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Abstract

Involutions in Arithmetic Geometry
by
Anbo Chen

Advisor: Professor Bruce Jordan

We first study the integral representation L of G' = (o), where o is an
involution. When L = H;(X,Z) for some algebraic curve X, we determine
the structure L completely by the the intersection of J, and J_, where J,. are
the subvarieties of the Jabocian J of X. Then, we study the structure of L =
H,(X,Z) as the integral representation of Klein 4 group G = (o, 7), where
o and 7 are two commuting involutions. Computations are also included in

our work.
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Chapter 1

Introduction

Let N > 1 be a square-free integer and Jy(IV),g be the Jacobian of the
classical elliptic modular curve X(N). The abelian varieties Jy(N) are some
of the most important objects in number theory since they simultaneously
contain information on modular forms, Galois extensions of Q (= represen-
tations of the absolute Galois group Gal(Q/Q)), and elliptic curves defined
over Q. It is important to understand how information on these three funda-
mental objects is encoded in Jo(N). The richness of the subject comes from

the Hecke algebra
T = Endg(Jo(N)) = Endc(Jo(N)) (1.0.1)

the last equality being a theorem of Ribet [Ribet75]. The Hecke algebra
will play the central role in understanding how these objects are aspects of

Jo(N). We are especially interested in certain involutions in T, the Atkin-
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Lehner involutions w,, for n|N.

Cusp forms of weight 2 for the congruence subgroup I'y(N) C SLy(Z) are
the differential 1-forms on the curve Xy(N), and hence are also the cotan-
gent space to its Jacobian Jy(N). The Langlands correspondence (here a
theorem of Eichler and Shimura) shows that to every weight-2 cusp form
f € S2(T'o(IV) which is an eigenfunction of T there is associated an f-adic
Galois representation p; of Gal(Q/Q). This p; is constructed by taking the
action of Galois on the torsion points of the abelian subvariety Ay C Jo(N)
whose cotangent space is f together with its Galois conjugates. Finally
the Shimura-Taniyama Conjecture (proved by Wiles|Wiles95] and Taylor-
Wiles[TaylorWiles95]) shows that if E is an elliptic curve defined over Q of
conductor N, then E is a factor of Jy(N).

The abelian variety Jo(/N) breaks up into simple factors (up to isogeny)
the same way T ® Q breaks up into products of fields. This fundamental de-
composition is not at all understood. The only place we know the dimensions
of the factors is when we decompose Jo(/N) under the action of the modular
involutions w,,, n|N. So it makes sense to start here and ask what this de-
composition means for cusp forms, Galois representations, and elliptic curves
over Q. To simplify exposition, let’s consider the case of J := Jy(IN) where

N is prime. Then we have J, C J whose cotangent space consists of all
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modular forms of weight 2 where wy acts as +1 and similarly J_ C .J where
wy acts as —1. Up to an isogeny whose kernel is killed by 2, J = J, x J_.

But how big is the fusion at 2 between J, and J_7 It is well-known that

Theorem 1.0.1. Suppose N is prime and set J = Jo(N). Then J, N J_ =

T, [2).

This is interesting because there is remarkably different behavior in the
Mordell-Weil groups of J, and J_: The Mordell-Weil group of J, is a torsion-
free abelian group of positive rank, while J_ contains the Eisenstein quotient
J which is rank 0. [Mazur77]

I prove Theorem 1.0.1 by proving a more general theorem on algebraic

curves:

Theorem 1.0.2. Suppose J is the Jacobian variety of an algebraic curve X,
and o is an involution of X. Then,
a. Jy N J_ = J 2] if o has fized points on X;

b. J.NJ_ = J_[2] if o has no fized point on X.

Ogg [Ogg83] counted the numbers of fixed points of Atkin-Lehner involutions
w, when n|N of Xy(N) and of Shimura curves X’(N), for square-free N .
So we can explicitly describe J, NJ_ for modular curves and Shimura curves

with Atkin-Lehner involutions.
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Another formulation of this problem is to consider L = H;(X,Z) as an
integral representation of group G = (o) = Z/2Z. L has the form A% ®A® ¢
RS where a, b, ¢ are nonnegative integers. Ay is the line with o|4, = %1,
and Ry is the 2-dimensional regular representation of G [CurtisReiner81]. We

determine the value of a, b and ¢ in the following theorem:

Theorem 1.0.3. Let X/C be an algebraic curve of genus g, L = H1(X,Z),
and o be an involution on X. Denote Jp = (1 +0)JacX and g+ = dimJ..
a. If o has fived points on X, then L = A*- %9 @ R§g+ ;

b. If o has no fixed point on X, then L = Ai’”ﬂg_ D Rgg‘.

Theorem 1.0.2 and Theorem 1.0.3 are equivalent.

As another application of an involution acting of the integral homology
of an algebraic curve, assume X = X/R is defined over R, we have a similar
theorem for the action of G = () with 7 complex conjugation, on L =
H,(X,Z) ([GrossHarris81], [Mazur|, or [Jaffee80]). We have specialize it to

the case of X = Xo(N):

Theorem 1.0.4. For the modular curve X = Xo(N) of genus g, where N
1s a product of n distinct primes, consider T as the complex conjugation T

acting on L = Hy(X,Z). Then

I = A:_—l @ A?;—l D R;-ﬁ-g—r
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where

{2”‘1 if 21 N,

272 2| N.

This theorem, is proved by combining results of [GrossHarris81|, [Mazur| or
[Jaffee80], and [Ogg83].

In my thesis, I also study the case of two commuting involutions ¢ and 7
acting onX. We can similarly define J,, J,_, J_, J__, and compute their
intersections. Denote grr = dimJii. Now, L = H{(X,Z) is an integral
representation of the Klein 4-group G = (o, 7). Integral representations of
the Klein 4-group have been classified by [GelfandPonomarev70], [Brenner74]
and [Butler73]. In the two-involution case, the theorems of intersections and
integral representation are much more complicated. We use the theorem
for one involution to determine some intersections of Jii, and use these

results to determine the integral representation. Finally, knowing the integral

representation determine all intersections.

Theorem 1.0.5. Using the notation as above and assuming ot has fixed
points, suppose the defect of the 4-subspace system corresponding to the in-
tegral representation of Klein-4 group G = (o,7) is 0, and let v(o), v(T),
v(oT) be the number of the fized points of o, T, oT acting on X respectively.

a. 1If both o and T have fized points on X, then Jyy N J,_ = J . N
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J o =JonJ_=J.2 =J.nJ_NJNnJ_ = (Z/2ZL)*++,
Ji_ N J oy =2 (Z)27)%++ven2=1 ] 0 J = (Z)27)29++ (012 and
J_i N J__ = (Z)27)%+++0(0)/2=1.

b. If o has fized points on X but T has no fized points on X, then Jy NJ,_ =
JerNJp=J e NJ - =J 2l =JeyNJe_NJ_y N J__ = (Z)27)*++,
Joo NIy 2 (Z)2Z)20+ 00222 N J__ = J,,[2] = (Z/22)*++, and
Ty O 2 (220wl 2=2,

c. If both o and T have no fized points on X, then J__NJy =J__NJy_ =
J_NJ =J Rl=J . NJ_NJ  NJ _=2(Z/22)*9—, J,NJ_ =

(Z)22)%9--+1 Jy NJ_ =2 (Z/22)%9--+1, and T, _NJ_y = (Z)2Z)"7)/2 1.

The defect, which will be defined later, equals 0 is a techinical assumption.
All our computations in case of modular curves with Atkin-Lehner involution
show the assumption hold. We hope we can remove this assumption later.
As part of my thesis, I computed examples of J, N J_ and intersections
of Jy+, Jy_, J_4 and J__ for modular curves using modular symbols. I used
the packages MAGMA and Sage for my computations. Also, I computed the
4-subspace system associated to L = H;(X,Z), which helps us determine
the integral representation of the Klein 4-group G' = (wy, , wy,,) where wy,,
are Atkin-Lehner involutions of modular curve Xo(N), N = niny and ny,

ng coprime. These results are the first step of my thesis which leads to the
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theorems above.

As mentioned in Mazur’s paper [Mazur77|, the 2-torsion part is the most
complicated part of the problem in determining the structure of torsion points
of Jo(N)(Q). In my thesis, I establish new results about the 2-torsion parts of
J in extensions of QQ. For future work, I will focus on the arithmetic problems
related to my theorems for modular curves. For example, as we know from
the Theorem 1.0.1, we have J. N J_ = J;[2], so we can find modular forms
f and g of weight 2 and level N to associated to J, and J_ such that f =g
(mod 2). This theorem has implications for the Birch and Swinnerton-Dyer

conjecture 2-adically.



Chapter 2

The Case of One Involution

Let’s first list some notation which we will use in this chapter:

Let X be an algebraic curve and Xt := X/(0), where o is an involution
on X.

Let Div®X and PrinX be the set of degree zero divisors on X and the set
of principal divisors on X. Similarly, we can replace X by X% to define the
corresponding sets Div®X* and PrinX T for X+,

Let J := JacX be the Jacobian of X. As an abelian scheme, the set
of all its closed points is isomorphic to of Div’X/PrinX. We also define
Jy:=(1%x0)J.

Assume K = K is an algebraic closed field with charK # 2. Let K(X)
be the function field of X over K and K (X)* be the set of nonzero elements
in K(X). Similarly, we can define K(X') and K(X*)*. We can write

K(X) = K(XT)(v/h) as an extension of the function field K(X1), for some
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h € K(XT). Let B be the set consisting of the points on X where the cover
X — X7 is ramified. (B can be an empty set.)

If fe K(X)*or K(X*)*, we denote by (f) the corresponding principal
divisor. If D € Div?(X) or Div?(X ™), we write [D] for the equivalence class
containing D in JacX or JacX™. Let g be the genus of X, which is also
the dimension of JacX = CY9/H{(X,Z). Let g+ := dimJy and we have
g=9++9g-.

In this chapter, we will first discuss the problem of J, N J_. Our main

theorem 1is:

Theorem 2.0.6. Suppose J is the Jacobian variety of an algebraic curve X,
and o is an involution of X. Then o indues an action on J. Let Jy = (1+0)J
and g+ = dimJy. Then,

(a) Jy N J_ = J.[2] 2 (Z/27)*+, if o has fived points on X;

(b) J.NJ_ = J_[2] 2 (Z/2Z)*~, if o has no fived point on X .

Then, we will state the theorems of Ogg [Ogg83] and Kenku [Kenku77] about
the numbers of the fixed points of Atkin-Lehner involutions on the modular
curves Xo(N) and Shimura curves X (N), where N is a squarefree integer.
We can apply Theorem 2.0.6 to these cases. In the last part of this chapter,

we give an equivalent formulation of our problem: the explicit decomposition
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of the integral representation H;(X,Z) of the group G = (o). We have

Theorem 2.0.7. Consider L = H,(X,Z) as an integral representation of the
cyclic 2-group G = (o), where X is an algebraic curve and o is an involution
on X. Let gy = dimJy. As a Zlo|-module, we have that:

(a) if o has fived points, L = A9~ 729% @ R+ ;

(b) if o has no fived point, L = A2 & Ry~

where |4, = £1, and o|g, = ((1) (1))

We also discuss the decomposition of integral representation L = H (X (N), Z)

as a representation of G = (7), where 7 is the complex conjugation on L.

The symplectic pairing on L induced by oriented intersection is also treated.
In order to the get the formula for J, N J_, we also need the following

lemma (the proof of the first part can be found on Page 97 of [Mazur77]):

Lemma 2.0.8. (a) If o has fized points on X, J; = JacXt = Jac(X/(0)).
(b) If o has no fized point on X, J, = JacX ' /P, where P is a cyclic group

of order 2.
To prove Lemma 2.0.8, we need the following lemmas:

Lemma 2.0.9. For any algebraic curve X, and any point P € X, there

exists f € K(X) such that f has a simple zero at P.
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Proof. For any algebraic curve X, let D € DivX, and f € K(X). Let g be

the genus of X. Define
Z(D)={fec KX)|(f)+D>0}=H'(X,0(D)). (2.0.1)

Set h(D) = dimg.Z (D) = dimxg H°(X, (D)), and let K be the canon-
ical divisor of X. We have the following results (See, for example §4.1 in

[Hartshorne77]):
h%(D) = 0 if degD < 0; (2.0.2)
the Riemann-Roch Theorem:
h°(D) — h*(K — D) = degD — g + 1; (2.0.3)
and its corollary
degK =2g — 2. (2.0.4)

We can always find a divisor D; € DivX, such that P ¢ SuppD; and

degD; > 2¢g + 1. Consider the divisor D = —P + D; € DivX,

degD = —1 +degD; > —1+2g+ 1 =2g, (2.0.5)

deg(K — D) = degK —degD =29 —2 —degD <2g—2—29g=—-2<0.
(2.0.6)
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So h’(K — D) = 0 since deg(K — D) < 0, and h°(D) = degD — g + 1 by the

Riemann-Roch Theorem. Since
(D) =degD —g+1>29—g+1=g+1>1, (2.0.7)

We have h°(D) = dimyg 2 (D) > 1, As a result, there exists f € K(X) such
that (f) + D = (f) — P+ D1 > 0, which means that f has a zero at P.
Furthermore, we can prove the rank of the zero can be chosen to be 1.

Let DQI—P+D:—2P+D1,

degDy =degD —1>2g—1>2g—2, (2.0.8)

deg(K — Dy) = degK — degDs < (29 — 2) — (29 — 2) = 0. (2.0.9)
Hence h°(K — Dy) = 0, and

h°(Dy) = degDy — g+ 1 = (degD — 1) — g+ 1 =degD — g = h°(D) — 1 > 0.
(2.0.10)

So Z(Ds) C Z(D), There exists f € Z(D) but f ¢ £Z(Dy). We have
(f) + (=P + D) >0but (f)+ (—2P + D) # 0, where P ¢ SuppD;. So f

has a simple zero at P. O

Lemma 2.0.10. Suppose h € K (X ™) is a function with K(X) = K(X*)(v/h),
and let B be the set consisting of the points on X+ where the cover X — X+
is ramified. If (h) = >, cpmit; +Zyj¢B n;y;, then all m;’s are odd, and all

n;’s are even.
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Proof. The points where the cover X — X T is ramified are exactly the primes
ramified in the extension K(X*)(vh)/K(X*). So any prime ramified in
X — X7 is in the support of (h).

First, we prove all m;’s are odd. Suppose one of m;’s, say m; = 2a, is
even. By Lemma 2.0.9, we can find a function f € K(X™) such that f has a
simple zero at the point #1. K(X) = K(X*)(v/h) = K(X*)(y/hf~2¢), hence
we can replace h by hf~2*. Then z; ¢ Supp(hf—2?), and so X — X cannot
be ramified at x1, which contradicts that fact that the extension K (X) over
K(X™) has ramification a point x1. So all m;’s are odd.

Then, we prove all n;’s are even. Say 7*(h) = ¢* for some g € K(X),
and (g) € DivX. Suppose one of n;’s, say ny, is odd. Then (h) = nyy; + D’
for some D' € DivX™ and y; ¢ SuppD’. So

1 1 ny

1
(9) = §7T*(h) = §(n17r*y1 +m*D') = 5 (Y11 + 912) + EW*Dlv (2.0.11)

where 7(g11) = 7(y12) = 1 and 411, Y12 & Suppr*D’. g1 and g2 have
non-integer coefficients since n; is odd, which contradicts the fact that (g) €

DivX. So, all n;’s are even. n

From Lemma 2.0.10, we can easily get the following lemma.

Lemma 2.0.11. Suppose h € K(X7) is a function with K(X) = K(X*)(v/h).

Then 7 : X — X7 is unramified if and only if (h) = 2D, for D € Div’X ™.
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Lemma 2.0.12. (a)If 7 is ramified, then ©* : Pic’ X — Pic’X is injective;
(b)If 7 is unramified, then ©* : Pic’ X+ — Pic’X has a kernel isomorphic to

7)27.

Proof. (a) Suppose 0 # P € ker(n*). (m.on*)(P) = 2P = 0. Let D €
Div'(X*) satisfies P = [D] and fix h € K(X™) with (h) = 2D, D # (g) for
any g € K(X1). 7*(P) = 0 implies 7*(D) = (f) for f € K(X). We get
(f?) = (7*h) which means f2 = ch for some ¢ € K. Hence vh = \/%f €
K(X). But vVh ¢ K(X*) (since D # (g) for any ¢ € K(X*)). Hence
K(X) = K(X*)(Vh), (h) = 2D, which implies 7 : X — X7 is unramified
by Lemma 2.0.11. This proves (a).

(b) Assume 7 is unramified, K (X) = K(X*)(v/h). By Lemma 2.0.11,
(h) = 2D for some D € Div’X*. Since vVh ¢ K(X*), 0 # [D] € Pic®X ™.
D = (vVh) € K(X), implying 0 # D € kerr*. Suppose 0 # D' € kerr*,
we have 2D’ = m, o D' = 0, and 2D’ = (h’) for some h' € K(X™T) but
Vh ¢ K(X*). So we have K(X) = K(X*)(vh) = K(X*)(v/}). Hence
h' = hg? for some g € K(X ). We get (1) = (h) +2(g), or D' = D +(g), so

we get D ~ D'. As a result, we have kerr* = (D) = Z/27. O
Now, we can prove Lemma 2.0.8.

Proof. JacX = Pic’X and JacX ™ = Pic’X*. Consider 7* : JacX™ — JacX,
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the image of 7* identifies the connected component of the identity in the +-
eigenspace of o in JacX, which is exact J; = (1 + o)JacX. Together with

Lemma 2.0.12, we prove the lemma. O

By definition, J, = (14+0)J and J_ = (1 —0)J, where ¢ is an involution
with 02 = Id. For any x € J, NJ_, x = (1 + o)y for some y € J and
orx = (0 +0°) = (1+0)y =z since z € J,. Similarly, z = (1 — o)z for
some z € J and oz = (0 —0?)z = (0 — 1)z = —x. We have z = —z, 22 =0,

consequently, J. N J_ = (Z/27Z)" for some integer r. The proof of the main

theorem (Theorem 2.0.6) of this chapter is to determine the integer r.

2.1 Intersection of J, and J_: the Case ¢ Has
Fixed Points

In this section, we consider the case that the involution o has fixed points,
and prove the first part of Theorem 2.0.6.

We have the canonical projection 7:

X

I (2.1.1)
X+,

where X+ := X/(0), and an extension of the function field:

K(X)
| (2.1.2)
K(XT),
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where K(X) = K(X*)(vVh), K = K, K(X) and K(X™) are function fields
of X and X respectively. Let B # () be the set of the ¢ fixed points, which
are also the ramification points of K(X™) under K(X). Here K(X) is a
quadratic extension of K(X*) by a function v/h, where h € K(X*), and the
principal divisor (k) has odd coefficients on the points in B and even outside.

To prove the first part of the Theorem 2.0.6, we will construct the follow-

ing diagram step by step.

0
!

{f e K(XT)I(f) € jDiVOXﬂ/(K(Xﬂ*)?

{f € K(X*)*|(f) cZB —i 2DivX+}/th(K(X+)*)2
(Z/2Z) /(1 1, ..., 1))
1
0.

luze
e
S

iIIZ -
=~
S

Q

From the above Lemma 2.0.8, we know that J, := (14 0)J = JacX™

when o has fixed points. So we have

Ji[2] = JacX[2]

_A{D e DIV'X 2D = (f) for some f € K(XT)*}
B {D € DivPX+*|D = (g) for some g € K(X*)*}
o f € K(X1)*|(f) € 2Div’X "}

(K (X)")? '

(2.1.4)
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So we have constructed

. P
feK(XM(f) € 2DivPX+} <
{ (KX } — J,[2] (2.1.5)
In the following part, we will construct
. ¢
K(XT)* ZB +2DivXt} =

WK (X))

We can define the map DivX™ 5 DivX induced by the projection
X = X+, It coincides with the embedding K (X*) < K(X). By abusing
the notation, we can also use 7* to denote the embedding. Using the map

7* we can define
(f € K(X)|(f) € ZB + 2DivX*} -2 J
folEn. 1)
Lemma 2.1.1. Im¢ C J[2]°.
Proof. For any f € {f € K(X*)*|(f) € ZB+2DivX "}, 2[5(7* f)] = [(7* f)],

which is a principal, we have Im¢ C J[2].

Moreover, (f) has the form

()= mwi+2> myy;. (2.1.8)

xr;,€EB yj¢B

We have

(T f)=2 > nZi+2 > m; (U1 + Fja)- (2.1.9)

w(ii):ziEB ﬂ(ﬂ]’k)zngB, k=1,2
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The coefficient 2 of the first term comes from the ramification index 2 of the
points in B. Z; is the unique pre-image of x; under m, y;; and ;o are the
pre-images of y; under 7, and x;’s are o-invariant while o exchange ¥;; and
Uj» to each other. Consequently we get (7*f) = > @ + Y m;(Uj1 + Yjo)

is o-invariant. So we get Im¢ C J[2]°. O

From the above lemma, we can define the map

(f € K(X*)'|(f) € ZB + 2DivX+} -2 J[2)°

1 *
f— [5(71' - (2.1.10)
Let us consider the kernel of ¢, we have:
Lemma 2.1.2. ker¢ = h%(K(X1)*)2.

Proof. If f € hZ(K(X1)*)2, we can always write f as hg?, for some g €
K(X*)*and ais 0 or 1. We consider 7* as an embedding K (X*) < K(X) =
K(X")(Vh). When a=0, f = ¢*, ¢(f) = [3(=" )] = [3(¢*)] = [(9)] = 0, we
get f € kerg. When a=1, f = hg?, ¢(f) = [3(7* f)] = [5(hg®)] = [(Vhg)] =
0, since vh € K(X)*, we get f € kerg. So kerg D h%(K(X+)*)2.

For the other direction, assume f € kerg, [3(7*f)] = [(g)] for some
g € K(X)*. Since K(X) = K(X*)(v/h), we can always write g € K(X)* as

g = svVh+r, where s,r € K(X*). Since [(7*f)] = [2(9)] = [(¢?)], and ¢*> =
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(svV'h+71)? = (s°h+712)+2srVh, we have sr = 0. In fact, for a, b € K(X*)*,
if (a+bvh) = (a —bVh), we have (a+bv'h) = c(a — bv/h) for some constant
c. Eitherc=1and b =0, or ¢ = —1 and a = 0. For g> = (s*h+72) +2srV/h,
if s2h +r? = 0, we have (h) = (—r?/s*) = 2(r/s), contradict to the fact
that (h) has odd coefficients on B. So, we have 2st = 0. We either have
s=0orr=0. If s=0, we have g =r € K(X1)* and f = cg? for some
constant ¢. We can modify g by v/cg. Since K is algebraic closed, we always
have \/c € K. then we get f = g% so f € hZ(K(XT)*)2. If r = 0, we have
g = svh, and f = cs2h for some constant ¢. we can modify g by Ves, we
get f = g*h, so f e hZ(IK(X+)*)2. So we get ker¢ C hZ(K(X)*)2,

We proved kerg = h%(K(XT)*)2. O

By Lemma 2.1.2, we can define the injection ¢:

{f € K(X—;z;(([‘é)(;JrZ)gz‘i‘ 2D1VX+} i> J[Q]J (211]_)

In fact, we will show that ¢ is an isomorphism in the following lemma:

Lemma 2.1.3. ¢ s surjective.

Proof. To prove this lemma, we need the following result first:

Lemma 2.1.4. If [D] € J[2|?, then there is a o-invariant representative

D € Div’X, i.e., 0D = D, in this class.
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Proof. The proof of this lemma relies on some technique of group cohomology
(See, for example, [Olson70]).
There is a canonical projection Div®X — .J. Let M be the pre-image of

the J[2] under this map. So we have the short exact sequence:
0 — PrinX - M — J[2] — 0, (2.1.12)

where Prin X = K(X)*/K* is the principal divisor. This short exact sequence

will induce a long exact sequence of group cohomology:
oo = M7 — J[2]° = HY(G,PrinX) — ..., (2.1.13)

where G = (o). If we prove H'(G,PrinX) = 0, then we know that M —
J[2]7 is a surjection, and there exist an element D € M?, ie., 0D = D.

To prove H'(G,PrinX) = 0, we need the short exact sequence:
1 - K" — K(X)" — PrinX — 1. (2.1.14)
which induce a long exact sequence:

.. — HY(G, K(X)*) = H'(G,PrinX) — H*(G,K*) — .... (2.1.15)

A

H'Y(G,K(X)*) = 0 by Hilbert 90. H?*(G,K*) = H*(G,K*), where H
is Tate cohomology. From the knowledge of Tate cohomology, we know

that H2(G,K*) = H°(G,K*) since G is a cyclic group of order 2, and
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HY(G,K*) = (K*)9/N(K*). Each element in K* is o-invariant, hence we
have (K*)¢ = K*. N(K*) = K*- K*¢ = (K*)?, while K = K, we have
(K*)* = K*, so we get H*(G,K*) = K*/(K*)> = 0. Then from the above

exact sequence 2.1.15 we know that H'(G,PrinX) = 0. O

Now we can prove the surjectivity.
If [D] € J[2]°, we can find a o-invariant element D € Div®X such that
oD = D by the above lemma. We can write

D= Z niT; + Z m; (Y1 + Yj2), (2.1.16)

m(%;)=x,€B m(Jjr)=y; ¢ B, k=1,2

where 7; is fixed by o, o exchanges y;1 and yjo, and 7(Z;) = x;, 7(yn) =
7(yj2) = y;. The coefficients of 3;; and y;o are equal since D is o-invariant,
and we also have 37, n; +23°m; = 0 since D € Div’X. We have 2D =
23 niZi + 2, mi(Fj + Yje), and we can find that 7*E = 2D, where £ =
D e MiTi + 2 ZngéB m;y; € ZB + 2DivX*. To prove that ¢ is surjective,
we only need to prove E = (f) for some f € K(X1)*.

Since 2D = (g) for some g € K(X)*, we have (g) is o-invariant. From
o(g) = (g) we have og = cg for some constant c. Since 02 = 1, ¢’ g = cog =
0%g = g, we have ¢ = 1. So we have 0g = g or 0g = —g.

When og = g, we know that g € (K(X)*)” = K(X)*, so we can think

7* as an embedding of K(X™) = K(X) by f—gand (f) =), cpnivi +
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QZM%B myy; = E € ZB + 2DivX ™.

When og = —g, we will show that this case never happens: If such g
exists, since g € K(X)* = (K(X*)(vh))*, we can always write g in form
of a + bv/h where a,b € K(X*)*. Since o fixed the points on X+ and
ovh = —Vh, we get g = bVh in this case, hence (g) = (b) + 3(h). If
we consider b and h as functions in K (X ) by abusing the notations. We
have (g) = 7*(b) 4+ 37*(h), where b = Y ey,en MWiTei + Zngg Mip;Yej, and
h = Z%EB NpiThi + thj¢3 Mp;Yn;, and all ny;’s are odd as we assumed
before. Then, we get 7*(b) = 22%63 NpiTpi + ZybﬁB M (Yoj1 + Upj2), and
37 (h) = thieB nhiihi+% thjszB M (Ynj1 +Ynj2), so we get odd coefficients
on the points Zy;, which contradict to (g) = 2D.

So for every [D] € J[2]°, we can find (f) € ZB + 2DivX™, such that

¢(f) = [3(7* f)] = [D], and we prove the surjectivity. O

So, we have:

{f € K(XY)*|(f) € ZB + 2DivX*}

| E o
VR — J2]°. (2.1.17)

Lemma 2.1.5. The following diagram is commutative:

{f € K(X*)*|(f) € 2DivP X}/ (K(XF)*)? = J42
di O i (2.1.18)
{f € K(XY)*|(f) € ZB + 2DivX T} /hE(K(X ) )2 S J2°
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Proof. We have constructed the maps ¢ and ¢ in ( 2.1.5) and ( 2.1.17). Now
we will construct the maps ¢ and j in Diagram ( 2.1.18). The map j is
just the restriction of JacX™ — JacX to J.[2] induced by the projection
m: X — X*. Since o has fixed points, the induced map j is injection. For
any x € J,[2] we have 0j(z) = ox =z = j(z), and 2j(x) = 2z = 0, so Imj C
J[2]°. We can construct map i from the injection 7 : {f € K(X*)*|(f) €
2DIVOX T} — {f € K(X1)*|(f) € ZB +2DivX*}, and it is easy to see that
{f e K(X)*(f) € 2Div'X T} N hZ(K(XT)*)? = (K(X*)*)? which induced
the injection .

Forany f € {f € K(X*)'[(f) € 2DivX*Y, jou(f) = JI() = 3P
and ¢ o i(f) = ¢(f) = 3[(f)], and Diagram ( 2.1.18) is commutative. O

Theorem 2.1.6. If X has o-fized points, then rankg,J[2]7 = 2g_.

Proof. By (1 2.1.17)

{f € K(XY)*|(f) € ZB + 2DivX+} _
hE(K(XH)*)?

~ J[2]°, (2.1.19)

we only need to prove that

{f € K(XY)*|(f) € ZB + 2DivX*}
hA(K(XH)*)?

rankp, =2g_. (2.1.20)

Let’s look at the cokernel of the map

{f € K(X*)|(f) € 2D°X 4} 5 {f € K(X*)|(f) € ZB + 2DivX "}
(K (X)) hE(K (X))

(2.1.21)
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It is not hard to see that

{f € K(X*)*|(f) € ZB + 2DivX+}

ker 7 =2 . 2.1.22
CORE T (F € K(X)*|(f) € 2DivOX+} (2.1.22)

We can further get the following identity:
coker i 2 (Z/2Z)po/{(1, 1, ..., 1)), (2.1.23)

where |B] is the number of o-fixed points. Since for every element in {f €
K(XT)*|(f) € ZB + 2DivX ™}, the corresponding principal divisor (f) has
even coefficients on the points outside B, while every element in {f €
K(X)*|(f) € 2DivX T} has even coefficients on all points. So their quotient
should be |B| copies of Z/27Z. But we need add one additional restriction:
the degree (the sum of the coefficients of all the points) of a principal divisor
is 0, while the sum of all the coefficients of the points outside B is even, so
the sum of all the coefficients of the points on B should also even, which we
add a subscript Deg0, meaning that the sum of all components of |B| copies
of Z/27Z is 0 (mod 2). Then, we can consider the affection of function h: h
is equivalent to ((1,1,...,1)) in (Z/2Z)!!, so we should quotient {(1,1,...,1))

at last.
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As a result, we have

{f € KXT)|(f) € 20X} 5 {f € K(X7)*|(/f) € ZB + 2DivX ¥}
(K (XH)")? h2 (K (X+)*)?
— (Z/)2Z) 0/ {(1,1, ..., 1)) — 0. (2.1.24)

0—

We finished the construction of Diagram 2.1.3.

We have

(Z/)22)5,

I |B| — 2, (2.1.25)

rankp, (coker i) = rankp,

and

(f € K(X*)*|(f) € ZB + 2DivX*}

h2(K(XH)")?

{f € K(XM)*(f) € 2Div’ X"}
(K (X*))?

=2g, +|B| —2. (2.1.26)

rankp,

= rankp + ranky, coker?
2 2

From the Riemann-Hurwitz theorem, for the projection X — X7, we
know that 2—2g =2(2—2¢g,)—|B|. Byg=g9¢.+9g_, wehave 2—2¢g, —g_ =
4 —4g, — |B|, and then 2g_ = 29, — 2+ |B|. We finally get

{f € K(XY)*|(f) € ZB + 2DivX*}
hE(K(XH)*)?

rankg, J[2]7 = rankp,

=2g._. (2.1.27)
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Corollary 2.1.7. If X has o-fized points, then J, N J_ = J.[2].

Proof. We know that J, N J_ C J,[2]. We need to prove that J, NJ_ D
J+[2], and in fact we only need to prove J_ DO J,[2], i.e., we need to prove
Ji[2] € (1—0)J.

In fact, we prove a stronger statement:
Ji2] € (1—0o)(J]2)). (2.1.28)
Consider the map J[2] = [2], we have
dimp,ker(1 — o) + rankg, (1 — 0)(J[2]) = dimg, J[2]. (2.1.29)

We know that (1 — o)(J[2]) = (1 + 0)(J[2]) € J4[2]. So, to prove J,[2] C
(1 —0)(J[2]) is equivalent to proving J[2] = (1 — o)(J[2]). This reduces to

prove
rankg, (1 — 0)(J[2]) = rankg, J,[2] = 2¢,. (2.1.30)

From Theorem 2.1.6, we know that rankp, J[2]7 = 2¢_, together with the
facts ker(1 — o) = J[2]7, and g = g4 + g_, we finally get

rankg, (1 — o)(J[2]) = dimg, J[2] — dimp,ker(1 — o) = 29 — 2g_ = 2g,.
(2.1.31)

]
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In proof of Corollary 2.1.7, we have the following important results:

Corollary 2.1.8. Let M be the matrix corresponding o acting on the lat-
tice Hi(X,Z). If X has o-fized points, then rankg,(Id — M) = rankg,(1 —

a)(J[2]) = 294
Corollary 2.1.9. If X has o-fized points, then J[2] C J_[2].

Proof. Since 2x =0 for all z € J, N J_, we have J, NJ_ C J_[2], combining

with Corollary 2.1.7 J, N J_ = J,[2], we can easily get J,[2] C J_[2]. O

2.2 Intersection of J, and J_: the Case o Has
No Fixed Point

In this section, we will discuss the case o has no fixed point.
Let K(X) = K(X*)(Vh), (h) = 2Dy, and (7*h) = 27*Dy = 2(v/h). As
a result, Dy € DivPX ™ is not principal, but 7*D, € Div’X is principal.

we will construct the following diagram to prove the main theorem:
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0 0
3 \
(/02 = /2() =22 (ool /22
{f € K(XT)*|(f) € 2Div°X T} /(K (XT)*)? % JacX T [2]
di bi
0— {feKXH)|(f) €2Div'X+}/hE(K(XT)*)? R J[2]° 5 {£1} =0

1

0

(2.2.1)

Comparing to Diagram 2.1.3, in Diagram 2.2.1, map ¢ is no longer an
isomorphism, but an injection with cokernal {41} (isomorphic to Z/2Z) and
the map ¢ has no cokernel but a kernel isomorphic to Z/27Z for the absence
of the o-fixed points.

We define the map ¢ by:

v (h)/(h*) = ([Dy])

hes ()] = (Do) (229)

and, as in the first section, we can also define the isomorphism v by:

S € K(XT)|(f) € 2DivP X}

v (KX — JacX"[2]

f o L5 (223
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Now, we define the map ¢ by:

Af € K(XH)'|(f) € 2D°X*)

’ PR (X))

f = [r*D], (2.2.4)
where (f) = 2D.
Lemma 2.2.1. Im¢ € J[2]°.

Proof. We have 2¢(f) = 2n*D = n*(2D) = 7*(f) € K(X)*. Furthermore,
D € Div’X ™ implies D° = D, (7*D)° = 7*D, and [7*D] € J°. So, we

proved ¢(f) = [7*D] € J[2]°. O
Lemma 2.2.2. ¢ is well-defined.

Proof. Let g € K(X*)*, [¢(fhg®)] = [7*(D) + (Do) + 7*(g)] = [7*(D) +

(Vhg)] = [r*(D)] = [6(f)]- O
Lemma 2.2.3. ¢ is injective.

Proof. Let’s denote

¢:{f e K(X)|(f) € 2DV’ X T} —.J[2]°

(f) =2D w [x*D]. (2.2.5)

The injectivity of ¢ is equivalent to kerg = hZ(K (X*)*)2.



CHAPTER 2. THE CASE OF ONE INVOLUTION 30

Suppose (f) =2D € kerg, and (/B(f) = [7*D] = 0, we have 7*D = (g) for
some g € K(X). Since D € Div’X ™, 7*D is o-invariant, which also implies
(9)° = (g), or (¢°) = (g). We have ¢° = ¢g. Since ¢°° = 2g =g, > =1, we
either have g7 = gor ¢ = —g. If g% = g, it implies g € (K(X)?)* = K(XT)*,
and (g) = D € Div®(X™)*, hence we can find f with (f) = 2D, such that
f=g?€ (K(XT)")?2 ¢° = —g implies g = vhk for some k € K(X*)*, hence
f = hk?. In either case, we have f € hZ(K(X1)*)2. Sokerg C h%(K(X1)*)2.

For the other direction, if f € hZ(K(XT)*)?, we can write f = h%g? for
some g € K(XT)* and a =0 or 1, By (f) = a(h) + 2(g9) = 2aDy + 2(g), we
get D = (g), o((f)) = 7*D = 7*(g) € PrinX, so we have ¢((f)) = 0 € J[2]°,
which means ker¢) D hZ(K (X *)*)2.

So, we have ker¢ = h%(K (X *)*)?, or equivalently, ¢ is injective. O
Lemma 2.2.4. If 0 has no fized point, we have the exact sequence:

0— {f € KX)*(f) e 2Div' X} /h%(K(XT)*)? 2 J[2° 5 {£1} =0,
(2.2.6)

where ¢((f)) = [¢" D] for (f) = 2D, and x(D) = g°/g for (g) = 2D.
Proof. We have proved the injectivity in Lemma 2.2.3.

Then, we will prove the sequence is exact at J[2|7. For any Dy = n*D =
o((f)), where 2D = (f) for f € K(XT), let (g) = 2D;, we can easily get

g=f€ K(XT). Sog” =g,and ¢°/g = 1. We get x o ¢((f)) = 1, which
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means Im¢ C kery. On the other hand, if D € kery, we have (¢g) = 2D
where g € K(X)*. such that ¢ = ¢, we have g € (K(X)*)? = K(XT)*. So
we can find g € K(XT)* such that D € ¢((g)).

Finally, the surjectivity of x is obvious. O]
Theorem 2.2.5. If o has no fized point, then ranky, J[2]7 = 2g, .

Proof. We get this result by simply counting the rank. From Diagram 2.2.1,

we can get:
ranky, J[2]7 = rankp,{f € K(X)*|(f) € 2Div’X "} /R*(K(X)*)* + 1
= rankp,{f € K(X1)*|(f) € 2DV’ X"} /(K(X 1)) +1 -1
= rankp,JacXT[2] +1 -1

=2g,. (2.2.7)

We can get the following corollaries:
Corollary 2.2.6. If X has no o-fized point, then J, N J_ = J_[2].

Proof. The proof is quite similar to the proof of Corollary 2.1.7. We know
that J, N J_ C J_[2]. We need to prove that J, N J_ O J_[2], and in fact

we only need to prove J; O J_[2], i.e., we need to prove J_[2] C (1+0)J.
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In fact, we can prove a stronger statement:
J_[2] € (1+0)(J[2]). (2.2.8)
Consider the map J[2] = [2], we have
dimg,ker(1 — o) + rankg, (1 — 0)(J[2]) = dimg, J[2]. (2.2.9)

We know that (1 —0)(J[2]) = (1+0)(J[2]) C J_[2]. So, to prove J_[2] C
(1 —o)(J[2]) is equivalent to prove J_[2] = (1 — o)(J[2]). This reduces to

prove
rankg, (1 — 0)(J[2]) = ranky, J_[2] = 2¢_ (2.2.10)

From Theorem 2.2.5, we know that rankg,.J[2]” = 2¢,, together with ker(1 —
o) =J[2|7, and g = g + ¢, we finally get rankg, (1 —0o)(J[2]) = dimg,J[2] —
dimp,ker(1 — o) =29 — 29, = 2¢_.

So, we get J, NJ_ = J_[2]. O
We have also proved the following important corollaries:

Corollary 2.2.7. Let M be the matrix corresponding to o acting on the
lattice Hy(X,Z). If X has no o-fized point, then rankg,(Id—M) = rankg,(1—

o)(J[2]) = 29-.

Corollary 2.2.8. If X has no o-fized point, J_[2] C J,[2].
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Proof. Since 2x = 0 for all z € J, NJ_, we have J, NJ_ C J,[2], combining

Corollary 2.2.7, we can easily get J,[2] C J_[2]. O
Corollary 2.2.9. If X has no o-fized point, J.[2] = J[2]°.

Proof. We know that J, [2] C J[2]?, and rankg, J; [2] = 2¢g4. Since ranky, J[2]7 =

2g4, we get J.[2] = J[2]7. O

2.3 Applications: Modular Curves, Shimura
Curves and Atkin-Lehner Involutions

As we proved in the first two sections, the explicit expression of J, N J_
depends on the number of the involution-fixed points. In this section, we will
discuss examples of modular curves Xo(N) and Shimura curves XP(N) with
Atkin-Lehner involutions. Thank to Ogg and other mathematicians, now we
know the numbers of fixed points of Atkin-Lehner involutions for these two

examples.

2.3.1 Modular Curves X((N) with Atkin-Lehner Invo-
lutions

Ogg ([OggT4]) and Kenku ([Kenku77]) had given us the complete solution
for the numbers of fixed points of modular curves X(/V) under Atkin-Lehner

involutions.
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Theorem 2.3.1. (Ogg and Kenku) Let w,, be the Atkin-Lehner involution
of level m of Xo(N), where m|N, and m is coprime to n = N/m. Let F(m)
be the number of fized points of w,,.

(a) If m > 3, n odd, then

F(m) =v(m) [J@+ (—)). (2.3.1)

where

o(m) = {h(—m)+h(—4m) if m = 3(4), (232)

| h(—4m) otherwise.

and h(—m) # 0 is the class number of the imaginary quadratic field Q(v/—m).

(i) If m = 1(4), n even, then

F(m) = h(—4m) {OH”'”’ poadll 4 (5%) Z: ZLT’ (2.3.3)

(ii) If m = 3(8), n even, then

F(m) = 6h(—m) {(l;lpn’ pouall + (—477”)) Zﬁhi:wz’e. (2.34)
(iii) If m =7(8), n even, then
m) = —-m 4Hp\n, P odd(1 + <_4Tm>) Zf 2 H m,
F< ) h( ) {61_[?”7 P odd(1 + (%)) Zf 4‘m7 p Odd (235>
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F(3) = {znpm ’ ! (74Tm)> Z'ojlhi:wzje. (2:36)
(c)
F2)=JJa+ (_?8)) + ]+ (_7;1))- (2.3.7)
plm plm

Corollary 2.3.2. wy has fized points on Xo(N) for N > 3.

Proof. By Theorem 2.3.1, the number of the fixed points F(N) = v(N),
where

o(N) {h(—N) +h(—4N) if N = 3(4), (235)

h(—4N) otherwise,

which is non-zero. O

Corollary 2.3.3. If the algebraic curve is Xo(N), and the involution is wy,
then the intersection J,NJ_ = (Z/27)%*+, where g, is the genus of X T(N) =

Xo(N)/wy and the dimension of J.(N) = (1+wy)J(N) = Jac(Xo(N)/wn).

2.3.2 Shimura Curves XP(N) with Atkin-Lehner Invo-
lutions

In [Ogg83], also see [Clark03], we can find the formula for the numbers of

fixed points of Atkin-Lehner involutions on Shimura curves X’ (), where
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D is the discriminant of the Shimura curve, and square free number N is the
level of the Shimura curve. (We can consider the cases of the modular curve
Xo(N) as a special case of Shimura curve with D = 1). For any m || DN, we
have the formula for the number of fixed points for Atkin-Lehner involution

Wy«

Theorem 2.3.4. Let F'(m) be the number of the fized points of the Shimura
curve XP(N), under Atkin-Lehner involution w,,, where m || DN. Then we

have

F(m) = h(S) [ w(s,0)=> ns) [0~ ) [Ta+ )

S p|DN S p|D p p|N

i

(2.3.9)
where we sum over certain imaginary quadratic orders in S as follows:
(a) If m = 2, we sum over Z[\/—1] and Z[/=2|;
(b) If m > 2 and m =1 or 2 (mod 4), then S = Z[\/—m);
(¢) If m = —1 (mod 4), we sum over Z[@] and Z[/—m),
where O 1is the fixed Fichler order of level N in the quaternion algebra B with
discriminant D. v,(S, Q) is the number of inequivalent optimal embeddings

of S, into O.
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2.4 Intersection J, N J_ and Integral Repre-
sentations of G = (o)

In this section, we will discuss the relation between the intersection J,.NJ_
and integral representations of the cyclic 2-group G = (o).

Consider J, and J_ as subabelian varieties of J/C, then the problem
of J. N J_ is a special case of the following proposition (see, for example

[Stein00] Proposition 3.20):

Proposition 2.4.1. Suppose a complezx abelian variety J = V/A and its

subvarieties A = Va/Aas, B=Vg/Ap, then

A
ANBZE | —— . 2.4.1
(AA + AB ) torsion ( )

In our case, J = (C)9/L where L = H{(X,Z). J, = (1 +0)J =
(5re5s), and J- = (1 —0)J = (5725%)-

We define Ly := {ox = *zx|z € L}, or equivalently, o|,, = £Id for

sublattices Ly C L.
Lemma 2.4.2. Ly = (1+0)C?N L, where g = rankzL.

Proof. rankzL = 2g implies L® C = CY. For any z € Ly C L, v = *2% 4

Lo08 — 2208 — (14 0)% € (1+0)CY% The second equality is true because

x = £ox. So we have “C”. On the other hand, for any z € (1+£0)C/NL C L,



CHAPTER 2. THE CASE OF ONE INVOLUTION

38

x = (1£0)y for some y € CY, and oz = o(1 £ 0)y = (0 £ 1)y = L2, which

means ¢ € L.

Lemma 2.4.3.

L®Z[1/2 = (L, + L) ® Z[1/2].

]

(2.4.2)

Proof. Obviously, Ly +L_ C L, so we have (Ly+L_)®Z[1/2] C LQZ[1/2].

Foranyz € L, x = (14+0)x/24+(1—0)z/2. (14+0)o € Ly and (1—0)x € L_.

we have LR Z[1/2) C (Ly + L_) ® Z[1/2].

Remark 2.4.4. ( 2.4.2) tell us

LeQ=(Li+L )®Q.

As a result,

L L
L+ + L_ N L+ + L— torsion '

By (2.4.2), we have

Proposition 2.4.5.

L
Jo~ | ——
S0 <L++L_>

>~ (Z/27)", for some integer r.

]

(2.4.3)

(2.4.4)

(2.4.5)
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In fact there exists a deep relation between the intersection of J, and J_
and integral representations of G = (o).

Let’s first review the results of integral representations of the cyclic 2-
group. It satifies Krull-Schmidt theorem, see [Benson|. More precise, it
is a special case of Reiner’s more general theorem for integral representa-
tions of cyclic p-groups. We can find it in Theorem 34.31 (Page 729) of

[CurtisReiner81].

Theorem 2.4.6. Let G = C), be the cyclic group of order p, where p is prime.
Let h be the class number of the cyclotomic field Q((,) and let by, ..., b, be
representatives of the ideal class group of Q((,). Then,

(a) Every Z|G]| module is a direct sum indecomposable Z|G|-modules.

(b) There are 2h+1 indecomposable Z|G]-modules: one of dimension 1, h of
dimension (p-1), and h of dimension p.

(¢) The h of dimension p — 1 over Z are the ideals by, ....,b,. Up to iso-
morphism, there is only 1 extension of b; by Z as a Z|G]-module, denoted

(bi, Z; 1). The h of dimension p over Z are the (b;, Z; 1).

For the notation (b;, Z; 1), see [CurtisReiner81] near Page 729.
In our case, p = 2, we have our special form of the above theorem as

follows:
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Theorem 2.4.7. The integral representation L of cyclic 2-group G = (o)

can be decomposed as a direct sum of indecomposable subrepresentations

LAY e A" @ RS (2.4.6)

where 0|4, = £1, and o|g, = (1 0

0 1), if we choose a suitable basis.

In our special case, considering L = H;(X,Z) as an integral represestion
of G = (o), where o is an involution on L (induced by the involution on the
algebraic curve X'), we can find the relation between J, NJ_ and the integral

representations.

Theorem 2.4.8. Using the same notation as before, we consider L = H(X,7Z)
as an integral representation of G = (o). We can decompose the integral rep-

: 1
resentation L = A% @& A® @ RS, where 0|4, = £1 and o|g, = (g 0), then

L~ (7/27)°.

Li+L_

Proof. We will prove this result by direct computation. The eigenspace of

. (0 1 . 1 1 0 . :
the matrix (1 0) has a basis v, = (1) = (0) + (1) with eigenvalue
1 1 oy ... .
A=1,and v_ = )=o) with eigenvalue A = —1.

For the simplicity our proof, we need introduce some simple notations
for vector space. Let e; be the i-th vector in the standard basis of vector.

(e; = (0,...,0,1,0,...,0)T, where the non-zero element 1 lies on the i-th entry.)
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If we write
LAY A" ®RS= (e, ..., €atp12c), (2.4.7)
as disucssed before, we can write

Ly ={(e1,...,€q,€a1p11 + €atpi2, - €apbize—1 T Catbioc), (2.4.8)

L= <ea+1, <3 €a4b5 €a4b+1 — €atb+2y -5 €atb2e—1 — ea+b+2(:>- (249>

So, we have

_L
L+ L_

:<ela e ea+b+2c>/<ela -3 €atb; €atbt1 T €atb+2; €atbt1l — €atb+2; -+
€a+b+2c—1 + €a+b+2¢; €a+b4+2c—1 — ea+b+20>
=(€atbt1s > Catbrae)/(Catbr1 T €atbi2; €atbil — Catbi2s o)

€atb+2c—1 + €atbt2cs €atbr2c—1 — €atbrac)

@ ea+b+2i 15 ea+b+2i>

€44+b+2i—1 + €a+b+2is €atb+2i—1 — ea+b+21>

:(Z/2Z) (2.4.10)

The last equality holds because

e S0)G)) G0

000 (O0)
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So, we have

L

Y (Z)27,)°,  where L =H,(X, Z) 2 A” ® A" @ R;. (2.4.12)
+ —_

]

From this theorem and Proposition 2.4.5, we can easily get:
Corollary 2.4.9. J, NJ_ = (Z/27)°, if L = H\(X, Z) = A® @ A® @ Rs.

Theorem 2.4.10. Under the same notation as above, let g+ = dimJ,

(a) If o has fized points, a = 0, b = 2g_ — 2gy, and ¢ = 2g,, hence
= A2_g—*2g+ ® R§g+.

(b) If o has no fized point, a = 29, —2g9_ =2, b =10, and ¢ = 2g_, hence

L= A% Ry

Proof. Let L = A} @ A’ @ RS, and M be the matrix associate to o, the
characteristic polynomial of the M is (A — 1)%9+(X\ + 1)29- = (A — 1)¢(\ +
DP[(A = 1)(A+ 1)]¢, we have a + ¢ = 2g, and b+ ¢ = 2g_. Also, we have
rankp, (Id — M) = c.

If o has fixed points, rankg,(Id — M) = 2g, (Corollary 2.1.8), we have

¢ = 2g4, consequently a = 0 and b = 2g_ — 2¢g,.



CHAPTER 2. THE CASE OF ONE INVOLUTION 43

If o has no fixed point, rankg,(Id — M) = 2g_ (Corollary 2.2.7), we
have ¢ = 2g_, consequently b = 0 and a = 2g, — 2g_. Furthermore, by

Riemann-Hurwitz theorem, g, —g_ =1, we get a = 2. O
Remark 2.4.11. Theorem 2.4.10 and Theorem 2.0.6 are equivalent.

In fact, we proved Theorem 2.4.10 by two corollaries (Corollary 2.1.8
and 2.2.7) of Theorem 2.0.6. On the other hand, if we know Theorem 2.4.10,

using Corollary 2.4.9, we can easily get Theorem 2.0.6.

Remark 2.4.12. From Theorem 2.4.10, we have the following properties
for the integral representations of a cyclic 2-group G = (o) appearing in L:
(a) A, and A_ cannot appear at the same time;

(b) The multiple of Ay is two, appears only when o has no fized point on X ;

(c) The multiple of A_ is even, appears only when o has fized points on X.

2.5 Integral Representations and Sympletic
Pairings

For the general discussion of symplectic pairing, see §11 of [Bourbaki59].
For our convenience, all the discussion is over Z. Here, we list some results

we need.

Definition 2.5.1. Let V be a Z-module. A symplectic pairing {(-,-) on V is
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a nondegenerate antisymmetric bilinear form on V. A bilinear from (-,-) is

called nondegenerate if (u,v) =0 for every v € V implies that u = 0.

Proposition 2.5.2. For any symplectic pairing (-, -), there is a basis of V

such that (-,-) is represented by the matrix

C1
C2
M = “ (2.5.1)
with c1|ca...|eq.
Proof. See §11 of [Bourbaki59]. O

A lattice is a free abelian group of finite rank with integral symplectic form
(+,+). The discriminant of a lattice is the discriminant of matrix corresponding
to the symplectic pairing. The lattice is unimodular if the discriminant is
+1.

For L = H(X,Z), rankz L = 2g if the genus of X is g. As a Z-lattice
of even rank we can associate (L, o) a o-equivariant non-degenerated sym-

plectic pairing (-,-). In fact, this pairing is exactly the cup product defined
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on homology L = Hy(X,Z) (See §0.4 [GriffithsHarris78|), and (L, (-,-)) is

unimodular.

Definition 2.5.3. Lattice M C L. L is saturated in M if mn € L for

m € M wmplies m € L.

Lemma 2.5.4. If L and M have the same rank, M saturated in L, then

M=L.

Lemma 2.5.5. (-,-) nondegenerate on L, then L* C Hom(L,Z) is saturated,

so L* = Hom(L,Z).

Lemma 2.5.6. Let (L,(-,-)) unimodular, M C L saturated, then we have

the surjection L* — M*.

Proof. From the exact sequence 0 — M — L — L/M — O, we have
Hom(L,Z) — Hom(M,Z) 2 Ext'(L/M,Z). (Theorem 7.5 of [Rotman]) But
M is saturated < L/M is torsion-free < L/M is free, hence is projective =
Ext'(L/M,Z) = 0 (Theorem 7.7 of [Rotman]). We also have L* = Hom(L, Z)

and M* = Hom(M,Z). So we get the surjection. O

Proposition 2.5.7. Suppose (L, (-,-)) unimodular. Let M, N C L be satu-
rated sublattices of L which are orthogonal complements: L&Q = (M ®Q)®

(N®Q) and (m,n) =0 forallme M®Q, ne€ N®Q. Then M*= L/N.
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Proof. By Lemma 2.5.6, L* — M*. But since L is unimodular, the map
L — L* by [ — (l,-) is an isomorphism. Hence the composition ¢ : L —
L*— M*byl— (l,-) : M — Z, is surjective. N C ker¢ since M and N are
orthogonal. So L/N — M*. Since L/N is free (N is saturated) and so L/N,
M* are Z-modules of the same finite rank, L/N — M* surjective implies it

is an isomorphism. O
Let M =L, and N = L_, we can easily get the following theorem.

Theorem 2.5.8. Let (L,{,)) be a unimodular symplectic lattice, o be an

involution acting on (L,(-,-)). Then L, = L/L_ and L* = L/L.,.

Corollary 2.5.9.

L L L*
S o~ e B~ (2.5.2)
L.+L_ L, L_

(L, (-,-)) be symplectic lattice. For v € L, I (v) := ((v,w)|w € L) C Z
is an ideal in Z, hence it has a positive generator dy(v), such that I (v) =

(dr(v))-

A vector v € L is primitive if 2o € L implies d = +1.

Lemma 2.5.10. Suppose v € L is primitive and (-, )|, is unimodular. Then

dL(U) =1.
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Proof. Let {vy,...,vy : wy,...,w,} be a Frobenius normal basis for L, i.e.,
(v, v5) = (w;, wj) = 0, (v, wj) = 5, for 1 < 4,5 < g. Let v = aqvy + ... +
agvy+biwy + ...+ byw, be primitive. Then ged(ay, ..., ag, b1, ..., by) = 1. Hence
by Chinese Remainder Theorem, there exist ci,...,¢4,d1,...,d;, € Z so that
arc1+...4agcq+bidi+...4by,d, = 1. Let v/ = cywy+...4+cywy—dyvy —...—dgv,.

Then (v,v") = a1c1+...a4¢g+b1d1+...4+byd, = 1 implying that di(v) = 1. O

If (M, (-,-)) is a lattice, where (-,-) is nondegenerate ({-,-) can be sym-
metric or alternative), the Discriminant Disc(M, (-, -)) is the determinant of
the matrix representing (-, -) with respect to a basis of M. The following is

well-known:

Lemma 2.5.11. Suppose M' C M is a sublattice of index d, and (M, (-,-)) is
nondegenerate. Then (M', (-, -)|y) is nondegenerate, and Disc(M', (-, ) |ar) =
d*Disc(M, (-, ).

Now return to the situation that (L, (-,-)) is a unimodular symplectic
lattice. Then L} = (42)LC L, ®Q, L* = (52)LC L_®Q.
Lemma 2.5.12. (Ly,(-,-)|r,) and (L_,(-,-)|L—) are nondegenerate lattices.

Proof. L@Q= (L, ®@Q)® (L-®Q)and L, ® Q, L_ ® Q are orthogonal.
Hence (L, (-,-)) nondegenerate implies (L, (-,-)|r,) and (L_,(-,-)|z—) are

nondegenerate. O
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Lemma 2.5.13. Suppose v € L, is primitive. Then dr, = 1 or 2. Simi-

larly, if v € L_ is primitive, then dp_ =1 or 2.

Proof. 1f v is primitive in L., then v is primitive in L. (L, (-,-)) is unimodular
implies that there exists w € L, such that (v, w) = 1. But then (1+0)w = w+
ow € Ly and (v, (1+0)w) = (v,w)+ (v,0w) = 14 (ov,w) = 1+ (v, w) = 2.

So dr, (v)|2 implies dr,, (v) =1 or 2. A similar argument applies to L_. [

By Lemma 2.5.13, (-,-) has a Frobenius normal form:
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1
v
2
i
<'> '>|L+ ]
1
—2
)
(2.5.3)
1
v
2
A
with Disc((-, )|z, ) = det 1
—1
)
—2
(2.5.4)

Now L* = (#£2)L and (L%, (-,-)) is unimodular. If L = A% & A® ¢ RS,

2

I

then L} = (22)L

; (394 @ [(B9)A] @ [(BO)R) = A2 @0 &

[(£2)Ro)¢ and Ly = A% ®[(1+0)Rs]° So, rankL’ =rankL, =2g. = a+c,

and the index of L in L7 is 2¢.

= 2%,
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Hence by Lemma 2.5.11:

Disc(Ly, (-, )|r.) = (2°)"Dise(LY, ()

1) (2.5.5)

If (-, Yo, = _q asin (2.5.3),

—2
with Frobenius normal basis vy, ..., Va, V], .., U, W1, oy Wa, WY, ..., W, such that

(vi, wj) = 045, for 1 <4, j < o, and (v], w}) = 26;5, for 1 < i, 5 < 3. Then L%

1

/ 1. .7 : x _ (1\28
3WYs -, swy, and DiscL? = (3)%.

has basis vy, ..., Va, %vi, ey %Uﬂ,wl, ey Weys
Hence from (2.5.11) we get 22 = 22¢(3)%%, then 2% = 2% which implies
B = ¢/2 and hence o = a/2. The case of L_ is done similarly.

So we have

Theorem 2.5.14. Suppose (L, (-,-)) is a unimodular symplectic lattice, and
o is an involution of (L,(-,-)). Suppose L = A% & A® & RS, rank;L = 2g,
rankZLi = Zg:t.

(a) a, b, ¢ are all even.
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1
3
1
2
8
2
(b> <'7 '>’L+ -1 J
—1
—2
-2
1
3
2
1
2
8
2
Gl = |
—1
-2
—2
L* Y Li Y Y C

(c) ﬁ =1 = L+f-L, = (Z/27)°.

Ly ., L*

(d) () induces a unimodular symplectic pairing on 7+ = 7= = F5 as an

[Fy-vector space.

In the following part, we will introduce the 2-subspace system (V; Vi, V43)
associate to a integral representation A of the cyclic 2-group G. It is quite

similar to the 4-subspace system associate to a integral representation of
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Klein 4-group in the next chapter.

Definition 2.5.15. For any cyclic 2-group G = (o), and any integral repre-
sentation L of G, we define the 2-subspace system V(L) := (V; Vi, V,) over

Fs as follows:
Vi=V,=(eiL+L)/L, Vo=V_=(esL+L)/L, V=Vi+ Vo, (2.5.6)
where e; = ey = (140)/2, ea=e_=(1—0)/2.

Combining with the theorem of integral representations of cyclic 2-group
(Theorem 2.4.7), we have the following theorem of the corresponding 2-

subspace system:

Theorem 2.5.16. For the cyclic 2-group G = (o), let L = A% & A & RS
be the integral representation of G. Then, Vi = V, = (Fy)¢, hence V(L) =

(Vi Vi, Vo) = ((F2)5 (F2)°, (F2)°).
Proof. For L = A% @ A® & RS, by directly computation, we have

V(L) =(V(L); i(L), Va(L))
=(V(A4); Vi(A4), Va(A4)" @ (V(A); Vi(A-), va(AL))"

& (V(Ra): Vi(Rz), Va(R2))" (2.5.7)
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For the Z-module A, we have 0|4, = +1, hence V;(A;) = (£2A, +
ADJAy = (AL + AN JAL = A JAL = 0, B(Ay) = (F52AL + AL /AL =
(0+A+)/A+ = A+/A+ :O, and V: ‘/1 +‘/2 :0

So,

(V(A4); Vi(Ay), Va(As)) = (05 0, 0). (2.5.8)
Similarly,

(VI(A-); Vi(AL), Va(AL)) = (0; 0, 0). (2.5.9)
For the Z-module Rs, considering R = Z? and 0 Ry = <1 O) Ry, Vi(Ry) =

11

(I—URQ + RQ)/RQ = ((1 -+ O')RQ + 2R2)/2R2 = ((1 1

) + 2R,)/2R, =

§g>> =Fy, Va(Rs) = (157 Rot R2) /Ry = ((1-0) Ry +2R,) /2Ry =

(( 11 _11) +2R,)/2R, — <(11>2®<8>> = Fy, and we have V(Ry) =

Vi(R2) + Va(Ry) = Fs.

So, Vi = Vo = (F2)¢ and (V; Vi, Vo) = ((F2)% (F2)°, (F2)°). o
Corollary 2.5.17.
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Proof. Theorem 2.5.16 shows V, = V_ = F§, which means V, N V_ = g,

combining with Corollary 2.4.9, we can get J, NJ_ =V, NV_. O

2.6 Complex conjugate 7 and Integral Rep-
resentations of G = ()

We can also consider the action of complex conjugate 7 on L = Hy(X, Z).
Let group G = (1) be the cyclic 2-group generated by complex conjugation
7. Considering L as a G-module, from Theorem 2.4.7, L can be decomposed
in forms of A% @ A" @ RS, where 7|4, = £1, and 7|z, = <(1) (1)) , by choosing
a suitable basis.

Similar to the case of involution, we can determine the multiples a, b, and

¢ by the following theorem ([Jaffee80], also see [Mazur| and [GrossHarris81]):

Theorem 2.6.1. Let X = X/R be a closed, connected complex algebraic
curve defined over R with genus g. Let r be the number of the connected
components of X (R).

(a) FX(R) #0, 7 >0, then L= A @ A Ry

(b) If X(R) =0 and g odd, then L= A, ® A_® RJ"';

(c) If X(R) =0 and g even, then L = Rj.

For the modular curve Xo(N) where N is square free, Oggs had given the

number of connected components [Ogg83]:
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Theorem 2.6.2. [f X = Xy(N) with N is the product of n distinct primes,
then the number of components r of X(R) is

{2n—1 if 21N,

272 if 2| N.
So, we have
Corollary 2.6.3. For the modular curve X = Xo(N) of genus g, where N

1s a product of n distinct primes, then
LA QAT o Ry, (2.6.1)

where

o=l if 2t N,
T =
=2 if2|N.

For the Shimura curve X (N) of discriminant D and level N, where D
is a product of even number of distinct primes. The following theorem due

to Shimura is well-known:
Theorem 2.6.4. (Shimura) XP(N)(R) = 0.
As a corollary, we have

Corollary 2.6.5. For the Shimura curve X = XP(N) with discriminant

D > 1 and level N, then

o )AreAe RI'. if g odd,
| R, if g even,

where ¢ is the genus of the X.



Chapter 3

The Case of Two Commuting
Involutions

In this chapter, we discuss the problem of two commuting involutions
acting on an algebraic curve X. They also induce actions on L = H;(X,Z).
Let o and 7 be two commuting involutions. We say an involution ¢ is ramified
if there exit fixed points under the involution ¢ on X. Otherwise, we say
the involution is unramified. For some technical reasons, in this chapter,
we only discuss the cases that the involution of o7 has fixed points. In
many interesting cases this assumption holds: for example, in the problem of
the Atkin-Lehner involutions wy,, wy, acting on the modular curve Xo(N),
where N = NNy, and Ny, N, are coprime and square free, the Atkin-Lehner
involution wy = wy,wy, always has fixed points on Xy(N) (See Corollary

2.3.2).

o6
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Some notations:
J = JacX,
Jio=1x0)], Jo,=1x7)], Jior=(1%07)J,
Jor=04+0)1+7)J, Jo-=(1+0)(1—-1)J,
Ji=01-0)147n)J, J_=10-0)1—-1)J
g = dimX = genus/J,
J+.0 =dimJy 5, g4, =dimJy -, g4 or = dimJy 57,
g4+ =dimJyy, g+ =dimJ,_, gy =dimJ_;, g =dimJ__.

And, we have the following identities:

9to =09++ + 9+ G+ r =G++ T 9+, Gtor =94+ + 99— J—or = g4+— + G+,

9=Y9+o 1T 90 =9+r +t9-7 = G+or T J—or = G4+ + G4— + g + 9.

3.1 Ramification of the Case of Two Involu-
tions and Some Intersections of J,.: Easy
Part

Assume o7 has fixed points. Let X be an algebraic curve.
X
D1 lpz NP3
X/(oT) X/(r) (3.1.1)
N\ P4 lp5  Pe
X/(o,T)

X/{o)
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po is ramifed since o7 has fixed points by our assumption. We will discuss

the ramification problem in three different cases.

Lemma 3.1.1. Let X be an algebraic curve, o and 7 be two commuting in-
volutions. Assume o7 has fized points. We have the following three different
situations:

(Case 1) If both o and T are ramified, then all six projections are ramified;
(Case II) If only one of o and T is ramified, say, o is ramified, T is unrami-
fied, then all but p3 are ramified;

(Case I11) If o and T are unramified, then only ps, py and pg are ramified.

Proof.
X
< To lm—f N\ T
X/(o) X/{oT) X/(T) (3.1.2)
N v
X/{o, 1)

Let r,, o+, and 7, be the numbers of the fixed points of the corresponding
projections shown on the upper part of Diagram 3.1.1 and Diagram 3.1.2.
By our assumption, r,, # 0, while r, and 7, can be zero or nonzero. In the
following, we will show that the numbers of fixed points of projections p;,
1 =4,5,6 depend only on r,, r,, and r,,.

Consider the projection py : X/{c) = X/(o, 7). For any x € X, denote its
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image on X/(o) by & = {z,0x}. If = {z,ox} is fixed under the projection
pa, T{x, 00} = {12,700} = {2,012}, then either 72 = x or o7z = z. On
the other hand, if either 7z = x or otz = x is true, 7{x,02} = {x,0x},
which means = = {x, oz} is fixed under the projection py. So, p, is ramified
if and only if either r, or r,, is nonzero. Similarly, ps is ramified if and only
if either r, or r; is nonzero, and pg is ramified if and only if either r, or r,,
is nonzero.

By the assumption, r,, is nonzero, ps is always ramified, so p4 and pg are
ramified for all three cases. In Case I, p; and p3 are ramified, hence p5 is also
ramified. So, all six projections are ramified. In Case II, p; is ramified, hence
ps is also ramified. So, all but p3 are ramified. In Case III, p; and p3 are

unramified, hence ps is unramified. So, only ps, ps and pg are ramified. [

Theorem 3.1.2. (Case I) If o and T are ramified, then g.+ < g+, 9+, 9——,

and J++ N J+_ = J++ N J_+ = J++ NJ__ = J++[2] = (Z/2Z)29++.

Proof. Denote the number of the fixed points of p4, ps, and pg by r4, 75, and
rg respectively. For Case I, by Lemma 3.1.1, p4, ps, and pg are all ramified,
which means r, > 0, r5 > 0, and r4 > 0. By Riemann-Hurwitz formula,

2-294,=2(2—2914) — 14, 0r

g+— — g++ =714/2 -1 >0, (3.1.3)
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and similarly,

g — g1+ =15/2-120, g4 — g1+ =16/2—-12>0. (3.1.4)

Hence g+ < g1 ,9 1,9, if both o and 7 have fixed points.

For the second part of the theorem, we need to use Corollary 2.0.8 in
the first chapter. Here, J.y = (1 +0)(1 +7)J = (1 +7)[(1 +0)J] =
(14 7)Jac(X/(o)), where the second equality holds since ¢ and 7 commute,
and the third equality holds due to Corollary 2.0.8. Similarly, J,_ = (1 —
7)Jac(X/(o)). By Lemma 3.1.1 (Case I), X/(o) has fixed points under the
projection X /(o) — X/(o,7), we have (1 + 7)Jac(X /(o)) = Jac(X/(o,T)).
Again, by Corollary 2.0.8, J,NJ_ = (1+47)Jac(X/(o))N(1—7)Jac(X/(c)) =
Jac(X/(o,7))[2] = J4+[2]. Using the same method, we have J, . NJ_, =
Jiy[2] and Joy N J__ = J.4[2]. And, J,, is a connected abelian variety of

dimension gy ., hence J, [2] & (Z/27Z)%9++. O
Corollary 3.1.3. In Case I, J,.NJ,_NJ_yNJ__=J,[2].

Theorem 3.1.4. (Case I1) If o is ramified and T is not, then g4+ < g4+, g9_+,9—_,

and J++ N :]+7 = J++ N J,+ = J++ NJ__ = J++[2] = (Z/2Z)29++.

Proof. The proof of the first part of the theorem for Case II is exactly the

same as that for Case I, since in Case II, all of p4, p5 and pg are ramified as
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in Case I. We can prove that g, is the smallest if only one of ¢ and 7, say
o has fixed points.

Using the same method in Case I, we can prove J, NJ,_ = J,,[2] and
JiyNJ__ = J.[2], since both o and o7 have fixed points and all of py, ps
and Corollary 2.0.8.

Now we begin to prove Jy, N J_, = J ;[2]. It is easy to see Jy; N
J_+ C Jy.[2] since all the points in J,, N J_, are 2-torsion points and
belong to J,,. To prove J,, NJ_, = J,,[2], we only need to show that
sl € T2 C T o Jeal2) = [(140)(147)J][2) = [(1+7)ac(X/(0))]2)
since ¢ has fixed points on X Consider the exact sequence:

0 = (Jac(X/(0))[2])" = Jac(X/{0))[2] = (1 = 7)(Jac(X/(7))[2]) —<>301> .

ranky, (Jac(X/(o))[2])” = 2¢._ due to Theorem 2.1.6 and the fact that T
has fixed points under the projection ps : X/(c) — X/(o,7). Consider-
ing ranks, Jac(X/(0))[2] = 294, ranke,(1 — 7)(Jac(X/(0)[2) = 2040 -
29— = 294y, Since (1 - 7)(Jac(X/(0))[2)) = (1 + 7)(Jac(X/(0)[2)) C

(1 + 7)Jac(X/(o)))[2] and rankg,((1 + 7)Jac(X/(0)))[2] = 2¢++, we have

(1 +7)(Jac(X/(0))[2]) = [(1 + 7)Jac(X/(a))][2]
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Also, Jy , C J_,, since o has fixed points for X and Corollary 2.1.9. So,

Jii[2] = (1 + o) (1 +7)J][2] = [(1 + 7)Jac(X/(0))][2] = (1 + 7)[Jac(X/(0))][2]
=1+ D[+ )2 = (1+7)e0[2
CA+7)) o2l =1+7)([(1=0)J][2]) =[(1+7)1—-0)J]][2]
=J_.[2

As we discussed before, J,[2] C J_,[2] implies Jy N J_ = J,,[2].

So, we proved

J++ N J+_ - J++ N J_+ - J++ N J__ — J++[2] = (Z/QZ)2g++. (316)

The last isomorphism is true because J,, is a connected abelian variety of

dimension g, ;. O]
Corollary 3.1.5. In Case II, J,. NJ,_NJ_ NJ__=J[2]

Theorem 3.1.6. (Case III) If o and T are unramified, then g = g, —1 <
9ivy < grs g, and J_NJo=J _NJy=J NJ_=J [2] ¥

(Z)2Z)%- .

Proof. Since the projection py and pg are ramified (r4 # 0 and r¢ # 0), ps is
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unramified (r; = 0), we have

g+— = Gry =74/2-120,
g+ — g++ =716/2 =120,

g—— — g4+ = —1L.

We have g-— = g1+ — 1 < g1+, g4+ < 94—, and g4 < g4, 80 g <
g+, g+—, g— if both o and 7 have no fixed points.

Since py : X — X/(oT) is ramified, we have (1 + o7)J = Jac(X/(oT)).
So, we have Ji, = (14+0)(1+7)J =(1+0)(1+o07)] = (1+0)Jac(X/(oT))
and J__=(1—-0o)(1—-7)J=(1—-0)1+07)] =(1—0)Jac(X/(oT)).

Since p5 : X/(oT) = X/(0o,7) is unramified, by the Corollary 2.2.6, we
have (14 0)Jac(X/{oT)) N (1 —0)Jac(X/{(oT)) = [(1 —0)Jac(X/{oT))][2], or
JoanNJ__=J__[2]

To prove J__NJy_ = J__[2], we only need to prove J__ C J,_[2] C
Ji—. Wehave J__ =[1—-0)1—-7)J][2] = [1+o7)(1 —7)J][2] = [(1 —

7)Jac(X/{oT))][2], and

0 — (Jac(X/{o1))[2])" — Jac(X/{oT))[2] = (1 — 7)(Jac(X/{oT))[2]) — O

Since ps : X/(oT) = X/(0o,7) are unramified, by Lemma 3.1.1, we have

rankg, (Jac(X/(o7))[2])” = 2¢4++. Since rankg,Jac(X/(o7))[2] = 294 5r, We
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have ranks, (1 — 7)(Jac(X/(07))[2]) = 204.0r — 20++ = 2g—_. Together with
the fact (1—7)((Jac(X/{o7))[2]) C ((1—7)(Jac(X/(o7)))[2] and rankg, ((1—
7)(Jac(X/{o7)))[2] = rankg, J__[2] = 2g__, we have (1—7)((Jac(X/(oT))[2]) =
(1 — 7)(Jac(X/(o7)))[2). Since X has o7-fixed points, by (2.1.9), we have
(A4 o7)J][2]) € ([(1 = o7)J][2]).
Finally, we have
J_[2]=[1=0o)1=7)J][2] = [1 +o7)(1 —7)J][2] = [(1 — 7)Jac(X/(oT))][2]
= (1 —7)[Jac(X/{om))][2] = (1 — 7)([(1 + o7)J][2])
S A=7)((L—o7)J][2])
Cl1=7)1—=or)J][2]) = [(1 =7)(1+0)J][2])

— J,_[2

So, we have J__[2] C J,_[2], implying J__ N J,_ = J__[2]. By the same
argument, J__NJ_, = J__[2].

So, we have
J__N J+, =J__N J,+ = J++ NJ__ = J7,[2] = (Z/QZ)QQ__. (317)

The last identity comes from the fact that J__ is a connected abelian variety

of dimension ¢g__. O

Corollary 3.1.7. In Case IIl, J, N J,._NJ_,NJ__=J__[2]
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For each of the three cases, we determine the three intersections by di-
rectly or indirectly using the results of the first chapter, especially part (a)
of Lemma 2.0.8 and Corollary 2.1.7. To determine the other three intersec-

tions, we need to consider the integral representations of the Klein 4-group

G = (o, 7).

3.2 Integral Representations of the Klein 4-
Group and 4-Subspace Systems

In this section, we summarize the the theory of integral representations
of the Klein 4-group. The 4-subspace system is an important concept in the
theory of integral representations of the Klein 4-group. We introduce the 4-
subspace system first, and then discuss the indecomposible components of the
Klein 4-group G (by Krull-Schmidt theorem ([Benson]), the representation
is unique as a direct sum of indecomposible components):

(a) ZG-free and rank 4 regular representation Ry;
(b) Rank 1 repersentations A, ,, A, A, and A__;
(c¢) Reduced representations.

We also calculate the 4-subspace system for each of them.
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3.2.1 4-Subspace System
Let G = (o, 7) be the Klein 4-group, o and 7 be the two generators, and

M be a ZG-lattice. Similar to the 2-subspace system we discussed in the last

chapter, let

140 1+71 140 1-—71
€y = €1 = 9 . 5 €l =€y = 5 . 7

l—0c 1+7 l—0c 1—171
6_+:€3: 2 . 2 , 6__:64: 2 . 2 ,
€x = €1 + €2+ e3+€ey. (321)

Define the 4-subspace system (V;V, V. V. V)= (V;V}, V5, V5, Vy)

by

V=eM/M, V,=(e;M+ M)/M, fori=1, 2, 3, 4. (3.2.2)
3.2.2 Regular Representation R,

For Klein 4-group G = (o, 7), let Ry be the regular representation, a free

Z-module of rank 4.

Ry =Z|G) =721+ Zo + Zt + ZoT (3.2.3)

So

eiR4 = GiZ,i = 1,2,3,4. (324)
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Let M = Ry, we have

M, =e.M = et M + esM + esM + esM = e1Z + esZ. + esZ + eqZ

:1+0—ZT+O'TZ+1—|—O’—4T—UTZ+1—J—|;LT—UTZ+1—J—47'+O'TZ‘

(3.2.5)

If we choose 1Z,0Z,7Z and o7Z as a basis, M, can be written as

1 1 1
-1 1 -1
1 -1 —-1)”
-1 -1 1

(3.2.6)

=
Il
|
— =

and M = Id.,. We can easily get (see the appendix for the detail compu-

tations)

V= M./M = 7JAZ & 7,)27. & 7./ 2Z. (3.2.7)

By the same basis, we can associate o an operator S, as

S, = : (3.2.8)

O O = O
o O O
_ o O O
O = O O

since Sy 1Z = 02, Sy-0Z, = 14, Sy 74 = 074, and S, -07Z = 77. Similarly,

we can associate 7 an operator S, as

S, = (3.2.9)

o= O O
— o O O
S O O
o O = O
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and associate o7 an operator S, as

00 01
0010
Sor = 01 00
1 0 00
They satisfy S? = 5?2 = S?_ = Id and S,, = S,S; = S,S,.

eM+M  (l+o+717+o0r)M+4M

Y M AM

(See the appendix for detail computations.)

Similarly,
Vi =7Z/AZ, for i =1,2,3,4
So, we have

Theorem 3.2.1. For the reqular representation Ry,

= 7/AZ.

(3.2.10)

(3.2.11)

(3.2.12)

(Vi Vi, Va, Vi, Vi) = (ZJAZ @ (Z,)27)?;, Z./AZ, 7.]AZ., T,JAZ, Z.JAZ). (3.2.13)

Lemma 3.2.2. For the reqular representation Ry, V; N\ V; = Z/2Z, for 1 <

i<j<A

Proof. See the appendix.

]

Lemma 3.2.3. For the regular representation Ry, Vi NVoNVaNVy = Z/27.

Proof. Direct conclusion by Lemma 3.2.2.

]
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3.2.3 Rank 1 Representations A, , A, , A ,,and A__

Let A, be the rank 1 representation of G' = (o, 7) such that |4, =1

and 7|4, , = 1. Similar, we can define A, _, A_,, and A__.

Theorem 3.2.4. For the representation A4+,
(Vi V1, Vo, V3, V) = (0;0,0,0,0). (3.2.14)

The proof of the above theorem is quite similar with the proof for 2-

subspace system for Ay case (Theorem 2.5.16) in Chapter 1.
3.2.4 Reduced Representations

In this subsection, we state the classification of reduced integral represen-
tations of the Klein 4-group, the representations neither Ry nor ALy. They
don’t appear in the integral representations of the cyclic 2-group.

The problem of the classification of reduced integral representations is
equivalent to the classification of reduced 4-subspace systems, which was
known in late 1960s’. The classification is first done by L. A. Nazarova
[Nazarova67] then by M. C. R. Butler [Butler73|. Both of these appoaches is
based on the classification of the 4-subspace systems solved by Gel’fand and
Ponomarev [GelfandPonomarev70)]

Here, we state the theorem of the classification of the 4-subspace systems
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following the paper of S. Brenner [Brenner74]. Let V' be a finite dimensional
vector space over a field K, and (V1, Vi, V3, V) be an ordered set of subspaces
of V. Define the defect of (V';Vi)1<i<a by p(V;V;) = >, dimV; — 2dimV. Let
7 be a permutation of (1,2,3,4), V. = (V;V;) = (V; V4, Va5, V3, V), We have
the following notations in the next theorem:

() and X be the vector space over K of dimension m and 1;

11, M2, p3 are monomorphisms from X to V;

(1, (3 are monomorphisam from (@) to V;

J is an indecomposable nilpotent endomorphism of Q);

c € Hom(X, Q) satisfies that ¢X generates @ as a J-module;

b € Hom(Q, V) satisfies bkerJ = X;

¢ is the identity permutation of (1,2,3,4).

Theorem 3.2.5. Any indecomposable 4-subspace system is isomorphic to
one the 4-space in the following list up to permutation.

(1) p =0, dimV = 2m > 2, A a nonsingular indecomposable endomor-
phism of Q for which neither 0 nor 1 is an eigenvalue.
(V3 V) = (GQ @ GQ; 1R, 0O, (G + &)Q, (G + A)Q),
IT = {¢,(12), (13), (14), (34)(13), (34)(14) }.

(2) p=0, dimV =2m > 2.

(Vi Vi) = (GQ @ (Q; (1Q, ¢Q, (¢ + (2)Q, (G + ¢ J)Q),
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T = {, (12),(13), (24), (34), (12)(34)}.
(3) p=0, dimV =2m +1 > 1.
(Vi Vi) = (GQ & &R ® 13X; Q& 13X, Q& psX, (G + &)@, (G + (I +
1) 4+ psb)@Q),
T = {1, (23), (24), (13), (14), (13)(24)}.
(4) p=—1, dimV =2m 42> 2.
(ViVi) = (GR & GQ & X @ 112X GQ ® i X, Q@ pa X, (G + )@, (G +
G + 120)Q & (1 + G0)X), (for m =0, e = pua).
T = {1, (13), (23), (24), (34)}.
(5) p=1, dimV =2m > 2.
(V5 Vi) = (GQ & G5 G1Q, G, (G + &)@, (G + & J)Q & (cX),
1T = {1, (14), (24), (34)}.
(6) p=—1, dimV =2m+1>3 "
(ViVi) = (R ® Q& i X;GQ & X, GQ, (G + &)Q, (G + ¢+ 11b)Q),
T = {1, (12), (13), (14)}.
(7) p=1, dimV =2m +1 > 1.
(Vi V) = (R & Q& mX; Q& X, GQ, (G + ¢)Q & X, (1 +G&J +

b)Q @ G1eX), (form =0, Ge= ).

'In the Brenner’s original paper, dimV = 2m+1 > 1. It is a typo since when dimV = 1,
(V3;V;) = (V;V,0,0,0). It contradicts to Vo U V3 UV, = V.
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T ={e,(12),(23), (24)}.

(8) p=—2, dimV =2m +1> 1.
(ViVi) = (@8 Q& mX;GQ, GQ, (G + (o + mb)Q, (G + () +mb)@Q),
= {}.

(9) p=2, dimV =2m+1 > 1.
(ViVi) = (GQ ® Q& mX;GQ & X, Q & mX, (G + & + mb)Q &
GeX, (G4 Gd + mb)Q @ GeX), (form =0, Qe = (e = ).
IT={.}.
3.3 An Important Lemma: Relation Between

Integral Representations of the Klein 4-

Group and Intersections of J, ., J. , J .,
J__

In this section, we will prove an important lemma, relating the intersec-

tions of V,, V,_, V_, V__ and the intersections of J,, J._, J_4, J__.

Lemma 3.3.1.

VienVio=Joond, VNV =Jo nd g, VienVoo =Jy nd

V+, N V7+ — J+7 N J,+, V+, N fo — J+7 N J;f, V,+ N fo - J7+ N Jff.
(3.3.1)

Proof. The proof of these six identities are similar. Here we just prove the
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first one. We can get the other five identities by simply changing the sub-
scripts.

Let X be an algebraic curve. Since J = JacX = C9/L, where L =
H,(X,Z) and g = dimJ =genus of X, we have Jy,, = L ® Q/L, where J,,
denote the torsion points of J. And we have the projection 7 : L ® Q —»

Jtor g J.

(1+cr)4(1+7') and er = (1+0)(177).

. e, = e and eyy is a

Let €y =
projection of: L ® Q - A, ® Q. We have similar formulas for e, _.

Vi = # C L80 — J,,.. Also, we have V, , = e++LL+L _ (1+U)(1+z)(L/4)+L c

Jiy. So we have Vi C Jip, N J1y = (Ji1)top. Similarly, we have V,_ C
(J4—)ior- Hence we have V. . NV, C J N J,_.

On the other direction, we need to prove Vi, NV, _ D Jy N J;_

We define Ly, :={v € Lljov=1v=v}and L,_ :={v € Ljov =v,70 =
—v}, Joy = {v e LeQmr e J C J} and Ji = {v e LoQmr e
Ji_ C J}. It is easy to see that j;jr/L = (J44)tor and jJ:/L = (J4)tor-
If v € j:;, we have omv = v and 7mv = 7o, it follows ov = v + L
and 7v = v+ L. As a result, we have j:r =L,y ®Q+ L. We can get
j;: =L, ®Q+ L similarly.

Let « € J.. N Jy_. We can always lift o to a € j;; N j:, such that

a€l,, ®Qand ae Ly ®Q+ L by carefully choosing the representative



CHAPTER 3. THE CASE OF TWO COMMUTING INVOLUTIONS 74

of @in L ® Q.

So we can write
a=d+w (3.3.2)

wherea € L, Q, ¢ €L, ®Qandwe L. And, L,, QNL, ®Q=
0eL®qQ.

We have e, & = a since @ € L, ® Q, and e, & = 0 since & €
L, ®Q, then we have @ = e, w. It implies a € # Similarly we have

& =e  (—w), and a € % Sowe have V., NV,_ D J, . NJ,_. O

From this lemma, we know that the integral representations of G = (o, 7)
determine the intersections of Jii. To determine the remainder interse-
tions, our hope lies on understanding the integral representations appear in
L = H,(X,Z). Not all integral representations will appear in L = H;(X,Z),
just like not all integral representations of cyclic 2-group will appear in
L = H,(X,Z) when we discuss the problem of intersection J; N J_, as
Remark 2.4.12 states. In fact, we will use the fact in Remark 2.4.12 on the
integral representations of cyclic 2-group in L = H;(X,Z) on the problem of
intersection J, N J_ to determine the integral representations of the Klein 4-
group appears in L = H;(X,Z) on the problem of intersection of J1.’s. The

bridge is that the restriction of integral representation of the Klein 4-group
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appears in L to its cyclic 2-subgroup is the the integral representations of
cyclic 2-subgroup appear in L. In the next section and the appendix at the
end of this chapter, we will give the explicit computation of restriction of

integral representations.

3.4 Reduction of Integral Representation of
the Klein 4-Group (o, 7) to Integral Rep-
resentation of Group (o), (7) and (o7)

The Lemma 3.3.1 shows that, if we know the structure of 4-subspace
system (V; V4, Vo, V3, V) associate to L = Hy(X,Z), we know all the inter-
sections of J, ., J,_, J_, and J__. And, the structure of 4-subspace systems
is equivalent to integral representations of Klein 4-group (the only exception
is the rank 1 representation A44 has no contribution to 4-subspace system
(V; V1, Va, V3, Vy)). In the remainder part of this chapter, will determine the
irreducible integral sub-representations of Klein 4-group G = (o, 7) appear-
ing in L = H;(X,Z). Not all integral representations listed in Section 3.2
can appear in L. An direct result is the integral representations of Klein
4-group (o, T) restrict to integral representation of group (o), (1) and (o)
should satisfy Theorem 2.4.10. In this section, we will repeatedly using this

theorem to rule out some representations not appearing in L.
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All the lemmas we discussed in this section are technical. We are not
discussing reduction of all possible integral representations of Klein 4-group.

We only discuss the results we will use in next three sections.
3.4.1 The Regular Representation R,

Lemma 3.4.1. For the reqular representations Ry of G = (o, 7), we have

the following identities when they are restricted to their cylic 2-subgroups (o),

(1) and (oT):
Ryl(o) = R3; Raliry = R3; Rul(ory = R5. (3.4.1)

Proof. From the definition of the regular representation, Ry = 1Z & oZ &

TL®oTL = 12&0ZBV(TZ)®0o(TZ), and o Ry = cZS1ZSo(TZ) B 1(TZ) =

10 10

01
O'Rgz(l O)RQ

Similarly, we can prove Ry|(;y = R3 and Ry|(pry = R3. O

(0 1) (0Z®1Z)® <0 1) (1(rZ) ® o(72Z)), which imply Ry|) = F2 since

3.4.2 Rank 1 Representations A, ,, A, , A , and A__

From the definition of A,,, A, A_, and A__, we can easily get the

following lemma:

Lemma 3.4.2. For the rank 1 integral representations Ay, Ay, A_, and

A__ of G = (o,7), we have the following identities when they are restricted
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to their cylic 2-subgroups (o), (T) and (oT):

Avilioy = Ay, Al = As, Apilion = Ay (3.4.2)
Ai oy =As, A=A, Afor) = A (3.4.3)
Atloy = A, Ayl = Aps Aifion = A5 (3.4.4)
Aoy =As A=A, A fon = Ay (3.4.5)

Corollary 3.4.3. A, and A__ do not appear in L in all three cases.

Proof. Since o1 always has fixed points as we assumed, L|,, does not have
Ay by Theorem 2.4.10. As subrepresentations of L, both A, and A__ will
contribute A, when they are restrict on the subgroup (o7), so they cannot

appear in L in all cases. O
Corollary 3.4.4. A_. do not appear in L in Case I and Case III.

Proof. For Case I, L|(;y do not have A, by Theorem 2.4.10. But A_ |y =
A.. So, A_, do not appear in L in Case .
For Case 111, L|(,) do not have A_ by Theorem 2.4.10. But A_ |,y = A_.

So, A_, do not appear in L in Case III. O
Corollary 3.4.5. A, _ do not appear in L in all three cases.

Proof. For Case I and Case II, L|(, do not have A, by Theorem 2.4.10. But

Ay oy = Ay So, Ay do not appear in L in Case I.
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For Case III, L|(;y do not have A_ by Theorem 2.4.10. But A, |y = A_.
So, A, _ do not appear in L in Case III. n

3.4.3 Some Reduced Representations

We will discuss some reduced representations we will meet in the next
three sections. The proves rely on the concrete computation, we just give
the results in this subsection and leave the proves to the appendix in this
chapter.

We need some notations: Type (3) with dimV = 1: Considering the

permutation, we use the following notation:
My = (Z)27;Z)27,7,/27,0,0); M3 := (Z/27;7/27,0,7/27,0); (3.4.6)
My, = (Z)27;7.)27.,0,0,Z/27); Mss := (Z/27;0,2/27,7/27,0); (3.4.7)
Myy = (Z/27;0,7./27.,0,7/27); Msy:= (Z/27Z;0,0,7/27,7/27). (3.4.8)

Lemma 3.4.6. For the reqular representations of Type (3) with dimV = 1

M;; where 1 <i < j <4 of G=(0,7), we have the following identities when
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they are restricted to their cyclic 2-subgroups (o), (1) and (oT):

M12‘<‘7> - A?i-’ Ml?‘(ﬂ') = Ry, M12|<cr7'> = Ry;
Mislo) = R, Mis|ry = AL, Mislor) = Ro;
M14|<U> = Iy, M14|(7') = Ry, M14|(UT> = A2+7
M23‘<U> = RQ’ M23‘<T> = _R27 MQS’(GT) = A2_a
M24|<o-> = RQ, M24|<T> — AQ_’ ]\424|<0.7_> — _RQ,

M34|(o-> = A%, M34|<T) = R27 M34|<0'7'> — _RQ.

(3.4.9)
(3.4.10)
(3.4.11)
(3.4.12)
(3.4.13)

(3.4.14)

Lemma 3.4.7. For the reduced representation of Type (9) with dimV = 1,

denoted by Myszs, of G = {(o,7), we have the following identity when it is

restricted to its cyclic 2-subgroups (o), (1) and (oT):

Migsalioy = Re® Ay ® A_.

(3.4.15)

Corollary 3.4.8. The reduced representation with Type (9) with dimV = 1

does not appear in L.

Proof. As we find in last lemma, A, and A_ appear at the same time when

we restrict the reduced representation of Type (9) with dimV = 1 Mg

to subgroup (o), which is contradict to Remark 3.2.3. So, Mja34 does not

appear.

O
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Type (4) with dimV = 2: Considering the permutation, we use the fol-

lowing notation:

Moz := ((Z)272)* Z/27,7./27, 7./ 27, 0); (3.4.16)
Moy := ((Z)27)* 7./27., 7./]27., 0, 7./ 27); (3.4.17)
Mysy = ((Z)27)* 7.)2Z,0,7.)27, 7.) 27); (3.4.18)
Masy := ((Z)27)% 0,222, 7.)27, 7./ 27). (3.4.19)

And, Type (7) with dimV" = 1: Considering the permutation, we use the

following notation:

Mgz == (Z)2Z;7.)27.,7.)27, 7./ 2Z, 0); (3.4.20)
Moy = (Z/22;7./27,7.)27,0, 7./ 27); (3.4.21)
Myzy = (Z)2Z;7.)27.,0, 7/ 27, 7] 27.); (3.4.22)
Moz = (Z)2Z;0,Z/27,7./27,7.]27). (3.4.23)

Lemma 3.4.9. For the reduced representation of Type (4) with dimV = 2,

denoted by Myag, Myay, Misy and Masy of G = (0, T), we have the following
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identity when it is restricted to its cyclic 2-subgroups (o), (1) and (oT):

Migsliey = Ay @ Ra, Miosliry = Ay @ Ry, Migs|ior)y = A @ Ry;  (3.4.24)
M124|<a> = A, & R,, M124|<T> =A_ @ R,, M124|<O'T> =A, @Ry (3.4.25)
Misalioy = A- @ Ry, Misulry = Ay @ Ry, Misalior) = A4 @ Ry;  (3.4.26)

Mosylioy = A_ @ Ry, Masulry = A ® Ry, Massl(or) = A- @ Ry, (3.4.27)

Lemma 3.4.10. For the reduced representation of Type (7) with dimV = 1,
denoted by Moz, Mysy, Myzs and Mazs of G = (0,7), we have the following

identity when it is restricted to its cyclic 2-subgroups (o), (T) and (oT):

M123|<a> = A, © Ry, M123|<r> = AL © Ry, M123|<m> =A_DRy; (3.4.28)
M124|<a> =A, ® R,, M124‘<T> =A_® R,, M124|(ar> =A, & Ry; (3.4.29)
M134’<0'> =A_® R27 M134‘<T> = A+ D R27 Ml34‘<a‘r> = A+ D R27 (3430)

Mosa|(oy = A_ ® Ro, Moza|(ry = A_ @ Ry, Mosa|(ory = A_ ® Ry, (3.4.31)
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3.5 Intersections of J,,, J,_, J_. and J__:

Case |

For Case I, each of o, 7 and o7 has fixed points on X, by Theorem 3.1.2

and Corollary 3.1.3,

G++ < G4 =+ 9——; (3.5.1)
J++ N J+_ = J++ N J_+ == J++ N J__ == J++[2] = (Z/2Z)2g++; (352)

J++ N J+, N z],+ N Jff = J++ [2] = (Z/QZ)29++. (353)
By the Lemma 3.3.1, we can reformulate (3.5.2) and (3.5.3) above to

V++ N V_|__ == V++ N V_+ = V++ N V__ = (Z/2Z)29++; (354)

Vi NV NV, NV__ = (Z)27)*++. (3.5.5)

By (3.5.4) and (3.5.5), combining the knowledge of integral representa-
tions and 4-subspace systems in Section 3.2, we can almost determine the
representations appearing in L, from which we can derive the other intersec-

tions.

Lemma 3.5.1. In Case I, only the regular representation R, contributes to

Ve NV NVo,nV._.

Proof. Since there is no rank 1 representations Lii’s in Case I (Corol-

lary 3.4.3, Corollary 3.4.4 and Corollary 3.4.5), we only need to exclude
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the reduced presentations.

After carefully investigating Theorem 3.2.5, we find the only possible
reduced representation with non-zero contribution of V, , NV, _NV_,NV__
is the reduced representation of Type (9) in the list with dimV = 1. But, we

had excluded it in Corollary 3.4.8. ]

Since every regular representation, associated with V(Ry) = (V; V1, Vo, V3, Vy) =
(Z)AZ & (Z)27)% L)AL, 7] AZ, L)AL, 7. AZ) (See (3.2.14)), with intersection
VinVonVanVy =7Z/27 (See (3.2.3)), contribute an intersection of the form
JoonJy_NJ_,NJ__ =(Z/2Z) by Lemma 3.3.1, we introduce the following
notation:

V(L) = (V; Vi, Vo, Vs, Vi) = V(Ry) ¥+ @ V(L),

V(L) = (Vi Vi, Va, V3, Vi) Vi = (Z/42)% &V, (3.5.6)
Lemma 3.5.2. In Case I, V; = (Z/AZ)*++, and V; = 0.

Proof. By definition (See 3.2.2), V; = 9Ll where e = (+o) A47) e

have rankz(1 4 o)(1 + 7)L = dimJ, = 2g¢4,, hence the cardinality of V},
CardV; = Card2EtE < Card9t = Card(Z/4Z)%++ = 4%9++. We also have

Vi = (Z/47)%++ © V, so we have V; = 0 and V; = (Z/47,)%++. 0

Now we need to further investigate the structure of V(L) = (V;0, V4, Vi, V4).

Since Vi = 0, V(L) comes from reduced representations. Also using the fact
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of V; = 0, we can derive that only limited representations in list of Theo-

rem 3.2.5 contribute to V(L):

Lemma 3.5.3. In Case I, only the following Type of the reduced represen-
tations in Theorem 3.2.5 can possibly contribute to L:

a. Type (3) with dimV = 1: My = (Z/27;0,Z/2Z,7)27,0), My =
(2/27;0,7./27.,0,Z/27), and M3y = (Z/27;0,0,Z/27,7/27);

b. Type (4) with dimV = 2: Mozy = ((Z/27)%*,0,Z/27,7./]27., 7./ 27.);

c. Type (7) with dAimV = 1: Moy = (Z/27;0,7/27,7./27, 7] 27.).

Theorem 3.5.4. In Case I, if only Type (3) reduced representations appears

m L,
L= R g MU g Mp{TPt @ i) (3.5.7)
where v(x) is the number of fized points in X under the involution .

Proof. By the assumption, we have
L= R & M3 & Mgzt & M3, (3.5.8)

and we will determine the multiples 723, 794, and 734 in the rest of the proof.



CHAPTER 3. THE CASE OF TWO COMMUTING INVOLUTIONS 85

By Lemma 3.4.1 and Lemma 3.4.6, we have

L|<J> _ R§g+++r23+r24 ® A2_r34; (359)
L|(7—) _ R;lg+++r23+r34 @ A%TM; (351())
Ll(gry = RyFH17247788 g p2r3. (3.5.11)

while all involutions have fixed points on X, from Theorem 2.4.10, we have

L|(a) _ R§g+,0 @ A397,0_29+,0' _ R§g+,o' @ AZ(U)—Q; (3512)
L|yy = R @ A7 72007 — R+ g A2, (3.5.13)
L|ior) = R @ A% 72040 = Rt gy A°7 2 (3.5.14)

where v(%) is the number of fixed points on X under involution *, and the
last equality of each equation comes from Riemann-Hurwitz formula.

Comparing the two sets of identities, we have:

T3 =g-or — Gror =0(07)/2=1=g4 + g+ —g-— —g4+;  (3.5.15)
Pt =9~ G4r =0(T)/2 =1 =94+ g — gt — Gs+; (3.5.16)
T340 =0 0= gro=0(0)/2-1=g 1 +g9  — g1 — gy (3.5.17)

So, we have

L = R+ g M2l g pppm2=1 gy ppole)/2-t (3.5.18)
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Write in terms of 4-subspace system, we have

V(L) = V(Ry)*+ @ V(L); (3.5.19)

V(L) — ((Z)g—4g++; 0, (Z/2Z)2£J+7—29++7 (2/22)297+—29++7 (2/22)2977—29++).
(3.5.20)

Remark 3.5.5. In Theorem 3.5.4, we add a restriction that only Type (3)
reduced representation appears in L. We can release this restriction to a
weaker condition: the defect of the 4-subspace system p = 0, which implies
that if one of Type (4) (Mass) or Type (7) (Myss) representation appears,
the other one also appears. What’s more, their multiple should be the same,

otherwise the total defect is non-zero (Type (3) has defect 0).

Lemma 3.5.6. Mo @ Moy & Msy and Magy @ Masy contribute the same
intersections of J,_NJ_, Jo_NJ__ and J_. N J__. Or, equivalently, we
cannot distinguish Mg ® Moy ® Msy and Mosy ® Moss by the information of

J+_ N J_+, J_|__ NJ__ and J_+ NJ__.

Proof. From Theorem 3.2.5, we can find both Mss ® Moy & Msy and Mosy P
Mysy contribute the intersections of V,_NV_, =V, _NV__=V_, NV__ =
7 /27. By Theorem 3.3.1, it implies both two Type contribute J,_ N J_, =

JooNJ__=J_,NJ_=17J2Z O

Remark 3.5.7. Under the assumption the defect p = 0, from Lemma 3.5.7, if

we are only interested in 2-intersections such asJy_NJ_, we can equivalently
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think the “only” reduced representation appears in L is the Type (3) reduced
representation in Theorem 3.2.5. More precisely, in our case, are the reduced
representations Mos, Moy and Msy.

To distinguish Type (4) and Type (7) from Type (3), or Maysy @ Mas, from

Mys & Msy & Msy, we need to investigate 3-intersection Jy_ N J_, N J__.

So, we can restate Theorem 3.5.4 as following by changing to a weaker

restriction:

Theorem 3.5.8. In Case I, if the reduced representations appears in L has

a total defect 0, then
L=RE o My o My e My (3.5.21)
where v(x) is the number of fized points in X under the involution .

Finally, we have the theorem of intersections for Case I under a techinque

assumption:

Theorem 3.5.9. Let X be any algebraic curve, and o and T are commut-
ing involutions, assuming o, T and ot have fized points, and assuming that
the reduced subrepresentations L = Hy(X,Z) of Klein 4-group G = (o, T)
has a total defect 0 for the corresponding 4-subspace system (or, equivalently

2dimV = Zle dimV; in the J-subspace system), then we have:
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JrNJ_ = nNdo=Jdnd_=J 2l=JnJ_nNnJ_nNJ_=
(Z/22)%++,

Joo N J_y = (Z)27)20++Fv0n2=1 g J__ = (Z)27)20++ (/21 gnd
J N J__ = (Z)27)%++ T2

where v(x) is the number of the fixed points in X under the involution *.

Proof. By Theorem 3.5.8, the facts that,

a. each regular representation R4 contributes a J,, NJ,_ = J NJ_y =
JonNJd_=J 2l=Jy nJd-nJ_yNJ__=(Z/27), and

b. each Ms3 contributes an intersection J,_ N J_,, each My, contributes an
intersection J,_ N J__, and each M3, contributes an intersection J_, NJ__,

we can easily get. O

Remark 3.5.10. The computation in Chapter 3 shows that the intersections

in Theorem 3.5.9 hold, which suggests the defect condition is hold.
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3.6 Intersections of J,,, J,_, J_. and J__:

Case 11

For case II, all 0 and o7 have fixed points on X, but 7 have not, from

Theorem 3.1.4 and Corollary 3.1.5 we know that

G++ = G4 G—4> 9——; (3.6.1)
J++ N J+_ == J+_|_ N J_+ == J++ N J__ == J++[2] = (Z/2Z)29++; (362)

JooNJy NJ  NJ = J, 2 = (Z)2Z)*+. (3.6.3)

By the Lemma 3.3.1, we can reformulate the identities (3.6.2) and (3.6.3)

to

V++ N V_|__ = V_|_+ N V_+ = V++ N V__ = (Z/QZ)29++; (364)

Vi NV NV NV__ = (Z)27)*++. (3.6.5)

By the identities (3.6.4), (3.6.5), and combining the knowledge of rep-
resentations and 4-subspace systems in Section 3.2, we can determine the
representations appearing in L, from which we can derive the other intersec-
tions.

Similar to the Case I, after rule out other integral representations, we can

write the integral representation as:

L= R &A%, © My & Mi © Mg & Mgy & N3y
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The exclusion of the other possible representations are exactly the same
as we do in Case I, except that we cannot exclude rank 1 representation A_,

in Case II.
Lemma 3.6.1. In Case II, Mysy and Mys, do not appear.

Proof. By Lemma 3.4.9, A_ appears in Mog4| -y and Magy|(ry. But, in Case II,
7 has no fixed points on X, L|(;) do not has the component A_ (see Remark

2.4.12 (c)). So, Myz4 and Masy do not appear in Case II. O
Finally, we have
L RP™ @ A%, & Mg @ M3 & Mg
We can determine all the coefficients in formula above:
Theorem 3.6.2. In Case II, we have
LR @ A2, @ My @ My (3.6.6)
where v(x) is the number of fized points on X under the involution .
Proof. By Lemmas 3.4.1, 3.4.2 and 3.4.6, we have

L|<J> _ R‘219+++7‘23+T24 @ Aci+2r34; (367)
L‘(T) _ R;19+++r23+r34 @ A%T24 D Ai; (368)

Lligry = R H2at780 g ot (3.6.9)
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o and o7 have but 7 do not have fixed points on X, from Theorem 2.4.10,

we have
L‘(U) — R§g+,a @ AQ_Q—,U*ZQ-!—,U _ R§g+,a ® Aii(d)*Q; (3.6.10)
Ly = R @ AW 727 = R @ A2, (3.6.11)
Ll(gry = RS @ AXom 200 — RRher gAY 0072, (3.6.12)

where v(x) is the number of fixed points on X under the involution *, and
the last equality in each identity comes from Riemann-Hurwitz formula.

Comparing the two sets of identities, we have:

a=2; (3.6.13)

Ty = §-or — Gtor — 1 =0(07)/2=2=9g, + g1+ —g-— — g4+ — L;
(3.6.14)

Ty = O; (3615)

"31=9 o= gto—1=v(0)/2-2=9g  +g _—g — g — 1 (3.6.16)
As a result, we have

L~ R¥* @ A%, & MR @ Myl (3.6.17)

O

Finally, we have the theorem of intersections for Case II:
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Theorem 3.6.3. Let X be any algebraic curve, and o and T are commuting
nwvolutions, assuming o and ot have but 7 does not have fized points, then
we have:

JonJ_=J..nNnJ =] . nNnJ_=J 2]=J.NnJ_nNJ NJ =
(Z/22)%+,

Jo_NJ_y =2 (Z)27)%+++00n2=2 . NJ__ =2 (Z)27)%++, and J_ NJ__ =
(Z/Qz)2g+++v(v)/2—2,

where v(x) is the number of fized points on X under the involution .

Proof. By Theorem 3.5.4, and the facts that,

a. each regular representation R4 contributes a J,, N J,_ = JyyNJ_y =
Joond _=J2l=JnNnJ_nNJnNJ__=(Z/27Z), and

b. each M3 contributes an intersection J,_ N J_,, each My, contributes an
intersection J,_ N J__, and each Mj, contributes an intersection J_, NJ__;
c. A_, has no contribution to intersections,

we can easily get the results. O
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3.7 Intersections of J,,, J,_, J_. and J__:
Case 111

For case III, all ¢ and 7 have no but o7 have fixed points on X, from

Theorem 3.1.6 and Corollary 3.1.7 we know that

9—— = G445 94— 9—+; (3.7.1)
J__N J++ =J__nN J_+ = J_|_+ N J_+ = J__[Q] = (Z/QZ)QQ?i; (372)
JooNJy NJ_yNJ__=J__[2] = (Z)27Z)* . (3.7.3)

By the Lemma 3.3.1, we can reformulate the identities (3.7.2) and (3.7.3)

to

V++ N V+_ = V++ N V_+ = V++ NnV__ = (Z/QZ)QQ*i; (374)

V++ N V+_ N V_+ NV__ = (Z/2Z>2977' (375)

By the identities (3.7.4) and (3.7.5), and combining the knowledge of
representations and 4-subspace systems in Section 3.2, we can determine the
representations appearing in L, from which we can derive the other intersec-

tions.

Lemma 3.7.1. In Case III, only the reqular representation contribute to

Ve NV NVo.nV__.
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Proof. Since there is no rank 1 representations in Case I1I, we only need to ex-
clude the reduced presentations. After carefully investigating Theorem 3.2.5,
we find the only possible reduced representation with non-zero contribution
of ViyNnVi_NV_, NV__ is the reduced representation of Type (9) in the

list with dimV = 1. But, we had excluded it in Corollary 3.4.8. ]

Since every regular representation, associated with V(Ry) = (V; Vi, Vo, V3, V) =
(Z/AZ & (Z)27)*,Z)AZ, Z]AZ, 7.]AZ, 7.]AZ) (See 3.2.14), with intersection
VinVonVanVy =7Z/27 (See 3.2.3), contribute a intersections of the form

JooNnJi-nJ_.nNJ__=(Z/2Z) by Lemma 3.3.1, we have

V(L) = (V; Vi, Va, V3, Vi) = V(Ry)*— @ V(L)

V(L) = (V; Vi, Va, Vs, Vi);

Vi = (Z/42)%-- @V,
Lemma 3.7.2. In Case III, V; = (Z/4Z)*~, and V3 = 0.

Proof. By definition (See 3.2.2), V; = <Ll where eq = (1;‘7) (1?), we

have rankz(1 — o)(1 — 7)L = dimJ__ = 2¢__, hence the cardinality of Vj,
CardV, = Card“Etl < Card“: = Card(Z/4Z)%-- = 4%9——. We also have

Vi = (Z/4Z)2g" ® 174, so we have ‘74 =0and Vy = (Z/4Z)2g,,‘ 0

Now we need to further investigate the structure of V(L) = (V; V4, V4, Vs, 0).
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Since V; = 0, ]}(L) comes from reduced representations. Also using the fact
of V4 = 0, we can derive that only limited representations in list of Theo-

rem 3.2.5 contribute to V(L):

Lemma 3.7.3. In Case III, only the following Type in Theorem 3.2.5 can
possibly contribute the reduced part of representation of L:

a. Type (3) with dimV = 1: Mo, M3, and Mas;

b. Type (4) with dimV = 2: Mya3;

c. Type (7) with dimV = 1: Mas.
So, we can write:
LERY @ Mo My oMz o Mg o M3, (3.7.6)

Theorem 3.7.4. In Case 111, if only Type (3) reduced representations appear

i L, then
L= R¥ & My® Mz MAT2! (3.7.7)
where v(x) is the number of fized points on X under the involution .

Proof. By assumption, we can write L = R~ & M2 & MI¥® ¢ M. By
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Lemmas 3.4.1 and 3.4.6, we have

L|<U> _ R‘zlg——+r13+r23 ) Airlg; (378)
L|my = Ryf—17127728 gy A2rs, (3.7.9)
L)igry = Ry~ r2718 @ A%, (3.7.10)

while ¢ and 7 have no but o7 has fixed points on X, from Theorem 2.4.10,

we have
L|<o’> — Rggf,cr D Aing,o—ng,o — Rggf,o @Ai_7 (3711>
Lim = Ry @AY %77 = R @ A% (3.7.12)
Lligry = RS @ A% 720%em — Ri0er g 420772 (3.7.13)

where v (%) is the number of fixed points on X under the involution %, and
the last equality of each identity comes from Riemann-Hurwitz formula.

Comparing the two sets of equations, we have:
T2 =1; ri3 =15 ro3 = v(o7)/2 — 1. (3.7.14)
As a result, we have

L= RY~ & My® My MpT?*! (3.7.15)
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Lemma 3.7.5. In Case III, if Type (4) (Mya3) or Type (7) (Mias), appears

wm L, then:
L= Ry @ My o M @ M3, (3.7.16)

where v(oT) is the number of the fized points on X of under the involution

ot and 7123 + 77123 = 2.

Proof. By (3.7.6), we have L = R}~ @ MJ3> ® M{}* © My3® & Mp33* @ M3,
Since X has no fixed point under involution ¢ and 7, L|, = L|; =
A7 (Remark 2.4.12). Let’s consider the restriction of each components.
Miag| oy = ]\_4123|<T> = A, & R4, who contribute odd multiples of A,. How-
ever, Mio|ip) = Mis|ry = A%, Mus|(oy = Mis(ry = Mas|(oy = Mas|(r) = R
all of them contribute multiples of A,. So 7123 + 7123 = 2 and 715 = r13 = 0.
We can further get the multiple ro3 = v(07)/2 —2 by comparing the multiple

of Ry in Mios|(5rys Mi2s|(or)s Mos|iory and L. [
Finally, we have the theorem of intersections for Case III:

Theorem 3.7.6. Let X be any algebraic curve, and o and T are commuting
involutions, assuming o and T have no fized points but ot on X, and assum-
ing the total defect of reduced representation is 0, i.e., either

a. only contains Type (3), or



CHAPTER 3. THE CASE OF TWO COMMUTING INVOLUTIONS 98

b. both contain Type (4) and Type (7) reduced representation,

then we have:

JoaonJ_=J.nJ_=J. . nJ_=J [2=J.nNnJ,_nNnJ NnJ _ =
(Z/22)*-,

Jir N oo Z(Z)22)%-4, Ty 0 Ty = (Z)22)%-H,

and

J_ N J_y & (Z)27)%9--+vlen/2=1

where v(oT) is the number fized points on X under the involution oT.

Proof. 1f L contains Type (4) and Type (7) representation, by Lemma 3.7.5,
they both have the multiplicity one. For Mjo3 @ Mas, the 2-intersections are
exact the same as My @ Mi3 @ Mas. (See the discussion in Case 1.) Hence,
we only need to discuss the case L only contains Type (3) representations.
By Theorem 3.7.4, and the facts that,

a. each regular representation R4 contributesa J,, NJ__ =J,_NJ__ =
JiNnd_=J _2l=J NJi-NJ_yNJ__=(Z/27), and

b. each M, contributes an intersection J,, N J,_, each M;3 contributes an
intersection J,, NJ_,, and each M3 contributes an intersection J,_NJ_.,

we can get our results. O]

Remark 3.7.7. The computations in Chapter 8 shows the intersection of
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Jiy satisfies the conclusion of Theorem 3.7.6, which suggests the assumption

of the theorem is true.

.1 Appendix: Some Computation for Regu-
lar Represnetations

Lemma .1.1. (Lemma 3.2.1) For regular representation Ry, the 4-subspace

system
(Vi Vi, Vo, V3, Vi) = (Z/AZ & (Z/2Z)2;Z/4Z,Z/4Z,Z/4Z,Z/4Z). (.1.1)

Proof. By ( 3.2.6), we know

1 1 1
-1 1 -1
1 -1 -1}’
-1 -1 1

(1.2)

—_
—_ = = =

and M = Idyxy. SoV = M,/M = 7Z/AZ & (Z/27)?. We can easily get this

result by direct computation, or using MAGMA to calculate it:

M_star := LatticeWithBasis(4, [1,1,1,1, 1,-1,1,-1, 1,1,-1,-1, 1,-1,-1,1]1);
M:=4*StandardLattice(4);

quo<M_star |M>

For V;, we can also calculate using MAGMA. For example, we calculate

Vi. Vi=(eeM+M)/M=((140c+7+07)M+4M)/4M. We can write
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(1+0+7+07)M by the matrix Idyxs + S, +S; + S,r. By (1 3.2.8), ( 3.2.9),

and ( 3.2.10), we have

Idys +S, +S, + S, = (.1.3)

el e
— =
— =
— =

So, (1+ 0+ 74 o7)M is generated by (1,1,1,1). Using MAGMA code:

M_1 := LatticeWithBasis(4, [1,1,1,1]);
M:=4xStandardLattice(4);
V_1:=quo<M_1+M|M>;

V_1;

We get V) = Z/4Z.
For Va, (140 —7—07)M is generated by (1,1,—1,—1). Using MAGMA

code:

M_2 := LatticeWithBasis(4, [1,1,-1,-1]);
M:=4*StandardLattice(4);
V_2:=quo<M_2+M|M>;

V_2;

We get Vo = Z/4Z.
For V5, (1—o+7—07)M is generated by (1,—1,1,—1). Using MAGMA

code:
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M_3 := LatticeWithBasis(4, [1,-1,1,-11);
M:=4*StandardLattice(4);
V_3:=quo<M_3+M|M>;
V_3;
We get Vi = Z/4Z.

For Vi, (1—o—7+07)M is generated by (1,—1,—1,1). Using MAGMA
code:
M_4 := LatticeWithBasis(4, [1,-1,-1,1]);
M:=4*StandardLattice(4);
V_4:=quo<M_4+M|M>;

V_4,;
We get Vy = Z/4Z. Similarly, we have V; = Z /47, for i = 1,2, 3,4 ]

Lemma .1.2. (Lemma 3.2.2) For the reqular representation Ry, V; N V; =

7)27, for 1 <i<j<A4.
Proof. We can calculate all the intersections V; NV, , 1 < ¢ < j < 4, by
MAGMA:

M_12:=(M_14M) meet (M_2+M);

V_12:=quo<M_12+M|M>;
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V_12;

M_13:=(M_1+M) meet (M_3+M);
V_13:=quo<M_13+M|M>;

V_13;

M_14:=(M_1+M) meet (M_4+M);
V_14:=quo<M_14+M|M>;

V_14;

M_23:=(M_2+M) meet (M_3+M);
V_23:=quo<M_23+M|M>;

V_23;

M_24:=(M_2+M) meet (M_4+M);
V_24:=quo<M_24+M|M>;

V_24;

M_34:=(M_3+M) meet (M_4+M);
V_34:=quo<M_34+M|M>;

V_34;

We get VNV, = Z/27Z, for 1 <i < j <4. ]
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.2 Appendix: Reduction of Some Represen-
tations

In this appendix, we will do some computation for reduction of reduced
integral representation of Klein 4-group to integral representation of its cyclic
2-subgroup. The computation depends on the explicit construction of 4-
subspace system corresponding reduced integral representation of Klein 4-
group. By the construction of the 4-subspace system (also see [Butler73]),

we have
0= M—eMSV -0 (.2.1)

where M is the Z-free ZG-module, G = (0, 1), e.M = e; M + eo M + e3M +
_ _ 1401471 _ _ 14ol-71 _ _ 1-—0c 1471 _
eaM,er =€y =2 ea=ep = 25T 3 =6y = ST, eq =

e. =527 and V; = (e;M + M) /M.

Lemma .2.1. (Lemma 3.4.6)
For the regular representations of Type (3) with dimV = 1 M;; where 1 <1 <

Jj <4 of G=(o,7), we have the following identities when they are restricted
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to their cyclic 2-subgroups (o), (1) and (oT):

Mis|gy = AL, Mus|iry = R, Misory = Ro; (-2.2)
Mus|(o) = R, Mis|iry = AL, Mig|(or) = Ro; (.2.3)
M14|<0) = Ry, M14|<T> = Ry, M14|<0'7'> = Ai% (-2.4)
M23‘<o‘) = Ry, M23\<T> = — Ry, M23|<m> = A%; (-2-5>
Moul(o) = Ra, Mou|(ry = A2, Mou|(or) = —Ro; (-2.6)
Msa|(oy = A%, Msy|(ry = Ro, M3s|(or) = —Ro. (.2.7)

Proof. We only need to prove one case, say Mss, for example. In our notation
Ms3 means the 4-subspace system of type of type (3) in the List 3.2.5 with
dimV = 1. Tt has the form (V; Vi, V5, V3, V}) = (Z/27;0,7/27,7./27.,0).
For the exact sequence .2.1 in our case, V = Z/2Z, Vo = V3 = Z/27,
and Vi =V, = 0. So we know that ee M C M and e; M C M. We write

M+, :€+,M+M7 M,+ :€,+M+Mand 6*M2M+,@M,+.
0—-M-—>M,_&M_. 5V =0
(a,b) = a+b

and we have 7(a,b) = a + b by theorem 3.2.5, so M = kerm = {(a,b)|a = b(
mod 2)}. Let v; = (1,1), vy = (1,—1) be a basis of M,

For o, we have ov; = (1,—1) = vy, and owy = (1,1) = v;. So o acts on M
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as matrix multiplication from the left by (? (1)) , which means M|y = R;.

For 7, we have 7v; = (—1,1) = —uvy, and 7v9 = (—=1,—1) = —v;. So

0 _1> , which

7 acts on M as matrix multiplication from the left by (_1 0

means M23|<7—> = —RQ.
For o1, we have otv; = (—1,—1) = —vy, and o7vy = (—1,1) = —va. So

ot acts on M as matrix multiplication from the left by <_01 _01>, which

means Mg,y = A2.

So we have M23|<0> = R27 M23‘<7) = —RQ, M23|(UT> = A%

Similarly, we can get other reduction of this type of representation. [

Lemma .2.2. (Lemma 3.4.7)
For the reduced representation of Type (9) with dimV = 1, denoted by Mio34,
of G = (0, T), we have the following identity when it is restricted to its cyclic

2-subgroups (o), (1) and (oT):
Migsal(oy = Ro ® Ay @ A_. (.2.8)

Proof. In our notation M;js3, means the 4-subspace system of type of type
(9) in the List 3.2.5 with dimV = 1. It has the form (V;V;, V5, V5, V}) =
(Z)27;7.)27., 7] 27, 7./ 27, .| 27.).

For the exact sequence .2.1 in our case, V = Z/27Z, Vi = Vo = V3 =

Vi = 7Z/27. So we know that e,M C M for i = 1,2,3,4. We write M, =
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€++M+M M+_ — €+_M+M, M_+ - €_+M+M’ M__ — 6__M+M,

and e*M - M+, EB M+, EB M,+ EB M,,.

0—-M-—>M,_®M,_ M M _ 5V =0

(a,b,c,d) —a+b+c+d

and we have 7(a,b,¢,d) = a+ b+ ¢+ d by Theorem 3.2.5, so M = kerm =
{(a,b,c,d)|a+b+c+d=0( mod2)}. Let v; = (1,0,1,0), vs = (1,0, —1,0),
v3 = (1,1,0,0), vg = (0,0,1,1) be a basis of M,

For o, we have ov; = (1,0,—1,0) = vy, vy = (1,0,1,0) = vy, ovg =

(1,1,0,0) = v3, ovy = (0,0,—1,—1) = —vy. So o acts on M as matrix
010 0
e 100 O .
multiplication from the left by 001 ol which means M1234]<0> =
000 —1
Rop A, A_. O

Lemma .2.3. (Lemma 3.4.9)
For the reduced representation of Type (4) with dimV = 2, denoted by Mas,

Moy, Misy and Magy of G = (o, T), we have the following identity when it is
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restricted to its cyclic 2-subgroups (o), (1) and (oT):

Misg|oy = Ay @ Ry, Missliry = Ay @ Ry, Miog|(ory = A— @ Ry; (.2.9)
Mios| (o) = Ay @ Ry, M124|<T> =A_ D Ry, M124|<0‘r> = A, © Ry;  (.2.10)
Misalioy = A- @ Ro, Misulry = Ay @ Ry, Misaliory = Ay @ Ry; (.2.11)

Mosa| oy = A @ Ry, Masaliry = A_ ® Ry, Mosu|(ory = A_ ® Ry (.2.12)

Proof. We only need to prove one case, say M;o3, for example. In our notation
M;23 means the 4-subspace system of type of type (4) in the List 3.2.5 with
dimV = 2. Tt has the form (V; V3, Vo, V3, Vi) = ((Z/272)*, 2/ 27, 7./ 27, 7./ 27, 0).
For the exact sequence .2.1 in our case, V = (Z/27)?, V} = Vo = V3 =
7.)27, and V, = 0. So we know that e,M C M for ¢ = 1,2,3. We write
My =ex M+M M, =e. M+M, My =e M+ M, and e,M =

M++ EB M+_ EB M_+.

0—-M-—->M, oM _dM 5V =0

(a,b,¢) — (a+b,b+c)

and we have m(a,b,c¢) = (a + b,b + ¢) by Theorem 3.2.5, so M = kermr =
{(a,b,c)la+b=b+c=0( mod 2)}.
For o, we choose v; = (1,1,0), v = (0,1,1), and v3 = (0,—1,1) be

a basis of M. we have ov; = (1,1,0) = vy, ovg = (0,—1,1) = v3, and
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, we choose u; = (1,0,1), us = (1,1,0), and ug = (1,—1,0) be
a basis of M. we have Tu; = (1,0,1) = ug, Tus = (1,—1,0) = ug, and
Tug = (1,1,0) = us. So 7 acts on M as matrix multiplication from the left
by (1) 8 (1) , which means Mia3|(-y = Ay @ Rs.

F(?r 017', gve choose w; = (1,1,0), wy = (1,—1,0), and ws = (0,1,1) be

a basis of M. we have otw; = (1,—1,0) = wsy, oTwy = (1,1,0) = wy, and

otws = (0,—1,—1) = —ws. So o7 acts on M as matrix multiplication from
01 0

the left by {1 0 0 |, which means Mias|(ory = Ro @ A_.
0 0 —1

So we have Mia3|(0) = AL ® Ry, Missliry = AL ® Ry, Misslior)y = A-DRs.
Similarly, we can get other reduction of this type of representation by

permutations of the index.

Lemma .2.4. (Lemma 3.4.10)
For the reduced representation of Type (7) with dimV = 1, denoted by M3,

Moy, Misy and Moy of G = (0,7), we have the following identity when it is
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restricted to its cyclic 2-subgroups (o), (1) and (oT):

M123|(a> = A, © Ry, ]\7[123’<T> = A, © Ry, M123‘<UT> =A_®Ry; (.2.13)
M124|(0'> = A, © Ry, M124|<T> =A_ D Ry, M124|<0‘r> =A, © Ry (2.14)
Miz|(oy = A_ ® R», M134’<T> = A, © Ry, M134\<M> = A, ®Ry; (2.15)

Massloy = A_ @ Ry, Maza|(ry = A_ @ Ra, Mosa|(ory = A_ ® Ry, (.2.16)

Proof. We only need to prove one case, say M3, for example. In our notation
M55 means the 4-subspace system of type of type (7) in the List 3.2.5 with
dimV = 1. It has the form (V; V3, V5, V3, V)y) = (Z/27;72.)27, 7./ 27, 7./ 27, 0).

For the exact sequence .2.1 in our case, V = Z/27Z, Vi = Vo = V3 =
7.)27, and V, = 0. So we know that e,M C M for ¢ = 1,2,3. We write
My =ex M+M M, =e, M+M, My =e M+ M, and e,M =

M++ EB M+_ EB M_+.

0—-M-—->M, &M _dM_, 5V =0

(a,b,¢c) »a+b+c

and we have 7m(a,b,c) = a + b+ ¢ by Theorem 3.2.5, so M = kerr =
{(a,b,c)|la+b+c=0( mod 2)}.
For o, we choose v; = (1,0,1), v = (1,0,—1), and v3 = (1,1,0) be

a basis of M. we have ov; = (1,0,—1) = v, ovs = (1,0,1) = vy, and
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a basis of M. we have Tu; = (1,—1,0) = uy, Tus = (1,1,0)

= uy, and

For o7, we choose wy; = (1,1,0), we = (1,—1,0), and w3 = (0,1,1) be
a basis of M. we have orw;

= (1,-1,0) = wy, oTwy = (1,1,0) = wy, and
otws = (0,—1,—1)

= —ws. So o7 acts on M as matrix multiplication from
01 O
theleft by [1 0 0

, which means ]\_4123]<M> =Ry D A_.
0 0 -1
So we have Mia3|(0) = Re®@ Ay, Mios|ry = Ro® A4, Migs|or) = Re@A_.

Similarly, we can get other reduction of this type of representation by

permutations of the index.

]



Chapter 4

Computational Aspect

In this chapter, we will do some computation which is my starting point
leading to the results in the first two chapters. In this chapter, we will
consider the case of modular curve under Atkin-Lehner involutions. In this
case, we can compute explicitly using modular symbols. Some mathemati-
cal program package, such as MAGMA, Sage, can help us to compute this
problems.

Let X = Xo(N) where N is a square free integer, and N = st, (s,t) = 1.
wg, wy; and wy are Atkin-Lehner involutions. And, we will omit the subscript

if it will not cause confusion.

111
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4.1 Computation of One Involution Case

By Proposition 2.3, we can compute J, N J_ explicitly.

L

J.NJ. & —
+ L++L_’

where L = H{(X,Z) and Ly = {v € LlwL = +L}.

4.1.1 MAGMA code

a. MAGMA code for compute J, N J_ when involution is wy.

N:=37; //imput an integer N

J:=JZero(N); // J=J_0(N)
L:=StandardLattice(2*xDimension(J));
M:=MatrixAlgebra(Integers(),2*Dimension(J));
id:=M!'1;
wN:=M!Matrix(AtkinLehnerOperator(J,N)) ;
L_N_plus:=Lattice(Kernel (id-wN)) ;
L_N_minus:=Lattice(Kernel (id+wN));
L_N_plus_minus:=L_N_plus + L_N_minus;

G_N_plus_minus:=quo<L|L_N_plus_minus>;

Dimension(L_N_plus); //dim A_+ =2g_+
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Dimension(L_N_minus); //dim A_- =2g_-

G_N_plus_minus; //$J_+ \cap J_-$

b. MAGMA code for compute J; N J_ when involution is ws, s||N.

s:=b5; t:=41; //input s and t

N:=s*t; // N=st

J:=JZero(N); // J=J_0(N)

L:=StandardLattice (2*Dimension(J));
M:=MatrixAlgebra(Integers(),2*Dimension(J));
id:=M!1;
ws:=M!Matrix(AtkinLehnerOperator(J,s)); //w_s
wt:=M!Matrix(AtkinLehnerOperator(J,t)); //w_t
wN:=M!Matrix(AtkinLehnerOperator(J,N)); //w_N
L_s_plus:=Lattice(Kernel(id-ws)); //L_{+,s}
L_s_minus:=Lattice(Kernel (id+ws));
L_s_plus_minus:=L_s_plus + L_s_minus;
G_s_plus_minus:=quo<L|L_s_plus_minus>;
L_t_plus:=Lattice(Kernel(id-wt));

L_t_minus:=Lattice(Kernel(id+wt));
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L_t_plus_minus:=L_t_plus + L_t_minus;
G_t_plus_minus:=quo<L|L_t_plus_minus>;
L_N_plus:=Lattice(Kernel(id-wN));
L_N_minus:=Lattice(Kernel (id+wN)) ;
L_N_plus_minus:=L_N_plus + L_N_minus;

G_N_plus_minus:=quo<L|L_N_plus_minus>;

Dimension(L_s_plus); // dim L_{+,s}=2g_{+,s}
Dimension(L_s_minus); // dim L_{-,s}=2g_{-,s}
Dimension(L_t_plus); // dim L_{+,t}=2g_{+,t}
Dimension(L_t_minus); // dim L_{-,t}=2g_{-,t}
Dimension(L_N_plus); // dim L_{+,st}=2g_{+,st}

Dimension(L_N_minus); // dim L_{-,st}=2g_{-,st}

G_s_plus_minus; // $J_{+,s}\cap J_{-,s}$
G_t_plus_minus; // $J_{+,tF\cap J_{-,t}$

G_N_plus_minus; // $J_{+,st}\cap J_{-,st}$



CHAPTER 4. COMPUTATIONAL ASPECT 115

4.1.2 Results

Example 4.1.1.

N =37 29, =2, 2g_ =2, J.NJ_ =7

N =61, 29, =2, 29 =6, J.NJ_ =7

N =1093, 2g, = 86, 2g_ =941, J, N J_ = 7%,
N="174, 29, =4, 2g_ =12, J,NnJ_=7"

N =177, 29, =4, 2g_ =10, J,NnJ_=7Z"

N =221, 29, =12, 2¢g_ =16, J.NJ_ =2 7"

From Example 4.1.1, we can get the following conjecture:

Conjecture 4.1.2. For Jo(N), let J = (1 wy)J, then

Jo N J_ = 7%+ where g, = dimJ,, which implies J, N J_ = J,[2].

The Conjecture 4.1.2 is proved as Corollary 2.3.3 in the first chapter as a
special case of a more general theorem, [Theorem 2.4.5]. Here wy always has
fixed points as a consequence of Ogg and Kenku’s theorem in Section 2.3.

More general, we can compute J; N J_ when involution is w; for s||N.

From Ogg and Kenku’s theorem in Section 2.3, we know that if N = st,

where s and t are prime, we can find that w, has fixed points iff (5%) = 1,
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and w, has fixed points iff (5*) = —1. In MAGMA, we can use
LegendreSymbol(-s, t) //substitute the value of s and t
to value the Legendre symbol (=2).

Example 4.1.3.

N =5-41, s =5, t =41, all of ws, wy, wst have fixed points,
2940 =18, 29 . =20, Jy NJ o= (2/22)";
20, =12, 29 =26, J. N J_; = (Z/22)"
20415 =16, 29 =22, J, 4N J_ = (Z/27)"°.
N =23-3, s =23, t =3, w, and wst have fized points but w; do not has,
2915 =2, 295 =12, Jo N J_, = (Z/2L)%;
2040=8, 29, =6, J.,NJ_ ;= (Z/27)5
20450 =4, 295 =10, Jy uNJ_ g = (Z/2Z)".
N =5-37, s =05, t =37, wst has fized points but w, and w; do not have,
2945 =18, 29_ =16, Jy NJ_ = (Z/27)";
20,0 =18, 29 =16, J,,NJ_; = (Z/27Z)";

29+,8t = 10, 29_7315 = 24, J+73t N J—,St = (Z/ZZ)lO
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From Example 4.1.3, we can get the following conjecture:

Conjecture 4.1.4. For Jo(N), let Jo = (1 £ w;)J, where s||N, then

a. if wy has fized points, J, N J_ = 729+ where g, = dimJ,, which implies
JenNJo=J.2);

b. if w has no fized points, J,.NJ_ = 729~ where g_ = dim.J_, which implies

J+ ﬂ J_ - J_[Q]

We finally prove this conjecture by prove a more general case. In Theo-
rem 2.0.6, we prove not only for modular curves Xo(N) with Atkin-Lehner

involutions, but for all algebraic curve with all involutions.
4.2 Computation of Two Involution Case

In this section we will continue to compute the intersections of Jyi for
modular curves with Atkin-Lehner involutions. For two involution case, we
have
4 Jigs: Joo, Joo, J_yand J__,

6 intersections: J  NJy_, JoyonNJ_, JyynNd__  Jo_NJ_y, J_NJ__|
JoNJi..
And, we need to discuss the problem with 3 different cases:

Case 1. both w, and w; have fixed points;
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Case II. one of wy and wy, say w, has fixed points;
Case III. both w, and w; have no fixed points.

For computation of the intersections, we use the similar formulas as we
do in the one involution case. For example,

Ly,
L+ L.

Jip N T =
Where L++ = L+75 N L_;'_,t, and L+_ = L-i—,s N L—7t'
We also need to compute the 4-subspace system (V; V3, Vs, V3, Vy). And

compare the intersections and the 4-subspace system to get our conjectures

for the two involutions case.

l+0 1+7 1+ 1—171
€1 = : , €2 = : )
2 2 2 2
l—0c 1471 l—-0c 1—17
€3 = s/, 6y = .
3 2 2 y C4 2 2 )

e, =e€1+ e+ es+ey.

V =e.L/L,

Vi=(e;,L+L)/L, fori=1, 2, 3,4
where L = Hy(Xo(N),Z).

4.2.1 MAGMA codes

a. MAGMA code for intersections.
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s:=23;t:=29; //we need to input different s and q each time.
J:=JZero(s*t); //J:=$J_0(st)$ where s=23 and t=29
L:=StandardLattice (2*Dimension(J)); //L:=H_1(X_0(st),\mathbb{Z})
M:=MatrixAlgebra(Integers(),2*Dimension(J));

id:=M!1;

ws:=M!Matrix (AtkinLehnerOperator(J,s));
wt:=M!Matrix(AtkinLehnerOperator(J,t));
wst:=M!Matrix(AtkinLehnerOperator(J,s*t));
L_s_plus:=Lattice(Kernel(id-ws));
L_s_minus:=Lattice(Kernel(id+ws));

L_s_plus_minus:=L_s_plus + L_s_minus;
G_s_plus_minus:=quo<L|L_s_plus_minus>;
L_t_plus:=Lattice(Kernel(id-wt));
L_t_minus:=Lattice(Kernel(id+wt));

L_t_plus_minus:=L_t_plus + L_t_minus;
G_t_plus_minus:=quo<L|L_t_plus_minus>;
L_st_plus:=Lattice(Kernel(id-wst));

L_st_minus:=Lattice(Kernel (id+wst));

L_st_plus_minus:=L_st_plus + L_st_minus;

G_st_plus_minus:=quo<L|L_st_plus_minus>;
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L_s_plus_t_plus:=L_s_plus meet L_t_plus;
L_s_plus_t_minus:=L_s_plus meet L_t_minus;
L_plusplus_plusminus:=L_s_plus_t_plus+L_s_plus_t_minus;
G_plusplus_plusminus:=quo<L_s_plus|L_plusplus_plusminus>;
L_s_minus_t_plus:=L_s_minus meet L_t_plus;
L_s_minus_t_minus:=L_s_minus meet L_t_minus;
L_plusplus_minusminus:=L_s_plus_t_plus + L_s_minus_t_minus;
G_plusplus_minusminus:=quo<L_st_plus|L_plusplus_minusminus>;
L_plusminus_minusminus:=L_s_plus_t_minus + L_s_minus_t_minus;
G_plusminus_minusminus:=quo<L_t_minus|L_plusminus_minusminus>;
L_plusminus_minusplus:=L_s_plus_t_minus + L_s_minus_t_plus;
G_plusminus_minusplus:=quo<L_st_minus|L_plusminus_minusplus>;
L_plusplus_minusplus:=L_s_plus_t_plus + L_s_minus_t_plus;
G_plusplus_minusplus:=quo<L_t_plus|L_plusplus_minusplus>;
L_minusplus_minusminus:=L_s_minus_t_plus + L_s_minus_t_minus;

G_minusplus_minusminus:=quo<L_s_minus|L_minusplus_minusminus>;

Dimension(L_s_plus_t_plus);
Dimension(L_s_plus_t_minus);

Dimension(L_s_minus_t_plus);
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Dimension(L_s_minus_t_minus);

G_plusplus_plusminus;
G_plusplus_minusplus;
G_plusplus_minusminus;
G_plusminus_minusplus;
G_plusminus_minusminus;

G_minusplus_minusminus;

b. MAGMA code for computation of 4-subspace system.

s:=23;t:=29; //we need to input different s and q each time.
J:=JZero(sx*xt); //J:=$J_0(st)$ where s=23 and t=29
L:=StandardLattice(2*Dimension(J)); //L:=H_1(X_0(st),\mathbb{Z})
M:=MatrixAlgebra(Integers(),2*Dimension(J));

id:=M!'1;

ws:=M!Matrix (AtkinLehnerOperator(J,s));
wt:=M!Matrix(AtkinLehnerOperator(J,t));

wst:=M!Matrix(AtkinLehnerOperator(J,s*t));

el:=1+ws+wt+wst;
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e2:

e3:

ed:

M:=

V1

V2

V3:

V4 :

V:=

=1+ws-wt-wst;
=1-ws+wt-wst;

=1-ws-wt+wst;

StandardLattice(2*Dimension(J));

:=quo< (el1*M+4%M) |4xM>;V1;

:=quo< (e2*xM+4*M) [ 4xM>;V2;

=quo< (e3*M+4x*M) | 4xM>;V3;
=quo< (ed*M+4x*M) | 4xM>; V4 ;

quo< (el*M+e2xM+e3xM+ed*M) | 4xM>;V

122

We can use the formulas in Section 2.3, or using the Riemann-Hurwitz

formula to compute the numbers of the fixed points of Atkin-Lehner involu-

tions on modular curves Xo(N). The Riemann-Hurwitz formula for our case

1s:

v(ws) =29 s =205 +2=29 1 +29_ — 2914 — 294 +2;
v(we) =294 =294 +2=29y +29 =291 —29 1 +2

v(wst) =29 st — 2915t +2 =294 +29 4+ — 2914 — 29 +2.

4.2.2 Results for Case 1

Case I: both ws and w; have fixed points.
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Example 4.2.1.

N =13-29, s=13, t =27.
29,4 =10, 29, =22, 2g_, =18, 2¢9__ =16,
v(s) =4,v(t) = 12,v(st) = 16.
Joe Ny =JnJ = J NJ = (2/22)", 29,4 = 10;
Jo_ NJ = (Z)22)", 29,4 +v(st)/2 —1=1T;
JoNJ__=(Z)22)", 2g,, +v(t)/2 —1=15;
J o NJ._=(Z)22)", 2g,, +v(s)/2 —1=11.
(V5 Vi, Vo, Vs, V)
= ((2/42)" & (2/22)*;
(Z/AZ)"°,(Z/AZ)"° & (Z/2Z)"2, (Z/AZ)"° & (Z/27)%, (Z/AZ)"° ® (Z/2Z)°)

=R & ((2/22)";0,(Z/22)",(Z/2L)", (Z/2Z)")
=R’® M, & M3, ® Mj,.
9—494++ =13, 294 — 2941 =12, 29 — 294, =8, 29— —2g14 =6;
v(st)/2—-1=17, v(t)/2—1=5, v(s)/2—-1=1.

From the Example 4.2.1 and other computations which are not listed

above, we can conclude:

Conjecture 4.2.2. In Case I, all of the involutions wg, w; and ws have
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fixed points.

For intersections, we have:

a. Jo NJ_=JyNJ o =J., NJ__ = (Z)2Z)*++, which implies
JoonJ=J.nJ ., =J..NJ_=J,[2] and
JeNJdi-nJ_ond__=J..[2);

b. Jy N J_, = (Z)27)%+++vist/2-1

Jo NJ_ & (Z)22) /2

J o N J__ = (Z)27)29+++0)/21

For 4-subspace systems, we have:

V=R""aV,

where V = ((Z)2L)I=49++,0, (Z/22)%9+-20++ (L /2Z)%-+=29++ (L /2L)%-~20++)
_ M;zést)ﬂ—l o M;}it)/Q—l o M;ZI(S)/2—1;

and p(V) := 2dimV — 2 S dimV; = 0.
4.2.3 Results for Case 11

Case II: one of wy and wy, say w, has fixed points.
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Example 4.2.3.

N =43-47, s =43, t =4T.
2944+ =170, 29, =102, 2g_, =106, 2g__ =72,
v(s) = 8,v(t) = 0,v(st) = 68.
Jer Ny =JeoNJ_y = Je NJ__ = (Z)22)°, 29, = 70;
Jo_NJ = (Z)27)", 2g,, +v(st)/2 —2 = 102;
Jo_NJ__=(Z)27)", 2g,, = 70;
J o NJ__=(Z)27)?, 2g,, +v(s)/2 —2=T2.
(V5 Vi, Va, Vs, Vi)
= (Z/42)" & (2./22)"™;
(Z/AZ)™, (Z/AZ) & (Z/2Z), (Z/AZ) @ (Z/2Z)*,(Z/AZ)™ & (Z/2Z)?)

= R @ ((Z2/22)*;0.(Z/22), (Z/22)*, (Z/2Z)*)
=R’® MY o M3,
g—49++ —1=34, 24— — 294+ =32, 294 — 2944+ —2=34, 29 — 2944 =2;
v(st)/2 —2=32, v(s)/2—-2=2.

From the Example 4.2.3 and other computations which are not listed

above, we can conclude:

Conjecture 4.2.4. In Case II, all but w; have fixed points.
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For intersections, we have:

a. Jo NJ_=JyNJd o =J. NJ = (Z)2Z)*++, which implies
JoonJy_=Jo.nJ . =J..nNnJ_=J,[2] and

JoonJenJ. o nJ _=J.[2;

b. Ji_NJ_, =2 (7)27)%+++v(0/2=2

Jo N J__ X (Z)27)%5++,

J_ N J__ =2 (Z)27)%9+++v(5)/2=2,

For 4-subspace systems, we have:

V=R¥"qV,

where V = (Z)2Z)9=%9++: 0, (Z ) 2729+~ =29++ (Z)27)?9—+"29++72 (Z/27)?)
_ M;}g(st)/ZfZ o Mgis)/2f2;

and p(V) := 2dimV — 2 S dimV; = 0.
4.2.4 Results for Case 111

Case III. both w, and w; has no fixed points.
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Example 4.2.5.

N=5-77, s=5, t="1T.
2014 =22, 29, =24, 2g_, =24, 2g__ = 20,
v(s) = 0,v(t) = 0,v(st) = 8.
J_NJyp=J _NJe_=J _NJ_y=(Z)22)*, 2g__ = 20;
Joo Ny = (Z)27)*", 2g__ +1 =21,
JooNJ_ = (Z)27)*", 2g__ +1=21;
Ji NJ_y=(Z)27)*, 29 +v(st)/2 —1=23.
(V5 V1, Vo, V3, Vy)
= ((Z/42)* & (Z/2Z)"*;
(ZJAZ)® @ (Z)27)?,(Z]AZ)® & (Z)27)*, (Z/AZ)® & (Z)27)*, (Z/AZ)™)

= Ry @ ((2/22)*;(Z/2Z)*,(Z/2Z)*, (Z/2Z)*, 0)
=R @ My, ® My3 ® My,
g—49-— =5, 2944 —29_ =2, 29, —29_ =29 —29_ =4
v(st)/2—1=3.

From the Example 4.2.5 and other computations which are not listed

above, we can conclude:

Conjecture 4.2.6. In Case III, w, and w; have no but wy have fixed points.
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For intersections, we have:

a. J__NJy=J _NJy=J _NJ | =(Z/2Z)*%—, which implies
J_NJyy=J._nJ,_=J _nNnJ=J _[2] and

JoaonJonJ. nJ _=J _[2;

b. Joy N J_ = (Z)27)%9--T1,

Jpe NIy = (Z)2Z)%--,

Ji— N J_y = (Z)27)%9-+v60/2

For 4-subspace systems, we have:

V=R @V,

where V = (Z)27)9=%9-= (L) 27.)29++ 29— (Z)27)?9+- 29—~ (Z/2Z)*9-+29--0)
= M2 ® M1z @ M;;)ESW%I;

and p(V) := 2dimV — 2 S dimV; = 0.



Bibliography

129



Bibliography

[Benson| Benson, D, Representations and Colomology. Cambridge, 1998.
[Bourbaki59] Bourbaki, N, Algebre: Chapitre 9. Hermann Paris, 1959.

[Brenner74| Brenner, Sheila, On four subspaces of a vector space. J. Algebra
29 (1974), 587-599.

[Butler73] Butler, M. C. R. The 2-adic representations of Klein’s four group.
Proceedings of the Second International Conference on the Theory
of Groups (Australian Nat. Univ., Canberra, 1973), pp. 197-203.
Lecture Notes in Math., Vol. 372, Springer, Berlin, 1974.

[Clark03] Pete Clark, Rational points on Atkin-Lehner quotients of Shimura
curves. Ph.D. thesis, 2003.

[CurtisReiner81] C Curtis; I Reiner, Methods of representation theory. Vol.
I With applications to finite groups and orders, Pure and Ap-
plied Mathematics. A Wiley-Interscience Publication. John Wiley
& Sons, Inc., New York, 1981.

[GelfandPonomarev70] Gelfand, I. M.; Ponomarev, V. A. Problems of lin-
ear algebra and classification of quadruples of subspaces in a finite-
dimensional vector space. Hilbert space operators and operator al-
gebras (Proc. Internat. Conf., Tihany, 1970), pp. 163-237. Colloq.
Math. Soc. Janos Bolyai, 5, North-Holland, Amsterdam, 1972.

|GriffithsHarris78] Griffiths, Philip; Harris, Joe. Principles of Algebraic Ge-
ometry. Wiley and Sons, 1978.

[GrossHarris81] Gross, Benedict H.; Harris, Joe. Real algebraic curves. Ann.
Sci. cole Norm. Sup. (4) 14 (1981), no. 2, 157-182.

130



BIBLIOGRAPHY 131

[Hartshorne77] Hartshorne, Robin. Algebraic Geometry. Springer-Verlag
New York, 1977.

[Kenku77] M.Kenku, Atkin-Lehner involutions and class number residuality,
Acta Arith. 33 (1977), no. 1, 19.

[Jaffee80] H.Jaffee, Real algebraic curves. Topology 19 (1980), no. 1, 81-87.
[Mazur| B.Mazur, Complex conjugate on Xo(N). Unpublished.

[Mazur77] B.Mazur, Modular curves and the Eisenstein ideal, Inst. Hautes

Etudes Sci. Publ. Math. (1977), no. 47, 33-186 (1978).

[Mumford70] David Mumford, Abelian Varieties, Oxford University Press,
1st edition 1970.

[Nazarova67] L.A.Nazarova, Representations of a tetrad. (Russian) Izv.

Akad. Nauk SSSR Ser. Mat. 31 1967 1361-1378.

[OggT4] A.Ogg, Hyperelliptic modular curves Bulletin de la Socit Mathma-
tique de France, 102 (1974), p. 449-462

[Ogg83] A.Ogg, Real points on Shimura curves. Arithmetic and geometry,
Vol. I, 277307, Progr. Math., 35, Birkhuser Boston, Boston, MA,
1983.

[Olson70] Loren D.Olson, Galois Cohomology of Cycles and Applicaton to El-
liptic Curves, American Journal of Mathematics, Vol.92.No.1, p.75-
85.

[Ribet75] K.Ribet, Endomorphisms of semi-stable abelian varieties over
number fields. Ann. Math. (2) 101 (1975), 555-562.

[Ribet83] K.Ribet, Congruence relations between modular forms. Proceed-

ings of the International Congress of Mathematicians, Vol. 1, 2
(Warsaw, 1983), 503-514, PWN, Warsaw, 1984.

[Rotman| J.Rotman, An Introduction to Homological Algebra. Springer,
2008.



BIBLIOGRAPHY 132

[Stein00] W.Stein, FEzplicit approaches to modular abelian varieties, (UC
Berkeley Ph.D. thesis) (2000)

[TaylorWiles95] R.Taylor, A.Wiles, Ring-theoretic properties of certain
Hecke algebras. Ann. of Math. (2) 141 (1995), no. 3, 553-572.

[Wiles95] A.Wiles, Modular elliptic curves and Fermat’s last theorem. Ann.
of Math. (2) 141 (1995), no. 3, 443-551.





