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Abstract

SURROGATE METFCES FOR LINEZR INECUQLITIES
AND
LINEAR FRCGRAMMING PRCBLENMS
by
‘Selina Omagha Cko

Bdviser: Professor Donald Goldfarb

We consider the problem cf firding a gpoint which
satisfies a given system of linear inecuvalities. We present
4 algorithms for sclving this prcblenm. All are iterative
schemes, and are based upon the crthogcnal prcjecticn cf an
infeasitle roint ontc the manifcld of the becunding hyper-
rlanes of some cf the given constraints. The choice cf the
constraints and the actueal prcjecticn are accemplished
thrcugch the use c¢f ‘°surrcgate® ccnstraints or hyperplenes.
Prcof of convercence for one cf the alcorithms that clcsely
resembles a method due to Agmon is given. A ceneral proct
is done by means of a monotonic decreasing seguence of
ccntinucus functions of the iterates. The algorithms are
all adapted to handle equations without replacing ther with
rairs ¢f "inequalities and they can alsoc be used to solve
linear programring probleés. Ihree cf the algorithms are
faster than Acmon's and all 4 can éetect‘inconsisténcy.
The results cof computaticnal tests carried out on a variety
of problems are reported. Implementations for large sparse

matrices are alsc civen.
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m X n constraint matrix of the agiven problem.
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1. INTRODUCTION

1.1 Genesis of the Alcorithnms

Since the advent cf electronic comrputers, much interest
has been generated in the use of iterative methods to solve
ﬁroblems. For systems of 1linear eduations, the Jacobi,
Gauss~Seidel, SOR and SSOR methcds (14) were developed. 1In
the case of linear inequalities, equiyalent schemes called
relaxaticn methods were independently developed by Agmecn(2) ,

and Motzkin and Schoenberg(18).

The relaxation method as given Lty Agmon {(and others)
consists of a sequence {xtk3} of iterates. Each iterate is
determined from the previous one by moving in the direction
opposite to that of the outer normal (fcr the case of Ax < b)
to fhe mest violated half-srace. The step-length moved is a
rultiple of the diétance of x¢k> to the hyperplane of thig
half-space and the pultiplier, 0 < \ € 2, is called the
relaxaticn parameter. The terms used in conjunction with

different values of the parameter are

0 < ANK1 under-relaxation
A =1 prciection

1 < N2 over—xelaxation
\N=2 reflecticn.

Some research wcrk already done on the relaxation
method include those of CGecffin(6,7) where he showed that
the convergence of the algorithm depends on 2 condition

numkber, the outer measure and the inner measure of a cone



formed by some cf the constraints. He also in (8)' gave a
class of linear programming problehs which Agmon's method
cannot solve in polyncmial time for any value c¢f the relax-
ation parameter. Hoffman(ll) arpproached the convercence
prcof differently. Jeroslow(l3) in his modification of the
algorithm gave a bound on the number of itrations Kk,
required tc get a solution. This he cave as Kk < D2,/ 82,
where D is the distance of the initial point x¢0J% tc any
solution and & is a toleréble error. He treated the relax-
ation parameter as a term nct a factor. That is, he used
x(K+1) = xC(Rk) - (dP+ x)apl for some X\ 2 O,
where p is the index cf the most violated constraint and
dp = atxlo - b, > -(\ - 8.

Jeroslow also handled an infinite numter of constraints by
choosing, at the kth iteration, the most viclated of the
first (k+1) censtraints. Maurras, Iruemper'and ARkgul{17)
used Jeroslow®s modificaticon to give 7 algorithms that can

solve a special class of 'linear programming problem in

polynomial time.

Todd (21) gave a fcrmula for a condition number for
convergence that is different from that of Agnon. He also
suagested how to wuse some constraints for simultaneous
prcjecticn (over- or under-) so that finite ccnvergence can
be obtained where BRgmcn's fails to do so. Goldfarb and
Todd(9), and Krol and Mirman(15) inderendently intrcduced
and proved the validity of the 1idea of prcjecting onto

multiple constraints. In Goldfarb and Todd(9) a nonnegative



linear ccocmbination o¢f some viclated constraints that make
acute @angles with c¢ne arcther (i.e. ' their - constraint
normals are mutually cbtuse) is formed. They called these
surrogate cuts. They also showed that not all the ccnst-
raints used to form the surrogate had to be viclated. Krol
and Mirman(1S) formed a positive linear combination of the
most violated constraint and n-1 others (not necessarily
all different) cne at a time, with some specified fcrmulae,
These they called additicnal inequalities. Both parties
used the idea not as a method b& itself, but to modify the

ellipsoid method.

1.2 WHhat Is a Surrogate Method?

T L - W T Y S - . — - Y . -

Tﬁe‘term surrogate came from Gecldfarb and Todd (9). The
surrogate algorithms we have established are iterative
schemes in the class ¢f the relaxaticn methecds. They are
sirilar to those of Agmon(2), Mctzkin and Schoenberé(le),
and Krol and Mirman (15). But unlike Agmon‘®s, and Mctzkin
and Schoenberg's the most viclated is not simply one of the
given hyperplanes. Rather it 1is a substitute hyperglane
containing the manifold of the mcst viclated and some cther
given hyperplanes. Also unlike Krol and Mirman we are not
using these in an already proven algorithm. We have
proven that they will terminate with or without a solutione.
Although the original method can be extremely slow, the

modified versions are moderately fast.



1.3 Organisation

- — —— - - ————

The following gives a brief cutline of how the charters
are organized. Chagter 2 contains the unnormalised
(original) rproblem, the ncrmalised form of it, and the
auxilliary problem c¢f finding surrocate constraints from
the given ones. In chapter 3, we give additional defin-
initions and notations, a brief sketch of Agmon‘'s apprcach,
a description of the first surrogate algorithm, Surrogate-I
lemmas for valid surrcgate constraints, recursive defin-
itions and a fcrmal specification of the algorithm. There
is one theorem for termination o¢f the algecrithm, three
preopositions on inconsistency and cne theorem for detecting
it. The chapter ends by eXposing a situation where

convergence- is but only in the limit.

Chapter 4 presents faster algorithms. In stead of
fixing the initial guess at cne point, we re-initialize it
at certain stages of the iterations. The first one,
Surroagate-R, re-initializes x after each time a constraint
has been chosen twice for the cecnstruction of a surrocate.
The second, Surrogate-II, re-initializes at each iteration
using two originél constraints (in stead of one original
and the current surrcgaté) tc construct a new surrccate.
The third one, Surrcgate-III, is sirilar tc Surrogate-II
except that it uses three instead of two oricinal

constraints for the cocnstruction of a new one.

Chapter 5 is mainly devoted tc¢ convergence. The first of



the 3 theorems in this chapter is a prcof of ccnvergence of
Surrcgate-II which is based upon one given by BAgmon for his
rethod. The second theorem proves convergence of surrcgate
for the narrow cone problem. The third proves convergence
for Surrcgate-I in the general case. The work done by each
cf the 4 algorithms and Acmon's in terms of the numter of

constraints and variatles axe tabulated in this chapter.

Chapter 6 describes how the surrcgate methods can be
adapted for solving equations and LP problems. How tc use
the nonnegaity restriction on x as constraints without
increasing the‘storage demand for the coefficient matrix is
shoﬁn. Implementation for large sparse matrices is gives in
chapter 7 together with manipulation codes. Chapter 8 has
the computational results and analysis of a variety cf
problems. In the appendix we give the flowchart and the

code used for the test problems.

In the conclusion, we have expressed our belief that
scxe gocd initial point and relaxation parameter for faster

convergence can be found.

1.4 Eguation Numbering

Formulae proved in 1lemmas and theorems and which are
glotally referenced are assigned decimal numbers using
their section number as the first part. E.ge. (3.4.1)
refers to the first eguation in secticn 3.4. Those only
locally referenced are assicrned integral numbers. Eo.c. (2)
is the second equation in whatever section it appears.

5



2. LINERR INEQUALITIES

2.1 The Initial Problem

- A - - - - - —

ii) x‘e R", % i€1I= {1, 2, ees, m}, the ith row
of the matrix A& € R™*",
iii) MBe rR™M.
We want to find x € R” such that

& x

IA

3; vi€e1 (2.1.1)

[ 3

- Ax < B. (2.1.2)

To simplify proofs of lemmas and theorems that fcllcw, we

.

shall normalize all «'.

N o : 3.
Let a = =———ec-—- and bt E mmmm—p—— (2.1.3)
- SR i Pt
'3 A :
Then mm—mmpemm=X £ mmomeqe== (=D ax < bye (2.1.4)
Pe“td I &t
Therefore, “ 4x < b, {(2.1.5)
al b,
a2 b,
where A = . and b = . . (2.1.6)
a™ b

™

Frcm now on we shall use (2.1.3) to (2.1.6) instead of

(2.1.1) and (21.2).

2.2 The Buxilliary Prcblem

In surrogate methcds, a surrogate constraint
A A ’
ax £ b (2.2.1)

is constructed at each iteraticon. The construction of



(2.2.1) gives rise tc a new prctlem cf the form: given a

current x€9> € R",

deterrine h € R™ such that h solves the following protlenm,

@ . _
maximize r = I h.(axt®’ - p,) " (2e242)
i=1 * ¢
subject to - {{a{f = 1 (2.2.3)
and ‘h. 20 ¥i€lI, withh? 0, (2.2.4)
N m ¥
wvhere 3 = Z’h;a". : (2e2.5)
i=1
A ‘ P |
Note: the b .in (2.2.1) 'is given by b = h.b. .
i=1 . &

Since we ére dealing with inecualities, care must
be taken not to cpt cff ary feasible region swhen we carry
cut scalar multiplications cn the aa's,'hence-the ncnnegat-
ivity constraint on h. Constraint (2.2.3) guarantees that

3215 normalized.

2.3 Tolerant Value

o e W G S - o=

In practice it 1is not always easy to get an exact
scluticn. Therefore a small value § 2 0 is cften given so
that any x € R" resulting in

Ax £ b + Se, - (2e361)
where e € R 1s a vector cf ones,

is accepted as a scluticn.



3.- SURROGATE-I

Before describing the algorithm for finding a solution
to the given problem, we wquld like to set down sone cother

notation and definitions that will be tasic throughout.

3.1 Notations and Definitions

- —— - A T — — - - -

1) The half-space defined by the ith inequality is given as
H; = {x € R"(a;x - by < 0},
2) The bounding hyperplane to H; is given as
JH, = {x € R"|a‘x - b, = 0}.
» 3) (a) The set~of exact soluticons is civen as
S = IE\H; = {x € F“|Rx - b < 0}.
i=1
{b) The set o¢f tolerant sclutions for a given>tolerant
value § 2 0 is
%f = {x € Rale - b £ §e},

where e is a vector of cnes.
4) The error in x ¢ S is

d(x,S) = min ||x =~ yl}.
y €8

5) If x € H;, we say that x is on the right side of H;,
otherwise it is on the wrong side.

6) The cosine of the angle between gH; and dH.)' is

= aF 59
c‘:‘)' - a .a r}

and the sine is



HWith reference to figure 3.1, we alsc have the following:

x(1)

\ To]
.

x<2)

I, oMy oH;

Fig. 3.1 Surrcgate Half-srace

7) The distance of x¢03 € R" frcm JdH,; is
d = atxto) - b, »ie€1I.

‘Mote: 'If x¢0) € H;, d. € 0.

.
v

8) B € I is such that gH, is the farthest hygerplane from
[

~F

x(9), In other wcrds
> 4 i .
d% 2 d, 1 €1
9) The orthogonal projecticn of x¢0? onto dHy is
-]
x€1) = x(0)> - dFaPO .
0
10) The orthogonal projection of x¢0> cnto ‘QHL' i# B, » is
R€1> = x€0Y - 4.a%.
12
11) x¢2)7 is a point on the manifold aHb{\ 9“; closest to
0
x€C1y,
Note that (x€02 - x€1)) (xC1) - x€2)) = 0,

9



"12)
13)

14)

15)

16)

17)

t: is the angle between ‘aHk and gH:.
. A

The distance between x€¢1? and x¢27 is

P € I is such that 8“# is the farthest viclated
1
hyperplane intersecting (QHP from the point x¢1),
o
ie.Ce g 2 qg. ¥ie¢el.
ﬁ t
(a) A surrogate half-space H, for Hk and HP is a half-
o [
space ccntaining the intersection Hb(] HP' and we
(-] t
write this as
H, = ,.C(Ht;,ﬂh).
(b) A surrogate hyperplane 3§| for HP and Hﬂ is the
(]
hyperplane containing the manifold aH),ﬂ aHP and we
[} ]

express this as

(3t IHp) -

10



3.2 Aqgqron's Apprcach

> w  w o —— — d ——

Tc bring ocut the similarities and dissinmilarities in
Aorcn's methcd and the surrcgate methcd, we shall briefiy
present his apprcach first. In his methcd only one
constraint 1is involved at each iteration. 7The following

are the three lemmas that support his convergence thecrenm.

Lerma 3.2.1 (Agmon®s lemma 2.1)

Consider the follcwing 3 pcints, x, v, 2, and a half-
space H with x ¢ H, y € H and such that z € gH 'is the
crtheecnal projecticn cf x cnto gHe.

Then a) tiz - ylt < 1ix - ytl,
b} i1z - yit2 € {ix - yltz2 --{lz - x||2.

oH
Fig. 3.2 Points Separated ty a Half-sgace

The proofs cf the lemma are:trivial. We kncw that any 3
pcints in space lie cn a 2-dimensionzl plane. Since z is
the crthcgonal projection of x c¢nto gH, and y € H, then

L xzy 2 90°, Therefcre L yxz < 90°. From elementary geo-

11



metry, we know that in any triangle, the side opposite the
greater angle is the creater side.

. o a) iz =yl < 1ix - ylfl.
For the (b) part, we apply the ccsine 11ule.
Iix - yvli2
= 1Ix - 2112 + |1z - yli2 - 2f1ix - zll.llz - yllcos(xzy)

> 11X - zl12 + [lz - yil2, since cos (xzy) < 0.

-

L

e« b) {lz - yliZ = IIx - yii2 - [lz - x]|2.

ierma 3.2.2 (Agmon's lemma 2.2)

-—— - - -

Let i) no superfluity exist in the inequalities
aax < b ¥ie€erl
that defines the pclytope S,
ii) x ¢ S and y"€ S such that
bix = y*I1 < fIx -yl ¥y € Sand y # y", «.c(D)
1i1) I = (i € Ija“y* - b; = 0},

iv) Sb* be the pclyhedral cone defined by
3 . .
a’ ' x ¢ D, ¥ j € Ib*'
Then x § Syx and y*etasb* and is such that

Ix - vy*11 < 1ix-2||l ¥z€S andz *y"

Fige 3.3 Cone Containinc S

12



Suppose X eAsn*. Then since x ¢ S, dr ¢ (T - ;y) such that
x € Hy ] (Syx - S). But y*€ H  since y*€ S. Therefore there
exists ¥ € gH, and or the line segment xy* such that

Iix = §11 < Lix - y*|i secescee(2)

But ? € S. Therefore (2) contradicts (1).

e o X d Sb*.

For the second part, let ¥ € <953* with ¥ # y*. Then
there is a spherical neighborhcod Ne in R" around y* such
that its points belong to H,. Therefore the intersection of
-Ne and the line segment yy* is in JS. Let this point of
intersection be y'. Now for some «, > 0 and «, > 0 with
x, +x, =1, we have

Phx = y*Il < o f1x - y*[| + ea,0ix - ¥I1.
Since y* € S, 1lx = y*I1 < |Ix -.¥y']} by (1) above.

e e HIX - YR < & 11X - ¥R+ e, 11X - F

(- ) 1Ix = y*|| < e, [Ix = ¥

Se 1 - ¥ < Hix - .

This proves that for z'€ Sb* and z # y* ,
Hix - y*1I1 < tix - zil,

which completes the pfoof of the lemma.

lerma 3.2.3 (Agmon's lemma 2.3)

Let i) a polyhedral cone V be defined by the homogeneous
ineqgualities
aiw <0 v¥i€1I,
ii) E be the set of pcints x ¢ V and such that the

origin is the point on gV nearest to x,

13



iii) J = 1 € I1a*x > 03,

iv) fJ(x) = distance ¢f x € E from a}U ¥ 3j€E Je.

Fige. 3.4 Ccne with vertev at the Origin

Then J N\ = NV) > 0 such that
Inf max -—==---- =\
x €EE JeEJ jIxXi}
(Note: \ is the smallest sine of the angle defined Lty <9HJ

and the line joining x to the origin.)

Consider the polyhedral cone Sb* of lenma 3.2.2.
z € Syx ==> |Ix - y*| < {Ix - zi}, z #y¥
= JIx = ¥¥) - (2 = YOIl eeee(D)

Now consider the vectors (x - v*) and (z - y%).

¥ie Iﬁ*' ac(x -y¥ = a;x - b since aay* = by
> 0 since x ¢ Se
.. (x - y%) # V. -
¥+ i€ ID*' aL(z - yF) = a;’z -k since a‘:y* = b,
< 0 since z € Sb*.
.. (z - y*) € V.

Since we can chcose z in (1) above to ke on 353*. (z - yH
is on gVe. By (1), (x - y®™ is closer to 0 € gV than is
(z - yH.

14



2
. £5(x - ¥y%)
e o 2 T—m—aeeeeoeess )0 'V'jEJ-
. Hix - y*
fi(x - y%)
But, --=--=-ec=-- = the sine of the ancle defined by 9H; anc
ix - y*11 -the line joining (x - y*) to the crigin.

Let Xy be the angle between gH! and aH‘;.

Then max sin(«;/2) = N(V).

1,J € J
£,(x - y®
Inf max -—-----------= = max sin(«;/2)
(x -y*) €E j€J Iix - y¥*| i,j €4J
= NV).
. | £, (x - y*)
.« . Inf max —-—-=<--===-= = \(V) > o.

(x -y® €6E J€J JIx - y*|

3e2.1 Agmon's Algorithm

1) Choose x¢0> € R™ arbitrarily and set k = 0;

2) If xtk>» € S, stop;

3) Else set x¢k+1)> = the orthogcnal projection of
xtk)> gnto the most violated
hyperplane aHP .

. 173
1eCe XCThk+1)d = xthkd <~ 4 a&(;
. Ry

4) Set k = k + 1 and go tc 2;

Thecrem 3.2.1.1 (Agmon's theorem 3)

If the system of inequalities of the problem is consist-

tent and {x¢K?} is the sequence cf iterations defined abcove,

15



then X(hk> -=> x € S.

Also [Ix¢> - x| < 20" xc0> - yeodyyq,
where 0 <8 <1 with 6 = 8(h).
Prcof

Let )\N:m: min sin(:x‘-u.) and g = ‘/i - \2 .

i,j€ez e
Jix¢hk+1d - x¢ld|} = pax d(x(l{)'dﬂt)
: ~iel '
> N 1x€kd = yekoy by lemma 3 .2.3
2 N k) - k) (A R XX NN XY
2 .o EXCK yek || 1
P IxCh+1) — yeldj12 € JIxCkd = yChkI||2 - JIxCk+1)> - x(kI||2
by lemma 3.2.1(b)
< f[xek - yekrjje - N2 [ x> - yderf|2
: by (1) abcve
= (1 - )\vz".m)“xck) - ythkdj|2
= Q2|xtk) - yCkd||2
Therefore
PIxeh+1d — yeloop| < g xtir - ytoy| cocecssecssas(2)
Eut
[ xCKk+1)> <~ yk+12}] < [IxCk+1) = ytkd by definiticn
Therefore '
[IXCR+1Y — yek+1d | < B][xCk) - ytk)jj by (2) above
< B2 xk=1) « ylk-1)}{|
< Qk+1][|x€0) - yC0)||

e o JIxtkY ~ yakopp < ghjpxcor — ycodypy (3.2.1)

X,yCkd, xthky xck+1), .., are all included in the hypersphere
S(k):l,x - y(k)’! < l'x(k) - y(k)l' < ekl'x(O) - y(O)”

. o Stky 5 Stk+1d 5 .,

16



oo
i.ce. nS‘k’ = XHe
k=0
e lim x(k) = X = lim Y(k)o
k=> oo k=> o0
The diameter is less than or equal to 208%[[x¢0)> - ycod|j|,

. . [Ix¢k> = x| < 28kj[xc0> - yeodyy,

3.3 Description of the Surrcgate BAlgorithm

Until the construction of a surrogate hyperplane is
shown, a formal specificaticn of the algorithm cannot be
given. Below, the basic idea of the algorithm is presented.

1) Choose x¢©0) € R" arbitrarily;
2) If xto>» € S, stop;
3) Else set k = 0 and gH, = dHy. the farthest

hyperplane from x¢(0>;

4) Move on aﬁk to gH , the farthest hyperplane

I:l'd-\
intersecting ¢)H)< with gP > 03
[[27]
5) If there is no such g L’ then the orthogcnal
<4
~
projection of x€¢0) onto ‘JHk is a sclution, stop;

frcm aﬁk and JH ;

’Tt.-l»l ’

6) Else construct aﬁkﬂ

7) Set k = k + 1 and go to 43

3.4 Surrogate Construction

The surrogate for any subset of the given ccnstraints is
a linear combination cf those constraints. It is dependent
not just on those constraints per se, but also on the

relationship between each pair of these constraints and

17



x€¢03, That is, the multipliers in the 1linear combination
are fuctions of the angle defined by these constraints and
x€0?, Yemma 1 establishes 5 very useful and frequently
used formulae while 1lemma 2 establishes 2 impcrtant
formulae used by the algorithm to construct surrogate
constraints. Proof of the validity of this construction is

done later in lemma 5.

Lemma 1 For any 1 € I and lchil 1,
d. - d,c,,;
i) g': = "'":""'"‘,i":u".. ’ (3-".1)
- e,
g D
d, - d: ¢
1%
1) §; = -=%--- -tk (3.4.2)
- ez,
P A . = - 2. olle
iii) gb. + gic,%,_ dB\/]-: c,g._ ’ (3.4.3)
o Y A - :
IV) q‘:clgl'"' g‘: - dl.‘/; Cé‘. 2 (3-“-“)
g2 + g2 + 28.g.cy!;
V) 1"2 = —-L"—--k ----- L-&‘@: - (3 ouQS)
- c2.
1 C%L
Proofs
a‘x¢1> - b, .
i) g, = emmmmm—————— by definition (13)
v sin(t:)
at (x¢0> - dpal) - b
T e S it by definition (9)
sin(t')
d': - dPa'%-aL
T emm——— 2 m by definition (7)
sin(t;)

18



- ——— -

by definitions (6).

by definition (15)

by (iii)

~ d,, - d;Cl,b
ii) Similarly, g, = "wFo--o=—f-
Vg - ci;
iii) From (i) and (ii) we have,
dr, - dPCZ; ““““
pas M —-2———-3-2_ j—4 -
g‘: + g;c&,_— v/_ ...... dk’\/].. c‘
1 -
cgh
iv) Similarly, g cB;+ g. = d;Jr - QEJ
v) re = 42 + 2
) 52 =3+ g
(8, + 9,52
T e o o - lo.‘P._J-— <+ g.z
1 - -
_ 9B eE 1909 %:
1- cg;
lemma 2

»
A hyperplane gH, constructed at
x¢2) is the orthogonal projecticn of x¢o©
that its normal 3, is a linear ccmbinatio

the following equaticnse.

—— - - — — - - -

19
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n of &% and a° has
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g2 + g2 + 2§.9.¢,;
i) 12 = —=fe-e-toeo-- eZe Bt by eg. (3.4.5)
- 2
1 ck“ ‘
§2 + g2 + 2§.q;,a".a"
e e by definiticn (6)
- 4
1 CBL
a; g
e L i L
- 2. - .
\/i c&b v/]-. CE..
g - g .
P P S a' | =1
I, J; - CE° r,Jg - CEC
g, b g ~
Set 3, T cmmemclomena?® 4 mmme—cheeoop
L, 1 - céc I, vl - ci;
ii) Taking the dot-prcduct cf‘a% and 5. from (1), we have
A .
RSP PR S 3
r,Vg - cé;
A
= -=2 by €Qe (3.“.3)
I, ‘
abxtor ~ p
= seeseceo-- & by definiticn (7)
I
. R
. o rla°.3, = a%x("’ - bP oooooooao.cooo(l)
o
x¢2) EAH {== at;x(Z) - b = 0 esscsoencscocee (2)
k B,
Bdding (1) and (2) gives
qa%3‘=a%H“-ﬁx"’
a%(rl 5' - x€0) &+ x€2)%) = 0

‘A
T

Since a® # 8, T,

20
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*
A

e x€(2) - x€C0) = —r‘a\
x€2) - x(0) being a rultiple of 5| reans that x€(2) is the
»
orthogonal projection of x¢9? onto JgH, .

. o x€(2) = x(0) - r,gl,

This completes the prcof of lemma 2.

3.5 The Significance c¢f Cal= 21

- A i WD T D P S - -

In lemma 1, we excluded CBL= #1 mainly to aveid
division by 2zero. But these values, especiélly cEL= -1
under certain conditions, have some important meaning.
Since cr_,o.‘_ is the cosine- cf the angle between aH}; and gH,,

c',"= *1 implies that aHP‘is parallel to ,_-)HL. There are 2
(-] o

casese.
Case 1: gH, (1 aH, = ¢ ana H), N H, ¢+ g
...... o o
Case 2: ‘”P N dH; = ¢ and Hy. N H, = fo
—————— [-] (-]

Case 1 should not wcrry us but case 2 shculd, fcr the

.obvious reason that there is no soluticn. To establish the

conditicn wunder which Cpe = -1 is inmportant, we have the
A 4

following:-

21



a) (==2)
x¢03 ¢ sc ==> 3Jj € I such that g;
But dP 2 4, ¥i1i€1
[
.« . d, > §.
R
b) ((::
> == €03 & ; &
dn s X ¢ Hg . Where HQ
== x<o) ¢ SJ'

Assume that x€0> ¢ g, then

Lemma 4 (Krol and Mirman)

* - . 0 :
a) dL d&ck° > and cﬁ‘
b) fcpil #1 and g; > 0 ==> g. > 0.
[} L
Prccf of a)
d; -~ 6> 0 == d > —c‘ll,°
Cpe = -1 <==> al® = -at,
-]
Suppose v € S. Then
vES==>a‘v-b <0
==> a‘v - a‘x¢0) + d- <0
==> a‘v - a‘x¢0) - dp < 0
o
==> -aPv + aPxC0) - g, < 0
-]
==> abv - afxcor + ay >0
-]
==> agv - bF >0
-4
==> v ¢ S.

Ceontradiction, therefcre (a) holdse.

22

since CP; = -1.
(]

> &

by definition (8).

= {xlahx - b, S

p < %

-1 ==> inconsistency,

.......‘(1)

00000000(2)

by definition (7)
by (1) above

by (2) above

by definiticn (7)



Proof of (b)

lchgl # 1 <==> 'Ch;' <1

4, - drcy; :
6‘. - -_&_--_t-a: by eq. (3.“.2)

R,
1 + Cp .
=g+ (4 - d;)=--mmm—tes by eg. (3.4.1)
[ ]

v
]
0
[N
3
0
0}
Q,
eV
v
(=7
[
3
el
0O
[ o
N
[
.

. A

* o g'>0==>g.>0

This completes the prcof of lemma 4.

Note that part (b) of the lemma shows that cconstructicn of

surrogate hyperplane is valid.

3.6 Recursive Definitions

We shall now give the recursive definitions of some pf
the formulae already established which ére necessary for
the fcrmal specification of the algorithm. It is otvious
fror definition 15 that r, > dg « Therefore our surrogate
hyperplane of lemma 2 1is now the farthest hyperplane from

B

A .
x¢0>, If we now use r, and a, as d, and a° respectively,
L

- 23



) s
we can compute r, and a, and hence x(3> as shcwn in lemmas
1 and 2. That is, for scme i € I our next set of formulae

as derived in lemmas 1 and 2 are

i) g, = =~ememceee—c——a- )

L

A
. ~ r, - d:4,.a
ii) g, = ===-—mm-mom-oo- .
JI - (8, .2%)2
iii) § + gos. .a" = ‘r' J]t - (3‘ .a‘.)2 2

iv) g 4, .a“ + 9; d;Vg - (3 -ad)z v

v) rz = IZ + qz T eerecccstocccere e - - 2
2 1 e
¢ 1 -~ (@4, .a")2
g g
Vi) an = ‘———-———k ——————— ’a\' + -—--—---L‘----_-_a"’
r, 1 - (2 .a2a7)% r, 1~ (3 .a)2

. o ~

vii) x¢3? = xt(o0)> - Igdy e

This process can be repeated as many times as necessarye.
Therefore, let k be the iteration number. Then for k = 0,1,
2, «++ we replace the subscript 1 by k+1 in definiticns 15
to 17 and 1lemmas 1 and 2 making them recursive. These
recursive form will be given and dsed in the fcrmal specif-
ication of the algorithm. Future references tc such defin-

itions will be directed to the steps of this algorithm.
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3.7 Formal Specification of Algorithm 1

1) Choose x¢9> € R” arbitrarily;
2) 4@ = Axt0) - b;

3) Choose p € I such that dP 2 4, %+ 1i¢€1I;
(-4

° [

4y If 4, € 0, then x¢%> € 5, stops;
b

o

5) T, = dp 5 = al , k= 03
o

o (-]
8) Cpy = AQJ ’
7) Choose p € I such that g2 = rax gf
fet hin 1€ T,9.>0
(d; = 5, )2
where gz = =—-—------- “2-- ¥iel;
v 1- cfw,'_

8)1If 3Ji € I and k such that c ~1 and g; > 0,

eyt

then stop with no solution;

9)2If d, - r,c, < &, stop with x(k+1) = x(0) - r 3 as
Rav  TRTEL le Tk

a solutiong;

10)3rkﬂ - K ~m“
4 I C
1), = Rk R
“ Tpew (- CMM)
12) 3h’?“ T ememe——— .""'.';&'L' (O\-1) CB«‘_-_h_d_l _____ ,% + s
( -
L (1 CH‘“)R r (@1 C’in)
N - A A .
1) @ = h&’mak * h'?c-ua s
N
14) ¢,,, = hy c,., + h, B (T ;
) Cria By Sttt o (a'x)" 3

15) Kk =k + 1 and go to 7;

1 See section 3.9.1 on inconsistency.

2 i .
C‘?m is a short form of the scalar c,(.,_’)l?“l

3 \ is a relaxation parameter. See eg. (8.3.3) for valid
values.
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3.8 Validity of the Surrocgate

- - Y . . ————— -~

lemmas 1 through 4 are alsoc valic¢ for the recursive
forms since we have shown in the recursion section that
wherever dg and ah are used, I, and Sk can be used fcr all
ke In lemma 2 we only proved that &, is a 1linear

combination of a% and a". We shall mnow prove that it is a

positive linear combination..

Lemma 5 For all k,
i) gk is a positive linear comkination of Qkﬂ and af% .
ii) 118,11 = 1.

Prcofs (For projection, i.e. \ = 1)

i) If 9, <0 ¥#ie€I, the algorithm terminates at step 9.

Therefore going beyond step 9 implies that gb > 0.
; . >

g, > 0 == g >0 by lemma 4 (b)
R Pk
. g ]
e« « Both BP = e———— N and hP R S are
Kk ‘/- —————— (1 J._----;
- c2 1 -
1 9% I, cé
positive,

ii) This part will be proved by induction.

a) k =0
113,112 .= 3,.5,
= ag.a° by step 5.
=1 by ncrmalization of a;-V‘i € 1.

b) Assume that the lemma is valid for k = n.
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Ta)
g g
‘ lé\f\*|l lz = ‘ ' ------- E\i“--é\n + ---'-——-E'\tl-—-a)"\"'l ‘2
I vﬁ cg T, VG c2
n+ !”\‘H n Pv\-}\ )
by steps 7,11,12,13
1
A A
= momememmoooes (g2 + 2§ g ¢, + g2)
r2, 1 - cg ) R B Ry st B

since 3“.3“ 1 by induction

and ahﬂha&” = 1 by normalization

1

T mmmmme—m———— rz2 (1 - c

2 ) by steps 7,10,11,12
nit \

Rt

L

.. N
e e ||ak|'—1 ¥ Kk

This completes the prcof of the lemma.

3.8.1 The Kuhn-Tucker Conditions

We have shown 1in the last lemma that BP
723}

positive. We alsoc have to show that they satisfy the Kuhn-

and h are
n-n

Tucker conditions for the auxilliary problem. Since we use
2 constraints at a time, equaticns (2.2.2) and (2.2.3)
‘reduce to

maximize f£(h) = hk*xk + hd dﬂ+u
1) +

A ~ .
subject to h2Z <+ 2h, h, ¢ + h2 =1
B«c 'l’m B F"«" Rt

For these above, the Kuhn-Tucker conditions demand that
Jm > 0 such that h satisfies the following 6 conditions:-

1) 1, - 2/u(ﬁ, * hp cp ) S0,

>
Iy et

lett
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N A
2 - =0,
) h, (r, - 2n(h "h&yﬁh))

le+t a l?«.-ﬂ
3) d -2ma((th, ¢, +h, ) <0,
I)’L-H P'L‘N Ikﬁ ,I)eﬂ
~
4) h, (d - 2nmth, c + h ) =90,
}TLH Pk-ﬂ e‘-ﬂ '?L-H IZ'“
sy hz + 2h, n h2 -1 =0
< Cc + q - -
Bt Bete B Bet Fen ’
A A
6) mth2 + 2h, h, c + h2 -1) = 0.
A B Beat Ben B Bt

He shcwed in 1lemma 5(ii) that condition 5 is satisfied.
Therefore any a1 > (0 that satisfies conditions 1 - 4,

satisfies condition 6.

The left hand side (1lhs) of condition 1°

2a
=q - mm—mm——meme- (4, + 9 S ) by steps 7,11,12
‘/- ------ )7«. et et
rlch 1- E-“
_ 2 A ‘/— -----
T L - e~mem——————— 5 v¥i - ¢ by steps 7,11,12
1 ‘/_ ______ ledl
r’“' ! cﬁk-}l
24
=5, (1 - =-=-- )
Tyt
Set A= rk_“/Z sesesssssssces (1)

Surely this satisfies conditions 1 and 2. Let us test this
on conditions 3 and 4.

The 1lhs of condition 3

=dp = ==m--------- (&, ¢, *+a, ) by steps 7,11,12
L L &ﬁ kel R
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I T — (§b

c, + g ) by (1) above
et h:.-u Ed—l

by steps 7,11,12

1}
[=1)
{
Y
&
z
S~
[
[ |
]
a t
]
[}

= 0.
Similarly, Am = qﬂ,/z satisfies conditicn 4.
Therefore, h satisfies the Kuhn-Tucker ccnditions for

the auxilliary problen.

3.9 Termination of the Algorithm

. W S > Y D Dy - - I - ——

In all iterative schemes, there hées to be at least one
exit from the loop. In ours we have civen 2 - steps 8 and
9. We want to justify the 2 steps. Ue'have 5 theorems for
this. The first one is the procf of step 9 - successful
termination of the algorithm. We chose to do this first
because it 1is very short. The second theorem 1is for
aborting the algorithr - prcof of step 8. We do not claim,
however, that this terminating factor cf step 8 will always
be found if the system is inconsistent. The other 3
theorems are convergence theorems and are found in chapter
5« In these 3 theorems we show' that if the system is

consistent, we shall always get the condition of step 9.

Theorem 1

A necessary and sufficient condition for xtk)> € %; is that
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g € wemmecacee—— ’ k € {1,2,3, eee}

p
% pe—————
JE - c2
k.
Proof
x¢hk) e s, <==2> a“xthd - p. < § +i€e1
! A
<==> a“(x¢t®) -1, 4&,.,) - b <& -¥.i € I by step ¢
{==> d, - T ¢C, <& by definitions (6) and (7)
)?e le~! '?(
&
(==> g, £ ===-====-- by step 9
T
- cC
R

——— — A -

In lemma #4(a), a condition that reveals inconsistency
was given. That condition 1is only cood if there are two
non-intersecting parallel half-spaces and cne of them is
the most violated. In such a case, the inccnsistency is
detected during the very first iteration. If the x(02 we
are using does not make one of the parallel half-spaces the
most violated, the inconsistency will not be detected using
lemma 4(a). Lemma 8 (z) will some times fail to detect the

case where there are no parallel half-space and yet there

is no commgn intersection of the half?spaces.

In ofder to prove our claims, let us present the 3 types

of inconsistency in the lancuage of propositions.
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Two non-intersecting parallel half-spaces and one of

them is the most violated.

x€0), o xC1)
= -
] )
~
JE; dH,

2 Figo 3.5

Prcposition 1

—— o —— - - -

A type 1 inconsistency will be detected at the very
first iteration using lemma 4 (a). That is, Ji € I such that

A
x¢1> ¢ H: and a“ = -a,

. A
i.€e d. -1 4 .a*" >0 and 3 .a"' = -1.

L o o - Yt

Prcct

Type I ==> 3i € I such that H_[) B; = #,
==> a* = -3, and x¢12 ¢ H, since x¢1) € H, .

To chcose the g in order tc construct

A_AA o
a, = hha° + hka v,

we must, for all i € I, inspect the distances d; - 1,3, .a

A]

for a maximum positive value and the dot~products §a.a° for
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the value of -1. Since these conditions exist for sonme

iz P e they will 'be detected in the verf first iteration.

«« ¥ €I such that d; - r,§,.a" >0 and &8, .a" = -1.

Two non-intersecting parallel half-spaces and none of

then is the most violated.

X0 pmann \\\\L \\\\\ x(k+l)

&
xCk+2
Z H.
3H OH
'< e
Fig- 3.6

Proposition 2

Once we miss a typé 2 1inconsistency at the first

iteration, we miss it forever. In other words,

)

3 .a" # -1 ==> 3 .a“ # -1 ¥ k.
-4 T .
But 3 k and i € I such that xtk+2) ¢ H; and a“ = -am+u
Proof
fi, not a parallel half-spaces ==> |3,.a"] # 1 vitp
==> §,.a" #* -1 ¥ie€el.

Thergfore the construction of the first surrcgate will be
done. Since this «case is such that S = &, the iteration

will continue satifying one constraint and violating
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another. Some time in thé iteration, one of the parallel

hyperplanes will be chosen for the construction of

~ A A p
a = hy, a + h, akt,
Lt }i » o }7‘ #H _
Since HP is parallel to and ncn-intersecting with H; for
e '

some 1 € I, 1 ¢+ %1 + We have
. +\

ahﬁkaL = -1 and xtk+2? ¢ H; since xt«+2) € H .
Ta+!

o . at = —an“' by ncrmalization.
hd A v A ':
e o A2 = —a““.a‘“‘
N
= =-(h, c + h by step 13
(Mp b * Phe) Y STEP
d
S+ - by steps 7,11 and 12
rk.-H
+ -1 since d‘: < r,m i €I and ¥ Kk
. . aj.a® # -1 ==> g -a" * -1 ¥k,

.
rl:d-l

but xCk+2> ¢ H' and a‘ = -a for some k and i € I.

- = -

There are no parallel half-spaces and S = f£.

\ xtl +1

o)
X — T

x(k +2)

-

' "
aH, JH,  IH,

I+t

Fige 3.7
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Proposition 3

If a type 3 inconsistency exists, then

\ A}

go.a“ # -1 and éwl.a“ = -1 depends on x¢90J,
Precof
No parallel half-spaces ==> 33 .aL[ $#1 ¥iz# P,

==> 3 .a" ¢ -1 ¥+i€1I.

o

Suppose that Jk and i € I such that

d; -r 4 .a* >0 and §,.3a" = -1,

v 72Y alm k
A
then Hk_H is parallel to and non-intersecting with H;.

> A . . .
=> a* = -a by normalization
lett

P "
=> a* .akh = -ak_“.ap"’“

- (hl"‘

et

A L
alm.a = -1

il

Cc + h by step 13
Fl'(-l-l h‘_") y 3 .

. 1 by steps 7,11 and 12
Tiw
£ (Gh)

£(x€0Y)

H

This shows that a‘.am“ is a function cf the starting rpoint

x¢0>, But % i,j € I, a*.a’ 1is independent of x¢0?,

[ ]
" L

e o ak“ «d = -1 depends on x¢0>, ssescesse (1)
The condition in (1) means that the surrogate hyperplane,
A
aHk“, is parallel tc hyperplane gH:; and inconsistent with

it. Whether we will get this conditicn depends on x¢(0)J,

Mon-recursive Formulae

We now want to state and prove the general fcrm cof

34



lenma 4 (a). To do this\ we shall need the non-recursive
forms of r , 34 and b, . These forms are already defined in
section 2.2 as egs. (2.2.2) and (2.2.5), but we want to
re-define them now as functions of k. Ffom the recursive
definiticn in step 13,

4 =h, (b

A A P b R ""‘ ,7‘
k+ -,k-ﬂ (... (hpl(hhao + hha') + h’;a‘)oc.)i' he‘al) + h}, a )

FL ’ {2

Let us define ufkd> as the factcr at the kth iteration by
[

which any given constraint ncrmal, a‘, has been multiplied

to get the surrogate constraint normsal, ak. We therefore

have the following récursive function for the vector, utk?,

<ol = e’° ’
. Al | : (3.9.1)
gé¢k+1d = h ufikd ¢+ h e .
H{-N B(-N PI(-M
Hith this we can then re-write (1) above as
N m
a = 3_-ufkd = ATutkd ¥k 3.9.2)

! ;
‘ i=1 *

Fal
Alsc tc get the alternative definiticns for bk and I, . We

have
~N 1 ’
akx”” = ToouLtkogtxcon
i=1 “
m
= @Tuthkd + plgtk?
hd "~
. . b, = bTuCk) (3.9.3)
A A ’ :
and 5, = 8xt0) - b =qaTutk> ¥k, (3.9.4)

Note that for all k,
1) utk> > 0 with utk? ¢ §
2) ATu¢k) is a normalized vector (3.9.5)
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and

Thecrem 2

3) d utk> > 0.

o] t

S =g if Ik and i € I such that d; - a..a >0
and 4 .a"* = -1.

N
Alsac a, .a

Mow consider

le

>0 <==>a*x(®) ~p. -1, 5 .a" > 0 by defo 7
[ k e

<==> a*(x¢®> - r,§) -b; >0

==> a*xtk+1> - p' > ¢

since xtk+1)> = xto0) - Ikgk

C==> xtk+1> ¢ 5,

]
|
jar
A
]
i
\Y4
o
>
]

-a 0000000.000,005(2)

since a*.a* = 1.

an arbitrary v € Hi'

VEH <==> a‘v - b €0
[ t
<==> a“v + d; - a*x¢0®> < 0 by def.s 7
— ‘: A ‘-' - LI . A f:
==> g v + rkak.a a"x¢0?>» < 0 since d; > I 8, -3
<==> a“(v + rkﬁk - x€0)) < 0
<==> -3, (v + 5, §, - x¢02) <0 by (2
—_— A - A
<==> a, Vv + I, akx(O) >0
<==> 4, v - E, >0 by €ge (3.9.4)
<=z=> (ATutkNTvy - pTuctk) > 0 by eqg. (3.9.2)
: and (3.9.3)
m [
K==> S"utki(@v - b:) >0
==> Tt € I such that atv - b, > 0
{==

..S=ﬂif

> v ¢ H, for some t € I.

A}

Ik and i € I such that d. - r, & .a° > 0
L < .

& .ab = -1,

>

and
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3.10 Narrow Cone

Let us examine the behavicur of the sequence, {x¢k)J}

in a system with a very small angle.

~X, = ¢os ()

X,—axis

n)

> x, -axis

x€0)

Suppose we have the following 3-constraint system in a 2-D

-8 1 0
-5 -1} x £ 0
-1 0 cCs (&)

where 8§ > 0 is very small such that

space.

tan(O() = § < 0.5.

x* = (0,0)" is the vertex of the feasible cone.

let the initial guess be
x€¢0) = (-2ccs(m),0f'.

It is easy to see that
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x€1) = (-ces (x),0)"

H

and x¢2) (-cos (&) ,-sin(x))T .
Let t; be the angle defined by the line x€33x(+1) and the
hyperplane on which x¢~3+1’ lies,

and e‘; be that defined by the line x‘01x<~; ) and the x, -axise.

Consider the triangle formed by the points x€¢2),x¢3? and x*

Lix<32]] [1xe22p)
-------------- S bt by the sine rule
sin(Z ¢ + t,) sin(t,)
1
sin(t, )
. sin(2 « + t,;)
s e "x‘3)" = memomessoseee-
sin(t,)
But x€(3>» = (-}|x¢32|]ccs (oc),HxU’Hsin(a())T.
. . sin(Zx + t,)
e o X(3) = mmmcmmeceeeo(-cOs (x) ,sin ) )T

sin(t,)

Sirilarly, from the triangle formed by x¢3?, x¢4> and x *

we have
sin(2« + b))
[{xC*] = ==coemmemmme—e FIx€32 4
sin(t;)
sin(2«x + t,) sin(2« + %)
sin(t,) sin(t,)
. sin{2 x + ) sin(2« + t,)
e o X&) T e a2 o(~cOS (®) ,-Sin () )T
sin(t;) sin(t,)

Continuing thus, we have

K
sin{2 ¢ + 13))
Xk 41) = | femccmmmmemead (-cos (&), (- 1) Sin (X)) eesee(l)
sin (t }

j=2
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sin(2 « + Q;y
To examine the factor -~~~e~s=====we=- further, we have to
sin (ts )

give more information about the angles on the diagram.

Fige. 3.9

From the triangle formed by the points x‘2>,x(3’,x*, we have

t, + (90° - 2 x) + 2 & = 180°, sum of interior L s of a A

o e ta = gge°,
From the triangle formed by x¢2)7,x(3?,x¢42), we have

t3 = (900 - 2 «x) + (x + 63), exterior L. of the triangle.

o o t3 = 90° - & + 93. 00000000(2)

*

From the triangle formed by x¢(%)?,x¢(5),x" , we have

t“ + 2 x + (t3 - 63 - 9*) = 180°, sum of int. L s of A.
i.e. t, + 20 + (90° - o - 6,) = 180° by (2)
= O -
- .t =90 ® + 9, .

We can now conclude that



t.
K

Note that for j

[ ] [ ] t’.

90° - +9d‘ ‘V"j 00000000(3)

2, 8§, = .

900 - x + O

= 9Q9 as found above.

Also for j =1, 8 = 0.

. o t, = 90° - « ‘as can be seen in the diagram.
sin(2« + t;) Sin(90° + o + 6:)

Mow - =-=e--wmom———— T e e em e e ——————— by (3)
sin(t.) sin(90° - o + 9_;)

cos(x + 6)
T eeme—e— e ————— esosseoe(li)

cos{x - 9..:')

Since o is very small and o 2 OJ-‘ 4 j, we have
gg° > 2 % 2 °‘+9.4'> 04-9320.
. o ' 0 < cos(2 &) Scos(tx+64') <cos(tx-90-) < 1.
. cos (2 &) cos(x + 8;)
s o« 0 < COS(ZO() £ =mwmmcc—————— € memcrmece e < 1 000(5)
cos (& - 8,) cos{x - BJ)

Equality holds only for j = 2. From (1),(4) and (5) we have

(cos (2 ax))k-1 < | xtk+1d|| = | |-=wemcmeceee—— C1 +ese(6)
cos (e - e‘;)
j=2
cos(x + 60-)
where 0 ¢ -==-=--e-eu-- < 1 1is the error decaying factor.
cos{x - ed-‘)
The lower bound 1in (6) shows that convergence can be
extremely slow 1if o 1is very small and we are oscillating

between the two hyperplanes with angle < 2 «e.
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4. RE-INITIALIZING SURROGATES

We saw 1in the last section that even when convercence
seens obvious, the prccess may be very slow because we are
_trapped in a narrow ccne. The reason for this is that x(9?
is fixed. If we can renew x¢90> at certain pcints during

jterations, we will avoid oscillating tco long in any cone.

Consider fig. 3.8 once more. If x¢0) is re-initialized
after a repeat use of any constraint, x¥ wculd be the
imrediate successor to x¢%J., - In other words, the feasible
vertex would be reached after 4§ iterations. On the cther
hand, re-initializing at each iteration would have x* as a
successcr to x(23. (Ncte that x¢2?, not x¢1), is the first
iterate) . A third technigue we would like to consider is
renewing x¢9> at every other iteration. A partial reason
for this is that in the seccnd technique, each iteraticn is

a first-like iteraticon and so will not detect non-parallel

type of inconsistencye.

We shall call the first type Surrcgate-R. *R* stands
for repeat choice of constraint. The second type is named
Surrogate~I1 since it wuses two given constraints at each

iteration, and the third, Surrcgate-III. During ary re-

initialization, r,, and &, are not computed because
xCk+2) = x¢0) - v 2
k+t ke
= x¢0) -1, (h}, 3, +h), atl)
! (37) e+t
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= w€¢0)> = R A - % Rt
x¢ = (=====¥eee—q, + cemhn a“?) .

Ao -
A4 let

This means that after a choice of Hﬂm is made and x¢9?

gualifies for re-initialization, we should then set

h = x--—:?%f::- . ccsescse(li.0.1)
Ao,

h B (x-1)q&;~—-g&ﬂ--- cesscese{le042)
ﬁ'%. T %

x€0) = x¢0> - (B, & + b, alkw) ceceseca(Ba0.3)

IH
The new distances are then updated usirg

d=d- (h c, +h AET) cececeas (Ba0ol)
Bkt Bemt ,
With egqs. (4.0.1) to (4.0.4), we now present these modific-

ations of algorithm-I;

Surrogate-R Blgorithm ' | ,

1) Choose xt°> € R" arbitrarily, set k = 03
2) d = Bx(9) - b3

¥ie 1;

t

3) Chocse Q‘S I such that dP 2 4,
k

4y If dP < 0, then x¢02> € S, stop;
3

5 3 =4 , 3, = a% , hyp(i) = '0*'B Yi€1:;
kTR

6) C, = A3 ;
7) Choose p € I such that g2 = rax gz
ket ko i€ I,9,> 0
(¢ - Ikckﬁ,c) . .
where g2 T eemsescscomco—- ¥ i €1I;
1- cE-H,c

8) If 31 € T and k such that ¢,,;= -1 and g; > O,
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then stop with no soluticn;

- r,c, < §, stop with x¢k+1) = x(0) -1, § as
(127}

9) If 4
) If dp
a solution;
9h) If (hyp(%.)), go to 11°*;
{

9c) hyp(gm) = '1'B;

i

10) r \/;2 + )\29}2- ;

k+1 k “
4, - I C
11) h'. = )\—"-P'u'-----)g”-- H
ke k-ﬂ 1 - )gi,)
- d -rc
12) Bb = --E"‘.---.&*LS o . (}‘_1)(: _-.'&*L---_-t:ﬂ- :
g, (- 2) "L, (1 - )
= k‘ M
13) sk-n hl‘l’ma" + h&“a g
=% T .
1) Gy = By Cuw * hhﬂA(émﬂ)_,
15) k = k + 1 and go to 7;
dn - c
111) hb = x-_}"i".--fk.-'i‘ﬂ- .
1 - c§
3]
A I, - d C -
12*) h - --i-_-_&'ﬁ_ # - (\-1) CRJ-&PL--."_.&&.
Jetl 1 - ¢c2 1 - c2
-+L (]
137') x¢(0) = x€0) - (h}’ 3" + h); a’&u).
A Tt ‘*‘h‘
. = - _ HyT Y .
14°¢) d d (hr'ienck*' + h'L“A (@) ) ;

15*) k = K + 1 and go to 33

Surrcgate~II Algorithm

1) Choose x¢0> € R" arbitrarily, set k = 0 ;

2) d = Bx(O0) - p;

3) Choose p € I such that dﬁ 2 4, i€ I;
i< 7S

4y If dP < 0, then x¢(02 € S, stcp;
Kk
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5)
6)

7

8)

9)

10)

11)
12)

13)

Cieqr = A(at')‘)—r T d’z;

Chcose p € I such that g2 = rax g2
Lot b i€ I,9:> 0"
(4, I, Gt )
where g2 = SRl S ¥ 1i €I
¢ 1=t
If 31 € I and k such that c,, .= -1 and g: > 0,

then stop with no scluticns

If d,, - LS < 8, stop with xtk+11 = x(0) - rka"' as

e\ len
a solutiong

N PO T
h,, = )\ """ H
(Y 1 - CEH
%ﬁ = -5&-:-?@ﬁf@ﬂ - ()‘l)qn-f&ﬁ:-ﬁtﬂgﬂ :
ekt 1 - ci o1 - @
+~ leH

A [ h
x€(0Y = x(0) - (h ak + h at-}l) -
Bew Bet ’

4 = a- (b Gt h,fmA(a"w)T') 5
Kk =k + 1 and go to 3;

Surrogate-III Algorithm

1)
2)
3)
4)
5)
6)
7)

Choose x¢%> ¢ R" arbitrarily, set k = 0;

d = BxC0> - b;

Choose %(3 I such that dP 2 4, ¥ i€ I;
k
If dk < 0, then x¢023 € S, steops
¢
_ ~ _ _k
I'k - d,?‘ ’ ak - ak 4
Crt = AT ;
Choose p € I such that g2 = rax g2
ket b 1€I,9>0¢
(d' - T C“ ‘)2
where g2 = -—-t----tl0L__ ¥ieil;
‘ 1 - <Rl
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8)

9)

10)

11)

12)

13)

14)

15)

16)

17

18)

19)

20)
21)
22)

If 3J9i € I and k such that Creay . = -1 and g; > 0,

then stop with no scluticn;

Ifd -rc < &, stop with xtk+1) = x€0) - r 3 as
et T ﬁm ‘ P x k "k

a solutiong

e = VI B
ot T §
by, ‘= ) L LI, Al st _ s
fe rk-i-l (1 CI{‘H)
A L, - d Cp q,'- q<qi
2 mm————— i lett - et 7 Tt
h'?-ﬂ - (1 2 ) ()\ 1) CPK'H (1 ) ’
« I, T, - cg-
. e cﬁu " ket Eﬁ
= a + .
P h’,wak * h,i,«'a h('
= A HYT .
Cr+a h)&ﬂck-ﬂ + h’;«‘ﬁ(a )3
Choose %. € I such that g2 = rax T4
+2 hern i€ I,g.> 0 t

If 9i € I and k such that Cuyg,e™ -1 and g. > 0,

- — - A
If ﬁﬂz_ Emﬁ%n < 8§, stop with x¢k+2) = x(0) -y, a, = as

a solution;

d Y, C
h b = )\ _.B."L"- -_h‘i'.!k"’:
b2 1 - CPZ
e+
P Y = _E@L:-g&*_’i@ﬂ - (X‘l)cp -E&ﬁ:-?‘i&’&".’ .
4
et 2, 1 - ¢c2 LA Y
) ﬁ+1 . ﬁ+z

. 4 Resa
(0) = C0) -~ -
S A
d =4 - (b c,., + hy B(akyT);
(fl’m. ket Raa ’

Kk =k + 1 and go to 3;
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5. CONVERGENCE

S.1 Proofs of Convergence

- — - —— - -

Theorem 1 is the condition for successful termination
cf the algorithm, @and Theorem 2 for aborxrting it if
inconsistency exists. The guesticn now is, if the system is
consistent, will we always get the condition of Thecrem 1
no matter where we start? 7This question is answered with 3

theorems labelled Thecrem 33, 3B, 3C.

Theorem 38 is the convergence <c¢f Surrcgate-~II which
resembles Agmon's method. Theorem 3B is the ccnvergence of
the pure surrcgate algorithm, Surrogate-I, fcr the Narrow
Cone problem. This is done with an arbitrary x¢0) to dispel
the fear that being narrcow, convergence may occur outside S.
Theorem 3C 1is a general theorem for the convergence of

Surrogate-I for any finite n constraints and n variables.

Lemma 6

Let i) i, = index of a surrogate constraint,
ii) a polyhedral ccne V be defined by the homqgeneogs
inequalities
a'w <0  wieTl,
iii) E be the set of pcints x ¢ V and such that the

origin is the point on gV nearest tc x,

iv) J(x) {i¢€ I[aax > 03,

(i € f1a*x > 0}, where I =T U {is},

vi) f;,‘ (x) = distance c¢f x € E from 3“..\' ¥3je€ J,

v) J(x)

il
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sur. ccnstraint

given constraint

given constraint

Fige 5.1 Surrocate Cone at the Origin

Then 3 )\, > 0 such that

Inf max ~ =--===-- = N s
X€EE JjE I 1Ixt]

and xs 2 xn . where X\, is that cf Agmon's.
" {Note: k, is the smallest sine of the angle defined by

aHJ and the line joining x to the origin.)

(Remark: (1) The proof of the first part is basically
the same as that of lemma 3.2.3.
(2) Althcugh the surrogate constraint is
superflucus it is an active constraint,

and so lemma 3.2.2 still applies.)

Consider the polyhedral cone Sb* cf lenmma 3.2.2.

Z € Syx == |ix - y¥I| < |Ix - z||, z * y*

5*
= (X =3%) - (2 - ¥yl «ee (D)

Now consider the vectcrs (x - v*) and (z - y*).

.

¥ié€ iﬂ*. a“(x - y¥ = atx - b, since a*y® = b,

> 0 since x ¢ Se
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e e (x"y*)év-
+ie€le, a‘(z - y%)

a‘z - b, since a‘y* = k;

IN
<

since z € Sﬁ*

o o (z - y%) € V.
Since we can choose z in (1) above to ke on asb*. (z - y%
is on gV. By (1), (x - y®) is closer to 0 € 3V than ié
(z - vy .

. (x - y*) € E by (iii).
¥3€d, £x-y =atx-yh > ¢

A
. R > 0 #je d.

5 (x = ¥®) '
Byt —=-=emee = = the sine of the angle deflned by a}P and
tix - y¥i1i the line joining (x - y*). to the origin.

let o. be the angle between JgH; and JH .

©
Then max sin(« /72) = N\g(V) .
i,jed
- £ (x - ¥%) £2(x - ¥*)
Since J 3 J, max, ~=---=~----- 2 max -—=-=--=- P
i€eJd x - ¥y JEJ Iix -y il

for any x.

.« . Ng 2 Nae

Theocrem 3A

-—— - - v -

Let there be no superfluous constraint in the civen
problem. If S # ¢ and {xtk)’ is the séquence of iterations
as define by Surrogate-2, then

PIxChk+1)> - yek+1d )] < [fxthy - yckdp| ¥ K.

Also, 30 = ¥(A) such that for all k,
4g



[1x¢h)> - yekop] < o®|[xt0> - ycod||, where 0 < 8 < 1.

Consegquently, x¢K> --> yc¢k> € S as k -=> 0 .

By lemma 2

A
x¢k+1) = the orthogonal prcjection of xt*> anto akaﬁ oH,
bedl

jIxek+1) « yelwad[} < |Ixth+1r - yckdy) by definition
fixek+1> « yekd] ¢ fxeky - ytky] by lemma 3.2.1a

. usinc the sur. half -space
e o JlxR#2)> - yele23f] < JIxthk? - yckijy ¥ Ko

Let ﬁkwl= the surrogate at’ the intersection cf ﬁk and H:,

A
o, = the angle defined by an);_ and gH ,

Agmin™ iménI sin (x,/2) and & = ‘/- = Nin

[ Ixthk+1) - ko]

max d(x¢k>, gH,, )

ierxl
2 €\ Hix@er ~ yekop | by lemma 6
2 )\sw\;v\'|x(k) - y(k)ll .-0...0000.0.(2)

[pxthk+1) - yaled[j2 € fxCld - yalodjp2 - Jixtk+1r - yekdryz
by lemma 3.2.1(b)
using sur. hyperglane

< Jjxtky - yUoppz - lf‘Jlx‘k’ - ytkdjj2
~mi
by (2) abcve

= 92’!}(('&) - y(k)"z

Therefore
le‘"""" - Y(k)‘l S ellx(k) - Y""Il 0000000000000(3)

But ‘
[IxCk+2)d - yek+1d|| < [IxCK+1) — yUed || by definiticn
Therefore :
[IxCh3+1d> - yek21d1) < B xChk) - yChkd}| by  (3) above!

< B2y fxtt=1) - ylk=1)}] :

< ek+1]x€0d ~- yeo]
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e o [[xthY = gk < gk |[xC0> - yeadyy

and so, xtk> --> ytkr g s as k --> oo .

Remark: Let us denote the € in Theorem 3A by %E' and that

of Agmon's by GA. Ve shcwed in lemma 6 that

A 2 N,e " Therefore 6, < O

X

Surrogate-1I is at least as fast as Agmon. We note,

a® This implies that
however that Surrcgate-II does more work per
iteration than Agmcn. We shall later show the work

done per iteration by each method.

For the pure surrogate convergence proofs, we need the

following three lemmas.

Lemma 7 (Isaacson and Keller)

For any vector, x, the norm, {lx}|, iIs a continuous

function.

Pix + ax1t < HixIt + llaxil

e o - )ix + Ax}) - VIxI) < Jlax)} ssesescecs ()
. Alsc  fixIl = lix + ax - axi|
S Hix + AxLL + 11axtl
... -tilaxtit < ix + axif = LIxl} cecescssas ()

Now for any € > 0 and all ax, with [[|gXll € € / n, we have

Iotix + AxEE - HixtL 1 € [lax]d by (#) and (5)

€T daxDie I
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IA

n
maxjax; 1= 1le 11
i j=1

nilax{lee

<€

e « The norm of any vector is a continuous function.

lLerma 8

If 1) f(x¢k?) is cantinuous
2) f(x¢kd) 2 ¢ ¥ k
> f(xtkd)y = ¢

3) Af(xRD) = £(xCk+1)) - £(xtk)) = 0 =
then if 4) f(xUce+1d) < f (xe¢k)) %k,

then f(xtk>) --> 0 as k --> 00 »

(2) and (4) ==> 1im (f (xC¢k+1)) - f(x¢kd)) = 0
k-> oo

(1) ==> Af(x¢k>) is continuous which together with
. the above and (3)
== lim £ (xtk)) = Q.
k=> o0

Lerma 9 For all k

- — - —

A ' . A
a) xCk+1) xck+2) ¢ aH’, b) x¢t> § H, ¥ t< ke
L] .

Proof of a)

By contruction x¢k+1)> and x¢k+2)> are the orthoconal

projections of x¢0?) onto alfl,‘ and aﬁhﬂ "HP C aﬁk_“
lebt

respectively.
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A
. o xCK¥1) wek+2) ¢ aHk,

Erccf of (b)

Suppose Jt < k such that x(i’ € ﬁh,Athen let % be the
point where éﬁu cuts the line joining x¢0) to x(i),

CPIx€02 - Xl € [ixto> - xctoyg | N ()

X, xXCh+1) e.aﬁk with x¢¢+1) as the crthogonal projection

of x(0) onto JH, meens that

3

[IXC0) = X|| 2 jIx¢0) = xCle+1)|]

r

LY

> L., since t < Kk

= [[x€¢03 - xetrj,
. * 'lx(o,- i" > "XI(O) "x(t)|. 0...0....(7)
But (6) and (7) contradict each cther.

« . xtH¢n ¥t < k.

In lemma .8 we assumed the U4 ccnditions used there. In
the theorem which follows, we shall prove that for all Kk,
the subsequences {x€(2Kk>} and {x(2k+1)} (of even and odd
iterates), satisfy condtions (3) and (%), where f£(x¢'?) is

defined as the distance of x¢ to a sclution.

Theorem 3B

If S+ ¢4 and {x‘k)} is the sequence of the iterates as
defined by the pure surrogate algorithm, Surrcgate-l, then

for the 3-constraint 2-D prcblem in the Narrow Cone section,
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a) £ < £ ¥ k, where £, = [|xtkd - x¥*}|,

k
Also b) Afu =z f’¢+0.- fh =0 iff xtkd g s,

leaa,

Consequently, ¢) xtlk) --> x*¢'S as k --> oo .

Fige 5.2. The 3-Constraint 2-D Narrow Cone.

Let i) x¢92 be an artitrary point,
ii) x®, = the acute angle defined by Adeaﬂd the giveﬁ

hyperplane on which x(k)> ljes.

Prcof of a)

For all k 2 1, x¢l)>,xt+2) and x® are colinear: ecce.e(8)

For all k, xk> g H . by lemna 9(b),
x¢k+2> € JH,,, by lemma 9(a),
x* € H,,, since x*€ S.
... xtk+2) lies between x¢K) and x*. cesses(9)
Je TIxek+2> - x*|| < [|x¢k> - x¥|[, by (8) and (9).
iee. f40< e ¥k if x(R) ¢ s,
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Proof of b)

= { = +
If £, = f,,, then x¢k) = xCk+2),
Chy = + == = =
X ) xCh+2) > rk“ _r".“ and o(h Q‘k#ﬂ
{==> 12 = 1r2 = g2 + g2 + 12
=t et P P le=i
{==> g =g, =0
P“‘l‘ : la'(
C==> xk3¥2) = xClk+1) = xek) = y¥g §

by Thecrem 1

Therefore condition (b) holds.

Prcof of c)

- ——— e ——— —

By lemma 7, £, is a continuous function of x¢3, and
clearly £, 2 0. Consequently bty lemma 8, part (c) of the
theorem follows, ’

i.e. xtk) --3 x*e¢ S as k -=> .
;

The arguments of Theorem 3B can be extended to a general
case for m-constrainmt n-variable problem. For this type of
prcblem there may be infinite number cf iterates. But then
in every m+l iterations, at 1least 2 iterates must lie on
the same hyperplane. Conseguently there exists a sub-
seqguence of iterates all of which 1ie on one hyperplane.

It is this subsequence that we shall consider in the

theorem that follows.

Thecrem 3C

Let there be nc superfluous constraint in the civen
probleme If S # # and {x¢X>} is the sequence of the
iterates as defined by the pure surrogate, Surrcgate-I,
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then for any finite m-constraint n-D problem,
1) there exists a subsequence {x({;>} of iterates
all of which lie on the seme hyperplane ¢H;
for some i € I;
2) let y¢k> be the nearest sclution to x¢%&) and

which lies on the same hyperplane as xtk, then

. . = ) - yekdpge.
th|< fKS-V k), where gh [ ]xay Yy 1s
3) Afkd';.-‘ f'(‘;-ﬂ_ f,(d' =0 iff ka"—' O.

Conseguently, 4) xtK})d --> yekd € S as kK =--> o0 .

Note: (a) There may be more than one such subsequence as
described in (1), and the theorem applies to all.
(b) Since the system is non-superfluous, there is

always such y¢&? as defined in (2) for every x>,

Prcof
|
r
e xCk+1)
v
F
af, H
4. ' k
/
Ck)
y( b ]
H
A
A A .
aHlt-l aHh-ﬂ- S

Fige. 5.3 Surrcgate kction
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Prcof of 1)

This is trivial. We have infinite points and finite
constraints.,. Therefore there must Lke at least one hyper-

plane on which an infinite sequence of the points lie.

Proof of the remaining parts

Let m=%k: and y =k ,

iees XU = xCU> and xWd = x(¥),

2-D System
x(0)
d L3
&—l
aHP i 2
=t X‘(/“) /;(( b P | y(/“)

a Hﬂ—\ a Hy_l

Fig. 5.4. m-Consraint 2-D Frctbtlem.

In this system all hyperplanes are straight lines.

e e ¥k 21, A, XV ),y eaﬁ&_.:s XCAD , xCV ),y (a0
are colinear. It is then obvicus that the rest cf the
argument here will Le identical with that cf Theorem 3E.
The only difference is that in Theorem 3B, the number of
iterations between (but excluding) any two successive

iterates which 1lie on the same hyperplane is 1, while in

this general case the number varies frocm 1 to m-1.
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y()A)

Fige 5.5. m-Ccnstraint n-D Eroblem.

Let 1) O = the acute angle between a}bh,and aoH .
‘-
ii) «*' = the acute angle between 6€ﬂ4 and (x4 - yi)y,
iii) B = the acute angle between aﬁ o and (XY ) - ytud),

V.l

(Note: The angle between 2 hyperplanes is the angle between
the 2 infinite 1lines in 2-D alcng their normals.
The angle between a hyberplane and a line is the
angle between that line and itc projection ontc the

hyperplane.)

Since x¢ ¥ 2,y¢AM> € ( JH, EJH,;). B 2 X, ¢ eecsese(10)
3

M=
cos (&y) = |8M,,.a’7'-'1 by (i) above

dp,.

= by steps 13,12,11 and 7
r,u..|
a

> l—-531| since 1, < 1r, , 6 and 4 = d,
L SO M - At Ve

|o

= 153, .2 by steps 13,12,11 and 7

= cos(txy) by (i) above

2 cos(R) by (10)
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e e 'cos(tx'u) > cos(B) if <r

L=t o

i.e. %y < B if x4> ¢ s, Y & & §)
' varies from 0 (for y> on the surrogate hyperplane
aﬁm-') to X pn (for y<4? on the 2-D plane ccntaininc the
3 pcints x¢0), x¢*) and the projection of x¢0> ontec the
given hyperplane aH,',«_,). Tha't is,

0 S xS &

o o x® < B soeccaso (12)

Consider the 2 trianglés formed by the points x¢0) x( 0
YA and x€0),xC¥ ) y), The side x(0)y(4 is common
to both and so by the cosine rule,

1z, + £2 - 21, ,£,c0s (90+ a') = |[X€0) - yeud||2

2, + 1xtv > - yr)2 - 25, XY ) -yl jcos(90+8) .

3 ]
o r‘f_, + f} + 2n, £, sin(x')

Xz + [IXCV ) - yGAO|[2 + 25, [IXCV ) - yO|[sin(B) ...
V-1 - | cecssee(13)

If xtrd ¢ S, then first using 1, > Ty., and then using (12)

-1
the right hand side (rhs) of (13) satisfies
ryz_‘ + [IxCY > - yeud))2 + 217”-.”;((1) ) - yeAsin(B)
> 2+ [ix¢ V- yaop(2z + 2r, [I1xCV) -y |sin(B)
> x2 .+ [Ix¢Y ) - ywd||2 4+ 2, [Ix€V ) - yWO||sin (x')
Since f, < [[x¢¥ > - y¢ || by definition of £, , T,, > 0
and sin(x') > 0, combining (13) with the above yields
rz + £2 + 2r, f,sin(x") > 1;3_‘+ £2 + 2r, f,sin(x*)
==> 12 - ff + 2r,, (£, - f,)sinx*) > 0

==> (flu_- fy) (fM«r £, + 21;“_‘5111(0(')) >0
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W < £, ¥k if x ¢ s,

" ky

This ends the proof cf part (2).

Now for the proof of parf (3):
Suppose that Af,u z £, - £f) =0 but that £, # 0.
Then since £, = £, , (13) implies that

2 + £Z + 2y, £,sin")

= r;_|+ [1xCVY > - yeAd (2 + 2ry_'||x<v ) - yeAOisin(B)

T.ce. rﬁ_"‘ 1‘)2,_|
=(1IxCY ) - yehoyj2 - £2) + 2(5}_,”"‘” > - yeA | 1sin(AB)
- Tafsinx'))
Now 1hs < 0 since 1, ,< I,,.
rhs 2 2(r,, sin(B) - Iasin(x*))
since | IxXCV > - ylAd|| 2 £,
« « Ths > 0 since 1,,> 1, , and sin(B) > sin(x')
Contradiction. Therefore,

Ay = O ==> £, = 0.

This ends the proof of part (3).

By lemma 7, f"a' is a continucus function of xt4?, and
clearly f".{ 20 A KJ' Consequently by lemma 8 part (4) of
the theorem follows; i.e.

X -=> yty? € S as kK -=> 00 .

This completes the proof of convergencee.
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On Superfluous Constraints

A superfluous consfraint is one whose remcval does not
in any way affect the feasible region. There are 3 types of
superfluity as illustrated telow. Fig. 5.6(a) is the case 1
we discussed in section 3.5, the significance of cm; = *1.

Blthough we said in that section that this should not

(a) (b) 2 (c) ;:iiiféégéi
dH, .

JH, H: JH.

[

Fig. 5.6 Superfluous Constraint

bother us, the presence of superfluous constraints incr
eases the amount of computations to be done. The type (a)
case 1is easy to detect. The condition fcr inequality
constraints is |

d. - e

; e < € and ¢, =1 (5.1.1)

If this condition holds, then the constraint i in question
should be deleted from the system. I1ypes (b) and (c) are
not easy to detect but although we have based the general
proocf of convergence on a ncn-superfluous system, the exis-
tence of a superflucus ccnstraint ﬁill not change any of
the proofs. This fact is supported by Thecrem 3B which
proves convergence fcor a superfluous systeme. Recall that

the narrow cone has a superfluous constraint of type (k).
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5«2 Rate of Convergence

The rate of convergence is defined as the error reduc-
ticn factor per iteration. We showed in the last section
that in the pure surrogate, error reduction occurs after g,
2 £ q < m, iterations for each constraint. In Surrogate-II,
it occurs at each iteation, that is, ¢ = 1. Let us denote
the error reduction factor by a1, and the rate of converg-

ence by Re Then this means that

R = mean rate cf convergence after q iteraticns,
@ (xCk +93,8)
= qth root of 1lim ----==--=—-—=
k=> 00 d(x¢(k3,s)
= gqth root of 1lim
t k-> 0
= ma’ .
e . 't _'(:‘
o o R = <€ A . (5.201)

Erom this and the Narrow Cone secticn, we can see that R
is proportional to N
8 = max Ja ea |e.
i,je1
The more constraint we have, the less the chances of teing

trapped in a narrow cone. Hence there will be a better

chance for faster convergence.

5«3 Work Done

- e - o —

It is a generally known fact that the faster we try to
make an algorithm, the more computaticns we introduce into
cne iteration. We want to give a prciri estimate of the
number of arithmetic computations per iteration, relative
to the size of the prcblem, m constraints and n variables.
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The steps c¢f the algorithms fall intoc 2 kinds, cld-x-
steps and new-x-steps. Table B below 1is a step by step
analysis of maximum number of arithmetic operations for

each kind, while Table B summarises the oprations for each

of the algorithnmse.

Surrogate-I wuses only the old-x-steps and Surrogate-II
uses the new-x-steps. Surrogate-R uses both but exclusively,
while Surrogate-III uses both, one after the cther, for cne
major iteration. Hence we summarise thus

Table &

Work done at each step

Kind Step No. Nc. of Arithmetic Operations
ocld-x 7 6m
9 - 12 10
13 3n
14 2mn+2m
2n+8m+3n+10
new-x 7 6m
11 - 12° q
13* 4n
1g¢ . 2mn+3m
2rn+omsbned
Agmon r =X\ dn 1
X = X - ram 2n
d =6 - ra(@ly’ 2mn+n
2mnems 2ne1
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Table E

Werk done by each algecrithm

Blgorithm Nc. cf Arith. Ops. per Iteraticn
Surrogate-1 ‘ 2nn+8m+3n+10

Surrogate-R 2mn+8m+3n+10 or 2mn+9m+4n+d
Surrogate-II 2onn+9m+in+y

Surrogate-111 4on+1T7m+7n+ld

Agmon 2nn4+m+2n+l

On C = AAT

Although A may be stgarse, BAT whose elements a¥e
frequently used for updating 1is dense. This matrix is
synmetrical with all its main diagcnal elements equal to 1.
The elements, a;.as,'may ke computed when needed if we
want to minimize storage allocation. If minimizing ccmput-
ations is more important to us, then the strictly upper
triangular part cf BA" shculd be conmputed once and stored
in a vector row by row.

For each i, there are m-i elements. It 1is easy to
verify that thig gives a tctal c¢f m(m-1)/2 elements, and
that for any pair, (i,j), i+1 £ j £ m, the position, s (i,]j).
of aé.as in this vector with size egquals m(m-1)/2 is

(i-1) (2m-1)
s(i,j) = -—--- ; ------ + 3 - 1. (5.3.1)

Let us now analyse the computations in the 2 updating

formulae that use the dot-products.
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A ; &
. = ' +
1)qu—hmfmm+h%ﬁ «d K,
n

’
¢ Pt

2) d‘: = d.: - h&“ckﬂli- ha“"a

For each i we do n+2 nmultiplications per iteration if the

a‘.a’'s are not pre-ccmputed, and only 2 otherwise.
Formula (2) has an alternative,

g = a;x(k+1) -b-.

A [

This requires n multiplications. Therefore we reccrmend
L ] L]

its use when the a'.a’'s are not pre-ccmputed. Observe that

-from (5.3.1),

r
: s(1-1,g“.) +m -1 ¥ i« g“',
s(i,p } = < . (5.3.2)

et
| [ (P —1) (2m-g,,)
l...._"."."'. ....... Bear 1 _ P +i ¥id>p .

o4

To use the vector, we have the fcllowing algorithm segment:

J:% : %‘" -1?;(2 )72
j2 = -1y (2%m~- - H
Do i =qci' to ms Hc-u q&-ﬂ
if i < R then dog
¢ §j1 = 1 + m - i3
s = j1;
end;
else if 1 > B... then s = j2 + i;

end;

)

Note that a‘.a™ =1 for i = P .

les

64



6. LINEAR EQUATIONS AND LINEAR PRCGRAMMING

6.1 Linear Eguations

In definitions (1) and (2) on page 8, we clearly showed
the distinction between an 1inequality constraint arnd an
equality constraint. An ecquation 1is a constraint that
insists on hyperplane satisfaction. Fcr a linear system of
equations, the problem is tc find .x € R" such that

&X = b,
given A € R™* and b € R™.
| Although an equation <c¢an be changed into a pair of
inequalities, it is not necessary to do so since the
surrogate methods work with hyperplanes to obtain a boun-
dary solution. Let us ccnsider for example constraint i

.

which is a“x = b

L]
v .

a“x b <==> a‘x < b and atx 2 b,

<==> a'x < b; and -a‘x < -k, .

Let . H+ = the half-space fcr a“x € b
and H- = half-space for -a‘x £ -b..
Then dH- = {x|-a‘x + b = 0}

{xla“x - b_ = 0}

JH*.
Note that H- # H*,

x € (H+¥ - gH¥) <==> x ¢ (H- - gH-)
and x § (H+ -gH*) <==> x € (H- -gH").
Since the only feasible solution tc an equality constraint,
is a solution that 1is on ifs hyperplane, we have toc mcdify
the test steps.of the algorithms. The following is a table
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of expressions with respect tc the 2 half-spaces of an

equation.

Table C

Expressions foxr hyperplanes of equation

. - e > . D . ——— S  ——— > G —— . —— —— = S ==

H+ H~
. v
a -a
d. -d;
. ~ .
éll. .a' -an .a
d 1, 8, .a -d; + 1,8, .a"
.o ¢ - A ¢
T, d;a,.a T, d;a, .a

For the satisfaction of a constraint,

di €0 and -4 < 0 <==> 4, = 0.
Similarly,

v - A 4: - A I.' - . - o LI
d;, ~a,e.a < 0and -4, + 1,3, .a < 0<==4d4; -5 3d, .2 e

Therefore the tests for viclation of an equality constraint

are d: 0 for k =0

[

‘ - A ‘
and d, X, 3, «a 0 forkz1.

To initialize/update the surrocate constraint, we have as

follows:
: d if 4 >0
For k = 0, r, = <i R B
= ldgi.h ‘
R a®° if dP >0
and a, = <i b °
-a" if d,. < 0.
) (-4
For all k,
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1 - ¢c2

H&‘H

This is exactly th

l -—‘t‘._' ------- B(.“ if dP - 1'" Ck > 0
i 1 - c2 k+t ket
| ,Tc.w
+ <
! d
N - + 1,C
{ ..-.n.f'.'.-_-.,:..,?‘."l (..al?«.)
t 1 - CE
H if d - I,c <0
Ifc-ﬂ e Fu-ol
kKt --&ﬂ-_-ﬁ‘.-ﬁ."_’ B‘-H
1 -c¢
X 3}

€ same as

the case for inequality

constraint. Therefore there is no change in the updating

formula even when dP

- c <
fett rk h&*‘

0.

Finally let us consider the inconsistency test.

For H+, it is
For H-, it is
i.e. dl:

These 2 tests combin

¢
- I’usk.a < 0

e into cne,

d; - 5§ .a > 0and § .a' = -1.

"d‘: + I'( é‘k.a" > 0 and. ‘gu oat = =]

.
and &, .a* = 1.

“d; -1 8, .a" # 0 and |§,.a"| = 1.

L

We shall now modify the algorithm tc handle a system of

linear equation or

a mixture

of the 2 types. The whole

algorithm will not be listed here, only the affected steps

3,5,7 and 3.

Let Ie = {i € I|lconstraint i is an equaticn}.

Step 3) Choose po,e I

I, = max

such that

( max d"

max }d;|);

i€ I-1,° i€1I,

Step 4) If r, < 0, then xt03 € S, stop;
]

Step 5) Set k

H
o
.

if dg >0
if dg <0 3



Step 7) Chgose %*.6 I such that

g2 = max( max gZ, max g?)
Rt ieI-I," ie1"
g.> 0
&
(d(: - I cl‘.u)(:) 2 )
where g2 = ———~-c-e——aco—- Wi € Is
G
1 - cg,.

Step 8) If 3k such that d; - R g, > 0 & ¢,,;= -1, i € I-I,
or d; -~ 4, Gu:* 06 lgi =1,1 €I,
stop with no soluticn;
A1l the other steps remairn unchanged. As is seen, these
nodifications are minor and have neither changed the idea
nor the computations.

The best way to. handle the constraints is to érrange
them so that the egquations come after the inequalities.
Setting ml to the number of inequality constraints gives an
indicator for when to switch from the ineguality tc the

equality tests.

6.2 Linear Programming

The linear programming, LP, problemr differs frcm the
linear inequality, LI, problem and the linear equations, LE,
in two ways. The LP has

i) a linear fucntion, z(x), toc maximize,
and 1ii) non-negativity constraint on the variakle, Xx.
The form of the problem, called the primal, is:
Given u €R', BE€R™ =znd b €R™,
find x € R” in order to
raximize z = uTx, |
subject to BAx < b, seeerees
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and X 2 0.
Anothef form of the problem known as_the dual is to
find A € RT such as to
minimize z* = B'\

T ...'....(2)
subject to A\

v

u,

and A

v

0.

The Duality Theorenm

As is obvious, there is a relationship between the primal
and the dual. The weak duality theorem states that if x is
feasible for the primal and )\ is feasible for the duail,

then ux < bT)\ - _oo.o.-o(Ba)

Proof: By (2) and (1), uT™x € NAx S N'b = bT\ .

The strong duality theorer states that if x¥* is optimal
féasible for the primal and N® is optimal feasible for the
dual, then uTx* = T\, R 1)
The proof of this, a consequence of the weak part, can
be found in any 1linear crrogramming text. WHe are simply
interested in using it to transfcrm an LP into an LI.

Combining (1), (2) and (3), gives an LI of the for:x

A ! b
0 -A7\ /x -u
-I" R ) < 0 (6.1.1)
0 -I" A\ 0
-ut BT 0

where 1I' is an r by r identity matrix.

Note: ¢the last row of (6.1.1) is the reverse of the weak

duality .
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Unrestricted Variables

Let us assume that we have arranged the m ccnstraints se
that the 1st ml1l of these are inequalities, and the last m2,
(m = ml+m2) are equations, then we have

Alx <€ bl and A2x = b2,

Al o
where A = and b = .
A2 k2

The dual tc this problem is

b1)T )1)
min
e

A1\TN\1

subject to 2 u,
A2/\\2
and AN 20,

where the m2 dual variables, \2, are unrestricted.

6.2.1 Storage Requirement

- - - — D - —— -

The coefficient matrix, A, of (6.1.1) is a (2m+2n+1) by
(m+n) matrix. It is made up of block matrices, 4 cf which
are zero matrices. Therefore storing E as is atove, will be
most wasteful bcth in space and in computaticn. Assuming
that the given A 1is dence (or treated as such), i' would
generally require 2(m2+mn+n2) + 2mn+p+n words of the comp-
uter memory. 2(m2Z+mn+n2) of these are unnecessary and we
shall show why.

There are 4 major types of constraints involved here.

These are
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i) the A-constraints,

ii) the A’ -constraints,

iii) the x-constraints,

iv) the z-constraint.
Since we have to normalize the columns of A for the AT -con-
straints, it is imperative that we get a separaie space for
-A' . For the x-constraints, we need no storage for -In+m
for obvious reasons. Alsco the same reason of normalization

forces us to keep a separate space for (-u',bT) for the

z-constraint. All together we need

mn words for A,

nm words for -A',

0 word for ~Intm,
n+m words for (-u’,bT).

Cad
That is a total of 2mn+m+n words for A.

- s o -

Let us assume that we have normalized and stored -A&' in
an n by m matrix AT and the normalized (-u",b") in a vector
az, then with

T=IU (m+1, m+2, ..., 2m+2n, 2m+2n+1},
we define the other associated vectors and scalars as

follows:
X
N

b .
( _) is an (m+n)-vector with q; = us/l[aJ|l, 1< j<n.

~
X

ol
"
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where az"‘f.* = (az,,...,az,‘) .

r a if 1 <1 < m,
| .
] ate-m if m+1 € i € m+n,
ar =«
l-e&_w“ if p+n+l < 1 € 2x+2n,
1
t az . if 1 = 2m+¢2n+l.
rd; = a‘xto> - p- if 1 €i<m, -
I . . .
- | d; = at="\¢0> - b, if m+l € i < m+n,
d. =<
¢ l -%co> if m+n+l € i € 2m+2n,
|
L azTfco)d ~if i = 2m+2n+1.
r 1 if 1 = 3j,
| T '
| a*.a’ if1<i# j<m,
| .
-: " Samat if 1 < 1i¢< m.and r¢n+l < j < m+2n,
: a“e.azg if 1 €i< mand j= 2m+2n+l,
|

Fv.EY = < at&”.at”"if n+l €1 # 3 < n+¢n,

IN

-at: if m+1 € 1 m+n and m+2n+1 < j < 2m+2n,

Ly g et
a'c"""'.azwf if m+1 € 1 < m+n and j = 2m+2n+1,
aZw* =. (BZ,H_', ...'azﬂ*Q 'l

-az if i = 2m+2n+1 and m+*n+l <€ j € 2m+2n,

J'-V\-'\

e
z
=
o
H
]

0 ctherwise.

We should observed that 5 out of the 9 definitions for
gd.? need no computationse.

LP problems sometimes involve mixed constraints and in
the last secticn we showed how tc handle equations. With
the 4 classifications of the constraints, the recommendéd
arrangements and the above definiticns for A and its
associated vectors, all that is needed for the algorithm to
solve an LP problem is a ‘*computed-goto® type cf statements
to select what is involved without using 2m+2n+l by m+n+l

arraye.
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7. IMPLEMENTATIONS FCR LARGE SPRRSE MATRICES

In many real 1l1life problems, the ccefficient matrix, A,
is always very large (in the order of 10,000 cr more)} and
sparse. In some cases, the sparsenecss may have a unifoxm
pattern, while in others it maj be irregular. The' uniform
ones are often diagcnally tanded or oriented. The band, a
set of diagonals, may have no zero diaconals (i.e. diagonals
with all its elements zero),i or it may have some zero

diagonals in between the nonzero ones.

The surrogate methods, unlike the Simplex, do not up-
date A. For this reason we can, with an apprcpriate code,
use a smaller size matrix to hcld the nonzerc elements of
A. The pattern of B will be very helpful in designing an

implementation matrixe.

I) Band Without Zero LCiagonals

- - N A S W R P Y= - — - " -

let w = the maximum number of elements from the first non-
zerc to the last nonzero in any row.
We can then implement A as an m by w matrix, A', along with

an m-vector, FIRST, where
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FIRST (1)

column of the first nonzeroc element in 10w i.

a'(i,q) a(i,j+FIRST(i)-1), 1 < j S w and i € T.ee(l)

Let us assume that w = 4§ for the above BA. Then we have

x x x 0 1
X X X X 1
X x x 0 2
" At = . and FIRST = .
X X X X n-3
X x x 0 n-2
x x 0 0 n-1

Manipulation Code

Equation (1) gives us the mapping cf A* into A. With it
Qe'can locate those elements of A that are stored in A'.
The main computations in the Surrogate methods are the dot-
products of two rows or a row and the véétor X. To mult-
iply a*(i1,31) by a*(i2,j2), £(3jl) must be equal to f (j2).
From (1) that means that

J1+FIRST (i1) = Jj2+FIRST (i2)

.« §1 = j2 + FIRST (i2) - FIRST (i1) cecescae(2)

B piece of FORTRAN code for computing the dot-product

c = a".a** is as follows:-

C = 0.
R1 = 11
R2 = I2
IF (FIRST(R1l) .LE. FIRST(R2)) GC IC 1
R1 = I2
R2 = 11
132 =1

K = J2 + FIRST(R2) - FIRST(R1)
IF (K .GT. W) GC TIC 3
DO 2 J1 = K,W
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C=C+ A(R1,J1) *= A(R2,J2)
2JdJ2 =Jdz + 1
3 CONTINUE

(2

i

That fer computing c a’x 1is as follcws:-

0.
FIRST (I) - 1
04 J=1,U

= C + B(I,J) * X(J+K)

0o

=
o 0 o (MTIRMe o o

3

Note that the A referenced in the code is the implemented A'.

An example of this type of sparse matrix is the hypercube,

2xJ‘ < XJ' < 64—t - 2x“‘_‘ ” fcr j = 2,3, sese,y, T

This problem can be expressed as

-1 0 0 0 ee e 0 0 ]
1 0 0 0 ... 0 O 1
2 -1 0 0 eece 0 0 0
2 1 0 0 <o 0 O 6
0 2 -1 0 ev e 0 0 0
0 2 1 0 e 0 0 36
o 0 2-1 ... 0 O Xx £ o .
0 0 2 1 ... 0 O 216
0 0 0 O soe 2 '1 0
0 0 0 0 e 2 1 6n—1
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Therefore for our implementation, we have

-1 0 1

1 0 1

2 -1 1

2 1 1

2 -1 2

2 1 2

w = 2, At = 2 -1 and FIRST = 3 .

2 1 3

2 -1 n-1

2 1 n-1

——— e T G D G - —— e

4 5 6
3
2 X X X R
X X X X
X X X X X
1 X X X X X CD
X X X X X
X X X X X C) x
x X X X X X
[ L J » . [ ] -
A= . O e o o » .
L ] [ ] *® [ ] [ ] ..
X X X Xx . X
C) x X X X X
X X X X X
X X X X X
X X X X )

Let w = the number of nonzerc diagonals in the band,
numbered consecutively beginning from the
lowést as shown above.
We can implement R as an m X w matrix, A', with a w-vector,
FIRST, where
FIRST(j) = row 0of the 1st element of the jth nonzero

diagonal
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<{r, if the jth nonzero diagonal starts at I
)

2-c, if the jth nonzero diagonal starts at a,c

a'(i,j) = a(i,i-FIRST(j)+*+1), 1 < j € w and 1 2 FIRST(J3)..(3)

Frcm the B we have abcve, we shall get the foliowing:-

and FIRST =

E

1"

h

°

pe

a

I}
KXe MR HMUIOCe ODOC
M Xe MMe X MK NMXe ¥MOO
X Xe e XXX NKe XMO
HRe HXHe B AKX Ke XM
O XMe XMoo XN XM MXe M XX
OCOe OX o KXW Ne XNMNX

NORMNWO

To have a distinct row fcr each diaconal, the expression,
2-c, gives» a fictitious 7row above rcw 1 at which the di-
agonal originating at column ¢ aprears to originate. For
example, a diagonal originating at column 2 appears to

criginate at row 0.

Manipulation Code

Like before, we have tc match the columns before doing
any multiplication for the dot-productse. Equation (3) which

is our map for this type gives

il'FIRST(jl) = iZ"FIRST(jZ) oooobeeooooooo-ooo(u)

Using (4), the code for c = a“.a'* is
C = 0.
C
C COMPUTE THE LOCATICON J1 AND COLUMN CF THE 1ST NONZERC In

C ROW I1.
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Jl = 0

1J1=J1+1
IF (11 .LT. FIRST(J1)) GO TIC 1
K1 = I1 - FIRST(J1)

COMPUTE THOSE FOR I2.

oNp Xy

J2 = 0

2J2 =32+ 1 !
IF (I2 .LT. FIRST(J2)) GO TO 2
K2 = I2 - FIRST (J2)

COMPARE THEIR COLUMNS.
3 IF (K1-K2) 4,6,5

COL. OF 1ST OPERAND IS LESS THAN THAT OF THE 2ND,
ADVANCE J1.

N OO

4 IF (J1 .EQ. W) GO IO 7
J1 = J1 + 1
K1 = I1 - FIRST (J1)
. GO TO 3

COL. OF 1ST OPERAND IS GREATER THAN THAT OF THE 2ND,
ADVANCE J2.

oloRe Ny

5 IF (J2 .EQ. W) GO To 7
J2 = J2 + 1
K2 = I2 - FIRST(J2)
GO TO 3

COLUMNS ARE ECUAL.

oNeXy!

6 C=C+ A(I1,J1) * B(I12,d2)
IF (J1 .EQ. W .CR. J2 .EQ. W) GC TC 7

Jl =.J1 + 1
K1 = I1 - FIRST(J1)
J2 = J2 + 1
K2 = I2 - FIRST (J2)
GO TC 3

7 CONTINUE

For computing ¢ = a“x, we have

C = 0.
C
C CCMPUTE THE LOCATICN OF TEE 1ST NOMZERO IN RCW I.
C ,
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K =0
8K =K+ 1

IF (I .LT. FIRST(K)) GC TC 8

IPLUSL = I + 1

DO 9 J = K,W
9C=C + A(I,J) * X(IPLUS1I-FIRST(J)) -

An example of this comes frcm boundary value problems.
Consider the Dirichlet problem for Laplacg's equation. The
problem states that civen a function, £(x,y), defined and
continuous on the boundary of a.IEQion, R. Find a functicn,
u(x,y), continuous both in the interior of R and on gR and

also satisfying the Laplace's eguation

----- + - - - = 0 oooooooo.oooo.ooooo-o(S)

u =f o.ocf.ooo.ooooooo‘o.o.(6)
The usual approach 1is to break the region intc small
squares of size h, called mesh size. Let us consider a unit

square region. Using h = 1/4 gives us the following figure.

y
i
f & &
L Lo Ly
I T S
I g, ey luy |
£1p | ====|====|====|====] £
b lug |
u, Ug - lul.
S R B Pl I
| o, e, lu |
u Q u
A e e e e I
S I B B
I

79



From difference equation, we have

d2u  u(x+h,y) + u(x-h,y) - 2u(x,y)
e T vz
d2u u(x,y+h) + u(x,y-h) - 2u(x,y)
T ay? ST e

Applying (5) we get
4u (x,y) - u(x+th,y) - u(x-h,y) u(x,y+h) - u(x,y-h) = 0...(7)
With (6) and (7) we get 9 linear equations, |

fu, - u -fw-f -ug, =0

4ua, - u, -y, -f,,.-—u;=0

4o, - £ -9y, ~ £, -y, =0

4oy, - v, - f -y -y =0

Buy, -9, -y, ~u -y, =0
uu(,-f;—ub,-u;-u,=0
4u, -9, - £ -9, - £ =0
bu, - uy ~uy ~uy - £ =0
bu, - £, ~u, -~y -£f =0
That is
4 -1 0 -1 0 0 0 0 0 G, f, +§,
-1 4 -1 0 -1 0 0 o0 0 u, £,
o -1 4 0 0 -1 0o o0 0 U, f +f,
-1 0 0 4 -1 ¢ -1 0 O u, fu
0o -1 0 -1 4 -1 0 -1 Y u, = 0
0 6 -1 o0 -1 4 0 0 -1 up 3
0 0 0 -1 0 0 4 -1 0 U, £, +£,
0 0 o 0 -1 0 -1 4 -1 u,
0 0 0 0 0 -1 0 -1 u U, £, +1,

Generally, for a rectangular region of dimension r ty s,
this problem always has (r/h - 1) (s/h - 1) interior pcints
and same number of equations. Therefore A frequently comes
‘out as an (r/h - 1) (s/h - 1) by (r/h - 1) (s/h - 1) diagon-
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ally banded symmetric matrix, with a bandwidth of 2/h - 1
'and always having exactly 5 nonzerc diagonals. These are,
the main diagonal, its 2 neighbours, and another 2 coricina-
‘ting at ai)‘ and a,)t. If the region is not regular, the
edges of the gridwork superimposed on it will not coincide
with the boundary. In such a case, A %ill not be symmetr-
ical but will still have the band structure with 5 ncnzero
diagonals. A&Another time when A comes cut unsymmetrical for

this problem is when the polar, instead of the cartesian

cocrdinate is used.

The implementatioh, therefcre, fcr a bcundary value

problem reguires

0 0 x x x

0 x x x X

0 ¥ x X Xx

0 x x X x 1/h

X X X X X : 2
w=25, A*' = e e o e « ard FIRST = 1

X X X X X 0

X X x x 0 2-1/h

X x x x 0

X x x 0 O

To have a diagonally banded structure, the intericr roints

rust be numbered in the left-to-right top-to-bcttom manner.

I1TI) Irregular Sparseness

[~ NoNel Mo No]
HOMXOOoOo
OO X OON



It is not always that the large and sparse matrices for
cur problemé come out well patterned. Sometimes the non-
zeroes may be irregqularly scattered as illustrated abovee.
Examples of this type are found in electrical network
problems. In this case using a matrix to represent A is as
inadequate as using B 1itself. He will therefore use a
vector, A', to store the ncnzercs, row by row, and ancther
vector, Kot, to store the colﬁmns of these nonzeros. That
is, A*(j) = A(i,KCL(j)) for some i. N ()
In addition to A’ and KOL is an m-vectcr, LSTELT, wherev

LSTELT (i) = the position in A* of the last nonzero in row
i of the given matrix &.

Therefore our implementation for the akove will be

A = (X, X X, XX, XXX, X,X,X)
KOL = (3,5,1,3,“',2,5,6,1,3,5)
LSTELT = (2,4,5,8,10,11)

Manipulation Code

The code for this implementaticn is similar to the last
one. For c = a*.a** , we have
C = 0.
C
C COMPUTE THE LOCATIONS CF THE 1ST NONZERO IN ROWS I1 BAND I2
C RESP.

C
J1 = 1
IF (I1 .NE. 1) J1 = LSTELT(I1-1) + 1
J2 = 1
IF (I2 .NE. 1) J2 = LSTELT(I2-1) + 1
C
C COMPARE THEIR COLUMNS.
C
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1 IF (KCL(J1) -KQ1(J2)) 2,4,3
KOL (J1) .LT. KOL (J2), ADVANCE J1.

o R Ne!

2 IF (J1 .EQ. LSTELT(I1)) GC IC 5
J1 = J1 + 1
GO TO 1

C KOL(J1) .GT. KOL(J2), ADVANCE J2.

3 IF (J2 .EQ. LSTELT(I2)) GO IC 5
J2 = J2 + 1
GO TO 1

C KOL(J1) .EQ. KOL(J2).

4 C =C + A(J1) * A(32)
IF (J1 .EQ. LSTELT(I1) .CR. J2 .EC. LSTELT(I2)) GC TC 5
J1 = J1 + 1
J2 = J2 + 1
GO TO 1
5 CONTINUE

a“x, we have

For c¢

Yo o @

= Qe
Ki =1
IF (I .NE. 1) K1 = LSTELT (I-1) + 1
K2 = LSTELT (I)
DO 1 J = K1,K2
1 C =C+ A(J) * X(KCL(J))
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8. SOLVEL PROELEMS

io test and support the theory we have developed, we ran
several problems with the 4 algorithms and with Agron's
(brojectiqn and reflecticn). With varying sizes, we ran
rost of them starting at 4 different roints. The averages
of the number of iterations and multiplicaticns/divisions
it took each algorithm to get a solution are iecorded.
Before taking up each individual problem, we shall exglain

some of the notation in the accompanying tables.

Surrgl = Surrogate-I, the pure surrogate

Surrgr = Surrogate-R, the repeat surrogate

Surrg2 = Surrogate-II

Surra3 = Surrogate-IIIX

Agmonl = Rgmon's projection, relaxation parameter ) = 1
Agmos2 = Agmon's-reflection, relaxation parameter ) = 2

In nmost of the blocks of the tables, there are 3 entries

. a °
* b e
« <c/d .

The first numbef, a, is the average of the number of
iterations. The second, b, is the averazge of the multiplic-
ations/divisions done. In the third entry, c is the number
of times that particular algorithm gct a solution without
exhausting the maximum iterations allowed, while 4@ gives
the number of'starting pcints used. T .g.

1/4
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means that 4 starting poits were used, out of which the
algorithm got to a sclution only once without reaching the
lirit set for the iteration. The maximum iteration was arb-
itrarily set at 500. If a = 500, then c¢c = 0. Alsc the

tolerant value was set at 0.00015.

8.1 Inequalities

The 1st test case is example 3 in Todd (21). The
problem is that of findind an x € R3 such that, for a small

positive &,

5 1 2 0
S 1 -2)1x < 0
5§ -1 2 0
g8 -1 -2 g

Todd recommended the starting point
cos (0)
x€¢0) = sin(©) ), where 6 = tan-ig.
0
For §, we used the value 0.1l. We also went further to
expand the problem for bigger values of n, x € R4, x € RS

and x € R¢, with

5 1 2 3 4
& 1 2 3 s 1 2 3 -4
s 1 2 -3 ] 1 2 -3 4
S 1 ‘2 3 [
A = s i -2 -3 1, A = . and
S "1 2 3 [
E§ -1 2 -3 5§ -1 =2 3 -4
g -1 -2 3 £E -1 -2 -3 4
f 5§ -1 -2 -3 & -1 -2 -3 -4
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Note that m = 2n—-%,

Table 1

Results of Todd'®s Problem and Extensicns

| 41 3| 15| 5] 2 2] 500} 34
| | | . 3u4) 1144 61] s1] 3515] 250}
P {  1/2fp  1/1f 1711  1/1f  o/1) 1/1}
| = e e e e e e oo |
I 81 4 | 41} 54 21 2] 500} 58|
| ] { 1737 2221 128] 179} 6036] 728]
I l l /i) 1/11  1/1) 171} o/1) 1/1}
[ = e e e e e !
{161 5 1 83] 51 2] 2] 500] 84|
! t | 6533] 437] 254] 3S6] 10585] 1844]
i | | 171§ 1/1] 1/1§ 1714 0/1} 1/1§
|~ e — . —m— s — - — i
} 32 | 6] 145} 5| 21 21 500] 114}
| | [ 21560) 874 526  719] 19198] u4524]
| | | 1s1y  1/1}  1/1f 1/1]  o/1) 1/1|
L e o ot o e o o o — - - - - . > - - . > W W e WS W W W A S . ]

Todd gave the example to show that finite termination
cannot ke guaranteed for Agmen's grojecticn method. As
table 1 shows, the surrogates, especially the re-initiali-
‘zing ones, converge much faster than Agmen's in this
problem. Surrogate-2 is the best, followed by Surrogate-3.
The performance of Surrcgate-R is quite acéeptable. Surro-

gate~-1 is like Agmon2.
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b} Trapezoidal Hypercube

- — - D T —— — v -

The 2nd test case is a trapezoidal hypercute in R". We
are to find an x € R" such that
0<x, €1,
ZX‘;_lS Xd‘ < 65-1 ~ 2}5‘.\ v j = 2,3' see,; Ne

In matrix form, this can be expressed as

-1 0 0 0 cosocoe 0 0 0
1 0 0 0 esece 0 0 1
2 "1 O 1] oo oo0 0 0 0
2 1 0 0 seces 0 0 6
0 2 -1 0 seees 0 o 0
0 2 1 0 esseoe 0 0 x < 36
0 0 0 0 seoesce 2 -1 0
0 0 0 0 sscee 2 1 en-1

This problem has m = 2n constraints.

0,6,24)

(1,2,32)

Fige. 8.1 The trapezoidal hypercube in R3.
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Fcr n =3, 4, 5 and 6, we used the follcwing starting rpoints-

1) x¢o0) (6"=-1,6N"-1, ..., 6N-1)T,

2) %x€0> = (0,0, ees, =617,

3) x93 = (0,0, e.., 2(67-1))T,

ll) x¢0) (-1,-6,’36, LN P -Gn-l)T .

The starting points were made exponential functions of the
nunber of the variables sc as tc be far from the hypercube
and thereby make approach to a solution as difficult as

possible.

Table 2

Results of Trapezcidal -Hyperccthke Prolblem

| faresstenbedaseshteuiesinshutbnd o fietinhainsh et astednbinte bt d i n et b
f M| N |SURRG1|SURRGR|SURRG2|SURRG3|AGMON1|AGMONZ2 |
Tt |
| 64 31 122} 8| 611 2] 3175} 54
i | | 3537{ 252| 1775} 123| 3402| 508]
| | | 474 4/aj h/4j B/uj 1/4) 4/ 4}
| == e e e e - |
i 81 4| 500] Sg]  375] 101] 376] 409
I [ | 19860} 2308] 15058] 7689| 4550f 4940
I i 1 o/4p a/8) 1/4] u/uf 174}  8/4|
et |
] 10 1 S| 500{ 383] 394] 362] 500) 500]
i i | 25676] 18374 19711| 34464} 7555| 7555]
| | |  Oos4) 1/4] 1/8f ussu} O/4} O/4}
| = e e e = |
121 61| S500) 378y 376} 376] 392 500}
i [ | 31225| 22119] 22750| u44798] 7141| 9078|
I 1 | o/8) 1/4] 1/8) 1/4] 174}  0/4|
B e o e o e o e o e - —— - > o G e - —— " T A = e - 4

Surrogate-3 is the best of all. In 3 out cf the 4 sizes
used, it got 4/4., That is, Surrcgate-3 got 4 solutions out
of the 4 starting peints for each size except in one, where
it got 1/4. However, we must pcint out that the amount of

computations done by Surrcgate-3 can be a liability if it
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takes longer to get a soluticn.

Starting pcint (1) was the best. All 4 surrcgate
algorithms converged very fast‘for all m and n. Starting
point (4) was the worst. This was nct surprising because
the feasible region 1is in the positive sectant of the
n-space. At the 500th iteration and focr m = 12, n = 6, only
Surrogate-R had considerably reduced the distance. Starting

points (2),(3) and (4) were bad for Suirogate-z.

c) Randomly Generated Prcblem

- —— . —— - - - —

Problems (a) and (b) above are specialized problems. To
test an arbitrary prdhlem, we did the following:
i) B is. on the average 10% dence,
(5-15% of the m entries in each cclumn are nonzero.)

1,2, o0 4 m

ii) -1 < aé;< 1 was uniformly generated for i
1'2' L L ] n

‘and j

iii) b = B(1,1, eeo, 1Yr+ r, r;uriforrmly generated in (0,1)

iv) 100 < |x¢0>} < 200 and §;uniform1y generated for all j.
o

The reason for defining the vectcr b as we did is to
guarantee that the solution set is rot empty. We made 6

tests with various m and ne.
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Table 3

Results of Random Prcblen

| 30 | 20 | 5001 211 28] 8 821 370}
[ 1 | 6352{ 3563| u4538[ 28C4}j 4700} 19100]
} ] | o/1y 1/1} 1/1} 1s%] 1/1] 1/1]
J == = e e o — o oo - |
| 60 | 20 | S00f S00] 500f 5C0}] 500] 500}
! | (1448031129467 |131942[260168] 41220f 41220]|
| | | 0/11} 0/1} 0/1} 0/1} 0/1} 0/1}
i Sttt sttt deding |
| 901 20} 500} 117} 203} 61 500] 500]
} i [195455) 44930 73065] 44438 56820] 56820]
[ [ { osi{ 1s1} 1/1} 1s1{ o/s1f O0/1|
i ittt it |
| 30} 30} 500] 361 20} 12| 206} 23}
] ] | 91192} 6913 4237] 4786] 13260} 2280}
[ ] i o/1} 1s1| /1)y  1s1)  1/1]  1/1}
f e e e e o e e |
| 60] 30f] 500} S00f 500} 500§ 500} 322]

I
| | 1520264141013 |143713|284336] 46830] 30780]
| | 0/1} 0/1] 0/1} 0/1} 0/1} 1/1}

30f S00] 265| 292 208f 500f 5S00]|

i
} ! 1216109]104592}1113183[158886] 627301 62730}
| | 0/1} 171y 1/14 1/1] 071} 0/1|

For some strange reascns, 60 constraints seem tc be a
bad case for all the metheds. Since they ccnverge for 90
constraints, the troutle cannot te the size, tut rather the

structure. BAgain surrogates R, 2 and 2 outperforms Agmon.

d) Epsilon-Cube

.- -y ow - -

Another inequality prcblem tested was one with specialty
and randomness conmbined. The censtraints are defined by a
small cube.

-8 € x. £ € for j = 1,,2, cese, Ne
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To this cube we added more constraints which are some comb-
inations of the original ones. These additional constraints
are defined as

5=Zo:d~(ted) and E‘:(-‘.'}?_cx,‘;,
jeJ - i €Jd

where the «°'s are randcmly generated numbers unifcrmly
distributed between 0 and 1. J was chosen as a random
subset of indices {1,2, ¢oe, N} » For each pair of m and n,

the follewing initial points were used:

i) x¢9> = 1000r. for -1 < rr < 1
J 9 J
and EN uniformly generated,
ii) x¢¢> = (1000,1000, ..., 1000) ,
iij) x¢9> = -(1000,1000, ..., 1000) ,

iv)rlgf°>l = 1000 for all j
and the sign randomly chosen.
The main idea was simply to start frcm a distant point to

the solution set. With € = 0.1, the results are
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Table 4

' Results of Epsilon-Cube

- —— D - — —— —— - -y -

| 20f 10} 10} 10 5] 4 10} 500]
! i | 1103} 1103} 685 821} 500] 15210}
| l | 4/4) 4/4] u/4} u/u| u/4 /4]
B ettt et bttt i !
| 40f 10] 500§ 24 § 8| 71 21} 500
} e { 89593§ 4810f 1867} 2829] 1450{ 25410]
| | |. 0/3§ 4/4i u/4q u/4| u/uf 0/4|
ittt ettt i
I 60} 10} 382} 27} 11} 6} 19} 500
| | | ouuu7| 7478f 3451} 4019] 19487] 35610}
! ! | 1/4| u/ul  4/4 u/uy 4/4) /4|
== e e e e e e e m e = |
| 80} 10} 5001 31} LY 61 20] 500}
1 | 1156712| 10904 3594) S5S109} 2600| 45810}
N | I o/4y 4/4] 4/4j y/uf 474§ 0/4}]
N Rttt ittt ittt |
"1 30] 15} 15} 15} 8| 5] 15} 500
i | | 2518] 2518} 1517| 1895} 1125] 22965|
| i I /44 4/4) 4/4)] 4/4)  4/u4) 0/4]
l —————————————— - —— - - — - — . . . . T - - - P - - . - l
{ 501 15§ 387 35§ 12¢ 8 17 5004
{ ! | 89602| 8902f 3408f 4u4C2} 1855] 33265}
o ! | 1/4} u/4|  4/44 u/8]  u/uy 0/u |
it ettty |
I 701 15§ 500} 45| 13} 101 284 500
| | ]152016| 15026 4968f 7116] 3u493] 43565|
i | i 0/u4} 4/4p w744 u/4f u/4y 0/u|
frme——mm e e e e —— - = |
} 90 15} 500] 49| 11} 81 324 500}
I | [187981§ 20313| 5799] 7898| 4710] 53865}
| I I 0/4] usu]  4/u4j 4/4] 4/u) 0/4]
L o o i o s i i i e A s A S s D D S A S A S R I S S A A A A S S S A S A . P

Surrogate R, 2 and 3 were very fast with this prqblem,
with Surrogate-3 as the best, closely followed by Surro-
gate-2. The three 2algorithms converced very fast for all
starting points and all sizes.‘ Surrcgate-1 was extremely
slow Iin all except in starting pqint 1. Agmonl was as good

as the others while BAamon2 was wcrse than Surrcgate-l.
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8.2 Equations and LP Problems

- — . - —— T S —

For the tests of equations and linear programming
problems, we used 4§ starting points we considered mean-
ingful. The first one is

X0 = § D & B

Since zero is the minimum acceptable value for the var-
iables of an LP prctlem, it made sense to include it as a
starting point. (He do nct claim that the variable will
remain feasible durinc the entire iterations).

The second starting pcint we considered was the right
hand side of the constraints. We assigned the right hand

.side to the variables in this manner

on’ = b.; j = 1,2’ L A ) min (m'n)
-.........(Za)
'XSO’ = 0 j = m+l, oee,, N if m < n.
3 .

For the dual variable of LP, (see section 6.3 on storacge)

€0) = . i = X i

x""‘s el J 1.2' ’ mln(m'n) ..o..‘ooo(zb)
x€(0) = 0 j =n+l, eee, m if n < .

nky

In the third initialization, we distributed equally the
right hand side to the variables. By ‘equally', we mean
assigning to each c¢f the n variables, (1/n)th of the

average cf the right hand side. That is,

m
S_b/
i=1
x‘;O) = e j = 1,2, eee, N .........(33)
mn

Like the previous case, the duval variables got the dual
right hand side. That is
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+n

B

11

b
i=m+l ©
xJ(O): ———————— j =1,2' sese,, M oo.oo&oo.(3b)

mn

{1
B

The final starting point ve used was
x€0) = (1,1, coe, 1)T .-........(4)

The idea behind this was to have

~

n
- Y 3 -— ~
d‘: = E_::a;d-° b& 1 = .1.,2, see, IU
j=1
~ n if not LPF
where n = <i
n +m if LP

B
1

m if not LP
and .<i :
m +n if LP.

e) Linear Equation

We ran & sets of small equaticns to ascertain that the
algorithms can handle equations as discussed in section. 6.l.
Table 5

Results of Systems of Eguations

I 21 31 2] 21 1} 1] 14] 500}
I ! i 28| 28] 23] 281 771 2509]
I I | 4/4) G/4) 4/8) 4/4] G4/4f 0/4]
R |
| s} 3} 21 2 14 1] S| 500]
i l I 58} 58] 501 58| 57| 4818}
| I | 8741 4/4) u/4f 4,8] 4/4] 0/4)
| === e e e e e oo |
i 31 3] 9| 9 29] 4 92| 500]
i I | 206] 202 655 166] 565] 3612]
{ I [ G/74) 4/6( 4s8) msu]  4/8)  0/4]
it ittt - — i
| o] 4 30] 14 8] 81 58] 500}
1 ] | 903| u32| 272} 435} 486] u820}
{ i l 4/74f 4/41 hsuy 4/44 4/4} Olul



f) Linear Programming

- —— - . - T - —— -

Eight linear programming probleﬁs were tested, the last
2 of which are the nutrition probler (short and long) in
Dantzig(4). For each LP prbblem we ran, we verified our
solution by using the simplex routine provided in the IMSL

package. The results which follow used a scaled versicn of

Table &

Results of Linear Programning Problems

- —— A T T —— - - A - - — . —— S —————— —— - =

[ asbadesheshebt bbbttt ittt et teathasnthuttendeniiaad bttt 3
| M| N |SURRG1|SURRGR|SURRG2|SURRG3|AGMON1|AGMCON2|
et sttt st |
{ 71 3] 178} 12] 30§ 21 220j 500
| | -} 4074} 290] 752] 1C6] 1068} 2127|
| | i 3741 4741 47uf 4/41 4/4i 0/4i
B ittt ettt ——————— e ————— {
{ 91 41 114} 141 27} 7f 2307 500]
i i | 2837] 3721 7861 384F 1209} 2419}
| ] } 874 g/41 4s4] n/4j 3/48} o/4]
' ..... - - o - G D W S A G G G G G RS D D Y W P W e G P n P D W S G G B - . l
] 13} 6} 4ys| 214} 497} 2484 S00} 500}
| i | 16602} 8194] 20548 19195} 4007} 4073}
] 1 | 1/4} 4/  1/4y 4/ 0/suy 0/4|
s ettt I
{15} 71 8321 329 389] 354 usoj 500}
l I | 20122 15027} 19892§ 33577| 4651| 5133j§
i I | 1/4} 2/41 1/41 2/4] 1744 0/u|
ittt b b S i
i 15] 71 375] 191}| 500] 38| 500} 5001
{ i | 17354 8903 24711} 3330] 5Su498] 5369}
| | I 1/4] 3/44 0/4] 44| 0/4} 0/4
e ittt kit ittt |
I 17} 8] 500} 355} 394} 197} 500} 500]
) | | 253511 18241} 22120f 20556] 5641}F 5499|
| | | o/4} 3/4] 2744 4s4i 0/4} 0/74]
it Tttt |
| 29] 14} } 767| B67]| 5911 1000} |
i i | * | 64026] 78680]104073} 19121} |
| I | l 3/74] 1744 4/41 o/uj {
Rt ittt ittt |
| 59] 291 | 979] 1000} 763} 1000} |
| | | * 1648721190418 1275079] 30776] * |
| | | | 1/4] 0/4} 4/4j 0/4) I
b o o s i e o - W o b W - - - 2
% = not run



the data given 1in Dantzig{i). The reason for this is

discussed in the next. subsectione.

Although some of the algorithms did noct get a soiution
with some starting points, we noticed that the x got at the
500th iteration was «close to a solution. Therefore for a
large prcblem 1like the nutrition case, we increasec¢ the
iteration cut-off from 500 to 1000 and ran surrogate R, 2,
3 and Agmenl. As seen frcm the table Surrogate-3 got 4/4
for the short and 1long lists. Favcrite starting points
were not regqular with any of the algorithms. It varied
with the problems. Because cof space, we have not shown the
results got with random starting point;, but we must point
cut that they were not better than starting points 1

through 4 listeﬁ above.

Phases for LP Problems

We tried to vary the style of choice of constraints and
found out that wusing the most viclated manifcld gives the
best speed. In the LP prcblems, there was a small varia-
tion that improved the speed a little. We shall give the

variation here.

Y. 1-Phase Rlgorithm

1) Get a feasible soluticn to the problem as given
as given in (b6.1.1);

2) Stop;

96



II. 2-Phase Blgcrithm

1) Get.a feasible solution tc the primal and dual
of (6.1.1)3

2) If z-feasible, stcp;

3) Project onto the z-hyperplane;

43 Gc to 1);

In the 2-phase algorithm, feasibility got priority over
cptimality. We got a faster convercence than with the
1-phase case. However, the differece was nct much. The

results in the tables are those c¢f 2-phase algcrithnm.

8.3 Scaling

Definition: 8n overdominant element in A is an element whose
absolute value 1is ruch greater than the sum of
the absolute values c¢f the other elements in its

row or column. That is, if for scome r and k,

m n
la,, | 2> T ja;,. | or la., | 2> 2" ja, .|
Yk reeiiall rk rerie

i#r 3k

then a, ), is (row or column) overdorinant.

A row overdominant element can cause error. After nor-
malizing the row, the small elements Lkecome too small. BAs
a result the distance may fall within the tolerant recgion,
thereby causing the program to terminate with inacurate
iesults. This was our observation in the nutrition prokblem.
Let us examine the data for that problem.
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Nutrition.Calories Calcium Vitamin Rikof- Ascorbic.Ccst/Unit

o (i) . A lanin Acid .
. « (1000) {grams) (10 I.U) (mg.) {rge) e (dollars)

Commo-— . °
dity (3) .. -
Wheat « 4.7 2.0 0 33.3 4] « 1.00
flcur - .
{(enriched) . .
Evaporated. 8.4 15.1 26.0 23.5 60 « 1.00
milk (can). .
Cheese . 7.0 16.4 28.1 . 10.3 0 « 1.00
(Cheddar) . o
Liver . 2.2 0.2 169.2 50.8 525 e 1.00
(beerf) ° o
Cabbage o 2.6 4.0 72 4.5 5369 s 1.00
Spinach ° 1.1 0 918.4 13.98 2755 » 1.00
Sweet . 9.6 2.7 290.7 Soli 1912 e -1.00
potatces . .
Lima beans. 17.4 3.7 5.1 38.2 0 . 1.00
{dried) . -
Navy beans. 26.9 11.4 0 24,6 -0 « 1.00
{dried) . o
Daily . 3.0 0.8 5.0 2.7 75 .
allowace . . o

S 0 GO EDO VOO0 EOTOOINO OO C OO PN OGO OSSO CONIOON DPOOO OEOSSESE e

The commodity entries are column elemnts fcr the primal
but rcw elements for the dual. The element, 5369, in the
cabbage entriés is cclumn cverdceminant. This may not have
been a problem if this was not an LF problerx. ABs it is,
that element is row overdominant with respect to the dual.
Nhen'we ran the progrem with the data as given, we had very
fast convergence, with feasible primal buf inacurate dual
solution. He ran it acain with riboflavin and ascorbic acid
in grams, and the resulting effect was slow convercence.
Finally, we scaled down some of the data so that the maxi-

mum number of digit=z befcre any decimal point was 2. VWe
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then got acceptable results. Therefcre, if there exists a
column overdominant element 1in the data and the problem is.
an LP, the row in which it occurs should be scaled cown.
The choice of scale factors depends c¢n the entire data.
Cur choice of 0.01 and 0.1 for ascorbic acid and vitarin A
respectively, was guided by the fact that 3 ocut of the 5
nutrients have their entries in a maximum cf 2 digits
befcre decimal point. The scale factors and the tolerant
value, delta, must balance each other well. The smaller the

.scale facter, the bigger the delta may have tc be.

8.3.2 Over~relaxation

- - - - —

3

! Another thing that can be varied is the distance tc the

prcjection. This 1is c¢alled relaxation. Ccnsider the

afi

Fige 8.2 Translate of H,>

. lestt
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Let i} H' = a translate cf H
h’ul l‘lﬂ-'

ii) e = displacément resulting frcm the translaticn

= w(d, - o for some w-
( h«-ﬂ E )i*‘)
iii) £ = distance of x¢(9) from Hé
Ll
Then £ = dP + e
. [1%,]

d)‘k.ﬂ+ w (dh"“" r’( CB(M ) by def. (ii) esevsesrs s e (1)

With respect to the translate, H;
(1% 1}

_ £f - 1, ¢
a () = —=---- < M by step 7
')?t.-u ‘/— ——————
" B
d w(d X, s, ) I C
o e T2 R M hew” R oy
A - ¢ |
¢4l
= (1+w)-9’i".‘--§(.fb.‘-
i- e
Set A = 1+w ﬁ%“
) {8.3.1)

e« e g (N
+

|
>
[{e]
r
-,
[
r

To meet the positivity reqguirement, ) bhas to be greater
than 0. That is,

k >0 0000000000(2)

Blso g (\) = -==---=- o

b T I
Ao

= mm e e S e e e S S e S S by (1)



- % (N =g, ) - (A1) C’u«gmf.l) (8.3.2)

=
~

where (X’I)CP < g}, (1) /g (1) csecccncns (3)

IeH (1] Beat A
From (2) and (3), we have

for <, >0, 0< \<1+ ===-% 31 P . ;
for ﬁ%“= 0, 0< )

g, (1)
for CP < 0, max({(0, 1+—-Jﬂ¢L--—) < he

I h qh“gmil)
put ol T BT Belhe
c,iﬂg +(‘1) che" d"w- I, cnw
PP o i 74
9&+. dﬁuf q‘cm*|

> 1 ifc, -2 0
< ]
< -1 if c <0
Rert

a .
. 1 > 2 if >0
- _-gh.‘u:(ﬂ-l—— + 3 < ' C’i"” esesvescsss (U)

¢, g, (1) < 0 if ¢ <0
'7"“ Heft Ret:
Therefore from (2),(3) and (4) the valid range is
r §H(1)
I 0 <)\ <1+ —=ttheo if Ca >0
L4 C’ g (1) k+l
i kbt e (Ee3,.3)
t 0 <\ if ¢ < 0.
Rees
The different values for different types of relaxation are
0 <\ <1  under-relaxation
A=1 rrojection
1 <)\<2 cver-prejection
A =2 reflection
2 <\ cver-reflection.

The last 3 are called over-relaxaticn. We tried over-
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relaxaticn (1 € \ € 2) on ocur test protlems with a variable

parameter that is a function cf c& o
+

1+ ifc, >0

\ = < Cblm Hw
1 if cP <90

et

The resulting effect was a rixed one. Convergence improved
for some and got worse fcr others. There were some that
were not affected. The results in the tables above are fot

pure projection, A = 1.

Warning

-——— o o

In doing over-reléxation, extra care must be taken to
N ensure a valid and ‘'reasonable' parameter value.
There are two problems that could be encountered.
1) Inconsistency ccndition could be falsely raised
for some \ # 1.
2) If the feasible set is a bounded polytore and
we over-relax beyond this set, ccnvergence may
no longer be possible for Surrogate-l since r,
is increasing without beinc reset.
The 1st problem may arise if there are 2 parallel but
intersecting half-spaces. The translate of any cne of
them will still be parallel to, but ncot necessarily
intersecting with, the other half-space. Consequ-
ently, inconsistent test will nct be used for )\ > 1.
The 2nd problem will nct happen with the re-init-
ializing surrogates tecause 1, is reset at certain

14

stages as iteration progresses.
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CONCLUDING REMARKS

Cn the algorithss

Although Surrocate-3 dces more wcrk than the rest, ue
cet mcre soluticns with it than with_the cthers. The amount
cf work it does is a liability only when it takes 1lcng to
reach a solution. We observed that in cases where it found
a solution early, the amcunt of work it did was smaller
than that done by any of the cthers. Surrcgate—ﬂ‘is our
second best. 1In fact, from the amcunt of work it does, it
may be consideredbover Surrcgate-3. It varies the numker of
constrainté'it,uses before re;initialization. The 3rd best
is Surrcgate-2. Surrcgate-1 is very slow but it has served

as a means of getting better algcrithese.

Cne advantage c¢f the surrcgate methods is that the
coefficient matrix R is nct updated. For this reascn, we
can econcmize space by storing only the nonzerc elements of
A. The dot-products, ai.ai. may be computed when needed.
Ancther advantage c¢f the algorithms.1is that they are easy
tc restart. Althcugh they are not competitive with the

sirplex method, they are qu;te reliable.
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RPPENDIX

—————

input |
{ data i
| TR |
|
|
re=w-—=~e—~-~ -
Yes | set up dual- |
=== & |
{ z-constraints{
| I p— |
{
No |=-==~=-- L e s -4
t
re————————— 1
normalize |
C = A.AT |
d = Ax - b}
k =0 |
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= - - ——y

fr-—---=->-----| choose d
Lo e oo o o o o i e

o e s ey

d
| S |

I

Yes

A D e - VY S St s e W

1'.lJ
| ~1
1 O |
Qt M !
zZ ) ~
I @« |
DI ]
(I I I I |
] !
| &2 ad
I oLt
L.

|
e ——————
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| IO

== - ——————
| WIS ——
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update

i
]
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print
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|
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] |
| 1
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9.
10.
11.
“12.
13.
14.
15.
16.

PRINT
TODHYP
SETX0
GENAR
EPCUBE
NRMRCH
DOTPRD
INIT
CHOOSP
UPDATE
SURRG1
SURRGR
SURRG2
SURRG3
AGMON
SIMPLX

LIST OF SUBRCUTINES

Prints results

Sets up data for Todd's and trab. hypercube
Initializes x0 for use by all

Generates A and B

Sets up data for the Epsilon-Cube problem
Normalizes rows of P

Computes dot-products

Initializes 4 énd,surrogat dot-praduct
Chooses the most violated manifold

Does updating

Main routine for Surrogate-1

Main routine for Surrogate-R

Main routine for Surrogate-2

Main routine for Surrogate-3

Main routine for Agmon's

Calls Simplex as provided in IMSL package
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114
115
116
118
119
120
121
124
125
129
129
131
132
133
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FCFIRAN CCDE

DOUBLE PRECISION A (90,40) ,B(90),X(50),D (30) ,AT(20,20),

1 U (20) ,X0(50),C (4005) ,RK (50) ,CK (90) ,AZ (50) ,R,HO,

2 H1,2,DZ,CZ,DEL,EPS

10GICAL LPP,OVRIX

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCOL,LIM,LPP,

1 OVRLX,KP,R,HO,H1,2,0Z,C2,DEL,EPS,MULT, KASEP,

2 1z,11,12,L3

COMMON /GLOBL2/A,B,X,D,AT,U,X0,C,BK,CK,AZ

INTEGER NAME (7,2), TAR(42,8) ,
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCECCCCCCCCCCe

c c
CHM NO. OF CONSTRAINTS C
CN NO. OF VARIATLLES . C
Cc M1 NC. INEQUALITIES C
C LSTROW=M OR M+N IF LP PRCBLEM C
C LSTCCL=N OR M+N TIF LP PRCBLEM C
CaA M BY N COEFFICIENT MATRIX OF THE PROELEM C
CB THE R.H.S. OF THE PRCBLEM, SIZE = LSTROW C
C X,X0 SOLUT. VECTCR, STARTING PCINT, SIZE = LSICOL C
ct DIST. VECTOR FROM X0 TO HYPS., SIZE=LSTROW C
C AT THE TRANSPOSE OF A C
cUu N-VECTOR CPTIMAL FUCTION COEFFICIENTS C
cCcC VECTOR HOLDING THE UPPER TRIANGLE OF R.AT C
C : SIZE=M (M-1)/2 OR M(M+1)/2 + N(N+1)/2 IF LPP C
C AK SURROGATE NCRMAL, SIZE = LSTCCL C
C CK DOT-PRCD VEC. FCR AK AND GIVEKN NCRMALS, SIZE=LSTRCW
C AZ THE Z~COSTRAINT NORMAL, SIZE = M+N c
C DEL TOLERANT ERRCR C
CR DISTANCE FROM X0 TC THE SURROGRTE HYPERPLANE C
C HO,H1 MULTIPLIERS FOR SURROG. NCRMAL AND THE CHOSEN, RESP.
c Z,b2 OPTIMAL FUNCTION, DIST. FROM X0 TC Z-HYPERPLANE C
C CZ DOT-PRCDUCT CF AK AND AZ c
C LIM MAXIMUM ITERATICN ALLOWED C
C LPP SIGNAL THAT THE PRCBLEM IS LINEAR PRCGRAMMING C
C OVRLX SIGNAL THAT CVER-RELAXATICN IS REQUIRED C
C 1IZ TOTAL NO. OF CONSTRAINTS IN LE PROBLEM C
C EES WORKINGC SMALL NO. C
c C
CCCCCCCCCCCeccececceeeccececceccecceececceceecceccecececececcececccceccecce

READ (5,5) ((NAME(I,J),Jd = 1,2),I = 1,7)
5 FORMAT (7 (A4,A3))
DO 15 I = 1,42
DO 10 J = 1,8
10 TAB(I,J) = O
15 CONTINUE
ISEED = 7359

LIM = 500

DEL = 1.5D-04
EPS = 0.1D 00
LPP = .FALSE.
OVRLX = .TRUE.
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IF (+TRUE.) GO TO 41

WRITE (6,20)
20 FORMAT (35X, *TRBLE A'//30X,°'LINEAR INEQUALITIES.'/

1 30X, —mm e mm e mm v/
2 25X,"TODD**S EXARMPLF BAND ITS EXPAKSION.®/

3 25X, Ve e v/

4  5X,'MATRIX METHOD ITERATIONS MUL/DIV',15X,'X'/
§  §X,'--—m-= memmo= cmemcmmeee sm——eee *,15X,'-")
IRCH = -2

DO 25 N = 3,6
CALL TODHYP (1)

LSTROW = M
LSTCOL = N
M1 =M

CALL NRMROW
CALL DOTPRD
IROW = IROW
TAB (IROW,1)
TAB (IROW,2)

3
M
N

<+

CALL PRINT(.TRUE.,NANME1l,NBME2,0)

CALL SURRG1 (K)

CALL PRINT(.FALSE.,NAME(1,1),NBME(1,2) ,K)
TAB (IROW,3) = K :

TAB (IROW+1,3) = MULT

IF (K .LT. LIM) TAB(IROW+2,3) = 1

CALL SURRGR (K)

CALL PRINT(.EALSE.,NAME(Z 1) ,NAME (2,2) ,K)
TAB (IROW,4) = K

TAB (IROW+1,4) = MULT

IF (K .LT. LIM) TAB (IROW+2,4) =1

CALL SURRG2 (K} ]

CALL PRINT(.FALSE.,NAME(3,1),NANE(3,2) ,K)
TAB (IROW,5) = K

TAB (IROW+1,5) = MULT

IF (K .LT. LIM) TAB (IROW+2,5) =1

CALL SURRG3 (K)

CALL PRINT (.FALSE.,NBME (4,1) ,NAME(4,2) ,K)
TAB (IROW,6) = K

TAB (IROW+1,6) = MULT

IF (K .LT. LIM) TAB(IRCW+2,6) 1

CALL AGMON({K,1.0D 00)
* CALL PRINT(.FALSE.,NBAME(5,1) ,NAME(5,2) ,K)
TRB (IROW,7) = K
TAB (IROW+1,7) = MULT
IF (K .LT. LIM) TAB (IROW+2,7) =1

CALL AGMON(K,2.0D 00)
CALL PRINT(.FALSE.,NAME(6,1) ,NAME (6,2) ,K)
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TAB (IROW,8) = K
TAB (IROW+1,8) = MULT
IF (K .LT. LIM) TAB(IRCW+2,8) =1
WRITE (6,360)
25 CONTINUE

WRITE(6,30)
30_FORMAT (1H1/35X, *TAELE B8'//30X, ' LINEAR INEQUALITIES.'/
30X, == mmmmmm e e v
27X, 'THE TRAPEZOIDAL HYPERCUBE.®/
730 T o/
5X, *"MATRIX METHOD ITERATICNS MUL/DIV'®,15X,'X'/
X, tmmmmm= mmmmm= mmmmm—mmee m—meeee ',15X,'-")

NEWNE

IRCW = 10
DO 40 N = 3,6
CALL TODHYP (2)
1STFOW = M

LSTICOL = N
M1 =M

CALL NRMROW
CALL DOTPRD
IROW = IROW
TAB (IROW ,1)
TAB (IROW, 2)

It +

3
M
N
C USE 4 DIFFERENT XO0.

DC 35 KASE = 1,4

CALL SETXO0 (KASE)

CALL PRINT (.TRUE.,NAME1l ,NBME2, ()

CALL SURRG1 (K)

CALL PRINT(.FALSE.,NAME (1,1) ,N2ME (1,2) ,K)

IAB (IROW,3) = TAB(IRCW,3) + K

TAB (IROW+1,3) = TAB(IROW+1,3) + MULT

IF (K +LT. LIM) TAB (IROW+2,3) = TAB(IRCW+2,3) + 1

CALL SURRGR (K)

CALL PRINT (. FALSE.,NAME(Z 1) ,NBME (2,2) ,K)

TAB (IROW,4) = TAB(IRCW,4) + K

TAE(IROH+1,&) = TAB (IROW+1,4) + MULT

IF (K .LT. LIM) TAB(IROW+2,4) = TAB(IRCW+2,4) + 1

CALL SURRG2 (K)

CALL PRINT (.FALSE.,NBME (3,1) ,NAME (3,2) ,K)

TAB (IROW,5) = TBB(IRCW,5) + K

TAB (IROW+1,5) = TAB (IROW+1,5) + MULT

IF (K .LT. LIM) TAB (IROW+2,5) = TAB(IRCW+2,5) + 1

CALL SURRG3 (K)

CALL PRINT (.FALSE.,NAME (4,1) ,NBME (4,2) ,K)

TAB (IROW,6) = TAB(IROW,6) + K

TAB (IROHW+1,6) = TAB (IROW+1,6) + MULT

IF (K .1T. LIM) TAB (IROW+2,6) = TAB(IRCW+2,6) + 1
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CALL AGMON (K,1.0D 00)

CALL PRINT (.FBLSE.,NAME (5,1) ,NBME (S, 2) ,K)

TAB (IROW,7) = TAB(IROW,7) + K

TAB (IROW+1,7) = TAB(IROW+1,7) + MULT

IF (K .LT. LIM) TAB(IROW+2,7) = TAB(IRCH+2,7) + 1

CALL RGMON (K,2.0D 00)
CALL PRINT (.FALSE.,NAME (6,1) ,NAME (6,2) ,K)
TAB (IROW,8) = TAB (IRCWH,8) + K
TAB (IROW+1,8) = TAB (IROW+1,8) + MULT
IF (K .LT. LIM) TAB (IROW+2,8) = TAB(IRCH+2,8) + 1
WRITE (6,360)
35 CONTINUE
40 CONTINUE
C
C COMPUTE AVERAGE OF THE WORK DONE
C
DO 50 I = 13,22,3
DO 45 J = 3,8
TAB(I,J) = TAB(I,J) / 4
45 TAB (I+1,J) = TAB(I+1,J) / 4
50 CONTINUE

WRITE (6,55)
55 FORMAT (1H1/////45X,"TRBLE 1'/45X,'-~--===='//)
WRITE (6,60)
60 FORMAT‘].OX"............‘.lC.......O...............O...
1.......'.‘.......‘....
WRITE (6,65) ((NAME(I,1) ,NAME(I,2)),I = 1,6)
65 FORMAT (10X,'. PROBLEM . M . N .',6(1X,R4,A3,'."))
WRITE (6,60)
po 70 T = 1,22,3
WRITE(6,75) (TRB(I,J),J = 1,8)
WRITE (6,80) (TIAB(I+1,d),J = 3,8)
IF (I .LT. 13) WRITE(6,85) (TAB(I+2,J),d
IF (I .GE. 13) WRITE(6,90) (TAE (I+2,J),d
IF (I .EQ. 4) WRITE((6,95)
IF (I .EQ. 16) WRITE (6,100)
IF (I .EQ. 10 «.CR. I +EQ. 22) WERITE(6,60)
IF (I.NE.4 AND. TI.NE.10 .BND. I<NE.16 .AND. I.NE.22)
1 WRITE (6,105)
70 CONTINUE

Hon
w

a u
=]
~—

75 FORMAT(10X,'+',9X,%.",2(I3,* .") ,6(1I7,' .'"))
80 FORMAT(10X,'.',9X,'.",2(3X,* ') ,6(17,' .'))
85 FORMAT (10X,'«",9X,'+',2(3X," ") ,6(I5,'/1 .'))
90 FORMAT (10X,'+*,9X,%-",2(3X,* ') ,6(I5,'/4 .%))
95 FoRMAT(lOX". A .......O..I.l'..‘Q.........Q...'.
1......................) ’
100 FORMRT(IOX'.. B 5 00 9 0 OO PSS GGG SO SOOS P 0 ¢SS
1..‘..........’.......')
105 FoRMAT(lOX". ® 08 0O C OO OB O OOEOO OSSOSO OSSOSO OPOE DS S
10..0......'.....‘....')
WRITE(6,110)
110 FORMAT (/30X,°'RA TCDD**S PROBLEM'/

Hou

1 30X,'8 TRAPEZOIDAL HYPERCUEE PROBLEM')
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oY NoNe!

IF (.TRUE.) STOP
TEST CN RANDOMLY GENERATEL PROELEM.

411 DO 120 I = 1,24

DC 115 J = 1,8
115 TaB(1,J) =0
120 CONTINUE
JROW = -2
DO 130 N = 20,30,10
LSTCOL = N
DO 125 M = 30,90,30
LSTROW = M
Ml =M

CALL GENAB (ISEED)
CALL NRMROW
CALL DOTPRD

TRCW = IROW + 3
TAB (IROW,1) = M
TAB (IROUW,2) = N

CALL PRINT (.TRUE.,NAMEL1,NAMEZ, ()

CALL SURRG1 (K) ,
CALL PRINT(.FRLSE.,NAME (1,1) ,NAME (1,2) ,K)
TAB (IROW,3) = K

TAB (IROW+1,3) = MULT

IF (K «1T. LIM) TAB (IROW+2,3)

1

CALL SURRGR (K)

CALL PRINT (.FALSE.,NAME (2,1) ,NAME (2,2) ,K)
TAB (IROW,4) = K

TAB (IROW+1,4) = MULT

IF (K «1T. LIV) TRB(IROW+2,4) =1

CALL SURRGZ2 (K)

CALL PRINT (.FALSE.,NAME (3,1) ,NBME (3,2) ,K)
TAB (IROW,S5) = K

TAB (IROW+1,5) = MULT

IF (K .1T. LIM) TARB(IROW+2,5) =1

CALL SURRG3(K)

CALL PRINT (.FRLSE.,NAME (4,1) ,NAME (4,2) ,K)
TAB (IROW,6) = K

TAB (IROW+1,6) = MULT

IF (K .1T. LI¥) TAB(IROW+2,6) =1

CALL AGMON(K,1.0D 00)

CALL PRINT (.FBLSE.,NBRME (5,1) ,NBME (5, 2) ,K)
TAB (IROW,7) = K >
TAB (IROW+1,7) = MULT

IF (K .LT. LIM) TAB(IROW+2,7) 1

CALL AGMON (K,2.0D 00)
CALL PRINT(.FBALSE.,NAME (6,1) ,NAME (6,2) ,K)
TAB (IROW,8) = K
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TAB (IROW+1,8) = MULT

IF (K .LT. LIM) TAB(IROW+2,8) =1
125 CCNTINUE
130 CONTINUE

C

C EPSILON-CUBE.

C
JROW = 16
DO 210 N = 10,15,5
LSTCOL = N

INITM = 2 ® N

DC 205 I = INITIM,90,20
IF (I .CT. INITM) CALL EPCUBE (ISEED,INITM,20)
IF (I .GT. INITM) GC TO 150

M=1
DO 140 I2 = 1,M
DO 135 J = 1,N

135 B (I2,J) = 0.0D 00
140 B(I2) = EPS
DO 145 J = 1,N
I2 = 2% J
~ A(I2-1,J) = 1.0D 00
145  A(I2,J) = -1.0D 00
150 LSTRCW = M X

M1 =M

CALL DOTPRD
JROW = IROW + 3
TAB (IROW,1) =M
IAB (IROW,2) = N

C
C USE 4 DIFFERENT X0 FOR EACH M.
C

DO 200 KASE = 1,4 A
GO TO (155,165,175,185), KASE

155 DC 160 J = 1,N
CALL RANDU (ISEED, ISEED,X0(J))

X0(J) = 4.0D 00 = X0(J) - 2.0D 00
X0 (J) = DMAX1(X0(J),-1.0D 00)
X0(J) = DMIN1(X0(dJ),1.0D 00)

160 X0(J) = 1.0D 03 * X0(J)
GO TO 195

165 pc 170 J = 1,N

170 X0(Jd) = 1.0D 03

GO TO 195
175 DC 180 J = 1,R
180 X0(J) = -X0(Jd)
GO TO 195

185 pC 190 J = 1,N
CALL RANDU (ISEED,ISEED,R)
I1 = MOD(IDINT(1.0D 03 = R),2)
IF (I1 .EQ. 1) X0(J) = -X0(J)
190 CONTINUE

195 CALL PRINT (.TRUE.,NAME1l,NRME2,0)
CALL SURRG1 (K)
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aan

CALL PRINT (.FRLSE.,NAME (1,1) ,NAME (1, 2),K)

TAB (IROW,3) = TAB(IROW,3) + K

TAB (IRCW+1,3) = TRE(IRCW+1,3) + MULT

IF (K .LT. LIM) TARE(IROW+2,3) = TAB(IROW+2,3)

CALL SURRGR (K)

CALL PRINT(.FALSE.,NAME (2,1) ,MBME (2, 2) ,K)

TAB (IRCW,4) = TAB(IROW,4) + K

TAB (IRCW+1,4) = TAE(IROW+1,4) + MULT

IF (K .LT. LIM) TAE(IROW+2,4) = TAB(IROW+2,4)

CALL SURRG2 (K)

CALL PRINT (.FALSE.,NAME (3,1) ,NBME (3, 2) ,K)

TAB (IROW,5) = TAB(IROW,5) + K

TAB (IROW+1,5) = TAE(IROW+1,5) + MULT

IF (K .LT. LIM) TAB(IRCW+2,5) = TAB(IRCW+2,5)

CALL SURRG3 (K)

CALL PRINT(.FALSE.,NAME (4,1) ,NBME (4, 2) ,K)

TAB (IROW,6) = TAB(IRCW,6) + K

TAB (IRCW+1,6) = TAE(IRCW+1,6) + MULT

IF (K .LT. LIM) TAE (IROW+2,6) = TAB(IROW+2,6)

CALL ACMON (K,1.0D 00)

CALL PRINT (.FALSE.,NAME (5,1) ,NBME(S, 2) ,K)

TAB (IROW,7) = TAB(IRCW,7) + K

TAB (IRCW+1,7) = TAE(IRGW+1,7) + MULT

IF (K .LT. LIM) TAB(IROW+2,7) = TAB (IROW+2,7)

CALL AGMON(K,2.0D 00)

CALL PRINT(.FALSE.,NAME (6,1) ,NAME (6, 2) ,K)
TAB (IRCW,8) = TAB(IROW,8) + K

TAB (IROW+1,8) = TAER(IROW+1,8) + MULT

IF (K .LT. LIM) TAE(IRCOW+2,8) = TAB{IROW+2,8)"

200 CONTINUE
205 CCNTINUE
210 CONTINUE

CCHMPLETE AVERAGING.

DO 220 I = 19,4C,3
DO 215 J = 3,8
TAB(I,J) = TAB(I,J) / &
215 TAB(I+1,J) = TAB(I+1,J) / &
220 CONTINUE

WRITE (6,225)
225 FORMAT (1H1//45X,'TABLE 2%/U45X,%=======%//)
WRITE (6,60)
WRITE(6,65) ((NAME(I,1),NAME(I,2)),I = 1,6)
WRITE (6, 60)
DO 230 I = 1,40,3
WRITE(6,75) (IAB(I,J),J = 1,8)
WRITE (6,80) (TAB(I+1,J),J = 3,8)
IF (I .LT. 19) WRITE (6,85) (TAB(I+2,J),Jd = 3,8)
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IF (I .GE. 19) WRITE (6,90) (TARE (I+2,J),Jd = 3,8)
IF (I .EQ. 7) WRITE (6,235) :

IF (I .EQ. 28) WRITE(6,240)

IF (I .EQ. 16 .OR. I .EQ. 40) WRITE(6,60)

IF (I.NE.7 .AND. I.NE.16 .AND. I.NE.28 .AND. I.MhE.U40)

1 WRITE(6,105)
230 CONTINUE
.235 FORMAT(IOX,'. C .'.........O.........‘........

1....0..‘..........0..“

2“0 FORMAT(IOX"- D LA AL A B B B R K AN B A A AR B B A A K A A

1..........0.'...0....”

WRITE (6,245)
245 FORMAT (/30X,'C = RANDOMLY GENERATED PROBLEM'/
1 30X,'D = EPSILON-CUBE PRCBLEM')
IF (.TRUE.) STOP
C
C TEST ON LINEAR EQUATIONS.
C
41 WRITE(6,250) .
250 FORMAT (1H1/30X,'LINEAR EQUATIONS.'/30X,?==~====~===m
1 5X,'MATRIX METHOD ITERATIONS MUL/DIV',24X,'X*/
2  5X,l==-e=- mmmmeme mmmmcmm—ee cmmeeee ',24X,t-")
C
414 DO 260 I = 1,42
DO 255 J = 1,8
255 TAB(I,J) = O
260 CONTINUE
IROW = =2

DO 275 NO = 1,4
READ (5,335) M,N,M1
DO 265 I = 1,M

265 READ(5,340) (A(I.,Jd) ,d
READ (5,340) (B(I),I =
LSTROW M
LSTCOL N

= 1,N)
1,M)

CALL NRMROW
CALL DOTPRD
IROW = TIROW
TAB (IROW,1)
TAB (IROW, 2)

3
M
K

Hn+

C
C USE 4 DIFFERENT XO.
C
DC 270 KASE = 1,4
CALL SETXO (4 +KASE)
CALL PRINT (.TRUE.,NAME1,NAME2,0)
CALL SURRG1 (K}
CALL PRINT(.FALSE.,NAME (1,1) ,NANME (1, 2) ,K)
TAE (IROW,3) = TAE(IRCW,3) + K
TAB (IROW+1,3) = TAB (IROW+1,3) + MULT
IF (K .LT. LIM) TAB (IROW+2,3) = TAB(IRCR+2,3) + 1
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CALL SURRGR (K)

CALL PRINT(.FALSE.,NAME (2,1) ,NBME (2,2) ,K)

TAB (IROW,4) = TAB(IRCW,4) + K

TAB (IROW+1,4) = TAB(IROW+1,4) + MULT

IF (K .LT. LIM) TAB (IROW+2,4) = TAE (IRCW+2,4) + 1

C
CALL SURRG2(K)
CALL PRINT(.FALSE.,NAME (3,1) ,NRME (3, 2) ,K)
TAB (IROW,5) = TAB(IRCOW,5) + K
TAB (IROW+1,5) = TAB (IROW+1,5) + MULT
C ‘ .
IF (KX .LT. LIM) TAB(IROW+2,5) = TAB(IRCW+2,5) + 1
CALL SURRG3(K) .
CALL PRINT (.FALSE. ,NAME (4,1) ,NBME (4,2) ,K)
TAB (IROU,6) = TAB(IROW,6) + K
TAB (IROW+1,6) = TAB (IROW+1,6) + MULT
IF (K .LT. LIV) TAB(IROW+2,6) = TAB(IRCW+2,6) + 1
C
CALL AGMON (K,1.0D 00)
CALL PRINT (.FALSE.,NAME (5,1) ,NEME (5, 2) ,K)
TAB (IROW,7) = TAB(IROW,7) + K
TAB (IROW+1,7) = TAB(IROW+1,7) + MULT
IF (K «LT. LIM) TAB (IROW+2,7) = TAB(IRCW+2,7) + 1
C
CALL AGMON(K,2.0D 00)
CALL PRINT(.FALSE. ,NAME (6,1) ,NBME (6, 2) ,K)
TAB (IROW,8) = TAE(IROW,8) + K
TAB (IROW+1,8) = TAB (IROW+1,8) + MULT -
IF (K .LT. LIM) TRB (IROW+2,8) = TAB(IRCW+2,8) + 1
WRITE (6,360)
270 COCNTINUE
275 CONTINUE
C
C TEST LP PROBLEMS.
C
LpP = .TRUE.
WRITE (6,280)
280 FORMAT (1H1/30X, 'LINEAR PROGRAMMING PROBLEMS.'/
1 30X, 't~ e s e e '/
2 5X,"MATRIX METHCD ITERATICNS MULI/DIV*,5X,'Z°',24X,*'X'/
3 X,V mmmees smem e mmee wmceee—- *,5X,'=",24X,'~")
IRCY = 10

DO 295 NO = 1,8
IF (NO .EQ. 7) LIM = 1000
READ (5,335) M,N,M1
LAST = MINO (N,6)
READ (5,340) (U(J),Jd = 1,LBST)
WRITE (6, 345) (U(J),J = 1,LAST)
IF (LAST .LT. X) READ(5,3u40) (U(J) ,Jd = 7,N)
IF (LAST .LT. N) WRITE(6,350) (U(J),d = 7,N)
DO 285 I = 1,M
READ (S5, 340) (B(I,J),J = 1,LAST)
IF (LAST .LT. N) READ(5,340) (A(I,J),Jd = 7,N)
285 CONTINUE
READ (5,340) (B(I),I = 1,M)
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MPLUS1 = M + 1
LSTROW = M + N
LSTCOL = LSTROW
IZ = 2 * LSTRCW + 1

CALL NRMROW

CALL DOTPRD

IROW = IROW + 3

TAB (IROW,1) 1z

TAB (IROW, 2) LSTROW

USE 4 DIFFERENT X0.

DO 290 KASE = 1,4
CALL SETXO0 (4+KASE)
CALL PRINT(.TRUE.,NAME1 ,NAME2, 0)
IF (LIM .GT. 500) GO TC 286
CALL SURRG1 (K)
CALL PRINT(.FARLSE.,NAME (1,1) ,NAME (1,2) ,K)
TAB (IROW,3) = TAB(IRCW,3) + K
TAB (IROW+1,3) = TAB(IROW+1,3) + MULT
IF (K .LT. LIM) TAB (IROW+2,3) = TAB(IROW+2,3)

286 CONTINUE
CALL SURRGR (K) ,
CALL PRINT (.FALSE.,NBME (2,1) ,NBME (2,2) ,K)
TAB (IROW,4) = TAB (IROW,4) + K
TAB (TROW+1,4) = TAB (IROW+1,4) + MULT
IF (K .1T. LIM) TAB(IROW+2,4) = TAB(IRCU+2,4)

CALL SURRG2 (K)

CALL PRINT (.FALSE.,NAME (3,1) ,NAME (3,2) ,K)

TAB (IROW,5) = TAB(IRCW,5) + K

TAB (TROW+1,5) = TAB(IROW+1,5) + MULT

IF (K .LT. LIV) TAB (IROW+2,5) = TAB (IRCW+2,5)

CALL SURRG3 (K)

CALL PRINT (.FALSE.,NRME (4,1) ,NAME (4,2) ,K)

TAB (IROW,6) = TAE(IROW,6) + K

TAB (IROW+1,6) = TAB (IROW+1,6) + MULT

IF (K «LT. LIM) TAB (IROW+2,6) = TAB(IRCW+2,6)

CALL AGMON (K,1.0D 00)

CALL PRINT (.FALSE.,NAME (5,1) ,NR¥ME (5,2) ,K)

TAB (IROW,7) = TAB(IROW,7) + K

TAB (IROW+1,7) = TAB (IROW+1,7) + MULT

IF (K .1T. LIV) TAB(IROW+2,7) = TAB(IRCW+2,7)
IF (LIM .GTI. 500) COC TC 290

CALL AGMON (K,2.0D 00)

CALL PRINT(.FALSE.,NAME (6,1) ,NBME (6, 2) ,K)

TAB (IROW,8) = TAB(IRCW,8) + K

TAB (IROW+1,8) = TAB (IROW+1,8) + MULT

JF (X .LT. LIM) TAB (IROW+2,8) = TAB(IRCW+2,8)
290 CONTINUE
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C

IPHASE = 1
IF (M1 .EQ. M) IPHASE = 2
CALL SIMPLX (IPHASE)
WRITE (6,355) 2,(X(J).,J = 1,LAST)
IF (LAST .LT. N) WRITE(6,350) (X(J),J = 7,N)
WRITE (6,360)

295 CONTINUE

C TAKE AVERACE.

C

bo 305 I = 1,34,3

DC 300 J 3,8

TAB (I,J) TRE(I,d) / &4 :
300 TAB(I+1,J) = TAB(I+1,J) / &
305 CONTINUE

WRITE (6,310)
310 FORMAT (1H1/////45X,*TABLE 3°/45X,'--====~ *7/7)

WRITE (6,60)

WRITE(6,65) ((NAME(T,1) ,NAME(I,2)),I = 1,6)

WRITE (6,60) :

DO 315 I = 1,34,3

WRITE (6,75) (TRB(I,Jd),Jd =.1,

[

)
WRITE (6,80) (TAB(I+1,J),4Jd
WRITE (6,90) (TAB(I+2,J),Jd
IF (I .EQ. 4) WRITE(6,320)
IF (I .EQ. 22) WRITE (6,325)
IF (I .EQ. 10 .OR. I .EQ. 34) WRITE(6,60)

IF (I.NE.l4 . ANC. I.NE.10 .AND. I.NE.22 .AND. I.KE.34)
1 WRITE(6,105)
315 CONTINUE
320 FORMAT(].OX.'. E 0O IO OO OGP OO OOGO GOLSEOPOESSSREBSESDN
1....‘........'...‘...')

325 FORMAT(IOX". F o 00 & P GOCO OO BOEOSOE SO0 SSLE Cses B

1...’.......0.........0')

8
3,8)
3,8)

.- o

WRITE (6,330)
330 FORMAT (/30X,*E = EQUALITY PRCBLENMS'/
1 30X,°'F = LINEAR PROGRAMMING PROELEMS?')
STQOP

335 FORMAT (313)

340 FORMAT (6D10.1)

345 FORMAT (/12X,'COST COEFT.',22X,6F10.3)

350 FORMAT (45X,6F10.3)

355 FORMAT (12X,'IMSL SIMPLEX O. F. SCL.',7F10.3)

360 FORMAT (//) .
END

SUBROUTINE PRIMT (ZX0,FAME1,NAME2,K)

DOUBLE PRECISION A(90,40) ,B(90),X(50),D(90) ,AT(2C,20),
1 U (20) ,X0 (50) ,C (4005) ,BK (50) ,CK (90) ,AZ (50) ,R,HO,
2 H1,Z,D2,CZ,DEL,EPS

LOGICAL LPP,OVRLX,ZXO0

COMMON /GLOBL1/¥,%,M1,MPLUS1,LSTROW,LSTCCL,LIM,LEP,

1 CVRLX ,KP,R,HO,H1,2,DZ,CZ,DEL,EES,MULT, KASEP,
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2 1Z,11,12,13
COMMON /GLOBL2/A,B,X,D,AT,U,X0,C,RK,CK,AZ
CCCCCCceececeececceeceeeeccececceececeeccecececcecececceeeceeeceecceceecccceceeccece

c C
C THIS ROUTINE IS CAILLED WITH THE NAME OF AN ALGORITHM c
C TO PRINT EITHER THE STARTING PCINT CR THE SCLUTION GCT. C
C : C
C NEW INDICATES WHETHER INITIAL POINTI OR SOLUTION

C NAME1,NAME2 NAME CF THE ALGORITHM c
C K NO. OF ITERATIONS C
C , C
CCCCCCCCCCCCceeceeeceeeeccecececceceecececeececececececceeecceceecececceccececececce

LAST = MINO(N,6)
IF (LPP) GO IO 10

IF (-NOT.ZX0) GC TO 5

WRITE (6,20) M,N,K,K, (X0(J),Jd = 1,LAST)

IF (LAST .LT. W) WRITE(6,30) (X0(J),J = 7,N)
RETURN

5 WRITE (6,25) WNAME1l ,NAME2,K,MULT, (X(J)
IF (LAST .LT. N) WRITE(6,30) (X(J),d
RETURN

,J = 1,LAST)

= 7,N)

10 IF (.NOT.ZX0) GC TC 15§ :
WRITE(6,21) I1Z,LSTCOL,K,K,Z,(X0(J),J = 1,LAST)
IF (LAST .LT. W) WRITE(6,31) (X0(J),J = 7,N)
RETURN

15 WRITE(6,26) NAME1,NAME2,K,MULT,Z, (X(J) = 1,LAST)
IF (LAST .LT. N) WRITE(6,31) (X(J) = N)
RETURN

20 FORMAT(/I5,* BY',I3,® INIT.VAL',I5,2X,18,6F10.3)
21 FORMAT (/15,* BY',I3,* INIT.VAL',6I5,2X,18,7F10.3)
25 FORMAT (12X,A4,R3,16,2X,18,6F10. 3)
26 FORMBT(12X,AQ,A3,IG,2X,IB,7F10.3)
30 FORMAT (35X,6F10.3)
31 FORMAT (45X,6F10.3)

END

SUBROUTINE TODHYP (KODE)

DOUBLE PRECISION R (90,40) ,B(90) ,X(50),D (90) ,AT(2C,20),
1 U (20) ,X0(50) ,C (4005) ,AK (50} ,CK(90) ,AZ(50) ,R,HO
2 H1,2,02,CZ,DEL,EPS

LOGICAL LPP,OVRLX

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTRON,LSTCCL,LIM,LEP,

1 OVRLX ,KP,R,HCO,H1,2,DZ,C2,DEL,EES,MULT, KASEP,
2 Iz,L1,12,L3

COMMON /GLOBL2/A,B,X,D,AT,U,X0,C,AK,CK,AZ

IF (KODE .EQ. 2) GC TC 25
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CCCCCCCceeeceeeceeecceeccececeececeeccceeccececcececececcececceccececeeccec

C C
C INPUT DATA FOR TODD*S EXAMPLE AND ITS EXFANSION C
c C
C M = 2%k (N-1), C
C A(I,1) = EPSILON, FOR I = 1,2,...,M, C
C A(1,J) = J-1, " FOR J = 2,3,.s0,N, c
C FOR 2 .LE. I .LE. M BAND 2 .LE. J .LE. N, C
C IF I .LE. 2%%(N-J), THEN A(I,J) = A(1,J) C
C FLSE A(I,J) = -A(I-2%%(N-J),J). C
C C
CCCCCCCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeCCCCCCCCCCCCeeeeeee

M = 2 %% (N-1)

A(1,1) = EPS

A(1,2) = 1.0D 00

DO 5 J = 3,N

5 Aa(1,J) = A{1,J-1) + 1.0D 00
LAST = M
DO 15 T = 2,M
A(I,1) = A(1,1)
DO 10 J = 2,N ,

LAST = 1LAST / 2
K =1 - LAST
IF (K .LE. 0) A(I,J)
IF (K .GT. 0) A(I,J)
CONTINUE
LAST =
B(I) = 0.0D 00
R = DATAN (A (1,1))
X0 (1) = DCOS(R)
X0 (2) DSTIN (R)
DO 20 J = 3,N
X0(J) = 0.0D 00
RETURN

10
15

20

" n

8(1,J)
-8 (K,J)

cccceeecececeecceeeccceceecceccceccececcceccccceccececccecccceccccce

X(1) .IE. 1,
2%X (J-1) .LE. X (J)

C

C

C

c 0 .LE.
C

C FOR
c

C

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

25 M = 2 %= N
DO 35 = 1,M
DC 30 J = 1,N
30 A(I,J) = 0.0D 0O
35 B(I) = 0.0D 00
A(1.,1) -1.0D 00
A(2,1) 1.0D 00
B (2) 1.0D 00
DO 40 J = 2,N
JLESS1 = J - 1
I =2%23
TLESS1

7
|
{
-
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INPUT DATA FCR TRAPEZCIDAL HYPERCUEE

-LE.
J‘= 2,3,‘..'N0

- 2%X(J-1),

C
Cc
C
C
*%(J-1) C
C
C
C



40

A(ILESS1,JLESS1) = 2.0D 00
A (ILESS1,J) = -1.0D 00

A (I,JLESS1) = 2.0D 00

B (I,J) = 1.0D 00

B(I) = 6.0D 00 * B (I-2)
END

SUBROUTINE SETXO0 (KASE)

DOUBLE PRECISION A (90,40) ,B(90) ,X(50),D(S0) ,AT(20,20),
u(20) ,X0(50) ,C(4005) ,AK (50) ,CK(90) ,AZ (50) ,R,HO,
H1,2,DZ,CZ,DEL,EPS

LOGICAL LPP,OVRLX

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCCL,LINM,LEP,

OVRLX ,KP,R,H0,HY,2,DZ,CZ,DEL ,EES,MULT,KASEP,
iz,11,12,L3

COMMCN /GLOBL2/A,B,X,LC,AT,U,X0,C,RK,CK,AZ

CCCCCCCCCCCCCCCCCCCCCCceecececcccecccececcccecccececceccececeeccccc

C
C
C

c

SUBROUTINE INITIALIZING X AS REQUIREL. C
C

CCCCCCceceeeeceeccececceccceececeecceceeecccceceececcececceecececececceeececcce |

C

15
20

25
30

35

40

45

50

55

60

GO TC (15,5,5,25,5,35,50,75),_KASE

DO 10 J = 1,LSTCOL
X0(J) = 0.0D 00 ,
IF (KASE .EQ. 2) XO(N)
IF (KASE .EQ. 3) XO(N)

= (6¥%(N-1))
2.0D 00 #* (6%%(N~1))

RETURN

Do 20 J = 1,N

X0(J) = 6%%(N-1)

RETURN

X0(1) = -1.0D 00

DO 30 J = 2,N

X0(J) = 6.0D 00 ¥ X0 (J-1)
RETURN

LAST = MINO(M,N)

DO 40 J = 1,LAST

X0 (J) = B(J)

IF (.NOT.LPP) RETURN

DO 45 J = 1,LAST

X0 (N+J) = B(M+J)

RETURN

R = B(1)

DO 55 I = 2,M

R =R+ B(1

R = R / DBLE (FLCART (M*N))
DO 60 J = 1,N

X0(J) = R

IF (.NOT.LPP) RETURN
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R = 0.0D 00
DO 65 I = MPLUS1,LSTRCW
65 R = R + B(I)
R = R / DBLE(FLCART (M>N))
PO 70 J = 1,M
70 X0 (N+Jd) = R
RETURN
C
75 DO 80 J = 1,LSTCCL
80 X0(J) = 1.0D .00
END

SUBROUTINE GENAE (ISEEL)

DOUBLE PRECISION A (90,40) ,B (90),%(50),D(90) ,AT(20,20),
1 U (20) ,X0 (50) ,C (4005) ,BK (50) ,CK (90) ,AZ (50) ,R,HO,
2 H1,Z,DZ,CZ,DEL,EPS

LOGICAL LPP,OVRLX

COMMOWN /GLOBL1/M,N,M1,MPLUS1,LSTFOW,LSTCCL,LIM,LEP,

1 OVRLX ,KP,R,HO,H*,Z2,DZ,CZ,DEL ,EPS,MULT,KASEP,
2 "12,1L1,1L2,L3

COMMON /GLQBLZ/B B,X,C,AT,U,X0, C »AK,CK,AZ

INTEGER CCL (30)

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

C

C THIS ROUTINE GENERATES THE COEFFICIENT MARIX A AND THE
C VECTOR B FOR THE PROBLEM OF FINDING AN X SUCH THAT

X

2) -1 .LT. A(I,J)

‘LE. B

LT 1 FCR AIL I ANC J

3) B=AE + R, WHERE I) E = (1,1, ..., 1) TRANSPOSE

IT) 0 .LT. R(I) .LTI. 1

4) 100 .LT. ABS(X0(J)) .LT. 200 FCR AIL J

C
C
C
C
C
C
THE RESTRICTICNS IMPOSED CON A, B ANL X0 ARE AS FOLLCWS C
c
C
C
C
C
C
C

C
c
C
C
c
c 1) A SHOULD BE, ON THE AVERAGE, BRBOUT 0.1 DENSE.
C
C
C
C
C
C

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

DO 10 I

DO 5 J
5 A(I,J)
10 CONTINUE

i,M
1,N
0.0D 00

C

C
DO 15 J = 1,N

C GENERATE THE NO. OF NONZEROS FCR EACH COLUMN.

CALL RANDU(ISEED,ISEED,R)
NUM = MOD(IDINT(1.0D 03 = R),11) + 5
15 COL(J) = (NuM = M) / 100

c

C RANDOMLY PICK THE RCWS WHCSE ELTS. AT COL. J IS TO EE

C NONZERO.
c
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Q0N

pNpNy

po 35 J = 1,N
NUM = COL (J)
DC 30 K = 1,NUNM
CALL RANDU(ISEED,ISEED,R)
I = MOD(IDINT(1.0D @3 * R) ,M) + 1
20 IF (A(I,Jd) .EC. 0.0C 00) GC TC 25
I=1+1
IF (I .CT. M) I = 1
GO TO 20
25 CALL RANDU(ISEED,ISEED,R)
30 A(I,J) = 2.0D 00 = R - 1.0D 00
35 CONTINUE

MAKE SURE THAT THERE ARE NC ZERQ ROWS.

DO 50 I =1,M
DC 40 J = 1,N
IF (A(I,J) .NE. 0.0D 00) GC TO 50
40 CONTINUE .

THIS IS A ZERC ROW. INCREASE THE LEAST COLUMK.

J=1
DO 45 K = 2,N
IF (COL(K) .LT. COL(J)) J =K
45 CONTINUE
CALL RANDU (ISEED,ISEED,R)
A(I,Jd) = 2.0D 00 * R - 1.0D 00
COL(J) = COL(J) + 1
50 CONTINUE

GENERATE E.

DO 65 I = 1,M
CALL RANDU (ISEED,ISEED,B (I))
DC 60 J = 1,N

60 B(I) = B(I) + A(I,J)

65 CONTINUE

INITIALIZE XO

po 75 J = 1,N
CALL RANDU(ISEED,ISEED,R) ,
X0(J) = DBLE (AMCD (RAINT (1000.0%SNGL (R)) ,101.0)+1C0.0)
CALL RANDU(ISEED,ISEED,R) . '
IF (IDINT(2.0D 00%*R) .EQ. 1.0D 00) X0 (J) = -X0 (J)
75 CONTINUE
END

SUBROUTINE EPCUEE (ISEED,INITM,INCR)

DOUBLE PRECISION A(90,40) ,B(90) ,X(50),D(90) ,AT(20,20),
1 U (20) ,X0(50) ,C (4005) ,AK(5C) ,CK(90) ,AZ(50) ,R,HO,
2 H1,2,0Z2,CZ,DEL ,EPS,S
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C

LOGICAL LPP,OVRIX

COMMON /GLOBL1/M,N,M1 ,MPLUS1,LSTFOW,LSTCOL,LIM,1PP,

1 OVRLX ,KP,R,HO,H1,2,DZ2,CZ,DEL,EPFS,MULT, KASEP,

2 1z,11,12,L3

COMMON /GLOBLZ/B B X,pb,AT,U0,X0,C,RK,CK,RZ
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

C c
C THIS ROUTINE GENERAIES ADDITICNAL RCWS FOR THE EPSILON~ C
C CUBE PROBLEM. THE NO. OF ORIGINAL RCWS IS INDICAIED BY C
C THE PARRAMETER INIT, WHILE THE PARAMETER INCR TELLS HOW C
C MANY MORE ROWS TO BE GENERATED. THE NEW ROWS ARE NCEMA~ C
€ LIZED AS THE ARE GCT. : C

C

CCCCCCCCCCCCCCCCeecereeeeceeeccecceceecceceeceeeccceeeccececcceeecceceecccececcecc
DO 30 K = 1,INCR
M=HM+1
DO 5 J 1,N
5 aAM,d) = 0.0D 00
B(M) = 0.0D 00
S = 0.0D 00

(1}

GENERATE THE NO. OF THE ORIGINAL CONSTRAINTS TO BE
COMBINED, THEN CHOOSE THEM AT RANDOM.

oXploNe!

. CALL RANDU (ISEED,ISEED,R)
NUM = MOD (IDINT(1.0D 03%*R),N) + 1
DO 20 L = 1,NUM
CALL RANDU(ISEED,ISEED,R)
I = MOD(IDINT (1.0D O03=R) ,INITM) + 1
10 J = (I+1) / 2
IF (A(M,J) <EC. 0.0D 00) GO TO 15
I=1I+1
IF (I «GT. INITIM) I =1
GO TIC 10

C GENERATE ALPHA.

15 CALL RANDU (ISEED,ISEED,R)
A(M,J) = DMIN1(2.0D 00 * R,1.0C 00)
IF (A(I,Jd) .LT. 0.0D 00) A(M,J) = -A(M,J)
B(M) = B(M) + DABS(A(M,J))
20 S =S+ AM,J) * A(M,J)
c :
C NORMALIZE THIS ROW.

S = DSQRT (S)
DC 25 J = 1,N
25 A(M,J) = A(M,Jd) / S
30 B(M) = (EPS = B(M)) / S
END
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SUBROUTINE NRMRCW

DOUBLE PRECISIOK A (90,40) ,B(90) ,X(50),D(90) ,AT(2C,20),

1 U (20) ,X0(50) ,C(u4005) ,RK(50) ,CK(90) ,AZ(50) ,R,HO,

2 H1,2,02,CZ,DEL ,EPS

LOGICAL LPP,OVRLX

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCCL,LIM,LEP,

1 - OVRLX,KP,R,HO,H1,Z,DZ,CZ,DEL, EPS,MULT,KASEP,

2 1z,L1,1L2,L3

COMMON /GLOBL2/A,B,X,D,AT,U,X0,C,BK,CK,AZ
CCcceeeececcececcceececeecccececeeececeeeccecccececceceececcececcccccececcec

C c
C ROUTINE THAT NORMALISES THE ROWS OF A. Cc
C C

CCCCCCCCCCCCCCCCCCceeeccecececececeecceccececceecececeeccecceccccecececceccceccec
IF (.NOT.LPP) GC TO 20

C
C SET UP THE DUAL CONSRAINTS.
C
D0 10 J = 1,XN
DO 5I=1,M
5 AT(J,I) = -A(I,J)

BM+J) = -0 (J)
10 RZ(J) = -U(J)

DO 151 = 1,M
15 AZ (N+I) = B(I)

C z
C NORMLIZE ?
C i

20 DO 35 1 i,M

R = 0.0D 00

DO 25 J = 1,N
25 R =R + A(I,J) = A(1,d)
R = DSQRT(R)

DC 30 J = 1,¥N
30 A(I,Jd) = A(I,d) /R
35 B(I) =B(I) /R

IF (.NOT.LPP) RETURN

C
DO 50 I = 1,N
R = 0.0D 00
DO 40 J = 1,M
40 R =R + AT(I,J) * AT(I,d)
R = DSQRT (R)
DC 45 J = 1,M
45 AT(I,Jd) = AT(I,Jd) / R
50 B(M+I) = B(M+I) / R
c

R = 0.0D 00
po 55 4 = 1,LSTCOL -
R R + BZ2(J) =* RAZ(J)
R DSQRT (R)
D0 60 J = 1,1STCCL
60 AZ(J) = AZ(J) / R
END

55
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SUBROUTINE DGCTPRD

DOUBLE PRECISION A (90,40),E (90),X (50),D (90) ,AT(20,20),
U (20) ,X0(50) ,C (4005) ,BRK (50) ,CK (90) ,AZ (50) ,R,HO,

H1,2,DZ,CZ2,DEL,EPS

LOGICAL LEP,OVRIX

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCOL,LIM,LPP,
OVRLX ,KP,R,HC,HY,2,DZ2,CZ,DEL,EPS,MULT,KASEP,

rz,11,12,L3

COMMON /GLOBL2/R,B,X,D,AT,U,X0,C,8K,CK,RZ

CCCCcCcceeeeceeeeeeecececcececeeeeecececeecceecceccececcececececececcececceceececccc

C
o
Cc
C
Cc
C
c
c
C
C

10
15

20
25

30
35
40

THIS ROUTINE COMPUTES THE DOT-PRODUCTS OF THE NORMALS
AND STORE THEM IN VECTOR C AS FOLLCUWS

1 T0 L1 PRIMAL

Li+1 TO L2

K =20
MLESS1 = M - 1
po 15 1 = 1,MLESS1
IPLUS1 =TI +,1
DO 10 I2 = IPLUS1,M
K=K+1
C(K) = 0.0D 00
PO 5 J = 1,N
C(K) = C(K) + A(XI2,4)
CONTINUE
CONTINUE
11 =K

IF (.NOT.LPP) RETURN

DO 25 1 = 1,M
K=K+ 1

C(K) = 0.0D 00
DC 20 J = 1,N

PRIMAL PART CF Z-CONSIRAINT
L2+1 TO 13 DUAL
13 TO THE END DURL PART OF Z-CONSTIRRINT

CCCCCCCcCceeeeeceeeeecceccecececcececececccceecceeccececcececccccececcecce

‘R(I,J)

C() = C(K) + BZ(J) * A(I1,J)

CONTINUE
L2 =K

MLESS1 = N -
DO 40 I
IPLUS1
DC 35 I2
K=K +1
C(K) = 0.0D 0O
Do 30 J = 1,M
C(K) = C(K) + ART(I2,d)
CCONTINUE
CONTINUE
L3 = K

1

LESS1
1
PLUS1,N

it

1.M
I+
= I

125

* AT(I,<)

C
C
C
C
C
C
C
c
Cc
C



45
50

5
c

DO 50 I = 1,N

K=K+ 1

C(K) = 0.0D 00

DO 45 J = 1.,M

C(K)y = C(K) + AZ(N+J) = AT(I,J)
CONTINUE
END

SUERQUTINE INIT (K)

DOUBLE PRECISION A (90,40) ,B(90) ,X(50),D (90) ,ART(2C,20),
u(20),X0(50) ,C(4005) ,AK(50) ,CK(90) ,AZ(50) ,R,HO,

H1,Z,DZ,CZ,DEL,EPS
LOGICARL LEP,OVRLX

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCCL,LIM,LPP,
OVRLX ,KP,R,HO,H1,Z2,D02,CZ,DEL,EPS,MULT,KASEP,

1z,r1,12,L3

COMMON /GlOBL2/RA,B,X,D,AT,U,X0,C,AK,CK,BAZ
CCCCCCCcCceeceeeceeeecececceceecececcecceeceeeeccececeecececeeececccececcceccececcce

IF (K .GT. 0) GC TO 25
po 5 J = 1,LSTICCL
X(J) = X0(J)

C COMPUTE THE DISTANCES, D = BX - B

c

10
15

16
17

DO 7 I = 1,LSTRCHW
D(I) = -B(I)
PpO 15 I = 1,M
PC 10 J = 1,N
D(I) = D(I) + 2(1,J) * X (J)
CONTINUE
MULT = MULT + M * N
IF (.NOT.LPP) GO TO 25

DO 17 I = MPLUS1,LSTRCW

bC 16 J = 1,M

D(I) = D(X) + AT (I-M,J) * X (N+J)
CONTINUE

MULT = MULT + N = M

126

C C
C THIS ROUTINE INITIALIZES X, COMPUTES THE DISTANCES AND C
C CHOOSES THE MOST VICLATED CCNSTRAINT.. IT THEN INITIA C
c LIZES THE SURROGATE NORMARL, AK, WITH THAT CF THE MCST C
C VIOLATED. IF K GREATER THAN 0, THEN X IS RLREADY INI- C
of TIALIZED AND D UPCATED. C
c KP INDEX CF THE CHOSEN CONSTRAINT ) C
C KASEP SIGNAL FOR TYPE COF CONSTIRAINT c
c 1 FOR PRIMAL c
C 2 FOR DUAL c
c 3 FOR X (PRIMAL AND DUAL VARIABLES) C
C 4 FOR THE Z-CCNSTRAINT C
C C
CCCCCceeceecceceececececeeeecececccecececeececceccceecececceeceecececeeccccecececcce



DZ = 0.0D 00

Z = 0.0D 00

DO 20 J = 1,LSTCOL

IF (J .LE. N) Z = Z + U(J) * X(J)

3

20 DZ = DZ + RZ(J) * X (J)

C
C CHO
C
25
30
35
40
C
4s
50
55
C
C THE
c
60
65
c
C THE
C
70
75

MULT = MULT + LSTCOL
OSE THE MOST VIOLATED AND SET R TC THE DISTRNCE.

KASEP = 1

KP = 1

R = D(1)

IF (M1 .EQ. 0) R = DABES(R)

DO 40 I = 2,LSTRCW

IF (M1 .1T. I .AND. I .LE. M) GC TO 30
IF (D(I) .LE. R) GO TIC 40

R =D()

GO TO 35

IF (DABS(D(I}) .LE. R) GO TIC 40
R = DABS (D(I))

KP =1
CONTINUE
IF (.NOT.LPP) GC TO 55

IF (KP .GT. M) KASEP = 2

I2 =N+ M
L =1
DO 45 J = 2,I2
IF (X(J) +LI. X(L)) L =4J
CONTINUE
IF (-X(L) .LE. R) GO TO S0
R = -X()
KP =L
KASEP = 3
IF (DZ .LE. R) CC TO 55
R = D2
KASEP = 4§
IF ((R .LE. 0.00 00) .CR. (R .LE. DEL .BND. K .CI. 0))
1 RETURN '

INITIAL SURRCGATE NORMARL, BK, AND THE DCIPRODUCT, CK.

DO 60
BK (J)

= 1,LSTCOL

0.0D 00

DO 65 = 1,LSTROW

CK (I) 0.0D 00

CZ = 0.0D 00

IF (KASEP .LE. 2) CK(KP) = 1.0D CO
Go T0o (70,110,130,150), KASEP

e
!

MOST VIOLATED IS AN A-CONSTRAINT.
IF (D(KP) .LT. 0.0D 00) GO TIC 80
Do 75 J = 1,N

RK (J) = A (KP,Jd)

127



aQon

QOO0

anon

80
85

90

g5
100
105

THE
110
115

120
125

THE
130

135
140

145

THE

150
155

GO TO 90
DO 85 J = 1,N

AK (J) = -A(KP,J)
CK (KP) = -CK (KP)
K1 = KP - M

K2 = ((KP-1)%(2+M-KP))/2 - KP

DO 1051 = 1,M

IF (I .EQ. KP) GC TO 105

IF (I .GT. KP) GO TO 95

K1 =K1 +M -1

CK(I) = C (K1)

GO TO 100

CK(I) = C(K2+I)

IF (D(XP) .LT. 0.0D 00) CK(I) = -CK(I)
CONTINUE

'IF (LPP) CZ = C(L1+KP)

IF (LPP .AND. D(KP) .1T. 0.0D 00) CZ = -CZ
RETURN

MOST VIOLATED IS AN A-TRANSPCSE-CONSTRAINT.

L =KP~-M

DO 115 J = 1,M

AK (N+J) = AT (L,<

K1 =12+ L - N

K2 = L2 + ((L-1)*(2%*N-L))/2 - KP
DO 125 I = MPLUS1,LSTROW
IF (I .EQ. KP) GO TO 125
IF (I .GT. KP) GO TO 120
K1 = K1 + LSTECW - I
CK(I) = C(K1)

GC TO 125

CK(I} = C(K2+I)
CONTINUE
CZ = C(L3+L)
RETURN

MOST VICLATED IS AN X-CONSTRAINT.

AK (KP) = -1.0D 00

CZ = -AZ (KP)

IF (KP .GT. N) CO TO 140
DO 135 I = 1,M :

CK(I) = -A(I,KP)

RETURN

L =KP -~ N

DO 145 I = MPLUS1,LSTRCW
CK(I) = -AT(I-M,L) '
RETURN

MOST VIOLATED IS THE Z-CONSTRAINT.
DO 155 J = 1,LSTCOL

RK (J) = AZ(J)

DO 175 I = 1,M
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175 CK(I) = C(L1+I)

L =13 -HM

DO 180 I = MPLUS1,LSTRCH
180 CK(I) = C(L+I)

CZ = 1.0D 00

END

SUERQUTINE CHOOSP (G2)

'DOUBLE PRECISION A (90,40) ,B(90) ,X(50),D(90) ,AT(2¢C,20),

1 . U(20) ,X0(50) ,C(u005) ,BK(5C) ,CK(90) ,AZ (50) ,R,HO,

2 H1,2,0Z,CZ,DEL,EPS,C2,W,S,F

LOCGICAL LPP,OVRLX '

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTRO¥,LSTCCL,LIM,LPP,

1 OVRLX ,KP,R,HO,H2,2,D2,CZ,DEL ,EFS,MULT,KASEP,

2 1Z,L1,12,L3

COMMON /GLOBL2/A,B,X,L,AT,U,X0,C,RK,CK,AZ
CCCCcceeeeceeceecececececececececceccececccececcecccececeecceececececceeececcceeccec

c : C
C THIS ROUTINE CHOOSES THE HYPERELANE P WHICH, WITH THE C
C CURRENT SURROGATE HYPERPLANE, CONSTITUTES THE MCST C
C VIOLATED MANIFOLD THE STEPLENGTHS, HO AND Hl1l, ARE C
Cc PARTIALLY COMPUTEL HERE. ) C
C C
C C

CCcccceeececccececececceecceececeececeeeeceeceececccceeceececcecceececceecceecccc
G2 = 0.0D 00
KP = 0
KASEP = 1

C THE A- AND A-TRANSPCSE-CCNSTRAINIS.

PO 15 I = 1,LSTROW
F =D{) - R * CK(I)
MULT = MULT + 1
IF (M .1T. I .AND. I .LE. M) CGC TC 5
IF (F .LE. DEL) GO IC 15
IF (CK(X) .LE. -1.0D 00) GC TO 100
GO T0 10
5 IF (DABS(F) .LE. CEL) GO TC 15
IF (DABS(CK(I)) .GE. 1.0D 00) GC TO 100
10 S 1.0D 00 - CK(I) * CK(I)
= (F*F) /S
MULT = MULT + 3
IF (W .LE. G2) GO TO 15
G2 =
Kp
H1
HO
15 CONTINUE
IF (.NOT.LPP) GC TO 25
IF (KP .GT. M) KASEP = 2

iMoo

C THE X-CONSTRAINTS.
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L =N+ Ml
DO 20 J = 1,1 |
F = X(J) - R % BK(J)
MULT = MULT + 1
IF (F .GE. -DEL) GO 10 20
IF (AK(J) .GE. 1.0D 00) GC TO 100
S = 1.0D 00 - BK(J) * BK (J)
= (F%F) / S
MULT = MULT + 3
IF (H .LE. G2) GO TO 20
G2
KP
H1
HO
KASEP = 3
20 CONTINUE
IF (KP .NE. 0) GO TO 25

o

Cc
C THE Z-CORSTRAINT.
C
F =DZ-R *C2
MULT = MULT + 1
IF (F .LE. DEL) GO TO 25
IF (CZ .LE. -1.0D0 00) GO TIC 100
S = 1.0D 00 - CZ % C2
W= (F*F)Yy /S
MULT = MULT + 3
IF (W LE. G2) GO TO 25
G2 = W
KP = I2
H1 = F
HO = S
KASEP = 4
C
25 IF (KP .EQ. 0) RETURN
H1 = H1 / HO
IF (KASEP .LE. 2) HO = (R - D(KP) = CK(KF)) / HO
IF (KASEP .EQ. 3) HO = (R - X(KP) % AK(KE)) / HO
IF (KASEP .EQ. 4) HO = (R - DZ % CZ) / HO
MULT = MULT + 3
C _
IF (.NOT.QOVRLX) RETURN
G0 T0 (30,30,35,40), KASEP
30 IF ((CK(KP) .LE. 0.0D 00) +.CR. (M1 -1T. KP .BAND. KP
1 .LE. M)) RETURN
¥ = CK(KP)
HO = HO - W * CK(KP) * H1
GO TO u5
C
35 IF (RK(KP) .GE. 0.0D 00) RETURN
W = -AK(KP)
HO = HO + W * AK(KP) #* H1i
GO TO 4s
C

40 IF (CZ .LE. 0.0D 00) RETURN
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W =C2

HO = HO - W * CZ * H1
C
45 G2 = ((1.0D 00 + W) =* 2) = G2
H1 = (1.0D 00 + W) % H1
MULT = MULT + S
RETURN
C

100 WRITE (6,105)

105 FORMAT (//°' THE SYSTEM IS INCONSISTENT.®)
Kp = -1
END

SUBROUTINE UPDATE (XZERC)

DOUBLE PRECISION A (90,40) ,E(90),X(50),D(90) ,AT(2¢,20),

1 U(20) ,X0(50) ,C(4005) ,AK(50) ,CK (920) ,AZ (50) ,R,HO,

2 #1+,Zz,DZ,CZ,DEL ,EPS

LOGICAL LPP OVRLX XZERO

COMMCN /GLOBL1/M, N M1,MPLUS] LSTFOW,LSTCCL LIM,LEP,

1 CVRLX,KP, R HO W,z,02,CZ2,DEL,EES,MULT,KASEP,

2 Iz,rL1,L2, L3

COMMON /GLOBLZ/A B,X,C,AT,U, XO C,AK,CK,AZ
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

c
ROUTINE TC UPDATE AK AND CK, OR X AND D. C

) C

THE DOT-PRODUCTS CF THE CONSTRAINT NORMALS ARE IN C
VECTCR C AND WE USE THE FCRRMULA GIVEN IN THE TEXT IC C
GET ACCESS TO THE RIGHT ONE. C
C

C

CCCCCCCCCceececeeeeececcececcecececccecececceccceeeccceeceeccececceccccccc
IF (XZERO) GO TC 1000

UPDATE AK = HO=AK + H1#AKPE AND CK = HO®CK + H1%*CKP.

NON oo

DO 5 J = 1,LSTCCL
5 RK (J) = HO * AK(J)
DO 10 I = 1,LSTROW
10 CK(I) = HO * CK(I)
MULT = MULT + LSTCGL + LSTROW
IF (KASEP .LE. 2) CK(KP) = CK(KP) + H1
IF (LPP) CZ = HO * CZ
G0 I¢ (15,35,55,75), KASEP
c
C KP IS AN A-CONSTRAINT.
C
15 PO 20 J = 1,N '
20 RK(J) = AK(J) + H1 % A(KP,J)
MULT = MULT + N
K1 = KP - M
K2 ((KP-1) *(2*M-KP)) /2 - KP
PO 30 I = 1,M
IF (I .EC. KP) GO TO 30
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IF (I .GT. KP) GO TC 25
K1 =K1 +MM -1
CK(I) = CK(I) + H1
GO TO 30
25 CK(I) = CK(I) + H1l %= C(K2+I)
30 CONTINUE
MULT = MULT + M - 1
IF (LPP) CZ = CZ + H1l = C(L1+KP)
RETURN

it

C (K1)

3

¢ .
C KP IS AN A-TRANSPOSE~CONSTRAINT.
C

35 L =KP - M

DO 40 J = 1,M
- 40 RK (N+J) = AK(MN+J) + H1 = AT(L,J)
MULT = MULT + M

K1 =L2 +L - N
K2 L2 + ((L-1)*(2%+N-L))/2 - KP
DO 50 I = MPLUS1,LSTRCW
IF (I .EQ. KP) GO TO S0
IF (I .GT. KP) GO TO u5
K1 = K1 + LSTRCW ~ I
CK(I) = CK(I) -+ H1 * C (K1)
GC TC 50
4s CK(I) = CK(I) + H1 = C(K2+I)
50 CONTINUE
CZ = CZ.+ H1 % C(L3+%)
MULT = MULT + N

3

RETURN
C
C KP IS AN X-CONSTRARINT.
C
55 AK (KP) = AK(KP) + H1
CZ = CZ + H1 * RAZ(KP)
IF (KP .GI. N) GO TO 65
DC 60 I = 1,M
60 CK(I) = CK(I) + H1 * A(I,KP)
MULT = MULT + M
RETURN
65 J = KP - N
bo 70 T = MPLUS1,LSTRCW
70 CK(I) = CK(I) + H1 = AT (I-M,J)
MULT = MULT + N
RETURN
C
C KP IS THE Z-CONSTRAINT
C

75 DO 80 J = 1,1LSTCOL

80 RK(J) = AK(J) + H1 % AZ (J)
MULT = MULT + LSTCOL
DO 85 I = 1,

85 CK(I) = CK(I) + H1 = C(L1+I)
MULT = MULT + M
L=13-M
DO 90 I = MPLUS1,LSTRCW
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90 CK (I) = CK(I) + H1 %= C(L+I)
MULT = MULT + N
CZ = CZ + H1
RETURN
C
C UPDATE X = X - HO%AK - H1*RKP AND D = D - HO*CK - H1%CKP.
C
1000 DO 1005 J = 1,LSTCCL
1005 X(J) = X(J) - HOC * AK(J)
DO 1010 I = 1,LSTRCW
1010 D(TI) = D(I) - HO = CK(I)
MULT = MULT + LSTCCL + LSTROW
IF (KASEP .LE. 2) D(KP) = D(KP) - H1
IF (LPP) DZ = DZ - HO * C2
GO TO (1015,1035,1055,1075), KASEP
C
C KP IS AN A-CONSTRAINT.
C
1015 DO 1020 J = 1,N
1020 X(J) = X(J) - H1 = A(KP,J)
MULT = MULT + ¥
K1 = KP - M
K2 = ((KP-1)%(2%*M-KP))/2 - KP
DO 1030 I = 1,M
IF (I .EQ. KP) GO TO 1030
IF (I .GT. KP) GO TO 1025
K1 =KL + M -1
D(I) = D(I) - H1 * C (K1)
GO To 1030
1025 D(I) = D(I) - H1 %= C(K2+I)
1030 CONTINUE
MULT = MULT + M - 1
IF (LPP) DZ = DZ - H1 = C(L1+KP)

$

EETURN
c
C KP IS AN A-TRANSPOSE-CONSIRAINT.
C

1035 L = KP - M
DO 1040 J = 1,M
1040 X(N+J) = X(N+J) - H1 = AT(L,J)
MULT = MULT + M
K1 =L2 + L - R
K2 = L2 + ((L-1)%*(2%N-L))/2 - KP
DO 1050 I = MPLUS1,LSTROW
IF (I .EQ. KP) GO TO 1050
IF (I .GT. KP) GO TO 1045
K1 = K1 + LSTRCW - I
D(I) = D(X) - H1 * C(K1)
GG TI0 1050
1045 D(I) = D(I) - H1 % C(K2+I)
1050 CONTINUE
DZ = DZ - H1 * C(L3+L)
MULT = MULT + N
RETURN
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C KP IS AN X-CONSTRARINT.

1055 X(KP) = X(KP) - H1
DZ = DZ - H1 %= AZ(KP)
IF (KP .GT. N) CO TO 1065
DO 1060 I = 1,M
1060 D(I) = D(I) - H1 * A(I,KP)
MULT = MULT + M
' RETURN
1065 3 = KP - N
bo 1070 I = MPLUS1,LSTROW
1070 D(TI) = D(I) - H1 * AT(I-M,Jd)
MULT = MULT + N

RETURN
C
C KP IS THE Z-CONSTRAINT
C

1075 DO 1080 J = 1,LSTCCL
1080 X(J) = X(J) - H1 %= AZ(J)
MULT = MULT + LSTCOL
DO 1085 I = 1,M
1085 D(I) = D(I) - H1 = C(L1+I)
MULT = MULT + M
L =13 - M
DO 1090 I = MPLUS1,LSTROW
1090 D(I) = D(I) - H1 * C(L+I)
MULT = MULT + W
DZ = DZ - H1
END !

SUBRCUTINE SURRC1 (K). ,
DOUBLE PRECISION A(90,40) ,B(90),X(50),D(90) ,AT(20,20),
1 U (20) ,X0(50),C (4005) ,RK(5C) ,CK (90) ,AZ (50) ,R,HO,
2 H1,2,0Z2,CZ,DEL ,EPS,C2
LOGICAL LPP,OVRLX,XZERC
COMMON /GLOBL1/M,N,M1,MPLUS1,LSTEOW,LSTCCL,LIM,LPP,
1 OVRLX ,KP,R,HO,H1,2,DZ,CZ,DEL,EPS,MULT,KASEP,
2 1z,L1,12,L3
COMMON /GLOBL2/A,B,X,D,AT,U,X0,C,BK,CK,AZ
: DATAR XZERC/.TRUE./
CCCceceeeeeceeeccececcecceccececceccececcececceceecececeeccecececccececcececc

C ' C
c THE MAIN ROUTINE FOR ALGORITHM I C
C _ c
CCCCCCeeeeceeccceccecceccceeeccececcceccecceceececcececcececececececceeecccec
MULT = 0
K =20

CALL INIT (0)

IF (R .LE. 0.0D 00) RETURN
C
C X0 IS ROT A SULUTION.
C
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DO 100 K = 1,LIM
CALL CHOOSP (G2)
IF (KP) 120,105,5

C :
C COMPUTE THE KTH SURROGATE CONSTIRAINT.
c
5 R = DSQRT(R*R + G2)
HO = HO / R
H1 = Hl /R

CALL UPDATE (.NCT.XZERQ)
100 CONTINUE

C TAKING TOO LONG TO CONVERCE. CCMPUTE THE X SQ FAR GCI.

105 DO 110 J = 1,N
110 X(J) = X(J) - R % BK(J)
MULT = MULT + N
IF (.NOT.LPP) RETURN
Z = 0.0D 00
DO 115 J = 1,N
115 Z = 2 + U(J) = X(J)
MULT = MULT + N
120 RETURN ‘
END \

SUBROUTINE SURRCR (K)

DOUBLE PRECISION A (90,40) ,B(90) ,X(50),D (S0) ,AT(2C,20),
1 U (20) ,X0(50) ,Cu005) ,AK(50) ,CK(90),AZ(50) ,R,HO,
2 H1,2,02,CZ,DEL,EPS,G2

LOGICAL LPP,OVR1IX,XZERC,USED (101)

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCCL,LIM,LFP,

1 OVRLX,KP,R,HO,H1,2,DZ,C2,DEL,EPS,MULT,KASEP,

2 1z,r11,12,L3

COMMON sGLOBL2/R,B,X,D,AT,U,X0,C,BK,CK,AZ

DATA XZERC/.TRUE./
CCCCCCCeeeeceeecececceececeecceceeececececececcecceccceecececceececcccececcec

C C
c THE MAIN ROUTINE FOR BRLGORITHM R C
c C
CCCCCCCeCeeeeeecceececeeeceecececececcececceececceccececceeeccceecceeeccceececcec
MULIT = 0 ‘
K =20

CARLL INIT (0)
IF (R .LE. 0.0D 00) RETURN
C
C X0 IS NOT A SOLUTION.
C
LAST = M
IF (LPP). LAST = 12
b0 5 I = 1,LAST
5 USED (I) = .FALSE.
IF (KASEP .LE. 2) USED(KP) = .TRUE.
IF (KASEP .EQ. 3) USED(LSTROW+KP) = .TRUE.
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IF (KASEP .EQ. 4) USELC(LAST) = .IRUE.
DO 100 K = 1,LIM .
CALL CHOOSP(G2)

IF (KP) 125,105,10
10 I = KP

IF (KASEP .EQ. 3) I

IF - (KASEP .EQ. 4) I

= LSTROW + KP
IF (USED(I)) GC TC 15

LAST

COMPUTE THE KTH SURROGATE CONSTRAINT.

R = DSQRI(R*R + G2)

HC HO / R

H1 Hl / R

CALL UPDATE (.NCT.XZERQ)
USED(I) = .TRUE.

GC IO 100

COMPUTE A NEW X0 IN STEAD OF THE KTH SURROGAIE.

15 CALL UPDATE (XZERO)
CALL INIT(K)
IF (R .LE. DEL) GO TC 115
DO 20T = 1,LAST

20 USED(I) = .FALSE. ‘

IF (KASEP .lE. 2) USED(KP) = .TEUE.
IF (KASEP .EQ. 3) USED(LSTRCW+KEF) = .TRUE.
IF (KASEP .EQ. 4) USED (LAST) = .IRUE.

100 CONTINUE

TAKING TCO LONG TO CONVERCE.

105 DO 110 J = 1,N

110 X(J) = X(J) - R % BK(J)
MULT = MULT + W

115 IF (.NCT.LPP) RETURN
Z = 0.0D 00
DO 120 J = 1,N

120 Z = 2 + U(J) * X(J)
MULT = MULT + N

125 RETURN
END

SUBROUTINE SURRCZ (K)

DOUBLE PRECISION A(90,40) ,B(90) ,X(50),D(90) ,AT(20C,20),
1 u(20),X0(50),C(4005) ,BK(50) ,CK(90) ,AZ(50) ,R,HO,
2 "i,2,02,CZ,DEL,EPS

LOGICAL LPP,OVRLX,XZERC

COMMCN /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCCL,LIM,LEP,

1 OVRLX ,KP,R,HO,H1,Z2,DZ,CZ,DEL,EPS,MULT, KASEP,
2 1z,L1,rL2,L3

COMMON /GLOBL2/A,B,X,D,AT,U,X0,C,BK,CK,AZ

DATA XZERC/.TRUE./
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CCCCCCCCCCCCCCCCCCCCéCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

c C
C THE MAIN ROUTINE FOR ALGORITHM I1I. c
C C
CCCCCCCCCCceeeeeecececececceccceeececceccececececececcececcceceeeeccececcecececcecce
MULT = 0
K =0

CALL INIT(O)
IF (R .LE. 0.0D 00) RETURN

C
C X0 IS NOT A SOLUTION.
C
DO 100 K = 1,LIM
CALL CHOOSP (G2)
IF (KP) 125,105,5
c

C CCMPUTE A NEW X0 IN STEAD OF THE KTH SURROGAIE.

5 CALL UPDATE (XZERO)
CALL INIT(K) '
IF (R .LE. DEL) GC TC 115
100 CONTINUE
C
C TAKING TOO LONG TO CONVERGE.

105 DO 110 J = 1,N

110 X(J) = X(J) - R * RK(J)
MULT = MULT + W

115 IF (.NOT.LPP) RETURN
Z = 0.0D 00
DO 120 J = 1,N

120 Z = Z + U(J) * X(J)
MULT = MULT + N

125 RETURN
END

SUBROUTINE SURRG3 (K)

DOUBLE PRECISION A (90,40) ,B(90),X(50),D (90) ,AT(26,20),
1 U (20) ,X0 (50),C (4005) ,AK (5¢) ,CcK (90) ,AZ (50) ,R,HO,
2 Mi,2,D2,CZ,DEL,EPS,C2

LOGICAL LPP,OVRLX,XZERO

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTFOW,LSTCOL,LIM,LEP,

1 OVRLX ,KP,R,HO,H1,2,DZ,CZ,DEL,EPS,MULT,KASEP,

2 12,11,12,L3

COMMON /GLOBL2/R,B,X,L,AT,U,X0,C,AK,CK,AZ

DATA XZERO/.TRUE./
CCCCCCCCCCCCCCCECCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeeecec

c C
C : MAIN RCUTINE FCR ALCORITHKM III C
c C
CCCCCCceCCcecceceeceeeeeceececeeeccceecceeccecececceeecececccecececeececccecccc
MULT = 0
K =0
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CALL INIT(0) :
IF (R .LE. 0.0D 00) RETURN

C

C X0 IS NOT R SOLUTION.

c
pDC 100 K = 1,LI¥
CALL CHOCSP({G2)
IF (KP) 125,105,5

COMPUTE THE KTH SURRGATE CONSTRAINT.

aan

5 R = DSQRT(R*R + G2)
HO HO / R
H1 Hl1 / R
CALL UPDATE (.NCT.XZERQC)
CALL CHOCSP(G2)
IF (KP) 125,105,10

C COMPUTE A NEW X0 ON THE KTIH SURRCGATE HYPERFLANE.

10 CALL UPDATE (XZEROQ)
CALL INIT (K)
- IF (R .LE. DEL) GC IC 115
-~ 100 CONTINUE
C .
C TAKING TOO LONG TO CONVERCE.
C
105 DO 110 J = 1,N
110 X(J) = X(J) - R = BK(J)
MULT = MULT + N
115 IF (.NOT.LPP) RETURN
Z = 0.0D 00
: DO 120 J = 1,N
120 Z = 2 + U(J) = X(J)
MULT = MULT + N
125 RETURN
END

SUEROUTINE AGMON (K,RELAX)

DOUBLE PRECISION A (90,40),B(90),%(50),D (S0) ,AT(20,20),

1 U (20) ,X0(50),C (4005) , BK (50) ,CK (90) ,AZ (50) ,R,HO,

2 H1,%,DZ,CZ,DEL,EPS,RELAX

LOGICAL LEP,OVRLX

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCOL,LIM,LPP,

1 OVRLX,KP,R,HO,H1,2,DZ,C2,DEL,EPS,MULT, KASEP,

2 1z,11,12,L3

COMMON /GLOBL2/A,B,X,D,AT,U,X0,C,BK,CK,AZ
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

C C
c WE ARE ONLY DOING PROJECTION AND REFLECTION IN AGMCN C
C RELAX = 1 FOR PROJECTICN AND 2 FCR REFLECTION. C
C C

CCCCCCCCCecCceeececcececceeecececcceceecececeecceeccececececeeccececeeeccccecccece
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MULT = O

K =0

Do s J = 1,LSTCCL
5 X(J) = X0(J)

c
C CCMPUTE D = AX - B.
c

D0 7 I=1,LSTRCW
7 D(I) = -B(I)

DO 15 I = 1,M

DC 10 J = 1,N
10 D(I) = D(I) + A(1,3) = X(J)
15 CONTINUE

MULT = MULT + M % X

IF (.NOT.LPP) GC TC 2%

DO 17 I = MPLUS1,LSTRCH

DO 16 J = 1,M
16 D(I) = D(I) + ART(I-M,Jd) = X(N+J)
17 CONTINUE -

MULT = MULT + N = M

DZ = 0.0D 00
Z = 0.0D 00
bo 20 J = 1,LSTCOL
IF (J LE. N) Z = 2Z + U(J) * X(J)
20 DZ = DZ + RZ(J) = X (J) .
~ MULT = MULT + LSTICOL

C CHOCSE THE MOST VIOLATED.

25 Kp =1
R = D(1)
IF (M1 .EQ. 0) R = DABS(R)
DC 40 I = 2,LSTROW
I (M1 .LT. I .AND. I .LE. M) GO T0 30
IF (D(1) .LE. R) GO TC 40
R = D(I)
GO TO 35
30 IF (DABS(D(I)) .LE. R) GO T0 4¢
R = DABS(D(I))
35 Kp =1I
40 CONTINUE
IF (.NOT.LPP) CC TO 55

LAST = N + M1

L =1

DO 45 J = 2,LAST

IF (X(J) «LT. X(L)) L = J

45 CONTINUE

IF (-X(L) .LE. R) GO IC 50

R = -X(L)

KP = LSTROW + L
50 IF (D2 .LE. R) GO TO 55

R = DZ
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K = IZ
55 IF (R .LE. 0.0D 00) RETURN

C .
C X0 IS NOT A SOLUTION.
c
DO 100 K = 1,LIM
IF ((KP .LE. M .AND. D(KP) .LT. 0.0D 00) .OR.
1 (LSTROW .LT. KP .AND. KP .1T. IZ)) R = -R
R = RELAX * R
MULT = MULT + 1
o
C UPDATE.
o
IF (KP .EQ. IZ) GO TC 85.
IF (KP .GT. LSTROW) GO TO 80
D(KP) = D(KP) - R
IF (KP'.GT. M) GO TOC 70
DC 60 J = 1,N
60 X(J) = X(J) - R % A(KP,J)
MULT = MULT + N
K1 = KP - M
K2 = ((KP-1)% (2%M-KP))/2 - KP
DO 65 I = 1,M
IF (I .EQ. KP) GO TG 65
IF (I .GT. KP) GO TC 61
K1 =K1 + M - I
D(I) = D(I) - R = C(K1)
GO TO 65
61 D(I) = D(I) - R % C(K2+I)
65 CONTINUE
MULT = MULT + ¥ ~ 1
IF (LPP) DZ = DZ - R %* C(L1+KP)
GO TO 125
o

C MCST VIOLATED IS AN A-TRANSPOSE CONSTRAINT.

70 L = KP ~ M
pDC 71 J = 1,M
71 X (N+J) = X(MN+J) - R % AT(L,J)
MULT = MULT + M
K1 =12 +#1L - X
K2 = L2 + ((L-1)*(2%N-L))/2 - KE
DO 75 I = MPLUS1,LSTRCW
IF (I «-EQ. KP) GC TIC 75
IF (I .CT. KP) GC TC 72
K1 = K1 + LSTROW - I
D(I) = D(I) - B = C(K1)
GO TC 75
72 D(I) = D(I) - R * C(K2+I)
75 CONTINUE
DZ = DZ - R *
MULT = MULT +
GC TO 125
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C

C MOST VIOLATED IS AN X~-CONSTRAINT.

C

C MOST

80

81

82
83

85
86

87

95

C

C

125

130

135
140

145

150

KP = KP - LSTRCH

X(KP) = X(KP) - R

DZ = DZ - R * BZ(KP)

IF (KP .GT. N) GO TIC 82
pDC 81 I = 1,M

D(I) = D(I) - R * A(I,KP)
MULT = MULT + M

GO TO 125

J = KP - N

DC 83 T = MPLUS1,LSTRCW

D(X) = D(I) - R % AT (I-M,J)
MULT = MULT + N

GC TC 125

VIOLATED IS THE Z~-CONSTIRAINT.
DC 86 J = 1,LSTCOL

X(J) = X(J) - K ¥ AZ (J)
MULT = MULT + 1STCOL

DO 87 I.= 1,M

D(I) = D(I) - R % C(L1+I)
MULT = MULT + M

L=13-M

DO 95 I = MPLUS1,LSTRCHW
D(I) = D(I) - R % C(1+I)
MULT = MULT + N

DZ = DZ - R

C CHOQSE THE MOST VIOLATED.

KP =1
R = D)
IF (M1 .EQ. 0) R = DABS(R)
DO 140 I = 2,LSTRCW
IF (M1 .LT. I .AND. I JLE. M) CC TO 13C
IF (D¢(I) .LE. R) GO TO 140
R = D(I)
CO TO 135
IF (DABS(D(I)) .LE. R) GC I0 140
R = DABS(D(I))
KP = I
CONTINUE
IF (.NOT.LPP) CC TO 155

L =1
DC 145 J = 2,LAST
IF. (X(J) LT« X(L)) L =4
CONTINUE
IF (-X(L) .LE. R) GO TC 150
R = -X(L)
KP = LSTROW + L
IF (DZ .1E. R) GO TO 155
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R = DZ

KP = 12
155 IF (R .LE. DEL) GO TIC 205
100 CONTINUE

TAKING TOO LONG TO CONVERCE.

aQn

IF (KP .EQ. IZ) GO TC 220
IF (KP +GT. LSTROW) GC TO 215
IF (KP .GT. M) CC TO 205
IF (D(KP) .LT. 0.0D 00) R = -R
DO 200 J = 1,N .
200 X(J) = X(J) - R * B(KP,J)
MULT = MULT + N
205 IF (.NOT.LPP) RETURN
Z = 0.0D 00
DO 210 J = 1,N
210 Z = Z + U(J) * X(J)
MULT = MULT + N
RETURN
215 X(KP-LSTROW) = X (KP-LSTROW) - R
GC TC 205
220 DO 225 J = 1,N
225 X(J) = X(J) - R = BRZ(J)
MULT = MULT + W '
GO TO 205
300 CONTINUE
END

SUBROUTINE SIMPLX (IPHASE)
DOUBLE PRECISICW A{(90,40) ,P(90) ,X(50),D(90) ,ART(2C,20),

1 u(20) ,X0(50) ,C (4005) ,ARK (50) ,CK(90) ,AZ (50) ,R,HO,
-2 H1,2,0Z,CZ,DEL,EPS,T(25,2%),DS (25),ROWK (30},
3 COPT (25,25) ,XS (25) ,HA (25)

LOGICAL LPP,OVRLX

COMMON /GLOBL1/M,N,M1,MPLUS1,LSTROW,LSTCCL,LIM,LFP,

1 OVRLX ,KP,R,HO,H1,2,02,CZ,DEL,EPS,MULT,KASEP,

2 rz,L1,r2,L3 .

COMMON /GLOBL2/A,B,X,D,AT,U,X0,C,BK,CK,A

INTEGER ICOLMS (30) ,IBV(25)

DATA Ks/1/, IR/25/
CCCCceeeeeccecececeeceeecececececcccecceccceeccceccececcececcceccceccecec
C

MAIN ROUTINE FOR SIMPLEX C
c

C
C
C
C THIS ROUTINE USES THE SIMPLEX METHOD AS PRCVIDED IN THE C
C IMSL PACKAGE. IT FIRST SETS UP THE PARAMETIERS TO THEIR C
C
C
C

RECOMMENDED VALUES AND THEN CALLS THE IMSL ZXOLP C
C
CCCCCCCCCeeeceeeceeceeeeccecececeeceececeeececcecceccececececceececeecccececceec
Z = 0.0D 00
po 5 3 = 1,N
5 X(J) = 0.0D 00
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DS(1) = 0.0D 00
NS = N -

ITMAX = 5 % N

IF (IPHASE .EQ. 1) GO TG 50
C .
C TASLEAU FOR PHASE 2.

,MPLUS1

N

I2 =1 ~
IF (B(I2) .LT. 0.0D C€0) GC IO 4t
DO 10 J = 1,N
10 T(I1,J) (IZ,J)
15 DS (I) = 2
DO 20 J .
(

= A
B(I
=1
20 T(1,d) = -U

)
N
J)
LIC = MPLUS1
bo 25 J = 2,MPLUS1
ICOLMS(J) = J
IBV(J) = N + J
25 ROWK (J)
ICOLMS (
IBV(1)
ROWK (1) = 1.0D 00
po 3s I = 1,MPLUS1
D¢ 30 J = 1,MPLUS1
30 CCPI(I,J) = 0.0D 00
35 COPI(I,T) = 1.0D 00
MS = M
CALL ZXOLP (IPHASE,TI,DS,ICOLMS, ROHK K,MS /NS, ITMAX LIC,
1IR,COPI,IBV,XS,WA,IER)
IF (IER .GE. 130) GO TO 145
Z = X5(1) ,
DO 40 I = 2,MPLUS1
IF (IBV(I) .LE. N) X(IBV(I)) = XS(I)
40 CONTINUE
EETURN

i
~n
i
[

c
C TABLEAU FOR PHASE 1.
C
45 IPHASE = 1
50 b0 55 J = 1.,XN
55 T(2,Jd) = -U(J)
DS(2) = 0.0D 00

NONNEG = 0
po 751 =1,M
I2 =1+ 2

IF (B(I) .LT. 0.0D 00) GO TC 65
IF (I .LE. M1) NONNEG = NCNNEG + 1

DO 60 J = 1,N

60 T(X2,J) = A(I,J)
DS(I2) = B(I)
Go TO 75

65 DC 70 J = 1,N

70 T(I2,J) = -A(I1,J)
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75

80
85

30

95

100

105

110

115

130

DS (I2) = -B(T)
CONTINUE

NEG = M1 - NONNEG

MPLUS2 = M + 2

DC 85 J 1,

T(1,d) 0.0D @O

DCc 80 I = 2,MPLUS2
T(1,d) = T(1,3) - T(I,J)
CONTINUE

LIC = MPLUS2 + NEG

LAST = NONNEG + 1

DO 90 4 = 1,LAST
ICOLMS(J) =Jd + 1
IBV(J+1) =N + J
ROWK (J) = -1.0D 00

L = NORNEG + 2

LAST = M1 + 2

po 95 J = L,LAST
ICOLMS(J) = = (J+1)

ROWK {J) = 1.0D 00
ICOLMS (LAST) = 1

IBV(1) = N + LAST

L =ML+ 3

Do 100 J = L,LIC
ICOLMS(J) = J - NEG
JEV(J-NEG) = N + J
ROWK (J) = 0.0D 00

LAST = NONNEG + 2
po 110 I = 1,MPLUS2
DO 105 J = 1,MPLUS2
COPI(I,J) = 0.0D 0O
IF (I .LE. LAST) COPI(1,I) = 1.CD 00
COPI(I,.I) = 1.0D 00
MS = MPLUS1
CALL ZXOLP (IPHASE,I,DS,ICOLMS,ROWK,K,MS,NS,ITMAX,LIC,
1IR,COPI,IBV,XS,WA,IER)
IF (IER .GE. 130) GO TC 145
LAST = N + M1 + 1
DO 115 I = 3,MPLUS2 ,
IF (IBV(I) «.GT.LAST .AND. XS(I) NE. 0.0C 00)GO IO 14C
IF (IBV(I) .GT. LAST) WRITE(6,165)
CONTINUE
LIC = MPLUS1
PO 130 T = 1,MPLUS]1
ICOLMS (I) = ICCLMS(I) - ISICN(1,ICCLMS(I))

ROWK(I) = 0.0D 00
ROWK (1) = 1.0D CO
MS = M

IPHASE = 2

CALL ZXOLP (IPHASE,T(2,1),DS(2),ICOLMS,RCHWK,K,M5,NS,
1IT™MAX,LIC,IR,COFI(2,2),1BV(2) ,XS,HA,IER)
IF (IER .CE. 130) GO TO 145
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Z = X5(1)
Do 135 I = 3,MPLUS2
: IF (IBV(I) .LE. N) X(IBV(I)) = XS(I-1)
135 CONTINUE
RETURN
140 WRITE(6,150)
RETURN
145 IF (IER .EQ. 130) WRITE(6,150)
IF (IER .EQ. 131) WRIIE(6,155)
IF (IER .EQ. 132) WRITE(6,160)
150 FORMAT(//*' THE SYSTEM IS INCONSISTENT.')
155 FORMAT (//* THE SYSTEM IS UNEOUNLCED.')
160 FORMAT (//*' MAXIMUM NC. OF ITERATION REACHED.')
165 FORMAT (//* WARNING, SYSTEM HAS FREDUNDANT CONSTEAINT.')
END

//GO.SYSIN DD *
SURRG1 SURRGR SURRG2 SURRG3 AGMON1 AGMCN2 SIMPLEX

2 3 0 -

2.0D 00 -3.0D 00 4.0D 00

6.0D 00 5.0D 00 -7.0D 00

8.0D 00 4.0D 00

5 3 0

1.0D 00 2.0D 00 3.0D 00
-1.0D0 00 1.0D 00 -2.0D 00

1.0D 00 5.0D 00 4.0D 00

0.0D 00 3.0D 00 1.0D 00

-1.0D 00 4.0D 00 -1.0D 00

2.0D 00 1.0D 00 5.0D 00 3.0D 00 4.0D 0O
3 3 0

1.0D 00 1.0D 00 1.0D 00

1.0D 00 -1.0D 00 1.0D 00

1.0D 00 2.0D 00 =-1.0D 00

1.00 00 3.0D 00 4.0D 00

4 4 0 |

1.0D 00 2.0D 00 -12.0D 00 8.0D €O
S.0D 00 4.0D 00 7.0D 00 =-2.0D 00
-3.0D 00 7.0D 00 9.0D 00 5.0D 00O
6.0D 00 -12.0D 00 =-8.0D 00 3.0D 00
27.0D 00 4.0D 00 11.0D 00 49.0D 00
1 2 1

1.0D 00 2.0D 00

1.0D 00 1.0D 00

1.0D 00

2 2 1

2.0D 00 3.0D 00

1.0D 00 2.0D 00

1.0D 00 1.0D 00

4.0D 00 3.0D 00

4 2 4

1.0D 00 3.0D 00

1.00 00 0.0D 00

0.0D 00 1.0D 00
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1.0D 00
-1.0D Co0
1.0D 00

3 4 3
2.0D 00
1.0D 00
2.0D Q0
0.0D 00
4.0D 00

2 5 2
5.0D 00
2.0D 00
3.0D 00
20.0D 00
5 3 5
1.0D 00
0.0D 00
2.0D 00
1.0D 00
0.0D 00
0.0D 00
1.0D 00

5 9 5
-1.0D 00
-1.0D 00
-44.7D 00
-9.6D 00
-2.0D 00
-2.7D 00
0.0D0 00
-290.7D-01
-33.3D GO
lmoac 00
0.0D 00
-191.2D-01
-3.0D 00
9 20 9
-1.0D 00
-1.0D 00
-1.0D 00
-1.0D 00
-44.7D 00
-41.7D0 00
-5.8D 00
-17.4D 00

1.0D

' -1.0D

1.0D

4.0D
3.0D
1.0D
1.0D
3.0D

8.0D
3.0D
5.0D

30.0D

3.0D
1.0D
1.0D
0.0D
1.0D
0.0D

18.0D

|H.°U
|Hlou
|G03U
|HQ03U
-15.1D
IUQQU
-26.0D-01
-5.1D-01
-23.5D 00
-38.2D 00
-60.0D-02

0.0D

00
00
00

00
00
00
00
00

00
00
00
00

00
00
0o
00
00
00
00

00
00
00
00
00
00

00

-0.8D 00

-1.0D 00
-1.0D 00
-1.0D 00
-1.0D 00
-36.0D 00
-2.2D 00
-14 .3D 00
-26.9D 00

1.5D 00
1.0D 00
0.0D 00
0.0D 00
4.0D 00
3.0D 00

7.0D
3.0D
4.0D

00
00
00

|NOQU
|NO°U
2.0D
0.0D
0.0D
1.0D
1.0D

00
00
00
00
00
00
00

-1.0D
IHOOU
-7 .4D
'Nm.wc
|H®O=U
OHHO:U

00
00
00
00
00
00

-28.1D-01-

0.0D 00
-10.3D 00
-24.6D 00

-0.5D €0
1.0D €O
1.0D 00

0.0D €O
1.0D €0

4.0D 00
2.0D 00
2.0D 00

3.0D 060
-1.0D 00
-2.2D €O
-0.2D CO

169.2D-01

|mcimc OQ

6.0D 00
2.0C 00
4.0D 00

2.0D 00
-1.0D 00
-2.6D 00

|=OOU oo

lﬂoNUIOHI

-4.5D 00

-1.0D 00
-1.1D 00

0.0D 00
918.4D-01

-13.8D 00

0.0D 00-525.0D-02-536.9D0-01-275.5D-01

0.0D 00
-5.0D-01

-1.0D
lH.OU
lPQOU

00
00
00

lmogc
|GOPU
|HOHU

00
00
00

-141.1D-01-897.0D-02-422.0D-02

-2.0D 00
0.0D Q0
-3.8D Q0
-3.7D Q0
-365.0D-01

-1.70 00
-0.2D 00
lH.mU 00
lHHOQO 00
-99.0D-01

0.0D 00-139.0D-01

-15.1D 00
-0.3D 00
0.0D 00

-9.0D-01
-37.0D-01
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-2.7D 00

-1.0D 00
-1.0D €O
-1.0D 00

-20.6D 00
-momc OO
-9.6D 00

-75.0D-02

00
00
00

-1.0D
-1.0D
OH-OU

|QO=U
lNQFD
‘mtmu

00
00
00

-1.0D 00
lH.OO 00
lHCOU OO
IHm-QU 00
-2.6D 00
-12.8D 00

-17.0D-02-448.0D-02-661.0D-02

0.0D 00-333.0D-02-249.0D-02-705.0D-02-138.0D-02-125.0D-02
-166.0D~-02-336.0D-02-106.0D-02-138.0D-02 -87.0D-02
-105.5D-01-169.1D-01

-0.6D 00
-6.8D €O
-2.7D CO

-6.0D-01
-45.0D-C1

leozb 00
IWOJU oo
-1.7D 00

-19.0D-01
-80.0D-01

-99.0D-02

'H.OG OQ
-4.0D 00
-2.5D 00

-48.0D-01
-36.0D-01



—59.0D-01—11§.OD—01-138.0D~01 -54,.,0D-01-173.0D-01-154.0D-01

-459.0D-01-792.0D-01

-28.1D-01
-69.0C-01
-86.8D-01

‘O.SD
—4.30
-1.2D

00
00
00

00
00
00

-10.3D
-5.8D
-4.3D

-QUOD-Ol‘

-37.0C0-01
-55.0D-01

0.0D 00

0.0D 00
~-7.2D-01
-85.7D-01

-Q.GD
_SQOD
-309D

00
00
00

00
00
00

-801D
-u-SD
-u.3D

471.0D‘01
-26.0D-01
-65.0D-01

0.0D 00

0.0D 00-862.0D-02-536.9D-01

’5000.01

“1080 00

0.0D 00 -30.9D-01 -26.0D-01 -55.8D-C1
- =-0.2D-01-169.2D-01 0.0D 00 -3.5D-C1
-16.6D-01 -6.7D-01-918.4D-01-290.7D-01
-5.1D-01 0.0D 00
-55.4D0 00 -17.4D 00 -3.0D 00 -0.2D CO
0.0D 00 -6.4D 00 -18.2D 00 -1.0D CO
-4.7D 00 -29.4D 00 ~-5.7D 00 -8.4D 00
-26.9D 00 -38.4D 00
-33.3D 00 -7.9D 00 -23.5D 0O 0.0D 00
-0.5D 00 -50.8D 00 -3.6D 00 -4.9D €O
-5.9D0 00 -7.1D 00 -13.8D 00 -5.4D 00
-38.2D 00 -24.6D 00
-441.0D-01-106.0D-01 -11.0D-01 0.0D 00
-5.0D-01-316 .0D-01 -79.0D~01-209.0D-01
-21.0D-01-198.0D-01 -33.0D-01 -83.0D-01
-93.0D-01-217.0D~-01
0.0D 00 0.0D 00 -60.0D-02 0.0D €0
0.0D 00-525.0D-02 0.0D 00
-118.4D-01-252.2D-01-275.5D-01-191.2D-01 -57.0D~02-257.0D-02
0.0D 00 0.0D 00
-3.0D 00 -70.0D-02 -0.8D 00 -12.0D-01
-2.7D 00 ~-18.0D-01 -75.0D-02

/%
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