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ABSTRACT

OPTIMIZATION PROBLEMS IN SENSOR NETWORK

DATA COLLECTION

BY

SIMON SHAMOUN

Advisor: Amotz Bar-Noy

Data collection is one of the most important tasks of many sensor networks.

The data collected by sensors is used to monitor and analyze various systems,

such as volcanoes, forests, and bridges. Large scale wireless sensor networks can

provide timely access to a wealth of data, but obtaining this data is challenged by

various resource constraints. This thesis proposes and analyzes solutions to three

optimization problems that arise from the conflict between data collection and re-

source constraints: (1) maximize coverage by a set of sensors when the coverage

they provide varies with location; (2) select a subset of the sensors, within some

budget constraint, that best predict the data streams produced by all the sensors

in the network; and (3) minimize the cost needed to find the top ranking sensor

readings according to some criteria. The analyses of these problems use three

different views of a sensor network: a coverage-centric view, in which each sen-

sor is valued for its coverage ability; a data-centric view, in which each sensor is

valued for the data it provides; and an agent-centric view, in which each sensor
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is viewed as an independent agent with information of value to the application.

By choosing an appropriate view of the network, it is possible to separate the

analysis from implementation details and apply well-established techniques from

other domains to the problem solution. In this case, methodologies from stochas-

tic and computational geometry, graph theory, and search theory are applied to

the respective problems. This thesis presents optimal solutions to the coverage

and search problems, approximation bounds on the best possible solution to the

selection problem, and quantitative comparisons to alternative solutions to each

problem in synthetic environments.
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Chapter 1

Introduction

Data collection is one of the most important tasks of many sensor networks. The

data collected by sensors is used to monitor and analyze various systems, such

as amphibian populations [25, 53], volcanoes [62, 63], and bridges [28]. Large

scale wireless sensor networks can greatly enhance the study of these systems by

providing timely access to a wealth of data, but obtaining this data is challenged

by various resource constraints. The following two examples highlight some of

the benefits and challenges encountered in deploying sensor networks:

Amphibian monitoring. The nearly uninhibited spread of cane toads in north-

eastern Australia may negatively impact the local environment [25]. Scientists

would like to monitor their population and movement to understand their impact

on the environment and possibly control their spread. This can be done using

large scale wireless networks of acoustic sensors. An early system used expen-

sive stand-alone devices that required expensive, infrequent, on-site data collec-
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SIMON SHAMOUN OPTIMIZATION PROBLEMS IN SENSOR NETWORKS 2

tion. The use of low cost sensors equipped with wireless communications devices

enables unmonitored coverage of large areas with quick feedback. The acous-

tic signals are used to recognize and classify frog vocalizations. Since only the

presence of cane toads is needed, recognition and classification can be performed

in-network by resource-rich but costly intermediary nodes that merely report the

presence of cane toads to a central base station. The low-cost motes do not have

the processing power to perform these tasks, and it is too costly to transmit all

acoustic signals to an off-line server for processing. Even with this hybrid ap-

proach, bandwidth limitations prevent continuous streaming of data by any indi-

vidual mote, and sampling scheduling is required to avoid collisions and extend

network lifetime.

Volcano monitoring. Scientists collect data about volcanic activity to moni-

tor hazards and to understand the physical processes that occur within a volcano

[62, 63]. Typical volcanic data-collection station are too large and heavy to deploy

more than a few of them in remote or hazardous areas. Additionally, significant

effort is required to manually retrieve data from them every few weeks. Better

study of volcanic processes is possible by deploying large wireless networks of

small, lightweight sensors. In one study, a network of sixteen motes monitored a

volcano in Ecuador. It was impossible to continuously transmit all sensor data be-

cause of the high data rates and low bandwidth involved. Instead, nodes reported

interesting seismic events that were detected locally to the base station. If the

base station received enough event reports in a short time interval, it attempted to

download the last sixty seconds of data from each node. Although complete data
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is required to understand long-term trends, much of the data analysis focuses on

discrete events.

In these examples, large scale sensor networks enhance the study of the re-

spective systems by monitoring large areas for the presence of cane toads and

collecting diverse signals from volcanic activity. The deployment of these net-

works is enabled by the use of small, low-cost wireless sensors, due to the low

cost of acquiring sensor nodes, the ease deploying them, and the ease of collect-

ing data from them. The lifetimes of these networks are constrained by the limited

power supply to the nodes, requiring either duty cycling coupled with redundant

coverage or manual visits to replace the power supplies. The greater challenge is

in overcoming bandwidth limitations. In the case of cane toad monitoring, this

a consequence of the limited computing power of the sensor devices, since they

have to offload processing to an intermediate device; transferring all data is an

actual requirement of volcano monitoring. This challenge is met by limiting the

data collected or, in the case of cane toad monitoring, spending more money to

increase the number of intermediate nodes.

The conflict between data collection and resource limitations results in various

optimization problems. In an optimization problem, the goal is either to maxi-

mize some objective function given a restriction on the available resources, or to

minimize the resources required to meet some objective function value. For ex-

ample, the objective in cane toad monitoring is to maximize the area covered over

a period of time given restrictions on the number of devices, the available power

supply, and the available bandwidth. The objective in volcano monitoring is to
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maximize the data gathered given limitations on bandwidth. This thesis analyzes

three specific optimization problems in sensor networks:

• Zone allocation. Sensor coverage depends on surrounding conditions such

as terrain, weather, and obstacles. Given a field of interest divided into

zones of homogeneous conditions, such that the sensing area of a sensor is

the same at all points in a zone, find the allocation of a set of sensors to the

zones that maximizes the total area covered.

• Sensor selection. The number of continuous data streams produced by

a large sensor network is a challenge from a variety of cost-driven per-

spectives, such as power supply and transmission, storage, and process-

ing capacities. When there are predictability relationships between sensor

streams, it is possible to collect data from only a subset of the streams and

predict the values of the remaining streams. Given a cost assignment to all

sensors and a budget constraint, select the set of sensor that best predicts all

sensor streams in the network.

• Best-valued data search. The application that uses the sensor data may

only need the sensor readings that are of most value to the application. Re-

questing, obtaining, and processing sensor readings all incur a cost to both

the individual sensors and host device of the application. Given the number

of readings required by the application, obtain the readings of most value to

the application at least possible cost to the entire network.
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These problems reflect three alternative views of a sensor network: a coverage-

centric, data-centric, and agent-centric view, respectively. In the coverage-centric

view, each sensor is a device that covers some amount of area, and the objective

is to maximize the area covered by a set of sensors. In the data-centric view, each

sensor is an object that provides a stream of data, and the objective is to maximize

the quality of information obtained from the sensors. In the agent-centric view,

each sensor is an independent agent with information of value to the application,

and the objective is to minimize the cost needed to find the agents with the most

valuable information. These three views can result in qualitatively different so-

lutions. For example, a network that covers the most area around a volcano may

miss the crucial points for understanding wave propagation. Likewise, determin-

ing the hazard level of an eruption may require knowledge of the strongest sig-

nals, while understanding the processes inside a volcano may require the broadest

overview of all the signals. The analyses of these problems use methodologies

from different domains–stochastic geometry, graph theory, and search theory, re-

spectively.

For zone allocation, the following problem is specifically addressed: One is

given a field divided into zones such that all sensors in a zone provide the same

coverage. One can decide how to allocate sensors to each zone, but within each

zone, sensors are randomly distributed. The objective is to maximize the area

covered by a given number of sensors by choosing the best allocation. Two ad-

ditional problems are studied: 1) What is the minimum number of sensors re-

quired to guarantee some expected level of coverage, and 2) how much additional
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area is covered by the optimal allocation from some baseline allocation strategy.

These problems are relevant to a strategist that would like to 1) maximize cover-

age on a limited budget; 2) minimize the costs required to guarantee some level of

coverage; and 3) evaluate the benefit of zone allocation over distributing sensors

uniformly throughout the entire field.

Even though better coverage is possible by deterministic deployment, the so-

lution to the random deployment problem has some interesting features. For both

random and deterministic deployment, optimizing the sensor allocation is diffi-

cult when considering the coverage sensors provide of bordering zones. Even

when sensors only cover the zones in which they are allocated, it is difficult to

accurately calculate the expected coverage by a random deployment and to de-

termine the optimal arrangement of sensors in the deterministic case. Rather, the

entire analysis ignores the effect of borders on expected coverage and optimal

arrangements. Accordingly, the optimal allocation in both cases can be derived

with generic solutions whose runtime increases with the number of sensors and

zones. However, in the case of random deployment, the optimal allocation can be

derived in runtime asymptotically equal to the number of zones by using a simple

approximation of expected coverage. Despite these simplifications, simulations

show that the actual coverage by this allocation is close to or even better than

coverage by the best allocation found experimentally. The main purpose of the

analysis, therefore, is to demonstrate how a simplification of expected coverage

can still be used to efficiently derive a near-optimal solution to the zone alloca-

tion problem. A second objective is to demonstrate that zone allocation can be an
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effective deterministic strategy, even under various simplifying assumptions.

A link- and data-driven technique is applied to the sensor selection problem.

Sensor streams can be used to predict the streams of other sensors because of pre-

dictability relationships between them. For example, two nearby sensors will hear

some of the same frog calls, although with different levels of distortion and time

lag. The sensors and the predictability relationships between them can be repre-

sented by data objects and logical links, respectively, in an information network

[38]. When a sensor stream is not available, one or more of its linked sensors can

be used to predict it. The best choice of sensors depends on the strength of the

relationships between the sensors and the topology of the corresponding relation-

ships. In this thesis, regression analysis is used to model one stream by another

[51, 57, 67], and the strength of the relationships is based on the accuracy of the

regression model. This link- and data-driven approach allows the derivation of a

general approximation algorithm for the problem. Also, by only including links

for which predictability relationships exist, the computation needed to select the

best set of sensors can be drastically reduced.

The best-value search is motivated by a pull approach to data collection, in

which the base station actively searches for the data it needs rather than passively

receiving data from sensors. The base station queries the network for the data it

needs, and the nodes containing the data reply. If the query is for the data of most

value to the base station, then knowledge of all data values is necessary at some

level. This thesis presents a specific method for finding best-valued data referred

to as “increasing threshold search”. Increasing threshold search is a type of search
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with iteratively expanding search extents, in which a search is repeated in rounds

with increasing extents until the search goal is met. In this case, the base station

requests data whose value is below some threshold from all nodes (when the best

value is the lowest value). If it does not receive any replies, it repeats the query

with a higher threshold. It repeats this process until either it receives the required

number of values or it requests data from all sensors, at which point it selects

the number of values it needs. The expectation is that trading repetitive search

costs with reduced costs associated with the search extents will result in a lower

overall search cost. Increasing threshold search is analyzed independently from

network topology and network protocols; it is only assumed that the base station

can publish thresholds to all nodes in the network.

The next sections describe the background and related work that will assist in

understanding the problems and outline the contributions this thesis makes to each

problem.

1.1 Background and Related Work

Coverage by sensor networks has been studied under various models of sensor

coverage. The binary sensing model is the simplest and most widely analyzed

model of coverage provided by a sensor. In this model, a sensor detects all events

in its sensing area. Brass [5] gives upper bounds on the capabilities of random and

deterministic strategies in bounded and unbounded regions. Liu and Towsley [41]

analyze different measures of coverage provided by random deployment in large
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unbounded regions. Both assume uniformly sized disk shaped sensing areas for

all sensors and location assignment according to a Poisson point distribution in

random deployments. Lazos and Poovendran [36] provide a more robust analysis

of coverage by random deployment. Their analysis accounts for border effects in

bounded regions and the size and shape of each sensor. They provide a limited

analysis of coverage by non-uniform distributions. Koskinen [30] analyzes the

probability of full coverage in the limit. None of these works considered coverage

in the terrain dependent model. Lan et al. [34] investigate the problem of minimiz-

ing the sensing radius required to asymptotically achieve full coverage of the unit

square by uniform and non-uniform random distributions. For non-uniform distri-

butions, they propose partitioning the square such that the distribution is uniform

in each partition and setting the radii in each partition accordingly. Other mod-

els of coverage include the probabilistic sensing model [15, 68], in which each

point in a sensor’s sensing area is assigned a detection probability, and the general

sensing model [41, 65], which considers the aggregation of signals received by

sensors. In both models, unlike in the binary model, increasing the number of

sensors covering a point and their proximity to it improves coverage.

Several papers consider environmental effects on coverage in designing de-

ployment strategies. Yang et al. [66] derive the sensing areas of chemical sensors

by correlating models of gas dispersion to actual terrain and weather data, while

remaining papers consider a generic notion of environmental effects on coverage.

The standard solution is to model the field of interest and sensor coverage with a

grid, and greedily assign sensors grid locations [15, 66, 68]. The runtime com-
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plexity of these algorithms is O(N2m), in which N is the number of grid points in

the field and m is the number of sensors deployed, which is very costly for fine

grids. Another approach [59] is to place sensors along a standard grid and adjust

the distances between grid points to improve coverage. Without proportionate dis-

tribution of sensors to different areas of the field, this results in large uncovered

areas. A novel approach to assigning sensor locations represents the field using a

gray-scale image, in which the intensity varies with the sensing range, and then

employs dithering algorithms to determine sensor locations in the field [60]. All of

these solutions are for deterministic coverage; no strategies for random coverage

under the location dependent coverage model were studied.

The sensor selection and placement problem has been addressed indepen-

dently by the stream mining and sensor placement communities. The problem

of optimal sensor placement has been studied in [32, 33]. However, this work

explicitly focuses on sensor placement in the context of spatial phenomenon. The

work in [39] studies the problem of sensor selection, when the costs and benefits

of placing a sensor at a given location have already been modeled externally. The

problem of sensor selection has been studied in detail in [19, 31]. The work in

[31] is similar to [39], in that it examines the problem of sensor selection when

the benefits of picking particular sets of sensors can be externally modeled. None

of these techniques discuss models for determining the optimal sensor sets in a

data-driven manner. The work in [19] is somewhat data-driven, in that it uses the

current data in conjunction with external utility functions for the selection process.

Many of the aforementioned techniques are not data-driven and require external
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feedback about sensor benefits.

Increasing threshold search is modeled after expanding ring search, which

is used to find the shortest route between two nodes in an ad hoc network. In

expanding ring search, one node forwards a route request to all nodes within some

hop count itself, and repeats the request with a greater limit on the hop count until

either the target is found or the entire network is flooded with the route request.

Expanding ring search can also be used in sensor networks to find specific data,

as it is used in peer-to-peer networks. However, this is not the same as finding the

best-valued data, which is the goal of increasing threshold search. Chang and Liu

[7] show how to derive the optimal expanding ring search sequence using dynamic

programming when the probability distribution of the minimum hop count to the

target is known a priori. They prove that when the probability distribution is not

known a priori, a randomized strategy is optimal, derive the optimal strategy, and

prove that it has a competitive ratio of e [8]. Baryshnikov et al. [3], prove that the

California split rule strategy (see Chapter 4) is the optimal deterministic strategy

when the probability distribution is unknown and that it has a competitive ratio of

4. Similar techniques include iterative deepening [29, 55] and iterative broadening

[18] depth-first search, whose expected costs were studied as well. The results of

all these studies are inapplicable to increasing threshold search because the cost

models differ, as explained in Chapter 4.
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1.2 Contributions

The zone allocation problem is analyzed in Chapter 2. Closed-form formulas are

derived to determine the optimal allocation in runtime asymptotically equal to the

number of zones, which is the best possible runtime for any solution; to calculate

the minimum number of sensors required to achieve a specific level of coverage;

and to bound the maximum increase in coverage over a strategy oblivious to dif-

ferences in sensing areas. Results show that this bound is no greater than 13% for

a field with two zones. A simulation study is conducted to validate the analysis.

The study uses a slightly more realistic model of sensor coverage than the stan-

dard disk sensing model by calculating sensing ranges using a weighted distance

function [14]. The study shows that coverage by the allocation derived analyti-

cally is close to coverage by the allocation derived experimentally. It also shows

that zone allocation for deterministic deployment results in coverage comparable

to coverage by the standard greedy assignment algorithm, but in significantly less

time.

In Chapter 3, the sensor selection problem is proven to be NP-complete and

shown to be closely related to the generalized maximum coverage problem [13]

and the budgeted maximum coverage problem [27]. Consequently, it is estab-

lished that no approximation factor better than (e− 1)/e can be guaranteed by

any polynomial-time algorithm unless P = NP. However, an adaptation of the

greedy algorithm for the generalized maximum coverage problem has an approx-

imation guarantee of at least e−1
2·e−1 . The speed and quality of solutions derived
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by this algorithm are compared to an integer programming based solution and a

sampling based solution on real and synthetic data sets. The results show that the

greedy algorithm is close to optimal with a runtime that parallels the basic sam-

pling algorithm. Additionally, limiting the allowable virtual links greatly speeds

up execution with a small change in quality of the solution.

In Chapter 4, the optimal increasing threshold search strategy for a single agent

is derived for the case when thresholds can be selected from a continuous range

of values. The analysis reveals that the thresholds in the optimal search sequence

are characterized by a common probabilistic property. This enables the proof that

the optimal sequence of thresholds is a single or an infinite number of thresholds.

These are important results: While the optimal can no longer be derived using

dynamic programming, since it is potentially infinite, the common probabilistic

property facilitates the extraction of a distribution-independent solution, which

can then be mapped to the sequence of actual thresholds for specific distributions

using a simple transformation. A similar method of analysis is applied to the case

of a search for the K best-valued agents, with similar results. For the case when

thresholds can only be selected from a discrete range of values, it is shown how to

derive the optimal sequence using dynamic programming.

The properties and performance of the optimal and alternative strategies are

demonstrated by evaluation in a synthetic environment. The results primarily

highlight the tradeoff between the expected number of search rounds and the ex-

pected number of agents found by the search. An important observation is that

the expected number of search rounds is below five for all single agent search sce-
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narios evaluated. This supports the applicability of the optimal strategy: Despite

the fact that it is an infinite sequence, the search time in practice is comparable to

search with competitive finite sequences. Another important observation is that

the optimal multi-agent strategy can result in significant cost reductions from a

strategy that only attempts to find one agent at a time.

Finally, it is shown how increasing threshold search is applicable to economic

search [40, 43], in which the searcher attempts to optimize a function that inte-

grates both search costs and the value of the agent ultimately found. Search theory

is an important research domain, flourishing in many disciplines, and best known

perhaps for its applications to labor markets, marriage markets, monetary eco-

nomics, and information theory [37, 46, 64]. By finding the lowest valued agent

with a minimal search cost, increasing threshold search potentially achieves this

goal, and in many settings can lead to a better overall performance from the eco-

nomic search point of view. It is also shown how economic search strategies can

be combined with threshold-based searches to further reduce overall costs. These

results are applicable to sensor networks as well. For example, if all sensors con-

tain data that is of equal value to the application, then the application should obtain

the data with the lowest transmission cost. Since searching for this data incurs a

transmission cost itself, the optimal strategy is actually a compromise between the

transmission cost of the data finally obtained and the cost of finding that data.

Chapter 5 discusses the solutions presented, their similarities and differences,

and further issues for consideration. The appendices present proofs and deriva-

tions of solutions from Chapter 2 and a table of notations used in Chapter 4.



Chapter 2

Zone Allocation

The chapter begins in Section 2.1 by defining the assumptions, notation, and for-

mulas used in the analysis. Section 2.2 analyzes the problem for a field with two

zones, presenting formulas for the optimal allocation, the minimum sensor count

required for any expected level of coverage, and an upper bound on the maximum

improvement in coverage over a baseline strategy that is oblivious to the differ-

ence in coverage between zones. Section 2.3 analyzes the problem for a field with

multiple zones. Both Sections 2.2 and 2.3 present several search strategies for the

optimal allocation, which can be used for more general deployment and coverage

models and are used to find the optimal allocation experimentally in Section 2.5.

Section 2.4 describes how to extend these solutions some other deployment and

coverage models. Section 2.5 presents the results of simulations designed to test

the assumptions upon which the analysis is constructed. Appendix A contains

a proof of Proposition 2.8 in Section 2.3. Derivations of select solutions can be

15
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found in Appendix B.

2.1 Preliminaries

The analysis here is for area coverage by the random uniform distribution of sen-

sors in each zone. Sensing coverage is evaluated according to the binary sensing

model, in which a sensor detects all events in its sensing area. The only assump-

tion about sensing areas are that they have the same area within each zone; how-

ever, the shapes of sensing areas may vary between and even within zones. Since

the actual assignment of sensor locations is random, only expected coverage can

be measured. Expected coverage is simply referred to as coverage, and the com-

plement of coverage is referred to as exposure. Coverage and exposure are defined

as the fraction of the area covered and not covered, respectively, by a sensor net-

work.

An allocation is the partition of sensors to be distributed to the different zones.

In the oblivious allocation, the fraction of sensors allocated to each zone equals

the fraction of the field the zone covers. Since this is the most reasonable strategy

if no information about sensing areas is available, it is used as a base for compar-

ing other strategies. Absolute improvement is the difference in coverage between

two allocations. Relative improvement is the ratio of coverage by two different

allocations.

All measurements are made in arbitrary units. The total area of the sensor field

is A, the maximum sensing area of any sensor is S, and the total number of sensors
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Table 2.1: Parameters for m zones
Zone Zone area Sensing area Sensor count

Z1 γ1A α1S n1 = β1n
. . .

Zm γmA αmS nm = βmn

deployed is n. C refers to the fractional area coverage. Without loss of generality,

the field is partitioned into m zones (Z1,Z2, . . . ,Zm) such that, for each zone Zi, the

area is γiA, ∑
m
i=1 γi = 1; the sensing area in it is αiS, 1 = α1 ≥ α2 ≥ . . .≥ αm > 0;

and the number of sensors allocated to it is ni = βin, ∑
m
i=1 βi = 1. See Table 2.1

for a summary. According to this formulation, an allocation in which βi = γi is

the oblivious allocation. The order 1 = α1 ≥ α2 ≥ . . . ≥ αm > 0 is imposed for

the sake of solutions that required an ordering of the zones by sensing area.

In general, the allocation problem can be defined as follows: Given m func-

tions fi(ni) that characterize the quality of coverage of Zi by ni sensors, for all

1≤ i≤m, and g( f1(n1), . . . , fm(nm)) that characterizes the coverage of an m-zone

field by an allocation (n1,n2, . . . ,nm) of n sensors, find an allocation that maxi-

mizes g. This paper specifically analyzes the case when fi(x) characterizes ex-

pected coverage by a random distribution of sensors in Zi. The exact formulation

of fi(x) is the subject of the following discussion.

Liu and Towsley [41] cite a result in stochastic geometry [21] that the expected

coverage of the infinite plane is 1−e−λS, where S is the expected sensing area and

λ is the expected number of sensors per unit area. This is for the case when sensor

positions are modeled by a stationary two-dimensional Poisson point process with

density λ . This formula can be modified to calculate the coverage of a bounded
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region with area A by n uniformly distributed sensors located within the field [36]:

1− e−
Sn
A (2.1)

Lazos and Poovendran [36] derive a more accurate formula for coverage by n

uniformly distributed heterogeneous sensors that intersect a field, which accounts

for border effects and the shapes of individual sensing areas:

1−
n

∏
i=1

(
2πF0 +L0Li

2π(F0 +Fi)+L0Li

)
(2.2)

Here, F0 is the field area, L0 is the field perimeter, and Fi and Li are the area and

perimeter, respectively, of each sensor i. Koskinen [30] provides a less precise

formula:

1− (1−S/A′)n (2.3)

Here, A′ is the area of the entire region that a sensor placed within it will intersect

the field. Both Eq. (2.2) and Eq. (2.3) equal Eq. (2.1) in the limit as the area of

the field approaches infinity.

Although Eq. (2.2) accounts for differing coverage along the border of the

field, it is not a measure of coverage by sensors located strictly within the field,

and the assumption here is that sensors only affect coverage of the field in which

they are located. Koskinen [30] provides an exact formula for the coverage of a

disk-shaped field by disk-shaped sensors placed within the field, but this includes

an unsolved integral and is only applicable to that scenario. As demonstrated in
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the following sections, Eq. (2.1) leads to a simple analysis that yields fairly good

results in practice (equations Eq. (2.2) and Eq. (2.3) can easily be substituted for

Eq. (2.1) by using a different value for S/A in e−Sn/A).

It remains to be shown how effective these formulas are as estimates of ex-

pected coverage by sensors placed within a bounded region. Figure 2.1 shows the

results of simulations using the synthetic environment described in Section 2.5. In

these simulations, disk-shaped sensors with radii ranging from 10 to 50 units were

placed in a disk-shaped field with a 100 unit radius. The coverage of the entire

field (whose area is denoted A′); the center (whose area is denoted A), defined as

the disk centered at the field center with radius 100 minus the sensing radius; and

the border, which is the remaining portion of the field, were measured for sensor

counts ranging from one to the number needed for an expected coverage of 0.98

according to Eq. (2.1). Figure 2.1(a) shows the results for sensing range 30, for

which the ratio S/A′ equals 0.09 and the required number of sensors for an ex-

pected coverage of 0.98 is 36. Note the disparity between coverage of the center

and the border, which is as high as 0.12. Figure 2.1(b) shows the difference be-

tween the simulated coverage of the center and the expected coverage according

to Eq. (2.1), Eq. (2.2), and Eq. (2.3), over all sensor counts. Note that expected

coverage according to Eq. (2.2) and Eq. (2.3) are equal in this case, so only the

plot for the difference between simulated coverage and expected coverage accord-

ing to Eq. (2.2) is visible. Here it is clear that Eq. (2.2) and Eq. (2.3) are indeed

very good estimates of coverage, while Eq. (2.1) is a fair estimate, with error

exceeding 0.02 only when S/A > 0.4. The results are not as good when border
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Figure 2.1: Coverage of a disk-shaped field

effects are considered, as shown in Figure 2.1(c). Already when S/A′ = 0.09, the

errors of Eq. (2.2) and Eq. (2.3) are close to 0.05, while the error of Eq. (2.1) is

0.035. It is clear that Eq. (2.1) is a better estimate of coverage in this case, with

an acceptable error of 0.025 when S/A′ ≤ 0.05.

Based on the observations above, Eq. (2.1) is the foundation for all solutions

in this paper. Consequently, Eq. (2.4) can be used to determine the number of

sensors required for expected coverage C.

n =− ln(1−C)
A
S

(2.4)
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2.2 Two Zones

This section addresses the specific case of allocating sensors in a field with only

two zones, Z1 and Z2. To simplify the derivations of the solutions, a single value

β is used to define the sensor allocation, such that β2 = β and β1 = (1− β ).

Additionally, α1 is included in most of the expressions below, even though it can

be excluded, to correlate the results here with those in Section 2.3. Based on Eq.

(2.1), coverage can be calculated in O(1) operations with the following formula

(it is assumed that each arithmetic operation can be performed in constant time):

γ1

(
1− e−

α1S
γ1A (1−β )n

)
+ γ2

(
1− e−

α2S
γ2A βn

)
= 1− γ1e−

α1S
γ1A (1−β )n− γ2e−

α2S
γ2A βn (2.5)

This reduces to Eq. (2.1) when β = γ2 and α2 = 1. The optimal allocation can be

derived using exhaustive search in O(n) time or binary search (see Algorithm 1 for

one implementation) in O(logn) time. Binary search is valid because Eq. (2.5),

as a function of β , is concave in the interval [0,1]; consequently, there is only one

maximum in coverage. This can be shown by taking the second derivative of Eq.

(2.1) with respect to β .

These search strategies are applicable even when coverage is not characterized

by Eq. (2.5), although binary search is limited to cases in which there is a single

maximum in coverage. They will be useful for experimentally finding the optimal

allocation in Section 2.5. When coverage is characterized by Eq. (2.5), however,
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Algorithm 1 BinarySearch(n) returns (n′,n−n′)
l← 0; r← n
while l < r do

m1← l + 1
4(r− l); m2← l + 1

2(r− l); m3← l + 3
4(r− l)

a1← (m1,n−m1)
a2← (m2,n−m2)
a3← (m3,n−m3)
if coverage by a1 > coverage by a2 then

r← m2−1
else if coverage by a2 > coverage by a3 then

l← m1 +1; r← m3−1
else

l← m2 +1
end if

end while
return (l,n− l)

the optimal allocation can be derived in constant (O(1)) time with Solution 2.1.

Solution 2.1 (Direct calculation). Calculate n2 by first calculating βopt with Eq.

(2.6) and then rounding βoptn to the integer for which coverage is maximum.

βopt =


0 if n≤−A

S
γ1
α1

lnα2

1
∑

2
i=1

γi
αi

γ2
α2

(
A
Sn

γ1
α1

lnα2 +1
)

otherwise
(2.6)

Proof. Since there is only one maximum in coverage, it is sufficient set the deriva-

tive of Eq. (2.5) with respect to β equal to 0 and solve for β . See Appendix B.1

for the complete derivation. For values of n for which the resulting formula is less

than 0, set β equal to 0.

Based on Solution 2.1, the number of sensors required to guarantee a certain
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level of coverage can be calculated directly using the next solution.

Solution 2.2. The number of sensors n required to achieve coverage C under the

optimal allocation can be calculated as follows:

n =


− γ1A

α1S ln γ1−C
γ1

if C < γ1(1−α2)

∑
2
i=1

γi
αi

A
S

(
ln(1−C)− ln

(
∑

2
i=1

γi
αi

)
− 1

∑
2
i=1

γi
αi

γ2
α2

lnα2

)
otherwise

(2.7)

Proof. First derive Eq. (2.8), the formula for coverage C by the optimal allocation

of n sensors, by substituting Eq. (2.6) for β in Eq. (2.5), and then solve for n. See

Appendix B.2 and B.3 for the complete derivations.

C =


γ1

(
1− e−

α1S
γ1A n
)

if n≤−A
S

γ1
α1

lnα2

1−
2

∑
i=1

γi

αi

(
α

γ2
α2
2

) 1
∑

2
i=1

γi
αi e

1
∑

2
i=1

γi
αi

Sn
A

otherwise
(2.8)

Finally, Solution 2.3 upper bounds the improvement of Solution 2.1 over the

oblivious allocation, which is to set β = γ2. The upper bound depends on the value

of βopt . When βopt < γ2, the maximum absolute improvement is trivially 0.5 when

S→ A, γ2→ 0, α2→ 0, and only one sensor is deployed. In less extreme cases,

significant coverage is only achieved when the sensor count is large enough such

that βopt > γ2. Therefore, the focus here is on the case when βopt > γ2.
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Solution 2.3. An upper bound in absolute improvement when βopt > γ2, for any

set of values of α2, γ2, n, A, and S, can be calculated with the following formula.

γ1γ2(1−α2)(γ1α2 + γ2)
γ1α2+γ2
γ1(1−α2) α

α2
1−α2
2 (2.9)

Proof. First, observe that β increases with n, since lnα2 is negative for α2 < 1

and limn→∞
Aγ2γ1 lnα2

Sn = 0. Therefore, the improvement in Z2 is an upper bound on

the total improvement. Begin with the difference in coverage of Z2 between using

β = βopt and β = γ2.

γ(e−
α2S
γ2A γ2n− e−

α2S
γ2A

1
γ1α2+γ2

(
Aγ2γ1 lnα2

Sn +γ2)n) (2.10)

Find the value of n at which this is maximum by setting the derivative with respect

to n equal to 0 and solving for n.

n =− A
α2S

(
γ1α2 + γ2

γ1(1−α2)
ln(γ1α2 + γ2)+

α2

1−α2
lnα2

)
(2.11)

Substitute this value of n back into Eq. (2.10) and reduce to find the upper bound.

Figure 2.2(a) illustrates the range of values of Eq. (2.9). The maximum im-

provement when accounting for coverage in Zone 1 as well, as found by numerical

approximation, is slightly less, as illustrated in Figure 2.2(b). In both cases, the

maximum value is 0.13, when α2 → 0 and γ2 ≈ 0.39. An upper bound on rela-

tive improvement can also be found by numerical approximation. As a result, the
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Figure 2.2: Improvement of optimal allocation over oblivious allocation in a two-
zone field

following conclusion can be made:

Remark 2.4. When βopt > γ2, absolute improvement never exceeds 0.13 and rela-

tive improvement never exceeds 1.17.

2.3 Multiple Zones

This section addresses the general case of a field with multiple (m) zones. The

area of each zone Zi, the sensing area within, and the number of sensors allocated

to it are defined in Table 2.1. Accordingly, the expected coverage of the entire

field by an allocation (β1n, . . . ,βmn) is

m

∑
i=1

γi

(
1− e−

αiS
γiA

βin
)
= 1−

m

∑
i=1

γie
−αiS

γiA
βin (2.12)
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This is a generalization of Eq. (2.5). The coverage of each zone can be calculated

in O(1) time and of the whole field in O(m) time. As in the two-zone case, the

optimal allocation can be found using exhaustive search of all
(n+m−1

m−1

)
possible

allocations. Exhaustive search is applicable to any function of coverage by a sen-

sor allocation. However, this is not considered polynomial in n, since, for n = m,(2n−1
n−1

)
≥ 22n−1
√

n . Even for small m, this is intractable when n is on the order of 103

or more, as is the case in Section 2.5. The next three solutions can find the optimal

allocation in polynomial time.

Solution 2.5 (Dynamic programming, O(n2m)). Derive the optimal allocation

with the following dynamic programming formulation, in which H(i, j) is the

maximum achievable coverage by the allocation of j sensors to zones Z1 to Zi,

and fi( j) is the coverage of Zi by j sensors.

H(i, j) = max
0≤k≤ j

{γi fi(k)+H(i−1, j− k)}

H(1, j) = γ1 fi( j) (2.13)

Solution 2.6 (Greedy allocation, O(n logm)).

1. Store the zones in a heap, giving priority to zones with the maximum in-
crease in coverage when adding a sensor.

2. While there are unallocated sensors:

(a) Remove the top zone Z from the heap

(b) Allocate a sensor to Z

(c) Calculate the coverage increase by adding another sensor to Z
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(d) Insert Z in the heap

Proof. A proof by contradiction shows that the greedy algorithm obtains the op-

timal allocation. If the final allocation is not optimal, then coverage can be im-

proved by moving at least one sensor from Zi to Z j, for some i and j. Let this

be the last sensor allocated to Zi in the one-by-one allocation. The increase in

coverage was greater by assigning it to Zi rather than Z j in the round that it was

allocated to Zi. The increase in coverage by any sensor added to Z j afterwards

must have been less than the increase by adding this sensor to Zi. Otherwise, it

would have been assigned to Z j before them. Therefore, coverage cannot be im-

proved by moving a sensor between zones. This is even true for moving several

sensors, since the coverage increase declines with each sensor added to Z j, while

the coverage decrease grows as those same sensors are removed from Zi.

The complexity is derived as follows. There are O(n) rounds, one for each

sensor. Each round requires O(logm) steps to reorder the heap. The coverage

increase can be calculated in O(1) time by applying Eq. (2.1).

Solution 2.7 (Binary search, O((logn)m−1)). The idea behind this algorithm is to

perform a binary search of the optimal partition of n sensors between zone Z1 and

zones Z2, . . . ,Zm, with the optimal partition of the sensors allocated to Z2, . . . ,Zm

derived recursively by the same method. Algorithm 2 is one way to implement

this algorithm.

These solutions are applicable even when coverage is not characterized by Eq.

(2.12). The greedy algorithm applies when each fi is strictly increasing, while dy-
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Algorithm 2 BinarySearch(Zi,n′,(n1, . . . ,ni−1)) returns (n1, . . . ,nm)

if i = m then
return (n1, . . . ,nm−1,n′)

else
l← 0; r← n′

while l < r do
m1← l + 1

4(r− l); m2← l + 1
2(r− l); m3← l + 3

4(r− l)
a1← BinarySearch(Zi+1,n′−m1,(n1, . . . ,ni−1,m1)
a2← BinarySearch(Zi+1,n′−m2,(n1, . . . ,ni−1,m2)
a3← BinarySearch(Zi+1,n′−m3,(n1, . . . ,ni−1,m3)
if coverage by a1 > coverage by a2 then

r← m2−1
else if coverage by a2 > coverage by a3 then

l← m1 +1; r← m3−1
else

l← m2 +1
end if

end while
return Best allocation found in binary search

end if

namic programming is suitable for all types of functions f . Binary search is only

applicable when there is a single maximum coverage of zones Z1, . . . ,Z− i, for all

i≤m, by n sensors. These solutions will be useful in Section 2.5. However, when

coverage is characterized by Eq. (2.12), the optimal allocation can be derived in

O(m) time with Solutions 2.10 and 2.13.

Solution 2.10 uses an approach similar to Solution 2.5: Given the optimal

coverage by the allocation of any number of sensors n′ ≤ n to zones Z1 . . .Zi−1,

determine the optimal partition of n sensors between Zi and Z1 . . .Zi−1. How-

ever, instead of using dynamic programming to calculate the optimal coverage

and partition, these values are calculated directly in O(1) time, resulting in an
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O(m) solution. For this solution, let Z′i be the combination of zones Z1, . . . ,Zi and

β ′i be a partition of sensors between Zi and Z′i−1. The expected coverage is

1−
m

∑
i=1

γie
−αiS

γiA
β ′i ∏

m
j=i+1(1−β ′j)n (2.14)

The following proposition establishes that the coverage of zone Z′i by n sensors

can be calculated with a single expression in O(1) time. Solutions 2.10 and 2.14

follow as a direct result.

Proposition 2.8. Coverage by an optimal allocation of n sensors to zones Z1 . . .Zi

that results in the allocation of at least one sensor to each zone is equal to the

expression
i

∑
j=1

γ j

1−Cie
− α ′i S

∑
i
j=1 γ jA

n
 (2.15)

for some values of Ci and α ′i .

The proof of Proposition 2.8 can be found in Appendix A.

Note 2.9. Proofs by induction establish that Eq. (2.16) and Eq. (2.17) below are

closed form expressions for αi and Ci, respectively. These expressions, along with

the equality ∑
i−1
j=1

γ j
α j

lnαi−∑
i−1
j=1

γ j
α j

lnα j = ∑
i
j=1

γ j
α j

lnαi−∑
i
j=1

γ j
α j

lnα j, are used

in simplifying Eq. (2.15) and Eq. (A.2), as found in Solutions 2.14 and 2.10,
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respectively.

α
′
i =

∑
i
j=1 γ j

∑
i
j=1

γ j
α j

(2.16)

Ci =
∑

i
j=1

γ j
α j

∑
i
j=1 γ j

(
i

∏
j=1

α

γ j
α j
j

) 1

∑
i
j=1

γ j
α j (2.17)

Solution 2.10 (Recursive allocation, O(m)). Begin by calculating β ′optm with Eq.

(2.18) below, rounding β ′optmn to the integer for which coverage is largest. Allocate

this number of sensors to Zm, and then recursively partition the remaining sensors

in Z′m−1 using the same method.

β
′
opti =


0 if n <−A

S

(
i−1
∑
j=1

γ j
α j

lnαi−
i−1
∑
j=1

γ j
α j

lnα j

)
γi
αi

1
∑

i
j=1

γ j
α j

(
A
Sn

(
i−1
∑
j=1

γ j
α j

lnαi−
i−1
∑
j=1

γ j
α j

lnα j

)
+1

)
otherwise

(2.18)

The complete details of the derivation Eq. (2.18) can be found in Appendices

A and B.4.

Note 2.11. When m = 2, this equation equals Eq. (2.6).

Note 2.12. The oblivious allocation is to set β ′i = γi/∑
i
j=1 γ j.

Alternatively, the number of sensors required to guarantee a certain level of

coverage can be calculated directly using the next solution.
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Solution 2.13 (Direct calculation, O(m)). First, determine the largest k for which

n >−A
S

(
k−1

∑
j=1

γ j

α j
lnαk−

k−1

∑
j=1

γ j

α j
lnα j

)

Then allocate sensors according to the following partition:

βopti =


0 if i > k

γi
αi

1
∑

k
j=1

γ j
α j

(
A
Sn

(
k−1
∑
j=1

γ j
α j

lnαi−
k−1
∑
j=1

γ j
α j

lnα j

)
+1

)
otherwise

(2.19)

Proof. This is derived using the method of Lagrange multipliers. A sketch of the

derivation is as follows. Set the Lagrange function to

1−
k

∑
i=1

γie
−αiS

γiA
βin−λ (

k

∑
i=1

βi−1) (2.20)

Set the partial derivative with respect to each βi equal to 0 and solve for each βi,

such that, for all 1≤ i≤ k,

βi =−
γiA

αiSn

(
ln

λA
Sn
− lnαi

)
(2.21)

Take the partial derivative of the Lagrangian with respect to λ and set it equal to

0, substitute Eq. (2.21) for each βi, and solve for ln λA
Sn .

ln
λA
Sn

=− 1

∑
k
j=1

γ j
α j

(
Sn
A
−

k

∑
j=1

γ j

α j
lnα j

)
(2.22)
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Substitute this back into Eq. (2.21) and simplify to get Eq. (2.19). Note that k

should be set as large as possible such that βi > 0, for all 1≤ i≤ k.

Similar to Solution 2.2, the number of sensors required to guarantee a certain

level of coverage can be calculated directly using the next solution.

Solution 2.14. The number of sensors n required to achieve coverage C under the

optimal allocation can be calculated as follows:

n =
A
S

i

∑
j=1

γ j

α j

(
ln

(
i

∑
j=1

γ j−C

)
− ln

i

∑
j=1

γ j

α j
− 1

∑
i
j=1

γ j
α j

i

∑
j=1

γ j

α j
lnα j

)
(2.23)

where i = argmaxi≥1

(
C ≥ ∑

i
j=1 γ j−∑

i
j=1

γ j
α j

αi

)
Proof. According to Proposition 2.8, optimal coverage of the entire field is

C =
i

∑
j=1

γ j

1−Cie
− α ′i S

∑
i
j=1 γ jA

n
 (2.24)

where i = argmax
i≥1

(
n≥−A

S

(
i−1
∑
j=1

γ j
α j

lnαi−
i−1
∑
j=1

γ j
α j

lnα j

))
. Optimal coverage of

the entire field is therefore

i

∑
j=1

γ j

(
1−

∑
i−1
j=1

γ j
α j

∑
i−1
j=1 γ j

αi

)
(2.25)

when n =−A
S

(
i−1
∑
j=1

γ j
α j

lnαi−
i−1
∑
j=1

γ j
α j

lnα j

)
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2.4 Extensions

This section shows how the generic solutions above can be used for deterministic

deployment. It also shows how the O(m) solutions can be applied to two general

models of coverage.

2.4.1 Deterministic deployment

The optimal arrangement of sensors in a deterministic deployment varies with

the number of sensors, the size and shape of their sensing areas, and the size and

shape of the field of coverage. Unfortunately, there are no general results for these

types of problems [6]. However, it is possible to make the following assumption

to guide the allocation process, at least in the case of disk-shaped sensing areas:

Assume that the optimal arrangement in a bounded region is the same as that for an

unbounded region, which is along the grid points of a triangular lattice, such that

each sensor occupies a hexagonal area. The coverage of a region with area A by n

sensors is therefore equal to the coverage of any hexagon a sensor occupies. The

size of such a hexagon is A/n, such that the distance d between sensors is
√

2A√
3n

.

The radius r of a sensing area with size S is
√

S/π . The optimal allocation can be

derived with the greedy algorithm, using the following formula for coverage [48]:

C =



1 d
r ≤
√

3

1− A√
3

4 d2

√
3 < d

r ≤ 2

2π√
3

( r
d

)2 d
r > 2

(2.26)
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where

A =

√
3

4
B2−3r2 arcsin

B
2r

+
3
4

B
√

4r2−B2

B =
d
2
−
√

3r2− 3
4

d2

2.4.2 Fault tolerance

Fault tolerance is an important issue in sensor network deployment [52], as power

supplies are limited and sensors are prone to failure even upon deployment. In

this case, if all sensors in zone Zi are associated with a probability of failure pi,

then Solutions 2.10 and 2.13 can still be applied by replacing αi with piαi and

reordering the zones according to the values of piαi.

2.4.3 Differentiated detection

Many works consider regions of preferential coverage within the deployment field

[15, 68], such as densely populated areas [66] and amphibian hot-spots [53]. One

way to address this issue is by weighting the coverage of each zone according to

its priority, with the objective of maximizing weighted coverage [66]. In this case,

Eq. (2.12) can be modified by multiplying the coverage of each zone by weight

wi rather than γi. The weights can be normalized such that they sum to one and

maximum coverage is upper bounded by one. Coverage is calculated with the
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following modification of Eq. (2.12):

m

∑
i=1

wi

(
1− e−

αiS
γiA

βin
)

(2.27)

The optimal allocation can be derived with Solution 2.13, except that lnαi is re-

placed with ln wiαi
γi

and the zones are ordered according to the value of wiαi
γi

.

2.5 Simulation Results

This section evaluates the accuracy of the above solutions through simulations.

Specifically, optimal coverage for various scenarios is found experimentally–using

simulated coverage in a binary search–and compared to coverage by the analyti-

cally derived optimal allocation. The results are very encouraging: Even though

expected coverage differs from simulated coverage, the analytic optimal allocation

is close to the experimentally optimal allocation. This means that the formulas

presented in Section 2.1 can be used effectively to derive the optimal allocation,

despite their imprecision. The improvement in coverage by the optimal allocation

over the oblivious allocation and other base strategies is reported as well. Finally,

zone allocation for deterministic deployment is compared to other strategies.

In the simulations, sensing ranges are calculated using a weighted distance

function [14] to model sensing areas more realistically than the standard disk sens-

ing model. According to this model, a line between any two points in the field is

partitioned into line segments by the zones of the field. The weighted distance
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Figure 2.3: Coverage under the weighted distance model visualized

between the points is the sum of the segment lengths normalized by the sensing

range in the zones to which they belong. For example, if the line from A to point

B covers 10 units, 15 units, and 5 units in zones Z1, Z2, and Z3, respectively, and

the sensing range in Z1, Z2, and Z3 are respectively 40, 30, and 20 units, then

the weighted distance between A and B is 10/40+ 15/30+ 5/20 = 1. A sensor

covers all points whose weighted distance from the sensor is less than one. The

sensing area of a sensor is disk-shaped when all of the points it covers are in the

same zone in which the sensor is located. The values of S and αi are set according

the areas of these disk shapes. In the example provided, S = π402, α2 =
(3

4

)2
, and

α3 =
(1

2

)2
. Figure 2.3 shows how the sensing areas are affected by this model in a

field with nine zones arranged in a 3x3 grid. The circles indicate what the sensing

areas would be without the weighted distance model.

In order to simplify the problem of calculating the area covered, coverage

is measured by superimposing a square lattice on the field of deployment and
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counting the number of points that are covered by at least one sensor. For example,

coverage of a 400 unit by 400 unit field is measured by superimposing a 400x400

grid on the field, with a distance of one unit between neighboring points. In order

to further simplify calculations, sensor locations are restricted to lattice points.

Simulations in select scenarios showed that the standard deviation of the mean

of fifty repetitions is 0.003, implying that the probability that the average of fifty

simulations differs from the actual mean by less than 0.005 is 95%. While this

is satisfactory to estimate coverage by an allocation, it is not satisfactory for any

search method. Small errors in coverage estimates can lead to large errors in the

search process; in fact, greedy allocation is ineffective because it provides very

bad partitions. Binary search is better, but still results in some error. In order to

reduce the search error, the average of five hundred simulations is used instead.

The first set of results are for a two zone field with area A = 4002, a 20 unit

sensing range in Z1, α2 ranging from 0.05 to 0.90, γ2 ranging from 0.1 to 0.9,

and sensor counts ranging from 1 to the number required for expected coverage

of 0.98. Simulated coverage differed from expected coverage by as much 0.02 for

both the oblivious and optimal allocations. Optimal coverage could not be deter-

mined with complete accuracy; for example, coverage by the analytically optimal

allocation was sometimes better than the experimentally optimal allocation, even

if the allocations were the same. However, coverage by both methods never dif-

fered by more than 0.003. This indicates that the analytic solution is close to

optimal, even though it does not account for the border effects that were present

in the simulations.
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Figure 2.4 shows the maximum improvement in coverage by the optimal al-

location over the oblivious allocation when β2 > 0. It is similar to Figure 2.2(b),

but the values sometimes differ by as much as 0.008. This is because coverage

is not accurately represented by the formulas used to derive the solutions. For

example, Figure 2.5 shows the difference in expected and simulated coverage by

the oblivious and analytically optimal allocations when α = 0.2 and γ = 0.5. The

difference is greater for the optimal allocation than for the oblivious allocation.

Accordingly, the expected improvement is greater than the actual improvement.

Finally, the oblivious allocation was compared to a uniform distribution of sensors

throughout the field, since practically it may be simpler to use a uniform distribu-

tion than some allocation scheme. The difference in coverage was at most 0.007

and 0.001 on average.
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The optimal allocation was derived experimentally for a four zone field as

well. The area of the field area was A = 4002, the sensing ranges were 8, 12,



SIMON SHAMOUN OPTIMIZATION PROBLEMS IN SENSOR NETWORKS 39

0.4

0.5

0.6

0.7

0.8

0.9

1.0

200 400 600 800 1000 1200 1400
co

ve
ra

ge

sensors

oblivious
optimal

fixed

Figure 2.6: Coverage of a nine zone field

16, and 20, and each zone occupied a different quadrant of the field. Finding the

optimal solution is challenging in such a scenario. On average, coverage by the

experimental allocation was 0.00009 less than coverage by the analytic allocation,

but still no less than 0.0035. The number of allocations evaluated during a binary

search is best represented by the function (1.02logn)4. 12,248 allocations were

evaluated to find the optimal allocation of 1,147 sensors–the number of sensors

required for coverage of 0.96. Based on this estimate, the number of allocations

that need to be evaluated becomes intractable even for a field with nine zones.

For this reason, the analytic allocation is the best method for finding the optimal

solution. Figure 2.6 shows coverage of a nine zone field, in which A = 9002 and

sensing ranges were 8,12, . . . ,40, by the oblivious and optimal allocations and a

new allocation called “fixed”. According to this strategy, β ′opti is set to γi
αi

1
∑

i
j=1

γ j
α j

,

which is the value of β ′opti in Eq. (2.18) as n→ ∞. The fixed strategy is meant to

be an alternative to the oblivious allocation that also uses fixed proportions. It is

clear that it is a good strategy for large sensor counts only.
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Finally, deterministic deployment strategies were compared for the four zone

field described above. Figure 2.7 shows coverage by three strategies: uniform

placement along a triangle lattice superimposed on the entire field; zone alloca-

tion and lattice arrangement in each zone, as described in Section 2.4; and greedy

assignment [15, 66, 68], in which each sensor is placed where coverage increase is

greatest. Additionally, an upper bound on coverage by zone allocation is shown.

Greedy assignment slightly outperformed zone allocation, and both greatly out-

performed uniform placement. However, greedy assignment took over 30,000

times longer to execute than zone allocation, on average. Figure 2.8 shows the

arrangement of 350 sensors by both methods. Zone allocation is more organized;

better coverage is possible by changing the horizontal and vertical distances be-

tween grid points.
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Figure 2.7: Coverage by deterministic deployment
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(a) zone allocation (b) greedy assignment

Figure 2.8: Examples of Deterministic Deployment



Chapter 3

Sensor Selection

The goal of this chapter is to design a link- and data-driven technique to determine

which sensors are most critical for overall sensing quality, especially when the

real-time budget constraints are tight. In Section 3.1, we introduce the overall

sensor selection problem in the context of linked information networks. In Section

3.2, we study the problem of link error modeling, which is required in order to

assign values to the variables of the optimization problem. In Section 3.3, we

show that the problem is NP-hard, and design effective integer programming and

approximation algorithms. Section 3.4 presents the experimental results.

3.1 The Sensor Selection Problem

In this section, we introduce the sensor selection problem in the context of linked

information networks. We note that the network of relationships between sen-

42
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sors can be represented as a graph. In general, let the simple directed graph

G = (V,E) represent a network of n sensors and m logical links between sensors.

Each vertex vi ∈ V represents a sensor and its associated stream, and each edge

ei j = (vi,v j) ∈ E represents a logical link between sensors. These logical links

can be designed on the basis of proximity or any other domain-specific property

that affects predictions between sensors. In general, regression modeling [1] can

be used to predict one sensor time series from another selected sensor. We note

that it is computationally impractical to examine the behavior of all sensor pairs

in order to make decisions about which sensors to select for the prediction pro-

cess. For example, a network of 104 sensors contains 108 possible vertex pairs.

Such a large number of possible node pairs can make the sensor selection problem

computationally impractical. The logical links between sensors provide external

domain-specific information which can significantly reduce the computation re-

quired in the selection process.

Each vertex vi is associated with a cost of selection ci, an importance ui, and a

prediction error qi. Each edge ei j is associated with a prediction error pi j. We note

that ci and ui are set in an application-specific manner. The cost ci may reflect the

consumption of power or some other resource by a sensor during the data collec-

tion process. The importance ui reflects the importance of a sensor in providing

useful information to the underlying application. The error of the regression when

using vi to predict v j is denoted pi j. The error of not predicting vi at all is denoted

qi. The problem of selecting the optimal set of sensors in order to make predic-

tions about all other sensors can be formulated either as a minimization problem
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or a maximization problem. In the minimization formulation, we minimize the

weighted error of selecting a particular set of sensors. In the maximization for-

mulation, we maximize the weighted reduction in error that arises from selecting

a particular set of sensors over the trivial solution of not selecting any sensors at

all.

The objective in the first (minimization) formulation of the problem is to select

a set of sensors S ⊆ V which minimizes the total prediction error of all streams

and whose total cost does not exceed some budget constraint B. In this case, we

define the weighted non-predictability error zi as the importance-weighted error

of not being able to predict sensor vi at all; therefore, zi is set to ui ·qi. Similarly,

we create a weighted version of the link prediction error, which is set according

to the importance u j of the target sensor v j. The weighted error wi j of predicting

sensor v j from sensor vi is set to wi j = u j · pi j. The idea here is that the error of

predicting sensor v j from sensor vi is magnified by the importance u j of sensor v j.

The objective function for a set of sensors S is calculated by iterating over each

node v j and computing its contribution to the total prediction error as follows: (1)

If v j is in S, it contributes 0 to the error. (2) If v j is not in set S, but there is an edge

from at least one vertex in S to v j, then the error it contributes is the minimum

weighted prediction error wi j = u j · pi j of sensor v j from any linked sensor vi ∈ S.

The implicit assumption here is that a one-to-one regression model is used from

sensor vi to sensor v j to predict the stream in sensor v j from the stream in sensor

vi. (3) If v j is not covered by any linked sensors, then the error it contributes is the

weighted error z j = u j ·q j of not predicting it at all.
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In the second (maximization) formulation of the problem, the objective is to

select a set of sensors S⊆V that maximizes the total reduction in error and whose

total cost does not exceed some budget constraint B. This is the dual of the min-

imization problem, since maximizing the total reduction in error is equivalent to

minimizing the total error. The key difference is in the definition of the edge

weights. The weight of edge ei j is denoted by w′i j and reflects the importance-

weighted error reduction of sensor v j when the stream at sensor vi is used to

predict it. Specifically, w′i j is set to u j · (q j− pi j). We note that the implicit as-

sumption here is that pi j ≤ q j, since q j represents the maximum error of sensor

v j, which would arise when sensor v j is not predicted at all. The idea is that if vi

could accurately estimate v j in the first (minimization) formulation, then vi elimi-

nates all error in estimating v j in the second (maximization) formulation, such that

w′i j = z j. Now the objective function is computed by summing the error reduc-

tions over all vertices v j ∈V as follows: (1) If v j is in S, it contributes z j = u j ·q j

to the error reduction. (2) If v j is not in set S, but there is an edge from at least one

vertex in S to v j, then the error reduction it contributes is the maximum weighted

prediction error reduction w′i j = u j · (q j− pi j) of sensor v j from any linked sensor

vi ∈ S. (3) If v j is not covered by any linked sensors, then it does not contribute

anything to error reduction. Therefore, its contribution is 0.
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3.2 Link Error Modeling

In order to use the aforementioned formulations, it is necessary to model the errors

on the links between sensors. In this section, we discuss the process of link-error

modeling. The error on the link from vi to v j is denoted pi j. We use regression

modeling between the time series of both streams to estimate the value of pi j. If

the time series at vi and v j are given by x1 . . .xt and y1 . . .yt , respectively, then we

can model y1 . . .yt as a function of x1 . . .xt with the following linear regression

model for a window size of length w:

ym =
w

∑
n=1

an · xm−w+n for w≤ m≤ t (3.1)

Here, a1 . . .aw are regression coefficients, which are used to model the depen-

dence of y1 . . .yt on x1 . . .xt . The values of these coefficients are specific to the

particular pair of nodes that are being tested. Historical samples from the un-

derlying streams are used in conjunction with mean-square regression analysis to

estimate the coefficients [1]. Once these regression coefficients have been esti-

mated, they are used to estimate the error of prediction. Here, the Recursive Least

Square (RLS) method [67] is used to estimate the coefficients. In this method, if

there are n sample pairs consisting of vectors ~xi of w independent values and de-

pendent values yi, then a gain matrix Gi and coefficient vector ~ai are incrementally

updated using~xi, yi, Gi−1, and~ai−1, such that~a =~an. This method also allows for

an optional forget exponent, which exponentially decreases the effect of samples

on the coefficients with time. This can be done in order to make the approach dy-
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namic, in terms of continuously updating the regression coefficients with changes

in the underlying streams.

Once the coefficients have been estimated, they are used to compute an es-

timated value y′m. The estimated values are compared to the true values in or-

der to estimate the underlying error. The square error of prediction is given by

r2
m = (ym−y′m)

2, and the root mean-square error of prediction over the entire win-

dow is
√

∑
t
m=w rm2

t−w . This is the error-value pi j which is assigned to the link between

vi and v j. We note that the value of pi j only needs to be computed between those

vertices vi and v j for which a link ei j is present in the information network.

3.3 Sensor Selection Algorithms

In this section, we design the algorithms for selection of sensor streams. First,

we prove the hardness of the problem of stream selection by reductions from two

well-known problems: the knapsack problem and the dominating set problem.

The reduction from both problems highlights the fact that the problem is hard

even in limited cases: when sensors cannot predict the streams of one another, and

when sensors are able to predict the streams of one other with complete accuracy.

Theorem 1. The stream selection problem is NP-hard.

Proof. We prove the hardness by a reduction from the knapsack problem to the

error reduction (maximization) problem. Consider a knapsack with capacity W

and n items with weight w(li) and value v(li), for each item li. The objective is

to determine if there is a subset of the items whose total weight does not exceed
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W and whose total value is at least V . This can be modeled as a sensor selection

problem in which there are only sensors and no edges (predictability relationships

between sensors). Each sensor vertex vi corresponds to a knapsack item li, with

ci = w(li) and zi = v(li). The equivalent decision problem is to determine if there

is a subset of sensors whose total cost does not exceed W and whose total error

reduction is at least V .

Alternatively, we can prove NP-hardness by a reduction from the dominating

set problem to the maximization version of sensor selection problem. In the dom-

inating set problem, one is given a graph G = (V,E), in which the objective is to

determine if there is a set of vertices V ′ ⊆ V of size k such that, for every vertex

v ∈ V , either v ∈ V ′, or there is an edge from some vertex in V ′ to v. This can be

modeled as the sensor selection problem by using the same graph and assigning

each vertex a cost and weight of 1 and each edge a weight of 1, such that the

maximum error reduction is |E|. There is a one-to-one correspondence between

the vertices selected in the solution to the sensor selection problem to those in the

dominating set problem. The equivalent decision problem is to determine if there

is a set of sensors with budget k whose error reduction equals |E|.

Since the sensor selection problem is NP-hard, even for the limited cases de-

scribed above, bounds on the approximability of the optimal solution remain to be

shown. An upper bound on the approximation factor of any polynomial time al-

gorithm is proven by a reduction from the max-k cover problem, which is defined

as follows: Given a collection of sets S = {S1, . . . ,Sm} that is defined over a set of

elements {x1, . . . ,xn}, choose k sets such that the cardinality of the union of these
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sets is maximal. This is similar to set cover, except that in set cover, the objective

is to find the smallest number of sets that cover all elements.

Theorem 2. No polynomial time algorithm for sensor selection can achieve an

approximation factor better than e−1
e , unless P = NP.

Proof Sketch: This is derived by a reduction from the max-k cover problem

to the maximized error reduction problem. We associate each set Si ∈ S with a

vertex vi with cost 1 and weight 0. We associate each element xi with a vertex vi

with cost ∞ and weight 1. For each set Si and each x j ∈ Si, we assign an edge ei j

between the corresponding vertices vi and v j with weight 1.

A solution to such an instance of the sensor selection problem will only select

vertices associated with sets in S. Furthermore, only edges to vertices associated

with elements covered by the sets associated with selected vertices contribute to

the error reduction. Therefore, a solution to such an instance determines which

sets maximize the weight of the covered elements within the budget constraints.

According to the reduction above, the budget and maximum error reduction

in the sensor selection problem equals k and the maximum number of elements

covered in the corresponding coverage problem. It was already proven that the

best achievable approximation factor for the latter problem is e−1
e , unless P = NP

[16]. The result follows.

Note that the complement to the maximization problem, the error minimiza-

tion problem, has no guaranteed approximation bounds, which can be proven by

a simple reduction from the facilities location problem. For this reason, the focus

here is on the approximability of the maximization problem.
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The relationship of the sensor selection problem to other NP-hard problems

is a useful exercise in cases where the objective functions show exact value cor-

respondence, because it provides an idea of the kinds of algorithms which one

may use in order to provide effective heuristic solutions. Fortunately, the link-

based sensor selection problem has an interesting relationship with the general-

ized maximum coverage problem [13]. This relationship suggests the use of a

carefully designed greedy mechanism [13], which defines and uses the concept of

residual density to regulate the sensor selection process. We will show that such

an approach provides an approximation factor of e−1
2·e−1 for sensor selection, where

e is the base of the natural logarithm. This result applies to the maximization

problem. The complement to the maximization problem, the error minimization

problem, has no guaranteed approximation bounds, which can be proven by a

simple reduction from the facilities location problem.

We propose two classes of solutions to the sensor selection problem. The

first is integer programming, which can be used for either the minimization or

maximization problems. We also present a greedy approximation algorithm for

the maximization problem. We now describe both of these classes of solutions in

detail.

3.3.1 Integer Programming Formulation

An integer programming formulation is a natural way of representing the prob-

lem. One advantage of using integer programming formulations is that they can

be solved quite efficiently by a number of “off-the-shelf” tools. Furthermore, such
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tools can also provide an idea of the quality of the solution, since they often use

linear programming relaxations in order to provide an optimistic bound on solu-

tion quality.

The minimization problem can be solved by transforming it to an integer pro-

gramming formulation that is analogous to that of the p-medians problem [49]. We

use two sets of variables: one for describing the selection of sensors, and another

for describing the predictability between different sensors. The set of variables yi

indicate whether or not the stream from sensor vi is selected for collection. Here,

yi is a binary variable which takes on the value of 1 when the sensor vi is selected

for collection. The binary variable xi j indicates whether or not the stream from

sensor vi is used to predict v j. The variables xi j are defined only for the cases

when the edge ei j is present in the network.

The objective function is to minimize the sum of the weight of the sensors

which cannot be predicted at all (because the sensors are not selected and no

neighboring sensors predict them), and the weighted prediction error of the edges

xi j that are used to make regression-based predictions of sensors that are not se-

lected. The former is the first term in the objective function of the minimization

integer program below, and the latter is the second term in the objective function.

A number of constraints are defined in order to establish the budget constraints

and the relationship between the sensor selection and edge-based regression. The

first constraint ensures that the cost of the selected sensors is at most equal to a

budget B. The second constraint ensures that a sensor can be predicted by either its

direct selection or by prediction from at most one neighboring (inlinking) sensor.
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The third constraint ensures that an edge may be used for prediction only if the

source of the edge is included in the set of selected sensors. The final constraint

ensures that all variables are integer.

Min. ∑
vi∈V

ui ·qi · (1− yi− ∑
j:e ji∈E

x ji)+∑
ei j∈E

u j · pi j · xi j

subj. to: ∑
vi∈V

ci · yi ≤ B, yi + ∑
j:e ji∈E

x ji ≤ 1 ∀vi ∈V

xi j ≤ yi, yi,xi j ∈ {0,1} ∀vi ∈V,ei j ∈ E

The maximization problem can be solved by a similar integer programming

formulation, in which the objective is to maximize the total reduction in the error

as a result of sensor selection. We use the same set of decision variables yi and

xi j. The reduction in error as a result of selecting sensors can be of two types,

which is reflected in the two kinds of the terms in the objective function below:

(1) For the case of selected sensors, the reduction in error is equal to the maximum

importance weighted error, which is also equal to z j = u j ·q j. This is reflected in

the first term in the objective function of the formulation below. (2) For the case

of sensors which are not selected, but are predicted by a neighboring sensor, the

reduction in error is equal to u j · (q j− pi j). This is reflected in the second term of

the objective function below. Therefore, the decision problem may be formulated
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as follows:

Maximize ∑
vi∈V

ui ·qi · yi + ∑
ei j∈E

u j · (q j− pi j) · xi j

subj. to: ∑
vi∈V

ci · yi ≤ B, yi + ∑
j:e ji∈E

x ji ≤ 1 ∀vi ∈V

xi j ≤ yi yi,xi j ∈ {0,1} ∀vi ∈V,ei j ∈ E

The constraints in the maximization and minimization formulations are similar,

since they use the same variables and constraints. The main difference is in the

formulation of the objective function. An advantage of formulating the problem

as a maximization problem is that it lends itself to the use of other algorithms

which can be implemented efficiently and also have a number of nice approxima-

tion properties. This also provides us with bounds on the quality of the solutions.

We will discuss one such algorithm below, which leverages the use of the maxi-

mization formulation.

3.3.2 Greedy Approximation Algorithm

The aforementioned relationship of the maximization version of the sensor selec-

tion problem to the maximum coverage problem [13, 27] provides us with some

ideas about the approximation algorithms that one may use to solve the problem.

We will leverage this relationship to design an algorithm with a constant approxi-

mation factor.

In this algorithm, the sensor with the highest residual density of importance-
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Algorithm GreedySelect(SensorSet: V ; EdgeSet: E;
Budget: B; ImportanceVector: u; CostVector: c;

MaxSensorErrors: q; RegressionErrorVector: pi j);
begin

L = {}; { Current Sensor Set }
repeat
Determine the sensor with largest value of

residual density R(L,vi)/ci, if one exists
such that L∪{vi} is within budget B;

if such a vi exists, then add to L;
until(no vertex vi can be added to L);
Determine single vertex vs with

largest value of R({},vs);
return the better of L and {vs}

in terms of overall regression based error;
end

Figure 3.1: Greedy sensor selection

weighted error reduction among the not-yet-selected sensors is added to the set of

selected sensors in each round if its cost does not violate the budget constraints.

Therefore, we need to define the concept of density of importance-weighted error

reduction. For a given set of sensors L that have already been selected, we can

calculate the optimal assignments for regression-based prediction and use it to

compute the importance-weighted error of prediction for this set of sensors. We

can then calculate the further (or residual) importance-weighted reduction in error

of prediction by adding sensor vi to L, which we denote R(L,vi). In general, the

value of R(L,vi) is non-increasing with increasing size of L. We note that this

reduction in error is computed in terms of the regression errors pi j, the sensor

importance ui, and the maximum sensor errors qi. The residual density of a sensor
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is the residual error reduction R(L,vi) divided by the cost ci of sensor vi. In other

words, the residual density of sensor vi with respect to the current sensor set L is

given by R(L,vi)/ci.

It turns out that this approach may sometimes not have an approximation

bound because of special cases in which a single sensor may provide excellent

prediction of all other sensors, yet has a high cost. Consider the following ex-

ample [27]: Let V = {v1,v2}, such that z1 = 1,z2 = p,c1 = 1,c2 = (p+ 1). The

residual density of v1 and v2 in the first round is 1 and p/(p+1), respectively. If

the budget is p, then only v1 will be selected with a weight of 1, while the optimal

solution is v2 with a weight of p. The approximation factor is p and is therefore

unbounded. In order to neutralize the effect of such cases, we simply consider a

solution in which we pick the single vertex vi (within the budget constraints) that

has the largest value of R({},vi). Note that we are not dividing by the cost ci in

this case. Since the coverage to cost ratio may be less than that of other subsets,

greedy selection does not necessarily select this subset. The best set among the

two possibilities (greedy selection and the singleton set) is reported as the optimal

solution. The overall algorithm for sensor selection is illustrated in Figure 3.1.

A key step in this algorithm is the computation of the residual error reduction

R(L,vi) in each step. We note that each sensor v j is either selected in the set L,

not predicted at all, or is predicted by the vertex vk ∈ L with the smallest value

of pk j and a corresponding importance weighted error of u j · pk j. If the sensor

v j is currently predicted by vk, and vi has lower error pi j of regression-based

predictability than the current value pk j, then this reduces the error by u j · (pk j−
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pi j). On the other hand, if sensor v j is currently not predicted at all by any sensor,

then the error is reduced by u j · (q j− pi j). Otherwise, there is no error reduction

of sensor v j. Therefore, the residual error reduction is defined as the sum of these

values over all the sensors. The residual error reduction density is then determined

by dividing this value by the cost ci. It remains to show that the above algorithm

has an approximation factor of e−1
2·e−1

Theorem 3. The greedy algorithm has a constant approximation factor of e−1
2·e−1 of

the optimal solution, where e is the base of the natural logarithm.

Proof Sketch: The proof of the approximation bound may be derived by mod-

eling the sensor selection problem as a generalized maximum coverage problem

[13]. In the generalized maximum coverage problem, there is a set of elements E

(where the ith element is denoted by li) and a set of bins B (where the ith bin is

denoted by bi). Each element is assigned a unique positive profit and non-negative

weight for assignment to each bin. Additionally, each bin is assigned a weight as

overhead for using the bin. The objective is to find a selection of bins and an as-

signment of elements to those bins with maximum profit and whose total weight

is within some budget constraint B. The sensor selection problem can be modeled

as an instance of the generalized coverage problem as follows. We associate each

vertex vi with a bin bi and an element li, and set the weight of each bi to ci. If

the edge ei j exists or if i = j, it is possible to use sensor vi to predict v j. In this

case, we set the weight of assigning l j to bi to 0 and set the corresponding profit

to u j ·q j when i = j and u j · (q j− pi j) when i 6= j. Otherwise, since ei j does not

exist, then vi can not predict v j, and so we set the weight of assigning l j to bi to ∞
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to prevent such an assignment.

It can be shown that there is a one-to-one correspondence between solutions

to instances of the two problems with identical objective function values. Further-

more, application of the greedy algorithm for the generalized maximum coverage

problem [13] to the sensor-based instance of the maximum-coverage problem re-

sults in the same sequence of steps as proposed by the greedy sensor selection

scheme. Therefore, the approximation factor of the sensor selection scheme is

same as that of the greedy algorithm in [13], which is e−1
2·e−1 .

Note that is sufficient to select only the best singleton set in addition to the

greedy solution to guarantee this approximation bound, although adding sensors

will further improve the solution. If desired, the approximation bound can be

further improved to e−1
e by adapting a partial enumeration-based method [13, 33]

to the sensor selection problem. Although this improves the worst-case bound,

partial enumeration is time-consuming in practice and makes the approach less

efficient. Furthermore, our experimental results show that our earlier approach can

obtain nearly optimal results most of the time, as is evidenced by the comparison

of our results with that of an integer programming solver. Therefore, we retain our

afore-mentioned (simpler) approach with approximation bound of e−1
2·e−1 in order

to obtain more practical and efficient results.
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3.4 Experimental Results

The goal of the testing was to show that the use of virtual information network

links is useful for performing sensor selection and also results in great efficiency

improvements. The data sets needed some further preparation in order to create

the virtual links. While these data sets contain multiple time series, they do not

contain virtual links as in an information network. Fortunately, we can use the

meta-information associated with these data sets in order to create virtual links.

3.4.1 Data Sets

We divided each stream into a training set and a test set. The training set was used

to derive the regression coefficients. The coefficients were then used to calculate

the prediction error on test data. The data sets used are as follows:

Intel Berkeley Lab Data

The Intel Berkeley Lab data set [33] contains temperature, humidity, and light data

collected from 54 motes placed in the Intel Berkeley Research lab. Each reading

is assigned an epoch number that corresponds to the time at which the reading was

taken. Only data up to epoch 60,000 is available. We divided this data set in half,

using the first 30,000 epochs for training data and the remaining epochs for test

data. We used the distance between the motes in order to generate the information

network links that were used for predictions. That is, two motes were linked if

the distance between them was lower than a given threshold. Links were allowed
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only between sensors of the same type. The logic in allowing such links was that

they provided domain knowledge about the actual relationships between different

sensors, which were also useful for the purposes of predictability.

EPANET Water Data

We used EPANET 2.0 to simulate water flow in a water pipe network with 126

junctions between various pipes [47]. This topology provides useful information

about the relationship between chlorine concentrations at the junctions and was

used in order to generate the information network links for predictive purposes.

We sampled the chlorine levels at these junctions every 2 minutes over 480 hours,

in which the demand at each junction changes every 30 minutes and follows a

cyclic pattern that repeats itself every 48 hours.

Further Data Preparation

We normalized the values in each stream to the number of standard deviations

from the mean and set the maximum error of prediction for each vertex to 10,

the difference between 5 standard deviations above or below the mean. This is

essentially equal to the maximum error qi of each sensor. In addition, we needed

to assign costs and importance values to the vertices. All importance values ui for

the sensors were set to 1, whereas costs differed between two scenarios (a) In the

first scenario, all costs were uniform. (b) In the second scenario, the costs were

designed to be non-uniform, and made to vary from a Zipf distribution. Thus, the

sensors were randomly ordered and assigned a corresponding index i. The cost of
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the ith sensor was then assumed to be 1/(i+1)θ , ∀1≤ i≤ n.

3.4.2 Baseline Algorithms

We also used a sampling strategy as a baseline in order to test the effectiveness

of the algorithm. The sampling strategy is to select vertices from V one by one

at random and add them to S, on condition that they do not violate the budget

constraints, until there are no more vertices to add. In order to further improve the

effectiveness of sampling, we performed the random selection multiple times and

picked the best of these selections. For the purpose of this paper, we used fifty

samples.

3.4.3 Evaluation Measures

The stream selection mechanism was tested for effectiveness, efficiency, and sen-

sitivity. In each case, we tested both the complete graph of links as well as the

information network graph in order to show the efficiency advantages of encoding

domain knowledge in the selection process. We used the selected sensor streams

(and corresponding prediction assignments) in order to perform actual stream-

to-stream regression and thereby predict the non-selected streams. The error of

actual prediction is reported over different budgets. To evaluate efficiency, we

determined the time required for sensor selection with the use of different tech-

niques. We compare the running time over different budgets. We show that the

use of carefully selected information network links can be useful in greatly im-
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proving the efficiency of the selection technique. We also tested the sensitivity of

the technique to varying costs.

3.4.4 Effectiveness and Efficiency Results

We used the integer programming, greedy, and sampling methods to derive sensor

selections with the use of virtual links. These were utilized in order to compute

the optimal selection, which was then run over the test data to get the regression-

based prediction errors. The IP solver was set to search for an integer optimal

solution or terminate after ninety seconds. In the case when the solver terminated,

the best solution found so far was used, which is therefore an approximation to

the optimal solution. In only a few cases did the solver timeout. In each case, the

actual error prediction is computed and reported. We first compare how the error

and computation time of all three methods vary with the budget, ranging from

10% to 50% of the total cost of all vertices. We then examine the sensitivity of

the method to the skew in the costs across different sensors.

Intel Berkeley Lab Data

Unless otherwise mentioned, the default window size was set to 8. We present in

which the temperature, humidity, and light streams were combined into one log-

ical information network structure, thus tripling the number of streams. Virtual

links were allowed between like streams only. In the simulations, we established

virtual links according to the distance between sensors. In the following figures,

we compare results for using links between sensors that are within five meters
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of each other (“5m links”), twenty meters (“20m links”), and links between all

sensors (“complete links”). Figure 3.2 presents the effectiveness and efficiency

results for the Intel Berkeley data over different link types. In this case, uniform

costs were used. In Figure 3.2(a), we present the error rates with increasing budget

for the case in which links were placed between sensors only when they were at a

distance of 5 meters or less. On the X-axis, we present the budget as a percentage

of the total sensor cost, and on the Y -axis we present the error of regression mod-

eling. It is evident that the error decreases as the budget is increased and more

sensors are available to perform the prediction. Another observation is that the

curve for the greedy strategy overlaps that of the IP strategy. Since the IP strategy

often terminated with an optimal solution, it follows that the greedy strategy was

close to optimal as well in practice. Furthermore, both strategies are significantly

superior to the sampling strategy over the entire range of values for the budget.

The efficiency results for the Intel Berkeley data are presented in 3.2(b). The

budget is presented in the X-axis, and the running times are illustrated on the Y -

axis. It is evident that the greedy algorithm was extremely efficient and provided

lower execution times than the other methods. This trend was true in the case

of all the different linkage-based representations. The greater efficiency of the

greedy method is in spite of the fact that the greedy technique provided almost

optimal results in most cases. This suggests that the greedy method provides the

best tradeoff between effectiveness and efficiency. In addition, both the greedy

and the sampling method had running times which increased gradually with the

budget. This was because of the natural iterative way in which the nodes were



SIMON SHAMOUN OPTIMIZATION PROBLEMS IN SENSOR NETWORKS 63

0

1

2

3

4

5

6

7

10 20 30 40 50

er
ro

r

budget

IP
greedy

sampling

(a) 5m links

0
2
4
6
8

10
12
14
16
18
20

10 20 30 40 50

tim
e 

(m
s)

budget

IP
greedy

sampling

(b) 5m links

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

10 20 30 40 50

er
ro

r

budget

IP
greedy

sampling

(c) 20m links

50

100

150

200

250

300

350

400

450

10 20 30 40 50

tim
e 

(m
s)

budget

IP
greedy

sampling

(d) 20m links

0.15

0.20

0.25

0.30

0.35

0.40

0.45

10 20 30 40 50

er
ro

r

budget

IP
greedy

sampling

(e) complete links

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2

10 20 30 40 50

tim
e 

(s
ec

)

budget

IP
greedy

sampling

(f) complete links

Figure 3.2: Errors and execution times for Intel Berkeley data
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added to the solution in the case of the greedy and sampling strategies. In the

case of the IP solution, the running times were much more erratic, because the

running time of the solver was dependent upon the time which it took to arrive

at a near-optimal solution. This often depended on the starting point and many

other factors that were more important than the size of the problem. In fact, the IP

solver often required less time for larger budgets, because the optimal solution was

much easier for the solver to find in such cases. For larger budgets, the IP solver

sometimes performed more efficiently than the greedy algorithm. However, since

the resource constrained scenarios are the more challenging and interesting case,

the greedy solution turned out to be the most valuable on an overall basis.

Analogous results for the case when the links were defined by 20m (or less)

distances and the complete set of links are illustrated in Figures 3.2(c)–(f). It

is evident that the use of a larger number of links encodes a greater amount of

information, and therefore reduces the error. However, such an error reduction

comes at a great cost, as the execution times increase tremendously as the number

of links are increased. For example, the use of 20m links is almost 20 times

slower than using 5m links, whereas the use of the complete graph is two orders

of magnitude slower than using 5m links. Since the sensor selection problem often

may need to be repeatedly applied on changing cost and importance scenario, the

efficiency of the method is paramount to using the method successfully in a variety

of scenarios.
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Figure 3.3: Effectiveness and efficiency results for EPANET data

EPANET Water Data

Since the pipes are actual connections between junctions, their presence has pre-

dictability power in terms of the chlorine concentrations measured by sensors.

Therefore, we used the topology of the pipe junctions as our underlying network.

In addition, we also tested using the predictability power of all pairs of junctions

(which we refer to as the “complete graph”). Figure 3.3 presents the results for

both cases with uniform costs. The effectiveness and efficiency results for the

case where the pipe topology is used are presented in Figures 3.3(a) and 3.3(b),
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respectively. The cases in which the complete graph is used are presented in Fig-

ures 3.3(c) and 3.3(d), respectively. We make two main observations in this case.

The first is that the prediction error of the greedy strategy matched the error of the

IP strategy almost exactly in both scenarios. In particular, the baseline sampling

strategy performed quite poorly in this case. This is another demonstration of the

fact that the greedy strategy not only has an approximation bound, but is also quite

effective in practice. The second is that the IP strategy is much more erratic in this

case as compared to the Intel data. For the case in which the link topology was

used, we found that the running time for the IP solver peaked suddenly at inter-

mediate values of the budget. This is because intermediate values of the budget

provided the most realistic combinations to the IP solver. As a result, the running

times could also be greater in these cases. Because of the erratic nature of the IP

solver in terms of efficiency, it is evident that the greedy approach is much more

desirable, especially in cases in which the importance of the sensors varies over

time and the solution needs to be repeatedly recomputed.

3.4.5 Cost Sensitivity Analysis

We also tested the case in which the costs of the sensors are non-uniform and

drawn from a Zipf distribution. The cost of the ith sensor was assumed to be

1/(i+1)θ , ∀1 ≤ i ≤ n. The value of θ varied in the range [0.5,2.0]. The budget

was fixed at 30% of the total cost of all sensors. The results are presented in Figure

3.4. In each case, the Zipf parameter is represented on the X-axis. The errors and

execution times for the Intel combination data are presented in Figures 3.4(a) and
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Figure 3.4: Sensitivity with cost skew (budget fixed at 30%)

3.4(b), respectively, whereas that for the EPANET data set are presented in Figures

3.4(c) and 3.4(d), respectively. One trend that is evident from the different figures

is that the error differences between the sampling and the other two strategies

are greater for lower levels of skew. This is because when the skew level is very

high, the effectiveness is greatly dominated in the inclusions of one or two sensors

with very high costs. Since the sampling strategy picks the best set over many

iterations, it was able to pick out those few sensors in those cases. Nevertheless,

the greedy strategy turned out to be quite robust in this case, in terms of both
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execution and running times. The IP strategy again exhibited its unpredictable

behavior in terms of the running times, even in terms of the variation over different

values of the skew parameter θ . This again suggests that certain instances of the

problem can be more difficult for the solver, a result of which they require larger

running times.

3.5 Related work

It was already shown that dominating set can be reduced to sensor selection. The

problem defined in the reduction is actually maximum dominating set, in which

the objective is to choose the k vertices that dominate the most vertices in the

graph. The equivalent set cover problem is known as the maximum k-cover prob-

lem, as described above. Feige [16] proved that no polynomial time algorithm for

maximum k-cover can guarantee an approximation factor greater than 1− 1/e,

unless P = NP. Khuller et al. [27] independently proved a weaker result, that no

approximation factor greater than 1−1/e exists unless NP⊆DPT IME(nlog logn).

The essence of the proof is that if there is a better approximation, then set cover

can be solved by a factor of (1− ε) logn for some ε > 0, which Feige [16] previ-

ously proved is not possible unless NP⊆ DPT IME(nlog logn).

If the vertex costs equal one and the edge weights equal the end vertex weights,

but the vertex weights are still allowed to vary, then this is equivalent to the max-

imal covering location problem [12]. The objective in this problem is to select

p facility locations that service the largest population within a fixed service dis-
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tance of each facility. Church and ReVelle [12] define a greedy selection algo-

rithm in which locations are selected one by one according to those which service

the greatest population not serviced by any other location selected so far. They

describe an enhancement to the greedy algorithm by replacing already selected

facility locations by non-selected facilities that service a greater population, and

evaluate the performance of their solutions by upper bounding optimal results

with an integer programming solution. For trees, Megiddo et al. [44], present an

O(n2 p) solution, while McHugh and Perl [42] provide a O(np2) dynamic pro-

gramming solution. Hochbaum and Pathria [24] prove a tight bound of 1− 1/e

on the approximation factor of the greedy algorithm for the equivalent set cover

problem. Given the proofs of Khuller et al. [27] and Feige [16] that the best pos-

sible approximation factor of max k-cover is 1−1/e, a tightness proof would not

have been necessary in this case.

The constrained maximum weight domination problem [42] generalizes the

problem in which locations are assigned variable costs and the objective is to

select a set of locations within a budget constraint B that maximizes coverage.

For trees, McHugh and Perl [42] provide a O(nB2) pseudo-polynomial dynamic

programming solution, and Megiddo et al. [44] claim that their algorithm can

be modified to solve this problem in pseudo-polynomial time as well. Khuller

et al. [27], define and analyze the greedy algorithm for the equivalent set cover

problem, which they call the budgeted maximum coverage problem. The greedy

algorithm of Hochbaum and Pathria [24] is modified to select the set within the

budget constraints that has the greatest residual density each round. They prove
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that the modified greedy algorithm has a 1− 1/
√

(e) approximation factor, but

could not show that this is tight. They prove that greedy selection with partial

enumeration has an approximation factor of 1− 1/e, which is tight given their

result mentioned above for max k-cover.

The generalized maximum coverage problem [13] best represents the frac-

tional dominating set problem. The objective is to assign a set of elements to a

set of bins within a budget constraint B with maximum profit, in which a cost

and profit are associated with each assignment of an element to a bin, and cost

is associated with each bin to which elements are assigned. A greedy selection

algorithm similar to the one presented by Khuller et al. [27], for the budgeted

maximum coverage problem has an approximation factor of e−1
2e−1 − ε . In this al-

gorithm, the bin, assignment of new elements to the bin, and reassignment of old

elements to the new bin with the largest residual density is selected each round.

By using a method of partial enumeration, the approximation factor is improved

to e−1
e − ε .

Sviridenko [58] generalizes the budgeted maximum coverage problem differ-

ently by assuming the coverage by a collection of sets S is defined by a function

f (S), as described in the generalized problem definition above. If f is submodu-

lar, then greedy selection with partial enumeration has a e−1
e approximation factor

as well. Note that choosing the edge with the maximum weight in the fractional

dominating set problem is a submodular function, so this bound applies to the

simple definition of the problem as well.



Chapter 4

Increasing Threshold Search

Increasing threshold search is a type of search with iteratively increasing search

extents. It is specifically intended to find any agent in a multi-agent system (MAS)

associated with the best value (lowest or highest, depending on the application)

amongst a set of agents associated with a value to the searcher. The variable search

extent is the range of acceptable values that replying agents need to comply with.

It is applicable in environments in which: (a) each agent is associated with a single

value, which may be an intrinsic value associated with the agent or a mapping

from a combination of values associated with the agent; and (b) the searcher can

publish a request to all other agents.

This chapter thoroughly analyzes the problem of deriving the optimal threshold-

based search sequence in settings similar to those above. It is assumed that all

agent values are associated with a common distribution, which is known to the

searching agent and remains constant over time [2, 7, 43]. Learning the actual

71
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value of an agent incurs some cost to the searcher, the searched agent, or both

(e.g., consuming some of the agents’s resources for communicating with each

other, querying for relevant information, and processing the information received).

Such costs are commonly incurred in multi-agent systems in the absence of a

central source that can supply full, immediate, and reliable information on the

environment and the state of the other agents that can be found [2, 11, 26]. Ad-

ditionally, there are possible publishing costs, which remain constant throughout

the search process. The optimal sequence should trade off the expected increase in

the number of search rounds with the expected decrease in the number of replying

agents.

In the next two sections, we formally introduce and analyze the optimal in-

creasing threshold search for the class of environments described above. In Sec-

tion 4.3, we illustrate the properties of the optimal strategy with different values of

the problem parameters. The benefits of using the optimal strategy are illustrated

by comparing it to adaptations of three well studied expanding ring strategies

[3, 9, 22] to the problem considered in this paper. In Section 4.4, we extend the

analysis to the case where a group of the best-valued agents needs to be found;

for example, when several readings are required by the application. We show that

a similar method of analysis can be applied to this case. In Section 4.5, we show

how increasing threshold search is applicable to economic search [2, 40, 43], in

which the searcher is not necessarily constrained to finding the best-valued agent,

but rather attempts to optimize a function that integrates both search costs and

the value of the agent ultimately found. We also show how economic search
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strategies can be combined with threshold-based searches to further reduce over-

all costs. Throughout the chapter, we illustrate the properties of the various search

techniques using data from a synthetic environment.

4.1 Model Formulation

We consider an agent searching in an environment where N other agents, applica-

ble to its search, can be found. (Appendix C contains the complete set of notations

used throughout the paper.) Each of the N agents is characterized by its value to

the searcher. As in most search-related models, the values are assumed to be as-

sociated with a common continuous distribution described by a PDF f (x) and a

CDF F(x), defined over the interval [xmin,xmax] [7, 10, 43, 54]. The searcher agent

is assumed to be ignorant of the value associated with each of the N agents, but

acquainted with the overall distribution of values. The searcher is interested in

finding the agent associated with the best value, which, depending on the applica-

tion, is either the minimum or the maximum value. Without loss of generality, we

assume that the best-valued agent is the one associated with the minimum value.

Obtaining the actual value of an agent incurs some cost. In its most general

form, the cost of simultaneously obtaining the values of j other agents is β ( j)

(where β (0) = 0 and β ( j) is strictly increasing in j) [4, 17, 45]. In order for the

searcher to refine the population of agents whose values it obtains, it can publish

a maximum threshold r on the agents’ values, denoted a reservation value, re-

questing to communicate only with agents that comply with that threshold. If at
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least one agent complies with r and communicates its value with the searcher, the

search process terminates. Otherwise, the searcher sets a new reservation value

r′ > r and repeats the process. This continues until at least one agent replies, out

of which the agent associated with the minimum value is chosen. A strategy S is

therefore a sequence [r1,r2, . . .] (xmin < ri < ri+1 ≤ xmax,∀i≥ 1), where ri denotes

the reservation value to be used in the ith search round. No constraints are placed

on the number of rounds and, consequently, the length of the sequence. In order

to guarantee search completeness when S is a finite sequence, the last reservation

value in the sequence should equal xmax.

The process of initiating a search round and publishing the next reservation

value is also associated with a cost α whose value is fixed (e.g., the cost of issuing

a new call for bids or the cost of broadcasting a message). Note that this cost may

actually be a function of N, but since N remains constant during the search, we

can also consider this cost to be constant. The overall cost of a search round i is

thus α +β ( j), where j is the number of agents that comply with ri. The expected

accumulated cost of finding the best-valued agent when using strategy S is denoted

V (S). The searcher’s goal is therefore to derive a strategy S∗ that minimizes V (S).

4.2 Analysis

Consider a searcher agent using a strategy S = [r1, . . . ,rM = xmax]. If the agent has

to start the ith search round, then there is necessarily no agent whose value is below

ri−1. The a priori probability of such a scenario is (1−F(ri−1))
N . Furthermore,
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upon reaching the ith round, the searcher agent can update its beliefs concerning

the PDF and CDF of the values of the N agents, as it knows that these are neces-

sarily in the interval (ri−1,xmax]. The PDF of the agents’ values after publishing

ri−1, denoted f (x|ri−1) (0 < i≤M), can thus be calculated as (xmin ≤ x≤ xmax):

f (x|ri−1) =



f (x)
1−F(ri−1)

i > 1∧ x > ri−1

0 i > 1∧ x≤ ri−1

f (x) i = 1

(4.1)

Similarly, the CDF of any of the agents’ values after publishing ri−1, denoted

F(x|ri−1) (0 < i≤M), can be calculated as (xmin ≤ x≤ xmax):

F(x|ri−1) =



F(x)−F(ri−1)
1−F(ri−1)

i > 1∧ x > ri−1

0 i > 1∧ x < ri−1

F(x) i = 1

(4.2)

See Figure 4.1 for an example PDF and CDF. The expected cost of the ith round

is thus:

α +
N

∑
j=1

β ( j)
(

N
j

)
F(ri|ri−1)

j(1−F(ri|ri−1))
N− j (4.3)

as it takes into account the cost of initiating the new search round and the expected

cost of obtaining any possible number of agent values j (0 < j ≤ N) in round i.

This latter cost is the sum, for all j, of the cost β ( j) of obtaining j agent values

multiplied by all
(N

j

)
combinations of j agents whose values can be obtained,
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Figure 4.1: Example distribution

multiplied by the probability F(ri|ri−1)
j(1−F(ri|ri−1))

N− j of obtaining exactly

j agent values in round i if none were found in previous rounds.

The probability of starting round i is (1−F(ri−1))
N , which is the probability

that no agent values are below the previous reservation value ri−1. The expected

cost of using strategy S is thus the sum of the expected cost of each of the M

search rounds weighted by the probability of reaching that round:

V (S) =
M

∑
i=1

(
α +

N

∑
j=1

β ( j)
(

N
j

)
F(ri|ri−1)

j(1−F(ri|ri−1))
N− j

)
(1−F(ri−1))

N

(4.4)

The probability of starting the ith search round can alternatively be formulated as

the probability that no values were obtained in each of the i−1 previous rounds,
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expressed as ∏
i−1
j=1(1−F(r j|r j−1))

N . Therefore, (4.4) transforms into:

V (S) =
M

∑
i=1

(
α +

N

∑
j=1

β ( j)
(

N
j

)
F(ri|ri−1)

j(1−F(ri|ri−1))
N− j

)

·
i−1

∏
j=1

(1−F(r j|r j−1))
N (4.5)

Note that the probability that the search terminates in round i can be calculated

as the probability that all agent values are greater than ri−1, (1−F(ri−1))
N , minus

the probability that all agent values are greater than ri, (1−F(ri))
N . Thus, the

expected number of search rounds is

M

∑
i=1

i((1−F(ri−1))
N− (1−F(ri))

N)

=
M

∑
i=1

(1−F(ri−1))
N−M(1−F(rM))N =

M

∑
i=1

(1−F(ri−1))
N (4.6)

in which F(r0) = 0 and, by definition, F(rM) = F(rmax) = 1. Accordingly, (4.4)

can be understood differently by factoring the term (1−F(ri−1))
N into the re-

mainder of the expression, resulting in the equation

V (S) = α

M

∑
i=1

(1−F(ri−1))
N +

N

∑
j=1

β ( j)
(

N
j

) M

∑
i=1

(F(ri)−F(ri−1))
j(1−F(ri))

N− j

(4.7)

Here, the first term is the expected contribution of the fixed cost of publishing the

threshold to the total search cost, which is α times the expected number of rounds.

The second term is the expected cost of obtaining the values of all agents that
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comply with the last published reservation value. This is calculated by summing

the cost of obtaining j values, over 1≤ j≤N, times the probability that j and only

j agents comply with the reservation value published in the last search round.

For the specific case in which the reservation values are chosen from a finite

set of L values {x1, . . . ,xL}, xmin < xi < xi+1 < xL = xmax for all i, the optimal

strategy can be derived with the following dynamic programming formulation in

O(L2N) time:

C(L) = 0

C(l) = min
l+1≤i≤L

{
α +

N

∑
j=1

β ( j)
(

N
j

)
F(xi|xl)

j(1−F(xi|xl))
N− j+C(i)(1−F(xi|xl))

N

}

∀0≤ l < L (4.8)

where C(i) is the cost of continuing the search if a search up to value xi failed to

obtain any applicable values. The expected cost of the entire search is determined

by C(0).

For the general case in which the interval [xmin,xmax] is continuous, the optimal

search strategy must be derived using a different methodology since, as we prove

in Theorem 4, the optimal search sequence is either a single search round in which

the values of all agents are obtained or an infinite sequence of reservation values.

Theorem 4. The optimal sequence of reservation values is either [r1 = xmax] or the

infinite sequence [r1,r2, . . .], xmin < ri < xmax,∀i > 0, where

F(ri|ri−1) = F(r j|r j−1) = P, for some P and ∀i, j > 0.
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Proof. Assume the finite sequence S1 = [r1, . . . ,rM] is the optimal strategy. We use

S2 = [r2, . . . ,rM] to denote the optimal strategy to be used if no agent is found in

the first search round and denote its expected cost from that point on by V (r1)(S2).

Using S2, we construct an alternative strategy S′1 = [r′2, . . . ,r
′
M] to be applied from

the first round, where F(r′i) = F(ri|r1) = P′i , ∀1 < i≤M and for some P′i (Figure

4.2(a)). The new strategy S′1 has an expected cost V (S′1). Note that

F(r′i|r′i−1) =
F(ri|r1)−F(ri−1|r1)

1−F(ri−1|r1)
=

F(ri)−F(r1)
1−F(r1)

− F(ri−1)−F(r1)
1−F(r1)

1−F(ri−1)
1−F(r1)

=
F(ri)−F(ri−1)

1−F(ri−1)
= F(ri|ri−1) (4.9)

By substituting F(ri|ri−1) with F(r′i|r′i−1) in (4.5), we obtain V (S′1) = V (r1)(S2).

Since S1 is the optimal strategy, V (S1)≤V (S′1).

Now consider a new strategy S′2 = [r′′1 , . . . ,r
′′
M] to be applied from the second

round on, where F(r′′i |r1) = F(ri) = P′′i , ∀1 ≤ i ≤M (Figure 4.2(b)). We denote

the expected cost of S′2 from that round on by V (r1)(S′2). Note that F(r′′i |r′′i−1) =

F(ri|ri−1) = P′′i , as above. According to (4.5), we obtain V (r1)(S′2) =V (S1). Since

S2 is the optimal strategy from the second round on, then V (r1)(S2) ≤ V (r1)(S′2),

resulting in V (S1)≤V (S′1) =V (r1)(S2)≤V (r1)(S′2) =V (S1), which can hold only

if V (r1)(S2) =V (S1).

The same logic can be applied to any search round j ≤M, resulting in

V (r j−1)(S j) =V (S1). In particular, V (S1) =V (rM−1)(SM). However, we necessarily

find all agents in the last (Mth) round, since rM = xmax; thus, V (SM) = α +β (N).
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Figure 4.2: Alternative strategies

Therefore, we obtain V (S1) = α +β (N), which is equivalent to S1 = [r1 = xmax].

Any optimal strategy that has an expected cost less than α +β (N) must therefore

consist of an infinite sequence and satisfy F(ri|ri−1) = F(ri+1|ri) = P, ∀i > 0 and

some P.

The immediate implication of Theorem 4 is that the optimal search strategy

can be expressed as a single value 0 < P≤ 1, denoted the reservation probability.

This is the key to deriving the optimal sequence of reservation values. As outlined

below, the searcher only needs to calculate P and then set each reservation value

ri such that F(ri|ri−1) = P. An important result of the ensuing analysis is that P

is distribution independent. Consequently, only the actual reservation values need

to be recalculated if belief about the distribution changes with new information.

Additionally, it is possible to make distribution-independent observations given

the remaining parameters, such as the expected cost of the optimal strategy and

expected number of rounds.
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First we show how to derive the reservation probability P. Since the optimal

sequence is infinite and the expected cost from each round onwards is stationary,

the expected cost of using P can be expressed with the following equation:

V (P) = α +
N

∑
j=1

β ( j)
(

N
j

)
P j(1−P)N− j +(1−P)NV (P) (4.10)

Here, the first term is the fixed cost per round, the second term is the expected

cost of obtaining any values, and the last term is the expected cost of continuing

the search if necessary. Consequently:

V (P) =
α +∑

N
j=1 β ( j)

(N
j

)
P j(1−P)N− j

1− (1−P)N (4.11)

Just as in (4.7), (4.11) can be decomposed into two parts: α

1−(1−P)N and
∑

N
j=1 β ( j)(N

j)P j(1−P)N− j

1−(1−P)N , respectively representing the expected contribution of the

fixed cost to the total search cost and the expected cost of obtaining the agent

values. The expected number of search rounds is 1
1−(1−P)N . The probability of

obtaining j agent values is
(N

j)P j(1−P)N− j

1−(1−P)N , since this becomes a Bernoulli sampling

process with a success probability of 1− (1−P)N .

The value P = P∗ that minimizes V (P) in (4.11) is the optimal reservation

probability. If P∗ cannot be solved for directly, then it can be solved for by numer-

ical approximation. Based on (4.2), each ri corresponding to P∗ can be calculated

by solving for ri in the equation P∗ = F(ri)−F(ri−1)
1−F(ri−1)

, that is, with the equation

ri = F−1(P∗(1−F(ri−1))+F(ri−1)) (4.12)
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We now analyze several special cases of the problem. While the optimal strate-

gies in some of the cases may seem intuitive, their proofs are not necessarily triv-

ial. The first case is when β (i) = 0, that is, when there is no cost for obtaining the

values of the agents. Proposition 4.1 states that the optimal strategy in this case is

to use a single search round by setting r1 = xmax.

Proposition 4.1. If β (i) = 0, the optimal strategy is [xmax].

Proof. Substituting 0 for β ( j) in (4.11) obtains V (P) = α

1−(1−P)N . Setting P = 1

minimizes this expression, which is equivalent to using xmax in the first search

round.

Similarly, Proposition 4.2 states that the optimal strategy when there is no cost

for initiating a new search round (α = 0) is to increment the reservation value by

the smallest amount possible, such that the expected number of values obtained is

minimized.

Proposition 4.2. If α = 0, the optimal strategy is to use P→ 0, i.e., to increment

the reservation value by ε → 0 each round.

Proof. Notice that limP→0
β ( j)(N

j)P j(1−P)N− j

1−(1−P)N equals β ( j) for j = 1 and 0 for j > 1,

according to L’Hôpital’s rule. Substituting α = 0 in (4.11), we obtain

limP→0V (P) = β (1). Since β (i) is increasing, according to the model assumption,

the result obtained is the minimum expected cost possible.

Next, we consider the case where the cost of obtaining the values of j agents

is linear in j, i.e., β ( j) = c j. This setting is highly applicable as agents, in many
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cases, are evaluated individually and independent of one another. Substituting

β ( j) = c j, the expression ∑
N
j=1 j

(N
j

)
P j(1−P)N− j in the numerator of (4.11) is the

mean of a binomially distributed random variable, which equals NP. Therefore,

V (P) =
α + cNP

1− (1−P)N (4.13)

This result enables the proof of Proposition 4.3, which highlights the nature of the

trade-off by which P∗ is set.

Proposition 4.3. When β ( j) is linear in j, the reservation probability that mini-

mizes V (P), P = P∗, satisfies c = (1−P∗)N−1V (P∗).

Proof. Differentiating (4.13) with respect to P and setting it to zero obtains:

cN(1− (1−P)N)−N(1−P)N−1(α + cNP)
(1− (1−P)N)2 = 0 (4.14)

Notice that V (P)(1− (1−P)N) = α + cNP according to (4.13). Substituting the

latter expression into (4.14), we observe that the value P∗ which satisfies the equa-

tion is given by cN(1−(1−P)N)−N(1−P)N−1V (P)(1−(1−P)N) = 0. Solving

for c gets c = (1−P)N−1V (P).

The explanation of Proposition 4.3 requires understanding the trade-off asso-

ciated with any increase in P. By increasing P, the chance of finding each of the

agents increases. Each agent found due to the increased chance will incur a cost c.

The benefit is that if the agent found due to the increase is the only agent found in

that round, then the increase actually saves the expected cost V (P) associated with
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continuing the search. The probability that the latter case holds is (1−P)N−1 (i.e.,

when all other agents are characterized with a value above the reservation value

set using (4.12)). Otherwise, the search just ends. Since the incurred cost c is fixed

and the expected benefit (1−P)N−1V (P) decreases as P increases, the optimal P

value satisfies (1−P)N−1V (P) = c, i.e., when the additional benefit due to the

potential saving is offset by the cost incurred by finding that agent.

4.3 Comparative Illustration

In this section, we illustrate the behavior and performance of the optimal strategy

derived in the previous section. We show the effect of N, α , and β on the optimal

strategy and its associated cost. Additionally, we demonstrate the improvement

achieved by the optimal search strategy over several base strategies. The mag-

nitude of improvement in some instances illustrates the importance of choosing

the right strategy, while other instances demonstrate how these base strategies can

sometimes be close to optimal. Since this problem has not been well addressed

in the literature, we adapt three well-studied expanding ring search strategies to

our problem [3, 9, 22]. Expanding ring search is used to find routes in ad hoc

networking and to locate files in peer-to-peer networking. In this method, the

searcher assigns a query a time-to-live (TTL) value, which determines the num-

ber of hops the query is forwarded. If the goal is not met, the searcher repeats

the query with a larger TTL value. The cost structure of expanding ring search is

different than the cost structure of the problem addressed in this paper, since the
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cost per round increases with the search extent, and the search extents are typi-

cally drawn from a range of discrete values. Still, in the absence of more suitable

alternatives, expanding ring-based strategies are a natural basis for comparison to

increasing threshold search. In the following paragraphs, we describe the three

strategies and then compare their performance in our context.

4.3.1 Two-step strategy

If an increasing threshold search is to improve search costs, then a two-step strat-

egy S = [r1,r2 = xmax] alone will provide some improvement [9]. The expected

total cost when using this strategy is:

V (S) = α +
N

∑
j=1

β ( j)
(

N
j

)
P j(1−P)N− j +(1−P)N(α +β (N)) (4.15)

in which P = F(r1). The first two terms are the costs associated with the use of

the first reservation value r1, and the third term is the cost of obtaining all agent

values if no values were obtained using r1. The optimal strategy is obtained by

determining the value P that minimizes (4.15).

4.3.2 Fixed increment strategy

A common design of a multi-round expanding ring search strategy is to use a

fixed increment between search extents, searching up to some cutoff value before

searching the entire search range [22]. The search sequence is thus of the form

{xmin + δ ,xmin + 2δ , . . . ,xmin + µδ ,xmax}. The expected cost of using such a se-
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quence can be calculated using (4.4). The increment and cutoff value pair with

the lowest expected cost is selected from all possible pairs.

4.3.3 California split rule strategy

Another well-studied strategy is the California split rule [3]. According to this

strategy, the search extent is doubled each round. We adapt this method to our

problem by including a cutoff value above which the reservation value is set to

xmax, similar to the fixed increment strategy. The search sequence is thus of the

form {xmin +δ ,xmin +2δ , . . . ,xmin +2µδ ,xmax}. The expected cost of using such

a sequence can be calculated using (4.4). The increment and cutoff value pair with

the lowest expected cost is selected from all possible pairs.

4.3.4 Evaluation

Since the domination of the reservation probability based strategy over the differ-

ent expanding ring based strategies is unquestionable due to its proven optimality,

the goal of this evaluation is merely to demonstrate the effect of different pa-

rameters on performance. For this purpose, a synthetic environment is an ideal

testbed. In the environment used, the agents values are associated with a trun-

cated normal distribution of values [20], with µ = 0.5 and σ = 0.125, over the

interval (0,1); that is, f (x) = 8φ( x−0.5
0.125 )

φ( 1−0.5
0.125 )−φ( −0.5

0.125 )
for 0 ≤ x ≤ 1, and 0 otherwise.

Note again that the optimal strategy is distribution independent; the probability

function only affects the performance of the other strategies. The cost of simul-



SIMON SHAMOUN OPTIMIZATION PROBLEMS IN SENSOR NETWORKS 87

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

f(x)

x‐>

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29

β(j)

# of evaluated agents (j)

square cost

linear cost

logarithmic cost

Figure 4.3: Truncated normal distribution function, f (x), with µ = 0.5 and σ =
0.125 over the interval (0,1) (left) and the three variants of the cost function β ( j).

Table 4.1: Parameter settings in the synthetic environment
parameter value

f (x) 8φ( x−0.5
0.125 )

φ( 1−0.5
0.125 )−φ( −0.5

0.125 )

α 0.001,0.01,0.1,1
β ( j) 0.01w( j), w( j) ∈ {log( j), j,( j)2}

taneously obtaining the values of j other agents is set to β = 0.01w( j), where

w( j) ∈ {log( j), j,( j)2} (denoted “log cost”, “linear cost” and “square cost”, re-

spectively). The use of the three different cost functions enables testing different

rates of increase in the marginal cost of obtaining the value of an additional agent.

The cost of initiating a search round and publishing the reservation value is set to

α ∈ {0.001,0.01,0.1,1} in order to capture the effects of the magnitude of the ra-

tio α/β ( j). Table 4.1 summarizes these parameters, and Figure 4.3 illustrates the

truncated normal distribution function f (x) and the set of cost functions assigned

to β ( j).

Figure 4.4 shows the expected cost and number of search rounds required to

find the best-valued agent as a function of the number of agents N, for the different

values of α and function assignments to β ( j). Note that the scale of the y-axis in
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Figure 4.4: Increasing threshold search for the settings in Table 4.1: expected cost
(top row); expected number of rounds (middle row); reservation values for N = 20
(bottom row)

the first set of charts varies with α in order to improve visualization. The figure

also shows the reservation values to be used in each search round when N = 20.

As expected, α has a substantial effect on the search strategy and expected cost.

The reservation value increases as a function of α , since the tradeoff associated

with each reservation value accounts for a greater cost of continuing the search if

no agent is found. Although the expected number of search rounds decreases as

a consequence, the expected cost still increases, due to the greater cost per round.

For large values of α and all β ( j) cost functions, the reservation probability is set

such that the expected number of search rounds is close to 1 due to the substantial

cost of initiating a new search round.

Amongst the three cost functions, the expected cost is minimal for the log
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cost function and maximal for the square cost function, in direct correlation with

the order of growth of the three functions. The inverse relationship holds for

the reservation values because of the higher cost of finding more than one agent

associated with the higher order functions. As a result, the expected cost increases

due to the increase in the expected number of rounds.

Another important observation from Figure 4.4 is that the expected cost in-

creases with the number of agents N. Although the expected number of rounds

decreases with N for all reservation probabilities, the expected number of agents

found also increases. The increase in cost associated with N indicates that, in

these settings, the reduction in the number of search rounds does not offset the

cost of finding additional agents.

From the graphs of the expected number of search rounds (middle row), we ob-

serve that the expected number of search rounds is below five for all combinations

of parameters. This supports the applicability of the optimal strategy: Despite the

fact that it is an infinite sequence, the search time in practice is comparable to

search with competitive finite sequences.

Figure 4.5 shows the expected cost of using the (optimal) reservation proba-

bility based strategy and the three expanding ring based strategies as a function

of N, for different values of α and function assignments to β ( j). The graphs il-

lustrate the domination of the optimal strategy and the dominance relationships

amongst the remaining strategies. The two step strategy never dominates the fixed

increment and California split rule strategies, since it is merely a specific instance

of both. Although the fixed increment strategy dominates the California split rule
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strategy in these settings, it is possible to construct specific settings in which the

latter dominates the first. It is interesting that while the expected cost of the op-

timal strategy always increases with the number of agents, the expected costs of

the fixed increment and California split rule strategies decrease in some settings.

This is because the increased probability of finding an agent with each reserva-

tion value sometimes reduces the inefficiency imposed by the constraints on the

patterns of increase in the reservation value. Another interesting observation is

that the expected costs of the fixed increment and California split rule strategies

converge as α increases.
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Figure 4.5: Performance comparison of the optimal strategy and the three expand-
ing ring based strategies

The upper row of graphs in Figure 4.5 corresponds to the logarithmic β ( j)

function. All four strategies use higher reservation values as α increases, as the
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cost of finding more than one agent in a search round becomes negligible in com-

parison to the cost of requiring an additional search round. Consequently, the

three alternative strategies quickly converge to the same expected cost, as their

sequences in those cases contain only two reservation values. The optimally infi-

nite strategy, however, produces observably better results, even for α = 0.1. This

property, that the California split and fixed increment strategies converge more

quickly to the performance of the worst strategy (two step) with respect to α than

the optimal solution, occurs for the linear cost (middle row) and the square cost

(bottom row) functions as well, for larger values of α . In particular, it is inter-

esting to see that for the square cost function, the fixed increment strategy, which

performs quite close to the optimal strategy for small α values, becomes substan-

tially worse as α increases. Overall, in these settings, the improvement of the

optimal strategy over the other three methods increases as the order of growth of

β ( j) is increased. Since the optimal search sequence is not constrained to any

pattern, it makes a better tradeoff between the cost of finding more than one agent

and initiating additional search rounds.

4.4 Multiple Agent Search

In various settings, search for multiple agents is preferable and even necessary.

For example, a sink in a sensor network may require readings from several sensors

to accurately analyze conditions in the field. In all of these examples, the searcher

needs to find several best agents. This section extends the analysis of the single
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agent threshold search to a multiple best-valued agents search.

We apply the analysis methodology described in Section 4.2 to the model de-

scribed in Section 4.1, except that the searcher is interested in finding the K best

agents. Without loss of generality, the K best agents are those associated with the

K lowest values. The searcher continues its search as long as only k < K agents

have been found so far. The searcher’s state at the beginning of any round is there-

fore denoted by the pair (r,k), in which r is the last reservation value the searcher

used and k is the number of agents found so far.

A search strategy is defined by a function S : (r,k)→ r′, r′ > r, in which r′ is

the reservation value to use in a round with initial state (r,k). Since the reservation

value r′ depends on the number of agents found so far, a search strategy cannot be

defined a priori by a sequence of reservation values as in the case of a single agent

search. Instead, it can be defined by a decision tree, in which each node represents

a state (r,k) and has child nodes for all possible k≤ k′ < K total number of agents

found by the end of that round. Since many states may be repeated throughout

the tree, it can be represented more compactly as a directed graph. The searcher

terminates its search when at least K− k agents are found in a round with state

(r,k) or when S(r,k) = xmax, in which case all K agents are necessarily found.

It is realistically assumed that agents only reply the first time they comply with

a reservation value. Therefore, the searcher only searches among the remaining

N − k agents that did not comply with any reservation value less than or equal

to r. It is assumed that the publishing cost is constant (α) for all k, as opposed

to assuming that the publishing cost is a function of k. The ensuing analysis is
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still valid even if these last two assumptions are not made by substituting N for

N− k and α(k) for α . Given these assumptions, the expected cost of continuing

the search from state (r,k) when using strategy S, denoted V (r,k)(S), is defined

recursively as follows:

V (r,k)(S) = α +
N−k

∑
j=0

(
β ( j)+V (S(r,k),k+ j)(S)

)
·
(

N− k
j

)
F(S(r,k)|r) j(1−F(S(r,k)|r))N−k− j (4.16)

in which V (r,k)(S) = 0 for all k ≥ K. The total cost of the search is V (xmin,0)(S).

We again divide the problem into the discrete and continuous cases. In the

discrete case, the reservation values can only be selected from a finite set of L

values {x1, . . . ,xL}, xmin < xi < xi+1 < xL = xmax. The optimal strategy can be

derived with the following dynamic programming formulation, in which C(l,k) is

the cost of continuing the search after using reservation value xl and after a total

of k agents have been found so far. The optimal cost is determined by C(0,0). The
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runtime complexity is O(L2KN).

C(L,k) = 0 ∀0≤ k ≤ K

C(l,K) = 0 ∀0≤ l ≤ L

C(l,k) = min
l+1≤i≤L

{
α +

N−k

∑
j=0

(β ( j)+C(i,k+ j))

·
(

N− k
j

)
F(xi|xl)

j(1−F(xi|xl))
N−k− j

}
∀0≤ k < K, ∀0≤ l < L (4.17)

For the continuous case, the optimal strategy is not expressed as a single reser-

vation probability as in the single agent search; rather, as the following analysis

shows, it is based on a set of reservation probabilities S = {P0, ...,PK−1}, where

Pk is the reservation probability to be used in any state (r,k), xmin ≤ r < xmax,

0≤ k < K. The reservation value r′ in state (r,k) can be calculated from the equa-

tion r′ = F−1(Pk(1−F(r))+F(r)). As in the single agent search, we prove that

this is the optimal strategy by first establishing that the optimal strategy to apply

as long as only k < K agents have been found is either an infinite sequence of

reservation values or the single reservation value xmax.

Theorem 5. The optimal sequence of reservation values to be used from any state

(r,k) onwards when k < K and no transition is made to a state (r′,k′) for any

r′ > r and k′ > k is either [r1 = xmax] or the infinite sequence [r1,r2, . . .], xmin <

ri < xmax,∀i > 0, where F(ri|ri−1) = Pk, for all i≥ 1 and for some Pk.

Proof. We prove this by strong induction on k. Let S∗ be the optimal strategy.
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Assume that V (r,i)(S∗) = Vi for all xmin ≤ r ≤ xmax and some constant Vi, for all

k < i ≤ N. That is, the optimal cost of continuing the search when i items have

been found is constant, regardless of the starting reservation value. This is true

in the base cases: by definition, Vi = 0 for all i ≥ K. Now, assume that the finite

sequence S1 = [r1, . . . ,rM], ri > r ∀1≤ i≤M, is the optimal strategy at state (r,k)

as long as no transition is made to state (r′,k′) for any r′ > r and k′ > k. The

expected cost of using this sequence is:

V (r,k)(S1)=
M

∑
i=1

(
α+

N−k

∑
j=1

(β ( j)+Vk+ j)

(
N− k

j

)
F(ri|ri−1)

j(1−F(ri|ri−1))
N−k− j

)

·
i−1

∏
j=1

(1−F(r j|r j−1))
N−k (4.18)

As in Theorem 4, we use S2 = [r2, . . . ,rM] to denote the optimal strategy to be

used if no agents are found in the first search round and denote its expected cost

from that point on by V (r1,k)(S2). Using S2, we construct strategy S′1 = [r′2, . . . ,r
′
M]

to be applied from the first round, where F(r′i) = F(ri|r1) ∀1 < i ≤M. The new

strategy S′1 has an expected cost V (r,k)(S′1), which equals V (r1,k)(S2) according to

(4.18). Since S1 is the optimal strategy, V (r,k)(S1) ≤ V (r,k)(S′1). Now consider

a new strategy S′2 = [r′′1 , . . . ,r
′′
M] to be applied from the second round on, where

F(r′′i |r1) = F(ri) ∀1 ≤ i ≤M. We denote the expected cost of S′2 from that point

on by V (r1,k)(S′2). According to (4.18), we obtain V (r1,k)(S′2) = V (r,k)(S1). Since

S2 is the optimal strategy from the second round, V (r1,k)(S2)≤V (r1,k)(S′2), result-



SIMON SHAMOUN OPTIMIZATION PROBLEMS IN SENSOR NETWORKS 96

ing in V (r,k)(S1) ≤ V (r,k)(S′1) = V (r1,k)(S2) ≤ V (r1,k)(S′2) = V (r,k)(S1), which can

hold only if V (r1,k)(S2) =V (r,k)(S1). The same logic can be applied to any search

round j ≤ M, resulting in V (r j−1,k)(S j) = V (r,k)(S1). In particular, V (r,k)(S1) =

V (rM−1,k)(SM). However, the cost onwards when reaching the last (Mth) round,

V (rM−1,k)(SM), equals α +β (N− k) since rM = xmax. Therefore, we obtain

V (r,k)(S1) = α +β (N− k), which is equivalent to S1 = [r1 = xmax]. Any optimal

strategy that has an expected cost less than α +β (N− k) must therefore consist

of an infinite sequence and satisfy F(ri|ri−1) = F(ri+1|ri) = Pk, ∀i > 0 and some

0≤ Pk ≤ 1.

Since the optimal sequence is infinite and the expected cost from each round

onwards is stationary, the expected cost of using Pk is:

V (Pk) = α +
N−k

∑
j=1

(β ( j)+Vk+ j)

(
N− k

j

)
Pk

j(1−Pk)
N−k− j +V (Pk)(1−Pk)

N−k

(4.19)

Consequently,

V (Pk) =
α +∑

N−k
j=1 (β ( j)+Vk+ j)

(N−k
j

)
Pk

j(1−Pk)
N−k− j

1− (1−Pk)N−k (4.20)

The value Pk = P∗k that minimizes V (Pk) in (4.20) is the optimal reservation prob-

ability in any state (r,k). Thus, V (r,k)(S∗) =Vk for some Vk, completing the induc-

tive step.

The optimal values of Pk (0≤ k < K) can be calculated using backward induc-

tion: Given the optimal Pj for all j > k, calculate Pk (0≤ k < K) with (4.20). Note
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that it is necessary to check in each round if it is better to use Pk = 1, as this is

also an applicable strategy. The actual reservation values are derived in a similar

manner as in the single agent search. The first reservation value r0 is calculated

with r0 = F−1(P0). Then, the reservation value to be used in any state (r,k) is

calculated by substituting Pk for P∗ in (4.12).

We illustrate the properties of the optimal search for multiple agents under the

settings in Table 4.1 and compare it to an alternative strategy based on the single

agent search. In the alternative strategy, the searcher searches for one agent at a

time, using the optimal P from (4.11) for N−k agents when k agents have already

been found. That is, the searcher begins by searching for one agent using P from

(4.11). Upon finding k ≥ 1 agents, the searcher begins a new search for one agent

using P from (4.11), modified to reflect that only N−k agents are left to reply, and

that all remaining agent values are above the last reservation value used. This is

continued until the total number of values obtained is greater than or equal to K.

Figure 4.6 shows the optimal values of Pk according to (4.20) and P according to

(4.11) as functions of the number of agents k already found for N = 20; different

numbers of agents K that need to be found; α = 0.1; and the different β ( j) cost

functions. As can be observed from the figure, Pk decreases as k increases for the

log and linear cost functions and all values of K, at a greater rate for the linear cost

function. This can be attributed to two conflicting effects of the increase in k on

the search: On one hand, as the number of available agents decreases, the expected

number of agents found with any reservation value decreases, possibly supporting

an increase in the reservation probability. On the other hand, the probability of
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Figure 4.6: The reservation value used by the optimal strategy (Pk) and alternative
strategy (P) as a function of k, for different values of K and N = 20

finding more than K− k agents with each reservation probability increases, sup-

porting a decrease in the reservation probability. Since the latter effect is more

influential than the first, the reservation probability decreases as a function of k.

The behavior of the square cost function differs from the other two. The most

obvious difference is that the reservation probability is initially small, increases

as the number of agents found increases, then decreases. In particular, when all

agents need to be found (K = 20), the reservation probability is set to a value less

than 1, even though no unnecessary agents will be found if it is set to 1. This is

because the cost function is concave; thus, there is a high penalty of finding a large

number of agents at once. A careful analysis of the data reveals that the reservation

probabilities in this case are indeed set such that the expected number of agents

found is almost the same each round. However, as the number of remaining agents

approaches 0, the reservation probability decreases accordingly to avoid finding

unnecessary agents.

As expected, the optimal reservation probability Pk for the multi agent search

is substantially greater than the optimal reservation probability for a single agent
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search. In most cases, Pk increases as the total number of agents K that need to be

found increases. The square cost function is an exception. As evident from Figure

4.6, the reservation probability for the case (K = 18,k = 14) is greater than the one

for the case (K = 20,k = 14). This is attributed to the nature of the cost function,

as discussed above. In particular, the tradeoff between the expected number of

rounds and agents found differs for the case of (K = 20,k = 14), since in this case

there is no problem of finding more agents than necessary.

Figure 4.7 shows the percentage by which the optimal strategy reduces the

expected cost of the alternative strategy as a function of K, for different cost func-

tions and values of N. The cost reduction highly depends on the cost function

β ( j) and can be quite substantial, up to 20% for the square cost function and 80%

for the log cost function. Furthermore, the improvement increases as the total

number of agents K that need to be found increases, as the savings by finding sev-

eral agents in one round increases. This improvement is mild for the square cost

function for the reasons discussed above. It is noteworthy that N has only a minor

effect on the cost reduction. An increase in N results in a small decrease in the

cost reduction, at a decreasing rate.

4.5 Application to Economic Search

While the goal of increasing threshold search is to find the best-valued agent,

the goal of searchers in many applications may be to find a suitable agent while

optimizing the process as a whole [4, 23, 45]. For example, consider a buyer
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Figure 4.7: Percentage by which the optimal strategy reduces the expected cost of
the alternative strategy as a function of K

agent that is interested in purchasing a product and that obtaining posted prices

from seller agents incurs a cost (e.g., communication costs). The buyer agent can

purchase the product from any of the seller agents. As the buyer increases the

number of sellers with which it communicates, the price it expects to pay for the

product decreases, but its overall communication costs increase. Thus, the optimal

search strategy is a trade-off between the marginal saving of each additional price

obtained and the cost of obtaining it.

The research domain in which such problems are studied is called search the-

ory ([40, 43], and references therein). Within the framework of search theory,

two main clusters of search models can be found: (a) the sequential search model

and (b) the fixed sample size model. In the sequential search model [40, 50], the

searcher obtains a single agent value at a time, allowing multiple search stages.

An example of a sequential search is a buyer who checks prices at different stores

until the available options are satisfactory, and then returns to the store with the

best option. In the fixed sample size model, the searcher obtains a large set of

agent values in a single search round [56], and then chooses the agent associated
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with the best value. This is most applicable when some time constraint limits the

searcher to a single search round. For example, when applying to college, one

must typically apply to several institutions at the same time and then choose from

the best offer after all the applications have been reviewed.

While economic search strategies are inapplicable to our problem, as they do

not guarantee finding the best-valued agent, increasing threshold search alone and

the extensions to it analyzed in this section are useful contributions to economic

search theory. This is because increasing threshold search, whenever applicable,

can result in an overall reduced cost, even in comparison to the optimal economic

search strategy. In this section, we show how the searching agent can benefit from

threshold based searches. We begin by introducing the optimal sequential search

and fixed sample strategies as known from search theory. We then show how

increasing threshold search can be used as an alternative to sequential search, both

on its own and in conjunction with sequential search. Finally, we show how the

fixed sample search can be augmented with a threshold-based search to improve

performance.

4.5.1 Optimal economic search strategies

In the sequential search model [35, 40] a searcher is given N possible opportunities

B = {B1, ...,BN} (e.g., to buy a product) out of which she can choose only one.

Each opportunity Bi encapsulates a value to the searcher (e.g., expense, reward,

utility). While this value is unknown to the searcher, she is acquainted with the

probability distribution function f (x) with which all the values are associated. The
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true value of any opportunity Bi can be obtained by paying a fee, denoted c.

The searcher can continue to obtain the value of any of the opportunities in

B, paying each time the cost c. Once the searcher decides to terminate her search

(or once she has obtained the value of all opportunities), she collects the mini-

mum value among those revealed up until that time (assuming that she seeks the

minimum value). The goal of the searcher is therefore to find the optimal strat-

egy, i.e., a stopping rule that minimizes the expected expense, defined as the value

eventually obtained plus the accumulated costs incurred throughout the process.

The optimal search strategy for this model is reservation-value based [43].

Note that the term “reservation value” has a slightly different meaning in this con-

text than in the context of increasing threshold search. The searcher sets a reser-

vation value r (i.e., a threshold) and sequentially obtains the value of different

opportunities, incurring a cost c, until revealing a value less than the reservation

value (or until the values of all opportunities are obtained). This strategy is pre-

ferred in particular when the cost of obtaining the value of j agents is linear or

super-linear in j, since the searcher does not benefit from obtaining the value of

more than one agent at a time. The optimal reservation value, r, is based on the

distribution of agent values and the cost of obtaining a value, c [40, 43, 61]. It is

the value by which the searcher is indifferent between terminating the search and

obtaining r, and resuming the search. The optimal reservation value in this case is

derived from [43]:

c =
∫ xmax

xmin

(r−min(y,r) f (y)dy =
∫ r

xmin

F(y)dy (4.21)
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Search theory focuses merely on the optimal stopping rule and does not place

much importance on the expected cost of using this rule. Therefore, to compare

increasing threshold search with sequential search, we ought to explicitly develop

the expected overall cost V of using the latter method. When there are N agents,

the expected overall cost of this process is:

V =

E[X |X ≤ r]
N

∑
i=1

F(r)(1−F(r))i−1 +EN [X |X > r](1−F(r))N + c
N

∑
i=1

(1−F(r))i−1

= E[X |X ≤ r](1− (1−F(r))N)+EN [X |X > r](1−F(r))N + c
1− (1−F(r))N

F(r)

(4.22)

where E[X |X ≤ r] is the expected value of an agent whose value is known to be

in the range [xmin,r], and EN [X |X > r] is the expected minimum value in a sample

of size N when the minimum value is in the range [r,xmax]. The first two terms in

(4.22) reflect the expected value of the opportunity returned by the search and the

third term is the expected cost of obtaining the values. The first term is for when

the search terminates with an agent with a value less than r (with probability

∑
N
i=1 F(r)(1−F(r))i−1), while the second term is when all of the agent values are

above r (with probability (1−F(r))N), in which case the smallest value amongst

all N agents is selected. E[X |X ≤ r] can be calculated using f (x|x≤ r) = f (x)
F(r) and

F(x|x ≤ r) = F(x)
F(r) , such that E[X |X ≤ r] =

∫ r
xmin

y f (y)
F(r) dy = r− 1

F(r)

∫ r
xmin

F(y)dy.

EN [X ] can be calculated using the PDF fN(x) and CDF FN(x) of the minimum of
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a N-size sample. FN(x) is the probability that at least one agent in a sample of

size N has the value x or less, which can be expressed as FN(x) = 1−(1−F(x))N .

Thus, EN [X ] can be calculated as follows, using integration by parts in the second

step:

EN [X ] =
∫ xmax

xmin

y fN(y)dy = xmax−
∫ xmax

xmin

FN(y)dy

= xmin +
∫ xmax

xmin

(1−F(y))N dy
(4.23)

EN [X |X > r] can be calculated by replacing F(x) with F(x|x > r) and xmin with r

in (4.23).

As opposed to the sequential search, in the fixed sample size model [56], the

searcher is limited to the selection of one sample of agents overall in a single

period of time. The searcher then selects the agent with the lowest value from this

sample. The expected cost of this strategy as a function of the number of agents

simultaneously sampled, 0 < K ≤ N, is given by:

V = EK[X ]+β (K) (4.24)

The optimal sample size is the value of K that minimizes (4.24). For general

β (i), we need to check K = 1, . . .N for the value with the lowest expected cost. If

β (i) is linear in i (that is, β (i) = ci) then it is only necessary to solve for K in the

equation EK[X ]−EK+1[X ] = c and then choose bKc [56].
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4.5.2 Increasing threshold-limiting sequential search

Increasing threshold search by itself may be a good alternative to economic search.

Since increasing threshold search is only applicable when multiple search rounds

are allowed, its most straightforward use is as an alternative to sequential search

[40, 50]. The expected cost of the increasing threshold search under the economic

search model is composed of the expected cost of search (from (4.11)) and the

expected minimum value obtained (from (4.23)):

V =
α +∑

N
j=1 β ( j)

(N
j

)
P j(1−P)N− j

1− (1−P)N +EN [X ] (4.25)

The performance of increasing threshold search when used as an alternative

to economic search can be improved by processing the agents found using se-

quential search. According to this improvement, called “increasing threshold-

limiting sequential search” from here on, the searcher publishes the thresholds as

before until at least one agent responds. Then, instead of processing all of the

responses, the searcher processes the responses sequentially, in a random order,

as long as the revealed value so far is above some reservation value. In some

ways, the searcher is following the original sequential search method; however,

its sample space is more targeted, as it is limited by the last threshold to which

agents comply. The expected cost of applying a strategy S = [r1, . . . ,rm = xmax]

is thus similar to (4.4), except that β ( j) is replaced with the cost V ( j,ri−1,ri)

of conducting the optimal sequential economic search on j items whose values

are between the last two reservation values used, ri−1 and ri. In this case, The-
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orem 4 and the resulting solution relying on a fixed reservation probability may

no longer be applicable, since the transformation from S2 to S′1 and like transfor-

mations may not be possible. The complexity of deriving the optimal solution

is beyond the scope of this paper. Instead, we show how to solve a discrete ver-

sion of the problem, in which the reservation values are chosen from a finite set

{x1, . . . ,xL}, xmin < xi < xi+1 < xL = xmax, just as in Section 4.2. Replacing β ( j)

with V ( j,xi,xl) in (4.8) results in the following dynamic programming formula-

tion:

C(L) = 0

C(l) = min
l+1≤i≤L

{
α +

N

∑
j=1

V ( j,xl,xi)

(
N
j

)
F(xi|xl)

j(1−F(xi|xl))
N− j

+C(xi)(1−F(xi|xl))
N} ∀0≤ l < L (4.26)

For any pair of values xi and xl , r and V ( j,xi,xl) can be calculated using (4.21) and

(4.22), respectively, replacing F(x) with F(x)−F(xi)
F(xl)−F(xi)

, xmin with xi, and xmax with xl .

In Figure 4.8, we illustrate the properties and benefits of using increasing

threshold search and its improved form as an alternative to sequential search. We

use the synthetic environment described in Section 4.3 and Table 4.1, except that

agents values are associated with the uniform distribution ( f (x) = 1 for 0≤ x≤ 1

and f (x) = 0 otherwise). Figure 4.8 shows the overall cost of all three strate-

gies (sequential, increasing threshold, and increasing threshold-limiting sequen-

tial search) as a function of the number of agents in the environment (horizontal
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Figure 4.8: Expected overall cost of economic and increasing threshold search

axis), for different values of the ratio α/β (1), different cost functions (linear, log-

arithmic, and square), and different values of the coefficient c in β (i). As can be

observed from the figure, increasing threshold-limiting sequential search results

in a lower overall cost than increasing threshold search, and this improvement in-

creases as a function of α . While this characteristic always holds for linear and

concave cost functions, it may not hold when the cost is convex (e.g., logarith-

mic), since the benefit of evaluating all agents found might outweigh the savings

obtained by evaluating only part of the set one by one. Overall, both forms of

increasing threshold search perform better than sequential search for low α and c

values. In these cases, the improvement in value of the selected agent is greater
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than the additional costs α incurred during the search. Whenever the ratio between

the fixed cost of each search iteration and the cost of evaluating an agent (α/β (1))

is sufficiently low, increasing threshold search results in a lower expected overall

cost than sequential search. This is a result of the low search costs due to the

low α/β (1) ratio. As α increases, the advantages of the threshold-based methods

diminish because the sequential search does not incur the cost α .

One interesting observation is that while the expected search cost of increasing

threshold search increases as a function of the available agents N (see Figure 4.4),

its overall cost (search cost and value obtained) decreases as N increases. This is

because the reduction in the expected minimum value due to the additional agents

outweighs the increased search costs. Likewise, we observe that as N increases,

the two increasing threshold-based searches dominate sequential search for large

α/β (1) ratios.

Finally, we note that the difference between the sequential search and the in-

creasing threshold-limiting sequential search does not depend on the cost function

β ( j). This is because both methods process agent values sequentially, incurring

a cost β (1) for each agent sample. This property is especially advantageous for

these search methods if the cost function β ( j) is convex (e.g., square cost).

4.5.3 Combined fixed sample size and threshold search

The fixed sample size search [56] can also benefit from threshold based searches.

While the restriction to a single search round precludes the use of an increasing

threshold search to its full extent, the searcher can still improve expected search
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costs by publishing a single reservation value r besides sampling a fixed number

of agent values, K. By publishing a reservation value, the searcher reduces the

expected minimum value found by sampling alone, although with the additional

expected cost of a one round threshold search. Sampling is still necessary, since

it is possible that no agents will comply with the published reservation value.

Because only one search round is allowed, both the threshold-based sampling and

fixed size sampling must be conducted simultaneously. Returning to the example

of contract bidding, this is like a case in which the agency must make a decision

in the length of time it takes for contractors to prepare and submit their bids. The

agency can simultaneously post a call for all bids under some threshold while

soliciting bids from select contractors, and then choose the lowest of all bids. The

expected cost in this case is:

V = β (K)+α +
N−K

∑
j=1

β ( j)
(

N
j

)
F(r) j(1−F(r))N−K− j

+EN [X |X ≤ r] · (1− (1−F(r))N)+EK[X |X > r] · (1−F(r))N (4.27)

The first three terms in the above equation reflect the search costs, while the

last two terms reflect the expected value of the agent found. The first term is the

cost of sampling K elements; the next two terms are for the expected cost of the

performing a threshold search on the remaining N−K elements; the fourth term

is the expected value of the agent found if its value is below the search threshold

r, which will be found either by the sample or the threshold search; and the fifth
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term is the expected value of the agent if its value is above r, in which case it is

necessarily one of the K agents sampled. EN [X |X ≤ r] can be calculated using

fN(x|x≤ r) = fN(x)
FN(r)

as follows:

EN [X |X ≤ r] =
∫ r

y=xmin

y
fN(y)
FN(r)

dy =
xmin +

∫ r
y=xmin

(1−F(y))Ndy

1− (1−F(r))N
(4.28)
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Figure 4.9: Expected overall cost of the fixed sample size and combined fixed
sample size and threshold searches as a function of N

Figure 4.9 shows the overall cost of the optimal fixed sample size search and

combined fixed sample size and threshold search, using the same settings as in

the previous section, as a function of the number of agents in the environment
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(horizontal axis) for different values of the ratio α/β (1), different cost functions

(linear, logarithmic, and square), and different values of the coefficient c in β (i).

The combined search substantially improves performance when the ratio α/β (1)

or the value of c is small. In these cases, the improvement from possibly finding

a more targeted set of agents (that comply with the threshold) is greater than the

additional cost α incurred. As α increases, the benefit of the combined search di-

minishes, and for large α values, there is no benefit to the combined search. This

is also true for large values of c, since the expected number of samples obtained

according to the optimal strategy is reduced, resulting in an increase in the ex-

pected value obtained. Similar to increasing threshold-limiting sequential search,

the accumulated search cost of the combined search decreases as a function of

N. In contrast, the difference in cost between the combined search and the fixed

sample size search highly depends on the cost function used. The improvement is

greater for concave functions, such as the square cost function, because the com-

bined search uses a small fixed sample and sets the reservation value to minimize

the number of agents found.



Chapter 5

Conclusion

Effective data collection by wireless sensor networks is challenged by various

resource constraints. By choosing the right abstraction, these problems can be

addressed as high level optimization problems. For the zone allocation problem,

the use of a common result from stochastic geometry, several simplifying assump-

tions about coverage, and some algebraic manipulation leads to a solution whose

runtime is linear with respect to the number of zones. By posing the sensor se-

lection problem as a graph-theoretic problem and relating it to the budgeted and

generalized maximum coverage problems, it is possible to derive a solution with

a tight approximation bound and prove that it is the best possible approximation

factor amongst all possible polynomial time solutions. Framing the best-valued

data problem as a multi-agent search problem leads to the derivation of an optimal

solution that is distribution independent.

The dual of the coverage problem is to minimize the number of sensors re-
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quired for an expected level of coverage. Chapter 2 shows how to calculate this

directly using a closed-form expression. The dual of the selection problem is to

minimize the budget required to meet quality of information goal. Although this

problem is not addressed in Chapter 3, it is closely related to minimum set cover.

Unlike the maximum coverage problems, the best possible approximation factor

for minimum set cover is logn. Indeed, the derivation of the (e− 1)/e bound on

the budgeted maximum coverage is based on this result. Consequently, minimiz-

ing the budget for sensor selection also has poor approximation bounds.

Without loss of generality, a sub-classification of minimization problems are

minimax and min-sum problems, in which the objective is to minimize the max-

imum value and to minimize the total value, respectively. Minimax problems

address fairness constraints, such as guaranteeing limits on the largest areas left

uncovered and the largest difference between predicted and actual values. Only

the “max-sum” versions of the coverage and selection problems were addressed.

The greedy selection algorithm, in its most general form, can be used to address

minimax problems by changing the objective function. Since a minimax objec-

tive function is submodular, the same approximation bounds apply according to

Sviridenko [58].

The analysis of the zone allocation problem is based on a commonly used for-

mula for expected coverage. In practice, actual coverage may be different than

expected because of border effects. While it is possible to derive more accurate

formulas, the simulation studies showed that the common formula can be effec-

tively used to derive the optimal allocation when zones are sufficiently large. The
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expected coverage when zones are too small to ignore border effects still needs

analysis. In reality, the zones themselves may have diverse conditions, but if there

is a good approximation of the expected coverage within a zone, a similar method

of deriving the optimal allocation can be applied. Another issue to consider is cov-

erage by distributions other than the uniform distribution. The simulations mod-

eled environmental effects on sensing ranges with weighted distance functions.

This opens up some interesting new areas of studies. An interesting problem is to

determine optimal sensor placements under this model. Since this is most likely a

hard problem, an alternative goal is find bounds on achievable coverage by differ-

ent placement strategies.

Prior work on deterministic deployment modeled coverage with grids, as de-

scribed in Chapter 1. By modeling coverage with grids, the coverage problem is

effectively the same as the selection problem. As such, the greedy algorithm can-

not guarantee coverage greater than (e−1)/e) of the optimal. More problematic

is the runtime, as demonstrated in Chapter 2. Although the main analysis of zone

allocation was for random deployment, it was originally designed to overcome

the inefficiencies of greedy placement. By realistically assuming that the field can

be divided into zones of similar conditions, the sensors can first be allocated to

each zone and then deployed within each zone according to well-studied strate-

gies for homogeneous fields. The shortcoming of this approach is that it does not

adequately account for border effects and that optimal arrangements in bounded

regions are difficult to derive. If the field cannot be divided into large enough

zones such that border effects cannot be ignored, then this technique is no longer
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effective. However, a divide-and-conquer approach can be designed instead. By

bounding the difference between coverage of a zone by some arrangement of sen-

sors and optimal coverage of that zone, the field can be divided in a way that

minimizes the error.

Several natural generalizations are possible for the problem of sensor selec-

tion. (1) The information network can be more generally cast as a hypergraph

rather than a simple graph. In such a case, there can be an edge between any set

of vertices rather than a single pair of vertices. The problem again grows expo-

nentially as the allowable number of vertices in a set increases, so some limitation

on the sets considered must be placed. (2) In the problem considered, the link

types are homogeneous. In more general cases, different links may be of different

types, and it may be possible to make type specific predictions. For example, the

amount of computation can be reduced by performing the regression analysis on

a small subset of links of each type. (3) The predicted sensor data is only as good

as the task it is used for. In particular, the data may only be used to detect various

events. Selecting sensors according to their ability to predict other streams may

not be the best set for overall event detection. The right model for prediction and

selection must therefore be considered in this case.

Increasing threshold search is applicable to many multi-agent systems. For

example, a volunteer ambulance corps dispatcher needs to find the closest volun-

teer to an emergency. She must page the volunteers and request that they call back

to learn their locations. Instead of requesting that all volunteers call back, she can

request that only volunteers within a certain distance of the emergency call back,
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and repeat the request with greater distances until at least one volunteer calls. An-

other example is a government agency seeking bids for a project. It may request a

best and final offer from a set of the top bidders after an initial call for bids, so it

would try to limit its initial search to only those top bidders.

The analysis of increasing threshold search is for the case when the distribu-

tion of agents’ values is known to the searcher. Just as for expanding ring search,

the optimal increasing threshold search strategy in the discrete case can be derived

using dynamic programming. The optimal strategy in the continuous case can be

derived using the unique probabilistic properties described in Chapter 4. What

remains is a study of the case when the distribution of agents’ values is unknown

to the searcher. Just as for expanding ring search, it may be possible to prove the

competitive ratio of different strategies and bound the best possible competitive

ratio of any strategy.



Appendix A

Proof of Proposition 2.8

Proof. This is evident when i = 1 by setting C1 = 1 and α ′1 = α1. For i ≥ 2
zones, begin with the assumption that the optimal coverage of Z′i−1 by n sensors
is equivalent to Eq. (2.15), such that the expected coverage under a partition β ′i is
formulated as

i−1

∑
j=1

γ j

1−Ci−1e
−

α ′i−1S

∑
i−1
j=1 γ jA

(1−β ′i )n
+ γi

(
1− e−

αiS
γiA

β ′i n
)

(A.1)

Taking the second derivative of Eq. (A.1) with respect to β ′i shows that it is con-
cave. Therefore, there is one maximum for any value of β ′i . A sketch of the
derivation of the optimal value of β ′i is as follows. Set the first derivative of Eq.
(A.1) with respect to β ′i equal to 0 and solve for β ′i .

β
′
i =

α ′i−1γi

α ′i−1γi +αi ∑
i−1
j=1 γ j

(
∑

i−1
j=1 γ jA

α ′i−1Sn
ln

αi

α ′i−1Ci−1
+1

)
(A.2)
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Substitute this expression into Eq. (A.1) and reduce to derive an expression for
coverage equivalent to Eq. (2.15)

i

∑
j=1

γ j

(
1−

∑
i−1
j=1 γ jαi +α ′i−1γi

∑
i
j=1 γ jα

′
i−1

·
(

α ′i−1Ci−1

αi

) αi ∑
i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j e

−
αiα
′
i−1 ∑

i
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

Sn
∑

i
j=1 γ jA

 (A.3)

in which α ′i and Ci are defined recursively as follows:

α
′
1 = 1

α
′
i≥2 =

αiα
′
i−1 ∑

i
j=1 γ j

α ′i−1γi +αi ∑
i−1
j=1 γ j

C1 = 1

Ci≥2 =
∑

i−1
j=1 γ jαi +α ′i−1γi

∑
i
j=1 γ jα

′
i−1

(
α ′i−1Ci−1

αi

) αi ∑
i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

The complete derivation of Eq. (A.2) can be found in Appendix B.4.



Appendix B

Derivations

B.1 βopt , Eq. (2.6) in Section 2.2
Recall that the expected coverage of the field is

1− γ1e−
α1S
γ1A (1−β )n− γ2e−

α2S
γ2A βn

Take the derivative with respect to β and reduce

−α1S
A

ne−
α1S
γ1A (1−β )n

+
α2S
A

ne−
α2S
γ2A βn

Set the derivative equal to zero, rearrange terms, and eliminate like terms:

α2e−
α2S
γ2A βn

= α1e−
α1S
γ1A (1−β )n

Take the log of both sides of the equation:

lnα2−
α2S
γ2A

βn = lnα1−
α1S
γ1A

(1−β )n
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Solve for β :

α1S
γ1A

βn+
α2S
γ2A

βn = ln
α2

α1
+

α1S
γ1A

n

Sn
A

(
α1

γ1
+

α2

γ2

)
β = ln

α2

α1
+

α1S
γ1A

n

γ1γ2

α1α2

Sn
A

(
α1

γ1
+

α2

γ2

)
β =

γ1γ2

α1α2

(
ln

α2

α1
+

α1S
γ1A

n
)

Sn
A

(
γ1

α1
+

γ2

α2

)
β =

γ2

α2

(
γ1

α1
ln

α2

α1
+

S
A

n
)

β =
1

γ1
α1

+ γ2
α2

γ2

α2

(
A
Sn

γ1

α1
ln

α2

α1
+1
)

Note that α1 = 1 by definition, so ln α2
α1

= lnα2.

B.2 Two zone coverage, Eq. (2.8) in Section 2.2
When n≤−A

S
γ1
α1

lnα2, all sensors are assigned to Z1, so the expected coverage is:

γ1

(
1− e−

α1S
γ1A n
)

To derive an expression for the coverage when n > −A
S

γ1
α1

lnα2, substitute βopt
into Eq. (2.5) and simplify

1− γ1e
−α1S

γ1A

(
1− 1

γ1
α1

+
γ2
α2

γ2
α2

(
A
Sn

γ1
α1

lnα2+1
))

n
− γ2e

−α2S
γ2A

1
γ1
α1

+
γ2
α2

γ2
α2

(
A
Sn

γ1
α1

lnα2+1
)

n

= 1− γ1e−
α1
γ1

Sn
A e

1
γ1
α1

+
γ2
α2

γ2
α2

lnα2

e
α1
γ1

Sn
A

1
γ1
α1

+
γ2
α2

γ2
α2 − γ2e

− 1
γ1
α1

+
γ2
α2

γ1
α1

lnα2

e
− 1

γ1
α1

+
γ2
α2

Sn
A

= 1−

(
γ1e−

α1
γ1

Sn
A e

1
γ1
α1

+
γ2
α2

γ2
α2

lnα2

e
α1
γ1

Sn
A

1
γ1
α1

+
γ2
α2

γ2
α2 e

1
γ1
α1

+
γ2
α2

γ1
α1

lnα2

e
1

γ1
α1

+
γ2
α2

Sn
A
+ γ2

)

· e
− 1

γ1
α1

+
γ2
α2

γ1
α1

lnα2

e
− 1

γ1
α1

+
γ2
α2

Sn
A
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= 1−

(
γ1e

(
−α1

γ1

(
γ1
α1

+
γ2
α2

)
+1+α1

γ1
γ2
α2

)
1

γ1
α1

+
γ2
α2

Sn
A

e
1

γ1
α1

+
γ2
α2

(
γ1
α1

+
γ2
α2

)
lnα2

+ γ2

)

· e
− 1

γ1
α1

+
γ2
α2

γ1
α1

lnα2

e
− 1

γ1
α1

+
γ2
α2

Sn
A

= 1− (γ1α2 + γ2)α

− 1
γ1
α1

+
γ2
α2

γ1
α1

2 e
− 1

γ1
α1

+
γ2
α2

Sn
A

= 1−
(

γ1

α1
+

γ2

α2

)
α2α

− 1
γ1
α1

+
γ2
α2

γ1
α1

2 e
− 1

γ1
α1

+
γ2
α2

Sn
A

= 1−
(

γ1

α1
+

γ2

α2

)(
α

γ2
α2
2

) 1
γ1
α1

+
γ2
α2 e

1
γ1
α1

+
γ2
α2

Sn
A

B.3 Two zone minimum sensor count, Eq. (2.7) in
Section 2.2

Just as the formula for C is conditional on whether n ≤ −A
S

γ1
α1

lnα2 or not, the
formula for the minimum number of sensors n to achieve an expected level of
coverage C depends on whether or not C is less than or equal to the expected
coverage when n =−A

S
γ1
α1

lnα2. The expected coverage for this value of n is:

γ1

(
1− e

α1S
γ1A

A
S

γ1
α1

lnα2

)
= γ1(1−α2)

To derive a formula for n when C = γ1

(
1− e−

α1S
γ1A n
)

, rearrange the terms:

e−
α1S
γ1A n

=
γ1−C

γ1

Take the log of both sides:

−α1S
γ1A

n = ln
γ1−C

γ1
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Solve for n:
n =− γ1A

α1S
ln

γ1−C
γ1

To derive a formula for n when C = 1−
(

γ1
α1

+ γ2
α2

)(
α

γ2
α2
2

) 1
γ1
α1

+
γ2
α2 e

1
γ1
α1

+
γ2
α2

Sn
A

, rear-

range the terms:

1−C =

(
γ1

α1
+

γ2

α2

)(
α

γ2
α2
2

) 1
γ1
α1

+
γ2
α2 e

1
γ1
α1

+
γ2
α2

Sn
A

Take the log of both sides:

ln(1−C) = ln
(

γ1

α1
+

γ2

α2

)
+

1
γ1
α1

+ γ2
α2

γ2

α2
lnα2 +

1
γ1
α1

+ γ2
α2

Sn
A

Solve for n:

n =
A
S

(
γ1

α1
+

γ2

α2

)(
ln(1−C)− ln

(
γ1

α1
+

γ2

α2

)
− 1

γ1
α1

+ γ2
α2

γ2

α2
lnα2

)

B.4 β ′opti, Eq. (A.2) in Section 2.3

Recall that the expected coverage of Z′i under a partition β ′i of n sensors is refor-
mulated as:

i−1

∑
j=1

γ j

1−Ci−1e
−

α ′i−1S

∑
i−1
j=1 γ jA

(1−β ′i )n
+ γi

(
1− e−

αiS
γiA

β ′i n
)

Take the derivative with respect to β ′opti and reduce

−
α ′i−1Sn

A
Ci−1e

−
α ′i−1S

∑
i−1
j=1 γ jA

(1−β ′i )n
+

αiSn
A

e−
αiS
γiA

β ′i n

Set it equal to 0, rearrange the terms, and eliminate like terms

αie
−αiS

γiA
β ′i n

= α
′
i−1Ci−1e

−
α ′i−1S

∑
i−1
j=1 γ jA

(1−β ′i )n
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Take the log of both sides

lnαi−
αiS
γiA

β
′
i n = ln(α ′i−1Ci−1)−

α ′i−1S

∑
i−1
j=1 γ jA

(1−β
′
i )n

Rearrange the terms and solve for β ′i

α ′i−1S

∑
i−1
j=1 γ jA

β
′
i n+

αiS
γiA

β
′
i n = lnαi− ln(α ′i−1Ci−1)+

α ′i−1S

∑
i−1
j=1 γ jA

n

α ′i−1γi +αi ∑
i−1
j=1 γ j

γi ∑
i−1
j=1 γ j

Sn
A

β
′
i =

α ′i−1Sn

∑
i−1
j=1 γ jA

(
∑

i−1
j=1 γ jA

α ′i−1Sn
ln

αi

α ′i−1Ci−1
+1

)

β
′
i =

α ′i−1γi

α ′i−1γi +αi ∑
i−1
j=1 γ j

(
∑

i−1
j=1 γ jA

α ′i−1Sn
ln

αi

α ′i−1Ci−1
+1

)

To solve for Ci and α ′i , first expand (1−β ′i ):

1−β
′
i = 1−

α ′i−1γi

α ′i−1γi +αi ∑
i−1
j=1 γ j

(
∑

i−1
j=1 γ jA

α ′i−1Sn
ln

αi

α ′i−1Ci−1
+1

)

=

α ′i−1γi +αi
i−1
∑
j=1

γ j

α ′i−1γi +αi
i−1
∑
j=1

γ j

−
α ′i−1γi

α ′i−1γi +αi
i−1
∑
j=1

γ j

i−1
∑
j=1

γ jA

α ′i−1Sn
ln

αi

α ′i−1Ci−1
−

α ′i−1γi

α ′i−1γi +αi
i−1
∑
j=1

γ j

=
αi ∑

i−1
j=1 γ j

α ′i−1γi +αi ∑
i−1
j=1 γ j

−
α ′i−1γi

α ′i−1γi +αi ∑
i−1
j=1 γ j

∑
i−1
j=1 γ jA

α ′i−1Sn
ln

αi

α ′i−1Ci−1

Now substitute 1−β ′i and β ′i into (A.1) and reduce.

i

∑
j=1

γ j−
i−1

∑
j=1

γ jCi−1e
−

α ′i−1Sn

∑
i−1
j=1 γ jA

(
αi ∑

i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

−
α ′i−1γi

α ′i−1γi+αi ∑
i−1
j=1 γ j

∑
i−1
j=1 γ jA

α ′i−1Sn
ln αi

α ′i−1Ci−1

)

− γie
−αiS

γiA
α ′i−1γi

α ′i−1γi+αi ∑
i−1
j=1 γ j

(
∑

i−1
j=1 γ jA

α ′i−1Sn
ln αi

α ′i−1Ci−1
+1

)
n
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=
i

∑
j=1

γ j−
i−1

∑
j=1

γ jCi−1e
−

αiα
′
i−1Sn

A(α ′i−1γi+αi ∑
i−1
j=1 γ j) e

α ′i−1γi

α ′i−1γi+αi ∑
i−1
j=1 γ j

ln αi
α ′i−1Ci−1

− γie
−

αi ∑
i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

ln αi
α ′i−1Ci−1 e

− Sn
A

αiα
′
i−1

α ′i−1γi+αi ∑
i−1
j=1 γ j

=
i

∑
j=1

γ j−

 i−1

∑
j=1

γ jCi−1e
−

αiα
′
i−1Sn

A(α ′i−1γi+αi ∑
i−1
j=1 γ j) e

α ′i−1γi

α ′i−1γi+αi ∑
i−1
j=1 γ j

ln αi
α ′i−1Ci−1

·e
αi ∑

i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

ln αi
α ′i−1Ci−1 e

Sn
A

αiα
′
i−1

α ′i−1γi+αi ∑
i−1
j=1 γ j + γi


e
−

αi ∑
i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

ln αi
α ′i−1Ci−1 e

− Sn
A

αiα
′
i−1

α ′i−1γi+αi ∑
i−1
j=1 γ j

=
i

∑
j=1

γ j−

 i−1

∑
j=1

γ jCi−1e

α ′i−1γi+αi ∑
i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

ln αi
α ′i−1Ci−1 + γi


·
(

α ′i−1Ci−1

αi

) αi ∑
i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j e

−
αiα
′
i−1 ∑

i
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

Sn
∑

i
j=1 γ jA

=
i

∑
j=1

γ j−

(
i−1

∑
j=1

γ jCi−1
αi

α ′i−1Ci−1
+ γi

)

·
(

α ′i−1Ci−1

αi

) αi ∑
i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j e

−
αiα
′
i−1 ∑

i
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

Sn
∑

i
j=1 γ jA
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=
i

∑
j=1

γ j−
∑

i−1
j=1 γ jαi +α ′i−1γi

α ′i−1

(
α ′i−1Ci−1

αi

) αi ∑
i−1
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j e

−
αiα
′
i−1 ∑

i
j=1 γ j

α ′i−1γi+αi ∑
i−1
j=1 γ j

Sn
∑

i
j=1 γ jA

=
i
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Appendix C

Variables Used in Chapter 4

Table C.1: Table of Variables Used in Increasing Threshold Search Analysis
symbol explanation
N number of agents in the system
f (x) PDF (probability density function) of agent values
F(x) CDF (cumulative distribution function) of agent values
[xmin,xmax] range of agent values
β ( j) cost of obtaining j agent values
r published reservation (threshold) value
S = [r1,r2, . . .] search strategy
α fixed cost of publishing a reservation value
V (S) expected cost of using strategy S
S∗ optimal strategy
f (x|ri−1) PDF of agent values if all values are above ri−1
F(x|ri−1) CDF of agent values if all values are above ri−1
{x1, . . . ,xL} discretized set of potential reservation values
C(i) expected cost of continuing a search after publishing reserva-

tion value xi
c cost of obtaining the value of one agent in the linear cost

model
P reservation probability used in the optimal strategy

continued on next page
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Table of Variables – continued
symbol explanation
δ increment of reservation value in the fixed increment and Cal-

ifornia split rule strategies
µ parameter defining the number of search rounds in the fixed

increment and California split rule strategies
K number of agents that the searcher is interested in finding in

a multi agent search; sample size in the fixed sample size
economic search model

k number of agents found so far
(r,k) state at the beginning of a multi-agent search round
V (r,k)(S) expected cost of continuing a search from state (r,k) when

using strategy S
Pi reservation probability to use when i agents have already been

found
C(l,k) expected cost of continuing a multi-agent search after using

reservation value xl and a total of k agents have been found
so far

{B1, ...,BN} possible opportunities in the sequential search model
E[X |X ≤ r] expected value of an agent whose value is known to be in the

range [xmin,r]
EN [X |X > r] expected minimum value in a sample of size N when the min-

imum value is in the range [r,xmax]
fN(x) PDF of the minimum of a N-size sample
FN(x) CDF of the minimum of a N-size sample
fN(x|x≤ r) PDF of the minimum of a N-size sample when the minimum

is less than r
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