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Abstract

CLASSIFICATION PROBLEMS IN MARKETING:
THE CASE OF QUALITATIVE AND/OR 

CATEGORICAL DATA

by
William R. Dillon 

Advisor: Professor Leon G. Schiffman

The objective of the research was to examine 
alternative methods of discrimination so as to provide 
marketing researchers with more efficient procedures for 
analyzing questionnaire data. In particular, the study 
addressed the problems associated with the use of qualita­
tive and/or categorical data in discrimination.

The Fisher linear discriminant function has been 
the most frequently used classification procedure in market 
ing. However, in general, little attention has been given 
to testing the requisite assumptions for optimality and it 
has often been applied even when the conditions are clearly 
violated. In the vast majority of empirical studies using 
this procedure there is no mention of normality, identical 
variance-covariance matrices, nor any statements as to the 
estimation of parameters or prior probabilities. Clearly, 
given the discrete and often classificatory nature of 
marketing data, anomalies in the analysis can arise when­
ever techniques such as the Fisher linear discriminant
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function are blindly applied. Hence, several marketing 
researchers have suggested that an important new direction 
should be the examination of discriminant procedures which 
can accommodate classificatory predictor variables.

Toward this end, attention was focused on two broad 
areas relating to the classification problem. The first 
stage of the study examined the relative performance of six 
discrimination procedures applied to binary data under a 
wide variety of population structures. The six discrimina­
tion procedures evaluated were: (1) full multinomial model,
(2) first order independent model, (3) second order model,
(4) Fisher linear discriminant model, (5) Matusita model, 
and (6) Martin and Bradley orthogonal polynomial model.

The second stage of the study illustrated the 
application of the various discrimination procedures to a 
data base on communication buyer behavior. The application 
sought to determine whether the employment of alternative 
discrimination procedures offer additional insights into 
the utilization of demographic factors in differentiating 
heavy and light users of a communication product.

A number of important findings evolved from examining 
different population structures. First, the linear models 
{first order and Fisher linear discriminant function) should 
not be used whenever the mean vectors are similar or when 
it is suspected, or known beforehand that the correlations 
are large. Second, the full multinomial, second order and 
Matusita procedures could better utilize the information
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provided by disparate correlation structures than either 
of the linear models. In fact, these procedures showed a 
marked ability to discriminate on the basis of correlation 
structure even when the mean differences were quite small. 
Third, the use of the Fisher linear discriminant function 
on binary data can yield severe anomalies even when the 
covariance matrices in the two populations are identical.

The use of the various discrimination procedures 
with demographic data revealed some rather interesting re­
sults. First, the full multinomial, Matusita and Martin 
and Bradley models yielded considerably lower error rates 
than the other procedures* With these procedures the error 
rates were all about 25 percent, whereas the use of either 
of the linear procedures yielded error rates about 36 per­
cent. Second, the most critical demographic factors in 
differentiating heavy and light users were shown to be 
family income, head of household's occupation, location of 
previous dwelling, number of rooms in home, and length of 
residence. Third, a number of variables were shown to have 
little ability to discriminate when considered alone; how­
ever, when considered jointly with another variable their 
contribution to discrimination was substantially greater.

Perhaps most importantly, this research has 
demonstrated that extreme care should be taken in investi­
gating the underlying structure of the data before choosing 
a discrimination technique. Clearly, the key to successful
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analysis and interpretation of marketing relationships lies 
in the application of procedures which better accommodate 
the data.
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CHAPTER I

INTRODUCTION

There would be little argument that marketing is a 
dynamic field of inquiry. Concomitant with its development 
there has been a gradual but pronounced shift in orientation 
from speculative thinking to empirical research. Such evolu­
tion requires heavy reliance on other mature disciplines for 
systematic inquiry generally necessitates the utilization of 
sophisticated behavioral and statistical methodologies. Thus, 
it is not surprising to note the close association between 
the development of behavioral constructs and the application 
of statistical techniques.

Even a cursory examination of the marketing litera­
ture would indicate that there has been an enormous increase 
in the awareness and use of complex and sophisticated 
procedures. The greatest proliferation seems to be in the 
application of multivariate techniques. The emerging emphasis 
on multivariate analysis is quite understandable, for the 
investigation of marketing phenomena is usually complex 
enough to render univariate or bivariate analysis inadequate.

1
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Included under the broad umbrella of multivariate 
techniques is discriminant analysis. Discriminant analysis, 
which relates to a class of procedures, has been viewed as 
a kind of profile analysis, as a special form of multiple 
regression, or as a means of classifying individuals as 
belonging to one group or another more accurately than by 
chance.

Historically, discriminant analysis was first used 
as a tool in biological taxomony investigations. R.A. Fisher 
(1936) first addressed the general problem of allocating a 
new object to one of two previously established groups. His 
solution, which has subsequently been called the Fisher 
linear discriminant function (LDF) has been, for all inten­
sive purposes, the only discrimination technique used in 
classification problems considered in marketing.

As is the case with many of the multivariate 
techniques, marketers have employed the linear discriminant 
model quite freely. However, the "soundness" of the LDF is 
dependent upon satisfying a number of rather severe assump­
tions regarding the parametric form of the underlying 
probability distribution. Although strong and restrictive, 
it would seem that the various constraints have not deterred 
marketing researchers, for they have shown a remarkable 
propensity to indiscriminantly use this method no matter what 
the structure of the data.

Surely, anomalies in the analysis will arise when 
techniques such as the LDF are blindly applied. This idea
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is further underscored since the majority of data which 
are analyzed in marketing studies pose some rather severe 
problems for they are qualitative or categorical in nature 
and hence the vectors (of responses) have discrete distri­
butions. While this situation is not unique to marketing, 
but rather is encountered in many fields where data are 
derived from questionnaires, it is critical to marketing 
because of the questionnaire research orientation of the 
discipline.

Thus, it would seem crucial to examine multivariate 
procedures which can accommodate the type of data that are 
generated in the majority of marketing surveys. This is the 
beginning point for the following research study, the pur­
pose of which is to investigate alternative discrimination 
procedures so as to provide marketing researchers with more 
efficient techniques for analyzing questionnaire data.

1.1 - STUDY RATIONALE
Although the Fisher linear discriminant model has 

been the primary statistical tool employed in numerous 
marketing studies (e.g., Evans, 1959; Frank and Massy, 1964; 
King, 1964, 1966; Massy, 1965; Robertson and Myers, 1968; 
Perry, 1969; Montgomery, 1975), the marketing literature 
lacks any substantial investigation of its compatibility 
with specific types of marketing data.

Frequently, either by necessity or design, the 
marketing researcher is faced with data the components of
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which are discrete valued. For example, a class of variables, 
generally relating to demography, are binary (classificatory) 
in nature. Usually, in order for demographic information to 
be utilized, dummy variables must be created whose values are 
zero or one.*- Surely, data of this type cannot satisfy the 
normality constraint underlying the linear discriminant model. 
Thus, the common practice whereby somewhat arbitrary numeric 
scores are assigned to the levels or categories of the qual­
itative variables and then a sampled based LDF which assumes 
a multivariate normal structure is applied, must be viewed 
as being highly suspect, in addition to utilizing some rather 
fictitious information (e.g., measurement units are assigned 
to such variables as race, sex, occupation and religion).

Several researchers have been cognizant of this 
reality. For example, Sheth (1970), indicates that an 
important new direction is the extension of discriminant 
analysis to those situations where the predictor variables 
are classificatory. He comments: "This extension is quite 
useful in view of the fact that a large number of variables, 
such as sex, religion, occupation, etc., are classificatory; 
he continues...."It is quite surprising that Fisher sug­
gested such extension, and still it is not widely known in 
marketing." (p.35)

perfect illustration of this can be found in the 
Evans (1959) study wherein 11 out of the 14 demographic 
were of the 0,1 type.
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Another class of measurements which are frequently 
utilized in marketing pertain to such constructs as attitudes, 
opinion/ cognitions and intentions. Among the most common 
of the measuring devices are the semantic differential, the 
Likert-type scale and the adjective rating scale. Generally, 
these take the form of seven point scales; however, it is 
not uncommon for responses to be dichotomous, e.g., Yes-No; 
Agree-Disagree; Purchase-No Purchase; or trichotomous, e.g.. 
Low Importance-Moderately Important-Highly Important; Less 
Satisfaction-Equal Satisfaction-More Satisfaction. Usually, 
even for the case where seven point scales are used, seldom 
are responses distributed throughout the various states; 
rather the responses are clustered about a smaller number 
of categories, say, three or four.

Given the structure of questionnaire data, it seems 
highly likely that anomalies in the analysis will most 
assuredly occur whenever researchers blindly apply such 
multivariate techniques as the linear discriminant model.
For the most part, a review of the literature leads to the 
conclusion that marketing researchers have not been pre­
disposed to examine the compatibility of the data with the 
various assumptions underlying the LDF, In the vast major­
ity of studies there is no mention of the assumption of 
normality nor is there any statement concerning the esti­
mation of parameters or a priori probabilities. Generally, the
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assumption of equal covariances is totally neglected. In 
fact, a search of the literature uncovered only two 
empirical studies (Perry, 1969; Muezk, Mattheiss and Gable, 
1974), which specifically test for homogeneity of variance.

Although the marketing literature shows a marked 
absence of any studies evaluating different discrimination 
procedures in light of data structure, a search of the 
statistical literature revealed several studies which pro­
vided valuable insights, and which formed the foundation 
for the work undertaken in this study. For example,
Gilbert (1968), Revo (1970), and Moore (1970, 1973), have 
all been concerned with the behavior of various methods of 
discrimination when qualitative variables (discrete data) 
are used. Although Gilbert concluded that if the parameters 
of the distribution are "moderate" the LDF and the optimum 
procedure are very highly correlated, subsequent research 
by Revo (1970) and Moore (1970, 19 73), clearly indicates 
that the performance of the LDF is a function of the corre­
lation among the variables. That is, performance may de­
generate when the correlation among the variables exceeds 
some critical value.

In particular, Moore (1973) introduces the notion 
of "reversals" in the log likelihood ratios (L.L.R.).
This term reflects the non-monotcnicity of the L.L.R. 's 
under certain population structures and, hence, any
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procedure which relies on a linear function may prove to 
be inadequate. To illustrate, consider the following: Let

1 if individual perceives "low" risk in a new product,
X *1 0 if individual perceives "high" risk in a new product,

and
1 if individual is a "risk averter,"

X2 " 0 if individual is a "risk seeker."
Now one would expect that risk averters who perceive low risk 
and risk seekers who perceive high risk to be most likely to 
purchase the new product, i.e., should be classified into 
Group 1, the purchase group. On the other hand, one would 
expect risk seekers who perceive low risk and risk averters 
who perceive high risk to be least likely to purchase the
new product, i.e., should be classified into Group 2, the
non-purchase group. Thus, individuals with X=(0,0) and 
(1,1) should be classified into Group 1, while individuals 
with Xs (1,0) and (0,1) should be classified into Group 2.
If a linear procedure is employed, then denoting Z as an 
individual's discriminant, where

Zi=bo+blZli+b2Z2i+......+bmZmi' i=1'2 ......
and Z* as the critical cut-off point between populations
yield the following rule: Classify an individual with a
score Z^ into Group 1 if Z^ >Z* and into Group 2 if other­
wise. However, classifying Xs*(0,0) in Group 1 and X=(1,0) 
in Group 2 implies that b0>b0+bi» or bĵ  is negative. Sim­
ilarly classifying X*(d0) in Group 1 and X*(0,1) in Group 2 
implies that b2 is negative. Therefore, since both b1 and 
b2 are negative, then it must hold that b0+bj+b2<Z*,
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and hence, X*(l,l) cannot be classified into the same group 
as X=(0,0). Misclassification with probability equal to one 
occurs for the L.L.R.feare not monotone.

It should be noted that Moore's study was not ex­
haustive for a number of severe restrictions were imposed.
Monte Carlo sampling experiments were implemented which in­
volved nineteen pairs of populations formed by specifying 
values for means, an(* correlations, r^(j,k). However,
only three distinct correlation patterns were considered. One 
group consisted of population pairs for which all correlation 
terms were set equal to zero. The second group contained 
population pairs with a single non-zero correlation, while 
the third group comprised those pairs in which all correla­
tions were positive. Moore did not consider population 
structures in which variables had negative correlations, nor 
did he examine structures in which r^(j,k) ? rjC^k). That is, 
a rather severe restriction was imposed by necessitating that 
the correlation between any variables in population 1 be equal 
to the correlation between those variables in population 2.
In addition, the study utilized relatively small sample 
sizes, 50 and 100, in evaluating the performance of the dis­
crimination procedures under examination. Since six variables 
were included in the analysis, there were 26 , or 64 possible 
states. With sample sizes of 50 and 100 it was highly likely 
that a large number of the states were empty and therefore 
the stability of the estimators is somewhat suspect.
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Another rationale for investigating alternative 
classification procedures, especially those which are of a 
multinomial nature, is reported by Glick (1973). In at­
tempting to determine the convergence rates of the actual 
non-error to the optimum error, Glick demonstrated that for 
the case of qualitative variables with multinomial distri­
butions the sample based rule for classification had actual 
non-error rate which converged to the optimum rate more 
rapidly than the multivariate normal classification rule 
except in cases with state j such that the true multinomial 
distributions place exactly equal mass, i.e., pj»qj. Here 
convergence rates are equivalent. In cases with state j 
such that pj^qj, the convergence of the actual non-error rate 
for multinomial classification procedures is exponential as 
the sample size increases, while the convergence speed for 
multivariate normal procedures is at best n-1, where n is the 
sample size. Thus, superior multinomial convergence speed 
adds further credence for the investigation of, and resort 
to, these procedures.

Other authors (e.g., Cochran and Hopkins, 1961;
Hills, 1967) have suggested the use of multinomial classi­
fication procedures, especially when the data are of a 
qualitative nature. However, it seems rather unlikely that 
marketing researchers will take this suggestion at face 
value for some will most assuredly argue that in the process
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of collapsing the data "valuable" information will be dis­
carded. If 5-point or 7-point scales are available, then to 
rely on the information provided by only a dichotomy would 
obviously be inferior. The problems inherent in scaling are 
treated in Chapter III. However, suffice to say, given the 
available evidence on the properties of the most frequently 
used marketing measurement devices, the argument of informa­
tion loss seems extremely weak.

It would seem that the assumptions underlying the 
Fisher LDF seldom hold when working with questionnaire type 
data, although they are often made. The ramifications of 
violating the assumptions discussed above are, for the most 
part, still open to investigation. On the one hand, it may 
be argued that the LDF is sound, for it is distribution free 
in the sense that it represents a logical procedure in that 
a linear combination of observations is constructed which 
gives the greatest amount of squared difference between the 
groups relative to the variance within the groups. On the 
other hand, the optimality of the LDF is explicitly tied to 
the basic assumptions of normality, equal covariances and 
known parameters. No matter what side of the fence one is 
positioned on, the evidence indicates that it is necessary 
(for marketing researchers) to examine alternative proce­
dures for classification, especially given the type of data 
which are available in the majority of marketing studies.
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1.2 - STUDY OBJECTIVES
The principal consideration in undertaking this 

study was to provide marketing researchers with more 
efficient methods for analyzing questionnaire data. Spe­
cifically, the main objectives of the study were:

1. To examine the relative performance of the
following six discrimination models. (A discussion of these
procedures is deferred until Chapter IV):

Full multinomial model,
First order-independent model,
Second order model,
Fisher linear discriminant model,
Matusita model, and 
Martin and Bradley model(s).

The performance of each procedure is evaluated under a wide 
variety of population structures so as to report which 
method seems most appropriate for a particular data struc­
ture. Note, two of the above models, the Matusita as well 
as the Martin and Bradley, have never been examined; 
hence another purpose of this study is to determine whether 
or not these procedures merit more widespread attention.

2. To illustrate the application of these pro­
cedures on actual communication buyer behavior data, with 
emphasis on implementation. In particular, this stage of 
the study demonstrates how demographic variables can be 
effectively utilized as a vehicle for segmentation through 
the employment of alternative methods of discrimination.
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This illustration seems particularly insightful especially 
since the prevailing consensus is that demography is only 
marginally important as a segmenting variable (e.g., 
Yankolovich, 1964; Frank, Massy, and Lonsdale, 1968; Frank, 
Massy, and Wind, 1972).

1.3 - QUESTIONS TO BE EXAMINED
With respect to Objective 1, which is implemented 

via sampling experiments, there exists an extremely large 
number of population structures that could be examined. 
Therefore, it was necessary to determine classes of popu­
lation structures which seemed relevant and which facilitated 
the organization of the sampling so that results could be 
presented in an intelligible manner. Since all sampling 
experiments are conducted from a multinomial distribution 
in the absence of third and higher order terms, each dis­
crimination procedure is evaluated in terms of the correla- 

*tions among the variables. With this in mind, the first 
stage of the study investigates the following questions:

Question 1: Given a particular population structure,
are there critical values for the correlations such that if 
they are exceeded the performance of certain procedures is 
impaired? What are the effects of negatively correlated 
variables on performance?

Question 2: If the difference between the mean
vectors (i.e., marginal probabilities) is fixed, but the
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magnitude of the individual marginal probabilities are 
allowed to vary, what are the effects on the performance of 
each discrimination procedure?

Question 3t Traditionally, the discrimination 
problem has been addressed in terms of differences in mean 
structures. However, it would seem particularly interesting 
to determine whether certain classification methods can 
effectively discriminate on the basis of differences in 
correlation structure rather than on mean differences.

Question 4 ; What is the behavior of the Martin and 
Bradley models? How does the performance of these models 
compare to the other discrimination procedures?

Question 5t What are the effects of unequal sample 
sizes on the performance of the Matusita model? With equal 
sample sizes the sample based classification rule for this 
model can be shown to be equivalent to the usual non-parametric 
rule; however, the effect of unequal samples is unclear.

Although the second stage of the study principally 
serves as an application, the use of demographic information 
as a basis for describing and segmenting markets is also 
highlighted. Demography, recently enriched by life cycle 
classifications and other composite variables, has tra­
ditionally been the fundamental and most frequently used 
measure in segmentation studies. Nevertheless, the usefulness 
of demography has been questioned, and many marketing re­
searchers have adhered to Daniel Yankelovich*s (1964) plea
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to discard demography as a segmenting strategy in favor of 
more "useful" psychological criteria. It is not the pur­
pose of this study to present an elaborate defense of 
demography; the task would most surely consume an entire 
thesis. However, the application section does seek to de­
termine whether the employment of alternative discrimination 
procedures— those which are more compatible with categorical 
data, offer additional insights into the utilization of 
demographics in differentiating between groups of product 
users. What follows is a statement of the issues that are 
explored in the second stage of the study.

1. Can standard demographic variables be utilized
as a vehicle for discriminating between heavy and light users 
of a communication product?

2. How d o the results of the Monte Carlo sampling 
experiments of the first stage test on this data? For this 
data, do the error rates vary greatly among the various 
discrimination procedures?

3. What are the effects of dichotomizing those ques­
tions with multiple response categories? How should the 
variables be coded?
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1.4 - SCOPE OF STUDY
This study focuses attention on two broad areas 

relating to the classification problem. The first stage of 
the study examines the performance of the various discrim­
ination procedures under a variety of population structures, 
while the second stage illustrates the application of these 
procedures with an aim toward differentiating heavy and light 
users of a communication product on the basis of demographic 
information. The following describes the scope and limita­
tions of this study.

1.41 - Stage 1; In this stage of the study Monte 
Carlo sampling experiments are initiated so as to evaluate 
the performance of each discrimination procedure under 
different population structures. A given population struc­
ture can be characterized in terms of means, p . a n dID
correlations, r^(j,k), where the subscript i refers to a 
specific population. By using the Bahadur reparametization 
(1961), Monte Carlo samples can be generated from populations 
specified by the designated input parameters (p^^, P2j 
r^(j,k), r2 (j,k), and n). The parameters in this set can 
be varied so as to obtain different Monte Carlo samples.

The assumptions made for the purposes of sampling 
and evaluation are:

1. The number of populations is restricted to two 
and the value of n is known; that is, the a priori probability
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of group membership is fixed. In all of the Monte Carlo 
experiments II is taken to 1/2.

2. The underlying distribution in the two popula­
tions is taken to be multinomial in nature.

3. The number of variables in the response vector 
is six. With six variables, there exists substantial sav­
ings in the number of parameters to be estimated with the 
second order model (21 in each population instead of the 
63 required under the full multinomial). For each ad­
ditional variable both time and cost for computer sampling 
doubles so that it becomes increasingly impractical to 
sample with more than six variables.

4. Each variable, Xj, is dichotomous with 
p^j»P(Xj=l) in population i. This restriction is necessary 
to simplify the computations and it is believed that some 
of the results can be extended to polychotomous Xj.

5. All of the variables are to be used in the 
classification scheme. Problems in obtaining a good sub­
set of variables are considered in the second stage of the 
study.

6. In the majority of sampling experiments,
the sample sizes from each population are equal. In many 
situations the researcher is able to select the sample 
sizes so that this restriction does not seem to be unreason­
able. It was decided that sample sizes of 200 and 400
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would be used in the Monte Carlo experiments in order to 
insure some degree of stability in the estimators. The 
only exception to the equal sample rule occurs for Question 
4, relating to the Matusita model. For these examples, the 
sample size for population 1 was fixed at 200, while for 
population 2, the sample size was set at levels of 300 and 
400, corresponding to one and half, and twice the number of 
observations in population 1.

Even with these restrictions, it would still require 
an infinite amount of time and money to sample from all 
possible combinations of values for the input parameters 
(Pij, P2j» and r2 (j,k)). Therefore it was necessary
to determine relevant values for all parameters. Beyond 
concern for generality, the only restriction placed upon 
admissible values was that the second order model be a 
probability distribution. Unfortunately, the second order 
model may lead to negative estimates for the cell probabil­
ities. Hence, in all sampling experiments undertaken, 
values for the input parameters were chosen so that none 
of the estimates would be negative.

1.42 ~ Stage II: The second stage of the study
considers application of the various discrimination pro­
cedures to data on communication buyer behavior. The data 
base was secured with the cooperation of a major United 
States corporation.
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In order to draw the total sample from the popu­
lation served by a number of associated companies, it was 
decided that specific subsamples would be drawn from three 
metropolitan areas considered representative. The areas of 
sampling were Atlanta, Indianapolis, and Los Angeles* The 
individuals selected from these areas resided in both the 
central city and surrounding suburban communities. In ad­
dition, an evenly-dispersed quota sample based upon 
respondent's estimates of their product usage rates was 
chosen as the method of selection.

Prior to the distribution of the questionnaire, an 
independent data collection firm completed a number of pre­
tests of the questionnaire. Based upon this experience, a 
number of adjustments were made to the original questionnaire. 
The independent collection firm was also responsible for the 
distribution and pick-up of all questionnaires.

In distributing the questionnaire, interviewers 
were instructed to select a number of central city and sub­
urban communities within each area comprising a mix of lower, 
middle, and upper socio-economic households. At the start of 
each call, interviewers screened potential respondents for 
the following:

1. That the household was a user of
a specific communication product, and

2. That a member of the household would 
agree to complete the questionnaire and 
have the interviewer return to pick it up.
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A final usable data base of 464 respondents was 
secured. This constituted a response rate of over 90 per­
cent of those who agreed to complete the questionnaire.

Although this study is restricted to examining the 
use of demographic data as a basis for describing market 
segments, respondents were asked to provide information 
relating to three broad areas:

1. Activities, Interests, and Opinions (A.I.O.),
2. Product Usage Behavior, and
3. Demography and Socio-Economic Data.

The A.I.O. questions were of a general and product-specific 
nature, while the product usage section gathered information 
concerning type of user, usage rates, number of units in 
the home, and service ratings. The demography and socio­
economic questions inquired into:

1. Respondent Characteristics: sex, marital 
status and age;

2. Head of Household Characteristics: 
occupation, education and age; and

3. Family Characteristics: number and age 
composition of children living at home, 
and family income.

The information gathered on family characteristics 
was adjusted and combined so as to provide a measure of a 
family's life cycle stage. The breakdown of the life cycle 
stages is shown below:
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Code 1 Head of Household less than 55 years 
old, single (widowed/ separated, 
divorced), no children;

Code 2 Head of Household less than 55 years 
old, married, no children;

Code 3 Head of Household less than 55 years 
old, with children, none teenagers;

Code 4 Head of Household less than 55 years 
old, with children, at least one 
teenager;

Code 6 Head of Household at least 55 years 
old, employed;

Code 7 Head of Household at least 55 years 
old, unemployed.

The rationale for the life cycle categories delineated above
was predicated on the results and recommendations of a prior
research study conducted by the company.

Although the survey was limited to only three 
geographical areas, it was strongly believed that these areas 
in total would encompass a representative cross sectional sample 
of product users.

1.5 - STUDY IMPORTANCE
The goal of this research study is to add to the state 

of knowledge with respect to the following areas:
1. This study increases the awareness of alternative 

methodologies for discrimination. Alternative procedures for 
classification are illustrated and hopefully these techniques 
can lead to a more efficient utilization of questionnaire data.
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2. By examining alternative discrimination pro­
cedures under different classes of population structures, 
the marketing researcher is provided with working rules so 
as to determine the relevant discriminant technique. Thus, 
upon examination of the characteristics of the population 
(means and correlations), the researcher will be better 
able to match a discrimination procedure with the actual 
data, thereby reducing the number of possible anomalies.

3. This research study presents some practical 
statements concerning the implementation of multinomial 
classification procedures which seem particularly useful 
for discrete variables such as demography.

4. In terms of particular population structures, 
the results of this study should provide insights about

a. the effects of correlated independent 
variables on the performance of the 
various discrimination procedures, and

b. those procedures which are most ef­
fective when differences in mean 
structures are insignificant.

5. Two of the discriminant procedures used in this 
study (the Matusita and the Martin and Bradley model(s)) 
have never been investigated and, therefore, this work 
extends the range of knowledge in the field.
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6. Perhaps most importantly, this study will pro­
vide the foundation for further research in the area of 
classification problems in marketing. Several areas which 
are not extensively addressed in this study warrant further 
investigation. Among these areas are: (1) the extension of 
the various multinomial classification procedures to poly- 
chotomous responses; (2) the development of additional 
procedures which can facilitate the collapsing of variables 
and/or states; and (3) the development of techniques which can 
overcome the problems associated with sparse data.

1.6 ~ ORGANIZATION OF THE DISSERTATION
Chapter II presents a review of the relevant marketing 

literature which has employed the linear discriminant model.
Chapter III is concerned with the problems associated 

with the LDF, with particular emphasis on the compatibility 
of measurement and statistical technique.

Chapter IV presents a detailed description of the 
various discrimination procedures together with a discussion 
of the criteria used to evaluate the performance of each 
technique. The methods used for the Monte Carlo sampling 
and a brief description of the computer program is also 
presented.

Chapter V discusses the results of the Monte Carlo 
sampling experiments and presents recommendations to 
researchers.
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Chapter VI contains a description of the data base 
utilized in this study together with the findings and 
implications.

Chapter VII presents the summary and conclusions 
evolving from the preceding two chapters.



CHAPTER II

LITERATURE REVIEW

This chapter is devoted to a review of the pertinent 
marketing literature which has employed the linear discriminant 
model as the primary statistical vehicle for investigation. 
Principally, the literature review is organized around three 
broad areas of research studies: (1) buyer behavior phenomena;
(2) diffusion of innovation; and (3) market strategy and seg­
mentation analysis. The chapter not only reviews the major 
applications of discriminant analysis to marketing, but also 
discusses the various studies in light of the appropriateness 
of their statistical methodology.

2.1 - BUYER BEHAVIOR PHENOMENA
The marketing literature does not suffer from a lack 

of interest in the area of buyer behavior processes. The 
literature yields numerous studies relating to the issue of 
the impact of various behavioral and/or psychological vari­
ables on the buyer decision-making process. A substantial 
number of studies have employed the LDF with varying degrees 
of success. The use of discriminant analysis ranges from 
predicting a consumer's purchasing intentions or behavior

24
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on the basis of numerous attitudinal measures to predicting 
a customer's ex-post facto preferences for different types 
of retail institutions.

The first published marketing study employing the 
linear discriminant model was found in a 1951 Journal of 
Marketing article. In this study S. Banks investigated the 
relationships between preference and purchase by housewives 
of brands of seven classes of household products. A nu­
merical rating scale for preferences was specifically 
developed for this study. The highest rating was 8- "very 
satisfactory," the lowest was 0- "very unsatisfactory," with 
the neutral point being at a scale value of 2. For two of 
the product categories, scouring cleanser and coffee, dis­
criminant analysis was performed not to predict future 
purchase or non-purchase, but rather to evaluate the dis­
criminatory power (relative importance) of the various 
preference ratings on attributes of the major brands of the 
two product types. Of the six product attributes measured 
for scouring cleanser three, cleansing ability, knowledge 
of price and harshness on hands, were found to have partial 
discriminant coefficients significantly greater than zero. 
For coffee, only two of the four product attributes had 
partial discriminant coefficients significantly different 
from zero-flavor and knowledge of price.
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Banks does not invest much time to developing the 
basic ideas of discriminant analysis nor is there any men­
tion of the assumptions underlying the LDF. He does, how­
ever, devote some attention to discussing the major differ­
ences between the linear discriminant model and regression 
analysis, which he also uses in the study. He indicates 
that the principal difference between the two methods lies 
in the nature of the dependent variable for regression*, the 
dependent variable is quantitative, while the dependent 
variable for the discriminant is qualitative. In addition, 
he draws attention to the similarity between the standard­
ized discriminant weights and the partial beta coefficients 
obtained in the multiple regression.

It is rather difficult to evaluate or to ascertain 
the appropriateness of the linear discriminant model in this 
study for the author, not being concerned with prediction, 
does not present the confusion matrix nor does he give recog­
nition to any of the basic underlying assumptions. However, 
there is some evidence to indicate that measurement and 
statistical technique are not compatible. In discussing 
the collection of data. Banks suggests that before the 
preference data could be used for regression analysis, it 
had to be normalized, "The original data were piled up 
around 8's, 6's and 0's," (p. 150). For this reason the 
author thought it necessary to transform the data to
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ensure normality before employing regression analysis.
However, he makes no comparable data transformation prior 
to the discriminant analysis even though the independent 
variables were originally identical. Skewed data is as 
severe a problem to the linear discriminant model as it is 
to regression analysis for the normality constraint is 
present in both techniques. Thus, certain inconsistencies 
exist which cast doubt on the findings of this study.

The study of brand imagery and buying behavior has 
received considerable attention in the literature. A classic 
and much examined study in this area was conducted by F.B. 
Evans (1959) wherein he tested the ability of psychological 
and objective methods to discriminate between owners of the 
(then) two largest selling automobiles. Ford and Chevrolet. 
Prior to this research, motivational researchers had painted 
a rather vivid portrait of buyers of these two automobile 
brands which indicated that these makes represented differ­
ent psychological images to the public and that the purchasers 
of one automobile type are sharply different, psychologically 
speaking, from purchasers of the other. For example, Ford 
owners were thought to be alert to change and experiment, 
more tolerant, self-confident, impulsive and more masculine; 
while Chevrolet owners were more feminine, more cautious, 
suspicious, conservative, less dependent and prestige 
conscious.
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Evans sampled from a highly restrictive and rela­
tively homogeneous group of individuals residing in Forest 
Park, Illinois: Ford and Chevrolet owners of 1955-58
models; all owners were white males having only one car.
Thus, with respect to psychological needs, this limited 
universe was believed to be highly sensitive to discrimina­
tion since there would be less confounding. The question­
naire was designed to collect three types of data: 
demographics, role playing questions designed to measure 
perceived differences and psychological needs reflecting 
the respondents* basic personality traits. Personal 
interviews were conducted to gather the first two categories 
of data, while the Edwards Personal Preference Schedule (EPP) 
was employed to measure manifest personality needs of 
achievement, deference, exhibition, autonomy, affiliation, 
intraception, dominance, abasement, change, aggression and 
heterosexuality.1 A total usable data base of 140 respond­
ents was secured: 71 Ford owners and 69 Chevrolet owners.

The results of the linear discriminant analysis 
indicated that an individual's personality and/or his demo­
graphic characteristics could not be effectively used to 
predict the choice between a Ford and Chevrolet. He

^Evans did not use the full battery of test items 
included in the EPP because of interviewing problems 
encountered in pretesting.
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concluded that "the distributions of scores for all needs 
overlap to such an extent that discrimination is virtually 
impossible.” (p. 368) For the personality and need vari­
ables the LDF was of doubtful statistical significance for 
the resulting F ratio (an analysis of variance was performed) 
was just barely significant at the 10 percent level; more 
importantly, substantial misclassification resulted. When 
the LDF was applied to the data (from which it was developed), 
it misclassified 52 individuals, or 37.1 percent of the 
sample (42.5 percent of the Ford owners and 31.8 percent of 
the Chevrolet owners). For the demographic factors, the LDF 
performed slightly better; it misclassified 30.1 percent of 
the sample. In both cases, the predictive ability leaves 
much to be desired for the LDF was tested under the best 
possible circumstances in that it was evaluated on the basis 
of the same sample of data from which it was developed.
Thus, the stated error rates are optimistically biased.

For the most part, Evans does not examine the data 
in terms of assessing its compatibility with the LDF. Tests 
of homogeneity of variance are not performed nor is the 
empirical distribution of the data investigated. It should 
be noted that for that psychological variables (data derived 
by EPP) normality is somewhat more realistic for the scores 
of any individual could vary from 0 to 20. On the other 
hand, in the case of demographic and objective factors a 
dummy variable transformation was implemented which most
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assuredly produced nonnormal data. However, Evans, to his 
credit, does examine the correlations between personality 
and need variable. Intercorrelations were low and hence the 
need scores could be assumed to represent independent measures 
of personality. In addition, he was aware of the bias error 
rates and searches for nonlinear relationships when the linear 
model fails.

The results of this study have continued to interest 
marketers. The conclusion that psychological and objective 
variables are only weakly related to the ownership of two 
automobile brands has not been uniformly accepted and, in 
fact, since 1958 many comments, criticisms and reanalyses of 
the data have been published. Historically four types of 
reactions may be noted. These are:

1. Pierre Martineau (1959), disagreed with the 
findings, rejected the sample due to interviewer errors, and 
leveled a rather personal attack on Evans*

2. Gary Steiner (1961), questioned Evans' method­
ology and interpretation. He suggested that the design failed 
to consider the reliability of the criterion to be discriminated 
and indicated that if comparisons were made between "loyal"
Ford versus "loyal" Chevrolet owners the differences would be 
striking. Similarly, Charles Winich (1961), suggested that a 
severe error was made in combining owners of the 1955-58 models. 
He points out that within the 1955-58 span dramatic style
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changes were instituted which would make comparisons im­
possible. Also, Winich criticized the lumping of new car 
owners with those who had purchased their automobile used 
in addition to questioning the choice and use of the Edwards 
Personal Preference Schedule.

3. Ralph Westfall (1962) , using a different psycho­
logical measurement device— the Thurstone Temperature 
Schedule— and an entirely different kind of sample, tested 
the same hypotheses concerning automobile brand ownership 
and personality types. Although not using the linear dis­
criminant model, Westfall's findings were consistent with 
those of Evans; no personality differences were found 
between Ford and Chevrolet owners.

4. The personality data presented in the original 
study have been reanalyzed using different methodologies.
For example, Keuhn (1963), working with only two of the need 
scores— dominance and affiliation--developed a method which 
considered the differences between these two scores. Marcus 
(1965), also working with the dominance and affiliation need 
scores, employed a graphical format in which he superimposed 
new axes upon the data.

Another possible limitation of the study relates to 
the sample sizes. By current day marketing standards, sample 
sizes of 71 and 69 are not considered to be sufficiently 
large. In addition, when attention is focused upon various 
subpopulations, i.e., loyal Ford owners versus loyal
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Chevrolet owners, sample sizes are reduced to 29 and 39 
respectively. Thus, problems peculiar to small samples may 
be present in the analysis. Generally speaking, the LDF 
performs fairly well with samples of moderate size. However, 
sample size is clearly a function of the parameters, number 
of variables and the Mahalanobis distance. It is quite pos­
sible tinder certain circumstances to need as many as 10 to 
20 observations per variable included in the analysis 
(see Lachenbruch, 1975) which would necessitate larger 
sample sizes than those in this study.

It is interesting to note that Evans did replicate 
his original study. Approximately eight years after the 
original data were collected, a new sample was drawn from 
the Forest Park, Illinois, population of Ford and Chevrolet 
owners. In this new study, (Evans, 1968), the field work, 
interviewing procedures, sampling, methodology, etc. were 
undertaken in such a manner as to closely parallel the 
original. A usable data base of 88 respondents, 40 Ford 
owners and 48 Chevrolet owners, w a s  secured.

Paralleling the original methodology a linear dis­
criminant function using the ten need scores was computed. 
Results were very similar to those obtained in the first 
study. As before, the ten psychological variables exhibited 
very little relationship to Ford or Chevrolet ownership. 
Thirty-four of the 88 owners, 38.6 percent, were misclassi­
fied. For the demographic and objective factors, 34.7
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percent of the respondents were misclassified. Brand loyalty 
and imagery were also investigated and Evans implemented the 
methodologies suggested by Keuhn and by Marcus; however, no 
additional insights were derived.

Other studies have specifically examined Ford and 
Chevrolet owners with respect to discrimination and some have 
been successful. For example, Rikuma Ito (1967) successfully 
discriminated loyal and switching Ford and Chevrolet owners 
on the basis of nine attitude scales. This study specific­
ally examines the predictive power of attitude measurements 
generated by the rating scale method of measuring attitude. 
This method requires respondents to assign an arbitrary 
integer among a given set of integers. The assigned in­
teger is considered to represent the individuals attitude 
toward the attribute in question. In this study, respondents 
evaluated both brands of cars.

Ito, befdre employing the LDF, transforms the original 
attitude data into two differential measures— one represent­
ing the absolute difference between the rating given to a 
Ford and Chevrolet on a specific attribute; the other a 
relative measure derived from the ratio of the rating as­
signed to an attribute for both makes.

Both the absolute and relative differential measures 
of the attributes were found to be statistically significant, 
via the F test, in discriminating between Ford owners repeat­
ing Ford purchase and Ford owners switching to Chevrolet, and
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between Chevrolet owners repeating purchase and Chevrolet 
owners switching to Ford. However, with respect to pre­
diction the results seem somewhat suspect. Ito states that 
the LDF's demonstrated a striking success in identifying 
potential switchers while leaving something to be desired 
in identifying potential loyal buyers. However, this state­
ment must be discounted by the fact that total misclassifica- 
tion rates ranged from 36 percent to a high of 49 percent.

Further, since the LDF was evaluated on the basis of 
the same data from which it was developed substantial bias 
exists. In addition to the above, the author also does not 
provide any information as to what prior probabilities were 
used. This study employed greatly different sample sizes, 
only 60 out of 211 Ford owners were switchers while a very 
small number of Chevrolet owners indicated they had switched, 
28 out of possible 366. Greatly unequal sample sizes will 
affect the critical discriminant score and the evaluation 
of the classification matrix.

Additional studies have been undertaken which attempt 
to discriminate between consumers' attitudes, behavior and 
intentions. M. Perry (1969) employed discriminant analysis 
to identify brand attributes that have the greatest effect on 
consumer behavior; that is, the LDF was applied in order to 
find whether an individual's purchasing intention and behavior 
can be predicted on the basis of his attitude toward the 
product. Data were obtained from a test market of dog food
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in two metropolitan areas. A ten point rating scale was 
used to measure individuals' attitudes toward the various 
product attributes.

With respect to the discriminant analysis, Perry 
does indicate that in order for the LDF to be optimal, two 
conditions must hold— normal distribution of variables and 
homogeneity of variance. Perry concedes that the data can 
hardly be assumed to be normally distributed but indicates 
that the second condition was checked and found to hold. 
However, he fails to note what specific test was used nor 
does he substantiate his statement to the effect that the 
second condition (homogeneity of variance) is more important 
them normality and therefore it (normality) will not affect 
the results.

Other omissions and peculiarities are present in 
this study. For example, there is an absence of any aware­
ness as to the biases present when the LDF is evaluated on 
the basis of the same data from which it was developed.
Various discriminant functions were computed with misclassifi- 
cation rates ranging from a low of 15 percent to a high of 49 
percent. In some instances sample sizes differed greatly and 
a rather naive method for evaluating the confusion matrix 
was employed.

In the investigation of store imagery and institu­
tional choice behavior discriminant analysis has often been



36

employed. For example, Dodge and Summer (1969) hypothesized 
that discriminating patronage was related to images projected 
by two different types of retail institutions— specialty 
retailers and mass merchandisers. Based on a series of ques­
tions designed to collect data from students on (1) purchase 
experience, (2) institutional preferences, and (3) socio­
economic status, linear discriminant analysis was applied in 
an attempt to classify individuals on the basis of their 
preference orientation toward specialty or mass merchan­
disers. Based upon the resultant discriminant weights, the 
authors conclude that experience is inversely related to 
shopping in a specialty-type institution. In addition, it 
was found that personality was negatively related to the 
specialty institution while the higher an individual's socio­
economic level, the more he tends toward a specialty-type 
retailer.

The authors' use of the linear discriminant model 
leaves much to be desired. Although professing a desire to 
classify an individual's preference for one or the other 
type of retail institution the study never attempts to 
evaluate the predictive ability of the computed discriminant 
function on any data. In addition, the authors perform some 
rather questionable and unnecessary transformations on the 
discriminant function. For example, the original weights, 
-0.00003819(x1), + 0.00053933 (x2), + 0.00002395(x3> were
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transformed so as to make the coefficient associated with 
x^ have a value of 1.0000. Needless to say, the study is 
devoid of any remarks concerning the basic assumptions 
underlying the LDF.

A recent study which is closely akin to the Dodge and 
Summers' investigation is reported in Dash (1974). The ob­
jectives of his study were to examine and determine the 
impact of a group of behavioral variables on consumers' 
store choice decisions relating to the purchase of a spe­
cific product category. A plethora of data were collected; 
in fact, a total usable data base of 421 respondents was 
secured with 45 characteristics (independent variables) 
being measured.

The author attempted to discriminate between the 
two types of retail institutions under investigation with 
considerable attention being focused upon the determination 
of the "best" set of independent variables. Rather than ap­
plying the traditional LDF to generate a linear combination, 
(0,1) regression analysis was employed. This procedure, 
although being a theoretical sound discrimination method, 
does require a number of assumptions to be satisfied. Dash 
does not develop the distinction between the traditional 
LDF and the (0,1) regression approach nor does he seem aware 
of some of the potentially serious problems associated with 
this latter method. The only qualification reported (in 
this study) with respect to the implementation of this
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procedure relates to the requirement of uncorrelated in­
dependent variables. Although correct, there are, however, 
numerous other assumptions which must be satisfied (see, 
e.g., Johnston, 1972). In particular, a rather salient 
restriction is associated with the property of homoscadis- 
ticity. With the dependent variable only assuming a value 
of 0 or 1, it can be shown that the error terms (residuals) 
will not be normally distributed and thus the estimated 
mean response for an individual may be less than zero or 
greater than one. Theoretically, the expected value of the 
mean response, E(Y), for an individual must lie between zero 
and one, for it represents the probability that an individual 
possessing specific characteristics belongs to one group or 
the other. Again, response functions do not automatically 
meet this constraint. For example, in the Dash study one 
particular regression response function resulted in 20.5 
percent of the individuals having points scores which fell 
outside the constraint limits (see Dash, p. 107). This 
phenomena is extremely problematic and can cause certain 
of the standard statistical tests such as the t and F tests 
to be inappropriate.

With respect to classification, the discriminatory 
procedure performed quite well. The author, to his credit, 
employed a split-sample validation procedure to reduce bias. 
The discriminant function derived from a 70 percent sub­
sample was applied to the remaining 30 percent of the data.
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In total, 74 percent of all respondents in the 30 percent 
sub-sample were correctly classified, while 11 percent were 
misclassified.1

Some rather novel applications of the linear 
discriminant model include studies conducted by P. Benson 
(1967) and E.H. Bonfield (1974). In the Benson study the 
discriminant function was used to construct scales in order 
to investigate whether variations in individual exposure to 
advertising are reflected in the individual's buying habits. 
In a study designed to test the Dulany theory of proposi- 
tional control, Bonfield employed a discriminatory procedure 
to determine the relative contribution of attitude, social 
influence, personal norm and intention interactions as 
related to purchase behavior. The measurement device con­
sisted of seven point bi-polar adjective scales; however, 
all data were normalized before implementing the discriminant 
procedure. Although principally concerned with determining 
the relative importance of the variables, the author did 
attempt to determine the predictive ability of the dis­
criminant functions. The results indicated that the behavior 
models predict less well than the naive model. A split 
sample validation procedure was not utilized and the author 
correctly concludes that "some care should be therefore 
taken in interpreting the discriminant model." (p. 385)

1In this study, any individual possessing a point 
score between .4 and .6 was not classified; for this case 
15 percent of the sample were not classified.



40

2.2 - DIFFUSION OF INNOVATION
Within the general context of social change, 

sociologists and anthropologists have extensively inves­
tigated the nature and substance of the diffusion process. 
Similarly, marketers have devoted considerable attention 
to the study of consumer acceptance and adoption of new 
products and services. In many instances, researchers 
have been particularly concerned with identifying those 
individuals who will be early adopters and, thus, the 
linear discriminant model has been a valuable tool.

A rather early study reported in the marketing 
literature was undertaken by Frank and Massy (1963). The 
objectives of their investigation were to determine the 
nature and extent of differences between families who adopt­
ed a newly introduced brand of coffee, Folger's Coffee, and 
those who remained with established brands. Data were 
collected from the Tribune's Consumer Panel from 1956 
through 1958 for regular and instant coffee. In addition 
to demographic and socioeconomic data, purchasing records 
were secured for 538 families.

The primary statistical technique utilized in this 
study was the linear discriminant model. A total of 20 
characteristics (independent variables) were amassed and 
three two-way discriminant functions were computed:
(1) Primary and Secondary Folger's loyal versus non- 
Folger's households; (2) Primary loyal versus non-Folger's
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households; and (3) Primary versus Secondary loyal house­
holds. However, only the results for split 1 were reported 
in this study.

The results of the discriminant analysis reveal that, 
for the most part, purchasing behavior (variables) is more 
closely associated with household loyalty than with such 
socioeconomic characteristics as income and occupation. With 
respect to prediction, the sample LDF misclassified 25.2 per­
cent of the respondents. It must be assumed that this error 
rate is derived from applying the sample LDF to the same data 
used to estimate the function for there is no statement to 
the contrary nor is the confusion matrix presented. The 
authors evaluate the discriminatory power of the sample LDF 
by comparing its error rate to that which would have been ob­
tained if all respondents would have been classified into the 
larger group. This is a highly conservative procedure and 
may produce serious misconceptions especially if the sample 
sizes are greatly different. As is generally the case, the 
authors devote little time to discussing the linear discrim­
inant model nor is any assessment of the compatibility of 
the data with the LDF.

In a study designed to examine the profile of the 
fashion innovator, C. King (1964) employed the linear dis­
criminant model to differentiate the innovator (early buyer) 
from other consumers on the time of adoption continuum.
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The data analyzed in this study were collected as part of an 
exploration of women's millinery. A random cluster procedure 
was employed, using the Metropolitan Boston Telephone Di­
rectory as the universe frame to select adult women who were 
then classified into adopter categories. Respondents were 
selected from the telephone survey and an extensive set of 
demographic, psychological, social, mass communication, and 
other relevant data were collected.

The two adopter groups analyzed were innovators or 
early buyers and all other consumers--late buyers and con­
sumers that did not purchase— equal sample sizes of 74 
respondents (total sample size of 148) were secured for the 
analysis. The 59 variables originally examined were cate­
gorized into broad sets such as Psychological Characteristics, 
Activity Patterns, Attitudes toward Fashion and Hats, Socio­
economic Characteristics, etc. The linear discriminant model 
was utilized to test the predictive power of (a) the broad 
sets of variables (separately) and (b) the best combination 
of variables.

The linear discriminant functions computed for each 
of the broad categories of variables proved unsatisfactory. 
Only one LDF was statistically significant (F test) and the 
misclassification rates ranged from 31.7 percent to 40.5 
percent. Out of the total of 59 variables studied, the 
author determined a subset of 21 variables which appeared to 
be strong discriminators of innovator behavior (selection
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was on the basis of differences). Then, on the basis of 
these variables a sample LDF was computed. The resultant 
function misclassified 37 percent of the respondents.

In discussing the results of the first phase of 
the study, the author indicates that combinations of differ­
ent types of variables are necessary in order to effectively 
distinguish innovators. This conclusion is based upon the 
rather poor discriminatory power of the various LDF*s. The 
author, however, seems overly optimistic with respect to 
the results of the second phase of the analysis. The LDF 
based upon the 21 variables correctly classified 7 3 percent 
of the sample, and King states that this represents a 47 
percent improvement over chance assignment. Although true, 
this is still a rather naive statement. A split sample 
validation procedure was not employed in the study so the 
stated nonerror rate is likely to be optimistically biased. 
In addition, it would seem impractical to base the dis­
criminant procedure on such a large number of variables; 
an even smaller subset of salient variables should have been 
chosen for the second phase of the study. Again, there was 
no report of the compatibility of data with methodology and 
an even more severe omission resulted when the author failed 
to indicate the nature of the prior probabilities. King 
states that the data were collected via various sampling 
procedures; however, the reader is provided with no informa­
tion as to whether the a priori probabilities were actually 
utilized.
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The Folgers data discussed previously has supported 
other studies. Specifically, Frank, Massy and Morrison (1965) 
investigated household innovative behavior with the same 
Chicago Tribune Panel serving as the data base. The simi­
larities between this study and the Frank and Massy (196 3) 
investigation are so great that it is not necessary to dis­
cuss this work in any detail. However, it should be noted 
that in this study the authors realize that biases do result 
when the sample LDF is applied to the same data from which 
it was computed. The authors use a split sample technique 
to evaluate the predictive power of the sample LDF and comment 
on the magnitudes of the biases.

W. King (196 3, 1966) employs the linear discriminant 
model to predict success or failure of a new product using 
early performance data from test markets. The direction of 
this investigation was not empirical; rather King presents 
a theoretical development of discriminant analysis so as to 
allow marketers to make predictions of eventual sales 
success in a newly-entered market area.

The model which is suggested is a rather novel ap­
plication of the LDF. It incorporates the notion of mis- 
classification costs and presents a formal expression for 
the optimal classification rule. In addition, the author 
discusses the estimation of parameters and reports a 
significant test for the discriminant function which is based 
upon Hotelling's extension of the t statistic to multivariate 
data. In comparison to previous studies. King's presentation
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represents a major theoretical advancement. He demonstrates 
that one does not have to blindly apply statistical tech­
niques and that by understanding the basic theoretical 
rationale greater conceptualization may be possible.

In another study, Pessemier, Burger and Tigert (1967) 
employed the linear discriminant model to differentiate 
between triers and non-triers of a new product. The data 
base consisted of 265 housewives who maintained diary records 
for a newly introduced brand of heavy duty detergent. In 
total, 57 characteristics were examined; the categories con­
sisted of such variables as: Socioeconomic Characteristics,
Trial-Proneness Variables, AIO, Product Variables, etc.

The authors employed a stepwise linear discriminant 
analysis to differentiate between triers and non-triers of 
the newly introduced heavy duty detergent. Of the 57 vari­
ables, the stepwise procedure selected four variables which 
formed the basis for discrimination. The authors employed 
a split sample validation technique with good success. For 
the validation sample, 72 percent of the respondents were 
correctly classified.

Robertson and Kennedy (1968) also focus attention 
upon the consumer innovator. Their study utilizes the linear 
discriminant model to predict innovators and to assess the 
importance of several innovator characteristics. Data were 
collected from the suburban community of Deerfield, Illinois.
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Innovators were defined as the first 1 0 percent of the 
community's members to adopt the small home appliance in­
novation which was under investigation. The sample consisted 
of 100 individuals, 60 innovators and 40 non-innovators.

The results of the analysis are presented in two
parts. First, the authors manually compute the discriminant 
function assuming zero covariance among the variables. The 
authors state that the objective here was to "quickly" 
identify the important variables and to provide guidelines 
for the final computer analysis. The results of the step 
seem quite useless, for zero covariance is highly unlikely.
In the second stage of the analysis the authors employed a
regression methodology to produce a linear combination. Of
the seven independent variables included, venturesomeness 
and social mobility provided the greatest contribution in 
discriminating between the two groups. With respect to pre­
diction, a split-sample procedure was employed. Two valida­
tion samples were created and the misclassification rates 
were found to be 30.0 percent and 32 percent which were 
6 and 10 percent higher than in the analysis sample.

The majority of studies undertaken in the area of 
diffusion of innovation have concentrated upon innovators * 
however, one study (Uhl, Andrus and Paulsen, 1970) has 
focused attention upon the last group of individuals to adopt 
a product, i.e., the laggards. This study attempted to
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determine if (1) laggards could be identified with respect 
to the adoption of new grocery products, and {2) distinguish­
ing correlates of laggards could be isolated. The data base 
consisted of 541 households who were selected via a system­
atic sample of all households listed in the telephone directory 
for Cedar Rapids, Iowa. Of the 541 households selected, 406 
completed a questionnaire designed to measure such character­
istics as attitudes toward new food products, (food) venture- 
someness, brand switching, or loyalty for established grocery 
products and various demographic factors. In total, 27 
different variables were measured; however the authors selected 
a subset of 11 variables for the analysis. These variables 
were selected because they had received considerable attention 
in studies of innovators.

The linear discriminant model was employed to test 
the ability of the eleven variables to designate laggards from 
among all other adopters. The sample LDF misclassified 39.6 
percent of the respondents. A split sample validation pro­
cedure was not utilized; thus, the resultant error rates are 
biased. However, the authors were aware of this problem. 
Although cognizant o f this limitation, the authors fail to 
report some rather contradictory findings. In this study 
analysis took two forms. First, univariate tests were 
employed to test for significant differences among the 
eleven variables for the two groups. The results of these 
tests indicated that laggards appeared to be different only 
with respect to family income and brand loyalty. On the
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other hand, the results from the second phase of the anal­
ysis— the linear discriminant model— indicated that the most 
useful variable differentiating laggards was family size; 
the next most useful variable was life cycle, and the third 
most important variable was age. Family income and brand 
loyalty were determined to be the fourth and the sixth most 
useful variables respectively. Thus, the results derived 
from the two analyses are not compatible. It would seem that 
the authors are either ignorant of this fact or perceive it 
to be unimportant, for there is no mention of this 
inconsistency.

Recently, Darden and Reynolds (19 74) have employed 
a different methodology for developing a discriminant procedure. 
The study attempts an investigation of male innovator behavior 
in the context of multiple product categories. The analysis 
consisted of two stages. First, respondents were clustered so 
as to create groups with similar ingroup innovative behavior 
profiles. Next the innovative behavior groups were subjected 
to discriminant analysis, with a large number of consumer 
characteristics serving as the independent variables.

The discriminant procedure suggested by Darden and 
Reynolds is more closely akin to principal components or 
factor analysis than to the traditional linear discriminant 
model. Here, orthogonal factors are extracted which max­
imize the differences among criterion group centroids. Thus,
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several discriminant functions (factors) are derived which 
best separate the groups in the discriminant space. In this 
study, the authors were primarily concerned with developing 
male innovator profiles and their methodology reflects this 
objective. It is quite possible that in those situations 
where emphasis is placed upon explanation and description 
rather than on prediction, this type of procedure may better 
accommodate the analysis.

2.3 - MARKET STRATEGY AND SEGMENTATION
Beginning with the work of W. Smith (19569, marketers 

have realized the benefits which can be derived from effec­
tive market segmentation. Numerous studies have suggested, 
recommended and utilized the linear discriminant model as 
a strategic management tool facilitating the development 
of specific marketing strategies and as a means of determin­
ing definitive market segments.

For example, W. King (1964) investigates the issues 
associated with performance evaluation in marketing systems 
and suggests that the Fisher LDF be utilized to estimate 
the mathematical relationships between relevant marketing 
performance measures and the subjective performance evalua­
tions made by marketing executives.

Basically, King attacks the problems and complexities 
inherent in performance evaluations. In most instances eval­
uation of performance yields rather subjective adequate
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versus inadequate classification of some current market area. 
To resolve this subjectivity, the author suggests that a 
linear combination of performance measures be constructed 
which will best discriminate between those areas belonging 
to A (adequate) or I (inadequate). Naturally, the Fisher LDF 
is utilized to form the linear combination of performance 
measures. King develops this conceptual approach by con­
sidering an application involving the evaluation of a consumer 
product's performance in various market segments. In addition, 
two possible limitations of "descriptive" discriminant analysis 
are reported. The problems of bias and multicollinearity are 
singled out and their possible effects on the discriminant 
coefficients are outlined.

King has published several additional studies which 
have been principally concerned with this conceptual approach 
(e.g., King, 1966, 1967). Although illustrating the utility 
of this approach to different marketing environments, the 
various studies are, in terms of theoretical context, nearly 
identical. In all cases, the discriminant is employed to 
understand causal links between phenomena rather than for 
predictive purposes. The author coins the use of.the LDF 
in this context "structural analysis."

In another study A. King and D. King (1964) utilize 
the linear discriminant model to determine future market 
shares so as to aid the firm's marketing planning process.
The authors suggest that various socioeconomic, buying
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buyers and nonbuyers of a product. Thus, given observed 
values for these characteristics the LDF can be used to 
determine the likelihood that the individual will be a cus­
tomer of a company or of a competitor. King and King 
illustrate this procedure by computing two discriminant 
functions. The first involves the market of the company 
versus the market of its primary competitors, while the 
second involves the market of the company versus the remain­
ing market, excluding the primary competitor. Reported error 
rates were excellent— in both instances only 15 percent of 
the respondents were misclassified.

There are a number of problems and omissions in this 
study. For example, although devoting considerable time to 
developing the discriminant model, the authors' exposition 
is rather primitive. Many of the independent variables 
seem redundant, and it is quite possible that a great deal 
of multicollinearity exists. In commenting on the potential 
success of the model, the authors state that success or 
failure is dependent on:(1) establishing independent vari­
ables with high discriminatory power, and (2) ensuring that 
the independent variables provide useful information. How­
ever, the authors neglect any statement as to the distribu­
tional conditions which must be satisfied. The predictive 
power of the discriminant functions w a n  evaluated on the 
basis of the same set of data from which they were derived 
with no apparent awareness of the biases involved. Finally,
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there is an absence of any recognition of the possible 
limitation and constraints when deriving the linear function 
via standard regression analysis.

W. Massy (1965) employed the linear discriminant 
model to differentiate market segments on the basis of 
audience characteristics. This study focused upon the 
audiences of five FM radio stations located in the Boston 
Metropolitan area. The data base consisted of 2 39 families 
and some 47 socioeconomic and consumption variables were 
measured.

The initial step in the analysis was to reduce the 
number of variables to a more manageable number. Factor 
analyzing the data produced 12 new variables which were then 
used in subsequent analyses. Principally, Massy utilized the 
LDF so as to report similarities and differences among the 
audiences of the five radio stations. Various discriminant 
functions were computed and by normalizing the confusion 
matrices (dividing each cell by its row total) the author 
was able to report those audiences which had distinctive 
profiles and those (audiences) which seemed to be similar 
to all others.

In addition to including an appendix which ad­
equately develops the mathematics of discriminant analysis, 
Massy reports some rather interesting experiments. First, 
the number of variables included in the various discriminant 
functions were varied so as to illustrate the effects on
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discriminatory power. Secondly, the author comments on the 
nature and importance of the a priori probabilities. Ini­
tially, equal a priori probabilities of audience membership 
were assumed. Then the discriminant function was recomputed 
with a priori probabilities set equal to the sample fre­
quencies. In this manner, the effects of adjusting the 
a priori probabilities on predicative power and interpreta­
tion were clearly shown.

In an explanatory investigation of consumer savings 
behavior, H. Claycamp (1965) employed the linear discriminant 
model to segment the thrift deposit market with respect to 
commercial banks and savings and loan associations. This 
study attempted to distinguish between customers of the two 
institutions on the basis of standard socioeconomic variables, 
personality needs (measured by EPP), motives for saving, and 
expectations for savings. The sample consisted of 174 ran­
domly selected savings units who were known to hold deposits 
in either commercial banks (CB) or savings and loan 
associations (SL).

For purposes of analysis three customer groups were 
defined: (1) those who held thrift deposits in CB but not
in SL, (2) those who held thrift deposits in SL but not in 
CB, and (3) those who held thrift deposits in both CB and SL. 
Rather than employing a three-way discriminant procedure, 
the author computed three two-way discriminant functions 
in order to evaluate the relationships among groups. The
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results of the discriminant analyses indicated that fre­
quently used socioeconomic variables were of little value in 
discriminating between consumer groups who concentrate thrift 
deposits in commercial banks and those who choose savings and 
loan associations. In addition, the author concluded that 
relevant marketing strategies can best be formed on the basis 
of different psychological profiles found to exist between 
the groups. The predictive power of the various discriminant 
functions w a s  evaluated; however, a split-sample validation 
technique was not utilized and therefore the results are 
inconclusive.

In a recent study, M. Etzel (1974) cites an inability 
to distinguish between potentially different types of credit 
users as a contributing factor in the unsatisfactory profit 
performance of bank cards. The author suggests that by 
utilizing the linear discriminant model to identify different 
types of credit card users banks can more efficiently con­
centrate their efforts on the most profitable segments of the 
market. Thus, the objectives of this study were to use demo­
graphic variables and credit related attitudes to differentiate 
among three types of card users: convenience users, installment 
users, and inactive users. The sample consisted of 1,500 
randomly selected credit card holders— 500 from each group.

Three board sets of characteristics were measured: 
attitudes toward credit in general, attitudes toward bank 
credit cards, and standard demographics which included age.
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family size, education and income. Discriminant functions 
were computed for each set of varied)les and the results were 
quite successful. Predictive power was good and the author 
was able to generate rather rich profiles of each type of 
user. Although not specifically examining the strong, ten­
uous assumptions that must be invoked, Etzel did, however, 
incorporate several sound precautionary procedures into the 
analysis. For example, all data were normalized before 
implementing the linear discriminant procedure and a split- 
sample validation was employed. In addition, the predictive 
power of the demographic and attitudinal variables was tested 
using a method suggested by Frank, Massy and Morrison (1968).

J. Muczyk, T. Mattheiss and M. Gable (1974) have 
adapted the linear discriminant model in order to provide 
a meaningful "success" profile for store managers. The coop­
eration of a national retail chain was secured and 34 store 
managers were selected for the analysis. The study design 
consisted of having the vice president of operations for the 
chain classify the 34 store managers in order of ability.
Two groups were formed; the top one-half were placed in one 
group— high performance (HP), while the bottom one-half were 
placed in another— low performance (LP). All store managers 
were asked to complete the Ghiselli Self Dsecription In­
ventory— which measures seven personality characteristics.

The authors employed the LDF to identify which per­
sonality variables best characterized "successful" store
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managers. Of the seven personality characteristics, 
initiative, perceived occupational level and sociometric 
popularity emerged as being the most relevant. The sample 
LDF yielded a non-error rate of 82 percent— 2 8 out of 34 
managers were correctly classified. However, classification 
rates reported are suspect for the split-sample validation 
technique was not utilized.

In determining the "best' discriminant function the 
authors did not employ the usual stepwise procedure. Rather, 
all possible discriminant functions were examined. Where 
practical, this is a highly recommended procedure. Also, 
the authors were cognizant of the homogeneity of variance 
assumption for they report that the hypothesis of equal co- 
variance matrices for the two groups could not be rejected. 
However, no information was provided concerning the specific 
test employed.

A potentially valuable and revealing study has 
recently been reported by D. Montgomery (19 75). In addi­
tion to utilizing the traditional linear discriminant model 
to explore the relationship between 18 variables and a 
supermarket buyer's decision to accept or reject a new 
product the author proposes an alternative procedure for 
discrimination.

By examining the general appropriateness of the LDF, 
Montgomery was led to the area of alternative models. Spe­
cifically, the author questioned the validity of applying
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the linear discriminant model to vector data derived from 
ordinal scales, the components of which are discrete valued, 
and to samples for which the assumptions of normality and 
homogeneity of variance are obviously violated. He cor­
rectly takes the position that the strong assumptions which 
must be invoked suggest that the LDF should not be the only 
discrimination procedure examined. Thus, this study sets 
precedence, within the marketing literature, for the in­
vestigation of alternative methods of discrimination when 
the data are suspect.

Initially, Montgomery employed the traditional 
linear discriminant model to the sample data. The usual 
statistics and summary results were presented. In evaluat­
ing the confusion matrix, he notes that the discriminant 
function was applied to the same set of data from which it 
was estimated and therefore the results are optimistically 
biased. However, the split-sample validation technique was 
deemed to be impractical for the original sample sizes were 
rather small. He proposed an alternative validation method 
which involves several steps. First, the actual observations 
are randomly assigned to the accept or reject groups in pro­
portion to the observed relative frequencies.

Next, the sample LDF is recomputed with the actual 
observations in these scrambled groups. If the discriminant 
results from this method are as good or nearly as good as 
the results obtained when the observations are in their
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proper groups, then spurious discriminant performance is 
likely. (The author suggests that several replications 
of this procedure he performed).

In order to resolve the obvious problems associated 
with data (with respect to the LDF) Montgomery proposes an 
alternative method of discrimination which he coins 
"gatekeeping analysis.” This procedure involves the 
following steps:

1. Search for a varied)le and for a value of that 
variable which will enable us to reach a classification 
decision for all or a part of our sample (see step 2) 
while making very few errors. In effect, we seek a vari­
able above or below which there is little or no overlap in 
the sample distributions from the two populations. This 
search may be made on the basis of prior logic and/or 
heuristic methods.

2. Remove from the data base those observations 
which we are ready to classify.

3. Return to step 1 with the remainder of the
data. Repeat until sample sizes become extremely small, 
or no variable cam be found which will achieve the ob­
jective or you are satisfied with the classification
success (p. 261).

The author comments that a principal advantage 
of this technique lies in its applicability to relatively 
small samples. Although true, this method does, however, 
possess some rather severe limitations in that it
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represents an ad hoc procedure which can result in 
severely optimistically biased error rates.

2.4 - SUMMARY
This chapter has been devoted to a review of the 

relevant marketing literature which has utilized the linear 
discriminant model. This review has not been exhaustive, 
yet it attests to the widespread use of the LDF in market 
research studies and lends support to the notion that in 
some instances researchers have blindly applied this 
procedure.

To summarize, the following are the six basic 
sources of omission and misconception associated with the 
use of the LDF:

1. Use of data which can hardly be assumed 
to be compatible with the basic assump­
tions underlying the LDF,

2. Nonawareness of the problems associated 
with estimating parameters— especially 
the a priori probabilities,

3. Evaluating the predictive power of a 
sample LDF using the same data from 
which it was estimated,

4. A misunderstanding of the various 
error rates,

5. Nonawareness of the possible problems 
associated with multicollinear data, 
and

6. The blind use of (0,1) regression as 
an analogous procedure to the 
linear discriminant model.
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The next chapter discusses some of the problems 
associated with the LDF together with the various as­
sumptions underlying its optimality.



CHAPTER III

MEASUREMENT AND THE FISHER LINEAR 
DISCRIMINANT MODEL

This chapter addresses the problems associated with 
the proper utilization of the linear discriminant model as 
a vehicle for analysis. It begins with a discussion con­
cerning the relationship between measurement and statistical 
technique, as well as the problems inherent with the use of 
marketing type data. The assumptions underlying the Fisher 
LDF are presented along with a discussion concerning the 
effect of violating these assumptions. Finally, the prob­
lem of estimating the predictive power of a discriminant 
function is also examined.

3.1-THE USE OF QUALITATIVE AND/OR CATEGORIC DATA
Marketers are faced with two principal dilemmas 

when undertaking empirical research. First, the researcher 
must decide upon, or develop, a means of quantifying highly 
subjective data representing difficult to verbalize attitudes 
and cognitions. (This is in addition to those problems 
associated with gathering "factual" information, e.g., age 
and income). This problem reduces to one of representing 
the responses of individuals to various stimuli. From a
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marketer's viewpoint, stimuli may evolve from consideration 
of alternative products, advertising copy, or package de­
signs, and so on. The responses may involve preferences 
and/or adjectives which best describe the object. Regard­
less of the particular situation, measurement of subjective 
data is highly problematic for the individual’s report must 
be taken at face value.

Secondly, the market researcher must determine the 
statistical technique(s) which is applicable and relevant. 
The investigation of marketing phenomena is complex enough 
to necessitate heavy reliance on statistical methodologies. 
The emerging emphasis on data analysis has also produced 
a greater reliance on "canned" computer programs. This 
reliance can produce severe anomalies in those situations 
where researchers blindly apply packaged statistical tech­
niques without proper inspection of the underlying data 
structure.

These two problems, although seemingly disjointed, 
are, in fact, intimately related. Measurement provides the 
inputs which enter into statistical tables; however, the 
numbers that evolve from measurements have strings attached, 
for they carry the imprint of the operations by which they 
were obtained. The primacy of measurement exists for it 
sets the bounds on the appropriateness of statistical 
operations. Thus, these problems are mutually dependent 
and must be handled as such.
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A satisfactory solution to the first problem leads 
one into the area of measurement and measurement scales. 
Unlike the physical sciences wherein measurement takes the 
form of well-defined scales possessing a natural zero and 
constant unit of measurement, researchers in the social 
sciences must often settle for less informative scales.
For example, if a consumer is asked to rank a number of 
automobile brands according to overall safety, the result­
ing "scale" does not possess the properties associated 
with most physical measures.

Scales can be classified into four major categories; 
(1) nominal, (2) ordinal, (3) interval, and (4) ratio.1 The 
importance of discussing the various scales is that each 
scale possesses its own characteristics or underlying 
assumptions regarding the matchings of elements of one do­
main to those of another, and the meaningfulness of per­
forming mathematical operations on these elements.

Nominal scales are the least restrictive of the 
scales. Numbers which are assigned serve only as labels or 
tags for identifying objects, properties or events. For 
example, numbers are assigned to players of a game or to 
telephone subscribers. In the first case, each player 
receives a number, thus providing a one-to-one matching

-̂For a complete discussion of the various scales, 
see Green and Tull (1974) and Boyd and Westfall (1968) .
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of the number label and the player's name (assuming that 
no two or more players receive the same number label). 
Arithmetic operations on the numbers have no meaning with 
respect to the objects which they identify.

For the latter case of telephone numbers, the 
number-labeling process is different. For example, the 
first three numbers represent a particular exchange where 
each telephone subscriber in a particular area receives 
the same prefix number. Thus, all members of a specific 
telephone exchange are "equal" with respect to this char­
acteristic. Again, only a very limited number of 
mathematical operations are allowable. It is possible 
to find the modal or the most numerous class and also 
various contingency tests may be performed. However, 
calculations of means, standard deviations, t tests, F 
tests, and so forth, are not permissible.

Ordinal scales are best characterized by rank order 
data. These scales require the ability to distinguish 
between elements in a single direction. For example, a 
consumer may be able to rank a number of toothpaste brands 
according to "flavor satisfaction." One could assign the 
number "1" to the highest ranking toothpaste, number "2" to 
the next highest ranking toothpaste, and so on. The rank 
order data, however, only permit comparisons of less than, 
greater than, or equal to; that is, rank order 2 Is greater 
than rank order 3, and less than rank order 1. The scales
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do not imply that the distance between rankings is constant; 
the distance between rank order 2 and 1 is not necessarily 
equal to the distance between rank order 2 and 3. Also, 
with such scales there is no meaningful origin.

Ordinal scales have the characteristic of being 
unique up to a strictly increasing monotone transformation, 
i.e., one that preserves the order. Given data of this 
type, relatively simple statistics as the mode, median and 
percentiles are applicable. More sophisticated statistical 
measures are also applicable, such as Spearman's rank order 
correlation, Kendall's tau, Kendall's Q, and Goodman and 
Kruskal's tau. As is the case with nominal data, sta­
tistical procedures which assume equal intervals are not 
applicable.

Interval scales, on the other hand, not only have 
the same properties as ordinal scales, but also have the 
property of equal intervals. With interval scales, the 
distance between item 1 and 2 is equal to the distance 
between item 3 and 4. The property of equal intervals is 
most crucial for it allows one to use the more common 
(and powerful) statistical techniques such as the mean, 
standard deviation, and product-moment correlations, as 
well as the t, F, and Z tests.

Ratio scales represent the "elite" of scales in the 
sense that all arithmetic operations are permissible. In 
addition, these scales possess a meaningful origin (zero
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point). Equal ratios among the scales values correspond 
to equal ratios among the entities being measured. Ratio 
scales contain all the information of lower-order scales 
and are unique up to a positive proportionate transformation.

Of the most common measurement scales employed in 
marketing are the Likert-type, the semantic differential 
and (various forms of) the adjective ratings scale. Figure
3.1 presents examples of these three common rating scales.

For the Likert-type scale, which is perhaps the 
most frequently used marketing measurement device, con­
siderable attention has been focused on the proper number 
of response categories. Green and Rao (1970) indicate 
that a 6-point or 7-point scale is optimal using repro­
ducibility of the original data configuration as their 
criterion. The authors also state that this is especially 
true when several different instruments are employed con­
currently as in a test battery. Jacoby and Matell (1971) 
take exception to the above findings for they do not 
consider data recovery as the primary criterion for most 
marketing research problems which employ Likert-type scales. 
Using reliability or validity as the principal criterion, 
they present evidence which indicates that a 2-point or 
3-point Likert scale may be good enough. They state that 
"regardless of the number of steps originally employed to 
collect that data, conversion to dichotomous or
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FIGURE 3.1 

THREE POPULAR MARKETING RESEARCH SCALES

Likert-type Scale

Strongly Agree Undecided Disagree Strongly
Agree Disagree

Semantic Differential Scale

Good Bad

Adjective Rating Scale

Very Good Neutral Bad Very
Good Bad

Source: J. Marti11a and D. Carvey. "Four Subtle Sins in 
Marketing Research," Journal of Marketing 
(January 1975), p.9.
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trichotomous measures does not result in any significant 
decrement in reliability or validity." (p. 38) Others 
have examined this question, e.g., Benson (1971; Lehman 
and Hulbert (1972), with the general consensus being that 
2-to-3 point scales are sufficient when investigating 
average or aggregate behavior, while 5-to-7 point scales 
are better suited to the investigation of individual 
behavior.

It would seem that several salient issues remain 
unresolved. For example, given that the most frequently 
used marketing measurement devices are often limited to 
7-point scales, with dichotomous or trichotmous responses 
not being uncommon, can the data derived from such scales 
be assumed to possess properties of continuous data? 
Further, what are the consequences when seemingly ordinal 
scales are assumed to be of equal intervals, thus justify­
ing the use of certain statistical procedures which may 
not be appropriate? Such questions are rather germane for 
it is common practice to assign numerical values to points 
on a scale, implicitly assuming that these numbers repre­
sent sub-equal intervals (having continuous properties) 
thereby allowing such simple computations as the mean and 
standard deviation and more sophisticated multivariate 
techniques as discriminant analysis to be performed.

The assumption of equal intervals is not one of 
semantics and should be questined on theoretical, logical
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and empirical grounds. Theoretically, many of the standard 
parametric statistical techniques assume normality. How 
can normality be known when only order can be ascertained? 
If rank order data is cubed the rank order would be the 
same as before; but what about normality? The assumption 
that a variable is normally distributed when in fact it is 
only amenable to ordinal measurement is a contradiction. 
This is somewhat magnified when discussing discriminant 
analysis wherein a multivariate normal distribution is 
assumed and where classification is based upon an in­
dividual* s response vector (see Stevens, 1968).

Logically, there is no basis to assume that an 
individual will be able to judge equal units or, for that 
matter, that the (equal) units of one individual will 
correspond to those of another. Marti11a and Carvey (1975) 
coin the use of interval scale statistics for ordinal 
scale data as one of the four subtle sins of marketing 
research. Brown and Beik (1969) argue that the psycho­
logical distance between positions 2 and 3 on an attitude 
scale is probably greater than the distance between 
positions 3 and 4. The authors state that there is "some 
evidence that respondents tend to avoid extremes on any 
judgment scale, and sometimes they avoid a neutral or zero 
center position, thus forming a skewed or possibly a bi- 
modal distribution." (p. 278)
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Empirically, Myers and Warner (1968) investigated 
adjective rating scales to determine whether the intervals 
are indeed subjectively equal. For their study 50 commonly 
used statements describing product taste or advertising 
effectiveness were assembled. In order to determine the 
consistency of meaning of the various statements from one 
audience to another, four separate groups of respondents 
were included: housewives, business executives, graduate 
business administration students and undergraduate business 
administration students. All respondents were instructed 
to assign the statements to a modified 21-point Thurstone 
differential scale.

The results of the investigation indicated that 
the apparent bipolar adjectives did not conform to equal 
intervals. For example, Table 3.1 presents a representative 
sample of the data obtained. The relationship suggests the 
subjective distance between items 1 and 2 is less than the 
distance between items 2 and 3 (3.02 versus 4.25). Simi­
larly, the distance between items 4 and 5 is leas than 
between items 3 and 4 (1.45 versus 5.89). In addition, 
the results indicated that some descriptive statements did 
not produce the expected results. "Reasonably poor" was 
found to be farther below the midpoint than "reasonably 
good" was above the midpoint, even though it would be 
expected that these items would be equidistant from the 
midpoint.
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TABLE 3.1
SUBJECTIVE DISTANCE BETWEEN COMMON 

SCALING ADJECTIVES

Item Scale Value Mean Scale Standard
    Value Deviation
Very good 1 16.83 2.52
Good 2 13.81 3.25
Neutral 3 9.56 1.90
Bad 4 3.67 2.54
Very bad 5 2.22 2.34

Source: J.H. Myers and G. Warner, "Semantic Properties of
Selected Evaluation Adjectives," Journal of 
Marketing Research, Vol. 5 (November 1968), 
pi 41.
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Besides the measurement of attitudes, opinions, 
cognitions and intentions, marketers often gather in­
formative data on demography and socio-economic status. 
Historically, demography has been the most fundamental and 
frequently used measure in describing and segmenting 
markets; however, there would seem to be several problems 
with the use of demography in analysis. Generally, demo­
graphic data are of a categoric or classificatory nature 
as opposed to quantitative measurements. Common practice 
before an analysis is performed has the researcher assign 
numerical values to the levels of the variables or di­
chotomize the levels so as to produce dummy variables whose 
values are 0 or 1. The next step is to apply some parametric 
statistical procedure such as t tests, or some form of the 
Fisher linear discriminant function.

Surely, this type of procedure introduces anomalies 
in the analysis. Data of this kind can hardly be viewed as 
being compatible with the various assumptions underlying 
most of the commonly used parametric statistical tests.
In addition, another problem associated with this procedure 
is the fictitious information introduced in the form of, 
say, distances between such constructs as social class or 
family life cycle.

A survey of the marketing literature of the last 
ten years indicates an enormous increase in awareness and 
use of complex statistical methodologies. However, what is
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absent is a clear recognition (by marketing researchers) 
of the limitations and distributional assumptions underlying 
the most coimnonly used statistical procedures. The use on 
ordinal scales of statistics appropriate only to interval 
or ratio scales must be viewed as being highly suspect.
Also, since either by necessity or design marketing data 
are frequently of a categoric nature, anomalies are likely 
to arise whenever marketing researchers blindly apply 
statistical procedures without proper inspection of the 
underlying structure of the data.

3.2 - ASSUMPTIONS UNDERLYING THE FISHER LDF
The general problem of allocating a new individual 

based upon a battery of tests or characteristics to one of 
two previously established groups was apparently first 
studied by R.A. Fisher (1936) as a tool in biological 
taxonomy investigation. Under the assumption that the two 
groups have identical variances and covariances, and differ 
only in their mean responses, Fisher considered the problem 
of choosing the "best** linear combination of the responses. 
His solution was obtained by maximizing the squared differ­
ence between the groups relative to the variance within the 
two groups. Although the Fisher LDF is distribution free 
in the sense that it represents a logical procedure for 
constructing a linear combination, it results in an optimal 
(in the likelihood ratio sense) assignment rule only if a 
number of rather strong conditions are imposed.
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What is commonly thought of as the Fisher LDF 
is the sample analogue of that linear function which re­
sults when applying an rule to two multivariate normal
densities with known parameters having
the common variance-covariance matrix. If the assumptions 
of normality and equal covariance matrices are satisfied, 
there is no need to investigate alternate classification 
procedures since it is well known that optimal error prob­
abilities result when a "likelihood-ratio” rule with known 
parameters is used. Further, 3ample-based estimates of 
these rules are generally consistent.

However, if one or more of these conditions do not 
hold, the resultant linear discriminant function is not an 
optimal assignment rule. Given the structure of marketing 
data, it is highly unlikely that these conditions are in 
place. Data are derived from ordinal scales, are categoric 
in nature, and hence the vectors (of responses) have 
discrete distributions.

3.3 - ESTIMATION OF PREDICTIVE POWER
For the most part, marketing researchers have been 

cognizant of the possible bias that may arise in determining 
the predictive power of a particular discriminant function. 
Frank, Massy and Morrison (1965) discuss the bias that is 
produced when the sample discriminant function is applied 
to the same sample of data as was used to estimate the
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discriminant coefficients. For this case, the apparent 
error--simply the number of observations misclassified 
(same sample) is an optimistically biased estimate of the 
optimum error rate. Although not specifically developing 
the relationship between the apparent and optimum error 
rates, the authors do illustrate the possible magnitude 
of the bias. Using data which was obtained from the 
Chicago Tribune consumer panel, for regular coffee from 
1958 through 1960, a total of 25 variables were used to 
develop a discriminant function relating to adopter- 
non-adopter categories. The total population was parti­
tioned into smaller subsamples so as to produce five 
replications, and when the sample discriminant was applied 
to the same data an average of 72.9 percent of the observa­
tions were classified correctly. The authors indicate 
that the above non-error rate may be upward biased and 
suggest that in order to obtain a "better" measure of 
predictive power the sample discriminant function must be 
applied to an independent sample. Thus, they recommend 
a split-sample validation procedure whereby the data are 
partitioned into two samples— one sample of data is used 
to generate the discriminant function, while the second 
sample is used to ascertain the discriminatory power of 
the function. When applying this technique to the panel 
data, the average proportion classified correctly fell to
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48.2 percent with a range of 44.0 to 56.0 percent across 
the five replications.

The authors emphasize the need for splitting the 
sample when estimating the predictive power of a discrim­
inant function— and rightly so. However, the authors fail 
to mention several limitations of this procedure. First, 
although this procedure does reduce the bias, it is still 
not an unbiased estimate of the optimum error or the actual 
error. (A discussion of these error rates is deferred until 
Chapter IV). For the split-sample method, the error rate 
is given by the plug-in estimate obtained by using the 
estimated parameters. Hills (1966) has demonstrated 
empirically that the actual error rate is greater than the 
optimum error rate and it, in turn, is greater than the 
expectation of the plug-in estimate of the error rate.

In addition, this method is wasteful of data, 
needs large samples which are often not available, and does 
not evaluate the discriminant function that will be used 
in practice.^ Also, the plug-in estimate of the error rate 
may fluctuate greatly from subsample to subsample, depend­
ing on the method of splitting the original set of 
observations. If the hold-out sample is large, then a 
good estimate of the discriminant function can be obtained

Generally, after the discriminant function is 
evaluated with respect to a subsample of observations, it 
is recomputed using the entire sample.
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but the function is likely to be poor. On the other hand, 
if the holdout sample is smaller, the discriminant function 
will be better, but the estimate of its performance will be 
highly variable.

3.4 - SUMMARY
This chapter has been devoted to exploring the 

relationship between measurement data and the Fisher linear 
discriminant model. The evidence presented supports the 
contention that care must be taken in ascertaining the 
compatibility of data with the assumptions underlying the 
LDF. This need is particularly great since with (marketing) 
questionnaire data, the conditions underlying the opti­
mality of the LDF seldom hold and, hence, anomalies in the 
analysis may arise.

The next chapter is devoted to a development of 
the various discrimination procedures evaluated in this 
study along with a discussion of the criteria used to 
judge each procedure.



CHAPTER XV

PROCEDURES AND METHODOLOGY

This chapter presents a detailed description of 
the various discrimination procedures, together with a dis­
cussion of the criteria used to evaluate the performance of 
each technique. The method employed for the Monte Carlo 
sampling experiments and a brief description of the com­
puter program are also contained in this chapter.

4.1 - MULTINOMIAL CLASSIFICATION
The problem of discrimination arises when there 

are two or more populations and it is desired to assign an 
individual to one of these populations on the basis of his 
responses to a variety of questions. Often, especially 
in the realm of marketing, the responses are qualitative 
rather than quantitative. This presents some rather in­
teresting problems with respect to the linear discriminant 
model. However, there are procedures which can easily 
accommodate this kind of data.

A particularly useful model results when the 
variables X^, j “ 1 , 2,...., m, are treated as having a 
multinomial distribution. Let x * (X^,X^t....,Xm ) be

78
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a m dimensional vector assumed to be multinomial. Sup­
pose further that takes on the values 0 , 1, . k j .
Let x * (x^, ....f xm ) be called a response pattern. There 
are a total of

(kj+1)* (k2+l)----(J^+l)* ^  (k-j+1) (4.1.1)
possible response patterns. If there are two populations 
called population 1 and population 2, then the discrimina­
tion problem is to assign an individual with response 
pattern x»(x^,....,5̂ ) to population 1 or to population 2.

Although Xj can strictly take on any integer 
between 0 and kj, for the purposes of this study a restric­
tion is imposed in that the Xj be dichotomous with

Pi-t* p [Xj=1 in population i] ,
J 3 (4.1.2)

l-Pij“PlXj-0 in population i], (i~l,2).
This restriction is necessary to simplify the computations) 
however it would seem that some of the results can be ex­
tended to polychotomous Xj (see Appendix I). Thus, the 
discrimination problem can be cast in terms of m binary 
(Bernoulli) variables, where x =* (x^...., xm ) is a vector 
of 0's and l*s. With m binary variables there are 2m 
possible response patterns.

Now, let tt̂ (x ) denote the probability that response
pattern x»(x^...., xm) is observed in the itl1 population,
for i>l,2. Also, let It be the probability that an indi­
vidual chosen at random from the mixed population
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(population 1 and population 2 combined) is in population 1. 
II is called the a priori probability for population 1, and 
1-It is the a priori probability for population 2. Assuming 
m variables, there are 2m=s possible states (response 
patterns) each with a corresponding tt^(x).

The discrimination problem can be handled by de­
termining an appropriate classification rule. A classifica­
tion rule, denoted by 8 , can be defined such that B(x) is
equal to the probability with which a person with response
pattern x is classified into population 2. Thus, B(011)»l 
means that any individual with response pattern x=(011) is 
classified into population 2 with probability equal to 1.

The Bayes classification rule which minimizes the 
probability that an individual chosen at random from the 
mixed population will be misclassified is equivalent to the 
following rule based upon the log likelihood ratios,
L(x) ■ [ir2 (x) (x ) ] :

1 when L(x) > c 
6 (x)= 1—IT when L(x) =c  (4.1.3)

0 when L(x) < c 
where c*loge [11/(1-11)]. Thus, the discrimination problem 
can be reduced to one of determining the values for c and 
L(x), for each response pattern x. Note, for the purposes 
of this study, c is set to zero, since in all cases II* 1—II.



81

Usually, the probabilities,(x ) , and the a priori 
probability, II, are not known. However, what is available 
to the researcher is a random sample of individuals from 
each population together with their responses to the m 
questions (variables). Let

n^(x) = number of individuals in the sample from 
population i with response pattern x

and
n^ » sample size from population i.

With M populations and m variables, estimates of the a priori 
probability and marginal probabilities are given by 

II * n./n, where n-n^n.t..... +nw (4.1.4)1 1 Z M
and

Pij~S£j ni (x>/ni' where S ^ i x s x ^ l } (4.1.5)
To fix ideas, consider the following: Suppose a

market researcher wishes to identify innovators of a new prod­
uct based upon a number of characteristics, such as venture­
someness, perceived risk and opinion leadership. Let

X^ - 0 if individual scores "low" on venturesomeness
1 if individual scores "high" on venturesomeness

X2 ■ 0 if individual perceives "low" risk in the new product
1 if individual perceives "high’ risk in the new product

X3 ■ 0 if individual scores "low" on opinion leadership
(nonleader)

1 if individual scores "high" on opinion leadership 
(leader)
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Y * 0 if individual did not purchase the new product 
1 if individual did purchase the new product.
With three variables there are 23, or eight 

possible distinct states:
(1) 000 (2) 001 (3) 010 (4) Oil
(5) 100 (6) 101 (7) 110 (8) 111.

If the true state probabilities, tt̂ (x) were not 
known, then they would have to be estimated. Table 4.1 
illustrates the (hypothetical) results of sampling n*200 
individuals from a mixture of the two populations. For 
this example, estimates of the a priori probabilities, and 
the state probabilities would be given by n^/n, and 
n^j (x)/nj., respectively; for i= 1,2, j* 1,2...., 8. That 
is, they are estimated on the basis of the observed fre­
quencies. The sample-based rule is given by:

Assign x to population 2 if
n2j(x)/n1j > (l-n)A- n) (4.1.6)

and to population 1 if otherwise. For example,
n2 2 / n1 2 “ 3/13< 1, and therefore any individual 

with response pattern x = (001) would be classified as a 
noninnovator. A similar operation is carried out for all 
response patterns.

It should be mentioned that problems may arise due 
to zero cell frequencies. If a particular response



TABLE 4.1
HYPOTHETICAL SAMPLING RESULTS: 

OBSERVED FREQUENCIES FOR n - 200
STATES (PATTERNS)

Group (1) (2) (3) (4) (5)
Noninnovators 3 13 52 13 3
Innovators 13 3 1 3 13
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pattern is empty then it is impossible to estimate (x) 
for that pattern. Several procedures are available for 
overcoming this problem. For example. Hills (1967) sug­
gests the use of nearest neighbor procedures. To illustrate, 
assume a three variable problem with possible response 
patterns given by

(1) 000 (2) 001 (3) 010 (4) 011
(5) 100 (6) 101 (7) 110 (8) 111

A nearest neighbor of order 1 differs from a specific 
pattern in only one value; a nearest neighbor of order 2 
differs from a pattern in only two values, and so on.
Thus, the nearest neighbors, order 1, of 000 are:

(2) 001 (3) 010 (5) 100
If the count for state j in population i is denoted by j, 
then the nearest neighbor procedure assigns the observation 
to population 2 if

(n2j + O T ) 2n21>/"2 „ £/{1_S)( (4.1.7)
' n i J *  (N&>1n i J , / n i

where (NN)^ is the set of nearest neighbors to n^j.
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4.2 - THE PROCEDURES EVALUATED
In the last section it was shown that the problem 

of discriminating between two populations on the basis of m 
binary (Bernoulli) variables can be reduced to one of esti­
mating 2m log likelihood ratios given by

L(x>=loge [ tt2 ( x ) ( x )  | (4.2.1)
where x* (x̂ ,̂.... ,x^) is the response vector. Although the 
restriction that each be dichotomous has been imposed, 
there is no restriction that the random variable Xj be 
uncorrelated. Thus, a variety of assumptions can be made 
concerning the joint distribution of the Xj in each popula­
tion. Different assumptions lead to different procedures 
for estimating the cell probabilities tt̂ (x ) and the log 
likelihood ratios L(x). This present study considers six 
models for estimating tt̂ (x ) and L(x) . For each of the 
following models the procedure for estimating tt̂ (x ) and 
L(x) is referenced by a bracket symbol, [*], where the 
asterisk inside the bracket indicates the particular model 
being used.

4.21 - Full Multinomial Model: Under this model
no structure is assumed among the variables, X j, of the 
response vector x. The model assumes the distribution of 
the response vector, x, in each population to be multi­
nomial with parameters tt̂ (x) in population i, for i*l, 2.
The model requires the estimation of 2m-l independent 
parameters where the maximum likelihood estimators are given by
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(x) /n^ (4.21.1)
where n^(x) represents the number of individuals with 
response pattern x, in population i, and n^ is the sample 
size from population i.

4.22 - First Order Model; This model assumes the 
Bernoulli variables Xj of the response vector, x, are 
independent. If p^j is the probability that in popu­
lation i, then the probabilities (x ) are related to the

PiJ b/ xj^  p (l-p^)1'*3 for i-1,2 (4.22.1)

Estimators of the parameters p^j are given by

.= £ n.(x)/n. for i=l, 2 (4.22.2)

where S. is the set of all patterns (x,,....,x ) with X.=l.3 1 m 3
This model is also called the independent model for 

all correlations are ignored and therefore only the marginal 
distribution of each Xj is used in the computation of tt̂ (x ). 
It is for this reason that a second order model which allows 
for correlations among the variables is included in the 
list of discrimination procedures.

4.23 - Second Order Model; This model assumes that 
all third and higher order mixed moments are zero. That is, 
only those correlation terms of the form r^(jk) are included. 
The second order model is derived from the Bahadur repara- 
metization (See Appendix I) where the sample correlations
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can be expressed in the following form:

V jk) *

where is the set of x with X^-l, and X^=l 
For this model the tt^ ( x ) are estimated by

m xt . .- J - 1-X3
(4.23.2}^ ( x ;  1 2 ) ^ 1 1 ^ .  U -P i ; ( >

. [1+ .z. r . (jk) Z. .Z..]]<k i J ij ikJ
where

Zij=txj-Pij)/(Pij(1-Pij)) H (4.23.3)

This model can also be expressed in terms of the covariances 
between variables. This leads to approximating the proba­
bilities, tt^(x;[2]) by

n* 1 ~ v 1-xj
j

(X.-pij)(X -p. ) 
tl+ i<k - J - 3 -- - - -  ci(3k>l- (4.23.4)

pij ’ij pilc ’ik
where an<* C^(jk) is the estimator for the
covariance between variables X^ and X^ in population i.

Unfortunately, there is a limitation associated with 
the use of this model. The estimates for ff̂ (x) given by 
(4.23.2) may lead to negative estimates. Thus, whenever 
this occurs the model will not lead to a probability 
distribution. With respect to the Monte Carlo sampling



88

experiments described in a later section of this chapter,
values for the parameters p ^  and r^(jk) were chosen so that
none of the tt̂ (x ;[2]) would be negative. (See Appendix I
for the conditions under which the second order model leads
to a probability distribution). In those cases where the
sample based estimates of n^(x;[2]) were negative, a convention

-5whereby all negative estimates were set to 10 was evoked.
This number is large enough to avoid underflow or overflow 
yet small enough to make the estimated log likelihood ratios 
large (or small) depending on whether <rr̂ (x;[2]) occurred in 
the numerator (or denominator).

For the three procedures delineated above, the log 
likelihood ratios (L.L.R.) are simply given by

L(x; [ M ) = l o g e [Tr2 (x; [‘D / tt̂ x ; [*]) ] (4-23.5)

where the asterisk indicates the type of model being used.

4.24 - Linear Discriminant Model: The linear model
results from taking the log likelihood ratio (L.L.R) of two 
multivariate normal probability density functions. The 
conditions under which the linear discriminant model re­
sults in an optimal assignment rule has been discussed in 
Section 3.2. It does not seem necessary to present an 
extensive discussion of this method; the task has already 
been well performed by others (e.g., Morrison, 1969; Press, 
1972; Lachenbruch, 1975). However, for the purposes of 
this study, it would be beneficial to express the linear
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discriminant function (LDF) in the case where variable Xj 
is Bernoulli.

For Bernoulli variables, with parameters p^j in
Apopulation i, the estimator for u^, the mean, is p^j, and 

the estimator for the j—  row and the k—  column of $ 
the variance-covariance matrix is given by

Sjk* n* CjjkJ + U-lt) . C2 (jk) (4.24.1)

where IT is the a priori probability for population 1 and 
C^(jk) is the unbiased estimator of the covariance between 
variables Xj and X^ in population i. The LDF for correlated 
Bernoulli variables is given by 

L(x;[A)= J <P2j*Pij)sjkxP
~l/2 j k (P2j“Pij)sjk-(P2k+Plk) (4.24.2)

where are elements of the inverse of the pooled sample
covariance matrix.

With Bernoulli variables, the covariance between 
variables Xj and X^ may be written in terms of the correlation, 
r(jk), and the marginal probabilities, Pj and p^, since

Cov(Xj fXĵ ) *r (jk) • [(Pj-q-j) <Pk*qk> J*5- (4.24.3)

Thus, it may happen that the correlation between any two 
variables in one population may be equal to the correlation 
between those same two variables in the second population; 
that is, r1 (jk)-r2 (jk). However, if Pij^P2j andA>r

Plk^P2k, the covariances will differ in the two populations.
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Because of this property of binomial variables, it is 
possible to study cases where the covariances are equal, 
which is an underlying assumption used to derive the LDF, 
and cases where the covariances are not equal in the two 
populations. In general, this is not true for random vari­
ables whose distribution is multivariate normal.

4.25 - Matusita Model: This model is based upon
the notion of affinity as proposed by Kameo Matusita (1952,
1955, 1956) and does not, except for regularity conditions,
assume any structure among the variables.

Let F and G be distributions defined on the same
space R, where F«(pi), G=(q^), i=l,2,....,k. Then the
affinity can be expressed as P, where

k 1*p(F,G) = (4.25.1)

Letting the distance between F and G be denoted as (|F-G||, 
with

I I F-Gj I 2 = (4.25.2)

it follows that
| IF-G[I 2 - 2 (1-p) , (4.25.3)

or
| |F-Gf J - 2 (1- I (p, * q .) ) . (4.25.4)

i-1 1 1
Now, let S and S be the empirical distributions correspond- n m
ing to F and G respectively. Therefore

^ Sn‘Sm ^ 2“2 (1"i-l(ni*V**) (4.25.5)
"?T "in’
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since £ “ (n./n), and S »(m./m), where n, and m, are random n 1 m i  1 1
variables representing the number of occurrences of event 
i, i=*l,2.... ,k, in n and m observations.

A classification rule can be formulated from the 
above as follows. Consider classifying an obzervation Z=z 
into F or G using the following rule:

Classify Z into F if 

llSn+r SJ I  4 M Sn-Sm+l M' (4.25.6)
where Sn+^(Sm+ )̂ is the empirical cumulative distribution 
function where z is assumed to be a sample point generated

f /by F(G). Now, let n^ and nu, i=l,2,....k, be the state 
frequencies which result when z joins Sfi and Sm respec­
tively. Thus, the rule becomes

H
9 (4.25.7)

or equivalently

■z i K  - i ] *  > * I "'i (4.25.8)1-1 [n s+q “ i-i [n+r s i
Continuing, let the possible multinomial states be given
as E^, E2 ,....,Ek * From F a random sample of size n is
available with distribution among the classes given by

k
nl' n2 n^*n. Similarly, from G a random

sample of size m is distributed with cell entries 
m1# m^,....!^, m^-m. Suppose the observation to be
classified, say Z»z, signifies state , then the rule
classifying Z»z into F reduces to



(4.25.9)

i*j
Note, with equal sample sizes, n-m, the Matusita sample- 
based rule reduces to

(nj (mj+l))5 > ((n^l) m p  . (4.25.10)

This, however, is just the usual nonparametric rule:

(4.25.11)
n m

Thus, with the restriction that n=m, the Matusita classi­
fication rule can be cast as a likelihood ratio test.

Although equivalent, this procedure does not 
present the usual estimation problems associated with 
empty cells. The fact that some of the cell frequencies 
may be small or even zero is not a limiting factor since 
the summation is extended over all k states. For the case 
of equal sample sizes, the log likelihood ratio is given 
by

log ((n,+l)m.)
H x , l W >  - log* (nj ( m J i ) (4.25.12)

® J J

For the most part, the theoretical accomplishments 
of Matusita have not been extended to any area of applied 
statistics. In fact, only recently has his notion of 
affinity been related to an applied field (Goldstein,
Wolf and Dillon, 1976). One of the purposes of this
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study is to determine the usefulness of affinity (and 
distance) with respect to the classification problem.

4.26 - Martin and Bradley Model(s); A procedure for 
classifying an individual to one or two or more known popu­
lations, based upon a vector of responses, x, whose components 
are zero or one has recently been developed by Martin and 
Bradley (1972). The authors develop a model for estimating 
tt̂ (x ) which depends on a set S, of orthogonal polynomials 
defined on the sample space,ft.

To illustrate, suppose there are i populations,
6i, i=l,2,....,M. If m characteristics are available, then 
the sample space II for x, the response vector, is discrete 
with 2m sample points. Also, let the function f(x) be 
defined on Q with the properties of a probability function,
i.e. ,

f(x)=» w.TTj (x) , w,>0, w.-l (4.26.1)
i»l 1 1  1_ i-1 1

Where tt̂ (x ) is a conditional probability mass function.
For purposes of this study, M=2, and the mixing proportions,
w^, are set to *s. Now, a class of probability models can
be defined as follows:

Tri (x) * f (x) [l+h(a(i> ,x) ] (4.26.2)
for i-l,....,M; where h (a^,x) is a polynomial in the
elements of x and only the coefficients are specific to
population i. The term h(a^), x) may be expressed in the
form of orthogonal polynomials 0y(x), where
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$q *1i ^j(x)=2Xj-l ! jal,....m,
S

%<*) *sifl*Ys<x)' Y“ tYl' Y2'--- - Ys} fYl<Y2<* * *<Ys' (4.26.3)

S= 2 m *«* ,m? Y £ s
The complete set of 2m values of y designated by Tm 
indicates all polynomial terms up to and including order m.
The set of 2m polynomials $y(x), Ye^r forms an orthogonal 
basis for the set of all real-valued functions defined on ft. 
Therefore for any ^(x), i=l,....,M, xeft, h ( a ^ , x )  can 
be expressed as

h(a(l),x) = YErm a (y)*Y (x). (4.26.4)
If f(x)? 0, then

h(a(i), x)-Iiri (x)-f (x) ]/f (x) , (4.26.5)
for xeft. The coefficients/ can expressed as

ati)=2-m I <fr (x) [Tr (x)-f (x)]/f (x) (4.26.6)T T 1
for i=l/2,..../m, YeT^. Maximum likelihood estimators for 
the parameters a ^  are 9*ven by

^(xJ-C*11 (x)/ni, i=l ,2   M, xeft; (4.26.7)

where (x) is the observed frequency for cell x for
population i. It also follows that 

M
f<*> * iti w i ni <x)» (4.26.8)

and/ if a ^  is desired, then

* (Y} “ 2"m xIn*Y(x) V x) (4.26.9)
for YeT where m
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Yi {x)-Ifti (x)-f(x))/$(x) (4.26.10)
i=l,2....,M. In general, samples may be used to estimate 
the mixing proportions w^ in (4.26.8). However, here they 
are assumed to be known.

Difficulty arises when f(x)=0. One of the methods 
for overcoming this, suggested by the authors, is to take

ft AY, (x)= £ a <(> (x) when f(x)>0,yerm y y a
but Y^(x) = hj(a j,x), Icm, when ?(x)=0. The resulting 
equations are then

Dlai*)=CIi> (4.26.11)
where the (y,0)-element of Dj is

I 0(x) 0 (x) <t>x (x) , y,6el; (4.26.12)x eo Y u
the y- element of is

* 0 (x) $ (x) Y. (x),yel, (4.26.13)X £  b y  1
where e (x) =1,0  as ?(x) 0=0. The solution is in terms

A (i) A (i) A (j )of which are those elements of a not in aj
The polynomials, <f>y / take on the values +1, and 

-1, and are analogous to the indepdendent variables of a 
2m factorial design in the analysis of variance model. 
Hence, an extremely useful aspect of this model relates 
to the interpretation of each a ^  . For example, a^^ 
corresponds to a population characteristic analogous to
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a group mean; corresponds to the main effect for
the factor; corresponds to their inter-

(i)action, with respect to the classification problem, a j 
measures the ability of the j dichotomous variable to

/ * Vdiscrimination; Sj ^ measures the joint ability of the
i I. ^j and k variables as discriminators, etc. Therefore, 

it is possible to have a situation where a variable is 
found not contributing to classification when considered 
alone, i.e., a^V*0; however, when considered jointly 
with another variable their contribution is found to be 
significant.

To fix ideas, consider the case where there are 
two populations and the response vector, x, is comprised 
of these variables. In addition, consider x=(000), and 
(111) as examples. For this case, t̂ ( x ) can be expressed
in terms of f(x) and the coefficients a ^ :Y

^(OOOj-f (000) (l+V ar a2_a3+ai2+al3+a23"al23) '
t?2 (000)=f (000) (1“a0+a1+a2+a3-ai2-a13-a23+a123> ' 
iij^llU-f (111) (̂ •̂ a0^’a3_"̂a2̂ 'a3"̂ ai2"*"a13"*"a2 123  ̂*
; 2i m ) . f i n i i ( i - v a1-v v .12-«13-.a -a1!3i.
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The above would constitute a complete model for all poly­
nomial terms up to and including order m are included.
A number of variations of the complete model can be de-

Aveloped. For example, the tk (x ) can be based solely on 
main effects and first order interations, i.e.,

(000) =f (000) (̂ +a0"‘a1"a2-a3+ai2+a13+a2 3̂  *
In addition, the model may also be approximated by using
a set of lower order polynomial terms. To illustrate, take

h(a(i) ,x)^ho (aji) ,x)= I a ^  «frv (x) (4.26.14) s s Y£rs ® '

with S<m? that is, S=1 or 2.
To determine a classification rule, consider the 

following. Let denote the loss associated with mis-
classification. These losses must be finite and may be 
taken to be nonnegative without loss of generality. How­
ever, it is conventional, but not necessary, to indicate
a correct classification by a zero loss. Now consider

*classifying an individual with response vector x , then
a minimum risk assignment rule is given by: Classify
x=x* in population i if d^(x*) is a minimum of df^fx*)..
....,d_(x*)), where 

M
di (x)“i£l Lti) I,U+h<ati) ,x) >• (4.26.15)

The minimum risk is given by

\ i n - J a  f(*> "f" <4.26.16)
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For the case where It is taken to be 1/2, the classification 
rule is simply given by: Classify x»x* in population 1 if
h ( a ^ , x ) >0; and in population 2 if otherwise.

For the purposes of this study, the following 
models are considered:

1. Complete Model: This model is based upon all
polynomial terms up to and including order m. The complete 
model can be expressed as

^<x)=f (x)l+hc (a(l> ,x)) (4.26.17)
2. Incomplete Model: This model is derived from 

the complete model; however, only main effects and first 
order interactions are included in the expansion of h(a^,x). 
Let this model be denoted by ttJ(x ), where

7T? (x)=f(x) l+hT ( a ^  ,x) > (4.26.18)
3. Reduced Model: This model results from using

na set of lower order polynomials, S; i.e., S<m. Let tt̂ (x ) 
denote this model, where

irj(x)«f (x) (l+bR (aR,x) ) (4.26.19)
In all cases, S=2, and therefore (4.26.19) can be interpreted 
as a second order model.

Unfortunately, there are several limitations as­
sociated with these models. First, in dealing with data, 
substitution of the estimates of the parameters into each 
form of the model may lead to negative estimates for the 
probabilities. The requirement that all probabilities be
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positive is equivalent to
h(a(l),x)>-1, f(x)>0; x£fi, i-i,2 M, (4.26.20)

Whenever negative estimates occur, the value for h(a(*-l x) 
is set to -.99999. Secondly, with respect to the classi­
fication rule, the error rates obtained are apparent errors 
(to be defined in next section) and must be evaluated ac­
cordingly. Finally, Martin and Bradley suggest that an 
iterative procedure be used for estimating the coefficients, 
a ^  , when employing a reduced model. They state that the 
estimation procedure based upon the original a ^  values 
may be quite poor. Since these procedures have never been 
evaluated, there is no evidence to indicate how poor the 
estimation procedure is likely to be, and hence an iterative 
procedure was not utilized. Thus, another purpose of this 
study is to report the performance of a reduced model when 
the original estimates for the coefficients are used.

The overwhelming advantage of these procedures lies 
in their ability to identify interaction effects in the 
context of a discrimination problem. These models not only 
allow the researcher to determine the contribution of each 
variable alone, but also the joint contribution of two or 
more variables can be examined. Up to the present time, 
there have been no reports evaluating the performance of 
these models. Thus, this study attempts to determine whether 
these procedures warrant more widespread attention.
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As a point of summary, Table 4.2 presents a brief 
description of the advantages and disadvantages associated 
with each of the six discrimination procedures. For ad­
ditional convenience, these models will be referred to as 
Full, First, Second, LDF, Matusita, Complete, Incomplete 
and Reduced.

4.3 - MEASUREMENT OF ERROR
Obviously, the goal of any discrimination procedure 

is to minimize the probability that an individual chosen at 
random from the mixed population is misclassified. If there 
are two populations, then there are two probabilities of 
misclassification: one for the probability that members of 
the first population will be misclassified, and one for the 
corresponding probability for members of the second population. 
The overall probability of misclassification, the error rate, 
is simply obtained by combining these two probabilities.
Various authors {e.g., Cochran and Hopkins, 1961; Hills, 1966; 
Moore, 19 70) have described a number of distinct types of 
error. For the purposes of this study, the following four 
kinds of error were computed.*’

A similar but more mathematical development of the 
behavior and properties of these types of error can be found 
in Moore (1970).



TABLE 4.2

Model
Full
multinomial

First order 
multinomial

Second order 
multinomial

Linear
discriminant 
function (LDF)

COMPARISON OF DISCRIMINANT PROCEDURES 
Advantages
1. No assumptions necessary 

concerning structure among 
the variables

2. Easy to compute
3. Superior convergence

1. Easy to compute

1. Allows for correlations
2. Easy to compute relative 

to LDF

1. Can use with other than 0,1 
data

2. Availability of computer 
programs

1. Too many parameters to 
estimate with large m

2. Possibility of many 
empty cells in both 
populations

3. No computer programs 
available

1. Assumption of no corre­
lations may be too 
restrictive

2. Behavior with non- 
independent data unknown

3. No computer programs 
available

1. Model can lead to 
negative estimates 
for probabilities

2. Behavior in small 
samples unknown

3. No computer programs 
available

1. Assumptions concerning 
underlying distributions 
too restrictive

2. Behavior with nonnormal 
data unknown 101



TABLE 4.2 (CONTINUED)

Model
Matusita:
affinity
measure

Advantages
1. Easy to compute
2. Empty cells can be handled

Martin and 1. Allows interactions to be
Bradley examined

2. Reduced models can handle sparse 
data

Disadvantages
1. Behavior in different 

situations unknown
2. No computer programs 

availed) le
1. Behavior is unknown
2. Error rate can only 

be expressed in terms 
of an apparent error

3. No computer programs 
available
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4.31 - Optimum Error: The optimum error is defined
as the probability of misclassification that would result 
if the true state probabilities ir̂ (x) and were known,
and used to construct the classification rule. The optimum 
error, which will be denoted by a, can be expressed in terms 
of and a2, the respective optimum probabilities that 
members of either population 1 or population 2 are mis­
classif ied. To illustrate: Let

c y  £g(x). Ui(x) (4.31.1)
and

o,- 2[l-g(x)). %(x)=l-£B(x) .*,(x) (4.31.2)2 x 2 X 2
Recall, 3 was defined in (4.1.3) by 

1 when L(x) > c 
B(x)-l-n when L(x) = c 

0 when L(x) < c 
where L(x) * loge (tt̂  ( x ) ( x ) )  and c ■ l°9e [H/l-H ] . Thus, 
the optimum error is given by

a=n.a1+ (1—n)a2 (4.31.3)
and can be computed by simply determining the log likelihood 
ratios from the set of state probabilities ff̂ (x) and tt̂ x ).
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4.32 - Theoretical Error; When different dis­
crimination procedures are considered another type of 
error can be defined. Moore (1970) labels this the 
"theoretical” error, and indicates that this kind of error 
occurs whenever a discrimination procedure other than one 
based on a full multinomial model is considered (p.20).

To illustrate, define the following:
Tfi (je; >= a particular approximation of ir^(x),
L (x; [*] ) = loge (Tr2(xJ[*D / *1 (**[*])>
L(x;[lJ) = the value of the LDF at x, where for the 

purposes of this study the asterisk again indicates the 
particular model being used, i.e., *=Full, First Order, 
Second Order or Matusita.^ Continuing, let B(x;t*l) be 
the classification rule for a particular discriminant 
model, corresponding to [*) such that

1 if L(x;t*)) > c
fl(x;[*] = 1-n if L(x;(*J) - c

0 if L(x;[*]) < c
where c in all cases is taken to be zero. Now terms ait*]
and a-2 [ * ] can be defined by 

alt*l“ 5&(x;[xl).*i(x)
and

a2 [*l™xll“B (*f [*])]-1T2 <x>
-L-EB (Xr 1*1). tt2 Cx ) (4.32.1)x

so that a^[*] is equal to the probability that a member of

*For this study, the Martin and Bradley models are not
evaluated in terms of a theoretical error since the sampling 
methodology did not allow for its computation; e.g. , see 
Section 5.4.
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population 1 is misclassified when all are known and
the log likelihood ratios L(x;[*]) are used. For members 
of population 2 an analogous interpretation of <*2 [*] can 
be made. The theoretical error for any discrimination pro­
cedure , denoted by a [*] is given by

a [ * ]  =  n . a 1 t * ] + ( l - n ) .  a 2 [ * J  ( 4 . 3 2 . 2 )

It is well known that unless B(x) = 6(x;I*J) for all 
response patterns x, the theoretical error will be greater 
than the optimum error. Therefore, the optimum error is a 
lower bound for the theoretical error, i.e., o<a[*].

4.33 - Actual Error; The actual error is defined 
as the probability of misclassification that results when 
the classification rule is based upon the estimated log 
likelihood ratios, denoted by L(x;[*]). That is, it is the 
probability of misclassification that results from using a

Aparticular rule, B(x;[*]). Now A^[*] and A2 [*l can be defined 
by

A1 = x® <x '* C*]>- ̂ 1 (*) t
and

A2 - £<l-£(xf [*])) 'tt2 (x >
«1-&8(xi [*l).*2(x) (4.33.1)

where A^[*] is the probability of misclassifying a member of
apopulation i when the classification rule fMxjT*]) is used. 

For the purposes of comparison, the mean (or expected) actual 
error is computed, which is given by
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e{a[*] }= e{h.A![*]} + E{ (1-n).A2 [*|) (4.33.2)
Problems associated with calculating the mean actual error 
can be reduced by determining the distribution of the 
actual error through Monte Carlo sampling; this is the 
method utilized in this study.

Several authors have examined the relationship 
between the optimum error and the actual error. For ex­
ample, Hills (1967), Moore (1970), and Fukunaga and 
Kessel (1972) have all demonstrated empirically that the 
optimum error is a lower bound for the actual error A[*J, 
regardless of the procedure employed.

4.34 - Apparent Error; The apparent error is 
defined as the proportion of individuals from the sample 
used to determine the classification rule who are mis- 
classified. It has already been noted that the use of the 
apparent error to evaluate a discrimination procedure can 
be quite misleading. Both Cochran and Hopkins (1961), and 
Hills (1966) have shown that on average the apparent error 
provides too optimistic an estimate of how well a dis­
criminant method will perform in practice. Some indication 
of the possible degree of bias has been illustrated by 
Frank, Massy and Morrison (1965).
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4.4 ~ EVALUATIVE CRITERIA
In order to compare the performance of one dis­

crimination procedure against that of another, relevant 
criteria had to be developed. This is not an overly simple 
task for performance must be considered multidimensional.
That is, the term performance relates to a number of 
measures rather than to just a single criterion.

What follows is a discussion of the performance 
measures used to evaluate each of the discrimination 
procedures.

4.41 - Increase in Theoretical Over Optimum Error: 
Under perfect knowledge, a researcher would obviously 
choose that discrimination procedure which results in the 
smallest possible error. Perfect knowledge for a discrimina­
tion problem would mean that the state probabilities,
Tii(x), are known and hence the optimum error could be used. 
However, the theoretical error (for a particular discrimina­
tion procedure) is also based on knowledge of the state 
probabilities and the relationship holds that a < c t [ * ] .  Thus, 
it seems particularly informative to identify those cases 
for which the theoretical error for a particular procedure 
is greater than the optimum error.

Clearly when a(k]>a, procedure k should not be 
recommended for even under ideal circumstances, known 
the use of procedure k cannot result in optimal error. In 
other words, with perfect knowledge, a minimum requirement



108

in choosing a particular discrimination method should be 
that a=a [*].

4.42 - Mean Increase in Actual Error Over Optimum 
Errori The actual error is defined as the probability of 
misclassification that results when classification is based 
on the estimated log likelihood ratios. Since the expecta­
tion of the actual error is always greater than or equal
to the optimum error, it is possible to define a measure 
of performance in terms of the difference between the mean 
actual error, denoted by A[*] , and the optimum error, called 
the mean increase in actual error.

The percentage mean increase in actual error over 
optimum error for each discrimination procedure denoted by 
7T[*] , is given by

7T[*J-100- (A [*]-“) (4.42.1)

4.43 - Mean Correlation Between Estimated L.L.R's 
and True L.L.R'st The mean correlation between the esti-

Amated log likelihood ratios (L(x;[*])) and the true log 
likelihood ratios (L(x)) is used as a performance measure 
to evaluate each of the discrimination procedures.

The mean correlation for a particular discrimination 
procedure, denoted by P (*], is computed from the following 
formula:

P E*] - Cov(L(x), L(x ;[*])}
/(Var L(x) .Var L(x; [*] )}**. (4.43.1)
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A correlation of 1.0 indicates perfect agreement between 
the estimated L.L.R.'s and the true L.L.R.1 s, and hence 
optimal discrimination is achieved.

The criteria delineated above are by no means 
exhaustive for there exists other possible performance 
measures. For example, an alternative criterion would be 
that proposed by Press (1972) , relating to confusion 
matrices. This criterion, which is derived from 
Q*(N-2n)2/N, where N is the population size and n is the 
number of correct classifications, allows establishment

2of statistical significance since Q is distributed as X 
with one degree of freedom. However, since the concern 
here was more with comparison of the procedures rather than 
the establishment of statistical significance of one pro­
cedure (over chance), the four criteria outline above were 
judged to be more illuminating.

4.5 - PROCEDURE FOR MONTE CARLO SAMPLING
The program which carries out the Monte Carlo 

sampling can be summarized by the following steps:
1. The input parameters given by the set 

(plj, P2j*ri(jk), an(* n) are used to compute the
optimum error and the theoretical error for each dis­
crimination procedure.
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2. Sixty-four state probabilities (26) , ^itx), 
are computed and these determine a set of cut-off points, 
which are denoted by CUT(Jr I), where

CUT(1,1) * (000000)
CUT (2,1) - (000000) + "i(000001)

*
9
■

CUT (64,1)- "i(000000)+.....+*i (111111)“1.0 for i=I=l,2.
A random number is generated, using the IBM SSP 

random number generator RANDU, in the interval (0,1). It 
is then determined between which two cut-off points the 
random number lies and hence a particular response pattern 
is identified. For example, if the random number Xo is 
such that

CUT(2,1) < Xq < CUT (3,1), 
then Xo=(000010). This process is repeated n times, where 
n refers to the sample sizes. In this way, two sets of 
observed frequencies, n^(x) and n2 (x) are obtained from 
the multinomial distributions ^(x) and 712 whose under­
lying structure is characterized by the values of

pij' p2j' ri <:*k) and *2 <jk).
3. The observed frequencies are then used to find

A A A

estimates for ?2j' r^(jk), and C^tjk), and the
A

estimated log likelihood ratios, L(x;[*] for the various 
discrimination procedures. The actual errors are determined 
by using the rules §(x;t*l) applied to the population prob­
abilities n^(x). The apparent errors for the Full, First,
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Second, LDF, and Matusita models are also computed by the 
rules 8(x;[*]) applied to the members of the sample, while 
the apparent errors for the Martin and Bradley models are 
derived from equation (4.26.16).

4. Steps 2 and 3 are repeated 100 times for each 
set of input parameters. The mean actual and mean ap­
parent errors are then computed. Also, the mean correla­
tions between the estimated L.L.R.*s and the true L.L.R. *st
are determined.

Appendix II contains a complete listing of the 
computer programs used in this study.

4.6 ~ SUMMARY
This chapter has been devoted to developing those 

procedures and methodologies which form the foundation for 
the work undertaken in this dissertation. Complete dis­
cussions of the various discrimination procedures, the four 
kinds of error, and the performance measures used to 
evaluate each discrimination procedure were presented. 
Finally, this chapter briefly described the Monte Carlo 
sampling methodology.

The next chapter presents the results for the first 
stage of this study— the Monte Carlo sampling experiments.



CHAPTER V

THE SAMPLING EXPERIMENTS

This chapter presents the results of the Monte 
Carlo sampling experiments. The sampling experiments are 
divided into five parts, corresponding to the five questions 
outlined in Section 1.3.

A sampling experiment is characterized by the values 
assigned to the input parameters (p^j/ p2j' r2 (jk),
and n). Recall, the only general restriction imposed on the 
parameters is that they must assume values such that the 
second order approximation to densities is greater than or 
equal to zero. Although this restriction does reduce the 
set of admissible values, it is still impractical to sample 
from all possible combinations of the reduced set. Thus, 
in order to manage sampling, relevant ranges for means, 
p ^ ,  and correlations, r^(jk), were chosen.

In all cases, mean structures are characterized not 
only by the values assigned to the marginal probabilities, 
p^j and p2j» but also by their difference, P2j“pij' denoted 
by d ^  it was decided to restrict the admissible values 
for the marginal probabilities in the two populations such 
that dp is always less than or equal to .4. To talk to dp

112
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greater than .4 seems highly unrealistic for rarely are 
large mean differences encountered in empirical studies. 
Also, if large mean differences are encountered, then 
discrimination should easily be accomplished regardless 
of the particular procedure employed. That is, given 
large mean differences most procedures do well.

The decision as to which correlation patterns to 
examine proved somewhat more difficult. Here, principal 
concern was with generality, so as to ensure that results 
would be representative of population structures encoun­
tered when working with real data. Based on the kinds of 
correlation structures generally found in marketing studies 
and on other empirical research, three sufficiently general 
classes of correlation structures were determined. What 
follows is a description of the correlation structure 
assumed under each case.

1. Case (i); The population pairs considered 
under this case are assumed to have a rather simplistic 
correlation structure. Here, the correlation terms for 
population 1 are such that r^(jk)*0, for all j^k. That is, 
the correlation matrix for population 1, denoted by , is 
taken to be an identity matrix, R^-l. On the other hand, 
the correlation matrix for population 2, R2, has only one 
non-zero correlation term, denoted by r2 (13).

2. Case (ii): For this case, the off-diagonal 
correlation terms in both R^ and R2 can take on non-zero
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values. In addition, it is assumed that R^Rjj i.e., 
r1 (jk) (jk) for all j?fk, j,k=l,2....,6.

3. Case (iii): An additional restriction is
placed on the correlation terms for population pairs con­
sidered under this case. Here the correlation matrices 
in the two populations are assumed to be identical, 
i.e., R^»R2. In other words, the correlation between any 
two variables in population 1 is identical to the correla­
tion between those two variables in population 2.

For all examples considered under Case (i) and 
Case (ii) results are presented in terms of the difference 
between correlations in the two populations, denoted by dr, 
where

[r2 {jK)-ri(jk) ].
Note for Case (i) , d^ is simply given by ^(13) since R^=I, 
and r2 (jk)“0, for j^k, j, k^l,3. For population pairs 
included under Case (iii), results are expressed in terms 
of r, the common value assigned to all correlation terms 
in both population 1 and population 2.

Before proceeding to discuss results, a note on the
use of Bernoulli variables is warranted. For Bernoulli
variables the covariance between variables and X^ may be
written in terms of the correlation, r(jk), between them
and the marginal probabilities p. and p. since

J K
Cov(XjX^)*r(jk).<PjqjPkqk)1/2,
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where qj“l“Pj. It follows that two populations have 
identical variance-covariance structures if and only if

rlplql"r2p2q2*
By setting r^ (jk) j*r2 (jk) the samples are taken from 
populations which do not necessarily have the same variance- 
covariance matrix. Although the assumption of equal co- 
variances is used to derive the Fisher LDF, the marketing 
researcher is often faced with data, the components of 
which do not satisfy this constraint. Thus, there is good 
reason for wanting to test the ability of the LDF to dis­
criminate when the assumption of equal covariances is vi­
olated. On the other hand, whenever r^(jk)=r2 (jk), as in 
Case (iii), it is possible to study examples in which the 
covariances are equal by simply setting p2j=l-p^j, for 
j=l,2,....,6. Thus, this property of Bernoulli variables 
lends itself nicely to the examination of the Fisher LDF 
under different population structures.

The remainder of this chapter presents the results 
of the Monte Carlo sampling experiments.

5.1 - QUESTION 1 RESULTS
Given a particular population structure, are there 
critical values for the correlations such that, if 
they are exceeded, the performance of certain pro­
cedures is impaired? What are the effects of 
negatively correlated variables on performance?
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The optimum error, assuming all higher order 
correlations are zero, for a given set of input parameters 
*pij' p2j' and r2(jk)] is given by

a=H.a1 + (l-TT) .0̂ , 
where and “2 are determined by the true log likelihood 
ratios, L(x). The optimum error is given by the full 
multinomial model when and are known. Sim­
ilarly, for the second and Matusita procedures the relation­
ship holds that

7ri (x; [2]) —tta (x ) ,

and
tta (x; [Mj)  ̂(x) ,

for all patterns of x and values of Ep^jr P2 j ' t and

r2 (jk)] since sampling is undertaken in the absence of third 
and higher order terms with equal sample sizes. However, 
for the first and LDF procedures there are cases where 

"± (x; [l])^i (x) ,
and

^(x; [AIM tt̂ x ) .

Hence, it follows that the resultant theoretical 
errors for the second and Matusita procedures must also give 
optimal error for all values of the input parameters except 
for cases such that n ^ n 2» Here the theoretical error for 
the Matusita procedure does not necessarily give optimal 
error. For the first and LDF procedures, however, it is
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not generally true that a[l]»a , nor that a[&]=a since 
there may be many patterns for which ^  (x; [l])j* ^(x), and 
tu (x; [i] (x). It is with respect to those population
structures for which and/or a[S.]^a that interest
is directed.

The initial series of Monte carlo sampling 
experiments examined population pairs characterized 
under Case (i).

5.11 - Case (i); This case considers population 
pairs with a single non-zero correlation term, r2 (13).
In the following experiments, ^(13) takes on values

-.6 to .6 in steps of .1. The values assigned to the
marginal probabilities, p ^  and p2  ̂were fixed in a given
experiment; however p. . and p_. were varied acrossI j £ 3
experiments such that their difference, d , rangedP
between .1 and .4. In all experiments n was set to 1/2, 
and each experiment consisted of 100 trials with sample 
sizes of 200 and 400.

The first experiment considered population pairs 
with Pj_j=*4 and p2j=.5, j=l,2,....6. Table 5.1 displays 
the optimum error and the theoretical errors for the first 
and LDF procedures as a function of dr, where dr“ r2 (13).
A plot of these error rates can be found in Figure 5.1.
Note neither the second nor the Matusita procedures are
displayed since it has been shown that in all cases 
a [ 2 J =  a[M] = ot.
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Error

33

Figurs 5.1 - Optimum and Tn«or«tical Errors for dp-.I
with p^-.4, p2j"*5' W » 2 ...... 6
and dr«r2(13) .
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TABLE 5.1
OPTIMUM AND THEORETICAL ERRORS FOR dp-.1 

WITH p^j3«4fp2j“ >5;J“lf2|«■..6

dr Optimum Theoretical
[r2 (13) ] Error First LDF

-.6 .3326 .3903 .3752
-.5 . 3521 .3919 .3799

4 .3711 .3935 .3935
-.3 .3835 .3950 .3950
-.2 .3913 .3966 .3966
-.1 .3982 .3982 .3987

0 .3997 .3997 .3997
.1 .4013 .4013 .4013
.2 .3949 .4028 .4028
.3 .3871 .4044 .4044
.4 .3753 .4060 .4060
.5 .3564 .4075 .4075
.6 . 3369 .4091 .4091
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A study of the table and figure indicates that 
the theoretical errors for the first and LDF procedures can 
be greater than the corresponding optimum error. In fact, 
it is possible to define critical bounds on dr, denoted by 
dT and d„, such that if exceeded, the use of either the firstX4 U
or LDF procedures result in theoretical errors which are 
greater than the optimum error. The vertical dashed-lines 
in the figure give these critical lower and upper bounds.
It is apparent that if d^ ■L-.l or £.1, then the the­
oretical errors for the first and LDF procedures are 
essentially the same as the optimum error.

The difference between the theoretical error and 
the optimum error can become quite severe, especially for 
d^ >.1 since a is a decreasing function over this range, 
while both a[l] and ct[M are monotonically increasing 
functions. For dr <-.1, the differences are not as great, 
since the optimum error and the theoretical errors are 
monotonically decreasing over this range. Differences 
between the theoretical error and the optimum error for 
the first and LDF procedures, denoted by <*[l]-a and 
a[A]-a , are displayed in Table 5.2. A study of the table 
indicates that as |dr l increases, there is a point beyond 
which the use of either the first or LDF procedures result 
in substantially greater differences.
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TABLE 5.2
OPTIMUM AND THEORETICAL ERRORS FOR dp-.1 

WITH Plj“ * 4 , P 2 j " . 5 ; .•.f6

ur 
[*2(13)1

Optimum
Error

.3376 

.3521 

.3711 

.3835 

.3913 

.3982 

. 3997 

. 4013 

.3949 

.3871 

.3753 

.3564 

.3369

Theoretical
First"
atl}-a

LDF 
a [i]-g

5.77 4.26
3.98 2.78
2.24 2.24
1.15 1.15
.53 .53
0 0
0 0
0 0
.79 .79

1.73 1.73
3.07 3.07
5.11 5.11
7.22 7.22
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The behavior the optimum error seems par­
ticularly interesting. Although a is a decreasing function
of Id-I if Id l> .1, it does not follow that a. . = r ' r ' r ar*-•1

In fact, the optimum error is asymmetrical about 
dr such that <adr ' ^or values <̂r , where -dr
means a dr < 0. A similar relationship holds for both the 
first and LDP theoretical errors. Thus, performance is 
not only functionally related to the magnitude of the 
correlations, but is also dependent on the sign. Large |dr | 
yields better discrimination than small |dr |. In other 
words, the evidence suggests that correlated variables 
may better discriminate than uncorrelated variables. This 
result was first reported by Elashoff, Elashoff and 
Goldman (1957) for two variables under more general 
conditions.

Attention is next focused on the mean increase 
in actual over optimum error which is shown in Table 5.3. 
Low numbers are favorable to discrimination in the table.
A plot of the mean increase in actual error for each 
discrimination procedure can be found in Figures 5.2 and 
5.3. The Matusita procedure does not appear in the figures 
since the sample-based classification rule for this method 
is equivalent to the full procedure for equal sample sizes 
and hence the mean increases are nearly identical* (Any 
differences can be attributed to sampling error). There­
fore, conclusions reached for the full procedure also apply
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TABLE 5.3
MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 

BASED ON 100 MONTE CARLO TRIALS FOR•H■0* 1 WITH pXj«'4,P2j“*5;jml12 $• . . .  16

dr Optimum Sec­
{r2 (13)l n Error Full First ond LDF

200 . 3326 4.77 7.52 7.04 6.94
-.6 400 2.79 6.74 1.09 6.41

00 0 5.77 0 4.26
200 .3521 5.01 5.59 2.44 5.25

-.5 400 3.11 4.99 1,16 4.73
OO 0 3.98 0 2.78

200 .3711 4.79 3.70 2.16 3.57
-.4 400 2.90 3.19 1.19 3.1100 0 2.24 0 2.24

200 . 3835 4.79 2.53 2.48 2.54
-.3 400 3.22 1.98 1. 32 1.8600 0 1.15 0 1.15

200 . 3913 4.88 1.89 2.73 1.90
-.2 400 3.56 1.28 1.65 1.30

OO 0 0.53 0 0.53
200 .3982 4.71 1.33 2.71 1.40

-.1 400 3.37 0.77 1.59 0. 8100 0 0 0 0
200 . 3997 4.80 1.11 2.82 1.14

0 400 3.47 0.65 1.68 0.7000 0 0 0 0
200 .4013 4.62 1.12 2.66 1.25

.1 400 3.33 0.56 1.48 0.66
GO 0 0 0 0

200 .3949 4.85 1.81 2.61 1.89
.2 400 3.35 1.22 1.61 1.30

OO 0 0.79 0 0.79
200 .3871 4.75 2.60 2.35 2.72

.3 400 3.15 2.16 1.44 2.20
OO 0 1.73 0 1.73

200 .3753 4.64 3.90 2.14 4.02
.4 400 2.99 3.48 1.25 3.48

OO 0 3.07 0 3.07
200 .3564 4.82 5. 84 2.14 5.70

.5 400 3.14 5.37 1.32 5.44
OO 0 5.11 0 5.11

200 .3369 5.14 7.82 2.23 7.75
.6 400 2.85 7.38 1.02 7.47

OO 0 7.22 0 7.22

MatU
sita

4.77
2.82
0

5.01
3.15 
0
4.81
3.04
0

4.80 
3.29
0

4.88
3.59
0
4.71
3.42
0

4.81 
3.50
0

4.61
3.38
0

4.84
3.36
0
4.76
3.15 
0
4.64
2.93
0
4.80
3.10
0

5.14
2.79
0
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Mean Znc: 
(«)

.6.20.2 , 4.6 . 4
dr- r2 (13)

Figure 5.2 - Mean Increase in Actual Over Optimum Error
(in Percent) Based on 100 Monte Carlo Trials
for dp-.l with p2j-.5; j-L,2........6,
n-200 and dr* r2(13)
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Mean Inci

.6 .2. 4 . 2 .60
dr- r2 {13

Figure 5.3 - Mean Increase in Actual Over Optimum Error (in Percent) 
based on 100 Monte Carlo Trials for dp".1 with Pij"-4
P2j“-3f .,6, n-400 and dr"r2 (13)
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to the Matusita model. Note the third row for each value 
of dr (denoted by the infinite sample size, n*®) corresponds 
to the difference between the theoretic».l error and optimum 
error for each discrimination procedure.

Inspection of Figure 5.2, which is based on samples 
of 200, indicates that the mean increase in actual error 
for the full and second procedures exhibit greater stability 
over all values of dr than either of the linear models. 
Although 7T[2] < X [fJ for all dr , both of these mean increases 
appear relatively "flat" with respect to changes in dr. On 
the other hand, the mean increase in actual error for the 
first and LDF procedures behave quite differently. As |dr l 
increases, both 7[i] and increase and for large values
of |dr j, the use of either of these procedures results in 
significantly greater^ mean increases. This finding is not 
too surprising considering that these models had differences 
(in theoretical over optimum error) which were increasing 
functions for |dr | >.1.

Table 5.3 and Figure 5.3 illustrate the effects of 
increased sample size on the performance of each discrimina­
tion procedure. It appears that the behavior of each 
procedure is essentially the same across the two sets of 
sample sizes. However, increasing the sample size to 400

^Whenever the term "significantly greater" is used 
it does not imply statistical significance, since an exact 
test was not performed. However, this term will only be 
used in situations where the results for one (or more) of 
the models are by any criterion clearly different.
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produces a general "downward shift" in each function such 
that if dp > 0 and with fixed dr, then

A f*]n«400 < ^*^n=200*
For the most part, it would seem the effects of larger
sample sizes are most pronounced on the full multinomial
mode1.

For moderate values of dr, the use of either 
the first or LDF procedures results in smaller mean in­
creases in actual error than any other model at both n*200 
and 400. However, it is apparent that large values of |dr | 
are quite detrimental to the performance of the linear 
models. With large |dr | the performance of the second order 
model is superior to all others. At n»200, 7f[2] < K[*]
for df < -.3 or while at n»400, a similar inequality
holds for dr ^ -.2 or ^ .2. Note for extreme values of 
|dr l, e.g., Idr l ^.5, the full and Matusita procedures 
also do better than the linear models. The conclusion that 
the second order model out-performs all others when [dr | is 
large should be expected, since sampling was initiated in 
the absence of third and higher order terms.

Mean correlations between the observed L.L.R.'s 
and the true L.L.R.'s are displayed in Table 5.4. In this 
table large numbers are favorable to discrimination since 
high values of P[*] indicate that a classification rule 
based on the observed L.L.R.'s agrees with the optimal 
classification rule (based on the true L.L.R. ' s). The
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TABLE 5.4

MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIOS AND 
TRUE LOG LIKELIHOOD RATIOS BASED ON 100 MONTE CARLO TRIALS
-a

FOR d ». 1P WITH ” *4' p2 j * *5; j=l f2f*«*.6
rfr (1311 Sec­ Matu- Proport:1^2 v̂ j/j n Full First ond LDF sita neg.est

200 .4054 .4393 .5153 .4651 .5569 .017
-.6 400 .6386 .5528 .9065 .5358 .7035 .003

OO 1.0 .5824 1.0 .5730 1.0
200 .5866 .6096 .6685 .5729 .6360 .008

-.5 400 .6159 .6621 .9128 .6586 .6899 .001
GO 1.0 .6709 1.0 .6637 1.0

200 .4870 .6963 .5729 .6730 .5676 .003
-.4 400 .7211 .7478 .9255 .7457 .7242 -

00 1.0 .7608 1.0 .7561 1.0
200 .3213 .6695 .7768 .7107 .4195 .002

3 400 .7167 . 8082 .8242 .8114 .7233 -
00 1.0 .8487 1.0 . 8459 1.0

200 .3307 .8412 .6263 .8691 .4382 .001
-.2 400 .6080 .8875 . 8070 . 89 80 .6533 -

00 1.0 .9258 1.0 .9246 1.0
200 .2874 .8919 .5986 .9045 .3544 .001

-.1 400 .3492 .8761 .7977 .8711 .4087 -
oo 1.0 .9802 1.0 .9799 1.0
200 . 3114 .7713 .5868 .7783 .3793 .001

0 400 .5238 .9638 .8859 .9545 .6237 -
00 1.0 1.0 1.0 1.0 1.0

200 .4272 .9443 .5304 .9570 .4815 .001
.1 400 .4254 .9058 .8336 . 89 35 .5033 -

OO 1.0 .9802 1.0 .9799 1.0
200 .2811 .8903 . 7759 .8755 .4380 -

.2 400 .5623 .8677 .8748 . 8736 .5999 -
OO 1.0 .9258 1.0 .9249 1.0
200 .4622 .6045 .7149 .6332 .4522 .002

.3 400 .6821 .79 37 .8164 . 7786 .6850 -
00 1.0 . 8487 1.0 .8468 1.0
200 .3518 . 7222 .7798 .7239 .4435 .002

.4 400 .7264 .7417 .9148 .7290 .7330 -
OO 1.0 .7608 1.0 .7581 1.0
200 .5068 .6317 .6878 .6038 .5694 .007

.5 400 .6076 .6531 .8678 .6451 .7018 .001
00 1.0 .6706 1.0 .6681 1.0

200 .5669 .4579 .5744 .4 366 .6468 .016
.6 400 .59 36 .5600 .9258 .5617 .7284 .001

OO 1.0 .5834 1.0 .5783 1.0

^ h e  average proportion of times TT̂ (x;[2]) was less than zero.
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last column of the table shows the average proportion of 
times the second order Bahadur approximation to densities 
gave negative results.

The first point to be made from the table relates 
to the third row for each value of dr (denoted in the table 
by the infinite sample size, n«°°) . This row gives the value 
of the performance criterion when the true state probabil­
ities, tt̂  (x) , are known. An examination of these rows 
indicates that there is only one value for dr such that all 
p[*] are equal to 1.0.(Ideally, a correlation of 1.0 is 
desired since it indicates perfect agreement). For drĵ 0, 
the mean correlations for both the first and LDF procedures 
are less than 1.0. Hence, the L.L.R.'s for these pro­
cedures are linearly different from the true L.L.R.'s even 
when the true state probabilities are known.

To talk to general trends in the various P[*J as dr 
varies presents some difficulty, for the mean correlations 
are non-monotonic. This is not surprising for the L.L.R.'s 
themselves exhibit a good deal of non-monotonicity. Never­
theless, the table still provides information as to the 
superiority of one procedure over another for fixed dr.
For example, at n-400, the second procedure yields higher 
mean correlations than the other procedures if dr <-.3 or >.2. 
For dr between -.2 and .1, the use of either the first or LDF 
results in significantly higher mean correlations than the 
full or Matusita procedures. Also, the performance of the
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Matusita model is somewhat better than the full procedure 
for all values of dr; this is especially true at n«200.
In part, this may be due to the way in which the Matusita 
model handles empty cells. For extreme dr, the performance 
of the linear models again falls off and the use of these 
models results in mean correlations which are significantly 
lower than the rest.

The average proportion of times the second order 
approximation iri(x;[2]) was negative appears in the last 
column of the table. It would seem that the estimation 
procedure was satisfactory since the proportions appearing 
in this column are rather small. At n=400, nine out of the 
13 population structures had all (x;[2]) M ) , while at 
n«200, the largest average proportion appears for dr * 6. 
and even for this structure only 1.7 percent of the estimates 
were negative.

In order to test whether the conclusions delineated 
above would hold for other values, further sampling was 
initiated for d “.2, .3, and .4 with corresponding marginalr
probability vectors given by

Plja (.2,.2,.2,.2,.2,.2) ; p2j=(.4,.4,.4,.4,.4,.4),
Plj»(.3,.3,.3,.3,.3,.3) j P2j“ (.6,.6,.6,.6,.6,.6),
Plj-(.2,.2,.2,.2,.2,.2) ; p2<jB (.6,.6,.6,.6,.6,.6).

Also of interest was how larger mean differences would affect 
the various performance measures. Summary results for the 
optimum error and theoretical errors are presented in
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Tables 5.5 through 5.7. A plot of these errors for each
value of d^ can be found in Figures 5.4 through 5.6.

A study of the tables and figures indicates that
as d increases, the linear models yield optimal discrimina-
tion over a wider range of values (far dr). That is, the
critical bounds on d^ such that the use of the first and
LDF result in theoretical errors which are essentially the
same as the optimum error become wider as the difference in
the marginal probabilities increase; this implies that with
large mean differences most procedures do well. Table 5.8
displays the critical bounds for each d value together withP
the equation for the optimum error as a function of dr*

It is also apparent that both the optimum and
theoretical errors decrease as d increases. As theP
difference in the marginal probabilities increase, the 
underlying distributions lie farther apart and therefore 
discrimination should improve. A somewhat more interesting 
point which again surfaces is that for all values of dr

and
< « e* Jar r

where -dr means dr < 0. Hence discrimination is always better 
when correlations are negative rather than positive.

For all value of dr beyond the critical bounds spe­
cified (e.g., Table 5.8) the use of either the first or LDF
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TABLE 5.5
OPTIMUM AND THEORETICAL ERRORS FOR dp« . 2

WITH -1,2,___ 6

dr Optimum Theoretical
:2 (13) ] Error First LDF

-.6 .2487 .2734 .2616
-.5 .2614 .2760 .2683
-.4 .2710 .2786 .2786
-.3 .2787 .2812 .2812
-.2 .2828 .2838 .2838
-.1 .2864 .2864 .2864

0 .2890 .2890 .2890. 1 .2916 .2916 .2916
. 2 .2941 .2941 .2941
.3 .2893 .2967 .3036
.4 .2836 .2993 .3077
.5 .2779 .3019 .3119
.6 .2722 .3045 .3160
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TABLE 5.6
OPTIMUM AND THEORETICAL ERRORS FOR dp-.4 

WITH P1j-.3,P2j-.6;j«l,2,....6

[r̂ fl3)J Theoretical
Error First LDF

-.6 .1850 .2036 .1879
-.5 .1942 .2059 .1943
-.4 . 2008 . 2082 .2082
-.3 .2072 .2105 .2105
-.2 .2128 . 2128 .2128
-.1 .2151 .2151 .2151

0 .2174 .2174 .2174
.1 .2197 .2197 .2197
.2 . 2221 .2221 .2221
. 3 .2244 .2244 .2244
.4 .2209 .2267 .2267
.5 .2149 .2290 .2290
.6 .2089 .2313 .2313
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TABLE 5.7
OPTIMUM AND THEORETICAL ERRORS FOR dp=.4 

WITH Pij*.2,P2j-.6; j*l,2.....6

dr Optimum Theoretical
[r2 (13)] Error First EDF

-.6 .1198 .1252 .1306
-.5 .1262 .1275 .1326
-.4 .1298 .1298 .1298
-.3 .1321 .1321 . 1321
-.2 .1344 .1344 .1344
-.1 .1367 .1367 .1367

0 .1390 .1390 .1390
.1 .1413 .1413 .1413
.2 .1436 .1436 .1436
.3 .1460 .1460 .1460
.4 . 1483 .1483 .1483
.5 .1506 .1506 .1506
.6 .1495 .1520 .1529
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Error
.32

30

.28

. 26

24

.6 . 4 2 0
dr»ra (13)

Figure 5.4 - Optimum and Theoretical Error* for d -.2 withP
pjj«.4) j“ l,2,....,6, and dy^rjdS)
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Error

23

21

19

17

- . 6 4 -.2 .4 .6
dr-r2(13)

Figure 5.5 - Optimum and Theoretical Error* for dp-.3 with p2j-.3.
P2j-.6,j-l,2, ,6, and dr“r2 < ■
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Error

. IS.

1: -

■ u.

os.

I
S -.4 -.2 0 .2

dr-r2 (13>
.4 .6

Figure 5.6 - Optimum and Theoretical Errors (or d •.P
p^j«.2 , P2 j*.6 t  ,6 end dr*rj

4 with 
(13) .
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procedures result in theoretical errors which may be substan­
tially greater than the optimum error. This is especially 
true for dr > du since over this range the theoretical errors 
monotonically increase, while the optimum error reverses 
direction. Differences between the theoretical errors and 
the optimum error are shown in Table 5.9. It is apparent 
from the table that as dp increases, both [a[lj-ct] , and 
[a[£]-a] decrease. In fact, if dp * .4 then the differ­
ences are quite small even for large positive values of dr. 
Thus, the evidence suggests that if mean differences are 
large, then the use of a seemingly inappropriate model does 
not produce severe anomalies since performance seems rel­
atively unaffected by the correlation structure.

The entries in Tables 5.10 through 5.12 correspond 
to the mean increases in actual error over optimum error for 
each value of dp. A study of the tables indicates that as 
the sample size is increased, the mean increase in actual 
error decreases for fixed dr and dp. Uniformly, if dp 2 
and dr is fixed, then ^t*In*400 < ^l*ln=200* Recall, 
analogous results were obtained for population pairs with 
dp*.l. Also, the tables indicate that the mean increase in 
actual error is a decreasing function of dp. Note the linear 
models seem particularly sensitive to large mean differences. 
For example, consider population pairs with dr=.6. Here, as 
dp went from .2 to .4, there was a 90.1 percent decrease 
in JT(1] , while the second largest decrease was 89.6 percent
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TABLE 5.8
CRITICAL BOUNDS ON

AND d -.1,. P
d a[l]=a[fc]«aP
.1 .3997 + .0156 dr
.2 .2890 + .0256 dr
.3 .2174 + .0232 dr
.4 .1390 + .0231 dr

dr FOR a[l] = U] -a 
2,.3, AND .4

L u
.1 < d < .1r
.1 < d < .2r
.2 < d < . 3r
.4 < dr < .5



TABLE 5.9
DIFFERENCE BETWEEN THEORETICAL AND OPTIMUM ERROR 

(IN PERCENT) FOR d -.2,.3, AND 4
tr

d Optimum Theoretical
/1i\i Error First LDF

lr2 U3) J a a[l]-a a U ]-a
-.6 .2486 2.47 1.29
-.5 .2614 1.46 0.69
-.4 .2710 0.76 0.76
-.3 .2787 0.25 0.25
-.2 .2828 0.10 0.10
-.1 .2864 0 0

0 .2890 0 0
.1 .2916 0 0
.2 .2941 0 0
.3 .2893 0.74 1.43
.4 .2836 1.57 2.41
.5 .2776 2.40 3.40
.6 .2722 3.23 4.38

-.6 .1850 1.86 0.29
-.5 .1942 1.17 0.01
-.4 .2008 0 0
-.3 .2072 0 0
-.2 .2128 0 0
-.1 .2151 0 0

0 .2174 0 0
.1 .2197 0 0
.2 .2221 0 0
.3 .2244 0 0
.4 .2209 0.58 0.58
.5 .2149 1.41 1.41
.6 .2089 2.24 2.24

-.6 .1198 0.53 1.08
-.5 .1262 0.13 0.64
-.4 .1298 0 0
-.3 .1321 0 0
-.2 .1344 0 0
-.1 .1367 0 0

0 .1390 0 0
.1 .1413 0 0
.2 .1436 0 0
.3 .1460 0 0
.4 .1483 0 0
.5 .1506 0 0
.6 .1495 0.25 0.34
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TABLE 5.10
MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 

BASED ON 100 MONTE CARLO TRIALS FOR
dp-. 2 WITH 2 'p2j"‘4 jj—1r21•. . . r 6

dr Optimum Sec­ Matu­
tr2 (13) ] n Error Full First ond LDF sita

200 .2487 3.42 3.54 1.54 2.42 3.58
-.6 400 1.57 3.05 0.87 1.78 1.6100 0 2.47 0 1.29 0

200 .2614 3.47 2.42 1.31 1.69 3.86
-.5 400 1.78 1.95 0.70 1.33 1.96

OO 0 1.46 0 0.69 0
200 .2710 3.66 1.54 1.50 1.31 4.04

-.4 400 1.85 1.29 0.74 0.92 2.00
OO 0 0.71 0 0.71 0

200 .2787 3.79 1.09 1.27 1.00 4.44
-.3 400 1.84 0.71 0.61 0.61 2.15

OO 0 0.25 0 0.25 0
200 .2828 4.29 0.84 1.59 1.01 4.73

-.2 400 2.08 0.45 0.75 0.58 2.43
OO 0 0.10 0 0.10 0

200 .2864 4. 30 0.69 1.62 0.99 4.85
-.1 400 2.20 0.40 0. 79 0.61 2.56

OO 0 0 0 0 0
200 .2690 4.50 0.66 1.66 0.88 5.00

0 400 2.24 0. 31 0.85 0.54 2.57
CO 0 0 0 0 0
200 .2910 4.41 0.57 1.60 0.84 4.83

.1 400 2.05 0. 31 0.79 0.54 2.36
OO 0 0 0 0 0
200 .2941 4.01 0.54 1.26 0.71 4.43

.2 400 1. 73 0.29 0.51 0.43 2.04
OO 0 0 0 0 0
200 .2893 3.97 1.18 1.65 1.24 4.38

. 3 400 2.12 0.98 0.81 1.09 2. 38
OO 0 0.74 0 1.43 0
200 .2836 4.38 2.09 2.02 2.05 4.73

.4 400 2.25 1.81 0.95 1.93 2.46
OO 0 1.57 0 2.41 0
200 .27 79 4. 27 2. 80 2.10 2.76 4.64

.5 400 2. 30 2.64 1.01 2.52 2.64
CO 0 2.40 0 3.40 0
200 .2722 3.69 3.67 1.88 3.23 3.90

.6 400 1.83 3.47 0.94 3.18 1.99
OO 0 3.23 0 4.38 0
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TABLE 5.11

MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 
BASED ON 100 MONTE CARLO TRIALS FOR

d *.3 P WITH pxj-. 3'p2j“.6; j-1,2. . ... ,6

dr Optimum Sec­ MatU'
[r2 (13)J n Error Full First ond LDF sita

200 .1850 3.01 2.49 1.06 1.86 3.01
-.6 400 1.51 2.06 0.47 1.13 1.53

QO 0 1.86 0 0.29 0
200 .1942 3.11 1.66 1.06 1.27 3.10

-.5 400 1.72 1.28 0.45 0.77 1.72
OO 1.17 0 0 0.01 0
200 .2008 3.42 1.20 1.30 1.18 3.42

-.4 400 1.74 0.84 0.55 0.71 1.74
OO 0 0 0 0 0
200 .2072 3.39 0. 84 1.31 1.03 3.39

-.3 400 1.76 0.44 0.55 0.47 1.75
OO 0 0 0 0 0
200 .2182 3.38 0.36 1.16 0.59 3.39

-.2 400 1. 89 0.11 0.45 0.20 1.92
OO 0 0 0 0 0
200 .2151 3.96 0.34 1.51 0.63 3.97

-.1 400 2.12 0.11 0. 73 0.27 2.15
OO 0 0 0 0 0
200 .2174 3.81 0. 32 1.58 0.64 3. 82

0 400 2.12 0.08 0.77 0.29 2.12
OO 0 0 0 0 0
200 .2197 3.90 0.36 1.63 0.67 3.91

.1 400 2.05 0.11 0. 74 0.27 2.08
00 0 0 0 0 0
200 .2221 3.38 0.33 1. 37 0.61 3.36

.2 400 1.78 0.07 0.65 0.27 1.81
OO 0 0 0 0 0
200 .2244 2.95 0.35 1.07 0.64 2.97

.3 400 1.53 0.07 0.42 0.31 1.53
00 0 0 0 0 0
200 .2209 3.15 0.81 1.26 1.21 3.17

.4 400 1.70 0.61 0.57 1.02 1.71
OO 0 0.58 0 0.58 0
200 .2149 3.34 1.74 1.43 2.04 3.34

.5 400 1.93 1.51 0.78 1.77 1.94
QO 0 1.41 0 1.41 0
200 .2089 3.39 2.58 1.50 2.82 3.31

.6 400 1.92 2.34 0.94 2.85 1.90
OO 0 2.24 0 2.24 0
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TABLE 5.12

MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 
BASED ON 100 MONTE CARLO TRIALS FOR

v 4 WITH p ^ - •2# P2 j** 6, j-1,2. .... f 6

dr Optimum Sec­ Matu­
[r^ (13) ] n Error Full First ond LDF sita

200 .1198 1.93 0.68 0.68 0.95 1.94
-.6 400 0. 84 0.56 0.48 0.98 0.83

OO 0 0.54 0 1.08 0
200 .1262 2.08 0.25 0.77 0.59 2.10

-.5 400 0.94 0.15 0.55 0.46 0.95
OO 0 0.13 0 0.64 0
200 .1298 2.43 0.11 0.95 0.36 2.46

-.4 400 1.05 0.01 0.54 0.24 1.06
OO 0 0 0 0 0
200 .1321 2.75 0.11 1.07 0.35 2.76

-.3 400 1.40 0.03 0.50 0.12 1. 39
OO 0 0 0 0 0
200 .1344 3.05 0.13 1.14 0.20 3.07

-.2 400 1.55 0.02 0.54 0.05 1.56
OO 0 0 0 0 0
200 . 1367 2.95 0.17 1.15 0.22 2.95

-1 400 1.50 0.01 0.47 0.02 1.49
OO 0 0 0 0 0
200 .1390 3.30 0.14 1.14 0. 30 3.30

0 400 1.59 0.01 0.49 0.03 1.57
OO 0 0 0 0 0

200 . 1413 3.17 0.18 1.19 0.33 3.18
.1 400 1.55 0.01 0.55 0.04 1.53

QO 0 0 0 0 0
200 .1436 3.08 0.17 1.29 0.32 3.10

.2 400 1.69 0.03 0.57 0.06 1.72
OD 0 0 0 0 0

200 .1460 2.90 0.11 1.21 0. 30 2.91
. 3 400 1.50 0.01 0.56 0.06 1.50

oo 0 0 0 0 0
200 .1483 2.61 0.10 0.99 0.30 2.64

.4 400 1.29 0 0.49 0.10 1.29oo 0 0 0 0 0
200 .1506 2.05 0.10 0.80 0.28 2.11

.5 400 1.06 0 0.46 0.05 1.12
OO 0 0 0 0 0

200 .1495 1.96 0.46 0.91 0.77 2.00
.6 400 0.91 0. 34 0.51 0.33 0.96

OO 0 0. 76 0 0.76 0
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A. d *.2 P Maan incraasa

.4 .2 0 .2 .64a
dr-r2 (13)

B. d - . 3
Mean Inc:

L.U

.6 . 4 . 2 0 . 2 .4 .6
dr-r2 (U>

Figura 5.7 - Mean Incraaaa in Actual Ovar Optimum Error
(in Parcant) Baaad on 100 Manta carlo Trials Cor 
dp*.2,,3, and .4, n*400 and dr«r2 (13).
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M«*n Inc

1.0

6 . 4 -.2 0 .2 .4 .6
dr-r2(13)

Figur* 5.7 (continued)



146

in MJtJ. The respective decreases for X[fJ, A[2] 
and A[M] were 50.2 percent, 45.7 percent, and 51.7 percent. 
Figure 5.7, which plots the mean increases for each dis­
crimination procedure at n=400, clearly supports this 
contention.

The vertical dashed-lines in each figure indicate 
the critical lower and upper bounds on dr such that for 
values of dr within these limits, the use of the linear 
models yield lower mean increases in actual error than any 
of the other procedures. The sensitivity of the linear 
models to large mean differences is again demonstrated by 
the widening of these bounds as dp increases. In fact, 
when dp=.4, the linear models "flatten out" such that 
their performance is superior to the other procedures over 
most values of dr; i.e., note the absence of any critical 
upper bound on dr when dp*.4.

The mean correlations between the true L.L.R.'s 
and the observed L.L.R.'s are displayed in Tables 5.13 
through 5.15. For fixed dp the mean correlations again 
exhibit a good deal o£non-monotonicity as dr is varied. 
However, a study of the tables yields the following general 
remarks:

1. Even when the tone state probabilities are known, 
neither the first nor the LDF can lead to optimal discrim­
ination whenever dr^0.
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TABLE 5.13
MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIOS AND
TRUE LOG LIKELIHOOD RATIOS BASED ON 100 MONTE CARLO TRIALS

FOR d = .2 WITH p. .-.2, p*. = .4; j=l,2....6 P 13 *3

. Sec- Matu- Proportion
r n Full First ond LDF sita neq.est.a

tr2 (13) ]
200 .7174 .6243 .7491 .5810 .7610 .130

-.6 400 .6609 .6196 .7326 .5288 . 7264 .083
CO 1.0 .6149 1.0 .5172 1.0
200 .5852 . 8182 .6162 .7720 .6384 .091

-.5 400 .4272 .8087 .7044 .7510 .5274 .037
CD 1.0 . 8158 1.0 .7632 1.0

200 .4454 .8671 .5314 .8175 . 4793 .060
-.4 400 .6234 .9001 . 8445 .8904 .6773 .021

00 1.0 .9051 1.0 .8774 1.0
200 .4961 .9273 . 8175 .9365 .4829 .053

-.3 400 .6264 .9545 .8593 .9450 .6275 .015
OO 1.0 .9540 1.0 .9408 1.0

200 .4767 .9813 .9131 .9755 . 5096 .046
-.2 400 .6497 .9661 . 8840 .9512 . 6370 .012

00 1.0 .9817 1.0 .9766 1.0
200 .5652 .9756 .7157 .9798 .5520 .048

-.1 400 .7614 .9827 .8687 .9869 . 6932 .014
00 1.0 .9958 1.0 .9947 1.0

200 .5117 .9845 .7872 .9674 .4711 .072
0 400 .6232 .9792 .8316 .9669 .6129 .018

00 1.0 1.0 1.0 1.0 1.0
200 .5734 .9762 .7183 .9712 .5385 .054

.1 400 .7539 .9741 .8830 .9737 .7212 .014
OO 1.0 1.0 1.0 1.0 1.0

200 .5782 .9799 .9359 .9736 .5874 .041
.2 400 .6649 .9616 .8561 .9618 .6310 .012

OO 1.0 1.0 1.0 1.0 1.0
200 .5688 .9189 .8557 .8451 .5390 .054

. 3 400 .5756 .9613 .8716 .9495 .5541 .013
GO 1.0 .9680 1.0 .9620 1.0

200 .4222 .9244 .5115 .9357 .4409 .040
.4 400 .7153 .9377 .9308 .9052 .7150 .012

OO 1.0 .9438 1.0 .9344 1.0
200 .6433 .9031 .8006 .8916 .6706 .065

.5 400 .5751 .8992 .9118 .8788 .6179 .018
QD 1.0 .9124 1.0 .8994 1.0

200 .5543 .8541 .8398 .8264 .6008 .067
.6 400 .6273 . 8633 .9222 .8462 .6755 .018

OO 1.0 .8723 1.0 . 8560 1.0

aThe average proportion of times ff^(xj[2]) was less than zero.
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TABLE 5.14

MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIOS AND 
TRUE LOG LIKELIHOOD RATIOS BASED ON 100 MONTE CARLO TRIALS

FOR d =* P 3 WITH Plj-.3, P 2j- . 6 ; j“l12• .. .6

J Sec­ Matu­ Proport:
fr n Full First ond LDF sita neg.est
[r2 (13]

200 . 8122 . 8412 .9020 .8729 .8643 .100
-.6 400 .8909 .8641 .9375 .8913 .9035 .074

OD 1.0 .8711 1.0 .9001 1.0
200 .7641 .9132 . 8880 .9308 .8200 .058

-.5 400 .8312 .9186 .9278 .9333 .8719 .024
OO 1.0 .9255 1.0 .9377 1.0
200 .8318 .9396 .9443 .9547 .8616 .030

-.4 400 . 8378 .9552 .9493 .9610 .8703 .007
oo 1.0 .9564 1.0 .9617 1.0
200 .7793 .9627 . 8759 .7681 . 8440 .015

-.3 400 .7372 .9680 .9687 .9707 .7853 .002
OO 1.0 .9768 1.0 .9788 1.0
200 .6356 .9794 . 8358 .9722 .7517 .013

-.2 400 .7997 .9814 .9573 .9777 .8283 .001
OO 1.0 .9900 1.0 .9907 1.0
200 .7329 .9780 .9511 .9710 . 8115 .008

-.1 400 .8483 .9873 .9703 .9892 .8542 -
OO 1.0 .9976 1.0 .9977 1.0
200 .6899 .9892 . 8235 .9788 .7587 .008

0 400 . 7927 .9898 .9634 .9898 .8273 -
OO 1.0 1.0 1.0 1.0 1.0
200 .7468 .9822 .9490 .9798 .8172 .007

.1 400 . 8311 .9874 .9612 .9887 . 8673 -
oo 1.0 .9975 1.0 .9975 1.0
200 .6254 .9760 . 8436 .9783 .7453 . 0 1 1

.2 400 .8072 .9812 .9766 .9834 .8463 .001
OO 1.0 .9902 1.0 .9904 1.0
200 .7041 .9532 .92 39 .9559 .7845 .009

.3 400 . 7659 .9792 .9683 .9633 . 8227 .001
00 1.0 .9777 1.0 .9778 1.0
200 .7512 .9545 .9367 .9487 .8273 .012

.4 400 . 7785 .9517 .9764 .9459 . 8438 .001
OO 1.0 .9594 1.0 .9595 1.0
200 .6361 .9126 . 8599 .9134 .7581 .022

.5 400 . 8001 .9217 .9707 .9211 .8514 .007
OO 1.0 .9344 1.0 .9344 1.0

200 .8161 .8710 .8887 .8700 .8894 .037
.6 400 . 7484 .8730 .8744 .8720 .8163 .010

GO 1.0 .9011 1.0 .9004 1.0

aThe average proportion of times (x ; [2]) was less than zero.
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TABLE 5.15
MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIOS AND 
TRUE LOG LIKELIHOOD RATIOS BASED ON 100 MONTE CARLO TRIALS

FOR d -.1P WITH pXj«.4, Pjj"* 5 f j“l* 2,...6

dr n Full First
Sec- Matu- 
ond LDF sita

Proportion 
neg.est.a

[r2 (13)]
200 .9139 .9163 .9093 .9360 .9211 .130

-.6 400 .8720 .9112 .9286 .9341 .8913 .081
OO 1.0 .9255 1.0 .9409 1.0

200 . 8277 .9541 .8676 .9559 .8703 .096
-.5 400 .8123 .9564 .9174 .9557 .8598 .036

OO 1.0 .9770 1.0 .9639 1.0
200 . 8426 .9765 .8762 .9775 .8616 .059

-.4 400 .8074 .9746 .9832 .9767 .8665 .019
OO 1.0 .9770 1.0 .9781 1.0

200 .7968 .9757 .8698 .9789 .8642 .055
3 400 .8347 .9848 .9736 .9884 .8527 .013

OO 1.0 .9881 1.0 .9881 1.0
200 .8102 .9901 .9765 .9899 .8563 .046

-.2 400 .8594 .9938 .9694 .9927 .8439 .013
OO 1.0 .9950 1.0 .9948 1.0

200 .7482 .9891 .9087 .9845 .7860 .048
-.1 400 . 8634 .9935 .9694 .9956 .9047 .014

OO 1.0 .9988 1.0 .9987 1.0
200 .7320 .9925 .8735 .9743 .8155 .053

0 400 .8005 .9986 .9358 .9967 .7990 .018
OO 1.0 1.0 1.0 1.0 1.0

200 .7384 .9777 .9187 .9651 .7675 .048
.1 400 .8307 .9943 .9720 .9909 • .8978 .014

00 1.0 .9988 1.0 .9987 1.0
200 .7784 .9936 .9623 .9714 .8672 .044

.2 400 .8122 .9924 .9696 .9906 . 8685 .012
OO 1.0 .9952 1.0 .9948 1.0

200 .7714 .9826 .9 329 .9685 .8417 .047
. 3 400 .8150 .9880 .9672 .9841 .8538 .013

OO 1.0 .9891 1.0 .9881 1.0
200 .7749 .9747 .8449 .9754 .8442 .045

.4 400 .8152 .9755 .9667 .9617 .8773 .013
OO 1.0 .9799 1.0 .9782 1.0

200 .7581 .9638 .8886 .9540 .8293 .058
.5 400 .7836 .9649 .9471 .9561 .7963 .017

OO 1.0 .9670 1.0 .9645 1.0
200 .7881 .9424 .8646 .9197 .8527 .076

.6 400 .7634 .9467 .9376 .9382 .8553 .019
OO 1.0 .9490 1.0 .9456 1.0

aThe average proportion of times Tr̂ s (x;[2]) was less than zero.
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2. The behavior of the mean correlations were 
somewhat erratic with respect to increased sample sizes.
For all values of dp and fixed dr, it was expected that 
P[*]n=400 > Pf*]n=200' however, this was not universally 
true.

3. For moderate values of dr, the performance of 
the linear models was always better than that of the full, 
second or Matusita. With large mean differences, the 
superiority of the first and LDF procedures extended over a
wider range of values (for dr).

4. In most cases, for fixed dr, an increase in dp
resulted in higher mean correlations for each discrimination
procedure.

5.11.1 - Conclusions: Sampling Under Case (i):
The population pairs considered under Case (i) were of a 
rather simplistic nature in that they contained only one 
non-zero correlation term. Nevertheless, the results did 
indicate that performance (of each discrimination procedure) 
was affected as the non-zero correlation term was varied.

What follows is a summary of the major findings 
derived from the initial series of sampling experiments:

1. It was always possible to determine critical 
bounds on dr, such that if they are exceeded, the use of the 
first or LDF procedures will result in greater misclassifica- 
tion error (on the average) than either the full, second or
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Matusita. For small mean differences, these critical 
bounds are likely to be more restricted.

2. The evidence suggests that highly correlated 
variables may yield better discrimination than uncorrelated 
variables. Also, for fixed dp, negative correlations were 
found to improve discrimination across all procedures. That 
is, with negative correlations both the optimum error and 
the theoretical errors were lower than with positive 
correlations.

3. The linear discrimination procedures seem to be 
most sensitive to large mean differences. For large dp, the 
overall performance of both the first and LDF procedures 
substantially improved and their performances yere not sig­
nificantly different from the other procedures. Thus, with 
large dp, all of these procedures do well and hence the 
choice of a particular discrimination procedure is no 
longer a serious problem.

5.12 - Case (ii)i The population pairs considered 
under this case are of a more complex nature. Here, all off- 
diagonal correlations can take on non-zero values, but it is 
assumed that r^(jk)^r2(jk), for all j^k, j,k=l,2....,6.
The correlation structures initially examined are described 
in Tables 5.16. For these population pairs dr [r2 (jk)- 
r^(jk)] ranged from -.15 to .23. At first the difference 
between the marginal probability vectors in the two popula­
tions, again denoted by dp, was taken to be .1 with p^j»,4
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TABLE 5.16 
CASE (ii) CORRELATION STRUCTURES

I

Population 1 
1.0
1.0 .10

1.0 
.10 1.0 

1.0
1.0

1.0
1.0 .10

1.0 
.10 1.0

1.0
1.0

1.0
1.0 *10

1.0 
.10 1.0

1.0
1.0

1.0
1.0 *10

1.0 
.10 1.0

1.0
1.0

Population 2
1.0

1.0 -.05
1.0

05 1.0
1.0
1.0

1.0 
1.0 0

1.0
0 1.0

1.0
1.0

1.0
1.0 .05

1.0
1.0 

05 1.0
1.0

1.0
1.0 .10

1.0 
,10 1.0

1.0
1.0
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Table 5.16 (continued) 

Population 1 Population 2
‘ 1.0 ♦ m  ^1.0

1.0 .10 1.0 .20
1.0 1.0

.10 1.0 .20 1.0
1.0 1.0

1.0 1.0
- _ «

1.0 1 ,'1.0
1.0 .10 1.0 .30

1.0 1.0
.10 1.0 .30 1.0

1.0 1.0
1.0

1 # 0 .

" 1.0 r1.0
1.0 .10 1.0 .33

1.0 1.0
.10 1.0 .33 1.0

1.0 1.0
1.0 1.0

• 9
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and P2j**5 for j»l,2,....,6. Summary results for the op­
timum error and the theoretical errors are shown in Table 
5.17 and Figure 5.8.

From the table and figure it is apparent that the 
critical bounds on dr such that the linear procedures yield 
optimal error are quite narrow, i.e., . 05<dr>0. For values 
of dr beyond the critical limits specified, the use of either 
the first or LDF procedures may result in theoretical errors 
which are significantly greater than the optimum error. Sig­
nificantly greater misclassification error occurs with the 
use of the linear models if dr>0. On the other hand, the in­
crease in theoretical error over optimum error is far less 
severe if dr<-.05 since over this range both theoretical and 
optimum errors are monotonically decreasing functions.

Table 5.18 and Figure 5.9 present summary results 
for the mean increase in actual over optimum error for each 
discrimination procedure. In prior experiments the effect 
of larger sample sizes has been to reduce the mean increase 
in actual error across all procedures. Although this is 
again true for the full, second and Matusita procedures, a 
study of the corresponding behavior of the linear models 
yields a different conclusion. If dr>0, then both 7T[1] and 
7T[AJ increase as n goes from 200 to 400. Note the increases 
are for the most part slight. However, this does not alter 
the conclusion that there may be cases where discrimination 
for some procedure is improved by limiting the sample size 
rather than by increasing it.
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TABLE 5.17
OPTIMUM AND THEORETICAL ERRORS FOR dp’ 

WTTH Plj-.4,P2j-.5? j-1,2,____6
.1

dr Optimum Theoretical
-rL (jk)] Error First LDF

15 .3752 . 3880 .3880
10 .3992 .3997 .3997
05 .4114 .4114 .4114
0 .4232 .4232 .4232
10 .4054 .4466 .4466
20 .3736 .4700 .4700
23 . 3575 .4771 .4771
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Error 

46 .

tf
°l— L— J____ I I l 1----- 1-----1-- 1---- -

-.15 -.10 -.05 0 .05 .10 .15 .20 .23
df-r2 ; jJO f jk>

Figura 5.9 - Optimvan and Thaoratical Error* for <*p"-l with p^".4, 
p2j-.S; j-1,2,..... 6 and ^ (jk) jrfr2 (jk>.
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TABLE 5.18

MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 
BASED ON 100 MONTE CARLO TRIALS FOR
V .1 WITH Pij~.4 j“*5 ... 6

dr Optimum Sec­ Matu-[r2(jk)-rj(jk)] n Error Full First ond LDF sita

200 .3752 4.17 3.52 2.12 3.87 4.17
-.5 400 2.87 3.08 1.20 3.32 2.89

CO 0 1.28 0 1.28 0
200 .3992 4.05 1.73 2.51 2.19 4.05oiHi1 400 2.95 1.41 1. 44 1.79 2.9600 0 0.05 0 0.05 0
200 .4114 4.04 1.05 2.64 1.53 4.04

-.05 400 3.03 0.65 1.67 1.02 3.05oo 0 0 0 0 0
200 .4232 3. 46 0.42 2.21 0.92 3.47

0 400 2.63 0.18 1.46 0. 44 2.6700 0 0 0 0 0
200 .4054 4.28 3.20 2.96 3.41 4.25

.10 400 3.15 3.27 2. 22 3.45 3.0600 0 4.12 0 4.12 0
200 .3736 3.22 7.47 1.91 7.20 3.11

.20 400 2.10 7.79 1.18 7.76 2.05
OO 0 9.64 0 9.64 0

200 .3575 2.98 9.45 1.88 8.99 2. 87
.23 400 1. 79 9.90 1. 18 9.40 1.72

oo 0 11.96 0 11.96 0
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Mean Inci

10.0

8 . 0

.0

.0

. 0

0
. 15 ,10 .05 0 .05 .10 .15 .20 .23

dr“r2 (jk,"rl (3I°

Figure 5.9 - Mean Increase in Actual Over Optimum Error (in Percent) 
Based on 100 Monte Carlo Trials for dp*. 1 with P]_j*.4( 
P2j-.5; j-1,2,.... ,6, n-400 and (j k ) (jk).
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It is also apparent that the performance of the 
linear models is quite good if -.10 <_ dr <_ .05. Within 
this range, the use of the linear models results in smaller 
mean increases in actual error than any other procedure.
On the other hand, as dr becomes large the performance of 
the first and LDF procedures falls off quite rapidly.

The mean correlations for each discrimination pro­
cedure are shown in Table 5.19. For dr^.20, the use of the 
full, second or Matusita procedures results in significantly 
higher mean correlations than either the first or LDF. The 
susceptibility of the linear models to population structures 
containing large correlations is demonstrated by the low 
mean correlations found in the third row (corresponding to 
n= «) for each value of dr. In other words, even when the 
true state probabilities are known, the observed L.L.R's 
for the first and LDF procedures are linearly different 
from the true L.L.R.'s whenever dr is large. In addition, 
a comparison of the mean correlations again show the 
Matusita procedure to be slightly better than full, but not 
as good as the second for most values of dr and n.

The next series of sampling experiments were designed 
to investigate the effects of increasing the magnitude of the 
values assigned to all r^(jk) on the performance of each 
discrimination procedure. Recall, the definition of dr is 
somewhat arbitrary since a specified value for dr does not 
uniquely determine the values of either r^(jk) or ^(jk).
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TABLE 5.19
MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIOS AND 
TRUE LOG LIKELIHOOD RATIOS BASED ON 100 MONTE CARLO TRIALS 

FOR dp*.1 WITH p1j*.4;p2j*.5fj*l,2,....6

d Sec- Matu- Proportion
r n Full Firat ond LDF sita neg.est.a
[r2 (jk)-ri(jk)]

200 .4650 .4470 .70 34 .4320 .5944 .006
-.15 400 .5027 .4564 .8304 .4421 .59 35 .00200 1.0 . 4759 1.0 .4759 1.0

200 .3267 .7059 .709 7 .6977 .4536 .001i • t—• o 400 .5694 .6599 .7749 .6199 .5866 —oo 1.0 .7145 1.0 . 7145 1.0
200 .1744 .8706 .5931 .8577 . 3145 .001

-.05 400 .4078 . 8724 .80 34 .8425 .4862 -
OO 1.0 .9070 1.0 .9070 1.0

200 .1677 . 8625 .5666 .6939 .2897 .002
0 400 .2847 .9661 .7187 .9441 . 3574 -

OO 1.0 .9789 1.0 .9789 1.0
200 .0557 . 3905 .2117 .2125 .1154 .015

.10 400 .4192 .6652 .6125 .6375 .4903 .002
OO 1.0 .6731 1.0 .6731 1.0

200 .6892 .2901 .7795 .2346 .7107 .095
.20 400 . 7298 .2901 .8031 .2316 .7696 .075

OO 1.0 .3736 1.0 .3736 1.0
200 .7469 .1415 .8067 .0996 .6737 .150

.23 400 .9242 .1423 .7255 .1057 .8929 .148
OO 1.0 .1524 1.0 .1524 1.0

*The average proportion of times Tr̂ (x;(2]) was less than zero.
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Although different values of r^(jk) and r2 (jk) can be 
chosen yielding identical dr values, the effect of varying 
the magnitude of r^(jk) on performance is not clear. In 
order to determine whether results are generalizable across 
experiments for population pairs containing similar dr 
values, two additional sampling experiments were accomplished. 
In each experiment the values assigned to the r^(jk) elements 
were incremented in steps of .10, while the r2 (jk) elements 
assumed values as shown in Table 5.16. Thus, in the first 
experiment all r2 (jk)=.20, while in the second experiment 
all r2(jk)=.30. In this way it was possible to talk to 
population pairs having identical dr values but different 
correlation matrices. Tables 5.20 and 5.21 present summary 
results.

Two main points are revealed from Table 5.20. First, 
the functional relationship between the theoretical errors 
and dr indicates that the rate of change in a[l] and a[A] 
per unit increase in dr is constant across all population 
structures. Note for all values of dr , a [l]=a tM and 
uniformly Aa [1,£]/Adr“0.245. Thus, increasing the magnitude 
of all r^(jk) correlation terms results in a parallel upward 
shift in the linear functions. Secondly, for fixed dr, the 
behavior of the optimum error is far less exact. Here, the 
optimum error exhibits a good deal of non-monotonicity as 
the magnitude of the r^(jk) correlation terms is varied. 
However, it is apparent that the difference between the 
theoretical error (linear procedures) and the optimum error
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TABLE 5.20
OPTIMUM AND THEORETICAL ERRORS FOR dr.-. 1

WITH P1 j“* 4,p2j».5;j-1,2,.. 6 *
AND r1 (jk)-.10, .20 AND .30

[r2 (jk)-r^(jk)] Optimum
___________________________  Error
All rx{jk)-.10

-.15 .3752
-.10 .3992
-.05 .4114

0 .4232
.10 .4054
.20 .3736
.23 .3575

a [l]-aU]«.4232+.2345 dr

Theoretical
First

3880
3997
4114
4232
4466
4700
4771

LDF

.3880

.3997

.4114

.4232

.4466

.4700

.4771

All rx (jk)-.20

a[l]

-.25 .3133
-.20 .3484
-.15 .3779
-.10 .3954

0 .4240
.10 .4021
13 3951

«’[*]=. 4466+.2345 d^

3880
3997
4114
4232
4466
4700
4771

.3880

.3997

.4114

.4232

.4466

.4700

.4771

All r2 (jk)-.30
35 .2513 .3880
30 .2865 .3997
25 .3216 .4114
20 .3531 .4232
10 .3818 . 4466
0 .3863 .4700
03 .3492 .4771

.3880

.3997

.4114

.4232

.4466

.4700

.4771
a[l]-a[ft]-.4700+.2345 d.
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TABLE 5.21

MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 
BASED ON 100 MONTE CARLO TRIALS FOR

All r.(jk)*.20

d -.p 1 WITH Plj“-4 'P2j*•5 »j“l» 2 , . .  . . f 6 ;

AND rx (jk)=.10,. 20, AND .30

dr Optimum Sec­ Matu1
tr2 (jJt) 1 n Error Full First ond LDF sita
All r^tjkH.10

200 . 3752 4.17 3.52 2,12 3.87 4.17
-.15 400 2.87 3.08 1.20 3.32 2.89

OO 0 1.28 0 1.28 0
200 .3992 4.05 1.73 2.51 2.19 4.050H

*1 400 2.95 1.41 1.44 1.79 2.96
CD 0 0.05 0 0.05 0
200 .4114 4.04 1.05 2.64 1.53 4.04

-.05 400 3.03 0.65 1.67 1.02 3.05
OO 0 0 0 0 0
200 .4232 3.46 0.42 2.21 0.92 3.47

0 400 2.63 0.18 1.46 0.44 2.67
CO 0 0 0 0 0
200 .4054 4.28 3.20 2.96 3.41 4.25

.10 400 3.15 3.27 2.22 3.45 3.06
OO 0 4.12 0 4.12 0
200 . 3736 3.22 7.47 1.91 7.20 3.11

.20 400 2.10 7.79 1.18 7.76 2.05
OO 0 9.64 0 9.64 0
200 . 3575 2.98 9.45 1.88 8.99 2.87

.23 400 1.79 9.90 1.18 9.40 1.72
OO 0 11.96 0 11.96 0

200 .3133 5.00 10.37 2.65 10.90 5.03
-.25 400 3.36 9.62 1.29 10.55 3.38

OD 0 7.47 0 7.47 0
200 . 3484 5.25 7.48 3.00 7.93 5.27

-.20 400 3.29 7.15 1.54 7.64 3.31
OO 0 5.13 0 5.13 0
200 . 3779 4.52 5.00 2.87 5.46 4.61

-.15 400 3.30 4.66 1.67 5.10 3.48
GO 0 3.35 0 3.35 0
200 . 3954 4.78 3.86 3.15 4.11 4.78

-.10 400 3.51 3.59 2.06 3.85 3.52
OO 0 2.78 0 2.78 0
200 .4240 2.99 1.91 1.86 1.88 2.99

0 400 2.11 2.06 1.31 1.74 2.12
OO 0 2.26 0 2.26 0
200 .4021 2. 83 5.24 1.83 4.57 2.67

.10 400 1.83 5.64 1.22 4.59 1.74
OO 0 6.79 0 6.79 0
200 .3951 2.43 6.22 1.35 5.36 2.27

.13 400
OO

1.110
6.748.20 0.630 l:ii

1804
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dr
[r2 (jlc)-r1 (jk) ]

TABLE 5.21 (CONTINUED)

Optimum 
n Error Full First

Sec­
ond LDF

MatU'
sita

All r^jJO-.lO
200 .2513 3.78 17.35 1.37 17.72 3.82

-.35 400 1.87 16.63 0.64 17.60 1.95
OO 0 13.67 0 0 0
200 .2865 4. 32 14.28 1.78 14.50 4.41

-.30 400 2.09 13.94 0.73 14.47 2.16
OO 0 11. 32 0 11.32 0
200 .3216 4.21 11.20 1.97 11.60 4. 31

-.25 400 2.25 10.85 0.86 11.37 2.35
OO 0 8.98 0 8.98 0
200 .35 31 3.78 8.66 1.77 8.82 4.05

-.20 400 2.03 8.41 0.71 8.63 2.16
oo 0 7.01 0 7.01 0
200 .3818 4.65 6.71 3.12 6.36 4.80

-.10 400 3.26 6.92 1.81 6.40 3.34
OO 0 6.48 0 6.48 0
200 .3863 4. 27 7.42 3.10 6.14 4.23

0 400 3.46 7.78 2.21 6.31 3.44
OO 0 8. 38 0 8. 38 0
200 .3492 4.48 8.51 3. 33 6.95 4.38

.03 400 3.26 8.99 2.02 7.08 3.22
OO 0 12.79 0 12.79 0
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monotonically increases as the magnitude of the r^(jk) 
correlation terms increase.

An inspection of Table 5.21, which presents the 
mean increase in actual error over optimum error,indicates 
that the behavior of the full, second and Matusita pro­
cedures exhibit greater stability across the various values 
of r^(jk) than either of the linear models. In fact, for 
fixed dr with large r^(jk) correlation terms, the use of 
the first or LDF procedures resulted in significantly 
greater mean increases. Also, the table lends additional 
support to the contention that there are cases where dis­
crimination for the linear procedures is improved by 
limiting the sample size, rather than by increasing it.
(For example, both ^[1] and 7T[M increase with larger 
sample sizes whenever dr>0).

These last two experiments demonstrate that con­
clusions are, for the most part, generalizable across 
population structures containing identical dr terms. 
Differences which do exist are of degree rather than di­
rection. In fact, the evidence suggests that anomalies 
which result from the use of an inappropriate procedure 
are magnified as the correlations among the variables in­
crease.

Further Monte Carlo sampling was accomplished on 
the correlation structures previously described in Table 
5.16. However, in subsequent experiments the marginal
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probabilities were variable so that the effects of larger 
mean differences on performance could be examined. The 
following marginal probability vectors were considered:

Plj={.2,.2,.2,.2,.2,.2) , P2j= (*4,.4,.4,.4,.4,.4);

p^j=(.3|.3,.3,.3,.3,.3) i P2j= (.6,»6,.6,.6,.6,.6);

P]_j= (* 2 ,. 2 ,. 2 , * 2,. 2 ,. 2) , p2j-(•6 ,.6,.6 ,.6,.6 ,.6).

The results of the Monte Carlo sampling experiments for 
these population structures are summarized in Tables 5.22 
through 5.24. A study of the tables yields the following 
conclusions:

1. Uniformly, for fixed dr, both the optimum 
error and the theoretical errors decrease as dp increases. 
Also, the use of the linear models yield theoretical errors 
which are essentially the same as the optimum error over
a wider range of dr values as dp becomes large. Recall, 
identical results were obtained in prior experiments 
(e.g.. Section 5.11.1) and it is again clear that with 
large mean differences most discrimination procedures 
do well.

2. For fixed dr, the mean increase in actual 
error for each discrimination procedure decreases as the 
mean differences increase. This is not too surprising, 
particularly considering the behavior of the optimum error 
and the theoretical errors for large dp.
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TABLE 5.22
OPTIMUM AND THEORETICAL ERRORS FOR dp«.2,.3,.4 

WITH ALL r^jkJ-.lO

Optimum Theoretical
[r2 (jk)-r^(jk)J Error First LDF

Pl-j= (*2f.2f.2f.2*.2f.2)rp2j*(»4t.4f.4f.4f.4f.4)
.15 .2693 .2695 .2695
.10 .2890 .2890 .2890
.05 . 3084 .3084 . 3084
0 . 3278 .3278 . 3278
.10 . 3523 .3667 . 3667
.20 . 3306 .4056 .4056

.3),P2j“ (.
.15 .2236 .2236 .2236
.10 .2406 .2406 .2406
.05 .2579 .2579 .2579
0 .2752 .2752 .2752
.10 .2928 . 3097 . 3097
.20 .2828 .3443 . 3443
2 ,. 2 , 6 ,
.15 .1527 .1527 .1527
.10 .1698 .1698 .1698
.05 .1870 .1870 .1870
0 .2043 .2043 .2043
.10 .2389 .2399 .2389
.20 .2402 .2734 .2739
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TABLE 5.23
MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT)

BASED ON 100 MONTE CARLO TRIALS FOR
d *.2,.3, AND .4 WITH ALL r.(jk)-.10 P ^

dr
[r2 (jk.)-r1 (jk) ] n

Optimum
Error Full First

Sec­
ond LDF

Matu­
sita

Pjj*(* 2 t.2,.2,.2# .2,.2) ' P2;f <*4 t • 4 t • 4$ • 4 f • 4 f.4)
200 .2693 5.46 1.54 2.24 2.32 5.00

-.15 400 2.97 0. 85 0.84 1.63 3.00
OO 0 0.02 0 0.02 0

200 .2890 5.51 1.23 2.50 1.99 5.60
-.10 400 3.39 0.63 1.07 1.39 3.40

OO 0 0 0 0 0
200 .3084 5.59 0.79 2.79 1.45 5.69

-.05 400 3.44 0.36 1.45 1.05 3.48
OO 0 0 0 0 0

200 . 3278 4.61 0. 46 2.56 0.95 4.65
0 400 3.17 0.25 1.28 0.71 3.23

OO 0 0 0 0 0
200 .3523 3.07 1.18 1.93 1.03 3.10

.10 400 2.06 1.32 1.56 1.01 2.07
OO 0 1.44 0 1.44 0

200 . 3306 3.24 6.51 2.00 5.40 3.19
.20 400 2.10 7.07 1.51 5.64 2.03

oo 0 7. 50 0 7.50 0

Pj_ j™(•3 #•3 *■3r.3f.3f.3)f P2j“ <•6f.6f.6f . 6 f. 6 f.6)
200 .2236 4. 33 0.60 1.94 1.22 4.32

-.15 400 2.46 0.12 0. 84 0.49 2.48
OO 0 0 0 0 0
200 .2406 4.19 0.35 2.06 1.03 4.20

-.10 400 2.70 0.11 1.16 0.54 2.73
OO 0 0 0 0 0
200 .2579 4.06 0.24 2.05 0.78 4.07

-.05 400 2.67 0.07 1.33 0.54 2.68
OO 0 0 0 0 0
200 .2752 3.52 0.14 2.08 0.55 3.52

0 400 2. 44 0.03 1.34 0.24 2.46
OO 0 0 0 0 0
200 .2928 3.09 1.59 2.11 1.38 3.05

.10 400 2.30 1.66 1.62 1.40 2.29
CO 0 1.69 0 1.69 0
200 .2828 3.07 5.83 1.91 4.69 2.86

.20 400 2.01 6.07 1.15 5.05 1.91
OO 0 6.15 0 6.15 0
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TABLE 5.2 3 (CONTINUED)

ar
[r2 (jk)-r1 (jk) ] n

Optimum
Error Full First

Sec­
ond LDF

Matu
sita

ja (*2f.2f.2> .2 r * 2 t •2), P2j=(*6,. 6 ,. 6 p . 6 f . 6 r .6)

200 .1527 2.97 0.06 1.14 0.21 2.97
-.15 400 1. 55 0.01 0.72 0.02 1.56

OO 0 0 0 0 0
200 .1698 3.13 0.05 1.38 0.29 3.13

-.10 400 1. 79 0.01 0.76 0.05 1.79
OO 0 0 0 0 0
200 .1870 3.01 0.04 1.51 0.29 3.01

-.05 400 1.75 0 0.81 0.07 1.76
CO 0 0 0 0 0
200 .2043 2.90 0.02 1.50 0.35 2.91

0 400 1.81 0 0. 89 0.10 1.82
OO 0 0 0 0 0
200 .2389 1.98 0.02 1.16 0.10 1.95

.10 400 1.10 0 0.50 0.03 1.07
OO 0 0 0 0 0
200 .2402 2.68 3.30 2.13 2.88 2.57
400 1.99 3.32 1.55 3.11 1.90

.20 OO 0 3.32 0 3.32 0
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TABLE 5.24
MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIOS AND 
TRUE LOG LIKELIHOOD RATIOS BASED ON 100 MONTE CARLO TRIALS 

FOR dp*.2,. 3, .4, AND ALL r^jkJ-.lO

dr Sec­ Matu­ Proportion
n Full First ond LDF sita neg.est.

pij_( •2».2» . 2 ,. 2 ,.2>*2);p2j= (« 4 ,. 4, . 4,. 4 ,. 4 ,.4)

200 . 3396 . 3302 .8653 . 3290 .4716 .084
-.15 400 . 2898 . 3356 .6951 . 3340 .4000 .050

oo 1.0 . 3381 1.0 .3381 1.0
200 . 3675 .9297 . 84 31 .9196 .4280 .0010 •1 400 .4218 .9341 .9047 .9238 .5088 -

00 1.0 .9398 1.0 .9398 1.0
200 .4305 .9722 . 8678 .9508 .4557 -

-.05 400 .6141 .9739 .9100 .9644 .6305 —
OO 1.0 .9822 1.0 .9822 1.0

200 .3615 .9395 . 7452 .86 70 . 3831 .001
0 400 .5370 .9595 . 8504 .9279 .5628 —

OO 1.0 .9772 1.0 .9772 1.0
200 .4939 .9113 . 7750 .8696 .6035 .040

.10 400 .6642 .9140 .9276 .8906 .7470 .015
ao 1.0 .9202 1.0 .9202 1.0

200 .6806 .8248 .7072 . 7805 .7485 .120
.20 400 .7706 .8238 .9323 .8106 .8474 .090

OO 1.0 .8269 1.0 . 8269 1.0

p i j " (
. 3 , .  3 , . 3 , .  3 , . 3 , . 3 ) JPjj” (.6 , . 6 , .6/«6f«6i .6)

200 .6181 .8421 . 8433 . 8435 .8051 .020
-.15 400 . 7710 .8431 .9794 .8397 .8868 .012

OO 1.0 .8461 1.0 . 8461 1.0
200 .5931 .9678 .9206 .9564 . 7226 .0010H

•1 400 .7118 .9677 .9606 .9681 .7811 -
OO 1.0 .9729 1.0 .9 729 1.0

200 .5104 .9789 .8006 .9668 .6954 .002
-.05 400 .6967 .9831 .9513 .9741 .7903 —

OO 1.0 .9885 1.0 .9885 1.0
200 .5463 .9621 .8804 .9121 .6621 .006

0 400 .6771 .9 789 .9288 .9606 .8102 —
00 1.0 .9820 1.0 .9820 1.0

200 . 3922 .8772 .6146 . 8322 .6259 .012
.10 400 .5519 .8845 .9013 . 8796 .7296 .001ao 1.0 .8864 1.0 . 8864 1.0

200 .5455 .6106 .6786 .5617 .7520 .075
.20 400 .4101 .6162 .7450 .6027 .6661 .03200 1.0 .6186 1.0 .6186 1.0

^ h e  average proportion of times 7T̂ (x;[2]) was less than zero.
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TABLE 5.24 (CONTINUED)

dr Sec­ Matu­ Proportioii n Full First ond LDF sita neg.eat.a

pij_< • 2 $. 2 t.2,.2,.2, . 2) ;P2j= (. 6 ,. 6 , .6)
200 .7287 . 8950 .9611 .8845 .8895 .022

-.15 400 . 8035 .9043 .9567 .9028 . 8907 .014
00 1.0 .9066 1.0 .9066 1.0
200 . 7307 .9876 .9510 .9647 .7936 .0071 • (-* O 400 .7716 .9885 .9724 .9834 .7654 —

OD 1.0 .9903 1.0 .9903 1.0
200 . 7144 .9837 .9551 .9649 .8087 .009

-.05 400 .8037 .9923 .9836 .9900 .8627 -
OO 1.0 .9931 1.0 .9931 1.0
200 .5559 .9703 .8999 .9380 .7090 .007

0 400 .7013 .9821 .9598 .9701 .8265 —
00 1.0 .9838 1.0 .9838 1.0
200 .5227 .9217 .8319 .9054 . 7317 .018

.10 400 .6613 .9236 .9429 .9069 . 8207 .001
OO 1.0 .9260 1.0 .9260 1.0
200 .5618 .7686 .6702 .7294 . 7850 .085

.20 400 .7504 .7706 .7413 . 7664 .9077 .032
OO 1.0 .7711 1.0 . 7711 1.0

aThe average proportion of times n^(x;[2]) was less than zero.
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3. With large |dr|and fixed dp, the second and 
Matusita procedures yield larger mean correlations than 
any of the other models. However, generally speaking, the 
behavior of the mean correlations for each procedure is 
quite erratic across the various values of dr , and, in fact, 
there are several cases where they decrease as both dp and 
n increase.

5.12.1 - Conclusions--Sampling Under Case (ii)i 
The population pairs considered under this case included 
correlation structures with ri(jk)^r2 (jk) for all j^k, 
j ,k=l ,2 ,.... ,6 where all r^(jk) and ^(jk) were free to 
take on non-zero values.

The following summarizes the results of the series 
of Monte Carlo sampling experiments already described:

1. It was again possible to determine critical 
bounds on dr, such that if they are exceeded the use of 
either of the linear models resulted in greater misclassifi- 
cation (on the average) than the full, second or Matusita 
procedures. Also, the observed L.L.R.'s for the first and 
LDF procedures were linearly different from the true 
L.L.R.'s whenever dr assumed values beyond the critical 
bounds specified.

2. Anomalies that resulted when an inappropriate 
model was used were for the most part generalizable across 
different population structures for identical values of dr. 
Differences which did exist were of degree rather than of 
direction; in fact, anomalies which can arise from the use
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of inappropriate models are likely to be more severe when 
correlations are "high” rather than when "low".

3. For fixed dr, the optimum error* theoretical 
error* and mean increase in actual error were all decreasing 
functions of dp. With large mean differences* the per­
formance of all the discrimination procedures was quite 
similar even for large positive or negative values of dr.

5.13 - Case (iii): For the population pairs con­
sidered under this case an additional restriction is imposed 
on the correlation structure in that the correlation matrices 
in the two populations are assumed to be identical: r^tjk)^ 
r^tjk) for all jjOc, j,k=l*2,....*6. Thus the correlation 
between any two variables in population i is identical to 
the correlation between those two variables in population 2. 
Recall* if R1=R2* then if and only if p2j*l-p^j for
j=l,2,....,m. Therefore* it is possible to investigate 
population pairs where the covariances are equal, which is an 
underlying assumption used to derive the LDF* and cases 
where the covariances are not equal in the two populations. 
Since in the following experiments* r^(jk)=r2 (jk) for all 
j and k, the common value assigned to the correlation terms 
in both populations is denoted by r.

The next series of sampling experiments considered 
population pairs with parameter values d^E.1 *.2,.3,.4* 
n*-200* 400 and r=0*.1,.2*.3, and .33. The values assigned
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to the individual marginal probabilities were identical 
to those used in the previous experiments. Summary results 
for these population structures are presented in Tables 5.25 
through 5.27 and Figures 5.10 and 5.11.

Inspection of Table 5.25, which displays the optimum 
errors and theoretical errors for all values of dp indicates 
that both optimum and theoretical errors decrease as dp in­
creases across all values of r. For fixed dp, the use of 
either of the linear models results in theoretical errors 
which are essentially the same as the optimum error whenever 
r^. 1. However, if r>.l, then across all values of dp the 
theoretical errors for the first and LDF procedures are 
greater than the corresponding optimum error.

A similar conclusion is reached for the mean in­
crease in actual error, displayed in Table 5.26. Uniformly, 
across all values of dp , the linear models yield smaller 
mean increases in actual error than any of the other pro­
cedures if r^. 1. However, if r >.l then the linear models 
should not be used since they result in mean increases in 
actual error which are greater than those of the full, second 
or Matusita procedures.

A study of the behavior of the linear models at 
large values of r yields some rather surprising conclusions. 
Recall, in prior experiments whenever dp was large, per­
formance was relatively unaffected by the correlation 
structure even for large values of dr and all of the dis­
crimination procedures gave nearly identical results.
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TABLE 5.25

OPTIMUM AND THEORETICAL ERRORS FOR 
d dnd ■ 4P * t *

Optimum Theoretical First LDF
r Error First LDF a [l]”a a t A ] —i
Px in«

in•*
in*
in• .5)

0 .3997 .3997 . 3997 0 0
.1 .4232 .4232 .4232 0 0
.2 .4240 .4466 .4466 .0226 .0226
.3 .3863 .4700 .4700 .0837 .0837
. 33 .3745 .4771 .4771 .1026 .1026

Pl-(. . 2 ) fp2j=(.4, .4)
0 .2 8 90 .2 89 0 . 2 8 9 0 0 0
. 1 . 3278 . 3278 . 3278 0 0
.2 .3 3 80 . 3 6 6 7 . 3667 . 0 2 8 7 . 0 2 8 7
. 3 . 2 6 2 3 .4 05 6 .4 0 56 . 1 4 3 3 . 1 4 3 3
. 3 3 . 23 96 . 4 1 7 3 . 4 1 7 3 . 1 7 7 7 . 1 7 7 7

PX j - < * 3 , . 3 , • 3 f . 3 | . 3 f .3 ) ;p2 j « ( . 6 , . 6 )

0 .21 74 .2 17 4 .2 1 74 0 0
. 1 . 27 52 .2 75 2 .2 7 52 0 0
.2 . 2 9 2 2 . 3329 . 3329 . 0 4 07 . 0 4 0 7
. 3 . 2 1 2 0 .3 67 0 . 3670 .1 5 50 . 1550
. 3 3 . 1 8 8 5 .40 70 .4 0 70 . 2 1 8 5 . 2 1 8 5

Plj=<* 2 ,. 2 , . 2 , .  2 , . 2 , .2 ) t P2j*(•6 , . 6 9 . 6  ? .6 , . 6 , . 6 )

0 . 1 3 9 0 .1 39 0 . 13 90 0 0
. 1 . 2 0 4 3 . 2 0 4 3 . 2 0 4 3 0 0
.2 . 2 3 6 3 .26 96 .2 6 96 .0 33 3 . 0 3 3 3
. 3 . 1 7 8 6 . 3349 .3 3 49 . 1 5 6 3 . 1 5 6 3
.3 3 .1 34 9 . 3545 . 3 5 4 5 . 2 1 9 5 . 2 1 9 5
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Table 5.26

MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN 
PERCENT) BASED ON 100 MONTE CARLO TRIALS 

FOR d -.1,.2,.3, and .4
r

Optimum
r n Error Full First Second LDF Matusita

Pjj-t- 4,.4, »4f.4f.4f« 4)?P2j“ (. 5 ,. 5 f. 5 1.5,.5,.5)
200 .3997 4.86 1.19 2.97 1.30 4.87

0 400 3.62 0.67 1.77 0.74 3.65
ao 0 0 0 0 0
200 .4232 3.46 0.42 2.21 0.92 3.47

.1 400 2.63 0.18 1.46 0.44 2.67
OO 0 0 0 0 0
200 .4240 2.99 1.91 1.88 1.88 2.99

.2 400 2.11 2.06 1.31 1.74 2.12
OO 0 2.26 0 2.26 0
200 .3863 4.27 7.42 3.10 6.14 4.23

. 3 400 3.46 7.76 2.21 6.31 3.44
OO 0 8.37 0 8.37 0
200 .3745 4.55 9.19 3.22 7.49 4.45

.33 400 3. 33 9.70 1.95 7.60 3.25
OQ 0 10.26 0 10.26 0

Plj“ *CM*CM• .2f.2f.2f •2);P2 (•4 ,. 4,. 4 ,. 4 , .  4, . 4)
200 .2890 4.50 0.60 1.66 0. 88 5.00

0 400 2.24 0. 31 0.85 0.54 2.57
OO 0 0 0 0 0
200 . 3278 4.61 0.46 2.56 0.95 4.93

.1 400 3.17 0.25 1.78 0.71 3.44
OO 0 0 0 0 0
200 .3380 2.97 3.17 1.69 3.31 3.04

.2 400 2.01 3.00 1.37 3.36 2.05
00 0 2.87 0 2.87 0
200 .2623 3.71 14.48 1.83 13.04 3.75

. 3 400 2.06 14.40 0.78 13.92 2.06
OO 0 14.33 0 14. 33 0
200 .2396 3.23 17.82 1.24 15.80 3.26

.33 400 1.73 17.83 0.45 16.79 1.73
OO 0 17.73 0 17.73 0
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TABLE 5.26 (CONTINUED)

Optimum
r n Error Full First Second LDF Matusii

Plj“ (.3,. 3,.3,.3,. 3' • 3)?P2j= (. 6 ,. 6 ,.6f*6f*6 ,.6)
200 .2174 3.81 0. 32 1.58 0.64 3.82

0 400 2.12 0.77 0. 77 0.29 2.12
oo 0 0 0 0 0

200 .2752 3.52 0.14 2.08 0.55 3.52
.1 400 2. 44 0.03 1.34 0.24 2.46

GO 0 0 0 0 0
200 .2922 2.62 4.00 1.92 3.49 2.71

.2 400 1.94 4.06 1.39 3.79 1.94
OO 0 4.07 0 4.07 0

200 .2120 4.06 17.69 2.42 15.05 4.01
.3 400 2. 37 17.80 1.13 16.05 2.27

OO 0 15.50 0 15.50 0
200 .1885 3.34 21.60 2.16 17.10 3.25

.33 400 1.94 21.90 0.95 19.00 1.82
OO 0 21.85 0 21.85 0

Plj“ •*
CM•CM• 2,. 2 ,. 2, . 2)JP2j=  (. 6 , .  6 , • 6 r • 6 . • 6 , . 6 )

200 .1390 3.30 0.14 1.14 0. 30 3.30
0 400 1.59 0.01 0.49 0.03 1.57

OO 0 0 0 0 0
200 .2043 2.90 0.02 1.50 0.35 2.91

.1 400 1.81 0 0.89 0.10 1.84
OO 0 0 0 0 0
200 .2363 3.20 3.25 2. 38 2.76 3.25

.2 400 2.17 3.32 1. 34 3.02 2.21
OO 0 3.33 0 3.33 0

200 .1786 3.58 15.47 2.42 13.05 3.58
.3 400 2.31 15.61 1. 34 13.99 2.29

OO 0 15.63 0 15.63 0
200 .1349 3.63 21.70 2. 39 18.46 3.62

.33 400 1.79 21.95 1.11 19.52 1.72
OO 0 21.95 0 21.95 0
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TABLE 5.27

MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIO AND
TRUE LOG LIKELIHOOD RATIO BASED ON 100 MONTE CARLO TRIALS

FOR d =.1,.2,.3, AND .4 P
Sec- Matu- Proportion

r ___ Pull First ond LDF aita neg.est.a
Plj=(.4,.4, .4,.4,.4,.4);p2 . = (.5,.5,.5,.5,.5,.5)

200 .4013 .9597 .6616 .9644 .4494 —

0 400 . 3524 .9137 . 7979 .9137 .3943 —
OO 1.0 1.0 1.0 1.0 1.0

200 .1677 .8625 . 5666 .69 39 .2897 .002
.1 400 .2547 .9661 . 7187 .7441 .3574 -

03 1.0 .9789 1.0 .9789 1.0
200 .2586 .3890 .4052 . 3990 . 3010 .023

.2 400 . 3306 .5950 .4563 .5223 .3973 .003
OO 1.0 .6120 1.0 .6120 1.0

200 .4888 -.0257 .5618 -.0257 . 4897 .125
. 3 400 .5221 -.0257 .6492 -.0257 .5997 .104

OO 1.0 -.0 300 1.0 -.0300 1.0
200 .4694 -.0648 .6426 -.0403 .4364 .225

.33 400 .7126 -.0658 . 6612 -.0480 .6715 .224
OO 1.0 -.0684 1.0 -.0684 1.0

p i r
(■ 2 t. 2 /.2,.2,.2, .2) ; p 2j- (• 4 t • 4 t.4f.4f.4r« 4)

200 .5117 .9845 . 7872 .9674 .4711 0.72
0 400 .6232 .9792 .8316 .9669 .6129 0.18

00 1.0 1.0 1.0 1.0 1 . 0
200 . 3615 .9395 . 7452 .8670 . 3831 .008

.1 400 .5370 .9595 .8504 .9279 .5628 -
00 1.0 .9772 1.0 .9772 1.0
200 .5169 .7896 .4523 . 7146 .5859 .034

.2 400 .6627 .7908 .8761 . 7585 .7384 .008oo 1.0 .7975 1.0 .7975 1.0
200 .5694 .4292 .5941 .4052 .6529 .141

. 3 400 .4922 .4278 .5603 .3880 .6334 .075
00 1.0 .4315 1.0 .4315 1.0
200 .5724 .3039 .4856 .2377 .6676 .209

.33 400 .6675 .3068 .6331 .2807 .7603 .130
00 1.0 .3082 1.0 . 3082 1.0

aThe average proportion of times (x;[2]) was less than zero.
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TABLE 5.27 (CONTINUED)

Sec­ Matu- Proportion
r n Full First ond LDF sita neg.est.a

plj = t.3,.3, .3,.3,.3 ,.3)?P2j“ (. 6 f. 6 t.6 ,. 6 ,. 6 r.6)
200 .6899 .9892 . 8235 .9788 .7587 .008

0 400 .7927 .7898 .9634 .9898 .8883 —
1.0 1.0 1.0 1.0 1.0

200 .5463 .9621 .8804 .9621 .6621 .006
.1 400 .6771 .9789 .9298 .9606 .8102 —

1.0 .9820 1.0 .9820 1.0
200 .2069 . 3345 .2667 .3197 .2217 .025

.2 400 .5131 .7081 .6686 .6948 .6842 .005
1.0 .7101 1.0 .7101 1.0

200 .7390 -.0514 .8471 -.0486 .7593 .172
.3 400 .6409 -.0512 .7596 -.0478 .7195 .110

1.0 -.0516 1.0 -.0516 1.0
200 .76 31 -.3268 .7663 -.2928 .6514 .227

.33 400 .8512 -.3280 .7810 -.2927 .7733 .184
1.0 -.3293 1.0 -.3293 1.0

Plj“ (. 2,. 2,. 2,. 2 ,. 2 r•2>SP2j-(.6,.6,.6, .6, .6,.6)
200 .7320 .9925 .8735 .7743 .8155 .053

0 400 .8005 .9986 .9358 .9969 . 7990 .018
1.0 1.0 1.0 1.0 1.0

200 .5559 .9703 .8999 .9380 .7090 .008
.1 400 .7013 .9821 .9598 .9701 .8265 —

1.0 .9838 1.0 .9838 1.0
200 .4742 .8158 .6015 .7897 .6808 .032

.2 400 .7866 . 8156 .9190 .7945 . 8851 .008
1.0 .8174 1.0 .8174 1.0

200 .5835 .2998 .6094 .2894 . 7441 .145
.3 400 .5920 . 3001 .6642 .2861 .7540 .078

1.0 . 3006 1.0 . 3006 1.0
200 .6551 .1060 .6705 .0952 . 7747 .213

.33 400 .7082 .1066 .7624 . 1036 . 8220 .129
1.0 .1068 1.0 .1068 1.0

aThe average proportion of times ̂ “ (x; [2]) was less than zero.
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at r».33.
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With large dp, the critical bounds on dr such that the use 
of either of the linear models resulted in theoretical 
errors approximating the optimum error widened, and both 
ottl]_a/ and a [A]-a decreased. However, it is quite ap­
parent that these conclusions do not hold for the population 
pairs ncw<under examination.

Consider cases where r=.3 or .33. Here anomalies 
resulting from the use of the first or LDF procedures 
become more severe as dp increases. For example, with 
r=.3 or .33 both a(l]-a, and a [A]-a are increasing functions 
of dp and, in fact, the theoretical errors are significantly 
greater than the corresponding optimum error. For example, 
at r=.33 and dp=.4, ot=.1349 while a(1] = [£]=.3545. Similar 
irregularities occur for the mean increase in actual error 
over this range of r. Consider cases where r=.33 and 
n=400; here the mean increase in actual error increased 
from 9.70 percent, to 21.90 percent for the first, and from 
7.60 percent to 19.00 percent for the LDF when dp went from 
.1 to .4. Figures 5.10 and 5.11, which plot summary re­
sults for these two performance criteria, clearly illustrate 
the severity of using either of the linear models with 
"large" r.

The mean correlation between the observed L.L.R.* s 
and the true L.L.R.* s, displayed in Table 5.27, also sub­
stantiates the contention that even with large mean 
differences the performance of the linear models is
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significantly worse than the other procedures whenever 
r>.3. Uniformly, across all values of dp and n, the use of 
the linear models at r**.3 or .33 yield significantly lower 
mean correlations than the other procedures and, in fact, 
there are several cases where both P{1] and p[£] are less 
than zero. It is also apparent that the Matusita procedure 
does particularly well for large values of r. At r^. 3., 
the mean correlations for this procedure are, for the most 
part, somewhat higher than either the full or second pro­
cedures. Note, however, the lower mean correlations for 
the second procedure may in part be due to the number of

a * 5times the estimates (ffj. (x; [2])) had to be set to 10
An explanation of these irregularities is deferred 

until after the next experiment which considers population 
pairs with identical variance-covariance structures. To 
accomplish this, values were assigned to p^^ and p2j such 
that Pjj^l-p^j for j=l,2,....,6. In the following 
experiment P2j“’6 ' '2' * * * *'6 ' n=200, 400 and
r*0,.1.2,.3, and .33.

Table 5.28 and Figure 5.12 present summary results 
for the optimum error and the theoretical errors for the 
population pairs described above. The most striking point 
to be made from the table and figure is that even when the 
assumption of equal variance-covariance matrices is satis­
fied, the use of the linear models, and particularly the 
LDF, can still result in severe anomalies in the analysis.



184

TABLE 5.28
OPTIMUM AND THEORETICAL ERRORS FOR dp= .2

WITH ,2,.... 6

r
Optimum
Error

Theoretical 
First LDF

First
a[l]-a

LDF
a m -

0 .3174 .3174 .3174 - -
.1 .3520 .3520 . 3520 - -
.2 .3578 .3866 .3866 .0288 .0288
.3 .2915 .4211 .4211 .1296 .1296
.33 .2716 .4315 .4315 .1599 .1599
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41

. 39

.37

.35

.31

. 29
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r-r^(jk)-r2 (jk)
Figura 5.12 - Optimum and Theoretical Errors for dp".2 with

p 1j-.4,p2j".6; j-1,2....... fi and rj_ (jk)**r2 ( jk) -r.
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It is obvious that the linear models yield theoretical 
errors which are significantly greater than the optimum 
error whenever r>.2. Note for all values of r, the first 
and LDP procedures have theoretical error which monoton- 
ically increase, while the optimum error at r=.2 reverses 
direction and continues to decrease for r>.2. Thus, cor­
related variables are again shown to discriminate better 
than uncorrelated variables.

A similar conclusion is reached for the mean in­
crease in actual error displayed in Table 5.29. For r<^ 1, 
the use of the linear models resulted in the smallest mean 
increases for both sample sizes. At r=.2, the mean in­
crease in actual error for the linear models increased 
somewhat but was not yet significantly different from the 
other procedures. However, at r=.3, a large jump in the 
order of magnitude of the mean increases occurred for both 
the first and LDF procedures. For example, at n=400, the 
mean increase in actual error increased from 2.88 percent 
to 12.96 percent for the first, and from 2.80 percent to 
12.15 percent for the LDF when r went from .2 to .3. Also, 
the table indicates that as the sample size increased, both 
A[l] and X[4] increased at r*.3 and .33. This again implies 
that for these procedures, discrimination is improved by 
limiting the sample size, rather than by increasing it 
whenever r^. 3.

An inspection of Table 5.30 which presents the mean 
correlations leads to the conclusion that there is a great
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TABLE 5.29
MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 

BASED ON 100 MONTE CARLO TRIALS
FOR dp*.2 WITH Pij*. 4 '**2 j“*6;j«l,2,. . .. 6

Optimum Sec­ Matu
r n Error Full First ond LDF sita

200 . 3174 3.56 0.03 0.96 0.05 3.57
0 400 1.47 0 0.21 0 1.49

GO 0 0 0 0 0
200 .3520 3.04 0 1.81 0.21 3.04

.1 400 2.88 0 1.11 0.02 2.10
GO 0 0 0 0 0

200 .3578 2.60 2.88 1.32 2.62 2.61
.2 400 1.58 2.88 0.97 2. 80 1.59

QO 0 2. 88 0 2.88 0
200 .2195 4.06 12.96 1.61 11.19 4.03

. 3 400 1.91 12.96 0.41 12.15 1.91
OO 0 12.96 0 12.96 0

200 .2716 3.52 15.96 1.10 13.44 3.56
.33 400 1.43 15.98 0.18 14.64 1.45

OO 0 15.99 0 15.99 0



TABLE 5.30
MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIOS AND
TRUE LOG LIKELIHOOD RATIOS BASED ON 100 MONTE CARLO TRIALS

FOR dp=. 2 WITH pxj“ •4 * E
Sec­

>2 j“ * ® .... 6
Matu- Proportion

r__ n Full First ond LDF sita neg.est.a
200 .4521 .9847 .9116 .9843 .5919 .001

0 400 .6761 .9832 .9393 .9773 .7196 -
OO 1.0 1.0 1.0 1.0 1.0200 . 3388 .9704 .8928 .9509 .5293 .002

.1 400 .6415 .9717 . 8859 .9534 . 7555 -
00 1.0 .9806 1.0 .9806 1.0
200 .0415 .6408 . 3542 . 5644 .1916 .022.2 400 .2938 .6534 .7246 .6196 .4539 —

OO 1.0 .6580 1.0 .6580 1.0
200 .4903 -.0529 . 3588 -.0411 .5689 .144

.3 400 .5330 -.0545 .5632 -.0492 .6679 .057
OO 1.0 -.0550 1.0 -.0550 1.0
200 .6614 -.1963 .6145 -.1542 .7468 .238.33 400 .5857 -.1967 .59 39 -.1767 .6983 .069
OO 1.0 -.2011 1.0 -.2011 1.0

aThe average proportion of times it (X; [2]) was less than zero.



189

deal of disparity between the observed L.L.R.'s and the true 
L.L.R.*s for the linear models even when the true state prob­
abilities are assumed known. In fact, for r>.3, both a[l] and 
all] are less than zero which implies that the use of either 
of these models will result in greater misclassification error 
(on the average) than any of the other procedures.

Thus, the sampling experiments of this section have 
shown that there is a value of r, say rQ , such that if 
r>rQ , the use of the linear models will result in signif­
icantly greater errors than the other procedures. It is most 
important to note that even when the samples were taken from 
populations having the same variance-covariance structure, 
which is a basic underlying assumption used to derive the LDF, 
essentially the same anomalies in the analysis occurred. It 
should be mentioned that the last experiment was repeated 
except that in this example dp“ .6 with and P2j=.8,
for j*l,2,....,6. Here the decision was not to specifically 
show the summary tables, since results were nearly identical 
to those derived in the previous experiment. However, suffice 
to say the results again clearly demonstrate that signifi­
cantly greater misclassification errors (on the average) can 
be expected even when the variance-covariance matrices are 
identical if the linear models are applied to population 
structures containing "highly" correlated variables.

The rather irregular behavior of the linear models 
for large r can be explained by examining the true L.L.R.'s 
as follows:
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Consider population pairs with an(* Pjj**®#
j=l,2,....,6. The log likelihood ratios for each discrimi­
nation procedure at r*.3 are shown graphically in Figure 
5.13. These ratios were formed by substituting the true 
p ^  and r^(jk) into the formulas of Section 4.2. The 
L.L.R.'s can be plotted with respect to the number of 
positive Xj in the response vector x since all p^^ and all 
r^(jk) are identical in each of the two populations.

The figure reveals that the L.L.R.*s for the full, 
second and Matusita procedures do not increase monotonically 
with the number of positive X^. The L.L.R.'s for these 
procedures are initially negative, become positive, then 
reverse both direction and sign at 2x^=4 before becoming 
positive again at 2X^*5,6. Moore (1973), who first demon­
strated the possible non-monotonic behavior of the true 
L.L.R.’s, describes this non-monotonicity by stating that 
the L.L.R. *s undergo a "reversal'* (p.402). It is important 
to note that this example illustrates a limitation of all 
linear models since it will always be impossible for these 
procedures to follow the true L.L.R.'s whenever they are 
non-monotonic.

5.13.1 - Conclusions: Sampling Under Case (iii):
A number of rather interesting and important conclusions were 
derived for population structures considered under this case. 
The population pairs included in this section contained cor­
relation structures such that the correlation between any
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SUN X0
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-2

3

Figure 5.13 - Log Likelihood Ratios for dp-,2 with p^^-,4, 
pjj-.fi; j-1,2,..... (6 at r-.3Q,
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two varied)lea in population 1 was identical to the corre­
lation between those two variables in population 2, i.e., 
R1=R2* In this manner, it was possible to investigate 
population pairs where the covariances were not equal in 
the two populations.

Among the most interesting of the findings were the 
following:

1. It was again possible to determine critical
value of r, say r , such that if r>r , the use of the linearo o
procedures resulted in significantly greater misclassifica­
tion error (on the average) than any of the other procedures. 
It was also shown that if *>rQ f then discrimination with the 
linear procedures could be improved by limiting the sample 
size rather than by increasing it.

2. For values of r exceeding the critical limit rQ , 
the performance of the linear models did not improve with 
larger mean differences. Recall, in previous sampling 
experiments the linear models yielded essentially the same 
results as the other procedures as long as dp was large, 
even with large ldr|. However, here this was clearly not 
the case. Rather, for these population pairs, anomalies 
which surfaced with small mean differences were magnified
as the difference between the mean vectors increased when­
ever *>*0 ' Note the values of r such that r>rQ correspond 
to the points at which reversals were shown to occur.
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3. Perhaps the single most important fact re­
vealed in this section was that severe anomalies in the 
analysis can occur even when the variance-covariance matrices 
in the two populations are taken to be identical. The true 
L.L.R.'s were shown to be capable of reversing both direc­
tion and sign and, hence, the linear models cannot satis­
factorily characterize populations of this kind since their 
L.L.R. *s are always monotone.

5.2 - QUESTION 2 RESULTS

If the difference between the mean vectors is 
fixed, but the magnitude of the individual p^j 
is allowed to vary, what are the effects on 
the optimum error and the theoretical errors?

The previous experiments have shown that the effects 
on performance of increasing the difference between the 
marginal probability vectors in the two populations were not 
uniform across different populations. Rather, results 
were a function of the parameters r^(jk) and ^(jk). For 
cases where R^R^* the performance of each discrimination 
was improved as the mean differences increased. However, 
in populations where reversals were shown to occur, 
structures for which ' anomalies uniformly surfaced
for both small and large values of d^. In fact, for these 
cases the further apart the underlying distributions, with 
respect to mean differences, the more severe were the 
irregularities.
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Given these results, it was thought to be of
interest to determine whether, for a fixed value of d ,P
discrimination is also a function of the magnitude of the 
marginal probabilities. To accomplish this, several of 
the previous sampling experiments were replicated in the 
sense that the parameter values for d and r^(jk) did not

XT
change. However, in the replicated experiments a new set 
of marginal probabilities was used. In the following 
experiments, let p|j denote the new set of marginal prob­
abilities where in all cases an<* P$ j”pi j=(*p”p2 j~plj '
for i“l,2,j*l,2,..*.,6. Initially, two examples were 
chosen from structures characterized by Case (i). For 
these examples the value of d^ was first set to .2, and 
then to .4. The marginal probability vectors corresponding 
to each value of dp were:

p. (.2,.2,.2,.2,.2,.2) , p- . — (.4,.4,.4,*4,.4,.4),
13 d =.2

pjj“ t»3,.3,.3,.3,.3,.3) , P2j= (*5,.5,.5,.5,.5,.5)i ^
and

p^.w (*l,.l,.l,.l,.l,.l) , p^.s {.5,.5,.5,.5,.5,.5),
d — * 4

Hereafter for notational convenience, the smaller of the two
sets of p.. values for each value of d will be referred to JO P
as Condition A, while the larger of the two sets will be * 
referred to as Condition B. Summary results for dp**2 are 
displayed in Table 5.31 and Figure 5.14.-

It is apparent from the table that the choice of a 
particular discrimination procedure does not appreciably



TABLE 5.31
OPTIMUM AND THEORETICAL ERRORS FOR VARIOUS VALUES

OF pi;j WITH dp=.2
Optimum _ _ ________ Theoretical_____________________

dr  Error  ”  First LDF
Condition Condition Condition Condition Condition Condition 

t r 2  ( 1 3 )  I A B  A  B  A  B

-.6 
-.5 
-.4 
-.3 
-.2 
-.1 
0 
.1 
.2 
.3 
.4 
.5 . 6

.2487

.2614

.2710

.2787

.2828

.2864

.2890

.2916

.2941

.2893

.2836

.2779

.2722

.2647

.2788

.2944

.2950

.2966

.2982

.2997

.3013

.3028

.3044

.3050

.2924

.2792

2734
,2760
.2786
.2812
.2838
.2864
.2890
,2916
2941
2967
2993
3019
3045

.2903

.2919

.2935

.2950

.2966

.2982

.2997

.3013

.3028

.3044

.3060

.3075

.3091

.2616

.2683

.2786

.2812

.2838

.2864

.2890

.2916

.2941

.3036

.3050

.3060

.3080

.2980

.2988

.2935

.2950

.2966

.2982

.2997

.3013

.3028

.3044

.3060

.3075

.3091

Condition A: P1;j= (.2,. 2,.2,.2,.2 ,.2) ;p2 (. 4,. 4,. 4,. 4,. 4,. 4) 
Condition B ! Pjj- (.3*.3/.3f.3|.3|.3) ;P2j= (*5,.5f.5,.5/.5#.5)
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Condition At pXj-(.2,.2,.2 ,.2 ,.2 ,. 2), p2^> (. 4 4 4 4 ,  .4, .4) 
Condition B: p lj-(.3,.3,.3,.3(.3 3 ) ,  p2 j - (. 5,. 5 ,. 5,. 5 ,. 5 ,. 3)

rror
A. OPTIMUM

.25

-.4

] Irror

28

.6 . 4 . 2 0 . 2 4 .6
dr«r2 (j)t)

Error
cor/j

. 27

J 1 I t I > 1  ‘ ‘ I I____ I____I
*6 '•* " • 2 0 .2 .4 .6

d r- r 2 (jk)

Figure 5.14 - Optimum and Theoretical Errors for Various Values 
of with dp-.2.
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change as the magnitude of the marginal probabilities is 
increased (Condition B). Uniformly, the behavior of both 
the optimum error and the theoretical errors under Condition 
B parrots that of Condition A as d^ is varied. Also, for 
fixed dr, the difference between the theoretical errors and 
the optimum error, which can be easily derived from the 
table, are quite similar across both conditions.

A study of Figure 5.14 leads to the conclusion that 
the error rates associated with Condition B, the larger of 
the two sets of marginal probability vectors, are uniformly 
larger them those obtained under Condition A for all values 
of d The equation for the optimum error and the theo-IT •
retical errors as a function of dr under Condition B is shown 
to lie above that for Condition A. Hence, the evidence sug­
gests that discrimination becomes more difficult as the 
magnitude of the marginal probabilities is increased uni­
formly in both populations.

Summary results for population pairs with d =.4r
are presented in Table 5.32 and Figure 5.15. The results 
for these examples are quite similar to those derived in 
the previous experiment. For fixed dr both Condition A 
and Condition B lead to identical recommendations for 
selecting a particular discrimination procedure. In ad­
dition, the error rates under Condition B are again uniformly 
larger than those obtained tinder Condition A across all 
values of dr. Note the error rates for the first procedure



TABLE 5.32
OPTIMUM AND THEORETICAL ERRORS FOR VARIOUS VALUES

OF pij WITH dp=. 4

r
[r2 (X3J

-.6
-.5
-.4
-.3
- . 2
-.1
0
.1
. 2
.3
.4
.5
.6

Optimum
Error

Condition

0967
1001
1024
1048
1071
1095
111!
1142
1165
1189
1212
1235
1246

Condition 
B

.1198 

.1262 

.1298 

.1321 

.1344 

.1367 

.1390 

.1413 

.1436 

.1460 

.1483 

.1506 

.1495

Theoretical
First

Condition
A

.0978

.1001

.1024

.1048

.1071

.1095

.1118

.1142

.1165

.1189

.1212

.1235

.1292

Condition
B
1252
1275
1298
1321
1344
1367
1390
1413
1436
1460
1483
1506
1520

LDF
Condition

A
.0968
.1039
.1109
.1048
.1071
.1095
.1118
.1142
.1165
.1257
.1289
.1320
.1351

Condition
B

.1306

.1326

.1298

.1321

.1344

.1367

.1390

.1413

.1436

.1460

.1483

.1506

.1529

Condition A: px -= (.1 ,. 1,. 1,. 1,. l,. 1) , p = (. 5 ,. 5,.5, .5,. 5,. 5)2 j
Condition B: p ^ -  (. 2 ,. 2,. 2 ,. 2,. 2,.2) , p = (.6,.6,. 6 ,.6,. 6,.6)
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Condition Ai p j {. 1,. 1,. 1,. 1,. 1,. 1) , p2j-(.5,.5,.5,.5,.5,.5) 
Condition Bi p^ja (i2i<2|i2t»2fi2fi2) ̂

A. OPTIMUM
■rror
’.15

13

09

d'r

B. LDP Error

C2l. 13

. 11

09

Figura 5.15 - Optimum and Thaoratical Errors for Various valuas 
of with dp«.4.
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Condition A j .p2j*{.5f.3..5f.5..5..5)
Condition Bi j«( J ,. 2,. 2,. 2,. 2,. 2) ,pj j" (. 6,. 6,. 6,. 6,. 6,, 6)

C. FIRST

Error
.15

.13

.09

- . 2.4.6 a . 2 .4 6
dr-r2 (13>

Figur* 5.15 (continued)
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shift up parallel as the magnitude of the marginal prob­
abilities is increased.

The next series of experiments considered two 
representative examples from Case (iii). In these exper­
iments, d was first set to .1 and then to .3 where the P
corresponding marginal probability vectors were taken to
be of the form:

p?.a (.2,.2,.2,.2,.2,.2) , p*.“ (.3,.3,.3,.3,.3,.3) ,
1:1 21 d -.1

p^j — (.4,*4,.4,.4,*4,.4) , P2j= (*5,.5,.5,.5,.5,.5); ^

and
pf.“ (.2,.2,.2,.2,.2,.2) i pi . — (.5,.5,.5,.5,.5,.5) ,
1:1 21 d *.3

p^j=(.3,.3,.3,.3,.3,,3) , P2j=(.6/16,16,16,16,16). ^

Tables 5.33 and 5.34 display the optimum error and the 
theoretical errors for these examples.

A study of the tables indicates that the error rates 
obtained under Condition A and Condition B are rather close 
and hence, for fixed r the relative performance of each dis­
crimination procedure does not appreciably change. However, 
in these experiments the behavior of the error rates under 
the two conditions seems somewhat more erratic than in the 
previous experiments. Recall, in previous experiments the 
optimum error and the theoretical errors were uniformly 
lower under Condition A than under Condition B, for fixed 
dp and dr. Although this relationship again holds for the



TABLE 5.33

r__
0
.1
.2
.3
.33

OPTIMUM AND THEORETICAL ERRORS FOR VARIOUS VALUES
OF pij WITH dp*.I

Condition
A

.3752

.4094

.4051

.3603

.3840

Optimum
Error____

Condition
B

.3997

.4232

.4240

.3863

.3745

Condition 
A

.3752 

.4094 

.4364 

.4634 

.4968

First
Condition

B
.3997
.4232
.4466
.4700
.4771

Theoretical
LDF

Condition Condition

.3752

.4094

.4364

.4634

.4968

B
.3997
.4232
.4466
.4700
.4771

Condition A: Pj^*(.2, .2, .2, .2 ,.2,.2) ;p2j* (. 3,. 3f .3, .3, .3,. 3) 
Condition B: p-j^(. 4, .4,. 4, .4,. 4,.4) ;p2 j= (. 5, .5, .5, .5,.5# .5)
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TABLE 5.34
OPTIMUM AND THEORETICAL ERRORS FOR VARIOUS VALUES

.1

.2

.3

.33

OF Pij WITH dp=.3

Optimum
Error

Condition
A

.2061

.2622

.2881

.1930

.1631

Condition
B

.2174

.2752

.2922

.2120

.1885

Theoretical
First LDF

Condition
A

.2061

.2755

.3296

.3830

.4000

Condition
B

.2174

.2752

.3329

.3670

.4070

Condition
A

.2061

.2755

.3296

.3830

.4000

Condition
B

.2174

.2752

.3329

.3670

.4070

Condition A: p^j=(.2,.2,.2,.2, .2 , .2); p2 (.5,.5, .5f.5f. 5, .5) 
Condition B: p ^ (.3,.3f.3,.3#.3,.3); p2j=(.6,.6,.6,.6,.6 ,.6)

203
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optimum error, the theoretical errors behave somewhat dif­
ferently. For example, if r^.3 then the theoretical errors 
under Condition A are uniformly greater than those obtained 
under Condition B. Note this irregularity occurs only for 
the theoretical errors (linear models) at r=.3 or .33 and 
hence it may in part be due to the non-monotonicity of the 
L.L.R.'s since it is for these values of r that reversals 
were shown to exist.

5.21 - Conclusions - Question 2: The following
summarizes the results of the sampling experiments pre­
viously described.

1. Uniformly, across all values of dp, the
optimum error and the theoretical errors under Condition A
and Condition B were rather close and, hence, for fixed df
the relative performance of each discrimination procedure
did not appreciably change. Thus, it would seem that the
selection of a particular procedure is more a function of
the values of d and d (or r) rather than the parametersp r
Plj and p2j*

2. Although the relative performance of each dis­
crimination procedure did not appreciably change as the 
magnitude of the marginal probabilities was varied, the 
magnitude of the resultant error rates, however, did.
Larger optimum errors were obtained across all population 
structures when the magnitude of the individual marginal 
probabilities increased. Thus, the evidence suggests that
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for a given value of d , discrimination becomes more diffi- 
cult as the magnitude of the marginal probabilities increases. 
A similar relationship held for the theoretical errors ex­
cept in those population structures where reversals occurred. 
Here results were less exact.

5.3- QUESTION 3 - RESULTS
Traditionally, the discrimination problem has been 
addressed in terms of differences in mean structure. 
However, it would be interesting to determine 
whether certain classification procedures can ef­
fectively discriminate on the basis of correlation 
structure rather them on mean differences.

The following experiments were designed to investi­
gate whether discrimination can be initiated on population 
pairs containing similar mean vectors but which vary with 
respect to their correlation structure. The ability to 
discriminate on the basis of the correlations among vari­
ables seems particularly valuable since often the marketing 
researcher must handle data in which there exists only a 
limited number of variables having significantly different 
mean scores across populations. Thus, it is not surprising 
to note that under these circumstances the use of a dis­
crimination procedure such as the Fisher LDF, which is based 
on mean differences, yields error rates which are not sig­
nificantly different from chance assignment. However, the 
problem of insignificant mean differences may be negotiated 
by the use of alternative classification procedures which 
are less sensitive to mean scores and which use the informa­
tion provided by the correlations among variables.
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Monte Carlo sampling experiments were accomplished 
for 20 pairs of populations with mean differences between 
0 and .10. These population pairs are described in Table 
5.35, and can be divided into five groups. Group I con­
sists of the population pairs with all correlations

(jfc)“*10(pairs 1, 6, 11, 16). For the remaining groups 
the correlation structures were assumed to be different in 
the two populations. For example, Group II contained pairs 
for which r^(jk)*.10, and r2 (jk)=.30 (pairs, 2, 7, 12, 17). 
Group III consists of those pairs with r^(jk)=.20 and 
r2 (jk)».05 (pairs 3, 8, 13, 18). Group IV includes those 
pairs for which r^fjkJ^.SO, and r2 (jk)=0 (pairs 4, 9, 14, 19). 
Finally, Group V contained pairs with r^(jk)=.33, and 
r2 (jk)=-.05 (pairs 5, 10, 15, 20).

The results of the Monte Carlo sampling are sum­
marized in Tables 5.36 through 5.38. Since there existed 
a great deal of similarity among sample population pairs 
within the same group, the pairs displayed in the tables 
were chosen as representative. The results for Group I are 
represented by pairs 6 and 11, while pairs 7, 12, and 17 
are given for Group II. Pairs 3, 8, 13 and 18, and pairs 
4, 9, 14 and 19 are used to summarize results from Group 
III and Group IV, respectively. Results for Group V are 
represented by pairs 5, 10, 15 and 20. The third row for 
each population pair in Table 5.36 indicates whether the 
resultant mean actual non-error rate for each procedure did 
better than chance (denoted in the table by n=*“ ). To



TABLE 5.35
SAMPLE POPULATION PAIRS

Population 1 Population 2>air Group Eli r!(jk) P2j
1 I (.5,.5,.5,.5,.5,.5) All r (jk)=.10 (.5,.5,.5,.5,.5,.5) All2 II m All ri (jk) =. 10 m All3 III H All r.(jk)=.20 n All4 IV •1 All rT(jk)=.30 h All5 V M All rj(jk)=.33 M All
6 I (.48,.48,.48,.48, (.5,.5,.5,.5,.5,.5) All.48,.48) All r. (jk)=. 10 H All7 II R All r|(jk)=.10 n All8 III R All rj(jk)=.20 R All9 IV m All rt(jk)=.30 All10 V r All rl (jk)=.33

11 I (.42,.42,.42,.42, (.5,.5,.5,.5,.5,.5) All.42,.42) All r. (jk) = .10 H All12 II R All r,(jk)=.10 R All13 III R All rt(jk)=.20 H All14 IV n All rr(jk)=. 30 R All15 V n All (jk)-.33
16 I (.4,.4,.4,.4,.4,.4) All r. (jk)=.10 (.5,.5,.5,.5,.5,.5) All17 II H All rt(jk)-.10 R All18 III R All (jk)=.20 H All19 IV R All rr(jk)=.30 H All20 V R All r|(jk)=.33 H All

<jk)
r-(jk)= 
r_(jk)= 
r,(jk)= 
r;(jk)=
r-(jk) 
r‘(jk) 
r-(jk) 
rf(jk) 
r2 (jk)

r-(jk) 
r2(jk)
■2(jk) 
2 (jk)r,(jk)-

r2 (jk) 
12(jk)r"(jk) 
r,(jk) 
r,(jk)

.10

.30

.05
0

-.05
.10
.30
.05
0

-.05

.10

.30

.05
0

-.05

.10

.30

.05
0

-.05

too-o
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TABLE 5.36
OPTIMUM AND THEORETICAL ERRORS FOR POPULATION PAIRS

WITH dp<.1
Optimum Theoretical First

Pair Group Error First LDF a[l]-a
6 I .4849 .4849 .4849
11 I .4387 .4387 .4387 -
7 II .3602 .5318 .5318 .1716
12 II .3718 .4856 .4856 .1138
17 II .3736 .4700 .4700 .0964
3 III .3945 .5123 .5211 .1178
8 III .3941 .4537 .4537 .0596
13 III .3874 .4218 .4218 .0344
18 III .3779 .4114 .4114 .0335
4 IV .2891 .4684 . 4578 .1793
9 IV .2889 .4226 .4226 .1337
14 IV .2874 .4049 .4049 .1175
19 IV .2865 .3997 .3997 .1132
5 V .2328 .5579 .5534 .3251
10 V .2328 .4050 .4050 .1722
15 V .2327 .3917 .3917 .1590
20 V .2328 .3880 .3880 .1552

LDF
a[ JL] -a

.1716

.1138

.0964

.1266

.0596

.0344

.0335

.1687

.1337

.1175

.1132

.3251

.1722

.1590

.1552
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TABLE 5.37
MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT)
BASED ON 100 MONTE CARLO TRIALS FOR POPULATION PAIRS

WITH d <.1 P“
Sec— Matu-

Pair Group Optimum n Full First ond LDF * sita
200 1.28 ~o.§2 1.T8 1.63 T.5F

6 I .4899 400 1.13 0.40 0.91 0.60 1.14
200 3.17 0.48 2.06 1.05 3.18

11 I .4387 400 2. 36 0.18 1.41 0.45 2.3900
200 4.62 13.52 2.59 13.57 4.57

7 II - . 3602 400 2.89 13.29 1.37 13.41 2.87
GO * ** *
200 3.63 8.63 2.11 8.78 3.51

12 II . 3718 400 2.26 8.81 1.31 8.45 2.18
GO * ** *
200 3.22 7.47 1.91 7.20 3.11

17 II .3736 400 2.10 7.79 1.18 7.06 2.02oo * ft* *
200 4.82 10.55 2.71 10.60 4. 86

3 III .3945 400 3.52 10.55 1.53 10.54 3.6100 * * *
200 4.78 9.98 2.83 10.14 4.86

8 III .3941 400 3.48 9.70 1.62 9. 85 3.57oo * * *
200 4.46 5.68 2. 88 6. 32 4.49

13 III . 3874 400 3.15 5.33 1.70 5.72 3.30OO * ft *
200 4.52 5.00 2.87 5.46 4.61

18 III .3779 400 3. 30 4.66 1.67 5.10 3.4800 * * * * *
200 4.27 21.13 1.99 21.12 4.35

4 IV .2891 400 2.35 21.02 1.15 21.10 2.4600 ** ** **
200 4.45 20.32 1.89 20.51 4.51

9 IV .2889 400 2.21 20.19 1.06 20. 31 2. 32
GO ** ** **
200 4. 33 15. 86 1.65 16.10 4.35

14 IV .2874 400 2.02 15.46 0.77 15.80. 2.10
GO * * ** **
200 4. 32 14.28 1.78 14.50 4.41

19 IV .2865 400 2.09 13.94 0.73 14.47 2.1600 ** ** **
200 3.41 26.35 1.78 26.44 3.44

5 V .2328 400 2.10 26.67 0.94 26.81 2.2500 ** ** **
♦Significantly greater than chance at a».0Ol for n*400. 

** " " " H a -.001 for n-200.
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TABLE 5.37 (CONTINUED)
Sec- Matu-

Pair Group Optimum n Full First ond LDF sita
200 3.45 25.97 1.67 26.04 3.50

10 V .2328 400 2.09 25.69 0.95 25.77 2.2100 ** ** **
200 3.17 20.88 1.09 21.51 3.21

15 V .2327 400 1.56 20.62 0.66 21.08 1.5900 ** * ★ **
200 3.12 21.05 1.07 21.23 3.18

20 V .2328 400 1.47 21.00 0.57 21.10 1.5400 ** ** **

*Significantly greater than chance at a*.001 for n=400. * " .. n .. .. a*.001 for n-200.
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TABLE 5.38

MEAN CORRELATION BETWEEN OBSERVED LOG LIKELIHOOD RATIOS AND 
TRUE LOG LIKELIHOOD RATIOS BASED ON 100 MONTE CARLO TRIALS 

FOR POPULATION PAIRS WITH d <.1p-
Sec- Matu- Proportion

Pair Group n Full First ond LDF sita neq.est.

6 I
200
400

GO

.0172

.1203
1.0

.6528

.8003

.9790
.2114
.3408

1.0
.4222
.6005
.9790

.0537

.1487
1.0

.001

11 I
200
400

CD

.1353

.2094
1.0

.9629

.9524

.9789
.6009
.5584
1.0

.9281

.8875

.9789
. 2650 
.2615 

1.0
.002

7 II
200
400
GO

.5413

.7501
1.0

.0562

.0619

.0636
. 7645 
.8148 

1.0
.0379
.0518
.0636

.5399

.7793
1.0

.095

.075

12 II
200
400
00

.6126 

. 8040 
1.0

.2320

.2366

.2468
.7515
.8075

1.0
.1821
.1870
.2468

.6660 ' 

. 8091 
1.0

.093

.073

17 II
200
400
00

.6892

.7298
1.0

.2901

.2901

.3033
.7795
.8031
1.0

.2046 

.2316 

. 3033
.7107
.7696

1.0
.095
.073

3 III
200
400

oo

.2268

.4407
1.0

00
00

.0402
.5197
.7585

1.0
00
00
00

. 29 70 

.5010 
1.0

.012

.001

8 III
200
900
OO

. 3954 

.4259 
1.0

.0431

.0327

.0666
.7429
.6658
1.0

.0248

.0191

.0666
.4497
.4604
1.0

.012

.001

13 III
200
400
00

. 3888 

.5512 
1.0

.2405

.2616

.2789
.5713
.7771

1.0
.1874
.2408
.2789

.4842

.6387
1.0

.010

.001

18 III
200
400
OO

.2056

.5517
1.0

. 3383 

. 3379 

.3545
.7384
.6945

1.0
. 3066 
. 3113 
.3545

. 3730 

.6488 
1.0

. 0 1 1

4 IV
200
400

OO

.5598 

. 7252 
1.0

00
00

-.0064
.7135
.8473

1.0
00
00

..0064
.6097 
.7583 
. 1.0

.093

.073

9 IV
200
400

OO

.6200

.7446
1.0

-.0012
.0002

-.0018
.6928
.8037

1.0
-.0007
.0001

-.0018
.6513
.7897

1.0
.094
.071

aThe average proportion of times tt^( x ;[2]) was less than zero.
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TABLE S.38 (CONTINUED)

Pair Group n Full First
Sec­
ond LDF

Matu-
sita

Proportion 
neq.est.a

14 IV
200
400

QD

.6040

.6217
1.0

-.0128
-.0126
-.0139

.6513

.7310
1.0

-.0103
-.0102
-.0139

.6991

.6734
1.0

.074

.035

19 IV
200
400

00

.4886

.5942
1.0

-.0209
-.0209
-.0227

.6107

.6837
1.0

-.0179
-.0173
-.0227

.5895

.6589
1.0

.071 

.0 30

10 V
200
400

00

.7850

.9249
1.0

-.0017
-.0054
-.0600

.7664

.8890
1.0

-.0008
-.0041
-.0600

.7817

.9134
1.0

.167

.144

15 V
200
400

OO

.7479

.7135
1.0

-.0405
-.0469
-.0476

. 8165 

. 7374 
1.0

-.0267
-.0431
-.0476

.7949

.7543
1.0

.134

.084

20 V
200
400

00

.7457

.6381
1.0

-.0695
-.0743
-.0754

.7065

.7612
1.0

-.0537
-.0704
-.0754

.7740

.6975
1.0

.128

.071

aThe average proportion of times TTi (x; [2]) was less than zero.
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accomplish this, the criterion proposed by Press (1972) was
used which tests H : the number of correct classificationso
(hits) took place at random versus H^: the discrimination 
procedure does better than chance. An asterisk (*) indicates 
that the classification procedure did better than chance for 
n»400, while a double asterisk (**) implies significance 
for n-200.

Note, there was no reason to initiate sampling exper­
iments for population pair 1 since it is well knowithat under 
these conditions a»a 1/2. In fact, the equality holds
for all cases in which then«l/2, p^j=P2j * and rl(jk)*r2 (jk).

The tables reveal the linear models to be better than 
the other procedures in Group I population pairs (those with 
all r1 (jk)*.10). This is not surprising considering the re­
sults of the previous experiments wherein the performance of 
the first and LDF procedures was quite satisfactory for 
populations with moderate correlations. Also, the perform­
ance of the second procedure, for these population pairs, 
was somewhat worse than the first or LDF but better than the 
full and Matusita procedures. Note, however, for Group I 
population pairs none of the discrimination procedures were 
able to classify individuals better than chance assignment.
With small mean differences and similar correlation struc­
tures, the underlying distributions have considerable 
overlap and, hence, it is not surprising that the use of 
each procedure resulted in considerable misclassification 
error.
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In Group II population pairs (those with r^(jk)=.10 
and r2(jk)=.30) the performance of the linear models was 
significantly worse than the others. The use of the linear 
procedures resulted in theoretical errors and mean actual 
errors which were significantly greater than the optimum 
error and, in addition, the mean correlations for these 
procedures were significantly lower. The performance of 
the second procedure was, as in Group I population pairs, 
somewhat better than that of the full or Matusita. For 
both sample sizes, the second procedure resulted in mean 
actual non-error rates which were significantly better than 
chance assignment.

Similar conclusions were derived for Group III 
population pairs; however, the relatively poor performance 
of the linear models appeared less severe than for those 
population pairs considered in Group II. All of the 
classification procedures did better than chance assign­
ment for population pair 18 at n*=400. Note this population 
pair had the largest admissible mean difference, i.e.,
dp-.l.

Group IV and Group V contained population pairs 
for which the correlation structures in the two populations 
were most different. Thus, for these examples it was possible 
to determine the ability of each procedure to utilize in­
formation of this kind. For all of the population pairs 
considered in these two groups, the full, second and Matusita
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procedures performed significantly better than either of 
the linear models* The use of the first or LDF procedures 
yielded significantly greater theoretical errors and mean 
actual errors than the other procedures. In addition, an 
inspection of the mean correlations reveal that both P [1] 
and p[fc] were less than or equal to zero for all of these 
population pairs. Uniformly, the discriminatory power of 
the linear models was not better than chance assignment.

On the other hand, the full, second and Matusita 
procedures seem to be able to effectively incorporate in­
formation provided by disparate correlation structures.
The tables reveal that the use of these procedures yielded 
actual non-error rates which were better than chance as­
signment. Further, consider population pair 5 containing 
identical mean structures. Here, neither the first nor the 
LDF could effectively discriminate and, in fact, the use 
of either of these procedures resulted in theoretical errors 
and actual errors greater than 50 percent. Note, however, 
the corresponding error rates for the full, second or 
Matusita procedures were approximately one-half the 
magnitude.

To further illustrate the severe limitations the 
linear models when dp is small, Figure 5.16 plots the 
optimum error and the theoretical errors for these pro­
cedures with Pij“p2j“*5* For this example, all r^<jk) were 
set to .10, while the correlation terms in population 2
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Srror
50.50

.35

.20 -.10 0 .20. 10
d ■r2 {jk)-c1 (jk)

Figure 5.16 - Optimum end Theoretical Errors for Pij*P2j“ *50j 
j“lf2  ..... »6 end rj (Jk)Hr2 (jk).
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were varied in a stepwise manner such that r2(jk)=
~ ■051 0^ ■05r 110 f *20 and *30*

The figure reveals that neither the first nor the
LDF procedures could effectively discriminate even when the
correlation structures in the two populations were greatly
different. The performance of the linear models was quite
poor as evidenced by the especially high theoretical errors.

It would be interesting to determine whether
similar results hold for small d with the added restric-P
tion of identical variance-covariance matrices. To ac­
complish this, two additional experiments were conducted
with d ».04 and .1 wherein the correlation structures were P
varied such that the covariances in the two populations were 
the same. In the first experiment, dp».04 with P2j=^”Pij 
and therefore all r^(jk) were set equal to all r2 (jk). Here 
it is expected that none of the discrimination procedures 
will be able to effectively discriminate because of the 
considerable overlap in the population distributions. In 
the second experiment, however, r^(jk)^r2 (jk) since 
P2j*l-p^j and values were assigned to the correlation terms 
in such a way as to maintain S^-S2.

Suiranary results for the mean increase in actual 
error at n»400 are given in Tables 5.39 and 5.40. The re­
sults for the cases with d “*1 appear quite similar to

r
those obtained in previous sampling. The first and LDF 
procedures again performed relatively poorly except in
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TABLE 5.39
MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 

BASED ON 100 MONTE CARLO TRIALS FOR
dp“ . 04 WITH p1;j= * 48,p2j-.52, j-1 ,2,....,6 and n= 400

r__
Optimum
Error Full First Second LDF Matusi1

0 .4625 2. 48 0.68 1.72 0.71 2.50
. 1 .4700 1.82 0.42 1.30 0.78 1.81
.2 .4701 1.67 0.85 1.16 0.99 1.67
.3 .4551 2.37 2.75 1.69 2.55 2.36
. 33 .4507 2.62 3.22 1.85 2.92 2.60



TABLE 5.40
MEAN INCREASE IN ACTUAL OVER OPTIMUM ERROR (IN PERCENT) 

BASED ON 100 MONTE CARLO TRIALS FOR 
dp-.1 WITH p2j=.5, j-1,3..... ,6 AND n=400

Correlations Optimum
rjtjk) r2(jk) Error Full First Second LDF Matusii

0 0 .3997 3.47 0.65 1.68 0.70 3.50
.1042 .1000 .4232 2.58 0.24 1.43 0.50 2.65
.2083 .2000 .4236 2.06 2.16 1.13 1.79 2.11
.3125 .3000 .3843 3.18 8.12 1.83 6.45 3.15
.3438 .3333 .3715 3.11 10.07 1.91 7.90 3.05
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populations containing moderate correlations. For cases
with d *.04 results were as expected. Uniformly, all pro- 

P

cedures showed a marked inability to discriminate and 
although the mean increases in actual error for the first 
and LDF procedures were greater than those of the other 
procedures at large values of r, their relative performance 
was not significantly different from the others.

5.31 - Conclusions - Question 3: The results of
the Monte Carlo sampling showed that:

1. The performance of the full, second and 
Matusita procedures was significantly better than either 
the first or LDF for all population pairs except those con­
tained in Group I. However, for Group I population pairs 
none of the classification procedures yielded mean actual 
non-error rates which were significantly different from 
chance assignment.

2. The linear models should not be used whenever 
mean differences are slight. If d <.1, then the dis-r
criminatory power of the linear models was not better than 
chance assignment and it is likely that the use of these 
procedures on populations containing large correlations will 
yield theoretical errors and mean actual errors which are 
significantly greater than the optimum error.

3. It was rather apparent that the full, second 
and Matusita procedures can better utilize the information 
provided by disparate correlation structures. The ability
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of these procedures to discriminate on the basis of cor­
relation structure was clearly demonstrated for population 
pairs contained in Groups IV and V. In these groups the 
full, second and Matusita procedures did better than 
chance assignment across all population pairs.

5.4 - QUESTION 4 RESULTS
What is the behavior of the Martin and Bradley 
model(s) under a variety of population struc­
tures? How does the performance of this model 
compare to the other discrimination procedures?

The probability model(s) suggested by Martin and
Bradley has been developed in Section 4.2. Recall, the
model depends on a set S of orthogonal polynomials
♦v (x) on SI with h ( a ^ , x ) * vsr af^<l> (x) being a dis- T s t e* j Y8
tinguishing vector of parameters far i=l,2. The polynomials 
<t>y(x), take on the values +1 and -1 and are analogous to 
the independent variables of a 2m factorial design in the 
analysis of variance model. Hence, the model for the con­
ditional probability mass function in the form

(x) =f (x) [1+h ( a ^  ,x) ] , i=l,2....,m, f(x)^0, xe A offers 
the unique advantage of isolating the joint contribution 
of variables to discrimination. Note the above model is 
based on the complete set of 2m polynomials ^(x)* ^m*
however, several variations on this theme are possible.
For example, the model can be approximated by including 
only lower order terms such as main effects and first order 
interactions or a lower set of polynomials S, where S^,
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can be utilized to estimate the tt^ ( x ). Obviously the 
principal advantage of such approximations lie in their 
ability to reduce the number of parameters to be estimated.

Although potentially useful, the literature at 
present lacks any investigation of the performance of these 
models. Therefore, the sampling experiments described be­
low were specifically designed to examine the behavior of 
these models under a variety of population structures.
Rather than merely focusing attention on the performance 
of the complete model, the sampling considers two ad­
ditional specifications. The following briefly describes 
the models:

1. Complete Model: ir̂  (x) »f (x) (l+hc(a ̂  ,x) ) ; 
this model is based upon all polynomial terms up to and 
including order m.

2. Incomplete Model: nj (x)»f (xXL+h^ ( a ^  ,x)) ;
in this model only main effects and first order interactions 
are included in the expansion of h(a^,x).

3. Reduced Model: tt̂ (x ) *f (x) (l+hR (a ̂  ,x)) ; 
this model results from using a set of lower polynomials S 
in the estimation of ^(x). In all cases, a second order 
model is assumed, i.e., S»2.

Monte Carlo sampling experiments were accomplished
for d «.l and .4 where P

l
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Plj = (.4,.4,.4,.4,.4,.4) , p2j-(.5,.5,.5,.5,.5,.5) ;
and

P^j“ (»2/i2f*2f«2/»2fi2) r P2j*(.6,.6,.6,.6,.6,.6) 
under two different seta of correlation patterns. The 
first set considered population pairs with r^{jk)^r2 (jk) 
for all jjOt, j,k*l,2,....,6. Here all correlation terms 
in population 1 were set to .10, while the correlation terms 
in population 2 were varied in a stepwise manner such that 
r2 (jk)*-.05,0,.05,.10,.20,.30 and .33. Stated differently, 
dr“r2 (jk)-r^ (jk) assumed values between -.15 and .23. The 
second set of correlation patterns was such that r^(jk)= 
r2 (jk)=r. For these population pairs, r assumed the values 
0,.10,.20,.30 and .33.

A measure of performance for the orthogonal 
polynomial models had to be developed in terms ofttie mean 
apparent error since the theoretical errors were intrackable. 
In general, the theoretical error can be found by specify­
ing ay in lieu of {p^> and however this modification
could not be easily h a n d  1 e d with the existing sampling 
methodology and therefore only mean apparent errors are 
available. In addition to the complete, incomplete and 
reduced models, the section also presents results for the 
full and second procedures so as to provide a point of 
comparison.

Summary results for the two sets of correlation 
patterns with d ^ . l  and .4 are presented in Tables 5.41 and 
5.42. The first point to note from the tables is the



TABLE 5.41

OPTIMUM ERROR AND MEAN APPARENT ERRORS BASED ON 100 MONTE CARLO TRIALS FOR
WITH dp=*l AND .4; ^.. = .4, p^-,5] AND

[p^j — • 2r Pjj=*6] ( j =1 ,2,......6

dr Incomplete
/-ij-vi Optimum Mean Apparent Errors Main First Order

1 3 n Error Full Second Complete Effects Interaction

200 .2942 . 3392 .2942 .4241 .3410
-.15 400 .3752 .3269 .3562 .3269 .4318 .3592

200 .3091 .3610 .3090 .4114 .3556
-.10 400 .3992 . 3465 .3776 .3466 .4217 .3792

200 . 3202 .3712 .3202 .4040 .3678
-.05 400 .4114 . 3537 .3878 .3537 .4153 .3884

200 . 3231 .3808 .3230 .4057 .3751
0 400 .4232 .3579 .3960 .3579 .4139 .3959

200 .3222 .3725 .3221 . 3953 .3632
.10 400 .4054 .3548 .3877 .3548 .4012 .3840

200 .2984 . 3405 .2993 .3667 .3145
.20 400 .3736 . 3284 . 3522 .3270 .3621 .3186

200 .2902 .3272 .2890 .3457 .2891
.23 400 .3575 . 3162 .3398 .3131 .3375 .2910



TABLE 5.41 (CONTINUED)

Ir2 (jk)-r1 (jk)]

d =.4 _E__

n
Optimum Mean Apparent Errors
Error Full Second Complete Maxn 

Effects
Incomplete

First Order 
Interaction

200 .1276 .1458 .1268 .2026 .1774-.15 400 .1527 .1413 .1498 .1404 .2003 .1801
200 .1421 .1615 .1408 .2070 .18490 •1 400 .1698 .1562 .1670 .1553 .2080 .1870
200 .1506 .1738 .1518 .2169 .19 30-.05 400 .1870 .1663 .1792 .1686 .2159 .1960
200 .1615 . 1784 .1633 .2214 .19910 400 .2043 .1783 .1844 .1786 .2224 .2027
200 .1771 .2093 .1804 .2439 .2331.10 400 .2389 .1986 .2209 .1972 .2408 .2344
200 .1863 .2225 .1865 .2738 .2905.20 400 .2402 .2044 .2293 .2066 .2646 .2978
200 .1868 .2204 .1865 .2876 .3069.23 400 .2367 .2038 .2273 .2056 .2854 .3180
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TABLE 5.42
OPTIMUM ERROR AND MEAN APPARENT ERRORS BASED ON 100 MONTE CARLO TRIALS 

FOR rL (jk) =r2 (jk)=r WITH dp=.l AND .4; tp1;.=.4, p2 .̂ = .5] AND
tp^j~* 21PJ-.6], j=l ,2,..... 6

Optimum Mean Apparent Errors
Incomplete 

Main First Orderr n Error Full Second Complete Effects Interaction
d =.1 P

0
200
400 .3997

.3192 

. 3534
.3660
.3824

. 3196 

. 3521
.3923
.3953

.3631

.3811

.10
200
400 .4232

.3231

.3579
.3808
.3960

.3239

.3618
.4019
.4141

.3720 

. 3980

.20
200
400 .4240

.3277

.3602
.3824
.3958

.3297

.3602
.4246
.4356

.3844

.4135

.30
200
400 ‘ .3863

.3251

.3551
.3664
.3815

.3266

.3444
.4365
.4464

.3797

.3907

.33
200
400 .3745

.3245

.3478
.3618
.3698

.3276

.3467
.4348
.4354

.3723

.3702
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n

200
400
200
400
200
400
200
400
200
400

TABLE 5.42 (CONTINUED)

Optimum Main
Incomplete

Error Full Second Complete Effects Interact:

.1207 .1340 .1216 .2018 .1811.1390 .1323 .1379 .1318 .2001 .1813

.1615 .1784 .1605 .2223 .1986.2043 .1783 .1844 .1803 .2238 .2033

.1780 .2177 .1782 .2890 .2933.2363 .2007 .2253 .2000 .2913 .3033

.1384 .1746 .1401 .4247 .2507.1786 .1565 .1763 .1571 .4341 .2614

.1162 .1301 .1159 .4342 .2116.1349 .1255 .1330 .1259 .4446 .2141
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absence of results for the reduced model. The sampling ex­
periments determined that the performance of this procedure 
was extremely optimistically biased for all parameter values 
whenever the original values for the coefficients were 
utilized. The apparent errors obtained by using the orig­
inal values for a^ were less than 10 percent across all of 
the population structures. This result supports the Martin 
and Bradley contention that an iterative procedure should 
be used for estimating the coefficients when employing a 
reduced model. Also, note the incomplete models report 
two apparent errors. The first apparent error, "main effect^', 
was derived ftom including only main effects in the expansion 
of ( h (a^, x) , while the apparent error corresponding to 
"first order interaction" includes both main effects plus 
first order interactions. Both approximations are reported 
so as to determine whether lower order models which involve 
fewer parameter estimates can yield satisfactory results.

As expected, the use of the full, second and complete 
procedures results in mean apparent errors which are less 
than the optimum error. This observation merely illustrates 
the fact that the optimum error provides an upper bound for 
the mean apparent error. This does not, however, necessarily 
hold for the incomplete models since often the use of an 
approximation may destroy the orthogonality property. Hence, 
it is more likely that the mean apparent errors for these
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models will vary greatly across the different population 
structures. It is apparent from the tables that the full 
multinomial and complete models give near identical results. 
This is not too surprising since the complete model requires 
the estimation of approximately the same number of parameters 
as does the full.

The relative performance of each procedure can be 
evaluated by utilizing the mean apparent error bias which is 
simply computed by taking the difference between optimum 
error and mean apparent error. Tables 5.43 and 5.44 present 
summary results for each of the population structures.

The tables reveal that the performance of the full, 
second and complete models was affected by larger sample 
sizes. Uniformly, across each population structure, the 
mean apparent error bias decreased as n was increased. It 
is well known that the expected apparent error approaches 
the optimum error as n becomes large and hence this result 
is not surprising. The behavior of the mean apparent error 
for the incomplete models was far less precise since with 
these models the mean apparent error bias was capable of 
reversing both direction and sign as dr and n were varied. 
Obviously, this does present some difficulties when attempt­
ing to talk to general trends and conclusions across 
different population structures. To eliminate this possible 
source of contradiction remarks will be restricted to cases 
where n»400 unless otherwise stated. To better judge the



TABLE 5.43

MEAN APPARENT ERROR BIAS (IN PERCENT) BASED ON 100 MONTE CARLO TRIALS FOR
< j k ) < jk) , WITH <3p=.l AND .4; tp^.4, P2j=*5)

AND lp^ j=- 2, pjj3* 6] « j=l|2/......6

[r^jkj-r^jk) ]

d =.1_£___

n
Optimum Mean Apparent Error Bias 
Error Full Second Complete

Main 
Effects

Incomplete
First Order 
Interaction

200 8.10 3.60 8.10 -4.89 3.42inH•1 400 .3752 4.83 1.90 4.83 -5.66 1.60
200 9.01 3.82 9.01 -1.22 4.36-.10 400 .3992 5.27 2.16 5.27 -2.25 2.00
200 9.12 4.02 9.12 .74 4.36-.05 400 .4114 5.77 2.36 5.77 -.39 2.30
200 10.01 4.24 10.02 1.75 4.810 400 .4232 6.53 2.72 6.53 .99 2.73
200 8.32 3.29 8.33 1.01 4.22

.10 400 .4054 5.06 1.77 5.06 .42 2.14
200 7.52 3.31 7.43 .69 5.91

.20 400 .3736 4.52 2.14 4.66 1.15 5.50
200 6.73 3.03 6.85 1.18 6.84.23 400 .3575 4.13 1.77 4.44 2.00 6.65
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TABLE 5.43 (CONTINUED)

[r2 (jk)-r1 (jk)] n Optimum Mean Apparent Error Bias 
Error Full Second Complete

Main 
Effects

Incomplete
First Order 
Interaction

200 2.51 .69 2.59 -4.99 -2.47
-.15 400 .1527 1.14 .29 1.23 -4.76 -2.74

200 2.77 .83 2.90 -3.72 -1.51
-.10 400 .1698 1.36 .28 1.45 -3.82 -1.92

200 3.64 1. 32 3.52 -2.99 -.60-.05 400 .1870 2.07 .78 1.84 -2.89 -.90
200 4.28 2.59 4.10 -1.71 .520 400 .2043 2.60 1.99 2.57 -1.81 .16
200 6.18 2.96 5.85 -.50 .58.10 400 .2389 4.03 1.80 4.17 -.19 .45
200 5. 39 1.77 5.37 -3.36 -5.03.20 400 .2402 3.58 1.09 3.36 -2.24 -5.76
200 4.99 1.63 5.02 -5.09 -7.02.23 400 .2367 3.29 .94 3.11 -4.87 -8.13
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TABLE 5.44

MEAN APPARENT ERROR BIAS (IN PERCENT) BASED ON 100 MONTE CARLO TRIALS
FOR r1 (jk)=r9 (jk)=r, WITH d =. 1 AND .4; [p., . = .4, p_.=.5] AND A z P ID

6[p i r .2rp2j=.6] r D —1 r2,......

Optimum Mean Apparent Error Biasn Error Full Second Complete

200 8.05 3.37 8.01
400 .3997 4.63 1.73 4.76
200 10.01 4.24 9.93400 .4232 6.53 2.72 6.14
200 9.63 4.16 9.43400 .4240 6.38 2.82 6.38
200 6.12 1.99 5.97400 .3863 3.12 .48 3.69
200 5.00 1.27 4.69
400 .3745 2.67 .47 2.78

Incomplete 
Main First Order

Effects

.74

.44
2.13
.91

-.06
-1.16
5.02
6.01

-6.03
-6.09

Interaction

3.66
1.86
5.12
2.52
3.96
1.05
.66
.44
.22
.43
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TABLE 5.44 (CONTINUED)

Optimum Mean Apparent Error Bias Main First Orderr n Error Pull Second Complete Effects Interaction
d =.4P

200 1.83 .50 .74 -6.28 -4.210 400 .1390 .67 .11 .72 -6.11 -4.23
200 4.28 2.59 9.38 -1.80 .57.1 400 .2013 2.60 1.99 2.40 -1.95 .10
200 5.83 1.86 5.81 -5.27 -5.70.2 400 .2363 3.56 1.10 3.63 -5.50 -6.70
200 4.02 .40 4.02 -24.61 -7.21.3 400 .1786 2.21 .23 2.21 -25.55 -8.28
200 1.87 .48 1.90 -29.93 -7.67.33 400 .1349 .94 .19 .90 -30.97 -7.92
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superiority of one procedure over another, the mean appar­
ent errors for each procedure were ranked according to their 
magnitude; summary results are given in Tables 5.45 and 
5.46.

The following observations were derived from 
Tables 5.4 3 and 5.45 which present the mean apparent error 
bias for each procedure and its corresponding rank for 
population structures characterized by r^(j k ) (jk)•

1. The magnitude and direction of the mean apparent
error bias for the full, second and complete models were
fairly consistent over d for both d =.1 and .4 It is alsor p
apparent that smaller biases are found in those population 
structures with relative smaller optimum errors. That is, 
the mean apparent error bias is a decreasing function of 
the optimum error. This result is not unusual, for it 
follows from the known behavior of the expected apparent 
error.

2. The behavior of the incomplete models was, on
the other hand, quite different from either the full,
second or complete models. Rather than decreasing as |dr(
increased, the magnitude of the bias for both the main
effects and first order interaction models increased with
larger jdrl. Also, there were several population pairs for
which the bias with d -.4 was shown to be greater thanP
that with d_**.!.



TABLE 5.45

RANKS OF THE MEAN APPARENT ERROR BIAS FOR ^ {jk)?t 2 (jk)

[r2 tjk)-r1 (jk)]

-.15

-.10

-.05

0

.10

.20

.23

n

WITH d =. 1 AND .4; [p. . = .4, p_. = .3] AND P 13 23
[ p ^ 2, p̂ _. —.6]/ j—1/2,

Full

2j
Rankings

Second

6

Complete Main 
Effects

Incomplete
First Order 
Interaction

200 4.5 2 4.5 3 1
400 3.5 2 3.5 5 1
200 4.5 2 4.5 1 3
400 4.5 2 4.5 3 1
200 4.5 2 4.5 1 3
400 4.5 3 4.5 1 2
200 4 2 5 1 3
400 4.5 2 4.5 1 3
200 4 2 5 1 3
400 4.5 2 4.5 1 3
200 5 2 4 1 3
400 3 2 4 1 5
200 3 2 5 1 4
400 3 2 4 1 5 235



TABLE 5.45 (continued)

[r2 (jk)-r1 < jlc) 1 n Full Second Complete
Incomplete______

Main First Order
Effects Interaction

d =.4 J2__
-.15 200

400
3
2

1
1

4
3

5
5

2
4

-.10 200
400

3
2

1
1

4
3

5
5

2
9

-.05 200
400

5
4

2
2

4
3

3
5

1
1

200
400

5
5

3
3

4
4

2
2

1
1

.10 200
400

5
4

4
5

1
1

2
2

.20

.23

200
400
200
300

5
4
2
3

4
3
3
2

2
2
4
4

3
5
5
5
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TABLE 5.46

r

0

.1

.2

.3

.33

RANKS OF THE MEAN APPARENT ERROR BIAS FOR ^ (jk)=r2 (jk)=r 
WITH dp=.1 AND .4; [p±..=.4»P2j=.5] AND

[p^j=.2, pjj—*6], j-1,2,

Rankings
Incomplete

Maxn First Order
n Full Second Complete Effects Interaction

200
400

5
4

2
2

4
5

1
1

3
3

200
400

5
5

2
3

4
4

1
1

3
2

200
400

5
4.5

3
3

4
4.5

1
2

2
1

200
400

5
3

1
2

4
4

3
5

2
1

200
400

4
3

2
2

3
4

5
5

1
1

tou>-o



TABLE 5.46 (CONTINUED)

d =.4
je____

0

.1

.2

.3

33

n

200
400
200
400
200
400
200
400
200
400

Pull

3 
2

4
5
5
2

2.5
2.5
2
3

Second Complete

2
3
5
4
4
3

2.5
2.5
3
2

Main
Effects

5
5
2
2
2
4
5 
5
5
5

Incomplete
First Order 
Interaction

238
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3. For moderate values of dr , it was expected 
that the incomplete models would do well since they in­
volve fewer parameter estimates and should be able to 
satisfactorily characterize the underlying population dis­
tributions. Although the tables reveal this to be true, 
it was rather surprising to note the relatively "good" 
performance of the main effects model across all dr values 
with dp=.l. For these population pairs, the main effects 
model had the lowest mean apparent error bias in five of 
the seven population structures. However, in population 
structures with dp».4, the main effects model did pro­
gressively worse as |dr [ increased.

Tables 5.44 and 5.46 present summary results for 
population structures with r^(jk)=r2 (jk)«r. A study of the 
tables yields the following conclusions:

1. The behavior of the incomplete models was again 
quite erratic across population structures with different
main vectors. For example, with d ■.! and r=0, the mainP
effects model yielded the smallest mean apparent error
bias, while with d “.4 and r*0, it yielded the largestP
bias. A similar result was found for the first order
interaction model. Here, with d =.1 and r-.33 use of thisP
model yielded relatively small bias, while relatively 
large bias was obtained with dp*. 4 and r*.33.
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2. The use of the main effects model with large 
r yields relatively large negative biases. This was es­
pecially true for those population pairs with dp«.4. Note 
these values of r correspond to structures for which 
reversals are likely to occur.

3. The use of the complete model again gave near 
identical results as the full multinomial. Also, smaller 
mean apparent error biases for the full, second and complete 
models were found in those population structures having 
relatively smaller optimum error.

The behavior of the incomplete models proved rather 
difficult to describe. There is a natural tendency to 
equate means with main effects and similarly, correlations 
with first order interactions. However, the Martin and 
Bradley parameters when using a reduced form of the complete 
model are not identical to the Bahadur reparametization 
used to generate the Monte Carlo samples. Hence, to in­
terpret the incomplete models in terms of means and 
correlations instead of main effects and interactions is 
understandably difficult.

5.14.1 - Conclusions: Question 4. The following 
conclusions are based on the results of the Monte Carlo 
sampling experiments already described.

1. A reduced model should not be used unless an 
iterative procedure is employed which modifies the original 
coefficients a^. Use of a reduced model without an iterative
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solution will result in apparent errors which are severely 
optimistically biased.

2. The incomplete models were shown to result in 
satisfactory mean apparent errors under several different 
kinds of population structures. Although there was some 
difficulty in interpreting these models with respect to 
means and correlations, it is nevertheless safe to conclude 
that they will do well on population structures containing 
moderate correlations.

3. The evidence suggests that the behavior of the 
complete model parrots that of the full multinomial quite 
closely. Also, it appears that the full or complete models 
should be used on structures containing larger correlation 
terms.

5.5 - QUESTION 5 RESULTS
What are the effects of unequal sample size on the 
Matusita model? With equal sample sizes the classi­
fication rule for this model can be shown to be 
equivalent to the usual non-parametric rule; however, 
the effect of unequal sample sizes with equal priors 
is unclear*

The classification rule derived from the work of 
Kameo Matusita (1952, 1955, 1956) has been developed in 
Section 4.2. The rule considers classifying an observation 
Z*z into one of two distributions, F or G, on the basis of 
the empirical cumulative distribution function(s),
(Sm+i) when z is assumed to be a sample point generated by 
F(G). To recapitulate, let the possible multinomial states
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be given as E^, then the rule classifying the

where n and m are respective sample sizes of the random 
samples taken from F and G. With equal sample sizes, n»mf 
the rule reduces to the usual non-parametric rule: Classify
S*z into F if

nj^nj and therefore in many of the examples it was not 
necessary to report results for the Matusita model since 
under this condition the classification rule for this model 
can be cast as a sample-based likelihood ratio test which 
is equivalent to the full multinomial procedure. Neverthe­
less, the sampling experiments did show the mean correlations 
for this procedure to be somewhat better than the full for 
most values of P^jr dr (r) and n. In part, the explanation 
for this result may be due to the way in which the Matusita 
model handles empty cells. Recall, this procedure is 
capable of utilizing the information available from other 
states which is not the case using the full procedure.

observation Z=*z, signifying state Ej, into F is given by

n m
if the random variable Z sLgnifies state E^.

In all of the previous sampling experiments
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With unequal sample sizes, however, the Matusita 
classification rule does not reduce to a likelihood ratio 
test and hence results are not clear. Thus, further Monte 
Carlo sampling experiments were initiated on population 
structures for which n ^ n 2* In all of the following ex­
periments the sample size in population 1 was fixed at 200, 
while the sample size in population 2 was set at levels of 
300 and 400, corresponding to one and half, and twice the 
number of observations in population 1. The sampling was 
accomplished under three sets of correlation patterns. The 
first set contained population pairs with only one correla­
tion term different from zero (r2 (13)). For these popula­
tion pairs all r^(jk)=0, while r2 (13) was incremented in 
a stepwise manner from -.6 to .6. The second set of cor­
relation patterns were such that all r^(jk)^ r2 (jk). Here 
r2 (jk) assumed that values -.05, .10, .20, .30 and .33, 
while all r^(jk) were set to .10. The third set of corre­
lation patterns restricted the correlation terms in 
population 1 to be equal to those in population 2, i.e., 
r^(jk)=r2 (jk)«r for all jjOc. For population pairs con­
sidered in this set r assumed the values 0, .10, .20, .30 
and .33. Initially, the values assigned to the marginal 
probability vectors in the two populations were taken to be 

p ^ (.4,.4,.4,.4,.4,.4) , p2j“ (.5,.5,.5,.5,.5,.5).
However, in order to determine whether larger mean differ­
ences alter results, one additional sampling experiment
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was conducted with
pjj*(.2,.2,.2,.2,.2,.2) , *

in population structures characterized by r ^  jk)-r2 (jk)-r.
In all experiments performance was measured in terms 

of two criteria, the mean actual error and the mean apparent 
error. In order to judge performance, results were also 
tabulated for the full multinomial. Tables 5.47 through 
5.50 give summary results. Note the tables present results 
for the case where n1»n2*200.

5.51 - Conclusions - Question 5; The following con­
clusions are based on the results of the series of Monte 
Carlo sampling experiments described above and displayed in 
Tables 5.47 through 5.50.

1. The performance of the Matusita model under the 
condition of unequal sample sizes appears to be quite satis­
factory with respect to both the mean actual error and mean 
apparent error. Even when the sample size in one population 
was twice that of the other, the Matusita model and the full 
multinomial procedure gave near identical results across 
most values of dr (r) and dp.

2. Although the classification rule associated with 
the Matusita model does not have the properties of a like­
lihood ratio test whenever n ^ n 2, there is some evidence to 
suggest that this procedure may be particularly useful on 
population structures containing extreme correlation terms. 
Generally, the data are more sparse as the correlations in 
either population assume large positive or negative values.
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TABLE 5.47
MEAN APPARENT AND MEAN ACTUAL ERRORS BASED ON 
100 MONTE CARLO TRIALS WITH UNEQUAL SAMPLES 

FOR dp* .If • 41 P2J** 5 f
AND r1 (13)?f2(13)

[r,
d
,(13)]

n2s*200
-.6
-.5
-.4
-.3
-.2
-.1
0
.1
.2
.3
.4
.5
.6

Mean Apparent 
Full Matusita

Mean Actual

2841
2895
3015
3098
3131
3183
3149
3162
3163 
3120 
3061 
2964 
2855

.2841

.2895

.3015

.3098

.3131

.3183

.3.49

.3162

.3163

.3120

.3061

.2964

.2855

Full

3803
4022
4190
4314
4401
4452
4477
4475
4434
4346
4217
4045
3883

Matusita

3803
4022
4191
4315
4401
4452
4478
4474
4433
4347
4217
4044
3883

n2=300
-.6
-.5

4
-.3
-.2
-.1
0
.1
.2
.3
.4
.5
.6

.2874 

.3030 

. 3112 

.3188 

.3243 

.3256 

.3266 

.3267 

.3286 

.3210 

.3132 

.3052 

.2926

.3738

.3943

.4121

.4255

.4343

.4421

.4443

.4421

.4359

.4290

.4167

.3989

.3827

3803
4022
4190
4314
4401
4452
4477
4475
4434
4346
4217
4045
3883

. 3727 

. 3931 

.4117 

.4254 

. 4352 

.4433 

.4466 

. 4437 

. 4376 

.4293 

. 4166 

.3979 

. 3823
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TABLE 5.47 (continued)

r
[r2 (13)J

n2“400
-.6
-.5
-.4
-.3
-.2
-.1
0
.1
.2
.3
.4
.5
.6

Mean Apparent 
FuTT Matusita

Mean Actual 
Full Matusita

2896
3050
3127
3224
3280
3351
3346
3343
3289
3252
3165
3103
2994

.2899 

.3052 

.3218 

.3224 

.3280 

. 3351 

.3346 

.3343 

.3289 

.3252 

.3165 

.3144 

.2996

.3639 

.3892 

.4108 

.4216 

.4330 

.4410 

.4433 

.4240 

.4361 

. 4251 

.4147 

. 3982 

.3796

.3655

.3870

.4090

.4217

.4336

.4431

.4461

.4441

.4368

.4255

.4140

.3963

.3767
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TABLE 5.48
MEAN APPARENT AND MEAN ACTUAL ERRORS BASED ON 
100 MONTE CARLO TRIALS WITH UNEQUAL SAMPLES 

FOR dp— .If p^j“» 4/ Pj j“ • 5, j**l, 2 ,.... 6
AND r1(jk)yr2 (jk)

j r Mean Apparent
[r2 ( ( j^) 3 FuTI Matusita

Mean Actual 
Full Matusita

n2-200
-.15 
-.10 
-.05 

0 
.10 . 20 
.23

2942
3092
3202
3231
3222
2984
2902

.2942

.3091

.3202

.3231

.3222

.2984

.2902

4169
4397
4519
4577
4482
4058
3872

.4169

.4397

.4519

.4578

.4479

.4047

.3861

n2“300
-.15
-.10
-.05

0.10.20
.23

3029
3193
3292
3333
3312
3072
2978

3029
3193
3292
3333
3312
3072
2978

4121
4354
4479
4546
4447
4027
3859

.4100

.4366

.4495

.4560

.4438

.3995

.3770

n2**400
-.15-.10
-.05

0.10
.20
.23

3070
3257
3376
3389
3390 
3092 
3004

3075
3257
3376
3389
3393
3105
3020

.4091 

.4334 

.4472 

.4530 

.4453 

.4030 . 3846

.4000

.4346

.4486

.4540

.4438

.3990

.3702
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TABLE 5.49
MEAN APPARENT AND MEAN ACTUAL ERRORS BASED ON 
100 MONTE CARLO TRIALS WITH UNEQUAL SAMPLES 

POR dp*. 1; p 4r ^2j"'^1 j™lf2....6
AND r1 (jk)-r2 (jk)-r

Mean Apparent 
FuXI Matusita

Me2m  Actual 
Full Matusita

n2*200
0 

.10 

.20 

.30 

. 33

. 3192 

.3231 

.3277 

.3251 

. 3478

.3192

.3231

.3277

.3251

.3478

4483
4577
4539
4290
4200

. 4484 

. 4578 

.4539 

.4286 

.4190

n->“300
0 

. 10 

.20 

.30 

. 33

3266
3338
3335
3329
3325

.3266

.3338

.3335

.3330

.3326

4433
4546
4495
4270
4164

.4466 

. 4554 

.4499 

.4243 

.4101

n->*400
0 

.10 

. 20 

.30 

. 33

3346
3399
3408
3354
3371

.3346

.3399

.3408

.3356

.3375

4433
4545
4491
4265
,4151

.4461

.4552

.4494

.4235

.4095
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TABLE 5.50
MEAN APPARENT AND MEAN ACTUAL ERRORS BASED ON 
100 MONTE CARLO TRIALS WITH UNEQUAL SAMPLES 

FOR dp- *4i P j  — • 2» ^2 j** ̂ > r6
AND rx(jk)-r2 (jk)-r

Mean Apparent 
FuTT Matusita

Mean Actual 
Full Matusita

n2“200
0

.10

.20

.30

.33

. 1207 

.1615 

. 1780 

. 1384 

.1162

.1207 

.1615 

. 1780 

.1384 

.1162

1720
2333
2683
2144
1529

.1720

.2334

.2684

.2144

.1521

n2“ 300
0 

.10 

.20 

.30 

. 33

.1254

.1669

.1821

.1437

.1179

1265
1677
1831
1445
1183

1647
2268
2650
2904
1656

1640
2258
2645
2052
1591

n2“400
0 

.10 

.20 

. 30 

.33

1266
1703
1870
1462
1198

1294
1722
1891
1475
1209

1632
2259
2630
2068
1638

1618
2252
2625
2040
1604
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Note, however, it was for these kinds of structures that the 
Matusita sample-based classification rule resulted in smaller 
mean actual error than the full multinomial and, hence, this 
procedure may offer special efficacy for sparse data.

5.6 - GENERAL CONCLUSIONS AND SUGGESTIONS
A study of the theoretical and optimum errors and 

examination of numerous Monte Carlo sampling experiments 
lead to the following general conclusions and suggestions:

1. The full, second and Matusita procedures should 
be used whenever the mean vectors in the two populations are 
similar and when it is suspected or known beforehand that 
the correlations are large. For the most part, the use of 
the second order procedure results in lower mean actual 
error than either the full or Matusita over a considerable 
range of values for the parameters ant* n* How­
ever, it is advisable to note that sampling was initiated
in the absence of third and higher order terms and, hence, 
the superiority of the second order procedure is likely to 
be somewhat overstated.

2. Neither the first nor LDF procedures should be 
used whenever mean differences are small or with highly 
correlated variables. Even for samples taken from popula­
tions having identical variance-covariance matrices, the 
use of the linear model results in significantly greater 
misclassification (on the average) than either the full, 
second, Matusita or complete models.
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3. As expected, the performance of the first 
order procedure is quite similar to that of the LDF, These 
procedures should be used on population structures con­
taining moderate correlation terms. For populations of 
this kind the use of either the first or LDF procedures 
should result in lower mean actual error than that of any 
other procedure.

4. The full multinomial and Matusita sample-based 
classification rule give near identical results for the 
unequal sample size with equal priors problems as well as 
for the case of equal sample sizes and equal priors. Based 
upon the preliminary results, the Matusita model seems 
potentially useful in cases where the data are sparse and 
with smaller sample sizes. For these kinds of population 
structures, the mean correlation between the observed log 
likelihood ratios and the time log likelihood ratios should 
be higher for the Matusita model than the full multinomial 
procedure.

5. The Martin and Bradley reduced model should not 
be used unless an iterative procedure is employed which 
modifies the original coefficients. The use of this model 
without an iterative solution will result in apparent errors 
which are severely optimistically biased.

6. The performance of the Martin and Bradley complete 
model is nearly identical to the full and Matusita procedures 
and should be used on populations having little sparseness
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and high correlations. On the other hand, the incomplete 
models appear most appropriate when the correlation terms 
are moderate.

The next chapter considers an example with applica­
tion to data on communication buyer behavior.



CHAPTER VI

APPLICATION TO DATA: RESEARCH FINDINGS 
AND IMPLICATIONS

This chapter considers an application of the var­
ious discrimination procedures to a communication buyer 
behavior data base. Demography was utilized as the focal 
point for describing and segmenting the markets. This was 
thought to be of extreme interest since many researchers 
are skeptical of demographic factors as determinants or 
even correlates of consumption behavior (e.g., Yankelowich, 
1964; Frank, Massy and Boyd, 1967; Frank, 1968; Wells and 
Tigert, 19 71).

Much of the criticisms levied against demography 
stem from empirical studies, especially on frequently pur­
chased grocery products, which reveal poor performance on 
the part of demographic factors in explaining differences 
in brand loyalty, deal proneness or consumption patterns 
(Frank, Massy and Boyd, 1967; Frank, 1968; Frank, Massy 
and Lodhal, 1968). Almost uniformly, these studies have 
yielded low r2 (coefficient of multiple determination) 
between demographic factors and any aspect of consumption 
behavior.

253
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2The occurrence of low R in the majority of em­
pirical studies cannot be disputed; however, the conclusion 
that demography is inadequate as a segmenting variable seems 
too strong a statement. There are several reasons which 
explain the relatively poor showing of demography. A number 
of these reasons fall under the broad umbrella of measure­
ment problems. Generally, demographic data are at best 
discrete and often these variables are dichotomized, produc­
ing dummy variables. Clearly”, to use statistical procedures 
which impose restrictions of normality, linearity and ad­
ditivity on the relationship among variables must be viewed 
as being highly suspect. Also, given the fact that both the
criterion variable and the independent variables are dis-

2crete, then it can be shown that the maximum value of R may 
be considerably less than unity (Martin, 1973). Thus, it 
would seem that demography warrants further examination 
before proceeding to discard it as a determinant of con­
sumption behavior.

Toward this end, this section seeks to determine 
whether the employment of alternative discrimination pro- 
cedures--those which are more compatible with categorical 
data— offer additional insights into the utilization of 
demography in differentiating between groups of product 
users. Among the other major issues to be explored are:

1. How do the results of the Monte Carlo sampling 
experiments test on this data? Do error rates vary greatly 
among the discrimination procedures?
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2. How should variables be coded? What are the 
effects of dichotomizing those questions with multiple 
response categories?

3. How can good subsets of variables be selected 
for the two-group multinomial classification problem? How 
well does the optimal subset of variables discriminate?

6.1 - FIELD STUDY DESIGN1
The data utilized in this chapter was provided by 

a major United States corporation. The corporation, which 
has a number of associated companies servicing the majority 
of product users, selected three metropolitan areas con­
sidered representative of their total user population. 
Taking into consideration the nature of the project and 
the associated costs of data collection, it was decided 
that a data base consisting of 4 50 respondents would be 
sufficient.

The three areas selected for sampling were Atlanta, 
Indianapolis and Los Angeles. The individuals selected 
from these areas resided in both the central city and sur­
rounding suburban communities. In addition, an evenly 
dispersed quota sample based upon respondents' estimates

*This researcher did not participate in either the 
design or collection of the questionnaire; a data deck 
and documentation were made available.
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of their product usage rates was chosen as the method of 
selection. Toward that end, there was selected a nearly 
equal number of respondents from each of the predetermined 
usage categories roughly corresponding to what would be 
called "heavy", "medium", and "light" users. The unique 
nature of the product category under consideration made it 
possible for the company to cross-validate each individual's 
usage classification in terms of actual units consumed.

Prior to the distribution of the questionnaire, 
an independent data collection firm completed a number of 
pretests of the questionnaire. Based upon this experience, 
a number of adjustments were made to the original question­
naire. The independent collection firm was also responsible 
for the distribution and pick up of all questionnaires.

In distributing the questionnaire, interviewers 
were instructed to select a number of central city and sub­
urban communities within each of the sampling areas compris­
ing a mix of lower, middle and upper socio-economic households. 
At the start of each call, interviewers screened potential 
respondents for the following:

1. that the household was a user of a specific 
comnunication product, and

2. that a member of the household would agree to 
complete the questionnaire and have the 
interviewer return to pick it up.
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In order to ensure a minimum of 450 respondents 
each area was slightly over-sampled. A final usable data 
base of 464 respondents was secured. This constituted a 
response rate of over 90 percent of those who agreed to 
complete the questionnaire.

6.2 - DEFINITION AND MEASUREMENT OF VARIABLES
Initially, each household was instructed to rate 

their usage of the product under consideration in comparison 
to that of their friends and neighbors. In this way, each 
household was placed into either a heavy, medium, or light 
product user category. However, for the purposes of this 
analysis, it was decided to separate the 464 respondents into 
two populations, corresponding to heavy or light usage, on 
the basis of actual dollar usage rates. Based upon company 
objectives and prior research findings, the decision was 
to classify a household into the heavy group, population 1, 
if their usage rate per period was $5.00 or more, and into 
the light group, population 2, if usage rate for period 
was less than $5.00.

Although this study is restricted to examining the 
use of demographic data as a basis for describing market 
segments, respondents were asked to provide information 
relating to three broad areas:

1. activities, interests, and opinions (A.I.O);
2. product usage behaviorf and
3. demographic data
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It does not seem necessary to describe either the A.I.O. 
variables or the product usage variables in any detail, 
since they are not used in any subsequent analysis and a 
brief description of them can be found in Section 1.42. 
However, the demographic variables need further definition.

Table 6.1 presents a variable dictionary for the 
demographic factors and their corresponding scoring ranges. 
Note all of the variables are of a discrete nature. Three 
of the variables— home ownership, length of residence and 
location of previous dwelling are binary. A breakdown of 
the occupation, education, income and family life cycle 
categories is shown in Table 6.2.

6.3 - VARIABLE CODING AND POPULATION CHARACTERISTICS
Since it was the purpose here to apply multinomial 

classification procedures to the data, six out of the nine 
demographic factors had to be dichotomized. Common practice 
in analysis is to either use the numeric scores assigned to 
each level of the variable, or to dichotomize each variable 
so as to produce dummy variables. With the dummy variable 
approach, there are N-l dummy variables for each factor where 
N is the number of levels of the factor. It was decided not 
to use this approach except on marital status since the 
remaining variables (number of rooms, location of previous 
dwelling, head of household's education, head of household's 
occupation, family income, and family life cycle) have far
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1
2
3

4
5

6
7
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Description

TABLE 6.1 
VARIABLE DICTIONARY 

Scoring Range

Home ownership 
Number of rooms 
Length of residence

Location of previous dwelling 
Marital status

Head of household's occupation 
Head of household's education 
Family income 
Family life cycle

1 (own)
1 (one room)
1 (more than five 

years)
1 (same town)
1 (married) -2(single)

1 (professional)
1 (some grade school)
1 (under $3,000)
1 (head of household) 

less than 55 years, 
no children

-0 (rent)
-10 (ten or more rooms) 
-0 (five years or less)

-5 (outside U.S.A.)
-3(widowed, separated 

or divorced)
-10 (laborer)
-9 (Master's or doctorate)
-10 (over $25,000)
-7 (head of household)

55 years or older, 
unemployed

fomVO
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TABLE 6.2
BREAKDOWN OF OCCUPATION, EDUCATION, 

FAMILY INCOME, AND FAMILY LIFE 
CYCLE CATEGORIES

I. Head of Household's Occupation Categories:
Code Description

1 Professional, technical
2 Manager, official, proprietor
3 Sales, clerical worker
4 Craftsman, foreman
5 Operator
6 Service worker
7 Housewife
8 Student
9 Retired

10 Laborer

II. Head of Household's Education Categories;
1 Some grade school
2 Grade school completed
3 Some high school
4 High school completed
5 Some college
6 College graduate
7 Some graduate work
8 Master*s or Doctorate degree

III. Income Categories
1 Under $3,000
2 $3, 001—$5,000
3 $5, 001-$7,000
4 $7, 001-$9,000
5 $9,001-$11,000
6 $11 ,001-$13,000
7 $13 , 001-$15,000
8 $15 ,001-$20,000
9 $20 ,001-$25,000
10 Over $25,000



Table 6.2 (continued)

Family Life Cycle Categories:
Code Description

1 Head of household less than 55 years old
single (widowed, separated or divorced) 
no children.

2 Head of household less than 55 years old
married, no children.

3 Head of household less than 55 years old
with children (none teenagers).

4 Head of household less than 55 years old
with children (at least one teenager).

6 Head of household at least 55 years old,
employed.

7 Head of household at least 55 years old,
unemployed.
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too many categories. To employ a dummy variable approach 
on these factors would increase the dimensionality of the 
problem to an unmanageable level since the total number of 
variables would increase to 49.

Hence, a procedure to dichotomize the remaining
*variables was developed. To illustrate, let Xj represent 

the cut-off point where the difference between the relative 
cumulative frequencies for each population is a maximum.
Now, let

Fj(xj) = percent of households in population i
with jth variable less than or equal to
Xj *

*then the cut-off point x^ is given by
x* = Max |F.(x)-F9(x)|
J x 'L z

*Choosing x^ in this way maximizes the difference between the 
marginal probabilities (P2j“Pij) *n the two populations. A 
revised description of the coding of each demographic vari­
able appears in Table 6.3. Note, originally variable 5 
(marital status) was coded by the method of dummy variables 
(since it had three levels): married or not, and single 
or not. However, a study of the marginal distributions and 
intercorrelations of these variables led to the conclusion 
that they were tapping similar dimensions. For example, 
high negative intercorrelations were found for these vari­
ables across both populations. Married or not, and single 
or not, had a correlation of -.66 in population 1, and -.76 
in population 2. Hence, it was decided to dichotomize
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TABLE 6.3 
VARIABLE IDENTIFICATION

Description
Home ownership
Number of rooms
Length of residence
Location of 
previous dwelling
Marital status

Head of household's 
occupation

Head of household's 
education
Family income
Family life cycle

Code 1 Meaning
Own
More than five rooms
Fore than five years
Outside county, 
state or U.S.A.
Married

Professional, manager 
or clerical worker

Some college or above

$11,000 or above
55 years or older, 
employed or 
unemployed

Code 0 Meaning 
Rent
Five rooms or less 
Five yars or less 
Within same county

Single, widowed, 
separated or divorced
Craftsman, operator, 
worker, housewife, student, 
retired, laborer
No college

Less than $11,000 
Under 55 years old

263
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marital status as one variable, as described in Table 6.3.
The marginal distribution of each variable and 

the correlations among the variables in each population 
are contained in Tables 6.4 and 6.5. It is apparent that 
several of the correlations among the variables would have 
to be considered significant. In fact, for the nine vari­
ables under examination, having 36 intercorrelations, a 
little over one-third of them (in each population) were 
significant at the .001 level. The implication of these 
significant correlations will be discussed in the next 
section.

6.4 ~ DISCRIMINATION OF HEAVY AND LIGHT PRODUCT USERS
The results of the Monte Carlo sampling described 

in the previous chapter can now be tested on this data. 
However, before evaluating the performance of each dis­
crimination procedure with respect to the problem at hand, 
two points need further clarification.

First, an estimate of the a priori probability of 
group membership, II, had to be determined. In the absence 
of additional information on the usage rates for the total 
universe of households serviced by this company, the best 
estimate is the ratio of households whose usage rates were 
more than $5.00 to the total number of households included 
in the study. The ratio is quite close to .504 and it is 
more or less constant over the three areas sampled (see 
below).



TABLE 6.4 
MARGINAL DISTRIBUTIONS 

Frequency (percent) Coded 1
Population 1 Population 2

(Usage $5, n=230) (Usage $5, n-230)
Variable
Number Description

1 Home ownership
2 Number of rooms
3 Length of residence
4 Location of previous dwelling
5 Marital status
6 Head of household's occupation
7 Head of household's education
8 Family income
9 Family life cycle

200 (85.5) 187 (81.3)
167 (71.4) 135 (58.7)
132 (56.4) 111 (48.3)
54 (23.1) 28 (12.2)
203 (86.8) 190 (82.6)
150 (64.1) 100 (43.5)
159 (67.9) 124 (53.9)
192 (82.1) 132 (57.4)
47 (20.1) 64 (27.8)
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TABLE 6.5
VARIABLE INTERCORRELATIONS BY POPULATION

Population 1 Variable
 1____2_  3_  4_  5_  6_  7_  8_  9

1 1 
2 .49 1

H 3 -.22 -.14 1
J 4 -.12 -.01 .48 1
< 5 .23 .20 .01 .09 1
M
pj 6 .07 .22 .02 .07 .13 1
< 7 .08 .17 .08 .18 .06 .46 1>

8 .22 .30 -.05 .04 .18 .25 .25 1
9 .02 .01 -.35 -.15 .01 -.18 -.09 -.15 1

Population 2 Variable

1  2_  3_  4_  5_ 6 7 8 9
1 1
2 .39 1

w 3 -.27 -.16 1
4 -.05 .02 .39 1

m
< 5 .32 .24 .05 .03 1
H
« 6 .09 .25 .07 .13 .12 1
< 7 .10 .18 .09 .13 .13 CM* 1
>

8 . 16 .35 -.03 .05 .30 .40 .26
9 -.01 -.09 -.33 -.11 -.36 -.17 -.07
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Area Total Number Number of 
of Households Households

with usage
rates ^$5 1 $5

Proportion of 
Households with 
usage rates> «

Indianapolis 
Atlanta 
Los Angeles

158
152
154

73
80
81

m

.462

.526

.5267^T3
Therefore# n is set to .504 and the critical value 

c - loge [ n / ( l - n ) ]  

is .016. Hence, the Bayes decision rule for a discrimination 
procedure, denoted by [*1 is given by

evaluating each discrimination procedure. Ideally, a split- 
sample method should be utilized to evaluate the performance 
of any classification rule with care being taken in deciding 
how to split the original sample. However, one of the major 
limitations of this method is that it requires rather large 
initial samples. (A complete discussion of the limitations 
of this method was presented in Section 3.3. This problem 
is particularly acute for multinomial classification pro­
cedures. To illustrate, consider the sample sizes in this
study. Here, n1»234 and n2»230. However, with nine vari-

gables, there are 2 =512 possible response patterns. To

0 if L fx; [*]) < .016
e(x;[*]> = .496 if L(x;[*]) = .016

1 if L(x;[*]) > .016 
where £(x;l*]) = loge ( tt2  ( x ;  [*J) (x? [* J)).

The second point to be made concerns the method for
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split the samples into smaller sub-groups seems extremely 
impractical since it would mean that a far greater number 
of states would be empty and hence the estimates are likely 
to be even more unstable. Thus, under these circumstances, 
it is doubtful that the rules B(x;[*]) used to classify the 
remaining members of the hold-out sample would be very good.

For these reasons, a split-sample validation method 
was not utilized. Therefore, in subsequent analysis, each 
discrimination procedure is evaluated in terms of its ap­
parent error. Although a bias is introduced when the same 
data are used to estimate a procedure and evaluate its per­
formance, this does not, however, prevent a comparison of 
the relative performance of each procedure, nor preclude 
statements as to whether the multinomial procedures offer 
additional insights into the utilization of demographic 
factors under analysis.

The remainder of this section is divided into two 
parts. The first part presents the results of discrimina­
tion, using all nine demographic variables, while the 
second part considers discrimination with a reduced subset 
of variables.

6.41 - Discrimination Using All Nine Variables: 
Examination of the correlations among the variables, given 
in Table 6.5, shows that, for the most part, they cannot 
be considered small. Both populations contain relatively 
high positive and negative correlation terms. Based on
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this observation, the first order independent and the LDF 
procedures are not expected to perform well and to yield 
the highest apparent errors.

9With nine variables there are a total of 2 or 
512 response patterns. With so many possible response 
patterns it is impossible for all patterns to occur in 
samples of size 2 34 and 230. Thus, a large number of the 
estimates of the likelihood ratios under a full multi­
nomial model will be based on empty cells. For example,
424 and 420 of the 512 cells in population 1 and population 
2 were empty, respectively. In population 1 and population 
2 combined 378 of the 512, or 74 percent of the cells, were 
empty. The presence of empty cells, or sparse data, will 
always adversely affect the estimation procedure, espe­
cially for the full multinomial model; however, in this 
case, there is some solace in the fact that the large per­
centage of the total number of empty cells appeared in 
both populations.

Table 6.6 gives the apparent errors for each dis­
crimination procedure.

Because a bias is introduced whenever evaluation 
is based on the apparent error, care must be taken when 
drawing conclusions. However, it seems fairly safe to 
conclude that the relative performance of the full multi­
nomial, Matusita, and complete models was substantially 
better than the other procedures. With these procedures 
the error rates were all about 25 percent, whereas the use



TABLE 6.6
APPARENT ERRORS USING ALL NINE VARIABLES

Model

Full multinomial 
First order independence 
Second order 
LDF
Matusita
Martin and Bradley:

Complete
Incomplete:

Main effects
First order interaction

Probability 
Member of 
Pop.l Mis- 
classified

.1670

.3662

.3139

.3030

.1923

Probability 
Member of 
Pop.2 Mis- 
classified

.3435

.4057

.4110

.4300

.3178

Probability 
Misclassification 

in Combined 
Populations

.2545

.3858

.3621

.3664

.2545

.2522

.4536

.4201

2 70
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of the linear models or the second order procedure yielded 
error rates above 36 percent.

The relatively poor performance of the second order 
model was somewhat surprising, particularly considering the 
correlation structures in the two populations. Possibly, 
the poor performance with this procedure was in part due 
to the number of times the second order approximations to 
densities were negative. It turned out that 101 of the 512 
probabilities ft^(x;[2J) (or 19.7 percent) and 136 of the 512 
probabilities ■f?2f3C? [2]> (or 26.5 percent) were negative. In 
order to be able to assign log likelihood ratios to response 
patterns x where the second order estimates were negative, 
the value of ff^(x;[2]) was sent to 10-5.

Table 6.7 displays the coefficients for the LDF 
procedure and the Martin and Bradley complete model. The 
coefficients appearing under the LDF column are the usually 
standardized linear discriminant weights which provide a 
measure of the contribution of each variable to discrimina­
tion. The second column of coefficients corresponds to the 
main effects and first order interactions for the complete 
model; a ^  where a^  is a population characteristic; 
a ^  corresponds to the main effect for the variable; 
and corresponds to the interaction between the
jth and variables. In terms of the classification prob­
lem, a^4  ̂ measures the ability of the variable as a

(i)discriminator whereas ai ^ measures the joint ability of
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TABLE 6.7
SUMMARY OF COEFFICIENTS FOR THE 

LDF AND COMPLETE MODELS

Variable LDF Complete
xo - -0.0142
*1 0.0602 0.0120
X2 0.0852 -0.0629
X3 0.1260 -0.0195
x4 0.2390 -0.0368
X5 -0.0879 0.0010
X6 0.2636 -0.0414
X7 0.0273 -0.0121
X8 0.5494 -0.0145
X9 0.0078 0.0021
X1X2 - -0.0281
X1X3 - -0.0187
X1X4 - 0.0032
X1X5 - 0.0478
X1X6 - 0.0004
X1X7 - 0.0062
X1X8 - 0.0202
xix9 - -0.0084
X2X3 - 0.0118
x2x4 - -0.0295
X2X5 - 0.0108
X2X6 - -0.0304
X2X7 - 0.0276
X2X8 - -0.0015
x2xg - 0.0266
X3X4 - -0.0042
X3X5 - 0.0012
X3X6 - 0.0026
X3X7 - 0.0077
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Table 6.7 (continued)

Variable LDF Complete
X3Xg - 0.0013
X3Xg - -0.0078
X4X5 - 0.0161
X4Xg - -0.0344
X4X? - -0.0108
X4Xg - -0.0026
X4Xg - 0.0005
X5Xfi - 0.0282
X_X? - 0.0069
X5Xg - -0.0038
X5Xg - -0.0204
X6X? - 0.0151
XgXg - -0.0339
XgXg - -0.0070
X?Xg - -0.0001
X?Xg - 0.0188
XgXg - 0.0155
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the and kth variables as discriminators. Note the LDF 
coefficients are interpreted with respect to both sign 
and magnitude, while the complete model coefficients are 
interpreted with respect to magnitude only, since the sign 
of each coefficient is arbitrary.

A study of the two sets of coefficients revealed 
somewhat different conclusions. For the LDF procedure, the 
first four variables, in descending order of importance, 
were family income (X8), head of household's occupation (X6), 
location of previous dwelling (X4), and length of residence 
(X3). For the complete model, the first four variables, 
in descending order of the absolute magnitude of their co­
efficients (main effects) corresponded to number of rooms 
(X2), head of household's occupation (X6) location of pre­
vious dwelling (X4), and length of residence (X3). Note, 
variable X8, family income, which had the largest coefficient
with the LDF, ranked fifth. Although the ability of vari­
able XI, home ownership, and variable X5, marital status,
were relatively minor when considered alone, their joint
ability as discriminators was considerably more important.
A similar relationship was found for variables X7 and X9, 
head of household's education and family life cycle.

For the Martin and Bradley complete model the ten 
largest interactions, in descending order of magnitude, 
were home ownership and marital status (XI, X5), head of 
household's occupation and family income (X6 , X8), location 
of previous dwelling and head of household's occupation
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(X4, X6), number of rooms and head of household's occupa­
tion (X2, X6), number of rooms and location of previous
dwelling (X2, X4) , marital status and head of household's 
occupation (X5, X6), home ownership and number of rooms 
(XI, X2), number of rooms and head of household's education
(X2, X7) , number of rooms and family life cycle (X2, X9),
and marital status and family life cycle (X2, X9).

Before proceeding to discuss the results for 
discrimination with a reduced set of variables, the per­
formance of the Martin and Bradley incomplete models deserves 
some mention. It is apparent that the use of either the 
main effects model or the first order interaction model 
yield error rates which are greater than any other pro­
cedure. On the basis of this observation plus the relatively 
poor performance of the second order procedure, it would seem 
likely that higher order terms (interactions) are present in 
the data. Therefore, a useful procedure, before a discrim­
inate analysis is performed, might be to examine, say, the 
third order mixed moments in each population, in addition 
to the correlations. In this way, a researcher will be 
better able to decide whether procedures which involve fewer 
parameters to estimate can yield special efficacy.

For the most part, the results presented in this 
section are in agreement with the conclusions reached on the 
basis of the Monte Carlo sampling experiments of the 
previous chapter.
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6.42 - Dlacrimination Using A Reduced Set of 
Variables: Perhaps as important as the construction of
reasonable classification rules, is the choice of variables, 
and choosing good subsets of variables for discrimination. 
Although the probability of misclassification cannot be de­
creased by decreasing the number of variables, finding a 
good subset of variables is particularly important in an 
economic sense, since frequently variables are both expen­
sive and difficult to obtain. Determining the worth of a 
variable— and choosing good subsets of variables— has 
received some attention in the statistical literature; 
however, only recently has a sample-based procedure for 
selecting an optimal subset of variables for the two-group 
multinomial classification problem been developed (Goldstein 
and Rabinowitz, 1975). Based on this work, the following 
discussion will examine the selection of demographic 
variables for the discrimination problem at hand.

Using the notation of Goldstein and Rabinowitz 
(1975), let the two groups G^ and G^ mix in a large popula­
tion with respective prior probabilities and q2 with 
qi>0, q^O, q^ + q2 - 1. A p-component response vector is 
denoted by X and the class-conditional distributions of X 
within the two disjoint groups G1 and G2 is denoted by 

and F2 with respective probability mass functions 
and f2. A classification rule is defined as an ordered 

partition of D*< D^,D2> of the sample space with uncon-
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ditional probability of correct classification given by
r(D), where

r(D)»E(r(D |x) >*= £ g^xj+g g2 (x) .
1 2

The discriminant scores g^ and g2 above are defined by 
Si<x)*qifi (x), i*l,2.

Goldstein and Rabinowitz (1975) seek good subsets 
of variables on the basis of which set yields the largest 
scaled value of d, where

d=min| (g1 (x))1^2-(g (x))lv/2|
In terms of discriminant scores this requires choosing that
subset of variables satisfying

Max Max Min
lijlP *(i)
|g1 (x (l)))1/2- (g2 ( x ( i ) ) ) 1/ 2 | / ( T r j ilj ) 1 / 2 .

Where x(i) represents a particular combination, when j
out of the available p variables are used, j«l,2,...,p; 

pi = * l , 2 (3) . The quantity (iTjAj) represents the scaling 
factor determined by the dimensionality of X(i). In par­
ticular, if x is a multivariate binary vector of dimension 
p, then TTjAj“2p-k.

The sampled based analogue of the above is to choose 
that subset X(i) which satisfies
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Max Max Min
(j)

I (N1 (x(i)))1/2-(N2 (x(1)))1/2) l/Ujtj)1/2

where , h=l,2, denote the number of sample observations 
from group Gh and the number from having
X(i)*X(ij. Goldstein and Rabinowitz (1975) note that 
reducing both frequency distributions for a given subset 
of variables by considering only the scaled minimum of

lNl<xi) >) 1/2" (N2 (x(i) >)1//2 I • t^i:ows away information
which becomes more acute as the sample sizes decrease.
Hence, they suggest the use of

Max Max Avg
l<j<p x(i)

1 Nl<x(i)” 1/2 ' (N2<x(i)))1/2|/(1,54)1/2'
which maximizes the scaled average value of

lNl (x(i)))1/2“ (N2 (x(i)),1/2|*
Moreover, Goldstein and Rabinowitz (1975) note that 
averaging | (N^ (x^j))1//2- (n 2 (x ^  )) 1//2| will, in general, 
give better results than the minimization process. The 
former uses more information from the frequency distribu­
tions involved. However, it is likely to yield an 
optimal subset containing more variables than the minimiza­
tion process.

According to the minimization procedure, the 
subset chosen consists of only one variable, X8, family 
income, whereas the averaging procedure selected the set
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(X2,X3,X5,X6,X7,X8,X9) 
corresponding to variables: number of rooms, length of resi­
dence, marital status, head of household*s occupation, head 
of household's education, family income, and family life 
cycle.

To get a rough idea of how well variable X8, family 
income, discriminates alone, let an individual with response 
pattern x be assigned to if and only if (x) (x) . This
is only approximately, since again the same data is used 
both for estimation and as test points. Using family income 
(X8) alone resulted in 174 misses, or an apparent error rate 
of 37,5 percent.

Summary results for discrimination using the subset 
(X2,X3,X5,X6,X7,X8,X9) 

are presented in Table 6.8. The use of the full, Matusita 
and complete models again resulted in the smallest apparent 
errors {of about 29.8 percent). This translates intc an in­
crease in apparent error of approximately 4 percent over that 
obtained when all nine variables were included. One particu­
larly surprising result is the somewhat lower error rates for 
the first, LDF and incomplete models with the reduced subset 
of variables. Although the probability of misclassification 
cannot be decreased by decreasing the number of variables 
for given samples,the use of a smaller subset of variables 
can offer better discrimination than using the entire set.
A classic example was found by Rao (1949), wherein using one 
variable offered better discrimination than using two.



TABLE 6.8
APPARENT ERRORS USING SUBSET (X2,X3,X5,X6,X7,X8,X9)

Model

Full multinomial 
First order independence 
Second order 
LDF
Matusita
Martin and Bradley:

Complete
Incomplete:

Main effects
First order interaction

Probability 
Member of 
Pop.1 Mis- 
classified

.2137

.3210.2782

.2601

.2357

Probability 
Member of 
Pop.2 Mis- 
classified

.3834

.4479.4525

.4650

.3610

Probability 
Misclassification 

in Combined 
Populations

.2978

.3839.3646

.3621

.2978

.2974

.4272

.3807
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6.5 - SUMMARY AND CONCLUSIONS
This chapter has presented the results of an applica­

tion of the various discrimination procedures to data on 
communication buyer behavior. The problem was to discriminate 
heavy and light users of a specific communication product on 
the basis of demographic variables. For the most part, the 
results were in agreement with the conclusions reached on the 
basis of the Monte Carlo sampling experiments described in the 
previous chapter. Moreover, it would appear that the lower 
apparent error rates for the full, Matusita and complete 
models indicate special efficacy of these procedures for 
demographic data.



CHAPTER VII

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

In this chapter the research findings presented in 
this dissertation will be summarized and the implications 
of these findings, together with recommendations for future 
research will be presented.

7.1 - SUMMARY
The objective of this research study was to examine 

alternative methods of discrimination so as to provide mar­
keting researchers with more efficient methods for analyzing 
questionnaire data. In particular, the study addressed the 
problems associated with the use of qualitative and/or 
categorical data in the context of a discrimination problem. 
Although the Fisher linear discriminant function has been 
the most frequently used classification procedure in market­
ing, a review of the relevant literature indicated that, 
for the most part, marketing researchers have not been 
cognizant of the basic assumptions underlying the optimality 
of this procedure. Mentioned in Chapter II is the fact that 
in the vast majority of empirical studies using the Fisher
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LDF there is no discussion of the assumptions of normality, 
identical variance-covariance matrices, nor any statements 
as to the estimation of parameters or a priori probabilities. 
Moreover, the marketing literature showed a marked absence 
of any study evaluating the performance of the Fisher LDF 
with data, the components of which do not satisfy the var­
ious distributional assumptions underlying its optimality.

The need for a study validating the performance of 
the Fisher LDF on questionnaire type data was judged to be 
of extreme importance, particularly considering the dis­
crete and often classificatory nature of marketing data.

Often, either by necessity or design, the market­
ing researcher must handle data, the components of which 
are discrete and/or binary in nature. With such data, 
common practice before an analysis is performed has the 
researcher assign numeric scores to the levels of the 
variables and then apply a sample-based LDF which assumes 
a multivariate normal structure. Clearly this type of 
procedure must be viewed as being highly suspect, in ad­
dition to using same rather fictitious information.
Several marketing researchers have been cognizant of this 
anomaly and have indicated that an important new direction 
should be the extension of discriminant analysis to those 
situations where the predictor variables are classificatory.

Toward this end this research study examined the 
relative performance of six discrimination procedures
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applied to binary data under a wide variety of population 
structures. The discrimination procedures evaluated were 
(1) full multinomial model, (2) first order independent 
model, (3) second order model, (4) Fisher LDF, (5) Matusita 
model, and (6) Martin and Bradley orthogonal polynomial 
model. Chapter IV developed each discrimination procedure 
and showed how each model arises from making different 
assumptions concerning the structure of the state prob­
abilities. In order to evaluate the performance of each 
procedure, Monte Carlo sampling experiments were initiated 
on different population structures. A given population 
structure was characterized in terms of means, p^j# and 
correlations, r^(jk), where the subscript i referred to a 
specific population. By using the Bahadur reparametization, 
Monte Carlo samples were generated from populations spec­
ified by the designated input parameter (p^j, p2jt r^(jk)) 
and r2(jk). In this way, it was possible to obtain differ­
ent Monte Carlo samples by simply assigning different values 
to the input parameters.

The sampling experiments (Chapter V) were divided 
into five parts, corresponding to the five general questions 
outlined in Chapter I. Bach question was formulated so as 
to organize the sampling and to facilitate the examination 
of different aspects and properties of each discrimination 
procedure. Since two of the discrimination models, the 
Matusita and the Martin and Bradley, had never been
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examined, two of the five questions sought to determine 
whether these procedures merit more widespread attention.
The remaining questions sought to determine the effects of 
correlation structure on the performance of each procedure, 
the effects of varying the magnitude of the individual 
marginal probabilities while maintaining a fixed mean 
difference, and, finally, whether certain classification 
procedures could effectively discriminate on the basis of 
disparate correlation structures rather than on mean 
differences.

In addition to examining the performance of each 
procedure under a variety of population structures, this 
dissertation also considered an application to data on 
communication buyer behavior. In particular, the applica­
tion sought to determine whether the employment of al­
ternative discrimination procedures— those which are more 
compatible with categorical data— offers additional insights 
into the utilization of demographic variables in differ­
entiating heavy and light product users.

To discriminate heavy and light users of a specific 
communication product on the basis of demographic factors 
was thought to be particularly relevant, since several 
marketing researchers were quoted to the effect that 
demographic factors have little role or importance as 
determinants or even correlates of consumption behavior.
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In addition, the data provided an ideal vehicle for testing 
the conclusions and recommendations of the Monte Carlo 
sampling described in Chapter V.

The data utilized in this chapter was provided by 
a major United States corporation. In order to draw the 
total sample from the population served by a number of as­
sociated companies, individuals residing in both the central 
city and surrounding suburban communities were selected 
from three areas considered representative. The areas of 
sampling were Indianapolis, Atlanta and Los Angeles. An 
evenly dispersed quota sample based upon respondents' 
estimates of their product usage rates was chosen as the 
method of selection. Interviewers were instructed to select 
a number of central city and suburban communities within 
each of the sampling areas, comprising a mix of lower, 
middle and upper socio-economic households. All respondents 
were screened with respect to (1) their use of a specific 
communication product, and (2) their willingness to complete 
the questionnaire and have the interviewer return to pick 
it up. A final usable data base of 464 respondents was 
secured. This constituted a response rate of over 90 
percent of those who agreed to complete the questionnaire.

Respondents were asked to provide information 
relating to three broad areas; (1) activities, interests, 
and opinions (A.I.O.); (2) product usage behavior; and
(3) demography and socio-economic data. The demographic



287

data utilized in this research study were: (1) home 
ownership, (2) number of rooms, (3) length of residence,
(4) location of previous dwelling, (5) marital status,
(6) head of household's occupation, (7) head of house­
hold's education, (8) family income and (9) family life 
cycle.

7.2 - CONCLUSIONS AND IMPLICATIONS
This section is divided into two parts. First, 

the major findings of the Monte Carlo sampling experiments 
(Chapter V) together with the results of the application 
of the various discrimination procedures to data on com­
munication buyer behavior (Chapter VI) are summarized. 
Second, the implications of these findings and recommenda­
tions are presented.

7.21 - Summary of Research Findings: The follow­
ing summarizes the major research findings of the series
of Monte Carlo sampling experiments described in Chapter V;

1. It was always possible to determine critical
bounds on the correlations such that, if they are exceededt 
the use of the first order independent model or the LDF 
will result in greater misclassification error (on the 
average) than either the full multinomial, second order, or 
Matusita procedures. In addition, for population structures 
containing small mean differences, the critical bounds are 
likely to be more restricted.
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2. The evidence suggests that highly correlated 
variables may yield better discrimination than uncorrelated 
variables. Also, for fixed mean differences, negative 
correlations were found to improve discrimination across 
all procedures. That is, with negative correlations the 
optimum error and the theoretical errors were lower than 
with positive correlations.

3. The linear models appeared most sensitive to 
large mean differences. With large mean differences, the 
performance of both the first and LDF procedures sub­
stantially improved, and their performance was not sig­
nificantly different from the other procedures except in 
those populations containing reversals. Here, the per­
formance of the linear models was not improved by the 
presence of larger mean differences.

4. Most importantly, the sampling experiments 
revealed that the use of linear models can result in severe 
anomalies even when the covariance matrices in the two 
populations are taken to be identical, which is an under­
lying assumption used to derive the LDF. The true L.L.R.'s 
were shown to be capable of reversing both sign and direction 
and, hence, the linear models cannot satisfactorily char­
acterize populations of this kind since their L.L.R.'s are 
always monotone.

5. For a fixed mean difference, the relative per­
formance of each discrimination procedure did not appreciably
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change as the magnitude of the marginal probabilities was 
varied; however, the magnitude of the resultant error rates 
did. Uniformly, larger optimum errors were found across 
all population structures as the magnitude of the individual 
marginal probabilities increased.

6. It was apparent that the full multinomial, 
second order and Matusita procedures could better utilize 
the information provided by disparate correlation structures 
than either of the linear models. For the most part, these 
procedures showed a marked ability to discriminate even when 
the mean differences were quite small.

7. An examination of the Martin and Bradley models 
showed the behavior of the complete model to be very similar 
to that of the full multinomial and Matusita procedures.
The performance of the incomplete models, main effects, and 
first order interaction was somewhat more difficult to 
characterize in terms of means and correlations. Nevertheless, 
it appears that the use of these models on populations con­
taining moderate correlations will yield satisfactory results. 
In addition, the sampling experiments demonstrated that a 
reduced model should not be used unless an iterative pro­
cedure is employed.

8. The performance of the Matusita model with 
unequal sample sizes appeared quite satisfactory with respect 
to both the mean apparent error and the mean actual error.
Even when the sample size in one population was twice that
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of the other, the Matusita model and the full multinomial 
model gave near identical results across most population 
structures. In addition, the results suggest that the 
Matusita model may be particularly useful on population 
structures containing extreme correlations or when data 
are sparse.

In turning to the application of these discrimina­
tion procedures to data on communication buyer behavior 
where the problem was to discriminate heavy and light users 
of a specific communication product on the basis of demo­
graphic factors, the major findings were:

1. The use of the full multinomial, Matusita 
and complete models resulted in apparent errors which were 
considerably lower than those for the other procedures.
With these procedures, the error rates were all about 25 
percent, whereas the use of either the first order in­
dependent, second order, LDF, or incomplete procedures 
yielded error rates above 36 percent.

2* The relatively poor performance of the second 
order model was somewhat surprising, particularly consider­
ing the number of significant correlation terms present. 
Possibly, the poor showing of this procedure was in part 
due to the number of times the second order approximations 
to densities were negative,

3. The LDF procedure revealed the following four 
variables to be most important in discriminating heavy and
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light uBers (in descending order of importance): family in­
come, head of household's occupation, location of previous 
dwelling, and length of residence. For the complete model, 
the first four variables, in descending order of the magni­
tude of their main effects, were: number of rooms, head of 
household's occupation, location of previous dwelling, and 
length of residence.

4. With respect to the interactions among variables, 
the complete model revealed several variables which had rela­
tively small main effects, but relatively large interactions.
In other words, there were several variables which had rela­
tively little ability to discriminate when considered alone; 
however, when considered jointly with another variable their 
contribution to discrimination was considerably greater. Two 
pairs of such variables were home ownership and marital status, 
and head of household's education and family life cycle.

5. The variable selection procedure developed by 
Goldstein and Rabinowitz (1975) resulted in two subsets.
The minimization procedure selected only one variable— family 
income— whereas the averaging procedure selected the set 
corresponding to the variables: number of rooms, length of 
residence, marital status, head of household's occupation, 
head of household's education, family income, and family life 
cycle. Discrimination with family income alone yielded an 
apparent error of approximately 37.5 percent, while using the 
set of seven variables resulted in an apparent error rate of 
about 29.8 percent.
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7.22 - Conclusions and Recommendations: The
research findings described above lead to the following 
conclusions and general recommendations:

1. The linear models (first and LDF) should not 
be used whenever the mean vectors in the two populations 
are similar and when it is suspected, or known beforehand, 
that the correlations are large. Even when the samples are 
taken from populations which have identical variance- 
covariance matrices, the use of the linear model is likely 
to yield significantly greater misclassification (on the 
average) than either the full multinomial, second order,
or Matusita procedures.

2. For populations containing relatively high 
correlations, the use of either the full multinomial, second 
order, Matusita, or complete models is recommended. The 
choice of one of these procedures will depend on, among 
other things, the degree of sparseness of the data and the 
presence of higher order interactions. With higher order 
interactions and little sparseness, the use of a full multi­
nomial or a complete model will probably yield "good" 
results. On the other hand, the Matusita procedure appears 
potentially useful on data which are sparse.

3. Generally, it is fairly safe to conclude that 
with large mean differences most discrimination procedures 
do well and hence the selection of a particular procedure 
is a far less serious problem. Moreover, with large mean
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differences and moderate correlations, the researcher can 
utilize those procedures which involve fewer parameter 
estimates.

4. The Martin and Bradley models offer the re­
searcher the ability to identify the joint contribution 
of variables to discrimination. Given this rather unique 
feature and the fact that the performance of the complete 
model is nearly identical to that of the full multinomial 
model under a variety of population structures, it would 
seem that marketing researchers can gain additional 
insights into the relationship among variables by utilizing 
this procedure. For example, in applying the complete model 
to the data on communication buyer behavior it was possible 
to talk to relationships among the demographic variables 
not readily accessible when using the other procedures.

5. Perhaps most importantly, this dissertation 
has demonstrated the need for marketing researchers to ex­
amine the underlying structure of the data before an analysis 
is performed. A useful procedure, therefore, before a dis­
crimination analysis is performed, might be to examine, say, 
the third order mixed moments in each population in addition 
to the correlations so as to be better able to determine 
whether procedures which involve fewer parameter estimates 
will yield satisfactory results.

6. The key to the effective use of demographic 
factors would appear to lie in the application of statistical
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techniques which better accommodate the data. Clearly, 
to use statistical procedures which impose assumptions 
of normality, linearity, and additivity on the relationship 
among the variables seems overly restrictive and self- 
defeating. In particular, this study has demonstrated the 
special efficacy of alternative discrimination procedures 
in utilizing the information provided by demographic factors 
in discriminating heavy and light users of a communication 
product.

7.3 - RECOMMENDATIONS FOR FURTHER RESEARCH
One of the main objectives of this dissertation was 

to provide a foundation for further research in the area 
of classification problems. Several areas which were not 
extensively addressed in this study warrant further investi­
gation. Among these areas are:

1. The extension of the Bahadur parametric repre­
sentation of the joint distribution of M-dichotomous 
variables to the case where each Xj can assume more than 
two different values.

2. An area in need of further research concerns 
the problems arising from sparse data. Sparse data may 
seriously affect the estimation of parameters and hence 
techniques for overcoming this problem need further develop­
ment. In particular, the Matusita model seems potentially 
useful in this area and hence merits more widespread 
attention.



295

3. Of major importance is the need to develop 
discrimination procedures which can accommodate mixtures 
of both continuous and discrete variables. Procedures of 
this kind will be better able to incorporate all of the 
information provided by the variables into the classifica­
tion rule. An attempt at constructing such discriminant 
functions has been recently reported by Krzanowski (1975).

4. Finally, there is a real need for marketing 
researchers to reexamine the role and importance of demo­
graphy as determinants of consumption behavior. Toward 
this end, it might be of interest to investigate other 
discrete multivariate techniques, such as multidimensional 
contingency models, to see whether these kinds of pro­
cedures uncover new insights into the use and interpretation 
of demographic information.
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APPENDIX I
THE PARAMETRIC REPRESENTATION FOR THE JOINT DISTRIBUTION OF

M- DICHOTOMOUS VARIABLES

This appendix contains a brief description of the Bahadur 
reparametization (1961) together with the restrictions on p^j 
and r^(jk) necessary to ensure that the Second order model 
leads to a probability distribution.

Let X - (Xj X2 . • •, 3^) be an m- dimensional random 
vector of Bernoulli variables. A particular value of X, 
denoted by x ■ (x, x, . . ., x ) is called a response pattern.± t * t m
The probability that response pattern x is observed in the ith 
population (i ■ 1/2) will be denoted by (x) . Now, Bahadur 
(1961) has shown that the multinomial probabilities (x ) can 
be reparametized as follows. Define the standardized random 
variable Z^j by

1/2Z±j “ (Xj - p^j) / (p^j (1 - j)) *

where
p ^  - E^tXj), the expectation of X^ in population i 

(i - 1,2; j - 1,2 , . . > m).
Let

r± <jlc) - E(zi3 z±k) 
r^(jkl) - E(ZAj zik Z£1)
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1^(12 . . .  m) - E (Z±1 Zi2 * * * ’ Zim)
then

1 4  (x) -  n  p . .
i-1 13

+ I 
j <k<l

j ^ ^ (12 •».m)

zil zi2 * * * zim} (Al.1)
Note that r^ (jk) is equal to the ordinary product-moment 
correlation between variables Xj and in population i. A 
proof of this is given by Bahadur {1961}.

The appeal of this reparametization lies in its ability 
to describe the state probabilities 74 (x) in terms of means, 
p^j, and correlations, r^fjk). For example, the first order 
model was derived by ignoring all correlation terms r^fjk), 
r^(jkl), . . . , r^(12 . . . m). This is equivalent to
assuming independence among the variables. On the other hand, 
the Second order model was obtained by including only terms 
of the kind r^(jk). That is, all higher order correlations, 
r^(jkl), . . . , r^(12 . . . m) were omitted.

A basic limitation of the Second order model is that it
may lead to negative estimates for 14 (x). Letting tt^(x?{2}) 
denote the second order approximation to 14 (x) , then the 
following proof given in Bahadur (1961) determines the condi­
tions under which 0 - 14 (x» {2}) - 1 for all patterns of x.
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There is no need to retain the "i” subscript since the proof 
does not depend on whether the observations are in population 
1 or population 2.

Let R denote the MxM correlation matrix with r ^  « 1 and
second-order correlations terms r(jk). Let denote the
smallest characteristic rool of R, i.e., the smallest charac­
teristic root of the determinantal equation |R - XI| - 0. For 
each j, let - max(pj/(l - Pj), (1 - Pj)/Pj), then 
0 - TT^(xf{2}) - 1 for all patterns x as long as

»min 2 1 - _ 2   • (*1-2)in
j-1 3

In addition, Bahadur (1961) gives the formula for find­
ing the maximum and minimum values for the correlation between 
the variables in the special case where all * p for each j 
and all r(jk) * r for all j / k. In this case, 0 - tt^(x;{2})
- 1 for all x if and only if

—  ---  . min ( P , ~̂~P) - r - . ..̂ P— ^  ~ Pj--------m(m - 1) 1-p P (m-l)p(l-p) + k - y0
(Al. 3)

where 1 2 < 1min ty - (m-l)p - j' “ T •
y-1,2,.., m
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