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Abstract

GROUP INVARIANT

FINITE FOURIER TRANSFORMS

[ by

Myoung Shenefelt

Adviser : Professor Louis Auslander

The computation of the finite Fourier transform of functions is one of the most used compu-
tations in crystallogrphy. Since the Fourier transform involved is 3~dimensional, the size of
the computation becomes very large even for relatively few sample points along each edge. In
this thesis, there is a family of algorithms that reduce the computation of Fourier transform of
functions respecting the symmetries. Some properties of these algorithms are :

1) The algorithms make full use of the group of symmetries of a crystal.

2) The algorithms can be factored and combined according to the prime factorization of

the number of points in the sample sapce.
3) The algorithms are orginized into a family using the group structure of the

crystallographic groups to make iterative procedures possible.
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Introduction.

One of the most used computations in crystallogrphy is the computation of the finite Fourier
transform of a function that satisfies the symmetries of a crystallographic group. Since the
Fourier transform involved is 3~dimensional, the size of the computation becomes very large
even for relatively few sample points along each edge. For instance a Fourier transform on
60 60 X 60 points requires the same arithmetic operations as a 1-dimensional Fourier transform
on 60 X 60 x 60 points, or 216,000 points. Since in modern macromolecular work, people use
Fourier transform of the size 200 x 200 X 200 points, or 8,000,000 points, it becomes clear that

any method that would reduce the computational cost is important.

Lyn Ten Eyk [4] was the first person to propose algorithms that take advantage of crystal-
lographic symmetries to reduce arithmetic cost in Fourier transform computations. This was
followed by some work of R. Agarwal and G. Bricogne, but no general program to attack this
problem has been undertaken until the recent work at the Center for Large Scale Computation

of C.U.N.Y. and collaborative work by J. Cooley at I.B.M. Watson Research Center.

J. Cooley developed a method, called the orbit exchange method, for studying this problem
for crystallographic group P3. This consists of 120° rotations about an axis. The Fourier
transform of functions invariant under this group had never been studied before. When J.
Cooley programmed his algorithm on an 1.B.M. 3090 for a function on 60 X 60 x 60 points he

obtained a 5~fold increse in computational speed over the same computation without symmetry.

However the group P3, being a simple group, has a particularly ”simple” orbit structure. It was
not clear how to extend the orbit exchange method to more complicated groups. Further, since
there are 230 crystallographic groups, it was particularly pressing to find a method whereby a
solution for one group could be used to find solutions for other groups.
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Since crystallographic groups are solvable, it was reasonable to choose a large crystallographic
group and use its solvable structure and study the orbit exc;hange method for both the large
proup and for its subgroups simultaneously. We choose P622, a group of order 12, as our large
group. It has 6 crystallographic subgroups, and we should solve the orbit exchange for all of
these groups, but in such a way that, once a problem is solved for one group, it helps to solved

the orbit exchange method for other groups.

This thesis is organized as follows.

Chapter 1 Review of basic facts and discussion of J. Cooley’s orbit exchange method for P3 and
a general formulation of the method.

Chapter 2 A study of the group P622 and its subgroups. Of particular importance for us are
the concepts of conjugate subgroups and complementary pairs of subgroups and their structure.
Chapter 3 A study of orbit decomposition and its subgroups. This chapter contains the bulk of
the technical work of this thesis. We introduce several new concepts to relate the orbit structure
of P622 to its subgroups. Theorem 19 and the Main Theorem are the major new technical results
of this thesis.

Chapter 4 Computation of Fourier Transform coefficients using the group structure.

Chapter 5 In this chapter we use the Main Theorem to prove that (a) all subgroups of P622
have an orbit exchange method, and that (b) the solution for P622 can be construction so as to

give solutions for the subgroups of P622.




18t _of symbo
) ' : the empty set.
A< B : Aisasubgroup of B.
A<B : Aisanormal suBgroup of B.
ord(A) : the order of the group (or the set) A.
I : the identity element or the group consisting of the identity element.

1, : the n X n identity matrix for a natural nnmber n.




1. Outline of Approach.

Because our work involves many details, we will begin with an overview of our approach to the

problem.

For a positive integer n, let L(n) aenote the space of functions on (2 /n)3, where Z denotes the
integers and (Z/n)® = Z/n x Z/n x Z /n. Define the mapping ws ' > from (Z/n)® x (2 /n)?
onto the nth roots of unity as follows : For z*, z € (Z/n)?,

WS = cap(2m - B),
where k is an integer belonging to the coset E:-s:l z; -z +nl.
Since ezp(2Zt - k) = ezp(2Z - (k + n)), ws* > is well defined.

The Finite Fourier Transform, F(n) : L(n) — L(n) is defined for f € L(n) by

Fin)f(z*)= Y. f(z) wi="=>, (1)

z€(2Z /n)?

Notation We will denote F(n)f by f.

A mathematical way of describing a point group § is as an integer unimodular equivalence class
of representations in SL(3, Z) of an abstract finite group. For convenience, we will use G to
denote a fixed representation. Considering the elements of (Z/n)? as column vectors, we may
view SL(3,Z) as acting on (2Z/n)3, where the action is the matrix multiplication followed by
reduction of the entries modulo n. In this way, we will view G as acting on (Z/n)3. Throughout
this thesis, we will use G to denote a finite group of automorphisms of (Z/n)3, unless otherwise

specified.

Definition For z € (Z/n)3, the set {gz | g € G}, denoted by G(z), is called the G—~orbit of z.

Also, the subgroup Isog(z) = {g € G | gz = z} is called the isotropy subgroup in G at z.
Notation For a subset X of (Z/n)3, we will denote by G(X) the set UzexG(z).

Definition A subset X of (Z/n)® is called a G—fundamental domain in (Z/n)? if
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G(X) = (Z/n)?, and for any z, z' € X, and z # «', G(z) N G(z') = ¢.

We will denote a G—fundamental domain in (Z/n) by G— fd(n). We can determine a G— fd(r)
by first decomposing (2 /n)?® into G—orbiﬁs, then choosing one element from each G—orbit. Note

that G — fd(n) is not unique.

Theorem 1 For z € (Z/n)3, there is a bijection between G/Isog(z) and G(x).

Proof Let g1 Isog(z), g2Isoc(z), ..., gklsoc(z) be the coset decomposition of G by Isog(z).

We will show that the mapping 6 : g;Isog(z) — g;2, 1 < 7 < k from the left cosets of Isog(z)
in G to G(z) is a bijection. If g;z = giz, for g;, g € G, then g 'g; € Isog(z) which implies
that g;Js0g(z) = giIsoc(z) and 0 is an injection. On the other hand, any element of G(z) is
of the form gz for some g € G. If g;Isoc(z) is the coset to which g belongs, then g = g;h, for

some h € Isog(z). gz = ghz = g;z. Thus, § is a surjection.

Let Cg(z) be a set of coset representatives of Isog(z). By the bijective correspondence between
G(z) and C¢(z), we have that G(z) = {c12, c2z, ..., c;z}, where {c1, ¢, ..., c;} = Cg(z). Let
G(z1), G(z2), ..., G(zk) be the G—orbit decomposition of (Z/n)3. Then {zi, z3, ..., zx} is
a G-fundamental domain in (Z/n)?. Thus, (Z/n)? = U, eq—ra(n)Cc(z;)(z;). We can rewrite

(1) as

fa)=" 3 (2 flem) wi™ ™), (2)
z;EG—fd(n) c€Cg(z;)
Definition f € L(n) is said to be G—invariant, if for z € (Z/n)3, and g € G, f(z) = f(g9z). We

will denote the collection of G~invariant functions in L(n) by Lg(n).

For a G—invariant function f, if we know f(z) for z € G — fd(n), then we know f(z) for all
z € (Z/n)3. This is because if z € (Z/n)?, then either z is an element of G — fd(n) or it is a
G—image of an element in G — fd. Since f{z) = f(cz) for f € Le(n) and ¢ € Cg(z), we can

rewrite (2) as

fley= 3 fle) YD wsTe),

z;€G~Jd(n) c€Cq(z;)



Lemma 1 Let T € GL(3, 2 /n), and denote the transpose of T by T%. Then

< T(z),y > = < z,T*(y) >, for z, y € (Z/n)3.

Proof Let the coordinates of T be (Tj), i k=1,2,3. Let 2 = (2,23, 23)" and y = (y1, ¥2, ¥5)"
<Tz,y>= 20 (Tie Tinzn)ys = Loy (Sher Tikzkys) = e 1 (Siay Thkysae)-

Notice now (32, Tj1y5, 25, The¥s» 2, Tyay;)* = T(y), where the sum is over j = 1, 2, 3. Hence

<T(z),y) > =< T'y),z> = < z,T(y) >.

For g € SL(3,Z2), we will use g* to denote (g=1)t. Let G* = {(97')* | g€ G}. G*isalso a

group, and it is isomorphic to G. G* is called the contragradient representation.

Theorem 2 F(n) : Lg(n) — Lg+(n).

Proof For f € Lg(n) and z* € (Z/n)3, f(g*z*) = Yze(z/m) f(2) -wS0"=" %> By Lemma 1,
f(g*z‘) = Eze(Z/n)a f(z) .w:z‘,g‘.;> = EzG(Z/n)’ f(z) .w:;‘,g-l:t).

Since g is an automorphism, we may replace z by gz. Also, since f(z) = f(gz),

flg*2*) = Tgae(z/mys F92) 055> = Tne(z/ns Fl2) - w5="2>.

As gz ranges over(Z/n)3, z ranges over (Z/n)3, and we have

f(g‘z‘) = E:nG(Z/n)a f(Z) .w:z',z> = f(.’ﬂ‘)-

G* acting on (2 /n)® decomposes (Z/n)3 into disjoint G*—orbits. Again by choosing one element

from each distinct G*—orbit, we find a G*—fundamental domain G* — fd(r). If we know

F(n)f(z*) for z* € G* — fd(n), then we know F(n)f(z*) for all z* € (Z/r)®. We now define

the G—invariant Fourier Transform, Fg(n) : Lg(n) — Lg-(n) as follows. For z* € G* - fd(n),
Fg(n)f(z*) = E:EG’-—!d(n) f(z)75(z", ),

where
Folz*z) = Y, wse=>, (3)
c€Cal{)
By ordering the elements of G* — fd(n) and G — fd(n), we can by (3) represent Fg(n) as
a matrix. A matrix representation of the G-invariant Finite Fourier Transform of functions in
Lg(n) will be denoted by 7z(n). Using the ordering fixed above, let [X|c and [X*]|g- be column
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vectors of entries f(z), € G — fd(n) and Fg(n)f(z*), 2* € G* — fd(n) respectively. Then
[X*)ge is the matrix product

[X*]g = 7a(n) - [X]e.

Thus, the new information required to formulate an invariant Finite Fourier Transform matrix
consists of a fundamental domain of G, a fundamental domain of G* and coset representatives
of the isotropy groups at elements in the fundamental domain of G. Since coset representatives
play the role of indices in the programming of the resulting algorithms, we will call C¢(z) an

indezing set of G(z).

We may summarize the above discussion as follows. [#(n)(z*,z)] is a matrix representation
of F(n). [X]e and [X]g- are subvectors of [X]; and [X];.. [7o(n)(z*,z)] is obtained from
[#1(n)(z*, z)] by crossing out the rows indexed by the elements not belonging to G* — fd(n) and

adding the columns indexed by elements belonging in the same G—orbit.

We will pause briefly to discuss the relation between conjugate groups and the invariant Fourier

transforms.

Definition If A is a subgroup of a group K, then we denote by gAg~1, for some g € K, the set

! with e € A. gAg~? is also a subgroup of K. Subgroups

of all elements of K of the form gag™
A and B are said to be conjugate subgroups in K and denoted A ~x B if A = gBg~?! for some

geK.
In the lemmas below, let G' = rGr™?! for some 7 € SL(3, Z).

Lemma 2 Let {z1, 72, ..., zx} be a G — fd(n). Then {rzy, 723, ..., 7z} is a G' — fd(n).
Proof For 1< 7,1 < k and 5 # 1,

G'(rz;) N G'(rz)) = 1Gr=Y(rz;) N rGr=t{rz) = 7G(z;) N 1C(xm) = +(G(z5) O Clz)) = ¢,
because G(z;) N G(zi) = ¢. Also, US_,7Gr~1(rz;) = Uk 7G(z;) = r(Z/n)° = (Z/n).

7



Lemma 3 Isogr(rz) = r(lsog(z))r~?t.
Proof For g € Isog(z), rgr~!(rz) = rgz = rz. Thus rgr~! is an element of Isoc:/(rz) and
7(Isog(z))r~! C Isogr(rz). On the other hand suppose ¢’(rz) = rz. Then r~1¢'(rz)r =

r1g'rz = z which implies 7~1g'r € Isog(z) and ¢' € 7(Is0c(z))r1.

Lemma 4 For a subgroup S of G, let C be a set of coset representatives of the cosets of S in G.

Then 7C7~! is a set of coset representatives of the cosets of rS7~! in G'.

Proof Let C = {¢y, ¢c2, ..., ck}. Then

k rlpGr=1 — jk Gl = 2k . Q)r~1 — -1
Ui Ter ™t e STt = U re; ST = 7(Uf_¢;S)r~t = rGr~ ! = @,

and for 1 <j,l<kandj#1, r(c;S)r~*Nr(cS)r—t = r(c; SN ¢;S)r~1 = 4.

Lemma 5 (G")* = r*G*(r*)~L.

Proof Let -k € G'. Then h = rgr~! for some g € G. h* = (rgr~!)* = (rg~1771)t = r*g*(+*)~ L.

By the lemmas 2 and 5, we have that 7*(G* — fd(n)) is a G'* — fd(n) and 7(G — fd(n)) is a
G' — fd(n). Thus, for f € Ler(n), z* € G* — fd(n),
Far(n)f(r*e*) = ¥ oea—ran) (Lcecs ) wgratrerTla>),
But < 7*z*,rcr™! > = < r*z*,7¢2 > = < z*,cz >. Hence
For(n)f(r*z*) = L.ec-ta(n) (Zcecs(z) wEhes>),
Denote by [X],¢ and [X*];+ge the column vectors of entries f(rz), z € G — fd(n) and
Fge(n)f(r*5%), z* € G* — fd(n). Then |

[X*)rege = |Fa(n)(2") 2)]eec-r1d(n).zr€Ge~1a(n) - [ X]rc-
With G, G' and r as above, we have proved the following theorem.

Theorem 3 By choosing 7(G — fd(n)) as a G’ — fd(n) and 7*(G* — fd(n)) as a G'* — fd(n), the

matrix representation of Fgr(n), a G'—invariant Fourier transform is the same as that of Fg(n).

We need the following preliminary results to further describe our work.
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For n = p - q, where p and ¢ are relatively prime natural numbers, we have by the Chinese

Remainder Theorem [7] the decomposition,
(Z/n)° = (Z/p)® x (Z/9)°.
We also have the decompositions (8],
L(n) ~ L(p) ® L(q), F(n) = F(p) ® F(q).
Let us now see how to relate the group G acting on the rings (Z/n)% and (2/p)3 x (Z/q)3. For
z € (Z/n)?, consider the ring isomorphism defined by
i(z) = (zp, 24),
where z, = z (mod p), zq = z (mod g).
For g € G, i(gz) = ((92)p, (9%),)- Since (gz), = g(z,) (mod p) and (g9z), = gz, (mod g),
i(9z) = (g2p, 97).
We will denote the group of automorphisms {(g,9) | ¢ € G} of (Z/p)® x (Z/q)3 again by G.
Similarly, for g* € G*, the automorphism of (Z/p)®x(Z/q)? induced by the ring isomorphism 1 is
(g%, 9*). We will denote the group of automorphisms {(g*,g9*) | 9* € G*} again by G*. Denoting
the collection of G and G*—invariant functions in L(p) ® L(q) by Lg(p,q) and Lg-(p, q), we
have seen in theorem 2 that
F(p)® F(q) : La(p,q) — Le-(p, 9)-
For f € L(p) ® L(q) and (y*,2*) € (Z2/p)® x (Z/q)3, define

(F) @ I9)f(y*2") = D  fly,2")-wi¥"¥>,
' ve(z/p)®

(Ip® F(q)) f(y*,2*) = Z f(y‘,z)-w,f"'”.

2€(Z/q)3

Ip ® F(q) and F(p) ® Iq are linear transformations of L(p) ® L(g), and
F(p) ® F(q) = (Ip® F(q)) o (F(p) ® I9),

where o denotes the composition of linear transformations.

Theorem 4 For f € La(p,q) and (4",2) & (2/p)° x (2/a)’,
(F(p) ® Ig)f(9*y*,92) = (F(p) ® I9) f(y",2)-
Proof (F(P) @ 10) f(9"y"192) = Lye(z/ope f(892) - i ¥ 9>

9



By lemma 1, we have (F(p) ® Iq) f(9*,92) = Toe(z/iy F(9:92) SV ThY>
Replacing y by gy, we have (F(p) ® Iq) f(g*,92) = Toveiz/op f(99:92) WSy,
Since f(gy,92) = f(y,2), we have now

(F(p) ® I9) f(g°,92) = ope(z/p)s fl9:2) - w SV V> = (F(p) ® Ig)f(y*, 2).

Let G = {(¢9*,9) | ¢ € G}. G is also a group of automorphisrﬁs of (Z/p)® x (Z/q)3. Denote
the set of G—invariant functions in L(p, q) by Lz(p, q). We can then prove the next theorem in

exactly the same way as above.

Theorem 5 For fe L'&'(p) (I), (y‘xz.) € (z/p)3 X (Z/Q)st
(Ip® F(q))f(9*y,9*2) = (Ip® F(q))f(y*,2").

Thus we have

F(p)®Iq Ip®F(q)
Lg(p,q9) —— Lzlp,g) —— Lg-(p,9).

Notation For a group G of automorphisms of the product ring, (Z/p)® x (2 /q)3, we will denote

a G—fundamental domain in (Z/p)3 x (2/g)® by G — fd(p, q).

We will now define the group P3 and describe the P3—invariant product construction.

P3 is the group generated by the matrix

-1 1 0
a=[|-1 0 0].
0 0 1

a® = I, and P3 is a simple group of order 3.

Comment In the set of groups we deal with, any simple group is isomorphic to Z/2 or Z2/3. We

have chosen to deal with P3 ~ Z/3.

Definition The P3—invariant product construction is a collection of procedures that determines
a P3—invariant Fourier Transform on the product ring (Z/p)® x (Z/q)® as a tensor product of

Fp3(p) and Fpa(q).
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The P3—invariant product construction consists of the. following three procedures once we have
precomputed P3— fd(p), P3* — fd(p), P3— fd(q), P3* — fd(q), #ra(p) and Fpa(q). (Algorithms
for computing with F'(n), for a natural number n, are abundant.) :
(a) Construct a P3~ fd(p, g) and a P3— fd(p, ¢)1 such that for f € Lps(p,q), (F(p)® Iq)f
can be computed in terms of Fp3(p) and F(p).
(b) Construct a P3~ fd(p, q)2 and a P3* — fd(p, q) such that for f € L53(p, q), (Ip®F(q)) f
can be computed in terms of Fp3(q) and F(q). )
(c) Determine a bijection between .the two P3—fundamental domains P3 — fd(p,q); and

?3-— fd(Px Q)Z-

The constructions (a), (b) and (c) are easy, because P3 is a simple group. For any z € (Z/n)?,
Isops(z) is either P3 or I. Similarly, Isops:(z) is either P3* or I* = I. We will show a method
for constructing (a). The construction in (b) is achieved in exactly the same way. We will also

determine the bijection in (c).

Construction of (a)

Decompose a P3 — fd(p) and a P3 — fd(g) by the isotropy subgroups as follows.
Z(P3:1) = {z€ P3 - fd(q) | Isopa(z) = I},

Z(P3: P3) = {z € P3— fd(q) | Isops(z) = P3}.

Y(P3:1I) = {y€ P83~ fd(p) | Isors(y) = I},

Y(P3: P3) = {y € P3— fd(p) | Isopa(y) = P3}.

Decompose a P3* — fd(p) and P3* — fd{q) by the isotropy subgroups in the same way.
Z(P3*:1) = {z € P3* — fd(q) | Isop3-(2) = I},

Z(P3*: P3*) = {z € P3* - fd(q) | Isop3-(z) = P3*}.

Y(P3*:1) = {y€ P3* — fd(p) | Isops-(y) = I},

Y(P3*: P3*) = {y € P3* ~ fd(p) | Isops-(y) = P3*}.
Then we have
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(Z/9)> =Z(P3:P3)UZ(P3:I)uaZ(P3:)ua®Z(P3:1),
(Z/p)® =Y (P3: P3)UuY(P3:I)UaY(P3:I)Ua?Y(P3: 1),
where the union is disjoint. Trivially,
Z(P3:P3) = aZ(P3: P3) = a?Z(P3: P3), (Z/q)® = a(Z/q)® = o?(Z/q)*.
Y(P3: P3) = aY(P3: P3) = a?Y(P3: P3), (Z/p)® = a(Z/p)® = o?(Z/p)°.
We may now decompose (2 /p)? x (Z/q)° as follows:
(2/p)° x (Z/9)° = ((Z/p)* x Z(P3 : P3)) U ((Z/p)® x Z(P3 : P3))
U((Z/p)® x aZ(P3: D)) U ((2/p)® x a2Z(P3 : I))

((r(P3: P)UY(P3: 1) UaY(P3: I)UaY(I)) x Z(P3: P3))

u((z/p)* x 2(P3: 1)) U ((z/p)° x az(P3: 1)) U ((z/p)3 x a?Z(P3: 1))

)
- ((r(P3: P)UY(P3: 1)) x Z(P3: P3)) U ((Z/p)3'x Z(Ps: 1))
Ules o) ((Y(P3: P3) LY (P3: P3)) x Z(P3: P3)) U ((2/p)° x 2(P3: 1)

Ule?,a?)((Y(P3: P UY(P3: 1)) x Z(P3: P3)) u ((2/p)° x Z(P3: n).
Y(P3: P3)UY(P3:1I)is a G-fd(p). We have thus shown the following.
Lemma 6 (G — fd(p) x Z(P3: P3)) U ((2/p)® x Z(P3: 1)) is a G ~ fd(p, ).

Lemma 7 (G* - fd(p) x Z(P3: P3)) U ((2/6)° x Z(P3: 1)) is 2 G - fd(p,q).

Proof The proof consists of replacing G — fd(p) with G* — fd(p), Y (P3 : P3) with Y (P3* : P3*)

and Y(P3 : I) with Y(P3* : I*) in the above construction.

Theorem 6 For f € Lps(p,q) and an element (y*, 2) of (G" — fd(p) x Z(P3: P3)) U ((2'/;;)3 X

2(P3: 1)),

(F(p) ® I3) f(y*, 2) can be computed in terms of Fps(p) and F(p).

Proof We will prove this by constructing a matrix representation of the linear transformation
F(p) ® Iq of a function f € Lp3(p,q). To do this, consider the P3 — fd(p,q) and P3 ~ fd(p, q)

in the lemmas 6 and 7 as lexicographically ordered sets. Let gr and gp3 denote the orders of
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the sets Z(P3: 1) and Z(P3: P3). Then

(%pa(p) ® Igps) ® (7 (p) ® Iqr)

is a desired matrix representation, where @ denotes the direct product of matrices.

Construction of (b) :

Lemma 8 (Y(P3“ : P3*) x P3 — fd(q)) U (Y(P3‘ 1 I*) % (Z/q)a) and

(v(Ps*: P3*)x P3* - fd(q)) U (Y(Ps‘ : I*) x (Z/q)a)) are P3 — fd(p, q) and P3* — fd(p, q)

respectively.

Theorem 7 For f € Lgz(p, q) and an element (y*, z*) of

(Y(P3‘ : P3*) x P3* — fd(q)) u (Y(Ps‘ : I*)% (2 /q)a)), (Ip® F(q)) f(y*, 2*) can be computed

in terms of Fpa(q) and F(q).

To find the matrix representation of (Ip ® F(q)) of a function f € Lzz(p,q), let the orders of
Y(P3* : P3*) and Y(P3* : I*) be pp3 and p;. Consider the P3 — fd(p,q) and P3* — fd(p,q)
in the lemma above as lexicographically ordered sets. A P3—invariant matrix representation of
Ip® F(q) is

(Ipps ® 7rs(q)) ® (Ipr ® 7(g))-

Determination of (c) :

Let
P5~ fd(p.a)s = (P8~ fd(p) x 2(Ps" : P3*)) U ((2/p) x 2(P3: 1),
3 - fd(p,q)a = (Y(P3 : P3*) x P3 - fd(g)) U (v(P3*: 1) x (2/4)°).

The mapping I defined below as a union of the mappings of the partition of P3 — fd(p, g)1 and

13



P3 — fd(p,q); is a bijection.

-ﬁg_fd(pi‘”l P3- fd(plq)2
(.1
Y (P3*: P3*) x Z(P3 : P3). ———)——o Y(P3*: P3*) x Z(P3: P3)
(.0

Y(P3*:I')x Z(P3: P3) ——— Y(P3*:I*)x Z(P3: P3)

(r.0)
Y(P3*:P3*)x Z(P3:I) ——— Y(P3*:P3*)x Z(P3:I)

(11
V(P : I')x Z(P3:1) ——2\ y(P3*:I')x Z(P3:1I)

3
(a® r‘-")

o*Y(P3*: ) x Z(P3: 1) —— Y(P3*:I*)xa?Z(P3:1])

(a*a)

a'Y(P3*: ) x Z(P3: 1) —— Y(P3*:I*)x aZ(P3:1I)

A trivial, yet crucial property of II is that for f € Lz3(p, q),

fly*,2) = F(TI(y*, 2)). (4)

If P is the mapping defined for (y*,2) € P3 — fd(p,q); by
P:(F(p) ® Iq)f(y",2) — (F(p) ® Iq) f(TI(y*,2)),
we have
P((F(p) ® 1)/ (v",2)) = (F(p) ® Iq) f(TI(y",2)) -
For f € Lpa(p,q), (F(p) ® Iq)f € L5(p,q). Hence by (4), P is a permutation of the set
{(F(p) ® I9) f(y*)2) }(ye.5)eF3-rd(pra):
onto the set

{(F(p) ] Iq)f(n(y.‘!z))}n(y',z)éﬁ—fd(t?m)a'

Definition We will call a bijection between two G—fundamental domains satisfying (4) an orbit

ezchange for G.

We will now define a G—invariant product construction for an arbitrary group G. We will
assume some results as we describe our approach to the problem. We will devote the remaining
chapters of this thesis to proving them.

14



Given a G~fundamental domain G— fd(q) in (2Z/¢)°, we will see that a G—fundamental domain
in (Z/p)® x (Z/q)® is Useg-ra(q) (Is0(2) — fd(p) x {z}). Since any subgroup of G can be the
isotropy subgroup at some element,' we will need for all subgroups S of G, S — fd(p) to compute
a G—fundamental domain in the product ring. Yet, as we will see later, for z € (Z/n)® and
S < @, if Iso(z) is conjugate to S, then there exists an element z' € G(z) such that Iso(z') = S.
Thus, by choosing a collection ¥ of representatives of conjugacy classes of subgroups of G , we can
determine a G—fundamental domain with the property that if S is the isotropy subgroup at an
element in this fundamental domain, then § € ¥. We will denote such a G—fundamental domain
in (Z/n)® for a given collection ¥ of subgroups of G by G — FD{n). The G—invariant product
construction for an arbitrary point group G requires the following precomputation: (Recall that

for a representation ¢ of a point group, we denote the contragradient representation by v*.)
(d) Collections ¥ and ¥* of representatives of the conjugacy classes of subgroups of G and
G*.

(e) ¥ — FD(p), ¥* — FD(p), ¥ — FD(q) and ¢* — FD(q), for ¥ € ¥, ¢* € ¥*. (We
are reserving the capital letters FD to denote fundamental domains with the property
that the isotropy subgroup at an element in this fundamental domain belongs to ¥ or ¥*

respectively.)

(f) Fu(p) and 7y (q), for ¥ € V.

We claim that the information in (d), (e) and (f) is sufficient to formulate the invariant product
construction not only for the group G, but also for any of the groups ¢ € ¥, because we can do

the following.

(a') Construct a ¥ — fd(p, q) and a ¥ — fd(p,q)1 such that for f € Ly(p,q), (F(p) ® Iq)f

can be computed in terms of Fy,(p), for ¢; < ¢ and ¢); € V.

(b') Construct a ¥ — fd(p,g)2 and a y* — fd(p, q) such that for f € Lz(p, q), (Ip® F(I)q)f

can be computed in terms of Fy,(q), for ¢; < ¢ and ¢; € V.

(c') Determine an orbit exchange for .
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Assuming that we have the information (d), (e) and (f), let us see how we can carry out the

construction in (a’) and (b’).

Note that Isoy(z) = Iso(z) N ¢. For € ¥, we will use the following notation.
Y(¢:9;) = {y€ v~ FD(p) | Isoy(y) = ¥;},

Z($:95) = {z € ¥~ FD(g) | Isog () = 3},
Y(¢* :97) = {y" € ¥* = FD(p) | Isoy(y*) = ¥},

Z(y* : ;) = {z* € ¥* — FD(q) | Isoy(2*) = ¢¥;}.

Claim (a') U;(%; — FD(p) x Z(4 : ,)) and Us(¥; — FD(p) X Z(% : ¥;)) are the desired ¢ and

Y—fundamental domains in (Z/p)® x (Z/4q)3, respectively.

Claim (b') U;(Y(¥* : ¢]) x ¥; — FD(g)) and U;(Y (4" : ¥}) x ¢} — FD(q)) are the desired ¥

and ¥*—fundamental domains in (Z/p)® x (2/q)3, resectively.

Claim (c¢') There exits an orbit exchange for ¥ between any two Y-fundamnetal domains.

We will prove (c) now, because it is simple. (Observe that we claim only the existence here.
Later, we will compute the orbit exchange explicitly. )

Proof Let fd; and fdz be any two y-fundamental domains in (2 /p)® x (Z/g)3. For an element

zy € fdy, there is one and only one z; € fd; with ¥(z;) = ¥(z2). Hence we can define a
mapping Il by setting

N(z1) = 22, if Y(z1) = P(z2).
zg = gz, for some g € Y. For f € Lw(p, gq), f(z2) = f(gz1) = f(IIz;). Thus, II is an orbit

exchange for 9.

Now we turn our attention to obtaining the necessary precomputations. We will begin by
showing, in a crude way, how the solvability of the point groups leads us to iterative procedures
for computing invariant Finite Fourier Transform matrices. Let G2 be a point group and G;14G5.
We will show that there exists a Gy — fd(n) D G2 — fd(n), and that an indexing set Cg,(z;)

4
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exists such that a subset of Cg, (z;) is an indexing set of G, (z;) for the element z;. Thus, we
can determine 7g, (n) from 7z, (n) by deleting the rows indexed by the elements not belonging
to the G3* — fd(n) and summing the columns indexed by the elements belonging to the same
G3—orbit,
We will now compute G2 and G;~fundamental domains and indexing subsets. Note that since
G, is normal in G2, the action of Gz is well defined on the space of Gi—orbits in (Z/n)3.
Specifically, we can write G as ;G U g2G; U ... U g, G, where the union is disjoint. For
z € (2 /n)3,
G2(z) = G1(1z) UGi(g2z) U... U G (gk2).

Union here need not be disjoint.
We can determine fundamental domains and indexing subgroups by the following bootstrap
technique.

1) Let G2/G be the set {g1,92,..., 9k}

2) Decompose (Z/n)? into G;—orbits.

3) Determine the Gz—orbits by aggregating the Gy —orbits. For z € (Z/n)3, let [G2/G,(z)]

be a subset of G2/G such that G2(z) is a disjoint union of G (gz) for g € (G2/G1(z)].

4) Construct G2 — fd(n) by choosing one element from each Gz—orbit.

5) G1 — fd(n) = Uzeq,-ra(n)[G2/G1(z)]z.

6) For z € G3 — fd(n), determine Isog,(z). Determine Cg,(z), an indexing subset of

Gi(z).

7) Isog, (9z) = Iosc,(z), and Cg, (9z) = Cg, (z), for g € [G2/G1(z)].

8) Isog, (z) = Isoc, () - (G2/Gi (=)}, and Ca, (a) = Ca, (<) - [G2/Cs (2)]-

Thus we have a method for computing a Y—invariant module for 1 < G. On the other hand,
if ¥ 9 G, then ¢ is contained in any collection of representatives of the conjugacy classes of
subgroups of G. |

We will now proceed to work through in detatil the material outlined above. We will require

certain basic facts from group theory and module theory.
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2. The Group P622.

As an abstract group, P622 ~ (Z/3® Z/2) 9Z/2, where J denotes the semidirect product of
groups. We will represent P822 and list some properties of the group in this chapter. We will
then determine a collection of representatives of the subgroups of P622. This collection will be
called ¥ and will be fixed throughout the rest of this thesis. We also prove properties of ¥ that

we will use in the later chapters.

The following two elements in S L(3, Z) along with «, defined before, generate the group P622.

p? = I and B commutes with a. Hence f is a representation of 2/2. The group generated
by £ is called P2 and the group P3 & P2 is called P6. Let Q2 be the group generated by +.
42 = I. yoy~! = a?, and v is an automorphism of P3. The group P3 JQ2 is called P312,
where 9 denotes the semidirect product of the two groups. Let § = fv. § = 48, and 62 = I.
Since faé~! = o2, § is also an automorphism of P3. Denote the group generated by § by R2.
The group P3 JR2 is called P321. Since Q2 and R2 are automorphisms of P86, we can form
P6 JQ2 and P6 JR2. P622 = P2 P321 = P2® P312 = P6 Q2 = P6 JR2.

Let A be the group generated by § and . Since fy =9 =6, A=P26 Q2= P20 R2 =

Q2 @ R2. As an abstract group A ~ Z/2® Z/2, and A is abelian.

Lemma 9 P3 is the only subgroup of order 3 in P622.

Proof Since ord(P622) = 3 -22%, P3 is a Sylow subgroup. But P3 1 P622.

Lemma 10 Any subgroup of P622 of order 4 is conjugate to A.

Proof ord(A) = 4, and A is a Sylow subgroup.

Lemma 11 P622 has 3 subgroups of order 6.

Proof The preimage of a subgroup of P822/P3 of order 2 is a subgroup of order 6 in P622.
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P622/P3~ 2Z/202/2, and Z/2® Z /2 has 3 subgroups of order 2. Hence there are 3 subgroups

of order 6 in P622. They are P6, P312 and P321.
Lemma 12 The 3 subgroups of order 6 are normal in P622.

Lemma 13 If S is a subgroup of order 2, then S is conjugate to to P2, Q2, or R2.

Proof By Sylow’s theorem there exits a Sylow subgroup B > § of order 4. But B ~ A.

We have just proved the theorem below.

Theorem 8 The set
¥ = {I, P2, Q2, R2, P3, A, Pé, P312, P321, P622}.
is a collection of representatives of the conjugacy classes of subgroups of P622.

.

Henceforth, we will use ¢ or ¢, for a natural number 5 to denote an element of .

Theorem O P622 ~5y(3,z) P622".

Proof Let r be the matrix

Then 7 € SL(3, Z), and by a direct computation, we see that rP37~! = P3*, Also rAr~! =

A* = A, for 7817 = B, ryr~1 = 6, 167~ = 4. Thus rP6227~! = rP3r—1rAr—1 = Pg22*.

Thus all the information about P622* can be obtained from the information about P622. In

particular, we can obtain a ¢*—fundamental domain from a ¥/’ —fundamental domain for ¢’ € ¥

and ¢’ ~ ¢*.

Notation For subgroups S; and S2 of a group K, we will denote by S, -S> the set {s132 | 3; € Sy,

and s; € Sz}. In general, S; - S; is not a subgroup of K.

Definition Subgroups S; and S; of a group K are said to be complementary in K , if
Si1NSy=1TIand §; 52 = K.
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Theorem 10 Every subgroup of P622 has a complementary subgroup in P622.

Proof If S is a subgroup of P622, then S is of order 1, 2, 3, 4, 6, or 12. The only non-trivial

cases are when ord(S) = 2 or 6. If ord(S) = 2, then by the Sylow-theorem, there exists a group
B in Pga3 of order 4 containing S. Furthermore since B~ 2/2® Z/2, B = § - §’, for a group
S’ of order 2.

P622 = P3-B=P3-5"-S. Thus P3-5'is a complementary subgroup of S in P622.
Suppose now ord(S) = 6. § = P35, for a subgroup S’ of S. Then again there exists a group
B in P822 of order 4 such that B = S§'-S", for a subgroup S” of order 2. Thus P622 = P3-B

=P3.-8".9=5-85" and S is a complementary subgroup of S in P622,

This implies that we can choose subgroups of P622 as indexing subsets of P622—orbits. More-

over, this property holds in any subgroup of P622.

Notation Henceforth, we will use the phrase indezing subgroup in place of indexing subset for

an orbit by any subgroup of P622.

Theorem 11 For any subgroup of ¢, it or its complementary subgroup in 4 is normal in 1.

Proof Observe first that if 3 | ord(T) for a subgroup T of P622, then T < P622. Thus T is

normal in any subgroup of P622 containing T. Suppose now that 3 | ord(¢). For S < ¥,
either 3 | ord(S) or 3 divides the order of a complementary subgroup of S in ¢. Hence S or its
complement is normal. On the other hand, if 3 does not divide the order of ¢, then 4 is abelian,

go there ig nothing to prove.

Lemma 14 For a complementary pair S and C of a group G, if either S or C is normal in G,
then any subgroup conjugate to C is complementary to S.
Proof If C is normal, there is nothing to prove. Suppose S<G. §-gCg~! = ¢gS-Cg~! = G, for

g €q.

Theorem 12 We can choose an indexing subgroup of a ¢—orbit in V.

Proof For z € (Z/n)%, a complementay subgroup of Isoy (z) is an indexing subgroup of ¥(z).
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Since ¥ is a collection of conjugacy classes of subgroups of P622, there is a complementay

subgroup of Jsoy(z) in ¥ by lemma 14.

Notation We will denote a complementay subgroup of 1 belonging to ¥ by C(¥). In general
C(4) is not unique. For ¢; < 3, we will denote a complementary subgroup of ¥; in ¥,

belonging to ¥ by Cy,(v1). Again, Cy,(t1) may not be unique.

Theorem 13 The collection ¥ is closed under intersection.

Proof One can prove this by inspection.

Theorem 14 A is contained in the normalizer of .

Proof Any ¥ € V¥ is normal in either A or P622.

Lemma 15 ¢, - ¥2 = ¢z - ¥1.
Proof If P3 < t;, for i = 1 or 2, then ¢; < P622. Hence ¥; - )3 = ¥2 - 1. On the other hand, if

P3 £ ;,fori=1 and 2 then ¢; and ¥ belong to A. Thus, again ¥ - 2 = 3 - ;.

Lemma 16 v, - ¢2 < P622.
Proof Let g € 41 - 2. Then g = g, g2, for some g; € ¢;,1i =1, 2. Then gz"lgl"1 =g~l € - Y.
By the lemma above, g~! € ¢ - 2. Let g192, h1hs € ¢y - Yo, where g;, h; € Yi,i=1, 2.

(9192)(hih2) = g1highh, for some R} € ; and g} € 2, again by the above lemma.

Theorem 15 ¢ -2 € V.
Proof If P3 < ¢, fori = 1 or 2, then ; - o 9 P822, Thus, ¢ - ¥2 € ¥. On the other hand, if

P3 £ y; fori = 1 and 2, then ), - Y2 < A. So, again ¢, - ¢ € V.

Theorem 16 For t; <z, C(2) - Cy, (¥1) is a C(¥1).

Proof C(l/lz) 'CVJ: (’»bl) Yy = C(iﬁz) -2 = P622,
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3. Orbit Decompositions and Fundamental Domains.
In this chapter, we will compute y ~ FD(n) for all ¢ € V.

Since P822 ~sr(3,z) P622* and every subgroup of P622 is conjugate to a group in ¥, we only
need to find the % —orbit decomposition of (Z/n)3 for ¢ € ¥. On the other hand, we need the or-
bit decomposition of (Z/n)* only as a tool for computing fundamental domains and the isotropy
subgroups of elements in fundamental doamins. We can obtain an S—fundamental domain and
the respective isotropy subgroups for a normal subgroup S of P622 from a P622—f1;ndamental
domain by a bootstap technique. Moreover, we will see that from a P622 — FD(n) for the col-
lection ¥ we have chosen in the previous chapter, we can also obtain an A—fundamental domain
and the respective isotropy subgroups. Any 1 € ¥ is a normal subgroup of either P622 or A.
Hence we only need to compute the P622-orbit decompotion of (Z/n)3. This, as the following
lernma implies, is easily achieved by the orbit decomposition by an ascending chain of normal

subgroups of P622, We will choose the normal series of groups P622 v Pé v P3.

Lemma 17 Let S <« G, and let C be a set of coset representatives of S—cosets in G. Then for
z € (Z/n)3, G(z) = UsecS(cz).

Proof G = UceceS. Since S <G, ¢S = Se.

Since P6> P3 and P2 is a set of coset representatives of P3—cosets in P8, for any z € (Z /n)3,
Pé(z) = P3(z)U P3(Pz). fP3(z) = P3(Pz). Thus, § maps the P3-orbit determined by z onto
the P3-orbit determined by Sz, and we can determine the P6—orbit decomposition of (Z/n)3
by looking at the action of 8 on the P3—orbits in (Z/n)3. |
Also since P622 > P8 and Q2 is a set of coset representatives of P6—cosets in P622, for any
z € (Z/n)3, P622(z) = P8(z) U P6(yz). 7P8(z) = P6(yz). Thus, to determine the P622-orbit
decomposition of (Z/n)2, we only need to look at the action of oy on the P6—orbits in (Z/n)?.
For z € (Z /n)3,

P622(z) = P3(z) U P3(fz) U P3(vz) U P3(yfz) = P3(z) U P3(Bz) U P3(yz) U P3(éz).
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Therefore, we can find the P622—orbits in (Z/n)® by aggregating the P3—orbits in (Z/n)3.

We present here one simplifying method for decomposing (Z/n)® into P3—orbits.

For z € (Z/n)3, let z = (21, 23, 23)* and 2’ = (21, 22, 23)*. If 75 # z} then P3(z) N P3(z')
= ¢. On the other hand, if Z = (77, Tz, 73)¢ € P3(z), then 2’ = (%7, 73, z3)t € P3(z'). Thus
once we compute one P3—orbit, we have n distinct P3—orbits by changing the last components
of the elements in the P3—orbit. This reduces computation of P3 acting on n® elements to n®
elements. Depending on the nature of the number n, there are other simplifying methods for
computing the actions of P3 on the elements of (Z/n)>. (One such method is to employ the

structure of the multiplicative group of the units of the ring (Z/n). [3])

From the P622—orbit decomposition of (Z/n)3, we can determine a P622 — fd(n) by choosing
one element from each P622—orbit. To determine a P622— F D(n) for the collection ¥, we must
first discuss the isotropy subgroups in P622 at elements in P622 — fd(n). Henceforth we will
denote the isotropy subgroup in P622 at z € (Z/n)? by Iso(z) in place of Isopgsz(z). Once we

have Iso(z) for z € P622 — fd(n), we will show a method for determining P622 — FD(n).

For z € (Z2/n)3, we will determine Iso(z) by extending Isops(z). To do this we will use the

following theorem and its corollary.

Theorem 17 If z and y are elements belonging to the same P622—orbit, then

Isops(z) = Isops(y)-

Proof Since z and y belong in the same P622—orbit, y = gz, for some g € P622. Observe
now that Iso(y) = glso(z)g~. Isops(y) = Iso(y) N P3 = glso(z)g~! N P3. Because P3 is
normal, gIso(z)g~! N P3 = g(Iso(z) N P3)g™!. Thus I'sops(y) ~pe2z I30p3(z). In particular,

ord(Isopa(y)) = ord{Isops(z)). Since P3 is simple, Isops(y) = Isops(z).

Corollary I'sops(z) = Isop3(fz) = Isops(yz) = Isops(6z),
and ord(P3(z)) = ord(P3(fz)) = ord(P3(yz)) = ord(P3(6z)).
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Suppose P3(z) = {z}. Then Iso(z) > P3. By the above corollary,
P3(Bz) = {Bfz}, P3(yz) = {7:&'} and P3(éz) = {6z}. If z = fz, then Iso(z) > P2 P3.
If z = yz, then Iso(z) > Q2 - P3. If z = éz, then Iso(z) > R2- P3.
On the other hand, if ord(P3(z)) = 3, then Iso(z) # P3.
If P3(z) = P3(Pz), then Iso(z) > P2. If P3(z) = P3(yz), then fso(a:) > Q2', for some
Q2 ~pe22 Q2.

If P3(z) = P3(6z), then Iso(z) > R2', for some R2' ~pgoz R2.

The two lemmas below now show that we can determine a P622 — FD(n) from a P622 — fd(n)

" and the isotropy subgroups at the elements of P622 ~ fd(n).

Lemma 18 For z, y € (2 /n)3, if y € G(z), then Iso(z) ~g Iso(y).
Proof y = gz, for some g € G. Suppose h € Iso(y). Then hgz = gz, so g~*hg € Iso(z). Hence,

Iso(y) < gIso(z)g™!. By exchanging the roles of z and y, we have the other inclusion.

Lemma 19 For § < G and z € (Z/n)>, let S ~¢ Iso(z). Then for some element y € G(z),
S = Iso(y).
Proof Let Iso(z) = gSg~!, for some g € G. For any s € S, gsg~'z = z. Thus, sg~ 1z = g~1z

and s € Iso(g~'z). Since Iso(z) ~g Iso(g~1z), S is the isotropy subgroup at g~'z.

Since ¥ is a complete set of representatives of conjugacy classes of subgroups of P622, for each
z; € P622 — fd(n) we can find y; € P622(z;) with Iso(y;) € ¥, by the above lemma. Replacing

each z; € P622 — fd(n) by such y;, we obtain a P622 — FD(n).

Henceforth, we choose a fixed set for a P622 — FD(n). For ¢ € ¥, let

X(¢) = {z € P622 — FD(n) | Iso(z) = ¢}.
P622 — FD(n) is the disjoint union of the sets X(y). We will use the sets X(y) as buslding
blocks in computing fundamental domains by the actions of the subgroups of P622. We will see
later that this gives us uniqueness of fundamental domains once we choose a P622 — FD(n).

24



This property is crucial, as we will see, because we want to express a fundamental domain in

more than one way.

Throughout the following discussion, let H be one of the groups P8, P312 or P321. We will now
show a way of constructing an H — FD(n) from a P622 — FD(n). Since H <« P22, H acting on
a P622—orbit decomposes the orbit into H—orbits. The number of H—orbits in a P622—orbit

is at most two, because there are two H—cosets in P622.

Lemma 20 For z € P622 — FD(n), if Iso(z) < H, then P622(z) is a union of two distinct
H —orbits. '

Proof Let g # I be an element of a complementary subgroup of H in P622. Thus, HNgH = ¢.
P622(z) = H(z) UgH(z) = H(z) U H(gz).

Suppose H(z) N H(gz) # ¢. Then for some h € H, z = hgz. But this implies that

hg € Iso(z) < H, which is a contradiction.

Lemma 21 For z € P622 — FD(n), if Iso(z) £ H, then P622(z) = H(xz).

Proof Isog(z) = Iso(z) N H # Iso(z). Thus, 2- ord(Isoq(z)) < ord(Iso(z)).

ord(P622(z)) = m('il;m, ord(H(z)) = ord(IsiH(z))'-

Since P622(z) D H(z),

12 6 2 1
ord(Iso(z)) = ord(Isog(z))’ ord(Iso(z) 2 ord(Isoy(z))

Hence 2 - ord(Isog (z)) = ord(Iso(z)), so ord(P622(z)) = ord(H(z)), and P622(z) = H(z).

Theorem 18 Upew C(H - $)X(¢) is an H — FD(n).

Proof If ¢ < H, then C(H-) = C(H). f ¢ £ H, then H - = P622, and C(H - ¢) = I. Thus,
Uyew C(H - ¥) X (¢) contains exactly one element from each H—orbit, by the lemmas above.
Hence Uyew C(H - $) X () is an H — fd(n).

We will now justify the use of the capital letters F' D by showing that if 2’ € Uyew C(H %)X (¢),
then Isoy(z) € W. Note first that C(H-¢) is a subgroup of a group of order 2. Since C(H-¢) € ¥,
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C(H-¢¥) < A. Any z' € UyeyC(H - $)X(¢) is of the form gz for z € P622 — FD(n) and
g € C(H - ¢). Iso(gz) = glso(z)g~!. Since z € P822 — FD(n), Iso(z) € ¥. Since g € 4,

glso(z)g™! = Iso(z). Isou(z) = Iso(z) N H € ¥, by theorem 13.

We will now decompose an H — FD(n) by the isotropy subgroups in H. To do this, let
X(H:9y') ={z€ H—- FD(n) | Isog(z) = ¢'}.
We will set X(H : ¢') = ¢, for ¢’ £ H. Then

X(H : §') = Uypynu=pC(H - $) X (¥).

Since P34 H, we can determine a P3— FD(n) from an H — F D(n) in exactly the same way. For
example, we can determine a P3 — FD(n) from a P6 — FD(n). The complementary subgroup
of P3 in P6 is P2. Cpe(P3- P6) = Cpg(P3 - P2) = I, Cpe(P3- P3) = Cpg(P3-I) = P2, and
the following is a P3 — F D(n).

UyewCpe(P3 - Y) X(P6 : ¢)

Thus, once we have a P622 — F'D(n), we can construct a ¥y — F D(n) for all ¢ « P822, ¢ € ¥.

We next want to show a method of calculating an A—fundamental domain in (Z/n)3. Since
4(P3(Poz2 - FD(n))) = P622(P622 - FD(n) = (Z/n)*,

we h#ve that P3(P622 — F D(n)) spans (Z/n)® by the action of A. Hence P3(P622 — FD(n))
contains an A—fundamental domain in (Z/n)3. Now if we can show that the A—orbits of any
two distinct elements in P3(P622— F'D(n)) are disjoint, we will have that P3(P622— FD(n)) is
an A—fundamental domain in (2/n)3. So, let z; and z3 be two distinct elements in P3(P622 —
FD(n)). Suppose A(z;) N A(z3) # ¢. Then z3 = az; for some a € A. On the other hand, we
can write z; and z3 as a’z) and o'z}, with 7}, 2, € P622 — FD(n) and a € P3. Thus, o’z
= ac’z}, b = a~Jac’z}. But this implies that 2}, € P622(z}) which is a contradiction. Hence

P3(P822 — FD(n)) is an A—fundamental domain in (Z/n)3.

Let us look at the A—fundamental domain P3(P622 - FD(n)). For ¢ > P3, P3(X (t/))) =
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X(+). Thus,
P3(P622 — FD(n)) = (X(P622) U X(P6) U X(P312) U X(P321) U X(P3))
U P3(X(A) u X(P2) U X(Q2) U X(R2) U X(I)).
Since P3 is the complementary subgroup of A in P622, this A—fundamental domain can be
written as
UyewC(4 - )X (¥).
Since the isotropy subgroup of any element under the action of A is a subgroup of A, and since
every subgroup of A belongs in ¥, this A—fundamental domain in (2/n)2 is an A — FD(n) for
the collection W.

Denote the subset of A — F'D(n) consisting of elements whose isotropy subgroup in A is ¢’ by

X(A:¢'). Then we have X(A: ¢¥') = Uyjyna=yC(4 - )X ().

For the rest of this chapter, let J be a subgroup of A of order 2. Replacing P622 by A and H
by J, we can construct J — FD(n) from an A — FD(n) as before : CA(P2).is either Q2 or R2.
Ca(Q?2) is either P2 or R2. C4(R2) is either P2 or Q2. We will set C4(J) to be P2 or Q2.

U¢ewCA(J . ¢)X(A : 1/)) isalJ-— FD(n).
Thus, we have obtained a ¥ — F'D(n), for all ¢ € V.

Comment For any ¢ € ¥, we have seen that there is a ¢’ € ¥ such that ¢* ~ ¢'. Hence
we can obtain a ¥* — fd(n) from a ¢’ — FD(n) by elementwise multiplication by 7. Setting
¥* = {¢* | ¥ € ¥}, a Yy*—fundamental domain obtained this way has the property that the
isotropy subgroup in ¢* at any element in this fundamental domain belongs in ¥*. Since there
is no danger of ambiguity, we will denote a ¢* — fd(n) with this property for the collection ¥*

by ¢* — FD(n).

Before moving onto the next chapter, we will show that indeed the sets X(y), ¥ € ¥ play the

role of building blocks. Our Main Theorem below follows as a corollary to theorem 19, We use
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the properties of the collection W that we proved in the last chapter to prove theorem 19.

Theorem 19 Let ) < y3. Then C(y1 - ¥)X(9) = C(¥3 - ¢).- Oy, (¥1 - ¥) X(¥).

Proof By theorem 23, we can write C(¢1 - ¥) = C(¥3 - ¥) - Cy,.v(¥1 - ¥). Note that

Cyy (¥1 - 9) < Cypp(¥1 - ¥) < Cy, (%1 - 9¥) - ¥.

Thus, C(yz - ¥)Cy, (¥1 - ¥)X(¥) € C(¢1 - ¥) X(¥) C C(¢a - $)Cy, (¥1 - ¥) - Y X (¥).

But $ X () = X(¢). Therefore, C(¥2 - $)Cy, (¥1 - ¥)X(¥) = C(¥2 - $)Cly, (¥1 - ¥) - ¥ X(¥).
We have then C(y; - $) X () = C(¥a - ¥) - Cy, (¥1 - $) X ().

Main Theorem For ¢;, ¥ € ¥, and ¢; < 3 the ¢y — FD(n), we computed above can be

written as
UyewCy, (V1 - ¥) X (%2 : ),

where Uyea X(¥2 : ¢) is a 3 — FD(n).
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4. Invariant Fourier Transformas.

For ¢ € W, let us now look at Fy(n), the y-invariant Fourier Transform. For f € Ly(n) and
z* € y* — FD(n),

F'/l (n)f(zt) = E f(z)zp (z‘, ca:), 7'1' (:z:‘, cz) = Z w:z‘,cz>,

z2€Y~—~FD(n) cElndy(z)

where Indy(z) is an indexing subgroup of ¢(z). Suppose ¢, Y2 € ¥ and ¢; 9442. Then

3 — FD(n) C ¢ — FD(n). Let us compare %, (2*,c1z) and %y, (z*, c22):

;;bl(z*)clz) = Z w:gp‘c;z>, (5)
c1€Indy, (=)

Fua(z*,c22) = Z w,f“.'°”>. ()
ca€lndy,(z)

Since 11 (z) C ¥2(z), we can choose an indexing subgroup of 1;(z) as a subgroup of an indexing
subgroup of t2(z). Thus, we can make use of the sum in (5) in evaluating the sum in (6). By

the Main Theorem, we can write ¢y — FD(n) in the form

UyewCy, (V1 - ¥) X (2 : ¥),

where Uyeg X (Y2 : ¥) is a Y3 — FD(n).

Thus, for z € Cy,(¥1 - ¥)X(¥2 : ¥), Y2(z) = Cy, (¥1 - ¥) - ¥1(z). Now we can rewrite (6) as

Z ( Z w:z',c;dx>) ) (7)

dEC",(dr;-di) clelndh(x)
Since each dz, for d € Cy,(¥1 - ¥) and z € X {33 : ¢), belongs to ¢, — F D(n), the inner sum of

(7) occurs as the sum in (5).

Now not only is ¥3 — FD(n) C ¢, — FD(n), but also ¢35 — FD(n) C ¢ — FD(n). Fy,(n) is
obtained from 7, (n) by crossing out the rows indexed by z* ¢ ¢ — FD(n) and summing the

columns indexed by dz for d € Cy, (¥ : Isoy, (z)).

Thus once we find Fp3(n), we can modify it to compute Fiz(n). From F(n), we can compute

Freaz(n). Also from F;(n), we can compute F4(n).
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6. Invariant Product Construction.

Let n = p-g, where p and g are relatively prime natural numbers. Using the Chinese Remainder
theorem, we can decompose the ring (Z/n)® into (2 /p)® x (2/4)%. Using the tensor product
presentatiou, we can decompose the linear transformation F(n) into F(p) ® F(q). Moreover,
by iterating, we can decompose {Z/n)® and F(n) in terms of the prime factors of n. In this
section, we will be concerned with the task of determining the invariant product construction
for the groups ¢ € ¥. We will also show that we can iterate this construction. Thus, we will
have a method of computing the y—invariant Fourier Transform on (Z /n)? in terms of invariant

Fourier Transforms on the prime factors of n.

For f € L(p) ® L(q) and (yo,2.) € (Z/p)® x (Z2/q)3, define

U@ P fmm) = 3 flans) s,
z€(Z/q)?

(F(p) ® Iq)f(ymzo) = E f(y,zo) . w:yn.y>.
ve(Z/p)?

Ip ® F(q) and F(p) ® Iq are linear transformations of L(p) ® L(g). Denote the composition of

linear tranforms by o. We have then

F(p) ® F(g) = (Ip® F(q)) o (F(p) ® I9).
Let f € Ly(p,q)- For (yo,20) € (2/p)® x (2/q)® and g € ¢, h = g¢*,

(F(p) ® I9)f(hyorg20) = D> fly,920) -wiherv>.
ye(Z/p)?
Since < Ay, ¥y > = < Yo, hty > = < ¥o,9 'y >, we may rewrite
(F(p) ® Ig)f(hyo, 920) = D f(y,920) -ws¥e?™ 9>,
ve(Z/p)®
Replacing y by gy above,
(F(p) ® Ig)f(hyor92a) = Y floy,g2o) -w¥ev>.
ov€E(Z /p)?
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Since f € Ly(p,q), f(gy,9%) = f(y,20). We have now

(F(p) ® I9)f(hyor920) = 3. fly, 2) - wsvew™.
ove(Z/p)?

As gy ranges over (Z/p)3, y ranges over (Z/p)3. Thus

(F(p) ® Iq) f(hyor920) = D f(y)20) - wi¥o¥> = (F(p) ® Iq)f (3o, o)
ve(Z/p)®

i.e.,F(p)®Iq maps a (g, g)-invariant function into a {h, g)-invariant function. In exactly the same

way we can show that if f € L(p)® L(q) is (h, g)-invaraiant, then (Ip® F(q))f is (h, h)-invariant.

For ¢ € ¥, we will denote by ¥ the et of elements (h,g) where g € ¢ and h = g*. Denote the
set of Y-invariant functions in (Z/p)® x (2/q)° by Lz(p,q). We have then

F(p)®Iq Ip®F(q)
Ly(prg) —— Lglp,g) ——— Ly-(p,9)-

For any ¢ € ¥, we have the precomputation required in the y—invariant product construction.
They are ; — FD(p), ¥; — FD(p), ¥; — FD(q), ¥; — FD(q) and t;—invariant modules on p
and q for ¥; < ¢ and ¢; € V. The invariant product construction for ¢ consists of the following
three procedures :
(a') Construct a  — fd(p, g) and a ¥ — fd(p, )1 such that for f € Ly(p, q), we can compute
(F(p) ® Iq) f in terms of Fy,(p).
(b') Construct a ¥ — fd(p, g)2 and a ¥* — fd(p, q) such that for f € L (p, ), we can compute
. (Ip® F(q))f in terms of Fy,(q).
(c') Determine an orbit exchange for the two y)—fundamental domains ¢ — fd(p,q); and

?’- - fd(P’ 9)2-

To construct the desired fundamental domains, we will prove some preliminary facts.

Definition Let A be a subset of (Z/n)3. A subset B of (Z/n)® is called a G—fundamental domain
in Aif G(B) D A, and for b, b' € B, G(b)NG(b') = ¢. (This definition is the same as the previous
definition in case A = (Z/n)3. This is because G(B) c (Z/n)? for any B c (Z/n)3. ) |
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Lemma 22, Let A; and A; be subsets of (2/n)® with G(A4;) N G(A3) = ¢. A G—fundamental

domain in A; U A3 is the union of fundamental domains of A; and Aj.
Proof Let F; and F; be fundamehtal domains of A; and A respectively.

G(F1 U F3) = G(F1) UG(F3) = A; U A3. Hence Fy U F; spans A; U A — 2 by the action of G.

Since G(Fy) N G(F,) = ¢, G—orbits of any two distinct elements of Fy U F; are disjoint.

Lemma 23 Let p and g be relatively natural prime numbers. For a subset A C (Z/p)® and
B c (Z/q9)% G(A x B) = G(A) x G(B), if G(4) = A or G(B) = B.

Proof G(A x B) = {(ga,gb) | 9 € G, (a,}) € A x B}.

G(4)x G(B) = {(ga,g') | 9, ¢ € G,(a,b) € Ax B}. Hence G(A) x G(B) D G(A x B). Suppose
G(A) = A and let (ga,g'b) € G(A) x G(B). Since G(A) = 4, ga = ¢'a’ for some o' € A. Thus
(ga,9'8) = (ga’,¢'b) € G(A x B).

Notation Z(¥ : ¥;) = {z € ¥ — FD(q) | Isoy(2) = ¥;}.

Y(¢:¢;) ={y€ ¥ - FD(p) | Isoy(y) = ¥;}.

Construction of (a') :

Theorem 20 U;(y; — FD(p) X Z(3 : ¥;)) is a y—fundamental domain in (Z/p)® x (Z/q)3.

Proof We will first show that for z € Z(y : ¥;), ¥; — FD(n) x {2} is a y—fundamental domain
in (Z2/p)® x ¥(2). Then, by the repeated application of Lemma 22, we will have the desired

result.
Let 2 € Z(¥ : ;). Then ¢;(z) = {s}. By Lemma 23, %(¢; — FD(p) x {=}) = v (t;(ss -
FD(p) x {z})) = $((2/)° x {2}) = (2/p)° X $(2). Suppose for y1 and y; € ¢, ~ FD(p) and
Y1 # ¥, $(¥1,2) N $(y2,2) # ¢. Then (y1,2) = (gyz, 92), for some g & . This implies that

g € Isoy(z) = ¢, and y3 € ¥;(y1) which is a contradiction.

In exactly the same way we can prove the following theorem.
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Theorem 21 U;(¥;* — FD(p) x Z(¥ : ¥5)) is a § — fd(p, q).

For f € Ly(p,q), = € Z(¢ : ¥;), y € ¥; — FD(p) and g € ¥y, f(g(y,3)) = f(gy,92) = f(gy,2).
Also for such £, (F(p) ® Iq)f € Lz{p, q). Thus for z € Z(¢, ¥;) and y* € (¥)* — FD(p), 7 € ¥,

(F(p) ® I9)f((y*,2)) = (F(p) ® Iq) f(9”y", 92) = (F(p) ® Ig) f(g"y, 2).
For z€ Z(y : ¥5), y* € ¢;* — FD(p),

(F(p) ® I9)f(y*, 2) = (Fy,(p) ® Iq) f(y",2).

Construction of (b') :

U; (Y (", 9;°) x5~ FD(q)) and U;(Y (¢*, ;") x 9" — F D(q)) are p— fd(p, q) and ¥* — fd(p, q)
respectively.

For f € Ly(p,9), y€ Y (¥ : ¥5), z € ¥ ~ FD(q), and g € ¢y,
f(@(y",2) = f(g"y*, 92) = f(y", 92).

For f € Lz(p,q), (Ir® F(q))f € Ly+(p,q)- Thus for y* € Y(¢* : ¥}) and 2* € ¢;* — FD(q),
9' € '/’_1'*1

(Ir® F(q)) f(g*(v*,2%)) = (Ip ® F(g)) f(y", 9" 2").

For y* € Y (¢} : ¥*), and 2* € ¥ — FD(q),

(Ip® F(q))f(y*,2") = (Ip® Fy,(a)) f(y", 2").

Determination of (c') :

We can write the two ¥ — F.D(p, g) as follows :
U;{¥; = FD(p) x Z(¢ : ¥5)) = Ui (UsCye (¥ - ¥R)Y (¥* : ¥2)) X Z(9 : ¥5))
Ui(Y(¥* : 95) x 5 — FD(q)) = Uj (Y (¥* : ¥7) X UkCu(¥; - ¥) Z(¢ : ¥x))-
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Any element belonging in U;(¢7 — FD(p) x Z(¢ : ¢;)) is of the form (c*y*, 2),
where ¢* € Cy«(¥; - ¥3), y* €Y (¥* : ¢t) and 2 € Z(¢ : ;). Define the mapping II on
Ui (¥5 = FD(p) x Z(y : ¢;)) by

IT: (c*y*, z) — (y*,ct2).

Theorem 22 The mapping II defined above is an orbit exchange for ¥.
Proof T(Cy- (45 - ¥R)Y (" : i) X Z(¥ : 95)) = (Y($* : ¥7) x Cy (95 - ¥&) Z(¢ : ¥)) .
(U; (%] — FD(p) x Z( : ¥5))) |
=I1(U; (Uk (Cy- (95 - R)Y (9" : ) X Z(9 : ¥5)))
= Ui (UeY (¥* : ¥3) x (Cy (5 - ¥r) Z2(¥ : ¥5)))
= U; (URY (9" : 97) x Cy(¥x - %5)Z(¥ : ¥5))
= Up(Y (9" : ) x U; (Cy(¥x - ¥5) Z2(¥ : ¥5)))

= Un(Y(¥" : 3) x v — FD(q)).

We will summarize the results of this section in terms of matrices. To this end, we will consider
the fundamental domains on the product space -(Z /p)® x (Z/q)® as lexicographically ordered
sets. Let f € Ly(p,q). Denote by [Y Z]y, a column vector of entries f(y, z) indexed by (y,2) €
U;(¢; — FD(p) x Z(¢ : %;)- Denote by [Y*Z]y a column vector of entries (F(p) ® Iq)f(y*, 2)
indexed by (y*,2) € U;(¥;* ~ FD(p) x Z(¢ : ¥;). Let g; be the order of the set Z(y : ;).

Matrix representation of y—invariant linear transformation F(p) ® Iqg is
®;(%,(p) ® Ig;).

Denote by [IIX*Y]y a column vector of entries (F(p) ® Iq) f)(y*, 2) indexed by
(v*,2) € U;(Y(¥* : ¥;*) x ¢ — FD(q)). Denote by [Y*2*]y a column vector of entries
(F{p) ® F(q))f(y*,2*) indexed by (y*,z*) € Up(Y(¥* : ¥&*) X ¥»" — FD(g). Let pi be the
order of the set Y (¢* : ¢¥*). Matrix representation of the yy—invariant linear transformation
Ip® F(q) is
Bk(Ipk ® Fyu(q))-
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The vector [Y*Z*)y is the matrix product
O (Imi ® Fy,(na)) - P - (%, (n1) ® In;) - [Y Z)y,

where P is the matrix of the permutation induced by II.

Theorem 23 We can iterate the invariant product construction.
Proof To prove this, we will show that the ¢ — fd(p,q) that we computed has the following
property : We can find a collection ¥’ having the same properties as ¥ such that the isotropy
subgroup of an element in ¥ — fd(p, q) is contained in ¥' :
For (y,z) € (Z/p)® x (Z2/q)3, Iso(y,2) = (Iso(y) N Iso(z), Iso(y) N Iso(z)).
We computed ¥ — fd(p, q) from ¢ — FD(p) and v — FD(qg). Since ¥ is closed under intersection
of its elements, if (y, z) € ¢ — fd(p, g), then Iso(y,z) = (¥5,¥;), for some ¢); € ¥. Considr the
following collecction
{(v,¥) |y}

of representatives of the conjugacy classes of the automorphism groups on the product ring. It
is .easy to show that the collection has the same properties as those of the collection ¥. Thus
we have

V={(¢,¥) |vev},

and we can iterate the product construction.
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