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Abstract

Development of the New Functional Integral
Formalism and Its Application to the Periodic
Anderson Model

by
Anatoly E. Tolpin

Adviser: Professor Joseph L. Birman

A new approach was developed to the problem of the propagator
construction within the framework of the functional integral
formalism. Central to this approach is the definition of a local
operator construction, which defines the operators over some field(s)
as being dependent on field(s) variables. This is in contrast to the
usual creation and annihilation operators, which in the present
context are defined as "global" operators. The relation to the
standard functional integral formalism has been investigated, and
the problem of the discontinuous paths in the standard functional
integral formalism has been resolved. One simple application of the
new formalism to the linear harmonic oscillator problem is also

discussed.
The new functional integral formalism has been used to study the
orbitally nondegenerate periodic Anderson problem. A smooth

second-order like transition behavior around TK has been obtained.
Various saddle points, including the one corresponding to the Kondo
resonance have been derived. However no stable state
corresponding to the Heavy Fermion regime has been found.

The new functional integral formalism has been further applied to
the degenerate lattice Anderson Hamiltonian in the Kondo regime. It
has been recognized that in the coherent low temperature regime
operators in the effective Hamiltonian belong to an SU(2J+2)
dynamical algebra.  Subsequently a canonical transformation has
been performed that decouples the quasiparticle branches, thereby
setting up the so-called decoupling equation. It turns out that the
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decoupling equation has a solution of the symmetry-breaking type.
The thermodynamic response functions and other quantities were
calculated for this symmetry-breaking state. This solution is a
consequence of the degeneracy of the uncoupled f-orbitals. The solu-
tion is characterized by the interatomic hopping of f-electrons, which
produces the spin delocalization regime and pins the the
renormalized f-level close to the Fermi level. It is believed that this
new state forms a correct description of the Heavy Fermion state at
low temperatures.
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0. Thesis Outline

There are two main topics pursued in this thesis. The first topic
is purely formal. In Section 2 I develop a new functional integral
formalism, capable of representing a many-body propagator as the
finite-dimensional Gaussian integral. This is in contrast with an
infinite dimensional path-integral representation in the standard
functional integral theory. 1 further show the equivalence of the
new theory to the standard path-integral theory. Also as an added
proof, I calculate the propagator for a system coupled to a linear
harmonic oscillator.

The main part of the thesis, however, deals with the application
of that formalism to the study of Heavy Fermion Systems, which are
characterized as Kondo lattices. In Section 1.1 1 review the
experimental results, while Section 1.2 is devoted to the theoretical
background underlying the modern theories used to explain various
aspects of the Heavy Fermion Systems. Section 3 is devoted to the
study of orbitally nondegenerate Kondo system. The calculated
stationary states of the system are similar to those obtained by
other people. It will be argued that none of those states is capable
of adequately describing the complex behavior of Heavy Fermion
Systems.

In the next Section (4), 1 apply the formalism to the study of
orbitally degenerate Kondo lattice. [ find a new saddle point that
can only exist in the degenerate case. As I show in Sec. 4.5-4.7, this
new saddle point does describe many properties of Heavy Fermion
Systems at low temperature. [ further describe the nature of the
new ground state and how it is different from the single impurity
type Kondo resonance. In Section 5 | extend the theory to higher
temperatures by developing the self-consistent type pertubation
theory. That pertubation theory is applied to the calculation of the
conductivity by using the linear Kubo formalism. Those calculations
are further extended to finite magnetic fields. The results obtained
are in general agreement with experimental results. Finally in
Section 6 1 outline the additional work that needs to be done in
understanding the Heavy Fermion Systems.




1. Introduction to Heavy Fermion Systems
1.1 Experimental Background

The term "Heavy Fermion Systems” (HFS) has been introduced to
describe the highly correlated electronic systems in which the
electronic quasiparticle states have a characteristic energy several
orders of magnitude smaller than in ordinary metals. It means that
the effective mass, which is inversely proportional to the energy
scale is enhanced by the same order of magnitude. Importantly, all
HFS are characterized as Kondo lattices in which the localized
magnetic impurity electrons are strongly hybridized with the
conduction electrons of a nonmagnetic host. This hybridization is
responsible for the delocalization of the impurity electrons, leading
to the appearance of long range correlations within such systems.
All HFS are intermetallic compounds in which one of the

constituents is a rare earth or actinide atom, with partially filled 4f-
or 5f- electron shells. Examples of such systems are UBe;; , UPty,

and CeCu,Si,. Those metals become superconducting at low
temperature. Other HFS, such as NpBe;; , UsZn;, , and UCd;, become

magnetic (with the complicated nonferromagnetic type ordering).
In addition, there exist two HFS with no ordering down to 0.050 K:
CeCug4, and CeAl3. There are several unusual properties (1], which
make HFS especially interesting:

i). At high temperature the f-electrons behave as if they were
localized on their atomic sites, as in conventional rare earth and
actinide compounds. However, while conventional compounds
undergo some type of magnetic transition at low temperatures, HFS
go into a Fermi liquid type regime, which is characterized by an
extremely large effective mass. This can be seen from the
measurements of static magnetic susceptibility, specific heat, and
resistivity. As can be seen from Figs. 1 & 2, both the zero
temperature magnetic susceptibility and the Sommerfeld specific
heat constant y are enormously enhanced over the corresponding
values in normal metals. At the same time, however, the Wilson



ratio of susceptibility to the Sommerfeld constant is somewhat
smaller than one.

it). Unusual properties of HFS also extend to dynamical
correlations. First among them are measurements of resistivity. At
low temperature:

p =~ AT?

which can be consistent with Fermi-liquid theory, as well as some
other theories, such as paramagnon theory, developed by Doniach in
1968. It is important to note however that the experimentally
observed range of such behavior is quite limited. In fact, the
deviation from the quadratic temperature dependence shows up at
about 0.1K to 0.3K. This constitutes an important temperature scale,
characterizing the coherent state of the system. At a much larger
characteristic temperature Tp,x, most HFS develop a resistivity
peak, followed by a very broad shoulder. A very interesting
exception to this behavior is observed in UPt; ( Fig. 3 ), where p
behaves much as in normal metals. This points to some intrinsic
differences in this metal, and possibly some others.
Magnetoresistance also shows an increases in magnitude with
decreasing temperature and increasing field. A plot of
magnetoresistance for UBe,;; (see Fig. 4) shows a large negative
magnetoresistance that increases in magnitude with decreasing
temperature and increasing field (-42% at 1.2 K and 11 T compared
to the zero field resistance at the same temperature). Another
interesting correlation is that at a given field, IARI/R vs. T2 coincides
with C/T vs. T2 at zero field. It should be noted that UPt3 shows
positive magnetoresistance (+40% at 1.2 K and 11 T), which again
confirms some important differences between the members of this
type of metal system.

iii). The highly correlated electron state of HFS produces its most
unusual property - superconductivity. Although it occurs at very
low temperature, this seems highly unusual in a metal where higher
temperature properties are dominated by localized magnetic



moments. Below Tc¢c , both the ultrasonic attenuation and the nuclear
spin-lattice  relaxation rate show very unusual behavior. Recent
experiments on longitudinal ultrasonic attenuation ( a(T) ) in HFS
superconductors UPt3 and UBej3 have yielded results that differ
markedly from the predictions of BCS theory. The low temperature
behavior of a(T) has either a T2 or a T3 dependence [2], rather than
the exponential dependence of BCS theory. Furthermore,
experiments have shown a pronounced peak in a(T) just below Tc .
This, combined with the nonexponential behavior of the specific
heat has led people to suggest the superconducting order parameter
is anisotropic with zeros on the FS. Unfortunately, group-theoretical
arguments [3-5] have so far been unsuccessful in unambiguously
pinpointing the appropriate symmetry classes for any of the HFS
superconductors. As for the relaxation rate (1/T}), its behavior has
been measured for CeCuSiz [6]. It decreases drastically just below
Tc = 0.67 K down to 0.5 Tc without apparent enhanced behavior and
is found to be almost temperature independent below 0.3 Tc.
Although a triplet pairing model may explain the sudden decrease
down to 0.5 Tc, the temperature independent behavior below 0.3 Tc
remains unexplained.

As exciting as the question of superconductivity appears to be, it
is generally felt that one needs a better understanding of the normal
state properties of those systems, especially the nature of transition
from nearly localized to Fermi liquid type behavior. As all of those
metals are described as "Kondo lattices”, I shall give particular
emphasis in my research to the consideration of the Kondo lattice
close to a magnetic transition, and I will attempt to show how
electron correlations give HFS their most unusual properties.

1.2 Theoretical Background.

Here 1 will review various theories which have been advanced to
explain normal state properties of HFS. Let me start by discussing
the properties of a single magnetic impurity imbedded in the
nonmagnetic metal, or equivalently the properties of a dilute alloy
where interactions among impurities are taken to be zero. There




are several reasons to consider the single impurity model. First,
there is a general agreement that the single impurity model has
been successfully solved. Second, it seems that this model is able to
explain some of the features of HFS, such as the large effective mass.
The principal problem with that approach is its inherent inability to
explain the onset of coherence at low temperature. It is fair to say,
however, that all theories advanced to explain the HFS so far
represent an outgrowth of the single impurity theory. It is
therefore very important to examine those theories by starting with
the single impurity model.

When a potentially magnetic atom is dissolved in a nonmetallic
host, the electronic states are localized at the impurity site. The
magnetic character of such state is determined by Hund's rule. In a
metallic host, however, the situation is much more complicated.
Because impurities are coupled to a Fermi sea, no matter how weak
that coupling may be, it may lead to a nonmagnetic (nonlocalized)
ground state. In such state the electrons are never truly localized
and always have a finite probability of jumping into a conduction
band. Such an almost bound state is called a resonance state.

a). Friedel's Theory

Friedel was the first to address the problem of the existence of
such a resonance using scattering theory [7]. He represented the
impurity by a potential. For a given total momentum quantum
number [ the potential consists of a deep hole at the core of the

impurity and a centrifugal potential barrier [(/ +1)/r2, where
the distance r is measured from the center of the impurity (see Fig.
5). In this potential hole a bound state or resonance can be formed.
In this case we deal with the resonance which lies close to the Fermi
surface, and thus is only partially occupied. The resonance has a
finite width because the electrons may jump from the potential hole
to the metallic host by tunnelling through the centrifugal barrier.
Since the barrier increases for large [, relatively small width is
expected for large ! (! =3 for HFS). According to Friedel's theory,
the conduction electrons undergo a resonance scattering in which




the intermediate state is the resonance state. This resonant
scattering is characterized by the energy dependent phase shift

51 a(E ) and the resonant state by the Lorentzian density of states

*

pl,a(E):
1 A
P (E)=4— - : 2
I, o % (E-E ) + 42 (1.2.1)
A
tan 8, (E)=—F"""15
I, o E, ,-E (1.2.2)

Many physical quantities can be expressed in terms of phase shifts,
which can be treated phemenologically. More importantly, such
arguments served as the foundation of a microscopic model
suggested by Anderson [8].

b). Anderson's Model
At the simplest level of this model the metallic host is

represented by a single conduction band with energy €, and
momentum k. The impurity state forming the resonance discussed
by Friedel is considered as a flat orbital with energy EO' The

transition between the orbital and the conduction band is taken into
account by introducing the mixing term with the phemenological

transition amplitude Vk' The additional important feature of the

Anderson model is an introduction of an intraatomic Coulomb
repulsion U . In the limit of interest here U —oo leads to many
nontrivial many-body effects. The description of such effects has
remained a major challenge to theorists up to this day, and is the
source of many "infinite U " theories that I will discuss below.
Collecting all the terms the Anderson Hamiltonian has the following
form:




H =Hband+Hf +l‘l”u:r (1.2.3)
_ +
Hpana k% € ko ko

Hfzc);'EOGfo+fo+UfT+foffi

H. =73 [V(k)ck‘;fa+H.C.]

mix ko

The important feature of the Anderson model is its ability to
predict the formation of a resonance state which completely agrees
with Friedel's qualitative picture. This was accomplished by using
the Hartree-Fock approximation for the Anderson model [8]. Define:

+ +
€= Ege+ U (f g foolfy £y (1.2.4)

and rewrite:

H =X€ fo+fo

fMF ™ g fo (1.2.5)

Then one obtains the local density of states in the Lorentzian form:

pf"(e):i— RECIE 1.2.6
(e-€,) +4 (1.2.6)

where

2
Azn)EIV(k)M(e—ek) (1.2.7)



2
_ vV (k)|
efo-efo+P‘{.———£_£k

From the above density of states we can compute the occupation
numbers of the localized state:

£
[ F
(n)=] [ de p; (&) (1.2.8)

Since pfa(e) depends on ("f ) we have a set of coupled

-0

equations. These may have a magnetic solution <nfa>—( nf _ o>'

or the two symmetrical nonmagnetic solutions. The coudition for
the appearance of the magnetic solution is found to be:

Upfa(eF)>1

Therefore in the limit of large U one deals with the magnetic
regime, and the density of states for this solution is sketched below
(see Fig.6).

Within the HF approximation one can make further connection to
Friedel's theory by expressing several quantities in terms of the
phase shifts which play the central role in Friedel's theory. In terms
of phase shifts the local density of states can be written as:

I 40
pfo(£)=f12(21+1)71‘g (1.2.9)

In this case we are dealing with the single channel (/[=3).
Integrating (1.2.9) and comparing it to (1.2.6) and (1.2.8) one
obtains:

_ _ - f[z)
5fo(€r)‘”<"fo>‘°°‘ (A (1.2.10)



This is the special case of the Friedel sum rule which relates the
phase shift to the number of electrons screening the excess charge
of the impurity Z:

1
Z =y 1?30(2’+1)5zo(er) (1.2.11)

Therefore Friedel's sum rule is the expression of charge neutrality.
The electron gas is displaced in the vicinity of the impurity charge.
The displaced electronic charge exactly cancels the impurity charge.

The formulas above establish the connection between the
Anderson and Friedel models. There is however a problem with the
HF solution to the Anderson model that 1 should address at this
point. The problem is that the ground state of the system at zero
temperature should be a singlet. In that case all the phase shifts
must be equal, which means that for a channel with onel the
common phase shift is:

—5=-RZ
61_6——2(21 +1) (1.2.12)

Using (1.2.12) one can calculate the induced density of states and
the result is sketched in Fig. 6a. The density of states that follows
from the assumption of the singlet ground state does not look like
the HF density of states. The missing element in the HF picture is
the narrow resonance at the Fermi surface. This resonance is due to
the correlation effects which have been completely ignored in the
HF approach. The width of the resonance sets a new low

temperature energy scale kg T, , where T, is the so-called Kondo

temperature. It is related to the important Kondo effect which 1 will
turn to right now.

c¢). Kondo Effect




10

The Kondo effect includes the anomalies observed in the
resistivity, magnetic susceptibility and specific heat of "local
moment” metals. Of particular importance were calculations of the
resistivity which have been first carried out by Kondo [9]. Those
calculations have been stimulated by the observation of the
logarithmic increase in the resistivity of "local moment” metals
below a certain temperature, eventually saturating at some finite
value (see Fig. 6b). This increasing impurity contribution combined
with the decreasing phonon contribution produces a minimum in the
resistivity, which has not been understood for many years. Let me
briefly discuss Kondo calculations, which will highlight the
importance of magnetic impurities in producing the logarithmic
behavior.

I begin this discussion by introducing the Kondo Hamiltonian:

H =Hband+Hex (1.2.13)
_ +
Hpand = k% €k ko ko
(i) (i)
H. .=- Y J, ,.S§ cto,.'c, ..,
ex ki k, k kB BB k'PB
(i) ) ]
where S denotes the i-th component (i=1,2,3) of the localized

spin and 0(‘) are Pauli matrices corresponding to conduction
electron spin. The above Hamiltonian unlike the Anderson
Hamiltonian preserves the local charge. It is equivalent to the
Anderson Hamiltonian in the large U limit (U >> A). In this case
the charge fluctuations are suppressed and only virtual spin
fluctuations are present. Such fluctuations are well described by the
Kondo Hamiltonian. On the formal side, the connection between the
two models can be established by Schrieffer-Wolf canonical
transformation applied to the Anderson Hamiltonian [9a], which
eliminates V (k) to the first order. In that case one obtains the
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expression similar to (1.2.13), with the exchange parameter near the
Fermi surface given by:

U

2
J =2V (k
ke kg I ( F)l EO(E0+U) (1.2.14)

In this expression EO is measured with respect to the Fermi level,

and therefore the exchange coefficient J is negative, corresponding
to the antiferromagnetic coupling.

Using the above form of exchange coupling, Kondo set out to
calculatc the spin-flip scattering amplitude using pertubation
theory. His intention was to show how this amplitude is responsible
for the unusual behavior of the resistivity.

We start with the state of the system Ck':,‘FS :Mi> at the time

t =— oo where FS denotes the unperturbed Fermi sea, and Mi
denotes the impurity spin projection quantum number. Also the

zero order Hamiltonian is Hband describing the uncoupled

conduction band. We now adiabatically turn on the interaction H, .

The calculation in the first Born approximation was carried out by
Kasuya [10] and Yosida [11]. The probability of the spin conserving
scattering can be obtained by using the "golden rule”, which yields:

2,,2
W (™M, ™ =20 "M p, (1.2.15)

where Py is the conduction band density of states near the Fermi

2
level. By averaging over the spin directions, Mi is replaced by a

factor S(S +1)/3. The contribution from the spin-flip term is
obtained in the similar way:
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w (™, —>iMi+l)=27r12[S(S +D- M (M, +1)]p,
W (dM, >TM ~1)=2mJ°[S (S +D)- M (M, -1)]p,

Assuming that contributions to the electrical resistivity are additive,
one obtains the total contribution to resistivity is proportional to the
transition probability

W=2wcl S(S+1p, (1.2.16)

where ¢ is the concentration of the impurities. Kondo performed
this calculation in the next order of pertubation theory. The
relevant diagrams are represented in Figs. 7a and 7b respectively.
The scattering amplitudes for an electron with momentum k
corresponding to the above processes are:

2 1- o
J G < ' u o " So" G’GM > k—ek" (1.2.17)
723 (oM |8, S sH oM )k

o"k"< l H o c o' o’ . >£k - ek.. (1.2.18)

When these terms are added together one obtains:

2 1 ' '

J o-'zw[(ZS(S +D)-(c'M'|o-S|oM))+
nw

te - g, (oMo S'GM.->] (1.2.19)
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We note that the Fermi distribution function enters the expression
for the total scattering amplitude at this order of the pertubation
theory. This is explicitly due to the spin dependent potential, and
would not appear in the ordinary scattering potential theory. The
difference is that the second term in (1.2.19) is due to the many-
body effect and must therefore depend on the Fermi statistics, while
the potential scattering theory is a typical one-body problem.
Assuming the rectangular density of states in the band

P -D<€e<D
p(e)=¢"0
0 0 otherwise

the second term will produce a contribution proportional to

kB T
- Py log D J*t const.

and the inverse relaxation time up to this order in the pertubation
theory is:

1 o orcs?s5(s +1 [1 4 p. 1 (—-kBT )J
T =&C +Dpo|1+4J pylogl —5 (1.2.20)

Since the resistivity is proportional to the relaxation rate, it follows
that for antiferromagnetic coupling (J<0, which is the case here) it
increases with decreasing temperature, as has been observed

experimentally. Another important feature here is that the
logarithmic term is dominant at low temperature, and in fact
diverges at zero temperature. That necessitated extending the

calculations to higher orders. It is not possible to build a systematic
theory amenable to diagramatic methods in a straightforward
fashion. This is the usuval difficulty with the spin-dependent
potential, where spin itself is a dynamical quantity. The relevant
class of diagrams are so-called "parquet" diagrams which can be
calculated in the so-called pseudofermion representation , where the
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impurity spin is represented in terms of fermion creation and
annihilation operators [12]. Those diagrams have been calculated in
the so-called logarithmic approximation [12]. In that approximation,
only the highest order logarithmic terms are retained at each level
of the pertubation. The resistivity proportional to the imaginary
part of the scattering amplitude, has been found to be

J2S(s +1)
2
[1-2/ pylog(kzT / D)]

R(T )ee (1.2.21)

At this point it is clear that for antiferromagnetic coupling (/<0) the
above expression diverges as T reaches the temperature TK’

where

D 1
T, =2
K~ kg e"p(y po) (1.2.22)

For weak antiferromagnetic coupling kB TK << D and therefore it
establishes a new low energy scale. Other quantities such as specific
heat and magnetic susceptibility also exhibit the singularity at T, ,

reminiscent of the phase transition. However, this is the single
impurity problem and no phase transition can occur. The origin of
those divergencies is due to the narrow resonance first found by
Abrikosov [12] and Suhl [13], which is centered at the Fermi surface.
This resonance is called Abrikosov-Suhl resonance, and is connected
to a resonance found necessary to satisfy the Friedel sum rule and
the assumption of the singlet ground state.

Now, if only electrons within a characteristic energy kBTK are

involved, this implies a spatial extent of (take h=1):

éK kT (1.2.23)
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where Ve is the group velocity of electrons in the conduction band

at the Fermi surface. €K represents the length of the conduction

electron cloud screening the magnetic impurity through the
antiferromagnetic coupling J.

It has been noticed by Nozieres [14] that if the system is in the
singlet state, then the Fermi liquid approach can be used. His
argument is based on the Anderson statement derived using the
scaling approach [15] that in the low temperature limit the Kondo
model evolves toward a fixed point in which J is infinitely strong,
ie. J =—o  In this case a spin-1/2 impurity traps a conduction
electron, thereby forming a rigid singlet. For the conduction
electron it acts as an nonmagnetic, infinitely repulsive impurity.
However, if J is large but finite the virtual spin fluctuations
become possible. This would produce an indirect interaction
between conduction electrons through the singlet polarization, as in
the phonon-mediated interaction. Therefore we have replaced a
magnetic impurity in a noninteracting electron gas by a
nonmagnetic impurity together with a "localized" interaction. In
other words, we treat the limit J = —o0 as the initial zero order
state, and then we expand in powers of 1/J, which induces the
effective interaction among the conduction electrons. This way the
impurity is out of the way, and we deal with an interacting Fermi
liquid. The above argument serves as a justification for a
phemenological "Fermi liquid" expansion of phase shifts.

d). Fermi Liquid Theory

In the spirit of the Landau theory of Fermi liquids, it is assumed
that there is a one-to-one correspondence between the interacting
and zero order eigenstates. This effectively precludes inclusion of
any triplet and higher spin states. Such is the case when the
excitation frequencies of higher spin states are much greater than

kBT. Since the interaction is localized it is convenient to describe
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the quasiparticle eigenstates a in terms of the phase shift 6a. In

the interacting theory the phase shift depends on the energy €, of

the state and the distribution of other particles n g’ Therefore one
can write
Sa(sa, "p) (1.2.24)

We consider the expansion of the phase shift starting from the zero
order state. Define:

6np=nﬂ—nﬂ0 (1.2.25)

and 6nﬂ= dn, (Eﬂ) depends on the spin and energy of the

quasiparticle. Therefore we expand (1.2.24) as:

G le)=8(e)+ B 4o, (e, )8 np.(e1) + (1.2.26)

+ Y Xgo o.,(e,e', e")5no.(£')6 no.,(e")+...
', o
e", a"

Since the relevant excited states are close to the Fermi level (which
we take to be zero) and assuming analyticity near the Fermi level,
we can write:

S,(e)=6,+ace+ Bel+..
(1.2.27)

b5 (E. €)=, + W (e+&)+..
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The above expansion coefficients describe the low temperature
behavior phenomenologically.
At low T and H we need & up to the first order in €, T and H.

Since 6 n is linear in T and H, only four quantities enter: 50, a,

0 ., =0t o
and '0.10 . The total number of electrons is constant

s
and @ never shows up. Therefore we obtain:

a
6,(e)=6,+aec+0¢ m (1.2.28)

where m = ny-n is the "molecular” field not present in the

standard scattering theory. It arises, of course, from the virtual spin
fluctuations of the singlet.

From (1.2.28) one can now calculate the thermodynamic response
functions by writing

5, (e)
=€~ TP, (1.2.29)

where P, is the conduction electron density of states for one spin
0 y p

direction in the pure system. Hence at H =0 the change in the
specific heat

66  «
G 7o, (1.2.30)

is due to the change in the density of states. Similarly for finite H
and zero T from (1.2.28) and (1.2.29) we obtain:

a
ag O¢ m
TP, TP,

£, =€ - gz H - (1.2.31)
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In equilibrium the Fermi levels for each spin direction are fixed by
the conditions

€T= €l=ﬂ=0

Then the Pauli susceptibility is

8Hg M 2 a 2¢°
X=——g =2,(8) [‘* mpy ' (1.2.32)
From (1.2.30) and (1.2.32) one approximately obtains:
8C, & 20°p
v X _ v Fo
C + X =1+ o (1.2.33)

where 2¢ap0/ a is the dimensionless quantity containing all the

many body effects. It has been noted using Wilson's numerical
renormalization group approach [16] that in the low temperature

regime, ie. T << TK in the limit kB TK < < D (which is the

appropriate limit in the Kondo problem), kB TK is the only relevant

energy scale, which determines the behavior of the system.
Therefore in this universal regime the above dimensionless constant

is independent of T, , and Wilson finds that

20°p,,

o 1

Therefore in the interacting case the ratio in (1.2.33) is 2 rather
than 1.

The argument made by Nozieres has been extended to calculate
the conductivity, where at low temperature one finds the T2
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dependence and the coefficient scales that temperature by TK in

the universality regime. The above approach has been further
elaborated by Newns and Hewson [17], where the extension to
degenerate systems (e.g. RE ions) and comparison to experiments
have been made.

e). Large N -expansion in 1/N.

It is clear that the above picture represents a mean-field or O(1l)
approximation. @ The idea has been to develop the pertubation
theory that would produce above result in O(1) approximation, and
to produce a controlled expansion in some small parameter at higher
orders. This is where the so-called large-N expansion which
incorporates several different but ultimately equivalent approaches
is successful. This expansion has application in many systems which
contain the integer valued parameter N. One example is the spin
system where N is the number of spin components [18]. In such
systems, the partition function may be written in the form

z :jo_e—NS(o) (1.2.34)

where Ia indicates functional integration over all degrees of

freedom and S (0) is independent of N. Such a form can be
obtained by rescaling some parameters in the system. In such a
form 1/N expansion is similar to expansion in powers of A in
quantum mechanics. By that analogy N —oo represents a classical
limit.

The possibility of large-N expansion for magnetic alloys was first
put forward by Anderson [19]). In such alloys N denotes the total
angular momentum degeneracy, which could in principle be lowered
by the crystal field effects. 1 will now review the main large-N
theories, following mostly the review article of N.E. Bickers [20].

I will consider a single impurity degenerate Anderson
Hamiltonian, appropriate for RE ions:
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H =Hband+Hf +Hmix (1.2.35)

— +
Hyona = k’Znek Cm km

Ho=2 B S fm * U I fo S

m>m'

H.=X[Vkel fu+he]

mix km

Here f': creates an atomic state with the magnetic quantum

number m which varies between -J and J. In view of the strong
spin-orbit coupling for f-electrons total angular momentum is the

appropriate quantum number. ck';" is interpreted as the projection

of the conduction electron wave function onto the state with the
magnetic quantum number m defined relative to the position of the
impurity. The above Hamiltonian can be somewhat simplified in the
physically relevant limit of large U. For most RE systems U is the
largest parameter in the theory, and may be taken to be infinite. In
that case only the zero and single occupancy of RE ions is allowed.
The idea now is to project out the states with zero and single
occupancy and neglect higher occupancy states which lie well above
the Fermi level.
Then the infinite-U Anderson model has the following form:

H =Hband+Hf +Hmix (1.2.36)

where

- +
Hyana = ,3:" € km €im (1.2.37)
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describes a free electron band, while the localized f-state at lattice
site i is represented by:

H =% Ey fm fn (1.2.38)

Finally, the mixing term is written as:

H =73 [v (k)ct Pofn+ h.c.] (1.2.39)

mix km

where the operator P, projects out states with no f-electrons,
thereby taking into account the infinite U repulsion. The great
difficulty in treating H,;, as a pertubation arises because the

Hubbard operators, X =P0fm and Xm0=fm+P0 do not obey

Om
standard fermion commutation rules ([21, 22]. Therefore Wick's
theorem is not applicable. This precludes the application of
standard diagrammatic  techniques. Keiter and Kimball [22],

recognizing this situation, have developed a new time-dependent
pertubation theory, which I will now review.

Let me first of all explain the basic idea behind the pertubation
theory. Let us consider a general Hamiltonian, decomposed into zero
order and pertubation parts:

H = HO+ Vv (1.2.40)
We will use a contour integral representation for the partition
function

_ _ -1
Z =Tre ﬂH:fr—zi%e psz(Z-H) (1.2.41)
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where I’ is a contour in the complex plane, oriented clockwise and
-1
surrounding all singularities of the resolvent (z — H) . The

resolvent may be expanded as

n

-1 -1 = -1
(z-H) '=(z-H z[V( _H) ] (1.2.42)
z (2 0) R z
and therefore
z=| 9 " Bim|(2-H k § V(z—H)—1 '
C ) i ( 0) n=0
r
(1.2.43)

The trace can be evaluated by inserting a complete set of states

|N ) which are eigenstates of HO between consecutive factors

V(z-H) . Write:
Tr((z -HO)‘lnS::O[V(z _Hy ! ]n)= (1.2.44)
=(Nl(z—HO)—IIN)+(N{(z—HO)—l(N>x
(NfoN)(Nf(z—HO)-IIN>+<Nl(z—H0)—1fN>x
(NJVJM)(M}(z—HO)_llM)(MWJN)x

<Ni(z—H0)'l|N)+...=<Nl(z—HU)"IN)[1+

(N|(z-HO)'1|N>( (NIVIN)+(NIVIM )x
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(Mlz—_lH—OIM)(Mlle )+...)+...J=(NIZ—_ITOIN)><

z-H z-H

[1+(N| ! |N)(N|V+VQNV+...|N)
0 0

+...]=(N|(z~f{))—l|N)[l+(N|(z—H0)_l|N)x

(N v (1-(z —HO)— IQNV)—1|N)+...]

where QN =1-|N)N| projects away IN ) as intermediate

states. Define the diagonal matrix £(z) called a self-energy
operator with its diagonal elements defined as:

-1
fN(z)s(N\£(z)|N)=<N|V(1—(z-HO)—IQNV) IN)

(1.2.45)
Then one can rewrite (1.2.44) in the closed form:
dz -B: 1 =Ta 1 1"
Z=| 5ce Tr(———z 3(z) ]
i z - Hy p z - H,
r
d Bz A -1
y -

=J 27 € Tr(z—HO—E(z)) (1.2.46)

As the next step let us separate the n=0 term in (1.2.43) and we
write:
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oo n-1
Z—ZO= 2"1:.e-ﬂzTr —'V__EZ[Y—H]
' (z-Hy) =1L #7 T
r 0
(1.2.47)
where
_ﬁHO
Z,=Tre (1.2.48)

The expression on the RHS of (1.2.47) can be rearranged as follows:

‘ag [ @z .. [ &V
-— —_ 4 - z —_———
Z-2y= ﬁfo ng 2mi ¢ T',,E,[ z—HO]

n

(1.2.49)

where g is a variable 0 < g < 1. Similar to the derivation above one
can introduce the diagonal self-energy operator:

fN(z,g)E(le(z,g)|N>=

-1 -1
=(N|gV (1—(2-110) QNgv) IN ) (1.2.50)

and the result is:

1 A
_ b)
Z - zozf ,‘_1;; 242_:‘3 Bz 1, (z;\g) (1.2.51)
0 T Z—HO_E(Zog)
r

I will now apply the above pertubation expansion to the infinite-
U Anderson model. Define the zero order Hamiltonian as (see
(1.2.37) and (1.2.38)):
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H0= Hf + Hband (1.2.52)

and denote its eigenstates |N )=|Nf >x |Nband> where |Nf >
and |Nband> are the eigenstates of Hf and Hband respectively.
Also define

band |

Hband|N)=EN

(1.2.53)

-BH
_ band
Z vand = Thand © (1.2.54)

We now want to separate the trace over localized and band states.
To do that, we shift the contour integration as follows:

band
z —)z+EN

Then using (1.2.46) one can write:

-1
zZ dz - Bz _ _ 4
7 —Jr - e Trf(z Hf Zf(z)) (1.2.55)

band i

where the self-energy operator diagonal in ‘Nf > is defined as:

_ ﬁEband
A N A band
Zf(z)ENbEnd g—zwb’;;'< Nband)}:(z +Ey" )leand>

(1.2.56)

A
and X (z) is defined in (1.2.50). One can replace (1.2.56) with an
analogue of (1.2.51), and the result is:
Z -BE
7 =l1+Ne 0 (1.2.57)
band
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A
‘i | @ -pe 2 (2.8)
“B) % | i ' f &
r f f

A
One can evaluate Zf using the conventional diagrammatic rules. To

do that we define the vacuum propagator as:

(1.2.58)

Similarly we define Gm(z,g ). The self-energy diagrams in the

first two orders of 1/N are shown below in Figs. 8 and 9. Rules for
evaluating those diagrams are taken from ref. [20], p. 857.and are
listed in the Appendix 1.

The work can be cut in half by the the fact that vacuum
contribution to the partition function is equal to the occupied-state
contribution, found by cyclically permuting vertices which merely
shifts the dummy integration variable leaving the integral
unchanged (see Appendix 1). Therefore it is sufficient to calculate
only the empty state contributions and multiply them by two.
Therefore we write:

Z - BE
% =1+Ne 9- (1.2.59)

Z band




27

A
_ﬁjdg dze'ﬂ"rr Zo(2:8)
s z—%—fo(z,g)

A
The contribution to Z, at O(1) is shown in Fig. 8:

A(l) n,
(z.8)= N(gV)Zz+£k_EO (1.2.60)

A
The contribution to ZO at O(1/N) is shown in Fig. 9. At this order

one considers one electron-hole pair beyond O(1) ground state:

2
A(1/N) (N(gV))2 k(l )
ZO (z,8)= N Z' 5 X
KL (2 + 5 - E)
1
X A (1) } (1.2.61)
z+z-:k—ek,—20 (z+£k—£k.,g )

Let us now calculate the leading contribution to the partition
function. Using (1.2.60) in (1.2.59) and integrating over g one
obtains:

(1
(1) - BE _ z (z)
ZZ =1+Ne °+ﬂ4[ z_, ﬁzln[——«—z~
band r

(1.2.62)
Integration by parts gives:
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A (1)
Z(l) _ﬂEO dz - Bz 1—320 (z)/d:z

—e i
Zband 2 i z—fo( )(z)

(1.2.63)

The first term represents a contribution of completely localized
(integral occupancy) f-electrons, while the second term represents
an empty state contribution. The first term is of order O(N) and
therefore is dominant at high temperatures. @ However, at low
temperatures it becomes exponentially small as the system goes into
the mixed valence or Kondo regime. The partition function to
O(1/N) may be obtained in the similar fashion (see ref. [20], p.858).

The dominant contribution to (1.2.63) arises from a pole at £f’

which is the most negative solution of the equation

f(l)

o - (®) =0 (1.2.64)
0

For a rectangular density of states band at zero temperature one
obtains:

0 E -

_ NA n(e,B) _NA ‘ 0 “"

w-—J dea)—E0+e——7t In| —5— (1.2.65)
-D

Define the Kondo temperature as:

TK = EO - ef (1.2.66)
Then in the Kondo limit ‘Eol >> NA one obtains:
E
b, | 0]
TK =% exp[ NA (1.2.67)

B
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Therefore in the low temperature regime where T << TK one

obtains:
(D - BE - Be - Be
ZZ “Ne 0,0 "7 5e f (1.2.68)
band

One can further calculate the valence, charge and magnetic
susceptibilities as well as the specific heat at zero temperature:

P PRE
) _ % 1y _ f
nf T J0E xc - 2
0 aEO
(2)
m_ 2% (9% ()
JH o =0 T -0

Differentiating (1.2.65) with respect to the appropriate variables we

obtain:
O D
! 1+ 1 (1.2.69)
where
__NA
”—n'TK
and
M x [ (n7? (1)
r V=[] [1-n Y] (1.2.70)
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2
gH
x (1)=( B) n (1) (1.2.71)

(m_2 "B (1) (1.2.72)

The Sommerfeld ratio has the value

2, 2_ (1)
(y T kg x
R = > (1)=1
(845 )7

(1.2.73)

at the order O(1) in the large-N expansion. This is the result for the
noninteracting Fermi gas of quasiparticles. These calculations can be
extended to the next order 1/N in the pertubation theory (see [20]).
Then one obtains:

r 2k 21
R=—2DB =14 (1- 1 2)+0(1/N 2)(1274)
(845 ) 7Y (1+up) o
This relation satisfies the Fermi liquid relation [23-25]
2, 2
g - N [l_" kg Xc) (1.2.75)
N -1 Wy

at this order of the pertubation theory. This conclusion can also be

extended to l/N2 [26]. The source of the Fermi-liquid-like
corrections is the appearance of singlet electron-hole pairs which do
not couple to the magnetic field but do change the effective density
of states near the Fermi surface sampled by the specific heat. The
fact that the above formula satisfies the exact Fermi-liquid relation
at each order of the pertubation theory could be interpreted as an
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indication that the large-N expansion is convergent. Further
evidence supporting this conclusion has been obtained by Rasul and
Hewson [27] where they compared the large-N expansion to the
Bethe ansatz at first two orders of the pertubation theory. This still
however leaves unaddressed the problem of what happens for low
N. It is in fact very clear that N=2 is the appropriate regime for RE
or actinide metal, where the low value of N is due to the relatively
large (as compared to the level width) crystal-field splitting.

The above technique can be extended to calculate the propagator,
spectral density and other dynamical quantities (see [20]). The
important point here, however, is that the spectral density sn
obtained does satisfy the Friedel's sum rule. It also produces a & -

function singularity at @ =kB TK with the weight l—nf(l) in the

leading order of the pertubation theory.
The above singularity indicates that the narrow resonance at

w =kB TK is a many particle resonance, which means that a large

number of electron-hole excitations have to be included in the
intermediate state in the pertubation expansion. Likewise the
above expansion is a low temperature expansion, that diverges at

T =TK . Again, the problem is that at higher temperatures there is

a large number of electron-hole excitations in the intermediate
state. This in principle necessitates the summation of all the
diagrams. This is of course not feasible. It is, however, possible to
do the partial resummation as in RPA or similar self-consistent
approximation.

f). Partial Resummation Within the Noncrossing
Approximation.

To motivate this partial resummation technique, note that the
diagrams contributing to the partition function at O(1) and O(1/N)
(see Figs. 8 and 9) have noncrossing conduction lines. It turns out to
be possible to sum all noncrossing diagrams, which are represented
in Fig. 10. In that case one obtains:
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2
Z,(z)=NV anka(z +E ) (1.2.76)
2
r (z)=V kZ(l—nk )Go(z - g ) (1.2.77)
where
G (z)=—Ho
0 z —Zo(z) (1.2.78)
Gp(z)=T—% . ) (1.2.79)
z - O—Zm z L

This approximation is referred to as "noncrossing approximation”, or
NCA (Kuramoto [28]), and the "self-consistent approximation” or SCA
(Maekawa et al. [29] and Bickers [30]). The above equations are
called NCA integral equations. At zero temperature they take the
following form:

D
z (o +i0*)=",’rAf_Dde n(,B)G, & +0 +i0")

P
-D +wd€ Gm (8 +i0 ) (1.2.80)

z (o +i0") =£—f_DDds (1-n (e ,B))Go(w —g +i0")

A @ . At
=n—f de Go(e +i0") (1.2.81)

-D +w

Since D >> NA, we ignore the @ -dependence of the lower limit of
integration. Differentiating with respect to @ obtain:
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ox ox
0 NA A
Jo - = GOm (@) 'a—a';-n—= FGO(w) (1.2.82)

We solve the above pair of coupled differential equations with the
initial condition

Em(—D)=EO(—D)=O (1.2.83)

which is consistent with neglecting the @ -dependence of the lower
limit of integration in (1.2.80-81). Now let us introduce the notation

-1 -1
YO(w)=—GO(a)) Y, (0)=-G,(0) (1.2.84)

Then one obtains the following coupled equations:

dY (o)
087 Nay -
o - 1 Yo (w) (1.2.85)
dY, (o) A, -1
—de " l-z¥, (@) (1.2.86)
with
Y, (-D)=D Ym(-D)=D +E (1.2.87)

Dividing the second equation by the first obtain:

(1+A7/t_AYm—l)de=(1+IAI_Y0—1)dYO (1.2.88)

Integrating this equation and using the initial conditions gives:

Y + 52 In(¥,, /D) —Eg=Y + gin(Y o/D) (1.2.89)
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Now using (1.2.85) and (1.2.89) we will determine @ (YO). which
would allow us to calculate the ground state energy. Integrating

(1.2.85) with respect to YO write:

Y dx
[pde == - 1.2.90
-D b 1+(NA /7)Y, ' (x) (1.2.90)
_NA Yo dx (Y -D
Tr &) (NA [m)+, (x) (Yo ) (1.2.91)

and we finally obtain:

__1!4_10 dx

@==Yo="x ¥y TNaT =) +Y, (x) (1.2.92)

It has been established numerically by Kuramoto and Kojima [31]

NCA .
that at the ground state energy EG the inverse propagators YO

and Y, vanish, and below that they are pure real. However there

is no rigorous proof that this ansatz is correct. Using that ansatz one
obtains:

NCA _  NA JD dx
0

Es =7 b arm)w, ) (1.2.93)

From the expression for the ground state energy, one can derive the
expression for valence, charge and magnetic susceptibilities, etc.
The results agree with the 1/N expansion up to O(1/N), but not at
higher orders. This is because contributions in the higher order also
come from crossing diagrams, which are neglected in this
approximation. It then can be explicitly shown that the derived
self-energy and spectral density do not satisfy zero temperature
Fermi-liquid relations established to all orders of pertubation theory
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for infinite-U Anderson model by Yamada [23]. Higher temperature
behavior however agrees well with the Bethe ansatz (see [30]).
Within the NCA approximation Bickers, Cox, and Wilkins have
investigated the scaling properties of the Kondo resonance at low
temperature [30]. The resonance shows the approximate

universality in terms of the reduced temperature T /TK and

frequency /kB TK . As the temperature increased through TK

the resonance gradually melts away in contrast to the singular
behavior in the large-N expansion. In that sense the large-N
expansion and NCA can be considered as complimentary theories for
a single Kondo impurity.

g). Slave Boson Model

The success of the diagrammatic techniques in treating the single
impurity problem was offset by the difficulty in extending those
techniques to the lattice problem. Therefore another approach more
amenable to such extension has been developed. It relies on Piers
Coleman's "slave boson" trick [32], which I will describe now.

The basic idea is to represent the Hubbard operators

+
XOm = Pofm and Xm 0 = fn Po as follows:

Xo, b Fm X ofmb (1.2.94)

+ . o
where b ,b are boson creation and annihilation operators, along
with the constraint:

0 E’gn"{ +<b b >=1 (1.2.95)

Here < > denotes an operator average over the states generated by
the Hamiltonian. Eq. (1.2.95) now replaces a much more awkward
inequality:
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’}n:n”{ <1 (1.2.96)

appropriate for the infinite-U Anderson model. Then the
Hamiltonian (1.2.36) becomes:

H =H’md+Hf +Hmix (1.2.97)

where as before

Hyoana = bzn & im km (1.2.98)
+
He=2 Ey fom fm (1.2.99)

While the mixing term is written as:

H. =ZX[V(k)etb'f, +hc] (1.2.100)

mix km

At low temperatures it is adequate to introduce the constraint in the
average way (see [33], [34]). Below I will show a more precise way
of introducing the constraint that relies on the path integral
formalism. Then we write:

H ->H +1(Q - 1) (1.2.101)

In the mean-field approximation [32-34], the Hubbard operators
are substituted by

X -2z 1/zf

Om m

+, 1/2 (1.2.102)
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where

<b >=<b+>=z 1/2

This mean field approximation is exact in the infinite-N limit, and as
such serves as an appropriate starting point for the large-N
expansion. Then the mean-field Hamiltonian becomes:

H=Y¢ *

R im Skm + 2& I Im (1.2.103)

1/2
+k§n[z V(k)ck’;nfm+H.C.]+(sf —Eg)(z-1)

where

ef EE0+/1 (1.2.104)

To estimate z , we use the Hellman-Feynman theorem

0. (3]

and we obtain:

z =1-(n, ) (1.2.105)
Similarly, differentiating with respect to z , we obtain:

-1/2 +
z 12N >,£'<mckm>=50“£f (1.2.106)

The propagator corresponding to the mean-field Hamiltonian has the
following form:
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1

G e)=¢ "¢, -Z () (1.2.107)
where
v 2 2
Z(e)=X 2 ~=-inV’p (1.2.108)
k £ —£k+i0

and the obtained density of f-states is then:

r 1A
(e —ef )2+A 2

Py (€)= (1.2.109)

where A represents a renormalized Lorentzian half-width and is
given by the “golden rule”:

)
A=nzv (1.2.110)

which is to be compared to an unrenormalized half-width:

Aoz v 2p (1.2.111)
Since z<1, the effect of the Coulomb repulsion is to narrow the width
of the coupled f-level by essentially suppressing the possible charge
fluctuations that would violate the constraint (1.2.95). It also shifts
it by A, which I will now calculate.

To do that I will use (1.2.106). The expectation value

+
kZ<fm Ckm> may be obtained from the f-conduction electron

propagator G e

ch = VGfG()
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so that
Y
E(ferCm )= z_ -Im [ de n (e )Gf €)G,e) (1.2.112)
Here
1
G()=% 1.2.113
0 ke _gk +i0+ ( !

is the bare conduction-electron propagator.  Again, assuming a
rectangular conduction band density of states we obtain at zero
temperature:

_, 1/2 0
+ z 49 n(c)
E(fm Ckm)' 7V I’“J d ~¢ +id
-D
1/2 2 2
i / A"l [‘/ef +4 J (1.2.114)
="y " D

Now inserting (1.2.114) into (1.2.106) we obtain the energy shift

2 2
_NAOm[JGf +4 J (1.2.115)
/4

E —ef— D

The above equation has a solution in the Kondo limit, where EO is

large negative. In that case we neglect Ef on the LHS of (1.2.115),

and finally obtain:

nE
T, = |e?+4%= Dexp[ 0) (1.2.116)
0
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We see now how the low temperature scale, similar to (1.2.67)
emerges in this theory. In fact the equivalence of the Keiter-
Kimball diagrammatic technique and the slave boson approach has
been clearly demonstrated by Bickers [20] at each level of the
pertubation theory. Therefore the results for all the thermodynamic
quantities obtained within the slave boson approach are similar to
those obtained above. Also all of the appropriate Fermi-liquid
relations are similarly satisfied.

The main advantage of the slave boson approach is that it allows
us to apply the standard diagrammatic techniques for electron-
boson interaction. In this particular case two bosonic fields emerge.
One field can be obtained by expanding in powers b - (b ), while
the second field is obtained by expanding A around its mean-field

value EO— E . The most natural way to do that is to use the path-

integral representation which was developed by Read and Newns
[33,34]. Let me now briefly sketch that theory.

h). Path Integral Approach

We again start with the Hamiltonian (1.2.97). Adding the
constraint (1.2.95) and applying the path-integral formalism we
obtain the partition function:

| B dA
=J ”; be Db Df Df TDc Dc +exp[— {f’er(r )]
(1.2.117)

where

+d +
L(t)=b d_’tb +’§.fm (?d_‘t—-*EO)fm

+Zc+ (d—+£

p 4 e, +V b%[cb:b+fm+H.C.]
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+iA(Q - 1) (1.2.118)

+ . .
and Db, Db ', etc. denote the path integral measure, while the
fermion operators f and C are represented by Grassman variables.

The above representation of fermion and boson operators is

sometimes referred to as the "cartesian gauge". We now make a
transformation to polar coordinates (or to the so called "radial
gauge"):

b(t)=r(t)exp(i 6 (7)) (1.2.119)

so that db db Y= rdrde , and other quantities transform as follows:

fn ) of,y @ )exp(-i 6 (7)) (1.2.120)

¢, (r)—)ck ()

20
A—)A-i-??

In terms of the transformed quantities we now obtain:

| B dA
z-| 8 Db Db * Df Df *Dc De *exp| - PdrL )
2t
(1.2.121)

where

L'(t) ='§fm+(d%—+E0+i). )fm +EC’0: (BdT’H:k )Ckm

: 2
+Vr k'Z"',[cb:fm+H.C.]+zl(r -1) (1.2.122)
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In this gauge @ (7 ) disappears, as well as the term foﬁr %—di’ due
to the periodicity of b+,b between 0 and 8.

The mean-field or static approximation can be obtained as the
saddle point of the above propagator. The corresponding r -saddle

point r, is identified as z 1/2 (see (1.2.102-104)), and the A -

0
saddle point is identified as Ef —EO. The results at the mean-field

level

NAO ef +A2
E_.-€ = In —_—
T D

are then completely equivalent to the results obtained above.

To go beyond the mean-field approximation, we expand r and A
around their mean-field values. The diagrams are similar to those
in the "cartesian gauge"” and are sketched in Fig. 11. It is not
surprising then that the corrections that emerge are also similar to
the ones obtained in the Keiter-Kimball diagrammatic technique,
and in particular the Wilson ratio satisfies the Fermi-liquid relation
(1.2.75).

The difference between the two gauges are mainly in
manipulations and they clearly emerge as one goes beyond the
mean-field level. The radial gauge formulation has the advantage
that the constraint (1.2.95) is treated in the natural way without a
need of introducing a Legendre-type transformation. There is
another problem, which is a little more profound and it emerges
once we extend the slave boson model to the lattice of impurities
which I will consider below. But before I generalize this discussion
to the lattice problem, let me close the review of the single impurity
problem by discussing the variational ansatz. That approach draws
upon the analogy to 3He, and uses the Gutzwiller variational ansatz
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[35-37]. Consider the nondegenerate Anderson Hamiltonian (1.2.3).
Then the variational ansatz for the ground state has the following
form:

ly)=0-nfn{1 0 +ady,g oy, 11FS) (1.2.123)

where the projection operator P is defined as:

=f-nfnf 1.2.124
P =0-nfni] ( )

P is applied to exclude double occupancy, and a(k) serves as the
variational coefficient. The variational treatment gives the result
equivalent to substituting for P its average value. As in a slave
boson model above, such approximation would renormalize the
hybridization term. Since at this level of calculations at most one
electron-hole excitation is included, the determination of the ground
state becomes a one body calculation. Higher order approximations
result from including the additional electron-hole pairs to the zero
order state. The results at zero temperature are equivalent to the
slave boson model. In fact, a theoretical equivalence between two
theories has recently been demonstrated [38].

The upside of this theory is its physical simplicity, as it is most
clearly connected to the Fermi liquid theory. Indeed it can be
shown [39] that the higher order states generated this way can be
placed in one-to-one correspondence to the noninteracting Fermi
sea. Also it may be possible to extend the variational approach to
more realistic models than the one considered above. The down
side of the variational approach is that it cannot be trivially
extended to higher temperatures and the expansion itself is not well
controlled.

i). Lattice Theories
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Let me now turn my attention to the lattice of impurities. The
localized f-electrons acquire an additional site index u. Then the

corresponding Anderson Hamiltonian becomes (compare to (1.2.3)):

H =Hy +H +H (1.2.125)
— +
By ona k§ % ko ko

_ + + +
He = % Eopfun Sum *V T Sum SumFumF

H =:7}VL-M§‘[‘,U [V eyt fum+H - C ]

where NL denotes the number of lattice sites. In the single

impurity problem one could represent the conduction electron wave
function as a sum of harmonics with different values of quantum

numbers [, m, . Thus the mixing term would be proportional to

Ck;; f... . and all other harmonics with different J would become

decoupled. In that form the Hamiltonian possesses a 1/N expansion.
This, however, is not the case in the lattice, where conduction
electrons propagate from site to site and J is not conserved. In two
key works on the subject [40] and {41] this complication is ignored

and the mixing term of the type cb: fm is introduced. In my view

that simplification misses some important physics that I will discuss
in Sec. 4. In any case, by making that approximation the problem
then does possess a 1/N expansion.

In the reference [40] the "cartesian gauge” has been used. This
gauge leads to the appearance of the infrared divergencies which
cancel order by order in all physical quantities. The origin of this
divergence has to do with the fact (see [42]) that in the zero order
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theory we fix the phase of bosonic fields at all sites. Since the phase
of any quantum field and the number operator are two conjugate
quantities it follows that there is an infinite uncertainty in the
number operator. This then violates the condition (1.2.95).
Therefore in a true ground state there can be no correlation
between different sites (since (1.2.95) is a local constraint) and the
mean-field ansatz does in fact break that symmetry. Therefore the
fluctuations must act to restore the symmetry. This results in an
infinite number of "soft" excitations which are responsible for
infrared divergencies.

Such complication can be avoided if one considers this problem in
the radial gauge [41]. Then no explicit phase correlation is required
and no such divergencies appear. The disadvantage of the radial
gauge approach is that the functional integral treatment is not as
transparent and the transformed f-operators have no direct physical
meaning. Therefore, following [40], I choose to represent the theory
in the "cartesian" gauge.

Let me now briefly sketch the principal results of [40]. We start
with an infinite-U lattice Anderson Hamiltonian

H =Hband+Hf +Hmix (1.2.126)

where as before

H 4 =k:2n:£k ck;; Com (1.2.127)
H . = 1 Z[V (k)cb:b+f +H-C.] (1.2.128)
mix 7NL km H7 pm

Again we introduce an additional constraint

>=1 (1.2.129)
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Then again we introduce a Legendre-type transformation and write:
H ->H +3A -1
E H (Qﬂ )
Transforming the Hamiltonian to the k-representation obtain:

. _ + + + +
H _En{sk e+ Eg fo fom *V %‘,[cb"bq_qum+HC]}
(1.2.130)

To generate the 1/N expansion one redefines several physical
quantities:

1
A =——b (1.2.131)

where one regards g, 3s independent of N, and at the end of the

expansion set g, = 1/N . This effectively substitutes large-N limit

by the thermodynamic limit. Note that large-N limit is not a
thermodynamic limit because of the local constraint (1.2.129). Going
to the thermodynamic limit one effectively substitutes the local
constraint by the state that satisfies the constraint only in the
average way (i.e. the constraint is averaged over all sites) which

might or might not be correct. Formally taking 90 = 1/N pushes

us beyond the region of validity of 1/N expansion, and there is no
general proof that the corresponding series is still convergent.
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Let me at any rate proceed with the theory. As in the single

impurity problem they make a broken symmetry ansatz:

2~ _ st o _ _1/2
<Ak>"<Ak>'Z ﬂo
A= (&~ E¢)o%o

and shifting the above quantities so that

— 1/2
/rk—Ak+z 5k0

A, =2 + (€

k= "k f'Eo)5

kO

Then one may rewrite (1.2.126) as:

1{=H0+Hm4du

(1.2.132)

(1.2.133)

(1.2.134)

(1.2.135)
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Vz llz[ck;fm+HC]

+N Z(e, ~Eg)A A, +Nz ”2}:). (a4, +4,)

H_ =V k?ﬁ[c;nAq+fk+qm+H.C.]
+,§lq(NAk++qu+§fk++qum)
H, =N (sf —Eo)z l/2(,4(;+AO)+N (z —-qo)/lo

The zero order Hamiltonian already contains the mean-field

contribution. It can be diagonalized by appropriate Bogoliubov-type
transformation and the dispersion relations obtained are as follows

1 2 2
A= 2(‘E tE L (& —& ) t4V ) (1.2.136)

and are plotted in Fig. 12. We can now define bare fermion Green's
functions:

m(k,'t)z(TtCkm (r )Cb: )0 (1.2.137)
™kt )= (Trfkm(”fktn>0

G,"(k,t) =(T,fkm ().t )0

plus the bare boson propagator
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e (.47 )4, )0 (T, 4,74’ )0
0 (roa_,@a,)  (r.a,@af)
0 0

(1.2.138)

The fermion and bosons interact via Hint’ and the appropriate
graphs are sketched in Fig. 13. The terms in H A and the last term

in Him lead to tadpole diagrams sketched in Fig. 14. Requiring that

those diagrams vanish determines Ef and 2z, and one obtains:
2 2
qo=2(1+ 0V *1 e ) =20V "1 ¢ (1.2.139)

2
£ = Dcxp(Eo/pOV )
where Po is the conduction electron density of states per spin, and

the rectangular density of states in the band is assumed:

p(e):{po -D<e<D
0 0 otherwise

The Eq. (1.2.139) and the corresponding dynamical quantities are
similarto the single impurity result. The Sommerfeld ratio defined
in (1.2.73) is one. Going to the next order of the theory, one obtains

Ef and z beyond their mean-field values from the higher order

tédpolc diagrams in Fig. 15. Then the contributions to the free
energy come from the higher order loop diagrams (see Fig. 16) and

also by putting the higher order corrections to ef and z in lower

order diagrams. Then the calculated Sommerfeld ratio to the order
O(1/N) becomes:
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R=1—=7n~

(1.2.140)

where

a=l—(1—nf)2

so that a =1 in the Kondo limit. Therefore the criterion for the
system to be stable against magnetic ordering is just

N >1

Note that the Sommerfeld constant is slightly greater than one,
whereas in the experimental results for HFS R is typically of order
0.4, so there is some discrepancy with experiments.

Let me now turn to the discussion of the differences between this
picture and the single impurity problem. It has been discussed
above that the mechanism for the spin compensation in the single
impurity case is the formation of the conduction cloud of opposite
spin around the impurity. The characteristic dimension of that

cloud is =v,./k,T, , where v_. is the Fermi velocity.
0 F B K

F
This picture cannot be extended to the lattice since -50 is much
greater than the lattice constant. Also since the characteristic low

energy scale is kB TK , the number of conduction electrons within

kB TK of the Fermi surface is = kB TK / D which is much less than

one. Therefore the mechanism of spin compensation must be
fundamentally different from the single impurity problem. To
resolve this problem the authors calculated the imaginary part of
the dynamical susceptibility which shows that after a time long

compared to € ~! the f-electrons get delocalized: this is not a bound

f

orbital but a resonance since it lies within the conduction band.
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Then they argue that the Pauli principle makes it unfavorable to put
the f-electrons in the same spin state (i.e. there is more phase space
for electrons with opposite spins). Then it is unnecessary to form a
compensating cloud at each site.

While this seems like a very plausible mechanism for spin
compensation I see two problems with this picture. First of all in
the limit n/ —1 the f-electrons cannot very well hop from site to
site since most sites are already occupied. Then it is not clear how
the proposed theory can adequately account for the observed spin
compensation in HFS. There is however another more fundamental
problem. This theory does not explain the mechanism for the
observed low temperature coherence in HFS. In fact, I will show in
Sec. 4 how those the questions of spin compensation and low
temperature coherence are intimately related, which leads to new
physics not obtained within the slave boson or other Fermi-liquid
theory.

2. A New Approach to the Functional Integral
Formalism

2.1 Review of the Standard Formalism

Consider a system where there is a multitude of interactions
between the individual members (subsystems) of that system. In
the extreme case one would need to consider all those interactions
in order to form a proper description of the dynamics of that
system. One important approach to dealing with that problem is the
Green's Function method [43]. One needs to calculate the single
particle Green's Functions in order to obtain the one-particle
spectrum, or many-particle Green's Functions in order to calculate
the possible collective excitations.  The difficulty is that the
calculation of the single particle Green's Functions by standard
equation of motion method requires the knowledge of the two
particle Green's Functions, which in turn requires finding the three
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particle Green's Functions, and so on. This reflects the real
complexity of the many-body system where the behavior of a single
particle not only depends on the pair-wise interaction of that
particle with all the other particles in the system, but, indirectly, on
the interaction of the rest of particles among themselves (vertex
corrections). Mathematically, such a complication has to do with the
fact that the two- and four-fermion operators do not close under
commutation. One approach to the problem is to neglect the three
particle Green's Functions, so as to create a closed system of
equations for one and two particle Green's Functions. It is however
clear that such an approximation is not always valid [43]. Another
approach is to eliminate the two particle Green's Functions
altogether by introducing the mean-field approximation. This does
not really solve the problem, since one still has to estimate the
fluctuation corrections which may turn out to be important.

The important idea of the Functional Integral Formalism is that it
allows us to eliminate the direct interactions between particles
Instead, those particles couple to the effective fields, and indirectly-
to each other. Direct interactions between particles can then be
recovered in a second and higher order expansion in powers of
those fields. Let us see how such a transformation can be
accomplished [44]. Consider a Hamiltonian H for which:

2
H =H,+ A 2.1

2
where A  represents a many-body term in the Hamiltonian, and

HO and A in general do not commute. Then:

o)

exp(-t (Hy+A4%)) = lim

1)

N —e (2.1.2)

t H 2
= lim exp(— TO) exp(— t_le—)

N 5o
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The reason (2.1.2) is correct is because for any X (operator or c-
number) one can write:

eX = lim (1+—1’{,-)N (2.1.3)

N 5oo

2
The commutator of H, and A, however, has a prefactor 1/ N |

and therefore does not contribute to the exponent as we go to the
limit N —o., A second important formula is the Hubbard-

Stratanovich identity which asserts that for any operator A  one
can write (Hubbard-Stratanovich) [45]:

exp(- A%) EI_+:dy exp(- ;2-2vmiyA) (2.1.4)

In the future, 1 will use <f(y; ,..., yn) >G to indicate the Gaussian
integral over all the dummy variables y. In this case the Hubbard-
Stratanovich identity takes the following form:

exp(— A2) E( exp(— 2‘\/71' y A))G (2.1.5)

Now using (2.1.2) and (2.1.4) and remembering that any term with
prefactor of order smaller than 1/N does not contribute, the RHS of
(2.1.2) then becomes:

N
im (J7 7 dy exp(=[my2+tH /N +2i yVme/N A]))

N oo

(2.1.6)

At this point I will introduce index n (n=1,..,N) to label all N dummy
variables. Then (2.1.6) takes the following form:
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N o0 -
S(1) = IJ"_"m,.rlljo dy, exp(~ A (y,)) (2.1.7)

A(y,)=mn +HytIN +2iy, AT N

where

S(I)Eexp(— t(H0+A2))

Finally, using the time-ordering operator

corresponds to time T, = nt /N), write:

oo N e
Sw=T lim JO{ Il dy,.}exp(—%}/‘n(yn))

T (index n now

n=1

(2.1.8)

where, A n
purposes.
obtains:

exp(— t (HO+ A 2)) =

o 7 (1]} v
_Nhg“T I{ I1 Dzn}exp(—n=lN X

is identical to A, and subindex n is used for ordering

Making a change of variable, z; = yp VN/t , one then

(2.1.9)
n=1

x[n z, 2+H0’l +2i z,Vmw An]))

N . .
where Dz = dz'\/ PR The sum in the exponent is now converted
to an integral (T , — T ), and one writes:

_ _Ht _ t ’
St)y=e =T | Dz exv(- Iodf/\,(zz)) (2.1.10)

A;(zr) - z12+ Hy +2iz2,VE A,
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So what this does is as follows: at each infinitesimal interval of time
Ot =t /N an event occurs, namely a particle "sees” some field z,.
From this, a chain of events up to time ¢t (called "path") is
constructed. And the infinite-dimensional integration (summation)
is over all such paths.

The utility of this formalism is that it allows us to represent the
many-body term in the Hamiltonian as the one particle operator
coupled to stochastic fields, weighted by the Gaussian weight factor
[44). This certainly eliminates the problem described above in the
Green's Functions approach, without introducing any drastic
approximations. There is, however, a price to pay. The price is that
one deals with an infinite, ill-defined integration and an infinite
number of Gaussian variables which are coupled to various one
fermion operators. Therefore in practice the perturbative approach
in the Functional Integral Formalism may be even more difficult
than in the conventional Green's Functions approach [46].

It is important at this point to mention two problems associated
with the above construction, which will serve as a reference for the
future discussion.

Problem #1: A path z (t) = z¢ is in general discontinuous
everywhere and the limit AT = t/N — 0 is not well defined. (see
Fig. 17)

Now, let us suppose we want to apply a canonical transformation
to the propagator (say we want to diagonalize it, or just present it in
a more convenient form). Then one obtains [47] for each value of T::

A, (2)=U, A" (2 U,

(2.1.11)
and then
_far A% (; _
S®=UT [Dze ° ’(‘)%‘ (2.1.12)
AT =-Z -p

T T (2.1.13)
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U_-U
] -1"7 T - AT
Pt= lim Ur AT

At—~)0+

(2.1.14)

Problem #2: Since there is no definite correlation between times 7T

and T — A7, it follows that Py is in general infinite.

Now, both problems discussed in this section arise from the fact
that there is no correlation between times 7 and T — A7T. It is

intuitively obvious that in order to give a finite contribution to
physical observables the paths should not vary too rapidly in time.
No one, however, has really explored the question as to the limit on
how fast the curves can vary in time, except for the ad hoc
assumption that 2z , representing a time ordered path is a
continuous function of T (see for example [48]). This is an

important question that I will address in Sec. 2.3 when I draw
comparison between the propagator construction described above
and the one based on the local operator construction, that I will
describe in the next section.

2.2 Propagator Construction Using the Concept of Local
Operators

It has been pointed out in the previous section that while the
standard formalism allows us to “linearize" the many-body
Hamiltonian which eliminates the infinite chain of equations in the
Green's Functions approach, the down side of that approach is that
one is forced to deal with an infinite, ill-defined integration and an
infinite number of Gaussian variables which are coupled to one-
particle operators. It is therefore my objective to construct the
many-body propagator in the "linearized" form which would also be
expressed in terms of a finite number of Gaussian variables. That
would not only simplify the equations for Green's Functions, but also
allow the application of other powerful nonpertubative techniques,
such as the diagonalization of the effective Hamiltonian as well as
the generalized mean-field approach.
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Before 1 go further let me mention two conditions that must be
satisfied by any propagator one may construct. I consider the
propagator in the form e Ht " Then the following conditions are
both sufficient and necessary to uniquely determine the propagator

L(t):

__4d
H=-3Lw _o (2.2.1)
L(te)L(t')=L(t +1¢") (2.2.2)

The first condition is called the initial condition, while the second
condition is called the additivity condition. The validity of those two
conditions can be proved by induction (see Appendix 2). As an
example of how those two conditions might be used let me go back
to the Hamiltonian given by (2.2.1). Now write:

d - ey d "L’o'e-Azzlt=

H=—a‘e =

=0~ " dt ¢ 0

L . 2 .
The last equation is true since the commutator of Hot and A t is

proportional to 12 and therefore two operators can be treated as

numbers in the limit ¢+ 5 0. Now using (2.1.4) write:

_ d —Hf(Y,t)
H——-‘—17<e " >G L o (2.2.3)

where

H =H0t+2iY AVmt

mf (2.2.4)

It therefore follows that the initial condition is satisfied. Let us now
see whether the additivity condition is satisfied as well. 1 will
introduce a new variable y = YAt . Then I can write:
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sl

dr [ =0 (2.2.5)

H (y)=Hy+2 yJ/r A

To verify the additivity condition write:

-t H -t'H '
L(t)L(t')=<e g ) 7 Mg O )>G

Since in general [HO,A ] 20, it follows that

[Hmf(y),Hmf(y')]atO so that L(¢)L(¢')# L(t +1¢') and the

additivity condition does not hold. It should be noted however that
two exponents in <> are additive for y =y'. This simple
observation is essentially behind the idea of local operators. The
important thing to note in that respect is that the operators such as
A are independent of y. In other words, the A that multiplies y in
the first exponent is identical to the A that multiplies y' in the
second exponent. Let us however change that and define a new
operator equal to A (times the normalization factor which I will
define below) in some small neighborhood of y and zero outside.
The same can be done for the second exponent. In that case the
corresponding operators become y-dependent and are called local
operators, as opposed to an operator such as A which will be
referred to as the global operator. It should be obvious now that
the product of two local operators defined around y and y' is zero
unless y =y". In that case the above problem of
noncommutativity disappears and the additivity condition will hold.

With this in mind let me proceed with the formal definition of
local operators. Let R represent a real line over which the Gaussian
variable y is defined. Take Na(x) to be an open segment around
point x, and let A be its length. Now define the localization
projection operator as follows:
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P.f(y)=6,(»)f(y)

(2.2.6)
where
1/ 4 y € Ny(x)
Sx(y)—{o otherwise (2.2.7)
More generally,
Pefi(@ ) ~Ja(Y 0=
= Gx(y]) ...Gx(yn)fl(y ) e Sq (Y n) (2.2.8)

Now let A(y) belong to some closed algebra, defined over R. Then
the local operator Ax(y) is defined as follows:

A, (¥y)=P, A(Y) 229
.2.9)

Ax(y) is a "local" operator, that corresponds to the "global" operator
A(y). So, basically, local operator is equal to its global counterpart,
times the normalization factor within some small interval, and is
zero outside.

Consider now a discrete set of points x, such that
R=\x) NA (x)+ §, where S is a closed complement of kaNA (x)-

Take uNA (x) to be dense everywhere in R. Then S is of measure
X

zero, and as such could be neglected in the construction of the
Lebesgue integral [49] (question of boundaries will be avoided by
the different and more systematic construction to be presented in
the next section). We can then let A — 0, while keeping S of

measure zero. Then from (2.2.9), one has:

A(y)=ZA,(y)4 (2.2.10)




60

Similarly, define a local wave-function Wx(y), corresponding to a
global wave-function w(y):

Y, (»)=6,(y)V(y)
(2.2.11)

Then similarly to (2.2.10), one has:

v(Y)=2Z¥ (y)4 (2.2.12)

Now let us introduce time dependence, i.e. let A=A(t). Then from
(2.2.6) and (2.2.9) we get:

Ay (. t)A (') =

=6,(y)8,.(y)8,(y)A(y,t )A(y"1')

First © -function essentially localizes y around Na(x), and the second
O -function localizes y' around Na(x'). Third O -function forces

Na(x)=Na(x"), which in the limit A — 0 means that y = y'.
It is natural in the limit A — O to substitute the summation in

(2.2.10) and (2.2.12) by integration. Defining Idx sg,A, and
integrating over all variables, get:

[dxdydc'dy' A (y,t)A . (y',t')= (2.2.13)
=[dxdy 6. (¥y)A(y,t )A(y,t")

Let us now consider two operators A and B. Each operator can be
represented as an integral over corresponding local operators. In
other words, define R; and Rz to be two real lines (or in general
some fields). Then according to (2.2.10) write:
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A7) =r &5 A () (2.2.14)
and
B(3;) =lr, 4% By (7;) (2.2.15)
so that
A(¥)B () = Ir Ir, dxidr, Ay (7)) By (%;) (2.2.16)
'Ry 1 2

Here xi, y1 € R; and x2, y2€ R2. It is important to emphasize at
this point that since x; and x2 belong to two different fields, they do
not have any correlation, and the commutation rule for the local
operators is:

A B.1=P.P.[A.B
[ Xy "2] g ’2[ ] (2.2.17)

I will adopt a convention of using different subindices on the
localization indices belonging to the different fields, as with x; and
x2 above. Same applies to the Gaussian variables y; and y>.

Let us now go back to (2.1.1), and see how we can apply the
above concept to the solution of our problem. Following the last
section write:

d—Ht 2

__d - H _ d 0 -A% _
H Y T It=0——dte € 't=0—

4 (2.2.18)
T dt [<Id"11d"2 OHOx](Yl)Osz(Y2)> }
G

t=0

where
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-f HOxl(yl)

OHOxl(YI) =€ (2.2.19)
-ﬁyzm,qxz

0, J,[2()’2) =e (2.2.20)

and HOxl(Yl) = H, . so that OHOXI(YI) is formally Y-

1
independent. It should be obvious however that the dependence of

the operator OH £ On its localization index comes from the
071

requirement that Yle NA(xl)’ However, since OHOxl is Y

independent, it follows that OH x does not depend on x_ , and one

0™ 1

may just as well substitute x, by X, Therefore one can write:

d
H=--"F 0o Y
dt {<Idx OHOX AI( )>G} (2.2.21)
t=0

From (2.2.21) it follows that:

H =—;1‘17{<de 0;,0, Opr (Y )> } (2.2.22)
G

where

me(Y)=tH0x+2iY\/7tt A
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Now let us introduce a new variable y = YNt. 1 will also

A
introduce a new measure. Define & = \/: so that:
t

[Dx =6 - X

With this definition write:

(2.2.23)
Ho (y)=H, +2iyJm A,

Let me also define the propagator density:
A(y.,t )Eexp(—Hm(y ,t)y—-mty 2)

One can now rewrite (2.2.13) in terms of new variables with the
new measure, and from this it follows that:

L)L(t')=[Dy Dy'DxDx' A (y,t) A_(y',t)=

=[DyDx O, (y)A(y,t) A(y. 1)

Now, since the Hamiltonian in (2.1.1) and therefore in (2.2.23) does
not have explicit time dependence, it follows that A (y,t) - A (y.t')
=A (y,t+t'), then:

Lu)L(t')=[DyDx A, (y,t+1t)=L(t+1)
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so (2.2.2) is satisfied. From (2.2.22) it follows that (2.2.1) is also
satisfied. Therefore:

e~ Ht = L)

(2.2.24)

It is to be emphasized that (2.2.23)-(2.2.24) holds only if H in
(2.1.1) is time independent. One can now calculate its spectral
function. In this case there are no four-fermion operators (direct
coupling) in the propagator just derived. Instead, one-particle
Green's Functions are coupled to effective fields which should then
be integrated with the Gaussian weight factor.  Therefore one-
particle Green's Functions will only be coupled to other one-particle
Green's Functions (and not to two-particle Green's Functions) in a
system of self-consistent type equations. Unlike in the standard
path-integral formalism, however, one does not have to deal with an
infinite-dimensional integration which should greatly simplify the
calculations. Alternatively, one can diagonalize (2.2.24) (see
Appendix 3) and therefore calculate its trace as well as its various
logarithmic derivatives.

The above discussion can easily be generalized to include
complex fields. This is a more general situation, corresponding to a
general two body interaction term in the Hamiltonian. Then the real
field R is generalized to the complex field C, which is now divided

. 2 - .
into open squares N; )( x ) of area A2, and the localization function

is also appropriately modified:

2 (2)
Giz)(z)={1/A zeNA (x)
0 otherwise

I will also consider complex fields when discussing the harmonic
oscillator problem in Sec. 2.4

Let us now discuss the physical significance of local operators.
Let A be some relevant operator, describing a certain property of
the system. Then, what is the meaning of Ax? It is clear that Ax can
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only refer to Hy and is orthogonal to all the operators with a
different localization label x'. Therefore a system described by Ay
can only exist in a state of the system in an "effective field x". And
the partition function (App. 3, Eq. (A3.4)) is essentially a sum over
such states. The electron system, coupled to the multitude of such
fields recreates a complex behavior of a real system.

In fact, in comparing these results to the Feynman integral
formalism (see Sec. 2.3) I find that for the Hamiltonians, that do not
have any explicit time dependence (in the Schrodinger
representation) the two models are equivalent. Indeed, it would be
much harder to find L(t) for a time-dependent Hamiltonian, such
that the additivity condition (2.2.2) is satisfied.

2.3 Equivalence of the local operator construction to the
standard formalism

Let me now present the informal arguments and the motivation
for the formal proof below. Let us rewrite (2.1.10) in the form:

N
S(t)=TI{ lim I Dzn}

o, 0 (2.3.1)
Xexp(—le(ZI, cee g ZN’ t))
by defining
F t —ljtd A
d(zl, ceey Zppy ) - ¢ 0 T T(yt) (2.32)

This is not really an allowed step, but is appropriate for this
informal argument. From (2.3.2) it follows (at least qualitatively)
that all events belonging to the particular path are averaged over all
time intervals, and a certain time average corresponding to that
sequence of events is obtained.
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It should be noted here that A’y is not an explicit function of 7.
This is very important for this informal argument as well as the
formal derivation below. Indeed, formula (2.3.2), as I just pointed
out, represents certain time average over many events, that build
up some path. Since there is no explicit time dependence, each
event comes in with 7 independent weight factor, i.e. as a simple

arithmetic average (call it an "average” event). Therefore for a given
N

path (z1,...zN), the average event is Xjoc %Z zij. It should follow
i=1

then that Fq (zi,...zN,t)=F(Xy). Formula (2.1.10) represents the sum

over all possible paths (with the corresponding weight factor

! ’
exp(— Io dt At(zt)), which is now equivalent to summing over all
"average" events (with appropriate average weight factors
exp(-— t F ( Xl))’ and this is exactly the gist of my theory.

On a more formal side now, since there is no explicit time
dependence, the order of the events is unimportant, and therefore
one may drop time ordering, and T subscripts on all operators. To

show this, consider for example the second order expansion of RHS
of (2.1.10). The relevant quantity is:

(4405, () © (7 B A, ) e (06 © (2 )

where © (X) is a Heavyside step function. At this point T index on

all operators becomes irrelevant (since time ordering is assured by
the Heavyside function). Now I want to integrate over y;. Define:

Y =[ Dy, A(y;)

(2.3.3)
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Important point is that Y is now T independent operator.
Integrating over time variables, second order expansion takes the
following form:

_1_( t q t ) )_LE 2
y\ hdnY [jdanY + [dnY [fdny |=F5Y (2.3.4)

It is obvious now, that because Y is time independent time ordering
does not play a role, and the same result would obviously be
obtained without time ordering. Therefore, we can now drop 7
indices for all operators, which serves to put the operators in a time
ordered fashion. But one must realize at this point, that T-ordering
operator not only orders all operators with different T indices, but
also groups together all operators with the same 7 index. One may
therefore substitute T-ordering operator by a less stringent
grouping operator Gr, which simply groups together all operators
with the same index T . The apparent problem with the grouping
operator is that it does not commute with the Gaussian integral, i.e.

Gr[Dz#[ Dz Gr. What I will show below, is that one can in

fact commute Gr with an integral sign, which would explain the
apparent singularities in the standard functional integral formalism
(see the discussion in the previous subsection). The same proof will
also be used to establish the equivalence for the propagator
obtained within the local operator construction, and the standard
Feynman propagator.

The argument that 1 will give below resolves two questions. First
of all, it resolves the problem of P; being infinite. In fact, I will
argue that all those infinities must cancel and the result is finite
(Points 1-4 below). Continuing those arguments it will then be a
straightforward matter to show the equivalence of the propagator
obtained within the local operator construction, and the propagator
obtained in the framework of the standard formalism (Point §
below).

Again consider:
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H=H+A"
(2.3.5)
In the discrete form, the corresponding propagator is:
. N o0 _
S(t) = NhT)oo il;lllo dy, exp(— A(y; )) (2.3.6)
A(y,)= ny, 2+ Hyt /N +2iy, ANxe /N
(2.3.7)
Define the transformation in the N-dimensional space:
L_ 3
X, = .
1= N ;20 (2.3.8)

All other X; are orthogonal to X; . Consider first [ Hp, A ] = 0, then

one can show that:

S (1) = J7dX exp(~ A(X))

) (2.3.9)

A(X1)=7tXl+Hot +2i XIA\/T (2.3.10)
Indeed, in this case

/T(y. ) A(y. <[Hy,Al(¥ -¥;)=0

[0 A0))] (% =) 2
Therefore

. oo N 2
S(1) = Nhgm“ s {il;ll dy,-}exr’(-lz_/‘ (Y,-)) (2.3.12)

Changing the variables to X, obtain
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= 2 . 1
ZA(Y;)=® 2y "+ Hyt +2‘A‘/T(;7-N Z)’;) (2.3.13)

2
=% ‘-‘E,xi +A(};1)
) o0 2
S(t)sz—?eoIO {igldx‘}exP(_i§1nxi _A(X‘))
=ly &, exp(- A(X))

The trace of the RHS of (2.3.9) must have at least one saddle point,
call it X5 with the peak width A1 (see Fig. 18).

The important assumption used in the argument below is that for
[Ho,A]1 #0, A1 ~O (1) = O ((I/N)0), i.e. Ay may be arbitrarily large
but must be finite. Otherwise the propagator density would be
independent of X; Above assumption can be proved self-
consistently. Here are the central points of the argument:

1. Ag¢ is not an explicit function of T , therefore the saddle point,
corresponding to each variable y; is independent of i. Call this
saddle point ys.

Since
1 N

X,=—F .

it follows that

X

(2.3.14)

2. Let Ay denote the fluctuations of each yj around yg. Then
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(2.3.15)
Paths defined by (2.3.15) I will call important paths. Reversing the
above argument one can show that only important paths have a
finite contribution to physical observables (see Fig. 19)

3. Because Ay is not an explicit function of T and taking into
account the above restriction on Ay, it will be proved that the T-
ordering could be substituted by the grouping operator Gr inside
the integral sign. Gr groups together all operators with the gsame
index 7. In other words, the explicit order of operators with
different indices T is not important. What is important is that all
operators with the same index T be grouped together, so that their
relative order is unchanged. Then one can rearrange the operators
of different indices 7, such that any chain of events is represcnted
by a monotonic path. To prove this, again consider the expression

N {- -] -
S(t)= lim ﬂlIO dy, exp(- A (¥; ))

N 00 | =

_ 5 (2.3.16)
A (Y;)=m™; + Hot /| N +2iy‘.A\/t /N

This expression represents a sum over the various paths (yi,.. yN).
For a particular path the propagator density is

N
I exp(=4(y;))

i=1

It is my intention to show now that one can multiply above
exponents in any order, and the correction is at least of order 1/N,
so that it vanishes in the limit N —o00. 1 will, however, prove even
stronger result, which will have an important application Iater on.
Write:
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N
_ (2.3.17)

.Hlexp(— A(r))=

i=

= exp(— LA (y; )) + CORRECTIONS
[}

It is my contention now that the corrections are at most of order
1/N. To prove that let us consider what kind of corrections are
involved. First of all, let us observe that all corrections must be
proportional to the powers of y; -yj , i,j = 1,..,N. Second of all, first
order correction proportional to the first power of y; - yj will vanish
upon integration. Therefore the first nonzero correction comes in
the second order of y; - yj and is proportional to

i,zj(yi_yj)z[ [H A]’A](Ti/_)z (2.3.18)

Now, without any restriction on y; - yj, above corrections are of
order O(1). Indeed, the factor proportional to 1/N2 is summed N XN
times, so that the final contribution is finite. But y;, y;j outside the
region y; ¥ Ay have zero contribution to the propagator density,
and therefore the first nonzero correction is of order 1/N, which
vanishes upon taking the limit N —5o0. Next order contributions
come from a triple summation, and have three kinds of
contributions. The first two are of the form:

3
2
i,,z,k(yi—yj) [HO,[[HO’A]'A]](”;T) (2.3.19)
¥ 2 201 7\°
i,j,k(y" =) [Ho 4] (7\/_) (2.3.20)
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while the third one is:

3
2 27 t
i’%‘k(y‘.—yj) Y, (Tv‘) x BRACKETS

(2.3.21)

where the brackets involve all nonzero brackets of the array (Ho, A,
A, A, A). Al corrections are also of the order 1/N. Before going to
even higher order corrections, let us pause and carefully re-examine
the formulas (2.3.18)-(2.3.21). First correction, expressed in the
(2.3.18) contains double summation and array of three operators {
Hot/N , vyi AVUN, Yj AVUN }. Next order correction comes from
adding index k to the sum and adding another operator to the array.
In this case the operator may be Hot/N or (yk A\/t—/i)z, because
adding yx AVt/N would make the contribution odd, which would
vanish upon integration. The corresponding arrays now are: { Hot/N
,Hot/N , yi A YUN, yj A VUN ) or { Hot/N , yx ANUN, yx AVUN, yi
AVUN, yjA\/m. It therefore follows that the higher order
corrections come from adding another index to the sum (which
increases the order of the contribution by the factor N) and adding
either Hot/N or (yx A\/-EF)2 to the array, which gives the additional
factor 1/N, thereby leaving the order of the next contribution (in
powers of 1/N) unchanged. The quadruple sum, for example,
contains all the possible brackets of two arrays - { Hot/N , Hot/N,
Hot/N, yi AAR(t/N), yj ANR(t/N) }, and { Hot/N , yi ANR(t/N), y;j
AVUN, vk AVUN, Yk AVUYN), yi AVUN, yiAVUN) ). It is obvious
that all contributions coming from the first array are of the order
1/N, while the contributions from the second array are of the form

4
2 2 2/t
i,,-,zk,z(yi—yi) .2 (—N—) x BRACKETS

(2.3.22)
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which is also of the order 1/N. It follows by the induction then that
the total correction is of order 1/N, which vanishes upon taking the
limit N 200, QED.

4. Go back to (2.1.11-2.1.14):

off _
AT =4 -P,

U -U
. -1Y7 T - At
Pr= lim Ur AT

A‘t—)0+

It is now convenient to make a change of variables. Define:

Then
A'(z)= 4 z2+ H0+2i zvV/rm A

Take U =¢ %R  ReG

d d z
In this case P¢ ~ﬁ = d—:g—t— . The reason for changing the variables
d
is that d—O;-.. O (1), i.e. a is a good function of z. Now for the
monotonic path:
A a|
e 2 oL
Ay~N—_\ﬁV3=AZ ON) (2.3.23)
Also, since
S
AT = N
it follows
Az

27 <0 (2.3.24)
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and therefore %%.- O (1), so that P is finite. Therefore, even if time

ordered path is discontinuous (Ay oc 0(#) < 4,0 (1)), it is

shown here that it has the same contribution as the continuous path,
but with no T-ordering. Therefore all infinities must cancel out, and
the final contribution is finite.

5. Finally, let me show the equivalence of the propagator S(¢) to the
propagator L(t) , obtained from the local operator construction.
Since it is true that

- 1
l]'_!lexp( Ay, ))—exp( ?/‘(L-))*O(W) (2.3.25)
it follows that
S(t)—Nllll:“I {‘l]ldy}exr)(-§/‘(y,-)) (2.3.26)

and again, changing the variables to Xj , obtain

S() = lim I”{ﬂ dx}

N e 0 ;21 (2.3.27)

xcxp( I X, —A(xl))=

i=l

=]y &, exp(- A(X)))
Now it is easy to show that S(¢) can be diagonalized, and the final
form is:

§ (1) =[dX exp(- F (X, 1)) (2.3.28)

F(X1, t) is the diagonal operator, linear in the elements of G, and
N

VN 1—1 i
The assumption that A; ~O (1) can now be verified for various

explicit forms of the Hamiltonian. The above result shows that S(¢)
evaluated over the important paths is identical to L(¢).

2.4 System Coupled to an Harmonic Oscillator.
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As one explicit illustration of the equivalence of the local
operator construction to the standard formalism, let me consider the
problem of a system of particles coupled linearly to an harmonic
oscillator. This problem has been extensively studied by Feynman
{47]. To better illustrate the equivalence, I will follow the notation
as well as the spirit of his third paper (47]. The Hamiltonian of the
combined system is:

H =Hp+Hosc—rq
(2.4.1)

where

Hose = 2_1m" (p2+0%?) (2.4.2)
ana p is the momentum conjugate to g, the coordinate of the
oscillator. Also H, refers to an uncoupled system of particles, and I
contains operators pertaining to particles. In contrast to [47], I' is
taken to be time independent. Now before proceeding with
calculations, let me state an important relation, that will be used
below (proof is in the Appendix 4). Namely, define

_ +
S, (t)=a_(t)b " +a, ()b (2.4.3)

where b +.b are boson operators, that obey the standard
commutation rule:

[6,6%]=1
while ai(t) is a c-number. Then the following formula is correct:

T exp([} dr 5,(0) )=exp( [} dr S (1) +
1 " t
+§{I,, dt It ds a+(t)a_(s)—a_(t)a+(s)})

(2.4.4)

Following the procedure described in Sec. 2.2, write (£ = Z/‘/t_):

d -H__(7,% 1)
H=- 4 |Dx e ™% l

G!=° (2.4.5)

-_4d
=- L)

where
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Hm=t(Hp+Hosc+\/F(Fz'+ qt"‘))

(2.4.6)
Then following the last section define:
A(z‘.t”,t)Et’-xp(-”,,,(f'ofo‘)"”lf| ) (2.4.7)
Also define:
* *
Lt)=[deDEfDF Ax(é’,f,t) (2.4.8)

where "Tx is the local counterpart of A. It is easy now to verify

the additivity requirement (2.2.2). Requirement (2.2.1) is verified
by combining (2.2.9), (2.4.5), (2.4.7), and (2.4.8). So now one
obtains:

e Ht = L)
(2.4.9)

Since there are now no cross-terms with different x, combining
(2.4.6)-(2.4.9( finally obtain:

e H? = CXP(—’ {HP +H o5 +-\/E_(I"f'+ qf")})>
G

It is convenient for the discussion below to go back to the variable
z= £\t , so that one obtains:

e~H1 =<exp(—t {Hp +H ¢, +\/’fj(rz + qz‘)}»c (2.4.10)

It is my intention now to show that this form of the propagator is
identical to the one obtained by Feynman in his third paper [47].
Now write

1 +
= +
9= " Tra (¢ +0%)
where Q +,Q are boson operators, that obey the standard

commutation rule.
Following the Feynman's rules, write (¢t =t "-t'):
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-Ht _ _
e -< exp( {th+tHosc+ mt (2.4.11)

x(l‘z + \/52% (0 + Q+))})>G = e_f"'"dt Hpteﬂ"H"’C

" *
3 z +
><<e— /-t—-]:,dt (I‘tz+7-2-=a7(Q(t)+Q (r)))> t' H,g,
G ¢
Here subindex 7 indicates that the operators are to be time

ordered in accordance to the usual rules. Also:

H .t -H T
Q(t)=e %€ Qe o =Q e” (2.4.12)
+ _ Hosc® + _Hosct_ + ot
Q' (t)=e Q, e =Q, e (2.4.13)

as can be verified using the commutation rules. Following [47],
I will calculate the matrix element

<x‘..¢mle'H'|¢n zt'>

where X, refers to the particle state at time ¢, while ¢m refers to

the m-th oscillator state. As discussed in [47], the above matrix
element can be re-written as the matrix element between the states
X;» and X, of the matrix

M = exp(— Jtt,"d‘r HPT)G

mn

where in this formalism G,,, is the reduced matrix element defined
as follows:

Gmn =<¢m(t")f< exP(_ ZtE ‘f'"dr ( I;' z+ (2.4.14)

*

+\/;—w—(Q(T)+Q+(T))))> [9,04))

G

and
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t' H
[0, ) =" "e,)
Using (2.4.4), (2.4.12) and (2.4.13) re-write (2.4.14) as (notice no 7
subindices on Q- operators):

=<¢,,,(z">|< exv{ '\/"f“f"‘”( Irz+ (2.4.15)
+ J-‘—(Qe“‘" +0"e®) )} e 5( ] de
—wrj dp " j drewtj dp e p)x

.2
B ) leat)
which using the Baker-Hausdorff formula can be re-written as:
(®m (t")|< exv( J_fdf ,Z) X (2.4.16)
xexp( J_fdt \/—Q e“")
xexp( ffdr 7=-—=Qe “")

2
1 ¢ —w(t-p) irz"‘)
2 Jt,drj dp 20t X

( t" . wz*2 \
X exp —I:' dr ,ft,dp sinh(@0(T - p)) 5 47 > '¢”(t)>
G

This integral can be evaluated by the saddle-point method, which
corresponds to taking

t
* . ¢
z°= x I:

as follows from varying the exponent in (2.4.10) with respect to z
and setting the derivative equal to zero. The subindex T comes
from the application of the time-ordering operator T to I' as in
(2.4.11). Therefore evaluating (2.4.16) now get:

ot 4 ot Q ¢ -0t
(¢ (t,,)|< 20 dt e l}emf.dre r, (2.4.17)
m
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t t” -w(tT-p)
xe-&—(J‘ ar [ dp e rrp)

1 "
-1, dtj dp I Iy sinh(a(t-p))
e 2w 7' P > I¢n(t')>
G

Now one can write:
" t" - t" ‘ .
I’t,dr It,dpe_w(t p)—ZI', dr I',dp sinh(w (T -p)) =

=["ar [ dp e P 42" ar [V dp sinh(a(t-p)) =

j‘ fjdpe""" ”)+j dt] dp TP

=Jt'd1 J‘ dpe—wlt pl

(2.4.18)
Combining (2.4.17) and (2.4.18), write:
Q+ t" Q ‘" _wr
S5l dt e = [ dte r,
<¢ (tn)<e2wt TeZwt tx
(a0l Pl )
. , dp e . r
e 40 \1 t T p ’¢”(t')>
(2.4.19)
And performing the Wick rotation ¢t —it, we finally obtain:
+
" Q " iowt )
<¢m(t ) < exp(m]:,d‘te I, |x
(2.4.20)

xexp( I:dr e"'wrl“ )exp( mx

([ ar [ dp e 1"7PIE T )) |0,00)

which is the result identical to the one obtained in [47].
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2.5 Summary of Section 2

The alternative way of propagator construction for time-
independent Hamiltonians using the local operator approach has
been developed. It allows us to represent the propagator as a single
or double integral, as opposed to an infinite dimensional path
integral in the standard path integral theory. This may greatly
simplify the calculation of the relevant propagators.

This approach has been compared to the standard functional
integral formalism. The principal problem of the standard
formalism has to do with the fact that most paths are highly
discontinuous. The criterion as to how fast those paths can vary in
time in order to give a finite contribution to the physical
observables has been developed. The Feynman integral evaluated
over the corresponding important paths gives the result identical to
the one obtained within the local operator construction.

I have solved the harmonic oscillator problem, and the result
obtained is equivalent to the obtained in [47], provided the
Hamiltonian is not time-dependent.

3. Application of the Local Operator Construction to the
Orbitally Nondegenerate Anderson Model

3.1 Introduction

In this section I will apply the local operator formalism to the
study of thermodynamic properties of the orbitally nondegenerate
lattice Anderson Hamiltonian. This model can be used to study
mixed valence phenomena [50, 51] as well as the question of the low
temperature coherent behavior in the Heavy Fermion Systems (HFS)
[1, 52]). The new approach allows one to go beyond the mean field
approximation (53, 54), and to actually include all relevant
fluctuations. In particular, the fluctuations between two states with
different symmetries are responsible for a tremendous
enhancement of thermodynamic response functions in the spirit of
the fluctuation-dissipation theorem.
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I have numerically evaluated the Gaussian integrals derived for
the partition function and its various derivatives. In particular I did
numerical calculations in the region close to a transition regime
between magnetic and nonmagnetic states of the Anderson model.
The expected increase in response functions corresponding to
smoothed-out second order phase transition between two regimes
has been obtained. The behavior of the system above the transition
regime is a typical local moment behavior as can be observed from
numerical evaluations. However below the transition regime the
situation can be much more complicated.

To better understand the situation I have used the "many-
saddle” point approximation. Of particular interest was the study of
a lattice in the Kondo regime close to a magnetic transition. That
study was motivated by the desire to better understand the Heavy
Fermion Systems (HFS) where f-electrons are in the Kondo regime.
It means that in th. absence of hybridization between the odd
number of f-electrons and the conduction band of the host, the f-
ions would act as localized magnetic moments, interacting via the
effective spin-spin coupling, thus forming some type of magnetic
order at low temperatures. With the hybridization turned on,
however, the system at low temperature becomes nonmagnetic with
tremendously enhanced values of the specific heat coefficient ¥ and
zero temperature magnetic susceptibility y. Therefore my next goal
after calculating the partition function was to find the appropriate
saddle points of the free energy density, which not only preserves
the spin rotation symmetry at low temperatures, but also explains
other unusual properties of HFS, most notably the low temperature
coherence.

It has been very instructive to go through the derivation of the
above described Kondo regime. In particular it shows some of the
pitfalls associated with the saddle point approximation. In fact I
will discuss how to avoid some of the problems associated with the
saddle point approximation, The results derived through that
approach are similar to the results found by other theories. In
particular the low temperature scale similar to Kondo temperature
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has been derived. It has been noted however that the above saddle
point does not provide a mechanism for the low temperature
coherence. In fact in the orbitally degenerate case with small
crystal field splitting discussed in the next section the above saddle
point becomes unstable in the low temperature Kondo limit.

This Section is organized as follows. In the next subsection (3.2) I
will represent the lattice Anderson Hamiltonian in a modified kq-
representation, which is described in Appendix 5. This
representation is derived from the kq-representation [55] by
integrating the localized delta-functions over the quasicoordinate
variable, thus forming a localized wave packet around each site,
translated over the whole lattice. This representation is useful for
the lattice Anderson Hamiltonian. where the localized atomic
orbitals are coupled to the delocalized conduction band. The next
step is to calculate the propagator using the local operator approach
to the functional integral formalism. I simplify the propagator by
dropping the incoherent contributions to the scattering term. As |
will discuss below, that should be a good approximation at low
temperatures, and at higher temperatures the effect of the
incoherent scattering can qualitatively be taken into account by
integrating over the peak widths (which can be taken as
phemenological constants) of the dominant saddle points. Next I
recognize that the simplified propagator is generated by a
dynamical SU(2) algebra. Therefore one can apply the Bogoliubov
type transformation to diagonalize and decouple the effective bands,
thus enabling us to calculate the partition function and its various
derivatives.

In subsection 3.3 [ describe the procedure and results of the
numerical evaluation of relevant formulas in Section 3.2 for several
representative regimes. The results of those calculations are
summarized in the Figs. 20-25. In the next subsection (3.4) I
evaluate the relevant Gaussian integrals using the many-saddle
point approximation. I discuss the possible saddle points of the
system. In particular I discuss how the functional integral
procedure ought to be modified in order to obtain all the possible
saddle points with different dynamical symmetries. 1 also write
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down the formulas for the thermodynamic functions, which are
simplified using the many-saddle point approximation. I further
discuss the significance of various terms contributing to the
response functions, especially the contributions of symmetry-
breaking fluctuations when the system is close to a phase transition.

3.2 Application to the orbitally nondegenerate lattice
Anderson Hamiltonian.

The starting Hamiltonian in this problem is the Anderson
Hamiltonian:

H =Hband+Hf +Hmix (3.2.1)
Hyana = E‘,ek o ko

H, = anfuofua””:f Tprfp+lfpl

N +
How =7 2 [Va(K) o fyg+ H.C.]

Here u represents the lattice site index and o is the spin index. Also
f+, f represent localized electron operators, and c*, c represent
itinerant electron operators. Let us now rewrite. (3.2.1) as:

_ U _ 2 (3.2.2)
H=H,+ 5 %(in nul)

where

_ U
Ho‘u%(Eo’L 7 ) My * Z o kot
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1 +
+W ”E,kvk (f“o ckd’ + h. C.)

and

+
uc fuofuo

n

Following the functional integral formalism developed in Section 2.2

write:
_ _4_< ’”MF)
Ho==gr\e G ¢ =0
where

Hyp (Y . t) = Hy +§Y”( nopon, l)'\/n’Ut

Define yy = Yu/Yt. Then

323
I P R

I now wish to express H in the kq-representation (see Appendix 5
for further discussion). Referring to the formulas (AS5.7a-d), we
rewrite H,(y,t) in the following form:

22U
H y,t =t(2h +/———2‘,y p

x(fk++QTfk T_fk++Qlfk L)J

where

(3.2.4)
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_ U\, + +
h ook ‘Z(Eo+ 7) )fko Fro * € ko Cro *

+Vk (f;o Co + h. c.)

- iR#Q

1
Yo=E 7=y, ¢
Q N u ' H
where Q is the vector in the first Brillouin zone. Assume now that
the system is in a coherent periodic state. Then one can show that
the free energy, corresponding to (3.2.1) may have several saddle
points, corresponding to several states of the system. One may have

a saddle point with all y, having the same sign, and equal to

i‘\lz—ZN. This corresponds to the ferromagnetic state, since from

(3.2.3) it is clear that the positive y, corresponds to spin-down
moment at the site u, and the spin-up moment for the negative y, .
Another possible state is when all y, have the same absolute value
as in the ferromagnetic state, but with opposite signs, forming a
periodic system (antiferromagnetic state). One may also have all y,
= 0, which corresponds to nonmagnetic state.

In the coherent case (for Heavy Fermion Systems) or

ferromagnetic case )’Q i =0 for Q nonzero. For the

antiferromagnetic case only Yg /5 ; ¥0 where K is the reciprocal

lattice vector. Other more complicated orderings can be considered
as well. My intention here however is twofold. First of all I want to
find a saddle point capable of describing the Heavy Fermion
Systems. Secondly I want to illustrate how one can obtain very
narrow but smooth transitions within the framework of this theory.
Consequently, to simplify I will write the Coulomb term in the
dispersionless form with Q=0. Therefore within this approximation,
as the actual system goes into the magnetic regime, it is not clear
what kind of magnetic order will actually be established. It is not
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important however for the purposes of this discussion. I will again
return to this question in Sec. 3.4.
With this in mind, the Hamiltonian takes the following form:

Hye ()= o% hok (3.2.5)

where

ok

h =h00k+\/2zdloy§nok

and

o
Y 0= TR R s
= U \,+ +
h ook ‘(Eo+ 2 )fkc foo V& ko Ske t

+V, (£ g+ b c.)

Then again following the formalism define:

A

I()’,t)sexp(—th(y)—ntyz) (3.2.6)
Also:

Lary=[DxDy [[(y, 1) (3.2.7)

Using the properties of local operators, one can verify the additivity
requirement

A A A
L)L(')=L(t+1¢")
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The initial condition

__4dyp
H = & L(t) .
is verified by combining (3.2.1), (3.2.6) and (3.2.7). So finally one

obtains:

e~ Hi=[) (3.2.8)
Writing the propagator density explicitly:

2
-tH (y)-nmey (3.2.9)
IA(y,t)=IDxe MFx

where

(3.2.10)
HMFx (y ) = ozk holcx

hokx = Bogux * V2 O y E M ok x

A
Now we diagonalize L (¢). Define R, such that Ry diagonalizes HapFy,
and R =Idx R, . Ry is defined by the Bogoliubov

transformation (drop the common subindex k& for a moment):

O = Ugtoy ¥ Vg Cox (3.2.11)

Box = g Cox = Vo fox

From the commutation relations, plus the requirement that all
nondiagonal terms in Hpprx vanish, we obtain:
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A ) 3.2.12
u =-%(l+ 2 ( )

where
(e, - E,- U /2-x~/27U) (3.2.13)
Ar= .7
(6. - Ey— U 12+ xV21U)
ALE 0%

The diagonalized form of h4ys now becomes:
- + + 3.2.14
hdxor - Aacr %6 %ot )‘ba ﬂxo ﬂxa ( )

where

1 2 2)
A'a(b)d '7(EUo(y )+ £ j:x/(EUo(y) mg) W (3.2.15)

where:
_ U (3.2.16)
EUa(y)—E0+ >+ oy V2r

Again, following the described procedure one can transform back to
global operators, and obtain:

_ A
e M =Dyl (y, 1) (3.2.17)
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where
A
ld(y,t)=exp(—tHd()',l)—ty2) (3.2.18)
Hy=X hyo

ok

_ + +
haok = *ack %k @ox * Abok Pok Pok

I now want to calculate the trace of the RHS of (3.2.17). First
define p to be an effective band index. Namely, p=-1 refers to the
lower band and p=1 refers to the higher band. Then from (3.2.17)-

(3.2.18) obtain (t 2 B = l/kB T).

7r e "= /B ay exp(- 7 By ?)x

Tr exp(— B ZIOg(1+exp(— B A'pdk( y )))) (3.2.19)

and from (3.2.15)

Apo* =§1(EU0 (y )+& (k)+pXx

xJ(EUo(y )—ec(k))2+4V 2)

Going to the continuum limit of wave vector k, i.e.:

> > jak
£ (2r)
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where .Q/(ZJI)3 is the reciprocal of the volume of first Brillouin

Zone.
Now define the "mean-field” free energy (call it free energy

density):

- 2.2 3
f(y.B)=-=By (zn)3%IBzdk x

log(1+exp(~ BA,q (¥))) + 5 log B (3.2.20)

Then combining (3.2.19) and (3.2.20) obtain:
Z=Tre "B_jay SV P) (3.2.21)
which is the final expression for the partition function of the

periodic Anderson Hamiltonian. Then one obtains an integral
expression for thermal energy and specific heat:

f(y,B)
E=- glZ=-[dy 5 — 5 (5. B) =

_ <[Ef_(d%i)]> (3.2.22)

C -RB 2{<A(2)[1L(dYﬂ_,l?_)]> N <{d2fd(ﬂy2, B) D} 3223,

where

2
< A% >E«/< 0% -<0 >?

If we introduce the magnetic field along the spin axis of
quantization, and couple it to the spins of bare electrons, i.e.
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€ a(”)=€po(°)+#38”(0/2)

one obtains the magnetization:

1 d 1/1d
M=- ——ﬂ— TH logZ =——B—<[;}‘1L]> (3.2.24)

where now

D53y d%

f(y,B.H)=—nBy?-
(2n)

xlog(1+exp(— ﬁlpak(y, H)))+%|08 B

A (H)= 2, (0)+pygH(c/2)

__dL__qug Q 3 _
dH = 2 )] ZI dk (npy 1= M5 0)

1
"pko(y’ﬂ’H)= 1+exp(ﬂ,1po*(y,H))

and static magnetic susceptibility is:

e S

Now, looking at (3.2.23) and (3.2.25), we see that both response
functions are represented as thermal fluctuations of the free energy
density. Therefore (3.2.25) represents the well known fluctuation-
dissipation theorem.
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It is apparent now that e f is the most rapidly varying part of the
integrands in (3.2.23) and (3.2.25). Therefore, contributions from
the regions around one or more possible extrema or maxima of f
would be most dominant, and these parts of the integral are the
only ones that have to be taken into account. Let us say now, that
there is one saddle-point. Then all of the above integrands have a
sharp peak around this point, as can be verified numerically. In the
language of generalized mean-field theory, this peak corresponds to
the mean-field value. Any contribution to the thermodynamic
response functions comes from fluctuations around that value,
which are relatively small [56], and response functions are relatively
unenhanced. This smallness validates the pertubative expansion
around that peak.

But what if there are, say, two saddle points ? Then there are
two possibilities. If contribution from one peak is much larger than
from another one, then one can still do mean-field + perturbation
theory around the larger peak, and neglect a second one altogether
(this second peak would correspond to the metastable state). But if
the two peaks are about equal, then one must take into account not
only the fluctuations around each peak, which are again relatively
small, but also the fluctuations between the two peaks, which are
usually much larger. From the physical point of view, two peaks
represent two thermodynamic phases, and at the transition,
fluctuations are greatly enhanced. Therefore all thermodynamic
response functions would be enhanced likewise. At this point mean
field + pertubation theory fails completely, and one is usually forced
to resort to phemenological theories. The usefulness of the present
theory is that it displays a smooth transition between various
phases, and as such, may provide quantitative information about
various systems at transition regimes.

3.3 Numerical Results.
This section is devoted to numerical studies of systems close to

the magnetic transition. [ have numerically evaluated various
thermodynamic functions for characteristic input parameters,
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contained in the Table 1, based on formulas derived in Sec. 3.2. The
routine, written in Fortran identifies all of the peaks in the free
energy density, whether or not they are numerically significant.
This is important in order to identify the possible metastable states.
For further calculation only numerically significant peaks are
considered. Next step in the procedure is to identity each peak's
width.  Actual integration is performed within the width of each
peak. The error is controlled by doubling the number of intervals
and comparing the results. It turns out that the specific heat is the
hardest quantity to calculate with good precision, because Gaussian
fluctuations of the specific heat are represented as the difference of
two large integrals that are almost equal, times the the square of the
inverse temperature (3.2.23). Hence, any error in calculations is
magnified many orders of magnitude. Therefore it required a
tremendous amount of computer time to evaluate the specific heat
with the degree of precision typically 0.1%. Figures 20-25 show
graphs of various thermodynamic quantities for three different
regimes, denoted a, b, and c. With all other input parameters fixed
(see Supplement, table 1), EO was used as a variational parameter.

Other quantities could also be used as variational parameters, but
results would be qualitatively the same. Accordingly, regime ¢ has
the highest value of EO’ while regime a has the lowest.

With this in mind, let us now consider those graphs. Figure 20
shows low temperature static magnetic susceptibility for three
regimes. It can be seen that graph a is closest to a magnetic regime,
and in fact, closely follows the Curie power law, while two other

graphs b and ¢ have a peak at two different characteristic

temperatures T, which correspond to an approximate location of

the renormalized f-level ( €). The difference between bare electron
energy values for three graphs is of the order of this characteristic
energy, which is small compared to energy scale of EO' or other

input parameters. This means that one will not be able to obtain
this kind of behavior through ordinary pertubation expansion, but
only through numerical, or some other nonpertubative approach.
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The high temperature inverse magnetic susceptibility for all
three regimes is shown in Fig. 22. All three graphs are virtually
indistinguishable, therefore I did not use letters to denote each
graph. It is clear from that figure that all three regimes follow the

Curie law at temperatures high compared to T .., and the

demagnetizing effect begins to set in only at T = T ... It is
interesting now to compare Fig. 20 to Fig. 21, 23, and 25. Starting
with the specific heat, one may observe that in the regime a the
specific heat shows no enhancement, while both graphs b and ¢
show large peaks at the temperatures, where corresponding
susceptibilities have their peak also. This tremendous enhancement
is due to large thermal fluctuations associated with the phase
transition, while regime a shows no such transition.

Further insight into the problem is obtained by considering the
thermal energy for three regimes. [ have chosen a convenient
energy scale, so as to better show the details of their behavior.
Again, one can see that graph a is almost horizontal, which is
mirrored by a small value of the specific heat. But, as one goes
away from the Curie behavior (graph b and then graph c¢), one
observes an increasingly large drop in thermal energy at
corresponding characteristic temperatures. At this point it should
become apparent, that what we are dealing with here is a smooth
second-order-like phase transition. In a typical second order phase
transition, the thermal energy has a step-like jump, and specific
heat is therefore infinite. Here, however, such transition is perfectly
smooth, and specific heat has a large, but finite peak. This
demonstrates the advantage of this theory, namely, its ability to
properly take into account the symmetry-breaking fluctuations.

More insight into the behavior of magnetic susceptibility is
provided by Fig. 24a-c. Here three figures (corresponding to three
regimes a, b, and ¢) show occupation numbers of three different
quasiparticle bands. Fourth band ( p=1, spin up ) lies well above the
Fermi level and its occupation number is zero. Again, only regimes
b and ¢ shows the onset of the spin compensa.ion, which explains a
peak and subsequent drop in corresponding susceptibilities below
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Thax: All of the above results are in qualitative agreement with the

single impurity results [57, 58].
Finally, Fig. 25a-c show relative weight factors W(x) for three
regimes. Here W is defined as:

_explf (x)) . _ (3.3.1)
W(x)—exp(fmax) i=01
where
S tax = max(fo. £1) (3.3.2)

Figure 25a shows that in regime a two peaks are roughly equal, so
that x is fairly constant, and Curie behavior is therefore observed.
It is to be contrasted with two others, where magnetic peak shows a
rapid decay as the system goes into a nonmagnetic regime. Also,
one can see that both peaks become narrower as temperature
decreases, which is a general feature of all three graphs. This
narrowness of the peaks serves as the justification for the many-
saddle point approximation described in the next section.

3.4 Many saddle-point approximation and its applications.

This approximation can be improved by expanding the free
energy density around each saddle point. The domain of that
expansion should be limited by the half-width of each peak. Such
pertubation theory will not produce any infrared divergences,
associated with soft Goldstone modes. This is because the
pertubation around each saddle point preserves the symmetry
associated with that saddle point. The strength of this formalism is
that it isolates the symmetry-breaking fluctuations, which are
responsible for such divergences. Let me note in this respect that
the above expansion can qualitatively take into account the
contribution of the incoherent scattering term in the Anderson
Hamiltonian. This can be achieved by treating the half-width of
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each peak as the phemenological parameter. Indeed, the incoherent
scattering would serve to increase the width of each peak, while
lowering its height. This would not, however, significantly affect the
dominance of those peaks at low temperatures and consequently
affect the calculated thermodynamic quantities.

Let us now go back to (3.2.20). The goal now is to find all
possible maxima of f(y, ). Write:

O_df(y,ﬂ) (3.4.1)
==

From (3.4.1) and (3.2.20) get:

_[u 3 2 (3.4.2)
y = Tu'p%IBzd k on, (y.B)u,(ky)

where

E(¥)- e (k) (3.4.3)

uja(k,y)=%1+p 5 >
Jenor-ares

Equation (3.4.2) is essentially a "mean-field type" self-consistency
equation. One simple solution of it is y= 0, in which case n 1 =ni

(I will call this a nonmagnetic solution). Other solutions are
somewhat less trivial. First of all, note that f(y) is an even function
of x, which is a consequence of time-reversal symmetry. Let us
therefore restrict all integrals to y> 0. Then going back to (3.2.15),
(3.2.16), and (3.4.3), it is clear that, as y increases:

2
20,0y B U (ky )1
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Then the RHS of (3.4.2) would asymptotically approach \/U/Zn'.
Intersection of two functions, represented by each side of (3.4.2)
would yield us solutions of that equation. This is sketched
schematically in Fig. 26 below.

As can be verified from that sketch, there are three solutions of
(3.4.2). First, y =0 is a trivial solution, mentioned above. Then there

1 .
are two other solutions: y = E\IU/ZII which is a local minimum of

free action; and y = \/U/Zﬂ - another maximum. This maximum

represents a magnetic solution.
Numerical results (see Sec. 3.3) graphically show how magnetic
susceptibility, specific heat and other thermodynamic quantities

vary, as one goes from magnetic regime (y = \/U/Zn' peak is
dominant) to nonmagnetic regime (y = 0 peak is dominant).
Specifically, they show a tremendous enhancement of response
functions at the point of transition, where two peaks are roughly
equal. This intermediate regime, therefore, presents a great deal of
interest, and must be further explored. To this end, I will introduce
the double-saddle point approximation, in which only two saddle
points are taken into account. It will turn out to be an analytically
useful approximation. The numerical validity of this approximation
has been discussed in Sec. 3.3.

In this section, therefore, I will introduce the double saddle-point
approximation, and then use it to calculate the susceptibility and the
specific heat in this approximation. Now, let me use index i to
denote two peaks: i=0 corresponds to x=0 peak, while i=1
corresponds to ferromagnetic peak. In a two saddle-point
approximation, the partition function becomes:

Z = ef0+ 2ef1
(3.4.4a)

2 £2 3
= o= k
f; m By, 2n )3 ,,ZOIBZ d X



X log(l + exp(—- B lpak (¥ ))) + %log B

Let us make a change of variables:

(/'l)
(?JI) po B
where
i N (amk
. m
(22 22
ipo de, 212
dA

ipo

— 2 _
de, ~ Y- po (k+ %;) =

1 (x)_e(k)
2
f (x)—s(k)) +4v 2

Then (3.4.4b) takes the following form:

fi=-nm B yiz— p}c:,,fdl Nl.pa(l)x

xlog(1+exp(— B }‘pok (y'))) + %log B

Now, following this approximation, let me rewrite (3.2.25).
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(3.4.4b)

(3.4.5a)

(3.4.5b)

(3.4.6)

First let

me consider the contribution of the Gaussian fluctuation of df/dH.

Write:
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XGauss = X" Xc. w. (3.4.7)
where
(M)’
_pMANB>) o
xC.W.—p 4 { E,IdiNipo(l)l+exp(ﬂl)} (3.4.8)
K = 1 (3.4.9)

1+ 3 exp(fy - £;)

K turns out to be a very important factor in this theory. It
represents a correction to the Curie pewer law, which is due to
fluctuations between two phases. A second contribution to the
magnetic susceptibility will have a Pauli-like character and come
from the region around the Fermi level. From (3.2.25) and (3.4.5a)
write:

2
1y
2 pati = (—%—) 5 jaan, () —2PPA) .
- po P (1hexp(BA))
X (8, o(1- K) +5, k) } (3.4.10)

Two contributions (3.4.7) and (3.4.10) together can be used to
describe different regimes of the lattice Anderson Hamiltonian.
First of all, it is clear that when the f) peak dominates, x =1, so

that Xggus follows the Curie power law. At the same time from

(86) it is clear that the localized portions of Apok must lie well

below the Fermi surface. Consequently the contribution to Xpg,;

can only come from the delocalized portions of llp ok ° which means

that Xp,,; is essentially unenhanced over the uncoupled
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conduction band value. Therefore the Curie power law should
dominate at all temperatures.
A second possibility is when the fo peak is dominant. In this case

kK =0 and XGauss = (0. The localized portions of A’pot may either

lie above the Fermi level ( for U > >2|E ) which corresponds to a

ol
complete delocalization of atomic orbitals, or lie below the Fermi
level ( for U SZlEOI) which corresponds to a double occupancy

state. Such a double occupancy would not be energetically favorable
(for U >0) if it were not for the hybridization interaction. The
portions of c-band interact with the lower lying atomic orbitals, thus
lowering the energy of the c-electrons. Doubling the number of
lower lying atomic orbitals further lowers the energy of c-electrons,
which may compensate the Coulomb repulsion. In either case the

contribution of the localized portions of lp ok '© Xpaui 18 zero, and

the only contribution to Xp,,,; comes from the delocalized portions
of A’pok .

To summarize, the fy peak may give zero or double occupancy
states, and the combined contribution to x is always small. Of course
the single occupancy state derived from the f; peak lies between
those two states. The corresponding phase diagrams depend on four

parameters in this theory: the energy of the uncoupled orbital EO’

the width of the conduction band W, the hybridization strength V
and the Coulomb repulsion U. 1 did not take into account the
indirect exchange J, which would add yet another parameter to the
phase diagrams. Obviously the analytical calculation of the phase
boundaries from (3.4.6) would be very difficult. What I have done
in the next section is to perform numerical evaluation of the various
thermodynamic quantities as one goes from one side of the phase
boundary to another. It is shown how all of the relevant quantities
display a smooth phase transition, which in the discontinuous limit
of the mean-field theory would become a second order phase
transition.



101

Let me now calculate the specific heat in the double saddle point
approximation. From (3.2.23) we obtain two contributions to the
specific heat. First of all, the contribution coming from the Gaussian
fluctuation of df/df can now be written as:

f df f df 2
Cons= 8125 (%) -[z1 5] 1.
d(o-I)T
=B 2Rx'(1—x)[ 75 ] (3.4.12)

It is clear now that the dominant contribution to CGauss comes near

the phase boundaries, i.e. when O<x <1. It is due to the
fluctuations between two different phases. This contribution gives a
large peak in the specific heat at the transition regime. Far from the

phase boundaries, however, CGauss is always exponentially small.

A second contribution to the specific heat is analogous to the
Pauli susceptibility and is due to low energy thermal excitations just
above the Fermi level. By analogy with the susceptibility I will

label this contribution C pauii - Then one can write:

2
2 s jaan, 2B
po ¢ (1+exp(BA))

CPauli = ﬂ

3.4.13
(6,,(1- x)+6“x)} (3.4.13)

As was the case with the Pauli susceptibility, the contributions to

CPauli are essentially unenhanced, although such contributions will

dominate the Gaussian contribution away from the transition
regime.
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a). Remark on the Many Saddle-Point Approximation.
Let me now turn to a different aspect of the many-saddle point
approximation. It is clear that the many-body term in (3.2.3)

proportional to n”T— "ul vanishes in the spin-symmetric state.

It is also clear that the relevant interaction many-body term must

be proportional to n”T+ n”l. The problem is that while
"yT_ nul belongs to the SU(2) algebra described above,

n”T-#— n#l belongs to an enlarged algebra, namely U(1). It then

follows that a symmetric many-body term cannot be generated
from an antisymmetric term. Therefore it cannot possibly produce
the saddle points describing the spin-symmetric state, except for the
trivial point y=0. This points us to a very important problem. The
many body term in (3.2.1) can in general be represented as:

_1 2 _ _ 2
"uT"ul_4[("uT+"ul) ("ut "ﬂl)] (3.4.14)

One would then obtain an effective Hamiltonian represented as the
linear combination of the symmetric and antisymmetric terms, each
coupled to its own Gaussian field after the Hubbard-Stratonovich
transformation. What I did above was to use the specific property

of the fermion algebra ng' = n, to reexpress the interaction term
as:

n a.n 1 [ +n n 2]

pt =2 (Pt ) T (MutT ") (3.4.15)

In this case the first term is essentially a one-body term and it was
incorporated into one-body zero order Hamiltonian. The second
term, however, is the effective many-body operator, which becomes
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antisymmetric after the linearizing H.-S. transformation. The
advantage of the above method is that it lowers the dimensionality
of a Gaussian integral, without which the numerical computations
will become impossibly long. It does not, however, work well in the
many-saddle point approximation, as it fails to produce points with
a different dynamical symmetry.

b). Improved Many Saddle-Point Approximation.

Let me now discuss the representation of the many-body
operator given by (3.4.14) in more detail. In analogy to (3.2.2)
represent (3.2.1) as:

H=H +UZ[ n .+n 2 n .—n 2]
=Hor T2 (Murt ) (Mt Mub) (3.4.16)
where
H=YEn _+Y¢ctc +2 Ve (f Y +hc)
0 g O'Ho 0k ko ko ok N Ho - ko .

(3.4.17)
Following through the same calculations as in Sec. 3.2 we obtain:

Z=Tre"Pojaya: SO P) (3.4.18)

[P 3
f(y,z,B)=-rmB(y 2”2)‘(2,,)3,;%182‘1 k x

log(l+exp(— ﬂ/‘lpok(y,z))) + %logﬂ

where
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/lpok=17(ef(y,z)+ec(k)+px (3.4.19)

xﬁef(y,z )—ec(k))2+4V 2 )
ef(y,z)=E0+\/U7t (oy +iz)

To deal with the complex factor iz we follow the standard procedure
[33,34] and extend z to a complex plane, namely define:

z=z'-12z2"

Then we look for maxima of the free energy density. Following
the same derivation as the one leading to (3.4.2) we obtain:

3
4 2, dk onpka(y,z,ﬂ)uf,a(k,y,z) (3.4.20)

Y =4 558z

2
z" p%IBde Poo (Vo2 Blups (ky.z) (3421
z'=0

In this case there are two many-body terms in (3.4.16). The first
term becomes symmetric after the H.-S. transformation, and is
coupled to a field z. The second term becomes antisymmetric after
the H.-S. transformation, and is coupled to a field y. It is clear then
that the antisymmetric field y may have two saddle points: a trivial

solution Y =0, and the magnetic solution Y = VU /4 The
situation with the symmetric field z is a little bit more complicated.
Let us first of all consider the possible solutions to (3.4.21) for
y =0. Since we are in the spin-symmetric state we can drop the

spin index. Now it is clear that £ (0,z) z>0 lies within the
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conduction band. In that case it is important to consider the
contributions of the conduction band above and below £ (0,z). To

facilitate the discussion I give the table below which is valid in the
large U limit.

Conduction- and Localized-like Regions for Upper and
Lower Bands.

sf(O,z)<e ef(o,z)>£

ck _ ck
lower band upper band lower band upper band
p:—l p=-1 p=-1 p=-1
dispersion dispersion dispersion dispersion
relation relation relation relation

lpk = £f(0,z) lpk = ef(O,z) }'pk = £f(0,z) lpk = ef(O,z)

Bogoliubov Bogoliubov Bogoliubov Bogoliubov

coefficients coefficients coefficients coefficients
u;(k,o,z ) =1 u,f(k,o,z )=0 ug(k,o,z )=0 u,f(k,o,z ) =1

Table 2

It is clear now that for z=0 €. is below the Fermi level, but it

f
increases as we increase z. From the table it then follows that as

long as ef is below the Fermi level, the RHS of (3.4.21) is

approximately U /r . Indeed the dominant contribution to the

RHS of (3.4.21) for €, < €

: , comes from p =-1 branch, while for
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£, > ec the dominant contribution comes from p =1 branch. Also

f k
the factor two comes from the spin sum. Now as ef goes just above

the Fermi level, it follows that the contribution from the above
branches would fall off very rapidly, so that the contributions from
delocalized conduction-like branches which are much smaller would
become dominant. The resultant plot of both sides of (3.4.21) is
sketched in Fig. 27. The width of the region in which the RHS of
(3.4.21) rapidly falls off is proportional to the critical temperature at
which the saddle point represented by the intersection of two
graphs in Fig. 27 becomes stable. That temperature will be
identified below as the Kondo temperature, and will represent the
low energy scale in the problem.

But before 1 do that let me consider the possible saddle points for

z in the magnetic regime y =U /4mr . Assuming very large U the
dominant contribution to the RHS of (3.4.21) will come from the first
column of the table above (p =—1) for spin down branch. In that

case the RHS of (3.4.21) is approximately equal to /U f4r (see Fig.
28) Substituting this value of z into (3.4.19) and remembering that

y =U /Anr , we obtain the standard dispersion relations for the
magnetic regime, namely

A= Ep Ap=Eg+ U (3.4.22)

while two other branches are conduction-like.

Now, comparing these results to the ones obtained using the
"antisymmetric representation” (3.4.15) for the many-body term it
is clear that the description of the magnetic saddle point is
essentially equivalent. A major difference however arises in the
description of the nonmagnetic saddle point. In the first instance
the antisymmetric many-body operator can only give a trivial zero
solution. In that sense the antisymmetric field y can be understood
as an antisymmetric order parameter. Therefore the trivial solution
tells us that the y parameter vanishes, which means that the system
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goes into the state of different symmetry. It does not however tells
us explicitly what that symmetry is, or what are other physical
properties of the new state.

It therefore follows that in order to correctly account for all the
possible saddle points of the system one needs to break a many-
body Hamiltonian into all the possible operators with different
gauge symmetries coupled to the corresponding Gaussian fields. In
that case the corresponding saddle point will represent the state
with that gauge symmetry.

To close this section let me go back to the discussion of the
symmetric state of the Anderson Hamiltonian. I want to calculate
the critical temperature at which the symmetric state becomes
stable. Using the dispersion relations (3.4.19) and (3.4.22) and
assuming that the critical temperature is low, we obtain:

0 3
n

where p =-1 for £ (0.2 )< g and p=1 for £ (0:z,)>¢,.

Let us again assume a simple rectangular density of states in the
band:

p(e):{po -D<ege<D
0 0 otherwise

2
Using (3.4.19) and expanding (3.4.23) in powers of V ~ we obtain:

v 2 (3.4.24)

Eo‘efzpojds E- ¢, n(B.)

Since £ (0,2, ) =0, integrating (3.4.24) we finally obtain:

kg T,

D

2
E0= pOV In
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or

E 3.4.25
kBTczDexp[ 02] ( )
PV

which is exactly the expression for the Kondo temperature. One can
further calculate the renormalized peak width. To calculate the
peak width one needs to calculate the f-electron self-energy. The
leading order diagram is shown in Fig. 29. For the unrenormalized
state one then simply obtains:

0 3 2
Zf(e)=———3-IBZd kV G.(e.k)=
(2n)
2
_ 0 3 1% (3.4.26)
- 3l 47 0t
(27) s—ek+10

Again assuming the rectangular band we obtain:
2
- — 3.4.27
AO-Ime(O)-n:pOV ( )

and the derived density of states

4, (3.4.28)
2
(e -E)) + AO2

(0) _
Py (e)=

Now in the symmetric state the renormalized conduction electron

Green's function acquires the weight factor ug(k,O,zc). As can be

seen from the table 2 that weight factor is very small for
conduction-like branches. Indeed this weight factor represents the
probability for f-electrons to become delocalized, i.e. one may
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identify u;(k,O,zc) =1- n, which becomes small in the Kondo

f
limit nf — 1. Therefore one obtains:
_ A (3.4.29)
Py (e) = 3 2
(e - ef) +
where
2
A= u, (k .0,z )AO (3.4.30)

Therefore in the magnetic regime one obtains a relatively broad

resonance centered around EO' while in the symmetric Kondo

regime one obtains a much narrower resonance centered around E .

The narrowing of that resonance is essentially due to large Coulomb
repulsion which essentially suppresses the charge fluctuations, so

that ug(k,O,zc)zl— is small. Using the density of states

"f
obtained, one can calculate the occupation numbers which are found
to satisfy the Friedel sum rule (see Sec. 1.2). All of these results are
completely equivalent to the results found previously and are
essentially similar to the single impurity results. However when
one applies these results to the lattice, the problems that I discussed
at the end of Sec. 1.2 still apply. In particular this state does not
provide a mechanism for the long range coherence in the lattice.
Moreover, as I will show in the next section the above saddle point
may become unstable in the orbitally degenerate case with small
crystal-field splitting.

3.5 Summary of Section 3

In Section 3 the local operator formalism has been applied to the
study of thermodynamic properties of the orbitally nondegenerate
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lattice Anderson Hamiltonian. It allows one to go beyond the mean
field approximation to include the relevant fluctuations. As the first
important point, two types of fluctuations have been differentiated.
In the study of possible states of the system, which are represented
as a saddle point of the free energy density, we have found a
nonmagnetic state, and two magnetic states, related by time
inversion symmetry. One kind of fluctuation involves those around
each of the corresponding saddle points, i.e. the fluctuations arising
from the finite peak width around each saddle point. As I have
shown in this Section the corresponding peak width is very small in
the low temperature regime, although it does become wider as
temperature increases. Therefore the main effect of those
fluctuations is to renormclize the relevant physical parameters
without fundamentally altering the ground state of the system.
Such renormalization can be calculated by straightforward
expansion of the free energy density around each saddle point with
the domain of expansion limited by the half-width of each peak.
Another kind of fluctuation (so called symmetry-breaking type)
involves those between the magnetic and nonmagnetic saddle
points. The importance of that type of fluctuation depends on the
relative weights of two saddle points. When the relative weight of
one of those two saddle points is much greater than the second one
(which corresponds to a stable state far from the transition regime)
the symmetry breaking fluctuations are exponentially small. The
situation becomes drastically different, however, when two saddle
points have a comparable weight. That situation corresponds to the
transition regime and in that case the symmetry-breaking
fluctuations become very important, especially in the calculation of
the various response functions, represented by second derivative of
the free energy. In that case the symmetry-breaking fluctuations
are represented by quadratic (Gaussian) fluctuations of the first
derivatives of the free energy density, which have a sharp but finite
peak around the transition point. Therefore the main advantage of
the functional integral treatment of this problem is that it allows
one to describe a smooth transition between the magnetic and
nonmagnetic regimes. This is in contrast to the typical mean-field
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approach, where such transitions are infinite in second order
derivatives of the free energy. Numerical evaluation of the relevant
response functions essentially confirms above observations. The
behavior of the system above the transition regime is a typical local
moment behavior as can be observed from numerical evaluations.
However below the transition regime the situation can be much
more complicated.

As an analytical tool in understanding the behavior of a lattice in
the Kondo regime close to a magnetic transition I have used the
"many-saddle” point approximation. It was my intention to find the
saddle points of the free energy density which preserve the spin
rotation symmetry at low temperatures, and may possibly explain
the unusual propertics of HFS, such as the enhanced specific heat
and the low temperature coherence.

One point that the saddle point calculation has shown is the
importance of expressing the many body term as the quadrature of
generators with all possible symmetries relevant to the system.
After applying the H.-S. transformation, the many-body term
becomes a linear combination of those generators coupled to the
corresponding Gaussian fields. Nonzero saddle points of each
Gaussian field represents the state of the system with the symmetry
of the corresponding generator. In that sense those Gaussian fields
represeat the order parameter for the corresponding symmetry
state of the system. In particular, in the system under consideration
we deal with the symmetric and antisymmetric spin states. It has
been shown in Sec. 3.4 that by using the most general
representation of the many-body operator (Eq. (3.4.14)) one can
obtain the Kondo saddle point, similar to the one found by other
theories. On the other hand, by using a representation (3.4.15),
which involves the quadrature of the antisymmetric term, only the
antisymmetric Gaussian field can then be obtained. All symmetric
saddle points are then represented by zero Gaussian field, which
only tells us that the system is not in the antisymmetric state.
Therefore in using the saddle point approximation, one should use
the most general representation of the many body operator.
Representation (3.4.15), however, is very useful for numerical
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evaluations, which are essentially exact. Using the representation
(3.4.14) would square the number of operations needed to do the
numerical evaluations.

Finally it has been shown that calculated saddle points do not
provide a mechanism for the low temperature coherence, which
characterizes HF systems.



113

4. Application of the Local Operator Construction to the
Orbitally Degenerate Anderson Model

4.1 Introduction

In this section I study the low temperature properties of the nearly
degenerate lattice Anderson Hamiltonian in the Kondo regime. This
means that I explicitly include the effect of the small crystal field
splitting. This splitting is taken to be greater than the width of the
uncoupled f-band, which I take to be zero. For a review of the previous
work see refs. [20] and [52]. The important technique developed here
involves the application of canonical transformation, generated by an
SU(2J+2) algebra (J is the total angular momentum of a localized
electron). That transformation decouples the effective f-band and c-
band. The application of canonical transformation, generated by Lie
algebras provides a powerful tool for obtaining the low temperature
nonpertubative results, as in we case of superfluid He [59]. This is
exactly the situation here. In fact, it turns out that after decoupling the
effective f- and c-bands, one obtains the nonpertubative ground state.
This means that the interacting ground state cannot be obtained from
the noninteracting states by pertubation theory.

The state derived has many unusual properties. It involves the
almost localized f-electrons hopping between the lattice sites in a
coherent fashion with the correlation length being much larger than a
lattice constant. The hopping pins those quasiparticles close to the Fermi
surface, thereby producing the large enhancement in the specific heat
coefficient ¥, and the static magnetic susceptibility ). The stability of
such a state at low temperature is due to the fact that the orbital
degeneracy of localized electrons is higher than the degeneracy of
conduction electrons. In this respect it is important in my opinion not to
make the simplification of making the degeneracy of the conduction
band equal to the degeneracy of the localized electrons [40,41]. In
addition, I have calculated the Wilson ratio, and it is in approximate
agreement with the experimental results [1].

The Section is organized as follows. In Section 4.2 various forms of
the propagator representation for the near degenerate lattice Anderson
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Hamiltonian, utilizing the local operator construction are given. Next I
discuss an equivalent form of the propagator which are particularly
useful for the degenerate lattice Anderson Hamiltonian. This new form
of the propagator has the advantage of enabling us to calculate
additional stationary states that preserve the spin rotational symmetry.
Next section (4.3) discusses the algebraic structure of the effective
Hamiltonian. 1 write down the appropriate SU(2J+2) generators and the
useful commutation relations. Further, I write down the canonical
transformation in terms of SU(2J+2) generators. Actual calculations of
appropriate parameters of the canonical transformation are referred to
Appendix 6, where I set up the appropriate closed system of recursion
relations and actually calculate the brackets of the generator of the
canonical transformation with the effective Hamiltonian to all orders.
This allows me to explicitly write down the equation that decouples the
effective f- and c-bands, which specifies the corresponding parameters
of the canonical transformation. Also in Appendix 6 [ solve the
decoupling equation. It turns out that the small lattice-induced splitting
in the f-band produces a qualitatively new solution of the “"symmetry-
breaking” type. In Section 4.4 I study the possible saddle points of the
system. In particular, I find a new saddle point which corresponds to
the symmetry-breaking solution. In Sections 4.5 and 4.6 I study the
physical properties of the new saddle point. The important properties of
the corresponding ground state are characterized by the spin
delocalization regime, which along with the short range Coulomb
repulsion is responsible for the long range phase correlation of the
quasiparticle excitations. 1 compare my results with the results obtained
by the slave boson model and its extensions to a lattice [40,41]. In my
view the extension of the slave boson model to a lattice suffers from
several fundamental questions concerning its assumptions. Discussion of
those and other questions is given at the end of Sec. 4.6. Section 4.7
addresses a question of the empty state contribution to the partition
function.
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4.2 Propagator Representations for the Nearly Degenerate
Anderson Hamiltonian.

Consider the almost degenerate Anderson Hamiltonian:

H =Hband+Hf +H’m.x (4.2.1)
- +
Hyana = k% & ko ko
+ + +
_ 1 +
Hmu-JN_L“E"O[Vm(k)ckofm+H.C.]

E,, = Ey+ 5(T)|m|+#BgHm

Here f+, f represent localized electron operators, and ¢ +, ¢ represent
itinerant electron operators. Notation: k represents the conduction
electron wave-vector, o =11/2 indicates the conduction electron
spin along the axis of quantization, m = -J ,.....J is the projection of
the total angular momentum of the localized electrons, and u
=1,...,N; numbers the cells in which those electrons are localized.

Also, it is assumed that at very low temperatures the thermal
fluctuations in the lattice are sufficiently small so that a small
splitting 6 in 2J +1 levels arises. This splitting should preserve the
time inversion symmetry, and is therefore coupled to the absolute
value of the total angular momentum quantum number. Therefore
&(T) is given by:

o T <T
_ L (4.2.2)
5(T)—{0 T>TL
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Here T,  represents the characteristic lattice temperature at which

such a splitting occurs.
Now as in Sec. 3.4 we rewrite the many-body operator in (2.1) in
the representation using the square of the antisymmetric

combination (in indices m, m') of n“m and "um':

2 (4.2.3)

_ +
HO_E’,,(EOm+UJ)nwn+k§£k %o ko +

l_ 3 [v (K)ot f o Flm HC]
+ c e + . .
7NL kma m kof#m

+
pwn = ym S ym

Following the functional integral formalism procedure as in Sec.
3.2 and using the coherent Q=0 approximation we obtain:

d (e () (4.2.4)

Hz—dt G t=0

where:

+
Hye (v) = E;‘ € (Y )fkmfkm+oz;’£k o ko *
(4.2.5)
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+ X [v (k)el f +H. c]

mok
= _ (4.2.6)
efm(y)_E0m+ Ul - 2nU Som

and

s, = Xy ) I
Om m'em Oomm' m">m Om"m

(4.2.7)

is the Q=0 Fourier component of the local Gaussian fields:

zy

Yomm' = umm'
/ L H

The problem with this representation has been discussed in Sec.
3.4, where it has been shown that in the large U limit it produces
only the antisymmetric (magnetic) saddle points as well as the
trivial zero magnetic point. Since we are interested in describing all
the possible symmetric saddle points, the above representation is
not appropriate. In Sec. 3.4 we therefore argued that one needs to
use the most general representation for the many-body operator.
In this case that representation takes the following form:

H=Hr e 2 3]+ 1) = (Pm ™ M) |

(4.2.8)

H =

b E +Z

E’:" Omﬂm kO' ko
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l_ 5 [V(k)+ - Ry Hc]
+ (o e + . .
7NL jkmo m ko’ um

Again following a similar procedure we obtain:

__d{ ~tHyp () (4.2.9)
H = dt<e >G I‘=0

+
Hyp (v) = "%c Em (Y ) fem fkm+c§‘k€k o ko

(4.2.10)
+ 3 [V (k) f +H.C.]
Sfm(y)EEom—--\/nU sOm (4.2.11)

and

sOm = m.{'m{yOm m' _ZOmm'}— mn{m{yOm "m +20m"m}
(4.2.12)

denotes the Q=0 Fourier component of the local Gaussian fields. In
Sec. 3.4 the above representation led to two coupled integral
equations (3.4.20-21). In the present case however the number of
equations is 2J(2J+1) which makes this approach impractical.

Let me rewrite If(t) in a different but equivalent form,
appropriate for the on-site Coulomb repulsion U being the largest
parameter in the theory. The new form is particularly appropriate
for finding the symmetric saddle points which have the same
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contribution to all quantum channels. In the previous approach this
would require us to look for a maximum of free energy density with
respect to some symmetrized combination of 2J(2J+1) Gaussian
variables. However the approach 1 offer now produces the
symmetric form of the partition function and the integration is one-
dimensional rather than 2J(2J+1)-dimensional, thereby eliminating
any calculational difficulties. To be explicit, let me write:

(N)
w 2J41 -BH (& B)
Z(B)=Tr["T"de T e P Hyp (6 F
- N =0
(4.2.13)
where
(N)
(N) A
HMF (é’ﬂ)thk
(4.2.14)
(N)
A (N) +
hy =,2,;'(Eom +‘§)fbnflan+§'£k ko ko ¥
(4.2.15)

+”§r[vm(k)ck*;fkm+ H.C.]-N§

Here N  represents the filling number for the 2J +1-degenerate

N
energy band. E()(m ) is given in the last column of the table 1. It

basically represents the thermal energy of the system (given in the
column 3) divided by the filling number N . The auxiliary complex
field & has been introduced (see [59]) to enforce the constraint

Tn, (B, k)=N (4.2.16)
m
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where nm(ﬁ, k) denotes the thermal average of the number

operator for f-electrons in the m -th state. Note that this constraint
commutes with the uncoupled Hamiltonian (no f-c mixing). In that
case the number operator in (4.2.15) can be substituted by its
thermal average, and the integration over the complex ¢ will
produce a simple constraint-conserving delta function. I will discuss
in Sec. 4.7 below how the presence of the mixing term affects the
constraint (4.2.16). In fact I will show that in the coupled case the
average number of electrons may be slightly less than one. This
approach therefore is slightly different from the standard approach
(59] (see further discussion in Sec. 4.7), but it does intuitively
correspond to one's understanding of what the number of electron's
should be in both coupled and uncoupled regimes.

The propagator written in this form has the advantage of
preserving the rotational invariance. In fact, each term in the new
propagator corresponding to some particular value of N represents
the sum of the old propagator densities evaluated over all the
saddle points satisfying (4.2.16). Such summation restores the
rotational symmetry, which is reflected in the symmetry of each
term in the new propagator.

In the large U limit only the N=0, 1 terms are relevant. Also in
the Kondo regime, where EO is large negative it is clear that N=1

term should dominate, which means that other terms become
exponentially small at low temperatures. Below, therefore, 1 will
only consider the terms that satisfy (4.2.16) for N=1. Since N is now
fixed I will drop this subscript for now.

Below I want to explore all the possible stationary states of
(4.2.13) in the Kondo limit. To do that I will try to partially
diagonalize (4.2.14), so that I will now be concerned with the
algebraic structure of the effective Hamiltonian.
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4.3 The Algebraic Structure of the Effective Hamiltonian,
and the Solutions of the Decoupling Equation.

(1)
MF

appropriate canonical transformation. It is important to note in that
respect that:

Next 1 want to decouple the f and c quasiparticles in H by

L
ho=h, eSU(J +2)

(4.3.1)

Indeed, define SU (2/+2) generators (drop the common wave-vector
subindex k):

T =5laia tate,]  uev (4.3.2)
- 1
T, = 75.[(,;% -ata,] mev (4.3.3)
T, =aja, (4.3.4)
where

—I—ZC H =0
a# = .\/— o (o}

fm # = == -I, ’ .’

(4.3.5)

Here 1 will use the convention that the Greek subindices u,v, etc.
(except o which indicates the spin of conduction electrons) refer to
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all the half-integral values of angular momentum between -J and J
(denoted by Latin subscripts) as well as to zero subscript, which
refers to the antisymmetric c-channel. In terms of these generators
rewrite (4.2.15) as:

A (0) (0) (0) + (0), +
h -Eam T, +a, T0+:';a0m TOm +m§"amnTm,l
(4.3.6)
where
(0) _ (0) _ (0) _ (0) _ 4.3.7
a, = = EUm a, ‘=€ a; —2Vm apn =0 ( )

A

The goal now is to perform a canonical transformation on h such

that the effective f-band is decoupled from the effective c-band.
Define:

U =e R R =‘- 26" T()l— (4.38)
n

The transformed Hamiltonian will then have the following form (see
Eqs. (A6.55) and (A6.66)):

A
l%:%hk
where (drop the common subscript k):

+ +
+A0T0+,2,;'A0mT0m+ 2 AT

m>n mn mn

K=SAT

m m m

and the corresponding coefficients are given by Eqs. (A6.32), and
(A6.52)-(A6.54). Note that in Appendix 6 the following definitions
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are used:
_ l 2) 2___ 2
x=cos( 2|9| |6 | _%',9”
2
2 _ ¢ (0)
o = Z%m

Aiek—Eo—é

h(m)=8|m|+p, gHm

2
Thim)'8,

_(n) _m

2
18]

B (D
h =h

and

2\( ()
dof(h)s‘/gofz.—z(l—’; ) R on?)
X

is the renormalized f-c mixing parameter.
Our goal is to find a canonical transformation such that the

effective f-band is decoupled from the effective c-band, i.e.

AOm =0

From this condition one obtains the so-called decoupling equation
(see Appendix 6):
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(4.3.9)

Let me consider two types of solutions to this equation. First
take h=0 (this would correspond to T > TL ). Define:

P V2(A-k) (4.3.10)
Gor (h)

Then (4.3.9) has four solutions:

x2=l(1¢ R ] (4.3.11)
2 2
R +4

As the next step consider A small (so that T < TL ). Then the

above solutions are perturbed slightly, and there is nothing
fundamentally different in those channels. As we shall see below
this solution corresponds to f-electrons being completely localized
(5 —— ), which corresponds to the saddle points of the free
energy density previously obtained. n However, there is another
possible solution for small h. Take x o h, so that x is small. Then
(4.3.9) could approximately be written as:

(2) .2
2x4A2—602fx2+2(h ) I (4.3.12)

and the solutions are:
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(4.2 (4.3.13)
_2 _4 2 -(2) _2 of
xz_aof:t /aof—l6A (h - h ) ﬁAz
- 2 = (2) 2
44 AR
| 4y

The first solution has to be rejected because of our assumption that
x is small. Second solution, however, satisfies our assumption and is
the fundamentally new “"symmetry breaking” type solution. In the
next section I will discuss the physical properties of this new
solution. In fact, I will show that many properties of HFS can be
understood within the framework of this new solution.

44 . New Saddle Point for the Symmetry Breaking
Solution of the Decoupling Equation.

Let us explore the symmetry-breaking solution in more detail.

The corrections to the corresponding zero order coefficients a’(ng),
(0) (0) . ]
a, =, and a, are (see Appendix 6, Eqs. (A6.52)-(A6.54)):

(p)

A - i 3mn _emen

mn — p! -
p=1 e |

-\/1~x‘E

S PRSEEELE

-Jz“;"(zh’—h(m-h(n))] (4.4.1)
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(p) 2
oo 9 [ 1_x2
A = —5 (h)———— -
" P2=:1 ; 2 |1g)%L* x
—2'}"(}:‘—h(m))] (4.4.2)
(p)
o 2
0 1 - 1-x
A = =% ———-a h)'——
0 p2=-:1 V20 x
(4.4.3)

or using the symmetry-breaking solution to (4.3.9) write:

=71_-967 [(A;\/A2+2dof,(h) )+

+2028 —h(m) - h(n)) V220K ~h(m) - h(n)) x

a

T

(4.4.4)

Ay = m [%( JA +2a (h))

|el

a

of
™)

+2(h - h(m)) =V2(kK = h(m))

(4.4.5)
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a--L(as [Tz m) 446

Here A, is understood as the localized portion of minus and plus

channels, corresponding to + signs in (4.4.5). Then the
renormalized 2J +2 energy bands are:
l=—%( +&+ g :t‘/A +4 (h)) (4.4.7)

2 2
20 1 6,
=(E +§)+h(m)b—-—l%]+———3(d—
O el’) 2lel®" *
(4.4.8)

of
|6| (;P_7?)

J§2+2@§(h))

1/2

2 _ 2
Here the term 26,, h /18] is absorbed by EOm' Let me

examine each term in (4.4.8). First of all & represents the energy
shift with respect to the uncoupled f-level, which is the result of the
constraint (4.2.16) for N =1, which has been introduced to account
for the effect of the strong Coulomb repulsion between the localized
f-electrons. The second term represents the effective field h
coupled to the effective moment reduced by the factor

2
26,

1- This reduction is due to electron-hole excitations

2
8]

which excite an f-electron into the conduction band, which is
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assumed to couple very weakly to the magnetic field, and leaves
behind the hole of opposite spin.

The next term contains the dispersion relation, which results
from the hybridization between the localized and the conduction
bands. Here the upper sign is used when A>0 so that the dispersion

term vanishes in the limit a-Of —0. Similarly, the lower sign is used

when A<O. For a_Of (k) small the wave-vector dependence of the

dispersion term is very weak. Also, as will be shown below, the
dispersion term is responsible for pinning the saddle point of the
free energy density just above the Fermi level. This combined with
the large density of states produces the quasiparticle-like behavior
with effective mass that could be renormalized by several orders of
magnitude. 1 will further discuss the importance of the dispersion
term later on in this Section. Finally, the last term represents the
correction to the third term. It accounts for the fact that at low
temperatures the localized band has a splitting proportional to 4§, so
that there is a difference in hybridization strength of each subband,
which enhances the above splitting, while preserving the total
energy of all the subbands (indeed, the sum of the last term over m
is equal to zero).

Let me discuss this last term in more detail. 1 will now argue
that in a highly hybridized system the indirect hopping between the
f-sites will eliminate the above splitting altogether. To illustrate the
problem, let me consider a simple case of an electron localized
around some atomic site. Then the total angular momentum and its
quantum number are defined with respect to that site. Similarly,
one can consider the localized electron in kq-representation. This
corresponds to the wave-packet localized around a lattice site u,
which however is undefined. In this case one can still define the
total angular momentum and its quantum number with respect to
that site u. This is because those quantities do not depend on the
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exact position of the site around which the particle is localized. In
the hybridization case, however, the localized electrons acquire the
dispersion relation, and the Hamiltonian contains an indirect
hopping term. This means that while the electrons are mostly
localized around the atomic sites, they are however able to hop
between those sites. This in turn creates the problem of defining
the total angular momentum. In fact, if a given electron is no longer
localized around a certain site u, any splitting proportional to the
quantum number m in (4.4.4) and (4.4.8) will be proportional to
1/N;, where N; denotes the number of lattice sites, and is therefore
negligible. In other words, if for that electron one defines certain
reference point, the probability that the electron is within a small
distance of that reference point is proportional to 1/N,;. Defining
the reference point does not change the total energy of the system,
so the splitting must vanish in such manner as to preserve the total
energy of the system. Looking at (4.4.4) and (4.4.8), this
corresponds to the last term in each of those formulas being equal to
zero, so that the degeneracy of 2/+1 energy bands has been restored.
It is important to keep in mina that the subindex corresponding to
the angular momentum is kept in order to differentiate the
corresponding quasiparticles, as well as to indicate how the particles
couple to the magnetic field. It does not however have a direct
relationship to the angular momentum quantum number as far as
the electron-lattice coupling is concerned. Therefore equation
(4.4.8) now takes the following form:

2
Am = (Ey, + &)+ HggHm|1- =+
le|
2
_lem J 2 _2 )
+2_|9|2(AI A +2aof(h)

(4.4.9)



Also defining £, = E,+ &, one can rewrite (4.4.9) as:

2 2

_ 20, 1 6m

lm—ef+yBgHm1— 7 |2 7 X
6] 6]

x(A;\/Az+2a‘02f(h) )

These are the new eigenvalues of the system.
Let me now calculate the partition function. Write:

zZ, =[d& _ﬁ J(1+ e Pm) (1407 P%0) 88

I zm41+e-ﬂlm)+bil+e_ﬂ%0+éﬂ
:dgem =

ALY

(&, B)
Z=[dte g

where restoring the subindex k, we write:

(9]
(2n')3

f(&.B)= jd’k £, (£, B)
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(4.4.10)

(4.4.11)

(4.4.12)

(4.4.13)

fk(é,ﬁ) =’§log(1+ e-ﬂl’"k) +log(l+e_ﬂlm‘) +¢B
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In the spirit of the discussion, let me evaluate the partition function
using the saddle point approximation [60] . Write:

df, (&, B) e,
% kd§ z%[nm(ﬂ,k)[l——;-l sz

x[l_ ‘/Azji‘oi(h)]ﬂ_l

(4.4.14)
where
n’"(ﬂ’k):—:l+exp(l;ﬁ,n(k))
We want:
df(di, B) =(2f:)3!d3k dfkfii’ B)
(4.4.15)

There are two solutions to the above equation. For the minus
channel (A >0) one can write:

2 3 1 i}
3Idk 7 1- X
2(27) {Ia [ ‘/Az+260§.(h)}

xgenfnm(ﬂ,k)}z (22)3{;(131‘ %nm(ﬂ,k)}—l

(4.4.16)
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Then £ must be a large negative number. In the limit U — o0, which
corresponds to:

2% Tn (B k)1
(2r) m

(4.4.17)

then £ 5 —oo. There are 2J+1 solutions to (4.4.16) for each
quantum level being occupied. Those solutions correspond to the
class of saddle points in table 1 for N=1, and they also correspond to
the transformation parameters given by (4.3.11). The symmetry-
breaking solution becomes complex, i.e. it is nonexistent. In such a
case the electrons are completely localized around their atomic sites.
The dispersion term is then very small, and will in fact vanish in the
above limit. To put it arother way, the effective mixing parameter
is reduced by the strong Coulomb repulsion. This is due to the fact
that delocalized f-electrons have a finite probability of hopping onto
another atomic site. In the Kondo regime that site is occupied by a
nearly integral number fo electrons, and therefore such hopping will
bring the strong Coulomb repulsion into play. That means that the
dispersion term is effectively suppressed, which is reflected in the
above formulae.

Another interesting solution however emerges for the plus
channel. In this case write:

(9] 3 1 A
2% [ s |«
2(27) {Iel [ /A2+2a02f(h)]

x%@,:nm(ﬂ,k)}zl— (222)3{;‘,31( Enm(ﬁ,k)}

(4.4.18)

From this it follows that A <0. However, the conduction band
extends all the way to the Fermi level. Therefore E0+ E=0,ie.

the renormalized quasiparticle band lies close to the Fermi level.
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This is the source of the instability resulting in the tremendous
enhancement of the various response functions which will be
calculated below.

Let me now consider the off-diagonal terms. From the above
discussion, I will rewrite (4.4.4) as:

A =-\/l5-9|—"‘6T92"—(A-‘/A2+2a‘2(h))

For both types of saddle points A__ is very small. Clearly it is zero

in the limit £ — —o. For a symmetry-breaking type saddle point
one may expand the square root using the fact that

of (h)] A=+/2 x (see (4.3.9)), so that one obtains A< O 2.

This term produces a small mixing between different quantum
numbers, which is due to indirect hopping. Beyond that it will
slightly renormalize the energy bands around the Fermi level,
without changing the energy parameters in any significant manner.
In fact the second order contribution to the n-th quasiparticle
energy level is proportional to

3

2
a4
2 = gy ¥

which is of order x 3, and is therefore very small.

One can rewrite Z as a sum of exponentials of free energy
density, evaluated over 2/+2 saddle points. From (4.4.12) write:

Z(B)=(y +1)ef1(ﬂ)+ef°(p)

(4.4.19)
where [61]:
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fi(B)=f(§.B) i=01

Here the subindex 0 is used to indicate the saddle point,
corresponding to the spin delocalization state, while subindex 1 is
used to indicate the other 2/+1 saddle points corresponding to the
class of saddle points in table 1. The first term in (4.4.19) is
proportional to 2J+1, so it is dominant at finite temperature. This is
the result similar to the one obtained by Brandt, Keiter and Liu [59].
It is also interesting to note that the above saddle point disappears

for T > TL. Therefore for T > TL the f-electrons will behave as

localized magnetic moments resulting in Curie-type behavior at
higher temperatures.

Let me make a short detour, and briefly discuss the question of
the transition between the two regimes. Obviously as the peak

around 50 disappears around T = T, , the fluctuations around that

saddle point will become important. Further increase in the peak
width, as well as its possible displacement could be caused by
contributions from the incoherent scattering. Both effects can
therefore be taken into account (at least qualitatively) by evaluating

(4.4.12) over peak width around 50. which could be considered a

parameter. The results obtained here are similar to those obtained
in the first Section, and they do qualitatively describe the transition
between two states. In the next section I will discuss the
thermodynamic properties of the low temperature regime,
dominated by the new saddle point.

4.5 Low Temperature Properties of the Symmetry
Breaking State.

Returning to the low temperature regime, let me now calculate
several thermodynamic properties of the system. The integrals




135

below will be evaluated as the sum of the saddle points discussed

above. From (4.4.11-13) one can calculate the thermal energy and

the specific heat as follows:

1 dZ f (4.5.1)

E=-—Z—7—,3—=——ZI—IDy ;‘,%e
c=s*([(((£)))-(((%)))]:
(%5 )))

(4.5.2)
where [62]
df Q 3 (4.5.3)
= - k ,
a5 (2”)3Id S A (k)7 (B, k)
d¥ a 3 2
5 = 3Jd kK ZA_ (k) n_ (B.k)X
dp (2¢) m
x(1-n, (B.k)) (4.5.4)

Similarly, the magnetization and the specific heat are given by:

1 dZ L rpy 4 .f (4.5.5)
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(4.5.6)
where:
dA_ (k)
__.l__dL___ Q Id3k —n_  a (B, k)
B dH (2”)3 m dH m
(4.5.7)
LdY a3 A (Y
dezzz_fjdkE ﬁ —&_,—_l__ nm(p’k)
2
d?, (k)
(l—nm(ﬁ,k))——;;l—i——nm(ﬁ’k)
(4.5.8)

Let me now evaluate (4.5.2) and (4.5.6). First let me start with the
specific heat. The term in the square brackets in (4.5.2) represents
the Gaussian fluctuation of the energy density. This fluctuation can
be very large near the phase transition, where there are two saddle
points with approximately equal weight [63]. Indeed let me
evaluate that term in the saddle point approximation. From (4.4.19)
write:

8

5 ) - (%)) ] o
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2

T Fa—

2
+(Id3k Elmo(k)nmo(ﬁ,k)) } |
(4.5.9)

where:

1 (4.5.10)
x. —
1+(2.I+l)_lef0 f’

serves as a very important quantity in this theory, which tells us
which phase is more dominant. In particular, the quantity
k (1- x) has its maximum when two phases have approximately
the same weight. At temperatures much lower than the transition
temperature one or the other plase will dominate and therefore the
above quantity will vanish. It is therefore very important to
calculate x explicitly. From (4.4.7) and (4.4.9) write:

l)ﬂﬂ

fo=fy={1- x
0 1( 2,+12(2r)3

3 2 _2 (4.5.11)
x[dk (A(k)+‘/A(k) +2“of(h))

where
ACk)=A(& k)

The coefficient of B in (4.5.11) is positive, which means that at low
temperatures the delocalized phase will dominate.

The above formula has an interesting physical interpretation.
Indeed:
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2
A(k)+JA(k) +2d0 (h) (4.5.12)

is proportional to the change in the kinetic energy of the electrons
due to hybridization. To be more explicit the kinetic energy of the
localized electron increases by

1 2 _2 (4.5.13)
————2(Z’+1)(A(k)+\/4(k) +2a0f(h))

as it hops from site to site, producing the delocalized spin. The
factor 1/(2J+1) is just the combinatorial probability that a given
localized subband has been occupied by the electron before it
jumps into the conduction band. On the other hand the kinetic
energy of the conduction electrons is decreased by

1 2 2 (4.5.14)
5(A(k)+ﬁ(k) +2a0f(h))

This is due to the fact that while the localized electron is hopping
from site to site via the conduction band, there is one less electron
in that band, due to the Pauli exclusion principle. Therefore it is
clear that the spin delocalization lowers the energy of the system,
and that at sufficiently low temperatures the corresponding saddle
point is more dominant than other 2/+1 saddle points.

The above derivation demonstrates that in order for the
delocalized spin state to be energetically favorable, one has to have
a system where higher degeneracy localized electrons are coupled to
the lower degeneracy conduction electrons. Therefore it is not
appropriate to assume that the conduction band has the same
degeneracy number as the localized band, which is the common

assumption in slave boson theories and other 1/N d expansions [40]

(here Nd will denote the degeneracy of f-level). This dominance

increases as T— 0 (for T<<d, K —1). Therefore at very low
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temperatures the above fluctuations would become negligible
compared to the next contribution to the specific heat which 1 will
now calculate. Write:

2 Qp
13%((%})) (zﬂ)xjd kZa, (k)2x

(B K)(1-n_ (B.k))
(4.5.15)

Here the contribution from f) is neglected as it has no appreciable
density of states near the Fermi level. To evaluate this integral I
will

follow the standard procedure and change that integral to the one
over energy variable 4. The density of states for the plus channel is

given by:
N"(A) 2
S = N (2) ~
2/ +1 1+ - A -
2 JA +2a0f(h)

-.,N(,l)_‘/i—A

aln)

of

(4.5.16)

Then one can rewrite (4.5. 15) as:
_ .QﬁN(O) ,dn( B, k)
C=-TgaT Pmdh AT -

2
r2Q N V22 +DA(k)" 20N (o)

—~—
= ~

3 aoi(h) 3

(4.5.17)
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where ,1: indicates the upper bound of the resonance localized

around the Fermi level. From (4.5.17) the Sommerfeld constant is
just:

2
z-\/i(2l+l)A(kF) %202 N (0)
Gor (h) 3

Y

(4.5.18)

Similarly one can calculate zero field magnetic susceptibility at
low temperature. First of all let me discuss the Gaussian
fluctuations. Write:

(T D)) ] (25)

s dA (k) ’
x[x’%, fd “k ——dT——nml(ﬂ.k) +
3 dA (k)
+(-r)\fd % T—20——n_ (B k)
(4.5.19)

The term proportional to 1- x vanishes upon the summation, so
that one obtains:

()= ()) ) )= (24
x[x E(Id 3% ﬁ'ﬁ#—)"m (B k ))2+

(4.5.20)
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This last contribution is proportional to § at higher temperatures.
However at very low temperatures (T<<d) ¥ —0, so that the above
contribution will vanish. This is of course due to the spin hopping
beginning to play the dominant role. The second contribution to the
magnetic susceptibility can also be evaluated by converting it to the
energy integral and the result is:

2
S (- 5h) -

2=(Hg8)R2N"(0

2
V2 (2 +1)4% (B 8) 2N (0)
Eozf(h) 3

(4.5.21)

where

_ 2 s 4522
“eff“‘B(l"ZIH) J U+ (4.5.22)

Finally, the Wilson ratio:

R_

222 (T =0) ( 2 )
(Hp 8) yJ(J +1)

T2 +1

(4.5.23)

is smaller than one. This is essentially in agreement with the
experimental results [1]. The decrease in Wilson ratio is due to the
decrease in the effective magnetic moment, which results from the
f-c hybridization, and not from the increased ¥ as in the slave boson
approach (see [40,41]).

There are two reasons for the discrepancy. First of all as I will
show below the interacting ground state of the system is
characterized by collective excitations with the phase coherence
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length much larger than the Ilattice constant. Therefore the
intermediate state contains a large number of electron-hole pairs
over the phase correlation length. This is to be contrasted with a
result of the slave boson approach, where there is one electron-hole
pair in the intermediate state. The slave boson theory predicts an
increased density of states sampled by the specific heat, and not the
static magnetic susceptibility. This in turn results in the increase of
Yy over X, which results in the decrease of the Wilson ratio. The
second reason is a bit more technical, but also has some profound
consequences. In this work I have assumed that the orbitally
nondegenerate conduction band is weakly coupled to the magnetic
field, while the localized moments do strongly couple to the
magnetic field. This produces a decrease in the effective magnetic
26m2
) (see discussion in Sec. 4.4). By
18]

contrast the assumption of the slave boson model is that the
conduction band not only possesses the same degeneracy as the
localized band, but it also couples to the magnetic field in at equal
strength.

The above results have several important implications. In the
next section, not only will 1 be able to account for the onset of long
range coherence and demagnetization effects at low temperature, I
will also show the connection between these two phenomena.
Indeed, I will show that the onset of coherence is necessary for the
demagnetization effect to occur. Such a long range correlation does
not exist in the slave boson model. Therefore the demagnetized
state in the slave boson model is energetically unfavorable, as 1 will
explain below.

moment by the factor |1 -

4.6 Nature of the New Ground State in the Symmetry
Breaking Regime.

In this section 1 will try to better understand the nature of the
ground state associated with the new saddle point. To do that let
me calculate the phase-phase correlation function for that ground
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state at zero temperature. At the end of this section 1 will discuss
the obtained results, and I will also return to the discussion
presented at the end of Sec. 4.5.

Since we are in the state where spin symmetry is nearly
preserved, I will simplify the calculations and consider the
conduction band coupled to the symmetrized quasi one-particle
state generated by:

J
_ 1 (4.6.1)
fu";7N mE’_Jfﬂm
or in k-space:
1 { (4.6.2)

e =N mE'_Jfkm

This means that I will ignore whatever small spin splitting remains
after the spin delocalization or due to the magnetic field. Now
consider the static phase correlation between the charge excitations

at two different sites i and u':

<(c"}'f” ~flew) (et —fufcu,» (4.6.3)

This correlation function is useful in understanding the nature of the
ground state In particular it will explain how the delocalization of
the near-integral moments produces a long range coherence in the
ground state.

Going over to the Fourier transform in k-space, one obtains:

i(k,-ky)R —i( k-k,\R (4.6.4)
c+fe(1 2)”—f+ce (4 2)ux
ki 7ky ky ky

(B3 k)R —i(kym k)R,
x[ctf e # -f, c, e a
[k3 k4 k4 k3
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In the spirit of the above approximation, I will assume that after the
decoupling transformation the above operators transform as:

C, DUtV fk (4.6.5a)
fk - uk fk - vk Ck (4.6.5b)
where
“© =%
- _ 2
Vi = 1 X,
(4.6.6)
and X, is given by (see eqns. (4.3.10) and (4.3.11)):
x,2= 1 1- Kk
k2 2
R'k +4

(4.6.7)

Transforming the operators according to (4.6.5) and evaluating the
thermal average in the new basis one obtains:

2
<(Ci‘+f# =y c#)(c;r'fu'—fu'cu'»: (;)6Id3k
xjd3k'[{nf(k,ﬂ Y(1-n, (k' B)) +n, (k,B)

X(1=n, (k' B} (o * "k"k')2+{"f (k. B)



145

x (1= n, (k' B))+n,(k, B)(1-n (k' B))}

X (U g~ wve) Jexo{ i (E - ) (R, -R,)} 468
where

- 1 4.6.9
nc(k’ﬂ)-l'*cxp(ﬂlo(k)) ( a)

1
= (4.6.9b)
nf(k, ﬂ) 1+exp(ﬂlf(k))
1 (4.6.9¢)

and lm is given by (4.4.9), while 10 is given by (4.4.7). From

(4.6.8) the dominant contribution to the correlation function is given
by:

2
f—)zld:’k fa k[ {n, (k. BY(1-n (k' B))+ (4.6.10)
n

+ng (ko B) (1= mp (k' B (g + v v) X

X e z(k“-k*')r*]

where

Considering the dispersion relation (4.6.10), it should be obvious
that the dominant contribution to the integral comes from the
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shaded region in Fig. 12 around kg (similar arguments and
integration techniques can also be found in [40]). At zero
temperature one can rewrite (4.6.10) as:

2 y c* ) -
2 6jd3k Id3k'(ukuk'+vkvk')2e l(k -k ) r (4.6.11)
(2r)

where the integral is evaluated over the shaded region in Fig. 12
below.
Now define:

R’k (4.6.12)

,‘
W

R’2
k +4

Then one can rewrite (4.6.11) as:

2 2
A 2 .
| _ja% e 7| 1| Lopade J1-7" ¢ F7
(27) (2n)
2
8 —8 P
=—;—i§fd3k k 2F - e LK T
(27) \Ek—e’.) +250f(h)
2
V2a, (h) .
2 _ -—
(2r) \k% %)+Mwu)
(4.6.13)

Let me evaluate the integral




147

3 2 _2
(27) \[(ek—ep) +2a(y(h)
(4.6.14)
In the region of integration one can write:
£
=k - “k (4.6.15)
.4 Vg

and let us also change the variable of integration as follows:

r
x=(k -k, Yr + (4.6.16)
( g) lc

where

| = 8 (4.6.17a)

c Ag
and
(4.6.17b)

is the minimum gap in Fig. 12. Then one can approximately rewrite

the above integral as:

Qp, 4, o sinxcos(kgr—lc_lr)

2
2mrk, Tl sz+Agzrz/vgz

+
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cos x sin( kyr - lc—lr)

+
2 2 2 2
Jx +Agr /vg
(4.6.18)
where
Py =me kg

and m, denotes the bare electron mass.

Let me examine the behavior of the correlation function in the
limit r o0, In this case one can rewrite (4.6.18) as:

©0

i SN ek PR A 4.6.19
Q2p, 4, [ cosxsm(kgr I r 4) ( )

2 0
'\/En' rk jx2+r2/1c2

8

where I take:

J;<r/§dx COS X -
0 Jx2+r2/§0

Finally (4.6.19) is just the integral representation for the modified
Bessel function K ;, and in the above limit one writes:

=0

i Y S 4.6.20
Qp, 4, [ cosxsm(kgr I.r 4)= ( )

2 0 2
2r rkg Jx2+r2/1

c
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1/2

Qp, A l -r/l
= g 8 < € & - _n
‘2,,3/2,k8(r) e sin(kgr -1 - E)

Similarly one can evaluate the first integral in (4.6.13), and the
result is:

ik-r _

Id 3 e
(2”) \/(8 ) R A (4.6.21)

2p, 4 l -rll
- 878 | ¢ c - _n
~27r3/2rkg(’) e cos(kgr [.r 4)

Now combining (4.6.20), (4.4.21) and (4.6.13) one can rewrite (4.6.8)
as:

<(ciffﬂ ~fucu) (4 fu "f;'cu')> -

2
NIy ( I, )e_z,,,c (4.6.22)
2r rkg nr

The characteristic correlation length lc is inversely proportional to

the small parameter in the theory, and certainly it is much larger
than a lattice constant. The long range correlation is the
consequence of the short range Coulomb repulsion, which is
expressed in the constraint (4.2.16) for N=1.

Let me now discuss the physical implications of the above results.
It has been shown in (4.5.11) that the symmetry-breaking regime
characterized by spin delocalization is more energetically favorable
than the localized regime. The question that arises is how the
system is able to go into such a regime. Indeed, the way to
understand the spin delocalization is to picture the electrons
jumping from site to site, so that the average number of electrons at
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each site is close to one and the average spin is zero. A problem
that may arise with this picture is as follows. Suppose a localized
electron jumps into the conduction band as an intermediate state.
At that moment the delocalization length of that electron is equal to
the size of the conduction electron cloud with the characteristic

dimension lc (see (4.6.17) and [40]). That means that the electron
has approximately equal probability of landing at another site
within distance Ic of the site at which it was previously localized.

The problem is that in the Kondo regime the occupation number of
f-electrons at another f-electron site on which it lands is close to
one. Therefore such delocalization would cost us a very large
amount of energy because of the strong Coulomb repulsion
(U —0), or equivalently would violate (4.2.16). That would result
in the suppression of the dispersion term and the electrons will stay
localized, which corresponds to the localized regime (2J+1 saddle
points) discussed above (see (4.4.16,17) and the discussion
thereafter).

To produce hopping unsuppressed by Coulomb repulsion, an
electron hopping from site one to site two must find that site two
has just been vacated by the second electron. A second electron in
turn must find that the site three has just been vacated by the third
electron, etc. To put this in formal language, one must have the
phase coherence of f-c excitations over the delocalization length of
the conduction electron. This means that the state of the system is
characterized by the collective electron-hole excitations over the

correlation length lc, which is exactly what has been shown in

(4.6.22). Therefore the above argument shows that in order to
produce the demagnetization by spin delocalization one has to have
the long range phase coherence, which can be obtained from the
symmetry-breaking saddle point.

The problem with the slave boson and other equivalent
approaches [20] is that they consider only one or few electron-hole
excitation(s) in the intermediate state of pertubation diagrams. It is
clear that the above long range coherent behavior cannot follow
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from the pertubation theory, and therefore the demagnetization by
spin delocalization is not possible in that theory. Also it has been
shown [40] that the conduction cloud in the lattice cannot screen the
magnetic ions. Therefore there is no adequate mechanism in the
slave boson model that would explain the onset of coherence and
consequently the demagnetizing effect at low temperature.

The new ground state that I have obtained must have a very
small overlap with the noninteracting ground state. Indeed, it has
been shown in Sec. 4.4 that the average magnetic moment at each
site vanishes due to spin delocalization, which is in contrast with a
noninteracting ground state where spins are essentially frozen. This
phenomenon has long been understood in the single Kondo impurity
problem as the so-called "orthogonality catastrophe” (see [64]). The
name refers to the infrared divergencies arising in the pertubation
theory from the Goldstone modes, which means that the infinite
number of electron-hole pairs are formed in the intermediate state
due to the symmetry-breaking of the ground state. The advantage
of the method presented above is that it makes possible to obtain
the new ground state by using the nonpertubative tools of the
functional integral formalism and the decoupling canonical
transformation. This allows us to avoid the problems of
divergencies present in the pertubation theory.

4.7 Contribution of the Empty State to the Ground State
Properties of the System.

So far we have concentrated on the symmetry-breaking solution
to the decoupling equation (4.3.9) and the new saddle point
associated with it. That solution can only be present in the almost
degenerate case. By contrast four other solutions (4.3.11) are
similar to the Bogoliubov-type coefficients in (3.2.12) for the
nondegenerate case. It is my task now to show that the resultant
saddle points are similar to the corresponding saddle points in the
nondegenerate case. 1 will then discuss their relative weight in
various regimes.



152

Substituting (3.2.12) into (4.4.1)-(4.4.3) and following the same
derivation as in Sec. 4.4 we obtain the following dispersion relations
in this channel:

Ay = %( +&+eg iJA + ’Oi(h)) (4.7.1)
2
2 m
A,,,:(EOm+§)+pBgHm[l— |9|2]+
10 (4, a? )
+ A" +2a; (h)
|8 |
(4.7.2)

where now

(h)-\/w (L) -0 ?) - a2

since x given by (4.3.11) is not small in the limit of small A.
Therefore the main difference in the above dispersion relations
compared to (4.4.7) and (4.4.9) is the different value of the effective
mixing term.

Let us now calculate the saddle points for the Bogoliubov-type
solution, Since the corresponding dispersion relations have the form
similar to (4.4.7) and (4.4.9), the saddle point calculations are
identical to the calculations in Sec. 4.4 and the corresponding
equation is:

—Q—§Id3k -—17 1+ 2A X
2(27) r:] JA +2JO§
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X %6 1 (B ok )}zi[l—(—zf?-{fd3k ’In',nm(ﬂ,k)}]

(4.7.3)

I have already discussed the solution to (4.7.3) in Sec. 4.4 for the
minus (lower) channel. In the limit U — 0, one obtains the identical
2J+1 solutions which correspond to one of the 2/+1 quantum levels
being occupied and the electrons being completely localized around
their atomic sites. Let me now discuss a solution for the plus
channel. I will neglect the small crystal-field splitting which is
unimportant for the Bogoliubov-type solution. In that case one
writes:

Q 3 A
— 4 Jd’k 1+ Yn (Bk) |=
([T

=1—(2':)3{Id3k % i ( Bk )}

(4.7.4)

Both sides of the equation are sketched in Fig. 30. The intersection
of the two graphs is at the point where the LHS falls sharply while

the RHS sharply rises. That happens when Ef = E0+ & =0, ie.

when the renormalized resonance is at the Fermi level. As in Sec.
3.4 let us define T, as the temperature at which the magnetic and

nonmagnetic saddle points have equal weight, which as in (3.4.23)
corresponds to

3 4.7.5
Eg=—2 51 a’ 4, (&) (Bk) (4.7.3)
(2m)

Using the dispersion relation (4.7.2) one obtains:
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Eo-ef=2pT°j_nge[A [4? v, ]Enm(ﬂk)

where the notation is similar to Sec. 3.4. As in Sec. 3.4 we expand

the integrand in powers of the mixing parameter, and neglecting ef

relative to EO we obtain:

_2

p
> e_eg;n(ﬂk)

K
EzNId":

Evaluating the above integral we finally obtain:

2E_N
- 0 d (4.7.6)
kB TK =D exp[——)

P 0%y

To make a connection to Sec. 3.4 we take Nd =2, and since (see

_2
43.7)) ay,

(3.4.25). Therefore (4.7.6) is the generalization of Kondo
temperature for the orbitally degenerate case and is similar to the
expressions for Kondo temperature obtained elsewhere [52].

Let me now compare (4.7.6) to (4.5.11). Define:

(‘"211+1)Q 3 2 5
T, = 3 [d k(A(k)+\/A(k) +2a‘0(h))
f
2(21)

=4y 2 the result obtained from (4.7.6) is identical to

(4.7.7)

From (4.3.9) and (4.3.13) we rewrite and expand (4.7.7) (take
p0=1/D ):
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re(i- )(}T(Z)—FZ)D

L Nd _2 (4.7.8)
of

Several important features now emerge. First of all to the

leading order T, is independent of the degeneracy number, while

L

T decreases with increasing N 4+ More importantly, however, T

K K

exponentially goes to zero in the Kondo limit of large negative EO'
To understand this, it is important to realize that the value of

Ty critically depends on the contribution of the uncoupled empty

state. The degree of that contribution depends on the mixing
parameter which in the renormalized form is proportional to

1-n.. Clearly, as n, -1, the empty state contribution

9o '

vanishes and TK -0.

On the other hand, the symmetry breaking state is not directly
coupled to the bare empty state. Constraint (4.2.16) forces the
number of electrons to be equal to one in the uncoupled case. The
trick is that in the coupled case one generates the renormalized
empty state due to intersite hopping. Mathematically this has to do
with the fact that the constraint (4.2.16) does not commute with the
f-c mixing term. The canonical transformation (4.3.8) therefore does
not preserve that constraint and in effect is substituted by the new
time-independent condition (4.4.18). The renormalized empty state
is characterized by the coherent hole hopping, so that as in the case
of electrons the renormalized empty state has a vanishingly small
overlap with the uncoupled state. Therefore it cannot be directly
generated from the uncoupled state.

Combining all the saddle points, we can write the partition
function in the saddle point approximation in the following form

f

f,
Z =(2.I+1)ef1+e 0, efK (4.7.9)
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where subindex 1 refers to 2/+1 magnetic states, subindex O refers
to the delocalized saddle point in the symmetry-breaking channel,

and the subindex K refers to the Kondo saddle point. For TL> TK ,

which requires a sufficiently strong lattice-induced splitting of the
uncoupled f-band or EO being sufficiently negative, the symmetry-

breaking state is dominant at low temperature, and the zero
temperature results derived in sections 4.4-4.6 are still valid.

However, as the splitting goes to zero and therefore T, —0, the

L
Kondo saddle point becomes dominant. In that case the results
derived in Sec. 3.4 and genecralized here become applicable. At
higher temperatures, however, the localized regime always becomes
the most dominant one as I have previously discussed.

4.8 Summary of Section 4.

The following important steps have been taken toward
understanding the behavior of heavy fermions at low temperature.
I have set up the propagator (eqns. (4.2.13)-(4.2.15)) that would
allow me to find the possible saddle points that preserve the spin
rotational symmetry. Then 1 performed the canonical
transformation that decouples the effective f- and c- bands. The
requirement that this transformation decouples the effective f- and
c- bands leads to decoupling equations. In the absence of any
crystal splitting for the uncoupled f-band the decoupling equation is
of the fourth order, and the corresponding four solutions are just
Bogoliubov type coefficients, i.e. of SU(2) type. With small crystal
field splitting, however, the decoupling equation becomes a sixth
order equation. Two additional solutions emerge, which I call the
symmetry-breaking solutions.

Next I studied the physical properties of above solutions. It
turns out that the first four solutions correspond to the localized
(noncorrelated) state of f-electrons or the nonmagnetic Kondo
resonance. In the former case the delocalization term is suppressed
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by the strong contact-type Coulomb repulsion. Such state is
represented by 2J+1 saddle points, corresponding to one of the 2J+1
quantum levels being occupied. In the latter case the Kondo
solution generalizes the corresponding solution in the nondegenerate
case.

In addition to above 2J+2 saddle points, which have an analogue
in the nondegenerate case, I have found yet another saddle point
that corresponds to the symmetry-breaking solution of the
decoupling equation, which has no analogue in the nondegenerate
case. Such a saddle point can only exist in the lattice not only
because it requires the presence of small crystal field splitting, but
also because it describes the collective excitation of the system with
the correlation length much larger than the lattice constant. This is
reflected in the form of phase-phase correlation function (eq.
(4.6.22)). 1 have argued that such coherence is necessary to account
for the onset of demagnetization at low temperatures, and is in fact
one of the important characteristics of all Heavy Fermion Metals [1].
I have also noted that the Kondo saddle point cannot account for the
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onset of demagnetization since it cannot properly account for the
low temperature coherence leading to spin delocalization.

I have also calculated the partition function and the free energy
densities corresponding to each saddle point. In particular, I have
addressed a question of stability of the delocalized state. The
stability criterion that I have deduced requires the degeneracy of
uncoupled and unsplit f-band to be higher than the degeneracy of
the conduction band. This is clearly the situation in Heavy Fermion
Metals. Therefore I feel that making the assumption that the
conduction band has the same degeneracy as f-band is not only
incorrect in the lattice, but also misses some important physics
present in this problem. Finally I have calculated the
thermodynamic properties of the delocalized state. Both the specific
heat constant and the magnetic susceptibility show large
enhancement over their normal values in the delocalization regime.
The calculated Wilson ratio is smaller than one (R =0.4 for J=5/2)
which is in agreement with the experimental results [1].

S. The Perturbation Theory and the Dynamical
Properties of the Degenerate Lattice Anderson
Hamiltonian at Higher Temperatures.

In this section I want to extend the calculations of the physical
properties of HFS to higher temperatures (T < TL)‘ There are

several contributions at higher temperatures that must be taken
into account. One contribution comes from the destruction of long
range coherence at higher temperatures. I will consider that
contribution first.  Other contributions come from other saddle
points which may become important at higher temperatures.

5.1 The Perturbation Theory for the Degenerate Lattice
Anderson Hamiltonian at Higher Temperatures.

In order to consider the process of the destruction of long range
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coherence I will use the self-consistent type pertubation theory
described below. Zero-order Hamiltonian in the coherent
approximation is given as:

_ N ‘ (5.1.1)
Ho = % [E’lmk Bk Omk * Yok G0k %ok ]

where the renormalized f- and c-bands are given by the dispersion
relations (4.4.4) and (4.4.9). It is now my task to calculate the
contribution of the inelastic terms, which are especially important in
calculating the transport properties of HFS. The inelastic terms
comes from Q#0 &-term, which has been neglected in (4.2.14). Let
me explain this. What I have done in deriving (4.2.14-15) was to
substitute the local constraint

Zn,,(B)=1 (5.1.2)

by the global (in real space) constraint (4.2.16) for N=1. This has
been done because HFS have a coherent ground state, so that
coherent terms have dominant contributions at zero temperature.
As the temperature increases, however, the coherent approximation
starts to break down. In that case one has to consider the
contributions of inelastic terms. Those terms arise from nonzero
Fourier components of the local fields & which are introduced to
enforce (5.1.2), and in terms of bare operators have the following
form:

H, = m kglmé(q)f,,,k P (5.1.3)

Let me now transform (5.1.3) using the canonical transformation
given by (4.3.8) in the symmetry-breaking channel, i.e. for the
symmetry-breaking solution (4.3.13) of the decoupling equation
(4.3.9). Later on I will consider the contributions from other saddle
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points, corresponding to the remaining solutions of the symmetry-
breaking equation. Then one can write:

H-UHU™' (5.1.4)
where:

_ ,R _ -
U-=c¢e R_z§9n10n

and 9" is determined by (A6.41), (A6.46) and (4.3.13).

Transforming H1 we then obtain:

H = S . at
1= /N, qu;,vg(") wv uk + q%k (5.1.5)

where the the coefficient matrix is given by:

enem 2
Spm =~ l6|2(l—x ) n#m (5.1.6)
1/2 @
SO =—x(l—x2) —n
n
r:1
8’
Snnzl" 2(1_x)
-2
So0=l—x2

It is my intention now to calculate the contributions of H1 to the

conductivity using the Kubo formalism. To do that I define the
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current operator. It is invariant under the canonical transformation
and therefore has the following form:

s _ e +
jeosizkay,a, (5.1.7)

Here m* is the effective mass of f-clectrons, proportional to the
enhanced value of the Sommerfeld specific heat constant (see
(4.5.18)). Following the Kubo formalism 1 define the following
current-current correlation function:

. TH -TH
n(iw)=—ﬁj£dt e“"'<Tt§(ﬂ)e Oj e °j>

(5.1.8)

where § is the many-body S-matrix. Using (5.1.7) it can be
rewritten as:

2 .
n(iw)=———e——7 ) k-k']oﬁdr e !PT x
*

k, k'
3NL m

(5.1.9)

x E‘,’<Tr§(B)a;k(r)a“k(r)avz.q,k.>

The cormresponding diagrams are shown in Fig. 31. The first diagram
represents the self-energy correction to the correlation function
which is given by the following equation:

2
”(0)(160): e 22
3N, m* Mk

2
kﬁ 26, (i, k)G  (io,+iok)
n

(5.1.10)
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where G#(iwn,k) is the Matsubara f-electron Green's function

with the total angular momentum quantum number u. Next series of
diagrams represents the leading order vertex corrections which can
be summed up in the following closed form:

2 '
o) =—— 3 2k 5g (v, +iok)x
3NL m*" Mk, W B

><(iv(ia)'l + iw,k')av(iwn,k')au(iwn,k) X

m !
XW,, (i0,, ok, k") (5.1.11)

(1)

where the first order vertex function W is given in terms of the
T -matrices:
W(l) ] 0wk, k')y=T ] iw; k, k'
pv('wn"w’ , )= o, +i0:k, )x

v ( (5.1.12)

xTV#( iwn;k, k')

and the corresponding T -matrices are defined by the following
integral equation:

2 &(k-k")S

. 'y = _ 1
T“V(w,k,k)—é(k k)S#V+N R ”xx

X Ty (036" k)G (0 k") 5113
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Higher order diagrams can be summed up, as is graphically shown
in Fig. 31. That summation, however, does not include the crossing
diagrams, such as the one shown at the bottom of Fig. 31. In the
single impurity (dilute impurities) case, such diagrams are neglected
since they are proportional to the higher power of impurity
concentration than noncrossing diagrams (see [66]). Moreover, in
the single angular momentum channel all vertex corrections (which
have an odd parity as in (5.1.11)) will vanish. In that case only the
self-energy corrections ought to be considered. In the lattice case,
however, the angular momentum is not well defined, and in general
one should take the vertex corrections into account. [ will, however,
simplify the problem and consider only the cubic latiices with an
inversion symmetry. This is in fact true for many HF metals such as
UBe;3, CeCu,Si,, and UPt;. In that case I can restrict the calculation
to the self-energy contributions to the correlation function. To do
that I must solve (5.1.13) since

Z(ok )=T, (0;k, k) (5.1.14)

It is my task therefore to solve (5.1.13). To do that, I will need to
make certain approximations. The first approximation is very
straightforward. Since x in (5.1.6) is small, one can write the the
matrix in (5.1.6) in the following symmetric form:

S =6 . -11
ad HY _Y (5.1.15)
where
x u=0
I = 6m
H H=m (5.1.16)
8|

The next approximation deals with the form of é(q) At zero

temperature the components with g > l/lc (lc is given by (4.6.17))
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have a negligible contribution. The fact that lc is much greater

than the lattice constant served as justification for the coherent
approximation. As the temperature increases, the correlation length
starts decreasing so that the range of g with finite contribution to
physical quantities increases correspondingly. Therefore 1 will

assume the following form of the scattering potential E(q):

_[&(0) q<q,
§(€I)—{0 g5 q (5.1.17)
where
4c(T)=—l“
1.(T) (5.1.18)

and IC(T) is the temperature dependent correlation length. With

that form 1 can solve (5.1.13) using the self-consistent type
approximation. The details are given in the Appendix 7 and the
result is:

!
N 1 p
(5.1.19)
g L, E(0)
C (w,k ret _ -
v(0.k) 1+ 126, (0,k)/C(wk )
K
ret

where 6;( (w,k) and C, (@ k) are defined in the Appendix 7.
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5.2 Self-Energy Calculations in the Self-Consistent
Approximation.

I will now use (5.1.19) to calculate the self-energy. It is given by
the self-consistent equation:

Zu(a),k )=Tw(w;k,k) (5.2.1)

Define the energy parameter corresponding to the resonance width:

Ap(w,k)z—lm Zu(w,k ) (5.2.2)

Then taking the imaginary parts of both sides of (5.2.1) we obtain:

1
A(w,k)=2ZK, (0;k, k") pX 9
g x B N Ik"-k'|<qc{ 23
A(w.k")
2
(w—lx(k")—Rer(a);k")) + A4, (wk "\2}

where the kernel K is defined as follows:

2
K (@ K ,k")z(lcf(iﬁ)k )') {(1-1]2a,(0.k))5,, +

2
l 1
i) o}

and
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An:t
2| 1-§(0)ReG, (@,k)
A”(w,k)s e 7 %
C (0.k)|1+&(0)g e (O:F)
”(w’ ) +§ X Cx(w,k)
(5.2.5)
5 2
2 AI'C( Amt
! [ReG (w.k )-8§(0)|G, (wk )) )
1+ £(0F K = 7
|Cx (@ .k )|
ret 2 ret 2
A A
B (0.k)= [l—é(O)Rer (w,k)] —[é(O)ImG,( (w,k)J
T Sl 2
ZGm(wk)
lx x 1]
C#(w’k) 1+§(0)x Ce(w.k)
(5.2.6)

Using (5.1.17) we break the k-integration in (5.2.3) into three parts,
corresponding to three different regions (see Fig. 32). Each region is
characterized by the corresponding value of the energy parameter

A e which is approximately constant within that region. The zeroth

region extends from k. to k. + q,,, where k. (@) is defined as:
w:fx(kc)zlx(kc)—ReEx(a); k. ) (5.2.7)

and 9.0 is defined as (see (4.6.17)):

Ag
q.0= q.(T =0) = T (5.2.8)
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Both regions one and two are defined in Fig. 32. The contribution
beyond the region two is zero. Let us calculate the energy
parameters in cach region. We will start with the zeroth region
which is most important at low temperatures. In that case we
obtain:

2 A(kc+ac)
Aoy(w)= TC+§Kux(w,k,k)px*tan'l( ) Q
A’(kC'ch)
(5.2.9)

where p*= p*(k,), and the energy parameters 4, (i=0,1,2)
denote the value of the energy parameter within the corresponding

region. The new temperature scale T, is defined below.

The energy parameters A‘. are taken to be approximately

constant within the corresponding region. Then we obtain:

*y *
F
A()”(w)zTc+ A, {ngx(w’kc ke )}(qc_qCO)
(5.2.10)
and similarly for the first regions:
Alu(w)z”p*{§ny(w’kc’kc)} (5.2.11)
Substituting (5.2.11) into (5.2.10) we obtain:
vF'"
AO#(a))zTC+ x (9c—9.9) (5.2.12)

Here T, is the new energy scale in the problem, and is defined as:
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szg (5.2.13)

ky T,

where x 2 is defined defined in (4.3.13). This new temperature
scale is much smaller than T, , which is of the order of Ag (see

(4.6.17b) and (4.7.4)). It is important now to understand how the
inverse correlation length varies with temperature. This will also
help us understand the physical importance of the new temperature
scale.

To do that let us see how the inverse correlation length varies
with temperature. Since the correlation length is defined in the
exponent of the correlation function (4.6.3), one must evaluate that
function at finite temperaturc. The problem is that the correlation
function depends on the electron's self-energy, which in turn
depends on the inverse correlation length. This makes those
equations difficult to solve. For our purposes, however, we are
interested in obtaining the qualitative solution to (4.6.3).

It has been noted in Sec. 4.6 that the dominant contribution to
(4.6.3) comes from the shaded region in Fig. 12. The temperature
dependent factor in (4.6.10) is:

ne (kB )(1=n, (K'B))+n, (k.B)(1=n, (K'.B))
(5.2.14)

Looking at Fig. 33 it is clear that the temperature dependent factor
remains constant for temperatures much smaller than the width of
the resonance at the Fermi level. To calculate that width we use

equation (5.2.12) at zero temperature (g, = q, In that case the

0 )-
width is just T.. This means that for T < T, we can regard the

correlation length as approximately constant, so that ¢, = 0"
Therefore T, can be interpreted as the energy scale of the coherent

regime. Above T, the correlation length begins to shrink, and the
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rate of decrease is controlled by the temperature dependent factors
in (4.6.10). Let us estimate that average rate.
To do that let us calculate the width of the resonance at zero

temperature which defines T.. Let us write the dispersion relation
P c pe

near the Fermi surface as (see Fig. 33):

A= +-k (5.2.15)

Therefore the width of the resonance is:

l(kg+qc)—/1(kg)=vp q. (5.2.16)

At zero temperature ¢, = 9.0 and using (5.2.8) one obtains:

A(kg+q,)—A(ky)=kgT, (5.2.17)

At temperatures T = T, , the lower temperature scale T, is lost,

and Ag is the width of the resonance. Then at T = TL one writes:

vF*qC = Ag (5.2.18)

and from that one obtains;

[ g
c q. Ag (5.2.19)

This equation tells us that at T = TL the coherence is lost and the

correlation length is of the order of the lattice constant.
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To estimate A, assume that dq./ dT is constant for

T, < T < TL. Then one can rewrite (5.2.10) as:

AOu(w)zTc+a(T—Tc) (5.2.20)
where
p’.lv,;"l aq
a=—F— 5% {Epr(“”"c k. )} (5.2.21)

1

or using (5.2.11) we obtain:

a =_VF* a_qc
- m 9T

(5.2.22)
T =T,

In view of our assumption that dgq, / dT is constant, and using
(5.2.8) and (5.2.19), write:

aqc_Ag/vF*—Ag/vF Ag

= _ = (5.2.23)
oT TL Tc Ve *TL
so that
A
1 8
a =7 T (5.2.24)
L

In other words « is of order one. Finally below T, we have

9c = 4, so that:

AOu (w) = T, (5.2.25)
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5.3 Contributions of the Inelastic Terms to the
Conductivity.

Let me now apply above formulas to the calculation of the
conductivity. As I have discussed above, the leading contribution to
the conductivity comes from the self-energy corrections, which from
(5.1.10) are equal to:

2 - dn_ (¢)
o-—2 3 I+ de [— Z ]A:(e,k)
6N, m* Mk €
(5.3.1)
where the spectral function is:
ZA” (g, k)
A#(e, k)= (5.3.2)

2 2
(e —A(k)) +4,(¢.k)

Let us now evaluate the integral in (5.3.1). Consider the
following integral:

2Ap (€, k)

I d k k2 (5.3.3)

2
m*> (1) |- a0k)) +4Aakf

The dominant contribution to this integral will come from the zeroth
region, which we will first evaluate for T < T,. In that case using
(5.2.15) we obtain:

2
8p*A (ek) T A-4
u ¢ i 0 = (5.3.4)

e - 10”4 4, (e.6)”]

*
m €
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2
(A-¢€) +A0 .

From Fig. 33 we can see that the bottom of the resonance is at

a,- T., so we may take IAOI = Ag. In that case:

A
) ep* 8 2( T \2
o = 37 m - (2J +1)(ln2(1+ )—AO -0.2x (——AO) }

A

(0) _3nam* 0 T )2
(27 +1)]0.8— + 13| +— 5
g T el ( 4, (Ag) J (3:3:3)

For T < T, one has A = T., then

(0) 3T m* T, T \2
= 0.8 — + 13| —
(2J +1)e2p*( Ag (Ag) ) (5.3.6)

This formula has several important features. First of all, it shows
that zero temperature resistivity is decreased by a factor T, /A 2

which is the ratio of the coherence scale to the spin delocalization
scale. Since the relatively small coherence scale is related to a long
correlation length, the above formula gives an explicit connection
between the long-range coherence and small resistivity at zero
temperature. The second important feature is the fact that the
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contribution from the second term is Fermi-liquid like, with the

: 2 : 2
coefficient of T ~ scaling as 1/A g

Let us extend these calculations to higher temperatures.

Although we have done our expansion for T < T,., eq. (5.3.6) shows
that the range of validity of the expansion may be for T < TL'

Substituting (5.2.20) into (5.3.5) one obtains for T 2T, :

(1-a)T. + aT 2
p(O . 3zm* (0.8 ¢ +1.3(T—))

(2 +Delpt 4,

(5.3.7)

The new feature now is the appearance of a non-Fermi correction
in the resistivity. This linear term is explicitly related to the
decreasing correlation length, as the coherent FL. regime is gradually
destroyed. For temperatures just above coherence temperatures the
linear term becomes dominant. In fact it has been reported [1] that

the range of Fermi-liquid behavior, where p =T 2 is quite limited.
At some critical temperature of order of 0.3K and higher, there are
deviations from the quadratic dependence. One can interpret that
critical temperature as approximately equal to the coherence

temperature T,.. In fact, taking the typical values-TL equal to 30K,

the mass enhancement factor equal to 600, and the total angular
momentum J=5/2, one obtains T, is approximately 0.3K which is
right in the neighborhood of the observed values.

5.4 The Conductivity at Finite Magnetic Field.

Let me extend above calculations to finite magnetic field. Write:

p O Hy=p @, 5, (5.4.1)
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Assuming 5p(0) is sufficiently small (linear approximation) and
using (5.3.5), we can write:

64 A 2
§p0-__=3zm? 21082 +26(-1-) |-
(2.’ +l)e p,.l Ag Ag Ag
5T,
-0.8(1- a)Ag (5.4.2)

Then dividing (5.4.2) by (5.3.5) we obtain:

2
5o 54, 1 13(T /4 ,)
= +
pl0 4 084 /A +13(T /A Y\
84,/4, +13(T /4 ,)

08(1-a)(T,/A,) &7,
- 7T (5.4.3)
084,/A ,+13(T /4 ,)

(0)

Let us first of all discuss the source of the dependence of p on
the magnetic field. As it is apparent from the above formula there
are two such sources, corresponding to the field dependence of spin
delocalization and coherence order parameters. First of all let me
discuss the field and temperature dependence of the delocalization
order parameter. From (4.6.17b), (4.3.9) and (4.3.13) one obtains:

_ 28 (T )\/2( h_(Z)— h 2) (5.4.4)
a

of

where



h(m)55|m|+yB gHm

54 =XH (5.4.5)

where x is the coefficient, proportional to the degeneracy of the
system. Therefore the leading contribution of the delocalization
order parameter to the magnetoresistance is negative and
proportional to the square of the magnetic field. This is the
consequence of the delocalization regime becoming more stable.

The dependence of T, on the magnetic field is more complex. As

I have discussed before T, is inversely proportional to the

correlation length.  This correlation length refers to the phase
coherence of f-c excitations, which in turn leads to the spin
delocalization regime. It is clear that such coherence is very
sensitive to the magnetic field, which would decrease such

coherence, thereby decreasing the correlation length. Therefore T,

must also be very sensitive to the magnetic ficld, and must in fact
increase. Such rate of increase must then be proportional to the
degree of phase disorder, which is proportional to the field.
Therefore within the framework of the linear approximation, I can
neglect the first term in (5.4.2), and therefore 1 will rewrite (5.4.2)
as:

(0)

op oT,

_AF . _(-a) (5.4.6)
p(O) AO
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The sign of magnetoresistance then depends on whether or not a is

greater than one. This on turn depends on the ratio of A g © TL

(see (5.2.24)). For relatively small values of TL' which roughly

corresponds to the resistivity peak (see discussion below) as is the
case for UBe;3 (~2K) and CeCu,Si, (~6K) (see [1]), @ >1 and the

magnetoresistance is negative. For CeAl;, TL is much higher (~35K)

and the magnetoresistance is either small negative or positive.
Finally UPt 3 is the special case because the resistivity has no peak.

The interpretation is that TL is too high for any peak to be

observed. This is confirmed by the observation of
magnetoresistance which is large positive.

Eq. (5.4.2) can then be understood as the competition between
two different things. Spin delocalization produces a coherent
current with temperature- and field-dependent correlation length.
Increasing the magnetic field would stabilize the current (since the
order parameter is proportional to the splitting, it becomes more
energetically favorable for electrons to become delocalized) which
decreases the resistivity, while decreasing its correlation length
which increases the resistivity. Whatever is the net effect, it is clear
that above behavior is peculiar only to the low temperature regime.

At temperatures of order T, , where the coherence and the current

are completely destroyed, one expects the magnetoresistance to be
small. This correlation between the magnetoresistance as a function
of temperature and coherence is explicitly exhibited in (5.4.6),

where as we know AO is proportional to the inverse correlation

length.

This mechanism for the temperature-dependent
magnetoresistance is similar to the temperature dependence of the
specific heat constant, as I will now show. The expression for the
specific heat constant is:




177

3
y=_p 393813 I_:‘;f,’ ;(‘;")3 @2 Ay (@ k)ny,(0,p)

(5.4.7)

Using the spectral density formula and restricting the k-integration
to the zeroth region, one obtains:

oo (T. - @ 2, 0B
y =2(2J +1)/33p*j_”%“’tan '( CA ©_e 5
0 (1+ewﬂ)

(5.4.8)

At zero temperature take AO-—>0. Then one obtains:

(2 +)p*x?
= 3

(5.4.9)

which is identical to (4.5.18). At T > T, AO begins to increase and

up to a linear term one obtains:

(2 +Dp*x? T,
Y = 3 74, (5.4.10

)

Therefore both the specific heat constant and the fractional
magnetoresistance are inversely proportional to the temperature

dependent coherence scale AO' This fact has been observed by

Stewart and others (see [1]).
Let me finally discuss the question of how the resistivity behaves

at or above TL' The above expansion certainly breaks down at or

above that temperature. Let me now discuss what happens in that
regime. First important observation is that by hypothesis & (T )
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vanishes at that temperature (see (4.2.1)). Therefore in that regime
the spin delocalization saddle point becomes unstable. In that case,
the contribution to the resistivity comes from the Kondo saddle

point. As it is well known, the Kondo resistivity has a peak at TK’
Since, however, the contribution from the Kondo resistivity is

beginning to be felt at the higher temperature TL' one obtains a

peak at T, , followed by the decreasing resistivity coming from the
tail of the Kondo peak. As I have noted above, one exception is

UPt;;. In that case TL is sufficiently high, so that no Kondo tail is

observed and the resistivity above TL is governed by a different

mechanism, nature of which is beyond the scope of this theory.
5.5 Summary of Section S§.

In this Section I have developed a self-consistent type
pertubation theory, that allows me to consider the behavior of the

system at all the temperature ranges up to T,, where TL is the

characteristic temperature scale of the spin delocalization regime
and is given in Eq. (4.7.7). I have used the Kubo formalism, along
with the pertubation theory to calculate the conductivity of the
system in different temperature regimes. 1 have shown that a new

characteristic temperature scale 7, emerges. This new scale
characterizes a system with the maximum (zero temperature)
correlation length, and in the Fermi-liquid regime. In particular, the
conductivity has a quadratic temperature dependence, characteristic
of the Fermi-liquid regime. Above that temperature the coherence
is gradually destroyed, and the new term proportional to the
temperature derivative of the inverse correlation length appears in
the conductivity. That term produces a marked deviation from the

Fermi-liquid behavior above T., which is essentialy the
experimental situation.
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Finally I have calculated the magnetoresistance in the linear
approximation. [ have discussed how the sign of magnetoresistance

is related to TL‘ which roughly corresponds to the experimental

situation. In addition I have derived the correlation between the
temperature dependence of fractional magnetoresistance and the
specific heat constant, first noted by Stewart [1].

6. Extensions of the Work.

There are several basic avenues of research that I am currently
pursuing. First of all I want to extend the dynamical calculation in
Sec. 5 to calculate other interesting quantities. One such quantity is
the dynamical susceptibility, which should provide characteristic
time scales of the magnetic moments as they hop from site to site.
In particular, I want to calculate the characteristic time scale during
which the magnetic moment stays localized. In addition to that I
want to study other transport functions such as thermal
conductivity, thermopower, etc.

A second avenue of research is to study the most interesting
problem of HFS - the question of superconductivity. There are
several major points that have to be addressed and 1 list them
below:

a). The mechanism for superconductivity. It seems pretty clear
that the origin of the interaction is of nonphonon type

b). Symmetry of the superconducting ground state, and in
particular the question of parity. It is still unclear whether the
interaction is of the singlet type (even parity) or of the triplet type
(odd parity).

c). Developing a new type of perturbation theory (different from
the Gorkov-Eliashberg theory) applicable to the small Fermi energy
scale.

d). Unusual behavior (non-BCS) of the nuclear relaxation and the
ultrasonic attenuation rates below the superconducting temperature.

A third avenue of research is to apply above calculations to the
study of each particular system. It seems that the band structure
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calculations may be important in understanding the important
differences in the behavior of various Heavy-Fermion metals, which
were discussed in Sec. 1.1. The most important goal here, however,
is to explain why some HFS become superconducting at low
temperature, while others become magnetic, and still others neither.
This would be the most important goal worth pursuing.
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Figure Captions and Figures

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

1

6a

6b

Low-temperature specific heats of three different
compounds: @, NpBej3. O, Npo.6sUo.32Be13; A, UBeis.
The lines are guides to the eye.

Inverse magnetic susceptibility for UBej3, with straight
line showing Curie-Weiss behavior at higher
temperatures.

Resistivity vs. temperature: A, CeCusSiz2; B, UBejs;
® UPt3. The relative magnitudes of the three sets of
data are arbitrary.

Resistivity for UBe13 as a function of applied field ( O,
3,5,7,9, 11 T ). Above 5 K, only 0- and 11-T data are
shown; at each temperature, the higher the field, the
lower the resistivity.

The potential around the impurity consists of the deep
hole in the center and the centrifugal barrier outside.
The position of the resonance is shown.

The double-peaked density of f-states is predicted by
HF-approximation is shown by thin lines. The bold
curve shows the density of states as predicted by the
Friedel's sum rule.

Typical behavior of the resistivity in the Kondo regime.

Two time-ordered diagrams in the second order of the
pertubation theory. The full lines represent conduction
electrons and the dashed line represents the exchange
interaction.
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(1) .
0 Dashed line

denotes the f-electron propagator, while the solid line
denotes the conduction electron propagator.

Empty state self-energy at O(1), X

(1/N)
Empty state self-energy at O(1/N), 20 . Wavy
line denotes the bare empty state propagator, while the
bold wavy line denotes the dressed empty state
propagator.

Pictorial representation of the summation of the
diagrams with noncrossing conduction lines, which lead

to the NCA coupled integral equations. 20 and X m

represent the empty- and occupied-state sclf-energies.
Bold lines denote the self-consistently dressed
propagators.

Second order contributions to the radial gauge
expansion. Bold lines denote f-electrons, while thin
lines denote conduction electrons. Wavy lines denote

the Fourier transform of r — o’ while the dashed lines
denote the Fourier transform of iA. Finally small
crosses denote the vertices ro.

The dispersion relations for the Kondo lattice in the
slave boson mean-field approximation. It also serves
as the schematic representation of the upper and lower
branches of the dispersion relations given by (4.4.7)
and (4.4.9). The minimum gap between two

branches.is represented by Ag The shaded area

represents the region of k-integration that gives the
dominant contribution to the correlation function
(4.6.3).
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The interaction vertices represented by Him (see
(1.2.35)). Bold lines denote f-electrons, while thin lines
denote conduction electrons. Wavy lines denote the
zero frequency and momentum A-propagator, while

the dashed lines denote zero frequency and momentum
A-propagator.

The first order tadpole diagrams arising from the terms

in HA (represented by little dark circles) and Hint
(represented by fermion loops). Requiring that those
contributions vanish determines the mean-field

parameters Ef and z (see (1.2.39)).

Higher order tadpole diagrams arising from the terms

in H A and Him. Little crosses mean that higher order

values of Ef and z should be substituted inio the
expression.

Diagrams for the free energy. The dashed lines denote
the bare boson propagators. The diagrams involving A-
propagators do not contribute to the imaginary part of
the self-energy but merely produce an energy shift
approximately constant around the Fermi level. Those
diagrams can therefore be ignored.

General path becomes discontinuous in the limit
At —-0.

Weight factor has a sharp peak around the saddle point
Xs. Peak's width is denoted by A ;.

The path 1 gives a finite contribution to the partition
function, while the path 2 gives a vanishing
contribution.
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Fig. 22
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Low temperature magnetic susceptibility in the units of
10'3emu
mol G
regimes a, b and ¢ (sec table 1). The small crosses,
triangles and stars correspond to the numerically
calculated points. The deviation from the Curie power
law increases as one increases the value of the
uncoupled f-electron energy level. This is also

accompanied by the increase in the characteristic

temperature T, , which corresponds to an

approximate location of the renormalized f-level ( &)

is plotted vs. temperature for three different

N o . mJ
Low temperature specific heat is in the units of mol K

vs. temperature. Note that the peaks in the specific
heat are slightly ahead of the corresponding peaks in
the magnetic susceptibility (graphs b and c).

High temperature inverse magnetic susceptibility in

103mol G

the units of ~ emu VS temperature. This graph

shows that the high temperature magnetic
susceptibility follows the Curie power law for all three
regimes.

Low temperature thermal energy is plotted in
arbitrary units vs. temperature. Graph a shows no
phase transition. The drop in the thermal energy
increases, however, as one goes away from the
magnetic regime (graphs b and c¢). Note that the region
of the falloff broadens as well.
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Electron occupation numbers are plotted vs.
temperature for three different regimes (corresponding
to the letters on each figure). The fourth branch (p=1,
spin up) lies well above the Fermi surface and is not
plotted here. These pictures clearly show the onset of
demagnetization for graphs b and c, but not for graph
a.

Relative weight factors W(x) are plotted vs. x for three
different regimes (corresponding to the letters on each
figure) and three different temperatures (plotted in the
offset fashion). The nonmagnetic peak is always
centered around 0, while the magnetic peak is around
2.8. Note gradual disappearance of the magnetic peak
for regimes b and ¢. Also note the extreme narrowness
of both peaks which validates the double saddle point
approximation.

Three possible solutions of eq. (3.4.2) for y 20 are
represented as the intersection of two graphs (small
circles), corresponding to both sides of eq. (3.4.2). Two

solutions (y =0,/U /2 ) give two maxima of free
energy density, while a middle point represents its
minimum.

The symmetric solution z. (for y =0) to the eq.

(3.4.21) is represented as the intersection of two
graphs corresponding to both sides of eq. (3.4.21).
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The antisymmetric solution z =+/U /4r (for

y =~/U /4n ) to the eq. (3.4.21) is represented as the
intersection of two graphs corresponding to both sides
of eq. (3.4.21).

Self-energy diagram for the eq. (3.4.26). Solid line
indicates the conduction band propagator G., while the

vertices correspond to factors V .

The symmetric solution to the eq. (4.7.1) is represented
as the intersection of two graphs corresponding to both
sides of eq. (4.7.1). This solution corresponds to the
Kondo resonance generalized for the orbitally
degenerate case.

The Feynman diagrams for the correlation function
defined in (5.1.9). Bold lines represent the full f-
electron Green's functions, while thin lines represent
zero order f-electron Green's functions. the dashed

lines represent the vertices §(k'— k) S#V. First row

represents the self-energy plus vertex corrections. The
renormalized Green's function is defined in the second
row. Third and fourth row represent the summation of
all noncrossing contributions to the renormalized
vertex function. The typical crossing diagram is
represented in the last row.

Three regions of k-integration in (5.2.3). Wave vector
kc is defined in (5.2.7) and 4.0 is defined in (5.2.8).
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The simplified representation of Fig. 12. T, represents

the localized portion of the upper branch (see (5.2.12-
13), the slope of which has been exaggerated to show
the details. The shaded area represents the region of
k-integration that gives the dominant contribution to
the correlation function (4.6.3). The integrand of
(4.6.10) over that region is temperature independent

for T <T,, which leads to the temperature

independent correlation length below T,.
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Fig. 13






194

Z
AT
| T
Fig. 17
Weight
Factor
A 1
X
Xs
Fig. 18
2
1 7 |
A y Yy "/ /
S /
T

Fig. 19



DATA FOR FIG. 20-25
rarh a b c units
qtty
\ 10 10 10 10 ZOJ
U 50 50 50 10 29,
B, [-22347 |-22343 |22339 10 29
Q 100 100 100 03
A
w2 -50 -50 -50 10 29

2 indicates the position of the bottom of the
conduction band relative to the Fermi level

Table 1
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RELATIVE WEIGHT FACTORS FOR VARIOUS REGIMES
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Appendix 1. Diagrammatic Rules for Evaluating the Self-
Energies in the Infinite-U Anderson Model

Listed below are the diagrammatic rules for evaluating the
configurational self-energies in the infinite-U Anderson model. To
compute a general contribution to the empty or occupied state self-

energies at O(V 2 ) n21:

(a) Set down 2n vertices in a vertical line. Beginning at the bottom
with a dashed (wavy) line, connect the vertices with alternate
dashed and wavy lines (all descending). A total of 2n-1 lines now
appear.

(b) Always working to the right of the vertical line, connect the
vertices with full lines in all possible ways that maintain the
direction of the dashed lines at each vertex. Disregard diagrams
that may be disconnected by cutting a single local configuration
line-they do not contribute to the irreducible self-energy.

(c) Assign quantum numbers km (m) to full (dashed) lines,
conserving angular momentum at each vertex.

(d) Assign to ascending lines a Fermi factor (Ckm thn) =1- n

. . . . + _
and to descending conduction lines a Fermi factor <Ckm Ckm> =N

Draw a perpendicular to each local configuration line, and assign to

-1
it an energy denominator (z - Ea) , where Ea is found by

adding the energies of ascending lines intersected by the
perpendicular and subtracting energies of descending lines
intersected.
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(¢) Multiply the product by energy denominators and Fermi factors

2n c
by (gV) (=) , where ¢ is the number of conduction line
crossings. Sum on all internal variables.

Appendix 2 Proof that Conditions (2.2.1) and (2.2.2)
determine L(t) uniquely

I want to prove now that the two conditions (2.2.1) and (2.2.2)
determine L(t) uniquely. Indeed, finding L(t) , such that (2.2.1) and
(2.2.2) are satisfied is equivalent to solving the problem. To prove
that, assume (2.2.1) and (2.2.2) are valid. Then get:

-4 d :
ar dar =Jqrar L(t +1¢ )t.

2 ]
H-(4 4 LU)LQ)l o

,t'=0

2

_d
=L L) _

dt 0

The last step follows by making the substitution ¢ +¢'—¢ . In fact,
since

dn ' d _ d’l+1 +0( d )
a" dr it + )" H! d(t-1t')

then assuming

n

n_-pta_
H =(-1) " L), (A2.1)

it follows for n+1-st power:
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n+l nd" d

= (- —L()(-1) — L")

H D LS LW L L,
n+1dn+1

=(-1) ImL(t)lt

t'=0
=0

so (A2.1) is true in general. Then from (A2.1) it follows that

u o 4" "
- r _ L
em =2 WL, o (A2.2)

n

Assuming that L(t) € C__,(which means that the matrix elements of
L(t) evaluated over some complete set of states are infinitely
differentiable), then the RHS of (A2.2) is simply L(t) , and therefore
one obtains:

e Ht - L)
(A2.3)

which shows that L(t) is indeed the correct propagator. Going the
other way one one has to show that (A2.3) implies (2.2.1) and
(2.2.2), which is trivial.

Appendix 3 Canonical Transformations Defined in Terms of
Local Operators.

The basic idea of the canonical transformation approach is to
define the transformation as a sum of local transformations. That
would enable us to independently rotate all the local operators with
different localization indices. This is a much more powerful
approach than the standard canonical transformation approach. The
difference can be understood intuitively if we consider a large
puzzle which we want to get (transform) into a certain form. Local
transformation approach allows me to rotate each piece of puzzle
independently, while the standard approach would rotate all pieces
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simultaneously by the same amount (because it does not depend on
a field variable)
Let us now turn to the formal theory, and let U be some rotation.

Then U =ijUx. One chooses U in such a way that each U

diagonalizes the corresponding Hpx: Uy HmxUx'= Hmgx . One then
writes:

1 -1

—Hit - _ 1 =
Ue "'U '=[DyDxU, A (y,t)U, =

(A3.1)

= [ Dy Dx Adx(y, t)

One can now calculate the trace of (A3.1). Let | yym > be some
complete basis in which H operates. Then

m, —H: m)\ _
E(W lem Hiiym) = (A3.2)
=§IDny<w"'I/{dx(y,t)lwm>
Now define
A, (y,t)=|Dx A (y.1)
Then

msz ny _
EIDy <w W . 0ly >— (A3.3)

=| Dy <v1"'|Px3d(y, t)lvf">
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Now, combining (A3.2), (A3.3) and bringing IDx inside the trace,

get:

Tre~ "' =3[ Dy <w'"l§d(y, t)IDxleu/"'>
m

(A3.4)
=[DyTrA_ (y.1)

(A3.3) and (A3.4) show how one can go back from local to global
operators. One must however be aware that automatically
substituting local operators by global operators may lead to
erroneous results if localization projection operators are not taken
into account. Such error may occur if there are cross-terms with
different values of the localization label. Eq. (A3.4) solves our
problem in principle.

Appendix 4 Proof of Eq. (2.4.4)

To prove (2.4.4) let me consider a discrete sequence of points in
time:

(A4.1)

Also define:

n
_ +
Sp(Furtyopm 1y)= 2 {“—(’i)b +"+(’1)b} (A4.2)

i =1

I now want to prove that:

1 S(ri) S (*;) 1 N i—-1
igNe ! =e N exv(‘z‘(i§la+(‘i) p “—(‘j)))

Jj=1
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1( X §
xexp(—i(i§1a+(ti)j=§+la..(‘j)D (A4.3)

Going to the continuum limit, it is obvious that (A4.3) can be
rewritten as (2.4.4). I will prove (A4.3) by induction. First
of all, it is obvious that (A4.3) is true for N =2. Indeed, using
the Baker-Hausdorff formula, one can write:

LSt Sa() 1
il;lze : =e? exp(*z-(a+(12)a_(tl))) (A4.4)

x exp (= 3 (4,()9_(*2)))

Now assume that (A4.3) holds for N =n. 1 will prove that the
same then holds for N =n +1. To prove that, write:

1 nat) l-]lesl('i)=esl('n+1)esn('i)=

i=n

exp(% (é 1 a+(ti);2;:a_(tj)))x

Xexp(%(iél a+('i)j=§{+1a‘(tf)))

Again, using the Baker-Hausdorff formula, write:

(A4.5)
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esm(‘i)exp(‘(i a (! )::l, -('1)))" (A46)
cerp(3(aytp0) £ 0 (1))

cep(3( 3, a(f,-),_’"%““-(‘f)))x

xexp( ( ('"“).—1 +(',-)))

Combining the first and the second exponents, as well as the
third and the fourth, one can write:

: || Ma

1 8 :‘. S’l t; 1 n+l 1—1
b0 P D4 (/)

n+1 n+1
xexp( l(i a.(t;) . f a_(tj))) (A4.7)

i=1 j=i+1
which is identical to (A4.3).

Appendix § Transformation to the Modified KQ-
Representation.

As it has been pointed out [52], HFS is characterized by the
apparent duality of its behavior: there are equally convincing
arguments pointing toward localization, as well as itinerancy. It is
obvious that wave vector plays a very important role in a coherent
behavior of the system. Also, since f-electrons seem to be almost
localized, a location index should also be important. The Heisenberg
uncertainty principle, however, prevents the existence of a
representation with both wave vector and location labels. One must
realize however, that the information we seek is more than
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sufficient. One does not need to know the cell label, since the
system possesses translational invariance (within space group).
Therefore the relevant labels are: i - site index within the cell, and k
- wave vector within first Brillouin zone. This representation is an
analogue of kq-representation [55], and below I will show how it
can be derived from kq-representation (to differentiate it from the
standard kq-representation I will refer to it as ik-representation).

Let K5 and Ry, be inverse and direct lattice vectors. Also, let ng
represent the number of HF atoms within a cell, and N be a number
of cells. Then a localized expansion has labels i, u; Bloch expansion -
k, u ; i,k-expansion - i, k.

Let u(r- Ry) be a localized Wannier orbital. Also define

_ 1 _ ikR#
Yk, r)= I %u(r R”)e (AS.1)

Then the localized expansion has the following form:

1 Yy
D(r) = [N n, an‘“(' i~ Ry) (AS5.2)

For a Bloch expansion:

1
D =——— 2, ¥Y(k,
(r) = —— . 12 (P (k1) (A5.3)
And for ik-expansion (k is restricted to the first Brillouin zone):
1
()] = ——= ) -r.
(r) ,——an ifk,b‘k‘l’(k, r-r) (AS.4)

Now, the original Zak kq-expansion has the following basis:
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ik

R A
‘I’Z(k,r—q)=\/lﬁg,e uﬁ(r—q—R”) (AS.5)

where k and q are quasimomentum and quasicoordinate
respectively. Connection to ik representation can now be
established. Combining (AS.1), (A5.4), and (AS.5), obtain (see
(A5.4)):

b 4 (k,r —r‘.)=7:-ls-J'dqu(q —r‘.)"lz(k»r -q)

which means that we summed over localized delta-functions to form
a wave-packet, which serves as a building block for ik-
representation.

Let us now find the relations between the coefficients of all three
representations. This will enable us to represent the Hamiltonian
(see next section) in kq-representation. From (A5.1), (AS5.2), and
(A5.4) get:

(kR (AS5.6a)

.
v??’%b&e

Similarly, comparing (AS.1), (AS5.3), and (A5.4) get:

a .
i

where k is restricted to the first Brillouin zone. If we quantize the
Bloch states in the usual manner, then from (AS5.6a) and (AS.6b) it
follows that kq operators obey the following anticommutation rules:

{oa” ”jp}+ = 0 9y,
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Let me close this section by writing down some transformation
formulas to be used in the next section.

AS.7
an+aw = %b,k+b‘k ( a)
M
+ 1 + (A5.7b)
£ =—22¢€,b,"b.
%kck k ns%; ki Pik
-ikR
fﬁj iV, a‘w.+ c,e H = (A5.7c)
(A5.7d)

I L ()
—_ V.b., b, e
ne Uz‘;( k ik " jk

In (AS5.7b), the use was made of the fact that £ ; forms a periodic

band. In the next section 1 will simplify the above representation
by considering only one atomic site per unit cell, which in the lattice
Anderson Hamiltonian is represented by a magnetic impurity. The
above representation, however, may be a useful tool for considering

a more general problem of two impurities per unit cell, as in the
case of UBe;;.

Appendix 6 Canonical Transformation Decoupling the
Effective f- and c- Bands.

In this Appendix I will perform the explicit calculations that will
decouple the effective f- and c- bands, and in particular I will
derive the important decoupling equation (4.3.9).

The following commutation rules for the generators of SU(2/+2)
algebra defined in (4.3.2)-(4.3.4) will prove to be useful and are
catalogued here:

[ToeTv]= [5kv Tov ~%ov Tok ] (A6.1)
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i [To-Tn] k=m

- +
T.,.T i + (A6.2)
[ 0k ”"'] -—7-2'ka k #m
Now write:
A -1 A A 1 A
vhu "' = R +[RAT+ S[R[RA] ]+
1 A
+—| R,.| R ,h + ..
P![ [w. ]] (A6.3)
p — times
In the first order we obtain:
A7 (1) (1D (1), + (n
(R, ]—’%‘,am Tp +a9 Ty +Zag T+ T a, T,
(A6.4)
where
a'V = (440 _ 40 1 (o) (A6.5)
%Om a0 % m )Gm \/— 9
(1) (0)
a, 5n Om (A6.6)
(1 _ (0) (A6.7)
ag == 244, On
(1)_ ( (0)9 +a (0)9 ) (A6.8)

Here X' indicates that the value n=m is to be excluded from the

summation. More generally, for p+1 -st order bracket we have the
following closed set of recurrence relations:
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alP* D _(glP_ a'(np))em_vl?;l- o,a'? (A6.9)
“n(.p H)=ao(,f)9,,. (A6.10)
aép+1)=_’§a(;:)9m (A6.11)
a PtV vl-z-(aé,’,”e,, +aiPlg, ) (A6.12)

It is an important property of any closed Lie algebra that we get a
finite number of recurrence relations of the above form, which can
then in principle be solved. It is my intention to solve the above
recurrence relations at this time. Using those relations write:

(p)__3 (p-2) _1 2 (p-2) (A6.13)
a, == 2%9", 6, a,, —2§6n as.
Define:
(p) _ (p) 2 2 (A6.14)
C =§n:aom em |9| =§9n

Then multiplying both sides of (A6.13) by 6, and summing over m,

we obtain:

C(p)=~2|612C(p-2) (A6.15)

so that



( b
2
2 0
(p) (“2|9| ) c'® p even
C =ﬁ p_l
2 1
(-2181°) ¢V podd

Take p even. Then combining (A6.13) and (A6.16) obtain:

p—2

2
(p)__3g (- 2 (0_1,91%,(P-2)
aPr=-3g,(-261°) c'V-1iel%”
To solve (A6.17) assume the following p-dependence:

(p) _ p p
ag. —IAA +IB B

Then (A6.17) takes the following form:

P
P P 3 em 2 2 (0)
I AP+ BP=3"m (_q6|?) c'?-
A B 4 2
||
1 2 p-2 p-2
—2|@|(IAA +1, B )

Now take
14

6]

8 2 .
1 a’=3"m(22061") ¢ ¥+ 1(-200%) 1,47
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(A6.16)

(A6.17)

(A6.18)

(A6.19)

2

(A6.20)

(A6.21)
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From (A6.20) it follows that:

a=+(-2061%) (A6.22)

and
| 2 Bm @ (A6.23)
A= .2
6 |

Similarly from (A6.21) we obtain:

B=f(—51|6|2) (A6.24)

IB can be determined from the initial condition. Combining (A6.18)

and (A6.22)-(A6.24) write:

6, 2y"/? (0) 1,412 piz
(p)_ “m ( _ -4
alF _Ielz( 261°) ¢+ (-11e1%)
(A6.25)
For p=0 then get:
e
aO(())= m C(0)+1 (A6.26)
m B

2
e |

or

B Om 9 | (A6.27)
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(0)

om 1S given by (4.3.7). So finally:

where a

pl2

2
" el

e 2
(0) _ “m_ . (0) 1
+( Om |8|2C )(’2|9| )

and (see (4.3.11)):

p/2

Agr‘:"s Y #a(():')— Em_ C cos(\[219| )+

p even e’
e (0) [ 2 (
+[ é’g) ——"'ZC )cos( %Iel ) (A6.29)
18]
Now consider p odd. Following the same procedure obtain:
p/2
-26, (1)
(;,:) 3/2( 2|9|) C '+ (A6.30)
(-2161°)
pl2
1 LD G (1 1,42
+ 1/2( Om 2 € ](‘ 716/ )
(- Liel?) 6|
2
and
26,
odd
Agy = 2 Py 373 C sm( 2/0| )+
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2 ( (1) m (1)) . ( 1 2)

[ (g _Zm DYl el

2 Om 2 2 6.
16| X (A6.31)

Adding even and odd contributions together obtain:

even odd 6m
AOm_AOm +A0m - 3/2)(

(219I2)
X COS(\/T)"‘ sm(\/2|T)

_ (2I9I2)

_ 6 ;
+ [ al® ————'" “”)cos( %Iel )+

L e’
2 (1) _ 6, (). ( 1 2)
' lelz(a"”‘ o2 )21 (A6.32)

We now seek the solution of the equation (I will call it the
decoupling equation):

Ay, =0 (A6.33)

This would decouple the effective f- and c-bands, which would
create new quasiparticles. It would be interesting to explore the
physics of those quasiparticles, which would require us to find all
the possible solutions of the decoupling equation.

Using (A6.5) and (A6.32) one can rewrite (A6.33) as:
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e
—%{C(O)(l+x—2x2)+ (l)‘\/
|6 | 1|
(A6.34)
[ 1-x)-/(2161%) (a{® - (0))]} a0
where

2
xscos( /%IGI ) (A6.35)

Multiplying both sides of (A6.34) by © ,, and summing over m, one
obtains:

2
2 _
c__ /lezl -1 (0 (A6.36)
Jc'\/l-x2

and from (A6.34) and (A6.36) one can write:

Om = li x 2 g
(0)|6|
A6.37

xc(o)ﬁ;_ﬁ__ /(216]%) (a0 -a(0) ( !
From (4.2.1) and (4.3.7) write:

o\ -a'® = a-him) (A6.38)
where

A=¢ -E -¢ (A6.39)



h(m)=8lml+p, gHm

so that one can rewrite (A6.37) as:

e = X X
" 1—x2

2
aé,g)lel

X
2
C(O’ﬂ}i‘—— J(2181%) (4= him))

Define
2
=2 _ (0)
o = Z%m
n 2
(n) mh(m) 6,
= 2
=2

Then combining (A6.5), (A6.14), and (A6.38) one can write:

2 _
cVosa-nimne, =101 (4- k)
m

where

- (D
h=h

Then using (A6.44) and (A6.36) write:

c V- Ja101?) 2YI=x2 (4 )

1-2x

222

(A6.40)

(A6.41)

(A6.42)

(A6.43)

(A6.44)

(A6.45)

(A6.46)
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Now, rewrite (A6.41) as:

A/ 2
Oy a ((),?,)( Al 2161%) (A—h(m)))=

_ X (0) |9|

- /1 x2 %om (A6.47)

and summing over m obtain:

2/ 2
c@ Vl-x"_ [(2161%) (c?
—Zem é"('))h(m)) -ﬁ ()f

Using (A6.41) one can write:

Vi- {«/1- (O

(A6.48)

(0)
26 _a h(m) =
m ()

- \/( 2|6|2) (Ah‘- h_(Z))}

and putting this formula into (A6.48), write:

(A6.49)

2_2
C =8| aof(h) (A6.50)

iy (0o a -2(L=7) G- )]

X

Now using (A6.46) we finally obtain:
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2x2(1—x2)=5°§ (x )(-(2) P*)

(1-2¢2) (4-F)

(A6.51)

We can perform the calculations of other coefficients of the
transformed Hamiltonian in the manner similar to the one described
above in this Appendix. In that case one obtains:

L(P)
P S S L P EEL

p=1 Pt gt LT Y x
—\/El;xx—(zﬁ-h(m)—h(n))] (A6.52)

(P) 2
- g e 2
Ap= 3 = mz[:‘7 ()M
p=1 p- ﬁle‘ X
_al= X (G himy) ] (A6.53)
(p)
oo a 2
0 | l1-x
A, = —t——a (h) =
p2=1 73 % (W=, (A6.54)

and the transformed Hamiltonian has the following form:

A
Hy =2 h (A6.55)

where (drop the common subscript k):
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A + +
h-%Ame +AOT0+’}'_:,A 0m+m2'>,,AmnTmn (A6.56)

and the corresponding coefficients are given by Eqs. (A6.32),
(A6.33), and (A6.52)-(A6.54).

Formulas (4.4.1)-(4.4.3) can be derived in the straightforward
fashion by combining (A6.10)-(A6.12), (A6.28), (A6.30) and then

substituting the expressions derived in (A6.44), (A6.46), as well as
(4.3.10) and (4.3.11).

Appendix 7 Solution of the Self-Consistent T-matrix
Equation (5.1.13).

Let me rewrite (5.1.13) as:

T#V(w;k.k')=§(0)( +Z Syux Vi (@5 K, K )) (A7.1)

' 1 " g ret "
Vw(w;k,k)EN— ) p Tx'v(w;k’k)Gx (w,k")

(A7.2)
Let us now define:

L, (w;k",k')Eé(O)(S,,v *2 Sy Vw(“’;""”")) (A7.3)
Then one can rewrite (A7.1) as:

1 ret
V. (0:k,k')=— )Y L (0:k" k')G, (w,k")
v Ny ke-k|<q, # #

(A7.4)
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Let us define the average wave vector k', so that the following
equality holds (at least approximately):

" ' ret " . ,
|k"-§|<ch”V(w'k  k )G” (@,k")=L,, (0:k, k')x

x )3 G””‘(w,k") (A7.5)
k- K l<q,

Such Kk will always be found provided the range of the LHS of
(A7.5) (as the function of k) is the subset of the range of the LHS
of (A7.5) (as the function of k—). In that case (A7.5) is exact and
defines Kk as the implicit function of k and k'). Otherwise (A7.5)
can be considered as an approximation with k defined as the value
giving the best possible fit. The approximation can then be
considered as the self-consistent type approximation.
Let us further define:

ret

A - 1 ret
G (ok )= )) G, (0k")

; N, o Fle g ot (A7.6)
C (o k )El—g(o)éu (0,k) (A7.7)

Using (A7.5)-(A7.7) we then obtain:

ret

_ A -
Vuv(w;k’k )Cu(w,k)zé(O)Squ# (0 .k ) - (A7.8)

ret

A _
~§0) 1, T Ve (05k, k)G, (@.K)

Defining:
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Bv(w;k,k')sglwi(w;k,k') (A7.9)

Eq. (A7.8) then takes the following form:

ret

A -
1,8,,G6, (0k) (A7.10)
. o\ HTHY T u _ .
Bv(a),k,k )-5(0)% Cu(w,k')
ret
1,6, (0.F)
T OB (@ k. E) 2T e )
Solving (A7.10) we obtain:
§(O)Q
Bv(w;k’k')z 5 A et X
1+¢6(0)21°G, (w,k)/C.(w.k )
K
A Tet ~ B 2 A ret ~ ~
x(GV (0 k )/Cv(a),k)—Elex (w.k )/Cx(w,k))
(A7.11)
Substituting this result into (A7.9) obtain:
A Tt )
V. (wk,k')=£(0)8 G, (0k) _ L x
v (@3 K, k) = o C,(wk ) C#(a),k_)
(A7.12)
/\ret _
5 1 §(O)I#IVG,‘ (a),k)
C (w,lE) ret

1+£(0)2126, (0.k)/C(wk )
K
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and finally substituting (A7.12) into (A7.1) we finally obtain:

l
) 'y 1 : M
Tuv(w,k,k )—§(0)6#V Cv(w,k') Cp(w,k—) X (A7.13)
g L, E(0)
C (w, k)

v

ZAI'C( _ _
14800216, (w,k)/C.(wk )
K

which solves (5.1.13). This solution allows us to calculate the self-
energy corrections, which is the task in Sec. 5.2.



229

REFERENCES

O 00 N O W b W N e

— et s e \D
W N - O

14.

15.
16.

17.
18.

19.

20.
21.
22.
23.
24.
25.
26.

Stewart G.R., Rev. Mod. Phys., 56, 755 (1984)
Coffey L., Phys. Rev. B, 35, 8440 (1987)

Volovik G.E., Gorkov L.P., preprint

Blount E.I., Phys. Rev. B, 32, 2935 (198S5)

Rice T.M., Ueda K., Phys. Rev. B, 31, 7114 (1985)
Kitaoka Y. et al, Sol. St. Comm., 5§51, 461 (1984)
Friedel J., Nuovo Cim. (Suppl.), 7, 287 (1958)
Anderson P.W., Phys. Rev., 124, 41 (1961)

Kondo J., Prog. Theor. Phys., 32, 37 (1964)

. Schrieffer J. R., Wolff P. A., Phys. Rev. 149, 491 (1966)
. Kasuya T, Prog. Theor. Phys., 16, 45 (1956)

. Yosida K., Phys. Rev., 106, 893 (1957)

. Abrikosov A. A., Physics, 2, 5 (1965)

. Suhl H,, Physics, 2, 39 (1965)

Phys. Rev., 141, 483 (1966)
Nozieres P., J. Low Temp. Phys. 17, 31 (1974) and J. Phys.
(Paris ) 39, 1117 (1978)
Nozieres P., Blandin A., J. Phys. ( Paris ) 41, 193 (1980)
Anderson P.W., Comm. Solid St. Phys., §, 73 (1973)
Wilson K. G., Collective Properties in Physical Systems, Nobel
Symposium 24, Academic Press, 1974
Newns D. M. and Hewson A. C., J. Phys. F, 10, 2429 (1980)
Abe R., Prog. Theor. Phys., 48, 1414 (1972)
Ma S., Phys. Rev. A, 7, 2172 (1973)
Anderson P.W,, in Valence Fluctuations in Solids, edited by L.M.
Falicov, W. Hanke, and M.B. Maple, North-Holland, Amsterdam,
1981
Bickers N. E., Review of Mod. Phys., §9, 845 (1987)
Hubbard J., Proc. Royal Soc. London, Ser. A, 277, 237 (1964)
Keiter H. and Kimball J. C., Int. J. Magn., 1, 233 (1971)
Yamada K., Prog. Theor. Phys., 53, 970 (1975)
Yosida K., Yamada K., Prog. Theor. Phys., §3, 1286 (1975)
Yoshimori A., Prog. Theor. Phys., §5, 67 (1976)
Bickers N. E., unpublished (1987)



27.

28.
29.

30.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.

44.

45.
46.
47.
48.
49.

230

Rasul J. W. and Hewson A. C., J. Phys. C, 17, 2555 (1984)

J. Phys. C, 17, 3332 (1984)
Kuramoto Y., Z. Phys. B, §3, 37 (1983)
Maekawa S., Kashiba S., Takahashi S., Tachiki M., in Valence
Fluctuations in Solids, p. 90, edited by Kasuya and Saso,
Springer, New York, (1985)
Bickers N. E., Cox D. L., Wilkins J. W., Phys. Rev. B, 36, 2036
(1987)
Kuramoto Y. and Kojima H., Z. Phys. B, 57, 95 (1984)
Coleman P., Phys. Rev. B, 29, 3035 (1984)
Read N, Newns D. M., J. Phys. C, 16, 3273 (1983)
Read N., Newns D. M., J. Phys. C, 16, L1055 (1983)
Vollhardt D.,, Rev. Mod. Phys. §6, 99 (1984)
Valls O.T., Tesanovic Z., Phys. Rev. Lett. §3, 1497 (1984)
Rice T.M., Ueda K., Phys. Rev. B 34, 6420 (1986)
Kotliar G., Ruckenstein A.E., Phys. Rev. Lett. 5§57, 1362 (1986)
de Chatel P.F., Solid St. Comm., 41, 853 (1982)
Millis AJ. and Lee P.A., Phys. Rev. B, 3§, 3394 (1987)
Auerbach A. and Levin K., Phys. Rev. Lett.,, 57, 877 (1986)
Read N., J. Phys. C, 18, 2651 (1985)
Abrikosov A.A., Gorkov L.P., Dzyaloshinski I.LE., "Methods of
Quantum Field Theory in Statistical Physics”, edited by R.A.
Silverman, Dover Publications, New York, 1975
Miihishlegel B., in "Path Integrals and their Applications in
Quantum, Statistical, and Solid State Physics”, NATO Advanced
Study Institute, Series B: Physics, edited by G.J. Papudopoulos
and J.T. Devreese, vol. 34, p. 383, Plenum, New York, 1978
L.S. Shulman, in "Path Summation: Achievements and Goals",
edited by S.0. Lundquist, A. Ranfagni, V. Sa-yakanit and L.S.
Schulman, World Scientific, Singapore (in press)
Stratanovich R.L., Soviet Physics - Doklady, 2, 416 (1958)
Keiter H.,, Phys. Rev. B, 2 (1970), 3777
Feynman R. P., Phys. Rev. 84, 108 (1951)
Blaizot J.P. and Orland H., Phys. Rev. C, 24 (1981), 1740
Riesz F. and Sz.-Nagy B., "Functional Analysis”, Ungar, New York,
1955



50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

231

For reviews, see Jefferson J.M. and Stevens K.W., J. Phys. 11,
319 (1978), and various articles in Proceedings of the
International Conference on Valence Fluctuations in Solids,
edited by L.M. Falicov, W. Hanke, and M.B. Maple, North-
Holland, Amsterdam, 1981, as well as the more recent Theory
of Heavy Fermions and Valence Fluctuations, edited by T.
Kasuya and T. Saso, Springer, New York, 1985

Robinson J.M., Phys. Rep. §1, 1 (1979)

Lee P.A., Rice T.M., Serene J.W., Sham L.J. and Wilkins J.W_, in
Comments on Condensed Matter Physics 128, 99 (1986)

Anderson P.W., Phys. Rev. 124, 41 (1961)

Blandin A., in Magnetism, edited by H. Suhl, vol. V, p. 58,
Academic Press, New York, 1973

Zak J., in Solid State Physics, Advances in Research and
Applications, edited by H.Ehrenreich, F. Seitz, D. Turnbull, Vol.
27, page 1 (1972)

At finite temperature the fluctuations are of order
exp (-w/T), where w is the peak's width.

Xianxi D. and C.-S. Ting, Phys Rev B 28, 5243 (1983)

Krishna-Murthy H.R., Wilkins J.W., and Wilson K.G., Phys. Rev.
21, 1003 (1980); 1044 (1980)

Brandt U., Keiter H,, and Liu F.-S., Z. Phys. B 58, 267 (1985)

Treating the constraint field in the saddle point approximation
is discussed in the review article [20] , where it has been
shown that the error introduced is highly temperature
dependent and is exponentially small at low temperatures

f1=f{(H=0) denotes the common value of the free energy

density for the corresponding 2J+1 saddle points in the



62.

63.

64.

65.

66.

232

absence of the magnetic field. Any lattice-induced splitting
vanishes due to spin delocalization.

Here and below I will neglect the contributions from the
conduction band to the various derivatives of the free energy
density, which are very small compared to the contribution
from the localized band.

See Sec. 3 for a more extensive discussion of the question of
phase transitions as well as the importance of the Gaussian
fluctuations of the derivatives of the free energy density in
the above situation.

Anderson P.W., Phys. Rev. Lett.,, 18, 1049 (1967)

The same trick does not however apply to the symmetry-
breaking state, which does not explicitly include the
contributions of the uncoupled empty f-electron state (see the
discussion later on in this section).

Mahan G. D., "Many-Particle Physics”, Plenum Press, New York
and London, 1981



