
INFORMATION TO USERS

This was produced from a copy of a document sent to us for microfilming. While the 
most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the material 
submitted.

The following explanation of techniques is provided to help you understand 
markings or notations which may appear on this reproduction.

1. The sign or “ target” for pages apparently lacking from the document 
photographed is “Missing Page(s)” . If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting through an image and duplicating 
adjacent pages to assure you of complete continuity.

2. When an image on the film is obliterated with a round black mark it is an 
indication that the film inspector noticed either blurred copy because of 
movement during exposure, or duplicate copy. Unless we meant to delete 
copyrighted materials that should not have been filmed, you will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., is part of the material being photo­
graphed the photographer has followed a definite method in “sectioning” 
the material. It is customary to begin filming at the upper left hand comer 
of a large sheet and to continue from left to right in equal sections with 
small overlaps. If necessary, sectioning is continued again—beginning 
below the first row and continuing on until complete.

4. For any illustrations that cannot be reproduced satisfactorily by 
xerography, photographic prints can be purchased at additional cost and 
tipped into your xerographic copy. Requests can be made to our 
Dissertations Customer Services Department.

5. Some pages in any document may have indistinct print. In all cases we 
have filmed the best available copy.

University
M icixSilms

International
3 0 0  N. ZEEB ROAD, ANN ARBOR. Ml 4 8 1 0 6  
18 B E D FO R D  ROW, LONDON WC1R 4 E J,  ENGLAND



8023736

Su l l iv a n , F r a n c e s  E v e l l a

• WREATH PRODUCTS OF LIE ALGEBRAS 

City University o f  New York Ph.D. 1980

University 
Microfilms

international 300 N. Zeeb Road, Ann Arbor, MI 48106 18 Bedford Row, London WC1R 4EJ, England



WREATH PRODUCTS 0? LIE ALGEBRAS

by

PRANCES E. SULLIVAN

A d i s s e r t a t i o n  subm itted  to  the 
Graduate F acu l ty  in  Mathematics in  
p a r t i a l  f u l f i l l m e n t  of the requ irem ents  
f o r  the  degree of D octor  of Philosophy, 
The C ity  U n iv e r s i ty  of New York.

I960



This manuscript has been re ad  and accep ted  f o r  the 
U n iv e r s i ty  Committee in  Mathematics in  s a t i s f a c t i o n  
of the d i s s e r t a t i o n  requ irem en t  f o r  the degree of 
Doctor of Philosophy.

date  P r o f e s s o r  G i l b e r t  Baumslc ^
Chairman of Examining Committee

*h(>l _________
date

4 !/̂ -  A -
P r o f e s s o r  Edgar Feldman 
Execu tive  O f f ic e r

P r o f e s s o r  G i l b e r t  Baumslag 

P r o f e s s o r  Louis Auslander

P r o f e s s o r  Burton Randol 
S uperv iso ry  Committee



DEDICATION

" P ra is e  God from whom 
a l l  b l e s s i n g s  f l o w . . . "

To my mother,  Mrs. Ruthie C. S u l l i v a n ,  and my 

f a t h e r ,  the  l a t e  Mr. M. N. S u l l i v a n ,  S r . ,  two o f  the  

many unsung heroes  and champions of q u a l i t y  e d u c a t io n  

f o r  Black youth  in  South C a ro l in a ;  they  d id  much to  

d i r e c t  me t o  t h i s  p l a c e .

To my d e a r  son J a c k i e ,  the n e x t  g e n e ra t io n  — 

one s t r o n g  b r i c k  in  the  fo u nda t ion  o f  the  Black N at ion ,  

one c o rn e rs to n e  in  the  fo unda t ion  of  the  New World of 

mankind.



ACKNOWLEDGMENTS

I  wish to  e x p re s s  my deep and s i n c e r e  g r a t i t u d e  

t o  my a d v i s o r ,  P r o f e s s o r  G i l b e r t  Baumslag, who n o t  only 

guided and encouraged me w i th  u n f a i l i n g  p a t i e n c e ,  en-  

thusiam  and good humor th roughou t  my s t a y  a t  C i ty  Uni­

v e r s i t y ,  bu t  who posed the  problems which l e d  to  t h i s  

t h e s i s .

I  a l s o  wish t o  thank P r o f e s s o r  Louis  Auslander,  

who n o t  only p lay ed  an  im p o r tan t  r o l e  i n  my e n t e r in g  

the  Graduate C en te r ,  bu t  who was a l s o  i n s t ru m e n ta l  in  

my o b ta in in g  f i n a n c i a l  a s s i s t a n c e .

F i n a l l y ,  I  w ish to  e x p re s s  my g r a t i t u d e  to  the  C i ty  

U n iv e r s i t y  o f  New York, th e  V/hitney M. Young, J r .  

Memorial Foundation ,  and IBM f o r  t h e i r  f i n a n c i a l  support  

th ro ug ho u t  th e  p a s t  s i x  y e a r s .



V

INTRODUCTION

The main t h r u s t  o f  t h i s  t h e s i s  i s  t o  i n v e s t i g a t e  

th e  decom posab il i ty  o f  c e r t a i n  a l g e b r a s  i n t o  w reath  p ro ­

d u c t s ,  d i r e c t  p ro du c ts  and f r e e  p r o d u c t s .

I n  1964 A. I SmeAin 5]  in t ro d u c e d  the n o t io n  of 

a  v e r b a l  wreath  p rod u c t  of g roups .  I n  1973 Smelkin lU I l n ' 

t roduced  the  analogous p roduc t  f o r  L ie  a l g e b r a s .  In  

p a r t i c u l a r ,  he d e f in e d  the ve r b a lC B  -w re a th  p roduc t  W of 

the  Lie a lg e b r a s  A and T (deno ted  W = A w r< ^ T )  where 

A i s  con ta ined  i n  a v a r i e t y  o f  L ie  a lg e b r a s  over

a  commutative r i n g  y v  w ith  1 . Th is  w rea th  p ro d u c t  

i s  the  s e m id i r e c t  p roduc t  of K and T , where K i s  

th e  i d e a l  gene ra ted  by A

I n  g e n e ra l ,  i t  i s  no t  an easy  t a s k  t o  d e c ip h e r  t h i s
^  I

w rea th  p ro d u c t .  However, Smelkin remarks t h a t  t h i s  wreath  

p ro d u c t  has a f a i r l y  simple d e s c r i p t i o n  i f  (5 3  i s  the  

v a r i e t y  of a b e l i a n  a lg e b r a s ,  , and th e  u n d e r ly in g

c o e f f i c i e n t :  r i n g  W  i s  a f i e l d .  In  t h i s  c a se ,  t h i s  

v e r b a l  a  -w rea th  p roduc t  i s  the  s e m i d i r e c t  p ro d u c t  of B 

and T , where B i s  a f r e e  T-module whose rank i s  eq u a l  

t o  the  dimension of A . I n  t h i s  case  W i s  s imply de­

no ted  A wr T .

This  t h e s i s  w i l l  be mainly concerned  w i th  such w reath  

p ro d u c t s .  However we w i l l  adop t  a r a t h e r  d i f f e r e n t  view­

p o i n t  towards wreath p ro du c ts .  Thus we w i l l  d e f in e ,  in



g e n e r a l ,  q u i t e  d i f f e r e n t  wreath  p ro d u c ts  from those  i n ­

troduced  by A. I .  Smel'kin Q • In  the  s p i r i t  o f  group 

th e o ry ,  we w i l l  d e f in e  w reath  p ro d u c ts  i n  terms o f  g en e ra ­

t o r s  and d e f i n i n g  r e l a t i o n s  (see C hap te r  1, S e c t io n  1 ) .  

Indeed ,  we a r e  m otiva ted  th roughou t  by group th e o ry .  In  

f a c t ,  t h i s  t h e s i s  may be viewed a s  an a t te m p t  to  c a r r y  over 

to  L ie  a lg e b r a s  some theorems in  group th e o ry .

I n  C hap te r  0 we re co rd  some o f  the  b a s ic  d e f i n i t i o n s  

and theorems t h a t  w i l l  be used th rou g ho u t  t h i s  t h e s i s .

We d e f in e  in  Chapter 1 the w rea th  p ro d u c t  of L ie  a l ­

geb ras  and d i s c u s s  i t s  s t r u c t u r e .  I n  S ec t io n  3 o f  C hap te r  1 

we show t h a t  the  c e n te r  o f  a wreath  p ro d u c t  o f  Lie a lg e b r a s  

i s  t r i v i a l .  This  theorem may be Viewed a s  the analogue 

f o r  Lie a lg e b r a s  of  the co r re spo n d ing  theorem f o r  g roups .

We r e c a l l  some of the d e t a i l s .  I n  1959. G i l b e r t  Baumslag 

proved t h a t  i f  W i s  the wreath p ro d u c t  of a n o n - t r i v i a l  

group A by an i n f i n i t e  group B , th en  W has t r i v i a l  

c e n t e r .  P e t e r  M. Neumann \ j o l  in  196^ g e n e ra l i z e d  t h i s  

r e s u l t  of G i l b e r t  Baumslag 's  and proved t h a t  i f  A i s  n o t  

t r i v i a l  the c e n t e r  of W = A wr B i s  the  c e n t e r  o f  D , 

where D i s  the  subgroup of the base  group o f  W con­

s i s t i n g  of a l l  o f  the  c o n s t a n t  f u n c t i o n s .

I n  S e c t io n  h ,  Chapter 1, we prove t h a t  the  w reath  

p ro d u c t  of a n o n - t r i v i a l  a b e l i a n  Lie  a lg e b r a  by an a r ­

b i t r a r y  Lie a lg e b r a  i s  d i r e c t l y  indecomposable.  P e t e r  M. 

Neumann l[)cQ proved the co r respond ing  theorem f o r  g roups ,  

s p e c i f i c a l l y ,  t h a t  the wreath  p ro du c t  of a n o n - t r i v i a l



group by an i n f i n i t e  group i s  d i r e c t l y  indecomposable.

I n  f a c t  he goes f u r t h e r  and s t a t e s  c o n d i t i o n s  on the  

groups f o r  the  w rea th  p ro d u c t  to  be d i r e c t l y  decomposable.

We i n v e s t i g a t e  a s s o c i a t i v e  a lg e b r a s  in  C hapter  2 f o r  

two prim ary  r e a s o n s .  F i r s t ,  the u n i v e r s a l  enve lop ing  a l ­

gebra  o f  a Lie a l g e b r a  i s  an a s s o c i a t i v e  a lg e b r a .  Se­

condly ,  most of  the  Lie a lg e b r a  com puta t ions  a re  a c t u a l l y  

performed in  i t s  u n i v e r s a l  enve lop ing  a lg e b r a .  In  p a r ­

t i c u l a r ,  we prove t h a t  the  f r e e  p ro d u c t  o f  a s s o c i a t i v e  

a lg e b r a s  i s  d i r e c t l y  indecomposable.

In  C hap te r  3 we prove a most u s e f u l  r e s u l t ,  namely, 

t h a t  the  u n i v e r s a l  en v e lo p in g  a lg e b r a  of  a f r e e  p rod u c t  of 

L ie  a lg e b r a s  i s  the  f r e e  p ro d u c t  o f  the  r e s p e c t iv e  u n iv e r ­

s a l  en v e lo p in g  a l g e b r a s .  -Hence, working in a id e  the  u n iv e r ­

sal-  enve lo p in g  a lg e b r a  o f  a- f r e e  p ro d u c t  o f  Lie a lg e b r a s  r e ­

duces to  working i n s i d e  o f  the  f r e e  p ro d u c t  of a s s o c i a t i v e  

a l g e b r a s .  C hapter  3 c o n c e n t r a t e s  on the  in deco m po sab i l i ty  

o f  f r e e  p ro d u c ts  o f  L ie  a l g e b r a s .  Two main theorems are  

proved, namely:

Theorem A: A f r e e  p ro d u c t  o f  Lie a lg e b r a s  i s

n e v e r  decomposable i n t o  a wreath  

p ro d u c t  o f  Lie a l g e b r a s .

Theorem B: The f r e e  p ro d u c t  o f  Lie a lg e b r a s  i s

d i r e c t l y  indecomposable.

C hapter  b conc ludes  the  t h e s i s  w ith  s e v e r a l  m i s c e l l a ­

neous r e s u l t s  on th e  f i n i t e  d im e n s io n a l i ty  o f  some Lie 

a lg e b r a s  and c e r t a i n  i d e a l s  of  Lie a l g e b r a s . ' We a l s o



v i i i

prove t h a t  an e x te n s io n  o f  a f i n i t e l y  p r e s e n te d  L ie  

a lg e b ra  by a f i n i t e l y  p re sen ted  Lie a lg e b r a  i s  f i n i t e l y  

p r e s e n te d .
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CHAPTER 0 i,

PRELIMINARIES

We f i r s t  p r e s e n t  some p re l im in a ry  d e f i n i t i o n s ,  

conven t ions  and n o t a t i o n .

S e c t io n  1 .

I f  F i s  a- f i e l d ,  a l e f t  F-.vect'or space.  A •„ equipped 

w i th  a m u l t i p l i c a t i o n

i s  termed a b i l i n e a r  a lg e b r a  i f

( i )  ( r ^  + r 2a 2* b W  = + r 2^a 2 'b ^
( i i )  ( a ,  r ^  + r 2b 2 ) ^  = r ^ a . b j ^  + r 2( a , b 2 )^//

where r^  , r 2 £  F, a^ ,  a 2 , b, b^, b2 €  A.

A i s  s a id  to  be a s s o c i a t i v e  i f  i t s  m u l t i p l i c a t i o n

i s  a s s o c i a t i v e ,  t h a t  i s ,  i f

( ( a l t a 2 ) y C /  f 3 L j ) y U  = (a  . ( a g . a ^ ) ^ ) / /  ( a i  e  A)

We w i l l  u s u a l l y  w r i te  ab in  p lace  o f  ( a ,  i f  A i s

an a s s o c i a t i v e  a lg e b r a .

D e f i n i t i o n  0 . 1 . A b i l i n e a r  a lg e b ra  A over  a f i e l d  F 

i s  termed a Lie a lg e b r a  i f

( i )  ( a . a ) / /  = 0 f o r  a l l  a £  A

( i i )  ] [a ,b , c j  + j b , c , a j  + J c , a , b ]  = 0

f o r  a l l  a ,  b ,  c £  A where [ a , b , c ]  = ( ( a vb)^/ , c ) ^  .

The second c o n d i t io n ,  ( i i ) ,  i s  c a l l e d  the  J a c o b i  I d e n t i t y .

We w i l l  u s u a l l y  denote the m u l t i p l i c a t i o n  i n  a  L ie  a lg e b ra



by »*3 * t h a t  i s ,  we w i l l  w r i t e  £.a »&3 P lace

I t  i s  c l e a r  from th e  p reced in g  d e f i n i t i o n s

t h a t  Cb *a3  = “ C.a , b 3  *
The con cep ts  o f . s u b a l g e b r a s ,  i d e a l s , f a c t o r  a lg e b r a s

and th e  isomorphism theorems f o r  both a s s o c i a t i v e  and Lie 

a l g e b r a s  w i l l  be ta k e n  f o r  g ra n te d .

The d e r iv e d  a lg e b r a  o f  a Lie  a lg e b ra  L i s  denoted L 

o r  where

= [ T  { * i ’y i l  1 x i ' y i  £  L J  ’

We d e f in e  the  c e n t e r  C of  a L ie  a lg e b r a  L to  be 

the  fo l lo w in g  s e t

C = J c  €. L ( ^ja*° 31 = 0 f o r  a -!L1 a €. L

A Lie a lg e b r a  L i s  c a l l e d  a b e l i a n  i f  L = C .

L e t  ]J be an a s s o c i a t i v e  a lg e b ra  over some f i e l d  F.

We d e f in e  a new o p e r a t io n  on y by

f x , y j  = xy -  yx 

f o r  a l l  x, y £  U , where the  o p e ra t io n s  on the  r i g h t  

s id e  a r e  the  u s u a l  ones i n  JJ. . .  IJ , w i th  the  g iven 

m u l t i p l i c a t i o n  r e p la c e d  by £  , becomes a Lie

a l g e b r a ,  a s  i s  e a s i l y  v e r i f i e d ,  c a l l e d  the  Lie  a lg e b ra  

of  th e  a s s o c i a t i v e  a lg e b r a  |J . This Lie a lg e b r a  i s  

denoted  by IJ**

D e f i n i t i o n  0 . 2 . A p a i r  (U , i )  i s  s a id  to  be a u n iv e r -

e r s a l  en v e lo p in g  a lg e b r a  o f  the  Lie a lg e b r a  T i f  U

i s  an a s s o c i a t i v e  a lg e b r a  (w ith  1) and i  i s  a homo­

morphism o f  T i n t o  U" and the  fo l lo w in g  hold»



i f  II i s  any a s s o c i a t i v e  a lg e b r a  and i s  a

homomorphism o f  T\ i n t o  J]“ , then  th e r e  e x i s t s  a

unique homomorphism o f  U i n t o  JJ such t h a t

©  = i  0 '  , t h a t  i s ,  the  diagram

U = U"

1 I
T ------->  II = II"

O  -

i s  commutative. As u s u a l ,  the  p a i r  (U , i )  t u r n s  ou t  to  

be unique (up to  isomorphism) and so we s h a l l  s imply r e f e r  

to  i t  a s  the  u n i v e r s a l  en v e lo p in g  a lg e b r a  o f  T .

Let L be a L ie  a l g e b r a  over a f i e l d  F gen e ra ted

by a s e t  X . . L i s  s a i d  to  be f r e e  on X i f ,  g iven

any mapping (J) o f  X i n t o  a Lie a lg e b r a  M th e re  

e x i s t s  a unique homomorphism : L —> M e x ten d in g  (j) 
D e f i n i t i o n  0 . 3 . A p r e s e n t a t i o n  i s  a p a i r  (X;R) where 

X i s  a s e t  and R i s  a  s e t  o f  X-words, t h a t  i s ,  R 

i s  a  su b se t  of the  f r e e  ( a s s o c i a t i v e  or L i e , a s  i s  app ro ­

p r i a t e )  a lg e b r a  on X 

. D e f i n i t i o n  0 . 4 . I f  L i s  a  Lie (o r  a s s o c i a t i v e )  a lg e b ra  

and (XiR) i s  a p r e s e n t a t i o n  th en  we s h a l l  w r i t e

L = (XjR)

i f  t h e re  e x i s t s  a map © :  X — ^  L ( s e t  map) such t h a t

the  e x te n s io n  j p  o f  ©  to  F = F(X) = th e  f r e e  L ie

( o r  a s s o c i a t i v e )  a l g e b r a  on X s a t i s f i e s :
IV. „

( i )  ( p  i s  on to ;

( i i )  k e r  ( f i  -  id p (R ) .

Notice  a l s o  t h a t  t h i s  im p l ie s  L = F / idp (R )  where 

idp(R) i s  the  l e a s t  i d e a l  of . F g en e ra ted  by R .



R e c a l l  t h a t  0  i s  sometimes r e f e r r e d  to  a s  the "p re ­

s e n t a t i o n  map" and t h a t  i t  i s  o f ten  i n j e c t i v e .  U su a l ly  

©  i s  i m p l i c i t .

D e f i n i t i o n  0 . 5 . L e t  • X and Y be L i e  su b a lg e b ra s  o f  

a  Lie a l g e b r a  W (denotedi  X ^  W, Y *=. W ) .  Then W

i s  s a id  t o  be the  d i r e c t  p rod uc t  of i t s  • s u b a lg e b ra s  X

and Y (denoted* X X  Y ) i f

( i )  X and Y a r e  i d e a l s  of W (deno ted :  X W

and Y ^  W )i

( i i )  W i s  the  d i r e c t  sum of X and Y (deno ted :

W = X ® Y ) ,  t h a t  i s ,  X /O Y = 0 and

W = X + Y ( i n  o t h e r  words, ev e ry  w g  W

can be w r i t t e n  as w = x + y ,  x s  X, y €  Y ) .

Notice  t h a t  i f  W = X X  Y th e n  — 0 f o r  a l l

x 6  X and y €  Y .

D e f i n i t i o n  0 . 6 . L e t  W be a L ie  a l g e b r a .  L e t  B W ,

T ^  W . Then W i s  the s p l i t  e x t e n s i o n  of B and T

(deno ted :  tf = B y i  T ) i f  W = B fi T .

I t  i s  c l e a r  t h a t

W/B = B € T/B ^  T/B A T =  T .

Also i n  B y a  t th e  m u l t i p l i c a t i o n  i s

t b + t , b ' + t ' ]  = ( t , b »bi3  + + 0 * *

N otice  t h a t  i f  B i s  a b e l i a n  th e n

[ b + t . b ’+ti] = ( { j , b 3  + {b,tQ ) + C t . t ,r]  .

D e f i n i t i o n  0 . 7 . A d e r iv a t i o n  §  o f  a  b i l i n e a r  a lg e b r a  

U i s  a  l i n e a r  map



s a t i s f y i n g  the  p ro d u c t  r u l e

( a b ) §  = a ( b ) §  + ( a ) § b  .

So i f  U i s  a Lie a lg e b r a  t h i s  becomes

“  £ a ’ b S 3  +  , b 1  •

The s e t  o f  a l l  d e r i v a t i o n s  of  U i s  denoted a s  Der U .

I f  End U i s  a s  u s u a l  the  s e t  o f  l i n e a r  t r a n s f o rm a t io n s

from U t o  U , th e n  c l e a r l y  Der U i s  a v e c t o r  sub­

space o f  End U .• I t  i s  e a s i l y  checked t h a t  the  b r a c k e t

o f  two d e r i v a t i o n s  i s  a g a in  a d e r i v a t i o n .  

This  t u r n s  Der U i n t o  a Lie a lg e b r a  ( indeed  a Lie sub­

s i d e  b ra  o f  (End U)“ )•

S e c t io n  2 .

The fo l lo w in g  a r e  some theorems t h a t  we w i l l  make 

use o f  th ro u g h o u t  t h i s  paper .

The f i r s t  o f  th e s e  i s  the  s o - c a l l e d  Po incare '  -

B i r k h o f f - W i t t  Theorem. I n  o rd e r  to  e x p la in ,  l e t  V be

a  v e c t o r  space over a f i e l d  F . Then the  t e n s o r  a lg e b r a  

TV o f  V i s  the  d i r e c t  sum of v e c to r  spaces  

Tn V = V # FV & p ...<g>pV (n = 0 ,1, . . . )

Here T°V i s  by d e f i n i t i o n  simply F . The m u l t i p l i ­

c a t i o n  in  TV i s  d e f in e d  v ia  d i s t r i b u t i v i t y  by

(a^(g) • ••  ® a p ) • (b^®  • • • b^) =

a ^ ®  . . .  (g) a p&  b^(^) • • • ®  bm •

Th is  o f  course  t u r n s  TV in to  an a s s o c i a t i v e  a lg e b r a  

over  F

Now suppose L i s  a Lie a lg e b r a  (ove r  F ) .  On 
f o r g e t t i n g  the  m u l t i p l i c a t i o n  i n  L , th e  t e n s o r  a lg e b r a



TL on L can be formed. L e t  now I  be the  i d e a l  of 

TL gene ra ted  by th e  e lem ents  o f  the  form

a® b -  b® a -  [ a ,b 7  

where a ,b  e L and, o f  co u rse ,  [ a , b ]  i s  the

p roduc t  in  L i t s e l f .  Now pu t

U = TL/I

and denote the  c o s e t  o f  . . .  $pan in  U by

a i a 2 • • • ' a n :

s a 2  ®  * * * ® ^ n  ^ = a i a 2 * * * an ^^ i  £ b) •
Then, a d o p t in g  th e  n o t a t i o n  above, we now s t a t e  the

fo l lo w in g  theorem.

Theorem 0 .8  (P o in c a re ^ -B i rk h o f f -V / i t t  )

I f  i  i s  the  homomorphism o f  L i n t o  U” d e f ined

by

i» a i 5> a + I  (a  L)

then  (U, i )  i s  the  u n i v e r s a l  en ve lo p in g  a lg e b r a  of L .

Furthermore i f

x1 , Xgi . . .

i s  any ordered  b a s i s  o f  L then  1 t o g e t h e r  w i th  the  

elements

x ( i | l ) x ( i , 2 )  . . .  x ( i , m)  ( ( i , l ) £  . . .  1  ( i , m ) ) 

where we w i l l  w r i t e  x ( i , j )  f o r  x.  and ( i , j )  f o r  i

form a b a s i s  f o r  U .

Notice t h a t  t h i s  . c o n ta in s .  the  in fo rm a t io n  t h a t  

i  i s  a c t u a l l y  a monomorphism. L can th e r e f o r e  be 

i d e n t i f i e d  w i th  i t s  image in  U“ . Moreover, i f  L i s  

now thought of a s  a s u b s e t  of U and i f  a , b  £  L , then
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ab -  ba = [ a - bl  

where the r i g h t  hand s ide  can be viewed e i t h e r  a s  the

g iven  p roduc t  in  the  Lie a lg e b ra  L i t s e l f  o r  a s  the

l e f t  hand s i d e ,  t h a t - i s ,  the d i f f e r e n c e  o f  two p ro d u c ts  

i n  the  a s s o c i a t i v e  a lg e b ra  U

We w i l l  need the  fo l low ing  ana logues  o f  two w e l l -  

known theorems from group th eo ry .

Theorem 0 . 9 . (von Byck’s Theorem L ( o J  )

Suppose A and B are  Lie a lg e b r a s  where A and

B can be p re se n te d  as  fo l low s:

A = (X;R) and B = (TjR U  S) .

Then the  map t h a t  sends x qua element o f  A to  x

qua element of b d e f in e s  a homomorphism o f  A onto B .

Theorem 0 .10 .  (B. H. Neumann )

I f

L -  (x 1( . . .  , xn »R) (n < o o )

i s  a f i n i t e l y  p re se n te d  Lie a lg e b r a ,  th en  th e r e  e x i s t s  a

f i n i t e  s u b se t  S £ R  such t h a t

L = (xl f  . . .  , x ^ ;S ) .

The p ro o fs  of these  theorems a re  ana logous  t o  the 

co r respo nd ing  theorems f o r  groups and w i l l  be om itted  h e r e .

A l l  o f  the  Lie a lg e b ra s  d i sc u s se d  in  t h i s  t h e s i s  w i l l  

have a s  the  u n d e r ly in g  ground f i e l d ,  the  commutative f i e l d  F .
_i _i

I f  G i s  a group and x , y e G  then [ x ,y j= x  y xy w i l l  de­

note  the  commutator of x and y in  G . x ^ -y“ *xy w i l l  de ­

note  the  con juga te  of  x by y . I f  L i s  a L ie  a lg e b r a ,

x, y6-L then  ^x»yj  i s  the Lie p roduc t  of x and y i n  L •



CHAPTER 1

WREATH PRODUCTS

S e c t io n  1 . I n t r o d u c t i o n

R e c a l l  t h a t  i f  A and T a re  two groups where

A = (XiR) and T = (YjS) 

th e n  a  p r e s e n t a t i o n  f o r  the  w reath  p ro d u c t  o f  A and 

T (d en o ted :  A wr T) i s :

A wr T = ( XUYj Ru S  U x , x ' € X

and i s  any word in  Y /l  in  t ]  )•

By an a lo g y  we make th e  fo l lo w in g

D e f i n i t i o n  1 . 1 . I f  A and T a re  two Lie a lg e b r a s

where

A = (XiR) and T = (Y*S) 

th e n  the  w reath  p ro d u c t  o f  , A and T , denoted A wr T , 

i s  d e f in e d  by

A wr T = ( X ^ Y i R u s  U ^ \ w ( x }  .v£y) j  , ' (^0 , v

Lemma 1 . 2 . P = A x T ,  the  d i r e c t  p ro d u c t  o f  Lie  a lg e b r a s  

A and T , i s  a q u o t i e n t  of W 
P ro o f

C l e a r l y  P and W a re  bo th  gen e ra ted  by XUY

Since  P “ i s  the  d i r e c t  p rod u c t  o f  A and T

[ [w £ x ) .v £ j r ) ]  , [w ' i x J .v 'X y j , ] ]  = 0

and



[w £ x j ,  [ w ' | x ) , v i y j ]  1  «= 0 .

Since A and T a r e  embedded in  A x T , both  R 

and S a re  s a t i s f i e d  in  Ax T . Hence a l l  the  r e l a t i o n s  

o f  W are  s a t i s f i e d  in  P and P i s  a  q u o t i e n t  o f  W 

by von Dyck's T h eo rem (0 .9 )•

Lemma 1 . 3 . Ac— *W, t h a t  i s ,  A i s  embedded in  W .

P roof

In  W = A wr T, s e t  ' a  = LQ(X),  t h a t  i s ,  the  Liect
suba lgeb ra  g e n e ra te d  by X , and ^ T ^  L (Y) . C le a r ly ,

'ASW and T^W . Le t

\ t W — »  A XT

be the homomorphism ( a c t u a l l y  the  epimorphism) o f  Lemma 1 .2  

Then
/s<  i  A A c_i_>W »  A * T

Here Vt  *— >0fWhere :a»— ^ a  , t*— >0 . Here V i s  the  com­

p o s i t i o n  of o( » /L and i  , t h a t  i s ,

= i  A . ° t .

I t  i s  c l e a r  t h a t  S) i s  th e  map t h a t  sends x qua
element of A. t o , ,  x. qua elem ent of  A . .

/V
Now A c l e a r l y  s a t i s f i e s  the  r e l a t i o n s  R o f  A.

Hence by von Dyck (Theorem 0 . 9 ) ,  we have the  epimorphism

^  t A  »  ' k

which sends x qua elem ent o f  A to  x qua e lem ent of ' a . 

I t  i s  c l e a r  t h a t  /?V = 1 and l )  p  -  1 , so



t h a t  i s

A« »'W

and the  lemma i s  proved .

By a s i m i l a r  argument,  we a l s o  have 

Lemma 1 . 4 . T«=---- > W, t h a t  i s ,  T embeds i n t o  W

So we may now i d e n t i f y  A w ith  A and T w i th  T

D e f i n i t i o n  1 . 5 . L e t  If = A wr T . Then th e  bottom B 

o f  W i s  d e f in e d  t o  be

B = id w(A).

Notice  t h a t  i f  M i s  an a b e l i a n  i d e a l  o f  a  L ie

a lg e b r a  L then  M can be tu rn ed  i n t o  an L /m -  (L ie

a lg e b r a )  module by s e t t i n g

m(a + M) = \jn,a^J ( m £ M , a e L ) .

Th is  " a c t io n "  o f  L/M on M can be extended to  an

a c t i o n  of  U(L/M) on M . This  then tu rn s  M i n t o  a

r i g h t  U(L/M) -  module in  the u s u a l  sense .

Theorem 1 . 6 . I f  A i s  an a b e l i a n  Lie a l g e b r a ,  t h e n  the

bottom B of W = A wr T i s  a l s o  a b e l i a n .  I f  B i s

viewed as  a r i g h t  U = U(T)-module then  B i s  a c t u a l l y  

a f r e e  U-module f r e e l y  g enera ted  by any chosen b a s i s  o f  

the  v e c to r  space A .

The p ro o f  of t h i s  theorem w i l l  be d iv id e d  up i n t o  

fo u r  lemmas, which depend in  p a r t  on the fo l lo w in g  con­

s t r u c t i o n .  The h y p o th e s i s  of Theorem 1.6  w i l l  be adop ted  

th rou g ho u t .

Let  A and T be cop ies  o f  A and T r e s p e c t i v e l y  

L e t  B be the f r e e  r i g h t  U('T)-module on a b a s i s  f o r  A .



We can form the s e m i d i r e c t  p ro du c t

w = b >4 t

of B and T u s i n g  t h i s  a c t i o n  o f  U (T) on B .

We remind th e  r e a d e r  of the d e t a i l s .  F i r s t  the

v e c to r  space s t r u c t u r e  o f  W i s  d e f in e d  by p u t t i n g

W = T 6 B .

Then ft i s  tu rn ed  i n t o  a  L ie  a lg e b r a  by d e f in i n g

( i )  t > 1+x 1 .y 2+x 2' ]  = [ y 1 -y 2i  + (x i y 2 ■ x2y i )
where £  B , y^fe-T f o r  i  = 1 , 2 .  C le a r ly  xy 

i s  the  p ro d u c t  g iv e n  i n  B a s  a U(T) module. 

Notice t h a t

C  ( i )  Q b , t  J  = b t  f o r  t  &  T  , B 6  B

( 2 ) ( i i )  B W

( i i i )  W /B ^  T

F i n a l l y  observe t h a t

W = La (Y U X) .

The p re ced in g  remarks a r e  made use of to  prove the
fo l low ing  lemma.
Lemma 1.7.  There e x i s t s  a c a n o n ic a l  homomorphism

©  i W ----=> W

which maps x i  => x and y i  •> y where x e X ,  y £  Y

Notice t h a t  0  , i f  i t  e x i s t s ,  i s  s imply the  ex­

te n s io n  of th e  map



But th e  l a t t e r  map does indeed ex tend  t o  W because the  

d e f in i n g  r e l a t i o n s  o f  W go over  i n t o  r e l a t i o n s  i n  W • 

Observe n e x t  t h a t  

Lemma 1 .8 , id^(X) s  B .

Proof

To see t h i s  observe f i r s t  t h a t  s in c e  B

i d ff( A) ^  B .

In  o rd e r  to  prove the  r e v e r s e  i n c l u s i o n  n o t i c e  t h a t  i f  

BfcB th en  5 can be ex p ressed  in  th e  form

6 as "2T i u

Here the  a range over p a r t  o f  a  b a s i s  f o r  A w hile  the 

u' £U(T)  . Now each u o c c u r r in g  can be w r i t t e n :  in  

the  form

u = t (  j , l ) t (  j , 2 )  . . .  $ ( j , r )

where y e  P, ( j , l ) ........... ( j . r ) e « J »  ( j . 1 ) < (  j . 2 ) ^  . . . —

( j . r ) ,  and }  i s  an  o rde red  b a s i s  f o r  T . So

B = au = 2 Z *  j »^)  • ••  " t ( j i r )  •

But i t  fo l lo w s ,  on r e p e a t e d ly  invoking  ( 2 ( i i ) ) ,  t h a t  

y ' a £ ( j , l )  . . .  £ ( j , r )  =

V L L * ” j ,:L0 • • • J  M Ur)^\ •
So

y  a ^ ( j , l )  . . .  ^ ( j . r )  £ id^(A) .

Hence B & id^(A) . This  com ple tes  th e  p ro o f  o f  the  

lemma.

•How s ince  &  : A   th en  i t  fo l lo w s  t h a t

0  t B  > B . Indeed, we c la im  the  fo l lo w in g :



1 J
Lemma 1. 9.  The r e s t r i c t i o n  o f  0  to  B ,

^  B , i s  an  isomorphism.

P ro o f

I t  s u f f i c e s  to  prove t h a t  t h e r e  e x i s t s  a p  such

t h a t  ^ i  §•— where B) = 1 and (©/B )p  = 1 .

R e c a l l  t h a t  i f  W i s  a Lie a lg e b r a ,  B an a b e l i a n  

i d e a l  of W , th en  B can be viewed as  a U(W/B)-module 

by s e t t i n g

a(w+B) = Q a ,w 3  

S ince W/B = T , B can th e r e f o r e  be thought  of as  a
. . /v/ _

U(T)-module . But s in c e  T = T , B can a l s o  be

th o u g h t  o f  a s  a U (f) -m odule .  Hence s ince  both  B and 

B a r e  U(T)-modules, we can use the  " f re e n e s s "  of B 

t o  show t h a t  ^  e x i s t s .

In  o th e r  words, i f  B i s  any U(T)-module and

p ' s X  (where here  ^  ' sends x to  x ) ,  th en

t h e r e  e x i s t s  an e x te n s io n  homomorphism p  of  ^  ' 

such t h a t  f  i B — -^B . C le a r ly  ^  i s  such t h a t  

|?(©/b) = 1 and ( & l B )p = 1 as  d e s i r e d .

Moreover, i t  i s  c l e a r  from (1) t h a t  B i s  a b e l i a n .

The p ro o f  of t h i s  lemma completes the p ro o f  of 

Theorem 1 . 6 ,  bu t  we can a d d i t i o n a l l y  observe t h a t

Lemma 1 .10 .  © :W ----- ^  W i s  an isomorphism.

P ro o f

Since W = La (A U  T) ^  fo l low s  t h a t

W = B + T

So i f  w 6  W , then

w = b + t  ( b €r B , t  6* T ).



Suppose t h a t  we leer© . Thus

0 = w© = b ©  + t ©  •

Notice t h a t  b© G 1 and t ©  & T • Since

= B fi f

i t  fo l low s  t h a t

b ©  = 0 = t ©  .

But 0  i s  an isomorphism when r e s t r i c t e d  to  B and T 

Hence b=0 and t - 0  , t h a t  i s  w=0 and the  p ro o f  o f  

Lemma 1.10 i s  complete.

I t  i s  c le a r ,  t h a t  we have

C o ro l la ry  1 .1 0 .1 . W = A w r T  = B<BT •
©  _This  i s  e a s i l y  observed .  S ince W -  W and = T © B

as  a  v e c to r  space,  maps T o n to  T and B o n t o

So W = T 6 B = B 6 T .

S e c t io n "2 . A u n iv e r s a l  mapping theo rem .

P ro p o s i t io n  1 .1 1 . L e t  A, A and B be a r b i t r a r y  Lie 

a lg e b r a s .  Let o< :A— V> A be an  epimorphism. Then 

th e r e  e x i s t s  an epimorphism
*

j U  «A wr B— V> A wr B .

P ro o f

Consider  the fo l lo w in g  p r e s e n t a t i o n s :

A = (XiR) and B = (Y;S)  .

Then

W = A wr B = (XuYj Z)

where



z  = r i j s   ̂ ) • v-iXy j  V
, v ^ ) ]  , L w’- ( x ) , v ^ y ) l l  \

*  *
N o t ic e ,  s in c e  <y  : A — >> A i s  on to ,  X g e n e r a te s  A .

Also A* A/ker®^ =" F(X)/Q , where the  l a t t e r  i s o ­

morphism i s  induced by the  isomorphism between A and 

F (x ) / id p (R )  . Notice  t h a t  R£LQ and A* * (X;Q) .

Now

W* = A* wr B = (XUYjZ*)

where

z* = q l / s  u  lLw-Cx )* i  V

*ixXx)» \
Since Z 3  Z i t  fo l lo w s  immediately  (from von Dyck 's

Theorem ( 0 . 9 ) )  t h a t  the  ca n o n ic a l  map from W to  W i s

a homomorphism.

S e c t io n  3 . The c e n t e r  of a wreath  p rod uc t  of Lie 

a lg e b r a s  i s  t r i v i a l .

L e t  A be an a b e l i a n  Lie a l g e b r a ,  T an a r b i t r a r y  

L ie  a l g e b r a .  R eca l l  t h a t

A wr T = T ® B = j_t+b | t  4 T , b 6 B  ̂

where B i s  the  f r e e  r i g h t  U = U(T)-module on a  b a s i s  

f o r  A , and the Lie p ro d u c t  in  T © B i s  d e f in e d  as  

fo l lo w s  I

^t1+b1,t2+b23= Ijh* + b̂l t2_t)2t l^
where b^6 B, t . t T  (see  ( 1 ) ) .

C ons ider  the set*



These m a tr ic e s  can be m u l t ip l i e d  n a t u r a l l y ,  t h a t  i s

and as  such form an a s s o c i a t i v e  a lg e b r a .  For any s , t  £  N 

d e f in e  [ . s , t 7  = s t  -  t s  where the  o p e ra t io n s  on the

r i g h t  a r e  th e  u s u a l  ones in  N as  an a s s o c i a t i v e  a l g e b r a .

(N. L  J  ) = N” i s  a  Lie a l g e b r a .  Consider

M = ( (b  o) \ t t T - b€ B 1 •
C le a r ly  M S .  N” . Define a  v e c to r  space map p  such t h a t

i f  i W = T « B -----> M

where

t p . t  + b i- - > ( 1  .

I t  i s  easy  to .p r o v e  now t h a t

P r o p o s i t i o n  1 .1 2 . ( p  i s  a L ie  a lg e b r a  homomorphism. In  

f a c t ,  P  i s  an isomorphism.

We now prove

P r o p o s i t io n  1 .1 3 . The c e n te r  Z(M) o f  M i s  ze ro .

Proof

I f  f t ,  “ 'j ( -  Z(M) th en  [ ( I : 0 ) ]  = 0

f o r  a l l  b 6  B , by d e f i n i t i o n .  But

[ ( £ ; (-£.• s )
f o r  a l l  B . Hence we must have - b f  = 0 f o r  a l l

b (r B . In  p a r t i c u l a r ,  f o r  b = , where a^ i s  one

of  the  g e n e r a to r s  f o r  A , b t ’ = a^t* = 0 . But s in ce  

the  a^ a re  a l l  b a s i s  e lem en ts ,  we must have t ’ = 0 .



( b *  o ' )  € Z<M )

th en  t*=0 . Now

o) Z(M >
im p l ie s  t h a t

f o r  a l l  1 6 T, b € B . Hence

( s . ,  °
f o r  a l l  t £ T  im p l ie s  t h a t  b ' t = 0  f o r  a l l  t  t T  • Now

b*€ B im p l ie s  t h a t  b '=  » u ^ 6 U(T) . I f

t / 0  , then

0 = b * t  = 7̂ "a^(u^t)

Hence u . t =0 ( a l l .  1  ) im p l ie s  . u. = 0. C a l l  i )  s in ce  # 0  and 

U-. -is an i n t e g r a l  domain.. .. So „ b '  = 0 and Z(M)=0 .

P r o p o s i t io n  1 . 1 ^ . Z(W)=0.

P roo f

Z(M )=0 and W ^  M . So Z(W)=0.

S e c t io n  D i r e c t  decom p os i t ion s  o f  w reath  p ro d u c ts  

o f  Lie a l g e b r a s .

A. In  t h i s  s e c t i o n  we w i l l  show t h a t  the  w reath  

p ro du c t  o f  a  ( n o n - t r i v i a l )  a b e l i a n  L ie  a lg e b r a  A by 

a  ( n o n - t r i v i a l )  Lie  a l g e b r a  T i s  d i r e c t l y  indecomposable. 

We do no t  know what happens i n  the  g e n e ra l  case because 

the  s t r u c t u r e  of. the  w rea th  p ro du c t  o f  a r b i t r a r y  Lie • 

a lgebras ,  i s  u n c le a r .



In  o rd e r  to  prove t h i s  we w i l l  f i r s t  show t h a t  i f  

a  Lie a lg e b r a  i s  d i r e c t l y  decomposable th en  the  dimension 

of  the  c e n t r a l i z e r s  o f  a l l  of i t s  e lem en ts  must be g r e a t e r  

than  or  eq ua l  to  two. We th en  choose an element from 

the  w reath  p roduc t  and show t h a t  the  dim ension o f  i t s  cen- 

t r a l i z e r  i s  l e s s  th an  two. Hence, a  w rea th  p ro d u c t  of 

L ie  a lg e b r a s  can n o t  be a  d i r e c t  p ro d u c t  of  Lie a l g e b r a s .

B. L e t  W=A wr T where A/O i s  an  a b e l i a n  Lie 

a lg e b r a  and T^O i s  an  a r b i t r a r y  Lie  a l g e b r a .  R e c a l l  

t h a t  W = A w r T = B € T  where B i s  th e  f r e e  r i g h t  

U-module on a b a s i s  f o r  A and U i s  th e  u n i v e r s a l  en­

v e lo p in g  a lg e b r a  o f  T

We beg in  by p ro v in g  (see  D e f i n i t i o n  0 .5 )

Lemma 1 .1 5 « W /  B X  T .

To see t h i s  we need only p o i n t  ou t  t h a t  T i s  n o t  

an i d e a l  o f  W . I f  T were an i d e a l  o f  W , i t  

would have t o  c o n ta in  a l l  p ro d u c ts  o f  th e  form 

where the a^ a re  b a s i s  e lem ents  o f  A and t  Cs T , 

t / 0  . But the p ro d u c ts  = a ^ t  ^  0 . Hence

BA T /  0 . This  c o n t r a d i c t s  the  d e f i n i t i o n  o f  d i r e c t

p ro d u c t .

Lemma 1 .16 .  W i s  n o t  the  ( n o n - t r i v i a l )  d i r e c t  p roduc t  

of B and T* , where T* /  0 , T' W .

P roo f

Suppose

W = B y<  T' .. (T ’/ 0 )  .

Le t  t  6  T , t^O , th en  t  = b + t '  , b 6  B , t* £  T*

Choose some a 6- B where a i s  one o f  the  b a s i s  e lem ents



o f  A • Then

0 = f a , t ' 3  s in c e  B n T '  = 0 ,

= ^ a , t - b j

= I ? - * ]  -  Ca ,b3
s in c e  B i s  a b e l i a n .

So 0 = a t  i n  B . But a  i s  p a r t  o f  a b a s i s ,  so

aj^O . Hence i t  must be t h a t  t=0 . But t h i s  i s  a

c o n t r a d i c t i o n .  T here fo re

W ^  B X T ’ .

D e f i n i t i o n  1 .1 7 . I f  L i s  a  Lie a lg e b r a  and w eL  , 

th e  c e n t r a l i z e r  of w , cr(w) , i s  d e f in e d  a s  fo l lo w s :

cr(w) « £ x € L | [w ,x ]= 0^  .

Lemma 1 .1 8 . L e t  L be any Lie a lg e b r a  such t h a t  

L as CXD where C ^ L  , D £ L  , C . I f  / ^ L  

th e n  th e  d im (c r (X ))^ :  2 , where dim denotes  dimension. 

P ro o f

L e t  L . W ithout l o s s  o f  g e n e r a l i t y ,  we may 

assume J L ^ 0 . Then j£ = c + d  , c £ C  , d £ D  . Now

[]c+d,d”J = (jc,djf + [ j i , d ]  = 0 

So d e c r ( j£ ) »  Also

Jc+d,cf] b j j j , c ]  + J d , c ]  *= 0 .

Hence c £ c r ( j f )  .

I f  c / o / d  , t h e n  c and d a re  l i n e a r l y  in de ­

pendent  s in c e  they  occur  in  d i f f e r e n t  f a c t o r s .  So c l e a r l y ,  

d im (c r ( 2 ) ) ^ .2  .

Suppose one o f  c and d i s  z e ro ,  say c . Then
i.

c • So a l l  o f  D c e n t r a l i z e s  &  . Hence, c r ( J Q  Zb 

^  c,D*^ . T h e re fo re ,  i n  a l l  c a s e s ,  d im ( c r ( # J ) 'Z- 2 .



£ .  Choose w=a+t where a i s  sone. b a s i s  e lem ent

o f  A and t f c  T , t / 0  . I f  c e  c r ( a + t )  th en

0 = [ a + t , c ]  a ^ a t c] + [ t , c ]  .

This impl ies  that

(3)  0 = [ a »°3 + [ ? ’ c  }  •

P r o p o s i t i o n  1 .1 9 . A n on-ze ro  e lem ent  c 6  c r ( a + t )

i s  n e i t h e r  an element of  B no r  an  e lem en t  of  T . 

P roof

( i )  Suppose c 6  B . Then from (3) we o b ta in

0 = [ a , c ]  + = - c t

So c=0 , a c o n t r a d i c t i o n .

( i i )  Suppose c C- T . Then from (3) we o b ta in

0 = [ a , c j  + [ t , c ]

and so

W  ^ a , c ]  = •

But thie l e f t  hand s id e  ( l h s )  of (4) i s  i n  B and the  

r i g h t  hand s ide  ( rh s )  of (4) i s  i n  T , so t h a t  we 

must have

[ a , c ]  = 0 = [ c , t j  

s ince  Bfl T = 0 . This  im p l ie s  t h a t  c=0 s in ce  a

i s  some b a s i s  e lement of A

Hence c i s  n e i t h e r  an e lem ent  o f  T n o r  o f  B .



T his  a l lo w s  me to  prove

Theorem 1 ,2 0 . The c e n t r a l i z e r  C o f  w=a+t i s  one­

d im en s io n a l .

We s h a l l  d iv id e  t h i s  theorem i n t o  two lemmas (1 .25  

and 1 .26)  and one c o r o l l a r y  ( 1 . 2 6 . 1 ) .  But f i r s t  we 

r e c a l l  the  fo l lo w in g ,  and s t a t e  some d e f i n i t i o n s *

I f  { .U j l o f e j }  i s  an o rdered  b a s i s  f o r  T , then  

th e  e lem ents

u ( i , l ) u ( i , 2 ) . . . u ( i , r )  ( ( i . l ) ^ ( i , 2 ) ^  . . . £ ( i , r ) )

and 1 from a  b a s i s  f o r  U (by the  Poincare*"-Birkhoff-  

W it t  Theorem ( 0 . 8 ) ) .

D e f i n i t i o n  1 .2 1 . An element of U i s  termed a  monomial 

i f  i t  i s  w r i t t e n  i n  the  form

o < u ( i , l ) u ( i , 2 ) . . . u ( i , r )  ^ e F ^ / O )

where th e  u ' s  a r e  b a s i s  e lem ents  o f  T . We a l lo w

r «=0 which i s  i n t e r p r e t e d  simply a s  °< .

D e f i n i t i o n  1 .2 2 . An element of U i s  termed a s t r a i g h t

monomial i f  i t  i s  w r i t t e n  i n  the  form

u ( i , l ) u ( i , 2 ) . . . u ( i , r )  & e E ' , < * / 0 )

"and th e  u ( i , j )  a r e  b a s i s  e lem ents  o f  T , where

( i , l ) ^  ( i , 2 )<T . . .  ■£ ( i , r )  .

D e f i n i t i o n  1 .2 3 . The weight  o f  a s t r a i g h t  monomial ra 

where

m = <=* u ( i , l  ) u ( i , 2 ) . .  , u ( i , r )  ,

( i , l ) ^  . . .  £ ( i , r )  i s  d e f in e d  to  be r  . We w i l l  w r i t e  

wt(m) = r  .

N o t ice  t h a t  th e  d e f i n i t i o n s  exclude 0 from the 

s t r a i g h t  monomials.



c c

D e f i n i t i o n  1.2**. An elem ent u e U  i s  termed homogeneous 

o f  weight r  i f  i t  can be w r i t t e n  a s  a  sum of  s t r a i g h t  mo­

nomials of weight  r  .

Notice  t h a t  i f  U6 U (uj/O), th e n  i t  can be w r i t t e n  

u n ique ly  i n  the  form

( 5 ) u = u ( 0 ) + u ( l )  + . . .  + u (p)

where u ( r )  i s  homogeneous o f  w eigh t  r  • N otice  t h a t  

u (p)  i s  the  term  of  h ighes t  w e ig h t .

Lemma 1 .2 5 . I f

q f u ( i , l ) u ( i , 2 ) . . . u ( i , r )  

i s  a s t r a i g h t  monomial and i f  uk i s  any b a s i s  e lement 

of  T , th en

o( u ( i , l ) u ( i , 2 ) . . . U ( i , r )  . uk = .

u ( i , l ) . . . u ( i , k ) u ku ( i , j + 1 ) . . . u ( i , r )  

where QT i s  e i t h e r  ze ro  o r  a  sum o f  s t r a i g h t  monomials 

of weight l e s s  th a n  r +1 and

( i , l ) ^ ( i , 2 ) ^  . . . < ( i , j ) £  k ^ ( i , j + l ) ^  . . . ^ ( i , r )  .

P roo f

The p ro o f  w i l l  be by i n d u c t io n  on r  , th e  weight 

of the  monomial.

Suppose r = l  , th e n  f o r

m = c* u ( i , l )

m,uk =
I f  ( i , l ) f r k  , th e n  we a re  f i n i s h e d ,  t h a t  i s ,  u ( i , l ) u k 

i s  a s t r a i g h t  monomial a s  i t  s t a n d s .  I f  ( i , l ) > k ,  th en  

u ( i , l ) u k «= uku ( i , l ) - u ku ( i , l ) + u ( i , l ) u k

= uRu ( i , l ) +  [ u ( i , l ) , u k”]  , k < ( i , l )  .



So u ( i , l ) u k * uku ( i , l )  +

s in c e  \^u( i ,  1 ) , u^] £  T . N otice  t h a t  wt( of ^ ) ■

l < r + l  = 2 , f o r  a l l  r  a s  r e q u i r e d .

Now suppose the  theorem i s  t r u e  f o r  some r  >1 ,

t h a t  i s

u ( i , l ) u ( i , 2 ) . . . u ( i fr)  . uk =

C “ + u ( i , l ) . . . u ( i f j ) u ku ( i , j + l ) . . . u ( i , r )  

where <ST i s  a  sum o f  s t r a i g h t  monomials of weight

l e s s  th an  r +1 and

( 1 . 1 ) £  ( i , 2 ) £  • . .  ± ( i ,  j ) ±  k i . ( i ,  j + l ) ±  . . .  i: ( i , r )  .

C onsider  u ( i , l ) u ( i , 2 ) . . . u ( i , r ) u ( i , r + l )  , a s t r a i g h t

monomial o f  weight  r +1 .

Case 1 . Suppose k * ^ ( i , r + l )  • Then u ( i , l ) . .  . u ( i , r + l )  .

i s  a s t r a i g h t  monomial and we a r e  done.

Case 2 . Suppose k < ( i , r + l )  . Then

u ( i , l ) . . . u ( i , r ) u ( i , r + l )  . uk =

u( i , 1 ) . . . u ( i , r ) ( u ku ( i , r + l ) + u ( i , r + l ) u k-uku ( i fr + l ) )  = 

u ( i , l ) . . . u ( i tr ) ( u ku ( i , r + l ) +  [ u ( i , r + l ) ,u^]  ) =

u ( i , l ) . . . u ( i , r ) u ku ( i , r + l ) + u ( i , l ) . . . u ( i , r ) 2 0̂ (jUj _

( u ( i , l ) . . . u ( i , j ) u ku ( i , j + 1 ) . . . u ( i , r ) + < T ) u ( i , r + l )

+ 2 ^  . u ( i l l ) . . . u ( i , r ) u ,  »
J J

f u ( i , l ) . . . u ( i , j ) u ku ( i , j + 1 ) . . . u ( i , r ) u ( i , r + l )

^  +Q"u( i , r+l )+2o<k j U ( i , l ) . . . u ( i , r ) u j

where

( 1 . 1 ) 5  . . . i ( i , j ) i k ^ ( i , j + l ) * : . . . ^  ( i , r ) ^  ( i , r + l )  . 

S ince by the  in d u c t io n  h y p o th e s i s  C “ i s  e i t h e r

ze ro  o r  i s  a sum of s t r a i g h t  monomials o f  weight l e s s  

th a n  r +1 , ( f u ( i , r + l )  can be w r i t t e n  a s  a sum of



s t r a i g h t  monomials o f  w e igh t  l e s s  th a n  r+2 . S im i l a r ly

we can " s t r a i g h t e n "  the monomials in vo lved  in

" ^ . © ^ u ( i , l ) . . . u ( i , r )  . Uj 

and o b ta in  a sum of  s t r a i g h t  monomials o f  w eigh t  l e s s

th an  r+2 , o r  z e ro .  R e w r i t in g  ( 6 ) we a r e  le d  t o  the

eq u a t io n

\  u ( i , l ) . . . u ( i , r ) u ( i , r + l )  . u. =
( 7 )  i  i

^ u ( i , l ) . . . u ( i , j ) u ku ( i , j + l ) . . . u ( i , r ) u ( i , r + l )  + (5~

where

( i , l ) £  . . .  - ( i f j )  £:k ^ ( i ,  j+ 1 ) ^  . . .  f : ( i , r ) -  ( i , r + l )  

and <S” ' i s  a sum o f  s t r a i g h t  monomials o f  w eigh t  l e s s  ''

th an  r+2 , o r  Q” * i s  z e ro .  This  conc ludes  the  p ro o f

of Lemma 1 .25 .

I t  fo l lo w s  from the p ro o f  o f  Lemma 1 .25  t h a t  we have 

proved

Lemma 1 .26 .  I f  u = u (0 )  + . . .  + u (p )  , u n iq u e ly ,

(uj/O) and uk i s  a b a s i s  e lem ent  o f  T , then  

u . uk = v ( 0 ) + v ( l )  + . . .  + v (p + l )  

where v ( i )  i s  e i t h e r  ze ro  o r  homogeneous o f  w eigh t  i  

f o r  i - 0 , . . . ,  p and v (p + l )  i s  homogeneous o f  degree

p+1 , p+1 0

As a consequence, we have the  fo l lo w in g  c o r o l l a r y .  

C o ro l la ry  1 . 2 6 . 1 . I f  u = u (0 )  + . . .  + u(p)  , (u^O) ,

u n iqu e ly ,  and t  = t / 0 , then
J J

u t  — v (o )  + v ( 1 ) + . . .  + v ( p + l ) , v ( p + l )^0

where v ( i )  i s  the  homogeneous component o f  w eigh t  i  or

z e ro ,  and p + l^ O  ,



p. We now make use o f  th e  fo l lo w in g  c a l c u l a t i o n s .  

Suppose c d C  = c r ( a + t )  . I f  c*=d+s , d /O /s  , d e B  , 

s 6 T , th en

Q a + t .d + s ]  = Ca »dJ + [ a , s ]  + [ t , d ]  + ( t , s j  = 0

which im p l ie s

as  -  d t  = 0 = t a . t j  

s in c e  B/lT=0 . So as  = d t  and £ s , t ^ |  -  0 .

Now i f  d=2"a^u^ , u . e U  , the. u n i v e r s a l  en v e lo p in g

a lg e b r a  o f  T , t h e n  d t = 2 a ^ ( u ^ t )  . S ince as=dt= 

Z I a * ( u . t )  then  dt=a. ( u . t )  ( f o r  some k) and a l l  o t h e r
1  1  K Jv

u^t=0 . So; . u^=.O . is ince IJ i s  an i n t e g r a l  .domain.1. Here 

' 'a ^ a*  . S i m p l i f y i n g ,n o t a t i o n  .we w r i t e 1, u. f o r  ..u^ .. -.So

( 8 ) d = au

T h ere fo re

( 9 ) a s  = a ( u t )  im p l ie s  s = u t  .

We s h a l l  examine t h i s  e q u a t io n  (9)» which in v o lv e s  only  

e lem en ts  in  T .

R e c a l l  t h a t  s= u t  where s , t € T  , s / o / t ,  u e U  and 

u / 0  . So we may w r i t e  s = s ( l )  . Write u i n  th e  form

u = u ( 0 ) + . . .  + u (p )  , ( u ( p ) / 0 , p ^ O )

So

u t  -  v ( 0 ) + . . .  + v (p + l )  

by C o ro l la ry  1 .2 6 .1  . Hence, we o b ta in

s ( l )  = v ( 0 ) + . . .  + v (p + l )

Hence p=0 i s  the  only p o s s i b i l i t y ,  t h a t  i s ,  u £ F  .

So r e w r i t i n g  ( 8 ) we have the  e q u a t io n

d = o ( a  (<v fe. F) .



2b

Now d=ofa and s=c<t , s in ce  d=au and s=ut 

by (8) and (9)» where d+s £  cr (a+t )  . So d+s =

©\a+©<t = <^(a+t)  . T h e re fo re  th e  c e n t r a l i z e r  o f

w * a+ t  i s  one d im e n s io n a l  as  d e s i r e d .  T h is  com pletes  

the  p roo f  o f  Theorem 1 .2 0 .



CHAPTER 2

ASSOCIATIVE ALGEBRAS

S e c t io n  1 . I n t r o d u c t i o n

We f i r s t  d e f in e  a  f r e e  p ro d u c t  of a s s o c i a t i v e  

a lg e b r a s  ( F f the  u n d e r ly in g  commutative f i e l d ) .  

D e f i n i t i o n  2 .1 .  C i s  s a id  to  be the f r e e  p ro d u c t  o f

f o r  each j ) i f f

( i )  C » . . a l g ( C j |  j fr J ) i

( i i )  f o r  every  a s s o c i a t i v e  a lg e b ra  C' and every

t h a t  t h i s  s e t  c o n s t i t u t e s  a b a s i s  f o r  P = A *a B , the

f r e e  p ro d u c t  o f  a s s o c i a t i v e  a l g e b r a s  A and JB . We a l s o

term Pf a (©< ( r  F, ^ 0 ) ,  where a i s  g iven  by ( 1 ) ,  a

monomial o f  w eigh t  r  . Notice t h a t  every elem ent u P , 
u^O , can be w r i t t e n  un ique ly  in  the form

( 2 ) u = u ( 0 ) + u ( l )  + . . .  + u(n)

a  fam ily  o f  a s s o c i a t i v e  a lg e b r a s (w i th  1 ..

fam ily  of a lg e b r a  homomorphisms C' ,
J J

t h e r e  e x i s t s  an a lg e b r a  homomorphism such

t h a t  :C ----^  C' ex tends  <=>< . ( j  6- J )  .
J

L et  A and B be a s s o c i a t i v e  a lg e b r a s  w i th  1 .

L e t

be bases  f o r  A and B r e s p e c t i v e l y .

and t h e  s e t  of  monomials

where

? X ,
( i » 2 ) . . .  e ( i , r )

and ^  ^  ¥  ^ i +1 • I t  i s  e a s i l y  seen



where u(0)  £  F and each u ( i )  i s  e i t h e r  a sum o f  mono­

m ia ls  o f  weight  i  o r  z e ro .  We term u ( i )  the  homo­

geneous component o f  u o f  w eigh t  i  . Notice  t h a t  the  

form (2 )  depends on the  cho ice  o f  bases  f o r  A and B 

Since t h i s  choice  i s  made a t  the o u t s e t  we s h a l l  have no 

occas ion  to  mention i t  f u r t h e r .  We term  u o f  w eight  n 

i f  u (n )  /  0 .

S e c t io n  2 . A f r e e  p ro d u c t  of  a s s o c i a t i v e  a lg e b r a s  A 

and B i s  d i r e c t l y  indecomposable i f  A 

and B a re  i n t e g r a l  domains.

A. I n  t h i s  f i r s t  p a r t  of S e c t io n  2 we prove

Theorem 2 . 2 .

L e t  A and B be a s s o c i a t i v e  a l g e b r a s .  I f  A 

and B a r e  i n t e g r a l  domains, th en  th e r e  e x i s t s  an e l e ­

ment p fcP  (pj^O), P = A *a B , such t h a t  c r ( p )  = F{j?3 

Proof

Choose p Cz. P (p^O) such t h a t  p = e f  , where

1 /  e i s  and e lem ent  o f  X and 1 /  f  i s  an element

of  Y . W e  w i l l  show t h a t  C = c r ( e f )  = FCef] . Let

u 6  C , u^O . We w i l l  prove t h a t  u Q  F ( e f ]  by i n ­

d u c t io n  on th e  w e igh t  o f  u

L e t  u £  C , w t(u )  ^  1 . W r i t in g  u in  i t s  homo­

geneous form, we have

u s= u ( 0 ) + u ( l )

Since u & C = c r ( e f ) ,  we have
( 3 ) u ( e f )  = ( e f ) u



I f  u( 1 ) / 0  th en  u ( l )  = 2 ^  x + Z ^ y  (x Cr X, y £■ Y). 

C ons ider  the  term o f  h i g h e s t  w eigh t  on the  l e f t  hand s ide 

of  ( 3 ) ( l h s  ( 3 ) )  and the  r i g h t  hand s id e  o f  ( 3 ) ( rh s  (3))* 

l h s ( 3 )  = y e f  and r h s ( 3 )  = ‘ZTov.efx

So

(4)  Z y ^  y e f  = Z W e f x

which i s  n o t  p o s s i b l e  s in c e  l h s ( ^ )  ends i n  f  €? Y and 

rhs(*0  ends in  x €  X . So we must have ^  = 0 = *Y f o r  

a l l  and .
T here fo re  u = u(0) 6  F and u C i s  t r i v i a l l y  a 

po lynom ia l  in  e f  . So th e  theorem i s  proved f o r  wt(u) 

±  1 .
L et us a l s o  c o n s id e r  the  case  when u 6 - C has  weight 

two. That  i s

u = u ( 0 ) + u ( l )  + u ( 2 ) ( u ( 2 )^ 0 )

S ince u &  C we have

( 5 ) u ( e f ) = ( e f ) u

C onsider  u (2)  , the  term of  h i g h e s t  weight  in  u :

( 6 ) u ( 2 ) = X ^ w e  + + ’Z / ' v f  + f '

where w, w ' ,  v ,  v '  a r e  a l l  o f  w eight  one, t h a t  i s ,  are  

e q u a l  to  e ,  f  o r  one o f  th e  e lem ents  e '  i n  X -  £ej^

o r  f '  i n  Y -  £ f J  . I t  i s  c l e a r  t h a t  we have tak en  a l l

th e  terms in  u ( 2 ) and grouped them a s  fo l lo w s :  f i r s t ,

th o se  terms ending  in  e ? second, those  terms ending  in  

the  e lem ents  o f  X -  i e \  , denoted e '  i t h i r d ,  those

term s ending  in  f  i and l a s t ,  those  terms ending in

e lem ents  in  Y -  |_f |  , denoted  f  * . A l l  of the



monomials a re  s t r a i g h t  ( see  D e f i n i t i o n  1.22)* So

v and v* a re  e q u a l  to  e o r  one o f  the  e lem ents  e '

and w and w' a r e  eq u a l  to  f  o r  one o f  the  e lem en ts  f '

C onsider  the  terms o f  h i g h e s t  w e ig h t ,  t h a t  i s  o f  

weight  f o u r ,  in  ( 5 )*

(7) 2 / v f e f +  ^ ' v ' f ' e f  = ,2./^ e fv f+

Since no terms of  the  l h s ( 7 )  end i n  any f* ( f / f ' ) ,  i t

must be t h a t

^ ' e f v ' f '  = 0

Hence

( 8 ) / *  = 0 .

R ew ri t in g  (7) we have

^ v f e f  = 2 y ^ e f v f  

which im p l ie s  t h a t  f o r  some i  and j

/ i V . f e f =  ^ e f v . f  .
Hence

= and v i  = e = v j
f o r  a l l  i  and j . So ( 6 ) may now be r e w r i t t e n  a s

( 9 ) u ( 2 ) = 2 ^  we + 2 Tcx.,w, e '  + ^ e f  

Now

( 1 0 ) u ( l )  = t fe  + i r f  + 2 -Ve* + 2 ^ ‘f '

We now c o n s id e r  the  terms of  w eigh t  th r e e  in  (5)*

Z v w e g f  + i f  + £ f e f  + Z y t ' e t
fwe + Xc^'efvv'e' + ^ fe fe  + e f e '

where " uJ " i n d i c a t e s  t h a t  an amalgamation t a k e s  p lace

between th e se  f a c t o r s  s in c e  they  occu r  in  the  same b a s i s .
S ince every  term on l h s ( l l )  ends in  f  , we must have 

l h s ( l l )  -  0 = r h s ( l l )  . C o n s id e r in g  r h s ( l l )  and the  f a c t

( 1 1 )



t h a t  e / e '  , we o b ta in

o<f\ye + y e f e  = 0 .

So

e f ( 2 IWw + ^ « l ) e  -  0 

Since  P i s  an  i n t e g r a l  domain

"STc* w + #* i  = o

But no l i n e a r  com bination  o f  b a s i s  e lem ents  i s  ze ro  un­

l e s s  a l l  the  c o e f f i c i e n t s  a re  z e ro .  Hence 

( 1 2 ) «* = 0 = 

f o r  a l l  o (  » Also s in ce

'X o t ' e f w  *e' + = 0

then

and

r o O e ^ ' e '  +  2 V e f e '  =  0

e f (  ^ ' w ' e '  + Z y e * )  = 0

so

(13) ' Z ^ ’w'e'.  + r ^ ' e V  = 0u  i »r u ~7vr,*m\vT) ( n )

But ( 1 3 ( i ) )  beg ins  w i th  and element o f  Y and ( 1 3 ( i i ))  

beg in s  w i th  an e lem ent  o f  X so the only way (13) can 

be t r u e  i s  i f

( 1*0 o<» = o = y

So (12) and (1*+) give us t h a t  (9) may be w r i t t e n  a s

( 1 5 ) u(2)  = / ( e f )

C ons ide r ing  l h s ( l l ) ,  i t  may now be r e w r i t t e n  a s

( 1 6 ) Z S f e f  + Z i ’ f e f  = 0 .

But f / f ' so § «v o a §  • f o r  a l l  £  and $ .  '

Hence (12 ) ,  (14) and (16) give us t h a t  u ( l )  « 0 .



Hence u = u(0) e f ) which i s  c l e a r l y  i n  F [_efJ  .

Hence the  theorem i s  proved f o r  w t ( u ) ^  2

Next we show t h a t  i f  u 6 - c r ( e f )  and w t(u)  = m =

2n -  1 th en  u(2n  -  1) = 0 ( t h a t  i s ,  u = u ( 0 ) ) .  Let

C le a r ly  we have u ( l )  = 0 f o r  n = 1 from the f i r s t  case 

cons ide red  (page 28) .  C ons ider  u ( 2 n - l )  , n ^ 2  . Write  

u ( 2n - l )  a s  fo l lo w s :

where x ,  x ’ , x " , x * ' '  &  X and y ,  y ' ,  y " , y ' ' '  Y .

The monomial w i s  th e  -remaining ( s t r a i g h t  )•’p a r t  of the* X
s t ra ig h t .m o n o m ia l  o f  u ( 2n - l ) .  t h a t  ends i n  e and beg ins  in  

x g X  ( the  o th e r  monomials in  ( 1 7 ) a r e  s i m i l a r l y  d e f in e d ) .  

Again we have 

(18) u ( e f ) = ( e f ) u

Consider  the  terms of  h i g h e s t  weight  ( t h a t  i s ,  weight  2n+l) 

in  (18):

£x"v£fef  +. Z ^ y " V y f e f  + Z ^ ' x '  ’ 'v £ '  ' f  ' e f  +

Since no term on l h s ( 1 9 )  ends i n  f* ( f ^ f ' )  we must

u = u ( 0 ) + . . .  + u ( 2n -  1 ) .

(17)

(19)
v e fx w xe + X * ' e f x 'w ^ e ' + Z /^ e f x " v xf

2 / e f x '  * 'v ^ '  ' f*

+

have

2 / 3 , e f x ' ' ' vx " f ' = 0 *
So
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/  = 0 .
S im i l a r l y

Z * e f x w  e = 0 = Z 'V 'e f x 'w ^
X X

• e #

( 2 2 )'

So

( 2 1 ) °< = 0 = °< ’

f o r  a l l  °< and ° c ' . S o  (19) may be r e w r i t t e n  a s  

^ / g x - v ^  f e f  + X y d y - 'v ^ fe f  + Z / ^ y '  ' * v ^ '  ' f ' ' e f

"2 ^  e f x " v " f

S ince every  term on r h s (2 2 )  beg ins  w ith  e f  , we must 

have t h a t

( 2 3 ) Z /J y " v " f e f  + Z / * V  ' ' v '  ' ' f e f  = 0
« y

But s in c e  th e  f i r s t  summation ends i n  f e f  and the  second 

ends i n  f e f  ( f / f ) ,  we must have

(24)  ^  = 0 = / 5 r

f o r  a l l  ^  and

F i n a l l y  (22) may be w r i t t e n  as

( 2 5 ) x " v " f e f  = ^ e f x " v " f  .

So

( 2T/?x"v£fe -  Z ^ e f x " v £ ) f  = 0 

Since P i s  an i n t e g r a l  domain we must have

2 j ^ x " v £ f e  -  2 T ^ e fx " v £  = 0

which im p l ie s  t h a t

2 7 ^ X"v£fe = 2 / ^ e  fx"v£

So a l l  x" = e and we may w r i te

( 2 6 ) Z y ^ e v ^ f e  = Z T ^e fev ”

We o b ta in
Z /  v ”fe  = - Z f i  f e v ”



3^

which im p lie s  t h a t  a l l  v" must beg in  w ith  fe  and end 

w i th  fe . Now w t(v " )  = 2n-3 i s  odd. For n = ^ thenA
w t(v j )  = 5 so

v" = fe  . R . fe 

where R i s  th e  rem a in ing  f a c t o r  of  v" , wt(R) = 1 .A
C on s id e r in g  v" in  (26) we have f o r  some i  and j

/ ^ f e  . R*̂  . fe  . fe  =

/ ^ . f e  . fe  . R. . fe* J J
SO

x Ri • fe  *■ $ •  fe  . R« *
X J* * J J

But w t(R .)  = 1 -  w t(R .)  im p l ie s  t h a t  f  = e , a con-
J

t r a d i c t i o n .  So

Z  f  e v ^ f  e = z ^ e f e v ^

only i f

2 : ^ e v » f e  = 0 = Z y ^ e f e v ^  

which im p l ie s  t h a t

( 2 7 ) / ^  = 0 

So (17) may be r e w r i t t e n  a s

u ( 2n - l )  = 2 o?yw e + Z ^ ' y ' w ' e 'w J
Write u (2n-2)  a s  fo l lo w s :

u ( 2n - 2 ) = X ° (#x#w *e + Z*ot*y*w*e + 2 ^ '* x '* w  **e’ +* y x
' *wy*e ' + 2 /?*x"*v^*f + 2 6̂ * y " * y * f  +

Z ytf^ x"  , * v £ ' * * f • + Z ] £ * y ' " * v y ' * f '  

where x*, x '* ,  x"* ,  x ' ' ' * 6 X , y*, y ' * ,  y"*, y ' " * g Y

and a l l  monomials a r e  a s  in  ( 1 7 ) e x c e p t  t h a t  t h e i r  weight 

i s  2n-^  .



( 28 )'
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In  (19) we con s ide red  the term s of  w eigh t  2n+l .

Now c o n s id e r  the  terms of  weight  2n i n  (18)*

^ Z v x w ^  f  + y wy ̂  f  + ' x ’ w^ej^e f  + Z*/ y ’ w^e • e f  +

X/3*x"*v£*fef+ Z y0*y”*v^*fef+ X /3 '* x ' ' ’*v ”  ' ♦ f ’e f

+ 2 ^ '* y *  ' '*Vy' ' * f  ' e f  =

X y efy w ye+ Z 7 e f ^ 'w ^ e '  + 2 / e f y " v ^ f + Z / W y ‘ ” v ” ' f ’ + 

'21cv*ef,x*w*e+ X®*' *efx* *w^*e *+ ^ /6 * e fx " -,<'v”* f

— + Z / * ’* e f x ' ' ’*v ” ' t f f '

Notice  t h a t  a l l  terms on lh s (2 8 )  end i n  f  and s in c e  f j / f '  

( a l s o  e / e ' )  we must have

( i )  efywye + X°(*efx*w*e = 0 .

So

e ( X ^ f y w  + Xo(#fx #w*)e = 0 .y x
Since P i s  an i n t e g r a l  domain,

ywy + Z ^ f x ^ w *  = 0

which im p lies  t h a t

f(X®<ywy + 2 -°t*x*w*) = 0

so

(29) Z ^ y w  + Xc<*x*w* = 0J X

Since wt(yw ) = 2n-2 and wt(x*w*) = 2n-3 and s in c e  thej  X

f i r s t  summation begins  in  y £  Y and the  second in  x* e  X , 

i t  must be t h a t

( 3 0 ) o< s  o = <=**

( i i )  ^ L o /e  f y ' w ' e '  + X 4*' * e fx '  *w* * e ' = 0y x
so

! f ( Z 'e i lZ - o f y  wy e + </.<*'*x '*w'*ef ) = 0 .



Since P i s  an i n t e g r a l  domain we have

(31) 2 © c y 'w ^ e *  + 21< , *x , *w’*e 0

But c l e a r l y  t h i s  can only be so i f

s in c e  the  f i r s t  summation in  ( 3 1 ) beg ins  w ith  y* and the  

second summation beg ins  w i th  x '*  .

So f i n a l l y  (30) and (32) give us t h a t  (17) i s  ze ro ,  

t h a t  i s

f o r  a l l  n .

S ince we have shown t h a t  i f  u i s  o f  odd w eight  th en  

u = u ( 0 ) , we now prove t h a t  i f  u i s  any c e n t r a l i z e r  

of  e f  o f  even w e igh t  then  the  theorem i s  t r u e  f o r  i t .  

C onsider

where the  x ' s ,  y ' s  and monomials a r e  a s  in  ( 1 7 ) ,  ex cep t  

the  monomials have w eigh t  2n-2  

Again we have

C ons ide r  the terms o f  h i g h e s t  w eigh t  ( t h a t  i s ,  weight= 2n+2) 

in  (3*0*

u ( 2n - l ) = 0

u = u ( 0 ) + . . .  + u ( 2n) (n *£.2 ) 

Write  u(2n) a s  fo l lo w s :

+

+

(3*0 u ( e f )  = ( e f ) u

+

(35) <



3 7

(35M 2 *efxwxe + ^ ’e f x ’w^e' + Z / S e f x " v £ f

I + ' Z / J ' e f x ' ' *v”  * f '

Since no term on lh s ( 3 5 )  ends i n  f '  ( f / f )  we

must have

So

S im i la r ly

2 /rf’e f x * ' ' v ^ 1 ' f ' = 0 

/  = 0 .

2 /*efxw e = 0 = Z - V  e f x 'w ’e '* A A
So

( 36) °< = 0 = <Y*

f o r  a l l  <* and e^’ . So (35) may he r e w r i t t e n  a s

f  Z /6 x " v " f e f  + J s ’y - v ^ f e f  + 2l/3y» • ' v ' • ' f ' e f
(37) 4 x y J - V

I Z ^ e f x " v ”f

Since every  term on rh s (3 7 )  beg ins  w i th  e f  , we must 

have t h a t

(38) Z / 6 y "v ^ fe f  + Z / i V ' ' v ”  ' f ' e f  = 0 .

But s ince  the  f i r s t  summation ends i n  f e f  and the  second 

ends in  f ' e f  ( f ^ f J i  we must have t h a t

(39) ^  = 0 * X

f o r  a l l  and ^  .

F i n a l l y  (37) may be w r i t t e n  a s

Z / 2  X"v^fef = 2 T ^ e f x " v ”f

So

( 2 ^ x " v £ f e  -  Z /^ e f x " v p f  = 0

Since P i s  an i n t e g r a l  domain we must have
Z / ? x ”v£ fe  -  2 / $ e fx " v "  = 0



which im p l ie s  t h a t

g / x " v j f e  = 2 Jf?efx"v”

So a l l  x" = e and we may w r i t e

(40) 2 yS ev£fe = efev£

We o b ta in

(41) 2 y ^ v » f e  = 2 y^fev£

But t h i s  says  t h a t  v" must beg in  and end w i th  fe  ,

t h a t  i s

(42) v j  = fe  . R1 . fe  (w t(v^)  = 2n - 2 )

where R-̂  r e p r e s e n t s  the  rem ain ing  2n -6  f a c t o r s  o f  v ” 

Suppose = f '  . Rg th en  f o r  n = 4 , we would have

(43) v ” = fe  . f* . R2 . fe  (wt(R2 )= l )  .

R ep lac ing  (^3) i n  (41) we o b ta in ,  f o r  some i  and j ,

(44) / ^ i fe  • • R2 ' fe  * fe  =
V "  v'.' ' ;x 1

so

(45) / ^ . f '  . R~ . fe  . fe  * 4 M
X  £ , J J

This  says  t h a t  some v" = v'! beg ins  w i th  f ' . .  But t h i s
X  J

can n o t  be so s in c e  a l l  v" begin  w i th  f  and f / f 'A
f o r  any f '  . So c l e a r l y  the  only cho ice  f o r  the  f i r s t  

f a c t o r  in  R  ̂ i s  f  • I n  f a c t ,  from (45) we know t h a t  

the  f i r s t  f a c t o r  must be fe  . So R1 = fe  s in ce  

wt(R^) = 2 . Also from (45) we have t h a t  ^
and v-' = f e f e f e  = v'! . So c o n t in u in g  t h i s  p ro c e s s

X J

i n d u c t i v e l y  f o r  a l l  n we see t h a t  th e r e  i s  only one 

term , t h a t  i s

(46) 2 / ? x " v J J  f  = y ^ e ( f e ) n" 1f  = > ^ (e f )n
( 2n)
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Now

(47) u ( 2n) = 2 © ?  ywye + Z ^ y ' w ^ e *  + ^ ( e f ) n

I n  (35) we c o n s id e re d  the  terms of  w eigh t  2n+2 .

We now c o n s id e r  the  term s o f  w eigh t  2n+l i n  (3*0 • But 

f i r s t  we w r i t e  u ( 2n - l )  a s  fo l lo w s :

f u (2 n - l )  = Z<v#x % 5e+ 2 «;#y#wf.e+ " S < ,# x ' #w '#e '  +
)  ~7~—(48K  2 ^  *x"*v"*f+ C - /3  *y"*v"*fI y * _ y
L  + Z / *  **x ' ' , *vi* ' * f  , + 2 ^ /* y ' '

where th e  x ' s  , y ' s  and the  monomials a r e  a s  i n  ( 1 7 )

excep t  t h a t  each monomial has w eigh t  2n-3. So th e  terms

of  weight  2n+l in  ( 3*0 a r e :

^ v  yw f p f + y ' wy q ' p f  + ^ / 3* x "* v " * f e f + 2 7 ^  *y "*vy * f e f +

* * * v ' ' * * f ' e f+  2 ^ * y ' ' • * v ' ' * * f  ' e f  =

27‘5>efywve+ 2 7 v e f y , w 'e '  + Z7^*efx*w*e+■27cy, * e f x , '*w'*e' + ui y lj y x x
' t t e f x ^ v ^ - f t  ' * e f x ’ * , *vx '  , 'M' f ' •

Since a l l  term s on lh s ( 4 9 )  end i n  f  th en  rh s (4 9 )  =

0 = lh s ( 4 9 )  . Now e/e* and rh s (4 9 )  = 0 imply t h a t

( i )  efyw e + 27<y*efx*w*e = 0y x
so

efC2 ®^ yw + 2 W*x*w*)e = 0y x
Since P i s  an i n t e g r a l  domain,

(50) 2 7  o? yv/ + 2qf*x*w* = 0y *
But t h i s  can only be so i f

( 5 1 ) ^  = 0 = o ( *
s in ce  the  terms in  th e  f i r s t  summation in  ( 5 0 ) b eg in  w i th  

y g  Y and the  te rm s in  the  second summation in  (50) be­

g in  w i th  x* €  X . Also (from (49 ))
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(ii) 2<*efy'ŵe’ + 2Tv,*ef’x'*ŵ*e' = 0

so

e f ( i o /  y 'w ^ e '  + 2 ^qr^x**w^*) = 0 .

But P an i n t e g r a l  domain, im p l ie s  t h a t

( 52 ) Z o / y ’w^e' + 5Tc*, *x'*w£* = 0

C l e a r l y  (52) can only  be t r u e  i f

(53) < 7 = o -  o< ’*

s in c e  the  terms in  the  f i r s t  summation i n  ( 5 2 ) beg in  w i th

y '  £ Y and the  terms i n  the  second summation beg in  w i th

x ’* &  X .

So from (51) and (53) we now may w r i t e  (4?)  a s  fo l lo w s :

( 5 4 ) u (2n) = ^ ( e f ) n .

C le a r ly  A ( e f ) n  c r ( e f )  s in ce  u e c r ( e f )  , so 

z = u -  u ( 2n) G  c r ( e f )

But w t ( z ) <  2n hence th e  theorem i s  t r u e  f o r  z , t h a t  

i s  z f  F [ e f  3 • S ince ^ ( e f ) n i s  c l e a r l y  an e lem ent

o f  F t e f  ]  , we have t h a t  u = z + u ( 2n) £ F £ e f  J ,

and the  theorem i s  p roved .

Bi Suppose f o r  P = A *a B , the  f r e e  p ro d u c t

o f  a s s o c i a t i v e  a lg e b r a s  A and B , P = C X D  , t h a t

i s ,  P can be decomposed i n t o  a d i r e c t  p ro d u c t  ( C / O ^ D ) ,
The n ex t  two lemmas a re  c e n t r a l  in  com ple t ing  the  p ro o f  

t h a t  i f  A and B , a s s o c i a t i v e  a l g e b r a s ,  a r e  i n t e g r a l  

domains, then  the  f r e e  p ro d u c t  of  a s s o e i a tv e  a l g e b r a s  A 

and B i s  d i r e c t l y  indecomposable.



Lemma 2  A , I f  p & P  , p /0  , p = c ■+ d , g & C  , 

d £ D  , th en  c and d a re  e lem en ts  o f  c r ( p )

P roof

I f  p 6 P -  C X D (p^O, C/O/D) , th en  p = c + d 

u n iq u e ly .  Thus

pc -  cp = (c + d )c  -  c (c  + d)

= c2 + dc -  c 2 -  cd

= 0

s in ce  a l l  c , d  p ro d u c ts  a r e  z e ro  (C D  D « 0 ) .  S im i l a r ly  

pd -  dp = 0 • So c and d a r e  bo th  e lem ents  of 

c r ( p )  .

Lemma 2 . 5 . Le t  p g P  , p^O , P = A * a B = C X D  , 

C/O^D . Then the  c e n t r a l i z e r  o f  p , c r ( p )  , i s  n o t  

a  polynomial  r i n g  in  one v a r i a b l e .

P roof

By Lemma 2 , k  c and d a r e  bo th  e lem ents  of  the

c e n t r a l i z e r  o f  p = c + d . Suppose c r (p )  i s  a  p o ly ­

nomial r i n g  i n  one v a r i a b l e ,  say F£ql . Then c = f ( q )  

and d = h (q )  , f ( q ) ,  h ( q ) £ F [ q l  . I f  c / o / d  th en

0 =5 cd = f ( q ) h ( q )  s in c e  c and d occur i n  d i f f e r e n t  

d i r e c t  f a c t o r s .  But t h i s  c o n t r a d i c t s  F fq l  an i n t e ­

g r a l  domain. So c r ( p )  i s  n o t  a  po lynom ia l  r i n g  in  one 

v a r i a b l e .

But c l e a r l y  Lemma 2 .5  c o n t r a d i c t s  Theorem 2 .2 .  So 

the  s t a t e d  decom posi t ion  o f  P = A *a B i s  n o t  p o s s i b l e ,  

t h a t  i s ,  P = A *a B i s  d i r e c t l y  indecomposable.



CHAPTER 3

FREE PRODUCTS

S e c t io n  1. I n t r o d u c t i o n

We w i l l  f i r s t  p r e s e n t  the  fo l lo w in g  comments on 

f r e e  p ro d u c ts  of Lie a l g e b r a s .

Suppose A and B a r e  Lie a l g e b r a s .  Le t  X and

Y be the  ordered  bases  f o r  A and B r e s p e c t i v e l y .

L e t  U = U(A) and V = U(B) be u n i v e r s a l  enve lo p ing

a l g e b r a s  o f  A and B r e s p e c t i v e l y .  Form Q = U *a V ,

th e  f r e e  p rod uc t  of U and V . We ribnote the  f r e e

p ro d u c t  of Lie a l g e b r a s  A and B by: A B . 

D e f i n i t i o n  3 . 1 . C i s  s a id  t o  be the  f r e e  p ro d u c t  of 

a  fam ily  of Lie a lg e b r a s  { . C . | ; j € j J  i f f

( i )  C = La (Cj| j  fe J ) i

( i i . )  f o r  every  Lie a lg e b r a  C' and every  fam ily  of

a lg e b r a  homomorphisms 0( . : C . ------- ->C' , t h e re
J J

e x i s t s  an a lg e b r a  homomorphism °C such t hat.,..

c< :C ------- ^C' ex tends  the  cy. ( j 6.J ) .
J

Lemma 3 . 2 . L&(A U B) -  A B 

P ro o f

We w i l l  i n v e s t i g a t e  L . ( A U  B), the  Lie a lg e b r a  gen-
a

e r a t e d  by A U B  i i n  Q = U *a V . From the d e f i n i t i o n  

o f  th e  u n i v e r s a l  en ve lop ing  a lg e b r a ,  we have t h a t  the 

fo l lo w in g  diagrams a r e  commutative:



**1 '  © Y  and *B| \ 0 B
J  . .

= V'

S ;  « '

= i f  B-------* U '  = (JP) '

V V '  . &

where II and II' a r e  a r b i t r a r y  a s s o c i a t i v e  a lg e b r a s  

and Q ^  and a r e  homomorphisms such t h a t

© a .A >  1J' and © b >B X j j ’ )" •

In  o rd e r  f o r  the  d e f i n i t i o n  of  P = L_(A U  B) to
cl

co in c id e  w i th  the  d e f i n i t i o n  o f  o th e r  f r e e  p ro d u c ts ,  we 

need t o  show the e x i s t e n c e  of  an a l g e b r a  homomorphism 

where *#' i s  a s  f o l l o w s »

i i f  L i s  any Lie  a lg e b r a  and i f  c* »A *>. L

and 0 :B — L th en  th e r e  e x i s t s  a  homomor­

phism »P  L which ex ten ds  o< and .

C onsider  U(L) , the  u n i v e r s a l  en ve lo p in g  a lg e b r a  

o f  L , where L i s  a Lie  a lg e b r a  such t h a t  th e re  e x i s t s

homomorphisms o {  and ^  where

«A > L  and y ^ i B ------->> L •

Then, s in ce  L ^ U (L ) -  , o (  can be ex tended  to  U(L)~ •

By an abuse of language ,  we c a l l  t h i s  e x t e n s io n  ,

t h a t  i s ,  c \  :A -^U(L)~ . S i m i l a r l y ,  ^  »B-------- >U(L)“ ,

So, th e r e  e x i s t  c \ ' , such t h a t  o<’ :U------ ^U (L )  and

' such t h a t  ' tV-------> U(L) where

Uv“ U V -  V-
\  , / K \

s and

U(L) = U(L)- --------------------- B----------->U(L) = U(L)'

a r e  commutative.



Since we have th e  e x i s t e n c e  of homomorphisms 

’ and ’ such t h a t

^ • i U -----> U(L) and ^ ' i V   U(L) ,

th e  d e f i n i t i o n  o f  the. f r e e  p ro d u c t  U *a V g iv e s  us the  

e x i s t e n c e  o f  a homomorphism y* which ex tends  «y * 

and ' such t h a t

^  • :U *a V  U(L)

( th e  u n i v e r s a l  mapping1 p r o p e r ty  f o r  f r e e  p r o d u c t s ) .  Now 

l e t  the  d e s i r e d  y  o f  ( 1 ) be the  r e s t r i c t i o n  o f  ■tf' to

L  (AU B) in  U *a V . So L_(A UB) has the  u n i -
a cl

v e r s a l  mapping p r o p e r t y ,  and we now w r i t e

La (A U B ) = A * l B = P  

Lemma 3 . 3 . I f  A and B a re  Lie a l g e b r a s ,  then

U(A *L B) = U(A) *a U(B) .

P roof

We f i r s t  r e c a l l  the  d e f i n i t i o n  o f  the  u n i ­

v e r s a l  en ve lop ing  a lg e b r a  o f  P = A *L B .

A u n i v e r s a l  en v e lo p in g  a lg e b r a  of P = A B i s  

a p a i r  (U , i )  where U i s  an a s s o c i a t i v e  a lg e b r a  w ith  1

over F , i t P  ■------ ^  U~ i s  a l i n e a r  map s a t i s f y i n g

( 2 ) i (  [ x , y ]  ) = i ( x ) i ( y )  -  i ( y ) i ( x )

f o r  x ,y  £  P , and th e  fo l lo w in g  ho ld :

f o r  any a s s o c i a t i v e  F -  a lg e b r a  IJ w ith  1 , and

any l i n e a r  map j : P  — => ]j” s a t i s f y i n g  ( 2 ) ,  th e r e  e x i s t s  

a unique a lg e b ra  homomorphism <p :U — 1> i| ( sen d in g  1^ 

to  ljy ) such t h a t  (p . i  = j , t h a t  i s



i s  commutative. E q u i v a l e n t l y ,

U ( a * s  Mt(a *l  B ))“

^  U = U ~
i s  commutative.

By the  d e f i n i t i o n  o f  th e  u n i v e r s a l  env e lo p in g  

a lg e b r a s  of A and B , t h e r e  e x i s t s  i n j e c t i o n s  i  

and i fi such t h a t

Now form U(A) *a U(B) = H . C l e a r l y ,  U(A)“ i s  a 

BUbalgebra o f  H~ and U(B)“ i s  a s u b a lg eb ra  o f  H” , 

so i ^  can be ex tended  t o  an  i n j e c t i o n  from A i n t o  

H~ . S i m i l a r l y ,  ig  can be ex tended  t o  an i n j e c t i o n  

from B i n t o  H~ . By an abuse o f  language ,  c a l l  th e se  

e x te n s io n s  i ^  and ig  r e s p e c t i v e l y .

So and igsB can be extended

to  an i n j e c t i o n  (X such t h a t

by the  u n i v e r s a l  mapping p r o p e r ty  o f  f r e e  p ro d u c t s .

i AiA >U(A)“ and ig iB  v'U(B)"

X":A *L B > H“

F i n a l l y  we have t h a t  t h e r e  e x i s t s  Q) where

U(A *L B) = (U(A *L B ))“



and t h i s  diagram i s  commutative.
• i,

On the  o th e r  hand the  i n c l u s i o n  o f  A i n t o  P ,

A c--- >> p = A *L B

y i e l d s  by the  P o in ca re ‘S -B irk h o ff - .V i t t  Theorem a n ; i n ­

c l u s i o n  f  of  U(A) i n t o  U(P) = U(A *L B),

f ,  U(A)c ■*> U(P) = U(A *L B)

and s i m i l a r l y  an i n c l u s i o n  g o f  U(B) i n t o  U(P)

g, u(B)  c  > U(P) = U(A *L B) .

Hence by the  u n i v e r s a l  mapping p r o p e r ty ,  f  and g 

ex tend  t o  a homomorphism <p of Q i n t o  U(P) ,

i f  x Q ------^U(P) = U(A *L B)

Notice t h a t  & ( p  and a re  the i d e n t i t y  on A

and B and hence on P and Q r e s p e c t i v e l y .  Hence

U(P) = Q

a s  r e q u i r e d .

L e t

X = {e^ \ i  & I  i  and Y = ^ e ?  | i  6  I ^

be bases  f o r  A and B r e s p e c t i v e l y .  L e t  X and Y 

be the  r e s p e c t iv e  base s  f o r  U(A) and U(B) ( see  P o in ca re  

B i rk h o f f -W i t t  Theorem 0 . 8 ) .  The b a s i s  f o r  Q = U(A)*aU(B) 

i s  g iven  in  Chapter  2, S e c t io n  1 . I f  o^p 6 P = A *T B
l i

then  i t  i s  c l e a r  t h a t  p may be though t  of  a s  an



4?

elem ent  o f  Q ( a c t u a l l y  Q“ ) .  W r i t in g  p in  i t s  

homogeneous w eigh t  form (see  ( 2 ) ,  C hapter  2, S ec t io n  1) 

we have

P -  p (0 )  + p ( l )  + . . .  + p (n )  (w t(p ) -n )

where p ( i )  i s  a  sum of  s t r a i g h t  monomials of weight i

o r  ze ro  and p (0 )  & F . For each monomial

u = WjW2 . . .  wd (wt(u)=d)

i n  p (d )  where each w f r { x , Y ^  , each w has the  form

w = e^ . . .  e4 o r  w = e?  . . .  e?
J 1 J s  H  xt

A Bwhere e ' s  fe X and e ’ s  £ Y  , r e s p e c t i v e  bases  f o r  A

and B . So u = w^w2 . . .  wd may be viewed as

(3)  u = e f  . . .  e^ . e?  . . .  e ? ................ e j  . . .  e?
11 1r 1 J 1 Jr 2 * 1  r d

where w eigh t  u = d . From (3) we d e f in e  the  microweight
A

of  a  monomial u to  be r  • Notice t h a t  every

e lem ent  p 6 P (p /0 )  can be ex p ressed  un ique ly  i n  the  

form

W  P = P0 + P i  + •••  + Pm

where Pq &  F and each p^ i s  e i t h e r  a sum of monomials 

of  microweight i  o r  z e ro .  We term p^ the homogeneous 

component o f  p o f  m icroweight i  . I f  Pm?̂ 0 then  m

i s  s a id  t o  be th e  m icroweight of p (denoted  microwt(p)=m) . 

N otice  t h a t

p = p ( 0) + p ( l )  + . . .  + p (n )  (wt(p)=n) 

(homogeneous w eigh t  form)

= Pq + Pi + •••  + Pm (microwt(p)=m) 

(homogeneous microweight form)
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and m >  n . C le a r ly  then ,

wt(p)  -  n does no t  imply m icrowt(p) = n 

( i n  g e n e r a l ) .

Also i f  p and q 6- A *L B 5  Q" , and m icrowt(p) = 

m (m >  0) and microwt(q) » n (n >  0) , th en  

microwt(pq) = m + n 

where t h i s  p ro d u c t ,  pq , ta k e s  p lace  i n  Q

S e c t io n  2 . The w rea th  p roduc t  of Lie a l g e b r a s  i s  f r e e l y  

indecomposable .

L e t  I  = A wr T be the  wreath  p ro d u c t  o f  an  a b e l i a n

Lie a lg e b r a  A by an  a r b i t r a r y  Lie a l g e b r a  T . Suppose

i t  were p o s s ib le  to  decompose L i n t o  a ( n o n - t r i v i a l )  

f r e e  p ro du c t  of Lie a l g e b r a s ,  t h a t  i s  suppose

A wr T = C ^  D 

where *L i n d i c a t e s  t h a t  t h i s  i s  a f r e e  p roduc t  o f  Lie 

a l g e b r a s .  Let  X be an o rdered  b a s i s  f o r  C , Y an

ordered  b a s i s  f o r  D . Let  V be the- a s s o c i a t i v e

su ba lgeb ra  of  U(L) gene ra ted  ( i n  U(L)) by C and W 

be the  a s s o c i a t i v e  suba lgeb ra  of U(L) g en e ra ted  by D 

Then

Lemma 3 . ^ . U(L) -  V *a W .

Lemma 3 . 5 . Suppose t h a t  the  Lie a lg e b r a  L i s  a  non­

t r i v i a l  f r e e  p ro d u c t ,  t h a t  i s

L = C *L D (C/O/D) .

Then every  a b e l i a n  i d e a l  o f  L i s  ze ro .
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Proof

L e t  B be a n o n - t r i v i a l  a b e l i a n  i d e a l  o f  L .

N otice  t h a t  i f  e i t h e r  x g- C o r  y 6- D then

(5) £ b , [ b t x j ]  = 0 and [b*Lb »y3J = 0

f o r  every  b e -  B . In  p a r t i c u l a r  f o r  x e  X , b^O ,

0 = ^b*Lb *xl l

= \ b , ( b x  -  xb)3 

= b(bx -  xb) -  (bx -  xb)b 

= b2x -  2bxb + xb2 

“ b2x + (xb -  2bx)b

Hence

(6) b2x = (2bx -  xb)b

Since U(L) = U(C) *a U(D) , we can a v a i l  o u r s e lv e s  of

the  u s u a l  d e s c r i p t i o n  o f  the  e lem ents  o f  U(L) i n  terms

of  a b a s i s  o f  U(C) and U(D) . We now w r i te

b = 2-"^  w  ̂ . . .  wr  

a s  the  fo l lo w in g  sum:

(7) b = cx + 2 § ' d x ’ + 2 > e y  

where

( i )  we take  a l l  terms in  v end ing  in  x ,

f a c t o r  x our o f  each term and c a l l  the

sum of  what rem ains ,  c ;

( i i )  th en  we c o n s id e r  the  sum of  a l l  terms ending in

o th e r  e lem en ts  x '  6 X - {  x \  , f a c t o r  x '

ou t  o f  the  term and c a l l  what remains d ,

where £  i s  the  c o e f f i c i e n t  a s s o c i a t e d

w ith  each o f  the  te rm s;  and f i n a l l y
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( i i i )  we c o n s id e r  a l l  terms in  b end ing  in  the  

y*s and do a s  in  ( i i ) #  (y * ) .

We assume t h a t  ey ^  0 . Notice  t h a t  i f  b

had no terms ending  i n  y , th en  a l l  terms must end i n  

one o f  the e lem ents  x '  ( o r  x ) ,  So i n s t e a d  o f  con­

s i d e r i n g  j[b( [ b , x j j  we would have examined [b» [b ,y ]J  ,

and the argument would proceed  i n  the  same manner.

S u b s t i t u t i n g  (7) in  r h s ( 6 )  we may now w r i t e  r h s ( 6 )  

a s  fo l low s:

(2bx-xb)(cx  + Z S 'd x '  + Z& ey) =

(2bx-xb)(cx )  + ( 2bx-xb) (*2" 5rdx*) + ( 2bx-xb) ("2*6 ey) .

Consider  the  term

(8) (2bx-xb)(  Z ^r  ey)

C le a r ly  a l l  o f  th e se  terms w i l l  end i n  some y . But 

th e r e  are  no terms end ing  in  y on l h s ( 6 ) ,  so

(2bx-xb)(  2 ^ - e y )  = 0 .

So, s ince  U(L) i s  an  i n t e g r a l  domain, one o f  (2bx-xb) 

and (ZT&ey) must be ze ro .  But Z-*6- ey /  0 by hypo­

t h e s i s .  I f  2bx-xb = 0 th en  r h s ( 6 )  = 0 . This  would

imply t h a t  l h s ( 6 )  = 0 , t h a t  i s ,  b2x = 0 . S ince 

x /  0 , i t  fo l lo w s  t h a t  b = 0 a s  d e s i r e d .  Hence 

B = 0 .

This y i e l d s  in  p a r t i c u l a r  the  

Theorem 3 . 6 .

I f

L = A wr T (A/O^T) 

i s  the wreath  p ro du c t  of the  a b e l i a n  Lie a lg e b r a  A w ith
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T , th en  L i s  f r e e l y  indecomposable.

S e c t io n  3 . The f r e e  p ro d u c t  o f  Lie a lg e b r a s  i s  d i r e c t l y  

indecom posable .

L e t  P = A *a B S(U(A ) *a U(B))“ = (U (P))-  .

Le t  P = Q e , f j  P where e 6- X , f  G- Y , and X 

and Y a re  the  r e s p e c t i v e  ordered  bases  o f  A and B 

(So ¥  °)» R e c a l l  t h a t  by the  d e f i n i t i o n  of the

u n i v e r s a l  env e lop in g  a l g e b r a ,  P s i t s  i n s id e  of U(P)“ 

and we can i d e n t i f y  P w i th  i t s  image i n  U(P)“ . In

f a c t

t _ e , f  J  = e f  -  fe

in  U(P)“ .

Lemma 3 . 7 . C = c r ( e f  -  f e )  = F ^ ( e f  -  f e ) " ]

P roo f

L e t  u C= C = c r ( e f  -  f e )  (u^O) . We w i l l  prove t h a t  

u €r F Q e f  -  fe)U by i n d u c t io n  on the  microweight o f  u . 

L e t  u G, C and m icrow eigh t(u )  1 . Then by (*»•), 

S e c t io n  l j  u may be w r i t t e n  i n  i t s  homogeneous micro- 

w eigh t  form a s  fo l lo w s :

U =  Uq +  U1

Since u i s  a c e n t r a l i z e r  of  ( e f  -  f e )  , (u^O) , then

(9) u ( e f  -  f e )  = ( e f  -  f e ) u  .

I f  Uj ¥  0  then

ui  -  "Z W x  + ‘Z / y

(where x 6- X , y £- Y , X and Y a r e  the  r e s p e c t iv e  

ordered  bases  o f  A and B ) .  C onsider  the  terms of
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h i g h e s t  microweight on the  l h s ( 9 )  and the  rh s (9 )»

l h s ( 9 )  = "ZT^xef -  Z*Vxfe + y e f  -  ‘Z /<yfe

rh s ( 9 )  88 Z k e f x  ~ Z ° e f e x  + e ? y  ~  I Z / f f e y
( & (  ,  j g  &  F )  • I t  i s  c l e a r  th en  t h a t  we must have

- Z *  x fe  “ e fx  

That  i s ,  t h e r e  e x i s t s  x and V 2 such t h a t

. - C ^ f e  = °C2e f x 2

and so

-  ^  ^  2 and x^ = e = x2

So

(10) = e and - ° ^ i  = <  i

f o r  a l l  i  and (10) g iv e s  us t h a t  a l l  °< = 0 .

S i m i l a r l y  y e f  = - Z y ^ f e y  ■ l e a d s  us to  the  con­

c l u s i o n  t h a t  a l l  ^  a r e  ze ro .

There fo re  u = uQ &  F and u 6- C i s  t r i v i a l l y  a

polynom ia l  i n  F (^(ef -  f e ) ]  . So the  lemma is' proved

f o r  microwt(u) ^  1

Let  us a l s o  c o n s id e r  the  case when u C has 

microweight two. That i s

u = uQ + + u2 , (UgT̂ O)

We want to  show t h a t  u i s  a po lynom ia l  in  ( e f  -  f e )  , 

and, in  f a c t ,  u2 = " ^ ( e f  -  f e )  ( fc" £  F) . S ince 

u Cr C then

(11) u ( e f  -  f e )  = ( e f  -  f e ) u

C onsider  u2 » the  term o f  h i g h e s t  m icroweight i n  u i

(12) u2 = Z  we+ Z ^ ' w ' e '+ 2^* v f + Z / ?  ' v ' f '

where w, w ' ,  v ,  v* a r e  a l l  of  m icroweight one, t h a t



53

i s ,  a r e  eq u a l  to  e ,  f  o r  one o f  the  e lem en ts  e '  i n

X - [ e £  o r  f *  i n  Y - £ f i  • . I t  i s  c l e a r  t h a t  we have

tak en  a l l  o f  the  terms i n  u2 and s e p a ra te d  them i n t o  

f o u r  g roups:  f i r s t ,  those  terms end ing  in  e j second,

th o se  terms end ing  i n  th e  e lem ents  o f  X -^e^  , denoted  

e '  j t h i r d ,  those  terms end ing  i n  f  j and l a s t ,  

th o se  terms end ing  i n  e lem en ts  from Y - | f }  , denoted  f '  .

I t  should  be p o in te d  ou t  t h a t  the  monomials were s t r a i g h t  

( see  D e f i n i t i o n  1 .22 )  b e fo re  e ,  e ' ,  f  and f '  were 

f a c t o r e d  o u t .  Hence the  p a r t s  rem ain ing  a r e  s t r a i g h t ,  

t h a t  i e ,  v ,  v * , w and w' a r e  s t r a i g h t  monomials.

C onsider  the  term s o f  h i g h e s t  microweight in  (11 ) :  

"2J-<weef- Z ^ w e fe +  2 ^ ' w' e ' e f “ Z ^ ' w ' e ' f e  +

! ( >  v f e f -  ~ Z j / g v f f e +  ' e f “ 1 / 3 ' v ' f ' f e  =

efwe- £T®<fewe+ ‘2^*, efw , e ' -  2 7 * . ' f e w ' e '  +

^ T ^ e f v f -  2 7 ^  fev f+  2 ^ ' e f v ' f •

So

Z V e f W e *  = 0 = -  2 7 * ' f e w 'e '  

s in c e  no terms on the  lh s ( 1 3 )  end in  e '  ( e / e ' ) .  (By 

a s i m i l a r  argument we f in d  t h a t  no terms end i n  f* ) .  Hence

(1*0 oc' *= 0 *

f o r  a l l  «*' and

We may now r e w r i t e  (13) a s  fo l lo w s :

ZTvweef -  J7~<  w e f e  + 1 7  f t  v  f e f  -  2 7  /  v f  f  e =
( i )  ( i i )  ( i i i )  ( iv )

( 1 5 ) / efwe -  + ZT/^efvf -  l ^ f e v f
( v ) ( v i )  ( v i i )  ( v i i i )  .

(13)'



A lso we have from (14) t h a t

( 1 6 )

Suppose t h a t  th e r e  e x i s t s  some w^ such t h a t  

Wj s  e (microwtfwj) = 1 ) .  Then from ( 1 5 ( i ) )  we would 

have

But from a quick  o b s e rv a t io n  of  th e  rh s (1 5 )  i t  i s  immediate

t h i s  term has no match. Hence i t  must be t h a t  °(^ = 0 ,

t h a t  i s ,  a l l  w must e q u a l  f  . ( C le a r ly  e '  and f*

a r e  r u l e d  out a s  cho ices  s in c e  no term s on th e  r h s ( 1 5 )

can p o s s ib ly  begin  w ith  e '  o r  f ' . )

Suppose th e re  e x i s t s  some v^ such t h a t  v1 = f  . 

Then from ( 1 5 ( i i i ) )  we have t h a t

But i t  i s  a t  once c l e a r  t h a t  no te rm s  on the  rh s (1 5 )  can 

p o s s i b l y  beg in  w ith  f f  . T h e re fo re  a l l  v must eq u a l  

e . So we may w r i t e  Ug a s

0 (  jW^eef = Q ^ e e e f  .

/ ^ j V i  f e f  = / ^ f f e f

u2 -  + Z y£vf  = o f ' fe  + < ^ e f

R ew ri t ing  (15) we a r e  le d  t o  th e  e q u a t io n  

< o ^ f e e f  -  <^fefe + / £ e f e f  -  ^ e f f e  =

I c y e f f e  -  <Yfefe + / ^ e f e f  -  ^ f e e f

C le a r ly  we have

c y f e e f  = - ^ f e e f

a s  our only cho ice .  Hence

(19)

and u2 “ y^ (e f  -  f e )  a s  d e s i r e d .  Notice t h a t
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So u2 6. c r ( e f  -  f e )  . S ince u £  c r ( e f  -  f e )  th en

z = u -  u2 €r ° r ( e f  -  f e )  . But z « u -  u2 = uQ + \x± .

So m ic ro w t ( z ) f r  1 . But the  lemma has been proved f o r

c e n t r a l i z e r s  o f  microwt ± 1  , and i n  f a c t ,  i f  microwt

( z ) ^ £  1 then  z = uQ G F . So u = uQ + ^ ( e f  -  f e ) ,

u0 Q  F . T he re fo re  i f  u G -c r (e f  -  f e )  and m icrowt(u)

£  2 , th en  u i s  a  polynomial  in  ( e f  -  f e )

We now suppose t h a t  microwt(u) = n *>2 , and t h a t  i f

v 6 -  C , m icrowt(v) <: n th en  v i s  a po lynom ial  in  

F j j e f  -  f e ) ^  .

Consider  u = uQ + ^  + , . .  + un . u ( - C  im p l ie s

t h a t

(20) u ( e f  -  f e )  = ( e f  -  f e ) u

C onsider  un » the  term o f  u o f  h i g h e s t  m icroweight:

= ^W we + ' w'e* + 2 y ? v f  +

where w, w ' , v ,  v '  a r e  a l l  o f  microweight n-1 .

C onsider  the  terms o f  h ig h e s t  microweight in  (20) :

\ z <  weef- 2 x w e f e +  Z ^ ' W e ' f e  +

J  ^ / v f e f -  2 T /v f fe +  S ' v ' f ' e f -  2 ^ ' V f f e  

efwe- Zj *>* fewe+ Z y S efv f -  Z y ^ f e v f  +

\  2 T ^ 'e f v ’ f  •- 2 ^ ' f e v ' f  •+ ZT^ ’e f w 'e ’ - <7^ ’ few’e ’

So

(22) ^ ^ ' e f w ' e '  = 0 =  -  f e w 'e '

s in c e  no terms on rh s (2 1 )  end in  e ’ (e ^ e* ) .  But t h i s

can only  be i f  a l l  o ^ ’ = 0 By a s i m i l a r  argument we

a l s o  o b ta in  t h a t  a l l  / S '  s  0 . Hence we may w r i t e
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Also (21) may be r e w r i t t e n  as

5~o/weef -  J p ' w e f e  + 2 y ^ v f e f  -  f f e
^ ( i )  ^  ( i i )  r  ( iv )

-J ^ e fw e  -  2 > f e « e  + ^ e f v f  -  Z /^ f e v f  
(v) ( v i )  ' ( v i l )  ( v i l l )

I t  i s  immediate from a sp o t  i n s p e c t i o n  of (2*0 t h a t  

w and v can no t  b eg in  (o r  end) w i th  e '  o r  f '  

Consider  the  p o s s ib l e  end ings  f o r  the  v ' s  and w 's  

Case 1 . Suppose th e r e  e x i s t s  some w  ̂ such t h a t  ŵ  

ends i n  e . Then from (2*f(v)) we have t h a t

(where R r e p r e s e n t s  the  r e s t  of  the  n-2  f a c t o r s  in  w  ̂

But no terms on lhs (2*0  could  p o s s ib l e  end in  ee . So 

i t  must be t h a t  = 0 . Hence a l l  w 's  must end in

f .  .

Case 2 . Suppose th e r e  e x i s t s  some such t h a t  v^

ends in  f  . The from (2 * f(v i i ) )  we have t h a t

Since no terms on the  lhs(2*0  could  p o s s ib ly  end in  f f  , 

i t  i s  immediate t h a t  ■  ̂ must be ze ro .  So a l l  v ' s

end i n  e

We observe from (2*0 t h a t  a l l  v ' s  and w 's  must 

beg in  w i th  e f  o r  fe

I t  i s  a s t r a i g h t  forward p ro c es s  to  observe t h a t  in  

none o f  the  v ' s  o r  w 's  can we have a sequence:

a t ^efw^e = o ( ^ e f  . R . ee

or 66  • • •  6 • n > 2
n n
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Suppose such a sequence d id  e x i s t ,  say f o r  some ,

Wl = fe . Rj . f  where R  ̂ c o n ta in s  a sequence 

f f  . . .  f  t (n f a c t o r s ,  n > 2  ) .  Then the  w ^  term 

in  ( 2 ^ ( i ) )

c f jW je e f  = 'P r^ fe  . R  ̂ . f e e f  

can only have a match in  ( 2 ^ ( v i i i ) ) ,  t h a t  i s ,  th e re  

e x i s t s  some such t h a t

^ f e  . Rx . f e e f  = ^ f e v ^

which im p lies

= R1 . fee

I f  the  f  f  . . .  f  (n f a c t o r s )  sequence beg ins  R^

th e n  our c o n t r a d i c t i o n  i s  immediate s in c e  n *>2 . That

i s ,  c o n s id e r in g  the  v ^ t e r m  of  any e x p r e s s io n  on the  

lhs(2*0* g iv es  us immediately  t h a t  t h e r e  i s  no p o s s i b l e

match on the  rhs(24).

I f  the  f f  . . .  f  (n f a c t o r s ,  n ^>2) sequence does

n o t  begin  R  ̂ , then  we c o n t in u e  comparing terms on bo th  

s id e s  o f  (2*0. Each time a comparison i s  made, two 

f a c t o r s  from the beg inn ing  o f  Rj a r e  c a n c e l l e d .  Since

the  sequence c o n ta in s  a t  l e a s t  t h r e e  f ' s  , we w i l l

e v e n tu a l ly  g e t  to  a p o i n t  where two f ' s  w i l l  occur  a t  

the  beg inn ing  of some term. But t h i s  i s  n o t  p o s s ib l e  

s in c e  i f  i t  i s  co ns ide red  in  any terni on the  lh s (2 * 0 ,  

i t  w i l l  have no match on the rh s (2 * 0 .

By a s i m i l a r  p ro c e s s  o f  " term -com parison"  we a l s o

see t h a t  each w and v must have odd w eigh t .

I t  should a l s o  be noted  t h a t  the  sequence f f

and ee can only occur in  under c e r t a i n  c o n d i t i o n s .
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Observe the  fo l lo w in g .  Since microwtCw^) * 2p f o r  • 

some p , th en  microwtCR^) i s  odd. Each time a  com­

p a r i s o n  i s  made, i s  "reduced" on the  l e f t  by two

f a c t o r s .  Hence f f  ' o r  ee can n o t  be so s i t u a t e d  i n  

so a s  t o  have the  f i r s t  f a c t o r  in  the  sequence 

in  the  ( 2 k + l ) s t  p o s i t i o n .  I f  so ,  then  on the  ( 2 k - l ) s t  

comparison, the  f f  o r  ee sequence would ap p e a r  a t  

the  beg inn ing  o f  some w or v But t h i s  would be 

a  c o n t r a d i c t i o n ,  s in c e  a l l  terms must beg in  w i th  e f  o r  

fe  by rhs(2*0»

We f i n a l l y  have t h a t  a l l  w 's  a r e  j u s t  s t r i n g s  o f  

e f ' s  and f e ' s  end ing  i n  f  ( s in c e  microwt(w) i s  

odd) and s i m i l a r l y  a l l  v ' s  a re  s t r i n g s  of e f ’ s and 

f e ' s  end ing  i n  e (microwt(v) i s  odd).  So th e  terms 

o f  Ujj , we and v f  , a r e  s t r i n g s  o f  e f ' s  and 

f e ' s  , where a l l  = + ^  and a l l  -  ±  V  ,

f o r  one p a r t i c u l a r  V  6- F

By a s t r a i g h t  forward l i s t i n g  o f  a l l  p o s s i b l e  v f ' s  

and w e 's  t h a t  can  occur and a l l  terms o c c u r r in g  i n  th e  

p ro d u c t :  ( e f  - f e ) n^  , we see t h a t  th ey  a re  i n  a one- 

to -one  co r respondence .  To see t h a t  a l l  terms have co­

e f f i c i e n t s  eq u a l  to  _+ y  , f o r  some F , we need

only go th rough  the  comparison o f  terms in  (2*0.

An a r b i t r a r y  we' (microwt(we) = n = 2p) beg inn ing  

w i th  e f  may be w r i t t e n  a s :

(25) we = e f  . . .  e f  fe  . . .  fe e f  . . .  e f
P
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That i s ,  we i s  viewed a s  c o n s i s t i n g  o f  p p a i r s  

o f  e f ' s  and f e ' s  , where e f  occu rs  a s  the  f i r s t

th rough  the  ( p - q ^ - i ) s t -  f a c t o r s ,  fe  occu rs  a s  the  

( p - q ^ s t  th ro ug h  (p -q^+q2- l ) s t  f a c t o r s ,  and th e  rem ain ing  

f a c t o r s  a r e  e f ' s  .

To de te rm ine  th e  p a r t i c u l a r  term o f  ( e f  -  f e ) n/ 2 

t h a t  the  term  in  (25) co r responds  t o ,  n o t i c e  t h a t

( 2 6 ) ( e f  -  f e ) n/ 2 = ( e f  -  f e ) ( e f  -  f e )  . . .  ( e f  -  f e )  .
(1 )  (2) (p)

To match (2 5 ) ,  choose ,  in  (2 6 ) ,  e f  from f a c t o r s  (1) 

th rough  ( p - q ^ - l ) ;  n e x t  choose fe  from f a c t o r s  (p-q^) 

th rough  (p-q^+q2- l )»  f i n a l l y ,  choose e f  from the  r e ­

maining f a c t o r s  in  (2 6 ) .  Form the  p ro d u c t  o f  these  

f a c t o r s .  C le a r ly  t h i s  p rod uc t  i s  e q u a l  to  (2 5 ) .

So we f i n a l l y  have t h a t

un = ( e f  -  f e ) n//2 (n = 2p)

C le a r ly  u €- c r ( e f  -  f e )  so z = u -  u c r ( e f  -  f e )  n n
But m icrow t(z)  <  n so th e  theorem i s  t r u e  f o r  z ,

t h a t  i s ,  z 6  F [ ( e f  -  f e ) ]  . S ince un F f j e f  -  f e ) ]

we have t h a t

u e  F [ ( e f  -  f e ) 2  
and Lemma 3*7 i s  p roved .

Since i t  i s  c l e a r  t h a t  F \_(ef -  fe)^j <C C then

C = F[_(ef -  f e ) l  .

S ince any c e n t r a l i z e r  u o f  £ e , f j  i n  P i s  a 

c e n t r a l i z e r  o f  ( e f  -  f e )  i n  U(P)“ , th en  u must be

an element o f  p f ( e f  -  f e ) l  , t h a t  i s
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u =  aQ + a^(e f- fe J+ agC ef-fe )^+  . . .  +an ( e f - f e ) n 

where a^ F » the  u n d e r ly in g  f i e l d  o f  A and B ,

hence U(P) . But, c l e a r l y  s in c e  P s i t s  monomor- 

p h i c a l l y  in s id e  of U(P)“ , and u £ P , a l l  o f  the

po lynom ia ls  must have the  form

u = a 0 + a ^ e i f j  \----- ^  a Q + a 1 ( e f  -  f e )

Hence we have shown

Lemma 3 . 8 . The c e n t r a l i z e r  o f  ^ e , f* j  i n  P i s  one­

d im ens iona l .

We now suppose t h a t  P = A ^  B = C X D (C^O/ D )  , 

t h a t  i s ,  P can be (n o n - t r i v i a l l y ) decomposed i n t o  a 

d i r e c t  p ro d u c t .  By Lemma 1 .18 ,  c r ( p ) ^  2 f o r  any

p £  P ( )  . But t h i s  c l e a r l y  c o n t r a d i c t s  Lemma J , Q .
Hence, the  s t a t e d  decom posit ion  i s  n o t  p o s s i b l e ,  t h a t  i s ,  

the  f re e  p roduc t  o f  Lie a l g e b r a s  i s  d i r e c t l y  indecomposable.
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CHAPTER 4

MISCELLANEOUS RESULTS

S e c t io n  1 .

Lemma **-.!. Le t  W be a  wreath  p ro d u c t  o f  Lie a lg e b r a s  

A and T , where A i s  an a b e l i a n  Lie a lg e b r a  and 

T i s  a r b i t r a r y .  We have t h a t  W = A w r T = B « T  . 

L e t  I S W  , I < B  , I / O  . Then I  i s  no t  f i n i t e  

d im en s io n a l .

P ro o f

Suppose I  i s  f i n i t e  d im ens io na l .  Since I  /  0 

t h e r e  i s  a b a s i s  w i th  non-zero  e lem ents  in  I  , namely

S ince  kr  £ I  £  B  th e n  kr  = 2 - a ^ u ( i , r )  , f o r  some 

u ( i » r )  &  U(T) , where the  £ a ^  c o n s t i t u t e  a b a s i s  

f o r  B . Consider  L kr »t ]  £ I  ( I  £.W) , where r  

i s  f i x e d .

L V t J  s  t 2 L a i u ( i * r )

So

(1) £ kr » t  ]  = ZTai ( u ( i , r ) t )

Now ^ a . ( u ( i , r ) t )  = ' Z ^ ( i » r ) k i  , so we may w r i te  

‘2 ! c x( i , r ) k i  = ^ ( l . r ) ^  + . . .  + <^(n ,r )kn

* < * ( l * r ) ( a j u ( l , l )  + . . .  + a nu ( n , l ) )

+ . . .  +
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* * ( n , r ) ( a 1u ( 1 ,n )  + . . .  + anu ( n , n ) )  .

So

(2) 2 > c U . r ) k i  = a^(o< ( 1 , r ) u (  1 ,1 )  + . . .  + ©C (n,  r ) u (  1 , n ) )

+ . . .  +

a n (<V ( l , r ) u ( n , l )  + • • •  + °< ( n , r ) u ( n , n ) ) . 

E qua t ing  (1) and (2) we o b ta in

u ( l , r ) t  = «=* ( l , r ) u ( l , l )  + . . .  + or ( n , r ) u ( l , n )

. . .  • • • 
u ( n , r ) t  = c>r(lf r ) u ( n , l )  + . . .  + Q r ( n , r ) u ( n ,n )

So u ( l , r ) t  i s  an e lem ent  o f  the  v e c t o r  space spanned by 

u ( l , l ) ,  . . .  , u ( l , n )  . Hence, u ( i , r ) t  i s  an  element 

o f  the  v e c to r  space spanned by u ( l , l ) ,  . . .  « u (n ,n )

(1 £? i  £  n ,  l ^ r ^ n ,  and a l l  t  e  T ) .  So th e r e  e x i s t s  

some ( i , r )  such t h a t  u ( i , r )  /  0 s in c e  kr  0 . Con­

s i d e r  the  fo l lo w in g  p ro d u c ts  which a r e  o b ta in ed  from ( 1 ) .  

They must a l s o  be e lem ents  of I ( s in c e  I  ^.W ) .

= j j 2 >a i ( u ( i , r ) t )  , t j  

= 2 ! a i ( u ( i t r ) t ) t

So

[  kr » t , t ^ j  = ^ a i ( u ( i , r ) t 2 )

By in d u c t io n  i t  i s  c l e a r  t h a t

^  ky,, t , t ,  . . .  , t  ^  a  • ( u ( i , r )  t ^ ) •
q

I t  i s  e a s i l y  seen  t h a t  th e r e  a r e  an i n f i n i t e  number 

of th e se  p ro d u c ts .  They a l l  must be in  I s in ce  I  i s  

an i d e a l  of W • These £ k r , t , t ,  . . .  , t  j |  p ro d u c ts



a r e  l i n e a r l y  ind ep en den t .  To see t h i s ,  suppose

+ . . .  + ^  g * • * » ^.3  “ 0 •
q

Then

°< 1X a i ( u ( i , r ) t )  + . . .  + q f ' g S ' a ^ u U ^ J t * 1) = 0 .

So

a l |o<  x (u( 1 . r ) t )  + . . .  + <Y q ( u ( l  , r ) t q )^ + . . .  +

an W l ^ u ^n , r ^t  ̂ + **• + °<, q ( u (n »r ) ‘t q ) }  = 0 .
But th e  a r e  b a s i s  e lem en ts ,  hence

i ( u ( l , r ) t i ) = . . .  = X ^ i C u C n . r J t 1 ) = 0. 

T here fo re  = 0  f o r  a l l  i  = 1 ,2 ,  . . .  , q

But the  C k r , t , t ,  . . .  , t j  p r o d u c t s '  l i n e a r  i n ­

dependence c o n t r a d i c t s  the  f i n i t e  d im e n s io n a l i ty  o f  I 

Hence our assum ption  t h a t  I  i s  f i n i t e  d im ensional  must 

be f a l s e .

S e c t io n  2 .

Lemma 4 . 2 . L e t  W be a  w reath  p ro d u c t  of  Lie a lg e b r a s  

A and T where A i s  an a b e l i a n  Lie a lg e b r a  and T 

i s  a r b i t r a r y  ( W = A w r T  = B $ T  ) . Suppose I  *£. W ,

1 ^ 0  and I  i s  n o t  n e c e s s a r i l y  i n  B . Then I  i s

n o t  f i n i t e l y  g e n e ra te d .

P ro o f

Suppose I  i s  f i n i t e l y  g e n e ra te d .  Then th e re  e x i s t s  

a b a s i s  f o r  I  w i th  non-zero  e lem ents

L e t  r  be f i x e d .  Then kr £  I  ^  II = B 6 T im p l ie s  t h a t



( i  = 1, . . .  , nj p = 1, . . .  , m ) where u ( i , r )  £  U(T) , 

y p  £  F and the  £ a^ c o n s t i t u t e  a b a s i s  f o r  B .

Now l e t  t  /  0 then

C kr**t 3 s t - X a i u ( i , r )  + * Z . r p t p , t J  
= L Z a ^ C i . r J . t J  +

= 2 a i ( u ( i , r ) t )  + X ^ p [ t p »t ]

so

t v * !  = Z a i< u<i -r ) t ) + Z & V p

( t £  6. T ) .  A lso,

^k r , t ,  t  jj = [ Z a i ( u ( i , r ) t )  +

= [ Z a i ( u U » r ) t , t ] ]  + [ Z X p t p ’ * ]  *

So

£ k r , t , t ]  = ^ a i ( u ( i , r ) t 2 + X ^ p ' tp  

( t "  G  T) .  By in d u c t io n  we o b ta in
r  . _

\ ^ » * * * * ~  ^ a ^ ( u ( i , r ) t q ) + ^ L & ' p s p
( s p 6  T ) .  q

. To see t h a t  a l l  the  ^ k r , t , t ,  . . .  , t  ~J p ro d u c ts

a r e  l i n e a r l y  independen t ,  c o n s id e r  the  fo l lo w in g .  Suppose

0 “ C ^ 3  °t>2 £  ^ 1 ̂ 0 n  C ̂ r** ^ * *** 1 ^vi x. v— q >  -

Then

^ X a ^ u C i . r J t )  + . . .  + «=fq 2 a ^ ( u (  i , r ) t q

+ Z l f p t p  = 0 .
Therefore

a x j ^ i ^ C i . r J t )  + . . .  + ^ q ( u ( l , r ) t q ) J  + . . .  +

a n { ° < l (u (n »r ) t ) + + <Yq ( u ( n , r ) t (l )  j  + X V  t  * o
P P



Since the l h s  of  (3)  . i s  in  B and the  rh s  o f  (3) i s  in  

T then

( B f i  T = 0 ) .  S ince the  a i  a r e  a l l  b a s i s  e lem ents  of

and the  ( u ( i , r ) t ' J) a r e  l i n e a r l y  independent  f o r  a l l  

i  -  1» 2, .«« , n and j _ 1  ̂ 2 1 ««. » q •

There a re  an i n f i n i t e  number of th e s e  £ k r , t ,  . . .  , 

p r o d u c t s ,  a l l  l i n e a r l y  independen t ,  a l l  co n ta in ed  i n  I  . 

But t h i s  can n o t  be so s ince  i t  was assumed I  was f i ­

n i t e l y  g e n e ra te d .  Hence the  assumption  t h a t  I  i s  f i ­

n i t e l y  g en e ra ted  must be f a l s e .

a 1 | Z ’« < j ( u ( l , r ) t ;j) J  + . . .  + a n j^2Ic< j ( u ( n , r ) t  = 0

B t h i s  means t h a t  u ( i , r ) t* *  = 0 f o r  i  = 1, 2,
J

. . .  , n . C ons ider  i  -  i Q , then  

= 0 . Suppose t h a t  of /  o , then

^ ( u ^ Q . r J t )  + . . .  + ^ ( u C i Q . r J t 11) *= 0

im p l ie s  t h a t

^ q ( u ( i o , r ) t ^ )  = -  { ^ ( u C i g . r J t )  + . . .  +

so

u ( i Q, r ) t q = - ( 1 /o ^ q )  ^ 1 ( u ( i 0 , r ) t )  + . . .  +

But t q can n o t  e q u a l  a sum of  powers o f  t  l e s s  than

q . Hence can n o t  be n o n -ze ro .  So a l l  or' • = 0q 1 l
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S e c t io n  3 .

Theorem k . 3 .

L e t  H be a f i n i t e l y  g e n e ra te d  f r e e  L ie  a lg e b r a  

and A H . I f  H/A i s  f i n i t e l y  p re s e n te d  th en  

A /C A  ,H ]  i s  a f i n i t e  d im en s ion a l  a l g e b r a .

This  theorem w i l l  be proved i n  two s t e p s .  Fo llow ing  

some p re l im in a ry  s t a t e m e n t s ,  we w i l l  show in  Lemma 

t h a t  A can be r e a l i z e d  a s  a union o f  s p e c i f i c a l l y  con­

s t r u c t e d  v e c to r  s p a c e s .  Lemma ^ .5  w i l l  show a s i m i l a r  

r e s u l t  f o r  • fiy o b se rv in g  the  f a c t o r  a l g e b r a  of

th e se  two u n io n s ,  the  f i n i t e  d im e n s io n a l i ty  o f  A / Q a , h 1 

w i l l  be c l e a r .  But f i r s t  the  p r e l im in a r y  s t a t e m e n t s .

Let  H be a  f i n i t e l y  g en e ra te d  f r e e  a l g e b r a .  Then 

H can be p r e s e n te d  as

Applying Neumann's Theorem (see  Theorem 0 .10)  in  the  case 

of  Lie  a l g e b r a s ,  we have the  th e r e  e x i s t s  a . f i n i t e  s e t

Since A<LH then  | [ A , h 3 ~  A , where
d e f . _ ,

H/A can be p r e s e n te d  a s  fo l lo w s :

H/A — (x^ ,  Xg* . . .  t x^jA)•  # •

£ a ^ , . . . c  a such t h a t  A = i d ( a l t  . . .  , ak ) . 

the fo l lo w in g  v e c t o r  sp aces :

• •  •

C onsider  the fo l lo w in g  v e c t o r  sp aces :  

A1

1• • • •  » ak S

A^ = sp} [ x , h " 3 |  x <=■ A2 ,

A2 = s p [ [ a . , h ' j | i =  1,[ a i f h ' J  | i  = 1 .................k? h* 6 H j  .

[ x , h " 3 | x  (= A2 , h" 6 h }  U A2



£>7

C ontinu ing  t h i s  p r o c e s s ,  we obtain*

AN+1 = s p l  t y »h ^  | y G AN’ h & Hi  U  AN

Then 'if  ̂  • • •  y 2 C • • • C U»-^i  ’ # H'J » • • • J  » h J

i s  an e l ement  o f  A^+  ̂ .

Lemma b A l . A = U  A^ ( i  = 1, . . . , < * » )  where th e  a r e

d e f in e d  above.

P roof

C le a r ly  A . To see t h i s ,  suppose t h a t

b £  I j A ^  • Then th e r e  e x i s t s  some j such t h a t  

b £  Aj+1 . So

b = ^ 1 '% ' j  . . .  |~ |”». • £ t l a i » ^ l ]  »b 'J  » • • •  •

Now [ a . , h ' ]  Q- A s in c e  A S H  , hence [ ]C a i » ^  J  ^

A , and so on, which im p l ie s  t h a t  b 6  A . That  i s ,

U A . C  A .

To see t h a t  A '<==. (_J A^ , we f i r s t  observe t h a t

U  A ^  i s  a v e c t o r  space (by d e f i n i t i o n )  and i t  c o n ta in s

^ a ^ » •••  » a k  ̂ . We need only show t h a t  U A^ i s  an

i d e a l  o f  H .

Consider  [ b . h -]  » b &  U A ^  , h 6  H . I f

b 6  UA^ th e n  th e r e  e x i s t s  some j such t h a t

b e  Aj +1 = SP |_Ly ,h J  | y 6  A . ,  h e  h J  U A.

So e i t h e r

( i )  b = 2 ^  Y ± \ _ . . .  L L a i . h j  ,h " ]  , . . . J , h JJ  .

I f  so then

j^b,h^J = *** * l L L  *** •
So

[ b , h j  Cr Aj+2  G . U  A l  i



btf

or

(ii)  b = j-1 *** 1̂ f t  * * faj.h *"3 * •*,3’ ^  3 •

Then

^ b ,h ^ j  = * * * X l  f  L* * * f f i ^ C l  r • • *3»h^  ̂J  •

So H b »h 3  ^  Aj+1 £ i  ^ Ai  • Hence U  *2- H and 

£ & i. • • •  i ^  Ai  imPxy “t h a t  A £  l / A j

So

A s  U a . .

Lemma ^-.5. £ a , h ]  = U A i  .

P ro o f

F i r s t  we o b s e r v e  t h a t  ^A,H~| £: U Ai  • I f  

b t  U a ^ t h e n  t h e r e  e x i s t s  some j  su ch  t h a t  b 6

Aj+1 ' t h a t  i s

b ~ Z . v j  •• •  ^  ̂  f. C ^ 2 * ^ 3  » • • »3»h*^3 •

C l e a r l y ,  b 6 La  £  \ j a , h 3  j a  6 A, h 6  H ^ =  Qa,H  3 s i n c e  

f a t h*3 , A £ . H  , so  [ [ a . h j  , h " ]  6 [ a , h ]  ,

and so  on. So £ a , h 3  *3 . LJ A^ .

C o n v e r s e l y ,  i f  x 6  [[a .H ^  » t h e n  x = 5 y 3   ̂ £ a ,h " ] .  f

Now a  £  A = i d ( a l f  . . .  , a k ) i m p l i e s  t h a t  a  « 2 *  i a i

Then

x = " 2 / ^ j [ % ^ i a i » h 3  j

Hence x 6- A2 < r̂ U A i  . So ^ A , h ]  U  A.  ̂ . T h e r e ­

f o r e

[ A . H ^  = ( j A i  

and th e  lemma i s  p r o v e d .

Now c o n s i d e r  a/ Q a , h 3  • I t  I s c l e a r  t h a t



£ A ,H j  5L A s in ce  ^ C a »h 3 £ C A,H1 f o r  

every [ ^ a , h j  £  CA,^ 7  an(* b £  A ( £ a ,H J  ^  A and 

A H ) .  Now

V O ’H3 = }̂ Ai/;Sra,Ai = A1 = sp l al' •** * ak }
Then A  ̂ c o n ta in s  a f i n i t e  b a s i s  s in c e  i t  i s  spanned by a

f i n i t e  number o f  l i n e a r l y  independen t  e lem en ts .  Hence 

A / ^ A , h J  i s  a f i n i t e  d im ens iona l  a l g e b r a .

S ec t io n  4 .

Lemma ^ . 6 . An e x te n s io n  o f  a f i n i t e l y  p r e s e n te d  Lie 

a lg e b ra  by a  f i n i t e l y  p re s e n te d  Lie a l g e b r a  i s  f i n i t e l y  

p re se n te d .

P roof

Let  L be a Lie a lg e b r a  and J  £  L . Suppose J

i s  f i n i t e l y  p re s e n te d .  Then th e r e  e x i s t s  .

a 1 1 a 2 » . . .  % a »̂ ^  L 

which g en e ra te  J  and

h ^(a ) h g (s )  ~ . . .  ~ h ^ (a ) = 0

d e f in in g  r e l a t i o n s  o f  J  . Suppose a l s o  t h a t  L /J

i s  f i n i t e l y  p r e s e n te d .  Then th e r e  e x i s t s

b^i B£ i . • .  t Bg L /J  

which g e n e ra te  L /J  and

k i(B )  = k2(B) = . . .  = k ^ B )  = 0

d e f in in g  r e l a t i o n s  o f  L /J

In  each c o s e t  B  ̂ choose an e lem ent  b^ . Then 

k ^ ( b )  ~ f  ^  ( s )  ( = 1 » 2 , . . .  i cT ) * th a  t  i s

k ^ ( b )  can be w r i t t e n  as  a word i n  th e  a ' s  . To see

t h i s  observe the  fo l lo w in g .  I f  b^ 6  B^ = + J  ,
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6  L , then  = q^ + j f o r  some j 6  J  . Now 

= k 0( (q i  + J )  = k ^ C q .^  + J  * J  

im p l ie s  t h a t  k ^ C q ^ )  C J  . So i f  = q^ + j then

k «y(bi )  “ k ^ ( q . - )  + k ^ ( j )  . But k tsf(q i ) J  and

k ^ U ) ^ -  J  imply t h a t  k ^ ( b ^ )  6 - J  . Hence, k CY(bi ) 

i s  a  word in  the  a ' s  •

A lso ,  C b i ' a j l  = g ( i » j ) ( a ) » ( i  = I t  » s i

j = 1 , . . *  , r  ) ,  p ro d u c ts  can be w r i t t e n  a s  words in  the

a ' s  s in c e  J  i s  an i d e a l .

To see t h a t  th e se  a ’ s and b ' s  g e n e ra te  L , ob­

serve  the  fo l low ings  L e t  x 6  L , J  ^  L« • Consider

x + J  £  L /J  where L /J  i s  g e n e ra te d  by the  5 ^ ' s

Then

x + J -  €*1b1 + J + . , . +  G- b  + J  = . b.  + J  .1 1  n n 1 1
So x -  ("216 ^b^) C=- J  . Hence

x -  C ZL&  = 2 1 ^ ^am , a m4  \ b .1 .................an^  .

T here fo re  x = jb^  + . So

(if) the  a ' s  and b ' s  g e n e ra te  L

In  o rd e r  t o  see t h a t  the  ^  + G"” + r s  r e l a t i o n s

f h ^ ( a )  = 0 ( ~  1 » 2 , . . .  , ^  )

( 5 ) |  k ^  (b) = f ^  (a )  ( °< = 1 , 2 , . . .  , or  )

v bi ' a j l  s ( i # j ) ( a )  ( l  1 , . . .  , s j j  s  1 , . . .  , r

c o n s t i t u t e  a s e t  o f  d e f in i n g  r e l a t i o n s  f o r  L i t  i s  n eces ­

sa ry  to  show the  fo l low ings

! I f  F = the  f r e e  Lie a lg e b r a  g en e ra ted  by 

(a^» . . .  , Sgj b j , . . .  , br ) and

^  ,Fâ al ' *** * V bl' *** ' br̂  ^L



' ( ( 6 ) con t inued )

i s  a homomorphism then  k e r  ( p  = i d e a l  o f  F gen-

( 6 ) J e r a t e d  by

( j h ^ U ) ,  kc*(b) -  f< v (a ) ,  t ^ . a j ]  " g ( i * j ) ( a ) )  •

L e t  x £  k e r  ( p  , then  x p  « 0 £. L .. I f  x i s  an 

e lem ent o f  Fa (a i* • • •  » a s , >̂l* *** * kr ) ^hen

( i )  x i s  a word in  the  a ' s  which means t h a t

x p  = h ^ C a )  f o r  some ^  , so x p  i s

i n  the i d e a l  o f  ( 6 ) j o r

( i i )  x i s  a word i n  the  b ' s  which means t h a t

x t p  -  kc* (b ) • But x p  -  0 and the  only

words in  L which a r e  ze ro  a r e  words i n  the

90 x p  -  k<y(b) = fo< (a )  , and a g a in  x < p
i s  i n  the  i d e a l  o f  ( 6 ) ;  o r

( i i i )  x i s  a word i n  the a ' s  and b ' s  , t h a t  i s

t h e i r  p roduc t  i s  a word i n  the  a ' s  and b ' s  

so

x p  - I T  i b i . a j  = 1 T  g ( i .  j ) (a )
r i.j J i.j

and a g a in  x p  i s  in  th e  i d e a l  of ( 6 ) .

C onverse ly ,  l e t  x be an e lem ent  o f  the  i d e a l  o f  ( 6 )

Then x i s  some l i n e a r  com bination  o f  the  above th r e e  

g e n e r a t o r s ,  t h a t  i s ,

( 7 ) j x = p ^ i V h^ ( a ) ) P + 7
\  + ? n ^ bi » a j-^ -  g ( i . j ) ( a ) ) n

where V  , ^  ^  a re  e lem ents  of  th e  f i e l d  F (we w i l l

w r i t e  2 T . . .  f o r  ( ? ) ) .
P » m , n



C onsider  x i Q  . 

x f  “ ( p ^ n - "  )  &

-  + Tm<k * < b > -  '«« < ■ » ,* >
+. ^ n ( t bi * a j ]  “ g ( i .  j ) ( a ) ) n ^> ) .

Since p  i s  a homomorphism, we have the  fo l lo w in g :

( i )  h ^ a )  = 0 , hence ^ ( h ^  (a)  )plp = 0 t

( i i )  kc* (b) -  f c y ( a )  -  0 , hence

^ ( k ^ b )  -  fcyCa)) * 0 j and

( i i i )  [ bi t a j 3  " g ( i *0) (a ) = 0 » hence

Wn ( Lbi » a j 3  “ g ( i »  j ) ( a ) ) n P  = 0 j

f o r  a l l  p , m and n . T here fo re  x p  = 0 and

x £ k e r  i p  . So f i n a l l y  we have t h a t  (6) i s  t r u e .

Thus, we have e x h i b i t e d  a f i n i t e  s e t  o f  g e n e r a to r s  

(4-) and a  f i n i t e  s e t  o f  r e l a t i o n s  (5) f o r  L , t h a t  i s

L i s  f i n i t e l y  p r e s e n te d .
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