.
Consider the terms of highest microweight in (11):
T xweef- Locwefet T 'w'e'ef- Lo'w'e'fe  +
LE vief- 2B vifet T a'v'f'ef- Zg'v'f'fe =
Tocefwe- Txfewetr Ty'efw'e'= Lo 'few'e' +
Z fetvi- Lg fevit Z g'efv '~ Z g ' fev' £ .

(13)

So
L «'efw'e' = 0= ~ J 'few'e’
since no terms on the lhs(13) end in e' (e#e'). (By
a similar argument we find that no terms end in f' ). Hence
(14) x'=0= g
for all ' and J' .

We may now rewrite (13) as follows:

f - fe + fef - ff
Luget - Zoqwele t Zpyiet - ZAvets

(15) Tcefwe - 7 e fewe + Lpeftvf - 7 gfeve

(v) (vi) (vii) (viii). B
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Also we have from (14) that
(16) u, = Z;(we + @vf .
Suppose that there exists some w, such that
wy = e (microwt(wl) = 1), Then from (15(1)) we would
have
X ywieef = X eeef .
But from a quick observation of the rhs(15) it is immediate
this term has no match. Hence it must be that CYI =0,
that is, all w must equal f . (Clearly e' and f°'
are ruled out as choices since no terms on the rhs(15)
can possibly begin with e' or f' .)
Suppose there exists some v, such that v, = f .
Then from (15(iii)) we have that
B v fef = S ffef .
But it is at once clear that no terms on the rhs(15) can
possibly begin with ff . Therefore all § must equal
e . So we may write u, as
(17) - u, = Z-:xwe + Z‘Avf = o fe + )fef .

Rewriting (15) we are led to the equation

o/feef - o«fefe + Sefef - ALeffe

(18) XYeffe - yfefe + fefef - LSfeef .

Clearly we have
¢ feef = -f?feef
as our only choice. Hence
(19) . o =-8
and u, = fg(ef - fe) as desired. Notice thaf

S/S(ef - fe))(ef - fe) = (ef ; fe)gxg(ef - fe)) .
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So uy € cr(ef - fe) . Sincg u ¢ cr(ef - fe) then
2= u-ué cr(ef - fe) . But z=u - hz = uy +u .
So microwt(z)< 1 . But the lemma has been proved for
centralizers of microwt <1 , and in fact, if microwt
(z2)< 1 then z=uy,&€F . So u=u,+ &lef - fe) ,
ug& F+ Therefore if u Ger(ef - fe) and microwt(u)
< 2 , then u is a polynomial in (ef - fe) .
~ We now suppose that microwt(u) = n >2 , and that if
vé&C , microwt(v) £ n then v is a polynomial in
Fl(ef - fe) | .
Consider u = ug + u; + .uv +u, . u & C implies
that
(20) u(ef - fe) = (ef - fe)u .
Consider wu, » the term of u of highest microweight:
L, = Zewe + Z'w'e' + ZAvE + Ls'v'f
where w, w', v, .vVv' are all of microweight n-1 .,
Consider the terms of highest microweight in (20):
Txweef- Z<wefet Jo¢'w'e'ef~ Jo¢'w'e'fe  +
Zpvief- Zgvifet 2A'v'f'ef- Zg'v' ' fe
(21) {~ efwe- Tot fewet L Befvi- Z /4 fevf +
Zp et - Z;Z'fev'f'+ Cx'efw'e'- 7 '"few'e’ .

So
(22) T x'efw'e' = 0 = - L' few'e’

since no terms on rhs(21) end in e' (e¥e'). But this

~

can only be if all o¢' = 0. By a similar argument we

also obtain that all /3' = 0 , Hence we may write



56
(23) u, = Lovie + Z/Avf .

Also (21) may be rewritten as

Zq/\(g?f - 2o w%fg)-l- Z/ﬁvfef - Z/'vffe
i) ii

(1ii) (iv)

(2 :Z;Vefwe - ZZ&ffeye + ZZ_ efvf - Zf fevf .

(v) (vi) (vii) (viii)
It is immediate from a spot inspection of (24) that

w and Vv can not begin (or end) with e' or f' .
consider the possible endings for the v's and w's .
Case 1. Suppose there exists some Wy such that w,
ends in e . Then from (24(v)) we have that
Cylefwle = Cxlef « R . ee
(where R represents the rest of the n-2 factors in w, ).
But no terms on lhs(24) could possible end in ee .. So
it must be that <y =0 . Hence all w's must end in
f. . |
Case 2. Suppose there exists some vy such that vy
ends in f . The from (24(vii)) we have that
fBietv = Blef LR .EL

Since no terms on the lhs(24) could possibly end in ff ,
it is immediate that /ﬂgl‘ must be zero. So all v's
end in e . -

We observe from (24) that all v's and w's must
begin with ef or fe . |

It is a straight forward process to observe that in

none of the vVv's or w's can we have a sequence:

f ... T or ee ... € 2 .
{/Y\_. \ . ’ n >

n n
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Suppose such a sequence did exist, say for some Wy oo
wy = fe « Ry . f where 'Rl contains a sequence
ff ... £ , (n factors, n >>2 ). Then the wy- term
in (24(1))
| o wyeef = X, ,fe . Ry . feef
can only have a match in (24(viii)), that is, there
exists some v, such that
X,fe . Ry . feef = /?1fev1f
‘which implies
v, = Ry fee .
If the ff ... f (n factors) sequence begins Ry
theﬁ our contradiction is immediate since n >>2 . That
is, considering the v,-term of any expression on the

lhs(24), gives us immediately that there is no possible

-

match on the rhs(24).
If the ff ... f (n factors, n > 2) sequence does

not begin Ry then we continue comparing terms on both
sides of (24). Each time a comparison is made, two
factors from the beginning of Rl are cancelled. Since
the sequence contains at least three f's , we will
eventually get to a point where two f's will occur at
the beginning of 'some term. But this 'is not possible
since if it is considered in any term on the lhs(24),
jt will have no match on the rhs(24).

By a similar process of "term-comparison" we also

see that each w and v must have odd weight,

It should also be noted that the sequence ff

and ee can only occur in ﬁl under certain conditions.
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Observe the following. Since microwt(w,) $i2p for -
some p , then microwt(R,) is odd. Each fime a com-
parison is made, Ry is "reduced" on the left by two
factors. Hence ff ‘or ee can not be so situated in.
R,y so as to have the first factor in the sequence
in the (2k+1)st position. If so, then on the (2k-1)st
comparison, the ff or ee sequence would appear at
the beginning of some w or v . But this would be
a contradiction, since all terms must begin with ef or
fe by rhs(24).
We finally have that all w's are just strings of
ef's and fe's ending in f (since microwt(w) is
odd) and similarly all v's are strings of ef's and
fe's ending in e (microwt(v) is odd). So the terms
of w, we and vf , are strings of ef's and

+¥ and all B + ¥ ,

for one particular YW e& F .

fe's , where all <

By a straight forward listing of all possible vf's
- and we's that can occur and all terms occurring in the
product: (ef - :t‘e)n/2 » we see that they are in a one-
to-one correspondence. To see that all terms have co-
efficients equal to + ¥ , for some Y& F , we need
only'go through the comparison of terms in (24).

An arbitrary we (microwt(we) = n = 2p) beginning
with ef may be written as:

(25) we = ef ... ef fe ... fe ef ... ef

p"q]_ />\ p
p-q1+q2
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That is, we is viewed as consisting of p pairs
of ef's and fe's , where ef occurs as the first
through the (p-ql-l)st-wfactdrs. fe occﬁrs as the
(p-qq)st through (p-qq+q,-1)st factors, and the remaining
factors are ef's .

To determine the particular term of (ef - fe)n/2
that the term in (25) corresponds to, notice that

(26) (ef - £e)™2 = (ef - fe)(ef - fe) ... (ef - fe) .
(1) (2) (p)

To match (25), choose, in (26), ef from factors (1)
through (p-ql-l); next choose fe from factors (p-ql)
thréugh (P-q1+q2-1); finally, choose ef from the re-
maining factors in (26). Form the product of these
factors. Clearly this product is equal to (25).
So we finally have that
u, = (ef - fe)n/2 (n = 2p) .
Clearly u & cr(ef - fe) so z = u - unécr(ef - fe) .
But microwt(z) < n so the theorem is true for z 0
that is, z € F[_(ef - fe)] . Since uné F[(ef - fe)] .
we have that . |
ue FBef - fe):l
and Lemma 3.7 1is proved.
Since it is clear that jF[jef - fe)] < C then
C = F[(ef - fe):l .
Since any centralizer u of [?,f] in P is a
centralizer of (ef - fe) in U(P)" , then u must be

an element of F[Sef - fe)] , that is
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u = a0+a1(ef-fe)+a2(ef-fe)2+ cos +an(éf7fe)n
where aié— F , the underlying field of A and B ,
hence U(P) . But, clearly since P sits monomor-
phically inside of U(P)" , and u € P , all of the
polynomials must have the form
u=ag+ alte,f_] —> ag + a;(ef - fe) .
Hence we have shown
Lemma 3.8. The centralizer of te,f] in P 1is one-
dimensional.
We now suppose that P = A % B=CXD (cfo#D) ,
that is, P can be (non-trivially) decomposed into a
direct product. By Lemma 1,18, cr(p) =2 for any
pe P (p#0) . But this clearly contradicts Lemma 3.8.
Hence, the stated decomposition is not possible, that is,

the free product of Lie algebras is directly indecomposable..
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CHAPTER 4
MISCELLANEOUS RESULTS

Section 1.

Lemma 4.1, Let W be a wreath product of Lie algebras

A and T , where A 1is an abelian Lie algebra and

T 4is arbitrary. We have that W= Awr T=B & T .
Let I€2W , I=B , I#0 . Then I is not finite
dimensional.
Proof

Suppose I is finite dimensional. Since I # 0
there is a basis with non-zero elements in I , namely
kl' k2' cse kn .

Since kre I <8B i:hen kr = 'Zaiu(i,r) , for some

u(i,r) ¢ U(T) , where the { aig constitute a basis
for B . Consider [_kr.tjé I (I 2W), where r

. 1s fixed.
[kat] = [‘Zaiu(i.r).,t]
= Z0au(i,r),t7] .
So
(1) tkr.t] = Zfaihﬂi,r)t) .

Now '§Zai(u(i.r)t) = fZ}w(i.r)ki , SO we may write
Zo(ir)ky = ot(1,r)ky + ... + (n,r)k,
= «(1,r)(aju(l,1) + ... + a u(n,1))
+ ses + '
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«(n,r)(aju(i,n) + ... + anu(n.n)) .
So .
(2) Zeo(i,r)ky = aj(x(1,r)u(l,1) + ... + o¢(n,r)u(l,n))
+oeee +

an(cx(l,r)u(n.l) + «oe + & (n,r)u(n,n)) .

Equating (1) and (2) we obtain

u(l,r)t = «(1,r)u(l,1) + ... + o« (n,r)u(i,n)

u(n,r)t x(1,r)u(n,1l) + .e. + &% (n,r)u(n,n)

So u(l,r)t 1is an element of the vector space spanned by
u(1,1), +e+ » u(i,n) . Hence, u(i,r)t 1is an element

of the vector space spanned by u(1,1), ... , u(n,n)

(l£i&sn,1=<=r=n,and all t €T ). So there exists .

some (i,r) such that u(i,r) # 0 since k. #.0 . Con-

sider the following products which are obtained from (1).

They must also be elements of I (since I =<W ) .

Lrotit] = [ [kpot],t]

= [:Zai(u(i,r)t),yj
= Za;(u(i,r)t)t .
So
[katit] = F2;(u(i,r)t?) :
By induction it is clear that
Crprtets oo v 8] = Za; (i)t .

q

It is easily seen that there are an infinite number
of these products. They all must be in I since I is

an ideal of W ., These [kr,t.t. cee s t] products



are linearly independent. To see this, suppose

"
° .
e

o, [kat] + .o +°(q'Ekr.th
' q
Then . _ y
%, Zag(u(i,r)t) + .on + @ Zag(u(i,r)td) =0 .
So -
ay oy (u(1r)e) + oo oy (u(t,e)e)] 4
aplory (ulne)t) + ooi + & (u(n,r)td) | = 0.
But the a; are basis elements, hence
i%i(u(l,r)ti) = 40 = zqi(u(n,r)ti) = 0,
Therefore <. =0 forall i=1,2, «¢ee , @ .

i
But the [:kr.t,t, cee t:] products' linear in-

dependence contradicts the finite dimensionality of I .
Hence our assumption that I 1is finite dimensional must
be false.

Section 2.

Lemma 4,2, Let W. be a wreath product of Lie algebras

A and T where A 1is an abelian Lie algebra and T
is arbitrary (W= A wr T=B® T ) . Suppose I<4 W ,

I#0 and I is not necessarily in B ., Then I is
not finitely generated.
Proof :

Suppose I 1is finitely generated. Then there exists
a basis for I with non-zero elements
kl. kz. cee kn .
Let r be fixed. Then k. € I9dW=DB®6T implies that
k. = Zaiu(i,r) + Z?{ptp



(j.‘= 1,’ ..’.' ) n'z p=1, ... , m ) where u(i,r‘) & u(r) ,
'D'p ¢ P and the {aik constitute a basis for B .
Now let t3# O then
Lepet] = (Zajuli,r) + Za/ptp.t ]
[Zaiu(i.r).t_] + ‘:Z_Xptp.t_]
Zai(u(i.r)t) + Zb’p [tp,t']

SO

{kr.t] = Za (u(i,r)t) + ZX t'

(ty €T ). Also,
leprtet] = [Zaju(i,me) + Zx t2,t ]
[Zastutimrt,e] + [2wt,t] -

So

[kr,t,t] = Zai(u(i,r)t?‘ + Za’pti;
(t; ¢ T). By induction we obtain

Y_k OM] Za (u(l'r)tq) + Zb’s

(s (= T ).
. To see that all the Ekr,t,t. coe t] products

are linearly independent, consider the following. Suppose

0= [kt I+ o, [k t,8] + ...+ A [kpts oot e eee s t]

Then
¥y Za;(u(i,e)e) + oun + oy Zag (u(i,n)td
+ Zthp =0 .
Therefore
agdog(ut,r)e) + e+ o (u(t, )t br oLl s
an{ql(u(n,r)t) + ... + q'q(u(n.xj)tq)}su Z‘o’ptp =0 ,



So
(3) al{‘Z« (u(l,r)t‘]j'* L e+ a {Za( (u(n r)tj}'
= -zz .

Since the lhs of (3) .is in B and the rhs of (3) is in-

T then
ali:lej(u(l.r)tJl} + ceo + an{zz;ij(u(n,r)ta} =
( BNAT-= Since the a; are all basis elements of
t X.(u(1, tJ = ==
B this means tha Zi J( (i,r) fZ}V (u(l .r)t )

eee » N .+ Consider 1i = i0 , then 4;0( (uxlo.r)t J)
= 0 . Suppose that o # 0 , then

%y (uligor)t) + oo + 9 (ulipr)t?) =0
implies that

Yy (uliger)th) = - {arg(u(ig,r)t) + .ou +

Xyoq (i)t |
SO
u(ig,r)td = -(l/qq)ic(l(u(lo,r)t) o ¥
utigmeh

But t* can not equal a sum of powers of t less than

g +«+ Hence er can not be non-zero., So all X; = 0
and the (u(i,r)t?) are linearly independent for all

i=1,2, veo yn and j=1, 2, «v. , a4 .

There are an infinite number 6f these [:kr.t. Yes ?}
products, all linearly independent, all contained in I .
But this can not be so since it was assumed I was fi-
nitely generated. Hence the assumption that I is fi-

nitely generated must be false.
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Section 3.
Theorem 4,73,

Let H be a finitely generated free Lie algebra
and AQH . If H/A 1is finitely preserted then
A/{AH] 1is a finite dimensional algebra.
This theorem will be proved in two steps. Following
some preliminary statements, we will show in Lemma 4.4
that A can be realized as a union of specifically con-
gtructed vector spaces. Lemma 4.5 will show a similar
result for [A.Hf] « By observing the factor algebra of
these two unions, the finite dimensionality of A/ [A,H]
will be clear. But first the preliminary statements.
Let H be a finitely generated free algeb;a. Then
H can be presented as
| H = (xl. Xor eoe 4 X)) .
Since A< H then \'_A.H] < A , where
def,
aH) = 1 ([ah]|a €A heH) .
H/A can be presented as follows:
H/A = (xq, Xoo ees o X 3A)
Applying Neumann's Theorem (see Theorem 0.10) in the case
of Lie algebras, we have the there existsa.finite set
lal. oo ak\SA such that A = id(ay, ... a,) .
Consider the following vector spaces:
A1 = vector space spanned by {al. cee ak}
=‘sp{g1. Ve ’ ak} .
Ay =spf[agn]li=1, .c., ki nve H} .
3 = SP Lx,h":llx ¢ Ay, h" ¢ E)‘\) A, .

>
n



Continuing this process, we obtain:

AN+1=spZ[y.h]ly C—AN.hC—}l}UAN « '
then Z¥y -+ ¥ Lee. [LCag0? 0], ...], n']
is an element of Ay, .

Lemma 4.b. A = UAi (i

1, ¢¢., =2 ) where the A; are
defined above.
Proof
Clearly (J AiEE A . To see this, suppose that
be UA; . Then there exists some j such that
b e Aj+1 « SO
b= Zy; oo ¥ [ o [Cagen? ont], oo nd]
Now [ai,h'] €& A since A= H , hence [[ai.hj,h"] c
A , and so on, which implies that b& A . That is,
Ua, <4
To see that A< U‘A‘i , we first observe that
Lin is a vector space (by definition) and it contains
{al' cee ak}- . We need only show that (JA; is an
ideal of H .
Consider [b,h] , be UA; , heH . If
b & LIAi then there exists some jJ such that

behjy =spi[vin]|ye s nenfua,

So either

(1) b= Z¥5 .0 AR VAR .'...J,h‘]:] .

If so then

[b.0] = ZXJ AN [ai.h'_]. ..fjhb’_] ,h_] :

len]e ay,< Uty o

So



or
(1) b= Z¥, o v (Gee [a30 7], 20 ndtt]
Then
{bn] = izrj_l xl[{...[ai,h'] , ...],hj'l_]
so [b,h] CAsyy © UA; . Hence U A; 2 H and

23‘1' ces ak}s UAi imply that A < UAi

A= Ua;
Lemma 4,5, [A,H] = UAi
Proof
First we observe that [A.H‘j < UAi . If
b & UAi then there exists some j such that b €&
Aj+1 , that is .
o= Zy; e Lo Gynd , oo ]nd ]
" Clearly, b ¢ Lai[a.h]‘a ¢ A, h¢ HS= [A,H] since
lan] e4 , a2n , so [[an] a] e (au]
and so on. So [A H] .
Conversely, if x ¢ [A H] , then x -Z/D' [a,hjJ
Now a ¢ A = 1d(a1, cee ak) implies that a = 'qu i
Then
X = iﬂ [Z‘-\’lal.h]
ZZ/?J ¥iLah ]
Hence xeAzé_: UAl . So Y_A H] ___.UAi ', There-
fore
[aH]= Ua;
and the lemma 1is proved,

Now consider A/ [A.H] . It is clear that

63e)



LAk ] SJ_.A since {[a,h] 0] € [ AH] for
every [a,h] ¢ [AH] and be A ([AH] € A and
ASH ). Now
A/[AH] = UA /‘(;JQA]_ Ay = sp{al, cee ak}
Then A4 contains a finite basis since it is spanned by a
finite number of linearly independent elements. Hence
A/({AH] 1is a finite dimensional algebra.
Section 4.
Lemma 4.6. An extension of a finitely presenfed Lie
algebra by a finitely presented Lie algebra is finitely

presented.

Proof

Let L be a Lie algebra and J <4 L . Suppose J
is finitely presented. Then there exists. |
Qg9 8oy see y B &L
which generate J and
hl(a) = hz(a) T e = hfp(a) =
defining relations of J . Suppose also that L/J
is finitely presented. Then there exists
Dy, Byy «ev v B €L/
which generate L/J and
kl(B) = k2(5) = .. = kG‘(B) = 0
defining relations of L/J .
In each coset Bi choose an element bi . .Then
ko(b) = fo(a) (o =1, 2, ... ,s), that is
ko (b) ‘can be written as a word in the a's . To see

this observe the following., If by € B, =q; +4J
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qd_é L , then bi = q4 + j for some j&J . Now

ko (By) = kglag + J) = kolag) + 7 =14
implies that k<¥(qi) €J . Soif by ="q; + § then
koe(by) = kolag) + ko (Jj) o But kolq;) & J and
ko () &€ J imply- that kw(bi)C—J . Hence, ko‘a(bi)
is a word in the a's .

Also, [‘bi.aj] = g(i,j)ta) , (1 =1, «eo , 83
" 3=1, «vo » r ), products can be written as words in the
a's since J is an ideal.

To see that these a's and b's generate L , ob-
serve the following: Let x €L , J<2 L. . Consider

X+ J € L/J where L/J 1is generated by the Si's X
Then ’

x+J= €b +J+ ...+ E Db +T=2ZE€0 +T .

So x - (Zéibi)éJ . Hence

x = (Z¢ 3b;) = Zé‘,;lam y 2 € {al. vee s an.g .
Therefore x =7:é ibi + Zel;lam « SO
(4) the a's and b's generate L .

In order to see that the + O + rs relations

hﬂ(a)= 0 (/5=.1, 2y see e )
(5)4 ke () = £(a) (x=1,2, oo , )

\bisas] = e(iida) (1=1, .es,si§=1,0us, 1)
constitute a set of defining relations for L it is neces-
sary to show the fo;lowingz

If F = the free lLie algebra generated by
(6) (@ voe Agi Dgy eee br) and
¥7:Fa(a1. e v BgIby, wee , b )DL



((6) continued)
is a homomorphism then ker (0 = ideal of F gen;

(6) ferated by ,
(hg (a), ke (D) - for(a), (_bi.aj] - e(i,i)(a))
Let xekerlp » then xp = 0e&L . If x is an

element of Fa(al' veo aszbl. e s br) then
(1) X 4is a word in the a's which means that
xf = hg(a) for some & , so xp is
in the ideal of (6); or
(ii) X is a word in the b's which means that
x = kex(b) . But x¢ = 0 and the only
words in L which are zero are words in the a's
80 x?? = ko (b) = fx (a) , and again x@
is in the ideal of (6); or
(iii) x 1is a word in the a's and b's , that is
their product is a word in the a's and b's ,
so '
x{0 =zT_[bi.aj] =11 g(s,9)(a)
' d 1,4
and again x Y 1is in the ideal of (6) .
Conversely, let x be an element of the ideal of (6).
Then x 1is some linear combination of the above three
generators, that is, '
x =, Z Bt g (@) + 7l (0) = £o(a)),
+ Zn(0bayd - iy i)a)),
where ¥ , 77 , Z are elements of the field F (we will

(7)

write :Z: veo for (7)).

pymyn



Consider xqo . .

xp = (p.im.n'” N2 -

p%n( Yplhg(a)) P + k() - fo(a))y P
+ Zn( [bi'aj] - g(i.j)(a))n‘P ) .

Since (P is a homomorphism, we have the following:

(i) h}e(a) = 0 , hence Xp(h,d(a))plp =0 3
(ii) ke (b) = fo(a) = 0 , hence
N (kq(b) - fo(a)) =0 ; and
(iii) [bi.aj] - g(i,j)(a) = 0 , hence
2.0 [byia;] - (i, §)(@), @ =0
forall p , m and n . Therefore xga= 0 and
x € ker ( . So finally we have that (6) is true.
Thus, we have exhibited a finite set of genergtors
(4) and a finite set of relations (5) for L , that is

L is finitely presented.
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