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Abstract

APPLICATIONS OF MODERN CONTROL THEORY TO THE
CONTROL OF INCOMPLETELY SPECIFIED CHEMICAL PROCESSES

by

Aaron Kestenbaum

Advisers: Professor R.Shinnar, Professor F.E, Thau

Six criteria are offered for the evaluation of the performance of process
controllers. Classical techniques for the design of P.I.D. controllers and
modern control theoretic techniques for controller design are reviewed. The
P.I1.D. controller and various optimum controllers are compared by examining

their performance when controlling a simple first-order process with time~
delay. It is found that the overall performance of the P.I.D. controller is
quite acceptable in a practical sense whereas the "optimum'' designs have
sigtﬁficar;t shortcomings. A discussion of these results is included together
with some indications for necessary future work.

The effects of imprecise knowledge of‘system parameters on the recon- -
struction error of linear observers and on the stability of a class of linear
regulators is also examined. An upper bound on the reconstruction error linear
unforced systems is obtained. It is shown that in the regulator problem consid-
eration of parameter uncertainty leads to the inclusion of step disturbances. An
upper bound on allowed parameter variations that guarantees stability of a class
of closed-loop regulators is obtained. It is also shown that by properly choosing
parameters of a low-order observer, the output of this low-order mogel .can be
made to follow closely the output of a higher-order dynamic systems. The effect

» of modeling errors on randomly-peturbed systems.is also examined.
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FOREWORD

Aaron Kestenbaum was killed in action during the October 1973
Middle East War. This dissertation is an edited version of a draft

that he completed in September 1973.
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Tairoduction

The work of Aaron Kestenbauin presented here has focused on the setting up of
meaningful design criteria for process contfollers. Although many mathematical
optimization procedures have been proposed in recent years for process controllcr
design, these techniques usually focus on only one or two aspects of the desired
system porformance. In Section 1.2 below, six ecriteria are presented for evaluating
the performance of competing process controller designs. These criteria focus on
the ability of a controller to maintain a given set point, perform rapid and smc:.
sct-point changes, *:}iold stable performance despite system parameter variat.c...
avoid cxcessive control effort, minimize the effect of random disturbances, .. ..
inscnsitive to assumptions regarding the structure of the system to be conirolic:. .

Section 1.3 contains an evaluation of the classical F.I.D. controller in ¢ o =)
the six design criteria, and Section I.4 contains a summary of some modexr:. « .l -
zation procedure which have been applied to process controller design, In Scciion .3
a comparison is made between the performance of a specific plant, characterized oy &
- transfer function with a single time constant and transport delay, using a P.1.D. con~
troiler and using controllers designed via an optimization procedures with a quadruiic
performance criterion. Nyquist, Bode, and transient response plots are presznica
for the feedback”system employing the P.1.D. controller and optimum controllers
both when the parameters of the plant have their nominal values and when fhe para-
meters of the plant differ from the nominal values upon which the controller designs

are based,

it was shown that although an optimum controller may be designed to achieve supe>
rior performance to a P.1.D. controller with respect to one of the six performance
criveria, the P.1.D. controller actually achieves a successful compromise among ali
siX requirements. This clearly points out the inadequacy of recent mathematicai
approaches to process control theory and establishes a 'firm_fomdatidn foxr a more
practical approach to these problems. D G Ui e

In Section II an examination of the sensitivity of linear state reconstructors and

regulators is given. It was shown that if bounds on parameter uncertainty are known,
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then the asymptiotic stability of the resulting closed-loop regulator can be guaranteed.
. This result is an important step in the development of modern techniques for process

controller design,
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DESIGN CONCE PTS FOR PROCESS CONTROL

Abstract

Six criteria are offered for the evaluation of the performance of:
process controllers. Classical techniques far the design of P.I1.D,
controllers and modern control theoretic techniques for controller
design are reviewed. The P.I.D. controller and various optimum
controllers are compared by examiﬁing their performance when
controlling a simple first-order process with time-delay. It is
found that the overall performance of the P.1.D, confcroller is quite
acceptable in a practical sense whereas the "optimum" designs have
significant shortcomings. A discussion of these results is included

together with some indications for npceésary future work.



1. Introduction

In recent years there has been a growing literature on the applications
of optimal control techniques in the process industries [1-8] . However, it
is generally felt that these methods have not made the expected impact on the
industrial practice of process control, a problem which was the subject of
panel discussions at several recent AICH. E. meetings [9, 10] .

Often the hypothesis is raised that the lack of applications is due to the
Alaqk of sophistication of the practitioner and might be the result of the normal
time lag between the conception of modern control system design techniques in
the academic community and their industrial application. Some are less gen-
erous and claim that the problems dealt with in the academic world are too far
removed from reality to lead to useful resul{s. One of the authors (R.S.) has
been involved in industry for many years and has often tried to apply some of
these optimal control techniques with rather limited success and reluctantly
has come to the conclusion that in the present state of the art it is quite diffi-
cult to apply optimal control theory to an industrial problem. It is not that the
techniques are not useful. In fact they ofber‘x’ contribute significantly to our
understanding of the problem. It is rather that they are often not in a state
where their application is straight-forward enough to allow their use in a
reasonable amount of time without extensive study and research, and where
straight forward application might even lead to serious troubles.

For several years we have tried to look at basic problems in applying
optimal control theory in a systematic way to systems characteristic of those
found in an industrial environment, and in this paper we summarize some of
our results.

The principal general conclusions that we have come to are that currently
there are inherent difficulties in/che application of most optimal control techni- -
ques, that the state of the art is not yet suitable for wide applications and that
the time has come to fet‘hink and re-evaluate our whole approach to the problem.
Problems associated with the application of modern control theory to controller

design for complex processes have been considered by Foss [ 10] . However,



significant problems are revealed in considering even simple precesses. Hence
in our treatment we quantitatively evaluate competing controller designs through
application to a first-order process with delay.

Since optimal control is a very wide subject, we have no pretense that our
report below relates to all of it. Neither is it our intent to provide a comprehen-
sive process control literature review. Rather we have chosen examples to
illustrate some difficulties in applications of control theory to the process indus-
try. As the main illustration we use the rather simple and perhaps trivial prob-
lem, the continuous feedback control of a simple linear process shown in Fig. 1
which is stable, overdamped, has a single measured variable y (t), and is con-
trolled by the manipulation of a single input variable u (t). For this process,
the dynamic process is characterized by a transfer function Gp (8) = e-SG/ (1+Ts),
and actuator and sensor dynamics are rneglected.

In this paper we do not deal with computer control but with the problem of
designing an analog controller whose inputs are the measured output y (t) and
the set-point setting Xp and whose output is the control signal u (t}. We admit
that most industrial problems of real interest are more complex, are often
characterized by processes with multiple inputs and outputs and often by pro-
cesses which are neither overdamped nor linear. Furthermore, mgny simple
control problems can be solved satisfactorily by simple PID controllers. How-
ever, the fact that the problem is rather simple and has satisfactory solutions
is an advantage in testing out various competing control system design methods
especially if they are mathematically complex,

An important feature of a good control system design algorithm is that it
provides the practicing engineer with a framework within which to cast his prob-
lem and provides a systematic design procedure which can be applied to a larger
number of similar problems. If, however, an algorithm gives unsatisfactory
results, we have to understand why, and put proper safeguards into the design
algorithm. Hence, in section 2 below we state our interpretation of the prinei-
pal desirable characteristics that should be achieved by a process controller. In
section 3 we describe and compare various design methods for the classic PID

controller in terms of their achieving these goals.. In section 4 we describe some



3
approaches to the design of process controllers using frequency-domain and tirne-
domain optimization procedures. Section 5 contains an evaluation of three com-
peting process controller designs for a simplified problem. Our conclusions are

summarized in Section 6.

2. Design Criteria for Process Control

Before discussing in detail the advantages or disadvantages of specific con-
trollers, let us restate the aims and goals of process control and the specifica-
tions that such a controller must fulfill. We will list them first without any inten-
tion of ranking them. Again we are referring here to a simple continuous feed-
back controller, as discussed in the optimal control literature [11] which may be
part of a more complex system but which can be designed separately.

It is important to remember that in process control we seldom totally rely
on such controllers, and that they normally are part of a more complex scheme
which is managed by an operator who achieves the desired control of the total
process by adjusting the set-points of individual controllers. Interestingly, con-
trary to quality control in mass production by machine tools, there has been little
systematic research on the way an operator should or does control a complex unit.
But we still have a pretty good idea on what demands are put on the controller.

In the following an attempt is made to summarize these into 6 criteria.

1). Ability to Maintain the Controlled Variable at a given Set-Point

The first demand seems rather trivial, as this is the most obvious goal of
process control. But this most essential requirement:of process control is ofien
the most difficult to fulfill as it creates mathematical difficulties for most of the
optimization algorithms proposed thus far in the process control literature [8]
and we therefore, would like to define it rather precisely.

The fact that the process of Fig. 1 can be controlled by a controller meas-
uring a single variable y (t) and manipulating another ¢ does not mean that the
process has a single input. In fact it may have several feed-streams as well as
other uncontrolled inputs such as environmental temperatures, moisture, etc.
When the operator makes a set-point change he may also simultaneously change
the set-points of other units which may change some of the input to the process
under control. The value of the controller is that it is able to maintain the



4

controlled variable x at a given set-point Xp and compensate for all the other un-
known and changing inputs to the plant. Obviously, in a real system it can only
accomplish this for a given range of inputs, and when one of the inputs exceeds
that range the operator must step in. But within its operating range this con-
troller must be able to handle the process to be controlled, without any specific
knowledge about the value of the different inputs.

Therefore, when changing a set-point an operator has only very imperfect
knowledge as to what the proper steady-state control should be and the controller
must be able to estimate this input, which in conventional control is achieved by

the integral control mode.

2). Set-Point Changes Should Be Fast and Smooth

As the overall system may be slow and complex, it is important for the
operator to be able to perform individual set-point changes as fast as possible.
However, minimum time response often leads to large excursions in the sys-
tem transient response, and smooth response (or low overshoot) has a signifi-
cant advantage. The operator normally does not know what the proper set-
point is. If there is severe overshoot he will normally try to counteract and
thereby often aggravate the problem, While this problem of minimum-time
response has attracted a great deal of attention in the optimal control literature
[11] , and while it is a very important one, fast time response cannot be treated

in isolation and is only one part of a process controller specification.

3). Asymptotic Stability and Satisfactory Performance for a Wide Range of
Frequencies

The total system (not necessarily the controller) should'obvi'ously be

asymptotically stable to be suitable for operator control., This asymptotic
stability should be achieved even though the process parameters may change with-
in a reasonable range of system parameter values.

Furthermore, the closed-loop transfer function frequency response should
not have peaks indicating strong amplification of certain input signals. This
means that the maximum amplification in the transfer function from disturbance
input to process output should be low. This should be true for disturbances such

as wq in Fig. 1 which are filtered through the entire plant as well as measurement



5
noise, disturbances which appear in an "unfiitered" form such as w (t) in Fig. 1.
Most of the inputs to a plant are filtered .through the plant and, though the transfer
function from each disturbance to the output may be different, they all may have
the same denominator. Some disturbances, however, may be created in the pro-
cess itself or may be entering the process in a later stage. The first type are
normally the more important as in most cases they determine the steady-state
level of the manipulated inputs as well as of the uncontrolled state variables,

4). The Controller Should Be Designable With A Minimum of Information With
Respect To The Nature Of the Input and the Structure of the System

In many cases in process control we have a rather imprecise knowledge of
the nature of the disturbances and their variation.with time. If the payoff is
sufficient, we can try to obtain that knowledge. But even if we can obtain this
knowledge we would still like the controller to protect us against contingencies,
sudden changes in its inputs, ete. '

The second requirement of obtaining a controller design despite lack of
knowledge of the system structure is more stringent. In most situations the
process to be controlled is only inaccurately known, or is so complex that we
try to get away with using a design based upon a simple,approximate model of
the actual process. We have to be careful that the control action achieved in
theory is not strongly dependent on that part of our model which is inaccurate.

A short example will illusirate this. Consider, for example, a distributed-
parameter system (as for example, a heat exchanger) which features both
mixing process and transport delays. For mixing studies we might successfully
model it as a series of three stirred tanks. However, if we design an optimal
controller for three stirred tanks we might obtain a controller which combines
derivatiye action with a very high gain. While this would function well in three
stirred tanks, it will lead to instability in the real system due to the finite time-
lags involved. It is this need for structural insensitivity which is the hardest
one to evaluate in practical applications of optimal control and will be discussed

in detail later.

5). The Controller Should Be Insensitive To Change In System Parameters

In a real control situation the parameters of the system are not accurately
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known and in addition often change with time, and the controller must be able to
handle reasonable changes, with a sufficient stability margin. The reason for
this need is twofold. TFirst, the throughput through process equipment changes
due to varying overall needs of the plant. That means in a process with a time

lag the controller must be able to perform while the actual time constants of the
system change and these changes are in no way negligible (a factor of two is a
reasonable range for many processes). The second reason is that as mentioned
above, linear system equations are often a linearization around a steady-state

and when the éteady-state set-point is changed these linearized system parameters

may change significantly.

6). Excessive Control Actions Should Be Avoided

There are two main reasons for limiting the control effort. The first is
mathematical. When dealing with a linear problem we neglect one important
nonlinearity, the finite limits on the magnitude of allowed control signals. To
avoid errors we must put reasonable limits on magnitude of control or we have
to take this nonlinearity into account in our design. Strong control action might
also be costly and there is an economic reéson for limiting control action as,
for example, in space flight. In 'p'rocessf control reducing the control actions is
seldom of economic significance as there aye very few cases when a minimiza-

tion of control effort can really be justified on cost considerations alone.

If one looks at any of the optimum control strategies as to the way they
fulfill these requirements it becomes obvious that in the present state of the art
it is impossible to incorporate all of them simultaneously into an algorithm. All
existing algorithms are written for one or two of the above points and the rest
must be tested for in a rather pragmatic way. After several such tests in prac-
tical situations it soon becomes evident that some of these requirements are
contradictory, such as 2 and 4, and that a compromise jg needed. And here we
come to a basic problem in the applicatioh of optimal design methods for problems

which basically demand a compromise solution. It is not clear a priori that a
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method that searches for an optimum for one specification or maybe for two
together (2 and 6 are quite accessible together) leads even to the proper speci -
fication of the structure of a controller which will give a sensible compromise
for all of them. One of the advantages of the PID controller is that we have for its
design, methods which will almost always lead to a reasonable, workable com-
promise. Hence before we can find wide general applications to optimal con-~
trol, we have to work out similar methods which either guarantee a sensible
compromise or tell the designer more clearly the type of problems for which
the method will lead to a good overall controller.

To illustrate the problems involved we will discuss in more detail the
properties of PID controllers and of controllers designed using the framework

of optimization procedures.

3. The P.1.D. Controller

Several conventional design methods have been proposed in the literature

for the P.1.D. controller [12, 13] and some as the Cohen and Coon method,
-deal specifically with the case which is the base for our comparison, an over-
damped system with delay. It is interesting to note that all of these design
techniques lead to controllers which are almost identical [8], despite the fact
that they are based on different design procedures. We will indicate below one
possible reason for this similarity in controller structures.

First consider the Ziegler-Nichols method [13] which is based prinei-
pally on stability considerations. The method can briefly be described as
follows: Firstthe maximum allowable gain, Kg, for proportiénal control only
is found (experimentally or by caluclation). This gain K¢ max is one that will
cause the system to be on its stability limit and any larger gain (or certain
changes in the parameters of the system) will cause the overall system to be-
come unstable. In order to prevent this from happening, fhe actual gain used
is reduced to insure a sufficient gain margin (~2). In order to satisfy require-
ment No. 1 above a limited integral action is added. This leads to a P-I con-
troller of the form

Ul ==K [Yw+ 5 Yw] (-1
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Since the integral mode has a tendency to decrease the stability safety margin’
the setting of K, is decreased a little more. In order to speed up the control

of the process a small derivative action is added resulting in the control law

Ule) ==K 1+ 'isz +T,4]Y(a) ;o (3-9)

This has a tendency to increase the safety margin and therefore a slightly larger
gain K, can be used. The reason only a small derivative action is used, is
because high values of T, would tend to lead to saturation of the controller
or the valve if high frequency content disturbances are present near the input

to the controller.

In Fig. 2 we give the response of the system to a unit-step disturbance in
the load w (t) and in Fig. 3 we show the response to a unit-step change in set-
point xp. The process parameters are @ =.5, T =1. The plots are given
for both the ideal P.I.D, controller and for a practival P.1.D. controller. The
main difference between the two is that the practical P.1.D. controller has a
‘high and low frequency filter in addition to the terms given by (3-2). The trans-
fer function is

Gw-Ym LK lsTares)

(3-3)
Yiey T 1
Y’A-+ ! + — «,CA
where
Y>>T, |, &> ==
:

In general, the effect of the low frequency filter is very small and for all prac-

tical applications we may neglect it. G¢ (s) then becomes

_K<1+T4+ A‘)
G;()'— (-TD-A+1)

The controller parameters used to generate Figs. 2 and 3 are: 'CD=. 17, 7—";. =

K.=2, Y =8. From the step response we note that the performance of the actual
P.1.D. controller is slightly worse than that of the ideal P.I.D. controlier. How-

ever it eliminates one of the main problems o_f derivative control action, which is
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the high control effort due to disturbances with appreciable high frequency content,
For completeness we give also the Nyquist plot and the frequency resporse of that
system controlled bya P.I1.D. controller. (Fig. 4,5,6,7).

The Ziegler-Nichols settings on a P.1.D. controller give a reasonable com-
promise among all of the requirements we defined in the previous section. In
addition to the ability to maintain a desired set point (requirement 1) it has a goad
step response (requirement 2) and reasonably low amplification (requirements 3
and 6); it is quite insensitive fo parameter changes and not very sensitive to the
structure of the plant (requirenient 5). This will be demonstrated by the simula-
tion results presented below.

One of the frequently encountered process changes in chemical processes is
an increase or reduction of through-put. This causes a change in the residence
time of the plant, thus changing the characteristic times in the plant's model.
However, the ratio between these characteristic times do not change. This
change should be followed by an appropriate change in the controller settings
since these settings depend on the individual characteristic times ( Tp and . 'CI ).
Obviously we would take care of extreme changes by changing the controller para-
meter settings, but the controller s\ﬁould not be too sensitive to suqh changes even
at fixed settings. In Fig.6 and 7 we give the frequency response of the output y to
input disturbances wq and output disturbances w when no change in throughput has
occurred (curve c) and when a change in throughput has occurred such that a 20%
error in the previously assumed time characteristics have »résulted (curve d).

We observe that the difference between the two curves is not significant and the
controller has a very reasonable frequency response. It is also insensitive to the
exact form of the plant model assumed since the only important parameters of the
model are the maximum allowable gain K¢y, .5 and the critical frequency W 3 *
( T’ and 'C: will depend on bgv). In any case, approximate knowledge of those

features (K¢ max and W, ) is a minimum requirement for any controller design.

* K¢ max 18 the maximum gain that can be used (and still maintain stability)
when only proportional control is used.

% % .. is the frequency of oscillation of the system when only proportional
control of gain K 4 18 used.
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An approximate model is therefore sufficient. Let us for example consider a cas-
cade of three identical stirred tanks, for which K¢ max =8 when only proportional
controller is used. If we would really believe that the three stirred tank model
accurately represents the process to be controlled we could by appropriately
designing a controller (for example usihg' a strong derivative control with a large
proportional gain) actually achieve nearly perfect control.

In this case a double derivative controller Kc ('t,w s* + tn S+ 1)
will allow for infinitely large K, where the system is perfectly stable and can
have an excellent step response or frequency response. However this may be a
fiction. A real system has a finite delay in it and a high gain K; would cause that
system to be unstable. Thus if we want to stabilize the system by derivative
action we need much more detailed infornmjation about the system itself to guaran-
tee the stability.

Cohen and Coon [12] derive a method for finding P.I.D. controller settings,
which results in settings very close to that-of Ziegler-Nichols. They consider a
system which consists of a single stirred tank and a delay which is subject to a
sfep disturbance. The problem is to find the settings of the controller that gives
a 'best'' compromise among certain requirements that one would be interested in.
Since it is not easy to incor;;orate all of the requirement in a straight forward way
they find the setting that gives the ‘best'' response with regard to one or two ::»
requirements and then modify those settings in order to satisfy some of the other
requirements. For example using a P.I1.D. controller one requirement is to
minimize the area under the response curve. This results ;n a controller which
is on the verge of its stability limit. Although the step response wili be a good
one this is obviously not a useful controller. By stabilify arguments this con-
troller is modified and a version similar to that of Ziegler-Nichols is obtained.

A second minor modification is performed to satisfy a requirement for faster
response.

The trouble with the Cohen and Coons procedure is, that it is difficult to
generalize it even though it is a very ingenious one. In the end in both the Ziegler-
Nichols and the Cohen and Coon approaches success depends on finding a proper
compromise between the conflicting performance requirements. A propei' guess

of where to start can be made by quite different arguments. The procedure used
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f
by Cohen and Coon has one big advantage, as it shows how close the step response

of the actual controlled system is to the best possible step response."# Cohen and
Coon Achieve their structure inse;nsitivity m an interesting way. Of all over-
damped systems the single stirred tank with delay represents the most difficult
case to control. As the real system to be controlled is different, the "optimum
response'' is not necessarily optimum, but actually is a compromise design.
There is a third way devised by the authors whose value for this case is
merely didactic as it leads to similar results. In other cases this point of view
might be useful since it may lead to a more direct design procedure. We try to
combine the first three requirements mentioned in section 2, in terms of require-
ments on the frequency response of the system. Denoting the magnitude of the )
amplitude ratio of the frequency response of the system by G ( @ ) we may impose
conditions that will satisfy the actual physical requirements. The first require-
ment dictates that G ( 0 ) = 0. To insure fast response G ( W) should stay as

low as possible at low frequencies. This can be specified by .;&;_(ﬁ L€
w
w->0

Requirement 3 can be expressed quantitatively by limiting the maximum value

of G ( w). However, the last two specificatioris may be contradicting indicating

the need for a compromise. If we spe?ify dGw) = & then the settings
w WD .
that minimize G w where G W) amaxG (w might be

~ considered to be the best, or when Gmax ( W) is specified one might try to
minimize ig_r_(_"")
o hss

Hence what is needed is not a controller that is optimim in a mathematical sense
but a "mini-max" controller.

For example, when a system consisting of three stirred tanks is considered
(the one stirred tank and delay is mathematically more tedious) with a P.1I. con-
troller it is found that all mini-max settings lie approximately ona line in the
Ke - K, /T, plane as indicated by the solid line in Fig. 8. Note that both the
Ziegler-Nichols and the Cohen and Coon controller settings are close to the mini-
max line. It is also interesting to note that there is a minimum controller para-
meter setting Sp;, on the line below which smaller values of K¢ have very little

effect on G g% (w) . Similarly there is an upper limiting parameter setting

e e

_\x
-
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Smax Wwhich is determined by the need to'insure a reasonable 'safety margin with
respect to closed-loop system stability. Clearly this mini-max procedure does
not take into account stability in a direct way. Stability is taken into considera-
tion indirectly by limiting the maximum allowable value of G (w).

The success of the conventional three mode controller has puzzled many
workers. However, in this case the difference between the maximum allowable
value of K, to insure stability and its reasonai)le minimum value is rather small.
This might explain why many different design procedures result in similar con-

troller settings for the process under consideration.

4. Optimization Techniques

Optimization procedures that have been offered for the design of process
controllers usually involve a two-step design procedure: (1) the mathematical

minimization of a scalar functional performance criterion
VI ze), wit)] (4.1)

where % denotes.the process dynamic state vector, % denotes the control
vector which is to be determined, and where the control interval may be finite

or infinite; (2) the physical realization of a';feedback control law

u=19(%,14) | (4-2)
“to effect the minimization of (4. 1).

The optimization‘procedures that have received the greatest attention for
process plant regulation are those that involve a quadratic ﬁerformance critg-
rion. The problems are stated either in a deterministic formulation where a
controller is sought that minimizes an integral involving quadratic forms in the
state and control variables for a given initial deviation in state, or in a stochas-
tic formulation where the controller is sought to minimize the expected value of
an integral of a weighted sum of quadratic forms in the state and control vari-
ables, conditioned on knowledge of the random processes perturbing the process

to be controlled and on the available measurements.
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4.1 Deterministic Formulation

One class of deterministic optimum control problems can be stated as follows:

-given the_ ‘line_a_g gystem of first-order differential equations
% = A:_c_ +'.B'u(;t)) % (c)= %, (4.3)
where x is an n-vector and u is a scalar input, find the feedback control law

u = £ (2@) (4.4)

that will minimize the quadratic performance criterion,
o . )
T = .%. f('x/Q'x + w' Ru)dt 4.5)
o
where ( )/denotes the transpose of a matrix or vector.
Under the conditions that (a) the pair (A, B) is completely controllable [ 14 ]

(b) matrices Q and R are positive semi-definite and positive definite, respec-

tively, the optimum control law for this problem is a linear feedback control law

wu=-K x s (4.6)

where .
K=R"®M ", (4.7)

and M is the positive-definite solution of the following nonlinear algebraic

equation:
MA + AAM - M B’R_AB'M +Q =0 (4:8)

When conditions (a) and (b) above are satisfied the closed-loop system that
results from use of control law (4. 6) is guaranteed to be asymptotically stable.
Note, however, that control law (4.6) requires measurement of all process
state variables, This may be costly or physically impossible in certain practi-
cal applications.

It is also important to realize that care must be taken in properly trans-
lating a physical process control problem into the above mathematical frame-
work in order to insure that the resulting controller will yield a feedback control
system that meets the perform_ance requiremenf,s mentioned in section 2 above.
For example, when a chahge in process steady-state operation is desired one

standard procedure for employing the state-feedback formulation is as follows:
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assume that the process is described by the non-linear differential equation
2= f(j)v) (4.9)
and is operating in a steady-state 3: xM with a corresponding manipulated
fnput \"= Uy, '
O = F (%00, uul) (4.10)

Now suppose it is desired to drive the system to a new steady-state 7‘.42.
where the manipulated input required to maintain this new steady-state is 2%,, .

Let us suppose for the moment that 2,4, is known. Then

| 0= (%1 %) (411
If we define 22 and %« -as deviations,
x= } %
p o= V- u:cz (4.12)
and expand the right hand side of (4.11) in a Taylor series about I uA 2)
retaining terms up to first-order, we obtain )
,/ l'. L.
z2=Azx+Bu . (4.13)

Now, the objecfive is to drive the system (4',13) from & (0)= 2& i Xz

to the origin %= 0O . A performance criterion of the form (4.5) can be used
to penalize deviations from the origin and excessive amounts of control effort
as measured by the quadratic forms in the integrand of (4.5).

However, an important characteristic of control problems for chemical
processes is that the required control uA to maintain a steady-state %, will
not generally be known so that the parameters of the A and B matrices in (4. 13)
will not be known precisely. Hence, a designer will use a nominal linearized

model which we will denote by
z=Ax+5 U (%) (4.14)

Now, this parameter uncertainty in the linear state model, will be shown to

indicate that step disturbances should be included in a proper formulation of
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the process control problem. Suppose a desired steady-state operating point is

% =d ., then:

d=0=Ad+ By, (4.15)

where d is a constant vector and ‘I.l.d is the steady-state control action, that
would be calculated from (4.15) if A and B were known. It is assumed that a
solution for U,y does exist. A more detailed discussion is given in [15] .
The control u (t) depends on the performance criteria, ¥ Since the system
parameters are not known accurately the following model for the process to be

controlled is used:

zZ =A% + B % (4.16)

where Ag Is an nxn matrix and B is an nx{ vector. :
The steady-state control action that will be applied to the actual process
(4.3) will result from the solution of

0= A,_d +Bc U (4.17)

Substitutionof W () =U ot U (t) into (4.3), gives:

j
% =R+ Buy, + Byt (4.18

Define €(%) = %(t)-d and substract (4.15) from (4.18)

é=Ae +B(uu-u)+ By, k¥ (4.19)

where ucd - U d is an unknown constant which plays the role of a step dis-
turbance. The goal of the controller design now is to find a control 1w ui(t)
that will drive e (t) to zero and will optimize some performance criterion.

In early attempts to apply optimum control theory (8] to chemical pro-
cesses, parameter uncertainties and external disturbances were often ignored
and linear models of the form (4. 14) were em;ﬁloyed. When these parameter
uncertainties or, equivalently, step disturbances are ignored in the formulation
of the first-order state equation for the plant of Fig. 1 it is found/\t%at the con-

troller transfer function is

%  The control can be written as u=ug + u1 (t) whelre‘u1 (t) depends on the".. -
performarnce criterion. -



G. (&)= Ke * (zat "_) (4.20)
¢ (’C;4+4)+K(4-99c(44A))

where 8¢ is the nominal value of the plant transport delay and T, isthe
nominal plant time constant. K is the gain of the controller and depends on the
weight given t,'o‘jche control effort in (4.5). When no weight is given to control
effort, the transfer function of the feedback controller becomes

. -6
62 (A.)= e (Tc’4'+ 1)

- e
Section 5 contains an evaluation of this controller with reference to the design

(4.21)

criteria of section 2.

If the designer desires to account for parameter uncertainties or external
step dist.uxbances a class of compensators, called observer-based controllers,
after the work of Luenberger and others [ 16, 17] might be employed. These
coﬁtrollers act on the available measurements to provide estimates of unmeas-
ured state variables and unmeasurable disturbances.

The derivation of this controller is based on [15] and [16] . Inthe first-
order test system the constant disturbance resg,lting from applying an inaccurate
steady-state control action is modeled énd augqiented to the system equations.
The constant disturbance is then approximately' reconstructed using a Luenberger
observer. Following the work of C.D. Johnson [15] , constant disturbances can
be counter-acted by the control law, which is designed to be a sum of two terms,
one that acts to cancel disturbances, and the other which acts to satisfy the
design requirements as if the Constant disturbance did not exist. Although the
resulting controller will no longer be strictly optimum for performance index
(4.5), this kind of procedure will result in an integral control action, thus
eliminating off-sets of some states.

For a single manipulated-input, single measured-output system the con-
struction of the observer eliminates the need for taking derivatives in order to
reconstruct the state vector. Indeed for a second order system the compensa-
tor achieved by the above method re.sembles a P.1.D. controller where the
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/
actual system ''derivative'' action is an approximation to a pure derivative, thus
tending to eliminate frequent saturation of the controller due to the effect of
measurement noise.
When applying this procedure to the base comparison system the resulting

feedback controller becomes:

G (4) = [ (a-F)+c,] (a+1)
e A (ke a e P LY+ A (- DT P

where

c = ée__ QC[{.'. k(]_ée)] _7L - obsewér Pole) <0

|

¢ = ~(+F)[1+ k(l—éa)] k = confroller gain

We see that this controller has a pole at zero which indicates that integral
control action will be applied in order to eliminate offsets.

. In this design the value k is to be determined on the basis of the relative
weights given to the state and control effort in the performance index and the
value of f is arbitrary but negative. However, in order for the observer to
accurately reconstruct the state of the system, the value of f should be larger
(one order of magnitude or more) than the valu? of 1+k, since only t}_xen will
the eigen-value of the observer be much more Kegative than the eigen-value of
the system it observes, thus causing the observation error to rapidly approach
zero,

The effect of modeling errors on the observer has been investigated by
two of the authors [18] and it is shown that caution must be taken when designing
an observer, both in regard to measurement noise amplification and in regard to

sensitivity with respect to parameter variations.

4.2 Stochastic Formulation

The above approach of considering a linear process model and a quadratic
performance criterion can be extended to provide a design procedure which
explicitly accounts for stochastic disturbances to the process dynamics and meas-

urement noise.
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a) First consider the case where a white noise random process perturbs the

process dynamics,
%=Ax +bw +wr) (4.22)

where@( t) is white Gaussian noise with zero mean, E {w (t) }=0, and with
covariance matrix

E{w®w'(t)} = W Jlt-£,)

The performance criterion to be minimized is
. (=}
| / z
J= E{—ij('xQ%-l-Y%)d‘tj (4.23)
o s

It can be shown that the control law that minimize (4.23) is (4.6), the same
control law that minimizes (4. 5) for the deterministiq control problem. The
6ptimum value -of (4.23), of course, differs from the optimum vﬂue of (4.5)
because of the presence of the disturbance w (t) in (4.22).

b) Next assume that the process to be controlled is given by (4.22) but that
the measurements available to controller are perturbed by random noise and are
_ givén by _ ' R
Y=Cx + vit) | (4.2

where the measurement vector y is of dimensionm<n and v (t) is zero-

mean white Gaussian noise with

E{ vy vt} =V E(z-t,)

The performance criterion is (4.23) but now the expectation is cdnditioned on the
available measurements.

The solution to this problem is expressed by the Separation Therem [11]:
the optimum controller comprises a Kalman-Bucy filter which providQS a min-
imum-variance estimate f,é (t) of the process state and a control law,

__LEMA
u"’“r"b M’f_[*) (4.25)
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that has the same form as the deterministic optimum control law (4.6). The

optimum estimate txA (t) is generated by a dynamic system,
;K'\ =A2 +bwt) + ;S'/i-') [y— C?QJ) 2(0)= 0 (4. 26)
where time-varying gain matrix S (t) is given by
S = P c'vt (4.27)
and P (1) is the positive-definite solution of the matrix Raccati equation,

15.-.-_- AP+PA + W -PC'VCP (4.28)

If it is assumed that the measurements available to the controller have been
observed over the entire interval -« < T < t , where t denotes the current
time, then the controller has the time-invariant structure specified by (4.25)
-and (4.26) with a constant gain matrix S given by (4.27) where the matrix P is

the solution to the nonlinear algebraic equation

0 =AP+PN + W= PC/VCP (429

Extension of this separation theorem to systems with time-delays [22] yields
a controller identical in form to (4.20). . oy
One may observe the resemblance between the gain matrix S of the

Kalman filter equ. (4-26) and the gain matrix G of the Luenberger observer,

While the Kalman filter gain ( ,5‘ )} is calculated on the basis of the know-
ledge of the measurement noise covariance matrix V the observer gain is
arbitrary as lohg as it satisfies the requirement that the observer error dyna-
mics be asympototically stable [ 17] .

Earlier work [ 3] on the control of processes subject to random distur-
bances was based on techniques developed by Wiener [19, 20] for the filtering
and prediction of stationary random processes. Using this approach the per-
fromance criterion to be minimized is given by

T= E{yw ] + AE{w)]

(4.30)
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where A is a positive number denoting the relative weight of control effort,
Following the development described in [3] , it is assumed that the output
disturbance W™ has zero mean, that the spectral density @w"( A ) is
known, and that the plant transfer function Gp (A ) is also known. Minimi-
zation of (4.29) is performed on an equivalent open-loop system, Fig. 9, con-
sisting of the plant and a cascaded compensator, K (s), from which the feed-
back controller is then constructed. After K (s) is found via spectral factor-

ization, the feedback controller Gcl (s) is given by

__ kM
A oy AT G

It is important to note that the stability of the cascaded compensator,

(4.31)

K (s), is guaranteed by the procedure"*’ﬁot that the feedback controller derived
from it [1, 2, 3]. While K (s) has all its poles in theleft hand plane it is not
guaranteed that G¢ (s) will have all its poles in the left hand plane [3] .
'problem of the stability of the controller has been treated by Bankoff [1] and
Cegla [3] . The former solves the problem by constraining the stucture of the
cascaded compensator, but does not consider the stability of the controller it-
self. The latter stabilizes the controller by imposing a larger weight on the
control effort ( A ), which consequently changes the parameters of the control-
ler and thus effects its stability. A method of 'ixow to choose a suitable weight
A , that meets some constraints on the variance of the control effort is

describedin [1] .

When applied to the plant that is the base for the comparison of controllers
to be discussed in section 5, we use in the design

_ 64
G’Ib(ﬂ =

=
+ T«

and find the controller transfer function that minimizes (4.30) to be identical
with (4.20) and, of course to be identical with the asymptotic form of the con-
troller that employs a Kalman filter to provide an estimate of the process state
for the time-delayed system with no measurement noisé.

In section 5 below we examine the performance of a number of the above
controllers designed using the framework of optimum control theory and compare

the resulting performance with that of P.I.D. controllers. 3



5. Controller Evaluation

In this section we evaluate the performance of the controllers described
above under what may be considered ''real" conditions. As noted earlier the
degree of uncertainty in the description of most chemical processes is usually
much higher than for systems encountered in aero-space or electrical industry
for which most modern optimal control techniques have been developed and
successfully applied. Thus, the performance of the controllers will be examined
for a situation in whizh the actual parameters of the process to be controlled are
different than the nominal parameters used in the controller design. Since in
many real processes the nature of the disturbances are not really known (with-
out excessive detailed research) a comparison will be made of the magnitude of
the frequency response of the appropriate transfer functions for each closed-loop
system.,

In the process industry two kinds of errors may be encountered. First is
the error in the estimation of the individual parzmeters of the system and the
second is the error that is encountered because of load changes.  These load
changes, for example, not only introduce an input disturbance but also cause an

. uncertainty in the parameters of the System. This parameter uncertainty is
equivalent to a change in the steady-state ;)peration of the system, While the
set-point itself does not necessarily change, the controller should be able to
handle an uncertainty in fhe true steady-state input.

The first kind of error, that caused by measurement inaccuracies, may
not be very large, but the second kind may some times be of 100%, since it may
correspond to increasing or decreasing the throughput by a factor of 2.

Specifically, we examine the case where the plant has atransfer function

given by:
K e—-GA-
GP W= <5 (5-1)
t
The first kind of error is suchthat @#6 , T#T and

KP‘_—'{- K b where the subscript C denotes the estimated value of the ap-
propriate parameter. The second kind of error may be represented by:

=2 bt g#0, T#T

T
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Thus while the ratio between the two time characteristics of the system remains
constant the actual value of these parameters differ from the estimated ones.
For the sake of convenience and simplicity we normalize the gain and the times

such that the transfer function Gp becomes
Grlb (4) = "-?e'_""“ (5-2)

where s is the new dimensionless Laplace transform variable and &, is the
dimensionless estimated delay of the system, and actually is the ratio between
the estimated delay and the estimated time constant of the system.

We now proceed with the controller evaluation. For the purpose of com-
parison we choose the plant that has a ratio between the delay and the time con-

stant of one half, hence & in (5-2) is equal to 0.5.

P.I.D. Controller

The settings of the P.1.D. controller were taken approximately according
to Ziegler-Nichols settings with a small shift towards the Cohen and Cohen

settings. Hence, the particular settings chosen were

[N A ) : ) IN= 2.0
" The Nyquist plot of the process with an actual P.I.D. controller is given in
Fig. 5, curve a from which we see that the degree of stability is such that the
gain margin is 2 and the phase margin is 50°. These are satisfactory margins.
We note that the magnitude of G, (&) Gp (4 ) is always decreasing with in-
creasing frequency, until it approaches zero. This is actually the difference
between the real P.I.D. controller and the ideal one. There is almost no
difference between the two in the low frequency region; the difference is evident
in the high frequency region. When the ideal P.I1.D. controller would be used
the magnitude of G, (4 ) Gp (&) is also decreasing but approaches a positive
constant value (K, %y /%).
The frequency response of the overall system for input and output disturbances

are given in Fig. 6 (curve C) and in Fig. 7 (curve C), respectively. We observe
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that while the P.I.D. controller yields an improvement over the uncontrolled
system's response in the low frequency region, it obviously is worse in the mid-
frequency regions, and approaches the uncontrolled system's response in the
high-frequency region. This is to be expected, since it is easier to control dis-
turbances of low-frequency content than those of high-frequency content. The
frequency response of the control action for output disturbance is plotted in
Fig. 10 (curve C), We observe that the magnitude of the frequency response
increases (on the average) with increasing frequency until it reaches a constant
mean value of ( KC v ). This is in contrast to the response of the system
with an ideal P.I.D. controller where the magnitude increases indefinitely with
increasing frequency. Thus the high frequency filter imposqd on the ideal P,1.D,
controller serves to limit the increase of the magnitude of the frequency response.
Although the control effort for a purely white noise output disturbance is infinite,
this controller is acceptable since any real disturbance has a finite cutoff frequency
and since any output disturbance is usually filtered through a transfer function
Ggq (s). .Hence, for practical applications an infinte control effort for output
white-noise disturbance does not really concern the process designer.

We stress the point that the acceptable performance of the actual P.LD,
controller for white noise disturbange is achieved by the high frequency filter,
The designer uses the idea that not too much can be done to control the high fre-
¢uency content disturbance and that the controller should be employed to control
the response to the low frequency content disturbances. Since it is the high fre-
quency region that gives rise to the infinte control effort, introduction of the high-
frequency filter does not affect the operation of the controller in the low-frequency
region too much, but overcomes the problem of infinte control effort.

We now proceed to examine the 'sensitivity of this controller. Consider first
the first kind of error, namely 'Cc =T but Gc F 6 . Inthis case, defining

-g: =1+ f8 it is easy to find that the maximum allowable error £ is ~0.775

and no limit exists on negative ﬁ (except for practical reasons ,6 > -1).
We repeat tﬁe Nyquist plots of the system for an existing error of ﬁ = 0.2 and
,G = ~-0,1. and the result can be seen in Fig. 5 curves B and C respectively.
The frequency response has also been plotted for /B = 0.2 and the results are

given in Figs. 6 and 7, curves denoted by D. We observe that although the
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performance has deteriorated a bit, the main features of the curves remain the

same.
We consider now the second kind of error. The ratio —%— = —%”c but
C =@, (I+ «) and T=C.(/+X) where T =/ and X is the

relative error. We find that the limits on the allowable error X is such that
the system is stable for -0.65< X < 1.5. This range for < is rather large
and, hence, the controlled system can tolerate large load changes.

We see that the P.1.D. controller with Ziegler-Nichols settings performs
quite well. It has a reasonably fast step response (Fig. ). It eliminates off-sets,
it performs quite well for input and output fiisturbances over a wide range of
frequencies; it has a very simple structure and not complicated setting proce-
dures; it is not sensitive to parameter uncertainty and load changes. These are
actually the requirements a process qontrol system has to satisfy and the P.I1.D.
controller seems to combine these reduirements by some reasonable and accept-
gble compromise..

Deterministic, quadratic performance minimization

The controller for the deterministic design is the same as that for input
white noise in the Wiener-Hopf design and is given by (4-20).
a) Unweighted control effort

We first consider the cc(ntrqller when no weight is given to the control effort in

the performance criteria. The controller'is given by (4-21) and is repeated here:

[ (9' < o~ ﬁ
SECL )
G:E (&)= "'r;"",ﬁf"éil TV (4.21)

The Nyquist plot of Gp (.4.) G¢ (.¢ ) for this control system is given in Fig. 11.
We observe that the system has a satisfactory gain and phase margin. However,
the fact that the plot consists of a closed curve raises the suspicion that a small
error in estimation of the system's parameters may eliminate the cancellations
of terms and cause the closed curve to become a spiral-like curve that may in-
crease with increasing frequency, thus causing the system to become unstable.
Indeed, when the Nyquist plot was obtained, for the cases where ﬁ =(0,2 and

[ =-0.1, this conjecture was found to be true, (Fig. 12). An analytic detailed
proof that this system becomes unstable for an infinitesimal error in the delay
term ( O # €¢ ) has been obtained. When checked for the second kind ..
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of error with & =-0.1 it has also been found that the system is unstable. Hence,
this controller is very sensitive to certain parameter inaccuracies, It is also the
fact thatthis controller has an infinte control effort, and, unlike the case for the
actual P.1.D. controller, the frequency response of the control effort to output
white -noise disturbances U(/‘)/W/A—) will increase indefinitely with increasing
frequency. However, when comparing the two effects, the moét important consid-
eration is the stability sensitivity problem., This is actually a feature of any un-
constrained optimal controller we have investigated, All are extremely sensitive
to small structural changes (such as a small delay not included in the model) or

to small changes in the parameters, and while they are stable for design conditions,

are really unstable controllers in any practical sense.

b) Weighted control effort

The two problems mentioned above can be solved by introducing a weight on
the control effort in the performance index. Whiie this is obviously a good way to
1.'educe the control effort the question still remains as to whether it. is a good way
to reduce the sensitivity to parameter uncertainties, and especially where the
infinite control effort is secondary in its importance to the stability-sensitivity.

- However, this is the standard way used in the literature and we will therefore
evaluate the overall performance qé‘ such a constrained controller. It is evident
that when the gain of the controller in (4-20) is zero, which is the case when no
control is applied, the system is stable for any error /-5 or X . Hence there
exist a finite value of K that will tolerate some finite allowable error. The limits

"of the allowable errors ,& and A as a function of K are given in Fig. 13 and 14,
respectively. We observe that if one wants the limits of the allowable errors to be
at least as large as those of the P.I1.D. controller the value of K is reduced very
much. For emﬁple if & =-0.65 the value of K should not exceed 6.2. For the
-purpose of demonstration we choose two values of K and plot the frequency response
of the system-for both cases. The two values chosen were K=6.2 which is approx-
imately equivalent in gensitivity to a P,.1.D, controller, and a higher value of K=40.

" Let us first examine K=40 which results in better performance at design

conditions but allows only a much smaller error before it becomes unstable

( 13 max = 0-26) and X =-0.15). The frequency response of the system for
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input and output disturbances is given, together with the P.I1.D. controller in
Fig. 6 and Fig. 7. The corresponding controlleffort is shown in Fig. 10. We
note immediatciy that despite the fact that the controller is much more sensi-
tive to parameter changes, its performance is far worse than the P.I1.D.
Clearly at correct design conditions it has lower amplification in the mid-fre-
quency range. But we achieved this by sacrificing the low frequency behavior
and the offset is much too large. The controller therefore does not fulfill the
main requirement of a process controller which was criterion one, the ability
to control the system at a given set point. 'We should remind ourselves that
even in a P.1.D. controller we could have made a different compromise and
achieved a lower amplification in the mid-range by sacrificing low frequency
behavior. The control effort in the low frequency range is lower for the con-
strained optimal controller, but it is far too low for any sensible process con-
trol. The least we want in this region is '"'perfect" compensation or

U(_)”)/ M (_)‘0) - 1 , and any value less than 4 is a rather reasonable
effort. The fact that the control effort of the constrained controller for small
frequencies is less than unity is rather detrimental and it is really a result of
- our optimization procedure.

For design conditions the\stability of the controller is excellent as can be
seen from the Nyquist plot'lsho:vn in Fig. 15. However, as shown in Fig. 16 for
(2 =0.2 the controller is close to instability.

In Figs. 6, 7, and 10 we lhave also plotted the Bode design for controllers
operating in a system where the parameters have slightly changed ( /3 =0, 2) and
we note the poor overall performance of the constrained optimal controller,
curves B, as compared with a P.I.D. controller at the same conditions, curves
D. The P.I.D. controller due to its large stability limits is much more able
to handle parameter changes.

The performance of the system using a constrained optimum controller
with controller gain K=6. 2 is displayed in Fig. 17. Curve (A) represents the
frequency response for a system with no parameter error, & =0. Curve (C)
represents the frequency response for a system with ® =0 that uses the P.I.D.
controller, Note that although the performance of the optimum controller might

be considered to be an improvement in the mid and high-frequency region, this
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has been achieved at the expense of worscning the response in the low-frequency
range. This is also evident from the larger offset that this optimum controller
will have (.48) compared to (.40) the offsct of the optimum controller with K=40.
In regard to parameier sensitivity, the value of controller gain K=6.2 allows a
maximum error & =-0,65. The value X =-0.2 was used in generating curve
(B) which shows that the performance of the constrained optimum system using
controller gain K=6.2 is less sensitive to the parameter variations than is the
optimum controller with gain K=40. So élthough the optimum controller with
lower gain is less sensitive to parameter variations,its offset is larger and its
overall performance is quité poor.

In Figure 18 we give the step response of the unconstrained optimal con-
troller, and the constrained optimal controller which has the same sensitivity to
flowrate changes as the P.I1.D. controller. We note that while the system using
the unconstrained optimal controller reaches a steady output faster than does the
system that uses the P. ID , the "optimum system'' does not go to the proper
steady state, but has a considerable offset.

We come here to the somewhat surprising but inescapable conclusion that
the standard P.I1.D. controller is a far superior controller than the one we
.designed by a complex optimization procedure. We mean here better in the sense
that is allowed a better compromisé between the six criteria defined in section 2.
It fulfills the main criteria of angr good controller, to bring the system to the
correct steady-state, regardless of the inputs. It is not too sensitive to struc-
ture and parameter changes and it does not vamplify too badly. It also give a
reasonable fast step response, Whereas the constrained optimal controller does
not fulfill the first criterion and is only marginally better on the last two.

Now if we just consider one of the criteria we can always get an optimal
controller that is much better. In fact, for any single criterion that can be
treated by optimal methods, the optimal controller is obviously going to be
superior. One of the main applications of optimal control is that it gives us exact -
bounds as to what can be achieved for any single criterion.

The optimum controller whose performance is shown in Figs. 6, 7, 10, and
17 were obtained as a compromise between fast response and low control effort.

However, the unconstrained controller did not really have an excessive control
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effort in the practical frequency range. The control effort of the constrained

controller is far lower than desirable, and the reason it is that low, is that we
constrained the control effort to improve the controller's stability in the face of
parameter uncertainty. The only reason we chose control effort as a variable is
that the resulting optimization problem was then mathematically easier to form-
ulate. There are procedures for correctly formulating the problem, when the
system parameters are themselves stochastic variables but they have not been
applied to this case. [21] And even this procedure is not very useful since it

only protects against changes in system parameters but offers no protection for
another type of sensitivity, namely the fact that the real transfer function of the
system is unknown and often different from the one used by the controller designer.

McGuire has treated the same example [ 2] by solving the Wiener Hopf
equation with a value of Y corresponding to the delay time of the plant. The
resulting controller is similar to that in equation (4.20) and has the same
deficiencies.

Cegla [ 3] tried to solve the problem of bad low frequency response by
including a low frequency noise in the formulation of the optimization problem.
In his case the input to the system contains a Gaussian disturbance with a spec-
tral density of the form

@ (w)iis VQ)/, /fi °?V )'k>o

By proper choice of 'V, , and V,_ , we can obtain a proper compromise
between fast response and low offset. However, the main.disadvantage of the
controller in Figs. 6 and 17 remains. If no weight is given-to the control effort,
the controller is very sensitive to parameter variations, and if the control effort
is constrained via a standard optimization procedure the control effort is too low
for good control. |

We can also obtain good low frequency control by introducing an observer
for the inputs into the optimization procedure but again it is in general difficult
to include sensitivity to parameter variations or structural sensitivity; In Figs.
19 and 20 we give the response of such a nonoptimal higher-order observer which
has the structure indicated by equation (4.21a). The value of controller gain K
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was taken as K=6.2, the same value as used for the optimum controller. The pole
of the observer was taken to be [=~5K, We note that for the conditions the controller
is designed for it is significantly better than the P.I1.D. If the parameters change
the behavior of the controller is also acceptable. Although the Bode diagram has a
peak in the higher frequency range, this is not that important, as in most systems
inputs with such high frequencies will be filtered before they enter. This controller
while having the same stability margins for parameter variation is however more
sensitive to parameter variation than the P.1.D. controller. With further design
effort or by trial and error this might be improved but an investigation of such a
controller design is outside the scope of this paper. However, this is again a
question of judgements. We want in no way to imply that such a controller is
optimal. In fact it is perfectly possible that better overall pérformance would be
achieved by a controller using a higher-order observer of a different stucture.

For the case discussed it is even questionable if it is sufficiently better than
a P.1.D. to make the effort worthwhile. What is important is to realize that any
improved overall performance is not achieved by straightforward mathematical
optimization, but by systematic trial and error. Modern computer design tech-
" niques make such trial and error methods more feasible. Optimal methods are
useful for such trial and pn\"or methods as they reveal what is achievable for each
one of the first four criteria énd furthermore they suggest controller structures

for the trial and error procedure.
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6. Discussion and Conclusion

In the last section we presented a comparison between a P.1.D. controller
and different optimum control schemes, We purposely chose an extremely sim-
ple case in which the P,I.D. controller gives rather satisfactory performance.

As mentioned carlier none of the optimum controllers has an overall performance
better than that of the classical controller and most are definifely inferior. The
optimum control techniques described above hsve been very successful in applica-
tions to aerospace technology and one has to ask oneself why it is so difficult to
translate these techniques to process control applications. A possible answer
might be that the goals of process control are much more difficult to formulate

in a mathematically accessible way. In process control applications we search
for completely different compromises, and those criteria which are easiest to
formulate for the application of the algorithms of optimum control are not
necessarily the eriteria which are. most important to the control of processes. In
the classical aerospace problems control effort is one of the prime parameters to
be minimized, whereas its importance in process control is minimal. Further-
more, in aerospace control problems we normally have a much better description
of the system and the control actions are usually large as compared to the distur-
bance encountered. / !

The main fault of all the optimum schemes that were examined above was
their sensitivity to the exact structure of the designed system. We would expect
that a proper optimum desjgn algorithm should use the available information to
the largest extent possible, and it is quite difficult to build into the algorithm the
fact that is should not really 'believe' our process model.

Although it is possible to include parameter uncertainties in the formulation
of the optimum control problem it is the structural sensitivity which is more
. dxfﬁcult to include and whxch is so important. In most cases we design controllers
for processes which are not only very imperfectly known but are also so complex
that any manageable process model is only a very crude description of the process.

If one includes a penalty on the control effort in the optimum control problem
formulatxon then this structural and parameter sensitivity is strongly reduced.

However, this is not necessarily a reasonable way to deal with sensitivity since the



/ 31

control effort of the unconstrained controller in the range of practical frequencies
is small. By including a bound on control effort, one thereby obta'ins an optimum
controller in the sense that it ig the best controller for this control effort, but
since the control effort is far tgo small this is not a useful result.

Optimum cont;'ol methods have one important application. They give an
exact limit as to what can be aghieved for any given criterion. Any practical
controller will be a compromise between the different criteria, and here a
knowledge of what could be achieved is an excellent guideline as to how good a
compromise the real controller is.

For the example given abpve it is quite evident that a classical P.1.D.
controller is a good compromise. In more complex cases there will be much
more room for improvement, but at present the best we can do is to use system'.-
atic trial and error methods. In conclusion it should be ppinted out that the above
discussion dealt mainly with copti'nuous controllers. Sampled data controllexrs
with infrequent sampling involv? other problexps which will be discussed in a

future paper.

—~——
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SECTION 1II

THE EFFECT OF MODELING ERRORS ON
LINEAR STATE RECONSTRUCTORS
AND REGULATORS

"ABSTRACT

The effect of imprecise knowledge of system parameters on the re-
construction error of linear observers and on the stability of a class of
linear regﬁlators is examined, An upper bound on the reconstruciion
error for linea'r unforced systems is obtained. Itis shown that in the re-
gulator problem consideration of parameter uncertainty leads to the'in-
clusion of step disturbances. An upper bound on allowed parameter vari-
ations that guarantees stability of a class of closed-loop regulators is ob-
tained. It is also shown that by properly choosing parameters of a low-order
observer, the output of this low-order model can be made to {ollow closely

the output of a.vh.igher-order dynamic systems, The gffect of modeling errors

-

‘.. .-on randogm_}y-p‘eturbed sisteins is also exarAinéd.

-t

4,

1



+ 1, Introduction

ciemmdm . .

- FEY . "

The design of linear controllers for lincar ’pla.nts where only a lirnited
number of state measurements arc availalbe has.: been the concern oi z
number of research workers in recent years [3] . Techniguecs using
linear statc reconstructdrs have been developed for designing linear
feedback control laws that result in asymptotically stable closed-locp
systems, Methods have also been developed ['4] for controlling

disturbed plants, where the disturbances can be modeled as the output
*
of linear dynamic systems,

These techniques are based on having precise knowledge of the para=-

meters of the plant to be controlled, the measurement sub-system, and

th; disturbarice model, It is the objective of this paper to examine the
effect of imprecise knowledge of these parameters on the perforrxiance of
linear state reconstructors and regulators.

Two types of modeling errors will be'studied, First it will be assumed
that-the dynamic order of the plant to be controlled is known and only para=-
meter uncertainty is of significance. In section 2 an upper bound gn.’the

observation error is obtained for linear unforced systems of the form

whe_re A is an nxn matrix, with measurer;'xents
| y (£) = C z(k) (2)

where C is an mxa matrix, and where there is uncertainty in the para-

meter of A and C, In section 3 the regulator problem is considered

w=AxkE + Buwk) (3)

*

A number of papers related to the use of observers and linear regulators
may be found in the IEEE Transactions of Automatic Coatrol, Vol, AC-16,
No,6, December 1971,
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with mcasurements (2) where B is an nxr matrix and where the desigr

anzye
docs not have precise knowledge of the matrices A, B, and C. Itis shewn
that uncertainty in system parameters lcads to conszdc.ra.tmn of step dis~"

turbances. .An upper bound on some linear combination.of the uncertainti

TLCaLLlNAES

“in A, B, and C that guarantees the stability of a closed-loop regulator is
, found, .~ - . _
In section 4 it is assumed that there may be uncertainty in the dynaraic
- order of the process to be controlled. Itis shown that if a low order moadel
is used to approximate the actual process then by properly choosing a lincar
. ';Jbserver"the output of the observer can be made to approximate a desired
process output response despite qncertainfy in the order of the actual pro-
cess, ‘
Model uncertainties described thus far do not include the considerztion of

additive noise that might corrupt the measurements (2). The efz‘ect of these

perturbations is examined in section 5,

2 "'Observing'an Unforced System with Uncertain Parameters. |

It has been shown in [1] [2] and [3] that if the system (1), (2), isi com-

pletely observable, then the nth-order observer of the form /
.. %.—: F2 4 G g (1) where ¥ = A= GC

a stable ma.trix, will yield an observation error, € (%) = %X (%) - ;C(t)
which will approach zero at a rate determined by theeigen-values of . It
was also shown that those eigen values can be a.rb'itrarily fixed, by sclecting
G. This result holds for forced and unforced systems.a.like. Furthermore,

- the rate at which the obsexrvation error is reduced to zero is independeni of
the behavior of the original state x(t), i.e. x (t) may be decaying, unstable,
or of constant magnitude,

Unfortuna.tq.ly, thig is not the case when the system's parameters are

‘v



not known cxactly, In this section the cffect of two different modes wiich
may arise in an unforced system, namely, unstable, or bounded rcsponses,
on the observation error, will be discussed, It will be shown that if the
system parameters are not known precisely, then;

1) ‘Under certain circumstances an unstable system is impossible tc
observe,

2) For a system with zero-real part eigez.x values, a s'teady-state erroT

will always exist, However, the magnitude of that error, can, to some de-

. gree,. be controlled by a suitable choice of the matrix G,

X

3) For a stable system the error will approach zero, but at a ni

Tate waich
is not faster than the original system. However, the magnitude ne error

can, to some degree, be controlled,

Consider the system (1), (2) where it i assumed that the system is des-
cribed by '

= Ao ) (4)
R yc(iz= Cc. ‘chz’:)

0oseYveY
where A<= is an nxn matrix and Cc is an mxn matrix, An nth-order is buiit

A
to estimate the state %[ ?‘3))

Fx=F % C-r'bt[z':)
'&'A;:)\Cc * G (3‘ Cc.&6>

(if Cc is of rapk m, one could construct an observer of order (n-m) and in

(5)

that case an analysis similar to what follow would hold).

Subtraction of (5) from (1) and the addition and subtraction of appropriate
terms to the result yzelds '

S e=Fre + (F-F)-x.(;t)
sFhe + (AF) 2@) (6)

" where -.;Ac GC ond AF= (A=A~ G(C Ce).
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The cigen valucs of the augmented systera (1), (6) are the eigen- values

of A and Fc . Hence, depending on the structure 6f A F, e(t) maignt

..A‘o

grow without bound if A is unstable,

Now, consider system (1) with a bounded response x{t)

\t). - Solving Zox
e (t) gives.

_ . £ ‘
Celed= amp RG] elt) + [2p[R b)) oF wiss de

Assume that bounds on x (), AT and exp (F, (t-tq ))exist, such that*

aF] = AF]L.,
et < U X 1 og (8

W ¥
“ eixp la(t‘i"ﬂ n 2q S 5 iO) , =0

Taking the norm of (7) yields

\\ e(i:\\l < u M}o [_F (J{Z‘io)] H Ia(l-o>

4

(9)
- + f” ,9/,43». F(A.'A-))l ”[%{A)Yj:&,
Substitution of the bounds (8) gzes .. ) Y ‘
lemwl = gt )ll elt)]| . .
> | ' ..c,_(z':a»?)
]AFli ] “w l ae - rde (10)

Integrating and rearranging results in

- e (Ret) -G fi L‘
el €™ et £05FY Y] (- & o

(11)

% A short introduction to definitions, properties, and the calculation of bounds

on vector and matrix norms may be found in the Appendix to L:-‘

wwA bound of this form is guaranteced if the eigenvalues of F all have
negative redl part [5] .

FERCIONPW

PV AoRe
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To obtain a small bound on the norm of e (t), two parameters rust be
adjusted (by choice of G):1) ¢, should be large to yield fast decay, and
2) ¢,/ ¢, should be small to yield a small steady-state error bound,

;.thm A F=0, ¢, can be chosen to be very large and then the errcr will
decay quickly towards zero. However,' when AF 3 0, the elements
of Fc have to be chosen with care, to guarantee a low bound on ,}c (%) F

Sometimes a tradeoff between conditions (1) and (2) may be necessary

nnnnn

right hand side of (11) and because ¢; and ¢, may not be independent fcr a

particular matrix Fc . The last remarks will be illustrated by the {ollowing

example:

Consider the 2nd order completely observable system:
' . -2 |

(12)
Ye = L\,o] *XlE), A,=0

. ’ ./ . -
Let.Fc -.--Ac -.--GCc where G= [g,, gzl « Then the eigen values of ¥ c

are given by v

e f T . .
B:-f-‘- Ay o E (13)

where

e ;Q'F' = 2%§ >0

S §;=‘§L>o

.
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Two cases should be investigated

a) Two different real roots

‘ b)" " Two equal real roots

The case where the roots are complex ie qualitatively similar to case s,
since the os_g:illa.tion do not effect the rate of d’écay.

Case a: Two different real roots, .
It is seen that a is the slower mode, If the observer is designed such that |
the error will decay quickly towards zero,f; and £, (g, and g, ) could se

chosen such that f; will be very large and f, could accordingly be chosen

to make the discriminant (in (13) ) .very small. Note that

aea:t— be.kt i‘ e.a:t- e_bt ‘\
k] = 2o |- - o —— =
Jc ( - kt) QJﬁ‘d)C ‘o{

Ly (5+b) e (14)

It is easily verified éﬂé.t under the aobve conditions a bound on the elements

of exp (Fc t) is £, exp (at) /(a-b) and hence ¢,/¢c, = -f;," ( (a=d) a).

However under the above conditions

.

C:/Cz = ;;_/jﬂl"fg which is very large. Hence, if ¢, is made laxrge by
the above procedure, this might result in an undesirably large steacdy-siaie
observation error. Hence a trade-off is necessary in this case if both decay
of error and steady-state error are to be considered in the observer design.

Case b: Two equal real roots.
o, 44t
b — - J' ) ™ =0
. .. Here to obtain fast decay of the observation error, £, could be chosea very

large.. Note that () -f.'b)‘ ) f.:b
M}[F;k] e | S0 _.|--..-..--

(15).
3( ie f% (].Hc'};) __.ft
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For the above choice of f; and f, a bound on the elements of exp (F &) is:

(H—-fzi)é'{'x (144) € ~h%

When a similar analysis to the one in equations (7)-(11) is performed,

where the bound on the norm of exp (Fct) is now of the form

(cé + ¢;t) exp (=czt), it is found that the norm of e(t) satisfies:

et s { (orat)agp o)} leteall |
_ ‘AFH HX’ ico( -Cu- -r-c—‘(l-(lﬁi)éc‘ ..((lc,

In the above example ¢, = 1 ¢, = fx c,= ;.

0

Hence (C./CL) = 4/43\ , LCu/C:) =41 and an upper bound on the
steady~state error is found to be

IAFY_ Ixl (5 + 1)

Thie larger f, the smaller the steady-state bound. In this exampie it is

v oas

seen that the elements of Fc should be chosen such that FC will have ecual

eigen values, since only then will it be possible te satisfy both canditians of

" fast decay of the error and small steady-state error bound. In this latter

aveer

case no trade-off between the two conditions is necéssary. The above ex-
ample is included to illusirate problems involving the choice of chserver

gain parameters. The problem of finding a “"best" choice o observer gain

-for general higher-order systerns is currently unsolved, Further issues to

be considered in designing observers and observer-based regulators are

examined in the following sections,

3. _Regulating a Process with Uncertain Parameters

In this section it will be assumed that, based on approximate knowledge

- ..of plant parameters a linear control law is designed to stabilize the system

(3) and to optimize some performance criterion. The effect of imprc?:ise
knowledge of the system's parameters will be examined.

L
-~



3.1 Inclusion of Step Disturbances

Dcfore we begin the main argument, it will be showa that imprecize
knowlcdge of system paramcters lc;ads to consideration of ''step diztur-
bances', which must be observed, and counter~acted by the co}xtrol zction,
The linear time-invariant system which is to regulated is governeé oy

(3),' (2). Let the desired steady-state be % =d then:
o d'=O=Ac\+3L{d

where d is a constant vector and U, is the steady-state control actien,

(17)

.that would be calculated from (16) if A and B were known, It is assumed

that a solution for'U; does exist. A more detailed discussion is given
in [4].
The control u(t) is then given by
wlt) = l{‘l + u"(f)
where u(t) depends on the performance criteria. Since the systemn para-

meters are not known accurately the following model for the process 40 be

controlled is used &

%= Acxc )+ B, u b))
Yel) = Co = () y

where Ac is an nxn matrix, Bc is an nxr matrix, and Cc an mxn matrix,

(18)

The steady-state control action that will be applied to the actual pro-
cess (3) will result from the solution of

Substitution of W (%)= Uy U (£) into (3),
gives: :

[ S

..‘il-.&)-.- A'x(ﬂ-\-'Bu‘A-t-'Bu‘lk) (20)
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Define e{t) = x()-d co and subtract (16) from (20) to zgive

é= Ae v Blwa-w)+ Bulh)

--where z‘cd" uJ is an unknown constant which plays the role of z sten

disturbance. The goal now is to find a control law u,(t) that will drive e{¢

to zero and will optimize some performance criterion,

" 3.2 The Effect of Parameter Uncertainties

Following the result of section 3,1 consider the following system:

41 TA 5] (2T~ T3]

gw= Le.el ]

where X(£) is to be regulated at zero, Note, that'(22) is not completely

controllable, However, the system (2.2) must be completely observable
. (the pair ([¢,0] , [é %]) must be observable, ) .
Because of imprecise knowledge of A, B, and C, the design':ar assumes
that the system is described by
%= Ao + B owie B u
w = 0

- .bt(ﬁ):-' Cc %e

Suppose the linear control law is given by

(23)

U )= L, R W)

(24)
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where the 2nd term is due to the counteraction to the disturbance «/Z) [_'t,il
A : ;
2(t) and. \':r(#.) arc estimates of x(t) and w(t), and are the s:zte

variables of an (;+r) -th order observer for the augmented systerm:

[?r] =t [é] +.Gg(¥c)+ Eéuc

(25)

where T:c . éc. —i{} ] [ Gx] C O]
a= ¢

G is chosen as to make the eigen values of Fc large and negative (As in-

w

dicated in section 2, if a lower order observer is used, an analysis similar
. to what follows would hold).

Define an observation error ' ) 5
€x %)= v.(t)]
eur(t) W ) = & ) i (26)

| e (i:)'=

and substitute '

—

; i).r_(tsf- - L (=w-g, (#) = (wr-e 'wjt)) (27)



into (22) and (25) to give the closed-loop system:

Ca [AeBle. 101 B ___ 13w
W o) QL _O v o brlE)
N R T Rt IS ey ST
Cx 4.‘.4 -G?.‘..<C C°)-(B' ) «\0 ‘lA;GC +€r_)'_a}!-,_\ = ;213,./«'-;§
>\ —a fe-c N ot T T, L
| v -G, (C’co) ‘O; - Gwc’c VO !,few./'/f

o - { H h . { uL 4
- (28)

Rearranging and addition and subtraction, of the same terms, to the right
- hand side of (28) yields

. BGL | B Lo ] B x (1)
[gx] - o c'lA CTC "B Cx/'t> |
Eur o |-G 1 oJled (29;
o faeacseRL T (@-BL ‘(B B\ iy |
At COBOLY B | B3] |t
G (c-C) ’ ‘ o { o | }q,{xl
< BT 3 L

where the decoupled equation for. w(t) was omitted:

Note, that when there is p'recise knowledge of the system's parameiers,
e_w(t) is identically zero (since W (%)= 0 ), the observation error ex(t)
is decoupled from x(t), ‘and the second line of (28) reduces to

e =R el)=Fe,) | (30)



as given by Lucnberger in [ 2].

Equation (29) can be written in a short form as

g= A0+ Agted (23

where Ajis a known matrix and A, is unknown and depends on seme iincar
combination of the uncertainty in the process parameters., The relztion
between the bound on A, and the stability of the designed closed locp system
is to be investigated next,
A, is a stable matrix, since its eigen-values are those of the desizned
(n+) the order observer, and of the designed closed-loop control sysiem.

Since both were designed to have stable roots, so will A;. Hence a

Lyapunov function .

Y
V(g = 2 P 62
for ﬂo.' = A, o) exists where Pis a positive-de‘fin'\'f':asymme‘cric matrix
resulting from the_solution of ‘

A:P*.?A, == Q .
ot AP+ PA =-Q -

of (3]and Q is a positive-definite matrix, Evaluating V/( g.) along trajectories
of (31) results in-

e -gag s ag Ay e

(33)

(33)

b
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Using Rayleigh's prmcxplc Q Qg. z A (Q) ff
where /\N:“(Q) denotes thc smallest eigen~-value of Q and taking the
norm of (34), [5] » results in the inequality:.

VAEREW @ gy + 2N gPl-| A,ﬁ/

(23)
| - A\‘/(g) $-A (g +2 120 1A 2

B (26)

| If the following in.equality holds, \‘/ (q) will be negative definite
P TAL < (@2 -
Al M (Q)/2 1P .
38
Since, [s] f»,a)a (Asa) Q 2xp (A, 4) de - (39)

H }44}: (A A.)n ‘is bounded such that | : '
' }[ wp (AD)] < ce% (<0)

. then

1Pl = Cf'/ac;}- )]-Q}}. (42

Note that A, and hence c; and ¢, are under the control of the designer.

Substitution of (41) in (38) yields the bound on the norm of A,, for the sysiem
(31) to be sta'bla '

o

)}A <{ e/ IRIF A 1Q)
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where c,/c} can be adjusted by picking A, . Note that ¢, characterizes,
in somc way, the slowest mode of A,. The larger c¢,, the morc staulic iz

A, and hence, larger deviations A,, can be tolerated,

As in most applications of Lyapunov's second method the bound cbtained

- depends on the choice of the positive definite matrix Q. Oxnce G is

-

. selected (33) will yield a unique positive definite ma...ru P [:7 “inding

that particular Q that results in the sharpest bound must be examined in

each application,

The stability of (31) can also be examined directly as follows; write
the solution to (31) as

;/t)v: e ;()-ffeA oG- )A gmdx

Then using (40) yields

lel < ¢, e CJ”Z“‘)

(43)

f -Gl '\//A 1 /ﬂ‘)/ -

" Rearranging this ineéuality gives 4

C,_i ”5(1,;)” (0)” ,.fc, /A ” 5/). Jalh

Applymg the Gronwall-Bellman inequality [5] yzelds

}fz(z)]] , h%“’)” -Tea-¢ ) [A:H:li (6

. Hence, if the deviation matrix A, is bounded such that

-——’;‘- > 1A (47)
then the closed-loop regulator will still be asymptotically stable.



4, Modecling a Process Despite Uncertainty in Its Dynamic Crder .

" 7" Inthis scction the problem of modeling a process of the forra (3},
(2), is considered, where the designer‘ does not know n, the dynarnic
order of the process, A de'sign objective is to deterraine a kthe order
observer, (fl.'.z M) of the form '

LT e Gt "
‘ yc(t‘) = CC %H;)

(48)

such that the output of the observer yc(t) will be close in some sense %o
the output of y(t). Hence (48) will be (in this sense) the best kth-order
model of the process whose dynamic order is unknown. Conditions on

F,G, and (:‘= will be found for the case where y and y, are scalars.

‘.".‘~,-
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Figure L Struchive of Low-Order Model | -
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It will be assumed that -

.Fc'= Ac." GrCc

g

where Ac is some kxk stable matrix in the canonical form and,

' -dhcl 'I o s e @ 87 2) .
_dh.z. O 1 se » _ J?- _
T S IR o T PN
. i o )
L— ao o ' :' O.J Jk '
The ktheorder observer has the structure shown in Figure 1. The transicr

function of the model is

He- m/m LETRTE

’ Let the cofactors of the 1Jth element in (sI-F ) be denoted by ] I- ";_ / fJ

Then

D = SleT-El +-- - + O leT-E 4
H() ,d-'l'j‘-l'a&‘ 1.4, F] +(§'§aa.z)),¢,l t-) 7%-&-4) :.:

From (51) it is seen that if

B RSO TR by R (52)
R 7 Rt J‘f»"f‘:#
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then

ife
[#) = .
g 1+ (/)

""and for-large g,,' H(s) A 1. Hence, by choosing the parameters ¢l the

low=-order model (48), one can insure that yc(t) will follow closely v{%).
Construction of a model of this kind might be useful in designing & contrel

law for the original process ba.s‘éd on controlling the output of the icw-
order model,

.
. %

s
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5, The Effcct of Modeling Uncertainties for Perturbed Systerns

The analysis above does not include the effect of process distursances .

or measurement noise. Suppose the process of section 3.2 is perturied
by the additive noise n, (t),

x = A'x-i-guf‘-l-'.ﬁu(ﬂ-}--m(t)
w s o (33)

and that the measurements available to the observer are perwarbed oy the
additive noise nt),

%.—: Cx + 'n,_(#) . (54)

In this case (51) becomes

: ;',-- A gters Agh) + mik)

(53)
‘where
e - | = Gl (56)

-G, m,*

Bounds on - -u g—/ﬁ)” can be calculated assuming that the disturbances

.ny(t) and n(t) are bounded,

.. Note thatifn,(t) =0 and if the system paré.nqeters are known precisely,
then € =0, G’w = O , and (55)reduces to '

. . [\ ~
: e 2= Azrs W
where )

-~ 'Ac"'Bch. l) B.L. L 7‘1\'6\-‘).

.,‘... '-'A°=- — ot cam -L—------ 3 f%:

O iAg- G‘,‘Cc k) 176)
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" the regulator design., If nyt) is a zero-mean white noise process wits,

then

72

One can now examine the cffcct of neglecting the additive noise ny(f) in

E{m®n'}= N Stt-)

where the elements of N are not known precxsely, then
Crt ™
E { 7 (E) W('C)} I\. - "] §(t-t)= \ (%-1)
}

If P(t) is defined as

Pl = E§ 2260

P=A Pa 12\2 P+ N
Hence

‘ PiR)= T lt) Plko) Bt k) + f ES{A,'C)[\]O{,«‘,'CJJ’C
where _H:, £.).. is the fundamenta.l matrix for Ao. If

|8l < ¢ € i. €,,€.>0

Lo [P0 < S IR0

t->e0

then

It is seen that in the steady-state the norm of the covariance matrix has an

upper bound that depends on the fundamental matrix determined by the cob-

.+ server -and controller designs. Here, as in section 2 above, a trade-oif

between rapid transient response and small steady=-state error may be

necessary if a regulator with the above structure is to be designed io take

into account random process disturbances.

Note also that if n, (t) = 0 then (55) reduces to

v

. o
}= A,z.-t-A,Z. + "gx'nz 57
- w%z e
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3

Hence "large' gains (.. and G’ night enhance the cffect of
% wr
mcasurement noise, If it is known that ny(tj is bounded, cic could
attempt to pick the '"best" Lc' Gx and GW by minimizing 2 scalar
performance criterion that would take into account the need for asyrng-
totic stability of (§7) with n,(t) = 0, low sensitivity to parameter variztions
2 ’
A, , and suppression of measurement noise. This is a problem currenily

receiving attention,

6. Conclusion

.- In.many realistic control prohlems tﬂe dynamic order and pararncier
values of the plani: to be regulated are not known precisely. The use of
observers and linear regulators which are based on precise knowledze

of the system's order and parameters, was examined., Conditions oxn the

allowed "amount of uncertainty" for unforced and forced systems werec

found, under whiéh an observer and an overall closed-~loop regulator vwill
still be stable despite possible parameter variations. Application of these
results to the control of imprecisely defined chemical processes is a suba~

ject of current research. ’
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