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A b str a c t

SURROGATE METHODS FOR LINEAR INECUALITIES

AND

LINEAR PROGRAMMING PROBLEMS 

by

S e l i n a  Omagha CKo 

A d v iser :  P r o f e s s o r  Donald G oldfarb

We c o n s i d e r  th e  problem o f  f i n d i n g  a p o in t  which 

s a t i s f i e s  a g iv e n  sys tem  o f  l i n e a r  i n e q u a l i t i e s ®  We p r e s e n t  

4 a lg o r i t h m s  f o r  s o l v i n g  t h i s  prcb lem .  A l l  are  i t e r a t i v e  

schem es ,  and a r e  based upon th e  c r t h o g c n a l  p r o j e c t i o n  c f  an 

i n f e a s i b l e  p o i n t  o n to  t h e  m anifo ld  o f  t h e  bounding hyper­

p la n e s  o f  some c f  th e  g iv e n  c o n s t r a i n t s .  The c h o ic e  c f  the  

c o n s t r a i n t s  and t h e  a c t u a l  p r o j e c t i o n  a r e  accom pl ish ed  

through t h e  u s e  c f  ‘ su rr o g a te*  c o n s t r a i n t s  o r  h y p e r p l a n e s .  

P rc c f  o f  c o n v e r g e n c e  f o r  one  c f  the  a l g o r i t h m s  t h a t  c l c s e l y  

r esem b les  a method due t o  Agmon i s  g i v e n .  A g e n e r a l  proof  

i s  done by means o f  a monotonic  d e c r e a s i n g  s e q u e n c e  o f  

c o n t in u o u s  f u n c t i o n s  o f  t h e  i t e r a t e s .  The a l g o r i t h m s  are  

a l l  adapted to  h an d le  e q u a t i o n s  w i th o u t  r e p l a c i n g  them with  

p a i r s  c f  i n e q u a l i t i e s  and t h e y  can a l s o  be used t o  s o l v e  

l i n e a r  programming p r o b le m s .  Three c f  t h e  a l g o r i t h m s  are  

f a s t e r  than Agmon's and a l l  *l can d e t e c t  i n c o n s i s t e n c y .  

The r e s u l t s  o f  c o m p u ta t io n a l  t e s t s  c a r r i e d  o u t  on a v a r i e t y  

o f  problems a re  r e p o r t e d .  Im p lem en ta t ion s  f o r  l a r g e  s p a r s e  

m a t r ic e s  a r e  a l s o  g i v e n .

v
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1 .  INTRODUCTION

1 . 1  G e n e s i s  o f  t h e  A l g o r i t h m s

S i n c e  t h e  a d v e n t  c f  e l e c t r o n i c  c o m p u t e r s ,  much i n t e r e s t  

h a s  b e e n  g e n e r a t e d  i n  t h e  u s e  o f  i t e r a t i v e  m e t h o d s  t o  s o l v e  

p r o b l e m s .  F o r  s y s t e m s  o f  l i n e a r  e q u a t i o n s ,  t h e  J a c o b i ,  

G a u s s - S e i d e l , SOR a n d  SSOR m e t h o d s  (14)  w e re  d e v e l o p e d .  I n  

t h e  c a s e  o f  l i n e a r  i n e q u a l i t i e s ,  e q u i v a l e n t  s c h e m e s  c a l l e d  

r e l a x a t i o n  m e th o d s  w e r e  i n d e p e n d e n t l y  d e v e l o p e d  by Agmcn (2) , 

a n d  M o tz k i n  and  S c h o e n b e r g  ( 1 8 ) .

The r e l a x a t i o n  m ethod  a s  g i v e n  by Agmon (and o t h e r s )  

c o n s i s t s  o f  a s e q u e n c e  { x < k JJ o f  i t e r a t e s .  E a ch  i t e r a t e  i s  

d e t e r m i n e d  f ro m  t h e  p r e v i o u s  o n e  by m ov ing  i n  t h e  d i r e c t i o n  

o p p o s i t e  t o  t h a t  o f  t h e  o u t e r  n o r m a l  ( f c r  t h e  c a s e  o f  Ax < b)

t o  t h e  m o s t  v i o l a t e d  h a l f - s p a c e .  The s t e p - l e n g t h  moved i s  a

m u l t i p l e  o f  t h e  d i s t a n c e  o f  t o  t h e  h y p e r p l a n e  o f  t h i s

h a l f - s p a c e  and t h e  m u l t i p l i e r ,  0 < X ^ 2 , i s  c a l l e d  t h e

r e l a x a t i o n  p a r a m e t e r .  T he  t e r m s  u s e d  i n  c o n j u n c t i o n  w i t h  

d i f f e r e n t  v a l u e s  o f  t h e  p a r a m e t e r  a r e

0 < X < 1 u n d e r - r e l a x a t i o n

X = 1 p r o j e c t i o n

1 < X < 2 o v e r - r e l a x a t i o n

X = 2 r e f l e c t i o n .

Some r e s e a r c h  work a l r e a d y  d o n e  on t h e  r e l a x a t i o n  

m ethod  i n c l u d e  t h o s e  o f  G o f f i n  ( 6 ,7 )  w h e re  he show ed  t h a t  

t h e  c o n v e r g e n c e  o f  t h e  a l g o r i t h m  d e p e n d s  on 2 c o n d i t i o n  

n u m b e r ,  t h e  o u t e r  m e a s u r e  and  t h e  I n n e r  m e a s u r e  o f  a c o n e



fo rm e d  by  some c f  t h e  c o n s t r a i n t s .  He a l s o  i n  (0) g a v e  a 

c l a s s  o f  l i n e a r  p r o g ra m m in g  p r o b l e m s  which Agmon’ s  m ethod  

c a n n o t  s o l v e  i n  p o l y n c m i a l  t i m e  f o r  a n y  v a l u e  c f  t h e  r e l a x ­

a t i o n  p a r a m e t e r .  Hoffm an  (11) a p p r o a c h e d  t h e  c o n v e r g e n c e  

p r o o f  d i f f e r e n t l y .  J e r o s l o w ( 1 3 )  i n  h i s  m o d i f i c a t i o n  o f  t h e  

a l g o r i t h m  g a v e  a  bound  on  t h e  n um ber  o f  i t r a t i o n s  k f 

r e q u i r e d  t o  g e t  a  s o l u t i o n .  T h i s  he  c a v e  a s  k < D2 /  S2 , 

w h e re  D i s  t h e  d i s t a n c e  o f  t h e  i n i t i a l  p o i n t  x { 0 > t c  any  

s o l u t i o n  a n d  S i s  a  t o l e r a b l e  e r r o r .  He t r e a t e d  t h e  r e l a x ­

a t i o n  p a r a m e t e r  a s  a  t e r m  n e t  a  f a c t o r .  T h a t  i s ,  he  u s e d  

x<fc+t> = x t f<> -  (dj»+ X) f o r  some X 5 0 ,  

w h e re  p i s  t h e  i n d e x  c f  t h e  m o s t  v i o l a t e d  c o n s t r a i n t  and 

dj;, = a^ x < k >  -  b^ > - ( X  -  S) .

J e r o s l o w  a l s o  h a n d l e d  an  i n f i n i t e  n um ber  o f  c o n s t r a i n t s  by 

c h o o s i n g ,  a t  t h e  k t h  i t e r a t i o n ,  t h e  m o s t  v i o l a t e d  o f  t h e  

f i r s t  (k+1) c o n s t r a i n t s .  K a u r r a s ,  T r u e m p e r  and A k g u l ( 1 7 )  

u s e d  J e r o s l o w * s  m o d i f i c a t i o n  t o  g i v e  7 a l g o r i t h m s  t h a t  can  

s o l v e  a s p e c i a l  c l a s s  o f  l i n e a r  p ro g ra m m in g  p r o b l e m  i n  

p o l y n o m i a l  t i m e .

Todd (21) g a v e  a f o r m u l a  f o r  a c o n d i t i o n  n u m b er  f o r  

c o n v e r g e n c e  t h a t  i s  d i f f e r e n t  f ro m  t h a t  o f  Agmon. He a l s o  

s u g g e s t e d  how t o  u s e  some c o n s t r a i n t s  f o r  s i m u l t a n e o u s  

p r o j e c t i o n  ( o v e r -  o r  u n d e r - )  s o  t h a t  f i n i t e  c o n v e r g e n c e  c a n  

be o b t a i n e d  w h e r e  Pgmcn’ s  f a i l s  t o  do s o .  G o l d f a r b  and  

Todd ( 9 ) ,  an d  K r o l  a n d  Mirman (15) i n d e p e n d e n t l y  i n t r o d u c e d  

a n d  p r o v e d  t h e  v a l i d i t y  o f  t h e  i d e a  o f  p r o j e c t i n g  o n t o  

m u l t i p l e  c o n s t r a i n t s .  I n  G o l d f a r b  and  T o d d (9) a  n o n n e g a t i v e



l i n e a r  c o m b i n a t i o n  c f  some v i o l a t e d  c o n s t r a i n t s  t h a t  make 

a c u t e  a n g l e s  w i t h  one  a n o t h e r  ( i . e .  t h e i r  c o n s t r a i n t  

n o r m a l s  a r e  m u t u a l l y  o b t u s e )  i s  f o r m e d . They c a l l e d  t h e s e  

s u r r o g a t e  c u t s .  T h e y  a l s o  showed t h a t  n o t  a l l  t h e  c o n s t ­

r a i n t s  u s e d  t o  fo rm  t h e  s u r r o g a t e  had  t o  be v i o l a t e d .  K r o l  

an d  M irm a n (15) f o rm e d  a p o s i t i v e  l i n e a r  c o m b i n a t i o n  o f  t h e  

m o s t  v i o l a t e d  c o n s t r a i n t  and  n - 1  o t h e r s  ( n o t  n e c e s s a r i l y  

a l l  d i f f e r e n t )  o n e  a t  a t i m e ,  w i t h  some s p e c i f i e d  f o r m u l a e .  

T h e s e  t h e y  c a l l e d  a d d i t i o n a l  i n e q u a l i t i e s .  Bo th  p a r t i e s  

u s e d  t h e  i d e a  n o t  a s  a m e thod  b y  i t s e l f ,  b u t  t o  m o d i f y  t h e  

e l l i p s o i d  m e t h o d .

1 . 2  What I s  a S u r r o g a t e  M ethod?

The t e r m  s u r r o g a t e  came f ro m  G o l d f a r b  a n d  Todd ( 9 ) .  The 

s u r r o g a t e  a l g o r i t h m s  we h a v e  e s t a b l i s h e d  a r e  i t e r a t i v e  

s c h e m e s  i n  t h e  c l a s s  c f  t h e  r e l a x a t i o n  m e t h o d s .  T h e y  a r e  

s i m i l a r  t o  t h o s e  o f  Agmon ( 2 ) ,  M o t z k i n  and S c h o e n b e r g  ( 1 8 ) ,  

and  K r o l  and  Mirman ( 1 5 ) .  B u t  u n l i k e  A g m o n 's ,  a n d  M o tz k i n  

a n d  S c h o e n b e r g ’ s  t h e  m o s t  v i o l a t e d  i s  n o t  s i m p l y  o n e  o f  t h e  

g i v e n  h y p e r p l a n e s .  R a t h e r  i t  i s  a  s u b s t i t u t e  h y p e r p l a n e  

c o n t a i n i n g  t h e  m a n i f o l d  o f  t h e  m o s t  v i o l a t e d  and  some e t h e r  

g i v e n  h y p e r p l a n e s .  A l s o  u n l i k e  K r o l  and Mirman we a r e  n o t  

u s i n g  t h e s e  i n  an  a l r e a d y  p r o v e n  a l g o r i t h m .  We h a v e  

p r o v e n  t h a t  t h e y  w i l l  t e r m i n a t e  w i t h  o r  w i t h o u t  a  s o l u t i o n .  

A l t h o u q h  t h e  o r i g i n a l  m ethod  c an  be  e x t r e m e l y  s l o w ,  t h e  

m o d i f i e d  v e r s i o n s  a r e  m o d e r a t e l y  f a s t .
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1 . 3  O r g a n i s a t i o n

The f o l l o w i n g  g i v e s  a b r i e f  o u t l i n e  o f  how t h e  c h a p t e r s  

a r e  o r g a n i z e d .  C h a p t e r  2 c o n t a i n s  t h e  u n n o r m a l i s e d  

( o r i g i n a l )  p r o b l e m ,  t h e  n o r m a l i s e d  form  o f  i t ,  a n d  t h e  

a u x i l l i a r y  p r o b le m  c f  f i n d i n g  s u r r o g a t e  c o n s t r a i n t s  f rom  

t h e  g i v e n  o n e s .  I n  c h a p t e r  3 ,  we g i v e  a d d i t i o n a l  d e f i n -  

i n i t i o n s  a n d  n o t a t i o n s ,  a  b r i e f  s k e t c h  o f  Agmon*s a p p r o a c h ,  

a  d e s c r i p t i o n  o f  t h e  f i r s t  s u r r o g a t e  a l g o r i t h m ,  S u r r o g a t e - I ,  

lemmas f o r  v a l i d  s u r r o g a t e  c o n s t r a i n t s ,  r e c u r s i v e  d e f i n ­

i t i o n s  and a f o r m a l  s p e c i f i c a t i o n  o f  t h e  a l g o r i t h m .  T h e r e  

i s  o n e  t h e o r e m  f o r  t e r m i n a t i o n  o f  t h e  a l g o r i t h m ,  t h r e e

p r o p o s i t i o n s  on i n c o n s i s t e n c y  a n d  c n e  th e o r e m  f o r  d e t e c t i n g

i t .  The c h a p t e r  e n d s  b y  e x p o s i n g  a  s i t u a t i o n  w h ere  

c o n v e r g e n c e  i s  b u t  o n l y  i n  t h e  l i m i t .

C h a p t e r  4 p r e s e n t s  f a s t e r  a l g o r i t h m s .  I n  s t e a d  o f

f i x i n g  t h e  i n i t i a l  g u e s s  a t  c n e  p o i n t ,  we r e - i n i t i a l i z e  i t  

a t  c e r t a i n  s t a g e s  o f  t h e  i t e r a t i o n s .  T he  f i r s t  o n e ,  

S u r r o a a t e - R ,  r e - i n i t i a l i z e s  x a f t e r  e a c h  t i m e  a c o n s t r a i n t  

h a s  b e e n  c h o s e n  t w i c e  f o r  t h e  c o n s t r u c t i o n  o f  a  s u r r o g a t e .  

The s e c o n d ,  S u r r o g a t e - I I , r e - i n i t i a l i z e s  a t  e a c h  i t e r a t i o n  

u s i n g  two o r i g i n a l  c o n s t r a i n t s  ( in  s t e a d  o f  o n e  o r i g i n a l

and t h e  c u r r e n t  s u r r o g a t e )  t c  c o n s t r u c t  a new s u r r o g a t e .  

The t h i r d  o n e ,  S u r r c g a t e - I I I ,  i s  s i m i l a r  t o  S u r r o g a t e - I I  

e x c e p t  t h a t  i t  u s e s  t h r e e  i n s t e a d  o f  two o r i g i n a l  

c o n s t r a i n t s  f o r  t h e  c o n s t r u c t i o n  o f  a  new o n e .

C h a p t e r  5 i s  m a i n l y  d e v o t e d  t c  c o n v e r g e n c e .  The f i r s t  o f
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t h e  3 t h e o r e m s  i n  t h i s  c h a p t e r  i s  a p r c o f  o f  c o n v e r g e n c e  o f  

S u r r o g a t e - I I  w h i c h  i s  b a s e d  u p o n  o n e  g i v e n  by  Agmon f o r  h i s  

m e t h o d .  The s e c o n d  t h e o r e m  p r o v e s  c o n v e r g e n c e  o f  s u r r o g a t e  

f o r  t h e  n a r r o w  c o n e  p r o b l e m .  The t h i r d  p r o v e s  c o n v e r g e n c e  

f o r  S u r r o q a t e - I  i n  t h e  g e n e r a l  c a s e .  The work done  by e a c h  

c f  t h e  4 a l g o r i t h m s  an d  A gm on 's  i n  t e r m s  o f  t h e  n u m b er  o f  

c o n s t r a i n t s  an d  v a r i a b l e s  a x e  t a b u l a t e d  i n  t h i s  c h a p t e r .

C h a p t e r  6 d e s c r i b e s  how t h e  s u r r o g a t e  m e th o d s  c an  be 

a d a p t e d  f o r  s o l v i n g  e q u a t i o n s  a n d  LP p r o b l e m s .  How t c  u s e  

t h e  n o n n e g a i t y  r e s t r i c t i o n  on x a s  c o n s t r a i n t s  w i t h o u t  

i n c r e a s i n g  t h e  s t o r a g e  demand f o r  t h e  c o e f f i c i e n t  m a t r i x  i s  

sh o w n .  I m p l e m e n t a t i o n  f o r  l a r g e  s p a r s e  m a t r i c e s  i s  g i v e s  i n  

c h a p t e r  7 t o g e t h e r  w i t h  m a n i p u l a t i o n  c o d e s .  C h a p t e r  8 h a s

t h e  c o m p u t a t i o n a l  r e s u l t s  and  a n a l y s i s  o f  a v a r i e t y  c f

p r o b l e m s .  I n  t h e  a p p e n d i x  we g i v e  t h e  f l o w c h a r t  a n d  t h e  

c o d e  u s e d  f o r  t h e  t e s t  p r o b l e m s .

I n  t h e  c o n c l u s i o n ,  we h a v e  e x p r e s s e d  o u r  b e l i e f  t h a t  

seme good i n i t i a l  p o i n t  a n d  r e l a x a t i o n  p a r a m e t e r  f o r  f a s t e r  

c o n v e r g e n c e  can  be  f o u n d .

1 . 4  E q u a t i o n  N u m b e r in g

F o r m u l a e  p r o v e d  i n  lemmas and  t h e o r e m s  and w h i c h  a r e

g l o b a l l y  r e f e r e n c e d  a r e  a s s i g n e d  d e c i m a l  n u m b ers  u s i n g

t h e i r  s e c t i o n  n u m b er  a s  t h e  f i r s t  p a r t .  E . g .  ( 3 . 4 . 1 )  

r e f e r s  t o  t h e  f i r s t  e q u a t i o n  i n  s e c t i o n  3 . 4 .  T h o s e  o n l y  

l o c a l l y  r e f e r e n c e d  a r e  a s s i g n e d  i n t e g r a l  n u m b e r s .  E . c .  (2) 

i s  t h e  s e c o n d  e q u a t i o n  i n  w h a t e v e r  s e c t i o n  i t  a p p e a r s  .



2 .  LINEAR INEQUALITIES

2 . 1  The I n i t i a l  P r o b le m

G iv e n  i )  m, n

i i )  o ^ S  R " ,  V - i  6 I  = {1,  2 ,  . . . »  id}  , t h e  i t h  row 

o f  t h e  m a t r i x  A  G

i i i )  / 3 e  R"'  .

We want  t o  f i n d  x S R° s u c h  t h a t  
*

oc'-x < ¥- i  G I  ( 2 . 1 . 1 )

i . e .  A x  < /3 .  ( 2 . 1 . 2)

To s i m p l i f y  p r o o f s  o f  lem m as  and  t h e o r e m s  t h a t  f e l l o w ,  we 

s h a l l  n o r m a l i z e  a l l  o t l .

: a :
L e t  a =  t   a n d  b . = --------- 7 -------- • ( 2 . 1 . 3 )

I I otl | | I I a 1" I I

ac Sfl  '
Then  ---------7 ----- x < --------- 7 -----  <==> a ^ x  < b ■. ( 2 . 1 . 4 )

f I I I II « fcll
T h e r e f o r e ,  Ax < b ,  ( 2 . 1 . 5 )

/ a l
a 2

w h e re  A = • \ an d  b = I .  • ( 2 . 1 . 6 )

\ a " /  \ b m .

From now on we s h a l l  u s e  ( 2 . 1 . 3 )  t o  (2 . 1 . 6 ) i n s t e a d  o f

(2 . 1 . 1 ) an d  (2 . 1 . 2) .

2 . 2  The A u x i l l i a r y  P r o b le m

I n  s u r r o g a t e  m e t h o d s ,  a  s u r r o g a t e  c o n s t r a i n t

ax  < b ( 2 . 2 . 1 )

i s  c o n s t r u c t e d  a t  e a c h  i t e r a t i o n .  The c o n s t r u c t i o n  o f
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( 2 . 2 . 1 )  g i v e s  r i s e  t c  a new problem o f  th e  form: g i v e n  a 

c u r r e n t  £  R*,

d e term ine  h 6 R'*' such t h a t  h s o l v e s  t h e  f o l l o w i n g  problem ,

ra
maximize r = J I  h . ( a ‘‘x <0) -  b . )  ( 2 . 2 . 2 )

i = l  * .

s u b j e c t  t o  ( j a | |  = 1 ( 2 . 2 . 3 )

and h .  > 0 t i G I ,  w ith  h * 0 ,  ( 2 . 2 . « )t
IB »

where a = 2- h a * . ( 2 . 2 . 5 )
i = l

A A ■
N ote:  t h e  b in  ( 2 . 2 . 1 )  i s  g iv e n  by b = h . b . .

1=1 fc *■

S in c e  we a r e  d e a l i n g  with  i n e q u a l i t i e s ,  c a r e  must 

be taken not  t o  c u t  o f f  any f e a s i b l e  r e g i o n  when we carry  

c u t  s c a l a r  m u l t i p l i c a t i o n s  cn t h e  a 4' * s , hence  th e  n c n n e g a t -  

i v i t y  c o n s t r a i n t  on h .  C o n s t r a in t  ( 2 . 2 . 3 )  g u a r a n t e e s  t h a t  

a i s  n o r m a l iz e d .

2 .3  T o le r a n t  Value

In p r a c t i c e  i t  i s  n o t  a lw a y s  e a s y  t o  g e t  an e x a c t  

s c l u t i c n .  T h e r e fo r e  a s m a l l  v a l u e  S > 0 i s  c f t e n  g i v e n  so  

t h a t  any x £  R* r e s u l t i n g  in

flx < b ♦ S e ,  ( 2 . 3 . 1 )

where e 6 R"* I s  a v e c t o r  c f  o n e s ,  

i s  a c c e p te d  as a s o l u t i o n .
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3 . -  SURROGATE-1

B e f o r e  d e s c r i b i n g  t h e  a l g o r i t h m  f o r  f i n d i n g  a  s o l u t i o n

t o  t h e  g i v e n  p r o b l e m ,  we would  l i k e  t o  s e t  down some o t h e r

n o t a t i o n  a n d  d e f i n i t i o n s  t h a t  w i l l  b e  b a s i c  t h r o u g h o u t ,

3 . 1  N o t a t i o n s  an d  D e f i n i t i o n s

1) The h a l f - s p a c e  d e f i n e d  by t h e  i t h  i n e q u a l i t y  i s  g i v e n  a s

H; = { X  e Rn | a ux -  b ;  < 0 } .

2) The b o u n d i n g  h y p e r p l a n e  t o  H,; i s  g i v e n  a s

^ H > -  {x 6 Rn | a ux -  b ;  = 0} .k ^
3) (a) The s e t  o f  e x a c t  s o l u t i o n s  i s  c i v e n  a s

m
S = / ° \  H> = {x G R^IRx -  b < 0 } .

1=1 L

(b) The s e t  o f  t o l e r a n t  s o l u t i o n s  f o r  a  c i v e n  t o l e r a n t  

v a l u e  S > 0 i s

= {x G R ° |A x  -  b < £ e } ,  

w h ere  e  i s  a v e c t o r  o f  o n e s .

4) The e r r o r  i n  x ^  S i s

d ( x ,S )  = rain J Jx -  y |  | . 
y G S

5) I f  x G H - ,  we s a y  t h a t  x i s  on t h e  r i g h t  s i d e  o f  H - ,U 6
o t h e r w i s e  i t  i s  on t h e  wrong s i d e .

6 ) The c o s i n e  o f  t h e  a n g l e  b e t w e e n  and  £}H> i s
° *



W ith  r e f e r e n c e  t o  f i g u r e  3 . 1 ,  we a l s c  h a v e  t h e  f o l l o w i n g :

x<» >

x<

F i g .  3 . 1  S u r r o g a t e  H a l f - s p a c e

7) The d i s t a n c e  o f  x t0 5  £  RA f ro m  <^H- i s

d> = -  b> -V- i  € I .i, i*
N o t e :  I f  x t 0 J  6 H > ,  d » < 0 .  u

8 ) £  I  i s  s u c h  t h a t  J  Hj, i s  t h e  f a r t h e s t  h y p e r p l a n e  f rom

x<0 > . I n  o t h e r  w c r d s

d. > d; -V- i  G I .

9) The o r t h o g o n a l  p r o j e c t i o n  o f  x t 0 > o n t o  £  Hu i s
*o

X < 1 >  =  x ‘ o >  -  d c  a * °  .
*o

10) The o r t h o g o n a l  p r o j e c t i o n  o f  x<o> c n t o  <3 H - ,  i  t  p , i sL O
x< i > = x t o  > -  d. a fc .

1 1 ) x<2 > i s  a p o i n t  on t h e  m a n i f o l d  <) Hl H  <3 H> c l o s e s t  t o
% u

x<

N o te  t h a t  (x< 0 * -  x < 1 J)T (x< 1 * -  x <2>) = 0 .



12) i s  t h e  a n g l e  b e t w e e n  and  c)Hv
*o

13) The d i s t a n c e  b e t w e e n  x * * *  a n d  i s

-  b;w

u s i n  ( t ; )L

14) The d i s t a n c e  b e t w e e n  x < *> a n d  x f 2 > i s

a^ cn  * \g, = ------------------ J? .
u s i n ( t )I*

15) The d i s t a n c e  b e t w e e n  x C0J a n d  x < 2 > i s

r. = vS* + g?  = ♦ g?  •
* i  <> I

16) p G I  i s  s u c h  t h a t  <)Hb i s  t h e  f a r t h e s t  v i o l a t e d  
« n

h y p e r p l a n e  i n t e r s e c t i n g  f ro m  t h e  p o i n t  x 4 1 *,

i . e .  gu - 9 *  V* i  G I .
*s

17) (a) A s u r r o g a t e  h a l f - s p a c e  H, f o r  Hb and Hb i s  a h a l f -
1 *0 <1

s p a c e  c o n t a i n i n g  t h e  i n t e r s e c t i o n  Hb f |  Hb ,  a n d  we
*o <T

w r i t e  t h i s  a s

H, = ^ ( H j ^ H j . ) .

(b) A s u r r o g a t e  h y p e r p l a n e  JH ,  f o r  Hj, a n d  Hj, i s  t h e

h y p e r p l a n e  c o n t a i n i n g  t h e  m a n i f o l d  <9 Hj, f l  <} Hj, and we 

e x p r e s s  t h i s  a s

J H u ) .<0 li

1 0



3 . 2  Agmon 's  A p p ro a c h

To b r i n g  o u t  t h e  s i m i l a r i t i e s  a n d  d i s s i m i l a r i t i e s  i n  

Aomen 's  method  and  t h e  s u r r o g a t e  m e t h o d ,  we s h a l l  b r i e f l y  

p r e s e n t  h i s  a p p r o a c h  f i r s t .  I n  h i s  m e th o d  o n l y  o n e  

c o n s t r a i n t  i s  i n v o l v e d  a t  e a c h  i t e r a t i o n .  The f o l l o w i n g  

a r e  t h e  t h r e e  lemmas t h a t  s u p p o r t  h i s  c o n v e r g e n c e  t h e o r e m .

Lemma 3 . 2 . 1  (Agmon*s lemma 2 .1 )

C o n s i d e r  t h e  f o l l o w i n g  3 p o i n t s ,  x ,  y ,  z ,  a n d  a h a l f -  

s p a c e  H w i t h  x H, y 6  H and  s u c h  t h a t  z  6 i s  t h e

o r t h o g o n a l  p r o j e c t i o n  c f  x c n t o  ^ H .

Then  a)  | | z - y | |  < 11 x -  y 1 1 ,

b> I ( z  -  yj f 2 S l l x  -  y-f I* —  I i z  -  x f | 2 .

P r c c f s

x

F i g .  3 . 2  P o i n t s  S e p a r a t e d  fcy a  H a l f - s p a c e

The p r o o f s  c f  t h e  lemma a r e  t r i v i a l .  Ue knew t h a t  any 3 

p o i n t s  i n  s p a c e  l i e  on a  2 - d i m e n s i o n a l  p l a n e .  S i n c e  z i s  

t h e  o r t h o g o n a l  p r o j e c t i o n  o f  x  c n t o  J H ,  a n d  y 6 H ,  t h e n  

L  xzy  > 9 0 ° .  T h e r e f o r e  L. yx z  < 9 0 ° .  From e l e m e n t a r y  g e o -
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m e t r y ,  we know t h a t  i n  a n y  t r i a n g l e ,  t h e  s i d e  o p p o s i t e  t h e  

q r e a t e r  a n g l e  i s  t h e  g r e a t e r  s i d e .

a )  I 12 -  y 11 < I (x -  y | | •

F o r  t h e  (b) p a r t ,  we a p p l y  t h e  c o s i n e  r u l e .

I Ix -  y |  | 2

= I t x -  z | | 2 + | | z -  y | I2 -  2 1 |x -  z | | • | | z -  y j l c c s ( x z y )

> | | x  -  z|  | 2 + I | z  -  y 1| 2 , s i n c e  cos (xzy)  < 0.

. . b) | I z  -  y | i 2 < l | x  -  y | | 2 -  I j z  -  x j | 2 .

Lemma 3 . 2 . 2  (Agm on 's  lemma 2.2)

(1)

L e t  i )  no  s u p e r f l u i t y  e x i s t  i n  t h e  i n e q u a l i t i e s

a l x < b • i  e  I

t h a t  d e f i n e s  t h e  p c l y t o p e  S ,

i i )  x ^  S and  y * €  <J S s u c h  t h a t

I | x  -  y * |  | < | | x  -  y |  | -V y 6 S and  y * y * , ,

i i i )  I g t  = { i  6 I i a ^ y *  -  b j  = 0 } ,

i v )  Syt b e  t h e  p o l y h e d r a l  c o n e  d e f i n e d  b y  
«

a* x < b; t  j  6  l y  •

Then x ^ S^* a n d  y *e< JS ^*  and  i s  s u c h  t h a t

i | x - y * l l  < 1 (x  -  z |  | -V* z 6 S and  z * y *.

P r o o f

F i g .  3 . 3  Cone C o n t a i n i n g  S
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S u p p o se  x S S^* • Then s i n c e  x $ S ,  <Jr G ( I  -  1̂ *) s u c h  t h a t

x S H yf j  (s \j* "  S) . B u t  y*6  Hr s i n c e  y * 6  S .  T h e r e f o r e  t h e r e

e x i s t s  y € £ \ \ r an d  on t h e  l i n e  s e g m e n t  xy*  s u c h  t h a t

I Ix  -  y | |  < | !x -  y * J |   (2)

Bu t  y G S .  T h e r e f o r e  (2) c o n t r a d i c t s  (1) .

• • x  ̂ •
F o r  t h e  s e c o n d  p a r t ,  l e t  y £ S^* w i t h  y t  y * .  Then

t h e r e  i s  a  s p h e r i c a l  n e i g h b o r h o o d  N£ i n  R* a r o u n d  y* s u c h  

t h a t  i t s  p o i n t s  b e l o n g  t o  Hr . T h e r e f o r e  t h e  i n t e r s e c t i o n  o f  

a n d  t h e  l i n e  s e g m e n t  y y *  i s  i n  £ S . L e t  t h i s  p o i n t  o f  

i n t e r s e c t i o n  b e  y ' .  Now f o r  some o t ( > 0  a n d  <x, > 0 w i t h  

(x, + gc,. = 1 ,  we h a v e

I | x  -  y ' | |  < oc, | | x  -  y * |  | + « a | | x  -  y |  | •

S i n c e  y» G S ,  I | x  -  y * | |  < | J x  -  y * | l  by (1) a b o v e .

.  .  I Ix — y* l  I < « ,  I I x -  y * |  | + oca | | x  -  y |  |

( 1 -  « ,  ) |  | x  -  y * |  | < oca ( | x  -  y | |

. .  I Ix -  y * | |  < 1 | x  -  y | l «

T h i s  p r o v e s  t h a t  f o r  z £ S^# and  z t  y *  ,

! Ix  -  y * | I  < | | x  -  z | | ,  

w h ich  c o m p l e t e s  t h e  p r o o f  o f  t h e  l em m a.

Lemma 3 . 2 . 3  (Agm on 's  lemma 2 .3 )

L e t  i )  a  p o l y h e d r a l  c o n e  V b e  d e f i n e d  by t h e  h o m o g e n e o u s  

i n e q u a l i t i e s

a'-w < 0  V* i  £ I ,

i i )  E be t h e  s e t  o f  p c i n t s  x $. V and  s u c h  t h a t  t h e  

o r i g i n  i s  t h e  p o i n t  on <)V n e a r e s t  t o  x .
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i i i )  J  = ( i  e  I | a v x > 0} ,

i v )  f  • (x) = d i s t a n c e  c f  x G E f ro m  -V-j 6 J .
j

f  * (x)

F i g .  3 . 4  Ccne w i t h  v e r t e v  a t  t h e  O r i g i n  

Then 9 \  = X(v ) > 0 s u c h  t h a t

f « (x)
I n f  max --------------- = X •

x £  E j  e  J  I ! x | I

( N o t e :  X i s  t h e  s m a l l e s t  s i n e  o f  t h e  a n g l e  d e f i n e d  by

and  t h e  l i n e  j o i n i n g  x t o  t h e  o r i g i n . )

P r o o f

C o n s i d e r  t h e  p o l y h e d r a l  c o n e  S^* o f  lemma 3 . 2 . 2 .  

z S S y  ==> | | x  -  y * |  I < | | x  -  z | | ,  z * y *

= I I (x -  y*)  -  (z -  y*) { I . . . .  (1)

Now c o n s i d e r  t h e  v e c t o r s  (x -  y* )  an d  (z -  y*)  .

•V- i  6 a u(x “ y*) = a^x -  bj since a^y* = bj

> 0 

(x -  y*)  i  V.

s i n c e  x 8 S .

-V* i  e  , a u (z -  y*)  = a fcz -  b^ s i n c e  a fcy*  = b;

s i n c e  z 6  S u* .2< 0 

(z  -  y*)  e V.

S i n c e  we c a n  c h o o s e  z  i n  (1)  a b o v e  t o  be on (z -  y*)

i s  on £ V .  By ( 1 ) ,  (x -  y *) i s  c l o s e r  t o  0 e £  V t h a n  i s  

(z -  y*) .
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.  • (x  -  y*)  G E by  ( i i )  .

•¥• j  6 J ,  f  • (x -  y*)  = a J (x -  y*)  > 0 .O
f ■(x -  y*)

.  .  - - - ------------------- > 0  t  j  6  J .
, I Ix -  y * j l

f ' (x -  y * j
E u t ,     t h e  s i n e  o f  t h e  a n c l e  d e f i n e d  by a n c

| f x  -  y * l  I t h e  l i n e  j o i n i n g  (x -  y*)  t o  t h e  o r i g i n .

L e t  o b e  t h e  a n g l e  b e t w e e n  a n d  <4H'.to (/

Then max s i n  («c**/2) = M v ) • 
i . j  G J

f ; (x -  y*)
max

(x -  y*) G E j

= M V ) .

-  Y*

(x -  y*) G E j  G J  | | x  -  y * |  |

I n f  max — ----------------------  max s i n  (oc‘ / 2 )
j G J  I | x  -  y * |  J i #  j  € J

f j  (x -  y*)
I n f  max   = M V )  > 0 .

3 . 2 . 1  A gm o n 's  A l g o r i t h m

1)  C h o o s e  x<° > G RA a r b i t r a r i l y  a n d  s e t  K = 0 ;

2) I f  x<'<> G S ,  s t o p ;

3) E l s e  s e t  x < k * i>  = t h e  o r t h o g o n a l  p r o j e c t i o n  o f

x f J °  o n t o  t h e  m o s t  v i o l a t e d

h y p e r p l a n e  j H u  , 
n«

i . e .  x<k+*> = x<'<> -  db a ^ ;
“u

4) S e t  k = k + 1 and  go t o  2 ;

Theorem 3 . 2 . 1 . 1  (A gm on 's  t h e o r e m  3)

I f  t h e  s y s t e m  o f  i n e q u a l i t i e s  o f  t h e  p r o b l e m  i s  c c n s i s t -  

t e n t  and  {x<k>} i s  t h e  s e q u e n c e  c f  i t e r a t i o n s  d e f i n e d  a b o v e .
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t h e n  x< * °  — > x G S.

f l l S O  l | X < ' < >  -  X |  | <  2 e ' <H X < t > >  _  y C O > | | ,

w h e re  0 < 0 < 1 w i t h  0 = 0 ( A ) .

P r o o f

L e t  X ' = min  sin(<x«.) and  0 = i / l  -  \ 2 » 
i  t  j  ® I

j fx«/<+i > -  x<*<>( | = max d (x*'* <)H*)
i  G I

^ XI ! x <,<5 — y c *c > | | by  lemma 3 . 2 . 3

-  x ^ W ,x<k> "  y t / f > n  ..................................(1)
J | x cj<+1 > -  y C / < > | | 2  <  | [ x < k )  -  y  < J< > |  | 2 -  J | X< M+1 > -  X<J<>| |2

by lemma 3 . 2 . 1 ( b )

< | |x<*> -  y<M| |a  -  X2 . j | X«h> -  y«'<>|l2
by (1) a b o v e

s  ( i  -  X y  I lx<*> “ Y a<>\ I 2

= 0 2 l |x < '< >  -  y <* > | 12

T h e r e f o r e
| | Xc k + i >  -  y< *< > | | < 6 | | x « -  y«*< > | |   ( 2 )

Eut
| | X < / < + i >  -  y < k  +  i > | |  < ( | x « ,<+i>  -  y <J< > | |  by  d e f i n i t i o n
T h e r e f o r e
| | Xc k + i )  -  y tk  + i > | |  < 01 | x * ^  * -  y«^ >| | by (2) a b o v e

< 02 | > -  y i <<- i  > | |

<  Q' t  +  l  |  | X < 0  > -  y <  0 J |  |

. * .  | {x<*<> -  y c k  >1 | < 0* j j x to >  -  y< o> j  | ( 3 . 2 . 1 )

x , y {fe>, x t ;< >'X *1* +* >, . . .  a r e  a l l  i n c l u d e d  i n  t h e  h y p e r s p h e r e  

S < k > : | | x  -  y ^ M I  < | |x«i<> -  y f ' o i l  < G’M I x * 0 * -  y c o j j j  

S<fe> 2> S<^ + 1 >
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00
i . e .  r \  S tk >  = x .

k=0

• • l i m  x <(0  = x = l i m  y < k > .
k ->  oo k - >  oo

The d i a m e t e r  i s  l e s s  t h a n  o r  e q u a l  t o  20 /<| { x t o > -  y < 0 M I »

. .  | |x<»<> -  x  11 < 2 0 /<i | x < o >  -  y ( ° > 11 .

3 . 3  D e s c r i p t i o n  o f  t h e  S u r r o g a t e  A l g o r i t h m

U n t i l  t h e  c o n s t r u c t i o n  o f  a s u r r o g a t e  h y p e r p l a n e  i s  

sh o w n ,  a  f o r m a l  s p e c i f i c a t i o n  o f  t h e  a l g o r i t h m  c a n n o t  be 

g i v e n .  B e lo w ,  t h e  b a s i c  i d e a  o f  t h e  a l g o r i t h m  i s  p r e s e n t e d .

1) C h o o s e  x«°>  6 R* a r b i t r a r i l y ;

2) I f  x <o j  e  S ,  s t o p ;

3) E l s e  s e t  k = 0 and  £  Kd = £ H. , t h e  f a r t h e s t
•o

h y p e r p l a n e  f r o m  x < 0 >;

U) Move on J H ,  t o  J H l ,  t h e  f a r t h e s t  h y p e r p l a n e  

i n t e r s e c t i n g  ^  H w i t h  g, > 0 ;
< <k+i

5) I f  t h e r e  i s  no  s u c h  p ,  t h e n  t h e  o r t h o g o n a l
/< + 1

A

p r o j e c t i o n  o f  x ( 0 > o n t o  J i s  a  s o l u t i o n ,  s t o p ;
A A

6) E l s e  c o n s t r u c t  f rc ra  a n d  ;

7) S e t  k -  k + 1 and  go t o  4 ;

3 . 4  S u r r o g a t e  C o n s t r u c t i o n

The s u r r o g a t e  f o r  any  s u b s e t  o f  t h e  g i v e n  c o n s t r a i n t s  i s  

a l i n e a r  c o m b i n a t i o n  c f  t h o s e  c o n s t r a i n t s .  I t  i s  d e p e n d e n t  

n o t  j u s t  on  t h o s e  c o n s t r a i n t s  p e r  s e ,  b u t  a l s o  on t h e  

r e l a t i o n s h i p  b e t w e e n  e a c h  p a i r  o f  t h e s e  c o n s t r a i n t s  and
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x< o> .  T h a t  i s ,  t h e  m u l t i p l i e r s  i n  t h e  l i n e a r  c o m b i n a t i o n  

a r e  f u c t i o n s  o f  t h e  a n g l e  d e f i n e d  by t h e s e  c o n s t r a i n t s  and 

x< ° Lemma 1 e s t a b l i s h e s  5 v e r y  u s e f u l  and  f r e q u e n t l y  

u s e d  f o r m u l a e  w h i l e  lemma 2 e s t a b l i s h e s  2 i m p o r t a n t  

f o r m u l a e  u s e d  by t h e  a l g o r i t h m  t o  c o n s t r u c t  s u r r o g a t e  

c o n s t r a i n t s .  P r o o f  o f  t h e  v a l i d i t y  o f  t h i s  c o n s t r u c t i o n  i s  

do n e  l a t e r  i n  lemma 5 .

Lemma 1 F o r  a n y  i  £ I  and |c^,; f 4 1 ,

d> -  a b cfc;
. »  «• r0Ll )  g .   -------------- * ------

v T : '
*

. . .  -  a i * V11) g .   ------------  ,U
/ i -

U i )  g. ♦ g ; c . i -  d . A  -

i v )  g l c^  + g i  = dc ^  “

g? + g? + 2g .g .Cb^
v) r 2 = — L-   --------- - - .

' 1 ~ c £«l

( 3 . 4 . 1 )

( 3 . 4 . 2 )

( 3 . 4 . 3 )

( 3 . 4 . 4 )

( 3 . 4 . 5 )

P r o o f s

i )  g.  =
a l x« -  b;

s i n  ( t ; )

a ‘ ( X<o> -  d. .a£) 
 2. _____

-  b -

s i n  ( t - ) 

d^ -  d ^ a ^ . a 1, 

s i n  ( t - )

by d e f i n i t i o n  (13)

by d e f i n i t i o n  (9)

by d e f i n i t i o n  (7)
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d l  -  dtecfci by d e f i n i t i o n s  (6)

S i~ -

du -  d-c ,  •
i i )  S i m i l a r l y ,  g .  = —  ------- -----

■

i i i )  From ( i )  a n d  ( i i )  we h a v e ,

du -  duC2ak ~ a Cc i?t /-------------

•h  -  c f  •

i v )  S i m i l a r l y ,  9 ; c j,l + 9; = d* -  c ^ j

v) r *  = d2 + g2 
1 £

1 ~ C|?,
9?

£ ^<s
gf ♦ .gf - 2 ^ g iCfe-

1 -  c  l i

by d e f i n i t i o n  (15)

by ( i i i )

Lemma 2

A h y p e r p l a n e  c o n s t r u c t e d  a t  ^H. n ^  Ht s u c h  t h a t
•o

x c 2 ) i s  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  x t0 >  o n t o  i t  a n d  s u c h  

t h a t  i t s  n o r m a l  a .  i s  a l i n e a r  c o m b i n a t i o n  o f  a1* a n d  a u h a s

t h e  f o l l o w i n g  e q u a t i o n s ,

i> a i

A

■a" + ( 3 . 4 . 6 )

-  c f  .•

i i )  x c 2 > = x<o> -  r 4 a f ( 3 . 4 . 7 )
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P r c c f  .

gZ + g2 + 2g . g . Cf, •
i )  r 2 = — fc   by e g .  ( 3 . 4 . 5 )

' 1 -  c 2
*•

A _ _ _ A /* Lqz + gz  + 2g.  g.  a ° . a

1  '  c i i
A

'

by  d e f i n i t i o n  (6)

9 :  b 9 ;
.  .  i l ---------------------a 0 +  a l l  = 1

r . ^  -  c $C i , J l  -  c £ c>9 4

A ^  t, (.
S e t  a ,  = —   a + ----------------------- a

r . ^  r, A  -

i i )  T a k i n g  t h e  d o t - p r c d u c t  c f  a*® and  a, f ro m  ( i )  ,  we h a v e

l» Aa ° . a , si.!„?L3fc

r * ^  * CI '

d/> to

(•

by e g .  ( 3 . 4 . 3 )

x < 0 5 -  bb
= -------------------- »  by d e f i n i t i o n  (7)

.  .  r, a 1®.a, = a*°x<05 -  bj,      (1)

x < 2 > <==> afcx<2> -  b. = 0  (2)
*o *©

A dding  (1) and (2) g i v e s

-fer, a*®.a. = afex<o > -  a^x* 2 >"i “ ' “ i

a fe(r,  a,  -  x<°> + x < 2 >) = 0  

S i n c e  a ^  * 0 ,  r, a, -  x< 0 J + x< 2 > = o
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.  .  x £2 5 -  x< 0 > = - r ,  a, 

x< 2 J -  x<°> b e i n g  a  m u l t i p l e  o f  a,  means  t h a t  x t 2 J  i s  t h e
A

o r t h o g o n a l  p r o j e c t i o n  o f  x t0 >  o n t o  .

x ‘ 2 ) = x <°> -  r , a, .

T h i s  c o m p l e t e s  t h e  p r c o f  o f  lemma 2 .

3 . 5  The S i g n i f i c a n c e  c f  C k 't =  ±1*9

I n  lemma 1 ,  we e x c l u d e d  Cj»l = ±1 m a i n l y  t o  a v o i d

d i v i s i o n  by z e r o .  E u t  t h e s e  v a l u e s ,  e s p e c i a l l y  Cbi. = - 1

u n d e r  c e r t a i n  c o n d i t i o n s ,  h a v e  some i m p o r t a n t  m e a n i n g .

S i n c e  C u I i s  t h e  c o s i n e  o f  t h e  a n g l e  b e t w e e n  and  ^ ,
10  *0

C|,’i = ±1 i m p l i e s  t h a t  £  Hj, i s  p a r a l l e l  t o  T h e r e  a r e  2

c a s e s .

C a s e  I s  ^ H b (1 <̂ H< = 0 an d  H. (1 H- * 0 .
------------  *0 r9

C a s e  2 :  f |  = 0 and  H. . 0  H; = 0 .
•  * 0 *0

C a s e  1 s h o u l d  n o t  w o r r y  u s  b u t  c a s e  2 s h o u l d ,  f c r  t h e

o b v i o u s  r e a s o n  t h a t  t h e r e  i s  no s o l u t i o n .  To e s t a b l i s h  t h e

c o n d i t i o n  u n d e r  w h ic h  c bL = ~1 i s  i m p o r t a n t ,  we h a v e  t h e
*•

f o l l o w i n g : -  

Lemma 3

x < » ’ f  S g  i f f  d^ > S .
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P r c c f

a)  ( = = »

x<°>  $  Sg ==> 3 j  6 I  s u c h  t h a t  dj > £ .

B u t  du > d.* -V- i  6 I  by d e f i n i t i o n  (8) .
“o u

• ■ d jj ^ S •

b) « = = )

d. > S ==> x « ° >  n f  ,  w h e re  Hjf = { x j a ^ x  -  bb < S} 
fy ^ *o o

==> x < o j £ S f .

Assume t h a t  x <0> ^  S,  t h e n  

Lemma U (K ro l  a n d  Mirman)

F or  any  i  £  I

a)  d* -  d bCL- > 0 and  Cu ' = - 1  ==> i n c o n s i s t e n c y ,
1 <0 IJ to

b)  | c b : |  * 1  an d  g .  > 0 ==> g ,  > 0*to1 u L

P r c c f  o f  a)

d ; - ^ c< i > 0  ==> d <; 5  - d j;
c u i  = - 1  <==> a>i -  - a ‘ .

S u p p o se  v S S .  Then

v e  S ==> a v -  b • < 0u

s i n c e  Cj, fc = - 1 .

==> a v -  a 6x* 05 + d • < 0
t-

« •

==> a ‘ v  -  a t x < ‘>> -  d^  < 0

==> -a**v + a ^ x t o *  -  db < 0

==> a**v -  a*»x<0> + db > 0

==> afev -  b. > 0

= = > v  ft S .  

C o n t r a d i c t i o n ,  t h e r e f o r e  (a)  h o l d s .

2 2

(1 )

(2 )

by d e f i n i t i o n  (7) 

by (1) a b o v e  

by (2) a b o v e

by d e f i n i t i o n  (7)



P r o o f  o f  (b)

I Cl J | * 1 <==> I C . J  < 1 
*• *•

di, -  d ’ Cu;
gv = — * by e q .  ( 3 . U . 2)

v£ - c |;

J i -  c?
hO

1 *  c b iA t= g , + (du -  d • ) ----- . A—  by e q .  ( 3 . 4 . 1 )
t  *0------------------ ---------------

^  -  c| ;

> g.  s i n c e  di, > d- a n d  (c.  i  | < 1 .
0 *0 ^

* A
.  • g • > 0 ==> g . > 0

t- t

T h i s  c o m p l e t e s  t h e  p r o o f  o f  lemma 4 .

N o te  t h a t  p a r t  (b) o f  t h e  lemma sh o w s  t h a t  c o n s t r u c t i o n  o f  

s u r r o g a t e  h y p e r p l a n e  i s  v a l i d .

3 . 6  R e c u r s i v e  D e f i n i t i o n s

We s h a l l  now g i v e  t h e  r e c u r s i v e  d e f i n i t i o n s  o f  some o f  

t h e  f o r m u l a e  a l r e a d y  e s t a b l i s h e d  w h ic h  a r e  n e c e s s a r y  f o r  

t h e  f o r m a l  s p e c i f i c a t i o n  o f  t h e  a l g o r i t h m .  I t  i s  o b v i o u s  

f ro m  d e f i n i t i o n  15 t h a t  r .  > d b .  T h e r e f o r e  o u r  s u r r o g a t e
re

h y p e r p l a n e  o f  lemma 2 i s  now t h e  f a r t h e s t  h y p e r p l a n e  f ro m  

x < 0 >. I f  we now u s e  r ,  and  a ( a s  dj, and a*® r e s p e c t i v e l y .
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we c a n  c o m p u te  r a an d  a a an d  h e n c e  x < 3 > a s  shewn i n  lemmas 

1 and 2 .  T h a t  i s ,  f o r  seme i  € I  o u r  n e x t  s e t  o f  f o r i r u l a e  

a s  d e r i v e d  i n  lemmas 1 a n d  2 a r e

d- -  r, a ,  . a 1

t*
S i~ - <3. . a* -)2I 

Aj  A Ir. -  d* a ,  . aA  ___ '_______________

JL  -  (a,  - a 1”) 2

i i i )  g .  + g .a ,  .a*' = r, Vl -  (a . a u)2  #&• t  *

i v )  g a, .a*" + g- = d̂  v̂ L -  (a, . a c ) 2 ,
1

§2 + g2 + 2 g , g , a  . a 1
v) r* = r  2 + g? =  -------   r - - ----------- ,

* ’ «- l - ( S , . a fc) 2

A
g  . g  .

• * A  O A U _  tvi )  aa = ----------------------------- a,  +  a ,

r  J l  -  ( a , . a L) 2  r  J l  -  (a,  .a* )*

v i i )  x<3> = x<o> -  r a a a .

T h i s  p r o c e s s  c a n  be r e p e a t e d  a s  many t i m e s  a s  n e c e s s a r y .  

T h e r e f o r e ,  l e t  k b e  t h e  i t e r a t i o n  n u m b e r .  Then  f o r  k = 0 , 1 ,  

2 ,  . . .  we r e p l a c e  t h e  s u b s c r i p t  1 by k+1 i n  d e f i n i t i o n s  15 

t o  17 and  lemmas 1 and 2 m ak in g  them  r e c u r s i v e .  T h e se  

r e c u r s i v e  fo rm  w i l l  be g i v e n  a n d  u s e d  i n  t h e  f o r m a l  s p e c i f ­

i c a t i o n  o f  t h e  a l g o r i t h m .  F u t u r e  r e f e r e n c e s  t c  s u c h  d e f i n ­

i t i o n s  w i l l  be  d i r e c t e d  t o  t h e  s t e p s  o f  t h i s  a l g o r i t h m .
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3 . 7  F o r m a l  S p e c i f i c a t i o n  o f  A l g o r i t h m  I

1) C h o o se  x<o> e  R* a r b i t r a r i l y ;

2) d = Ax<°> -  b ;

3) C h o o s e  p G I  s u c h  t h a t  dj, > d- -V" i  6 I ;O Iff
4) I f  d. < 0 ,  t h e n  x ‘ « J  G S ,  s t o p ;

°  b
5) r a = d,, ,  a e = a p» ,  k = 0 ;

*0
6) c k4l = Aa,7 ;

7) C h o o s e  p 6 1 s u c h  t h a t  gz = max gf
U i i  G I , g - > 0 L

w h e r e  g?  ----------------------------  M- i  G I ;
u 1 -  c2  '

8 ) 1 I f  3 i  6  I  a n d  k s u c h  t h a t  c,<4l ^  - 1  a n d  > 0 ,  

t h e n  s t o p  w i t h  no  s o l u t i o n ;

9) z i f  dj, -  r^Cj, < S ,  s t o p  w i t h  x<J<+* > = x <0> -  r ;< a k

a s o l u t i o n ;

10) ^  = f r £  ♦ ;
7t+<

db -  r. c b
i d  3h b = x — ;

™  r 4+, -  c f  )

dK -
1 2 ) 3h b =

7<4I
V .  <*

13)
A
a k+l = 0t  a.

14) c k4a =

i -4 t !  -  I X - U 4 — f e l A j t a .  .

V  ' " r  11 -  ci >
lb ;
7<+l

15) k = k + 1 and  go t o  7 ;

1 See  s e c t i o n  3 . 9 . 1  on i n c o n s i s t e n c y .

2 cl, i s  a  s h o r t  fo rm  o f  t h e  s c a l a r  c., , u .
/̂c+l

3 X i s  a r e l a x a t i o n  p a r a m e t e r .  S ee  e g .  ( 8 . 3 . 3 )  f o r  v a l i d  
v a l u e s .
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3 . 8  V a l i d i t y  o f  t h e  S u r r o g a t e

lem m as  1 t h r o u g h  a a r e  a l s o  v a l i d  f o r  t h e  r e c u r s i v e

f o rm s  s i n c e  we h a v e  shown i n  t h e  r e c u r s i o n  s e c t i o n  t h a t  

w h e r e v e r  dj, a n d  a*® a r e  u s e d ,  rk and a u c a n  b e  u s e d  f c r  a l l  

k .  I n  lemma 2 we o n l y  p r o v e d  t h a t  a ,  i s  a  l i n e a r
I* uc o m b i n a t i o n  o f  a "  a n d  a  • We s h a l l  now p r o v e  t h a t  i t  i s  a  

p o s i t i v e  l i n e a r  c o m b i n a t i o n .

lemma 5 F o r  a l l  k ,

i )  af< i s  a  p o s i t i v e  l i n e a r  c o m b i n a t i o n  o f  a fc_( and  a 1'* .

i i )  I | a fe | I = 1 .

P r o o f s  (For  p r o j e c t i o n ,  i . e .  X = 1)

i )  I f  g< < 0 -V- i  e  I ,  t h e  a l g o r i t h m  t e r m i n a t e s  a t  s t e p  9 .I*
T h e r e f o r e  g o i n g  b e y o n d  s t e p  9 i m p l i e s  t h a t  g. > 0 .

g, > 0 ==> g. > 0 by lemma 4 (b)

.  A gfe c.
• . B o th  h b = -----------®-------  and  h b = ----------- ^ -------  a r e

i  -------------------  t  r — -
V 1 -  c/f -  c|

p o s i t i v e .

i i )  T h i s  p a r t  w i l l  be p r o v e d  by i n d u c t i o n .

a)  k = 0
. . A . . ^  A A
I l a o 11 ~ a „ - a 0

W b
= a ^ . a 1® by s t e p  5 .

= 1 by  n o r m a l i z a t i o n  o f  a 1' -V- i  e I .

b) Assume t h a t  t h e  lemma i s  v a l i d  f o r  k = n .
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{ | a A+, | | 2 = i f ------------ k ±L— a A + -------------------------------- | 2

* ci L  • ci «
by  s t e p s  7 , 1 1 , 1 2 , 1 3

1
= ---------------------- (9jf + 2g g ch + g 2 )

r 2 (1 -  c ?  ) *n+l ,rv*! ^v+*
n4’ f>v+\

/»  A
s i n c e  a A. a A = 1 by  i n d u c t i o n  

and a ^ ' . a ^ 1 = 1 by n o r m a l i z a t i o n

1
 ---------------------- r 2 ( l  -  c ?  ) by s t e p s  7 , 1 0 , 1 1 , 1 2

(1 ■ * V
= l

• • I I a jt  I I ~ 1  "V* K

T h i s  c o m p l e t e s  t h e  p r c o f  o f  t h e  lemma®

3 . 8 . 1  The K u h n - T u c k e r  C o n d i t i o n s

A

We h a v e  shown i n  t h e  l a s t  lemma t h a t  hb a n d  hj, a r e
‘te-M <lt4l

p o s i t i v e .  We a l s o  h a v e  t o  show t h a t  t h e y  s a t i s f y  t h e  Kuhn-  

T u c k e r  c o n d i t i o n s  f o r  t h e  a u x i l l i a r y  p r o b l e m .  S i n c e  we u s e  

2 c o n s t r a i n t s  a t  a  t i m e ,  e q u a t i o n s  ( 2 . 2 . 2 )  and  ( 2 . 2 . 3 )  

r e d u c e  t o

m a x im iz e  f  (h) = h. i .  + hb d b
H<rH “ 'fe+i *k4(

s u b j e c t  t o  h?  + 2h. hb c b + h 2 = l
Tt-*i '/rtf <k+i

F o r  t h e s e  a b o v e ,  t h e  K u h n - T u c k e r  c o n d i t i o n s  demand t h a t

tl /u > 0 s u c h  t h a t  h s a t i s f i e s  t h e  f o l l o w i n g  6 c o n d i t i o n s : -

1) r. -  2/43(6, + h,, ) < 0 ,
f< /<.+! 'mi
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2) h,, (r. -  2 / u ( L  + h* cb ) )  = 0 ,
•u+i K 'k+i '4+< £+1

3) di — 2 /u (hu Cl + h b } S 0 ,
h tM  Mt-H '(OH V4+>

4) Ik  (db -  2 / u ( h .  c b + h. ) )  = 0 ,
Wi+I *k+t 'te+i 'lt+» 'te+l

5 )  h ?  ♦  2 h L  h.  C l  +  h j  - 1 = 0 ,
'/<-+< 7<c+t 'A-41 '*<+> ''<+>

6 )  ^ ( h . 2  ♦  2 <h . > I K  C l  +  h  2  -  1 )  =  0 .
*«4+l 7<4( 70+ ' ' k ' i *  7<-t»

We shew ed  i n  lemma 5 ( i i )  t h a t  c o n d i t i o n  5 i s  s a t i s f i e d .  

T h e r e f o r e  a n y  /u  > 0 t h a t  s a t i s f i e s  c o n d i t i o n s  1 - 4 ,  

s a t i s f i e s  c o n d i t i o n  6 .

The l e f t  h a n d  s i d e  ( l h s )  o f  c o n d i t i o n  1

2 /u
= r, -   (g. + gb cl ) by  s t e p s  7 , 1 1 , 1 2

j  */<+( Tt-fi w*
r, VI -  eg
^  &+i

2 Ai
= r. -  ---------------

•k+1
v T -rk v l  -  c ?  by s t e p s  7 , 1 1 , 1 2

«<     /Lai
r  y l  — r 2
* "  U

2 /U
= r ,  ( 1 ------------- )

r /<-+<

S e t  A3 = rk4l / 2   (1)

S u r e l y  t h i s  s a t i s f i e s  c o n d i t i o n s  1 and  2 .  L e t  u s  t e s t  t h i s  

on c o n d i t i o n s  3 and  4 .

The l h s  o f  c o n d i t i o n  3

2 vu A
= du -   (a, c h + g, ) b y  s t e p s  7 , 1 1 , 1 2

Tc+i---------------_ -----------  /j’.+f <k+i
r,.., J l  --u+. —  cj?v+i
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(9h c b *■ Qu ) by  (1) a b o v e

by s t e p s  7 , 1 1 , 1 2

S i m i l a r l y ,  /a  = r ^ ,  / 2  s a t i s f i e s  c o n d i t i o n  4 .

T h e r e f o r e ,  h s a t i s f i e s  t h e  K u h n - T u c k e r  c o n d i t i o n s  f o r  

t h e  a u x i l l i a r y  p r o b l e m .

3 . 9  T e r m i n a t i o n  o f  t h e  A l g o r i t h m

I n  a l l  i t e r a t i v e  s c h e m e s ,  t h e r e  h a s  t o  b e  a t  l e a s t  o n e  

e x i t  f ro m  t h e  l o o p .  I n  o u r s  we h a v e  c i v e n  2 -  s t e p s  8 and  

9 .  We w an t  t o  j u s t i f y  t h e  2 s t e p s .  We h a v e  5 t h e o r e m s  f o r  

t h i s .  The f i r s t  o n e  i s  t h e  p r o o f  o f  s t e p  9 -  s u c c e s s f u l  

t e r m i n a t i o n  o f  t h e  a l g o r i t h m .  We c h o s e  t o  do t h i s  f i r s t  

b e c a u s e  i t  i s  v e r y  s h o r t .  The s e c o n d  t h e o r e m  i s  f o r  

a b o r t i n g  t h e  a l g o r i t h m  -  p r o o f  o f  s t e p  8 .  We do n o t  c l a i m ,  

h o w e v e r ,  t h a t  t h i s  t e r m i n a t i n g  f a c t o r  c f  s t e p  8 w i l l  a l w a y s  

be f o u n d  i f  t h e  s y s t e m  i s  i n c o n s i s t e n t .  The o t h e r  3 

t h e o r e m s  a r e  c o n v e r g e n c e  t h e o r e m s  an d  a r e  f o u n d  i n  c h a p t e r  

5 .  I n  t h e s e  3 t h e o r e m s  we show t h a t  i f  t h e  s y s t e m  i s  

c o n s i s t e n t ,  we s h a l l  a l w a y s  g e t  t h e  c o n d i t i o n  o f  s t e p  9 .

Theorem 1

A n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  f o r  x<J<> € S_ i s  t h a t
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£
9 k G { 1 , 2 , 3 ,  . . . }

P r o o f

x«l<> 6 <==> afcx<^5 -  < S

-  bt‘ < S  -v- i  e  I  by s t e p  S 

by d e f i n i t i o n s  (6) a n d  (7)

S
by s t e p  9

3 . 9 . 1  I n c o n s i s t e n c y

I n  lemma 4 ( a ) ,  a  c o n d i t i o n  t h a t  r e v e a l s  i n c o n s i s t e n c y  

was g i v e n .  T h a t  c o n d i t i o n  i s  o n l y  cood i f  t h e r e  a r e  two 

n o n - i n t e r s e c t i n g  p a r a l l e l  h a l f - s p a c e s  an d  o n e  o f  them  i s  

t h e  m o s t  v i o l a t e d .  I n  s u c h  a  c a s e ,  t h e  i n c c n s i s t e n c y  i s  

d e t e c t e d  d u r i n g  t h e  v e r y  f i r s t  i t e r a t i o n .  I f  t h e  x < 0> we 

a r e  u s i n g  d o e s  n o t  make o n e  o f  t h e  p a r a l l e l  h a l f - s p a c e s  t h e  

m os t  v i o l a t e d ,  t h e  i n c o n s i s t e n c y  w i l l  n o t  b e  d e t e c t e d  u s i n g  

lemma 4 ( a ) .  Lemma 4 ( a )  w i l l  some t i m e s  f a i l  t o  d e t e c t  t h e  

c a s e  w h e re  t h e r e  a r e  no p a r a l l e l  h a l f - s p a c e  and y e t  t h e r e  

i s  no common i n t e r s e c t i o n  o f  t h e  h a l f - s p a c e s .

I n  o r d e r  t o  p r o v e  o u r  c l a i m s ,  l e t  u s  p r e s e n t  t h e  3 t y p e s  

o f  i n c o n s i s t e n c y  i n  t h e  l a n g u a g e  o f  p r o p o s i t i o n s .
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Type I s  ’

Two n o n - i n t e r s e c t i n g  p a r a l l e l  h a l f - s p a c e s  an d  o n e  o f  

them i s  t h e  m o s t  v i o l a t e d .

x CO>r- r x< * >

a n o

F i g .  3 . 5

P r o p o s i t i o n  1

A t y p e  1 i n c o n s i s t e n c y  w i l l  b e  d e t e c t e d  a t  t h e  v e r y  

f i r s t  i t e r a t i o n  u s i n g  lemma 4 ( a ) .  T h a t  i s ,  3 i  6 1 s u c h  t h a t  

x<*> f  H* and  a L = - a fl

i . e .  d« -  r  a_ . a c > 0 and  a .  . a 1 = - 1 .I, o O o

P r c c f

Type I  ==> 3 i  6 I  s u c h  t h a t  Ho f )  Ht' =

==> a*' = - a „  and x<*> $ H- s i n c e  x<»> 6 H„ •0 r u o

To c h c o s e  t h e  p i n  o r d e r  t c  c o n s t r u c t
i

®. = + h> a|9' '1 I
we m u s t ,  f o r  a l l  i  6  I ,  i n s p e c t  t h e  d i s t a n c e s  d  ̂ -  r o a e .a*- 

f o r  a maximum p o s i t i v e  v a l u e  an d  t h e  d o t - p r o d u c t s  a ^ . a 1" f o r
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t h e  v a l u e  o f  - 1 .  S i n c e  t h e s e  c o n d i t i o n s  e x i s t  f o r  some 

i  * p , t h e y  w i l l  be  d e t e c t e d  i n  t h e  v e r y  f i r s t  i t e r a t i o n .O
•  *

• .  3 i  S I  s u c h  t h a t  d^ -  re a„ • a 1' > 0 a n d  a 0 . a 1, = - 1 .

Type 2 :

Two n o n - i n t e r s e c t i n g  p a r a l l e l  h a l f - s p a c e s  a n d  n o n e  o f  

them  i s  t h e  m o s t  v i o l a t e d .

o y

F i g .  3 . 6

P r o p o s i t i o n  2

Once we m i s s  a  t y p e  2 i n c o n s i s t e n c y  a t  t h e  f i r s t

i t e r a t i o n ,  we m i s s  i t  f o r e v e r .  I n  o t h e r  w o r d s ,

a . a 1, t  - 1  ==> a, .a*" * - 1  ■¥• k .
>

E u t  3 k and  i  €  I  s u c h  t h a t  x <k + z > 4  H- a n d  a 4, = -a^-n.

P r o o f

n o t  a  p a r a l l e l  h a l f - s p a c e s  ==> l a ^ . a 1' !  * 1
& A  U==> a e • a * - i  -v* i  e i .

T h e r e f o r e  t h e  c o n s t r u c t i o n  o f  t h e  f i r s t  s u r r o g a t e  w i l l  be 

d o n e .  S i n c e  t h i s  c a s e  i s  s u c h  t h a t  S = t h e  i t e r a t i o n  

w i l l  c o n t i n u e  s a t i f y i n g  o n e  c o n s t r a i n t  and v i o l a t i n g

32



a n o t h e r .  Some t i m e  i n  t h e  i t e r a t i o n ,  o n e  o f  t h e  p a r a l l e l  

h y p e r p l a n e s  w i l l  b e  c h o s e n  f o r  t h e  c o n s t r u c t i o n  o f
A A A  b
a, = h K a, + h. a^+'.

I?.,. '*• k .'k-H
S i n c e  Hu i s  p a r a l l e l  t o  and  n c n - i n t e r s e c t i n g  w i t h  H> f o r  

nt-H °
some i  6 I ,  i  * p ,  we h a v e  

b ' k4’
a ^ ' . a 6 = - 1  and  x< > & H> s i n c e  x<*<+2 > e  H. .

'■ n. '6 1*4*
by n o r m a l i z a t i o n .

A  '?<•»<

= - ( h u  c .  + hu ) by s t e p  13 
'wi W<4» IJiM

%4*

Lk-H

* - 1

by s t e p s  7 , 1 1  a n d  1 2

s i n c e  d * < r. -V- i  e  I  and  -V k

.  .  a - a 0 * - 1  ==> a, . a 1 # - 1  -V- k ,0 H
b u t  x tJ< + 2> d H* and  a c = - a ,<+l f o r  some k a n d  i  S I .  r  c

Type 3 :

T h e r e  a r e  no p a r a l l e l  h a l f - s p a c e s  and S = JZT-

o >

A

HH •
/< +  !

F i g .  3 . 7  
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P r o p o s i t i o n  3

I f  a t y p e  3 i n c o n s i s t e n c y  e x i s t s ,  t h e n  
* » 

a . a 1, * - 1  an d  a, •a*' = - 1  d e p e n d s  on x co> .
O M l  *

P r o o f

No p a r a l l e l  h a l f - s p a c e s  ==> Ja • a l' |  * 1 -V" i  * pO
==> a0 . a 1* * - 1  ■¥• i  0 I  •

S u p p o se  t h a t  3 k  and  i  6 I  s u c h  t h a t
, t

d* -  r  a. . a fc > 0 an d  a. . . . a 1 = - 1 ,l Ic-tl /<+< k+<
A

t h e n  H. i s  p a r a l l e l  t o  a n d  n o n - i n t e r s e c t i n g  w i th  H - .<<+, ■=■ ■ _ -  t
i  L A. a  = -1  ==> a  = -a,J<4> H+la, ., .a*" = -1  ==> a fc = -a ,  by  n o r m a l i z a t i o n

-=> a  , a ,<4' = - a f̂ ( , a  u4>

= “ (fy, Cu + hi. ) by s t e p  13

= -  — it!  by s t e p s  7 , 1 1  and  12

*  £(^ >
= f ( x < ° > )

T h i s  shows t h a t  a c . a1**1 i s  a f u n c t i o n  c f  t h e  s t a r t i n g  p o i n t

x < ° > .  B u t  ¥■ i , j  6 I ,  a 1” , a J i s  i n d e p e n d e n t  o f  x<®>.
# A I. • a fc+| . a  = - 1  d e p e n d s  on x < 0 >. ...... (1)

The c o n d i t i o n  i n  (1) m eans  t h a t  t h e  s u r r o g a t e  h y p e r p l a n e ,
A

<)Hk+(, i s  p a r a l l e l  t o  h y p e r p l a n e  eJH^ and i n c o n s i s t e n t  w i t h  

i t .  W h e th e r  we w i l l  g e t  t h i s  c o n d i t i o n  d e p e n d s  on  x < o >.

N o n - r e c u r s i v e  F o r m u l a e

We now w a n t  t o  s t a t e  a n d  p r o v e  t h e  g e n e r a l  f o rm  o f
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lemma 4 ( a ) . To do t h i s  we s h a l l  n e e d  t h e  n o n - r e c u r s i v e
A ^f o r m s  o f  r k ,  a Jt and  bfc .  T h e s e  f o r m s  a r e  a l r e a d y  d e f i n e d  i n

s e c t i o n  2 . 2  a s  e q s .  ( 2 . 2 . 2 )  a n d  ( 2 . 2 . 5 ) ,  b u t  we w a n t  t o

r e - d e f i n e  them now a s  f u n c t i o n s  o f  k .  From t h e  r e c u r s i v e

d e f i n i t i o n  i n  s t e p  1 3 ,

= (hb ( . . .  (hw (h. a**® + hua^1) + + t u a 1*) ♦ h i ,  a 1*"
*4 ' '/tit M< 'x n i 'a  7< 7<+i

L e t  u s  d e f i n e  u f ,<3 a s  t h e  f a c t o r  a t  t h e  k t h  i t e r a t i o n  by
I*

w h ich  a n y  g i v e n  c o n s t r a i n t  n o r m a l ,  a 1, ,  h a s  b e e n  m u l t i p l i e d  

t o  g e t  t h e  s u r r o g a t e  c o n s t r a i n t  n o r m a l ,  a k . We t h e r e f o r e  

h a v e  t h e  f o l l o w i n g  r e c u r s i v e  f u n c t i o n  f o r  t h e  v e c t o r ,  u f k >,

u t ° j  s  e b ,
O

A
u <f< + = h. u<'<3 + hj, e .  .

“<+< 7<+l «f<4l

With t h i s  we c a n  t h e n  r e - w r i t e  (1) a b o v e  a s

m

( 3 . 9 . 1 )

a, s  C u . ‘ k ) a = ATu<^> ¥  k ( 3 . 9 . 2 )

A l s o  t o  g e t  t h e  a l t e r n a t i v e  d e f i n i t i o n s  f o r  b(< a n d  r k ,  we

h a v e

m
a k x<°>  = ZH u<K>at x<o>

i = l  0 

ra
= ZZu.<*‘ > ( d |; + b • ) 

i = l  "

= d Tu*'<3 + bT c t#<3

b^ = bT uCfo  ( 3 . 9 . 3 )

a n d  r., = a.  x < « ’ -  b, = d Tu<»<> -V-k. ( 3 . 9 . 4 )

N o te  t h a t  f o r  a l l  k ,

1)  u<'<> 5 0 w i t h  u l,<> 4 0

2) At u<*<3 i s  a  n o r m a l i z e d  v e c t o r  ( 3 . 9 . 5 )
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and  3) dT u « f< » > 0 .

Theorem 2

i
S = fS i f  cJk a n d  i  6 I  s u c h  t h a t  d^ -  rfc au . a L > 0

an d A t, „3. *3 = *1  • U

P r o o f

d • -  r, a. t -V• a  >
*

0 <==> a c x f 0 J  -  b> -  r. a.t, k It 
<==> a fc(x < o )  -  r ;< au ) -

<==> a fcx <k +> > -  b t* > 0
s i n c e

<==> x </<+i> $  s .

. a £ > 0  by d e f .  7 

b t- > 0

x</<+i > = x< °> -  r & a,t

A l s o  a;< • a c = - 1  <==> a (< = - a • • (2) 
s i n c e  a u . a c = 1 .

flow c o n s i d e r  ani a r b i t r a r y  v G .

v G H;U <==> a t v -  b • < 0t*

<==> a ^ v  + d,* -  a Lx <05 < 0 by  d e f   ̂ 7

==> a 6 v + r. a. . a 1 -  a t x <0> < /< k 0 s i n c e  d j  > r fe a k . a 1

<==> a 0 (v + r k a,^ -  x* 0 >) < 0

<==> - a k (v + r/< at< -  x< °>)  < 0 by (2)

<==> V  + r»< -  V ' 0> > 0

<==>
/V . _a. v  -  fc. > 0  /< i< by  e q .  ( 3 . 9 . 4 )

<==>

<==>

(ATu<k >)T v -  bT u<'< > > 0

ID
2Z  u< J (aJ v -  b •) > 0
j = l  J J

by e q .  ( 3 . 9 . 2 )  
a n d  ( 3 . 9 . 3 )

==> 3 t  G I  s u c h  t h a t  a* v - b > 0-t
<==> v j! f o r  some t  6 I .

. .  S = 0 i f  ilk a n d  i  G I  s u c h  t h a t  d •t
/> l v .-  r fe . a  > 0

an d a. . a 1 = - 1 .k
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3 , 1 0  Narrow Cone

L e t  u s  e x a m i n e  t h e  b e h a v i o u r  o f  t h e  s e q u e n c e ,  {x<k J} 

i n  a s y s t e m  w i t h  a v e r y  s m a l l  a n g l e .

c o s  (oc)

4 i

->  x, - a x i s
x c i )x<0>

XC4 )

F i c .  3 . 8

S u p p o se  we h a v e  t h e  f o l l o w i n g  3 - c o n s t r a i n t  s y s t e m  i n  a 2-D 

s p a c e .

-8  1 \  /  0
-S - 1  x < 0
- 1  0 /  \  c c s  (at)

w here  S  > 0 i s  v e r y  s m a l l  s u c h  t h a t

t a n  (oc) = S < 0 . 5 .

x *  = ( 0 , 0)T i s  t h e  v e r t e x  o f  t h e  f e a s i b l e  c o n e .  

L e t  t h e  i n i t i a l  g u e s s  b e

x<o> = ( - 2 c c s  (oc) ,0)T •

I t  i s  e a s y  t o  s e e  t h a t



X < t )  =  ( -C C S  (pc) , 0) r

and x < 2 > * ( - c o s  (<x) , - s i n  (oc) )T .
V *

L e t  t ;  b e  t h e  a n g l e  d e f i n e d  by t h e  l i n e  a n d  t h e

h y p e r p l a n e  on w hich  x < J + * J l i e s ,  

and 0- b e  t h a t  d e f i n e d  by t h e  l i n e  x< o >X<d > a n d  t h e  x, - a x i s .

C o n s i d e r  t h e  t r i a n g l e  f o rm e d  by t h e  p o i n t s  x < 2 , , x < 3 > an d  x * .

I | x < 3 > | |  l | x c z > | |
------------------------  = --------------------- by  t h e  s i n e  r u l e

s i n  (2 oc + t a ) s i n ( t a )

1

s i n  (t* ) 

s i n  (2 oc t a ). . 11x< 3 > | |
s i n  ( t a )

But  x < 3 > = ( - |  | x < 3 > | | c o s  (oc),  | | x < 3 J | [ s i n  (oc))T .

.  s i n  (2 oc + t a )
.  .  x < 3 > = --------------------------- ( - c o s  (oc) , s i n  (oc)) .

s i n  ( t a )

S i m i l a r l y ,  f rom  t h e  t r i a n g l e  fo rm ed  by x <3>, x<*> and x * 

we h a v e

s i n  (2 oc + t 3 )
I Ix<* >| |   1 |x< 3 > | l

s i n  ( t3 )

s i n  (2 oc + ) s i n  (2 oc + )

s i n ( t 3 ) s i n ( t a )

s i n  (2 oc + t 3 ) s i n  (2 oc + t %)
• .  x<*>      ( - c o s  (oc) , - s i n  (oc))

s i n ( t 3 ) s i n ( t a )

C o n t i n u i n g  t h u s ,  we h a v e

k

- C h + U  =
s i n  (2 oc + t -  )

---------------------  t— ( —c o s  (<x) # ( - i f  s i n  (oc))  (1)
s i n  ( t  - ) 

3=2
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s i n  (2 <x + t^ . )
To e x a m i n e  t h e  f a c t o r  ----------------------- — f u r t h e r ,  we h a v e  t o

s i n  ( t j  )

q i v e  m ore  i n f o r m a t i o n  a b o u t  t h e  a n g l e s  on t h e  d i a g r a m .

X< 3 >

F i g .  3 . 9

From t h e  t r i a n g l e  fo rm e d  by t h e  p o i n t s  x<2 >, x t 3 > , x * ,  we h a v e  

t a + (9 0 °  -  2 a) + 2 (x = 1 8 0 ° ,  sum o f  i n t e r i o r  L  s  o f  a 

t a = 9 0 ° .

From t h e  t r i a n g l e  f o rm e d  by x < * > , x < 3 > , x < * >, we h a v e

t j  = (9 0 °  -  2 oc) + (oc + 03 ) ,  e x t e r i o r  o f  t h e  t r i a n g l e .

t a = 9 0 °  -  OC + ea .  (2)

From t h e  t r i a n g l e  f o rm e d  by x ( 4 ) , x < 5 ) , x *  , we h av e

t .  + 2 x + ( t ,  -  0, -  9 \ -  1 8 0 ° ,  sum o f  i n t .  L  s  o f  A  •

i . e .  t M + 2 oc + (90°  -  oc -  0^) = 180® by (2 )

.  .  t  = 9 0 °  -  oc + 9. .T
We can  now c o n c l u d e  t h a t
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t  , = 9 0 °  -  oc + 0- -V- j  .(3)

N o t e  t h a t  f o r  j  = 2 ,  6X = oc.

t  = 9 0 °  -  oc + 0a
= 9 0 °  a s  f o u n d  a b o v e .

A l s o  f o r  j  = 1 ,  0( = 0 .

• .  t ,  = 9 0 °  -  oc a s  c a n  b e  s e e n  i n  t h e  d i a g r a m .

s i n ( 2 o c  + t« ) s i n (9 0 °  + oc + d- )
Now ---------------------- ^—  --------------------------------J----- by  (3)

s i n ( t j )  s i n  (9 0 °  -  oc + 0j )

c o s  (oc + 0> )— ... .. . . .  (4 )
c o s  (ec -  By)

S i n c e  oc i s  v e r y  s m a l l  and  oc > 0* -V” j ,  we h a v e

9 0 °  > 2 oc > 0c + 0* > oc -  0' > 0 •«J J

.  .  0 < c o s  (2 oc) < COS (X + 0 / )  < cos(oc -  0>) < 1 .

• c o s ( 2 o c )  cos(oc + 0 ’ )
. .  0 < c o s  (2 oc) < ------------------------ <  < 1 . . . ( 5 )

c o s  (« -  0 y ) c o s  (oc -  Qj )

E q u a l i t y  h o l d s  o n l y  f o r  j  = 2 .  From ( 1 ) ,  (4) a n d  (5) we h a v e

k

( c o s  (2 ac) )k - i  < | | X C(C +  1 > |  |  =

1=2

c o s  (OC + 0 ')
 < I  . . . .  (6)

c o s  (oc -  0 4)

c o s  (x + Qj)
w h e r e  0 <  < 1  i s  t h e  e r r o r  d e c a y i n g  f a c t o r ,

c o s ( «  -  0 j )

The l o w e r  bound  i n  (6)  sh o w s  t h a t  c o n v e r g e n c e  c a n  be  

e x t r e m e l y  s lo w  i f  oc i s  v e r y  s m a l l  an d  we a r e  o s c i l l a t i n g  

b e tw e e n  t h e  two h y p e r p l a n e s  w i t h  a n g l e  < 2 oc.
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4 .  RE-INITIALIZING SURROGATES

We saw i n  t h e  l a s t  s e c t i o n  t h a t  even  when c o n v e r g e n c e  

seem s  o b v i o u s ,  t h e  p r o c e s s  iray be  v e r y  s lo w  b e c a u s e  we a r e  

t r a p p e d  in  a  n a r r o w  c o n e .  The r e a s o n  f o r  t h i s  i s  t h a t  x f0> 

i s  f i x e d .  I f  we c a n  r e n e w  x<°> a t  c e r t a i n  p c i n t s  d u r i n g  

i t e r a t i o n s ,  we w i l l  a v o i d  o s c i l l a t i n g  t o o  l o n g  i n  a n y  c o n e .

C o n s i d e r  f i g .  3 . 8  o n c e  m o r e .  I f  x 4°> i s  r e - i n i t i a l i z e d  

a f t e r  a r e p e a t  u s e  o f  a n y  c o n s t r a i n t ,  x *  wculd  b e  t h e  

i m m e d i a t e  s u c c e s s o r  t o  x < * J.  I n  o t h e r  w o r d s ,  t h e  f e a s i b l e  

v e r t e x  w ould  b e  r e a c h e d  a f t e r  4 i t e r a t i o n s .  On t h e  e t h e r  

h a n d ,  r e - i n i t i a l i z i n g  a t  e a c h  i t e r a t i o n  w ou ld  h a v e  x *  a s  a 

s u c c e s s o r  t o  x < 2 >. ( N c te  t h a t  x < 2 > ,  n o t  x c i >, i s  t h e  f i r s t  

i t e r a t e ) .  A t h i r d  t e c h n i q u e  we w ou ld  l i k e  t o  c o n s i d e r  i s  

r e n e w i n g  x<°>  a t  e v e r y  o t h e r  i t e r a t i o n .  A p a r t i a l  r e a s o n  

f o r  t h i s  i s  t h a t  i n  t h e  s e c c n d  t e c h n i q u e ,  e a c h  i t e r a t i o n  i s  

a f i r s t - l i k e  i t e r a t i o n  a n d  s o  w i l l  n o t  d e t e c t  n o n - p a r a l l e l  

t y p e  o f  i n c o n s i s t e n c y .

We s h a l l  c a l l  t h e  f i r s t  t y p e  S u r r c g a t e - R .  ‘ R* s t a n d s  

f o r  r e p e a t  c h o i c e  o f  c o n s t r a i n t .  The s e c o n d  t y p e  i s  named 

S u r r o g a t e - I I  s i n c e  i t  u s e s  tw o  g i v e n  c o n s t r a i n t s  a t  e a c h  

i t e r a t i o n ,  and  t h e  t h i r d ,  S u r r o g a t e - I l l .  D u r i n g  a n y  r e ­

i n i t i a l i z a t i o n ,  r ,  and a k4| a r e  n o t  c o m p u te d  b e c a u s e

x <*<+z> = x <o> _ T a,
Ifctl K-M

= x f  °> -  Tk (ty, ak + hj, a ^ ' )
<+l 7<+l 7<+l
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= x < ° >  -  (------- - k - ------ a (< + --------- - - - ------a ^ ' )  .

-  Cl \ / l  -  c?
H+i £ft-** it-*1

T h i s  means t h a t  a f t e r  a  c h o i c e  o f  Hu i s  made a n d  x < 0 >•M-l
q u a l i f i e s  f o r  r e - i n i t i a l i z a t i o n ,  we s h o u l d  t h e n  s e t

h. = X - - -  ,   ( i l . O . l )
‘u+i

A  -  c fit*k+i

h =    ( > , - 1 )  C h --------------^ t* .......  ...................( H . 0 . 2 )

L -  eg  -  Cw2
0<4'u+i 'k+i

x «o> = x<0> -  (hu a k + hu a*1**) .....................( 4 . 0 . 3 )
‘k+i '!«•

The new d i s t a n c e s  a r e  t h e n  u p d a t e d  u s i n g

d = d — (hj, + ^  A (a^L+,)T ) • • • • • • • • ( 4 . 0 . 4 )

W ith  e q s .  ( 4 . 0 . 1 )  t o  ( 4 . 0 . 4 ) ,  we now p r e s e n t  t h e s e  m o d i f i c ­

a t i o n s  o f  a l g o r i t h m - I .

S u r r o g a t e - R  A l g o r i t h m

1) C h o o se  x<° > €  Rn a r b i t r a r i l y ,  s e t  k = 0 ;

2) d = Ax<°> -  b ;

3) C h o o se  p 6 I  s u c h  t h a t  db > d • V" i  6  I ;
k £

4) I f  db < 0 ,  t h e n  x<°> 6 S, s t o p ;

5) r k = d^ , a h = a* , hyp ( i )  = »0 ' B Y- i  6 I  ;

6 > Cl<4. =

7) C h o o s e  p S I  s u c h  t h a t  g 2 = max g?
k+‘ U  i  C I , g .  > 0it

-  Tx cu*h0 z
w h e re  g.2  ----------------------------  -Y i  6 I ;

° 1 -  c 2 . •X St+I; C.

8) I f  3 i  S I  and  k s u c h  t h a t  ch+Ĵ  = - 1  an d  ĝ . > 0 ,
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t h e n  s t o p  w i t h  n o  s o l u t i o n ;

9) I f  dL -  r. c b < S , s t o p  w i t h  x <fc + i I = x <0>
'i-t-i 11 fkM

a s o l u t i o n ;

9b) I f  (hyp (p ) ) ,  go t o  1 1 * ;

9c)  hyp ( d ) = * 1 *B;
•h*

1 0 > r k „  = A 2 * >>*9^  !

11)  hk = K— - - - ^ 1 -  ;
«m . »  -  ciL>
x,. -  cL c u d. -  r .  c.

12) h. = ----  fcu-fc* -  (X-l) <v------------ tJrn.
* "  (1 -  c i , >  (1 -  CL >

r £  'k-H l k r »

W) = h c w  * h . A ( a ^  f  ;
rk*l *l<+l

15) k = k + 1 a n d  go t o  7 ;

1 1 ' )  h. = X ;
U  1 -  c  2

*ik+l

12*) h. =   -  (X-l)cw - J
PU4I 1 -  c £  ^  1 -  c?

i  T<-n
13*) x<o> = x<o J  -  (h, a. + h„ a ™ )  ;

A Km
14*)  d = d -  • (hn c h+| + hk R(a^ ' ) T ) ;

fkH '«+»
15*) k = k + 1 and  go  t o  3 ;

S u r r c g a t e - I I  f l l g o r i t h n

1) Choose  x <0> 6 Rn a r b i t r a r i l y ,  s e t  k -  0 ;

2) d = f ix«°J  -  b ;

3) C h o o se  p G I  s u c h  t h a t  dfe > d ;  -¥• i  G I*i< J*k . I*
4) I f  d t  < 0 ,  t h e n  x<o> S S ,  s t e p ;

•k



5 > Ck4i = A fa^)T » ' r |< = d b ?k
6) C hoose  p G I  s u c h  t h a t  g2 = nax g2

t a  i  6 I , g > >  0 *■

-  r k cM . ; J 2
w h e re  g,2    -V* i  £ I ;

*• 1 -  c 2 •U-H, L

7)  I f  9 i  6  I  a n d  k s u c h  t h a t  cJ{+l̂  = - 1  an d  > 0 ,  

t h e n  s t o p  w i t h  no  s o l u t i o n ;

8) I f  i  -  r, cb < S ,  s t o p  w i t h  x<fc + 1 J = x* ° > -  r. a1* a s
*fc+« 7oH

a s o l u t i o n ;

9) h. = x - . f e l A S i i '  ;
fe+l 1 -  Cf

10) h,     ( \ - l )  c*.   ;
fe+. 1 -  c l  ^  1 -  cb2

+1 Wi
A ft + h. Jfcwi :11)  x<°> = x<°> -  ( h ^ a ’5* + h^ a*i*+') ;

12) d = d -  (h^ ck+1+ h ^ f l ( a ^ ) T  ) ;

13) k = k + 1 a n d  go t o  3 ;

S u r r o g a t e - I I I  A l g o r i t h m

1) C hoose  x<° > 6 Rn a r b i t r a r i l y ,  s e t  k = 0 ;

2) d = Ax<0)  -  b ;

3) C h o o se  p C I  s u c h  t h a t  du > d ’ -V i  G I ;
*< ^

4)  I f  d fc < 0 ,  t h e n  x <0> G S ,  s t e p ;
v,

5) r  = dj, ,  a k = a *  ;
k

«> % ,  = flSk !

7) C h o o se  p G I  s u c h  t h a t  g2 = aax  g2 
*+< &+, i  G I , g »  > 0 *■

(d- -  rk ck > ) 2 
w h ere  g 2    -V* i  G I ;

" 1  * CL ,  •k+«;C
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8) I f  3 i  € I  an d  k s u c h  t h a t  = - 1  an d  g^ > 0 ,

t h e n  s t o p  w i t h  no  s o l u t i o n ;

9) I f  du -  r .  Cc < S , s t o p  w i t h  x*»< + » J = x t 0 J  -  r b a k a s
Wl ^  &4I K'(<■41

a s o l u t i o n ;

10> * * * 9 f .. =•k+i
db -

1 1 )  h ,  =  )v  -------------‘f i ® -  ;
•fi

fc+i jfew,

b2

A
hb =

r k - ^k+i C^ti
Ml

r k+l **

l
-J

1
X

W
A
a k+l = V  Sh'l<4» K

+ a1 
Mi

ck+a = * V c k+iMi
+ hu A

Ml

W r - (1 -  %  > 
ft<4t .

A-tl VT .

15) C h o o s e  p G I  s u c h  t h a t  g* = irax c?
*«■ Ma. i  6 I , g . >  0 1

16)  I f  xJi 6 I  an d  k s u c h  t h a t  c u+ŝ =  - 1  and  g^ > 0,

17) I f  du -  r  o  < S ,  s t o p  w i t h  x<fc+*> = x<° >  -  r /<w a|<+| a s
Ms. *»««.

a s o l u t i o n ;

18)  l u  = :
1 -  Cjf

'k+a
a r fe4i "  dfe.ac / t+1 ^ i c/i44

19) h, = ------------- J M J i t 1 - --( X - D C b---------------------- ;
V<+x 1 -  c£  K+ 1 -  c |

%4‘»- <fc+a
2 0 )  x < o >  =  x < o  > -  ( h ^ a /<4<+ h ^ a ^ * * )  ;

21) d = d -  (hu Cj, + hA A ( a ^ T ) ;
Ma Ma

22) k = k + 1 a n d  go t o  3 ;

45



5 .  CONVERGENCE

5 . 1  P r o o f s  o f  C o n v e r g e n c e

T heorem  1 i s  t h e  c o n d i t i o n  f o r  s u c c e s s f u l  t e r m i n a t i o n  

c f  t h e  a l g o r i t h m ,  and Theorem  2 f o r  a b o r t i n g  i t  i f  

i n c o n s i s t e n c y  e x i s t s .  The q u e s t i o n  now i s ,  i f  t h e  s y s t e m  i s  

c o n s i s t e n t ,  w i l l  we a l w a y s  g e t  t h e  c o n d i t i o n  o f  Th eo rem  1 

no m a t t e r  w h e re  we s t a r t ?  T h i s  q u e s t i o n  i s  a n s w e r e d  w i t h  3 

t h e o r e m s  l a b e l l e d  Theorem  3A, 3B ,  3C.

T heorem  3A i s  t h e  c o n v e r g e n c e  c f  S u r r o g a t e - I I  w h ich  

r e s e m b l e s  Agroon’s  m e t h o d .  Theorem 3B i s  t h e  c o n v e r g e n c e  o f  

t h e  p u r e  s u r r o g a t e  a l g o r i t h m ,  S u r r o g a t e - I ,  f o r  t h e  Narrow 

Cone p r o b l e m .  T h i s  i s  d o n e  w i t h  an  a r b i t r a r y  x<0> t o  d i s p e l  

t h e  f e a r  t h a t  b e i n g  n a r r o w ,  c o n v e r g e n c e  may o c c u r  o u t s i d e  S .  

Theorem  3C i s  a  g e n e r a l  t h e o r e m  f o r  t h e  c o n v e r g e n c e  o f  

S u r r o g a t e - I  f o r  a n y  f i n i t e  rc c o n s t r a i n t s  and  n v a r i a b l e s .

Lemma 6

L e t  i )  

i i )

i i i )

i v )  

v)

v i )

46

i* = i n d e x  o f  a  s u r r o g a t e  c o n s t r a i n t ,  

a p o l y h e d r a l  c o n e  V b e  d e f i n e d  by t h e  h o m o g e n e o u s  

i n e q u a l i t i e s
i

a ‘ w < 0 V i  C I ,

E be  t h e  s e t  o f  p c i n t s  x ^  V and  s u c h  t h a t  t h e

o r i g i n  i s  t h e  p o i n t  on  <)V n e a r e s t  t c  x ,

J  (x) = {i £ I j a ^ x  > 0)  ,
\

J  (x) = {i  €  I l a ^ x  > 0) ,  w h e r e  I  = I  U { i a } ,  

f j  (x) = d i s t a n c e  c f  x £ E f ro m  ¥■ 3 £ J ,



v i i )  i^* = ( i  G I l a ^ y *  = b . } .

s u r .  c o n s t r a i n t

g i v e n  c o n s t r a i n t
f ; (x)

g i v e n  c o n s t r a i n t

F i g .  5 . 1  S u r r o g a t e  Cone a t  t h e  O r i g i n

Then 3  > 0 s u c h  t h a t

f j  (x)
I n f  max ---------------   \  ,

x 0  E j  e  £ (x) 11 x I |

and X, * X, w h ere  XA i s  t h a t  c f  A g m o n 's .

( N o t e :  X 5 i s  t h e  s m a l l e s t  s i n e  o f  t h e  a n g l e  d e f i n e d  by

,)Hj and t h e  l i n e  j o i n i n g  x t o  t h e  o r i g i n . )

P r c o f

(Rem ark :  (1) The p r o o f  o f  t h e  f i r s t  p a r t  i s  b a s i c a l l y  

t h e  same a s  t h a t  o f  lemma 3 . 2 . 3 .

(2) A l t h o u g h  t h e  s u r r o g a t e  c o n s t r a i n t  i s  

s u p e r f l u o u s  i t  i s  an  a c t i v e  c o n s t r a i n t ,  

a n d  so  lemma 3 . 2 . 2  s t i l l  a p p l i e s . )

C o n s i d e r  t h e  p o l y h e d r a l  c o n e  S^* o f  le irma 3 . 2 . 2 .  

z S S^* ==> | | x  -  y * |  | < | | x  *■ z | | , z * y *

= 11 (x -  y *j -  (z  -  y*)  | |  . . .  (1)

Now c o n s i d e r  t h e  v e c t o r s  (x -  y *) an d  (z -  y*)  .

■V* i  6 I ta* ,  a ' ’ (x -  y*)  = a Lx -  b ;  s i n c e  a ^ y *  = b>

> 0 s i n c e  x  $  S .
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( X  -  y * )  i  V.

• V i e  T * ,  a ‘ (z -  y*) = a 6 z -  b -  s i n c e  a ‘ y * =  fc-
3 *•

< 0 s i n c e  z  G ^ 3 * .

(z  -  y*)  e  V.

S i n c e  we c a n  c h o o s e  z i n  (1)  a b o v e  t o  fce on £ S^* ,  (z -  y*)

i s  on  <JV. By ( 1 ) ,  (x -  y*)  i s  c l o s e r  t o  0 6  <}V t h a n  i s

(z -  y*) -

.  .  (x -  y*} e  E by ( i i i )  .

-v- j  e  J ,  f j  (x -  y*)  = a J (x -  y*)  > C.

f ' (x -  y*)  A
. .    > 0  -V j  6 J .

| | x  -  y * | |

f  • (x -  y*)
E u t ---------------------- ---  t h e  s i n e  o f  t h e  a n g l e  d e f i n e d  by  <} H j  an d

| | x  -  y * | |  t h e  l i n e  j o i n i n g  (x -  y*). t o  t h e  o r i g i n .

L e t  oc;. b e  t h e  a n g l e  b e t w e e n  <4H; a n d  ^ H > .<o J v  u j

Then max As i n  (oc*</2) = X, (V) . 
i , j  6 J

^ f j  (x -  y*)  f ;  (x  -  y*)
S i n c e  J  3  J ,  m a x ^ -------------------------> max--------------------------

j  e  o 11x — y *11 3 e  J  11x -  y*11

f o r  any  x .

•  •  X $  -  •

Theorem  3A

L e t  t h e r e  be no  s u p e r f l u o u s  c o n s t r a i n t  i n  t h e  c i v e n  

p r o b l e m .  I f  S * 0 a n d  {xc/< >} i s  t h e  s e q u e n c e  o f  i t e r a t i o n s  

a s  d e f i n e  by S u r r o g a t e - 2 ,  t h e n

| [X<k + *> -  yc f< + i  > | | < | | x< *< > -  y<fe>| j  •V* K.

A l s o ,  90  = 9(A)  s u c h  t h a t  f o r  a l l  k ,
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| | x<fc> -  y « k > n  < e * * | | x « ° >  -  yt 0 >ll» Where 0 < 0 < 1 .  

C o n s e q u e n t l y ,  x<^> — > y<k> e  S a s  k — > oo •

P r o o f

By lemma 2

x ck + i> s  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  x<k> o n t o  & H}< H

| | XcK + >> -  y < k + i > | |  < j | x< ' <+ i >  -  y < l o | |  by d e f i n i t i o n
'/<+!

| |X<I< + 1>  -  y < » < > | |  < | | x < ^ >  -  y t k j | l  b y  lemma 3 - 2 . l a
u s i n c  t h e  s u r .  h a l f - s p a c e

.  .  J | X« l < + » 3  -  y t / <  +  U J |  <  j j x « ' < >  -  y  < l< > |  | -V k .

A  A

L e t  = t h e  s u r r o g a t e  a t ' t h e  i n t e r s e c t i o n  c f  a n d  H^,
A

<xsi  = t h e  a n g l e  d e f i n e d  by & Hk and $  ,

. min s i n « x / „ / 2 )  an d  0 = A  -  X2 ^  
i  6 X

j | x < k + i )  -  x<k>| |  = max d ( x < ; )
i  e i

-  \ 4 l l x<,<> ” y l,<>l l  by lemma 6

* -  y< f o ii ............................................ (2)
| | X < k  + l> -  yClO | |2  < ||x<»<> -  y < *< > I | 2 -  | | XCJ<+1> -  x ‘ '<>||Z

by lemma 3 .2 .1 ( b )  
us ing s u r .  hyperp lane

< !|x<'<> -  y<'<>ll* -  -  y t k > l I 2

by (2) above
= ez  j | x<'<> -  yd< >|  jz

Therefore
I |x<k + i J -  y<l<> I j < ei |x<'<> -  y(,<>| | .(3)

But 1
| | Xcfc + i> -  yck + i ) | | < | |x^k + i > -  y</< > | | by d e f i n i t i o n
There fore
j | Xck+i> -  yd< + i 5 | |  < » j |x<k> -  yc/< »j j by (3) a b o v e 1

< 0Z||X<'<-1> -  y ( k - l ) | j

<  0 ^ + 1  I | X < °  > -  y € °  > |  I
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. * .  f | x<fc> -  y< * > | | < ek | | x < ° >  -  y < ° > | |  

and  s o ,  x t k >  - - >  y ( k )  e  S a s  k — > oo •

R em ark :  L e t  u s  d e n o t e  t h e  6 i n  Theorem  3A b y  0 ^ ,  a n d  t h a t

o f  A g m o n 's  by 0 ^ .  We show ed  i n  lemma 6 t h a t  

\ s > )if t .  T h e r e f o r e  0^ < 0^ . T h i s  i m p l i e s  t h a t  

S u r r o g a t e - I I  i s  a t  l e a s t  a s  f a s t  a s  Agmon. We n o t e ,

h o w e v e r  t h a t  S u r r o g a t e - I I  d o e s  m ore  w ork  p e r

i t e r a t i o n  t h a n  Agmcn. We s h a l l  l a t e r  show t h e  work

d o n e  p e r  i t e r a t i o n  by e a c h  m e t h o d .

F o r  t h e  p u r e  s u r r o g a t e  c o n v e r g e n c e  p r o o f s ,  we n e e d  t h e  

f o l l o w i n g  t h r e e  l e m m a s .

Lemma 7 ( I s a a c s o n  a n d  K e l l e r )

F o r  any  v e c t o r ,  x ,  t h e  n o r m ,  ! | x | | ,  i s  a c o n t i n u o u s  

f u n c t i o n .

P r o o f

| | x  + a x | I < I | x |  I + | l&x| |

. . 1 |x + ax I | -  I Ix I | < 1 IAx I j   (4)

Alsc f |x|J = | | x  + ax -  Ax 11

^ I lx  + ax  11 ♦ 11 AX I I

• • - I  lA,x| I £ I | x  + a x I I -  11 x | |  (5)

Now f o r  any  G > 0 an d  a l l  a x , w i t h  I I a x I I oo -  £ /  n ,  we h a v e

I l l x  + ax 11 -  l l x l l  | < I (ax I t  by  (a)  a n d  (5)

n
< 2Z ( | ax; j) | |e> | |  

j = l  J  J
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< m a x | a x ; | 2 H  | | e. | I
j  J  i = i

= n I Ia*1 loo
< e

.  . T he  norm c f  a n y  v e c t o r  i s  a  c o n t i n u o u s  f u n c t i o n .

Lemma 8

I f  1) f ( x < k >) i s  c o n t i n u o u s

2) f  (x<*< >) > 0 V k

3) Af(x<'<>)  = f ( x < k + * > )  -  f ( x < k >) = 0 ==> f ( x < k >) = 0 

t h e n  i f  4)  f ( x < k +*>) < f ( x < k >) -v k ,

t h e n  f ( x < k >) 0 a s  k — > oo .

P r o o f

(2) a n d  (4) ==> l i m  ( f ( x < k + *>) -  f (x<*<>))  = 0
k - >  oo

(1) ==> A f ( x t k > ) i s  c o n t i n u o u s  w h ic h  t o g e t h e r  w i t h

t h e  a b o v e  a n d  (3)

==> l i m  f  ( x ^  J) = 0 .  
k ->  oo

Lemma 9 F o r  a l l  k

a)  x<k +* >,x<k +2 > b) x<"t> $  V t  < k .

P r o o f  o f  a)

By c o n t r u c t i o n  x tk  + *> and x</c + 2 > a r e  t h e  o r t h o g o n a l

p r o j e c t i o n s  o f  x<° >  o n t o  ^ H )t and  ^  Hb ^  ^
* 'feti

r e s p e c t i v e l y .



• . x< J*** >,x<'<+2 > e «*Hk.

E r c c f  o f  (b)

S u p p o s e  3 t  < K s u c h  t h a t  6  H{t,  t h e n  l e t  x be  t h e
A

p o i n t  w h e re  ,)HU c u t s  t h e  l i n e  j o i n i n g  x <0> t o  x 1 ^ .

|  | x « o  > -  j j j  |  <  |  | X < o >  -  x <  t  > |  |    ( 6 )

A

x ,  x ^ * * *  w i t h  x <,<+*> a s  t h e  o r t h o g o n a l  p r o j e c t i o n
A

o f  x<*>> o n t o  <}Hk m eans  t h a t

| |x< o> -  x |  1 > | | x < °  > -  x«'<+i >| |

= r k

> r .  , s i n c e  t  < ki - i

-  i | x « o »  -  x < t  >i I .

. ’ .  | | x < 0 )  -  x |  | > | | x < ° >  -  x < * > | .   (7)

B u t  (6) an d  (7) c o n t r a d i c t  e a c h  e t h e r .  

f  H|t V* t  < k .

I n  lemma 8 we a s su m e d  t h e  4 c o n d i t i o n s  u s e d  t h e r e .  I n

t h e  t h e o r e m  w h i c h  f o l l o w s ,  we s h a l l  p r o v e  t h a t  f o r  a l l  k ,

t h e  s u b s e q u e n c e s  {xt 2 , ° }  and {x<2,< + , > } ( o f  e v e n  a n d  odd 

i t e r a t e s ) ,  s a t i s f y  c o n d t i o n s  (3) and  ( 4 ) ,  w h e r e  f  (x< Kj) i s  

d e f i n e d  a s  t h e  d i s t a n c e  o f  x* t o  a  s o l u t i o n .

Theorem  3B

I f  S * 0  a n d  f x t k > ) i s  t h e  s e q u e n c e  o f  t h e  i t e r a t e s  a s  

d e f i n e d  by t h e  p u r e  s u r r o g a t e .a l g o r i t h m ,  S u r r o g a t e - I ,  t h e n  

f o r  t h e  3 - c o n s t r a i n t  2-D p r o b l e m  i n  t h e  N arrow  Cone s e c t i o n .
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a)  f J<4a< f fc *  k ,  w h e re  f k = | |x<><> -  x* | i . 

A l s o  b) Afk = f,<+a-  f h = 0  I f f  x « H » 6 S .

C o n s e q u e n t l y ,  c) — > x*6 S a s  k —> oo  .

P r o o f

x « o >

a

a

F i g .  5 . 2 .  The 3 - C o n s t r a i n t  2-D N arrow Cone .

L e t  i )  x<°> b e  an  a r b i t r a r y  p o i n t ,
A

i i )  ex/t = t h e  a c u t e  a n g l e  d e f i n e d  b y  ^H^ and  t h e  g i v e n  

h y p e r p l a n e  on w h ich  x <kJ  l i e s .

P r o o f  o f  a )

F o r  a l l  k > 1 ,  x €,<>, x <u+2> and x*  a r e  c o l i n e a r ........................ (8)

F o r  a l l  k ,  x <k > 4  H,<+1 lenjira 9 ( b ) ,

x < k + 2 > £ ^ H U4I by lemira 9 ( a ) ,

x *  G Hk+I s i n c e  x*G S .

.  .  x</<+2 > l i e s  b e t w e e n  x**0  a n d  x * .  . . . . . .  (9)

.  .  | |x« '<  + 2> -  x * t |  < | | x<'<> -  x * | | ,  by  (8) a n d  ( 9 ) .

i . e .  f |<^tx< f /< i f  x<k> 4  S .
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P r o o f  o f  b)

I f  f k = f U44 t h e n  = x<»<+2>.

x c /<> = x cu + 2 > ==> r fc. , =  r U4, a n d  «x#< = <x,t+a 

<==> r 2 = r 2 ,= g? ♦ gZ + r 2  

<==> = 9u = 0ru+> n<
< = => XC/C+Z> = X</< +1> = XC/<> = x* € s

by Theorem  1

T h e r e f o r e  c o n d i t i o n  (b) h o l d s .

P r o o f  o f  c)

By lemma 7 ,  f (< i s  a  c o n t i n u o u s  f u n c t i o n  o f  x<><>, and  

c l e a r l y  f k > 0 .  C o n s e q u e n t l y  by lemma 8 ,  p a r t  (c)  o f  t h e  

t h e o r e m  f o l l o w s ,

i . e .  x tfcJ — )  x*S  S a s  k — > oo .

!

The a r g u m e n t s  o f  Theorem  3B c a n  b e  e x t e n d e d  t o  a g e n e r a l  

c a s e  f o r  m - c o n s t r a i u t  n - v a r i a b l e  p r o b l e m .  F o r  t h i s  t y p e  o f  

p r o b le m  t h e r e  may be i n f i n i t e  number  c f  i t e r a t e s .  B u t  t h e n  

i n  e v e r y  m+1 i t e r a t i o n s ,  a t  l e a s t  2 i t e r a t e s  m u s t  l i e  on 

t h e  same h y p e r p l a n e .  C o n s e q u e n t l y  t h e r e  e x i s t s  a s u b ­

s e q u e n c e  o f  i t e r a t e s  a l l  o f  w h ic h  l i e  on o n e  h y p e r p l a n e .  

I t  i s  t h i s  s u b s e q u e n c e  t h a t  we s h a l l  c o n s i d e r  i n  t h e  

t h e o r e m  t h a t  f o l l o w s .

Theorem  3C

L e t  t h e r e  be  no s u p e r f l u o u s  c o n s t r a i n t  i n  t h e  g iv e n  

p r o b l e m .  I f  S t  0  and fx***]  i s  t h e  s e q u e n c e  o f  t h e  

i t e r a t e s  a s  d e f i n e d  b y  t h e  p u r e  s u r r o g a t e ,  S u r r c g a t e - I ,

54



t h e n  f o r  a n y  f i n i t e  m - c o n s t r a i n t  n-D p r o b l e m .

1) t h e r e  e x i s t s  a  s u b s e q u e n c e  o f  i t e r a t e s

a l l  o f  w h ich  l i e  on  t h e  same h y p e r p l a n e  J H j

f o r  some i  6 I ;

2) l e t  y ^ j *  be  t h e  n e a r e s t  s o l u t i o n  t o  x<,<j> and

w h i c h  l i e s  on t h e  same h y p e r p l a n e  a s  x 4^ ,  t h e n

C o n s e q u e n t l y ,  4) — > y <l<p E S a s  k — > oo .

N o t e :  (a)  T h e r e  may be m ore  t h a n  o n e  s u c h  s u b s e q u e n c e  a s

d e s c r i b e d  i n  ( 1 ) ,  and  t h e  t h e o r e m  a p p l i e s  t o  a l l .  

(b) S i n c e  t h e  s y s t e m  i s  n o n - s u p e r f l u o u s , t h e r e  i s

a l w a y s  s u c h  y <l<J > a s  d e f i n e d  i n  (2) f o r  e v e r y  x <kJ > .

P r o o f

F i g .  5 . 3  S u r r o g a t e  f co t ion
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P r c o f  o f  1)

T h i s  i s  t r i v i a l *  We h av e  i n f i n i t e  p o i n t s  a n d  f i n i t e  

c o n s t r a i n t s .  T h e r e f o r e  t h e r e  m os t  be  a t  l e a s t  o n e  h y p e r ­

p l a n e  on w hich  an  i n f i n i t e  s e q u e n c e  o f  t h e  p o i n t s  l i e .

P r o o f  o f  t h e  r e m a i n i n g  p a r t s

L e t  /u = k < and  V = k- ,J (J+l

i . e .  = and x <,<j+i> = x 4V  >.

2-D S ys tem

d

F i g .  5 . 4 .  m - C o n s r a i n t  2-D P r o b l e m .

I n  t h i s  s y s t e m  a l l  h y p e r p l a n e s  a r e  s t r a i g h t  l i n e s .

V k > 1 ,  x</ fc>,x<v >,y</*> G ^ H .  ==> x< /*> ,x< *  >,y</*> 

a r e  c o l i n e a r .  I t  i s  t h e n  o b v i o u s  t h a t  t h e  r e s t  c f  t h e  

a r g u m e n t  h e r e  w i l l  be i d e n t i c a l  w i t h  t h a t  c f  T h e o rem  3 £ .  

The o n l y  d i f f e r e n c e  i s  t h a t  i n  Theorem  3B,  t h e  num ber  o f  

i t e r a t i o n s  b e t w e e n  ( b u t  e x c l u d i n g )  a n y  t w o  s u c c e s s i v e ,  

i t e r a t e s  w h ic h  l i e  on t h e  same h y p e r p l a n e  i s  1 ,  w h i l e  i n  

t h i s  g e n e r a l  c a s e  t h e  n u m b er  v a r i e s  f r o m  1 t o  m -1 .
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n-D S y s t e m ,  n > 3

X€0 >

y < / A J

F i g .  5 . 5 .  n - C c n s t r a i n t  n-D P ro b le m

L e t  i )  oc^ = t h e  a c u t e  a n g l e  b e t w e e n  £  and  <̂ Ĥ  ,

( N o te :  The a n g l e  b e t w e e n  2 h y p e r p l a n e s  i s  t h e  a n g l e  b e t w e e n  

t h e  2 i n f i n i t e  l i n e s  i n  2-D a l o n g  t h e i r  n o r m a l s .  

The a n g l e  b e t w e e n  a h y p e r p l a n e  a n d  a l i n e  i s  t h e  

a n g l e  b e t w e e n  t h a t  l i n e  and  i t s  p r o j e c t i o n  o n t o  t h e  

h y p e r p l a n e . )

r- -
A

i i )  « •  = t h e  a c u t e  a n g l e  b e t w e e n  <) H*., an d  -  y<A >) ,
A

i i i )  fc -  t h e  a c u t e  a n g l e  b e t w e e n  an d  (x< v  > -  y<A*>)

S i n c e  x< v  €  ( a Hu = J  Hk  ) , /3 > ocv
Ut-i /vLl ^>-i V-l

(1 0 )

A I*c o s  (oc^) = ja^.,  .a'*<"‘| by ( i )  ab o v e

by s t e p s  1 3 , 1 2 , 1 1  a n d  7

s i n c e  tm _, < r„_, a n a  a ,  = a .
r »-i

. A

= l a V-l# by s t e p s  1 3 , 1 2 , 1 1  an d  7

= c o s ( « v ) 

> c o s  ( A )

by ( i )  above

by (10)
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•
.  .  • c o s  ) > c o s ( / 9 )  i f  r^ . ,  < r y_,

i . e .  < A  i f  x<<"> j. S .  ..................... (11)

ex* v a r i e s  f ro m  0 ( f o r  y (/ o  on t h e  s u r r o g a t e  h y p e r p l a n e

t o  oc^ ( f o r  y*/** on t h e  2-D p l a n e  c o n t a i n i n g  t h e

3 p o i n t s  x<o>,  x tAt> and  t h e  p r o j e c t i o n  o f  x t 0> o n t o  t h e  

g i v e n  h y p e r p l a n e  ^Hj, () .  T h a t  i s ,

0 < « •  < oĉ *
o

« •  <  /S . . . e o o  •  «  ( 1 2 )

C o n s i d e r  t h e  2 t r i a n g l e s  f o rm e d  by  t h e  p o i n t s  x < ° J , x {/ o  

. y 4/ 0  and  x < 0 , , x < */ , , y </WJ.  T he  s i d e  x t 0 > y 4/ °  i s  common 

t o  b o t h  and  so  by t h e  c o s i n e  r u l e ,

+ f,u "  2r* - , f/«c o s <90+ « * )  = U * co> “ y«>->11a

-  + H x ‘ V * ■ l 2 “ 2]y_/ 1 | x t  V ) -  y 4/« J ) | c o s  (9 0+y3 ) .

• * tm -< + fM + ^ TM-t f*» s i n  ( « ' )

= r f  + | |x< V  > -  y C / i o  I 12 + 2rv , | |x< v  > -  y < / o |  | s i n ( / 3  )  . . .
v-'  (13)

I f  x<>«> f. S ,  t h e n  f i r s t  u s i n g  r ^  > t ^ _ ( an d  t h e n  u s i n g  (12) 

t h e  r i g h t  hand s i d e  ( r h s )  o f  (13) s a t i s f i e s

rv!, + 1 ! x< v  * "  y<>°  112 + 2 ^ _ ,  I |x «  » > -  y  </*»>! | s i n  (/3 )

> r ^ , +  I |x< v  > -  y</«>| [2 + 2xM_t f | x <  v  > -  y <a>1 | s i n  (>s )

> r2 . ,+  i | x < >  > -  * | 12 + 2 r MW| | x < v >  -  yt /<>| | s i n  («*)

S i n c e  f v < I |x< v  > -  y</^> | f by d e f i n i t i o n  o f  f^  ,  r ^ . ,  > 0 

and  s i n  («*) > 0 ,  c o m b i n i n g  (13) w i t h  t h e  a b o v e  y i e l d s

*£.,♦ U  * 2 ^ i n  (oc *) > r2_,+ + 2r*_, f„ s i n  («»)

==> %  -  *5 + “ f y J s i n f r ' )  > 0

==> ( fu .  -  f y )  + fy  + 2 ^ _ rs i n  ( * • ) )  > 0
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==> -  f y  > 0 .

f h . < f u . v  V  i f  ^  s -
J-H J

T h i s  e n d s  t h e  p r o o f  o f  p a r t  (2) .

Now f o r  t h e  p r o o f  o f  p a r t  ( 3 ) :

S u p p o se  t h a t  Afyt = = 0 b u t  t h a t  fju * 0 .

Then s i n c e  f M = f y ,  (13) i i t p l i e s  t h a t

rJ U + f v  + 2^ , f y s i n ( o c « )

= r yLi+ H x< V * "  Y ^ l  I 2 + 2 ^ ,  | |x< ^  > -  y</<>| | s i n  (>S )

I - e - r l - C  r y - '
= ( I | XC v  ) -  y c / o j  jz -  f 2 )  + 2 ( r y_| | | x <  V > -  yc/<>| j s i n O S )

-  r ^ f j ,  s i n  ( « ' ) )

Now l h s  < 0 s i n c e  r^, . ,  < r y_, .

r h s  > 2 (ry_, s i n  ( / i  ) -  r ^ ,  s i n  ( x * ) ) fy

s i n c e  | |x< V > -  y < /o  | | > fy

.  .  r h s  > 0 s i n c e  ry_, > r^,_( an d  s i n  ( / 3 ) > sin(<x»)

C o n t r a d i c t i o n .  T h e r e f o r e ,

A f / i  = 0 =='> ~ ® •

T h i s  e n d s  t h e  p r o o f  o f  p a r t  ( 3 ) .

By lemma 7 ,  f. . i s  a c o n t i n u o u s  f u n c t i o n  o f  an d
Ko

c l e a r l y  > 0 -V ky .  C o n s e q u e n t l y  by  lemma 8 p a r t  (4) o f

t h e  t h e o r e m  f o l l o w s ;  i . e .

x (I<S> — > y^V* 6 S a s  k - - >  oo .

T h i s  c o m p l e t e s  t h e  p r o o f  o f  c o n v e r g e n c e .
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On S u p e r f l u o u s  C o n s t r a i n t s

A s u p e r f l u o u s  c o n s t r a i n t  i s  o n e  w hose  r e m o v a l  d o e s  n o t  

i n  a n y  way a f f e c t  t h e  f e a s i b l e  r e g i o n .  T h e r e  a r e  3 t y p e s  o f  

s u p e r f l u i t y  a s  i l l u s t r a t e d  b e l o w .  F i g .  5 . 6 ( a )  i s  t h e  c a s e  1 

we d i s c u s s e d  i n  s e c t i o n  3 . 5 ,  t h e  s i g n i f i c a n c e  o f  Cl  ̂ = ± 1 .  

A l t h o u g h  we s a i d  i n  t h a t  s e c t i o n  t h a t  t h i s  s h o u l d  n o t

(a) (b) (c )

F i g .  5 . 6  S u p e r f l u o u s  C o n s t r a i n t

b o t h e r  u s ,  t h e  p r e s e n c e  o f  s u p e r f l u o u s  c o n s t r a i n t s  i n c r  

e a s e s  t h e  a m o u n t  o f  c o m p u t a t i o n s  t o  b e  d o n e .  The t y p e  (a) 

c a s e  i s  e a s y  t o  d e t e c t .  The c o n d i t i o n  f c r  i n e q u a l i t y  

c o n s t r a i n t s  i s

^  C a n d  1 ( 5 . 1 . 1 )

I f  t h i s  c o n d i t i o n  h o l d s ,  t h e n  t h e  c o n s t r a i n t  i  i n  q u e s t i o n  

s h o u l d  b e  d e l e t e d  f r o m t h e  s y s t e m .  Types  (b)  a n d  (c )  a r e  

n o t  e a s y  t o  d e t e c t  b u t  a l t h o u g h  we h a v e  b a s e d  t h e  g e n e r a l  

p r o o f  o f  c o n v e r g e n c e  on a  n c n - s u p e r f l u o u s  s y s t e m ,  t h e  e x i s ­

t e n c e  o f  a  s u p e r f l u o u s  c o n s t r a i n t  w i l l  n o t  c h a n g e  any  o f  

t h e  p r o o f s .  T h i s  f a c t  i s  s u p p o r t e d  by Theorem  3B w hich  

p r o v e s  c o n v e r g e n c e  f c r  a s u p e r f l u o u s  s y s t e m .  R e c a l l  t h a t  

t h e  n a r r o w  c o n e  h a s  a s u p e r f l u o u s  c o n s t r a i n t  o f  t y p e  ( b ) .
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5 .2  R a t e  o f  C o n v e r g e n c e

The r a t e  o f  c o n v e r g e n c e  i s  d e f i n e d  a s  t h e  e r r o r  r e d u c ­

t i o n  f a c t o r  p e r  i t e r a t i o n .  We show ed  i n  t h e  l a s t  s e c t i o n  

t h a t  i n  t h e  p u r e  s u r r o g a t e ,  e r r o r  r e d u c t i o n  o c c u r s  a f t e r  a ,  

2 < q < m, i t e r a t i o n s  f o r  e a c h  c o n s t r a i n t .  I n  S u r r o g a t e - I I ,  

i t  o c c u r s  a t  e a c h  i t e a t i o n ,  t h a t  i s ,  q = 1 .  L e t  u s  d e n o t e  

t h e  e r r o r  r e d u c t i o n  f a c t o r  by / « ,  a n d  t h e  r a t e  o f  c o n v e r g ­

e n c e  by R. Then t h i s  m eans  t h a t

R = mean r a t e  o f  c o n v e r g e n c e  a f t e r  q i t e r a t i o n s .

d (x<* +»>, S)
= q t h  r o o t  o f  l i m  ------------------------

k ->  00 d( x« ' <>, S)

= q t h  r o o t  o f  l i m  /u  
j. k-> oo

= aj* •

R = / u ^  < s u ~ .  ( 5 . 2 . 1 )

From t h i s  a n d  t h e  N ar row  Cone s e c t i o n ,  we c an  s e e  t h a t  R

i s  p r o p o r t i o n a l  t o  • .
0 = max J a c ,aJ [ •

i . j  G I

The more  c o n s t r a i n t  we h a v e ,  t h e  l e s s  t h e  c h a n c e s  o f  b e i n g  

t r a p p e d  i n  a n a r r o w  c o n e .  H ence  t h e r e  w i l l  b e  a  b e t t e r  

c h a n c e  f o r  f a s t e r  c o n v e r g e n c e .

5 . 3  Work Done

I t  i s  a g e n e r a l l y  known f a c t  t h a t  t h e  f a s t e r  we t r y  t o  

make an  a l g o r i t h m ,  t h e  m ore  c o m p u t a t i c n s  we i n t r o d u c e  i n t o  

c n e  i t e r a t i o n .  We w a n t  t o  g i v e  a p r c i r i  e s t i m a t e  o f  t h e  

num ber  o f  a r i t h m e t i c  c o m p u t a t i o n s  p e r  i t e r a t i o n ,  r e l a t i v e  

t o  t h e  s i z e  o f  t h e  p r o b l e m ,  ro c o n s t r a i n t s  a n d  n v a r i a b l e s .
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The s t e p s  c f  t h e  a l g o r i t h m s  f a l l  i n t o  2 k i n d s ,  c l d - x -  

s t e p s  a n d  n e w - x - s t e p s .  T a b l e  A b e lo w  i s  a s t e p  by s t e p  

a n a l y s i s  o f  maximum n u m b er  o f  a r i t h m e t i c  o p e r a t i o n s  f o r  

e a c h  k i n d ,  w h i l e  T a b l e  B s u m m a r i s e s  t h e  o p r a t i o n s  f o r  e a c h  

o f  t h e  a l g o r i t h m s .

S u r r o g a t e - I  u s e s  o n l y  t h e  o l d - x - s t e p s  a n d  S u r r o g a t e - I I  

u s e s  t h e  n e w - x - s t e p s .  S u r r o a a t e - R  u s e s  b o t h  b u t  e x c l u s i v e l y ,  

w h i l e  S u r r o g a t e - I l l  u s e s  b o t h ,  o n e  a f t e r  t h e  e t h e r ,  f c r  o n e  

m a jo r  i t e r a t i o n .  H ence  we s u m m a r i s e  t h u s

T a b l e  A 

Work d o n e  a t  e a c h  s t e p  

K ind  S t e p  No.  No. o f  A r i t h m e t i c  O p e r a t i o n s

o l d - x 7

9 - 1 2

13

14

6m

1 0

3n

2ran+2m

2mn+3m+3n+10

new-x

11 * -  12 '  

1 3 '

14*

6m

4

4n

2mn+3m

2irn+9m+4n+4

Agmon

s.x = x -  r a  

d = a -  rA (a^)r

1

2n

2mn+m

2mn+m+2n+l
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T a b l e  E

Wcrk. d o n e  by e a c h  a l g o r i t h m

A l g o r i t h m No. c f  A r i t h .  O p s .  p e r  I t e r a t i o n

S u r r o g a t e - I 2mn-»-8ro+3r+10

S u r r o g a t e - R 2mn+8m+3n+10 o r  2mn+9m+4n+4

S u r r o g a t e - I I 2mn+9m+4n+4

S u r r o g a t e - I I I 4mn+17m+7n+14

Agmon 2mn+m+2n+l

On C AAt

A l t h o u g h  A may b e  s p a r s e ,  AAr  whose e l e m e n t s  a r e

f r e q u e n t l y  u s e d  f o r  u p d a t i n g  i s  d e n s e .  T h i s  m a t r i x  i s

s y m m e t r i c a l  w i t h  a l l  i t s  m a in  d i a g o n a l  e l e m e n t s  e q u a l  t o  1 .
« «

The e l e m e n t s ,  a u . a J ,  may be c o m p u t e d  when n e e d e d  i f  we 

w an t  t o  m i n i m i z e  s t o r a g e  a l l o c a t i o n .  I f  m i n i m i z i n g  c o m p u t ­

a t i o n s  i s  more  i m p o r t a n t  t o  u s ,  t h e n  t h e  s t r i c t l y  u p p e r  

t r i a n g u l a r  p a r t  c f  AAT s h c u l d  be  c o m p u te d  o n c e  a n d  s t o r e d  

i n  a v e c t o r  row by r o w .

F o r  e a c h  i ,  t h e r e  a r e  m - i  e l e m e n t s .  I t  i s  e a s y  t o  

v e r i f y  t h a t  t h i s  g i v e s  a t c t a l  c f  m ( m - l ) / 2  e l e m e n t s ,  and

t h a t  f o r  a n y  p a i r ,  ( i , j ) ,  i + 1  < j  < m,  t h e  p o s i t i o n ,  s ( i , j ) ,  
« *

o f  a ° . a J i n  t h i s  v e c t o r  w i t h  s i z e  e q u a l s  m ( m - l ) / 2  i s

( i - 1 )  (2 m - i )
s  ( i ,  j )   ---------------------------+ j  -  i .  ( 5 . 3 . 1 )

2

L e t  u s  now a n a l y s e  t h e  c o m p u t a t i o n s  i n  t h e  2 u p d a t i n g  

f o r m u l a e  t h a t  u s e  t h e  d o t - p r o d u c t s .
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1) ^*,1* \ 4,a‘ .
2) d -  = d • -  -  h ^ a ‘ . a ^ '  .

F o r  e a c h  i  we do n+2 m u l t i p l i c a t i o n s  p e r  i t e r a t i o n  i f  t h e
» i

a c .a** *s a r e  n o t  p r e - c c m p u t e d , and  o n l y  2 o t h e r w i s e .

F o r m u la  (2) h a s  a n  a l t e r n a t i v e ,
*

a * = a* x<'< + » j -  b ;  .t *•

T h i s  r e q u i r e s  n m u l t i p l i c a t i o n s .  T h e r e f o r e  we recommend
* »

i t s  u s e  when t h e  a 1,- a J *s a r e  n o t  p r e - c c m p u t e d .  O b s e r v e  t h a t  

f r om ( 5 . 3 . 1 )  ,

| s ( i - l , p k4 |) + m -  i  *  i  < pfc+i ,

s ( i , p  ) = < ( 5 . 3 . 2 )
I (P,.„ - 1 )  ( 2 . - I U  > ■ *  - >

-----------------  ^  ♦ i  »  1 > « u  •

To u s e  t h e  v e c t o r ,  we h a v e  t h e  f o l l o w i n g  a l g o r i t h m  s e g m e n t :

31 = fc-M -  ■!
32 = - l ) * ( 2 * n - ^ ,  ) / 2  -  ^  ;
Do i  = 1 t o  ro; 

i f  i  < p t h e n  d o ;
,oM j l  = j l  + m -  i ;

s  = j l ;
e n d ;

e l s e  i f  i  > p t h e n  s  = j 2  + i ;h-n

e n d ;

N o te  t h a t  a ^ . a ^ 41 = 1 f o r  i  = p
i< + <
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6 .  LINEAR EQUATIONS AND LINEAR PROGRAMMING

6 . 1  L i n e a r  E q u a t i o n s

I n  d e f i n i t i o n s  (1) a n d  (2) on  p a g e  8 ,  we c l e a r l y  showed 

t h e  d i s t i n c t i o n  b e t w e e n  an  i n e q u a l i t y  c o n s t r a i n t  and  an  

e q u a l i t y  c o n s t r a i n t .  An e q u a t i o n  i s  a  c o n s t r a i n t  t h a t  

i n s i s t s  on h y p e r p l a n e  s a t i s f a c t i o n .  F c r  a  l i n e a r  s y s t e m  o f  

e q u a t i o n s ,  t h e  p r o b l e m  i s  t c  f i n d  x €  Rn s u c h  t h a t

fix = b ,

g i v e n  A 6 R~*x" an d  b € R~ .

A l t h o u g h  a n  e q u a t i o n  c a n  b e  c h a n g e d  i n t o  a p a i r  o f  

i n e q u a l i t i e s ,  i t  i s  n o t  n e c e s s a r y  t o  do s o  s i n c e  t h e  

s u r r o g a t e  m e t h o d s  work w i t h  h y p e r p l a n e s  t o  o b t a i n  a  b o u n ­

d a r y  s o l u t i o n .  L e t  u s  c o n s i d e r  f o r  e x a m p l e  c o n s t r a i n t  i  
*

w hich  i s  a ^ x  = b ; .U
•  * »

a ^ x  = b* <==> a cx < b> a n d  a ‘ x > b > ,* X.
\  *

<==> a t x < b /  a n d  - a ‘ x < -b  • .

L e t  H+ -  t h e  h a l f - s p a c e  f c r  a ^ x  < bj

and  H- = h a l f - s p a c e  f o r  - a ‘ x < - b • .

Then = { x i - a ^ x  + bj  = 0}

= { x | a fcx -  b ;  = 0}

= an+.
N o te  t h a t  H- t  H+,

x S (H+ -  a H+) <==> x f  (H- -  3 H - )

and  x ^  (H+ <==> x 6 (H £  H“ ) .

S i n c e  t h e  o n l y  f e a s i b l e  s o l u t i o n  t o  an  e q u a l i t y  c o n s t r a i n t ,  

i s  a s o l u t i o n  t h a t  i s  on i t s  h y p e r p l a n e ,  we h a v e  t o  m o d i f y  

t h e  t e s t  s t e p s  o f  t h e  a l g o r i t h m s .  The f o l l o w i n g  i s  a  t a b l e
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o f  e x p r e s s i o n s  w i t h  r e s p e c t  t c  t h e  2 h a l f - s p a c e s  o f  an  

e q u a t i o n .

T a b l e  C

E x p r e s s i o n s  f o r  h y p e r p l a n e s  o f  e q u a t i o n  

H+ H-

a - a

" d «:
* i a k . a - a h . a 1

d •t-
A C 

*  r . < a (, - a
-d>t

t
A  I

♦ r k a fc - a

r u
-  A  (,-  d ja , ,  . a **

-  A £-  d ; a k . a

F o r  t h e  s a t i s f a c t i o n  o f  a  c o n s t r a i n t ,

d « < 0 and  - d t- < 0 <==> d t* = 0 .
S i m i l a r l y ,  u 1

d .! ‘  * 0 an d  " d 6 + \ K maL ~ 0 <==> d c ”  = c

T h e r e f o r e  t h e  t e s t s  f o r  v i o l a t i o n  o f  an  e q u a l i t y  c o n s t r a i n t  

a r e  d ;  = 0 f o r  k = 0

and d i "  r k a it *at = 0 f o r  k -

To i n i t i a l i z e / u p d a t e  t h e  s u r r o g a t e  c o n s t r a i n t ,  we h a v e  a s  

f o l l o w s :

d„  i f  d .  > 0
F o r  k = 0 ,  r „  = <  '•

an d  a .

d .  i f  d .  < 0
*t> 1o

= I d * , ! .  '•b
a 1® i f  dh > 0

• < _
*

i f  < 0 .

F o r  a l l  k .
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T h i s  i s  e x a c t l y  t h e  same a s  t h e  c a s e  f o r  i n e q u a l i t y

c o n s t r a i n t .  T h e r e f o r e  t h e r e  i s  no c h a n g e  i n  t h e  u p d a t i n g

f o r m u l a  e v e n  when d b -  n. Cl < 0 .
•mi

F i n a l l y  l e t  u s  c o n s i d e r  t h e  i n c o n s i s t e n c y  t e s t .

F o r  H+, i t  i s
d ;  -  ii . a 4, > 0 and  S . . a 1 = - 1 .

F o r  H - ,  i t  i s  « - * * * ,  * (
- d j  + ij c ^ . a 1 > 0 an d  - a ^ . a 1 = - 1 .

» »

i . e .  d j  -  i u &k , a L < 0 and  au . a t = 1 .

T h e s e  2 t e s t s  c o m b i n e  i n t o  c n e ,

d ;  -  r ^ a ^ . a 1 * 0 an d  | a k . a l | = 1 .

We s h a l l  now m o d i f y  t h e  a l g o r i t h m  t o  h a n d l e  a  s y s t e m  o f

l i n e a r  e q u a t i o n  o r  a m i x t u r e  o f  t h e  2 t y p e s .  The w hole

a l g o r i t h m  w i l l  n o t  be  l i s t e d  h e r e ,  o n l y  t h e  a f f e c t e d  s t e p s

3 , 5 , 7  an d  3 .

L e t  I e = { i  G I | c c n s t r a i n t  i  i s  an  e q u a t i o n } .

S t e p  3) Choose  G I  s u c h  t h a t

x0 = max ( max d - ,  max | d ; | ) ;  
i  6 1 - 1 /  i  € I ft

S t e p  4) I f  r ^  < 0 ,  t h e n  x COJ G S ,  s t o p ;



S t e p  7) C h o o s e  p 6 1 s u c h  t h a t

g z  = max( max g ? ,  max g?) 
tai i  6 I - I * -  i  6  I  1

g . > 0L

<d: -  5, c ^ - )  z 
w h e re  g?  ----------------------------- -V" i  6 I ;

*” 1 -  C2 'x ^k+t,I

S t e p  8) I f  3k s u c h  t h a t  d̂ - -  r# c , ^  > 0 & = - 1 ,  i  6 I - I e

ox dj * rk < W  * 0 5 Iq^J -  1 .  i  € I c

s t o p  w i t h  no s o l u t i o n ;  

f i l l  t h e  o t h e r  s t e p s  r e m a i n  u n c h a n g e d .  As i s  s e e n ,  t h e s e  

m o d i f i c a t i o n s  a r e  m i n o r  an d  h a v e  n e i t h e r  c h a n g e d  t h e  i d e a  

n o r  t h e  c o m p u t a t i o n s .

The b e s t  way t o  h a n d l e  t h e  c o n s t r a i n t s  i s  t o  a r r a n g e

them s o  t h a t  t h e  e q u a t i o n s  come a f t e r  t h e  i n e q u a l i t i e s .

S e t t i n g  ml t o  t h e  num ber  o f  i n e q u a l i t y  c o n s t r a i n t s  g i v e s  an  

i n d i c a t o r  f o r  when t o  s w i t c h  f ro m  t h e  i n e q u a l i t y  t o  t h e  

e q u a l i t y  t e s t s .

6 . 2  L i n e a r  P r o g ra m m in g

The l i n e a r  p r o g r a m m i n g ,  L P ,  p r o b l e m  d i f f e r s  f ro m  t h e  

l i n e a r  i n e q u a l i t y ,  L I ,  p r o b l e m  a n d  t h e  l i n e a r  e q u a t i o n s ,  LE,  

i n  two w a y s .  T h e  LP h a s

i )  a l i n e a r  f u c n t i o n ,  z (x) , t o  m a x i m i z e ,  

an d  i i )  n o n - n e g a t i v i t y  c o n s t r a i n t  on t h e  v a r i a b l e ,  x .  

The fo rm  o f  t h e  p r o b l e m ,  c a l l e d  t h e  p r i m a l ,  i s :

G iv e n  u 6 RA ,  A 6 R'"xa and b 6 R~ ,

f i n d  x 6 R~ in  o r d e r  t o

m a x im ize  z = ur x ,
 (1 )

s u b j e c t  t o  Ax < b ,
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a n d  x > 0 .

A n o t h e r  fo rm  o f  t h e  p r o b le m  Known a s  t h e  d u a l  i s  t o

f i n d  \  6 such  a s  t o

m i n i m i z e  z* = br  X
-   <2>

s u b j e c t  t o  A' X ^ u#

and  X -

The D u a l i t y  Theorem

As i s  o b v i o u s ,  t h e r e  i s  a r e l a t i o n s h i p  b e t w e e n  t h e  p r i m a l  

and t h e  d u a l .  The weak d u a l i t y  t h e o r e m  s t a t e s  t h a t  i f  x i s  

f e a s i b l e  f o r  t h e  p r i m a l  an d  X i s  f e a s i b l e  f o r  t h e  d u a l ,  

t h e n  u x < bT X •   (3a)

P r o o f :  By (2) an d  ( 1 ) ,  uTx < XT Ax < XT *> -  bTX •

The s t r o n g  d u a l i t y  t h e o r e m  s t a t e s  t h a t  i f  x *  i s  o p t i m a l

f e a s i b l e  f o r  t h e  p r i m a l  an d  X* i s  o p t i m a l  f e a s i b l e  f o r  t h e

d u a l ,  t h e n  uTx* = bT )^  .    »(3b)

The p r o o f  o f  t h i s ,  a c o n s e q u e n c e  o f  t h e  weak p a r t ,  can

be fo u n d  i n  a n y  l i n e a r  p ro g ra m m in g  t e x t .  He a r e  s i m p l y

i n t e r e s t e d  i n  u s i n g  i t  t o  t r a n s f o r m  an  LP i n t o  an L I .

C o m b in in g  (1) , (2) a n d  ( 3 ) ,  g i v e s  an LI o f  t h e  fo rm

A 0 \
0 -A"r \ / x

-I*  0 I/ | < (6 .1 .1 )

w here  l ’r i s  an  r  by r  i d e n t i t y  m a t r i x .

N o t e :  t h e  l a s t  row o f  ( 6 . 1 . 1 )  i s  t h e  r e v e r s e  o f  t h e  weak

d u a l i t y .
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U n r e s t r i c t e d  V a r i a b l e s

L e t  u s  a s su m e  t h a t  we h a v e  a r r a n g e d  t h e  m c o n s t r a i n t s  so  

t h a t  t h e  1 s t  ml o f  t h e s e  a r e  i n e q u a l i t i e s ,  a n d  t h e  l a s t  m2, 

(m = ml+m2) a r e  e q u a t i o n s ,  t h e n  we h a v e

A lx  < b l  an d  A2x = b 2 .

/ R l \
w here  A = I \ and b 

\  A2 /

The d u a l  t o  t h i s  p r o b l e m  i s

b l \ T/X l\

■ a  •

( i
m m

'X2

/A 1\T/X1\
s u b j e c t  t o  | | |  J > a ,

a n d  XI 2 0 ,

w h e re  t h e  m2 d u a l  v a r i a b l e s ,  \ 2 ,  a r e  u n r e s t r i c t e d .

6 . 2 . 1  S t o r a g e  R e q u i r e m e n t

The c o e f f i c i e n t  m a t r i x .  A, o f  ( 6 . 1 . 1 )  i s  a (2m+2n+l)  by 

(ro+n) m a t r i x .  I t  i s  made up o f  b l o c k  m a t r i c e s ,  4 c f  w h ich  

a r e  z e r o  m a t r i c e s .  T h e r e f o r e  s t o r i n g  A a s  i s  a b o v e ,  w i l l  be 

m o s t  w a s t e f u l  b o t h  i n  s p a c e  a n d  i n  c o m p u t a t i o n .  A ssum ing  

t h a t  t h e  g i v e n  A i s  d e n c e  ( o r  t r e a t e d  a s  s u c h )  ,  A w ould  

g e n e r a l l y  r e q u i r e  2(m2+mn+n2) + 2mn+m+n w o rd s  o f  t h e  comp­

u t e r  memory .  2 (m2 +mn+n2 ) o f  t h e s e  a r e  u n n e c e s s a r y  a n d  we 

s h a l l  show why.

T h e r e  a r e  4 m a j o r  t y p e s  o f  c o n s t r a i n t s  i n v o l v e d  h e r e .  

T h e s e  a r e
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i )  t h e  A - c o n s t r a i n t s ,

i i )  t h e  AT - c o n s t r a i n t s ,

i i i )  t h e  x - c o n s t r a i n t s ,  

i v )  t h e  z - c o n s t r a i n t .

S i n c e  we h a v e  t o  n o r m a l i z e  t h e  c o l u m n s  o f  A f o r  t h e  AT - c o n ­

s t r a i n t s ,  i t  i s  i m p e r a t i v e  t h a t  we g e t  a s e p a r a t e  s p a c e  f o r  

-A1*. F o r  t h e  x - c o n s t r a i n t s ,  we n e e d  no s t o r a g e  f o r  

f o r  o b v i o u s  r e a s o n s .  A l s o  t h e  same r e a s o n  o f  n o r m a l i z a t i o n  

f o r c e s  u s  t o  k e e p  a  s e p a r a t e  s p a c e  f o r  ( - u T ,b T ) f o r  t h e  

z - c o n s t r a i n t .  A l l  t o g e t h e r  we n e e d

mn w o rd s  f o r  A,

nm w o rd s  f o r  -AT ,

0 word f o r  - I ' ' +,v' ,

n+m w o rd s  f o r  ( - u T , b T ) .

T h a t  i s  a  t o t a l  o f  2mn+m+n w o rd s  f o r  A.

L e t  u s  a s s u m e  t h a t  we h a v e  n o r m a l i z e d  an d  s t o r e d  -A"r i n  

an n b y  m m a t r i x  AT an d  t h e  n o r m a l i z e d  ( - u T , b T ) i n  a  v e c t o r  

a z ,  t h e n  w i t h

I  = I  U {m+1, ra+2, . . . ,  2m+2n, 2m+2n+l} , 

we d e f i n e  t h e  o t h e r  a s s o c i a t e d  v e c t o r s  a n d  s c a l a r s  a s  

f o l l o w s :

' • C

/  b
b = / \ i s  a n  ( m + n ) - v e c t o r  w i t h  u ’ = u : /1  I a ' 11, 1 £ j  £ n

I - u  ' J . j
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= <

= <

r  a 
I
| a t t'~'~

I -e,--,----
I
L a z

r  d ’ = a fc x< 05 -  b • 
I
I d j  = a tn (0) -
| - x < ° >

L a z Tx < 0 1 

r  1

a 1' . a j  -= <

_ u sa . a

- a

i f  1 < i  < m, 

i f  m+1 < i  < m+n, 

i f  m+n+1 < i  < 2m+2n,  

i f  i  = 2 m + 2 n + l .

i f  1 < i  < ■ ,

i f  rc+1 < i  < m+n,

i f  m+n+1 < i  < 2m+2n,

i f  i  = 2m + 2n+l .  

i f  i  = j ,

i f  1  < i  * j  < m,

i f  1 < i  < m and  m+n+1 < j  < m +2n.

a 1" . a z i f  1  < i  < a  and  j  = 2m + 2n+l ,  
w h e r e  a z ^ t# * ( a z ,  ,  . . ^ a z * )  ,

a t ^ . a t ^ -1” i f  m+1 < i  * j  < m+n,

- a t , - _ > _ i f  m+1 < i  < m+n and m+2n+l < 1. < 2m+2n,

a t t“*" .az^^  i f  m+1 < i  < m+n and j  = 2 ra+2n+ l ,
w h e r e  a  -  (a z ,  .  . . , az^ ̂  ,

- a z  ■

0

i f  i  = 2m+2n+l a n d  ro+n+1 < j  < 2m+2n,  

o t h e r w i s e .

We s h o u l d  o b s e r v e d  t h a t  5 o u t  o f  t h e  9 d e f i n i t i o n s  f o r  

a ^ . a r n e e d  no  c o m p u t a t i o n s .

LP p r o b l e m s  s o m e t i m e s  i n v o l v e  m ixed  c o n s t r a i n t s  and  i n  

t h e  l a s t  s e c t i o n  we show ed  how t c  h a n d l e  e q u a t i o n s .  With  

t h e  4 c l a s s i f i c a t i o n s  o f  t h e  c o n s t r a i n t s ,  t h e  recom m ended
r-*

a r r a n g e m e n t s  a n d  t h e  a b o v e  d e f i n i t i o n s  f o r  A a n d  i t s  

a s s o c i a t e d  v e c t o r s ,  a l l  t h a t  i s  n e e d e d  f o r  t h e  a l g o r i t h m  t o  

s o l v e  an LP p r o b le m  i s  a ' c o r a p u t e d - g o t o '  t y p e  c f  s t a t e m e n t s  

t o  s e l e c t  w h a t  i s  i n v o l v e d  w i t h o u t  u s i n g  2m+2n+l by m+n+1 

a r r a y .
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7 .  IMPLEMENTATIONS FCR LARGE SPARSE MATRICES

I n  many r e a l  l i f e  p r o b l e m s ,  t h e  c c e f f i c i e n t  m a t r i x .  A,

i s  a l w a y s  v e r y  l a r g e  ( in  t h e  o r d e r  o f  1 0 , 0 0 0  c r  m o re )  an d  

s p a r s e .  I n  some c a s e s ,  t h e  s p a r s e n e s s  may h a v e  a u n i f o r m

p a t t e r n ,  w h i l e  i n  o t h e r s  i t  may be i r r e g u l a r .  The u n i f o r m

o n e s  a r e  o f t e n  d i a g o n a l l y  b an d e d  o r  o r i e n t e d .  The  b a n d ,  a 

s e t  o f  d i a g o n a l s ,  may h a v e  no z e r o  d i a c o n a l s ( i  . e .  d i a g o n a l s  

w i t h  a l l  i t s  e l e m e n t s  z e r o )  , o r  i t  may h a v e  some z e r o  

d i a g o n a l s  i n  b e t w e e n  t h e  n o n z e r o  o n e s .

The s u r r o g a t e  m e t h o d s ,  u n l i k e  t h e  S i m p l e x ,  do n o t  u p ­

d a t e  A. F o r  t h i s  r e a s o n  we c a n ,  w i t h  an a p p r o p r i a t e  c o d e ,

u s e  a s m a l l e r  s i z e  m a t r i x  t o  h o l d  t h e  n o n z e r o  e l e m e n t s  o f  

A. The p a t t e r n  o f  P. w i l l  b e  v e r y  h e l p f u l  i n  d e s i g n i n g  an  

i m p l e m e n t a t i o n  m a t r i x .

I )  Band W i t h o u t  Z e r o  D i a g o n a l s

L e t  w = t h e  maximum num ber  o f  e l e m e n t s  f rom  t h e  f i r s t  n o n ­

z e r o  t o  t h e  l a s t  n o n z e r o  i n  a n y  r o w .

We c a n  t h e n  i m p l e m e n t  A a s  an m by w m a t r i x .  A*, a l o n g  w i t h  

an m - v e c t o r ,  F IR S T ,  w here

X X X  
X X X X 

X X X X
\

A

o X X X X 
X X X  

X X
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F I R S T ( i )  = co lu m n  o f  t h e  f i r s t  n o n z e r o  e l e m e n t  i n  row i .  

a * ( i , j )  = a ( i , j + F I R S T  ( i )  - 1 )  , 1 < j  < w and  i  6 I . . . ( l )

L e t  u s  a s s u m e  t h a t  w = 4 f o r  t h e  a b o v e  A. T h e n  we h a v e

A» =

x x C\
/  1  \

X X X \ / 1
x x 0 2

• •
• and FIRST = •
• •

X X X n - 3
x x 0  , \  n - 2
x 0  0  / \  n - 1  /

M a n i p u l a t i o n  C ode

E q u a t i o n  (1) g i v e s  u s  t h e  m a p p in g  c f  A* i n t o  A. W i th  i t  

we can  l o c a t e  t h o s e  e l e m e n t s  o f  A t h a t  a r e  s t o r e d  i n  A*.

The main  c o m p u t a t i o n s  i n  t h e  S u r r o g a t e  m e t h o d s  a r e  t h e  d o t -  

p r o d u c t s  o f  tw o  r o w s  o r  a  row an d  t h e  v e c t o r  x .  To m u l t ­

i p l y  a * ( i l # j l )  by a» ( i 2 , j 2 )  # f  ( j l )  m u s t  be  e q u a l  t o  f  ( j2 )  .  

From (1) t h a t  m eans  t h a t

j l + F I R S T ( i l )  = j2+FIRST ( i2 )

j l  = j 2  + F I R S T ( i 2 )  -  FIRST ( i l )   (2)

A p i e c e  o f  FORTRAN c o d e  f o r  c o m p u t i n g  t h e  d o t - p r o d u c t
» k

c = a ^ . a ' ”1' i s  a s  f o l l o w s : -

•

C = 0 .
R1 = I I  
R2 = 12
IF  (FIRST (Rl)  . I E .  F I R S T ( R 2 ) ) GC TO 1 
R1 = 12 
R2 = I I  

1 J2  = 1
K = J 2  + FIRST (R2) -  FIRST (Rl)
I F  (K .GT.  W) GC TO 3 
DO 2 J l  = K,W
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C = C + A ( R l ,  Jl.) * A ( R 2 , J 2 )
2 J 2  = J 2  + 1
3 CONTINUE

I h a t  f o r  c o m p u t i n g  c  = a ^ x  i s  a s  f o l l o w s : -

•

C = 0 .
K = FIRST ( I )  -  1 
DO 4 J  = 1,W 

4 C = C ♦ A ( I , J )  *  X (J+K)

N o te  t h a t  t h e  A r e f e r e n c e d  i n  t h e  c o d e  i s  t h e  i m p le m e n te d  A*.

An e x a m p l e  o f  t h i s  t y p e  o f  s p a r s e  m a t r i x  i s  t h e  h y p e r c u b e ,

0 < x ,  < 1 ,
«

2x» ( < x j  < e 1*” 1 -  ZXj*^ ,  f c r  j  = 2 , 3 ,  • • • ,  n .

T h i s  p r o b le m  c a n  b e  e x p r e s s e d  a s

-1 0 0 0
1 0 0 0
2 -1 0 0
2 1 0 0
0 2 - 1 0
0 2 1 0
0 0 2 - 1
0
•

0
•

2
m

1
0

•

•

0

•

•

0

0

0

0

0

0

0
0 0 0 0

•  •  • 

• • <

0
0
0
0
0
0
0
0

2
2

\
X s

6 " - i
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T h e r e f o r e  f o r  o u r  i m p l e m e n t a t i o n ,  we h av e

w = 2 , A* = and  FIRST =

1
1
1
1
2
2
3
3

\  " " I
\  n - 1

I I )  Band W i th  Z e ro  D i a g o n a l s

4
3 
2

1

A =

L e t  w = t h e  num ber  o f  n o n z e r o  d i a g o n a l s  i n  t h e  b a n d ,  

n u m b e re d  c o n s e c u t i v e l y  b e g i n n i n g  f ro m  t h e  

l o w e s t  a s  shown a b o v e .

We c a n  i m p l e m e n t  A a s  a n  m x w m a t r i x .  A*,  w i t h  a  w - v e c t o r ,  

F IRST,  w h e re

FIRST ( j )  = row o f  t h e  1 s t  e l e m e n t  o f  t h e  j t h  n o n z e r o  

d i a g o n a l

5 6

/ X X X
/ X X X X

X X X X X
X X X X

X X X X
X X X X X

X X X X
•

• 0
A

•
•

0
X

XO

V
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= <:
r r ,  i f  t h e  j t h  n o n z e r o  d i a g o n a l  s t a r t s  a t  a r ( , 

■ 2 -c ,  i f  t h e  j t h  n o n z e r o  d i a g o n a l  s t a r t s  a t  a (>c 

a* ( i ,  j )  = a ( i , i - F I R S T  ( j )  +1) , 1 < j  < w and  i  > FIRST ( j )  . .  (3) 

From t h e  A we h a v e  a b o v e ,  we s h a l l  g e t  t h e  f o l l o w i n g : -

w = 6 ,  A* =

0 0 0 X X X
0 0 X X X X
0 X X X X X
• • • • • .
0 X X X X X
0 X X X X X
X X X X X X
X X X X X X
• • • e « .
X X X X X X
X X X X X 0
• • • • . •
X X X X X 0
X X X X 0 0

an d  FIRST =

To h a v e  a d i s t i n c t  row f c r  e a c h  d i a g o n a l ,  t h e  e x p r e s s i o n ,  

2 - c ,  g i v e s  a f i c t i t i o u s  row a b o v e  row 1 a t  w h ich  t h e  d i ­

a g o n a l  o r i g i n a t i n g  a t  co lu m n  c a p p e a r s  t o  o r i g i n a t e .  F o r  

e x a m p l e ,  a  d i a g o n a l  o r i g i n a t i n g  a t  co lumn 2 a p p e a r s  t o  

o r i g i n a t e  a t  row 0 .

M a n i p u l a t i o n  C ode

L i k e  b e f o r e ,  we h a v e  t o  m a tch  t h e  c o lu m n s  b e f o r e  d o i n g  

a n y  m u l t i p l i c a t i o n  f o r  t h e  d o t - p r o d u c t s .  E q u a t i o n  (3) which  

i s  o u r  map f o r  t h i s  t y p e  g i v e s

i l - F I R S T  ( j l )  = i 2 - F I R S T ( j 2 )  . . . . * ................................ ( 4 )

U s i n g  ( 4 ) ,  t h e  c o d e  f o r  c  = a t ' . a ('*’ i s

C = 0 .
C
C COMPUTE THE LOCATION J l  AND COLUMN CF THE 1ST NONZERC IN 
C ROW I I .
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01 =  0
1 J l  = J l  + 1

I F  ( I I  . L T .  F I R S T ( J l ) )  GO TO 1 
K1 = I I  -  FIRST ( J l )

C
C COMPUTE THOSE FOR 1 2 .
C

J 2  = 0
2 J 2  = J2  + 1

I F  (12 . L T .  FIRST (J 2 ) ) GO TO 2 
K2 = 12 -  FIRST (J2)

C
C COMPARE THEIR COLUMNS.
C

3 I F  (K1-K2) 4 , 6 , 5
C
C COL. OF 1ST OPERAND I S  LESS THAN THAI OF THE 2ND,
C ADVANCE J l .
C

4 I F  ( J l  .E Q .  W) GO TO 7 
J l  = J l  + 1
K1 s  I I  -  FIRST ( J l )
GO TO 3

C
C COL. OF 1ST OPERAND I S  GREATER THAN IHAT OF THE 2ND, 
C ADVANCE J 2 .
C

5 I F  (J2  .E Q .  W) GO TO 7 
J 2  = J2  + 1
K2 = 12 -  FIRST (J2)
GO TO 3

C
C COLUMNS ARE EQUAL.
C

6 C = C + A ( I I ,  J l )  * A ( 1 2 , J2 )
I F  ( J l  .E Q .  W .OR. J 2  .EQ .  W) GC TO 7
J l  = J l  + 1
K1 = I I  -  FIRST ( J l )
J 2  = J 2  + 1
K2 = 12 -  FIRST (J2)
GO TO 3

7 CONTINUE

F o r  c o m p u t i n g  c  = a t x ,  we h a v e

C = 0 .
C
C COMPUTE THE LOCATION OF THE 1ST NONZERO IN ROW I .  
C
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K = 0
8 K = K + 1

I F  ( I  .L T .  FIRST (K)) GC TO 8 
IPLUS1 = 1 + 1  
DO 9 J  = K,W

9 C = C + A ( I , J )  *  X (IPLUS1-FIRST (* ) )

An e x a m p l e  o f  t h i s  com es  f ro m  b o u n d a r y  v a l u e  p r o b l e m s .  

C o n s i d e r  t h e  D i r i c h l e t  p r o b l e m  f o r  L a p l a c e ' s  e q u a t i o n .  The 

p r o b le m  s t a t e s  t h a t  g i v e n  a f u n c t i o n ,  f  ( x , y ) , d e f i n e d  and  

c o n t i n u o u s  on t h e  b o u n d a r y  o f  a  r e g i o n ,  R .  F i n d  a f u n c t i o n ,  

u ( x , y ) ,  c o n t i n u o u s  b o t h  i n  t h e  i n t e r i o r  o f  R an d  on £ R and 

a l s o  s a t i s f y i n g  t h e  L a p l a c e ' s  e q u a t i o n  

cJ 2u ^  2u
  +   = 0  (5)

( )x 2 d y z

and a l s o  s u c h  t h a t  o n  <JR

u = f    (6)

The u s u a l  a p p r o a c h  i s  t o  b r e a k  t h e  r e g i o n  i n t o  s m a l l  

s q u a r e s  o f  s i z e  h ,  c a l l e d  mesh s i z e .  L e t  u s  c o n s i d e r  a u n i t  

s q u a r e  r e g i o n .  U s in g  h = 1 / 4  g i v e s  u s  t h e  f o l l o w i n g  f i g u r e .

y

! ?<•1 — 
1 
1

f,o 1 -I

---- , ------
I

| U'
I

- f ------
I
l U*

" , ------

-1------
1
!«.
i

i
i
i

!
I
1 " — , ------

[

1 1
 c

 
I «*

\
1

i

i
| V

I
f ia [ -  

\

jU7

1
1

jUr

1

ju*

i
i

1
j f*

I

F i g .  7 . 1  U n i t  Mesh 
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From d i f f e r e n c e  e q u a t i o n ,  we h a v e

d 2u u (x+h , y ) + u (X-h . y) -  2

a x z h2

d 2u u (X»y+h) + u (X,y - h) -  2

<*y2 h2

Applying (5) we g e t

4u (X, y) -  u (x+h,y) U (X-h,y) u (x,y+h)

With (6) and (7) we get 9 l i n e a r egua t

4u, * u% - fi*> u4 = 0

-  u3 - u l “ f v - UJT = 0

4u, -  f  u - ua - f l  - = 0

4u* * - fh ' U1 - = 0

4Uf
-  uu - - - *V = 0

4ufc -  f . - UJ - = 0

4u,
-  ur - f,i - = 0

-  u«. - u i ~ A '  - = 0

4u, - U$r * f3 = 0

That i s

( a -1 0 -1 0 0 0 0 0\
/ ~1 4 -1 o - l 0 0 0 € \

0 -1 4 0 0 - i 0 0 0 \
-1 0 0 4 - 1 0 -1 0 00 -1 0 -1 4 -1 0 “1 0

0 0 -1 0 - 1 4 0 0 -1
0 0 0 “1 0 0 4 -1 0\ 0 0 0 0 - 1 0 -1 4 -1 /

\  o 0 0 0 0 -1 0 -1 4 /

u,
u*

%ufc
u 7

Ur/

G e n e ra l ly ,  f o r  a r e c t a n g u l a r  r eg io n  of dimension r  by s ,  

t h i s  problem always has ( r /h  -  1) ( s /h  -  1) i n t e r i o r  p o in t s  

and same number o f  e q u a t i o n s .  T h e re fo re  A f r e q u e n t l y  comes 

out  a s  an ( r /h  -  1) (s /h  -  1) by ( r /h  -  1) ( s /h  -  1) d iagon-
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t i n q  a t  a,  , a n d  a , j. .

a l l y  b an d e d  s y m m e t r i c  m a t r i x ,  w i t h  a  b a n d w i d t h  o f  2 / h  -  1 

and  a l w a y s  h a v i n g  e x a c t l y  5 n o n z e r o  d i a g o n a l s .  T h e s e  a r e ,  

t h e  main  d i a g o n a l ,  i t s  2 n e i g h b o u r s ,  a n d  a n o t h e r  2 o r i c i n a -

I f  t h e  r e g i o n  i s  n o t  r e g u l a r ,  t h e  

e d g e s  o f  t h e  g r i d w o r k  s u p e r i m p o s e d  on i t  w i l l  n o t  c o i n c i d e  

w i t h  t h e  b o u n d a r y .  I n  s u c h  a  c a s e ,  A w i l l  n o t  be s y m m e t r ­

i c a l  b u t  w i l l  s t i l l  h a v e  t h e  b a n d  s t r u c t u r e  w i th  5 n c n z e r o  

d i a g o n a l s .  A n o t h e r  t i m e  when A com es  c u t  u n s y m m e t r i c a l  f o r  

t h i s  p r o b le m  i s  when t h e  p o l a r ,  i n s t e a d  o f  t h e  c a r t e s i a n  

c o o r d i n a t e  i s  u s e d .

The i m p l e m e n t a t i o n ,  t h e r e f o r e ,  f c r  a b o u n d a r y  v a l u e  

p r o b le m  r e q u i r e s

w = 5 ,  A* =

0 0 X X X
0 X X X X
0 X X X X
• • • • •
0 X X X X
X X X X X
• • • • •
X X X X X
X X X X 0
« • • • •
X X X X 0
X X X 0 0

an d  FIRST =

/
2 - 1 / h

To h a v e  a d i a g o n a l l y  b a n d e d  s t r u c t u r e ,  t h e  i n t e r i o r  p o i n t s  

m u s t  b e  n um bered  i n  t h e  l e f t - t o - r i g h t  t o p - t o - b c t t o m  m a n n e r .

I l l )  I r r e g u l a r  S p a r s e n e s s

A =

/ o 0 X 0 0 X
X 0 X 0 0 0
0 0 0 X 0 0
0 X 0 0 X X
X 0 X 0 0 0

\  0 0 0 0 X 0
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I t  i s  n o t  a l w a y s  t h a t  t h e  l a r g e  a n d  s p a r s e  m a t r i c e s  f o r  

o u r  p r o b l e m s  come o u t  w e l l  p a t t e r n e d .  S o m e t im e s  t h e  n o n -  

z e r o e s  may be  i r r e g u l a r l y  s c a t t e r e d  a s  i l l u s t r a t e d  a b o v e .  

E x a m p le s  o f  t h i s  t y p e  a r e  f o u n d  i n  e l e c t r i c a l  n e t w o r k  

p r o b l e m s .  I n  t h i s  c a s e  u s i n g  a  m a t r i x  t o  r e p r e s e n t  A i s  a s  

i n a d e q u a t e  a s  u s i n g  A i t s e l f .  He w i l l  t h e r e f o r e  u s e  a 

v e c t o r .  A ' ,  t o  s t o r e  t h e  n c n z e r o s ,  row by  r o w ,  an d  a n o t h e r  

v e c t o r ,  KOL, t o  s t o r e  t h e  c o lu m n s  o f  t h e s e  n o n z e r o s .  T h a t  

I s ,  A* ( 3) = A ( i ,KCL ( j ) ) f o r  some i .  . . . . . . . . . ( 8)

In  a d d i t i o n  t o  A» a n d  KOL i s  an  m - v e c t c r ,  LSTELT, w h e r e

LSTELT ( i )  = t h e  p o s i t i o n  i n  A* o f  t h e  l a s t  n o n z e r o  i n  row 

i  o f  t h e  g i v e n  m a t r i x  A .

T h e r e f o r e  o u r  i m p l e m e n t a t i o n  f o r  t h e  a b o v e  w i l l  b e  

A* = ( x , x , x , x , x , x , x , x , x , x , x )

KOL = ( 3 , 6 , 1 , 3 , 4 , 2 , 5 , 6 , 1 , 3 , 5 }

LSTELT = ( 2 , 4 , 5 , 8 , 1 0 , 1 1 )

M a n i p u l a t i o n  Code

The c o d e  f o r  t h i s  i m p l e m e n t a t i o n  i s  s i m i l a r  t o  t h e  l a s t
f i

o n e .  F o r  c = a^.a*'* , we h a v e

m
C = 0 .

c
C COMPUTE THE LOCATIONS OF THE 1ST NONZERO IN ROWS I I  AND 12 
C RESP.
C

J 1  = 1
I F  ( I I  .N E.  1) 01 = LSTELT ( 1 1 -1 )  + 1 
J 2  = 1
I F  (12 .N E .  1) J2  = LSTELT (1 2 -1 )  + 1

C
C COMPARE THEIR COLUMNS.
C
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n
 

n
o

n

1 I F  (KOL(Jl)  -KOI (0 2 ) )  2 , 4 . 3  

KOL (01) .LT .  KOL (02) , ADVANCE 0 1 .

2 I F  {01 .E Q .  L S T E L T ( I I ) )  GC TC 5 
01 =  01 +  1
GO TO 1

KOL(J l )  .GT.  KOL ( J 2 )  , ADVANCE J 2 .

3 I F  ( J2  .E Q .  LSTELT ( 1 2 ) )  GO TC 5 
02  =  02  +  1
GO TO 1

KOL (01) .EQ. KOL ( 0 2 ) .

4 C = C + A (01) *  A (32)
I F  (01 .EQ. LSTELT ( I I )  .CR.  02 .E Q .  LSTELT ( 1 2 ) )  GC TC 5 
J 1  = 01 ♦ 1 
02  =  02  +  1 
GO TO 1

5 CONTINUE

F o r  c  = a ^ x ,  we h a v e

C = 0 .
K1 = 1
I F  ( I  .NE.  1) K1 = LSTELT ( 1 -1 )  + 1 
K2 = LSTELT ( I )
DO 1 0 = K1.K2 

1 C = C + A(0) * X (KOL (0 ) )
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8 .  SOLVEt PROBLEMS

To t e s t  and  s u p p o r t  t h e  t h e o r y  we h a v e  d e v e l o p e d ,  we r a n  

s e v e r a l  p r o b l e m s  w i t h  t h e  4 a l g o r i t h m s  a n d  w i t h  A gm on 's  

( p r o j e c t i o n  and r e f l e c t i o n )  . W i th  v a r y i n g  s i z e s ,  we r a n  

m o s t  o f  th em  s t a r t i n g  a t  4 d i f f e r e n t  p o i n t s -  The a v e r a g e s  

o f  t h e  n um ber  o f  i t e r a t i o n s  a n d  m u l t i p l i c a t i o n s / d i v i s i o n s  

i t  t o o k  e a c h  a l g o r i t h m  t o  g e t  a  s o l u t i o n  a r e  r e c o r d e d .  

B e f o r e  t a k i n g  up  e a c h  i n d i v i d u a l  p r o b l e m ,  we s h a l l  e x p l a i n  

some o f  t h e  n o t a t i o n  i n  t h e  a c c o m p a n y i n g  t a b l e s .

S u r r g l  = S u r r o g a t e - I ,  t h e  p u r e  s u r r o g a t e

S u r r g r  = S u r r o g a t e - R ,  t h e  r e p e a t  s u r r o g a t e

S u r r g 2  = S u r r o g a t e - I I

S u r r g 3  = S u r r o g a t e - I l l

Agmonl = A g m o n 's  p r o j e c t i o n ,  r e l a x a t i o n  p a r a m e t e r  \  = 1

Agmos2 = Agroon’ s  r e f l e c t i o n ,  r e l a x a t i o n  p a r a m e t e r  X = 2

I n  most  o f  t h e  b l o c k s  o f  t h e  t a b l e s ,  t h e r e  a r e  3 e n t r i e s

• • • • • • • • • •
•  3  •
• b •
— c / d  .
• • • • • • • • • •

The f i r s t  n u m b e r ,  a ,  i s  t h e  a v e r a g e  o f  t h e  n u m b e r  o f  

i t e r a t i o n s .  The s e c o n d ,  b ,  i s  t h e  a v e r a g e  o f  t h e  m u l t i p l i c ­

a t i o n s / d i v i s i o n s  d o n e .  I n  t h e  t h i r d  e n t r y ,  c  i s  t h e  num ber  

o f  t i m e s  t h a t  p a r t i c u l a r  a l g o r i t h m  g e t  a  s o l u t i o n  w i t h o u t  

e x h a u s t i n g  t h e  maximum i t e r a t i o n s  a l l o w e d ,  w h i l e  d g i v e s  

t h e  number  o f  s t a r t i n g  p o i n t s  u s e d .  E . g .

1 / 4
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means t h a t  4 s t a r t i n g  p o i t s  w e re  u s e d ,  o u t  o f  w h ic h  t h e  

a l g o r i t h m  g o t  t o  a  s o l u t i o n  o n l y  o n c e  w i t h o u t  r e a c h i n g  t h e  

l i m i t  s e t  f o r  t h e  i t e r a t i o n .  The maximum i t e r a t i o n  was a r b ­

i t r a r i l y  s e t  a t  5 0 0 .  I f  a = 5 0 0 ,  t h e n  c  = 0 .  A l s o  t h e  

t o l e r a n t  v a l u e  was s e t  a t  0 . 0 0 0 1 5 .

8 . 1  I n e q u a l i t i e s

a) T o d d ' s

The 1 s t  t e s t  c a s e  i s  e x a m p l e  3 i n  Todd (21) .  The 

p r o b le m  i s  t h a t  o f  f i n d i n g  an x 6 R3 su c h  t h a t ,  f o r  a  s m a l l  

p o s i t i v e  8 ,

F o r  8 ,  we u s e d  t h e  v a l u e  0 . 1 .  We a l s o  went f u r t h e r  t o  

e x p a n d  t h e  p r o b l e m  f o r  b i g g e r  v a l u e s  o f  n ,  x e  R*,  x 6 Rs 

and x e  R6 , w i t h

Todd recommended  t h e  s t a r t i n g  p o i n t

and
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N o te  t h a t  ra = 2 /' _ * .

T a b l e  1

R e s u l t s  o f  T o d d ' s  P r o b le m  a n d  E x t e n s i o n s

r      —  ^

| M | N |SURRG11SURRGR|SURRG2|SURRG3|AGM0N1|AGM0N2 |
|    ,
| a I 3 | 1 5 1 5 1 2 1 21 5 0 0 1 341
| | | 3 4 4 | 1141 61{ S l l  3515J  2 5 0 |
1 1 I 1 / 1 {  1 / 1 |  1 / 1 {  1 / 1 |  0 /1 1  1 / 1 1
I — ------------------------------------     I
1 8 | 4 | 411 5 1 21 21 5 0 0 1 5 8 1
| I | 1 7 3 7 |  2 2 2 | 1241 1791 60361 7 2 8 |
I I 1 / I |  l / l l  1 / l J  1 /1 1  0 / l |  1 / 1 1
, --------------------------------------------------------------------------------------------------- ,
{ 16 1 5 I 8 3 1 51 21 21 5 0 0 |  8 4 |
| 1 1 65331 437J  2 5 4 |  3561 1 0 5 8 5 |  184 4 J
1 | 1 l / l l  1 /1 1  1 / 1 1  1 /1 1  0 / l |  1 / 1 !
, ------------------------------------------------------------------------------------------------------------------ ,
| 32 I 6 | 145J  5{ 2 1 21 5001 1141
| I | 2 1 5 6 0 |  874!  5261 7 1 9 |  1 9 1 9 8 |  45241
I 1 1 l / l l  l / l l  l / l l  l / l l  0 / l |  1 / 1 |

Todd q a v e  t h e  e x a m p l e  t o  show t h a t  f i n i t e  t e r m i n a t i o n  

c a n n o t  be g u a r a n t e e d  f o r  A gm cn 's  p r o j e c t i o n  m e t h o d .  As 

t a b l e  1 s h o w s ,  t h e  s u r r o g a t e s ,  e s p e c i a l l y  t h e  r e - i n i t i a l i -  

' z i n g  o n e s ,  c o n v e r g e  much f a s t e r  t h a n  A g m c n 's  i n  t h i s  

p r o b l e m .  S u r r o g a t e - 2  i s  t h e  b e s t ,  f o l l o w e d  b y  S u r r o g a t e - 3 .  

The p e r f o r m a n c e  o f  S u r r o g a t e - R  i s  q u i t e  a c c e p t a b l e .  S u r r o -  

q a t e - 1  i s  l i k e  Agmon2.
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b) T r a p e z o i d a l  H y p e r c u b e

The 2nd t e s t  c a s e  i s  a  t r a p e z o i d a l  h y p e rc u fc e  i n  R .  

a r e  t o  f i n d  an x G R* s u c h  t h a t  

0 < x ,  < 1 ,

j  = 2 | 3 |  • •  • f n •

I n  m a t r i x  f o r m ,  t h i s  c a n  be  e x p r e s s e d  a s

We

2 x • < x ;  < 6J - i  -  2x,* ,

-1
1
2
2
0
0

0
0

-1
1
2
2

0
0
0
0

-1
1

0
0
0
0
0
0

0 0 0 0 
0 0 0 0

X <

T h i s  p r o b le m  h a s  ra = 2n c o n s t r a i n t s .

0 , 6 , 2 4 )

( 1 , 2 , 3 2 )

0

F i g .  0 . 1  The t r a p e z o i d a l  h y p e r c u b e  i n  R3
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F c r  n = 3 ,  4 ,  5 an d  6 ,  we u s e d  t h e  f o l l o w i n g  s t a r t i n g  p o i n t s

1) x < 0 )  = ( 6 * - * , 6 * - i ,  6 ' ' - i ) T ,

2 )  x < o >  =  ( 0 , 0 ,  . . . ,  - 6 a - * ) t ,

3} x<°>  = ( 0 , 0 ,  . . . ,  2 (6 A~1) )T ,

U) x <o> = ( - 1 , - 6 , - 3 6 ,  . . . ,  - 6 « - » ) T .

The s t a r t i n g  p o i n t s  w ere  made e x p o n e n t i a l  f u n c t i o n s  o f  t h e  

num ber  o f  t h e  v a r i a b l e s  s o  a s  t o  be f a r  f ro m  t h e  h y p e r c u b e  

and  t h e r e b y  make a p p r o a c h  t o  a  s o l u t i o n  a s  d i f f i c u l t  a s  

p o s s i b l e .

T a b l e  2

R e s u l t s  o f  T r a p e z o i d a l  H y p e r c u b e  P ro b le m

M I 

6

N |SURRG11SURRGR{SURRG21SURRG31RGM0N11RGMON 2 |
 » - l

541 
50 8 | 
4 / 4  |

 1
409  | 

4940  | 
4 / 4  |

1221 
3 5 3 7 |  

4 / 4 1

81 
2 5 2 |  
4 / 4 1

611 
1 7 7 5 |  

4 / 4 1

2 |
1 2 3 |
4 / 4 |

3 75 |  
3 4 0 2 |  

1 / 4 |

8 5 0 0 |  
1 9 8 6 0 |  

0 / 4 1

59 | 
2308 | 

4 / 4  |

3751 l O l j  
150581 76891

1 / 4 J  4 / 4 J

3761
45501

1 / 4 |
 ,

50 0 | 
7 5 5 5 |  

0 / 4  |
 ,

50 0) 
9 07 8 | 

0 / 4 J  
 »

10 5001 3831 3941 3 6 2 1 5 0 0 1
2 56 7 6 J  1 8 3 7 4 |  1 9 7 1 1 |  34464{ 7555J

0 / 4 J  1 / ^ 1  l / M  4 / 4 |  0 / 4 |

12 500J 378J 376J 3761 392J
312251 22119J 22750J  4 4 7 9 8 |  714 1 J

0 / 4 | 1 /4 1  1 / 4 | 1 / 4 | 1 /4 1

S u r r o g a t e - 3  i s  t h e  b e s t  o f  a l l .  I n  3 o u t  o f  t h e  4 s i z e s  

u s e d ,  i t  g o t  4 / 4 .  T h a t  i s ,  S u r r c g a t e - 3  g o t  4 s o l u t i o n s  o u t  

o f  t h e  4 s t a r t i n g  p o i n t s  f o r  e a c h  s i z e  e x c e p t  i n  o n e ,  where  

i t  g o t  1 / 4 .  H o w e v e r ,  we m u s t  p o i n t  o u t  t h a t  t h e  am o u n t  o f  

c o m p u t a t i o n s  d o n e  b y  S u r r c g a t e - 3  c a n  be a l i a b i l i t y  i f  i t
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t a k e s  l o n g e r  t o  g e t  a  s o l u t i o n .

S t a r t i n g  p o i n t  (1) was t h e  b e s t .  A l l  4 s u r r o g a t e

a l g o r i t h m s  c o n v e r g e d  v e r y  f a s t  f o r  a l l  m a n d  n .  S t a r t i n g  

p o i n t  (4) was t h e  w o r s t .  T h i s  was n o t  s u r p r i s i n g  b e c a u s e  

t h e  f e a s i b l e  r e g i o n  i s  i n  t h e  p o s i t i v e  s e c t a n t  o f  t h e

n - s p a c e .  At t h e  5 0 0 t h  i t e r a t i o n  a n d  f o r  m = 1 2 ,  n = 6 ,  o n l y  

S u r r o g a t e - R  had c o n s i d e r a b l y  r e d u c e d  t h e  d i s t a n c e .  S t a r t i n g  

p o i n t s  (2) , ( 3 )  and  (4) w e r e  bad f o r  S u r r o g a t e - 2 .

c) Randomly G e n e r a t e d  P r o b le m

P r o b l e m s  (a )  a n d  (b) a b o v e  a r e  s p e c i a l i z e d  p r o b l e m s .  To

t e s t  an  a r b i t r a r y  p r o b l e m ,  we d i d  t h e  f o l l o w i n g :

i )  A i s  on t h e  a v e r a g e  10% d e n s e ,

(5-15% o f  t h e  a  e n t r i e s  i n  e a c h  co lum n  a r e  n o n z e r o . )

i i )  - 1  < a j '  < 1 was u n i f o r m l y  g e n e r a t e d  f o r  i  = 1 , 2 ,  . . ,  m
J and  3 = 1 , 2 ,  . . ,  n

i i i )  b = A ( 1 , 1 ,  . . . ,  i f  + r ,  r^ u n i f o r m l y  g e n e r a t e d  i n  (0 ,1 )

i v )  100 < |x< ° >| < 200 an d  x> u n i f o r m l y  g e n e r a t e d  f o r  a l l  j .
j  d

The r e a s o n  f o r  d e f i n i n g  t h e  v e c t o r  b a s  we d i d  i s  t o

g u a r a n t e e  t h a t  t h e  s o l u t i o n  s e t  i s  r o t  e m p t y .  We made 6

t e s t s  w i t h  v a r i o u s  m an d  n .
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T a b l e  3

R e s u l t s  o f  Random P r o b le m

r — ■   1

M | N ISURRG1jSURRGR|SURRG2J SURRG31AGMONllAGMCN2|

30 | 20 500 J 211 28 8{ 821 37 0
6352J 3 5 6 3 | 4538 28 C41 4 7 0 0 | 1 9 1 0 0

I 0 /11 1 / 1 1 1 / 1 l / l l 1 / 1 | 1 / 1

60 I 20 500 J 5001 500 5 0 0 1 5 0 0 | 50 0
1 1 4 4 8 0 3  11 2 9 4 6 7 1131942 2601681 4 1 2 2 0 | 4 1 2 2 0
1 o / n 0 /1 1 0 / 1 0 / l | 0 / l | 0 / 1

9 0 1 20 500J 117J 203 61 | 5 0 0 1 50 0
I 1 9 5 4 5 5 | 44930  J 73065 4 4438J 568201 56820
I 0 / 1 1 1 / 1 | 1 / 1 1 / 1 | 0 / l | 0 / 1

3 0 1 30 5 0 0 | 36J 20 1 2 1 2 0 6 1 23
I 911921 6 9 1 3 | 4237 4 7 8 6 | 1 3 2 6 0 j 2280
I 0 /1 1 1 / 1 | 1 / 1 1 / 1 1 1 / 1 | 1 / 1

601 30 500J 5 0 0 | 500 5 0 0 | 5 0 0 | 322
I 15 2 0 2 6 J 1 4 1 0 1 3 1 1 4 3 7 1 3 2 8 4 3 3 6 | 468 30 J 30780
1 0 / 1 1 0 / l | 0 / 1 0 / l | 0 /1 1 1 / 1

90 j 30 500 | 2 6 5 | 292 208( 500{ 50 0
I 2 1 6 1 0 9 1 1 0 4 5 9 2 1 1 1 3 1 8 3 1588861 62730{ 6 2730
1 0 / 1 1 l / l l 1 / 1 1 / 1 | 0 / l | 0 / 1

L_________________________________________________________________ I

F o r  some s t r a n g e  r e a s o n s ,  60 c o n s t r a i n t s  seem t c  b e  a 

bad c a s e  f o r  a l l  t h e  m e t h o d s .  S i n c e  t h e y  c o n v e r g e  f o r  90 

c o n s t r a i n t s ,  t h e  t r o u b l e  c a n n o t  be t h e  s i z e ,  t u t  r a t h e r  t h e  

s t r u c t u r e .  A g a in  s u r r o g a t e s  R, 2 a n d  3 o u t p e r f o r m s  Agmon.

d) E p s i l c n - C u b e

A n o t h e r  i n e q u a l i t y  p r o b l e m  t e s t e d  was o n e  w i t h  s p e c i a l t y  

and  r a n d o m n e s s  c o m b i n e d .  The c o n s t r a i n t s  a r e  d e f i n e d  b y  a 

s m a l l  c u b e .

< x • < S f o r  j  = 1 , 2 ,  • • • ,  n .
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To t h i s  c u b e  we a d d e d  m ore  c o n s t r a i n t s  w h ic h  a r e  some comb­

i n a t i o n s  o f  t h e  o r i g i n a l  o n e s .  T h e s e  a d d i t i o n a l  c o n s t r a i n t s  

a r e  d e f i n e d  a s

a  = 21Z  « '  (±e -) and  b = S X Z  oc • ,
j 6 j  0 j e j

*
w h e re  t h e  ocJ , s  a r e  r a n d c m l y  g e n e r a t e d  n u m b e r s  u n i f o r m l y

d i s t r i b u t e d  b e t w e e n  0 an d  1 .  J  was c h o s e n  a s  a  random

s u b s e t  o f  i n d i c e s  { 1 , 2 ,  . . . ,  n } .  F o r  e a c h  p a i r  o f  m and  n ,

t h e  f o l l o w i n g  i n i t i a l  p o i n t s  w e r e  u s e d :

i )  x<°> = lOOOr- f o r  - 1  < r,  < 1 
j  j  J

a n d  r« u n i f o r m l y  g e n e r a t e d ,

i i )  x<°> = ( 1 0 0 0 , 1 0 0 0 ,  . . . ,  1000)  ,

i i i )  x<°> = - ( 1 0 0 0 , 1 0 0 0 ,  . . . ,  1000)  ,

i v )  | x f  o >| = 1 0 0 0  f o r  a l l  j
•3

and  t h e  s i g n  r a n d o m l y  c h o s e n .

The main i d e a  was s i m p l y  t o  s t a r t  f r c m  a d i s t a n t  p o i n t  t o

t h e  s o l u t i o n  s e t .  W i th  6 = 0 . 1 ,  t h e  r e s u l t s  a r e
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T a b l e  4

R e s u l t s  o f  E p s i l o n - C u b e

r  ,
M I N |SURRG1|SURRGR|SURRG2|SURRG3|AGM0N1JAGMGN2|

1 2 0 1 10 101 10 { 5 | 4 1 10 I 50 0
1 I 1 1 0 3 | 1 1 0 3 | 685 | 8211 5 0 0 1 15210
1 i 4 / 4 | 4 / 4 ! 4 / 4 J 4 / 4 1 4 / 4 | 0 / 4

! 401 10 500 1 24 i 8 1 7 | 211 500
89593J 4 8 1 0 | 1 8 6 7 ! 2 8 29! 1450J 25410

1 I 0 / 4  J 4 / 4 1 4 / 4 ! 4 /41 4 /4 1 0 / 4

I 60! 10 382J 27J 11! 8! 19! 500
1 1 9 4 4 4 7 | 7478  1 34 51J 4 0 1 9 | 1 947J 35610
1 I 1 / 4 1 4 / 4  | 4 / 4 1 4 / 4 | 4 / 4 | 0 / 4

1 801 10 5001 311 8 i 6 1 20 | 50 0
1 1 1567121 1 0 9 0 4 | 3594 J 51 €9 | 2 6 0 0 | 4 5 8 1 0
i 1 0 /4 1 4 / 4 1 4 / 4 J 4 /4 1 4 / 4 | 0 / 4

1 30! 15 15! 151 8 | 5 1 15{ 50 0
! ! 25181 2 5 1 8 | 1517! 18 95{ 1 1 2 5 ! 2 2 9 6 5

4 / 4 J 4 / 4  | 4 / 4  | 4 /4 1 4 / 4 | 0 / 4

1 50 15 3 8 7 | 35( 12J 81 17 { 50 0
i I 896021 8 9 0 2 | 34081 44C2J 1 855! 33265
I ! 1 / 4  | 4 /4 1 4 / 4 J 4 /4 1 4 / 4 J 0 / 4

1 7 0 1 15 5 0 0 | 45J 13 | 1 0 1 2 8 1 50 0
1 1 15 2016! 150261 4968{ 71161 34931 4 3 5 6 5
I t 0 / 4  J 4 /4 1 4 / 4 J 4 / 4 1 4 / 4  | 0 / 4

1 90! 15 5001 49 I 111 8 | 32J 500
I i 1 8 7 9 8 1 J 20313J 57991 7898! 4710J 53865
1 I1____ ___

0 /41 4 / 4  1 4 / 4 J 4 /41 4 / 4 J 0 / 4

S u r r o g a t e  R ,  2 a n d  3 w e r e  v e r y  f a s t  w i th  t h i s  p r o b l e m ,  

w i t h  S u r r o g a t e - 3  a s  t h e  b e s t ,  c l o s e l y  f o l l o w e d  by S u r r o ­

g a t e - 2 .  The t h r e e  a l g o r i t h m s  c o n v e r g e d  v e r y  f a s t  f o r  a l l  

s t a r t i n g  p o i n t s  a n d  a l l  s i z e s .  S u r r c g a t e - 1  was e x t r e m e l y  

s l o w  i n  a l l  e x c e p t  i n  s t a r t i n g  p o i n t  1 .  Agmonl was a s  good 

a s  t h e  o t h e r s  w h i l e  Aamon2 was w o r s e  t h a n  S u r r c g a t e - 1 .
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8 . 2  E q u a t i o n s  a n d  LP P r o b le m s  

S t a r t i n g  P o i n t s

F o r  t h e  t e s t s  o f  e q u a t i o n s  a n d  l i n e a r  p r o g ra m m in g  

p r o b l e m s ,  we u s e d  4 s t a r t i n g  p o i n t s  we c o n s i d e r e d  mean­

i n g f u l .  The f i r s t  o n e  i s

x< o > = 0 ...(1)

S i n c e  z e r o  i s  t h e  minimum a c c e p t a b l e  v a l u e  f o r  t h e  v a r ­

i a b l e s  o f  a n  I P  p r o b l e m ,  i t  made s e n s e  t o  i n c l u d e  i t  a s  a

s t a r t i n g  p o i n t .  (We do n e t  c l a i m  t h a t  t h e  v a r i a b l e  w i l l

r e m a i n  f e a s i b l e  d u r i n g  t h e  e n t i r e  i t e r a t i o n s ) .

The s e c o n d  s t a r t i n g  p o i n t  we c o n s i d e r e d  was t h e  r i g h t  

h a n d  s i d e  o f  t h e  c o n s t r a i n t s .  We a s s i g n e d  t h e  r i g h t  hand  

s i d e  t o  t h e  v a r i a b l e s  i n  t h i s  m a n n e r

x{ 0 » = b 1 j  = 1 , 2 ,  . . . ,  ra in (m ,n )
J °  (2a)

x<° > = 0  j  = m+1,  . . . ,  n i f  m < n .
J

F o r  t h e  d u a l  v a r i a b l e  o f  L P ,  ( s e e  s e c t i o n  6 . 3  on s t o r a g e )

x<o(> =  b j .  j  = 1 , 2 ,  . . . ,  m in (m ,n )
J   (2b)

x<o> = o j  = n + 1 ,  . . . , m  i f  n < it.

I n  t h e  t h i r d  i n i t i a l i z a t i o n ,  we d i s t r i b u t e d  e q u a l l y  t h e

r i g h t  hand  s i d e  t o  t h e  v a r i a b l e s .  By ' e q u a l l y ' ,  we mean

a s s i g n i n g  t o  e a c h  o f  t h e  n v a r i a b l e s ,  ( 1 / n ) t h  o f  t h e

a v e r a g e  o f  t h e  r i g h t  h an d  s i d e .  T h a t  i s ,

m

i = l
x co >    j  =  ..................n  (3a)
J mn

L i k e  t h e  p r e v i o u s  c a s e ,  t h e  d u a l  v a r i a b l e s  g o t  t h e  d u a l  

r i g h t  h an d  s i d e .  T h a t  i s
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m+n

i= m + l
x c o  )  = ------------------------ j  =  1 , 2 ,  . .  • ,  m

J inn

The f i n a l  s t a r t i n g  p o i n t  we u s e d  was

(3b)

x<0 > = (1 ,1 . • • •» 1)T

i d e a  b e h i n d  t h i s was t o  h a v e

n
d ;  =

3=1
a • • - = 1 , 2 ,

w h ere
*• n + m

i f  n o t  

i f  LP

LP

a n d ^  J  m
m = \ L m + n

i f  n o t  

i f  LP.

LP

(4)

e)  L i n e a r  E q u a t i o n

We r a n  4 s e t s  o f  s m a l l  e q u a t i o n s  t o  a s c e r t a i n  t h a t  t h e  

a l g o r i t h m s  can  h a n d l e  e q u a t i o n s  a s  d i s c u s s e d  i n  s e c t i o n . 6 . 1

T a b l e  5 

R e s u l t s  o f  S y s t e m s  o f  E q u a t i o n s

i------------
1 M | N SURRG11 SURRGR | SURRG2 | SURRC-31AGM0N1J AGMON 2 |

1 2j  
1 ( 
I I

3 21 
28 | 

4 / 4  |

2 1 
28 | 

4 / 4  |

11
23 I 

4 / 4  |

1! 
28 I 

4 / 4 j

141 
77 | 

4 / 4 J

50 0} 
2509  1 

0 /4 1

! 5J 
! I 
I I

3 2 I 
581 
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f )  L i n e a r  P r o g ra m m in g

E i g h t  l i n e a r  p r o g ra m m in g  p r o b l e m s  w ere  t e s t e d ,  t h e  l a s t  

2 o f  w h ic h  a r e  t h e  n u t r i t i o n  p r o b l e m  ( s h o r t  and  l o n g )  i n  

D a n t z i g ( 4 ) .  F o r  e a c h  LP p r o b le m  we r a n ,  we v e r i f i e d  o u r  

s o l u t i o n  by u s i n g  t h e  s i m p l e x  r o u t i n e  p r o v i d e d  i n  t h e  IMSL 

p a c k a g e .  The r e s u l t s  w h ich  f o l l o w  u s e d  a  s c a l e d  v e r s i o n  o f

T a b l e  6

R e s u l t s  o f  L i n e a r  P ro g ram m in g  P r o b le m s

M | N |SURRGllSURRGR|SURRG2|SURRG3|AGM0N1|AGM0N2

7 | 3 | 178 12 30 2 | 2 201 500
1 4074 290 752 1C6| 10681 2127
I i 3 / 4 4 / 4 4 / 4 4 / 4  J 4 / 4 J 0 / 4

91 114 14 27 7 1 2 3 0 1 500
1 1 2837 372 786 3 8 4 | 1209J 2419
1 1 4 / 4 4 / 4 4 / 4 4 / 4 1 3 / 4  J 0 / 4

1 3 1 6 | 445 214 497 244  J 5 0 0 | 50 0
1 1 1 6 6 0 2 8194 20548 1 9 1 9 5 | 4 0 0 7 | 4 0 7 3
1 I 1 / 4 4 / 4 1 / 4 4 / 4 1 0 /41 0 / 4

15 I 7 | 432 329 389 3 54 | 4501 500
I I 20122 15027 19892 335771 4 6 5 1 | 5133
1 1 1 / 4 2 / 4 1 / 4 2 / 4 J 1 / 4 1 0 / 4

15 | 71 375 191 500 381 5 0 0 1 500
I 1 1 7354 8903 24711 33301 5498J 5369
1 1 1 / 4 3 / 4 0 / 4 4 / 4  | 0 / 4 J 0 / 4

17 J B| 500 355 394 1 9 7 | 5001 50 0
1 1 2 5 3 5 1 18241 22120 2 0 5 5 6 | 56411 5499
1 1 0 / 4 3 / 4 2 / 4 4 /4 1 0 / 4  | 0 / 4

29J 14 | 767 867 591J 10001
1 I * 64026 78680 104073J 1 9 1 2 1 | -V
I 1 3 / 4 1 / 4 4 / 4 J 0 / 4 J

59 | 291 979 1000 763 | 10001
1 1 V- 164872 190418 275079J 30776J 1*

1 1 1 / 4 0 / 4 4 / 4 | 0 / 4 1
L ____________________________________________________________________________________________________ J

* = n o t  r u n
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t h e  d a t a  g i v e n  i n  D a n t z i g ( 4 ) .  The r e a s o n  f o r  t h i s  i s  

d i s c u s s e d  i n  t h e  n e x t  s u b s e c t i o n .

A l th o u g h  some o f  t h e  a l g o r i t h m s  d i d  n o t  g e t  a s o l u t i o n  

w i t h  some s t a r t i n g  p o i n t s ,  we n o t i c e d  t h a t  t h e  x g o t  a t  t h e  

5 0 0 t h  i t e r a t i o n  was c l o s e  t o  a s o l u t i o n .  T h e r e f o r e  f o r  a

l a r g e  p r o b le m  l i k e  t h e  n u t r i t i o n  c a s e ,  we i n c r e a s e d  t h e  

i t e r a t i o n  c u t - o f f  f ro m  500 t o  1000  a n d  r a n  s u r r o g a t e  R, 2 ,  

3 and  Agmonl.  As s e e n  f r c m  t h e  t a b l e  S u r r o g a t e - 3  g o t  4 / 4  

f o r  t h e  s h o r t  a n d  l o n g  l i s t s .  F a v o r i t e  s t a r t i n g  p o i n t s

w e re  n o t  r e g u l a r  w i t h  a n y  o f  t h e  a l g o r i t h m s .  I t  v a r i e d

w i t h  t h e  p r o b l e m s .  B e c a u s e  o f  s p a c e ,  we h a v e  n o t  shown t h e  

r e s u l t s  g o t  w i t h  random  s t a r t i n g  p o i n t s ,  b u t  we m u s t  p o i n t  

o u t  t h a t  t h e y  w e r e  n o t  b e t t e r  t h a n  s t a r t i n g  p o i n t s  1

t h r o u g h  4 l i s t e d  a b o v e .

P h a s e s  f o r  LP P r o b l e m s

We t r i e d  t o  v a r y  t h e  s t y l e  o f  c h o i c e  o f  c o n s t r a i n t s  and 

fo u n d  o u t  t h a t  u s i n g  t h e  m o s t  v i o l a t e d  m a n i f o l d  g i v e s  t h e  

b e s t  s p e e d .  I n  t h e  LP p r o b l e m s ,  t h e r e  was a s m a l l  v a r i a ­

t i o n  t h a t  i m p r o v e d  t h e  s p e e d  a  l i t t l e .  We s h a l l  g i v e  t h e  

v a r i a t i o n  h e r e .

I .  1 - P h a s e  A l g o r i t h m

1) G e t  a f e a s i b l e  s o l u t i o n  t o  t h e  p r o b le m  a s  g i v e n  

a s  g i v e n  I n  ( 6 . 1 . 1 ) ;

2) S top ;
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I I .  2 - P h a s e  A lg o r i th m

1) G e t  a f e a s i b l e  s o l u t i o n  t o  t h e  p r i m a l  and  d u a l  

o f  ( 6 . 1 . 1 ) ;

2) I f  z - f e a s i b l e ,  s t e p ;

3) P r o j e c t  o n t o  t h e  z - h y p e r p l a n e ;

4) Gc t o  1 ) ;

I n  t h e  2 - p h a s e  a l g o r i t h m ,  f e a s i b i l i t y  g o t  p r i o r i t y  o v e r  

o p t i m a l i t y .  We g o t  a f a s t e r  c o n v e r g e n c e  t h a n  w i t h  t h e  

1 - p h a s e  c a s e .  H o w e v e r ,  t h e  d i f f e r e c e  was n e t  m u c h .  The 

r e s u l t s  i n  t h e  t a b l e s  a r e  t h o s e  o f  2 - p h a s e  a l g o r i t h m .

8 . 3  S c a l i n g

8 . 3 . 1  D a t a  s c a l i n g

D e f i n i t i o n :  An o v e r d o r c i n a n t  e l e m e n t  i n  A i s  a n  e l e m e n t  whose 

a b s o l u t e  v a l u e  i s  much g r e a t e r  t h a n  t h e  sum o f  

t h e  a b s o l u t e  v a l u e s  c f  t h e  o t h e r  e l e m e n t s  i n  i t s  

row o r  c o l u m n .  T h a t  i s ,  i f  f o r  seme r  a n d  k ,

, a rk I »  I or Iaru I >> ^ r i |a ^ 1
i # r  j * k

t h e n  a r)t  i s  ( row o r  co lu m n )  o v e r d o m i n a n t .

A row o v e r d o m i n a n t  e l e m e n t  c a n  c a u s e  e r r o r .  A f t e r  n o r ­

m a l i z i n g  t h e  r o w ,  t h e  s m a l l  e l e m e n t s  become t o o  s m a l l .  As 

a r e s u l t  t h e  d i s t a n c e  may f a l l  w i t h i n  t h e  t o l e r a n t  r e g i o n ,  

t h e r e b y  c a u s i n g  t h e  p r o g ra m  t o  t e r m i n a t e  w i t h  i n a c u r a t e  

r e s u l t s .  T h i s  was o u r  o b s e r v a t i o n  i n  t h e  n u t r i t i o n  p r o b l e m .  

L e t  u s  e x a m in e  t h e  d a t a  f o r  t h a t  p r o b l e m .
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• N u t r i t i o n . 
• ( i )

•  •

Commo- • • 
d i t y  ( j )  . .

C a l o r i e s

(1000)

C a l c i u m

(gram s)

V i t a m i n
A

(10 I .U )

R i t o f -
l a n i n
(mg.)

A s c o r b i c .  
Acid  • 

(Eg.)

C c s t / U

( d o l l a

Wheat
f l c u r
( e n r i c h e d )  .

4 4 . 7 2 . 0 0 3 3 .3 0 1 . 0 0

E v a p o r a t e d . 
m i l k  (can )  .

8 . 4 1 5 . 1 2 6 . 0 2 3 . 5 60 1 . 0 0

C h e e s e  
( C h e d d a r )  .

7 . 4 1 6 . 4 2 8 . 1 1 0 . 3 0 1 . 0 0

l i v e r
( b e e f )

2 . 2 0 . 2 1 6 9 . 2 5 0 .8 525 1 . 0 0

C ab b a g e  . 2 . 6 4 . 0 7 . 2 4 . 5 5369 1 . 0 0
0

S p i n a c h  • 1 . 1 0 9 1 8 . 4 1 3 . 8
0

2755 1 . 0 0

Sweet
p o t a t o e s  •

9 . 6 2 . 7 2 9 0 . 7 5 . 4 1912 1 . 0 0

Lima b e a n s ,  
( d r i e d )

1 7 . 4 3 . 7 5 . 1 3 8 .2 0 1 . 0 0

Navy b e a n s ,  
( d r i e d )

2 6 . 9 1 1 . 4 0 2 4 .6 0 1 . 0 0

D a i l y
a l l o w a c e

3 . 0 0 . 8 5 . 0 2 . 7 75

The c o m m o d i ty  e n t r i e s  a r e  co lu m n  e l e m n t s  f o r  t h e  p r i m a l  

b u t  row e l e m e n t s  f o r  t h e  d u a l .  The e l e m e n t ,  5 3 6 9 ,  i n  t h e  

c a b b a g e  e n t r i e s  i s  co lum n c v e r d c m i n a n t .  T h i s  may n o t  h a v e  

been  a p r o b le m  i f  t h i s  was n o t  a n  LE p r o b l e m .  As i t  i s ,  

t h a t  e l e m e n t  i s  row o v e r d o m i n a n t  w i t h  r e s p e c t  t o  t h e  d u a l .  

When we r a n  t h e  p r o g r a m  w i t h  t h e  d a t a  a s  g i v e n ,  we h a d  v e r y  

f a s t  c o n v e r g e n c e ,  w i t h  f e a s i b l e  p r i m a l  b u t  i n a c u r a t e  d u a l  

s o l u t i o n .  He r a n  i t  a g a i n  w i t h  r i b o f l a v i n  a n d  a s c o r b i c  a c i d  

i n  g r a m s ,  and  t h e  r e s u l t i n g  e f f e c t  was s lo w  c o n v e r g e n c e .  

F i n a l l y ,  we s c a l e d  down some o f  t h e  d a t a  s o  t h a t  t h e  m ax i ­

mum n u m b er  o f  d i g i t s  b e f o r e  a n y  d e c i m a l  p o i n t  was 2 .  We
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t h e n  g o t  a c c e p t a b l e  r e s u l t s .  T h e r e f o r e ,  i f  t h e r e  e x i s t s  a  

co lu m n  o v e r d o m i n a n t  e l e m e n t  i n  t h e  d a t a  and  t h e  p r o b l e m  i s  

an L P ,  t h e  row i n  w h ic h  i t  o c c u r s  s h o u l d  b e  s c a l e d  down.  

The c h o i c e  o f  s c a l e  f a c t o r s  d e p e n d s  cn  t h e  e n t i r e  d a t a .  

C ur  c h o i c e  o f  0 . 0 1  and  0 . 1  f o r  a s c o r b i c  a c i d  and v i t a m i n  A 

r e s p e c t i v e l y ,  was g u i d e d  b y  t h e  f a c t  t h a t  3 o u t  o f  t h e  5 

n u t r i e n t s  h a v e  t h e i r  e n t r i e s  i n  a  maximum o f  2 d i g i t s  

b e f o r e  d e c i m a l  p o i n t .  The s c a l e  f a c t o r s  a n d  t h e  t o l e r a n t  

v a l u e ,  d e l t a ,  m u s t  b a l a n c e  eac h  o t h e r  v i e l l .  T h e  s m a l l e r  t h e  

s c a l e  f a c t o r ,  t h e  b i g g e r  t h e  d e l t a  may h a v e  t c  b e .

8 . 3 . 2  O v e r - r e l a x a t i o n
>

1 A n o t h e r  t h i n g  t h a t  c a n  be v a r i e d  i s  t h e  d i s t a n c e  t c  t h e  

p r o j e c t i o n .  T h i s  i s  c a l l e d  r e l a x a t i o n .  C o n s i d e r  t h e

f o l i o

A

F i g .  8 . 2  T r a n s l a t e  o f  H.



L e t  i )  = a t r a n s l a t e  c f  Hb
^<,+*

i i )  e  = d i s p l a c e m e n t  r e s u l t i n g  f r c m  t h e  t x a n s l a t i c n

= " ( d ) i u f ^ v  f o r
some w

•kM
i i i )  f  = d i s t a n c e  o f  x t 0 > f r o m  H*

n*.-n
Then f  = d u + efit#

= d ^ +  « ( d | u -  * /< % , )  b y d e f *  (i>

W ith  r e s p e c t  t o  t h e  t r a n s l a t e ,  HJ
“k+l

f  -  r k Cu
o. (X)  ---------------   by s t e p  7

Ft..'k4i
J l -  C ?

A ' -
CL

-  a *«> - - - - - - - - k i t

A  -  eg
S e t  X = 1+w '*■"

by (1)

• • % (X) = h  gh ( i )  ( 8 . 3 . 1 )
n * 4 i n*4 i

To m ee t  t h e  p o s i t i v i t y  r e q u i r e m e n t ,  \  h a s  t o  b e  g r e a t e r  

t h a n  0 .  T h a t  i s .



X ' ~  ’’W * '  ,A 1 ) c ^ 9lki1) ‘
..........................(3)w h e re  ( X - l )  c .  < g. (1) / g  (1)

li-H lt<*l ~(tii
b (2) an d  ( 3 ) ,  we h a v e

% (1)f o r  c. > 0 ,  0 < \  < 1 + -------- ---------
'*« Cf, g. (1)

f o r  c. = 0 ,  0 < X

%  (1)
f o r  Cl < 0 ,  max (0 ,  1 + ---------  ) < X-

W' Cb 9 .  (1)
v<+i B/+i

B u t

/<■+< Bt+i

% .  ‘V f  ^ itt+i

1  <r '< * <1+C/X4,)=  (1 +  "  - - - )

<

( i )
.  .  —  -& * L -------- +

C|» V 1}' /M l  H t f l

V . i df c t f  r* %+>
> 1 i f

% <
> 0

< - 1 i f
%+<

< 0

> 2 i f
% ,

> 0

< 0 i f
%t>

< 0

3) an d («) t h e v a l i d  r a n g e

1 C   (4)

/>r 9w (1)
I 0 < X < 1 + -----------   i f  C l  > 0

< c., g (1) '*«
|  '(m i ( E . 3 . 3 )
L 0 < X i f  C l  < 0 .

He* i
The d i f f e r e n t  v a l u e s  f o r  d i f f e r e n t  t y p e s  o f  r e l a x a t i o n  are

0 < X < 1 u n d e r - r e l a x a t i o n

X = 1 p r o j e c t i o n

1 < X < 2 c v e r - p r c j e c t i o n

X = 2 r e f l e c t i o n

2 < X c v e r - r e f l e c t i o n .

The l a s t  3 a r e  c a l l e d  o v e r - r e l a x a t i c n .  We t r i e d  o v e r -



r e l a x a t i o n  (1 < \  < 2) on o u r  t e s t  p r o b l e m s  w i t h  a v a r i a b l e  

p a r a m e t e r  t h a t  i s  a f u n c t i o n  o f  cw ,

The r e s u l t i n g  e f f e c t  was a  mixed o n e .  C o n v e r g e n c e  i m p ro v e d  

f o r  some an d  g o t  w o r s e  f o r  o t h e r s .  T h e r e  were some t h a t  

w e r e  n o t  a f f e c t e d .  The r e s u l t s  i n  t h e  t a b l e s  ab o v e  a r e  f o r  

p u r e  p r o j e c t i o n ,  \  = 1 .

I n  d o i n g  o v e r - r e l a x a t i o n ,  e x t r a  c a r e  m u s t  b e  t a k e n  t o  

e n s u r e  a v a l i d  and R e a s o n a b l e *  p a r a m e t e r  v a l u e .  

T h e r e  a r e  two p r o b l e m s  t h a t  c o u l d  b e  e n c o u n t e r e d .

1) I n c o n s i s t e n c y  c o n d i t i o n  c o u l d  be  f a l s e l y  r a i s e d  

f o r  some X * 1 .

2) I f  t h e  f e a s i b l e  s e t  i s  a  b o u n d ed  p o l y t o p e  and 

we o v e r - r e l a x  bey o n d  t h i s  s e t ,  c o n v e r g e n c e  may 

no l o n g e r  b e  p o s s i b l e  f o r  S u r r o g a t e - 1  s i n c e  xk 

i s  i n c r e a s i n g  w i t h o u t  b e i n g  r e s e t .

The 1 s t  p r o b l e m  may a r i s e  i f  t h e r e  a r e  2 p a r a l l e l  b u t  

i n t e r s e c t i n g  h a l f - s p a c e s .  The t r a n s l a t e  o f  a n y  on e  o f  

them  w i l l  s t i l l  be  p a r a l l e l  t o ,  b u t  n o t  n e c e s s a r i l y  

i n t e r s e c t i n g  w i t h ,  t h e  o t h e r  h a l f - s p a c e .  C o n s e q u ­

e n t l y ,  i n c o n s i s t e n t  t e s t  w i l l  n e t  be u s e d  f o r  \  > 1 .  

The 2nd p r o b l e m  w i l l  n o t  h a p p e n  w i t h  t h e  r e - i n i t ­

i a l i z i n g  s u r r o g a t e s  b e c a u s e  r f< i s  r e s e t  a t  c e r t a i n  

s t a g e s  a s  i t e r a t i o n  p r o g r e s s e s .

W arn ing
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CONCLUDING REMARKS

Cn t h e  a l g o r i t h m s

A l t h o u g h  S u r r o c a t e - 3  d e e s  n o r e  v c r k  t h a n  t h e  r e s t ,  we

g e t  m ere  s o l u t i o n s  w i t h  i t  t h a n  w i t h  t h e  o t h e r s .  The am ount

c f  work i t  d o e s  i s  a  l i a b i l i t y  o n l y  when i t  t a k e s  l e n g  t o

r e a c h  a  s o l u t i o n .  We o b s e r v e d  t h a t  i n  c a s e s  w here  i t  fo und

a s o l u t i o n  e a r l y ,  t h e  am cu n t  o f  work i t  d i d  was s m a l l e r  

t h a n  t h a t  d o n e  by a n y  o f  t h e  e t h e r s .  S u r r c c a t e - R  i s  c u r  

s e c o n d  b e s t .  I n  f a c t ,  f ro m  t h e  a m c u n t  o f  w ork  i t  d o e s ,  i t  

may be c o n s i d e r e d  o v e r  S u r r c g a t e - 3 .  I t  v a r i e s  t h e  num ber  o f  

c o n s t r a i n t s  i t  u s e s  b e f o r e  r e - i n i t i a l i z a t i o n .  The 3 r d  b e s t  

i s  S u r r o g a t e - 2 .  S u r r c g a t e - 1  i s  v e r y  s l o w  b u t  i t  h a s  s e r v e d

a s  a means  o f  g e t t i n g  b e t t e r  a l g o r i t h m s .

Cne a d v a n t a g e  o f  t h e  s u r r o g a t e  m e th o d s  i s  t h a t  t h e

c o e f f i c i e n t  m a t r i x  A i s  n e t  u p d a t e d .  F o r  t h i s  r e a s o n ,  we

can e c o n o m i z e  s p a c e  by s t o r i n g  o n l y  t h e  n o n z e r o  e l e m e n t s  o f
• •

A. The d o t - p r a d u c t s ,  a (' . a J ,  may b e  c o m p u te d  when n e e d e d .  

A n o t h e r  a d v a n t a g e  c f  t h e  a l g o r i t h m s  i s  t h a t  t h e y  a r e  e a s y  

t c  r e s t a r t .  A l t h o u g h  t h e y  a r e  n o t  c o m p e t i t i v e  w i t h  t h e

s i m p l e x  m e t h o d ,  t h e y  a r e  q u i t e  r e l i a b l e .

103



APPENDIX

S t a r t

I 
I 
I

i n p u t  | 
| d a t a  j

I 
I

Yes | s e t  up d u a l  {
 >  1 & |

| z - c c n s t i a i n t s j

I
No | - --------- - < ----------------- 1

I
i----------------------~i
t n o r m a l i z e  |
| C = A.AT |
I d = Ax -  b |
I k = 0 |
L______________ I

I

6

1 0 4



©
I

| c h o o s e  d |

I
i--------------------- 1
I r = d I
i ______________ i

I

Yes

r— ------1

A ( a k ) J

Yes
g < S / s

, -------- < --------- j

Yes
l p pYes 

~  - 1r e s t a r t

< —

p r i n t  | 
| r e s u l t s  |

| u p d a t e

r------
i u p d a t e  | — <-

S t e p

105



LIST OF SUBROUTINES

1 . PRINT P r i n t s  r e s u l t s 113

2 . TODHYP S e t s up  d a t a  f o r T o d d ’ s  a n d  t r a p . h y p e r c u b e 114

3 . SETXO I n i t i a l i z e s  xO f o r  u s e  by a l l 115

4 . GENflE G e n e r a t e s  A an d  iB 116

5 . EPCUBE S e t s up d a t a  f o r t h e  E p s i l c n - C u b e p r o b l e m 118

6 . NRMRCW N o r m a l i z e s  ro w s o f  A 119

7 . DOTPRD C o m p u te s  d o t - p r o d u c t s 120

8 . IN IT I n i t i a l i z e s  d and  s u r r o g a t  d o t - p r o d u c t 121

9 . CHOOSP C h o o s e s  t h e  m o s t v i o l a t e d  m a n i f o l d 124

1 0 . UPDATE D o e s u p d a t i n g 125

1 1 . SURRG1 Main r o u t i n e  f o r S u r r o g a t e - 1 129

1 2 . SURRGR Main r o u t i n e  f o r S u r r o g a t e - R 129

1 3 . SURRG2 Main r o u t i n e  f o r S u r r o g a t e - 2 131

14 a SURRG3 Main r o u t i n e  f o r S u r r o g a t e - 3 132

1 5 . AGMON Main r o u t i n e  f o r A g m o n 's 13 3

1 6 . SIMP1X C a l l s ; S i m p l e x  a s p r o v i d e d  i n  IMSL p a c k a g e 136

106



\

FCFTRAN CODE

DOUBLE PRECISION A (90 ,40)  ,B (90) , X (50) ,D (SO) f AT ( 2 0 ,  20) ,
1 U (20)  ,X0 (50) ,C  (4005) ,AK (50) ,CK (90)  ,AZ (50) ,R ,HO,
2 H I ,Z ,D Z ,C Z ,D E L ,E P S  
LOGICAL LPP OVRIX
COMMON /GL0BL1/M,N,M1,MPLUS1,LSTROH,LSTCOL,LIM,IPP,

1 OVRLX ,K P ,R ,H O ,H I , Z,DZ,C 2,D£L,EPS,MULT,KASEP,
2 IZ  L l  12 L3

COMMON /GL0B L2/A ,B ,X ,D ,A T,U ,X O ,C ,A K,CK ,A Z 
INTEGER NAME ( 7 , 2 )  ,  TA E (4 2 ,8 )  

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C C
CM  NO. OF CONSTRAINTS C
C N NO. OF VARIABLES C
C Ml NO. INEQUALITIES C
C LSTROW=M OR M+N I F  LP PROBLEM C
C LSTCOL=N OR M+N I F  LP PROBLEM C
C A M BY N COEFFICIENT MATRIX OF THE PROBLEM C
C B THE R . H . S .  OF THE PROBLEM, SIZE = LSTROW C
C X,X0 SOLUT. VECTOR, STARTING POINT, SIZE = LSTCOL C
C D DIST. VECTOR FROM XO TO H Y PS. ,  SIZE=LSTROW C
C AT THE TRANSPOSE OF A C
C U N-VECTOR OPTIMAL FUCTION COEFFICIENTS C
C C VECTOR HOLDING THE UPPER TRIANGLE OF A.AT C
C SIZE=M ( M - l ) / 2  OR M (M + l ) /2  + N ( N + l ) / 2  IF  LPP C
C AK SURROGATE NORMAL, SIZE = LSTCCL C
C CK DOT-PRCD VEC. FOR AK AND GIVEN NORMALS, SIZE=LSTECW
C AZ THE Z-COSTRAINT NORMAL, SIZE = M+N C
C DEL TOLERANT ERROR C
C R DISTANCE FROM XO TO THE SURROGATE HYPERPLANE C
C HO,HI MULTIPLIERS FOR SURROG. NORMAL AND THE CHOSEN, RESP. 
C Z,DZ OPTIMAL FUNCTION, DIST.  FROM XO TO Z-HYPERPLANE C
C CZ DOT-PRCDUCT OF AK AND AZ C
C LIM MAXIMUM ITERATION ALLOWED C
C LPP SIGNAL THAT THE PRCBLEM I S  LINEAR PROGRAMMING C
C OVRLX SIGNAL THAT CVER-RELAXATICN I S  REQUIRED C
C IZ  TOTAL NO. OF CONSTRAINTS IN LP PROBLEM C
C EPS WORKING SMALL NO. C
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

READ ( 5 ,5 )  ((NAME ( I ,  J )  , J  = 1 , 2 )  ,  I  = 1 , 7 )
5 FORMAT (7 ( A 4 ,A3) )

DO 15 I  = 1 , 4 2  
DO 10 J  = 1 , 8  

10 T A B ( I , J )  = 0 
15 CONTINUE

ISEED = 7359  
LIM = 500 
DEL = 1 . 5 D - 0 4  
EPS = 0 . ID 00 
LPP = .FALSE.
OVRLX = .TRUE.
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C I F  ( .TRUE.)  GO TO 41
C

WRITE ( 6 ,2 0 )
20 FORMAT(35X,‘ TABLE A ' / / 3 0  X , ' LINEAR IN E Q U A L IT IE S . ' /

3 0 X *---     —  i j
25X*'TODD'»S EXAMPLE AND ITS EXPANSION. * /
2 5 X '    * /

5X,'MATRIX METHOD ITERATIONS MUL/DIV '  , 1 5 X , ' X • /
5X, *   '  ,  15X ,

C
IRGW = - 2  
DO 25 N = 3 , 6  

CALL TODHYP (1)
LSTROW = M 
LSTCOL = N 
Ml = M 
CALL NRMROW 
CALL DOTPRD 
IROW = IROW + 3 
TAB (IROW ,1 )  = M 
TAB (IROW ,2 )  = N

C
CALL PRINT ( . TRUE.,NAME1,NAME2, 0)
CALL SURRGl(K)
CALL PRINT ( .F A L S E . , NAME ( 1 , 1 )  , NAME ( 1 ,2 )  ,K)
TAB (IROW,3) = K
TAB (IROW+1, 3) = MULT
I F  (K . L T .  LIM) TAB (IROW + 2 , 3 )  = 1

C
CALL SURRGR(K)
CALL PRINT (.FALSE.,NAME ( 2 , 1 )  , NAME ( 2 , 2 )  ,K)
TAB (IROW,4) = K
TAB (IROW+1,4) = MULT
I F  (K . L T .  LIM) TAB (IROW+ 2 , 4 )  = 1

C
CALL SURRG2 (K)
CALL PRINT(.FALSE.,NAME ( 3 , 1 )  , NAME ( 3 , 2 )  ,K)
TAB (IROW,5) = K
TAB (IROW+ 1 ,5 )  = MULT
I F  (K . L T .  LIM) TAB (IROW + 2 , 5 )  = 1

C
CALL SURRG3 (K)
CALL PRINT (.FALSE.,NAME ( 4 , 1 )  , NAME ( 4 , 2 )  ,K)
TAB (IROW,6) = K
TAB (IROW+1, 6) = MULT
I F  (K . L T .  LIM) TAB (IRCW + 2 , 6 )  = 1

C
CALL AGMON (K, 1 .OD 00)

! CALL PRINT («FALSE.,NAME(5,1),NAME( 5 , 2 )  ,K)
TAB (IROW,7) = K
TAB (IROW+ 1 ,7 )  = MULT
I F  (K . L T .  LIM) TAB (IROW + 2 , 7 )  = 1

C
CALL AGMON (K, 2 .OD 00)
CALL PRINT (.FALSE.,NAME( 6 , 1 ) , NAME( 6 ,2 )  ,K)
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TAB (IROW,0) = K
TAB (IROW+1, 8) = MULT
I F  (K . L T .  LIM) TAB (IRCW + 2 , 8) = 1
WRITE ( 6 ,3 6 0 )

25 CONTINUE
C

WRITE (6 ,  30)
30 FORMAT(1H1/35X, *TAELE B » / / 3 O X , • LINEAR INEQUALITIES. ' /  

^ 30X *________  - __ __»/
2 27X \  'THE TRAPEZOIDAL HYPERCUBE. • /
3 27X '  — --------------------------------------------- - /
4 5X,*MATRIX METHOD ITERATIONS MUL/DIV» ,1 5 X , *X • /
5 5X , •----------------------------------------------------------------* ,15X , * “•*)

C
IROW = 10 
DO 40 N = 3 , 6  

CALL TODHYP (2)
LS1FOW = M

LSTCOL = N 
Ml = M 
CALL NRMROW 
CALL DOTPRD 
IROW =: IROW + 3 
TAB (IROW ,1 )  = M 
TAB (IROW, 2) = N

C
C USE 4 DIFFERENT XO.
C

DC 35 KASE = 1 , 4  
CALL SETXO (KASE)
CALL PRINT(.TRUE. ,NAME1,NAME2, C)
CALL SURRGl(K)
CALL PRINT ( .FALSE. ,NAME ( 1 ,1 )  , NAME ( 1 , 2 )  ,K)
TAB (IROW,3) = TAB (IROW,3) + K
TAB (IROW+1,3) = TAB (IROW+1,3) + MULT
I F  (K . L T .  LIM) TAB (IROW+2,3) = TAB (IRCW+2,3 )  + 1

C
CALL SURRGR(K)
CALL PRINT(.FALSE.,NAME ( 2 , 1 ) ,NBME ( 2 , 2 )  ,K)
TAB (IROW,4) = TAB (IROW,4) + K
TAB (IROW+1,4)  = TAB (IROW+ 1 ,4 )  + MULT
IF  (K . L T .  LIM) TAB (IROW+2,4) = TAB (IRCW+2,4) + 1

C
CALL SURRG2(K)
CALL PRINT (.FALSE.,NAME ( 3 ,1 )  ,NAME ( 3 , 2 )  ,K)
TAB (IROW*5) = TAB (IROW,5) + K
TAB (IROW+1,5) = TAB (IROW+1,5) + MULT
I F  (K . L T .  LIM) TAB (IROW+2,5) = TAB (IRCW+2,5) + 1

C
CALL SURRG3(K)
CALL PRINT (.FALSE.,NAME ( 4 ,1 )  ,NAME ( 4 , 2 )  ,K)
TAB (IROW,6) = TAB (IROW,6) + K
TAB (IROW+1,6) = TAB (IROW+1,6) + MULT
IF  (K . L T .  LIM) TAB (IROW+2,6) = TAB (IRCW+2,6) + 1

C
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CALL AGMON (K ,1 .0 D  00)
CALL PRINT (.FALSE.,NAME ( 5 ,1 )  , NAME ( 5 , 2 )  ,K)
TAB (IROW,7) = TAB (IROW,7) + K
TAB (IROW+1,7) = TAB (IROW+1,7) + MULT
IF  (K . L T .  LIM) TAB (IROW+2,7) = TAB (IRCW+2,7 )  + 1

CALL AGMON (K ,2 .0 D  00)
CALL PRINT (.FALSE.,NAME ( 6 ,1 )  , NAME ( 6 , 2 )  ,K)
TAB (IROW,8) = TAB (IRCW,8) + K
TAB (IROW+1,8) = TAB (IROW+1,8) + MULT
IF  (K . L T .  LIM) TAB (IROW + 2 , 8 )  = TAB (IRCW+2,8)  + 1
WRITE( 6 , 3 6 0 )

35 CONTINUE 
40 CONTINUE

COMPUTE AVERAGE OF THE WORK DONE

DO 50 I  = 1 3 , 2 2 , 3  
DO 45 J  = 3 , 8  

TAB ( I ,  J )  = TAB ( I , J )  /  4 
45 TAB( 1 + 1 , J )  = TAB(1+1 , J )  /  4 
50 CONTINUE

WRITE( 6 , 5 5 )
55 F O R M A T ( 1 H 1 / / / / / 4 5 X , ’ TABLE 1 * / 4 5 X , * ------------- * / / )

WRITE ( 6 ,6 0 )
60 FORMAT ( 1 0 X , 1............................. .............................................................................

1  *)
WRITE ( 6 , 6 5 )  ( (NAME ( 1 ,1 )  , NAME ( 1 , 2 ) )  , I  = 1 ,6 )

65 FORMAT(10X,». PROBLEM . M .  N .  » ,  6 (IX , A4, A3 , * .  ' )  ) 
WRITE ( 6 ,6 0 )
DO 70 I  = 1 , 2 2 , 3  

WRITE ( 6 ,7 5 )  (TAB (I,<3) , J  = 1 , 8 )
WRITE ( 6 ,8 0 )  (TAB ( I + 1 , J )  , J  = 3 , 8 )
I F  ( I  . L T .  13) WRITE (6 ,8 5 )  (TAB ( 1 + 2 , J )  , J  = 3 , 8 )
I F  ( I  .G E .  13)  WRITE ( 6 ,9 0 )  (TAE (1+2 ,  J )  , J  = 3 , 8 )
I F  ( I  .E Q .  4) WRITE ( 6 ,9 5 )
I F  ( I  .E Q .  16)  WRITE ( 6 ,1 0 0 )
I F  ( I  .E Q .  10 .OR. I  .EQ.  22) WEITE(6,60)
I F  ( I . N E . 4  .AND. I . N E . 1 0  .AND. I . N E . 1 6  .AND. I . N E . 2 2 )  

1 WRITE ( 6 ,1 0 5 )
70 CONTINUE
75 FORMAT(10X,* 
80 FORMAT (1 0 X,» 
85 FORMAT(10X,» 
90 FORMAT (10X , f 
95 FORMAT (1 OX,* 

1 .............................

* , 9X , * • * , 2  (13 , * 
' , 9X, * • * , 2  (3X , *
* ,9 X ,  * .  '  ,2  (3X, *
* ,9X , * .  * ,2  (3X , *

A . . . . . .

. » )  , 6 ( 1 7 , *  . * ) )  

. * )  , 6 ( 1 7 , *  . * ) )  

. * )  , 6 ( 1 5 , * / l  . * ) )  

. * )  , 6 ( 1 5 ,  * /4  . » ) )

100 FORMAT (1 O X , '  
1 .............................

B

105 FORMAT (10X,»  
1 . ........................... t \

WRITE ( 6 ,1 1 0 )  
110 FORMAT ( /3 0 X ,  

1 30X,
A = TODD• • S PROELEM'/
B = TRAPEZOIDAL HYPERCUEE PROBLEM*)
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o I F  ( .TRUE.)  STOP

TEST ON RANDOMLY GENERATED PROBLEM.

411 DO 120 I  = 1 , 2 4  
DO 115 J  = 1 , 8  

115 TAB ( I , J )  = 0 
120 CONTINUE 

IROW = - 2
DO 130  N = 2 0 , 3 0 , 1 0  

LSTCOL = N 
DO 125 M = 3 0 , 9 0 , 3 0  

LSTROW = M 
Ml = M
CALL GENAB (ISEED)
CALL NRMROW 
CALL DOTPRD 
IROW = IROW + 3 
TAB (IROW,1)  = M 
TAB (IROW,2) = N 

C
CALL PRINT ( . TRUE.,NAME1,NAME2, C)
CALL SURRGl(K)
CALL PRINT (.FALSE.,NAME ( 1 , 1 )  ,NAME ( 1 , 2 )  ,K)
TAB (IROW,3) = K
TAB (IROW+1,3) = MULT
I F  (K . L T .  LIM) TAB (IROW+ 2 , 3 )  = 1

C
CALL SURRGR(K)
CALL PRINT (.FALSE.,NAME ( 2 ,1 )  ,NAME ( 2 , 2 )  ,K)
TAB (IROW,4) = K
TAB (IROW+1,4) = MULT
I F  (K . L T .  LIM) TAB (IROW+2,4) = 1

C
CALL SURRG2 (K)
CALL PRINT (.FALSE.,NAME ( 3 ,1 )  ,NAME ( 3 , 2 )  ,K)
TAB (IROW,5) = K
TAB (IROW+1,5) = MULT
I F  (K . L T .  LIM) TAB (IROW + 2 , 5 )  = 1

C
CALL SURRG3(K)
CALL PRINT (.FALSE.,NAME ( 4 , 1 ) ,NAME( 4 , 2 ) ,K)
TAB (IROW,6) = K
TAB (IROW+1,6) = MULT
IF  (K . L T .  LIM) TAB (IROW + 2 , 6 )  = 1

C
CALL AGMON (K ,1 .0D  00)
CALL PRINT ( .F A L S E . ,  NAME ( 5 ,1 )  ,NAME ( 5 , 2 )  ,K)
TAB (IROW,7) = K
TAB (IROW+1,7) = MULT
I F  (K . L T .  LIM) TAB (IROW+ 2 ,7 )  = 1

C
CALL AGMON (K ,2 .0D  00)
CALL PRINT (.FALSE.,NAME ( 6 ,1 )  .NAME ( 6 , 2 )  ,K) 
TAB (IROW,8) = K
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TAB (IROW+1,8) = MULT 
IF  (K . L T .  LIM) TAB (IROW + 2 ,8 )  = 1 

125 CONTINUE 
130 CONTINUE

EPSILON-CUBE.

IROW = 16
DO 210 N = 1 0 , 1 5 , 5  

LSTCOL = N 
INITM = 2 * N 
DO 205 I  = IN IT M ,9 0 , 2 0  

I F  ( I  .G T .  INITM) CALL EPCUBE (ISEED,INITM,2 0 )  
I F  ( I  .G T.  INITM) GO TO 150 
M = I
DO 140 12 = 1,M 

DO 135 J  = l . N  
135 A ( 1 2 , J )  = O.OD 00
140 B (12) = EPS

DO 145 J  = 1 ,N  
12  = 2 * J 
A ( 1 2 - 1 ,  J )  = 1 .0D 00 

145  A ( 1 2 , J )  = - 1 .0 D  00 
150 LSTROW = M 

Ml = M 
CALL DOTPRD 
IROW = IROW + 3 
TAB (IROW,1) = M 
TAB (IROW,2) = N

USE 4 DIFFERENT XO FOR EACH M.

DO 200 KASE = 1 , 4  
GO TO ( 1 5 5 , 1 6 5 , 1 7 5 , 1 8 5 ) ,  KASE 

155 DO 160 J  = l . N
CALL RANDU ( IS E E D ,IS E E D ,X O (J ) )
X 0(J)  = 4 .0D  00 *  X 0 (J )  -  2 .  OD 00 
X 0(J )  = DMAX1(X0(J) , - 1 . 0 D  00)
X 0(J)  = DMIN1 (XO (J)  , 1 .0 D  00)

160 XO (J) = 1 .0 D  03
GO TO 195

165 DO 170 J  = l . N
170 XO (J) = 1 . OD 03

GO TO 195
175 DO 18 0 J  = l . N
180 XO (J) = -XO (G)

GO TO 195
185 DC 190 J  = l . N

CALL RANDU (ISEED,ISEED,R)
I I  = MOD (IDINT (1 • OD 03 *  R) ,  2) 
IF  ( I I  .E Q .  1) X 0 ( J )  = - X 0 ( J )  

190 CONTINUE

19 5  CALL PRINT (.TRUE.,NAME1,NAME2,0)
CALL SURRG1 (K)
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CALL PRINT ( .FALSE. , NAME ( 1 ,1 )  ,  NAME (1 ,  2) ,K)
TAB (IROW,3) = TAB (IROW,3) + K
TAB (IRCW+1,3) = TAE (IRCW+1, 3) + MULT
I F  (K .L T .  LIM) TAE (IROW + 2 , 3) = TAB (IROW+2, 3 )  + 1

CALL SURRGR (K)
CALL PRINT (.FALSE.,NAME ( 2 ,1 )  , NAME ( 2 , 2 )  ,K)
TAB (IROW, 4) = TAB (IROW,4) + K
TAB (IRCW+1,it) = TAE (IROW+1,4) + MULT
I F  (K .L T .  LIM) TAE (IROW+2,4) = TAB (IROW + 2 , 4 )  + 1

CALL SURRG2 (K)
CALL PRINT ( .FALSE.  , NAME ( 3 ,1 )  ,NAME(3,2) ,K)
TAB (IROW, 5) = TAB (IROW, 5) + K
TAB (IROW+1, 5) = TAE (IROW+1, 5) + MULT
I F  (K .L T .  LIM) TAE (IROW + 2 , 5) = TAB ( IROW + 2 ,5 )  + 1

CALL SURRG3 (K)
CALL PRINT (.FALSE.,NAME ( 4 ,1 )  , NAME ( 4 ,  2) ,K)
TAB (IROW, 6) = TAB (IROW,6) + K
TAB (IROW+1,6) = TAE(IROW+1,6) + MULT
I F  (K .L T .  LIM) TAE (IROW+2,6) = TAB ( IROW + 2 , 6 )  + 1

CALL AGMON (K ,1 .0 D  00)
CALL PRINT (.FALSE.,NAME ( 5 ,1 )  ,  NAME ( 5 ,  2) ,K)
TAB (IROW,7) = TAB (IRCW ,7 )  + K
TAB (IRCW+1,7) = TAE (IROW+1,7) + MULT
I F  (K .L T .  LIM) TAE (IROW+2,7) = TAB (IROW + 2 , 7 )  + 1

CALL AGMON(K,2  *0D 00)
CALL PRINT ( .FALSE.  , NAME ( 6 ,1 )  ,NAME(6,2) ,K)
TAB (IROW, 8) = TAB (IROW, 8) + K 
TAB (IROW+1, 8) = TAE (IROW+1, 8) + MULT 
I F  (K .L T .  LIM) TAB (IROW+2,8 )  = TAB ( IROW + 2 , 8 )  + 1

200 CONTINUE 
205 CONTINUE 
210 CONTINUE

COMPLETE AVERAGING.

DO 220 I  = 1 9 , 4C,3  
DO 215 J  = 3 , 8  

TAB ( I ,  J )  = TAE ( I , J )  /  4 
215 TAB( 1 + 1 , J )  = TAB( 1 + 1 , J )  /  4 
220 CONTINUE

WRITE (6 ,  225)
225 FORMAT ( 1 H 1 / / 4 5 X , ’ TABLE 2 » / 4 5 X , ’ ------------- ’ / / )

WRITE ( 6 ,6 0 )
WRITE ( 6 , 6 5 )  ( (NAME ( 1 , 1) , NAME ( I , 2 ) ) , I  = 1 , 6 )
WRITE (6 ,  60)
DO 230 I  = 1 , 4 0 , 3  

WRITE ( 6 ,7 5 )  (TAB ( I ,  J )  , J  = 1 , 8 )
WRITE ( 6 ,8 0 )  (TAB ( I + 1 , J )  , J  = 3 , 8 )
I F  ( I  . L T .  19) WRITE ( 6 ,8 5 )  (TAB ( 1 + 2 , J )  , J  = 3 , 8 )

113



o
n

o 
n 

o 
n 

n
o

n

I F  ( I  .G E .  19)  WRITE (6 ,9 0 )  (TAE ( 1 + 2 , J) ,0  = 3 , 8 )
I F  ( I  .E Q .  7) WRITE ( 6 ,2 3 5 )
I F  ( I  .E Q .  28)  WRITE ( 6 ,2 4 0 )
I F  ( I  .E Q .  16 .OR. I  .EQ. 40) WRITE ( 6 ,6 0 )
I F  ( I . N E . 7  .AND. I . N E . 1 6  .AND. I .N E .2 8  .AND. I . N E . 4 0 )  

1 WRITE ( 6 , 1 0 5 )
230 CONTINUE
235 FORMAT ( 1 0 X , ' .  C ................................................................................

1 ...................................................... ’)
240 FORMAT(10X,». D .................................................................................

1 ...................................................... ’ )
WRITE ( 6 ,2 4 5 )

245 FORMAT ( /3 0 X ,» C  = RANDOMLY GENERATED PROBLEM' /
1 30X,*D = EPSILON-CUBE PROBLEM*)

IF  ( .T R U E .)  STOP

TEST ON LINEAR EQUATIONS.

41 WRITE (6 ,  250)
250 FORMAT (1H 1/30X , 'L IN EA R EQUATIONS . ' / 3 0 X , *----------------------- • /

1 5X,'MATRIX METHOD ITERATIONS MUL/DIV»,2 4 X , 'X  • /
2 5X, ' ------------ - -------------------------------------------------* ,24X , *- ' )

414 DO 260 I  = 1 , 4 2  
DO 255 J  = 1 , 0  

255 TAB ( I , J )  = 0 
260 CONTINUE 

IROW = - 2

DO 275 NO = 1 , 4  
READ( 5 , 3 3 5 )  M,N,M1 
DO 265 I  = 1,M 

265 READ ( 5 , 3 4 0 )  ( A ( I , J ) , J  = 1,N)
READ (5 ,  340) (B (I)  , 1  = 1 , M )
LSTROW = M 
LSTCOL = N

CALL NRMROW 
CALL DOTPRD 
IROW = IROW + 3 
TAB (IROW,1) = M 
TAB (IROW,2) = 1?

USE 4 DIFFERENT XO.

DC 270 KASE = 1 , 4  
CALL SETXO (4+KASE)
CALL PRINT (.TRUE. ,NAME1,NAME2, 0 )
CALL SURRGl(K)
CALL PRINT(.FALSE.,NAME ( 1 ,1 )  , NAME ( 1 , 2 )  ,K)
TAB (IROW,3) = TAE (IROW,3) + K
TAB (IROW+1,3)  = TAB (IROW+ 1 ,3 )  + MULT
IF (K .L T .  LIM) TAB (IROW+2,3) = TAB (IRCW+2,3) + 1
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CALL SURRGR(K)
CALL PRINT ( .  FALSE.,NAME( 2 , 1 ) , NAME( 2 , 2 ) ,K)
TAB (IROW,4) = TAB (IROW,4) + K
TAB (IROW + 1 , 4) = TAB (IROW+1,4) + MULT
I F  (K . L T .  LIM) TAB (IROW+2,4) = TAB (IROW+2,4) + 1

C
CALL SURRG2(K)
CALL PRINT(.FALSE.  ,NAME ( 3 , 1 )  ,NP.ME ( 3 , 2 )  ,K)
TAB (IROW,5) = TAB (IROW,5) + K
TAB (IROW+1,5) = TAB (IROW+1,5) + MULT

C
IF (K . L T .  LIM) TAB (IROW+2,5) = TAB (IRCW+2,5)  + 1
CALL SURRG3(K)
CALL PRINT ( .FALSE. ,NAME ( 4 , 1 )  , NRME ( 4 , 2 )  ,K)
TAB (IROW,6) = TAB (IROW, 6) + K
TAB (IROW+1,6) = TAB (IROW+1,6) + MULT
I F  (K . L T .  LIM) TAB (IROW + 2 , 6) = TAB (IRCW+2,6) + 1

C
CALL AGMON (K .1 .0D  00)
CALL PRINT (.FALSE.,NAME ( 5 ,1 )  , NAME ( 5 , 2 )  ,K)
TAB (IROW, 7) = TAB (IROW, 7) + K
TAB (IROW + 1 , 7) = TAB (IROW + 1 , 7) + MULT
IF  (K . L T .  LIM) TAB (IROW+2,7) = TAB (IRCW+2,7 )  + 1

C
CALL AGMON (K, 2 .OD 00)
CALL PRINT(.FALSE.  , NAME ( 6 ,1 )  ,NAME(6,2) ,K)
TAB (IROW,8) = TAE (IROW,8) + K 
TAB (IROW+1,8) = TAB (IROW+1,8) + MULT
I F  (K . L T .  LIM) TAB (IROW+2,8) = TAB (IRCW+2,8) + 1
WRITE( 6 , 3 6 0 )

270 CONTINUE 
275 CONTINUE

TEST LP PROBLEMS.

LPP = .TRUE.
WRITE ( 6 ,2 8 0 )

280 FORMAT(1H1/30X,'LINEAR PROGRAMMING PROBLEMS.'/
1 30X ' ----------------------------------------------------» /
2 5X,'MATRIX METHOD ITERATIONS MUL/DIV* , 5 X , ' Z • , 2 4 X , • X' /
3 5 X , '  '  ,  5X, * - '  , 2 4 X ,  ' - ' )

IROW = 10  
DO 295 NO = 1 , 8

I F  (NO .E Q .  7) LIM = 1000 
READ( 5 , 3 3 5 )  M,N,M1 
LAST = MINO (N ,6 )
READ (5 ,  340)  (U (J)  , J  = 1,LAST)
WRITE (6 ,  345) (U (0) ,  J  = 1,LAST)
I F  (LAST .L T .  N) READ(5,340) (U (J) , J  = 7,N)
I F  (LAST .L T .  N) WRITE (6 , 3 5 0 )  ( I  (J)  ,  J  = 7,N)
DO 285 I  = 1 , M 

READ (5 ,  340) (A ( I , J )  , J  = 1,LAST)
IF  (LAST . L T .  N) READ(5,340)  ( A ( I , J ) , J  = 7,N)

285 CONTINUE
READ ( 5 , 3 4 0 )  (B ( I )  , 1  = 1,M)
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USE

C
286

C

C

C

C

290
C

MPLUS1 = M + 1 
LSTROW = M + N 
LSTCOL = LSTROW 
I Z  = 2 * LSTROW + 1 
CALL NRMROW 
CALL DOTPRD 
IROW = IROW + 3 
TAB (IROW,1)  = IZ  
TAB (IROW, 2) = LSTROW

4 DIFFERENT XO.

DO 290 KASE = 1 , 4  
CALL SETXO(4+KASE)
CALL PRINT(.TRUE.,NAME1,NAME2,C)

I F  (LIM .G T.  500)  GO TO 286 
CALL SURRGl(K)
CALL PRINT ( .F A L S E . ,  NAME ( 1 ,1 )  ,N AME ( 1 , 2 )  ,K)
TAB (IROW,3) = TAE (IROW, 3) + K
TAB (IROW+1,3) = TAB (IROW+1,3) + MULT
IF  (K . L T .  LIM) TAB (IROW+2,3) = TAB (IROW+2,3) + 1

CONTINUE 
CALL SURRGR(K)
CALL PRINT(.FALSE.,NAME( 2 , 1 ) ,NAME( 2 , 2 ) ,K)
TAB (IROW,4) = TAB (IROW,4) + K
TAB (IR0W.+1,4) = TAB (IROW+1,4) + MULT
I F  (K . I T .  LIM) TAB (IROW + 2 , 4) = TAB (IRCW+2,4) + 1

CALL SURRG2 (K)
CALL PRINT (.FALSE.,NAME ( 3 , 1 ) , NAME ( 3 , 2 )  ,K)
TAB (IROW,5) = TAB (IROW,5) + K
TAB (IROW+1,5)  = TAB (IROW+1,5) + MULT
I F  (K . L T .  LIM) TAB (IROW+2,5) = TAB (IRCW+2,5) + 1

CALL SURRG3(K)
CALL PRINT (.FALSE.,NAME ( 4 ,1 )  , NAME ( 4 , 2 )  ,K)
TAB (IROW,6) = TAE (IROW,6) + K
TAB (IROW+1,6) = TAB (IROW+1,6) + MULT
IF  (K . L T .  LIM) TAB (IROW + 2 , 6) = TAB (IRCW+2,6 )  + 1

CALL AGMON (K ,1 .0 D  00)
CALL PRINT ( .FALSE. ,NAME ( 5 ,1 )  ,NAME ( 5 , 2 )  ,K)
TAB (IROW, 7) = TAB (IROW, 7) + K 
TAB (IROW+1,7) = TAB (IROW+1,7) + MULT
I F  (K . L T .  LIM) TAB (IROW + 2 , 7) = TAB (IRCW+2.7 )  + 1

I F  (LIM .G T.  500)  GO TO 290

CALL AGMON (K,2.OD 00)
CALL PRINT ( .  FALSE. , NAME ( 6 ,1 )  , NAME ( 6 , 2 )  ,K)
TAB (IROW,8) = TAB (IROW,8) + K 
TAB (IROW+1,8)  = TAB (IROW+1,8) + MULT 
IF  (K . L T .  LIM) TAB (IROW+2,8) = TAB (IRCW+2,8 )  + 1 

CONTINUE
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T P H A ^ F  =  1
I F  (Ml .E Q .  M) IPHASE = 2 
CALL SIMPLX (IPHASE)
WRITE ( 6 ,3 5 5 )  Z , ( X ( 0 ) » J  = 1,LAST)
I F  (LAST . L T .  N) WRITE ( 6 ,3 5 0 )  ( X ( J ) , J  = 7,N)
WRITE ( 6 ,3 6 0 )

2 95 CONTINUE

TAKE AVERAGE.

DO 305 I  = 1 , 3 4 , 3  
DC 300 J  = 3 , 8  
TAB ( I ,  J )  = TAE (I  ,  J)  t  4 

300 TAB ( I + l  , J) = TAB ( I + l  , J )  /  4 
305 CONTINUE

WRITE( 6 ,3 1 0 )
310 FORMAT ( 1 H 1 / / / / / 4 5 X  , ’ TABLE 3 * / 4 5 X , » --------------* / / )

WRITE (6 ,  60)
WRITE ( 6 , 6 5 )  ( (NAME ( 1 , 1) , NAME ( I , 2 ) ) , I  = 1 ,6 )
WRITE (6 ,  60)
DO 315 I  = 1 , 3 4 , 3  

WRITE ( 6 , 7 5 )  (TAB ( I , J )  , 0  = . 1 , 8 )
WRITE ( 6 ,8 0 )  (TAB ( I + 1 , J )  ,  J  = 3 , 8 )
WRITE (6 ,  90) (TAB ( 1 + 2 ,  J )  ,  J  = 3 , 8 )
I F  ( I  .E Q .  4) WRITE ( 6 ,3 2 0 )
I F  ( I  .E Q .  22) WRITE ( 6 ,3 2 5 )
I F  ( I  .E Q .  10 .OR. I  .EQ.  34)  WRITE ( 6 ,6 0 )
I F  ( I . N E . 4  .AND. I . N E . 1 0  .AND. I . N E . 2 2  .AND. I . K E . 3 4 )

1 WRITE(6 , 1 0 5 )
315 CONTINUE
320 FORMAT (10X, • .  E ........................... .....................................................

1  ' )
325 FORMAT(10X,*. F .................................................................................

 *)
WRITE ( 6 ,  330)

330 FORMAT ( /3O X,*E = EQUALITY PROBLEMS*/
1 3 0 X ,* F  = LINEAR PROGRAMMING PROBLEMS*)

STOP 
335 FORMAT (313)
340 FORMAT (6D 10 .1 )
345 FORMAT ( /1 2 X , 'C O S T  COE FT .  * , 22X , 6 F 1 0 .  3)
350 FORMAT ( 4 5 X , 6 F 1 0 . 3)
355 FORMAT(12X,• IMS! SIMPLEX 0 .  F .  S C L .*, 7 F 1 0 . 3 )
360 FORMAT ( / / )

END

SUBROUTINE PRINT (ZXO,NAME1,NAME2 ,K)
DOUBLE PRECISION A (90 ,40)  ,B (90) ,  X (50) ,D (90) , AT ( 2C ,20 )  ,

1 U (20)  ,X0 (50) ,C (4005) ,AK (50) ,CK (90)  ,A Z(50)  , R ,H 0 ,
2 H I , Z,DZ,CZ,DEL,EPS 

t  n m r A T  t  p p  n v P T  y  7 v n
COMMON /GLOBL1/M,N,Ml,MPLUS1,LSTROW,LSTCCL,LIM,LEP,

1 CVRLX,KP,R,H0,H1, Z,DZ,CZ,DEL,EES,MULT,KASEP,
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2 I Z , L 1 , I 2 , L 3
COMMON /GLO BL2/A,B,X,D,AT,U,XO,C,AK,CK,AZ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
c c
C THIS ROUTINE I S  CALLED WITH THE NAME OF AN ALGORITHM C
C TO PRINT EITHER THE STARTING POINT CR THE SC1UTION GCT. C
C C
C NEW INDICATES WHETHER INITIAL POINT OR SOLUTION
C NAME1,NAME2 NAME CF THE ALGORITHM C
C K NO. OF ITERATIONS C
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

LAST = MINO (N, 6)
I F  (LPP) GO TO 10

C
I F  (.NCT.ZXO) GC TO 5
WRITE (6 ,  20) M ,N,K ,K ,  (XO (J)  , J  = 1,LAST)
I F  (LAST .L T .  N) WRITE(6,30)  (XO (J) , J  = 7 rN)
RETURN

C
5 WRITE ( 6 , 2 5 )  NAME1 ,NAME2 ,K ,MULT, (X (J)  ,  J  = 1,LAST)

I F  (LAST .L T .  N) WRITE (6 ,3 0 )  ( X ( J ) , J  = 7,N)
RETURN

C
10 I F  (.NOT.ZXO) GC TO 15

WRITE ( 6 , 2 1 )  IZ ,L S T C O L .K ,K ,Z ,  (XO (J)  ,  J  = 1,LAST)
I F  (LAST .L T .  N) WRITE(6,31)  (XO (J) , J  = 7,N)
RETURN

C
15 WRITE ( 6 , 2 6 )  NAME1,NAME2 ,K »MULT , Z ,  (X (J) ,  J  = l .L A S T )

I F  (LAST .L T .  N) WRITE ( 6 ,3 1 )  ( X ( J ) , J  = 7,N)
RETURN

C
20 FORMAT ( / I 5  , 1 B Y » , I 3 ,»  INIT.VAL* , 1 5 , 2 X , I 8  , 6 F 1 0 . 3 )
21 FORMAT ( / I 5 ,*  B Y ' , I 3 , *  IN IT .V A L * , 1 5 , 2 X , I 8 , 7 F 1 0 . 3 )
25 FORMAT (12X, A4, A 3 , 1 6 ,  2 X , I8  ,  6F10 . 3 )
26 FORMAT ( 1 2 X , A U , A 3 , I 6 , 2 X , I 8 , 7 F 1 0 . 3 )
30 FORMAT(35X,6F10.3)
31 FORMAT (4 5 X , 6 F 1 0 .3 )

END

SUBROUTINE TODHYP(KODE)
DOUBLE PRECISION A (90 ,4  0) ,B (90) , X (50) ,D (90) , AT ( 2 0 , 2 0 )  ,

1 U (20) ,X0 (50) ,C (4005)  ,AK(5 0) ,CK(9 0) ,A Z(50)  ,R ,H 0 ,
2 H I ,Z ,D Z ,C Z ,D E L ,E P S  

LOGICAL LPP OVRLX
COMMON /GL0BL1/M,N,M1,MPLUS1, LSTROW,LSTCCL,LIM,LPP,

1 OVRLX,KP,R,HO,HI,Z,DZ,CZ,DEL,EES,MULT,KASEP,
2 I Z , L 1 , L 2 , L 3

COMMON /GLO BL2/A ,B ,X ,D ,A T,U ,X 0,C ,A K ,CK ,AZ 
I F  (KODE .EQ. 2) GO TC 25
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cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
c c
C INPUT DATA FOR TODD * S EXAMPLE AND ITS EXPANSION C
C C
C M = 2 - -  (N - l )  , C
C A ( 1 , 1 )  = EPSILON, FOR I  = 1 , 2 , . . . , M ,  C
C A ( 1 , J )  = J - l ,  FOR 0 = 2 , 3 , . . . , N ,  C
C FOR 2 .L E .  I  . I E .  M AND 2 .L E .  J  .L E .  N, C

* C I F  I  . L E .  2 $ * ( N - U ) ,  THEN A ( I , J )  = A ( 1 , 0 )  C
C ELSE A ( I ,  J )  = -A ( 1 - 2 * *  (N -J )  , J )  .  C
C C
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc  

M = 2 ** (N - l )
A ( 1 , 1 )  = EPS 
A ( 1 ,2 )  = 1 .OD 00 
DO 5 J  = 3,N 

5 A ( 1 ,  J )  = A ( 1 ,  J - l )  + 1 .OD 00
LAST = M 
DO 15 I  = 2,M 

A ( 1 ,1 )  = A ( 1 , 1 )
DO 10 J  = 2,N 

LAST = LAST /  2 
K = I  -  LAST
IF  (K . L E .  0) A ( I ,  J )  = A (1 ,  J )
I F  (K .G T.  0) A ( I ,  J )  = -A (K, J )

10 CONTINUE 
LAST = M 

15 B ( I )  = 0 .0 D  00 
R = DATAN (A ( 1 , 1 ) )
X0(1) = DCOS(R)
XO (2) = DSIN(R)
DO 20 J  = 3 ,N 

20 X 0 (J )  = 0 .0D  00 
RETURN

cccccccccccccccccccecccccccccccccccccccccccccccccccccccccccc
c c
C INPUT DATA FOR TRAPEZOIDAL RYPERCUEE C
C C
C 0 .LE .  X ( l )  . I E .  1 ,  C
C 2 * X ( J - 1 )  . L E .  X (J)  .LE .  6** ( J - l )  -  2*X ( J - l )  ,  C
C FOR J = 2 , 3 , . . . , N .  C
C C
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc  

25 M = 2 * N
DO 35  I  = 1,M 

DO 30 J  = 1 ,N  
30 A ( I , J)  = 0.0D 00 
35 B ( I )  = 0 .0D  00

A ( 1 , 1 )  = - 1 .0 D  00 
A ( 2 , 1 )  = 1 .0 D  00
B (2) = 1 .0D  00
DO 40 J  = 2 ,N 

JLESS1 = J  -  1 
I  = 2 * J 
ILESS1 = 1 - 1
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A ( IL E S S 1 , JLESS1) = 2.0D 00
A (ILCSS1, J) = - 1 .0 D  00
A ( I , J L E S S 1 )  = 2.0D 00
A ( I , J )  = l .OD 00

40 B ( I )  = 6.0D 00 * B (1-2)
END

SUBROUTINE SETXO(KASE)
DOUBLE PRECISION A (90 ,40 )  ,B (90) , X (50) ,D (90) , AT ( 20 ,  20) ,

1 U (20) ,X0 (50) ,C  (4005)  ,  AK (50)  ,CK(90)  ,A Z (50)  ,R,HO,
2 H I , Z,DZ,CZ,DEL,EPS 

LOGICAL LPP,OVRLX
COMMON /GLQBL1/M,N,Ml,MPLUS1,LSTROW,LSTCCL,LIM,LPP,

1 OVRLX, K P,R ,H O,HI,Z ,DZ,C2,DEL,EPS,M ULT,KASEP,
2 I Z , L 1 , L 2 , L 3

COMMON /G L0B L2/A ,B ,X ,D ,A T,U ,X O ,C ,A K ,CK ,A Z
cccccccccccccCcccccccccccccccccccccccccccccccccccccccccccccc  
c c
C SUBROUTINE INITIALIZING X AS REQUIRED. C
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

GO TO ( 1 5 , 5 , 5 , 2 5 , 5 , 3 5 , 5 0 , 7 5 ) ,  KASE
C

5 DO 10 J  = 1,LSTC0L 
10 XO (J)  = O.OD 00

I F  (KASE .EQ.  2) XO (N) = -  ( 6 - -  ( N - l ) )
I F  (KASE .EQ. 3) XO(N) = 2 .0D 00 * (6** ( N - l ) )
RETURN

C
15 DO 20 J  = 1,N 
20 XO(J) = 6**  ( N - l )

RETURN
C

25 X0(1)  = - l . O D  00 
DO 30 J  = 2,N 

30 XO (J) = 6 .0D  00 * XO (0 -1 )
RETURN

C
35 LAST = MINO (M,N)

DO 40 J  = 1,LAST 
40 XO (J) = B (J)

I F  ( .NOT.LPP) RETURN 
DO 45 0 = 1,LAST 

45 XO (N+J) = B (M+U)
RETURN

C
50 R = B (1)

DO 55 I  = 2,M 
55 R = R + B ( I )

R = R /  DBLE (FLOAT (M*N) )
DO 60 J  = 1 ,N  

60 XO (J)  = R
I F  (.NOT.LPP) RETURN
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R = O.OD 00
DO 65 I  = MPLUSI,LSTROW 

65 R = R + B ( I )
R = R /  DBLE (FLCRT (M*N) ) 
DO 70 J  = 1,M 

70 XO (N+0) = R 
RETURN

C
75 DO 80 J  = l ,LSTCOL 
80 XO (J) = l .O D  00 

END

SUBROUTINE GENAE (ISEED)
DOUBLE PRECISION A (90 ,40 )  ,E (90) , X (50) ,D (SO) , AT ( 20 ,2 0 )  »

1 U (20)  ,X0 (50) ,C  (4005) ,AK(5G) „CK ( 9 0 ) ,AZ (50) , R ,H 0 ,
2 H 1 ,Z ,D Z,C Z ,D E L,EPS  

LOGICAL LPP OVRLX
COMMON /GL0BL1/M,N,M1,MPLUS1,LSTROW,LSTCGL,LIM,LPP,

1 OVRLX, KP, R,H0,H1,Z ,DZ,CZ,DEL,EES,MULT,KASEP,
2 ' I Z , L 1 , L 2 , L 3

COMMON /G L 0 B L 2 /A ,B ,X , D ,AT,U,X0,C ,AK,CK, AZ 
INTEGER COL (30)

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C
C THIS ROUTINE GENERATES THE COEFFICIENT MAR IX A AND THE 
C VECTOR B FOR THE PROBLEM OF FINDING AN X SUCH THAT 
C
C AX . L E .  B
C
C THE RESTRICTIONS IMPOSED ON A., B AND XO ARE AS FOLLOWS 
C
C 1) A SHOULD BE, ON THE AVERAGE, ABOUT 0 . 1  DENSE.
C 2) - 1  .L T .  A ( I , *3) . L T .  1 FOR AIL I  AND J
C 3) B = AE + R, WHERE I )  E = ( 1 , 1 ,  . . . ,  1) TRANSPOSE
C I I )  0 .L T .  R ( I )  . L T .  1
C 4) 100 . L T .  ABS (XO (J )  ) .L T .  200 FOR ALL J
C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

DO 10 I  = 1,M 
DO 5 J  = 1 ,N 

5 A ( I ,  J) = O.OD 00 
10 CONTINUE

C
C GENERATE THE NO. OF NONZEROS FOR EACH COLUMN.
C

DO 15 J  = 1 ,N  
CALL RANDU (ISEED,ISEED,R)
NUM = MOD ( ID IN T ( l .O D  03 * R ) , 1 1 )  + 5 

15 COL ( J)  = (NUM * M) /  100
C
C RANDOMLY PICK THE ROWS WHCSE ELTS. AT COL. J IS TO EE 
C NONZERO.
C
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DO 35 J  = 1 ,N  
NUM = COL (J)
DC 30 K = 1,NUM 

CALL RANDU (ISEED,ISEED,R)
I  = MOD (IDINT ( l .OD 03 * R) ,M) + 1 

20 IF  ( A ( I , J )  .EQ.  O.OD 00) GC TC 25 
1 =  1 +  1
I F  ( I  .G T.  M) I  = 1 
GO TO 20 

25 CALL RANDU (ISEED,ISEED, R)
30 A ( I , J )  = 2 .0D  00 * R -  l .O D  00 
35 CONTINUE

MAKE SURE THAT THERE ARE NO ZERO ROWS.

DO 50 I  = 1,M 
DC 40 J  = 1 ,N  

I F  (A ( I , J)  .N E.  O.OD 00) GC TO 50 
40 CONTINUE

THIS I S  A ZERO ROW. INCREASE THE LEAST COLUMN.

J  = 1
DO 45 K = 2 ,N 

IF  (COL (K) .L T .  COL (3))  0 = K 
45 CONTINUE

CALL RANDU (ISEED, ISEED,R)
A ( I , J )  = 2 .0D  00 *  R -  l .O D  00 
COL (J)  = COL (G) + 1 

50 CONTINUE

GENERATE B .

DO 65 I  = 1,M 
CALL RANDU (ISEED»ISEED ,B ( I )  )
DO 60 J  = 1 ,N 

60 B ( I )  = B ( I )  + A ( I , J )
65 CONTINUE

INITIALIZE XO

DO 75 J  = 1 ,N  
CALL RANDU (ISEED,ISEED,R)
X 0 (J )  = DBLE (AMOD (AINT ( 1 0 0 0 . 0*SNGL (R) ) , 1 0 1 . 0 ) + l C 0 . 0 )  
CALL RANDU (ISEED,ISEED,R)
I F  (IDINT ( 2 . OD 00*R) .EQ.  l .O D  00) XO ( J )  = -XO (0)

75 CONTINUE
END

SUBROUTINE EPCUEE (ISEED, INITM,INCR)
DOUBLE PRECISION A (90 ,40)  ,B (90) , X (50) ,D (90) ,AT ( 2 0 ,2 0 )  ,

1 U (20) ,X0 (50) ,C (4005)  ,AK(5C) ,CK (90)  ,AZ (50) ,R ,H 0 ,
2 H I ,Z ,D Z ,C Z ,D E L ,E P S ,S
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LOGICAL LPP OVRLX
COMMON /GLOBL1/M, N,M1 ,MPLUS1,LSTFOW.LSTCOL,LIM, LPP ,

1 OVRLX»KP,R,HO,HI,Z,DZ,C Z .D EL.EP S ,MULT,KASEP,
2 I Z , L 1 , L 2 , L 3

COMMON /GLO BL2/A,B,X,D,AT,U,XO,C,AK ,CK,AZ 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C C
C THIS ROUTINE GENERATES ADDITIONAL RCWS FOR THE EPSILON- C
C CUBE PROBLEM. THE NO. OF ORIGINAL RCWS I S  INDICATED BY C
C THE PARAMETER I N I T ,  WHILE THE PARAMETER INCR TELLS HOW C
C MANY MORE ROWS TO EE GENERATED. THE NEW ROWS ARE NCRMA- C
C LIZED AS THE ARE GOT. C

C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

DO 30 K = 1 , INCR 
M = M + 1 
DO 5 J  = l . N  

5 A(M,J)  = O.OD 00 
B (M) = O.OD 00 
S = O.OD 00

C
C GENERATE THE NO. OF THE ORIGINAL CONSTRAINTS TO BE 
C COMBINED. THEN CHOOSE THEM AT RANDOM.
C

CALL RANDU (ISEED,ISEED,R)
NUM = MOD (IDINT ( l .O D  03*R ) ,N )  + 1 
DO 20 L = l.NUM 

CALL RANDU (ISEED,ISEED,R)
I  = MOD (IDINT ( l .OD 03$R) , INITM) + 1 

10 J  = ( I + l )  /  2
I F  (A(M.J)  .E C .  O.OD 00) GO TO 15 
1 =  1 +  1
IF  ( I  .G T .  INITM) 1 = 1  
GO TO 10

C
C GENERATE ALPHA.
C

15 CALL RANDU (ISEED,ISEED,R)
A (M,0) = DMIN1 (2 .0D  00 * R , 1 . 0 E  00)
I F  (A ( I ,  J)  . L T .  O.OD 00) A (M, J )  = -A (M ,J )
B (M) = B (M) + DABS (A (M, J )  )

20 S = S + A (M, J )  * A (M , J)
C
C NORMALIZE THIS ROW.
C

S = DSQRT(S)
DC 25 J  = l . N  

25 A (M, J )  = A (M, J )  /  S
30 B (M) = (EPS =*= B (M)) /  S

END
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SUBROUTINE NRMRCW
DOUBLE PRECISION A (90 ,4 0) ,E  (90) .  X (50) ,D (90) .  AT ( 2 C ,20} ,

1 U (20) ,X0 (50) ,C (4005)  , AK (50) ,CK (90)  ,AZ (50)  ,R ,H 0 ,
2 H I , Z.DZ.CZ.DEL.EPS 

LOGICAL LPP OVRLX
COMMON /GLOBL1/M,N.Ml,MPLUS1, LSTROW, LSTCOL,LIM, LPP,

1 OVRLX,KP.R,HO,Hl.Z ,DZ.CZ,DEL,EPS.MULT.KASEP,
2 I Z . L 1 . L 2 . L 3
COMMON /GLO BL2/A,B,X,D,AT,U,XO,C,AK,CK,AZ 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C
C ROUTINE THAT NORMALISES THE ROWS OF A.
C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

I F  (.NOT.LPP) GC TO 20
C
C SET UP THE DUAL CONSRAINTS.
C

DO 10 J  = l . N  
DO 5 I  = l .M  

5 A T ( J . I )  = -A ( 1 ,0 )
B (M+J) = -U (J)

10 AZ (J) = - U ( J )
DO 15 I  = l .M  

15 AZ (N+I) = B ( I )
C
C NORMLIZE ‘
C

20 DO 35 I  = l .M  
R = O.OD 00 
DO 25 J  = l . N  

25 R = R + A ( I . J )  -  A ( I , J )
R = DSQRT(R)
DC 30 J  = l . N  

30 A ( I . J )  = A ( I . J )  /  R 
35 B ( I )  = B ( I )  /  R

I F  (.NOT.LPP) RETURN
C

DO 50 I  = l . N  
R = O.OD 00 
DO 40 J  = l .M  

40 R = R + AT ( I . J )  *  AT ( I . J )
R = DSQRT(R)
DC 45 J  = l .M  

45 AT ( I . J )  = AT ( I . J )  /  R 
50 B (M+I) = B (M+I) /  R

C
R = O.OD 00 
DO 55 J  = 1 . LSTCOL 

55 R = R + AZ(J)  * AZ (J )
R = DSQRT(R)
DO 60 J  = 1 , LSTCOL 

60 AZ (J) = AZ (J )  /  R 
END
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SUBROUTINE DOTPFD
DOUBLE PRECISION A (90 ,40 )  ,E  (90) ,  X (50) ,D (90) .AT ( 2 0 , 2 0 )  ,

1 U (20) ,XQ (50) ,C (4005) , AK (5 0) ,CK (90)  ,A Z(50)  ,R ,H 0 ,
2 H I , Z , DZ.CZ.DEL.EPS 

LOGICAL LPP OVRLX
COMMON /GLOBL1/M,N.Ml.MPLUS1.LSTROW, LSTCOL,LIM, LPP,

1 OVRLX,KP.R,HO,Hl.Z,DZ.CZ,DEL,EPS.MULT.KASEP,
2 I Z  L I  12  L3

COMMON /G LO BL2/A ,B ,X ,D ,A T,U ,X 0,C ,A K ,CK ,A Z 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C C
C THIS ROUTINE COMPUTES THE DOT-PRODUCTS OF THE NORMALS C
C AND STORE THEM IN VECTOR C AS FOLLOWS C
C c
C 1 TO L I  PRIMAL C
C L l+ 1  TO L2 PRIMAL PART CF Z-CONSTRAINT C
C L2+1 TO L3 DUAL C
C L3 TO THE END DUAL PART OF Z-CONSTRAINT C
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

K = 0
MLESS1 = M -  1 
DO 15 I  = 1.MLESS1 

IPLUS1 = I  +„1 
DO 10 12  = IPLUS1.M 

K = K + 1 
C (K) = O.OD 00 
DO 5 J  = l . N  

5 C (K) = C(K) + A ( 1 2 ,0 )  *  A ( I . J )
10 CONTINUE 
15 CONTINUE 

LI  = K
I F  ( .NOT.LPP) RETURN

C
DO 25 I  = l .M  

K = K + 1 
C (K) = O.OD 00 
DO 20 J  = l . N  

20 C (K) = C(K) + AZ (J)  * A ( I . J )
25 CONTINUE 

L2 = K
C

MLESS1 = N -  1 
DO 40 I  = 1.MLESS1 

IPLUS1 = 1 + 1  
DC 35 12 = IPLUS1.N 

K = K + 1 
C(K) = O.OD 00 
DO 30 J  = l .M  

30 C (K) = C(K) + AT (12 ,  J )  * AT ( I . J )
35 CONTINUE 
40 CONTINUE 

L3 = K
C
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DO 50 I  = 2 ,N 
K = K + 1 
C (K) = O.OD 00 
DO £15 J  = 1,M 

45 C(K) = C(K) + AZ (N+J) * AT ( I . J )  
50 CONTINUE 

END

SUBROUTINE I N IT  (K)
DOUBLE PRECISION A (90 .40 )  , B (90) , X (50) ,D (90) ,  AT ( 2 0 . 2 0 )  ,

1 U (20) ,X0 (50) ,C  (4005) ,AK(50) ,CK(90)  ,A Z(50)  ,R,HO,
2 H I ,Z ,D Z .C Z .D E L .E P S

LOGICAL LPP,OVRLX
COMMON /GLOBLl/M.N,Ml,MPLUS1,LSTROW,LSTCOL,LIM,LPP,

1 OVRLX,KP,R,HO,HI,Z.DZ.CZ,DEL,EPS,MULT,KASEP,
2 I Z . L l , L 2 , L 3

COMMON /G L0B L2/A ,B ,X ,D ,A T,U ,X O ,C ,A K ,CK ,A Z 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C C
C THIS ROUTINE INITIA LIZES X, COMPUTES THE DISTANCES AND C
C CHOOSES THE MOST VIOLATED CONSTRAINT.- I T  THEN IN ITIA  C
C LIZES THE SURROGATE NORMAL, AK, WITH THAT OF THE MOST C
C VIOLATED. IF  K GREATER THAN 0 ,  THEN X I S  ALREADY I N I -  C
C TIALIZED AND D UPDATED. C
C KP INDEX CF THE CHOSEN CONSTRAINT C
C KASEP SIGNAL FOR TYPE OF CONSTRAINT C
C 1 FOE PRIMAL C
C 2 FOR DUAL C
C 3 FOR X (PRIMAL AND DUAL VARIABLES) C
C 4 FOR THE Z-CONSTRAINT C
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

I F  (K .G T .  0) GC TO 25 
DO 5 J  = l .LSTCCL 

5 X (J )  = XO (J)
C
C COMPUTE THE DISTANCES, D = AX -  B 
C

DO 7 I  = l.LSTRCW 
7 D ( I )  = -B  ( I )

DO 15 I  = l .M  
DO 10 J  = l . N  

10 D ( I )  = D ( I )  + A ( I , J )  * X ( J )
15 CONTINUE

MULT = MULT + M * N 
I F  ( .NOT.LPP) GO TO 25

C
DO 17  I  = MPLUS1.LSTRCW 

D0‘ 16 J  = l .M
16 D ( I )  = D ( I )  + AT ( I - M , J )  *  X (N+J)
17 CONTINUE

MULT = MULT + N =* M
C
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DZ = O.OD 00 
Z. = O.OD 00 
DO 20 J  = 1 , LSTCOL 

I F  (J  . L E .  N) Z = Z + U(G) * X(0)
20 DZ = DZ + AZ(J)  *  X (J)

MULT = MULT + LSTCOL

CHOOSE THE MOST VIOLATED AND SET R TC THE DISTANCE.

25 KASEP = 1 
KP = 1 
R = D ( l )
I F  (Ml .E Q .  0) R = DABS (R)
DO 40 I  = 2 , LSTROW 

I F  (Ml . L T .  I  .AND. I  . L E . M) GC TO 30
I F  (D ( I )  .L E .  R) GO TC 40 
R = D ( I )
GO TO 35

30 I F  (DABS (D ( I ) )  .L E .  R) GO TC 40 
R = DABS (D ( I ) )

35 KP = I  
40 CONTINUE

I F  ( .NOT.LPP) GO TO 55 
I F  (KP .G T .  M) KASEP = 2

12 = N + Ml 
L = 1
DO 45 J  = 2 , 1 2  

I F  (X(J) .L T .  X ( L ) ) L = J 
45 CONTINUE

I F  ( -X(L) .L E .  R) GO TO 50 
R = -X (L)
KP = L
K"A Q P P  s  3

50 I F  (DZ . L E .  R) CO TO 55 
R = DZ 
KASEP = 4

55 I F  ((R . L E .  O.OD 00) .CR. (R . L E . DEL .AND. K .G T .  0 ) )  
1 RETURN

THE INITIAL SURROGATE NORMAL, AK, AND THE DCTPRODUCT,  CK.

DO 60 J  = 1 , LSTCOL 
60 AK (J)  = O.OD 00 

DO 65 I  -  1 , LSTROW 
65 CK ( I )  = O.OD 00 

CZ = O.OD 00
I F  (KASEP .L E .  2) CK (KP) = l .O D  CO 
GO TO ( 7 0 , 1 1 0 , 1 3 0 , 1 5 0 ) ,  KASEP

THE MOST VIOLATED IS  AN A-CONSTRAINT.

,70 I F  (D (KP) .L T .  O.OD 00) GO TC 80 
DO 75 J -  1 ,N 

75 AK (J) = A (KP, J )
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GO TO 90 
80 DO 85 J  = 1 ,N  
85 AK (J)  = -A (KP, J )

CK (KP) = -CK (KP)
90 K1 = KP -  M

K2 = ( (KP-1) * (2$M-KP) ) / 2  -  KP 
DO 105  I  = 1,M 

I F  ( I  .E Q .  KP) GO TO 105 
I F  {I .G T .  KP) GO TO 95 
K1 = K1 + M -  I  
CK ( I )  = C (Kl)
GO TO 1 0 0  

95 CK ( I )  = C(K2+I)
100 I F  (B (KP) . I T .  O.OD 00) CK ( I )  = -CK ( I )
105 CONTINUE

I F  (LPP) CZ = C (Ll+KP)
I F  (LPP .AND. D (KP) . I T .  O.OD 00)  CZ = -CZ 
RETURN

THE MOST VIOLATED I S  AN A-TRANSPCSE-CONSTRAINT.

110 L = KP -  M
DO 115 J  = 1,M 

115 AK (N+J) = AT (L , <J)
Kl = L2 + L -  N
K2 = L2 + ( ( L - l )  *  (2*N-L) ) /  2 -  KP 
DO 125 I  = MPLUS1,LSTROW 

I F  ( I  .E Q .  KP) GO TO 125
I F  ( I  .G T .  KP) GO TO 120
K l  = Kl + LSTRCW -  I  
CK ( I )  = C (K1)
GC TO 1 2 5  

120 CK ( I )  = C (K2+I)
125 CONTINUE

CZ = C (L3+L)
RETURN

THE MOST VIOLATED IS  AN X-CONSTRAINT.

130 AK (KP) = - l . O D  00 
C 7  -  - A 7  f K P ^
I F  (KP .G T .  N) GO TO 140 
DO 135  I  = 1,M 

135 CK ( I )  = -A ( I ,K P )
RETURN 

140 L = KP -  N
DO 145 I  = MPLUS1,LSTROW 

145 CK ( I )  = -A T ( I -M .L )
RETURN

THE MOST VIOLATED IS  THE Z-CONSTRAINT.

150 DO 155 J  = 1 , LSTCOL 
155  AK (J) = AZ (J)

DO 175  I  = 1,M
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175 CK ( I )  = C ( L l+ I )
L = L3 -  M
DO 180 I  = MPLUS1,LSTROW 

180 CK ( I )  = C (L+I)
CZ = l .O D  00 
END

SUBROUTINE CHOOSP (G2)
DOUBLE PRECISION A ( 9 0 ,4 0 )  ,B (90) ,X (50) ,D (90) ,A T (2 C ,2 0 )  ,

1 U (20) ,X0 (50) , C ( 4 0 0 5 )  ,AK(5C) ,CK(90)  ,A Z (50)  ,R ,H 0 ,
2 H 1 ,Z ,D Z ,C Z ,D E L ,E P S ,C -2 ,W ,S ,F  

LOGICAL LPP OVRLX
COMMON /GL0BL1/M,N,M1,MPLUS1,LSTROW,LSTCOL,LIM,LPP,

1 OVRLX,KP,R,HO,HI,Z,DZ,CZ,DEL,EPS,MULT,KASEP,
2 I Z , L 1 , L 2 , L 3

COMMON /G L0B L2/A , B ,X , D ,A T,U ,X O ,C , AK,CK,AZ 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C C
C THIS ROUTINE CHOOSES THE HYPERPLANE P WHICH, WITH THE C
C CURRENT SURROGATE HYPERPLANE, CONSTITUTES THE MOST C
C VIOLATED MANIFOLD THE STEPLENGTHS, HO AND H I ,  ARE C
C PARTIALLY COMPUTED HERE. C
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

G2 = O.OD 00 
KP = 0 
KASEP = 1

C
C THE A- AND A-TRANSPCSE-CCNSTRAINTS.
C

DO 15 I  = 1 , LSTROW 
F = D ( I )  -  R * CK ( I )
MULT = MULT + 1
I F  (Ml . L T .  I  .AND. I  .L E .  M) GC TO 5 
I F  (F . L E .  DEL) GO TC 15 
I F  (CK ( I )  .L E .  - l . O D  00) GC TO 100 
GO TO 10

5 I F  (DABS (F) .L E .  DEL) GO TC 15
I F  (DABS (CK ( I ) ) .GE.  l .O D  00) GC TO 100  

10 S = l .O D  00 -  CK ( I )  * CK (I)
W = (F * F) /  S 
MULT = MULT + 3 
I F  (W . L E .  G2) GO TO 15 
G2 = W 
KP = I  
H I  = F 
HO = S 

15 CONTINUE
I F  ( .NOT.LPP) GC TO 25 
I F  (KP .G T .  M) KASEP = 2

C
C THE X-CONSTRAINTS.
C
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L = N + Ml 
DO 20 0 = 1 ,L 

F = X (J)  -  R * AK (J )
MULT = MULT + 1
I F  (F .G E .  -DEL) GO TO 20
I F  (AK ( J )  .G E .  l .O D  00) GC TO 100
S = l .O D  00 -  AK (0) * AK (J)
W = (F *  F) /  S
MULT = MULT + 3
I F  (W . L E .  G2) GO TO 20
G2 = W
KP = J
HI = F
HO = S
KASEP = 3

20 CONTINUE
I F  (KP .N E .  0) GO TO 25

THE Z-CONSTRAINT.

F = DZ -  R *  CZ
MULT = MULT + 1
I F  (F .L E .  DEL) GO TO 25
I F  (CZ . L E .  - l . O D  00) GO TC 100
S = l .OD 00 -  CZ * CZ
W = (F *  F) /  S
MULT = MULT + 3
I F  (W . L E .  G2) GO TO 25
G2 = W
KP = I Z
HI = F
HO = S
KASEP = a

25 I F  (KP .E Q .  0) RETURN 
HI = HI /  HO
I F  (KASEP .L E .  2) HO = (R -  D(KP) * CK(KF)) /  HO
I F  (KASEP .EQ.  3) HO = (R -  X(KP) *  AK(KE)) /  HO
I F  (KASEP .EQ. 4) HO = (R -  DZ * CZ) /  HO
MULT = MULT + 3

C
I F  (.NOT.OVRLX) RETURN 
GO TO ( 3 0 , 3 0 . 3 5 . 4 0 ) ,  KASEP

30 I F  ( (CK (KP) .L E .  O.OD 00) .CR.  (Ml ,L T .  KP .AND. KP 
1 . L E .  M)) RETURN 

W = CK (KP)
HO = HO -  W * CK (KP) *  HI 
GO TO 45

35 I F  (AK (KP) .G E .  O.OD 00) RETURN 
W = -AK (KP)
HO = HO + W -  AK (KP) * HI 
GO TO 45

40 I F  (CZ . L E .  O.OD 00) RETURN
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W = CZ
HO = HO -  W * CZ * HI

C
45 G2 = ( ( l . O D  00 + W) 2) * G2 

HI = ( l .O D  00 + W) *  HI 
MULT = MULT + 5 
RETURN

C
100 WRITE ( 6 ,1 0 5 )
105  FORMAT ( / / *  THE SYSTEM I S  INCONSISTENT.*) 

KP = - 1  
END

SUBROUTINE UPDATE (XZERO)
DOUBLE PRECISION A (90 ,40)  ,E  (90) ,X (50) ,D (90) ,AT ( 2 0 ,2 0 )  ,

1 U (20) ,X0 (50) ,C  (4005) , AK (5 0) ,CK (9 0) ,A Z(50)  ,R ,H 0 ,
2 H I ,Z ,D Z ,C Z ,D E L ,E P S  

T nnTPAT T PP flVRTV Y7PRD
COMMON /GL0BL1/M,N,M1,MPLUS1,LSTFOW, LSTCOL,LIM,LPP,

1 OVRLX,KP,R,HO,HI,Z,DZ,CZ,DEL,EES,MULT,KASEP,
2 I Z , L 1 , L 2 , L 3

COMMON /GLOBL2/A,B,X,D,AT,U,XO,C,AK,CK,AZ 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
c c
C ROUTINE TO UPDATE AK AND CK, OR X AND D. C
C C
C THE DOT-PRODUCTS CF THE CONSTRAINT NORMALS ARE IN C
C VECTOR C AND WE USE THE FCRRMULA GIVEN IN THE TEXT TC C
C GET ACCESS TO THE RIGHT ONE. C
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

I F  (XZERO) GO TC 1000
c
c UPDATE AK = H0*AK + H1*AKP AND CK = H0*CK + H1*CKP.
C

DO 5 J  = 1 , LSTCOL 
5 AK (J)  = HO * AK (J)

DO 10 I  = 1 , LSTROW 
10 CK ( I )  = HO *  CK (I)

MULT = MULT + LSTCOL + LSTROW 
I F  (KASEP .L E .  2) CK (KP) = CK (KP) + HI 
I F  (LPP) CZ = HO * CZ 
GO TO ( 1 5 , 3 5 , 5 5 , 7 5 ) ,  KASEP

C
C KP IS  AN A-CONSTRAINT.
C

15 DO 20 J  = 1 ,N
20 AK (J)  = AK (J)  + HI ❖ A (KP, J)

MULT = MULT + N 
Kl = KP -  M
K2 = ( ( K P - l ) * ( 2 * M - K P ) ) / 2  -  KP 
DO 30 I  = 1,M 

I F  ( I  .E Q .  KP) GO TO 30
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I F  ( I  .G T .  KP) GO TO 25
Kl = Kl + M -  I
CK ( I )  = CK ( I )  + HI * C (Kl)
GO TO 30

25 CK ( I )  = CK ( I )  + HI *  C (K2+I)
30 CONTINUE

MULT = MULT + M -  1
I F  (LPP) CZ = CZ + HI * C (Ll+KP)
RETURN

KP IS AN A-TRANSPOSE-CONSTRAINT.

35 L = KP -  M 
DO 40 J  = 1,M 

40 AK (N+J) = AK (N+J) + HI * A T (L ,J )  
MULT = MULT + M 
Kl = L2 + L -  N
K2 = L2 + ( ( L - l ) - ( 2 - N - L ) )  / 2  -  KP 
DO 50 I  = MPLUS1.LSTRCW 

I F  ( I  .E Q .  KP) GO TO 50 
I F  ( I  .G T .  KP) GO TO 45 
K l  = Kl + LSTRCW -  I  
CK ( I )  = CK(I)  + HI * C (Kl)
GO TO 50 

45 CK ( I )  = CK ( I )  + H I  * C (K2+I)
50 CONTINUE

CZ = CZ.+  HI *  C (L3+L)
MULT = MULT + N 
RETURN

KP I S  AN X-CONSTRAINT.

55 AK (KP) = AK (KP) + HI 
CZ = CZ + HI *  AZ (KP)
I F  (KP .G T .  N) GO TO 65 
DO 60 I  = 1,M 

60 CK ( I )  = CK ( I )  + HI *  A ( I ,K P )
MULT = MULT + M 
RETURN 

65 J  = KP -  N
DO 70 I  = MPLUS1,LSTRCW 

70 CK ( I )  = CK ( I )  + HI * AT ( I -M , J) 
MULT = MULT + N 
RETURN

KP IS THE Z-CONSTRAINT

75 DO 80 J  = l .LSTCOL
80 AK (J) = AK (J)  + HI * AZ (J)

MULT = MULT + LSTCOL 
DO 85 I  = 1,M

85 CK ( I )  = CK ( I )  + HI *  C (L l  + I )
MULT = MULT + M 
L = L3 -  M
DO 90 I  = MPLUS1,LSTRCW

132



n
on

 
n

on
 

n
o

n

90 CK ( I )  = CK ( I )  + HI =5= C (L+I)
MULT = MULT + N 
CZ = CZ + HI 
RETURN

UPDATE X = X -  H0*AK -  H1*AKP AND D = D -  H0*CK -  H1*CKP.

1000 DO 1005 J  = 1,LSTCCL 
1 0 0 5  X( J )  = X( J )  -  HO * AK (J)

DO 1010  I  = 1 , LSTROW 
1 0 1 0  D ( I )  = D ( I )  -  HO * CK ( I )

MULT = MULT + LSTCOL + LSTROW
I F  (KASEP .L E .  2) D(KP) = D (KP) -  HI 
I F  (LPP) DZ = DZ -  HO * CZ 
GO TO ( 1 0 1 5 , 1 0 3 5 , 1 0 5 5 , 1 0 7 5 ) ,  KASEP

KP IS  AN A-CONSTRAINT.

1015  DO 1 0 2 0  J  = 1 ,N
1020  X(0) = X ( J )  -  HI * , A ( K P , J )

MULT = MULT + N
K l = KP -  M
K2 & ( ( K P - l ) * ( 2 * M - K P ) ) / 2  -  KP 
DO 1030  I  = 1,M 

I F  ( I  .E Q . 'K P )  GO TO 1030 
I F  ( I  .G T .  KP) GO TO 1025 
Kl  = Kl + M -  I  
D ( I )  = D ( I )  -  HI *  C (Kl)
GO TO 10 30 

1025  D ( I )  = D ( I )  -  HI *  C (K2+I)
1030  CONTINUE

MULT = MULT + M -  1
I F  (LPP) DZ = DZ -  HI *  C (Ll+KP)
RETURN

KP IS  AN A-TRANSPOSE-CONSTRAINT•

1035  L = KP -  M
DO 1040  J = 1,M 

1040  X (N+J) = X (N+J) -  HI * AT (L , J)
MULT = MULT + M 
Kl  = L2 + L -  N
K2 = L2 + ( ( L - l )  *  (2#N-L) ) / 2  -  KP 
DO 1050  I  = MPLUS1,LSTROW 

I F  ( I  .E Q .  KP) GO TO 1050
I F  ( I  .G T .  KP) GO TO 1045
K l  = Kl + LSTRCW -  I  
D ( I )  = D ( I )  -  HI *  C (Kl)
GO TO 1 0 5 0  

1045  D ( I )  = D ( I )  -  HI * C (K2+I)
1050  CONTINUE

DZ = DZ -  HI * C(L3+L)
MULT = MULT + N 
RETURN

133



c
C KP I S  AN X-CONSTRAINT.
C

1 0 5 5  X (KP) = X (KP) -  HI
DZ = DZ -  HI * AZ (KP)
I F  (KP .G T .  N) GO TO 1065 
DO 1060  I  = 1,M 

1060  D ( I )  = D ( I )  -  HI * A ( I ,K P )  
MULT = MULT + M 
RETURN 

1065  J  = KP -  N
DO 1070  I  = MPLUS1, LSTROW 

1070  D ( I )  = D ( I )  -  HI *  AT ( I -M , 0)
MULT = MULT + N
RETURN

C
C KP IS  THE Z-CONSTRAINT
C

1075 DO 1000 J  = 1 , LSTCOL 
1080  X (J)  = X ( J )  -  HI *  AZ (J)

MULT = MULT + LSTCOL
DO 1085  I  = 1,M 

1085  D ( I )  = D ( I )  -  HI *  C ( L l+ I )
MULT = MULT + M
L = L3 -  M
DO 1090 I  = MPLUS1,LSTROW 

1090  D ( I )  = D ( I )  -  HI *  C (L+I)
MULT = MULT + N
DZ = DZ -  HI 
END

SUBROUTINE SURRG1 (K),
DOUBLE PRECISION A (90 ,40)  ,E (90) , X (50) ,D (90) ,AT (2 0  ,20)  ,

1 U (20) ,X0 (50) ,C (4005)  ,AK(50)  ,CK (90)  ,A Z (50)  , R ,H 0 ,
2 H I ,Z ,D Z .C Z ,D E L ,E P S ,G 2  
LOGICAL LPP.OVRLX.XZERO
COMMON /GLOBL1/N,N,M1 .MPLUS1.LSTROW.LSTCOL,LIM,LPP,

1 OVRLX,KP,R,HO,HI,Z,DZ,CZ,DEL,EPS,MULT,KASEP,
2 I Z , L 1 , L 2 , L 3

COMMON /G LOBL2/A,B,X,D,AT,U,XO,C,AK ,CK,AZ 
DATA XZERO/.TRUE./  

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C
C THE MAIN ROUTINE FOR ALGORITHM I
C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

MULT = 0 
K = 0
CALL INIT(O)
I F  (R .L E .  0 .0 D  00) RETURN

C
C XO IS  NOT A SOLUTION.
C
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DO 100 K = 1 ,LIM 
CALL CHOOSP (G2)
I F  (KP) 1 2 0 , 1 0 5 , 5

C
C COMPUTE THE KIH SURROGATE CONSTRAINT.
C

5 R = DSQRT (R*R + G2)
HO = HO /  R 
HI = HI /  R
CALL UPDATE (.NOT.XZERO)

100 CONTINUE
C
C TAKING TOO LONG TO CONVERGE. CCMPUTE THE X SC FAR GCT.
C

105 DO 110 J  = 1 ,N
110 X ( J)  = X ( J )  -  R =5= AK (J)

MULT = MULT + N 
I F  ( .N C T.1PP)  RETURN 
Z = 0.0D 00 
DO 115  J  = 1 ,N  

115 Z = Z ♦ U (J)  *  X (J)
MULT = MULT + N 

120 RETURN 
END

SUBROUTINE SURRGR(K)
DOUBLE PRECISION A ( 9 0 ,4 0 )  ,E (90) ,X (50) ,D (90) ,AT ( 2 0 , 2 0 )  ,

1 U (20) ,X0 (50) ,C (4005)  ,AK (50)  ,CK (9 0) ,AZ (50 ) ,R,HO,
2 H I , Z ,DZ,CZ,D EL,EPS,G2 

LOGICAL LPP,OVRIX, XZERC,USED(101)
COMMON /GLOBL1/M,N,M1 ,MPLUS1, LSTROW,LSTCCL,LIM, LPP,

1 OVRLX,KP,R,HO,HI,Z,DZ,CZ,DEL,EPS,MULT,KASEP,
2 I Z , L 1 , 1 2 , L3
COMMON /GLO BL2/A,B,X,D,AT,U,XO,C,AK,CK,AZ 
DATA XZERO/.TRUE./  

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
c
c  THE MAIN ROUTINE FOR ALGORITHM R
C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

MULT = 0 
K = 0
CALL IN IT (O )
I F  (R .L E .  0 .0D  00) RETURN

C
C XO IS  NOT A SOLUTION.
C

LAST = M
I F  (LPP) LAST = IZ 
DO 5 I  = 1,LAST 

5 USED ( I )  = .FALSE.
I F  (KASEP .L E .  2) USED (KP) = .TRUE.
IF  (KASEP .EQ.  3) USED (LSTROW+KP) = .TRUE.
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I F  (KASEP .EQ. 4) USED (LAST) = .TRUE.
DO 100  K = 1 ,LIM 

CALL CHOOSP (G2)
I F  (KP) 1 2 5 , 1 0 5 , 1 0  

10 I  = KP
I F  (KASEP .EQ .  3) I  = LSTROW + KP 
I F  (KASEP .EQ .  4) I  = LAST 
I F  (USED ( I ) )  GC TC 15

COMPUTE THE KTH SURROGATE CONSTRAINT.

R = DSQRT (R*R + G2)
HO = HO /  R
HI = HI /  R
CALL UPDATE (.NOT.XZERO)
USED (I)  = .TRUE.
GC TO 100

COMPUTE A NEW XO IN STEAD OF THE KTH SURROGATE.

15 CALL UPDATE (XZERO)
CALL INIT(K)
I E  (R . L E .  DEL) GO TC 115 
DO 20 I  = 1,LAST

20 USED (I)  = .FALSE.
I F  (KASEP . L E .  2) USED (KP) = .TRUE.
I F  (KASEP .EQ.  3) USED (LSTRCW+KE) = .TRUE.
I F  (KASEP .EQ.  4) USED (LAST) = .TRUE.

100 CONTINUE

TAKING TOO LONG TO CONVERGE.

105  DO 110  J  = 1 ,N
110 X (J)  '= X ( J )  -  R *  AK (0)

MULT = MULT + N
115 I F  ( .NOT.LPP) RETURN 

Z = 0.0D 00 
DO 120  J  = 1 ,N  

120 Z = Z + U (J )  -  X(J )
MULT = MULT + N 

125 RETURN 
END

SUBROUTINE SURRG2(K)
DOUBLE PRECISION A (90 ,40)  ,B (90) , X (50) ,D (90) ,AT ( 2 0 ,2 0 )  ,

1 U (20) ,X0 (50) ,C  (4005) ,AK (50) ,CK (90)  ,AZ (50)  ,R,HO,
2 H I ,Z ,D Z ,C Z ,D E L ,E P S  

LOGICAL LPP,OVRLX,XZERO
COMMON /GL0BL1/M,N,Ml,MPLUS1,LSTROW,LSTCOL,LIM,LPP,

1 OVRLX,K P,R ,H O ,H I ,Z ,D Z,C2 , DEL,EPS,MULT,KASEP,
2 IZ  L I  L2 L3
COMMON /G LO BL2/A ,B ,X ,C ,A T,U ,X 0,C ,A K ,C K ,A Z 
DATA XZERC/.TRUE./
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cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc  
c c
C THE MAIN ROUTINE FOR ALGORITHM I I .  C
C C
CCCCCGCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

MULT = 0 
K = 0
CALL INIT(O)
I F  (R .L E .  O.OD 00) RETURN

C
C XO IS  NOT A SOLUTION.
C

DO 100  K = l .L I M  
CALL CHOOSP (G2)
I F  (KP) 1 2 5 , 1 0 5 , 5

C
C COMPUTE A NEW XO IN STEAD OF THE KTH SURROGATE.
C

5 CALL UPDATE (XZERO)
CALL IN IT(K )
I F  (R . L E .  DEL) GC TC 115 

100 CONTINUE
C
C TAKING TOO LONG TO CONVERGE.
C

105 DO 110 J  = 1 ,N
110 X (J)  = X ( J )  -  R * AK (J)

MULT = MULT + N
115 I F  (.NOT.LPP) RETURN

Z = O.OD 00 
DO 120 J  = 1 ,N  

120 Z = Z + U (J )  *  X(J)
MULT = MULT + N 

125 RETURN 
END

SUBROUTINE SURRG3 (K)
DOUBLE PRECISION A (90 ,40 )  ,E (90) ,X (50) ,D (90) ,AT ( 2 0 ,2 0 )  ,

1 U (20) ,X0 (50) ,C (4005) ,AK (5C) ,CK (90)  ,A Z (50)  ,R ,H 0 ,
2 H I , Z ,DZ,CZ,DEL,EPS,G2 

T n ^ T r n T  t  p p  n v R T Y  Y 7 F R n
COMMON /GLOBL1/M,N,Ml,MPLUS1,LSTROW,LSTCOL,LIM,LEP,

1 OVRLX,KP,R,HO,HI,Z,DZ,CZ,DEL,EPS,MULT,KASEP,
2 I Z , L 1 , 1 2 ,L3

COMMON /G LO BL2/A ,B ,X ,D ,A T ,U ,X 0,C ,A K ,CK ,A 2 
DATA XZERO/.TRUE./

cccccccccccccccC cccccccccccccccccccccccccccccccccccccccccccc 
c c
c MAIN ROUTINE FOR ALGORITHM I I I  C
C C
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

MULT = 0 
K = 0
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CALL IN IT (O )
I F  (R .L E .  O.OD 00) RETURN

C
C XO IS  NOT A SOLUTION.
C

DO 100  K = l . L I M  
CALL CHOCSP (G2)
I F  (KP) 1 2 5 , 1 0 5 , 5

C
C COMPUTE THE KTH SURRGATE CONSTRAINT.
C

5 R = DSQRT (R*R + G2)
HO = HO /  R 
HI = HI /  R
CALL UPDATE(.NCT.XZERO)
CALL CHOCSP (G2)
I F  (KP) 1 2 5 , 1 0 5 , 1 0

C
C COMPUTE A NEW XO ON THE KTH SURROGATE HYPERPLANE. 
C

10 CALL UPDATE (XZERO)
CALL IN IT (K )
I F  (R . L E .  DEL) GO TC 115 

, 1 0 0  CONTINUE
C
C TAKING TOO LONG TO CONVERGE.
C

105 DO 110  J  = 1 ,N
110 X (J)  = X ( J )  -  R *  AK (J)

MULT = MULT + N
115 I F  ( .NOT.LPP) RETURN

Z = O.OD 00 
DO 120  J  = 1 ,N  

120 Z = Z + U (J )  *  X(J)
MULT = MULT + N 

125 RETURN 
END

SUBROUTINE AGMON (K, RELAX)
DOUBLE PRECISION A (90 ,40 )  ,B (90) ,  X (50) ,D (SO) ,AT ( 2 0 ,2 0 )  ,

1 U (20) ,X0 (50) ,C  (4005) , AK (50) ,CK (90)  ,AZ(50)  ,R ,H 0 ,
2 HI,Z ,DZ,CZ,DEL,EPS,RELAX 

LOGICAL LEP OVRLX
COMMON /GLOBL1/M,N,Ml,MPLUS1, LSTROW,LSTCOL,LIM,LPP,

1 OVRLX,KP,R,H0,H1,Z ,DZ,C2,DEL,EPS.MULT,KASEP,
2 I Z , L 1 , L 2 , L 3

COMMON /G L O B L 2/A ,B ,X ,D ,A T , U,X 0,C ,A K ,CK , AZ 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
c
c WE ARE ONLY DOING PROJECTION AND REFLECTION IN AGMCN
C RELAX = 1 FOR PROJECTION AND 2 FCR REFLECTION.
C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
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MULT = 0 
K = 0
DO 5 J  = 1 , LSTCOL 

5 X (0) = XO (J)
c
C COMPUTE D = AX -  B .
C

DO 7 I  = 1 , LSTRCW 
7 D ( I )  = -B ( I )

DO 15 I  = 1,M 
DC 10 J  = 1 ,N  

10 D ( I )  = D ( I )  + A ( I , J )  ^  X (0)
15 CONTINUE

MULT = MULT + M *  N 
I F  (.NOT.LPP) GC TO 25

C
DO 17 I  = MPLUS1.LSTRCW 

DO 16 J  = 1,M
16 D ( I )  = D ( I )  ♦ AT ( I-M , J )  * X (N+J)
17 CONTINUE

MULT = MULT + N * M
C

DZ = 0 .OD 00 
Z = O.OD 00 
DO 20 J  = 1 , LSTCOL 

I F  (J . L E .  N) Z = Z + U(G) * X(0)
20 DZ = DZ + AZ ( J )  *  X ( J )

MULT = MULT + LSTCOL
C
C CHOOSE THE MOST VIOLATED.
C

25 KP -  1 
R = D (1)
I F  (Ml .EQ .  0)  R = DABS(R)
DO 40 I  = 2 , LSTROW 

I F  (Ml .L T .  I  .AND. I  . L E .  M) GO TO 30 
I F  (D ( I )  .L E .  R) GO TO 40 
R = D ( I )
GO TO 35

30 IF  (DABS (D ( I ) )  . L E .  R) GO TO 40 
R = DABS (D ( I ) )

35 KP = I  
40 CONTINUE

I F  (.NOT.LPP) GC TO 55
C

LAST = N + Ml 
L = 1
DC 45 J  = 2 fLAST 

IF  (X (J)  . L T .  X ( L ) ) L = J 
45 CONTINUE

I F  ( -X(L)  . L E .  R) GO TC 50 
R = -X (L)
KP = LSTROW + L 

50 I F  (DZ . L E .  R) GO TO 55 
R = DZ
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KP = IZ
55 I F  (R . L E .  O.OD 00) RETURN

XO IS  NOT A SOLUTION.

DO 1 0 0  K = 1 ,LIM  
I F  ((KP .L E .  M .AND. D(KP) .L T .  O.OD 00)  .OR. 

1 (LSTROW . I T .  KP .AND. KP . L T .  I Z ) ) R = -R
R = RELAX * R 
MULT = MULT + 1

UPDATE.

I F  (KP .EQ .  I Z )  GO TC 85 
I F  (KP .G T.  LSTROW) GO TO 80 
D (KP) = D (KP) -  R 
I F  (KP ‘ .GT.  M) GO TO 70 
DC 60 J  = 1 ,N

60 X (J)  = X (J)  -  R -  A (KP, J )
MULT -  MULT + N
K l  = KP -  M
K2 = ( (KP-1)  *  (2*M-KP)) / 2  -  KP 
DO 65 I  = 1,M 

I F  ( I  .E Q .  KP) GO TO 65 
I F  ( I  .G T .  KP) GO TC 61 
Kl = K l  + M -  I  
D ( I )  = D ( I )  -  R *  C (Kl)
GO TO 65

61 D ( I )  = D ( I )  -  R * C (K2+I)
65 CONTINUE

MULT = MULT + M -  1
I F  (LPP) DZ = DZ -  R * C (Ll+KP)
GO TO 1 2 5

MOST VIOLATED I S  AN A-TRANSPOSE CONSTRAINT.

70 L = KP -  M
DO 71 J  = l .M

71 X (N+J) = X (N+J) -  R *  AT ( L , J)
MULT = MULT + M
K l  = L2 ♦ L -  N
K2 = L2 + ( ( L - 1 ) * ( 2 * N - L )  ) / 2  -  KP 
DO 75 I  = MPLUS1,LSTROW 

I F  ( I  .EQ .  KP) GC TC 75 
I F  ( I  .G T.  KP) GO TC 72 
Kl = K l  + LSTROW -  I  
D ( I )  = D ( I )  -  R * C (Kl)
GO TO 75 

72. D ( I )  = D ( I )  -  R *  C (K2+1)
75 CONTINUE

DZ = DZ -  R * C (L3+L)
MULT = MULT + N 
GC TO 1 2 5
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MOST VIOLATED I S  AN X-CONSTRAINT.

80 KP = KP -  LSTRCW 
X (KP) = X (KP) -  R
DZ = DZ -  R *  AZ (KP)
I F  (KP .G T.  N) GO TC 82 
DC 81 I  = 1,M

81 D ( I )  = D ( I )  -  R * A ( I ,  KP)
MULT = MULT ♦ M
GC TO 1 2 5

82 J  = KP -  N
DC 83 I  = MPLUS1,LSTROW

83 D ( I )  = D ( I )  -  R * AT ( I -M , 0)
MULT = MULT + N
GC TO 125

MOST VIOLATED I S  THE Z-CONSTRAINT.

85 DC 86 J  = 1 , LSTCOL
86 X (J)  = X (J)  -  E * AZ (J)

MULT = MULT + LSTCOL
DO 87 I  = 1,M

87 D ( I )  = D ( I )  -  R =5= C ( L l+ I )
MULT = MULT + M
L = L3 -  M
DO 95 I  = MPLUS1,LSTROW 

95 D ( I )  = D ( I )  -  R *  C (L+I)
MULT = MULT + N
DZ = DZ -  R

CHOOSE THE MOST VIOLATED.

125 KP = 1
R = D ( l )
I F  (Ml .EQ .  0) R = DABS (R)
DO 140 I  = 2 , LSTROW 

IF  (Ml .L T .  I  .AND. I  . L E .  M) GC TO 13C 
I F  (D ( I )  .L E .  R) GO TO 140 
R = D ( I )
GO TO 135

130 IF  (DABS (D ( I ) )  .L E .  R) GC TO 140 
R = DA3S (D ( I )  )

135 KP = I  
140 CONTINUE

I F  (.NOT.LPP) GC TO 155

L = 1
DC 145 J  = 2.LAST 

I F  (X(J)  . L T .  X ( L ) ) L = J  
145 CONTINUE

I F  (-X(L)  . L E .  R) GO TC 150 
R = -X(L)
KP = LSTROW + L 

150 I F  (DZ . L E .  R) GO TO 155
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R = DZ 
KP = IZ

155 I F  (R . L E .  DEL) GO TC 205 
100 CONTINUE

C
C TAKING TOO LONG TO CONVERGE.
C

I F  (KP .EQ .  IZ )  GO TO 2,20
I F  (KP .G T .  LSTROW) GC TO 215
I F  (KP .G T .  M) GO TO 205
I F  (D (KP) .L T .  O.OD 00) R = -R
DO 200 J  = 1 ,N  

200 X (J)  = X ( J )  -  P *  A (KP, J)
MULT = MULT + N 

205 I F  (.NOT.LPP) RETURN 
Z = O.OD 00 
DO 210 J  = 1 ,N  

210 Z = Z + U (J )  *  X(J)
MULT = MULT + N 
RETURN

215 X (KP-LSTROW) = X(KP-LSTROW) -  R 
GO TO 205 

220 DO 225 J  = 1 ,N  
225 X(0) = X ( J )  -  R * AZ (J)

MULT = MULT + N 
GO TO 205 

300 CONTINUE 
END

SUBROUTINE SIMPLX(IPHASE)
DOUBLE PRECISION A (90 ,40)  ,E  (90) ,X (50) ,D (90) ,AT ( 2 C ,2 0 )  ,

1 U (20) ,X0 (50) ,C (4005)  ,AK (50) ,CK (90)  ,A Z (5 0 )  ,R ,H 0 ,
2 H 1 , Z , D Z , C Z ,D E L , E P S ,T ( 2 5 ,2 5 ) ,D S ( 2 5 ) , R O W K ( 3 0 ) ,
3 COPI ( 2 5 ,2 5 )  ,XS (25) ,WA (25)

LOGICAL LPP OVRLX
COMMON /GL0BL1/M,N,M1,MPLUS1,LSTROW,LSTCCL#LIM# LPP,

1 OVRLX,KP,R,HO,HI,Z,DZ,CZ,DEL,EPS,MULT,KASEP,
2 I Z , L 1 , L 2 , L 3

COMMON /GL0BL2/A ,B ,X ,D ,A T,U ,X O ,C ,AK ,CK ,A Z 
INTEGER ICOLMS (30) , IB V (2 5 )
DATA K / l / ,  I R / 2 5 /  

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C
C MAIN ROUTINE FOR SIMPLEX
C
C THIS ROUTINE USES THE SIMPLEX METHOD AS PROVIDED IN THE 
C IMSL PACKAGE. I T  FIRST SETS UP THE PARAMETERS TO THEIR 
C RECOMMENDED VALUES AND THEN CALLS THE IMSL ZXOLP 
C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

Z = O.OD 00 
DO 5 J  = 1 ,N 

5 X (0) = O.OD 00
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DS (1) = O.OD 00 
NS = N
ITMAX = 5 * N
I F  (IPHASE .EQ .  1) GO TO 50

TABLEAU FOR PHASE 2 .

DO 15 I  = 2,MPLUS1 
1 2  = I  -  1
I F  (B (12)  -L T .  O.OD 00) GO TO 45 
DO 10 J  = 1 ,N 

10 T ( I , J )  = A ( 1 2 ,  J)
15 DS ( I )  = B (12)

DO 20 J  = 1 ,N  
20 T (1* *3) = - U ( J )

LIC = MPLUS1 
DO 25 0 = 2,MPLUS1 

ICOLMS(J )  = J  
IB V (J )  = N + J  

25 ROUK(J) = O.OD 00 
ICOLMS (1) = 1 
I B V ( l )  = N + 1 
ROWK (1) = 1 .0D  00 
DO 35 I  = 1,MPLUS1 

DC 30 J  = 1,MPLUS1 
30 C C P I ( I , J )  = O.OD 00 
35 COPI ( 1 ,1 )  = 1 .0D  00 

MS = M
CALL ZXOLP (IPHASE,T,DS,ICOLMS,ROUK,K,MS,NS,ITMAX,LIC, 

1 I R ,C 0 P I , I B V ,X S ,V A , IE R )
I F  (IER .G E .  130)  GO TO 145

DO 40 I  = 2,MPLUS1 
I F  ( IB V (I )  .L E .  N) X (IBV ( I ) ) = XS ( I)

40 CONTINUE 
RETURN

TABLEAU FOR PHASE 1 .

45 IPHASE = 1 
50 DO 55 J  = 1 ,N 
55 T ( 2 ,  J )  = - U ( J )

DS (2) = O.OD 00 
NONNEG = 0 
DO 75 I  = 1,M 

12  = I  + 2
I F  (B ( I)  . I T .  O.OD 00) GO TC 65 
I F  ( I  . L E .  Ml) NONNEG = NONNEG + 1 
DO 60 J  = 1 ,N 

60 T (1 2 ,3 )  = A ( I ,  J)
DS (12) = B ( I )
GO TO 75 

65 DO 70 J  = 1 ,N  
70 T (1 2 ,3 )  = -A ( I ,  J )
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DS (12) = -B ( I )
75 CONTINUE

NEC = Ml -  NONNEG 
MPLUS2 = M + 2 
DO 85 J  = 1 ,N  

T (1 ;  J )  = O.OD 00 
DO 80 I  = 2,MPLUS2 

80 T ( 1 ,U )  = T ( 1 , 0 )  -  T ( I , J )
85 CONTINUE

LIC = MPLUS2 + NEG 
LAST = NONNEG + 1 
DO 90 J  = 1,LAST 

ICOLMS(J) = J  + 1 
IB V (J+ 1)  = N + J  

90 ROWK(J) = - 1 . 0 D  00 
L = NONNEG + 2 
LAST = Ml + 2 
DO 95 J  = L , LA ST 

ICOLMS ( J )  = - ( 0 + 1 )
95 ROWK(J) = 1 .0D  00 

ICOLMS (LAST) = 1 
IB V (1) = N + LAST 
L = Ml + 3 
DO 100 J  = L ,L I C  

ICOLMS(0) = J  -  NEG 
IBV(O-NEG) = N + 0 

100 ROWK(J) = O.OD 00

LAST = NONNEG + 2  
DO 110 I  = 1,MPLUS2 

DO 105  J  = 1,MELUS2 
105 C O P I ( I , J )  = O.OD 00

I F  ( I  . L E .  LAST) C O P I ( l , I )  = l .C D  00 
110 C O P I ( I , I )  = 1 .0 D  00 

MS = MPLUS1
CALL ZXOLP (IPHASE,T,DS,ICOLMS,ROWK,K,MS,NS,ITMAX,LIC, 

H R  ,CO PI ,IBV ,XS,W A ,IER)
IF  (IER .G E .  130)  GO TO 145 
LAST = N + Ml + 1 
DO 115 I  = 3 ,MPLUS2 

I F  ( IB V (I )  .GT.LAST .AND. XS ( I )  .NE.  O.OD 00)GO TO 140 
I F  ( IB V (I )  .GT.  LAST) WRITE ( 6 ,1 6 5 )

115 CONTINUE
LIC = MPLUS1 
DO 130 I  = 1 ,MPLUS1 

ICOLMS ( I )  = ICCLMS ( I )  -  ISIGN ( 1 , ICOLMS ( I ) )
130 ROWK(I) = O.OD 00 

ROWK (1) = 1 .0 D  CO 
MS = M 
IPHASE = 2
CALL ZXOLP (IPHASE,T ( 2 , 1 ) , D S ( 2 ) , ICOLMS,RCWK,K, MS, NS, 

1 ITM AX,LIC,IR,CCFI  ( 2 , 2 ) ,IBV ( 2 ) ,XS,WA,IER)
I F  (IER .G E .  130)  GO TO 145
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7 = XS
DO 135  I  = 3.MPIUS2 

I F  ( IB V (I )  .L E .  N) X (IBV ( I ) ) = XS (1 -1 )
135 CONTINUE 

RETURN 
140 WRITE ( 6 ,1 5 0 )

RETURN
145 I F  (IER .EQ .  130)  WRITE ( 6 ,1 5 0 )

I F  (IER .E Q .  131)  WRITE ( 6 ,1 5 5 )
IF  (IER .EQ .  132)  WRITE ( 6 ,1 6 0 )

150 FORMAT*// '  THE SISTER IS  INCONSISTENT. ')
155 FORMAT ( / / '  THE SYSTEM IS UNBOUNDED.' )
160 FORMAT ( / / '  MAXIMUM NC. OF ITERATION REACHED.')
165 FORMAT ( / / *  WARNING, SYSTEM HAS REDUNDANT CONSTRAINT.')  

END

//GO.SYSIN DD *
SURRG1 SURRGR SURRG2 SURRG3 AGMON1 AGMCN2 SIMPLEX

2 3 0
2.0D 00 - 3 .0 D 00 4.0D 00
6.0D 00 5 .0 D 00 - 7 . 0 D 00
8.0D 00 4 .0 D 00

5 3 0
1.0D 00 2 .0 D 00 3 .OD 00

- 1 .0 D 00 l .O D 00 - 2 . 0 D 00
1.0D 00 5 .0 D 00 4.0D 00
O.OD 00 3 .0 D 00 l .O D 00

- l .O D 00 4 .0 D 00 - l . O D 00
2.0D 00 l .O D 00 5.0D 00 3.0D 00

3 3 0
1.0D 00 l .O D 00 l .O D 00
1.0D 00 - l . O D 00 l .O D 00
l .O D 00 2 .0 D 00 - l . O D 00
l.OD 00 3 .0 D 00 4 .0 D 00

4 4 0
l .OD 00 2 .0 D 00 - 1 2 . OD 00 8 .OD CO
5.0D 00 4 .0 D 00 7 .OD 00 -2  .OD CO

- 3 .0 D 00 7 .0 D 00 9 .0D 00 5.0D 00
6.0D 00 - 1 2 .  OD 00 - 8  .OD 00 3 .OD 00

2 7 . OD 00 4 .0 D 00 1 1 . OD 00 4 9 . OD CO
1 2 1

l .OD 00 2 .0D 00
l .OD 00 l .O D 00
l.OD 00

2 2 1
2.0D 00 3 .0 D 00
l .OD 00 2 .  OD 00
l.OD 00 l .O D 00
4.0D 00 3 .0D 00

4 2 4
l .OD 00 3 .0 D 00
l.OD 00 O.OD 00
O.OD 00 l .O D 00

4 .0 D  00
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