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Chapter I
INTRODUCTION

Between 1939 and 1960, the relatlive wage rate
of elementary, high school and college graduates has

remalined nearly constant, as can be seen 1ln Table 1.1’2

TABLE 1

RATIO OF MEAN ANNUAL EARNINGS OF MALES,
TWENTY~-FIVE YEARS AND OVER,
FOR THE EDUCATIONAL FACTORS:
1939, 1949 and 1959

1939 1949 1959
High school/College 637 2612 «663
Elementary/College 456 o458 «510
High school/Elementary 1.%98 1.338 1.300

Bource: Z. Griliches, "Education in Production Functions

and Growth Accounting," Education, Income and
Human Capital, ed. W.L. Hansen (New York, 1970),
DPD. 7I'IE3 (

Table 2).



However, over approximately the same period of
time (1940-1960), the percentage of college graduates
25 years and over in the U.S. inoreased from 4.6% to 7.7%,
while the percentage of high school graduates 25 years and
over increased from 24,1% to 40.1%.3 The rise in the
supply of college and high achool graduates over time
relative to elementary school graduates, and the faillure
of the wage rate of these factors to decline relative to
that of elementary school graduates suggests a paradox
concerning the role of education in the production
procesa.4

Three posslble explanations can be offered for

reconclling this paradox.5'6

There are two plausible
explanations on the demand side which could have offset
the inceease in the ralative supgly of high school and
college graduates, and one on thé'supply side. Hers are
the three possible explanatlions:

(1) Tﬁbée ihdustries ¥hich are the most rapidly
expanding are also the most educational-intensive indus-
tries, Thus, a&s the output of such industries increases,
the relative share of the more-educated inputs increases
relative to the share of less-educated inpute in that
industry;

(2) The change in the composition of production

mey have increased the demand for more-educsted labor by

increasing the productivity of this factor relative to



leas~educated labor, That 1s, the changing compoasition of
production may have had & non-neutral effect on relative
educational labor productivities., This could have ocourred
in two ways:

(a) in the production process, the pattern of
factor substitution may be such that non-
labor inputs are relatively enhancing to
more-educated than less-educated labor.
Thus, as the quality and quantity of non-
labor inputs incereases, the productivity of
more-educated labor will increase relatlve
to lesa-educated labor; or

() technological change may be such that it
increases the productivity of more-educated
labor. relative to labor inputs with less

education,.

It may be dAifficult to dlstingulsh empirically
between the alternative hypotheses. For example, 1f the
rise in the quality of nom-labor inputs 18 consldered as
embodied technical change, then 1t 1s difficult to dlas-
tingulsh empirlcally between (a) and (b) above, For this
reason, (a) and (b) will sometimes be referred to as
"non-neutrality of technological change." Also, those
industries which are most raplidly expanding may also have

a rapld rate of technical change. If technlcal change 1is



non-neutral, then it may be dlifficult to “"partial®™ out
the effects of (1) and (2).

(3) Production of human capital may be such that
over time, there has been an increase in the rate of
learning per unit of resource allocated,

The only empirical evidence at the present time
on the changing composition of output hypothesls 1s pro-
vided by Griliches.7 He finde that the correlatioh
between the percentage change in the employment of males
between 1950 and 1960 and the logarithm of mean school
years completed by industry in 1960 1s .33.8

as for (2), 1% is surprieing that although
economists realize that an understanding of patterms of
factor substitution can help explaln some apparent economic
paradoxes and opsn up & pregnant range of new pérapectives
for economic research, little empirical research has been

done on this Queation.g’lo

I expect that the lack of
extenslve rasearch on this question 1s due to a cruclal
constraint acting upon the potentlial investigator: the
lack of knowledge of a production function which permits
estimation of patterns of factor substitution without
restricting such patterns a priori, In Chapter 3, I dls-
cuse this problem. Here, I summarize three previous
empirical studlies that are almed at investligating patterns
of factor substitution.

All three studles, as well as my own, Operate

4



under & fundamental constraint. Thé fundamental relation-
shlp between household consumptlion and the supply curve
¢f dlfferent levels of labor are elimlnated from the
model, The wage determining operation in the labor market
are thus removed from the economic processes under con-
slderation, The most important ceterius paribus assumption,
therefore, 1a contained in the phrase “given a set of
wage rates,®

Using no a priorl production function and a two-
dimenslonal breakdown of labor, "schooled" and “unschooled®,
Griliches examines patterns of factor substitution in U.B.
manufacturing in 1954 and 1963.11 He finds that "“schooleg"
labor is more complementary with physical capltal than
this latter factor 1s with “unschooled" labor,

Bowles, using aggregate inter-country data,
three educational inputs (0-7, 8-11 and 12¢ years of school
completed) and a two-level aggregated production function,
finde that the elastlolty of substltution between any pair
of educational inputs is sufficiently high so that the
three educational inputs can easily be substituted for

each other in the production procaaa.l2

He, therefore,
concludes that all educational inputs can be aggregated
into a single educational measure, since little informatlon
is lost about the educational services used in the pro-
duction process, Vis a vis the production process, eaoh

factor is identical, except that the "quantity" of input

5



of each educational faotor in the productlion process 1is
not the same.l3

Welch, like Bowles, uses three educational
¢lasses: college graduates, high school graduates and
persons with 1-4 years of schooling. Welch treats persons
in intermediate educational levels as llnear combinations
of persons in the above three educational olasses. The
empiricel analysis is concerned with the factors deter-
mining the productivity of schooling in agriculture in
the U.B. in 1959.14 Welch finds that much of the "lever-
age" associated with college-educated labor can be attrib-
uted to changing technology. That 18, ceterius paribus,
the productivity of college~-educated labor I1ncreases
relative to that of non-college-educated labor as a result
of technologleal change, Thus, as technological change
continues in agriculture, one would expect that there wilil
be an increase in college-educated labor employed in
agriculture relative to non-college-educated labor.
However, he also finds that non-labor inputs have a nega-
tive effect on the relatlve productivity of college- toO
non~-college-educated labor,

{(3) above deals with the quallty of schooling
over time., A knowledge of educational productlon functions
18 necessary. An educational production functlion measures
the relationship between school and student inputs and a

measure of output. The diffleculties lnvolved in estimating

6



an educational production function are dliscussed by
Bowles.l5
This study examlnes the flrast two hypotheses
above with emphasls on the second hypothesis, With respesct
to the second hypothesls, the empirical analysis 1s cone-
cerned with U.8. manufacturing. I do not empirically
inveatigate the third hypothesis in this study. In Chapter
2, I explore the effect of the changing composition of
output and the non-neutrallty of technological change on
the demand for educational factors hetween 1940 and 1960,
and also preaent‘soma preliminary evidence for U,S. manu-
facturing. In Chapter 4, I examine patterns of factor
subatitution for U.S. manufacturing in 1958. Chapter 3 1s
a discusslion of productlon functions and models which can

be used to estimate these patterns,
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Footnotes to Chapter 1l

For occupations which reflect educational levels, the
conastancy of the relative wagee between 1949 and 1959
also holds. The ratilo of wage and salary income in
1959 to 1949 for each major occupatlonal class 1s:
Earnings 1929/

Ocoupation Earnings 1949
A1l 1.721
Prof. & Technical 1,698
Managers (excluding farm) 1.666
Farm managers 1.532
Clerical workers 1,652
Sales workers 1,694
Craftesmen & foremen 1,695
Operative workers 1.671
Service workers 1.630
Laborers 1,697

(Based on males who worked BE0-52 weeks,
Source: 1950 Census of Population PGE#%, 1B, p.199,
O_Census of Population PC(2), TA, P.356.)

There is an extensive literature on the changing skill

differentlal over time between %skilled" and "unskilled"
labor. However, in this literature, skillled workers are
usually considered some sort of manual craftsmen, such
as carpenters, millwrights, electriclans, etc. Unskilled
workers are laborers, sweepers, watchmen, etc. In this
literature, 1t 1s observed that the wage of unskilled
labor is rising, relative to that of skllled labdr. See:
M.W. Réder, "Wage Differentials: Theory and Measure-

ment, " Asfgcts of Labor Economics (Princeton, 1962),
pp. 257-311,

8



and

R. Perlman, “Forces Widening Occupational Wage Differ-
entials," Review of Economlcs and Btatisticas, XL (1958),
107-115.

U.S. Bureau of the Census, Abstract of the United
States: 1966 (Washington: 1 » Table .

It is also possible for the relative demand for the two
moras~gducated labor lnputs to increase less than the
demand for the lower-educated labor input and still
obgserve no change in the relative wage rate, even under
the observed supply shifts. Such a result would depend
upon the elasticity of the initial supply and demand
curves. The poseibility is more likely . - the (a)
greater the elasticity of demand for more-educated labor;
(b) the less elastic the demand for leass-educated labor;
(e) the more inelastic the supply of more-educated
labor; and (d) the more elastic the supply of less-

educated labor.

These three explanations are offered by Welch in trying
to explain why the private internal rate of return to
college and high school graduates has not fallen, even
though there has been a relatively large increase in
the supply of these factors,

F. Welch, "Education in Production," Journal of Politlcal
Economy, LXXVII (1970), 35-59.




10

The constancy of the relative wage rate of edu-
cational factors is conslistent with an increase in the
private internal rate of returm because 1t implies that
if the wage rates are increasing, then the absolute wage
differential will increase. 4n lincrease in the absolute
wage dlifferentisl will increase the private internal

rate of retumrn,

Institutional factors, such as the effect of minlmum
wage laws, migration laws and trade union pressure, are
omitted. All three of these factors, 1 believe,.would
act to increase the wage rate of elementary achool
graduatea, relative to the two other educational classes

under consideration.

Z. Griliches, "Education in Production Functions and
Growth Accounting," Educatféfi, Income and Human Capltal,
ed. W.L. Hansen {New York, 1970), PDe 71-115,

His result 1s statistlcally significant. The correlation
for females 1s not statistically different from zero.

For example, an understanding of factor substitution can
help explain the well-known "Leontlef Paradox™ of inter-

national trade.

I eliminate from this review studies which introduce an
"gducational measure" into the production function, and

instead, conslider those studies in which labor of differ-

10
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ent educatlonal levels is included in the productlion
function. |

For example, Hlildebrand and Liu introduce an
educatlonal measure Into the exponent of the Cobb-
Douglas production functiof. to test 1f education
affects labor's share in production. The hypothesis
that education affects all parameters of the production
function 1s tested by Brown and Conrad,

G.Hs Hildebrand and T7.C. Liu, Manufacturing Production
Function in the U.S., 1 (Cornell University Btudies
In Industrial and Labor Relationa, 1965).

M. Brown and A. Conrad, "The Influence of Research and
Education on C.E.S. Production Relations," The Theory

and Empirical Anslysls of Production, ed. M. Brown
NQW YOI‘k, '§ pp. 3 -3 »

Griliches uses an approximation to the input demand
equations as his model to make inferences about patterns

of fector substitution, The model 1s dlscussed in

4. Griliches, "Education in Production Functions and

Growth Accounting.®

The empirical test of the hypothesls that "schooled"
labor is more complementary wlith physical capital than
thie latter factor 1s with "unschooled" labor is in

Z. Grdliches, "Capital-sSkill complementarit%;Review of
Economics and Statistlcs, LI (1969), 465-468{

11
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13

In thls paper, Griliches defines skilled or "schooled"

labor in two ways: (i) all workers who are not laborers,
operators or service workers, and (i1i) using the edu-
cational dlstribution,

S. Bowles, "Aggregation of Labor Inputs in the Economics

of Growth and Planning," Journal of Polltlcal Economy,
LVIII (1970), 68~81.

For example, suppose there are three educational labor
classes - Xy xé and Xﬁ. Assume that all three factors
are perfect substlitutes for each other; that is, the
elasticity of substitution between any pelr of factors
is infinlte, 4lso assume that X3 is three times as pro-
ductive as X;, but only twice as productive as X,, and
that this relationshlip 1s independent of the quantity

of phyeical capltal employed; that 1s,

x3 = 1/3 X
and
33 = 1/2 X,
at all levels of physical capital employed.

Then, from the polnt of view of the peoduction function,
all three factors are ldenticel, except that each factor
represents a different number of units of input.

Now suppose there are two industries, A and B, such

that the educational labor distribution is:

12



Number in Educatlonal Class

Industry Xy X x3
6 8 3
B 3 12 1

Then, under ths assumptions made above, the edu-
cational distribution for each industry oan be described
by an aggregate "educational measure," In terms of xs,
industry A employee 9 units, whlle B employes 8 units,
(Or in terms of Xy, industry A employes 27 units while
industry B employes 24 units,)

Bowles' results suggest that aggregation into an
aggregate "educational measure" is valid. However,
because of the lack of data on physical capltal, Bowles
could not test if the marginal productivity relation-
shlpe are independent of the level of physical capltal
employed. The condition that a subset of factors can
be aggregated if, and only 1f, the marginal rate of
factor substitution between the subset of factors 1s
independent of the remalning factore, 18 glven by the
Leontlief separabllity theorem.
wW. Leontlef, “A Note on the Inter-relationshlp of
Subsets of Independent Variables of a Qontinuous Function

with Continuous Firet Derivatives," Bulletin of American
Mathematical Soclety, (1947), 343-350,

and

13
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15

, "Introduction to a Theory of Internal
Bgruotgre of Relationships," Econometrica (1947),
3 1"37 .

Welch, F., "Education in Production.®

Welch's findinge do not support the conclusion of
Bowles; that 1s, that the elasticity of substitution
between all palrs of educational labor inputs is
sufficlently high so that aggregation lnto an aggregate
“"educational measure" is valiad,

Welch finds that production can be viewed as a
two-stage or nested C.E.S8. productlion procesa. First,
the two lower educational classes combine via the C.E.S.
production function to produce what he calls “conven-
tional labor." Then "conventional labor," college-
educated labor and physeleal capital combine to produce
output. On the other hand, Bowles' findings would
suggest a two-stage or nested production process that
differs from that suggested by Welch. Flrst, all three
educational clasees combine, via the flxed proportion
model, to produce "labor," and then "labor" would
combine with physical capltal to produce output.

S. Bowles, "Towards an Educational Production Function,"
Education, Income and Human Qapital, pp. 11-61,

14



Chapter 2

THE CHANGE IN DEMAND FOR EDUCATIONAL INPUTS

Three explanations are offered for the fallure
of the relative wage rate of college and high school
graduates to elementary school graduates to fall between
1939 and 1958, even though over the same time span, the
relative supply of these factors of production has
increased. In thls Chapter, I consider the effect of
changes in the compoeition of output and non-neutrallty
of technologival change as possible factors in offeetting
the relative rise in the supply of college~ and hilgh
school~educated labor,

I first discuss the observed growth and dis-
tribution of output by sector in the U.S. between 1939
and 1960. After this, I diacusa the observed growth in
the demand for each factor of production over the same

periocd, along with the observed relative factor ratios,

15



and attribute the observed change in factor demand for
each educational labor input to: (1) change in demand due
to technological change; (2) change in demand due to
constant growth of output in all sectors of the economy;
that is, the percentage compoeition of output is unchanged;
and (3) change in demand due to different growth rates of
output between sectors of the economy,

Finally, I look at 17 two-diglt SIC manufac~
turing industries and examine the relationship between
both the change in the capital-average labor ratio and
real output between 1948-50 and 1961-63 with the 1960

educational factor ratios,

(2.,1) Composition and Growth of Output in the U.S.

Economy: 1 - 60

Between 1939 and 1960, real output in 1954
dollars in the U,S. incersesased from $184 billion to $440,.1
billion. In 1950, real output in 1954 dollars was §323.1
billion. The percentage distribution of real output in
the three years 1939, 1950 and 1960 for eight sectors of
the U.S. eoconomy are given in Table l. Ag can be seen in
Table 1, there has not been a drastic shift in the rela-
tive composition of output between 1939 and 1960. Both
the agriculture and government sector showed a continual
decrease over the 2l-year period in the percentage con-

tribution to total output. Manufacturing's share increased

16



Table 1

PERCENTAGE DISTRIBUTION OF REAL CUTPUT
(IN 1954 DOLLARS) IN THE U.S. EQONOMY

BY EIGHT MAJOR SECTORS: 1939, 1950 and 1960

(percent)
Sector 1939
Agrigulture, forestry
and fisheries 7.78
Mining 2.23
Gonstruction J3.16
Manufacturling 25,05
Wholesale and retall trade 16,97
Transportation, communi-
catlions and public
utilities 10.39
Other services 22,66
Government and govern-
ment enterprises 11,75

1330

6425
2.73
4,62
28,66

18.97

8.91

20,95

8491

1960

5416
2,45
4,27
28.52

17.72

10,22

22,63

9.03

Source: S86e the appendlx to this Chapter.

17



between 1939 and 1950, but was approximately the same in
1960 as it was in 1950, The trade sector increased hetween
1939 and 1960, but the share in total output in 1960 fell
from its 1950 level., The share of “other services" remained
the same hetween 1939 and 1960, but fell in 1950, The
ennual compoundsd growth rate of total output between 1939
and 195C was 5,3 percent,, as compared to 3,1 percent
between 1950 and 1960, Sector growth ratee are shown in
Table 2,

(2.2) Observed Demand for Educational lLabor Inputs

No data on the eduocational distributlon is
avallable for the three years 1939, 1950 and 1960 by
sector. However, data 18 available on the occupatlonal
distribution by sector for 1940, 1950 and 1960 from the
Census of Population, I, therefore, use the occupational
distribution as é proxy for the dducational distribution,

The declsion I made wae to combine the nine
occupational classes in the following way: c¢ollege-grad-
uated labor - professionals and managers (excluding farm
managers); high school-educated labor - craftsmen, fore-
men, farm managers, clerical and sales workers; and
elementary school~educated labor - laborers, operators
and servlice workers. The declision 1s based on both the
medlan educational attalnment and wage and salary income

of males in both 1949 and 1959, Teable 3 provides the
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Table 2

ANNUAL GROWTH OF REAL OUTPUT (IN 1954 DOLLARS)
IN THE U,S. ECONOMY FOR EIGHT MAJOR SECTORS

FOR SELECTED PERIODS

1939-50

(percent)
Sector
ALL 53
Agriculture, forestry
and fisherises 3.2
Mining Te2
Construction 8.9
Manufacturing 7.0
¥Wholesale and retaill
trade G4
Transportation, communl-
cations and publie
utilitles 3;8
Other services 4.5
Government and govermn-
ment anuterprises 2.6

19

1939-60

4,2

2.2
4T

5.8
5.0

4.5

4,2
4,2

1950-60

3.l

1.1
2.0

2e3
el

2.5
4.6
3¢9

Je2



Table 3

EDUCATIONAL ATTAINMENT AND WAGE AND BALARY
INCOME BY MAJOR OCCUPATION: 1949 AND 1959

(MALES)
Medien Wageiaﬁd o
Medlan School Yearst Salary Income
Occupation 1949 1959 1949 1959
ALL 9.7 11.1  §3110 #5354
Prof. &
Technical 16,0+ 16,3 4030 6841
Menagers
(non-farm) 12,2 12.5 4327 7208
fam
manegers NA 11.5 2572 3936
Clerical
workers i2,2 12,3 3136 5181
Sales
workers 12,2 12,3 3270 5541
Craftsmen
& foremen 9.5 . 10.5 3378 5727
Operative
workeras 8.9 9.6 2924 4886
Bervice
workers 8.8 9.7 2425 3953
Laborers 8.2 8.7 2366 4016

1 1950 Gensus of Population POE#}, 1B, p. 107.
Censugs of Population PC(2), TA, p. 1l6.
e Based on males who worked 50-52 weeks in the respective years.

1 Census of Population Pcshg 1B, p. 199,
O_Gensus of Popu at TaA, De 356,




relevant data. Non-farm managers are included in the
college-educated class hecause thelr medlan wage and
salary income was above that of professionals 1n both
1949 and 1959, even though medlian educational attalinment
vwas Just above twelve years. Craftsmen mnd foremen are
included in the high school-educated clasa because of
thelr wage and salary income in both years,

The educational distributlion was imputed from
the male-female occupational diatribution by using rela-
tive wage rates. The computed distribution by sector for
each of the three years 1s given in the appendix to this
Chapter. The observations are treated as the demand for
sach educational factor. However, what is really being
observed are equilibrium points which are a result of both
the shifts in supply and demand for each factor, In order
to interpret the obssrvations as changes 1n the demand
for each factor for all sectors, 1t 1a necessary to assume
that each sector acts ag a perfect compstitor in the fac-
tor market, so that the supply curve each sector faces
for each type of labor 1s perfectly elastlc at the pre-
valling relative wage rate. Since the relative wage rate
of the sducational factors has remalned nearly constant,
the shifts observed are then due to changes in demand,

Table 4 shows the growth of demand by sector
for each educational input. The annually compounded

growth in demand for college=educated labor was 3,2 percent
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Table 4

ANNUAL GROWTH IN DEMAND FOR EDUCATIONAL
FACTOR INPUTS BY SECTOR

(percent)
- High Elementary
Sector College 8chool School
All
1940-~-50 3.2% 2.2% 1.09
1940~60 2,0 7 2
1950-60 .7 - .9 - 08
Agriculture, forestry
and flsheries
1940-50 13.2 «240 =25
1940-60 7.5 —203 "3.0
1950-60 2.2 =540 =3.0
Mining
1940=-50 3edt 2.7 =1,0
1940-60 2.8 l.1 =31
1950-60 2.2 - 05 "'3.0
Conatructlon
1940-50 845 Jel 4,3
1940-60 HeT 2.8 2,6
1950560 340 8 9
Manufacturing
1940-50 5.8 Je2 2,8
1940~60 5.3 2.7 1.8
1959-60 447 244 9
‘Wholesale and retail
trade
1940-50 1.7 3.9 3.0
1840-60 i o7 1,2
1950-60 -1.5 -2.0 ""1.6
Transportation, communi.
catlions and public
utllitles
1940-50 39 el 242
1940-60 3.1 1.9 «8
1950-60 2,2 ok =1,5
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Table 4 (concluded)

ANNUAL GROWTH IN DEMAND FOR EDUCATIONAL

FACTOR INPUTS BY SECTOR

(percent)
High

Sector College School
Other serviges

1940-60 1.0 02

1950-60 ~1,0 -2l
Government and
government enterprises

1940-50 2.9 6.2

1940-60 3.1 4,2

1950-60 3.0 2.2

23

Elementary
School

-2,4%
3,0
-3a1



between 1940 and 1950, while only 2.2 and 1.0 percent for
high school- and elementary school-educated lebor over
the same perlod, Growth of total output over approxl-
mately the same period of time was 5.3 percent. Thus, the
demand for each factor grew lesa than the total output.
Simllarly, over the 1l940-1960 and 1950-1960 pericds, the
growth in demand for each educational factor was lese than
the growth in total output. However, in all pericds, the
growth in the demand for college-educated labor was greater
than the demand for the two less-sducated factors, and
always posltive, In the 1950-1960 perlod, there was a
decrease in the demand for both high school- and elemen-
tary school-educated labor. |
The observed relative factor ratlos for the
total economy are shown in Table 5 for each of the three
years. Notice that between 1940 and 1960, more college-
educated labor 1s being employed, rslatlive to the two
leas—educatedllabor inputs. More high school-educated
labor was used, relatlve to elementary school-educated

labor in 1950 and 1960, as compared to 1940,

Table 5

OBSERVED EDUCATIONAL FACTOR RATIOS
IN THE ECONOMY: 1940, 1950 AND 1960

1940 1950 1960
High achool/College 5%35 2430 2,05

Elementary/College 2452 2.02 1,79
High school/Elementary 1.07 1.17 l.14
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Why has there been an increase in the demand for
more-educated labor, relative to less-pducated labor, even
though relative wage rates have remained constant between
educational factora? Such changes in total demsend mey
reflect: (1) increases in the output of the economy as a
whole; (2) different sector growth rates of output; and
(3) technological change.

Technologlcal change may come about as a result
of changes in the price of caplital relative to the price
of the educational factors, The price of capital. relative
to the average price of labor fell in the private domee-
tic economy by about 234 between 1948.50 and 19616341
For each sector, the changs in the relative price of
capital to average labor for the same perliod is given in
Table 6.

Table 6

CHANGE IN THE RELATIVE PRICE OF
CAPITAL TO AVERAGE LABOR: 1961-63

(percent change with 1948-50 = 100)

Change 1n relative price

Bector of capltal to average labor
Farms 88.7%

Mining T35

Construction 49,9
Manufacturing 6Tl
Transportatlon TSe2
Communications 118,.2

Electric and gas, etc, 99,46

Wholesale and retall trade 47.1

Source: J.W. Kendwtéky, "Industry Changes in Nonlabop
Costa," Table 5.
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8ince the educational factor wage ratios were
consatant and the price of capital fell relative to that
of average labor, this limplies that the price of capital
fell relative to the price of all educational inputs,
Some reasons which can be offered for the decresase are:
(1) liberalization of depreclation lawe; (2) increase in
the mlnimum wage; and (3) trade union pressure.
| Thus, the growth in demand ocan be attiributed
to the flrat three reasons stated above. Tables 7-9 show
my eétimates of the decomposltion of the change in demand
for each educational factor for the three periods 1940-50,
1940-60 and 1950-60,

These estimatea are computed under two alter-
native situations. Firat, when the base pericd is used as
the polnt of reference, and second, when the terminal year
is used as the point of reference. Tedhnology 1is defined
as the quantity of educatlonal input employed per unit of
real output. When the reference polnt 1s the Base year,
the technology of that year 1s used; while,the technology
of the terminal year is used when that year ls the refer-
ence polnt. The procedure for obtalning the estimates on
Tables 7-9 are given in the appendix to this Chapter,

From Tables 7-9, it can be seen that changes
due to technologlcal change, when either the inltial year
or base year is used as the reference point, shows that

such changes have resulted ln a decrease in the demand for
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Teble 7

DECOMPOSITION OF THE CHANGE IN OBSERVED DEMAND
FOR EACH EDUCATIONAL INPUT: 1940-50

Re ference Total
Year Change
College
1940 2 322 806
1950 2 322 806
High
School
1940 3 976 921
1950 3 976 921
Elementary
1940 1 616 785
1950 1 616 785

Due to

Technological

Change

8 027 755
4 504 798

~-10 667 902
- 5 962 723

27

Due to Due to
Constant Changing
Growth in Composition
All Sectorse of Output

4 654 824 219 420

3 629 505 51 339

12 120 644 -115 968

8 719 522 ~237 803

11 712 234 572 453

7 210 378 369 130



Table 8

DECOMPOSITION OF THE CHANGE IN OBSERVED DEMAND
FOR EACH EDUCATIONAL INPUT: 1940-60

Reference Total
Year Change
College
1940 2 920 K73
1960 2 920 573
High
School
1940 2 560 484
1960 2 560 484
Elementary
1940 758 042
1960 758 042

Due to

Technological

Change

- 6 051 721
- 2 464 272

-16 981 629
- 8 114 155

-20 915 731
- 8 833 902

28

Due to Due to
Constant Changing
Growth in Compositlon
4ll Segtors of Output

8 s82 139 390 155

5 151 874 232 971
22 346 936 -2 B804 823
11 082 034 - 377 395
21 593 947 79 826

9 293 371 299 573



Table O

DECOMPOSITION OF THE CHANGE IN OBSERVED DEMAND

FOR EACH EDUCATIONAL INPUT: 1950-60

Re ference Total

Yoear Change
College
1950 597 T6T
1960 597 T6T
High
School
1950 -1 416 437
1960 «1 416 437
Elementary
1950 - 858 743
1960 - 858 743

Due to

Due to

Due to Constant Changing
Technologleal Growth in Qomposition
Change All Sectors of Output
-2 643 442 3 072 705 168 504

-1 875 161 2 393 897 79 031

-7 697 670 T 251 133 -969 900

~5 922 668 5 107 128 =600 897

-6 739 266 6 200 943 «-320 420

=4 978 723 4 398 646 -278 666
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each educatlional factor. However, each educatlonal factor
was not arffected to the same extent. Table 10 shows what
the factor ratios would have been in 1940 had the tech-
nology of 1950 and 1960 prevalled., Under both techno-
logical states, the ratio of non-college- L0 college~-
educated labor would have been less than the ratio that
was observed in 1940 with that state of technology. Thus,
college-educeted labor employed would have increased,,
relative to the two less-educated inputs, even though
technologlical change decreased the demand for all factors,
Uslng the 1960 technology, the decrease in all factors was
larger than with the 1950 technology. Again, however,

the impact of technologlcal change decreased the number of
high school- and elementary school-educated labor employed,
relative to college~educated labor, as can be seen by
comparing the 1940 factor ratlos, if the technology of
1950 or 1960 existed in 1940, Table 10 also shows that had
the technology 1n 1960 existed in 1950, the demand for
college-educated labor would have decreased less than that
of the two less-educated inputs.

Tables T-9 show that sector differences in the
rate or'growth of real output has resulted in an incresase
in the demand for college-educated labor, That is, the
changing compogition of cutput lncreased thq,demand for
that factor. On the other hand, between 1940-1950 and
1940-1960, elementary school-educated labor also increased,
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Table 10

ESTIMATED EDUCATIONAL FACTOR RATIOS IN 1940 AND 1950
HOLDING TECHNOLOGY GONSTIANT

Ratio Ratio Ratilo
Observed in 1940 in 1940 in 1950
ratlo with 1950 with 1960 with 1960

in 1940 Technology  Technology  Technology

High School/

College 2.60 2.40 2.14 2.13

Elementary/

0011088 2.52 1,99 1.80 1.84

High School/

Elementary 1,07 1,21 1.19 1.16
Table 11

ESTIMATED EBDUCATIONAL FACTOR RATIOS IN 1950 AND 1960
DUE TO THE CHANGING COMPOSITION OF OUTPUT

Ratio in 1950 Ratlio in 1960 Ratio in 1960

with 1940 with 1940 with 1950
Technology Technology Technology
High School/
College 2.54 2435 2.24
Elementary/
College 2.52 2.45 1.96
High School/
Elementary 1.01 0.96 l.14
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due to the changing composition of output. There was,
however, a decrease 1ln the demand for elementary school-
educated labor between 1950 and 1960, In all the perlods
considered, the demand for high school-educated labor
decreased, due to the changing composltlon of output.
Table 11 shows what the factop ratios would have been 1if
the technology of 1940 prevalled and the output of each
sector in 1950 and 1960 wae unchanged. The estimated
factor ratios for 1950 and 1960 are due to the change in
the composition of output. In 1950, the ratlo of elemen-
tary- to college-educated labor would have been unchanged
from its 1940 level, Thus, between 1940 and 1950, the
increase in demand for both of these factors, due to the
changling compositlion of output, left the ratlo unchanged.
On the other hand, between 1940 and 1960, the demand for
college~educated labor increased. relatlve to elementary
aohool-éducated labor, so that the ratio fell. The remain-
ing ratios simply reflect the fact that the demand for
college-educated labor increased, due to the changilng
composition of output relative to the two less-educated

labor inputs,

(243) A Preliminary View of the Demand for Education

in U.S8. Manufacturing

Of primary concern of this study is the use of

educational factors in U.8. manufacturing. Here, I take a
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prelinminary look at the firast two hypotheses stated in
Chapter 1 by examining the relatlonship between the change
in selected variables between the late 40's and early

60's and the educational distribution in 1960.

Table 12 shows the educational factor ratlos in
1960 for 17 two-digit SIC manufacturing industries. For
the same ilndustries, Table 13 shows the change in the
following four variables between the periods 1948-50 and
1961-63, using the former period as the base year:

(1) relative capital input; (2) relative price of capltal;
{(3) relative capital share; and (<) real output,

The change in the relstive use of capital 1s
significantly related to the change in the average price
of capital. The :Ppearman rank correlation is -.665.2
That 1s, the greater the decrease in the price of capltal
relatlve to the average labor compensation, the greater
the quantity of capital used per unit of labor,

For those industries in which the capital per
unit of average labor lnareased the most, the greater
were the number of high achool- and elementary school-
educated labor employed relatlve to college~educated
labor in 1960.3 This observation lends some preliminary
support to the hypothesls that increases in the quantlity
of capital utilized sppears to be assoclated with those
industries in which more non-college-educated labor 1s

4
employed. relative to college-educated labor. On the
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Table 12

EDUCATIONAL FACTOR RATIOS IN 1960 FOR
17 TWO-DIGIT SIC MANUFACTURING INDUSTRIES

Indust Hi School Elementa Elementary
(SIC Code) coglege College High School

Food and kindred

prod. (20) 521 3.89 «T5
Tobacco (21) 5.81 6,46 1.11
Textlle mill

Apparel (23) 8.19 T.72 e 94
Furniture and

fixtures (25) 6.49 6.48 1,00
Paper and allled

Printing and

publishing (27) 3.25 1.41 43
Chemical and allied

prod. (28) 1,89 1,00 53
Rubber and misc,

plastica (30) 4,20 2.51 60
Leather (31) 9.96 10.12 1,02
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Table 12 (Concluded)

EDUCATIONAL FACTOR RATIOS IN 1960 FOR
17 TWO-DIGIT SIC MANUFACTURING INDUSTRIES

Indust High Bchool Elesmenta Elementa
(SIC Gode) ca?Tege Gollege High School

Stone, c¢lay and

glass prod, (32) 4.60 397 86
Primary metal

ind. (33) 501 4.08 «81
Fabricated metal

prod. (34) 360 2416 060
Machinery, exc.

elec. (35} 3,90 2,04 52
Electrical

machinery (36) 2.83 1,11 39
Transportation

equlpment, exc.

motor vehlcles

(37-371) 2,70 1.23 o 46
Motor vehlcles and

equlp. (371) 5.24 3.44 «66

NOTE: The 1960 educational dlstribution is taken from the
1960 Census of Population. The distrlibution includes
eight cliassifications for both sexes, The distribution
is combined into three groups: elementary, hlgh school
and college male graduates by using the relative
average hourly wage with the average hourly wage of
male gradustes as the group representative. The
average hourly wage in 1960 1s obtained from:

V.R. Fuche, Differentisls in Hourl Earn%ggs by
0

Region and Cit z0 » Occasional Paper 1,
Na%IonaI Bureau of Eoonom?c Research {(1967).
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Table 13

RELATIVE CAPITAL INPUT, RELATIVE PRICE OF CAPITAL,
CAPITAL SHARE OF INCOME AND RELATIVE CHANGE IN REAL
PRODUCT FOR 17 TWO-DIGIT SIC MANUFACTURING
INDUSTRIES, 1961-63

(index number 1948-50 = 100)

Relative Capital Relative

Relatlve price share change
Industry capital of of in real
(81C)Code) input capltal income product
Food and kindred
prod. (20) 12306 T2.2 8902 8500
®obacco (21) 120,0 99 .4 119.3 Ok o4
Textile mill
prod. (22) 149.3 5242 779 7549
Apparel (23) 122,.6 80,2 08.3 85.1
Rurniture and
fixtures (2%5) 112,2 80,9 91.3 8l.3
Paper and allied
prod. (26) 129.5 64.1 83.0 104,.8
Printing and
publishing (27) 119.5 8546 99,9 91.4
Chemlcal and
Rubber and miso,
plastiecs (30) 117.3 104,9 123,0 110.0
Leather (31) 147.0 61.3 90.1 60.9
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Table 13 {Concluded)

RELATIVE CAPITAL INFUT, RELATIVE PRICE OF CAPITAL,
CAPITAL SHARE OF INCOME AND RELATIVE CHANGE IN REAL
PRODUCT FOR 17 TWO-DIGIT SIC MANUFACTURING
INDUSTRIES, 1961-63

{index number 1948-50 = 100)

Relative GajpAtake Relative

Relative price share change
Industry caplital of of in real
(SIC Code) input capital income product,
8tone, clay,
and glass
pr0do (32) 15008 67.2 101.3 9206
Primary metal
ind. (33) 143.4 595 8543 66.5
Febricated
metal prod. (34) 142,5 56,1 799 99,2
Hachinery, @XC,
eleotrical (35) 131.7 6948 91.9 9244
Electrical
machinery (36) 108.4 6909 75.8 161.9
Transportation
equipment exc.
motor vehicles '
(37-371) 82.7 125.5 103.8 194.7
Motor vehicles
and equip. (371) 147.7 6446 95-4 104,.,6

NOTE: 8ource: J.W. Kendrick, Y“Industry Changes in Non-labor

Coste,® The Industrial Composition of Income
and Product, ed. J.W. Kendrick (New York,

igss,’ PPe 151-176.
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other hand, there is no statistiocally signiflcant relatlion-
ship befween the chaﬁse in capital's relative shars and
the educational factor ratlos in 1960.5

As for the relationship between the growth of
output between the two periods under consideration and the
educational factor ratios in 1960, the faster-growing
industries, as measured by real output, are those indus-
tries in which more college-educated labor is employeq.

relative to non-college-educated 1&bor.6

This appears to
support the changing composition of output hypothesls for
U.S. manufacturing.,

Ae stated in Chapter 1, it may be difficult to
separate the effect of the changing compositioncof output
and the non-neutrality of technology, if the two varlables
are signifiocantly related, That 1ls, 1f the most rapldly
growing industries are also those industries which have a
rapldly changing technology, then distingulshing between
the two hypotheses 1s made dlfflcult. However, from the
data in Table 1%, there 18 no significant statistleal
relatlonship between the growth of real output and the
change in the relative share of capltal employed relative

to 1abor.7

For the U.S. economy betwesn 1940 and 1960, the

changing demand for sach educational factor is decomposed
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into changes due to : (1) changes in output when the
composition of output is held constant; (2) changes in
output when the composition of output changes; and

(3) technological change.,

The results 1mply that technological change
resulted in a decrease 1in all educational factors of
production. This finding does not lend support to the
hypothesis that changing technology increased the demand
for more-educated labor, and hence, prevented the relative
wage rate of such factors from falling relative to that of
less~-educated labor,

It was also found, however, that technologlcal
change had a greater effect on decreasing the demand for
leas-educated labor inputs relatlive {0 college~educated
labor,

7 On the other hand, the findings support the
hypothesis that the changing compositlon of output has
increased the relative demand for college-educated labor.
For all the time periods consldered, the demand for
college labor increased while the demand for high school~
educated labor decreased. Between 1940 and 1950, the
demand for elementary school labor lncreased at the same
rate as college-educated labor; however, between 1950 and
1960, the demand for thls factor decreased as a result
of the changing composltion of output,

Focusing on U.S. manufacturing, data on changes

in the capital-average labor ratio between 1948-50 and
39



1961~63, and the educational {actor ratios in 1960,
support the hypothesis.ﬁhéﬁ the non-neutrality of cepltal
may Increase the demand for non-college-educated labor
relative to more college-educated, This findlng appears
t0 be contrary to what I obaserve for the total U.S3.
economy «

The data for U.S5. manufacturing, however, supports
the hypothesis that the changing composition of output may
have increased the relative demand for college labor,

This hypothesis i1s also supported for the total economy.

In Chapter 4, I concentrate on the question of
the non-neutrality in production in U.S. manufacturing by
examining patterns of factor substitution between physical
capltal and each of the educational labor lnputse., Before
such patterns are estimated, I first discuss alternatlve
definitions of the elasticity of substitution and discuss
possible productlion functions for estlmating these patterns,
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Footnotes to Chapter 2

Sees J.W. Kendrick, "Industry Changes in Nonlabor Costs,"
The Industrial Composition of Income and Product, ed.
J.W. Kendriock (New York, 1968), PPe L50-184,

The standard error is .25 and the t-value 18 ~-6.66. At
the 10 percent level of slgnificance, the computed

t~value 18 significant. All of the statements made 1in

this ssction are based on the Spearman rank correlation,

The Spearman rank correlation 1s .488 between the change
in the relative quantity of capital employed and the
ratio of high school- to college-educated labor employed;
while the rank correlation 18 .528 for the ratio of
elementary- to college~-educeted labor, At the 10 percent
level of signiflcance, both rank correlations are

statistically eignlficant.

Between the change in relative oapitaluémployed and the
ratio of elementary to high school graduates employed,
the rank correlation i1s ,553 and statlsetlcally signifl-
cant. This 1mblies that industries in which capltal per
unit of average labor 1lszgrowlng the fastest, more
elementary school Sraduates are employed relative to

high school graduates.

The Spearman rank correlation between the change in the

relative share of capital and the educational factor
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ratioe in 1960 are ,029 for the ratio of high school-
to college~aducated labor, =,100 for the ratio of
elemenﬁary- to college-~educated labor and -,024 for the
ratio of elementary- 10 high school-educated labor,

All the rank correlations are not significantly differ-

ent from zero,

The Spearman rank correlations are respectively -.882,
-.T28 and -.647 between the change in real output and
the following educational ratios in 1960 - high school/
college, elementary school/ college and elementary
school/ high school, All correlations are statistically
slgnificant at the 10 percent level,

Between the change in the relatlive share of capital and
the growth of real output, the Spearman rank correla-
tion 18 .223% and ~.393 between ths change in the relatlve
quantity of capital employed and the growth of real
output. Both rank correlations are notf statistlcally

dl fferent from zero at the 10 percent level,



Chapter 3

ESTIMATING PATTERNS OF FACTOR SUBSTITUTION

Economists interested in e¢stimating patterns of
subétitution in production processes which employ more
than two factor inputs encounter two significant problems
at the very outset of their work. Firet, in a multl-input
proguction process with more than two factor inputs, there
is no "standard" or "traditional" definition of the elas-
ticity of substitition (ES) between a palr of factor in-
puts as there 1s in a two factor input world. Instead,
there are several alternative definitlons of the ES whlch
incorporate different ceterius paribus condltlons,

Once a definition of the ES 18 accepted, the
second problem 18 to select a productlion function whose
derived equations permit the estimation of the deslred
measure, yet does not restrict patterns of substlitution

a priorl,
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Here, I dlscuss alternatlive definitlons of the
ES in a four factor input world. The dlscussion can be
generalized into any number of factor lnputs, After each
reasure 1s dlscusssed, I present a production function
which holds each measure constant, and I dimcuse the
restrictions placed upon the patternms of substitution for
each production function, Flnally, I dlscuss an alterna-
tive procedure for analyzing patterns of aubstitution,
Thls procedure does not assume an a priorl production
funcetion, Instesd, it utllizes an approximation to the
demand qquation for each faoctor input, in order to make
inferencee about patterns of substitution, and is later

used to make such inferences,

(3.1) Elasticity of Substitution with Four Factors of

Production: One~Factor-One-Price and Two-Factor-

Two-Price Measures

The ES, according to Hicks, 1ls a measure of the
ease with which one factor can be substituted for snother
along a given iaoquant, With only two factors in the
production procesas, no problems arise for the definitions
of this measura., However, once we admlit more than itwo
factors, no unique deflnition of the ES exists,

The most commonly used definlition 1s the Allen
partial Es.1 The interpretation of the Allen partlal ES
is that 1t 18 the elasticity of factor 1 with réspect to
total cost, for a change in the price of factor J while
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holding output and all other factor prices constant,., For
this reason, the Allen partial ES is known as & one-factor-
one~-price measure of the ES. The Allen partial ES csasn also
be interpreted as the cross demand elastlicity between
factors 1 and ), normalized by the relative change in

total cost. This definltlon reduces to the standard two-
factor ES measure when there are only two factors,

Another approach 18 to apply the standard mease
ure of the two factor input ES to each palr of factors,
while holding all other factor inputs constant. Thie
definition 18 known as the direct partial ES.2 In the
Allen partlal ES definition, all other levels of factor
inputs were not held constant. Since the direct partial
ES measure invalves the change in two factor inputs with
respect to a change in thelr relatlive prices, the direct
partial ES 1s known as a two-factor-two-price measure of
the ES.

The direct partlal ES is also subject to aimplg
economlc interpretation. It tells us how the relative
factor shares of a palr of factors in total cost change
when we change thelr relative prices, holding all other
factor levels and output constant.

If we combine elements of both the Allen partial
ES and direct partial E3, we obtaln the shadow partial ES,
In this case, we apply the standard two factor input ES
measure to each palr of factors, permitting the level of
the remaining input factors to vary, but holding the
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other factor prices and the total cost fixed.3 The
shadow partial ES 1s, thus, also known as a two-factor-
two-price ES measure.

Denoting factor inputsby Xi and its respectlve
Price by wi, output by Q and total variable cost by G,
we can summarize the above measures of the ES and the

ceberiue paribus relationshlp involved in each measure as:

One-factor-one-price measure:

Allen partial -

B log xi

i"

for all ki‘ Je

[
s

W =
a16g "} W, =

Two-factor~two-price measure:

Direct partial -

)105 1
X, Q = Q

Dlog L/ Wk: .ik for all k# 1 or J.
W,
J X = X for all k £ 1 or J.

Shadow partlal -

3103 ‘xi
X, Q

u
Fa}!

a
mq#:ll

for all k# iorj.



(3.2) Production Functions with Constant One-Factor-One

Price EE8 and Two-Factor-Two-Price KS

In attempting to analyze patterns of substitution
in a production process with two or more factors of pro-
duoction, one aeeks a production function which has derived
functional forms which include the relevant parameters
snd that can be estimated by means of econometrlic tech-
niques avallable. Thls was generally done by imposling the
constancy of elther the one-factor-one-price or two-factor-
two-price ES measure. In the cese of a production process
with only two factors, a linear homogeneous production
function, with the constancy of both measures imposed, 1s

given by the welk-known SMAC-CES production r‘unction:4

Q= (Mg K%+ 4 X1 )%‘

where the ES equals 1/(l-a) and is the same for all measures
of the ES.

Using the Allen partial ES, Uzawa has generallzed
the CES production function to multi-factor inputs and
has shown that 1f such elasticitles are to remaln constant,
no further generallizations are poaaible.5 The -natural

extenslon of the CES to four factors 1s glven by
H /o
1 a=l%a x°]

For this case, all six palrs of Allen partial ES are
conatant and equal to the common value 1/(1-3).6 Slight
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flaxibllity is added 1f we partition the factors into

dil fferent groups. In such a case, Uzawa has shown that

(1) the Allen partiel ES 1s unity for all palrs of factors
in different groups; (11) the Allen partial ES for any
pair of factors in the same group 1s constant and equal to
a common value; and (11i) the common group ES8 value does
not have to be equal across groups,

Working with the two-factor-two-price ES measure -
that is, the direct partial ES and shadow partlal ES -
Mc¥adden has also shown restrictions on the generalized
CES. In the case of the natural extensalon of the CES,
given by (1), the reatriction is identical to that imposed
by the Allen partlal ES - that 1s, all slx possible pairs
of EB are constant and equal to the common value 1/(l-a).
However, the sltuation 18 more restricted when factors
are partitioned than in the case using the Allen partisl
ES. For the dlrect partiel EE, McFadden has shown that
when factors are partitioned into groups: (i) the ES
between factors in the same group is unity; (1i) the ES
between factors in different groupe is constant and equal
to some common value; and (11ii) this common value is the
same between all factors in differsnt groups. Thus, when
using the partitloned version of the CES, 1f we use the
direct partial or shadow partial ES, only two values can
be taken for the ES ~ unlity and some common value,

Hence, production functions with conastant one-
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factor-one-price and two=-factor-two-price ES measure are
too restrictive for studyling theoretleal patterns of
substitution between more than two factors of production.
Another limlitation is alsoc present. If complementarity
between factors does exist - that 1s, the ES 18 negative =
such a case 18 not permitted 1ln the CES framework by the
restrictions imposed upon the parameters by cost mini-

mization.

(3¢3) Elasticlty of Substitution with Four Factors of

Production: Two-Factor-One-Price Case

Working within the Allen partial ES framework,
one can generate measures of the ES by asking what hap-
pPens to the ratio of the ES between two factors, 1 and Jj,
when the price of a thlird factor changes while all other
factor prices and output are held constant. Or one cah
ask what happensa to the relative quantity of factors of
1 and J employed when the price of factor k changes, with
all other factor prices and output held conatant.7 This
18 why this ES 1s called a two-factor-one-price measure.

In the former case, the two-factor-one-price
elastlcity 18 the ratlo of the Allen partial ES between
factors 1 and k and factors ) and k - that is, 6‘1&/ 63’& .
The letter case results 1n just the difference of the
dllen partial ES - that 1is, Csf:'-CSEQ .

The advantage of the two-factor-one-price

measure over the other measures dlscussed i1s that the
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former measure ylelds production functions with constancy
of such measures that are less restrictive and useful in
studylng patterns of substlitutlon than production functions
with oconstancy of the latter measure. It 18 to such

functions that I now turn.8

(3.4) Production Functions with Constant Two-Factor-One-

Price ES Measures

(3.4.1) The Constant Ratlo of ES Came (CRES)

Production functions with constant ratios of
ES have been used in studlies ap early as 1963, Such
functions have been called the “"Muker)i' function and

wrltten as:g

Yy V.
(3) ez [ 2 a, xﬁq A

The problem with (3) 1s that it 1is not homogene-
oua nor homothetlec, and hence, the ES will_vary with the
factor bundle used and with the level of duﬁﬁut. Another
property of (3), a8 Hanoch has shown, is that for given
Tactor prices, the expansion path may be curved in an
undesirable way.lo'll
Hanoch, however, has shown that (3) can be

written as & linear homogeneous function implicitly 39:12

Q.
9 (D= g’. a [x;l -1z 0
t=1 —— e
Q (X 18 a vector
' of inputs)
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The derived equation under competlitive cost minimization

are obtained from the Lagranglan:

(5 1= t% AT QE%LM [?_TL - 1]

Denoting logarithms by the minor letter of the respectlve
variables, the first-order condltlions for competitive cost

minimlzation a.re:13
X, T by (;\ - W, -8 4+ o03) 1=1,2,3,4
where b1= 1/(1 - a.i): log ml': ‘3 14 end; log\ﬂ{.Q;,l: Gy .

The Allen partial ES for (4) can be shown tc¢ bel®

st} = g :
Jz_‘s ‘)KSK if 1=}
and A h'a b‘
62‘(. L L

Tt .
where 8 is the share of the kth factor in total costi; l.e,
®x - wk %

{-‘-‘-"1 X

A
Thus, We observe that €| has a common factor
1/(§ beSw) for all ¢,3 (1 # J).16 If we are now interested
in comparing the Allen partial ES between, say, Xy and xJ »
with the ES between .}'::l and )gn, 1t is necessary only to
compare the magnltudes of bJ and bm. That is, to test if

A > A
5§.m26'--

&
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we are equlvalently testing whether

Se, b < By b
2 P P < z‘ikk

but since Hanoch shows that the denominator must be

posltive, the test reduces to 1f

>
bm < bJ

(4) has many weil-known production functions as
spaclal cases., Ior example, 1f all ajare equal, we have
the generalized CEB given by (1), If all &, equal unity
(or equivalently b,= - ) then we have the case of
perfect substitution. If all a, equal ~60 {or by = 0), then
we have the Leontlef fixed-proportion production function;
while, if all 8, equal zero (or by = 1), we have the
Cobb~Douglas Case.

Although the CRESH productlon function does
permit more flexibility than the previous multi-factor
Input functions discussed in this Chapter, 1t does have
one fault: estimates of the elasticlty of substlitution
vary depending upon the procedure used to estimate the
function. Buggested estimation procedures are discussed
in the Appendix to this Study. An 1lliustratlion of the
variation of the elasticity of substitution for alternsa-
tive estimating procedures 1a also glven in the Appendlx,
For this reason, The CRESH functlon 1lsa not used in the
study.
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{3.4.2) The Constant D1fference of ES Case (CDE)

Attempts have been made to estimate parameters
of the production functlon by using the duallty relation-
ghip between production functions and cost functlons,
Nerlove, for example, in his study of the electricity
Bupply, used this approach.17 By using the duality
relationship, economlsts can obtaln two production func-
tions for the price of one, both satlsfying the same
requirements but with 4l fferent properties.]'8 Hanoch has
shown that the unlque dual of the CRESH production function
is a cost functlon with constant differences of Allen

partial EB.19

(3.5) A Model Without An A Priori Production Function

It 18 possible to make Anfsrences about patterns
of factor substitutlon without assuming an a priori
production functlon, Since the ES 1ls a second-order
parameter, the demand equation for each factor provides a
starting point, Here, I use a model suggested by Griliohea.ao
He suggests that 1f inputs are deflned per unit of output
and constant returns to scale are assumed, then we can

approximate the demand function for inputs by:al'22

(6) 108 Q__: ai o} 3% e 1.1 106 WJ 1= 1,000,4

vhers e'ij is the partiasl demand elasticlty between

factors 1 and ] and 8y i1s a constant.
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¥or the Allen partial we know that e“: 5‘16‘1

and can, therefore, write (6) as

(7) 1log 'Qx!" = a, + :%1 336‘” log WJ 12 1l,eeeyd

Subtracting the demand equatlon for input k
from the demand equation for input 1, we have

(8) 10g % = (s, - aknéius-“ -6 ) 7y Log W,

The slgn of the coefficlent of aj log WJ then
tells us 1if

v

615 " Sy < °

It 18 model (8) that I use in the next Chapter

t¢0 make inferences about patterns of substitution.
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Footnotes to Chapter 3

The Allen partial ES was first developed in:

R.G.D. Allen and J.R. Hicks, "4 Reconsldersation of the
Theory of Value, II," Economica (1934), 196-219,

In this article, the authores use the terminology
"elasticlty of complementarity," (pp. 202-206}. Allen
developed the conecept further in:
R.G.D. Allen, Mathematicel Analysls for Economisgts
(New York, 1938}, pp. 503-505, For any linear homogene-
oug production function
PN

Q = F (X)
where Q 1s output
and ¥ 18 the input vector with elements X, (1 = 1,2,3,4),
the Allen partial ES between any palr of factors X, and

1

xJ ia given by

A _Q F
% fxmyY

where

F 18 the determinant of the bordered Hessian
0 128 %, Fy Fy
oo P A3 R
Faa  Fa2 Faz Py
Fy Ty Fyp Fy5  Fyy
Fy Fpn Ty  Fyy Ty

iij is the cofactor of Fij and Fi and Fij denote the

first and second partial derivatives,
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e This measure was first used in:
Allen and Hicks, pp. 211-214, The terminclogy used was
the “elasticity of substitution between Y and Z in the
Yz indifference direction." The concept was further
applied to production theory'in:

D. McFadden, "Further Results on C.E.S. Production
Function," Review of Economic Studies, XXX (1963), T3-83.

The direct partial ES ls defined by

(% Fy + X, Fy) By T
-Fy F°+ 2Ry F Fy-Fy K

This definition holds regardlese of any assumption about
the returns to scale parameter. When F is homogensous

of any degree, the measure depends on factor proportlons,

The Shadow partlial ES was first defined and applled to

production theory in:

D. McFadden, pp. T6=T7.

“ K.J. arrow, H.B. Chenery, B.S. Minhss and R.M. Solow,
“"Capital-Labor Bubstitution and Economic Efficlency.

Review of Economics and Stsatistics, XLIII (1961},
Eé 5"‘E 500

H. Uzawa, "Production Functions with Constent Elasticity
of Subatitution," Revliew of Economic Studies, XXIX
(1962), 291-299.

The three speclal cases of the CES exlst when a equals
either unity, zero or infinity. In such lnstances, we
have a production function with perfect subetitution
between factors . the Cobb-Douglas and Leontief pro-
duction functions respeggively.



7

10

11

The latter measure was first suggested in:

Y. Mundlak, “"Elasticltles of Substitution and the Theory
of Derived Demand," Review of Economic Studles, XXXIV
(1968), 225-236.

Another advantage of the two«factor-one-price measure
over the two-factor-two-prlice measure 1s that the latter
measure depends upon the relative magnitude of the prices
which are being changed, and restrictions must be placed
on such changes. Since such restrictions can be arbi-
trary, the result will be different measures for the
two-factor-two-price measure. What one is really doing
in the one-price measure ie changing relative factor
pricee by just changlng one factor price; thus, no
restrictions need be placed. {(See Mundlak, pp. 229-230),
V. Mukerji, “Generallized SMAC Function with Constant

Ratlos of Elasticitlies of Substitution,” Review of
Egonomic Studies, XXX (1963), 233-236.

G. Hanoch, "'CRESH' Production Functions," Dilscussion
Paper No. 84; Harvard Institute for Economiec Research,
(Cambridge, Mass.: August, 1969), Appendix A.

Here it 18 shown that 1f any a1:> 1, then all other Xi
(J#1) will be inferior. That is, with all factor prices
given as output increases, the quantity of factor xi

(3# 1) will decrease.

Gorman has shown that if the ratio of the Allen partial
ES were to remaln constant, no further generallzation
could be made.
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13
14
15

16

W.M. Gorman, "Production Functions in Which the
Elasticities of Substitution Btand in Flxed Proportion
to Each Other," Review of Economic Studles, XXXII
(1965), 217-224,

@. Hanoch, "“'CRESH' Production Functions," I refer to
(4) as the CRESH Punction as Hanoch does. I have
restricted myself to the llnear homogeneous case., The
general CRESH productlon function is inmplicitly given
by 2 a

. b
%') ¢ (Q,%) = é‘la"["%@] -1 o
where h(Q) is a linear function of the input vector.
Ifth (Q) = Q?Au, then (4') 18 homogeneous of degree u.

When u = 1, we have the constant returns to scale c¢ase,

G. Hanoch, "'CRESH' Production Functions," p. 4,

—

Note thht 13 is & function of factor prices and output.
@. Hanoch, "'CRESH' Production Functions," pp. 4=5.

1T we applied the direct partial ES, we would obtain

>, _Piby

3 (8y by + 8, bj) /(g + 8y )
Thus, the GE& do not vary proportionately with some

common factor, and constant ratios do not hold. (SEE:

G. Hanoch, "“'CRESH' Production Functions," p. 12.)
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17

18

19

20

21

M. Nerlove, "Returns to Scale in Electricity Supply,"
Measurement in Economics: Studles in Mathematical
Economics and hLoonometrics in Memory of Yehude Grunfeld,
ed., C. Chriet (Stanford, 1963).

For a discusslon of duality and the conditions for
duality, SEE:
G. Hanoch, "Generation of New Production Functions

Through Duality," Discussion No. 118, Harvard Institute
for Economlc Research, (Cambridge, Mass.; April, 1970),.

G. Hanoch, "Production with Constant Two-Factors-One-
Price Elasticities of Substitution," Discussion Paper
No. 117, Hervard Instlitute @for Economlc Research,
{Cambridge, Masa.; April, 1970).

Ze Griliches, "Education in Production Functions and
Growth Accounting,"

Here 18 the proof of equation (6):

The demand for any factor, x&, 1s a function of all

factor prices, WJ (3 = l,e0e,nt) and the level of output,
Qs That 18,

x’- = I'(Wl, sas ,ﬁn, Q)

Taking the total Al fferentlal of the above functlon,

we have
da = T ) )
% = % d 54
Wyt — qQ
§Sﬁ 17 3¢
Dividing both sides by xi, we have : .

dx, _ ¢ 3% dw x  de
%“3.._15*'5 Rt Ity
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which can also be expressed as

n
dn |, Som vndw am 3 de
xS 0w % W, e X Q
but.
LE th
— = = e cross demand elasticlity
I¥y X
- & i}
and
QEEL E_ =~ the percentage change 1n X, employed
a Q Xi when output increases by 1 percent.

When the production functlion is linesarly homogeneous,
this last value l1ls 1, Substitutlion into the equatlion of
the total differential, we have:

n
X, T 3= Wy Q

Holding the €ysconstant and integrating each side of

the above oquation, we have

In X, = 2 €,y 1n W, 4 1n Q% 8

=1

or

In X - Ln Q= _.aeijl‘n".i* ay

where &4 is a conatant of integration,
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When we attempt to estimate the ES, we are theoretloally
interested in movements along an isoquant. However, in
cross sectlonal (or time series) data, we are generally
given information in which production takes place at
different levels of output. In such & case, we may not
be measuring the theoretical ES. In order to avold the
above situation, the assumption that the production
function 1s homogeneous or homothetlc is substituted
for the obviously unwarranted assumption that all firms
in the industry are producing at the same level of
output.

This can be exemplified geometrlicelly. Let us
assume that we know the world perfectly and that there
are two factor inputs, xi and X,, needed to produce
an output Q measured in physlcal unite, Buppose we have
two observatlions on two firms in the industry producing
Qs (See Dlagram 1), Both firms are producing at output
level @ and are in equilibrium at e, and e, respec-
tively, given the relative factor prices Eg ) and
Y2 ed in
W1
measuring 1s:

.- &), | &) - &

- e -—

"'(fe.) . (fe_) ‘ (."f?. . (ze.)
Xi o xi 1 w1 o "1 1
a

-

Lé1
) they face., Then the ES we are interes
1l
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We would expect that as we move from e, to °1 -
that 1s, as she wage of xl falls relative to that of
xb - the ratio of x2 will decrease., Now what would

happen 1f one of the firms were producing at a higher
level of output, aay~5', and in eaddition, the pro-
duction function is not homogeneous, Then, as wlll be
1llustrated, we will not only not be measuring the ES,
but the estimate obtained may have a slgn which 1s not
expected a priori. To ses this, assume the conditiona
as specified by Diasgram 2, Then we would observe that
the "messured” ES implies that as the wage rate of X
falls relative to that of x2. the quantity of X; will
decrease relative to X,., However, this 1s not the
“true" measure we are interested in,

If the production function 1s agssumed t0 He homo-
geneous (or homothetic), we can then observe what
happens from Diagram 3, We know from the property of
homogeneous production functlions that 1f one firm is
producing at Q', the factor ratio at Q' will be the

same as if equilibrium had occurred at ﬁ,lwith the
given relatlive wage rate of(wfe)

W, /1+ Thus, the homo-
genelity amssumption is important in empirical work
because it permits the investigator to measure the ES
when all férms are not producing at the same lsvel
of output,

1ot us now drop the assumption that data on output
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1s given in physical units, and now assume data 18
gilven in dollar value, Assume that the two firms sell
their output at different prices, The homogenelty of
the production function then assures us that the
megsurement of the ES8 will not be effected by errors
in measurement of output, due to different aelling
prices of the two firms. For example, using Diagram 3,
i1f both firms produce the same number of phyalcal
units, but one firm sells 1lts output at p dellars per
unit, while the other firm sells the output at p+o
dollars per unit (¢ >0), then the two observed output
levels in dollar value would be Q and Q'. But the
homogeneity assumption assures us that oue measurement
of the E8 will not be effected, as we discussed before.
Thus, the homogenelty assumption 1s an lmportant

crutch 1in empirical work attempting to measure the ES.
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Dlagram 1 -
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Dlagram 2
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Diegram 3
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Chapter 4

PATTERNS OF FACTOR SUBSTITUTION IN
U.S. MANUPACTURING INDUSTRIES: 1958

In the previous chapter, the probhlems encountered
in estimating patterns of faoctor substitution were dls-
cussed, and a model for analyzing such patterns was
developed, Here, I use this model to make inferences
about patterns of substltution from cross-~sectional data
for 11 two-digit SIC industries in 1958, using the state
a8 the unit of observation. Further comments on the model
are first presented., I then describe the data set along
with the necessary assumptions, At the end of the Chapter,

I present the results and a summary of these results,
(441) The Model

The model developed in the previous chapter 15

log %: (8, - 8,)+ % (6734 -6 iy) 8 Llog Wy
3=
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X = factor input J ;
HJ = price of factor input )

SJ = ghare of factor input J ;

0
&
it

4Allen ~ partial ES between factors 1 and J ;

and ai and ak = eonstants,

In this study, I deal with four factor lnputs:
three educationel levels and physical capital. These
Inputs I denote by the followling subscripts:

Subscript Descriptions

1 glementary school-educated
-labor (0=8 years)

2 high school-educated
labor (9-12 years)

3 college~educated labor
(13-16+ years)

4 physical capital

To make inferences about patterns of substi-
tution between the three educational inputs themsselves
and between each educational input and physical caplital,
it 1s only necessary to use the logarithm of the ratlo
of the educational inputs. Data on physical capltal 1is
only needed to estimate the cost of capltal, as I explain
later on,

Although the model above can be used to make

inferences about patterns of factor substitution for a glven
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industry, it 1a alao desirable to compare patterms of
substitution between lndusirles. To test for these dif-
ferences using (1), it 1s only necessary to include the
appropriate dummy variables, The model with four factors
vwhlch will be estimated is:

4
(1) 1o %- (ay ak) 2_: (&4, "‘S'k:j)a By log Wy

-

™M
2_\1 gﬂ( €4y ~Syyly Smsj log W,
where

(6‘13 -~ & kJ)R =the coefﬁ.cient-of:

the reference industry;

(&, - & xy)y = differential lmpact of
industry m from the reference coefflclent (m = 1,....}1);
and Sm = 1 1f the observation 1s in induastiry n

= 0 otherwlse.
Then for industry m, & 1y - s kj is

(6-1.1 - GEJ)R*- (6.13 - Skj)m

(4.2) Data and Assumptions

The classical constraint ascting upon all smpiri-
cal work 1s the date with which the investlgator has to
work, For the present study, the data conatralnt restricte
this investigator to work with cross-sectional intra-
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induatry manufacturing data, with the state as the unilt

of observation. The problem 1s, therefore, to combine the
mnicro-production functions of firms in the same industry,
using capital of different vintages, Therefore, for each
state, we are observing for all those firms in the industry
of that state an average of productlvitlies and an average
of input combinationa.l When we combine the informatlon
of the average productivities, we obtain the industry
production function which is then interpreted as an average
of average productlivities. On the other hand, the pro-
duction functions we are interested in for productlon
theory 1s the relationshlp between best-practice factor
ratios and relastive factor input pricea.a The extent to
which we can lnterpret the estimated relationshlp as the
theoretical relationship between Iinput and output depends
on how great 1s the divorgence between average practice and
best practlce factor ratios.

Finally, before I explain the data, I would like
to turmm to the question of the homogenelty of the pro-
duction function, The assumption which wlll be made 1is
that the production functlon is homogemeous of degree one =
that 18, there are constant returns to scale. The theo-
retical reason 1ls that 1f we assume that the data peprresents
long-run equilibrium, which is production at minlmum aver-
age cost, the production function must have conatant
returns to ecaele at points corresponding to minimum average

cost.

70



(4.2.1) Industries Used in Study

The data set consists of observations on two-
diglt S8IC industries in 1958, with the state as the unit
of observation, Due to limitations on either capltal from
the Census of Hahufactupes (CM) or labor information from
the Census of Population (CP), in which the educational
inputs are derived, I can only analyze 11 of the 20 SIC
industries glven by the CM. The 11 two-digit industries
I use, along with the number of observations, are shown

in Table 1.
(4.2.2) Measure of Output (Q)

4 measure of output is needed in order to
compute ractof shares and the cost of capital. Value-
added 1s used as the measure of output, rather than gross
output which requires date on raw materials. There are
two alternetive assumptions which can be made for using
value-added in lleu of groas output, the first being the
more restrictive:

(1) the ratio of raw materlals to gross output ie
constant for all firms in the same industry, or

(11) the production function is separable in

terms of raw material input and all other 1nputs.3'h

Data on value-added by state and industry 1s

taken from the 1958 Census of'Manufactures.s
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Table 1

INDUSTRIES USED

Industry

Food and kindred products
Textlle mill products

Apparel and related products
Printing and publishing
Chemlcala and allied products
Rubber and plastic products nec.
Primary metal industries
Fabricated metal products
Machinery, except eleqpripal
Electrical machinary‘..'

Transportation equipment

Total

T2

SIC

gode
20
22
23
27
28
30
33
34
35
36
37

No. of
Observations

40
21
24
17
31
15
28
33
30
25
27
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(4.2.3) Educational Inputs (xi, X, and xs)

No data 18 avellable which gives the educational
distribution by state and industry, per se; however, 1t is
possible to construct the educational distribution from
the detalled occupational distribution, and the relation-
ship between the occupation snd educatlional distribution
on the national level.

Let

cij = the number of males in occupation 1
end educational class ]J. 1 = 1,00e455

J = 1,...,8

This data is avallable on the national level
from the 1960 Census of Population.®

Then, let 3
G = }2 (':1.1 = the total number of

-:3
S persons in occupation 1

and

c
P e :
1) N = percentage of males ln occupation

i1 and in educatlonal class J,

It was then asaumed that the educatlonal dle-
tribution by occupation 18 independent of the lndusiry.
This assumption was tested and the results are shown in
Tabie 2 for eleven two-dlgit SIC manufacturing industrles
on the national level, for which the "true" educational
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Induatry

¥ood and kindred
products

Textile mill
products

" Apparel and

Yl

related products

Printing and
publishing

Chemicals and
allled products

Rubber and
plastic products

Primary metal .
products

Fabrlcated
metal products

Machlinery,
except electirical

Elscirical
machlnery

Transportatlon
equipment

Table 2

COMPARISON OF “IRUE"™ AND ESTIMATED RELATIVE FREQUENCY

TRUE
EST.
TRUE
EST.

TRUE
EST.

TRUE
EST.

TRUE
EST.

TRUE
EST,

TRUE -

EST

TRUE
EST,

TRUE
EST.

TRUE
EST.

TRUE
EST.

0~4

4060
.057

4118
" 102

084
' 068

013
©.019

1,036
0340

, .036
042

064
064

.037
4040

026
032

.018
027
.030
+037

5=-17

«139
131

.263
+216

142
132

085
062

«103
o111

«119
.128

.158
«152

116
«119

101
«109

073
.C88

«105
o117

. EDUCATIONAL DISTRIBUTION BY INDUSTRY

'YEARS OF SCHOOL COMPLETED

8

«185
»168

.158
164

«185
#165

«160
«105

o125
o144

«169
174
.188
.186

»168
«169

+169
«169

121
e135

.162
« 170

9 -1

.250
.243

.222
.223

,239

«226

.282
209

«187
«218

o245
242

242
o243

242
241

240
242

«204
o213

242
244

12

.252
o246

.161
«190

.216
»236

«269
« 209

263
.282

o271
265

241
o241

«266
2 265

« 300
«286

« 312
292

.280
«275

13-15

OT4
087

+041
058

084
094

«105
»155

o112
111

.082

.082.

+060.
.067.

0096
«090.

.096.
<091 .

«133.
122 .

098 .
.088 -

16

.032
+050

.029
033

.038
.059

.062
«109

»111
065

.056
046

«035
.032

052

- ,052

050
050

‘092
<083

«053
.046

16 +

-+010
019

. 007

«013

«013

021
024

«032

«062
028

022
022

»0l12
014

2023
»023

.018
021

«048
041

<024
«022



dlstribution is known from the Census of Population. The
eatimated distribution ls obtained from the procedure
above. The results suggest that one can approximate the
educational distribution falrly well from the detalled
occupational dlstribution.

For any given industry and state, we have an
occupational dietribution.7

Let

di — number of males in occupation i for the
given state and industry.

Then d1 . ]?1.1 tells ua the number of males in
cocupation 1 and in educatlional clags ] for a given
industry and state.

If we sum over all occupations -~ that is, over
all i-we obtaln the number of males in educational claes J,

call this ej, which is
55

8, = d, « P
=g 4T

To obtaln the total number of persons in the
industry and state, we sum over all educational classes

oqp = :E: o

=1
Finally, we obtaln the relative frequency edu-

cational distribution for the state and industry as

!'J - 23/81— *
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@lven the relative frequency dlstribution fl’
fé and ra, the wage rates and total payroll (TP) for each
state and industry from the 1958 Census of Manufncturaa,e

the “adjusted™ total labor (L) is obtalned. We know that

:P-.-. L (W) £ 4 Wy £, 4 Wy f3)

and can easlly solve for L for each industry and state.

Once L 18 known, we find each X by

X. = L b o

g 3 1 =12, 3

and these Xi are the inputs to be used.

(4.2.4) The Wage Rates (W., LY WB) and Factor
Shares (31, Sy, Sx)

There 18 no data given directly on the wage rate
by state, industry and educatlonal level, Welch, however,
has derived estimates for the average wage rate of a
45-54 year old white male by educational class for each
state. A description of how the data was computed is given
in two of his works.9

The computed factor shares are then obtalned by

Bi;xiwi |
3 1=1,2, 3

for the three educational labor inputs and the residual
i1s physical capltal's share. Table 3 glves the mean share
for each factor by induatry,
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Table 3

MEAN FACTOR SHARES

Industry -El
Food and kindred products 20
Textile mill products 35
Apparsel and related products +29
Printing and publishing ol2
Chemicals and allled products «13
Rubber and plastic products nec. .24
Primary metal indusiries «25
Fabricated metal products 25
Machinery, except electrical «25
Electrical machinery «19
Transportation equipment 31

8
16
19
22
27
o1l
220
«21
«22
22
«18

21

5

.07
.06
.10
.19
.08
.08
.07
.10
.10
.13
«09

5

o57
«40
e39
42
.68
48
47
43
43
.50
.39

Subseripts denote: 1
2

3
4

-
-

-

elementary school-educated labor;

high school-educated labor;

college-educated labor; and

physical capital,



(4.2.5) GCost of Capital (w4)

To estimate the cost of capital, I use the same
measure as Grilichea.lo This measure gives the gross rate
of return on capltal and is computed for each state and
industry for which data is avallable by

W = {Value-gdded -~ Total Payrolls)
4 = Gross BOOk Value of fixed assets in 1957

The denomlnator of Wh ie obtalned from the
1958 Census of Manufacturee.ll

(4.3) The Results

The eftimates of model (1) for the three squations
whose depsendent variables are logarithms of xl/xé, xi/xs
and xg/xg are given in Table 4#,1° The food industry (20)
is the reference or "left-out" dummy variable. In order
to see the impact of the dummy variable on the sign of
the parameter, when the reference ccefflcient and dummy
coefflclent are of opposite sign, an P-test 1s used to see
1f the sum of the coefficlents 18 equal to zero, For
example, for the food industry (20),(6'\3;‘ 6}3)&13 negative
and signiflcantly different from zero, while the dummy
coefficient for the textile industry (22) 1s positive and
significantly different from zerc, An F-test 1s used to
test 1f the sum of the two coefficlents ie zero, Such a
test shows that the sum 1s significantly different from
zero in this case. Since the value of the dummy coefficlent
18 greater than the value of the reference coefficlent, the

(L



6.

Table 4
REGRESSION ESTIMATES OF EQUATION 1

coefficientsl’2
Industry (613‘6—23)R (6'12'6'32)3 (6.21-6-'31)12 (614"624)3 (614‘6-34)3 ( 5'24' 6-323.)3
Foca (20) . 1824 =302 - 086 .009#  JOBTH .058%
{.158) {162) (+039) (.056) (.106) {.078)

(615-Go3)n (61-G5eln (Sa1-Enn (E1-6py)y (Sru-6saln (G2 Suly

Textilas (22) - 110% «385 = 0T - 135% =391 -.275
{(+170) (+179) (.059) (.136) (.196) (o141)
apparel (23) -, 223% e355 -.132 - 07T —e255° -.166
(+162) (+263) (o044) (,075) (+112) (.079)
Printing and ~+E90 - o 0433 »089% ~+399 -.605 - o 206%
publishing (27) (.178) (.235) (138) (.109) (+205) {+151)
Chemicals (28)  =.297 - 3644 -.120% -.105% - 348 -e241
(«141) (.250) (.091) (.070) (+131) (.097)
Rubber (30) -.108% AT ~.112% -.108% - 037 0714
(.184) (+210) (,067) (,091) (.172) (.126)
Primary —a101% L178% - 037 -.053% -.333 =279
metal (33) (.189) (o214) (.061) (.076) (o143) (+105)
Feb. metal (34) ~.159% <397 -.075% -, 097 - . 169% -2 OTO%
Machinery, exceot -,191% «252% -e173 ~0137 - 353 -4216
. electrical (35) (.170) {.175) (,081) (.068) (.129) («095)
Electrical - o 1847% «059% ~e 201 - OTT# -.152% - Q744
machinery (36) (.161) (+199) (.081) (.062) - {.117) (.086)
TI'aanOI‘ta.'t 1011 -a 093* [} ‘!1'07 - .081* - 014* -r.. 006* . 007*

equipment (37) (2164) o {.2£8) («113) {.Q71) («135) (,099)




Footnotes to Table &

(1) Bubscripts denote: 1 = elementary school-educated
labor;

2 = high school-educated labor;

3 = college-educated labor; and

4 = phyasilcal capital,.

(2) The food industry (20) is the “"left-out" or reference
variable,
The bracketed value below the estimate of the
coefflolent is the standard deviation &f the eatimate,

The coefficlents above are for equation 1, The

= - -
coefficlents 13 6’“23 and & 14 6‘2" have
the logarithm of J'.’l/x2 as their dependent variable.
The R2 value 1s .98, The coefficlents 6'12 - 32
and & w - [~ Y have the .logarit.hm of xl/x5 as
thelr dependent variable, The R value 1s <98, The
ooefﬁ.c}ents & pp - & 33 and & an - 6"‘” have
the logarithm of x2/x3 as their dependent variable,
The R® value 18 97.

# Not significantly different from zerc at the 10%
level of significance, Two tail test used,
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slgn is taken as poaitive. The signe of the coefflclents,
after testing 1f the sum of the reference and dummy
coefficlent 1s significantly different from zero, is
glven in Tables 5 and 6,

Table 5 provides the results for patterns of
substitution for the educational labor inpute with respect
to each other; while Table & provides the results for
patterns of substitutlion between the educational labor

inputs and phyelcal capital,

(4.3.1) Analysis of Patterns of Substitution between
the Educational Labor Inputs

From Table 5, four patterns of substitutlon
emerge. For two of the eleven industries, the results are
inconeistent with respect to statements about patterna of

su‘bstitut.ion.13

The four patterns of substitution are
glven in Table 7, along with the industrlies that conform
t0 that patterm,

Pattern A, which four industries follow, implles
that the“two lower-educated labor inputs are more easlly
substituted for each other than they are for college-
educated labor, The degree to which the two lower-aducated
educational inputs can be substituted for college-educated
labor is about the same. That 1s, both lower-~educated
inputs are equally well sulted to substltute for college-

educated labor,
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Table 5

SIGNS OF COEFFICIENTS BETWEEN EDUCATIONAL

LABOR INPUTS BY INDUSTRYY
coefficient2

Induetry S 13 623 &12 “632 &y 63
Food and kindred

product 0 - +
Textile mill

products 0 + +
Apparel and related

products 0 ) (o)
Printing and

publishing - - +
" Chemlcals and _

allied products - - +
Rubber and plastic +
products nec. 0 +

Primary metal ‘F
industries 0 -

Fabricated metal ;::

products o -+ -+
Machlnery, except .

electrical 0 - -
Electrical

machinery 0 - -
Transportation

equipment 0 + +

(1) These results come from combining the dummy and
reference coefficlent after testing 1f the sum is
gignificantly different from zero. '

(2) Subscripts denote: 1 =elementary school-sducated labor;
2 =high school-educated labor; and 3!=college-educated
labor, 82 "



Table 6

BIGNS OF COEFFICIENTS BETWEEN EDUCATIONAL LABOR

INPUTS AND PHYSICAL CAPITAL BY INDUSTRY

Industry S 14 624

¥ood and
kindred products

Textlle mill
products

Apparel and
related products

Printing and
publisehing

Chemicals and
allied products

Rubber and plastic
products neoc.

Primary metal
industries

Fabricated metal
products

Machinery, except
electricad

Electrical
machinery

Transportation
equipment

0

0

Goerficient2

S 14 634

8]

1

S 24 E3

o)

(1) See footnote 1 of Table 3,

(2) Subscripts denote: 1l =elementary school-educated
labor; 2 =high school-~sducated labor; 3 =.college~

educated labor; and 4 =physical capital,
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Table 7

SUMMARY OF PATTERNS OF SUBSTITUTION
BETWEEN THE EDUCATIONAL LABOR INFPUTS

Pattern Industry Description
A textlle, rubber ' - ’ ’
fab. meial, ’ & 13= 6 23’ 6‘12)6-23’
transportation 6 127 6'13
B Apparel & 12 €136 23
C printing & 233 & 10K6 237
ohemicalt'a s 13 < 23? 12< 23’
S 127 S 13
D machinery, electrical - ; ;
machinery' 613 S 25° S 12625
€12<S 13
- food, primary metal Inconseistent

(Subscripta denote: 1 = elementary school-educated labor;
2 = high school-educated labop;
3 = eollege~educated labor; and

4 = physical capital.)
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Only one industry, apparel (23), follows
Pattern B, which implies that all educational labor
inputs are equelliy well-suited to substitute for each
other,

The implications of Pattern G are that the two
higher-educated labor inputs are more easlly substituted
for each other than they are for elementary school-educated
labor, However, between the two higher-educated labor
inputs, high aschool-educated labor ls more essily substil-
tuted for elementary sechool-educated labor,

Pattern D implies that college-educated labor
is more easily subatituted for the two lower-educated
labor inputs than these lnputs can be substituted for esch
other; while both lower-educated labor inputs are both
equally well-suited to substitute for college-educated

labor,

(4.3.2) Analysis of Patterns of Substitution Between
the Educational Labor Inputs and Physical
Capital

The major finding for the four patterns of
substitution observed in Table & is that college-educated
labor 18 at least as good a substitute for physical capl-
tal a8 the two lower-educated labor 1nputq,1f not more
of a substitute. The four patterns observed are shown 1in

Table 8'
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Table 8

SUMMARY OF PATTERNS OF SUBSTITUTION BETWEEN THE
EDUCATIONAL LABOR INPUTS AND PHYSICAL CAPITAL

Pattern

Industries Descriptlion

food, rubber, fab,
metal, elect. machinery,

transportation S 14= G 4= 6-34
textilei apparel, 6 14= €24; & 14<6E734;
chemlcals, primary
metal & 24< 6734
printing & 146 24; € 146 343
S 242G 34
machin:ryi exce 6 146 24; & 14T 3Y;
electrica
& 24634

(Subscripts denote: 1 = elementary school-educated labor;

2 = hlgh school-educated labor;
3 = oollege~educated labor; and

4 = physical capltal.)
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Five of the eleven industries follow Pattern E,
which impllies that all educational inputs are equally
well-suilted to substitute for physlcal capltal. On the
other hand, Pattern F, to which four of the industriles
conform, lmplles that college~educated labor is more
easlly subatituted for physical capital than the two
lower-educated labor inputs can be substlituted for physical
capltal, However, the two lower-educated labor inputs are
equally well-suited to substitute for physlcal ecapltal,

Only the printing and publishing industry (27)
follows Pattern @, This pattern implles that high school-
and college-educated labor are equally well-sulted to
substitute for physical capital; yet, both can be sub-
atituted more easily for physical capital than elemantary
school labor can be substituted for physical capital.

Pattern H.implies that the: moreredueated the
labor input, the more easily it can be substituted for
physical capital. The machinery (except electrical)
industry (35), conforms to Pattern H.

I next tried to determine the simllarities of
those industries which had the same patterns im Table 8.
Unfortunately, I could not discover any characteristic
of the production process which would result in the

similarity of the patterns of factor substitution.
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(4.4) Summary

For the eleven 1ndustries conasldered, four
patterns of substitution between the educatlional labor
inputs and four patterns between the educatlional labor
inputs and physical capital are observed, As can be seen
from Table 9, thlis implles seven different patterns of -
factor substitution, Only three industries, rubber (30),
fabricated metal (34) and transportation (37), have the
same overall pattern,

The major finding 1s that at this level of
aggregation of both industry and unit of obaeryation,
there 18 no evidence that college-educated labSr 1s more
complementary to physical capltal than lower~educated

labor inputs,.
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Table 9

SUMMARY OF PATTERNS OF FACTOR SUBSTITUTION

Industry

Food and kindred products

Textile milll productis

Apparel and related
products

Printing and publishing

Chemicals and allled
producte

Rubber and plastic
products nece.

Primary metal industries

Fabricated metal
products

Machinery, except
electrical

Electrical machinery

Transportation equipment

89

Patterns
Baetween
Educational
Between Inputs and
Educatlional Physical
Input.s Capital
Inconsistent E
A F
B
G
C F
A E
Inconsistent
A E
H
E



¥Footnotee to Chapter 4

1 klein, in the CES context, hae shown that 1f we want to

move from the micro~-production function to the aggre-
gate: estimated praduction function, the input and
output verisble used should be the geometrlc means of
the variables. I will be using census data from which

I can obtaln the totals for each variable,and given
date on the number of flrms, I can calculate the
arithmetic average; I cannot, however, get the individual
values of each varlable in order to get the geometrlc
means. There i1s no way out of this sltuation unless one
gets the individual observatlions used by the Census to
obtain the publlshed aggregates. This 18 not possible,
however, under dlsclosure laws,

SEE: L.R., Klein, "Macroeconomics and the Theory of
Rational Behavior," Econometrica (1946), 93-108,

For an attempt to estimate best-practice production
functlions via linear programming,
SEE: D, Algner, and S. Chu, "On Estimating the Industry

Produétion Function," Americen Economic Review,
LVIII (1968), B26-839,

For the proocf (given for non-labor inputs), SEE

Appendix (p.240) of F, Welch, “"Labor-Market Discrim-
1natizg," Journal of Political Economy, LXXV (1967),
225=240,
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This is suggested by

C. Sime in “Theoretical Basie for a Double-Deflated
Index of Real Value-Addedg!"Review of Economics and
Statistics, LVI (1969), 470-471.

1958 Census of Manufactures, Vol, II, Table 3 for each

state.

1960 Census of Population, PC (2) T4, Table 9, 55

occupational classes are used,

1960 Census of Population, State books, Table 125,

Since there 18 no data avallsble by education and age
for a given industry within a given state, no adjustment

could be made for agee.

81958 Qensus of Manufacturee, Vel. II, Table 3 for each

9

10

state.

The data which I use for the wage of the educational
inputs I obtained from Professor Welch, The data was

derived from the 1960 Census of Population data and glves

the average wage rate of a 45-54 year old white male by
educatlonal class for each state. A description of how
the data was obtalned is given in two of his works:

F. Welch, "LinearSynthesis of Skill Distributions,”
Journal of Human Resources, (1969 Summer), 317n.

, “Education in Production," Journal of
Poiitical Economy, LXXVIII (1970), Appendix 55-58.

Z. Griliches, "Capital-Skill complementaritg," Review of
Economics and Statlstics, LI (1969), 465-468.
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11

12

1958 Cenpus of Manufactures, Vol. 1, Supplementary
Table 1.

All the observations were first pooled to test for an
“aggregate" estimate of patterms of substitution, The
estimates of the parameters of the “aggregate" function
are (the atandard deviation of the estimates are

given below the estimate and “#" denotes that the
estimate 1s not significantly different from zero at
the 10 percent level when a two tall test is used):

S 13 .6 23 = .,109 614 - 624 = -,022% R= «95
(.017) (,017)

Si12-&32= 047 G 14 -6 34 -,041% BT .94
(.025) (.026)

&21-63 = ,015# G 24 -6"34= -,018% Rz .90
(.012) (.022)

These estlimates imply the following pattern about sub-~

stitution between the educational inputs:

& 13 < & 23
& 127V & 32

and & 21 = 6 31 |,
This pattern i1s inconsistent, since the first two state-
ments do not imply the third,
Between physical capltal and the educational
inputs, the ppattern implled is
S 1T 6 247 & 34
92



Next, it is necessary to test if an “aggregate"
function ie appropriate -~ that 1s, 1f the dummy
coefflcients ars all equal to zero, The P-teet used

to test if all (& are equal to zero

13 ~ © kj)m

with no stipulation on (&S ,, - & ..). is given in
i) kj

R

F.A. Grayblll, An Introduction to Linear Statistical
Models Vol. 1 (New York: 1961), pp. 130-140,

The computed F-values for each equation under the

null hypothesis that all (‘5_13 - & ) are equal

k) 'm
to zero afe
dependent variable computed F-value
leg X3
Xé 11,10
10g X1
xs 8.80
l0g X2
xj 13.20

The F-test under consideratlion requires that the
computed F-value be lese than or equal to an F with 242
and 44 degrees of freedom, in order to accept the
hypothesis that all (G':‘_J -& kj)m equel zero, or
equivalently, that an Yaggregate" function can be used
t0 express all patterns, All of the computed F-values
are greater than an F(242, 44) at the 5 percent level,
Thus, ﬁhe “aggregate" estimate is rejected and the

dummy varliables for lndustrles are used.
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13 For both industries 20 and 33, the results are
inconsistent, since they imply that

G 13 = G 23
G 12 < & 32

and 6 210€ 3

which is impossible, since the first two statements
imply that & 1 € & 31, which 1s not implled by

the last statement.
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Chapter 5

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

In Chapter 2, the impact of the changing compo-
gition of output and the non-neutrality of technological
change on the demand for three educatlonal inputs -
college-, high school- and elementary school-educated
labor - for the U,.8., economy between 1940 and 1960 are
examined. Using data on elght major sectors of the economy,
the findings support the hypothesis that the changlng
composition of output increased the demand for college-
educated labor relative to the two less-educated labor
inputs. The findings do not, however, support the non-
neutrality of technical change hypotheals, The demand for
all educational inputs would have decreased because of
technologlcal change. Decreases in factor demand dld not
affect all fzctors to the same degree. The demand for
college-educated labor fell less than the demand for the

two less-educated inputs,
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Data on the educatlonal ratios in 1960 and the
change in the capltal to averege labor ratio between
1948-50 and 1960-63 for 17 two-digit SIC manufacturing
industries implies that those industries in which capltal
inteneity increased the most are those 1ndustries in
which there 18 less college-educated labor used relative
to non-~college labor, This doee not support the non-neu-
trality hypothesis. However, the changing compositlon of
output hypothesis is supported for U.S. manufacturing.

In Ghapter 4, patterns of factor subatitution
are examined for 11 U.S3. manufscturing industries 1in 1958,
Four patterns of substitutlon between the educational
labor inputs and physlecal capltal are observed., Although
the patterns do differ by industry, one general statement
can be made: college-educated labor 18 as good a substi-
tute for physical capital as the two lower-educated labor
inputs are. This 18 quite conirary to what some economlste
have come to believe ~ that 1s, that college-educated
labor 1s the moet complementary educatlional input to
physical capital.l

A8 for future research, I belleve future studles
on the role of education in the production function must
walt for some concrete evidence on the technology of the
leardtng industry - that is, about educatlonal production
functions. What is of primary interest 1is the factors
which determine economlic productivity and how such factors
are produced. What 1is assumed in this study, as well as 1in
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all other studies, 1s that the number of years of edu-
cation completed determines economlc productivity.

If education does affect economic productivity,
then changes in the technology of the learning industry
or educatlonal production function over time is important.
4 decrease in the cost of learning per unit of resource
allocated has already been cited as one of the possible
explanationa of the paradox considersed in the study.

But what 18 really known about educational
production functionse? All studies estimate such functions
by relating inputs, such as ocharacteristicse of teachers
and the environment of students, to putput measured by
IQ'B.2 What 18 under question here 1s how such inputs
are related to economic productivity. Thus, the crucial
question 18 the correlation between IQ's which measure
the ability to succeed 1n school and economic produc-
tivity. The link between inputs and ocutput measured by
IQ's, I belleve, falls far short of the mark set. Rather
than look Qt IQ's, what should be looked at 1s how inputs
of teacher characteristicas and the environment of students
relates to aspiratlions of students., Asplirations measure
motivation, and it is this measure that is more closely
related to economlc productivity than IQ's, which simply
measures the abllity to succeed in achool.3

Once factors affecting the educational productlon
function are discerned, questions about how changes in such
factors over time have affected learning per unit of input

can be analyzed. S7



Footnotes to Chapter 5

1 Recall the controversy in the 60's concernlng struc-

tural unemployment due to automation.

SEE Bowles, "Towards An Educational Produstion Function,"
for references of previoua attempte at estimating educa-
tional productioh functions, One recent atudy not
included in Bowles' paper, which ugea data on indl-
viduals over time, is

E. Hanushek, "Teacher Characteristics and Gains in

Student Achievement Estimation Using Micro-data,"
American Economic Review, LXI (1971), 280-288,

3 ror example, consider two twins who went through school
together from the first grade until the completion of
thelr freshman year in college, and terminated thelr
education at this point., Suppose one of the twins had
a substantially higher IQ than the other. Then the
question:=1s why didn't the twin with the higher IQ
complete college or one can ask how did the twin with
the lower IQ get as far as the other? The 1llnk 1s

obvlously the motlvation factor.
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Appendix to Chapter 2

(A.2.1) Data on Real Output

Data on real output in 1954 dollars in 1950 and
1960‘15 obtained for each sector from

M.L. Marimont, "GNP by MajJor Industries," Survey of Qurrent
Buainess (October, 1962), pp. 6-19.

The data is shown &n Table A-1l, The total differs
from that given by Marimont by the two components "Rest
of the Worlid" and “Residual®,

Data for both total output in the economy and
agricultural output in 1939 in 1954 dollars 1s taken from
V.R. Fuchs, The Service Economy (New Yorkj 1968).

The output for each setbtor is then obtalned by
applying the non-agricultural output to the percentage
distribution of non-agricultural output in 1939, glven in

E.F. Denison, "Industrisl Composition of National Income,"
Survey of Current Busineas (December, 1948), pp. 11-17,

(As2.2) Educational Factor Inputs

As mentioned in Chapter 2, the occupational
distribution is used to estimate the educational distri-
butlon.Sfnce relative wage rates hetween occupations have
not changed signilficantly, the 1960 occupational relative
wage rates between occupations and sex are used to aggre-
gate into the three educatlional classes. The wage rates

are the medlan annual wage for each ococupation by sex for
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persons who worked 50-52 weeks, Hourly wage rates would
have been preferred, but were not avallable. The.oocu-
pation with the highest wage within each educatlonal class
is taken as the group representative,

Table A-2 gives the imputed dietribution by
sector for the years 1940, 1950 and 1960, The basic data
on the distributlon by occupation ie taken from the Census

of Population subject reports in each year.

(A+2.3) Methodology for Estimating the Decomposition of

the Demand for Each Educational Factor

In Chapter 2, the decomposition of the demand
for each educational factor is glven in Tables 7-9. The
methodology for obtalning these estimates will be explalned
here. Decomposing the change in observed demand for each
educational input between any two perlods depends upon
the pear used as the reference point. That is, if the
initial year is used as the reference point, the analysis
proceeds in one way; while, if the terminal year lg used,

the analysis proceeds in another way,.

(A.2.3.1) Analysis When the Initial Year Is Used
A8 the Reference Point

The effect of technologlcal change on the demand
for each educational factor 1s measured as a residual when
the initial year 18 used as the reference polnt. That 1s,
first the effect of the growth of output, when all sectors
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grow at the same rate, 1s estimated. Then the change 1in
demand, due %o dlfferences in the growth of output by
sector, 18 estimated. The difference between the observed
change and the estimated change in demand due to these
two variables 18 then attributed to technological change.
To state the procedure mathematically, leat
x1mo and x‘1m1 denote the quantlty of educatlionel factor
i employed in sector m 1in the initial year (subscript o)
and terminal year (subscript 1) respectively. Similarly,
1ot Qmo end le denote real output in sector m for
the iInitial and terminal years respectively. Then total
demand for any educational factor 1, which 18 observed

in each year, is:

" -

(1) £ = :E: Ximo Qno
-1

and

( 2) xi 1 [xﬂ.ml le

What I want t0 explasin ia the change in demand betwesn
these two years - that 1lse, xil - %o,

Holding the technology of the inltlal year
constant - that 1s, using the initial year as the refer-
ence point - the demand for each educational factor would
have been ) xio, had the output of each sector changed
by ) + Thus,

(3) AXo - %44
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is the change in demand i1f the growth of output of all
sectors had been the same. However, 1f the output of all
sectors grew at different rates - that 1s, each sector

changed by 2 — then demand would have been

v '
(4) xile; = 2 Xy mo () n “mo
m=1 Qmo

But ) Q,, 18 Just the output of sector m in the
terminal year - that is, “mj.

Thus, M
(5) X13g = Xymo le
NS

The chenge in demand due to sector differences in the
rate of growth of output is, then

(6) Kug - A XK

The dilfference between what demand would have
been with sector differences in the rate of growth of
output, and what actually ls observed in the terminal
¥oear, is attributed to technologlcal change. That 1s,
this change in demand is measured by
(7} xil - xilg
The sum of these changes (3), (6) and (7) is then the
change in total demand for each educational factor between

any two periods:
X

n

(A X . %10y 4 (*1,8 -A10)
+ (x:ll - %1.g)
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(Ae243.2) Analysis When the Terminal Year Is Used
A8 the Reference Point

When the terminal year 1is used as the reference
point, the technology of that year is held constant. Thus,
technological change 18 measured directly by multlplying
the Iinput per unlt of output in the terminal year for
each sector by the output in the initial year., This tells
what the demand for factor 1 would have been 1in the
termlinal year, had technology changed to that of the
terminal year but had output remained unchanged -~ that 1is,

M
xilT = :E: fif& Qo
mz=1 “m1

The change in demand due to technologlical change

is then measured by
(8) 4.0 - %o

If the growih of output of each sector has been
the same and output increased by :\ s then with the
terminal year technology, demand for fggtor i wouléd have
been .-)‘ xilT' Thus, the change due to the same growth

of output in all sectors 1ls

The resldual between the observed change and the
change due to technological change and equal growth of

output of all sectors is then attributed to differences 1in
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the growth of ocutput of all sectore ~ that 1is, the changling

compositlon of output., This residual is measured by

(10) B T ;lxil,r

Total change in observed demand is then simply
the sum of all changes (8), (9) and (10) - theat is,

xil - X0 = (xil.]_,_.Ll - X10) + (2 xim - xin.)

+ (%, - A X130)
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Table A-1l

REAL OUTPUT IN THE U.S. IN 1954 DOLLARS FOR EIGHT

MAJOR SECTORS: 1939, 1950 AND 1960

(In billions of dollars)

Sector

All

dgriculture, forestry and
fisheries

Mining

Construction
Manufacturling

Wholesale and retall trade

Transportation, communications
and public utllities

Other services

Government and government
enterprises

105

184,0

14,3
4.1
5.8

46,1

31.2

19.1
41,7

21.7

J23.1

20,2

8.8
14,9
92,6
61.3

28.8
677

28.8

1939 1950 1960

440,11

22.7
10.8
18.8
125.,5
78.0

45,0
99.6

3947



DEMAND FOR EDUCATIONAL INPUTS BY SECTOR

Seactor

All
1940
1950
1960

Agriculture,
forestry and
fisheries

1940

1950

1960

Mining
1940
1950
1960

Conatruction
1940
1950
1960

Manufacturing
1940
1950
1960

Wholesale and
retall trade
1940
1950
1960

Table A-2

FOR 1940, 1950 AND 1960

College

6 165 330
8 488 136
9 085 903

17 486
60 215
T4 T53

47 887
83 264

177 341
400 351
539 280

T46 056
1 305 123
2 077 117

039 532
416 780
065 082

VR3]

106

High
School

16
20
18

N

N &\ VI

N

053
030
614

126
278
639

147
194
185

251
018
181

227
363
539

578
782

998

834
755
318

643
019
728

572
722
521

274
702
820

551
507
152

111
858
713

Elementary

School

15 512
17 129
16 270

620
051
481

HNo D

707
649
360

225
800
878

251
Q02
494

-~ Ovn

T40
340
202

o

893
678
935

433
767
794

304
293
578

465
678
385

339
608
825

357
6T4
942



Table A-2 {(Concluded)

DEMAND FOR EDUCATIONAL INPUTS BY SECTOR -
FOR 1940, 1950 AND 1960

Righ Blementary
Sector College School School
Transportation,
communications
and public
utilities
1940 293 755 1 207 733 1 423 881
1950 430 898 1 692 959 1 768 771
1960 539 K23 1l 768 905 1l 654 526
Other services
1940 2 478 032 1 941 001 2 726 276
1950 3 323 136 2 648 954 2 096 212
1960 3 304 T04 1 999 626 1 880 793
Government and
government
enterprises
1940 365 241 573 949 513 838
1950 484 531 1 051 034 519 675
1960 672 180 1 300 853 617 092

107



Appendlx to the Study

THE “CRESH" PRODUCTION FUNCTION

In thils study, the CRESH production function
was Introduced, Unlike the CES production functlon, the
propertlies, parameter restrictlons and econometric tech-
niques for estimating the CRESH function are not docu-
mented in the eoonomic literature at the time of this
writing, The only discussion of the CRESH function is
given by Hanoch in an economic research paper for Harvard

1

University.” 4 revision of thie paper wlll appear in

Bconometrica at aome future time. All statements made

here will refer to the research paper,

Here, I discues the propertles, parameter
restrictions and econometric techniques possible for
estimating the parameters of CRESH. I only provide some
proofs omitted by Hanoch; all other results I state and
the reader 1s referred to the corresponding pages of
Hanoch's work., In discussing the econometric techniques
and probleme which arise in estimating the production
function under consideratlion, data on an industry I

disousaed in Chapter 4 18 used.

(A1) Validity of the CRESH Production Funetion

A production function showe the relationship

betwaeen inputs and output at a given point 1n time. For
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any bundle of inputs (xl, lé’.._’Xh)’ the productilon
function states the maximum output, ¢, possible, The
productlion function 1e taken as a single-valued function,
That is, for a given bundle of inputs, there 18 a unique
quantity of output produced, In traditlional production
theory, the production functlon 1s expressed in explicit
form -~ that im:

Q = (X, XyreeerXy) for all xiz O.
@iven the production function, economists require certaln
assumptions in order to obtain optimal conditlons under
profit maximization or competitive cost minimization
conditions, The assumption is that the production function
has continuous first and second order partial derivatives,
The CRESH production function ls not given in
explicit form. Rather, the function is expressed in
impliclt form by

(1) FQ,%,..., %) = 2 A, [ﬁ] -1
i=31 @

for all xiz 0 with at least one xJ> 0O and Q7 O.

n
o

What I demonstrate here 1s that the CREBH functlion ls a

valid production function in the sense that 1t provides

a unigue output for any non-negative bundle of inputs, and

also has continuous first and second order partial deriva-

tlvesa, The proof relles on the Impliclt Function Theorem.2
From this theorem we know that 1f the CRESH

productlion function given in its implicit form by
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(1) has continuous first order partial derivatives in all

Xy and q), and further, ¥Q # 0, then the

arguments (all
following 18 true: (1) the explicit form implied by (1)
is single-valued; (i1) the firast order partial deriva-
tives of the explicit function 1s continuous; and (1ii) the
first order partial derivative of the explicit function

1s given by
Fy
(2) f, = -"F,
where fi is the first order partlal derivative wilth

respect to xi; that is, aQ and Fi and FQ. are
X
i

the first order partial derivatives of (1) with respect

to X and Qe

The first step then 1s to show that (1) has
continuous first order partial derivatives. The first
order partial derivative of (1) with respect to any

X 18

- ali - 1
(3) Fg = 4 8 % q 8t

Fi ig then continuous for all Q>0 and

X > 0, eince et -l na Q@ 8! are continuous functione.’
The first order partial derivative of (1) with

respect to output, Q, 1s
' Y

(%) Fa=  w- % 4, 8, X8l o =(alsd 1)

(-3

FQ. 1s then continuous for all Q P O and
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%% 2 0, 8ince X8l ana Q'(ai+ 1) are continuous

4  Purthermore, Fa #0 for Q ¥ 0, 520

with at least one <3 o,

functions,.

Then, by the Implicit Function Theorem, (1) 18,
therefore, & single-valued function with ocontinuocus first
order partlal derivatives, Next, 1t is only necessary to
show that (1) has continuous second order partial deriva-
tives,

Since {1) satisfles the Implicit Function
Theorem, we know that the first order partlal derivative
can be found from (2) by

(5) = o N for all 1,
fa
Substituting F:I. foom (3) and FQ from (4)
into (5), and taking the partial derivative of 1 with

respect to %4, we obtain, agter algebralc manipulation
- 1-1) .
FQ.Ai 8-1(8.1—1)x1a1 2.312313112(9‘ Q (ai+1)

(6) f4q = 2

Fa
14y a1%81-1 3\ Ay a1(a1 4 1)% 8= (a1 2)

2
)

Since FQ # 0 and is continuous and fi is
continuous by the Impliclt Functlion Theorem, 1’:I.J. le also
continuous for x:l 20, Q> 0 and st least one xj ? 0,

since it is & composlite of continuous functions.
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Similarly, for 1 # J,

. gyt ~ - - + 1
fi.‘] - - aiaj Q‘QJ xiai 1 xJaJ 1 Q (EJ )
2
Fa

-f, &, ¥131-1 SV 4, Q; (at+1)x Blg(ait2)

+ Z

Fa

18 continuous, since f, 1is continuous by the Implicit

J
Functlon Theorem and Fq# 0 and continuous. Thus, the
CRESH production function given by (1) has continuous
second order partial derivatives with reaspect to all

1npu'bﬂ .

(A.2) Parameter Restrictions

The derived conditions under competltlive cost

minimization are obtalned from the Lagranglan:

L= gwixi-ﬁ[—%%%‘l% - ] .

Denoting logarithme by the minor letter of the respectlve
varlables, the first order conditions for competitive

cogt minimization are

(7) x, = by (ﬁ - Wy -8, §Q+cy) 1= 1l,e.e,n

where b, = 1 ; log (Al = ) and
(1~ 31)

log |Aiai - ci
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Hano¢h shows that the Allen partial ES ares

b b
E;-ij had 1) 1 4 3
' Eﬂ b, 8
% ¥k
and _ b'a
& 11 L - By
2_b3 8
= P 1

where 8, 18 the share of factor k.,
Hanoch analyzes the parameter restrictlons on
the b 's under competitive coast minimization, The restric-

i
tionson the b, parameters for the function to meet the

second order cinditiona for competitive cost minimlizatlon
(quasi~ concavity of the production function), Hanoch
shows results in two caaes.6
(1) ﬁll. ha') 0, whereby all pairwise ES wlll be positive;
that is, all factors are substitutes or (11i) one bk'<*°
and all other b, (1% k) O. This latter case 1s

posslble 1f the following condition holds:

(8) -8, b, )2 8,b, > o,
w3K

In case (1i), factor k 1e a substitute for all other
factor inputs, whlle the other factor inputs themselves
will form a group of complement.s.7

Thus, in no case may there be more than one
negative value for bi’ and 1f one negative value for

b1 appears, the condition given by (8) must hold,
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(A.3) A General View of the Econometric Probleme of the

QORESH Productlion Function

As B8tated in Chapter 3, the firet order conditions

for competitive cost minimlzation are :8

(9) xi = bi ( 2 - wi - ai q -+ 01) 1= 1;.0..4

where 3 1s some functlion of all L1 and output. Lot us
now introduce the stochastlic error ternm uy for each
equation which 18 assumed to have zero mean and constant

variance:

(10) X = b, ( A =Wy -8 GF Cy)d U, 1% 1,e00,4
We shall also assume that each uy is distributed inde~
pendently of the wage rate - that is, we shall assume that
the factor pricea are determined exogenously.

In order to estimate the parameters, it 1s nec~
essary to ao]‘.ze system (10) for ;j « This can be done by
golving for 2 in terms of one of the Xy s and, therefore,
reducling the system to three equations which include only
observed varlables,

Let us aesume a value for i, say 1< 1, and

——

solve (10) for 2 o« We then obtain

(11) PR §+w1+a1q-cl-?
1 1
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Substituting 7' into (2), we obtain for all 1= 2,3,4

(12) x1=ib_1_ x1+(1_-11:-i)q+b1 (M1 - ¥1)
i by
+ (1 -°n+ (1 -b M),

We cannot, howaever, apply ordinary least squarea to0 each
equation of syetem (12) bhecause it will be observed that
although the compoaslte stochastic error term of each
equation may be independent of (Y1 - w1) by our assump-
tions, it 1s not independent of *i, This can be seen by
observing that in system (10), *i depends upon “i.
Hence, X1 18 not independent of the composite stochastle
error term. The correlatlion between the explanatory
variable and the stochastic error term will result in
estimates being biassed and 1neonsistent.9 The bias 1s
due to the simultaneocus presence of x1, which is assumed
to be endogenous to the system, on the right hand slde
of each equation,

| Notice, also, that the composite stochastle
error term In each equation are correlated with each

other. 10

A8 wlll be explained later on, the correlation
between the error terms in each equatlion could be used
to obtain more efficient estimates of the parameters in
the aystem.11
Another difficulty in estimating the asystem (12)
is that restrictions must be placed on the parameters. We

can see this by rewrlting system (12) as
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(13) X = O X 4 Oy q + oy (Y1 - 1)dolp+ 1

where O3 = Y1/ b1; o =(1 - bi/bl);Q(3 =P4 ana ;

X = P1 (81 - O1)

then the restrigtlons necessary for each equatlion to assure

b

that the estimates of ~1 and P;  will be "consistent®

12
are:

Notice that the first restriction 1is not llinear, and thus,
increases the complexity of estimating the pa.rameters.l3
In addition, restrictions must be set so that the estlmate
of b1 is “consistent" between equations., Thet 1s, we
willl obtain an estlimate of D)  for each equation, and
therefore, must restrict these eatimates to be equal.

In the above exposition, X was assumed to be
the numeraire, However, we must determine the criteria
for selectlng the input factor whieh 18 to be used as
the numeralre.

Thus, there are many econometric probleme in
estimating the desired parameters. What is necessary 1s
a scheme which handles all these problems, It is to the

development of such & scheme that I will now explain,
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(Ae3.1) A Scheme to Estimate the Parameters of CRESH

We have seen that there are four maln problems
in estimating the Pytg  from system (12): (1) the
simultaneous equatlion error bhilas caused by *1 being sasn
independent variable in each equation; (1i) correlation
between the composite stdchastlc error term in each
equation of the system; (11ii) the nonlinear and 11neaf
restrioctions for each equatlion and the linear restriction
between equations; and (iv) the determination of what
input factor to use as the numeralre.

To begin thls scheme, we can first rewrilite

system (12) as
b
x 1 b c c v
(14) (1-Q)=BI(XI-QJ+1("1-“1)-!-(1-1)-+1
1=2,3,4

By casting the system in this form, we have eliminated
one linear restrlction from each equation.l4
From system (14), we would like to somehow
remove the slmultaneous equation error bias.l5 This can
be done by usiné the method of instrumental variables
and chooaing as the instruments each (Y1 -~ Y1) of the
system, This method 1s identical to the estimates obtalned
by applying two-stage least squares to each equation,
since in two-stage least squares, all the exogenous

variables in the system are used to estimate (*1 - q).

The use of instrumental varisbles now affords
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us the opportunity to choose the factor input to be used
as the numeraire. The gain in efficlency by using the
instrumental variable technique depends upon the goodness
of fit between the input per unit of output of the factor
used as the numeraire and therrelative wage rate of the
non-numeraire factors to the numeralre factor. Hence, we
have a criteria for selecting the numeraire.16
We can combine the problem of nonlinear restrilc-

tiona and correlation between the error terms iln each

equation by rewriting system (14) as

£ =

(15) (*1 -a) = P12 ("1 - Y4 @(*1 - q)f+(%1 - °1)
+ Yy
i=2,3,4
where 6V5=1/b1 « (We are still assuming for expositional
purposes that %) 18 the numeraire,)

This suggests an lterative estimation procedure
to find & or (1/P1 ). However, we still have the
restriction that é; must be the same in all three equas
tions. This, therefore, suggests that all equations be
estlmated simultaneously. Although the error terms will be
correlated between equations, 1t 18 not necessary to use
the variance-covariance of the error terms to estimate
the system simultaneously by the "seemingly unrelated
regressiona® technique . suggested by Hanoch,17 The reason

is that there will be a gain in efficiency, the gresater

the correlation between the error terme in each equation,
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but little gain if the correlation between the indepen-
dent, variables 1n each equation 1s high.18 In the case
of gystem (15), the independent variable in each equation
is highly correlateds Thus, the variance-covariance
structure was not utlilized when estimating the pgrameters
of the system,

A suggested procedure after decliding upon the
faetor to be used as numeralre ls:

(1) estimate the unconstrained system (14) by using
instrumental variables and then estimating each equation
separately. Then, test if the restrictlons wlthin and
between equations are met;

(11) 1f the restrictions are not met, then estimate
system (15) which imposes the within equation restriction,
For each equation of (15), estimate that (3 , which
minimizes the residual sum of squares for that equation
through an iteratlve t.echnique.19 There will then be
three estimates of & for each equation, A test 1a then
necesgary to ascertaln whether these eatimates are
statistically equal.

(1i1) if the & estimates are not equal between
eqQuatlons, the finel step 1s to estimate & by constrain-
ing it to bexequal between equatlions. The estimating
criteria 1s to choose that & whibh minimizes the

generalized residual sum ¢of Bquares of the system,
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(Ae342) Estimation by Approdimate Equationaq

__Anot.har approach 18 to estimate ﬁ , Whieh is a
nonlinea.r.‘fum:tion of output and factor prices, by a first
order Teylor expansion around some seE_ of factor prices,
ﬁanoch has shown that 1f we estlmate ‘A by such an
expansion and substitute the expansion into system (9),

we obtalin

(16) X3 = gonstant - P1 (Y1 - W) - (P112 1) ¢

1= l,...,#
l{

where ¥ = §1 84P3¥y . that 18, the average wage rate of
all factors for a given industry uslng B4by as welghtsa

We can rewrite system (16) as

(17) (*1 - q) = constant -+ b, (;f. -1 _q)+ s
12l,e0epds

where we have added the stochastic error term which is

aesumed to fulfill the assumptions of the general linear

model,

The method suggested to estimate (16) or (17)
—y, Ba¥i
=

1s (1) first estimate elther system by using ¥ =

b

disregarding the ~1; (11) then given the %s%mated by

b

—
-

obtained in (1), re-estimate w by w'z = P1 By ¥Yi; ang
(113) continue to aétimate new values of %\1 end recompute
w’ , testing 1f the new 6?. reduce the generalized
residuals of the system significantly or alternatively

1f the Q tend to atabllize.
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The advantage of estimating system (17) over
system (16) is that the former system has the restric-
tlions already imposed. An advantage of using approximate
equations over the procedure suggested in the previous
sectlon 1s that the estimates do not depend upon what
factor 18 used as the numeraire, Bince no numeraire 1s

required with the approximate equatlons procedure,

(4.3.3) Estimating the Parameters under Profit

Maximization

The mathematical 1nterpretation of q 1s that
it 18 the Langrangian multipller. However, :l has an
important economic meaning. It 18 the total derlvatlve
of cost wlth respect to output, where output is mesasured

in physiceal terms.21

Under the sssumptlon of profit
maximizatlion by entrepreneurs, the marginal cost of an
additionel one dollar of ocutput is one doliar, Thus,
under the proflt maximation assumption, j‘ is equal to
one dollar. Substituting 2 21 into system (9), the

system, after rearranging terms, becomes:

(18) Xy 2 _Pg¥y Py gy q+ U+ 121, 0ee,d

where di = bi +-bici

and Vi = stochestic error term which ie aassumed to meet
the condltlons of the generasl linear model,

Rewriting (18) to incorporate the within equation
restriction, we have
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bl ("" W1 - Q) + di "‘ vi i- 1,..-,40

(19) 1 . ¢

Notlce that the systems (16} and (17) differ from systems
(18) and (19) only by the inclusion of W in the former

systems,

(A.4) Estimates of the Parameters of CRESH

Rather than report all the resultas for each of
the 11 two-diglt SIC industries discussed in Chapter 4,

I report only the results of industry 34 - fabricated
metal industry. All industries follow the same pattern -
that 18, the estimates vary by the estimation procedure

I employ. In all cases, the restrictions on the estimates
were not satlsfled. Thus, systemse wlth restrlctions
imposed are used - that is, only systems (18), (17) and
(19) are reported.

The estimates of the Pi's ueing each educational
input as numeralre and the lterative procedure suggested
1ﬂ (A.3.1) are shown in Table A-l. The estimates are glven
for both systems wilth and without instrumental variables,
The reader can observe the wide wvarlation in the estimate
for each bi, depending upon the numeralre used.

Table A-2 and A-3 shows the estimates of the
bi's, using approximate equations and the proflt maximi-
zation assumption reapectively. With the approximate
equations estimate, the system converged after the first

iteration, The estimates of the parameters are almost
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the same in value in the two procedures for the reason
explained at the end of (A.3.%). However, these eatimates
do differ from those in Table A-l.

- The computed elasticity of substitutlon, using
the mean factor share for this industry and the various
estimates of the Pi's under each eatimating procedure,
is shown in Table A-4. Becausse of the wide range of esti-
matesa for the elasticlty of substitution, the CRESH pro-
duction function was not used in thie study.
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Table A-l

ESTIMATES OF THE PARAMETERS OF “CRESHY BY THE
ITERATIVE TECHNIQUE USING EACH EDUCATIONAL INPUT AS
NUMERAIRE: FABRICATED METAL INDUSTRY, 1958(1)

Numeralre h 12 ]_)2 _t_"_l_k @’(2) 32(3) F(“
Without

Instruments

Blementary

school 5.650 0369 ¢312 0338 .179 0168 5015
graduates («217) (+177) (.198) (.041)

High

school 724 80450 « TTS -878 «118 165 5006
graduates (.088) {(«334) (504) (4033)

College 017 L,O15 K. »012 «000 « 131 4,01
graduates (.,002) (.006) {.006)

with

Instruments

Elemsntary

school 6.050 .547 .200* 1.079 0165 0122 3.74
graduates (217) (444) (J477) (.052)

High
..school . . T2 T6S0 36T# 1.677 131 143 4,39
graduates (.148) («535) (.685) (.041)

College «023 LO10#% o . 034* «000 «071 2.17
Bmduateﬂ (0007) ( .014) (0024)
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(1)

(2)

Footnotes to Table A-1:

The model estimated 1s the three equations of systen
(193:

(%1 -)= P [(" -4 ef(i;.—\qﬂ-l-(“n - 1)
+ vy
wherae o= 1

N
with the subsc¢ript N denoting the factor used as the

numeraire, (xﬁ) denotes the estimate of (xN - q)
vhen thies varlable 18 regressed agalnst all exogenous
variables in the system. When instruments are used,

( -~ q) is used, However, when instrumental variables

are not used, (*N - q) is used.

It was not possaible to obtain the standard deviatlion

bN. however, an esymptotlic unblased estimate for

of
the standard deviation of & was computed by:

(1) calculating the generallized residual sum of
squares for &~ which minimizes this quantity for the
system (RSSo); and

(11) calculating the generslized residual sum

of square when © 18 constralned to equal zero (R8S,).

We then have the following F dlistribution:
A\

Fl,n -7 = R3B, | R8B, G- 7)
RSS,
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(3)

(4)

Since the squars root of an Fedistribution gives
ug a Student-t wlth n-7 degrees of freedom, we can
then calculate the stendard deviation of & as:

P

Std. Dev. @& - &~
V E:L,'an-'?
2

R~ 18 the ratlo of the generalized explained sum of
squares to the generalized total sum of squares of the

complete system,

The F=-value 1ls found by
32(3_’1.:_1)
7

Not significantly different from zero at the 10%
level. Based on 33 observatlions., Two tall test used,

With the F-test, the 5% level 1s used,
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Table 4A-2

ESTIMATES OF THE PARAMETERS OF THE “CRESHY
PRODUCTION FUNCTION BY APPROXIMATE EQUATIONS:
FABRICATED METAL INDUSTRY, 1958 ‘1)

Factor input E& gﬁ

Elementary school graduates «026 «111
{+013)

High school graduatesa «032 «102
(+017)

College graduates «039% «056
(+029)

Phyelcal capltal ~ o034 «014
(+053)
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Footnotes to Teble A-22

(1) The moded estimated is the four equations of
system (17);

(*2 - q) = constant + P (¥ = ¥1 -q)4 °1

_ q
whore W= 2 B4 by wy
L=l
The system 1is estimated simultaneously and converged

on the first estimate of the b:l's-

%  Not significantly different from zero at the 10%

level, Based on 33 observatlons, Two tall test used,
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Table A-3

ESTIMATES OF THE PARAMETERS OF THE “CRESH"
PRODUCTION FUNCTION UNDER THE PROFIT MAXIMIZATION
ASSUMPTION: FABRICATED METAL INDUSTRY, 1958(1)

Factor 1lnput 31 gf
Elementary school graduates «023 094
(.012)
High Bchool graduates 028 .086
(.016)
Colleges gradusates 203358 » 042
- (.028)
Physical capital 03T% «016
(.052)
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Footnotes to Table A-3%:

(1) The model estimated 18 the four equatlons of
system (19):

(%1 ~q)= P (M1 -q)4d 1+

# Not signhificantly different from zero at the 10%

level, Based on 33 observations, Two tail test used,
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TET

Table a-4

ESTIMATES OF THE ELASTICITY OF SUBSTITUTION FROM

ALTERNATIVE ESTIMATION TECHNIQUES OF THE CRESH FUNCTION:
FABRICATED METAL INDUSTRY, 1958(1)

Estimation Technique

Iterative procedure:
Numreraire used
without instruments

Elementary school graduates

High School gradufass
College graduates

With instruments

Elementary school graduztes
High school gradu?B?a
College graduates

Approximate equations
Under profit maximization

& 32

1.232
2,452
«000

1,589

. 1.%32

+000

061
054

©13

«846
219
+ 170

«000
«000
«230

2000
«000

cu

1,129
«255
+000

36113
+ 314
«000

«Q00
+000

Sz

.068
2,625
2150

«000
000
«000

«000
«000

074
2,974
«000

.281
5.100
© «000

«+000
«000

.062
273
+120

.000
000
000

000
+000



Footnotes to Table A-4:

(1) The elasticitles are computed by

byb
Gy = 28
% bksk

The B8y used for each factor 1s the mean factor
share. For the industry under consideration, the

mean for each factor 1s:

Factor input Subseript Mean %k
Elenentary school graduates 1l 25
Hlgh school graduates 2 022
College graduates b 10
Physical capital 4 43

(2) Estimates taken at the limit since b3=-a9.
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Footnotes to the

Appendix to the Study

G. Hanoch, "'CRESH' Production Functions," Discussion
Paper No, 84; Harvard Institute for Economic Research
(Cambridge, Mass.; August, 1969).

SEE: A.E. Taylor, Advanced Calculus (Mass,.j 1955),
PD. 241-244,

The product of continuous functions is a continuous

function,

See footnote 3.

Hanoch, pp. 4-5.
Hanoech, pp. 6-8.

Hanoch also shows that thse bi's can also be equal to

zero (Pe 9). In this case, the speclal case of the

CRESH is the Leontief flxed proportion model.
Here, I return to the four factor case.

Je gohnston, Econometric Methods (New Yorks 1963),
P, 233,

To see this, let:
v P - bt -
1T W =P wy and vyx= ouy b, u
2 "

1
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11

12

13

14

then, the covariance of the stochastic error term

between equation 1 and J glven by

Vy V - u, _ by u u, _ b, u
g Lvlze ™ B E.ltlﬂ

since E (YA) = 0 = E (V3).

Expanding the above expresslon, we flnd:

Vs Y41 = us uj) - Py g (U1 uy) - b1 gy W
E [1%]= E( J)E%( ) - B1 (" u)

1

4+ 2P gm0
by

Thus, even i1f E (Y1%j)= E(WjW1) = E(WMui)= 0, the
covariance of the error term of the two equations will
not be zero, since Eib.] . E(u12) '-I:O ,

b. 2

1

By more efficlent I mean estimation procedures which
result in smaller varlances for the estimates of the

b

parameters i,

Here, by “consistent" I mean that we don't obtain

different estimates for a glven parameter,

Hanoch, p. 11, etates incorrectly that such a restric-

tion 1a linear.

Now the restriction for each equation of the system
(1 -a)2 o, (*L-a)d X (M -Y)+ K+ T
1= 2,3,4
where D(l'-'-bi/bl; X = ®y;: and X, = ¢y . &
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is only b1‘3(1 - 0(2 = 0, However, this resatrice
tion 18 still nonlinear and the restrictions must still

be placed between equations so that D1 18 “consistent."

That is, obtaln estimates which will be asymptotically

unbliased.

Although we seek as the numeralre the factor ] such

that the regression
v\

s S Y vy

w3)
glves the largest R? there is another criteria to be

N
consideraed. If only one "Yy 18 in the estimated
relationshlp - that 1ls, say

N\

(X3 - q) = Yk (Y3 - Yx) for some k,
then when (m) 1s substituted for (*j - q) in
the squation which includes (%) - Wkx), the case of
perfect multicollinearity will result and the estl-

mation procedure breaks down,

The technique Hanoch suggests is developed in

A, Zellner, "An Efficient Method of Estimating SSeeﬁin%ly
Unrelated Regressions and Tests for Aggregation ,Ates
Q%grnal of American Statistical Assoclation, {(1962),
348-368.

This approach relies on Altken's generalized

least squares to estimete the parsmeters simultaneously.
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18 To see this, let us 1llustrate the two equation cease
given by:

g2 Xy 2 0+ oy 121,2
where the varliables are assumed to0 be measured in

deviations from thelr respective means,

Let the variance-covariance matrix be glven by:

S 811 812 | 811 rye11 822
v T 822 r 811 B22 822

where r 1s the correlation coefficient between the

disturbances of the two equation; that is

r =VB122 s 813 22 .
The inverse of 8 18 then
S . 1 1/ 813 - v/ 81 80
N+ = 2] V—--———
(1 - r ) - r/ 511 822 1/522
the varlance-covarliance of the parameters 1a then
Q -4
5 U/s5,, - vf

e BETI0 S b
T S 2 7fm

then the varlance of oy can be shown to be

8
var(o(,_):g—l‘—ig { 14+ ¥ (1-1°)

-l
[1 - (2 212 )"1 (Z‘zg)-l (2' -3 Zzﬂ}

glven by
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but

Z 21 % 2
- Bsay e which is the square of
2 2 SEAE

the correlation between the indepsndent variables in
the two equations. Thus, we can wrilte

B
var (d,l):-'-'__]_%_ 1

2% L1422 (1-r)"7(1-92)

The estimate of the variance of (X , under ordinary

least squares 1ls glven by

var (o )y g = f11
P

Thus, we see, if r= 0 and/or @ = 0, we get the
ordinary least squares estimates., However, given some
value of Qf 0, we observe that 1f the correlation
between the dlsturbances, r, increasee, the estimate
of the variance from the generalized simultaneous
estimation of the parameter decreases, relative to the
ordinary least squares estimate. On the other hand,
as the correlation Q between the independent varia-
bles in the two equatlons lncreases, given some r% o,
then the smaller 1s the gain in efflclency over the

ordinary least squares estimate,
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19 The technique of iterating in asearch of a global

minimum of the generallzed residual sum of squares is,

in fact, & maximum likelihood estimatlon procedure

which is similar %o the procedure described in

C.E.P. Box and D.R. Cox, "An Analysis of Transformation,"

Journal of the Royal Statlstlcal Soclety, Serles B,
(I9635n PD. 211-252,
20

This approach 18 first suggested by Hanoch, pp. 15-16.

2l To see this, glven a production function

Q = f (xl’...’%l)
the Lagranglan equation for competitive cost miniml-

zation is

L o= gfiwi - A [e- o)

The first order conditions are
QL - ~ -
J—x—i— - Wj- - ') fi py 0 1— 1,.--,!1.

Under profit maximizatlon, the equatlion to be maxiw

mized 1s
n

M@“=PQ- E;; WXy

where “TY cprofits

and P = price of output,
The first order condltion for profit maximigation is
AW _ 2 -w=zo

'Y e
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since f, = QG/A X .

Thus, P 1'1 = Wi under profit maximizatlon., But under
profit maximization, output price 1ls equel to marginal
cost, Thus, we can write

mé.rginal cost Xx fi = Wi .
Looking back at the first order condltion for competi-
tive cost minimization, we have

A, = W, .
Thus, ‘A is equal to marginal cost,

=

139



Bibliography

Aigner, D. and S. Chu, "On Estimating the Industry
Production Function," american Economiec Review,

Allen, R.G.D., Mathematlical Analyslis for Economists
(New York: 1938),

_ and J.R. Hicks, "A Reconsideration of
the Theory of Value, II," Economica, (1934),

¢\.r-J:'ow't K.Jsy H.Bs Chenery, B.S. Minhas and R.M. Bolow,
Capital-Labor Bubstitution and Economic Efficiency,"

Beview of Eoonomles and Statistics, XLIII (1961),
225-250,

Bowles, S., “Aggregation of lLabor Inputs in the Economics
of Growth and Planning," Journal of Political
Economy, LVIII (1970), 11-81.

"Towards An Educational Production
Function," Education, Income and Human Gapital,
ed. W.L. Hansen (New York: 1970), DPpP. TI-EIE.
Box, G.E.P. and D.R. Cox, “an Analyeis of Transformations,®

Journal of the Royal Statisticael Society, Series B
93’pp0 11"50

Brown, M. and A. Conrad, "The Influence of Research and
Education on C.E.8. Production Relations," The_ Theory

and Empirlcal Analysis of Productlion, ed, M. Brown
(New York: 1967), PP. 341-371.
Denison, E.F., “Industrial Composition of National Income,"

§gr{ay of Current Business, (December, 1948), pp.
1l 7.

Fuchs, V.R., Differentials in Hourly Earnings by Region
and City 8ize, 1959, Occaslonal Paper §01, Natlonal
Bureau of Eoonomic Research (1967).

s The Service Economy, (New York: 1968),

Gorman, W.M., “"Production Functions in Which the Elas-
tlcities of Substitution Stand in Fixed Proportion
to Each Other," Review of Economic Studies, XXXII
(1965), 217-224,

140



Graybill, F.A., an Introduction to Linear Statistical
Models, Vol. 1 (New York: 196l1),

Griliches, Z., "Capital-Skill Complementarity," Review of
Economlcs and Btatistics, LI (1969), 465-468,

, "Education in Production Functiona and
Growth Accounting," Education, Income and Human
Capital, ed. W.L. Hansen (New York: 1970), PP. 71-115,

Hanoch, G., “"'CRESH' Production Functions," Discussion
Paper No. 84, Harvard Institute for Economic Research,
(Cambridge, Mass.: August, 1969).

, "Production with Constant Two-Factors-
One-Price Elasticlties of Substitution,® Discussion
Paper No, 117, Harvard Institute for Economic Ressearch,
(Cambridge, Mass.: April, 1970),.

, "Generation of New Production Functions
Through Duality," Dilscussion Paper No. 118, Harvard
Institute for Economic Research, (Cambridge, Mass,:
April, 1970).

Hanushek, E., "Teacher Characteristice and Gains in Student
Achlevement Estimation Using Miero-data," American
Economlc Review, LXI (1971), 280-288,

Hildebrand, G.H. and T.C. Liu, Manufacturing Production
Functions in the U.S., 1957 (Cornell University
Studies in Industrial and Labor Relations, 1965).

Johnston, J., Econometric Methods, (New York: 1963).

Kendrick, J.W., "Industry Changes in Non-labor Costs,"
The Industrial Composition of Income and Product,
ed, L.W., Kendrick ENew York: 1968), PPs 151-176.

Klein, L.R., "Macroeconomics and the Theory of Ratlonal
Behavior," Econometrica (1946), 93-108.

Jeontief, W., "A Note on the Inter-relationship of Subsets
of Independent Variables of a Contlnuous Function
with Continuous First Derivatives," Bulletin of
American Mathematical Society (1947), 343-350,

_ “Introduction to a Theory of Internal
sg{ucggre of Relationships," Econometrica (1947),
361=-372. )

Marimont, M.L., "GNP by Major Industries," Survey of
Cur;ent Bﬁainesa (October, 1962), pﬁ. =19,

141



McFadden, D., "“Further Results on C.E.S. Production
Fungtiona,“ Review of Economic Studlies, XXX (1963),
T3-83.

Mukerj)i, V., "Generalized SMAC Functlon with Constant
Ratios of Elasticities of Substitution," Review of
Economic Studles, XXX (1963), 233-236,

Mundlak, Y., “Elasticities of Substitution and the Theory
of Derived Demand," Review of Economic Studies,

Nerlove, M., "Returns to Scale in Electricity Supply,"“
Meagurement in Economics: Studies in Mathematical
HLconomice and Econometrics in Memo of Yehuda
Grunfeld, ed. C. Christ (Stanford: 1963).

Perlman, R., “"Forces Widening Occupational Vage Differ-
entlals," Review of Economics and Statistica, XL
( 1958) [ 107"1150

Reder, M.W., %Wage Differentials: Theory and Measurement,“
Aspects of Labor Eeconomice (Princeton: 1962), pp.
57=311,

Sims, C., "Theoretical Basis for a Double-Deflated Index
of Real Value-Added," Review of Economics and
Statistics, LVI (1969), 470-471.

Taylor, A.E., advanced Calculus (Mass.: 1955),

Uzawa, H., “"Production Functions with Constant Blasticilty
of Substitution," Review of Economic Stadies, XIX
(1962), 291-299.

Welch, F., "Labor-Market Discrimination,® Journal of
Political Economy, LXXV (1967), 225-240,

» "Linear Synthesis of Skill Distributions,™
Journal of Human Resources, IV (1969 Summer), 311-327,.

, “"Education in Production," Journal of
rolitical Economy, LXXVII (1970), 35-59,

Zellner, A., "An Efficient Method of Estimating Seemingly
Unrelated Regressions and Tests for Aggregation Blas,"
Journal oy American Statistical Assoclation (1962),

48-368,

142



