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A b stra c t  

Development of the New Functional Integral 
Formalism and Its Application to the Periodic 

Anderson Model

b y
Anatoly E. Tolpin 

A d v is e r :  Professor Joseph L. Birman

A new approach was developed to the problem of the propagator 
construction  within the fram ework of the functional integral 
formalism. Central to this approach is the definition of a local 
operator construction, which defines the operators over some field(s) 
as being dependent on field(s) variables. This is in contrast to the 
usual creation and annihilation operators, which in the present 
context are defined as "global" operators. The relation to the 
standard functional integral formalism has been investigated, and 
the problem of the discontinuous paths in the standard functional 
integral formalism has been resolved. One simple application of the 
new formalism to the linear harmonic oscillator problem is also 
d iscussed .

The new functional integral formalism has been used to study the 
orbitally nondegenerate periodic Anderson problem. A smooth 
second-order like transition behavior around T k  has been obtained. 
Various saddle points, including the one corresponding to the Kondo 
reso n an ce  have been derived . H ow ever no stab le  state 
corresponding to the Heavy Fermion regime has been found.

The new functional integral formalism has been further applied to 
the degenerate lattice Anderson Hamiltonian in the Kondo regime. It 
has been recognized that in the coherent low temperature regime 
operators in the effective Hamiltonian belong to an S U (2 ./+ 2 )  
dynamical algebra. Subsequently a canonical transformation has 
been performed that decouples the quasiparticle branches, thereby 
setting up the so-called decoupling equation. It turns out that the



decoupling equation has a solution of the symmetry-breaking type. 
The thermodynamic response functions and other quantities were 
calculated for this symmetry-breaking state. This solution is a 
consequence of the degeneracy of the uncoupled f-orbitals. The solu­
tion is characterized by the interatomic hopping of f-electrons, which 
p roduces the spin de loca liza tion  reg im e and pins the the 
renormalized f-level close to the Fermi level. It is believed that this 
new state forms a correct description of the Heavy Fermion state at 
low temperatures.
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0. Thesis Outline

There are two main topics pursued in this thesis. The first topic 
is purely formal. In Section 2 I develop a new functional integral 
formalism, capable of representing a many-body propagator as the 
finite-dimensional Gaussian integral. This is in contrast with an 
infinite dimensional path-integral representation in the standard 
functional integral theory. I further show the equivalence of the 
new theory to the standard path-integral theory. Also as an added 
proof, I calculate the propagator for a system coupled to a linear 
harmonic oscillator.

The main part of the thesis, however, deals with the application 
of that formalism to the study of Heavy Fermion Systems, which are 
characterized as Kondo lattices. In Section 1.1 I review the 
experimental results, while Section 1.2 is devoted to the theoretical 
background underlying the modern theories used to explain various 
aspects of the Heavy Fermion Systems. Section 3 is devoted to the 
study of orbitally nondegenerate Kondo system. The calculated 
stationary states of the system are similar to those obtained by 
other people. It will be argued that none of those states is capable 
of adequately describing the complex behavior of Heavy Fermion 
System s.

In the next Section (4), I apply the formalism to the study of 
orbitally degenerate Kondo lattice. I find a new saddle point that
can only exist in the degenerate case. As I show in Sec. 4.5-4.7, this 
new saddle point does describe many properties of Heavy Fermion 
Systems at low temperature. I further describe the nature of the 
new ground state and how it is different from the single impurity 
type Kondo resonance. In Section S I extend the theory to higher 
tem peratures by developing the self-consistent type pertubation 
theory. That pertubation theory is applied to the calculation of the 
conductivity by using the linear Kubo formalism. Those calculations 
are further extended to finite magnetic fields. The results obtained 
are in general agreement with experimental results. Finally in 
Section 6 I outline the additional work that needs to be done in 
understanding the Heavy Fermion Systems.
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1. Introduction to Heavy Fermion Systems

1.1 Experim ental Background

The term "Heavy Fermion Systems" (HFS) has been introduced to
describe the highly correlated electronic systems in which the 
electronic quasiparticle states have a characteristic energy several 
orders of magnitude smaller than in ordinary metals. It means that 
the effective mass, which is inversely proportional to the energy 
scale is enhanced by the same order of magnitude. Importantly, all 
HFS are characterized as Kondo lattices in which the localized 
magnetic im purity  electrons are strongly hybrid ized  with the 
conduction electrons of a nonmagnetic host. This hybridization is
responsible for the delocalization of the impurity electrons, leading 
to the appearance of long range correlations within such systems. 
All HFS are in term etallic  com pounds in w hich one of the 
constituents is a rare earth or actinide atom, with partially filled 4f- 
or 5f- electron shells. Examples of such systems are UBe13 , UPt3 , 
and C eC u2S i 2 . Those metals become superconducting at low 
temperature. Other HFS, such as NpBe13 , U2Z n 17 , and UCdj j become 

magnetic (with the complicated nonferromagnetic type ordering). 
In addition, there exist two HFS with no ordering down to 0.050 K: 
C e C u 6, and CeAl3 . There are several unusual properties [1], which

make HFS especially interesting:
i). At high temperature the f-electrons behave as if they were 

localized on their atomic sites, as in conventional rare earth and 
actinide com pounds. However, while conventional compounds 
undergo some type of magnetic transition at low temperatures, HFS 
go into a Fermi liquid type regime, which is characterized by an 
extrem ely large effective mass. This can be seen from the 
measurements of static magnetic susceptibility, specific heat, and 
resistivity. As can be seen from Figs. 1 & 2, both the zero 
temperature magnetic susceptibility and the Sommerfeld specific 
heat constant y are enormously enhanced over the corresponding 
values in normal metals. At the same time, however, the Wilson
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ratio of susceptibility to the Sommerfeld constant is somewhat 
smaller than one.

ii). Unusual properties of HFS also extend to dynamical 
correlations. First among them are measurements of resistivity. At 
low temperature:

p -  A T 2

which can be consistent with Fermi-liquid theory, as well as some 
other theories, such as paramagnon theory, developed by Doniach in 
1968. It is important to note however that the experimentally 
observed range of such behavior is quite limited. In fact, the
deviation from the quadratic temperature dependence shows up at 
about 0.1K to 0.3K. This constitutes an important temperature scale, 
characterizing the coherent state of the system. At a much larger
characteristic  temperature Tmax, most HFS develop a resistivity
peak, followed by a very broad shoulder. A very interesting
exception to this behavior is observed in UPt3 ( Fig. 3 ), where p
behaves much as in normal metals. This points to some intrinsic 
differences in this metal, and possibly some others.
M agnetoresistance also shows an increases in m agnitude with
decreas ing  tem pera tu re  and increasing  f ie ld . A plot of
m agnetoresis tance for U B e ^  (see Fig. 4) shows a large negative
m agnetoresistance that increases in m agnitude with decreasing
temperature and increasing field (-42% at 1.2 K and 11 T compared 
to the zero field resistance at the same temperature). Another
interesting correlation is that at a given field, IARI/R vs. T2 coincides 
with C/T vs. T2 at zero field. It should be noted that UPt3 s h o w s
positive magnetoresistance (+40% at 1.2 K and 11 T), which again
confirms some important differences between the members of this 
type of metal system.

iii). The highly correlated electron state of HFS produces its most 
unusual property - superconductivity. Although it occurs at very 
low temperature, this seems highly unusual in a metal where higher 
tem perature  p roperties  are dom inated  by loca lized  m agnetic
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moments. Below T c , both the ultrasonic attenuation and the nuclear 
spin-lattice relaxation rate show very unusual behavior. Recent
experiments on longitudinal ultrasonic attenuation ( a (T )  ) in HFS
superconducto rs  U Pt3 and U B e n  have yielded results that differ 
markedly from the predictions of BCS theory. The low temperature 
behavior of a (T )  has either a T2 or a T3 dependence [2], rather than 
the exponentia l  dependence  of BCS theory. F urtherm ore , 
experiments have shown a pronounced peak in a (T )  just below T c . 
This, combined with the nonexponential behavior of the specific 
heat has led people to suggest the superconducting order parameter 
is anisotropic with zeros on the FS. Unfortunately, group-theoretical 
arguments [3-5] have so far been unsuccessful in unambiguously 
pinpointing the appropriate symmetry classes for any of the HFS
superconductors. As for the relaxation rate ( 1 /T j), its behavior has 
been measured for CeCu2 S i2 [6]. It decreases drastically just below 
T c  = 0.67 K down to 0.5 Tc without apparent enhanced behavior and 
is found to be almost temperature independent below 0.3 Tc-
Although a triplet pairing model may explain the sudden decrease 
down to 0.5 Tc, the temperature independent behavior below 0.3 T c  
remains unexplained.

As exciting as the question of superconductivity appears to be, it 
is generally felt that one needs a better understanding of the normal 
state properties of those systems, especially the nature of transition 
from nearly localized to Fermi liquid type behavior. As all o f  those 
metals are described as "Kondo lattices", I shall give particular 
emphasis in my research to the consideration of the Kondo lattice 
close to a magnetic transition, and I will attempt to show how 
electron correlations give HFS their most unusual properties.

1.2 Theoretical B a c k g r o u n d .

Here I will review various theories which have been advanced to 
explain normal state properties of HFS. Let me start by discussing 
the properties of a single magnetic impurity imbedded in the 
nonmagnetic metal, or equivalently the properties of a dilute alloy 
where interactions among impurities are taken to be zero. There
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are several reasons to consider the single impurity model. First, 
there is a general agreement that the single impurity model has 
been successfully solved. Second, it seems that this model is able to 
explain some of the features of HFS, such as the large effective mass. 
The principal problem with that approach is its inherent inability to 
explain the onset of coherence at low temperature. It is fair to say, 
however, that all theories advanced to explain the HFS so far 
represent an outgrowth of the single impurity theory. It is 
therefore very important to examine those theories by starting with 
the single impurity model.

When a potentially magnetic atom is dissolved in a nonmetallic 
host, the electronic states are localized at the impurity site. The 
magnetic character of such state is determined by Hund's rule. In a 
metallic host, however, the situation is much more complicated. 
Because impurities are coupled to a Fermi sea, no matter how weak 
that coupling may be, it may lead to a nonmagnetic (nonlocalized) 
ground state. In such state the electrons are never truly localized 
and always have a finite probability of jumping into a conduction 
band. Such an almost bound state is called a resonance state.

a). FriedePs Theory
Friedel was the first to address the problem of the existence of

such a resonance using scattering theory [7]. He represented the 
impurity by a potential. For a given total momentum quantum
number / the potential consists of a deep hole at the core of the

A
impurity and a centrifugal potential barrier / ( / + l ) / r  , where 
the distance r  is measured from the center of the impurity (see Fig. 
5). In this potential hole a bound state or resonance can be formed. 
In this case we deal with the resonance which lies close to the Fermi 
surface, and thus is only partially occupied. The resonance has a
finite width because the electrons may jump from the potential hole 
to the metallic host by tunnelling through the centrifugal barrier. 
Since the barrier increases for large / ,  relatively small width is 
expected for large / ( I = 3 for HFS). According to FriedePs theory, 
the conduction electrons undergo a resonance scattering in which
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the in term ediate state is the resonance state. This resonant 
scattering is characterized by the energy dependent phase shift

6. ( E  ) and the resonant state by the Lorentzian density of states
* t CT

Many physical quantities can be expressed in terms o f phase shifts, 
which can be treated phemenologically. More importantly, such 
argum ents served as the foundation of a m icroscopic  model 
suggested by Anderson [8].

b). A n d e rso n 's  M odel
At the s im plest level of this model the m etallic  host is

represented by a single conduction band with energy and

momentum k . The impurity state forming the resonance discussed

by Friedel is considered as a flat orbital with energy E ^ .  The

transition between the orbital and the conduction band is taken into 
account by introducing the mixing term with the phemenological

transition amplitude . The additional important feature of the

Anderson model is an introduction of an intraatom ic Coulomb 
repulsion U . In the limit of interest here U — leads to many 
nontrivial many-body effects. The description of such effects has 
remained a major challenge to theorists up to this day, and is the 
source of many "infinite U " theories that I will discuss below. 
Collecting all the terms the Anderson Hamiltonian has the following 
form:

( 1.2 . 1)

tan S.  ( E  ) = r -----------cI, a  E,  -  El, a ( 1.2 .2 )
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H.  j  = £  c, + c. band ^  k ka  ka

Hf = % E0of o 4  + U f l  h f U l

“ m U - ' k P l V ' i ' f * * " - * - ]ka

The important feature of the Anderson model is its ability to 
predict the formation of a resonance state which completely agrees 
with Friedel's qualitative picture. This was accomplished by using 
the Hartree-Fock approximation for the Anderson model [8]. Define:

£f o s E 0 c  +  U { f - \ f - a ) f o  f a  < l  2 - 4 )

and rewrite:

Hf M F  ^ £f a ^ a  ?a  ( 1.2 .5 )

Then one obtains the local density of states in the Lorentzian form:

Pr ( e  ) = 1 ------------ 4  , ------ -T
f a  + ( 1.2 .6 )

w h e r e

A = n  t \ V  ( k ) \ 2S  ( e  -  e k ) (1.2.7)



From the above density of states we can compute the occupation 
numbers of the localized state:

( 1.2 .8 )

Since p ^ ^ i e )  depends on ( ry _ (J) we have a set of coupled 

equations. These may have a magnetic solution ( nf a ^ ~ ^  n f  _ >

or the two symmetrical nonmagnetic solutions. The condition for 
the appearance of the magnetic solution is found to be:

Therefore in the limit of large U  one deals with the magnetic
regime, and the density of states for this solution is sketched below
(see Fig.6).

Within the HF approximation one can make further connection to 
Friedel's theory by expressing several quantities in terms of the 
phase shifts which play the central role in Friedel's theory. In terms
of phase shifts the local density of states can be written as:

(1 .2 .9)

In this case we are dealing with the single channel ( /  =3). 
Integrating (1.2.9) and comparing it to (1.2.6) and (1.2.8) one 
obtains:
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This is the special case of the Friedel sum rule which relates the 
phase shift to the number of electrons screening the excess charge 
of the impurity Z:

z ^ Z a ( 2 ,  + i ) S l a ( e F )  ( 1 2 n )

Therefore Friedel’s sum rule is the expression of charge neutrality. 
The electron gas is displaced in the vicinity of the impurity charge. 
The displaced electronic charge exactly cancels the impurity charge.

The form ulas above establish  the connection  between the 
Anderson and Friedel models. There is however a problem with the 
HF solution to the Anderson model that I should address at this 
point. The problem is that the ground state of the system at zero 
temperature should be a singlet. In that case all the phase shifts 
must be equal, which means that for a channel with one / the 
common phase shift is:

n  Z
Sl 5  2( 21  + 1) ( 1.2 . 12 )

Using (1.2.12) one can calculate the induced density of states and 
the result is sketched in Fig. 6a. The density of states that follows 
from the assumption of the singlet ground state does not look like 
the HF density of states. The missing element in the HF picture is 
the narrow resonance at the Fermi surface. This resonance is due to 
the correlation effects which have been completely ignored in the 
HF approach. The width of the resonance sets a new low

temperature energy scale T ^  , where T ^  is the so-called Kondo

temperature. It is related to the important Kondo effect which I will 
turn to right now.

c). Kondo Effect
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The Kondo effect includes the anom alies observed in the 
resistiv ity , magnetic susceptibility  and specific heat o f  "local 
moment" metals. Of particular importance were calculations of the 
resistivity which have been first carried out by Kondo [9]. Those 
calcu la tions have been stimulated by the observation of the 
logarithmic increase in the resistivity of "local m om ent” metals 
below a certain temperature, eventually saturating at some finite 
value (see Fig. 6b). This increasing impurity contribution combined 
with the decreasing phonon contribution produces a minimum in the 
resistivity, which has not been understood for many years. Let me 
briefly  d iscuss Kondo calculations, which will h ighlight the 
importance of magnetic impurities in producing the logarithmic 
behav io r .

I begin this discussion by introducing the Kondo Hamiltonian:

electron spin. The above Hamiltonian unlike the Anderson 
Hamiltonian preserves the local charge. It is equivalent to the 
Anderson Hamiltonian in the large U  limit ( U  > >  A) .  In this case 
the charge fluctuations are suppressed and only virtual spin 
fluctuations are present. Such fluctuations are well described by the 
Kondo Hamiltonian. On the formal side, the connection between the 
two m odels can be estab lished  by S chrie ffer-W olf canonical 
transformation applied to the Anderson Hamiltonian [9a], which 
eliminates V ( k  ) to the first order. In that case one obtains the

(1 .2 .13)

'ex

where S  denotes the i-th component ( i= 1,2,3) of the localized

spin and are Pauli matrices corresponding to conduction
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expression similar to (1.2.13), with the exchange parameter near the 
Fermi surface given by:

V ‘f =2|V(*'r)l M £ 0 + t / )  (1 .2 .14)

In this expression £ q is measured with respect to the Fermi level,

and therefore the exchange coefficient J  is negative, corresponding 
to the antiferromagnetic coupling.

Using the above form of exchange coupling, Kondo set out to 
calculate the sp in-flip  scattering am plitude using pertubation 
theory. His intention was to show how this amplitude is responsible 
for the unusual behavior of the ••esistivity.

We start with the state of the system FS ; M.  'j at the time

/ =- <*>,  where FS denotes the unperturbed Fermi sea, and M i

denotes the impurity spin projection quantum number. Also the

zero order H am iltonian is H. , describ ing  the uncoupled
band

conduction band. We now adiabatically turn on the interaction H^  . 

The calculation in the first Born approximation was carried out by 
Kasuya [10] and Yosida [11]. The probability of the spin conserving 
scattering can be obtained by using the "golden rule", which yields:

W (  TAf . =2 j c J  2 M 2 p n (1 .2 .15)
\  i i /  i r  0

where p ^  is the conduction band density of states near the Fermi

2
level. By averaging over the spin directions, M . is replaced by a

factor S ( S  + l ) / 3 .  The contribution from the spin-flip term is 
obtained in the similar way:
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W ( T M  . -> > U /.  + 1) = 2 k J  2[ 5  ( S  + 1 ) -  M.  (  M.  + l ) ] p Q 

W ( 4  Af. - > T  Af. -  1) = l n J 2[ S  ( S  + 1 ) -  A#. (  Af. ~ 1 ) ] P 0

Assuming that contributions to the electrical resistivity are additive, 
one obtains the total contribution to resistivity is proportional to the 
transition probability

W = I n  c J  S  ( 5  + 1) p Q (1.2 .16)

where c  is the concentration of the impurities. Kondo performed 
this calculation in the next order of pertubation theory. The 
relevant diagrams are represented in Figs. 7a and 7b respectively. 
The scattering amplitudes for an electron with momentum k  
corresponding to the above processes are:

1 -  n. „
J  I  ( o ' M \  S „ S „ s v , a  M . ) , ---------------- , 1 n ,»\ i v ii a  a  o  o  i / E^„ (1 .2 .17)

J 2 I  (o'  M ' .  I S„ S „  s *  _  J \  - <T M.
n

a"  k"
k ”

i l E k ~ ek"  (1 .2 .18)

When these terms are added together one obtains:

J 2 I  [ ( ^  S  ( S  + 1) - ( ( T ’ Af ’ . | <7 • 5  \o M.  ) )  +

n,
+ p ~p ( tT’ A/ ' . I c y  • S  I <7 A/ . )

Ek ~ ek A  11 1 l l (1 .2 .19)



1 3

We note that the Fermi distribution function enters the expression 
for the total scattering amplitude at this order of the pertubation 
theory. This is explicitly due to the spin dependent potential, and 
would not appear in the ordinary scattering potential theory. The 
difference is that the second term in (1.2.19) is due to the many- 
body effect and must therefore depend on the Fermi statistics, while 
the potential scattering theory is a typical one-body problem. 

Assuming the rectangular density of states in the band

p Q -  D < e < D 

0  o therw ise

the second term will produce a contribution proportional to

(  kB T  }
~ P 0 lo g ( , - 0 - J + const.

and the inverse relaxation time up to this order in the pertubation 
theory is:

n c J 2 S { S  + l ) p 0

Since the resistivity is proportional to the relaxation rate, it follows 
that for antiferromagnetic coupling (7<0, which is the case here) it 
i n c r e a s e s  with decreasing temperature, as has been observed 
experim enta lly . A nother im portant feature here is that the 
logarithmic term is dom inant at low tem perature, and in fact 
diverges at zero temperature. That necessitated extending the 
calculations to higher orders. It is not possible to build a systematic 
theory am enable to diagram atic methods in a straightforw ard 
fashion. This is the usual difficulty with the spin-dependent 
potential, where spin itself is a dynamical quantity. The relevant 
class of diagrams are so-called "parquet" diagrams which can be 
calculated in the so-called pseudofermion representation , where the

1 + 4 J  p Q log ( 1 .2 .2 0 )



impurity spin is represented in terms of fermion creation and
annihilation operators [12]. Those diagrams have been calculated in 
the so-called logarithmic approximation [12]. In that approximation, 
only the highest order logarithmic terms are retained at each level
of the pertubation. The resistivity proportional to the imaginary
part of the scattering amplitude, has been found to be

At this point it is clear that for antiferromagnetic coupling ( /< 0 )  the 

above expression diverges as T  reaches the tem perature T ^  , 

w h e re

For weak antiferromagnetic coupling < <  D  and therefore it

establishes a new low energy scale. Other quantities such as specific

heat and magnetic susceptibility also exhibit the singularity at T ^  ,

reminiscent of the phase transition. However, this is the single 
impurity problem and no phase transition can occur. The origin of
those divergencies is due to the narrow resonance first found by 
Abrikosov [12] and Suhl [13], which is centered at the Fermi surface.
This resonance is called Abrikosov-Suhl resonance, and is connected
to a resonance found necessary to satisfy the Friedel sum rule and
the assumption of the singlet ground state.

Now, if only electrons within a characteristic energy are
D K

involved, this implies a spatial extent of (take h= 1 ):

R ( T  ) «
J 2 S ( S  + 1)

2 ( 1 .2 .2 ! )

( 1 .2 .2 2 )
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where v_ is the group velocity of electrons in the conduction band r

at the Fermi surface. ^  represents the length of the conduction

electron  cloud screening  the m agnetic  im purity  through the 
antiferromagnetic coupling J  .

It has been noticed by Nozieres [14] that if  the system is in the 
singlet state, then the Fermi liquid approach can be used. His 
argument is based on the Anderson statement derived using the 
scaling approach [15] that in the low temperature limit the Kondo 
model evolves toward a fixed point in which J  is infinitely strong,
i.e. J  = -  oo in this case a spin-1/2 impurity traps a conduction 
electron, thereby forming a rigid singlet. For the conduction 
electron it acts as an nonmagnetic, infinitely repulsive impurity. 
However, if J  is large but finite the virtual spin fluctuations 
become possible. This would produce an indirect interaction 
between conduction electrons through the singlet polarization, as in 
the phonon-mediated interaction. Therefore we have replaced a 
m agnetic  im purity  in a non in te rac ting  e lec tron  gas by a 
nonmagnetic impurity together with a "localized" interaction. In 
other words, we treat the limit J  = -  oo as the initial zero order 
state, and then we expand in powers of 1 /  J , which induces the 
effective interaction among the conduction electrons. This way the 
impurity is out of the way, and we deal with an interacting Fermi 
liquid. The above argum ent serves as a justif ica tion  for a 
phemenological "Fermi liquid" expansion of phase shifts.

d). Ferm i L iqu id  Theory
In the spirit of the Landau theory of Fermi liquids, it is assumed 

that there is a one-to-one correspondence between the interacting 
and zero order eigenstates. This effectively precludes inclusion of 
any triplet and higher spin states. Such is the case when the 
excitation frequencies of higher spin states are much greater than

kDT  . Since the interaction is localized it is convenient to describeD
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the quasiparticle eigenstates a  in terms of the phase shift 8a ■ In 

the interacting theory the phase shift depends on the energy ea  of

the state and the distribution of other particles n . Therefore one

can write

Sa ( ea ' n p )  0 -2 -2 4 )

We consider the expansion of the phase shift starting from the zero 
order state. Define:

S n f i = n p - n p o  < '-2 -25)

and 8  n p = 8  na  ^ ^  ^ depends on the spin and energy of the 

quasiparticle. Therefore we expand (1.2.24) as:

V £ )  = V £ ) + e . 2 / o a - < £ - £ ' > a  V < £ ' ) + ( , .2 .2 6 )

+ I  y  „(e  , e' ,  e")  5  n ( e ' ) 5  n . ( £ " ) +„. <70 o  7 <7 o£ , CT
«« —  I te , a

Since the relevant excited states are close to the Fermi level (which 
we take to be zero) and assuming analyticity near the Fermi level, 
we can write:

5 q ( £ )  = $ q + a  e  + p  e 2 + . . .
(1 .2 .27)

0 _ _ . ( £ , £ ' )  =tf> , + V ' _ . ( £  + £ ' ) + .<7<T v 7 <T<X OO



The above expansion coefficients describe the low temperature 
behavior phenomenologically.

At low T  and H  we need 8  up to the first order in e  , T  and H .

Since 8 n is linear in T and H,  only four quantities enter: a ,

<p = <hs ± <ha 
and <*r±o T T The total number of electrons is constant

s
and y  never shows up. Therefore we obtain:

8 a ( e )  = 8 q + a  e + <j  <p °  m  (1 .2 .28)

where m  = n ^ -  is the "molecular" field not present in the

standard scattering theory. It arises, of course, from the virtual spin 
fluctuations of the singlet.

From (1.2.28) one can now calculate the thermodynamic response 
functions by writing

8 a  ( e  )
ro = £ -  k  p 0  (1 .2 .29)

where P q is the conduction electron density of states for one spin

direction in the pure system. Hence at H  =0 the change in the 
specific heat

^  Cy _  a
C, ~ n p 0 (1 .2 .30)

is due to the change in the density of states. Similarly for finite H 
and zero T  from (1.2.28) and (1.2.29) we obtain:



In equilibrium the Fermi levels for each spin direction are fixed by 
the conditions

r t = r i = / < = o

Then the Pauli susceptibility is

X ~  77  -  2 P 0 (  gUg ) l + a
K p 0

24_
n (1 .2 .32)

From (1.2.30) and (1.2.32) one approximately obtains:

a (1 .2 .33)

where 2  0 a p ^ / a  is the dimensionless quantity containing all the

many body effects. It has been noted using Wilson's numerical 
renormalization group approach [16] that in the low temperature

regime, i.e. T  < < in the limit < <  D  (which is the

appropriate limit in the Kondo problem), kB T ^  is the only relevant

energy scale, which determ ines the behavior o f  the system. 
Therefore in this universal regime the above dimensionless constant

is independent of T ^  , and Wilson finds that

2* ap 0 .
a

Therefore in the interacting case the ratio in (1.2.33) is 2 rather
than 1 .

The argument made by Nozieres has been extended to calculate 
the conductiv ity , where at low temperature one finds the T 2
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dependence and the coefficient scales that temperature by T ^  in

the universality regime. The above approach has been further 
elaborated by Newns and Hewson [17], where the extension to 
degenerate systems (e.g. RE ions) and comparison to experiments 
have been made.

e). Large N -expansion  in 1 IN.
It is clear that the above picture represents a mean-field or 0 (1 ) 

approximation. The idea has been to develop the pertubation 
theory that would produce above result in 0 ( 1 ) approximation, and 
to produce a controlled expansion in some small parameter at higher 
orders. This is where the so-called large-W expansion  which 
incorporates several different but ultimately equivalent approaches 
is successful. This expansion has application in many systems which 
contain the integer valued parameter N.  One example is the spin 
system where N  is the number of spin components [18]. In such 
systems, the partition function may be written in the form

z  _  r e - N S ( a )  (1 .2 .34)
}<T

where J indicates functional integration over all degrees of

freedom and S  (<7) is independent of N .  Such a form can be 
obtained by rescaling some parameters in the system. In such a 
form 1 /N expansion is similar to expansion in powers of h in 
quantum mechanics. By that analogy N  —>«*> represents a classical 
limit.

The possibility of large-7V expansion for magnetic alloys was first 
put forward by Anderson [19]. In such alloys N  denotes the total 
angular momentum degeneracy, which could in principle be lowered 
by the crystal field effects. I will now review the main large-N 
theories, following mostly the review article of N.E. Bickers [20].

I wi l l  cons ide r  a s ing le  im purity  degenera te  A nderson 
Hamiltonian, appropriate for RE ions:
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(1 .2 .35)

H  = 51 £ c + c band ^  k km kmk km km

/ / ,  = X f l f m + U I  fm •/  m 0m m m r  J m Jm m'  m > m

= £ [ v u ) c * " / m + * ' e ' ]

Here f + creates an atomic state with the magnetic quantum * mm
number m which varies between -J and J. In view of the strong 
spin-orbit coupling for f-electrons total angular momentum is the

of the conduction electron wave function onto the state with the 
magnetic quantum number m defined relative to the position of the 
impurity. The above Hamiltonian can be somewhat simplified in the 
physically relevant limit of large U. For most RE systems U is the 
largest parameter in the theory, and may be taken to be infinite. In 
that case only the zero and single occupancy of RE ions is allowed. 
The idea now is to project out the states with zero and single 
occupancy and neglect higher occupancy states which lie well above 
the Fermi level.

Then the infinite-U Anderson model has the following form:

appropriate quantum number. c ^  is interpreted as the projection

(1.2 .36)

w h e r e

(1.2 .37)
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describes a free electron band, while the localized f-state at lattice 
site i is represented by:

where the operator P 0  projects out states with no f-electrons,
thereby taking into account the infinite U repulsion. The great 
difficulty in treating H mix as a pertubation arises because the

standard fermion commutation rules [21, 22]. Therefore Wick’s 
theorem is not applicable. This precludes the application of

recognizing this situation, have developed a new time-dependent 
pertubation theory, which I will now review.

Let me first of all explain the basic idea behind the pertubation 
theory. Let us consider a general Hamiltonian, decomposed into zero 
order and pertubation parts:

We will use a contour integral representation for the partition 
f unct i on

(1 .2 .38)

Finally, the mixing term is written as:

mix (1 .2 .39)

Hubbard operators, X Qm = P^ fm  and X m Q = / m+ PQ do not obey

standard diagrammatic techniques. Keiter and Kimball [ 22] ,

(1 .2 .40)

Z  = Tre PH  = f  ^ ZTr  ( z - H )  1J r  2jt i (1 .2 .41)
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where T is a contour in the complex plane, oriented clockwise and

surrounding all singularities of the resolvent ( z -  H  ) The 
resolvent may be expanded as

n
( z  -  H ) ~ l = ( z  -  HQ) ~  1 I [V ( z  -  H ) ~ l J (1.2 .42)

and therefore

Z  = dz e - P z J r

J r
2n  i

- 1
n \

(1 .2 .43)

The trace can be evaluated by inserting a complete set of states 

IN  ) which are eigenstates of between consecutive factors

-  1
V ( z -  H  ) . Write:

Tr
( 2 J o

-  1
(1 .2 .44)

= { N \ ( z - H 0 )  ' |W  } + ( N  ! ( z  -  Hq )  'l  N ) x  

{ N \ V \ N  ) ( N  l ( z  -  ) +  ( / V l ( z  -  ) x

-  1 ,
{ N \ v  \ m  ) { M  l (  z  -  //0 )  \ m ) { m \ V \ n ) x

{ N \ ( z - H q )  l \ N )  + . . .= ( N  l (  z -  / ^ )  l \ N  )[ 1 +

( l V l ( z - / / 0 )  1\ n ) ( { n \v \ n ) + { n \v \ M ) x
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( M l  L n - | M ) ( M | V | A /  ) +  . . . ' ) + . . . ]  =  ( A/ I— L - I n )
i  -  Hq )  z -  Hq

i + ( N \ — L j - f y v X w l v  +  V Qn  V +. . . | AT )
2  -  Ho 2  ■ Ho

+ ... ] = (/V l ( z  -  Hq) '  ‘Iat )[i  + (jv l ( z  -  « 0 ) “ ' | N  >x

where QN = 1 — I 1 projects away \ n ) as in term edia te

states. Define the diagonal matrix L i z )  called a self-energy 
operator with its diagonal elements defined as:

L n  i z )  = { N  i f  ( z  )l N  )= ( N  \V ( l -  (  z -  HQ) ~  XQ n v )  I N )

(1 .2 .45)

Then one can rewrite (1.2.44) in the closed form:

Z = dz  - P z rj, 
~n^Tr e T r  
2 n  i z -  H,

0  «=°

A  /  v 1
L i z ) z -  n 0

n \

-  1

(1 .2 .46)

As the next step let us separate the «=0 term in (1.2.43) and we 
w rite :



The expression on the RHS of (1.2.47) can be rearranged as follows:

Z -  Z = dz - p  v  -X— r e  T r  1
n=l

g V
z -  H,

0  J
(1 .2 .49)

where g is a variable 0 <  g < 1 .  Similar to the derivation above one 
can introduce the diagonal self-energy operator:

Z N ( z , g ) e ( N \ Z { z , g ) \ N }  =

(1 .2 .50)

and the result is:

8
d:  e - P t l r

2k  i z - H 0 - L ( z , g )
(1 .2 .51)

I will now apply the above pertubation expansion to the infinite- 
U Anderson model. Define the zero order Hamiltonian as (see
(1.2.37) and (1.2.38)):



and denote its eigenstates IN  ) = |A ^  ) x  | ) where N  ̂  ^

and | Nf aj y j ) arc *he eigenstates of H^  and respectively.

Also define

H. A N  ) =  E ^ l n d \ N  )band N (1 .2 .53)

-  P H h s  7  = Tr p band
band band (1 .2 .54)

We now want to separate the trace over localized and band states. 
To do that, we shift the contour integration as follows:

band
N

Then using (1.2.46) one can write:

band
-  P z

2 n i  6 " fT Y , ( z - H  - i  ( *>)
-  1

(1 .2 .55)

where the self-energy operator diagonal in N j  'j is defined as:

n band
V e ' f  "  X , < * )  = I  7 -----------

Nbmd W

i a /  band \  , . ,  v
band 11  \  Z + EN )  I band )

(1 .2 .56)
A

and Z ( z )  is defined in (1.2.50). One can replace (1.2.56) with an 
analogue of (1.2.51), and the result is:
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J0

dg_
8

dz  -  P 2 
TT- — e Tr 
l i t  i f

£ f ( Z ’ g )

wi t h

Vg

One can evaluate using the conventional diagrammatic rules. To 

do that we define the vacuum propagator as:

G q( z . g ) * ( 0 \ 1 lo)
z - H f - £ f ( z , g ) (1 .2 .58)

Similarly we define G ( z t g ) .  The self-energy diagrams in the

first two orders of 1 / N are shown below in Figs. 8  and 9. Rules for 
evaluating those diagrams are taken from ref. [20], p. 857.and are 
listed in the Appendix 1.

The work can be cut in half by the the fact that vacuum 
contribution to the partition function is equal to the occupied-state 
contribution, found by cyclically permuting vertices which merely 
sh ifts  the du mmy  in teg ra tion  variab le  leaving  the in tegral 
unchanged (see Appendix 1). Therefore it is sufficient to calculate 
only the empty state contributions and multiply them by two. 
Therefore we write:

= 1 + N  e 0 (1 .2 .59)
band
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•/ 0

dg_
8 P z T t 

it i f
r o ( z ’ S )

Z -  Hq ~  £ q (  2 ’ 8 )

The contribution to £ q at 0 (1) is shown in Fig. 8 :

n,
(1 .2 .60)

The contribution to at 0(1 /N)  is shown in Fig. 9. At this order 

one considers one electron-hole pair beyond 0 ( 1 ) ground state:

a  ( U N )
( z ,  g )

( n  ( gV  ) 2 ) 2 

N I
k k '

nk ( ' - n k )

A z + ek ~  £o)'

1

A O ) /
2 + Ck ek'  0  (  2 + Ek Ek ” 8 )

(1 .2 .61)

Let us now calculate the leading contribution to the partition 
function. Using (1.2.60) in (1.2.59) and integrating over g one 
obtains:

( 1)

band
= 1 + N  e

- P E * dz -  f iz  ,
IT - r  e In2n i

A ( 1 ) r v 
2  -  x o ( 2  >

(1 .2 .62)
Integration by parts gives:
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( 1)

band
= N  e

- P S 0
2k  i

£ i l ) {  *  Z - I g  ( Z )

(1 .2 .63)

The first term represents a contribution of completely localized 
(integral occupancy) f-electrons, while the second term represents 
an empty state contribution. The first term is of order O(N)  and 
therefore is dominant at high temperatures. However, at low 
temperatures it becomes exponentially small as the system goes into 
the mixed valence or Kondo regime. The partition function to 
0 (1  /N)  may be obtained in the similar fashion (see ref. [20], p.858).

The dominant contribution to (1.2.63) arises from a pole at , 

which is the most negative solution of the equation

0) -  E q ( (0)  = 0
(1 .2 .64)

For a rectangular density of states band at zero temperature one 
obtains:

(0  =
N A de n ( £ ,  P )  N A

-  D
co -  E Q +  e K In

£ 0 -  to 

D
(1 .2 .65)

Define the Kondo temperature as:

TK ~ E0 Ef ( 1.2 .6 6 )

Then in the Kondo limit Eq > > N A  one obtains:

D exp
B

7 t E 0
N A (1 .2 .67)
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Therefore in the low temperature regime where T  < < one 

obtains:

( 1)

band
= N  e

-  0 E  -  Pef
u + e 1 -»  e / ( 1 .2 .6 8 )

One can further calculate the valence, charge and magnetic 
susceptibilities as well as the specific heat at zero temperature:

n ( 1) _  d ef
y ~ d E q *c

( 1 ) _   ___ £J _

d E
0

. ( 2 ) 

*  "  d H 2

( 1) d e .

d T
= y (1)T

H =0 T ->0

Differentiating (1.2.65) with respect to the appropriate variables we 
obtain:

n7
w h e r e

1 + M (1.2 .69)

NA
n T „

a n d

(1.2 .70)
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( 1) n ( 1)

37K 7

(1 .2 .71)

K 2k  2
y  ( D -  ■ B  ( J )
7  "  3 Tk  f

(1 .2 .72)

The Sommerfeld ratio has the value

jr 2 k  2 y  ( 1 )

( M b ) *

(1 .2 .73)

at the order 0 (1 )  in the large-# expansion. This is the result for the 
noninteracting Fermi gas of quasiparticles. These calculations can be 
extended to the next order 1 / #  in the pertubation theory (see (2 0 )). 
Then one obtains:

R =

7

1 --------- -— - )  + 0  ( l  I N  2 )
i  ( i + / o  ;

(1 .2 .74)

This relation satisfies the Fermi liquid relation [23-25]

R  = N
N  -  1

1 -

2, 2  ̂

3n  y
(1.2.15)

at this order of the pertubation theory. This conclusion can also be
2

extended to I /  N  [26]. The source of the Fermi-liquid-like 
corrections is the appearance of singlet electron-hole pairs which do 
not couple to the magnetic field but do change the effective density 
of states near the Fermi surface sampled by the specific heat. The 
fact that the above formula satisfies the exact Fermi-liquid relation 
at each order of the pertubation theory could be interpreted as an
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indication that the large-N expansion is convergent. Further 
evidence supporting this conclusion has been obtained by Rasul and 
Hewson [27] where they compared the large-N expansion to the 
Bethe ansatz at first two orders of the pertubation theory. This still 
however leaves unaddressed the problem of what happens for low 
N.  It is in fact very clear that N=  2 is the appropriate regime for RE 
or actinide metal, where the low value of N  is due to the relatively 
large (as compared to the level width) crystal-field splitting.

The above technique can be extended to calculate the propagator, 
spectral density and other dynamical quantities (see [20]). The 
im portant point here, however, is that the spectral density so 
obtained does satisfy the Friedel's sum rule. It also produces a S  -

function singularity at (0 = with the weight 1 — in the

leading order of the pertubation theory.
The above singularity indicates that the narrow resonance at

(0 = k DT„  is a many particle resonance, which means that a largeD K
number of electron-hole excitations have to be included in the 
in term ediate state in the pertubation expansion. Likewise the 
above expansion is a low temperature expansion, that diverges at

T = . Again, the problem is that at higher temperatures there isA
a large number of electron-hole excitations in the intermediate 
state. This in principle necessitates the summation of all the 
diagrams. This is of course not feasible. It is, however, possible to 
do the partial resummation as in RPA or similar self-consistent 
app rox im ation .

f ) .  P a r t i a l  R e s u m m a t i o n  W ith in  th e  N o n c r o s s i n g  
A p p r o x i m a t i o n .

To motivate this partial resummation technique, note that the 
diagrams contributing to the partition function at 0 (1 )  and 0(1 /N)  
(see Figs. 8  and 9) have noncrossing conduction lines. It turns out to 
be possible to sum al l  noncrossing diagrams, which are represented 
in Fig. 10. In that case one obtains:
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X 0 ( 2  ) = N V  2 p t c m ( z + £ t  )  (1 .2 .76)

L m ( z ) = V  2 tI ( 1 ‘ nt  ) G o ( Z - Ck )  (1 .2 .77)

w h e r e

1

C 0 ( 2  } -  z - £ 0 ( 2  ) (1 .2 .78)

C _ ( 2 ) =  1"■ '  2  ( 2  ) (1 .2 .79)
0  /n

This approximation is referred to as "noncrossing approximation", or 
NCA (Kuramoto [28]), and the "self-consistent approximation" or SCA 
(Maekawa et al. [29] and Bickers [30]). The above equations are 
called NCA integral equations. At zero temperature they take the 
following form:

L 0 ( ( 0  + i 0+ ) = de  n (e , p  )Gm U  + (o +  i 0+ )

= 1 T “ /  D + ( 0 d£ Gm ( e + i 0 + ) (1 .2 .80)

E m (to + i  0+ ) = % - j D̂ d e  ( l - / t  (e , p  ) )G0 ( oj - e  + i  0+ )

= * " / _  D G 0 ( f  + / 0 + )  (1 .2 .81)

Since D > >  N A  , we ignore the -dependence of the lower limit of 
integration. Differentiating with respect to 0) obtain:
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d Z  n a  dE A

T(d ~ = ~ n~ G m (co ) ‘̂ _ = 5TG o (f i ,)  (1 .2 .82)

We solve the above pair of coupled differential equations with the 
initial condition

Z  ( -  D ) = Z  A  -  D ) = 0  (1 .2 .83)ffi u

which is consistent with neglecting the (0 -dependence of the lower
limit of integration in (1.2.80-81). Now let us introduce the notation

Yq ( (o ) = - G q ( (o ) Ym ( ( o )  = - G m ( a) ) (1 .2 .84)

Then one obtains the following coupled equations: 

d Y  0 { (o )  _  _  i a m  -  l
^  w -  1 ^  Y m (a) ) (1 .2 .85)

d Y  m ( ( o )  A _ i
- j s —  = o (<0)  o - 2 -8*)

wi t h

Y q( - D ) = D  Y m ( - D ) = D  + £ q (1 .2 .87)

Dividing the second equation by the first obtain:

( l  + ^ 1'm'l ) ‘' 1' « = ( ' + r 1' o ' l ) ‘' ,'o ( 1.2 .8 8 )

Integrating this equation and using the initial conditions gives:

Ym + l T i n (Y m / D ) - E o = Y 0 + i H Y 0 / D )  (1 .2 .89)
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Now using ( 1 . 2 . 8 5 )  and ( 1 . 2 . 89 )  we will determine 0) ( ^ q ) .  which

would allow us to calculate the ground state energy. Integrating

( 1 . 2 . 85 )  with respect to YQ write:

(Oi , cY o dx
* - D d e  = ~ b  ----- ;------------- -̂----r T T T  ( 1 . 2 . 9 0 )

D 1 + ( N A  /  K )Ym ( x  )

  N A r  0 _________________ dx_________  / y  n  \
b ( N A / X ) + Y m ( x )  ( o  D ) ( 1 . 2 . 9 1 )

and we finally obtain:

Y NA  t D dx
® = -  Y n ~ ~ i r  Jo it ^ 0  ( N A  /  n )  + r m ( JC ) ( 1 . 2 . 9 2 )

It has been established numerically by Kuramoto and Kojima [31]

NCA
that at the ground state energy E ^  the inverse propagators Y ^

and Y  vanish, and below that they are pure real. However there tn
is no rigorous proof that this ansatz is correct. Using that ansatz one 
obtains:

NCA N A  f D dx_  /v/j f
G n  J0  ( N A  / n ) + Y m ( x )  (1 .2 .93)

From the expression for the ground state energy, one can derive the 
expression for valence, charge and magnetic susceptibilities, etc. 
The results agree with the l /N  expansion up to 0(1 /N) ,  but not at 
higher orders. This is because contributions in the higher order also 
come from crossing diagram s, which are neglected  in this 
approximation. It then can be explicitly shown that the derived 
self-energy and spectral density do not satisfy zero temperature 
Fermi-liquid relations established to all orders of pertubation theory
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for infinite-U Anderson model by Yamada [23]. Higher temperature 
behavior however agrees well with the Bethe ansatz (see [30]). 
Within the NCA approximation Bickers, Cox, and W ilkins have 
investigated the scaling properties of the Kondo resonance at low 
tem pera tu re  [30]. The resonance  show s the approx im ate

universality in terms o f the reduced temperature T  /  and

frequency (D I k ^ T ^  . As the temperature increased through T ^

the resonance gradually melts away in contrast to the singular 
behavior in the large-N expansion. In that sense the large-N 
expansion and NCA can be considered as complimentary theories for 
a single Kondo impurity.

g). Slave Boson Model
The success of the diagrammatic techniques in treating the single 

impurity problem was offset by the difficulty in extending those 
techniques to the lattice problem. Therefore another approach more 
amenable to such extension has been developed. It relies on Piers 
Coleman’s "slave boson" trick [32], which I will describe now.

The basic idea  is to rep resen t the H ubbard  opera to rs

X n = and X  n = f *  Pn as follows:0m 0 m m 0 0

X n ~ * b +f m X  n ^ > f * b  (1 .2 .94)
0 m J m m 0 J m v /

where b + , b are boson creation and annihilation operators, along 
with the constraint:

Q = I n f  + <  b +b > =  1 ( 1 .2 .9 5 )
m

Here < > denotes an operator average over the states generated by 
the Hamiltonian. Eq. (1.2.95) now replaces a much more awkward 
inequality :
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S 1  (1 .2 .96)ftl

appropria te  for the in fin ite-U  Anderson m odel. Then the 
Hamiltonian (1.2.36) becomes:

H = H .  . + / / , + / /  . (1 .2 .97)band f  mix

where as before

=  £  o - 2 -9 **)

W/  = J £ 0 . ^ 4  0-2-99)

While the mixing term is written as:

{ k ) c k m b +f m + H - C]  (1 .2 .100)

At low temperatures it is adequate to introduce the constraint in the 
average way (see [33], [34]). Below I will show a more precise way 
of introducing the constraint that relies on the path integral 
formalism. Then we write:

H  - > / /  + X (Q -  1) ( 1 .2 . 1 0 1 )

In the mean-field approximation [32-34], the Hubbard operators 
are substituted by

—>z l / 2 f  
0 m Jfn

x  f + U 2  ( 1 .2 . 1 0 2 )
m 0  J m
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w h e r e

< b > = < b * >  = z 1 / 2

This mean field approximation is exact in the infinite-N limit, and as 
such serves as an appropriate starting point for the large-N 
expansion. Then the mean-field Hamiltonian becomes:

H  = £ Ck C£ Ckm + P / / m+ / ™ (1 .2 .103)

+  S [ r 1 / 2 V ( t ) c ^ / m + H . C . ] + ( £ - E Q) ( z - \ )
KfTX

w h e r e

ef  (1 .2 .104)

To estimate z , we use the Hellman-Feynman theorem 

/ dH \
a x  ~ \ a x  /

and we obtain:

z = 1 -  ( ry  ) (1 .2 .105)

Similarly, differentiating with respect to z , we obtain:

2 - > / 2 W  x ( / m+c Jbn) = £ 0 - £ /  (1 .2 .106)

The propagator corresponding to the mean-field Hamiltonian has the 
following form:
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Gf  ( £  ) e  -  ef  -  Zf  (e ) (1 .2 .107)

wh e r e

k e  -  e,  +  i 0 k
T  ”  i nV 2P (1 .2 .108)

and the obtained density of f-states is then:

Pf  <e ) =
x 2  * 2 ( e  -  £j  )  + 4

(1 .2 .109)

where A  represents a renormalized Lorentzian half-width and is 
given by the "golden rule":

which is to be compared to an unrenormalized half-width:

Since z< l, the effect of the Coulomb repulsion is to narrow the width 
of the coupled f-level by essentially suppressing the possible charge 
fluctuations that would violate the constraint (1.2.95). It also shifts 
it by A , which I will now calculate.

To do that I will use (1.2.106). The expectation value

may be obtained from the f-conduction electron

propagator G^c
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so that

l ( f m ckm ) = * 7t  ^  , h n  f  de  )Gf  (e ) G Q(£ ) ( 1 .2 . 1 1 2 )

Here

G 0 (e ) = I (1 .2 .113)

is the bare conduction-electron propagator. Again, assuming a 
rectangular conduction band density of states we obtain at zero 
te m p e ra tu re :

d£
n (£ )

£ -  Ef  + iA 
- D  J

HrV~
o In J

£ j 2 + A  2

D
(1 .2 .114)

Now inserting (1.2.114) into (1.2.106) we obtain the energy shift

N  A

E o - £f  =  —

0 In
£ 2 + A  2 

D
(1 .2 .115)

The above equation has a solution in the Kondo limit, where E  ^ is 

large negative. In that case we neglect on the LHS of (1.2.115), 

and finally obtain:

W
2  , 2  D

e / + A  = -7— exp
J kb

(  n E
0

N  A (1 .2 .116)
0 .
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We see now how the low temperature scale, similar to (1.2.67) 
emerges in this theory. In fact the equivalence of the Keiter- 
Kimball diagrammatic technique and the slave boson approach has 
been clearly demonstrated by Bickers [20] at each level of the 
pertubation theory. Therefore the results for all the thermodynamic 
quantities obtained within the slave boson approach are similar to 
those obtained above. Also all of the appropriate Fermi-liquid 
relations are similarly satisfied.

The main advantage of the slave boson approach is that it allows 
us to apply the standard diagrammatic techniques for electron- 
boson interaction. In this particular case two bosonic fields emerge. 
One field can be obtained by expanding in powers b -  {jb ) ,  while 
the second field is obtained by expanding A around its mean-field

value E q — . The most natural way to do that is to use the path-

integral representation which was developed by Read and Newns 
[33,34]. Let me now briefly sketch that theory.

h). Path Integral Approach
We again start with the Hamiltonian (1.2.97). Adding the 

constraint (1.2.95) and applying the path-integral formalism we 
obtain the partition function:

Z = 1 Db  Db  +Df  +Dc Dc  +exp [ "  ^ d x L i x  )]
(1 .2 .117)

wh e r e

n z ) = b +^ - b + i f m + ( j r + E 0 y m

+ K ( s - + £ , k  + v
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+ / A « 2  - 1 ) ( 1 . 2 . 1 1 8 )

and Db , D b + , etc. denote the path integral measure, while the
fermion operators f  and c  are represented by Grassman variables.

The above representation of fermion and boson operators is 
sometimes referred to as the "cartesian gauge". We now make a 
transformation to polar coordinates (or to the so called "radial 
gauge"):

b  ( t  ) = r ( t  ) exp(/' 6  ( r  )) ( 1 . 2 . 1 1 9 )

so that db db = r dr  d S  , and other quantities transform as follows:
+

f m ( r  ) - > / m (r  ) e x p ( -  i 0  (t  )) ( 1 .2 . 1 2 0 )

c. (t  ) - > c ,  ( t  ) k k

In terms of the transformed quantities we now obtain:

Z

w h e r e

+ Vr  2  r c + f m + H . C . l  + i X ( r  2 - l )
km

( 1.2 . 122 )
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P d r
In this gauge 0  ( r  ) disappears, as well as the term J r  ^ ue

to the periodicity of b +, b  between 0  and fi.
The mean-field or static approximation can be obtained as the

saddle point of the above propagator. The corresponding r - sa d d le
point Tq is identified as z (see (1.2.102-104)), and the A

saddle point is identified as ~ ^ q - The results at the mean-field 

level

z = ! - ( »  )

N  A

E 0 ef  ~
0 In

are then completely equivalent to the results obtained above.
To go beyond the mean-field approximation, we expand r  and A 

around their mean-field values. The diagrams are similar to those 
in the "cartesian gauge" and are sketched in Fig. 11. It is not 
surprising then that the corrections that emerge are also similar to 
the ones obtained in the Keiter-Kimball diagrammatic technique, 
and in particular the Wilson ratio satisfies the Fermi-liquid relation 
(1.2.75).

The d iffe rence  between the two gauges are m ain ly  in 
manipulations and they clearly emerge as one goes beyond the 
mean-field level. The radial gauge formulation has the advantage 
that the constraint (1.2.95) is treated in the natural way without a 
need of introducing a Legendre-type transformation. There is 
another problem, which is a little more profound and it emerges 
once we extend the slave boson model to the lattice of impurities 
which I will consider below. But before I generalize this discussion 
to the lattice problem, let me close the review of the single impurity 
problem by discussing the variational ansatz. That approach draws 
upon the analogy to 3 / / e , and uses the Gutzwiller variational ansatz
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[35-37]. Consider the nondegenerate Anderson Hamiltonian (1.2.3). 
Then the variational ansatz for the ground state has the following 
form:

where the projection operator P  is defined as:

P = [ l - / i ^ n | ]  (1 .2 .124 )

P  is applied to exclude double occupancy, and a ( k )  serves as the 
variational coefficient. The variational treatment gives the result 
equivalent to substituting for P its average value. As in a slave 
boson model above, such approximation would renorm alize the 
hybridization term. Since at this level of calculations at most one 
electron-hole excitation is included, the determination of the ground 
state becomes a one body calculation. Higher order approximations 
result from including the additional electron-hole pairs to the zero 
order state. The results at zero temperature are equivalent to the 
slave boson model. In fact, a theoretical equivalence between two 
theories has recently been demonstrated [38].

The upside of this theory is its physical simplicity, as it is most 
clearly connected to the Fermi liquid theory. Indeed it can be 
shown [39] that the higher order states generated this way can be 
placed in one-to-one correspondence to the noninteracting Fermi 
sea. Also it may be possible to extend the variational approach to 
more realistic models than the one considered above. The down 
side of the variational approach is that it cannot be trivially 
extended to higher temperatures and the expansion itself is not well 
controlled .

i). Lattice Theories /
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Let me now turn my attention to the lattice of impurities. The 
localized f-electrons acquire an additional site index /i. Then the 
corresponding Anderson Hamiltonian becomes (compare to (1.2.3)):

H  - H .  . + / / ,  + H  . (1 .2 .125)band f  mix

H. . = If, c . + c,  band ^ k ka  ka

Hf  £  E °m f p n  f \un  + U ^  \ m  '

H .  = - r —  I  ^  ( k  ) c + f n m + H . C . ' \
nux v ^ T  ^ L m  J

where denotes the number of lattice sites. In the single

impurity problem one could represent the conduction electron wave 
function as a sum of harmonics with different values o f quantum 

numbers / ,  . Thus the mixing term would be proportional to

ckm f fun  ' an<* other harmonics with different J  would become

decoupled. In that form the Hamiltonian possesses a \ /N  expansion. 
This, however, is not the case in the lattice, where conduction 
electrons propagate from site to site and J  is not conserved. In two
key works on the subject [40] and [41] this complication is ignored

and the mixing term of the type is introduced. In my view

that simplification misses some important physics that I will discuss 
in Sec. 4. In any case, by making that approximation the problem 
then does possess a l /N  expansion.

In the reference [40] the "cartesian gauge" has been used. This
gauge leads to the appearance of the infrared divergencies which 
cancel order by order in all physical quantities. The origin of this 
divergence has to do with the fact (see [42]) that in the zero order



theory we fix the phase of bosonic fields at all sites. Since the phase 
of any quantum field and the number operator are two conjugate 
quantities it follows that there is an infinite uncertainty in the 
num ber operator. This then violates the condition (1.2.95). 
Therefore in a true ground state there can be no correlation 
between different sites (since (1.2.95) is a local constraint) and the 
mean-field ansatz does in fact break that symmetry. Therefore the 
fluctuations must act to restore the symmetry. This results in an 
infinite number of "soft" excitations which are responsible for 
infrared divergencies.

Such complication can be avoided if one considers this problem in 
the radial gauge [41]. Then no explicit phase correlation is required 
and no such divergencies appear. The disadvantage of the radial 
gauge approach is that the functional integral treatment is not as 
transparent and the transformed f-operators have no direct physical 
meaning. Therefore, following [40], I choose to represent the theory 
in the "cartesian" gauge.

Let me now briefly sketch the principal results of [40], We start 
with an infinite-U lattice Anderson Hamiltonian

where as before

(1 .2 .127)

H  .nux (1 .2 .128)

Again we introduce an additional constraint
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Then again we introduce a Legendre-type transformation and write:

H  ( £ > „ - ! )

Transforming the Hamiltonian to the k-representation obtain:

H  = km[  Ckm + E° m ^ km + V Ĉ n bq ~ k ^qm + HC  - l
(1 .2 .130)

To generate the l /N  expansion one redefines several physical 
q uan ti t ies :

X ^ V N ' bt‘ (1 .2 .131)

v 0 s $ i T

i = Qp  = g 0 N

where one regards q ^  as independent of N ,  and at the end of the

expansion set q^  = l / N  . This effectively substitutes large-N limit

by the thermodynamic limit. Note that large-N limit is n o t  a 
thermodynamic limit because of the local constraint (1.2.129). Going 
to the thermodynamic limit one effectively substitutes the local 
constraint by the state that satisfies the constraint only in the 
average way (i.e. the constraint is averaged over all sites) which

might or might not be correct. Formally taking q Q = 1 /  N  pushes

us beyond the region of validity of l /N  expansion, and there is no 
general proof that the corresponding series is still convergent.
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Let me at any rate proceed with the theory. As in the single
impurity problem they make a broken symmetry ansatz:

X n = ef - E  0

(1 .2 .132)

Going to the wave vector representation one obtains:

< X k > = < S k > = z U 2 S k 0  ( , .2 .1 3 3 )

( £f  ~  E o ) S kO 

and shifting the above quantities so that

£,, = A t + z ' /2Sin 
k k k0  (1 .2 .134 )

^ k  = h  + ( £f  ~ E o ) SkO 

Then one may rewrite (1.2.126) as:

H = H n + H . + H A (1 .2 .135)0 int A
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H° ~ km £* °^n Ckm +£f^ km k̂m +VZ ' I - f b n +HC 1

+ N  I (£ /  - E o ) A ; A k + N :  ( A + + Ak  )

H . = V  l \ c ? A * f .  + H . C .  1int ^  [_ km QJ k + qm J

+  I A _ f  M 4 / \  >4 . +  I  /  + / .  ]
<7 V * + <7 4  m Jk + q m J km )

Ha  = N  ( e f  - E 0 )z  ̂ ( / 4 0  + / t ()) + A r ( z  ~ ^ o ) ^ 0

The zero order Ham iltonian already conta ins  the m ean-field 
contribution. It can be diagonalized by appropriate Bogoliubov-type 
transformation and the dispersion relations obtained are as follows

A l ( 2 ) = i ( £* +£f  ± J ( ei  _ £ /  ) 2  +  4zV 2 )  (1 .2 .136)

and are plotted in Fig. 12. We can now define bare fermion Green’s 
functions:

GC ’ T ) _  (r t  c*m <T ^Clm  )c

af m ( . k , t )  = { r r l tm  ( t  ) / ^  ) o

Gmm ( k , r )  = (Trftm  < t ) ^ )

(1 .2 .137)

plus the bare boson propagator
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D 0( k , r )  =
{TT A k\ r ) A k )

0

{Tt A _ k ( z ) A k )

( W (r >A - \ )

(Tt A k ( r U ; )

(1 .2 .138)

The fermion and bosons interact via » and appropriate

graphs are sketched in Fig. 13. The terms in H^  and the last term 

in H.  lead to tadpole diagrams sketched in Fig. 14. Requiring that 

those diagrams vanish determines £y and z , and one obtains:

(1 .2 .139)« o = z ( 1 + ',ov 2 / £ f ) s z (’ov 2 , £ r

ef  = D e x p ( £ 0 / p 0V 2 )

where is the conduction electron density of states per spin, and 

the rectangular density of states in the band is assumed:

-  D < e  < D 

otherwise

The Eq. (1.2.139) and the corresponding dynamical quantities are 
similarto the single impurity result. The Sommerfeld ratio defined 
in (1.2.73) is one. Going to the next order of the theory, one obtains 

£j  and z beyond their mean-field values from the higher order

tadpole diagrams in Fig. 13. Then the contributions to the free 
energy come from the higher order loop diagrams (see Fig. 16) and 

also by putting the higher order corrections to £y and z in lower

order diagrams. Then the calculated Sommerfeld ratio to the order 
0(1  IN)  becomes:
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R = r r f n r  ( , -2 - , 4 0 >

w h e re

a = l - ( l - « / ) 2

so that a  « 1 in the Kondo limit. Therefore the criterion for the 
system to be stable against magnetic ordering is just

N  > 1

Note that the Sommerfeld constant is slightly greater than one,
whereas in the experimental results for HFS R is typically of order
0.4, so there is some discrepancy with experiments.

Let me now turn to the discussion of the differences between this 
picture and the single impurity problem. It has been discussed 
above that the mechanism for the spin compensation in the single
impurity case is the formation of the conduction cloud of opposite 
spin around the impurity. The characteristic dimension of that

cloud is -  vf  I kg » where v .̂ is the Fermi velocity.

This picture cannot be extended to the lattice since is much

greater than the lattice constant. Also since the characteristic low

energy scale is k D T„  , the number of conduction electrons within 
D K

Icr of the Fermi surface is -  I D  which is much less than

one. Therefore the mechanism of spin com pensation must be 
fundamentally different from the single impurity problem. To 
resolve this problem the authors calculated the imaginary part of 
the dynamical susceptibility which shows that after a time long

compared to £j~  ̂ the f-electrons get delocalized: this is not a bound 

orbital but a resonance since it lies within the conduction band.
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Then they argue that the Pauli principle makes it unfavorable to put 
the f-electrons in the same spin state (i.e. there is more phase space 
for electrons with opposite spins). Then it is unnecessary to form a 
compensating cloud at each site.

While this seems like a very plausible mechanism for spin 
compensation I see two problems with this picture. First of all in 
the limit n f  —» 1  the f-electrons cannot very well hop from site to 
site since most sites are already occupied. Then it is not clear how 
the proposed theory can adequately account for the observed spin 
compensation in HFS. There is however another more fundamental 
problem. This theory does not explain the mechanism for the 
observed low temperature coherence in HFS. In fact, I will show in 
Sec. 4 how those the questions of spin compensation and low 
temperature coherence are intimately related, which leads to new 
physics not obtained within the slave boson or other Fermi-liquid 
theory .

2. A New Approach to the Functional Integral 
Form alism

2.1 Review o f  the Standard Formalism

Consider a system where there is a multitude of interactions 
between the individual members (subsystems) of that system. In
the extreme case one would need to consider all those interactions 
in order to form a proper description of the dynamics of that
system. One important approach to dealing with that problem is the 
Green's Function method [43]. One needs to calculate the single 
partic le Green's Functions in order to obtain the one-particle 
spectrum, or many-particle Green's Functions in order to calculate
the possible collective excitations. The difficulty  is that the 
calculation of the single particle Green's Functions by standard 
equation of motion method requires the knowledge of the two
particle Green's Functions, which in turn requires finding the three
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particle Green's Functions, and so on. This reflects the real 
complexity of the many-body system where the behavior of a single 
particle not only depends on the pair-w ise interaction of that 
particle with all the other particles in the system, but, indirectly, on 
the interaction of the rest of particles among themselves (vertex 
corrections). Mathematically, such a complication has to do with the 
fact that the two- and four-fermion operators do not close under 
commutation. One approach to the problem is to neglect the three 
particle Green's Functions, so as to create a closed system of 
equations for one and two particle Green's Functions. It is however 
clear that such an approximation is not always valid [43). Another 
approach is to elim inate  the two partic le  G reen 's  Functions
altogether by introducing the mean-field approximation. This does
not really solve the problem, since one still has to estimate the 
fluctuation corrections which may turn out to be important.

The important idea of the Functional Integral Formalism is that it 
allows us to eliminate the direct interactions between particles 
Instead, those particles couple to the effective fields, and indirectly- 
to each other. Direct interactions between particles can then be 
recovered in a second and higher order expansion in powers of
those fields. Let us see how such a transform ation can be
accomplished [44]. Consider a Hamiltonian H  for which:

where A  represents a many-body term in the Hamiltonian, and 

Hq and A  in general do not commute. Then:

N

( 2 . 1 .2 )
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The reason (2.1.2) is correct is because for any X  (operator or c- 
number) one can write:

The commutator of H^  and A , however, has a prefactor 1 I N  ,

and therefore does not contribute to the exponent as we go to the
limit N  —>oo. A second important formula is the Hubbard-

. 2
Stratanovich identity which asserts that for any operator A one 
can write (Hubbard-Stratanovich) [45]:

In the future, I will use <f(yi ,..., yn) >G to indicate the Gaussian 
integral over all the dummy variables y. In this case the Hubbard- 
Stratanovich identity takes the following form:

Now using (2.1.2) and (2.1.4) and remembering that any term with 
prefactor of order smaller than 1/N does not contribute, the RHS of 
(2 . 1 .2 ) then becomes:

(2.1.3)

2

(2.1.4)

e x p ( -  A 2 )  =(  e x p ( -  TrJlz i y  A ) )
G (2.1.5)

N
dy  e x p ( -  [ n  y ^  + t Hq /  N  + 2 i  y  V n  t /  N  ■ ' * ] ) )

( 2 . 1.6 )

At this point I will introduce index n (n=l,...,N) to label all N dummy 
variables. Then (2.1.6) takes the following form:
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N .00
S ( t ) =  lim n  JL dyn e x p ( -  A ( y j )  (2 .1.7)

N — n =l

A ( y n ) = 7Vn  + HQt /  N  + 2 i y n A y / n t  /  N  

w h e re

5  ( / )  a  e x p ( -  t  ( h q + A 2) )

F ina lly , using the tim e-o rdering  opera to r  T  (index n now 
corresponds to time T n = n / /N ),  write:

SU) = T lim J” |  n  < i y „ l e x p [ - X > i B ( y  ) J  (2 . 1 .8 )
.V —»00 u I n = 1 J v n '

where, A  n is identical to A , and subindex n is used for ordering 
purposes. Making a change of variable, zn = yn V N / t  , one then 
obtains:

e x p ( - < ( H 0 + A 2) ) =  ( 2 ) 9 )

N } f  N

% li™ . r l H ^ i D z - ' } expr n? , ^ x

x[)t z„ 2+ H 0n + 2 i z„ V t c /!„]))
I N

where Dz = dz 'V  ~ . The sum in the exponent is now converted

to an integral (T n —> T ), and one writes:

S ( t ) = e ~  H‘ = T  j  Dz  e x p ( -  f j r  A ’t ( z z ) )  (2 , |0 )

( zr )  = *  zz  + W0r + 2 / zt ^
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So what this does is as follows: at each infinitesimal interval of time 
5x = t IN an event occurs, namely a particle "sees" some field zT.
From this, a chain of events up to time / (called "path") is
constructed. And the infinite-dimensional integration (summation) 
is over all such paths.

The utility of this formalism is that it allows us to represent the 
many-body term in the Hamiltonian as the one particle operator 
coupled to stochastic fields, weighted by the Gaussian weight factor
[44], This certainly eliminates the problem described above in the
G reen 's  Functions approach, w ithout in troducing  any drastic  
approximations. There is, however, a price to pay. The price is that 
one deals with an infinite, ill-defined integration and an infinite 
number of Gaussian variables which are coupled to various one 
fermion operators. Therefore in practice the perturbative approach 
in the Functional Integral Formalism may be even more difficult 
than in the conventional Green's Functions approach [46].

It is important at this point to mention two problems associated 
with the above construction, which will serve as a reference for the 
future discussion.
P ro b lem  # 1 : A path z (x) = zx is in general discontinuous

everywhere and the limit Ax = t/N —» 0 is not well defined, (see

Now, let us suppose we want to apply a canonical transformation 
to the propagator (say we want to diagonalize it, or just present it in 
a more convenient form). Then one obtains [47] for each value of T::

Fig. 17)

( 2 . 1 . 1 1 )
and then

( 2 . 1 . 12 )

(2 . 1.13)



56

-  I tU , - U
t  -  A t

P.T lim U x 
A t —» 0+

Ax ( 2 . 1 . 1

Problem # 2 : Since there is no definite correlation between times T 

and T -  A t  , it follows that PT is in general infinite.

Now, both problems discussed in this section arise from the fact 
that there is no correlation between times T and T -  A t  . It is 
intuitively obvious that in order to give a finite contribution to 
physical observables the paths should not vary too rapidly in time. 
No one, however, has really explored the question as to the limit on 
how fast the curves can vary in time, except for the ad hoc 
a ssum ption  that zx , representing a time ordered path is a 
continuous function of T (see for example [48]). This is an 

important question that I will address in Sec. 2.3 when I draw 
comparison between the propagator construction described above 
and the one based on the local operator construction, that I will 
describe in the next section.

2.2 Propagator Construction Using the Concept o f  Local 
O p e r a to r s

It has been pointed out in the previous section that while the 
s tandard  form alism  allows us to " linearize" the m any-body 
Hamiltonian which eliminates the infinite chain of equations in the 
Green's Functions approach, the down side of that approach is that 
one is forced to deal with an infinite, ill-defined integration and an 
infinite number of Gaussian variables which are coupled to one- 
particle operators. It is therefore my objective to construct the 
many-body propagator in the "linearized" form which would also be 
expressed in terms of a f i n i t e  number of Gaussian variables. That 
would not only simplify the equations for Green's Functions, but also 
allow the application of other powerful nonpertubative techniques, 
such as the diagonalization of the effective Hamiltonian as well as 
the generalized mean-field approach.
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Before I go further let me mention two conditions that must be
satisfied by any propagator one may construct. I consider the

— Htpropagator in the form e Then the following conditions are
both sufficient and necessary to uniquely determine the propagator
L( t):

H  = ~ ~ d t L U ) \  = 0  (2.2.1)

L i t ) L ( t ' )  = L i t  + t ' )  (2 2 2)

The first condition is called the initial condition, while the second 
condition is called the additivity condition. The validity of those two 
conditions can be proved by induction (see Appendix 2). As an
example of how those two conditions might be used let me go back 
to the Hamiltonian given by (2.2.1). Now write:

H  - - — e ~ H t \ - -  —  e H° ‘ e~ ^  IH ~ dt  t = 0 ~ dt  e t = 0

2
The last equation is true since the commutator of H^t  and A t  is

2
proportional to t and therefore two operators can be treated as
numbers in the limit / —>0. Now using (2.1.4) write:

H = - ^ e 1 ' a ' i - O  (2.2.3)
w h e re

H  , = Hn t + 2 i Y  A V n t
0 (2.2.4)

It therefore follows that the initial condition is satisfied. Let us now 
see whether the additivity condition is satisfied as well. I will 
introduce a new variable y = Y/Vt . Then I can write:
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r=0 (2.2.5)

H ^ ( y )  = H o J h 2 i y v l F A
To verify the additivity condition write:

L i t ) L i t ' )  =
G

S in c e  in g e n e r a l  i t  f o l l o w s  th a t

( y ) f l mf  ( y '  ) ]  *  0 so that L i t )  L i  t ' )  *  L i t  + / ' )  and the

additivity condition does not hold. It should be noted however that 
two exponents in < >  are additive for y  = y ' . This simple 
observation is essentially behind the idea of local operators. The 
important thing to note in that respect is that the operators such as 
A are independent of y.  In other words, the A that multiplies y in 
the first exponent is identical to the A that multiplies y'  in the 
second exponent. Let us however change that and define a new 
operator equal to A (times the normalization factor which I will
define below) in some small neighborhood of y and zero outside. 
The same can be done for the second exponent. In that case the 
corresponding operators become y-dependent and are called local 
operators, as opposed to an operator such as A which will be 
referred to as the global operator. It should be obvious now that 
the product of two local operators defined around y  and y'  is zero 
u n less  y  = y ' .  In tha t case  the ab ove  p ro b lem  of
noncommutativity disappears and the additivity condition will hold.

With this in mind let me proceed with the formal definition of 
local operators. Let R represent a real line over which the Gaussian 
variable y  is defined. Take N a ( x )  to be an open segment around
point x, and let A be its length. Now define the localization
projection operator as follows:
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Px f ( y )  = %  ( y ) f ( y )
(2.2.6)

w h e re

11 A y  6 N a (x )

otherwise (2.2.7)

More generally,

Px h ( y  l) - f n ( y  n) =

=  e x ( y ^ ) - e x ( y n ) W  i )  - f « ( y  - ) ( 2 .2 .8 )

Now let A(y) belong to some closed algebra, defined over R. Then 
the local operator Ax(y) is defined as follows:

A x(y) is a "local" operator, that corresponds to the "global" operator 
A(y). So, basically, local operator is equal to its global counterpart, 
times the normalization factor within some small interval, and is 
zero outside.

C o n s id e r  now a d isc re te  set o f  po in ts  x, such that 
R = u N  (x) + S  , where S  is a closed complement of u N . ( x ) -

X A  X a

Take u N  (x) to be dense everywhere in R. Then S  is of measure 
x A

zero, and as such could be neglected in the construction of the
Lebesgue integral [49] (question o f boundaries will be avoided by 
the different and more systematic construction to be presented in 
the next section). We can then let A —» 0, while keeping S  of 

measure zero. Then from (2.2.9), one has:

Ax ( y )  = px A(y)
(2.2.9)

A ( y ) = ^ A x ( y ) A (2 .2 . 10)
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Similarly, define a local wave-function \ffx(y) ,  corresponding to a 
global wave-function yr(y):

¥ x ( y )  = e x ( y W ( y )  
( 2 .2 . 11)

Then similarly to (2.2.10), one has:

v ( » = X v x ( » 4  (22.l2)

Now let us introduce time dependence, i.e. let A=y4(t). Then from
(2.2.6) and (2.2.9) we get:

Ax ( y . O  Ax , ( y ' ,r ’ ) =

= ® x ( y ) ® Jr* ( y ,) © x ( 3 ' • ) * ( ? . '  >

First 0  -function essentially localizes y  around N a ( x ) ,  and the second 
0  -function localizes y'  around N a ( x ' ) .  Third 0  -function forces 

N a ( x ) = N a ( x ' ) ,  which in the limit A —» 0 means that y  = y ' .
It is natural in the limit A —> 0 to substitute the summation in

(2.2.10) and (2.2.12) by integration. Defining f d x  = X 4 ,  and
x

integrating over all variables, get:

\ d x  dy d x ' d y  ' A% ( y  , t ) Ax< ( y  ' ,  t ’ ) = (2.2.13)

= J d x d y  0 x ( y ) A ( y , t  ) A ( y  , / '  )

Let us now consider two operators A and B. Each operator can be
represented as an integral over corresponding local operators. In
other words, define Ri and R2 to be two real lines (or in general
some fields). Then according to (2.2.10) write:
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(2 .2 .14)

a n d

B ( h ) = ^ 2 dx2 B x2 ( y 2 ) (2.2.15)

so that

A ( y t )B ( y 2) = ^ 1 * 2  Ax , ( > i ) \ ( y 2 ) (2.2 .16)

Here x i ,  yi € Ri and X2 , y 2 G R2- It is important to emphasize at 
this point that since xi and X2  belong to two different fields, they do 
not have any correlation, and the commutation rule for the local 
operators is:

I will adopt a convention of using different subindices on the 
localization indices belonging to the different fields, as with xi and 
X2  above. Same applies to the Gaussian variables yi and y2 .

Let us now go back to (2.1.1), and see how we can apply the 
above concept to the solution of our problem. Following the last 
section write:

(2 .2 .17)

d
dt  6 t = 0

(2.2.18)

t = 0

w h e re



" o V x)~
- 2 i Y^ J n T A

° A , 2 ( r 2 ) * ‘ (2.2.20)

and W0x, ( K1) = " o x ,’ 50 ,hat °H 0^1( >,| )  iS f° rmally Y l ‘ 

independent. It should be obvious however that the dependence of

the operator O ^  on its localization index comes from the
0 1

requirem ent that Kj g  However, since O ^  x is Y j

independent, it follows that 0 „  does not depend on x ., and one
0 1 1

may just as well substitute x j by x ^ .  Therefore one can write:

H  = - iL 
dt I *  ° H j  ° a A Y )

G
( 2 .2 .2 1 )

i =0

From (2.2.21) it follows that:
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Now let us introduce a new variable y s  Y/V t . I will also
c A

introduce a new measure. Define o  = so that:

J Dx  = 5  ■ X

With this definition write:

H  = -
d_
dt '( J Dx I I t = o

H m x ( y  ) = H 0 x  + 2 i  y  ' f *  A x

(2.2.23)

Let me also define the propagator density:

A ( y  , t  ) = e x p ( -  H m ( y  , t  ) -  n t  y  2)

One can now rewrite (2.2.13) in terms of new variables with the 
new measure, and from this it follows that:

L (I  ) £ , ( / ’) = /  Dy  Dy '  Dx  Dx '  Ax ( y . t )  Ax , ( y ' ,  t ' )  =

= \  Dy  D x e x ( y )  A  ( y ,  t )  A ( y ,  ( ' )

Now, since the Hamiltonian in (2.1.1) and therefore in (2.2.23) does 

not have explicit time dependence, it follows that A  (y,t) . A  (y,t') 

= A  (y,t+t’), then:

L i t )  L i t ' )  = \  Dy  Dx  A~x ( y , / + / '  ) = L i t  + / ’)
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so (2.2.2) is satisfied. From (2.2.22) it follows that (2.2.1) is also 
satisfied. Therefore:

e "  H t  = L i t )
(2 .2 .24)

It is to be emphasized that (2.2.23)-(2.2.24) holds only if H  in
(2.1.1) is time i n d e p e n d e n t . One can now calculate its spectral
function. In this case there are no four-fermion operators (direct
coupling) in the propagator just derived. Instead, one-particle
Green's Functions are coupled to effective fields which should then
be integrated with the Gaussian weight factor. Therefore one-
particle Green's Functions will only be coupled to other one-particle
Green's Functions (and not to two-particle Green's Functions) in a
system of self-consistent type equations. Unlike in the standard
path-integral formalism, however, one does not have to deal with an
infinite-dimensional integration which should greatly simplify the
calculations. A lternatively , one can diagonalize (2.2.24) (see
Appendix 3) and therefore calculate its trace as well as its various
logarithmic derivatives.

The above discussion can easily be generalized to include
complex fields. This is a more general situation, corresponding to a
general two body interaction term in the Hamiltonian. Then the real
field R is generalized to the complex field C, which is now divided

( 2 )
into open squares N  . ( x  ) of area A2, and the localization functionA
is also appropriately modified:

e ‘ 2 , ( r )  =
2 (2 )  

1 M  2 G N  A ( X )
A

0 otherwise

I will also consider complex fields when discussing the harmonic 
oscillator problem in Sec. 2.4

Let us now discuss the physical significance of local operators. 
Let A be some relevant operator, describing a certain property of 
the system. Then, what is the meaning of Ax? It is clear that Ax can
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only refer to Hx and is orthogonal to all the operators with a 
different localization label x’. Therefore a system described by Ax 
can only exist in a state of the system in an "effective field x". And 
the partition function (App. 3, Eq. (A3.4)) is essentially a sum over 
such states. The electron system, coupled to the multitude of such 
fields recreates a complex behavior of a real system.

In fact, in comparing these results to the Feynman integral 
formalism (see Sec. 2.3) I find that for the Hamiltonians, that do not 
have any e x p lic i t  t im e dep en d en ce  (in  the S ch ro d in g e r  
representation) the two models are equivalent. Indeed, it would be 
much harder to find L( t )  for a time-dependent Hamiltonian, such 
that the additivity condition (2.2.2) is satisfied.

2.3 Equivalence o f  the local operator construction to the 
standard  form alism

Let me now present the informal arguments and the motivation 
for the formal proof below. Let us rewrite (2.1.10) in the form:

S « ) = T  n , D * „ }  ( 2 .3 . , ,

x e x p ( -  t F d ( z f  . . . ,  z N , / ) )

by defining

Fd ( ZV ” * * ZN  ’ O  = T  ^Qd x  A  t ( yt  ) (2.3.2)

This is not really an allowed step, but is appropriate for this 
informal argument. From (2.3.2) it follows (at least qualitatively) 
that all events belonging to the particular path are averaged over all 
time intervals, and a certain time average corresponding to that 
sequence of events is obtained.
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It should be noted here that A ’* is not an explicit function of T . 
This is very important for this informal argument as well as the 
formal derivation below. Indeed, formula (2.3.2), as I just pointed 
out, represents certain time average over many events, that build 
up some path. Since there is no explicit time dependence, each 
event comes in with r  independent weight factor, i.e. as a simple 
arithmetic average (call it an "average" event). Therefore for a given

1 N
path ( z i  zn ) ,  the average event is Xi °c —£  z\.  It should follow

i= l
then that Fd (z i t...,ZN,t)=F(Xi). Formula (2.1.10) represents the sum 
over all possible paths (with the corresponding weight factor

e x p ( -  j ^dx  A  x ( zT) ) ,  which is now equivalent to summing over all 

"average" events  (w ith  appropria te  average  w eight fac to rs  

e x p ( -  t and this is exactly the gist of my theory.

On a more formal side now, since there is no explicit time 
dependence, the order of the events is unimportant, and therefore 
one may drop time ordering, and T subscripts on all operators. To 
show this, consider for example the second order expansion of RHS 
of (2.1.10). The relevant quantity is:

where 0  (X) is a Heavyside step function. At this point r  index on 
all operators becomes irrelevant (since time ordering is assured by 
the Heavyside function). Now I want to integrate over yx. Define:

Y = j D y t A ( y t )
(2.3.3)
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Important point is that Y  is now r  in d e p e n d e n t  o p era to r .  
Integrating over time variables, second order expansion takes the 
following form:

It is obvious now, that because Y  is time independent time ordering 
does not play a role, and the same result would obviously be 
obtained without time ordering. Therefore, we can now drop r
indices for all operators, which serves to put the operators in a time 
ordered fashion. But one must realize at this point, that T-ordering 
operator not only orders all operators with different T indices, but 
also groups together all operators with the same T index. One may 
therefore  substitu te  T-ordering  operator by a less s tringent 
grouping operator Gr ,  which simply groups together all operators
with the s a m e  index r  . The apparent problem with the grouping
operator is that it does not commute with the Gaussian integral, i.e.

Gr  J D z D z Gr  . What I will show below, is that one c a n  in

fact commute G r  with an integral sign, which would explain the 
apparent singularities in the standard functional integral formalism 
(see the discussion in the previous subsection). The same proof will 
also be used to establish the equivalence for the propagator 
obtained within the local operator construction, and the standard
Feynman propagator.

The argument that I will give below resolves two questions. First 
of all, it resolves the problem of P? being infinite. In fact, I will 
argue that all those infinities must cancel and the result is finite 
(Points 1-4 below). Continuing those arguments it will then be a 
straightforward matter to show the equivalence of the propagator 
obtained within the local operator construction, and the propagator 
obtained in the framework of the standard formalism (Point S 
below).

Again consider:
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H = Hq + A
(2.3.5)

In the discrete form, the corresponding propagator is:

N oo
S i t )  -  lim n JL dy  e x p ( -  A  ( y  ) )

N -*oo i = 1 IJ 1 V \  I /  / (2 .3 .6)

A  (  ?  j- )  = t y  j + H ^ t  /  N  + 2 iy. A  V  Kt  /  N
(2.3.7)

Define the transformation in the N-dimensional space:

1 N
(2.3.8)

All other Xj are orthogonal to X j . Consider first [ Ho, A ] = 0, then 

one can show that:

S  ( / )  = J0~<ffIex p ( -  A ( X , ) )

■ * ( * , )  = n  X , +  HQt + 2 i X ^ V T

Indeed, in this case

[ A ( y , . ) .  ^ ( ^ ) ] “ t « 0 ' A ] ( > /  ~ y i ) = 0

T h e re fo re

5 (,) = C{,n, *,} «p(- p(M

Changing the variables to Xi , obtain

(2.3.9)

(2 .3 .10)

(2 .3 .11)

(2.3.12)
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f A (5’ i ) =  *  ^ i 2 +  HOl + 2 i A '/ T [ ^ r ^ y i )  (2 .3 .13)

= *

o o f  N  ) (  2 }
S ( t )  = lim J { n dX  f e x p  -  £  n X  -  A ( X  )

N  - > »  0  l / = i  1 )  \  i *  l '  v u  J

- C " i  « p ( -

The trace of the RHS of (2.3.9) must have at least one saddle point, 
call it Xs with the peak width Ai (see Fig. 18).

The important assumption used in the argument below is that for 
[ Ho, A ] ^  0, Ai ~ O (1) = O ((1/N)°), i.e. Ai may be arbitrarily large
but must be finite. Otherwise the propagator density would be
independen t o f  Xi. Above assum ption  can be proved self-
consistently. Here are the central points of the argument:

1. A x is not an explicit function of T , therefore the saddle point, 
corresponding to each variable yj is independent of /. Call this 
saddle point ys.
Since

1 N

it follows that

ys =

(2.3.14)

2. Let Ay denote the fluctuations of each yj around ys. Then
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(2.3.15)
Paths defined by (2.3.15) I will call important paths. Reversing the 
above argument one can show that only important paths have a 
finite contribution to physical observables (see Fig. 19)

3. Because Ax is not an explicit function of r  and taking into 
account the above restriction on Ay , it will be proved that the T-
ordering could be substituted by the grouping operator G r  in s id e
the integral sign. Gr  groups together all operators with the s a m e
index T . In other words, the explicit order of operators with
different indices r  is not important. What is important is that all 
operators with the same index T be grouped together, so that their 
relative order is unchanged. Then one can rearrange the operators 
of d i f fe re n t  indices T, such that any chain of events is represented 
by a monotonic path. To prove this, again consider the expression

This expression represents a sum over the various paths ( y i  yN).
For a particular path the propagator density is

It is my intention to show now that one can multiply above 
exponents in any order, and the correction is at least of order 1/N, 
so that it vanishes in the limit N —»oo. I will, however, prove even 
stronger result, which will have an important application later on.

A  ( y . ^  = Jcy.2+ H ^ t  /  N  + 2i y . Ay / 1  /  N
(2.3.16)

N

W rite:
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N (2.3.17)

i = 1
FI exp(- A ( y .  )) =

exp^ - I A  ( y  . + CORRECTIONS

It is my contention now that the corrections are at most of order 
1/N. To prove that let us consider what kind of corrections are 
involved. First of all, let us observe that all corrections must be 
proportional to the powers of yi - yj , i,j = 1,...,N. Second of all, first 
order correction proportional to the first power of yi - yj will vanish 
upon integration. Therefore the first nonzero correction comes in 
the second order of yi - yj and is proportional to

Now, without any restriction on yi - y j , above corrections are of
order 0(1). Indeed, the factor proportional to 1/N2 is summed N XN 
times, so that the final contribution is finite. But yi , yj outside the
region ys ± Ay have zero contribution to the propagator density, 
and therefore the first nonzero correction is of order 1/N, which
vanishes upon taking the limit N —»°o. Next order contributions 
com e from a trip le  sum m ation , and have three kinds of
contributions. The first two are of the form:

(2 .3 .18)

( y , - : v ; ) 2 [ t f o ,  [ [ « < > ' *  ] • * ] ] ( i r )

3
I

i , j ,  k
(2 .3 .19)

(2.3.20)
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while the third one is:

2 )2yk2( ir ) 3 * brackets
*» i t  ^

(2.3.21)

where the brackets involve all nonzero brackets of the array (H0, A ,
A, A, A). All corrections are also of the order 1/N. Before going to
even higher order corrections, let us pause and carefully re-examine 
the formulas (2.3.18)-(2.3.21). First correction, expressed in the
(2.3.18) contains double summation and array of three operators { 
H 0t/N , y iA V t/N , y jA V t/N  ). Next order correction comes from
adding index k to the sum and adding another operator to the array.
In this case the operator may be H0 t/N or ( y k A V t / N ) 2, because 
adding y k A V t/N  would make the contribution odd, which would 
vanish upon integration. The corresponding arrays now are: { H0t/N  
, Hpt/N , yi A Vt/N, yj A Vt/N ) or { Hot/N , yk AVt/N, yk A V t/N , yi 
AVt/N, y jA V t /N } .  It therefore follows that the higher order 
corrections come from adding another index to the sum (which 
increases the order of the contribution by the factor N) and adding 
either H0t/N or (ykA V t/N  )2 to the array, which gives the additional 
factor 1/N, thereby leaving the order of the next contribution (in 
powers of 1/N) unchanged. The quadruple sum, for example, 
contains all the possible brackets of two arrays - ( H0 t/N , H0 t/N ,
H 0t/N, yi A \R(t/N), yj A\R(t/N) }, and { H0t/N , yi A \R(t/N ), yj 
AVt/N, y k A V t/N , ykA V t/N ), y jA V t/N , y jA V t/N )  ). It is obvious 
that all contributions coming from the first array are of the order 
1/N, while the contributions from the second array are of the form

,  A  , ( ^ - M 2 > A 2 ( : r ) 4 * BRACKETS
• » J t * t *

(2.3.22)
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which is also of the order 1/N. It follows by the induction then that
the total correction is of order 1/N, which vanishes upon taking the
limit N —» oo. QJE.D.
4. Go back to (2.1.11-2.1.14):

A &  = A  -  PX X T

P =  lim £ / . - ' *  r - 41T +  T AX
Ax —> 0

It is now convenient to make a change of variables. Define:

\ M r  

Then

A ( z )  = it z ^ + H q  + 2i  z\ fn  A

Take U = e i a R  R  e  G
d a  d a  d z

In this case P i ~ ~  = ^  ~  . The reason for changing the variables

d a
is that ^  ~ O (1), i.e. a  is a good function of z. Now for the

monotonic path:
^ y  ^  l /  i \

Ay ~ ^  = j  -  => A i  oc O  yy J  (2 .3 .23)
V /V

Also, since

*  = j r
it follows

4 z  0(1)At (2.3.24)
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j  Qj
and therefore —  ~ O (1), so that Pt  is finite. Therefore, even if time 

dx

ordered path is discontinuous «= O  ^ ^ ^  06 O (1 )) ,  it is

shown here that it has the same contribution as the continuous path, 
but with no T-ordering. Therefore all infinities must cancel out, and 
the final contribution is finite.
5. Finally, let me show the equivalence of the propagator S(t)  to the
propagator L(t) , obtained from the local operator construction.
Since it is true that 

N
n i e x p ( - ^ ( > ( ) )  = e * p [ - p ( y j. ) J + o ( - J - )

it follows that

5 ( , )  = Jo " { n , * ,} ■ « p ( -  p  ( ? , )

and again, changing the variables to Xi , obtain 

S ( / )  = lim I T ]  I!  dX  i x
N —>00 U = 1 1 J

(2 .3 .25)

(2 .3 .26)

(2 .3 .27)

cxpr  - ^ ( ^ i ) J =

= l~ d X i e x p ( -  A ( X , ) )

Now it is easy to show that S(t )  can be diagonalized, and the final 
form is:

S ( / )  = J d ^ e x p ^ -  r
(2 .3 .28)

F ( X i ,  t) is the diagonal operator, linear in the elements of G,  and 
N

X , =
1

' ■  V a t  , h yi
The assumption that A j ~ 0  (1) can now be verified for various 

explicit forms of  the Hamiltonian. The above result shows that S( t )  
evaluated over the important paths is identical to L(t) .

2.4 System C oupled  to  an  H arm onic  O scilla to r .
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As one explicit illustration of the equivalence of the local 
operator construction to the standard formalism, let me consider the 
problem of a system of particles coupled linearly to an harmonic 
oscillator. This problem has been extensively studied by Feynman 
[47]. To better illustrate the equivalence, I will follow the notation 
as well as the spirit of his third paper [47]. The Hamiltonian of the 
combined system is:

" = H p + Ho s c -  r q
(2.4.1)

w h e re

Hosc = T m   ̂ p  2 + ^  q T )  (2.4.2)
ana p  is the momentum conjugate to q , the coordinate of the 
oscillator. Also H p refers to an uncoupled system of particles, and r  
contains operators pertaining to particles. In contrast to [47], T is 
taken to be time independent. Now before proceeding with 
calculations, let me state an important relation, that will be used 
below (proof is in the Appendix 4). Namely, define

S t U )  = a _ U ) b + + a + u y b  ( 2 4  3)

w here b + , b are boson operators, that obey the standard 
commutation rule:

[ b , b  + ]  = 1
while a± ( / )  is a c-number. Then the following formula is correct:

T  e x p Q '  dt  S j ( / ) ) = e x p ( ^  dt  S ^ t )  + {2 A  A )

+ 2 {  f  ^  ( ’ ^  5 a + ^ ^ a - ^ s  ̂ ~ a -  ( f ) a + ( s ) } )

Following the procedure described in Sec. 2.2, write ( f* = z /V t ):
„ ( z .  z~*, t )

t \>  D x  e

d  , , V
dt  L U )

H = - £ { l D x  /  lI = o
G

w h e re
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/ / m = ' ( / / p + W0JC + ^ ' ( r r + ‘? r * ) )  (2.4.6)

Then following the last section define:

A( r ,  r* , f ) »exP(- t fm( r , r * . / ) - * » ! rI ) (2 4 7)
Also define:

L( t )  = j d x D r D r  r*. / )  (2 4 8)
where R x is the local counterpart of X . It is easy now to verify

the additivity requirement (2.2.2). Requirement (2.2.1) is verified 
by combining (2.2.9), (2.4.5), (2.4.7), and (2.4.8). So now one 
obtains:

e ~ H t  = Li t )
(2.4.9)

Since there are now no cross-terms with different x, combining 
(2.4.6)-(2.4.9) finally obtain:

^ \ • \  L I /  t/JL * J  X /
G

It is convenient for the discussion below to go back to the variable 
z = f V T  , so that one obtains:

e-H‘ = (txp{-< { hp+Hosc + J f  (r :  + < 7 * * ) } ) ) c  ( 2 4 1 0 )

It is my intention now to show that this form of the propagator is 
identical to the one obtained by Feynman in his third paper [47]. 
Now write

«  =  7 5 T ( e  +  G + )

where Q + , Q are boson operators, that obey the standard 
commutation rule.

Following the Feynman's rules, write (t =t "-t '):

■ H t  = \ e x p ( - / { / / P + / / M C+ V ^ r  ( r r  + qr ) } ) )
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H t  = (  e* p (  - {  t H p + '  Ho s c + ' / * T (2 .4 .11)

i r !  + v § r ( e + c + ) ) D )  =  * s ' J t
G

x ( e -  & ( ■ ’“ '  2 + 7 S 7 <0(t >+ 0+ <* ’>)) e ' » o s c
G

Here subindex r  indicates that the operators are to be time
ordered in accordance to the usual rules. Also:

.  ^osc x r t  Hosc T _  n  o)t 
( T ) = e  Q x e ~ Q r e (2 .4 .12)

n  +<r \  ̂^osc x n  + „ -  ^osc x _  s\ + „o)tQ  ( T ) = e  Qx e -  Qt  e (2 .4 .13)

as can be verified using the commutation rules. Following [47],
I will calculate the matrix element

( X , . + m \ e ~ H , \ * » x , )

where Xt refers to the particle state at time t, while <j>m refers to 
the m-th oscillator state. As discussed in [47], the above matrix 
element can be re-written as the matrix element between the states 
Xt « and Xt < of the matrix

M =exp(-j;"</r H pt)Gmn

where in this formalism G mn is the reduced matrix element defined 
as follows:

G mn = ( * m ( r } \ (  e * p ( “  J f  (■ d x  (  2 + (2 .4 .,

+  v f e ' ( e < r > + e + ( T ) ) D )
G

a n d
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(2.4.15)

! ♦ „ ( * • ) ) - / w~ I O
Using (2.4.4), (2.4.12) and (2.4.13) re-write (2.4.14) as (notice no T 

subindices on Q-  operators):

« p {  - V F (■"<*( r r z +

+ ^ ( e e ' a”  + G % “ ' ) ) )  
x  e - ™  I ' d p  e a p -  I '  "dx e  « "  (,  dp  e '  “ P )  x

x %irr} )!♦.<'•>>G
which using the Baker-Hausdorff formula can be re-written as:

G m » = ( P m ( ' ” > l (  « P ( - V f ( ‘ < 1  r t 2 )  X  < 2 - 4 . 1 6 )

x«*p(-7f  t dx v 2 f Q+e<0‘) *

x« p ( - 7 f  t dT e ’ a ' ) x

x«p( x

x e x p ( - j '  </T f , d p  s i n h ( < B ( T - p ) ) ^ ^ - J  \  | 0 „ ( < ' ) )
' G

This integral can be evaluated by the saddle-point method, which 
corresponds to taking

z * = - 7 i r r
as follows from varying the exponent in (2.4.10) with respect to z 
and setting the derivative equal to zero. The subindex r  c o m e s  
from the application of the time-ordering operator T to T as in 
(2.4.11). Therefore evaluating (2.4.16) now get:

(2.4. .7 )
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x e
L ( I/ > {V W " ( t - ' ’ ) rT r p )4 co 

1 it"
~ Y a  ? dT C dp rr Fp sinh( <W(T ~P ))

• n

Now one can write:

\t\ d r  lt\ dp e -fl>(T p )  -  2j([ d r  jj, d p  s in h (< w (r - p  ) )  =

= J^,</r ^  dp  e ~0)(T" P ) + 2/fr, d r  Jff dip s in h (a> (r  -  p  ) )  = 

= j‘>  / U p , - w(T- p)+/^r l r d p e ^ - p)  =
7 '  7  ' 7 '  7

= 4 ! ' *  j / . > ^ r - pl

Combining (2.4.17) and (2.4.18), write:

e “ r  r  —  I* <fr e ~ a T  r
( r ) \ ( e 2 a  ‘ e  2o> '

m

# . ( / • ) )

And performing the Wick rotation / —> i f , we finally obtain:

( 0 mO") \(  e*P ( f s ' ( .  r f Te ' ®Trr ) x

x  exp (£ t / r  e -  i cor rt ) e x p ( - 4 a)

(2 .4 .18)

(2 .4 .19)

(2 .4 .20)

x ( i ‘ "dr ( " d p  e - i m l z - p l r t r p ) )  I* „ < < •) )  

which is the result identical to the one obtained in [47].



8 0

2.5 Summary o f Section 2

The a lternative  way of propagator construction  for time- 
independent Hamiltonians using the local operator approach has 
been developed. It allows us to represent the propagator as a single 
or double integral, as opposed to an infinite dimensional path 
integral in the standard path integral theory. This may greatly 
simplify the calculation of the relevant propagators.

This approach has been compared to the standard functional 
in tegral form alism . The principal problem  of the standard 
formalism has to do with the fact that most paths are highly 
discontinuous. The criterion as to how fast those paths can vary in 
tim e in order to give a fin ite  contribution to the physical 
observables has been developed. The Feynman integral evaluated 
over the corresponding im p o r ta n t  paths gives the result identical to 
the one obtained within the local operator construction.

I have solved the harmonic oscillator problem, and the result 
obtained is equivalent to the obtained in [47], p ro v id e d  t h e  
Hamiltonian is not time-dependent.

3. Application o f the Local Operator Construction to the 
O rbita lly  N ondegenerate A nderson Model

3.1 Introduction

In this section I will apply the local operator formalism to the 
study of thermodynamic properties of the orbitally nondegenerate 
lattice Anderson Hamiltonian. This model can be used to study 
mixed valence phenomena [50, 51] as well as the question of the low 
temperature coherent behavior in the Heavy Fermion Systems (HFS) 
[1, 52]. The new approach allows one to go beyond the mean field 
approxim ation [53, 54], and to actually  include all relevant 
fluctuations. In particular, the fluctuations between two states with 
d i f f e r e n t  sy m m e tr ie s  are re sp o n s ib le  fo r  a tre m e n d o u s  
enhancement of thermodynamic response functions in the spirit of 
the fluctuation-dissipation theorem.
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I have numerically evaluated the Gaussian integrals derived for 
the partition function and its various derivatives. In particular I did 
numerical calculations in the region close to a transition regime 
between magnetic and nonmagnetic states of the Anderson model. 
The expected increase in response functions corresponding  to
smoothed-out second order phase transition between two regimes 
has been obtained. The behavior of the system above the transition 
regime is a typical local moment behavior as can be observed from 
numerical evaluations. However below the transition regime the 
situation can be much more complicated.

To better understand the situation I have used the "many- 
saddle" point approximation. Of particular interest was the study of 
a lattice in the Kondo regime close to a magnetic transition. That 
study was motivated by the desire to better understand the Heavy 
Fermion Systems (HFS) where f-electrons are in the Kondo regime. 
It means that in thw absence of hybridization between the odd
number of f-electrons and the conduction band of the host, the f- 
ions would act as localized magnetic moments, interacting via the
effective spin-spin coupling, thus forming some type of magnetic 
order at low temperatures. With the hybridization turned on,
however, the system at low temperature becomes nonmagnetic with 
tremendously enhanced values of the specific heat coefficient y  and 

zero temperature magnetic susceptibility X • Therefore my next goal 
after calculating the partition function was to find the appropriate 
saddle points o f  the free energy density, which not only preserves 
the spin rotation symmetry at low temperatures, but also explains 
other unusual properties of HFS, most notably the low temperature 
coherence.

It has been very instructive to go through the derivation of the 
above described Kondo regime. In particular it shows some of the 
pitfalls associated with the saddle point approximation. In fact I 
will discuss how to avoid some of the problems associated with the 
saddle point approximation. The results derived through that 
approach are similar to the results found by other theories. In 
particular the low temperature scale similar to Kondo temperature
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has been derived. It has been noted however that the above saddle
point does not provide a mechanism for the low temperature
coherence. In fact in the orbitally degenerate case with small
crystal field splitting discussed in the next section the above saddle
point becomes unstable in the low temperature Kondo limit.

This Section is organized as follows. In the next subsection (3.2) I 
will represent the lattice Anderson Hamiltonian in a modified kq- 
rep re sen ta t io n ,  w hich is described  in A ppendix  3. This 
represen ta tion  is derived  from the kq-represen ta tion  [55] by 
integrating the localized delta-functions over the quasicoordinate 
variable, thus forming a localized wave packet around each site, 
translated over the whole lattice. This representation is useful for 
the lattice A nderson Hamiltonian, where the localized atomic 
orbitals are coupled to the delocalized conduction band. The next 
step is to calculate the propagator using the local operator approach 
to the functional integral formalism. I simplify the propagator by 
dropping the incoherent contributions to the scattering term. As I 
will discuss below, that should be a good approximation at low
tem pera tu res , and at h igher tem peratures  the e ffec t of the 
incoherent scattering can qualitatively be taken into account by 
in teg ra ting  over the peak widths (w hich can be taken as 
phemenological constants) of the dominant saddle points. Next I 
recogn ize  that the sim plified  propagator is genera ted  by a
dynamical SU(2) algebra. Therefore one can apply the Bogoliubov 
type transformation to diagonalize and decouple the effective bands, 
thus enabling us to calculate the partition function and its various
d e r iv a t iv e s .

In subsection 3.3 I describe the procedure and results of the 
numerical evaluation of relevant formulas in Section 3.2 for several 
representative regimes. The results of those calculations are 
summarized in the Figs. 20-25. In the next subsection (3.4) I 
evaluate the relevant Gaussian integrals using the many-saddle 
point approximation. I discuss the possible saddle points of the
system. In particu lar  I discuss how the functional integral 
procedure ought to be modified in order to obtain all the possible 
saddle points with different dynamical symmetries. I also write
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down the formulas for the thermodynamic functions, which are 
simplified using the many-saddle point approximation. I further 
d iscuss the significance of various terms contributing  to the 
response functions, especially  the contribu tions  of symmetry- 
breaking fluctuations when the system is close to a phase transition.

3.2 A pp lica tion  to the o rb ita lly  non d egen erate  lattice  
A nderson  H am ilton ian .

The starting Hamiltonian in this problem is the Anderson 
Ham iltonian:

Here // represents the lattice site index and a  is the spin index. Also 
f + , f represent localized electron operators, and c+ , c represent 
itinerant electron operators. Let us now rewrite. (3.2.1) as:

(3 .2 .1)

H  — y  p r  c band k ck a Lkak ka ka

(3.2 .2)

w h e re
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H— }•• S  V, ( f  nrr c  i — 4- h . c . l  
7 F  pert * v ' " *  t o  ^

a n d

n/i<7 f po f no

Following the functional integral formalism developed in Section 2.2 
w rite :

h  -  4 - L  ~ Hm f  )  ,
H - ~ d l V  G '  = 0

w h e re

Hm f (Y . 0  = H0, + 1 Y ^  % T - %

Define = Y^/VT. Then

/

< >  ' ' )  =  '  [  V  £  y / !  (  %  T -  i )  ^

(3.2.3)

I now wish to express H in the kq-representation (see Appendix 5 
for further discussion). Referring to the formulas (A5.7a-d), we 
rewrite H m(y,t)  in the following form:

(3.2.4)

w h e re
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h Oak ^ ( £ 0 + 2 ko f  ko

+V k ( f

-  iR^Q

where Q is the vector in the first Brillouin zone. Assume now that 
the system is in a coherent periodic state. Then one can show that 
the free energy, corresponding to (3.2.1) may have several saddle 
points, corresponding to several states of the system. One may have

a saddle point with a l ly /*  having the same sign, and equal to

(3.2.3) it is clear that the positive y ^  corresponds to spin-down 
moment at the site /i, and the spin-up moment for the negative . 
Another possible state is when all y ^  have the same absolute value 
as in the ferromagnetic state, but with opposite signs, forming a 
periodic system (antiferromagnetic state). One may also have all y^  
= 0, which corresponds to nonmagnetic state.

In the coheren t case (for Heavy Ferm ion System s) or

fe rro m ag n e tic  case  ^  i =0 for Q n o n ze ro .  F or  the

antiferromagnetic case only y% ^  / * 0  where K  is the reciprocal

lattice vector. Other more complicated orderings can be considered 
as well. My intention here however is twofold. First of all I want to 
find a saddle point capable of describing the Heavy Fermion 
Systems. Secondly I want to illustrate how one can obtain very 
narrow but smooth transitions within the framework of this theory. 
Consequently, to simplify I will write the Coulomb term in the 
dispersionless form with Q= 0. Therefore within this approximation, 
as the actual system goes into the magnetic regime, it is not clear 
what kind of magnetic order will actually be established. It is not

corresponds to the ferromagnetic state, since from
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important however for the purposes of this discussion. I will again 
return to this question in Sec. 3.4.

With this in mind, the Hamiltonian takes the following form:

ok ok

w h e re

(3.2.5)

hok = h(^ 1 + o  y  I n0ok ok

an d

y S y °  = V N ' l y »

h 0ok = ( £0 + T  V*<T h o  + ek Cko  Cko  +

+ V k ( h o  ck o  + h c )

Then again following the formalism define:

/A( y ,/ ) = e x p ( -  / Hmf ( y )  -  n t y 2)

Also:

L U )  = ! D x D y  l * ( y  , t )  (3.2 .7)

Using the properties of local operators, one can verify the additivity 
r e q u i r e m e n t

L U ) L U ' ) =  L i t  + / ’ )
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The initial condition

t = 0

is verified by combining (3.2.1), (3.2.6) and (3.2.7). So finally one 
obtains:

e - H ‘ = L U )

Writing the propagator density explicitly:

A r “  t H MFr ( y K t y l  (3 .2 .9)
/ ( y  , t )  = j  Dx  e MFx

w h e re

H ..c  ( y  ) = E  h . MFx akx
(3 .2 .10)

hotx = V  + ' r M F a  y }  "akx

A
Now we diagonalize L .U ) . Define R , such that Rx diagonalizes H m Fx. 

and . R x is d e f in ed  by the B o g o liu b o v

transformation (drop the common subindex k for a moment):

aax = uo fo x  + va cax (3-2.11)

P<jx ~ ua cax ~ va fax

From the commutation relations, plus the requirem ent that all 
nondiagonal terms in H m f x vanish, we obtain:
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u°  = ~2
1 +

J wV a

(3 .2 .12)

1 -

T * a  /

w h e re

4 A.

( c c - e 0 -  u  n - x y / m f )
' N

( e c - E Q-  U / 2 + x y / l n U )

' N

(3 .2 .13)

The diagonalized form of hdxa now becomes:

/t. = A _ cr _ + c r _  + A, _ + 0  _d x o  d O  XO X O  DO n x o  r x o
(3 .2 .14)

w h e re

I  = ~ {a ( b )  a  2 vEU o ( y  ) + £c ± J ( EU o ( y  ) £c )  )(3.2.15)

w here :

EU a ( y )  = E ^ ^ + o y ^ M (3 .2 .16)

Again, following the described procedure one can transform back to 
global operators, and obtain:

e Ht = J Dy I ( y  , / ) (3.2.17)



89

w h e re

£ ( ? .  ' )  = e* p ( -  * Hd ( y . O  "  1 y 2)  (3 .2 .18)

H , = I  h .  .
d ok dak 

h dok = «<J a ok + &ok &ok

I now want to calculate the trace of the RHS of (3.2.17). First 
define p to be an effective band index. Namely, p=-l refers to the 
lower band and p=l refers to the higher band. Then from (3.2.17)-

(3.2.18) obtain ( /  —» /3 = Mk^ T  ):

Tr e HP = /  dy  e x p ( -  n  p  y  2)  x

Tr exp -  p  I l o g ( l  + e x p ( -  p  l p a k ( y  ) ) )
(3 .2 .19)

and from (3.2.15)

Xpck = 2 ( EU a (y ) + E' i k  ) + p X

x  7 ( £ £/<t (>  ) -  * > )2 + 4V 2 )

Going to the continuum limit of wave vector k,  i.e.

v  (2 f j 3,X —> * ) d  k
k ( 2 a )
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j
where Q l ( 2 x )  is the reciprocal of the volume of first Brillouin 
Zone.

Now define the "mean-field" free energy (call it free energy 
density ):

f  ( y  • P )  = -  K p  y  2 -  — 3 I  J_, d  3* X
( 2 K  ) BZ

log(l + e x p ( -  p i . pak(y ) ) )  + \  log P

Then combining (3.2.19) and (3.2.20) obtain:

Z  = Tr e ~  H P = \ d y  e f i y ’

(3 .2 .20)

(3 .2 .21)

which is the final expression for the partition function o f the 
periodic Anderson Hamiltonian. Then one obtains an integral 
expression for thermal energy and specific heat:

E = - j p \ o %Z = -  j  dy ~  7— dP < J ( y . P) )  -

d f ( y , P )  
dp

(3 .2 .22)

c = r p 2\ ( a (2)

w h e re

< a (2)o  > = V< 0 2> - <  0 > ?

\ d f ( y , P ) 1\  / d 2f ( y , P ) ' \1
L dfl  J / + \ 1l l \

' (3 .2 .23)

If we introduce the magnetic field along the spin axis of 
quantization, and couple it to the spins of bare electrons, i.e.



V ( W)  = V (0> + " b * W ( < t / 2 )

one obtains the magnetization:

9 1

d ±
I d H

(3 .2 .24)

where now

f ( y ,  p ,  H ) = - i t  0  y  2 - — Q~ j  I  L ,  d 3k x
(2 < r )  P” BZ

x  lo g (  1 +  e x p ( -  p  X pg t  ( y , H  ) ) )  + log P

>-p a ^ ) = X p a m  + l iB g H { a / 2 )

4f_  _ a  r f  .3
d H ~  2 ( 2j[  >3 fflZ d * (  "pk  T n p * i )

" p k o ^  ■ 1 + e x p  ( P  *■ p c k ( y  • H  ) )

and static magnetic susceptibility is:

*  =
_ U
P

( a G)

1
ft.

l

>’*< 1
ft. N> 1 >1A I d H  J/  \ I d H  J

H = 0

(3 .2 .25)

Now, looking at (3.2.23) and (3.2.25), we see that both response 
functions are represented as thermal fluctuations of the free energy 
density. Therefore (3.2.25) represents the well known fluctuation- 
dissipation theorem.
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It is apparent now that e f  is the most rapidly varying part of the 
integrands in (3.2.23) and (3.2.25). Therefore, contributions from 
the regions around one or more possible extrema or maxima of /  
would be most dominant, and these parts of the integral are the 
only ones that have to be taken into account. Let us say now, that 
there is one saddle-point. Then all of the above integrands have a 
sharp peak around this point, as can be verified numerically. In the 
language of generalized mean-field theory, this peak corresponds to 
the m ean-field value. Any contribution to the thermodynamic 
response functions comes from fluctuations around that value, 
which are relatively small [56], and response functions are relatively 
unenhanced. This smallness validates the pertubative expansion 
around that peak.

But what if there are, say, two saddle points ? Then there are 
two possibilities. If contribution from one peak is much larger than 
from another one, then one can still do mean-field + perturbation 
theory around the larger peak, and neglect a second one altogether 
(this second peak would correspond to the metastable state). But if 
the two peaks are about equal, then one must take into account not 
only the fluctuations around each peak, which are again relatively 
small, but also the fluctuations b e t w e e n  the two peaks, which are 
usually much larger. From the physical point of view, two peaks 
represen t two therm odynam ic phases, and at the transition ,
fluctuations are greatly enhanced. Therefore all thermodynamic 
response functions would be enhanced likewise. At this point mean 
field + pertubation theory fails completely, and one is usually forced 
to resort to phemenological theories. The usefulness of the present 
theory is that it displays a smooth transition between various
phases, and as such, may provide quantitative information about
various systems at transition regimes.

3.3 N um erica l Results.

This section is devoted to numerical studies of systems close to 
the magnetic transition. I have numerically evaluated various 
therm odynam ic functions for charac te r is t ic  input param eters ,
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contained in the Table 1, based on formulas derived in Sec. 3.2. The 
routine, written in Fortran identifies all of the peaks in the free 
energy density, whether or not they are numerically significant. 
This is important in order to identify the possible metastable states. 
For further calculation only num erically  s ignificant peaks are 
considered. Next step in the procedure is to identity each peak's 
width. Actual integration is performed within the width of each 
peak. The error is controlled by doubling the number of intervals 
and comparing the results. It turns out that the specific heat is the 
hardest quantity to calculate with good precision, because Gaussian 
fluctuations of the specific heat are represented as the difference of 
two large integrals that are almost equal, times the the square of the 
inverse temperature (3.2.23). Hence, any error in calculations is 
magnified many orders of magnitude. Therefore it required a 
tremendous amount of computer time to evaluate the specific heat 
with the degree of precision typically 0.1%. Figures 20-25 show 
graphs of various thermodynamic quantities for three different 
regimes, denoted a , b, and c. With all other input parameters fixed 
(see Supplement, table 1), Eq was used as a variational parameter.

Other quantities could also be used as variational parameters, but 
results would be qualitatively the same. Accordingly, regime c has 
the highest value of £ q, while regime a has the lowest.

With this in mind, let us now consider those graphs. Figure 20
shows low temperature static magnetic susceptib ility  for three
regimes. It can be seen that graph a is closest to a magnetic regime,
and in fact, closely follows the Curie power law, while two other
graphs b and c have a peak at two d ifferen t characteris tic  
tem peratures ^ max. which correspond to an approximate location of

the renormalized f-level ( £ /) .  The difference between bare electron 
energy values for three graphs is of the order of this characteristic 
energy, which is small compared to energy scale of E or other

input parameters. This means that one will not be able to obtain 
this kind of behavior through ordinary pertubation expansion, but 
only through numerical, or some other nonpertubative approach.
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The high temperature inverse magnetic susceptibility for all 
three regimes is shown in Fig. 22. All three graphs are virtually 
indistinguishable, therefore I did not use letters to denote each 
graph. It is clear from that figure that all three regimes follow the 

Curie law at tem peratures high com pared to Tjnax, and the 
demagnetizing effect begins to set in only at T  = ^max- ^  ' s

interesting now to compare Fig. 20 to Fig. 21, 23, and 25. Starting 
with the specific heat, one may observe that in the regime a the 
specific heat shows no enhancement, while both graphs b and c 
show large peaks at the tem peratures , where corresponding  
susceptibilities have their peak also. This tremendous enhancement 
is due to large thermal fluctuations associated with the phase 
transition, while regime a shows no such transition.

Further insight into the problem is obtained by considering the 
thermal energy for three regimes. I have chosen a convenient 
energy scale, so as to better show the details o f  their behavior.
Again, one can see that graph a is almost horizontal, which is 
mirrored by a small value of the specific heat. But, as one goes 
away from the Curie behavior (graph b and then graph c), one 
observes  an increasing ly  large drop  in therm al energy  at 
corresponding characteristic temperatures. At this point it should 
become apparent, that what we are dealing with here is a smooth 
second-order-like phase transition. In a typical second order phase 
transition, the thermal energy has a step-like jump, and specific 
heat is therefore infinite. Here, however, such transition is perfectly 
smooth, and specific heat has a large, but finite peak. This 
demonstrates the advantage of this theory, namely, its ability to 
properly take into account the symmetry-breaking fluctuations.

More insight into the behavior of magnetic susceptibility is 
provided by Fig. 24a-c. Here three figures (corresponding to three 
regimes a ,  b ,  and c) show occupation numbers of three different
quasiparticle bands. Fourth band ( p= l,  spin up ) lies well above the
Fermi level and its occupation number is zero. Again, only regimes 
b and c shows the onset of the spin compensation, which explains a 
peak and subsequent drop in corresponding susceptibilities below
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rmax. All of the above results are in qualitative agreement with the

single impurity results [57, 58].
Finally, Fig. 25a-c show relative weight factors W( x )  for three 

regimes. Here W is defined as:

Figure 25a shows that in regime a two peaks are roughly equal, so 
that K is fairly constant, and Curie behavior is therefore observed. 
It is to be contrasted with two others, where magnetic peak shows a 
rapid decay as the system goes into a nonmagnetic regime. Also, 
one can see that both peaks become narrower as temperature 
decreases, which is a general feature of all three graphs. This 
narrowness of the peaks serves as the justification for the many- 
saddle point approximation described in the next section.

3.4 M any sad d le -p o in t  a p p ro x im a tio n  a n d  its  ap p lica t io n s .

This approximation can be improved by expanding the free 
energy density around each saddle point. The domain of that 
expansion should be limited by the half-width of each peak. Such 
pertubation theory will not produce any infrared divergences, 
associated with soft G oldstone modes. This is because the 
pertubation around each saddle point preserves the symmetry 
associated with that saddle point. The strength of this formalism is 
that it isolates the symm etry-breaking fluctuations, which are 
responsible for such divergences. Let me note in this respect that 
the above expansion can qualita tively  take into account the 
contribution of the incoherent scattering term in the Anderson 
Hamiltonian. This can be achieved by treating the half-width of

(3.3 .1)

w h e re

/ m a x S m a x ( / o ' A )max (3.3 .2)
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each peak as the phemenological parameter. Indeed, the incoherent 
scattering would serve to increase the width of each peak, while 
lowering its height. This would not, however, significantly affect the 
dominance of those peaks at low temperatures and consequently 
affect the calculated thermodynamic quantities.

Let us now go back to (3.2.20). The goal now is to find all 
possible maxima of f (y ,  P). Write:

0 =
d f ( y , P  )

d y
(3.4.1)

From (3.4.1) and (3.2.20) get:

■ B z d  k  a n Pt a <- y - P ' > u p o ( k - y )
(3.4 .2)

w h e re

) = i i + p
Ef o ( y ) - £c <*>

Ef a ( y ) - ^ k '>)1 + * ' 2

(3 .4 .3)

Equation (3.4.2) is essentially a "mean-field type" self-consistency 
equation. One simple solution of it is y= 0, in which case n ^ = n  ^

(I will call this a nonmagnetic solution). Other solutions are 
somewhat less trivial. First of all, note that f ( y )  is an even function 
of x , which is a consequence of time-reversal symmetry. Let us 
therefore restrict all integrals to y> 0. Then going back to (3.2.15),
(3.2.16), and (3.4.3), it is clear that, as y  increases:

} a a  n p k a ( y - P  ) “ £ » ( * • >  ) - » '



Then the RHS of (3.4.2) would asymptotically approach \  U / 2 k  . 

Intersection of two functions, represented by each side of (3.4.2) 
would yield us solutions of that equation. This is sketched 
schematically in Fig. 26 below.

As can be verified from that sketch, there are three solutions of
(3.4.2). First, y =0 is a trivial solution, mentioned above. Then there

are two other solutions: y  * ^ ^ U / 2 ? t  which is a local minimum of

free action; and y  «  y j  U / 2 k  - another maximum. This maximum 

represents a magnetic solution.
Numerical results (see Sec. 3.3) graphically show how magnetic 

susceptibility, specific heat and other thermodynamic quantities

vary, as one goes from magnetic regime (y = V peak is
dom inant)  to nonm agnetic  regim e (y = 0 peak is dominant). 
Specifically, they show a tremendous enhancem ent of response 
functions at the point of transition, where two peaks are roughly 
equal. This intermediate regime, therefore, presents a great deal of 
interest, and must be further explored. To this end, I will introduce 
the double-saddle point approximation, in which only two saddle 
points are taken into account. It will turn out to be an analytically 
useful approximation. The numerical validity of this approximation 
has been discussed in Sec. 3.3.

In this section, therefore, I will introduce the double saddle-point 
approximation, and then use it to calculate the susceptibility and the 
specific heat in this approximation. Now, let me use index i to 
denote two peaks: i=0 corresponds to x = 0  peak, while i= 1
corresponds to ferrom agnetic  peak. In a two saddle-poin t 
approximation, the partition function becomes:
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x log(l + e * p ( -  p  X pak ( yt ) ) )  + \  log p

Let us make a change of variables: 

a  ^  r , 3

( 2n )  p a

w h e re

( d  A. > ipa
-  1r \  

£2 m k

I d h I 2 k 1 )
N .  (A) = ipa

d̂ r = u - Po ( k ’ x i )  =

i ~ p Ef a i x ) ~ £c i k )

E  U t ) ~  ec ( k ) ) 2 + W 2

Then (3.4.4b) takes the following form:

/ , = - * / J , | 2-  S U A A ^ W x

x log(l + e x p ( -  P X pgk ( y . ) ) )  + \  log P

(3 .4 .4b)

(3 .4 .5a)

(3 .4 .5b)

(3.4.6)

Now, following this approximation, let me rewrite (3.2.25). First let 
me consider the contribution of the Gaussian fluctuation of df l dH.  
W rite:
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XGauss K ' XC . W . (3.4.7)

w h e re

XC . W . ^ 1 + exp( ji  X )
cr

(3.4.8)

=
1 (3.4.9)

I + -j exp( /Q -  / , )

Jf turns out to be a very important factor in this theory. It
represents a correction to the Curie power law, which is due to 
fluctuations between two phases. A second contribution to the
magnetic susceptibility will have a Pauli-like character and come
from the region around the Fermi level. From (3.2.25) and (3.4.5a)
w rite :

Two contributions (3.4.7) and (3.4.10) together can be used to 
describe different regimes of the lattice Anderson Hamiltonian.

First of all, it is clear that when the f \  peak dominates, K «  1, so

that XGauss follows the Curie power law. At the same time from 
(86) it is clear that the localized portions of A . must lie well

below the Fermi surface. Consequently the contribution to X p aun 
can only come from the delocalized portions of X . , which means

th a t  Xpauli *s e ssen tia l ly  unenhanced  over  the uncoupled

 2 X
( l + exp(/?A))

exp()3A)

(3 .4 .10)



100

conduction band value. Therefore the Curie power law should 
dominate at all temperatures.

A second possibility is when the /o  peak is dominant. In this case

K ~ 0  and XGauss ~ 0- The localized portions of ^ pak tnay either

lie above the Fermi level ( for (J > > 2 | £ q | )  which corresponds to a

complete delocalization of atomic orbitals, or lie below the Fermi 
level ( for U  : £ 2 |£ q | )  which corresponds to a double occupancy

state. Such a double occupancy would not be energetically favorable 
(for U  > 0 )  if it were not for the hybridization interaction. The 
portions of c-band interact with the lower lying atomic orbitals, thus 
lowering the energy of the c-electrons. Doubling the number of 
lower lying atomic orbitals further lowers the energy of c-electrons, 
which may compensate the Coulomb repulsion. In either case the 

contribution of the localized portions of to X p oun is zero, and

the only contribution to X p aun  comes from the delocalized portions 
of X . .pak

To summarize, the /o peak may give zero or double occupancy 
states, and the combined contribution to x  *s always small. Of course 
the single occupancy state derived from the f \  peak lies between 
those two states. The corresponding phase diagrams depend on four

parameters in this theory: the energy of the uncoupled orbital £ q,

the width of the conduction band W , the hybridization strength V 
and the Coulomb repulsion U . I did not take into account the 
indirect exchange J ,  which would add yet another parameter to the 
phase diagrams. Obviously the analytical calculation of the phase 
boundaries from (3.4.6) would be very difficult. What I have done 
in the next section is to perform numerical evaluation of the various 
thermodynamic quantities as one goes from one side of the phase 
boundary to another. It is shown how all of the relevant quantities 
display a smooth phase transition, which in the discontinuous limit 
of the mean-field theory would become a second order phase 
transit ion .
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Let me now calculate the specific heat in the double saddle point 
approximation. From (3.2.23) we obtain two contributions to the 
specific heat. First of all, the contribution coming from the Gaussian 
fluctuation of df ldf i  can now be written as:

'Gauss = P f l / '

1

. 7  z VdPJ { i Z  dP )

21

= P R k ( I - k ) < fo  A )

d p
(3 .4 .12)

It is clear now that the dominant contribution to C ~  comes nearGauss
the phase boundaries, i.e. when 0  < K- < 1. It is due to the 
fluctuations between two different phases. This contribution gives a 
large peak in the specific heat at the transition regime. Far from the

phase boundaries, however, Cq quss *s always exponentially small.

A second contribution to the specific heat is analogous to the 
Pauli susceptibility and is due to low energy thermal excitations just 
above the Fermi level. By analogy with the susceptibility I will

label this contribution C paitn • Then one can write:

C Pauli &
^  t , / - x X 2 e x p ( p X )I  j d X  N .  (A ) ---------- -

p a  *  (1  + exp( p X ) )

( V  I "  * > + « , ■ ! * )  }
(3 .4 .13)

As was the case with the Pauli susceptibility, the contributions to

CPauli are essentially unenhanced, although such contributions will

dom inate  the Gaussian contribution away from the transition 
regim e.
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a). Remark on the Many Saddle-Point Approximation.
Let me now turn to a different aspect of the many-saddle point 

approximation. It is clear that the many-body term in (3.2.3)

proportional to van’s*ies *n t*le spin-symmetric state.

It is also clear that the relevant interaction many-body term must 

be proportional to Pro ^*em *s that while

n n ' [ ~ n j1 l  belongs to the SU(2) algebra described  above,

n | +  n . belongs to an enlarged algebra, namely U (l) .  It then

follows that a symmetric many-body term cannot be generated 
from an antisymmetric term. Therefore it cannot possibly produce 
the saddle points describing the spin-symmetric state, except for the 
trivial point y=0. This points us to a very important problem. The 
many body term in (3.2.1) can in general be represented as:

V % i = 7 [ ( V + " , i ) 2 - ( " , T - V ) 2 ]  (3 .4 .14)

One would then obtain an effective Hamiltonian represented as the 
linear combination of the symmetric and antisymmetric terms, each 
coupled to its own Gaussian field after the Hubbard-Stratonovich 
transformation. What I did above was to use the specific property

of the fermion algebra n *  = n Q to reexpress the interaction term

as:

%t% i = t [ ( % t+ V ) ' ( % t- V ) 2] (34.15)

In this case the first term is essentially a one-body term and it was 
incorporated into one-body zero order Hamiltonian. The second 
term, however, is the effective many-body operator, which becomes



103

antisym m etric after the linearizing H.-S. transform ation. The 
advantage of the above method is that it lowers the dimensionality 
of a Gaussian integral, without which the numerical computations 
will become impossibly long. It does not, however, work well in the 
many-saddle point approximation, as it fails to produce points with 
a different dynamical symmetry.

b). Improved Many Saddle*Point Approxim ation.
Let me now discuss the representation o f the m any-body 

operator given by (3.4.14) in more detail. In analogy to (3.2.2) 
represent (3.2.1) as:

Following through the same calculations as in Sec. 3.2 we obtain:

S [ ( V  + V ) 2 ~ ( V - V ) 2 ]  <3.4.16)

w h e re

(3 .4 .17)

(3 .4 .18)

/ (  ?  = -  n  p  (  y  2 + z 2 ) -------- Q—j  1  L  d * k  x
( I n  ) P°  BZ

log (1 + e x p ( -  P X paJc ( y  , z ) ) )  + j -  log P

w h e re
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X pak = i ( £/ ( ? ’z ) + E c ( k ) + P x
(3.4.19)

x  J ( e f  ( y  ,z ) -  ec ( l c ) ) 2 + 4V 2 )

£f  ( y  . z ) = Eq + ( oy + i z )

To deal with the complex factor iz we follow the standard procedure 
[33,34] and extend z to a complex plane, namely define:

Then we look for maxima of the free energy density. Following 
the same derivation as the one leading to (3.4.2) we obtain:

In this case there are two many-body terms in (3.4.16). The first 
term becomes symmetric after the H.-S. transformation, and is 
coupled to a field z . The second term becomes antisymmetric after 
the H.-S. transformation, and is coupled to a field y.  It is clear then 
that the antisymmetric field y  may have two saddle points: a trivial

solution y  ~  0 , and the magnetic solution y  ~ /4 n  j h e
situation with the symmetric field z is a little bit more complicated. 
Let us first of all consider the possible solutions to (3.4.21) for 
y  = 0. Since we are in the spin-symmetric state we can drop the

spin index. Now it is clear that £^.(0, z )  z>0 lies within the

a  n pk<j ( y  ' z ’ P ) u p o ( k ' y ' z>* (3 .4 .20)

(3 .4 .21)

z '=  0
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conduction band. In that case it is important to consider the

contributions of the conduction band above and below e^ (0 , z ) .  To

facilitate the discussion I give the table below which is valid in the 
large U limit.

Conduction- and Localized-like Regions for Upper and
Lower Bands.

ef  (0 , z ) < ck (0*

lower band upper band lower band upper band

p  = -  1 P = ~  1 p  = -  1 p  = -  1

dispersion dispersion dispersion dispersion

relation relation relation relation

V ” £/ ( 0 , 2 ) ^ p k  * €f  ( ° ’ 1 ) V  -  £z  (°-  * ) V " £/ ( 0 , 2 )

Bogoliubov Bogoliubov Bogoliubov Bogoliubov

coefficients coefficients coefficients coefficients
u j ( k , 0 , z  ) * 1 U p ( k , 0 , z  ) «  0 Up ( * , 0 ,z  ) “ 0 u * ( * , 0 , z  ) - l

Table 2

It is clear now that for z = 0 £y is below the Fermi level, but it 

increases as we increase z. From the table it then follows that as 

long as is below the Fermi level, the RHS of (3.4.21) is

approximately y / l !  In  . Indeed the dominant contribution to the

RHS of (3.4.21) for e^ comes from p  = - \  branch, while for
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£ , > e  . the dominant contribution comes from p  = 1 branch. Also f  ck
the factor two comes from the spin sum. Now as e^ goes just above

the Fermi level, it follows that the contribution from the above 
branches would fall off very rapidly, so that the contributions from 
delocalized conduction-like branches which are much smaller would 
become dominant. The resultant plot of both sides of (3.4.21) is 
sketched in Fig. 27. The width of the region in which the RHS of
(3.4.21) rapidly falls off is proportional to the critical temperature at
which the saddle point represented by the intersection of two
graphs in Fig. 27 becomes stable. That temperature will be
identified below as the Kondo temperature, and will represent the 
low energy scale in the problem.

But before I do that let me consider the possible saddle points for

z in the magnetic regime y  =» y /U  /An  . Assuming very large U the 
dominant contribution to the RHS of (3.4.21) will come from the first 

column of the table above ( p  1) for spin down branch. In that 

case the RHS of (3.4.21) is approximately equal to y/(J /4jc (see Fig. 
28) Substituting this value of z into (3.4.19) and remembering that

y  = y /U  I An  , we obtain the standard dispersion relations for the 
magnetic regime, namely

x- \ l " h  A i T = £ o + t /  <3 -4 '2 2 >

while two other branches are conduction-like.
Now, comparing these results to the ones obtained using the 

"antisymmetric representation" (3.4.15) for the many-body term it 
is c lear that the description of the magnetic saddle point is 
essentially equivalent. A major difference however arises in the 
description of the nonmagnetic saddle point. In the first instance 
the antisymmetric many-body operator can only give a trivial zero 
solution. In that sense the antisymmetric field y  can be understood 
as an antisymmetric order parameter. Therefore the trivial solution 
tells us that the y  parameter vanishes, which means that the system
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goes into the state of different symmetry. It does not however tells 
us explicitly what that symmetry is, or what are other physical
properties of the new state.

It therefore follows that in order to correctly account for all the 
possible saddle points of the system one needs to break a many- 
body Hamiltonian into all the possible operators with different
gauge symmetries coupled to the corresponding Gaussian fields. In 
that case the corresponding saddle point will represent the state 
with that gauge symmetry.

To close this section let me go back to the discussion of the
symmetric state of the Anderson Hamiltonian. I want to calculate
the critical temperature at which the symmetric state becomes 
stable. Using the dispersion relations (3.4.19) and (3.4.22) and 
assuming that the critical temperature is low, we obtain:

where p  = -  I for (0,zc ) < and p  = 1 for e^ (0 ,zc ) > .

Let us again assume a simple rectangular density of states in the 
band:

Using (3.4.19) and expanding (3.4.23) in powers of V we obtain:

s z d h  ) « * < * >
( l i t )

(3 .4 .23)

-  D < e  < D 

otherwise

2

(3.4.24)

Since £^ ( 0 ,zc ) «  0, integrating (3.4.24) we finally obtain:
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o r

kB Tc =  D  exP
(3 .4 .25)

which is exactly the expression for the Kondo temperature. One can 
further calculate the renormalized peak width. To calculate the 
peak width one needs to calculate the f-electron self-energy. The 
leading order diagram is shown in Fig. 29. For the unrenormalized 
state one then simply obtains:

Now in the symmetric state the renormalized conduction electron

seen from the table 2 that weight factor is very small for 
conduction-like branches. Indeed this weight factor represents the
probability for f-electrons to become delocalized, i.e. one may

X . ( e )  =  - ^ T  Ibz d h  V 2Gc(e,k) =

( 2

(3 .4 .26)

Again assuming the rectangular band we obtain:

d Q = Im 1 ^ ( 0 )  = it pQV
2 (3 .4 .27)

and the derived density of states

A 0 (3 .4 .28)
2 2

0

Green's function acquires the weight factor u ,0 ,z c ) . As can be
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identify u p ( k , 0 , z c ) = 1 -  fly which becomes small in the Kondo

limit /y  —> 1. Therefore one obtains:

(3 .4 .29)

w h e re

A =  u 2 ( k , 0 , z c ) 4 q (3.4 .30)

Therefore in the magnetic regime one obtains a relatively broad 

resonance centered around E q, while in the symmetric Kondo

The narrowing of that resonance is essentially due to large Coulomb 
repulsion which essentially suppresses the charge fluctuations, so

obtained, one can calculate the occupation numbers which are found 
to satisfy the Friedel sum rule (see Sec. 1.2). All of these results are 
com pletely  equivalent to the results found previously and are 
essentially similar to the single impurity results. However when 
one applies these results to the lattice, the problems that I discussed 
at the end of Sec. 1.2 still apply. In particular this state does not 
provide a mechanism for the long range coherence in the lattice. 
Moreover, as I will show in the next section the above saddle point 
may become unstable in the orbitally degenerate case with small 
crystal-field splitting.

3.5 S u m m ary  o f Section 3

regime one obtains a much narrower resonance centered around cy .

that u p ( k , 0 ,  zc ) *  1 -  fly is small. Using the density of states

In Section 3 the local operator formalism has been applied to the 
study of thermodynamic properties of the orbitally nondegenerate
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lattice Anderson Hamiltonian. It allows one to go beyond the mean 
field approximation to include the relevant fluctuations. As the first 
important point, two types of fluctuations have been differentiated. 
In the study of possible states of the system, which are represented 
as a saddle point of the free energy density, we have found a 
nonm agnetic state, and two m agnetic states, re la ted  by time 
inversion symmetry. One kind of fluctuation involves those around
each of the corresponding saddle points, i.e. the fluctuations arising 
from the finite peak width around each saddle point. As I have 
shown in this Section the corresponding peak width is very small in 
the low temperature regime, although it does become wider as 
tem perature  increases. Therefore  the main effec t o f  those 
fluctuations is to renorm clize the relevant physical parameters 
without fundamentally altering the ground state of the system. 
Such ren o rm aliza tio n  can be ca lcu la ted  by s tra igh tfo rw ard  
expansion of the free energy density around each saddle point with 
the domain of expansion limited by the half-width of each peak.

Another kind of fluctuation (so called symmetry-breaking type) 
involves those between the m agnetic and nonm agnetic  saddle 
points. The importance of that type of fluctuation depends on the 
relative weights of two saddle points. When the relative weight of 
one of those two saddle points is much greater than the second one 
(which corresponds to a stable state far from the transition regime) 
the symmetry breaking fluctuations are exponentially small. The 
situation becomes drastically different, however, when two saddle 
points have a comparable weight. That situation corresponds to the 
transit ion  reg im e and in that case the sym m etry -b reak ing  
fluctuations become very important, especially in the calculation of 
the various response functions, represented by second derivative of 
the free energy. In that case the symmetry-breaking fluctuations 
are represented by quadratic (Gaussian) fluctuations of the first 
derivatives of the free energy density, which have a sharp but  fin ite  
peak around the transition point. Therefore the main advantage of 
the functional integral treatment of this problem is that it allows 
one to describe a smooth transition between the magnetic and 
nonmagnetic regimes. This is in contrast to the typical mean-field
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approach, where such transitions are infinite in second order 
derivatives of the free energy. Numerical evaluation of the relevant 
response functions essentially confirms above observations. The 
behavior of the system above the transition regime is a typical local 
moment behavior as can be observed from numerical evaluations. 
However below the transition regime the situation can be much 
more complicated.

As an analytical tool in understanding the behavior of a lattice in 
the Kondo regime close to a magnetic transition I have used the 
"many-saddle" point approximation. It was my intention to find the 
saddle points of the free energy density which preserve the spin 
rotation symmetry at low temperatures, and may possibly explain 
the unusual properties of HFS, such as the enhanced specific heat 
and the low temperature coherence.

One point that the saddle point calculation has shown is the 
importance of expressing the many body term as the quadrature of 
generators with all possible symmetries relevant to the system. 
A fter applying the H.-S. transform ation, the m any-body term 
becomes a linear combination of those generators coupled to the 
corresponding Gaussian fields. Nonzero saddle points of each
Gaussian field represents the state of the system with the symmetry 
of the corresponding generator. In that sense those Gaussian fields 
represent the order param eter for the corresponding symmetry 
state of the system. In particular, in the system under consideration 
we deal with the symmetric and antisymmetric spin states. It has 
been shown in Sec. 3.4 that by using the m ost general 
representation of the many-body operator (Eq. (3.4.14)) one can
obtain the Kondo saddle point, similar to the one found by other
theories. On the other hand, by using a representation (3.4.15),
which involves the quadrature of the antisymmetric term, only the 
antisymmetric Gaussian field can then be obtained. A ll  symmetric 
saddle points are then represented by zero Gaussian field, which 
only tells us that the system is not in the antisymmetric state. 
Therefore in using the saddle point approximation, one should use 
the most general represen ta tion  o f the many body operator. 
Representation (3.4.15), however, is very useful for numerical
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evaluations, which are essentially exact. Using the representation
(3.4.14) would square the number of operations needed to do the 
numerical evaluations.

Finally it has been shown that calculated saddle points do not 
provide a mechanism for the low temperature coherence, which 
characterizes HF systems.
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4. A pplication  o f  the Local O perator C onstruction  to the 
O rbitally Degenerate Anderson Model

4.1 Introduction
In this section I study the low temperature properties of the nearly 

degenerate lattice Anderson Hamiltonian in the Kondo regime. This 
means that I explicitly include the effect of the small crystal field 
splitting. This splitting is taken to be greater than the width of the 
uncoupled f-band, which I take to be zero. For a review of the previous 
work see refs. [20] and [52]. The important technique developed here 
involves the application of canonical transformation, generated by an 
S U ( 2 / + 2 )  algebra (J  is the total angular momentum of a localized 
electron). That transformation decouples the effective f-band and c- 
band. The application of canonical transformation, generated by Lie 
algebras provides a powerful tool for obtaining the low temperature 
nonpertubative results, as in me case of superfluid He [59]. This is 
exactly the situation here. In fact, it turns out that after decoupling the 
effective f- and c-bands, one obtains the nonpertubative ground state. 
This means that the interacting ground state cannot be obtained from 
the noninteracting states by pertubation theory.

The state derived has many unusual properties. It involves the 
almost localized f-electrons hopping between the lattice sites in a 
coherent fashion with the correlation length being much larger than a 
lattice constant. The hopping pins those quasiparticles close to the Fermi 
surface, thereby producing the large enhancement in the specific heat 
coefficient y, and the static magnetic susceptibility x • The stability of 
such a state at low temperature is due to the fact that the orbital 
degeneracy of localized electrons is higher than the degeneracy of 
conduction electrons. In this respect it is important in my opinion not to 
make the simplification of making the degeneracy of the conduction 
band equal to the degeneracy of the localized electrons [40,41]. In 
addition, I have calculated the Wilson ratio, and it is in approximate 
agreement with the experimental results [1].

The Section is organized as follows. In Section 4.2 various forms of 
the propagator representation for the near degenerate lattice Anderson



Hamiltonian, utilizing the local operator construction are given. Next I
discuss an equivalent form of the propagator which are particularly 
useful for the degenerate lattice Anderson Hamiltonian. This new form 
of the propagator has the advantage of enabling us to calculate 
additional stationary states that preserve the spin rotational symmetry. 
Next section (4.3) discusses the algebraic structure o f the effective 
Hamiltonian. I write down the appropriate SU(2/+2) generators and the 
useful commutation relations. Further, I write down the canonical 
transformation in terms of SU(2J+2) generators. Actual calculations of 
appropriate parameters of the canonical transformation are referred to 
Appendix 6, where I set up the appropriate closed system of recursion
relations and actually calculate the brackets of the generator of the
canonical transformation with the effective Hamiltonian to all orders. 
This allows me to explicitly write down the equation that decouples the 
effective f- and c-bands, which specifies the corresponding parameters
of the canonical transformation. Also in Appendix 6 I solve the 
decoupling equation. It turns out that the small lattice-induced splitting 
in the f-band produces a qualitatively new solution of the "symmetry- 
breaking" type. In Section 4.4 I study the possible saddle points of the 
system. In particular, I find a new saddle point which corresponds to
the symmetry-breaking solution. In Sections 4.3 and 4.6 I study the
physical properties of the new saddle point. The important properties of 
the co rrespond ing  ground sta te  are ch arac te r ized  by the spin 
delocalization regime, which along with the short range Coulomb 
repulsion is responsible for the long range phase correlation of the
quasiparticle excitations. I compare my results with the results obtained
by the slave boson model and its extensions to a lattice [40,41]. In my
view the extension of the slave boson model to a lattice suffers from
several fundamental questions concerning its assumptions. Discussion of 
those and other questions is given at the end of Sec. 4.6. Section 4.7
addresses a question of the empty state contribution to the partition
function.
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4 .2  P ropagator  R ep resen ta t io n s  for the N early  D egen erate  
A nderson H am ilton ian .

Consider the almost degenerate Anderson Hamiltonian:

Here f  + , f  represent localized electron operators, and c ♦, c represent 
itinerant electron operators. Notation: k  represents the conduction 
electron wave-vector, a  = ± 1 /2  indicates the conduction electron
spin along the axis of quantization, m = -J  J  is the projection of
the total angular momentum of the localized electrons, and /i 
= 1 numbers the cells in which those electrons are localized.

Also, it is assumed that at very low temperatures the thermal 
fluctuations in the lattice are sufficiently small so that a small 
splitting S in 2J  +1 levels arises. This splitting should preserve the 
time inversion symmetry, and is therefore coupled to the absolute 
value of the total angular momentum quantum number. Therefore 
S(T)  is given by:

(4.2.1)

H l. , =  I f .  c.  + c. band £  k ka  kak ka  ka

(4.2.2)
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Here T ^  represents the characteristic lattice temperature at which

such a splitting occurs.
Now as in Sec. 3.4 we rewrite the many-body operator in (2.1) in 

the rep resen ta tio n  using  the square  o f the an tisym m etr ic

combination (in indices m , m') of n and n , :

Following the functional integral formalism procedure as in Sec.
3.2 and using the coherent Q= 0 approximation we obtain:

Hm /im

(4.2.3)

J N L îkma

r  ~ i k R u
*  K  { k ) c k o f m e + H '

w h e re

(4 .2 .4)

w here :

HMF ( y  ) ~ £f m ( y  f k m  + Bk Cka  Cka  +

(4.2.5)
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+ } a k \ v ^ k ) c ^  + H C -}

cf J y ^ E0 n , + U J
(4.2.6)

a n d

sn = *urn tM i ^... m <nt m >m
(4 .2 .7)

is the Q= 0 Fourier component of the local Gaussian fields:

The problem with this representation has been discussed in Sec. 
3.4, where it has been shown that in the large U limit it produces 
only the antisymmetric (magnetic) saddle points as well as the 
trivial zero magnetic point. Since we are interested in describing all 
the possible symmetric saddle points, the above representation is 
not appropriate. In Sec. 3.4 we therefore argued that one needs to 
use the most general representation for the many-body operator. 
In this case that representation takes the following form:

H  = Hq + U_
4 I

m >m . £ [ ( > , +  V ) 2 _ (  V . - V ) 2 ]

(4.2.8)

0 /i/n E 0 m n m + X £k
ka K

c,+ c.  ka ka
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I
fjkma

( * ) c£a f  ̂  e
-  i k R

m + H . C
■]

Again following a similar procedure we obtain:

H -  d  , (4 .2 .9)
W - " 3 T V  c  '  =o

w here :

)  _  fkm +  j j  £* C*CT C*<7 +

(4 .2 .10)

a n d

■̂Om ”  5  Z0 m m '}  ?  {  y0m"m + Z0 m " m }m<m m >m
(4 .2 .12)

denotes the Q= 0 Fourier component of the local Gaussian fields. In 
Sec. 3.4 the above representation led to two coupled integral 
equations (3.4.20-21). In the present case however the number of 
equations is 27(27+1) which makes this approach impractical.

A
Let me rewrite L i t  ) in a d ifferent but equivalen t form, 

appropriate for the on-site Coulomb repulsion (J being the largest 
parameter in the theory. The new form is particularly appropriate 
for finding the symmetric saddle points which have the same



contribution to all quantum channels. In the previous approach this 
would require us to look for a maximum of free energy density with 
respect to some symmetrized combination of 27(27+1) Gaussian 
variables. However the approach I offer now produces the 
symmetric form of the partition function and the integration is one­
dimensional rather than 27(27+ l)-d im ensional, thereby eliminating 
any calculational difficulties. To be explicit, let me write:

Here N  represents the filling number for the 27 + 1 - d e g e n e r a te

basically represents the thermal energy of the system (given in the 
column 3) divided by the filling number N  . The auxiliary complex 
field £ has been introduced (see [59]) to enforce the constraint

Z ( P ) = T r  l  + °°dZ I  e
— OO t  i f\

2V  P '
N  = 0

(4 .2 .13)

w h e re

k *

(N  )

(4 .2 .14)

(4 .2 .15)

energy band. En is given in the last column of the table 1. It
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where nm ( P ,  k )  denotes the thermal average of the number 

operator for f-electrons in the m -th state. Note that this constraint 
commutes with the uncoupled Hamiltonian (no f-c mixing). In that 
case the number operator in (4.2.15) can be substituted by its 
thermal average, and the integration over the complex { will 
produce a simple constraint-conserving delta function. I will discuss 
in Sec. 4.7 below how the presence of the mixing term affects the 
constraint (4.2.16). In fact I will show that in the coupled case the 
average number of electrons may be slightly less than one. This 
approach therefore is slightly different from the standard approach 
[59] (see further discussion in Sec. 4.7), but it does intuitively 
correspond to one's understanding of what the number of electron's 
should be in both coupled and uncoupled regimes.

The propagator written in this form has the advantage of 
preserving the rotational invariance. In fact, each term in the new 
propagator corresponding to some particular value of N  r e p re se n ts  
the sum of the old propagator densities evaluated over all the 
saddle points satisfying (4.2.16). Such summation restores the 
rotational symmetry, which is reflected in the symmetry of each 
term in the new propagator.

In the large U limit only the N=  0, 1 terms are relevant. Also in 
the Kondo regime, where EQ is large negative it is clear that N=  1

term should dominate, which means that other terms become 
exponentially small at low temperatures. Below, therefore, I will 
only consider the terms that satisfy (4.2.16) for N = 1. Since N  is now 
fixed I will drop this subscript for now.

Below I want to explore all the possible stationary states of
(4.2.13) in the Kondo limit. To do that I will try to partially
diagonalize (4.2.14), so that I will now be concerned with the
algebraic structure of the effective Hamiltonian.
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4.3 The Algebraic Structure o f  the Effective Hamiltonian,  
and the Solutions o f  the Decoupling Equation.

Next I want to decouple the f and c quasiparticles in H y p  by

appropriate canonical transformation. It is important to note in that 
respect that:

Indeed, define S U  (27+2) generators (drop the common wave-vector 
subindex k ):

hL = h L g SU ( 2 7 + 2 )  k k
(4.3 .1)

(4 .3 .2)

(4.3.3)

(4.3.4)

w h e re

fm M =
(4.3 .5)

Here I will use the convention that the Greek subindices // ,v , etc. 
(e x cep t  a  which indicates the spin of conduction electrons) refer to
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all the half-integral values of angular momentum between - /  and J  
(denoted by Latin subscripts) as well as to zero subscript, which 
refers to the antisymmetric c-channel. In terms of these generators
rewrite (4.2.15) as:

h = 1  a i 0 ) T. 
m m

i „  ( 0)^> . v  /,( 0 ) t
0 0 m On Dm m > ft

( ° ) j  +
mn mn

(4.3.6)

w h e re

a (m0) = E.. a ^ 0) = e.  a {n 0) = 2V = 0  <4 -3 -7 )m Um 0 k 0 m m mn

A
The goal now is to perform a canonical transformation on h such 

that the effective f-band is decoupled from the effective c-band. 
Define:

U = e R R = i I 0 n T ^  ( 4 '3 8 )

The transformed Hamiltonian will then have the following form (see 
Eqs. (A6.55) and (A6.66)):

where (drop the common subscript k ):

h = l A  Tm + A n Tn + ' L A n T *  + 1  A T  +“ m m  0 0  £  0m 0m n^ n mn mn

and the corresponding coefficients are given by Eqs. (A6.32), and 
(A6.52)-(A6.54). Note that in Appendix 6 the following definitions
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are used:

' ‘  2
X = cos | e | 2 = p » 2

- 2  T ( 0 ) 2 
Of ~ m

A s £ k ~ E o - S

h (  m ) = 5 ' m  \ + Hg g H

, \ X h i m )  0( n ) m  m
h = -------

m

0 | 2

_ _ ( 1) 
h = h

a n d

is the renormalized f-c mixing parameter.
Our goal is to find a canonical transformation such that the 

effective f-band is decoupled from the effective c-band, i.e.

* 0 * = °

From this condition one obtains the so-called decoupling equation 
(see Appendix 6):



_ 2 ( h )x  2 ( l  -  x  2 ) _ a0f  

( l  -  2x  2 ) ( A  -  h )

1 24

(4.3.9)

Let me consider two types of solutions to this equation, 
take h=0 (this would correspond to T  > T^) .  Define:

First

/ T e
V~2 ( A  -  h )

V * >

(4 .3 .10)

Then (4.3.9) has four solutions:

2  L
x  ~  2 1 ±

■ f t ' + 4

(4.3 .11)

T  <  V -
Then theAs the next step consider h small (so that

above solutions are perturbed slightly , and there is nothing 
fundamentally different in those channels. As we shall see below 
this solution corresponds to f-electrons being completely localized 
(£  ~ > - °°), which corresponds to the saddle points of the free 
energy density previously obtained. However, there is another 
possible solution for small h . Take x  °c h , so that x  is small. Then
(4.3.9) could approximately be written as:

2 (  _ ( 2 ) _ 2 \  
a o f  -k + ^ V/ i  -  h )  = 0

(4.3.12)

and the solutions are:
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- 2 (4.3.13)

a  2 ± / a  4 -  16A 2 ( f F <2 ) -  h 2 )
2 _  0 / V 0 /_______________________JC

_ 2

The first solution has to be rejected because of our assumption that 
x  is small. Second solution, however, satisfies our assumption and is 
the fundamentally new "symmetry breaking” type solution. In the 
next section I will discuss the physical properties of this new 
solution. In fact, I will show that many properties of HFS can be 
understood within the framework of this new solution.

4.4 New Saddle Point for the Symmetry Breaking 
Solution o f the Decoupling Equation.

Let us explore the symmetry-breaking solution in more detail. 

The corrections to the corresponding zero order coefficients a^ ,

and a ^ ^ a r e  (see Appendix 6, Eqs. (A6.52)-(A6.54)):

-  y f l  * x  x- (2/T -  h i m )  - h ( n ) ) ~ \ (4 .4 .1)
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a, i P)
m

= 1 P
1 _^2L

lei7 1 '  ' 2
+ ( h  )

-  2 — r — ( h  -  h i m ) )
(4.4.2)

oo a ( P )

=  ! V2 °/
i 1 — f  i \ V l  -  *  2±  —r r  an , i h ) ---------------

(4.4.3)

or using the symmetry-breaking solution to (4.3.9) write:

= - 4 ~ ^ 4 l U ^ M -  +  2a„
le i2

[(a -  )

+ 2 ( 2  h -  h i  m )  -  h i  n ) )  ± y f l { 2 h  - h i m ) - h i n ) ) ' x .

a,
0L

( a‘ ( 2 ) -  h 2)
(4.4 .4)

Am =
'm

{ K 4 ? 7 42+2v ( a ) )

+ 2 i  h -  h i m ) )  -  V 2 (  h -  h i  m i )
a,

QL

U (2)- h - 2)
(4.4.5)
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Here Am is understood as the localized portion of minus and plus

channels, corresponding  to + signs in (4 .4 .5). Then the 
renormalized 2J  +2 energy bands are:

V  i (  £<>m + « + ** ± JA2+A°v(h)) <4'4'7>

l m = ( Eo * , + t ) + h ( m )
2 0 ,

2 \
m1 -

V. I© I

1 S m

2 l e i 2
(4 .4 .8)

j A 2 + 2 a } r ( h~0f ) ) -
20,m

e \
( h  -  h i m ) )

a
QL

i h i 2 ) - a 2 )

1 / 2

2 - ,  ,2
Here the term 2 0 m h / 10 1 is absorbed by . Let me

examine each term in (4.4.8). First of all £ represents the energy 
shift with respect to the uncoupled f-level, which is the result of the 
constraint (4.2.16) for N  =\ ,  which has been introduced to account 
for the effect of the strong Coulomb repulsion between the localized
f-electrons. The second term represents the effective field h
coupled  to the e f fec tiv e  m om ent reduced  by the fac to r

2 0
2 \

1 -

m This reduction is due to electron-hole excitations

which excite an f-electron into the conduction band, which is
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assumed to couple very weakly to the magnetic field, and leaves 
behind the hole of opposite spin.

The next term contains the dispersion relation, which results 
from the hybridization between the localized and the conduction 
bands. Here the upper sign is used when A>0 so that the dispersion

term vanishes in the limit a ^  —>0. Similarly, the lower sign is used

when A<0.  For ( h ) small the wave-vector dependence of the

dispersion term is very weak. Also, as will be shown below, the 
dispersion term is responsible for pinning the saddle point of the 
free energy density just above the Fermi level. This combined with 
the large density o f states produces the quasiparticle-like behavior 
with effective mass that could be renormalized by several orders of 
magnitude. I will further discuss the importance of the dispersion
term later on in this Section. Finally, the last term represents the 
correction to the third term. It accounts for the fact that at low
temperatures the localized band has a splitting proportional to 8, so 
that there is a difference in hybridization strength of each subband, 
which enhances the above splitting, while preserving the total
energy of all the subbands (indeed, the sum of the last term over m 
is equal to zero).

Let me discuss this last term in more detail. I will now argue 
that in a highly hybridized system the indirect hopping between the 
f-sites will eliminate the above splitting altogether. To illustrate the 
problem, let me consider a simple case of an electron localized
around some atomic site. Then the total angular momentum and its 
quantum number are defined with respect to that site. Similarly,
one can consider the localized electron in kq-representation. This 
corresponds to the wave-packet localized around a lattice site /i, 
which however is undefined. In this case one can still define the 
total angular momentum and its quantum number with respect to 
that site /i. This is because those quantities do not depend on the
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exact position of the site around which the particle is localized. In 
the hybridization case, however, the localized electrons acquire the 
d ispersion  relation , and the Ham iltonian contains an indirect 
hopping term. This means that while the electrons are mostly 
localized around the atomic sites, they are however able to hop 
between those sites. This in turn creates the problem of defining 
the total angular momentum. In fact, if a given electron is no longer 
localized around a certain site /i, any splitting proportional to the
quantum number m in (4.4.4) and (4.4.8) will be proportional to 
1 IN where N ^  denotes the number of lattice sites, and is therefore

negligible. In other words, if for that electron one defines certain 
reference point, the probability that the electron is within a small 
distance of that reference point is proportional to 1/W^- Defining

the reference point does not change the total energy of the system, 
so the splitting must vanish in such manner as to preserve the total 
energy of the system. Looking at (4.4 .4) and (4.4.8), this 
corresponds to the last term in each of those formulas being equal to 
zero, so that the degeneracy of 27+1 energy bands has been restored. 
It is important to keep in mina that the subindex corresponding to 
the angular m omentum is kept in order to d ifferen tia te  the 
corresponding quasiparticles, as well as to indicate how the particles 
couple to the magnetic field. It does not however have a direct 
relationship to the angular momentum quantum number as far as 
the e lectron-lattice  coupling is concerned. Therefore equation
(4.4.8) now takes the following form:

m

f  2}
l 2 e m

v

1
+ 2 ~ 7 M -

A 2 + 2 a 2 ( h )  )

(4.4.9)



Also defining + £ » one can rewrite (4.4.9) as:

Xm = ef  + 8 H m

f  1 \
2 0

1 -

^ Ie \ ~ )

m , 1 Gm
2 . ^ . 2

( A % j A r + 2 a * i h )  )

These are the new eigenvalues of the system.
Let me now calculate the partition function. Write:

zt = j^  n ( i  + e f iXm)  ( l  +
- p x

° ) e ^  =
m = -  J

= i d $  e m
I  log( 1 + e ^  m) + log( 1 + e °) + £ p

= \ d $  e k

Z  = I d£ e
f ( t >  P)

where restoring the subindex k,  we write:

/ ( I .  i d h  f k ( | .  p )
( 2 n )

(  - P *
f  . ( £ ,  P  ) = I  log U  + e

K m
mk )  + log (  1 + £ ^ 0
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(4 .4 .10)

(4 .4 .11)

(4 .4 .12)

(4 .4 .13)

+ S P
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In the spirit of the discussion, let me evaluate the partition function 
using the saddle point approximation [60] . Write:

! d f k ( Z , P )

P d t
=  1 

m
1 -

1 m

2 le i2

1 - -  i

w h e r e

(4.4 .14)

1 + exp( P ^  ( k ))

We want:

d f ( S , P )  a  3 d f k ( i . P )
^  J cl fc • “ 0

( 2 k ) d t

(4 .4 .15)

There are two solutions to the above equation. For the minus 
channel ( 4  > 0 )  one can write:

°  \ d h 1

2 ( 2  k ) '
1 -

x  n m  (  P  ■ k  )  I  “  I d  3 *  £  nm  (  0 ,  k  )  }  -  1
m  > ( 2 k )  1 m  J

(4 .4.16)
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Then £ must be a large negative number. In the limit U — whi ch 
corresponds to:

n  r ,3 .  v  t o  i \  , (4 .4 .17)
 j  } d  k  X »m ( P , k )  -»  1
( 2 j t > m

t h e n  £ —> - o o .  There are 27+1 solutions to (4.4.16) for each 
quantum level being occupied. Those solutions correspond to the 
class of saddle points in table 1 for N=l ,  and they also correspond to 
the transformation parameters given by (4.3.11). The symmetry- 
breaking solution becomes complex, i.e. it is nonexistent. In such a 
case the electrons are completely localized around their atomic sites.
The dispersion term is then very small, and will in fact vanish in the
above limit. To put it another way, the effective mixing parameter 
is reduced by the strong Coulomb repulsion. This is due to the fact 
that delocalized f-electrons have a finite probability of hopping onto 
another atomic site. In the Kondo regime that site is occupied by a
nearly integral number fo electrons, and therefore such hopping will
bring the strong Coulomb repulsion into play. That means that the 
dispersion term is effectively suppressed, which is reflected in the 
above formulae.

A nother in teresting solution however emerges for the plus 
channel. In this case write:

2(2/r )3 |e|2
1 +

4 2 + 2 d 02 ( h )

x i e * n m ( P , k ) \ = l - - ^ \ j d 3k l n m ( P , k ) \  ( 4 4 1 8 )  
m J (2;r ) 1 J

From this it follows that A <  0 .  However, the conduction band 
extends all the way to the Fermi level. Therefore E^ + £ = 0 ,  i.e.

the renormalized quasiparticle band lies close to the Fermi level.
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This is the source of the instability resulting in the tremendous 
enhancem ent of the various response functions which will be 
calculated below.

Let me now consider the off-diagonal terms. From the above 
discussion, I will rewrite (4.4.4) as:

For both types of saddle points A  is very small. Clearly it is zero 

in the limit £ —> -  oo. For a symmetry-breaking type saddle point 
one may ex pand  the square  roo t us ing  the fac t  that

This term produces a small mixing between different quantum
numbers, which is due to indirect hopping. Beyond that it will 
slightly renorm alize the energy bands around the Fermi level,
without changing the energy parameters in any significant manner.
In fact the second order contribution to the n-th quasiparticle
energy level is proportional to

One can rewrite Z as a sum of exponentials of free energy 
density, evaluated over 27+2 saddle points. From (4.4.12) write:

1 e m e n
mn , / T  . .2

V 2  \9 \

( h ) /  A ~ y f l  x  (see (4.3.9)), so that one obtains i4mnoe 6

which is of order x ^ ,  and is therefore very small.

(4.4.19)
w here [61 ]:
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f i ( p )  = f ( S r p )  1 = 0 , 1

Here the subindex 0 is used to indicate the saddle point, 
corresponding to the spin delocalization state, while subindex 1 is 
used to indicate the other 27+1 saddle points corresponding to the 
class of saddle points in table 1. The first term in (4.4.19) is 
proportional to 27+1, so it is dominant at finite temperature. This is 
the result similar to the one obtained by Brandt, Keiter and Liu [59]. 
It is also interesting to note that the above saddle point disappears

for T  > T ^ .  Therefore for T  > the f-electrons will behave as

localized magnetic moments resulting in Curie-type behavior at 
h igher temperatures.

Let me make a short detour, and briefly discuss the question of 
the transition between the two regimes. Obviously as the peak

around £q disappears around T  «  , the fluctuations around that

saddle point will become important. Further increase in the peak 
width, as well as its possible displacement could be caused by 
contributions from the incoherent scattering. Both effects can 
therefore be taken into account (at least qualitatively) by evaluating

(4.4.12) over peak width around £q, which could be considered a 

parameter. The results obtained here are similar to those obtained 
in the first Section, and they do qualitatively describe the transition 
between two states. In the next section I will discuss the 
th e rm o d y n am ic  p ro p e r t ie s  o f  the low tem p era tu re  reg im e, 
dominated by the new saddle point.

4.5  Low T em p er a tu r e  P ro p e r t ie s  o f  the S y m m etry  
Breaking State.

Returning to the low temperature regime, let me now calculate 
several thermodynamic properties of the system. The integrals
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below will be evaluated as the sum of the saddle points discussed 
above. From (4.4.11-13) one can calculate the thermal energy and 
the specific heat as follows:

E —   - 4 - 2 L  = _  — |  D y  M— e f
*  Z d p  z  } u y  dp

(4.5 .1)

c -  p
% )  ) ) - ( ( ( * ) > ) .

d p 2

w here [62]

(4.5.2)

a p  ( 2 k )  m

(4.5.3)

dp ( 2 k  ) m m

(4 .5 .4)

Similarly, the magnetization and the specific heat are given by:

M  -  -  —  ̂  ̂ f Dy e ?
Z P d H  Z B * dHz p

(4.5 .5)

X  = ( d L  y
\ d H  )

(ML)
\ d H  )
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(4.5.6)

w here :

1 d f  12 f ,3 ,  ( a
a a u  ~  i  J d  k 2* ^  N n m ( P,  k )

(4.5 .7)
= ( 2 * ) 3 J  "  d H  m

1 d

P d H 2 ( l i t  ) 3
i d h  i *

m

d  * „ < * )
( < - % ( / > ■ * > ) -  " 2 " „ ( / » ■ * )

a  / /
(4 .5.8)

Let me now evaluate (4.5.2) and (4.5.6). First let me start with the 
specific heat. The term in the square brackets in (4.5.2) represents 
the Gaussian fluctuation of the energy density. This fluctuation can 
be very large near the phase transition, where there are two saddle 
points with approximately equal weight [63]. Indeed let me 
evaluate that term in the saddle point approximation. From (4.4.19) 
w rite :

4 <(;t



w here :

r  = ___________ 1___________  (4 .5 .10)
v-1  f n ~ f \1+  ( 2 /  + 1) e 1

serves as a very important quantity in this theory, which tells us 
which phase is more dominant. In particular, the quantity 
K (1 — K ) has its maximum when two phases have approximately 

the same weight. At temperatures much lower than the transition 
temperature one or the other p!.ase will dominate and therefore the 
above quantity will vanish. It is therefore very important to 
calculate k  explicitly. From (4.4.7) and (4.4.9) write:

f  - f  - f j - — i - 1  a p  Xf *  A H 1 V  + l J 2 ( a r ) 3 X

x j  d 3k  ( 4 U )  + j A t . k ) 2+ 2 d *  ( h )  )  (4 .5 .11)

w h e r e

The coefficient of p  in (4.5.11) is positive, which means that at low 
temperatures the delocalized phase will dominate.

The above formula has an interesting physical interpretation. 
Indeed :
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A i k )  +
(4 .5 .12)

is proportional to the change in the kinetic energy of the electrons 
due to hybridization. To be more explicit the kinetic energy of the 
localized electron increases by

as it hops from site to site, producing the delocalized spin. The
factor 1/(27+1) is just the combinatorial probability that a given
localized subband has been occupied by the electron before it
jumps into the conduction band. On the other hand the kinetic
energy of the conduction electrons is decreased by

This is due to the fact that while the localized electron is hopping 
from site to site via the conduction band, there is one less electron 
in that band, due to the Pauli exclusion principle. Therefore it is 
clear that the spin delocalization lowers the energy of the system, 
and that at sufficiently low temperatures the corresponding saddle 
point is more dominant than other 27+1 saddle points.

The above derivation  dem onstra tes  that in order  f o r  the 
delocalized spin state to be energetically favorable, one has to have 
a system where higher degeneracy localized electrons are coupled to 
the lower degeneracy conduction electrons. Therefore it is not 
appropriate to assume that the conduction band has the same 
degeneracy number as the localized band, which is the common

assumption in slave boson theories and other 1/W^ expansions [40]

(here will denote the degeneracy of f-level). This dominance

increases as T —> 0 (for T « 5 ,  K  —>1). Therefore at very low

(4.5 .13)

(4 .5 .14)
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tem peratures  the above fluctuations would become neglig ible  
compared to the next contribution to the specific heat which I will 
now calculate. Write:

Here the contribution from f \  is neglected as it has no appreciable 
density of states near the Fermi level. To evaluate this integral I 
will
follow the standard procedure and change that integral to the one 
over energy variable k . The density of states for the plus channel is 
given by:

\ d 3k I A  0( * ) 2 x 
m m  u

(4 .5 .15)

1 +

2
A

(4 .5 .16)

Then one can rewrite (4.5.15) as:

n 2Sl N * ( 0 ) T  V 2 ( 2 7  + I) A  (  kf  )  n 2 n  N  ( 0 ) T

3 3

(4.5.17)
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where Xu indicates the upper bound of the resonance localized
771

around the Fermi level. From (4.5.17) the Sommerfeld constant is 
just:

y / 2 ( 2 J  + l ) A  ( k f )  N  { 0 )
r  * ----------------- 2--------------------------------- 1-----------

% r i h )  3
(4 .5 .18)

Similarly one can calculate zero field magnetic susceptibility at 
low tem perature. F irst of all let me discuss the Gaussian 
fluctuations. Write:

_ ( ( ( & )  ) ) - ( ( ( & ) ) )  .

n

( 2x )

f  3, d *"m 1( * )Jd  k n m k )

(  -x d k  A k )
+ i l _ K ) [ j d ik z ^ r - n m o ( P ' k )

(4 .5 .19)

The term proportional to 1 -  K vanishes upon the summation, so 
that one obtains:

( J L )
\ d H  )

( JLV dH
a

( 2* ) '

* I
m v

,  d k  A k )

i *  k  —

(4.5.20)
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This last contribution is proportional to fi at higher temperatures. 
However at very low temperatures ( T « 5 )  K —>0, so that the above 
contribution will vanish. This is of course due to the spin hopping 
beginning to play the dominant role. The second contribution to the 
magnetic susceptibility can also be evaluated by converting it to the 
energy integral and the result is:

AT - ( *)2" I* *'('»■£Lr J i( 1- I tV t i -

V 2 ( 2 /  + 1 ) 4 2 ( " e f f O

V U )
(4.5 .21)

w h e r e

a T T T ) ^ ^  < 4 ' 5 ' 2 2 )

Finally, the Wilson ratio:

2x  X ( T  =0)  ( ______2 _ \

( » B g ) 2 Y J U  +1) V + l )

(4.5.23)

is smaller than one. This is essentially in agreement with the 
experimental results [1]. The decrease in Wilson ratio is due to the 
decrease in the effective magnetic moment, which results from the 
f-c hybridization, and not from the increased y  as in the slave boson 

approach (see [40,41]).
There are two reasons for the discrepancy. First of all as I will 

show below the in teracting  ground state of the system  is 
characterized by collective excitations with the phase coherence



142

length much larger than the lattice constant. Therefore the 
intermediate state contains a large number of electron-hole pairs 
over the phase correlation length. This is to be contrasted with a 
result of the slave boson approach, where there is one electron-hole 
pair in the intermediate state. The slave boson theory predicts an 
increased density of states sampled by the specific heat, and not the 
static magnetic susceptibility. This in turn results in the increase of 
y  over £ ,  which results in the decrease of the Wilson ratio. The 
second reason is a bit more technical, but also has some profound 
consequences. In this work I have assumed that the orbitally 
nondegenerate conduction band is weakly coupled to the magnetic 
field, while the localized moments do strongly couple to the
magnetic field. This produces a decrease in the effective magnetic

(  2 \
2 R .

moment by the factor i - -  m
e \ 2 )

(see discussion in Sec. 4.4). By

contrast the assumption of the slave boson model is that the 
conduction band not only possesses the same degeneracy as the 
localized band, but it also couples to the magnetic field in at equal 
s tren g th .

The above results have several important implications. In the 
next section, not only will I be able to account for the onset of long 
range coherence and demagnetization effects at low temperature, I 
will also show the connection between these two phenomena. 
Indeed, I will show that the onset of coherence is necessary for the 
demagnetization effect to occur. Such a long range correlation does 
not exist in the slave boson model. Therefore the demagnetized 
state in the slave boson model is energetically unfavorable, as I will 
explain below.

4.6 Nature o f  the New Ground State in the Symmetry  
Breaking Regime.

In this section I will try to better understand the nature of the 
ground state associated with the new saddle point. To do that let 
me calculate the phase-phase correlation function for that ground



state at zero temperature. At the end of this section I will discuss 
the obtained results, and I will also return to the discussion
presented at the end of Sec. 4.5.

Since we are in the state where spin symmetry is nearly
preserved , I will s im plify the calcula tions and consider the
conduction band coupled to the symmetrized quasi one-particle
state generated by:

This means that I will ignore whatever small spin splitting remains 
after the spin delocalization or due to the magnetic field. Now 
consider the static phase correlation between the charge excitations 

at two different sites / i  and /*':

This correlation function is useful in understanding the nature of the 
ground state In particular it will explain how the delocalization of 
the near-integral moments produces a long range coherence in the 
ground state.

Going over to the Fourier transform in k-space, one obtains:

J (4.6 .1)

or in k-space:

J (4.6 .2)

(4.6 .3)
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In the spirit of the above approximation, I will assume that after the 
decoupling transformation the above operators transform as:

ck ^ uk ck + vk h (4 .6 .5a)

fk -  \ ck (4 .6 .5b)

w h e r e

uk xk

and x.  is given by (see eqns. (4.3.10) and (4.3.11)):

x,  = 1 - 7/r.2+4k

(4.6.6)

(4.6.7)

Transforming the operators according to (4.6.5) and evaluating the 
thermal average in the new basis one obtains:

~ f f i  CM )  ~ V * ' ) )  = ( 2 „  ) 6  ̂d  k

x l d 3k ' [ { n f ( k , P ) ( l - n c ( k \ p ) )  + nc ( k , p )

x (  1 - n f ( k \  P ) ) } ( u t uk . +  vk v k. )  + { n f ( k , P )
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x ( l  -  nf  ( k \  P  ) )  + nc ( k ,  P  ) ( 1 -  nc ( k \  P  ) ) }

x ( “ * v - “* v ) 2 ] e , p {  <4 6 8)

w h e r e

(4 .6 .9a)
»<:<*■ / » > -  l + e x p ( /? * „ (* ) )  

"/ P ) =  l + exp(/3A/ ( i ) )
(4 .6 .9b)

2 ( i  \ _____1 y  3 / » \ (4.6.9c)
( ^ ) = 2 /  + 1 , «■* m — — J

and Am is given by (4.4.9), while Aq is given by (4.4.7). From

(4.6.8) the dominant contribution to the correlation function is given 
by:

- S - f l d h  \ d 3k ' \  { n  ( * ,  0 ) 0  - n c ( k \ f i ) ) +  ( 4 6 1 0 )  
(  2 k  )  L '

+ nc ( k ,  P  ) ( 1 -  nf  ( k \  p  ) ) } ( « * « * .  + vk v**)2><

x  e

w h e r e

i (k  -  D r ^ ]

Considering the dispersion relation (4.6.10), it should be obvious 
that the dominant contribution to the integral comes from the
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shaded region in Fig. 12 around k g  ( s im ila r  a rg u m en ts  and
integration techniques can also be found in [40]). At zero
temperature one can rewrite (4.6.10) as:

‘ • - M r  <“ " >
( 2k  )

where the integral is evaluated over the shaded region in Fig. 12
below.

Now define:

K k (4 .6 .12)

2
+ 4k

Then one can rewrite (4.6.11) as:

~ ^ j l d 3i  r  e f
2

+ 0  Vl l - f k 2 e i C r
( 2 d ) ( I n )

h ~ eF i k ■ r

< 2 * )  J ( e k - e F ) 2 + 2 a * < . h )

+ 1
a  , .3, -} l d  *  --------

<2*> J ( h ~ £f )  + Of ^
(4.6.13)

Let me evaluate the integral



a  J d }k
( 2  n y

V 2  dw ( h )

J ( e k eF )  + 2a  ̂  ( h )

i k-  r

In the region of integration one can write:

147

(4.6 .14)

k — k  — — K g vg

(4 .6 .15)

and let us also change the variable of integration as follows:

x = ( k - k g ) r + j -

w h e r e

(4.6 .16)

g
lc s  A

(4 .6 .17a)

a n d

A g ~ y f l  ( h )
(4 .6 .17b)

is the minimum gap in Fig. 12. Then one can approximately rewrite 
the above integral as:

^  Pg A g 

2 k 2 r k  >  H c

f°°
j  dx  .

n x  c o s (  k g r  -  l £ V  )  

J x 2 + A a2r 2 /  vc 2
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cos jc  sin ( k g r  -  l£ 1 r  )  1

Jx2+ k r 2/ Vg2 I
(4 .6 .18)

w h e r e

pg 55 m* h

and mg denotes the bare electron mass.

Let me examine the behavior of the correlation function in the 
limit r  —>«». In this case one can rewrite (4.6.18) as:

a P g A g C° S X S'n (  ** r ~  ' r  ”  4 ”)  (4 .6 .19)

' K * ' 1 ' k g  °  J * 2 + r 2 / l c 2

where I take:

J  I cosx— r " 0

Finally (4.6.19) is just the integral representation for the modified 
Bessel function K  0, and in the above limit one writes:

a  pg Ag COS X Sin( kg r ~ l c ~ 'r  ~  4 " )  (4 .6 .20)

y f l  n  r kg 0 J  x 2 + r 2 j  j 2



Similarly one can evaluate the first integral in (4.6.13), and the 
result is:

( 2K )

n P g Ag
- i n . . )

(4 .6 .21)

g

Now combining (4.6.20), (4.4.21) and (4.6.13) one can rewrite (4.6.8) 
as:

The characteristic correlation length lc is inversely proportional to 

the small parameter in the theory, and certainly it is much larger 
than a lattice constant. The long range correlation  is the 
consequence of the short range Coulom b repulsion, which is 
expressed in the constraint (4.2.16) for N=  1.

Let me now discuss the physical implications of the above results. 
It has been shown in (4.5.11) that the symmetry-breaking regime 
characterized by spin delocalization is more energetically favorable 
than the localized regime. The question that arises is how the 
system is able to go into such a regime. Indeed, the way to 
understand the spin delocalization is to picture the electrons 
jumping from site to site, so that the average number of electrons at

(4 .6 .22)
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each site is close to one and the average spin is zero. A problem 
that may arise with this picture is as follows. Suppose a localized 
electron jumps into the conduction band as an intermediate state. 
At that moment the delocalization length of that electron is equal to 
the size of the conduction electron cloud with the characteristic

dimension l£ (see (4.6.17) and [40]). That means that the electron

has approximately equal probability of landing at another site

within distance lc of the site at which it was previously localized.

The problem is that in the Kondo regime the occupation number of 
f-electrons at another f-electron site on which it lands is close to 
one. Therefore such delocalization would cost us a very large 
am ount o f  energy because o f the strong C oulom b repulsion 
( U  —>°°), or equivalently would violate (4.2.16). That would result 
in the suppression of the dispersion term and the electrons will stay 
localized, which corresponds to the localized regime (27+1 saddle 
poin ts) d iscussed  above (see (4 .4 .16 ,17) and the d iscussion 
th e re a f te r ) .

To produce hopping unsuppressed by Coulomb repulsion, an 
electron hopping from site one to site two must find that site two 
has just been vacated by the second electron. A second electron in 
turn must find that the site three has just been vacated by the third 
electron, etc. To put this in formal language, one must have the 
phase coherence of f-c excitations over the delocalization length of 
the conduction electron. This means that the state of the system is 
characterized by the collective electron-hole excitations over the

correlation length lc , which is exactly what has been shown in

(4.6.22). Therefore the above argument shows that in order to 
produce the demagnetization by spin delocalization one has to have 
the long range phase coherence, which c a n  be obtained from the 
symmetry-breaking saddle point.

The problem  with the slave boson and o ther equivalent 
approaches [20] is that they consider only one or few electron-hole 
excitation(s) in the intermediate state of pertubation diagrams. It is 
clear that the above long range coherent behavior cannot follow
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from the pertubation theory, and therefore the demagnetization by 
spin delocalization is not possible in that theory. Also it has been 
shown [40] that the conduction cloud in the lattice cannot screen the 
magnetic ions. Therefore there is no adequate mechanism in the 
slave boson model that would explain the onset of coherence and 
consequently the demagnetizing effect at low temperature.

The new ground state that I have obtained must have a very 
small overlap with the noninteracting ground state. Indeed, it has 
been shown in Sec. 4.4 that the average magnetic moment at each 
site vanishes due to spin delocalization, which is in contrast with a 
noninteracting ground state where spins are essentially frozen. This 
phenomenon has long been understood in the single Kondo impurity 
problem as the so-called "orthogonality catastrophe" (see [64]). The 
name refers to the infrared divergencies arising in the pertubation 
theory from the Goldstone modes, which means that the infinite 
number of electron-hole pairs are formed in the intermediate state 
due to the symmetry-breaking of the ground state. The advantage 
of the method presented above is that it makes possible to obtain 
the new ground state by using the nonpertubative tools of the 
functiona l in tegra l fo rm alism  and the decoup ling  canonical 
transform ation . This a llow s us to avoid  the problem s of 
divergencies present in the pertubation theory.

4.7 Contribution of  the Empty State to the Ground State 
Properties o f  the System.

So far we have concentrated on the symmetry-breaking solution 
to the decoupling equation (4.3.9) and the new saddle point 
associated with it. That solution can only be present in the almost 
degenerate case. By contrast four other solutions (4.3.11) are 
similar to the Bogoliubov-type coefficients in (3.2.12) for the 
nondegenerate case. It is my task now to show that the resultant 
saddle points are similar to the corresponding saddle points in the 
nondegenerate case. I will then discuss their relative weight in 
various regimes.



152

Substituting (3.2.12) into (4.4.1)-(4.4.3) and following the same 
derivation as in Sec. 4.4 we obtain the following dispersion relations 
in this channel:

x o  = l { Eo m + S + h ± J * 2 + 4 a v u ' ) )
(4.7.1)

* ™ = ( £ 0 »  + m 1 -

29 ,
2 \

m

m

2 l e i 2

where now

( W 42+2v U ) )
(4.7.2)

a0 f i k ) l - x 2 
V JC 2

2
0/

since x given by (4.3.11) is not small in the limit of small h.  
Therefore the main difference in the above dispersion relations 
compared to (4.4.7) and (4.4.9) is the different value of the effective 
mixing term.

Let us now calculate the saddle points for the Bogoliubov-type 
solution. Since the corresponding dispersion relations have the form 
similar to (4.4.7) and (4.4.9), the saddle point calculations are 
identical to the calculations in Sec. 4.4 and the corresponding 
equation is:

2 ( 2 * ) '
■A 1
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(4.7 .3)

I have already discussed the solution to (4.7.3) in Sec. 4.4 for the 
minus (lower) channel. In the limit U — one obtains the identical 
27+1 solutions which correspond to one of the 27+1 quantum levels

their atomic sites. Let me now discuss a solution for the plus 
channel. I will neglect the small crystal-field splitting which is 
unimportant for the Bogoliubov-type solution. In that case one 
w rites:

Both sides of the equation are sketched in Fig. 30. The intersection 
of the two graphs is at the point where the LHS falls sharply while

the RHS sharply rises. That happens when ê . = E Q + Z ~ 0 ,  i.e.

when the renormalized resonance is at the Fermi level. As in Sec.

3.4 let us define TK as the temperature at which the magnetic and

nonmagnetic saddle points have equal weight, which as in (3.4.23) 
corresponds to

being occupied and the electrons being completely localized around

(4.7 .4)

(4.7.5)

Using the dispersion relation (4.7.2) one obtains:
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£ o" ef =TN-!-Z d£ + + K  ] £  "m(P’k )
d

where the notation is similar to Sec. 3.4. As in Sec. 3.4 we expand 

the integrand in powers of the mixing parameter, and neglecting Ej

relative to E ^ we obtain:

^ 0  J t k  *  j l
2 N .  }-Da

£ -  £f  ~  "mI nm (P>k )

Evaluating the above integral we finally obtain:

kB T K = D  “ P

( I E  N  ^ 

P 0 % f  J

(4.7.6)

To make a connection to Sec. 3.4 we take N .  = 2, and since (seea
_ 2 2

(4.3.7)) = 4^ the result obtained from (4.7.6) is identical to

(3 .4 .25). Therefore  (4 .7 .6) is the generaliza tion  of Kondo 
temperature for the orbitally degenerate case and is similar to the 
expressions for Kondo temperature obtained elsewhere [52].

Let me now compare (4.7.6) to (4.5.11). Define:

t l  =
(ll2L±0.‘Lid3k(Mk) + J

2 ( 2  n )

A ( k ) 2+ 2 a ? ,  ( h ) )Of

(4.7.7)

From (4.3.9) and (4.3.13) we rewrite and expand (4.7.7) (take 

P 0 ~ V D ) :
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Several important features now emerge. First of all to the 

leading order T.  is independent of the degeneracy number, whileL

T decreases with increasing N . . More importantly, however, r
t\ A

exponentially goes to zero in the Kondo limit of large negative E Q.

To understand this, it is important to realize that the value of

T critically depends on the contribution of the uncoupled empty
A

state. The degree of that contribution depends on the mixing 
param eter which in the renorm alized form is proportional to

J \ -  rij . Clearly, as the empty state contribution

vanishes and —>0.

On the other hand, the symmetry breaking state is not directly 
coupled to the bare empty state. Constraint (4.2.16) forces the 
number of electrons to be equal to one in the uncoupled case. The 
trick is that in the coupled case one generates the renormalized 
empty state due to intersite hopping. Mathematically this has to do 
with the fact that the constraint (4.2.16) does not commute with the 
f-c mixing term. The canonical transformation (4.3.8) therefore does 
not preserve that constraint and in effect is substituted by the new 
time-independent condition (4.4.18). The renormalized empty state 
is characterized by the coherent hole hopping, so that as in the case 
of electrons the renormalized empty state has a vanishingly small 
overlap with the uncoupled state. Therefore it cannot be directly 
generated from the uncoupled state.

Combining all the saddle points, we can write the partition 
function in the saddle point approximation in the following form

Z = ( 2 7  + l ) / ‘ + e f ° +  e K (4.7.9)
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where subindex 1 refers to 27+1 magnetic states, subindex 0 refers 
to the delocalized saddle point in the symmetry-breaking channel,

and the subindex K  refers to the Kondo saddle point. For T. > T ,L* A
which requires a sufficiently strong lattice-induced splitting of the 

uncoupled f-band or £ Q being sufficiently negative, the symmetry-

breaking state is dom inant at low tem perature, and the zero 
tem perature results  derived in sections 4.4-4.6 are still valid. 

However, as the splitting goes to zero and therefore -» 0 , the

Kondo saddle point becomes dominant. In that case the results 
derived in Sec. 3.4 and generalized here become applicable. At 
higher temperatures, however, the localized regime always becomes 
the most dominant one as I have previously discussed.

4.8 Summary of Section 4.

The fo llow ing  im portan t steps have been taken toward 
understanding the behavior of heavy fermions at low temperature.
I have set up the propagator (eqns. (4 .2 .13)-(4 .2 .15» that would 
allow me to find the possible saddle points that preserve the spin 
ro ta t io n a l  sy m m etry . Then I p e rfo rm ed  the can o n ica l  
transformation that decouples the effective f- and c- bands. The 
requirement that this transformation decouples the effective f- and 
c- bands leads to decoupling equations. In the absence of any 
crystal splitting for the uncoupled f-band the decoupling equation is 
of the fourth order, and the corresponding four solutions are just 
Bogoliubov type coefficients, i.e. of SU(2) type. With small crystal 
field splitting, however, the decoupling equation becomes a sixth 
order equation. Two additional solutions emerge, which I call the 
sym m etry-breaking solutions.

Next I studied the physical properties of above solutions. It 
turns out that the first four solutions correspond to the localized 
(noncorrelated) state of f-electrons or the nonm agnetic Kondo 
resonance. In the former case the delocalization term is suppressed
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by the strong contact-type Coulomb repulsion. Such state is 
represented by 27+1 saddle points, corresponding to one of the 27+1 
quantum levels being occupied. In the latter case the Kondo 
solution generalizes the corresponding solution in the nondegenerate 
case.

In addition to above 27+2 saddle points, which have an analogue 
in the nondegenerate case, I have found yet another saddle point 
that co rresponds  to the sym m etry -b reak ing  solu tion  o f the 
decoupling equation, which has no analogue in the nondegenerate 
case. Such a saddle point can only exist in the lattice not only 
because it requires the presence of small crystal field splitting, but 
also because it describes the collective excitation of the system with 
the correlation length much larger than the lattice constant. This is 
reflected in the form of phase-phase correlation function (eq. 
(4.6.22)). I have argued that such coherence is necessary to account 
for the onset of demagnetization at low temperatures, and is in fact 
one of the important characteristics of all Heavy Fermion Metals [1]. 
I have also noted that the Kondo saddle point cannot account for the
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onset of demagnetization since it cannot properly account for the 
low temperature coherence leading to spin delocalization.

I have also calculated the partition function and the free energy 
densities corresponding to each saddle point. In particular, I have 
addressed a question of stability of the delocalized state. T h e  
stability criterion that /  have deduced requires the degeneracy o f  
uncoupled and unsplit f-band  to be higher than the degeneracy o f  
the conduction band. This is clearly the situation in Heavy Fermion 
Metals. Therefore I feel that making the assumption that the
conduction band has the same degeneracy as f-band is not only 
incorrect in the lattice, but also misses some important physics 
p resen t in th is  problem . F ina lly  I have ca lcu la ted  the 
thermodynamic properties of the delocalized state. Both the specific 
heat co n s ta n t  and the m agnetic  su scep tib il i ty  show large 
enhancement over their normal values in the delocalization regime. 
The calculated Wilson ratio is smaller than one ( /? « 0 .4  for / =  5 /2 )
which is in agreement with the experimental results [1].

5. The Perturbation Theory and the Dynamical 
Properties of the Degenerate Lattice Anderson  
Hamiltonian at Higher Temperatures.

In this section I want to extend the calculations of the physical

properties of HFS to higher temperatures ( T  < 7 ^ ) .  There are

several contributions at higher temperatures that must be taken 
into account. One contribution comes from the destruction of long 
range coherence at higher temperatures. I will consider that 
contribution first. Other contributions come from other saddle 
points which may become important at higher temperatures.

5.1 The Perturbation Theory for the Degenerate Lattice  
Anderson Hamiltonian at Higher Temperatures.

In order to consider the process of the destruction of long range
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coherence I will use the self-consistent type pertubation theory 
d escribed  below . Z e ro -o rde r  H am iltonian  in the coherent 
approximation is given as:

= }  [  J  ^mk amk °mk + \ ) k  a 0k °0k

where the renormalized f- and c-bands are given by the dispersion 
relations (4.4.4) and (4.4.9). It is now my task to calculate the 
contribution of the inelastic terms, which are especially important in 
calculating the transport properties of HFS. The inelastic terms 
comes from Q * 0 £-term, which has been neglected in (4.2.14). Let 
me explain this. What I have done in deriving (4.2.14-15) was to 
substitute the local constraint

1 (5 .1 .2)

by the global (in real space) constraint (4.2.16) for N  = 1. This has 
been done because HFS have a coherent ground state, so that 
coherent terms have dominant contributions at zero temperature. 
As the temperature increases, however, the coherent approximation 
starts to break down. In that case one has to consider the 
contributions of inelastic terms. Those terms arise from nonzero 
Fourier components of the local fields £ which are introduced to 
enforce (5.1.2), and in terms of bare operators have the following 
form:

q rnk (5 .1 .3)

Let me now transform (5.1.3) using the canonical transformation 
given by (4.3.8) in the symmetry-breaking channel, i.e. for the 
symm etry-breaking solution (4.3.13) o f  the decoupling equation
(4.3.9). Later on I will consider the contributions from other saddle
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points, corresponding to the remaining solutions of the symmetry- 
breaking equation. Then one can write:

H ^ U  H XU  _ 1  ( 5 A  A )

w here :

U = e R R = i 1 0 „ Tn n On

and 0  is de term ined  by (A 6.41), (A 6.46) and (4 .3 .13).n

Transforming we then obtain:

J l l v ^ ( <q)S^ a^ k ^ (t a v k  (5 .1 .5)

where the the coefficient matrix is given by:

r _  ( .  2 )
Snm ~ , ,2 x '  rt *  m

\ 0 \

( I  I ) ' 2 0 "S0 n = ' x U ~ X > ------

(5 .1 .6)

0

\ 0

2

^00 1 x

It is my intention now to calculate the contributions of to the

conductivity using the Kubo formalism. To do that I define the
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current operator. It is invariant under the canonical transformation 
and therefore has the following form:

J  m ‘ J $ k a i * ai *  (5 .1 .7)

Here m *  is the effective mass of f-electrons, proportional to the 
enhanced value of the Sommerfeld specific heat constant (see
(4.5.18)). Following the Kubo formalism I define the following 
current-current correlation function:

i 8 • /  a  r  Hn -x Hn
7u( i(o )  = -  3 ) y - J 0 d r  e l(0t \ T t  S  ( P ) e  ° j e  ° j

(5 .1 .8)

where £  is the many-body S -matrix. Using (5.1.7) it can be 
rewritten as:

o d T e i e " x  ( 5 . . .9 )3 N,  m  *

The corresponding diagrams are shown in Fig. 31. The first diagram 
represents the self-energy correction to the correlation function 
which is given by the following equation:

2 2
K w a ( o ) = — ; j  + )

3N L m "  &  P  n

(5.1.10)
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where d , . (  id) , k \  is the Matsubara f-electron Green's functionH V n /
with the total angular momentum quantum number /i. Next series of 
diagrams represents the leading order vertex corrections which can 
be summed up in the following closed form:

( 1)
x  W MV (  icon , i(0 \ k ,  k ) (5 .1 .11)

( 1)
where the first order vertex function W is given in terms of the 
T -m atrices:

w v̂ ( iaV  <*>; * . * ’)■ V  ( I®„ + ia>;*. f  ) X ( 5  ,  I 2 )  

x T ^ (

and the corresponding T -matrices are defined by the following 
integral equation:

T f l v ( m - , k , k ’ ) = 4 ( k - k ' ) S flv + 1±' £ ( * - * " )  Spir x

ref
x T „ ( « > - , k " , k ' ) G ™ ( o > , k  " )

(5.1.13)
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Higher order diagrams can be summed up, as is graphically shown 
in Fig. 31. That summation, however, does not include the crossing 
diagrams, such as the one shown at the bottom of Fig. 31. In the 
single impurity (dilute impurities) case, such diagrams are neglected 
since they are proportional to the higher power of impurity 
concentration than noncrossing diagrams (see [66]). Moreover, in 
the single angular momentum channel all vertex corrections (which 
have an odd parity as in (5.1.11)) will vanish. In that case only the 
self-energy corrections ought to be considered. In the lattice case, 
however, the angular momentum is not well defined, and in general 
one should take the vertex corrections into account. I will, however, 
simplify the problem and consider only the cubic lattices with an 
inversion symmetry. This is in fact true for many HF metals such as 
U B e 13, CeCu2Si2, and UPt3. In that case I can restrict the calculation
to the self-energy contributions to the correlation function. To do 
that I must solve (5.1.13) since

It is my task therefore to solve (5.1.13). To do that, I will need to 
make certain approximations. The first approximation is very 
straightforward. Since x  in (5.1.6) is small, one can write the the 
matrix in (5.1.6) in the following symmetric form:

1 ^ ( 0 )  Jc ) = T k  ) (5 .1 .14)

(5 .1 .15)

w h e re

x H = 0

Z/ H  —

\ & \

H = m (5 .1 .16)

The next approximation deals with the form of £ ( q ) .  At zero 

temperature the components with ^ > 1 / /  ( /  is given by (4.6.17))
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have a negligible contribution. The fact that / is much greater

than the lattice constant served as justification for the coherent 
approximation. As the temperature increases, the correlation length 
starts decreasing so that the range of q  with finite contribution to 
physical quantities increases correspondingly. Therefore I will 
assume the following form of the scattering potential £ ( q ) :

and lc ( T  ) is the temperature dependent correlation length. With

that form I can solve (S. 1.13) using the self-consistent type 
approximation. The details are given in the Appendix 7 and the 
result is:

<I< Qc 
<7 > <7C

(5.1 .17)

w h e re

(5 .1 .18)

T f l v ( m - , k , k ' ) = S ( 0 ) S

(5 .1 .19)

1 ( 0 )
* C v ( < o , k ) ?  A r c t

l + £ ( 0  ) l l K G K ( o ) , k  ) /  CK (o)  Jc )

A rc t
where GK ( f t ) , k )  and CK ( ( 0 ,k )  are defined in the Appendix 7.
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5.2  S e l f -E n e r g y  C a lc u la t io n s  in the S e l f -C o n s is te n t  
A p p r o x i m a t i o n .

I will now use (5.1.19) to calculate the self-energy. It is given by 
the self-consistent equation:

(5.2 .1)

Define the energy parameter corresponding to the resonance width:

( 0), * ) = -  Im 2^ ( ft) ,k ) (5.2.2)

Then taking the imaginary parts of both sides of (5.2.1) we obtain:

A (d),k ) = 1 K  ((o;k,  k " ) - £ -  {  (5.2.3)
H K L I * " -  * |<  qc L

A A ( 0 j c " )

(0) -  XK( k " ) - R e Z K((o;k” ) ) 2 + AK(a),k

where the kernel K is defined as follows:

K ^ { ( O j k  , * " )  =
4 ( 0 )

C (o) ,k ")| B (0),k ) } (5.2 .4)

a n d
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rct
2[  1 ( 0 )  ReG^ ( (o . * ) )

2 A rct  '
/ G r  ( o ) , k )

^ < 0 >K c , . W )
(5.2.5)

1 +  4 ( 0 ) 1
K

2 \  \
? ' ' r c l „ A * •

'r [ReC^. (<o,k )  - £ ( 0 ) g k (<»,* ) J

CK{<o,k )|

[ -
ret

4 ( 0 ) R e Gr  ( t o
A „ . 1  I _ , v A
-  , * ) J  - [  - -

ret
4 ( 0 ) I m G k ( a )

A

.*)]

C ^ a J k  )
1k & 7  ( ® ’* >

(5.2.6)

Using (5.1.17) we break the k -integration in (5.2.3) into three parts, 
corresponding to three different regions (see Fig. 32). Each region is 
characterized by the corresponding value of the energy parameter

4 ^ ,  which is approximately constant within that region. The zeroth 

region extends from kc to kc + qc ^ ,  where kc ( ( o )  is defined as:

a> = X K( k c ) = XK( k c ) - * £ L K(<o-,kc ) (5.2.7)

and <?cq is defined as (see (4.6.17)):

% o ~  -  o) - (5.2.8)
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Both regions one and two are defined in Fig. 32. The contribution 
beyond the region two is zero. Let us calculate the energy 
parameters in each region. We will start with the zeroth region 
which is most important at low temperatures. In that case we
obtain:

where p * s  p *( kc ) ,  and the energy param eters A .  ( i= 0 , l ,2 )  

denote the value of the energy parameter within the corresponding 

region. The new temperature scale Tc is defined below.

The energy param eters A .  are taken to be approximately 

constant within the corresponding region. Then we obtain:

A ( kc +qc )

X ( kc+qco)

(5.2.9)

) } K - ‘7c 0 )
(5 .2 .10)

and similarly for the first regions:

(5 .2 .11)

Substituting (5.2.11) into (5.2.10) we obtain:

A 0 » {(O) = Tc + - i r  ( * c -  «c 0 ) (5 .2 .12)

Here Tc is the new energy scale in the problem, and is defined as:



2
where x  is defined defined in (4.3.13). This new temperature

scale is much smaller than T which is of the order of (see

(4.6.17b) and (4.7.4)). It is important now to understand how the 
inverse correlation length varies with temperature. This will also 
help us understand the physical importance of the new temperature 
scale.

To do that let us see how the inverse correlation length varies 
with temperature. Since the correlation length is defined in the 
exponent of the correlation function (4.6.3), one must evaluate that 
function at finite temperature. The problem is that the correlation 
function depends on the electron 's  self-energy, which in turn 
depends on the inverse correlation length. This makes those 
equations difficult to solve. For our purposes, however, we are 
interested in obtaining the qualitative solution to (4.6.3).

It has been noted in Sec. 4.6 that the dominant contribution to
(4.6.3) comes from the shaded region in Fig. 12. The temperature 
dependent factor in (4.6.10) is:

nf  ( k , p  )(1 - nc ( *',/? )) + /.<•( k , P  )(1 -  nf  ( k ' . p  ))

(5 .2 .14)

Looking at Fig. 33 it is clear that the temperature dependent factor 
remains constant for temperatures much smaller than the width of 
the resonance at the Fermi level. To calculate that width we use

equation (5.2.12) at zero temperature (q c = qcQ ). In that case the

width is just Tc . This means that for T < Tc we can regard the

correlation length as approximately constant, so that qc = qc ^  .

Therefore Tc can be interpreted as the energy scale of the coherent

regime. Above Tc the correlation length begins to shrink, and the
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rate of decrease is controlled by the temperature dependent factors 
in (4.6.10). Let us estimate that average rate.

To do that let us calculate the width of the resonance at zero 

temperature which defines Tc . Let us write the dispersion relation 

near the Fermi surface as (see Fig. 33):

Therefore the width of the resonance is:

At zero temperature qc = qc ^  , and using (5.2.8) one obtains:

At temperatures T  » 7 ^ ,  the lower temperature scale Tc is lost, 

and is the width of the resonance. Then at T  = 7 ^  one writes:

X ( k g + qc ) - X ( k g ) ^ v F qc (5 .2 .16)

* ' ( k g + q c o )  * ( k g ) ~ k B T c
(5 .2 .17)

VF * qc = * g (5 .2 .18)

and from that one obtains:

(5 .2 .19)

This equation tells us that at T  « the coherence is lost and the 

correlation length is of the order of the lattice constant.



170

To es tim ate  A n assum e that d q r /  d T  is cons tan t for 
0

Tr < T  < T. . Then one can rewrite (5.2.10) as:

(5 .2 .20)

w h e re

a  - I K U (5 .2 .21)

or using (5.2.11) we obtain:

a  = v! a *
n  d T

T =Tr
(5 .2 .22)

In view of our assumption that d q c /  d T  is constant, and using

(5.2.8) and (5.2.19), write:

d  Qc ^ 8  I VF * ~  ^ 8  ^ VF ^ 8
d T  ~  T l ~ T c vf * TL (5 .2 .23)

so that

1 A ga  ~ I t  ~f~~ (5 .2 .24)
L

In other words a  is of order one. Finally below Tc we have 

qc = qc0 so that:

A m « o )  = Tc (5 .2 .25)
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5.3 C o n t r ib u t io n s  o f  the I n e la s t ic  T e r m s  to the  
C o n d u c t i v i t y .

Let me now apply above formulas to the calculation of the 
conductivity. As I have discussed above, the leading contribution to 
the conductivity comes from the self-energy corrections, which from 
(5.1.10) are equal to:

<x(0)  =
6 N l  m *  ^

I  k  I
2 r + °° de  

2 n
dnp  ( e  ) 

de k )

(5.3.1)

where the spectral function is:

A ^ ( e , k ) s
( e ,  k )

(£ -  A( * ) ) 2 + A ^ e ,  k ) 2
(5.3.2)

Let us now evaluate the integral in (5.3.1). Consider the 
following integral:

m ( 2* )

( e , k )

2 2 
(e -  A( k )) + A ^ { e ,  k )

(5.3.3)

The dominant contribution to this integral will come from the zeroth 

region, which we will first evaluate for T < Tc . In that case using 

(5.2.15) we obtain:

8 p M  ( £ , * )  T
*   /  dX

X -  X0
m

[te -  X)2 + A0tl( e , k ) 2j

(5.3.4)
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4 p "  
m * '

1 x f  l . - l  ( X - c \  . A -  £e-vfc- (̂ r)*77T777
0 7

0

( A -
2 2

«> + 4 0

From Fig. 33 we can see that the bottom of the resonance is at 

g
A  n -  Tc , so we may take A0 A  In that case:

<7(0) « t  ~P *+(2J  + l) 
3 K m *

2 (  T  \ 2

( 0)  s  3 + ^  
e 2p *

( ^ 0  (  T
0. 8 - r ^  + l. 3 f -7—  I

g g )  )
(5 .3 .5)

For T < Tr one has A  A »  Tr , then0

( 0 ) 3tt m
( 2 7  + l)e  2p  *

0.8 + l. 3 f t )
2 \

(5 .3 .6)

This formula has several important features. First of all, it shows 

that zero temperature resistivity is decreased by a factor Tc (A ,
o

which is the ratio of the coherence scale to the spin delocalization 
scale. Since the relatively small coherence scale is related to a long 
correlation length, the above formula gives an explicit connection 
between the long-range coherence and small resistivity  at zero 
temperature. The second important feature is the fact that the
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contribution from the second term is Fermi-liquid like, with the

Let us ex tend  these ca lcu la tions  to h igher tem peratures . 

Although we have done our expansion for T  <  Tc , eq. (5.3.6) shows

that the range of validity of the expansion may be for T  < T ^ .

Substituting (5.2.20) into (5.3.5) one obtains for T  > Tc :

The new feature now is the appearance of a non-Fermi correction 
in the resistivity. This linear term is explicitly related to the 
decreasing correlation length, as the coherent FL regime is gradually 
destroyed. For temperatures just above coherence temperatures the 
linear term becomes dominant. In fact it has been reported [1] that

2
the range of Fermi-liquid behavior, where p  “ T  is quite limited. 
At some critical temperature of order of 0.3K and higher, there are 
deviations from the quadratic dependence. One can interpret that 
critica l tem perature  as approxim ately  equal to the coherence

tem perature Tc . In fact, taking the typical values-7^ equal to 30K,

the mass enhancement factor equal to 600, and the total angular

momentum 7=5/2, one obtains Tc is approximately 0.3K which is

right in the neighborhood of the observed values.

5.4 T he C onductiv ity  a t  F in ite  M agnetic  Field.

Let me extend above calculations to finite magnetic field. Write:

2 2
coefficient of T  scaling as 1 /4 ^  •

( 1 -  a ) T c + a T

( 2 7  + 1  ) e l p *  ^

(5.3 .7)

(5.4.1)
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Assuming 8 p ^ ° ^  is sufficiently small (linear approximation) and 
using (5.3.5), we can write:

c  . ( 0 )  -  3 k  m *
5  P  TT~. 7 7 -Y

(  8  A

( 2 7  +  l ) e  V *
g 0.8 0 + 2.6

g

- 0 . 8 ( 1 -  a )
8 T ^

g  /
(5.4 .2)

Then dividing (5.4.2) by (5.3.5) we obtain:

x  8  Ao p  i
( 0 )

1 + U (r /M

0 . 8 ( 1 - a ) ( T c / A , )  S T C

M A 0 / A t  +  1 . 3 ( T , A g )

( 5 . 4 . 3 )

Let us first of all discuss the source of the dependence of p ^ ^  on 
the magnetic field. As it is apparent from the above formula there 
are two such sources, corresponding to the field dependence of spin 
delocalization and coherence order parameters. First of all let me 
discuss the field and temperature dependence of the delocalization 
order parameter. From (4.6.17b), (4.3.9) and (4.3.13) one obtains:

2 8  ( T  ) J  l {  h { 2) -  f i  2 ) (5 .4 .4)

O f

w h e re
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h (  m ) = <5 | m | +  /ig g H  m

_ ( 1)
h = h

Expanding (5.4.4) in powers of H  we obtain:

2

(5.4.5)

where k  is the coefficient, proportional to the degeneracy of the
system. Therefore the leading contribution of the delocalization 
order param eter to the m agneto res is tance  is negative  and 
proportional to the square of the magnetic field. This is the
consequence of the delocalization regime becoming more stable.

The dependence of Tc on the magnetic field is more complex. As

I have discussed before Tc is inversely proportional to the

correlation length. This correlation length refers to the phase 
coherence o f f-c excitations, which in turn leads to the spin 
delocalization regime. It is clear that such coherence is very 
sensitive to the m agnetic field, which would decrease such 

coherence, thereby decreasing the correlation length. Therefore Tc 

must also be very sensitive to the magnetic field, and must in fact
increase. Such rate of increase must then be proportional to the
degree of phase disorder, which is proportional to the field. 
Therefore within the framework of the linear approximation, I can 
neglect the first term in (5.4.2), and therefore I will rewrite (5.4.2) 
as:

(5.4.6)
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The sign of magnetoresistance then depends on whether or not a  is 

greater than one. This on turn depends on the ratio of A g to T^

(see (5.2.24)). For relatively small values of T  , which roughly

corresponds to the resistivity peak (see discussion below) as is the 
case for U B ej3 (~2K) and CeCu2S i2 (~6K) (see [1]), Of > 1 and the

magnetoresistance is negative. For CeAl13 is much higher (~35K)

and the magnetoresistance is either small negative or positive. 
Finally U PtI3 is the special case because the resistivity has no peak.

The interpretation is that T^  is too high for any peak to be

o b se rv ed .  T h is  is co n f irm e d  by the  o b se rv a t io n  of 
magnetoresistance which is large positive.

Eq. (5.4.2) can then be understood as the competition between 
two different things. Spin delocalization produces a coherent 
current with temperature- and field-dependent correlation length. 
Increasing the magnetic field would stabilize the current (since the 
order parameter is proportional to the splitting, it becomes more 
energetically favorable for electrons to become delocalized) which 
decreases the resistivity, while decreasing its correlation length 
which increases the resistivity. Whatever is the net effect, it is clear 
that above behavior is peculiar only to the low temperature regime.

At temperatures of order T^ , where the coherence and the current

are completely destroyed, one expects the magnetoresistance to be 
small. This correlation between the magnetoresistance as a function 
of temperature and coherence is explicitly  exhibited in (5.4.6),

where as we know A ^  is proportional to the inverse correlation

length.
T h is  m e c h a n i s m  fo r  th e  t e m p e r a t u r e - d e p e n d e n t  

magnetoresistance is similar to the temperature dependence of the 
specific heat constant, as I will now show. The expression for the 
specific heat constant is:
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r  = ~ P  <0 ' L A m ( ( 0 , k ) n m ( e > , f i )
d P  ( 2 r r ) m

(5.4.7)

Using the spectral density formula and restricting the ^ - in te g ra t io n  
to the zeroth region, one obtains:

y  = 2 ( 2 7  + 1 ) 0  P * \ _ 00~ ^  tan
c

A 0 J

2 w/J
to e

( i  + * “ p ) 2
(5.4.8)

At zero temperature take tI q —>0 . Then one obtains:

( 2 7  + 1  ) p * n 2
Y = ----------- ^-----------  (5.4.9)

which is identical to (4.5.18). At T  > Tc begins to increase and 

up to a linear term one obtains:

( 2 7 + 1  ) p * i t 2 Tc 
r =  3- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - (5.4.10

0  )

Therefore both the specific heat constant and the fractional 
m agnetoresistance are inversely proportional to the temperature

dependent coherence scale This fact has been observed by

Stewart and others (see [1]).
Let me finally discuss the question of how the resistivity behaves

at or above T^ . The above expansion certainly breaks down at or

above that temperature. Let me now discuss what happens in that 
regime. First important observation is that by hypothesis 5  ( T  )
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vanishes at that temperature (see (4.2.1)). Therefore in that regime 
the spin delocalization saddle point becomes unstable. In that case, 
the contribution to the resistivity comes from the Kondo saddle

point. As it is well known, the Kondo resistivity has a peak at T ^  .

Since, however, the contribution from the Kondo resistivity  is

beginning to be felt at the higher temperature T^ , one obtains a

peak at TL , followed by the decreasing resistivity coming from the 

tail of the Kondo peak. As I have noted above, one exception is

U P t 1 3 . In that case T^  is sufficiently high, so that no Kondo tail is

observed and the resistivity above T ^  is governed by a different 

mechanism, nature of which is beyond the scope of this theory.

5.5 Sum m ary  of Section 5.

In this Section I have developed  a se lf -consis ten t  type 
pertubation theory, that allows me to consider the behavior of the

system at all the temperature ranges up to 7 ^ ,  where T ^  is the

characteristic temperature scale of the spin delocalization regime 
and is given in Eq. (4.7.7). I have used the Kubo formalism, along 
with the pertubation theory to calculate the conductivity of the 
system in different temperature regimes. I have shown that a new 

characteris tic  tem perature  scale Tc emerges. This new scale
characterizes a system with the m axim um  (zero  tem perature)
correlation length, and in the Fermi-liquid regime. In particular, the 
conductivity has a quadratic temperature dependence, characteristic 
of the Fermi-liquid regime. Above that temperature the coherence 
is gradually  destroyed, and the new term proportional to the 
temperature derivative of the inverse correlation length appears in
the conductivity. That term produces a marked deviation from the

F erm i- l iq u id  beh av io r  above Tc t w h ich  is e s s e n t ia ly  the 
experimental situation.
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Finally I have calculated the magnetoresistance in the linear 
approximation. I have discussed how the sign of magnetoresistance

is related to T  , which roughly corresponds to the experimental

situation. In addition I have derived the correlation between the 
temperature dependence of fractional m agnetoresistance and the 
specific heat constant, first noted by Stewart [1].

6. Extensions of the Work.

There are several basic avenues of research that I am currently 
pursuing. First of all I want to extend the dynamical calculation in 
Sec. S to calculate other interesting quantities. One such quantity is 
the dynamical susceptibility, which should provide characteristic 
time scales of the magnetic moments as they hop from site to site. 
In particular, I want to calculate the characteristic time scale during 
which the magnetic moment stays localized. In addition to that I 
want to s tudy o ther transport func tions  such as therm al 
conductivity, thermopower, etc.

A second avenue of research is to study the most interesting 
problem of HFS - the question of superconductivity. There are 
several major points that have to be addressed and I list them 
below:
a). The mechanism for superconductivity. It seems pretty clear 
that the origin of the interaction is of nonphonon type
b). Symmetry of the superconducting ground state , and in 
particular the question of parity. It is still unclear whether the 
interaction is of the singlet type (even parity) or of the triplet type 
(odd parity).
c). Developing a new type of perturbation theory (different from 
the Gorkov-Eliashberg theory) applicable to the small Fermi energy 
scale.
d). Unusual behavior (non-BCS) of the nuclear relaxation and the 
ultrasonic attenuation rates below the superconducting temperature.

A third avenue of research is to apply above calculations to the 
study of each particular system. It seems that the band structure



calculations may be im portant in understanding the im portant 
differences in the behavior of various Heavy-Fermion metals, which 
were discussed in Sec. 1.1. The most important goal here, however, 
is to explain why some HFS become superconducting at low 
temperature, while others become magnetic, and still others neither. 
This would be the most important goal worth pursuing.
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F igu re  C ap tio n s  and  F igures

Fig. 1 Low -tem perature  specific  heats o f three different
compounds: •  , NpBei3 ; O, Npo.6 8 Uo.3 2 B e i 3 ; A, U Ben.
The lines are guides to the eye.

Fig. 2 Inverse magnetic susceptibility for U B en , with straight 
line  show ing  C u r ie -W eiss  b e h a v io r  at h igher  
te m p e ra tu re s .

Fig. 3 Resistivity vs. temperature: A ,  CeCu2Si2; H , U B e n ;
UPt3 . The relative magnitudes of the three sets of 

data are arbitrary.

Fig. 4 Resistivity for U B e n  as a function of applied field ( 0,
3, 5, 7, 9, 11 T ). Above 5 K, only 0- and 11-T data are
shown; at each temperature, the higher the field, the 
lower the resistivity.

Fig. 5 The potential around the impurity consists of the deep
hole in the center and the centrifugal barrier outside. 
The position of the resonance is shown.

Fig. 6a The double-peaked density of f-states is predicted by
HF-approximation is shown by thin lines. The bold 
curve shows the density of states as predicted by the 
Friedel's sum rule.

Fig. 6b Typical behavior of the resistivity in the Kondo regime.

Fig. 7 Two time-ordered diagrams in the second order of the
pertubation theory. The full lines represent conduction 
electrons and the dashed line represents the exchange 
in teraction .
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Fig. 9

Fig. 10

Fig. 11
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Empty state self-energy at 0 (1 ) ,  Xq \  Dashed line
denotes the f-electron propagator, while the solid line 
denotes the conduction electron propagator.

„ 0 /  N )
Empty state self-energy at 0(1 /N) ,  Z Q Wavy
line denotes the bare empty state propagator, while the 
bold wavy line denotes the dressed em pty state 
p ropagato r.

Pictorial representa tion  o f the sum m ation o f  the 
diagrams with noncrossing conduction lines, which lead

to the NCA coupled integral equations. X Q and L  m
represent the empty- and occupied-state self-energies. 
Bold lines deno te  the s e lf -co n s is ten t ly  d ressed  
p ropagato rs .

Second o rder con tr ibu tions  to the rad ial gauge 
expansion. Bold lines denote f-electrons, while thin 
lines denote conduction electrons. Wavy lines denote
the Fourier transform of r -  r Q, while the dashed lines

denote the Fourier transform of iA . Finally small
crosses denote the vertices r Q.

The dispersion relations for the Kondo lattice in the 
slave boson mean-field approximation. It also serves 
as the schematic representation of the upper and lower 
branches of the dispersion relations given by (4.4.7) 
and (4 .4 .9).  The m inim um  gap betw een  two

branches.is represented by A g The shaded area

represents the region o f ^-integration that gives the 
dom inant contribution  to the corre la tion  function
(4.6.3).
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Fig. 14

Fig. 15 

Fig. 16

Fig. 17 

Fig. 18 

Fig. 19
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The interaction vertices represented  by //. (see

(1.2.35)). Bold lines denote f-electrons, while thin lines 
denote conduction electrons. Wavy lines denote the 
zero frequency and momentum A-propagator, while 
the dashed lines denote zero frequency and momentum 
A -propagator.

The first order tadpole diagrams arising from the terms 

in H' (represented by little dark circles) and

(represented by fermion loops). Requiring that those 
c o n tr ib u t io n s  van ish  d e te rm in e s  the m ean -f ie ld

parameters and z (see (1.2.39)).

Higher order tadpole diagrams arising from the terms

in H . and H. . .  Little crosses mean that higher order A int
values of £y and z should be substituted into the 
express ion .

Diagrams for the free energy. The dashed lines denote 
the bare boson propagators. The diagrams involving A-
propagators do not contribute to the imaginary part of
the self-energy but merely produce an energy shift 
approximately constant around the Fermi level. Those 
diagrams can therefore be ignored.

General path becomes d iscontinuous in the limit 
A x  —>0.

Weight factor has a sharp peak around the saddle point 
Xs. Peak’s width is denoted by A  j.

The path 1 gives a finite contribution to the partition 
func tion , while the path  2 gives a van ish ing  
con tr ibu tion .
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Low temperature magnetic susceptibility in the units of
1 q -3

q  is plotted vs. temperature for three different

regimes a ,  b and c (see table 1). The small crosses, 
triangles  and stars correspond to the num erically  
calculated points. The deviation from the Curie power 
law increases as one increases the value of the 
uncoupled f-electron energy level. This is also 
accom panied by the increase in the characteris tic  
te m p e r a tu r e  7'max, w hich  c o r re s p o n d s  to  an

approximate location of the renormalized f-level ( € /)

.... . ,  mJLow temperature specific heat is in the units of ~ j ^

vs. temperature. Note that the peaks in the specific 
heat are slightly ahead of the corresponding peaks in 
the magnetic susceptibility (graphs b and c).

High temperature inverse magnetic susceptibility  in
„ 1 0 ^mol  G .

the units of — Jni u—  VS‘ temPerature- This 8raP'1

sh o w s th a t  the  h ig h  te m p e ra tu re  m a g n e t ic  
susceptibility follows the Curie power law for all three 
reg im es.

Low tem pera tu re  therm al energy  is p lo tted  in 
arbitrary units vs. temperature. Graph a  shows no 
phase transition. The drop in the thermal energy 
increases, how ever, as one goes aw ay from the 
magnetic regime (graphs b and c). Note that the region 
of the falloff broadens as well.



185

Fig. 24

Fig. 25

Fig. 26

Fig. 27

E l e c t r o n  o c c u p a tio n  num bers  a re  p lo t te d  vs. 
temperature for three different regimes (corresponding 
to the letters on each figure). The fourth branch (p = l , 
spin up) lies well above the Fermi surface and is not 
plotted here. These pictures clearly show the onset of 
demagnetization for graphs b and c, but not for graph 
a.

Relative weight factors W(x)  are plotted vs. x  for three 
different regimes (corresponding to the letters on each 
figure) and three different temperatures (plotted in the 
offset fashion). The nonmagnetic peak is always 
centered around 0, while the magnetic peak is around 
2.8. Note gradual disappearance of the magnetic peak 
for regimes b and c. Also note the extreme narrowness 
of both peaks which validates the double saddle point 
approx im ation .

Three possible solutions of eq. (3.4.2) for y  ^ 0  are 
represented as the intersection of two graphs (small 
circles), corresponding to both sides o f eq. (3.4.2). Two

solutions ( y ~ 0 , y / U  / 2 / r  ) give two maxima of free 
energy density, while a middle point represents its 
m in im um .

The symmetric solution z c (for y  = 0) to the eq. 

(3.4.21) is represented as the intersection of two 
graphs corresponding to both sides of eq. (3.4.21).



Fig. 28

Fig. 29

Fig. 30

Fig. 31

Fig. 32
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T he  a n t isy m m e tr ic  so lu t io n  z « y / U  I An  ( fo r  

y  = yJU /4 it ) to the eq. (3.4.21) is represented as the 
intersection of two graphs corresponding to both sides 
of eq. (3.4.21).

Self-energy diagram for the eq. (3.4.26). Solid line 

indicates the conduction band propagator Gc , while the 

vertices correspond to factors V  .

The symmetric solution to the eq. (4.7.1) is represented 
as the intersection of two graphs corresponding to both 
sides of eq. (4.7.1). This solution corresponds to the 
K ondo resonance  g en era lized  for the o rb ita l ly  
degenerate case.

The Feynman diagrams for the correlation function 
defined in (5.1.9). Bold lines represent the full f- 
electron Green's functions, while thin lines represent 
zero order f-electron Green's functions. the dashed

lines represent the vertices % ( k ' ~  k ) S/iV. First row

represents the self-energy plus vertex corrections. The 
renormalized Green's function is defined in the second 
row. Third and fourth row represent the summation of 
all noncrossing con tribu tions  to the renorm alized  
vertex function. The typical crossing diagram is 
represented in the last row.

Three regions of ^ 'integration in (5.2.3). Wave vector 

kc is defined in (5.2.7) and qcQ is defined in (5.2.8).
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Fig. 33 The simplified representation of Fig. 12. Tc represents

the localized portion of the upper branch (see (5.2.12- 
13), the slope of which has been exaggerated to show 
the details. The shaded area represents the region of 
&-integration that gives the dominant contribution to 
the correlation function (4.6.3). The integrand of 
(4.6.10) over that region is temperature independent 

for T < T C> w hich leads  to the tem p era tu re

independent correlation length below Tc .
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DATA FOR FIG. 2 0 -2 5

^ ^ r a p h
q t t y ^ ^

a b c units

V 10 10 10 o
i

n
j o

U 50 50 50 io ‘ 2 0 j

E r
-22 .347 -22 .343 -22 .339 i o " 2 0 j

Q 100 100 100 o 3 
A

W a -50 -50 -50 i o " 2 0 j

a ind ica tes  the  position of th e  bo ttom  of the  
conduction b an d  re la t iv e  to the  Ferm i level

Table 1
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LOW TEMPERATURE MAGNETIC SUSCEPTIBILITY 
AND SPECIFIC HEAT
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HIGH TEMPERATURE INVERSE MAGNETIC SUSCEPTIBILITY
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THERMAL ENERGY
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Fig. 23
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ELECTRON OCCUPATION NUMBERS
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RELATIVE WEIGHT FACTORS FOR VARIOUS REGIMES
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Appendix 1. Diagram matic Rules for Evaluating the Self- 
Energies in the Infinite-U Anderson Model

Listed below are the diagrammatic rules for evaluating the
configurational self-energies in the infinite-U Anderson model. To
compute a general contribution to the empty or occupied state self-

energies at o ( , V  )  n > 1:

(a) Set down 2n vertices in a vertical line. Beginning at the bottom 
with a dashed (wavy) line, connect the vertices with alternate 
dashed and wavy lines (all descending). A total of 2n- \  lines now 
ap p e a r .

(b) Always working to the right of the vertical line, connect the
vertices with full lines in all possible ways that maintain the
direction of the dashed lines at each vertex. Disregard diagrams 
that may be disconnected by cutting a single local configuration 
line-they do not contribute to the irreducible self-energy.

(c) Assign quantum numbers k m  ( m )  to full (dashed) lines,
conserving angular momentum at each vertex.

(d) Assign to ascending lines a Fermi factor |  ^ = 1 -

and to descending conduction lines a Fermi factor  ̂c*m c^m ^ = n^ . 

Draw a perpendicular to each local configuration line, and assign to

it an energy denominator ( z -  E  )  , where E a  is found by

adding the energ ies  o f  ascending  lines in te rsec ted  by the 
p e rp en d icu la r  and sub trac ting  energ ies  of d escend ing  lines
in te rsec ted .
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(e) Multiply the product by energy denominators and Fermi factors
2 ft c

by ( g V  ) , where c is the number of conduction line
crossings. Sum on all internal variables.

A ppendix  2 P roof that C onditions (2 .2 .1) and (2.2.2)  
determ ine L(t)  uniquely

I want to prove now that the two conditions (2.2.1) and (2.2.2) 
determine L(t)  uniquely. Indeed, finding L(t)  , such that (2.2.1) and
(2.2.2) are satisfied is equivalent to solving the problem. To prove 
that, assume (2.2.1) and (2.2.2) are valid. Then get:

The last step follows by making the substitution / + / ’ —> / .  In fact, 
s ince

d t n dt' d ( t  + t ' )

then assuming

(A2.1)

it follows for n+ l-st power:
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H n + l = ( - \ ) n -4— L U ) ( - \ )  ^ - L ( t ' ) \  t , 0
d t n dt t, t = 0

" + 1 d n + l  
= <" °  ^ L ( , ) ' = °

so (A2.1) is true in general. Then from (A2.1) it follows that

P- H t  _  ?  < L l n t )  l l
~ n Z o d t n ' =<> nl (A2.2)

Assuming that L(t )  g  C ^ fw h ic h  means that the matrix elements of 

L( t )  evaluated over some complete set of states are infinitely 
differentiable), then the RHS of (A2.2) is simply L(t)  , and therefore 
one obtains:

e ~ H t  = L i t )
(A2.3)

which shows that L( t )  is indeed the correct propagator. Going the 
other way one one has to show that (A2.3) implies (2.2.1) and
(2.2.2), which is trivial.

Appendix 3 Canonical Transformations Defined in Terms of  
Local Operators.

The basic idea of the canonical transformation approach is to 
define the transformation as a sum of local transformations. That 
would enable us to independently rotate all the local operators with 
different localization indices. This is a much more powerful 
approach than the standard canonical transformation approach. The 
difference can be understood intuitively if we consider a large 
puzzle which we want to get (transform) into a certain form. Local 
transformation approach allows me to rotate each piece of puzzle 
independently, while the standard approach would rotate all pieces
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simultaneously by the same amount (because it does not depend on 
a field variable)

Let us now turn to the formal theory, and let U be some rotation.

Then (J = J D x U  x - One chooses U in such a way that each U

diagonalizes the corresponding Hmx: Ux -  HmdX . One then
w rites:

One can now calculate the trace of (A3.1). Let I y m > be some
complete basis in which H  operates. Then

U e ~ H t U 1 = I Dy  Dx  Ux A x ( y  , t ) U x * 

= J Dy Dx  A ^  ( y  , t )

(A3.1)

(A3.2)m

Now define

A d ( y  , / ) =  \ ° x  ( y  , / )

Then

(A3.3)
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Now, combining (A3.2), (A3.3) and bringing f  D x  inside the trace, 

get:

Tr e~ Ht  = I J Dy  U m \ A ( y  , t ) J Dx  P r l ^ m )
m  \  a  I

(A3.4)
= j D y T r  A d ( y  , t  )

(A3.3) and (A3.4) show how one can go back from local to global 
operators . One must how ever be aware that autom atically  
substitu ting  local operators by global operators  may lead to 
erroneous results if localization projection operators are not taken 
into account. Such error may occur if there are cross-terms with 
different values of the localization label. Eq. (A3.4) solves our 
problem in principle.

Appendix 4 Proof of Eq. (2.4.4)

To prove (2.4.4) let me consider a discrete sequence of points in 
tim e:

(A 4.1)

Also define:

(A4.2)

I now want to prove that:

1 5, ( t  .
n *

i = N
i ( r / ) _  J s i ' i )= e exp

(  N i -  1 \ \
X a,  ( t  \  X a ( t  \

/ = i j  = i - y  j ) j j
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Going to the continuum limit, it is obvious that (A4.3) can be 
rewritten as (2.4.4). I will prove (A4.3) by induction. First 
of all, it is obvious that (A4.3) is true for N -2 .  Indeed, using 
the Baker-Hausdorff formula, one can write:

n  / l ( ' i )  = / 2 ( ' i ) e x p ( i ( a + ( l 2) a. ( ( 1) ) )
i = 2

x e x p

Now assume that (A4.3) holds for N =n. I will prove that the 
same then holds for N =n +1. To prove that, write:

Again, using the Baker-Hausdorff formula, write:

(A 4.3)

(A 4.4)

(A 4.5)
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/ n  + l ( ' » )  exp
( I (  n

x  exp

x  exp

i ( a+(',.+i ) , ) ) ) x
1 (  n n

X a, ( t . )  Z  a ( t  \  
^  V / =  l  1 '  y  =  /  +  l  " V  y>>

xexp(i(a-('n + l),|1a+('y)))

\ \

/ /

(A4.6)

Combining the first and the second exponents, as well as the 
third and the fourth, one can write:

1 S . ( t  S L , ( t
H e  1'  1 =  e  n + 1 '  1 ' exp

/ = n + 1

\ (  n + 1 i - l

x  exp
( n + 1 n + 1 Y\

1  a,  ( t  . )  1,  a  ( t  , )
i = l  +K l )  j  = i + 1 i f

(A 4.7)

which is identical to (A4.3).

A p p e n d ix  5 T r a n s f o r m a t io n  to  th e  M o d if ie d  KQ- 
R e p r e s e n t a t i o n .

As it has been pointed out [52], HFS is characterized by the 
apparent duality  o f its behavior: there are equally  convincing 
arguments pointing toward localization, as well as itinerancy. It is 
obvious that wave vector plays a very im portant role in a coherent 
behavior of the system. Also, since f-electrons seem to be almost 
localized, a location index should also be important. The Heisenberg 
u n certa in ty  p rin c ip le , how ever, p reven ts the ex isten ce  of a 
representation with both wave vector and location labels. One must 
realize  how ever, that the inform ation  we seek is m ore than
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sufficient. One does not need to know the cell label, since the 
system  possesses translational invariance (w ith in  space group). 
Therefore the relevant labels are: i - site index within the cell, and k  
- wave vector within first Brillouin zone. This representation is an 
analogue of kq-representation [55], and below I will show how it 
can be derived from kq-representation (to differentiate it from the 
standard kq-representation I will refer to it as ik-representation).

Let Kg  and R ^  be inverse and direct lattice vectors. Also, let ns 
represent the number of HF atoms within a cell, and N  be a number 
of cells. Then a localized expansion has labels », /r, Bloch expansion - 
k, fj. ; i,k-expansion - i, k.

Let u(r- Rp) be a localized Wannier orbital. Also define

1 / { k - r )  = V N ' l U(.r - R f‘)

Then the localized expansion has the following form:

(A 5 .1 )

<D(r) = r  * 'L a . u (  r -  r. -  R n \
J N  n s pi W v i » )  (A 5.2)

For a Bloch expansion:

4 >( r ) =  , - j— I  c H > ( k , r )
y / N n s k * (A 5.3)

And for ik-expansion (k  is restricted to the first Brillouin zone):

<j>(r ) = — —L =  ' Zb  . ' R ( k , r  -  r
J N  n s i k l k K  l )  ( A 5-4 )

Now, the original Zak kq-expansion has the following basis:
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(A 5.5)

w here k and q are qu asim o m en tu m  and q u as ic o o rd in a te  
resp ec tiv e ly . C onnection  to ik rep resen ta tio n  can now be 
established. Com bining (A 5.1), (A 5.4), and (A 5.5), obtain (see 
(A5.4)):

which means that we summed over localized delta-functions to form 
a w ave-packet, w hich serves as a bu ild ing  b lock  fo r ik- 
re p re se n ta tio n .

Let us now find the relations between the coefficients of all three 
representations. This will enable us to represent the Ham iltonian 
(see next section) in kq-representation. From (A5.1), (A5.2), and 
(A5.4) get:

Similarly, comparing (A5.1), (A5.3), and (A5.4) get:

where k  is restricted to the first Brillouin zone. If we quantize the 
Bloch states in the usual manner, then from (A5.6a) and (A5.6b) it 
follows that kq operators obey the following anticommutation rules:

(k  , r  -  r. )  = J d q u  (q -  r. Z (k , r  -  q )

c
(A 5.6b)

l b .  + , b .  \  = S.. 5.L * ’ jpJ ij kp
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Let me close this section by writing down some transform ation 
formulas to be used in the next section.

In (A5.7b), the use was made of the fact that e  * forms a periodic 
band. In the next section I will simplify the above representation 
by considering only one atomic site per unit cell, which in the lattice 
Anderson Hamiltonian is represented by a magnetic im purity. The 
above representation, however, may be a useful tool for considering 
a more general problem of two im purities per unit cell, as in the 
case of UBe13.

A ppendix  6 Canonica l  T ran s form at ion  D ecou p l in g  the 
Effective f- and c- Bands.

In this Appendix I will perform the explicit calculations that will 
decouple the effective f- and c- bands, and in particular I will 
derive the im portant decoupling equation (4.3.9).

The following commutation rules for the generators o f S U (2 /+ 2 ) 
algebra defined in (4.3.2)-(4.3.4) will prove to be useful and are 
catalogued here:

(A 5.7a)

(A 5.7b)

(A 5.7c)

(A 5.7d)

[ ro r rv ] = ‘' [ 5*vro v - V ro+* ] (A 6 .1 )
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[ V . C ] -
F o  -  T» ]

I  J , +
y/ 2  f”k

k =  m 

k *  m
(A 6.2)

Now write:

p \ --------- ^
p -  times

(A 6.3)

In the first order we obtain:

[ R  , h ]  = l a  ( 1V +a „( l )T  +  + I a ^ T ,
m m 0 ® ^  Qm On m > n

w h e re

( O'T + 
mn

(A6.4)

(1) _  /  _ (0 ) ( 0 ) \ ~  1 (0 )on — I  on — f l   I e 7 _ ,  / —  «  <20m V O  m /  m 2  n n mn
(A 6.5)

„  ( ! )  ( 0 ) ~a  = a  „ cy m 0m m

(1) _ _  y  ( 0 
0 ~ ^ m

(A 6.6)

(A 6.7)

a ( 0  1 (  ( 0 ) ^  ( 0 ) ^  )  
m/i ^ 2  V 0m « On m /

(A 6.8)

Here L ’ indicates that the value n=m is to be excluded from the 
summation. More generally, for p+1 -st order bracket we have the 
following closed set of recurrence relations:
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¥ ' ’ < 4 P)  -  K  -  T 7 T ? '  ® .  w  ( A 6 9 )

( P + 1 )= ( P ) e  (A 6 .10)
m On m

»o ( '  + 1) =  - K ' V ,»  < A 6 n )

‘ - p + 0 = )  ( A 6 - , 2 )mn

It is an important property of any closed Lie algebra that we get a 
finite number of recurrence relations of the above form, which can 
then in principle be solved. It is my intention to solve the above 
recurrence relations at this time. Using those relations write:

a <Lp  ’ = -  - 1 6 > ~ e -  fl«-p " 2)  -  - 1  ® - 2 a " -  ’ 2> <A6  I 3 )

Define:
0m 2 n On 2 „ « 0m

\ e \ 2 ^ e „2 { A 6 I 4 )
m n

Then multiplying both sides of (A6.13) by and summing over m , 

we obtain:

c ( p )  = -  2 | e  12c ( p  ~ 2> <A 6 I 5 >

so that



217

r  ( p)  , C =

P_
2

( - 2 | e | 2) c (0)
P ~ 1

( - 2 | © | 2 )  C
( 1)

p  even

p  odd

Take p even. Then combining (A6.13) and (A6.16) obtain:

P - 2
2

| © m( - 2 | © |  ) c (0 )
> i 2̂ r 2)

To solve (A6.17) assume the following p -d ep en d en ce :

Then (A6.17) takes the following form:

P_
2

- h e \  ( ia a
2f  p - 2  p - 2

+ lB B '  ' )

Now take
P_
2

iA A P = ^ ^ m ^ ( - 2 \ 0 \ 2)  C ( 0 ) + | ( - 2 | e | 2 ) / A A
|0 |

P 1 i i 2 p - 2
Ib B = - \ \ S \ I b B

(A6.16)

(A 6.17)

(A 6.18)

(A 6.19)

p - 2

(A 6.20)

(A6.21)
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From (A6.20) it follows that:

A = J  (  -  2 \ 0  | 2 )
(A 6.22)

an d

l o r

(A 6.23)

Similarly from (A6.21) we obtain:

(A 6.24)

/_ can be determined from the initial condition. Combining (A6.18)D
and (A 6.22)-(A 6.24) write:

ata)=^ 2 ( - 2le|2) c(0)+'fl( - i le|2)
P / 2 p 12

(A 6.25)

For p=0 then get:

(A 6.26)

o r

/ = f l (0 )B On (A6.27)
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where is given by (4.3.7). So finally:U/n

a^ ) = - ^ ( - 2 \ e \ 2 ) P c <0)
0 m  i » i 2

+ (A 6.27)
e l

°M lei

and (see (4.3.11)):

' C " s  Z  i ^ ' = ^ C <0 ) c o s ( / 2 l e | 2 )  +
/? even P ’ m I I

f  ( 0 )  _  e m r  ( 0 ) '
f\ ^
0m | e |

c o s L / i l e l 2 ! A 6 2 9 )

Now consider p odd. Following the same procedure obtain:

PI  2

°(L '’ ) = -------~ 3 / 2 ^ - 2 | g | ^  C < 1 ) +  (A 6.30)

( - 2 l e | 2)

( - l l e l 2 )  1 l e l  >

a n d

a odd  y

=  p o d d  P !
L J p )  _

2 0 ,m
0m

( 2 l e l 2)
3/ 2
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i (1)  0m K c i l ) sin U W ) (A6.31)

Adding even and odd contributions together obtain:

. even odd
0m 0 m + 0m

m

( 2 l e l 2)
3 /2

^ (0)C cos ( V 2 | 0 | 2 )  + -    s in (  V 2 I0  I 2 )

J G m * )

7( 0 ) 
0 m ^ c (0) cos

0m K c U)
(A 6.32)

We now seek the solution of the equation (I will call it the 
decoupling equation):

A * . ' 0
(A 6.33)

This would decouple the effective f- and c-bands, which would 
create new quasiparticles. It would be interesting to explore the 
physics of those quasiparticles, which would require us to find all 
the possible solutions of the decoupling equation.

Using (A6.5) and (A6.32) one can rewrite (A6.33) as:
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m
C ( 0 ) ( l + x  - 2 j c 2 )  +  / — — ■ C ( 1 V l -  jc 2  x

(A6.34)

w h e r e

j c = cos
(A 6.35)

M ultiplying both sides of (A6.34) by G  m and summing over m,  one 

o b ta in s:

( 1) 2x 2 -  1 c (0)

V 1 -  j c 2

(A 6.36)

and from (A6.34) and (A6.36) one can write:

m

( 0 , ^ i ^ - V ( 2 i © i 2)  ( a <o ) - a („0 ) )

(A 6.37)

From (4.2.1) and (4.3.7) write:

(0 )  ( 0 )    a U ( m \an -  a  „ =  A -  n ( m )0 tn
(A 6.38)

w h e r e

= h - Eo - S (A6.39)



hi m)  = 8 \ m \ + nB g  H m

so that one can rewrite (A6.37) as:

=
TTi

“L0)le l2
( 0 ) ' J ' - * 2 - J i i \ e \ 2) (A -  h( m))

Define:

V  s l am
( 0 ) 
0m

X h i  m)
m m

2 2 2

(A 6.40)

(A 6 .4 1 )

(A 6.42)

(A 6 .43)

Then combining (A6.5), (A6.14), and (A6.38) one can write:

C ^  = 'Li A -  hi m))Gm2 = | 0 |  ( A - h )
m

wh e r e

_ ( 1) 
h = h

Then using (A6.44) and (A6.36) write:

c , o ) = 7 ( 2 i e i 2)
1 -  2x

( A - h )

(A 6.44)

(A 6.45)

(A 6.46)



Now, rewrite (A6.41) as:

e m ° o r  (  C  '  01 -  V ( 2 | e ? ) ( A -  h i m ))

yT\
x ai 0) l e i
-  X

2 0m

and summing over m obtain:

( 0 ) ‘ —  2 \ e \ 2 ) ( c ( 0)
A -

-  X h i m )  ] = -  ,----------m m 0m )  Ofx  a i l ©  12

Using (A6.41) one can write:

h -

- J (  2 \ e \ 2)  ( a £ -  h (2)) }

and putting this formula into (A6.48), write: 

C = 10  I a y  i h )

w h e r e

d y  i h ) < 2 > -  A 2)

Now using (A6.46) we finally obtain:
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(A 6.47)

(A 6.48)

(A 6.49)

(A 6.50)
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x H l - x 2 )  a ° f - 2
l - x 2 

* 2
) ( / r < 2 ) - * - 2 )

(A 6 .5 1 )

( 1 -  2x  2) U - / T ) ‘

We can perform  the calculations o f other coefficients o f the 
transformed Hamiltonian in the manner similar to the one described 
above in this Appendix. In that case one obtains:

( P )
=•mn I

P = 1

*mn e m Gn

\ e
+ a 0f (  h )

- V 2 1 -  JC ( 2 h  -  h ( m ) -  h ( «>)] (A 6.52)

A m = S
a ( P )

m 1 m

^  lei2
VT

-  2 - - *  ( h -  h i m ) ) (A 6.53)

a ( P)
J .  1 -  /  .  X V l  -  JC 2= ± — an . ( h ) ---------------

V 2  0 / ,

and the transformed Hamiltonian has the following form:

(A 6.54)

(A6.55)

where (drop the common subscript k)\
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h = X A T  + A n Tn + X A  _ Tn + X A T“ m m  0 0  m 0m 0m m>n mn mn (A 6.56)

and the corresponding coeffic ien ts are given by Eqs. (A 6.32), 
(A6.33), and (A6.52)-(A6.54).

Form ulas (4 .4 .1)-(4 .4 .3) can be derived in the straightforw ard 
fashion by com bining (A 6.10)-(A 6.12), (A 6.28), (A 6.30) and then 
substituting the expressions derived in (A6.44), (A6.46), as well as 
(4.3.10) and (4.3.11).

Appendix  7 Solution o f  the Self-Consistent  7 - m a t r i x  
Equation (5 .1 .13).

Let me rewrite (5.1.13) as:

T „ „ ( < » ; * . * •  ) = « ( 0 ) ( s ^  + |  V  V « v ( " : * • * '  >) (A 7.1)

w h e r e

V «v ( <0; *  . * ' )  s  TT- I ,  T KV( t o - , k \ f ) G ^ ( o , , k " )
L I * " -  *1 < q c

(A 7.2)
Let us now define:

(ffl ( 0 )  I S „ v + X  V „ ( < »  )

Then one can rewrite (A7.1) as:

(A 7.3)

(A7.4)
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Let us define the average wave vector fc , so that the following 
equality holds (at least approximately):

i I  L uv  ( o ) ; k ' \ k ' ) G { ( 0 \ k  , * ( ) x
\ k " - k \ < q r

x  I  G f|rct (to Jc ' ' )
\ k " - k ~ \ < q r *

(A 7.5)

Such ^  will always be found provided the range of the LHS of 
(A7.5) (as the function of k )  is the subset of the range of the LHS 
of (A7.5) (as the function of £ ) .  In that case (A7.5) is exact and
defines 1c as the implicit function of k  and k ' ) .  Otherwise (A7.5)
can be considered as an approximation with 1c defined as the value
giving the best possible fit. The approxim ation can then be
considered as the self-consistent type approximation.

Let us further define:

ret .

G p  ) =  a T i  ? i  G /T ( " ’* " )  (A 7.6)
M L \ k ” -  k \ < qc

* ret
G ^ { (o J c  ) = 1 - £ ( 0 ) G ^  ( (0,k ) (A 7.7)

Using (A7.5)-(A7.7) we then obtain:

a  r e t
k, k ' )C^( (o, k  ) =  £ ( 0 ) S ^ v G ^  (a)  ,k ) -  (A7>8)

A rc l

Defining:
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Eq. (A7.8) then takes the following form:

ret

c / m j r )

2 A rel
L G  ( < o , t )  

-  I ( 0 ) B y ( « > ; t ■ * ' ) X  *  f )

Solving (A7.10) we obtain:

| ( 0 ) ^

K 2 A rc i
1 + £ ( 0 ) I / * .  G * .  ( 0 ) , k  )  /  C K ( ( o , k

(  . « i  _ 2 A ret
x ^ C v ( <o J f  ) l  Cv (< o ,k  ) - l l K G K (<o X ) / C k I

Substituting this result into (A7.9) obtain:

. ret
G ( ca j c )  i

A rc t
S ( 0 ) l u L G u ( c o , k )

C  ( co k  )  -> a  r e t
v  ’ 1 + ^ ( 0 ) ! / ^  ( « , *  ) / C K ( c o , k  )

(A 7.9)

(A 7.10)

x

\
)

( A 7 . l l )

(A7.12)
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and finally substituting (A7.12) into (A7.1) we finally obtain:

1 lV
* ' )  - £ ( 0  )5 /tv Cy ) x  (A 7 1 3 )

ly_______________________ l i O ) __________________
X C ( (I) k ) TArct

v ’ 1 + 4 ( 0 ) l l K GK ( a ) , k  ) /  CK (coJc )

which solves (5.1.13). This solution allows us to calculate the self­
energy corrections, which is the task in Sec. 5.2.
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