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SYMBOLS USED

a = radius of the plate

h = thickness of the plate

p = uniform normal pressure

p* = pa^/Eh^ = dimensionless pressure

u = radial displacement of points in the middle surface

w = normal displacement of points in the middle surface

vi* = w/h = dimensionless normal displacement

E = Young’s modulus

V = Poisson’s ratio; we choose V = .3

D = Eh-V 12(1-1^) = flexural rigidity of the plate

^ = radial stress function

^ = tangent to the angle of deflection

0- = radial membrane stress
2 2£T * = cr a /Eh = dimensionless radial membrane stress r r

0" = circumferential membrane stresse
2 2<T * = O' a /Eh = dimensionless circumferential membrane e e

stress

0*r ^ = radial bending stress 
2 2cr„ h* = ^  , a /Eh = dimensionless radial bending stress1 j D xj D

<7 . = circumferential bending stress
2 2g- , * = CT v,a /Eh = dimensionless circumferential bending@ , D 9  ̂ D

stress



I, Introduction

A theoretical analysis is presented for the elastic 

deflections and stresses of an initially flat complete 

circular plate with clamped edges under uniform normal 

pressure. The edge supports are assumed to clamp the plate in 

such a way that not only is the deflection assumed to he zero 

at the edge, hut rotation around the edge is also disallowed.

We also assume the fixed edge condition that no radial displ­

acement is allowed. We ignore the fact that under experimental 

conditions slippage might occur. The plate under consideration 

is initially, in its undeformed state, a circular disc of radius 

a and of thickness h « a  . Wo prior assumption is made ahout 

the ratio a/h although values in the literature commonly 

range from 100 to 200 . We shall see later that when all

the quantities are written in dimensionless terms, the results 

are independent of a/h . In fact, the only role a/h does 

play is in the question of whether the theory and the plate 

equations are valid for too small a/h .

The plate is presumed to be constructed of homogeneous 

isotropic material which is elastic in the sense that for 

deflections up to a certain range, the plate will return to its 

initial undeformed shape when the pressure is removed. Further­

more, it is assumed that within the elastic range for the 

material there is a subrange within which Hooke’s Law is valid, 

i.e. the strains are linear functions of the stresses.

The plane section through the undeformed plate parallel to 

the circular faces of the plate and midway between them will be



called the middle plane. If a cylindrical coordinate system is 

attached to the plate with origin at the center of and z-axis 

normal to the middle plane, then, in terms of the coordinates 

(r,e,z) , the edge of the plate will consist of the points

(a,e,z) , the upper and lower faces of the plate will be des­

cribed by z = i h/2 , and the middle plane by z = 0 .

The theory furthermore assumes that each line segment of 

length h normal to and bisected by the middle plane of the 

undeformed plate is mapped by the deformation isometrically 

onto a line segment of length h in such a way that the image

of the middle plane is the locus of the midpoints of the image

segments in question. This locus is called the raiddle surface 

of the deformed plate. Rigorously, a point (r,e,0 ) is mapped

onto a point (r+u,e,w) , where u is the radial displacement

and w is the vertical displacement. In the theory, w>^u , 

and we may think of w as the displacement normal to the 

undeformed middle surface. These assumptions are part of what 

is called the "Kirchhoff Hypotheses" in the literature. 

Comparisons of theoretical and experimental results for press­

ures in the so called "linear range" , where stresses and 

displacements are so small that the linearized equations give 

solutions negligibly different from the full non-linearized 

equations, i.e. for dimensionless pressures p* up to about 2 

and dimensionless deflections w* up to & small fraction of 

the thickness of the plate, suggest that the above hypotheses 

are reasonable in the linear range. We shall extend the theory 

to the non-linear range, and explore the mathematical implica-
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tions of the theory for dimensionless pressures up to ,

and for dimensionless deflections up to about 5 thicknesses. 

We will compare the results so obtained with known experimental 

and theoretical results which have been collected for values

We will find that the method outlined in this paper is 

not only simpler in principle than the method of power series 

of Way and the method of finite differences of Keller and Reiss, 

but the principle employed here can be used to solve many 

related problems. Equally significant, the solutions obtained 

by the methods of this paper can be decomposed into what we 

will call "modes” (see section III ) , in such a way that we 

can easily show how the different modes contribute to the def­

lection and stress results. This is a generalization of the 

method of superposition of solutions or Fourier type expansions 

of mathematical physics. Furthermore, the method outlined here 

permits us to impose all the boundary conditions at once, and, 

even the most advanced solution that we attempted did not 

involve more complicated systems than ten equations in ten 

unknowns. This is an obvious improvement over the two methods 

mentioned above. Finally, all the results referred to in this 

paper can be obtained with but a few minutes of computer time,

( see section XV ) .

p* as high as 2 .̂0, ( Levy [5] , Way [l l] , Keller and Reiss



II. Equations
The fundamental differential equations of Fbppl and 

von Kerman for the bending of a circular plate are given by 
Vol'mir [lo) , p. 180 , in the fora:

I. g V 2 V 2w » H(w,5 ) + g

II. g V2V 2I  « - \ H(w,w)

shore Vz is the Laplacian, which we will write in polar 
form, and the operator H is given by:

gf. ii = ifi f 121 * l 2fi i * f 1 aa * i 2f» ) afi _
’ % r 2 r ar r2 a.2 r 3r r2 a.2 ar2

* ar ' r 3e ' 5r v r 3e y 
where w is the vertical displacement, 31 is the so called 
stress function,, E is Young's modulus, v is Poiseon's
ratio, D a Eh^ / 12( 1 - v2 ) , and p is the pressure.

When assuming aslsyametry there is no e dependence, so
that |g , |I * o , and the partial derivatives become

ordinary derivatives. The operator H then takes the form:

If we insert H in this form into Equations I and II
2and write the Laplacian V in polar form, then, if we also

choose p to be constant as we assume in this paper, Equa-1
tlons I and II can each be integrated once. We obtain:



where and are constants of integration. Thus we

obtain a system of third order ordinary differential equations. 

The fact that the plate is complete, i.e. includes the origin 

r = 0 , permits us to assume the existence of , the
dltangent to the angle of deflection, and ^  , the radial

stress function, at r = 0 . The axisymmetry implies further

that ~  and 4^ must both be zero at r = 0 . Thus,dr dr *

If we now introduce the variables j0(r) = “ and

'f'(r) = h ~  , Equations III and IV take the form:

This pair of second order differential equations is now 

required to satisfy four boundary conditions which we impose as 

follows. For our case of a complete axisymmetric plate we may 

assume that the tangent plane to the deformed surface will be 

horizontal at the center of the plate. Thus we have:

If the radial membrane stress at the center of the plate,

<T (0) , is finite, the radial stress function, V-'(r) ,

defined to be the radial membrane stress multiplied by the 

radius, see (21) , ivill have value zero at the center of the

V.

VI.
r

(1 ) y9(0 ) = 0 .
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plate, i.e. at r = 0 . Thus we will have:

(2) f'(O) = 0 .

In the case that we are dealing with, namely the plate clamped 

at its edge, i.e. at r = a , we have the further condition 

that the angle of deflection at the edge must be zero, and 

thus its tangent p will be zero too. Thus, at r = a :

(3) f (a) = 0 .
Finally, we impose the condition that for a fixed edge, the 

radial displacement, u(a) , must be zero. The radial 

displacement is given by Vol'mir [loj , p. 177, as follows:

u(r) = r E ( V* (r) - ^ r) ) / h .

We can thus impose the fourth boundary condition as follows:

W  V7' (a) - ?P(a) = 0 .ot

Equations V and VI can also be derived from the work 

of Reissner [Vj > hy neglecting terms of order higher than 

the third and appropriate change of variables, and indeed, 

the notation in them is his.
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III. Method of Solution

The advantage of writing Equations I and II in the 

form V and VT , is now readily apparent. Appearing on the 

left sides of both Equations V and VI is the Bessel 

operator of index one. Thus, if we write:

L(x) = + i 42 1 x
dr r dr r2

for the Bessel operator of index one, we find that the 

Equations V and VI can be written in the form:

0VII. D L(/>) - i pr =

VIII. L (¥0 + ~  /32 = 0

From the theory of Bessel functions ( cf. Churchill [l] ) we

2 2know that if X = J^(Ar) then L(X) = -X X , where X can 
be called the formal eigenvalue associated with the formal 

eigenfunction X
The boundary condition (3 ) of section II suggests 

as a tentative choice:

(3 ) ^ = AJi(Xr)

where

(6) J 1 (Aa ) = 0 .

We could then also choose to set:

(7) ^  m BJ1 (Ar) .

It is known that there is a sequence of positive real 

numbers 0 < k1 < k <.....< k^ < ... tending to infinity,

such that A = kn , n = 1 , . . .  , satisfies (6) . It is
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furthermore known that J,(k r) , n = 1 , . . .  , form aI IX

complete orthonormal set on the interval [0 , 3  with respect

to the weight function r

It is clear that (5) and (7 ) cannot be made to satisfy 

the differential equations VII and VIII . However, the 

completeness of the above set implies that the solution funct­

ions p and V' , which are assumed to exist, can each be 

expanded in infinite series of these Bessel functions with 

undetermined coefficients, namely:

where the coefficients are determined in the Fourier-Bessel 

manner, namely:

We reason as follows. If Equations VII and VIII have 

solutions, then these solutions could certainly be expanded 

in an infinite series of Bessel functions, since the set of 

Bessel functions is complete. We could assume therefore, that 

H and f are of the form given above, where the A^ and B^ 

are undetermined, and will be determined by the differential 

equations and the boundary conditions. Purely formally, one 

could find the An and the Bn as follows. Taking the above

and

and
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expansions for j3 and 9 and inserting them into Equations 

VII and VIII , we can then expand every term appearing in 

the resulting equations in a series of these same functions.

We obtain two infinite sets of equations which we proceed to 

set equal to zero. Alternatively, from the Bubnov-Galerkin 

point of view, we insert these expansions for f and V' into 

Equations VII and VIII , multiply each term of the result­

ing equations by rJ^(hr) and integrate from 0 to a , for 

each n , n = 1,.. .

Either way, we arrive at the same doubly infinite set of 

coupled quadratic equations for the A and the B . We note 

that Equation VIII allows us to eliminate the and we can

thus obtain a singly infinite set of cubic equations in the A^ .

Since there is no way that we cqn deal with the full 

infinite set of equations at once, vre shall modify our approach 

and adopt a slightly altered point of view. We will attempt to 

find approximate solutions for f$ and ^ in the form of finite 

series of Bessel functions, instead of the infinite series 

mentioned above, and obtain finite sets of equations in a 

finite number of variables, equations which may be viewed as 

truncations of the infinite set. A paper by Professor Rauch [8] , 

dealing with a similar problem, suggests just such a solution.

We will then attempt to solve these equations by numerical 

methods. It is our hope, ultimately borne out, that these 

functions ji and ^  in the form of these truncated series 

will yield approximations to the solution of the problem.

We note that the 8 and ^  so chosen, with finitely many
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terms, will immediately satisfy the boundary conditions (1) ,

(2 ) , and (3 ) of section II , since each term of the

series does. However, (if) will not be satisfied for the above 

choice of ^ , since ^ (a) is not zero. Fortunately however,

there is yet another eigenfunction that satisfies Bessel's 

equation of index one, corresponding to the eigenvalue zero, 

namely the function X = r . Therefore, if we amend H* and 

write ¥ as the sum:

(3 ) = B0r + l “=, BnJ,(knr)

and take for j5 :

(9) Z5 = 1 A J. (k r)I *-n=1 n 1 n

then, not only will these p  and ^  satisfy the boundary

conditions (1) , (2) , and (3) , but they will also

satisfy U|.) if we require BQ + 2l̂ _i snJ1 ̂ lcna  ̂ “ vB0

to be zero, where the prime denotes derivative with respect to 

r . We therefore see that by choosing:

<10> B0 =  -*n=1 BnJX a) / ( 1 ' V)

we vri.ll have met all the above requirements.

Let us therefore take f  and ^ as in (8) and (9 ) 

above, and insert them into the left sides of Equations VII 

and VIII .

We obtain:
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» X L  <•*!;> V i (v >- <*L wv»< v +̂ L BnW» /r
+ pr / 2

and £L<-kn> wv> *a <*L w v »2 /2r •
Now, instead of attempting to set these expressions equal to 

zero in the above form, we will multiply each term of the above 

expressions by rJ^(kmr) , integrate from 0 to a , and set 

the resulting expressions equal to zero. This is the method of 

Bu bno v-Galerki n N  . We obtain:

IX. D jg rJ, < V ) I L  C-k2) AnJ, Cknr) dr

- Bo X S  rJ!(kmr)l L  Vl(V> dr
" l o  J 1 fn =1  BnJ 1 ^knr ^ n = 1  AnJ 1^knr  ̂ dr

+ ! 5 o r2ji(v ; dr

= 0

and

X- So rJ1 (k,«r) *L '-kn> Vi < V> dr
+ fSo  v v > ' £ L  w v ))2
= o

We observe that since ( of. Menzel p. 59 ) :

~  ( xn Jn(o<3c);)... - « x n Jn_1 (o(x) 

we will have
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(11 ) r2 ^ ( k ^ )  dr = a2 J2(\a) / .

Furthermore, from the orthogonality property of Bessel

functions, ( cf. Churchill ra p. 1 )  , we have:

where £ is the so called Kronecker delta and is defined by mn

These integrals can be calculated to any desired degree of 

accuracy by any of several numerical methods which will be 

discussed in section IV

It should be noted that when IT is greater than 1 , the 

integrals of the form (12) in which n £ m will all be zero. 

We will therefore find that Equations IX and X take the form

mn

We shall adopt the following notation:

XI. - D (kna)2( J2(kna) )2 An / 2

- B0 a2 ( J2(kna) )2 An / 2

-  E A  31 * *  W

+ P a2 J2(kna) / 2kn

1 m Jlmn

= 0
and
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XII. - Bn (kna)2 ( J2(kna) ^  ^ 2

+ Eh^ra=1 ̂ "1=1 A1 Am Îran ^ 2 

= 0

IT pairs of such equations in all, one pair for each n , 

n = 1, .. ,N

We note that Equation XII permits us to solve for each

of the B in terms of the A . In fact, for each n ,n n

(1/f) Bn = Ai Am Jimn / (kna) ( J2^kna  ̂ ^

Furthermore, given the facts ( cf. Churchill [Y] ) that

J I(V ) = kn { J0<knr> - W >  / v )

and

^0^kna  ̂ ~ ” ^Qv^a) 

and, J^k^a) = 0 , we will be able to write (10) as follows

0 5 ) B0 = I ”=1 Bn kn J2( V )  / ( 1 -V)

_Eh _ yN
i)

where we have introduced

Eh y N  r-N y N  . . * , Q
(k̂  a)( 1 -V) ̂ n=1 m=1 ̂ *1=1 A1 m Jlrnn / H

(’3a ’ h m n  = kl h m n  x W l(i^ x) dx

where

(16) x = k^ r 

and where Q = (k a)( ^(k^a) )

If we now introduce the new variables

(17) An = h An » n = 1 ’**’N
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and substitute (I/*) and (15) into Equation XI , replace

the flexural rigidity D by Eh''’ / 12(1 - T/2 ) , and then

multiply every term of the resulting expression by

2a2k^ / El/1/ J2 k̂na  ̂  ̂ * we oktain a single Get of cubic
*equations in the variables A^ , n = 1,..,N , of the 

following form:
* «-N r"W r-N * * * * ,2:11 • Vfc * bn£l=,£Ll£fe1 3llk Ai \ / =1

+ d I" ,Z? ,XH ,rf , j( 3*-, a* A* A.* / o,n >m= 1^1=1 x=1 k=1 Jlmn Jlxk m x k 1

= p*

one such equation for each n , n = 1 ,.. ,N , and where,

an = (kna)3( J2(kna) ) / ( 12 (1 " V ^ ) ) 

bn = (kna)( J2(kna) ) / ( (k.,a)(1 -V) )

°1 = ̂kla^  J2^kla  ̂ ^

dn = 2(kna) / ( ( J2(kna) )(kia)2 )

el = (kia)2( J2 (kla) )Z

and

(18) p* = paV®/* .
It should be noted that XIII is written in terms of the

■Kvariables A and the ratio a/h does not appear as a

parameter, so that in fact, the solutions of XIII will not

depend on the thickness of the plate.

There remains only to solve the system XIII of N
*equations in the N variables A^ . The computer method 

employed for the solution of this system will be outlined in 

section IV .
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Assuming that we have computed the coefficients A^ and 

, for n = 1 ,.. ,N , where N has been fixed previously, 

we can write down our approximate solutions (8) and (9)
We can furthermore proceed to calculate the approximate 
deflection of the plate at any point of radial distance r 

from the center of the plate, as well as the approximate 

stresses, both membrane and bending, for any fixed pressure 
p* . We will make use of the following information. Since the 

deflection at the edge of the plate is zero, in our case of the 
clamped edge, i.e. w(a) = 0 , we may write:

w(r) = w(r) - w(a)

where we have used (9) and (16) , and the last relationship

In particular then, the central deflection, i.e. at 

r = 0 , is given by:

dr

Thus we have:

(19)

k.j a

)
n

was taken from Menzel [jS] , p. 59
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( 2 0 )  17(0) = 5 s  ( 1 -  W 5 •
n

The membrane stresses, radial CT^ , and circumferential,

O' , are given by the following, ( cf. Vol'mir 0  o] p. 173 ) :

(21) <Tr(r) = f c) / hr
B~ ,T B J, (k r)— 2 + _ n  I n
h ^n=1 h r

(22) 0-6( r ) = ^ l

= T  J1 Cknr)

= T  + 2n=, H T  < W >  - V V > / V  )
where we have used (8) , the derivative j| is taken with
respect to r , and the last relationship was taken from 

Menzel jjs] , p. 59 •
These expressions (21) and (22) are valid except at 

r = 0 , where (0) = 0 , and we define ( 0 ) / 0  by means

of (25) .
The bending stresses, radial 0“ , , and circumferential,r, o

(f , , are calculated at the face of the plate where these6 j D

stresses are maximum, i.e. at z = h/2 . These can be found in 

Vol'mir ( G  Ol > PP* 173 and 189 ) in the following form:

(23) (T = ( ^  + V &  )K ■>} r,b ^2 dr r '

= 6 DhF ( Vl'(V ) + r̂ n=1AnJ1(V ) >
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6k1 D ,T k k— L_ ( r N 4 - S j  (_S x) _
, 2  ' • A n = 1  \ k ,  0  k ,  '
h  1 1

- < i - y >2 L i An V s ;  x) 7 x ;

We also have:

<2«  <r9,b = ^  c f + v ^ >

6ki! <* A !k j A  , +
2 *— n= 1 a k, Osk,

+ < 1 - y > ^ L l An J l‘iT x) / x >

h “ “1 “1
k _r
C1

where we have used (9) and (16) , the derivative of
is found as in (22) , and these expressions are valid for all
values of r between 0 and a except at x = k^r = 0 ,
namely at r = 0 , the center of the plate, where (0) / 0

must be defined by means of (2 5) .
As noted above, the stress functions are all undefined at 

the center of the plate because the expression (x) / x , 
which appears in each of the stress functions (21) through 
(2ij.) , approaches the limit zero over zero as x tends to 0 .
In order to evaluate this limit, we examine the power series 
representation of Bessel's function which is given ( cf,

Menzel [6] p. 56 ) in the form:

3 5t / \ x -xr , x. ,Ji (x) - p" “ -z + K — + ...
1 ^ 2 2! 2 2!3!

If we divide this power series, term by term, by x  , and 
take the limit of the resulting expression as x tends to 0 ,

we obtain the following:
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J1 ̂ k1 x) k kj x2
(25) limx^ 0 “ = lxmx_*.0  ̂2k1 " k3 2-3 2| + “

= 2 k 1 '

Returning to (19) and (21) , we may now define the

following dimensionless quantities:

(26) w*(r) = w(r) / h

-N ... JL
i -n

and

"£n=1 "£k a) An ( J0^knr) ” J0^kna  ̂ ^

(27) (Tr*(r) = tr,(r) a2 / Eh2

_ 1 VN T N .* * * / Q
" (1 -V) (k̂  a) ^m=l £-1=1 ̂ k=l 3mlk A1 Ak ' H

+ Z L I L I L  4 k  w >  aa  / (kir)Q2
where Q = (kma)( J2(kffla) ) .

Using (22) , we may also define:

(28) <T *(r) = <T(r) a2 / Eh2 © ©
i — Ttf *r~N * * * #

= (1-v)(kla)^m=1 ̂ 1=1 ̂ -k=1 3mlk A1 Ak ^ Q

r H  r N  J km , n * J1 (kmr )V_.* * */n2
+ Z m=i 2-1=1 Z k=i|ki 0 m “ k^r J  JBlk W ?

where again Q = (k a)( J^k^a)
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Using (23) , we may define:

(29) °rr % (r) = (fr,b(r) &2 7 Eh2

kia f TiT * ^ S= — hriX , A err Jn(̂  r) -
2(1-1^)i = 1 m

- (1-1/) X N t A* J,(k r) /k,r .y*-m=1 m 1 m 1 J

Finally, using (2£|.) , we may define:

(3°) <r8*b(r) = <r9jb(r) a2 / Eh2

& f m j, k 3.
_ ---. A Jn(k r) +2(1 l) )*• m k^a Ov m

* c - # i ,  v , v > /(ktr>} •
We can utilize (23) to write (29) and (30) in the

following simple form for the special case r = 0 , ( i.e. at

the center of the plate ) :

'3') <  < V >

(32) ,r9*b(o) = \  < V >

We furthermore note.the fact that at the center of the 

plate we have the following simple relationships between the 

stresses:

(33) <rr*( 0) = <re*( 0)
and

(3a) <rr*b(o) = o-9»b(0) .
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IV. Calculation.

Having set up the previous equations for the general case 

using N in (8) and (9) , we will now demonstrate how one
may carry out the computations. As an illustration, let us work

out the details for the particular case N = 1 . From (15)
we obtain:

BQ = Eh A2 j*n  / (1 - 2/)(k1a)2( J2(k.,a) )2 .

From (Ui-) we obtain:

B1 = Eh A2 / (k1a)2( J2(k^a) )2 .

We utilize these to write down, by means of (8) and (9) >
l& = A^J^Ck^r) and ^  = BQr + B^J^(k^r) , where BQ and B,j

are as above. We call this our "one mode solution" , where the 

definition of an "n-mode solution" is taken to be a solution 
of (8 ) and (9) where N = n .We note that the one mode 
solution is only a first approximation to the solution of 
Equations V and VI of section II . To refine the approx­
imation to the solution vrill involve taking a larger N . We 
note immediately a great advantage of this method, namely that 
we can refine our solutions as often as we wish, the only 
limitation being the consideration of time. We will find 
furthermore, that for a fixed p* , the A^ of an n-mode
solution will be reasonable guesses for the first n coef- 

*ficients A^ of the (n+1)-mode solution, and thus, it is a
fairly easy matter to go from an n-mode solution to an
tn+1 )-mode solution, (. see Table vi ) .

It remains now to solve the system XIII of N equations
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in the N variables A* , n = 1 ,.. ,N , for any fixed integer 

N .It soon becomes apparent that to deal with such a system, 
even with the aid of a desk calculator, is already a massive 

task for N = 3 » and becomes prohibitively complicated for

larger N . We are compelled to seek assistance from computer 
methods, which can, through the use of DO loops, very 
conveniently deal with summations of the type which we 

encounter in the system XIII

When N = 1 , the "system" XIII will consist of just
*one equation in the one unknown , which can be solved in

several ways, one of which, the Delta Method, is outlined below. 

When II is larger than 1 , there are again several methods

for solving .the system XIII , although some methods will
have drawbacks. For example, if we rewrite the system XIII , 
solving for the linear term in each equation, we obtain:

(35) A*(<1+1) _ p*/a _ b S, /a - d T _ ., /an n n likn n n milk n

for each n , n = 1,..,N , where a^ » bn » and dn are
as in XIII , and

_ _ yN y N  y W  * *(q) *(q) *(q) , w  T n
likn " ̂ -1=1 *-±=1 ̂ k=1 Jlik Ai \  n / (kla'(

and
_ yN jN y F  y N  * * A*(q)A*(qV (q)/ Q2mlik ^m=1 ^1=1 ^-i=1 ̂-k=1 Jlmn Jlik m i k  ' ^

p o pwhere Q = (k^a)‘“( J^Ck^a) ) , and where we have adopted

* ( Q } *the notation A  ̂ to mean the q-th iterate of A . Then, n n **(0)for a fixed value p* , we may choose initial values A ' ,
n = 1,..,F , which we insert into the right hand sides of
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(35) • We will obtain, on the left hand sides of (35) >

A*^  ̂ , n = 1 ,.. ,N , the first iterates of the A^ . We may
* (i )proceed to put these A^ back into the right hand sides of

* ( 2 )(35) } to find the , n = 1,.. ,N .We could continue
to iterate in this manner until we have met the convergence

criterion, , IA - A ^  £ where £ is chosen* *- n= 1 I n n ' *
small. It was found that this linear iteration scheme actually
works for p* < 5 > but fails to work reliably for larger p* .

Another linear iteration scheme that was tried had the form

A*(q+1) _ ( p* _ a A*U> - d T , ., ) / b Un x n n n mlik n lik
for every n , n = 1,..,N , where afl , b^ , dn , and

Tmlik are as in ^5) > and

“u k  I L ,  alik > •
This iteration scheme also met with but limited success.

A number of other iteration techniques were also attempted, 
and although some met with considerable success, none seemed to

work for all values of the parameter p* , and in particular,
*there was some difficulty in finding the A^ when p* had the 

intermediate values 9 ^ p* ^ 26 . This was judged a serious
setback, and we therefore turned to the investigation of what
is called the Newton-Jacobi Secant Method in the literature,

[7] , which we refer to as the Delta Method. To describe this 
method we introduce the following notation. We shall write

A^^ to mean the q-th iterate of the vector with the N
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components A*^q  ̂ , n = 1,..,N . Then, for the system of N

equ&tioilSj which we shall write as f ( A^q  ̂ ) = 0 , n = 1,»,N,

*  ( a )in the N unknowns > n ~ » we may aPply
Newton's method [2] to each equation separately where we 
consider the n-th equation as an equation in the n-th unknown,

A*^q  ̂ , i.e. f^( ) = 0 is an equation in the one
*  ( a )variable ^  • Furthermore, the secant vari­

ation uses difference quotients instead of derivatives; We 
observe that we do not use the full N-dimensional generaliza­
tion of Nev/ton's method which would involve the computation and 
inversion either of the Jacobian matrix or the finite difference 
approximation to it.

Thus, let us rewrite the system XIII in the form:

(36) fn ( A^q) ) = T1n + T2n + T3n - p*

for each n , n = 1,..,N , where

T1 = a A * ^n n n

T2 - b T 11 y N i* A*(q)AT(q)A*(q) / cT2n ~ n £ l=1 Z i=1Z k=1 Jlik Ai *k n ' C1
«p* - * Y N T W r N T N -i* i* A*Cq.)fl*Cq.) , pJn ~ n m=1 1=1 ̂ i=1 k=1 Jlmn 3lik in i \  ' el

where a , b , cn , d , and e. are given in XIIIn * n ’ 1 ' n * 1
Let us now hold all the components of the vector A^q  ̂fixed
except for the n-th component which we shall increment by a

small number a x  . We shall designate this new vector by

A^q  ̂ + a A^ , where AA^ represents the increment of the n-th
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component by ^x . We may now calculate, again using (36) ,

fn( + AAn ) . We can now form the quotient:

< fn< A,<q) + Aln ) - fn( At'q) ) ) / Ax ,

which we will designate by . The Delta Method then

*(a+1 ) *(0)calculates the next iterates A ^ from the A forn jj.
each n , n = 1 , . . ,N , by the following iterative scheme:

(37) A*(q+1) = A*(q) - fn( A^q) ) / (*fn/Ax )

* Ca)We continue to calculate the A  ̂ cyclically until we have 

met our convergence criterion, I Aa^q  ̂ - An^q ^  | ^ ^
_ 5By choosing ^ x  small, on the order of 10 , it was found

-X-
that the Delta Method was successful in finding the A , 
n = 1 , .. ,TI , for all integer values of the parameter p* in 

the range 0 ^ p* ^ AOO , and in fact the Delta Method seems 
to work for an unlimited range of the parameter p* . However, 
as mentioned earlier, for loads p* in the upper half of this 
range, the bending equations as set down in section II may 
no longer be valid, and there seems little point in pursuing 
the results for p* larger than Zj.00 . We may observe however,
that the deflection results, w* , and the stress results,
Cr* and CT * , for p* wp to about -2/fO are in excellent
T 0

agreement with experimental results when the A sire calculated 
by the 2nethod outlined above, ( see section V ) . A copy of 

the Fortran program used to find the A* by the Delta Method 

is included'after this discussion.



Several computational details are worthy of mention. 

Firstly, it will be noticed that all computation was carried 

out to double precision in Fortran, which, although most 

accurate, is slow and wasteful of computer time, and unneces­

sary once the Delta Method has been established as successful. 

For all practical purposes, no results need to be calculated 

to greater accuracy than three or four decimal places, and as 

such, single precision Fortran is sufficient.

A useful trick to speed convergence will be found on line
*

45 of the Fortran main program used to calculate the 

It was found that cutting the size of Ax in half every time 

before reentering the iterative loop, made the program drama­

tically more efficient, and thus cut the computing time and 

cost significantly. This is consistent with the Newton-Jacobi 

Method as described in the literature.

It should furthermore be mentioned that a number of stan­

dard acceleration techniques of numerical analysis, such as 

Ai tkcn's A ^  proc ess , were attempted to speed the conver­

gence of the Delta Method, but they did not meet with success.

With regard to the computation of the cubic integrals
*

^lmn * a COinPar^son of" methods of Simpson's Rule and. 
Gaussian Quadrature showed the latter method in every way- 

superior. We calculated the values of these integrals using 

Simpson's Rule with 10 , 2 0  , 50 , and 100 thousand

subdivisions and found very good agreement, that is, the 

100,000 subdivisions answer agreed to eight decimal places 

or better with the 50,000 subdivisions answer, and they



in turn were also in close agreement with the 10 and 20 

thousand subdivisions results. However, for a fraction of the 

computer time and cost, using the built in Gaussian Quadrature 

Fortran subprogram DQG32 , the best version of Gaussian Quad­

rature available on the IBM 370 at the present time, we were 

able to duplicate the results obtained by means of Simpson's

Rule with 100,000 subdivisions to ten decimal places. Thus,
*

whereas one of the integrals O^mn comPuted ^  means of 
Simpson's Rule with 100,000 subdivisions required about one 

minute of computer time on the IBM 370 , it could be computed

in about 0.01 minutes using DQG32 . In fact, using this 

method, it is possible to compute the 220 such integrals 

required for solutions up to ten modes in about two minutes. 

Also, for any one fixed value of p* , it is possible to 

calculate, by means of the program supplied in this paper, 

deflections and stresses, using a nine or ten mode solution, 

in about 13 seconds. These estimates are based on the use of 

double precision arithmetic in the Fortran programming. If 

single precision arithmetic is employed, the computation time 

should be more than halved.

Finally, we wish to point out, in order to evaluate 

J^(x) , n = 0,1 , for any argument x , a new computer

subroutine was written, as the package program to compute 

Bessel functions found in the IBM 370 was found to be inad­

equate with regard to precision. In fact, there was no double 

precision Bessel function in the machine at all. lhese new 

subprograms are called BJ0K1(x) and BJ1K1(x) respectively.
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1‘hese programs are accurate to at least ten decimal places,

( compare with the tables in Gray et. al. £3^ ) • These

programs calculate the value of Jn(x ) by means of its power

series representation for x smaller than 17 > and by means 

of an asymptotic expression ( cf. Gray et. al. |VJ ) , for 

x larger than 17



V. Discussion of Results

In lieu of a convergence proof for the method described 

in the previous sections, we'.Will examine the consistency of 

the results found by the application of these methods. We may 

note that the different central deflection curves, correspond­

ing to solutions with different number of modes, exhibit the 

following phenomenon. For all values p* , except for the 

values 9 p* ^ 26 , the one mode solution yields the high­

est deflection value among the solutions examined, and the two 

mode solution the lowest. The higher mode solutions all lie 

between these first two solutions and tend upwards towards the 

one mode solution, in the manner exhibited in Table i , so 

that we begin to suspect that the one mode solution is a good 

approximation to, or at least an upper bound for, the central 

deflection. For the entire range 0 ^ p* ^ 2i|0 the one mode 

solution differs from the nine mode solution in no case by 

more than 2^% . For 9 ^ p* ^ 26 , some of the higher mode

solutions yield slightly larger central deflection results than 

the one mode solution, but nowhere did they differ from the one 

mode solution by more than about two tenths of one percent. As 

far as the graphical sketching is concerned, the five, seven, 

and higher mode solutions are almost indistinguishable from 

each other for the entire range 0 ^ p* ^ 2l\-0 , and lie just

below the graph of the one mode solution.

As far as the deflection curves given for a fixed p* , 

we may note the following. Although the one mode solution is a 

good approximation to the central deflection it,is a poor



approximation at any other point of the plate. However, a 
quite reasonable approximation to the deflection at any point 
of the plate is given by the five mode solution, which seems 
to differ from the nine mode solution, the best solution that 
we calculated, by less than 1% for any p* in the region 
of primary interest, 0 ^ p* 4 240 .

The fact that the higher mode solutions seem to converge 
in this sense, points out anotherimajor advantage of using this 
method. As the evidence in the tables at the end of this 
section suggests, a nine mode solution is sufficient to predict 
deflection and membrane stress results for 0 ^ p* ^ 240 , and
a nine mode solution does not require an inordinate amount of 
work. In fact, as noted earlier, such solutions may be obtained 
with but several minutes of computer work.

Unfortunately, the bending stress results were not quite 
so definitive, and even a nine mode solution did not exhibit 
settled behavior for p* even as small as 25 • However,
there is every indication that the addition of more modes will 
yield more satisfactory results. For very small P* , such as 
p* = 5 , the nine mode solution did in fact yield quite
acceptable results even for the bending stresses. In any case, 
there is no serious setback, since the interested reader can 
certainly pursue the solutions (8) and (9) to as many 
modes as necessary, as mentioned earlier.

Comparisons have been made between our results and the 
earlier theoretical work and results of Way |j l] , who based 
his solutions on the method of power series, as well as with



the work of Keller and Reiss [jfJ , whose solutions are based 
on the method of finite differences. Comparisons were also 
made with the experimental results of Levy . Unfortunately, 
all the results of the above mentioned sources are tabulated 
graphically, which tends to make comparisons more difficult, 
but, the following general remarks can be made. If we examine 
the theoretical results, the clearest results for small p* ,
0 £ p* £ 12 , can be found in the paper by Way. His results
for this range of pressures p* seem to be indistinguishable 
from those obtained by the methods outlined in this paper. The 
theoretical results given by Keller and Reiss, are given for a 
larger range of pressures p* , but again are only tabulated 
graphically, and in fact, the given scale for the graphs is 
different from that of Way and Levy, which tends to doubly 
complicate comparisons. However, they claim that their results 
are in "excellent agreement" with the results given by Way, as 
well as the results found by the extension of Way's method.
As near as we could judge, our results are also in close 
agreement with theirs.

The experimental results given by Levy are given for 
pressures p* in the range 0 £ p* <£ 2^0 , and are again
tabulated graphically. We may conclude from his results, as 
near as we could judge, that although his deflection results 
appear to be consistently larger than the results obtained by 
the methods of theis paper, for no value of the parameter p* 
in the range mentioned above, do his results seem to differ 
from our nine mode solution by more than 2£% . In fact, this



-31-

is very encouraging, as there are various possible sources of 
error in the experimental results which could account for these 
discrepancies, as well as a number of possible improvements 
that we can still make on our method. The most fundamental 
source of error that would account for these discrepancies is 
the fact that the plate equations as set down in the theory 
and outlined in section II , may be inadequate for large p* 
where we begin to notice the above mentioned discrepancies. We 
note that all results, theoretical and experimental, are in 
very close agreement for small p* , and it is only as p* 
increases that we begin to note differences in the results.

Our own results may be Improved by taking a larger N in
(8) and (9) . The higher mode solutions will undoubtedly be
very consistent, although there is no reason to expect that 
the higher mode solutions will be any more consistent with the 
earlier results, than were the solutions that we calculated.

More likely sources of discrepancy between theoretical 
and experimental results may lie in the fact that the exper­
imental plate may actually not behave in the manner dictated 
by the theory due to slippage and yielding of the plate under 
experimental conditions. Thus, it is possible that the plate 
which is assumed to be clamped and fixed at its edge, may 
actually behave like a simply supported plate when p* becomes 
large enough. We suggest that if the methods of this paper 
would be pursued for the case of the simply supported edge, 
one would find, for the larger p* , closer agreement with 
the experimental results given by iLevy for what he assumes



to be a clamped fixed edge.
Further sources of discrepancy between our results and 

experimental results could arise from small errors in 
measurement caused by inaccuracies in the gauges or from the 
fact that the material being tested is-<£ns#dct not as 
homogeneous as the experimenter might desire.

Some interesting observations emerge from the analysis of 
the methods of this paper. We note, for example, that the 
difference in deflections, as predicted by the solutions of 
different modes, varies with the parameter p* , and, as noted 
earlier, the smaller p* , the smaller these differences.
This is particularly encouraging, as it is precisely the 
smaller p* for which we expect the theory to hold and the 
equations of section II to be valid. The fact that very good 
agreement with experimental results was obtained for the values 
of p* in the range 0 ^ p* £ 2if0 with such a small number of 
modes as nine or ten, and with so little effort, clearly 
demonstrates the advantage of this method.

An interesting oddity that emerged from the study of this 
problem, was the fact that the problem seemed to favor 
solutions with an odd number of modes, i.e. « odd. We find 
for example, that the nine mode solution yields deflection and 
stress results which are demonstrably better than the more 
refined ten mode solution. The reason for this phenomenon 
is not quite clear, although itsvOccurrence is readily 
apparent in the tables and graphs that follow this discussion.
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One general remark about the graphs that follow Is in 
order* We have chosen, to represent the radial distance along 
the plate in terms of the variable x = k^r , where x varies

from 0 to the first zero of Bessel's function of index one, 
namely k^a# 3.8317 . t̂oŝ ;̂ t|̂ »fe|K̂ tog is such that

0 £ x k^a , where a point at the edge of the plate has
radial distance x » k^a from the center of the plate.
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Table i
The following are the central deflections as predicted 

by the solutions of modes one through ten for some rep­

resentative pressures p*

mode 100 200 400

1 0 .6 8 5 2.884 3.716 4.747
2 0.650 2.488 3 . 1 1 6 3.889
3 0.679 2.829 3.628 4.623

4 0.674 2.755 3.494 4.398
3 • 0.679 2.839 3.637 4.630
6 0.678 2.817 3.594 4.550

7 0.679 2.847 3-648 4.643
8 0.679 2.837 3.630 4.608

9 0.679 2.850 3.654 4.652
10 0.679 2.846 3.645 4-635
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Figure i J Cenfcfcal Deflection versus Pressure
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Table ii

The following are some values of the deflection w*(x) 
for p* « 5 , at some representative points x = k^r along

the radius of the plate, as predicted by the solutions of 
different modes. The central deflection, w*(0) , can be found
in Table 1 ; the deflection at the edge of the plate, w*(k^a),
was always found to be less than 10”*0 in absolute value, 
which is certainly in agreement with the clamping condition.
As for scaling, see the remark on page 33 e

mode 2*5 2*5
1 0.655 0.446 0.175 0.011
2 0.634 0.491 0.221 0.015
3 0.655 0.491 0.233 0.017
4 0.655 0.494 0.235 0.018
5 0.657 0.496 0.235 0.019
6 0.657 0.496 0.235 0.019
7 0.657 0.497 0.236 0.020
8 0.658 0.497 0.236 0.020
9 0.658 0.497 0.236 0.020
10 0.658 0.497 0.236 0.020
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Figure i i : Shape of Deflected. Plate for Pressure p* = 5
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Table ill
The description hereis thesameas that for Table 11 , 

except that here the-pr^asure p* » 200 . For scaling, see 
the remark on page 33 •

mode * y  o^5 2*5 2*2
1 3.553 2.423 0.939 0.060
2 3.139 2.904 1.527 0.114
3 3.491 2.854 1.757 0.153
4 3.481 2.934 1.818 0.182
5 3.530 2.994 1.824 0.203
6 3.556 2.999 1.828 0.218
7 3.559 3.008 1.839 0.228
8 3.577 3.023 1.851 0.236
9 3.576 3.026 1.858 0.241
10 5.585 3.028 1.860 0.245
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Figure iii : Shape of Deflected Plate for Pressure p* = 200
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Table iv

The following la a list of the values of the membrane
stresses, cr * and (T * , for some representative pressures,r ft
p* , at the center and at the edge of the plate.
All results are taken frow the nine mode solution. For scaling, 
see the remark on page 33 •

Si center edge center edge

5 O.446 0.227 0.446 0.068
25 2.581 1.486 2.581 0.446
100 7.758 4.994 7.758 1.498
200 12.878 8.646 12.878 2.594
400 21.117 14.643 21.117 4.393



-41-

Figure iv : Membrane Stresses

w

i ‘
 - ----- O -

i ̂•~i— :—  t(r>
* _  * U

co

«-

I— I’

■-M-V
-tt-



-42-

Table v

The following is a list of the maximum bending stress 
values taken at the center and at the edge of the plate for 
some representative pressures p* • All results are taken 
from the nine mode solution. We may note that the point of 
zero stress moves towards the edge of the plate as p* incr­
eases. The oscillation in the graphs, .is due«40 the inadequacy 
of a nine mode solution, and would probably smooth out for 
higher mode solutions. For scaling, see the remark on page 33 •

£l center edge center edge

5 1.877 -3.016 1.877 -0.905
25 3.796 -10.080 3.796 -3.024
100 6.099 -25.041 6.099 -7.512
200 8.242 -38.286 8.242 -11.486
400 11.696 -57.328 11.696 -17.198
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Figure vi :

Central Deflection versus Stresses for the 9-mode Solution
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Table vi
#The following is a table of the coefficients ,

obtained by the Delta Method of section IV , for p* » 5 
and p* s 200 , for the 9-mode and 10>mode solutions.

P* * 5 P* ■ 200
9-mode 1O-mode 9-mode 10-mode

*
A1 2.19476 1.93335 10.48802 10.49449
* -0.61341 -0.51625 -6.89167 -6.89639
•
*3 0.24512 0.20510 4.38212 4.38484
•
\ -0.12544 -0.10481 -2.82794 -2.82944
•
A5 0.07405 0.06183 1.8^204. 1.89298
•
A6 -0.04794 -0.01*000 -1.31808 -1.31881
♦
A7 0.03310 0.02761 0.95305 0.95388
*
A8 -0.02397 -0.01999 -0.71117 -0.71258
*
A9 0.01800 0.01502 0.54260 0.54673
*
A10 . -0.01162 - -0.42743
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The following la a list of the values of the integrals 
J*mTi . We have given only the first 35 of these integrals

which are sufficient to carry the reader through the five 
mode solution which was judged adequate for deflection and 
membrane stress results* The 6-mode solution requires 21 
more such integrals; the 7-mode solution requires 28 more 
than the 6-mode solution, and the 10-mode solution requires 
a total of 220 such Integrals. The program that follows, on 
page ^8 , permits the calculation of any of these integrals
that one may desire. Note that l,m,n must be supplied on

sline 8 of the main program. All results are given to ten
*decimal places, since we obtained the same results for j ^

when computed by means of Simpson's Buie as by means of 
Gaussian Quadrature, (see section IV )

*l.m.n  ̂lmn
1,1,1 0.3146252900
1,1,2 0.0939580066
M . 3 -0.0063748586
1.1.4 0.0020834662
1.1.5 0.0652953781
1,2,2 0.1847634203
1,2,3 0.0614188788
1,2,4 -0.0047322899
1,2,5 0.0016924525
1,3,3 0.1292775419
1,3,4 0.0453735092
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•
^lmn

1,3,5 -0.0037014462
1,4,4 0.0992433367
1,4,5 0.0359318829
1,5,5 0.0804885087
2,2,2 0.1411398543
2,2,3 0.1278776157
2,2*4 0.0428271836
2,2,5 -0.0036718097
2,3,3 0.1069686181
2,3,4 0.0956151982
2,3,5 0.0327593871
2,4,4 0.0842932976
2,4,5 0.0760750084
2,5,5 0.0691869329
3,3,3 0.1076462086
3,3,4 0.0872908932
3,3,5 0.0741028972
3,4,4 0.0871778406
3,4,5 0.0715907000
3,5,5 0.0723941245
4,4,4 0.0773087587
4,4,5 0.0736948958
4,5,5 0.0662928802
5,5,5 0.0652953782



FORTRAN IV G LEVEL 21 MAIN DATE = 751*7 13/11/19

C EVALUATING INTEGRALS BY GAUSSIAN QUADRATURE
0001 IMPLICIT REAl»8<A-H,Q-Z)
0002 DIMENSION GOO) ,H(30> »E(3Q>
0003 COMMON/ROOTS/AIK.A2K.A3K.A*K.A5K,A6K»A7K*A8K»A9K.ATK
000* C0MM0N/PWRS/K1PWR.K2PwR.K3PWR;K*PWR,K5PwR*K6PWR»K7PWR,K8PWR,K9PWR.

1KTPWR
0005 EXTERNAL SIM1NT
000b XL=0.0D00
0007 XU=A1K
0008 8 READ(5,892) K1PWR,K2PWR,K3PWR,K*PWR.K5PWR*K6PWR.K7PWR.K8PWR.K9PWR»

1KTPWR
0009 892 FORMAT(1013)
0010 IF(K8PWR.EQ.S) STOP
0011 CALL UQG32(XL.XU.S1MINT.VALUE)
0012 WHITE(6*991) K1PWR,K2PWR.K3PWH.K*PWR»K5PWR»K6PWR»K7PWR»K8PWR,K9PWR 

l.KTPwR
0013 991 FORMAT(«OFOR K1PWR=*»I3.2X.»K2PWR=*♦I3.2X.»K3PWR=*,I3.2X,

1*K*PWR=«.I3,2X,'K5PWR=*,I3»*K6PWR=»,13,♦K7PWR=*,13.*K8PWR=»»I3.2X» 
2*K9PWR=**I3»2X.»K10PWR=».13)

001* WRITE(6,990) VALUE
0015 990 FORMAT(» VALUE OF INTEGRAL BY GUASSIAN QUADRATURE =«.023.16)
0016 GO TO 8
0017 END

FORTRAN IV G LEVEL 21 BLK DATA DATE a 751*7 13/11/19

0001 BLOCK OATa
0002 IMPLICIT REAL*8(A-H,0-Z)
0003 COMMON/ROOTS/A1K.A2K.A3K.A*K.A5K.A6K.A7K.ASK.A9K.ATK
000* OATA AIK.A2K.A3K/.38317059702001..70155866698D01.1.0173*681351001/
0005 OATA A4K.A5K.A6K/13.3236919363D00* 16,4706300509000.19.6158585000/
00 06 OATA A 7 K . A 8 K . A 9 K / 2 2 . 7 6 0 0 8 4 3 8 0 b D 0 0 . 2 5 . 9 0 3 6 7 2 0 8 7 6 0 0 0 . 2 9 . 0 4 6 8 2 8 S 3 D 0 0 /
0007 OATA ATK/32.1 8 9 6 7 9 9 1 0 9 7 * 0 0 0 /
0008 END
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FORTRAN IV 6 LEVEL 21 BJ1K1 DATE = 75147 13/11/19

0001 FUNCTION BJ1K1(X)
C COMPUTING BESSEL FNS AT PTS X(N)

0002 IMPLICIT REAL*8(A-H,0-Z)
0003 DIMENSION G (30)*H(30)*E(30)
0004 IFJX.GT.17.0) GO TO 601
0005 T=X/2.ODOO
0006 V=T
0007 DO 102 M=l»50
0008 EM=M
0009 T=T*(-1.0D00*X*X)/(EM»(EM+1.0000)*4,ODOO)
0010 V=V*T
0011 TT=DABS(T)
0012 IF(TT.LT.1.0D-12) GO TO 101
0013 102 CONTINUE
0014 GO TO 121
0015 101 BJ1K1=V
0016 RETURN
0017 601 PI =3.1415926535D00
0018 M=10
0019 DO 100 N=1.M
0020 100 G(N)=4-(2*N-1)**20021 H(1)=G(1)
0022 H(2)=G(1)*G(2)
0023 DO 120 N=3*M
0024 120 H(N)=H(N-2)*G(N)*G(N-1)
0025 G(l)=l
0026 DO 130 N=2.M
0027 130 G(N)=G(N-1>«N
0028 135 E(1)=8.*X
0029 DO 140 N=2*M
0030 . 140 E(N)=E(N-1)*8.*X
0031 B=1
0032 C=0
0033 DO ISO N=2*M*2

• 0034 B=B+(-l)**(N/2>*H(N)/<G(N)*E(N))
0035 150 C=C+(-l)*<MN/2*l)*H(N-l)/(G(N-l)*E(N-l>>
0036 B=B*DCOS(X-.75DOO»PI)
0037 C=C*DSIN(X-.75DOO*PI)
0038 BJ1K1=DSURT(2./(PI*X))*(B-C)
0039 RETURN
0040 121 WRITE (6*995) X
0041 995 FORm ATCOFOR X=•*F20.16*•BESSEL SERIES FAILED TO CONVERGE WITHIN

250 STEPS')
0042 STOP
0043 END
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The program that follows can he used to calculate the 
deflections and stresses in which we are Interested. We note 
that the Delta Method is an essential part of this process, 
as are the Bessel function subprograms. The following should 
be noted:

The Bessel function subprogram BJ1K1(x) must be supplied 
when running this program. A copy of this subprogram appears 
on page $0 of this discussion.
AK(1) refer to the k^a t the zeroes of Jj(x)

BJ(i) refer to the values J^Ck^a)

VAL are the values of the 31lltw

L = i , 1 £ 1 £ 19 in the output refers to 19
representative points equally spaced along the radius 
of the plate.
The numbers k^a and J^Ck^a) , which must be supplied

in line 11 of the main program, may be found to sixteen 
place accuracy in Table IV of Gray et. ail. {V] .
Hecall that J2(k^a) * - J0(k̂ a). .



FORTRAN IV G LEVEL 21 MAIN DATE = 75147 13/03/32 PAGE 0001

0001
0002
0003
0004
0005
0006
0007
0008
0009
0010 
0011 
0012
0013
0014
0015
0016
0017
0018
00190020 0021 0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038
0039
0040
0041
0042
0043
0044
0045
0046
0047
0048
0049
0050
0051
0052

IMPLICIT REAL*8(A-H,0-Z>
DIMENSION A1(10),A2(10)»AA<10),S(10»10,10).AK(10),BJUO)»D(10) 
DIMENSION RR(10) »R(19) «B (10) .SMRJ19) .SMTJ19) »SBR(19> .SBTJ19)
N REPRESENTS THE NUMBER OF.MODES 
HEAD(5.880) N 

880 FORMAT(13)
WE HAVE ONLY LEFT ENOUGH ARRAY SPACE FOR N.LE.10 
IFtN.LE.lO) GO TO 89 
WRITE(6*90l) N

901 FORMAT(*0n ='»I3,2X.*IS TOO BIG FOR PRESENT ARRAYS TO HANDLE*) 
STOP 

89 CONTINUE
READ(5*801> (AK(I)tBJ(I)»I=1»N>

801 FORMAT(2020*10)
DO 702 KARDS=1* 165 
READ(5,802) L.M.N.VAL

802 F0RMATJ3I2.D22.16)
S(L»M»N)=VAL
S(L.N.M)=VAL 
S(M.L.N)=VAL 
SJM.N.L)=VAL 
S(N.L.M)=VAL 
S(N.M.L)=VAL

702 CONTINUE
DO 703 1 = 1.N

703 HR(I)=AK(I)/AM1>
DO 704 L=1.19 
EL=L

704 HIL)=AK(1)*EL/19.0 
CONST=1•0 U-10 
CONMAX=1.0 D20 
GNU=.3D00
DD=AK(1)/(2.0*(1.0-GNU**2))

**THIS AREA STARTS THE BALL ROLLING 
P=200.
A1(1)=.104944934D02
A1(2)=-.689638863001
A1(3)=.438484261DO 1
A1(4)=-.282944398001
Al(5)=.189297536001
A1(61=-.131880999001
A1 ( 7 ) = . 9 5 3 8 7 8 9 6 8 0 0 0
A1 (8)=-,712582100000
A 1 ( 9 ) = . 5 4 6 7 3 1 8 8 6 0 0 0
A1 (10)=-.427426027DO,0
ITNO STANDS FOR »ITERATION NUMBER*
DELTAXal.D-03 
00 115 ITnO=1.5000 
DELTAX=.5*DELTAX 
DO 99 L=1»N 
TTT=0.0D00 
DO 32 M=1,N 
T=0.0D00 
DO 31 1=1,N 
DO 30 U=1,N 

30 T=T*S(M,I,J)*A1(I)*A1(J)

■
\n
I



FORTRAN IV G LEVEL 21 MAIN DATE = 75147

0053 31 CONTINUE
0054 TT=T/(AK<M)*BJ(M))
0055 32 TTT=TTT*TT
0056 B0=TTT/(<1.0D00-GNU)*AK(1))
0057 UUU=0.0D00
0058 00 43 M=1,N
0059 U=O.ODOC
0060 00 41 1 = 1 ,N
0061 00 40 J=1,N
0062 40 U=U*S(M»I»J)*A1(I)*A1(J)
0063 41 CONTINUE

' 0064 UU=U/(AK(M)**2*8J(M)**2)
0065 00 ^2 K = 1,N
0066 42 UUU=UUU*UU*S<L,M,K)*A1(K)
0067 43 CONTINUE
0068 T1=AK(L)**3*BJ<L)*A1<L)/<12.ODOO*(1,0D00-GNU»*2>)
0069 T2=AK(L)*BJ(L)*B0*A1(L)
0070 T3=2.0O00*AK(L> *UUU/<BJ <L> «AK(1)**2)
0071 BTEMP=P-T1-T2-T3
0072 13 A2(L)=A1<L)
0073 A1 (L) = A1 11_) *0ELTAX
0074 TTT=0.ODOO
0075 DO 37 M=1.N
0076 T=0.0000
0077 DO 36 1=1,N
0078 DO 35 J=1»N
0079 35 T=T*S(M»1.J)*AHI)*A1(J)
0080 36 CONTINUE
0081 TT=T/<AK(M)*BJ(M)J
0082 37 TTT=TTT+TT
0083 BO=TTT/((1.ODOO-GNU)*AK(1))
0084 UUU=0.0000
0085 DO 49 M=1,N
0086 U=0.ODOO
0087 DO 47 1=1,N
0088 DO 46 J=1,N
0089 46 U=U*S(M»I»J)*A1(I)*A1(J)
0090 47 CONTINUE
0091 UU=U/(AK(M)**2*BJ<M)**2>
0092 DO 48 K=1.N
0093 48 UUU=UUU*UU»S(L,M,K)*A1<K)
0094 49 CONTINUE
0095 T1=AK(L)**3»BJ(L)*A1(L>/(12.ODOO*{1.ODOO-GNU**2))
0096 T2=AK(L)*8J<L)*B0*A1(L)
0097 T3=2.0D00»AK{L)«UUU/<BJ(L>*AK(1)**2)
0098 CTEMP=P-Tl-T2-T3

C DELTA METHOD
0099 A1(L)=A1(L)-BTEMP*DELTAX/(CTEMP-BTEMP)
0100 AA(L)*DABS(A1(L)-A2(L))
0101 99 CONTINUE
0102 DIF=0•ODOO
0103 DO 105 L=1,N
0104 105 0IF=DIF+AA(L)
0105 IF TDIF.LT.CONST) GO TO 124
0106 GO TO 114
0107 124 CCTEMP=OABS(CTEMP)

13/03/32 PAGE 0002



FORTRAN IV G LEVEL 31 MAIN DATE = 751A7 13/03/32 PAGE 0003
IF(CCTEMP.LT.1.0-07) GO TO 125 

11* CONTINUE
IF (DIF.GT.CONMAX) G.0 TO 120 

115 CONTINUE
WRITE(6*905) ITNO 

905 FORMAT {• ITERATION FAILED TO CONVERGE WITHIN*»16*•STEPS*)
STOP

120 WRITE(6*90*) ITNO*DIF
90* FORMAT<* AFTER'*16»2X*'STEPS ITERATION BLEW UP.DIF=•*023.16)

STOP
125 W=0.0000 

00 125 L=1*N
126 W=W+(1.0000*8J(L))*A2(L)/AK(L)

WRITE(6*900) P.(I*A1(I)*1=1,N)
900 FORMATCOFOR P=•*F8,3*5(IX,•Al(* * 11 *•) = •*016.9)/*(IX,•A1(»,11,•) = *

9*D16.9))
0123 WRITE(6,903) ITNO.W
012* 903 FORMAT(» REQUIRED•*16*2X,«ITERATIONS.',15X*•CENTRAL DEFLECTION W=*

*,F20.16)
0125 WRITE (6*386)
0126 386 FORMAT(*0R=0.0 MEANS CENTRAL DEFLECTION R=3.83 IS DEF AT EDGE*)
0127 DO 203 L=1*N
0128 BB=0 •0
0129 DO 202 1=1,N
0130 DO 201 J=1*N
0131 201 BB=BB*S(L»I*J)*A1(I)*A1(J)
0132 202 CONTINUE
0133 B(L)=B8/(AK(L)**2*BJ(L)**2)
013* 203 CONTINUE
0135 BB=0•0
0136 CB=0.0
0137 DO 211 M=1*N
0138 B8=BB+HR(M)*B(M)
0139 211 CB=CB*A1(M)*AK(M)
01*0 SMH(l)=BO*BB».5D00
01*1 SMT(l)=SMR(l>
0142 S8H(l)=C8/(*.0*(1.0-GNU))
01*3 S8T(1)=SBR(1)
01*4 DO 213 L=2,19
0145 8B=0.0
0146 BC=0.0
0147 CB=0•0
0148 CC=0.0
0149 DEF=O.ODOO
0150 00 212 M=1,N
0151 Y=RH(M)*R(L)
0152 BJ0=BJ0K1{Y)
0153 BJ1=8J1K1(Y)
0154 DERIVJ=Y*BJ0-BJ1
0155 BB=BB*B(M)»BJ1
0156 BC=BC+B(M)*UERIVJ
0157 CB=CB*A1(M)*(0ERIVJ*GNU*BJ1)
0158 CC=CC*A1(M)*(GNU*DERIVJ*BJ1)
0159 DEF=DEF*A1 (M)«*(BJ0*8J(M) )/AK(M)
0160 212 CONTINUE
0161 WRITE(6*387) R(L)*DEF

0X08
0109
0110 
0111 
0112

* 0113Oil*
0115
0116
0117
0118
0119
0120 
0121 
0122



FORTRAN IV G LEVEL 21 MAIN DATE = 75147 X3/03/32 PAGE 0004
0162 387 FORMAT{* FOR R='*F6.2,2X»»DEFLECTION*’,023.16)
0163 SMR(L)=B0*8B/R <L)
0164 SMT(L)=B0*8C/R(L)
0165 SBR(L)=DO*CB/R(L>
0166 SBT(L)=DO*CC/R<L>
0167 213 CONTINUE
0168 WRI1E(6*221)
0169 221 FORMAT(•OSTRESSES S MEMBRANE M BENDING B RADIAL R TANGENTIAL TO
0170 DO 223 L=1* 19
0171 WRITE(6«2HH)L»SMR(L)»SMT(L1*SBR<L> »SBT(L)
0172 222 FORMAT(» L=•»I3t?Xt»SMR=»»D23.16,2X»»SMT=t,023.16»2X»*SBR=»*D23.16

1*2X»»SBT=»«D23.I6)
0173 223 CONTINUE
0174 STOP
0175 END

i
vnuil



0001
0002
0003
0004
0 0 0 5
0006
0007
0008
0009
0010
0011
0012
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038
0039
0040
0041
0042
0043

iv e level 21 BJ0K1 DATE = 75147 13/03/32 PAGE 0001
FUNCTION BJ0K1(X)
IMPLICIT REAL*8!A-H»0-Z)
DIMENSION GOO) *H<30) >E(30)
IFCX.GT.17.0) GO TO 601 
ONE=l*0000
T=-l.0000*X*X/4.ODOO
V=ONE+T
DO 100 M—1y50
EM=M
T=T* C-1.0D00*X«‘X>/(<EM*l.DOO>*(EM*l.DOO)*4.000)
V = V + T 
TT=DA8S(T)
IFUT.LT.1.00-12) GO TO 101

100 CONTINUE 
GO TO 120

101 BJOKlsV 
RETURN

120 WRITE (6«995) X
995 FORMAT('OFOR X=».F20.16t'BESSEL SERIES FAILED TO CONVERGE WITHIN 

250 STEPS')
STOP

601 PI=3.141592653589793D00 
M=lU
DO 102 N=1»M

102 G<N)=-(2*N-1)**2 
H (1)=G(1)
H (2)=G (1)*G(2)
DO 121 N=3»M

121 H(N)=H(N-2)*G(N)*G(N-1)
G{1)=1
DO 130 N=2tM 

130 G(N)=G(N-1)*N 
135 E 11)=8.*X

DO 140 N=2»M 
140 E(N)=E(N-1)*8.*X 

B=1 
C=0
DO 150 N=2.M,2
B=B+(-l)**(N/2)*H(N)/(G(N)*E(N))

150 C=C+ t-l)**(N/2*l)*H(N-l)/(G(N-l)*E(N-l>)
8=B*DCOS <X-.25D00»PI)
C=C*OS1N<X-.25DOO*PI)
8J0K1=DSURT(2./(PI*X))*(B-C)
RETURN
END
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