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C h a p te r  2

INTRODUCTION

Betw een 1939 an d  I9 6 0 , th e  r e l a t i v e  wage r a t e  

o f  e le m e n ta ry , h ig h  s c h o o l  and c o l le g e  g r a d u a te s  h a s
1 2rem a in ed  n e a r ly  c o n s ta n t ,  a s  can  b e  Been i n  T ab le  1 . *

TABLE 1

RATIO OF MEAN ANNUAL EARNINGS OF MALES, 
TWENTY-KEVE YEARS AND OVER,
FOR THE EDUCATIONAL FACTORS:

1939, 1949 and 1959

19?? 194? l? 5 ?

H igh s c h o o l /c o l le g e .637 .612 .6 6 3

E le m e n ta ry /C o lle g e .4 5 6 .4 5 8 .5 1 0

H igh s c h o o l/E le m e n ta ry 1 .3 9 8 1 .3 3 8 1 .3 0 0

S o u rc e : Z . G r l l i c h e s ,  " E d u c a tio n  i n  P ro d u c tio n  f u n c t io n s  
and  G row th A c c o u n tin g ,"  E d u c a tio n . Income and 
Human C a p i t a l ,  e d .  W.L. H ansen INew Y ork , 1 9 7 0 ) , 
p p . 7 1 -1 1 5  (T a b le  2 ) .



However, o v e r  ap p ro x im a te ly  th e  same p e r io d  o f

tim e  (1 9 4 0 -1 9 6 0 ), th e  p e rc e n ta g e  o f  c o l le g e  g ra d u a te s

25 y e a r s  and o v e r  In  th e  U .S . In c re a s e d  from 4*6# to  7 .7#*

w h ile  th e  p e rc e n ta g e  o f  h ig h  sc h o o l g ra d u a te s  25 y e a rs  and

o v e r  In c re a s e d  from 24*1# to  4 0 * 1 # .^  The r i s e  in  th e

su p p ly  o f  c o l le g e  and h ig h  sc h o o l g ra d u a te s  o v e r  tim e

r e l a t i v e  to  e le m e n ta ry  sc h o o l g r a d u a te s ,  and th e  f a i l u r e

o f  th e  wage r a t e  o f  th e s e  f a c t o r s  to  d e c l in e  r e l a t i v e  to

t h a t  o f  e lem e n ta ry  sc h o o l g ra d u a te s  s u g g e s ts  a  p a rad o x

co n o e m in g  th e  r o l e  o f  e d u c a tio n  in  th e  p ro d u c tio n  
4p ro ce ss*

T hree p o s s ib le  e x p la n a t io n s  can be o f f e r e d  f o r
5 6r e c o n c i l in g  t h i s  paradox*  1 T here a re  two p la u s ib le  

e x p la n a t io n s  on th e  demand s id e  w hich  co u ld  have o f f s e t  

th e  In c r e a s e  in  th e  r e l a t i v e  su p p ly  o f  h ig h  sc h o o l and
t

c o l le g e  g r a d u a te s ,  and one on th e  supply  s id e .  Here a re  

th e  th r e e  p o s s ib le  e x p la n a t io n s :

(1 ) Those i n d u s t r i e s  w hich  a re  th e  m ost r a p id ly  

ex p an d in g  a r e  a l s o  th e  m ost e d u c a t io n a l - in te n s iv e  in d u s ­

t r i e s *  Thus, a s  th e  o u tp u t  o f  such  in d u s t r i e s  in c r e a s e s ,  

th e  r e l a t i v e  s h a re  o f  th e  m o re -ed u ca ted  in p u ts  in c r e a s e s  

r e l a t i v e  to  th e  sh a re  o f  le s s - e d u c a te d  In p u ts  in  t h a t  

in d u s t r y ;

(2 ) The ohange In  th e  co m p o sitio n  o f  p ro d u c tio n  

may have in c r e a s e d  th e  demand f o r  m o re -ed u ca ted  la b o r  by 

in c r e a s in g  th e  p r o d u c t iv i ty  o f  t h i s  f a c to r  r e l a t i v e  to

2



le s s - e d u c a te d  la b o r*  T hat l s t th e  chang ing  c o m p o s itio n  o f  

p ro d u c tio n  may have had  a  n o n -n e u tr a l  e f f e c t  on r e l a t i v e  

e d u c a t io n a l  l a b o r  p r o d u c t i v i t i e s .  T h is  c o u ld  have o c o u rre d  

In  two w ays:

(a )  I n  th e  p ro d u c tio n  p ro c e s s ,  th e  p a t t e r n  o f  

f a c t o r  s u b s t i t u t i o n  may be such  t h a t  non­

la b o r  I n p u ts  a r e  r e l a t i v e l y  en h an cin g  to  

m o re -ed u ca te d  th a n  le s s - e d u c a te d  l a b o r .

Thus, a s  th e  q u a l i ty  and q u a n t i ty  o f  non­

l a b o r  I n p u ts  in c r e a s e s ,  th e  p r o d u c t iv i ty  o f  

m o re -ed u ca ted  l a b o r  w i l l  I n c r e a s e  r e l a t i v e  

to  le s s - e d u c a te d  l a b o r ;  o r

(b ) te c h n o lo g ic a l  change may be such  t h a t  i t  

I n c r e a s e s  th e  p r o d u c t iv i ty  o f  m o re-ed u ca ted  

la b o r ,  r e l a t i v e  t o  la b o r  in p u ts  w ith  l e s s  

e d u c a t io n .

I t  may b e  d i f f i c u l t  to  d i s t i n g u i s h  e m p ir ic a l ly  

b etw een  th e  a l t e r n a t i v e  h y p o th e s e s . I b r  exam ple, I f  th e  

r i s e  I n  th e  q u a l i ty  o f  n o n - la b o r  in p u ts  I s  c o n s id e re d  a s  

em bodied t e c h n ic a l  ch an g e , th e n  I t  I s  d i f f i c u l t  to  d i s ­

t in g u i s h  e m p ir ic a l ly  betw een  (a )  and (b ) ab o v e . F o r t h i s  

r e a s o n , ( a )  and  (b ) w i l l  som etim es be r e f e r r e d  to  as  

" n o n - n e u t r a l i ty  o f  te c h n o lo g ic a l  c h a n g e ."  A lso , th o s e  

i n d u s t r i e s  w hich a re  m ost r a p id ly  expand ing  may a l s o  have 

a  r a p id  r a t e  o f  te o h n lc a l  ch an g e . I f  t e c h n ic a l  change I s
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n o n - n e u t r a l ,  th e n  I t  may be d i f f i c u l t  t o  " p a r t i a l 1* o u t

th e  e f f e o t s  o f  ( 1 ) and  ( 2 ) ,

(3 )  P ro d u c tio n  o f  human c a p i t a l  may be auch t h a t

o v e r  t im e , th e r e  h a s  b een  an  in c r e a s e  In  th e  r a t e  o f

le a r n in g  p e r  u n i t  o f  r e s o u rc e  a l l o o a t e d .

The on ly  e m p ir ic a l  ev id en ce  a t  th e  p r e s e n t  tim e

on th e  chang ing  co m p o sitio n  o f  o u tp u t h y p o th e s is  I s  p ro -
7v ld e d  by G r i l l c h e s ,  He f in d s  t h a t  th e  c o r r e l a t l o h  

betw een th e  p e rc e n ta g e  change I n  th e  employment o f  m ales 

b etw een  1950 and I 960 and th e  lo g a r ith m  o f  mean sc h o o l
Q

y e a rs  com pleted  by in d u s t ry  i n  I 960 i s  • 3 3 .

As f o r  ( 2 ) ,  I t  i s  s u r p r i s in g  t h a t  a l th o u g h  

eco n o m ists  r e a l i z e  t h a t  an u n d e rs ta n d in g  o f  p a t t e r n s  o f  

f a c t o r  s u b s t i t u t i o n  can  h e lp  e x p la in  some a p p a re n t economic 

p a rad o x es  and open up a  p re g n a n t ran g e  o f  new p e r s p e c t iv e s  

f o r  econom ic r e s e a r c h ,  l i t t l e  e m p ir ic a l  r e s e a r c h  h a s  been
q i n

done on t h i s  q u e s tio n *  I  e x p e c t t h a t  th e  la c k  o f

e x te n s iv e  r e s e a r c h  on t h i s  q u e s t io n  i s  due to  a  c r u c i a l  

c o n s t r a in t  a c t in g  upon th e  p o t e n t i a l  I n v e s t i g a t o r :  th e  

la c k  o f  know ledge o f  a  p ro d u c tio n  f u n c t io n  w hich p e rm its  

e s t im a t io n  o f  p a t t e r n s  o f  f a c t o r  s u b s t i t u t i o n  w ith o u t 

r e s t r i c t i n g  such  p a t te r n s  a  p r i o r i .  In  C h ap te r  3 , I  d i s ­

c u ss  t h i s  p ro b lem . H ere , I  summ arize th r e e  p re v io u s  

e m p ir ic a l  s tu d ie s  t h a t  a re  aim ed a t  I n v e s t i g a t in g  p a t t e r n s  

o f  f a c t o r  s u b s t i t u t i o n .

A l l  th r e e  s tu d i e s ,  a s  w e ll  a s  my own, o p e ra te
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u n d e r  a  fu n d am en ta l c o n s t r a i n t . The fu n d am en ta l r e l a t i o n ­

s h ip  b e tw een  h o u se h o ld  co n su m p tio n  an d  th e  su p p ly  cu rv e  

tff  d i f f e r e n t  l e v e l s  o f  l a b o r  a re  e l im in a te d  from th e  

m odel* The wage d e te rm in in g  o p e r a t io n  i n  th e  l a b o r  m ark e t 

a r e  th u s  rem oved from th e  econom ic p ro c e s s e s  u n d e r  con­

s id e r a t io n *  The m ost Im p o r ta n t  c e t e r l u s  p a r ib u s  a s su m p tio n , 

t h e r e f o r e ,  i s  c o n ta in e d  i n  th e  p h ra s e  "g iv e n  a  s e t  o f  

wage r a t e s * "

U sing  no a  p r i o r i  p ro d u c t io n  f u n c t io n  and a  tw o - 

d im e n s io n a l breakdow n o f  l a b o r ,  " s c h o o le d "  and  " u n sc h o o le d " , 

G r i l l c h e s  exam ines p a t t e r n s  o f  f a c t o r  s u b s t i t u t i o n  i n  U«S* 

m a n u fa c tu r in g  i n  195^ and  19 6 J *11 He f in d s  t h a t  " sc h o o le d "  

l a b o r  i s  more com plem entary  w ith  p h y s ic a l  c a p i t a l  th a n  

t h i s  l a t t e r  f a c t o r  i s  w i th  "u n sc h o o le d "  la b o r*

B o v le s , u s in g  a g g re g a te  in t e r - c o u n t r y  d a t a ,

t h r e e  e d u o a t io n a l  in p u ts  ( 0 - 7 » 8 -1 1  and  12f  y e a r s  o f  s c h o o l

co m p le ted ) and a  tw o - le v e l  a g g re g a te d  p ro d u c t io n  f u n c t io n ,

f in d s  t h a t  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  b e tw een  any p a i r

o f  e d u c a t io n a l  in p u t s  i s  s u f f i c i e n t l y  h ig h  so  t h a t  th e

t h r e e  e d u c a t io n a l  in p u ts  can  e a s i l y  be  s u b s t i t u t e d  f o r
12e a c h  o t h e r  i n  th e  p ro d u c t io n  p ro c e s s * *  He, t h e r e f o r e ,  

c o n c lu d e s  t h a t  a l l  e d u c a t io n a l  in p u t s  can be  a g g re g a te d  

i n t o  a  s in g le  e d u o a t io n a l  m easu re , s ln o e  l i t t l e  in fo rm a t io n  

i s  l o s t  a b o u t t h e  e d u c a t io n a l  s e r v i c e s  u sed  i n  th e  p ro ­

d u c t io n  p ro c e s s*  V is a  v i s  th e  p r o d u c t io n  p r o c e s s ,  eao h  

f a c t o r  i s  i d e n t i c a l ,  e x c e p t t h a t  th e  " q u a n t i ty "  o f  in p u t
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o f  e ach  e d u c a t io n a l  f a c t o r  In  th e  p ro d u c tio n  p ro c e s s  I s  

n o t  th e  Bame.1^

W elch, l i k e  B ow les, u s e s  th r e e  e d u c a t io n a l  

o l a s s e s :  c o l le g e  g r a d u a te s ,  h ig h  sc h o o l g ra d u a te s  and 

p e rs o n s  w ith  1 -4  y e a rs  o f  s c h o o lin g . Welch t r e a t s  p e rso n s  

In  In te rm e d ia te  e d u c a t io n a l  l e v e l s  a s  l i n e a r  co m b in a tio n s  

o f  p e rso n s  In  th e  above th r e e  e d u o a tio n a l c la s s e s *  The 

e m p ir ic a l  a n a ly s i s  i s  co n cern ed  w ith  th e  f a c t o r s  d e t e r ­

m in ing  th e  p r o d u c t iv i ty  o f  s c h o o lin g  in  a g r i c u l t u r e  i n
14

th e  U .S . i n  1959* W elch f in d s  t h a t  much o f  th e  " l e v e r -  

a g e M a s s o c ia te d  w ith  c o l le g e -e d u c a te d  l a b o r  can  be a t t r i b ­

u te d  to  ch an g in g  te c h n o lo g y . T hat 1b, c e t e r i u s  p a r ib u s ,  

th e  p r o d u c t iv i ty  o f  c o l le g e -e d u c a te d  la b o r  I n c r e a s e s  

r e l a t i v e  to  t h a t  o f  n o n -c o lle g e -e d u c a te d  l a b o r  a s  a  r e s u l t  

o f  te c h n o lo g ic a l  ohange* Thus, a s  te c h n o lo g ic a l  ohange 

c o n t in u e s  In  a g r i c u l t u r e ,  one would ex p e o t t h a t  th e r e  w i l l  

be an  In c r e a s e  i n  c o l le g e -e d u c a te d  l a b o r  em ployed i n  

a g r i c u l t u r e  r e l a t i v e  to  n o n -c o lle g e -e d u c a te d  l a b o r .  

However, he a l s o  f in d s  t h a t  n o n - la b o r  in p u ts  have a  n eg a­

t i v e  e f f e c t  on th e  r e l a t i v e  p r o d u c t iv i ty  o f  c o l le g e -  to  

n o n -c o lle g e -e d u c a te d  l a b o r .

( 3 ) above d e a ls  w ith  th e  q u a l i ty  o f  sc h o o lin g  

o v e r  t im e . A knowledge o f  e d u o a tio n a l  p ro d u c tio n  fu n c t io n s  

i s  n e c e s s a r y .  An e d u c a t io n a l  p ro d u c tio n  fu n c t io n  m easures 

th e  r e l a t i o n s h i p  betw een sch o o l and s tu d e n t  in p u ts  and a 

m easure o f  o u tp u t .  The d i f f i c u l t i e s  In v o lv e d  In  e s t im a t in g



an  e d u o a t io n a l  p ro d u c tio n  fu n c t io n  a r e  d is o u s s e d  by 
15Bowles*

T h is  s tu d y  exam ines th e  f i r s t  two h y p o th e se s  

above w ith  em phasis on th e  second  h y p o th e s is .  W ith r e s p e c t  

to  th e  second  h y p o th e s is ,  th e  e m p lr lo a l  a n a ly s i s  i s  con­

c e rn e d  w ith  U .S . m a n u fa c tu r in g . 1 do n o t  e m p ir ic a l ly  

i n v e s t i g a t e  th e  t h i r d  h y p o th e s is  in  t h i s  s tu d y .  In  C h ap te r  

2 , I  e x p lo re  th e  e f f e c t  o f  th e  chang ing  co m p o sitio n  o f  

o u tp u t and th e  n o n - n e u t r a l i ty  o f  te c h n o lo g ic a l  change on 

th e  demand f o r  e d u c a t io n a l  f a c to r s  betw een  1940 and I9 6 0 , 

and a l s o  p r e s e n t  some p re l im in a ry  ev id en c e  f o r  U .S . manu­

f a c t u r i n g .  In  C h a p te r  4 , I  exam ine p a t t e r n s  o f  f a c t o r  

s u b s t i t u t i o n  f o r  U .S . m a n u fa c tu rin g  in  1958* C h a p te r  3 i s  

a  d is c u s s io n  o f  p ro d u c tio n  fu n c t io n s  and m odels w hich can 

be  u sed  to  e s t im a te  th e s e  p a t t e r n s .
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F o o tn o te s  to  C h a p te r  1

^ F o r o c c u p a tio n s  w hich  r e f l e c t  e d u o a t io n a l  l e v e l s ,  th e

c o n s ta n c y  o f  th e  r e l a t i v e  wages b e tw een  1949 and  1959

a l s o  h o ld s .  The r a t i o  o f  wage an d  s a la r y  incom e i n

1959 to  1949 f o r  e a c h  91a J o r  o c c u p a t io n a l  c l a s s  1b:

E a rn in g s  1 9 5 9 / 
O cc u p a tio n  E a rn in g s  1949

A l l  1 .7 2 1

P r o f .  & T e c h n ic a l  1 .6 9 8
M anagers ( e x c lu d in g  farm ) 1 .6 6 6
Farm m anagers 1 .5 3 2
C l e r i c a l  w o rk e rs  1 .6 5 2
S a le s  w o rk e rs  1 .6 9 4
C ra ftsm en  & fo rem en 1 .6 9 5
O p e ra tiv e  w o rk e rs  1 .6 7 1
S e rv ic e  w o rk e rs  1 .6 3 0
L a b o re rs  1 .6 9 7

(B ased  on m a les  who w orked 50-52  w eek s.
S o u rc e : 1950 Census o f  P o p u la t io n  P C (4 ), IB , p . 1 9 9 .

i9 6 0  Census o f  P o p u la t io n  P C (2 ), 7A, p .3 5 6 .)

T here i s  an e x te n s iv e  l i t e r a t u r e  on th e  ch an g in g  s k i l l  

d i f f e r e n t i a l  o v e r  tim e  betw een  " s k i l l e d "  and " u n s k i l le d "  

l a b o r .  However, I n  t h i s  l i t e r a t u r e ,  s k i l l e d  w o rk e rs  a r e  

u s u a l ly  c o n s id e re d  some B ort o f  m anual c ra ftB m en , su ch  

a s  c a r p e n te r s ,  m i l lw r ig h t s ,  e l e c t r i c i a n s ,  e t c .  U n s k i l le d  

w o rk e rs  a r e  l a b o r e r s ,  Bw eepers, w atchm en, e t c .  I n  t h i s  

l i t e r a t u r e ,  I t  I s  o b se rv e d  t h a t  th e  wage o f  u n s k i l l e d  

l a b o r  i s  r i s i n g ,  r e l a t i v e  to  t h a t  O f s k i l l e d  l a b o r .  S ee :

M.VT. R ed er, "Wage D i f f e r e n t i a l s :  Theory and M easure­
m e n t,"  i
p p . 257"

8

m e n t."  A sp e c ts  o f  L ab o r Econom ics ( P r in c e to n .  1 9 6 2 ).



and

R. P erlm an , "F o rc es  W idening O c c u p a tio n a l Wage D i f f e r ­
e n t i a l s . "  Review o f  Econom ics and S t a t i s t i c s .  XL (1 9 5 8 ). 
1 0 7 -1 1 5 .

^ U .S . B ureau  Of th e  C ensus, A b s tr a c t  o f  th e  U n ite d  
S ta te s ?  1966 (W ash ing ton : 1966 ) ,  T ab le  1 5 4 .

^  I t  1b a l s o  p o s s ib le  f o r  th e  r e l a t i v e  demand f o r  th e  two 

m o re -ed u ca ted  l a b o r  In p u ts  to  in o r e a s e  l e s s  th a n  th e  

demand f o r  th e  lo w e r-e d u o a te d  l a b o r  in p u t  and s t i l l  

o b se rv e  no ohange In  th e  r e l a t i v e  wage r a t e ,  even  under 

th e  o b se rv e d  supp ly  s h i f t s .  Such a  r e s u l t  would depend 

upon th e  e l a s t i c i t y  o f  th e  I n i t i a l  supp ly  and demand 

c u rv e s .  The p o s s i b i l i t y  I s  more l i k e l y  . th e  (a )  

g r e a t e r  th e  e l a s t i c i t y  o f  demand f o r  m o re -ed u ca ted  l a b o r ;

(b )  th e  l e s s  e l a s t i c  th e  demand f o r  le s s - e d u c a te d  l a b o r ;

(c )  th e  more I n e l a s t i c  th e  supp ly  o f  m o re-ed u ca ted  

l a b o r ;  and  (d ) th e  more e l a s t i c  th e  su p p ly  o f  l e s s -  

e d u c a te d  l a b o r .

5 These th r e e  e x p la n a t io n s  a re  o f f e r e d  by Welch i n  t r y in g  

to  e x p la in  why th e  p r iv a t e  i n t e r n a l  r a t e  o f  r e tu r n  to  

c o l le g e  and h ig h  sc h o o l g ra d u a te s  h a s  n o t f a l l e n ,  even  

th o u g h  th e r e  h a s  been  a  r e l a t i v e l y  la r g e  In c r e a s e  i n  

th e  su p p ly  o f  th e s e  f a c t o r s .

P. W elch, "E d u ca tio n  i n  P ro d u c tio n ,"  J o u rn a l  o f  P o l i t i c a l  
Economy, LXXVII (1 9 7 0 ), 3 5 -5 9 .

9



The co n s tan cy  o f  th e  r e l a t i v e  wage r a t e  o f  edu­

c a t io n a l  f a c t o r s  i s  c o n s i s te n t  w ith  an In c r e a s e  In  th e  

p r iv a t e  i n t e r n a l  r a t e  o f  r e tu r n  b ecau se  i t  im p lie s  t h a t  

i f  th e  wage r a t e s  a r e  in c r e a s in g ,  th e n  th e  a b s o lu te  wage 

d i f f e r e n t i a l  w i l l  i n c r e a s e .  An In c r e a s e  i n  th e  a b s o lu te  

wage d i f f e r e n t i a l  w i l l  in c re a s e  th e  p r i v a t e  I n t e r n a l  

r a t e  o f  r e t u r n .

^ I n s t i t u t i o n a l  f a c t o r s ,  such aB th e  e f f e c t  o f  minimum 

wage law s , m ig ra t io n  law s and t r a d e  u n io n  p r e s s u r e ,  a r e  

o m it te d .  A ll  th r e e  o f  th e s e  f a c t o r s ,  I  b e l i e v e ,  w ould 

a c t  to  In c re a s e  th e  wage r a t e  o f  e le m e n ta ry  sc h o o l 

g r a d u a te s ,  r e l a t i v e  to  th e  two o th e r  e d u c a t io n a l  c l a s s e s  

u n d e r c o n s id e r a t io n .

^ Z. G r i l l c h e s ,  "E d u ca tio n  in  P ro d u c tio n  F u n c tio n s  and 
Growth A c c o u n tin g ,"  E d u c a tlb li. Income and Human C a p i t a l , 
e d . W.L. HanBen (New Y ork, 1 9 7 0 ), p p . 71-115*

Q
H is r e s u l t  i s  s t a t i s t i c a l l y  s i g n i f i c a n t .  The c o r r e l a t i o n  

f o r  fem ales  i s  n o t s t a t i s t i c a l l y  d i f f e r e n t  from z e ro .

^ Jt>r exam ple, an  u n d e rs ta n d in g  o f  f a c t o r  s u b s t i t u t i o n  can 

h e lp  e x p la in  th e  w ell-know n " L e o n t ie f  P arad o x " o f  i n t e r ­

n a t io n a l  t r a d e .

I  e l im in a te  from t h i s  rev iew  s tu d i e s  w hich  In tro d u c e  an  

"educational m easure" in to  th e  p ro d u c tio n  fu n c t io n ,  and 

I n s te a d ,  c o n s id e r  th o s e  s tu d ie s  i n  w hich  l a b o r  o f  d i f f e r -
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e n t  e d u c a t io n a l  l e v e l s  i s  In c lu d e d  I n  t h e  p r o d u c t io n  

f u n c t io n .

F o r exam ple, H ild e b ra n d  an d  L iu  In t ro d u c e  an 

e d u c a t io n a l  m easure  i n to  t h e  ex p o n e n t o f  th e  Cobb- 

D ouglas p r o d u c t io n  fu n c t io n , t o  t e s t  I f  e d u c a t io n  

a f f e c t s  l a b o r 's  s h a re  i n  p r o d u c t io n .  The h y p o th e s is  

t h a t  e d u c a t io n  a f f e c t s  a l l  p a ra m e te rs  o f  th e  p r o d u c t io n  

f u n c t io n  i s  t e s t e d  by Brown and C onrad .

G.H. H ild e b ra n d  an d  T .C . L iu , M a n u fa c tu r in g  P ro d u c t io n  
F u n c tio n  In  th e  U .S . .  1957 ( C o rn e l l  U n iv e r s i ty  B tu d le s  
in  I n d u s t r i a l  and  L ab o r R e la t io n s ,  1965)*

M. Brown and A. C onrad , "The I n f lu e n c e  o f  R esea rch  an d  
E d u c a tio n  on C .E .S . P ro d u c tio n  R e la t i o n s ,"  The Theory 
and E m p ir ic a l  A n a ly s is  o f  P ro d u c t io n , e d . M. Brown 
(New Y ork , 1 9 6 7 ), p p . 3 4 1 -3 7 1 .

G r i l l c h e s  u s e s  an  a p p ro x im a tio n  to  th e  in p u t  demand 

e q u a t io n s  a s  h i s  m odel to  make I n f e r e n c e s  ab o u t p a t t e r n s  

o f  f a c t o r  s u b s t i t u t i o n .  The m odel i s  d is c u s s e d  i n

2 .  G r i l i c h e s ,  "E d u c a tio n  i n  P ro d u c tio n  F u n c tio n s  an d  

Growth A c c o u n tin g ."

The e m p ir ic a l  t e s t  o f  th e  h y p o th e s is  t h a t  " sc h o o le d "  

l a b o r  i s  more com plem entary  w ith  p h y s ic a l  c a p i t a l  th a n  

t h i s  l a t t e r  f a c t o r  i s  w ith  "u n sc h o o le d "  l a b o r  i s  i n

Z . G r i l i c h e s ,  " C a p i t a l - S k i l l  C om plem en tarity R e v ie w  o f  

Econom ics and S t a t i s t i c s . LI (1969)* 4 6 5 -4 6 8 .
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In  t h i s  p a p e r , G -rilich e s  d e f in e s  s k i l l e d  o r  " s c h o o le d 11 

l a b o r  i n  two w ays: ( i )  a l l  w orkers who a r e  n o t l a b o r e r s ,  

o p e r a to r s  o r  s e r v ic e  w o rk e rs , and ( i l )  u s in g  th e  edu­

c a t io n a l  d i s t r i b u t i o n .

12 3 . B ow les, "A g g reg a tio n  o f  Labor In p u tb  i n  th e  Econom ics 
o f  Growth and P la n n in g ,"  J o u rn a l  o f  P o l i t i c a l  Economy. 
L V III (1 9 7 0 ), 6 8 -8 1 .

For exam ple, suppose th e r e  a r e  th r e e  e d u c a t io n a l  l a b o r  

c l a s s e s  -  X^, Xg and X-j. Assume t h a t  a l l  th r e e  f a c t o r s  

a r e  p e r f e c t  s u b s t i t u t e s  f o r  each  o th e r ;  t h a t  i s ,  th e  

e l a s t i c i t y  o f  s u b s t i t u t i o n  betw een any p a i r  o f  f a c to r s  

i s  I n f i n i t e .  A lso  assume t h a t  X3 i s  th r e e  tim e s  a s  p ro ­

d u c t iv e  a s  X^, b u t o n ly  tw ic e  as p ro d u c tiv e  a s  Xg, and  

t h a t  t h i s  r e l a t i o n s h i p  i s  In d ep en d en t o f  th e  q u a n t i ty  

o f  P h y s ic a l  c a p i t a l  em ployed; t h a t  i s ,

*3 a  1 /3  * l

and

X3 =  1 /2  Xg 

a t  a l l  l e v e l s  o f  p h y s ic a l  c a p i t a l  em ployed.

Then, from th e  p o in t  o f  view  o f  th e  p ro d u c tio n  fu n c t io n ,  

a l l  th r e e  f a c to r s  a re  I d e n t i c a l ,  e x c e p t t h a t  each  f a c t o r  

r e p r e s e n ts  a  d i f f e r e n t  number o f  u n i t s  o f  in p u t*

Now suppose th e r e  a re  two i n d u s t r i e s ,  A and B, such  

t h a t  th e  e d u c a t io n a l  l a b o r  d i s t r i b u t i o n  i s :

12



Number In  E d u c a tio n a l G lass

In d u s try

A

B

Then, u n d e r  th e  assu m p tio n s made above , th e  edu­

c a t io n a l  d i s t r i b u t i o n  f o r  each  In d u s try  oan be d e s c r ib e d  

by an  a g g re g a te  “e d u c a tio n a l  m e a s u re ,” In  te rm s o f  X j, 

in d u s t ry  A em ployes 9 u n i t s ,  w h ile  B em ployes 8 u n i t s ,

(O r in  te rm s o f  X^, In d u s try  A em ployes 27 u n i t s  w h ile  

in d u s t ry  B em ployes 24 u n i t s , )

B ow les1 r e s u l t s  su g g es t t h a t  a g g re g a tio n  in to  an 

a g g re g a te  “e d u c a t io n a l  m easure” i s  v a l i d .  However, 

b ecau se  o f  th e  la c k  o f  d a ta  on p h y s ic a l  c a p i t a l ,  Bowles 

c o u ld  n o t t e s t  i f  th e  m a rg in a l p r o d u c t iv i ty  r e l a t i o n ­

s h ip s  a re  in d e p e n d e n t o f  th e  l e v e l  o f  p h y s ic a l  c a p i t a l  

em ployed. The c o n d it io n  t h a t  a  s u b s e t  o f  f a c to r s  can 

be  a g g re g a te d  i f ,  and only  i f ,  th e  m a rg in a l r a t e  o f  

f a c t o r  s u b s t i t u t i o n  betw een th e  s u b s e t  o f  f a c to r s  i s  

in d ep en d en t o f  th e  rem ain ing  f a c t o r s ,  i s  g iv e n  by th e  

L e o n t le f  s e p a r a b i l i t y  theorem ,

W, L e o n t ie f ,  “A Note on th e  I n t e r - r e l a t i o n s h i p  o f  
S u b se ts  o f  In d ep en d en t V a r ia b le s  o f  a C ontinuous F u n c tio n  
w ith  C on tinuous F i r s t  D e r iv a t iv e s , " B u l l e t in  o f  A m erican 
M a th em a tica l S o c ie ty . (1 9 4 7 ), 3 4 3 -3 5 ^

and

5 :  ^  i

6 8 3

3 12 1
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_________ , " I n t r o d u c t io n  to  a  Theory o f  I n t e r n a l
S t r u c tu r e  o f  R e la t io n s h ip s ," E co n o m etrica  (1 9 4 7 ), 
3 61 -372 .

14
W elch, F . ,  "E d u ca tio n  in  P r o d u c t io n ."

W e lch 's  f in d in g s  do n o t  su p p o r t th e  c o n c lu s io n  o f  

B ow les; t h a t  i s ,  t h a t  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  

betw een  a l l  p a i r s  o f  e d u c a t io n a l  l a b o r  in p u ts  I s  

s u f f i c i e n t l y  h ig h  so  t h a t  a g g re g a tio n  in to  an  a g g re g a te  

" e d u c a t io n a l  m easure" i s  v a l i d .

Welch f in d s  t h a t  p ro d u c tio n  can be v iew ed a s  a  

tw o -s ta g e  o r  n e s te d  C .E .S . p ro d u c tio n  p r o c e s s .  F i r s t ,  

th e  two lo w e r  e d u c a t io n a l  c l a s s e s  com bine v i a  th e  C .E .3 . 

p ro d u c tio n  fu n c t io n  to  p roduce w hat he c a l l s  "conven­

t i o n a l  l a b o r . "  Then " c o n v e n tio n a l l a b o r , "  c o l le g e -  

e d u c a te d  l a b o r  and p h y s ic a l  c a p i t a l  combine to  p roduce  

o u tp u t .  On th e  o th e r  h an d , B ow les ' f in d in g s  w ould 

su g g e s t  a  tw o-B tage o r  n e s te d  p ro d u c tio n  p ro c e s s  t h a t  

d i f f e r s  from t h a t  su g g e s te d  by W elch. F i r s t ,  a l l  t h r e e  

e d u c a t io n a l  c l a s s e s  com bine, v i a  th e  f ix e d  p ro p o r t io n  

m odel, to  p roduce " l a b o r ,"  and th e n  " la b o r"  would 

combine w ith  p h y s ic a l  o a p l t a l  to  p roduce o u tp u t .

■**5 a .  B ow les, "Towards an  E d u c a tio n a l P ro d u c tio n  F u n c tio n ,"  
E d u c a tio n . Income and Human C a p i t a l , p p . 1 1 -6 1 .
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C h a p te r  2

THE CHANGE IN DEMAND FOR EDUCATIONAL INPUTS

T hree e x p la n a t io n s  a r e  o f f e r e d  f o r  th e  f a i l u r e  

o f  th e  r e l a t i v e  wage r a t e  o f  c o l le g e  and h ig h  so h o o l 

g ra d u a te s  t o  e lem en ta ry  sc h o o l g ra d u a te s  t o  f a l l  betw een  

1939 and 1958* even th o u g h  o v e r  th e  same tim e  sp a n , th e  

r e l a t i v e  supp ly  o f  th e s e  fao to rB  o f  p ro d u c tio n  h a s  

In c re a se d *  In  t h i s  C h a p te r , I  c o n s id e r  th e  e f f e c t  o f  

ohanges In  th e  co m p o s itio n  o f  o u tp u t and  n o n - n e u t r a l i ty  

o f  t e c h n o lo g ic a l  change a s  p o s s ib le  f a c t o r s  In  o f f s e t t i n g  

th e  r e l a t i v e  r i s e  In  th e  supp ly  o f  c o l le g e -  and h ig h  

sc h o o l-e d u c a te d  la b o r*

I  f i r s t  d i s c u s s  th e  o b se rv ed  g row th  and d i s ­

t r i b u t i o n  o f  o u tp u t by s e c to r  i n  th e  U.S# betw een  1939 

and I9 6 0 . A f t e r  t h i s ,  I  d is c u s s  th e  o b se rv ed  g row th  i n  

th e  demand f o r  each  f a c t o r  o f  p ro d u c tio n  o v e r  th e  same 

p e r io d ,  a lo n g  w ith  th e  o b se rv ed  r e l a t i v e  f a c t o r  r a t i o s .

15



and  a t t r i b u t e  th e  o b se rv e d  change In  f a c t o r  demand f o r  

e a c h  e d u c a t io n a l  l a b o r  I n p u t  t o :  (1 ) change In  demand due 

to  t e c h n o lo g ic a l  change; (2 ) change in  demand due to  

c o n s ta n t  g ro w th  o f  o u tp u t  i n  a l l  s e c to r s  o f  th e  economy; 

t h a t  i s ,  th e  p e rc e n ta g e  c o m p o s itio n  o f  o u tp u t  i s  u n ch an g ed ; 

an d  (3 ) change i n  demand due to  d i f f e r e n t  g ro w th  r a t e s  o f  

o u tp u t  b e tw een  s e c to r s  o f  th e  economy*

F in a l l y ,  I  lo o k  a t  17 tw o - d ig i t  SIC m anufac­

t u r i n g  i n d u s t r i e s  and exam ine th e  r e l a t i o n s h i p  b e tw een  

b o th  th e  change in  th e  o a p i ta l-a v e r& g e  la b o r  r a t i o  and  

r e a l  o u tp u t  b e tw een  1948-50 and 1961-63 w ith  th e  I9 6 0  

e d u c a t io n a l  f a c t o r  r a t i o s *

(2*1 ) C om position  and G rowth o f  O u tp u t i n  th e  U.S*

Economy: 1939 -  60

B etw een 1939 an d  I9 6 0 , r e a l  o u tp u t  i n  1954 

d o l l a r s  i n  th e  U .S . in c r e a s e d  from (1 8 4  b i l l i o n  t o  (4 4 0 * 1  

b i l l i o n .  I n  1950, r e a l  o u tp u t  i n  1954 d o l l a r s  was (323*1  

b i l l i o n .  The p e rc e n ta g e  d i s t r i b u t i o n  o f  r e a l  o u tp u t  i n  

th e  th r e e  y e a r s  1939. 1950 and  i 960  f o r  e i g h t  s e c to r s  o f  

th e  U .S . economy a re  g iv e n  i n  T ab le  1* As can  b e  se en  in  

T ab le  1 , t h e r e  h a s  n o t  b een  a  d r a s t i c  s h i f t  i n  th e  r e l a ­

t i v e  co m p o s itio n  o f  o u tp u t  be tw een  1939 and I960* B o th  

th e  a g r i c u l t u r e  and  governm ent s e c t o r  showed a  o o n t ln u a l  

d e c re a s e  o v e r  th e  2 1 -y e a r  p e r io d  in  th e  p e rc e n ta g e  con­

t r i b u t i o n  to  t o t a l  o u tp u t*  M a n u fa c tu r in g 's  s h a re  in c r e a s e d
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Table 1

PERCENTAGE DISTRIBUTION OF REAL OUTPUT 
(IN  1954 DOLLARS) IN THE U .S . ECONOMY 
BY EIGHT MAJOR SECTORS: 1939, 1950 and I960

(p e ro e n t)

S e o to r

A g r ic u l tu r e ,  f o r e s t r y  
and f i s h e r i e s

M ining

C o n s tru c tio n

M an u fac tu rin g

W holesale and r e t a i l  t r a d e

T ra n s p o r ta t io n ,  communi­
c a t io n s  and  p u b l ic  
u t i l i t i e s

O th er s e r v ic e s

Government and  g o v e rn ­
ment e n t e r p r i s e s

i22£ iSSS i260

7 .7 8 6 .2 5 5 .16

2 .2 3 2 .7 3 2 .4 5

3 .1 6 4 .6 2 4 .2 7

2 5 .0 5 28.66 2 8 .5 2

16 .97 18 .97 17 .72

1 0 .3 9 8 .9 1 10 .22

2 2 .6 6 2 0 .9 5 22 .6 3

11 .76 8 .9 1 9 .0 3

S o u ro e ; See th e  ap p e n d ix  t o  t h i s  Chapter*



betw een  1939 and  1950, b u t  was a p p ro x im a te ly  th e  same In  

I960  a s  I t  w s b  In  1950 . The t r a d e  s e c to r  In c r e a s e d  betw een  

1939 and  I9 6 0 , b u t  th e  s h a re  In  t o t a l  o u tp u t In  i 960  f e l l  

from I t s  1950 l e v e l .  The sh a re  o f  " o th e r  s e r v ic e s "  rem ained  

th e  same betw een  1939 and I9 6 0 , b u t  f e l l  In  1950 . The 

an n u a l compounded g ro w th  r a t e  o f  t o t a l  o u tp u t b e tw een  1939 

and 1950 w s b  5 .3  p e r c e n t ,  a s  com pared to  3 .1  p e r c e n t  

be tw een  1950 and I9 6 0 . S e c to r  g ro w th  r a t e s  a r e  shown In  

T ab le  2 .

(2 ,2 )  O bserved Demand f o r  E d u c a tio n a l Labor I n p u ts

No d a ta  on th e  e d u o a t lo n a l  d i s t r i b u t i o n  i s  

a v a i l a b l e  f o r  th e  t h r e e  y e a rs  1939» 1950 and I9 6 0  by 

s e o to r .  However, d a ta  I s  a v a i l a b le  on th e  o c c u p a t io n a l  

d i s t r i b u t i o n  by s e c t o r  f o r  1940, 1950 and I960 from  th e  

Census o f  P o p u la t io n .  I ,  t h e r e f o r e ,  u se  th e  o c c u p a t io n a l  

d i s t r i b u t i o n  a s  a  p roxy  f o r  th e  E d u c a tio n a l d i s t r i b u t i o n *

The d e c is io n  I  made was to  combine th e  n in e  

o c c u p a tio n a l  c l a s s e s  I n  th e  fo llo w in g  way: c o l le g e - g r a d -  

u a te d  l a b o r  -  p r o f e s s io n a l s  and m anagers ( e x c lu d in g  farm  

m a n ag e rs ) ; h ig h  s c h o o l-e d u c a te d  l a b o r  -  c ra f ts m e n , f o r e ­

men, farm  m anagers, c l e r i c a l  and s a l e s  w o rk e rs ; an d  

e lem e n ta ry  s c h o o l-e d u c a te d  l a b o r  -  l a b o r e r s ,  o p e r a to r s  

and B erv lce  w o rk e rs . The d e c is io n  I s  based  on b o th  th e  

m edian  e d u c a t io n a l  a t ta in m e n t  and  wage and s a la r y  Income 

o f  m ales i n  b o th  1949 and 1959* T ab le  3 p ro v id e s  th e
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Table 2

ANNUAL GROWTH OP REAL OUTPUT (IN 1954 DOLLARS) 
IN THE U .S . ECONOMY FOR EIGHT MAJOR SECTORS 
FOR SELECTED PERIODS

( p e r c e n t )

S e c to r  1939-50 1939-60 1950-60

ALL 5 .3  4 .2  3 .1

A g r ic u l tu r e ,  f o r e s t r y
and f i s h e r i e s  3*2 2 .2  1 .1

M ining 7 .2  4 .7  2 .0

C o n s tru c t io n  8 .9  5 .8  2 .3

M an u fa c tu rin g  7 .0  5 .0  3*1

W holesale  and  r e t a i l
t r a d e  6 .4  4 .5  2 .5

T r a n s p o r ta t io n ,  communi­
c a t io n s  and  p u b l ic
u t i l i t i e s  3*8 4 .2  4 .6

O th er s e r v ic e s  4 .5  4 .2  3 .9

Government and  govern ­
ment e n t e r p r i s e s  2 .6  2 .9  3*2
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Table 3

EDUCATIONAL ATTAINMENT AND WAGE AND SALARY 
INCOME BY MAJOR OCCUPATION; 1949 AND 1959

(HALES)

M edian Wage ..and .  
M edian School Y ears^  S a la ry  Income

O ccu p a tio n 194 ? 1959 1949

ALL 9 .7 1 1 .1 ^3110 #5354

P r o f .  A 
T e c h n ic a l 1 6 .0 + 1 6 .3 4030 6841

M anagers 
(n o n -fa rm ) 1 2 .2 1 2 .5 4327 7208

Farm
m anagers NA 1 1 .5 2572 3936

C l e r i c a l
w o rk e rs 1 2 .2 1 2 .3 3136 5181

S a le s
w o rk ers 1 2 .2 1 2 .3 3270 5541

C raftsm en  
A forem en 9 .5 1 0 .5 3378 5727

O p e ra tiv e
w o rk ers 8 .9 9 .6 2924 4886

S e rv ic e
w o rk ers 8 .8 9 .7 2425 3953

L a b o re rs 8 .2 8 .7 2366 4016

* 1950 Census o f  P o p u la tio n  P 0 (4 ) , IB , p .  107*
i9 6 0  Census o f  P o p u la tio n  P C (2), 7A# p .  116*

2 B ased  on m ales who worked 50-52 weeks In  th e  r e s p e c t iv e  y e a rs*  
1950 Census o f  P o p u la tio n  PC(4)» IB , p .  199*
i9 6 0  Census o f  P opu latlflH  P C (2)f 7A, p* 356*



r e le v a n t  d a ta .  N on-farm  m anagers a r e  in c lu d e d  i n  th e  

c o l le g e -e d u c a te d  o la s s  b ec au se  t h e i r  m edian wage and 

s a la r y  Income was above t h a t  o f  p r o f e s s io n a l s  i n  b o th  

1949 and 1959, even th ough  m edian e d u c a t io n a l  a t ta in m e n t  

was J u s t  above tw e lv e  y e a r s .  C raftsm en  and  forem en a r e  

in c lu d e d  in  th e  h ig h  s c h o o l-e d u c a te d  claBS b ec au se  o f  

t h e i r  wage and s a la r y  income i n  b o th  y e a r s .

The e d u c a t io n a l  d i s t r i b u t i o n  was im puted  from 

th e  m a le -fem ale  o c c u p a tio n a l  d i s t r i b u t i o n  by u s in g  r e l a ­

t i v e  wage r a t e s .  The com puted d i s t r i b u t i o n  by B e c to r  f o r  

each  o f  th e  th r e e  y e a r s  i s  g iv e n  in  th e  ap p en d ix  to  t h i s  

C h a p te r . The o b s e rv a t io n s  a r e  t r e a t e d  a s  th e  demand f o r  

each  e d u c a t io n a l  f a o to r .  However, w hat i s  r e a l l y  b e in g  

o b se rv e d  a r e  e q u i l ib r iu m  p o in ts  whioh a r e  a  r e s u l t  o f  b o th  

th e  s h i f t s  in  su p p ly  and demand f o r  each  f a c t o r .  In  o r d e r  

to  i n t e r p r e t  th e  o b s e rv a t io n s  a s  changes i n  th e  demand 

f o r  e ach  f a o to r  f o r  a l l  s e o to r s ,  i t  i s  n e c e s s a ry  to  assume 

t h a t  e a c h  s e c to r  a c t s  as  a  p e r f e c t  c o m p e ti to r  i n  th e  fa o ­

t o r  m a rk e t, so t h a t  th e  su p p ly  cu rv e  each  s e c to r  faceB 

f o r  e a c h  ty p e  o f  l a b o r  i s  p e r f e c t l y  e l a s t i c  a t  th e  p r e ­

v a i l i n g  r e l a t i v e  wage r a t e .  S in ce  th e  r e l a t i v e  wage r a t e  

o f  th e  e d u o a tlo n a l  f a c to r s  h a s  rem ained  n e a r ly  c o n s ta n t ,  

th e  s h i f t s  o b se rv ed  a re  th e n  due to  ohanges in  demand.

T able 4 shows th e  g row th  o f  demand by s e c t o r  

f o r  e a ch  e d u c a t io n a l  I n p u t .  The a n n u a lly  compounded 

g row th  i n  demand f o r  c o l le g e -e d u c a te d  l a b o r  was 3 .2  p e r c e n t
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T ab le  4

ANNUAL GROWTH IN DEMAND FOR EDUCATIONAL 
FACTOR INPUTS BY SECTOR 

(p e rc e n t)

S e c to r C o lleg e
High
S choo l

E lem en ta ry
Sohool

A l l
1940-50 3 .2 # 2 .2 # 1.0)1
1940-60 2*0 .7 .2
1950-60 .7 — *9 -  .8

A g r ic u l tu r e ,  f o r e s t r y  
and f i s h e r i e s

1940-50 1 3 .2 - 2 .0 - 2 .5
1940-60 7 .5 - 2 .3 - 3 .0
1950-60 2 .2 - 5 .0 - 3 .0

M ining
1940-50 3 .4 2 .7 - 1 .0
1940-60 2 .8 1 .1 - 3 .1
1950-60 2 .2 -  .5 - 3 .0

C o n s tru c tio n
1940-50 8 .5 3 .1 4 .3
1940-60 5 .7 2 .8 2 .6
1950-60 3 .0 .8 .9

M an u fac tu rin g
1940-50 5 .8 3 .2 2 .8
1940-60 5 .3 2 .7 1 .8
1950-60 4 .7 2 .4 .9

W holesa le  and r e t a i l  
t r a d e

1940-50 1 .7 3 .9 3 .0
1940-60 .1 .7 1 .2
1950-60 - 1 .5 - 2 .0 - 1 .6

T ra n s p o r ta t io n ,  communi­
c a t io n s  and p u b l ic  
u t i l i t i e s

1940-50 3 .9 3 .4 2 .2
1940-60 3 .1 1 .9 .8
1950-60 2 .2 .4 - 1 .5
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T able  4 (co n c lu d ed )

ANNUAL GROWTH IN DEMAND FOR EDUCATIONAL 
FACTOR INPUTS BY SECTOR 

( p e rc e n t )

H igh E lem en ta ry
S e c to r  C o lleg e  S choo l S chool

O th e r  s e r v ic e s
1940-50 3 .0 #  3 .2 #  - 2 .4 #
1940-60 1 .0  .2  - 3 .0
1950-60 - 1 .0  - 2 .1  - 3 .1

Governm ent and 
governm ent e n t e r p r i s e s

1940-50 2 .9  6 .2  .1
1940-60 3 .1  4 .2  .8
1950-60  3 .0  2 .2  1 .7
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b e tw een  1940 and 1950, w h ile  o n ly  2 .2  and 1 .0  p e ro e n t f o r  

h ig h  s c h o o l-  and  e lem e n ta ry  B o h o o l-ed u ca ted  l a b o r  o v e r  

th e  same p e r io d .  Growth o f  t o t a l  o u tp u t o v e r  a p p ro x i­

m a te ly  th e  same p e r io d  o f  tim e was 5*3 p e r c e n t .  Thus, th e  

demand f o r  ea ch  f a c t o r  grew  l e s s  th a n  th e  t o t a l  o u tp u t*  

S im i la r ly ,  o v e r  th e  1940-1960 and 1950-1960 p e r io d s ,  th e  

g ro w th  In  demand f o r  e a c h  e d u c a t io n a l  f a c t o r  was l e s s  th a n  

th e  g row th  i n  t o t a l  o u tp u t .  However, In  a l l  p e r io d s ,  th e  

g row th  i n  th e  demand f o r  c o l le g e -e d u c a te d  l a b o r  was g r e a t e r  

th a n  th e  demand f o r  th e  two le s s - e d u c a te d  f a c t o r s ,  and 

a lw ay s p o s i t i v e .  I n  th e  1950-1960 p e r io d ,  th e r e  was a  

d e c re a s e  In  th e  demand f o r  b o th  h ig h  s c h o o l-  and elem en­

t a r y  s c h o o l-e d u c a te d  la b o r*

The o b se rv e d  r e l a t i v e  f a c t o r  r a t i o s  f o r  th e  

t o t a l  economy a r e  shown in  T able 5 f o r  each  o f  th e  th r e e  

y e a r s .  N o tic e  t h a t  b e tw een  1940 and I9 6 0 , more c o l le g e -  

e d u c a te d  l a b o r  I s  b e in g  em ployed, r e l a t i v e  to  th e  two 

le s s - e d u c a te d  l a b o r  i n p u t s .  Hore h ig h  s c h o o l-e d u c a te d  

l a b o r  was u se d , r e l a t i v e  to  e lem e n ta ry  s c h o o l-e d u c a te d  

l a b o r  i n  1950 and I9 6 0 , a s  com pared to  1940,

T ab le  5

OBSERVED EDUCATIONAL FACTOR RATIOS 
IN THE ECONOMY: 1940, 1950 AND I960

H igh s c h o o l/C o lle g e
1940 1950

5735
I960  
S .05

E le m e n ta ry /C o lle g e 2 .5 2 2.02 1 .7 9

H igh so h o o l/E le m e n ta ry 1 .0 7 1 .1 7 1 .1 4

24



Why h as  th e r e  b een  an In c re a s e  I n  t h e  demand f o r

m o re -ed u ca te d  la b o r ,  r e l a t i v e  to  l e s s - e d u c a te d  la b o r ,  ev e n  

though  r e l a t i v e  wage r a t e s  have  rem ained c o n s ta n t  betw een  

e d u c a t io n a l  f a c to r s ?  Such changes In  t o t a l  demand may 

r e f l e c t ;  (1 ) I n c r e a s e s  I n  th e  o u tp u t o f  th e  economy a s  a  

w hole; (2 ) d i f f e r e n t  s e c t o r  g row th  r a t e s  o f  o u tp u t ;  and 

(3 ) te c h n o lo g ic a l  ch an g e .

T e c h n o lo g ic a l change may come a b o u t  a s  a r e s u l t  

o f  changes In  th e  p r i c e  o f  c a p i t a l  r e l a t i v e  t o  th e  p r i c e  

o f  th e  e d u c a t io n a l  f a c t o r s .  The p r ic e  o f  c a p i t a l v r e l a t i v e  

to  th e  av e ra g e  p r i c e  o f  l a b o r  f e l l  In  th e  p r iv a t e  domes­

t i c  economy by ab o u t 23# betw een  1948-50 an d  1961-63.*1'

For each  s e c to r ,  th e  change In  th e  r e l a t i v e  p r i c e  o f  

c a p i t a l  t o  a v e ra g e  l a b o r  f o r  th e  same p e r io d  i s  g iv en  In  

T able 6 ,

T ab le  6

CHANGE IN THE RELATIVE PRICE OF 
CAPITAL TO AVERAGE LABOR: 1961-63

( p e r c e n t  change w ith  1948-50 z lO O )

Change in  r e l a t i v e  p r i c e
S e c to r o f  c a p i t a l  t o  average  l a b o r

Farms
M ining
C o n s tru c tio n
M an u fac tu rin g
T ra n s p o r ta t io n
Com m unications
E l e c t r i c  and g a s ,  e t c .
W holesale and r e t a i l  t r a d e

88 .?#
7 3 .5  
4 9 .9
6 7 .1
7 5 .2  

1 1 8 .2
9 9 .6  
4 7 .1

S o u rc e ; J.W . K endrtfck#, " In d u s try  Changes I n  N onlabor 
C o s t s ," T able 5 .



S in ce  th e  e d u c a t io n a l  f a c t o r  wage r a t i o s  were 

c o n s ta n t  and th e  p r ic e  o f  c a p i t a l  f e l l  r e l a t i v e  to  t h a t  

o f  av e ra g e  l a b o r ,  t h i s  im p l ie s  t h a t  th e  p r i c e  o f  c a p i t a l  

f e l l  r e l a t i v e  to  th e  p r ic e  o f  a l l  e d u c a t io n a l  in p u t s .

Some re a s o n s  w hich  can be o f f e r e d  f o r  th e  d e c re a s e  a r e :

(1 ) l i b e r a l i z a t i o n  o f  d e p r e c ia t io n  law s; (2 ) in c r e a s e  in  

th e  minimum wage; and (3 ) t r a d e  un io n  p re s s u re *

Thus, th e  grow th i n  demand oan be a t t r i b u t e d  

tp  th e  f i r s t  th r e e  rea so n s  s t a t e d  above. T a b le s  7 -9  show 

my e s t im a te s  o f  th e  d eco m p o sitio n  o f  th e  change in  demand 

f o r  each  e d u c a t io n a l  f a c t o r  f o r  th e  th r e e  p e r io d s  1940-50 , 

1940-60 and 1 9 5 0 -6 0 .

These e s t im a te s  a r e  computed u n d e r  two a l t e r ­

n a t iv e  s i t u a t i o n s .  F i r s t ,  when th e  b ase  p e r io d  i s  u sed  a s  

th e  p o in t  o f  r e f e r e n c e ,  and se co n d , when t h e  te rm in a l  y e a r  

i s  u sed  a s  th e  p o in t  o f  r e f e r e n c e .  Technology 1 b d e f in e d  

a s  th e  q u a n t i ty  o f  e d u c a t io n a l  in p u t  em ployed p e r  u n i t  o f  

r e a l  o u tp u t .  When th e  r e f e r e n c e  p o in t  i s  th e  b a s e  y e a r ,  

th e  tech n o lo g y  o f  t h a t  y e a r  i s  u se d ; w h i l e , t h e  tech n o lo g y  

o f  th e  te rm in a l  y e a r  i s  u sed  when th a t  y e a r  i s  th e  r e f e r ­

ence p o in t .  The p ro ce d u re  f o r  o b ta in in g  th e  e s t im a te s  on 

T a b le s  7 -9  a re  g iv e n  In  th e  ap p en d ix  to  t h i s  C h a p te r .

From T ab le s  7-9* i t  can  be seen  t h a t  changes 

due to  te c h n o lo g ic a l  change, when e i t h e r  t h e  I n i t i a l  y e a r  

o r  b a s e  y e a r  i s  u se d  a s  th e  r e f e re n c e  p o in t ,  shows t h a t  

such  changes have r e s u l t e d  i n  a  d e c re a se  i n  th e  demand f o r
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Table 7

DECOMPOSITION OF THE CHANGE IN OBSERVED DEMAND 
FOR EACH EDUCATIONAL INPUT: 1940-50

R efe ren ce
Y ear

T o ta l
Change

Due to
T e c h n o lo g ic a l 
Change________

Due to  
C o n stan t 
Growth In  
A ll S e c to r s

Due to  
Changing 
C om position  
o f  O utput

C o lleg e
1940
1950

2 322 806 
2 322 806

-  2 551 438
-  1 358 038

4 654 824 
3 629 505

219 420 
51 339

High
S choo l

1940
1950

3 976 921 
3 976 921

8 027 755  
4 504 798

12 120 644 
8 719 522

■115 968
.237 803

E lem en ta ry
1940
1950

1 616 785 
1 616 785

•10 667 902 
■ 5 962 723

11 712 234 
7 210 378

572 453 
369 130
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Table 8

DECOMPOSITION OF THE CHANGE IN OBSERVED DEMAND 
FOR EACH EDUCATIONAL INPUT: 1940-60

R efe ren ce
Y ear

T o ta l
Change

Due to
T ec h n o lo g !c a l 
Change________

Due to  
C o n s ta n t 
Growth In  
A l l  S e o to r s

Due to  
Changing 
C om position  
o f  O utput

C o lleg e
1940
I960

2 920 573 
2 920 573

-  6 051 721
-  2 464 272

8 582 139 
5 151 874

390 155 
232 971

High
S ch o o l

1940
I960

2 560 484 
2 560 484

■16 981 629 
■ 8 114 155

22 346 936 
11 052 034

■2 804 823 
■ 377 395

E lem en ta ry
1940
I960

758 042 
758 042

-20 915 731 
■ 8 833  902

21 593 947 
9 293 371

79 826 
299 573
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Table 9

DECOMPOSITION OF THE CHANGE IN OBSERVED DEMAND 

FOR EACH EDUCATIONAL INPUT: 1950-60

R efe ren ce
Y ear

T o ta l
Change

Due to
T e c h n o lo g ic a l 
Change________

Due to  
C o n s tan t 
Growth In

Due to
Changing
C om position

A l l  S e c to rs  o f  O utpu t

C o lleg e
1950
I960

597 767 -2  643 442 
597 767 -1  875 161

3 072 705 
2 393 897

168 504 
79 031

High
School

1950
I960

■1
-1

416 437 
416 437

•7 697 670 
-5 922 668

7 251 133 
5 107 128

■969 900 
■600 897

E lem en ta ry
1950
1960

858 743 
858 743

-6 739 266 
■4 978 723

6 200 943 
4 398 646

■320 420 
■278 666
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each  e d u c a t io n a l  f a c t o r .  However, ea ch  e d u c a t io n a l  f a c t o r  

was n o t  a f f e c t e d  to  th e  same e x t e n t .  T ab le  10 shows w hat 

th e  f a c t o r  r a t i o s  w ould have b een  In  1940 h ad  th e  te c h ­

no logy  o f  1950 and I960  p r e v a i le d .  U nder b o th  te c h n o ­

l o g i c a l  s t a t e s ,  th e  r a t i o  o f  n o n - c o l le g e -  t o  c o l le g e -  

e d u c a te d  l a b o r  w ould have been  l e s s  th a n  th e  r a t i o  t h a t  

was o b se rv ed  in  1940 w ith  t h a t  s t a t e  o f  te c h n o lo g y . Thus, 

c o l le g e -e d u c a te d  l a b o r  employed would have in c r e a s e d , , 

r e l a t i v e  to  th e  two le s s - e d u c a te d  In p u tB , even though  

te c h n o lo g ic a l  change d e c re a se d  th e  demand f o r  a l l  f a c t o r s .  

U sing  th e  I960  te c h n o lo g y , th e  d e c re a s e  i n  a l l  f a c to r s  was 

l a r g e r  th a n  w ith  th e  1950 te o h n o lo g y . A g a in , fcowever, 

th e  lm pao t o f  te c h n o lo g ic a l  change d e c re a s e d  th e  num ber o f  

h ig h  s c h o o l-  and e lem e n ta ry  s c h o o l-e d u c a te d  l a b o r  em ployed, 

r e l a t i v e  t o  c o l le g e -e d u c a te d  la b o r ,  a s  can  be seen  by 

com paring th e  1940 f a c t o r  r a t i o s ,  i f  th e  te c h n o lo g y  o f  

1950 o r  I960  e x i s t e d  i n  1940, T ab le  10 a l s o  shows t h a t  had  

th e  te c h n o lo g y  i n  I960  e x i s te d  i n  1950, th e  demand f o r  

c o l le g e -e d u c a te d  l a b o r  would have d e c re a s e d  l e s s  th a n  t h a t  

o f  th e  two le s s - e d u c a te d  in p u t s .

T ab les  7 -9  show t h a t  s e c to r  d i f f e r e n c e s  i n  th e  

r a t e  o f  g row th  o f  r e a l  o u tp u t h as  r e s u l t e d  in  an in c r e a s e  

in  th e  demand f o r  c o l le g e -e d u c a te d  l a b o r .  T hat i s ,  t h e  

chang ing  co m p o sitio n  o f  o u tp u t I n c r e a s e d  th e . demand f o r  

t h a t  f a c t o r .  On th e  o th e r  hand , be tw een  1940-1950 and 

1940-1960, e lem en ta ry  s c h o o l-e d u c a te d  l a b o r  a l s o  In c r e a s e d ,
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Table 10

ESTIMATED EDUCATIONAL FACTOR RATIOS IN 1940 AND 1950 
HOLDING TECHNOLOGY CONSTANT

R a tio R a tio R a tio
O bserved 
r a t i o  
i n  1940

I n  1940 
w i th  1950 
T echnology

I n  1940 
w ith  I960  
Technology

in  1950 
w ith  I960 
Technology

H igh S c h o o l/  
C o lleg e 2 .6 0 2 .4 0 2 .1 4 2 .1 3

E le m e n ta ry /
C o lleg e 2 .5 2 1 .9 9 1 .8 0 1 .8 4

High S c h o o l/  
E lem en ta ry 1 .0 7 1 .2 1 1 .1 9 1 .1 6

T able 11

ESTIMATED EDUCATIONAL FACTOR RATIOS IN 1950 AND I960  
DUE TO THE CHANGING COMPOSITION OF OUTPUT

High S c h o o l/  
C o lleg e

E le m e n ta ry /
C o lleg e

High S c h o o l/  
E lem en ta ry

R a tio  In  1950 
w ith  1940 
Technology

2 .5 4

2 .52

1.01

R atio  I n  I960 
w ith  1940 
Technology

2 .3 5

2 .4 5

0.96

R a tio  In  I960 
w ith  1950 
Technology

2 .2 4

1 .96

1 .1 4
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duo to  th e  ch an g in g  co m p o sitio n  o f  o u tp u t*  There was* 

how ever, a  d e c re a s e  I n  th e  demand f o r  e lem e n ta ry  s c h o o l-  

e d u c a te d  l a b o r  b e tw een  1950 and I960* In  a l l  th e  p e r io d s  

c o n s id e re d , th e  demand f o r  h ig h  s c h o o l-e d u c a te d  l a b o r  

d e c re a se d , due to  th e  chang ing  c o m p o s itio n  o f  o u tp u t*

T ab le  11 shows w hat th e  f a c t o r  r a t i o s  w ould h a re  b een  i f  

th e  tech n o lo g y  o f  1940 p r e v a i le d  and t h e  o u tp u t o f  each  

s e c t o r  In  1950 and I9 6 0  was unchanged . The e s t im a te d  

f a o to r  r a t i o s  f o r  1950 and I960 a r e  due to  th e  change In  

th e  co m p o sitio n  o f  o u tp u t*  In  19501 th e  r a t i o  o f  elem en­

t a r y -  to  c o l le g e - e d u c a te d  la b o r  would h av e  been  unchanged 

from i t s  1940 le v e l*  T hus, betw een 1940 and  1950, th e  

In c re a s e  in  demand f o r  b o th  o f  th e s e  f a c t o r s ,  due to  th e  

changing  c o m p o s itio n  o f  o u tp u t , l e f t  t h e  r a t i o  unchanged* 

On th e  o th e r  h an d , b e tw een  1940 and i 9 6 0 , th e  demand f o r  

c o l le g e -e d u c a te d  l a b o r  in c re a se d -  r e l a t i v e  to  e lem e n ta ry  

s c h o o l-e d u c a te d  l a b o r ,  so  t h a t  th e  r a t i o  f e l l*  The rem ain­

in g  r a t i o s  s im p ly  r e f l e c t  th e  f a c t  t h a t  th e  demand f o r  

o o lle g e -e d u c a te d  l a b o r  in c re a s e d ,  due to  th e  ch an g in g  

co m p o sitio n  o f  o u tp u t  r e l a t i v e  to  t h e  two le s s - e d u c a te d  

la b o r  In p u ts*

(2*3) A P re l im in a ry  View o f  th e  Demand f o r  E d u ca tio n

i n  U .S , M an u fac tu rin g

Of p rim ary  co n ce rn  o f  t h i s  s tu d y  i s  th e  u se  o f  

e d u c a t io n a l  f a o to r s  i n  U.S* m a n u fac tu rin g *  H ere, I  ta k e  a
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p r e l im in a r y  lo o k  a t  th e  f i r s t  two h y p o th e se s  s t a t e d  i n

C h a p te r  1 hy exam ining  th e  r e l a t i o n s h i p  b etw een  th e  change

i n  s e l e c t e d  v a r i a b l e s  betw een  th e  l a t e  4 0 's  and e a r ly

6 0 f s and th e  e d u c a t io n a l  d i s t r i b u t i o n  In  I9 6 0 .

T ab le  12 ahows th e  e d u c a t io n a l  f a c t o r  r a t i o s  In

I960  f o r  17 tw o - d ig i t  SIC m a n u fa c tu r in g  i n d u s t r i e s ,  f o r

th e  same i n d u s t r i e s ,  T ab le  13 shows th e  change in  th e

fo llo w in g  fo u r  v a r i a b l e s  betw een  th e  p e r io d s  1948-50 and

196 1 -6 3 , u s in g  th e  fo rm er p e r io d  a s  th e  b a s e  y e a r :

(1 ) r e l a t i v e  c a p i t a l  in p u t ;  (2 ) r e l a t i v e  p r i c e  o f  c a p i t a l ;

(3 )  r e l a t i v e  c a p i t a l  s h a r e ;  and (4 ) r e a l  o u tp u t .

The change in  th e  r e l a t i v e  u se  o f  c a p i t a l  i s

s i g n i f i c a n t l y  r e l a t e d  t o  th e  change in  th e  av e ra g e  p r i c e
2

o f  c a p i t a l .  The S p ea rm a n  ran k  c o r r e l a t i o n  i s  - .6 6 5 .

T h at i s ,  th e  g r e a t e r  th e  d e o re a se  i n  th e  p r i c e  o f  c a p i t a l

r e l a t i v e  to  th e  av e rag e  l a b o r  co m p en sa tio n , th e  g r e a t e r

th e  q u a n t i ty  o f  c a p i t a l  u se d  p e r  u n i t  o f  l a b o r .

For th o s e  i n d u s t r i e s  in  w hich th e  c a p i t a l  p e r

u n i t  o f  av e ra g e  l a b o r  in c r e a s e d  th e  m ost, th e  g r e a t e r

w ere th e  num ber o f  h ig h  s c h o o l-  and e lem e n ta ry  s c h o o l-

e d u c a te d  l a b o r  employed r e l a t i v e  t o  c o l le g e -e d u c a te d

la b o r  i n  I9 6 0 .-5 T h is  o b s e rv a t io n  le n d s  some p re l im in a ry

s u p p o r t  to  th e  h y p o th e s is  t h a t  in c r e a s e s  i n  th e  q u a n t i ty

o f  c a p i t a l  u t i l i z e d  a p p e a rs  to  be  a s s o c ia te d  w ith  th o s e

i n d u s t r i e s  i n  w hich  more n o n -c o l le g e -e d u c a te d  l a b o r  i s
4

em ployed, r e l a t i v e  to  c o l le g e -e d u c a te d  l a b o r .  On th e
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Table 12

EDUCATIONAL FACTOR RATIOS IN I960  FOR 
17 TWO-DIGIT SIC MANUFACTURING INDUSTRIES

I n d u s tr y  High Sohool E lem en tary  E lem entary
(SIC Code) C o lleg e  C o lleg e  High School

Food and k in d re d
p ro d . (20) 5*21 3 .8 9  .7 5

Tobacco (21) 5 .8 1  6 .4 6  1 .1 1

T e x t i l e  m i l l
p ro d . (22 ) 7 .4 4  9 .2 1  1 .2 4

A p p a re l (23) 8 .1 9  7 .7 2  .94

f u r n i t u r e  and
f i x t u r e s  (25) 6*49 6 .4 8  1 .0 0

P a p e r  and a l l i e d
p ro d . (26) 3 .1 0  4 .7 2  .6 6

P r in t in g  and
p u b lis h in g  (27 ) 3 .2 5  1 .4 1  .4 3

Chem ical and a l l i e d
p ro d . (28) 1 .8 9  1 .0 0  .53

R ubber and m is c .
p l a s t i c s  (30) 4 .2 0  2 .5 1  .6 0

L e a th e r  (31) 9 .9 6  1 0 .1 2  1 .02
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T ab id  12 (C oncluded )

EDUCATIONAL FACTOR RATIOS IN I9 6 0  FOR 
17 TWO-DIGIT SIC MANUFACTURING INDUSTRIES

I n d u s t r y  
(SIC Code)

H igh S ohoo l 
C o lleg e

E lem en ta ry
C o lle g e

E lem en ta ry  
H igh S ohool

S to n e , c la y  and  
g l a s s  p ro d , ( 3 2 ) 4 .6 0 3 .9 7 .8 6

P rim a ry  m e ta l 
i n d ,  ( 33) 5 .0 1 4 .0 8 . CD H

F a b r ic a te d  m e ta l  
p r o d ,  (3 4 ) 3 .6 0 2 .1 6 • 60

M a ch in e ry , e x c . 
e l e c ,  (3 5 ) 3 .9 0 2 .0 4 • 52

E l e o t r l c a l  
m ach in e ry  ( 36 ) 2 .8 3 1 .1 1 .3 9

T r a n s p o r ta t io n  
e q u ip m e n t, e x c , 
m o to r  v e h i c l e s  
(3 7 -3 7 1 ) 2 .7 0 1 .2 3 .4 6

M otor v e h ic le s  and 
e q u ip .  (371) 5 .2 4 3 .4 4 .6 6

NOTE; The I9 6 0  e d u c a t io n a l  d i s t r i b u t i o n  I s  ta k e n  from  th e  
I9 6 0  C ensus o f  P o p u la t io n ,  The d i s t r i b u t i o n  In c lu d e s  
e ig h t  c l a s s i f i c a t i o n s  f o r  b o th  s e x e s .  The d i s t r i b u t i o n  
I s  com bined I n to  t h r e e  g ro u p s :  e le m e n ta ry , h ig h  sc h o o l 
and  c o l le g e  m ale g r a d u a te s  by u s in g  th e  r e l a t i v e  
a v e ra g e  h o u r ly  wage w ith  th e  a v e ra g e  h o u r ly  wage o f  
m ale g r a d u a te s  a s  th e  g ro u p  r e p r e s e n t a t i v e .  The 
a v e ra g e  h o u r ly  wage I n  I9 6 0  I s  o b ta in e d  from :

V .R . IU ch s, D i f f e r e n t i a l s  I n  H ourly  E a rn in g s  by 
R egion and  C ity  S iz e .  1959 . O c c a s io n a l P a p e r  101 , 
N a t io n a l  B u reau  o f  Economic R e sea rc h  (1967)*
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Table 13

RELATIVE CAPITAL INPUT, RELATIVE PRICE OP CAPITAL, 
CAPITAL SHARE OP INCOME AND RELATIVE CHANCE IN REAL 

PRODUCT FOR 17 TWO-DIGIT SIC MANUFACTURING 
INDUSTRIES, 1961-63

( In d e x  number 1948-50 -  100)

R e la t iv e
R e la t iv e
p r ic e

C a p i ta l
sh a re

R e la t iv e  
change

I n d u s tr y  
(SIC)C ode)

c a p i t a l
in p u t

o f
o a p l t a l

o f
income

i n  r e a l  
p ro d u c t

pood and k in d re d  
prod* (20) 1 2 3 ,6 7 2 .2 8 9 .2 8 5 .0

Tobacco (21) 1 2 0 .0 9 9 .4 1 1 9 .3 ' 9 4 .4

T e x t i le  m i l l  
p ro d .  (22) 1 4 9 .3 5 2 .2 7 7 .9 7 5 .9

A p p are l (23 ) 1 2 2 .6 8 0 ,2 9 8 .3 8 5 .1

F u rn i tu r e  and 
f i x t u r e s  (2 5 ) 1 1 2 .2 8 0 .9 9 1 .3 8 1 .3

P a p e r  and a l l i e d  
p ro d .  (26 ) 1 2 9 .5 6 4 .1 8 3 .0 1 0 4 .8

P r in t in g  and 
p u b l is h in g  (27) 1 1 9 .5 8 5 .6 9 9 .9 9 1 .4

C hem ical and  
a l l i e d  p ro d . (28 ) 1 1 9 .4 7 6 .3 9 1 .1 1 4 9 .3

R ubber and  m lso . 
p l a s t i c s  ( 30 ) 1 1 7 .3 1 0 4 .9 1 2 3 .0 1 1 0 .0

L e a th e r  (31) 1 4 7 .0 6 1 .3 9 0 .1 6 0 .9
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T ab le  13 (C oncluded)

RELATIVE CAPITAL INPUT, RELATIVE PRICE OF CAPITAL, 
CAPITAL SHARE OF INCOME AND RELATIVE CHANGE IN REAL 

PRODUCT FOR 17 TWO-DIGIT SIC MANUFACTURING 
INDUSTRIES, 1961-63

(In d e x  num ber 1948-50 — 100)

R e la t iv e  B afritA lo R e la t iv e
R e la t iv e  p r i c e  s h a re  change

In d u s try  
(SIC Code)

c a p i t a l
in p u t

o f
c a p i t a l

o f
incom e

In  r e a l  
p ro d u c t

S to n e , c la y ,  
and g l a s s  
prod* ( 3 2 ) 150*8 6 7 .2 1 0 1 .3 9 2 .6

P rim ary  m e ta l 
In d . (33) 143*4 5 9 .5 8 5 .3 6 6 .5

F a b r ic a te d  
m e ta l p ro d . (34 ) 1 4 2 .5 5 6 .1 7 9 .9 9 9 .2

M ach inery , exc* 
e l e c t r i c a l  (35 ) 1 3 1 .7 6 9 .8 9 1 .9 9 2 .4

E l e c t r i c a l  
m ach inery  (3 6 ) 108*4 69*9 75*8 1 6 1 .9

T ra n s p o r ta t io n  
equipm ent exc* 
m o to r v e h ic le s  
(3 7 -3 7 1 ) 82*7 1 2 5 .5 1 0 3 .8 1 9 4 .7

M otor v e h ic le s  
and e q u ip . (371) 147*7 6 4 .6 9 5 .4 1 0 4 .6

NOTEi S o u rc e ; J.W . K e n d rick , " I n d u s try  Changes i n  N o n -la b o r  
C o B te ,M The I n d u s t r i a l  C om position  o f  Income 
and P ro d u c t , e d . J.W , K en d rick  (New York* 
1 9 6 8 ), p p . 151 -1 7 6 .
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o th e r  h an d , th e r e  l a  no s t a t i s t i c a l l y  s i g n i f i c a n t  r e l a t i o n ­

s h ip  betw een  th e  change In  c a p i t a l ' s  r e l a t i v e  s h a re  and 

th e  e d u c a t io n a l  f a c t o r  r a t i o s  i n  1960 .^

As f o r  th e  r e l a t i o n s h i p  betw een  th e  grow th  o f  

o u tp u t betw een  th e  two p e r io d s  u n d e r c o n s id e r a t io n  and th e  

e d u c a t io n a l  f a c t o r  r a t i o s  i n  I9 6 0 , th e  f a s te r -g ro w in g  

I n d u s t r i e s ,  as  m easured  by r e a l  o u tp u t ,  a r e  th o se  in d u s ­

t r i e s  i n  w hich more c o l le g e -e d u c a te d  l a b o r  i s  employe^, 

r e l a t i v e  t o  n o n -c o lle g e -e d u c a te d  labor.** T h is  ap p e a rs  t o  

s u p p o r t th e  chang ing  co m p o sitio n  o f  o u tp u t h y p o th e s is  f o r  

U .S . m a n u fa c tu r in g .

As s t a t e d  i n  C h a p te r  1 , i t  may be d i f f i c u l t  t o  

s e p a r a te  th e  e f f e c t  o f  th e  chang ing  c o m p o s ltlo n o o f  o u tp u t 

and th e  n o n - n e u t r a l i ty  o f  te c h n o lo g y , i f  th e  two v a r i a b le s  

a re  s i g n i f i c a n t l y  r e l a t e d .  T hat i s ,  i f  th e  m ost r a p id ly  

grow ing i n d u s t r i e s  a r e  a l s o  th o s e  i n d u s t r i e s  w hich have a  

r a p id ly  changing  te c h n o lo g y , th e n  d i s t in g u is h in g  betw een 

th e  two h y p o th e se s  i s  made d i f f i c u l t .  However, from th e  

d a ta  i n  Table 1 5 , th e r e  i s  no s i g n i f i c a n t  s t a t i s t i c a l  

r e l a t i o n s h i p  betw een  th e  g row th  o f  r e a l  o u tp u t and th e  

change in  th e  r e l a t i v e  s h a re  o f  c a p i t a l  employed r e l a t i v e
7

to  l a b o r .  1 

( 2 .4 )  Summary

p e r  th e  U .S . economy betw een 19^0 and I9 6 0 , th e  

ch an g in g  demand f o r  each  e d u c a tio n a l  f a c t o r  i s  decomposed
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I n to  ohanges due to  : (1) changes In  o u tp u t when th e  

c o m p o s itio n  o f  o u tp u t i s  h e ld  c o n s ta n t ;  (2 ) ohanges in  

o u tp u t when th e  co m p o sitio n  o f  o u tp u t  ohanges; and 

(3 ) te c h n o lo g ic a l  change.

The r e s u l t s  imply t h a t  te c h n o lo g ic a l  ohange 

r e s u l t e d  in  a d e c re a s e  in  a l l  e d u c a t io n a l  f a c t o r s  o f  

p ro d u c t io n .  T h is  f in d in g  does n o t  le n d  s u p p o r t to  th e  

h y p o th e s is  t h a t  chang ing  te c h n o lo g y  In c re a s e d  th e  demand 

f o r  m o re -ed u c a te d  la b o r ,  and h e n c e , p re v e n te d  th e  r e l a t i v e  

wage r a t e  o f  su ch  f a c to r s  from f a l l i n g  r e l a t i v e  to  t h a t  o f  

le s s - e d u c a te d  l a b o r .

I t  was a l s o  found, how ever, t h a t  te c h n o lo g ic a l  

ohange h ad  a  g r e a t e r  e f f e c t  on d e c re a s in g  th e  demand f o r  

l e s s - e d u c a te d  l a b o r  in p u ts  r e l a t i v e  to  c o l le g e -e d u c a te d  

l a b o r .

On th e  o th e r  hand, th e  f in d in g s  s u p p o r t  th e  

h y p o th e s is  t h a t  th e  changing co m p o sitio n  o f  o u tp u t  h as  

in c r e a s e d  th e  r e l a t i v e  demand f o r  c o l le g e -e d u c a te d  l a b o r .  

F o r a l l  th e  tim e  p e r io d s  c o n s id e re d , th e  demand f o r  

c o l le g e  l a b o r  in c re a s e d  w h ile  th e  demand f o r  h ig h  s c h o o l-  

e d u c a te d  la b o r  d e c re a s e d . Betw een 1940 and 1950 , th e  

demand f o r  e lem e n ta ry  sch o o l l a b o r  In c re a s e d  a t  th e  same 

r a t e  a s  c o l le g e -e d u c a te d  l a b o r ;  how ever, b e tw een  1950 and 

I9 6 0 , th e  demand f o r  t h i s  f a c t o r  d eo reased  a s  a  r e s u l t  

o f  th e  chang ing  com p o sitio n  o f  o u tp u t .

F ocusing  on U .S. m a n u fa c tu r in g , d a t a  on changes 

i n  t h e  c a p i ta l - a v e r a g e  la b o r  r a t i o  betw een 1948-50 and
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1961-63 , and th e  e d u c a t io n a l  f a c t o r  r a t i o s  i n  I9 6 0 , 

s u p p o r t th e  h y p o th e s is  t h a t  th e  n o n - n e u t r a l i ty  o f  c a p i t a l  

may I n c r e a s e  th e  demand f o r  n o n -c o lle g e -e d u c a te d  la b o r  

r e l a t i v e  to  more c o lle g e -e d u c a te d *  T h is  f in d in g  a p p e a rs  

to  be  c o n tra ry  to  w hat I  o b se rv e  f o r  th e  t o t a l  U .S . 

economy*

The d a ta  f o r  U .S . m a n u fa c tu r in g , how ever, s u p p o r ts  

th e  h y p o th e s is  t h a t  th e  chang ing  c o m p o sitio n  o f  o u tp u t may 

have in c re a s e d  th e  r e l a t i v e  demand f o r  c o l le g e  la b o r*

T h is  hypothesis is alBO supported for the total economy*
In  C h a p te r  4 , I  c o n c e n tr a te  on th e  q u e s t io n  o f  

th e  n o n - n e u t r a l i t y  in  p ro d u c tio n  in  U .S . m a n u fa c tu rin g  by 

exam ining  p a t t e r n s  o f  f a c t o r  s u b s t i t u t i o n  betw een  p h y s ic a l  

c a p i t a l  and  each  o f  th e  e d u c a t io n a l  l a b o r  In p u ts*  B efo re  

such  p a t t e r n s  a r e  e s t im a te d ,  I  f i r s t  d is c u s s  a l t e r n a t i v e  

d e f i n i t i o n s  o f  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  and d is c u s s  

p o s s ib le  p ro d u c tio n  fu n c t io n s  f o r  e s t im a tin g  theB e p a t te r n s *
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F o o tn o te s  t o  C hap ter 2

S ee ; J.W . K en d rick , " I n d u s try  Changes i n  N on lab o r C o s ts ,"  
The I n d u s t r i a l  C om position  o f  Income and  P ro d u c t, e d ,
J.W . K en d rick  (New Y ork , 1968), p p . 150-134 .

^ The s ta n d a rd  e r r o r  I s  *25 and th e  t - v a lu e  I s  - 6 *6 6 * At 

th e  10 p e r c e n t  l e v e l  o f  s ig n i f i c a n c e ,  th e  com puted 

t - v a lu e  I s  s i g n i f i c a n t .  A l l  o f  th e  s ta te m e n ts  made In  

t h i s  s e c t io n  a re  b a se d  on th e  Spearman rank  c o r r e l a t i o n .

^ The Spearm an rank  c o r r e l a t i o n  i s  .4 8 8  betw een  th e  change 

i n  th e  r e l a t i v e  q u a n t i ty  o f  c a p i t a l  em ployed and th e  

r a t i o  o f  h ig h  s c h o o l-  t o  c o l le g e -e d u c a te d  l a b o r  em ployed; 

w h ile  th e  ran k  c o r r e l a t i o n  i s  .5 2 8  f o r  th e  r a t i o  o f  

e le m e n ta ry -  to  c o l le g e -e d u c a te d  l a b o r .  At th e  10 p e rc e n t  

l e v e l  o f  s ig n i f i c a n c e ,  b o th  ran k  c o r r e l a t i o n s  a r e  

s t a t i s t i c a l l y  s i g n i f i c a n t .

^  Between th e  change i n  r e l a t i v e  c a p i t a l  em ployed and  th e  

r a t i o  o f  e lem en ta ry  t o  h ig h  sc h o o l g ra d u a te s  em ployed, 

th e  ran k  c o r r e l a t i o n  i s  .553  and s t a t i s t i c a l l y  s i g n i f i ­

c a n t .  T h is  Im p lie s  t h a t  in d u B tr le a  i n  w hich c a p i t a l  p e r  

u n i t  o f  a v e ra g e  la b o r  Is^g ro w in g  th e  f a s t e s t ,  more 

e lem e n ta ry  sch o o l g r a d u a te s  a re  em ployed r e l a t i v e  to  

h ig h  s c h o o l g r a d u a te s .

The Speannan rank  c o r r e l a t i o n  betw een  th e  change I n  th e  

r e l a t i v e  sh a re  o f  c a p i t a l  and th e  e d u c a t io n a l  f a c t o r
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r a t i o s  i n  i 960  a r e  *029 f o r  th e  r a t i o  o f  h ig h  s c h o o l-  

t o  c o l le g e -e d u c a te d  l a b o r ,  - .1 0 0  f o r  th e  r a t i o  o f  

e le m e n ta ry -  to  c o l le g e -e d u c a te d  la b o r  and  -*024  f o r  th e  

r a t i o  o f  e le m e n ta ry -  to  h ig h  s c h o o l-e d u c a te d  l a b o r .

A l l  th e  ran k  c o r r e l a t i o n s  a r e  n o t  s i g n i f i c a n t l y  d i f f e r ­

e n t  from zero*

g
The Spearman ran k  c o r r e l a t i o n s  a re  r e s p e c t iv e ly  -* 8 8 2 , 

- •7 2 8  and -*647 betw een  th e  ohange in  r e a l  o u tp u t and  

th e  fo llo w in g  e d u c a t io n a l  r a t i o s  i n  I960 -  h ig h  s c h o o l /  

c o l le g e ,  e lem entaxy  s c h o o l /  o o l le g e  and e le m e n ta ry  

s o h o o l /  h ig h  s c h o o l .  A ll  c o r r e l a t i o n s  a r e  s t a t i s t i c a l l y  

s i g n i f i c a n t  a t  th e  10 p e rc e n t  le v e l*

^ Between th e  change i n  th e  r e l a t i v e  s h a re  o f  c a p i t a l  and 

th e  g row th  o f  r e a l  o u tp u t ,  th e  Spearman ran k  c o r r e l a ­

t i o n  i s  ,223  and  - .3 9 3  betw een th e  change in  th e  r e l a t i v e  

q u a n t i ty  o f  c a p i t a l  em ployed and th e  g row th  o f  r e a l  

o u tp u t .  B oth ra n k  c o r r e l a t i o n s  a r e  n o t s t a t i s t i c a l l y  

d i f f e r e n t  from ze ro  a t  th e  10 p e r c e n t  le v e l*
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Chapter 3

ESTIMATING PATTERNS OP FACTOR SUBSTITUTION

E conom ists i n t e r e s t e d  in  e s t im a t in g  p a t t e r n s  o f  

s u b s t i t u t i o n  i n  p ro d u c tio n  p ro c e s s e s  w hich employ more 

th a n  two f a c t o r  in p u ts  e n c o u n te r  two s i g n i f i c a n t  p rob lem s 

a t  th e  v e ry  o u t s e t  o f  t h e i r  w ork. F i r s t ,  i n  a  m u l t i - in p u t  

p ro d u c tio n  p ro c e s s  w ith  more th a n  two f a c t o r  I n p u ts ,  th e r e  

i s  no " s ta n d a r d ” o r  " t r a d i t i o n a l "  d e f i n i t i o n  o f  th e  e l a s ­

t i c i t y  o f  s u b s t l t i t i o n  (ES) betw een  a p a i r  o f  f a c t o r  in ­

p u ts  a s  th e r e  i s  in  a  two f a c t o r  in p u t  w o rld . I n s te a d ,  

t h e r e  a re  s e v e r a l  a l t e r n a t i v e  d e f i n i t i o n s  o f  th e  ES w hich 

in c o r p o r a te  d i f f e r e n t  c e t e r l u s  p a r ib u s  c o n d i t io n s .

Once a  d e f i n i t i o n  o f  th e  ES I s  a c c e p te d , th e  

second  problem  i s  t o  s e l e c t  a  p ro d u c tio n  fu n c t io n  whose 

d e r iv e d  e q u a tio n s  p e rm it t h e  e s t im a t io n  o f  th e  d e s i r e d  

m easu re , y e t  does n o t r e s t r i c t  p a t t e r n s  o f  s u b s t i t u t i o n  

a  p r i o r i .
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H ere, I  d is c u s s  a l t e r n a t i v e  d e f i n i t i o n s  o f  th e  

ES in  a  fo u r  f a c t o r  in p u t  w o rld . The d is c u s s io n  oan be 

g e n e ra l iz e d  in to  any num ber o f  f a c t o r  i n p u t s .  A f t e r  each  

m easure i s  d is c u s s e d ,  I  p r e s e n t  a  p ro d u c tio n  fu n c tio n  

w hich h o ld s  each  m easure c o n s ta n t ,  and Z d lB cu ss th e  

r e s t r i c t i o n s  p la c e d  upon th e  p a t t e r n s  o f  s u b s t i t u t i o n  f o r  

each  p ro d u c tio n  f u n c t io n .  F in a l ly ,  I  d i s c u s s  an  a l t e r n a ­

t i v e  p ro ce d u re  f o r  a n a ly z in g  p a t t e r n s  o f  s u b s t i t u t i o n .  

T h is p ro ce d u re  does n o t  assume an  a  p r i o r i  p ro d u c tio n  

f u n c t io n .  I n s te a d ,  i t  u t i l i z e s  an  ap p ro x im a tio n  to  th e  

demand e q u a tio n  f o r  each  f a c t o r  in p u t ,  i n  o rd e r  t o  make 

In fe re n c e s  ab o u t p a t t e r n s  o f  s u b s t i t u t i o n ,  and i s  l a t e r  

u se d  to  make such  In fe re n c e s *

( 3 .1 )  E l a s t i c i t y  o f  S u b s t i tu t io n  w ith  Four F a c to rs  o f  

P ro d u c tio n g  O n e -F a c to r-O n e -P rlce  and T w o-Fhotor- 

Tw o-Price M easures

The ES, a c c o rd in g  to  H ick s , i s  a  m easure o f  th e  

e a se  w ith  w hich one f a c t o r  oan be  s u b s t i t u t e d  f o r  a n o th e r  

a lo n g  a  g iv e n  is o q u a n t .  W ith o n ly  two f a c t o r s  in  th e  

p ro d u c tio n  p ro cesB , no p rob lem s a r i s e  f o r  th e  d e f i n i t i o n s  

o f  t h i s  m easu re . However, once we adm it more th a n  two 

f a o to v s ,  no u n iq u e  d e f i n i t i o n  o f  th e  ES e x i s t s *

The m ost commonly u se d  d e f i n i t i o n  i s  th e  A lle n  

p a r t i a l  E S .3, The i n t e r p r e t a t i o n  o f  th e  A lle n  p a r t i a l  ES 

i s  t h a t  i t  i s  th e  e l a s t i c i t y  o f  f a c t o r  i  w ith  rfcspeo t to  

t o t a l  c o s t ,  f o r  a  change in  th e  p r ic e  o f  f a o to r  J w h ile
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h o ld in g  o u tp u t and a l l  o th e r  f a c t o r  p r i c e s  c o n s ta n t .  For 

t h i s  re a so n , th e  A llen  p a r t i a l  ES i s  known a s  a  o n e - f a c to r -  

o n e -p r ic e  m easure o f  th e  ES. The A lle n  p a r t i a l  ES can  a ls o  

h e  i n t e r p r e t e d  a s  th e  c ro s s  demand e l a s t i c i t y  betw een  

f a c to r s  i  and J ,  n o rm a lize d  by th e  r e l a t i v e  change in  

t o t a l  c o s t .  T h is  d e f i n i t i o n  red u ce s  to  th e  s ta n d a rd  tw o- 

f a c t o r  ES m easure when th e r e  a re  on ly  two f a c t o r s .

A n o th e r approach  i s  to  ap p ly  th e  s ta n d a rd  meas­

u re  o f  th e  two f a c t o r  in p u t  ES to  each  p a i r  o f  f a c t o r s ,

w h ile  h o ld in g  a l l  o th e r  f a c t o r  in p u ts  c o n s ta n t .  T h is
2

d e f in i t i o n  I s  known as  th e  d i r e c t  p a r t i a l  ES. In  th e  

A lle n  p a r t i a l  ES d e f i n i t i o n ,  a l l  o th e r  l e v e l s  o f  f a c t o r  

In p u ts  were n o t h e ld  c o n s ta n t .  S in ce  th e  d i r e c t  p a r t i a l  

ES m easure In v o lv e s  th e  change in  two f a c t o r  in p u ts  w ith  

r e s p e c t  to  a  change in  t h e i r  r e l a t i v e  p r i c e s ,  th e  d i r e c t  

p a r t i a l  ES i s  known as a  tw o - f a c to r - tw o - p r ic e  m easure o f  

th e  ES.

The d i r e c t  p a r t i a l  ES i s  a l s o  s u b je c t  to  s im p le  

econom ic in t e r p r e t a t i o n *  I t  t e l l s  u s how th e  r e l a t i v e  

f a c t o r  sh a re s  o f  a  p a i r  o f  f a c to r s  in  t o t a l  c o s t  change 

when we change t h e i r  r e l a t i v e  p r i c e s ,  h o ld in g  a l l  o th e r  

f a c t o r  l e v e l s  and o u tp u t c o n s ta n t .

I f  we combine e le m e n ts  o f  b o th  th e  A lle n  p a r t i a l  

ES and d i r e c t  p a r t i a l  E3, we o b ta in  th e  shadow p a r t i a l  ES. 

I n  t h i s  c a s e , we app ly  th e  s ta n d a rd  two f a c t o r  in p u t  ES 

m easure to  e a ch  p a i r  o f  f a c t o r s ,  p e r m i t t in g  th e  l e v e l  o f  

th e  rem ain ing  In p u t f a c t o r s  to  v a ry , b u t  h o ld in g  th e
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■*
o th e r  f a o t o r  p r ic e s  and th e  t o t a l  c o s t  fix ed #  The

shadow p a r t i a l  ES I s ,  t h u s ,  a l s o  known a s  a  tw o - f a c to r -

tw o -p r ic e  ES m easu re .

D enoting f a c t o r  in p u ts b y  * i  and i t s  r e s p e c t iv e  
v

p r ic e  by  i ,  o u tp u t by ft and t o t a l  v a r ia b le  c o s t  by C, 

we can sum m arize th e  above m easures o f  th e  ES and th e  

c e t e r l u s  p a r ib u s  r e l a t i o n s h i p  in v o lv e d  in  each  m easure a s :

O n e - fa o to r -o n e -p r lc e  m easu re : 

A lle n  p a r t i a l  -

3  lo g  Xi

3 1 0 6  WJ

ft -  ft 

Wk s  \

T w o -fa c to r- tw o -p r ic e  m easu re : 

D ire c t  p a r t i a l  -

>lt)
3 log/*i

Q -  Q,

\  r  wk

* k -  *k

f o r  a l l  k  ±  y

f o r  a l l  k  ^  i  o r  J , 

f o r  a l l  k  /  i  o r  J,

Shadow p a r t i a l  -

3  lo g  P i

3 lo g ^ w ^

ft =  ft

f o r  a l l  k /  1 o r  J ,
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(3«2) Production Functions with Constant One-Factor-One
P r ic e  ES and T w o-F acto r-T w o-P rice  ES

I n  a t te m p tin g  to  a n a ly z e  p a t t e r n s  o f  s u b s t i t u t i o n  

In  a  p ro d u c tio n  p ro c e s s  w ith  two o r  more f a c to r s  o f  p ro ­

d u c t io n ,  one seek s  a  p ro d u c tio n  fu n c t io n  w hich  h a s  d e r iv e d  

f u n c t io n a l  form s w hich In c lu d e  th e  r e le v a n t  p a ra m e te rs  

and t h a t  can be e s t im a te d  by means o f  ec o n o m e tric  te c h ­

n iq u e s  a v a i l a b l e .  T h is was g e n e ra l ly  done by im posing  th e  

co n s tan c y  o f  e i t h e r  th e  o n e - f a c to r - o n e - p r ic e  o r  tw o - f a o to r -  

tw o -p r ic e  ES m easure . In  th e  ca se  o f  a  p ro d u c tio n  p ro c e s s  

w ith  o n ly  two f a c t o r s ,  a  l i n e a r  homogeneous p ro d u c tio n

fu n c t io n ,  w ith  th e  co n s tan cy  o f  b o th  m easures im posed , i s
4

g iv e n  by th e  w ell-know n SMAC-CES p ro d u c tio n  f u n c t io n :

w here th e  ES e q u a ls  l / ( l - a )  and i s  th e  Bame f o r  a l l  m easures 

o f  th e  ES*

U sing  th e  A lle n  p a r t i a l  ESt Uzawa h a s  g e n e ra l iz e d  

th e  CES p ro d u c tio n  fu n c t io n  to  m u l t i - f a c t o r  In p u ts  and 

h as  Bhown t h a t  i f  such e l a s t i c i t i e s  a r e  to  rem ain  c o n s ta n t ,
c

no f u r t h e r  g e n e r a l i z a t i o n s  a r e  p o s s i b l e .^  The n a t u r a l  

e x te n s io n  o f  th e  CES to  fo u r  f a c t o r s  I s  g iv e n  by

5 0 r t h i s  c a s e ,  a l l  s i x  p a i r s  o f  A lle n  p a r t i a l  ES a r e

( 1 )

c o n s ta n t  and e q u a l to  th e  common v a lu e  l / ( l - a ) . ^  S l ig h t
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f l e x i b i l i t y  i s  added  I f  we p a r t i t i o n  th e  f a c t o r s  I n to  

d i f f e r e n t  g ro u p s , i n  such a  o a s e , Uzawa h a s  shown t h a t  

(1 )  th e  A lle n  p a r t i a l  ES I s  u n i ty  f o r  a l l  p a i r s  o f  f a c to r s  

i n  d i f f e r e n t  g ro u p s ;  (11) th e  A lle n  p a r t i a l  ES f o r  any 

p a i r  o f  f a c to r s  i n  th e  sane g ro u p  i s  c o n s ta n t  and e q u a l to  

a  common v a lu e ;  and  (111) th e  oommon g ro u p  ES v a lu e  does 

n o t  have to  be  e q u a l ao ro ss  g ro u p s .

Working w ith  th e  tw o - f a c to r - tw o - p r ic e  ES m easure -  

t h a t  i s ,  th e  d i r e c t  p a r t i a l  ES and shadow p a r t i a l  ES -  

McHadden h as  a l s o  shown r e s t r i c t i o n s  on th e  g e n e ra l iz e d  

CES. In  th e  c a s e  o f  th e  n a t u r a l  e x te n s io n  o f  th e  CES, 

g iv e n  by ( 1 ) ,  th e  r e s t r i c t i o n  I s  i d e n t i c a l  to  t h a t  imposed 

by th e  A lle n  p a r t i a l  ES -  t h a t  i s ,  a l l  s i x  p o s s ib le  p a i r s  

o f  ES a re  c o n s ta n t  and e q u a l t o  th e  common v a lu e  l / ( l - a ) .  

However, th e  s i t u a t i o n  i s  more r e s t r i c t e d  when f a c to r s  

a r e  p a r t i t i o n e d  th a n  in  th e  c a se  u s in g  th e  A lle n  p a r t i a l  

ES. For th e  d i r e c t  p a r t i a l  ES, McBhdden h as  shown th a t  

when f a o to r s  a re  p a r t i t i o n e d  in to  g ro u p s : (1 )  th e  ES 

betw een  f a c to r s  i n  th e  same g roup  i s  u n i ty ;  (11 ) th e  ES 

betw een  f a c to r s  i n  d i f f e r e n t  g ro u p s i s  c o n s ta n t  and eq u a l 

to  some oommon v a lu e ;  and ( i l l )  t h i s  common v a lu e  i s  th e  

same betw een a l l  f a o to r s  i n  d i f f e r e n t  g ro u p s . Thus, when 

u s in g  th e  p a r t i t i o n e d  v e r s io n  o f  th e  CSS, i f  we u se  th e  

d i r e c t  p a r t i a l  o r  shadow p a r t i a l  ES, on ly  two v a lu e s  can 

b e  ta k e n  f o r  th e  ES -  u n i ty  and some common v a lu e .

H ence, p ro d u c tio n  fu n c tio n s  w ith  c o n s ta n t  o ne-
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f a c to r - o n e - p r i c e  and tw o - f a c to r - tw o - p r ic e  ES m easure a re  

to o  r e s t r i c t i v e  f o r  s tu d y in g  t h e o r e t i c a l  p a t t e r n s  o f  

s u b s t i t u t i o n  betw een  more th a n  two f a o to r s  o f  p ro d u c t io n . 

A n o th e r l i m i t a t i o n  i s  a l s o  p r e s e n t .  I f  co m p lem en ta rity  

betw een  f a c t o r s  does e x i s t  -  t h a t  l s t th e  ES i s  n e g a t iv e  -  

su ch  a  oase  i s  n o t p e rm it te d  in  th e  CES fram ework by th e  

r e s t r i c t i o n s  Im posed upon th e  p a ra m e te rs  by c o s t  m in i­

m iz a t io n .

(3«3 ) E l a s t i c i t y  o f  S u b s t i tu t io n  w ith  Four F a c to rs  o f  

P ro d u c tio n ;  T w o-E fcctor-O ne-Prlce CaBe

Working w ith in  th e  A lle n  p a r t i a l  ES fram ew ork, 

one can  g e n e ra te  m easures o f  th e  ES by a s k in g  w hat h ap ­

p en s  to  th e  r a t i o  o f  th e  ES betw een  two f a c t o r s ,  1 and J ,  

when th e  p r i c e  o f  a  t h i r d  f a c t o r  changes w h ile  a l l  o th e r  

f a c t o r  p r i c e s  and o u tp u t a re  h e ld  c o n s ta n t .  Or one oan 

a sk  w hat happens to  th e  r e l a t i v e  q u a n t i ty  o f  f a c t o r s  o f

1 and J em ployed when th e  p r ic e  o f  f a c t o r  k ch an g es , w ith
7

a l l  o th e r  f a c t o r  p r ic e s  and o u tp u t h e ld  c o n s ta n t .  T his 

i s  why t h i s  ES i s  c a l l e d  a  tw o - fa c to r -o n e -p r lo e  m easu re .

In  th e  fo rm er c a s e , th e  tw o - f a c to r -o n e -p r lo e  

e l a s t i c i t y  i s  th e  r a t i o  o f  th e  A lle n  p a r t i a l  ES betw een
^  ft y

f a c t o r s  i  and k and f a c t o r s  J and k -  t h a t  i s ,  t

The l a t t e r  c a se  r e s u l t s  i n  J u s t  th e  d i f f e r e n c e  o f  th e
—A

A lle n  p a r t i a l  ES -  t h a t  i s ,  *

The ad v a n tag e  o f  th e  tw o - f a c to r - o n e - p r lc e  

m easure o v e r  th e  o th e r  m easures d is c u s s e d  i s  t h a t  th e
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former measure yields production functions with constancy
o f  such m easu res t h a t  a r e  l e s s  r e s t r i c t i v e  and  u s e f u l  I n

s tu d y in g  p a t t e r n s  o f  s u b s t i t u t i o n  th a n  p ro d u c tio n  f u n c t io n s

w ith  co n s tan cy  o f  th e  l a t t e r  m easu re . I t  1b to  such
8f u n c t io n s  t h a t  I  now t u r n .

( 3 .4 )  P ro d u c tio n  f u n c t io n s  w ith  C o n s ta n t T w o-F actor-O ne- 

P r ic e  ES M easures

( 3 .4 .1 )  The C o n s tan t R a tio  o f  ES Case (CRES)

P ro d u c tio n  fu n c t io n s  w ith  c o n s ta n t  r a t i o s  o f

ES have b een  u se d  In  s tu d i e s  a s  e a r ly  a s  1963* Such

fu n c t io n s  have been  c a l l e d  th e  ’’M ukerji*’ fu n c t io n  and 
q

w r i t t e n  a s i

(3 )  a = [ S J  Aj **

The problem  w i th  (3) I s  t h a t  I t  I s  n o t  homogene­

ous n o r  h o m o th e tic , and h en ce , th e  ES w i l l  v a ry  w ith  th e  

f a c t o r  b u n d le  u sed  and w ith  th e  l e v e l  o f  o u tp u t .  A n o th e r  

p ro p e r ty  o f  (3)» a s  Hanoch has shown, i s  t h a t  f o r  g iv e n  

f a c t o r  p r i c e s ,  th e  ex p an s io n  p a th  may be cu rv ed  In  an  

u n d e s i r a b le  way*10 ' 11

Hanoch, how ever, h as  shown t h a t  (3 )  can be
12w r i t t e n  a s  a  l i n e a r  homogeneous fu n c tio n  i m p l i c i t l y  a s :

(4 )  0  (Q ,X )~  “ 1 "  0
LQ  J (X i s  a  v e c to r

o f  I n p u ts )
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The d e r iv e d  e q u a tio n  u n d e r  c o m p e ti t iv e  c o s t  m in im iz a tio n  

a r e  o b ta in e d  from th e  L a g ran g ia n :

< » >

D enoting  lo g a r ith m s  by th e  m ino r l e t t e r  o f  th e  r e s p e c t iv e

variables, the f i r s t - o r d e r  conditions for competitive coBt
13m in im iz a tio n  a r e :  ^

r  b^ ( ^  -  w1 -  a A q +  o^) i » l , 2 , 3 , 4

w here b ^ s  1 / ( 1  -  a ^ ;  lo g  | / l |= ^  ^  and ; l o g l A t G i ) -  c^ .

The A lle n  p a r t i a l  ES f o r  (4) can be shown to  b e1 ^
—ft ' ^o £ :  s  —r —a— *.

S I  VMs K i f  i  = i

and «  -  h *  _ k

u ' »*«■< ‘  S t
where s ^  i s  th e  sh a re  o f  th e  k th  f a c t o r  i n  t o t a l  c o s t ;  i . e *  

Bk  = Wk *k

— ftThus, we o b se rv e  t h a t  h a s  a  common f a c t o r

f o r  a l l  t - j i  (1 /  I f  we a r e  now I n t e r e s t e d

I n  com paring  th e  A lle n  p a r t i a l  ES betw een , sa y , X^ and Xj»

w ith  th e  ES betw een and 3 ^ , I t  i s  n e c e s s a ry  on ly  to  

compare th e  m agn itudes o f  b j  and  bffl* T hat i s ,  to  t e s t  i f

A
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we a r e  e q u iv a le n t ly  t e s t i n g  w h e th e r

b l  bm >  b l  b J
S  Bk bk  <  2  8k  \
K K

b u t  s in c e  Hanoch shows t h a t  th e  denom inato r m ust be 

p o s i t i v e ,  th e  t e s t  re d u c e s  to  i f

b_ ^  b ,  m <  J

(4 ) h a s  many w ell-know n p ro d u c tio n  fu n c t io n s  a s  

s p e c i a l  o a s e s , f o r  exam ple, i f  a l l  a ^ a re  e q u a l ,  we have 

th e  g e n e r a l iz e d  CES g iv e n  by ( 1 ) ,  I f  a l l  e q u a l u n i ty  

( o r  e q u iv a le n t ly  b ^s -  do ) th e n  we have th e  oase o f  

p e r f e c t  s u b s t i t u t i o n .  I f  a l l  a^ e q u a l “ OP ( o r  b ^ -  0 ) ,  th e n  

we have th e  L e o n t le f  f ix e d -p ro p o r t lo n  p ro d u c tio n  f u n c t io n ;  

w h ile , i f  a l l  a^  e q u a l ze ro  ( o r  b^ -  1 ) ,  we have th e  

Cobb-Douglas C ase .

A lth o u g h  th e  CRESH p ro d u c tio n  fu n c tio n  does 

p e rm it more f l e x i b i l i t y  th a n  th e  p re v io u s  m u l t i - f a c to r  

in p u t  fu n c t io n s  d is c u s s e d  In  t h i s  C h a p te r , i t  does have 

one f a u l t :  e s t im a te s  o f  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  

v ary  depend ing  upon th e  p ro ced u re  u se d  to  e s t im a te  th e  

f u n c t io n .  S u g g es te d  e s t im a t io n  p ro c e d u re s  a re  d is c u s s e d  

in  th e  A ppendix to  t h i s  S tu d y . An i l l u s t r a t i o n  o f  th e  

v a r i a t i o n  o f  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  f o r  a l t e r n a ­

t i v e  e s t im a t in g  p ro c e d u re s  i s  a l s o  g iv e n  in  th e  A ppendix . 

For t h i s  re a s o n . The CRESH fu n c tio n  i s  n o t u sed  in  th e  

s tu d y .
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(3 * 4 .2 )  The CoxiBtant D if fe re n c e  o f  ES Case (CDE)

A ttem p ts  have been  made to  e s t im a te  p a ra m e te rs  

off th e  p ro d u c tio n  fu n c t io n  by U B i n g  th e  d u a l i ty  r e l a t i o n ­

s h ip  betw een p ro d u c tio n  fu n c t io n s  and c o s t  fu n c tio n s*

N e rlo v e , fb r  emample, i n  h i s  s tu d y  o f  th e  e l e c t r i c i t y
17Bupply f u sed  t h i s  approach*  By u s in g  th e  d u a l i ty  

r e l a t i o n s h i p ,  e c o n o m is ts  can o b ta in  two p ro d u c tio n  fu n c ­

t i o n s  f o r  th e  p r i c e  o f  o n e , b o th  s a t i s f y in g  th e  same
iflre q u ire m e n ts  b u t  w ith  d i f f e r e n t  p r o p e r t ie s *  Hanoch h as  

shown t h a t  th e  u n iq u e  d u a l  o f  th e  CRESH p ro d u c tio n  f u n c t io n  

i s  a  c o s t  fu n c t io n  w ith  c o n s ta n t  d i f f e r e n c e s  o f  A lle n  

p a r t i a l  ES*1^

(3 * 5 ) A Model W ithou t An A P r i o r i  P ro d u c tio n  F u n c tio n

I t  i s  p o s s ib le  to  make In fe re n c e s  ab o u t p a t t e r n s

o f  f a c t o r  s u b s t i t u t i o n  w ith o u t  assum ing an a  p r i o r i

p ro d u c t io n  fu n c tio n *  S in ce  th e  ES i s  a  s e c o n d -o rd e r

p a ra m e te r ,  th e  demand e q u a tio n  f o r  each f a c t o r  p ro v id e s  a

s t a r t i n g  p o in t*  H ere , I  ubo a  model su g g e s te d  by G r i l io h e s * 20

He s u g g e s ts  t h a t  i f  in p u ts  a r e  d e f in e d  p e r  u n i t  o f  o u tp u t

and c o n s ta n t  r e tu r n s  to  s c a le  a r e  assum ed, th e n  we can
21  22ap p ro x im a te  th e  demand fu n c t io n  f o r  inpu tB  b y : *

(6 )  lo g  * i  = 4- 2 ^  e  lo g  tfj 1 * 1 , . . * , 4

w here £  ^  i s  th e  p a r t i a l  demand e l a s t i c i t y  betw een 

f a c t o r s  1 and J and  a^ i s  a  c o n s ta n t .
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For th e  A lle n  p a r t i a l  we know t h a t  

and can , t h e r e f o r e ,  w r i t e  (6 ) as

(7 ) lo g  J l  s  a .  +  i j  s ,  6* - , lo g  VT- i  s  1 ,* * * ,4
Q, 1  ^ 3.1 J 1 J  J

S u b tra c t in g  th e  demand e q u a tio n  f o r  In p u t k 

from  th e  demand e q u a tio n  f o r  in p u t  1 , we h a re

(8) log % = (.t - Bj l06 WJ

The s ig n  o f  th e  c o e f f i c i e n t  o f  S j lo g  Wj th e n  

t e l l s  u s  I f

< °

I t  I s  model (8 ) t h a t  I  u se  In  th e  n e x t C h ap te r 

t o  make In fe re n c e s  ab o u t p a t t e r n s  o f  s u b s t i tu t io n *
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F o o tn o te s  to  C h ap te r  3

1 The A lle n  p a r t i a l  ES was f i r s t  d ev e lo p ed  I n :

R.G.D. A lle n  and J .R .  H ic k s , "A R e c o n s id e ra tio n  o f  th e  
Theory o f  V alue , I I , "  Eoonomlca (1 9 3 4 ), 1 96 -219 .

In  t h i s  a r t i c l e ,  th e  a u th o r s  u se  th e  te rm in o lo g y

“e l a s t i c i t y  o f  c o m p l e m e n t a r i t y ( p p .  2 0 2 -2 0 6 ). A lle n

d ev e lo p ed  th e  co n c e p t f u r t h e r  i n :

R.G .D . A lle n , M a th em a tica l A n a ly s is  f o r  E conom ists 
(New Y ork, 193b)» p p . 503-505* For any l i n e a r  homogene- 
ous p ro d u c tio n  fu n c tio n

Q S’ F (T)
w here Q i s  o u tp u t

and X i s  th e  in p u t  v e c to r  w ith  e lem e n ts  X^ ( i  ® 1 , 2 ,3 ,4 ) ,  

th e  A lle n  p a r t i a l  ES betw een  any p a i r  o f  f a c to r s  X  ̂ and 

X. i s  g iv e n  by

w here

F I s  th e  d e te rm in a n t o f  th e  b o rd e re d  H ess ian

Fu  I s  th e  c o f a c to r  o and and  * i j  d en o te  th e

f i r s t  and seoond p a r t i a l  d e r i v a t i v e s .
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2 T h is  m easure was f i r s t  u sed  I n ;

A lle n  and H ick s , p p . 2 1 1 -2 1 4 . The te rm in o lo g y  u sed  was 

th e  He l a s t i c i t y  o f  s u b s t i t u t i o n  betw een  Y and Z in  th e  

YZ in d i f f e r e n c e  d i r e c t i o n . "  The co n c ep t was f u r th e r  

a p p l ie d  t o  p ro d u c tio n  th e o ry  i n ;

D. M cjadden, " J U r th e r  R e s u l ts  on C .E .S . P ro d u c tio n  
ju n c t io n ,"  Review o f  Economic S tu d leB . XXX (1 9 6 3 ), 73-83*

The d i r e c t  p a r t i a l  ES i s  d e f in e d  by

(* i Fi  + xj pj> Fi  f j 
■ pn  pj a  + 2 Fi j  pi  Fj  ■ f j j  pi 2

T h is d e f i n i t i o n  h o ld s  r e g a r d le s s  o f  any assu m p tio n  ab o u t 

th e  r e t u r n s  to  s c a le  p a ra m e te r . When P I s  homogeneous 

o f  any d e g re e , th e  m easure depends on f a c t o r  p r o p o r t io n s .

The Shadow p a r t i a l  ES was f i r s t  d e f in e d  and a p p l ie d  to  

p ro d u c tio n  th e o ry  in s  

D. M cjadden, p p . 76-77*

* K .J .  A rrow , H.B. C henery , B .3 . M inhas and R.M. Solow , 
" C a p ita l-L a b o r  S u b s t i tu t io n  and Economic E f f i c i e n c y ."  
Review o f  Econom ics and S t a t i s t i c s .  X L III (1 9 6 1 ).
2 2 5 - 2 5 0 . ------------------------------------------------------------

^ H. Uzawa, "P ro d u c tio n  ju n c t io n s  w ith  C o n s tan t E l a s t i c i t y  
o f  S u b s t i t u t i o n , "  Review o f  Economio S tu d leB . XXIX 
(1 9 6 2 ), 2 9 1 -2 9 9 .

^ The th r e e  s p e c ia l  c a s e s  o f  th e  CES e x i s t  when a  e q u a ls  

e i t h e r  u n i t y ,  z e ro  o r  i n f i n i t y .  In  such  I n s ta n c e s ,  we 

have a  p ro d u c tio n  fu n c t io n  w ith  p e r f e c t  s u b s t i t u t i o n  

betw een  f a o to r s  y th e  Cobb-Douglas and L e o n t i e f  p ro ­

d u c t io n  fu n c t io n s  r e s p e c t iv e ly .



7 The l a t t e r  m easure was f i r s t  su g g e s te d  I n :

Y. M undlak, " E l a s t i c i t i e s  o f  S u b s t i tu t io n  and  th e  Theory 
o f  D erived  Demand," Review o f  Economic S tu d ie s , XXXIV 
(1 9 6 8 ), 2 2 5 -2 3 6 .

Q
A n o th e r  ad v an tag e  o f  th e  tw o - f a c to r - o n e - p r lc e  m easure 

o v e r  th e  tw o - fa o to r - tw o - p r ic e  m easure i s  t h a t  th e  l a t t e r  

m easu re  depends upon th e  r e l a t i v e  m agn itude  o f  th e  p r ic e s  

w h ich  a re  b e in g  changed , and r e s t r i c t i o n s  m ust be p la c e d  

on such  ch a n g e s . S ince  su ch  r e s t r i c t i o n s  can  b e  a r b i ­

t r a r y ,  th e  r e s u l t  w i l l  be d i f f e r e n t  m easu res f o r  th e  

tw o - f a c to r - tw o - p r ic e  m easu re . What one i s  r e a l l y  d o ing  

In  th e  o n e -p r ic e  m easure i s  ohanglng  r e l a t i v e  f a c t o r  

p r i c e s  by J u s t  ohanglng  one f a c to r  p r i c e ;  th u s ,  no 

r e s t r i c t i o n s  n eed  b e  p la c e d .  (See M undlak, p p . 2 2 9 -2 3 0 ).

9 V. M u k e rji, " G e n e ra liz e d  SMAC F u n c tio n  w ith  C o n s tan t 
R a tio s  o f  E l a s t i c i t i e s  o f  S u b s t i t u t i o n , "  Review o f  
Economic S tu d ie s . XXX (1 9 6 3 ), 2 3 3 -2 3 6 .

G. Hanoch, "'CRESH* P ro d u c tio n  F u n c t io n s ,"  D isc u ss io n  

P ap e r  No. 84 ; H arvard  I n s t i t u t e  f o r  Economic R esea rch , 

(C am bridge, M a ss .:  A ugust, 1969) ,  A ppendix A.

H ere I t  I s  shown t h a t  i f  any >  1 , th e n  a l l  o th e r  X^ 

( J ^ l )  w i l l  b e  i n f e r i o r .  T hat i s ,  w ith  a l l  f a c t o r  p r ic e s  

g iv e n  as o u tp u t  in c r e a s e s ,  th e  q u a n t i ty  o f  f a c t o r  X  ̂

( J ^ l )  w i l l  d e c re a s e .

11 Gorman has shown t h a t  i f  th e  r a t i o  o f  th e  A lle n  p a r t i a l  

ES w ere to  rem ain  c o n s ta n t ,  no f u r t h e r  g e n e r a l i z a t i o n  

co u ld  be m ade.



W«M* Gorman, ’’P ro d u c tio n  F u n c tio n s  in  Which th e  
E l a s t i c i t i e s  o f  S u b s t i tu t io n  S tan d  in  F ixed  P ro p o r t io n  
to  Each O th e r ."  Review o f  Economic S tu d ie s .  XXXII 
(1 9 6 5 ), 2 17 -224 .

12 G. Hanoch, "'CRESH' P ro d u c tio n  F u n c tio n s ,"  I  r e f e r  to

(4 ) as th e  CRESH fu n c t io n  a s  Hanoch d o e s . I  have 

r e s t r i c t e d  m y se lf  to  th e  l i n e a r  homogeneous c a s e .  The 

g e n e ra l  CRESH p ro d u c tio n  fu n c tio n  i s  i m p l i c i t l y  g iv e n  

b y :
h i >

. < « ■ ) *  c a .5) =  2 ^ * 1  [ w a f t ]  - 1 0
where h(Q ) i s  a  l i n e a r  fu n c t io n  o f  th e  in p u t  v e c to r .

I f  h  (Q) s  0, , th e n  ( 4 1) i s  homogeneous o f  d e g re e  u .

When u  s  1 , we have th e  c o n s ta n t  r e tu r n s  to  s c a le  case*

^  G. Hanooh, " 1CRESH' P ro d u c tio n  F u n c tio n s ,"  p .  4 .

^  N ote t h a t  ^  i s  a  f u n c t io n  o f  f a o to r  p r i c e s  and o u tp u t .

^  G. Hanoch, "'CRESH* P ro d u c tio n  F u n c tio n s ,"  p p . 4-5*

I f  we a p p l ie d  th e  d i r e c t  p a r t i a l  ES, we w ould o b ta in

g j  ~ b i  b .i___________________________________

** '  ( Bl Bj b j )  / ( « ! +  6 j  )

Thus, the do not vary proportionately w ith  some
common faotor, and oonstant ratlOB do not hold* (SEE:

G. Hanooh, "'CRESH' P ro d u c tio n  F u n c tio n s ,"  p .  1 2 .)
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171 M. N e rlo v e , "R eturns t o  S c a le  i n  E l e c t r i c i t y  S u p p ly ,"  
M easurem ent In  Econom ics: S tu d ie s  in  M athem atical  
Economics and B oonom etrlcs i n  Memory o f  Yehuda G ru n fe ld . 
e d . C* C h r i s t  (S ta n fo rd , 1963)•

For a d is c u s s io n  o f  d u a l i ty  and th e  c o n d i t io n s  f o r  

d u a l i ty ,  SEE:

G. Hanoch, "G en e ra tio n  o f  New P ro d u c tio n  F u n c tio n s  
Through D u a l i ty ,"  D isc u s s io n  No. 118, H arvard  I n s t i t u t e  
f o r  Eoonomlc R esea rch , (C am bridge, M ass .; A p r i l ,  1 9 7 0 ).

1 9 G. Hanoch, "P ro d u c tio n  w i th  C o n s ta n t T w o-F acto rs-O ne- 
P r lc e  E l a s t i c i t i e s  o f  S u b s t i t u t i o n , "  D isc u s s io n  P a p e r  
No. 117, H arvard  I n s t i t u t e  f o r  Economic R e sea rc h , 
(C am bridge, M ass.; A p r i l ,  1 9 7 0 ).

20 Z. G r i l l c h e s ,  "E d u ca tio n  in  P ro d u c tio n  F u n c tio n s  and 
Growth A cc o u n tin g ."

OT
Here i s  t h e  p ro o f  o f  e q u a tio n  ( 6 ) :

The demand f o r  any f a c t o r ,  X^, i s  a  fu n c tio n  o f  a l l  

f a c to r  p r i c e s ,  Wj ( j  -  l , . . . , n )  and th e  l e v e l  o f  o u tp u t ,  

Q. That i s ,

X^ -  f(W ^,• . . ,W^,Q)

Talcing th e  t o t a l  d i f f e r e n t i a l  o f  th e  above f u n c t io n ,  

we have

D iv id in g  b o th  s id e s  by X^, we have
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w hich can  a l s o  be e x p re s s e d  as

4j5l „ V  J i* i j  Q
*i i f i  d*i *i » j 4 *L «

b u t

^ * 1  wj_ _  _ ± -  th e  c ro s s  demand e l a s t i c i t y
$ * )  * i  '

=  f i  1J

and

_ ±  —  z  th e  p e rc e n ta g e  change In  em ployed
c) Q X± when o u tp u t I n c r e a s e s  by 1 p e r c e n t .

When th e  p ro d u c tio n  fu n c tio n  I s  l i n e a r l y  hom ogeneous, 

t h i s  l a s t  v a lu e  i s  1 , S u b s t i tu t io n  I n to  th e  e q u a tio n  o f  

th e  t o t a l  d i f f e r e n t i a l ,  ve  h av e :

4 !
~  ^ = a  Wj q

H old ing  th e  c o n s ta n t  and in t e g r a t i n g  each  s id e  o f  

th e  above e q u a t io n , we have
VI

L n X j S  Ln Wj +  Ln Q +  a±

o r
n

Ln -  Ln Q =  ^  Ln Wj -V a^

where a^  i s  a  c o n s ta n t  o f  I n te g r a t io n *
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22 When we a t te m p t to  e s t im a te  th e  ES, we a re  t h e o r e t l o a l l y  

I n t e r e s t e d  in  movements a lo n g  an i s o q u a n t .  However, i n  

c ro s s  s e c t i o n a l  ( o r  tim e  s e r i e s )  d a t a ,  we a r e  g e n e r a l ly  

g iv e n  in fo rm a tio n  i n  w hich  p ro d u c tio n  ta k e s  p la c e  a t  

d i f f e r e n t  l e v e l s  o f  o u tp u t .  In  su o h  a  c a s e , we may n o t  

be m easu rin g  th e  t h e o r e t i c a l  ES. I n  o rd e r  to  a v o id  th e  

above s i t u a t i o n ,  th e  a ssu m p tio n  t h a t  th e  p ro d u c tio n  

fu n c t io n  i s  homogeneous o r  h o m o th e tlc  i s  s u b s t i t u t e d  

f o r  th e  o b v io u s ly  u n w a rra n te d  a ssu m p tio n  t h a t  a l l  f irm s  

in  th e  in d u s t ry  a re  p ro d u c in g  a t  th e  same l e v e l  o f  

o u tp u t .

T h is  oan be e x e m p lif ie d  g e o m e tr ic a l ly .  L e t u s  

assume t h a t  we know th e  w orld  p e r f e c t ly  and t h a t  th e r e  

a r e  two f a c t o r  in p u t s ,  and Xq * needed  to  p roduce 

an o u tp u t  Q m easured i n  p h y s ic a l  u n i t e .  Suppose we have 

two o b s e rv a t io n s  on two firm s i n  th e  In d u s try  p ro d u c in g  

Q,. (S ee Diagram  1 ) .  B o th  f irm s a r e  p ro d u c in g  a t  o u tp u t

l e v e l  Q and a re  i n  e q u i l ib r iu m  a t  e Q and 

t i v e l y ,  g iv e n  th e  r e l a t i v e  f a c t o r  p r i c e s

r e s p e c -

and

ex th e y  fa c e . Then th e  ES we a r e  I n t e r e s t e d  i n

m easu rin g  i s :

1



We w ould e x p e c t t h a t  a s  we move from e Q to  -  

t h a t  1 b ,  a B  t h e  wage o f  f a l l s  r e l a t i v e  to  t h a t  o f  

Xg -  th e  r a t i o  o f  *2 w i l l  d e c re a se #  Now w hat w ould

happen  I f  one o f  th e  f irm s  w ere p ro d u c in g  a t  a  h ig h e r  

l e v e l  o f  o u tp u t ,  say  Q*, and  I n  a d d i t i o n ,  th e  p ro ­

d u c t io n  f u n c t io n  I s  n o t  homogeneous# Then, a s  w i l l  be 

i l l u s t r a t e d ,  we w i l l  n o t  o n ly  n o t  b e  m easu rin g  th e  ES, 

b u t  th e  e s t im a te  o b ta in e d  may h av e  a  s ig n  w hich  i s  n o t  

e x p e c te d  a  p r i o r i #  To se e  t h i s ,  assum e th e  c o n d i t io n s  

a s  s p e c i f i e d  by D iagram  2# Then we w ould o b se rv e  t h a t  

th e  "m easured" ES im p l ie s  t h a t  a s  th e  wage r a t e  o f  

f a l l s  r e l a t i v e  t o  t h a t  o f  Xg» th e  q u a n t i ty  o f  X j w i l l  

d e c re a s e  r e l a t i v e  t o  &,# However, t h i s  i s  n o t  th e  

" t r u e "  m easure we a r e  i n t e r e s t e d  in #

I f  th e  p r o d u c t io n  f u n c t io n  i s  assum ed to  be homo­

geneous ( o r  h o m o th e t ic ) ,  we oan th e n  o b se rv e  w hat 

hap p en s from D iagram  3# We know from  th e  p r o p e r ty  o f  

homogeneous p ro d u c t io n  f u n c t io n s  t h a t  i f  one f irm  i s  

p ro d u c in g  a t  Q1, th e  f a c t o r  r a t i o  a t  Q* w i l l  b e  th e  

same a s  i f  e q u i l ib r iu m  had  o c c u r re d  a t  Q, w ith  th e

g iv e n  r e l a t i v e  wage r a t e  o f [ w2 |
\^ 1  / l *  TllU8 * 'k110 homo­

g e n e i ty  a ssu m p tio n  i s  im p o r ta n t  I n  e m p ir ic a l  work 

b e c a u se  i t  p e rm its  th e  i n v e s t i g a t o r  to  m easure  th e  ES 

when a l l  f irm s  a r e  n o t  p ro d u c in g  a t  th e  same l e v e l  

o f  o u tp u t#

L e t u b  now d ro p  th e  a s su m p tio n  t h a t  d a ta  on o u tp u t
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I s  g iv e n  i n  p h y s ic a l  u n i t s ,  and now assum e d a t a  i s  

g iv e n  in  d o l l a r  v a lu e ,  Assume t h a t  th e  two f irm s  s e l l  

t h e i r  o u tp u t  a t  d i f f e r e n t  p r i c e s .  The hom ogeneity  o f  

th e  p r o d u c t io n  f u n c t io n  th e n  a s s u r e s  u s  t h a t  th e  

m easurem ent o f  th e  ES w i l l  n o t  be e f f e c t e d  by e r r o r s  

i n  m easurem ent o f  o u tp u t ,  due to  d i f f e r e n t  s e l l i n g  

p r i c e s  o f  th e  two f i r m s .  Fbr exam ple , u s in g  D iagram  3» 

i f  b o th  f irm s  p ro d u ce  th e  same num ber o f  p h y s ic a l  

u n i t s ,  b u t  one f irm  s e l l s  i t s  o u tp u t  a t  p  d o l l a r s  p e r  

u n i t ,  w h ile  th e  o th e r  f irm  s e l l s  th e  o u tp u t  a t  p +  c 

d o l l a r s  p e r  u n i t  ( c > o ) ,  th e n  th e  two o b se rv e d  o u tp u t  

l e v e l s  i n  d o l l a r  v a lu e  w ould b e  Q and  Q*. B u t t h e  

hom ogeneity  a s su m p tio n  a s s u r e s  u s  t h a t  o u f  m easurem ent 

o f  th e  ES w i l l  n o t  b e  e f f e c t e d ,  a s  we d is c u s s e d  b e f o r e .  

T hus, th e  hom ogeneity  a s su m p tio n  i s  an Im p o r ta n t 

c r u tc h  i n  e m p ir ic a l  work a t te m p t in g  t o  m easure th e  ES.
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Diagram 1
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Diagram 2
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Diagram 3
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C h a p te r  4

PATTERNS OF FACTOR SUBSTITUTION IN 
U .S . MANUFACTURING- INDUSTRIES: 1958

I n  th e  p r e v io u s  c h a p te r ,  th e  p ro b lem s e n c o u n te re d

In  e s t im a t in g  p a t t e r n s  o f  f a c t o r  s u b s t i t u t i o n  w ere d i s ­

c u s s e d , and a  m odel f o r  a n a ly z in g  su ch  p a t t e r n s  was 

d e v e lo p e d . H ere , I  u se  t h i s  m odel to  make in f e r e n c e s  

a b o u t p a t t e r n s  o f  s u b s t i t u t i o n  from c r o s s - s e c t i o n a l  d a ta  

f o r  11 tw o - d ig i t  SIC i n d u s t r i e s  i n  1958 , u s in g  th e  s t a t e  

a s  th e  u n i t  o f  o b s e r v a t io n ,  f u r t h e r  oomments on th e  m odel 

a r e  f i r s t  p r e s e n te d .  I  th e n  d e s c r ib e  th e  d a ta  s e t  a lo n g  

w ith  th e  n e c e s s a ry  a s su m p tio n s . A t th e  end o f  th e  C h a p te r , 

I  p r e s e n t  th e  r e s u l t s  and a  summary o f  th e s e  r e s u l t s .

( 4 .1 )  The M odel

The m odel d ev e lo p ed  i n  th e  p re v io u s  o h a p te r  i s
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where

X s  f a c t o r  in p u t  J ;
•I

Wj s  p r i c e  o f  f a c t o r  in p u t  J ;

S j & sh a re  o f  f a c t o r  in p u t  j  ;

s= A lle n  -  p a r t i a l  ES betw een  f a c to r s  1 and J ;

In  t h i s  s tu d y , I  d e a l  w ith  fo u r  f a c t o r  in p u t s ;  

th r e e  e d u c a t io n a l  l e v e l s  and p h y s ic a l  c a p i ta l*  These 

in p u ts  I  d en o te  by th e  fo llo w in g  s u b s c r i p t s :

To make In fe re n c e s  a b o u t p a t t e r n s  o f  s u b s t i ­

t u t i o n  betw een  th e  th r e e  e d u c a t io n a l  in p u ts  th e m se lv e s  

and betw een  each  e d u o a tio n a l  in p u t  and p h y s ic a l  c a p i t a l ,  

i t  i s  on ly  n e o e s sa ry  t o  u se  th e  lo g a r i th m  o f  th e  r a t i o  

o f  th e  e d u o a tio n a l  I n p u ts .  D ata  on p h y s ic a l  c a p i t a l  i s  

on ly  needed  to  e s t im a te  th e  c o s t  o f  c a p i t a l ,  a s  I  e x p la in  

l a t e r  on*

A lthough  th e  model above can be u sed  to  make 

In fe re n c e s  ab o u t p a t t e r n s  o f  f a c t o r  s u b s t i t u t i o n  f o r  a  g iv e n

c o n s ta n ts

S u b s c r ip t D e s c r ip t io n s

1 e le m e n ta ry  s c h o o l-e d u c a te d  
- la b o r  ( 0 -8  y e a r s )

2 h ig h  s c h o o l-e d u c a te d  
la b o r  ( 9-12  y e a r s )

5 o o lle g e -e d u o a te d  l a b o r  
(13 -16  *V y e a r s )

4 p h y s ic a l  c a p i t a l
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I n d u s t r y ,  i t  i s  a l s o  d e s i r a b l e  t o  com pare p a t t e r n s  o f  

s u b s t i t u t i o n  b etw een  i n d u s t r i e s .  To t e s t  f o r  th e s e  d i f ­

f e r e n c e s  UBing ( 1 ) ,  i t  i s  o n ly  n e c e s s a ry  to  In c lu d e  th e  

a p p r o p r ia te  dummy v a r i a b l e s .  The model w ith  fo u r  f a c to r s  

w hich w i l l  be e s t im a te d  i s :
V (I

(1) 10B (ax - «*) + 5^  -«S-kJ)R Sj log Wj
M H

•* 2  ( ®*11 ■ & m e j  108 v i
vn= l 5=rl

w here

( •s'the c o e f f i c i e n t  o f i

th e  r e fe re n o e  in d u s t r y ;

( &  ̂  s  d i f f e r e n t i a l  im p ac t o f

in d u s t r y  m from  th e  r e f e r e n c e  c o e f f i c i e n t  (m = 1 ,..* ,M ); 

and = 1 i f  th e  o b s e rv a t io n  i s  i n  in d u s t r y  m

r  0 o th e rw is e .

Then f o r  I n d u s try  m, ^  ^  i s

-  &  k J > R +

(4 .2 )  D ata and A ssum ptions

The c l a s s i c a l  c o n s t r a i n t  a c t in g  upon a l l  e m p ir i­

c a l  work i s  th e  d a ta  w ith  w hich th e  i n v e s t i g a t o r  has to  

w ork . For th e  p r e s e n t  s tu d y , th e  d a ta  c o n s t r a i n t  r e s t r i c t s  

th iB  i n v e s t i g a t o r  to  work w ith  c r o s s - s e c t io n a l  i n t r a -
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I n d u s t r y  m a n u fa c tu r in g  d a ta ,  w ith  th e  s t a t e  a s  th e  u n i t

o f  o b se rv a tio n *  The problem  i s ,  t h e r e f o r e ,  to  com bine th e

m ic ro -p ro d u c tio n  fu n c t io n s  o f  f irm s  in  t h e  same I n d u s t r y ,

u s in g  c a p i t a l  o f  d i f f e r e n t  v in ta g e s *  T h e re fo re , f o r  each

s t a t e ,  ve a r e  o b se rv in g  f o r  a l l  th o s e  f irm s  in  th e  In d u s try

o f  t h a t  s t a t e  an av e ra g e  o f  p r o d u c t i v i t i e s  and an  av e ra g e
1

o f  in p u t  com binations*  When we combine th e  In fo rm a tio n  

o f  th e  a v e ra g e  p r o d u c t i v i t i e s ,  we o b ta in  th e  in d u s t ry  

p ro d u c tio n  fu n c tio n  w hich  i s  th e n  I n t e r p r e t e d  as an  av e rag e  

o f  av e rag e  p r o d u c t i v i t i e s .  On th e  o th e r  h an d , th e  p r o ­

d u c t io n  fu n c t io n s  we a r e  i n t e r e s t e d  I n  f o r  p ro d u c tio n

th e o ry  I s  th e  r e l a t i o n s h i p  betw een  b e s t - p r a c t l c e  f a c t o r
2r a t i o s  and r e l a t i v e  f a c t o r  in p u t  p r ic e s *  The e x te n t  to  

w hich we can  I n t e r p r e t  th e  e s t im a te d  r e l a t i o n s h i p  a s  th e  

t h e o r e t i c a l  r e l a t i o n s h i p  betw een  in p u t and o u tp u t depends 

on how g r e a t  i s  th e  d iv e rg e n c e  betw een av e ra g e  p r a c t i c e  and 

b e s t  p r a c t i c e  f a c t o r  r a t io s *

F in a l ly ,  b e f o r e  I  e x p la in  th e  d a t a ,  I  w ould l i k e  

t o  tu r n  to  th e  q u e s t io n  o f  th e  hom ogeneity  o f  th e  p ro ­

d u c t io n  fu n c tio n *  The a ssu m p tio n  w hich  w i l l  be made i s  

t h a t  th e  p ro d u c tio n  f u n c t io n  i s  homogemeous o f  d e g re e  one -  

t h a t  i s ,  t h e r e  a r e  c o n s ta n t  r e tu r n s  to  s c a l e .  The th e o ­

r e t i c a l  re a s o n  i s  t h a t  i f  we assume t h a t  th e  d a ta  r e p r e s e n ts  

lo n g - ru n  e q u i l ib r iu m , w hich  i s  p ro d u c tio n  a t  minimum a v e r ­

age c o s t ,  th e  p ro d u c tio n  fu n c t io n  must have c o n s ta n t  

r e tu r n s  to  s c a le  a t  p o in ts  co rre sp o n d in g  to  minimum av e rag e  

c o s t*
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( 4 .2 .1 )  I n d u s t r i e s  Used In  S tudy

The d a ta  s e t  c o n s i s t s  o f  o b s e rv a t io n s  on tw o- 

d i g i t  SIC i n d u s t r i e s  in  1958* w ith  th e  s t a t e  a s  th e  u n i t  

o f  o b s e r v a t io n .  Sue to  l i m i t a t i o n s  on e i t h e r  c a p i t a l  from 

th e  Census o f  M an u fac tu res  (CM) o r  la b o r  in fo rm a tio n  from 

th e  Census o f  P o p u la tio n  (C P), i n  w hich th e  e d u c a t io n a l  

In p u ts  a r e  d e r iv e d .  I  can  on ly  a n a ly z e  11 o f  th e  20 SIC 

i n d u s t r i e s  g iv e n  by th e  CM. The 11 tw o - d ig i t  i n d u s t r i e s  

I  u s e ,  a lo n g  w ith  th e  number o f  o b s e rv a t io n s ,  a r e  shown 

i n  T ab le  1 .

( 4 .2 .2 )  M easure o f  O utpu t (Q)

A m easure o f  o u tp u t i s  needed  in  o rd e r  to  

com pute f a c t o r  s h a re s  and th e  c o s t  o f  o a p i t a l .  V alue- 

added  i s  u sed  a s  th e  m easure o f  o u tp u t ,  r a t h e r  th a n  g ro s s  

o u tp u t  w hich r e q u i r e s  d a ta  on raw m a te r i a l s .  T here a r e  

two a l t e r n a t i v e  a ssu m p tio n s  w hich can be made f o r  u s in g  

v a lu e -a d d e d  In  l i e u  o f  g r o s s  o u tp u t ,  th e  f i r s t  b e in g  th e  

more r e s t r i c t i v e :

( I )  t h e  r a t i o  o f  raw m a te r ia l s  to  g ro s s  o u tp u t i s  

c o n s ta n t  f o r  a l l  firm s in  th e  same in d u s t r y ,  o r

( I I ) th e  p ro d u c tio n  fu n c tio n  i s  s e p a ra b le  i n
4te rm s  o f  raw m a te r ia l  In p u t  and a l l  o th e r  in p u ts* -'*

D ata on v a lu e -a d d e d  by s t a t e  and in d u s t ry  i s
5

ta k e n  from th e  1958 Census o f  M a n u fa c tu re s .

71



Table 1

INDUSTRIES USED

SIC No. o f
In d u s try  Code O b se rv a tio n s

Food and k in d re d  p ro d u c ts 20 40

T e x t i le  m i l l  p ro d u c ts 22 21

A p p are l and r e l a t e d  p ro d u c ts 23 24

P r in t in g  and p u b l is h in g 27 17

C hem icals and a l l i e d  p ro d u c ts 28 31

Rubber and p l a s t i c  p ro d u c ts  n e c . 30 15

P rim ary  m e ta l i n d u s t r i e s 33 28

f a b r ic a te d  m e ta l p ro d u c ts 34 33

M achinery , e x c e p t e l e c t r i c a l 35 30

E l e c t r i c a l  m achinery 36 25

T ra n s p o r ta t io n  equipm ent 37 27

T o ta l 291



( 4 .2 #3) E d u c a tio n a l  I n p u ts  (X^v Xg and X j)

Ho d a ta  1b a v a i l a b l e  w hich  g iv e s  th e  e d u c a t io n a l  

d i s t r i b u t i o n  by s t a t e  and  I n d u s t r y ,  p e r  s e ; how ever, i t  i s  

p o s s ib le  to  c o n s t r u c t  th e  e d u c a t io n a l  d i s t r i b u t i o n  from 

th e  d e t a i l e d  o c c u p a t io n a l  d i s t r i b u t i o n ,  and th e  r e l a t i o n ­

s h ip  betw een  th e  o c c u p a tio n  and e d u c a t io n a l  d i s t r i b u t i o n  

on th e  n a t io n a l  l e v e l .

L e t

C1 J “  numt>er o f  m ales In  o c c u p a tio n  1

and e d u c a t io n a l  c l a s s  J .  1 = 1 , • • • , 5 5

J — 1 , •  • • ,8

T h is  d a ta  i s  a v a i l a b l e  on th e  n a t i o n a l  l e v e l  

from th e  I960  Penbus o f  P o p u la t io n #^

Then, l e t  g

Cjl r  2 J ci j  *  numt>©r> o f

p e rso n s  In  o c c u p a tio n  1

and

p . .  =
C4 ^ .p e rc e n ta g e  o f  m ales In  o cc u p a tio n  

1 and I n  e d u c a t io n a l  c l a s s  J#

I t  was th e n  assum ed t h a t  th e  e d u o a t io n a l  d i s ­

t r i b u t i o n  by o c c u p a tio n  i s  in d e p e n d e n t o f  th e  in d u s try #

T h is a ssu m p tio n  was t e s t e d  and th e  r e s u l t s  a r e  shown In  

T ab le  2 f o r  e le v e n  tw o - d ig i t  SIC m a n u fa c tu rin g  I n d u s t r i e s  

on th e  n a t io n a l  l e v e l ,  f o r  w hich th e  " t r u e 11 e d u c a t io n a l
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T a b le  2

COMPARISON OF “TRUE” AND ESTIMATED RELATIVE FREQUENCY 
EDUOATIONAL DISTRIBUTION BY INDUSTRY

In d u s try 0 -  A 5 - 7

jbod  and k in d re d TRUE .060 .139
p ro d u c ts EST. .057 .131

T e x t i le  m i l l TRUE .118 .263
p ro d u c ts EST, ; .1 0 2 .216

A p p are l and TRUE •084 .142
r e l a t e d  p ro d u c ts EST. ; .068 .132

P r in t in g  and TRUE .0 1 3 .085
p u b lis h in g EST. ; .019 .062

Chem icals and TRUE .0 3 6 .103
a l l i e d  p ro d u c ts EST. .040 .111

Rubber and TRUE .036 .119
p l a s t i c  p ro d u c ts EST. .042 .128

Prim ary  m e ta l ' TRUE - .0 6 4 .158
p ro d u c ts EST .0 6 4 .152

P h b ric a te d TRUE .037 .116
m e ta l p ro d u c ts EST. .040 . .119

M achinery, TRUE .026 .101
e x c e p t e l e c t r i c a l EST. .032 . .109

E l e c t r i c a l TRUE .018 .073
m achinery EST. ;.027 ] .088

T ra n s p o r ta t io n TRUE .0 3 0 .109
equipm ent EST. .0 3 7 , .117

YEARS OF SCHOOL COMPLETED

8 9 - 1 1 12 13-15 16 16 +

.185
,168

.2 5 0

.243
.252
,246

.0 7 4

.087
.032
.0 5 0

.010

.019

.158

.164
.222
.2 2 3

.161

.190
.041
.058

.029

.033
.007
.013

.185

.165
.239
.226

.216

.236
.0 8 4
.0 9 4

.0 3 8

.059
.013
.021

.160

.1 0 5
.282
.209

.269

.309
.1 0 5
.1 5 5

.062

.109
.024
.0 3 2

.125

..144
.187
.218

.263

.282
.112
.111.

.111

.065
.062
.028

.169

.174
.2 4 5
.242

.271

.265
.082
.082.

.056

.046
.022
.022

.188

.186
.242
.243

.241

.241
.060.
.067.

.035

.0 3 2
.012
.014

• 168 
.169

.242

.241
.266
.265

.096

.090 .
.052
.052

.0 2 3

.023

.169

.169
.240
.242

.3 0 0

.286
.0 9 6 .
.091

.050

.0 5 0
.018
.021

.121

.135
.204
.213

.312

.292
.1 3 3  ■ 
.122  .

.092

.0 8 3
.048
.041

.162

.170
.242
.2 4 4

.280

.2 7 5
.098  
.088  ‘

.053

.046
.024
.022



d i s t r i b u t i o n  i e  known from th e  C ensus o f  P o p u la t io n .  The 

e s tim a te d  d i s t r i b u t i o n  i s  o b ta in e d  from th e  p ro c e d u re  

above . The r e s u l t s  B uggest t h a t  one can  ap p ro x im ate  th e  

e d u c a tio n a l  d i s t r i b u t i o n  f a i r l y  w e ll  from th e  d e t a i l e d  

o c c u p a tio n a l d i s t r i b u t i o n .

o c c u p a tio n  1 and in  e d u c a t io n a l  c l a s s  J f o r  a  g iv e n  

in d u s try  sa d  s t a t e .

a l l  i-w e o b ta in  th e  num ber o f  m ales i n  e d u o a tio n a l  c la e e  j ,  

c a l l  t h i s  e j f w hich i s

To o b ta in  th e  t o t a l  number o f  p e rso n s  i n  th e  

in d u s t ry  and s t a t e ,  we sum o v e r a l l  e d u c a t io n a l  c l a s s e s
3

F in a l ly ,  we o b ta in  th e  r e l a t i v e  freq u en cy  edu­

o a t io n a l  d i s t r i b u t i o n  f o r  th e  s t a t e  and In d u s try  a s

For any g iv en  in d u s t ry  and s t a t e ,  we have an
7o c c u p a tio n a l d i s t r i b u t i o n . 1 

L e t

d^ -  num ber o f  m ales i n  o c c u p a tio n  i  f o r  th e

g iv e n  s t a t e  and I n d u s t r y .

Then d , • P . , t e l l s  u s th e  number o f  m ales i n  
1 1J

I f  we sum o v e r  a l l  o c c u p a tio n s  -  t h a t  i s ,  over
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G iven th e  r e l a t i v e  freq u en cy  d i s t r i b u t i o n

f_ and f _ ,  th e  wage r a t e s  and t o t a l  p a y r o l l  (TP) f o r  each
3  fts t a t e  and in d u s t ry  from th e  1958 Census o f  M a n u fa c tu re s . 0

th e  “a d ju s te d ” t o t a l  l a b o r  (L) i s  o b ta in e d .  We know t h a t

T P s  L (Wx f x f  Wg f 2 f  Ŵ  f 3 )

and can e a s i l y  s o lv e  f o r  L f o r  e a ch  In d u s try  and s ta te *  

Once L i s  known, we f in d  each  X^ by

XA =  L f A 1 = 1 , 2 ,  3

and th e s e  X^ a r e  th e  in p u ts  to  be u s e d .

( 4 .2 .4 )  The Wage R a tes  (W^, Wg, W^) and B hc to r

S h a re s  (S ^ , Sg, S3 )

T here i s  no d a ta  g iv e n  d i r e c t l y  on th e  wage r a t e

by s t a t e ,  I n d u s try  and e d u c a t io n a l  l e v e l .  W elch, how ever,

h a s  d e r iv e d  e s t im a te s  f o r  th e  av e ra g e  wage r a t e  o f  a

45-54  y e a r  o ld  w h ite  m ale by e d u c a t io n a l  c l a s s  f o r  ea ch

s t a t e .  A d e s c r ip t i o n  o f  how th e  d a ta  was com puted i s  g iv e n
o

i n  two o f  h i s  w orks.

The com puted f a c t o r  s h a re s  a re  th e n  o b ta in e d  by

S, = *1 W1
1 1 =  1 , 2 , 3

f o r  th e  th r e e  e d u c a t io n a l  l a b o r  In p u ts  and th e  r e s id u a l  

i s  p h y s ic a l  c a p i t a l ' s  s h a r e .  T ab le  3 g iv e s  th e  mean s h a re  

f o r  each  f a c t o r  by in d u s t r y «
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Table 3

MEAN FACTOR SHARES

In d u s try £ l £2 h 54

Food and k in d re d  p ro d u c ts ,2 0 • 16 .0 7 .5 7

T e x t i l e  m i l l  p ro d u c ts • 35 .1 9 .0 6 .4 0

A p p are l and r e l a t e d  p ro d u c ts .2 9 .2 2 .1 0 .3 9

P r in t in g  and p u b l is h in g .12 .27 .19 .4 2

C hem icals and  a l l i e d  p ro d u c ts .11 .0 8 .6 8

Rubber and p l a s t i c  p ro d u c ts  neo* .2 4 .2 0 .0 8 .4 8

P rim ary  m e ta l i n d u s t r i e s .2 5 .2 1 .0 7 .4 7

F a b r ic a te d  m e ta l p ro d u c ts .2 5 .22 .10 .4 3

M ach inery , e x c e p t e l e c t r i c a l .2 5 .2 2 .1 0 .4 3

E l e c t r i c a l  m achinery .1 9 .18 .1 3 .5 0

T r a n s p o r ta t io n  equipm ent .3 1 .2 1 .09 .3 9

S u b s c r ip ts  d e n o te : 1 -  e lem e n ta ry  s c h o o l-e d u c a te d  l a b o r ;

2 — h ig h  s c h o o l-e d u c a te d  l a b o r ;

3 — c o l le g e -e d u c a te d  l a b o r ;  and

4 ~ p h y s ic a l  c a p i ta l*
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( 4 .2 .5 )  C ost o f  C a p i ta l  (V^)

To e s t im a te  th e  c o s t  o f  c a p i t a l ,  I  u se  th e  same 

m easure a s  O r i l i c h e s .10 T h is  m easure g iv e s  th e  g ro s s  r a t e  

o f  r e t u r n  on c a p i t a l  and i s  com puted f o r  each  s t a t e  and 

in d u s t r y  f o r  w hich d a ta  i s  a v a i l a b le  by

-  (V a lu e-ad d ed  -  T o ta l  P a y r o l l s )  ____
"4  “ d ro s s  Boole V alue o f  f ix e d  a s s e t s  i n  1951

The d en o m in a to r o f  i s  o b ta in e d  from th e  

1958 Census o f  M a n u fa c tu re s . 11

(4 .3 )  The R e s u l ts

The eA tim a tes  o f  model (1 ) f o r  th e  t h r e e  e q u a tio n s  

whose d ep en d en t v a r i a b l e s  a re  lo g a r i th m s  o f  X i/X g, 

and Xg/Xj a r e  g iv e n  i n  T ab le  4*12 The food In d u s try  (20) 

i s  th e  r e f e r e n c e  o r  " l e f t - o u t "  dummy v a r i a b l e .  In  o r d e r  

to  se e  th e  Im pact o f  th e  dummy v a r ia b le  on th e  s ig n  o f  

th e  p a ra m e te r , when th e  r e f e r e n c e  c o e f f i c i e n t  and dummy 

c o e f f i c i e n t  a r e  o f  o p p o s ite  s ig n ,  an l a t e s t  i s  u sed  t o  see 

i f  th e  Bum o f  th e  c o e f f i c i e n t s  i s  e q u a l to  z e ro .  For 

exam ple, f o r  th e  food in d u s t r y  (2 0 ) ,  h e s a t iv e

and s i g n i f i c a n t l y  d i f f e r e n t  from z e ro , w h ile  th e  dummy 

c o e f f i c i e n t  f o r  th e  t e x t i l e  in d u s t ry  (22) i s  p o s i t i v e  and 

s i g n i f i c a n t l y  d i f f e r e n t  from z e ro .  An F - t e s t  l a  u sed  to  

t e s t  i f  th e  Bum o f  th e  two c o e f f i c i e n t s  i s  z e ro .  Such a 

t e s t  shows t h a t  th e  sum i s  s i g n i f i c a n t l y  d i f f e r e n t  from 

ze ro  i n  t h i s  c a s e .  S in ce  th e  v a lu e  o f  th e  dummy c o e f f i c i e n t  

i s  g r e a t e r  th a n  th e  v a lu e  o f  th e  r e f e r e n c e  c o e f f i c i e n t ,  th e
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In d u s try  

Pood (20 )

T e x t i le s  (22)

A ppare l (23)

P r in t in g  and 
p u b lis h in g  (2 7 )

Chem icals (28)

Rubber (30)

Prim ary 
m e ta l ( 33 )

Pab. m e ta l (34)

M achinery, ex cep t 
e l e c t r i c a l  ( 35 )

E l e c t r i c a l  
m achinery ( 3 6 )

T ra n s p o r ta tio n  
equipm ent ( 3 7 )

T able 4

REGRESSION ESTIMATES OP EQUATION 1 

Coe f f i c i e n t s 1 *2

<s 13“ ^~23)r (^12-<5"3 2 ) r (<S*2i “^ 3 i )r ( ^ 1 4 " <524^R ( ^ 1 4 “ ^ “54)

.182* - .3 0 2 .086 .009* .067*

. 158 ) ( . 162) ( .0 3 9 ) ( . 056 ) ( . 106 )

^ 1 3 ~ ^ 2 3 * m ( ^ x 2 ” ^32^m ^ 21“ ^ 3 i^m ( ^ 14- 6 ^ 4 )^ ( ^ 1 4 “ ^ ’34 )

. 110* .385 - .0 7 4 * -.1 3 5 * - .3 9 1

. 170) ( .1 7 9 ) ( .0 5 9 ) (*136) ( . 196)

.223* .355 - .1 3 2 - .0 7 7 * - .2 5 5 :

. 162) ( .1 6 3 ) ( .0 4 4 ) ( .0 7 5 ) ( . 112 )

.590 -.0 4 3 * .089* - .3 9 9 - .6 0 5

.178) (.2 3 5 ) (.1 3 8 ) ( .1 0 9 ) ( .2 0 5 )

.297 -.3 6 4 * - . 120* -.1 0 5 * - .3 4 8 '

.141) ( . 250 ) ( .0 9 1 ) (.0 7 0 ) (.1 3 1 )

. 108* .447 - . 112* - .1 0 8 * -.0 3 7 *

.184) ( . 210 ) ( .0 6 7 ) ( .0 9 1 ) ( .1 7 2 )

.191* . 178* -.0 3 7 * - .0 5 3 * - .3 3 3

.189) ( .2 1 4 ) ( .0 6 1 ) ( . 076 ) ( .1 4 3 )

.159* .397 - .0 7 5 * -.0 9 7 * - .1 6 9 *

.165) ( .1 8 6 ) ( .0 7 0 ) ( .0 8 1 ) ( . 152 )

.191* . 252* - .1 7 3 - .1 3 7 - .3 5 3

.170 ) ( .1 7 5 ) ( .0 8 1 ) (.0 6 8 ) ( .1 2 9 )

.184* .059* - .2 0 1 - .0 7 7 * - . 152*

.161) ( .1 9 9 ) ( . 081 ) ( .0 6 2 ) • ( .1 1 7 )

.093* .40? - .0 8 1 * - .0 1 4 * 4 .006*

.164 ) ( .1 6 8 ) ( .1 1 3 ) ( .0 7 1 ) ( .1 3 5 )

^ 2 4 “ ^3 4 ^ R
.053*
.078)

24“ <£34)m

.275

.141 )

.166

.079)

. 206*

.151)

.241

.097)

.071*

.126)

.279

.105)

. 070*
-.112)

■ .216  
-.095)

-.074*
-.086)

-.007*
•099)



F o o tn o te s  t o  T a b le  4

(1 ) S u b s o r lp ts  d e n o te :  1 ~  e le m e n ta ry  s c h o o l-e d u c a te d

la b o r ;

2 -r h ig h  s c h o o l-e d u c a te d  l a b o r ;

3 a  c o l le g e -e d u c a te d  l a b o r ;  and

4  — p h y s ic a l  c a p i ta l*

(2 ) The food In d u s try  (2 0 ) l a  t h e  " l e f t - o u t "  o r  r e f e r e n c e  

v a r ia b le *

The b ra c k e te d  v a lu e  below  th e  e s t im a te  o f  th e  

c o e f f i c i e n t  I s  th e  s ta n d a rd  d e v ia t io n  <Sf th e  e s tim a te *

The c o e f f i c i e n t s  above a r e  f o r  e q u a tio n  1* The 

c o e f f i c i e n t s  &  ^  and &  ^  laaTe

th e  lo g a r ith m  o f  X^/Xg a s  t h e i r  d ep en d en t v a r ia b le *

The R^ v a lu e  I s  *98* The c o e f f i c i e n t s  ^ 2 .2  "  ^  32 

and &  3̂  -  ^  have th e  lo g a r ith m  o f  X^/X^ a s

t h e i r  d ep en d en t v a r ia b le *  The R? v a lu e  i s  ,98* The

c o e f f i c i e n t s  & 2 1  “ 31 sn d  3^  "  ^™3 6 # have
th e  lo g a r ith m  o f  Xg/X^ a s  t h e i r  d ep en d en t v a r ia b le *

2
The R v a lu e  i s  *97*

*  Not s i g n i f i c a n t l y  d i f f e r e n t  from ze ro  a t  th e  10j6 

l e v e l  o f  s ig n i f i c a n c e .  Two t a l l  t e s t  used*
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s ig n  I s  ta k e n  a s  p o s i t i v e ,  The s ig n s  o f  th e  c o e f f i c i e n t s ,  

a f t e r  t e s t i n g  i f  th e  sum o f  th e  r e f e r e n c e  and dummy 

c o e f f i c i e n t  i s  s i g n i f i c a n t l y  d i f f e r e n t  from z e ro , i s  

g iv e n  i n  T ab les  5 and 6*

T ab le  5 p ro v id e s  t h e  r e s u l t s  f o r  p a t t e r n s  o f  

s u b s t i t u t i o n  f o r  th e  e d u c a t io n a l  la b o r  in p u ts  w ith  r e s p e c t  

t o  e a c h  o th e r ;  w h ile  Table 6 p ro v id e s  th e  r e s u l t s  f o r  

p a t t e r n s  o f  s u b s t i t u t i o n  b e tw een  th e  e d u c a t io n a l  l a b o r  

in p u ts  and p h y s ic a l  c a p i ta l*

(4 .3 * 1 ) A n a ly s is  o f  P a t t e r n s  o f  S u b s t i t u t i o n  betw een  

th e  E d u c a tio n a l L abor In p u ts

R*om T ab le  5* f o u r  p a t t e r n s  o f  s u b s t i t u t i o n

emerge* For two o f  th e  e le v e n  i n d u s t r i e s ,  th e  r e s u l t s  a r e

in c o n s i s t e n t  w i th  r e s p e c t  t o  s ta te m e n ts  ab o u t p a t t e r n s  o f  
13s u b s t i tu t i o n *  The f o u r  p a t t e r n s  o f  s u b s t i t u t i o n  a r e  

g iv e n  i n  T able 7 f a lo n g  w ith  th e  i n d u s t r i e s  t h a t  conform  

to  t h a t  p a t te rn *

P a t t e r n  A, w hich fo u r  i n d u s t r i e s  fo llo w , im p l ie s  

t h a t  th e  two lo w e r-e d u c a te d  l a b o r  in p u ts  a r e  more e a s i l y  

s u b s t i t u t e d  f o r  each  o th e r  th a n  th ey  a r e  f o r  c o l le g e -  

e d u c a te d  l a b o r .  The d eg ree  t o  w hich th e  two lo w e r-e d u o a te d  

e d u c a t io n a l  in p u ts  can be s u b s t i t u t e d  f o r  c o l le g e -e d u c a te d  

l a b o r  i s  abou t th e  same. T h a t i s ,  b o th  lo w e r-e d u o a te d  

in p u t s  a r e  e q u a lly  w e ll  s u i t e d  to  s u b s t i t u t e  f o r  c o l le g e -  

e d u c a te d  la b o r*
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Table 5

SIGNS OF COEFFICIENTS BETWEEN EDUCATIONAL 

LABOR INPUTS BY INDUSTRY1

2
C o e f f ic ie n t  

^ ~13  “̂ *23 12  ~ & 3 2  & 2 1  ’^ '3 1

Food and k in d re d
p ro d u c t 0 -  +

T e x t i l e  m i l l  , +
p ro d u c ts  0 T

A p p a re l and r e l a t e d
p ro d u c ts  0 0 0

P r in t in g  and
p u b l is h in g  -  -  ■+

C hem ical a and
a l l i e d  p ro d u c ts  t

Rubber and p l a s t i c  jl.
p ro d u c ts  nec* 0 +  ~

P rim ary  m e ta l 
i n d u s t r i e s

F a b r ic a te d  m e ta l 1 
p ro d u c ts

M ach inery , e x c e p t 
e l e c t r i c a l

E l e c t r i o a l  
m ach inery

T ra n s p o r ta t io n
equipm ent

*

(1 ) These r e s u l t s  come from com bining th e  dummy and 
r e f e r e n c e  c o e f f i c i e n t  a f t e r  t e s t i n g  i f  th e  sum i s  
s i g n i f i c a n t l y  d i f f e r e n t  from zero*

(2 ) S u b s c r ip ts  d e n o te ;  I s  e lem en ta ry  s c h o o l-e d u c a te d  la b o r ;  
2 * h ig h  s c h o o l-e d u c a te d  l a b o r ;  and 3 Jm o o lleg e -ed u ca ted  
la b o r* 82



Table 6

SIGNS OF COEFFICIENTS BETWEEN EDUCATIONAL LABOR 

INPUTS AND PHYSICAL CAPITAL BY INDUSTRY1

C o e f f ic ie n t

In d u s try  

Food and
k in d re d  p ro d u c ts

T e x t i le  m i l l  
p ro d u c ts

A p p are l and 
r e l a t e d  p ro d u c ts

P r in t in g  and 
p u b l is h in g

C hem icalb and 
a l l i e d  p ro d u c ts

Rubber and p l a s t i c  
p ro d u c ts  neo*

Prim ary  m e ta l 
i n d u s t r i e s

f a b r ic a te d  m e ta l 
p ro d u o ts

M ach inery , e x c e p t 
e le c t r lo a f t

E l e c t r i c a l
m achinery

T ra n s p o r ta t io n
equ ipm ent

14 - ^ 2 4  € * 1 4  -g "5 4  24 54

0

0

0

0

(1 ) See fo o tn o te  1 o f  T ab le  3*

(2) S u b s c r ip ts  d e n o te : l= e le m e n ta r y  s c h o o l-e d u c a te d  
l a b o r ;  2 =  h ig h  s c h o o l-e d u c a te d  l a b o r ;  3 = -o o lle g e -  
e d u c a te d  l a b o r ;  and 4 s p h y s i c a l  c a p i ta l*
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Table 7

SUMMARY OF PATTERNS OF SUBSTITUTION 

BETWEEN THE EDUCATIONAL LABOR INPUTS

P a t t e r n  In d u s try

A t e x t i l e ,  ru b b e r ,
Tab. m e ta l ,  
t r a n s p o r t a t i o n

D e sc rip tio n .

£ " 1 3 =  € T 2 3 ; &  12 ^ ^ " 2 3 5

c  12 y  &  13

B

C

A p p are l

p r i n t i n g ,
ch e m ic a ls

12 - ^ " 1 3 -  23

^ 1 3 ^ ^ 2 3 * &  12< ^ 2 3 ’ 
^  1 2 ^  13

m ach in e ry , e l e c t r i c a l  € * i « :  € T  2V  12< 623*  
m ach inery  ^

^  12 13

food , p rim ary  m e ta l I n c o n s i s te n t

(S u b s c r ip ts  d e n o te :  1 = e lem e n ta ry  s c h o o l-e d u c a te d  l a b o r ;

2 — h ig h  s c h o o l-e d u c a te d  la b o b ;

3 o o l le g e -e d u c a te d  l a b o r ;  and

4  s  p h y s ic a l  c a p i t a l . )
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Only one I n d u s t r y ,  a p p a re l  ( 2 3 ) ,  fo llo w s  

P a t t e r n  B, w h ich  Im p lie s  t h a t  a l l  e d u c a t io n a l  l a b o r  

I n p u ts  a r e  e q u a l ly  w e l l - s u i t e d  to  s u b s t i t u t e  f o r  e ach  

o th e r .

The Im p l ic a t io n s  o f  P a t t e r n  C a r e  t h a t  th e  two 

h ig h e r - e d u c a te d  la b o r  in p u ts  a r e  more e a s i l y  s u b s t i t u t e d  

f o r  each  o th e r  th a n  th e y  a re  f o r  e lem e n ta ry  s c h o o l-e d u c a te d  

l a b o r .  However, betw een  th e  two h ig h e r - e d u c a te d  la b o r  

i n p u ts ,  h ig h  s c h o o l-e d u c a te d  l a b o r  i s  more e a B ily  s u b s t i ­

t u t e d  f o r  e le m e n ta ry  s c h o o l-e d u c a te d  l a b o r .

P a t t e r n  D im p l ie s  t h a t  c o l le g e -e d u c a te d  la b o r  

I s  more e a s i l y  s u b s t i t u t e d  f o r  th e  two lo w e r-e d u o a te d  

l a b o r  in p u ts  th a n  th e s e  In p u ts  can be s u b s t i t u t e d  f o r  each  

o th e r ;  w h ile  b o th  lo w e r-e d u c a te d  l a b o r  in p u ts  a r e  b o th  

e q u a lly  w e l l - s u i t e d  to  s u b s t i t u t e  f o r  c o l le g e -e d u c a te d  

l a b o r .

( 4 .3 .2 )  A n a ly s is  o f  P a tte ra B  o f  S u b s t i tu t io n  Betw een 

th e  E d u c a tio n a l L abor In p u ts  and P h y s ic a l  

C a p i ta l

The m ajo r f in d in g  f o r  th e  fo u r  p a t t e r n s  o f  

s u b s t i t u t i o n  o b se rv ed  In  T ab le  6 1 b t h a t  c o l le g e -e d u c a te d  

l a b o r  I s  a t  l e a s t  a s  good a  s u b s t i t u t e  f o r  p h y s ic a l  c a p i­

t a l  as  th e  two lo w eree d u ca te d  l a b o r  i n p u t s ^ i f  n o t more 

o f  a  s u b s t i t u t e .  The fo u r  p a t t e r n s  o b se rv ed  a r e  Bhown in  

T ab le  8 .

4
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Table 8

SUMMARY OF PATTERNS OF SUBSTITUTION BETWEEN THE 

EDUCATIONAL LABOR INPUTS AND PHYSICAL CAPITAL

P a t te r n I n d u s t r i e a D e s c r ip t io n

H

fo o d , ru b b e r , flab, 
m e ta l ,  e l e c t ,  m ach in e ry , 
t r a n s p o r t a t i o n

t e x t i l e ,  a p p a re l ,  
c h e m ic a ls , p rim ary  
m e ta l

p r i n t i n g

m ach in e ry , e x c . 
e l e c t r i c a l

^  1 4 r  ^ 2 4 “  ^*34

&  14= €*24; €*  14 <  ^ 34; 

&  24<  6*34

&  1 4 < € " 2 4 ; i4 <’€ ' 3 4 ;

€ *  24 = € * 3 4

&  1 4 < € ~ 2 4 ; € “ 1 4 < ^ *  34;

2 4 ^  € " 3 4

(S u b s c r ip ts  d e n o te s  1 e  e le m e n ta ry  s c h o o l-e d u c a te d  la b o r ;

2 ? h ig h  so h o o l-e d u c a te d  l a b o r ;

3 2s c o l le g e -e d u c a te d  l a b o r ;  and

4 Ti p h y s ic a l  c a p i t a l . )
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F ive  o f  th e  e le v e n  i n d u s t r i e s  fo llo w  P a t t e r n  E, 

w hich  Im p lie s  t h a t  a l l  e d u c a t io n a l  in p u ts  a r e  e q u a lly  

w e l l - s u i t e d  t o  s u b s t i t u t e  f o r  p h y s ic a l  c a p i t a l .  On th e  

o th e r  hand , P a t t e r n  F, to  w hich fo u r  o f  th e  i n d u s t r i e s  

conform , Im p lie s  t h a t  c o l le g e -e d u c a te d  l a b o r  i s  more 

e a s i l y  s u b s t i t u t e d  f o r  p h y s ic a l  c a p i t a l  th a n  the  two 

lo w e r-e d u c a te d  l a b o r  In p u ts  can be s u b s t i t u t e d  f o r  p h y s ic a l  

c a p i t a l .  However, th e  tw o lo w e r-e d u c a te d  l a b o r  In p u ts  a re  

e q u a l ly  w e l l - s u i t e d  to  s u b s t i t u t e  f o r  p h y s ic a l  o a p l t a l .

Only th e  p r i n t i n g  and p u b l is h in g  in d u s t ry  (27 ) 

fo llo w s  P a t t e r n  G-. T h is  p a t t e r n  Im p lie s  t h a t  h ig h  s c h o o l-  

and  c o l le g e -e d u c a te d  l a b o r  a re  e q u a l ly  w e l l - s u i t e d  to  

s u b s t i t u t e  f o r  p h y s ic a l  o a p l t a l ;  y e t ,  b o th  can be sub­

s t i t u t e d  more e a s i l y  f o r  p h y s ic a l  c a p i t a l  th a n  e lem e n ta ry  

s c h o o l l a b o r  can  be s u b s t i t u t e d  f o r  p h y s ic a l  c a p i t a l .

P a t t e r n  H .im p lie s  t h a t  th e  more 'e d u c a te d ;th e  

l a b o r  in p u t ,  th e  more e a s i l y  i t  can  be s u b s t i t u t e d  f o r  

p h y s ic a l  c a p i t a l .  The m achinery  (e x c e p t e l e c t r i c a l )  

in d u s t r y  (35)* conform s to  P a t t e r n  H.

I  n e x t  t r i e d  t o  d e te rm in e  th e  s i m i l a r i t i e s  o f  

th o s e  i n d u s t r i e s  w hich had  th e  same p a t t e r n s  1& T able  8 .  

U n fo r tu n a te ly ,  I  c o u ld  n o t  d is c o v e r  any c h a r a c t e r i s t i c  

o f  th e  p ro d u c tio n  p ro c e s s  w hich w ould r e s u l t  in  th e  

s i m i l a r i t y  o f  th e  p a t t e r n s  o f  f a c t o r  s u b s t i t u t i o n .
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(4.4) Summary

F b r th e  e le v e n  I n d u s t r i e s  c o n s id e re d , fo u r  

p a t t e r n s  o f  s u b s t i t u t i o n  betw een th e  e d u c a t io n a l  l a b o r  

In p u ts  and fo u r  p a t t e r n s  betw een  th e  e d u c a t io n a l  la b o r  

In p u ts  and p h y s ic a l  c a p i t a l  a re  o b s e rv e d . As can be se en  

from T able 9 ,  t h i s  Im p lie s  seven  d i f f e r e n t  p a t t e r n s  o f  

f a c t o r  s u b s t i t u t i o n .  Only th r e e  I n d u s t r i e s ,  ru b b e r  (3 0 ) ,  

f a b r ic a te d  m e ta l  (34) and  t r a n s p o r t a t i o n  (3 7 ) ,  have th e  

same o v e r a l l  p a t t e r n .

The m ajor f in d in g  la  t h a t  a t  t h i s  l e v e l  o f  

a g g re g a tio n  o f  b o th  in d u s t r y  and u n i t  o f  o b s e rv a t io n ,  

th e r e  i s  no ev id en ce  t h a t  c o l le g e -e d u c a te d  la b o r  i s  more 

com plem entary to  p h y s ic a l  c a p i t a l  th a n  lo w e r-e d u c a te d  

l a b o r  i n p u t s .
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Table 9

SUMMARY OF PATTERNS OF FACTOR SUBSTITUTION

In d u s try P a t t e r n s

Food and k in d re d  p ro d u c ts

T e x t i le  m i l l  p ro d u c ts

A p p are l and r e l a t e d  
p ro d u c ts

P r in t in g  and p u b l is h in g

C hem icals and a l l i e d  
p ro d u c ts

Rubber and p l a s t i c  
p ro d u c ts  nec*

P rim ary  m e ta l I n d u s t r i e s

F a b r ic a te d  m e ta l 
p ro d u c ts

M ach inery , e x c e p t 
e l e c t r i c a l

E l e c t r i c a l  m achinery  

T ra n s p o r ta t io n  equipm ent

Between 
E d u c a tio n a l 
In p u ts_____

I n c o n s i s te n t

A

B

C

I n c o n s i s te n t

A

D

D

A

'Between 
E d u c a tio n a l 
In p u ts  and 
P h y s ic a l  
C a p i ta l

E

F

E

F

H

E

E
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F o o tn o te s  to  C h a p te r  4

1
K le in , In  th e  CES o o n te x t ,  has shown t h a t  I f  we w ant t o  

move from th e  m ic ro -p ro d u c tio n  fu n c t io n  to  th e  a g g re ­

gate^ e s t im a te d  p ro d u c tio n  f u n c t io n ,  th e  In p u t and 

o u tp u t v a r ia b le  u sed  sh o u ld  be th e  g e o m e tr ic  means o f  

th e  v a r i a b l e s ,  I  w i l l  be  u s in g  cen su s  d a ta  from w hich 

I  can  o b ta in  tihe t o t a l s  f o r  each  v a r i a b le ,a n d  g iv e n  

d a ta  on th e  number o f  f irm s , I  can  c a l c u l a t e  th e  

a r i th m e t i c  a v e ra g e ; I  c a n n o t, how ever, g e t  th e  in d iv id u a l  

v a lu e s  o f  each  v a r i a b le  in  o rd e r  to  g e t  th e  g eo m e tr ic  

m eans. There I s  no way o u t o f  t h i s  s i t u a t i o n  u n le s s  one 

g e t s  th e  in d iv id u a l  o b s e rv a tio n s  u sed  by th e  Census to  

o b ta in  th e  p u b lis h e d  a g g re g a te s .  T h is  I s  n o t  p o s s ib le ,  

how ever, u n d e r  d is c lo s u r e  lawB,

SEE: L.R* K le in , "M acroeconom ics and th e  Theory o f
R a tio n a l  B e h a v io r ,"  E conom etrlca  (1 9 4 6 ), 9 3 -1 0 8 .

2 p ^ r an a t te m p t to  e s t im a te  b e s t - p r a c t i c e  p ro d u c tio n  

f u n c t io n s  v i a  l i n e a r  program m ing,

SEE: D. A ig n e r , and S . Chu, "On E s tim a tin g  th e  I n d u s t r y  
P ro d u c tio n  F u n c tio n ,"  A m erican Economic Review,
L V III (1 9 6 8 ), 826-839•

7S For th e  p ro o f  (g iv e n  f o r  n o n - la b o r  i n p u t s ) ,  SEE

A ppendix (p ,2 4 0 ) o f  F. Welch, "L abor-M arket D isc rim ­
i n a t i o n , "  J o u r n a l  o f  P o l i t i c a l  Economy. LXXV (1 9 6 7 ), 
2 2 5 -2 4 0 .
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^  T h is  i s  su g g e s te d  by

C* SimB in  ‘’T h e o r e t i c a l  BasiB f o r  a  D o u b le -D e fla te d  
In d ex  o f  R eal Value-Ad dedfl I1 "Review o f  Econom ics and 
S t a t i s t i c s . LVI (1 9 6 9 ), 4 7 0 -5 flZ

1958 CensuB o f  M a n u fa c tu re s . V o l. I I ,  T able 3 f o r  each  

s t a t e .

^ I960  Census o f  P o p u la t io n , PC (2 ) 7A, T ab le  9* 55

o c c u p a t io n a l  c l a s s e s  a r e  u se d .

7 1960 Census o f  P o p u la t io n . S ta te  b o o k s , T ab le  125*

S in c e  th e r e  i s  no d a ta  a v a i la b le  by e d u c a tio n  and age 

f o r  a  g iv e n  in d u s t ry  w i th in  a  g iv e n  s t a t e ,  no ad ju s tm e n t 

c o u ld  be made f o r  a g e .

Q
1958 Census o f  M a n u fa c tu re s . V o l. I I ,  T ab le  3 f o r  each  

s t a t e .

9 The d a ta  w hich  I  u se  f o r  th e  wage o f  th e  e d u c a t io n a l

in p u ts  I  o b ta in e d  from P ro f e s s o r  W elch. The d a ta  was

d e r iv e d  from th e  I960 Census o f  P o p u la tio n  d a ta  and glveB

th e  av e ra g e  wage r a t e  o f  a 45 -54  y e a r  o ld  w h ile  m ale by

e d u c a t io n a l  c l a s s  f b r  each  s t a t e .  A d e s c r ip t io n  o f  how

th e  d a ta  was o b ta in e d  i s  g iv e n  in  two o f  h i s  w orks:

F . W elch, " L in e a rS y n th e s is  o f  S k i l l  D i s t r ib u t i o n s , '1 
J o u r n a l  o f  Human R e so u rce s . (1969 Summer), 317n.

___________ , "E d u ca tio n  in  P ro d u c t io n ,” J o u r n a l  o f
P o l i t i c a l  Economy. LXX7III (1 9 7 0 ), A ppendix 5 5 -5 8 .

-1-0 Z . G r i l i c h e s ,  " C a p i t a l - S k l l l  C o m p lem en ta rity ,"  Review o f  
Econom ics and S t a t i s t i c s .  LI (1 9 6 9 ), 465 -468 .
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11 1958 Census o f  M a n u fa c tu re s . V o l. 1 , S upp lem entary  

T ab le  1 .

12 A ll  th e  o b s e rv a t io n s  w ere f i r s t  p o o led  to  t e s t  f o r  an 

" a g g re g a te "  e s t im a te  o f  p a t t e r n s  o f  s u b s t i t u t i o n .  The 

e s t im a te s  o f  th e  p a ra m e te rs  o f  th e  " a g g re g a te "  fu n c tio n  

a r e  ( th e  s ta n d a rd  d e v ia t io n  o f  th e  e s t im a te s  a r e  

g iv e n  below  th e  e s t im a te  and "*" d e n o te s  t h a t  th e  

e s t im a te  i s  n o t s i g n i f i c a n t l y  d i f f e r e n t  from ze ro  a t

th e  10 p e rc e n t l e v e l  when a  two t a l l  t e s t  i s  u se d ) •

13 -  S ' 23 - - .1 0 9
( .0 1 7 )

S  14 -  S  24 - - . 022*
( .0 1 7 )

r2= .9 5

S  12 -  S 32 - .047
( .0 2 5 )

&  14 -  34  = - .0 4 1 *
( .0 2 6 )

R ^ .9 4

^  21  - S '  31 s .015*
( . 0 1 2 )

S '  24  -  S  34 = - .0 1 8 *
( . 0 2 2 )

r2= .9 0

These e s t im a te s im ply th e fo llo w in g  p a t t e r n  a b o u t su b -

s t i t u t l o n  betw een  th e  e d u c a t io n a l  i n p u t s :

13 <  G *  23 

S  12 > S  32

and S  21 -  S  31  ,

T h is  p a t t e r n  i s  i n c o n s i s t e n t ,  s in c e  th e  f i r s t  two s t a t e ­

m ents do n o t im ply th e  t h i r d .

Between p h y s ic a l  c a p i t a l  and th e  e d u c a t io n a l  

in p u t s ,  th e  ^ p a t te r n  im p lie d  i s  

S  14 = S  24 -  S '  34
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N ext, I t  i s  n e c e s s a ry  t o  t e s t  I f  an  " a g g re g a te "  

fu n c tio n  i s  a p p ro p r ia te  -  t h a t  I s ,  i f  th e  dummy 

c o e f f i c i e n t s  a r e  a l l  e q u a l t o  z e ro ,  The F - t e e t  u se d  

to  t e s t  I f  a l l  ( a r e  e<iual t o  z e ro

w ith  no s t i p u l a t i o n  on i s  Siv a n  in

F.A . G r a y b i l l ,  An I n t r o d u c t io n  to  L in e a r  S t a t i s t i c a l  
M odels V o l. 1 (New Y ork: 1961J , p p . 130 -140 .

The computed F -v a lu e s  f o r  each  e q u a tio n  u n d e r  th e  

n u l l  h y p o th e s is  t h a t  a l l  k j  ^m a r e  e q u a l

to  z e ro  ahe

d ep en d en t v a r ia b le  com puted F -v a lu e

10S f l
Jtg 11.10

1°B S :X3 8.80

10g f2
Xj 1 3 .2 0

The F - t e s t  u n d er c o n s id e r a t io n  r e q u i r e s  t h a t  th e  

com puted F -v a lu e  be l e s s  th a n  o r  e q u a l t o  an  F w ith  242 

and 44 d e g re e s  o f  freedom , i n  o rd e r  to  a c c e p t th e  

h y p o th e s is  t h a t  a l l  ( )m e q u a l z e ro , o r

e q u iv a le n t ly ,  t h a t  an " a g g re g a te "  fu n c t io n  can be u se d  

to  e x p re s s  a l l  p a t t e r n s .  A l l  o f  th e  com puted F -v a lu e e  

a r e  g r e a t e r  th a n  an F(242 , 44) a t  th e  5 p e r c e n t  l e v e l .  

Thus, th e  " a g g re g a te "  e s t im a te  i s  r e j e c t e d  and th e  

dummy v a r ia b le s  f o r  I n d u s t r i e s  a r e  u s e d .
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1"5̂ For b o th  I n d u s t r i e s  20 and 33, th e  r e s u l t s  a r e  

i n c o n s i s t e n t ,  s in c e  th e y  im ply t h a t

&  13 a  € ^ 2 3

12 < ̂  32

and &  21  ^  31

w hich i s  im p o s s ib le , s in c e  th e  f i r s t  two s ta te m e n ts  

im ply t h a t  ^  ^  3 ^ ,  w hich i s  n o t  im p lie d  by

th e  l a s t  s ta tem en t*
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C h a p te r  5

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

In  C h ap te r  2 , th e  Im pact o f  th e  chang ing  compo­

s i t i o n  o f  o u tp u t and th e  n o n - n e u t r a l i t y  o f  te c h n o lo g ic a l  

change on th e  demand f o r  th r e e  e d u c a t io n a l  In p u ts  -  

c o l l e g e - ,  h ig h  s c h o o l-  and e le m e n ta ry  s c h o o l-e d u c a te d  

l a b o r  -  f o r  th e  U .S . economy betw een  1940 and I960  a re  

exam ined . U sing d a ta  on e ig h t  m a jo r  s e c to r s  o f  th e  economy, 

th e  f in d in g s  s u p p o r t th e  h y p o th e s is  t h a t  th e  chang ing  

c o m p o s itio n  o f  o u tp u t  I n c re a s e d  th e  demand f o r  c o l le g e -  

e d u c a te d  la b o r  r e l a t i v e  to  th e  two le s s - e d u c a te d  la b o r  

I n p u ts .  The f in d in g s  do n o t ,  how ever, su p p o r t th e  non­

n e u t r a l i t y  o f  t e c h n ic a l  change h y p o th e s is .  The demand f o r  

a l l  e d u c a t io n a l  in p u ts  would have d e c re a se d  b ec a u se  o f  

t e c h n o lo g ic a l  change. D ec reases  i n  f a c t o r  demand d id  n o t  

a f f e c t  a l l  f a c to r s  to  th e  same d e g re e .  The demand f o r  

c o l le g e -e d u c a te d  l a b o r  f e l l  le sB  th a n  th e  demand f o r  th e  

two le s s - e d u c a te d  in p u t s .
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D ata on th e  e d u c a t io n a l  r a t i o s  In  I960  and th e  

ohange In  th e  c a p i t a l  to  av e rag e  l a b o r  r a t i o  be tw een  

1948-50  and 1960-63 f o r  17 tw o - d ig i t  SIC m a n u fa c tu rin g  

I n d u s t r i e s  im p lie s  t h a t  th o s e  i n d u s t r i e s  i n  w hich c a p i t a l  

i n t e n s i t y  in c r e a s e d  th e  m ost a r e  th o s e  i n d u s t r i e s  i n  

w hich  th e r e  i s  l e s s  c o l le g e -e d u c a te d  l a b o r  u sed  r e l a t i v e  

to  n o n -c o lle g e  la b o r*  T h is  does n o t  su p p o r t th e  n o n -n eu ­

t r a l i t y  h y p o th e s is .  However, th e  chang ing  co m p o s itio n  o f  

o u tp u t  h y p o th e s is  1 b s u p p o r te d  f o r  U .S . m a n u fa c tu r in g .

In  C h a p te r  4 , p a t t e r n s  o f  f a c t o r  s u b s t i t u t i o n  

a r e  exam ined f o r  11 U .S . m a n u fa c tu rin g  i n d u s t r i e s  i n  1958. 

F our p a t t e r n s  o f  s u b s t i t u t i o n  betw een  th e  e d u c a t io n a l  

l a b o r  In p u ts  and p h y s ic a l  c a p i t a l  a r e  o b se rv e d . A lthough  

th e  p a t t e r n s  do d i f f e r  by I n d u s t r y ,  one g e n e ra l  s ta te m e n t 

can be  made: c o l le g e -e d u c a te d  l a b o r  i s  a s  good a  s u b s t i ­

t u t e  f o r  p h y s ic a l  c a p i t a l  s b  th e  two lo w e r-e d u c a te d  la b o r  

I n p u ts  a r e .  T h is  i s  q u i t e  c o n tra ry  to  w hat some eco n o m ists  

have come to  b e l ie v e  -  t h a t  i s ,  t h a t  c o l le g e -e d u c a te d

l a b o r  i s  th e  m ost com plem entary e d u c a t io n a l  in p u t  t o
1

p h y s ic a l  c a p i t a l .

As f o r  f u tu r e  r e s e a r c h ,  I  b e l ie v e  f u tu r e  s tu d ie s  

on th e  r o le  o f  e d u c a tio n  in  th e  p ro d u c tio n  f u n c t io n  must 

w a i t  f o r  some c o n c re te  ev id en ce  on th e  tech n o lo g y  o f  th e  

learA A ng In d u s try  -  t h a t  i s ,  ab o u t e d u c a t io n a l  p ro d u c tio n  

f u n c t io n s .  What i s  o f  p rim ary  i n t e r e s t  i s  th e  f a c to r s  

w hich  d e te rm in e  econom ic p r o d u c t iv i ty  and how such  f a c to r s  

a r e  p ro d u ced . What i s  assum ed i n  t h i s  s tu d y , a s  w e l l  a s  in
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a l l  o t h e r  s tu d i e s ,  I s  t h a t  th e  num ber o f  y e a rs  o f  edu­

c a t io n  com pleted  d e te rm in e s  econom ic p r o d u c t iv i ty .

I f  e d u c a tio n  does a f f e c t  econom ic p r o d u c t iv i ty ,  

th e n  changes In  t h e  te c h n o lo g y  o f  th e  le a r n in g  In d u s try  

o r  e d u c a t io n a l  p ro d u c t io n  fu n c t io n  o v e r  tim e  I s  Im p o r ta n t .

A d e c re a s e  i n  th e  c o s t  o f  l e a r n in g  p e r  u n i t  o f  re s o u rc e  

a l l o c a t e d  h as  a l r e a d y  been  c i t e d  a s  one o f  th e  p o s s ib le  

e x p la n a t io n s  o f  th e  p arad o x  c o n s id e re d  In  th e  s tu d y .

But what I s  r e a l l y  known abou t e d u c a t io n a l

p ro d u c t io n  fu n c t io n s ?  A ll  s tu d i e s  e s t im a te  such  fu n c tio n s

by r e l a t i n g  In p u ts ,  such as c h a r a c t e r i s t i c s  o f  te a c h e r s

and th e  env ironm ent o f  s tu d e n ts ,  t o  p u tp u t m easured  by 
2

I Q 's .  What i s  u n d e r  q u e s t io n  h e re  I s  how such  in p u ts  

a r e  r e l a t e d  to  econom ic p r o d u c t iv i t y .  Thus, th e  c r u c i a l  

q u e s t i o n . i s  th e  c o r r e l a t i o n  betw een  IQ 's  w hich  m easure 

th e  a b i l i t y  to  su c c e e d  In  sc h o o l and econom ic p ro d u c­

t i v i t y .  The l in k  b etw een  In p u ts  and o u tp u t m easured  by 

I Q 's ,  I  b e l ie v e ,  f a l l s  f a r  s h o r t  o f  th e  mark s e t .  R a th e r  

th a n  lo o k  a t  I Q 's ,  w hat sh o u ld  b e  looked  a t  I s  how in p u ts  

o f  t e a c h e r  c h a r a c t e r i s t i c s  and th e  env ironm en t o f  B tu d en ts  

r e l a t e s  t o  a s p i r a t i o n s  o f  s tu d e n t s .  A s p ir a t io n s  m easure 

m o t iv a t io n ,  and i t  i s  t h i s  m easure t h a t  I s  more c lo s e ly  

r e l a t e d  to  econom ic p r o d u c t iv i ty  th a n  I Q 's ,  w hich sim ply  

m easu res  th e  a b i l i t y  to  su cceed  in  s c h o o l .^

Once f a c t o r s  a f f e c t i n g  th e  e d u c a tio n a l  p ro d u c tio n  

f u n c t io n  a re  d is c e r n e d ,  q u e s t io n s  ab o u t how changes In  such  

f a c t o r s  o v e r  tim e  have a f f e c t e d  le a r n in g  p e r  u n i t  o f  in p u t  

can  b e  a n a ly z e d . 97



Footnotes to Chapter 5

1 R e c a ll  th e  c o n tro v e rs y  In  th e  6 0 'a  c o n c e rn in g  s t r u c ­

t u r a l  unem ploym ent due to  au to m atio n *

p
SEE B ow les, ’’Towards An E d u c a tio n a l P ro d u c tio n  ju n c t io n ,"  

f o r  r e f e r e n c e s  o f  p re v io u s  a t te m p ts  a t  e s t im a t in g  ed u ca­

t i o n a l  p ro d u c tio n  f u n c t io n s .  One r e c e n t  s tu d y  n o t  

in c lu d e d  In  B ow les ' p a p e r , w hich u s e s  d a ta  on i n d i ­

v id u a ls  o v e r  t im e , i s

E , H anushek, “ T each er C h a r a c t e r i s t i c s  and G ains i n  
S tu d e n t A chievem ent E s t im a tio n  U sin g  M ic r o - d a ta ," 
A m erican  Economic Review. LXI (1 9 7 1 ), 2 8 0 -2 8 8 ,

3 p a r  exam ple, c o n s id e r  two tw in s  who w ent th ro u g h  s c h o o l 

to g e th e r  from th e  f i r s t  g ra d e  u n t i l  th e  co m p le tio n  o f  

t h e i r  freshm an y e a r  In  o o l le g e ,  and  te rm in a te d  t h e i r  

e d u c a tio n  a t  t h i s  p o in t*  Suppose one o f  th e  tw in s  had  

a  s u b s t a n t i a l l y  h ig h e r  IQ th a n  th e  o th e r .  Then th e  

q u e s t io n ^ I s  why d i d n ' t  th e  tw in  w ith  th e  h ig h e r  IQ 

com plete  c o l le g e  o r  one can a sk  how d id  th e  tw in  w ith  

th e  lo w er IQ g e t  a s  f a r  a s  th e  o th e r?  The l i n k  i s  

o b v io u s ly  th e  m o tiv a t io n  f a c t o r .
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Appendix to Chapter 2

(A .2.1) Data on Real Output

D ata on r e a l  o u tp u t  In  1954 d o l l a r s  i n  1950 and 

I9 6 0  i s  o b ta in e d  f o r  e a ch  s e o to r  from

M.L. M arim ont, "GNP by M ajor I n d u s t r i e s , " Survey o f  O u rren t 
B u a ln ea s  (O c to b e r , 1 9 6 2 ), p p . 6 -1 9 .

The d a ta  i s  shown An T ab le  A - l .  The t o t a l  d i f f e r s

from t h a t  g iv e n  by M arim ont by th e  two com ponents "R est

o f  th e  W orld" and " R e s id u a l" .

D ata f o r  b o th  t o t a l  o u tp u t  in  th e  economy and

a g r i c u l t u r a l  o u tp u t i n  1939 in  1954 d o l l a r s  i s  ta k e n  from

V .R . PUchs, The S e rv ic e  Economy (New Y ork j 1 9 6 8 ).

The o u tp u t f o r  each  s e tb o r  i s  th e n  o b ta in e d  by

a p p ly in g  th e  n o n - a g r io u l tu r a l  o u tp u t to  th e  p e rc e n ta g e

d i s t r i b u t i o n  o f  n o n - a g r io u l tu r a l  o u tp u t  in  1939» g iv e n  in

£ . F. D en ison , " I n d u s t r i a l  C om position  o f  N a tio n a l  Incom e," 
S urvey  o f  C u rre n t B u s in e ss  (Decem ber, 1 9 4 8 ), p p . 11-17*

(A .2 .2 )  E d u c a tio n a l  P h c to r  In p u ts

As m en tioned  in  C h ap te r 2 , th e  o c c u p a tio n a l  

d i s t r i b u t i o n  i s  u se d  to  e s t im a te  th e  e d u c a t io n a l  d i s t r i ­

b u t io n  .S& ice r e l a t i v e  wage r a t e s  betw een  o c c u p a tio n s  have 

n o t  changed s i g n i f i c a n t l y ,  th e  I9 6 0  o c c u p a tio n a l  r e l a t i v e  

wage r a t e s  betw een  o c c u p a tio n s  and sex  a r e  u sed  to  a g g re ­

g a te  i n to  th e  th r e e  e d u c a t io n a l  c l a s s e s .  The wage r a t e s  

a r e  th e  m edian a n n u a l wage f o r  each  o c c u p a tio n  by se x  f o r
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p e rs o n s  who w orked 50-52 w eeks. H ourly  wage r a t e s  would 

have b ee n  p r e f e r r e d ,  b u t  w ere n o t  a v a i l a b l e .  The occu­

p a t io n  w ith  th e  h ig h e s t  wage w ith in  each  e d u c a t io n a l  c l a s s  

i s  ta k e n  aB th e  g roup  r e p r e s e n t a t i v e .

T ab le  A-2 g iv e s  th e  Im puted d i s t r i b u t i o n  by 

s e c t o r  f o r  th e  y e a r s  1940, 1950 and  I9 6 0 . The b a s ic  d a ta  

on th e  d i s t r i b u t i o n  by o c c u p a tio n  i s  ta k e n  from th e  C ensus 

o f  P o p u la t io n  s u b je c t  r e p o r t s  in  each  y e a r .

(A .2 .3 )  M ethodology f o r  E s tim a tin g  th e  D ecom position  o f  

th e  Demand f o r  Each E d u c a tio n a l F a c to r

In  C h ap te r  2 , th e  d eco m p o sitio n  o f  th e  demand 

f o r  each  e d u c a t io n a l  f a c t o r  i s  g iv e n  in  T ab le s  7 - 9 .  The 

m ethodology f o r  o b ta in in g  th e s e  e s t im a te s  w i l l  be  e x p la in e d  

h e r e .  Decomposing th e  change in  o b se rv ed  demand fo r  e a c h  

e d u c a t io n a l  in p u t  betw een  any two p e r io d s  depends upon 

th e  p e a r  u sed  as  th e  r e f e r e n c e  p o i n t .  T hat i s ,  I f  th e  

i n i t i a l  y e a r  i s  u sed  as th e  r e f e r e n c e  p o in t ,  th e  a n a ly s i s  

p ro c e e d s  i n  one way; w h ile , i f  th e  te rm in a l  y e a r  I s  u s e d , 

th e  a n a ly s i s  p ro cee d s  i n  a n o th e r  way.

(A .2 .3 * 1 )  A n a ly s is  When th e  I n i t i a l  Y ea r I s  Used 

As th e  R e fe ren ce  P& int

The e f f e c t  o f  te c h n o lo g ic a l  change on th e  demand 

f o r  each  e d u c a t io n a l  f a c t o r  i s  m easured as  a  r e s id u a l  when 

th e  i n i t i a l  y e a r  i s  u sed  a s  th e  r e f e r e n c e  p o i n t .  That l a ,  

f i r s t  th e  e f f e c t  o f  th e  g row th  o f  o u tp u t ,  when a l l  s e c to r s

100



grow  a t  th e  same r a t e ,  i s  e s t im a te d .  Then th e  change I n  

dem and, due to  d i f f e r e n c e s  In  th e  g ro w th  o f  o u tp u t by 

s e c t o r ,  I s  e s t im a te d .  The d i f f e r e n c e  b e tw een  th e  o b s e rv e d  

change and th e  e s t im a te d  change in  demand due to  t h e s e  

tw o v a r i a b l e s  i s  th e n  a t t r i b u t e d  to  t e c h n o lo g ic a l  c h a n g e .

I  em ployed i n  s e c t o r  m In  th e  i n i t i a l  y e a r  ( s u b s c r i p t  o) 

an d  te rm in a l  y e a r  ( s u b s c r i p t  1 ) r e s p e c t i v e l y .  S im i l a r ly ,

t h e  I n i t i a l  an d  te r m in a l  y e a r s  r e s p e c t i v e l y .  Then t o t a l  

demand f o r  any e d u c a t io n a l  f a c t o r  1 , w h ich  i s  o b s e rv e d  

i n  each  y e a r ,  i s :

W hat I  w ant t o  e x p la in  l a  th e  change i n  demand b e tw een

H o ld in g  th e  te c h n o lo g y  o f  th e  i n i t i a l  y e a r  

c o n s ta n t  -  t h a t  i s ,  u s in g  th e  i n i t i a l  y e a r  a s  th e  r e f e r ­

e n c e  p o in t  -  t h e  demand f o r  each  e d u c a t io n a l  f a c t o r  w ould

To s t a t e  th e  p ro c e d u re  m a th e m a tic a l ly ,  l e t  

*lm o and '^ im l d e n o te  th e  q u a n t i ty  o f  e d u c a t io n a l  f a c t o r

ft ftl e t  mo and  ml d e n o te  r e a l  o u tp u t  i n  s e c to r  m f o r

( 1 )

an d M

th e s e  two y e a r s  -  t h a t  I s ,  ^ i^  -  ^ i o .

h a v e  b een  A  i o ,  h ad  th e  o u tp u t  o f  e a c h  s e c t o r  changed  

by  ^  .  T hus,
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1 b th e  change In  demand i f  th e  g row th  o f  o u tp u t o f  a l l  

s e c to r s  had b ee n  th e  same* However, I f  th e  o u tp u t o f  a l l  

s e c to r s  grew a t  d i f f e r e n t  r a t e s  -  t h a t  i s ,  each  s e c to r  

changed by ^  -  th e n  demand would have been

(4 )  Xi l g  3  S '  F " ^  m

d  K J

B ut i s  J u s t  th e  o u tp u t o f  s e c t o r  m i n  th e
Q

te rm in a l  y e a r  -  t h a t  i s ,

Thus,

(5 )  * l l g  =  ^  [ ^ im o j ^mx

V n < L 1 M

The change in  demand due to  s e c to r  d i f f e r e n c e s  i n  th e  

r a t e  o f  g ro w th  o f  o u tp u t i s ,  th e n

(6 )  * i l g  -  ^  * io

The d i f f e r e n c e  betw een w hat demand would have 

been  w ith  s e c t o r  d i f f e r e n c e s  in  th e  r a t e  o f  g row th  o f

o u tp u t ,  and w hat a c tu a l ly  i s  o b se rv ed  i n  th e  te rm in a l

$ e a r ,  i s  a t t r i b u t e d  to  te c h n o lo g ic a l  change* T h a t i s ,  

t h i s  change i n  demand i s  m easured by

(7 )  Xl x -  * l l8

The sum o f  th e s e  changes ( 3 ) ,  (6 ) and (7 ) i s  th e n  th e  

change in  t o t a l  demand f o r  each  e d u c a t io n a l  f a c t o r  betw een 

any two p e r io d s :

%  -  h o  = ( ^  * lc  -  x lo )  +  ( * i l6

+  ( * 4  -  ^ j g )
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(A .2 ,3 .2 )  A n a ly s is  When th e  T erm ina l Y ea r  I s  Used 

As th e  R efe ren ce  P o in t

When th e  te rm in a l  y e a r  i s  u sed  a s  th e  r e f e r e n c e

p o in t ,  th e  te c h n o lo g y  o f  t h a t  y e a r  i s  h e ld  c o n s ta n t*  Thus,

te c h n o lo g ic a l  change I s  m easured  d i r e c t l y  hy m u l t ip ly in g

th e  In p u t  p e r  u n i t  o f  o u tp u t i n  th e  te rm in a l  y e a r  f o r

each  s e c t o r  by th e  o u tp u t i n  th e  i n i t i a l  y ea r*  T his t e l l s

w hat th e  demand f o r  f a c t o r  1 would have b een  In  th e

te rm in a l  y e a r ,  had  te c h n o lo g y  changed to  t h a t  o f  th e

te rm in a l  y e a r  b u t  had  o u tp u t  rem ained  unchanged -  t h a t  I s ,
M

* i 1 T  =  y  | t b j I  ftmo

v*ri r a

The change In  demand due to  te c h n o lo g ic a l  change 

i s  th e n  m easured  by

(8 ) * l l r  -  *10

I f  th e  g ro w th  o f  o u tp u t o f  each  s e c t o r  h as  been

th e  same and o u tp u t in c r e a s e d  by , th e n  w ith  th e

te rm in a l  y e a r  te c h n o lo g y , demand f o r  f a c to r  1 would have

been  ^ i t * Thus, th e  change due to  th e  same grow th

o f  o u tp u t In  a l l  s e c to r s  I s

(9 ) >  * l lT  -  *11T

The r e s i d u a l  betw een  th e  o b se rv ed  change and th e

change due to  te c h n o lo g ic a l  change and e q u a l g row th  o f

o u tp u t o f  a l l  s e c to r s  i s  th e n  a t t r i b u t e d  to  d i f f e r e n c e s  in
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th e  g row th  o f  o u tp u t o f  a l l  s e c to r e  -  t h a t  i s ,  th e  chang ing  

c o m p o s itio n  o f  o u tp u t .  T h is  r e s id u a l  I s  m easured  by

(10 ) \  .  'X * i 1T

T o ta l  change In  o b se rv ed  demand 1b th e n  sim ply  

th e  sum o f  a l l  changes ( 8 ) f (9 ) and (10) -  t h a t  I s ,

* l l  -  *10 5  ( ^ . 1T -  Xl0 )  +  -  *11T)

+  (* 1 !  -  ^  % 1T)
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Table A-l

REAL OUTPUT IN THE U .S . IN 1954 DOLLARS FOR EIGHT 

MAJOR SECTORS; 1939, 1950 AND I960 

( In  b i l l i o n s  o f  d o l l a r s )

S e c to r  1959 1950

A ll  1 8 4 .0  J2 3 .1

A g r ic u l tu r e ,  f o r e s t r y  and 
f i s h e r i e s 1 4 .3 2 0 .2

M ining 4 .1 8 .8

C o n s tru c tio n 5 .8 1 4 .9

M an u fac tu rin g 4 6 .1 9 2 .6

W holesale  and r e t a i l  t r a d e 3 1 .2 6 1 .3

T ra n s p o r ta t io n ,  com m unications 
and  p u b l ic  u t i l i t i e s 1 9 .1 2 8 .8

O th e r  s e rv ic e s 4 1 .7 6 7 .7

Government and governm ent 
e n t e r p r i s e s 2 1 .7 2 8 .8

I960

4 4 0 .1

2 2 .7

10.8 

1 8 .8

1 2 5 .5

78.0

4 5 .0

9 9 .6

3 9 .7
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Table A-2

DEMAND FOR EDUCATIONAL INPUTS BY SECTOR 

FOR 1940, 1950 AND I960

High E lem en tary
S e c to r  C o lleg e  S choo l S choo l

A ll
1940 
1950 
I960

A g r ic u l tu r e ,  
f o r e s t r y  and 
f i s h e r i e s

6 165 330 16 053 834 15 512
8 488 136 20 030 755 17 129
9 085 903 18 614 318 16 270

1940 17 486 5 126 643 2 620 433
1950 60 215 4 278 019 2 051 767
1960 74 753 2 639 728 1 481 794

M ining
1940 47 887 147 572 707 304
1950 67 102 194 722 649 293
I960 83 264 185 521 360 578

C o n s tru c tio n
1940 177 341 1 251 274 525 465
1950 400 351 2 018 702 800 678
I960 539 280 2 181 820 878 385

M an u fac tu rin g
1940 746 056 3 227 551 5 251 339
1950 1 305 123 4 363 507 6 902 608
I960 2 077 117 5 539 152 7 494 825

W holesa le  and 
r e t a i l  t r a d e

1940 2 039 532 2 578 111 1 740 357
1950 2 416 780 3 782 858 2 340 674
I960  2 065 082 2 998 713 2 202 942
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Table A-2 (Concluded)

DEMAND FOR EDUCATIONAL INPUTS BY SECTOR 

FOR 1940, 1950 AND I960

H igh E lem en ta ry
S e c to r  C o lleg e  S ch o o l S ehoo l

T r a n s p o r ta t io n ,  
com m unications 
and p u b l ic  
u t i l i t i e s

1940 293 755 1 207 733 1 423 881
1950 430 898 1 692 959 1 768 771
1960 539 523 1 768 905 1 654 526

O th er s e rv ic e s  
1940 2 478 032 1 941 001 2 726

i

276
1950 3 323 136 2 648 954 2 096 212
1960 3 304 704 1 999 626 1 580 793

Government and
governm ent
e n t e r p r i s e s

1940 565 241 575 949 515 858
1950 484 531 1 051 054 519 675
1960 672 180 1 500 853 617 092
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Appendix to the Study

THE wCRE8Hh PRODUCTION FUNCTION

In  t h i s  s tu d y , th e  CRESH p ro d u c tio n  fu n c tio n  

was In tro d u c e d , U n lik e  th e  CES p ro d u c tio n  f u n c t io n ,  th e  

p r o p e r t i e s ,  p a ra m e te r  r e s t r i c t i o n s  and ec o n o m e tric  te c h ­

n iq u e s  f o r  e s t im a t in g  th e  CRESH f u n c t io n  a r e  n o t  docu­

m ented In  th e  econom ic l i t e r a t u r e  a t  th e  tim e  o f  t h i s  

w r i t i n g .  The on ly  d is c u s s io n  o f  th e  CRESH fu n c t io n  I s  

g iv e n  by Hanoch i n  an  eoonomlo r e s e a r c h  p a p e r  f o r  H arvard 

U n iv e r s i ty .^  A r e v i s io n  o f  t h i s  p a p e r  w i l l  a p p e a r  in  

E co n o m etric s  a t  some f u tu r e  t im e . A l l  s ta te m e n ts  made 

h e re  w i l l  r e f e r  t o  th e  r e s e a r c h  p a p e r .

H ere, I  d is c u s s  th e  p r o p e r t i e s ,  p a ra m e te r  

r e s t r i c t i o n s  and eco n o m etric  te c h n iq u e s  p o s s ib le  fo r  

e s t im a t in g  th e  p a ra m e te rs  o f  CRESH, I  on ly  p ro v id e  Borne 

p ro o fs  o m itte d  by Hanoch; a l l  o th e r  r e s u l t s  I  s t a t e  and 

th e  r e a d e r  I s  r e f e r r e d  to  th e  c o r re sp o n d in g  p ag es o f  

H anoch1s work. In  d is c u s s in g  th e  ec o n o m etric  te c h n iq u e s  

and p rob lem s w hich a r i s e  in  e s t im a t in g  th e  p ro d u c tio n  

f u n c t io n  u n d er c o n s id e r a t io n ,  d a t a  on an  in d u s t r y  I 

d ls o u s s e d  in  C h a p te r  4 I s  u se d ,

(A .l )  V a l id i ty  o f  th e  CRESH P ro d u c tio n  F u n c tio n

A p ro d u c tio n  fu n c tio n  shows th e  r e l a t i o n s h i p

betw een  in p u ts  and o u tp u t a t  a  g iv e n  p o in t  i n  t im e , Fbr
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any b u n d le  o f  In p u ts  (* 1 , th e  p ro d u c tio n

fu n c t io n  s t a t e s  th e  maximum o u tp u t ,  Q, p o s s ib le *  The 

p ro d u c t io n  ju n c t io n  i s  ta k e n  a s  a  s in g le - v a lu e d  fu n c tio n *  

That i s ,  f o r  a  g iv e n  b u n d le  o f  in p u t s ,  th e r e  i s  a  un ique 

q u a n t i ty  o f  o u tp u t produced*  In  t r a d i t i o n a l  p ro d u c tio n  

th e o ry , th e  p ro d u c tio n  fu n c tio n  i s  e x p re s se d  in  e x p l i c i t  

form -  t h a t  i s :

Q = f C ^ ,  X g , . # * , ^ )  f o r  a l l  'Z 0 .

Given t h e  p ro d u c tio n  fu n c t io n ,  eco n o m ists  r e q u i r e  c e r t a in  

a ssu m p tio n s  In  o r d e r  t o  o b ta in  o p tim a l c o n d i t io n s  u n d e r 

p r o f i t  m ax im iza tio n  o r  c o m p e ti tiv e  c o s t  m in im iz a tio n  

c o n d i t io n s .  The a ssu m p tio n  i s  t h a t  th e  p ro d u c tio n  fu n c tio n  

h as  c o n tin u o u s  f i r s t  and second o r d e r  p a r t i a l  d e r iv a t iv e s *  

The CRESH p ro d u c tio n  fu n c t io n  i s  n o t  g iv e n  in  

e x p l i c i t  form* R a th e r , th e  fu n c t io n  i s  e x p re s s e d  in  

i m p l i c i t  form by

fo r  a l l  ^  o w ith  a t  l e a s t  one > 0 an d  0*

What I  d e m o n s tra te  h e r e  i s  t h a t  th e  CRESH fu n c t io n  i s  a 

v a l id  p ro d u c tio n  f u n c t io n  in  th e  se n se  t h a t  i t  p ro v id e s  

a u n iq u e  o u tp u t f o r  any n o n -n e g a tiv e  bund le  o f  in p u ts ,  and  

a ls o  h a s  c o n tin u o u s  f i r B t  and seco n d  o rd e r  p a r t i a l  d e r iv a -
o

t lv e s *  The p ro o f  r e l i e s  on th e  I m p l i c i t  F u n c tio n  Theorem* 

From t h i s  theo rem  we know th a t  i f  th e  CRESH 

p ro d u c tio n  fu n c tio n  g iv e n  in  i t s  i m p l i c i t  form  by
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(1 ) h a s  c o n tin u o u s  f i r s t  o r d e r  p a r t i a l  d e r iv a t iv e s  In  a l l
Y F /argum ents ( a l l  1 and  Q), and  f u r th e r ,  Q f t  0 , th e n  th e  

fo llo w in g  I s  t r u e :  (1 )  th e  e x p l i c i t  form im p lie d  fcy (1 ) 

i s  s in g le - v a lu e d ;  (1 1 ) th e  f i r s t  o rd e r  p a r t i a l  d e r iv a ­

t i v e s  o f  th e  e x p l i c i t  fu n c t io n  i s  c o n tin u o u s ;  and ( H i )  th e  

f i r s t  o rd e r  p a r t i a l  d e r iv a t iv e  o f  th e  e x p l i c i t  f u n c t io n  

i s  g iv e n  hy

Fi
(2 )  f i  “  pQ

f
w here i  i s  th e  f i r s t  o rd e r  p a r t i a l  d e r i v a t i v e  w ith

r e s p e c t  to  Xi ;  t h a t  i s ,  ^  Q and *1 and  FQ a r e
^ Xi

th e  f i r s t  o rd e r  p a r t i a l  d e r iv a t iv e s  o f  (1 )  w ith  r e s p e c t  

to  *1 and

The f i r s t  s te p  th e n  I s  to  show t h a t  (1 ) h a s  

c o n tin u o u s  f i r s t  o r d e r  p a r t i a l  d e r i v a t i v e s .  The f i r s t  

o r d e r  p a r t i a l  d e r iv a t iv e  o f  (1 )  w ith  re B p e c t to  any 

* i  i s

(3 )  Fi  “  Ai  a i  Xi a l  1 Q

Ji
1 i s  th e n  c o n tin u o u s  f o r  a l l  0 and 

*1 0 , B lnce * l a * and Q a i  a re  c o n tin u o u s  fu n c tio n s * ^

The f i r s t  o rd e r  p a r t i a l  d e r iv a t iv e  o f  (1) w i th  

r e s p e c t  to  o u tp u t ,  Q, i s
Y\

(4 )  FQ -  •* 2 ^  Ai  a i  x i a i  Q = <a l  +

FQ, i s  th e n  c o n tin u o u s  fo r  a l l  Q >  0 and
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£  0 , s in c e  * i a * and Q” ^a* ^  a r e  c o n tin u o u s

f u n c t i o n s F u r t h e r m o r e ,  FQ #  0 f o r  Q ^  0 , Xi  £  0 

w ith  a t  l e a s t  one >  0#

Then, by th e  I m p l i c i t  F u n c tio n  Theorem, (1 )  l a ,  

t h e r e f o r e ,  a  s in g le - v a lu e d  fu n c t io n  w ith  c o n tin u o u s  f i r s t  

o rd e r  p a r t i a l  d e r i v a t i v e s .  N ex t, I t  I s  o n ly  n e c e s s a ry  to  

show t h a t  (1 )  h a s  c o n tin u o u s  seco n d  o r d e r  p a r t i a l  d e r iv a ­

t i v e s .

S in ce  (1 ) s a t i s f i e s  th e  I m p l i c i t  F u n c tio n  

Theorem, we know t h a t  th e  f i r s t  o r d e r  p a r t i a l  d e r iv a t iv e  

can  be found from (2 ) by

(5 ) f 1 "  -  yl  f o r  a l l  Xi .

S u b s t i tu t in g  *1 floem (3 ) and FQ from (4 )
f

I n to  ( 5 ) ,  and ta lc ing  th e  p a r t i a l  d e r i v a t i v e  o f  1 w ith  

r e s p e c t  to  *1 , we o b ta in ,  a £ t e r  a l g e b r a ic  m a n ip u la tio n

f - FaAi ai(ai-i)xial"2-Ai2ai3*i2(al'“:L̂a“ âl+1^
(6) f i i  -     JJ2

, f l Al  ai*!**1" 1 S  A1 a l ( a l - f  l ) Xi a l ft"^a l ~*"2 ^
«  2 
FQ

S in c e  FQ ^  0 and  i s  c o n tin u o u s  and *1 i s
f

c o n tin u o u s  by th e  I m p l i c i t  F u n c tio n  Theorem, 11 i s  a l s o
X Xc o n tin u o u s  f o r  i  £  0 , ft >  0 and  a t  l e a s t  one J >  0 ,

s in c e  I t  i s  a  com posite  o f  c o n tin u o u s  f u n c t io n s .
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S im i la r ly ,  f o r  i  ^  j ,

i s  c o n t in u o u s , s in c e  f^  i s  c o n tin u o u s  by th e  I m p l i c i t  

F u n c tio n  Theorem and Fq ^  0 and c o n t in u o u s . Thus, th e  

CRESH p ro d u c tio n  fu n c t io n  g iv e n  by (1 ) h a s  c o n tin u o u s  

seco n d  o r d e r  p a r t i a l  d e r iv a t iv e s  w ith  r e s p e c t  t o  a l l  

i n p u t s .

(A .2) P a ra m e te r  R e s t r i c t io n s

The d e r iv e d  c o n d i t io n s  u n d e r  c o m p e ti tiv e  c o s t  

m in im iz a tio n  a re  o b ta in e d  from th e  L a g ra n g la n :

D eno ting  lo g a r ith m s  by th e  m ino r l e t t e r  o f  th e  r e s p e c t iv e  

v a r i a b l e s ,  th e  f i r s t  o r d e r  c o n d i t io n s  f o r  c o m p e ti tiv e  

c o s t  m in im iz a tio n  a re

(7) * i  = bi < A  “ wi  * ai ^  4  c i*  1 * 1  n

w here b^  - 1 ; lo g  I 2  / \  and
( 1  -  a A)

lo g  | A ja J  =
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and

5
Hanoch shoWB t h a t  th e  A lle n  p a r t i a l  S3 a re  

b  b
=  — - U   i  f  j

2  V k

K*2H  b.O  11 ■ - .r--------------  -  W1
|  V k  » i

w here s ^  l a  th e  sh a re  o f  f a c t o r  k ,

Hanoch a n a ly z e s  th e  p a ra m e te r  r e s t r i c t i o n s  on

th e  b ^ 'a  u n d e r  c o m p e ti t iv e  c o s t  m in im iz a tio n . The r e s t r i c -

t lo n s o n  th e  b , p a ra m e te rs  f o r  th e  fu n c t io n  to  m eet th e

second o r d e r  c o n d i t io n s  f o r  c o m p e ti t iv e  c o s t  m in im iz a tio n

( q u a s i -  c o n c a v ity  o f  th e  p ro d u c tio n  f u n c t io n ) ,  Hanoch

shows r e s u l t s  In  two c a se s

(1) a l l  b^ y  0 , whereby a l l  p a i rw is e  ES w i l l  be p o s i t i v e ;  

t h a t  i s ,  a l l  f a c t o r s  a re  s u b s t i t u t e s  o r  ( i i )  one 

and a l l  o th e r  b^ ( 1 ^  k) ^  0 ,  T h is  l a t t e r  o ase  i s  

p o s s ib le  i f  th e  fo llo w in g  c o n d i t io n  h o ld s :

<8) - 8A  > 1 ,  6i b i  >  ° -

In  o ase  (1 1 ) ,  f a c t o r  k  i s  a  s u b s t i t u t e  f o r  a l l  o th e r  

f a c t o r  I n p u ts ,  w h ile  th e  o th e r  f a c t o r  in p u ts  th em se lv es  

w i l l  form a  g ro u p  o f  co m p lem en ts ,'

Thus, i n  no c a se  may th e r e  be  more th a n  one 

n e g a t iv e  v a lu e  f o r  b ^ , and i f  one n e g a tiv e  v a lu e  f o r  

b^ a p p e a rs , th e  c o n d i t io n  g iv e n  by (8 ) muBt h o ld .
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(A .3 ) A G en e ra l View o f  th e  E co n o m etric  P rob lem s o f  th e  

ORESH P ro d u c tIo n  F u n c tio n

As s t a t e d  In  C h ap te r 3 ,  th e  firBt o rd e r  c o n d i t io n s  

f o r  c o m p e ti t iv e  c o s t  m in im iz a tio n  are ;®

(9 ) X± c  ( 2  -  -  a t  q +  o^  1 =  1 , . . . , 4

w here ^  i s  some fu n c t io n  o f  a l l  w^ and o u tp u t .  L e t u s 

now In tro d u c e  th e  s to c h a s t i c  e r r o r  te rm  f o r  each

e q u a t io n  w hich  l a  assum ed to  have  z e ro  mean and  c o n s ta n t  

v a r ia n c e s

(10) a  b ± ( ^  -  w4 -  a ± q +  c ^ -V  u± 1= 1 , . . . , 4 .

We s h a l l  a l s o  assume t h a t  each  i s  d i s t r i b u t e d  In d e ­

p e n d e n tly  o f  th e  wage r a t e  -  t h a t  i s ,  we s h a l l  assum e t h a t  

th e  f a c t o r  p r i c e s  a re  d e te rm in ed  ex o g en o u sly .

I n  o r d e r  to  e s t im a te  th e  p a ra m e te rs , i t  i s  n e c ­

e s s a r y  to  s o lv e  system  (10) f o r  ^  • T h l B  can  be done by 

s o lv in g  f o r  A In  te rm s  o f  one o f  th e  X^, an d , t h e r e f o r e ,  

re d u c in g  th e  system  to  th r e e  e q u a tio n s  w hich in c lu d e  on ly  

o b se rv e d  v a r i a b l e s .

L e t u s  assume a  v a lu e  f o r  1, say  1 «  1 , and 

s o lv e  (10) f o r  / \  • We th e n  o b ta in

(11) > =  f i  + »1+«1  q - °1 - "l
b l  b l
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S u b s t i t u t i n g  /I i n to  ( 2 ) ,  we o b ta in  f o r  a l l  i  *  2 ,3 * 4

b*
(1 2 ) xi  s  l  xi  +  ( l  -  57 ) q +  b i  (W1 -  wi )

b i
+  (ci - cl) +  (*1 - b^ ul) .

We c a n n o t» how ever, ap p ly  o rd in a ry  l e a s t  sq u a re s  to  e a c h  

e q u a tio n  o f  system  (12) b e c a u se  I t  w i l l  be  o b serv ed  t h a t  

a l th o u g h  th e  com posite  s t o c h a s t i c  e r r o r  te rm  o f  each  

e q u a tio n  may be in d e p e n d e n t o f  (W1 -  wi )  by o u r  assum p­

t i o n s ,  i t  i s  n o t  In d ep en d e n t o f  x i ,  T h is  can be s e e n  by 

o b se rv in g  t h a t  in  system  (1 0 ) ,  x i  depends upon UI ,  

Hence, X1 i s  n o t In d e p en d e n t o f  th e  com posite  s t o o h a s t l c  

e r r o r  te rm . The c o r r e l a t i o n  betw een  th e  e x p la n a to ry

v a r i a b le  and th e  s to o h a s t lc  e r r o r  te rm  w i l l  r e s u l t  i n
q

e s t im a te s  b e in g  b ia s e d  and i n c o n s i s t e n t .  The b ia s  l a

due to  th e  s im u lta n e o u s  p re s e n c e  o f  x l ,  which i s  assum ed

to be endogenous to the system, on the r i g h t  hand Bide
o f  each  e q u a t io n .

N o tic e , a l s o ,  t h a t  th e  com posite  s to c h a s t i c

e r r o r  te rm  In  each  e q u a tio n  a r e  c o r r e l a t e d  w ith  e ach

o t h e r , A s  w i l l  b e  e x p la in e d  l a t e r  on , th e  c o r r e l a t i o n

betw een  th e  e r r o r  te rm s in  each  e q u a tio n  cou ld  be u s e d

to  o b ta in  more e f f i c i e n t  e s t im a te s  o f  th e  p a ra m e te rs  i n  
11th e  sy s te m .

A n o th er d i f f i c u l t y  in  e s t im a t in g  th e  sy stem  (12) 

i s  t h a t  r e s t r i c t i o n s  m ust be  p la c e d  on th e  p a ra m e te rs .  We 

can se e  t h i s  by r e w r i t in g  sy stem  (12) a s

115



(13 ) Xi  =  X1 +  q +- 0 ( i (W1 -  wi)4*c*o +  V1

w here 0(a =  **1/ b l ;  © ^ s ( l  -  ^ i / ^ l ) ; ^  and ;

v l -  U1 -  *1 U1

-  b i  ( Ci  -  °1 )

th e n  th e  r e s t r i c t i o n s  n e c e s s a ry  f o r  each  e q u a t io n  to  a s s u re

t h a t  th e  e s t im a te s  o f  ^1  and ^1  w i l l  be  " c o n s i s te n t"
12a re s

N o tic e  t h a t  th e  f i r s t  r e s t r i c t i o n  I s  n o t l in e a r *  and thus*
13in c r e a s e s  th e  co m p lex ity  o f  e s t im a t in g  th e  p a ram e te rs*

Xn a d d it io n *  r e s t r i c t i o n s  m ust be s e t  so t h a t  th e  e s t im a te  

o f  1 I s  " c o n s is te n t"  betw een  e q u a tio n s*  T hat I s ,  we 

w i l l  o b ta in  an e s t im a te  o f  ^1  f o r  each  e q u a t io n ,  and 

th e re fo re *  m ust r e s t r i c t  th e s e  e s t im a te s  t o  b e  e q u a l .

Xn th e  above e x p o s it io n *  *1 was assum ed to  be 

th e  n um era ire*  However* we muBt d e te rm in e  th e  c r i t e r i a  

f o r  s e l e c t in g  th e  In p u t f a c t o r  w hich i s  t o  be  u sed  as  

th e  num eraire*

Thus* th e r e  a re  many eco n o m etric  p rob lem s In  

e s t im a t in g  th e  d e s i r e d  p a ra m e te rs .  What i s  n e c e s s a ry  I s  

a  scheme w hich  h a n d le s  a l l  th e s e  p ro b lem s . Xt I s  t o  th e  

developm ent o f  such a  scheme t h a t  I  w i l l  now e x p la in .
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(A*3*1) A Scheme to Estimate the Parameters of CRE3H

We have seen  t h a t  th e r e  a r e  fo u r  m ain p rob lem s 

In  e s t im a t in g  th e  ^ i ' s  from system  (1 2 ) :  (1 ) th e  

s im u lta n e o u s  e q u a tio n  e r r o r  b ia s  cau sed  by X1 b e in g  an 

In d ep en d e n t v a r i a b le  in  each  e q u a t io n ;  ( i i )  c o r r e l a t i o n  

betw een  th e  com p o site  s to c h a s t i c  e r r o r  te rm  in  each  

e q u a tio n  o f  th e  sy stem ; ( i l l )  th e  n o n l in e a r  and  l i n e a r  

r e s t r i c t i o n s  f o r  each  e q u a tio n  and th e  l i n e a r  r e s t r i c t i o n  

betw een  e q u a t io n s ;  and ( iv )  th e  d e te rm in a t io n  o f  what 

in p u t  f a c t o r  to  u se  a s  th e  n u m era ire*

To b e g in  t h i s  scheme, we can f i r s t  r e w r i te  

system  (12) aB

b I
(14) <*1 - q) s  (*1 - q)+bl  (W1 - wl) + (°1 - el ) + Tl

1-=  2 ,3 ,4

By c a s t in g  th e  system  In  t h i s  form , we have e l im in a te d
14one l i n e a r  r e s t r i c t i o n  from each  e q u a t io n .

From sy stem  (1 4 ) , we w ould l i k e  to  somehow
15

remove th e  s im u lta n e o u s  e q u a tio n  e r r o r  b ia s*  T h is  can 

be  done by u s in g  th e  m ethod o f  In s tru m e n ta l  v a r i a b l e s  

and ch o o sin g  as  th e  in s tru m e n ts  ea ch  ( 1 -  i )  o f  th e  

system * T his m ethod i s  i d e n t i c a l  t o  th e  e s t im a te s  o b ta in e d  

by a p p ly in g  tw o -s ta g e  l e a s t  sq u a re s  to  each  e q u a tio n , 

s in c e  i n  tw o -s ta g e  l e a s t  s q u a re s , a l l  th e  exogenous 

v a r i a b l e s  in  th e  system  a r e  u sed  to  e s t im a te  ( ^ 1 ^ - ^ ) *

The u se  o f  in s t ru m e n ta l  v a r ia b le s  now a f f o r d s
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u s  th e  o p p o r tu n ity  to  ohoose th e  f a c t o r  In p u t  t o  be u se d  

a s  th e  n um era ire*  The g a in  In  e f f i c i e n c y  by UBing th e  

In s t ru m e n ta l  v a r i a b le  te c h n iq u e  depends upon th e  goodness 

o f  f i t  betw een  th e  in p u t  p e r  u n i t  o f  o u tp u t o f  th e  f a c t o r  

u sed  a s  th e  n u m e ra ire  and t h e c r e l a t l v e  wage r a t e  o f  th e  

n o n -n u m era ire  f a c to r s  to  th e  n u m e ra ire  fa c to r*  Hence, we 

have  a  c r i t e r i a  f o r  s e l e c t i n g  th e  n u m e r a i r e .^

We can combine th e  prob lem  o f  n o n l in e a r  r e s t r i c ­

t i o n s  and c o r r e l a t i o n  betw een  th e  e r r o r  te rm s  in  each  

e q u a tio n  by r e w r i t in g  system  (14) a s

(1 5 ) (Xi - q) = bi  £ (W1 - wi)+  ^(*T^q)]+(cl  - °I)

+  Vi  

i  = 2 ,3 ,4

w here &  -  l / ° l  • (We a r e  s t i l l  assum ing  f o r  e x p o s i t io n a l

p u rp o se s  t h a t  ^1  i s  th e  n u m e ra ire * )

T h is  s u g g e s ts  an I t e r a t i v e  e s t im a t io n  p ro ced u re  
ato  f in d  o r  ( 1 / D1 )•  However, we s t i l l  have th e

r e s t r i c t i o n  t h a t  &  m ust b e  th e  same in  a l l  th r e e  e q u a t 

t lo n s o  T h is , t h e r e f o r e ,  su g g e s ts  t h a t  a l l  e q u a tio n s  be 

e s t im a te d  s im u lta n e o u s ly . A lth o u g h  th e  e r r o r  te rm s w i l l  be 

c o r r e l a t e d  betw een e q u a t io n s ,  i t  i s  n o t  n e c e s s a ry  to  u se  

th e  v a r ia n c e - c o v a r ia n c e  o f  th e  e r r o r  te rm s to  e s t im a te  

th e  system  s im u lta n e o u s ly  by th e  "seem ing ly  u n r e la te d  

re g re ss io n s* !  te c h n iq u e  > su g g e s te d  by Hanoch*1^  The re a s o n  

i s  t h a t  th e r e  w i l l  be a  g a in  in  e f f i c i e n c y ,  th e  g r e a t e r  

th e  c o r r e l a t i o n  betw een th e  e r r o r  te rm s in  each  e q u a tio n ,

118



b u t l i t t l e  g a in  i f  th e  c o r r e l a t i o n  betw een  th e  in d e p en -
18d e n t v a r i a b l e s  in  each  e q u a tio n  i s  h ig h .  In  th e  ca se  

o f  system  ( 1 5 ) ,  th e  in d e p e n d e n t v a r i a b le  in  each  e q u a tio n  

i s  h ig h ly  c o r r e la te d *  Thus, th e  v a r la n c e -c o v a r la n c e  

s t r u c t u r e  was n o t u t i l i z e d  when e s t im a t in g  th e  p a ra m e te rs  

o f  th e  sy s tem .

A su g g e s te d  p ro c e d u re  a f t e r  d e c id in g  upon th e  

f a c t o r  to  be u sed  a s  n u m e ra ire  i s :

(1 ) e s t im a te  th e  u n c o n s tra in e d  system  (14) by u s in g  

In s tru m e n ta l  v a r i a b l e s  and th e n  e s t im a t in g  each  e q u a tio n  

s e p a r a t e ly .  Then, t e s t  i f  th e  r e s t r i c t i o n s  w ith in  and 

betw een e q u a tio n s  a r e  m et;

( i i )  i f  th e  r e s t r i c t i o n s  a re  n o t  m et, th e n  e s t im a te

system  ( 1 5 ) w hich im poses th e  w ith in  e q u a tio n  r e s t r i c t i o n ,

Pbr each  e q u a tio n  o f  (1 5 ) ,  e s t im a te  t h a t  , w hich

m in im izes th e  r e s i d u a l  sum o f  sq u a re s  f o r  t h a t  e q u a tio n
IQth ro u g h  an  i t e r a t i v e  te c h n iq u e . ? T here w i l l  th e n  be 

th r e e  e s t im a te s  o f  f o r  each  e q u a t io n .  A t e s t  i s  th e n  

n e c e s s a ry  to  a s c e r t a i n  w h e th e r  th e s e  e s t im a te s  a re  

s t a t i s t i c a l l y  e q u a l .

( i i i )  i f  th e  e s t im a te s  a r e  n o t  e q u a l betw een 

e q u a t io n s ,  th e  f i n a l  s te p  i s  to  e s t im a te  <9- by c o n s t r a in ­

in g  i t  to  b e s e q u a l be tw een  e q u a t io n s .  The e s t im a t in g  

c r i t e r i a  i s  to  choose t h a t  whitoh m in im izes th e  

g e n e ra l iz e d  r e s id u a l  sum o f  sq u a re s  o f  th e  sy stem .
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20(A.3*2) Estimation by Approximate Equation

A n o th e r  ap p ro ach  1b to  e s t im a te  ^  , whioh i s  a

n o n l in e a r  fu n c t io n  o f  o u tp u t and f a c t o r  p r i c e s ,  by a f i r s t  

o r d e r  T a y lo r  ex p a n s io n  a round  some s e t  o f  f a c t o r  p r i c e s .  

Hanoch h a s  shown t h a t  I f  we e s t im a te  ^  by such an 

ex p an s io n  and s u b s t i t u t e  th e  ex p an s io n  in to  system  ( 9 ) . 

we o b ta in

( 16 ) x i  =■ c o n s ta n t  -  b I  (wi  -  W) -  (b i l i  1 ) q

I  = . 1 , .*  . , 4
H

w here w = 8I b I wl f t h a t  I s ,  th e  a v e ra g e  wage r a t e  o f  
L5*l

a l l  f a c to r s  f o r  a  g iv e n  in d u s t ry  u s in g  Bi b i  a s  w e ig h ts .

We can  r e w r i te  system  (16) a s

( 1 7 ) ( x i  -  q) »  c o n s t a n t b I  (*''. -  W1 -  q ) +• e i

i  •& 1 , .  . • ,4 .

where we have added  th e  s to c h a s t i c  e r r o r  te rm  w hich i s  

assum ed to  f u l f i l l  th e  a ssu m p tio n s  o f  th e  g e n e ra l  l i n e a r  

m odel.

The m ethod su g g e s te d  to  e s t im a te  (16) o r  (17)5) o r  (17)

"  s  Bj-Wii s  ( i )  f i r s t  e s t im a te  e i t h e r  syBtem by u s in g

d is r e g a r d in g  th e  b i ;  ( I I )  th e n  g iv e n  th e  e s t im a te d  b IA
o b ta in e d  i n  ( i ) ,  r e - e s t l r a a te  w by ^  b l  Bi  wi ; and

( i l l )  c o n tin u e  to  e s t im a te  new v a lu e s  o f  ° i  and recom pute
f \

w ' , t e s t i n g  i f  th e  new ° i  red u ce  th e  g e n e ra l iz e d  

r e s id u a l s  o f  th e  system  s ig n i f i c a n t l y  o r  a l t e r n a t i v e l y
<N

i f  th e  i  te n d  to  s t a b i l i z e .
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The ad v a n tag e  o f  e s t im a t in g  Bystem (17 ) o v e r 

sy stem  (16) i s  t h a t  th e  fo rm er system  h a s  th e  r e s t r i c ­

t i o n s  a lre a d y  im posed . An ad v an tag e  o f  u s in g  ap p ro x im a te  

e q u a t io n s  o v e r  th e  p ro c e d u re  su g g e s te d  in  th e  p re v io u s  

s e c t io n  I s  t h a t  th e  e s t im a te s  do n o t depend upon w hat 

f a c t o r  i s  used  a s  th e  n u m e ra ire , B ince no n u m e ra ire  i s  

r e q u i r e d  w ith  th e  ap p ro x im a te  e q u a tio n s  p ro ced u re*

(A .3*3) E s tim a tin g  th e  P a ram e te rs  under P r o f i t  

M ax im iza tio n

The m a th e m a tic a l i n t e r p r e t a t i o n  o f  ^  i s  t h a t

i t  i s  th e  L an g ran g ian  m u l t i p l i e r .  However, haB an

Im p o rta n t econom ic m eaning. I t  i s  th e  t o t a l  d e r iv a t iv e

o f  c o s t  w ith  r e s p e c t  to  o u tp u t ,  where o u tp u t i s  m easured
21In  p h y s ic a l  te rm s . U nder th e  a ssu m p tio n  o f  p r o f i t  

m ax im iza tio n  by e n t r e p r e n e u r s ,  th e  m a rg in a l c o a t  o f  an 

a d d i t i o n a l  one d o l l a r  o f  o u tp u t i s  one d o l l a r .  Thus, 

u n d e r  th e  p r o f i t  m axim ation  assu m p tio n , ^  i s  e q u a l to  

one d o l l a r .  S u b s t i t u t i n g  x l  in to  system  (9)» th e  

sy s tem , a f t e r  r e a r r a n g in g  te rm s , becom es:

(18) Xi  ~ -  b i Wi  -  (b i  -  1) q +  di +  Vi  1 7 1 , . * . , 4

w here di  -  +  ^ i 0!

and  v i  — s to c h a s t i c  e r r o r  te rm  w hich i s  assum ed to  m eet 

th e  c o n d i t io n s  o f  th e  g e n e ra l  l i n e a r  m odel.

R e w ritin g  (18) to  in c o rp o ra te  th e  w ith in  e q u a tio n  

r e s t r i c t i o n ,  we have
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(1 9 ) Xi  -  q =  b l  ( -  W1 -  q )  +  d l  + V1 1 = 1 , . . . , 4 .

N o tic e  t h a t  th e  sy s tem s  (10) and (17) d i f f e r  from  system s

(18) and  (1 9 ) on ly  hy th e  I n c lu s io n  o f  w i n  th e  form er 

B ystem s,

(A*4) E s tim a te s  o f  th e  P a ram e te rs  o f  CRESH

R a th e r th a n  r e p o r t  a l l  th e  r e s u l t s  f o r  each o f  

th e  11 tw o -d ig i t  SIC I n d u s t r i e s  d is c u s s e d  in  C h a p te r  4 ,

I  r e p o r t  only th e  r e s u l t s  o f  in d u s t r y  34 -  f a b r i c a te d  

m e ta l in d u s t r y .  A l l  i n d u s t r i e s  fo llo w  th e  same p a t t e r n  -  

t h a t  i s ,  th e  e s t im a te s  v ary  by th e  e s t im a tio n  p ro ced u re  

I  em ploy. In  a l l  c a s e s ,  th e  r e s t r i c t i o n s  on t h e  e s t im a te s  

w ere n o t  s a t i s f i e d .  Thus, BystemB w ith  r e s t r i c t i o n s  

im posed a re  used  -  t h a t  i s ,  o n ly  system s ( 1 9 ) ,  (17) and

( 1 9 ) a r e  r e p o r te d .

The e s t im a te s  o f  th e  b i ' s  uBlng e a c h  e d u c a tio n a l  

in p u t  a s  n u m era ire  and th e  i t e r a t i v e  p ro ce d u re  su g g ested  

In  ( A ,3 , l )  a re  shown in  T able A - l .  The e s t im a te s  a re  g iv e n  

f o r  b o th  system s w i th  and w ith o u t In s tru m e n ta l  v a r i a b l e s .  

The r e a d e r  can o b se rv e  th e  w ide v a r i a t i o n  In  t h e  e s tim a te  

f o r  ea ch  bi ,  d ep en d in g  upon th e  num eraire  u s e d .

T able A-2 and A-3 shows th e  e s t im a te s  o f  th e  

b i ' s ,  u s in g  ap p ro x im a te  e q u a tio n s  and th e  p r o f i t  maximi­

z a t io n  assum ption  r e s p e c t iv e ly .  W ith th e  ap p ro x im a te  

e q u a t io n s  e s t im a te ,  th e  system  converged  a f t e r  th e  f i r s t  

i t e r a t i o n .  The e s t im a te s  o f  th e  p a ram e te rs  a r e  a lm o st
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th e  same in  v a lu e  In  th e  two p ro c e d u re s  f o r  th e  re a s o n  

e x p la in e d  a t  th e  end o f  (A .3 .3 )*  However, th e s e  e s t im a te s  

do d i f f e r  from th o s e  In  T ab le  A - l .

The com puted e l a s t i c i t y  o f  s u b s t i t u t i o n ,  u s in g  

th e  mean f a c t o r  s h a re  f o r  t h i s  in d u s t ry  and th e  v a r io u s  

e s t im a te s  o f  th e  b l ' s  u n d e r  each  e s t im a t in g  p ro c e d u re , 

i s  shown In  T ab le  A -4 . B ecause o f  th e  w ide ran g e  o f  e s t i ­

m ates f o r  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n ,  th e  CHESH p ro ­

d u c tio n  fu n c tio n  was n o t u sed  in  t h i s  s tu d y .
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Table A-l

ESTIMATES OF THE PARAMETERS OF "CRESH" BY THE
ITERATIVE TECHNIQUE USING EACH EDUCATIONAL INPUT AS
NUMERAIRE: FABRICATED METAL INDUSTRY, 1958^^

N um eraire $ ( 2 ) ft2<3)

W ith o u t
In s tru m e n ts

E lem en ta ry
s c h o o l
g r a d u a te s

5 .650 .369
( .2 1 7 )

.312
( .1 7 7 )

.3 3 8
( . 198 )

.179
( .0 4 1 )

.168

H igh
s c h o o l
g r a d u a te s

.724
( .0 8 8 )

8 .4 5 0 .7 7 5  4 
( .3 3 4 )

.8 7 8
( .5 0 4 )

.118
( .0 3 3 )

.165

C o lle g e
g ra d u a te s

.017
( . 0 0 2 )

.0 1 5
( .0 0 6 )

.012
( . 0 0 6 )

•000 .131

W ith
In s tru m e n ts

E lem en ta ry
sc h o o l
g ra d u a te s

6 .0 5 0 .547
( .2 1 7 )

. 200*
( .4 4 4 )

1 .0 7 9
( .4 7 7 )

.165
( . 0 5 2 )

.122

H igh
s c h o o l
g ra d u a te s

.472
( .1 4 8 )

7 .6 5 0 .367*
( .5 3 5 )

1 .6 7 7
( .6 8 5 )

.131
( .0 4 1 )

.143

C o lle g e
g r a d u a te s

.0 2 3
( .0 0 7 )

. 010*
( .0 1 4 )

.034*
( .0 2 4 )

.000 .071

5 .1 5

5.06

4 .0 1

3 .7 4

4 .3 9

2 .1 7
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Footnotes to Table A-l

(1) The model estimated is the three equations of system

( x i  -  q ) =  b i  [ ( WN -  wi ) *  N - q ) 3 + ( cH -  ° i )

w ith  th e  s u b s c r i p t  N d e n o tin g  th e  f a c t o r  u se d  a s  th e

vrhen t h i s  v a r i a b l e  I s  r e g r e s s e d  a g a in s t  a l l  exogenous 

v a r i a b l e s  i n  th e  sy s te m . When in s t ru m e n ts  a r e  u se d ,

(2 )  I t  was n o t  p o s s ib le  to  o b ta in  th e  B tan d ard  d e v ia t i o n

th e  s ta n d a r d  d e v ia t i o n  o f  was com puted b y :

( i )  c a l c u l a t i n g  th e  g e n e r a l iz e d  r e s i d u a l  sum o f  

s q u a re s  f o r  w hich  m in im izes  t h i s  q u a n t i ty  f o r  th e  

sy stem  (JRSSo); and

(1 1 ) c a l c u l a t i n g  th e  g e n e r a l iz e d  r e s i d u a l  Bum 

o f  sq u a re  when O 0'  i s  c o n s t r a in e d  to  e q u a l  z e ro  (RSS^)"

tfe th e n  have th e  fo llo w in g  F d i s t r i b u t i o n :
A

( 1 9 ) :

n u m e ra ire . d e n o te s  t h e  e s t im a te  o f  (*N -  q)

u s e d . However, when I n s t r u m e n ta l  v a r i a b l e s  

a r e  n o t  u s e d , -  q )  i s  u s e d .

u
o f  N, how ev er, an  a s y m p to tic  u n b ia s e d  e s t im a te  f o r



S in ce  th e  sq u a re  r o o t  o f  an P - d l s t r l b u t i o n  g iv e s  

u s  a  S tu d e n t - t  w ith  n -7  d e g re e s  o f  freedom , we can 

th e n  c a lc u l a t e  th e  s ta n d a rd  d e v ia t io n  o f  ^ " a s :

/v
S td . Dev. QT -  -O r

sq u a re s  to  th e  g e n e r a l iz e d  t o t a l  sum o f  s q u a re s  o f  th e  

com plete  sy s tem .

(4 ) The F -v a lu e  I s  found by

* Not s i g n i f i c a n t l y  d i f f e r e n t  from ze ro  a t  th e  10#

l e v e l .  B ased on 33 o b s e r v a t io n s .  Two t a i l  t e s t  u se d . 

W ith th e  F - t e s t f th e  5% l e v e l  i s  u se d .

2
(3 )  B i s  th e  r a t i o  o f  th e  g e n e ra l iz e d  e x p la in e d  sum o f
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Table A-2

ESTIMATES OF THE PARAMETERS OF THE MCHESHM
PRODUCTION JUNCTION BY APPROXIMATE EQUATIONS:

FABRICATED METAL INDUSTRY, 1958

F a c to r  In p u t

E lem en tary  Bchool g ra d u a te s  .026
(*013)

H igh sc h o o l g ra d u a te s  *032
( .0 1 7 )

C o lleg e  g ra d u a te s  .039*
( .0 2 9 )

P h y s ic a l  c a p i t a l  - .0 3 4 *
( .0 5 3 )
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ybotnotes to Table A-S:

(1 ) The modei e s t im a te d  i s  th e  fo u r  e q u a tio n s  o f  

system  (1 7 ) ;

( xi  -  q ) s . c o n s ta n t  +  b i  (w -  W1 -  q) ”♦* e i  
±

w here w “  Bi  wi  
l='L

The system  i s  e s t im a te d  s im u lta n e o u s ly  and converged  

on th e  f i r s t  e s t im a te  o f  th e  toi ' s .

* Not s i g n i f i c a n t l y  d i f f e r e n t  from z e ro  a t  th e  10#

l e v e l .  Based on 33 o b s e rv a t io n s .  Two t a i l  t e s t  u se d .
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Table A-3

ESTIMATES OF THE PARAMETERS OF THE "ORESH"
PRODUCTION FUNCTION UNDER THE PROFIT MAXIMIZATION
ASSUMPTION: FABRICATED METAL INDUSTRY, 1958 ̂

to 2F a c to r  I n p u t  1 R

E lem en ta ry  sc h o o l g r a d u a te s  *023 .0 9 4
( . 012)

High s c h o o l  g r a d u a te s  *028 .0 8 6
( .0 1 6 )

C o lleg e  g r a d u a te s  .033*  .0 4 2
( .0 2 8 )

P h y s ic a l  c a p i t a l  .037*  .0 1 6
( .0 5 2 )
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Footnotes to Table A-3;

(1 ) The model e s t im a te d  I s  th e  fo u r  e q u a tio n s  o f  

system  ( 1 9 ) :

( xi  -  q ) r  b i  ( - wi  -  q) +  d  i  4- v i

* Not s i g n i f i c a n t l y  d i f f e r e n t  from z e ro  a t  th e  10%

le v e l*  B ased on 33 o b s e rv a tio n s *  Two t a i l  t e s t  used*
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T a b le  A- 4

ESTIMATES OF THE ELASTICITY OF SUBSTITUTION FROM 

ALTERNATIVE ESTIMATION TECHNIQUES OF THE CRESH FUNCTION: 

FABRICATED METAL INDUSTRY, 1958*

E s tim a tio n  T echnique 12 ^*13 14 ^ ^ 2 3  24

I t e r a t i v e  p ro c e d u re ;
N um eraire u sed  
w ith o u t In s tru m e n ts

E lem en ta ry  sc h o o l g ra d u a te s  1 .232 .846 1 .1 2 9 .068 .0 7 4
High S choo l g ra d u a te s  2 .4 5 2  
C o lleg e  g r a d u a t e s . 000

.219 .2 5 5 2 .6 2 5 2 .9 7 4

.170 .000 .150 .000

Vfith in s tru m e n ts

E lem en tary  Bchool g ra d u a te s  
High sc h o o l g ra d u a te s  
C o lleg e  g r a d u a te s '2 )

1*589
1 .432*000

•000
•000
•230

3*113 
.3 1 4  
•  000

•000
*000
.000

.281  
5 .1 0 0  

•  000

A pproxim ate e q u a tio n s  
U nder p r o f i t  m ax im iza tio n

.061

.0 5 4
.000 
•  000 •  000 

.000
.000
.000

.000

.000

<=T 54

.062

.273.120

.000 
•  000 
.000

.000

.000



footnotes to Table A-4:

(1 )  The e l a s t i c i t i e s  a r e  com puted by

b l b : _ 

b kek
The u sed  f o r  each  f a c t o r  I s  th e  mean f a c t o r

s h a r e .  For th e  In d u s tr y  u n d e r  c o n s id e r a t io n ,  th e  

mean f o r  each  f a c t o r  I s :

F a c to r  In p u t S u b s c r ip t  Mean Bk

E lem en tary  sc h o o l g r a d u a te s  1 .2 5

H igh sc h o o l g r a d u a te s  2 .2 2

C o lleg e  g ra d u a te s  3 *10

P h y s ic a l  c a p i t a l  4 .4 3

(2 ) E s tim a te s  ta k e n  a t  th e  l i m i t  s in c e  CO ,
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Footnotes to the
A ppendix  to  th e  S tudy

1 G. Hanoch, h , CRESH' P ro d u c tio n  F u n c tio n s ,"  D isc u s s io n  
P a p e r  No. 84; H arv ard  I n s t i t u t e  f o r  Economic R esea rch  
(C am bridge, M a ss .; A u g u st, 1969)*

O
SEE; A .E . T a y lo r . Advanced C a lc u lu s  (M ass.* 1 9 5 5 ), 
p p . 2 4 1 -2 4 4 . J

•K
J The p ro d u c t o f  co n tin u o u s  fu n c t io n s  i s  a  c o n tin u o u s  

f u n c t io n .

4
See fo o tn o te  3 .

5
Hanoch, p p . 4 -5 .

^ Hanoch, p p . 6 - 8 .

Hanoch a l s o  shows t h a t  th e  i ' s  can a l s o  be e q u a l to  

z e ro  ( p .  9 ) .  In  t h i s  c a s e ,  th e  B p e c la l c a se  o f  th e  

CRESH i s  th e  L e o n t i e f  f ix e d  p ro p o r t io n  m odel.

Q
H ere , I  r e tu r n  to  th e  fo u r  f a c t o r  oaBe.

Q
J .  Jo h n s to n , E co n o m etric  MethodB (New Y orkj 1 9 6 3 ),
P . 2 3 3 .

■**° To se e  t h i s ,  l e t :
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then, the covariance of the B to c h a e t lc  error term 
between equation 1 and J given by

b  r v i  v j i  =  e  r  ( u i  -  h  U i > ( u j  -  u i  > 1

s in c e  £  (v l )  -  0 ^  E (VJ ) .

E xpand ing  th e  above e x p r e s s io n ,  we f i n d :

E r  Vi  Vi ]  = E (U1 UJ )  -  E (U1 u i )  -  b i  E (UJ u l )
*1 *1  

4 . E (u l 2 ) i  0
b l

T hus, even  i f  E (U1UJ ) =  E (“ JU1) =  E (u l u l )  -  0 , th e

c o v a r ia n c e  o f  th e  e r r o r  te rm  o f  th e  two e q u a t io n s  w i l l  

n o t  b e  z e ro ,  s in c e  *?lb J # E (u l 2 ) ,
b l 2

11 By more e f f i c i e n t  1 mean e s t im a t io n  p ro c e d u re s  w hich  

r e s u l t  i n  s m a l le r  v a r ia n c e s  f o r  th e  e s t im a te s  o f  th e  

p a ra m e te rs  b l .

12 H e re , by " c o n s i s t e n t "  I  mean t h a t  we d o n 't  o b ta in  

d i f f e r e n t  e s t im a te s  f o r  a g iv e n  p a ra m e te r .

H anoch, p .  1 1 , s t a t e s  i n c o r r e c t l y  t h a t  such a  r e s t r i c ­

t i o n  I s  l i n e a r .

^  Now th e  r e s t r i c t i o n  f o r  e ach  e q u a t io n  o f  th e  syBtem

<*I _ q ) =  0< 1 <*1 -  <i)+ 0< 2 (»1  -  *1) +  0< 0 +  V1

1 = 2 .3 ,4

w here  0< x«  b l  /  b l i  o< 2 = b l ;  and  <3( Q =■ ° i  -  °1
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i a  o n ly  ^ 1 ^ 1  -  D( 2 as 0 .  However, t h l e  r e s t r i c ­

t i o n  l a  s t i l l  n o n l in e a r  and th e  r e a t r l c t l o n a  m a t  s t i l l

A
c o n s id e re d . I f  o n ly  one I s  in  th e  e s tim a te d

r e l a t i o n s h i p  -  t h a t  1 b , say
A.

th e n  Viubu \ j — t xo buuouxwuubu xwx v j  -  >t) In  

th e  e q u a tio n  w hich in c lu d e s  (WJ -  wk ) ,  th e  oaae o f  

p e r f e c t  m u l t i o o l l l n e a r i t y  w i l l  r e s u l t  and  th e  e s t i ­

m ation  p ro c e d u re  b re a k s  down.

A. Z e l ln e r ,  "An E f f i c i e n t  Method o f  E s tim a tin g  
U n re la te d  R e g re ss io n s  and T e s ts  f o r  A g g reg a tio n  ox&o, 
J o u rn a l  o f  A m erican S t a t i s t i c a l  A s s o c ia t io n . (1 9 6 2 ), 
348-368 .

T h is  app roach  r e l i e s  on A l tk e n 's  g e n e ra l iz e d  

l e a s t  s q u a re s  to  e s t im a te  th e  p a ra m e te rs  s im u lta n e o u s ly .

be  p la c e d  betw een e q u a tio n s  so t h a t  ^1  i s  " c o n s i s t e n t . "

T hat i s ,  o b ta in  e s t im a te s  w hich w i l l  be  a s y m p to t ic a l ly  

u n b ia s e d .

16 A lthough  we seek  aB th e  n u m era ire  th e  f a c t o r  j such 

t h a t  th e  r e g r e s s io n
A

g iv e s  th e  l a r g e s t  R2 th e r e  i s  a n o th e r  c r i t e r i a  to  be

f o r  some k

17 The te c h n iq u e  Hanoch s u g g e s ts  i s  d ev e lo p ed  in
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18 To se e  t h i s ,  l e t  u s  I l l u s t r a t e  th e  two e q u a tio n  o&bo 
g iv e n  h y :

1 Z1 +  U1 1 S  1 ,2

where th e  v a r i a b l e s  a r e  assumed to  be m easured  In  

d e v ia t io n s  from t h e i r  r e s p e c t iv e  m eans.

L e t th e  v a r la n c e -c o v a r ia n c e  m a tr ix  be  g iv e n  b y ;

sn  
V  8i i

r V B 11 s22
12 822 I Ir V 811 b22 b22

w here r  I s  th e  c o r r e l a t i o n  c o e f f i c i e n t  betw een th e  

d is tu rb a n c e s  o f  th e  two e q u a t io n ;  t h a t  i s

- / ® 1 2 2r  -1 2  /  S11

The In v e rs e  o f  S i s  th e n

822

S ' * [ -

1/
r / 4  Bl !  b22

> / 8l l 822
(1  -  r  ) | -  r / / s i:L s 00 l / s 22

th e  v a r la n c e - c o v a r ia n c e  o f  th e  p a ra m e te rs  i s  th e n

a /  _  v -1  - ig iv e n  by 

1 >1 S q j  S a a

2!
th e n  th e  v a r ia n c e  o f  c< 1 can b e  shown to  be

v a r  ( o( x ) =■
811

1 +  r 2 (1  -  r 2 )

[ l  - <S *1 )_1 <2, z! z jjj
-1
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b u t

2 ?  *1 z2 _  „ „  . 2  

I R W  '  £

~ say p which la the square of

th e  c o r r e l a t i o n  betw een  th e  In d ep en d e n t v a r i a b le s  In  

th e  two e q u a t io n s .  Thus, we oan w r i te

B11
v a r  ( ck !> *  ——j-

l i  r 2 (1  -  r  ) (1 - g ^ )

The e s t im a te  o f  th e  v a r ia n c e  o f  D( ^ u n d er o rd in a ry  

l e a s t  sq u a re s  I s  g iv e n  by

v a r  - i i -

1 .  Z1

Thus, we s e e , i f  r t O  a n d /o r  (> = 0 , we g e t  th e  

o rd in a ry  l e a s t  s q u a re s  e s t im a te s .  However, g iv e n  some 

v a lu e  o f  0 , we o b se rv e  t h a t  I f  th e  c o r r e l a t i o n

betw een  th e  d i s tu r b a n c e s ,  r ,  in c r e a s e s ,  th e  e s t im a te  

o f  th e  v a r ia n c e  from th e  g e n e ra l iz e d  s im u lta n eo u s  

e s t im a t io n  o f  th e  p a ra m e te r  d e c re a s e s ,  r e l a t i v e  to  th e  

o rd in a ry  l e a s t  s q u a re s  e s t im a te .  On th e  o th e r  h an d , 

a s  th e  c o r r e l a t i o n  betw een th e  in d e p e n d e n t v a r i a ­

b le s  in  th e  two e q u a tio n s  in c r e a s e s ,  g iv e n  some r ^  0 , 

th e n  th e  s m a l le r  i s  th e  g a in  in  e f f i c ie n c y  o v e r  th e  

o rd in a ry  l e a s t  sq u a re s  e s t im a te .
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^  The te c h n iq u e  o f  i t e r a t i n g  in  s e a r c h  o f  a  g lo b a l

minimum o f  th e  g e n e r a l i z e d  r e s i d u a l  sum o f  s q u a re s  i s t

i n  f a c t ,  a  maximum l i k e l i h o o d  e s t im a t io n  p ro c e d u re

w hich  i s  s i m i l a r  t o  th e  p ro c e d u re  d e s c r ib e d  i n

C .E .P . Box and  D .R. Cox, "An A n a ly s is  o f  T ra n s fo rm a tio n ,"  
J o u r n a l  o f  th e  Royal S t a t i s t i c a l  S o c ie ty . S e r ie s  Bt 
(1 9 6 3 ) , PP . 2 1 1 -2 5 2 .

20 T h is  ap p ro ac h  i s  f i r s t  s u g g e s te d  by Hanooh, p p . 1 5 -1 6 .

21 To se e  t h i s ,  g iv e n  a  p ro d u c tio n  fu n c t io n  

Q "  f  (X^»• • • ,  

th e  L a g ra n g ia n  e q u a t io n  f o r  c o m p e ti t iv e  c o s t  m in im i­

z a t io n  i s

L -  ^  ^1^1 ** ^

The f i r s t  o r d e r  c o n d i t io n s  a r e

f  ^  f^  Z  o i “  1 , . .  * , n .

U nder p r o f i t  m a x im iz a tio n , th e  e q u a t io n  to  b e  m axi­

m ized  I s
y\

*Tf r P Q - St&a 1 
w here i t  c  p r o f i t s

and  P •= p r i c e  o f  o u tp u t .

The f i r s t  o r d e r  c o n d i t io n  f o r  p r o f i t  m a x im iz a tio n  i s  

_  P f t -  W, -  0
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s in c e  f^  *

Thus, P f j  p  u n d e r  p r o f i t  m a x im iz a tio n . But u n d e r 

p r o f i t  m a x im iz a tio n , o u tp u t p r i c e  I s  e q u a l to  m a rg in a l 

c o s t .  Thus, we can w r i te

m a rg in a l c o s t  x f i  -  wi  •

Looking b ack  a t  th e  f i r s t  o rd e r  c o n d i t io n  f o r  co m p e ti­

t i v e  c o s t  m in im iz a tio n , we have

^  f i  *  *1 •
Thus, ^  1 b e q u a l to  m a rg in a l c o s t .
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