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ABSTRACT

An in v e s t ig a t io n  w a s  u n d e r ta k e n  to  s tu d y  th e  phenom enon  o f  p a r t i c l e - t o -  

f lu id  m a s s  t r a n s fe r  in  m u l t ip a r t ic le  s y s t e m s .  L oca l a n d  o v e ra l l  m a s s  t r a n s fe r  

r a t e s  from a s in g le  a c t iv e  sp h e re  e i th e r  a lo n e  or in  th e  p r e s e n c e  o f  one  o r more 

in e r t  s p h e r e s  w ere  d e te rm in e d  e x p e r im e n ta l ly ,  a t  low R eynolds num ber (5 -1 5 0 ) ,  

h ig h  P e c le t  num ber ( 3 ,5 0 0 - 1 5 0 ,0 0 0 )  f lo w . D ata  w e re  o b ta in e d  by m ea su r in g  

th e  d im inu tio n  p ro f i le  o f  a  s p h e r ic a l  p a r t i c le  o f  e i th e r  b e n z o ic  a c id  or b e ta  n a p h th o l  

du e  to  w a te r  f low ing p a s t  th e  r ig id ly  h e ld  p a r t i c l e s  in  a c y l in d r ic a l  tu b e .

S in g le  sp h e re  r e s u l t s  show  th a t  flow s e p a r a t io n  d o e s  not a p p e a r  to  o c c u r

a t  a  R eynolds num ber o f  5 but i s  s t r ik in g  a t  a  R eynolds num ber o f  25. The _

lo c a t io n  o f  th e  s e p a ra t io n  r in g  is  d e p e n d e n t  upon R eyno lds num ber, in a g re em e n t

w ith  t h ^ . r e s u l t s  o f  p re v io u s  i n v e s t i g a t o r s .  The lo c a l  m a s s  t r a n s fe r  r a te  p ro f i le s

for s in g le  s p h e re s  a re  in  a g re e m e n t  w ith  t h o s e  p re d ic te d  by b ou n d a ry  la y e r  th e o ry

1 /2  1 /3a n d  th e  o v e ra l l  m a s s  t r a n s fe r  r e s u l t s  c a n  be  r e p r e s e n te d  a s  a  fu n c t io n  o f  Re Sc 

o r  P e 1 / 3 .

N um erous r e s u l t s  w e re  o b ta in e d  for s p h e re s  in  a x i a l ,  e q u i l a t e r a l  t r i a n g u la r  

a n d  h e x a g o n a l  c o n f ig u r a t io n s .  T hey  show  th e  m ark ed  e f f e c t  p a r t i c l e - t o - p a r t i c l e  

in te r a c t io n s  h av e  on  p a r t i c l e - t o - f l u i d  m a s s  t r a n s fe r  an d  on  th e  hydrodynam ic  

flow  p a t te rn  a ro u n d  p a r t i c l e s .



INTRODUCTION

The phenom enon  of p a r t i c l e - t o - f l u id  h e a t  an d  m a s s  t r a n s fe r  i s  w id e ly  

e n c o u n te re d  in th e  c h e m ic a l  and  n u c le a r  I n d u s t r i e s .  An ex am p le  of t h i s  i s  th e  

d if fu s io n  c o n tro l le d  c a t a ly t i c  r e a c t io n ,  su ch  a s  m ight o c c u r  in  a f ixed  or 

f lu id iz e d  r e a c to r .  T his  in v o lv e s  d if fu s io n  of th e  r e a c t a n t s  from the  bu lk  f lu id  

s tream  to  th e  su r fa c e  of th e  so l id  c a t a l y s t  p a r t i c l e s  w here  th e  c h e m ic a l  r e a c t io n  

o c c u r s ,  and  th en  b a ck  d if fu s io n  o f th e  p ro d u c ts .  C h e m ica l  r e a c t io n s  a re  

in v a r ia b ly  a c c o m p a n ie d  by e n th a lp y  c h a n g e s ,  th e re fo re  w e h a v e  s im u lta n e o u s  

p a r t i c l e - t o - f l u id  h e a t  an d  m a s s  t r a n s fe r .

O th e r  e x a m p le s  in c lu d e :  f ixed  or m oving bed  p e b b le  h e a t e r s ,  h e a t  re c o v e ry  

o p e ra t io n s  in  w h ich  a p a r t i c u la te  c a t a l y s t  is  c o o le d  by d ire c t  c o n ta c t  w ith  a 

flow ing g a s ,  drying of a  g a s  by a g ran u la r  a d s o rb e n t ,  r e g e n e ra t io n  of a  u s e d  

a d so rb e n t  an d  sp e n t  c a t a l y s t ,  d e s t ru c t io n  of n u c le a r  w a s t e s ,  su b lim a tio n  of 

so l id  p a r t i c l e s  in to  a g a s e o u s  s tre am , so lu t io n  of so l id  p a r t i c l e s  in to  a l iq u id  

s t re a m , ro a s t in g  of o r e s ,  s o l id - l iq u id  e x t ra c t io n  an d  le a c h in g ,  e t c .

W hen o n e  c o n s id e r s  th e  w id e s p re a d  o c c u re n c e  o f p a r t i c l e - t o - f l u id  h e a t  and  

m a s s  t r a n s fe r ,  i t  Is e a s i l y  u n d e rs to o d  w hy su c h  a la rg e  num ber of ex p e r im e n ta l  

and  th e o r e t i c a l  s tu d ie s  h av e  b e e n  rep o r te d  in  re c e n t  y e a r s .  H o w ever ,  th e  

c o r re la t io n s  r e s u l t in g  from t h e s e  in v e s t ig a t io n s ,  for th e  m ost p a r t ,  do not a g re e
t

w ith  e a c h  o ther ;  e s p e c i a l l y  in th e  low R eynolds num ber r a n g e .  In a d d i t io n ,  

a lm o s t  a l l  o f  th e  ex p er im e n ta l  d a ta  w e re  o b ta in e d  in th e  vo id  f rac t io n  ran g e



<f = 0 .4  to  = 0 .6  so  th a t  th e  e ffec t o f  f rac t io n a l  void  volume on h e a t  and  

m ass  t ra n s fe r  r a te s  i s  not w ell  e s t a b l i s h e d .  The th e o re t ic a l  in v e s t ig a to rs  are  

faced  w ith  th e  problem of a d e q u a te ly  d e sc r ib in g ,  m a th em a tica l ly ,  the  flow 

behav io r  around p a r t ic le s  an d  the  e f fe c ts  of p a r t i c l e - to - p a r t i c l e  in te r a c t io n s .  

R ecen tly , g rea t  in te re s t  has  d ev e loped  in the  lo c a l  m ass  and  h ea t  t ra n s fe r  ra te s  

from p a r t i c l e s - to - f lu id s  in p ack ed  and f lu id ized  b e d s .

The purpose  of th is  in v e s t ig a t io n  w a s  to  o b ta in  exp erim en ta l  da ta  a t  low 

Reynolds num ber, h igh  P e c le t  number flow w hich  would he lp  to  e s t a b l i s h  the  

e ffec t  of p a r t i c l e - to - p a r t i c l e  in te ra c t io n s  (hydrodynamic or void volume effect) 

on the lo c a l  and ov e ra ll  m a ss  t ra n s fe r  r a te s  in m u lt ip a r t ic le  s y s te m s .  To th is  

end , a x ia l  and  a x ia l - r a d ia l  co n figu ra tion s  of a sm a ll  number of inert s p h e re s ,  

surrounding a s in g le  a c t iv e  sp h e re ,  w ere  u s e d .  For th e s e  c o n f ig u ra t io n s ,  lo c a l  

rad iu s  dim inution p ro f i le s ,  w hich  in turn  a re  r e la te d  to  the  lo c a l  m ass  t ra n s fe r  

p ro c e s s ,  w ere  o b ta in ed  o p t ic a l ly .  O v era ll  m a ss  t ra n s fe r  r a te s  w ere  o b ta in ed  by 

in teg ra tio n  of the  lo ca l  p ro f i le s .



CRITICAL REVIEW C F PERTINENT PRIOR WORK

The t ra n s fe r  of h e a t  and  m ass  be tw een  p a r t ic le s  and  f lu ids has been  

w id e ly  in v e s t ig a te d  both e x p er im en ta l ly  and  th e o re t ic a l ly  in re c e n t  y e a rs  

b e c a u se  of the  growing im portance  of f lu id -p a r t ic le  o p e ra t io n s  in the  ch em ica l  

and  n u c le a r  in d u s t r ie s .  T hese  in v e s t ig a t io n s  w ere  c o n ce rn ed  w ith  h e a t  and 

m ass  t ra n s fe r  from s in g le  p a r t i c le s  a s  w ell  a s  h ea t  and m a s s  t ra n s fe r  in 

m u lt ip a r t ic le  sy s te m s  such  a s  p a c k e d ,  d is te n d e d ,  and f lu id ized  b e d s .  This 

rev iew  w ill  sum m arize  th e  p re se n t  s t a te  of know ledge p e rt in en t to  th i s  t h e s i s .

H eat and M a ss  T ransfer from a S ingle  P a r t ic le  

T h eo re tica l  S tu d ies

The t ra n s fe r  of h ea t  and m ass  from a sphe re  to  an  in fin ite  s ta g n an t  flu id  

h a s  been  t r e a te d  th e o re t ic a l ly  by L a n g m u i r f ^  R u d e n b e r g ^ ^  and F u c h s ^ ^  

a l l  of whom have  show n th a t

Sh = Nu = 2 (1)

If the  fluid is  a llow ed  to  flow p a s t  the  p a r t ic le  a t  low Reynolds num bers , h ea t  

or m a ss  w ill  be t ran s fe rred  by c o n v ec tio n  a s  w e ll  a s  by m olecu lar tran sp o rt  

and  th e  v a lu e  of the  N u s s e l t  number or Sherwood number w ill becom e g rea te r  

th an  tw o .

( 31)Kronig and  B ru ijs ten , in a th e o re t ic a l  s tu d y , d eve loped  an  e x p re ss io n  

for the  N u s s e l t  (or Sherwood) number around a sphere  by a pe rtu rba tion



te c h n iq u e  w hich expanded  the  tem perature  fie ld  around the  sphere  in pow ers of 

the  Pec le t number, P e . They found th a t  a pertu rbation  procedure s ta r ting  with 

a fin ite  sphere  in a s ta t io n a ry  medium a s  a zeroth approxim ation w as  u n s u i ta b le .  

H ow ever, using  a point source  in a flowing medium a s  a b a s i s ,  a so lu tion  w as 

ob ta ined  which s a t is f ie d  the  boundary cond ition  at in f in ity  excep t a t  £ = 0  

(the d irec tion  of flow) . Their r e su l t  is  a p p lica b le  on ly  a t  low v a lu e s  o f the  

Reynolds number s in ce  th ey  u se d  S tok es ' f ield  for th e  v e lo c i ty  profile  in the  

so lu tion  of the  energy  eq u a t io n .  They found th a t

Nu = 2 + Pe +-.-I5V  P e 2 + • * * ‘ (2)avg 2 19 20

B re im a n ^  co n s id e red  th e  same p h y s ic a l  s i tu a tion  a s  Kronig and B ru ijs ten . 

H ow ever, he u se d  a G re en 's  function tech n iqu e  to transform the  problem into 

an in tegra l eq u a tio n ,  which w as  then  so lved  by i te ra t io n .  He concluded  th a t ,  

for sm all Pec le t num bers,

Nu = 2 + -^ P e  - -J-Pe2  In Pe - 0 .0 334  P e 2 + -----  (3)avg 2 4

That th is  does not ag ree  with equation  (2) is su rp r is in g , s in ce  the  two in v e s t i ­

g a tio n s  were conce rn ed  with the  sam e m athem atica l model and d iffered only in 

the  method of so lu t io n .

(14)Frisch  c o n s id e re d  the  sam e problem but assu m ed  the sphere  to be falling 

in a s ta t io n a ry  fluid w ith  d iffusion  occurring from the  fluid to the  p a r t ic le .  He 

a ls o  expanded  the  c o n cen tra tio n  fie ld  around the  sphere  in term s of th e  Pec le t  

number by a  pertu rba tion  m ethod. H ow ever, he a ssu m e d , for some re a so n ,



th a t  C( ^ , 0 ) = C ( ; ',T') a s o Re of h is  boundary c o n d i t io n s .  This seem s to 

in v a l id a te  th e  r e s u l t  he o b ta in ed  for the  Sherwood number around th e  sp h e re .

(29)
I llin gw o rth , in a s tud y  of the  hot w ire  anem om eter , d e v e lo p ed  an 

e x p re s s io n  re la t in g  the  N u s s e l t  number and  the  P ec le t  number by a ssu m in g  

th a t  the  flu id  flows p a s t  the  sp h e re  in s im ple  harm onic m otion abou t a mean 

v e lo c i ty .  U sing  an  O s e e n - ty p e  approxim ation  he so lv ed  the  energy  e q u a t io n .

He r e p re s e n te d  th e  v e lo c i ty  p ro file  by the  m a in -s trea m  v e lo c i ty ,

I l l in g w o rth 's  r e s u l t ,  w ithout regard  to  th e  e ffec t  of v e lo c i ty  f lu c tu a t io n s ,  is

Nu = 2 + \  Pe + O (Pe) 2  (4)avg  2

(4 3)Ogiwara , u s in g  a s im ila r  approx im ation  o b ta in ed  the  sam e r e s u l t .

( 3 9 )
N ie lso n  a l s o  u t i l i z e d  S to k e s ' f ie ld  to  d e sc r ib e  th e  flu id  v e lo c i ty  profile 

How ever , he so lv e d  the  energy  eq ua tion  nu m erica lly  by a re la x a t io n  p ro ced u re . 

H is r e s u l t  is
D p  I Q C  2

Sh = 2 ( 1 +  ,7 ) ™ 2 + .285 Pe - .05095 Pe (5)avg 2

This show s a sm alle r  c o e f f ic ie n t ,  than  w a s  p rev io u s ly  o b ta in ed ,  for the  f irs t  

order P ec le t  number te rm .

( 12)Fried lander u s in g  b o u n d a ry - la y e r  theo ry  so lv e d  th e  sam e problem .

The e x is te n c e  of a therm al boundary  la y e r ,  w hich  is  a lim ited  reg ion  of the  

flow th a t  is  a f fe c te d  by th e  p re s e n c e  of the  h e a te d  su r fa c e ,  w as  a s su m e d .

At th e  edge of the  lay e r  the  tem pera tu re  r e a c h e s  th a t  of th e  bulk of the  flu id  

and a ll  the  tem p era tu re  d e r iv a t iv e s  w ith  r e s p e c t  to  the  normal to  the  su rface  

v a n is h .  The N u s se l t  number c a n  be c a lc u la te d  by u se  of th e  known v e lo c ity



p ro f i le  i f  a t e m p e r a tu re  d i s t r ib u t io n  i s  a s s u m e d .  F r ie d la n d e r  u s e d  th e  v e lo c i t y  

p ro f i le  d e r iv e d  by  T om otika  a n d  A o i ^ ^  from th e  l i n e a r i z e d  N a v ie r - S to k e s  

e q u a t i o n s .  H is  r e s u l t  fo r l a r g e  P e c le t  n u m b e rs  i s

Nu = 0 .9 7 5  (Pe) 1//3 (6 )a v g

a n d  for v e ry  s m a l l  P e c le t  n u m b e rs  i s

a
Nu = 2 + +-— ■ + -------  (7)a v g  2  6

/  <*

Yuge a l s o  c o n d u c t e d  a  t h e o r e t i c a l  s tu d y  o f  h e a t  a n d  m a s s  t r a n s f e r  from 

a s in g l e  s p h e r e  to  a f lu id  f lo w in g  a t  low  R e y n o ld s  n u m b e r s . H e  s o lv e d  th e  

e n e r g y  e q u a t io n  n u m e r ic a l ly  b y  a s e t  o f  a p p ro x im a t io n s  in  w h ic h  h e  a s s u m e d  

that th e  t e m p e r a tu re  p r o f i le  w a s  e x p a n d a b le  in  e v e n  p o w e re d  te rm s  o f  th e  

s p h e r i c a l  a n g le  iQ . The f lu id  v e l o c i t y  p ro f i le  u s e d  w a s  S to k e s '  f i e l d .  H e 

s u c c e e d e d  in  sh o w in g  t h a t  h i s  e x p a n s io n  c o n v e r g e d  e x t r e m e ly  r a p i d l y ,  a n d

a l s o  s a t i s f i e d  a l l  th e  b o u n d a ry  c o n d i t i o n s .  T he p r e v io u s  e x p a n s i o n s  in  t e r m s

r u n  i , (5 , 12, 14, 2 9 , 31 , 3 9 , 43) , , _ . .of th e  P e c le t  num ber w e re  r e s t r i c t e d  to  P e c le t  v a l u e s

l e s s  t h a n  u n i ty .  Y u g e 's  r e s u l t s  a r e  n o t  r e s t r i c t e d  to  v a l u e s  o f  P e < l  a n d  w e re

c a l c u l a t e d  for a  P e c le t  n u m b er  a s  h ig h  a s  1 0 . H is  r e s u l t s  for d i f f e r e n t  v a lu e s

of th e  P e c le t  num ber a r e  t a b u l a t e d  b e lo w .

Pe g^ g« f * Nuo 2 4 a v g

o CO 1 .0 9  39 - 0 . 0 3 2 7 0 .0 0 0 1 2 .0 0

1 .0 1 .2 7 3 3 - 0 . 0  591 0 . 0 0 0 0 2 .2 0

3 .0 1 .5 5 1 0 - 0 .0 9 2 7 - 0 . 0 0 0 1 2 .5 5

1 0 .0 2 .0 3 0 1 - 0 .1 4 5 0 - 0 .0 0 0 3 3 .2 0



In th e  la s t  colum n a re  p re s e n te d  the  a v e rag e  N u s se l t  number for d ifferen t 

v a lu e s  of th e  P ec le t  num ber. In order to  o b ta in  the  loca l  N u s s e l t  number at 

any  lo c a t io n  on the  s p h e re 's  s u r fa c e ,  u s e  m ust be made of th e  fo llow ing e q u a ­

t io n  g iven  in Y uge 's  paper:

Nu = 2 (gQ + q2 Q 2 + f4 C-4) (8 )

w here  the  c o n s ta n t s  g' , g ' ,  and  f . a re  th o se  ta b u la te d  a b o v e .
O  Ci *

( 13)F ried lander com bined th e  th e o re t ic a l  r e s u l t s  of Yuge for low Pe number
( 3 4 )

w ith  a L ev ich -L igh th ill  th in  b o u n d a ry - la y e r  m ethod so lu tio n  of th e  energy  

eq u a tio n  at high P ec le t  number to  o b ta in  a cu rve  w hich r e p re s e n ts  th e  r e la t io n  

be tw een  the  Sherwood number and  the  P e c le t  number for a l l  v a lu e s  o f P e , 

Equation (9) is  the  r e s u l t  he o b ta in ed  for Pe approach ing  in fin ity .

1 / 3
Sh = 0 .9 9 1  Pe (9)

Figure 1 p re s e n ts  th e  co m p le te  Sh vs . Pe cu rv e  drawn by F ried lander b a se d  

on eq u a tio n  (9) and  the  r e s u l t s  of Yuge. It shou ld  be no ted  th a t  th is  curve  

a p p l ie s  on ly  for low Reynolds num bers s in c e  the  v e lo c i ty  f ie ld  w hich  w a s  

u se d  n e g le c ts  a l l  in e r t ia l  e f f e c t s .

Acrivos and  T a y l o r ^  made a th e o re t ic a l  s tud y  of h e a t  and  m ass  t ran s fe r  

r a te s  from a s in g le  sp he re  a t  low P ec le t  num bers , w here  the  v e lo c i ty  f ie ld  w as  

a l s o  a s su m e d  to  be g iven  by S to k es ' form ula. U sing  a s in g u la r  p e rtu rba tion  

te c h n iq u e  th e y  d e rived  th e  follow ing e x p re ss io n  for the  a v e rag e  N u s se l t  

number in term s of the  P e c le t  num ber, in the  P e c le t  number range  0 to  1.
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1 0.

Nu = 2 + ~  Pe +~) P e 2 In Pe + 0 .03404  P e 2 + ~  P e 3 In Pe + -----  (10)avg 2 4 16

Table I p re se n ts  the  num erical v a lu e s  of the  average  N u sse l t  number, a s  

computed from eq u a tio n s  (2), (3), and (10) and th o se  reported  by Yuge, for 

the  range 0  £  Pe 4 . 1.

The "m atching" so lu tion  u se d  by Acrivos and Taylor in deriving equation  

(10) seem s m ath em atica lly  rigorous a t  very  low Pe, but a t what v a lu e  of 

Pe it w il l  break down canno t be d e te rm ined .

(6)Brenner, u s ing  the  singu lar pertu rbation  tech n iqu e  of Acrivos and 

T aylor, so lved  the  s t e a d y - s t a te  energy equation  for the  stream ing flow of an 

incom press ib le  fluid of in fin ite  ex ten t  p a s t  an iso therm al,  s ta t io n a ry ,  th ree  

d im ensiona l body of a rb itrary  sh a p e .  He found tha t a t sm all Pec le t  numbers 

the av erag e  N u sse lt  number cou ld  be e x p re s se d  in the  form

~ / =  1 + I  Nu Pe + O (Pe) (11)Nuq 8

where Nu^ is  the  Nusselt. number for hea t tran s fe r  to a s tag nan t f lu id . This 
o

re la tio n  w as shown to be independen t of the  p a r t ic le  Reynolds number, the  

o rien ta t ion  of the  body re la t iv e  to the  f ree -s tream  v e lo c ity  and  the dynam ical 

boundary cond ition  s a t is f ie d  by the  v e lo c i ty  at the  su rface  of the  body . These 

v a r ia b le s  do , how ever, have  an  e ffec t in higher ap p rox im ations .

Brenner a ls o  made an  e x p lic i t  c a lc u la t io n  of the  next term in the  

expansio n  of equation  for the  c a s e  of S tokes ' flow re la t iv e  to  the  a rb itrary



1 1 .

TABLE I , A N um erica l C o m p ar iso n  of A verage N u s s e l t  Num bers a t  Low
P e c le t  Num bers

Pe
E quation

(2 )
E qu a tio n

(3)
Equatio

(1 0 )

0 . 1 2 .0 5 3 2 .0 5 5 2 .0 4 4

0 . 2 2 . 1 1 2 2 .1 1 5 2 .0 8 4

0 .3 2 .1 7 7 2 .1 7 4 2 .1 2 4

0 .4 2 .2 4 8 2 .2 3 1 2 .1 6 5

0 .5 2 .3 2 6 2 .2 8 4 2 .2 0 9

0 . 6 2 .4 0 9 2 .3 3 4 2 .2  59

0 .7 2 .4 9 8 2 .3 7 7 2 .3 1 5

0 . 8 2 .5 9 4 2 .4 1 4 2 .3 7 9

0 .9 2 .6 9 5 2 .4 4 4 2 .4 5 1

1 . 0 2 .8 0 3 2 .4 6 7 2 .5 3 4

R eference
(64)

2 . 0 0

2 . 20



s h a p e d  b o d y .  The r e s u l t s  o f t h i s  a n a l y s i s  y i e ld s  th e  r e la t io n

- t ?  -  1 4  N<  P e  + T 6 N uo fo x  Pe2 ln  Pe + °  <Pe*> <12>
o

w h e re  fox  i s  th e  d im e n s io n le s s  d rag  on  th e  b o d y .  It  w a s  fu r th e r  c o n c lu d e d  th a t  

t h e  O (Pe^) term  in  th i s  e x p a n s io n  for th e  N u s s e l t  num ber d e p e n d s  e x p l i c i t l y  

on  th e  s h a p e  of th e  bod y  a n d  c a n n o t  be  g iv e n  in  g e n e r a l  form.

It is  n o ta b le  t h a t  for th e  c a s e  of a  s o l id  s p h e r e  o f  r a d iu s  "a" (Nu^ = 2, 

fQX = 1) e q u a t io n  (12) y ie ld s

Nu = 2 + - i  Pe + -J -P e 2 ln  Pe + 0  (Pe2) (13)

w h ic h  i s  in a g re e m e n t  w ith  th e  f i r s t  th r e e  te rm s  o f  th e  e x p a n s io n  of A crivos

a n d  Taylor; (e q u a t io n  10).

(25)
G ra f to n  c o n s id e r e d  th e  t r a n s f e r  o f m a s s  from s o l id  s p h e r e s  d u e  to  

fo rce d  c o n v e c t io n  o f a  c o n t in u o u s  in c o m p r e s s ib le  f lu id ,  w here  th e re  w a s  no  

e f f e c t  o f  n a tu r a l  c o n v e c t io n  an d  w h ere  n e g l ig ib le  m o le c u la r  d i f fu s io n  

o c c u r re d  o u t s id e  th e  b o u n d a ry  l a y e r .  T his  a p p ro a c h  w a s  to  r e l a te  th e  m a s s  

t r a n s f e r  p r o c e s s  to  th e  h y d ro d y n am ic  c o n d i t io n s  e x i s t i n g  o v e r  th e  e n t i r e  s u r f a c e  

of th e  s p h e r e .  It w a s  a s s u m e d ,  in  o rd e r  to  a n a l y z e  th e  h y d ro d y n am ic  c o n d i ­

t io n s ,  th a t  th e  b o u n d a ry  l a y e r  i s  la m in a r .

In  o rd er  to  d e s c r ib e  th e  h y d ro d y n am ic  c o n d i t io n s  o v e r  th e  s p h e re  s u r f a c e

(591in  th e  forw ard  f lo w  a r e a ,  G ra f to n  u s e d  th e  m eth od  of T o m o tik a ' '  w h ich



req u ire s  a  know ledge of the  p re s su re  v a r ia t io n s  normal to  the  part  id-, su rface .  

He th en  u se d  a  boundary  la y e r  theory  approach  to o b ta in  a r e la t io n  for the  

hydrodynam ic c o n d it io n s  in  th e  w ake a re a  of the  sp h e re .  This req u ire s  a 

know ledge of the wake con tou rs  o f  the  sp h e re .  Both of th e s e  d e sc r ip t io n s  

for the  hydrodynam ic co n d it io n s  are in term s of the  d im e n s io n le s s  param eter 

2 which is  de fined  a s

A boundary  lay e r  theory  a n a ly s i s  of the  m ass  t ra n s fe r  p ro c e s s  r e s u l t s  in 

th e  follow ing re la t io n sh ip

w hich  perm its  c a lc u la t io n  of the lo c a l  va lue  of the Sherwood number from a 

know ledge of the  lo ca l  v a l u e o f  Z. One could  th en  o b ta in  the  av erag e  

Sherwood number by  in teg ra t io n  ov er  the  sphere  su rface .

•

Grafton show ed th a t  for the  forward s ta g n a t io n  point th e  forced c o n v e c ­

t io n  tran s fe r  group M is  indep enden t o f  Reynolds number but for th e  o v e r - a l l  

or p a r t ia l  su r fa c e s  the  va lue  of M i s  d e p e n d e n t  on Reynolds num ber. He 

offered no g e n e ra l  form of th i s  d e p en d en cy  b e c a u s e  of i ts  com plex ity  but 

th e s e  o b se rv a t io n s  e x p la in  the  re a so n  for v a rio u s  in v e s t ig a to rs  ob ta in ing  

d iffe ren t  c o n s ta n ts ,  for d iffe ren t ran g e s  of Reynolds num bers, in the  u su a l

(14)

(IS)



d im e n s io n le s s  e x p r e s s io n s .

The r e s u l t  o b ta in e d  by  G rafton  i s  o b v io u s ly  more a p p l ic a b le  a t  h ig h e r  

R eyno lds n um bers  th a n  th e  p re v io u s ly  d i s c u s s e d  th e o re t i c a l  w orks b e c a u s e  

S to k e s '  f ie ld  w a s  no t a s s u m e d  a s  th e  v e lo c i ty  p ro f i le  a round  th e  s p h e re .

T ab le  II p r e s e n t s  a  c o m p a r iso n  b e tw e e n  c a lc u la te d  v a lu e s  o f  M an d  e x p e r i ­

m e n ta l ly  d e te rm in e d  v a lu e s  for a  Reynolds num ber of 5 0 0 . The r e s u l t s  of 

s e v e r a l  e x p e r im e n ta l  s tu d ie s  a re  com pared  w ith  th e  o v e ra l l  v a lu e  of M

c a lc u la te d  th roug h  e q u a t io n  (14) in  T ab le  III. The e x p e r im e n ta l  d a ta  of
(21 )

G a m e r  an d  Hoffm an for m a s s  t r a n s fe r  from th e  forward s ta g n a t io n  po in t 

of b e n z o ic  a c id  s p h e re s  to  w a te r  a t  low  R eynolds num bers  a re  p re s e n te d  in  

T able  IV to  sho w  th e  d i s tu rb a n c e  du e  to  n a tu ra l  c o n v e c t io n  upon  th e  m a s s  

t r a n s fe r  g roup  M.

(351L och ie l and  C a ld e r b a n k '  7 d e v e lo p e d  a  th e o r e t i c a l  e q u a t io n  to  d e s c r ib e  

th e  m a s s  t r a n s fe r  r a te  a round  a n y  a x isy m m e tr ic  body  o f  re v o lu t io n  w hen  the  

P e c le t  an d  Schm idt num bers  a re  la rge  in  v a lu e .  They th e n  so lv e d  t h i s  e q u a ­

t io n  for s e v e ra l  b o d ie s  w h ich  are  o f in te r e s t  to  c h e m ic a l  e n g in e e r s .  For 

s o l id  s p h e r e s  a t  Reynolds num bers  l e s s  th a n  1 (c reep ing  flow) th e y  a p p lie d  

S to k e s '  law  an d  o b ta in e d  th e  sam e  r e s u l t  a s  F r i e d l a n d e r / 1 ^  i . e .

Sh = 0 .9 9  P e 1^ 3 (16)

w ith  th e  a d d i t io n a l  s t ip u la t io n  th a t  th e  P e c le t  num ber m ust be  g re a te r  th a n  100.



TABLE I I . C o m p a r is o n  o f  E x p e r im e n ta l  a n d  C a l c u l a t e d  V a lues  o f  M a t  

a  R e y n o ld s  N um ber o f  500

M = S h / S c ° * 33 Re0 ' 5

E x p e r im e n ta l  
V a lu es  o f  
G a m e r  a n d  
S u c k l in g  (2 3)

E x p e r im e n ta l  
V a lu es  o f 
G a rn e r  a n d  
G ra f to n  (20)

C a lc u la te
V a lues

E n ti re  S u r fa c e 0 .9 5 0 .9 1 0 .9 0

F orw ard  F low  Area 1 .0 8 1 .0 4 1 .0 1

W a k e  Area 0 .6 7 0 .7 7 0 .6 3

F orw ard  S ta g n a t io n  P o in t 1 .6 8 1. 39 1 .6 0

Rear S ta g n a t io n  P o in t 0 .8 7 0 .5 6 0 .8 7 5



TABLE I I I .  O v e ra l l  M a s s  T ransfe r  for S p h e re s

Value of M

E xperim enter Re Range M = S h /S c^*

G arner a n d  G rafton (20) 500 0 .9  1

G arner an d  Keey (22) 2 50 - 7  50 0 .9 4

G arner a n d  S uck ling  (23) 500 0 .9 5

Fros s l in g  (15) 2 - 1000 0 .5 5

M cC une  an d  W ilhelm  (38) 30 -■ 130 1 .38

Rowe, C la x to n  and  Lew is (47) 500 0 .8 0

C a lc u la te d 500 0 .9 0



TABLE IV. M a s s  T ran s fe r  from th e  Forw ard  S ta g n a t io n  P o in t o f  3 /8  Inch

D ia m e te r  B enzo ic  Acid S p h e re s  in  W a te r

M =   Sh______

S c 0 ' 33 Re0 ' 5

Re

10

20

40

70

100

C a lc u la t e d  Value

Up Flow

3 .1

2 . 1  

1 . 8

1 .4

1 .4

1 .4  

1 . 6

Down Flow

3 .2  

1 . 8

1 .3  

1. 1 

1 . 2

1 .3  

1 . 6
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For s o l i d  s p h e r e s  a t  R eyno lds  n u m b e rs  m uch  l a rg e r  t h a n  1 (b o u n d ary  l a y e r  

flow) th e y  a p p l i e d  b o u n d a ry  l a y e r  th e o ry  a n d  found  t h a t  fo r th e  fo rw ard  f lo w  

a r e a ,  0 ° ;  0 ^ 1 0 8 ° ,  th e  r e l a t i o n  w a s

Sh = 0 .7  R e1 /2  S c 1 /3  (17)

A ssu m in g  t h a t  t h e  t r a n s f e r  o c c u r r in g  in  t h e  w a k e  a r e a  a m o u n ts  to  tw e n ty  

p e r c e n t  of th e  fo rw ard  f lo w  a r e a  t r a n s f e r ,  s e e  r e f e r e n c e  (15), t h e  o v e ra l l  

t r a n s f e r  r a t e  m ay  b e  d e s c r i b e d  a p p ro x im a te ly  a s

1 / 2  1 / 3
Sh = 0. 84 Re /  Sc (18)

1 /3  1 /2T h e ir  a n a l y s i s  y i e ld e d  a  v a lu e  o f  S h /S c  /  Re , M , a t  th e  fo rw ard  s t a g n a -

(16 )t io n  p o in t  o f  1 .3 4  w h ic h  c o m p a re s  t o  1 .4 7  fo und  for t h i s  g roup  by  F ro s s l in g  

a n d  to  1 .6  found  b y  G ra f to n ,

E x p e r im e n ta l  v e r i f i c a t i o n  o f  th e  t h e o r e t i c a l  s t u d i e s  w h ic h  a re  a p p l i c a b l e  

a t  lo w  R e y n o ld s  a n d  P e c l e t  n u m b ers  h a s  b e e n  l im i te d ,  d u e  t o  th e  d i f f i c u l ty  

in  o b ta in in g  a c c u r a t e  h e a t  o r m a s s  t r a n s f e r  d a ta  a t  v e ry  lo w  R e y n o ld s  n u m b ers  

b e c a u s e  o f n a tu r a l  c o n v e c t io n  e f f e c t s .  In  t h e  n e x t  s e c t i o n  a  c r i t i c a l  s tu d y  i s  

p r e s e n t e d  o f  th e  e x p e r im e n ta l  s i n g l e  s p h e r e  d a ta  a v a i l a b l e  in  th e  l i t e r a t u r e .

E x p e r im e n ta l  S tu d ie s

H e a t  a n d  m a s s  t r a n s f e r  r a t e s  from s in g l e  p a r t i c l e s  t o  b o th  g a s e s  a n d  

l iq u id s  h a v e  b e e n  m e a s u r e d  e x p e r im e n ta l ly  b y  m a n y  d i f f e r e n t  i n v e s t i g a t o r s .



Ail of th e  so l id -g as  da ta  w ere  ob ta ined  using  an a ir  s tream . The so l id - l iq u id  

in v e s t ig a t io n s  w ere  c a rr ied  out m ainly by using  w ater  a s  the  so lven t medium.

For Reynolds numbers of 1000 or l e s s ,  experim ental da ta  have  been

reported  by Kramers, ^ ^ R a n z  and  M a r s h a l l / 44  ̂Tang, D uncan , and  S c h w e y e r / ^

Yuge A l l a n d e r , ^  F ro ss l in g ,  and  most rec en t ly  by Rowe, C lax to n ,

(47)
and Lewis for s o l id -g a s  s y s te m s .  T hese  da ta  toge ther  w ith th e  th eo re tic a l  

r e s u l t s  of Kronig and  B ru ijs ten , F ried lander, Yuge, Acrivos and Taylor, and 

Lochiel and  C alderbank  a re  shown in Figure 2 so a s  to  offer a conven ien t 

co m parison . It ap p ea rs  from Figure 2 tha t equa tion  (2) o v e re s t im a te s  the  

co n vec tion  e ffec t  w he reas  Y uge 's  th e o re t ic a l  r e s u l t  u n d e re s t im a tes  th is  e f fe c t .  

In sp e c t io n  of Figure 2 in d ic a te s  th a t  both eq u a tio ns  (7) and (10) seem to 

ex trap o la te  the  experim ental data  down to low Reynolds num bers. Figure 2 a lso  

in d ic a te s  th a t  F r ie d la n d e r 's  r e s u l t  for high Pe, equation  (6), a s  w ell a s  

equa tion  (16) u n d eres tim a te  the  experim ental o b se rv a t io n s .  Furthermore, it 

c le a r ly  show s th a t  th e  com bined Friedlander-Y uge curve u n d e re s t im a tes  the 

experim enta l d a ta  over the  en tire  range of Pe or Re under c o n s id e ra tio n .

Upon further in sp e c t io n  of Figure 2, it seem s th a t  a com bination  of the  

da ta  lead ing  to  cu rves  F and  H with th e  th eo re tic a l  r e s u l ts  of cu rves  B and C 

w ill  y ie ld  a c o rre la t io n  be tw een  Nu and Pe . This w ill  s a t is fa c to r i ly  rep re sen t  

the  s in g le  sphere  g as  p h a se  h ea t  and m ass  tran s fe r  phenomenon up to a Pecle t 

number of 3000.



2 0 ,

FIGURE 2 -  G A S  PHAS E  HEAT A N D  MASS TRANS F ER DATA FOR A S IN G L E  SPHERE
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C o m p a ra t iv e ly  l i t t l e  e x p e r im e n ta l  d a ta  for l iq u id  s y s te m s  are  a v a i la b le .
(2 0 ,2 2 ,  & 23)

T his i s  e s p e c i a l l y  th e  c a s e  a t  low  Reynolds num bers . G a rn er ,  e t .  a l .  

m e a su re d  th e  ra te  of so lu t io n  o f c a s t  b e n z o ic  a c id  and  a d ip ic  a c id  s p h e re s  in  

w a te r  f low ing in  a p ip e .  Their r e s u l t s  w ere  c o r re la te d  by  th e  e q u a t io n

1 /2  1 /3
Sh = 2 . 0  + 0 .9 5  Re /  Sc (19)

avg

This e q u a t io n  i s  id e n t ic a l  to  th a t  u se d  b y  F ro ss l in g  to  c o r re la te  h i s  g a s  p h a se

d a ta ,  s e e  Figure 2, e x c e p t  th a t  F r o s s l in g 's  c o n s ta n t  w a s  0 .5 5 2  in s t e a d  of

0 .9 5 .  T here fo re , th e  l iqu id  s tream  d a ta  of G a rn er ,  e t .  a l .  (Sc = 1 ,1 0 0  to

3, 200) a p p e a r  to  g iv e  a v e ra g e  Sherwood num bers  n e a r ly  tw ic e  th o s e  o f th e  g as

1 /2  1 /3s tre am  e x p e r im e n ts  (Sc = . 715) a t  th e  sam e  v a lu e  o f Re '  Sc . G arner  and

c o w o rk e rs  co n d u c ted  th e i r  in v e s t ig a t io n s  in  the  Reynolds num ber rang e  of 2 to

1000 a n d  e q u a t io n  (19) r e p r e s e n ts  th e i r  r e s u l t s  o v e r  th e  Re ran g e  o f  100 to  700.
*

S te in b e rg e r  and  T r e y b a l ^ )  h av e  a l s o  m easu red  m ass  t r a n s fe r  r a t e s  from 

s in g le  s p h e re s  to  l iq u id  s tre am s  an d  h av e  c o r re la te d  th e i r  r e s u l t s  b a s e d  on the  

a d d i t iv i ty  o f  n a tu ra l  an d  fo rced  c o n v e c t io n  e f f e c t s .  T heir  co rre  la t io n  is  in  

a g re em e n t  w ith  p re v io u s  h e a t  an d  m a s s  t r a n s fe r  d a ta  for bo th  l iq u id  and  

g a s e o u s  s y s te m s  a n d  is  g iv en  by

1 / 9 0 . 6 2
Sh = Sh + 0 .3 4 7  (Re Sc '  ) (20)avg  o

>
w h ere  ShQ is  a Sherwood num ber du e  to  m o le cu la r  d i f fu s io n  and  n a tu ra l  

c o n v e c t io n  o n ly  ( i . e .  Sh a t  Re = 0). The v a lu e  of Sh0 m ay be  found from



e i th e r  o f th e  fo llow ing re la t io n s  dep en d ing  upon th e  v a lu e  o f the  product of 

th e  G rashoff , Gr, an d  Schmidt num bers for th e  sy s te m :

Sh0  = 2 + 0 .5 6 9  (Gr Sc)0 ,2 5 0 , Gr Sc < 1 0 8 (21)

Sh^ =2 + 0 .0 2 5 4  (Gr S c )1 /3  Sc*2 4 4 , Gr S c > 1 0 8 (22)

Recently, Rowe, C la x to n ,  and  Lewis repo rted  r a te s  of s in g le  sphe re  h e a t  

and m a s s  t r a n s fe r  to  w a te r  in  th e  Reynolds num ber ran ge  30 to  1, 750, Their 

d a ta  a long  w ith  the  c o rre la t in g  e q u a t io n  and  some of th e  d a ta  of G arner, e t .  a l .  

a re  g iv e n  in  Figure 3.

(46)
Rhodes and P e e b le s ,  a s  a sm all  p h a s e  of th e i r  in v e s t ig a t io n ,  c o n ­

d u c ted  some s in g le  sphe re  s tu d ie s .  Their r e s u l t s  a re  in ag reem en t w ith  th o se
(38)

of G a m er ,  e t .  a l .  and  are a l s o  show n in Figure 3 . M cC une and  W ilhelm  

a ls o  reported  s e v e ra l  d a ta  for th e  d is s o lu t io n  of s in g le  s p h e re s  of b e ta  

naph tho l in w a te r .  Their d a ta  are  in c lu d ed  in  Figure 3.

Figure 3 c le a r ly  show s th e  d ea r th  of e x p e r im e n ta l  l iq u id  p h a se  s in g le  

sp h e re  h e a t  and  m a s s  t r a n s fe r  d a ta  a t  low Reynolds num bers .

(23)
The work of G arn er  and  Suckling a s  w e ll  a s  th e  s in g le  sp h e re  work of 

{4 6j
Rhodes and P e e b le s  a re  o f  p a r t ic u la r  p e r t in e n c e  to  th e  p re s e n t  i n v e s t i g a ­

t io n .

G a m er  and  Suckling m easu red  o p t ic a l ly ,  bo th  lo c a l  an d  o v e ra l l  m a ss
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FIG U R E  3 - h e a t  a n d  m a s s  t r a n s f e r  d a t a  f o r  s i n g l e  s p h e r e s  t o  l i q u i d s
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t r a n s fe r  r a t e s  from v a r io u s  d iam ete r  s in g le  s p h e re s  o f a d ip ic  an d  b e n zo ic  

a c id s  in to  a  lam inar  s tream  o f  w a te r  flow ing  in a h o r iz o n ta l  p ip e .  A s in g le  

e q u a t io n

ShQ = 2 + 0 .9  5 R e1 /2  S c 1 /3  (23)

(20  22)w a s  found to  c o r re la te  th e i r  d a ta  and  th a t  o f  G a rn e r ,  e t .  a l .  ' for 

p a r t ic le  R eynolds num bers b e tw ee n  100 and  7 00 . They a l s o  c o r re la te d  th e i r  

d a ta  for s e p a ra te  r e g io n s  of th e  sp h e re  s u r f a c e .  Table  V p r e s e n t s  a sum m ary 

o f th e ir  c o r r e la t io n s  an d  Figure 4 show s th e  sam e in fo rm ation  g r a p h ic a l ly .

In s p e c t io n  of F igure  4 in d ic a te s  th a t  th e  maximum t r a n s fe r  on th e  sp h e re  

su rfa ce  o c c u rs  a t  th e  forward s ta g n a t io n  p o in t .  It i s  s e e n  th a t  th e  t r a n s fe r  

occu rr ing  in  th e  forward flow a re a  i s  c o n s id e ra b ly  g re a te r  th a n  th a t  w h ich  

o c c u rs  in  th e  w ak e  a r e a .  Figure 4 a l s o  show s th a t  th e  t r a n s fe r  from th e  rea r  

s ta g n a t io n  po in t i s  l e s s  than  the  a v e ra g e  t r a n s fe r  r a t e ,  c o n s id e ra b ly  l e s s  

th a n  th a t  from th e  forward s ta g n a t io n  p o in t ,  but g re a te r  th a n  th e  a v e ra g e  

t r a n s fe r  from th e  w ake  a re a .

T h ese  a u th o rs  a d m r  th a t  th e ir  d a ta ,  w h ich  w ere  o b ta in e d  p h o to ­

g ra p h ic a l ly ,  show  c o n s id e r a b le  s c a t t e r  and  e x p la in  th a t  th i s  i s  due to  sm a ll  

e rro rs  in a n a ly z in g  th e  p d o to g rap hs  w h ich  becom e m agn if ied  s in c e  th e y  are  

of th e  o rder  of m ag n itu de  of th e  d im in u tio n s  be ing  so u g h t .  They c o n te n d  

th a t  b e t te r  ph o to g rap h ic  te c h n iq u e s  w ould  te n d  to  l e s s e n  th i s  e rro r .  They



TABLE V C o r r e l a t i o n s  o f  G arner, e t . a  1.for M a s s  T r a n s f e r  R a te s  from

S e p a r a t e  R e g io n s  o f  S p h e re  S u r fa c e

E q u a t io n :

R eg ion

F o rw ard  F lo w  Area 

W a k e  Area

Sh = 2 + B R e 1 /2  S c 1^ 3

B

1 .0 8

0 .67

F o rw ard  S t a g n a t io n  P o in t  

Rear S t a g n a t io n  P o in t

1 . 6 8  

0 . 8 7

1 /2  1 /3
R ange  o f  Re Sc  in  w h ic h  a p p l i c a b l e :  100 -  300
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fu rther  c o n te n d  th a t  lo c a t io n  of in i t i a l  a n d  f in a l  s i lh o u e t te s  le a d  to  a d d i t io n a l  

e r r o r s .

G a rn e r ,  e t .  a l .  d id  not p re s e n t  p lo ts  o f lo c a l  Sherw ood num ber v e rs u s
( 5 5 )

p o s i t io n  on  th e  sp h e re  s u r f a c e .  H o w ev e r ,  S uck ling  p re s e n te d  su f f ic ie n t  

in fo rm ation  to  e n a b le  F igure  5 to  be  p re p a re d .

Rhodes a n d  P e e b le s ,  in  th e  in i t i a l  po r t ion  of th e i r  s tu d y  o f lo c a l  

t r a n s fe r  r a t e s  from s p h e r e s  in o rd e red  a r r a y s ,  d id  som e s in g le  p a r t ic le  r u n s .  

They w orked  a t  R eynolds num bers  from 166 to  1 ,5 6 0  a n d  found e x c e l le n t  

ag re em e n t w ith  th e  r e s u l t s  o f  G a rn e r ,  e t .  a l .  for th e i r  a v e ra g e  Sherwood 

n u m b ers .  Their  d a ta  a re  a l s o  p r e s e n te d  in  F igure  5.

I n s p e c t io n  o f F igure  5 sh o w s th e  in c re a s in g  im po rtance  o f  th e  w a k e  

a re a  in th e  t r a n s fe r  p r o c e s s  a s  Re i n c r e a s e s .  The figure  a l s o  c le a r ly  sh o w s  

how th e  forward flow a re a  t r a n s fe r  i n c r e a s e s  v e ry  sh a rp ly  w ith  in c re a s in g  

R eynolds num ber. T here  s e e m s  to  be some d is a g re e m e n t  b e tw ee n  th e  p ro f i le s  

o f  G a rn e r ,  e t .  a l .  an d  th o s e  of Rhodes an d  P e e b le s .  C u rv e s  B, D , E, an d  G, 

a f te r  G arner an d  S u c k l in g ,  show  a s t e a d y  c h a n g e  w ith  th e  in c re a s in g  

R eyno lds num ber. C u rv e s  A, C , a n d  F show  th i s  c h a n g e  in  th e  forward flow 

a re a  bu t do not f i t  in to  th e  p a t te rn  of th e  o th e r  c u rv e s  in  th e  w ake  a r e a . The 

poor b eh av io r  o f  th e  w a k e  reg io n  o f  c u rv e  A, Re = 1560, w a s  e x p la in e d  by 

a n  u n s ta b le  flow a t  th e  re a r  o f  th e  p a r t i c l e .
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G arner, e t .  a l .  exp la ined  the  d is tr ib u t io n s  of m ass  tran s fe r  ra te  

ob ta ined  by m eans of boundary layer c o n c e p ts ,  a ssum ing  th a t  the  m ass  and 

momentum boundary -lay er  th ic k n e s s e s  are in a c o n s ta n t  ra t io  under a g iven  

se t  of flow cond it io ns  .

The lo ca tion  of th e  pronounced minima in th e  m ass  tran s fe r  p ro f i le s  of 

Figure 5 and the  lo ca tio n  of the  minima of the  da ta  o f G arner, e t .  a l .  a re  

p lo tted  in Figure 6 , a g a in s t  the  Reynolds number. T hese  minima a re  a ls o  

in d ica tiv e  of th e  loca tion  o f the  hydrodynamic sep a ra t io n  po in t.  The 

sep a ra tio n  point and the  point of minimum tran s fe r  should  co in c id e  s ince  

the  hydrodynamic boundary laye r  a t ta in s  i ts  maximum th ic k n e s s  a t  the  

sep a ra tio n  p o in t .  Also p lo tted  in Figure 6 is  the  curve reported  by Garner 

and G r a f to n ^ ^  for the  movement of the  hydrodynamic sep a ra t io n  poin t with 

Reynolds number.

The co in c idence  of th e s e  sep a ra t io n  lo ca tio n s  (Figure 5) is  observed  

in the  Reynolds number range 200 to 400. Above Re of 400 and below  Re 

of 200 the  minimum m ass  t ran s fe r  ra te  occu rs  a few deg rees  behind the  flow 

sep a ra tio n  p o in t .  Garner and Grafton b e liev e  th a t  a t  the  h igher Reynolds num bers, 

a sm all s tagnan t pocket of flu id  e x is t s  behind the  flow sep ara tio n  point in which 

tran s fe r  o ccu rs  on ly  very  s low ly . As the  sep a ra t io n  point moves further back  

over th e  surface  w ith  a d e c re a se  in Reynolds number, the  ang le  be tw een  the 

su rface  and the sep ara tin g  s tream line  becom es g rea te r  and the re  is  l e s s  ten dency  

for the s tag nan t pocket to form. This exp lana tio n  is  qu ite  p la u s ib le .
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The d i s p a r i ty  a t  low R eyno lds num bers is  s a id  to  be due  to  n a tu ra l  c o n v e c t io n  

e f f e c t s .  It s e e m s  th a t  th i s  d i f fe re n c e  a t  low  R eyno lds num bers m ight a l s o  be 

e x p la in e d  by in a c c u r a c ie s  in  th e  d a ta  o f  t h e s e  a u t h o r s , p a r t ic u la r ly  s in c e  th e i r  

work in v o lv e d  th e  m ea su re m e n t  of p r e s s u r e  d i f f e re n c e s  ove r  th e  p a r t ic le  

su r fa c e  a t  low  flow r a t e s .

In th e  ab o v e  p a p e r s ,  th e  r e l a t iv e  im p o rtan ce  o f  th e  w ak e  in  m a s s  t r a n s ­

fer h a s  b e en  sh o w n . At a R eynolds num ber o f  70 th e  w ak e  c o n tr ib u te s  abou t 

8.0% of th e  t o ta l  t r a n s fe r ;  w h i le  a t  a R eynolds num ber o f ab o u t 500 th e  w ake  

c o n tr ib u te s  ab o u t 2 5% of th e  t o t a l .  The c o n tro l l in g  fac to r  in  th e  t r a n s fe r  from 

th e  w ak e  w a s  found to  be th e  so l id  su r fa c e  w ith in  th e  w a k e  r e g io n .  It  i s  

d e te rm in e d  by  th e  lo c a t io n  o f  th e  s e p a ra t io n  p o in t .

Due to  th e  la c k  of low  R eynolds num ber e x p e r im e n ta l  d a ta  for bo th  lo c a l  

an d  o v e ra l l  m a s s  t r a n s fe r  r a t e s  from s o l id s  to  l iq u id s ,  i t  s e e m s  w o rthw h ile  to  

ex p an d  upon th e  in v e s t ig a t io n s  o f G a rn e r ,  e t .  a l .

H e a t  an d  M a s s  T ran sfe r  ln M u l t lp a r t lc le  S y s tem s

Due to  th e  far g re a te r  c o m p le x i ty  in v o lv e d  in  t r e a t in g  m u lt ip a r t ic le  

s y s te m s ,  ve ry  few th e o r e t i c a l  s tu d ie s  h a v e  b e en  m ade of h e a t  an d  m a s s  t r a n s ­

fer in  p a c k e d  an d  f lu id iz e d  b e d s .  H o w ev er ,  a  g re a t  d e a l  o f e x p e r im e n ta l  d a ta  

h a v e  b e e n  r e p o r te d .  F i r s t ,  w e w i l l  ex am in e  th e  p e r t in e n t  th e o re t i c a l  s t u d i e s .



T h eo re tica l  S tu d ies

Ergun^*^ e x te n d e d  th e  Reynolds an a lo g y  to  f ixed  b e d s  to  show th a t  

th e  f r ic t io n  fac to r  "f" (a w e ll  e s t a b l i s h e d  exp erim en ta l  quantity ) shou ld  be 

id e n t ic a l ly  eq u a l to  a m odified  "j " fac to r  d e fin ed  by

f=i = 6 i L S h .  1 5 C > & ,  J (  1 « €  I (  )
E Re ' 'b  G W

P

He com pared  h is  th e o re t ic a l  r e s u l t  to  th e  experim en ta l  d a ta  of (18), (19),

(26), (28), (38), and  (45) and  found fa ir ly  good ag reem en t for l iq u id - s o l id  

s y s te m s .  H is a t te m p ts  to  e x te n d  th e  r e s u l t  to  g a s - s o l i d  sy s te m s  w ere  

u n s u c c e s s f u l ;  la c k  of r e l i a b le  vo idage  a n d  p re s su re -d ro p  d a ta  w ere  g iv en  a s  

r e a s o n s .  It i s  in te re s t in g  to  n o te ,  ho w ev er ,  th a t  th e  Reynolds an a lo g y  

in d ic a te s  an  expo nen t o f u n i ty  r a th e r  than  2 /3  on th e  Sc number term  in 

th e  c o n v e n t io n a l  d e f in i t io n  o f "j" ( se e  eq u a tio n  (29)).

(7)
C arberry  a n a ly z e d  th e  p ro c e s s  o f  f lu id -p a r t ic le  m a ss  t r a n s fe r  in 

f ixed  b e d s  in te rm s of u n s te a d y  s t a te  m olecu la r  d if fu s io n  w ith in  a boundary  

la y e r  w h ich  is  d ev e lo p ed  and  d e s tro y e d  r e p e a te d ly  a s  th e  f lu id  t r a v e ls  

through th e  b e d .  By a ssu m in g  th a t  the  boundary  la y e r  d e v e lo p s  and  c o l l a p s e s  

ove r  a d i s ta n c e  e q u a l  to  one p a r t ic le  d iam e te r ,  he  w a s  a b le  to  o b ta in  an 

e x p re s s io n  for th e  m a ss  t r a n s fe r  c o e f f ic ie n t  by so lv ing  the  d if fe ren t ia l  

e q u a t io n  o b ta in ed  from the  b o u n d a ry - la y e r  model f i rs t  p roposed  by H ig b ie .  H is



r e s u l t  in  te r m s  o f  j - a n d  Re^- i s  g i v e n  b y

j = 1 . 1 5  Re_ 
5  €

- 1 / 2 (25)

K usik  a n d  H a p p e l  c o m b in ed  b o u n d a ry  la y e r  th e o ry  w ith  th e  " f re e

s u r f a c e  m od e l"  ( s p h e r ic a l  p a r t i c l e  su r ro u n d e d  by  a s p h e r i c a l  e n v e lo p e )  to  

o b ta in  a  t h e o r e t i c a l  c o r r e la t io n  o f  m a s s  t r a n s f e r  r a t e s  a n d  r e a c t i o n  r a t e s  in 

p a r t i c l e  b e d s  w ith  h e te ro g e n e o u s  c a t a l y s i s .  T heir  r e s u l t  for v o id  v o lu m e s  of 

0 . 3  to  1 .0  i s  g iv e n  by

p re d ic t in g  p a r t i c l e - t o - f l u i d  h e a t  a n d  m a s s  t r a n s f e r  r a t e s  in  m u l t ip a r t i c le  

s y s te m s  a t  low  R e y n o ld s  n u m b e rs .  The e n e rg y  e q u a t io n  b a s e d  o n  th e  " f ree  

s u r f a c e  m o d e l"  w a s  s o lv e d  by  e x p a n d in g  th e  f lu id  te m p e ra tu re  p ro f i le  in e v e n  

p o w e rs  o f  th e  s p h e r i c a l  a n g le  a n d  b y  a s s u m in g  th a t  th e  f lu id  p r o p e r t i e s  rem a in  

r e l a t i v e ly  c o n s t a n t  w i th  t e m p e r a tu r e .  S o lu t io n s  w e re  o b ta in e d  for P e c le t  

num bers  b e tw e e n  0 . 1  a n d  100 a n d  f r a c t io n a l  v o id  v o lu m e s  b e tw e e n  0 . 4  a n d  

1 . 0 .  T he ir  r e s u l t s  sho w  th a t  th e  a v e ra g e  N u s s e l t  o r Sherw ood  num ber in  a  

b e d  o f  p a r t i c l e s  i s  a  fu n c t io n  o f  b o th  /  a n d  P e ,  th e  e f fe c t  of Pe d e c r e a s in g  a s  

£  d e c r e a s e s  in  th e  low  P e c le t  num ber r a n g e .  T h e se  a u th o r s  c o m p a re d  th e i r  

r e s u l t s  w ith  p u b l i s h e d  e x p e r im e n ta l  m a s s  a n d  h e a t  t r a n s f e r  d a ta  a n d  found  good  

a g re e m e n t  w h ic h  i n d i c a t e s  th a t  th e  " j"  fa c to r  i s  not in d e p e n d e n t  o f  th e  Schm idt

j = 0 .9 3  | £ - 0 . 7 5  (1 -<= ) (£  -  0 ,2 . . (26)

P fe ffe r  a n d  H a p p e l  o b ta in e d  a n  a n a l y t i c a l  s o lu t io n  to  th e  prob lem  o f



or P rand tl  num bers  a t  low R eynolds num ber, low P e c le t  num ber f lo w .

P f e f f e r ^ ^  com bin ed  th e  " f ree  su r fa c e  m odel"  w ith  th e  L evich  " th in  

bou ndary  la y e r  so lu t io n "  o f  th e  d if fu s io n  e q u a t io n  to  o b ta in  an  e x p re s s io n  

r e la t in g  th e  Sherw ood o r N u s s e l t  num ber to  th e  P e c le t  num ber a n d  th e  f ra c t io n a l  

vo id  volum e of a  m u lt ip a r t ic le  s y s te m .  H is  th e o re t ic a l  r e s u l t  i s  g iv e n  by

r _  1 -  (1 - r ) 5//3 ^ 1 /3
Sh = 1 .26  ;------------------- T T T  — - T7*------------------o Pe (27)

2_- 3 (1 - f?V/A  +  3 ( 1  - O  7 -  2 (1 - f ) ^

or in te rm s of th e  " j " fac to r  by

j = 1 - 2 6 ------------------- 1 / 3 " U  /  5 / 3  ^  /  Re" 2 /3  <28>
, 2 - 3  ( 1  - 0  + 3 (1 - £ ) V J  -  2(1 - £ ) _ j

P feffer found h is  th e o re t i c a l  c o r r e la t io n  to  a g re e  v e ry  c lo s e l y  w ith  a v a i la b le

e x p e r im e n ta l  m a s s  t r a n s fe r  d a ta  for f ix ed  a n d  f lu id iz e d  b e d s  in  th e  low  R eynolds

n u m b er-h ig h  P e c le t  num ber r a n g e ,  in  w h ich  i t  i s  a p p l i c a b l e .

(4 2) (40)P feffer  an d  H uang in  an  e x te n s io n  o f  th e  e a r l ie r  work o f P fe f fe r ,

com b ined  th e  "free  su r fa c e  m odel"  w ith  a "von  Karman" in te g ra l  m ethod  of

so lu t io n  o f  th e  d if fu s io n  e q u a t io n  and  o b ta in e d  an  a n a ly t i c a l  so lu t io n  to  the

problem  of p re d ic t in g  h e a t  an d  m a s s  t r a n s fe r  r a t e s  in m u lt ip a r t ic le  sy s te m s

w h ich  is  a p p l ic a b le  for a n y  v a lu e  of th e  P e c le t  num ber. T hey com p u ted

Sherw ood num bers for P e c le t  num bers b e tw e e n  10 a n d  1 0 ,0 0 0  a n d  for f ra c t io n a l

v o id  v o lu m e s ,  £  , b e tw ee n  0 . 4  an d  1 .0 .  A lthough th e  m a th e m a tic a l  m odel

u s e d  w a s  a n  ex trem e  o v e r - s im p l i f i c a t io n  of th e  a c tu a l  p h y s ic a l  phenom ena

o c cu rr in g  in  p a c k e d  and  f lu id iz e d  b e d s , th e  r e s u l t s  w e re  found to  a g re e  q u ite



w ell w ith both th e o re t ic a l  and experim enta l in v e s t ig a t io n s  reported  in th e  

l i te ra tu re .  The only l im ita t ion  on the  u se fu l ln e s s  o f th e s e  r e s u l ts  i s  tha t  the  

fluid m ust be flowing slow  enough to  make in e r t ia l  e f fe c ts  n e g lig ib le .

In Figure 7 a re  p lo tted  th e  average  Sherwood or N u s se l t  numbers 

p red ic ted  from the  th e o re t ic a l  r e s u l t s  of Pfeffer, e t .  a l .  a g a in s t  Pec le t  number 

w ith  the  f rac tiona l void volume a s  th e  p a ram ete r .  In sp e c t io n  of th is  figure 

show s tha t  equ ation  (27) g iv e s  v a lu e s  of Sh or Nu w hich  ag ree  w ith th o se  

ob ta in ed  by Pfeffer and  Huang a t  v a lu e s  of g rea te r  th an  0 .9  and  a t  high P ec le t  

num bers . At o ther v a lu e s  of £ ,  equation  (27) e ith e r  o v e re s t im a te s  or u n d e r­

e s t im a te s  the  Sh or Nu num bers , depending  on the  P ec le t  number. This d isp a r i ty  

is  be tter  shown in Figure 8 w here  Sh or Nu are p lo tted  a g a in s t  f  w ith  P ec le t  

number a s  the  pa ram eter .  For the  sa k e  of c o m p le te n e s s ,  in  Figure 9 a re  p lo tted  

the  v a lu e s  of Sh o b ta ined  from e q u a tio n s  (24), (25), (26), and  (27) a t  a Sc of 

1000 for£" of 0 .  5 and  th o s e  of Pfeffer and  H appel and  Pfeffer and  Huang a t the 

sam e v a lu e s  of Sc and - 'a g a in s t  the  Reynolds number.

In c o n tra s t  to  th is  sm all number of th e o re t ic a l  in v e s t ig a t io n s  of h e a t  and 

m ass  tran s fe r  in m u ltipa r t ic le  s y s te m s ,  th e re  a re  numerous experim enta l 

papers  in the  l i te ra tu re .  We sh a l l  now s tud y  th o se  experim enta l in v e s t ig a t io n s  

pe rtinen t to the  p resen t  work.
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Experimental Studies

(Fixed, D istended and Fluidized Beds)

Almost a l l  of the experim ental heat and m ass transfer data for packed 

beds are correlated  in the litera ture  in terms of the Colburn "j" factor as a 

function of Reynolds number. Based upon experimental inves tiga tions  of the 

vaporization of water into air from the su rfaces of spheres and cy linders ,
(19)

Gam son, Thodos, and Hougen proposed the m ass transfer  factor

•4 ,K=) . 3 _ & m.. (SO2 / 3 .  3h Sc2 /3  (29)
0 G Re Sc

a s  a generalized  variab le  for the estim ation  of m ass transfer  co e ff ic ien ts .  A 

m ass transfer  factor sp ec if ica lly  app lied  to transfer ac ro ss  a liquid film

)d .  (Kt )| C , n  .  Sh So2 /3  (30)
\ j  K g  b e

(38) (26)was employed by McCune and Wilhelm and Hobson and Thodos to

corre la te  the re su l ts  of s tud ies  in so l id - to - l iq u id  and l iq u id - to - liq u id  transfe r ,

re sp ec t iv e ly .  The re su l ts  of th e se  in v es tig a tio n s , together with additional

gas phase  data  obtained by evaporating many different organic liquids into a ir ,

(27)N - ,  H„, and CO„ were a l l  co rre la ted  in a second paper by Hobson and Thodos 

by a single plot of jd v s .  Reynolds number. This curve has been reproduced 

in Figure 10.

Examination of Figure 10 shows that for Reynolds numbers le s s  than 50,
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t h e  jd  v s .  Re cu rve  is  a s t r a ig h t  l in e  w ith  a s lo p e  of n e g a t iv e  u n i ty .  This is  in 

co m p le te  ag re em e n t  w ith  the  e s t a b l i s h e d  c h a r a c t e r i s t i c s  of lam inar  flow and th e  

m a th e m a tic a l  r e p re s e n ta t io n  o-r the  da ta  for v a lu e s  o f  Re < 50 is

j d - - 10- (31)
Re

In th e  t r a n s i t io n  reg io n  (50 Re /  150), an e x a c t  c o r re la t io n  o f  the  d a ta  is  not 

re a d i ly  a p p a re n t ,  bu t  a t  Re > 1 5 0 ,  th e  c o r re la t io n  is  re p re s e n te d  by

J d  H if f l r e  (3 2 )

(91D ryden , S trang , and W ith row ' a l s o  s tu d ie d  the  r a te  of m ass  t ra n s fe r

from so l id  p e l l e t s  in  p a c k e d  bed s  to w a te r  flow ing a t  low v e lo c i t i e s ,  bu t

c o rre la te d  th e ir  d a ta  in  term s of a m odified  Reynolds num ber, Re^ *
Sh 2 /3

and  a m odified  "j" f a c to r ,  =» Re S>c Sc ' ^ is  m etk°d  of c o r re la t io n  w as 

s u g g e s te d  p re v io u s ly  in an e a r l ie r  pap er  by G affney  and D rew ,^® ^ a lthough  

t h e s e  a u th o rs  had  found th a t  the  e x p o n en t  of th e  Schm idt number sh o u ld  be  tak e n  

a s  0 .5 8  r a th e r  than  2 /3  for l iq u id  s y s te m s .

The data of D ryden , e t .  a l .  w ere  o b ta in e d  in  th e  Re .̂ ran g e  o f 0 .0 1 2 5  to 

7 .2 1  u s in g  p e l l e t t s  m ade of b e ta n a p h th o la n d  b e n z o ic  a c id  ( 8 1 4 / S c ^ l  147); 

m ass  t r a n s fe r  c o e f f ic ie n ts  w ere  com puted  a ssu m in g  th a t  a x ia l  d if fu s io n  and 

n a tu ra l  c o n v e c t io n  w ere  n o n e x is te n t .  At ve ry  low Re^. v a lu e s ,  t h e s e  

a s su m p t io n s  w ere  not v a l id ,  an d  th e re fo re  th e  au tho rs  e x tra p o la te d  th e ir  

c o r re la t io n  cu rv e  ra th e r  th an  have  i t  show  a m arked re v e r s a l  of c u rv a tu re  a t



low  Re v a l u e s .  The b e n z o ic  a c id  d a ta  form a sm oo th  c u rv e  w ith  a s lo p e  of - 1 ,

bu t th e  c u rv e  l i e s  a b o v e  th e  c o rre sp o n d in g  b e ta n a p h th o ld a ta ;  th e  tw o c u rv e s

a p p e a r  to  c o n v e rg e  a t  Re^ e q u a l  to 5 . The a u th o rs  e x p la in e d  th a t  th is

phenom enon  w as  due  e i th e r  to th e  d i f fe re n c e  in G ra sh o f  num ber for the  tw o

s y s t e m s ,  or to  th e  f a c t  th a t  th e  e x p o n e n t  o f th e  Schm id t num ber in  th e  " J ^ "

f a c to r  m ight a c tu a l ly  b e  a  fu n c t io n  of th e  Schm id t num ber r a th e r  th an  th e  
%

a s s u m e d  c o n s t a n t .  T heir  r e s u l t s ,  to g e th e r  w ith  th e  c o r re la t io n  of H obson  

a n d  Thodos c o n v e r te d  to  v s .  Re^ , a re  g iv en  in  F igu re  11.

B a r-I la n  and  R e s n i c k ^  m e a su re d  m ass  t r a n s fe r  r a t e s  by s tu d y in g  the  

e v a p o ra t io n  of n a p h th a le n e p a r t i c le s  in to  a i r  w h ic h  p a s s e d  th rough  th e  bed  

o f  p a r t i c l e s .  They found th a t  th e  " j"  f a c to r  w a s  a fu n c t io n  of p a r t i c le  

d ia m e te r  a s  w e ll  a s  R eyno lds num ber w hen  th e  p a r t i c le  d ia m e te r  w a s  very  s m a l l .  

T h is  d e p e n d e n c e  o f  th e  " j"  f a c to r  on  p a r t i c le  d ia m e te r  had  b e en  re p o r te d  

e a r l ie r  by (28) a n d  (45) in  m a ss  t r a n s fe r  work and  (10) a n d  (36) in  h e a t  t r a n s fe r  

i n v e s t i g a t i o n s .  The e f f e c t  w a s  found to  o c c u r  on ly  for r e g u la r ly  s h a p e d  p a r t i c l e s  

w h o s e  d ia m e te rs  w ere  l e s s  th a n  4 mm.

B a r-I la n  an d  R esn ick  c o r re la te d  th e i r  d a ta  by p lo t t in g  Jd v s .  R e/1  - £  .

If t h e i r  d a ta  is  r e p lo t te d  a s  v s .  Re^ i n s t e a d ,  th e  v a lu e s  of a re  found  to  

b e  lo w e r  th a n  th o s e  o b ta in e d  by  o th e r  in v e s t ig a to r s  ( s e e  F igu re  12), a l th o u g h  

they  a g re e  f a i r ly  w e l l  w i th  th e  d a ta  o f C h u ,  e t .  a l.(® ) a t  R e /1  - £  g r e a te r  th an  

3 0 .  A c o m p a r is o n  of F ig u re s  10 , 11 , a n d  12 in d ic a te s  th e  la rg e  d i f fe re n c e s  

b e tw e e n  th e  d a ta  o f  d i f fe re n t  i n v e s t i g a to r s .
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T ho en es  and  Kram ers^® ) * in  an e ffo rt  to  av o id  th e  p o s s ib le  c a u s e s

of th e  d i s c r e p a n c ie s  b e tw e e n  th e  p u b l is h e d  p a ck e d  bed  m ass  t r a n s fe r  d a ta

(bed in h o m o g e n e ity ,  a x ia l  d i f fu s io n ,  sh o rt  bed  h e ig h t ,  e t c . )  d e te rm in ed

m ass  t r a n s fe r  c o e f f ic ie n t s  for f lu id s  flow ing  around  s in g le  s p h e r e s ,  w h ich

w ere  p a r t  o f  a re g u la r  a rran g em en t of s im i la r ,  bu t  in a c t iv e  s p h e r e s .  The

e x p e r im e n ts  w e re  c a r r ie d  ou t w ith  so l id  s p h e re s  d is s o lv in g  in to  a s t re am  of

w a te r ,  an d  w ith  porous sp h e re s  s o a k e d  w ith  a l iq u id ,  w h ich  e v a p o ra te d  in to

a s tre am  of g a s .  The a u th o rs  c o r re la te d  th e i r  d a ta  by p lo t t in g  S h / S c * ^  a g a in s t

Re w ith  bo th  Sh and  Re b a s e d  on a h y d rau l ic  d ia m e te r  d e f in e d  a s  €  d /1  -  c ,  and

an  a v e ra g e  a x ia l  v e lo c i ty  o f flow V /£  « Their p lo t te d  d a ta  p rodu ce  d if fe ren t

c u rv e s  for d i f fe re n t  p a c k in g  c o n f ig u ra t io n s  ( f ra c t io n a l  vo id  vo lum es) and

show  th a t  th e  in f lu e n c e  of Re o n  S h /S c '* '^  a l s o  d e p e n d s  on  th e  v a lu e  of Sc;

th e  a p rio ri  a s s u m p t io n  th a t  Sh is  p ro p o rtio n a l  to  S c * ^  a t  c o n s ta n t  Re is  on ly

a rough a p p ro x im a tio n ,  p a r t ic u la r ly  for g a s e s  a t  sm a ll  R eyno lds nu m b ers .  At

1 /3v a lu e s  of Re l e s s  th a n  100 th e  m easu red  v a lu e s  o f S h /S c  a re  a l l  low er  for 

h ig h e r  v a lu e s  of Sc and  a c c o rd in g ly  lo w e s t  for l iq u id s .

H ea t  t r a n s fe r  r a t e s  b e tw e e n  p a r t i c l e s  and  f lu id s  flow ing  p a s t  them  w ere  

a l s o  c o r r e la te d  in  term s of th e  C olburn  " j" fa c to r  „ For e x a m p le ,  G a m so n , e t .  

a l . ( ^ )  an d  T a e c k e r  and  H o u g e n ^ ^ )  t n th e i r  m a ss  t r a n s fe r  s tu d ie s  w e re  a b le  to 

e s t a b l i s h  g a s  and  p a r t i c le  te m p e ra tu re s  w ith  th e  he lp  of a hum idity  c h a r t  and  

th u s  c a l c u l a t e d  f l u id - t o - p a r t i c l e  h e a t  t r a n s fe r  c o e f f ic ie n t s  a s  w e l l  a s  m ass  

t r a n s fe r  c o e f f i c i e n t s .  T heir  r e s u l t s  w e re  p lo t te d  a s



46 .

v s .  the  Reynolds number and  b e c a u se  of the  analogy  be tw een  the  m echanism s 

of hea t and m ass t ran s fe r ,  the  h e a t  and  m ass tran s fe r  fac to rs  jh and jd were 

found to be a lm ost  num erica lly  e q u a l .

G la se r  and T h o d o s ^ ^  o b ta ined  h ea t  t ra n s fe r  da ta  under s te a d y  s ta te  

cond itions  in the  a b se n c e  of m ass t ran s fe r  by genera ting  h e a t  w ithin  m eta ll ic  

p a r t ic le s  w ith  an e le c tr ic  cu rren t .  The h e a t  was con tinu ously  removed by 

g a se s  flowing through the  bed and the  hea t t ran sfe r  c o e f f ic ien t  for the  gas 

film w as c a lc u la te d  from tem pera tu re  m easurem ents of both g a s e s  and so l id s  

within the  bed . The authors c o rre la ted  th e ir  da ta  by p lo tting  

jh v s .  Rem =' f  Ap - c. ) ,  a modified Reynolds number, and found tha t

jh  depended  on p a r t ic le  sh a p e  and s iz e  as  w ell  a s  Reynolds number e sp e c ia l ly  

in the  region of low Reynolds number (Rem = 100 to 1000). By tak ing  in to  

a cc o u n t  the  e ffec t  of d p /d c  (ratio of p a r t ic le  s iz e  to column diameter) and 

adding a sh ape  fac to r to the ir  modified Reynolds number term , G la se r  and 

Thodos w ere  ab le  to  o b ta in  a s in g le  c o rre la t io n  for a l l  th e ir  d a ta .  Their re s u l ts  

a re  found in Figure 13, to g e th er  w ith  o ther hea t t ra n s fe r  co rre la t io ns  (4),

(19), and  (24), a s  a com parison .

B aum eister and B e n n e t t ^  a ls o  o b ta in ed  hea t  tran s fe r  d a ta  by genera ting  

h e a t  w ith in  the  p a r t ic le s  in a packed  bed w ith  an  e le c tr ic  cu rren t .  Their 

experim ental procedure  w as qu ite  s im ila r  to th a t  of G la se r  and  Thodos, but 

they  c o rre la ted  the ir  r e s u l ts  s im ply a s  jh  v s .  Re w i t h dp / l̂c a s  a param eter .



r -

z
a U i

4

01 QD r s  t£ )

4>ae

* (!& > )  ^ 5X13*3 « X C 
•*  •»  t» Ml 3 0 * «  ' 0 3  M 3 S S 3  *  1 3 J j n 3 J <

IC S M B C g __________31WHIOIVOOT

~Y
a

~p
g



U n fo r tu n a te ly ,  v e ry  l i t t l e  p a r t i c l e - t o - f l u id  h e a t  t r a n s fe r  d a ta  h a s  b e e n  o b ta in e d  

for R eynolds num bers l e s s  th a n  100.

In s e v e r a l  r e c e n t  s t u d i e s .  Sen  G upta  and  T h o d o s ^ '  51 , and  52) 

c o r r e la te d  a l l  th e  a v a i la b le  h e a t  a n d  m ass  t r a n s fe r  d a ta  fo r p a c k e d ,  d i s te n d e d ,  

a n d  f lu id iz e d  b e d s .  After no ting  th a t  th e i r  c o r re la t io n s  a l s o  g a v e  d i s c r e p a n c ie s  

b e tw ee n  jh  a n d  jd ,  th e y  c o n d u c te d  an  ex p e r im e n ta l  in v e s t ig a t io n  w h ich  a t te m p te d  

to  e l im in a te  th e  s o u rc e s  of th e  d i s c r e p a n c y .  In th e  e a r l i e s t  of t h e s e  p a p e rs  

th e  a u th o rs  p re s e n te d  a  c o r re la t io n  b e tw e e n  th e  j - ( fa c to r )  and  a m odified  

R eyno lds num ber. Re’ m^A p for m a s s  and  h e a t  t r a n s fe r  th rough  fixed

an d  f lu id iz e d  b e d s  of a l l  t y p e s  of p a c k in g s  w h ich  req u ire d  kn ow ledge  o f a n  a re a  

a v a i la b i l i ty  f a c to r ,  f . It sh o u ld  be n o ted  th a t  th e  u s e  ° f* V  a s  th e  c h a r a c te r i s t i c

l in e a r  d im e n s io n  of a  sy s te m  had  b e e n  in tro d u ced  e a r l ie r  by T ae ck e r  an d  

(56)H ougen  . The a re a  a v a i l a b i l i t y  fa c to r ,  f , w a s  d e f in e d  a s  th e  r a t io  of the  

su r fa c e  o f a p a r t ic le  a v a i la b le  for t r a n s fe r  to  th e  su r fa c e  a re a  of a sp h e re  

hav ing  th e  sam e volum e a s  th e  p a r t i c l e .  The fac t  th a t  th e  a re a  a v a i la b le  for 

t r a n s fe r  d e p e n d s  upon th e  p a r t i c le  geo m etry  a n d  th e  ty p e  o f  bed  u s e d  w a s  th u s  

ta k e n  in to  a c c o u n t .  It w a s  s u g g e s te d  by t h e s e  a u th o rs  th a t  f be e v a lu a te d  from 

e x p e r im e n ta l  d a ta .  H o w ever ,  a s im p lif ied  a p p ro a ch  w a s  p ro p o se d  for i ts  

e s t im a t io n ,  w h ich  g av e  r e a s o n a b le  ag reem en t w ith  e x p e r im e n ta l  v a lu e s .  The 

c o r re la t io n s  o b ta in e d  by Sen G upta  a n d  Thodos a re  re p ro d u c ed  in F igu res  14 an d  

15. If o n e  co m p a res  th e  c o r re la t in g  e q u a t io n s  for t h e s e  p lo ts  th e  in te re s t in g
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r e s u l t

jh, .  = 1 .073  (34)
jd

is  o b t a in e d .

( 58)In th e ir  se co n d  p a p e r ,  t h e s e  au th o rs  c o r re la te d  a l l  o f  th e  a v a i la b le  m ass  

and  h e a t  t ra n s fe r  d a ta  for f ixed , d is te n d e d ,  and  f lu id ize d  bed s  o f sp h e r ic a l  

p a r t i c l e s .  T h ese  c o r re la t io n s  a re  o f th e  form

e -  > d  %  < 3 5 >

S;nce  th e  a v a i la b i l i ty  fa c to r ,  f, for sp h e re s  is  u n i ty  and  s in c e  th e  p a r t ic le  

d iam ete r  c o m p le te ly  d e s c r ib e s  the  sp h e re ,  th is  fu n c t io n a l i ty  i s  a n a tu ra l  o u t ­

growth of th e i r  e a r l ie r  w ork . For m a ss  t ra n s fe r  th e y  found th a t  th e  re la t io n

£  jd  = 0 . 0 1 0  +■■ Q0 :®63----------  (36)
Re -  0 .4 8 3

b e s t  re p re s e n te d  th e  d a ta  for Reynolds num bers g re a te r  th an  o n e .  The equ a tio n

0 9 29
r  jh = 0 .0 1 0 8  + ■   (37)

Re - 0 .4 8 3

w a s  found to  b e s t  d e s c r ib e  the  h ea t  t ra n s fe r  d a ta  for Re v a lu e s  g re a te r  than  20. 

P lo ts  of e q u a t io n s  (36) and  (37) are  s im ila r  in a p p e a ra n c e  to  th o se  p re s e n te d  in 

F igures  14 and  15 and  a re ,  th e re fo re ,  not in c lu d ed  h e re .

For Reynolds num bers abov e  20, w here  both e q u a t io n s  (36) and  (37) app ly  

d iv id ing  £ j h  by C  jd ,  one finds th a t
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C O

j h  _ 0 .0 1 0 8 Re + 0_.9 24 . .
Sfi

J 0 .0 1 0 0  Re + 0 .8 5 8

w hich  show s th a t  th e  ra t io  j h / j d  for s p h e r ic a l  p a r t i c le s  i s  a  func tion  of the 

R eynolds num ber. For Re be tw een  20 and  1000 eq u a tio n  (38) g iv e s  a v a lu e  of 

1 .078  for th e  ra t io  j h / j d .

The fac t  th a t  th e  d is c re p a n c y  b e tw een  jh and  jd  d o e s  e x is t  is  q u ite  

in te re s t in g  s in c e  th e o re t ic a l  c o n s id e ra t io n s  in d ic a te  th a t  th e re  sh o u ld  be a 

d ire c t  an a lo g y  b e tw een  th e s e  tw o t ra n s fe r  p r o c e s s e s .  Sen G upta  and  

T h o d o s ^ * anC* ^  p re s e n te d  th e  r e s u l t s  o f an  ex p erim en ta l  s tu d y  in w hich  th ey  

w ere  a b le  to  e l im in a te  the  fac to rs  lead in g  to th e  d is c re p a n c y  b e tw een  jh and  

jd  for m u lt ip a r t ic le  s y s te m s .

T hese  a u th o rs  found th a t

• _ 2 .0 6
} ' 0 .  57 5 (39)Re

r e p r e s e n ts  both h ea t  and  m a ss  t r a n s fe r  "j" fac to rs  for m u lt ip a r t ic le  sy s te m s  of 

s p h e re s  w hen  r e l a t iv e ly  sm all  r a t e s  of m ass  t ra n s fe r  e x i s t ,  ra d ia t io n  e f fe c ts  

a re  e l im in a te d ,  and  th e  t ru e -m e a n  driv ing  force is  u s e d .  Their g e n e ra l iz e d  

r e la t io n s h ip  b e tw een  (£ j and  Re is  rep rodu ced  in Figure 16.

(37)
M cC o n n ach ie  and  T hodos, in a s tu d y  of t r a n s fe r  p r o c e s s e s  in th e  flow 

of g a s e s  through  p a ck e d  and  d is te n d e d  bed s  of s p h e r e s ,  found th a t  th e i r  m ass  

t r a n s fe r  d a ta  w a s  c o n s i s t e n t  w ith  th a t  o b ta in ed  by o ther  in v e s t ig a to r s  for
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packed  and f lu id ized  b ed s . They conclud ed  th a t  the  motion of the  p a r t ic le s  in 

a f lu id ized  bed  does not seem  to have  an e ffec t  on the  m ass t ra n s fe r  p ro c e s s .  

They a ls o  found th a t  the re  w as e s s e n t ia l ly  no d iffe rence  be tw een  the  jh and jd 

re la t io n sh ip s  for expanded fixed  beds formed by randomly d isp e rse d  so lid  

sp h e re s  and th o se  formed by holding th e  se p a ra te d  sp h e re s  in p o s i t io n .

M cC onnach ie  and  Thodos c o rre la ted  th e ir  re s u l ts  by

tran s fe r  c o e f f ic ie n ts  for packed beds of b enzo ic  ac id  sp h e re s  and w a te r  in the

on the  Schmidt number for l iq u id s  should  be 0 58 They a ls o  recommend the  

follow ing eq u a tions  for the  p red ic tion  of m ass t ran s fe r  ra te s  in  liqu id  p h a se  

packed  beds:

1. 127
(40)

and

1.192
jh .<5741 (41)

W illiam son , B aza ire . and G e a n k o p l i s ^ ^  ob ta ined  l iq u id -p h a s e  m ass

Reynolds number, dpL r a n g e  of 0 .08 to 120. They found th a t  th e  exponent

(42)

and

d L 
125/—B—<5000\ i * (43)
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(4 6)Rhodes and P eeb les  ob ta in ed  lo ca l  m ass  t ran s fe r  r a te s  from sp h e re s  in 

o rdered  a rray s  by m easuring the  lo ca l  rad iu s  change  of 1.500 inch  d iam eter 

benzo ic  a c id  t e s t  sph eres  a f te r  th ey  were imm ersed in a w a te r  s t r e a m . Local 

Sherwood number p rofiles  were reported  for sp h e res  in both sim ple  cub ic  

pack ing  and rhombohedral packing over a pa r t ic le  Reynolds number range  of 

488 to  3410. They found a large va ria tion  in lo ca l  t ra n s fe r  r a te s  over the  su rface  

of a sphere  in a packed  bed . They a ls o  found that in reg ion s  a d ja c e n t  to  po in ts  

of c o n ta c t  be tw een sp h e re s ,  m ass  tran s fe r  ra te s  w ere  n ear ly  ze ro .  The s iz e  of 

th e s e  minimum m ass  t ran sfe r  reg ions w as  strongly  dependent upon the ir  l o c a ­

t io n  w ith re s p e c t  to  the  flow d irec tio n .  These au thors  p re sen te d  no c o rre la t io n s  

for any  of th e ir  r e s u l t s .  H ow ever, a s  a f irst s tu d y , th e ir  con tr ibu tion  is  qu ite  

s ig n i f ic a n t .

( 66 )R ecently , Zhitkavich and Z aarodsky experim en ta lly  de term ined both

loca l  and overa ll  co nvec tive  heat tran s fe r  ra te s  from a s in g le  sphe re  when

e ithe r  a lone  or part of a regu lar  cub ic  arrangem ent of uniform sp h e res  to  a i r .

Both loo se  and  d en se  a rray s  w ere  u s e d .  Their s in g le  sphere  work w as  in the

Reynolds number range of 50 to  90 ,00 0 ; th e ir  d en se  a rray  s tu d ie s  w ere  in the

Rep range of 50 to  4 0 ,0 0 0 .  Their overa ll  s in g le  sphere  r e s u l t s  w ere  found to

(6 5)
ag ree  c lo s e ly  with th o se  of Yuge . For the  forward flow a re a  o f the  sphere  

th ey  found th a t  th e ir  da ta  cou ld  be co rre la ted  a s

Nu =2  + 4 .1 2  Re0 ' 31; 50 "Re< 2000 (44)
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and

Nu = 0 .9 4 5  Re0 *54; 1 6 0 0 < R e< 9 0 ,000 (45)

Their overa ll  hea t t ran s fe r  d a ta  for s in g le  sp h e re s  w ere  c o rre la ted  a s

Nu = 0 .8 4  Re0 ,4 8  (46)

In Figure 17 a re  p re se n te d  th e ir  lo ca l  s ing le  sphere  r e s u l t s  a s  Nu^ v s .  Q .  At 

low Reynolds num bers , th ey  found th a t  the  h e a t  t ran s fe r  ra te  in th e  wake a re a  is  

l e s s  than  th a t  in the  forward flow a re a .  They found tha t  a t  Re o f 50 the  loca l  

N u s se l t  number p ro file  w as  uniform (no app aren t separa tio n ) ;  w hile  a t  Re of 

1500 the  e ffec t of w ake tu rb u lence  w as  q u ite  pronounced and the  a p p ea ra n c e  of 

the  sep a ra t io n  point w as  s tr ik in g .  They c o rre la ted  th e ir  lo ca l  s ing le  sphere  

da ta  a s

NuL = 8 .8 3  10” 3 Re° ’ 54 (7050 -  Q 2) 1/2 (47)

f o r m le s s  than  8 0 ° .  For th e ir  d e n se  pack ing  s tu d ie s  th ey  found th a t  the

re la t io n s

Nu -  2 + 1 .18  R e ° ‘ 53; 50 <  Re < 3 0 0 0  (48)

and

Nu = 0 .2 6 3  R e ° ‘? 3 ; 2000 < R e<  50 ,000 (49)



FIGURE 1 7  LOCAL HEAT T R A N SFE R  PROFILES FOR 
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c o rre la ted  th e ir  d a t a . Three k inds of lo o se  p ack ings  w ere  s tu d ie d  (separa tio n  

be tw een  sp h e res  be ing  d p/^  , d p /2  a n d d p ) In the  Rep range  o f  7500 to  4 0 ,0 0 0 .  

They found th a t  the  o v e ra ll  h e a t  t ra n s fe r  r a te ,  for a l l  lo o se  p a c k in g s ,  a t  a l l  

Reynolds num bers w as g rea te r  th an  th a t  for a  s in g le  sp h e re .  They co rre la ted  

the  da ta  for a l l  p ack in gs  a s

Nu = f o . 8 7 - - ^ -  -  . 19) Re0 ,6 3 5  (50)
CJL J

In Figure 18 a re  p re se n te d  th e ir  r e s u l ts  for lo c a l  h ea t  t ra n s fe r  ra te  over  the  

equato r  of a  sphere  in a d e n se  cu b ic  a rray  In th e  Re range  of 50 to  3 3 ,0 0 0 .

They found th a t  p o in ts  of c o n ta c t  r e s u l t  in minimum tran s fe r  r a te s  and  th a t  the  

v a lu e  a t ta in e d  Is due to  th e  d ifferen t flow reg im es in th e  neighborhood o f th e s e  

po in ts  o f  c o n ta c t .  The lo ca tio n  of minima an d  maxima in th e s e  p ro f i le s  w as  

found to  be a function  of the  d e n s i ty  of th e  p a c k in g .  As the  p a r t ic le s  becam e 

more s e p a ra te d ,  the  p ro f i le s  more and more resem b led  th o se  o b ta in ed  for s in g le  

s p h e re s .  The au tho rs  t r ie d  to  e x trap o la te  equa tion  (50) to  th e  lim iting c a s e  

o f  flow around a s in g le  sph e re  ( = 1) w hereby  th e y  a rr ived  a t the  re la t io n

Nu = 0 .2 2 5  Re0 ,6 3 5  (51)

(6 l)w hich  th ey  found w as  in good agreem ent w ith  th e  da ta  o f W adsw orth

In th i s  m anner, an approxim ate  c o rre la t io n  w as  o b ta in ed  w hich is  v a lid  

over a  w ide Re range  for s in g le  sp h e re s ,  lo o se  pack in gs  and  for a  d en se  

cu b ic  a rrang em en t.  H ow ever, the  au thors  m ake no c la im  on ex tend ing  th e ir  

co rre la t io n  to  a f lu id ized  b e d .  T hese  au thors  a ls o  con c lu d ed  th a t
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non-un ifo rm ities  in the  bed s  of com m ercial u n i ts  m ust be a cco u n ted  for, 

before any  g en e ra l ize d  d es ig n  c o rre la t io n s  c an  be o b ta in ed .

(6 3)The most rec en t  work in th is  f ie ld  is  th a t  of W ilso n  and G eankop lis

They m easured  m ass  tran s fe r  r a te s  from pack ed  beds of benzo ic  ac id  sp h e res  to

d 1Lw ate r  and propylene  glycol so lu tions  in th e  very  low Reynolds number, -P - ,

range of 0 .0016  to  55. Bed heigh t w as found to  have  only  a s l ig h t  e ffec t

on jd .  The u se  o f  inert sp h e res  to d i lu te  the  bed by a s  much a s  10 to  1 w as

found to  have no e ffec t on jd .  Varying th e  Schmidt number from 9 50 to  70 ,600

2 /3
a ls o  had  no effec t on jd  w hen Sc w as u s e d .  Axial mixing e ffe c ts  w ere  found 

to  be sm a ll .  They found th a t  a t  low Reynolds numbers jd  is in v e rse ly  

proportional to  £  . This is  in agreem ent w ith  the  g as  p h a se  work of Sen Gupta 

and  Thodos and  th e  th e o re t ic a l  r e s u l t  o f P feffer.

These au tho rs  recommend th a t  for l iq u id -p h a s e  m ass  t ra n s fe r  in the  Re 

range of 0 .0016  to 55 and th e  £ range  of 0 .35 to  0 .7 5  the  re la t io n

(a r"“ 2 /3
£  jd = 1 . 0 9 ^ -  (52)

M -

be u s e d .  For Re be tw een  55 to  1500 th ey  su g g e s t  the  equation

£ j d  =o-25°(^r) (53)

For g a s e s  th ey  recommend the  c o rre la t io n  of Sen Gupta and  Thodos, equation  

(36).
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Experim ental da ta  on f lu id ized  bed sy s te m s  show an  even  g rea ter  

d isc re p a n c y  betw een  d ifferen t in v e s t ig a t io n s  than  the  fixed and d is ten d e d  bed 

d a ta .  H ow ever, in a l l  c a s e s  the  m ass  or heat tran s fe r  co e ff ic ien t  w as  found 

to  d e c re a s e  from the  fixed  bed va lue  to  tha t  co rrespond ing  to  a s in g le  pa r t ic le  

in su s p e n s io n .  This c le a r ly  In d ica te s  a c o rre la t io n  with vo idage  a s  a p a ra ­

m eter .



DESCRIPTION OF MATERIALS, APPARATUS. AND EXPERIMENTAL METHOD 

M a te r ia l s

B enzoic  a c id  a n d b e ta  n a p h th o l  (2 naph tho l)w ere  o b ta in e d  from th e  F i s c h e r

S c ie n t i f ic  C o m p an y . T h e se  r e a g e n t  g rad e  com pou nds  h a d  th e  a n a l y s e s  show n

in  T ab le  VI( a s  c e r t i f i e d  by  th e  A m erican  C h e m ic a l  S o c ie ty .
*

The p h y s ic a l  p ro p e r t ie s  o f  t h e s e  m a te r i a l s ,  p e r t in e n t  to  th i s  

i n v e s t ig a t i o n ,  a re  p re s e n te d  in A ppend ix  A.

D is t i l l e d  w a te r  w a s  p re p a re d  by  th e  u s e  o f  a  B a rn s tead  W a te r  S ti l l  

a v a i l a b l e  in  th e  M a r l ie s  U nit  O p e ra t io n s  L ab o ra to ry .

A pp ara tu s

Flow System

A s c h e m a t ic  flow s h e e t  o f  th e  a p p a r a tu s  u s e d  th ro u g h o u t th i s  work 

a p p e a r s  in  F igure  19 . F igu re  20 sh o w s  p h o to g ra p h s  o f v a r io u s  p o r t io n s  o f  th e  

flow  sy s te m  du ring  an  a c tu a l  e x p e r im e n ta l  ru n .

The " m a in - l in e "  o f  th e  flow  sy s te m  w a s  m ade up  o f th re e  s e c t io n s  o f 

5 - in c h  in s id e  d ia m e te r  by  1 / 4 - in c h  th ic k  l u c i t e  tu b in g  f a b r ic a te d  a c c o rd in g  

to  th e  s p e c i f i c a t io n s  show n  in F ig u re  21 by  th e  A llied  P l a s t i c s  Supply  

C o rp o ra t io n .  Each s e c t i o n  w a s  e q u ip p e d  on  bo th  e n d s  w ith  7 - in c h  o u ts id e  

d ia m e te r  by  1 / 4 - in c h  th ic k  f l a n g e s .  The f la n g e s  c o n ta in e d  s ix  e q u a l ly



TABLE VI. Am erican C h em ica l  S o c ie ty  C e r t i f ie d  A n a ly ses  o f  th e  B enzoic  

Acid an d  Beta N aph tho l TJ sed  Throughout th i s  W ork

Freez ing  Point 

R esidue  After Ign ition  

C h lo r in e  C om pounds (Cl) 

Sulfur C om pounds (S)

H e a v y  M e ta ls  (a s  Pb) 

S u b s ta n c e s  Reducing KMnO^ 

In so lu b le  in  M ethano l

M e ltin g  Po in t Range 

S o lu b il i ty  in  Alcohol 

R esidue  on Ig n i t io n  

Acids

Alpha N aph tho l 

N a p h th a len e

Benzoic Acid

122° -  1 23°C . 

0 .0 0 0 5 %

0 . 0 0 1%

0 .0004%

0 . 00 00%

P .T .

0 . 001%

Beta N aph tho l

1 2 2 .5  -  1 2 3 .3 °C . 

P .T .

0 . 0 0 %

No R eac tion  

No R eac tion  

P .T .
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s p a c e d  3 / 8 - in c h  b o lt  h o le s  on  a 6 1 /2 - in c h  d ia m e te r  bo lt c i r c l e .  G roo ves  

for th e  in s e r t io n  of Buna-N  O -r in g  g a s k e t s  w e re  c u t  in to  e a c h  f l a n g e .  The 

O - r in g s  u s e d  w ere  m ade of 0 .2 7  5 - in c h  d ia m e te r  B una-N  O -rin g  ru b b e r  co rd  

s to c k  w h ic h  w a s  o b ta in e d  from C .  E. C o n o v e r  and  C o m p an y . End f l a n g e s ,

7 - i n .  O . D . x 1 - in .  I .  D . x  1 / 2 - i n .  t h i c k ,  a l s o  c o n ta in e d  an  O -r in g  groove 

a n d  b o lt  h o le s  m atch in g  th o s e  of th e  tu b e  f la n g e s  . In o rder  to  f a c i l i t a t e  

a s s e m b ly  w ith  th e  f lu id  s u p p ly  l i n e s ,  th e  end  f la n g e s  w ere  ta p p e d  for 1 - inch  

NPT f i t t i n g s .

The f i r s t  s e c t io n  o f th e  15 1 /2  foot long h o r iz o n ta l  m ain  w a s  a 12 foot 

long u p s tre am  c a lm in g  zo n e  to  in su re  fu l ly  d e v e lo p e d  la m in a r  flow in  th e  t e s t  

s e c t i o n .  The s e c o n d  s e c t io n ,  or t e s t  s e c t io n ,  w a s  o n e  foot long  and  eq u ip p ed  

a s  show n in  F ig u re s  22 a n d  23 w ith  S w age lo k  m a le  c o n n e c to r s ,  c a ta lo g  

num ber 1 0 0 -1 -1 ,  o b ta in e d  from R. S . Crum a n d  C om p an y , w h ich  se rv ed  a s  

p ack in g  g l a n d s .  T h e se  f i t t in g s  m ade i t  p o s s ib l e  to  p o s i t io n  up to  th re e  

la y e r s  o f ine r t  s p h e r e s  in  th e  t e s t  zone  a h e a d  of th e  " a c t iv e "  sp h e re  in  a n y  

d e s i r e d  a r ra y .  A 4 0 0 -1 -4  S w age lo k  m ale  c o n n e c to r  w a s  u s e d  a s  th e  p ack in g  

g lan d  for th e  " a c t iv e "  sp h e re  su ppo rt  ro d .  The rem ain ing  2 1 /2  foot s e c t io n  

w a s  th e  d o w n s tream  ca lm in g  z o n e .

A 55 g a l lo n  t ig h t  h e a d  alum inum  drum se rv e d  a s  an  o v e rh e a d  f lu id  

r e s e r v o i r .  The drum w a s  moui +ed  on a  p la tfo rm , 12 fee t  a b o v e  th e  floor an d  

w a s  e q u ip p e d  w ith  a  to p  in le t  a n d  bottom  o u t le t  e a c h  be in g  1 in ch  in d ia m e te r .
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An Aminco Portab le  Cooling Unit d e s ig n ed  for m ain ta in ing  liqu id  ba ths

o _*
or tan k s  a t  or below room tem perature  with a c o n s ta n c y  o f ,+Q. 1 C w as 

ob ta in ed  from the  American Instrum ent Com pany. This co o le r  c o n s is te d  of 

a re fr igera tion  unit and  a Thermistemp tem perature  con tro lle r  w hich con tro lled  

the  ba th  liquid  tem pera ture  and the  regu la ting  ac tio n  of the  re fr igera tion  u n i t .  

The portab le  coo ling  unit w as mounted on th e  platform next to the  aluminum 

drum. A sb es to s  board in su la t io n  w as  in se r te d  betw een th e s e  two p a rts  of 

th e  system  in order to p revent the  a i r ,  coo ling  the  co m p resso r ,  from impinging 

on the  re se rv o ir .

The cooling  co il  w as mounted in s id e  the  head  o f the  drum so tha t  the  

in le t  w ater would sp la sh  over i t .  W hen the  drum w as f illed  to  c a p a c i ty  the  

co il  w as  to ta l ly  subm erged . The therm is to r  probe of the co n tro lle r  and a 

therm om eter, which w ill  la te r  be d e sc r ib e d ,  w ere  mounted a t  th e  bottom of 

the  drum near the  o u t le t .  Swagelok f i t t ings  served a s  packing  g lan d s  for 

th e s e  m ountings. T es ts  of th is  a sse m b ly  show ed th a t  a tem pera tu re  of 

2 0 ° C . cou ld  be m a in t a in e d + 0 .0 5 ° C . for an  indefin ite  time in te rv a l .

The drum ou tle t  w as arranged so th a t  the  flow system  could  be f illed  

e ither  d irec tly  from the  re se rv o ir  or by u se  of the  pumping equipm ent. In 

a c tu a l  o p e ra tio n , the  main l ine  w a s  d irec tly  f i l led  by g rav ity  and  then  the 

pumping system  w as  u se d  to e s ta b l is h  the  w a te r  ra te  throughout the  

a p p a r a tu s .



A 316 s ta in le s s  s te e l  c en tr ifug a l  pump with ceram ic  g rap h ite -n eo p ren e  

s e a l s  and  a 1/6 horsepow er motor w as donated  by Sethco In d u s t r ie s .  The 

su c tion  end of th e  pump w a s  co n n ec te d  to one branch of th e  overhead  drum 

o u t le t .  The pump d isch arg e  led  to  a b y p a ss  l in e  lead ing  back to  the  drum 

in le t  a s  w ell a s  to  the  flow contro l se c t io n  o f the  a p p a r a tu s .

In order to i so la te  the  flow system  from pump v ib ra t io n s ,  suc tion  and 

d isc h a rg e  co n n ec tio n s  w ere  made w ith f lex ib le  m eta l hose  con nec to rs  

pu rchased  from the  Barco M anufacturing  Com pany. All of the  end conn ec tion s  

on the  15 1/2 foot horizon ta l main w ere  made w ith th e s e  sam e f i t t in g s .

Flow contro l w as  acco m plish ed  by the  u se  of two ro tam ete rs  equ ipped  

w ith need le  and c h ec k  v a lv es  and a g lobe  va lve  on the  b y p ass  l in e .  In 

order to  com ple te ly  by p ass  the  ro tam ete rs  and  fill the  system  by pumping, 

ano ther  l ine  o u tf it ted  with a g lobe va lve  w as in s ta l l e d .

The ro tam ete rs  u sed  w ere  the  F ischer and  Porter, model number 

10A2735CA, s tandard  type  Flowrator M e te r .  They each  had  a tem pered  

b o ro s i l ic a te  m etering tu b e ,  s t a in le s s  s te e l  f lo a t ,  and Buna-N O -r in g s .

One m eter w as  c a p a b le  of o pera tion  in th e  range  0 .2 8  to  3 .5  g a llo n s  of 

w a ter  per m inute and the  o th e r  in the range  0 ,0 4 2  to 0 .4 2 5  g a llo n s  per 

m in u te .

Both m eters w ere  c a l ib ra te d  and  the  c a l ib ra t io n  cu rv es  a re  p re sen te d  in 

Figures 24 and 25.
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At the  d isc h a rg e  end of the  5 inch d iam eter m ain , p rov ision  w as  made for 

d ra in ing , rec y c l in g ,  and  ven ting . The drain  l in e  led  to the  build ing drain  and  

fa c i l ia ta te d  the  emptying of the  system  and the  d isp o sa l  of con tam ina ted  

s o lv e n t .  The rec y c le  l ine  w a s  arranged  so th a t  e ff luen t from the  main could  

e i th e r  be re tu rned  to  the  overhead  tank  or rec y c le d  d irec tly  to  th e  pump.

Throughout th is  s tu d y  effluen t w as a lw ays  re tu rned  to th e  re se rv o ir  b e c a u se  it 

perm itted  b e tte r  tem perature  co n tro l .  As a s a fe ty  p recau t io n ,  the  en tire  flow 

system  w as ven ted  to the top of the  drum.

S ubsid ia ry  l in e s  were made by using  1 inch nominal hard drawn copper 

w ater tubing and a s se m b ly  w as  accom plish ed  by using  1 inch nominal sw eat 

f i t t ings  and  appropria te  th readed  a d a p te r s .

Temperature w as m easured  a t  the  in le t  to  th e  ro tam eter s e c t io n ,  a t  the  in le t 

and  d isch a rg e  of the  5 inch d iam eter m ain , and  a t  the  d isc h a rg e  from the  o v e r­

head  v e s s e l .  For th is  p u rp o se , p rec is io n  therm om eters having a range of from 

- 1 °  to 5 0 ° C . and c a p a b le  of being read  d ire c t ly  to th e  n e a re s t  0 . 1 ° C . were 

u s e d .  Run tim e w as  determ ined by m eans of a Cramer C ontro ls  E lectronic  

E lapsed  Time M eter .

P a r t ic le  M easurem ent System

A W ilder M icro P ro jec to r , model number AM 20-1194, w as  donated  to the  p ro jec t  

by  the  M ech an ica l  Engineering D epartm ent, This unit w as o r ig ina lly  p u rchased
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from the  George Scherr Company and  the  p resen t  d is tr ibu to r  of such  a p p a ra tu s  is  

Scherr-T um ico, New York, Inco rpo ra ted .

As o b ta in ed ,  th e  s tag e  and m icrom eters w ere  u n sa t is fa c to ry  for the  p resen t 

p u rp o se s .  T herefore , a new P -1 5 1 5 -1 -2 "  x 2" s tag e  and  fix ture  w as  pu rch ased  

from Scherr-T um ico. The s ta g e  w a s  equipped  w ith two Tumico m icrometer h e a d s ,  

c a ta lo g  number 1245, w hich w ere c a p a b le  o f  being read  d ire c t ly  to +0.0001 

in c h e s .  A ro tary  s tag e  in se r t  w as  d e s ig n ed  to en ab le  rad ii  m easurem ent of the  

a c t iv e  sph ere  a t  ten  deg ree  in te rv a ls .  A dev ice  for locking  th e  p a r t ic le  in 

p o s i t io n ,  w as  a ls o  d e s ig n e d .  This dev ice  w as  mounted on the  ro tary  s ta g e .  

F igures 26 and  27 are  d e ta i l  draw ings of the  ro tary  s ta g e  and lock ing  d e v ic e ,  

r e s p e c t iv e ly .  Photographs of each  item and of the  en tire  a sse m b ly  are 

p re sen te d  in Figures 28 and 29 .

W hen co m ple te ly  a s se m b le d ,  an o p tic a l  m easuring sy s tem , c a p a b le  of 

m easuring  p a r t ic le  rad ii  to +0( 0001 in ch e s  a t  10° in te rv a ls  on the  p a r t ic le  

perim eter w as  a v a i la b le .  M easu rem en t w as p o s s ib le  in only  a s in g le  p lane  

through the  p a r t ic le .  Although the  unit w as  c ap a b le  of motion in both the x and 

y d i re c t io n s ,  c a re fu l  ad jus tm ent to  make th e  en tire  a sse m b ly  co n cen tr ic  with the 

a x is  of the  v iew ing sc re e n  a llow ed  the  n e c e s s i ty  o f  motion on ly  a long  the 

pa rt icu la r  rad iu s  under c o n s id e ra t io n .

This unit w as  ex trem ely  s e n s i t iv e  and therefore  d a ily  c h e c k s  w ere  made 

with a "s tandard"  aluminum sp h e re .
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P a r t ic le  P repara tion  Apparatus

The "ac t iv e "  sp h e r ic a l  p a r t ic le s  u s e d  throughout th is  in v e s t ig a t io n  were 

c a s t ,  w ith  the ir  c en tra l  support rods in p la c e ,  in molds c o n s tru c te d  acco rd ing  

to  th e  sp e c if ic a t io n s  shown in Figure 30. Photographs of the  a c tu a l  m olds u se d  

are  p re sen te d  in Figure 31.

The mold u s e d  for preparing  the  be ta  n aph tho l p a r t ic le s  w a s  made o f co ld  

ro lled  s t e e l .  The one for u s e  w ith  b en zo ic  a c id  w as a ls o  made o f co ld  ro lled  

s t e e l  but s ince  m olten b en zo ic  a c id  r e a c t s  w ith  iron th is  mold requ ired  n icke l  

p la t in g .  In order to in su re  the  good ad h eren ce  o f th e  n ic k e l ,  it w as  n e c e s s a ry  

to  f i rs t  lay  down a laye r  o f c o p p e r .  For b e s t  p la t in g  r e s u l t s ,  the  la y e rs  of copper 

and  n ick e l  were of eq ua l  th ic k n e s s .  The p la t ing  w as done by th e  W oodside  

M eta l F in ishe rs  C orpora tion .

The b a s ic  d e s ig n  o f  th e  m olds and th e  n e c e s s a ry  m achin ing  o p e ra tio n s  

w ere  id e n t ic a l  in a l l  o ther  r e s p e c t s .  The m olds w ere  c o n s t ru c te d  by the  s ta f f  

te c h n ic ia n s  acco rd ing  to  the  follow ing procedure:

A. Four 10 inch x  2 inch x  1 /2  inch th ic k  p ie c e s  of co ld  ro l le d  s t e e l  w ere  c u t ,  

a n n e a le d ,  and  su r fa c e d .  Two o f  th e s e  s la b s  w ere  u s e d  for e a c h  m old.

B. A pa ir  of s l a b s ,  a t  a t im e , w ere  p la c e d  on th e  ta b le  of a  v e r t ic a l  m illing 

m ach ine  and  the  lo ca tio n s  o f  a l l  th e  d e ta i l s  w ere  e s ta b l i s h e d  by  u se  of an  

ind ica ting  h e a d .

C .  M atch ing  h em isp h e res  w ere  m illed  with 1 /2  inch Ball End-End M ill  C u tte rs
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to  a depth  o f  1 /4  o f  an in c h .

D. M atch ing  h a lv e s  o f th e  pouring re s e rv o ir s  w ere  m ach in ed .

E. 90°  V -no tches w ere  cu t  to  a dep th  of 1 /32  of an  in ch .  T h ese  n o tch e s  w ere

lo ca te d  170°, 180°, and  190° from the  front o f  each  h e m isp h e re .  They w ere  

cu t so  th a t  w hen  th e  mold w as  a s se m b le d  th e y  w ould  se rv e  a s  pour h o le s ,  

rod in se r t  h o le s ,  and  vent h o le s ,  r e s p e c t iv e ly .

F. H oles  for tap e red  a lignm ent p ins  w ere  m ach ined .

G . Screw h o le s  w ere  d r i l le d  and  ta p p e d .  Tapping w a s  done on on ly  one  h a lf

of each  m o ld .

H . The h e m isp h e re s  of each  h a lf  mold w ere  hand p o l is h e d ,  s ta r t in g  w ith va lv e  

grinding compound and  ending w ith  a p a s te  of fine alundum in a light 

lub rica ting  o i l .

I .  The four h a lf  s e c t io n s  w ere  c le a n e d  and the  two m olds a s s e m b le d .

J . One mold w as  th en  se n t  out to be p la ted ;  the  o ther  w as  rea d y  for u s e .

Each of th e  molds w a s  c a p a b le  of y ie ld in g  e le v e n -h a l f  inch  d iam eter 

sp h e r ic a l  p a r t i c l e s .  Each p a r t ic le  w as m ounted on a 1/16 inch  o u ts id e  

d iam ete r  X 0 .0 2 0  inch in s id e  d iam ete r  /  3 inch  long s e a m le s s  316 s t a in l e s s  

s te e l  support rod , lo c a te d  a long  its  c e n tra l  a x i s .  The tub ing  u se d  for the  

support rods w a s  o b ta in ed  from W h iteh e ad  M eta l P ro d u c ts .

The p a r t ic le s  m ade had  sm ooth-non-pow d.- y m -rfaces w ith  tm r.crfec tions 

lo c a te d  a t  170° and  190° from the  forward s ta g n a t io n  p o in t .  T h ese  f law s a ro s e  

b e c a u se  of the  pour and  vent h o le s .  There w as  a s l ig h t  seam  on the  sp h e res



w here the  two h a lv e s  of the  mold m et. All of th e s e  d e fe c ts  w ere  trimmed from 

the  su rface  with a razor b la d e .  Their p re s e n c e ,  how ever, d id  not c a u s e  any 

d isc re p a n c ie s  s in c e  a l l  m easurem ents  w ere  made in the  p lane  perpend icu lar  to 

th e  one in w hich th ey  w ere  lo c a te d .  The p a r t ic le s  were hard  and m ach in ab le .  

Sectioning  show ed them to  co n ta in  no en tra ined  a ir  bubbles and pycnom etric  

d e n s i ty  de te rm ina tions show ed them to  have a uniform d e n s i ty .  B ecause the  

mold w as p o l ish e d ,  the  re su l t in g  p a r t ic le s  had no su rface  m achining m arks , 

nor d id th ey  adhere  to the  mold su r fa c e .  Mold re le a s e  a g e n ts  were not needed  

to recover the  p a r t ic le s  .

Test Section

The t e s t  s e c t io n  u se d  in th is  work w as  des igned  to permit a g reat dea l of 

v e rs a t i l i ty  in p a r t ic le  con figu ra tion . Several v iew s of th e  t e s t  se c t io n  are  

shown in Figure 23.

The one foot long flanged lu c i te  tube  ob ta in ed  from the  fabricator w as 

prepared a s  a t e s t  s e c t io n  in the following manner:

A. "Blind" plywood end f langes  were prepared  to  match the  tube end f lan g e s .

B. The tube  w as  then  mounted on the  ta b le  of a v e r t ica l  m iller .  The sp in d les  

holding it in p la c e  were c en te re d  along the  c en tra l  a x is  of the  tu be  and were 

locked  onto the  wooden f la n g e s .  An ind ica ting  head  w as a t ta c h e d  to  one of 

the  sp in d les  so th a t  movement of the  ind ica ting  d ia l  would c a u s e  the  tube

to ro ta te  around i ts  a x i s .



C . The m illing head  w as  f i tted  with a d rill  chuck ad ap te r  and  d r i l l .

D . H oles  were d rilled  a t  30° in te rv a ls  along the  su rface  of the  tu b e .

E . The h o les  w ere  then  tapped  in order to a llow  mounting o f the  Swagelok 

f i t t i n g s .

F. The Sw ageloks were mounted by hand , ca re  being taken  so tha t  they  would 

not p en e tra te  the  inner su rface  of the  tube  w a l l .  Teflon ta p e ,  w rapped 

around the  th read s  of each  f i t t ing , se rved  to  g ive a w a te r  tigh t s e a l .

Experimental M ethod

Partic le  Preparation

The a s se m b le d  mold w as p laced  on an e le c tr ic  hot p la te  and h ea ted  to the 

m elting point of the  m ateria l  to be c a s t .  At the  same tim e, a c le a n  covered  

beake r,  con ta in ing  su ff ic ien t  m ateria l  to com plete ly  fill the mold, w as a lso  h ea ted  

on the  hot p la te  un til  i t s  co n te n ts  were m olten . The mold w as  then  p laced  on a 

wooden s tand  and th e  melt w as poured into i t .  After the  mold had  been  f illed  to 

c a p a c i ty  it w as  a llow ed to s tand  for se v e ra l  m in u te s .  It w as then  quenched  in 

co ld  w ater  for a period of time much longer than  th a t  n e c e s s a ry  to  so lid ify  the 

m e lt .  The mold w as then  opened  and the  p a r t ic le s  mounted on support rods 

w ere  rem oved and  d e s s ic a te d  a minimum of 7 2 h o u rs .

On the  day  prior to i ts  u s e ,  the  p a r t ic le  w as taken  from the  d e s s ic a to r ,  

the  f law s ,  d i s c u s s e d  p rev io us ly , were removed and the  e x c e s s  m ateria l 

adhering to the  support rod w as w iped aw ay with a so lven t m ois tened  sw ab .



The a p p a ra tu s  shown in Figure 32 w a s  then  u se d  to  p o s it io n  th e  "p o s it iv e  

s top"  bar on the  support rod . The stop bar w as held  in p lac e  by a s e t  sc rew . 

This a s se m b ly  perm itted  a c c u ra te  e s tab l ish m en t of the  d is ta n c e ,  3 .0000  in ch es  

+0.0001 i be tw een  th e  sphere  c e n te r  and  th e  rear of the  b a r .  This d im ension  w as  

fixed in order to  a c c u ra te ly  p o s i t io n  the  p a r t ic le  in the  com parator and in the  

t e s t  s e c t io n .

The p a r t ic le  p repared  in th is  m anner w as then  re turned  to  the  d e s s ic a to r .

In i t ia l  P a r t ic le  M easurem ent

Im m ediately  prior to  i ts  u se  th e  sphere  w a s  p lac ed  on the  s ta g e  o f the 

m easuring  sy s te m , see  Figure 28, and i ts  rad iu s  w as  m easured  at 10° in te rv a ls  

along i t s  su r fa c e .  This m easurem ent w as  rep e a te d  a minimum of th ree  se p a ra te  

t im e s .  The m easu red  v a lu e s  a t each  p o s i t io n  w ere  averag ed  and th e s e  a v e ra g e s  

w ere  reco rded  a s  the  in i t ia l  rad iu s  p ro f i le .

Between rad iu s  p rofile  m easu rem en ts ,  the a sse m b le d  ro d -sp h e re  system  

w a s  w eighed  on an a n a ly t ic a l  b a la n ce  to  the  n e a re s t  ten th  of a m illigram . In 

a l l  c a s e s ,  id en t ica l  w e igh ts  ,+ .3  m illigram s were ob ta ined  for th e  sam e u n i t ,  

r e g a rd le s s  of the  time in te rva l  be tw een  w e ig h in g s .  This va lue  w as reco rded  a s  

th e  in i t ia l  p a r t ic le  w e ig h t .

M ounting of Active and Inert Spheres

The t e s t  se c t io n ,  d e sc r ib e d  p rev iou s ly , w as  a rranged  so th a t  a s ing le
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a c t iv e  sp h e re ,  w hen mounted properly , w ould  be lo c a te d  a t  i t s  exac t  c e n te r .

A 1 /4  inch d iam eter x  4 inch  long b ra s s  rod w as prepared  acco rd ing  to the  

sp e c if ic a t io n s  show n in Figure 33a . The support rod o f th e  a c t iv e  sp h e re  unit 

w as  in se r te d  into the  1/16 inch d iam eter hole  of th is  m ounting rod and s lip ped  

through un til  th e  s top  bar r e s te d  a g a in s t  i t .  Then the  s e t  sc rew  w a s  u se d  to  

lock  th is  a sse m b ly  together  and  the  en tire  u n i t ,  shown in Figure 33b, w as  

in se r te d  into the  appropria te  pack ing  g land  and p re lim inarily  c en te re d  by e y e .

A cen te r in g  g u id e ,  show n in Figure 34a, w as  u se d  to  a c c u ra te ly  c e n te r  

the  a c t iv e  sphere  w hich w as  then  locked  in p la c e  in the  t e s t  s e c t io n .  A final 

check  w a s  made using  a S ta rre tt  in s id e  m icrom eter c a p a b le  of being read  to 

0 .0 0 1  in c h e s .  If it w as  found tha t  c o rre c t io n s  w ere  n e c e s s a r y ,  the  en tire  

p rocedure  w as  rep e a te d  u n til  the  a c t iv e  p a r t ic le  w as  s i tu a te d  with i ts  c e n te r  

a t  the  c e n te r  o f the  t e s t  zo n e .

The t e s t  reg ion  w as  o u tf it ted  w ith  pack ing  g la n d s ,  se e  Figure 23, which 

w ould  permit anyw here from a s in g le  inert  p a r t ic le  to th ree  lay e rs  of inert 

p a r t ic le s  to  be p lac ed  in the  neighborhood of the  a c t iv e  sp h e re ,  in  a g rea t 

v a r ie ty  of c o n f ig u ra t io n s .

S ta in le s s  s te e l  ro d s ,  s im ila r  to  th e  " a c t iv e "  sphere  support ro d s ,  were 

u se d  to  p o s i t io n  and hold  the  inert  p a r t ic le s  a t  the  lo c a t io n s  d e s i re d .

Lucite  s p h e re s ,  1 /2  inch  in d iam ete r ,  se rv ed  a s  the  inert p a r t i c l e s .  T hese  

w ere  o b ta in ed  from th e  Ace P la s t ic s  Com pany.
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A g au ge , which c o n s is te d  of an  a c c u ra te ly  m achined  h a lf  inch d iam eter 

sp h e re ,  m illed  out of a block of co ld  ro lled  s t e e l ,  w as u se d  to  se le c t  th o se  

lu c i te  p a r t ic le s  which most c lo s e ly  cou ld  be sa id  to be one ha lf  inch  in 

d iam ete r . These p a r t ic le s  were th en  d ri l led  so tha t  through one a x is  there  

w a s  a 1/16 inch d iam eter ho le  and through a m utually  pe rpend icu lar  a x is  there  

w as a 1/16 inch  d iam eter ho le  to th e  sphere  c e n te r .  It w as through th e s e  h o les  

th a t  the  s te e l  rods were in se r ted  into the  inert p a r t ic le s .

The procedure u se d  in mounting the  inert sp h e res  w as dependen t upon the  

configura tion  d e s i re d .  In a l l  c a s e s ,  excep t for th o se  w here  full lay e rs  of 

inert p a r t ic le s  were u se d ,  the  lu c i te  cen te r in g  and  loca tion  gu ides  shown in 

Figure 34a, b, and c were n e c e s s a ry  for proper inert sphere  p o s i t io n in g .

The guide in Figure 34a w as used  when it w as  d e s ired  to  lo ca te  one or 

more inert p a r t ic le s ,  d irec tly  in front of the  a c t iv e  sp h e re .  The gu ide  in 

Figure 34b w as u se d  to  e s ta b l is h  inert sp h e res  when the  pa r t ic le  configura tion  

w as  an e q u ila te ra l  tr iang le  of ha lf  inch h e ig h t .  W hen it  w as d e s ire d  th a t  the  

com posite  p a r t ic le  configura tion  be an e q u ila te ra l  tr ian g le  one inch high the  

guide in Figure 34c w as  u s e d .

T hese  gu ides  w ere  a l l  prepared  by turn ing  down on a la th e ,  1/2  inch 

th ick  lu c i te  sq u a res  so tha t the  the  rad iu s  of each  guide conformed to  the  

rad iu s  of the  t e s t  s e c t io n ,  a s  m easured  w ith in s id e  m icrom eters . This 

a llow ed  the  gu ides to  be s lipped  into and out of th e  t e s t  zone.



The d e s i re d  se p a ra t io n  be tw een  the  a c t iv e  and  inert p a r t ic le s  w as  

acc o m p lish e d  by in se r t io n  of th e  inert p a r t ic le  support rod through a pack ing  

g land  in th e  ap p rop ria te  la y e r .  W hen  not in u s e ,  th e  g lan d s  w ere  s e a le d  w ith  

1/16 inch  d iam ete r  i n s e r t s .

Run Procedure

The follow ing p rocedure  w a s  u se d  for a l l  o f  the  exp erim en ts  :

A. P lace  th e  a s se m b le d  t e s t  s e c t io n  into p o s i t io n  in the  flow sys tem  and  lock  

it in p la c e .

B. C o m ple te ly  fi ll  th e  flow sys tem  by g rav ity  from th e  o v e rh ead  re s e rv o ir .

C .  C lo s e  the  g rav ity  feed  v a lv e .

D . E s ta b l ish  th e  d e s i re d  flow ra te  by ad ju s tm en t of th e  ap p ropria te  ro tam ete r  

n e ed le  va lve  an d  th e  b y p a ss  l in e  v a lv e ,

E. At period ic  in te rv a ls  throughout th e  run , record  t im e , te m p e ra tu re s ,  in le t  

p r e s s u re ,  and  flow r a te .

F. Upon c o n c lu s io n  of the  d e s i re d  run in te rv a l ,  empty th e  sy s te m , rem ove the  

t e s t  s e c t io n ,  and  reco v er  th e  a c t iv e  p a r t i c le .  Im m edia te ly  p la c e  the  u s e d  

a c t iv e  p a r t ic le  in a d e s s i c a to r .

After e a c h  ru n ,  be tw een  th ree  and  four g a llo n s  o f w a te r  w a s  lo s t  w hile  

rem oving the  t e s t  z o n e .  This w as  re p la c e d  w ith f re sh ly  d i s t i l l e d  w ater  

im m edia te ly . P e r io d ic a l ly ,  th e  sy s tem  w a s  d ra ined  and  re f i l le d  w ith  new ly 

d is t i l l e d  w a te r .
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It should  be m entioned , th a t  even  w ithout l o s s ,  and h en ce  n e c e s sa ry  

w a te r  rep len ish m en t,  over fifty runs with the  sam e w ater  supp ly  would c a u s e  

on ly  a one percen t error in the  m ass  t ran s fe r  driving force of the  f if tie th  run . 

This c a lc u la t io n  w a s  b a se d  upon an  ove ra ll  p a r t ic le  diminution of four percen t 

an d  the  subsequ en t so lu te  buildup in the  rec ircu la t in g  w a te r .

Run in te rv a ls  w ere  determ ined from information p re sen te d  in Appendix & 

a t the  s ta r t  of any  s e r ie s  of s tu d ie s  and then  exp erience  w as  u se d  to  se le c t  

a run in te rval for a tta in in g  approxim ate ly  an overa ll  p a r t ic le  diminution of 

four p e rc en t .

From the  tim e of com pletion  72 hours w ere  a llow ed  to t ran sp ire  before 

any  further m easurem ents  were made on the  ac t iv e  sp h e re .

F inal P a r t ic le  M easurem ent

Exactly  the  sam e procedure  d e sc r ib e d  for making the  in i t ia l  run m ea su re ­

m ents w as  u se d  to  e s ta b l is h  the  fina l p a r t ic le  rad iu s  profile  and w e ig h t.



RESULTS AND DISCUSSIONS

Single  Sphere S tud ies

Although the  primary aim of th is  s tudy  w as  the  in v e s t ig a t io n  of lo ca l  and 

ove ra ll  m ass  t ran s fe r  r a te s  from sp h e res  in m u ltip a r t ic le  sy s te m s ,  it w as  

c o n s id e re d  important to  e s ta b l i s h  the  re l ia b i l i ty  of the  experim ental 

te c h n iq u e s  u se d  by comparing the  r e s u l ts  ob ta ined  w ith the  r e s u l t s  of p rev ious 

in v e s t ig a to r s .  It w as  a lso  d e s ire d  to ex tend  the  e a r l ie r  s ing le  sphere  da ta  down 

to  the  low Reynolds number range u se d  in th is  s tu d y .  For th e s e  r e a s o n s ,  

a s e r ie s  o f  s in g le  sphere  runs w ere  made u s ing  both the  benzo ic  a c id -w a te r  and 

b e ta n a p h th o l-w a te r  s y s te m s .  Local and  ov e ra ll  m ass  t ran s fe r  ra te s  were determ ined 

over a p a r t ic le  Reynolds number range of 5 to 175.

The o v e ra l l  s in g le  sphere  m ass  t ran s fe r  r e s u l t s ,  ob ta in ed  in th is  s tudy , 

a long  with the  p e rt in en t run v a r ia b le s  a re  p re se n te d  in Table VII. The lo c a l  m ass 

t ra n s fe r  p ro f i le s ,  p lo tted  a s  the  lo c a l  Sherwood number v e rsu s  ang le  ( Q)  on the  

su rface  of the  sphere  w ith p a r t ic le  Reynolds number a s  a pa ram eter , a re  p re se n te d  

in Figures 35 and  36 for benzo ic  a c id  and  in F igures  37 and  38 for beta  n a p h th o l .  

According to  boundary  lay e r  theo ry  of flow around a s in g le  sphere  and the  experim enta l 

r e s u l ts  p re sen te d  by G arner, e t .  a l .  ^ '  anc* ^  an d  o th e r  in v e s t ig a to r s ,  the  

m ass  t ra n s fe r  ra te  d e c r e a s e s  from a maximum a t  th e  forward s ta g n a tio n  poin t to  a 

minimum a t  a p o s i t io n  correspond ing  to  th e  ring of se p a ra t io n  of the  boundary lay e r .  

Behind th is  ring of s e p a ra t io n ,  in  the  w ake  reg ion  of flow, th e  ra te  o f  m ass  

t ran s fe r  in c re a s e s  to  a secon d  maximum a t  the  rea r  s ta g n a t io n  p o in t .  At very  low



TABLE V II. Overall Mass Transfer Rates for Single Spheres of Beta and Benzoic Acid

In itia l Final
Run Run Weight Flow Run Solute Schmidt Surface Surface Reynolds
Number Solute Time Loss Rate Tem p. Solubili ty Number Average Averags Number Sh

Radius, Radius, 0

Hours Grams GPM ° C . Grams*' 1000 Inches Inches
Grams of Solution

1-2 BN 17. S .0509 0 .501 22.00 0 .6 5 907 .9 0.2507 0.2487 32 .75 29 .6
1-3 BN 17.5 .0459 0.501 21.90 0 .6 5 9 10 .0 0.2479 0.2441 32 .2 27.1
1-5 BN 14.0 .0337 0.549 21.75 O.SS 9 13 .4 0.2472 0 .2 4  50 35.2 24.8
1-6 ON 13.5 .0371 0 .694 21.90 0 .55 910 .0 0.2483 0.2460 4 4 .8 28 .2
1-7 BN 25.0 .0708 0.546 21.90 O.o5 9 10.0 0.2450 41 .35 29 .3

1-8 BN 25.0 .0548 0 .646 21.85 O.SS 9 11 .2 0.2501 0.2457 41 .8 26.6
1-9 BN 25.0 .0677 0 .646 21.80 0 .6 5 9 1 2 .3 0 .2532 0.2484 42 .25 27 .4
1-10 BN 25.0 .0780 0 .646 22.00 0 .5 5 907 .9 0.2487 0.2445 4 1 .75 32.1
1-11 BN 74.7 .1104 0.0767 23. 10 0 .6 7 8 70.4 0.2509 0.2426 5. 1 14.5
1-12 BN 27.9 .1124 0 .790 21.90 0 .6 5 9 1 0 .0 0.2516 0.2438 51.15 4 1 .3

1-13 BN 24.0 . 1084 1.176 21.70 0 .6 5 9 14 .4 0 .2543 0.2464 76 .55 45 .8
1-14 BN 72.0 . 189 5 0 .407 21 .85 0 .65 9 1 1 .2 0.2489 0.2366 25 .8 27 .6
I - IS BN 22. S . 1305 2.420 22.00 0 .55 907 .9 0.2550 0 .2453 159.1 58 .7
1-16 BN 22.1 .0854 1.609 22.00 0 .55 907 .9 0.2532 0.2480 105.6 39 .2
1-17 BN 22 .0 . 109 5 1.995 22.20 0 .55 90 3 .8 0.2554 0.2494 132.5 50.1
1-18 BN 26 .2 . 1248 2.428 22. 10 0 .65 905 .9 0 .2525 0.2458 158.8 48 .6

1-19 BA 25 .5 .4624 0.0766 26.90 3.53 86 0 .0 0.2614 0.2301 5 .5 37.0
1-20 BA 3.0 . 1311 1.608 25.45 3.38 940 .0 0.2600 0.2504 116.25 9 3 .8
1-21 BA 2 .3 . 1188 2.425 25. SS 3.39 935 .0 0 . 2569 0.2484 174.05 110.95
1-22 BA 3.2 . 1242 1.175 25.55 3.39 935 .0 0 .2573 0 .2402 64 .35 83 .99
1-23 BA 4 .2 . 1068 0 .406 25.90 3.42 809. 5 0.2606 0 .2530 29.85 52. 38
1-24 BA 2.6 .0834 0 .789 25.70 3.41 925 .0 0.2561 0.2500 56.9 68. 12

vi)
v n
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Reynolds num bers , w here  boundary layer  se p a ra t io n  d o e s  not o c cu r ,  the  minimum 

v a lu e  of th e  lo ca l  m ass  t ran s fe r  ra te  o c cu rs  a t  the  rea r  s ta g n a t io n  po in t.

F igures 35 to  38 show th a t  the  p re se n t  s in g le  sp he re  r e s u l t s  g e n e ra l ly  follow 

th e  m ass  t ra n s fe r  profile  p red ic ted  from boundary  lay e r  th eo ry .  It w a s  noted  th a t  

for both s y s te m s ,  a t  a Reynolds number a s  h igh a s  5 s e p a ra t io n  does  not app ea r  

to  o c cu r ,  w hile  a t  Reynolds numbers g rea te r  th an  25 th e  a p p ea ra n c e  of the  

se p a ra t io n ,p o in t  is  qu ite  s tr ik in g .  It w as  a l s o  o b se rv ed  th a t  th e  se p a ra t io n  

ring sh if ts  forward w ith in c re a s in g  Reynolds num ber. This o b se rv a t io n  a g re e s  

w ith  th o se  reported  by G arner , e t .  a l .  an(  ̂ Rhodes and  P eeb le s  *

and  W adsw orth  .

C om parisons  of the lo ca l  m ass  t ra n s fe r  r a te s  o b ta in ed  for the  benzo ic  a c id  

runs w ere  made w ith th e  lo ca l  m ass  t ra n s fe r  ra te  p ro f i le s  p rev io u s ly  rep o r te d .

- In Figure 39 a re  p re sen te d  the  lo c a l  Sherwood number p ro f i le s  ob ta in ed  in th is  

work a t  p a r t ic le  Reynolds numbers of 84 and  174 a long  w ith  th e  profile  repo rted  

in  (46) a t  a Reynolds number of 166 and  the  p ro f i le s  repo rted  in (55) a t  Reynolds 

num bers o f  100 and 200. In sp e c t io n  of th e  figure show s th a t  th e re  i s  good 

ag reem en t be tw een  the  p re sen t  work and  the  e a r l ie r  in v e s t ig a t io n s  for the  

b enzo ic  a c ld -w a te r  s y s te m . No com parison  cou ld  be made w ith  the  be ta  naphtho l 

r e s u l t s .

By num erica lly  in teg ra ting  the  lo c a l  Sherwood number over the  su rface  of the  

s p h e re ,  an  ove ra ll  Sherwood number w as  c a lc u la te d  for e a c h  ru n .  For the  benzo ic

a c id  ru ns  com parison s  w ere  m ade w ith the  ove ra ll  m ass  t r a n s fe r  r e s u l t s  of

„ , (20, 22, and  23) . . .  . n . .  (46) . _ ^ . . (47)G arner ,  e t .  a l .  , Rhodes and  P e e b le s  , and  Rowe, e t .  a l .

The d a ta  are  p re sen te d  in Figure 40 on a p lo t o f  o v e ra ll  Sherwood number v e rsu s
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1/2  1 /3the  d im e n s io n le s s  param eter Re Sc # o b ta in ed  from boundary laye r  theory  .

The be ta  naph tho lda ta  w ere  com pared w ith th e  o v e ra l l  m ass  t ran s fe r  r e s u l t s  of

(53) (38)S tee le  and  G eank op lis  and  M cCune and W ilhelm in the  sam e f igure .

It i s  app aren t from th e  figure th a t  th e re  is  good agreem ent for both sy s te m s  w ith

the  e a r l ie r  reported  ov e ra ll  m ass  t ra n s fe r  d a ta .  The p re se n t  r e s u l ts  for benzoic

a c id  c an  be re p re se n te d  by

Sh = 2  + 0 .8 7  Re1/ 2 S c 1 /3  (54)o

and for be ta  naph tho lby

Sh = 2 + 0 . 4 7  Re1/2 S c 1/3  (55)o

In Figure 41 a re  p re se n te d  the  o v e ra ll  Sherwood number r e s u l t s  of th is  s tu d y ,

for both s y s te m s ,  p lo tted  a s  Sh v s .  P e .  It is  s e e n ,  in F igures  40 and 41 , tha to

the  ben zo ic  ac id  da ta  g iv es  h igher r e s u l ts  w ith  in c re a s in g  Reynolds number but

th a t  a t  low P e c le t  numbers the  d iffe rence  be tw een  th e  v a lu es  o b ta in ed  for

both  sy s te m s  d im in ish e s .  T hese  r e s u l ts  a re  in ag reem ent w ith  th o se  o b ta in ed

( 53)by S tee le  an d  G eank op lis

Attem pts w ere  made to  ex p la in  the  d iffe rence  be tw een  the  ove ra ll  m ass  

t ra n s fe r  c o e f f ic ie n ts  found for th e  two sy s te m s  on th e  b a s i s  o f  the  e ffec t  of 

c o n ce n tra t io n  driving force (flux), the  e ffec t  o f  na tu ra l  co n v ec tio n ,  and  th e  e ffec t 

o f Schmidt num ber.

According to the  d is c u s s io n  of in te rp h ase  t ran sp o rt  in m ulticom ponent

(4a)sy s te m s  p re sen te d  by Bird, S tew art,  and  Lightfoot, sy s te m s  in w hich  the  

driving force for m ass  t ran s fe r  into  a p h a se  is  la rge  w ill  exh ib it  lower m ass
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t ran s fe r  c o e f f ic ie n ts  than  sy s te m s  in  w hich  the  driv ing  force is  sm a ll .  This h a s  

been  show n b a se d  on film , boundary  la y e r ,  and  p en e tra t io n  th e o r ie s .  Thus, 

for two m a te r ia ls  such  a s  b en zo ic  a c id  and  be ta  naphtho l, w hen  m ass  t ran s fe r  

c o e f f ic ie n ts  to  w a te r  a re  being  m ea su re d ,  th e  m ate r ia l  having the  la rger  e q u i l ­

ibrium so lu b i l i ty ,  and  hence  the  la rger  driving fo rce , should  have  a lower m ass  

t ra n s fe r  c o e f f ic ien t  than  the  o ther  m a te r ia l .  Under th e  co n d it io n s  o f the  p resen t 

in v e s t ig a t io n ,  benzo ic  a c id  had  an  equilibrium  so lu b i l i ty  o f approx im ate ly  five 

t im es  th a t  of be ta  naphtho l. Therefore , due to  driving force e ffe c ts  a lo n e ,  one 

would e x p ec t  benzo ic  a c id  to have  a lower m ass  t ra n s fe r  c o e f f ic ie n t  th an  beta  

naph tho l. C a lc u la t io n s ,  b a se d  on film theo ry , show th a t  th e  m ass  tran s fe r  

c o e f f ic ien t  for ben zo ic  a c id  shou ld  be 98 .7 %  of tha t  for b e ta  n ap h tho l(see  Appendix 

I ) . T hese  c a lc u la t io n s  w ere  m ade , tak ing  in to  acco u n t  on ly  the  d ifferen t 

c o n cen tra tio n  driving force; a l l  o ther  fac to rs  were k ep t c o n s ta n t .  It w as  obse rv ed  

how ever, th a t  benzo ic  ac id  ex h ib i ted  larger Sherwood num bers th an  be ta  naph tho l. 

T hus, th e  experim enta l d if fe ren c e s  can n o t be due to  flux e f f e c t s .

( 5 3 )S tee le  and  G ean k o p lis  a ls o  found th a t  th e  j - f a c to r  (which au to m atica lly
*

c o m p e n sa te s  for d if fe ren ces  in  Schmidt number) w a s  a p p re c ia b ly  g rea te r  for 

b en zo ic  a c id  th an  for be ta  naphtho l. S ince  th e s e  au th o rs  worked only  a t  h igh 

Reynolds num bers , n a tu ra l  co n v ec tio n  w as  e lim in a ted  a s  a p o s s ib le  c a u s e  for 

th is  d if fe ren c e .  Therefore , th ey  ex p erim en ta lly  in v e s t ig a te d  the  e ffec t  of 

d if fe ren c e s  in  d riv ing  fo rce . By varying th e  c o n ce n tra t io n  o f  th e  flu id  th ey  w ere 

ab le  to  vary  th e  driving force or flux in th e ir  e x p e r im e n ts . Their r e s u l t s  confirm 

th e  th e o re t ic a l  p re d ic t io n s ,  b a se d  on film th eo ry ,  th a t  a h igher  flux w ill lower th e
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m ass  tra n s fe r  co e ff ic ien t  and  not r a i s e  i t .  H e n c e ,  S tee le  and  G eankop lis  

c o n c lu d ed  th a t  d if fe ren ces  in driv ing force can no t exp la in  the  o b se rv ed  

d if fe ren ces  in m ass  tran s fe r  ra te  for the  benzo ic  a c id  and  b e ta  n a p h th o lsy s te m s .

N atu ra l co n v ec tio n  e ffe c ts  offer an o the r  p o s s ib le  ex p lan a tio n  for the 

o b se rv ed  d iffe rence  in m ass  t ran s fe r  c o e f f ic ie n ts  for th e s e  two s y s te m s .

The G rashof number for the  benzo ic  a c id -w a te r  system  is  from 4 to  5 t im es 

g rea te r  than  th a t  for the  be ta  naphtho l w a ter  sy s te m , in  th e  tem perature  range 

of th is  w ork . T hus, the  n a tu ra l  co n v ec tio n  con tr ib u tion  to the  m ass  t ran s fe r  

p ro ce ss  should  be more important w ith  the  benzo ic  a c id -w a te r  system  th an  with 

the  be ta  naph tho l w a te r  sy s te m .

H ow ever, the  e x is t in g  na tu ra l co n v ec tio n  c o rre la t io n s  (se e  re fe rence  54) 

give v a lu e s  o f Sh for both s y s te m s ,  a t  zero  Reynolds number w hich  are g rea te r  

than  the  o v e ra l l  Sherwood numbers found in the  p re se n t  s tu dy  a t  f in ite  Reynolds 

num bers . For ex am p le , acco rd in g  to  Appendix B, the  Sherwood number a t  zero 

Reynolds number for th e  benzo ic  a c id  system  is  approx im ate ly  50, w h e reas  

p re se n t  r e s u l t s  in d ic a te  a va lue  c lo s e r  to  30 . S im ila r ly , for th e  b e ta  naph tho l 

system  th e  Sherwood number b a se d  on na tu ra l  c o n v ec tio n  i s  c a lc u la te d  a s  36, 

w he reas  p re se n t  r e s u l t s  in d ic a te  a v a lu e  c lo s e r  to  8 .  T hus , even  though p re se n t  

c o rre la t io n s  p red ic t  g rea te r  na tu ra l  co n v ec tio n  m ass  t ra n s fe r  c o e f f ic ie n ts  for 

benzo ic  a c id  than  for be ta  n a p h th o l ,  th ey  do not a c c u ra te ly  p red ic t  w hat th e s e  

v a lu e s  a c tu a l ly  a r e .  H en ce , one m ust co n c lu d e  th a t ,  a lthough  na tu ra l c o n v e c ­

tion  e ffe c ts  may c a u s e  the  o b se rv e d  d if fe ren ces  in m a ss  t ra n s fe r  c o e f f ic ie n ts



for t h e s e  s y s te m s ,  p re s e n t ly  a c c e p te d  c o rre la t io n s  for na tu ra l c o n v ec tio n  do not 

a d e q u a te ly  p red ic t  Sh num bers a t  zero  Re and no final d e c is io n  c a n  be made a s  to  

the  v a l id i ty  o f  na tura l co n v ec tio n  a s  c a u s e  of th e  o b se rv ed  Sh number d if fe re n c e s ,  

Furtherm ore, a t  h igher Reynolds num bers w here  forced  co n v ec tio n  e f fe c ts  o v e r ­

shadow  any  n a tu ra l c o n v ec tio n  e f fe c ts  th e re  shou ld  be no d iffe ren ce  in the  

Sherwood num bers . H ow ever, both th e  p re s e n t  work and the  work of S tee le  and 

G ean k o p lis  a t  very  high Re (600 -  140,000) show th a t  the  Sherwood num bers do 

not becom e id e n t ic a l  a t  th e  h igher Reynolds num bers .

Schmidt number e f fe c ts  may a ls o  be u s e d  a s  a p o s s ib le  e x p la n a t io n  for 

th e  o b se rv ed  d if fe ren c e s  in  th e  Sherwood numbers o b ta in ed  for th e s e  s y s te m s .

H ow ever, th e o re t ic a l  and  experim en ta l  in v e s t ig a t io n s  in d ic a te  tha t  m ass  t ra n s fe r

1 /3  1/2
c o e f f ic ie n ts  a re  p roportional to Sc . P lo ts  o f  p re s e n t  r e s u l t s  a g a in s t  Re

1 /3  1 /3  1 /3  l/3vSc and  Pe (Re Sc }, do not c a u s e  the  o b se rv ed  d if fe ren c e s  to  d i s a p ­

p e a r .  T here fo re , one m ust c o n c lu d e  th a t  Schmidt number d if fe ren c e s  canno t 

ex p la in  the  o b se rv ed  d if fe re n c e s  b e tw een  th e  Sherwood num bers for b en zo ic  a c id  

and  th o se  for be ta  naphtho l.

S ince  n e i th e r  flux e f f e c t s ,  n a tu ra l  co n v ec tio n  e f fe c ts  nor Schm idt number 

e f fe c ts  c a n  offer an  a d e q u a te  e x p la n a t io n  for th e  d if fe ren c e  b e tw een  the  o v e ra l l  

m ass  t ran s fe r  c o e f fc ie n ts  found for the  two sy s te m s  i t 'm a y  be  th a t  the  p h y s ic a l  

p ro p e r t ie s  o f  e i th e r  one  o r both of the  sy s te m s  or C * , i s  in  e rro r . This 

p o s s ib i l i ty ,  o f  c o u rs e ,  can n o t  be confirm ed s in c e  th e  p h y s ic a l  p ro p e r t ie s  u se d  

in th e  c a lc u la t io n s  a re  b e liev e d  to be the  m ost a c c u ra te ,  p re s e n t ly  a v a i la b le .



R ecen tly , it h a s  come to  the  a t ten t io n  of the  au thor th a t  th i s  d iffe rence  m ay 

be due to d if fe ren ces  in the  c ry s ta l l in e  nature of the  c a s t  p a r t ic le s  o f th e s e  m a te r ia ls

This h y p o th e s is  is  fu lly  ex p la ined  in the  addendum (page 174).
\

In Figure 42 the  ov e ra ll  m ass  t ra n s fe r  r e s u l t s  a re  p lo tted  on logarithm ic  

paper a s  Sh v s .  P e .  It w as  found th a t  a l ine  o f s lo p e  1 /3  cou ld  a d eq u a te ly

(34)
rep re sen t  the  p re se n t  d a ta ,  w h ich  is  in ag reem ent w ith  th a t  p red ic te d  by Levich 

and P f e f f e r ^ ^  for low p a r t ic le  Reynolds number flow . The eq u a tio n s  o b ta ined  

from the  faired  da ta  of the  figure  a re

1/3Sh = 1 .56  Pe Benzoic a c id -w a te r  (56)
o

and

Sh = 0 .7 5  P e 1 /3  Beta naph tho l -  w a te r  ( 57)
o

M u ltip a r t ic le  System S tud ies  

Axial C onfigu ra tions

The a x ia l  con fig u ra tions  o f  p a r t ic le s  s tu d ie d  in th i s  in v e s t ig a t io n  a re  shown 

In Figure 43 . As c a n  be s e e n  from th e  f ig u re ,  two s e r ie s  o f  runs  w ere  made w ith  

two sp h e re s  (doublets) and  two s e r ie s  o f  run s  w ere  made w ith  th re e  sp h e re s  

( t r ip le t s ) . The o v e ra l l  m ass  t r a n s fe r  r e s u l t s  o f  th e s e  a x ia l  s tu d ie s  a s  w e l l  a s  

th e  important run da ta  a re  p re s e n te d  in Table  VIII.

Typical loca l  m ass  t ra n s fe r  p ro f i le s  o b ta in ed  for s e r ie s  I I ,  III ,  V and  VI 

us ing  both benzo ic  a c id  and  b e ta n a p h th o l te s t  sp h e re s  a re  p re s e n te d  in F igures 44
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TABLE VIII. O ve ra l l  M a s s  T ransfer  R esu l ts  -  Axial S tu d ies

Run Run Wei ght Flow Run Solute
Number Solute Time Loss Rate Temperature Solubi l i ty

Hours Grams GPM ° C . Grams __
1000 Gram s

I I - 1 BN 7 1 . 0 .0873 .0757 23 . 5 0 . 5 8
11-2 BN 101.2 . 1530 .0756 24. 84 0 . 7 2 5
II -  3 BN 47 .2 .1318 . 405 2 4 . 9 5 0 . 7 2 5
II—4 BN 4 3 . 3 .1587 .789 24 . 83 0 . 7 2 5
I I - 5 BN 24. 2 .1173 1.608 24 . 94 0 . 7 3

II—5 BA 3.0 . 1094 2.425 2 5 . 7 7 3 .41
II — 7 BA 3.0 . 1008 1.608 25.  i0 3.  39
I I -8 BA 3.0 .08 58 1. 174 25.  50 3.39
II-9 BA 3.5 .0901 0.  789 25. 50 3.39
11-10 HA 3.8 .0775 0 . 4 06 2 5 . 9 0 3. 42

11-11 BA 6 . 2 .1128 0 .0 766 26 . 9  0 3 . 5 2
11-12 BA 6.  1 . 1009 0 .0 758 24 . 75 3,31
11-14 BA 4 . 0 . 1348 2 . 4 32 25,  52 3. 39

I I I - l BA 3, 7 .1516 2. 425 25. 80 3.41
III — 2 BA 2.6 .09 11 1.508 25.  RO 3.41
I I I - 3 BA 2.6 .0698 0 . 79 1 25 . 71 3.41
II I—4 BN 25. 8 .1516 1.998 25 . 80 0 . 7 4
III-5 BA 3. 0 .1192 2 . 4 32 25 . 38 3 . 37

III—6 BA 3.0 . 0883 1. 501 24.71 3.31
III — 7 BA 19.3 .2772 .0768 2 4 . 2 7 3.27
III — 8 BA 3. 1 . 0813 .79 1 24.  33 3.27
III — 9 BA 2 0 . 0 .279 5 . 0768 24. 04 3 . 25
III-  10 BN 50. 0 .1347 .407 24. 44 0 . 7 1

Ini t i a l  Final
Schmidt  Sur face  Avg.  Surface  Avg,  Reynolds
Number  Radius Radius Numbers Sh

Inches I nc hes

648 .  3 
9 03 . 2  
794 .7 
803.  3 
794 . 9

. 2515 
. 2541 
.2539
.2 556 
. 2557

. 2471 

. 2447 

.2473  

. 2472 

.2496

5.2 
5. 35 
23.  5 
SS. SS 
113.8

11.58
13. 04
23 . 78
31.31
4 0 . 6 5

9 2 0 . 0
9 3 5 . 0
9 3 5 . 0
9 3 5 . 0
9 1 0 . 0

. 2502 

. 2552 

. 2569 

. 2559 

. 2557

.2447

.2515

.2529

.2513

.2514

171.  3 
116 .05 
8 5 . 1  
56,9 
29 . 4  5

78.  74 
72 . 06  
6 1 . 0 8  
55 . 25  
4 2 . 4 4

8 6 0 . 0
9 7 0 . 0
9 3 3 . 0

.2564 

.2 569 

.2458

.2493  

.2506 

. 2368

5 . 65
5 . 45
155.55

35 . 50  
36 .96 
7 5 . 8 0

9 10.0
9 1 0 . 0
925.0  
768 .0
9 4 0 . 0

.2513

.2485

.2513
.2536
.2521

. 2417 

. 2443 

.2476 

. 2454 

.2430

170.8 
113 . 15  
5 5 . 2 5  
142 . 35  
170.3

8 8 . 0 5
7 5 . 2 5
57.81
4 8 . 5 0
87 . 97

9 7 2 . 0
1 0 0 0 . 0  
1 0 0 0 . 0  
1 0 2 0 . 0  
8 1 5 . 0

.2453

.2446

.2511

.2454

.2545

. 2378 

. 2243  

. 2447  

. 2242  

. 2455

107 . 75
4 . 9 5
54 . 2
4 . 9 5
2 8 . 2

59 .28 
35 . 90  
6 1.58 
35 . 82  
23 . 79

1X
1



TABLE VIII ■ C on t inued

Run
Num ber bolute

Run
Time

Weight
Loss

Flow
Rato

Run
Tempera ture

Solute
Solubi l i ty

Hours Grams GPM ° c .
-.p-t 

1 00  ̂ft fair-

I I I - 11 BN 18.7 . On 5o 1.177 24 . 77 LI , 725
III-  12 BN 5.9 .0 376 1.998 24 . 92 0 . 7 3
111-13 BN 53.  5 ,089 j .0768 23 . 98 0 . 7 4
III-  lb BN 6 . 0 . 04 13 2.432 2 5 .37 0 . 7 4

BA 24.  5 . 348 3 .0758 25.  32 3. 37
BA 4.  1 .0889 .79 1 24.09 3 . 2 5
BA 3 .5 .1031 1.311 2 3. 54 3 .2 0
BA 3. 0 . 1045 2.431 23 . 84 3 . 2 3
BN 24.5 . 06 39 0 .4 0 7 24.  51 0 . 7 1

BN 2 3 . 5 . 0 9 U 2 1.90 7 2 4.  n 0 0 . 7 2
BN 2 4. 4 . '7882 1.177 24.  57 0 . 7  2
BN 6 . 0 .034 1 2. 43 2 2 5 .40 0 . 7 4

V I - 1 BN 20,  1 .09 39 I.  177 24 . 99 0 . 7 3
VI-2 BN 22 , 0 . 1230 1 .997 24 . 84 0 . 7 3
VI-3 BN 51.7 . 1274 0 . 40  7 24 . u4 0 . 7 2
VI-4 BA 3.0 . 1066 2 . 432 2 5 .03 3. 34
VI-5 BA 3.0 . 1179 1.6 12 2 5.25 3 . 45

VI-6 BA 2. 9 .0771 0 . 79  1 25.65 3.40
Vl-7 BA 4 . 0 .0754 0 .075 8 25.  17 3 .45

Ini t i a l  Final
Schmidt  Sur face  Avg.  Sur face  Avg.  Reynolds  Sh
Number Radius Radius Numbers

I nc hes  I nches

8 0 0 . 0  .2459 . 24 12  8 0 . 0  3 0 . 8 3
7 9 5 . 0  . 253 3 . 2504  140.9  53 . 60
R20.0 .2530 .2472  5 . 2 5  14 . 13
7 8 8 . 0  .2578 .2553  17 6 .5  56. 07

9 4 0 . 0  .2486 .2211 5 . 1  33.49
1010 . 0  .2508  .2451 5 4. 0  51 .70
1035.0 . 25 02  . 25 43  112 . 4  6 9 . 7 1
1020 . 0  .2599 .2537  171 . 05  8 1 .  59
8 10 .0 .2538 .2496 2 8 . 4 5  2 2 . 6 6

8 10 . 0  . 24 55  . 23 93  134.  55 34 .40
8 1 0 . 0  . 25 08  .2449 8 0 , 1  31.58
7 8 5 . 0  . 25 55  . 25 24  174 . 8  4 6 . 5 2

7 9 4 . 0  .2532  .2472  8 2 . 6  39.56
8 0 0 . 0  .2536 .2456 1 39 . 35  4 7 . 6 2
8 0 5 . 0  .2516 .2433  2 8 . 0 5  21 . 50
9 5 0 . 0  .2474  .2405  166. 55 8 1 . 5 8
8 9 5 . 0  . 2614 .2540  119 . 85  78 . 99

9 2 5 . 0  .2584 . 25 31  57.5 55 . 90
90 1.0 .2502  .256 1 5 . 7  38.  35

112



through 51 a s  ShT v e rs u s  th e  a n g le  Q from the  forward s ta g n a t io n  po in t w ithLi

p a r t ic le  Reynolds number a s  a p a ram ete r .  O vera ll  m a ss  t r a n s fe r  r e s u l t s  for 

th e s e  s e r ie s  a re  p re s e n te d  in F igures  52 through 55 a s  ShQ v e rs u s  P ec le t  

n um b er .

From th e  lo c a l  m ass  t ra n s fe r  profile  figures, th e  fo llow ing o b se rv a t io n s  c an  

be m ad e . At p o in ts  of c o n ta c t  be tw een  the  sp h e re s  a minimum m ass  t ra n s fe r  ra te  

i s  o b t a i n e d . As th e  se p a ra t io n  be tw een  sp h e re s  in c r e a s e s  th e  sp h e re s  have  a 

sm alle r  e ffec t  upon one a n o th e r .  T hus, for two p a r t ic le s  in d ire c t  a x ia l  c o n ta c t ,  

a s  in s e r ie s  II w ith  the  a c t iv e  sph ere  beh ind  the  in e r t  o n e ,  a minimum tra n s fe r  

ra te  at th e  forward s ta g n a t io n  po in t i s  found . The t ra n s fe r  ra te  th en  in c re a s e s  

b e c a u se  of exposu re  to  the  flow o f  flu id  and  then  d e c r e a s e s  to  a  minimum a g a in  

a t th e  lo ca tio n  o f  the  se p a ra t io n  r in g .  In th e  w ake  a rea  the  t ra n s fe r  ra te  ag a in  

in c re a s e s  up to  th e  rea r  s ta g n a t io n  p o in t .  If s e p a ra t io n  d o e s  not o c cu r ,  a  minimum 

tra n s fe r  ra te  is  o b se rv e d  a t  th e  rea r  s ta g n a t io n  p o in t.  The p re s e n c e  of th e  s in g le  

inert  sp h e re  a ls o  h a s  an  e ffe c t  on the  lo ca tio n  of the  se p a ra t io n  p o in t .

W ith  two ine r t  sp h e re s  d ire c t ly  in front o f th e  a c t iv e  sphe re  (a ll  th ree  

to u ch in g ) ,  a s  in s e r ie s  V, an  a c c e n tu a t io n  of the  e f fe c ts  d e sc r ib e d  abov e  for 

d o u b le ts  a re  o b ta in e d .

W ith in c re a s in g  se p a ra t io n  be tw een  a c t iv e  and  inert  s p h e re s ,  a s  in s e r ie s  

III and  VI, the  e ffec t  of th e  inert  p a r t ic le  on the  m a ss  t ra n s fe r  in  th e  forward 

flow a re a  an d  at the  forward s ta g n a t io n  po in t d e c r e a s e s .  In f a c t ,  a t  su f f ic ie n tly
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J5(O

© . D E G R E E S  FR OM  THE F O R W A R D  S T A G N A T I O N  P O I N T



K
§

C 
IO 

X 
lO 

TO
 

TH
E 

C
E

N
T

IM
E

T
E

R
 

46
 

1
5

1
3

£ 
18 

X 
25

 
CM

 
H

lN
N

tl
.t

.A
. 

K
E

U
FF

C
l 

» 
C

H
IR

 
C

O
.

rtrr 37 amm •SniHiH:

g [ - J  ifiCA
m S H B E S p g >  jBfJ.fc4NApATHCLLu^B£S^a|L!l^v > S F M 3 g g :
’tf*' -JJJi

::P«H

::r : ■ i:::: n;.;i î rfbiyr.::;
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1 2 6 .

la rge  se p a ra t io n .th e  a c t iv e  sphere  should  not be a ffec ted  a t  a l l  by the  p resen ce  

of the  inert s p h e re s .  The in c re a se d  sep a ra tio n  betw een  a c t iv e  and  inert s p h e re s ,  

c h a ra c te r iz e d  by s e r ie s  III and  VI, a ls o  show s a d e c rea s in g  e ffec t  upon th e  lo c a ­

tion  of the  sep a ra t io n  ring and hence  upon the  con tr ibu tion  of the  w ake region  to 

the  to ta l  tran s fe r  r a te .

In order to  com pare the  loca l  m ass  t ran s fe r  re su I ts ,F ig u re s  56 and 57 

were p repa red . In th e s e  figures th e  lo c a l  tran s fe r  p ro f i le s ,  Sh^ v s .  Q  , ob ta ined  

for benzo ic  a c id  runs a t  a pa r t ic le  Reynolds number of approxim ate ly  75 in se r ie s  

I ,  I I ,  and III and  in  s e r ie s  I, V, and  VI a re  p re s e n te d .  A s tudy  of th e s e  figures 

show s that the  va ria tio n  of the  loca l  c o e f f ic ie n ts  a g re e s  w ith  the  d is c u s s io n  

p re sen te d  a b o v e .

The e ffe c ts  of the  inert sp he res  on th e  overa ll  m ass  tran s fe r  ra te  are  

s im ila r  to th o se  found for the  lo ca l  m ass  t ran s fe r  r a t e s .  For exam ple , the  

overa ll  m ass  t ran s fe r  co e ff ic ien t  for the  s e r ie s  II runs is  l e s s  than  th a t  found for 

th e  s in g le  sphere  runs; w hereas, the  overa ll  c o e f f ic ie n ts  of s e r ie s  III a re  l e s s  than  

th o se  ob ta ined  for a s ing le  sphere  but g rea te r  than  th o se  ob ta in ed  for s e r ie s  I I .  

S im ilarly , the  overa ll  t ran s fe r  ra te s  of s e r ie s  V are much l e s s  than  th o se  found 

for s e r ie s  I and  l e s s  than  th o se  found for s e r ie s  II; w h e re a s ,  th e  ov e ra ll  r e s u l ts  

of s e r ie s  VI are g rea te r  than  th o se  of s e r ie s  V, l e s s  th an  th o se  of s e r ie s  III, 

and  even  l e s s  than  th o se  of s e r ie s  I .

The overa ll  m ass  tran s fe r  c o e f f ic ie n ts  ob ta ined  for the  benzo ic  ac id  and
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b e ta n a p h th o lru n s  of s e r ie s  I ,  II , and  III a re  com pared  in Figure 58 by p lo tting

Sh v s .  P e .  This figure show s th a t  a t  low P e c le t  num bers , the  number of inert 
o

p a r t ic le s  h a s  a sm all  e ffec t  on the  o v e ra l l  m ass  t ra n s fe r  p ro c e ss ;  w h e re a s ,  

in c re a s in g  Pe le a d s  to in c re a s in g  dep en d en ce  o f th e  o v e ra l l  t r a n s fe r  ra te  on the  

number of p a r t ic le s  p re s e n t .  That the  c u rv e s  o b ta in ed  for both sy s te m s  s tud ied  

for the  sam e number o f inert  p a r t ic le s  are  d ifferen t i s  ag h in  an  in d ica t io n  of th e  

e ffec t  d i s c u s s e d  e a r l ie r .  This figure a ls o  show s th a t  the  s in g le  sphere  g iv es  the 

la rg e s t  ov e ra ll  t ran s fe r  ra te  w hile  th e  d oub le t  in c o n ta c t  g iv e s  the  s m a l le s t ,  and  

t h e  o v e ra l l  Sh num bers are  se en  to d e c re a s e  in the order o f  s e r ie s  I ,  III , and  II . 

This is  in  ag reem ent w ith  th e  e a r l ie r  d i s c u s s io n .

As an o the r  com parison ,F igu re  59 show s the  o v e ra ll  t r a n s fe r  r e s u l t s  

o b ta in ed  for s e r ie s  I ,  V, and  VI. The order of d e c re a s in g  o v e ra l l  m ass  t ra n s fe r  

ra te  is  s e e n  to be s e r ie s  I ,  VI, and  V. The d e c re a s in g  e ffe c t  o f  the  number of 

inert  p a r t ic le s  w ith  d e c re a s in g  Pe is  a ls o  s e e n  and  the  d iffe rence  in Sh w hich  

is  a l s o  dep enden t on Pe is  no ted  by com paring th e  r e s u l t s  for benzo ic  ac id  

and be ta  n aph tho l a t  th e  sam e p a r t ic le  c o n fig u ra tio n .

E quila teral T riangular C o n flo u ra tio n s

The two e q u ila te ra l  t r ia n g u la r  geo m etr ie s  ( s e r ie s  VIII and  IX) u s e d  in 

th is  in v es tig a t io n  a re  show n in Figure SO. The o v e ra l l  e q u i la te ra l  t r ian gu la r  

a rray  m ass  t ra n s fe r  r e s u l t s ,  o b ta in ed  in th is  s tu d y , a long  w ith  the  p e rt in en t 

run d a ta  a re  p re s e n te d  in Table  IX.
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FIGURE 60  EQUILATERAL TRIANGLE CONFIGURATIONS USED
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TABLE IX. O vera l l  M a s s  T ransfe r  R esu lts  - E q u ila te ra l  Ti tangle  S tud ies

Run Run Weight Flow Run
Number Solute Time Loss Rate Temperature

Hours Gra m s GPM Cc.

VIII -1 BA -0CM .39 10 0 .407 24.69
VTII—2 BN 2 3 . 5 .1129 1.99B 24 . 63
VIII-3 BN 29 .0 . 10 12 1. 177 24 . 31
VIII-4 BN 9u.O .1702 0 . 4 07 23.  1 1
VIII-7 BA 3. 0 .1135 2 . 4 3 3 25.87

VIII-8 BA 3. 0 . 0928 1.S12 26.40
VIII-9 BA 6 . 0 . 1023 0 . 076 8 2 5 . 4 8
VII I -10 BA 4.3 .0933 0 . 7 9  1 2 5 . 0 a

I X- 1 BN 21.9 . 1303 1. 998 23 . 98
DC-2 BN 24 .4 . 1194 1. 177 24 . 25
I X- 3 BN 7 7 . 0 . 2134 0 . 4 0 7 24 . 78
IX-4 BA 7.1 . 11 56 U .0758 24 . 54
IX-a BA 3.4 . 1368 1.511 24 . 03

IX-7 BA 3.2 . 1441 2 . 43 2 25.  22
IX-8 BA 3. 1 . 1010 0 . 7 91 25. 58
IX-9 BA 6 . 4 . 0978 0 . 0  7 58 24. 98

Ini t ia l Final
Sol ut e Schmidt Sur face  Avg. Sur face  Avg. Reynolds
Solubi l i ty Number Radius Radius Number Sh o

Gr ams/ 1000 I nc hes I nches
O a m s  of solution

3.31 9 8 0 . 0 .2570 .2 309 2 7 , 6 5 36.  B7
u . 7 2 8 0 5 . 0 . 2551 . 2489 140.0 4 1 . 1 7
0 . 7 3 8 0 0 . 0 .2547 . 2481 8 2 . 6 5 2 9 . 5 1
0 . 6 7 8 6 3 . 0 .2532 . 2437 2 7 . 2 17.  15
3. 42 9 1 5 . 0 . 2522 .24 56 173.2 8 0 . 5 8

3. 47 88 5 . 0 .2522 . 2469 116 .4 6 3 .  54

GO 00 940 .0 .2562 .2500 5 . 5 36 . 65
3. 34 9 5 5 . 0 . 2  500 . 244 3 54.9 4 4 . 1 0

0 . 5 9 5 8 3 0 . 0 . 2527 .2445 136 .15 54.  14
U.79 9 2 1 . 0 .24 59 . 2377 7 8 . 5 45.  16
0 . 7  3 8 0 5 . 0 .2498 . 235 5 27.  55 2 4 . 4 5
3.29 990 .0 . 2558 .2482 5.4 37.45
3 . 24 1017.0 .2570 . 2476 1 1 1 . 55 9 5 .39

3 . 35 9 4 0 . 0 . 244 5 . 2341 154 . 05 103.1
3 . 4 : 9 2 0 . 0 .2484 .24 15 55.2 71 . 15
3 . 34 9 6 4 . 0 .2420 . 2349 5 . 15 35.97



The lo c a l  m a ss  t ra n s fe r  p ro f i le s  o b ta in e d ,  w ith  b en zo ic  a c id  and  beta  

naphthol,for th e s e  s e r ie s  a re  p re se n te d  in F igures  61 through  6 4 . The figures 

show th a t  th e  tw o inert  p a r t ic le s  p la c e d  h o r izo n ta l ly  in front o f the  a c t iv e  

sphere  have  a g rea te r  e ffec t  on th e  lo ca l  m a ss  t r a n s fe r  c o e f f ic ie n ts  in the  

more c lo s e d  con figu ra tion  ( s e r ie s  VIII) than  in the  more open  configura tion  

( s e r ie s  IX). In  f a c t ,  th e  lo c a l  t ra n s fe r  p ro f i le s  for s e r i e s  IX a re  qu ite  s im ila r  

in  ap p ea ra n c e  to  th o se  p re s e n te d  e a r l ie r  for s in g le  s p h e r e s .  The more c lo s e d  

c o n fig u ra tio n , s e r ie s  VIII, show s a much sm a lle r  forward flow a re a  w ith 

a  minimum m ass  t r a n s fe r  r a te  occurring  before 90°  from th e  forward s ta g n a t io n  

po in t.  This is  due to  th e  p re s e n c e  o f  the  inert  sp h e re s  w hich  b lock th e  forward 

flow a r e a .

In Figure 65 , the  ov e ra ll  m ass  t ra n s fe r  r a te s  for both sy s te m s  s tu d ied

and for both  g eo m e tr ica l  c o n fig u ra tio n s  a re  p lo tted  a s  Sh v s .  P e .  The ove ra ll
o

Sherwood number r e s u l t s  for the  c lo s e d  tr ian g u la r  arrangem ent are  sm a lle r  th an  

for th e  s in g le  sp he re  a t  a l l  P ec le t  num bers b e c a u s e  o f th e  a rea  b lockage  e f fe c t .

For th e  open t r ia n g u la r  a rran gem en t,the  o v e ra l l  Sherwood number r e s u l t s  a re  

som ew hat h igher  th a n  for th e  s in g le  s p h e re .  T h u s ,  th e  more open arrangem ent 

beg in s  to  s im u la te  th e  behav io r  o f  a  la rg e  a rray  o f  p a r t ic le s  for w hich  the  Sherwood 

number Is a lw ay s  h igher  th a n  th a t  for a  s in g le  sp h e re .

The e q u i la te ra l  t r ia n g u la r  ru n s  show th e  com bined  e ffe c t  o f  both a x ia l  

an d  ra d ic a l  proxim ity  of ine r t  sp h e re s  upon the  lo c a l  an d  o v e ra l l  m a s s  t ra n s fe r  

r a t e s  from th e  t e s t  s p h e re .  I t a p p e a rs  th a t  a x ia l  proxim ity  h a s  a  m uch g rea te r
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e ffec t  on the  m ass  t ran s fe r  r a te .  That i s ,  a t  the  sam e sep a ra t io n  betw een 

p a r t ic le s  th e  a x ia l ly  lo ca ted  one w ill  have  a more pronounced e ffec t on the 

t e s t  sphere  th an  a rad ia lly  lo c a te d  o n e .  In order to more fully  study  the 

e ffec t o f rad ia l  proxim ity ,the  hexagona l s e r ie s  of runs w ere  perform ed.

H exagonal C on figu ra tio ns

Figure 66 sum m arizes th e  hexagonal geom etries  u se d  in  th is  work.

The s e r ie s  VII runs  a t  th ree  d ifferent "pseudo" v o id a g e s ,  w ere  c a rr ied  out 

w ith  a s in g le  layer  hexagonal a rray  of p a r t ic le s ;  the  a c t iv e  sphere  being 

a t  the  cen te r  of th e  a rray .  The s e r ie s  X ru n s ,  a ls o  a t  th ree  d ifferen t "pseudo" 

v o id ag e s ,  w ere  c a r r ied  out with a two laye r  hexagonal a rray  of p a r t ic le s ;  the  

t e s t  sphere  being at the  c e n te r  of the  dow nstream  la y e r .  T hus, s e r ie s  VII 

s tu d ie s  the  e ffec t  o f  a rad ia l  arrangem ent of p a r t ic le s ;  w h e re a s ,  s e r ie s  X s tu d ie s  

th e  e ffec t of a com bination  ra d ia l  and  a x ia l  c o n fig u ra tio n . In Table X are 

p resen ted  the  overa ll  m ass  t ran s fe r  r e s u l ts  o f th e s e  hexagona l configura tion  

s tu d ie s  a long w ith the  pe rtinen t run inform ation.

The lo ca l  m ass  tran s fe r  p ro file s  for the  S eries  VII runs are  p resen ted  

in F igures 67 through 69 . Each figure is  a t  a c o n s ta n t  "pseudo" voidage 

and is  p lo tted  a s  Sh. v s .  Q  w ith p a r t ic le  Reynolds number a s  a pa ram eter . 

F igures 67 and 68 a re  s im ila r in app ea ran ce  to th o se  ob ta ined  for s ing le  

sp h e re s  and  the  open e q u ila te ra l  t r ian g le  co n figu ra tion . However, Figure 69. 

w hich  p re s e n ts  the  r e s u l ts  ob ta ined  when the  inert sp h e re s  touched  the  t e s t
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TABLE X. O vera l l  M a s s  T ransfe r  R esu l ts  -  Benzoic Acid Test  Spheres  -  H exagona l  S tu d ie s

Run Ps e ud o Run Wei ght Flow Run Solute Schmidt
Ini t i a l
Sur face  Avg.

Final
Sur fa ce  Av g. Reynolds

Number Voidage Time Loss Rate Temperature Solubi l i ty Number Radius Radius N urn ber Sh
o

VII-1 .85

Hours

3 .5

Gra m s 

. 1758

GPM

2. 4 32

° C . 

25 . 80

Gr ams/1000 
j a m s  cf solution

3.41 9 1 4 . 0

I nches  

.263  1

I nc h es

.2402 171.30 108 .4
VII— 2 .85 3.0 .12 57 1.S12 25.  24 3.45 8 9 5 . 0 . 2403 . 2297 109 .2 5 9 2 . 4 5
VII -3 .85 3.0 .'1952 0 . 7 9  1 25 . 63 3.40 925 .0 . 2539 . 2469 55 . 35 58 .  17
VII-4 .85 a . 0 .1013 0 . 07 68 25.  54 3. 39 9 3 5 . 0 . 2 555 . 2487 5 . 50 36 . 40
VII-5 .80 3.0 .1581 2 . 4 33 25 . 81 3.41 9 1 3 . 0 .2496 . 2376 1 59 . 25 115.1

v ir-6 .73 3.0 .1335 1. 613 27 . 05 3. 54 8 54.0 . 2354 . 2236 108.65 9 5 .  52
VII-7 . 73 3 . 0 .1448 2 . 4 3 2 25 . 71 3.41 9 2 0 . 0 .2458 . 2349 1 65 . 55 107 . 2
VIf-8 .73 4 . 0 .1154 0 . 7 9  I 24.  50 3.29 9 9 0 . 0 .2297 . 2185 49.  15 7 5 . 2 3
VII-9 .73 22 . n . 342 1 0 . 07 68 24.  3 3 3. 30 9 7 5 . 0 .2564 .2334 5 . 2 5 35.49
VI I -10 .40 4 . 0 . 1697 2 . 4 32 25 . 05 3.34 9 6 0 . 0 .2607 .2508 174.70 9 2 . 9 6

VII- 11 .40 3 . 0 .0889 l .T  1 1 24. 83 3. 32 9 6 5 . 0 . 2335 .2274 103.80 7 2 . 6 0
VII- 12 . 40 3 . 0 . 0n99 0 . 7 9 1 24 . 87 3. 32 9 6 5 . 0 . 2469 .2427 54.  15 53 . 72
VI I -13 .40 5 ,0 .0972 0 . 0 7 5 8 25.  52 3.39 9 3 4 . 0 . 2598 . 2543 5 .50 34.19
V I I - H . 85 8 . 2 .0978 0 . 0 7 5 8 25. 22 3. 36 9 45 . 0 . 2430 . 2358 5 . 20 36 . 28
VI I -15 .73 4 . 0 . 189 5 2 . 43 2 25.  55 3. 39 9 33 . 0 . 2496 . 2370 168 . 05 10 5 . 8
VII- 16 .73 4 . 0 .2117 2 , 5 73 2S. 75 3.41 9 20 , 0 .2 576 .2431 190 . 85 113 . 2

X - l . 85 3 . 0 .1237 2 . 4  32 2 5 . 5 4 3.40 9 2 7 . 0 . 2573 . 249 5 175. 40 8 7 . 6 9
X- 2 .85 3. 5 . 1203 1 . 61 2 2 5.50 3. 38 9 3 4 . 0 . 2571 . 2505 116 . 05 73 . 69
X-3 .85 6 . 0 . 1494 0 . 7 9  1 25.  53 3. 39 9 3 3 . 0 . 2494 . 2404 55. 00 55.  18
X-4 .85 6 . 2 . 1143 0 . 0 7 6 8 2 5 . 1 5 3. 45 9 0 0 . 0 . 25 0 5 . 2536 5.70 37.  39
X-5 .40 3 . 0 .0531 2 . 4 3 2 25 . 43 3. 38 9 3 5 . 0 .2567 .2514 175.00 4 5 . 0 4

142



TABLEX. C o n t in u ed

I ni t i a l  Final
Run Ps eudo Run W ei gh t Flow Run Solute Schmidt Sur face  Avg. Sur face  Avg. Reynolds
Number Voidage Time Loss Rate Tempera ture Solub i l i ty Number Radius Radius Number Sh

o

Hours Grams GPM ° C . G r a m s /  1000 I nches I nc hes
Grams cf solution

X-6 .-10 3.0 . 0549 1.612 25.  3b 3.37 9 38 . 0 .2606 . 2575 118. 10 38 .61
X-7 ,40 5.0 . 0764 0 . 79  1 25.  49 3. 38 9 34 , 0 .2508 . 246 2 55 . 75 33 .4 4
X-8 .40 19. 5 . 2855 0 . 0 7 6 8 26 .08 3.44 9 1 0 . 0 .2532 .2366 5.40 31.54
X-9 .82 3.0 . 1221 2 . 4 3 2 25.  37 3 . 37 9 3 8 . 0 .2534 .2472 17 2. 15 38 . 9  3
X-10 .82 3 . 0 .0956 1.6 12 25.  37 3. 37 938 .0 .2492 .2438 1 12 . 40 71. 41
X - l l .82 5.0 . 1153 0 . 7 9  1 2 5 . 4 3 3.38 937 .0 ,2447 . 2389 54.  15 52. 44

-I**
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1 4 7 .

s p h e re ,  show s th e  la rg e  e ffec t  on th e  m a ss  t ra n s fe r  c o e f f ic ie n t  due to  the  

p o in ts  of c o n ta c t  normal to  the  flow d ire c t io n .

In Figure 70 a re  p re s e n te d  th e  o v e ra l l  t r a n s fe r  r a t e s  o b ta in ed  for a l l  

s e r ie s  VII runs,- p lo tte d  a s  ShQ v s .  Pe w ith  "p seudo"  v o id ag e ,  , a s  p a ra m e te r .  

The s in g le  sp h e re  b en zo ic  a c id  d a ta  a re  p lo tte d  a t  f  eq u a l  to  1 .0  a s  a co m p ari­

so n .  The figure show s th a t  a t  Pe of abou t 5 ,0 0 0  a l l  co n fig u ra tio n s  g ive  s im ila r  

r e s u l t s .  At Pe g re a te r  th an  45 ,00 0  and a "p seu d o "  vo id ag e  o f 0 .8 5  (one 

d iam ete r  b e tw een  the  sphe res )  th e  o v e ra l l  m a ss  t ra n s fe r  ra te  a p p e a rs  g rea te r  

than  th a t  o b ta in ed  for s in g le  sp h e re s ;  w h e re a s ,  a t  low er Pe th e  m a ss  t ra n s fe r  

ra te  i s  app rox im ate ly  th e  sam e a s  th a t  for a s in g le  s p h e re .  At a "p seudo"  

vo idag e  o f  0 .7 3  (o n e -h a lf  d iam ete r  be tw een  spheres) th e  o v e ra l l  m a ss  t ra n s fe r  

r a te s  a re  g re a te r  th an  th o s e  o b ta in ed  for a s in g le  sp he re  for Pe l e s s  than  

1 5 0 ,0 0 0 . For a l l  P e c le t  num bers s tu d ie d ,  a "pseudo"  vo id age  of 0 .4 0  gave 

th e  minimum o v e ra l l  t r a n s fe r  r a te s  due to  c o n ta c t  b e tw een  p a r t i c l e s .  The 

h igher  m a ss  t ra n s fe r  c o e f f ic ie n ts  found for th e  "p seu d o "  v o id ag e s  of 

0 .7 3  an d  0 .8 5 ,  w hich  are  in ag reem en t w ith the  open e q u i la te ra l  t r ian g le  

r e s u l t s ,  a re  an  in d ic a t io n  of the  in c re a s e d  m a ss  t ra n s fe r  r a te s  w hich  a re  

o b se rv ed  in m u lt ip a r t ic le  sy s te m s  su ch  a s  p a ck e d  and f lu id ize d  b e d s .

In F igures 71 , 72 and  73, th e  lo ca l  m ass  t ra n s fe r  p ro f i le s  o b ta in ed  for 

the  s e r i e s  X ru ns  a re  p r e s e n te d .  T h ese  r e s u l t s  a re  in c lo s e  ag reem en t w ith  

th e  r e s u l t s  o f  s e r ie s  II and  s e r i e s  III a t  the  sam e a x ia l  se p a ra t io n  an d  show
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t h a t  th e  e f fec t  of a x ia l  proximity i s  much g rea te r  than  th a t  of r ad ia l  proximity 

for small  numbers of p a r t i c l e s  a round the  t e s t  sphere-

In Figure 74.the  ove ra l l  m a s s  t r a n s fe r  c o e f f i c i e n t  for s e r i e s  X, with the

s ingle  sphe re  r e s u l t s  inc luded  for c o m p ar ison ,  a re  p r e s e n t e d  a s  Sh v s .  Peo

with  £  a s  pa ram ete r .  The curve  a t  equa l  to 0 . 8 2  (one d iam eter  be tw een  

sp h e re s  a x ia l ly  and  one  h a l f  d iam eter  radial ly)  w as  p red ic te d  from a c r o s s ­

p lo t  of the  r e s u l t s  a t  £  of 0 . 4 0 ,  0 . 8 5  and 1 .0 ,  which  i s  shown in Figure 75. 

Three runs  at  a "pseudo"  vo idage  o f  0 .8 2  were  th en  made and  the  r e s u l t s  a re  

a l s o  p lo t ted  on Figure 74.  It should  be no ted  th a t  th e  th ree  p o in ts  o b ta in ed  

a re  in  good ag reem en t  with  the  p red ic ted  cu rv e .  At an  £  of 0.40, a marked 

red u c t io n  in o ve ra l l  t r a n s fe r  r a t e s  w a s  o b s e r v e d .  The figure  sho w s  th a t  a t  

a l l  v a lu e s  of ^ i n v e s t i g a t e d  for th i s  se r ie s ,  the  ov e ra l l  m a s s  t r a n s fe r  r a t e s  are  

l e s s  th a n  th o s e  o b ta in ed  for a s ing le  s p h e re .  This i s  due  to th e  la rge  a rea  

b lockage  e ffec t  o b ta in ed  with  the  touch ing  two layer  h exagona l  c on f igu ra t ion .

Figure 76, w h ich  is  a com par ison  of  th e  o ve ra l l  m ass  t r a n s fe r  r e s u l t s  

o b ta in ed  from the  s e r i e s  I ,  III,  VII { £  = 0 . 8 5 )  and X ( £  = 0 , 8 5 )  benzo ic  

a c id  runs, sh ow s  how c l o s e l y  s e r i e s  X i s  r e l a te d  to  s e r i e s  III .  Figure 77, 

w h ich  com pares  th e  o v e ra l l  benzo ic  a c id  m a s s  t r an s fe r  r e s u l t s  for s e r i e s  

I ,  II,  VII ( £  = 0 .40)  and  X ( f j  = 0 .40) show s how st rong ly  th e  c l o s e  pack ing  

of th e  inert  p a r t i c l e s  h a s  r e d u c e d  the  o v e ra l l  t r a n s fe r  r a te  from th e  benzoic  

a c i d  t e s t  sp h e r e .  T h ese  o b s e rv a t io n s  a re  in com ple te  ag reem ent  with the  

lo c a l  co e f f ic ien t  r e s u l t s  d i s c u s s e d  a b o v e .
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157.

Rela t ionsh ip  Between Local and Overal l  M a ss  Transfer  Rates  for All S tudies

It should be noted t h a t ,  in a l l  c a s e s ,  the  overa l l  m ass  t ransfe r  r a te s  

ob ta ined  from the loca l  Sherwood number prof i les  by graphica l  in tegra t ion ,  

u s ing  a p lan im eter ,  were  within  10% of the  overa l l  Sherwood number b a se d  

on the  weight  l o s s  of the  p a r t i c l e s .  This r e s u l t  is  confi rmed by in spec t ion  

of Table XI. The average  d if ference  be tween  ShQ c a l c u l a t e d  by both methods 

is  3 .33% .
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TABLE XIo Comparison Between Overal l  Sherwood Numbers C a lc u la ted  from 

Local M ass  Transfer Profi les and Par t ic le  W eight  Loss

Ser ies  In tegra ted  Avg. Sh b a sed  Percent
Solute

ReP
Avg. Sh T" 'AM-, i 6 ft* Difference

BA 6 36 .6 37 .0 - 2 . 0 5
30 57 .2 5 2 .4 +9 .18
57 7 1 .0 6 8 .0 +4 .4 4
84 81 5 8 4 .0 - 3 . 0 0

116 9 9 .0 9 3 ,8 - 5 . 5 0
174 105 3 110 95 - 5 . 5 0

BN 5 15.1 14 ,5 +4 .0 0
32 28 ,7 27,1 + 6 .00
77 4 8 .0 4 5 .8 + 5 .00

106 39 8 39 .2 + 1 ,50
133 50 9 50.1 + 1 ,50
159 62. 2 58 .7 +6 .00

BA 6 3 3 .5 3 5 .6 - 5 . 7 5
30 4 0 ,7 4 2 ,4 - 4 . 0 0
85 59 7 61.1 - 2 . 5 0

167 7 5 ,5 7 5 .8 - 1 .  50
BN 5 13.0 13 ,0 ---------

29 24.1 2 3 ,8 + 1, 50
56 31 .6 3 1 ,3 + 1 00

114 41 .1 4 0 ,7 + 1 .00

BA 5 36 2 3 5 .9 + 1 .00
54 58 4 6 1 .7 - 5 . 5 5

108 69 3 69 .3 ---------

170 8 8 .8 8 8 .0 + 1 .00
BN 28 2 4 .4 2 3 ,8 +2 .50

80 32-2 3 0 .8 +4 50
141 54.1 5 3 .6 + 1 ,00
177 58 7 56,1 +4 .50
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TABLE XI, Cont inued

Ser ies
No.

VI

VIII

IX

In tegra ted Avg. Sh b a se d Percent
Solute Re

P
Avg. Sh on W t.  Loss Difference

BA 5 3 4 .6 3 3 .5 +3 .00
54 5 6 .6 5 1 .7 +9 .50

112 6 9 .7 6 9 .7 ----------

171 8 2 .4 8 1 .6 + 1 .00
BN 28 22 .1 2 2 .7 - 2 . 5 0

81 3 1 .4 3 1 .6 - 0 . 0 5
135 36 .0 3 4 .4 + 4 .5 0
175 4 9 .9 4 6 .6 + 7 .0 0

BA 6 3 7 .0 3 8 .4 - 4 . 0 0
58 52 o 2 5 5 .9 - 6 . 5 0

167 86,. 9 8 1 .6 +6 .25
120 7 8 ,6 79 .0 - 0 . 5 0

BN 28 2 1 .7 2 1 .5 + 1 .00
83 4 0 .3 3 9 .6 +2 .0 0

139 49 .1 4 7 .6 + 3 .0 0

BA 6 3 5 .4 36 .7 - 3 . 5 0
55 4 5 .1 4 4 .1 + 2 .0 0

116 68 .6 6 3 .5 + 8 .0 0
173 85 .2 8 0 .7 + 5 .50

BN 27 18.0 17.2 + 5 .00
133 32 .0 2 9 .5 +8 .5 0
140 4 3 .6 4 1 .2 +6 .0 0

BA 5 3 8 .3 3 7 .5 +2 .0 0
55 7 3 .9 71 .2 +3 .50

112 101.7 9 5 .4 +7 .00
163 111.3 103.1 +8 .00

BN 28 2 5 .7 24 o 5 +5 ,00
79 47 .1 4 5 .2 +4 .50

136 5 7 .5 54.1 +6 .00
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TABLE XI. Cont inued

Ser ies  . In tegra ted  Avg. Sh Based Percent
No. Solute

VII BA

BA

Rep
Avg. Sh on W t .  Loss Diffe rence

5 0 85 3 7 .7 36 .3 + 4 .0 0
56 6 9 .4 68 2 +2-00

109 9 1 .9 9 2 ,5 - 1 . 0 0
171 112 .8 108.4 - 4 . 0 0

6 0 o 73 35 .2 3 5 .5 - 1 . 0 0
49 74 .2 75 .2 - 1 . 5 0

109 9 5 .7 9 5 .5
191 116, 113.2 + 2 .50

6 0 40 3 3 .6 34 .2 - 2 . 0 0
54 5 6 .6 5 3 .7 + 5 .5 0

167 9 6 .0 9 3 .0 + 3 .0 0

6 o GO cn 37 .1 3 7 .4 —

55 55 .0 55.2 “— - —

175 8 8 .0 87 .7
54 0 82 52.1 52 .4

112 7 2 .0 71 .4 -----------

172 8 8 .7 8 8 .9 ■-----------

5 0 ,4 0 3 2 .6 3 1 ,6 +3-00
56 3 5 .5 3 3 .4 + 6 .0 0

118 3 7 .6 3 8 .6 - 3 . 0 0
175 43 1 4 5 .0 - 4 . 5 0



CONCLUSIONS AND RECOMMENDATIONS

Axial,  r a d ia l ,  and combined a x i a l - r a d i a l  a r rangem en ts  of  inert sp h e re s

were u s e d  to in v e s t ig a te  the  e f fec t  of small  numbers of p a r t i c l e s  on the  loca l

a n d  ove ra l l  m a s s  t ran s fe r  r a t e s  from a s ing le  sphere  a t  low Reynolds numbers .

S tud ies  were made us ing  two or th ree  sp h e re s  a x ia l l y  o r ie n te d ,  se v en  sp he res  
%

r a d ia l ly  arranged  in a s in g le  layer  hexago n ,  th ree  sp h e re s  in an a x ia l - r a d ia l  

com binat ion  forming an  equ i la te ra l  t r ia n g le ,  and  fourteen  sp h e re s  in a two 

layer  hexagona l  a rray  exhib i t ing  a combined a x ia l - r a d ia l  a r rangem ent .  The 

following c o n c lu s io n s  c an  be drawn b a s e d  on the  r e s u l t s  of  th i s  work.

Single Sphere  Studies

1. Separa t ion  d oes  not appeal  to  occu r  a t  a  p a r t i c le  Reynolds number of

5. How ever ,  s e p a ra t io n  is  qu i te  s t r ik ing  a t  a Reynolds number of 25. The 

location of the  sepa ra t ion  ring is  d ependen t  upon R ep . This  d e pend en ce  of 

sep a ra t io n  on Reynolds number i s  in agreem ent  w ith  th e  r e s u l t s  of previous  

i n v e s t i g a t o r s .

2 . The m a s s  t r an s fe r  coe f f ic ien t  of benzo ic  a c id  i s  a lw a y s  g rea te r  th an  

th a t  of b e ta n a p h th o la t  the  same Pec le t  number. Attempts to  exp la in  th i s  

b a se d  on c o n s id e ra t io n s  of d i f fe rences  in  na tura l  c o n v e c t io n ,  driving force ,  

and  Schmidt number, did not s u c c e e d .

3. The ove ra l l  m ass  t r an s fe r  r a t e ,  in t h e  Reynolds number range

1 /3in v e s t ig a te d ,  c a n  be a d e q u a te ly  r e p re se n te d  e i th e r  a s  a  funct ion  o f  Pe 

1 /2  1/3
or  Re Sc in agreement  w ith  t h e o re t i c a l  p re d i c t io n s .
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M ult ipa r t ic le  System Studies  

Axial Conf igura t ions

1. At po in ts  of  c o n ta c t  be tw een  sphe res  minimum m a s s  t rans fe r  r a te s  

occu r .

2. As the  se p a ra t io n  be tw een  sp h e res  in c r e a s e s  the  sp h e re s  have  a 

smaller  e f fec t  upon one ano the r .

3. At a pa r t ic le  Reynolds number of 5 sepa ra t ion  does  not appea r  to occu r .

The occurrence  of sepa ra t io n  i s  dependent  upon Re^ and a s  the  Reynolds number 

in c r e a s e s  the  loca t ion  of  the  se p a ra t io n  ring sh i f t s  forward.  The p re s e n c e  of 

inert  sp h e re s ,  d i rec t ly  in front of the  t e s t  sp h e re ,  c a u s e s  the  se p a ra t io n  ring to 

move back toward the  rea r  s tagn a t io n  po in t .  Thus,  with a su f f ic ien t ly  large  number 

of sp h e res  in an  ax ia l  a rrangement it is  p o s s ib le  tha t  sepa ra t io n  may not occur unt i l  

the  pa r t ic le  Reynolds number i s  s u b s ta n t ia l ly  in c r e a s e d .

4. The overa l l  m a s s  t rans fe r  r a t e s  found in a l l  c a s e s  were  l e s s  than th o se  

ob ta ined  for a s ing le  sphere  a t  a l l  p a r t i c le  Reynolds numbers in v e s t ig a te d .  This 

is  in agreement  with drag data  for small  numbers of s p h e r e s .

5. At low Pec le t  numbers ,  the  number of inert sp h e res  in the  a rray  has  

only  a minor e ffec t  on the  overa l l  m ass  t ransfe r  p r o c e s s .  Inc reas ing  Pec le t  

number lea d s  to an  inc reas ing  depen d en ce  of the  ove ra l l  t rans fe r  ra te  on the 

number of inert  p a r t i c l e s .

6 .  The a x ia l  e ffec t  of the  inert sphe res  a p p ea rs  to be due to area  

b lockage  a s  wel l  a s  to a d is tu rbance  of the  hydrodynamic flow profi le  around



the  t e s t  sp h e re .

Equila te ra l  Triangular_Conflquratlons

1. An open  eq u i la te ra l  t r ian gu la r  arrangement of sp he res  g ives  loca l  

m a s s  t ran s fe r  prof i les  s imilar  in ap pea ra n c e  to th o se  for s ing le  s p h e re s .

The more c lo s e d  configura t ion  r e s u l t s  in a much sm aller  forward flow a rea  

with a minimum m a s s  t rans fe r  r a te  occuring before 90°  from the  forward 

s tagna t ion  po in t .  This g rea t ly  reduced  forward flow a rea  is  due to the  

b lockage  effect  c a u s e d  by the  c lo s e  proximity of the  inert  sp h e re s .

2. The ove ra l l  Sherwood numbers for a c lo s e d  e q u i la te ra l  t r iangu la r  

arrangement  are  sm a l le r  th an  for a s ing le  sphere  a t  a l l  Pec le t  numbers 

b e c a u s e  of th e  a rea  b lockage  e f f e c t .  For an  open t r iangu la r  arrangement  

the  overa l l  Sherwood numbers a re  somewhat  higher than  for a s ing le  s p h e r e . 

The more open  arrangement  beg ins  to  s im ula te  the  behavior  of a  large a rray  

of  pa r t i c le s  for which  the  Sherwood number i s  a lw ay s  higher than  th a t  for a 

single sp h e re .

3. At the  same se pa ra t ion  be tw een  p a r t i c le s  an  a x ia l ly  loca ted  par t ic le  

h a s  a more pronounced effec t  on a t e s t  sphere  than  a rad ia l ly  loca ted  one .

Hexagona l  C onf igura t ions

1. Open s ingle  layer  hexagona l  configura t ions  of p a r t i c le s  g ive  loca l  

m ass  t r an s fe r  prof i les  s imilar  to  th o se  ob ta ined  for s ing le  sphe res  and  open 

e q u i la te ra l  t r iangu la r  a r r a y s .  Single layer  hexagdnal  a r r a y s ,  in which  the



inert  sp h e re s  touch the  t e s t  sp h e re ,  give much sm al le r  m a s s  t rans fe r  r a t e s ,  

showing the  large  e ffec t  th a t  po in ts  of  c o n ta c t  be tw een  sp h e re s  normal to  

th e  flow d i rec t ion  have  on the  m a s s  t ran s fe r  p r o c e s s .

2. At a Pec le t  number of 5 ,0 0 0 ,  a l l  s in g le  layer  hexagona l  a rrangem ents  

g ive  s im ila r  ove ra l l  Sherwood number r e s u l t s .  Thus, a t  t h i s  low Pe,  geometry 

e f fe c t s  a re  minimal.

3. At Pec le t  numbers g rea te r  th an  4 5 ,0 0 0 ,  the  s ing le  laye r  hexagon 

s tu d ie s  where  the  p a r t i c l e s  were  se p a ra ted  by one  diameter  give S h Q 

r e s u l t s  h igher  than  th o se  for s in g le  s p h e r e s .  For th o se  s ing le  laye r  hexagon 

r u n s ,  where  the  p a r t i c l e s  were  s e p a ra te d  by o n e -h a l f  a d iam ete r ,  the  overa l l  

m ass  t ran s fe r  r e s u l t s  a re  g rea te r  than  th o s e  ob ta ined  for s in g le  sphe res  up to 

a Pec le t  number of 15 0 ,00 0 .  Thus,  s l igh t  sepa ra t ion  beg ins  to  improve the  

overa l l  Sherwood numbers and  th e  beg inn ings  o f  the  m ul t ipa r t ic le  e ffec t  of 

h igher  ShQ for all  pa r t ic le  p a c k i n g  is? s e e r .

4. Very c l o s e  c o n ta c t  of p a r t i c l e s  in a s ing le  layer  hexagon  g ives  

minimum overa l l  m a s s  t rans fe r  r e s u l t s  b e c a u s e  of the  a rea  b lockage  e f fe c t .

5. Two laye r  hexagona l  a r r a y s ,  a t  the  same ax ia l  separa t ion  of 

p a r t i c l e s  a s  in the  doublet  and  t r ip le t  s t u d i e s ,  give s imila r  m a s s  t ran s fe r  

p r o f i l e s . Thus ax ia l  proximity has  a much larger  e ffec t  than  rad ia l  proximity 

for small  numbers of p a r t i c l e s  around the  t e s t  s p h e r e .

6 .  The a rea  b lockage  e ffec t  le a d s  to g rea t ly  reduced  ove ra l l  t r an s fe r  

r a t e s  for a l l  two layer  hexagona l  geometr ies  s tu d i e d .  The addit ion  of more 

laye rs  of p a r t i c le s  should  improve th e  overa l l  m ass  t ran s fe r  ra te  unt i l  it
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becom es  equa l  to and e v e n tu a l ly  e x c e e d s  tha t  for a s ing le  s p h e re .  This 

must occu r  s in c e  in a c tu a l  m u lt ipar t ic le  sy s te m s  the  Sherwood number has  

been  shown to  a lw ay s  be g rea te r  th an  th a t  for a s in g le  sphere  a t  a l l  v o id a g e s .

Recommendations

1. The sep a ra t io n  be tw een  two a x ia l ly  l o c a te d  p a r t i c l e s ,  n e c e s s a r y  

for s ing le  sphere  behav io r ,  shou ld  be e x ac t ly  de te rm ined .

2. S tud ies  should  be made with  inert  sp h e re s  p lac ed  behind the  t e s t  

sp h e re ,  s i n c e ,  i t  i s  be l iev e d  tha t  th i s  a rrangem ent  will  e nh an ce  the m ass  

t r an s fe r  p ro c e s s  by c rea t in g  tu rbu lence  in the  wake  a r e a .

3. Additional work should  be c a r r ied  out in order  to de termine  the  s i z e  

of th e  bed at  which the  overa l l  t r an s fe r  r a te  becom es  id en t ica l  to  th a t  for a 

s in g le  sphe re  and  then  s u r p a s s e s  i t .

4.  The e ffec t  of  a larger  number of p a r t i c l e s  on th e  loca t ion  of  the  

se pa ra t io n  ring should  be s tud ied  in order to  de te rm ine  w he ther  p a r t i c l e s  

wil l  c a u s e  sep a ra t io n  to  be  s u r p r e s s e d  a t  low Reynolds numbers «  50) a s  

be l iev ed  to  be th e  c a s e  by Pfeffer  and H a p p e l .

5 . The r e a s o n s  for the  d if fe rence  in the  m a s s  t r an s fe r  r a t e s  o b se rv ed  for 

th e  benzo ic  a c id  and  be ta  n a p h th o l sy s te m s  should  be further in v e s t ig a te d  by 

working with  m a te r ia l s  w h o se  p h y s ic a l  p ro p e r t ie s  a re  d ifferent  from th o s e  o f  

th e  m a te r ia l s  u s e d  in t h i s  s tu d y .
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NOMENCLATURE

Symbol

a

P

BA

BN

C

C
P

Ac

^ ' dl

d ,  d

d , D 
P P

f

f

ox
I

c
I

’o
I

Meaning

-  c o e f f ic ien t  of d e n s i ty  c h ang e  per uni t  d e n s i ty ,  
per unit  of c o n ce n t ra t io n  of  so lu te  added

-  su r face  a rea  of a pa r t i c le

-  benzo ic  a c id

-  be ta  naphthol  (2 naphthol)

-  molar c o n cen tra t ion

-  so lu te  so lu b i l i ty  a t  equil ibrium

-  sp e c i f ic  h e a t  o f  fluid

-  co ncen t ra t io n  driving force

-  d if fus ion  co e f f ic ien t

-  conduit  d iam eter

-  p a r t i c le  d iam eter

-  a rea  a v a i l a b i l i t y  factor

-  Ergun fr ic t ion  fac tor  d e f ined  by eq u a t io n  (24)

-  d rag  on a body de f ined  in eq u a t ion  (12)

-  c o n s t a n t  in equa t ion  (8)

-  g rav i ty  c o n s t a n t

-  c o n s t a n t  in eq ua t io n  (8)

-  c o n s t a n t  in eq u a t io n  (8)

-  m a s s  r a t e  o f  flow

Units

-  ft .

d im e n s io n le s s  

2

-  lb .  m o l e s / f t .

-  l b s . / l b  . ofso lu t ion

-  B t u / l b . ° F .

-  l b s . / l b ,  ofso lu t ion

-  f t . 2/ h r .

-  f t .

-  f t .

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  r a d ia n s  ^

2
-  3 2 .2  f t . / s e c .

-  r a d ia n s  1

- 2
-  rad ia n s

-  l b . / h r .  f t . 2



Symbol Meanina Units

G -  volumetric  ra te  of flow - GPM

3 2 2 Gr, N -  -  Gras ho f number = d' J  g a / c  /  t j .  Gr p c ™
- d im e n s io n le s s

h -  co nv ec t iv e  h ea t  t rans fe r  coef f ic ien t - 9 n
B tu /h r . f t . F ,

J -  Colburn J factor - d im e n s io n le s s

2 /3
jd  -  m ass  t rans fe r  fac tor  = Sh Sc /Fe Sc - d im e n s io n le s s

j -  Ergun j factor  defined by equat ion  (24)L
- d im e n s io n le s s

2/3jh -  hea t  t ran s fe r  factor  = Nu Pr /  Re Pr - d im e n s io n le s s

J -  modified Colburn j factor = j x ^ - d im ens io n les s

k -  thermal co nduc t iv i ty  of fluid - B tu /  h r . f t . °F

kj -  c o n v ec t iv e  m a s s  t rans fe r  coef f ic ien t  

k k -  ave rage  (or overall)  c o nv ec t ive  m a s s  t rans fe r

l b s .  of so l 'n  
hr. x s q .  f t .

avg °  coef f ic ien t l b s .  of  so l 'n  
h r . x s q . f t .

k ^  -  loca l  co nv ec t iv e  m a s s  t rans fe r  coef f ic ien t - l b s . of so l 'n  
h r . x s q . f t .

K -  co nv ec t iv e  m a s s  t ran s fe r  coef f ic ien t - f t , / h r .  or
c l b s . of s o l 'n  

h r . x s q . f t .

L -  m ass  flow ra te  of l iquid - l b s . / h r .  ft?

m -  m olecu lar  weight - l b s . / l b .  mole

M -  m a s s  t ran s fe r  group def ined  by equa t ion  (15) - d im e n s io n le s s

Nu, N. .  -  N u s se l t  number = h d /  k Nu p
- d im e n s io n le s s

Nu , Nu ave rage  (or overall)  N u s s e l t  number avg  o
- d im e n s io n le s s



Sym bol  M e a n in g

Nu^ -  lo c a l  N u s s e l t  number
»

Nuq -  N u s s e l t  number a t  zero  Reynolds number

Pe ,  N_ -  P e c le t  number -  Re x Scr e
Pr, Npf -  Prandtl  number = p  /  k

r -  r a d ia l  d i rec t ion  in a sp h e r i c a l  coo rd in a tesys tem

Re, Re -  Reynolds number = d V P /  /✓■_
P P I /

NR e A e
P

Re -  m odif ied  Reynolds number = \JA G / / ' . { I  -  ^  )
m '  P /

Re -  modif ied  Reynolds number G / J U '

Re^ -  modif ied  Reynolds number = Re /  ^

S c ,  Ng^ -  Schmidt  number =

Sh,  Sh -  a v e ra g e  (or overa ll)  Sherwood number
avg = k d / < § / >

Sho ' NSh ” P g (  £O

ShT , N0, -  lo ca l  Sherwood number = k .  d /^P)PCL Sh_ L p oty. f
i L

Sh -  Sherwood number a t  zero  Reynolds number
o

t -  t em pera tu re

t  -  t ime

V -  su p e r f ic ia l  v e lo c i ty  of flow in a p a ck e d  bed

-  m a in - s t r e a m  v e lo c i ty  

W -  w e igh t

Z -  pa ram ete r  d e sc r ib in g  the  hydrodynamic
c o n d i t io n s  surrounding a p a r t i c l e ,  de f ined  
by eq ua t ion  (14)

U n i t s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  ft .

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  hours

-  f t . / s e c .

-  f t . / s e c .

-  l b s .

-  d im e n s io n le s s
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Greek Letters

Symbol

A
r

C

Meaning

-  change  in va lue

-  f rac t iona l  void volume

-  f rac t iona l  void volume of d e n se  packing

6 . -  f rac t iona l  void volume of lo o se  packing

e
,0
v

e.sep

A

-  p seu d o  frac t iona l  void volume

-  d e n s i ty

-  angu la r  po s i t io n  on the  su r face  of  a pa r t ic le  
a s  m easu red  from the  forward s t a g n a t io n  point

-  sp h e r ica l  ang le  in a sp h e r ica l  coord ina te  
sys tem

-  lo ca t ion  of the  sep a ra t io n  point  (or r ing)as  
m easu red  from the  forward s tagn a t io n  point

-  v i s c o s i t y  of fluid

S ubscr ip ts

Symbol

f

9

1

Meaning

-  f luid property

g as  p h a se  property 

l iqu id  p h a se  property  

so l id  or so lu te  property

Units

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im e n s io n le s s

-  d im en s io n le s s

-  l b s . / f t ?

-  deg rees

-  r ad ian s

-  deg rees

-  l b s . / f t .  s e c .
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ADDENDUM

It h a s  r e c e n t ly  come to the  a t ten t ion  of the  author  th a t  a p o s s ib le

e xp lana t ion  for the  ob se rv ed  d if fe rence  be tw een  th e  m ass  t rans fe r  c o e f f ic ien t s

1/2  1 /3
for benzo ic  a c id  and be ta  naphthol  (at th e  same va lue  of Re Sc ) 

may be due to  d i f fe rences  in gra in  s i z e  of th e  c a s t  sp h e re s  of th e s e

m a te r i a l s .  It i s  w e l l  e s t a b l i s h e d  th a t  the  chem ica l  a c t iv i ty  of m e ta l s  a t  the
%

grain  boundaries  is  gene ra l ly  higher  th an  th a t  in the  bulk of the  individual  

g r a in s .  This phenomenon is  u s e d  by m e ta l lu rg is t s  in order to examine the 

gra in  s i z e  and s t ruc ture  of m e ta l s ,  the  gra in  boundaries  being prefe ren t ia l ly  

a t t a c k e d  by e tch ing  m a te r i a l s .  The r e a s o n  for the  g rea ter  chem ica l  ac t iv i ty  

of the  boundaries  be tw een  gra ins  i s  due to the  fact th a t  the  in te rface  be tween  

g ra ins  r e p re se n t s  a d iso rde red  s t ruc tu re  ra ther  than  the  ordered arrangement  

of  a toms c h a ra c te r i s t i c  of  the  bulk of the  g r a i n s .

The number and s i z e  of th e  g ra ins  p re s e n t  in a m eta l l ic  so l id  a re  

in f luenced  by the  ra te  of coo ling  of th e  m ater ia l  from th e  l iquid  s t a t e . The 

number and s i z e  of the  g ra ins  further determine  the amount of grain  boundary 

p re sen t  in the  so l id ,  sm a l le r  g ra ins  r e su l t in g  in more grain b o u n da r ie s .

The grain  s i z e ,  be ing  r e l a te d  to  the  ra te  of coo ling  of  the  m ater ia l  is  a l s o  

r e l a te d  to  the  thermal  co nd uc t iv i ty  of  the  m a t e r i a l , The nature  of  the  

boundary be tw een  gra ins  should  a l s o  be in f luenced  by  th e  c r y s t a l  s t ruc ture  

o f  th e  m a te r ia l .  The granular  na ture  of  a so l id  in e s s e n c e  is  r e la te d  to the  

nuc le a t io n  and growth p r o c e s s .



It i s  r e a so n a b le  therefore  to expec t  tha t  the  so l id i f ica t ion  of 

c ry s t a l l in e  organic  m a te r ia ls  from the  l iquid  s t a t e  would behave  in a 

manner qui te  a n a lag o u s  to  th a t  of  m e t a l s .  If th e  na ture  of the  grains  of the  

c a s t  benzoic  a c id  sph e res  i s  such th a t  it w i l l  c a u s e  grea ter  d isorder  at  

g ra in  boundaries  th an  tha t  of the  be ta  naphthol  sp h e re s ,  t h en  i t  is  p o ss ib le  

th a t  "grain  dropping" of the  benzo ic  a c id  may o c c u r .  That i s ,  some benzoic  

a c id  gra ins  cou ld  fal l  from the  p a r t ic le  surface  before  th ey  are  com ple te ly  

d i s s o l v e d .  This would r e s u l t  in a g rea te r  so lub i l i ty  than  the  t rue value  

u s e d  in the  d a ta  a n a ly s i s  and hen ce  would  r e s u l t  in  a g rea te r  m ass  t ransfer  

c o e f f i c i e n t .

In order to e s t a b l i s h  whether  or not grain dropping may have  occurred 

th e  su r face  ro u g hn ess  e x h ib i ted  by the  p a r t i c l e s  before and  after  exposure  

to  th e  flow w a s  examined m ic ro sc o p ic a l ly .  Photographic  r e s u l t s  of  th e s e  

t e s t s  are  shown in Figure 78 .  The figure shows tha t  the  su rface  roughness  

of  the  benzo ic  a c id  p a r t i c le  h a s  in c re a s e d  qu i te  s t r ik ing ly  during the  exposure  

to  the  w a te r  flow while  th e  ro u g h n es s  o f  the  be ta  naphthol  pa r t ic le  has  not 

changed  to a ny  apparen t  e x te n t .  These  r e s u l t s  imply that  some gra in  drop­

ping may be occurr ing  in the  benzo ic  a c id - w a te r  sys tem  but i s  not occurring 

in  the  be ta  n a p h th o l -w a te r  sy s te m .

It i s  a l s o  p o s s ib le  t h a t  the  ra te  of  gra in  dropping may be an increas ing  

funct ion  of the  pa r t ic le  Reynolds number so th a t  wi th  inc reas ing  flow the  

d i f fe rence  be tw een  the  b en zo ic  a c id  and be ta  naphthol  m ass  t rans fe r  

c o e f f ic ien t s  w i l l  i n c r e a s e .
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FIGURE 7 8 

RESULTS OF ROUGHNESS TESTS

BA -  After exposu re  to flow

BA -  Before exposu re  to f low.

BN -  After e x p o s u r e  to  f low

BN -  Before e x p o s u r e  to  f low.



( 5 3 )Stee le  and  G eankopl is  while  s tudying the  effec t  of  flux on 

m a s s  t rans fe r  coe f f ic ien t s  found that  a t  zero driving force (in a sa tu ra ted  

solution) the  benzo ic  a c id - w a te r  sys tem  showed m easu rab le  m a s s  t ran s fe r  

r a t e s .  This phenomenon can  be exp la ined  by the  gra in  dropping theory  

e v en  though it canno t  be exp la ined  by m ass  t rans fe r  th eo ry .

It i s  therefore  conc luded  th a t  the  grain dropping phenomenon c an  

s a t i s f a c to r i ly  expla in  the  obse rved  d if ference  b e tw een  the  m ass  t rans fe r  

c o e f f ic ie n t s  of  benzoic  a c id  and  th o s e  of  be ta  naph tho l .  Further rou gh n ess  

t e s t s ,  us ing  h igh ly  p o l ish ed  su r faces  of benzo ic  a c id  and be ta  naphthol  

before  exposure  to  w a te r  f low, should  be made to  confirm the  prel iminary 

t e s t s  which were performed.
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A. PHYSICAL PROPERTIES OF EXPERIMENTAL MATERIALS

The p h y s ic a l  proper t ies  of  the  experimenta l  m a te r ia ls  u se d  in th i s  

in v es t ig a t io n  are  summarized in th i s  s e c t i o n .  Inc luded  are  the  d e n s i ty  and 

v i s c o s i ty  of  water  and the  equil ibrium so lub i l i ty ,  the  d i f fu s iv i ty ,  and  the  

Schmidt number of beta  naphthol  and  benzo ic  a c id  in w a te r .  This information 

was o b ta in ed  from the l i te ra tu re .
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TABLE App I C e n s i t y  o f  W ater

rdChemica l  Engineers '  Handbook,  Perry J.  H . ,  3 Edit ion, pg. 175, 
Table 45,  M G raw -H il l ,  New York (19 50).

T em p. Densi ty

° C . g / c c
20 .0 .9982323
20 .3 .9981701
20.6 .9981068
20.9 .9980426
2 1 .2 .9979775
2 1 .5 9979114
21.8 .9978444
22 .1 .9977765
22 .4 .9977077
22 .7 .9976380
23.0 .9975674
2 3 .3 .99749 59
23.6 .9974235
23.9 .9973502
2 4 .2 .9972760
2 4 .5 .9972010
24 .8 .9971250
25. 1 .9970482
25 .4 .9969706
25 .7 .9968921
2 6 .0 .9968128
2 6 .3 .9967326
26.6 .9966515
26.9 .9965696
27 .2 .9964869
2 7 .5 .9964033
27.8 .9963190
28 .1 .9962338
2 8 .4 .9961478
2 8 .7 .9960610
29 .0 ,9959735
2 9 .3 .9958850
29.6 .9957958
29.9 .9957059

Temp. D ensi ty

° C . g / c c
20 .1 .9982117
2 0 .4 .9981490
20.7 .9980855
2 2 .0 .9980210
2 1 .3 .9979556
21.6 .9978892
21.9 .9978219
2 2 .2 .9977537
22. 5 .9976846
22.8 .9976145
23.1 .9975437
23 .4 .9974718
23 .7 .9973991
24 .0 .9973256
2 4 .3 .9972511
24.6 .9971758
24.9 .9970995
2 5 .2 .9970225
25. 5 .9969445
25.8 .9968657
26. 1 .9967861
26 .4 .9967057
26.7 .9966243
27 .0 .9965421
27. 3 .996459 1
27.6 .9963753
27.9 .9962907
28 .2 .9962052
2 8 .5 .9961190
28 .8 .9960319
29 . 1 .9959440
2 9 .4 .99 58554
2 9 .7 .9957659
30.0 .9956755

Temp. D ens i ty

° C . g / c c
2 0 .2 .9981909
2 0 .5 .9981280
20 .8 .9980641
21. 1 .9979993
2 1 .4 .9979335
2 1 .7 .9978669
22 .0 .9977993
2 2 .3 .9977308
22.6 ,9976613
22.9 .9975910
2 3 .2 .9975198
2 3 .5 .9974477
23.8 .9973747
24.1 .9973009
2 4 .4 .9972261
2 4 .7 .9971505
25 .0 .9970739
2 5 .3 .9969956
25.6 .9969184
25.9 .9968393
2 6 .2 .9967594
2 6 .5 .9966786
26 .8 .9965970
27 .1 .9965146
2 7 .4 .9964313
27 .7 .9963472
28 .0 .9962623
2 8 .3 .9961766
28.6 .9950901
28.9 .9960027
2 9 .2 .9959146
2 9 .5 .99 58257
29 .8 .9957359
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TABLE Add II V iscos i ty  of W ater

rdChemica l  Engineers '  Handbook,  Perry,  J.  H . ,  3 Edit ion,  pg .  374, 
Table  7, MCG raw -H i l l ,  New York (19 50) .

TEMPERATURE VISCOSITY
° c . CENTI POISE

20 1.0050
21 0 .9810
22 0.9579
23 0 .9358
24 0 .9142
25 0 .8937
26 0 .8737
27 0 .8 5 45
28 0 .8360
2* 0 .8180
30 0 .8007
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B. GRASHOF NUMBER CALCULATION

The Grashof  number, G^, is  a d im ens io n le s s  group which  a r i s e s  from 

c o ns idera t ion  of the  con se rv a t ion  e q u a t ion s  with no ex te rna l  flow. The fluid 

is  put into motion due to  convec t ion  curren ts  which  are  c a u s e d  by de n s i ty  

d i f fe ren c e s .  Therefore,  G;* i s  a m easure  of  the  heat  or m ass  t ransfe rred  by 

na tura l  co nvec t ion .  It was  computed from the p h y s ic a l  p roper t ies  of the  

experimental  m a te r ia ls  and the  ph y s ica l  d im ensions  of the  p a r t ic le s  u se d  in 

t h i s  in v es t ig a t io n .

The method of c a lcu la t io n  and the  va lues  of the  Grashof  number, a s  a 

function of tempera ture ,  for the sy s tem s  s tud ied  are  summarized and  p re sen ted  

in th is  se c t io n .

The Grashof  number was  c a lc u la te d  a s  follows:

(B. 1)

where

a = The coef f ic ien t  of de n s i ty  change  per unit  d e n s i ty ,  per unit  of

concen tra t ion  of so lu te  ad d ed ,  d im e n s io n le s s .

£ c  = Concentra t ion  driving force, lb s .  of so lu te  per lb .  of so lu t ion .

D = Par t ic le  d iam eter ,  ft .
P

2
g = Gravity  c o n s ta n t ,  f t . / s e c .  c

^  = Fluid d e n s i ty ,  l b s . / f t ?

jA,= Fluid v i s c o s i ty ,  l b s . / f t . -- s e c .
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For th i s  inves t ig a t ion  

a = 1.0 

£.c = C*

Therefore

G r m P  2 C C * (B*2)

with

D = .0417 ft.
P

2
g = 3 2 , 2  f t . / s e c ,  c

The p h y s ic a l  p roper t ies  C*,  ^  a n d ^ L -w e re  known a s  a function of tem p era ­

tu re .  Table App. Ill summarizes the  r e s u l t s  of the  ca lcu la t io n  of Gr.

Now le t  u s  c a l c u l a t e  the  Sherwood number a t  zero Re for t h e s e  two 

s y s te m s ,  accord ing  to the  corre la t ion  for natural  convec t ion  of Steinberger  

and  Treybal ,  to be expec ted  for the  p resen t  s ing le  sphere  s tu d i e s .

Benzoic Acid Runs

t = 2 5 . 8°C . avg

Sc = 9 1 7 . 4  avg

Gr = 8 .8 0 3  x 104 

Sc x Gr = 8 .09  x 107

7 1/4
Sh = 2 + 0 .569  (8 .09 x 10 ) '  

o

Sh = 56 o
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TABLE Ap p . III. Grashof  l u m b e r s  for Benzoic Acid and Beta Naphthol

a s  a  Function of Temperature

Benzoic Acid Beta Naphthol

t
° c .

Gr x 10_4  ̂
6

 
o Gr x  10

2 0 .0 5 .771 2 0 .0 1.194
21 .0 6 .2 7 0 21 .0 1.306
2 2 .0 6 .78 9 2 2 .0 1.424
2 3 .0 7.099 2 3 .0 1.534

2 4 .0 7 .6 8 0 24 .0 1.668
25 .0 8 .2 8 3 25 .0 1.807
26 .0 8 .9 0 8 26 .0 1.952
2 7 .0 9 .8 6 4 2 7 .0 2 .192

2 8 .0 10.582 28 .0 2.388
2 9 .0 11.362 2 9 .0 2 .571
30 .0 11.856 3 0 .0 2 .808



| / * C  S E M I - L O G A R I T H M I C  4 6  4 0 7 3
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Beta Naphthol Runs,

t = 22 . 0 ° C . avg

Sc = 908 avg

Gr = 14 .24  x 103

Sc x Gr = 1 .295 x 10^

Sh7 = 2 + .569 (1 .2 9 5  x 10?) 1/4 ■ o

Sh7 * 36 o
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C . ROTAMETER CALIBRATION

The F ische r -Por te r  flow m eters  were ca l ib ra ted  by e s t a b l i s h in g  a 

c o n s tan t  flow ra te  in the  loop (at c o n s ta n t  temperature)  . The eff luent water  

w as  c o l l e c te d  for a time in terval  m easured  by an e lec t ron ic  s topwatch  c ap ab le  

of being read  to + 0 .2  s e c o n d s .  W eighings  were ca r r ied  out on a sc a le  

capable  of being read  to + 0 .2 5  pounds .  In order to  minimize e rrors ,  w e igh ts  

were determined by d i f fe rence .

According to th is  p rocedure ,  the  a c tu a l  flow ra te  a t  a g iven  rotameter  

se t t ing  was  ob ta ined  from the  following equat ion

t = the  c o l l e c t io n  t im e ,  s eco nd s  

the  fluid d e n s i ty ,  l b s . / g a l .

= convers ion  fac tor ,  60 s e c . / m i n .

An a n a l y s i s  of equat ion  (C. 1) shows tha t  the  re la t iv e  error in each  

measurement  of the  flow ra te  was

G =
W o <

( C . l )

where

0 31G = the  a c tu a l  volumetric  flow r a t e ,  --

( C . 2)
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where

dW -  the  error in W ,  +0 .25  l b s . 

dt = the  error in t , +0 .2  seconds  

d O = the  error i n P ,  +1 x 10  ̂SISU15.
r  v cc

The percen t  re la t iv e  error in the  measured  flow ra te  was  then  found to be 

100 {dG/G}.

The data  ob ta ined  and the  error a n a ly s i s  resu l t ing  from the  ca l ib ra t ion  

of the  low flow range rotameter  a re  g iven  in Table  App. IV. The percen t  r e l a ­

t ive  error in th i s  ca l ib ra t ion  procedure was  b e t w e e n +0 .980% and 

+ 1. 183%. The s tandard  l e a s t  sq u a res  techn ique  w as  u se d  to  cor re la te  th is  

da ta  with the  r e su l t  tha t

y = - 0 .  130x2 + 1 .094 x  -  0 .0 1 0  (C.3)

where

y = the  a c tu a l  flow ra t e ,  g a l . / m i n .  

x = the  ro tameter  s e t t in g ,  g a l . / m i n .

-4The s tandard  dev ia t ion  in th is  corre la t ion  w as  1 .15 x 10 and  the average

-4dev ia t ion  w a s  3 .7  x 10

The data  ob ta ined  and the  error a n a ly s i s  resu l t ing  from ca l ib ra t ion  of 

the high flow range rotameter  are  p resen ted  in Table A p p .  V. The percent  

re la t iv e  error in th is  procedure w as  be tw een  +1.056% and +1.358%. Standard



TABLE Add. tV. C a lib ra tio n  D ata  -  Low Flow Range R otam eter

Rotameter  W at e r
Set t ing Tempera t ure  W t ^

GPM ° C .  I b s .  s e c o n d s  l b s / g a l

0 . 0 5  2 0 . 3  2 1 . 2 5  3599 .2 8 . 3 4
0 , 1 0  2 0 . 3  2 4 , 5 0  1800.4  8 . 3 4
0 . 1 5  2 0 . 3  2 5 . 0 0  1200. 2 8 . 3 4
0 . 2 0  2 0 . 3  2 5 . 2 5  8 9 9 . 2  8 . 3 4
0 . 2 5  2 0 . 3  2 5 . 0 0  7 2 0 . 0  8 . 3 4
0 . 3 0  2 0 . 3  2 5 . 50  800 .1  8 . 3 4
0 . 3 5  2 0 . 3  2 5 . 5 0  52 2 . 5  8 . 3 4
0 . 4 0  2 0 . 3  2 5 . 4 0  4 4 9 . 5  8 . 3 4
0 . 4 0  2 0 . 3  2 5 . 5 0  4 5 1 . 5  8 . 3 4
0.  35 20.  3 2 5 . 52 5  519 .8 8 . 3 4
0 . 3 0  2 0 . 3  2 5 . 7 5  6 0 1 . 6  8 . 3 4
0 . 2 5  20.  3 25.  50 722.  1 8 .  34
0 . 2 0  20.  3 25.  50 9 0 1 . 2  8.  34
0 . 1 5  2 0 . 3  2 5 . 37 5  1200. 7 8 . 3 4
0.  10 20.  3 2 5 . 2 5  1800. 9 8.  34
0 . 0 5  20.  3 2 1 . 2 5  3 6 0 0 . 2  8.  34
0 . 0 5  20.  3 2 1 . 5 0  3 5 9 9 . 2  8.  34
0 . 1 0  2 0 . 3  2 5 . 2 0  1800. 2 8 . 3 4
0 . 1 5  2 0 . 3  2 5 . 4 5  1199.9  8 . 3 4
0 . 2 0  2 0 . 3  2 5 . 5 0  90 0 .4  8 , 3 4
0 . 2 5  2 0 . 3  2 5 . 5 0  7 2 0 . 5  8 . 3 4
0.3C 2 0 . 3  2 5 . 5 0  6 0 0 . 4  8 . 3 4
0 . 3 5  2 0 . 3  2 5 . 7 5  518 . 4  8 . 3 4
0 .40  2 0 . 3  2 5 . 5 0  4 5 0 . 5  8 . 3 4
0 . 0 7 5  2 0 . 3  2 5 . 7 5  2 5 51 . 5  8 . 3 4
0 . 3 7 5  2 0 . 3  2 5 . 7 5  4 8 2 . 0  8 . 3 4
0 . 3 2 5  2 0 . 3  2 5 . 7 5  5 55 . 7  8 . 3 4
0 . 2 7 5  2 0 . 3  2 5 . 7 5  656 .7 S . 34
0 . 2 2 5  2 0 . 3  2 5 . 6 2 5  8 0 1 . 8  8 . 3 4

G

GPU/

0 . 0 4 2  
0.058 
0 .  150 
0 . 2 0 2  
0 . 2 5 0  
0 . 3 0 5  
0 . 3 5 1  
0 . 4 0 7  
0 . 4 0 6  
0 .  355 
0 .  308 
, . 2 5 4  
0.  204 
0.  152 
0 . 101 
0 . 0 4 2  
0 . 0 4 3  
0 . 1 0 1  
0.  153 
0 . 2 0 5  
0 . 2 5 5  
0.  305 
0.  357 
0 . 4 0 7  
0 . 0 7 3  
0 . 3 8 4  
0 . 3 3 3  
0 . 2 8 2  
0 . 2 3 0

. 0 117o 
• UlOlo
. 0  l o o n  
.00990 
.0 1 0 0 0  
.00980 
.00980 
.00984 
.00980 
.00977 
.00971 
.00980 
.00980 
. 00985  
.00990 
. 0 1176 
.01157 
. 0099 2 
.009 8 2 
.009 77 
. 009 8 0 
.00980 
.00971 
.00980  
.00971 
.00971 
.00971 
.00971 
.009 75

,00006 
.00011 
.00017 
. 0 0 0 2 2  
.00028 
.00033 
.00038 
.00044 
.00044 
. 000 38 
.00033 
.00028 
. 0 0 0 2 2  
.00017 
. 0 0 0 1 1  
. 00005 
.00006 
. 0 0 0 1 1  
. 000 17 
. 0 0 0 2 2  
.00028 
.00033 
.00039 
.00044 
.00008 
.00042 
.00036 
.00031 
. 00025

. 0 0 0 0 1  

. 00  001 

. 0 0 0 0 1  

.00001 

. 0 00 0 1  

. 0000 1 

. 0 0 0 0 1  

.00001 

.00001 

.00001 

.00001 

. 0 0 0 0 1  

. 0 0 0 0 1  

.00001 

. 0 0 0 0 1  

. 0 0 0 0 1  

.00001 

.00001 

. 00001  

.00001 

.00001 

.00001 

.00001 

. 0 0 0 0 1  
.00001 
.00001 
.00001 
.00001 
.00001

.01183 

.01028 

.01018 
. 01013 
.01029 
.01014 
.01019 
.01029 
.01025 
.01016 
.01005 
.01009 
.01003 
.0 1003 
. 0 1 0 0 2  
.01183 
.01164 
.01004 
. 0 1 0 0 0  
.01000 
.01009 
.01014 
. 0 1 0 1 1  
.01025 
.00980 
.01 014  
.01008 
.01003 
. 0 1 0 0 2



TABLE A d d .  V. C a lib ra tio n  D ata -  H igh Flow Range Rotam eter

Rotameter
Set t ing

GPM

0 . 5
1 . 0
1.5 
2 . 0
2 . 5
3 . 0
3 . 0
2 . 5
2 . 0
1.5 
1.0 
0 . 5  
0 . 5  
1.0
1.5 
2 . 0
2 . 5  
3 . 0

Wat er
Tempera ture  W

o
i t ’s -  s e c o n d s  lbs^gal .

20.  3 
20.  3 
20.  3 
20,  3 
20.  3
2 0 . 3  
20.  3
2 0 . 3
2 0 . 3
2 0 . 3  
20.  3
2 0 . 3  
20.  3
2 0 . 3
2 0 . 3
2 0 . 3
2 0 . 3
2 0 . 3

2 4. 0  
2 4 . 7 5
2 4 . 62 5
2 4 . 62 5 
2 5 .1 2 5
2 4. 500
2 4. 500
24.  500
24. 750
24. 800
2 5 . 00 0 
2 4 . 7  50
2 4. 800
2 5. 000
25. 7 50
2 1. 750  
24 .7 50 
2 4. 400

351 . 2
181.5
120.9
91,
74,
6 1 . 0
31
72 
90 

120 
181 
35 1,4 
352 . 3 
181.  1 
130.7 
9 0 . 9  
73.  3 
o 0 . 2

8. 34 
8.  34
8 . 3 4  
8.  34 
3,  34 
8.  34 
8.  34
8 . 3 4
8 . 3 4  
8 .  34
8 . 3 4
8 . 3 4
8 . 3 4  
8.  34
8 . 3 4
8 . 3 4
8 . 3 4  
8 . 34

G

GPM

5. 4 78  
J . 9 8 1  
1 . 455 
1 . 943 
2 . 43 3  
2 . 38 9 
2 . 88 9 
2 . 4  38 
1 . 953
1.479 
0 . 9 9 3  
0 . 4 9  3 
5 . 4 9 2  
0 . 9 9 3  
1 . 472 
1,9 59 
2 . 42 9 
2 . 91 6

dW
W

.01005 

. U l u  15 

.01015 

.010 15 

. 00995  

. 0 1 0 2 0  

. 0 1 0 2 0  

. 0 10 2U 

. 0 1 0 1 0  

. 0  100B 

. 0 1 0 0 0  

.01010 

.0 1008 

.0 100U 

.00935 

. 0 1 0 1 0  

. 0 1 0  10 

.0 1025

dt

. 000 55 

.00071  

.00165 

.00219 

.00269 

.00328 

.00328 

.00277 

. 0 0 2 2 1  
, 00 166 
.00110 
.00055 
.00055 
. 0 0 1 1 0  
.00153 
. 0 0 2 2 0  
. 00273  
.00332

f

. 00001
. 0 0 0 0 1
. 00301
,00001
. O 0 0 0 1
. 00001
.00001
. 0 0 0 0 1
. 0 0 0 0 1
. 0 0 0 01
. 00001
,00001
.00001
.00001
. 0 0 0 0 1
. 00001
. 0 0 0 0 1
. 0 0 0 0 1

dG
G

.01056 

. 0108 2 

.0 118 1 

.01235 

.01235 

.01349 

.01349 

.01298 

.01232 

.01175 

. 0 1 1 1 1  

.01056 

.0 1064 

.01111 

.01089 

.01231 

.01284 

.01358

a
I
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l e a s t  sq u a res  a n a l y s i s  of  t h i s  da ta  r e s u l te d  in the  following corre la t ing  

equat ion .

y = 0 . 9 6 4 k + 0 .019  (C.4)

where  x and y were  d e f i n e i  a s  for equat ion  ( C . 3 ) . The s tandard  dev ia t ion  in

-4th is  corre la t ion  w as  26.29 x 10 and the average  dev ia t ion  w a s  27 .77  x

The average  maximum error in the  ca l ib ra t ion  of the low flow range 

meter  was  +0.74% and that  for the  ca l ib ra t ion  of the  high range flow meter 

was  +0.55%.
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D. DENSITY DETERMINATION DATA

In order  to ch ec k  the  su i t a b i l i ty  of the  pa r t ic le  p repara t ion  procedure

a s  w el l  a s  to  e s t a b l i s h  the  p a r t ic le  d e n s i ty  for com puta t iona l  pu rp o se s  it  w a s

n e c e s s a r y  to  de termine  the d e n s i t i e s  of  the  benzo ic  a c id  and be ta  naphthol

s p h e r e s  u s e d  in th i s  in v e s t ig a t io n .

%

Since  the  two m ate r ia ls  a re  s l igh t ly  so lub le  in water  it w a s  n e c e s s a r y  

to modify the  u su a l  pycnometric  p rocedure .  Sa tura ted  so lu t io n s  of  both 

su b s ta n c e s  were  u se d  a s  the  l iquid  medium for t h e s e  de te rm ina t ions  a n d  the i r  

d e n s i t i e s  were e s t a b l i s h e d  re la t iv e  to  d i s t i l l e d  water  by us ing  a W e s tp h a l  

Balance .  It w a s  found th a t  t h e s e  so lu t io n s  exh ib i ted  e s s e n t i a l l y  the  same 

d e n s i ty  a s  w a te r .

With  t h e s e  s a tu ra ted  so lu t io n s  of  known d e n s i ty  a v a i l a b l e ,  the  d e n s i t i e s  

of the  so l id  p a r t i c l e s  were  e s t a b l i s h e d  by us ing  a wide  mouth so l id s  pycnometer .  

The da ta  o b ta ined  a s  a re su l t  of  the  d e n s i ty  de te rm ina t ions  a re  summarized in 

Table App. VI, The method of computa t ion  u se d  to e v a lu a t e  th e  d e n s i ty  of the  

p a r t i c l e s  w as  a s  follows:

Let

V "V o lu m e  of  so l id ,  m i l l i l i t e r s  
s

W j  = W eight  of  pycnometer  + l iqu id ,  grams

W^ " W e i g h t  of empty pycnometer ,  grams

Wg " W e i g h t  of pycnometer  + so l id ,  grams



TABLE Ad d .  W. Particle Density Data

b t + a  Napir+Hol

w  w w . W4 w 5 Wg t
Grams Grams

3
Grams Grams Grams Grams gm/ml. ° C .

42. 1SB3 34.7863 35.9480 42.2769 1.1617 1.0431 .9975574 23 .0
41.S02S 34.1947 35.3427 41.6714 1.1480 0.9791 .9975674 23 .0
42. 1775 34.7863 35.9444 42 .3313 1.1581 1.0043 .9975574 23.0
41.5246 34.1949 35.3445 41 .6535 1 1496 1.0207 .9975574 23 .0
42. 1746 34.7864 35.9980 42.3490 1.2116 1.0372 .9975574 23.0
41.S312 34. 1949 35.4019 41.6530 1.2070 1.0852 .9975674 23.0
41.9709 34.6S22 35.7985 42.1109 1.1464 1.0144 ,9975674 23 .0
41:3915 34.0542 35.2114 41.5172 1.1472 1.0315 .9975574 23 .0
41.9790 34.6514 35.8576 42. 1028 1.2052 1.0824 .9975674 23 .0
41.3408 34.0643 35.2707 41.4621 1.2054 1.0851 .9975574 23 .0
41.9921 34.6514 35.8005 42.1084 1.149 1 1.032a .9975574 23.0
41.3432 34.0643 35.2137 41.4608 1. 1494 1.0318 .9975574 23.0

Benzoic Acid

41. 3852 34.1257 35.3407 41.5105 1.2150 1.0897 .9975437 23. 1
41, 3852 34.1257 35.3373 41.5138 1.2116 1.0830 .9975437 23.1
41.3852 34.1257 35.3808 41.52S3 1.2551 1.11SG .99754 37 23. 1
41.3852 34.1257 35.3400 41.5030 1.2143 2.0965 .9975437 23.1
41.3852 34.1257 35.3851 41.5213 1.2594 1.1233 .9975437 23.1
41.3852 34.1257 35.3624 41.5324 1.2367 1.0894 .99754 37 23.1

V
ml ja ./ iW '

2

W3

2
w 2

J __
W i w T

d P

0.9510 1.2088 ,0556 .0575 .0237 .0237 .00002
1.0238 1.1213 .0555 .0585 .0241 .0240 .00002
0.9982 1.1502 .0556 .0575 .0237 .0236 .00002
0.9821 1.1706 .0566 .0585 .0241 .0240 .00002
0 .9  55 5 1. 2535 .0556 .0575 .0237 .0235 .00002
0.9237 1.3057 .0565 .0585 .0241 .0240 .00002
0.9882 1.1501 .0559 .0577 .023B .0238 .00002
0 .9718 1. 1805 .0558 ,0587 .0242 .0241 .00002
0 .9251 1.3025 .0558 .0577 .0238 .0238 .00002
0 .9238 1. 3059 .0557 .0587 .0242 .0241 .00002
0.9706 1. 1839 .0559 .0577 .0238 .0238 .00002
0.9715 1.1831 .0568 .0587 .0242 .0241 .00002

1.0924 1.1122 .0566 .0586 .0242 .0241 .00002
1,08 57 1.1160 .0566 .0585 .0242 .0241 .00002
1.1528 1.0807 .0555 .0586 .0242 .0241 .00002
1.0992 1.1047 .0566 .0586 .0242 .0241 .00002
1.1251 1.1184 .0555 .0586 .0242 .0241 .00002
1.0921 1.1324 .0556 .0586 .0242 .0241 .00002

&Ir\j
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“ W eigh t  o f  pycnometer  + so l id  + l iq u id ,  grams 

Wg = W eight  o f  s o l id ,  grams

W_ “ W eigh t  o f  l iquid  d i s p l a c e d ,  grams
6

^  * D e n s i ty  of  l iqu id ,  g r a m s /m i l l i l i t e r  

= D e n s i ty  of so l id ,  g r a m s /m i l l i l i t e r

Then

W 5 = W 3 '  W 2 (D- i)

W 6 * (W2 ” W 1J "  (W4 " W 3) ( ° . 2 )

Vs “  (D. 3)

{D. 4)
s

An error a n a l y s i s  o f  th i s  p rocedure ,  a s su m in g  th a t  the  l iqu id  d e n s i ty  

m easurem ent  w a s  not  s u b je c t  to  error ,  y ie ld e d  the  following equa t ion  for the  

re l a t iv e  error in the  so l id  d e n s i ty .

- r  ( D - 9

Since  the  w e igh in gs  were  made on an  a n a ly t i c a l  b a la n c e ,  th e  p o s s ih l e  

d e v ia t ion  in a ny  m easurem ent  w a s  +0 .0001  g ram s .

Therefore

! £ ,  = 10~4 P -  + - ? -  + - 1- t - - 1-}  (D.6)
1 ?  ^  W 2 W 1 WP



The p e r ce n t  r e la t iv e  error, E, w a s  ithen o b t a in e d  by  the  fo l lo w in g  r e la t io n

This p rocedure  did not permit  tak ing  into accoun t  th e  e f fe c t s  o f  a ir  

buoyancy or ad so rped  air  in the  p a r t i c l e s .  However ,  buoyancy i f f ec ts  were  

small  ,and even minimized by  weighing by d i f fe ren ce .  The e ffec t  of adso rped  

air  w a s  a l s o  small  and further minimized by handling a l l  the  p a r t i c le s  in the 

same m anner .

It w as  thus  e s t a b l i s h e d  tha t  the  d e n s i ty  of the  benzoic  ac id  p a r t i c l e s  w as  

1.1121 g ra m s /m l .  with  a s tandard  dev ia t io n  o f +0.0146 g r a m s / m l . ,  an  average  

dev ia t ion  of  i  0 .0 1 0 2  g ra m s /m l .  , a probable  error o f +0.0099 g r a m s / m l . ,  and  

a pe rcen t  r e la t iv e  error o f +0.002%.

The b e ta  naphthol  p a r t i c l e s  were  found to have  a d e n s i ty  of 1 .2114 grams 

/ m l .  with  a  s tandard  dev ia t ion  o f +0 .0644  g r a m s / m l . ,  an average  dev ia t ion  of 

+0 .0538  g r a m s / m l . ,  a probable  error o f +0 .0435  g r a m s / m l . ,  and a re la t iv e  

error of  +0.002%.



E. VIBRATIONAL CONSIDERATIONS

If a ‘p u l se  with  the  same fundamental  f requency a s  the  natural  

f requency of the  sphere  support  system w a s  p resen t  in the  flow sy s tem ,  

th e  support  would v ibra te  s e v e re ly ,  approaching  a condit ion  of  r e s o n a n c e .

This v ibrat ion  would ev en tu a l ly  d e c a y ,  but un t i l  i t  did it might have  c a u s e d  

a se r ious  error in the  r e s u l t s  of  the  p re sen t  i n v e s t ig a t io n .  It w a s  therefore  

n e c e s s a r y  to e s t a b l i s h  the  lowest  normal mode of  free vibrat ion  of  the  par t ic le  

mounting sys tem  shown in Figure App. 8 - a .

The sys tem  w as  s im plif ied  to a hor izonta l  beam a s  shown in Figure

App, 8 - b .  The de f lec t io n  of th is  s implif ied  unit  w a s  determined for the

sys tem  under iner t ia  lo ad ing .  The entire  s t ruc ture  w a s  rep re se n te d  a s  a

c a n t i l e v e r  beam loaded  a s  shown in Figure App. 8 - c .  The loads  on the

beam are  shown a s  and  P j /L  where

P^  “ W eight  of  the  sp h e r ica l  p a r t ic le  and  i t s  mounting rod,  l b s .

A P  “  W eight  of  the  b ra s s  rod per unit l eng th ,  l b s . / i n .
L

The w e igh t  of  the  316 s t a i n l e s s  s t e e l  rod u s e d  w a s  computed from i ts

volume and d e n s i ty .  The rod w a s  2 .8 7 5  in ch e s  long X 0 .0 6 3  in ch e s  O . D .

X 0 .0 2 0  in ches  I . D .  and i t s  d e n s i ty  w a s  0 .2 8 3  i b s . / i n .  . / "M echan ics

o f  M a t e r i a l s " , Higdon,  O h l s e n ,  and  S t i l e s ,  John W iley  & Sons ,  New York

-4
( 1 9 6 2 ^ .  Accordingly ,  i t s  weigh t  w a s  found to  be 22 .8  X 10 l b s .  The

w eigh t  of a 1 /2  inch  d iam eter  sphe r ica l  pa r t ic le  of e i th e r  benzoic  ac id  or

- 4  -4
be ta  naphtho l  w as  be tw een  29 .0  X 10 and  30 .0  X 10 l b s .  It  w as
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- 4a s s u m e d ,  for c a l c u la t in g ,  tha t  the  weigh t  of  the  pa r t ic le  w as  29 .5  X 10

l b s . T here fo re ,

PT = 5 2 .3  X lO- 4  l b s . (E .l)

The weight  per unit  leng th  of the  b ra s s  rod w as  computed from i ts  

c ro s s  s e c t io n a l  a rea  and  d e n s i ty .  The b ra s s  rod u s e d  w as  3 .00  inches

In order to u se  the  Rayleigh quot ien t  to  de te rmine  the  na tura l  f requency 

we c h o s e  to rep re se n t  the  maximum dynamic d e f lec t ion  by the  s ta t i c  

de f lec t ion  cu rv e .

Having e s t a b l i s h e d  the  load ings  on the  beam it w as  n e c e s s a r y  to 

a n a ly z e  the  sy s te m ,  acco rd ing  to s tan dard  t e c h n iq u e s  of s t ruc tu ra l  

a n a l y s i s ,  in order to  ob ta in  i t s  d e f lec t ion  p ro f i le .  The p r inc ip le  of  

supe rpos i t ion  w a s  a p p l ied  to th i s  problem a n d  th e  so lu t ion  to  e a c h  component 

loading  w a s  found in the  " S te e l  C o n s t ru c t io n  Manual" . Thus ,  the  de f lec t ion  

profi le  for t h i s  sys tem  cou ld  be summarized a s  follows:

3
long X 0 .2 5 0  in ch es  in d iameter  and it  had a d e n s i ty  of  0 .4 5 5  l b s . / i n  .

Accordingly

(E.2)



2
where  E = the  modulus of  e l a s t i c i t y  of  the  m a te r ia l ,  lbs  . / i n .

4
I = the  moment of in e r t ia ,  in .

x  = any loca t ion  a long the leng th  of the  beam, in .  

y  = d e f le c t io n ,  in .

6 2For b ra s s  the  modulus of e l a s t i c i t y ,  E, is  14 X 10 lbs . / i n .

The moment of in e r t ia ,  I,  of th i s  beam w a s  found to be

I = 1 .91 X 10~4 i n . 4 (E.5)

Therefore , the  c o n s ta n t  El in equa t ions  (E.3) and (E.4) w a s  found to have

2
a va lue  of  2674 l b s . - i n .

At th i s  point  a l l  the  information w a s  a v a i la b le  for c a lc u la t in g  the  

na tu ra l  f requency  of the  com pos i te  sphere  support system a s

2 T  PE
ma-X ■ (E.6)

9c  F K E max

where  p -  th e  na tu ra l  f requency ,  c y c l e s / s e c .

g  c ® th e  g rav ia t ion a l  c o n s t a n t .

maximum energy  s to red  in th e  d e f le c ted  beam.

/ K E  * the  maximum k ine t ic  energy  d i s s ip a te d  by the  beam in 
*— max

returning to  i t s  or ig inal  p o s i t io n .



T h e r e f o r e ,  a c c o r d i n g  t o  " E n g i n e e r i n g  V ib r a t io n s "  b y  L . S .  J a c o b s o n  

a n d  R . S .  A y r e s ,  M c G r a w - H i l l ,  N e w  Y ork ( 1 9 5 8 )

- 5-  ( A £ f ) C 1 y 2dx + pl / V  00 L = 1/2̂ 72
2  L  o

A fte r  c a r r y i n g  o u t  t h e  n e c e s s a r y  m a t h e m a t i c a l  o p e r a t i o n s  a n d  s u b s t i t u t i n g  

t h e  a p p r o p r i a t e  t e r m s  i n t o  e q u a t i o n  ( E .7 )  i t  w a s  f o u n d  t h a t  t h e  n a t u r a l  

f r e q u e n c y  o f  t h i s  s y s t e m  w a s  3 8 5  c y c l e s  p e r  s e c o n d  w i t h  a  m a x im u m  

a m p l i t u d e  o f  9 . 7  X 10 ® i n c h e s  .

It  w a s  p o s s i b l e  t h a t  o n l y  t h e  h o r i z o n t a l  p o r t io n  o f  t h e  s p h e r e  s u p p o r t

s y s t e m  ( p a r t i c l e  a n d  m o u n t in g  rod) w o u l d  b e  s u b j e c t  t o  v i b r a t i o n .  T h e

s i t u a t i o n  c o n s i d e r e d  i s  d e p i c t e d  in  F ig u r e  A p p .  9 .  E s s e n t i a l l y ,  t h i s

p o r t io n  o f  t h e  s y s t e m  b e h a v e d  a s  a  c a n t i l e v e r  b e a m  w i t h  a  f i x e d  l o a d

W  , t h e  w e i g h t  o f  t h e  s p h e r e ,  a t  i t s  f r e e  e n d  a n d  a  u n i f o r m l y  d i s t r i b u t e d  
s

l o a d ,  w ,  r u n n in g  i t s  e n t i r e  l e n g t h .

T h e  p h y s i c a l  c o n s t a n t s ,  p e r t i n e n t  t o  t h e  v i b r a t i o n a l  c o m p u t a t i o n  

fo r  t h e  h o r i z o n t a l  m e m b e r  a r e :

- 3  2
A ■  r o d  c r o s s  s e c t i o n ,  2 . 8 0  X 10 i n .  

d  *  r o d  d i a m e t e r ,  0 . 0 6 2 5  i n .

6 , 2
E * r o d  m o d u l u s  o f  e l a s t i c i t y ,  29  X 10 l b s . / i n .

_ 8  4
I  *  r o d  m o m e n t  o f  i n e r t i a ,  7 7 . 6  X  10 i n .

L «  r o d  l e n g t h ,  2 . 8 7 5  i n .

V «  f l o w  v e l o c i t y ,  O . c  X 10 2 t o  7 . 8  X  10  2 f t  . / s e c .
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'  =  r o d  d e n s i t y ,  0 . 2 8 3  l b s . / i n .
3

■  f l u i d  d e n s i t y ,  6 2 . 5  l b s  . / f tf l u i d  d e n s i t y ,  6 2 .  5 l b s  . / f t . ^

yHfo  =  f l u i d  v i s c o s i t y ,  2 , 4 2  l b s  . / f t . - h o u r  

From  t h i s  p h y s i c a l  d a t a ,  i t s  w a s  p o s s i b l e  t o  c o m p u t e  t h e  n a t u r a l  f r e q u e n c y  

o f  t h i s  s y s t e m  a c c o r d i n g  t o  t h e  r e l a t i o n

a s  6 3 5  c y c l e s  p e r  s e c o n d .

E q u a t i o n s  ( E .7 )  a n d  ( E .8 )  w e r e  d e r i v e d  for  s y s t e m s  i n  a n  a t m o s p h e r i c  

e n v i r o n m e n t .  S i n c e  t h e  s y s t e m  u n d e r  c o n s i d e r a t i o n  w a s  i m m e r s e d  in  a  

m e d iu m  o f  m u c h  g r e a t e r  v i s c o s i t y  t h a n  a i r ,  a  c e r t a i n  d a m p in g  o f  t h e  n a t u r a l  

f r e q u e n c y  w o u l d  t a k e  p l a c e .  It  i s  t h e  u s u a l  p r a c t i c e  t o  a s s u m e  t h a t  for  

s y s t e m s  i n  a  w a t e r  e n v i r o n m e n t  t h i s  d a m p in g  w o u l d  r e d u c e  t h e  n a t u r a l  

f r e q u e n c y  b y  t w e n t y  p e r c e n t .  T h u s ,  t h e  c o m p o s i t e  s y s t e m  o f  F i g u r e  A p p .  8 -  

h a s  a  n a t u r a l  f r e q u e n c y  o f  3 0 8  c y c l e s  p e r  s e c o n d  a n d  t h e  h o r i z o n t a l  p o r t io n  

c o n s i s t i n g  o f  t h e  p a r t i c l e  a n d  m o u n t in g  t u b e  o f  F ig u r e  A p p .  9 h a s  a  n a t u r a l  

f r e q u e n c y  o f  5 0 8  c y c l e s  p e r  s e c o n d .

T h e  a m p l i t u d e  o f  t h e  n a t u r a l  f r e q u e n c y  o f  t h e  h o r i z o n t a l  m e m b e r  w a s  

e s t a b l i s h e d  u s i n g  t h e  c o r r e l a t i o n  p r e s e n t e d  b y  B u r g r e e n ,  " V ib r a t io n  o f  R o d s  

i n  P a r a l l e l  F lo w "  , N u c l e o n i c s ,  . 1 7 ,  7 8 ,  N o .  8 (1 9  5 9 ) .  It  w a s  f o u n d  t h a t  t h e  

a m p l i t u d e  o f  t h e  n a t u r a l  f r e q u e n c y  o f  t h e  h o r i z o n t a l  m e m b e r  w a s  from 3 X 10 

t o  7 . 5  X 10 i n c h e s ,  d e p e n d i n g  o n  t h e  R e y n o l d s  n u m b e r .

( E .8 )



T h e  t w o  b a s i c  s o u r c e s  o f  p u l s e s  in  t h e  a p p a r a t u s  w e r e  t h e  pum p  

a n d  s p u r i o u s  b u i l d in g  v i b r a t i o n s . T h e  pu m p  r o t a t e s  a t  

3 4 0 0  r e v o l u t i o n s  p er  m in u t e  a n d  c o u l d  s e n d  p u l s e s  t h r o u g h  t h e  f lu i d  

w i t h  a f r e q u e n c y  o f  5 6 . 6 7  c y c l e s  p e r  s e c o n d .  T h e  f r e q u e n c y  o f  t h e  s p u r i o u s  

b u i l d i n g  v i b r a t i o n s  a l t h o u g h  n o t  p r e d i c t a b l e  w o u l d  b e  l o w ,  a b o u t  2 - 2 0  c p s .

In  o r d e r  t o  i n s u r e  a g a i n s t  t h e  p r e s e n c e  o f  a n y  v i b r a t i o n s  i n  t h e  t e s t  

p i p e l i n e ,  t h e  pum p a n d  t h e  m a in  h o r i z o n t a l  s e c t i o n  w e r e  c o n n e c t e d  t o  t h e  

r e m a in d e r  o f  t h e  a p p a r a t u s  b y  f l e x i b l e  c o n n e c t o r s . T h e  h o r i z o n t a l  m a in  

I t s e l f  w a s  s h o c k - m o u n t e d  s o  t h a t  a n y  s p u r i o u s  v i b r a t i o n s  c o u l d  n o t  b e  

t r a n s m i t t e d  t o  t h e  s y s t e m .  F i n a l l y ,  t h e  1 2 - 1 / 2  f o o t  u p s t r e a m  c a l m i n g  

z o n e  a c t e d  a s  a  s u r g e  t a n k  w h i c h  w o u l d  e l i m i n a t e  d i s t u r b a n c e s  t r a n s m i t t e d  

th r o u g h  t h e  f l u i d .

V i s u a l  o b s e r v a t i o n  o f  t h e  s p h e r e  a n d  i t s  m o u n t in g  a n d  s u p p o r t  s y s t e m  

t h r o u g h o u t  t h e  c o u r s e  o f  t h i s  s t u d y  s h o w e d  t h a t  s e r i o u s  v i b r a t i o n s  w e r e  

n o t  p r e s e n t  i n  t h e  t e s t  s e c t i o n  .
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T h e  d a t a  a v a i l a b l e  a t  t h e  c o n c l u s i o n  o f  a n y  g i v e n  e x p e r i m e n t  in  t h i s  

i n v e s t i g a t i o n  c o n s i s t e d  o f  t h e  l e n g t h  o f  t h e  r u n , A t ,  t h e  w e i g h t  l o s s  o f  t h e  

" a c t i v e "  p a r t i c l e ,  A W ,  t h e  i n i t i a l ,  S / 1 ,  a n d  f i n a l ,  S / 2 ,  r a d i i  a s  a  f u n c t i o n  

o f  a n g u l a r  p o s i t i o n ,  Q  , o n  t h e  s p h e r e  s u r f a c e  a s  m e a s u r e d  from t h e  fo r w a r d  

s t a g n a t i o n  p o i n t ,  t h e  v o l u m e t r i c  f l o w  r a t e ,  G ,  a n d  t h e  ru n  t e m p e r a t u r e ,  T ,

From t h e  k n o w n  v a l u e  o f  T a n d  from  t h e  p h y s i c a l  p r o p e r t i e s  o f  t h e  

e x p e r i m e n t a l  m a t e r i a l s  p r e s e n t e d  i n  A p p e n d i x  A ,  i t  w a s  p o s s i b l e  t o  d e t e r m i n e  

t h e  f l u i d  d e n s i t y ,  a n d  v i s c o s i t y ^ L j ,  t h e  s o l i d  d e n s i t y ,  p g , t h e  e q u i l i b r iu m  

s o l u b i l i t y  o f  t h e  s o l i d  in  t h e  l i q u i d ,  C * ,  t h e  d i f f u s i v i t y , J 0 , a n d  t h e  S c h m id t  

n u m b e r ,  S c  , o f  t h e  s o l i d - l i q u i d  s y s t e m  u n d e r  i n v e s t i g a t i o n .

K n o w l e d g e  o f  t h e  i n i t i a l  a n d  f i n a l  r a d i i ,  a s  a  f u n c t i o n  o f  a n g u l a r  p o s i t i o n ,  

p e r m i t t e d  t h e  c o m p u t a t i o n  o f  t h e  d i m i n u t i o n  a n d  p e r c e n t  d i m i n u t i o n  a s  a  f u n c t i o n  

o f  l o c a t i o n  a n d  e n a b l e d  t h e  e v a l u a t i o n  o f  t h e  i n i t i a l  a n d  f i n a l  p a r t i c l e  s u r f a c e  

a r e a s  a n d  v o l u m e s .  T h e  i n i t i a l  a n d  f i n a l  s u r f a c e  a v e r a g e  r a d i i  w e r e  a l s o  

d e t e r m i n e d .  T h e  d i m i n u t i o n  a s  a  f u n c t i o n  o f  p o s i t i o n  w a s  o b t a i n e d  a s

i r  =  ( S / l L  -  ( S / 2 )  ( F . 1)
V  V  V

T h e  p e r c e n t  d i m i n u t i o n  a s  a  f u n c t i o n  o f  p o s i t i o n  w a s  c a l c u l a t e d  a s



F - 2 .

An a p p r o x im a t e  a v e r a g e  s u r f a c e  a r e a  for t h e  p a r t i c l e  w a s  c a l c u l a t e d  b y  

i n t e g r a t i n g  t h e  m e a s u r e d  r a d i u s  p r o f i l e  from 0 t o  iTC.

( F . 3)

W h e n  e v a l u a t i n g  t h e  i n i t i a l  s u r f a c e  a r e a ,  t h e  i n i t i a l  r a d i u s  d i s t r i b u t i o n  w a s  

u s e d  a n d  t h e  i n t e g r a l  i n  e q u a t i o n  ( F .3 )  w a s  e v a l u a t e d  n u m e r i c a l l y  b y  S i m p s o n ' s  

r u l e .  T h e  s a m e  p r o c e d u r e  w a s  u s e d  t o  e v a l u a t e  t h e  f i n a l  s u r f a c e  a r e a  b a s e d  o n  

t h e  f i n a l  r a d i u s  d i s t r i b u t i o n .

S u r f a c e  a v e r a g e  r a d i i  w e r e  c a l c u l a t e d  u s i n g  t h e  r e l a t i o n

T h e  i n t e g r a l  in  e q u a t i o n  ( F .5 )  w a s  a l s o  e v a l u a t e d  n u m e r i c a l l y  b y  S i m p s o n ’s  

r u le ;  i n i t i a l  v o l u m e s  w e r e  c a l c u l a t e d  from i n i t i a l  r a d i i  p r o f i l e s  a n d  f in a l  

v o l u m e s  from f i n a l  r a d i i  p r o f i l e s .

From t h e  k n o w n  f l u i d  f l o w  r a t e  t h e  a v e r a g e  w a t e r  v e l o c i t y  w a s  c o m p u t e d  b y  

t h e  r e l a t i o n

( F . 4)

P a r t i c l e  v o l u m e s  w e r e  d e t e r m in e d  b y  u s e  o f  t h e  r e l a t i o n

( F .5 )

V = 0 . 0 1 6 3 G (F .6)
s
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S u f f i c i e n t  i n f o r m a t i o n  w a s  t h e n  a v a i l a b l e  for e s t a b l i s h i n g  t h e  p a r t i c l e  R e y n o l d s  

n u m b e r  a s

2 f SA Vs  P f
R e ------- — ~  \  ( F . 7)

P JULi

U s i n g  t h i s  r e l a t i o n ,  i n i t i a l ,  f i n a l ,  a n d  a v e r a g e  p a r t i c l e  R e y n o l d s  n u m b e r s  w e r e  

o b t a i n e d .

T h e  P e c l e t  n u m b e r  w a s  t h e n  c o m p u t e d  from  i t s  d e f i n i t i o n  a s

P e  *  Re x  S c  ( F . 8)
P

A g a i n ,  i n i t i a l ,  f i n a l ,  a n d  a v e r a g e  v a l u e s  w e r e  c a l c u l a t e d .

T h e  o v e r a l l  m a s s  t r a n s f e r  r a t e  w a s  t h e  a m o u n t  o f  s o l u t e  w h i c h  p a s s e d  

from  t h e  s o l i d  t o  t h e  l i q u i d  p e r  u n i t  t i m e .

A W  ( F .9 )
o  A  t

By d e f i n i t i o n ,  h o w e v e r ,  t h e  o v e r a l l  m a s s  t r a n s f e r  r a t e  i s  r e l a t e d  t o  t h e  o v e r a l l  

m a s s  t r a n s f e r  c o e f f i c i e n t ,  m a s s  t r a n s f e r  d r i v in g  f o r c e ,  a n d  p a r t i c l e  s u r f a c e  a r e a  

a s

( % V a ) =  k x A x A C  ( F . 1 0 )
 ̂ 11 J o  o  a v g

T h u s ,  i t  w a s  p o s s i b l e  t o  e v a l u a t e  t h e  o v e r a l l  m a s s  t r a n s f e r  c o e f f i c i e n t  a s



F - 4 .

k =  -r—  -t  ( F . l l )
o  A t  x A  x  A C

In  g e n e r a l ,  It i s  p o s s i b l e  t o  e x p r e s s  t h e  r e l a t i o n  b e t w e e n  m a s s  t r a n s f e r  

r a t e  a n d  m a s s  t r a n s f e r  c o e f f i c i e n t  a s

it/%A A t  v A t

T h u s ,  t h e  l o c a l  m a s s  t r a n s f e r  c o e f f i c i e n t  w a s  o b t a i n e d  b y  r e a r r a n g e m e n t  o f  

e q u a t i o n  ( F . 1 2 )  s o  t h a t

x i V L

L A t x  Al  X A c
( F . 1 3 )

T h e  d e n s i t y  o f  t h e  s o l i d  a n d  t h e  run  l e n g t h  w e r e  k n o w n .  T h e  c o n c e n t r a t i o n  

d r i v i n g  f o r c e ,  A C ,  i s  d e f i n e d  a s

C = C *  -  C Q ( F .  14)

w h e r e  C _  i s  t h e  b u lk  c o n c e n t r a t i o n  o f  s o l u t e .  In  t h i s  s t u d y  t h e  b u lk  c o n c e n t r a -
D

t l o n  o f  s o l u t e  w a s  e s s e n t i a l l y  z e r o ;  t h u s ,  t h e  m a s s  t r a n s f e r  d r i v i n g  f o r c e  w a s  

a l s o  k n o w n .  T h e  l o c a l  v o l u m e  c h a n g e  o f  t h e  s o l u t e ,  A v ^ ,  ( o v e r  a  2 0 °  s e c t o r )  

a n d  t h e  l o c a l  p a r t i c l e  s u r f a c e  a r e a ,  A^- w e r e  c a l c u l a t e d  from  t h e  i n i t i a l  a n d  f i n a l  

p a r t i c l e  r a d i i  p r o f i l e s .

It  w a s  d e c i d e d ,  a t  t h e  s t a r t  o f  t h i s  i n v e s t i g a t i o n ,  t o  b a s e  t h e  l o c a l  

c o e f f i c i e n t s  o n  t h e  a v e r a g e  p a r t i c l e  s u r f a c e  a r e a .  H e n c e ,  A ^ w a s  d e t e r m i n e d



from t h e  i n i t i a l  a n d  f i n a l  r a d i i  d i s t r i b u t i o n s  a s

. AA
2 . rt  ^  *  2 \  rf ‘  i f f

' 4  4 .

( F . 1 5 )

S i m i l a r l y ,  t h e  l o c a l  c h a n g e  o f  v o l u m e  o f  t h e  p a r t i c l e  w a s  d e f i n e d  a s

V = V -  V 
L 1L 2L ( F .  16)

w h e r e  a n d  w e r e  fo u n d  b y  t h e  r e l a t i o n

V . = ^ - \ r ^ d  , n =  1 or  2
n L 3 \ n ( F . 1 6 a )

e .

T h e i n t e g r a l s  in  e q u a t i o n s  ( F . 1 5 )  a n d  ( F . 1 6 a )  w e r e  e v a l u a t e d  n u m e r i c a l l y  b y  

S i m p s o n ' s  r u le  u s i n g  a t h e t a  i n t e r v a l  o f  2 0 ° .

In  o r d e r  t o  c h e c k  t h e  r e s u l t s  a n d  t h e  m e t h o d  o f  c a l c u l a t i o n ,  t h e  d e n s i t y  

o f  t h e  s o l i d  w a s  c a l c u l a t e d  from t h e  p a r t i c l e  w e i g h t  l o s s  a n d  c h a n g e  in  v o l u m e  

a n d  t h e  o v e r a l l  m a s s  t r a n s f e r  c o e f f i c i e n t  w a s  c a l c u l a t e d  from  t h e  l o c a l  m a s s  

t r a n s f e r  p r o f i l e .  T h e  d e n s i t y  w a s  e v a l u a t e d  from t h e  e x p r e s s i o n

f s
=  _ J lW _

V -  V 
1 2

( F . 17)

a n d  w a s  c o m p a r e d  w i t h  t h e  p a r t i c l e  d e n s i t y  m e a s u r e d  b y  t h e  t e c h n i q u e  d e s c r i b e d  

in  A p p e n d ix  D .  T h e  o v e r a l l  m a s s  t r a n s f e r  c o e f f i c i e n t  w a s  c a l c u l a t e d  b y  u s e  o f  

t h e  r e l a t i o n



a n d  w a s  c o m p a r e d  w i t h  t h e  o v e r a l l  c o e f f i c i e n t  c a l c u l a t e d  u s i n g  e q u a t i o n  ( F .  11) 

a n d  t h e  e x p e r i m e n t a l  d a t a .

W i t h  t h e  l o c a l  m a s s  t r a n s f e r  c o e f f i c i e n t  p r o f i l e  a v a i l a b l e  i t  w a s  p o s s i b l e  

to  d e t e r m in e  t h e  l o c a l  S h e r w o o d  n u m b er  a s

T h e  l o c a l  m a s s  t r a n s f e r  r a te  p r o f i l e s ,  p r e s e n t e d  in  t h e  r e s u l t s  s e c t i o n ,  

w e r e  p l o t t e d  b y  a v e r a g i n g  t h e  r e s u l t s  for b o t h  h e m i s p h e r e s  o f  t h e  p a r t i c l e .  

G r a p h ic a l  i n t e g r a t i o n ,  u s i n g  a K e u f f e l  & E s s e r  G o .  M o d e l  6 2 - 0 0 0 0  C o m p e n s a t ­

in g  P o la r  P l a n i m e t e r ,  p e r m i t t e d  e v a l u a t i o n  o f  a v e r a g e  v a l u e s  o f  t h e  m a s s  t r a n s f e r  

c o e f f i c i e n t  a n d  S h e r w o o d  n u m b e r ,  for  t h e  fo r w a r d  f l o w  a r e a ,  t h e  w a k e  a r e a ,  a n d  

t h e  t o t a l  s u r f a c e .

N ( F . 1 9 )

T h e  o v e r a l l  S h e r w o o d  n u m b er  w a s  c a l c u l a t e d  a s

(F .  20)

T h e  “ s e p a r a t i o n  p o in t "  for  m a s s  t r a n s f e r  i s  d e f i n e d  a s  t h e  p o in t  a t  w h i c h  

t h e  m in im u m  t r a n s f e r  from t h e  p a r t i c l e  o c c u r s .  T h is  p o i n t ,  Q  , w a s  o b t a i n e d
S 6p

from  p l o t s  o f  d i m i n u t i o n  v s .  0  , k L v s .  0  , a n d  v s .  ^  .



A l l  o f  t h e  c o m p u t a t i o n s  for  t h e  a n a l y s i s  o f  t h e  p r e s e n t  d a ta , ,  e x c e p t  t h e  

d e t e r m i n a t i o n  o f  t h e  s e p a r a t i o n  p o i n t  a n d  t h e  g r a p h i c a l  i n t e g r a t i o n s ,  w e r e  

a m e n a b l e  t o  m a c h i n e  c o m p u t a t i o n .  A M A D  s o u r c e  l a n g u a g e  p rogram  w a s  w r i t t e n  

fo r  t h e s e  c o m p u t a t i o n s  for  u s e  w i t h  t h e  IBM  7 0 9 0  m a c h i n e ,  a v a i l a b l e  a t  t h e  C i t y  

C o l l e g e  C o m p u t a t i o n  C e n t e r .
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G .  CALCULATIONS OF ESTIMATED REQUIRED RUN TIME

It w a s  n e c e s s a r y ,  a t  t h e  s ta r t  o f  t h i s  s t u d y ,  t o  o b t a i n  a n  e s t i m a t e  o f  

t h e  t im e  r e q u ir e d  for a  g i v e n  run t o  a c h i e v e  a  d e s i r e d  a v e r a g e  p a r t i c l e  d i m i n u ­

t i o n  o f  a b o u t  4%.  U s i n g  t h e  e x p e r i m e n t a l  r e s u l t s  o f  G a r n e r  a n d  S u c k l i n g  for  

s i n g l e  s p h e r e s ,  t h e  t h e o r e t i c a l  r e s u l t s  o f  P f e f f e r ,  a n d  a k n o w l e d g e  o f  t h e  

p h y s i c a l  p r o p e r t i e s  o f  t h e  m a t e r i a l s  t o  b e  s t u d i e d ,  t h e  p l o t s  s h o w n  in  F i g u r e s  

A p p .  10 a n d  A p p .  11 w e r e  p r e p a r e d .

It w a s  a s s u m e d  t h a t  e x p e r i m e n t s  w o u l d  b e  c o n d u c t e d  a t  2 0 ° C .  a n d  t h e  

c a l c u l a t i o n s  w e r e  c a r r i e d  o u t  a s  f o l l o w s :

I f  t h e  m a s s  t r a n s f e r  in f o r m a t io n  w a s  a v a i l a b l e  a s  t h e  j - f a c t o r ,  b y  c o m b i n i n g  ( G . 4 )  

w i t h  ( G . 5) w e  fo u n d  t h a t

k d
( G .  1)

k ( G .  2)
A C *

( G .  3)

( G . 4 )

C o m b i n i n g  e q u a t i o n s  ( G .  1 ) ,  ( G . 2 ) ,  a n d  ( G .3 )  i t  w a s  fo u n d  t h a t

6 ( G .5 )

o
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6 ~
d p p A V __________________

)do  N Re <N S c) 1 / 3 = 0 A C * ( G . 6 )

U s i n g  t h e  p h y s i c a l  p r o p e r t i e s  a t  20 C .  a n d  a s s u m i n g  a 4% o v e r a l l  c h a n g e  in  

p a r t i c l e  d i a m e t e r ,  e q u a t i o n  (G .5 )  for  b e n z o i c  a c i d  b e c o m e s

0 -
5 3 1 . 5 3

<V , h o u r s ( G . 7)

a n d  e q u a t i o n  ( G . 6 )  b e c o m e s

/ )  _  _ 4 8 . 7 6  _  , h o u r s
V  J c f

o  Re

( G .8 )

a n d  for  b e t a  n a p h t h o l

/ i  1 1 9 5 . 8 1  .
P  “ I n T T "  '  h o u r sb n  _

( G . 9 f

a n d

0 1 1 9 . 5 8

J 4 >  N ;
, h o u r s

Re
( G .  10)

G a r n e r  a n d  S u c k l i n g  c o r r e l a t e d  t h e ir  r e s u l t s  for  s i n g l e  s p h e r e s  a s

(N  ) - 2 + 0 . 9 5 ( N R e ) ° ' 5 (Ns ) 0 - 33
o  p

( G . l l )



A lt h o u g h  t h i s  e q u a t i o n  w a s  o b t a i n e d  for  w o r k  w i t h  b e n z o i c  a c i d  i t  w a s  

a s s u m e d  t o  b e  e q u a l l y  a p p l i c a b l e  for  b e t a  n a p h t h o l .  T a b le  A p p .  VII 

s u m m a r i z e s  t h e  r e s u l t s  o f  t h e  c a l c u l a t i o n  for s i n g l e  s p h e r e s  o f  b e n z o i c  a c i d  

a n d  b e t a  n a p h t h o l .

P f e f f e r ' s  r e s u l t s  w e r e  p r e s e n t e d  g r a p h i c a l l y  w ith  p l o t s  o f  J _  v s .  Re
D  p

w i t h  £ * ,  f r a c t i o n a l  v o i d  v o l u m e ,  a s  a  p a r a m e t e r .  I n f o r m a t io n  w a s  t a k e n  from  

t h e s e  p l o t s  a n d  u s e d  w i t h  e q u a t i o n s  ( G . 8 )  a n d  ( G . 1 0 )  t o  e s t a b l i s h  t h e  v a l u e s  

o f  $ f o r  m u l t i p a r t i c l e  w o r k .  P f e f f e r ' s  r e s u l t s  for  £  = 1 . 0  w e r e  a l s o  c o m p u t e d  

for c o m p a r i s o n  w i t h  G a rn er  a n d  S u c k l i n g ' s  c o r r e l a t i o n .  T a b le  A p p .  VIII 

s u m m a r i z e s  t h e  c a l c u l a t i o n s  o f  e s t i m a t e d  run  t i m e s  for  s i n g l e  a n d  m u l t i p a r t i c l e  

s p h e r e  s t u d i e s .

T h e  in f o r m a t io n  p r e s e n t e d  in  T a b l e s  A p p .  XV a n d  XVI w a s  p l o t t e d  in

F i g u r e s  A p p .  10 a n d  A p p .  1 1 .  T h e s e  p l o t s  s h o w  a  r e l a t i o n  b e t w e e n  0  ,

t h e  l e n g t h  o f  t h e  run n e c e s s a r y  i n  h o u r s ,  v s .  t h e  p a r t i c l e  R e y n o l d s  n u m b e r .

Re , w i t h  t h e  f r a c t i o n a l  v o i d  v o l u m e  o f  t h e  b e d  a s  a  p a r a m e t e r .  T h e y  s e r v e d  a s  
P

a  g u i d e  for  run  t i m e s  t o  b e  u s e d  for  a g i v e n  p a r t i c l e  R e y n o l d s  n u m b e r  a n d  p a r t i c l e  

c o n f i g u r a t i o n .
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TABT.E A do .  VII . E s t i m a t e d  R e q u ir e d  Run T i m e s  -  S i n g l e  S p h e r e  S t u d i e s

B e ta  N a p h t h o l

R e P  « V  0
o

10 3 2 . 1  3 7 . 0
20  4 4 . 6  2 6 . 7
4 0  6 2 . 0  1 9 . 2
6 0  7 5 . 6  1 5 . 7
8 0  8 6 . 9  1 3 . 7

100  9 7 . 0  1 2 . 2 5
2 0 0  1 3 6 . 2  8 . 7 5
3 0 0  1 6 6 . 0  7 . 2

B e n z o i c  A c id

10 3 4 . 7  1 5 . 3
20  4 8 . 4  1 0 . 9 5
4 0  6 7 . 9  8 . 0 4
6 0  8 2 . 1  6 . 0 5
8 0  9 4 . 4  5 . 7 2 5

1 0 0  1 0 5 . 5  5 . 0 4
2 0 0  1 4 8 . 0  3 . 5 9
3 0 0  1 8 0 . 2 5  2 . 9 4



G - 5 .

TABLE A d d .  VIII. E s t i m a t e d  R e q u ir e d  Run T i m e s — M u l t i p a r t i c l e  S t u d i e s

6 6
R ep B e ta  N a p h t h o l  B e n z o i c  A c id

H o u r s H o u r s

1 . 0 10 0 . 2 1 5 6 . 7 2 3 . 1
20 0 . 1 3 4 5 . 7 1 8 . 7
40 0 . 0 8 3 3 6 . 0 1 4 . 7
6 0 0 . 0 6 3 3 1 . 8 1 3 . 0
80 0 . 0 5 1 2 9 . 2 1 2 . 0

100 0 . 0 4 4 2 7 . 0 1 1 . 0
2 0 0 0 . 0 2 8 2 1 . 2 8 . 7
3 0 0 0 . 0 2 2 1 8 . 5 7 . 5

0 . 9 10 0 . 3 1 3 9 . 0 1 5 . 9
20 0 . 1 9 3 1 . 4 1 2 . 9
40 0 . 1 2 2 4 . 8 1 0 . 1

0 . 8 10 0 . 3 7 3 2 . 2 1 3 . 2
20 0 . 2 3 2 5 . 9 1 0 . 6
40 0 . 1 5 2 0 . 6 8 . 4
6 0 0 . 1 1 1 8 . 1 7 . 4

0 . 7 10 0 . 4 3 2 7 . 7 1 1 . 3
20 0 . 2 7 2 2 . 1 9 . 0
40 0 . 1 7 1 7 . 5 7 . 2
6 0 0 . 1 3 1 5 . 3 6 . 2
80 0 . 1 1 1 4 . 2 5 . 8

0 . 6 10 0 . 5 0 2 3 . 8 9 . 8
20 0 . 3 1 1 9 . 2 7 . 8
40 0 . 2 0 1 5 . 3 6 . 3
6 0 0 . 1 5 1 3 . 2 5 . 4
8 0 0 . 1 2 1 2 . 3 4 . 6

100 0 . 1 1 1 1 . 1 4 . 5

0 . 5 10 0 . 5 9 2 0 . 2 8 . 3
20 0 . 3 7 1 6 . 1 6 . 6
40 0 . 2 3 1 3 . 0 5 . 3
6 0 0 . 1 8 1 1 . 4 4 . 6
80 0 . 1 5 1 0 . 3 4 . 2

100 0 . 1 3 9 . 5 3 . 9
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TABLE A d d  . V III . C o n t i n u e d

Re i d .
6 6 

B e ta  N a p h t h o l  B e n z o i c  A c id

H o u r s H o u r s

0 . 4 10
20
40
60
80

100

0 . 7 0
0 . 4 4
0 . 2 8
0 , 2 1
0 . 1 8
0 . 1 5

1 7 . 0
1 3 . 5
1 0 . 8

9 . 5
8 . 5  
8 . 0

6 . 9  
5 . 5
4 . 4
3 . 9
3 . 5  
3 . 2
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FIGURE APP. 10

ESTIMATED REQUIRED R U N  TIMES -  S IN G L E  SPHERE STUDIES
a s s u m p t i o n s : —

1. G A R N E R  & S U C K L IN G 'S  C O R R E L A T I O N  IS A PPLIC A BLE
2. A 4 %  OVER ALL C H A N G E  IN  SPHERE DIAMETER
3. O P E R A T I O N  a t  2 0 * C .
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FIGURE APP. 11a G - 8 .

ESTIMATED REQUIRED RUN TIMES -  MULTIPARTICLE STUDIES B E N Z O IC  A C ID
a s s u m p t i o n s : -

1. PFEFFERS CORRELATION IS
2 .  A 4  % OVERALL C H A N G E

APPLICABLE 
IN SPH ERE DIAMETER

3 .  OPE O N  a t  2 0 * C .
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FIGURE APP. 11b

ESTIMATED REQUIRED RUN TIMES -  MULTIPARTICLE STUDIES BETA N A PSTH Q J,
a s s u m p t i o n s : —

1. PFEFFER'S COR REL ATIO N IS APPLICABLE
2 .  A 4 V .  OVERALL C H A N G E  IN SPHERE DIAMETER
3. O P E R A T IO N  o t  2 0 ‘
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H - ERROR ANALYSIS

In  t h i s  s e c t i o n  a r e  p r e s e n t e d  t h e  g e n e r a l  error  a n a l y s i s  fo r  t h i s  s t u d y  

a n d  a  s a m p l e  error  c a l c u l a t i o n  fo r  a  t y p i c a l  r u n .

Error in  t h e  a v e r a g e  v e l o c i t y ,  V ^ ;

V * 0 . 0 1 6 3 $  ( H . l )
a v g

a n d

d V  ^  a v o  _  d G
V Ga v g

From t h e  r o t a m e t e r  c a l i b r a t i o n  d a t a

a n d  t h e r e f o r e  t h e  r e l a t i v e  error  in  V h a s  b e e n  d e f i n e d ,
a v g

Error i n  D im in u t io n ;  H

a n d

. d  r +  d  r ,  
d  A r  i  f
£ r  ^ r

(H . 2)

- ^ - =  0 . 0 1 2 q ;  0 . 5 <  0 . 3 0  (H.3)

=  0 . 0 1 0 3 ;  0 . 0 5 < : G <  0 . 4 0  ( H . 4 )
G

£ r  38 r -  rf  ( H .  5)

( H. 6)



- 4but d = d = 1 x 10 inches

therefore,

- i U i — L a - 1 2 - 1  (h .7)
A r  Ar

If  o n e  a v e r a g e s  t h e  d i m i n u t i o n  o v e r  b o th  h e m i s p h e r e s  o f  t h e  p a r t i c l e  t o  o b t a i n

jAr , then the relative error in Ar can be shown to be twice that for avg avg

Ar.

Error i n  S u r f a c e  A rea; :

2 X

=  2 j r 2 d #  ( H  . 8 )
Aa v g

o

U s i n g  S i m p s o n ' s  r u l e  a n d  e v a l u a t i n g  t h e  i n t e g r a l  o v e r  2 0 °  t h e t a  e l e m e n t s  i t  

c a n  b e  s h o w n  t h a t

k =  18

A = 2 > Int (k) ( H . 9 )avg '
k = 1

w h e r e

I n t  ( k )  P  ( I )  +  4 ( r 2  ( I  +  *  + f 2  ( I  +  2 j ]  ( H .  1 0 )

From ( H . 9 )  it was fo u n d  that
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a n d  i t  c a n  b e  s h o w n  t h a t

■d f i n / . l k^  =  2 X 1 0 ~ 4 
In t  (k)

(  r (I) +  4r (I + 1) +  r (I +  2 ) )V 1 y i /  ~  *11 \1  T  X/ ~  1 \ L  T  a  I

( r 2 (I) 4 4 (r 2 (I + 1) ) +  r2 (I 4 2))
{ H .  12)

I n i t i a l  r a d i i  p r o f i l e s  w e r e  u s e d  t o  c o m p u t e  t h e  i n i t i a l  v a l u e s  o f  A a n d  t h e
a v g

f i n a l  v a l u e s  o f  w e r e  c o m p u t e d  from t h e  r a d i i  p r o f i l e s  o b t a i n e d  a t  t h e  e n d  o f

t h e  r u n s .  S im i la r ly ,  i n i t i a l  v a l u e s  o f  d A  / A  w e r e  c a l c u l a t e d  from  i n i t i a l
a v g  a v g

r a d i i  p r o f i l e s ;  f i n a l  v a l u e s  from  f i n a l  r a d i i  p r o f i l e s .

Error in  S u r f a c e  A v e r a g e  R a d l u s i  r
SA‘

' /
r S A  =  ■ *

javg..

4 1
(H .  13)

a n d  i t  c a n  b e  s h o w n  t h a t

d r _ .  . d  A
SA = _1_ a v g

=  2 A
SA a v g

( H . 14)

Error in  P a r t i c l e  V o lu m e :  V;

XT.

o
V = - |  \  r J d /9  ( H . 1 5 )

U s i n g  S i m p s o n ' s  r u l e  a n d  i n t e g r a t i n g  o v e r  2 0 °  v o l u m e  e l e m e n t s  i t  c a n  b e  

s h o w n  t h a t  t h e  r e l a t i v e  error  in  V i s
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dV
= 2 X 10

k =  18 
m = 18 

- 4  ^  ^  In t  (k)

rn" =  T" 
k =  1

In t  (m) (H.16)

w h e r e  Int (k) i s  d e f i n e d  in  e q u a t i o n  ( H . 10} a n d

Int (m)
54

r 3 (I) +  4 (r3 (I + 1) ) +  r 3 (I +  2) ( H .  17)

I n i t i a l  a n d  f i n a l  v a l u e s  o f  V w e r e  c o m p u t e d  from i n i t i a l  a n d  f i n a l  r a d i u s  

p r o f i l e s .  S i m i l a r l y ,  i n i t i a l  a n d  f i n a l  v a l u e s  o f  d V /V  w e r e  c o m p u t e d .

Error in  R e y n o l d s  N u m b er;  Re^:

Re = 
P

_  2 rSA Va v g  P f  

/ Lf
{H . 18)

a n d  t h e r e f o r e

d Re 

'R e

d r,
SA

d V
a v g

S A a v g
( H .  19)

R e y n o l d s  n u m b e r s  w e r e  c o m p u t e d  b a s e d  o n  t h e  i n i t i a l ,  f in a l  a n d  a v e r a g e

v a l u e s  o f  r _ .  a n d  i n i t i a l  a n d  f i n a l  v a l u e s  o f  t h e  r e l a t i v e  error  in  Re w e r e  
SA p

c a l c u l a t e d  u s i n g  e q u a t i o n  ( H .  1 9 ) .  T h e  r e l a t i v e  error  in  t h e  a v e r a g e  v a l u e

o f  Re w a s  c a l c u l a t e d  a s  
P

d (R ep) d (R e^   ̂ + d  (R e p) f

Re (R eJ *  + (ReP P i  P f
( H . 20)
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Error i n  P e c l e t  N u m b e r ;  P e :

P e  = Re x  S c  ( H . 2 1 )
P

a n d

( H . 2 2 )
P e  Re S c  

P

P e c l e t  n u m b e r s  w e r e  c a l c u l a t e d  b a s e d  o n  i n i t i a l ,  f i n a l ,  a n d  a v e r a g e  v a l u e s  

o f  R ep * T h e  r e l a t i v e  error  In  P e  t h e r e f o r e  w a s  c o m p u t e d  u s i n g  e q u a t i o n  

( H . 2 2 )  a n d  t h e  a p p r o p r i a t e  v a l u e  for  t h e  r e l a t i v e  error  in  R e p *

Error i n  M a s s  T r a n s f e r R a te ;  ^■ i f -i in t

A/9 -
W a ' T I ( H . 2 3 )

a n d

_ d d At (H ,  .
^  -  A w  + T S “  ( H - 2 ‘1)

w h e r e  d  Aw = +2x10 g r a m s  

d At = + 0 . 0 1  h o u r s

Error In  O v e r a l l  M a s s  T r a n s f e r  C o e f f i c i e n t ,  k^;

k (H . 2 5 )
o  A C *  

a v g
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a n d

d k  d ^ j 1® d A
2 - T T X 5- + - r ^ 2 + ^ i  ( H . 2 0

a v gko  W*A A ° *

O v e r a l l  m a s s  t r a n s f e r  c o e f f i c i e n t s  w e r e  c a l c u l a t e d  b a s e d  o n  i n i t i a l ,  f i n a l ,

a n d  a v e r a g e  v a l u e s  o f  a v e r a g e  s u r f a c e  a r e a  a n d  t h e r e f o r e  r e l a t i v e  e r r o r s  for

k w e r e  c o m p u t e d  u s i n g  e q u a t i o n  ( H . 2 6 )  a n d  t h e  a p p r o p r i a t e  v a l u e  o f  d  A 
o  d v g

/ A
a v g

Error i n  O v e r a l l  S h e r w o o d  N u m b e r ;  Sh^:

k  x  2 r
S h  =  &  A  ( H . 3 7 )

a n d

d  Sh_ d k .  d r „ ,  d j )
— =  ; °  + ------—  (h . 28)

S h o  k o  r SA ' f )  p f  

Error i n  L o c a l  M a s s  T r a n s f e r  C o e f f i c i e n t :  k .T7

Pa XAVr.
L A t x A L x C *  ( H , 29)

a n d

d  k T d p  d C *  d A t  d A V .  d A .
 k = - ^ U -  +  _ —  +  - --------+  , „ - L + — ± -h  f .  c * At  a v l  a l

( H . 30)
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Error In L o c a l  S h e r w o o d  N u m b er:  Sh^:

d S h T d  k T d r

S h L = k L + 7

f
(H . 3 1 )

T h e  f o l l o w i n g  a r e  t h e  r e s u l t s  o f  t h e  error a n a l y s i s  for  Run N o .  1 - 3 ,  w h i c h  i s  

t y p i c a l  o f  t h i s  s t u d y .

R e l a t i v e  Error in  t h e  A v e r a g e  V e l o c i t y  = 0 . 0 1 2 0

R e l a t i v e  Error in  t h e  I n i t i a l  A v e r a g e  S u r f a c e  A rea =  0 . 0 0 0 8 1

R e l a t i v e  Error in  t h e  I n i t i a l  S u r f a c e  A v e r a g e  R a d iu s  =  0 . 0 0 0 4 1

R e l a t i v e  Error in  t h e  F in a l  A v e r a g e  S u r f a c e  A rea =  0 . 0 0 0 8 2

R e l a t i v e  Error in  t h e  F i n a l  S u r f a c e  A v e r a g e  R a d iu s  = 0 . 0 0 0 4 1

R e l a t i v e  Error in  t h e  I n i t i a l  A v e r a g e  V o lu m e  =  0 . 0 0 1 2 1

R e l a t i v e  Error in  t h e  F in a l  A v e r a g e  V o lu m e  =  0 . 0 0 1 2 3

R e l a t i v e  Error in  t h e  I n i t i a l  R e y n o l d s  N u m b e r  = 0 . 0 1 4 6

R e l a t i v e  Error in  t h e  F in a l  R e y n o l d s  N u m b e r  = 0 . 0 1 4 6

R e l a t i v e  Error in  t h e  A v e r a g e  R e y n o l d s  N u m b er  = 0 . 0 1 4 6

R e l a t i v e  Error in  t h e  I n i t i a l  P e c l e t  N u m b e r  = 0 . 0 2 5 6

R e l a t i v e  Error in  t h e  F in a l  P e c l e t  N u m b e r  = 0 . 0 2 5 6

R e l a t i v e  Error in  t h e  A v e r a g e  P e c l e t  N u m b e r  = 0 . 0 2 5 6

R e l a t i v e  Error in  t h e  A v e r a g e  M a s s  T r a n s f e r  R ate  = 0 . 0 0 3 1

R e l a t i v e  Error in  t h e  I n i t i a l  O v e r a l l  M a s s  T r a n s f e r  C o e f f i c i e n t  = 0 . 0 1 9  3

R e l a t i v e  Error in  t h e  F i n a l  O v e r a l l  M a s s  T r a n s f e r  C o e f f i c i e n t  =  0 . 0 1 9  3
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R e l a t i v e  Error In t h e  A v e r a g e  O v e r a l l  M a s s  T r a n s f e r  C o e f f i c i e n t  =  0 , 0 1 9 3  

R e l a t i v e  Error in  t h e  O v e r a l l  S h e r w o o d  N u m b e r  =  0 . 0 2 8 2

T h e  t a b u l a t i o n  b e l o w  s u m m a r i z e s  t h e  r e l a t i v e  error  in  t h e  a v e r a g e  l o c a l  

d i m i n u t i o n ,  t h e  r e l a t i v e  error  in  t h e  l o c a l  m a s s  t r a n s f e r  c o e f f i c i e n t s ,  a n d  

t h e  r e l a t i v e  error  in  t h e  l o c a l  S h e r w o o d  n u m b e r s  a s  a  f u n c t i o n  o f  p o s i t i o n  

o n  t h e  p a r t i c l e  s u r f a c e .

G
D e g r e e s

d A r
d k. d Shj

‘ Shi

0 ,  3 6 0 . 0 3 0 . 0 5 8 . 0 6 7
1 0 ,  3 5 0 . 0 9 8 . 0 5 9 . 0 6 7
2 0 ,  3 4 0 . 0 6 1 . 0 5 9 . 0 6 8
3 0 ,  3 3 0 . 0 8 2 . 0 5 9 . 0 6 9
4 0 ,  3 2 0 . 0 3 4 . 0 6 0 . 0 6 9
5 0 ,  3 1 0 . 0 3 5 . 0 6 1 . 0 7 0
6 0 ,  3 0 0 . 0 3 9 . 0 6 1 . 0 7 1
7 0 ,  2 9 0 . 0 3 7 . 0 6 3 . 0 7 3
8 0 ,  2 8 0 . 0 4 5 . 0 6 4 . 0 7 3
9 0 ,  2 7 0 . 0 4 7 . 0 6 5 . 0 7 6

1 0 0 ,  2 6 0 . 0 5 3 . 0 6 7 . 0 7 8
1 1 0 ,  2 5 0 . 0 7 0 . 0 6 9 . 0 8 0
1 2 0 ,  2 4 0 . 0 4 7 . 0 7 1 . 0 8 3
1 3 0 ,  2 3 0 . 0 6 3 . 0 7 4 . 0 8 5
1 4 0 ,  2 2 0 . 1 3 0 . 0 7 6 . 0 8 8
1 5 0 ,  2 1 0 . 0 8 8 . 0 8 0 . 0 9 1
1 6 0 ,  2 0 0 . 0 7 9 . 0 8 3 . 0 9 9
1 7 0 ,  190 . 0 7 1 . 0 9 0 . 0 9 9

1 8 0 . 0 6 7 .0.9 5 . 103
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I .  FL U X  EFFECT C A L C U L A T IO N S

T h e s e  c a l c u l a t i o n s  w e r e  m a d e  a c c o r d i n g  t o  t h e  r e l a t i o n s  p r e s e n t e d  in  B ir d ,  

e t .  a l .  For b e n z o i c  a c i d - w a t e r

C *  = 0 . 0 0 3 5 3  g r a m s / g r a m  o f  s o l u t i o n

0 . 0 0 3 5 3  „
R»r. =  ~— r----- r -T T - r r - -  = 0 . 0 0 3 5 4

AB 1 . 0 - 0 . 0 0 3 5 3

< £ a b  =  I n  (1 + Ra b ) = In  ( 1 . 0 0 3 5 4 )

(1. 1)

(1. 2)

( 1 .3 )

F or  b e t a  n a p h t h o l  -  w a t e r

C *  =  0 . 0 0 0 6 5  g r a m e / g r a m  o f  s o l u t i o n

0 . 0 0 0 6 5
AB 1 . 0  -  0 . 0 0 0 6 5

=  0 . 0 0 0 6 5

=  l n ( l . 0 0 0 6 5 )

(1 .4 )

( 1 . 5 )

(1. 6)

B y d e f i n i t i o n

if
£  _  c o r r e c t e d  ' AB

AB "  k __________" u n c o r r e c t e d kAB
( 1 .7 )

a n d  t h e r e f o r e

0BA ^  BA RBN I n  ( 1 . 0 0 3 5 4 )  x  . 0 0 0 6 5

RBA ■ BN l n  d - 0 0 0 6 5 )  x  . 0 0 3 5 4
(1. 8)



1 - 2 .

From  w h i c h  w e  f in d  t h a t

&
— 1& - =  0 . 9 8 7

9b n

( 1 .9 )


