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I. INTRODUCTION

The propagation of classical waves is a subject with a long and rich history. We
all live in a world occupied by waves. Classical wave propagation in the presence of
disorder is the primary subject and indispensable probe in numerous scientific disciplines
[1]. The ubiquity of disorder in the Earth's crust, oceans and atmosphere as well as
artificial materials makes the propagation of acoustic and electromagnetic waves in a
random media a topic of intense scientific and technological interest. Due to the
transport of sound, light and microwave radiation through the turbulent atmosphere the
wave propagation is a vehicle for communication. It provides a means for discovering
structural and dynamical properties of complex systems and may be exploited in novel
photonic devices composed of random and periodic dielectric structures. Moreover,
classical wave propagation in the presence of disorder serves as a model for quantum
transport in mesoscopic systems [2]. On the one hand, the absence of interaction
between quanta of classical fields such as occur for electrons simplifies the description of
transport. On the other hand, the availability of tunable single frequency sources, short
pulses and subwavelength spatial resolution as well as the ability to assemble collections
of randomly positioned distinct and movable scatterers make it possible to fully
characterize the statistical character of propagation in an ensemble of random samples.
Using this broad array of tools it is possible to make detailed measurements of average
transport, fluctuations and correlation.

The steady propagation of waves in a random medium can be described by the
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ordinary wave equation for a scalar field Y (r,?) with properties of a medium introduced in

the dielectric constant € which in this case is a random function of the coordinate r, € =

e(r)

{ +[§)2€(r)} ¥(rE) = 0; (L.1)

where c is the speed of waves in vacuum, y(r,L) is a Fourier transform of the yi(r,7) in the

time domain. After formal substitution,

(Elc)<e>=&,
(Elcy [<e>-€(r)] = V,2),

(1.2)

where <...> stands for averaging over disorder and & stands for "energy", Eq. (1.1)

resembles the Schrédinger equation for a particle in the energy-dependent potential

W(r.E),

YO + 2B V)] =0 (1.3)

Therefore, the same considerations used for Shrodinger particles in a medium with
randomly distributed impurities can be in general applied for classical waves.. This

opens an unexpected opportunity to apply a number of approaches developed for

electronic systems directly to classical waves. The diagrammatic technique developed



for calculation of the electron conductivity and conductance-conductance correlations is
one of the most efficient among them in terms of application to classical waves.
Electrons, however, are quantum particles satisfying Fermi statistic and their scattering is
restricted within the vicinity of the Fermi surface. Although there are no restrictions on
scattering of classical waves, results found for classical waves in general replicate those
obtained for electrons such as coherent backscattering, correlations in intensity and weak
localization. Using the diagrammatic technique, solutions for the amplitude <{(r)> and
intensity <|y(r)|>> of classical waves averaged over disorder are obtained in the form of
“infinite series which can be conveniently represented by diagrams. Unfortunately, these
series can not be summed up explicitly. However, under certain conditions they can be
successfully calculated with a good accuracy. One may define a transport mean fiee path
(;, which depends on the properties of the random medium and is regarded as a distance
over which the direction of propagation of waves is randomized. When 4, » 0, (weak
scattering regime), where 4, is a wave vector of the incident wave, the main contribution
into series for the intensity of waves comes from "ladder" diagrams which can be
summed up exactly. As a result one obtains that the intensity of waves satisfies a

diffusion equation with the rate of transport given by the diffusion coefficient,

vl
D = —E3—T (1.4)

where v, is the transport velocity of waves in the medium.

The solutions of diffusion equation are relatively simple and are available for the



variety of cases. However, some experimental results reveal systematic deviations from
theoretical predictions. Experimental data can not be fitted well to theoretical curves in
some cases [38,57]. It has been also found that the diffusion constant itself can be a
function of the wave vector of the incident wave, that contradicts with conditions of the
conventional diffusion theory [38,57]. These discrepancies may be attributed to
shortcomings of the initial approximations used in calculations. In general, the random
medium is considered to be infinite or semiinfinite. Scatterers are treated as point-like. It
leads to a partial loss of the important information about the random medium since in
practice all samples are bounded and scatterers are of the finite size often comparable to
the wavelength of the incident wave.

Thus, at least two major factors responsible for such discrepancies can be
outlined. One of them is internal reflection at the physical boundaries of the random
medium, which is present in almost every experiment due to the index mismatch,
Because multiple scattering randomizes the wave's direction, a significant fraction of
waves attempts to exit at angles exceeding the critical angle. Due to the total internal
reflection these waves are reinjected back into the random medium. Waves returning to
the random medium are scattered a large number of times within the bulk before they
arrive back at the surface where, once again, some of them may be reinjected. Due to
many repetitions of this process, waves remain in the medium for substantially longer
times than accounted for by diffusion when reflection is ignored. As a result, a diffusion
theory ignoring internal reflection may not provide a satisfactory agreement with

experimental data.



The second factor that can dramatically affect diffusive transport is an existence
of microstructure resonances for classical waves scattering from objects of a size
comparable to the wavelength [38-40]. These resonances can be deduced from the exact
solution of the problem of electromagnetic wave scattering from a dielectric sphere and
are known as Mie resonances [58]. In the vicinity of the principal Mie resonances the
value of diffusion coefficient can be low [38]. Thus, the conventional diffusion theory
which does not take into account the microstructure of the medium may lead to the
erroneous interpretation of experimental data.

In this thesis we provide quantitative description of wave propagation in the
bounded random medium with the strong interfacial scattering and microstructure
resonances. In the second chapter we develop an approach that describes the steady state
diffusive transport. We show, that with proper choice of boundary conditions, diffusion
theory is in excellent agreement with optical measurements of the intensity distribution
inside the sample and of the intensity profile on the surface of the sample.

Internal reflection from the boundaries not only provides a better agreement
between theory and experiment, it may also lead to significant qualitative changes in the
long range correlations in intensity. Calculations of the long range intensity-intensity
correlation function strongly rely on the solution of the diffusion equation and, therefore,
it should be affected by internal reflection. In the third chapter of this thesis we derive a
general expressions for the spatial and spectral intensity-intensity correlation functions
and show that they both exhibit new functional behavior when high reflection from the

boundaries is considered,



The effect of microstructure on the diffusion of classical waves is studied in the
fourth chapter. where we derive the general form of the diffusion coefficient of scalar
waves propagating in a resonant random medium. The final expression involves a
number of quantities which depend upon properties of individual scatterers. The
numerical evaluation of our results is performed in the case when density of scatterers is
small. Within this approximation properties of the diffusion coefficient are governed by
the off-shell scattering amplitude of a single scatterer, which is calculated for permeable
dielectric spheres. We also study the effect of absorption on the diffusion coefficient in
this chapter. It is very difficult, sometimes even impossible, to get rid of absorption in
any experimental setup. We find that absorption leads to profound changes in the
resonant corrections to D. The final section of the chapter is devoted to localization of

classical waves.



I1. DIFFUSION OF CLASSICAL WAVES IN RANDOM MEDIA WITH

REFLECTING BOUNDARIES

2.1 Introduction

It has been recently realized that internal reflection could be very important for
different aspects of classical wave propagation in random media. In the paper by
Lagendijk ef al. [4] it was shown that the account for the surface reflection into the
diffusion propagator can lead to the better agreement between experiment and theory for
the pulse of radiation propagating in the dense random medium. It was also demonstrated
by Freund et al. [5,6] that by taking into account internal reflection they were able to
diminish significantly the discrepancies between their theoretical and experimental results
for the optical memory effect. The angular correlation functions in the case of high index
mismatch were measured by Zhu et al. [8]. They also found, that by including the effect
of internal reflection it is possible to obtain agreement between experiment and theory.
The role of internal reflection in coherent backscattering was demonstrated by Saulnier
and Watson [9].

Usually boundaries of a random medium are considered as perfectly absorbing,
However, it is known [1] that the distribution function of diffusive photons is not zero at
the boundaries of the sample. Thus, it is incorrect to take zero intensity at the boundaries

for diffuse photons inside the medium [1,3]. To resolve this problem an extrapolation



length beyond the boundary in which intensity drops to zero is generally introduced. 1f
this length which is of the order of scattering mean free path { = (n0)™! (where nis a
density of scatterers and o is a scattering crossection) for zero boundary reflection, is
much less than the thickness of the random media then it can be neglected and the intensity
on the boundary can be assumed to be zero. However, the extrapolation length increases
with the reflection coefficient # [7] and zero boundary conditions can no longer be
applied.

In the present chapter we show that with a proper choice of boundary conditions
diffusion theory is in an excellent agreement with measurements of the optical intensity
profile on the surface of the sample. In the second section the general expression for
the intensity of the diffusive waves propagating in the medium with reflecting
boundaries is derived. Two different kind of radiation, plane wave and point source,
are considered in sections three and four respectively. The time of flight distribution
is calculated in the fifth section. And, finally, a comparison with experiment is made

in sixth section of this chapter.

2.2 Basic formulas

We consider a steady propagation of the electromagnetic radiation through a slab
of a absorbing random medium of infinite extent in the x, y directions situated between

0<z<L and whose input and output boundaries have reflection coefficients R and R



respectively. We restrict ourselves to the case of weak scattering, so that the wave
interference does not influence average transport. The intensity distribution inside a slab

obeys the time independent diffusion equation

Vi) - o2I(r) = —%Q(r) @.1)

where o is an absorption coefficient & = (3/60,)" , (, is an absorption length and Q(r) is a
source function. In order to solve Eq. (2.1) we need, first, to specify the boundary
conditions and, second, to define the source function Q(r). We assume that the coherent
radiation incident on the sample becomes randomized within a distance z,, which is of the
order of mean free path. We replace the incoming coherent flux by a source of diffusive
radiation at the plane z = z, with a strength equal to the incident flux O(r) = O(x,)0(z-z,)
as shown in Fig. 2.1.

Since we made an assumption that there is no incoming diffusive flux through the

boundaries, the only flux on the left boundary towards inside of the slab is the reflected

part of the flux in the outgoing direction. This gives boundary conditions in the form

J, (x,y,2=0") = -RMJ (x,y,2=0");
(2.2)
J (xy,z=L") = -R@J (x,y,z2=L"),

where J, and J._ are diffusive fluxes in the positive and negative directions respectively.
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Using the relationships between the diffusive flux and the intensity of photons [1],

I(r)v - D ol(r)

J0) = A 25 (2.3)

where v is the speed of the diffusive flux inside the medium, the boundary conditions of

Eq. (2.1) can be rewritten as [7,8]

1 d
Ir) - — = 0;
L“"’ ) - =10) 0;
0 z=00
(2.4)
1 d _
[z(om) I(r) + z](r) =0.
0 z=L"
where
. (in,out)
zém'om) = 3 Q ML (2_5)

3 1- m(in.om)

In the case of totally reflective boundaries Eqs. (2.4) give the condition that the normal
component of the total flux through the boundary is zero. In the case when R = Q
Eqgs. (2.4) provide boundary conditions which correspond to perfectly absorbing
boundaries.

Let us now assume that the source function has a cylindrical symmetry with

respect to the z-axis, i.e., O(x,y) = O(p), where p is the transverse coordinate. Solving
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Eq. (2.1) with the boundary conditions given by Eq. (2.4) we obtain for the intensity
distribution of the diffusive photons inside the slab

dA A

I(p,2) = {m

u(Ahp) [ex JAx)Q(x) {11 +20 "k(A)zo" k(M) Isinh[K(A)L] +  (2.6)
0

P@PI(L-z);  z<z,
kA [2{" + 28" coshlk(A)L] } !
P@P(L-2); 2>z,
where £(A) = A* + o2, P,%*)(x) = sinh[k(A)x] + 0z,"**'cosh[k(A)x] and J,(x) is the
Bessel function of zero order. Since we are interested in the comparison of our theoretical
results with the experimental data we restrict our considerations within two important

cases: the first one corresponds to the plane wave incident on the slab and the second one

corresponds to the coherent flux focused on the slab surface.
2.3 Plane Wave
The source function in the case of plane wave takes the following form Q(p) = ¢v,

where ¢ is an intensity of a source radiation (see Fig. 2.1), and we obtain a simplified

expression for the intensity distribution

](Z) = i% {[ 1+ aZZo(in)zéoul)]sinh[aL] +a(zo(in) +z(§oul))cosh[aL]}-l x (27)
o,
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PP@PI(L-z);  z<z,

PIQPEOL-2); 2>z,

In obtaining Eq. (2.7) we did not assume the existence of an extrapolation length [7].
However, from the solution (2.7) we can check if extrapolation lengths exist by solving

equations

I(-z") = o; 1z = o. (2.8)

One can find that when ") < &  where,

_ (1-2a0/3)
¢~ (T+2a0/3)’ (2.9)
Eqs. (8) have solutions,
(in,out)
. | +oz
zém,oul) - —-l-—ln 0 (2.1 0)

20 1 - 0,“‘_:(fln.oul)

When oz, << 1 we have that z,0"*) « z (™) and for &t = 0 one has 2,/ = 20/3,
whereas transport theory gives the Milne result, z,“*? = 0,7104¢ [1]. We will incorporate
this correction below when finding the transport mean free path from the fit of our
theoretical results to the optical measurements. If R0 > R_ the extrapolation length
does not exist since the intensity extrapolated beyond the boundaries never becomes zero.
We plot z, as a function of e in Fig. 2.2.

Using relation (2.10) the expression for the intensity distribution is simplified to the
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following form

sinh[o:(z +z{™)] / sinh[e.(z, +zI™)] z<z,
1G) = I(z)) @.11)
sin{a (L +z""-2)] /sinb{a(L +z"-2)], 2>z,

with

34 sinh[a(z, +20™)] sinh[ e:(L +2z""" -z,)] |

ot sinh[ a.(L +zl§’”) +z’§om))]

Iz,) = (2.12)

The total normalized transmission through the slab can be expressed as,

J (L _ pout) -
7‘(!4) = lransnmlcd( ) - 1 9‘ -I’(L -) = I(L )D =

{
incident qv zéou ) qv

(2.13)
1 sinh[a(z,+z{"™)]sinh{az,(onr)]

az ™ sinh[o(L +z"™+z""™)]

In the case of the weak absorption oL, oz, « 1 Eq. (2.13) reduces to

(in)
Z, '+ z,

) = - .
L+z lfm) +z lSout)

(2.14)
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According to Eq. (2.14) the 7(L)" is directly proportional to the thickness of the slab.
2.4 Point Source

The intensity distribution inside the slab for a point source is defined by Eq. (2.6)
with Q(p) = gvd(p)/p, where gv is a total flux radiating by a source. After some algebra
one obtains the following expression for /(p,L), necessary for a comparison with

experimental results,

(ott) «

% [ d1Ip) Pz )
0

Ip,L) = D

(2.15)

{[1+k(A)22 872" sinh[k(A) L] + k(A2 +28 " cosh[k(A) L]} ! .

Integrating the transmitted flux corresponding to the intensity distribution given by Eq.

(2.15) leads to the total transmission given by Eq. (2.13).

2.5 Time of flight distribution

The time-dependent photon intensity obeys the diffusion equation which can be

written as,
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# - DVAI(r1) + .El:l(r,t) = 0@r,1), (2.16)

where t, = {,/c is the absorption time and Q(r,?) is a source function. We use the
same slab geometry as in preceding chapters to solve Eq. (2.16). The boundary
conditions for Eq. (2.16), are, therefore, given by Eq. (2.4). Since the index
mismatch is the same at the input and output surfaces, we will assume for the sake of
simplicity R™ = R = and 7™ = 2™ = z,. To consider photon propagation due
to a short pulse injected at £ = 0 we can take the source function in the form Q(r,t) =

qvd(p)d(z-z,)8(t)/p. For £>0 the photon intensity can be written as

Kp,z,1) = qvl(p, 0l (z,0e "™ (2.17)

The transverse part, /,(p,?), of the intensity can be found to have the following form

I(p,1) = f dh A Jy(Ap)e ~NDs (2.18)
0

where Jy(x) is the Bessel function of zero order. The axial part of intensity, Z(p,?), can

be found by using the expansion in eigenfunctions

10 = ;lllk(zpf) Uz, f) e+ (2.19)
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withzy, = 2,2, =L-z,whenz < z,and z; = z,, z, = L -z when z > z,. Functions

Y, are given by
. L 2 2 -1/2
U (2) = (sinkx + kz, cosky) E(I + k?2%) + 2z, (2.20)

with the following equation for the allowed wave numbers

tan(kL) = (2kz,)/ (k%2 - 1). (2.21)

The dependence of intensity distributions on the output surface as a function of time for

different reflection coefficients is shown on Fig. 2.3.

2.6 Comparison with experiment

We compare Eq. (2.14) with the measurements of 7(L) on a slab of 99.7% purity
polycrystalline alumina with 0.97 solid fraction. The measurements of total transmission
and reflection vs. thickness for the sample in air are shown in Fig. 2.4. Within the
experimental error of 1% their sum is unity indicating that the sample has level of

absorption low enough to assume that the weak absorption approximation is valid. The
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inverse of 7(L) is plotted in Fig. 2.5. For L > 100 pm, 7"(L) is a straight line following
the prediction of the diffusion theory in Eq. (2.14). Fitting Eq. (2.14) to the linear portion
of the curve gives z, = 24.8 pm and z, = 190.9 um with standard deviation g, respectively,
of 0.1 pm and 0.3 um. The mean free path can only be determined from the measurement
of z,"? once reflection coefficient is known. To eliminate the internal reflection from the
boundaries, the measurements of the relative transmission with sample immersed in index
matching fluid were performed [11-13]. These measurements are also shown in Fig.2.5.
Although in this case the absolute transmission were not measured, from the x-intercept
we obtain zy™? =22.3 + 1.5 um. Since z,“* = 0.7104¢ in this case, we find ( =31.4 £ 1.5
pm.

The prediction of the intensity distribution at the output surface using parameters
found in measurements of integrated transmission is an independent test of the adequacy
of the diffusion theory. The normalized intensity distribution for different thicknesses in
air and index matching fluid is shown in Fig. 2.6. Intensity measurements are shown along
a line going through the center of the distribution which is taken as an origin in the figure,
For the sample in air we find good agreement with diffusion theory whenever L > 150 pm,
We would like to stress here that this agreement between theory and experimental data has
been achieved without using any fitting parameters. Values of all parameters have been
taken from measurements of the total transmission. At smaller length scales, however,
diffusion fails to describe /(p,L) even though measurements of 7(L) are in accordance with

diffusion theory.
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2.7 Conclusion

In conclusion, we have demonstrated that diffusion theory with internal reflection
incorporated into the boundary conditions can quantitavely describe a broad array of
independent optical measurements of diffusive intensity. These results allow us to

determine the mean free path ¢ and penetration length z,,.
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III. CORRELATION OF INTENSITY FLUCTUATIONS IN THE PRESENCE OF

INTERNAL REFLECTION

3.1 Introduction

The results of the previous chapter indicate that taking account of internal
reflection in the diffusion theory leads to an excellent agreement between theory and
experiment. In the present chapter we show that the internal reflection may have a
notable effect on spatial and spectral intensity-intensity correlation functions. Correlation
of classical waves has been subjected to intensive experimental [14-23] and theoretical
[23-37] study in the last few years. One of the most important results, obtained by Feng ef
al. [29], is that the intensity-intensity correlation function C(r,r') consists, actually, of
three parts: short-range C,, long-range C, and "infinite range" C;. It is established now
that the short-range correlation function [14,15,24,31,33] exhibits exponential decay with
increasing either separation between points Ar = |r - r'| or frequency shift AE = |E - E'|.
It was shown by Stephen and Cwilich [25] and Pnini and Shapiro [34] that the long-range
contribution C, also exhibits decay but according to the power-law rather then
exponentially. Long-range correlations as a function of wavelength have been observed in
the microwave [10,20-22] and optical [19] regions. The C, term is found to be somewhat
analogous to the constant background [22]. The effect of absorption on long-range

correlations was studied in recent papers by Pnini and Shapiro [34] and Kogan and Kaveh
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[35]. They found that in agreement with experiments of Genack et al. [20] absorption
modifies but does not completely destroy long-range correlations in the intensity and these
correlations continue to exist even for distances much larger than absorption length. The
frequency correlation function in the presence of absorption was also derived by de Boer
et al. [23] for different incident beam profile.

In recent theoretical studies of the correlation phenomena the Langevin approach
proved to be very useful for obtaining long-range spatial and spectral correlation
functions. It was first proposed by Zyuzin and Spivak for a study of the conductance
fluctuations [27] and then modified for classical waves [28]. This method was later
successfully used by a number of authors [23,31,34,35] for photon intensity correlations in
random media. According to this approach fluctuating part of the intensity 6/ =/ - </>
can be found as a solution of the diffusion equation with a random source in the right hand
side. In the all above mentioned studies of intensity correlations it was assumed that
boundaries are totally absorbing. In this chapter we show that the account for the internal
reflection leads to the qualitative changes in the both spatial and spectral correlation
functions. These changes occur due to correlations in the waves intensity near the surface
of the medium. We show that in the case of low internal reflection the "surface" term
becomes negligibly small and we recover previous results [33,34]. In the case of high
internal reflection the surface term dominates and we get completely new behavior for

both spatial and spectralﬁ correlation functions.
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3.2 Basic equations

We consider a wave equation for a scalar monochromatic field Y (r,E) of frequency

I£ which is in the presence of absorption is slightly different from Eq. (1.1),

{v2 +k:e(r)+ifa‘ﬂ}w<r,m =0, 3.1)

a

k, = Elc, where c is a speed of wave in the medium free of scatterers, €(r) is the
fluctuating part of the refraction index. €(r) is assumed to be a Gaussian random variable

with zero mean,

(e(r) = 0; (e(¥) e(r’)) = €d(r-r’). (3.2)

In order to obtain correlations of the intensity /(r) = |y(r,£)|* we will use Langevin
approach. We start our calculations from the Bethe-Salpeter (BS) equation for the field-

field correlation function [31],

WEE W E)) = WEEY W (*,E))

3.3
[dr,drydr,dr, (GG, ) (G (FryEN) Ulry, ryyryy ) (Wi, B) & (r4,E’)>( )
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where <G> is the average Green's function of Eq. (3.1), U is the irreducible four-point
vertex function and the integration is taken over the scattering volume occupied by the
disordered medium. The function (G(r, r’;E)) in Eq. (3.3) was calculated for the infinite

space by many authors [24,25,31] and has the following form

G, r,E I S
<(rr )) ;

exp ik, |r-+| - [r-r|/20
ol ) 64

where U= (0" + '), The term <i(E)><y¢’(£’)> in Eq. (3.3) is exponentially small when
both r and » are taken in the bulk of medium and is usually neglected [23,31]. On the
other hand, this term can be considered as a source function Q. (r) located near the input
boundary at the distance of the order of the mean free path. For the weakly scattering
regime, in the leading order of the perturbation theory on (k)" the irreducible vertex

function U(r,, ry, 1y, 1,) can be taken as

Utr,r,r,r,) = 4—“6(rl -r,)0(r, -r,)o(r,-r,) 3.5)
2 (

After this, the Bethe-Salpeter equation (3.3) for the field-field autocorrelation function

<l (r)> = <Y(r,)Y*(r,l’)> can be reduced to the differential equation [31],

Vel ) - @ - 200) ) = =L 0 69
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where 32 = /2D and the frequency shift ® = E-E’. This equation is valid as long as /¢, «
1 and B2 « 1, otherwise </ (r)> changes with r too rapidly for the above expansion to
hold. If £'= E Eq. (3.6) reduces to the conventional diffusion equation for the photon

intensity </,(r)>,

VL) - <L) = - 0) @3.7)

which is equal to the Eq. (2.1) of the previous chapter. In order to solve Eq. (3.6) one has
to specify boundary conditions and the source function. Following the previous chapter
we assume that the coherent radiation incident on the slab is effectively randomized in a
distance z, and replace the incoming coherent flux by a source of diffusive radiation at the
plane z = z, with a strength equal to the incident flux. This assumption enables us to use
for Egs. (3.6) and (3.7) the boundary conditions in the form of Egs. (2.4), developed in
the previous chapter. For the sake of the simplicity we consider a plane wave incident on
the sample surface. In this case, the source function can be written as O, (r) = ¢0(z-z,),

where ¢ is a constant. The solution of Eq. (3.6) can be written in the form,

(leed2)) = £G(2.2)) 3.8)

where G (z,z') is a Green's function of the Eq. (3.6) with boundary conditions (2.4),
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G,(z2) = ;é);[(l +a*(w)z?) sinhla(@)L] + 2a(w)z, cosha(@)L] ]

3.9
P (z2)P (L-z2); z<z’
X
P (z")P(L-2); 2>z’
and we defined
P (x) = sinh[a(w) x] + a(w) z, cosh[a(w) x];
(3.10)
a’(w) = a2 -2ip2
When o =0 Eq. (3.10) gives diffusive intensity distribution inside the slab.
3.3 Field-field autocorrelation function
We now consider field-field autocorrelation function C,(w, z) defined as
C](O),Z) = KIEE’(Z))F’ (3.11)

where </, {2)> is given by Eq. (3.8). The effect of the internal reflection on the

autocorrelation function can be easily seen when analyzing Eqgs. (3.8,3.9). For low surface
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reflection, when z, ~ { and zye « 1, z « 1 we recover the result, obtained by many

authors [23,34,35],

2 cosh[2y,(L-2)] -cos[2y_(L-2)]

Cw;z>z) =4 ,
(@52>2,) c? cosh(2y,L) - cos(2y_L) (3.12)
where vy, are defined as
1
Vi = Sl ey e]. (.13)

In the absence of absorpﬁon, when a - 0, C, decays exponentially with respect to the
frequency shift w. However, this behavior changes if reflection becomes large, z,8 » 1.

Assuming that conditions z,a « 1, 2,8 « 1 still hold we obtain,

92 ‘/m cosh[z'y,(L—z)]+cos[2y_(L—z)].

Clw;z>z)) =
(0;,2>2,) D*  4p* cosh(2y,L)-cos(2y_L)

(3.14)

Due to the prefactor (a*+4*)"/B*, which in the absence of absorption is (w)™,

autocorrelation function falls-off faster than in the case of small reflection.
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3.4 Intensity-intensity long-range correlation function

In this section we consider correlations of the intensity in a tube with a diameter
much less than its length L. We may, therefore, consider the correlation function
integrated over a crossection of the tube. According to the Langevin approach intensity
fluctuations 87 = I - <I> obey the diffusion equation [24,31] with a random source j(z) in

the right hand side,

(v - 02)8/,() = -};v-jg(z) . 3.15)

The correlator of the random function j,(z) has the form [34],
PR tc?
(i (Y2 = 6“”?}(207“1”‘(2)) Fo@-z2%, (3.16)

where 4 is a crossection of the tube. In order to solve Eq. (3.15) we apply the same
boundary conditions as for Eq. (3.6). The formal solution of Eq. (3.15) can be written in

the form

81,(2) = ‘%[G.,,:o(zi LYJAL) = G, o(@0)jg(0)] +

. 3B.17)
15, nd
-B{dz jE(z’);z—/Gmo(z,z’).



27

The first term in this expression which depends upon values taken on the slab surface, is
usually neglected [31,34,35]. However, it becomes important when surface reflection is
large, so we retain it below. As a result the correlation function splits into two parts:

surface Cp:*" and volume Cp, /""" terms,

S.T. V.T.
Crph2y325) = Cppri(2y32,) + Cpi(2132) 5 (3.18a)

L
1
Colzpz) = - — [do!
/%) Dz'((

dG, (2,2 ’)

Iz

Gm =0(22;L)

|

G, .oz L) —“’°(—2’—}(JE(L)JMZ " (3.18b)

Gm :0(22; z ,)
/

z

mo(l’)

Gnf50) ——‘%ilo,c(o»g(z o)}

dGm:o(zl;z /) dGm:O(ZZ;z”)
dz’ dz"

L
T, 1 . .
Cpr(@iizy) = = — [ds'dz" (el Yipz") - (3.18¢)
0

In Egs. (3.18 b,c) only terms corresponding to the long range correlations are taken into

account, Using Eq. (3.9) we finally obtain after some tedious algebra the following
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expression for the normalized long-range correlation function,

Cppz,=L-R;z,=L)
(INIL-R)

Cy(@,R) = = G(@,R) + G (@, R); (3.19)

_6mazy | Py o(L-R)P, ((L)|Py(2,)f
K(w) P, .o(R)

+az|P(L-z)P|;  (3.20)

Cl (@ R) = — {|1’m(L—z W [11(z,) ~i(z,) +1(2,) = Jo(z,)]

# |2 P [l(h2,) - I(RY ~Jy(L=z,) + S (R) +1(L-2,)-I(R) - (3.21)

P (2P, .(L-R)
P, o(R)

J(L-2,) +J(R)] -

[£5(R) = Jy(R) +I(R) +Jy(R)]}

Function P(2) is defined by Eq. (3.10), the definitions of functions K(x), /,(x) and J(x) are
given in Appendix. Since our expression for C,(w;R) is rather complicated for further
investigations we consider below important limiting cases for intensity-intensity spectral

and spatial correlation functions separately.
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3.5 Spatial correlation function

First we consider the spatial correlation function when w = 0. When absorption is
strong, L » 1, eR > 1 and a(L - R) > 1 photons are effectively absorbed inside the slab
before reaching the boundary at z = L. In this case even large surface reflection should not

affect the correlation function. Indeed, we find that the surface term,

2
cstpy= 81 __ % o (3.22)
k204 (ZO +zp)2 (1 +azo)2
is less than the volume term,
T 3 3 .-
CYI(R) = 4k27;,4 (L—R +Za ') , 0zy«l; (3.23)
, 3T 5 -
CYT(R) = YETY (L_R_za ') , ozy» 1. (3.24)

Eq. (3.23) coincides with the corresponding expression of Refs. [34,35]. The linear decay
of C,(R) in the case of a strong absorption was observed experimentally by Genack et. al.
[20]. The dependence of the cross-correlation function upon separation and reflection
coefficient is shown in Fig. 3.1. The dependence of C, on & demonstrates a maximum at

R = R_, where R is defined by Eq. (2.9). This maximum is due to the surface term of the
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correlation function. This term, as one can see from Eq. (3.18b) is proportional to the
photon flux. The flux is an increasing function.of the reflection coefficient for small values
of the reflection coefficient and it decreases when reflection coefficient is large. For zero
frequency shift it reaches maximum at &_. Such a maximum always appears in the
dependence of the correlation function upon the reflection coefficient.

In the case of the weak absorption, aL « 1, aR « 1, 0z, « 1, the correlation

function takes the following form,

2
, z (L+z)(L-R+z) (L+zy-2)z
corRy = SE_ |7 R e
k24 (L+2z) R+z, (zo+zp)2
CV'T'(R) - 21 1 jz: (L+2zo)
k204 (L+2z) | R+z
(3.26)
3
v (Lrzy -z R|L+2z - — 20 |- 23 - (L+22) R4z )?
%0 “p “0 D) 0 - 0 0 .

(z,+2y)

When internal reflection is weak, z, « L, z, < L-R, the surface term can be neglected and

we obtain the well known result [34,35],
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7 21IL R2
CV'T(R) = 1-=—]. 3.27
® k’eA[ Lz) ©.27)

In the case of strong internal reflection, z, » L, z, » R, the surface term dominates,

: Inz L-R)
CS(R) = k202[1+ ., ); (3.28a)
- TZy L-2R
CP(R) = —k-%—;—o (3.28b)

and we find a linear falloff of the spatial correlation function. For highly reflecting
boundaries, the degree of correlation increases by the factor of ~L/z,. The crossover from
quadratic to linear decay of the spatial correlation function with increasing reflection
coefficient can be seen on Fig. 3.2, where we plot C, as a function of R and ®. We note
that for small reflection 3, - 1 and the maximum of the correlation function with respect

to R appears for very high reflection coefficients.

3.6 Spectral correlation function

We will now consider the spectral correlation function C,(w;R=0). As in the case
of the cross-correlation function, for strong absorption, &L » 1 and o » 3, we do not
expect a strong dependence upon 3t except for the maximum at R~R . This dependence

is shown in Fig. 3.3. Let us assume that the frequency shift w is large enough, B » « and
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BL»1, but limited by the condition ¢ « 1, so that the Eq. (3.6) is valid. In this case, the

correlation function has the form,

3
3n ) 1

C*(w) = 2 2 2’
k*tA4 (z, +zp) 1+2PBz, +2p%z,

(3.29)

2 2
crry » 38 L LP5R G ) (3.29b)
k*A B +2[320+2[32202

Two limiting cases can be distinguished. The first corresponds to small surface reflection

when Bz, « 1. In this case we obtain,

3
S.T. - 3w 2g _ .
O = ey 2B (330
P

2 2
2y +Z2.Z2 +2Z

Criw) » 8Ll _pg 0% Fp ), (3.30b)

2k%04 B (@ +2,)

The volume term is greater than the surface term by a factor (fz,)' and the leading term
in Eq. (3.30b) gives the well-established result C, < (w)™*. If we neglect small corrections
of the order of iz, and f3z, then Eq. (3.30b) coincides exactly with the result first obtained

by Pnini and Shapiro [31].
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For high surface reflection, Bz, » 1, however, the frequency dependence changes

dramatically,
3n 1 1
C5T(w) = 1- ;
2k%04 pPz,| Bz, (3.31a)
3nz 1 1
C"(w) = ° -
4k20A 63202 Bzo (33]b)

and now the surface term dominates again. It, however, decays as 1/ rather than as (w)™*
as occurs in the case of small reflection. The degree of correlation for small 8 is ~L/z,
times greater than in the case of high internal reflection. We plot the autocorrelation

function C,(w;0) as a function of the variables w and R in Fig. 3.4

3.7 Conclusion

In conclusion, we calculated the long-range contribution to the spatial and spectral
intensity-intensity correlation functions in the presence of internal reflection. We show
that internal reflection can be incorporated into the long range correlation function using

proper boundary conditions. We find that in the presence of internal reflection there is an
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additional "surface" term in the long range correlation function, in which intensities are
taken on the sample surface. When internal reflection is weak this term is small in
comparison with "volume" one and our results exactly coincide with already known
results. In the presence of strongly reflective boundaries surface term dominates and we
obtain qualitatively different dependencies of the correlation functions with respect to a

frequency shift and a spatial separation.
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1V. DIFFUSION IN PRESENCE OF MICROSTRUCTURE RESONANCES

4.1 Introduction

An important factor that may influence transport properties of classical waves in
random media is the presence of microstructure resonances. Usually, random medium is
treated as an unbounded collection of randomly distributed point scatterers [2,49,51]. This
assumption simplifies calculations greatly allowing one to use conventional perturbative
methods in order to describe transport properties of waves. In the case of weak disorder
considered in previous chapters one obtains the diffusion equation for the wave intensity .
with the rate of flow given by the diffusion coefficient defined in Eq. (1.4). Moreover, one
finds that v, is equal to the phase velocity ¢, and ¢, = 0/(1-<cos6>), where 0 is a scattering
angle. But in practice all scatterers are of particular shape and size. It is well known, that a
wave packet scattered from the object of the finite size should spend additional time T, on
the scattering process itself, in contrast to point scatterers for which this time is equal to
zero. The quantity Ty is called Wigner or dwelling time in the electron theory [52]. Even if
Ty itself is small, one can obtain sizable corrections to the diffusion constant in a medium
with a large number of scatterers and this effect is even more significant for classical waves
due to, first, an absence of interaction between them and, second, the resonant behavior of
their scattering matrix when scatterers are comparable in size to the wavelength, These
resonances can be obtained from the solution of the boundary value problem for the

electromagnetic wave scattered from the dielectric sphere and are known as Mie resonances
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[53]. Recently, it has been suggested by Amsterdam group (AG) [38,39] that these
resonances effect the transport velocity v, which is no longer equal to the phase velocity in
the medium with scatterers of a finite size. They found that in the limit of low density v, =
c,/[1+na(k,)] and it depends upon the wave vector of the incident wave k,. Mie resonances
cause strong resonant structure in the correction a(k,), which leads to the renormalization
of the diffusion constant. Analogous corrections to D have also been obtained by Cwilich
and Fu [40] and by Kogan and Kaveh [41]. As a result, a conventional expression for D
can no longer be applied to describe diffusion in a medium with the scatterers of finite size.
It is especially crucial for understanding the nature of the Anderson localization of classical
waves [54], at which the usual diffusion becomes impossible and the diffusion constant
D=0. The lowering of the diffusion constant due to the resonant contribution shows that
considerable care is needed in interpreting the low values of D in studies for the search of
classical wave localization. To properly interpret these low values of D all possible sources
contributing to its reduction must be calculated from the first principles.

The usual way to obtain the diffusion constant is to look for the asymptotic behavior
of the average intensity of the wave /(q,w), where q and w are transferred frequency and
momentum respectively [40,42,51]. The function /(q,w) satisfies BS equation (the
coordinate representation of BS equation is given by Eq. (3.3)) which is a generalized form
of the conventional Boltzman kinetic equation. Two approaches have been favorable for
further studies of the BS equation. One can solve for D by considering the low-density limit
of the BS equation and then expanding in powers of ¢ and w retaining only the lowest order

terms [38-40,42,45]. The alternative approach is the coherent potential approximation
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(CPA) used by Kroha et al. [43,44] which leads to numerical computations. Despite the
similarities in the methods used different results have been obtained. Barabanenkov and
Ozrin [42] and independently Kroha et al. [43,44] have shown that the transport velocity is
not lowered, as it was predicted by the AG, but rather renormalized in the same way as the
phase velocity. However, the AG has shown that the conclusion made in Ref. [42], v,
=¢,+O(1*) where n is the density of scatterers, is due to the omission of the off-shell
contribution in the photonic density of states. The proper treatment of the density of states
provides the desirable renormalization of v,

In the present chapter we use two independent approaches to show that there is
another source of the renormalization of D. Microstructure resonances lead not only to the
correcﬁon to the transport velocity but to the correction to the transport mean free path as
well. It is intuitively clear that such a correction to ¢, should occur, since Mie resonances
provide an additional anisotropy of the scattering matrix and, therefore, should modify
<cos6>, We would like to outline here why these corrections have never been accounted
for. The transport mean free path can be found once the diffusion constant and energy
velocity are known. As we have already pointed out the diffusion constant can be found
from the BS equation where an expansion of all quantities up to the lowest order of g and w
is performed. Then, terms collected near the lowest order of w provide the correction a(k,).
It has, however, been concluded by AG that all terms in g-expansion cancel after an
application of the energy conservation law in the form of the Ward identity (WI). In the
present chapter we explicitly show that WI cannot be used for cancellation of terms near

the lowest order of q. We identify these terms as a correction to the transport mean free
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path,

Another aspect of the calculations of the diffusion constant requires additional
attention. Resonant corrections to D involve partial derivatives of the scattering f-matrix
for a single scatterer with respect to the wave vector k= |k| and “energy” E. The
following procedure of numerical evaluation of the corrections to D, based on the fact that
the scattering occurs on shell £ = &, = E/c, has been adopted in Refs. [38-40]. The on-shell
approximation has been applied to the scattering matrix £;,(E)| -z, = #(E) and then
derivatives with respect to £ have been taken. As far as derivatives with respect to the
wave vector were concerned, it was concluded from the dispersion relation £ = E%/c,* +
nf{k, L) that in the limit of low densities 6/0k = c,0/0L +O(n). These assumptions simplify
calculations significantly since the on-shell scattering matrix is simple enough and well
known [58]. This approach can, however, lead to incorrect results. The 7-matrix for point
scatterers, for example, is initially independent of wave vector and, thus, its partial
derivatives with respect to wave vector should be equal to zero, whereas the above
approach leads to a finite result. Moreover, the functional dependence #(k) is completely
different from /(). The off-shell matrix may also include terms proportional to (k*- £?),
which would be zero if the on-shell approximation is applied first and then derivatives with
respect to either k or I are taken. If derivatives are taken before the application of the on-
shell approximation, the finite result is obtained. Therefore, the off-shell scattering matrix
must be used for numerical evaluations.

The effect of absorption on resonant cofrections to the diffusion constant is another

important issue of the present study. Since in most experiments absorption is rather weak,
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it has been usually neglected [38-47). However, the underestimation of the role of
absorption may be misleading. We show, that even weak absorption leads to significant
changes in the functional behavior of both corrections. In particular, resonances in the
correction a(k,) drop in magnitude at least 10-25 times.

In the second section of this chapter we derive the most general expression for [
with all possible sources of renormalization taken into account. This expression is obtained
without employing W1 and differs from results obtained by the Amsterdam group [38,39].
The off-shell transfer matrix for a permeable dielectric sphere is derived in the third section
of this chapter. A comparison between our correction to the diffusion constant in the off-
shell approximation and the results of the Amsterdam group for scalar Mie scatterers
employing the on-shell /-matrix is made in the forth section. In the same section we also
consider the case of acoustic waves in a hydrodynamic medium. In both cases we find that
the functional behavior of our correction to D is different from previously obtained results.
In the fifth section of the chapter we consider the effect of absorption on resonant
correction to D. We show, that absorption not only causes fundamental alterations in the
functional behavior of the diffusion constant but also leads to erroneous results in the case

of the on-shell approximation. We find that, for example, within the on-shell approximation
absorption can lead to the growth of the diffusion constant which can become larger than its
nonresonant value. The final section of this chapter is devoted to the problem of localization
of classical waves. We find a new selfconsistency condition on the rﬁobility edge when the

appropriate WI for classical waves is applied.
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4.2 Derivation of the general expression for D

In order to calculate the diffusion constant it is appropriate to consider the disorder
averaged intensity <(y*(r,f)>, with the Fourier transform of the scalar field y(r,?) satisfying
wave equation (3.1). The field, generated at any point r in space by the point source
located at »’ can be expressed in terms of the Green function of Eq. (3.1), ¥(r,2) = G(r.7’,0).
Due to the condition of macroscopic homogeneity the function IG(r,»’,/)? averaged over
disorder has translational invariance, i.e. it depends upon lr-r'l only, and <G(r,r',)> is a
wave intensity /(r-r',?) due to a point source at a point r’. As we have already mentioned,
in the weakly scattering regime the space-time Fourier transform of the disorder averaged

intensity /(q,w) defined as

I(q,0) = f di e'® o f dRdR'drdr’ exp[ -ig(R-R') - ipr + ip'r']
o
<1(q,m) = [dte'®@ f dRdR'drdr’ exp[ -iq(R-R') - ipr + ip'¥’
X

U+ — IC+— JUUI~—, IC~—; )] = | — U LG, E’)
Wit T T T I T Ve WO wE)) @)

=fde [ ::wj@ S AL
- :[;'2_“'; (I)k(q:w)E) fznl?kl q)k[;’(qsw:E),

where the notations k,=k+q/2 and £*=FE+w/2+i0 were introduced, must have a diffusive
pole as w, g - 0 (e.g., I(q,0) = [-iw + Dg*1" ). From this pole one can evaluate the
diffusion constant. The subject of our primary investigation is, however, not /(g,») but
rather the function @,,.(¢,w;£). On one hand, it inherits all analytical properties of /(g,w)
including diffusive pole, on the other hand we know an exact form of the equation it

satisfies.
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It can be shown [55], that the function ®@,,.(g,w;E) is expressed in terms of the

Fourier transform of the averaged one-field Green function via the Bethe-Salpeter equation

2

2k
- - 2 4 2‘1"‘] D, Aq, 0, E) = AG,(g, ) 5,‘,,‘/ + _/; " Uplq, @) @ dq, w), 4.2)

where

GUE*) = (GoudE) = 8(k-H')[€ - 4 - 5,EY)]" .3)

T, is a self energy, and where we denote [, = (21)?[dk, AG,(q,w;E) = G,.(E') - G,.(I),

E,=E*/c, k,=kxtq/2. A kernel Uy.(g,0) has the following form,

Uudq, w) = AG(¢,0) K, Aq, w) - AZ,(q,w) 6k,k' 4.4)

with AZ, constructed in the manner similar to AG,. The irreducible vertex function K,. is

related to the self energy X, by the generalized Ward identity,

_2wk
02

A(q,0) = fk U, @), 4.5)

with
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A4(9,0) = ;‘g{zk,(E )+ 2, E)+ [ Kkt 0)[Gyr () + Gy B ')]}. “.6)

It is easy to see that for g, w = 0 Eq. (4.5) reduces to the optical theorem for
monochromatic light [63].

In order to solve BS equation for ®@,,. we will utilize method of eigenfunction
expansion developed in Refs. [56,62]. According to this method we look for eigenfunctions

n"(q,w) and eigenvectors A,(g,w) which satisfy the following equation,

02

[Z’E A (q,w) + 2k-q] (g, w) = j; Uuda, ) "Z/(‘I, ®). 4.7)

The orthogonality and completeness conditions for " can be written as,

. ;2
T ic? ) n_n _ i€*AG,
’

e T = .
¢ AG,  2E ™ kW 2L M

4.8)

Since we are looking for a singular part of ®,,.(q,w;k£) we assume that there is a unique
eigenfunction 1% with an eigenvalue Ay(q,w) which behaves as Ay(q,0) -~ 0 when ¢, w - 0.

Then we can separate the singular part of ®,. according to
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0 0
nk(qa w) nkl(qa (‘)) (
+ 0" (g, w), 4.9
A-o _ i(O ki’ (q (1)) ( )

(I)kk'(qa w; L) =

with @,,."*® being finite at §=0, ®=0. Since we are interested in a solution for small g and
w, we can represent both 7°%(g,w) and A,(g,w) in the form of a Taylor expansion. It
immediately follows from Eqgs. (4.7) and (4.8) that ®°(0,0) = cImG,/(nEN,)", where N, =
J+ ImGy/m is a density of photonic states and G, = Gy(E). 1t is now fruitful to apply
perturbative methods in order to find correctipns to the A,(g,w) and %(q,w). Taking the
deviation [U(0,w) - Uy(0,0)] as a perturbation with the help of Egs. (4.5) and (4.8) we

obtain the first order correction, written for w-0 in the form

Ay(0,0) = -iwa,

a=-_! [4,0,0)ImG,. .10

TN,

Note, that this result is possible only because classical waves obey generalized W1 in the
form of Eq. (4.5). The usage of the electronic WI would give U,,(0,0)=U(0,w) canceling,
therefore, all corrections to the diffusion constant due to the w expansion. However, the
singular behavior of @,,.(4=0,w;£) is governed by the correction to the A,(0,w) of the

lowest order in ¢, which can be obtained from Eq. (4.7)
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dA,(q,0) =

[ [ Mula.0)87,44,0) + Og*w), @.11)

c
JREN,” k¥

where M,,.(q,0) is defined by

. aUkk’(q/, w)

Mydg,w) = 2kq fsk.k’ -q o7 q

o @.12)

and &7, is the correction of the first order in M,,. which satisfies the following equation

=-2ils
c?

2,(0,0) dTh(g, w) + [ U®, 0)d7, (g, 0) = [ M w80 T(0,0) . (4.13)

With the help of the BS equation we can find 7, as

ST, 0) = ——— [ M dd,0) Sy + O(qw).
) = oy 0
where
= llmf ——@ k,( w, E) -—/—‘—RCG (4.15)

Our next step is to calculate the term q-:0U,,.(q',0)/0q' which is part of the kernel M,,.(q,w).

Taking into account that in the case of elastic scattering the quantity Uy, depends only on
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the modulus of the wave vectors |k|? = |k’|? and on the cosine of the scattering angle p =
kk Tk* we, first, expand Uy,.(q,0) to the first order in g and then take partial derivative with

respect to 4 to obtain

U, Aq’,0
g kk'(‘l )

- - . a —

4.16)
- 2kq K,,40,0) gi—zReGk - 2iqe(k +k ") ImG K, (k, K

In order to calculate the function K,(k,k") we have to specify exactly the dependence of
KuAq,w) onk, and k,’. The expression for K,(k,k') in the low-density approximation
[38,61] is given below by Eq. (4.20). Substitution of Eqgs. (4.14) and (4.16) into Eq. (4.11)

leads to the singular part of the solution of the BS equation

D, A0, E) = - () mAq) (iw - Dg?)™!

4.17)

VEEN & (q) = ImG, - [ M)y

(4

Here N=N,(1+a), where a is given by Eq. (4.10), and the diffusion constant is defined as
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_Q_Rez ot

ok?

2
D==—— (k{1 +
37rEka f"{

4.18)

Y K, O)-é;a-,;ReGk, +iy, ImG K, (k,k)(1 +p)]}.
¥ K

Eq. (4.18) represents a general expression for the renormalization of the diffusion constant.
In order to obtain the exact expression for D one has to specify how the self-energy X, and
irreducible vertex K;. depend upon the scattering matrix of the individual scatterer.

We evaluate the diffusion constant for the case of the low-density approximation in
which the imaginary part of the Green function is sharply peaked at k£ = E/c,, Im G, = n6(k
-I?%/c,?). Here we defined the phase velocity of light in the random medium as ¢, =c(l-
ReX,/[*)*. Within the low-density approximation one can also find that the self energy
and the irreducible vertex are expressed in terms of the scattering matrix for individual
scatterer /. and density of scatterers # as Z*(k,, ;2 )=nty, 1, (L"), Kiye(g,0) = nty o (L2 ).
+(I2). Care must be taken to insure that the density of scatterers » is small enough to allow
the weak scattering approximation to be valid. After performing the expansion of the self-

energy and the vertex into the variables w and ¢,

o, (E* o, (L*
2*(1{&:121-,13*&_3)_) = ,;zkk(E*);e;,.‘zﬁ "g(E ):l:k"l '3,(,2 ) + O(w?04g,9%),
(4.19)
0, 4AE)

1 +iw

KA. 03E) = nlt B + q(k+k") K (kK') + O(0%, 04,47

oL

we find the following expression for the kernel K,(k,k’)
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. 8 ! 1 ot /
K (kK = mlm{[ al:"; kz“ a': ]tkk,}, (4.20)

When deriving this equation we denoted the phase shift of the scattering matrix as ¢,,.(f)
according to 4 . (E*)=l, lexp(idy,.). Then, after solving BS equation for [,k'®,,.(0,0) and
substituting the result into the expression for f, keeping terms in the lowest order of

density, we obtain the diffusion coefficient

D = e, [i)z[] +naR"’kk ink

3(1+na(k)) k2 4mc «”“)K(k“))l ; (4.21)

..ko

where <...>, stands for the averaging over all outgoing wave vectors. Finally, using Eqs.

(4.5) and (4.19) we can find the value of a in the low density approximation

a(ll) = -¢c*— J
oL

9, AE)
Rerkk(L)+_<|tk,|2 "’L [
1l

(4.22)
4mc’

fl 1(E) —ReGk(L)

The value of a was estimated in the low-density approximation by Barabanenkov and Ozrin
[42]. They found that @ = (c/c,)* - 1 and, therefore, concluded that in the low density

approximation the diffusion constant is not renormalized. However, this result contradicts
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both theoretical calculations [38,39,41] and experimental data [10,23,38]. The
Barabanenkov and Ozrin theory was corrected by Lagendijk et al. [45]. They have shown
that in the vicinity of resonances the shell approximation for ImG,, used by Barabanenkov
and Ozrin is not enough to calculate the quantity a. Thus, their conclusion is that in the

vicinity of resonances a is responsible for the renormalization of D.

4.3 An alternative derivation of the diffusion constant in low density limit

In the present section we derive Eq. (4.21) using an independent approach and then
analyze it for scalar classical waves. The structure of the BS equation suggests that the
function ®,(q,w;L) should have isotropic and anisotropic parts. Based on this observation

it is convenient to start the solution of the BS equation with the definition of a function

Py(q,0) = ;d)k(q,w;lﬂ, (4.23)

which is isotropic and may be regarded as a Fourier transform of the “Z-component” of the
averaged intensity excited at »' at /=0. The anisotropic properties of the average intensity

can be described by the “correlation current” J(g,w)
J{qw) = ; (k-q) ,(q.0:E) . (4.24)

The next step is to derive a system of equations which would relate these two functions and
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then solve for P,. After integration of Eq. (4.2) and application of the WI in the form of

Eq. (4.5) we obtain the continuity equation,
B0y e s B2 [ 4000 = - 12 425
2 f AU S 4, 47!.‘ (4.25)

where we have used that [,AG, = - ik,/27. In order to deal with the integral on the left
hand side of Eq. (4.25) we can make use of the diffusion approximation (g-0) and expand

D,(q,w;L) to the first order of q

®,(q.0iE) = AG,0,0)[4, + (k) B,]. (4.26)

Integration of Eq. (4.26) with respect to k yields the “isotropic” coefficient 4,. Multiplying
both sides of Eq. (4.26) by (k°¢) and then integrating with respect to k gives the

“anisotropic” coefficient B,

4, = 2 AG(0,0)P, ;
kO
4.27)
2ni| 3kq
B, = k_[ P )AGk(O,O)JE.
Combining Eqgs. (4.26) with Eq. (4.27) gives
27 .
D, (q.0:E) = ZELAG(0,0){P, + 3’”’JE : (4.28)
ko k2q2

Substituting Eq. (4.28) back into Eq. (4.25) and expanding all terms in powers of w and ¢
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up to the lowest order, we find the continuity equation
Lw 0
-—|l+a(l)|P, = ~—.
> [1+a®)] Py = - (4.29)

where the function a(£) is defined in Eq. (4.10). We now have to derive an equation for the
current J;. We multiply Eq. (4.2) by k+q and integrate it with respect to & using the relation

(4.28) to obtain

6“’ fk , (ke ")(" D 4, 1(0,0) AG, (0,0) =

(4.30)
P, {%k: 2 2 f [, (k0) Uy (.0)AG,(0,0) }
The second term in the right hand side of Eq. (4.30) is important for the calculations of the
diffusion constant. It has been concluded by the Amsterdam Group [38,39] and
Barabanenkov and Ozrin [42] that after application of the generalized W1 in Eq. (4.30) this
term is exactly equal to zero. Ifit would have the form [, [ (k-q)U;(q,0)AG,(q,0) the
statement made in Refs. [38,39,42] would be correct. It is, however, impossible to use W1
in the second term of the right hand side of the Eq. (4.30) due to appearance of AG,(0,0)
instead of AG,(q,0) init. Instead, one can expand Uj,.(q,0) up to the lowest power of ¢
and then solve Eqs. (4.29) and (4.30) for P,

p = c? 1
E 7 4me [1+a(E)] =i 2
,, -iw +Dgq

(4.31)
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where the diffusion coefficient has the form

_nlc)1+A®
D -Do[c—p) Trad) (4.32)

and the bare diffusion constant D, is given by

k' &
D, = %cp{i_o’; L ,K,",‘,(O,O)AGk(O,O)AGk,(O,O)W[1 _5,(‘,‘,]} @)

The expression in curly brackets in Eq. (4.33) represents a conventional transport mean free

path 0. A(X) is an additional correction to the diffusion constant. It can be written as

3m N (k- ,,)[ aUkk'(" ) o q]AG €0,0). (4.34)
k' g q

After taking the partial derivative in Eq. (4.34) and performing integration with respect to
k’ we find that Eq. (4.32) exactly coincides with Eq. (4.18) of the previous section. It,
therefore, proves that Eq. §4.32) represents the most general expression for the diffusion
constant of classical waves. The interpretation of the Eq. (4.32) is transparent enough, The
diffusion coefficient for any kind of medium and waves can be expressed as D = v,{/3,
where { is a general form of a transport mean free path, different from the conventional ¢,
given by Eq. (4.33). Lagendijk and van Tiggelen [38,39,45,46] have shown that the speed

vy in the case of classical waves is equal to
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_c?r 1
vi(E) = —c; Tral)’ (4.35)
Than the correction A(L),
wE) = u[1+A@)], (4.36)

provides a renormalization of the transport of classical waves. Using low density limit in

the form of Eqs. (4.19) in Eq. (4.32) we find

D = Dy[1+(A®) -aE))],

oRet i
AE) = bk n—={ (1 +p)K (k .k
(B) = n—henr (LK (k)

; n’ 4.37)

JdRef
ki y AG,‘/|I,",‘/|2
o

oL?

a(bk’k/
oE?

alk) = n

In order to compare Eq. (4.37) with previously obtained results the exact expression for

the nondiagonal off-shell /-matrix must be known. The details of the calculation of #;,. for

the case of scalar waves are given in the next section.

4.4 Calculation of the off-shell ~matrix

In order to calculate a nondiagonal off-shell transition or s-matrix for a single

scatterer we will utilize the general formalism developed in Refs. [59,60]. We introduce the
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retarded and advanced Green functions $*(r,r') for a problem of scattering from a single

scatterer that satisfy the differential equations

(V28 8 oualrir) = 8(r-r") (438)

outside the single scatterer, and

[V M8 |85 e = 8(r-r") (4.39)

inside the scatterer of average index of refraction M. Eqgs. (4.38) and (4.39) should be

supplemented by boundary conditions that for permeable scatterers have the following form

Skousidelanface = Seinsae| '
E.outside | surface E.insidel surface

N N (4.40)
aSE.oulside ' _ agE,inside

surface ~ lsurﬁzce .
or or

The equation that defines a transition matrix for a single scatterer can be written in a wave-

number representation as

Sk’ = Splheh’y + Spolhk Y, AB) S olhk ") . (4.41)
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with the matrix elements of the free space Green operator S, given in the wave-number

representation by

Snotk’) = [E-k2] "8k -k") . (4.42)

Then the desired matrix elements are found to be

L KE*) = [S5o) 17 Sk k) [0k N1 - 8(k - k") [ So(k)] . (4.43)

In order to calculate the full Green function $ ;* (k,k’) it is convenient to solve for §;*(r,k’)

which satisfies the following differential equations

(72482 | i Ky = €%, (4.44)

(V2 + M2E 8% i K) = €', (4.45)

with the boundary conditions given by Eqs. (4.41) and then perform the Fourier transform
with respect to the remaining space variable. For a dielectric sphere of the index of

refraction M and radius a one obtains after lengthy but straightforward calculations,
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4na?j(|k-k'))(1-MHE 4ma?(M?-1)E2
2 * SE"’(k) 2 2
|k_k/| (Mzgi-"k,z) (Mzgi—kﬂ)(Mzgi—kz)

1 AE®) = Szo(k)

5 211y COROEQ) i k) hi” €.2)

. (%) . ) P I(COSO) [majlﬂ(Mgia)jl(ka) -
! Mj I'(nga) h (E;L_a) =J ,(ME*a)h, ’(Eia)

(4.46)

4ra(M2-1)E} Mj(ka)j,' (ME,a) -j,' (ka)j (ME a)
(MPE2-k®) T Mj;(ME,a)h{(E,a) -j(ME,a) (" (E,a)

kj[(mia)/.m(ka)] +

(21+1) P (cosB) [E,h7)E, a)i (ka) - kh D ), (ka)],

where j (x) are spherical Bessel functions of the /th order, 4™ (x) and 4 (x) are spherical
Neumann functions of the first and second kind respectively, P{u) is the Legendre
polynomial of the /th order and j,'(x) = d j{x)/dx. 1t worthwhile to mention that when the
on-shell limit is used in Eq. (4.46) the well-known result of Ref. [58] for scalar Mie

scatterers is obtained.

4.5 Diffusion constant for scalar waves

After performing the angular averaging in Eq. (4.37) we obtain with the help of Eq.

(4.46) the expressions for A(x) and a(x) for the case of scalar waves
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A(x) = -2 ‘—L{i 4(I+1)*Im{b,.,(x)b(x)} - i: (21+1)[xReb (x)
2x? |0 1-0

J,(2xsin6/2)

(Pw)(1+p) ——

), + ImB/(x) + Im{B, (x)b(x)}] +
g (I+1)Im{B,, ()b, (x) + B,(x)b;,, ()} }', (4.47)

a() = -1 -i{fj @I+ ImA ) + == (20+1)[Reb () 1mA (x) -
2x% | o x2 150

Red () Imb(x)| +33?§o: (21+1)Reb ) (P costy 1502 Y }

sin0/2

where R is the radius of the scatterer and x=AR is the size parameter. The coefficients 4,

and B, are defined as

3b(x.y)
oy

Afx) = e = B0 [k () +xB )Y, 00) -

(1R ) - IO, 0],
(4.48)

cb ; .
Bx) = %lm - ib,(x) [xh} e (x) +xh{)0c, () -

(10,00 - 10N 0],
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The function b(x,y) is given by

_ My My)j(x) -jMy)j) (%)
bl(xxy ) - - ® - ®) ’
M M)Yh =) ~j My O)

(4.49)

and can be recognized as a Van de Hulst coefficient for the TE mode of the vector Mie
sphere [58] for y =x. Below, we attempt a numerical comparison between Egs. (4.47-
4.49) and the previously obtained results [38,39] for the scattering by scalar Mie spheres.
We would like to mention, that our results are also valid for acoustic waves in the
hydrodynamic media considered in Ref. [40] for the case when M = z, where z is an
impedance. Finally, we present calculations of the corrections to D with the on-shell
transfer matrix, n.ecessary for the numerical comparison.

The on-shell scattering matrix for the scalar waves can be expressed in terms of the

phase shift §, in the following form,

b AE) = %Z,: @+1)Pw]e*® -1]= %; @I+)PWB (%), (4.50)

After performing the angular averaging in Egs. (4.37) we obtain the expressions for A(x)

and a(x) for the case of on-shell -matrix,
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Ax) = 3 Y 4(@+1)sind,sind,, , sin(,,, -5 -I—E (21+1)sin26, +
x3 im0 20
- d6,(x) B,
:EO e cos’(6,-8,,,) (, 4.51)

1() 1 « e
a(x) = —2;—{ Z Ql+1) —— 2% @/ 1)sm26,}.

important for further compafison.

Three corrections to the diffusion constant, a(x), obtained by the Amsterdam group
[38,39], A(x) and total correction A(x)-a(x), are shown in Figs. 4.1 through 4.3. Itis
important to point out that Eqs. (4.51) utilizing the on-shell -matrix has been used in the
evaluation of both a(x) [38,39] and A(x) [40], whereas Egs. (4.47), implementing the off-
shell /-matrix, has been employed in the evaluation of our correction. To make a thorough
comparison between different corrections, the results in Figs. 4.1- 4.3 have been plotted
not only for the same value of M = 2,73 (Fig. 4.3) as in the Refs. [38,39], but also for M =
1.5 (Fig. 4.1)and M =2 (Fig. 4.2). The later choice is rather arbitrary and is only based
on the fact that for M > 2 all three corrections exhibit strongly resonant behavior that makes
a detailed comparison between different corrections difficult. On the other hand, one would
expect that for values of M < 2 Mie resonances to be washed out that can be seen in Fig.
4.1. It is evident from the figures that despite the similarities in the vicinity of the principal
Mie resonances at x = 1, 1.5, 2, 2.5, 3, 3.5, 4 and 4.5, our correction exhibits different

functional behavior than previously known, Moreover, the magnitude of our correction for
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the principal Mie resonances is much larger than the magnitude of both a(x) and A(x). For
example, for the forth Mie resonance located at x =2 (A = 2.73) the magnitude of our
correction is of the order of 700, whereas the magnitude of a(x) is of the order of 500.

The importance of the off-shell approximation is demonstrated in Figs. 4.4, 4.5 and
4.6 where we have plotted our correction calculated with the help of on-shell (thin line) and
off-shell (thick line) z-matricies for the same values of M as in Figs. 4.1-4.3. The changes
caused by the off-shell approximation for the transfer matrix are significant for all values of
x and for all three indices of refraction. This effect can be attributed to the specific structure
of the derivative of b(k,E) with respect to & involved in A(x) in contrast to db(k,E)/0E at
constant £ involved in a(x). The energy derivative contains differentiation of both
numerator and denominator of the Van de Hulst coefficient and, therefore, is proportional
to db(x)/ox, which leads to sharp resonances in a(x). The derivative with respect to &
involves only the numerator of 5(4,£) and, it can be shown, it is proportional to 5(x).
Magpnitudes of the resonances in b,(x) are much smaller than in b/x)/0x for M > 2 (both
terms can be of the same order for M < 2) and they are much less sensitive to the value of
the index of refraction. In the case of the on-shell approximation, however, A(x) depends
on db(x)/ox and, therefore, exhibits as strong resonances as those of a(x). As a result, the
functional behavior of the total correction to D, a(x) + A(x), is significantly altered.
Another proof of the importance of the off-shell approximation for the transfer matrix over
the on-shell one is given in the next section where resonances in the presence of absorption

are considered.
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4.6 Resonances in the presence of absorption

In the previous section we have shown that when the microstructure of the medium
is taken into account [38-47], the diffusion constant D becomes a function of the wave
vector k of an incident wave and it exhibits a strong resonant structure for a wide range of
values of &, if scatterers of finite size are considered. The distinctive feature of D as a
function of k, worth to be noted here, is that the renormalized diffusion constant is smaller
than D, for all values of the wave vector. In the present section we study resonant
behavior of the diffusion constant when absorption, which can be described by the
imaginary part M, of the complex index of refraction M = M, -iM,, is present in the medium.
We find that the functional dependence of the diffusion constant on & is notably altered by
even weak absorption. Moreover, we show that changes in D caused by absorption are
very different depending which transfer matrix is used in calculations. In the case of the off-
shell approximation we discover that even though absorption changes the structure of the
resonances, the value of the renormalized diffusion constant is always less than D,. This is
in agreement with our intuitive understanding of the physics of this phenomena. An
application of the on-shell transfer matrix leads to the fundamentally incorrect results. For
example, we obtain a noticeable increase in the diffusion constant for scalar classical waves,
which may become larger than D, for certain values of the wave vector even for very weak
absorption. These results, therefore, strongly support the conclusion made in the previous
chapter that the off-shell approximation should be used in the evaluation of resonant

corrections to the diffusion constant,
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The diffusion constant of classical waves propagating in a medium with randomly
distributed spherical dielectric (Mie) scatterers of radius R (the value of R = 1 cm is used
throughout calculations) is given by Eq. (4.37). To speed up calculations it is convenient to
express the on-shell renormalization function a(x) in the presence of absorption through the

absorption cross section o,

(4.52)

T Mk M,

rather then use it in the form given by Eqgs. (4.51). The case of zero absorption, discussed
in Refs. [38,39,41,42], can be obtained from Egs. (4.52) by taking a limit M/~0. We are
going to study Eqs. (4.44) together with Eq. (4.48) and (4.49) numerically. The range of
values of M, which can be used in calculations is, however, limited. Egs. (4.37) for the
diffusion constant are obtained within the diffusion approximation which implies that ¢,/¢, «
1, where 0, = 2MMk,)", otherwise the conventional diffusion would break down. As a
result, we obtain a condition on M, written in our conventions as M, « R/(2M,0;x). The
minor inconvenience hidden here is that the transport mean free path itself is a function of a
size parameter. Thus, for different values of x we obtain different values of M, satisfying the
validity condition. A possible solution is to use the fact that the scattering mean free path is
not changed significantly by absorption and to plot the whole condition R/(2M (,x) as a
function of x for M = M, and then use its largest value to find the range of valid values of

M, In order to be able to make a comparison with previously obtained results [4-7,9] we
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use M, =2.73 in the evaluations. From the plot shown in Fig. 4.7 it is clear that the value
of M, = 0.005 would cover the whole range of the size parameter values 0 < x < 5. Our
goals are not, however, limited by the plain study of the effect of absorption on resonances.
A proof of necessity of the off-shell approximation for the #-matrix is an equally important
issue. For this reason we are going to show our results for both approximations.

We plot the on-shell and off-shell versions of the total correction to the diffusion
constant, given in the case of low density by (D-D,)/ D, = -a(x)+A(x), in Figs. 4.8 and 4.9
respectively for the relative index of refraction M = 2,73 - i0.005 (thick lines). The figures
also show the corresponding correction in the absence of absorption M = 2,73 (thin lines).
We would like to stress here that we consider very weak absorption and even in this case
we find significant changes in the corrections to the diffusion constant. The profound
difference between two approximations for 7-matrix can be seen from these graphs. The
most stricking changes occur in the on-shell correction: it becomes positive at values of the
size parameter x = 2, 2.5, 3, 3.5, 4, 4.5 and 5, which correspond to the principal Mie
resonances. On the other hand, even such weak absorption substantially washes resonances
in the off-shell version of the total correction, which, however, remains negative for the
whole range of values of the size parameter. In order to understand which correction leads
to these changes we will look at properties of a(x) and A(x) separately.

We plot the on-shell version of the correction a(x) in Fig. 4.10 and the off-shell
version of a(x) in Fig. 4.11 for M = 2,73 - i0.005 (thick lines) and M = 2,73 (thin lines).
Even weak absorption decreases the magnitude of resonances at least by 10+25 times, On

the other hand the value of a(x) remains positive definite in agreement with the statement of
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Ref. [7] that the quantity k,’a(E) represents positive definite “potential energy” inside the
scatterers.

The effect of absorption on the on-shell (Fig. 4.12) and off-shell (Fig. 4.13) versions
of the correction A(x) is different. A special attention has to be paid to the off-shell version
of A(x) in the absence of absorption. 1t is positive for the wide range of values of x, thus
leading to the growth of the transport mean free path. These changes occur in the vicinity
of the first five principal Mie resonances located at values of x = 1, 1.5, 2, 2.5 and 3.
These peculiarities can be understood if we look at properties of Mie resonances. The
transport mean free path given by Eq. (4.33) can be rewritten in its traditional form ¢, =
0/(1-<w>). It is known that in the vicinity of principal Mie resonances scattering is primarily
in the forward direction [58]. Thus, the average cosine of the scattering angle increases
leading, therefore, to the growth of the transport mean free path. Analogous features can
not be found in the on-shell version of A(x). It is always negative and it basically replicates
features of a(x) shown by a thin line in Fig, 4.10. When absorption is introduced in the
medium, resonances are washed out in the case of the off-shell version of A(x), which
becomes now negative for values of x = 2.5 and 3. The functional behavior of the on-shell
version of A(x) is altered much more seriously. It becomes positive due to inversion of the
principal Mie resonances that is shown in Fig. 4.12, while the rest of it is hardly affected by
absorption.

Let us return to the total correction to the diffusion constant, In the on-shell
approximation absorption “stimulates” diffusion since the renormalized value of DD becomes

greater than D,. This result, however, can be hardly justified physically. Contrary, the
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growth of the transport mean free path in the case of the off-shell #-matrix is not strong
enough to stimulate diffusion in the medium, since A(x) is always less than a(x). Even in
the presence of absorption, when a(x) is strongly decreased, A(x) is decreased as well, thus
keeping the total correction to D negative. It, therefore, supports our suggestion that it is
incorrect to use the on-shell ~-matrix in the evaluation of the diffusion constant.

We can summarize here that absorption leads to serious changes in the resonant
corrections to the diffusion constant. In addition, we show that an application of the on-
shell transfer matrix to resonances éan lead to erroneous results. It is shown in the present
section that one of these results is the possible growth of the diffusion constant in the
presence of absorption. It signifies the fundamental importance of the off-shell

approximation for the evaluation of the resonant corrections to the diffusion constant.

4.7 Correction to selfconsistent theory of localization of classical waves

In the present section we study the effect of microstructure on the weak localization
of classical waves. The mechanism responsible for this phenomenon is the constructive
interference in the backscattering direction between the wave following one of the
scattering paths and another wave following the time-reversed path. It results in a higher
probability for the wave to be scattered in the backward direction effectively reducing the
diffusion constant. The mathematical formalism of this effect for electrons developed by

Vollhard and Wolfe [47] has been later applied for classical waves by many authors [48-51].
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It was suggested, that in the presence of time-reversed symmetry the Boltzman
approximation for BS equation is an oversimplification. According to this approximation,
the irreducible vertex K, in the BS equation which describes wave coupling can be
represented by a series of so-called "ladder" diagrams. To include more terms in K},
Vollhard and Wolfe identified "maximally crossed" diagrams as the dominant higher order
contribution to the irreducible vertex that also correspond physically to the coherent
backscattering effect. It has been already discussed in the Introduction that considerations
used for Shrodinger particles can be in general applied for classical waves. As a result, the
condition for calculating localization phase diagrams can be obtained and scaling behavior
near the mobility edge can be studied. However, in all previous studies the application of
the electronic theory of weak localization was extended too far for classical waves, when
electronic W1 was directly applied for them. The W1 for classical waves is different. Upon
substitution into the BS equation it leads to additional renormalization of the diffusion
constant. In the present section we intend to apply this approach to the problem of weak
localization of classical waves.

As we have mentioned, in order to study the diffusion constant in the vicinity of the
localizatibn transition we have to substitute in the Eqs. (4.32-34) the following form of the

four point vertex

Ky dq.w) = K. (q.0) + K,/ (q.0) , (4.53)
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where the Boltzman part K}, ”’(¢,0) is the result of the summation of the "ladder" diagrams
and the contribution of the "maximally crossed" diagrams is represented by K,,M(q,w). A
major disadvantage of the expression for D in the form of Eq. (4.32) is that it involves
partial derivatives of K with respect & which can be hardly evaluated analytically. The
diffusion coefficient can, however, be successfully modified to the form without derivatives
of the four point vertex. For this purpose we shall use the same procedure as in the third
section of this chapter. Our primary goal is to obtain an equation for the current .J,. different

from Eq. (4.30). We start from the alternative form of the BS equation

® (a.0:E) = G. (0.0)G, (0.0 +G. (0.0G. (a.0) [ K,. {a.0VDP. {a.@:E) . 14 can
D (0.0:E) = Gy (4:0) G, (4,0) + Gy, (4,0)G,, (q,0) fk KA, 0) P Aq.0E) . (4.54)

Next, we multiply Eq. (4.54) by the factor (k-q) and integrate it with respect to & while

using Eq. (4.28) to obtain

_ 27” k'kl 2 _
JE{I T fk fk /k_ﬂ|G,‘(o,0)| Kkk,(0,0)AGk/(0,0)}—

4mi £ ooz S0 o 5 8%(00)
=5 kP [, 23] A0 00 +GOOF — 5= + G/ OON — |- “455)
0

kk! 9ReG(0,0)
f,,f,,, X |G,(0,0)|2K,, 1(0,0) ——2—~>=1 .

ok?

.
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We solve Egs. (4.29) and (4.55) for P,; and, therefore, for D

k2
L fk -Z-EAG,‘Z(O,O)+B(E)
(4

D(E) = — : ,
3c (1 +a(k)) k,
? — - 0(F)

an

(4.56)

3ReG,(0,0)
2 b

BE) = [Re(GFO, 02200, , [ f B 6,0,0/2K,,(0,0)

o) = [ f Kk |6,(0.0) K,y 40,0 ImG,0,0)

The presence of the term B(L) in the numerator of Eq. (4.56) is completely due to the
application of the WI for classical waves. We shall perform evaluations in Eq. (4.56) using
the Lloyd model [64] which presumes that the self energy is independent of the momentum.

To proceed further, let us define a complex &* = Ak +i / 20 such that

1 1
G,(0,0) = - .
k (k 0)2 _ k2 koz _ k2 _ Ek (457)

Eq. (4.57) leads to the following relations

Re(k*)? = Ak? -Tla? = k2 -ReZ, ;

(4.58)

Im(k*)? = -401{- = -ImZ, .
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In the previous sections of the present chapter we have used that Akl » 1. Under this
condition AK* = (k')* = k,* - ReX , and we have been able to apply the on-shell
approximation for AG,(0,0). However, the possibility that Ak? = 1 is now to be taken into

account. Under this condition AG,(0,0) takes the form

~2iy 2

AG0,0) = ,
(,Y2 - 1/4 _k2c2)2 +.Y2

(4.59)

where y = Ak(l. The contribution into the four point vertex due to the summation of the

maximally crossed diagrams can be found to have the following form in our notations

2
vie, 1

KM(0,0) = .
. 2n2k2et DEE) | k+k'|?

(4.60)

where the diffusion constant in the Boltzman representation D?(E) is given by Eq. (4.32).
An important step allowing one to extend the Green function formalism from the weak
scattering regime to the regime of strong scattering is to replace D”(E) in the Eq. (4.60) by

the renormalized diffusion constant, D([5)

e, 1 |
2n2k20t DE) |k +k'|?

K,;£0,0) = 4.61)
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This has the effect of making the theory selfconsistent as first proposed by Vollhard and
Wolffle [55]. Performing integrations in Eqs. (4.56) with the help of Egs. (4.59, 61) and

K" given in previous chapter we obtain the self-consistency equation for the diffusion

coefficient
- 4nylrc, ME)
8 1 3k002DB
D(E) = DEE) : (4.62)
c? u 2yl .
1+—2a &L 1- - BM(E)
¢, ko 02
with
2
ah@ = — ot
21k, 02 (y? -1/4) D(E)
A c, Ak 1 (Y2 -1/4)'?
P = —— , (4.63)
4n’ky y D(E)
BME) = - ¢, Ak (v -1/4)'? ’

2k 0D(E)

where Ak, is a cutoff momentum. In the vicinity of the localization transition where D tends

to go to zero value the selfconsistency equation takes the form

an YE _

R— (4.64)
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Here I, stands for the mobility edge. The presence of y* in the numerator of Eq. (4.60)
makes it different from previously known results [47-51] where the first power of y was
obtained in the selfconsistency equation. The latter is wholly due to an application of the

correct W1 for classical waves in calculations of the diffusion coefficient.

4.8 Conclusion

In conclusion we have calculated the general expression for the renormalization of
the diffusion coefficient for classical waves propagating in the random medium with
microstructural resonances. The low density limit together with off-shell approximation for
a scattering /-matrix have been applied for estimations of the diffusion constant. We find
that the functional behavior of the renormalization terms is altered comparing to results
obtained by other authors where the on-shell matrix was implemented. An important
question is a possible comparison of the obtained results with experimental data (see, for
example, Ref. 57). However, the comparison of our results with an experiment is limited
by the low-density approximation used in calculations. When propagation occurs in a
medium with a high relative index of refraction both renormalization terms can become very
large (see Figs. 4.7 and 4.8) thus requiring low enough densities to provide the condition
ID - D/D, « 1 to insure the applicability of the low-density approximation. However, the
filling fractions used in experiment range from 15% to 35% that are not enough to satisfy
the low density approximation in the vicinity of resonances. Thus, the Eq. (4.32) cannot be

used for the direct comparison between theory and experiment that is possible only if the
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account for higher powers in density of scatterers is made. We also observe that the
functional behavior of the diffusion constant on the wave vector changes in the presence of
absorption. Moreover, absorption leads to the growth of the total correction to D when the
on-shell transfer matrix is used in evaluations. This erroneous result proves that the off-
shell #~-matrix should be used in calculations. Finally, we discuss corrections to the
selfconsistent theory of localization of classical waves arising due to the application of the
correct WI for classical waves. We find new selfconsistensy condition for the mobility edge

of classical waves.
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V. SUMMARY

In this thesis, we have presented a theoretical description of the propagation of
classical waves in random medium. An emphasis has been made on developing
theoretical approaches to the random media as close as possible to real systems. In order
to achieve this goal, we incorporated interfacial scattering into the diffusion model and
investigated the effect of the microstructure on the transport parameters of waves
propagating in the medium with and without absorption. We have demonstrated that the
internal reflection from the sample’s boundaries is important for providing good
quantitative agreement between theory and experiment. Furthermore, we have shown
that the diffusion theory with internal reflection incorporated into the boundary
conditions can quantitatively describe a broad array of independent optical and
microwave measurements including total transmission, surface intensity profiles and
transit time distributions. These results allow us to determine transport mean free path 0.
The account for internal reflection from the boundaries not only leads to a better
agreement between the theory and experiment, Strong reflection from the boundaries of
the sample can lead to significant changes in the such fundamental quantity underlying
wave propagation in the random medium as long-range correlations in intensity. In this
thesis, the long-range contribution to the spatial and spectral intensity-intensity
correlation functions in the presence of internal reflection is calculated. An additional
"surface" term in the long range correlation function, in which intensities are taken on the

sample surface, is found. In the case of weak reflection from the boundaries this term is
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small in comparison with known "volume" one and our results exactly coincide with
already known results. In the presence of strongly reflective boundaries the surface term
dominates and we obtain qualitatively different dependencies of the correlation functions
with respect to a frequency shift and a spatial separation.

The effect of the microstructure of the random medium and absorption on
transport parameters of classical waves including diffusion constant and transport mean
free path is also considered. The general expression for the renormalization of the
diffusion coefficient for classical waves propagating in the random medium with
scatterers of finite size is calculated. This result is valid for scatterers of any shape and
size. The diffusion constant is estimated in the low density limit for scalar waves
scattered by dielectric spheres. The off-shell scattering matrix required for calculations is
obtained for permeable Mie spheres. The renormalization terms show a resonant
structure with the functional behavior significantly different from the results obtained by
other authors where the on-shell matrix was implemented. The importance of the off-
shell approxiination for the evaluation of the diffusion constant is demonstrated. Such
drawback of the theory as the low density limit does not, however, allow a detailed
comparison between theory and experiment. We also show, that absorption may have a
surprisingly strong impact on the diffusion constant of scalar classical waves which may
become greater than its classical value D = c(,/3. We relate this effect to the increasing

of the resonant correction to the transport mean free path in the presence of absorption.
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V1. APPENDIX

Here we give definitions of functions K(x), /,(x) and J,(x) appearing in Eq. (3.21),
K@) = KUAP2(z,){[(1 + @222)? + 4B%2; |[cosh(2y, L) - cos(2y_L)]
+4(y% +¥7)z][cosh(2y, L) + cos(2y. L)] + 4|y, z, (1 +e22?) (A1)

+2[Py_z; |sinh(2y L) +4[y_z,(1 +a?2)) - 2%y, 2 Jsin(2y L) }

sinh(Qy.x ' inh[2(y, +a)x
inh(2y, )+_1_(1+a2202 sinh[2(y, +a)x]
2 4 Y, +o

A2

sinh[z(y;a)x]] [sinhz[(y++a)x] sinh’[(y;u)x]” B

+ +ez, - ;
Y.~ Y. toe Y,

[@=[1+( +v3)z§]{(1 ~oz;

+

inh’(y ¥ sinh?[ (. +o
Iz(x)=27+zo{(1-uzz°2 S 1 g2 [ ik (r, +0)x]
Y. 2 v, e

(A3)
, SnR’[(y, - @)x] |
Y.~ @&

1 [ sinh[2(y, +&)x] sinh[2(y, - a)x]
+—0z, -
2 Y, to Y, o
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L6 =[1+(r 4 )Zo]{(l o272y SIRAY %)

+

__(“ 2,2 [sinh[Z(Y++a)x-2aL]Lsinh[z(y*-a)x»,za[,]

Y, +e . (Ad)
1, cosh[2(y,+e)x-2eL] cosh[2(y,-o)x+2aL]
1o ) .
2 0 y++u Y+-a ’
2 -
4(x) 2y zo{(l az 2. sinh*(y, )+_(1 o2z 2 cosh[2(y, +o)x-2aL]
+ Y++“
(A5)

cosh[2(y,-a)x+2aL]
+

1 o sinh[2(y, +a)x-2aL] sinh[2(y,-a)x+2aL]
. — z —
2" Y.+ Y,-o

:

Y,~ @

sinh(2y,x)

L) = 1+(yi+y3)z:]{[(1+azz:)cosh(aL)+2az0sinh(aL)] >

+

o252 [sinh[(wa)x]cosh[(n+a>x-uL1
+ —(1 (A6)

Y, to

. sinh[(y, - a)x]cosh[(y, +a)x+oL]

Y.~




I(x)=2vy,z2, {[(1 + a2z02 )eosh(aL) +2az, sinh(aL)] 27

+

sinh[(y, +@)x]sinh[(y, +e)x-aL]

Y, ta

and functions ./(x) can be obtained from /(x) by substitution y, to -iy..

1 2.2
+—(1-0z
2( 0 [

, SinhI(y, - e)x]sinh((y, +o)x +al]

Y.- &

sinh(2y, x)
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