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Abstract

Involutions in Arithmetic Geometry

by

Anbo Chen

Advisor: Professor Bruce Jordan

We first study the integral representation L of G = 〈σ〉, where σ is an

involution. When L = H1(X,Z) for some algebraic curve X, we determine

the structure L completely by the the intersection of J+ and J−, where J± are

the subvarieties of the Jabocian J of X. Then, we study the structure of L =

H1(X,Z) as the integral representation of Klein 4 group G = 〈σ, τ〉, where

σ and τ are two commuting involutions. Computations are also included in

our work.
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Chapter 1

Introduction

Let N ≥ 1 be a square-free integer and J0(N)/Q be the Jacobian of the

classical elliptic modular curve X0(N). The abelian varieties J0(N) are some

of the most important objects in number theory since they simultaneously

contain information on modular forms, Galois extensions of Q (= represen-

tations of the absolute Galois group Gal(Q/Q)), and elliptic curves defined

over Q. It is important to understand how information on these three funda-

mental objects is encoded in J0(N). The richness of the subject comes from

the Hecke algebra

T = EndQ(J0(N)) = EndC(J0(N)) , (1.0.1)

the last equality being a theorem of Ribet [Ribet75]. The Hecke algebra

will play the central role in understanding how these objects are aspects of

J0(N). We are especially interested in certain involutions in T, the Atkin-

1
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Lehner involutions wn for n|N .

Cusp forms of weight 2 for the congruence subgroup Γ0(N) ⊆ SL2(Z) are

the differential 1-forms on the curve X0(N), and hence are also the cotan-

gent space to its Jacobian J0(N). The Langlands correspondence (here a

theorem of Eichler and Shimura) shows that to every weight-2 cusp form

f ∈ S2(Γ0(N) which is an eigenfunction of T there is associated an `-adic

Galois representation ρf of Gal(Q/Q). This ρf is constructed by taking the

action of Galois on the torsion points of the abelian subvariety Af ⊆ J0(N)

whose cotangent space is f together with its Galois conjugates. Finally

the Shimura-Taniyama Conjecture (proved by Wiles[Wiles95] and Taylor-

Wiles[TaylorWiles95]) shows that if E is an elliptic curve defined over Q of

conductor N , then E is a factor of J0(N).

The abelian variety J0(N) breaks up into simple factors (up to isogeny)

the same way T⊗Q breaks up into products of fields. This fundamental de-

composition is not at all understood. The only place we know the dimensions

of the factors is when we decompose J0(N) under the action of the modular

involutions wn, n|N . So it makes sense to start here and ask what this de-

composition means for cusp forms, Galois representations, and elliptic curves

over Q. To simplify exposition, let’s consider the case of J := J0(N) where

N is prime. Then we have J+ ⊆ J whose cotangent space consists of all
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modular forms of weight 2 where wN acts as +1 and similarly J− ⊆ J where

wN acts as −1. Up to an isogeny whose kernel is killed by 2, J ∼= J+ × J−.

But how big is the fusion at 2 between J+ and J−? It is well-known that

Theorem 1.0.1. Suppose N is prime and set J = J0(N). Then J+ ∩ J− =

J+[2].

This is interesting because there is remarkably different behavior in the

Mordell-Weil groups of J+ and J−: The Mordell-Weil group of J+ is a torsion-

free abelian group of positive rank, while J− contains the Eisenstein quotient

J̃ which is rank 0. [Mazur77]

I prove Theorem 1.0.1 by proving a more general theorem on algebraic

curves:

Theorem 1.0.2. Suppose J is the Jacobian variety of an algebraic curve X,

and σ is an involution of X. Then,

a. J+ ∩ J− = J+[2] if σ has fixed points on X;

b. J+ ∩ J− = J−[2] if σ has no fixed point on X.

Ogg [Ogg83] counted the numbers of fixed points of Atkin-Lehner involutions

wn when n|N of X0(N) and of Shimura curves XD
0 (N), for square-free N .

So we can explicitly describe J+∩J− for modular curves and Shimura curves

with Atkin-Lehner involutions.
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Another formulation of this problem is to consider L = H1(X,Z) as an

integral representation of group G = 〈σ〉 ∼= Z/2Z. L has the form Aa+⊕Ab−⊕

Rc
2 where a, b, c are nonnegative integers. A± is the line with σ|A± = ±1,

and R2 is the 2-dimensional regular representation of G [CurtisReiner81]. We

determine the value of a, b and c in the following theorem:

Theorem 1.0.3. Let X/C be an algebraic curve of genus g, L = H1(X,Z),

and σ be an involution on X. Denote J± = (1± σ)JacX and g± = dimJ±.

a. If σ has fixed points on X, then L ∼= A
2g−−2g+
− ⊕R2g+

2 ;

b. If σ has no fixed point on X, then L ∼= A
2g+−2g−
+ ⊕R2g−

2 .

Theorem 1.0.2 and Theorem 1.0.3 are equivalent.

As another application of an involution acting of the integral homology

of an algebraic curve, assume X = X/R is defined over R, we have a similar

theorem for the action of G = 〈τ〉 with τ complex conjugation, on L =

H1(X,Z) ([GrossHarris81], [Mazur], or [Jaffee80]). We have specialize it to

the case of X = X0(N):

Theorem 1.0.4. For the modular curve X = X0(N) of genus g, where N

is a product of n distinct primes, consider τ as the complex conjugation τ

acting on L = H1(X,Z). Then

L ∼= Ar−1
+ ⊕ Ar−1

− ⊕R1+g−r
2
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where

r =

{
2n−1 if 2 - N,
2n−2 if 2 | N.

This theorem, is proved by combining results of [GrossHarris81], [Mazur] or

[Jaffee80], and [Ogg83].

In my thesis, I also study the case of two commuting involutions σ and τ

acting onX. We can similarly define J++, J+−, J−+, J−−, and compute their

intersections. Denote g±± = dimJ±±. Now, L = H1(X,Z) is an integral

representation of the Klein 4-group G = 〈σ, τ〉. Integral representations of

the Klein 4-group have been classified by [GelfandPonomarev70], [Brenner74]

and [Butler73]. In the two-involution case, the theorems of intersections and

integral representation are much more complicated. We use the theorem

for one involution to determine some intersections of J±±, and use these

results to determine the integral representation. Finally, knowing the integral

representation determine all intersections.

Theorem 1.0.5. Using the notation as above and assuming στ has fixed

points, suppose the defect of the 4-subspace system corresponding to the in-

tegral representation of Klein-4 group G = 〈σ, τ〉 is 0, and let v(σ), v(τ),

v(στ) be the number of the fixed points of σ, τ , στ acting on X respectively.

a. If both σ and τ have fixed points on X, then J++ ∩ J+− = J++ ∩
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J−+ = J++ ∩ J−− = J++[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼= (Z/2Z)2g++,

J+− ∩ J−+
∼= (Z/2Z)2g+++v(στ)/2−1, J+− ∩ J−− ∼= (Z/2Z)2g+++v(τ)/2−1, and

J−+ ∩ J−− ∼= (Z/2Z)2g+++v(σ)/2−1;

b. If σ has fixed points on X but τ has no fixed points on X, then J++∩J+− =

J++ ∩ J−+ = J++ ∩ J−− = J++[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼= (Z/2Z)2g++,

J+− ∩ J−+
∼= (Z/2Z)2g+++v(στ)/2−2, J+− ∩ J−− = J++[2] ∼= (Z/2Z)2g++, and

J−+ ∩ J−− ∼= (Z/2Z)2g+++v(σ)/2−2;

c. If both σ and τ have no fixed points on X, then J−−∩J++ = J−−∩J+− =

J−− ∩ J−+ = J−−[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼= (Z/2Z)2g−−, J++ ∩ J+− ∼=

(Z/2Z)2g−−+1, J++∩J−+
∼= (Z/2Z)2g−−+1, and J+−∩J−+

∼= (Z/2Z)v(στ)/2−1.

The defect, which will be defined later, equals 0 is a techinical assumption.

All our computations in case of modular curves with Atkin-Lehner involution

show the assumption hold. We hope we can remove this assumption later.

As part of my thesis, I computed examples of J+ ∩ J− and intersections

of J++, J+−, J−+ and J−− for modular curves using modular symbols. I used

the packages MAGMA and Sage for my computations. Also, I computed the

4-subspace system associated to L = H1(X,Z), which helps us determine

the integral representation of the Klein 4-group G = 〈wn1 , wn1〉 where wn1,2

are Atkin-Lehner involutions of modular curve X0(N), N = n1n2 and n1,

n2 coprime. These results are the first step of my thesis which leads to the
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theorems above.

As mentioned in Mazur’s paper [Mazur77], the 2-torsion part is the most

complicated part of the problem in determining the structure of torsion points

of J0(N)(Q). In my thesis, I establish new results about the 2-torsion parts of

J in extensions of Q. For future work, I will focus on the arithmetic problems

related to my theorems for modular curves. For example, as we know from

the Theorem 1.0.1, we have J+ ∩ J− = J+[2], so we can find modular forms

f and g of weight 2 and level N to associated to J+ and J− such that f ≡ g

(mod 2). This theorem has implications for the Birch and Swinnerton-Dyer

conjecture 2-adically.



Chapter 2

The Case of One Involution

Let’s first list some notation which we will use in this chapter:

Let X be an algebraic curve and X+ := X/〈σ〉, where σ is an involution

on X.

Let Div0X and PrinX be the set of degree zero divisors on X and the set

of principal divisors on X. Similarly, we can replace X by X+ to define the

corresponding sets Div0X+ and PrinX+ for X+.

Let J := JacX be the Jacobian of X. As an abelian scheme, the set

of all its closed points is isomorphic to of Div0X/PrinX. We also define

J± := (1± σ)J .

Assume K = K̄ is an algebraic closed field with charK 6= 2. Let K(X)

be the function field of X over K and K(X)∗ be the set of nonzero elements

in K(X). Similarly, we can define K(X+) and K(X+)∗. We can write

K(X) = K(X+)(
√
h) as an extension of the function field K(X+), for some

8
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h ∈ K(X+). Let B be the set consisting of the points on X+ where the cover

X → X+ is ramified. (B can be an empty set.)

If f ∈ K(X)∗ or K(X+)∗, we denote by (f) the corresponding principal

divisor. If D ∈ Div0(X) or Div0(X+), we write [D] for the equivalence class

containing D in JacX or JacX+. Let g be the genus of X, which is also

the dimension of JacX ∼= Cg/H1(X,Z). Let g± := dimJ± and we have

g = g+ + g−.

In this chapter, we will first discuss the problem of J+ ∩ J−. Our main

theorem is:

Theorem 2.0.6. Suppose J is the Jacobian variety of an algebraic curve X,

and σ is an involution of X. Then σ indues an action on J . Let J± = (1±σ)J

and g± = dimJ±. Then,

(a) J+ ∩ J− = J+[2] ∼= (Z/2Z)2g+, if σ has fixed points on X;

(b) J+ ∩ J− = J−[2] ∼= (Z/2Z)2g−, if σ has no fixed point on X.

Then, we will state the theorems of Ogg [Ogg83] and Kenku [Kenku77] about

the numbers of the fixed points of Atkin-Lehner involutions on the modular

curves X0(N) and Shimura curves XD
0 (N), where N is a squarefree integer.

We can apply Theorem 2.0.6 to these cases. In the last part of this chapter,

we give an equivalent formulation of our problem: the explicit decomposition
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of the integral representation H1(X,Z) of the group G = 〈σ〉. We have

Theorem 2.0.7. Consider L = H1(X,Z) as an integral representation of the

cyclic 2-group G = 〈σ〉, where X is an algebraic curve and σ is an involution

on X. Let g± = dimJ±. As a Z[σ]-module, we have that:

(a) if σ has fixed points, L ∼= A
2g−−2g+
− ⊕R2g+

2 ;

(b) if σ has no fixed point, L ∼= A2
+ ⊕R

2g−
2 ,

where σ|A± = ±1, and σ|R2 =

(
0 1
1 0

)
.

We also discuss the decomposition of integral representation L = H1(X0(N),Z)

as a representation of G = 〈τ〉, where τ is the complex conjugation on L.

The symplectic pairing on L induced by oriented intersection is also treated.

In order to the get the formula for J+ ∩ J−, we also need the following

lemma (the proof of the first part can be found on Page 97 of [Mazur77]):

Lemma 2.0.8. (a) If σ has fixed points on X, J+ = JacX+ = Jac(X/〈σ〉).

(b) If σ has no fixed point on X, J+ = JacX+/P , where P is a cyclic group

of order 2.

To prove Lemma 2.0.8, we need the following lemmas:

Lemma 2.0.9. For any algebraic curve X, and any point P ∈ X, there

exists f ∈ K(X) such that f has a simple zero at P .
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Proof. For any algebraic curve X, let D ∈ DivX, and f ∈ K(X). Let g be

the genus of X. Define

L (D) := {f ∈ K(X)|(f) +D ≥ 0} ∼= H0(X, θ(D)). (2.0.1)

Set h0(D) = dimKL (D) = dimKH
0(X, θ(D)), and let K be the canon-

ical divisor of X. We have the following results (See, for example §4.1 in

[Hartshorne77]):

h0(D) = 0 if degD < 0; (2.0.2)

the Riemann-Roch Theorem:

h0(D)− h0(K −D) = degD − g + 1; (2.0.3)

and its corollary

degK = 2g − 2. (2.0.4)

We can always find a divisor D1 ∈ DivX, such that P /∈ SuppD1 and

degD1 > 2g + 1. Consider the divisor D = −P +D1 ∈ DivX,

degD = −1 + degD1 > −1 + 2g + 1 = 2g, (2.0.5)

deg(K −D) = degK − degD = 2g − 2− degD < 2g − 2− 2g = −2 < 0.
(2.0.6)
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So h0(K −D) = 0 since deg(K −D) < 0, and h0(D) = degD− g + 1 by the

Riemann-Roch Theorem. Since

h0(D) = degD − g + 1 > 2g − g + 1 = g + 1 ≥ 1, (2.0.7)

We have h0(D) = dimKL (D) ≥ 1, As a result, there exists f ∈ K(X) such

that (f) +D = (f)− P +D1 ≥ 0, which means that f has a zero at P .

Furthermore, we can prove the rank of the zero can be chosen to be 1.

Let D2 = −P +D = −2P +D1,

degD2 = degD − 1 ≥ 2g − 1 > 2g − 2, (2.0.8)

deg(K −D2) = degK − degD2 < (2g − 2)− (2g − 2) = 0. (2.0.9)

Hence h0(K −D2) = 0, and

h0(D2) = degD2 − g + 1 = (degD − 1)− g + 1 = degD − g = h0(D)− 1 ≥ x0.
(2.0.10)

So L (D2) ( L (D), There exists f ∈ L (D) but f /∈ L (D2). We have

(f) + (−P + D1) ≥ 0 but (f) + (−2P + D1) � 0, where P /∈ SuppD1. So f

has a simple zero at P .

Lemma 2.0.10. Suppose h ∈ K(X+) is a function with K(X) = K(X+)(
√
h),

and let B be the set consisting of the points on X+ where the cover X → X+

is ramified. If (h) =
∑

xi∈Bmixi +
∑

yj /∈B njyj, then all mi’s are odd, and all

nj’s are even.
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Proof. The points where the coverX → X+ is ramified are exactly the primes

ramified in the extension K(X+)(
√
h)/K(X+). So any prime ramified in

X → X+ is in the support of (h).

First, we prove all mi’s are odd. Suppose one of mi’s, say m1 = 2a, is

even. By Lemma 2.0.9, we can find a function f ∈ K(X+) such that f has a

simple zero at the point x1. K(X) = K(X+)(
√
h) = K(X+)(

√
hf−2a), hence

we can replace h by hf−2a. Then x1 /∈ Supp(hf−2a), and so X → X+ cannot

be ramified at x1, which contradicts that fact that the extension K(X) over

K(X+) has ramification a point x1. So all mi’s are odd.

Then, we prove all nj’s are even. Say π∗(h) = g2 for some g ∈ K(X),

and (g) ∈ DivX. Suppose one of nj’s, say n1, is odd. Then (h) = n1y1 +D′

for some D′ ∈ DivX+ and y1 /∈ SuppD′. So

(g) =
1

2
π∗(h) =

1

2
(n1π

∗y1 + π∗D′) =
n1

2
(ȳ11 + ȳ12) +

1

2
π∗D′, (2.0.11)

where π(ȳ11) = π(ȳ12) = y1 and ȳ11, ȳ12 /∈ Suppπ∗D′. ȳ11 and ȳ12 have

non-integer coefficients since n1 is odd, which contradicts the fact that (g) ∈

DivX. So, all nj’s are even.

From Lemma 2.0.10, we can easily get the following lemma.

Lemma 2.0.11. Suppose h ∈ K(X+) is a function with K(X) = K(X+)(
√
h).

Then π : X → X+ is unramified if and only if (h) = 2D, for D ∈ Div0X+.
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Lemma 2.0.12. (a)If π is ramified, then π∗ : Pic0X+ → Pic0X is injective;

(b)If π is unramified, then π∗ : Pic0X+ → Pic0X has a kernel isomorphic to

Z/2Z.

Proof. (a) Suppose 0 6= P ∈ ker(π∗). (π∗ ◦ π∗)(P ) = 2P = 0. Let D ∈

Div0(X+) satisfies P = [D] and fix h ∈ K(X+) with (h) = 2D, D 6= (g) for

any g ∈ K(X+). π∗(P ) = 0 implies π∗(D) = (f) for f ∈ K(X). We get

(f 2) = (π∗h) which means f 2 = ch for some c ∈ K. Hence
√
h = 1√

c
f ∈

K(X). But
√
h /∈ K(X+) (since D 6= (g) for any g ∈ K(X+)). Hence

K(X) = K(X+)(
√
h), (h) = 2D, which implies π : X → X+ is unramified

by Lemma 2.0.11. This proves (a).

(b) Assume π is unramified, K(X) = K(X+)(
√
h). By Lemma 2.0.11,

(h) = 2D for some D ∈ Div0X+. Since
√
h /∈ K(X+), 0 6= [D] ∈ Pic0X+.

π∗D = (
√
h) ∈ K(X), implying 0 6= D ∈ kerπ∗. Suppose 0 6= D′ ∈ kerπ∗,

we have 2D′ = π∗ ◦ π∗D′ = 0, and 2D′ = (h′) for some h′ ∈ K(X+) but

√
h′ /∈ K(X+). So we have K(X) = K(X+)(

√
h) = K(X+)(

√
h′). Hence

h′ = hg2 for some g ∈ K(X+). We get (h′) = (h) + 2(g), or D′ = D+ (g), so

we get D ∼ D′. As a result, we have kerπ∗ = 〈D〉 ∼= Z/2Z.

Now, we can prove Lemma 2.0.8.

Proof. JacX = Pic0X and JacX+ = Pic0X+. Consider π∗ : JacX+ → JacX,
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the image of π∗ identifies the connected component of the identity in the +-

eigenspace of σ in JacX, which is exact J+ := (1 + σ)JacX. Together with

Lemma 2.0.12, we prove the lemma.

By definition, J+ = (1 +σ)J and J− = (1−σ)J , where σ is an involution

with σ2 = Id. For any x ∈ J+ ∩ J−, x = (1 + σ)y for some y ∈ J and

σx = (σ + σ2) = (1 + σ)y = x since x ∈ J+. Similarly, x = (1 − σ)z for

some z ∈ J and σx = (σ− σ2)z = (σ− 1)z = −x. We have x = −x, 2x = 0,

consequently, J+ ∩ J− ∼= (Z/2Z)r for some integer r. The proof of the main

theorem (Theorem 2.0.6) of this chapter is to determine the integer r.

2.1 Intersection of J+ and J−: the Case σ Has

Fixed Points

In this section, we consider the case that the involution σ has fixed points,

and prove the first part of Theorem 2.0.6.

We have the canonical projection π:

X
↓π
X+,

(2.1.1)

where X+ := X/〈σ〉, and an extension of the function field:

K(X)
|

K(X+),
(2.1.2)
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where K(X) = K(X+)(
√
h), K = K̄, K(X) and K(X+) are function fields

of X and X+ respectively. Let B 6= ∅ be the set of the σ fixed points, which

are also the ramification points of K(X+) under K(X). Here K(X) is a

quadratic extension of K(X+) by a function
√
h, where h ∈ K(X+), and the

principal divisor (h) has odd coefficients on the points in B and even outside.

To prove the first part of the Theorem 2.0.6, we will construct the follow-

ing diagram step by step.

0
↓

{f ∈ K(X+)∗|(f) ∈ 2Div0X+}/(K(X+)∗)2

ψ
∼=−→ J+[2]

↓i ↓j

{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}/hZ(K(X+)∗)2

φ
∼=−→ J [2]σ

↓
(Z/2Z)

|B|
Deg0/〈(1, 1, ..., 1)〉
↓
0.

(2.1.3)

From the above Lemma 2.0.8, we know that J+ := (1 + σ)J = JacX+

when σ has fixed points. So we have

J+[2] = JacX+[2]

∼=
{D ∈ Div0X+|2D = (f) for some f ∈ K(X+)∗}
{D ∈ Div0X+|D = (g) for some g ∈ K(X+)∗}

∼=
{f ∈ K(X+)∗|(f) ∈ 2Div0X+}

(K(X+)∗)2
. (2.1.4)
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So we have constructed

{f ∈ K(X+)∗|(f) ∈ 2Div0X+}
(K(X+)∗)2

ψ
∼=−→ J+[2]. (2.1.5)

In the following part, we will construct

{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}
hZ(K(X+)∗)2

φ
∼=−→ J [2]σ. (2.1.6)

We can define the map DivX+ π∗−→ DivX induced by the projection

X
π−→ X+. It coincides with the embedding K(X+) ↪→ K(X). By abusing

the notation, we can also use π∗ to denote the embedding. Using the map

π∗ we can define

{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+} φ̃−→ J

f 7→ [
1

2
(π∗f)]. (2.1.7)

Lemma 2.1.1. Imφ̃ ⊆ J [2]σ.

Proof. For any f ∈ {f ∈ K(X+)∗|(f) ∈ ZB+2DivX+}, 2[1
2
(π∗f)] = [(π∗f)],

which is a principal, we have Imφ̃ ⊆ J [2].

Moreover, (f) has the form

(f) =
∑
xi∈B

nixi + 2
∑
yj /∈B

mjyj. (2.1.8)

We have

(π∗f) = 2
∑

π(x̄i)=xi∈B

nix̄i + 2
∑

π(ȳjk)=yj /∈B, k=1,2

mj(ȳj1 + ȳj2). (2.1.9)
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The coefficient 2 of the first term comes from the ramification index 2 of the

points in B. x̄i is the unique pre-image of xi under π, ȳj1 and ȳj2 are the

pre-images of yj under π, and xi’s are σ-invariant while σ exchange ȳj1 and

ȳj2 to each other. Consequently we get 1
2
(π∗f) =

∑
nix̄i +

∑
mj(ȳj1 + ȳj2)

is σ-invariant. So we get Imφ̃ ⊆ J [2]σ.

From the above lemma, we can define the map

{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+} φ̃−→ J [2]σ

f 7→ [
1

2
(π∗f)]. (2.1.10)

Let us consider the kernel of φ̃, we have:

Lemma 2.1.2. kerφ̃ = hZ(K(X+)∗)2.

Proof. If f ∈ hZ(K(X+)∗)2, we can always write f as hag2, for some g ∈

K(X+)∗ and a is 0 or 1. We consider π∗ as an embedding K(X+) ↪→ K(X) =

K(X+)(
√
h). When a=0, f = g2, φ̃(f) = [1

2
(π∗f)] = [1

2
(g2)] = [(g)] = 0, we

get f ∈ kerφ̃. When a=1, f = hg2, φ̃(f) = [1
2
(π∗f)] = [1

2
(hg2)] = [(

√
hg)] =

0, since
√
h ∈ K(X)∗, we get f ∈ kerφ̃. So kerφ̃ ⊇ hZ(K(X+)∗)2.

For the other direction, assume f ∈ kerφ̃, [1
2
(π∗f)] = [(g)] for some

g ∈ K(X)∗. Since K(X) = K(X+)(
√
h), we can always write g ∈ K(X)∗ as

g = s
√
h + r, where s, r ∈ K(X+). Since [(π∗f)] = [2(g)] = [(g2)], and g2 =
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(s
√
h+r)2 = (s2h+r2)+2sr

√
h, we have sr = 0. In fact, for a, b ∈ K(X+)∗,

if (a+ b
√
h) = (a− b

√
h), we have (a+ b

√
h) = c(a− b

√
h) for some constant

c. Either c = 1 and b = 0, or c = −1 and a = 0. For g2 = (s2h+r2)+2sr
√
h,

if s2h + r2 = 0, we have (h) = (−r2/s2) = 2(r/s), contradict to the fact

that (h) has odd coefficients on B. So, we have 2st = 0. We either have

s ≡ 0 or r ≡ 0. If s ≡ 0, we have g = r ∈ K(X+)∗, and f = cg2 for some

constant c. We can modify g by
√
cg. Since K is algebraic closed, we always

have
√
c ∈ K. then we get f = g2, so f ∈ hZ(K(X+)∗)2. If r ≡ 0, we have

g = s
√
h, and f = cs2h for some constant c. we can modify g by

√
cs, we

get f = g2h, so f ∈ hZ(K(X+)∗)2. So we get kerφ̃ ⊆ hZ(K(X+)∗)2.

We proved kerφ̃ = hZ(K(X+)∗)2.

By Lemma 2.1.2, we can define the injection φ:

{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}
hZ(K(X+)∗)2

φ
↪→ J [2]σ. (2.1.11)

In fact, we will show that φ is an isomorphism in the following lemma:

Lemma 2.1.3. φ is surjective.

Proof. To prove this lemma, we need the following result first:

Lemma 2.1.4. If [D] ∈ J [2]σ, then there is a σ-invariant representative

D ∈ Div0X, i.e., σD = D, in this class.
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Proof. The proof of this lemma relies on some technique of group cohomology

(See, for example, [Olson70]).

There is a canonical projection Div0X → J . Let M be the pre-image of

the J [2] under this map. So we have the short exact sequence:

0→ PrinX →M → J [2]→ 0, (2.1.12)

where PrinX = K(X)∗/K∗ is the principal divisor. This short exact sequence

will induce a long exact sequence of group cohomology:

...→Mσ → J [2]σ → H1(G,PrinX)→ ..., (2.1.13)

where G = 〈σ〉. If we prove H1(G,PrinX) = 0, then we know that Mσ →

J [2]σ is a surjection, and there exist an element D ∈Mσ, i.e., σD = D.

To prove H1(G,PrinX) = 0, we need the short exact sequence:

1→ K∗ → K(X)∗ → PrinX → 1. (2.1.14)

which induce a long exact sequence:

...→ H1(G,K(X)∗)→ H1(G,PrinX)→ H2(G,K∗)→ .... (2.1.15)

H1(G,K(X)∗) = 0 by Hilbert 90. H2(G,K∗) = Ĥ2(G,K∗), where Ĥ

is Tate cohomology. From the knowledge of Tate cohomology, we know

that Ĥ2(G,K∗) = Ĥ0(G,K∗) since G is a cyclic group of order 2, and
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Ĥ0(G,K∗) = (K∗)G/N(K∗). Each element in K∗ is σ-invariant, hence we

have (K∗)G = K∗. N(K∗) = K∗ · K∗G = (K∗)2, while K = K̄, we have

(K∗)2 = K∗, so we get H0(G,K∗) = K∗/(K∗)2 = 0. Then from the above

exact sequence 2.1.15 we know that H1(G,PrinX) = 0.

Now we can prove the surjectivity.

If [D] ∈ J [2]σ, we can find a σ-invariant element D ∈ Div0X such that

σD = D by the above lemma. We can write

D =
∑

π(x̄i)=xi∈B

nix̄i +
∑

π(ȳjk)=yj /∈B, k=1,2

mj(ȳj1 + ȳj2), (2.1.16)

where x̄i is fixed by σ, σ exchanges ȳj1 and ȳj2, and π(x̄i) = xi, π(ȳj1) =

π(ȳj2) = yj. The coefficients of ȳj1 and ȳj2 are equal since D is σ-invariant,

and we also have
∑

i ni + 2
∑

jmj = 0 since D ∈ Div0X. We have 2D =

2
∑

i nix̄i + 2
∑

jmj(ȳj1 + ȳj2), and we can find that π∗E = 2D, where E =∑
xi∈B nixi + 2

∑
yj /∈Bmjyj ∈ ZB + 2DivX+. To prove that φ is surjective,

we only need to prove E = (f) for some f ∈ K(X+)∗.

Since 2D = (g) for some g ∈ K(X)∗, we have (g) is σ-invariant. From

σ(g) = (g) we have σg = cg for some constant c. Since σ2 = 1, c2g = cσg =

σ2g = g, we have c2 = 1. So we have σg = g or σg = −g.

When σg = g, we know that g ∈ (K(X)∗)σ = K(X+)∗, so we can think

π∗ as an embedding of K(X+)
π∗

↪→ K(X) by f 7→ g and (f) =
∑

xi∈B nixi +
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2
∑

yi /∈Bmiyi = E ∈ ZB + 2DivX+.

When σg = −g, we will show that this case never happens: If such g

exists, since g ∈ K(X)∗ = (K(X+)(
√
h))∗, we can always write g in form

of a + b
√
h where a, b ∈ K(X+)∗. Since σ fixed the points on X+ and

σ
√
h = −

√
h, we get g = b

√
h in this case, hence (g) = (b) + 1

2
(h). If

we consider b and h as functions in K(X+) by abusing the notations. We

have (g) = π∗(b) + 1
2
π∗(h), where b =

∑
xbi∈B nbixbi +

∑
yj /∈Bmbjybj, and

h =
∑

xhi∈B nhixhi +
∑

yhj /∈Bmhjyhj, and all nhi’s are odd as we assumed

before. Then, we get π∗(b) = 2
∑

xbi∈B nbix̄bi +
∑

ybj /∈Bmbj(ȳbj1 + ȳbj2), and

1
2
π∗(h) =

∑
xhi∈B nhix̄hi+

1
2

∑
yhj /∈Bmhj(ȳhj1+ȳhj2), so we get odd coefficients

on the points x̄hi, which contradict to (g) = 2D.

So for every [D] ∈ J [2]σ, we can find (f) ∈ ZB + 2DivX+, such that

φ(f) = [1
2
(π∗f)] = [D], and we prove the surjectivity.

So, we have:

{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}
hZ(K(X+)∗)2

φ
∼=−→ J [2]σ. (2.1.17)

Lemma 2.1.5. The following diagram is commutative:

{f ∈ K(X+)∗|(f) ∈ 2Div0X+}/(K(X+)∗)2
ψ∼=→ J+[2]

↓i 	 ↓j

{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}/hZ(K(X+)∗)2
φ∼=→ J [2]σ.

(2.1.18)
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Proof. We have constructed the maps φ and ψ in ( 2.1.5) and ( 2.1.17). Now

we will construct the maps i and j in Diagram ( 2.1.18). The map j is

just the restriction of JacX+ → JacX to J+[2] induced by the projection

π : X → X+. Since σ has fixed points, the induced map j is injection. For

any x ∈ J+[2] we have σj(x) = σx = x = j(x), and 2j(x) = 2x = 0, so Imj ⊆

J [2]σ. We can construct map i from the injection ĩ : {f ∈ K(X+)∗|(f) ∈

2Div0X+} → {f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}, and it is easy to see that

{f ∈ K(X+)∗|(f) ∈ 2Div0X+} ∩ hZ(K(X+)∗)2 = (K(X+)∗)2 which induced

the injection i.

For any f ∈ {f ∈ K(X+)∗|(f) ∈ 2Div0X+}, j◦ψ(f) = j(1
2
[(f)]) = 1

2
[(f)],

and φ ◦ i(f) = φ(f) = 1
2
[(f)], and Diagram ( 2.1.18) is commutative.

Theorem 2.1.6. If X has σ-fixed points, then rankF2J [2]σ = 2g−.

Proof. By ( 2.1.17)

{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}
hZ(K(X+)∗)2

∼= J [2]σ, (2.1.19)

we only need to prove that

rankF2
{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}

hZ(K(X+)∗)2
= 2g−. (2.1.20)

Let’s look at the cokernel of the map

{f ∈ K(X+)∗|(f) ∈ 2Div0X+}
(K(X+)∗)2

i→ {f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}
hZ(K(X+)∗)2

.

(2.1.21)
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It is not hard to see that

coker i ∼=
{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}
hZ · {f ∈ K(X+)∗|(f) ∈ 2Div0X+}

. (2.1.22)

We can further get the following identity:

coker i ∼= (Z/2Z)
|B|
Deg0/〈(1, 1, ..., 1)〉, (2.1.23)

where |B| is the number of σ-fixed points. Since for every element in {f ∈

K(X+)∗|(f) ∈ ZB + 2DivX+}, the corresponding principal divisor (f) has

even coefficients on the points outside B, while every element in {f ∈

K(X+)∗|(f) ∈ 2Div0X+} has even coefficients on all points. So their quotient

should be |B| copies of Z/2Z. But we need add one additional restriction:

the degree (the sum of the coefficients of all the points) of a principal divisor

is 0, while the sum of all the coefficients of the points outside B is even, so

the sum of all the coefficients of the points on B should also even, which we

add a subscript Deg0, meaning that the sum of all components of |B| copies

of Z/2Z is 0 (mod 2). Then, we can consider the affection of function h: h

is equivalent to 〈(1, 1, ..., 1)〉 in (Z/2Z)|B|, so we should quotient 〈(1, 1, ..., 1)〉

at last.
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As a result, we have

0→{f ∈ K(X+)∗|(f) ∈ 2Div0X+}
(K(X+)∗)2

i→ {f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}
hZ(K(X+)∗)2

→ (Z/2Z)
|B|
Deg0/〈(1, 1, ..., 1)〉 → 0. (2.1.24)

We finished the construction of Diagram 2.1.3.

We have

rankF2(coker i) = rankF2
(Z/2Z)

|B|
Deg0

〈(1, 1, ..., 1)〉
= |B| − 2, (2.1.25)

and

rankF2
{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}

hZ(K(X+)∗)2

= rankF2
{f ∈ K(X+)∗|(f) ∈ 2Div0X+}

(K(X+)∗)2
+ rankF2cokeri

= 2g+ + |B| − 2. (2.1.26)

From the Riemann-Hurwitz theorem, for the projection X → X+, we

know that 2−2g = 2(2−2g+)−|B|. By g = g+ +g−, we have 2−2g+−g− =

4− 4g+ − |B|, and then 2g− = 2g+ − 2 + |B|. We finally get

rankF2J [2]σ = rankF2
{f ∈ K(X+)∗|(f) ∈ ZB + 2DivX+}

hZ(K(X+)∗)2

= 2g+ + |B| − 2

= 2g−. (2.1.27)
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Corollary 2.1.7. If X has σ-fixed points, then J+ ∩ J− = J+[2].

Proof. We know that J+ ∩ J− ⊆ J+[2]. We need to prove that J+ ∩ J− ⊇

J+[2], and in fact we only need to prove J− ⊇ J+[2], i.e., we need to prove

J+[2] ⊆ (1− σ)J .

In fact, we prove a stronger statement:

J+[2] ⊆ (1− σ)(J [2]). (2.1.28)

Consider the map J [2]
1−σ→ J [2], we have

dimF2ker(1− σ) + rankF2(1− σ)(J [2]) = dimF2J [2]. (2.1.29)

We know that (1 − σ)(J [2]) = (1 + σ)(J [2]) ⊆ J+[2]. So, to prove J+[2] ⊆

(1− σ)(J [2]) is equivalent to proving J+[2] = (1− σ)(J [2]). This reduces to

prove

rankF2(1− σ)(J [2]) = rankF2J+[2] = 2g+. (2.1.30)

From Theorem 2.1.6, we know that rankF2J [2]σ = 2g−, together with the

facts ker(1− σ) = J [2]σ, and g = g+ + g−, we finally get

rankF2(1− σ)(J [2]) = dimF2J [2]− dimF2ker(1− σ) = 2g − 2g− = 2g+.
(2.1.31)
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In proof of Corollary 2.1.7, we have the following important results:

Corollary 2.1.8. Let M be the matrix corresponding σ acting on the lat-

tice H1(X,Z). If X has σ-fixed points, then rankF2(Id −M) = rankF2(1 −

σ)(J [2]) = 2g+.

Corollary 2.1.9. If X has σ-fixed points, then J+[2] ⊆ J−[2].

Proof. Since 2x = 0 for all x ∈ J+ ∩J−, we have J+ ∩J− ⊆ J−[2], combining

with Corollary 2.1.7 J+ ∩ J− = J+[2], we can easily get J+[2] ⊆ J−[2].

2.2 Intersection of J+ and J−: the Case σ Has

No Fixed Point

In this section, we will discuss the case σ has no fixed point.

Let K(X) = K(X+)(
√
h), (h) = 2D0, and (π∗h) = 2π∗D0 = 2(

√
h). As

a result, D0 ∈ Div0X+ is not principal, but π∗D0 ∈ Div0X is principal.

we will construct the following diagram to prove the main theorem:
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0 0
↓ ↓

(h)/(h2) = (h)/2(h) ∼= Z/2Z ι→ 〈[D0]〉 ∼= Z/2Z
↓ ↓

{f ∈ K(X+)∗|(f) ∈ 2Div0X+}/(K(X+)∗)2
ψ∼=→ JacX+[2]

↓i ↓j
0→ {f ∈ K(X+)∗|(f) ∈ 2Div0X+}/hZ(K(X+)∗)2 φ→ J [2]σ

χ→ {±1} → 0
↓
0

(2.2.1)

Comparing to Diagram 2.1.3, in Diagram 2.2.1, map φ is no longer an

isomorphism, but an injection with cokernal {±1} (isomorphic to Z/2Z) and

the map i has no cokernel but a kernel isomorphic to Z/2Z for the absence

of the σ-fixed points.

We define the map ι by:

ι : (h)/(h2)→ 〈[D0]〉

h 7→ [
1

2
(h)] = [D0], (2.2.2)

and, as in the first section, we can also define the isomorphism ψ by:

ψ :
{f ∈ K(X+)∗|(f) ∈ 2Div0X+}

(K(X+)∗)2

∼=→ JacX+[2]

f 7→ [
1

2
(f)]. (2.2.3)
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Now, we define the map φ by:

φ :
{f ∈ K(X+)∗|(f) ∈ 2Div0X+}

hZ(K(X+)∗)2
→ J [2]σ

f 7→ [π∗D], (2.2.4)

where (f) = 2D.

Lemma 2.2.1. Imφ ∈ J [2]σ.

Proof. We have 2φ(f) = 2π∗D = π∗(2D) = π∗(f) ∈ K(X)∗. Furthermore,

D ∈ Div0X+ implies Dσ = D, (π∗D)σ = π∗D, and [π∗D] ∈ Jσ. So, we

proved φ(f) = [π∗D] ∈ J [2]σ.

Lemma 2.2.2. φ is well-defined.

Proof. Let g ∈ K(X+)∗, [φ(fhg2)] = [π∗(D) + π∗(D0) + π∗(g)] = [π∗(D) +

(
√
hg)] = [π∗(D)] = [φ(f)].

Lemma 2.2.3. φ is injective.

Proof. Let’s denote

φ̃ : {f ∈ K(X+)∗|(f) ∈ 2Div0X+}→J [2]σ

(f) = 2D 7→ [π∗D]. (2.2.5)

The injectivity of φ is equivalent to kerφ̃ = hZ(K(X+)∗)2.
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Suppose (f) = 2D ∈ kerφ̃, and φ̃(f) = [π∗D] = 0, we have π∗D = (g) for

some g ∈ K(X). Since D ∈ Div0X+, π∗D is σ-invariant, which also implies

(g)σ = (g), or (gσ) = (g). We have gσ = cg. Since gσ
2

= c2g = g, c2 = 1, we

either have gσ = g or gσ = −g. If gσ = g, it implies g ∈ (K(X)σ)∗ = K(X+)∗,

and (g) = D ∈ Div0(X+)∗, hence we can find f with (f) = 2D, such that

f = g2 ∈ (K(X+)∗)2. gσ = −g implies g =
√
hk for some k ∈ K(X+)∗, hence

f = hk2. In either case, we have f ∈ hZ(K(X+)∗)2. So kerφ̃ ⊆ hZ(K(X+)∗)2.

For the other direction, if f ∈ hZ(K(X+)∗)2, we can write f = hag2 for

some g ∈ K(X+)∗ and a = 0 or 1, By (f) = a(h) + 2(g) = 2aD0 + 2(g), we

get D = (g), φ̃((f)) = π∗D = π∗(g) ∈ PrinX, so we have φ̃((f)) = 0 ∈ J [2]σ,

which means kerφ̃ ⊇ hZ(K(X+)∗)2.

So, we have kerφ̃ = hZ(K(X+)∗)2, or equivalently, φ is injective.

Lemma 2.2.4. If σ has no fixed point, we have the exact sequence:

0→ {f ∈ K(X+)∗|(f) ∈ 2Div0X+}/hZ(K(X+)∗)2 φ→ J [2]σ
χ→ {±1} → 0,

(2.2.6)

where φ((f)) = [φ∗D] for (f) = 2D, and χ(D) = gσ/g for (g) = 2D.

Proof. We have proved the injectivity in Lemma 2.2.3.

Then, we will prove the sequence is exact at J [2]σ. For any D1 = π∗D =

φ((f)), where 2D = (f) for f ∈ K(X+), let (g) = 2D1, we can easily get

g = f ∈ K(X+). So gσ = g, and gσ/g = 1. We get χ ◦ φ((f)) = 1, which
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means Imφ ⊆ kerχ. On the other hand, if D ∈ kerχ, we have (g) = 2D

where g ∈ K(X)∗. such that gσ = g, we have g ∈ (K(X)∗)σ = K(X+)∗. So

we can find g ∈ K(X+)∗ such that D ∈ φ((g)).

Finally, the surjectivity of χ is obvious.

Theorem 2.2.5. If σ has no fixed point, then rankF2J [2]σ = 2g+.

Proof. We get this result by simply counting the rank. From Diagram 2.2.1,

we can get:

rankF2J [2]σ = rankF2{f ∈ K(X+)∗|(f) ∈ 2Div0X+}/hZ(K(X+)∗)2 + 1

= rankF2{f ∈ K(X+)∗|(f) ∈ 2Div0X+}/(K(X+)∗)2 + 1− 1

= rankF2JacX+[2] + 1− 1

= 2g+. (2.2.7)

We can get the following corollaries:

Corollary 2.2.6. If X has no σ-fixed point, then J+ ∩ J− = J−[2].

Proof. The proof is quite similar to the proof of Corollary 2.1.7. We know

that J+ ∩ J− ⊆ J−[2]. We need to prove that J+ ∩ J− ⊇ J−[2], and in fact

we only need to prove J+ ⊇ J−[2], i.e., we need to prove J−[2] ⊆ (1 + σ)J .
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In fact, we can prove a stronger statement:

J−[2] ⊆ (1 + σ)(J [2]). (2.2.8)

Consider the map J [2]
1−σ→ J [2], we have

dimF2ker(1− σ) + rankF2(1− σ)(J [2]) = dimF2J [2]. (2.2.9)

We know that (1−σ)(J [2]) = (1 +σ)(J [2]) ⊆ J−[2]. So, to prove J−[2] ⊆

(1 − σ)(J [2]) is equivalent to prove J−[2] = (1 − σ)(J [2]). This reduces to

prove

rankF2(1− σ)(J [2]) = rankF2J−[2] = 2g− (2.2.10)

From Theorem 2.2.5, we know that rankF2J [2]σ = 2g+, together with ker(1−

σ) = J [2]σ, and g = g+ +g−, we finally get rankF2(1−σ)(J [2]) = dimF2J [2]−

dimF2ker(1− σ) = 2g − 2g+ = 2g−.

So, we get J+ ∩ J− = J−[2].

We have also proved the following important corollaries:

Corollary 2.2.7. Let M be the matrix corresponding to σ acting on the

lattice H1(X,Z). If X has no σ-fixed point, then rankF2(Id−M) = rankF2(1−

σ)(J [2]) = 2g−.

Corollary 2.2.8. If X has no σ-fixed point, J−[2] ⊆ J+[2].
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Proof. Since 2x = 0 for all x ∈ J+ ∩J−, we have J+ ∩J− ⊆ J+[2], combining

Corollary 2.2.7, we can easily get J+[2] ⊆ J−[2].

Corollary 2.2.9. If X has no σ-fixed point, J+[2] = J [2]σ.

Proof. We know that J+[2] ⊆ J [2]σ, and rankF2J+[2] = 2g+. Since rankF2J [2]σ =

2g+, we get J+[2] = J [2]σ.

2.3 Applications: Modular Curves, Shimura

Curves and Atkin-Lehner Involutions

As we proved in the first two sections, the explicit expression of J+ ∩ J−

depends on the number of the involution-fixed points. In this section, we will

discuss examples of modular curves X0(N) and Shimura curves XD
0 (N) with

Atkin-Lehner involutions. Thank to Ogg and other mathematicians, now we

know the numbers of fixed points of Atkin-Lehner involutions for these two

examples.

2.3.1 Modular Curves X0(N) with Atkin-Lehner Invo-
lutions

Ogg ([Ogg74]) and Kenku ([Kenku77]) had given us the complete solution

for the numbers of fixed points of modular curves X0(N) under Atkin-Lehner

involutions.
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Theorem 2.3.1. (Ogg and Kenku) Let wm be the Atkin-Lehner involution

of level m of X0(N), where m|N , and m is coprime to n = N/m. Let F (m)

be the number of fixed points of wm.

(a) If m > 3, n odd, then

F (m) = v(m)
∏
p|n

(1 + (
−4m

p
)), (2.3.1)

where

v(m) =

{
h(−m) + h(−4m) if m ≡ 3(4),

h(−4m) otherwise.
(2.3.2)

and h(−m) 6= 0 is the class number of the imaginary quadratic field Q(
√
−m).

(i) If m ≡ 1(4), n even, then

F (m) = h(−4m)

{∏
p|n, p odd(1 + (−4m

p
)) if 4 - m,

0 if 4|m.
(2.3.3)

(ii) If m ≡ 3(8), n even, then

F (m) = 6h(−m)

{∏
p|n, p odd(1 + (−4m

p
)) if 8 - m,

0 otherwise.
(2.3.4)

(iii) If m ≡ 7(8), n even, then

F (m) = h(−m)

{
4
∏

p|n, p odd(1 + (−4m
p

)) if 2 ‖ m,
6
∏

p|n, p odd(1 + (−4m
p

)) if 4|m, p odd.
(2.3.5)
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(b)

F (3) =

{
2
∏

p|m, p odd(1 + (−4m
p

)) if 8 - m,
0 otherwise.

(2.3.6)

(c)

F (2) =
∏
p|m

(1 + (
−8

p
)) +

∏
p|m

(1 + (
−4

p
)). (2.3.7)

Corollary 2.3.2. wN has fixed points on X0(N) for N > 3.

Proof. By Theorem 2.3.1, the number of the fixed points F (N) = v(N),

where

v(N) =

{
h(−N) + h(−4N) if N ≡ 3(4),

h(−4N) otherwise,
(2.3.8)

which is non-zero.

Corollary 2.3.3. If the algebraic curve is X0(N), and the involution is wN ,

then the intersection J+∩J− = (Z/2Z)2g+, where g+ is the genus of X+(N) =

X0(N)/wN and the dimension of J+(N) = (1+wN)J(N) = Jac(X0(N)/wN).

2.3.2 Shimura Curves XD
0 (N) with Atkin-Lehner Invo-

lutions

In [Ogg83], also see [Clark03], we can find the formula for the numbers of

fixed points of Atkin-Lehner involutions on Shimura curves XD
0 (N), where
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D is the discriminant of the Shimura curve, and square free number N is the

level of the Shimura curve. (We can consider the cases of the modular curve

X0(N) as a special case of Shimura curve with D = 1). For any m ‖ DN , we

have the formula for the number of fixed points for Atkin-Lehner involution

wm.

Theorem 2.3.4. Let F (m) be the number of the fixed points of the Shimura

curve XD
0 (N), under Atkin-Lehner involution wm, where m ‖ DN . Then we

have

F (m) =
∑
S

h(S)
∏
p|DN

νp(S,O) =
∑
S

h(S)
∏
p|D

(1− (
S
p

))
∏
p|N

(1 + (
S
p

)),

(2.3.9)

where we sum over certain imaginary quadratic orders in S as follows:

(a) If m = 2, we sum over Z[
√
−1] and Z[

√
−2];

(b) If m > 2 and m ≡ 1 or 2 (mod 4), then S = Z[
√
−m];

(c) If m ≡ −1 (mod 4), we sum over Z[1+
√
−m

2
] and Z[

√
−m],

where O is the fixed Eichler order of level N in the quaternion algebra B with

discriminant D. νp(S,O) is the number of inequivalent optimal embeddings

of Sp into O.
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2.4 Intersection J+ ∩ J− and Integral Repre-

sentations of G = 〈σ〉

In this section, we will discuss the relation between the intersection J+∩J−

and integral representations of the cyclic 2-group G = 〈σ〉.

Consider J+ and J− as subabelian varieties of J/C, then the problem

of J+ ∩ J− is a special case of the following proposition (see, for example

[Stein00] Proposition 3.20):

Proposition 2.4.1. Suppose a complex abelian variety J = V/Λ and its

subvarieties A = VA/ΛA, B = VB/ΛB, then

A ∩B ∼=
(

Λ

ΛA + ΛB

)
torsion

. (2.4.1)

In our case, J = (C)g/L where L = H1(X,Z). J+ = (1 + σ)J =

( (1+σ)Cg
L∩(1+σ)Cg ), and J− = (1− σ)J = ( (1−σ)Cg

L∩(1−σ)Cg ).

We define L± := {σx = ±x|x ∈ L}, or equivalently, σ|L± = ±Id for

sublattices L± ⊆ L.

Lemma 2.4.2. L± = (1± σ)Cg ∩ L, where g = 1
2
rankZL.

Proof. rankZL = 2g implies L ⊗ C = Cg. For any x ∈ L± ⊆ L, x = x+σx
2

+

x−σx
2

= x±σx
2

= (1 ± σ)x
2
∈ (1 ± σ)Cg. The second equality is true because

x = ±σx. So we have “⊆”. On the other hand, for any x ∈ (1±σ)Cg∩L ⊆ L,
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x = (1± σ)y for some y ∈ Cg, and σx = σ(1± σ)y = (σ ± 1)y = ±x, which

means x ∈ L±.

Lemma 2.4.3.

L⊗ Z[1/2] = (L+ + L−)⊗ Z[1/2]. (2.4.2)

Proof. Obviously, L+ +L− ⊆ L, so we have (L+ +L−)⊗Z[1/2] ⊆ L⊗Z[1/2].

For any x ∈ L, x = (1+σ)x/2+(1−σ)x/2. (1+σ)σ ∈ L+ and (1−σ)x ∈ L−.

we have L⊗ Z[1/2] ⊆ (L+ + L−)⊗ Z[1/2].

Remark 2.4.4. ( 2.4.2) tell us

L⊗Q = (L+ + L−)⊗Q. (2.4.3)

As a result,

L

L+ + L−
=

(
L

L+ + L−

)
torsion

. (2.4.4)

By (2.4.2), we have

Proposition 2.4.5.

J+ ∩ J− ∼=
(

L

L+ + L−

)
∼= (Z/2Z)r, for some integer r. (2.4.5)
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In fact there exists a deep relation between the intersection of J+ and J−

and integral representations of G = 〈σ〉.

Let’s first review the results of integral representations of the cyclic 2-

group. It satifies Krull-Schmidt theorem, see [Benson]. More precise, it

is a special case of Reiner’s more general theorem for integral representa-

tions of cyclic p-groups. We can find it in Theorem 34.31 (Page 729) of

[CurtisReiner81].

Theorem 2.4.6. Let G = Cp be the cyclic group of order p, where p is prime.

Let h be the class number of the cyclotomic field Q(ζp) and let b1, ..., bh be

representatives of the ideal class group of Q(ζp). Then,

(a) Every Z[G] module is a direct sum indecomposable Z[G]-modules.

(b) There are 2h+1 indecomposable Z[G]-modules: one of dimension 1, h of

dimension (p-1), and h of dimension p.

(c) The h of dimension p − 1 over Z are the ideals b1, ...., bh. Up to iso-

morphism, there is only 1 extension of bi by Z as a Z[G]-module, denoted

(bi, Z; 1). The h of dimension p over Z are the (bi, Z; 1).

For the notation (bi, Z; 1), see [CurtisReiner81] near Page 729.

In our case, p = 2, we have our special form of the above theorem as

follows:
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Theorem 2.4.7. The integral representation L of cyclic 2-group G = 〈σ〉

can be decomposed as a direct sum of indecomposable subrepresentations

L ∼= Aa+ ⊕ Ab− ⊕Rc
2 (2.4.6)

where σ|A± = ±1, and σ|R2 =

(
0 1
1 0

)
, if we choose a suitable basis.

In our special case, considering L = H1(X,Z) as an integral represestion

of G = 〈σ〉, where σ is an involution on L (induced by the involution on the

algebraic curve X), we can find the relation between J+∩J− and the integral

representations.

Theorem 2.4.8. Using the same notation as before, we consider L = H1(X,Z)

as an integral representation of G = 〈σ〉. We can decompose the integral rep-

resentation L ∼= Aa+ ⊕ Ab− ⊕ Rc
2, where σ|A± = ±1 and σ|R2 =

(
0 1
1 0

)
, then

L
L++L−

∼= (Z/2Z)c.

Proof. We will prove this result by direct computation. The eigenspace of

the matrix

(
0 1
1 0

)
has a basis v+ =

(
1
1

)
=

(
1
0

)
+

(
0
1

)
with eigenvalue

λ = 1, and v− =

(
1
−1

)
=

(
1
0

)
−
(

0
1

)
with eigenvalue λ = −1.

For the simplicity our proof, we need introduce some simple notations

for vector space. Let ei be the i-th vector in the standard basis of vector.

(ei = (0, ..., 0, 1, 0, ..., 0)†, where the non-zero element 1 lies on the i-th entry.)
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If we write

L ∼= Aa+ ⊕ Ab− ⊕Rc
2 = 〈e1, ..., ea+b+2c〉, (2.4.7)

as disucssed before, we can write

L+ = 〈e1, ..., ea, ea+b+1 + ea+b+2, ..., ea+b+2c−1 + ea+b+2c〉, (2.4.8)

L− = 〈ea+1, ..., ea+b, ea+b+1 − ea+b+2, ..., ea+b+2c−1 − ea+b+2c〉. (2.4.9)

So, we have

L

L+ + L−

=〈e1, ..., ea+b+2c〉/〈e1, ..., ea+b, ea+b+1 + ea+b+2, ea+b+1 − ea+b+2, ...,

ea+b+2c−1 + ea+b+2c, ea+b+2c−1 − ea+b+2c〉

=〈ea+b+1, ..., ea+b+2c〉/〈ea+b+1 + ea+b+2, ea+b+1 − ea+b+2, ...,

ea+b+2c−1 + ea+b+2c, ea+b+2c−1 − ea+b+2c〉

=
c⊕
i=1

〈ea+b+2i−1, ea+b+2i〉
〈ea+b+2i−1 + ea+b+2i, ea+b+2i−1 − ea+b+2i〉

=(Z/2Z)c (2.4.10)

The last equality holds because

〈ei, ei+1〉
〈ei + ei+1, ei − ei+1〉

=

〈(
1
0

)
,

(
0
1

)〉
〈(

1
1

)
,

(
1
−1

)〉 =

〈(
1
1

)
,

(
0
1

)〉
〈(

1
1

)
,

(
0
2

)〉 = Z/2Z

(2.4.11)
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So, we have

L

L+ + L−
∼= (Z/2Z)c, where L = H1(X, Z) ∼= Aa+ ⊕ Ab− ⊕Rc

2. (2.4.12)

From this theorem and Proposition 2.4.5, we can easily get:

Corollary 2.4.9. J+ ∩ J− ∼= (Z/2Z)c, if L = H1(X, Z) ∼= Aa+ ⊕ Ab− ⊕Rc
2.

Theorem 2.4.10. Under the same notation as above, let g± = dimJ±,

(a) If σ has fixed points, a = 0, b = 2g− − 2g+, and c = 2g+, hence

L ∼= A
2g−−2g+
− ⊕R2g+

2 ;

(b) If σ has no fixed point, a = 2g+ − 2g− = 2, b = 0, and c = 2g−, hence

L ∼= A2
+ ⊕R

2g−
2 .

Proof. Let L ∼= Aa+ ⊕ Ab− ⊕ Rc
2, and M be the matrix associate to σ, the

characteristic polynomial of the M is (λ − 1)2g+(λ + 1)2g− = (λ − 1)a(λ +

1)b[(λ − 1)(λ + 1)]c, we have a + c = 2g+ and b + c = 2g−. Also, we have

rankF2(Id−M) = c.

If σ has fixed points, rankF2(Id −M) = 2g+ (Corollary 2.1.8), we have

c = 2g+, consequently a = 0 and b = 2g− − 2g+.
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If σ has no fixed point, rankF2(Id − M) = 2g− (Corollary 2.2.7), we

have c = 2g−, consequently b = 0 and a = 2g+ − 2g−. Furthermore, by

Riemann-Hurwitz theorem, g+ − g− = 1, we get a = 2.

Remark 2.4.11. Theorem 2.4.10 and Theorem 2.0.6 are equivalent.

In fact, we proved Theorem 2.4.10 by two corollaries (Corollary 2.1.8

and 2.2.7) of Theorem 2.0.6. On the other hand, if we know Theorem 2.4.10,

using Corollary 2.4.9, we can easily get Theorem 2.0.6.

Remark 2.4.12. From Theorem 2.4.10, we have the following properties

for the integral representations of a cyclic 2-group G = 〈σ〉 appearing in L:

(a) A+ and A− cannot appear at the same time;

(b) The multiple of A+ is two, appears only when σ has no fixed point on X;

(c) The multiple of A− is even, appears only when σ has fixed points on X.

2.5 Integral Representations and Sympletic

Pairings

For the general discussion of symplectic pairing, see §11 of [Bourbaki59].

For our convenience, all the discussion is over Z. Here, we list some results

we need.

Definition 2.5.1. Let V be a Z-module. A symplectic pairing 〈·, ·〉 on V is
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a nondegenerate antisymmetric bilinear form on V . A bilinear from 〈·, ·〉 is

called nondegenerate if 〈u, v〉 = 0 for every v ∈ V implies that u = 0.

Proposition 2.5.2. For any symplectic pairing 〈·, ·〉, there is a basis of V

such that 〈·, ·〉 is represented by the matrix

M =



c1

c2

. . .

cg
−c1

−c2

. . .

−cg


(2.5.1)

with c1|c2|...|cg.

Proof. See §11 of [Bourbaki59].

A lattice is a free abelian group of finite rank with integral symplectic form

〈·, ·〉. The discriminant of a lattice is the discriminant of matrix corresponding

to the symplectic pairing. The lattice is unimodular if the discriminant is

±1.

For L = H1(X,Z), rankZL = 2g if the genus of X is g. As a Z-lattice

of even rank we can associate (L, σ) a σ-equivariant non-degenerated sym-

plectic pairing 〈·, ·〉. In fact, this pairing is exactly the cup product defined
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on homology L = H1(X,Z) (See §0.4 [GriffithsHarris78]), and (L, 〈·, ·〉) is

unimodular.

Definition 2.5.3. Lattice M ⊆ L. L is saturated in M if mn ∈ L for

m ∈M implies m ∈ L.

Lemma 2.5.4. If L and M have the same rank, M saturated in L, then

M = L.

Lemma 2.5.5. 〈·, ·〉 nondegenerate on L, then L∗ ⊆ Hom(L,Z) is saturated,

so L∗ ∼= Hom(L,Z).

Lemma 2.5.6. Let (L, 〈·, ·〉) unimodular, M ⊆ L saturated, then we have

the surjection L∗ �M∗.

Proof. From the exact sequence 0 → M → L → L/M → O, we have

Hom(L,Z)→ Hom(M,Z)
∂−→ Ext1(L/M,Z). (Theorem 7.5 of [Rotman]) But

M is saturated ⇔ L/M is torsion-free ⇔ L/M is free, hence is projective ⇒

Ext1(L/M,Z) = 0 (Theorem 7.7 of [Rotman]). We also have L∗ ∼= Hom(L,Z)

and M∗ ∼= Hom(M,Z). So we get the surjection.

Proposition 2.5.7. Suppose (L, 〈·, ·〉) unimodular. Let M,N ⊆ L be satu-

rated sublattices of L which are orthogonal complements: L⊕Q ∼= (M⊗Q)⊕

(N ⊗Q) and 〈m,n〉 = 0 for all m ∈M ⊗Q, n ∈ N ⊗Q. Then M∗ ∼= L/N .
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Proof. By Lemma 2.5.6, L∗ � M∗. But since L is unimodular, the map

L → L∗ by l 7→ 〈l, ·〉 is an isomorphism. Hence the composition φ : L →

L∗ →M∗ by l 7→ 〈l, ·〉 : M → Z, is surjective. N ⊆ kerφ since M and N are

orthogonal. So L/N �M∗. Since L/N is free (N is saturated) and so L/N ,

M∗ are Z-modules of the same finite rank, L/N � M∗ surjective implies it

is an isomorphism.

Let M = L+ and N = L−, we can easily get the following theorem.

Theorem 2.5.8. Let (L, 〈, 〉) be a unimodular symplectic lattice, σ be an

involution acting on (L, 〈·, ·〉). Then L∗+
∼= L/L− and L∗−

∼= L/L+.

Corollary 2.5.9.

L

L+ + L−
∼=
L∗+
L+

∼=
L∗−
L−

. (2.5.2)

(L, 〈·, ·〉) be symplectic lattice. For v ∈ L, IL(v) := (〈v, w〉|w ∈ L) ⊆ Z

is an ideal in Z, hence it has a positive generator dL(v), such that IL(v) =

(dL(v)).

A vector v ∈ L is primitive if 1
d
v ∈ L implies d = ±1.

Lemma 2.5.10. Suppose v ∈ L is primitive and 〈·, ·〉|L is unimodular. Then

dL(v) = 1.
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Proof. Let {v1, ..., vg : w1, ..., wg} be a Frobenius normal basis for L, i.e.,

〈vi, vj〉 = 〈wi, wj〉 = 0, 〈vi, wj〉 = δij, for 1 ≤ i, j ≤ g. Let v = a1v1 + ... +

agvg+b1w1 + ...+bgwg be primitive. Then gcd(a1, ..., ag, b1, ..., bg) = 1. Hence

by Chinese Remainder Theorem, there exist c1, ..., cg, d1, ..., dg ∈ Z so that

a1c1+...+agcg+b1d1+...+bgdg = 1. Let v′ = c1w1+...+cgwg−d1v1−...−dgvg.

Then 〈v, v′〉 = a1c1+...agcg+b1d1+...+bgdg = 1 implying that dL(v) = 1.

If (M, 〈·, ·〉) is a lattice, where 〈·, ·〉 is nondegenerate (〈·, ·〉 can be sym-

metric or alternative), the Discriminant Disc(M, 〈·, ·〉) is the determinant of

the matrix representing 〈·, ·〉 with respect to a basis of M . The following is

well-known:

Lemma 2.5.11. Suppose M ′ ⊆M is a sublattice of index d, and (M, 〈·, ·〉) is

nondegenerate. Then (M ′, 〈·, ·〉|M ′) is nondegenerate, and Disc(M ′, 〈·, ·〉|M ′) =

d2Disc(M, 〈·, ·〉).

Now return to the situation that (L, 〈·, ·〉) is a unimodular symplectic

lattice. Then L∗+ = (1+σ
2

)L ⊆ L+ ⊗Q, L∗− = (1−σ
2

)L ⊆ L− ⊗Q.

Lemma 2.5.12. (L+, 〈·, ·〉|L+) and (L−, 〈·, ·〉|L−) are nondegenerate lattices.

Proof. L⊗Q = (L+ ⊗Q)⊕ (L− ⊗Q) and L+ ⊗Q, L− ⊗Q are orthogonal.

Hence (L, 〈·, ·〉) nondegenerate implies (L+, 〈·, ·〉|L+) and (L−, 〈·, ·〉|L−) are

nondegenerate.
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Lemma 2.5.13. Suppose v ∈ L+ is primitive. Then dL+ = 1 or 2. Simi-

larly, if v ∈ L− is primitive, then dL− = 1 or 2.

Proof. If v is primitive in L+, then v is primitive in L. (L, 〈·, ·〉) is unimodular

implies that there exists w ∈ L, such that 〈v, w〉 = 1. But then (1+σ)w = w+

σw ∈ L+ and 〈v, (1 +σ)w〉 = 〈v, w〉+ 〈v, σw〉 = 1 + 〈σv, w〉 = 1 + 〈v, w〉 = 2.

So dL+(v)|2 implies dL+(v) = 1 or 2. A similar argument applies to L−.

By Lemma 2.5.13, 〈·, ·〉 has a Frobenius normal form:
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〈·, ·〉|L+ =



α

{ 1
. . .

1

β

{ 2
. . .

2
−1

. . .

−1
−2

. . .

−2


(2.5.3)

with Disc(〈·, ·〉|L+) = det



α

{ 1
. . .

1

β

{ 2
. . .

2
−1

. . .

−1
−2

. . .

−2



= 22β.

(2.5.4)

Now L∗+ = (1+σ
2

)L and ( L∗+, 〈·, ·〉) is unimodular. If L ∼= Aa+ ⊕ Ab− ⊕ Rc
2,

then L∗+ = (1+σ
2

)L ∼= [(1+σ
2

)A+]a ⊕ [(1+σ
2

)A−]b ⊕ [(1+σ
2

)R2]c = Aa+ ⊕ 0 ⊕

[(1+σ
2

)R2]c and L+ = Aa+⊕ [(1+σ)R2]c. So, rankL∗+ = rankL+ = 2g+ = a+c,

and the index of L+ in L∗+ is 2c.
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Hence by Lemma 2.5.11:

Disc(L+, 〈·, ·〉|L+) = (2c)2Disc(L∗+, 〈·, ·〉|L∗+). (2.5.5)

If 〈·, ·〉|L+ =



α

{ 1
. . .

1

β

{ 2
. . .

2
−1

. . .

−1
−2

. . .

−2



as in (2.5.3),

with Frobenius normal basis v1, ..., vα, v
′
1, ..., v

′
β, w1, ..., wα, w

′
1, ..., w

′
β, such that

〈vi, wj〉 = δij, for 1 ≤ i, j ≤ α, and 〈v′i, w′j〉 = 2δij, for 1 ≤ i, j ≤ β. Then L∗+

has basis v1, ..., vα,
1
2
v′1, ...,

1
2
vβ, w1, ..., wα,

1
2
w′1, ...,

1
2
w′β, and DiscL∗+ = (1

2
)2β.

Hence from (2.5.11) we get 22β = 22c(1
2
)2β, then 24β = 22c, which implies

β = c/2 and hence α = a/2. The case of L− is done similarly.

So we have

Theorem 2.5.14. Suppose (L, 〈·, ·〉) is a unimodular symplectic lattice, and

σ is an involution of (L, 〈·, ·〉). Suppose L ∼= Aa+ ⊕ Ab− ⊕ Rc
2, rankZL = 2g,

rankZL± = 2g±.

(a) a, b, c are all even.



CHAPTER 2. THE CASE OF ONE INVOLUTION 51

(b) 〈·, ·〉|L+ =



a
2

{ 1
. . .

1

c
2

{ 2
. . .

2
−1

. . .

−1
−2

. . .

−2



,

〈·, ·〉|L− =



b
2

{ 1
. . .

1

c
2

{ 2
. . .

2
−1

. . .

−1
−2

. . .

−2



.

(c)
L∗+
L+

∼= L∗−
L−
∼= L

L++L−
∼= (Z/2Z)c.

(d) 〈·, ·〉 induces a unimodular symplectic pairing on
L∗+
L+

∼= L∗−
L−
∼= Fc2 as an

F2-vector space.

In the following part, we will introduce the 2-subspace system (V ;V1, V2)

associate to a integral representation A of the cyclic 2-group G. It is quite

similar to the 4-subspace system associate to a integral representation of
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Klein 4-group in the next chapter.

Definition 2.5.15. For any cyclic 2-group G = 〈σ〉, and any integral repre-

sentation L of G, we define the 2-subspace system V(L) := (V ;V1, V2) over

F2 as follows:

V1 = V+ = (e1L+ L)/L, V2 = V− = (e2L+ L)/L, V = V1 + V2, (2.5.6)

where e1 = e+ = (1 + σ)/2, e2 = e− = (1− σ)/2.

Combining with the theorem of integral representations of cyclic 2-group

(Theorem 2.4.7), we have the following theorem of the corresponding 2-

subspace system:

Theorem 2.5.16. For the cyclic 2-group G = 〈σ〉, let L ∼= Aa+ ⊕ Ab− ⊕ Rc
2

be the integral representation of G. Then, V1
∼= V2

∼= (F2)c, hence V(L) =

(V ; V1, V2) ∼= ((F2)c; (F2)c, (F2)c).

Proof. For L ∼= Aa+ ⊕ Ab− ⊕Rc
2, by directly computation, we have

V(L) =(V (L);V1(L), V2(L))

=(V (A+);V1(A+), V2(A+))a ⊕ (V (A−);V1(A−), v2(A−))b

⊕ (V (R2);V1(R2), V2(R2))c. (2.5.7)
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For the Z-module A+, we have σ|A+ = +1, hence V1(A+) = (1+σ
2
A+ +

A+)/A+ = (A+ + A+)/A+ = A+/A+ = 0, V2(A+) = (1−σ
2
A+ + A+)/A+ =

(0 + A+)/A+ = A+/A+ = 0, and V = V1 + V2 = 0.

So,

(V (A+); V1(A+), V2(A+)) = (0; 0, 0). (2.5.8)

Similarly,

(V (A−); V1(A−), V2(A−)) = (0; 0, 0). (2.5.9)

For the Z-moduleR2, consideringR ∼= Z2 and σR2 =

(
0 1
1 0

)
R2, V1(R2) =

(1+σ
2
R2 + R2)/R2 = ((1 + σ)R2 + 2R2)/2R2 = (

(
1 1
1 1

)
+ 2R2)/2R2 =〈1

1

,
2

0

,
0

2


〉

〈2
0

,
0

2


〉 = F2, V2(R2) = (1−σ

2
R2+R2)/R2 = ((1−σ)R2+2R2)/2R2 =

(

(
1 −1
−1 1

)
+ 2R2)/2R2 =

〈 1
−1

,
2

0

,
0

2


〉

〈2
0

,
0

2


〉 = F2, and we have V (R2) =

V1(R2) + V2(R2) = F2.

So, V1 = V2 = (F2)c and (V ; V1, V2) ∼= ((F2)c; (F2)c, (F2)c).

Corollary 2.5.17.

J+ ∩ J− = V+ ∩ V−. (2.5.10)
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Proof. Theorem 2.5.16 shows V+ = V− = Fc2, which means V+ ∩ V− = Fc2,

combining with Corollary 2.4.9, we can get J+ ∩ J− = V+ ∩ V−.

2.6 Complex conjugate τ and Integral Rep-

resentations of G = 〈τ〉

We can also consider the action of complex conjugate τ on L = H1(X, Z).

Let group G = 〈τ〉 be the cyclic 2-group generated by complex conjugation

τ . Considering L as a G-module, from Theorem 2.4.7, L can be decomposed

in forms of Aa+⊕Ab−⊕Rc
2, where τ |A± = ±1, and τ |R2 =

(
0 1
1 0

)
, by choosing

a suitable basis.

Similar to the case of involution, we can determine the multiples a, b, and

c by the following theorem ([Jaffee80], also see [Mazur] and [GrossHarris81]):

Theorem 2.6.1. Let X = X/R be a closed, connected complex algebraic

curve defined over R with genus g. Let r be the number of the connected

components of X(R).

(a) If X(R) 6= ∅, r > 0, then L ∼= Ar−1
+ ⊕ Ar−1

− ⊕R1+g−r
2 ;

(b) If X(R) = ∅ and g odd, then L ∼= A+ ⊕ A− ⊕Rg−1
2 ;

(c) If X(R) = ∅ and g even, then L ∼= Rg
2.

For the modular curve X0(N) where N is square free, Oggs had given the

number of connected components [Ogg83]:



CHAPTER 2. THE CASE OF ONE INVOLUTION 55

Theorem 2.6.2. If X = X0(N) with N is the product of n distinct primes,

then the number of components r of X(R) is

r =

{
2n−1 if 2 - N,
2n−2 if 2 | N.

So, we have

Corollary 2.6.3. For the modular curve X = X0(N) of genus g, where N

is a product of n distinct primes, then

L ∼= Ar−1
+ ⊕ Ar−1

− ⊕R1+g−r
2 , (2.6.1)

where

r =

{
2n−1 if 2 - N,
2n−2 if 2 | N.

For the Shimura curve XD
0 (N) of discriminant D and level N , where D

is a product of even number of distinct primes. The following theorem due

to Shimura is well-known:

Theorem 2.6.4. (Shimura) XD
0 (N)(R) = ∅.

As a corollary, we have

Corollary 2.6.5. For the Shimura curve X = XD
0 (N) with discriminant

D > 1 and level N , then

L ∼=

{
A+ ⊕ A− ⊕Rg−1

2 , if g odd,

Rg
2, if g even,

where g is the genus of the X.



Chapter 3

The Case of Two Commuting
Involutions

In this chapter, we discuss the problem of two commuting involutions

acting on an algebraic curve X. They also induce actions on L = H1(X,Z).

Let σ and τ be two commuting involutions. We say an involution σ is ramified

if there exit fixed points under the involution σ on X. Otherwise, we say

the involution is unramified. For some technical reasons, in this chapter,

we only discuss the cases that the involution of στ has fixed points. In

many interesting cases this assumption holds: for example, in the problem of

the Atkin-Lehner involutions wN1 , wN2 acting on the modular curve X0(N),

where N = N1N2, and N1, N2 are coprime and square free, the Atkin-Lehner

involution wN = wN1wN2 always has fixed points on X0(N) (See Corollary

2.3.2).

56
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Some notations:

J = JacX,

J±,σ = (1± σ)J, J±,τ = (1± τ)J, J±,στ = (1± στ)J,

J++ = (1 + σ)(1 + τ)J, J+− = (1 + σ)(1− τ)J,

J−+ = (1− σ)(1 + τ)J, J−− = (1− σ)(1− τ)J.

g = dimX = genusJ,

g±,σ = dimJ±,σ, g±,τ = dimJ±,τ , g±,στ = dimJ±,στ ,

g++ = dimJ++, g+− = dimJ+−, g−+ = dimJ−+, g−− = dimJ−−.

And, we have the following identities:

g±,σ = g±+ + g±−, g±,τ = g+± + g−±, g+,στ = g++ + g−−, g−,στ = g+− + g−+,

g = g+,σ + g−,σ = g+,τ + g−,τ = g+,στ + g−,στ = g++ + g+− + g−+ + g−−.

3.1 Ramification of the Case of Two Involu-

tions and Some Intersections of J±±: Easy

Part

Assume στ has fixed points. Let X be an algebraic curve.

X

↙ p1

yp2 ↘ p3

X/〈σ〉 X/〈στ〉 X/〈τ〉
↘ p4

yp5 ↙ p6

X/〈σ, τ〉

(3.1.1)
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p2 is ramifed since στ has fixed points by our assumption. We will discuss

the ramification problem in three different cases.

Lemma 3.1.1. Let X be an algebraic curve, σ and τ be two commuting in-

volutions. Assume στ has fixed points. We have the following three different

situations:

(Case I) If both σ and τ are ramified, then all six projections are ramified;

(Case II) If only one of σ and τ is ramified, say, σ is ramified, τ is unrami-

fied, then all but p3 are ramified;

(Case III) If σ and τ are unramified, then only p2, p4 and p6 are ramified.

Proof.

X

↙ rσ

yrστ ↘ rτ

X/〈σ〉 X/〈στ〉 X/〈τ〉
↘

y ↙
X/〈σ, τ〉

(3.1.2)

Let rσ, rστ , and rτ be the numbers of the fixed points of the corresponding

projections shown on the upper part of Diagram 3.1.1 and Diagram 3.1.2.

By our assumption, rστ 6= 0, while rσ and rτ can be zero or nonzero. In the

following, we will show that the numbers of fixed points of projections pi,

i = 4, 5, 6 depend only on rσ, rτ , and rστ .

Consider the projection p4 : X/〈σ〉� X/〈σ, τ〉. For any x ∈ X, denote its
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image on X/〈σ〉 by x̄ = {x, σx}. If x̄ = {x, σx} is fixed under the projection

p4, τ{x, σx} = {τx, τσx} = {x, σx}, then either τx = x or στx = x. On

the other hand, if either τx = x or στx = x is true, τ{x, σx} = {x, σx},

which means x̄ = {x, σx} is fixed under the projection p4. So, p4 is ramified

if and only if either rτ or rστ is nonzero. Similarly, p5 is ramified if and only

if either rσ or rτ is nonzero, and p6 is ramified if and only if either rσ or rστ

is nonzero.

By the assumption, rστ is nonzero, p2 is always ramified, so p4 and p6 are

ramified for all three cases. In Case I, p1 and p3 are ramified, hence p5 is also

ramified. So, all six projections are ramified. In Case II, p1 is ramified, hence

p5 is also ramified. So, all but p3 are ramified. In Case III, p1 and p3 are

unramified, hence p5 is unramified. So, only p2, p4 and p6 are ramified.

Theorem 3.1.2. (Case I) If σ and τ are ramified, then g++ ≤ g+−, g−+, g−−,

and J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] ∼= (Z/2Z)2g++.

Proof. Denote the number of the fixed points of p4, p5, and p6 by r4, r5, and

r6 respectively. For Case I, by Lemma 3.1.1, p4, p5, and p6 are all ramified,

which means r4 > 0, r5 > 0, and r6 > 0. By Riemann-Hurwitz formula,

2− 2g+,σ = 2(2− 2g++)− r4, or

g+− − g++ = r4/2− 1 ≥ 0, (3.1.3)
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and similarly,

g−− − g++ = r5/2− 1 ≥ 0, g−+ − g++ = r6/2− 1 ≥ 0. (3.1.4)

Hence g++ ≤ g+−, g−+, g−−, if both σ and τ have fixed points.

For the second part of the theorem, we need to use Corollary 2.0.8 in

the first chapter. Here, J++ = (1 + σ)(1 + τ)J = (1 + τ)[(1 + σ)J ] =

(1 + τ)Jac(X/〈σ〉), where the second equality holds since σ and τ commute,

and the third equality holds due to Corollary 2.0.8. Similarly, J+− = (1 −

τ)Jac(X/〈σ〉). By Lemma 3.1.1 (Case I), X/〈σ〉 has fixed points under the

projection X/〈σ〉 � X/〈σ, τ〉, we have (1 + τ)Jac(X/〈σ〉) = Jac(X/〈σ, τ〉).

Again, by Corollary 2.0.8, J++∩J+− = (1+τ)Jac(X/〈σ〉)∩(1−τ)Jac(X/〈σ〉) =

Jac(X/〈σ, τ〉)[2] = J++[2]. Using the same method, we have J++ ∩ J−+ =

J++[2] and J++ ∩ J−− = J++[2]. And, J++ is a connected abelian variety of

dimension g++, hence J++[2] ∼= (Z/2Z)2g++ .

Corollary 3.1.3. In Case I, J++ ∩ J+− ∩ J−+ ∩ J−− = J++[2].

Theorem 3.1.4. (Case II) If σ is ramified and τ is not, then g++ ≤ g+−, g−+, g−−,

and J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] ∼= (Z/2Z)2g++.

Proof. The proof of the first part of the theorem for Case II is exactly the

same as that for Case I, since in Case II, all of p4, p5 and p6 are ramified as
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in Case I. We can prove that g++ is the smallest if only one of σ and τ , say

σ has fixed points.

Using the same method in Case I, we can prove J++ ∩ J+− = J++[2] and

J++ ∩ J−− = J++[2], since both σ and στ have fixed points and all of p4, p5

and Corollary 2.0.8.

Now we begin to prove J++ ∩ J−+ = J++[2]. It is easy to see J++ ∩

J−+ ⊆ J++[2] since all the points in J++ ∩ J−+ are 2-torsion points and

belong to J++. To prove J++ ∩ J−+ = J++[2], we only need to show that

J++[2] ⊆ J−+[2] ⊆ J−+. J++[2] = [(1+σ)(1+τ)J ][2] = [(1+τ)Jac(X/〈σ〉)][2]

since σ has fixed points on X Consider the exact sequence:

0→ (Jac(X/〈σ〉)[2])τ → Jac(X/〈σ〉)[2]→ (1− τ)(Jac(X/〈σ〉)[2])→ 0,
(3.1.5)

rankF2(Jac(X/〈σ〉)[2])τ = 2g+− due to Theorem 2.1.6 and the fact that τ

has fixed points under the projection p6 : X/〈σ〉 � X/〈σ, τ〉. Consider-

ing rankF2Jac(X/〈σ〉)[2] = 2g+,σ, rankF2(1 − τ)(Jac(X/〈σ〉)[2]) = 2g+,σ −

2g+− = 2g++. Since (1 − τ)(Jac(X/〈σ〉)[2]) = (1 + τ)(Jac(X/〈σ〉)[2]) ⊆

((1 + τ)Jac(X/〈σ〉))[2] and rankF2((1 + τ)Jac(X/〈σ〉))[2] = 2g++, we have

(1 + τ)(Jac(X/〈σ〉)[2]) = [(1 + τ)Jac(X/〈σ〉)][2]
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Also, J+,σ ⊆ J−,σ, since σ has fixed points for X and Corollary 2.1.9. So,

J++[2] = [(1 + σ)(1 + τ)J ][2] = [(1 + τ)Jac(X/〈σ〉)][2] = (1 + τ)[Jac(X/〈σ〉)][2]

= (1 + τ)[(1 + σ)J ][2] = (1 + τ)J+,σ[2]

⊆ (1 + τ)J−,σ[2] = (1 + τ)([(1− σ)J ][2]) = [(1 + τ)(1− σ)J ][2]

= J−+[2].

As we discussed before, J++[2] ⊆ J−+[2] implies J++ ∩ J−+ = J++[2].

So, we proved

J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] ∼= (Z/2Z)2g++ . (3.1.6)

The last isomorphism is true because J++ is a connected abelian variety of

dimension g++.

Corollary 3.1.5. In Case II, J++ ∩ J+− ∩ J−+ ∩ J−− = J++[2].

Theorem 3.1.6. (Case III) If σ and τ are unramified, then g−− = g++−1 <

g++ ≤ g+−, g−+, and J−− ∩ J+− = J−− ∩ J−+ = J++ ∩ J−− = J−−[2] ∼=

(Z/2Z)2g−−.

Proof. Since the projection p4 and p6 are ramified (r4 6= 0 and r6 6= 0), p5 is
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unramified (r5 = 0), we have

g+− − g++ = r4/2− 1 ≥ 0,

g−+ − g++ = r6/2− 1 ≥ 0,

g−− − g++ = −1.

We have g−− = g++ − 1 < g++, g++ ≤ g+−, and g++ ≤ g−+, so g−− ≤

g++, g+−, g−+ if both σ and τ have no fixed points.

Since p2 : X � X/〈στ〉 is ramified, we have (1 + στ)J = Jac(X/〈στ〉).

So, we have J++ = (1 +σ)(1 + τ)J = (1 +σ)(1 +στ)J = (1 +σ)Jac(X/〈στ〉)

and J−− = (1− σ)(1− τ)J = (1− σ)(1 + στ)J = (1− σ)Jac(X/〈στ〉).

Since p5 : X/〈στ〉 � X/〈σ, τ〉 is unramified, by the Corollary 2.2.6, we

have (1 +σ)Jac(X/〈στ〉)∩ (1−σ)Jac(X/〈στ〉) = [(1−σ)Jac(X/〈στ〉)][2], or

J++ ∩ J−− = J−−[2]

To prove J−− ∩ J+− = J−−[2], we only need to prove J−− ⊆ J+−[2] ⊆

J+−. We have J−− = [(1 − σ)(1 − τ)J ][2] = [(1 + στ)(1 − τ)J ][2] = [(1 −

τ)Jac(X/〈στ〉)][2], and

0→ (Jac(X/〈στ〉)[2])τ → Jac(X/〈στ〉)[2]→ (1− τ)(Jac(X/〈στ〉)[2])→ 0

Since p5 : X/〈στ〉 � X/〈σ, τ〉 are unramified, by Lemma 3.1.1, we have

rankF2(Jac(X/〈στ〉)[2])τ = 2g++. Since rankF2Jac(X/〈στ〉)[2] = 2g+,στ , we
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have rankF2(1− τ)(Jac(X/〈στ〉)[2]) = 2g+,στ − 2g++ = 2g−−. Together with

the fact (1−τ)((Jac(X/〈στ〉)[2]) ⊆ ((1−τ)(Jac(X/〈στ〉))[2] and rankF2((1−

τ)(Jac(X/〈στ〉))[2] = rankF2J−−[2] = 2g−−, we have (1−τ)((Jac(X/〈στ〉)[2]) =

((1 − τ)(Jac(X/〈στ〉))[2]. Since X has στ -fixed points, by (2.1.9), we have

([(1 + στ)J ][2]) ⊆ ([(1− στ)J ][2]).

Finally, we have

J−−[2] = [(1− σ)(1− τ)J ][2] = [(1 + στ)(1− τ)J ][2] = [(1− τ)Jac(X/〈στ〉)][2]

= (1− τ)[Jac(X/〈στ〉)][2] = (1− τ)([(1 + στ)J ][2])

⊆ (1− τ)([(1− στ)J ][2])

⊆ [(1− τ)(1− στ)J ][2]) = [(1− τ)(1 + σ)J ][2])

= J+−[2]

So, we have J−−[2] ⊆ J+−[2], implying J−− ∩ J+− = J−−[2]. By the same

argument, J−− ∩ J−+ = J−−[2].

So, we have

J−− ∩ J+− = J−− ∩ J−+ = J++ ∩ J−− = J−−[2] = (Z/2Z)2g−− . (3.1.7)

The last identity comes from the fact that J−− is a connected abelian variety

of dimension g−−.

Corollary 3.1.7. In Case III, J++ ∩ J+− ∩ J−+ ∩ J−− = J−−[2]
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For each of the three cases, we determine the three intersections by di-

rectly or indirectly using the results of the first chapter, especially part (a)

of Lemma 2.0.8 and Corollary 2.1.7. To determine the other three intersec-

tions, we need to consider the integral representations of the Klein 4-group

G = 〈σ, τ〉.

3.2 Integral Representations of the Klein 4-

Group and 4-Subspace Systems

In this section, we summarize the the theory of integral representations

of the Klein 4-group. The 4-subspace system is an important concept in the

theory of integral representations of the Klein 4-group. We introduce the 4-

subspace system first, and then discuss the indecomposible components of the

Klein 4-group G (by Krull-Schmidt theorem ([Benson]), the representation

is unique as a direct sum of indecomposible components):

(a) ZG-free and rank 4 regular representation R4;

(b) Rank 1 repersentations A++, A+−,A−+ and A−−;

(c) Reduced representations.

We also calculate the 4-subspace system for each of them.
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3.2.1 4-Subspace System

Let G = 〈σ, τ〉 be the Klein 4-group, σ and τ be the two generators, and

M be a ZG-lattice. Similar to the 2-subspace system we discussed in the last

chapter, let

e++ = e1 =
1 + σ

2
· 1 + τ

2
, e+− = e2 =

1 + σ

2
· 1− τ

2
,

e−+ = e3 =
1− σ

2
· 1 + τ

2
, e−− = e4 =

1− σ
2
· 1− τ

2
,

e∗ = e1 + e2 + e3 + e4. (3.2.1)

Define the 4-subspace system (V ;V++, V+−, V−+, V−−) = (V ;V1, V2, V3, V4)

by

V = e∗M/M, Vi = (eiM +M)/M, for i=1, 2, 3, 4. (3.2.2)

3.2.2 Regular Representation R4

For Klein 4-group G = 〈σ, τ〉, let R4 be the regular representation, a free

Z-module of rank 4.

R4 = Z[G] = Z1 + Zσ + Zτ + Zστ (3.2.3)

So

eiR4 = eiZ, i = 1, 2, 3, 4. (3.2.4)
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Let M = R4, we have

M∗ =e∗M = e1M + e2M + e3M + e4M = e1Z+ e2Z+ e3Z+ e4Z

=
1 + σ + τ + στ

4
Z+

1 + σ − τ − στ
4

Z+
1− σ + τ − στ

4
Z+

1− σ − τ + στ

4
Z.

(3.2.5)

If we choose 1Z,σZ,τZ and στZ as a basis, M∗ can be written as

M∗ =
1

4


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 , (3.2.6)

and M = Id4×4. We can easily get (see the appendix for the detail compu-

tations)

V = M∗/M = Z/4Z⊕ Z/2Z⊕ Z/2Z. (3.2.7)

By the same basis, we can associate σ an operator Sσ as

Sσ =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , (3.2.8)

since Sσ ·1Z = σZ, Sσ ·σZ = 1Z, Sσ ·τZ = στZ, and Sσ ·στZ = τZ. Similarly,

we can associate τ an operator Sτ as

Sτ =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , (3.2.9)
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and associate στ an operator Sστ as

Sστ =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 . (3.2.10)

They satisfy S2
σ = S2

τ = S2
στ = Id and Sστ = SσSτ = SτSσ.

V1 =
e1M +M

M
=

(1 + σ + τ + στ)M + 4M

4M
= Z/4Z. (3.2.11)

(See the appendix for detail computations.)

Similarly,

Vi = Z/4Z, for i = 1, 2, 3, 4 (3.2.12)

So, we have

Theorem 3.2.1. For the regular representation R4,

(V ;V1, V2, V3, V4) = (Z/4Z⊕ (Z/2Z)2;Z/4Z,Z/4Z,Z/4Z,Z/4Z). (3.2.13)

Lemma 3.2.2. For the regular representation R4, Vi ∩ Vj ∼= Z/2Z, for 1 ≤

i < j ≤ 4.

Proof. See the appendix.

Lemma 3.2.3. For the regular representation R4, V1 ∩V2 ∩V3 ∩V4
∼= Z/2Z.

Proof. Direct conclusion by Lemma 3.2.2.
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3.2.3 Rank 1 Representations A++, A+−, A−+, and A−−

Let A++ be the rank 1 representation of G = 〈σ, τ〉 such that σ|A++ = 1

and τ |A++ = 1. Similar, we can define A+−, A−+, and A−−.

Theorem 3.2.4. For the representation A±±,

(V ;V1, V2, V3, V4) = (0; 0, 0, 0, 0). (3.2.14)

The proof of the above theorem is quite similar with the proof for 2-

subspace system for A± case (Theorem 2.5.16) in Chapter 1.

3.2.4 Reduced Representations

In this subsection, we state the classification of reduced integral represen-

tations of the Klein 4-group, the representations neither R4 nor A±±. They

don’t appear in the integral representations of the cyclic 2-group.

The problem of the classification of reduced integral representations is

equivalent to the classification of reduced 4-subspace systems, which was

known in late 1960s’. The classification is first done by L. A. Nazarova

[Nazarova67] then by M. C. R. Butler [Butler73]. Both of these appoaches is

based on the classification of the 4-subspace systems solved by Gel’fand and

Ponomarev [GelfandPonomarev70]

Here, we state the theorem of the classification of the 4-subspace systems
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following the paper of S. Brenner [Brenner74]. Let V be a finite dimensional

vector space over a field K, and (V1, V2, V3, V4) be an ordered set of subspaces

of V . Define the defect of (V ;Vi)1≤i≤4 by ρ(V ;Vi) =
∑

i dimVi− 2dimV . Let

π be a permutation of (1,2,3,4), V∗ = (V ;Vi) = (V ;V1, V2, V3, V4), We have

the following notations in the next theorem:

Q and X be the vector space over K of dimension m and 1;

µ1, µ2, µ3 are monomorphisms from X to V ;

ζ1, ζ2 are monomorphisam from Q to V ;

J is an indecomposable nilpotent endomorphism of Q;

c ∈ Hom(X,Q) satisfies that cX generates Q as a J-module;

b ∈ Hom(Q, V ) satisfies bkerJ = X;

ι is the identity permutation of (1, 2, 3, 4).

Theorem 3.2.5. Any indecomposable 4-subspace system is isomorphic to

one the 4-space in the following list up to permutation.

(1) ρ = 0, dimV = 2m ≥ 2, A a nonsingular indecomposable endomor-

phism of Q for which neither 0 nor 1 is an eigenvalue.

(V ;Vi) = (ζ1Q⊕ ζ2Q; ζ1Q, ζ2Q, (ζ1 + ζ2)Q, (ζ1 + ζ2A)Q),

Π = {ι, (12), (13), (14), (34)(13), (34)(14)}.

(2) ρ = 0, dimV = 2m ≥ 2.

(V ;Vi) = (ζ1Q⊕ ζ2Q; ζ1Q, ζ2Q, (ζ1 + ζ2)Q, (ζ1 + ζ2J)Q),
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Π = {ι, (12), (13), (24), (34), (12)(34)}.

(3) ρ = 0, dimV = 2m+ 1 ≥ 1.

(V ;Vi) = (ζ1Q⊕ ζ2Q⊕ µ3X; ζ1Q⊕ µ3X, ζ2Q⊕ µ3X, (ζ1 + ζ2)Q, (ζ1 + ζ2(J +

1) + µ3b)Q),

Π = {ι, (23), (24), (13), (14), (13)(24)}.

(4) ρ = −1, dimV = 2m+ 2 ≥ 2.

(V ;Vi) = (ζ1Q⊕ ζ2Q⊕ µ1X ⊕ µ2X; ζ1Q⊕ µ1X, ζ2Q⊕ µ2X, (ζ1 + ζ2)Q, (ζ1 +

ζ2J + µ2b)Q⊕ (µ1 + ζ2c)X), (for m = 0, ζ2c = µ2).

Π = {ι, (13), (23), (24), (34)}.

(5) ρ = 1, dimV = 2m ≥ 2.

(V ;Vi) = (ζ1Q⊕ ζ2Q; ζ1Q, ζ2Q, (ζ1 + ζ2)Q, (ζ1 + ζ2J)Q⊕ ζ2cX),

Π = {ι, (14), (24), (34)}.

(6) ρ = −1, dimV = 2m+ 1 ≥ 3 1.

(V ;Vi) = (ζ1Q⊕ ζ2Q⊕ µ1X; ζ1Q⊕ µ1X, ζ2Q, (ζ1 + ζ2)Q, (ζ1J + ζ2 + µ1b)Q),

Π = {ι, (12), (13), (14)}.

(7) ρ = 1, dimV = 2m+ 1 ≥ 1.

(V ;Vi) = (ζ1Q⊕ ζ2Q⊕ µ1X; ζ1Q⊕ µ1X, ζ2Q, (ζ1 + ζ2)Q⊕ µ1X, (ζ1J + ζ2J +

µ1b)Q⊕ ζ1cX), (for m = 0, ζ1c = µ1).

1In the Brenner’s original paper, dimV = 2m+1 ≥ 1. It is a typo since when dimV = 1,
(V ;Vi) = (V ;V, 0, 0, 0). It contradicts to V2 ∪ V3 ∪ V4 = V .
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Π = {ι, (12), (23), (24)}.

(8) ρ = −2, dimV = 2m+ 1 ≥ 1.

(V ;Vi) = (ζ1Q⊕ ζ2Q⊕ µ1X; ζ1Q, ζ2Q, (ζ1J + ζ2 + µ1b)Q, (ζ1 + ζ2J + µ1b)Q),

Π = {ι}.

(9) ρ = 2, dimV = 2m+ 1 ≥ 1.

(V ;Vi) = (ζ1Q ⊕ ζ2Q ⊕ µ1X; ζ1Q ⊕ µ1X, ζ2Q ⊕ µ1X, (ζ1J + ζ2 + µ1b)Q ⊕

ζ1cX, (ζ1 + ζ2J + µ1b)Q⊕ ζ2cX), (for m = 0, ζ1c = ζ2c = µ1).

Π = {ι}.

3.3 An Important Lemma: Relation Between

Integral Representations of the Klein 4-

Group and Intersections of J++, J+−, J−+,

J−−

In this section, we will prove an important lemma, relating the intersec-

tions of V++, V+−, V−+, V−− and the intersections of J++, J+−, J−+, J−−.

Lemma 3.3.1.

V++ ∩ V+− = J++ ∩ J+−, V++ ∩ V−+ = J++ ∩ J−+, V++ ∩ V−− = J++ ∩ J−−,

V+− ∩ V−+ = J+− ∩ J−+, V+− ∩ V−− = J+− ∩ J−−, V−+ ∩ V−− = J−+ ∩ J−−.
(3.3.1)

Proof. The proof of these six identities are similar. Here we just prove the
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first one. We can get the other five identities by simply changing the sub-

scripts.

Let X be an algebraic curve. Since J = JacX ∼= Cg/L, where L =

H1(X,Z) and g = dimJ =genus of X, we have Jtor ∼= L ⊗ Q/L, where Jtor

denote the torsion points of J . And we have the projection π : L ⊗ Q �

Jtor ⊆ J .

Let e++ := (1+σ)(1+τ)
4

and e+− := (1+σ)(1−τ)
4

. e2
++ = e++ and e++ is a

projection of: L⊗Q� A++ ⊗Q. We have similar formulas for e+−.

V++ = e++L+L
L

⊆ L⊗Q
L

= Jtor. Also, we have V++ = e++L+L
L

= (1+σ)(1+τ)(L/4)+L
L

⊆

J++. So we have V++ ⊆ Jtor ∩ J++ := (J++)tor. Similarly, we have V+− ⊆

(J+−)tor. Hence we have V++ ∩ V+− ⊆ J++ ∩ J+−.

On the other direction, we need to prove V++ ∩ V+− ⊇ J++ ∩ J+−

We define L++ := {v ∈ L|σv = τv = v} and L+− := {v ∈ L|σv = v, τv =

−v}, J̃++ := {v ∈ L ⊗ Q|πv ∈ J++ ⊆ J} and J̃+− := {v ∈ L ⊗ Q|πv ∈

J+− ⊆ J}. It is easy to see that J̃++/L = (J++)tor and J̃+−/L = (J+−)tor.

If v ∈ J̃++, we have σπv = πv and τπv = πv, it follows σv = v + L

and τv = v + L. As a result, we have J̃++ = L++ ⊗ Q + L. We can get

J̃+− = L+− ⊗Q+ L similarly.

Let α ∈ J++ ∩ J+−. We can always lift α to α̃ ∈ J̃++ ∩ J̃+−, such that

α̃ ∈ L++ ⊗Q and α̃ ∈ L+− ⊗Q+ L by carefully choosing the representative
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of α̃ in L⊗Q.

So we can write

α̃ = α̃′ + w (3.3.2)

where α̃ ∈ L++ ⊗Q, α̃′ ∈ L+− ⊗Q and w ∈ L. And, L++ ⊗Q ∩ L+− ⊗Q =

0 ∈ L⊗Q.

We have e++α̃ = α̃ since α̃ ∈ L++ ⊗ Q, and e++α̃
′ = 0 since α̃′ ∈

L+−⊗Q, then we have α̃ = e++w. It implies α ∈ e++L+L
L

. Similarly we have

α̃′ = e++(−w), and α ∈ e+−L+L
L

. So we have V++ ∩ V+− ⊇ J++ ∩ J+−.

From this lemma, we know that the integral representations of G = 〈σ, τ〉

determine the intersections of J±±. To determine the remainder interse-

tions, our hope lies on understanding the integral representations appear in

L = H1(X,Z). Not all integral representations will appear in L = H1(X,Z),

just like not all integral representations of cyclic 2-group will appear in

L = H1(X,Z) when we discuss the problem of intersection J+ ∩ J−, as

Remark 2.4.12 states. In fact, we will use the fact in Remark 2.4.12 on the

integral representations of cyclic 2-group in L = H1(X,Z) on the problem of

intersection J+∩J− to determine the integral representations of the Klein 4-

group appears in L = H1(X,Z) on the problem of intersection of J±±’s. The

bridge is that the restriction of integral representation of the Klein 4-group
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appears in L to its cyclic 2-subgroup is the the integral representations of

cyclic 2-subgroup appear in L. In the next section and the appendix at the

end of this chapter, we will give the explicit computation of restriction of

integral representations.

3.4 Reduction of Integral Representation of

the Klein 4-Group 〈σ, τ〉 to Integral Rep-

resentation of Group 〈σ〉, 〈τ〉 and 〈στ〉

The Lemma 3.3.1 shows that, if we know the structure of 4-subspace

system (V ;V1, V2, V3, V4) associate to L = H1(X,Z), we know all the inter-

sections of J++, J+−, J−+ and J−−. And, the structure of 4-subspace systems

is equivalent to integral representations of Klein 4-group (the only exception

is the rank 1 representation A±± has no contribution to 4-subspace system

(V ;V1, V2, V3, V4)). In the remainder part of this chapter, will determine the

irreducible integral sub-representations of Klein 4-group G = 〈σ, τ〉 appear-

ing in L = H1(X,Z). Not all integral representations listed in Section 3.2

can appear in L. An direct result is the integral representations of Klein

4-group 〈σ, τ〉 restrict to integral representation of group 〈σ〉, 〈τ〉 and 〈στ〉

should satisfy Theorem 2.4.10. In this section, we will repeatedly using this

theorem to rule out some representations not appearing in L.
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All the lemmas we discussed in this section are technical. We are not

discussing reduction of all possible integral representations of Klein 4-group.

We only discuss the results we will use in next three sections.

3.4.1 The Regular Representation R4

Lemma 3.4.1. For the regular representations R4 of G = 〈σ, τ〉, we have

the following identities when they are restricted to their cylic 2-subgroups 〈σ〉,

〈τ〉 and 〈στ〉:

R4|〈σ〉 = R2
2; R4|〈τ〉 = R2

2; R4|〈στ〉 = R2
2. (3.4.1)

Proof. From the definition of the regular representation, R4 = 1Z ⊕ σZ ⊕

τZ⊕στZ = 1Z⊕σZ⊕1(τZ)⊕σ(τZ), and σR4 = σZ⊕1Z⊕σ(τZ)⊕1(τZ) =(
0 1
1 0

)
(σZ⊕ 1Z)⊕

(
0 1
1 0

)
(1(τZ)⊕σ(τZ)), which imply R4|〈σ〉 = R2

2 since

σR2 =

(
0 1
1 0

)
R2.

Similarly, we can prove R4|〈τ〉 = R2
2 and R4|〈στ〉 = R2

2.

3.4.2 Rank 1 Representations A++, A+−, A−+ and A−−

From the definition of A++, A+−, A−+ and A−−, we can easily get the

following lemma:

Lemma 3.4.2. For the rank 1 integral representations A++, A+−, A−+ and

A−− of G = 〈σ, τ〉, we have the following identities when they are restricted
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to their cylic 2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

A++|〈σ〉 = A+, A++|〈τ〉 = A+, A++|〈στ〉 = A+; (3.4.2)

A+−|〈σ〉 = A+, A+−|〈τ〉 = A−, A+−|〈στ〉 = A−; (3.4.3)

A−+|〈σ〉 = A−, A−+|〈τ〉 = A+, A−+|〈στ〉 = A−; (3.4.4)

A−−|〈σ〉 = A−, A−−|〈τ〉 = A−, A−−|〈στ〉 = A+. (3.4.5)

Corollary 3.4.3. A++ and A−− do not appear in L in all three cases.

Proof. Since στ always has fixed points as we assumed, L|〈στ〉 does not have

A+ by Theorem 2.4.10. As subrepresentations of L, both A++ and A−− will

contribute A+ when they are restrict on the subgroup 〈στ〉, so they cannot

appear in L in all cases.

Corollary 3.4.4. A−+ do not appear in L in Case I and Case III.

Proof. For Case I, L|〈τ〉 do not have A+ by Theorem 2.4.10. But A−+|〈τ〉 =

A+. So, A−+ do not appear in L in Case I.

For Case III, L|〈σ〉 do not have A− by Theorem 2.4.10. But A−+|〈σ〉 = A−.

So, A−+ do not appear in L in Case III.

Corollary 3.4.5. A+− do not appear in L in all three cases.

Proof. For Case I and Case II, L|〈σ〉 do not have A+ by Theorem 2.4.10. But

A+−|〈σ〉 = A+. So, A+− do not appear in L in Case I.



CHAPTER 3. THE CASE OF TWO COMMUTING INVOLUTIONS 78

For Case III, L|〈τ〉 do not have A− by Theorem 2.4.10. But A+−|〈τ〉 = A−.

So, A+− do not appear in L in Case III.

3.4.3 Some Reduced Representations

We will discuss some reduced representations we will meet in the next

three sections. The proves rely on the concrete computation, we just give

the results in this subsection and leave the proves to the appendix in this

chapter.

We need some notations: Type (3) with dimV = 1: Considering the

permutation, we use the following notation:

M12 := (Z/2Z;Z/2Z,Z/2Z, 0, 0); M13 := (Z/2Z;Z/2Z, 0,Z/2Z, 0); (3.4.6)

M14 := (Z/2Z;Z/2Z, 0, 0,Z/2Z); M23 := (Z/2Z; 0,Z/2Z,Z/2Z, 0); (3.4.7)

M24 := (Z/2Z; 0,Z/2Z, 0,Z/2Z); M34 := (Z/2Z; 0, 0,Z/2Z,Z/2Z). (3.4.8)

Lemma 3.4.6. For the regular representations of Type (3) with dimV = 1

Mij where 1 ≤ i < j ≤ 4 of G = 〈σ, τ〉, we have the following identities when
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they are restricted to their cyclic 2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

M12|〈σ〉 = A2
+, M12|〈τ〉 = R2, M12|〈στ〉 = R2; (3.4.9)

M13|〈σ〉 = R2, M13|〈τ〉 = A2
+, M13|〈στ〉 = R2; (3.4.10)

M14|〈σ〉 = R2, M14|〈τ〉 = R2, M14|〈στ〉 = A2
+; (3.4.11)

M23|〈σ〉 = R2, M23|〈τ〉 = −R2, M23|〈στ〉 = A2
−; (3.4.12)

M24|〈σ〉 = R2, M24|〈τ〉 = A2
−, M24|〈στ〉 = −R2; (3.4.13)

M34|〈σ〉 = A2
−, M34|〈τ〉 = R2, M34|〈στ〉 = −R2. (3.4.14)

Lemma 3.4.7. For the reduced representation of Type (9) with dimV = 1,

denoted by M1234, of G = 〈σ, τ〉, we have the following identity when it is

restricted to its cyclic 2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

M1234|〈σ〉 = R2 ⊕ A+ ⊕ A−. (3.4.15)

Corollary 3.4.8. The reduced representation with Type (9) with dimV = 1

does not appear in L.

Proof. As we find in last lemma, A+ and A− appear at the same time when

we restrict the reduced representation of Type (9) with dimV = 1 M1234

to subgroup 〈σ〉, which is contradict to Remark 3.2.3. So, M1234 does not

appear.
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Type (4) with dimV = 2: Considering the permutation, we use the fol-

lowing notation:

M123 := ((Z/2Z)2;Z/2Z,Z/2Z,Z/2Z, 0); (3.4.16)

M124 := ((Z/2Z)2;Z/2Z,Z/2Z, 0,Z/2Z); (3.4.17)

M134 := ((Z/2Z)2;Z/2Z, 0,Z/2Z,Z/2Z); (3.4.18)

M234 := ((Z/2Z)2; 0,Z/2Z,Z/2Z,Z/2Z). (3.4.19)

And, Type (7) with dimV = 1: Considering the permutation, we use the

following notation:

M̄123 := (Z/2Z;Z/2Z,Z/2Z,Z/2Z, 0); (3.4.20)

M̄124 := (Z/2Z;Z/2Z,Z/2Z, 0,Z/2Z); (3.4.21)

M̄134 := (Z/2Z;Z/2Z, 0,Z/2Z,Z/2Z); (3.4.22)

M̄234 := (Z/2Z; 0,Z/2Z,Z/2Z,Z/2Z). (3.4.23)

Lemma 3.4.9. For the reduced representation of Type (4) with dimV = 2,

denoted by M123, M124, M134 and M234 of G = 〈σ, τ〉, we have the following
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identity when it is restricted to its cyclic 2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

M123|〈σ〉 = A+ ⊕R2, M123|〈τ〉 = A+ ⊕R2, M123|〈στ〉 = A− ⊕R2; (3.4.24)

M124|〈σ〉 = A+ ⊕R2, M124|〈τ〉 = A− ⊕R2, M124|〈στ〉 = A+ ⊕R2; (3.4.25)

M134|〈σ〉 = A− ⊕R2, M134|〈τ〉 = A+ ⊕R2, M134|〈στ〉 = A+ ⊕R2; (3.4.26)

M234|〈σ〉 = A− ⊕R2, M234|〈τ〉 = A− ⊕R2, M234|〈στ〉 = A− ⊕R2. (3.4.27)

Lemma 3.4.10. For the reduced representation of Type (7) with dimV = 1,

denoted by M̄123, M̄124, M̄134 and M̄234 of G = 〈σ, τ〉, we have the following

identity when it is restricted to its cyclic 2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

M̄123|〈σ〉 = A+ ⊕R2, M̄123|〈τ〉 = A+ ⊕R2, M̄123|〈στ〉 = A− ⊕R2; (3.4.28)

M̄124|〈σ〉 = A+ ⊕R2, M̄124|〈τ〉 = A− ⊕R2, M̄124|〈στ〉 = A+ ⊕R2; (3.4.29)

M̄134|〈σ〉 = A− ⊕R2, M̄134|〈τ〉 = A+ ⊕R2, M̄134|〈στ〉 = A+ ⊕R2; (3.4.30)

M̄234|〈σ〉 = A− ⊕R2, M̄234|〈τ〉 = A− ⊕R2, M̄234|〈στ〉 = A− ⊕R2. (3.4.31)
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3.5 Intersections of J++, J+−, J−+ and J−−:

Case I

For Case I, each of σ, τ and στ has fixed points on X, by Theorem 3.1.2

and Corollary 3.1.3,

g++ ≤ g+−, g−+, g−−; (3.5.1)

J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] ∼= (Z/2Z)2g++ ; (3.5.2)

J++ ∩ J+− ∩ J−+ ∩ J−− = J++[2] ∼= (Z/2Z)2g++ . (3.5.3)

By the Lemma 3.3.1, we can reformulate (3.5.2) and (3.5.3) above to

V++ ∩ V+− = V++ ∩ V−+ = V++ ∩ V−− ∼= (Z/2Z)2g++ ; (3.5.4)

V++ ∩ V+− ∩ V−+ ∩ V−− ∼= (Z/2Z)2g++ . (3.5.5)

By (3.5.4) and (3.5.5), combining the knowledge of integral representa-

tions and 4-subspace systems in Section 3.2, we can almost determine the

representations appearing in L, from which we can derive the other intersec-

tions.

Lemma 3.5.1. In Case I, only the regular representation R4 contributes to

V++ ∩ V+− ∩ V−+ ∩ V−−.

Proof. Since there is no rank 1 representations L±±’s in Case I (Corol-

lary 3.4.3, Corollary 3.4.4 and Corollary 3.4.5), we only need to exclude
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the reduced presentations.

After carefully investigating Theorem 3.2.5, we find the only possible

reduced representation with non-zero contribution of V++∩V+−∩V−+∩V−−

is the reduced representation of Type (9) in the list with dimV = 1. But, we

had excluded it in Corollary 3.4.8.

Since every regular representation, associated with V(R4) = (V ;V1, V2, V3, V4) =

(Z/4Z⊕ (Z/2Z)2;Z/4Z,Z/4Z,Z/4Z,Z/4Z) (See (3.2.14)), with intersection

V1∩V2∩V3∩V4 = Z/2Z (See (3.2.3)), contribute an intersection of the form

J++∩J+−∩J−+∩J−− ∼= (Z/2Z) by Lemma 3.3.1, we introduce the following

notation:

V(L) = (V ;V1, V2, V3, V4) = V(R4)2g++ ⊕ Ṽ(L),

Ṽ(L) = (Ṽ ; Ṽ1, Ṽ2, Ṽ3, Ṽ4); Vi = (Z/4Z)2g++ ⊕ Ṽi (3.5.6)

Lemma 3.5.2. In Case I, V1
∼= (Z/4Z)2g++, and Ṽ1 = 0.

Proof. By definition (See 3.2.2), V1 = e1L+L
L

, where e1 = (1+σ)
2

(1+τ)
2

, we

have rankZ(1 + σ)(1 + τ)L = dimJ++ = 2g++, hence the cardinality of V1,

CardV1 = Card e1L+L
L
≤ Card e1L

L
= Card(Z/4Z)2g++ = 42g++ . We also have

V1 = (Z/4Z)2g++ ⊕ Ṽ1, so we have Ṽ1 = 0 and V1 = (Z/4Z)2g++ .

Now we need to further investigate the structure of Ṽ(L) = (Ṽ ; 0, Ṽ2, Ṽ3, Ṽ4).

Since Ṽ1 = 0, Ṽ(L) comes from reduced representations. Also using the fact
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of Ṽ1 = 0, we can derive that only limited representations in list of Theo-

rem 3.2.5 contribute to Ṽ(L):

Lemma 3.5.3. In Case I, only the following Type of the reduced represen-

tations in Theorem 3.2.5 can possibly contribute to L:

a. Type (3) with dimV = 1: M23 = (Z/2Z; 0,Z/2Z,Z/2Z, 0), M24 =

(Z/2Z; 0,Z/2Z, 0,Z/2Z), and M34 = (Z/2Z; 0, 0,Z/2Z,Z/2Z);

b. Type (4) with dimV = 2: M234 = ((Z/2Z)2; 0,Z/2Z,Z/2Z,Z/2Z);

c. Type (7) with dimV = 1: M̄234 = (Z/2Z; 0,Z/2Z,Z/2Z,Z/2Z).

Theorem 3.5.4. In Case I, if only Type (3) reduced representations appears

in L,

L ∼= R
2g++

4 ⊕M v(στ)/2−1
23 ⊕M v(τ)/2−1

24 ⊕M v(σ)/2−1
34 (3.5.7)

where v(∗) is the number of fixed points in X under the involution ∗.

Proof. By the assumption, we have

L ∼= R
2g++

4 ⊕M r23
23 ⊕M r24

24 ⊕M r34
34 , (3.5.8)

and we will determine the multiples r23, r24, and r34 in the rest of the proof.
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By Lemma 3.4.1 and Lemma 3.4.6, we have

L|〈σ〉 = R
4g+++r23+r24
2 ⊕ A2r34

− ; (3.5.9)

L|〈τ〉 = R
4g+++r23+r34
2 ⊕ A2r24

− ; (3.5.10)

L|〈στ〉 = R
4g+++r24+r34
2 ⊕ A2r23

− . (3.5.11)

while all involutions have fixed points on X, from Theorem 2.4.10, we have

L|〈σ〉 = R
2g+,σ
2 ⊕ A2g−,σ−2g+,σ

− = R
2g+,σ
2 ⊕ Av(σ)−2

− ; (3.5.12)

L|〈τ〉 = R
2g+,τ
2 ⊕ A2g−,τ−2g+,τ

− = R
2g+,τ
2 ⊕ Av(τ)−2

− ; (3.5.13)

L|〈στ〉 = R
2g+,στ
2 ⊕ A2g−,στ−2g+,στ

− = R
2g+,στ
2 ⊕ Av(στ)−2

− . (3.5.14)

where v(∗) is the number of fixed points on X under involution ∗, and the

last equality of each equation comes from Riemann-Hurwitz formula.

Comparing the two sets of identities, we have:

r23 = g−,στ − g+,στ = v(στ)/2− 1 = g+− + g−+ − g−− − g++; (3.5.15)

r24 = g−,τ − g+,τ = v(τ)/2− 1 = g+− + g−− − g−+ − g++; (3.5.16)

r34 = g−,σ − g+,σ = v(σ)/2− 1 = g−+ + g−− − g+− − g++. (3.5.17)

So, we have

L ∼= R
2g++

4 ⊕M v(στ)/2−1
23 ⊕M v(τ)/2−1

24 ⊕M v(σ)/2−1
34 . (3.5.18)
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Write in terms of 4-subspace system, we have

V(L) = V(R4)2g++ ⊕ Ṽ(L); (3.5.19)

Ṽ(L) = ((Z)g−4g++ ; 0, (Z/2Z)2g+−−2g++ , (Z/2Z)2g−+−2g++ , (Z/2Z)2g−−−2g++).
(3.5.20)

Remark 3.5.5. In Theorem 3.5.4, we add a restriction that only Type (3)

reduced representation appears in L. We can release this restriction to a

weaker condition: the defect of the 4-subspace system ρ = 0, which implies

that if one of Type (4) (M234) or Type (7) (M̄234) representation appears,

the other one also appears. What’s more, their multiple should be the same,

otherwise the total defect is non-zero (Type (3) has defect 0).

Lemma 3.5.6. M23 ⊕ M24 ⊕ M34 and M234 ⊕ M̄234 contribute the same

intersections of J+− ∩ J−+, J+− ∩ J−− and J−+ ∩ J−−. Or, equivalently, we

cannot distinguish M23 ⊕M24 ⊕M34 and M234 ⊕ M̄234 by the information of

J+− ∩ J−+, J+− ∩ J−− and J−+ ∩ J−−.

Proof. From Theorem 3.2.5, we can find both M23 ⊕M24 ⊕M34 and M234 ⊕

M̄234 contribute the intersections of V+− ∩ V−+ = V+− ∩ V−− = V−+ ∩ V−− =

Z/2Z. By Theorem 3.3.1, it implies both two Type contribute J+− ∩ J−+ =

J+− ∩ J−− = J−+ ∩ J−− = Z/2Z.

Remark 3.5.7. Under the assumption the defect ρ = 0, from Lemma 3.5.7, if

we are only interested in 2-intersections such asJ+−∩J−+, we can equivalently
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think the ”only” reduced representation appears in L is the Type (3) reduced

representation in Theorem 3.2.5. More precisely, in our case, are the reduced

representations M23, M24 and M34.

To distinguish Type (4) and Type (7) from Type (3), or M234⊕M̄234 from

M23 ⊕M24 ⊕M34, we need to investigate 3-intersection J+− ∩ J−+ ∩ J−−.

So, we can restate Theorem 3.5.4 as following by changing to a weaker

restriction:

Theorem 3.5.8. In Case I, if the reduced representations appears in L has

a total defect 0, then

L ∼= R
2g++

4 ⊕M v(στ)/2−1
23 ⊕M v(τ)/2−1

24 ⊕M v(σ)/2−1
34 (3.5.21)

where v(∗) is the number of fixed points in X under the involution ∗.

Finally, we have the theorem of intersections for Case I under a techinque

assumption:

Theorem 3.5.9. Let X be any algebraic curve, and σ and τ are commut-

ing involutions, assuming σ, τ and στ have fixed points, and assuming that

the reduced subrepresentations L = H1(X,Z) of Klein 4-group G = 〈σ, τ〉

has a total defect 0 for the corresponding 4-subspace system (or, equivalently

2dimṼ =
∑4

i=1 dimṼi in the 4-subspace system), then we have:
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J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼=

(Z/2Z)2g++,

J+− ∩ J−+
∼= (Z/2Z)2g+++v(στ)/2−1, J+− ∩ J−− ∼= (Z/2Z)2g+++v(τ)/2−1, and

J−+ ∩ J−− ∼= (Z/2Z)2g+++v(σ)/2−1.

where v(∗) is the number of the fixed points in X under the involution ∗.

Proof. By Theorem 3.5.8, the facts that,

a. each regular representation R4 contributes a J++ ∩ J+− = J++ ∩ J−+ =

J++ ∩ J−− = J++[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼= (Z/2Z), and

b. each M23 contributes an intersection J+− ∩ J−+, each M24 contributes an

intersection J+− ∩ J−−, and each M34 contributes an intersection J−+ ∩ J−−,

we can easily get.

Remark 3.5.10. The computation in Chapter 3 shows that the intersections

in Theorem 3.5.9 hold, which suggests the defect condition is hold.
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3.6 Intersections of J++, J+−, J−+ and J−−:

Case II

For case II, all σ and στ have fixed points on X, but τ have not, from

Theorem 3.1.4 and Corollary 3.1.5 we know that

g++ ≤ g+−, g−+, g−−; (3.6.1)

J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] ∼= (Z/2Z)2g++ ; (3.6.2)

J++ ∩ J+− ∩ J−+ ∩ J−− = J++[2] ∼= (Z/2Z)2g++ . (3.6.3)

By the Lemma 3.3.1, we can reformulate the identities (3.6.2) and (3.6.3)

to

V++ ∩ V+− = V++ ∩ V−+ = V++ ∩ V−− ∼= (Z/2Z)2g++ ; (3.6.4)

V++ ∩ V+− ∩ V−+ ∩ V−− ∼= (Z/2Z)2g++ . (3.6.5)

By the identities (3.6.4), (3.6.5), and combining the knowledge of rep-

resentations and 4-subspace systems in Section 3.2, we can determine the

representations appearing in L, from which we can derive the other intersec-

tions.

Similar to the Case I, after rule out other integral representations, we can

write the integral representation as:

L ∼= R
2g++

4 ⊕ Aa−+ ⊕M
r23
23 ⊕M r24

24 ⊕M r34
34 ⊕M r234

234 ⊕ M̄ r̄234
234
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The exclusion of the other possible representations are exactly the same

as we do in Case I, except that we cannot exclude rank 1 representation A−+

in Case II.

Lemma 3.6.1. In Case II, M234 and M̄234 do not appear.

Proof. By Lemma 3.4.9, A− appears in M234|〈τ〉 and M̄234|〈τ〉. But, in Case II,

τ has no fixed points on X, L|〈τ〉 do not has the component A− (see Remark

2.4.12 (c)). So, M234 and M̄234 do not appear in Case II.

Finally, we have

L ∼= R
2g++

4 ⊕ Aa−+ ⊕M
r23
23 ⊕M r24

24 ⊕M r34
34

We can determine all the coefficients in formula above:

Theorem 3.6.2. In Case II, we have

L ∼= R
2g++

4 ⊕ A2
−+ ⊕M

v(στ)/2−2
23 ⊕M v(σ)/2−2

34 (3.6.6)

where v(∗) is the number of fixed points on X under the involution ∗.

Proof. By Lemmas 3.4.1, 3.4.2 and 3.4.6, we have

L|〈σ〉 = R
4g+++r23+r24
2 ⊕ Aa+2r34

− ; (3.6.7)

L|〈τ〉 = R
4g+++r23+r34
2 ⊕ A2r24

− ⊕ Aa+; (3.6.8)

L|〈στ〉 = R
4g+++r24+r34
2 ⊕ Aa+2r23

− . (3.6.9)
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σ and στ have but τ do not have fixed points on X, from Theorem 2.4.10,

we have

L|〈σ〉 = R
2g+,σ
2 ⊕ A2g−,σ−2g+,σ

− = R
2g+,σ
2 ⊕ Av(σ)−2

− ; (3.6.10)

L|〈τ〉 = R
2g−,τ
2 ⊕ A2g+,τ−2g−,τ

+ = R
2g+,τ
2 ⊕ A2

+; (3.6.11)

L|〈στ〉 = R
2g+,στ
2 ⊕ A2g−,στ−2g+,στ

− = R
2g+,στ
2 ⊕ Av(στ)−2

− . (3.6.12)

where v(∗) is the number of fixed points on X under the involution ∗, and

the last equality in each identity comes from Riemann-Hurwitz formula.

Comparing the two sets of identities, we have:

a = 2; (3.6.13)

r23 = g−,στ − g+,στ − 1 = v(στ)/2− 2 = g+− + g−+ − g−− − g++ − 1;
(3.6.14)

r24 = 0; (3.6.15)

r34 = g−,σ − g+,σ − 1 = v(σ)/2− 2 = g−+ + g−− − g+− − g++ − 1. (3.6.16)

As a result, we have

L ∼= R
2g++

4 ⊕ A2
−+ ⊕M

v(στ)/2−2
23 ⊕M v(σ)/2−2

34 (3.6.17)

Finally, we have the theorem of intersections for Case II:
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Theorem 3.6.3. Let X be any algebraic curve, and σ and τ are commuting

involutions, assuming σ and στ have but τ does not have fixed points, then

we have:

J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼=

(Z/2Z)2g++,

J+−∩J−+
∼= (Z/2Z)2g+++v(στ)/2−2, J+−∩J−− ∼= (Z/2Z)2g++, and J−+∩J−− ∼=

(Z/2Z)2g+++v(σ)/2−2.

where v(∗) is the number of fixed points on X under the involution ∗.

Proof. By Theorem 3.5.4, and the facts that,

a. each regular representation R4 contributes a J++ ∩ J+− = J++ ∩ J−+ =

J++ ∩ J−− = J++[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼= (Z/2Z), and

b. each M23 contributes an intersection J+− ∩ J−+, each M24 contributes an

intersection J+− ∩ J−−, and each M34 contributes an intersection J−+ ∩ J−−;

c. A−+ has no contribution to intersections,

we can easily get the results.
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3.7 Intersections of J++, J+−, J−+ and J−−:

Case III

For case III, all σ and τ have no but στ have fixed points on X, from

Theorem 3.1.6 and Corollary 3.1.7 we know that

g−− ≤ g++, g+−, g−+; (3.7.1)

J−− ∩ J++ = J−− ∩ J−+ = J++ ∩ J−+ = J−−[2] ∼= (Z/2Z)2g−− ; (3.7.2)

J++ ∩ J+− ∩ J−+ ∩ J−− = J−−[2] ∼= (Z/2Z)2g−− . (3.7.3)

By the Lemma 3.3.1, we can reformulate the identities (3.7.2) and (3.7.3)

to

V++ ∩ V+− = V++ ∩ V−+ = V++ ∩ V−− ∼= (Z/2Z)2g−− ; (3.7.4)

V++ ∩ V+− ∩ V−+ ∩ V−− ∼= (Z/2Z)2g−− . (3.7.5)

By the identities (3.7.4) and (3.7.5), and combining the knowledge of

representations and 4-subspace systems in Section 3.2, we can determine the

representations appearing in L, from which we can derive the other intersec-

tions.

Lemma 3.7.1. In Case III, only the regular representation contribute to

V++ ∩ V+− ∩ V−+ ∩ V−−.
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Proof. Since there is no rank 1 representations in Case III, we only need to ex-

clude the reduced presentations. After carefully investigating Theorem 3.2.5,

we find the only possible reduced representation with non-zero contribution

of V++ ∩ V+− ∩ V−+ ∩ V−− is the reduced representation of Type (9) in the

list with dimV = 1. But, we had excluded it in Corollary 3.4.8.

Since every regular representation, associated with V(R4) = (V ;V1, V2, V3, V4) =

(Z/4Z ⊕ (Z/2Z)2;Z/4Z,Z/4Z,Z/4Z,Z/4Z) (See 3.2.14), with intersection

V1 ∩ V2 ∩ V3 ∩ V4 = Z/2Z (See 3.2.3), contribute a intersections of the form

J++ ∩ J+− ∩ J−+ ∩ J−− ∼= (Z/2Z) by Lemma 3.3.1, we have

V(L) = (V ;V1, V2, V3, V4) = V(R4)2g−− ⊕ Ṽ(L)

Ṽ(L) = (Ṽ ; Ṽ1, Ṽ2, Ṽ3, Ṽ4);

Vi = (Z/4Z)2g−− ⊕ Ṽi

Lemma 3.7.2. In Case III, V4
∼= (Z/4Z)2g−−, and Ṽ4 = 0.

Proof. By definition (See 3.2.2), V4 = e4L+L
L

, where e4 = (1−σ)
2

(1−τ)
2

, we

have rankZ(1 − σ)(1 − τ)L = dimJ−− = 2g−−, hence the cardinality of V4,

CardV4 = Card e4L+L
L
≤ Card e4L

L
= Card(Z/4Z)2g−− = 42g−− . We also have

V4 = (Z/4Z)2g−− ⊕ Ṽ4, so we have Ṽ4 = 0 and V4 = (Z/4Z)2g−− .

Now we need to further investigate the structure of Ṽ(L) = (Ṽ ; Ṽ1, Ṽ2, Ṽ3, 0).
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Since Ṽ4 = 0, Ṽ(L) comes from reduced representations. Also using the fact

of Ṽ4 = 0, we can derive that only limited representations in list of Theo-

rem 3.2.5 contribute to Ṽ(L):

Lemma 3.7.3. In Case III, only the following Type in Theorem 3.2.5 can

possibly contribute the reduced part of representation of L:

a. Type (3) with dimV = 1: M12, M13, and M23;

b. Type (4) with dimV = 2: M123;

c. Type (7) with dimV = 1: M̄123.

So, we can write:

L ∼= R
2g−−
4 ⊕M r12

12 ⊕M r13
13 ⊕M r23

23 ⊕M r123
123 ⊕ M̄ r̄123

123 . (3.7.6)

Theorem 3.7.4. In Case III, if only Type (3) reduced representations appear

in L, then

L ∼= R
2g−−
4 ⊕M12 ⊕M13 ⊕M v(στ)/2−1

23 (3.7.7)

where v(∗) is the number of fixed points on X under the involution ∗.

Proof. By assumption, we can write L ∼= R
2g−−
4 ⊕M r12

12 ⊕M r13
13 ⊕M r23

23 . By
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Lemmas 3.4.1 and 3.4.6, we have

L|〈σ〉 = R
4g−−+r13+r23
2 ⊕ A2r12

+ ; (3.7.8)

L|〈τ〉 = R
4g−−+r12+r23
2 ⊕ A2r13

+ ; (3.7.9)

L|〈στ〉 = R
4g−−+r12+r13
2 ⊕ A2r23

− . (3.7.10)

while σ and τ have no but στ has fixed points on X, from Theorem 2.4.10,

we have

L|〈σ〉 = R
2g−,σ
2 ⊕ A2g+,σ−2g−,σ

+ = R
2g−,σ
2 ⊕ A2

+; (3.7.11)

L|〈τ〉 = R
2g−,τ
2 ⊕ A2g+,τ−2g−,τ

+ = R
2g−,τ
2 ⊕ A2

+; (3.7.12)

L|〈στ〉 = R
2g+,στ
2 ⊕ A2g−,στ−2g+,στ

− = R
2g+,στ
2 ⊕ Av(στ)−2

− . (3.7.13)

where v(∗) is the number of fixed points on X under the involution ∗, and

the last equality of each identity comes from Riemann-Hurwitz formula.

Comparing the two sets of equations, we have:

r12 = 1; r13 = 1; r23 = v(στ)/2− 1. (3.7.14)

As a result, we have

L ∼= R
2g−−
4 ⊕M12 ⊕M13 ⊕M v(στ)/2−1

23 (3.7.15)
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Lemma 3.7.5. In Case III, if Type (4) (M123) or Type (7) (M̄123), appears

in L, then:

L ∼= R
2g−−
4 ⊕M v(στ)/2−2

23 ⊕M r123
123 ⊕ M̄ r̄123

123 , (3.7.16)

where v(στ) is the number of the fixed points on X of under the involution

στ and r123 + r̄123 = 2.

Proof. By (3.7.6), we have L ∼= R
2g−−
4 ⊕M r12

12 ⊕M r13
13 ⊕M r23

23 ⊕M r123
123 ⊕M̄ r̄123

123 .

Since X has no fixed point under involution σ and τ , L|〈σ〉 = L|〈τ〉 =

A2
+ (Remark 2.4.12). Let’s consider the restriction of each components.

M123|〈σ〉 = M̄123|〈τ〉 = A+ ⊕ R4, who contribute odd multiples of A+. How-

ever, M12|〈σ〉 = M13|〈τ〉 = A2
+, M13|〈σ〉 = M12|〈τ〉 = M23|〈σ〉 = M23|〈τ〉 = R2:

all of them contribute multiples of A+. So r123 + r̄123 = 2 and r12 = r13 = 0.

We can further get the multiple r23 = v(στ)/2−2 by comparing the multiple

of R2 in M123|〈στ〉, M̄123|〈στ〉, M23|〈στ〉 and L|〈στ〉.

Finally, we have the theorem of intersections for Case III:

Theorem 3.7.6. Let X be any algebraic curve, and σ and τ are commuting

involutions, assuming σ and τ have no fixed points but στ on X, and assum-

ing the total defect of reduced representation is 0, i.e., either

a. only contains Type (3), or
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b. both contain Type (4) and Type (7) reduced representation,

then we have:

J++ ∩ J−− = J+− ∩ J−− = J−+ ∩ J−− = J−−[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼=

(Z/2Z)2g−−,

J++ ∩ J+− ∼= (Z/2Z)2g−−+1, J++ ∩ J−+
∼= (Z/2Z)2g−−+1,

and

J+− ∩ J−+
∼= (Z/2Z)2g−−+v(στ)/2−1.

where v(στ) is the number fixed points on X under the involution στ .

Proof. If L contains Type (4) and Type (7) representation, by Lemma 3.7.5,

they both have the multiplicity one. For M123⊕ M̄123, the 2-intersections are

exact the same as M12 ⊕M13 ⊕M23. (See the discussion in Case I.) Hence,

we only need to discuss the case L only contains Type (3) representations.

By Theorem 3.7.4, and the facts that,

a. each regular representation R4 contributes a J++ ∩ J−− = J+− ∩ J−− =

J−+ ∩ J−− = J−−[2] = J++ ∩ J+− ∩ J−+ ∩ J−− ∼= (Z/2Z), and

b. each M12 contributes an intersection J++ ∩ J+−, each M13 contributes an

intersection J++ ∩ J−+, and each M23 contributes an intersection J+− ∩ J−+,

we can get our results.

Remark 3.7.7. The computations in Chapter 3 shows the intersection of
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J±± satisfies the conclusion of Theorem 3.7.6, which suggests the assumption

of the theorem is true.

.1 Appendix: Some Computation for Regu-

lar Represnetations

Lemma .1.1. (Lemma 3.2.1) For regular representation R4, the 4-subspace

system

(V ;V1, V2, V3, V4) = (Z/4Z⊕ (Z/2Z)2;Z/4Z,Z/4Z,Z/4Z,Z/4Z). (.1.1)

Proof. By ( 3.2.6), we know

M∗ =
1

4


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 , (.1.2)

and M = Id4×4. So V = M∗/M = Z/4Z ⊕ (Z/2Z)2. We can easily get this

result by direct computation, or using MAGMA to calculate it:

M_star := LatticeWithBasis(4, [1,1,1,1, 1,-1,1,-1, 1,1,-1,-1, 1,-1,-1,1]);

M:=4*StandardLattice(4);

quo<M_star|M>

For Vi, we can also calculate using MAGMA. For example, we calculate

V1. V1 = (e1M + M)/M = ((1 + σ + τ + στ)M + 4M)/4M . We can write
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(1 +σ+ τ +στ)M by the matrix Id4×4 +Sσ +Sτ +Sστ . By ( 3.2.8), ( 3.2.9),

and ( 3.2.10), we have

Id4×4 + Sσ + Sτ + Sστ =


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 (.1.3)

So, (1 + σ + τ + στ)M is generated by (1, 1, 1, 1). Using MAGMA code:

M_1 := LatticeWithBasis(4, [1,1,1,1]);

M:=4*StandardLattice(4);

V_1:=quo<M_1+M|M>;

V_1;

We get V1 = Z/4Z.

For V2, (1 +σ− τ −στ)M is generated by (1, 1,−1,−1). Using MAGMA

code:

M_2 := LatticeWithBasis(4, [1,1,-1,-1]);

M:=4*StandardLattice(4);

V_2:=quo<M_2+M|M>;

V_2;

We get V2 = Z/4Z.

For V3, (1−σ+ τ −στ)M is generated by (1,−1, 1,−1). Using MAGMA

code:
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M_3 := LatticeWithBasis(4, [1,-1,1,-1]);

M:=4*StandardLattice(4);

V_3:=quo<M_3+M|M>;

V_3;

We get V3 = Z/4Z.

For V4, (1−σ− τ +στ)M is generated by (1,−1,−1, 1). Using MAGMA

code:

M_4 := LatticeWithBasis(4, [1,-1,-1,1]);

M:=4*StandardLattice(4);

V_4:=quo<M_4+M|M>;

V_4;

We get V4 = Z/4Z. Similarly, we have Vi = Z/4Z, for i = 1, 2, 3, 4

Lemma .1.2. (Lemma 3.2.2) For the regular representation R4, Vi ∩ Vj ∼=

Z/2Z, for 1 ≤ i < j ≤ 4.

Proof. We can calculate all the intersections Vi ∩ Vj , 1 ≤ i < j ≤ 4, by

MAGMA:

M_12:=(M_1+M) meet (M_2+M);

V_12:=quo<M_12+M|M>;
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V_12;

M_13:=(M_1+M) meet (M_3+M);

V_13:=quo<M_13+M|M>;

V_13;

M_14:=(M_1+M) meet (M_4+M);

V_14:=quo<M_14+M|M>;

V_14;

M_23:=(M_2+M) meet (M_3+M);

V_23:=quo<M_23+M|M>;

V_23;

M_24:=(M_2+M) meet (M_4+M);

V_24:=quo<M_24+M|M>;

V_24;

M_34:=(M_3+M) meet (M_4+M);

V_34:=quo<M_34+M|M>;

V_34;

We get Vi ∩ Vj ∼= Z/2Z, for 1 ≤ i < j ≤ 4.
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.2 Appendix: Reduction of Some Represen-

tations

In this appendix, we will do some computation for reduction of reduced

integral representation of Klein 4-group to integral representation of its cyclic

2-subgroup. The computation depends on the explicit construction of 4-

subspace system corresponding reduced integral representation of Klein 4-

group. By the construction of the 4-subspace system (also see [Butler73]),

we have

0→M → e∗M
π−→ V → 0 (.2.1)

where M is the Z-free ZG-module, G = 〈σ, τ〉, e∗M = e1M + e2M + e3M +

e4M , e1 = e++ = 1+σ
2

1+τ
2

, e2 = e+− = 1+σ
2

1−τ
2

, e3 = e−+ = 1−σ
2

1+τ
2

, e4 =

e−− = 1−σ
2

1−τ
2

, and Vi = (eiM +M)/M .

Lemma .2.1. (Lemma 3.4.6)

For the regular representations of Type (3) with dimV = 1 Mij where 1 ≤ i <

j ≤ 4 of G = 〈σ, τ〉, we have the following identities when they are restricted
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to their cyclic 2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

M12|〈σ〉 = A2
+, M12|〈τ〉 = R2, M12|〈στ〉 = R2; (.2.2)

M13|〈σ〉 = R2, M13|〈τ〉 = A2
+, M13|〈στ〉 = R2; (.2.3)

M14|〈σ〉 = R2, M14|〈τ〉 = R2, M14|〈στ〉 = A2
+; (.2.4)

M23|〈σ〉 = R2, M23|〈τ〉 = −R2, M23|〈στ〉 = A2
−; (.2.5)

M24|〈σ〉 = R2, M24|〈τ〉 = A2
−, M24|〈στ〉 = −R2; (.2.6)

M34|〈σ〉 = A2
−, M34|〈τ〉 = R2, M34|〈στ〉 = −R2. (.2.7)

Proof. We only need to prove one case, say M23, for example. In our notation

M23 means the 4-subspace system of type of type (3) in the List 3.2.5 with

dimV = 1. It has the form (V ;V1, V2, V3, V4) = (Z/2Z; 0,Z/2Z,Z/2Z, 0).

For the exact sequence .2.1 in our case, V = Z/2Z, V2 = V3 = Z/2Z,

and V1 = V4 = 0. So we know that e1M ⊆ M and e2M ⊆ M . We write

M+− = e+−M +M , M−+ = e−+M +M and e∗M = M+− ⊕M−+.

0→M →M+− ⊕M−+
π−→ V → 0

(a, b) 7→ a+ b

and we have π(a, b) = a + b by theorem 3.2.5, so M = kerπ = {(a, b)|a ≡ b(

mod 2)}. Let v1 = (1, 1), v2 = (1,−1) be a basis of M ,

For σ, we have σv1 = (1,−1) = v2, and σv2 = (1, 1) = v1. So σ acts on M
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as matrix multiplication from the left by

(
0 1
1 0

)
, which means M23|〈σ〉 = R2.

For τ , we have τv1 = (−1, 1) = −v2, and τv2 = (−1,−1) = −v1. So

τ acts on M as matrix multiplication from the left by

(
0 −1
−1 0

)
, which

means M23|〈τ〉 = −R2.

For στ , we have στv1 = (−1,−1) = −v1, and στv2 = (−1, 1) = −v2. So

στ acts on M as matrix multiplication from the left by

(
−1 0
0 −1

)
, which

means M23|〈τ〉 = A2
−.

So we have M23|〈σ〉 = R2, M23|〈τ〉 = −R2, M23|〈στ〉 = A2
−.

Similarly, we can get other reduction of this type of representation.

Lemma .2.2. (Lemma 3.4.7)

For the reduced representation of Type (9) with dimV = 1, denoted by M1234,

of G = 〈σ, τ〉, we have the following identity when it is restricted to its cyclic

2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

M1234|〈σ〉 = R2 ⊕ A+ ⊕ A−. (.2.8)

Proof. In our notation M1234 means the 4-subspace system of type of type

(9) in the List 3.2.5 with dimV = 1. It has the form (V ;V1, V2, V3, V4) =

(Z/2Z;Z/2Z,Z/2Z,Z/2Z,Z/2Z).

For the exact sequence .2.1 in our case, V = Z/2Z, V1 = V2 = V3 =

V4 = Z/2Z. So we know that eiM ⊆ M for i = 1, 2, 3, 4. We write M++ =
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e++M + M M+− = e+−M + M , M−+ = e−+M + M , M−− = e−−M + M ,

and e∗M = M+− ⊕M+− ⊕M−+ ⊕M−−.

0→M →M+− ⊕M+− ⊕M−+ ⊕M−−
π−→ V → 0

(a, b, c, d) 7→ a+ b+ c+ d

and we have π(a, b, c, d) = a + b + c + d by Theorem 3.2.5, so M = kerπ =

{(a, b, c, d)|a+b+c+d ≡ 0( mod 2)}. Let v1 = (1, 0, 1, 0), v2 = (1, 0,−1, 0),

v3 = (1, 1, 0, 0), v4 = (0, 0, 1, 1) be a basis of M ,

For σ, we have σv1 = (1, 0,−1, 0) = v2, σv2 = (1, 0, 1, 0) = v1, σv3 =

(1, 1, 0, 0) = v3, σv4 = (0, 0,−1,−1) = −v4. So σ acts on M as matrix

multiplication from the left by


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 −1

, which means M1234|〈σ〉 =

R2 ⊕ A+ ⊕ A−.

Lemma .2.3. (Lemma 3.4.9)

For the reduced representation of Type (4) with dimV = 2, denoted by M123,

M124, M134 and M234 of G = 〈σ, τ〉, we have the following identity when it is
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restricted to its cyclic 2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

M123|〈σ〉 = A+ ⊕R2, M123|〈τ〉 = A+ ⊕R2, M123|〈στ〉 = A− ⊕R2; (.2.9)

M124|〈σ〉 = A+ ⊕R2, M124|〈τ〉 = A− ⊕R2, M124|〈στ〉 = A+ ⊕R2; (.2.10)

M134|〈σ〉 = A− ⊕R2, M134|〈τ〉 = A+ ⊕R2, M134|〈στ〉 = A+ ⊕R2; (.2.11)

M234|〈σ〉 = A− ⊕R2, M234|〈τ〉 = A− ⊕R2, M234|〈στ〉 = A− ⊕R2. (.2.12)

Proof. We only need to prove one case, sayM123, for example. In our notation

M123 means the 4-subspace system of type of type (4) in the List 3.2.5 with

dimV = 2. It has the form (V ;V1, V2, V3, V4) = ((Z/2Z)2;Z/2Z,Z/2Z,Z/2Z, 0).

For the exact sequence .2.1 in our case, V = (Z/2Z)2, V1 = V2 = V3 =

Z/2Z, and V4 = 0. So we know that eiM ⊆ M for i = 1, 2, 3. We write

M++ = e++M + M , M+− = e+−M + M , M−+ = e−+M + M , and e∗M =

M++ ⊕M+− ⊕M−+.

0→M →M++ ⊕M+− ⊕M−+
π−→ V → 0

(a, b, c) 7→ (a+ b, b+ c)

and we have π(a, b, c) = (a + b, b + c) by Theorem 3.2.5, so M = kerπ =

{(a, b, c)|a+ b ≡ b+ c ≡ 0( mod 2)}.

For σ, we choose v1 = (1, 1, 0), v2 = (0, 1, 1), and v3 = (0,−1, 1) be

a basis of M . we have σv1 = (1, 1, 0) = v1, σv2 = (0,−1, 1) = v3, and
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σv3 = (0, 1, 1) = v2. So σ acts on M as matrix multiplication from the left

by

1 0 0
0 0 1
0 1 0

, which means M123|〈σ〉 = A+ ⊕R2.

For τ , we choose u1 = (1, 0, 1), u2 = (1, 1, 0), and u3 = (1,−1, 0) be

a basis of M . we have τu1 = (1, 0, 1) = u2, τu2 = (1,−1, 0) = u3, and

τu3 = (1, 1, 0) = u2. So τ acts on M as matrix multiplication from the left

by

1 0 0
0 0 1
0 1 0

, which means M123|〈τ〉 = A+ ⊕R2.

For στ , we choose w1 = (1, 1, 0), w2 = (1,−1, 0), and w3 = (0, 1, 1) be

a basis of M . we have στw1 = (1,−1, 0) = w2, στw2 = (1, 1, 0) = w1, and

στw3 = (0,−1,−1) = −w3. So στ acts on M as matrix multiplication from

the left by

0 1 0
1 0 0
0 0 −1

, which means M123|〈στ〉 = R2 ⊕ A−.

So we have M123|〈σ〉 = A+⊕R2, M123|〈τ〉 = A+⊕R2, M123|〈στ〉 = A−⊕R2.

Similarly, we can get other reduction of this type of representation by

permutations of the index.

Lemma .2.4. (Lemma 3.4.10)

For the reduced representation of Type (7) with dimV = 1, denoted by M̄123,

M̄124, M̄134 and M̄234 of G = 〈σ, τ〉, we have the following identity when it is
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restricted to its cyclic 2-subgroups 〈σ〉, 〈τ〉 and 〈στ〉:

M̄123|〈σ〉 = A+ ⊕R2, M̄123|〈τ〉 = A+ ⊕R2, M̄123|〈στ〉 = A− ⊕R2; (.2.13)

M̄124|〈σ〉 = A+ ⊕R2, M̄124|〈τ〉 = A− ⊕R2, M̄124|〈στ〉 = A+ ⊕R2; (.2.14)

M̄134|〈σ〉 = A− ⊕R2, M̄134|〈τ〉 = A+ ⊕R2, M̄134|〈στ〉 = A+ ⊕R2; (.2.15)

M̄234|〈σ〉 = A− ⊕R2, M̄234|〈τ〉 = A− ⊕R2, M̄234|〈στ〉 = A− ⊕R2. (.2.16)

Proof. We only need to prove one case, say M̄123, for example. In our notation

M̄123 means the 4-subspace system of type of type (7) in the List 3.2.5 with

dimV = 1. It has the form (V ;V1, V2, V3, V4) = (Z/2Z;Z/2Z,Z/2Z,Z/2Z, 0).

For the exact sequence .2.1 in our case, V = Z/2Z, V1 = V2 = V3 =

Z/2Z, and V4 = 0. So we know that eiM ⊆ M for i = 1, 2, 3. We write

M++ = e++M + M , M+− = e+−M + M , M−+ = e−+M + M , and e∗M =

M++ ⊕M+− ⊕M−+.

0→M →M++ ⊕M+− ⊕M−+
π−→ V → 0

(a, b, c) 7→ a+ b+ c

and we have π(a, b, c) = a + b + c by Theorem 3.2.5, so M = kerπ =

{(a, b, c)|a+ b+ c ≡ 0( mod 2)}.

For σ, we choose v1 = (1, 0, 1), v2 = (1, 0,−1), and v3 = (1, 1, 0) be

a basis of M . we have σv1 = (1, 0,−1) = v2, σv2 = (1, 0, 1) = v1, and
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σv3 = (1, 1, 0) = v3. So σ acts on M as matrix multiplication from the left

by

0 1 0
1 0 0
0 0 1

, which means M̄123|〈σ〉 = R2 ⊕ A+.

For τ , we choose u1 = (1, 1, 0), u2 = (1,−1, 0), and u3 = (1, 0, 1) be

a basis of M . we have τu1 = (1,−1, 0) = u2, τu2 = (1, 1, 0) = u1, and

τu3 = (1, 0, 1) = u3. So τ acts on M as matrix multiplication from the left

by

0 1 0
1 0 0
0 0 1

, which means M̄123|〈τ〉 = R2 ⊕ A+.

For στ , we choose w1 = (1, 1, 0), w2 = (1,−1, 0), and w3 = (0, 1, 1) be

a basis of M . we have στw1 = (1,−1, 0) = w2, στw2 = (1, 1, 0) = w1, and

στw3 = (0,−1,−1) = −w3. So στ acts on M as matrix multiplication from

the left by

0 1 0
1 0 0
0 0 −1

, which means M̄123|〈στ〉 = R2 ⊕ A−.

So we have M̄123|〈σ〉 = R2⊕A+, M̄123|〈τ〉 = R2⊕A+, M̄123|〈στ〉 = R2⊕A−.

Similarly, we can get other reduction of this type of representation by

permutations of the index.



Chapter 4

Computational Aspect

In this chapter, we will do some computation which is my starting point

leading to the results in the first two chapters. In this chapter, we will

consider the case of modular curve under Atkin-Lehner involutions. In this

case, we can compute explicitly using modular symbols. Some mathemati-

cal program package, such as MAGMA, Sage, can help us to compute this

problems.

Let X = X0(N) where N is a square free integer, and N = st, (s, t) = 1.

ws, wt and wN are Atkin-Lehner involutions. And, we will omit the subscript

if it will not cause confusion.

111
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4.1 Computation of One Involution Case

By Proposition 2.3, we can compute J+ ∩ J− explicitly.

J+ ∩ J− ∼=
L

L+ + L−
,

where L = H1(X,Z) and L± = {v ∈ L|wL = ±L}.

4.1.1 MAGMA code

a. MAGMA code for compute J+ ∩ J− when involution is wN .

N:=37; //imput an integer N

J:=JZero(N); // J=J_0(N)

L:=StandardLattice(2*Dimension(J));

M:=MatrixAlgebra(Integers(),2*Dimension(J));

id:=M!1;

wN:=M!Matrix(AtkinLehnerOperator(J,N));

L_N_plus:=Lattice(Kernel(id-wN));

L_N_minus:=Lattice(Kernel(id+wN));

L_N_plus_minus:=L_N_plus + L_N_minus;

G_N_plus_minus:=quo<L|L_N_plus_minus>;

Dimension(L_N_plus); //dim A_+ =2g_+
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Dimension(L_N_minus); //dim A_- =2g_-

G_N_plus_minus; //$J_+ \cap J_-$

b. MAGMA code for compute J+ ∩ J− when involution is ws, s||N .

s:=5; t:=41; //input s and t

N:=s*t; // N=st

J:=JZero(N); // J=J_0(N)

L:=StandardLattice(2*Dimension(J));

M:=MatrixAlgebra(Integers(),2*Dimension(J));

id:=M!1;

ws:=M!Matrix(AtkinLehnerOperator(J,s)); //w_s

wt:=M!Matrix(AtkinLehnerOperator(J,t)); //w_t

wN:=M!Matrix(AtkinLehnerOperator(J,N)); //w_N

L_s_plus:=Lattice(Kernel(id-ws)); //L_{+,s}

L_s_minus:=Lattice(Kernel(id+ws));

L_s_plus_minus:=L_s_plus + L_s_minus;

G_s_plus_minus:=quo<L|L_s_plus_minus>;

L_t_plus:=Lattice(Kernel(id-wt));

L_t_minus:=Lattice(Kernel(id+wt));
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L_t_plus_minus:=L_t_plus + L_t_minus;

G_t_plus_minus:=quo<L|L_t_plus_minus>;

L_N_plus:=Lattice(Kernel(id-wN));

L_N_minus:=Lattice(Kernel(id+wN));

L_N_plus_minus:=L_N_plus + L_N_minus;

G_N_plus_minus:=quo<L|L_N_plus_minus>;

Dimension(L_s_plus); // dim L_{+,s}=2g_{+,s}

Dimension(L_s_minus); // dim L_{-,s}=2g_{-,s}

Dimension(L_t_plus); // dim L_{+,t}=2g_{+,t}

Dimension(L_t_minus); // dim L_{-,t}=2g_{-,t}

Dimension(L_N_plus); // dim L_{+,st}=2g_{+,st}

Dimension(L_N_minus); // dim L_{-,st}=2g_{-,st}

G_s_plus_minus; // $J_{+,s}\cap J_{-,s}$

G_t_plus_minus; // $J_{+,t}\cap J_{-,t}$

G_N_plus_minus; // $J_{+,st}\cap J_{-,st}$
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4.1.2 Results

Example 4.1.1.

N = 37, 2g+ = 2, 2g− = 2, J+ ∩ J− ∼= Z2.

N = 61, 2g+ = 2, 2g− = 6, J+ ∩ J− ∼= Z2.

N = 1093, 2g+ = 86, 2g− = 941, J+ ∩ J− ∼= Z86.

N = 74, 2g+ = 4, 2g− = 12, J+ ∩ J− ∼= Z4.

N = 77, 2g+ = 4, 2g− = 10, J+ ∩ J− ∼= Z4.

N = 221, 2g+ = 12, 2g− = 16, J+ ∩ J− ∼= Z12.

From Example 4.1.1, we can get the following conjecture:

Conjecture 4.1.2. For J0(N), let J± = (1± wN)J , then

J+ ∩ J− ∼= Z2g+ where g+ = dimJ+, which implies J+ ∩ J− = J+[2].

The Conjecture 4.1.2 is proved as Corollary 2.3.3 in the first chapter as a

special case of a more general theorem, [Theorem 2.4.5]. Here wN always has

fixed points as a consequence of Ogg and Kenku’s theorem in Section 2.3.

More general, we can compute J+ ∩ J− when involution is ws for s||N .

From Ogg and Kenku’s theorem in Section 2.3, we know that if N = st,

where s and t are prime, we can find that ws has fixed points iff (−s
t

) = 1,
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and ws has fixed points iff (−s
t

) = −1. In MAGMA, we can use

LegendreSymbol(-s, t) //substitute the value of s and t

to value the Legendre symbol (−s
t

).

Example 4.1.3.

N =5 · 41, s = 5, t = 41, all of ws, wt, wst have fixed points,

2g+,s = 18, 2g−,s = 20, J+,s ∩ J−,s = (Z/2Z)18;

2g+,t = 12, 2g−,t = 26, J+,t ∩ J−,t = (Z/2Z)12;

2g+,st = 16, 2g−,st = 22, J+,st ∩ J−,st = (Z/2Z)16.

N =23 · 3, s = 23, t = 3, ws and wst have fixed points but wt do not has,

2g+,s = 2, 2g−,s = 12, J+,s ∩ J−,s = (Z/2Z)2;

2g+,t = 8, 2g−,t = 6, J+,t ∩ J−,t = (Z/2Z)6;

2g+,st = 4, 2g−,st = 10, J+,st ∩ J−,st = (Z/2Z)4.

N =5 · 37, s = 5, t = 37, wst has fixed points but ws and wt do not have,

2g+,s = 18, 2g−,s = 16, J+,s ∩ J−,s = (Z/2Z)16;

2g+,t = 18, 2g−,t = 16, J+,t ∩ J−,t = (Z/2Z)16;

2g+,st = 10, 2g−,st = 24, J+,st ∩ J−,st = (Z/2Z)10.



CHAPTER 4. COMPUTATIONAL ASPECT 117

From Example 4.1.3, we can get the following conjecture:

Conjecture 4.1.4. For J0(N), let J± = (1± ws)J , where s||N , then

a. if ws has fixed points, J+ ∩ J− ∼= Z2g+ where g+ = dimJ+, which implies

J+ ∩ J− = J+[2];

b. if ws has no fixed points, J+∩J− ∼= Z2g− where g− = dimJ−, which implies

J+ ∩ J− = J−[2].

We finally prove this conjecture by prove a more general case. In Theo-

rem 2.0.6, we prove not only for modular curves X0(N) with Atkin-Lehner

involutions, but for all algebraic curve with all involutions.

4.2 Computation of Two Involution Case

In this section we will continue to compute the intersections of J±± for

modular curves with Atkin-Lehner involutions. For two involution case, we

have

4 J±±s: J++, J+−, J−+ and J−−,

6 intersections: J++ ∩ J+−, J++ ∩ J−+, J++ ∩ J−−, J+− ∩ J−+, J+− ∩ J−−,

J−+ ∩ J++.

And, we need to discuss the problem with 3 different cases:

Case I. both ws and wt have fixed points;
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Case II. one of ws and wt, say ws has fixed points;

Case III. both ws and wt have no fixed points.

For computation of the intersections, we use the similar formulas as we

do in the one involution case. For example,

J++ ∩ J+− ∼=
L+,s

L++ + L+−

where L++ = L+,s ∩ L+,t, and L+− = L+,s ∩ L−,t.

We also need to compute the 4-subspace system (V ;V1, V2, V3, V4). And

compare the intersections and the 4-subspace system to get our conjectures

for the two involutions case.

e1 =
1 + σ

2
· 1 + τ

2
, e2 =

1 + σ

2
· 1− τ

2
,

e3 =
1− σ

2
· 1 + τ

2
, e4 =

1− σ
2
· 1− τ

2
,

e∗ = e1 + e2 + e3 + e4.

V = e∗L/L,

Vi = (eiL+ L)/L, for i=1, 2, 3, 4

where L = H1(X0(N),Z).

4.2.1 MAGMA codes

a. MAGMA code for intersections.



CHAPTER 4. COMPUTATIONAL ASPECT 119

s:=23;t:=29; //we need to input different s and q each time.

J:=JZero(s*t); //J:=$J_0(st)$ where s=23 and t=29

L:=StandardLattice(2*Dimension(J)); //L:=H_1(X_0(st),\mathbb{Z})

M:=MatrixAlgebra(Integers(),2*Dimension(J));

id:=M!1;

ws:=M!Matrix(AtkinLehnerOperator(J,s));

wt:=M!Matrix(AtkinLehnerOperator(J,t));

wst:=M!Matrix(AtkinLehnerOperator(J,s*t));

L_s_plus:=Lattice(Kernel(id-ws));

L_s_minus:=Lattice(Kernel(id+ws));

L_s_plus_minus:=L_s_plus + L_s_minus;

G_s_plus_minus:=quo<L|L_s_plus_minus>;

L_t_plus:=Lattice(Kernel(id-wt));

L_t_minus:=Lattice(Kernel(id+wt));

L_t_plus_minus:=L_t_plus + L_t_minus;

G_t_plus_minus:=quo<L|L_t_plus_minus>;

L_st_plus:=Lattice(Kernel(id-wst));

L_st_minus:=Lattice(Kernel(id+wst));

L_st_plus_minus:=L_st_plus + L_st_minus;

G_st_plus_minus:=quo<L|L_st_plus_minus>;
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L_s_plus_t_plus:=L_s_plus meet L_t_plus;

L_s_plus_t_minus:=L_s_plus meet L_t_minus;

L_plusplus_plusminus:=L_s_plus_t_plus+L_s_plus_t_minus;

G_plusplus_plusminus:=quo<L_s_plus|L_plusplus_plusminus>;

L_s_minus_t_plus:=L_s_minus meet L_t_plus;

L_s_minus_t_minus:=L_s_minus meet L_t_minus;

L_plusplus_minusminus:=L_s_plus_t_plus + L_s_minus_t_minus;

G_plusplus_minusminus:=quo<L_st_plus|L_plusplus_minusminus>;

L_plusminus_minusminus:=L_s_plus_t_minus + L_s_minus_t_minus;

G_plusminus_minusminus:=quo<L_t_minus|L_plusminus_minusminus>;

L_plusminus_minusplus:=L_s_plus_t_minus + L_s_minus_t_plus;

G_plusminus_minusplus:=quo<L_st_minus|L_plusminus_minusplus>;

L_plusplus_minusplus:=L_s_plus_t_plus + L_s_minus_t_plus;

G_plusplus_minusplus:=quo<L_t_plus|L_plusplus_minusplus>;

L_minusplus_minusminus:=L_s_minus_t_plus + L_s_minus_t_minus;

G_minusplus_minusminus:=quo<L_s_minus|L_minusplus_minusminus>;

Dimension(L_s_plus_t_plus);

Dimension(L_s_plus_t_minus);

Dimension(L_s_minus_t_plus);



CHAPTER 4. COMPUTATIONAL ASPECT 121

Dimension(L_s_minus_t_minus);

G_plusplus_plusminus;

G_plusplus_minusplus;

G_plusplus_minusminus;

G_plusminus_minusplus;

G_plusminus_minusminus;

G_minusplus_minusminus;

b. MAGMA code for computation of 4-subspace system.

s:=23;t:=29; //we need to input different s and q each time.

J:=JZero(s*t); //J:=$J_0(st)$ where s=23 and t=29

L:=StandardLattice(2*Dimension(J)); //L:=H_1(X_0(st),\mathbb{Z})

M:=MatrixAlgebra(Integers(),2*Dimension(J));

id:=M!1;

ws:=M!Matrix(AtkinLehnerOperator(J,s));

wt:=M!Matrix(AtkinLehnerOperator(J,t));

wst:=M!Matrix(AtkinLehnerOperator(J,s*t));

e1:=1+ws+wt+wst;
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e2:=1+ws-wt-wst;

e3:=1-ws+wt-wst;

e4:=1-ws-wt+wst;

M:=StandardLattice(2*Dimension(J));

V1:=quo<(e1*M+4*M)|4*M>;V1;

V2:=quo<(e2*M+4*M)|4*M>;V2;

V3:=quo<(e3*M+4*M)|4*M>;V3;

V4:=quo<(e4*M+4*M)|4*M>;V4;

V:=quo<(e1*M+e2*M+e3*M+e4*M)|4*M>;V

We can use the formulas in Section 2.3, or using the Riemann-Hurwitz

formula to compute the numbers of the fixed points of Atkin-Lehner involu-

tions on modular curves X0(N). The Riemann-Hurwitz formula for our case

is:

v(ws) = 2g−,s − 2g+,s + 2 = 2g−+ + 2g−− − 2g++ − 2g+− + 2;

v(wt) = 2g−,t − 2g+,t + 2 = 2g+− + 2g−− − 2g++ − 2g−+ + 2;

v(wst) = 2g−,st − 2g+,st + 2 = 2g+− + 2g−+ − 2g++ − 2g−− + 2.

4.2.2 Results for Case I

Case I: both ws and wt have fixed points.
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Example 4.2.1.

N = 13 · 29, s = 13, t = 27.

2g++ = 10, 2g+− = 22, 2g−+ = 18, 2g−− = 16,

v(s) = 4, v(t) = 12, v(st) = 16.

J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = (Z/2Z)10, 2g++ = 10;

J+− ∩ J−+ = (Z/2Z)17, 2g++ + v(st)/2− 1 = 17;

J+− ∩ J−− = (Z/2Z)15, 2g++ + v(t)/2− 1 = 15;

J−+ ∩ J−− = (Z/2Z)11, 2g++ + v(s)/2− 1 = 11.

(V ;V1, V2, V3, V4)

= ((Z/4Z)10 ⊕ (Z/2Z)33;

(Z/4Z)10, (Z/4Z)10 ⊕ (Z/2Z)12, (Z/4Z)10 ⊕ (Z/2Z)8, (Z/4Z)10 ⊕ (Z/2Z)6)

= R10
4 ⊕ ((Z/2Z)13; 0, (Z/2Z)12, (Z/2Z)8, (Z/2Z)6)

= R10
4 ⊕M7

23 ⊕M5
24 ⊕M1

34.

g − 4g++ = 13, 2g+− − 2g++ = 12, 2g−+ − 2g++ = 8, 2g−− − 2g++ = 6;

v(st)/2− 1 = 7, v(t)/2− 1 = 5, v(s)/2− 1 = 1.

From the Example 4.2.1 and other computations which are not listed

above, we can conclude:

Conjecture 4.2.2. In Case I, all of the involutions ws, wt and wst have
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fixed points.

For intersections, we have:

a. J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− ∼= (Z/2Z)2g++, which implies

J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] and

J++ ∩ J+− ∩ J−+ ∩ J−− = J++[2];

b. J+− ∩ J−+
∼= (Z/2Z)2g+++v(st)/2−1,

J+− ∩ J−− ∼= (Z/2Z)2g+++v(t)/2−1,

J−+ ∩ J−− ∼= (Z/2Z)2g+++v(s)/2−1.

For 4-subspace systems, we have:

V = R
2g++

4 ⊕ Ṽ,

where Ṽ = ((Z/2Z)g−4g++ ; 0, (Z/2Z)2g+−−2g++ , (Z/2Z)2g−+−2g++ , (Z/2Z)2g−−−2g++)

= M
v(st)/2−1
23 ⊕M v(t)/2−1

24 ⊕M v(s)/2−1
34 ;

and ρ(Ṽ) := 2dimṼ − 2
∑4

i=1 dimṼi = 0.

4.2.3 Results for Case II

Case II: one of ws and wt, say ws has fixed points.



CHAPTER 4. COMPUTATIONAL ASPECT 125

Example 4.2.3.

N = 43 · 47, s = 43, t = 47.

2g++ = 70, 2g+− = 102, 2g−+ = 106, 2g−− = 72,

v(s) = 8, v(t) = 0, v(st) = 68.

J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = (Z/2Z)70, 2g++ = 70;

J+− ∩ J−+ = (Z/2Z)102, 2g++ + v(st)/2− 2 = 102;

J+− ∩ J−− = (Z/2Z)70, 2g++ = 70;

J−+ ∩ J−− = (Z/2Z)72, 2g++ + v(s)/2− 2 = 72.

(V ;V1, V2, V3, V4)

= ((Z/4Z)70 ⊕ (Z/2Z)174;

(Z/4Z)70, (Z/4Z)70 ⊕ (Z/2Z)32, (Z/4Z)70 ⊕ (Z/2Z)34, (Z/4Z)70 ⊕ (Z/2Z)2)

= R70
4 ⊕ ((Z/2Z)34; 0, (Z/2Z)32, (Z/2Z)34, (Z/2Z)2)

= R70
4 ⊕M32

23 ⊕M2
34.

g − 4g++ − 1 = 34, 2g+− − 2g++ = 32, 2g−+ − 2g++ − 2 = 34, 2g−− − 2g++ = 2;

v(st)/2− 2 = 32, v(s)/2− 2 = 2.

From the Example 4.2.3 and other computations which are not listed

above, we can conclude:

Conjecture 4.2.4. In Case II, all but wt have fixed points.
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For intersections, we have:

a. J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− ∼= (Z/2Z)2g++, which implies

J++ ∩ J+− = J++ ∩ J−+ = J++ ∩ J−− = J++[2] and

J++ ∩ J+− ∩ J−+ ∩ J−− = J++[2];

b. J+− ∩ J−+
∼= (Z/2Z)2g+++v(st)/2−2,

J+− ∩ J−− ∼= (Z/2Z)2g++,

J−+ ∩ J−− ∼= (Z/2Z)2g+++v(s)/2−2.

For 4-subspace systems, we have:

V = R
2g++

4 ⊕ Ṽ,

where Ṽ = ((Z/2Z)g−4g++ ; 0, (Z/2Z)2g+−−2g++ , (Z/2Z)2g−+−2g++−2, (Z/2Z)2)

= M
v(st)/2−2
23 ⊕M v(s)/2−2

34 ;

and ρ(Ṽ) := 2dimṼ − 2
∑4

i=1 dimṼi = 0.

4.2.4 Results for Case III

Case III. both ws and wt has no fixed points.
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Example 4.2.5.

N = 5 · 77, s = 5, t = 77.

2g++ = 22, 2g+− = 24, 2g−+ = 24, 2g−− = 20,

v(s) = 0, v(t) = 0, v(st) = 8.

J−− ∩ J++ = J−− ∩ J+− = J−− ∩ J−+ = (Z/2Z)20, 2g−− = 20;

J++ ∩ J+− = (Z/2Z)21, 2g−− + 1 = 21;

J++ ∩ J−+ = (Z/2Z)21, 2g−− + 1 = 21;

J+− ∩ J−+ = (Z/2Z)23, 2g−− + v(st)/2− 1 = 23.

(V ;V1, V2, V3, V4)

= ((Z/4Z)20 ⊕ (Z/2Z)45;

(Z/4Z)20 ⊕ (Z/2Z)2, (Z/4Z)20 ⊕ (Z/2Z)4, (Z/4Z)20 ⊕ (Z/2Z)4, (Z/4Z)20)

= R20
4 ⊕ ((Z/2Z)5; (Z/2Z)2, (Z/2Z)4, (Z/2Z)4, 0)

= R20
4 ⊕M12 ⊕M13 ⊕M3

23.

g − 4g−− = 5, 2g++ − 2g−− = 2, 2g+− − 2g−− = 2g−+ − 2g−− = 4;

v(st)/2− 1 = 3.

From the Example 4.2.5 and other computations which are not listed

above, we can conclude:

Conjecture 4.2.6. In Case III, ws and wt have no but wst have fixed points.
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For intersections, we have:

a. J−− ∩ J++ = J−− ∩ J+− = J−− ∩ J−+
∼= (Z/2Z)2g−−, which implies

J−− ∩ J++ = J−− ∩ J+− = J−− ∩ J−+ = J−−[2] and

J++ ∩ J+− ∩ J−+ ∩ J−− = J−−[2];

b. J++ ∩ J+− ∼= (Z/2Z)2g−−+1,

J++ ∩ J−+
∼= (Z/2Z)2g−−+1,

J+− ∩ J−+
∼= (Z/2Z)2g−−+v(st)/2−1.

For 4-subspace systems, we have:

V = R
2g−−
4 ⊕ Ṽ,

where Ṽ = ((Z/2Z)g−4g−− ; (Z/2Z)2g++−2g−− , (Z/2Z)2g+−−2g−− , (Z/2Z)2g−+−2g−− , 0)

= M12 ⊕M13 ⊕M v(st)/2−1
23 ;

and ρ(Ṽ) := 2dimṼ − 2
∑4

i=1 dimṼi = 0.
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