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ABSTRACT

Dual Resonance Models and their Currents
Edward A. Johnson

Advisor: Professor Michio Kaku

Work continues in the exciting area of dual resonance
theory. 1Inspite of their present inadequacies, dual models
promise a qualitative leap in our understanding of the
fundamental processes. The Veneziano model had its origin
as a solution of the finite energy sum rules which tie
together the high energy and low energy sectors of nuclear
reactions. 1In a brave way, it advanced the concept of
duality in hadronic interactions. We show how dual
resonance models were re-derived from the concept of a
string tracing out a surface in space-time. Thus, inter-
acting strings reproduce the dual amplitudes. A scheme for
tackling the unitarity problem began to develop. As a
consistent theory of hadronic processes began'to be built,
workers at the same time were naturally led to expect that
leptons could be included with hadrons in a unified dual
theory. Thus, there is a search for dual amplitudes which
would describe interactions between hadrons and currents
(for example, electrons) as well as interactions involving

only hadrons. Such ampli cudes, it is believed,
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will be the correct ones, describing the real world. Such
amplitudes will provide valuable information concerninj such
things -as hadronic form factors. We describe the great
difficulties in building current-amplitudes with the reéuired
properties of proper factorization on a good spectrum, duality,
current algebra, and proper asymptotic behavior.

Dual models at the present time require for consistency,
an intercept value of %.={ and & dimension value of d= 26
(or d=10). There have been speculations that the unphysical
dimension may be made physical by associating the 'extra
dimensions' with certain internal degrees of freedom. However,
we would like the theory itself, to force the dimension d=4.

It is quite possible that the dimension pioblem and the inter-
cept problem are tied together and that resolving either
problem will resolve the other.

In this work, we construct order by order, a new dual
current that is manifestly factorizable and which appears to
be valid for arbitrary space-time dimension. The fact that
this current is not bound at d=26, leads to interesting

speculations on the nature of dual currents.
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1. How Dual Theory Originated,

The goal of dual theory has been to construct amplitudes
describing purely hadronij ' interactions, i.e, strong interactions.
As such, dual theory despite its shortomcings, has provided a crude
picture which experiments show to be surprisingly close to the
truth. Real accuracy will involve taking into account other factors:
an important one being the requirement that a correct theory be
capable of also describing intéractions between hadrons and currents.
Such a requirement will go a long way towards restricting the choice
of dual models and finding the most truthful representatioh of the
real world.

Researchers developed dual theory starting from the fact
that Lagrangian techniques used in guantum electrodynamics pose
problems when applied to strong interactions because here the
coupling constants are not small, Further it was noted that cross
sections of interacting nucleons show features indicating that
thaese reactionsrcan proceed by way of intermediate states called
resonahces?) For example the process

a + a4, — a3 +a4
(where a; are nucleons) at specific energies, appears to occur in
two steps; thus @, + A, — R —? a3+ ay
in which £he intermediate particle R has a very short lifetime. The

mass Mg of R is just the value of incoming energy at the bump that



appears on a plot of cross section versus incoming energy. A bump
indicates a region of rapid increase in cross section as a function
-of incoming energy. Its width is proportional to the lifetime of
the resonance. Many such bumps have been noted, the number of
bumps or resonances increasing in a regular way with incoming
energy. The existence of a spectrum of resonances, each of which
despite its short lifetime is accepted on an equal footing with
neutrons or protons, makes the list of hadrons a very long one.

To use the field theory approach here would be extremely difficult
as it seems to involve postulating a distinct field for each
strongly interacting particle.

Some researchers therefore rejected the field theory
approach as a useful one in the strong interaction domain, and
focused attention on constructing an S-matrix based on general
postulates of gquantum relativistic theory. With this minimal set
of postulates, researchers then procgeded to hunt for an additional.
property of the S-matrix structure that would single out specifi-
cally strong interactions.

The S-matrix postulates“;re the following:

(1) Poincare invariance. Consider a reaction in which the total
number of initial particles plus the total number of final particles

is N. Consider the following partition of the set of N particles:



(P'A,P:)'“ \P"‘) ) (P‘.)P:,.... P,: ) where n+m = N (l-l)

A partition into two sets is called a channel., Let us call the
particular channel represented in 1.1 the K™ channel. Then

- a\ 2
s (1) - - (1)
follows from momentum conservation and $,, a Lorentz invariant,
is called the Mandelstam variable for the K'h, channel. If there
are M channels then the amplitude for the reaction is described
by (S.\Sz y ey S">
(2) Crossing. Consider the reaction {— £, in which the total
number of initial particles plus the total number of final particles
is N. Let their momenta be P ,P, ,..., P, « A particle that is
incoming is assigned energy P: >0 . A particle that is outgoing
is assigned energy Pf<0 . The Mandelgtam variables (S Sz, -, 5)
describing the reaction (=4 will belong to region R of S¢ - space.
Suppose now, keeping the same N particles, that the signs of some
of the P/ are changed. Thus a different process i - $ is
indicated, in which the variables (S, , S., ...,S4) now belong to
a different region say R' of s, ~space. Crossing symmetry now says
that the corresponding amplitudes (¥/5|¢) ana (4'|S] i') are both
obtainable by analytic continuation from a single function
called the N-point function.
(3) Unitarity is the principle that probability is conserved. This
requires that the S-matrix sati:zfy S's = ss' =l
or if T is introduced by S=I+iT we have

T - 1= irty



The equation is now taken between states ({) and |f) , and a
complete set of intermediate states (n){n] is inserted. This gives
SRR M IS RO RS ISR b -2)
Here P, is the momentum aggociated with |¢) and with |+) and with
each state |n) that contributes to the sum.

This diagram illustrates the

right hand side of eq 1-2
showing a K" channel reaction.

Let the Mandelstam variables involved be S, ' ' 'S, , +)Sy. Then it

)
can be shown that the left hand side of egiiis proportional to
lm,A(m‘s‘vs.uan) (Here, we have omitted complications due to
internal quantum numbers.) Thus IwA must be non-zero for the

discrete point Sg= Mu » 1f My is the mass of a possible single-

particle state |n)) with the right quantum numbers.

In fact, InA must be non-zero at any valve of S, corresponding to

a possible process in channel K or particles exchanged in channel
K. Neglecting for the moment the requirements of crossing symmetry,
Im A can be zero at all other valves of S, .

(4) Analyticity. The principle of causality is that an effect
cannot precede its cause in time; and that signals cannot travel

faster than c. Researchers hav: been led by this principle to



postulate amplitudes that, in all Mandelstam variables, are totally
analytic except for those sinqularities demanded by the existence
of intermediate particles, unitarity, and crossing symmetry.

Using eqi.2 one can then show that, for example, a single-particle
state of mass M« exchanged in channel K corresponds to a simple
pole at Sx= Mg in +the amplibude A(S SuyeSxyon Su)

Thus in the single exchange reaction shown below

13 %
&e 9,

the amplitude for P+P, 4+ +P = 9+ %+ + 9a can be shown to be
given by
A(n)m) ~— A(") R)A(m) R) ('.3)

S - Mg
where A(n,m), A(n,R), and A(mR) are respectively the n+m point function,
the n+! point function, and the m+| point function. Notice the
factorization of the residue in equation 1.3 .
The above postulates 1 through 4 are the important basics
for any S-matrix theory. To this list researchers have added the

following postulates to pinpoint strong interactions.



(5a) That all strongly interacting particles lie on Regge tra-
jectories that are approximately linear with a univerxsal slope

a' ~ l(scv)-z. Thus if for a Regge trajectory #(s), we have d(m§)= g
where ¢ 1is the spin of a single particle of mass M, exchanged

in a certain channel, then since d(s)=ds +d'S  the contribution

of My to the amplitude will be given by

Cs Ce
| T T Tl
{

In other words, the imaginary part of 4(s) will be practically zero
and this, of course, will mean the resonance width will be infinitesi-
mally small, There is experimental evidence supporting, in an
indirect way, the existence of very narrow resonance widths. Tech-
nically, zero resonance widths are a violation of unitarity. However,
researchers feel this to be a valid approximation as long as the
residues of the poles factor, ( as in e .3 ) without ghosts, and

8o give the correct coupling constants.

(5b) That neglecting all but single-particle type exchanges can

give a reasonably good Born approximation., It can be shown that

an infinite number of single particle exchanges are then necessary

in order to ensure consistency with crossing and good behavior at

high energy.



2. How a Dual Amplitude is Constructed.

_ Consider the 4-point function. Assuming that in one of
the 3 channels involved ‘there are no resonances and that resonances
only get exchanged in channel 1(1+2-*3+4) and in channel 2(E+l‘*3+3)

we have for fixed S; :

6';(5‘1-
A,,(S.)Sz) = Z -:T(__’)-_

,_ 2
My

where M is the »" resonance that can be exchanged in channel 1,
K, is the momentum flowing through channel 1. In the same way
regarding S, as fixed and varying S; in the physical region of

channel 2 we have:
Z & (s)
Aq(sllst) - - -K:'_m:;
These equations are just applications of the defining postulates.

Lets assume here that G = G. Now the duality statement is

_G(s5:) _ Ej 6, (s)

A (5.5.) = Z —ki- m: A
‘Q( ) ) x [ "n ‘ ,k}_m:)

The residues must factorize so ‘ e have



6x(5:) _ I g
“ki-my Z ds Ttoms
A = \

Lets introduce resonance stateslﬂh),K.> where n denotes channel,
Ka the momentum flowing through the n+“channe1, Ma the mass
of the A+h resonance available in the 1" channel,

Lets also
introduce a momentum operator P and mass operator M? and vertex
operator V given by |

PImas k) = KalMar, Ka)

Moy )mnx )Kn>

]

Mtlmnx.‘(n>

(2| vk mny = G,

Then

z-g—“—L = Z<'1|V|"‘»K'><"'n'<'|:5':'-_—,1-=|'"'>"-><m.xx.|v]34>
5
= |V s v|34> = 41|V :'55'—‘,,,7‘\’,23> (2.1)
L ; n

or Ag= 1wl a0 o, | o | ;

Thus the amplitude has a pole when the channel energy is equal to
the resonance energy.
In studying the N-point function we will only consider
(3)

planar channels. For the N int.racting particles ordered 1,2,3,....

N-1,N a planar channel is defi. ed as a partition of the form



(b1, brz, . yn, 1,2,...,a) | (ari,asz, oo et b)

A function AS“‘““) is constructed satisfying dual theory require-
ments and having singularities only in its planar channels. The
complete‘N-point function is then taken to be a sum over all possible
permutations of (1,2, .... 8V, % ), This procedure, which, of course,
assumes that resonances do not get exchanged in every channel, but
enly in planar channels, seems to lead to results in good agreement
with experiment.

It can be shown that for any particular ordering
(3. “2, ..., #=1,n) there are exactly N-3 non-overlapping planar
channels. Two channels are said to overlap if they have at least
one line iﬂ common and neither is a subset of the other. 1In order
for dual theory to be consistent with Feynmann diagram analysis,
we must require that resonances get exchanged simultaneously in
non-overlapping channels only. That is resonances are not exchanged

- simultaneously in overlapping channels.
Using the same method used to get eg2.l we find for A,

(dropping the superscript):

- \ | —_ — -1
A“ = <| 2 lV P M* Vi -Pr-M* V“‘ -Pi-pm? V“" -pi-nt v , N-bs N>
N Pas
or A“ = ] } ' J ' J R,
! V V, Vq’ v“‘l v

where we define the .V, vertex .y
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iPl ,P
<"1u K.IV,I m,y k,,> = Sr,u;—’ K, — - = - .
] 2

Potting <‘1\V|mn Kn> = 3|2A = <"V1|mu Kn>
and <mu Ka l\/ IN". N> = 3& N-i, R T <mnh Ka I Vn-l , ~>

' ! i
we have Ay = <‘\V17PT-?;V1 WV" v Ve TR Vaer ‘N>

A —_—r SN S -
and by Jdal-}‘[ Ad = <Nl\/, Pyl Ve -pt-H* 3 V,,_, -pi-nt v"’l 'N '>
] X Lo
| - RS
Nouw put PPem = Lo~ | and note +that =1 l’ X3 X

Le -Le
If now we define a new vertex vih,z) = z* v, 2 then

) ]
dx .
A= |- ___-t---__t__‘““'
N , . Xa

Xu-1

. Lo
X (i V() V(P X0 ) v(® % X3) " .v(l’.‘-z,x;X,.-x,.-:)V(e...,x,x, X..,)(,“,...x'_l) |">

Since the external particle I8) must lie on its mass shell we

nava (Le-t) [0) =0. If now we make the following change

of variables:
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X, = Y W-3 N-t

Xy Xy = Yy we Fiad that ﬂ —d-xﬁ- = ﬂi‘/l-
. ire ‘ i=3 ‘
);LX;" Xeer = Tuar

. A = j- o 'j J—Yl ) .c—ll";‘- <' \V(P‘)Yl) V(P" )Y3) o \/(P“")Y""‘) V(P”'" Y~-|> '”>
. N

13 Y"‘

|=1t)y-‘)"‘7YM-| )o

and by duality we also have

) J Ji'— b G VRN V) o Vg i W (Ry Wn ) 1812
A\J - T 7" 7:-:. ’

R AR AL I X

P Py Pu-t A }Pu-l

SRR | SN | R 1 S

- Thus the duality condition is seen to amount to just a cyclic re-

ooy

adering of variables as shown in the diagram. This symmetry can

be expressed by the group SU() . To Bsee this, let it be required

- that

Lim \L(P'_‘L,__;Q lo,0) = |a) and lim <20} ZV(B,2) = (n

-» 0
1 Z @® (2.2)

Then the duality condition can be cast in the form
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Yc JY P dy L)
RIENES B Lo [VOAXY VORI -+ VB Yot V(R ) 5

(11‘”\11'-",‘/."-'0 ', 1;7‘/})"') Yﬂ)

(2.3)

FR A Yot

(1-:’”) Yoo, Yd.-"'o 5

< J...J Yu' i!; cee df-l-z (o)QIV(P“Y,")V(P. .Y.I)V(Pz,Yx') st V(PN-I)\/ul-l) l°)°>
VYo Y Ve

Consider the Mobius transformations:

y = Ay = LLEALS where a8,” 385 = |
a,~/+a4

It is easily shown that given numbers 7. 4. My and N Ny Ny
I
that a unique A can be found such that N; = An; ;
Also, given numbers n. n, N, ., we can find a particular A such

that An, =n, , An,=1; | Any = N,

Given A let it be required that a unitary operator U(A) exist such that

. vry) _ ) V(",Al’l B .
U 252 U (A) = ey Ay @-4)

and  U(A) |e,0) = @ @.5)
then since dy = (a7 M‘)IJ(AV) it can be shown that the duality constraint
(23) will be satisfied,

The following is one method of implementing conditions
(2.2,2.4,2.5), namely the Veneziano model(.“)

One introduces harmonic oscillator operators

'S
O~ where mro,tiy12, ..., and M= o0,1,2,.4d"}
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where d is the dimension of space~time (for this model d need not
be 4).
These operators satisfy the commutation relations
M

[ak,ar] = mg"" S, . a“ = ot (2:¢)
Here 9“Y is needed for manifest covariance of the model.

s a“ . u - o~
Introduce also the position operator 9 canonical to P" # Q.
[‘]“) Pv] - tguv
The resonance states of the system are then taken to be

R(M)

Wa,“m' o, ke) = |mu K)

-m(),

t=z

which are excited states consisting of components of various angular
momenta. On the other hand the state describing one of the external
particles is expressed as a ground state:

[ny = Jo,n) = C:h'?'°)°>

The vertex operator satisfying (z.2),(2-4) ,(2.5) is found to be

VG 2) = 2t vzt

-] :P", e Pea
Where V" = (ex? Z P"‘a.f e e’P - Z n - H
r =1

=

G.7)

The required unitary operators are found to be expressible as

toel
UM = e where o = (4 @. #3) are real numbers and

L=(L-|'L.)L.) are operators that form a subalgebra of a more
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(s)
general algebra discovered by Virasoro. The general L. operators are

Lo = ?l+ ia"‘.a" ]

(2.%)

The Virasoro algebra is
[ta,ta] = (-n) Lmva + & m(mbc1) S, e @-1)
It is easily shown that
[L«,V(&-,v)] z v"(vf; +'\":L) V(% Y) (2:10)
Bécause of eq 2.10
we find that in order to implement eq 2.4 that the N interacting
particles of mometa P, ,P, ,....,P, must each be taken to be

scalars with Pf = | . A useful fact deriveable from the algebraic

properties of the harmonic oscillators is the relation:

F.Y ) w Yo
<°,ol V(Y.. V(;. Y ”(‘/ - Y) (2.1 A)

t(‘
which is the Koba-Nielson formula, Thus the amplitude A can be

cast in the form:

A, = (Y- Y.)(t- Y (% Y.) J’ Hd’ o(% - Yo, ) ﬂ' (y - 7', (2.08)

JYAJYI;AYG i) c(j

Here the three variables %.Y.j‘ which are held fixed in the inte-

gration can be chosen to be any three out of the N variables Y; .
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This aribtrariness is due to the fact that by a Mobius transformation
we can send any three Y; variables onto any other set of three.

Furthermore, one can make the mapping (Y.,Y,,.Y.) — (Y, ,Y..Ys) —

(o, ', 0 ) via a Mobius transformation.
Using #(5) = de+d'S with de=1 we have
®(s) = 1= (R+P ) | a(t) = 1- (R+P )T

we can, after some algebra, rewrite the Koba-Nielson form for Ay

and get

' g
A‘.: jJXX ? (l-X)

(4

-Q‘\ = B(-ds )—d{,)

B is the beta function

F(-ds) M(-dy)
r(‘*s - d&)

F('% )'*4) =

This is the original Veneziano amplitude. Notice its explicit s-t
symmetry. This amplitude contains an infinite series of poles in
both s and t arising respectively from the poles of the gamma
functions réﬂs) and F(ﬁd+) which occur whenever the appropriate «
passes through a positive integer. Thus the S-channel poles are

exhibited by rewriting Ay as

A - S ) T(-ds) | (& <o)
! ntoF(-dp-n) Nn-dg

=0

th

We see that the residue of the .'"" s=channel pole is a polynomial irn t



of degree N, and thus can be expanded in terms of Legendre poly-
nomials :@@“9) with §=°,%2,..,17 , The amplitude therefore
describes a leading trajectory together with an infinite series
of equally spaced daughter trajectories.

Letting s become very large while keeping t fixed Qe find the
Regge asymptotic behavior

Ay ~ T(-d) (""S)d+

for S c© in any direction in the complex plane except on the
real axis where the poles lie.

It can be shown that A (v>4) can be written as a multiple beta

function.

16
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3. The States of the Veneziano Model
Physical states are states |4) which satisfy two conditions:
() (Le=)I%*) =0 (the mass-shell condition) ;
Gi) Lnl®) =0 m=123 (the subsidiary condit:ions)} |
Mass-shell states that have zero coupling to any physical state are
called spurious. Lets introduce the states |V.) such that (e ¥n =)0y =0
where nn is an integer greater than zero. An example of such
a'state ]W..} is the state |o,k) with k*« | . Consider the state
L-n 1Wa) introduced by Virosoro. Using the commutation relations
we see this state must necessarily be a mass-shell state, !¢
(Le=)(Lonlwy) =0

The amplitude for one particle of type L-a [¥a) and N-1 scalar

particles is
{¥a | ta v(®) T.l:—l V(P,)...L_.L__‘ V(Pu-i) | o, P“>

Au

1t

<\V,,I(L,\-L°-n+|> v(P,)I-‘.—-—_l V(Py) e+ L_ol:.‘. V() ,o, p.>

(here V(P) =z V(P, 1))

But using egq 2.10 we see that [Ln' Le , V(P)} = n V(P)

| ele =N +
and from eq 2:9 we see that (L.-L+') Ao = oo (La-Le ')
Thus the operator (Ln’L-'"+‘) can be successively commuted to the
right until we have a factor (L.-L. +!) acting on the state |o, P..) .
But since L. |0,P)-0and (t-:)]0,P) -0 we find that Ay = © .

Thus L-|¥.) decouples from al, physical “tree states” and is

spurious. It can be shown th~t any spurious state is of the form
L'“ l vl) .
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Ghost states are states with negative norm. Such states

are produced by the time component of each harmonic oscillator.

For example the state d,|o) has norm <{|q;a, |o) = 9" nlejo) = -n.

In a remarkable proof, it has been shown that the requirement of

eq 3.l is sufficient to eliminate all ghosts provided that d¢ 26 .
The problem of gimosts arises because gquantization in a covariant
manner introduces superfluous degrees of freedom in the system., It
is then required to check whether the physical states all have

s . . (¢)
positive norm. For this purpose we introduce the transverse space

T-{w]
vhere wt = W ::‘+(K.) ‘0,P> (3.2)
:

T
where £ P , Ke =0 | KPP = |

(this choice of P and the parameter K, amounts to a restriction
of Lorentz frame).

i
and the transverse excitation operators As ("o) constructed by Del

()
Giudice, Di Vecchia and Fubini satisfy

[-Lu , A:: (Ko)] =0 G.3)

[ ALy, AV ()] = nSan 8™ G4)
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Equation 3.3 implies that the A‘.: operators tran.;zform physical
states into physical states; in particular T is a subspace of the
space {M)} of physical states., Equation 3.4 then proves that T
is a space with positive definite norm. For d=26,4.°! it can be
shown that T is equivalent to {l*)} i.e. that for any physical
state ¢ we have a % such that

$ = ¢Q + 1 ' (3.5)

where 1 is a state of zero norm, decoupled from all states. While
(3.5) only holds for d=26, &,=1, it can be proven that for d< 26,

o, =| that the physical states are then a subspace of those for
d=26. Thus, the physical states for d< 26 are also of positive
norm.

The first few levels of the generalized Veneziano model

have the following:
M 1o,kY  hos J=o , m'= ~1I (a tachyon)

@y a¥lo,x) has J=1, mi= o0 (a massless meson)

(3) dia) lo,k) has Je2 , mi=d

- There is no J=1 , m*=1| state., In fact for all n-point functions

the first daughter is absent at all levels.

The corresponding physical trajectories are shown below
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The leading trajectory has intercept o, =1 and consequently carries
a tachyon (particle with mass m*<o ). This is the worst feature.
Among other bad features of the spectrum, is that there is no light
pseudoscalar to represent the pion in the model. Unrealistic
spectrums are unfortunately typical of dual models at the present
time. Continued search for better dual models seem very much

warranted, however,
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4. The String Concept

~ It has been demonstrated that dual anglitudes can be
derived and understood in terms of the breaking and joining of
stringstgvolving in space. Unfortunately the unphysical dimension
d=26 is seen to be required for consistency of the theory. The
appearance of such a critical dimension for space-time is of
quantum mechanical origin and is not understood at present.
Just as a point particle traces a world line in space-time,

a string traces a world sheet X“(s,7) .,

The string is defined by

XA - Xu(" T) ‘ (41a)
2z 3
2% §o0 (9.1(—) o]
Df) ) Y > (4.15)
Here the metric is taken as jic =1 =-39%

The conditions 4.1b ensure that a Lorentz frame exists in which

the equations 4.la of the string reduce to
X». = X‘(cr,'f) (=1,2,3
[

X = T

i.e. the parameter T is just the time in a particuar frame.

Note that for ¢ fixed we have (c=1) ¢

X .
1 _[3x% oy X ! s v oL 4.3
dg =c_)AT ..(\+;? T dT" ¢ (+c )JT (o] (4.3)
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i.e. we have a time-like or light-like interval:

while for 1 fixed we have:

l .
v (%) 4t = 2X 3K det o (4.4
ds ()d’) ¢ W) | )

i.e. we have a space-like interval.

The parameter ¢ is taken to have range 0$J & T

By analogy with the point particle case (where the dynamics derives
from demanding that the invariant length of the world line be
stationary) here we demand that the area of the world sheet be

minimized. Thus we define the action

S = jr‘ J:WJT de J

Ts

(4.5)

L= - 21:4' \[">.<ZX"+(5(X')1

I Xu x' =z I,

— ) =

oT “ pY' s

e
{1}

where

2

and o« is a fundamental constant with dimensions of (length) .
M =

Then $5=0 aad X ,r,r; = §x“ =T =©° are found

to imply the following:

J 2L

2 3L . 3 3L - 4 (4.6
T yx“ 3 X' *)

2L 20 at g:=0,T (46 b)
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The conserved total momentum is found to be

P“:J.‘(K“JU +_Ru°‘.r>
where
u I I ey x') - x*x" .
K 53)‘{:" (ara') X [X()(X) ] @)
ug_,g,__\___v_,[,zu,g:-x'“i‘] (.8)
RFTe "Gy L (¥x')

squaring 4.2 gives Canu')'R* 4 x* = o

thus 46b implies that ).(" =0 at ¢=0,T ,e that the end points
of the string move with the speed of light.

The action (eg u.5) is left invariant by the transformations
13 — -
X“(d'f) — X (O')T)

(s, T)
T‘(U)T) (4',)

where a

—
[}

The transformations 4.9 amount to just a reparametrization of the

surface of evolution of the string. The transformations 4.9 form

a continuous group, called the gauge group of the string. Infinitesi-

mal generators of the group are the transformations

Xen o fi- efEn2 -63(¢.T)§—T]X(f,r) Ghio)
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which corresponds to the infinite change of parameters
0= 0+ef(,T) |, T T+ eq(s,T) @ent)

From eg4.7 we find that
YK = o (4.12a)

(amd' ) K' 4 X' (412 1)

Iy
o

Equations 4.12 are constraint equations. They are incompatible
with canonical poisson brackets where all X's and K's are treated
as independent dynamical variables. We will therefore disregard
equations 4.12 and regard X and X as independent when establishing
poisson brackets. Afterwards, we will impose egs 4.12 as initial
conditions on the classical variables. Thus the canonical poisson

brackets are taken to be
EEE RN R wi3)
LX), ey} = 9% 5(-) 1)
It then follows that
{ XI“(c)) K"(o-')} = 9% ;D; §(c-a') (15)

If we extend the range of X'(s) and K(s) to -Tgos T
, :
by letting X (-¢) = - x'(o-) y b(-9)= k()

and if we define functionals



w

Ls = ;‘,—,,J ds §(a) [rﬁ*nkm + %%;l ]z ae)
-7

then the constraintegs(4.12) can be written equivalently as
Ly = 0 [for any function <F(o')] u.l'l)
One can easily verify that the functionals L¢ form a closed

algebra (e

(Lou] - Lo )
where
t®9 = £9' - 49

The fact that £ is invariant under the gauge group of
the string manifests itself in the impossibility of inverting
K = K(x',i ) to get )2'—' i(K,x') . In fact, it is easy to verify
using eg4.7 that jaf [K(o-)i(o-) -I] =0 . However once an |
effective hamiltonian, H, is defined we can use X ={ X, H} « . Thus

a choice of H is equivalent to a specification of gauge. Now
{u ,x“m} 5@ b)) e ki) -4 @ -nea) Xty wm

We see from (4.19) that the even part of L, transforms X into K
and thus generates a dynamical e¢solution of the system; while the
odd part of L, corresponds to a ceparametrization of the string a

fixed T. Thus we can fix the g .ige by taking h(¢) to be an even

25

t
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function of ¢ ; in particular we will choose h=1| and put Hsz L,

4
-

‘ m
Then H L J do [Jﬁrﬂ' K@) + %_lg._l ]l
2a

v

L 1\ o} h

S"d‘Jdd[@“J)K + X ]
-1

(4.20)

With H we find the equations of motion:

X = ;1\'4' K (4.2!&)
"
y = ——X_‘—
! (o2 b )
and therefore ).(. - x" =0 (4.22)

Inserting (4.2la) into (4.8)and using (4.12) we get
ma' R* 4 x4 = o
The boundary conditions (4.6b) thus become
X“() = X“(x) = o “.23)
Thus the equations of motion (4.6) assume the linear form 4.22,
4.23 in the particular chosen guage.

Notice that if we substitute (4.21a) into 4.12) we get

[ .
X+ X =0
(4. 2¢)
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The p~rticular choice of gauge in which equations (4.24)
holds isAcalled the orthonormal gauge, Using the methods of
differential geometry it can be shown that equations (4.24) are
precisely the conditions for the equations of a minimal surface
to reduce to d'Alembert equations.

X(s) «nd K(s) can be expanded in normal modes in a way

that will satisfy equations 4.21 4.22 4.23. Thus one gets

@© " el
X(eT) = X, + ' PT + "Z_|,'l,‘— cos ne (a,, e”*"T L &, elnT ) (4.25)
- - _E— .L ° - T ¢ e .
K(o‘T) S S ? %, s na (-xa,‘e en s i@, e.ur) (4.2¢).
LS}
where because of (4.13) (4.14) the poisson brackets of a2 ,a are:
M v Y - V . MY
{an)a'\}=o ) {avn)an } =‘3 SM,"

P and X, are constants. P is the total momentum of the string.
Xo is the barycentric coordinate.

The initial values of the dynamic variables are subject to the

constraint l; "© , We choose the following discrete set for the

functionals s

Ln = L(CM‘) n=e, il 22, 0

Then expanding into normal modes we find



00 n-|
* -iand! Pedy ¥ ZJ("”’")'" a“.aﬂfw - %Zm Au " Ayl m

me | ms,

na,-a,
\

v At

_ The initial conditions are then L,=0
To quantize the system:

Replace the c-numbers d. d, X, P
” v auv
lod ad+] -
3 "] -
(x, ] -

a: o) = p* 1oy = 0

Sm,n

efk'xol o>
e ?“|K"> = kM |K“>

A basis of the Fock space is given by
Me + x|' :.X.
Iy = T (@ f) e fo)
r

In the definition of the operator L.

from the ordering of the operators.

in the definition of the La with n%0 ),

We fix this ambiguity by defining

i pt +
&' PE + Y nata,

n

We must allow, however, for the »>resence of an

constant_in the quantum equatio.. corresponding

)nzo’il)tz

28

n»>o

g orer et

with operators satisfying

one encounters an ambiguity

(No such ambiguity occurs

undetermined additiv -

tO Ll= ° ® The
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wave functions |+) of the physical states must satisfy

{alta-diSaefe) =0

or (Lo - do) ‘4’) =0 L""‘)

Lal®) =0 nyo
(4-87)

[ SN

3

"
(o]

nyo

Conditions (4.36) (4.37) replace the operator egs L, - o which are
incompatible with the commutation relations'(4.30).

Eg4.36 is a spectral condition. It gives

(4P eg) ey = (Ks+ ) le) = ds) |4y = 2nata, [¢)

L
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5. Interactions of the Strings(')

There are several ways to introduce interactions of the
string. First we will consider interactions of the string with an
electromagnetic field.

The most general dual amplitude is
A, = () VL) Il.'-’n V(7)o L—.L_-' Vi) [k (ss1)
where Ix ) and |k« M) are arbitrary states of excitation which
satisfy the Virasoro conditions but which need not be in the ground
state. Thus the dual amplitude can be conceived as the amplitude
for the transition between two states, [k ) and |x » ) of the string.
This transition is induced by the emission of quanta of some
external field with momenta'k;’k,’.. vy Kuoy - In order to ;ntro-
duce an interaction between the string and the external field that
will reproduce the dual ampl itude one proceeds as follows: Add a

Maxwell interaction term S, to the free action S of eg4.S.

T w

where F (x) = JR, _ ?_B_A_l.

MV

After integration by parts we fiad this interaction reduces te

K . .
So=- %J “{XJY:“)A"("“»“)) Xu(T,O)A“(X(T,o)) } G.3)

1.

Y
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Notice that since for a closed string we have X.(t,w) 7 X,(T,0) ,
it follows that a closed string does not interact with a Maxwell
field.

On the other hand for the open string one derives the
equations of motion, solves them and then quantizes the system.

Then the interaction hamiltonian H.(T) = - fdf £, is used to

»calculate the transition V1K M) e [Xw M),

% T T T,
SN P ey M

- 0o - 00 -0 - 00

X oone | Bl T = M, T) [
G-4)

The right iand side of eg5.4 is found to duplicate the dual ampli-
tude (5.1). Furthermore, the quantity H (x,0) is found to be just
the emission vertex V(k) of the dual amplitude. There is one
problem that makes the above derivation non-trivial however. It is
expected that every time we consider the interaction of strings
with some external field, that the interaction, as in the case of
the Maxwell field, will take place at the boundary. This will

mean that tnhe interacticn hamiltonian will contain the expressions

'*?{CK'X(rﬁ)} and e’P{LK‘X(f)W)} . But the operutor



eXF(iK-x) is not defined for k% 0 and so a non-trivial problem
of normal ordering is involved. The precise way to obtain the
vertices of the dual model is by considering the self interaction

of strings.

In the interacting-string picture, interactions take place
by the joining and splitting of strings as shown, for example, in
the following diagram where three strings join and then split and

end up as two strings.

S ;
5
S
» S f
5,
Tt. Tl rz T} r‘

The surface of evolution of the strings at a given moment is dis-
continuous across the solid lines so that there are three separate
strings when T¢<T,. At time T, two of them join; at T the

string so formed joins the third. At T; the strings split into
two, which go to T=T;.

In general for an arbitrary number of strings one proceeds as

32

follows: s' and S;are respectively the initial and final coafiguira-

tion of the strings. J is a typic..l surface of evolution of the



33

system, éexisting during the change from 5: to 5% .

T is p?rametrized by assigning the coordinates of its points
as X" = X*(s,T)
where ¢ , T does not necessarily have the same range as in the case
of the free string.
A is the area of L

S=mx A is the action associated with Z
Consider the functional

I(S:,Sf) - J(DX) e:s (s.5)
which is a sum over all possible surfaces of evolution. This is
a functional integral over functions X . Then Feynmann's path
integral formulation of quantum mechanics gives the transition

amplitude as

T | Thosl Thost TTaslon) T (600 %)
h x . )

T @
W I(s.ms s 50

where Y4, and Ys, are the wave functions of the initial and final

free strings.

When we do the functional integration I, we recall that S is given

by S= - [JTJG V- x® (X X') . The presence of the square
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root makes the calculation of I almost impossible. Moreover an
integration over all functions X(v,T) would be redundant, because

many different functions, related by a change of parametrization,
can represent the same surface of evolution. Thus in order to make
the functional integration well defined, we must impose a constraint
on the functional integral, in the form of a guage requirement that
specifies a parametrization. By choosing a suitable gauge we can

in fact change the forh of the action from square root to quadratic,
The only suitable gauge found so far is the transverse gauge described
as follows:

The transverse gauge.

First introduce for any vector W the light-like components defined

° d-
by W= (e ut) /i

w, = (u).,ud?) = {\l:}

Choose the T parameter proportional to the time cooxdinate in some
given Lorentz frame:
Nx = v& T (s:7)
where is the light-like vector M =1, nt = n' =0
Label the ¢ coordinate points so that the density of momentum

in the N direction is a constant:

O = (s.3)

+
Thus P' = L de K'(e) = v is the total (+) momentum.
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Equations (5.7) and (5.8) specify the transverse gauge. The
transverse gauge can be shown to be a further specification of
gauge which does not spoil the orthonormal guage. The independent

dynamical variables turn out to be

X;\K;\P*) X.-
while the variables X, K~ turn out to be dependent variables, ie
functions of X, and K. . Solving to find the classical equations
of motion and then quantizing the string one proceeds in the same
way as in the covariant quantization. The normal mode operators
{a: } now used in quantization, differ from the covariant operators
{a: } since the a. act wholly within the physical positive normed
u
{agplce. In fact the 05 are related to the A& operators introduced
earlier., Of ccuzrse, the use of the transverse gauge is a non-
covariant method of quantization. Upon checking one finds that

quantization of the string in the transverse gauge leads to a

covariant quantum system only when d=26 and %o=1 .,

Lets return now to the calculation of I in (5.5). For a general
surface of evolution (not satisfying the classical equations of

mozion) P*(T) will not ba a constant. In summing over paths in

(5.5) we should include all possible surfaces of evolution. But
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since we know that P*(t) will finally be conserved we assume that

w2 can restrict the summation over paths to these surfaces of
gvolution that conserve P . This amounts to a functional integration
over the transverse variables X?%To only. The functional intégration
(5.5) can be reducedl to an integral over X, only, by inserting in

the integrand the function
S[(i-x')"] S[x*- G(o-,r)]

. 3
Notice that (x-x') =0 jimplies that

J-va e Gy = (- xe)

The transition amplitude can than be cast ia the form

) K

. % Tmex .- '
Y exp _:LTJ ar} do [X;(‘.T) - Xj(v,f)]

(.10)

Here V(T) is an appropriate weig.t factor.
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'rhe domain of ¢, T as the system of strings evolves from

' to S‘. for the case of the S-point function is shown below.

A
g
Wi (PreRlap)) - LS T CARY Rl
ILETEASIAD R
i AL
T; . T T, T, G T

It is convenient to perform a wick rotation in (5.1e) replacing T

with iT. Afterwards a complex variable Z is introduced: 2=T+ (0O

The sinsulariky siructure in the Z plane is as shown in the diagram:;
ie the heavy horizontal lines are the cuts. The actual calculation
of (5.10) is quite involved and will not be reproduced here(.’) Suffice
it to say that the dual N-point function can be exactly rederived.
Howaver, transition amplitudes derived by use of the transverse

gauge can be shown to ba ccovariant and reproduce the dual amplitudes

aly for d:=26.
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6. Neveu-Schwarz and Ramon Models ‘"
+Although this paper deals primarily with the Veneziano

model we give a brief description of the Neveu-~Schwarz (also

called the dual pion model) and the Ramon model.

In the N-S and R models we have the operators

X“(s) , K“e)

of the conventional Veneziano model. 1In addition we have the

anticommuting operators F“Oj‘

Both the N-S and the R model can be derived from a string picture

in which the string has, superimposed on it, a continuum spin

structure. X (*)and K*(¢) are expanded in terms of a» and an’

where n is an integer and these operators satisfy L4 ,d)*]=3§,.,

as shown earlier.

On the other hand " can be expanded in two different ways corres-

ponding to the choices
either r“(-ﬂ) = - r“‘(-n-)

or ré¢n) = +r1* ()

The first choice gives

ru(«) = JZ Zb‘: exp o (b-r = L:)
r .

=2l 3.

wivs

this is the choice made in cons.ructing the N-S model.



39

The second choice gives

() = Zd: exp imco (d-m _ ¢,l;‘)

MO, 81,22, . n

which is the choice made in constructing the R model.

For the N=-S model we have

{0} = e

u+ vt
and the Fock space TT'bq am‘ |°> consists of boson states.
¥ ]

For the R model we have
u v v
{d"‘)d.n } = -13“ Smn

Yt v+
and the Fock space .(TJM,<24 |u) consists of fermion states.
Y] '
Here |4) is an ordinary Dirac spinor.

The equations of constraint can be expressed in terms of gauge
operators ln,G-,Fa (where n is an integer, and r is a half integer):
these operators being expressed as integrals of X, K andl. The

algebra of these gauges is

[L";Lw] = (m-N)Laen + .}.J(m’-m) Sn,—n

(L., 6]
(L. F]

("i_"‘ - r) G'nn-r

('lim -") ‘.'-n«vn
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{6 6] = ales v 4d(e- 1) 500

{F,,”Fn} = 2lmen *'lid(mt—‘c‘{')s"‘)'".

The classical equations of constraint are given quantum
mechanically as restrictions on the physical states.

For the boson states we have
Lal4¥), = G l#), = o nr oo

QL.,- ah)\*’)b = 0 (the mass shell condition)’

For the fermion states we have

Lole), = F, ‘¢>‘ = 0 nm>o

(F. - M) |#7 = 0 (the mass shell condition)
By arguments analogous to those used for the Veneziano model,
consistency of the spinning-string theory requires:
(i) That the boson leading trajectory intercept d. be fixed at o« =],
(ii) That the mass of the fermion ground state be M*= o
(iii) That the mass of the boson ground state be a'Mi= -

(iv) That the dimension of spac. ~time be d= I0.
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The transverse states form a complete set of physical
states only when (i) -(iv) holds. Similar to the case of the
Veneziano model, there is a critical dimension beyond which ghosts
appear. Its value is d=10. The amplitudes for the interaction of
a system of strings with spin can be calculated using functional

integration generalizing the method used in the spinless case.
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7. Off-Mass-Shell Amplitudes

~ There is great interest in the problem of defining an
amplitude describing a process in which some of the external legs
are currents (eg leptons). Defining a current leg is believed to
involve extrapolating the leg to off-mass-shell. Thus such an
extrapolation will enable weak and electromagnetic currents to be
incorporated in dual models. Many dynamical properties of hadrons
can be tested via electromagnetic or weak currents (eg chiral
symmetry, current algebra, and scaling properties). Researchers
believe a solution of the currents problem will go a long way towards
finding the most correct dual model picture of the real world. Also,
it seems reasonable to see the problem of constructing currents as
connected ultimately with the search for the best Lagrangian formu-

lation of dual models.

Requirements of Off-Mass-Shell Amplitudes.

Researchers now agree on the following restrictions for
currents: (i) Currents should be formulated within the original
Hibert space of physical particle states, which was defined from
the analysis of purely hadronic dual amplitudes involving only
on-shell external states. (ii) The poles of the off-shell amplitude
in all channels should correspond to the physical states of the
on-gshell theory. (iii) the residues of the poles should factorize

without ghosts.
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The phenomenological observation that the high energy
"behavior and the low energy form of the hadron-hadron scattering
amplitud;s are related, is what led to the duality approach to the
strong interactions. This relation was formulated on theoretical
grounds as the finite energy sum ruleSSO)The duality concept as a
solution to the finite energy sum rule equations provides a relation
between the low and high-energy experimental quantities. If the
hadrons show duality properties in their mutual interactions, one
may ask whether these properties play a role in the interactions
of hadrons with leptons too. Recent sophisticated laboratory
equipment has made possible the launching of ever higher energy
lepton-hadron experiments. Thus these questions become more
important.

There are two factors which make the generalization of
duality ideas to currents nontrivial, First, the currents carry
four momenta 9 which are not restricted to any mass shell. So,

q? appear as additional variables in which the amplitudes have
resonances and other singularities. The question is whether the
singularities arising in lepton-hadron scattering obey the same kind
of duality restrictions as in purely hadron-hadron scattering.
Secondly, the presence of the new variables 9: which can grow to

infinity with energy give rise to a variety of high energy limits,

e.g. the Bjorken limit. In the search for the correct dualiity
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duality phenomena we have to find a limit playing the role analogous
to that of the Regge limit in the hadron-hadron scattering.

Early application of the duality ideas to currents was
to express the electroproduction structure functions as sums of
resonances with a view to describing the observed scaling. Experi-
mental support for duality came after. The scaling in the Bjorken
limit was found to take place at unexpectedly low values of -9*.
Furthermore, it was observed that the simple asymptotic scaling
interpolates the nucleon resonance region. These experimental
results indicate that in the inclusive lepton-nucleon scattering
there is again a relation between the asymptotic behavior of the
amplitudas and their values in some nonasymptotic region, in much
the same way as in hadron-hadron-scattering. The Bjorken limit

is suggestad to be the suitable high energy limit.
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8. Deep~-Inelastic Lepton-Hadron Processes

For the study of hadron structure, reactions of the
following type are of special interést:
inelastic lepton-nucleon scattering, namely,
L+ N = L'+ [] (%.1)
and annihilation reactions of the kind
et v+ e — (] | (8.2)
Here (n] is any possible hzdronic systen produced.
In (8.1) only the outgoing lepton is detected and the sum is taken
over all the hadrons. 1In (8.2) those events which correspond only
to hadronic final states are isolated and summed. In the limit
when 7t(the squared mass of the corresponding hadronic current) is
very large in magnitude and (r] carries a very high mass, these
reactions (8.1) and (8.2) fall under the general category of deep

. . )
inelastic lepton~hadron procasses.

Zoasider the following elastic scattering with single photon exchange:

e+p — e +p' or

The scattering amplitude is

_.L_ﬁ‘g.s_l.'(f:wu . 1] LEM . § 47 4
> &Y iR ate == sl s ) W s (g - P R )

M o EM
Where 3 Jn. = O

M T t C .
(s 13 0s) = Uy (7') { RO + TER() a9 } U (¢)
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with the form factors F.(3%) | F,(3*) real |, M = proton mass
and F (o) = Fp (o) =1, Kk is anomalous magnetic moment of
proton.

It is found experimentally that F (9*) and F.(3*) fall of rapidly

for large increasing Htl,'

Consider now the inelastic reaction:

Pyl
A

e+P-"e'fE]

P)S r—-— ﬁ_} Pn

The scattering amplitude in this case is,

E —e' uu '
S=(;'!;)3 r:c.oe?.'. :"If&e <HIJ:“ l P, 5> l(ﬂ'ﬂ')" sq(f‘q—’-&)

e P < tn EM 6 4
=z = ps | 4S" [n)lnldu [P ) GUY ST(P+q-p
et ME = 0 ) Ko LaE [yl sy 6 ¥(req o)
e e
P- and T- invariance imply Ww = Wva 5.5)
Current conservation requires q¥ W,.: = 0 @)

From (8.5) and (8.6) we find that W:y must have the form:

W= (o Bt (e Bh(R - B )w

(2%} ﬁ"
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e e 3
where W: = W: (9 ;V) are real (called inelastic ep structure

functions) can show that
W; (9% V) = - We (¢, - V)

s P9
VE W

P,.L = (F+‘1)L = M+ 2Mv +‘1L

T IS )
The decp inelastic region is where 9 and P are large compared to

M.

e _ Hme R, (ZWf sm? B+ W, °°Sl'e£)
Jﬁlcl‘/ q" Peo z

»

The dependence of WS and W, <x1ﬁﬂv completely characterizes

deep inelastic electron scattering. In a sense Nf and Hf represent
our lack of knowledge of the bottom vertex, or describe the process
¥+ P [0] where Yi_is a virtual pheton. So, alternately, we
can think of e-N deep inalastic scattering as actually studying

the process virtual photon-nucleon scattering. The cross section

depends on both the photon energy and"mass.

W = :>né}n
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The virtual photon has scalar and transverse cross sections ie
Oyp = O + O (9% refers to photons polarized perpendicular

to 1 and O, refers to photons polarized parallel to § ). We

¢an show that M ot
WS = _!:_'_1_ o

4mtd
T 3
e vt-19 -9
w = a‘-r 1’0:_)
t 41 vt -9° (

. . .
In leptons-induced resonance production fa becomes M; - the mass

of the resonance. eg €+ P — ¢'+ N*

(Electro-resonance production
by single-photon exchange)

13

This curve shows a differential

cross section with -9"> i16ev*. It

/\M shows bumps in the resonance region
It is then smoothed out. This
smoothing marks the onset of the
deep inelastic domain,

[
4
3
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There is a striking difference in the behavior of the elastic form
factors and the deep inelastic structure functions at large -1‘ .
Take ep scattering for instance. The elastic form factors fall off
very fast as -91° increases. Thus F(9') experimentally tends to
zero at least as fast as VQ‘ for large -7‘. This is regarded as

an effect of the structure of the proton due to strong interactions:
if the electron saw the proton as a point particle F, should have
remained at unity for 511 9" . On the other hand, for the inelastic
case the situation is that experimentally vl/,; is fairly large for
large -9* and is nearly constant there. It is exhibiting, so to
speak, a point like structure in the behavior of the proton in

deep inelastic scattering.

[]
F.(3)

VW,
V= 206e¥
° Seeyt 9" see 1°
. P G2) 3 2HMv .
Bjorken limit: Defiaed ~¥ e , Vo, ws T fixed.

(8,)
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In the B, 1limit the structure functions have the following scaling

behavior:

Lim W.(ql)v) = -r—t‘-ﬁ(u)
8,

Lim v W, (38,V) = FR(w)
0)
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The Parton Model

The above scaling rule was originally proposed on
theoretical grounds by Bjorken, and experimentally
verified. Shortly afterwards the parton modefi%as
proposed to provide a framework for understanding
Bjorkeﬁ scaling. According to the parton model, a
hadron is a composite of two or more partons. The
partons are taken to be point particles with fixed
internal quantrum numbers. The partons are bound
together by forces at least as strong as the strong
interactions. According to the model, the interaction
among hadrons can be resolved into the interaction
among partons. It is assumed that when a virtual
f;i:iga of sufficiently large ﬂz is absorbed by a hadron,
the photon is absorbed incoherently i.e. absorbed by
only one pf'the partons. The parton that absorbed the
virtual 2;2;;% is then excited with reference to the
remainder of the hadron. The parton cannot escape.
Finally the initial hadron breaks up into two or

more hadrons. To study the scattering one goes to

the Lorentz frame in which the z-component of the
initial hadron momentum is infinite. 1If one then
calculates the contributions to W, and W; from the

individual scattering oftpsrton it it is found that

the Bjorken scaling rule :s re-derived.
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9. Can currents be included in Veneziano models ?

In attempting to include currents in a
nafrow resonance world, one hopes to gain some
insight into the detailed behavior of weak and
electromagne~ic form factors, electroproduction
siructure functions, and more generally into the
behavior of the matrix elements of the weak and
electromagnetic currents between arbitrary hadronic
states, as a funtion of momentum transfer. An early
attempt to construct a one current amplitude is
the following: Consider the amplitude \L(?.H ) for

one current and N spinless particles.

v“(q)P: ) = ! i

‘Suppose we impose the following seemingly reasonable

conditions on Vu:

(a) Ju v =0

(b) Regge behavior in all Six = (Pi+Pi~n+...+Pk)2

(c) Meromorphy in ?2 and in the Sik with simple poles
for positive real values of these variables.

(d) The residues of poles in Sik are polynomials of
finite order in the variables of the overlapping

channels.



|

53

The residues of poles in 12 are products of a
vector meson scattering amplitude and the strength

of the current-vector coupling.

e) The dispersion relations in 12 and in Sik have no
subtractions.

£) Factorization holds, so that the residue of any
pole in Sik is a product of some V* and a purely hadronic

scattering amplitude.

The constrawts on analytic behavior in the Sik,
contained in (b) - (e), are precisely the same as those
discussed for N-point functions. The restrictions on
Qz behavior are the miuimal ones required for guage
invariance, and factorization. Given a pure hadronic
narrow resonance amplitude for a vector meson coupling
to N spinless particles, it is straight forward to
write down a function satisfying (b) - (f). Let us
write the amplitude for N spinless hadrons (momenta
P1 P2...PN) and one vector meson (mass M , momentum )
as A,'(1, B.)

This is just an extention of the N+l point function for
N+1 Scalor hadrons given by 2.11. Then a function

satisfying (b) - (f) is given by

“a 0 n M u o~ 99 Av‘r q P Q.1
Ve = Tam e (90 & A (5 R) )



whgrezgr(o) = 1 and the gr(qz) are as yet undetermined
entire functions. We still need to satisfy the guage
invariance condition (a), at 32=0. We can do this by
requiring that

qA™n =0 (9.2)

Equations 9.1 and 9.2 introduced by Brower and WeisO4)
was one of the early methods of satisfying require-
ments (a) - (f). Unfortunately there is no apparent
method of finding the dr function and hence the ?2
dependence. For this reason the ansatz 9.1 gave no
non-trivial information concerning current form fac-
tors. Of course, the problem of the bad spectrum that

plagues purely hadronic narrow resonance models is

carried over into the Brower-Weis ansatz.

10. The Drummond-Rebbi model

The approach followed by many workers was to construct

an amplitude for currents, which would reduce to the

54

standard An ( for example,2+.li ) when the current momenta

were placed on-shell. We illustrate by showing the

5
procedure followed by Drummond and Rebbif.)

The amplitude for N scalar photons of momenta 31, ..
1N with arbitrary 13 (i.e. notnecessarily on-shell)

is taken to be
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1 rodt e
A Jaw Ty B0

] 3
. - U L 29:°9
where Fu(z,3) = I I P(z:) ﬂ |z z I

S=1 1¢1¢d &N

and  P(2) = H(?—’Z‘)

1o(v)

de gives an infinite volume that has to be factored
out. The integration region is the entire upper half

of the complex Zi planes.

Note that under a real Mobius transformation,

A, we have:

_ a4 z+a * ¥
Z a2 A1 = _——La3z+-<-'l4 and ¥ — AZ
d*z _, d?z
P(2)? P(2)*
“olaag - ga (10
R 2 ROz,e) = T]|ESSSS ] Rl9)
N
where 9 = Z‘i; When momentum is conserved 9 = 0 and
T

the integrand is invariant.

Suppose one or more points, say Zl' . 'Z; approach



a common point on the real axis. Thus let
' L]
Z,=X, + i€ , Zi = (X, +€X) + ieY; iz 2,00, 4

Then for small €& the integrand ofi(l) behaves as
-3 1
€ (a;:-?‘) -2

Thus A, has poles at

t) 2 ‘
(2:q¢) = oy -y e
V2

If we want to put all the external lines on their

mass shell we must let all the complex points Zi

approach the real axis, ie put Zi=Xi + ieY; i=1,2,..,N

then d?Z; = - 2i.dx; dy;

Integrating and afterwards setting €=0 we find:

" "
A“ ~ H{{L'-l thé H dx: ﬂ IX:—X,lz""'?J te(4)

t=1 ey 1s7¢c § €N
This is just the standard Koba-Nielsen amplitude.

Since we must distinguish among different orderings
of the points on the real axis, 10(4) actually gets
replaced by 1/2 (N-1)! different non cyclic

permutations of the external lines.

Three of the integration variables in 10(l) must be
eliminated. Here is one way to do this. Choose
three one-dimensional arcs on the complex plane:

VA =-¥(M.t) i= 1.2.3, ( X : constant) te (5)

56
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Thus for example, £ (A;, t) may be three concentric
circles or three vertical lines, etc.
Then use a ' Mobius transformation to map the complex

points Z1, Z2, Z3, onto the three points,

fOnn) , fOnh) , () .

Tws Z; = ME(O &) = mEQes) b g
mi‘f'(xtt)i’ Mq
M f(n'

On calculating a jacobian, it can be shown that

f‘(z )l. WAM P( ):. #(l-’\ My + + {‘;)

Finally, the 1nf1n1te 1ntegration '"]nga'dR is divided
out.

To calculate an emplitude for a process involving N
particles, Z.of which are onushell, we take Z1, Z2,

T 2 2
..Z? as real and put h=" =% o= -1

To demonstrate factorization,

The amplitude for mtn photons with momenta (9:...9n)

and (Kiy...Km) can be written as:

_ dl A__‘ 21: k‘
AA'H'M - II‘E F(Z)L F(f)t- F-( “) ({— k) ﬂ lZ - {" I

A\
wWe have seea that the poles in the varlable q1=qu;)

- =y

occur when all the Z. come together on the real axis.
We will now show that thes: poles have factorizing
residues.

First, recall that a real Mobius transformation, A,

can be written as_
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a,

-t -a
i [ TR det A = |

ond Az = Qlt 2z

4T + Qy
We change the integration variables in 10 (7) by the
following parametrization:

Z; =M2Z, t; = Nt,

where M and N are two real Mobius transformations.

ic are a basic set with three of them confined to

arcs as shown in 10 (5). ti are similarly defined.

Then 10 (7) can be cast in the form:

_ Atz Aty [dMdN 21 K
At m "J f(Z) PCt, ) ( ) (HZ 'i)F (N‘l‘ K) ﬂlﬂz -Nf* I

Lhere

10(%)

4

<.lr1 ,JM S(detM-]_)

ril-'dﬂ: S( detN - 1>

In order to be able to remove dR we next change

Jd

dN

variables from (M,N) to (L,P) where L=N and P = N-lM

D(’O [z -{1 /4 P: P; P; P.;)
9("‘."‘2”3 My NNy Ny n,‘)

then since

"
we have dMdN = dLdP where dP = TW-J& g( detP - J

(=|

-l
Now let P = e‘(Bf) AB, whe:e & is a redundant integration

variable which will be dr..pped, and
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- % o]
! | bY (] . 1- X, -

o
We find that det P = € A XXy (1=x)(1=%X2)
we put det P = 1.

Then we find that

(v PP Py) = . !
NCENNED) A X, (1- %) (- X32) |

s AP = 48, dA 48,

_ dx; . - _i,\__
where dB; = .——.——lxt(xf")l dA AT

The above choice of parametrization turns out to be

particularly useful in demonstrating factorization.

If now we put
N=RB, M= e RAB

we see that since
S(rnenyne momems )
S(h ity 4 A X Xz)

we have dMdN = dR (dB,JAdBl) = dRdP

Thus dR is removed from the integration. We then

set R=1and %= 0
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Now 10 (9) can be cast in the form

2% k.
‘ An+m= dzz‘ dz{ JB;___ .l ?
f‘(z) f(&)‘ '
100ie)
Now from 10 (2) we see that
3
F,,(AB.Z)‘]) = I)‘" Fn(s.z,ﬁ)
Also fromlin2) we see that
-29.k - ..
Fu (85 t,K) = [ﬂ“g;t,l ’F"(E:'—{_-,k) 9= -k

=1

NOW - ‘ (_') _xl o
¥ h =
¢ Bz t Wwhere Bl [| ‘-,(z]

=]

d't
and UHQ)" is invariant under the replacement
tt — L
]
Thus we can rewrite 10 (10)

. 4B © 49t
Are Jﬂpm f(z. » 48, j“l*‘ F(8.2,9) Fa(8.t, k)

-

” ||+ x (82 )(B: ty

n"

29; K’
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n
-X
Using the fact that log(i+Xx) = - P

™3

y Ix]< 1

We have, for small ) :

[. + ,\(8.1;)(a,l—,‘f)}q‘. . = exp [- Z‘-‘n"—)n % K, (8.2: 8, t;')n]

m

¥
.exf{- Zl Lfi [u.v.* T \/,.] j

vhere WUq = .Z‘?;(B‘Z")" ) Vn = 1;’(3 (Blf))"

RO |

Ve (820 (8 1))

If now we introduce two sets of harmonic oscillators
-
[anu,a:v] b 3“v Sﬁn [bau,bn\/] = g,‘y qu

lasa] = [ov6] = [a, 0] =

(o]

i H o= 2n(alia, T ba)

-

then using the properties of these oscillators ie that

(-k)na}a,‘ exp(’ J-L'TK-G: ) [o) = exp(" (_\;%): Ka:) l°>

Lole*® e [o) = X7

We find that I can be rewritten as
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e ol TR (B b)) ) e[ TH 0 ¢ ] 19

. e QU]LEEE |y 0(15)

o n+m H+ 9"

where |V> 5]n7(-;‘)‘ 48, F. (8 t, k) e"P[‘ Z%(Q:'Vn*a\- b:‘\/.)] lo)

The residues of the poles have the factorizing form
RQAEIICE R

[ 8

where &% is an occupation number state involving

both a+ and b+‘

7~ —<
An+m = -7 —0(- - L%
L] K,
Ly

Because two sets of oscillators are required for
factorization and Z"a:“n lv) = g"b: ba |7
the states on the leading trajectory are increasingly
degenerate with increasing mass. Factorization in the
channel corresponding to an external leg can be shown

to have the same form as 10 (15).

9
o - - e o lpm——
te. An-u > o

%

However for the theory to be completely consistent
the hadron S-matrix has to be enlarged, the original
one (of Koba-Nielson whicl: factorized with only one

set of osciallators) becoi.ing simply a self-consistent
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sector of the bigger one. What this means is that

if we treat the off-shell leg as a photon,then states
can be excited electromagnetically which cannot be
reached through strong interaction processes. This
is physically unrealistic. Furthermore the model has
certain problems with ghosts. Some of the problems
of the DrummoﬁdéRebbi model were resolved by the

subsequent work of other researchers as we shall see.

11. A program for unitarity in narrow resonnance models

Before continuing our study of current-amplitudes,
we will first look more closely at the problem of
unitarity in narrow resonance models. We believe
such an examination to be highly relevant to the study
of current-amplitudes and to the search for more realistic

dual resonance models of hadron scattering.

The program initiated by Kikkawa, Sakita, and
Virasorémas to build a perturbative series in which
the Veneziano representation plays the role of a
Born approximation. In higher-order terms, contribu-
tions of many-particle intermediate states are

included in a way similar to usual perturbation

theory, ie Feymann-like d:.agrams with closed loops



by

are included. This approach stems from the fact
that zero-width resonances obviously cause

Veneziano type amplitudes to violate unitarity.

Now recall that in the Veneziano model we have the
property of duality which in the case of the 4-point
function means that the amplitude can be expressed
equivalently, either as a sum over s-channel poles,
or as a sum over t channel poles. This is expressed

in the following diagram.

4 ‘ 4 3
The program initiated by K.S.V. is to extend the

definition of duality to apply to internal lines.
Thus the follow{hg Feymann-like diagrams will be

equal to each other by duality.

Figure 1
3
'
Xy ‘ - X, -
Xy - X Xz
X, = /
X.
3
%y p 4
3
s (8) X; = tme dval o line X; )

Here duality applied to each internal line means
we replace lines in one channel by the corresponding
lines in the crossed channel. The Feymann approach

to get an exact amplitude would be to take a sum

64
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A+B+C+ + ...,

where each term in the sum is different.

But instead, here we want the amplitude for each
diagram to be givean single expression ie.

A=B=C= ........

In what follows use will be made of the twist operator.
The need for this operator can be seen by considering

the obvious fact shown in the following diagram.

3 3 4
s x S F.gure 2.
¢ 3

(A) (s)

In figure 2A there are poles in the T channel but in
2B there are no poles in the t channel.
We therefore introduce a twisted line as follows:

¢

I I

r+
2 € oret te2 M- t £ NNl 2
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Or in the operator language we have

v("m) D V(Krn) +++ DV(Ku- ) lo, K“) = N V(kul) DV(KN-‘)"' DV(Kfn.) ‘°» Kr+|>
()

Where /L is the twist operator.

It can be shown that the operator we require, ie that

satisfies eg (11.1) is given by

R -L
A= (1) e ¥
Continuing in the K.S.V. approach to unitarity, we
start by calculating amplitudes for single loop
diagrams of the following kind:
R

% b

Figure 3.

The N-point loop diagram shown in figure 3 is a
generalization of figure 1lA. An arbitrary number of
its internal lines are twisted. Before calculating
the loop amplitude we must first gather together

certain operators.
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- ]
L(P) = -5 P* + Znara,

s )

‘ v .
Le(p) = Pl 4 L JRCAN) Gayi Ay

L-(-p) = P-a, + Eiln(n*\s Gy ¢ Ay

as|

The three generators Lo(p), L:(P) generate the

algebra SV (11).

Define A (p) = Lo (p) - L_(p)
and A (-p) = Lo (P) - L (P)

+
A (P) has the property that it creates when applied
to any state in the Hilbert space, spurious states
that do not couple to any number of external

scalar particles. The projection operator is
-
PeI-[ACP) -] {A(P) [A*Cr) - o] } ACP) (n.2)
 The projected propagater 13 -B(P) = "-P*(—P) D(P) P(P)

uhere D(P) = J:'JX (|-x)"" XR"‘*(PI)"'

The projected propagator D (P) is hermetian and

contains states which have lineraly independent
couplings to external scalar particles. The operator
At is necessary since othecwise one must enlarge the
Hilbert space by introducing additional scalar

modes in order to achieve factorization of the twisted

verticies.



' The twist operator we found is
Jz = C-ls)R e-Lf

but this choice is not completely unique. We are
free to choose /L so that can define & 1in the
following way

6(z)= 2(-)* = -2V 2
To evaluate the N-point graph in which an arbitrary
number of intermal lines are twisted, one evaluates

the following integral:

f P

~O

= jm Tr{vcv.)o'(w.) V(P)D'(x+P+P) v V(Fu) D'(K)}

B(P) G(P) for o twisted line

here ey =
whe D( ) { B(P) for untwisted line

Using the properties of P and /L and of coherent
states, it can be shown that the loop integral with
M adjacent twisted internal lines and N adjacent

untwisted internal lines (figure 4 ) is given by
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F“m ) quk j, ﬁdu‘. u‘-d(x:l).“ ﬁo\\l, \/;d(k‘l) ~1 [' RS w}l

)( (\-UHV.V;“Vn u.)... (|- Ue Ve Vesy 1,..'\ Ur“ . n(' U u.,ﬂ)] oy~

L C=y

X [ ﬁ(:—\/,)]‘.

- F Ad]

X Tr[c-u.)' V) () VR Chf VE) R v, ) uE V(ﬁwn)}

N
where w = l—f ﬁu:VJ 0.107)

=1 =t

Bt

Fisure Y,
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Diagrams with an even number of twists (greater than
zero) are called orientable nonplanar diagrams.

These have special interest. The trace in eg 11.7
can be evaluated, and then using rather involved
mathematics the integral can be evaluated. The
general form of the ofientable one-loop integral

in the case of M (Meven) adjacent twisted lines can
be calculated using the techniques of Amati et al and

the properties of Jacobi functions. One gets

N L]
Fup = dmtghh JHJV:WAM‘ (1-w)? M %!

14 2] isi lﬂl w

H-| do-]
% [(‘_un\/l..vﬂ u,) cee (l = U Vp Vey ' Veem uru)"’ W(l-bl‘ uhl)]

X [ﬁ(l-\’i)]‘.-‘ ” V., (C,; ,w). " G.8)

et ;“

¥, 1is used when an even number of twisted lines are

included between Pi and Pj.

Y. 1is used when an odd number of twisted lines are

included between Pi and Pj

¥ (x,0) and ¥ (xw) are functions of X,W involving Jacobi

8 functions.



C,c denotes the product of the U's and V's appearing
between Pi and Pj
NP

oGy = y Gi= W

c .
i
A property of Wy is that %(x,u):q)t(-‘;‘-‘ ,u) which has as
a consequence that it does not matter on which side
the U's and V's are chosen in the definition of Cji.

This in turn can be shown to imply the cyclic symmetry

of F,. ., in the external momenta.
N,M

f(w) = ﬁ("“")

In a typical factor of the form (' = U Ve Voo Veym L‘r+|)
Ur and Ur+l refer to two successive twisted lines

with M+l intervening untwisted lines.

It turns out that all single loop integrals FN,M
have divergences. Thus a renormalization procedure,
which will not concern us here, is required if
unitarity is to be achieved. Orientable non-planar
diagrams have striking properties. Unlike other loop

integrals, which are renormalizable, orientable

nronplanar loop integrals can be shown to have branch

point singularities in ceitain channels. This violates

the requirements of pertu.bative unitarity, which

motivated the constructic . of these diagrams in the

71



f{rst place. The singularities are poles only when
Xe=1and d = 26 ( d = 10 for the dual pion model.)
Surprisingly these singularities only occur in

channels with vaccuum quantum numbers. For example

consider the following orientable loop diagram:
AN
N

which can be redrawn the following way with quark lines

+

thus the diagram can be pulled apart without breaking

quark lines in the following way.

2 C

Thus there are no quark-antiquarks propagating in the
s channel ie the S-channel is the one with quantum
numbers of the vacuum. Furthermore the singularities
in orientable loop integrals have definite angular
momentum properties, lying in fact on Regge trajec-
tories given by d&)=% L. where x is the channel

*
(energy).2 All of this s:rongly suggests that these



sfngularities be identified with the Pomeranchuck

singularity.
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12. Operators in the unitarity scheme

67
We now turn to a better method of reproducing eq. 11.7

which has been useful in constructing currents.

As we know, physical trees of the Veneziano are built
up out of propagators D (p) and vertex operators

vV (p):

b = [Lacx O (0™

, d(s) =-o(.+-7L_S

i nat(n)-a(n)

V(p) = exp(at|p) exp(alP)

(alf) = Z i a(n) Smn T"

LE MmNz

08)
We introduce now the symmetric vertex operator, or three-

point operator, given by:

= V(2P P jaa,a;)

- @if) + (alf) t (a:11,)

= <olexp

P3.q, 3 { + (a||H_‘G,_) + (az‘n- ‘aj) + (asl"-la.)}
Here (a:lu.|q,) = f_d:("\)(ﬂ.)maﬂ")

._.—-———'

M)ma = J"B(ﬂ ) (")nﬁl"(:)

(H ”)mn

\ = fo (7
T Um "

= —Jl_.':" B(”"“)
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Notice that we have different but mutually commuting

harmonic operators a; ap ag applicable to each leg in
v )

turn. The three-point amplitude for definite states

is ‘given by

V(?‘,P; '93 ) Q 'a,”a3 )‘M P\> \r\\. Pz.) ‘ A3 P3>

where [A; ) is a physical state with occupation

numberland massP:°.

The dots shown in the 3 - point graph and in subsequent
diagrams are quite necessary. As will be seen they
enable one to tell whether or not an internal line
formed by joining two diagrams with a propagator is
twisted or not. If the dots match the line is

untwisted.

I1f the dots are on opposite sides of the line, the

lines is twisted

Now spurious states are a!l generated by the operator

At (-P) acting on any vec.or of the Hilbert space.
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Recall that the spurious states contained in the
original Hilbert space can be removed by the

b
projection operator P (P) given ?11.2)

Recall also that

P (P) is constructed so that the projected propaga-
tor D(P) is free of spurious states.

D(P) = P*(-P)D(P) = D(P) P(¢)

Using the twist operator

A(P) = Gﬂ)Rexp[-L+(P)]

We can construct the projected twisted propagator, it
is

D(») = PH(r) D(P) A(P) P(P)

This can be rewritten in the following integral form
2y . ]
00 = dez Z.d(P )-1 (I+ 2 )P 02.2)
K exe (@] (] [N( (2] ) exp (=] [ 5] [1)

Here [X‘] denotes the matrix Sm.\ X"

Calculations show that 12.2 gives the correct matrix
element between arbitrary multi peripheral trees.
The gauge invariance property, namely

}\Am—d'.‘D(P) = D(P) (2.3)
can be shown to hold. Indeed 12.3 can be shown to

+o
amount merely a change of variables

2 - A2 in +he m*'carq..d.

N(®) = : exp{(ﬁﬂﬂla) - (a"’\a.)} s
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The gauge invariance of H(P) is the guarantee that
the projected twisted propagator is free of spurious
states. This is a direct result of the fact that an

arbitrary physical tree state of the form

L]

is annihilated by the operator A-d,. The uniqueness

theorem of ref (17) is then wused to show that 12.2

is a unique form. The projected twist propagator and
the symmetric vertex operator can now be used to
build up completely symmetric operator expressions
for the tree amplitudes describing the scattering

of arbitrary levels of the model. In constructing
operator tree formulas first attach a projected twist

propagator to a symmetric vertex as follows:
fa,

= -DV; = <°ID(‘;K)V('K,?!,&»31';0.'“;) |°)">
(2. 4)
The four-point operator is obtained by attaching a

second symmetric vertex operator to (12.4) as follows:

3 3

1.

e
B
-]
b
=
By
——
.
]
&

Vs DYy = <°lV(" Py saay ) 9(a,k) V(-x A jaa, az) Io,x>

= J dx <o | ulxy 2 p PP 3 k) o,k (2.5)



The cyclically symmetric 4 -point operator V4 is then

gotten by performing a gauge transformation on leg P3
]

i.e. v“ = V(P. Pz ?‘ Pq 5 &, C(-._ax a")

A’(Pg) - d,

- de ol (1-x) w3 Re PR k) lo,0)

The constructed 4 -point operator is now cyclically
symmetry and this guarantees that it possesses s - t

duality.

It is important to point out that the internal line
in the final 4 - point graph is untwisted. .
The operator V4 is a generating functional for the

4 - particle tree graphs of the Veneziano model. To
calculate the amplitude for definite states one

evaluates the expression.

V(RP Py Py 3 @@ 250y) ﬁ?+(P:) | P€>

where |x P:) 1is a definite occupation number state

with mass Piz.

Once the symmetric N-point operator Wy is known, the
N+l point operator can be calculated by attaching

a DV3 operator in the following way.
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Thus the N+l point operator can be written down as
an integral involving N-2 integration variables.
The symmetric N+1 point operator Wg,; is gotten by
applying the gauge transformation
<U.1,3) Ay(Py) - oo

to external line 3. Here U,y is the integration

v¥aciable associated with channel (2,3).

For later reference we give the expression for a

tree state (which can be derived from Vw+l) it is

, 'H"PL P

y &

lt(n o psa))d

- %n-l I ﬂax; W ()(:— Y,>' P:"’; exp Z:(q‘i-l [X;] ’P‘.) ]o>

t=2 X

v
where P= - Z;f:
=1

We now wish to calculate the non-planar (vaccuum)

self-energy operator shown in the following diagram.

SN

This calculation can be performed by attaching two of

the DV, operators in the following way:
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Figure o,

The right hand side of figure 1 is given by
Lo | D(E,x-P)V(-Px P-x 5a,,a4) o, ""’X'W‘X = Jdv Y, (« av)

The left hand side of figure 1 is given by
1DV Kt ¥) tokflo ), = [du Y (g, )

The non-planar self-energy operator J.(f)is given by

2. (p) = jd*k [Juoh/ Y, (ka, v) Y (xa, u) €i2.7)

The calculation of 12.7 is a lengthy one involving
evaluationog trace of operators,and a clever change
of variables. It turns out that in order to get a
finite result,onemust not take the UV region to be
what one might naively expect. Instead one must
integrate over a restricted region. The final

expression 1is

T.(P) = urq? J——J— w ! [#(o )] [\V(x "")]

L

I
X <o|exp{(ﬂﬁ(l-u)[]a,}-la,‘)] + (a,‘(n-u)ETO-w),%)
F(alo-9E(F)fe) (] C-0)E (1-u) la, ) }

G2.9)
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Yo

where W = XY ,

and ., Eq and E are matices expressible in terms of

M_ and M.

Our generalized definition of duality now requires

there be the following equivalence between graphs.

L

" Hel e ey 1

Fla\‘re 2 .

The‘prépgrties of the projected twist propagator and
the V3 oﬁéiator can be shown to imply that any single
loop diégfam with an even non-zero number of twists

can be ﬁut~in a form with only two twists; and these
two twists can have any arbitrary positions along the
loop. These properties guarantee the K.S.V. duality.
The formal demonstration of equivalence shown in
Figure 2 involves making nontrivial appropriate changes
of variables in the integrands. After careful

calculation one finds that indeed the following holds:
TR Py s a,) \ I.(Pa ar.)‘l T(Pnn v Faew ')az.) = FN, H (1a.%)

where U is the tree state given by eg 12.6
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13. Currents derived from the study of the pomeron

%)
Cremmer and Scherk have shown that for the case d, = 1
the non-planar graph Fn,M can be refactorized in the

following way:
Fn,ﬂ = <T("“' Pu 3 a) ‘ Z«r(',a) l T(Pnn s Pagn ‘-)) @3)

where I; is equivalent to that of eg 3.7 up to the

Virasoro guages.

The authors C.S. proved furthermore that (for the

case doe =1 ):
Y. o) = <Ob¢.lw(ﬁt'°.")A(P“b'c) \;J(a.,\,"c*) |ou> (3.2)

where A , identified as the pomeron propagator, is
defined in a space spanned by two sets of commuting
harmonic oscillators b and c.

W is identified as a vertex of transmition between the
reggeon space and the pomeron space. All of the
singularities of J; are restricted to the pomeron A .
The factorization exhibited in eg. 13.2 means that

the singularities of the pomeron can receive a particle
interpretation. When the restriction to d = 26

is made the singularities become Regge poles of half
the slope of the reggeons. The degeneracy on the
pomeron daughters increascs like in the Virasoro-
Shapiro model. In fact tie pomeron propagator can

be shown to be éssentiall the same as in the
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Virasoro-Shapiro model. The equivalence stated

in eg 13.2 can be expressed in the following graphical

form:

N\ R
A w & W

How a current might be obtained.

Neveu and Scherkugsed the followng procedure: Expand
the integrand of Iy(f) in powers of 9 = exp—ff—:'
and keep lowest powers only. Assume d,=) otherwise the
integral will not factorize in the manner of eg 13.2

Then it is found that

Tl k) | Te(P) | T net = Knen )
= Fy(eiokn g =) RCPY) Foy (Kupy ** Knpw 5 P)

- w 0" 91 -k:K
where Fa(k, v kn o P) = qn lJ' de"L d6,., L d8, ” [Sln(a‘.-a‘)] i

° 1£0<3¢n

Notice the form factors. Since it is defined in the
reggeon space it can be studies by itself, without
reference to the pomeron. The form factor, it turns

out, can be factored in ctthe followin, way:



g4
P k5 #) = ol £PY D(P) | T(kim k) |

where the tadpole operator 13

1y - Y expla(2lB 1) + (Pl Fle) ]

LIE -]
c _ - ]
Fe = Z 77]
nxo

In addition to obeying factorization in the original
Hilbert space of physical particle states, Fy also
obeys duality: it being cyclically symmetric in k, ,k,

..k, Furthermore it has acceptable analytic

properties as a function of PZ. Thus it was proposed

™

that Fy be taken as a single scalar current amplitude
while <o | ¢(?) be taken as describing the emission

of an off-shell scalar.

Thus the graph of one off-shell scalar and three on-
shell scalars would.be the following:

€, X,

R o= Paene K;

In fact Fy is similar to the Drummond- Rabbi amplitude
but has ﬁhe improved feature of factoring in the
conventional spectrum of states. Fy can be slightly
modified to give a planar rather than non planar current.
The 2-scalar current amplitude is also decently behaved
with correctly located singularities. It is built up

by attaching two one-currcat operators on a symmetric

three-point reggeon verte . using twisted projected operators.

The two-current operator :hus has the following graph.
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Thus using the two-current operator, one can calculate
the amplitude of two off-shell scalars and two on-shell
scalars. The graph of this process is the following:

K,

F———.ano.;‘

L/

f sevees K‘

Vector currents have also been construéted, by considering

excitations in the pomeron sector.

The origin of the Cremmer-Scherk-Neveu model in dual loop
theory, guarantees many of the properties we would like
currents to possess. However, the model has a problem
with spurious states which has not yet been completely

resolved.

14. The Kikawa-Sakita model of vector currents

Nambupgresented a scheme for introducing electromagnetic
currents in dual resonance models. His methods involved
using the conserved currents of a two-dimensional
Euclidean space in order to construct conserved currents
in Lorentz space. These currents were found to build up
a photon-like and a pomeranchukon-like trajectory

reminiscent of the Cremmer-Scherk-Neveu theory.



The idea was the following:

Given a field in 2 - space
®.(F)

if, in the 2 - space there exists a conserved field

. u=o,|,z.‘3 ,rs( . )

then the quantity
Ju(x) = szr 3*(?)[‘3?“&0')] S“[cb(?)-x]

is conserved. (Here X is the four-coordinate in
Lorentz space. Conservation is demonstrated in the

following way

ANCH Jach)[ 4] 2[4 -«]

I X

- - [dtr goee) Ml Cf) 33!» g“[d:(#)—x]

= - [ate grer) e 8RO - x]

= - la SQF*[H?) ¢* (= 'X)J

86
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Thus, provided the normal component of the current

32 at the boundary vanishes, we have

ddux) -0
3 Xu

The conserved current in 4 -~ space can be rewritten as

Jux) = jV,.(x) e X ik (et

LK-PCF)
where Vu(®) = jd‘r 1"('«-‘ [32;@ ‘fu('r‘)] e

av\J K- V(K) = 0

Kikkawa and Sakitamg)eneralized Nambu's method to
construct a model of vector currents. Their method
involved expressing the DrummondRebbi amplitude as a
functional average over 2-dimensional field quantities.

Recall the Drummond-Rebbi amplitude is given by

N 1, o _ K¢ K
A(x‘u-K..)z -é—[ %F%ﬂ ‘z‘.-z" 3
i1 h) st

where 7, rangeof integration is -®@&f<¢ @, 0¢G ¢@

r.’«t-:r;‘
The idea nowwas to introduce a complex scalar field #(% fz)
in 2 dimensional Euclidean space.

, - = - 22 2%
The Lagrangian density for ¢ 1§ X Sre 3fe
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It is easily shown that
ARy
T Ge(7 0) = § (F)

- = .
where G'¢(r, r’) = _it'i'rlﬂIZ'Z l s the Green's funchion,

The functional average is defnined by
<up[cj4‘r P(?‘)-?('r‘)] > = exp[- %jd"rd"r'@,,(ﬁ?')?(#)- p(-a')J

)
W now we bt PCR) = JUT Y (7= T )k,
=i

Then we see +that

Ak - ka) = ;;—HTJ"': < UWKN"Z)}

.
3

vhere V(K,—F) ="6._ exP[Cm K"f(?)]

Now let @ = H, + (H, , +hew we can rewrite L as
L= - 2Hy I

and boundary conditions are chosen to be

ét‘.-. =0 , Hzl = 0
Drl f‘t=o n=o0



2
: r_ .2_ .LQ. \ 2 )
Using V=350 ¥ ¥5e * 'r"z';a'e" ,and Z = re’

we get solutions

Introduce proper time coordinate T = "i in23Z
and space variable ¢ = _;- \n<2/=i>
\

- - ' +
Now let a, a, b, b become operators a, af b, b ;

and replace the functional average by the vacuum expectation

value of the time-ordered product of V(K;)_r‘:) ; ie by
TV ) > 14(9)

That the c}uantity exp[:ﬁﬁ" K-q:(?")] is well defined

can be seen by application of the well known formula
ATE o oh B e-‘;[A,a]

which is valid when [A,B] is a c-number.

In our case

[A,B] = 4K‘iﬁ‘—’—s—2—£9- = 4kt lnI'LSmGIl

', e%p {;5{‘,} k.c'p(n’"')l =0 for Z real | K*>o0 14 (10)
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Thus for K2>o the vertex is defined for all values
of 7 and normal ordering is unnecessary. In contrast,
if one uses a real field for < , one must use a
normal ordered product :erk.‘b: to make the vertex well
defined. 1In fact it turns out that the mobius-

invariance of Vu(K) for arbitrary K2

, 1s destroyed
if a normal ordered product is taken. Hence we use

complex ¢ and do not take normal order ng in 14 (9)

Let a conserved current in the internal 2 - space be

n P . Y 'y .
J,(f)‘ n is an isopin index, a=1, 2.

Then the Isovector current conserved in the

external 4 space will be:

" s - WEw ke ¢ ' "
Vi) = T [F L 3 ] T e

Notice that the isovector current is conserved for

K2

>0 regardless of the boundary property of J: )
because of 14 (10), |
use for 3, the construction:

P2 TORT Y esua

also introduce another construction

~ﬂ L
o =TV, T. Y

and corresponding 4 - current

AL = e L[ & wen] i # )

tJuwr Ifa
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Mim,

et S@t\"m («er) = amief Snnjdtr Cab (3“4“)<)‘4'
M
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Both 4, asd 3: are conserved currents. It can be shown
that each has the correct transformation properties

to guarantee that Vi and A each be Mobius
invariant. In the Kikkawa-Sakita scheme V. and AL
are each intended to represent single (fictitious)
external photon-emission vertices.

The following two photon emmission vertices were then
constructed:

et S‘f:v)n'"("szz) = -21'l'e" Sam jdlr(s“‘t“)()‘*v)E:J.Tt(k.rk;)o+

G 4‘4) e:m ORI AR

“") "™ (k) avf §,. Jd‘r (3a4.)

I

) enﬁif({.‘f Ka)‘4

The conserved-vector-current densities in 4 coordinate

Lorentz space will be Va(xX) and A% (x) (gwea by () )

The covariant Greens function for M V's and N A-s is

“Naen (X.“' ) |0>>

v Myen

Which can be shown to satisfy the generalized Ward-

Takahashi relation:

e Tnl *Niy B Niyy o Ney
o« g

My My Moy oo UueM

Z(zrr) (5t (x-x; )€,

. M"VH

1413)
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We introduce the contraction notation, ¢, for fields Y; :

c Yot oY - YY,-e- Y,

TN N Y, Y,

1%y
+ all doubly contracted products

+ all triply contracted products
+ " e @

L3

In our case we have :

VI () AT (k)

V:: (K-) V:t (\(,,) S(VV) mnt("-*"‘z)

)

“l ul.
. > - (AA) N Ay
An“‘ (K‘) Anu.‘_ (KL) - Syiu); (k. + KL)
—

S(VA) ANy (k\+ kz.)

Ay Ay

4 Cid)

We define the dual-current amplitude for M V's and N A's by

M H N
R (IVFSY; e "

Koo K = _‘-<CH\/ K ” K 14Cis
““M"*“( "+“) R t=1 “:( )QtHHA#‘ ( ‘) ' )

The contract quantities 14 (14) are called seagall
terms. It can be shown that the proof of eg. 14 (13)
requires the existence of seagull terms. Indeed
without seagull terms, it is not possible to

construct a guage invariaant amplitude in most models.
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n
Vi (k) “can be shown to have pole singularities

at K2 =1, 2,3, .....

and AW (x) can be shown to have pole singularities

at -K%=0, 1, 2, 3,

There are no singularities in the seagull terms.
The pole at K%=0 in A has some of the properties
of the pion.

We can write A in the form

Aul) e Chov Bhld wen (e cnshant)

K&~o0

The righthand side of 14(16) is only conserved in the
limit as Kz—b 0.

Thus the right hand side may be viewed as the partially
conserved axial current discussed by Nambu‘.l

Thus we can take Pn(K) as the pion-emission vertex

defined by
n
Ku Pa(x) = Lim kK" AL (X)
k*0
The amplitude of M V-currents and N pions is taken
to be
1-“' M 5 e H’“<?.“"Kn ) kn+|“'Kn+N)
My oo My

MEN

= -é < HP,“(K‘) ¢ f[v:“(}(t)> 14C17)

d= mel
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The following associations are made with the

constructed operators:

ék = Vo (k) }k - AL

4 Peic [4 P+ & =

1K L1
L ke T veve) - Teave)

Pex PK v,

The amplitudes are all in the form of loop graphs.
For example compton scattering is given by the

following sum of graphs:

b S
// \\\ , ~ ’/O\

~

Y
-

Duality, in the sense of the sum of s-channel poles
equaling the sum of t-channel poles, is violated becavse of
the seagull terms. However, the Mobius symmetry is

of course inherent in the amplitudes. The particle
spectrum of the current amplitudes is the same as

that of the hadronic amplitudes. Because of the

Gaussian KZ dependence of the pion form factor, the
model,like its ancester the Drummond model, is

inapplicable in the deep-inelastic limit.



15. Focus on the spectrum problem is constructing
currents

The most promising approach, in our opinion,in
constructing current-amplitudes, is the procedure
initiated by Schwaré“%or describing off-mass-shell
states in dual resonance models. The idea was to
construct amplitudes with the requirement, built in
from the beginning, that off-mass-shell lines contain

the same spectrum as doe. the corresponding on-mass

95
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shell model. This condition, imposed before any other
considerations, is necessary if one hopes to describe
physical currents. This led to the construction of a
dual current requiring a particular choice of space-time
dimension D, namely D = 16. This number 16, is disturbing
not only because it is unphysical, but also because it
does not conform to the critical dimension, namely D=26,
of the Veneziano model in which context he worked.
Nevertheless, researchers believe that Schwarz' procedure
sheds a great deal of light on how, eventually, realistic
models will be found.
The procedure starts with the ghost free
Veneziano model. 1In this model it is desired to construct
an off-mass-shell scalar state of momentum (.
Write the state in the forﬁ S|o,q> where S is an
operator constructed out of the harmonic oscillator
raising operators G:;
In order to implement the fundamental spectrum condition,
let it be required that the state satisfy the Virasoro conditions:
(Lyp-Le+1-n)sloq) =0 n=1,2,3,.... (15.1)

Requirement 15.1 will mean that an arbitrary tree state,
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of form V(R) = V(R) oy V(R) =55 |o3)

Le-t
Pu

_ L
- l ‘ l I 9 = v )
will also be annihilated by (La-L,

+1-n),

Thus such trees will decouple from spurious states.
Thus all the poles of ¥ both in Pi, and q will

correspond to physical states.

In solving eg 15.1 it is sufficient to just
consider n=1 and n=2 because L L, generate all the
)
additional Virasoro conditions through the algebra.

Schwarz showed that a solution to eg. 15.1 is

- T
S=e¢€ ©s.2)
o0
where T= "2‘ A!ma_z'qn
‘ ' ym=zo
(=) Erm /- -h
2t A = 7:)‘3“( IL)( n)

However, the solution (15.2) will only satisfy (15.1

for the case d = 16.

Using this off-shell state 5|%$) Schwarz then
proceeded to calculate the ground state form factor
Y

Ve slon = | s 9

which unfortunately was found to diverge. To see
this use

e: At .o -P:A Au
vipy=e "X e Y SN THY A

3

] -l - 2
! = j dx XR- ! d(P )
Lo" °
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Shax! = -ata(LHE)

2

S " o+m)<n+J«‘-T)]
ZA""X"Y - 1%[ 2(ficx +Ji=7 )

Lim=|

Then ont £find s

' -4a(-9%) -
Moz Cor v gy sloy = 1[0

o=
™~k

- Lo (92
n=| n ld(")

Similarly the amplitude for N on-shell ground states

and one off-shell state was also found to be divergent.
It was then suspected that the divergence problem is
related to the fact that®=| for this model, and

that a realistic ghost free model must be found with o< |
In anticipation of modifications that would take

place in a theory with oe <1 , the replacement (l-*)""
(“A)‘ is made?sbhere { is a parameter to be
determined by further research. With this admittedly
ad-hoc removal of the divergence, the amplitude for

one off-shell state to go into N on-shell ground states

is calculated to be
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Ay = Cot|s g VER) v =7 V(K o5 k)

k: K
= 4 ') ‘Jid("il)-l ‘ﬁ g()(:')(;“l e Xi - X, ) 3
=2 \-A)‘ X b= AXS ' dew L= AKX

° o {=1 1 ¢

where ¥, = 1 and Xy = 0

The properties of A; (and very encouraging) are the

following:

(i) The only singularities are those associated
with particle poles.
(ii) Poles only occur in chnnels composed of sets of

adjacent lines.

M

(ili) A'.L - -;: I' 4\ )']2"(‘1‘)"(‘-))'8 -'EB["%‘(,'QI) .’ - x]

wnd AT O [-1aCm]

Thus, since researchers expect dipole behavior of

form factors, one might put Y=-1.
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I

(V) Ay =1

-d($)-)
! - Ld(-9%)-1 =F  -d(s)-1 - X
=%J‘ ff::‘ »* € (l-'\) X (:-;x

T <
where 5='(K.'1'k:.) ) +=-(K‘+kl)

¥
Av s s-t symmetrical, as can be demonstrated

by making the change of variables

X = :—_]1)53‘:,- y A< Y in +he m‘l’egrand,

(v) The amplitude when { is put on shell turns out to be
Ay (ot) IEw= oo B[ 40) -u(t) ]
(vi) In the Regge limit, defined by
|d(s)| = 00 with t, 9% fixed we 3ef

Y ea) o)™t g- Lata), o =Y+ ] for oy > §-1

A, ~ L
3l 2 \ i )
r(l-!)(‘ds)r-lj ;‘*—.’-,— ALNCES 2 Ha SR OF

i.e. Ag contains a fixed pole at J =Y-{| in addition

to the usual Regge pole. Since fixed poles are
generally expected to occur at nonsense values of
angular momentusm it seems natural to suppose that

¥ should be 0 or - 1. Thus this model predicts

that the fixed pole in electroproduction be correlated

with an asymptotic behavior of the form factor.
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(vii) In the Bjorken scaling limit taken as

la¢s)| , [aC-9*)] = oo
with t and W= 1t .% held fixed ve get

© .l - d(t) -
R~ s peen] [ e (s

which is an encouraging result.

Favorable results were also found for the 2 current

amplitudeQ‘)

T = -9 o V) Ty V) T 19

) "

4, A T —m 9, 14 = s[o,9)

A parameter B can be introduced in the calculations

of T to remove the divergence in the same way that }
was introduced in the calculatiorns for the one current
amplitudes.v The calculations are long and tedious,
but it is demonstrated that Bjorken scaling holds for
the particular choice d + 4B = 8 ( where d is the
dimension of space time). This result is significant
in that the hadrons of the model contain no point

like structures.



102

This demonstrates that at least some of the parton
or light-cone results can be produced by the coherent
behavior of an infinite number of hadron states.
Further calculations in the Regge limit, demonstrate

regge poles and fixed poles of the appropriate type.

16. The dimension problem

We now focus attention on the unphysical dimension

d

]

16 that Schwarz solution required. 1In order to
arrive at a solution to eg (15.1) which does not
require a particular choice of D it is now proposed

that we try a solution of the form S = S(D) = eTB(D) 0s.3) .

Using the commutation relation between Ln and @, Q

-m
the Virasoro conditions (15.1) can then be put in
the form:
(L-te)e"Bl0,3) = eT[L.-L.,B]lo,1> =0 (s. 4)

(La-Lo-1) € B [0,9) = eT{ [L,_+ zA.,q;a, -L,,g] + %-n)s}]o,q) =0
e (s.5)

We now attempt to construct an operator B which will
satisfy 15.4 and 15.5. T.. convince oneself that such

an operator may in fact e..ist, consider the following:



Let S(D) =1+ S, + S,+ S,+ ct s (15.6)a

=3
where S, = x,a,-a,

Sl- = Kll an' a.z + k’.l a_:a_‘ + Kzl aO. a.| ao. a—'

. .

.
ie S,is a linear sum of all products ﬂa.x: ° a'_yc such that

i(x: +Y)=n. (products a;a areu;xot included)

6:e substitutes 15.6 into the equations

( Li- Lo)Slo,q) = 0 and ( L;- Le- 1 )Slo,q) =0 ,

subject only to the requirement that the coefficients be of
the form K = a + bq" (15.6)b

where a and b are constants.

It turns out that the resulting simultaneous equations can then

be uniquely solved coefficient by coefficient; first for the

coefficient on the S, level, then for those on the §; level, the

S, level, and so on.

Below is shown the results up to the S level (with

éT factored out ).
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¢
S(o) = e {1 + LAt _uan) _ uw aleon) . & a0a) _ U a(eorz)
) 2D FA) ESRCYCED) 2* Tp 2 p(p-1)

+ u a(o3) + (—:Su + uy )a(:s) + -3u 4 Uy )a(ooos)

D 2° 322/ plo-1)

v a(mo3) _ Qv a(azo1) + (5-3-7u _aquv o uv? )Q(oé)
32 p(o-1)  .3:2° D(p-1) 2" 5-2% 5:-3.2°

+(ﬂ-w ,‘j_ﬁ)a(au) . (-ﬂ _ Suv . uV‘)a(ooH)
AT S O SV ) 2 2™ 3.2% /) p(p-1)

+(~5- U, uy _ uv? u)a(ls) + '5-7u+ 2-47uUuv uv® )a(ccls)

2* 53" 53 2 5%3-a* 5-3-2'"/oio-0)

o352 - wy vt )86 /esu oy )___20(“33
Vet 3% o r* 32t D(p-1)

+(u-7uv _ _uv? >a(nou—) + 23UV . uv? )a(vao&‘)

5327 5 2% /D(o-1) 532" 532"/ o(v-1)
+(-Nruv HM a(.13ot) 13uv. _ _nuvt )a(.soaf

33..2.1 l3 D(D") 5,31_ Jlo 5' 34. ;Ia: D(D")
+(1‘_\( R uvt)a(n:z.‘?) N .(-uv. , uv? )a(eou:z:z)

37 32"/ o(p-1) D (o-1)(0-2)

3. aul 3' 1!6

1S.7
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Where u= D-16, v = D-8

a(x,y) = Ac*a,

QXY X, %) = aalx))al%y)- a(x._y,)a(xﬂy,) - a (%) alny.) (5.9)

n

aoo 1} .2\2.) l[a(o.o)a(u .z.z) - a(o,l)a(olllz‘z) - a(o2) O.(O‘Z'I‘l)] (i5.10)

In the calculations (15.7), note the presence of factors 1/D ,
1/D-1 , 1/D-2 . These factors may cause S(D) not to be finite.
We will presently see how to delete these factors. Note also
the presence in calculations (15.7) of aroupings of harmonic

oscillators a(x.y. x.y%) and a( 00 11 22) .

In general lets define a( x,y, ------ x,¥,) in the following way:
) .

a()‘.‘Y. xu.Yn Xuay ‘YNQ-‘)

N .
- -5 + \ X, Y. XY, o X 7)
= ..‘.z.[ o 2_ (quﬂ )XJ \SXN“)f‘ * SYNH ,XJ M S‘/,,,.)YJ ) a( uu)NH)a( ;1 NN
‘-‘ . “s-l‘)
C’here sKaAab = Akb 'SQBAIB = Aba’ Sﬂb= Sba‘

ie. Sy; changes indices.) One can easily show that egs. 15.9,15.10

agree with this definition. Then by induction one can show the
following to be true:

al( x,y‘...xéy‘...xuy“) = af XY,y Xgoe X, Y, ) 082"
al( X.y'...x‘y’...x‘yk...x“yn) = af X Y K Y X, Y K Y, ) (1813

al x')y' x",yz"'xuyu) + al x'.yl-.x‘.yl"'xnyu) + al x',‘x".yl yz"'xnyu) =0 (5.4
! ) 3 ) )

It follows from 15.12-14 that a(« y ---X,y,) vanishes if any

three indices are equal.
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Lets define

T A (XY o Ky K Yoo )
N

-‘,:—(l +‘:Z=| Sx“".x‘ S)’.“.‘Y;>[4 - :Z” <5xwx& + Sx“,ﬂv‘. + Syw x; Sxm Y: >]
X Si S,y

41 N Ne)
and

V Q(X,Y) = Sn)x Su)y

alx v, -+ Xa Y.,) , (15.15)

The commutation relations turn out to be as follows:

N
' "'XuYN
[L., alxy x,,yN)] = Z(\XJSXJ X T \g 8)3 )L")a(x Y' ) (15.16)

[ obor )]

N
Z {B(X,'J)X;Sx‘ x-a ¥ 9(7;'1)‘4 SY, -2t 5|,x, Sx, U S'.Y, Sy -

3
i=

+ (b- t o+ I)V (l(x|‘/. R Y“) (15.17)

(Here it is to be understood that the destruction operator a; .
resulting from the application of S, _; to a product, is to
4

stand to the right of all other operators in the product.)

[a;a | a(xy .- xn’..)]

N
- x I... XN Y
= ; (Sl,x‘ Sn,xJ + S‘,y‘ Sn,y‘1 )a( 3 ") (15.18)
Suppose we now write S(D) = eTB(D) and express B as a linear

combination of the operators a(x,y «-'X,y%) N=1,2,3,......
It seems reasonable to take coefficients having a structure
similar to that of the operators a(x,y, -''X,v,)- So lets take

coefficients H(x,y +-+X,y,) hav.ag the following properties:
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H(\’-‘/," TR/ A ""ﬁ7~') = H(’" B Xehers Xy oy e nu.) H("' X * Xy v )

H(K.le,_\/z"'xu‘f,,> + H(x"{l Xa Yoo X, ) + H(X X2V, Y °*° XNYy) = 0

QY KV )

D(D-1) -« (D-N+1) (15.19)

Let B(p)= 1 + iiH(x.y.---x.v.)
Nzl Xy

[-

y- 5% Y
XY X =0 Y zo0 xﬂz.o =9
where the D factors were added to accommodate the D term

in eq. 15.17. Using(15.16), (15.17) and (15.18) we see

that eq. 15.4 is satisfied provided:
N

Z [(x‘ﬂ)H(x.‘l,-- AR AR x..r.,) +(yJ+|)H(x,1,-- X, )14+| ©t Xy 7,,)

) CTAALICE AL K ‘l,.)] "

Me 1,2,:+0,D (15.20)
XY 2% o0

and (15.5) is satisfied provided that:

(.‘D_‘ - \) + H(‘,‘) =0 (is.21)

and that:

N
z K(xJ*'Z)H(X-'f."./‘J'Z)Y"' X"YN> + (Y‘+2>H(X.Y"' XJ.YJ*Z o Ky 7“)
. = (%Y YHR Y o0 XYy e X n)
+ A HOGY e 1Y x..YN) + Ay, Hx Yoo v X o X y“)]
i )

¥ g(p-n-1) (o) (u+2) HOL XY o X "))

(- )H<x Yoo Xafu) = © (525
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Using (15_.21) and the sets of equations corresponding to N=1 and N=2 in
(15.20) and (15.22) one can easily calculate all the H coefficients up to

the S; level and so duplicate the calculations (15.7) exactly.

The explicit expression for H,y) can be shown, by direct

substitution, to be given by:

tg] nec-1

S
foma)= 25 (7)Y Y (#T a0 6laset aveies)

fzo S=ag

n,x % 0

9(x,r) = [(-‘)r—‘i—F(K;r) b {Ei]ar % 0

0 : , otherwise

3 9(e,0) = 1

G(r n‘)s-—‘————\x + ) Fle) + Y F(x)F(x:) ek ) FOG) F(Ke)

<
ocw ¢ P OSK‘<K;5 P oK, < <Ky ¢

We have been unable to find explicit closed expressions for higher

coefficients.

For v=0, ie. D=8, we find that B(D) simplifies and is given by:

B(2) = 1 + Zn(x,y) [o.(x,y) + Aa(o,o,x,y)]
XYy

where \YJ
a
Hngk,0) = I L a(k,r) G(n+r-1, nar-
H{nk, 2n+ kK N\ M !
f-ro
n>o ,K",O

Hoo) = 2(7x-1)

where A is an arbitrary constant.



Conzlusion

Give‘n the original assumptions concerning the coefficlents in S
(namnely eq.15.6) , we have obtained a unique solution to a dual
current in an arbitrary number of space-time dimensions up to the
6t level, and a prescription for carrying the calculations to all
ordars.

Unfortunately, we have not been able to find a closed analytic
expression for such a current (except for the special cases D=8,16)
However, the unigquzna2ss of our solution is a\-stfong indication that
such an 2xpression exists. Also it is not clear how our solution

(28)

relates to the theorem of Collins aad Friedman. Our solution may

be an evasion 5f their theorem.
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