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n o te on figures

This thesis contains 183 figures. It would he rather impractial
to list all of them here. A discriptlon of the contents of the figures
is given on page 171 (fig. captions). Host of the figures are given in
a separate section (pp 177-277). However some of the figures which are 
closely connected with the text are given when they are introduced.

NOTE ON TABLES

In all tables the crack half-length in bonds, is the
load, p the damping parameter, £  the total strain. In (3-1), (3-2), 
(3-3) the value of is 9. up> ^  right, left, s"down arc the
maximum stresses on the different central rows near the tip. In 3-12(a)(1) (2) ak, is the critical Griffith stress for E = 79.6 & <rs is the critical

HU '-rGriffith stress for E = 81.13. > $ " ' is the critical stress by molecu-
I  [\*J

lar dynamics in prcloading. 3’-s t'10 maximum stress concentration in 
all tables. The superscript: (HD = molecular dynamics), (C = continuum),
(ER = Eringen) in all tables. In (3-15) <5"“ local O'FAX) is the maximum 
value of the stresses near the tip. In ( 3-16)17 is given in units o f ^ . 
To convert between in bonds and ̂ i n  units of a the relation 
siL 0’11 Ct) = (2 bonds) -t- l)/4 is used. Thus^^= 9, 19, 39 bonds

gives 4.75, 9.75, & 19.75 a respectively.
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Introduction

In this thesis a microscopic study of fracture will be 
carried out. The stud3'- will be performed on a tvro dimension­
al triangular lattice consisting of atoms interacting via a 
L-J potential. The case of uniaxial fixed loads with a 
crack perpendicular to the axis of tension will be investi­
gated.

The goal of the present study will be to compare the 
behaviour of this atomic simulation to the assumption & pre­
dictions of the different continuum theories and of other 
atomistic studies. An attempt will be made to understand 
the reasons for differences between continuum predictions 
and atomistic results in terms of the assumptions which go 
into the continuum theories. In particular, a critical stu­
dy of the assumptions which go into the Mott and Griffith 
theories will be conducted. These assumptions will be tested 
on the present computer simulation. In order to do such a 
test the time evolution of the different parts of the energy 
of the system will be monitored (i.e. surface, strain, kine­
tic, and load energies). The degree to which these assump­
tions are satisfied will throw some light on the value of 
such energy fracture criteria as the Griffith one.

Stress fracture criteria will also be studied. In order 
to do that the stress(force) profiles around the crack tip 
and along different directions of interest in the lattice
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will be computed and compared with those obtained by the 
Eringen non-iocal continuum theory. The Rice-Thomson con­
tinuum theory provides a criterion for predicting the brittl- 
ness or ductility of a material. The predictions of this 
thecry will be compared to the behaviour of the present mo­
del. The creation and annihilation of dislocations at crack 
tips, ana the occurrence of tip blunting will be investigat­
ed as a function of the loading parameter and crack lengths.

Dynamical continuum theories predict some interesting 
effects for cracks moving with appreciable velocities. Among 
these effects such theories predict the occurrence of bifur­
cation, bending, and surface roughening for cracks which are 
accelerated through a velocity 0.6Cy(O= shear wave velocity).
Simulations will be attempted for high enough stresses and 
long enough cracks to see whether such effects will occur in 
this lattice, and to examine the stress profiles around the 
tip before the occurrence of these effects.

Earlier atomistic simulations have reported the occur­
rence of supersonic crack velocities. In the present study 
some of the idealizations and restrictions in these previous 
simulations will be removed in order to see whether the su­
personic velocities were a result of the idealizations or 
whether they represent the true behaviour of a highly stress­
ed atomic lattice. Continuum theories predict an upper limit
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Previous atomistic calculations performed by Thomson 
et al_ on one and two dimensional solids have predicted the 
occurrence of the so-called lattice trapping of cracks in 
solids. Subsequently other -workers (Ashurst cl Hoover) have 
obtained appreciable trapping in their atomistic calcula­
tions. This phenomenon will be investigated.

Chapter 1 will summarize the basic results and predic­
tions cf continuum mechanics, and will give an account of 
the lattice trapping models of Thomson e_C al.

In chapter 2 the importance cf atomistic models cf 
fracture processes will be indicated. The previous attempts 
of h-einer - Fear, Ashurst - Hoover, and Kanninen et al will 
be given in some detail. The specific restrictions and ide­
alizations used in these models and how they affect the re­
sults will be outlined. The motivations for performing the 
present computer simulation will then be given.

In chapter 3 the results will be given and discussed. 
Section 3A will review the parts of molecular dynamics which 
are pertinent to the present calculation. In 33 the details 
of the present calculation will be given.In 3C the mechanical 
properties cf this lattice are outl-’ned. 3D will be an in- ■ 
troducticn to the results of the present simulation. The 
results of these simulations will be given in 3E. The remain­
ing sections cf this chapter will discuss the data and sug­
gest simple models for analysing the different runs.
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Chapter One 

I_A CRACKS AS STRESS CONCENTRATORS

The study of cracks in solids is of great importance 
since such cracks act as stress concentrators and therefore 
reduce the mechanical strength of the material appreciably. 
The role of cracks as stress concentrators has been well 
established by numerous tests performed on solids under 
laboratary conditions and by a large number of structural 
failures of ships,planes, and pressure vessels. (For exam­
ples, see Rolfe^and Barsorc 197$, and Hahn 1976). These 
structural failures have been satisfactorily explained on 
the basis of the catastrophic propagation of prexisting 
microcracks.

If an accurate formula for the stress concentration 
f a c t o r ^  of a crack(defined below) were available, then one 
could combine this with an atomistic estimation of the ideal 
strength of the solid to obtain the mechanical strength of 
the cracked sample. However accurate values of are not 
available for a general crack problem, although a huge 
amount of serious mathematical effort has been devoted to

the mathematical difficulty of the problem. This is because 
the problem does not fall under the general boundary value 
type which could be solved by the methods of classical 
elastostatics. Here the boundary values of vanishing stress 
are given on the crack wall which is not known until the

the problem is due. to
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final solution is obtained. As an elastostatic problem the 
crack problem is thus unsolvable. The unsolvability results 
from trying to treat the problem as a static one. laeaily 
one should attack it as an initial value one. One intro­
duces a cut in the material and studies the motion of the 
parts of the continuum adjacent to the cut under the action 
of the unbalanced stresses -which have resulted from the 
cutting process. One lochs for a final equilibrium position 
and snape of the crack walls such that the normal stresses 
on them would vanish. The final deformation state is then 
combined with the appropriate constitutive equation to give 
the stress state and consequently the stress concentration 
factor.

The mathematics required to carry out the above steps 
is not available. Instead one has to resort to some ideal­
ized model of a crack., Griffith (1920) for example pictured 
the crack as an elliptic hole shrunk to zero thickness. 
Westergaard (1939) pictured a crack as a thin mathematical 
slit (no material removed). The difference between the two 
is more mathematical than physical.

The Griffith picture of a crack will be discussed here 
briefly. In this picture the Inglis solutions (1913) for 
the stress fields of an elliptic hole are use . The case of 
interest in this thesis is the so called mode I in which the 
loading is uniaxial, with the major axis being perpendicular



to the axis of tension. For an ellipse of semi-major axis 
, and semi-minor axis J -  , the stress concentration 

factor , is defined as the ratio of the maximum stress 
on the rim of the elliptic hole to the applied load ^  . 
Following a standard (but tedious) stress analysis the 
maximum is found to occur at the tip and to be given by

T *  =  =  u z j i / S r *  (1)

where ^  is the radius of curvature of the ellipse at the 
tip, and ^ ^ i s  the stress in the y direction.
Figure 1(a) shows the mode 1 loading configuration of uni­
axial tension,Figure 1(b) shows the variation of the tensile 
fields as a function o f ^

>• For the zero thickness limit it is clear that the
fields are singular at the tip. This type of singularity is 
common to many continuum treatments of the crack problem.
A natural way tc remove this unphysical singularity will be 
discussed in a later section. The general form of the 
Inglis displacement field is

^  ^  {  (-fj K) <2 >

where oi=OC^ } e is Young's modulus, is a dimensionless 
function of the elliptic coordinates , ̂ 7 and y  is 
Poisson’s ratio. Ĉx  , a m  given here since they are
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going to be used when the Mott theory is introduced.

where is the distance from the tip to the observation 
point. The stress fields are proportional to , (the

treatment to treatment.

I B THE GRIFFITH APPROACH TO THE CRACK PROBLEM

The Griffith approach is based on the fact that as a
crack extends, energy is released from the loads and the 
strain field to the crack tip. At the same time energy is 
consumed in creating additional crack surfaces. If the rate 
of energy supply to the tip (with respect to crack length)
is greater than the rate of energy consumption in the
surface creation then the crack extends, otherwise it

It should be mentioned that the strain energy behaves 
in different ways as the crack extends depending on the type 
of loading. Under fixed strain it decreases, and under fixed 
stress it increases. Thus,

applied load) but their S , andjt dependence differ from

closes.

xvhere#_is the strain energy due to the crack of half-length-/.



Concentrating on the case of plane stress one can 
write an expression for the internal energy of the system 
which consists of the solid plus the loads,

(i)

where (J.̂  is the potential energy of the loads, (£g the 
surface energy, and C ^ t h e  kinetic energy. Griffith consider­
ed the variation in internal energy dLU, . as the crack varies 
its half-length by ( %Jl).

cCU - cLUg UL+d Us+ dUĵ (2)

If the temperature of the system is small then d- f" - olCC,

where t~ is the free energy. Also (ctUL = - where d * i
is the additional infinitesimal work done by the loads on
the solid during the variation of crack length. Thus,

d  /■» _  d ui + oCU. + d  U s (3)

Griffith used the inglis result for the strain energy con­
tent of a plate containing a thin elliptic hole of length

oih -

/-(4) is the result of integrating the energy densityST^ 
for the stresses presented in 1A over the area of the body.
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Griffith also used the result that,

ctVi-JLdUg <5>
This result is based on the assumption that a linear rela­
tion holds between stress and strain. For the surface- 
energy , Griffith used,

u s =. (6)
Where is the surface energy per unit length. Thus from
the above he could write

oL bt - U -  M  ) (7)

Griffith used the thermodynamic principle (based on the
second law) which states that a system will move in such a
way so as to try minimize its free energy /"“ . Thus for 
any thermodynamically preferable motion

d f  (8)

Where the equality sign will hold only when the system ar­
rives to an equilibrium (minimum ̂ ) if such an equilibrium
exists for the system. The condition that

0^ ~ F < ( 0  could be
achieved in two ways

(a) ( W  >  °  *  S J < °  Healing or closure

OR

| propagation



The cases (a) & (b) together define a critical Griffith 
half-length for a given stress . A crack of half- 
length./<-^will try to minimize its free energy by healing 
(if it is left free to do so). A crack of length ,/^x^will 
minimize h  by propagating. The critical half-length will 
be defined by

< £ $ = ■ &  e r / i r * ' *  (9)

It should be emphasized that a crack of half-length under 
a stress will not be in equilibrium but in a highly un­
stable state because

'/> ^  i.e.T'has a maximum
rather than a minimum.
Equation (9) could also be used to get a critical stress 
for a crack of given half-length jI ■ This gives

e-a =  ^ a f y / w J- (10)

Griffith tested his criterion (10) by introducing 
cracks of known length in bulbs made of very brittle glass.
Ke burst these bulbs (cylindrical and spherical) by exerting 
an internal pressure via an inserted fluid. Using Poisson 
ratio one could get the tangential stress. Also for small 
cracks the radius of curvature is relatively large and the 
curvature is small so that a crack on the bulb is in an en­
vironment close to the plane situation used in the deriva­
tion. Griffith found a linear relation between

£



which agrees with his prediction. The constant of propor­
tionality agreed wi'th his predictions to within 10$. Despite 
this discrepancy the theory was considered quite a triumph. 
This is because it explained the large difference between 
the experimentally measured strength for crack free samples,

g
which is about 10 psi for this glass and the observed 
strengths for cracked glasses of about 10-̂  psi. Thus the 
criterion established the fact that cracks were responsible 
for the drastic reduction of strengths of solids. However, 
subsequent work reduced the value cf the theory as a quanti­
tative tool for predicting mechanical strengths. Schand 
(1959,1961) has shown that values of Y  calculated from (10) 
are much higher than the measured surface energy by indepen­
dent methods. This was done for soda glass. This clearly 
indicates that the fracture is accompanied by plastic defor­
mation at the tip even in brittle materials. The Griffith 
criterion could by remedied by considering Y  to be a frac­
ture energy Yp  which includes both the thermodynamic sur­
face energy and the plastic work per unit length of crack.

V  -  +. (i d

For very brittle solids the.'main contribution to Yf is 
from Y'-pHzntfO . For soda glass Schand (1961) has shown 
that Yp could be as large as 5 °  For metals for
example plastic work is lCp times the thermodynamic surface 
energy(Goodier & Feld 1963). The importance of including
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plastic work has also been dictated by the repeated obser 
vation of plastically deformed regions around the tips of 
cracks by x-ray and photoelastic methods.

I C THE MOTT THEORY

Mott (194S) extended the Griffith approach to include 
kinetic effects. Going through the same steps as in the 
Griffith approach but including the kinetic term gives

d u .  =d. a j . ) + u u ^  (1 )
since O this leads to

(2 )

Eliminating from (2) by using the Griffith condition at 
Jt = J. g i v e s

Integrating this equation with the assumption that 
a t y i  -yi^gives D

On the other hand the kinetic energy of a two dimensional 
continuum containing a crack is given by

UM ' if “
f

VJhere I are the components of the displacement field,
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nJZ is the velocity of the crack, and H is the region ofV
influence of the propagating crack. To evaluate (4) Mott 
made two assumptions. The first one is that the fields of 
the moving crack are very close to the static ones. The 
second is that R extends over the whole solid. Recalling 
the form of the displacement fields in the static situations 
one can write

(5)
-  C-t/s) f  Cij %  ? )

Where are elliptic coordinates and y is Poisson’s
ratio. From (5) it is clear that^-, are dimensionless.
Using (5) in (4) one obtains

uJk-inf- c n v } ^

Since J t  will also be dimensionless, the integral in the 
above equation will have the dimensions of an area. Mott 
assumed the integral to be proportional to X

% ^ / E  ̂  (6)

W h e r e ^  is a numerical constant. Equating (3) and (6) Mott 
obtained

-h/1)



r~.

where <Vl. — VfLffliL ■s.'JiJL CL. \ C  ~ long, sound vel.
T  t - h f  L

(7) implies that the crack will have a terminal velocity 
nTT  , which is independent of the applied stress and 
depends only the elastic properties of the material and on 
the constant J k  which should be the same for all isotropic- 
elastic solids (same )/ ). During the initial part of the 
motion however, will depend on the applied S'"* through 

since

It could be shoxm that the Mott theory implies that the time
required for the crack to reach some multiple of its origi-

£nal length is inversly proportional to c-' . This will be
left to the discussion chapter (3) of this thesis. In the 
Mott picture the applied is just infinitesimally above 

, or equivalently JL is infinitesimally above A -  

so that initially^ - D  , ^ * *his:,is a rather
special situation. In general a solid is subjected to a 
stress C*' and a crack of length is introduced, where

J, v =. nm

For propagation is some number greater than one and
according to (3) & (7) the initial values of will
not be zero.

Roberts and Wells (1955) have evaluated the Mott con­
stant .A. . To do this they removed the Mott assumption
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which states that W  extends over the whole solid. Instead
they argued that the disturbance due to the propagating

This is in close agreement with the observations of Sehardin 
& Struth (lVb4) on glasses. Other experiments carried out 
by Akita & Ikeda (1959} on polycrystallme steel indicate a 
dependence of the terminal velocity on applied stress. The 
discrepancy in behavior is not well understood.

In most materials however, other dynamic effects take 
place before a terminal velocity is reached. The most 
common effects are the occurence of bifurcation and bending.

crack cannot move with a speed larger t h a n ^  . Hence in a 
time ^  the disturbance travels a distance and
the crack moves a distance^£ - - J!0) , hence

(neglecting M )

They used a circular region of radius H .  This converts 
the expression for Ji into an integral equation

o o
They solved this equation numerically to obtain,

Ji=  f  (doc d f

, V-rJWGF-k = \ ] H (rJ9)rd'rc/e

Finally it should be mentioned that the Mott theory
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makes some very interesting predictions in the case of fixed 
strain. When the crack starts propagating the macroscopic 
compliance of the sample goes up. The effective stress at 
the outer surfaces drops. This means that the applied stress 
which was above critical initially will be below critical 
after the l e n g t h o f  the crack increases. If is found

one. Thus Mott predicts the occurence of crack arrest. This 
has been observed by Carlsson- (1963 ) and Van Elst (1964).

I D LATTICE TRAPPING

In this section the ideas behind the so called lattice 
trapping of cracks will be outlined. The work of Thomson 
and co-workers (1971, 1973) will be presented. A critical 
evaluation of their model and why it should imply the ab­
sence of trapping in real solids will be postponed to chap­
ter (3) after presentation of the molecular dynamic results.

The above authors have predicted that a crack in a 
crystalline solid would be stable over a range of stresses 
of the order of magnitude of the critical Griffith stress 
This idea is in contradiction with the continuum Griffith 
approach. According to Griffith there exists a unique stress 

(for a certain crack length) below which the crack would
heal (or close), and above which it would propagate (or ex­
tend ). The Thomson etal treatments imply that there are two

will have other zeros beside the initial
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critical stresses, 6^, below which the crack closes,and 
above which it extends. Furthermore their results indicate 
that

®r_ —  ^  S ~^ (1 )
The authors of the lattice trapping papers believe that this 
effect is a consequence of the discretness of the lattice. 
They have treated a one dimensional model (1971) and later a 
two dimensional one(1973). In the two dimensional case they 
have discussed the wedge problem, that is the case in which 
the forces are applied directly to the walls of the crack. 
They have also worked out the classical mode I crack problem 
(the uniaxial tension case of Griffith), in which the stress­
es are applied to the external surfaces and transmitted via 
the crystal to the crack. The details of the solutions in 
the different cases are a little different but the main 
features are the same. Two types of calculations were done, 
an energy calculation and a force calculation.

In the energy calculation a form was assumed for the 
bond energy across the crack. For the n-th bond

VThere it is assumed that initially the critical bond is at 
0 ^ = 0  so that its energy i?C°)~-g ̂ fL* justification of 
this particular form is that it allows an analytic evaluation 
of the required sums, besides it satisfies the
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asymptotic forms
j  =  0

Of course the energies here correspond to a reference energy
in which an unstreched bond has zero energy and two com­
pletely separated atoms have an energy

FIG. 1-2
■i

The surface energy is 2 when the tip is at oc the
surface energy is . Both these sums diverge for
an infinite crystal. However the quantity of interest is

t o * - * )  -  £ j 0 \ < - * ^  / (3)

is a measure of the varition of the energy as the crack 
moves, and hence the force to move the cnack is -iftf/iL 0c 
Thomson etal evaluated the above sum. The;* defined & c^ 
as the maximum and minimum of - dSf/oHjc respectively. The 
ratio of /<*"- differs slightly from the one to the two 
dimensional case.

/«*_ •= / +  It e  j / — ■

^  / K  _ c U k ( i r y )  — for large crack
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The important point to note about these two relations is 
that they predict negligible trapping for large ^7. A value 
of ̂ 7 = 0.$, in the I-D case gives C»./ei= 2.1 . The parame­
ter ^  is the width of the crack tip. In other words the 
number of bonds across the central line which are extented 
appreciably is proportional to ^  . To see this one solves 
the energy equation for <yl to get

(5)n *  y  e*t [ » ( £  )]

If for example one defines the^tip as that region which 
contains bonds that are extended so that their strain energy 
isfc£./4 or more, then for an atom to be in the tip it 
should have W  ̂  1J . If ^  is chosen as 0.<£ for example (in 
order to give = 2 , 1  ) then the tip would contain
only the bond for w h i c h — 0 i.e. the critical bond only. 
Thus the Thomson etal surface energy formulation gives 
appreciable trapping only in the case in which the region of 
appreciable bond extension is shrunk to a singular point. 
Thus in this picture all the bonds to the right of the tip 
are almost unstretched and those to the left are almost 
broken.

In the force calculation linear springs with a cutoff 
at an extension of £  were used. In the one dimensional case^ 
forces resisting the bending of the lateral springs were 
also included. In the two dimensional case theX &^motions
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were decoupled ( y = 6 ) .  The position of the tip is at bond 
number u * + > ). e. is defined as that stress which \*ould 
make the entension of that bond equal to £  . c^_is defined 
as that stress which will make the bond at tJ have an exten­
sion $ . Once the bond at A/ has an extension £ ,the broken 
bond will heal and the crack will start closing.

It should be mentioned that Ashurst & Hoover (1976) 
have observed lattice trapping in their atomistic computer 
simulation. They reported a trapping parameter /£*1. = 3.7.

I E THE CRACK TIP SINGULARITY & THE ERINGEN THEORY

In a previous section it was mentioned that a very 
thin crack gives rise to a stress field which diverges at 
the origin (tip). The nature of the tip singularity could 
be understood in several ways. The most direct way is to 
remember that the singularity in the fields resulted because 
of the assumption of an infinitely thin crack. On an atomic 
scale a crack could not have a zero thickness (or equiva­
lently a tip with a zero radius of curvature). The tip is 
thus never infinitely sharp in a real material. One could 
thus get rid of the singularities in the fields and in the 
stress concentration by discarding the mathematical ideal­
ization of a thin crack. While this is the logical way to 
view the nroblem, there is no quantitative way to evaluate 
the CurvatUre in a precise and unique manner for a small
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number of atoms lying at a crack tip. This would enable us 
to combine the continuum results with the assumption of an 
atomic nonsharp tip.

There were numerous rather artificial attempts made in 
the last few years to remove the singularity without throw­
ing away the other continuum results. Barenblatt (1962) and 
Dugdale (I960) introduced compressive stress fields wPii’ch 
were also singular at the tip. These fields were chosen in 
such a \vay as to cancel the original singularity. Barenblatt 
for example determined this additional field by requiring 
that the tip closes in the form of a cusp and that the 
boundary conditions be satisfied at the cusp surface. While 
such attempts do indeed remove the singularity, the physical 
justification for the additional compressive fields acting 
only around the tip is by no means clear. The details of 
such theories will thus be left out.

Recently Eringen and co-workers have been reformulat­
ing continuum mechanicas so as to include the effects of 
nonlocality in space and time in the formulations of the 
problem (see Eringen 1977 a for a complete reference list) 
The phenomena covered include wave dispersion, dislocation 
problems, and fracture mechanics. Nonlocal linear elastici­
ty manages to remove the crack tip singularity in a natural 
way. The basic features of this theory will thus be out­
lined below.
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THE PHYSICAL ORIGIN OF NON-LOCAL THEORIES

In any classical field theory there are global conser­
vation laws

r

I
vty y

Where V is some arbitary volume and $  is a discontinuity 
surface sweeping that volume, and ^  will depend on the 
particular field under consideration. (For example see 
Eringen 77a ) Such global conservation laws are common to 
both local and non-local theories. To obtain a local theory 
one makes the assumption that the above law applies to any 
arbitary volume no matter how small. This then implies that

Q ' O  4 . G - = o  (2 )

To obtain the non-local theories one realizes that (1) does
not necessarily apply to arbitf&rily small volumes. Thus (2) 
does not become a necessary condition. However in order to 
retain the global conservation (1) we equate^-j &  to the 
so called residuals ^  ̂ Q  to get

f  =  i j 9  =  *  <3 >

(1) & (3) thus yield

J '  ^  d V  + r  Q (4)

JL S'

b °The residuals <£ i *Sr measure the effect of all other
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points of the body on the observation point. These should 
add up to zero for a given system. For example if a body 
contains no discontinous surfaces then (4) becomes

to all parts of the body on the observation point then (4) 
states that the sum of all interactions between the parti­
cles of the body add up to zero. In this case the result is 
trivial and follows from equality of action and reaction.
For other physical quantities the above equations place non­
trivial restrictions on the allowable forms for residuals. 
The main goal of non-local continuum mechanics is to deter­
mine the forms of the residuals after the specification of 
the appropriate global conservations. This process will in 
general yield field equations (3) which are different from 
the local ones.

NON-LOCAL LINEAR ELASTICITY

In the local linear elasticity the stress at a certain 
point is proportional to the strain at that point. In the 
non-local case the stress at a point depends on the strains 
at other points in the medium.
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Where are the non-local elastic
moduli. In the limit in which become Dirac Delta
functions- of then (5) becomes the linear Hcokflaw of
classical elasticity. The second major difference between
non-local and local theories is that the Stokes-Navier field
equations get replaced by a general field equations which 

. / /depend on • These generalised field equations tend to 
the Navier-Stokes equations as % . ^  approach Dirac delta 
functions. When A  ./A vanish everywhere. except around a 
discrete set of points, then (5) corresponds to a lattice dy­
namic representation of the solid.

The first advantage of non-local over local elasticity 
is that it predicts wave dispersion. By fitting the disper­
sion relations to the expression obtained from non-local 
elasticity one could find for any particular solid.For
example, Eringen (197’?') fitted the non-local results to the 
dispersion relations obtained from a one-dimensional harmonic 
lattice of lattice parameter a, and obtained

/ C  ' 0 * - S t J =  - 3 ? / )
(6a)
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This form is by no means unique and the same fit could be 
obtained by

« ( & - : } ) *  4 *  U  J  (6b,

for = 1.65 • The main point is that are decaying
functions oi' and go t o ^ -  functions as <X. -S> ̂  •

Eringen used the first form (6a) above in his treat­
ment of the crack problem. In his treatment a local stress 
field is defined as

K k j ,

In terms of the local the stress is given by

0 * ' - * 0 (8)
V

With the resiaual equations (3) equation (&) gives

c<(lZ-2l) (?) d-fCZ-')

d ̂ \f
For a large (macroscopic) body this gives,

JV
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I. (9)
- ? / )  Oiij-fi' =  0

If is continuous and of bounded support then (9) implies

J * ~ °  <10)
(10) is only the fundamental equation of elastostatics for 
any well posed boundary value problem. The solution of this 
equation has been giver, in general form by Stueddon (1951)

^ «■■ k ft [1[M

U, , are used to obtain the stresses through (7) & (&) 
and through the definition of when this is done and
when the:- stresses J j u  are used with the boundary condi­
tions a set of integral equations forAC$d and 1C* is 
obtained. Eringen etal777 has .solved ;this: set .numerically. 
Once A t h  are determined, the stress field follow^
automatically from (11). Eringen carried out the solution 

for the conditions 5 = 0  j  y--°

(12)
'ir =  °  ;  j  \ * \ > ^
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After obtaining the solution to this crack problem one 
could obtain the solution to the Griffith problem by super­
imposing a uniform tensile stress field all over space.

The results of the Eringen calculation are summarised 
in the relation

Whereas.. (13) removes the infinite stress concentration 
of local elasticity the exact form will depend on the choice

(13)
X.o

where r is the stress concentration- at the tip,and 
is a material constant which depends very weakly on 
Poisson’s rario

s''The modulus functions appear ex-
plicitv in the integral equations for and are
most likely to affect the dependence o f o n  J, and the 
value of C O O  -

The stress distribution curves obtained by Eringen are 
given below (Fig. 1-3 ). They will be compared with the ones 
obtained by molecular dynamics later in the thesis.
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(a)

(b)

(c)

ERINGEN STRESS PROFILES

FIG. 1-3
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I F BRITTLITESS AHD DUCTILITY OF CRYSTALS

In this section the question of whether a solid will 
fracture in a brittle or in a ductile fashion will be add­
ressed. For most crystals an amount of plastic deformation 
is always present around the tip. Still, one could classify 
a certain fracture as brittle or ductile. In a brittle 
fracture the atomically sharp appearance of the crack is 
maintained throughout the process. In a ductile fracture 
the crack loses the initial sharp appearance, the tip becomes 
blunted, and the solid fractures through shear (slip) motions 
having a large component perpendicular to the crack line. 
Betv;een these two extremes lie a large number of solids exhi­
biting an intermediate behaviour.

It has been realized that a solid will be brittle or 
drictile depending on the ratio of tensile strength to the 
shear strength of the solid, or on the relative ease of bond 
rupture and atomic slip or glide. Kelly, Tyson,and Cottrell 
(1967) studied the problem and postulated a criterion for 
ductility. According to these authors, tip blunting will 
occur and a shear instability will result if the maximum 
shear stress in the tip region exceeds the theoretical shear 
strength of the solid. Rice and Thomson (1974) have shown 
that the Kelly - Tyson - Cottrell criterion cannot be suffi­
cient. This is because the shear stress fields aroung the 
tip are highly localized. The fact that these fields
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exceed a maximum at one point of the shear plane (shear line 
in 2D) does not guarantee that the slipping (or gliding) 
condition will be satisfied on all poinus of the shear plane. 
Thus the picture of tip blunting via uniform shear motions 
had to be abandoned. Rice and Thomson reasoned that the 
matching of the highly sheared medium near the tip with the 
non-sheared medium at greater distances, defines a disloca­
tion. They have worked cut a criterion for brittlness versus 
ductility. In order to do that, the general interaction bet­
ween a crack tip and a dislocation was found. This inter­
action is attractive for small distances (from.tip to disl) 
and repulsive at larger distances. If a dislocation is pre­
sent at a distance greater than the critical distance 
then it will be driven away to infinity. If it is at a dis­
tance less than it will be attracted to the tip and get 
annihilated. The situation of interest is not that of an 
already existing dislocation but of one which is created at 
the tip. In the Rice-Thomson theory one considers the dis­
location just after its creation. A comparison is made bet­
ween the core cutoff and the critical radius O^T . IfC

then the newly created dislocation will find 
itself in the attractive part of the interaction and will not 
be free to leave the tip. Thus for solids satisfying this 
condition, tip blunting will not occur and brittle behaviour 
will result. This will continue to be the case until suffi­
cient energy is supplied to the dislocation to overcome the 
attractive barrier and cause a brittle-ductility transition.
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Actually, even when such energy is made available to the tip 
region (e.g. by thermal fluctuations) the solid might still 
prefer to use it in bond tearing rather than for slip proce­
sses. This means that substances satisfying the condition 
''Q T^will be very good candidates for brittle behaviour.

On the other hand 0^ or rc < <  will give rise 
to ductile behaviour. The continuum analysis is not quanti­
tatively valid for this situation but it still reveals the 
behaviour of the system. In this case the newly created 
dislocation finds itself in the repulsive part of the inter­
action and gets driven away. In the Rice-Thomson theory one 
writes

’ i'i* i
where J L . = the attractive image force between the crack

*JL and the dislocation.
dr = the attractive force between the disl and the

ledge which is created when the disl is 
created

4 the repulsive force exerted by the shear 
fields of the tip trying to drive the disl 
away

The authors evaluate the total force when the applied®'' = 
the Griffith stress. The critical radius is the value of ^  
which makes £>

C O *  °4

this gives,
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wio-v)  j f V

L / /__ I- o ^
wnere y/s teirO-0 t
fe* 'Q/Jr j * * e h & A  j r./J,
J- =  'SU. 'R. & PR VSCTOJ! J (2, ■= M ~  tcaffr/ji)

_ 4 ,  .  M m  4  j  *

Neglecting the ledge interaction (middle term) one gets

y  - S -  (3)
c ^  y

Applying this equation to the two dimensional triangular 
lattice and for a first neighbour £ - j f  potential, gives

rfc =  0  +  %2>) g A  /d-Jr* (4)
c  ~ r r ~  r  - ^ r

Where £  is the depth of the potential, o(is the nearest
neighbour distance. In writing (4) the correspondence

— ..1/* *\ (5)

3 D
has been used (Dally & Riley 1965) is the Poisson ratio 
in txtfo dimensions. For an isotopic medium

' / 3•2 3>
For a slip system making an angle of 120° or 60° with a
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^  Ioycrack and a Burger’s vector will be

= _ L  =

Prom Esbjorn and Jensen (1976)

r, = ( / ■  ?  +  0 .2) -i j (/• « *  <-r. < ' -  ̂

The ductility criterion rT^ is satisfied. One
expects the probability of dislocation emission to be quite 
high, although brittle behaviour could sometimes result 
because the criterion is only barely satisfied.

If the ledge term is included it will increase the 
value of ^  and might cause the system to stop satisfying 
the ductility criterion.

Thus according to-.ithe Rice-Thomson theory this system 
is expected to show a behaviour in between the two extremes, 
or it might show only one of the two types of behaviour:.in 
different situations depending on the dynamic details of the 
loading process.



Introduction
Continuum theories predict the occurence of bifurca­

tion and bending for cracks propagating in isotropic or near 
isotropic materials. For cracks -which do not undergo bifur­
cation or bending, such theories predict an upper limit of 
Cc, (shear wave velocity) or Cg (Rayleigh wave velocity) for 

the velocity of the crack.

The main assumptions which are used to arrive at these 
predictions are thermodynamic in nature and are of such gen­
eral validity that the predictions based on them are quali­
tatively very sound. Moreover a large literature of experi-' 
mental results on a wide variety of materials--.agrees -frith 
such predictions in a qualitative way. In particular, the 
upper limits on the velocity mentioned above seem to be ex­
perimentally obej'-ed quite well. The high upper limits are 
attained in the fracture of single crystals which have a 
preferred weak cleavage plane (Gilman 1959? Hull jet'al 
1965,1966). On the other hand experimental studies on iso­
tropic solids (glasses mainly) have indicated that the crack 
velocity behaves in one of the following waj’-s (Schardin 1959, 
Beebex1966, Carlsson 1 9 6 3 ). The velocity increases until 
it attains the terminal velocity which is independent of the 
applied loads, and changes with composition. Under certain 
loading conditions the crack does not reach its terminal
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velocity but bifurcates at a much lower velocity . The 
crack bends either before or after bifurcation. The length 
at which this bifurcation occurs being determined by the 
loads. The maximum attained velocity before bifurcation

The work which is outlined in this section has been 
carried out by Toffe^(l95l), Craggs (19-50), Broberg (I960), 
Baker (1962;, and Barenblatt et al (1962)

THE DYNAMIC CRACK PROBLEM

In the dynamic case one seeks the displacement field 
JU/jf) and the length the crack by trying to solve',
the dynamic equations of the continuum simultaneously with 
an energy balance equation. This one has to solve

has been found to lie between • 3 Cg & • Cg . The maximum 
velocity . ^ by continuum mechanics agrees well
with these experimental results (approximately

(1)

with

(2 )

where

12 ~



-  lb *h-

T g  *  r  (4)

dUl  4 ,  £  d1i l5)
^ 0 ^  qi j i

After expressing the G-'yJ&Sd in terms of U equations (1) &
(2) become four equations for the four unknowns ^ ^  >Kj , 
£  . All the terms in the above equations have been previ­

ously defined except f o r ^  o: $ \ ^  is the volume of the body 
and the total surface.

lThere ./^is the external surface and $  "is the crack surface. 
Clearly (3) contains the boundary conditions through the 
first integral and since is a function of time, its form 
would not be known except after a solution is obtained. The 
r e g i o n ^  is also a time dependent region in this problem. 
This makes equations (1) & (2) an integro-differential equa­
tion of variable time dependent limits. Moreover one has to 
make special assumptions about the shape of the crack as a 
function of time in order to be able to find

Mathematical methods for solving (1) & (2) in their 
most general form are not available. The complexity of the 
problem is simply beyond the power of analytical methods.
A solution for M )  for arbitary loads could not be obtained 
and thus the way a crack accelarates under particular condi­
tions is not available.



Instead the time dependence of JC, must be specified in
advance. The work done up to date has concentrated on the 
case

stant length moving with uniform velocity. Barenblatt has 
studied the accelerated motion of a crack by considering 
subsequent time intervals during each of which the velocity 
remains constant. It should be mentioned that all the mathe­
matical difficulties mentioned above hold for brittle frac­
ture. For ductile materials an additional complication is 
encountered. One needs to include a plastic dissipative 
term xn U. ̂  , this term could moreover be velocity dependent.

As mentioned above the Craggs and Broberg treatments 
treat the case of a constant velocity. These theories con­
sider a crack moving with a velocity o^without considering 
how the crack got accelerated to this velocity. The theories 
do not-furnishra relation which determines what loads or what 
material properties give rise to a particular . The basic 
result is that the stress near ‘t*ie tip is given by

{Craggs and Broberg)

Similarly Yoffe^considered the case of a crack of con-

'T

(6)

where 07“
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at which the stress is being measured,^ the time. TM is
a function which is complicated in form but has the follow^ 
ing graphical appearance

Barenblatt made use of the Graggs result by assuming 
that at each instant an accelerated crack is in a stationary 
motion, and by requiring that the total stress * ^ 1$. at the 
tip be finite. This requirement he satisfied by equating 
the dynamic stress intensity factor of Craggs to the cohe­
sive modulus of the material (see the appendix for a 
description of the Barenblatt fracture criterion).
Them Barenblat - put

A

J p  ^  k*"iT

FIG. 1-4

(7)

This gives

(S)



- 47 -

To find the velocity at a given length (or time^f 
one has to find the intersection of the curves given by the 
right and left hand sides of (3). If one assumes that the 
crack starts from rest then and one has to find
the .intersection of

(9)

with 4 o ^  • Clearly, the longer J* is, the larger the ve­
locity at which the intersection happens. In other words 
as £  increases <lTis increasing and the crack accelerates.
As shown in the figure the maximum velocity is 0^ ** 
and the prediction of the sound velocity as the maximum 
attainable crack velocity is clearly satisfied.

The same upper limit is derivable from consideration 
of the minimum load ̂  necessary to maintain a velocity , 
or from consideration of the energy release rates at the tip. 
The prediction is (see Yoffe's for example) that Gfa goes■ I 
down as goes up. For = C y  , one gets = & . This 
means that one does not have to supply energy (do work) on 
the solid in order to maintain the processes of bond break­
ing, surface creation, and plastic deformation which are 
happening at the tip. Such a state of affairs would violate 
the first lav/ of thermodynamics. One thus concludes that 
<1/̂  = C g is an unphysical result in the first place and that 
the sonic velocity not attainable.
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The prediction of branching and bending come about in 
the following way. The mechanistic approaches enable one to 
conclude that for small crack velocities, a crack which 
starts propagating along the x-direction will have directio­
nal stability and will remain moving along that direction. 
This could be understood via a stress argument or an energy 
one. The stress argument is based on the assumption that 
the tearing of bonds occurs perpendicular to the direction 
of crack propagation. The tearing happens along the direct­
ion of --at which that stress attains a maximum. If
the maximum of ^ggis sharp, then there will be a predomi­
nant direction for propagation, if not then the several 
possible directions will compete :• with the possible occuren­
ce of branching, bending, or surface roughening. Tor low 
velocities the dynamical solutions indicate a very sharp 
maximum of ̂ g ^ t  9 - 0 , This explains the initial direc­
tional stability about B  =0  . As the velocity increases,
the Pi„vs &  curve -.flattens out for a while and then a shift- ©©
ed maximum appears. The shift in the maximum tends to pro­
duce a sharp bend, but the inertia of the motion tends to 
keep the initial motion going. This effect postpones thev» '• • ■? -V
bending or branching for a while, but by the time the shift­
ed maximum appears either or both phenomena take place.

Most continuum treatments estimate a velocity qXl  (theJS
maximum vel. before branching or bending) of 0- 6 
Either phenomena might occur before this limit because of
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flattening, but by the time reached one is guaranteed
y-the occurence of either. 'V^jould thus be given by the value 

of the velocity at -which the maximum starts shifting. From 
the dynamical solution

^ = =  l  I f f ®  ]
T 7 - U  J ^ °

for ^ =" - This gives *£. =  • i F o r  higher
'IT the maximum starts shifting and thus branching or bend­
ing must occur for

O- S  Cg

ts O- £C^

%rc- ^ &  • .
^  giving

The competition between several directions of propa­
gation for some velocities can result in the crack going in 
one direction, then in another for a short period, and so 
on. This results in surface roughness, which increases the 
surface energy. This increase in the surface energy with 
velocity has been observed experimentally in brittle fract­
ures although the effect is usually masked by the more domi-

%

nant decrease in the plastic part of the surface energy with 
velocity.

Finally it should be mentioned that the above dynami­
cal effects are less likely to appear in crystals which have 
a weak cleavage plane. In such crystals the initial propa­
gation remains the dominant one until much higher velocities
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are reached. Only if there is another weak cleavage plane 
having a small angle with the first, could the branching 
and bending take place.



CHAFTER 2
2 A MOTIVATIONS FOR ATOMISTIC CALCULATIONS

Although continuum mechanics offers an approximate 
description of fracture, the essence of any fracture process 
is atomic in nature. One therefore expects that a satisfac­
tory theory of fracture will have to include the details of 
atomistic processes occuring at the tip. The mechanisms of 
bond breaking and atomic gliding will ultimately determine 
the mechanical strength and brittleness (or ductility) of a 
cracked solid.

Atomistic calculation of crack problems can handle 
some aspects of the crack problem which are completely in­
accessible to the continuum methods. For example, continuum 
theories do not distinguish between the cases of pre and 
postloading, although these two modes give rise to differ­
ent critical stresses. Atomistic calculations which include 
the distinction can be made.

Dynamic atomistic calculations can handle the accele­
ration phase in the motion of a crack in a natural way. The 
assumptions made in the Mott theory, make this theory inca­
pable of handling the acceleration phase. In particular the 
quasistatic assumption about the fields of a propagating 
crack, make the conclusions of value only in the final stage 
of stable propagation. The other dynamic treatments (e.g.



Craggs) mentioned in section I G can handle the special 
case of uniform propagation only. The Barenblatt dynamic 
theory (section I G)considers the acceleration phase as a 
collection of consecutive periods of uniform propagation.
On the other hand, dynamic atomistic treatments do not have 
to make any of these special assumptions about the motion. 
The behavior of cracked systems can be found without any 
ad-hoc assumptions about the way in which the crack starts 
its motion.

In section IA it has been mentioned that accurate val­
ues of the stress concentration factor ^ a r e  not available. 
As mentioned in that section, this is due to the unavaila­
bility of a solution of the elastostatic boundary value 
problem of a crack (because the boundaries are not known 
except after a solution is obtained). The corresponding 
elastodynamic initial value problem which can remove this 
unsolvability is too difficult to attempt. On the other 
hand an atomistic dynamic approach is ideally suited to the 
problem. A cut can be introduced and the time evolution of 
the lattice can be obtained. The motion of the boundaries 
(crack walls) to their final equilibrium positions of van­
ishing normal stresses can be obtained. The final equilibri­
um configuration of the system can be used to find accurate 
values (..for J' .

In addition to the above, atomistic calculations can 
serve as a test of the different assumptions which go into
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the various continuum treatments. For example, quantities
like the crack strain energy (X' can be easily calculated in

c
an atomistic model, whereas there is no direct way to mea­
sure this quantity experimentally in a cracking solid. Thus 
one could test the assumption of «2 ot IsCgr for

example, or the continuum result for 77**“*'̂  /^)
A criterion like the Griffith one could thus be tested in 
full detail. Stress (or force) concentration curves can be 
obtained and compared with the continuum curves (by Eringen 
for example).

Most continuum treatments of fracture are based on 
linear elasticity. The linear Hool^an nature of the solid, 
containing no upper limit on the linearity, gives rise to 
the singularities mentioned in Chapter I.This is because the 
cracked system contains regions which are highly deformed, 
and should not be treated by linear elaticity. Instead, the 
linear constitutive relations of classical elasticity,should 
be replaced by non-linear ones in which the stress starts 
decreasing with large strain and ultimately vanishes. Inclu­
ding non-linear and finite strength effects in a continuum 
theory would indeed remove the stress and strain singulari­
ties. Such theories pose insuperable mathematical difficul­
ties and progress in them is very slow. Instead, a more 
practical approach is to treat the parts of the system which 
do not suffer large deformations by linear elasticity, and 
the large deformation regions near the tips atomistically. 
This is similar to the approach employed in dislocation
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theory. The far field information (stress, strain, or energy) 
derived on the basis of linear elasticity is not abandoned. 
The stresses, core energy, and configuration near the crack 
are obtained by performing an atomistic calculation after 
assuming an interaction between atoms which includes the 
non-linear and finite strength aspects. The near(atomistic) 
and far (continuum) solutions are then matched.

In the crack problem, it can be easily shown that lin­
ear elasticity always predicts infinite stress and strain 
fields in the vicinity of the tip, even when an infinitely 
thin crack is not assumed. Thus the value of using a dis­
crete (atomic) description of the system near the tip is 
quite clear.

2 B PREVIOUS ATOMISTIC CALCULATIONS

Atomistic calculations have been attempted by several 
authors. The attempts have been in two different directions. 
Some work has been done on trying to simulate a crack in a 
real material. Kanninen et al (1970-1973) have simulated a 
crack in BCC iron using a Johnson empirical pair potential. 
On the other hand several, other authors have studied cracks 
in highly idealized lattices in order to gain some insight 
into the consequences of the discretness. In some of these 
attempts the models have been formulated in such a way so as
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to allow an analytic solution of the resulting equations.
The Thomson et al calculations mentioned in chapter one are 
of this type. Other idealized models are formulated in such 
a way so as to resemble some simplified continuum model in 
order to fascilitate the comparison of the discrete and con­
tinuum results.

Three examples of previous atomistic calculations will 
now be given. The first two are of the idealized type. The 
third is of the type which tries to simulate a real material.

j

WEINER - PEAR

Weiner and Pear (1975) have carried out calculations 
on crackSin the so called Newel-Rosenstock model. A computer 
was used to find the dynamic behaviour of cracks in this 
idealized lattice. The reason for the choice of this parti­
cular model was to make a direct comparison between their 
results and the results of an analytic calculation performed 
by Sanders (I960). Earlier, Sanders had studied a crack in 
the same lattice with a linear potential (described below) 
and concluded that a crack in such a lattice cannot reach a 
terminal subsonic-' velocity. This conclusion was based on 
the fact that his cracks had an expanding elliptic shape in 
which the curvature at the tip was increasing. The increas­
ing curvature offered an increasing stress concentration, 
which accelerated the crack continuously.



Weiner and Pear showed that, by modifying the poten­
tials so as to allow for plastic deformation and dislocation 
emission at the tip, the continuous increase of the tip cur­
vature stopped. The reason behind the Sanders’ conclusion 
was thus shown to be invalid. They obtained subsonic termi­
nal velocities after these modifications in the potential 
were introduced. For such propagations, the inclination of 
the crack face was found to be fairly constant giving a con­
stant curvature and stress concentration. Dislocation emis­
sion at the tip and motion to the surface were observed dur­
ing these propagations. For very high applied stresses su­
personic velocities were observed both for,the Sanders po­
tentials (elastic) and the Weiner-Pear (plastic) potentials. 
For large values of the parameter which controls the plasti­
city of the solid, tip blunting occur^d and no propagation 
resulted.

The lattice employed consists of atoms placed on a 
square lattice in the x-y plane with rows parallel to the 
x - axis and columns to the y- axis. Motion is allowed only 
in the y - direction. Each atom interacts with its neigh­
bours in the same column with a tensile force and with its 
neighbours in adjacent columns with a shear force V  .
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FIG-. 2 - 1

is the Shear modulus, and Young’s modulus is /  .

The Sanders potential .is obtained from the Weiner- 
Pear one by letting 0 • Runs for which this was
done gave the Sanders results of continuous accelaration.
The value of controlled the quantity and extent of plas­
tic deformation. When this quantity was made large enough, 
tip blunting without propagation resulted. The effect of 
temperature on the terminal speed was also investigated and 
found to be small. The terminal velocities in the brittle 
propagations were found to be stress dependent.
Discussion

The Weiner-Pear results are in contradiction with the 
Mctt terminal velocity result, and with the continuum result 
of the unatainability of supersonic velocities. The results
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are quite valuable since they have established the role of 
the decreasing part of the force law in causing crystal 
plasticity. The same loading conditions which gave supersonic 
velocities when plasticity was prohibited, gave subsonic 
velocities when plasticity was allowed. This illustrates an 
important aspect in the simulation of crack propagation.
I'Jhen a possible energy dissipation mechanism is prohibited 
by an artificial aspect of the simulation, the energy which 
would have been dissipated in such a mechanism, is forced to 
be dissipated by another mechanism. The rate at which this 
other mechanism proceeds would thus be higher than if the 
available energy is shared between the two mechanisms. Thus 
Sanders prohibited plasticity by letting Sj. - ° , All the 
energy released from the loads and the strain field at the 
tip, was forced to be dissipated in surface creation by crack 
propagation rather than being split between surface creation 
and dislocation formation. This forced the velocity to be 
unrealistic ally high (supersonic). 7,Tien the sharing was 
allowed, the velocity was found to subsonic.

This type of reasoning could be used to get an under­
standing of the supersonic velocities observed by VJeiner- 
Pear in their high stress runs. The one dimensionality of 
their model prohibits crack branching (and bending). The 
propagation of the two new branches would necessarily involve 
bond tearing motions which have a horizontal component.
Since these motions are forbidden in this model^ branching
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cannot occur. According to the continuum models discussed 
in section I G an accelerating crack w i n  branch at a 
maximum velocit3r oi about 0* 6 C g  > and the two new branches 
will split the energy available for acceleration m  between 
them and start accelerating from zero, if the branching is 
prohibited then a n  the acceleration energy is retained by 
the original crack, which would thus unrealistically be 
accelarated to supersonic speeds.

In the present calculation the crystal will be allowed 
to have two degrees of freedom so as to allow for branching.

ASHURST - HOOVER (1976)

This study was carried out on a two dimensional tri­
angular lattice using central pair potentials of the parabola, 
parabola-linear, and double parabola types. This lattice is 
the simplest two dimensional lattice possesing shear stabi­
lity in a first neighbour approximation. The simpler square 
lattice has shear stability only when second neighbours are 
included, and even then the shear modulus / *  is still quite 
low. This lattice has the advantage that it is elastically 
isotropic(see the next Chapter), and thus comparisons between 
its properties and those of isotropic continuum theories are 
valid. For other lattices comparisons must be made with 
anisotropic elastic theories. The two dimensional triangular 
lattice has the same strain energy as a two dimensional con­
tinuum when first neighbour Hookian springs connect the
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atoms. The energy of the continuum is computed by a finite 
element analysis in which the finite elements are triangles 
whose sides are the Hookian Springs (Hernnikoff 1941)

4

tf+v.r tL+oivf

FIG. 2-2

FORCES USED IN THE ASHURST HOOTER MODEL
(1) Parabolic potential
(2) Double parabola potential
(3) Parabola linear potential

The similarities between the two dimensional continuum 
and this lattice, and the simplicity of the lattice made it
a good starting point for fracture studies. Ashurst & Hoover
used the central difference method to integrate the equations 
of motion. The force laws are sketched above. Their study 
started with fixed loads applied in the y - direction with pe­
riodic boundary conditions in the x - direction. The large 
horizontal surface deformations obtained, led them to switch 
to fixed displacement (grips) boundary conditions (with the 
x - periodicity removed and replaced by fixed vertical bound­
aries) .
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Their static calculationswere done with the parabolic 
potential of type (1). In these calculations ( )
(N.3. value of was n0^ mentioned explicitly in the paper 
for the static calculations). The results indicated that 
for small cracks the molecular dynamic energies can be as 
large as two times ao-'large ao the continuum predictions.
The extrapolation of the molecular dynamic energies to the 
large crack length limit gave an energy very close to the 
continuum prediction. They obtained a correction to the con­
tinuum result in the form of an additive tern linear in 
for the energy “ e  • .................

It' - jel" (o-J. + ^
-A

The coefficient of thecj- term in (1) is predicted by line­
ar elasticity to be T / e  . For this force law, the appropr­
iate two dimensional relation between the same parameters 
and £  (see next Chapter) gives , which gives
1 T / B -  as compared with the<2*6^/A. reported
in equation (1).

The authors reported that their results agreed with 
the continuum result about the dependence of the critical 
stress on the length

< ir
(2)
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The agreement with the continuum result is understood 
to apply to the large limit only, otherwise an energy
analysis of (1) would not lead to the simple form (2) but to 
a modified one inversely proportional to y(£ -t j/4being a 
constant.

The authors reported observing an appreciable lattice
^ /£~~ —  3-71 (where 
T /  -  - O  -

tratmins of ̂  ~  3 ’?  (where 4 ̂  are as defined in- /  -

chanter I).

The dynamic calculations were done in three stages, 
initialization, relaxation, and propagation. In the first 
stage the appropriate bends were cut. In the second the 
atoms were critically damped for a hundred steps. In the 
third, the widths of the potential was adjusted so that the 
critical bond just broke. The results therefore, do not 
represent experiments done on the same solid, but rather on 
a set of different solids having the same elastic properties 
and different mechanical strengths. The authors reported 
crack velocities which are monotonic functions of the nece­
ssary ̂ j/'Tor types (l) £s (2) force lav/s. The necessary zeTis 
the maximum which will cause the critical bond to break. 
If the critical bond has a length of for some applied 
strain £  , the necessary 2*sfwill be infmitesimally greater
than ̂  . Since for any crystal below critical^"is a
monotonic function of £  , it follows that the necessary 
txr- £ -  i£(e) - at] will be a monotonic function of the 
applied strain £
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The Ashurst - Hoover results of the monotonic dependence of 
the crack velocities on the necessary *l/T can be interpreted 
as indicating a monotonic dependence of on £ . According
to the Mott theory for these boundary conditions the termi­
nal velocity (whenever it could be attained) is a material 
property independent of £  . I n  general this theory predicts 
that a crack under fixed £  will reach a terminal velocity 
only when the initial size is small with respect to the 
total area of the sample. Otherwise the crack will accela- 
rate for a while,then deaccelerate and finally get arrested 
(Lawn 1975, p.97). The %J~ (& therefore £  ) dependence re­
ported by Ashurst & Hoover is therefore not in agreement 
with the Mott prediction. The authors have extrapolated 
their terminal velocity data type (1) to the l a r g e d  limit 
and find an extrapolated T/p—  • h-9c^[ long sound velo­
city). The Mott theory predicts a ^ *“  • . Their data
also showed that type (2) potential gives lower terminal 
velocities than type (1) due to the extra attractive energy 
offered by the type (2) double parabola. Crack arrests have 
also been reported. The results indicated that the double 
parabola causes arrests more than the single.

The supersonic regime was investigated. Crystals were 
loaded to high strains and cracks were then intnoduced . 
Results were reported in terms of the parameter £ . The
initial stretch of a bond across the crack plane (row in 2D) 
but away from the tip is *2<T- £ . The higher the applied
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strain £  , the lower £ is. For a sample loaded to the ideal 
strength of the perfect (non-cracked) solid S is zero. The 
authors reported terminal supersonic velocities linear m  

'j/jj'r"f for small %/u~ (i.e. high £  ).
No dislocations were reported in this study.

Diseussion
The reason for the occurence of supersonic velocities 

with the linear potential can be understood in the light of 
the Sanders and Weiner-Pear studies. As mentioned before in 
the discussion of these papers, the linear potential was 
found to prohibit plastic deformation. Thus here all the 
energy released from the loads and the strain field is forc­
ed to go into propagation, rather than being split between 
propagation and plastic deformation. This results in over- 
acceleration to supersonic velocities.

The snapping mechanism by which the propagations were 
initiated can help in understanding the absence of disloca­
tions in the double parabola runs. The double parabola gives 
rise to a force law similar to the Weiner et al plastic po­
tentials, and should have given dislocations. In the Slshurst 
-Hoover study the bonds are broken and then the crystal is 
only partially relazed (with critical damping) for a hundred 
steps. At the end of the hundred steps 'it/" was reduced to 
that propagation starts. This process .does not allow the 
lattice to perform all the deformation it wants to perform 
(in order to minimize the free energy). First, the way in
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which the damping affects dislocation formation is not 
understood (it could oppose it because the rate of deforma­
tion is reduced). Second even if the system^inspite of the 
damping is proceeding towards a dislocation formation, the 
hundred steps of partial relaxation might not be sufficient 
for the dislocation to get completely formed. When thettTis 
adjusted at the end of the hundred steps, surface creation 
(by propagation) is given an artificial preference over 
plastic deformation. The sample is thus forced to posses? 
excess brittleness than it would have shown if it would have 
been left to evolve by itself under a fixed potential.

Finally, the fixed vertical boundaries could have pro­
hibited motion parrallel to the crack (resulting from the 
non-negligible shear fields). This is because these boundary 
conditions fix the density in the x - direction and would 
thus resist any motion which tends to alter this density.

KAMINEN et al (1970 - 1973)

The work of the Kanninen group concentrated on BCG 
iron and used a Johnson potential. In a first paper (Gehlen 
& Kanninen 1970) a crack in the (100) plane (xy plane) was 
studied. A small number of layers were used. In order to 
simulate an infinite solid, periodic boundary conditions 
were employed in the direction perpendicular to the crack 
plane. The authors were unable to obtain a propagation even
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when the stress intensity factor zz Twas raised far
above the critical value -s. y S ? 7 predicted by the Griffith 
theory. The authors viewed the lack of propagation as re­
sulting from their ̂  -periodic boundary condition. A crack 
motion in this situation must involve a motion along one of 
the body diagonals of the unit cell. The motion of the se- 
perating first neighbours (at the tip) has a component in
the 2  -direction. Such a motion will thus reduce the aver­
age density in the ^  -direction. The -periodic boundary 
condition tends to keep the average density (in-2. -direction) 
fixed, and will thus oppose such a motion and help in locking 
the crack.

In a second paper (Kanninen & Gehlen 1971) tried to
move the crack by introducing a jog in the crack line. They
used two seperate small crystallites one containing a crack 
of length and the other of length^ i w h e r e  £L is 
the lattice parameter. The two crystallites were placed to­
gether, thus forming a jogged crack. The closure and exten­
sion of this crack was studied as a function of stress level. 
No actual propagation or healing of cracks was studied. What 
the authors mean by extension and closure is the following. 
When the shorter portion of the crack whose length is be­
comes of length -^f/^&they consider the crack above critical 
and about to extend. When the portion becomes of
length *£ , the crack is considered below critical and about 
to heal. Thus their simulation (as noted by them in their
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discussion) allows crack motion only by half a lattice spac­
ing. The authors think that this jog mechanism would be self 
sustaining in a real crystal. In this study their 5̂ boun­
dary conditions was removed.

The authors have also observed a static dislocation_ 
like deformation at their tip (at 45°)• They attributed the 
lack of propagation of the dislocation to their fixed iso­
tropic boundary conditions in the x-y plane.

In subsequent studies (1973) the authors have made 
their x-y boundary conditions flexible (and anisotropic).
A crack propagation was obtained.

2 C MOTIVATION FOR THE PRESENT CALCULATION

As mentioned previously the W-P and A-K models have 
given some results which are in contradiction with the conti­
nuum predictions. In particular, the two models have obtain­
ed load dependent terminal velocities, and also supersonic 
velocities for high loads. It is of interest to know whether 
these continuum violations have resulted from the idealized 
nature of the simulation, or whether they are true consequen­
ces of the atomic discretness of the lattice. When the dis­
cussions of the W_P and A-H models were given, it was pointed 
out that restrictions in the models can indeed produce un­
physical results. Thus the discussion of the W-P model
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proposed an explanation of thexr supersonic velocity in 
terms of the one dimensionality of their lattice (which pro­
hibits bifurcation). The discussion of the A-H model propos­
ed an explanation of the supersonic velocity in terms of the 
absence of dislocations due to the particular way in which 
the propagations were obtained, and due to the nature of the 
potential.

A model will be used here which resembles the A-H two 
dimensional triangular lattice with the more realistic L-J 
potential. The basic goal is to remove all restrictions on

The A-H periodic and fixed vertical boundary conditions will 
thus be removed. The model will be two dimensional so that 
the one dimensionality difficiency which is present in the 
V7-P study will be absent.

A L-J potential (with forces between atoms \vhose dis­
tance is greater than/>£*< neglected) will be employed, so 
the results will refer to a single solid with a unique mecha­
nical strength (not like the A-H model in which the strengths 
were different). For propagation studies, no damping will be 
used. The unrestricted time evolution after the introduction 
of the cut will be studied. In this way the lattice will 
deform in the mode, which is energetically favorable. The 
time evolution will be carried out until all transient eff­
ects die out except when propagation results. In the A-H model

the atoms and allow motion



only a hundred critically damped time steps were done before 
inducing a propagation by adjusting *UT . This adjustment of 
lt?~ which helps the propagation to start before large defor 

mations take place will not be repeated here. Instead the 
lattice will be allowed to deform as much as it wants be­
fore the critical condition of fracture initiation is reach­
ed. Damping will be employed only in the runs in which no 
propagation is observed in order to speed the approach to 
equilibrium. In some of the runs damping vail be employed 
to see whether it would affect dislocation formation or not.

One of the basic goals of the calculation will be to 
study the time evolution of the different parts of the total 
energy (strain, kinetic, surface, and loads) to check the 
validity of the assumptions which go into the Griffith and 
Mott theories. The time evolution of these quantities has 
not been reported in the A-K study.

The model is not intended to correspond to any real 
material. It is believed that studies of such idealized 
models can still give valuable understanding of fracture 
before proceeding to more realistic three dimensional models
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Summary
Section 2A has described why atomistic calculations are 

of interest and importance in general. In 2B the details of 
previous molecular dynamic calculations have been given. In 
2C some of the motivations for the present calculation have 
been given. Because the discussion has been rather detailed, 
it seems appropriate at this point to summarize the goal of 
the present calculation.

(1) Examination cf the different assumptions which go into 
the Griffith and Mott theories.
la. Checking the continuum expression for CC for thisc

type of loading and for these boundary conditions 
(i.e. free vertical boundaries )e 

lb. Checking the validity of the relation between the 
work and the increase in strain energy both at the 
start of the motion and later in the propagation, 

lc. Examination of the Mott quasistatic assumption about 
the stress fields.

(2) Calculation of stress profiles for a long range potential 
and comparing them to the Eringen non-local profiles.

(3) Studying the time behaviour of the different parts of 
the total energy (surface, strain, kinetic, and work of 
loads)
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(/l) Studying the effects of stress: level and crack length 
on the brittleness and ductility of the lattice.

(5) Studying the problem of the attainability of supersonic 
velocities iri. a lattice which is free to generate dis­
locations. and to exhibit branching.
Molecular dynamics will be employed in the simulations.

O L ^ 'i I

- U -

Fig. 2-5
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CHAPTER 5

M  m o l e c u l a r  DYNAMICS

Due bo the fact that the technique of molecular dy­
namics has become well known ( and fairly direct), no de­
tailed description of it will be given here ( for examples 
of molecular dynamic calculations see Paskin et al 1968 - 
1978). Instead, some of the limitations of the technique 
and details pertinent to the present problem will be dis­
cussed.

The basic limitation of the technique is the small
duration in time of events which ca be handled by the

—'10technique ( 10 sec.) This means that only phenomena
in which the characteristic times are of this order can 
be studied by the technique.

Another serious limitation is the small number of 
atoms which can be handled (due to computer memory capa­
city). This limitation has led to the reduction of the 
present model to two dimensions. In many situations a 
large enough two dimensional model can lead to a clearer 
and more realistic understanding of the phenomenon, more 
than a much smaller 9-D model*. This means that a 3-D mo­
del is not necessarily more realistic than a 2-D one.
The Kanninen et al model is an example of this. Their 
whole sample is effectively a bip. The proximity of the 
boundaries produces small sise effects which lead to



- 73 -

unnecessary complications in the problem.The size limitation 
can cause a serious size dependence in the results of some 
simulations. This point will be discussed further when the 
results of the present simulation are given. To reduce this 
finite size effect periodic boundary conditions are some­
times used. When this is done, the simulation sample is 
taken to represent a typical cell inside a solid composed of 
a periodic repetition of such cells. However one should be 
careful in the use of such boundary conditions specially in 
the simulation of lattice defects like dislocations or 
cracks. This is because such boundary conditions limit the 
average density in the direction which they are applied.
This fixed density could inhibit some degrees of freedom of 
the system and would thus cause the system to behave in an 
unnatural way. An example is given by Gehlen & Kanninen 
(1971) in which the periodic boundary condition m  the 
z - direction of a sample containing a crack in the x-y 
plane. This z periodic boundary condition prohibits the 
motion of the crack.

Molecular dynamics has been applied to look for equi­
librium configurations of defects, and also of monequilibri- 
um phenomena. In cases in which the interest is in finding 
the stable states (equilibrium)various damping techniques 
are employed in order to speed the approach to equilibrium. 
This is done by removing kinetic energy from the system in 
some way. The damping technique employed depends on the



- 74 -

particular situation at hand. Using a ne&fr1'suitable damping 
technique could slow the approach to equilibrium rather than 
speed it. For example, in cases in which the atoms are 
approaching their final equilibrium positions via vibratio­
nal mot ions, the Beeler-Kulcinslci technique is very suitable. 
This technique consists of setting the velocity of the i-th 
atom to zero whenever l7~. becomes negative. However, 
if this technique is applied to problems in which the appro­
ach to equilibrium is via a collective motion (e.g. a crack 
problem) the result is a slowing down of the approach to 
equilibrium. Other damping techniques set the velocities of 
all the atoms to zero when the total kinetic energy reaches 
a maximum. Still other methods use a damping parameter to 
withdraw' a fraction of the kinetic energy of each atom in 
every step. This damping parameter is varied until the most 
suitable value which satisfies some criterion (e.g. criti­
cal damping) is found. The main point which should be 
stressed here is that a moderate amount of damping is gene­
rally required. Too much damping slows the approach to a 
stable state and no damping slows down the process tremen­
dously. Usually one needs a degree of experience with the 
system at hand in order to find the most suitable damping 
method.

The discussion in the previous paragraph referred to 
equilibrium states at zero temperature. If one wants an 
equilibrium state at finite temperatures then no damping
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could be employed. To simulate temperature the atoms are 
given random displacements of some maximum magnitude. This 
maximum magnitude determines the value of the temperature 
which is simply the appropriate kinetic energy of the atoms.

The methods used to carry out the integration usually 
involve transforming the second order differential equations 
of Hewton into a finite difference equation. The most com­
monly empiojred methods are the central difference method 
(Verlet), the generalized predictor corrector methods, and 
the IToraseik-Gear multistep methods (see Beeler & ICulcinski 
1971) for an exposition of the different methods). The main 
difference between these methods is in the number of previ­
ous positions (or equivalently the number of higher order 
time derivatives) which are used to predict the new posi­
tions and thus in the computer memory requirments of the 
technique. Excluding some special cases, one could make the 
general statement, that the more memory used by a method,the 
higher the accuracy of the method.This is true provided the 
limit of the double precision word of the computer is not 
reached (IT.B.This is not a serious restriction because 
stacking techniques could be used to pack groups of computer 
words together to produce larger words capable of giving 
higher accuracies). Thus, the higher the order of the method 
used the larger the time step one could use. Of course the 
larger the time step allowed the less computer time a cer­
tain job requires. Hence the choice between the various



- 76 -

methods available becomes dependent on the accounting prac­
tices of the computer system used. Thus for example, for 
the CDS 7600 system at BNL higher order methods turn out to 
be generally cheaper than lower order ones. There is how­
ever a practical consideration which favours the lower order 
methods when a large number of atoms is used. The large 
memory needed due to the large number of atoms plus the 
large memory required by the high order of the method add up 
and tend to slow the turn around time ii^bbtaining the results 
in a serious way.

Originally when the present calculations were planned 
the Nordseik-Gear method of order seven was going to be used. 
Earlier, a comparison had been made between the central dif­
ference method and this method on a small FCC 4-3" solid. It 
was found that the same accuracy resulted when the Gear- 
Nordseik time steps were 4-6 times as large as the central 
difference time steps. When a cost calculation was perform­
ed it was found that the Gear-Kordseik was cheaper. However 
because of the turn around time problem mentioned in the 
preceeding paragraph, the central difference method has been 
used in the present calculation.
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3 B THE PRESENT CALCULATION

The details of a calculation performed on a 2-D tri­
angular lattice, using a first neighbour Lennard-Jones po­
tential will now be given.

The interact 
was assumed to be of the form

iO
ion energy between atoms ^
of the form

where £  is the depth of the potential and o( is the 
nearest neighbour distance (for a nearest neighbour calcula 
tion). The value of is obtained by minimizing the free 
energy of the lattice 'at'zero temperature and with no appli 
ed loads.

The Verlet central difference method has been used to 
integrate the equations of motion

where m  is the mass of an atom T- is the force on it due
— _<i  ___

to the other atoms. A value of gjt has been used
This value has been found to conserve energy to six places 
in previous studies on the same lattice.

The computer code for solving the problem consists of 
five parts, a main program called (CRACK) and four subrou­
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tines called (PLACEM, NEBOR, DYNMOL, and FORCE).

The main program (CRACK) initializes execution by 
reading in the relevant parameters and calling on the sub­
routine PLACEM. The relevant parameters are the size of the 
sample, the length of the crack, the cut off of the poten­
tial, and the required number of steps.

The subroutine PLACEM places the atoms on the required 
lattice,and determines the shape of the crystallite. It then 
calls the subroutine NEBOR.

NEBOR conducts a search to find the neighbours of 
every atom in the crystallite and then places these neigh­
bours in a table. In many problems (e.g. shock waves) one 
could form a reduced table using the first few planes in the 
sample (or first few rows in 2D). This reduced table could 
be used to find the neighbours of any atom in the sample by 
finding the member of the reduced table which corresponds to 
the atom. In other problems in which there are significant 
differences in the environments of atoms appearing in dif­
ferent parts of the crystallite, it becomes necessary to 
form a full table. This is the case for example in the 
crack problem. NEBOR calls on DYNMOL which in turn calls on 
FORCE where the forces of interaction T. are computed. 
After the return to DYNMOL from FORCE the Verlet solution is 
carried out for every atom. When damping is required it is
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done in the Verlet loop by introducing a damping parameter 
^  in the velocity term in the Verlet equation (2)

jT Si) =, (£) + ffe (i) - )
_  jf.

This corresponds to absorbing a fraction of the kinetic ener­
gy {ft —  corresponds to no damping and ̂  ° to
full damping . As mentioned before the damping can slow or 
enhance the approach to equilibrium. Different damping pa­
rameters have been tried on the small sample. Continous 
damping every step for some fixed , full damping every 
steps (100 or 200), and the Beeler-Kulcinski damping mentio­
ned before have been tried. An optimum parameter j£> of 
0.9&75 has been found to give critical damping for the small 
sample. For this fluctuations in the total potential dis­
appeared. This value of has been used in the large sam­
ple v/henever damping was required.

When it is required to apply an external force to some 
of the-surface atoms, the Ferlet equation (3) for these at­
oms . is' modified as follows

(t) + f &  (4)(■*- *4
+ SJ*) (4)

Where £  I f  is "the external force on the surface atom . 
The application of the external forces could be done in one
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step or as gradual as required.

The remaining part of DYNMOL consists of computing the 
quantities of interest from the coordinates just found. Time 
averages of the energies (PE & KE), strains, and Young’s 
modulus are found and printed out.

In cases in which extensive deformation takes place as 
in the dislocation emraitting propagations, the initial table 
of neighbours does not contain the new interactions which 
come into significance by virtue of the deformation. In such 
cases, the table needs to be updated periodically in time. 
$his is done, for most runs every twenty steps by a callx
from DYI'MOL to NEBOR.

The subroutine FORCE which feeds the forces to DYNMOL 
operates as follows. A loop is constructed which goes 
through all the atoms to compute the force on each due to 
its neighbours.Use is made of the table formed in NEBOR.
Use is also made of the equality of action and reaction to 
compute the interaction only once and then use it
twice once for atom ^  & then for

The potential energy is also computed in FORCE. When 
it is required to introduce a crack, the interactions across 
the faces of the crack are set to zero (turned off).
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FORCE also contains a small subprogram which calls on 
the DIS-SPLAY graphic system in order to produce a pictorial 
representation of the lattice. In most of the z-uns the 
small circular dots representing the atoms are removed and 
vectors connecting the atoms are drawn in order to indicate 
the interactions present. The vector connections are drawn 
at the instant the forces are computed.

A fifty percent saving in computer time can be obtain­
ed by using the left right symmetry of the cracked system. 
This requires a special treatment of the atoms lying near 
the central symmetry axis of the crystallite. One half of 
the crystallite is used but two columns of the neglected 
half are kept. These form a mirror for the last columns of 
the half which is retained.

The coordinates of the first 2 columns 
in the neglected half crystal are found 
bĵ  reflection (e.g. ( M  _ •); is the 
reflection of (jfty-l ) in ).

FIG. 3 - 1
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The position of the mirror columns are found by re­
flecting m-1, m-2 in m. The use of these columns is to make 
the last few columns of atoms in the half crystallite behave 
as bulk atoms at the center of the sample and not as surface 
ones.

Finally the problem contains a part in DYNMOL which 
stores the final information in a. run in such a way that 
continuation of the run is possible if required.

3 C MECHANICAL PROPERTIES OF THE TT.VO DIMENSIONAL
TRIANGULAR LATTICE.

One of the goals of the present study is to carry out 
a careful comparison between the predictions of the continu­
um theories and the results of the molecular dynamic model. 
Some care should therefore be devoted to pick the continuum 
results which correspond to the two dimensional system at 
hand. Also the comparison will involve the use of Young’s 
modulus . One way to obtain £  is directly from the
results of the simulation. However one would- also like to 
obtain E  from the interatomic potential and the geometry 
of the lattice.

The Born theory (Born & Huang 1965) enables one to 
calculate the Lame^’s parameters ^ . Classical elasti­
city supplies a relation for S' in terms of ^ j //-c in 3-D.
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If one wants to find ti for the present system, the corre­
sponding 2-D relation for E in terms of /\ has to be used.

Asliurst & Hoover (1976) as well as Esjborn and Jensen 
(197o) have realized that application of 3-D elasticity re­
sults to 2-D leads to inconsistencies. The conclusion of 
Ssjborn os Jensen is that for 2-D the elasticity results of 
3-D plane stress should be used. For the present calcula­
tion the numerical differences which result from using plane 
strain or stress are almost trivial. Here the application of 
the correct continuum form(plane stress) leads to a result
12.5;^ larger in the strain energy OC , and 6% smaller in the

£
Griffith stress , than if the incorrect form is used.

°r
Thus for the present system _______

Detailed analysis leads to the conclusion that A  , are 
equal for this lattice when the Z.-J pair potential is 
used (any pair potential gives for this lattice). The
system is elastically isotropic. In 2-D it is found that,

, / > = .

a  S  ) 1 &&+/*■)  _
S3)
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Hence for the present case

(6)

For the potential this gives
J  {<£/*£)

£  -  4 / y T  £ / * =  tZ-H- ( € U * ) (7)

This value of LZ does not take care of the non-linear 
nature of the potential. It is expected to be close to the 
measured value only for small stresses. The measured values 
will be given with the result below.

Although the lattice is isotropic in the elastic pro­
perties, it has different mechanical strengths in the dif­
ferent directions. In the y - direction /j°2j>the maximum 
local tensile stress, the lattice can withold is approxi-

where /  is the maximum force exerted by a / bond at
r / / 7its inflection point /r / -4-\l I . In this estimate the

crease in the length of lateral bond^/K*) has been neglected

All calculations were performed below this level.
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3 D INTRODUCTION TO RESULTS

The computer simulations were done on samples con­
taining 39 rows of atoms. The odd numbered rows contained 
135 atoms and the even contained 136. The left-right symme­
try was used throughout the large sample calculations. Each 
preloading simulation was done by loading the perfect sample 
to the required stress and then introducing the cut. In all 
such cases the perfect samples were brought to equilibrium

To save computer time, the perfect 
samples were prepared from previous ones by scaling the dis­
placement fields. The scaling was always followed by a 
period of non-damped relaxation, and then the samples were 
damped to equilibrium. This was done in order to allow for 
a displacement field consistent with the non-linear force 
law.(N.B. The scaled displacement fields correspond to a lin­
ear force lav;.). For the preloading experiments no damping 
was applied after cracking. In order to study crack statics 
some of the cracked samples were damped with = 0.9675.

The postloading simulations were done by taking a 
crack in equilibrium and increasing the applied stresses.

This was done by using a damping

A table update was done every 20 steps with neigh­
bours less than 1.6 J  apart included. The time step was
10 , where nm is the mass of the atoms, and ^
have been defined before.



Potential, kinetic, surface, and strain energies 
■were monitored throughout the runs. Surface strain g 1, eff-

observed depending on the crack lengths and loading parame­
ters. Dislocation creation, annihilation, and motion were 
also observed. Healing experiments were conducted with nc 
evidence found for lattice trapping. Static results indica­
ted that the continuum predictions for the strain energy is 
always less than the molecular dynamic values for fixed 
loads.

The Griffith concept was tested. The continuum 
relation between work and increase in strain energy was not 
satisfied in general. In one case the sample behaved in a

In general the Mott picture of a gradually accelera­
ting crack was not observed. Instead the velocities increas­
ed more quickly.

Stress concentration curves were obtained both for 
the static and dynamic cases. The non-local continuum result 
giving a stress independent stress concentration factor did 
not agree with the results of the simulation. was found

ective modulus , and critical bond lengths were also moni- 
tered.

Brittle, semi-brittle, and ductile behaviours were

rigid fashion with
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tc be ^  dependent. One propagation remained clean until 
the very end of the sample. Another ended in bifurcation, 
and a third in surface roughening and a region of extended 
damage.

The clean fracture was still accelerating at the time 
the end of the sample was reached. Some information about 
the possibility of attaining a 'supersonic velocity could have 
been obtained from this run if the sample had been longer.

It was not possible to investigate the supersonic 
regime because ail highly stressed samples blunted by dislo­
cation formation and plastic glide.

Before the large samples were studied preparatory 
runs on smaller samples were carried out. In these small 
sample experiments crystallites containing 253 atoms were 
used. The small samples consisted of 13 rows with the odd 
ones containing 19 atoms and the even ones containing 20 at­
oms. In general the small samples showed a great tendency 
to cieform plastically and generate dislocations. It was not 
possible to obtain brittle fracture except by introducing a 
cutoff on the potential. The form of the fracture surface 
was found to be sensitive to the cutoff and damping technique 
(whenever damping was used). Because such small ..-sample- ■ 
calculations were sometimes damped, the runs could not be 
used to obtain information about velocities (since the time



steps do not represent real time anymore). The samples were 
also too small to investigate an actual propagation. In some 
of the small runs the left-right symmetry was used. Host of 
the small sample simulations were for fixed loads but some 
fixed strain experiments were also done.

The goal of the small sample simulations was to gain 
familiarity with the sj’-stem rather than to obtain accurate 
numerical information. Thus most of the quantities which 
were monitored for the large samples were not monitored for 
the small ones. When the small sample calculations were done 
an optimum damping technique had not yet been found. The ex­
periments were thus done with different damping methods. 
Before presenting the results some definitions have to be 
mode. These are the definitions of , and W -

The strain energy due to a crack is defined by the 
relation

U£(X), A V — li,
A  V is the change in the potential energy and is the
surface energy due to the crack

v ( j e )  -  v ( v )  (2)

the potential energy of the system when the crack
length isoZj?. and\Z^^is the potential energy before cracking.
Also#**' where is the number of broken bonds, and
^  is the depth of the L-J well. From now on all energies
will be given in units of £  , distances in , stresses
i n g y Q ^ ,  and time *
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Comparisons will be made between ( strain
c

energy obtained by molecular dynamics) and (by continuumc
mechanics).

Another quantity of interest is the effective Young’s 
modulus (Berry I960). To define this, one writes the total 
strain energy for a cracked sample

0. E. = slS.
IE e

where ft is the area. If one assumes that the sample as a 
whole behaves in a linear fashion with an effective modulus 
j£ then

■■t, =  s L d
J. e '

Comparing the two expressions for the strain energy gives

j (3)

One could also test the continuum predictions by 
comparing the change in strain £  for fixed loads (or stress 

for fixed strain) due to the crack. Using (3) one gets

(4)

/
where €~> is the stress before and after the introduction 
of the crack. Also

^  =. S 4- (fixed <5~ ) (5 )
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Of course continuum theory predicts (3),(4),and (5) only for 
an equilibrium situation.

In the large sample data which follows, the v/ is 
the work done by the loads in straining the sample from the 
unstrained perfect state to the present state.

435 J  &L0

where L Q = 3 6 7372 is the zero stress ^ength)of the 
sample, is the applied force on a surface atom. To check 
conservation of energy in a time interval one should compare 
the change in W' to the sum of the changes i n ^ ,  and

There is an error in w  introduced by neglecting 
forces between atoms beyond a certain maximum distance. As 
mentioned in the description of the calculation, a table of 
neighbours is formed at the beginning and updated every 20 
steps. Only forces between members of the table are includ­
ed in the calculation. The table includes atoms whose dis­
tance apart is less than or equal to 1.6 . The force between 
two seperating atoms will be included even if their distance 
apart exceeds 1.6 provided a new table update has not yet 
been reached. The runs have indicated that forces are usual­
ly included up to a separation of = 1.6 + , where
O ^ A ^ - 0 4  . Thus for a pair of atoms the force is includ­
ed for «/”*\ anc* then suddenly drops to zero for •7r’]>7̂ .
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This is equivalent to using a L-J ivhich drops to zero dis-
continously at rt~~^Z]Av , figure . ( '3-2 (a))

In the calculation, neglecting the energy for
is equivalent to neglecting the work done in separating the

/— 1 atoms through * *̂n t îe T\. bhe poten-/̂ n/C
tial is approximately a step function, giving a force in the 
form of function (figure 3b).

4 ( r ) - 1  s ( ^ -  -%**)

The neglected work is thus the ^  integral of this delta
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Thus once a propagation starts, one should correct the work
0 ° 

done on- the sample by adding where He* is
the number of originally broken bonds, is the number of
broken bonds at the present time. V7ork corrections have
been included in all large sample runs.

The dynamic stress fields of the propagating cracks
were studied. Actually, force fields, the discrete analogue
of the continuum stress fields, were studied. These will be
referred to as stress fieldsfrom now on. The fields which
can be calculated readily from an atomistic model and which
are of interest here, are the tensile fields. These are

. I n  the dynamic case there is no guarantee
that er'**? sr I.e. that the stresses up will be

y-<r v if
equal to or close to the stresses down. The equalities will 
hold in an approximate way only when the separation process 
is quasistatic. The same comments apply to 
(c* to the left and to the right) At the beginning of the 
stress profile investigations the four quantities were moni­
tored i.e. 6~ up , ^ dovm b r i g h t  »«TLeff The equalities 
were found to hold almost exactly for at'oms away from the 
tip. The quantities were close but not equal near the tip.
In the results which follow the profiles will be given for 
^right ^  up only although the maximum values of ̂ Xeft 
and ^ d o w n  be quoted in tabular form. The stresses will
be given for the four central rows 1 8 ,1 9 ,20,21 which lie 
above and below the crack. It is also of interest to know
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the form of the stress profiles as a function of . Thus 
6~* right -̂s given for columns which are close to the tip. A 
column M includes all atoms which originally (in the stress 
free sample) had the same x-coordinate and those
which had an x-coordinate •{t* -1.5)o( . Instead of ^ u p  or 
^ d o w n  for columns, a quantity of more interest ^open 
(or^K close) is S-ven for the columns, where

for rows ^  19
up

open
G ~  for rows 19

down '

A final remark about the stress fields is due. The 
longitudinal force fields ̂ u p j  ̂ open correspond exactly to 
the real stress fields as defined in continuum theory. The 
transverse force fields should be multiplied by 2/j/37 to 
convert them to a continuum stress, since the linear density 
of atoms in the y-direction is less than that in the x-di- 
rection by^J/^. The conversion to real stress was not done 
in the results section.

In the small samples the crack investigated was 
th th

between the 6 Sc. 7 rows. It xvas formed of l,18 broken 
bonds. In the large samples the crack was between rows 19<2G.

Small sample experiments are referred to with an S 
(e.g. S4 will be the fourth small sample experiment).
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Large sample simulations will be referred to with
A quantity

will be used to compare continuum theory and molecular 
dynamics for any quantity X.
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RUN < T
i

CUTOFF DAMPING COMMENTS

S 1 1.0 NONE . . J8 . ~ .9.375. . STATIC

S 2 1.5 NONE EVERY IOC 
STEPS

D

S 3 1.25 NONE t: -

S 4 1.35 NONE ir D

S 5 1.35 NONE
i

tf 1 HEALED
. i .. .....

S 6 1.3 12# tr B (UNEVEN)

S 7 1.3 12# EVERY 50 
STEFS

B (CLEAN)

S  B 1.3 NONE EVERY 20 
STEPS

STATIC

S 9 3.2 20# EVERY 5 
STEPS

B (CLEAN)

S ID 3.2 NONE T! -

S 11-s: 17 s e ;E T A B L E 3 - 3 i
S IB 3.11 NONE 'E » .9375 | FIXED „2 

f  ^  = 5.047x10
S 19 3.67 NONE V FIXED 9 

&  = 6.56x10“*
S 20 

_____— ___ <___  ___ i
NONE tt - FIXED o 

5  = S x  10 j
D = DUCTILE B = BRITTLE

TABLE 3-1
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RUN £ <r DAMPED LOADING COMMENTS

L-1 39 0.5 NO PRE RIGID TEARING
L 2 19 1.3 NO PRE SEMI BRITTLE
L 3 39 1.3 NO PRE ENDS IN BIFURCATION
L 4 39 0.5 YES _ \ EQUILIBRIUM
L 5 19 0.5 YES - it

L 6 o✓ 0.5 YES mm r

L 7 19 1.3 YES -
it

L 8 9 1.3 YES - it

L 9 39 0.5 NO - BONDS RESTORED 
( HEALING )

L 10 19 1.3 NO - IT

HHHh 39 0.5 NO POST CRACK STABLE
T U  i, 1* 3° 0.55 NO POST NO PROPAGATION
L 13■ 39 0.6 NO POST it

1 L 14 39 0.65 NO POST PROPAGATION
t •* ru ±5 3? 0.55 YES - EQUILIBRIUM

L 16 39 0.6 YES - ii

L 17 19 3.0 NO PRE DISLOCATION
BLUNTING

L 18 9 3.0 NO PRE
1

. . . . . . . . . . . .

ti

SUMMARY OF RUNS 
LARGS SAMPLES 
' TABLE 3-2
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RUN SI (FIXED LOADS) Q £ =

The perfect sample was stressed to £“*= 1.0 . The 
potential energy \f for the unstressed sample was (-6 9 6).
The stressed perfect sample had a potential energy of(-69L.7), 
giving a strain energy

C $ -E)  -

The value predicted by linear elasticity is

_ 0 ' ° ^

n

The two values are thus quite close, giving

1  o , ? c
/ ■ i .

The craclc was introduced at time step SSOO. in order 
to choose the optimum damping technique a set of calculations 
were made for different damping parameters and for the Beeler 
-Kulcinski damping. The results are given in figure 3-3. The 
v a l u e 0.9375 was found to be the optimum one. This value 
was used in all large sample experiments which needed damping. 
Here the different damping methods converged to a value of 
-337.025 for the half sample. This gives

/ * 2 >

^ 4  V  _  U£
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=  / L  i ^ . o S -  _  6 %  • ? )  _  lg

This gives

RUN S2 (FIXED LOADS)

The desplacemsnt field of an equilibrated crack atg-=1.0 
was scaled linearly to 1.5. The initial values of the posi­
tions of the atoms was determined from this scaled displace­
ment field. A stress of e*'=1.5 was applied. A full damping 
every 100 steps was used (T = 0 ). The tip was blunted by dis­
location formation, and the dislocation moved to the lower 
surface of the sample. The run started at 7900. Figure (3-4) 
to (3 -6 ) show the lattice at three time instants.

RUN 32 (FIXED LOADS)

Same as 32 but for er* =1.25. No propagation or disloca­
tion formation were observed. In 32 and S3 no table update 
was used and therefore some of the interactions which come 
into play as a result of the slip process (in S2 ) are
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not included here but were included in later runs. These 
interactions are present at the core of the dislocation and 
in general help the glide process and therefore enhances 
dislocation emission. Also some of the interactions which 
were originall3r 1 neighbour have become second after the 
slip. To make the calculation consistent, these should be 
excluded. They have not been excluded in these two experi­
ments since no table update has'been used.

RUN S4

Same as S2 but forgr* = 1.35. As in 2 plastic glide 
occurred. After a unit slip had occurred at 10180 (3-7) the 
sample was split into tv/o uneven parts at 10980 (3 -8 ).

RUN S£ (HEALING)

The sample mentioned in S4 was taken at 9000 (before 
the formation of the dislocation), and the cut bonds were 
restored.The crack healed.

RUN S6 (12% CUTOFF)

Similar to S2 but for ®*'= 1.3 and a 12% cutoff on the 
potential (i.e. all forces between atoms at a distance
greater than 1.12 neglected). A propagation was obtained

"t 1*1but the 6 * row was split in two parts one adhering to the 
upper and the other to the lower part of the sample.
Figure (3-9) to (3-12).
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RUI'T S7 (12 % CUTOFF)

Exactly same as 36 but with a full damping every 50 
steps (instead of ever}*- 100). Clean propagation was obtain­
ed. Figures (3-13) and (3-14)

RUK 38 (HEALING)

Same as (£6 ) and (S?) but with a full potential and 
more frequent damping (every 20 steps). No propagation or 
plastic deformation were observed. Maximum stress at the 
tip was 4 .2 , at step 11520 giving

/
j ^  <2./-/'3 =  3. <23

E?atJ&-£N

The sample at 11520 was taken and the cut bonds 
restored. The crack healed in 960 steps (Figures (3-15) to 
(3-17). Run started at 7900.

RUN SQ

Applied®” = 3.2 with a 20fo cutoff and a full damping 
every 5 steps. Initial position^obtained by scaling from 
the = 1.0 . Clean propagation resulted (Figure 3-1$)* 
Started at 7900.
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RUN S 10

Sane as S9 with no cutoff or damping. Plastic defor­
mation resulted. (Figure 3-19).

RUN S 11 TO S 17

Table 3-3 summarizes the results of runs (S II) to 
(S 17) ana gives the parameters used in the runs.

RUN S IS (FIXBD STRAIN)

» 2This is a preloading simulation at £  = 5.047 x 10 
The average <5" on the surface was 3.11 giving £  =■ 61.6 . 
For this strain

/W 0)
LA £  _  If 

c  x £

6l A J  =  A  7  5

This fraction was always less than 1 for fixed ^  both for 
the large and small samples

£c- er'jC- /-3* ?=b>(6~'f-/.?<?
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It was found that J= 1.79. The continuum and atomistic 
calculations are quite close in this case.

RUN S 19 (FIXED STRAIN)

Same as S 18 but for 2. = 6.56 x 10“^. The average 
stress before cracking was 3 -6 7 , g i v i n g = 56.94.

c ' *2
Itg. - / 7 • o 6 j U- = /o. If

c

which is again greater than 1. /W.2)

( £ ' f =  3*2.2  j ( £ ' ) \ 2 o . \

) ̂ 3. U j  ~ £.of
N.B. RUN S 18 a, 5 19 were damped with p = 0.y875 after 
it was ascertained that no propagation would result.

RUN S 20 (FIXED STRAIN)

—2Same S 19 but at £_ — 8::10“ and no damping. The pur­
pose of the experiment is to study a propagation at fixed 
strain. The sample showed the same tendency to form disloca­
tions as the fixed stress samples. At about 13900 the dis­
locations got away from the tip and the tip was blunted. The
size of the sample was too small to continue the run.Figures 
(3-26) to (3-34)
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Him m  (PRELOADING)

The sample was stressed to = 0.5 . At equilibrium 
the surface strain £*was C.00616, giving &  = SI.13 . A 
crack of 39 bonds was introduced at step 4500. The build-up 
period of the crack stress field was about 1300 steps. At 
the end of this period propagation started. This fracture 
was brittle throughout the sample. The different quantities 
of,, interest are given below.

and as a function 
are computed for the half 

crystal.

To compute the ^  correction mentioned in the intro­
duction, the propagation was examined between the tip posi­
tions = 42.25 and yZj.- 3S.25 (inclusive). For the 9 
bonds which break in this interval, the maximum bond length 
included before upaating v;as found to have an average of 
1.6139. This gives a correction of .11)99 per bond. This 
correction was used throughout the large sample propagations.

As is clear from Figure 3-35 the strain energy is
not chanting with length, and the work is. Hence^ o .

~olw
Linear elasticity predicts a value of 0.5 for this quantity, 
and this result is used in the Griffith and Mott theories.

Figure 3-35 gives W  ,^, big- 
of the time £  . These quantities
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Because oC this fracture will be called a rigid fracture.
A simple model for analysing this special case will be given 
later. However it should be understood that the term rigid 
applies only in a very approximate and non-rigorous sense.
If the upper and lower parts of the sample were exactly 
rigid the propagation velocity would be infinite. (K.B. See 
the discussion on the rigid tearing mode). Hear the region 
left behind the propagating tip is relaxed and hence its 
strain energy drops. The region ahead of the tip gets stra­
ined as the tip approaches it. The rates of strain energy 
decrease and increase in these two regions cancel each other 
and the total strain energy remains fairly constant.

Figure (3-36) gives the time evolution of the first 
five bonds across the crack faces. As apparent from the 
diagram the behaviour of the consecutive bonds is quite si­
milar. The time rate of increase of these bonds is almost 
constant after they reach a length of approximately 1.16 (or 
1.28 according to another estimate). Figure (3-37) gives 
the behaviour of the first four bonds and the eleventh bond 
in the range 1.45 - 1.6. The bond length vs time curves are 
almost parrallel indicating that the rate at which bond 
lengths increase between 1.45 and 1.6 is increasing Very 
slowly. In Fig. (3-3&) the variation of crack velocity 
with crack half length Jl is given. In this figure a crack 
is considered to be at a certain bond when the bond length
exceeds 1.45. This figure also shows some other estimates 
of the variation of with . These will be discussed
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later. Figures (3-39) to (3-44) srhow five pictures of the 
half lattice. In these and in subsequent pictures arrows 
connect all atoms which are interacting (up to )

Figures (3-45) to (3-73) show the ten stress profiles 
of interest at three different time steps 6 9 0 0, 7 6 2 0, 6 6 0 0. 
The stresses anci bright (defined in the introduction) 
are given for rows lc,19,20, and 21. Also 0pen and 

^""ris-ht are £-‘-ven ^or col1™ 11 closest to the tip. All 
these fields are given here in order to show that the dyna­
mic fields at different times are qualitatively very similar. 
The stress profiles in the other two propagations were also 
tested as a function of time and the same qualitative simi­
larity between the profiles was observed. Table (3-4) gives 
the maximum stresses on the four rows at different times. 
These maxima do not necessarily occur on the same atom of a 
particular row. As will be evident, when the static fields 
are presented, there are some differences between the static 
and dynamic stress fields. A discussion of the main differ­
ences will be postponed until the static fields are given.

RUK L2 (PRELOADING)

The number of originally broken bonds was 19. This 
simulation is similar to LI but for a higher stress of 1-3* 
The surface strain £  for the perfect sample was 0.01633, 
giving £  - 79.6. The crack started propagating at about
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3 4 0 0 , which is 600 steps after the introduction of the cut. 
The propagation was initially brittle. By step 3700 dislo­
cations were trying to form at the tip. The picture of the 
lattice at 3700 shows dislocations trying to form both above 
and below the tip. At 3700 the crack had a length of 13.25, 
the tip being at 52.75 • As the tip moved to the left 

52.75 at 3 S0C) the strain field at the old tip position 
53-75) is relaxed.- As a result, the dislocations which 

had been formed (or which were trying to form) at the old tip 
position, got annihilated. This is apparent at 3^00 where 
the dislocations which appeared below the tip at 3700 have 
disappeared. The same process of creation and annihilation 
of dislocations is repeated several times. This goes on un­
til step 44C0. In the language of the Rice-Thomson theory 
presented in chapter 1 , the dislocations were trying to over­
come the attractive force which pulls them to the tip by 
reaching the critical seperation radius . This resulted 
in a dislocation cloud accompanying the tip. By step 4200 
the dislocation below the tip had already been formed and 
seperated itself from the tip. However although it was al­
ready fully formed it got annihilated between 4200 and 4 3 0 0. 
At 4400 twTo dislocations above and below the tip were formed 
and escaped the tip region travelling towards the outer sur­
face. By 5100 thefie two dislocations were 5 and 6 rows from 
the top and bottom surfaces respectively. At this stage the 
tip had been somewhat blunted but the fracture was still 
quite brittle. By 5700 multiple slip had already occurred.
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Two edge dislocations had arrived to each of the upper and 
lower surfaces. At the tip, surface roughening appeared and 
the originally sharp appearance of the crack disappeared.

Figure (3-74) shov/s the time evolution o f W  , ,

and . ^ / a l s o  gives the length of the crack (in bonds). 
This figure also gives ) as a function of time. As
apparent from the figure the elastic value of 0.5 for this 
coefficient is not observed. The value of the coefficient 
decreases with time (or crack length) so that in the long 
length l i m i t ^ ^ g y ^  0. This means that in this limit
the rigid body picture might be a useful one for studying 
the propagation. The same conclusion can be derived from 
figure (3-75)' in which W  , and uj. are given as a func­
tion of 'U.g . Linear elasticity predicts a straight line for 
W  vs iCg. with slope equal to 2. The molecular dynamic 
simulation gave a curve concave upwards with

or (s* D
d u e ^ w

This indicates that in the limit, variations in 0C- may be 
neglected with respect to and rigid regime).

The decreasing value of p C U e  /  a C W might be under­
stood in terms of the dislocation emission and motion. As 
the shear strains in the tip vicinity increases, the strain



-  log -

energy g  also increases. When a dislocation is formed
and moves towards the surface, the shear strain is relaxed
and Ue decreases. The energy released from the shear strain
field goes into kinetic energy. This means that when work

is done on the samole ot£{ would be smaller if dislocation
£

emission and motion take place than if such processes do not 
occur.

Thus one could arrive at the same conclusion of o L ( A ^ ^t:
in two -ways. By considering the fracture to be rigid in the
lone lens-th (because in this limit oi LC-&C ) limit, or byir
considering it to be highly plastic (with increasing dislo­
cation emission) in this limit. The two pictures are physi­
cally very distinct. One could choose the appropriate one 
only when the probability of dislocation emission is known 
as a function of velocity. If dislocation emission increases 
or stays constant with crack velocity the plastic picture 
must be employed, if not the rigid one is appropriate.

Figures (3-76) to (3-91) give the pictures of the 
fracturing lattice betwreen 3300 and 5700. Figures (3-92) to 
(3-107) give the stress profiles ^ u p ,  right for rows 
1&,19,20,?! at 3840 and 4500. Figure (3-3-08) gives the time 
dependence of crack velocity. In this figure the crack is 
considered to be at a certain bond when the bond is complete­
ly broken i.e. when its length is (as defined in the
introductory section preceeding the results)
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Figure (3-74) shows that /^r-and g  are almost par/a- 
llel implying that oC Idg. Since t/Ĉ i s  by definition
proportional to the half length J. , the above equality in­
dicates that u s  is proportional to I  in this run. Linear 
elasticity give^an Jfc, dependence instead.

Table (3-5) gives the maximum stresses near the tip 
on the different rows for steps 3 1 6 0 , 3^4 0 , 4 5 0 0.

RUN L2 (PRE LOADING)

This experiment is similar to L2 except that the 
number of originally broken bonds is 39 giving = 19.75. 
The tendency to form dislocations' which was observed in L2 
did not appear here. Instead the fracture was completely 
brittle until step 4000 when bifurcation associated with 
dislocation formation took place.

Figure (3 -1 0 9 ) gives the time evolution of Vv/ ,
, and (X.g . Figure (3-Iiu) g i v e s  V /  ,  , and as a

function of . W  vs is almost a straight line with an £  £
average slope of 2.S5 . This is quite close to the elastic 
value of 2.0 . The behaviour here is quite different from 
L 2 where [ptW fdtQ was always increasing. The constancy of 

'fgCuJ) agrees with the assumption made m  all continuum, 
energy balance theories.
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with an average slope giving a crack velocity - >;.yye/'w
The s tune curve is approximate!}7- a straight i m e

where nm is the mass of the atoms, and £  the depth of the 
well. This is gives

Bifurcation occurs before this velocity is exceeded. This 
agrees with the continuum prediction for bifurcation veloci-

It should be mentioned that the behaviour of the 
crack in this experiment is in contradiction with the Mott 
expectation regarding the acceleration period. As discussed 
earlier the Mott theory predicts a gradual increase in velo­
city. For example a crack needs to double its length in 
order to be accelerated to 50% of its terminal velocity.
Here the terminal velocity is reached right after the propa­
gation starts. Figures (3-111) to (3-125) give the pictures 
of the fracturing lattice, and figures (3-1 2 6 ) to (3-139) 
the stress profiles at 3760. This is about 200 steps before 
bifurcation starts. Of special interest are figures (3-134) 
to (3-139) which give the profiles for ®“bpen anc* right for 
columns 40, 41, 42 about the tip. As apparent from these 
figur&S the profiles are broad. This will be more apparent 
when these profiles for the static cases are presented later. 
The broadening in the profiles indicate that the highly stra­
ined. . region extends above and below the central rows (19 & 
20). This increases the probability of initiation of two
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fractures above and below the central rows and explains why 
bifurcation occurs later.

RUN L4 (DAMPED EQUILIBRIUM)

The sample used in LI was damped with ̂  =0.9875• The 
potential energy of the perfect half crystal was -7749.07 . 
The final potential energy at step 9900 was -7703.82 .
This gives /mj)

U,g. - £  V  —

= c2 x [ 4.S.AS- 3 9 ]  

= 12. S'
£

U?~ JT ~  / o .  Sx/?.?'S)=3.yj
*  £  SI-12 L

with
_ o.3

The effective modulus at the end of the run was 
. ✓  . A O  _  . s

( £ ■  )  -  3 o .  6

Using equation (3) of section 3D one gets ( £  )  - 52.2 . 
Linear elasticity predicts a new value for the surface strain 
given by (5). This gives

(2 ')°= - Oo£l* +  (t> SSJ9-)(0.£)/(gl./3)

= . o o  9 6
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/
The observed value of £  is

' 0 , 6 3 3
The value of U £  quoted before (12.5) is derived from the 
potential energy at the end of the run (9900). When the 
damping was introduced at 5400 the potential energy moved 
towards a maximum at 5&5C and then kept decreasing from 5&50 
to 9900. Over the last 400 steps the rate of decrease in 
potential energy was (2.6x10“^$) per step. An exponential 
extrapolation based on the last 2500 steps gives a potential 
enepgy at infinity of -7704.49 which gives a value of ocF  
equal to 11.15 instead of the 12.5 obtained at 9900.

The stress concentration factor this run was

4 -  ± 6 / o .  5 =  <?•
This was obtained at step 9460. Table (3 -6) gives the 
maximum stress on the different rows. The Eringen estimation 
of for this case is

—  __ C c v ) t / j u / A

= . 7b2 /^x/£7< 4. 5 3  

[ C ( y ) =  .7*2 r o 'R v-=
The critical bond at 9900 was 1.109 long.
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Figures (3-140) to (3-151) give the stress profiles.

Of particular interest are the profiles of column 4&. The 
sharpness of these should be compared with the broadened 
profiles in L3 (Fig. 3-134 & 3-135) which gave rise to bifur­
cation. Of interest also is the fact that the ratio of 
maximum transverse stress to maximum longitudinal(vertical) 
stress is about 0.76 . This is contrasted with the corres­
ponding ratio for uhe dynamic case at the same stress. From 
table (3-3) this ratio is .97 at 8280 and 1.004 at 6800.

RUN L£ (DAMPED EQUILIBRIUM)

A (19 ) crack was introduced in a perfect half crystal 
at G“ =0.5 at step 4500. The system was left to evolve with­
out damping for 1100 steps. In this time period the critical 
bond attained a maximum length of 1.0633 at 5400 and then 
started decreasing. This indicated that this crack (9.75 in 
length) was below critical. A damping o f ^ = 0.9^75 was in­
troduced at 5600. The system reached an equilibrium in 400 
steps. Between steps 6000 and 63OO the potential energy
remained constant to six places. The decrease in the criti-

_2cal bond length in this period was 8.7x10 The constant
value of the potential energy was -7729.21 . This gives'-
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For this

u :  =  -
t

Also L &

(E 'f\ £6-4-9 (E 0 =  El- S

i/" — _ <3. t> $ 5"—  6 - /  ^  =  3. IS

Table 3-7 gives the maximum stress on .the different rows. 
These are taken at step 6280. Again the ratio of maximum 
transverse to maximum longitudinal stresses at the tip in 
this static situation is 0.56 . Again this ratio is much 
smaller than the corresponding dynamic ratio for the same 
crack at 6“ = 0.5- The dynamic ratio at 3760 was .96 and 
at 4500 was .89.

RUN Lo (DAMPED EQUILIBRIUM)

Same as L5 but for 9 originally broken bonds ( ^ =  4.75).
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( E  ) = - 1 - 9 . &Z, ( £ ' ) ^ 7 S . < Z £

( d p .  00**1 (£'f= . oo 6 3£

_  /. $ s. 3' ° ̂  J  - oi‘ ci s.

l{"2~ ,3 6 U C=.2!2
^ F  ~  f

The stress concentration factor given above is for 
step 6500. The other maximum stress at this step are given 
in table (3-S).

The strain energy above is derived from the values at 
6100. \/ remained constant to 6 places, and the critical 
bond to 5 places between 6100 and 6500. The run was started 
at 4600.

RUN L2 (DAMPED EQUILIBRIUM) (fir- )»3)

This is another damped experiment in which the number 
of broken bonds is 19. Cracking was done at 2S00. Until step 
4S00 the potential energy was still varying appreciably.
( &\/= .14 in a 100 steps). An exponential extrapolation of 
the increasing potential energies based on values from step 
3S00 to 4^00 gives a potential energy of -7700.31 .This gives



-  1 1 6  -

U * * ~  / 6 . T - Z

C

LA ̂ ■=. £' 3 4 *
t ^

Of - 4- • 4- S'/j-3 = 3  * 4- ̂
f?Zh>&c N

- 3

( £ ' )  =  ? £>. !L 

C s ' f ^ . o / 9

is from step 6240.

RUN L8 (DAMPED EQUILIBRIUM)

The perfect sample at ^ - 1.3 was cracked with a 
crack of length 9 broken bonds at 2B00. The sample was run 
for 2600 steps. During this time the critical bond achieved 
a maximum of 1.0927 at 4500 and then started decreasing to a 
value of 1.0566 at 5300. Damping was introduced at 5500, 
and another 1000 steps were run. During the last 100 steps 
(64OO-65OO) the potential energy of the half sample was con­
stant to six places ( = -7717.77). The critical bond was

-L.decreasing at the rate of 4.7x10 % per step during this
interval.



- 117 -

Ml , C
UL = 3 - % 6 u — !• 5 >

e  e

A - - 3 f

( e T * w

( e ' ) ™ *  . a * * -

F  ^ 3 - 6 5 / - 3 * £ - g }

^ I V ^ =  & . 2 . I L

i/ is obtained at 6500 and the profiles are given in 
figures (3-152) to (3-155)-

RUN L9 (HEALING)

It will be recalled that the Thomson et al model pre­
dicts that if a crack of length 2l has a critical stress c
it will heal only if £■* is lowered to . This model pre­
dicts that ( ^  ) will be of the order of magnitude of €r . 
According to this model if the applied 6“' is lowered slightly 
below the crack will not heal and will be lattice trapped. 
As mentioned in chapter 2 Ashurst & Hoover observed a trapp­
ing of 2.7 (=<M - / e-— ). It is the objective of this experi­
ment to show that for a long ranged potential no such trapp­
ing will occur and that a stable track will heal whenever it
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is allowed to do so. It will be shown below that no reduc­
tion of S’' is necessary to obtain healing.

The stable crack of run L4 (®"=0.5, 39 broken bends)
was used. At step 9900 the broken bonds were restored. The
crack healed. At the instant of restoration the critical
bond was 1.10879 long. This bond connects atoms 4$ & 49 in
rows 19 & 20 respectively. Table (3-9) gives the time
evolution of the critical bond and the first seven restored
bonds for the first 150 steps after restoration. The equili-

I
brium length of a bond between rows 18 ■ & 1-9 in a non-cracked 
sample at this stress level ('*■*= C.5) is about 1.02. Thus 
the table indicates that the crack healed by &  bonds in 150 
steps. This process goes on until the whole crack closes 
completely.(N.3. This experiment was continued for another 
100 steps only. In this additional period another 5 bonds 
healed)

Thus the results of ( L ^ ) indicate that a stable crack 
will heal when permitted to do so. In the language of the' 
Thomson model this experiment has shown that for a
stable crack. This indicates the absence of trapping.

From experiment (LI) (PRELOADING)® . 5 . At an app­
lied S' of 0.5 the crack will propagate in a preloading 
experiment and at the same applied g-' it will heal if brought 
to equilibrium and restored. No wide range of ̂  is thus



- 119 -

required to produce healing and extension.

As will be evident from the coming experiments the ^
(postloading) 0.625. This means that static crack of (L4)
will be stable against propagation xdien the applied of 0.5
is raised to any value in the range (o.5 - 0.625). This
just indicates that O'- (postloading) (preloading). TheC
relatively large difference between the two does not indicate 
any trapping. This is because at any <f* in the range 
(0.5 - 0.625) a preloaded crack will propagate, and if suit­
ably damped and restored will heal.

RUN L 10 (HEALING)

• RUn (L9) was repeated for a higher stress of 1.3 
Healing resulted here too* The run started at 6240. The 
critical bond decreased from 1.25 at 6240 to 1.05 at 6350.

RUN L 11 (STABILITY AT <^= 0.5)

It is interest to knov; whether the damping forces the 
cracked system to go into a metajstable state or whether the 
configuration arrived at with the help of damping is a true 
equilibrium configuration. The question is especially impor­
tant in cases where the applied is close to the critical 
value. In the case of the long crack (39) a stress of 0.5 
caused propagation in preloading (LI) and equilibrium when 
damped (L4). Here the system at 9900 (from L4) was used to
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check whether propagation would result when damping is re­
moved or not. The damping was removed and the system was 
run for 1200 steps. No propagation was observed. Actually 
the potential energy of the system decreased uniformly during 
this interval (gained attractive energy). The decrease in 
potential energy was 1.15. The run was stopped at 11200.
In this interval the critical bond decreased by .018. If 
the run -would have been continued both potential energy and 
critical bond would have oscillated about some average 
equilibrium values.

Thus the <5~~ 0.5 (39) crack was found to be stable, 
and G"c (POSTLOADING)^ 0.5.

RUN L 12 (POST LOADING) & =  0.5T

This experiment as well as the next two were performed 
with the objective of finding the critical postloading stress 
eJ for the(39)' crack at =0.5. The applied stress was 
increased from 0.5 to 0.55 at step '(9900^. The sample was 
run until step 11800. The critical bond decreased from 1.109 
at 9900 to a minimum o’f 1.108 at 10100. It then attained a 
maximum of 1.153 at 11300 and then started decreasing. At 
the end of the run the critical bond was 1.143 (at step 11800) 
It was concluded that (POST LOADING)^ 0.55 for this sys­
tem.
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RUN L 13 (POST LOADING AT 6"= 0.6)

The stress on the sample of experiment L 12 was raised 
to 0.6 at step 11900. The critical bond increased slowly 
and performed small fluctuations while increasing. It reach­
ed a maximum at 13500 and then started decreasing. The max­
imum was 1.2303. At the end of the run (step 13350) the 
bond was 1.2C49 long. It was concluded that (P0STL0ADING) 
^>0.6 for this crack.

RUN L 14 (POST LOADING AT = 0.65)

The stress on the sample of L 13 was increased to 0.65.
Propagation was obtained. Thus (POST LOADING) S  0.65.

^ \

RUN L 15 ( 6^ 0.55 DAMPED)

The sample in experiment L 12 was damped starting from
step 11200. The run was continued to step 12500. At the
end of this run the critical bond length was decreasing at
a rate of 1.3x10”^$ per step, and the potential energy was
also decreasing (becoming more negative) at the rate of
2.6x10 per step. The final value of the potential energy
was -7701.74, of the critical bond length 1.1337. To compute 

, y AO>
W-g the potential energy of the strained lattice is 

needed. Since no run ivas done for a srrained uncracked 
lattice at 6 ^= 0.55 the value was obtained from t h e ^  =0.5. 
run by assuming a strain energy of the form given by linear
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elasticity i.e. proportional to . The strain energy at

This gives the potential enefrgy of the uncracked half sample' 
at &  = 0 . 5 5  as -7748-39. This gives

Table (3-io) gives the maximum stresses on the different 
rows at 12520.

RUN L 16 ( 6^= 0.6 DAMPED)

The sample of (L 14) was damped starting from step 
13900. The behaviour was the same as in (L 15). The rate 
of decrease of critical bond length at the end of the run 
(step 15750) was 6.6x10“**% per step and its length was 
1.207V. The rate of decrease of potential energy of the 
half crystal was 2.6x10”^% per step and its value was 
-70W . U 6 . This gives

5
0.5 was 3*43 hence at 0.55 it is 3*43(0.55/0.5) - 4.15*

which gives



- 123 -

^  o

Table 3-11 gives the maximum stresses.

RUN L 17 (DUCTILE FRACTURE)

/In order to stud}'- the supersonic regime a perfect 
sample was strained to =3.0. A 19 crack was introduced. 
Instead of propagation the tip blunted by dislocation emi­
ssion. Several such emissions occurred before any extension 
took place. The main difference between this sample and the 
ones which resulted in propagation was that the highly 
strained region was relatively larger here. In the cases 
which resulted in propagation the bonds which suffered the 
largest extension always lay across the crack faces( i.e. 
between rows 19 <1 20). Here it was found that after the 
initial extension takes place In the first two bonds the 
highly extended bonds are not the ones at the tip but are 
one row above and below it. At 7100 for example the exten­
sion state is
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FIG. 3-156

In the propagation cases the next highly extended bond after 
(19-20, 58-59) was (19-20,56-53)• Here instead of this(l8-19, 
58-57) and (20-21, 58-58) have a larger extension.

At 7150 this situation recurs with the extension of the 
off tip bonds increasing and a new interaction (20-21,57-59) 
coming into play.

do

&

a

FIG. 3-157

7150
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At 7200 another nev; interaction has come into play(lS-19, 
57-5o), These two new interactions help the glide process.

Figures 3-159 Si 3-160 shew the lattice at two instants.

RUM L 10

Same as L 17 but for a smaller crack 9 bonds. Again 
ductile behaviour was observed. Figures (3-161) to (3-167)

give the pictures of the lattice.

a -  eg

FIG. 3-158
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DISCUSSION

2L- l^E GRIFFITH THEORY

The theory has been tested in detail for the case of 
fixed loads with free vertical boundary conditions. While 
the basic idea of the Griffith approach is thermodynamic in 
nature and cannot be wrong . the assumptions which have 
to be made in order to achieve some progress are not always 
valid for this type of loading.

In particular the use of the Inglis expression for the 
strain energy of an elliptic hole to represent the strain 
energy of a crack was found to yield values smaller than the 
strain energies obtained by molecular dynamics. Table (3-12Jo") 
summarizes the results and gives the continuum (Inglis) 
strain energy as percentage fraction of the molecular dynamic 
strain energjr. The fraction varies from 29$ to 61$. Exclud­
ing the last entry in the table (which might not have arrived 
to complete equilibrium) the results indicate that the dif­
ferences between the continuum and molecular dynamic energies 
increase with for the same X  and with £  for the same 
^  . This is to be expected since the Inglis result is

derived or. the basis of linear elasticity and implicit;/ in­
cludes the assumption of small displacements. Since the dis­
placements increase with it is expected that the
Inglis result will be less valid as c* JL increase.As will 
be shown below this inaccuracy in the theory can cancel out
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with the inaccuracy in the relation between work and increase
in strain energy in some cases. In such cases the Griffith
estimation of the critical stress.-might not be far from the
correct one. This might e::pLain the initial success of the
Griffith theory in spite of the fact that some of its as sump-

\lv
tions are not generally valid. Table (3-13) compares the

K
Griffith estimations of the critical stresses with the ones 
obtained by molecular dynamics. The comparisons are only 
meaningful in the cases of postloading.

The assumption of was also tested. At the
beginning cf the motion it was found that this fraction was 

SOfS, and 33!'! in runs LI, L2, L3 respectively. In Li 
this fraction was the same throughout a large fraction of the 
motion. In L3 it was constant until bifurcation took place, 
and in L2 it decreased monotonicaliy as the crack propagated. 
The behaviour of the sample at the beginning cf fracture in 
L2 1 13 is thus qualitatively similar to the Griffith expect­
ation (cf 50^) although the 50j! assumed by Griffith is not 
obeyed. The observed in (LI) is very different from the 
Griffith expectation. This so called rigid tearing mode will 
be analysed further in a subsequent section.

It should be mentioned that in some instants the Griffi­
th critical stress can be obeyed accidentally because the er­
rors made in the strain energy ̂ - a n d  the error in the work
cancel each other. To see this one vrrites the relation bet­
ween o C w  and in the general non-linear case.£
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d w  =

In the linear case 2 but in general ^ ^ c a n  be
smaller or larger than 2 as indicated by L2 & L'J- The case 
of interest here is when ^Z^is less than 2(e.g. L3). For 
the strain energy one can define a coefficient <#̂ -to des­
cribe the deviation from elastic behaviour

/**2> / C \

- p  ~  tr v £

If a Griffith type energy analysis is done one gets

<2f Y

T T J  *  ( a „  -  /)

Since for the case of interest ( will . 'be
less than 1. For fixed loads^ N  /and the q u a n t i t y )

£r ' E
can be close to / in which case the Griffith stress G^will
be accidentallv close to the critical stress .

C

As commented previously the case of fixed strain gave
C / yInglis values for U r  which are larger than f-^p . The

£ £
Griffith theory has a better chance of success in the case 
of fixed strain since the work done by the loads is by de­
finition zero. Hence there is no need for the work relation 
which is necessary for fixed loads. By conservation of 
energy all the strain energy goes to surface energy in the
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brittle cases of fixed strain. The only inaccuracy in the 
Griffith theory would be the one resulting from the continu­
um expression for 6^-. The case of fixed loads posseses one 
more degree of freedom than that of fixed strain.

2G. THE MOTT THEORY

Since- the theory uses the two basic assumptions used by 
Griffith (i.e.the expression for £nd the work relation)
it cannot be obeyed (except accidentally), since these two 
assumptions have been shown to be not satisfied in general. 
Indeed there are several other assumptions made in the Mott 
theory which are also not valid.

Mott assumes that thq (^W= eL^^-relation holds through., 
out the motion. Run L2 for example shows that ^  k-eeps 
decreasing with crack length and that even if this Mott 
assumption is approximately valid at the beginning of the 
motion it will not be satisfied as the propagation proceeds. 
In (L3) the constancy of was satisfied.

The expression for used by Mont which gives an 
dependence for was also not satisfied m  general. In
run LI for example the change in (Aĵ  was quite negligible 
(2 £  ) as )/J0 varied from 0% to 21%. In L2 the in­
crease was (L£) as )!J!o increased from u% to 79$.
Actually equation ( C  — 3) indicates a dependence-of 
stronger than This -^dependence comes from assuming
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that the static Griffith energy expression is valid for the
dynamic case ( i d y n a m i c a l l y ) . The much weakert c
J. dependence observed in the present simulations indicate 
clearly that this assumption is not valid. Indeed in (Ll) 
there was ho dependence of on j l  for a large part
of the motion. The same conclusion about the dynamic situ­
ation can be derived from consideration of ( iC- i). To 
evaluate the integral in '{'/C.— {■) Mott assumed that the dis­
placement fields of the dynamic case are given by the static 
result (-rtf- £>). The present simulation indicates that 
( YC-S) does not describe the dynamic fields. Instead^,
(/ . , have a weaker *£, dependence than that given by {•/£-£)
9'

and therefore This leads to a small initial

ujk •

The picture of a gradually accelerating crack has not 
been observed in L1,L2, L3. In Ll where the approach to a 
terminal velocity was the most gradual one in the simulations, 
the Mott expectation for the acceleration period was much 
higher than the observed one. To show this one needs to ex­
tend the Mott expressions in order to cover the case in 
which the applied stress is higher than the Griffith one(or
equivalently when jLyJc0). A direct integration of the

*
Mott velocity leads to

— ft* C™-0)

where & <7yi is some number slightly larger than 1.
0 r



- 131 -

For the S' =0.5 if one assumes o»* <=r 1.11 this would give 
a period of 42400 steps required by the crack to double 
its length, which is of course much larger than the observed 
period. If '>* =1.05 then the period is 52000 steps. The 
main aifficiency of the Mott theory results from the errors 
in the Griffith theory, and from the quasistatic assumption.
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IK. THE RIGID BODY REGIME

Ll has indicated that sometimes oL U ~ c ̂ As commented 
in that experiment this could be dealt with as a rigid body 
fracture . As mentioned there, the term is only meant to 
apply in an approximate fashion since a real rigid fracture 
would propagate with an infinite speed. In sample containing 
a crack on its external surface a rigid tearing mode with a 
finite speed can occur. This is because the rigid motion 
can be performed by two rigid rotations of the upper and lo­
wer parts. If the crack is an internal one, as the case of 
interest here no rigid rotation is possible because there is 
an incompatability between the four rotations required and 
therefore the only possible rigid tearing motion has to pro­
ceed with an infinite speed (see 3-166(0)).

To analyse this special case one assumes that the form 
of the stress distribution in the vicinity of the tip does 
not change appreciably in time. Indeed the stress distribu­
tion presented in Ll make this assumption a plausible one.
A tip force can be defined in the following way.(Fig. 3-166)

If the maximum value of the stress distribution occurs 
at A, and if the stress exceeds <$— only in the region A3 in 
the medium, and if the region in the crack in which the 
stresses are non zero extends from D to A then a tip force 

is defined by



In terms of the equation of notion of the upper half 
sample can be written as

V.'here H is the mass of each of the upper and the lower parts. 
This is because the forces on the portions BC of the half 
crystal are balanced so that they do net need to be consider­
ed. And because the force on the portion ABB’A 7 is

f~ tm .A'& 'bfl  =  (A'B) ~  2"

- _ z
A 3  L  r r

=  r j t  ~
3 . ^ 0

U ' c '  “  ^  -  W
Adding these two forces one gets (1). From (!) '■'7̂ '
where is the length at the beginning of the motion. This 
relation follows because fracture starts when^ca^ exceeds

o C

so that initially££■= <5 . Since each half of the sample 
is considered rigid here can be chosen as the C M  of the 
upper half of the crystal. (1) thus becomes

(2)
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FORMATION OF AN EQUATION OF I-IOTIOH FOR Ji.

If one -.writes an energy balance equation for the whole 
system (upper & lower halVte) one gets

q __ p i (A, =. d  Idĵ  -f- d  d  Id g  + o i

o t U - - h d U r t  - ° (3)

m  the present case the rigid body assumption leads to

e l Ua & o  ^  d d j ^ - J L  J \ / d  y ^
v;here \/=_ . When (4) is substituted in (3) and ^ ^

is used one gets

dWL~ l^VdV + 4 YoiJ
By definition

d W L -- £  4 c’ur*ty

this gives

or

(5)
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Using (5) in {$) gives

W f r  * ■ [ » - - ( * - A ]

Q  —  Y*t

Diffrentiating (7) with respect to time gives 

Using (7) in (£) gives
pa

(6)

(7)

(6)

(9)

2.
Using (9) in (^) gives an equation of motion for the crack

«£ g~($- X )  =  ^ ^  + y j
•r-

(l0)
-+ yJ*-

One could obtain a first integral of this motion (i.e. f̂-=~lX(x.)0 0  t» C
or ) in analytic form. Obtaining a second integral
of the motion (i.e. is not easy. To obtain /iT~



the following change of variables is perforated

e£> J L  =■
0

The initial condition is >̂-̂ >y=\̂ / a n d ^ y * - ^  when^-=*^
(10) becomes

o2.

M Y [ +  f ] =  Zr(ir-+) + ( 1 1 )

(11) can be solved by the substitution

=  cf> with initial conditions

U ~ 4r LL, —  -  TJl/ttr© ' '
This substitution reduces (11) to

M  )f U + X -  £  4> -  ̂  ̂
M t z  =

u  =  c2.b j3~/e u^aCu L

u  %. A j L ~ ^

To evaluate ̂  the initial conditions are used to give 
=5 ^ L 6! /ur —  'urjhi

M y  Lwhich in turn gives

(12)

(13)
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In terms o f (14) becomes

(15) gives the way in which 1T~ varies with ■<. for a given
£P

. The function (15) is given in figure(3-36)for 
r3^=0.6, O.S, 1.0. ^ = 0 . 6  is close to the observed initial 
velocity of . 6 5 , ^  = 0.& corresponds to an initial velocity 
obtained by averaging over the first three bonds in the pro­
pagation. Actually a value quite close to the observed^of 
0.65 can be obtained from the atomic forces as will be done 
in the next section.

In order to account for the sharp decrease occurring in 
the observed velocity at aboutyt =33 an interference problem 
between the stress -waves reflected from the outer surface 
has to be solved. These waves are being generated at the 
rupturing tip as this tip propagates. Such a solution might 
be attempted after the equation of motion of the tip(source) 
has been found. As mentioned in the introductory chapter(1), 
the compressive stress fields due to the reflected waves 
have been observed by Carlsson and Van Elst although there 
is some controversy in the literature about the interpreta­
tion of the data.

A simpler solution than (15) is obtained for the initl 
al part of the motion in whicholty*0 this is given by,



- 138 -

- J - J .  =  (16)
-fT ^

but this is valid only for the first few bonds (up to 20
0 . MU

bonds approximately). For example at 6950 (*^-Jr, ) =10.5
and by equation (16) J?_J?D = 8 . 5 4  for = 0.65.

^I. 'ESTIMATION OF TIE INITIAL VELOCITY

FIG. 3-169

When bond BC is cut the attractive force which was pull­
ing atoms 3 & C together is lost. As a result each of these
two atoms experiences a force--/ along BC. To find the
initial velocity of the crack one needs to find the rate at
which bond AB is extending. The force acting on B at the 
instant of cutting (along AB) is

' £ - 4 . c M B3  ’»From figure (3-36) it is clear that the bond is accele­
rating up to approximately 1.16 (or 1.28). From 1.16 on the



bond extends at a constant rate. This means that between 
the initial state and the state in which AB = 1.16 the latt­
ice deforms in such a wa3r so as to bring to zero. One

6 11can take the average value of Ji. during this period as
* 5

'2
C&if

This means that the bond AB will get accelerated from zero
to

where S = 1.16 - (AB)0 , (AB)0 initial length of (AB). In 
this case (AB)^ = 1.004. This gives ^  = 0.276. In the
initial state 60°. This gives

- / - o o 4 )—  //•/(? —  / ~

This number is in fact the slope of the (AB) & the 
other critical bonds vs time curveAin figure (3 -3 6 ) (in the 
approximate units). Thus the estimate agrees with the ob­
served value. If one makes the judgement that the linear 
part of the bond vs time curves starts at 1.26 instead of 
1.15 then
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To get the initial crack velocity one finds the time •'£" re­
quired by the successive bonds to go through the extension 
process. It is noted from figure (3-37) that at the time a 
bond breaks, (/^1.60) the next highly extended bond is at a 
length less than the breaking bond by a fixed amount ^  

Averages taken from the run have indicated that A, 0.12 
(giving the next bond as I.4 6 ). In order that the crack 
move from bona to another, the time x" required by the criti­
cal bond to extend from I .48 tc 1.6 has to ellapse.

<2.

FIG. 3-170

Thus in figure 3-170 AD is 1.42 at 7^., and DS is 1.48 a t ^  

In Ac the crack has extended by one bond (distance =
0.5).

Since the bond is extending at a rate —  "/^
P S

C ^ c ) ,  =  O ’ S / o - 2  =  O -  6 3 - Z

in quite good agreement with the observed value of C .65 .
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2L' STRESS PROFILES

The Sringen profiles and the ones obtained by molecular
dynamics are qualitatively similar. Figures (3-171) to(3-173)
below give a comparison of the two profiles. The nonWLocal
theory predicts the same stress concentration curve for the
same crack length regardless of the applied stress. Instead

Cr'
the atomistic results indicate the CT depends also on C"' .
The concentrations decrease with £~ . This is clearly seen 
from figures (3-171) to (3-173)jfrom the three columns of 
"table (3-lfy)- The decreasing (with &  ) in column 3 of 
this uable can be explained using a two-bond tip picture as 
will be done in the next section. However column 1 of the 
table shows clearly that Jp has a real €r dependence even 
when the local stresses at the tip are far below the maximum. 
Such a stress dependence, of indicates that the stress 
fields of a crack are not linear functions of the applied 
loads 6^ as assumed in all elastic continuum treatments.

■|-o
Examination of the first and third rows of the table 

shows that t h e ^  dependence of ̂  predicted by non-local 
linear theory is not obeyed. The first row (applied^- 0.5) 
gives in the ratio

KD 1 : 1.67 : 2.92
ER 1 : 1.43 : 2.04

a S 'IkV''’ ̂  0^ ,r-|1 \/
This indicates a n ^  dependence w&aker c h a r (i.e.j?

7
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However the third row gives the opposite conclusion (i.e.
JL , -£“) because<
KD 1 : 1.13
ER 1 : 1.43

The results available are not sufficient to deduce an 
Z  - dependence.

A note should be made about the comparisons which have 
been made between non-local linear predictions and the re­
sults of the present calculation. The available non-local 
results up to date have elastic modulus functions 
it {fe'-zj) which have been obtained from a one dimensional 

lattice in which the atoms are connected by Hoohgan springs. 
The appropriate ^ ^ w h i c h  are suitable for a two dimensio­
nal L-J lattice is not available and the non-local calcula­
tion has not been carried out. The use of the appropriate 
^ , ^ /in a nonlinear Eringen theory might have yielded, the 

dependence. Thus a fair judgment of the Eringen theory 
cannot be made at this stage, since this theory has net been 
extended to handle the case of the present calculation or of 
realistic solids. However the Eringen theory removes the 
singularity in a natural way and is capable of incorporating 
atomistic tip effects by using more realistic modulus func­
tions obtained from phonon dispersion relations.
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The parameter (a) in uhe Eringen relation
is a measure of the sise of the region (around a point) from 
which non-local contributions to the stress at the point are 
significant. As such it will differ from solid to solid and 
will depend on the details of the atomic force law and the 
effective ranges of these forces. In the (ID) first neigh­
bour Hooician lattice which Eringen used (a) whould be equal 
to the interatomic seperation. In the present (2D) lattice 
a = l.C if cnZ.y first neighbours are used. However it should 
be stressed that since the comparisons here are done for 
different situations the choice of (a) includes a degree of 
arbitrariness. A choice of a = 1.0 is a logical one since 
in the small deformation states ail atoms seperated by more 
than 1.0 dc not affect each other. Hence the non-local re­
gion will have a dimension of approximatei3>- 1.0. This value 
has been used throughout the comparisons. Table B includes 
the Eringen predictions for a = 1.62 also. This value is an 
upper limit on CL > since even in the most highly deformed 
states any atoms sep^raued by 1.62 do not affect each other.

As clear from table 3-15 non-local theory underestimates •
in all cases. This is because it is still a linear the 

ory and does not cover large deformation effects.

Figure 3-171 indicates that atomistic profiles are wider 
than the Eringen ones when the maximum of both are close to 
each other.
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The main difference between the static and dynamic pro­
files is the increase m  the transvers fields in the d3’,namic 
case. This can help in understanding the origin of bifurea-

zr W A X

,0 r 0If £7 is about 60 then the force

by (fig 3-174)

FIG. 3-174

will be along the bonds between
rows 19 & r.O and propagation
along the original direction will
result. If d' decreases then the
crack will tend to bend. To understand the reason for this,
one considers the extreme cases o± B ’— y0° S z £ r -  0°. The first
case gives propagation in the x - direction and the second
gives two propagation in the y - direction in a continuum.
Thus a decrease in (of 90° produces bifurcation and bend- 

0,ing by 90 Jl

In the atomistic calculations it was found that 9 for
the static cases and for the cracks which were about to pro-

opagate was about 55 on the average. For the dynamic cases 
oit was about 45 . Thus one expects the occurrence of bifur­

cation as the velocity increases.

Table 3-16 give a comparison of the molecular dynamic 
and Eringen profiles.
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2fL. THE ATOMIC TIP

There is an assumption which is'common to all continuum 
treatments of fracture. It is that the local stresses at 
the tip are monotonic functions of the applied loads 6^ . As 
S" is increased the local tip stresses ^ ^ o ^ n e a r  the tip 
also increase until the maximum allowed is reached,
at which point fracture starts. The atomic discretness of 
the tip and the particular geometry of that tip alter this 
picture appreciably. Instead of being monotonic in the 
tin stress op o) flattens out and becomes essentially

* v
constant over a wide range of applied & J. This means that
the factorj/- in this range will be a decreasing function of

( b e c a u s e ^ ) as in column 3 of table. 3-15 pre- 
w

sented above.

FIG. 3-3-75 (s.)
The simulation gave a width of this plateau of about 

19/w l-=ffe-e;)/figi.c;)2x/os>Z ] see figure 3-175.
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This stability plateau is quite different from the 
stability considered in the Thomson lattice trapping models. 
In all cases considered here healing occurs when allowed.
T2ie occurrence of the atomic stability plateau does not de­
pend in any way on the use of a short ranged potential, as 
in the Thomson models. Instead it is a consequence of the 
nature of the potential near the inflection point(maximum 
force seperation). The effect will thus be manifested for 
many other realistic force laws which are similar to the 
L-J in the vicinity of the inflection point. It will not be 
affected by the short range employed in the simulation. The 
origin of this flattening can be understood in terms of the 
atomic force lav/s as will be shown below.

As evident from 3-14 and from the results of the simu­
lation, the maximum 4.66 is never attained. An
explanation of this will also be given below.
Assume that A3 = , AC =

\

FIG. 3-176

where • is the inflection point (=1.1036), & £ , Q , can 
yC ' oL

be either positive or negative. ThB?- situation of interest
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is that in which fracture is about to start, so that £  , ,
are very small. The stress g -' is given by

(nr

- -  Qll+llllwe
where 60 (correction can be made in &  tc include tip 
deformation).

c) 4>
w .  i -

J ±a r 3

A first order expansion in the £  ’s leads to

- A . / J L 1  - 3 - \
■r.\ rf.'3- y:v*/£ .✓£. —3

11 / u ' i ^and to a similar expression for . Since *1̂  

second bracket in the above expression vanishes. Thus to a 
first order in &  j ^remains at the maximum value 
4.66 . This result is valid irrespective of the signs of the 
£ Ts (i.e. either before or after the inflection point is 
reached). To this order of approximation all applied <5- ’ s
which give rise to small £  Ts cause a constant tip stress of

To get a more accurate picture of the behaviour of
one carries the expansion to second order i n ^ , ^ .  

In the figure(3-177)^ are given as functions of'Tj’ & Ŷ ..
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J
r

r

FIG. 3-177

As the first bond reaches the inflection point starts de-
i n

creasing. At the same instant is still increasing. These
two opposite trends tend to flatten £j7/-^o^and therefore
z—  /j? _N . A second order expansion of the /  Ts leads
t t 0 ->OJ t  -a

{% r~ 7

k

This is always less than the maximum no matter whether £  ,
;

0  or • For the 6° = 0.55 for example the
above ecuation predicts = 4.44 (observed is 4*55).



-149-

J3L. LATTICE TI4TPIi:0 AMD HHALXUC,

Huns (L9 <1 I- 10) have indicated the absence of lattice 
trapping in the present model. This is in contradiction with 

the Thomson et al results and with the results of the molecu­

lar dynamic study of Ashurot L Hoover v;ho reported a larye 

trapping parameter <5^./©^ « 3.7. Other workers in the field 
of brittle fracture have accepted lattice trapping as a real 

phenomenon which follows from the atomic discretnoss of the 

lattice (e.y. Lawn h bilshaw 1973 and 0. T. Hahn 1976).

It is the object of the present discussion to show 

that lattice trapping is not a real effect but has resulted 

from seme unrealistic assumptions in these previous calcula­

tions. The oriyin of trapping in the Thomson et al eneryy 

calculation is different from its criyiri in their force cal­

culation. The eneiyyy calculations will be discussed first 

and then the force calculations.



KHSW: CALCUlAT I p n

In the Thomson ov.-.vu-;/ calculations appreciable trapp­
ing ’..’ill result only v/!v;n ']? is small- For example to pro-

sr*dune c. trapping of 3-3, the 'O'lj.uo of has to be
enual to 0 . 1 . In the present simulation values of ^  ob­

tained by fitting “he bond energies to the Thomson enoryy 

expression ?avo values of-cfr^-.rhich oreduce onlv ns~li"ibl©*T ‘ **
trapping. IF £ 0 is the energy of the critical bond and lz t 
of the first nonbroken bend then the Thomson expression yive

E /  /  ^ ^ )

zr n
£■o

This yives

'h

For run (19) tab] e 3--!? Fives

fir f-Zllll ) / . _ tiff

m i .  4 . ...
J  'I X  ‘ / '* .1  V 3 1 )

rtMsf-' ( ir I ' u ^-
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For run (L 10) table 3-17 fives

lh .,ccuJ j/i.4£dh£;

ftivin." <5̂ . /ft'C. -• 1,039
Thus the atomistic tip is too wide to produce appreciable 

trapping.

FOf.O’1 CAl.COLATICi:i

In the Thomson et al_ work the assumption is inn.de that 

the first broken bond (at 1) is broken because its extension 
exceeds the allowed maximum of . Cf course this is not 

the only case of interest in crack problems. The first bro­
ker bond can he broken because of the presence of a knife- 

like object or cf some other external apart(e.p. corrosion). 

In such a case, that first broken bond could be within the 

allowable maximum ranyo, and when the external a,tent is with­

drawn the crack will start heal in;; without reduction of the 

applied dr^and there wd.ll be no lattice trapping at all. This 

type of process :is however different from the situation dis­
cussed by Thomson at p.l, Instead their l r : sine static force 

calculations considers crocks with no external knife-like 
object. (P.P. Their si auction does not represent a real one 

because as can be shown by a free enoryy an -um.ent, there nro 
no static . ecu; .i librium 'b tuntirns of a crack.- a vs tarn which
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If a -- applied in a knife-like situation there

can be t'.vo type a cf behaviour. Vlhen the knife is introduced 

the crack :1s above critical and extension takes place. If 

it is belov; critical an equilibrium v:il] exist v:ith the 

knife present. Once the knife is v/ithirav/n than if the first 

broken bond is extended lose than the maximum its atoms v;ill 
be attracted tGuard each other and the heal inn; process v;ill 

start xithcut a necessity for reducing <5^ . If the exten­
sion exceeds the maximum then the equilibrium of the atoms 

composing the first broken bond mill not be upset by the 

v/ithdrav/al of the knife and one •■:onld have to reduce in 
order to obtain heulin;;, Cf course for a real material there 

is no cut-off ir. the potential and the attraction of the at­

oms cf bond I! mill upset the equilibrium and healinp; rill 

start immediately uithout need for reduction of . foal 

materials are thus net expected to exhibit trapping in the 
knife-like situation. In the tv;o heal in;* simulations conduc­
ted here the first broken bond had an extension less than 

tho maximum (table 3  — / 7̂ ) and therefore healin'; started im­
mediately after restoration v.dthout need for <5̂  reduction.

Finally it should bo mentions:' that the situation de­
picted by Thomson an al_ is loss iikxLy to (.ccur if tho cut­

off £ is l a r I f  this cut-off is lar"or than tho exten­

sion ir bend II then trsnrin; mill defin it of. ;• be absent. In
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order for trapping to occur & must lie b e t w e e n & LC/fan) 
where it, is the extension in a bond.

UC C m + i) ^  I

* /

FIG. 3-178

Thus for 6“ =0.5 (3? 30KDS) S  has to be lie between 0.11 & 
0.2? and for ^  = 1.3 (19 BOEDS) it will have to lie between 
0.25 cc 0.42. Only- a very artificial potential would satisfy 
these requirments for trapping. Even if one can imagine a 
substance for which the potential is very short ranged, it 
is still highly unlikely that the two inequalities above 
will be satisfied.
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SUMMARY AKD CONCLUDING REMARKS

The Griffith theory has been tested. In some cases 
it v:as found that the energy work relation which is assumed 
by this theory is approximately valid. In other cases the 
assumption was clearly violated. In one case the strain
energy content due to a crack v;as almost constant during a
large part of the propagation. This case which has beer- 
called a rigid tearing mode cannot occur in the case of fix­
ed displacements.(See note at end of this section)

It has been possible in this case to work out an 
analytical expression for the velocity of the crack as a 
function of its length. This expression is in fairly good 
agreement with the results of the simulation. An estimation
of the initial velocity in this case has alsc been possible.
This has been done by considering the atomic process which 
takes place afuer the introduction of the cut.

The continuum predictions for strain energjr have
«

been found to be smaller than the atomistic strain energies 
for the fixed load cases which have been tested.

The Mott theory for crack velocities has also been 
examined. The basic assumption of the quasistatic nature 
of the dynamic fields has been found to be violated. This 

assumption implies that the strain energy of a moving crack
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has the same e as a static one. Instead the de­
pendence of (A._ in the dynamic case has been found to be

£ <7
much weaker than the static .^dependence. In one run
was almost a constant (independent o f ^ ) .  The acceleration
periods found from the simulations were much shorter than 
the Mott expectations. This was found to be the case even 
after the Mott result was modified to cover the case in 
which the loads are above critical.

The concept of lattice trapping has been tested. The 
results of the present simulation indicate the absence of 
any trapping. Analysis of the Thomson et al papers has led 
to the conclusion that the trapping reported by these auth­
ors resulted from the use of short ranged potentials in their 
force calculations, and from the use of unphysically small

The stress (or force) environment of the tip has been 
investigated. The results have shown that fracture occurs 
when the force on the tip atom reaches a value slightly less 
than the maximum allowable for the perfect solid. In all

o rcases the stress concentration factor £ r .. . calculated by 
by Eringen has been found to be less than that calciliated 
bjr molecular dynamics. The dependence predicted by 
Eringen was not obeyed. Moreover 5^"showed a clear load de­
pendence contrary to the predictions of the Eringen theory 
and of other linear continuum theories. The profiles were 
qualitatively similar to the Eringen ones. "When the maxima

widths f in their energy calculations.
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of the two profiles were nearly equal, the atomistic pro­
file v,Tas wider.

Consideration of energy and stress criteria has 
led to the conclusion that the latter is better for this 
type of loading. This is because of the considerable dif­
ficulties which face energy criteria, as outlined ir. the 
discussion of the Griffith theory for example. Ilethods for 
overcoming these difficulties are not available. For exam­
ple there is no reasonable substitute for the work energy 
relation used in the Griffith theory. In the absence of 
such a relation no progress can be made -using an energy 
theory. On the other hand there is a clear plan which can 
be outlined for formulating reliable fracture stress cri­
teria. One can start by finding the maximum local force 

a M X
(stress) a "tip ato^ can withstand. This can be
done by using a suitable pair potential. Once this is done
then a set of calculations similar to the ones performed
here can be carried out to yield the explicit dependence
of '(T^cn^ & C~ . Once an accurate is available then
it can be combined with the atomistic to yield the
critical er' for a particular^ or the critical ^  for
a particular 6^ by solving the implict equation 

 ̂   v /A AX. r



- 157 -

'foile the simulations hare indicated that 5 ^  de­
creases v;ith increasing <ŝ  the number of static runs per­
formed was not sufficient to propose an explicit form for 
the functional dependence of on (or on X  ).

Up to this point the present stress calculations 
have been viev/ed as a method for testing the Eringen cal­
culation. Actually the present calculation includes less 
ncnrealistic assumptions, and'is more accurate than the 
Eringen calculation. It can thus be used as a substitute 
for the Eringen formula and profiles. It should be remem­
bered that the Eringen theory is still a linear one, and 
therefore does not include large deformations in the ap­
propriate fashion.

The above comments on stress and energy criteria 
apply in particular to the case of fibred loads. For fixed 
displacements energy criteria stand a better chance of 
success than in fixed loads since no v;ork energy relation 
is needed (k/= 0). In this case the possibility of 
being a good approximation is better V  1 because these 
loading conditions allov; less deformation than fixed loads.

An interesting consequence of the atomicity of the 
lattice has been observed near the critical stress. The 
monotonic dependence on the local tip stress on the applied 
one is lost and the curve of 6" flattens out.
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This results in a range of <fi" 1 s in which the crack is sta­
ble. This effect is a true consequence of the ciiscretfiess 
of the lattice and has nothing to do with the range of the 
potential.since it results from the nature of the poten­
tial near the inflection point.

Dislocation emission and blunting have been obser­
ved in some runs, in agreement with the predictions of the 
Hice-Thomson theory. According to this theory the ductili­
ty criterion is just bareijr satisfied and therefore dislo­
cation emission is expected to occur only under special 
conditions.

It has not been possible to investigate the super­
sonic regime because all highly stressed samples deformed 
plastically i.e. by dislocation emission. The occurrence 
cf plastic deformation rather than brittle propagation at 
high stresses is quite different from the Ashurst-Hoover 
result for this high stress level. In the Ashurst-Hoover 
and the V.'einer-Pear high stress runs a supersonic velccit3r 
was achieved (very quickly in the U-F). The difference 
might be due to .the .potential., the' boundary:.conditiipns:,.and 
the absence of any restriction on the motion of the atoms 
(as in V.'-P).
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Bifurcation has been observed and is preceeded by 
a broadening of the column stress profiles.

Finally the case of fined strain for this poten- 
tial ana-f-or free vertical boundary conditions remains to 
be investigated. The extension of the simulation to 3D 
for this type of loading (fixed) and for this sample size 
is also of interest. ......

HOTS:
As commented earlier the. rigid tearing mode cannot 

occur for the case of fixed leads. This is because there 
is no additional room for a rigid separation of the two 
halves of the sample across the crack faces. In terms of 
energies, in the case of fixed displacements there is one 
source for the additional surface e n e r g y ^ ^ n e e d e d  for 
crack motion. This source is the strain field. Thus for 
propagation

+

In this case no propagation can occur in a rigid tearing 
mode because the rigidity will necessarily imply
that t£ l/Cg^O (i.e. no propagation). In fixed loads &£(/(— 
can be almost zero because the surface energy < ^ ^ c a n  be 
supplied from the loads ‘i.e.

^  ty£s'°)
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CUTOFF BEHAVIOUR DAMPING

S 11 4 5% DUCTILE EVERY
50

1.3

3 12 20 f0 BRITTLE
UNEVEN

NO DAMP 1.35

S 13

i

30# BRITTLE
NEAT

NO DAMP 1.35

S 14 40fo BRITTLE NO DAMP 1.35

S 1$ DUCTILE NO DAMP 1.35 ;

S 16 42/S DUCTILE EVERY
20 3.2

S 17 45% DUCTILE NO DAMP

..........

4.0

TABLE 3-3
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STEP ROW ^ u p down ^right ^left

5200 IS 2.63 2 .6S 1.91 1.95n 19 3 .so 3.79 2.70 2.70
!? 20 2 .7 4 2.71 1.S9 1.90
r 21 2.0s 2.11 1.35 1.34

5360 IS 3 .21 3.20 2.06 2.05TT 19 - 4 .37 4.39 3.41 3.39!’ 20 3 .33 3.34 2.16 2.16
IT 21 2 .59 2.59 • 1.59 1.56

6320 IS 3 .7 9 3.S7 2.64 2.5911 19 4.49 4.74 3.92 4.10
rr 20 4.33 4.25 3.43 3.33ti 21 3.41 3.39 1.99 • 2.12

6960 IS 3.36 3-4S 2.45 2.46
t! 19 4.39 4.34 3.S9 3.S4 'V 20 4.59 4.33 3.S3 3.S7

. 1! 21 3.S2 3.72 2.35 2.38

8280 IS 3.76 3.9S 3.14 3.28
ft 19 4.54 4.93 4.76 4.52
T! 20 4.22 4.21 4.03 4.02
11 21 3.S3 3.36 3.16 3.59

SSOO IS 3.S9 4.0S 3.53 3.71tr 19 4 .6 2 4.S5 4.65 4.40
11 20 4 . so 4.25 4.47 4.87
tr 21 4.49 4.01 3.39

1 -

3 .12

6~= 0.5 39 BONDS
TABLE 3-4
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STEP ROW ^ u p ^dovm ^right ^left

3160 18 3.26 3.28 2.37 2.37
It 19 4.31 4.31 2.90 2.92II 20 3.36 3.36 1.84 1.85
II ' 21 2.71 2.70 1.91 1.91

3640 18 4.17 4.15 3.06 3.63II 19 4.59 4.73 3.49 3.9811 20 — - 3.39 3.5711 21 4.21 3.85 2.99 4 .O4

4500 18 4.37 4.79 4.38 4.84
II 19 4.33 4.85 4 .44 4.87
I! 20 4.97 4.73 5.22 5.97
II 21 4.51 4.29 3.96 5.41

1.3 .19 BONDS

STEP ROW ^ u p ^ d c w n right c ? ~ /left

3100 18 3.02 3.02 2.27 2.29
ti 19 4.09 4.09 2.71 2.71
11 20 3.09 3.08 1.81 1.80
n 21 2.4S 2.48 1.80 1.77

3760 18 4.31 4.50 4.47 5.59
it 19 4.62 4.S9 5.53 5.49
it 20 4.66 4.3B 5.13 5.13
it 21 4.63 4.16 4.2 5 4.33

= 1.3 39 BONDS
TABLE 3-5
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S T E P ^H01'7 ^ u p ^down <~r- ,right '‘‘"left

9460 IS 3.31 3.31 2.14 2.14
tr 19 4.46 ^ . 46 3.41 3.41
r 20 3.51 3.51 2.13 2.13
V 21 2.72 2.72 1.74 1.74

II o ft vn 3<? B O N D S
D A M PE D

TABLE 3-6

. . . . .

. M i  . . p a i r  ! ■ ■ £ £ »  V I  r f l l > ~ . W l i k ' f n A  . t ' / . i l v i i L N . M

S T E P R0V7 up • /'down right left

62 SO IS 1.75 1.75 1.55 1.55
it 19 2.55 2.55 1.47 1.47
rr 20 1.76 1.76 1.31 1.31
TI 21 1.33 1.3# 1.20 1.20

«" = 0.5 19 BONDS
DAMPED 

TABLE 3-7



S T E P ROVJ up down right left

6500 IS ' 1.07 1.07 1.03 . 1.03
t! 19 1.53 1.53 0.99 0.99
n 20 1.07 1.07 0.91 0.91
r 21 0.87 0.87 0.81 0.81

0.5 9 BONDS
DAMPED

TABLE 3-3



- 165 -

BOND S T E P

9903 9950 10,000 10,050

46 - 49 1.109 1.02S 1.009 1.027
49 - 49 1.283 1.034 1.051 1.031
49 - 50 1.364 1.125 1.0474 1.009
50 - 50 1.454 1.274 1.014 1.054
50 - 51 1.503 1.361 1.105 1.059
51 - 51 1.575 1.494 1.283 1.018
51 - 52 1.6 1.579 1.419 1.130
52 - 52 1.6 1.6 1.6 1.6

C>.5 39 BONDS
BOND ; S T E P

i
i 6250 6300 6350 6400

5 6 - 5 9 1.250 1.170 1.033 1.056
59 - 59 1.419 1.290 1.127 1.051
59 - 60 1.516 1.412 1.299 1.141
60 - 60 1.597 1.524 1.446 1.311
60 - 61 1.656 - - 1.454
61 - 61 1.717

i - -
61 - 62 1.762 - - -
62 - 62 1.606 — - —

cr = 1.3 19 BONDS
TABLE 3-9



ROW up down ^right ^left

16 3.50 3.50 2.20 2.20
19 4.55 4.55 3.51 3.51
20 3.61 3.61 2.37 2.37
21 2.97 2.97 1.90

...

1.90

39 B O N D S  ( D A M P E D ) =  0.55
S T E P  12520 

T A B L E  3-10

---- VI*. . ..-------- -------

• t v-, : * • - n
* . ’ v • • ‘ . V * 

n ̂ii.' w  '-J*. I'*
» r . V  _

,tf ' . ; •

ROW up ^"down right ^left

16 3.56 3.56 2.14 2.14
19 4.39 4.39

•
3.44 3 *44

20 4.26 4.26 2.63 2.63

21 3.34 3.34 2.06 2.06

39 BONDS(DAMPED) ^  = 0.6 
STEP 15760 

TABLE 3-11
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r  1 - ■ ■ ■ -

J t
i

e$.
2

#■
MD 

^  PRE

9 4.62 4.66 -

19 3.22 3.25 1.3
39 2.27

i
1

2.29 • 5

TABLE 3-12 (a) ;i
\»

•' ♦ • • • <&i :

RUE ' ~j l '
r

/*3>
u e u % A . -  1

L6 r\* 0.5 0.36 0.216
1

61% |
L5 19 0.5 1.72 0.92 54%
L4 39 0.5 12.50 3.76 30% :
L7 19 1.3 16.76 6.34 36% '
LB Qs 1.3 3.66 1.51 39% |
L15 39 0.55 15.3 4.56 29%
L16 39 0.6 19.0 10.66 57%

TABLE 3-12 (b)
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*5 i
.55 |
.6 |

\
i.3

ER (a = 1.62); 
ER (a = 1.0 )

9

3.06

2. $07 
1.74 
2.22

19

5.1

3.16
2.51
3.1$

39.

$.92
$.27
7.32

3.56'
4.52

TABLE 3-14

___I. . J .1-

s-

9 19 39

.5 1.53 2.55- 4* 46

.55 - - 4.55

.6 - - 4.39
1.3 3.65 4.11 *•

TABLE 3-13
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.... E ~
t/

I©r m d

^MAI
^SIZlT)

4.53 S.92 0.5 4* 46 39
3.1^ 5.1 0.5. 2.55 19
2.22 3.06 0.5 1.53 .9
3.IS 3.42 1.3 4.45 19
/i . tL t . 2.Si 1.3 3 .65 9
4.53 S.27 0.55 4.55 39
4.53 7.32 0.6 4.39 39

TABLE 3-15

- — *■ -  «■’*  Vi ■*«■•* ■ . mm I . . .  — .  h.t..

MD
2 t / ” [in si)

ER
X

.27 .15 1.3 19

.14 .15 .5 39

.09 .05 .5 39

1scJ~ = width of profile at jF = ( ̂  - 1)/ 2 +

Half widths of Force Frofiles 
TABLE 3-16'



17
0

= 0.5 39 BOND CRACK

1ST BOND AHEAD OF 
TIP.

'CRITICAL 1ST BROKEN

’ 1.05749 1.10879 l ’28278

. 0&L19 .2133 .6015

G-' * 1.3 19 BOND CRACK

1ST BOND AHEAD OF 
TIP.

CRITICAL 1ST BROKEN

1.11182 1.25028 1.41983

.22145 .54495 .7708

r

BOND .... 
STRAIN-: 
ENERGY

r

BOND .
STRAIN
ENERGY

TABLE 3-17



<3^ = 0.5 39 BOND CRACK

i
ot'-
H
I

1ST BOND AHEAD OF 
TIP.

'CRITICAL 1ST BROKEN

' 1.05749 1.10879 l ’28278

.08119 .2133 .6015

<5^ * 1..3 19 BOND CRACK

1ST BOND AHEAD OF 
TIP.

CRITICAL 1ST BROKEN

1.11182 1.25028 1.41983

.22145 .54495 .7708

BOND . 
STRAIN 
ENERGY

BOND .
STRAIN
ENERGY

TABLE 3-17
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FIGURE CAPTIONS

FIG. 1-1 This figure gives the loading configuration
investigated here (i.e. uniaxial tension), and 
the Inglis solution for the tensile field 
in this situation.

FIG. 1-2 This figure gives the form used by Thomson et al 
in their energy calculations. The figure also 
defines the tip width ^

FIG. 1-3 The stress profiles obtained by Eringen are 
given here.

FIG. 1-4 The dynamic velocity function f {'&')*
FIG. 2-1 The tensile and shear force laws employed by

Weiner and Pear are given here-. * r ,  .is the 
change in interatomic spacing of two atoms in 
the same column, is the difference in 
y - coordinates of two atoms lying in different 
columns.

FIG. 2-2 The Ashurst-Hoover force laws. The three force 
laws agree up to an extension of .

FIG. 3-1 This figure illustrates how a reflection about 
a central vertical axis of symmetry can be used 
to get a 50% saving in computer time.



FIG. 3

FIG. 3

FIG. 3

FIG. 3

FIG. 3

- 172 -

-2 This figure gives the behaviour of the potential
in the vicinity of (as defined in 3D),
and the origin of the correction.

-3 This figure gives the behaviour of the potential
energy of the half crystal as a function of time 
for different damping methods. (Run S 1)

x f= 1
• a - *99
A  •/ = -9375.
0  " = -935
4- *' = .975
O BEELER- KULCINSKI

-4 to 3-25
give the pictures of the lattices of the small 
sample runs for fixed loads.

-26 to 3-34
same as above but for fixed strains.

-35 This figure gives the time evolution of the dif­
ferent energies in run L I .  Of special interest 
here is the constancy of . The energies are
in units of £  and are given for the half crystal. 
The time step is 10”^<<A/^ .
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FIG. 3

FIG. 3 

FIG. 3

FIG.. 3 

FIG. 3 

FIG. 3

-36 Gives the time evolution of bonds across the
crack faces as the crack propagates for run L 1. 
Bond lengths are in units of ̂  .

-37 Same as 3-36 but for the large extension range.

-36 This figure gives the crack velocity as a func-.: 
tion of half length J . . The solid line repre­
sents the results of the simulation. The dashed
line (-------- } gives the expectations of the
rigid model for = 1.0, the dashed with dots

gives these expectations f o r ^ ^ . B ,  
and the dashed with x gives the velocity ^  =0.6 
(-x-x-x-).

-39 to 3-44
These figures give the pictures of the cracking 
sample in run L I .

•45 to 3-73
These figures give the dynamic profiles (as de­
fined in 3D) (RtfE L 2)

■74 The time evolution of the different energies 
together with the fraction • (RLTl'I L 2)

AW
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FIG. 3-75 Sane as 3-74 but gives the energies as a function 
of i/Lg. The straight dashed line gives the 
elastic solution. (RUN L 2)

FIG. 3-76 to 3-91
The time evolution of the fracturing lattice 
(RUN L 2)

FIG. 3-92 to 3-107
The dynamic stress profiles. (RUN L 2)

FIG. 3-10S Crack velocity vs. time (RUN 1 3)

FIG. 3-109 Time evolution of the energies. (RUN 1 3)

FIG. 3-110 Energies as a function of . (RUN I  3)
c

FIG. 3-111 to 3-125
Pictures of the fracturing lattice (RUN L 3)

FIG. 3-126 to 3-139
Dynamic stress profiles. (RUN L 3)

FIG. 3-140 to 3-151
Static (damped) profiles (RUN L 4)



FIG. 3-152 to 3-155 

FIG. 3-156 to 3-156 

FIG. 3-159 to 3-160

FIG. 3-161 to 3-16? 

FIG. 3-168

FIG. 3-169

FIG. 3-170

FIG. 3-171 to 3-173

- 175 -
Static (damped) profiles. (RUN L 8)

Bond lengths around the tip in L 17.

Lattice pictures for the ductile 
fracture of run L 17.

Pictures of the ductile fracture of L18.

This figure gives-the details ‘required 
in the definition of the tip force 

-(a). In (b) the parameter used in 
the rigid body analysis are given.'.
1681c) illustrates why the only rigid 
tearing mode for this crack is the one 
with infinite speed.

This figure gives the forces acting on 
the tip atoms when the cut is introduc­
ed. The dashed line represents-'the ;'CUt 
bond.

This figure explains how the initial 
velocity was estimated.

These figures give a comparison between
the Eringen and the molecular dynamic 
profiles.
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FIG 3-l?2u 'Definition of 9  (the direction along

which the maximum force is exterted).

FIG. 3-175(a),(b) This figure (a) shows the flattenning of
the £"6 surra. In (b) the«j"<r
values obtained from the static =0.5} 
0.55, 0.6 ru.ns. Also given are the equi­

librium lengths b of the first two 

tip bonds. (Fig. 176)

FIG. 3-17? The flattenning'in the force on the tip

atom.

338|-’ * 0 o  + 2 o 0

'* + + ° ° ° c■i Q + + ° o 0
• A o +

x . A 9 9
337(- A A A A A A  A A A a

’V/2U) FJG, 3—3 RUN SI
x

336-

335

33 4L
9 0 0 0  9 8 0 0  16600

TIMECSTEPS)
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FIG. 3-7
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9200 FIG. 3-24
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13500
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13700
FIG. 3-27
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F1G-3-35 “ RUN Li 
cr-0-5KO-ENERGY(e) 39BROKEN BONDS

120
100

60-

20
8 5 0 07 5 0 06 5 0 05 8 0 0 TIME(STEPS)

FIG. 3-35
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(40 ■ BOND LENGTH (a  ) 39 BROKEN BONDS

FIG-3-36 RUN LI 
cr-o-5

►40

1-32

►24

116

108

6000100 56005 200 
T I M E  (STEPS)

4800

i______________  I
vt1 V ■"* ;•,j. - — ;

■■ i : :)-"/•.?yi' •
. . . . . .  . .  - :  u  —  3. . - .  r- L J  .  - . I — . - , .

«tK> CStO *540 .
BOND LENGTHSa)

1 - 6 0
39 BONDS BROKEN

R U N  L I  
F I G .  3 - 3 7

>56

ISO

1 - 4 8 47-4* 45-44

> 4 4  - - - -
. 5 7 0 0 5 8 0 0 5 9 0 0 6 0 0 0
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♦V^aW aV aU V aU V aV*VAViV^vW’iViVAVA1i V i V A n v A V A W A Y i V A N v n v i V i n v A V A ^ W i ' i W A ^ V A W i V i n n ^ i ^ ^ ^ f A n n v j w j V A y iy*%%%%%%V4U^%VAV»V4SV4»*»4uv»**v*v*V4*4ViVA%v*nv»v*v*r^---- - *̂A»i * <* * *^yA^VA^’AW^VAVAUWiWiViViV^ViWAWiVAVAViWi^^JJJ^
y A < 4 ! « V i V « W 4 V « * * n % V i V 4 N ^ v « V A V i V 4 W t v i r A W » V A n v A n « i v4 f |

i4ViV*%w*v»Snw*WAWAr*V4WAW*w*nv*v*v*W4v*n^;4,4r*MA’*»V*T*,*f*Vl̂ 4VAT*V»»*,AV*»lf**l»VA,*,A*AV4T<lUVlT*VlfAVA'f4V(iV*?
mViWAViti
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■ ‘ - • • >1 1
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ROW
STEP NUMBER 6! APPLIED STRESS I

o
o

60.020.0 40.0

FIG. 3-45

o
ROW
STEP NUMBER / 7620 APPLIED STRESS\ 0.50o

o “I60.040.020.00.0
X

FIG. 3-46
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ROW
orTZCD<n STEP /NUMBER 8800 flPPtiEDl STRESS 0.50tv

 1 14Q.C 60.0 ,
o

20.00.0

FIG. 3-47

o
ROW
STEP NUMBER 696! 
RPPLIED STRESS /o

n

o
o

60.040.00.0

FIG. 3-48
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ROMCL

ctr STEP NUMBER / 7620 
APPLIED STRESS 0.50<n o
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ROW -Ml 9OL

QC STEP/NUMBER 8800 APPL/IED STRESS 0.50CDin o

a
o

80.040.020.00.0

FIG. 3-50
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FIG. 3-51

ROW - 20* riCU j :#■ ♦ *
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APPLIED STRESS

FIG. 3-52
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o
CLz>
! <C zz
CDtn STEP/NUMBER 8800 flPPLflEll STRESS 0.50n
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80.040.020.00.0 X

FIG. 3-53

o
ROWCl

a:
CDto STEP NUMBER 

RPPLIEO STRESS

o
0.0 20.0 40.0 60.0

FIG. 3-54
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o  t-* ̂  H  CO
£
ccz:CO o  cn • n

ROW
STEP NUMBER 69B0 RPPLIED STRESS A )

o
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60.040.020.00.0

FIG. 3-57

o
: ROW
STEP NUMBER ^ 6 2 0  
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o
o

20.0 60.00.0 X
FIG. 3-5S
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ROW
STEFy NUMBER 8800 RPPLIED STRESS 0.50o
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o
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60.040.00.0 20.0

FIG. 3-59

ROW
STEP NUMBER 1 
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o
40.020.00.0

X

FIG. 3-60
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^̂ **̂ ^̂ V̂*̂ *.V4V»«»*4Vi»4̂ *t«»*WV*Vî ,*»«̂ ,̂»V»,4V»V*,* ; i.M.ViVV* * *,;%%v*%^v*VAV4ViV4v*v*V4V*V4V4ViV*nv*^v*nV4nf*’*J4.1*»̂ Yt;t!tAv/«<’/-̂ ’*,‘**,‘,,»
t  ! V ! f **A W *w ***, ‘ f *t * V * V * * * ! * V J k V i W * V 4 V 4 V * V 4 W 4 T* V * , *t i V4V»f»*4*»Vi«*V4V4»4V4*4*4*iV4*4Vi,*V4*i*»V«W4V4,*V*»*Vî
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4500 FIG. 3-36

V



- 226 -

»*»»»,4, ^ * ’ *»4**, *, *’ * ^ '^ 4 V * ^ * * ,,*’ ^, i , i , » V * ^ ^ , *T* ^ , *, *, *T*T* V • , i V * ^ ^ f », * ^ , * i

7 8 2

X)QQQQQ9(XXX)QO(X)0(XXX)^^lN\nnnnviV*%%nviViV*nw*WiViv*V4W*v*v*Vi»i*1v i:.:! j
> l ^ % \ ^ ^ ^ % ’* U » 4 V V 4 % V 4 » iN T4V 1f4f1»4V 4 V l V i , 4 V i V i V * V l V | * i » , ; . i , { *  * * J* 4 V * V 4 V 4 % f* % » 4 » * » » * 4 * A r

..'j: _ •^H'.
4200

FIG. 3-67

4̂ * 4***4* 4*4*4* 4*4*4*A*4*4* 4*4* A*A*A*****A*A*A*4*A*4*4*4%’4»A*An»AV*A,A**,A* A ̂ *£+ttA*********4** £ £ i * t <>N^ViV»ViVi%V.V*V»%ViV.V*lV»*.SV.WiVjVjV* < * ,^,^>1*. J * *i,1,<v,i,v,VjV» I* **■. V
» v » v * n v * V 4 W * v * n N W 4 V * » * % v * v * v » n w * » * w * v * v *  ■ 5a***. »*¥*’ *v*’ 1 i  4 :V t A J , Z A J

*.***A***A***A*A***4* A * A * a V a * A * A * A * A * * *4*4*4*4*A*4*4*4*4*4*A*4* a V * J J4* a V *4****** } t t  tltlt*•4*A*4*
i V / i * * V i V * V » V » W * V » V * V i U W 4 W * V A V * V a V * V » V * V J J i*4***4 i  t ! £ * t  * 4 • 5 4■ VAVAViVfcVAVAViViViVjVAViWiViWfcWiV^lViW} ,,*^* i 15in«»S,*,»'*Vi S .
% ^ V * % % V » V » » i V 4 V 4 n % V * % V * , 4 V 4 r 4 V 4 V * W * W A W i T 4 ’ * -  - - »VA,*V4V*WAV*Vi,***V4%V4V*V4ViV»V4V4VA,*ViVA,kVr*>f»V*t*T4,4’4,4,*,if*'*V.,4,i,4%fiV*’*’'»V»»Virtr»T*f*,*,*V4f4,*V4%%V»*u^^v*W4V4V*Vi»*%v*,*nv4%vi»»w*v»v»v*W4Wi,,*T«».T .>»»»i».»*%%»4V*r4W«’*’4VA*«TA»iVt«*WiVi,.T*,r4»*TAV**4**»i*iVi%»*»4;V: - . -.......,........*^^vv4W«v«V4%W4*Anv4VAVivAV4V*!AVjv**4V4VAV4,VAi i ; J £ i £ 2 £
j»^^^^^v»%^Winw*vnw*v*v*v*V4W4V*V4nvi*4f4;*yf4n%»4*1.4y  yjYjwiVi^vr

4 3 0 0

FIG. 3-66



- 227 -

►> »+*# *•* v-»*W>

4400
FIG. 3-S9

•■ ̂ ,v v ; s<~;
. ~ i-mm ,.-  +■ -a'i-*

^ v * V 4 V . V . V * V m v * V » V * V 4 V » V i V ; ,{ * * { ‘ , t, A V » ‘ 1« , n n V * ‘ * , , , , % W » ,* ‘ * , ,i V , » , r , v
Of¥V¥¥¥»¥w¥¥MM<fil¥¥¥MMJCM¥w

* * * • * » * « a**’*4̂4** •

* n ^ V ^ V . V * V » V * V * V 4 V 4 V i W i V 4 V » % W 4

^v/.’/iNViVinvnViV'^’.ViViVit^v4$AiA$Jlt tTA9*Ta*A ?*’•’*$JJ i ***••'JJ*J.tjjYt: i * i <
> . % * * % ^ A*A*.*A*A*A*4*A*A**»A*A*A**%*A%"*i'4*S * i * A * J A * i * £ **«*4* 4̂ J  i  f  ^ 4̂J A A  i t I  m i  * *  •'***'•*4**»4̂*4*4̂4*4***-*4*4»4V4»4’4**»4*4*4*4̂4«4»4V4*ÂV̂X̂ t 5 t i * * !2*'*V**4V4%’4^A»4V4%^V4»4^4WA%n»4*4%n»4?4?4^A»IiIi!tf i r̂ i*ST*,r-T****4***4*4r 4’ 4*«»4*4T4,»4*4V A»4*4*4*4*4*4*4*4»**i»i*^**i.i.. i  i t  i  l V * B4*4*4*A*
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In figure l6S(c), rotations (1) & (3):'-. ’g 
are not compatible with (2) & (4) when the 
crack is an internal one as in (c). If the 
crack is on the external side of the sample(as 
will happen if the right side of the sample is 
absent) the rotations are allowable and a rigid 
tearing mode can occur with a finite speed.

FIG. 3-16S
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A PPSIID IX

THE I-nsCHAI’IC-TIG APPROACH TO THE CRACK P R 0 3 L E H

Besides the Griffith energy approach which has been 
introduced in chapter I there exists another approach in 
terms of the so-called stress intensity factor tj" (not to 
be confused with the stress concentration factor S^). This 
factor K  is defined as

Or equivalently it is sometimes defined by,

^  ^  =  #  i f  (B>
Ĵ j depends on the length of the crack and on the applied 
loads. It represent the intensity of the stress singularity 
at the tip. In such an approach^fracture is assumed to 
start when /^reaches a critical value fj' which is a property 
of the material. This constant is taken as a fundamental con­
stant of the material just-as the surface energy Y ’ is in 
the Griffith approach. The dependence of on <5̂  is

vobtained by expanding different classical solutions around 
the tip. For the uniaxial tension case considered here

K  =  j/ 7
7
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By considering the work done by the stress fields near 
the tip in expanding or closing a crack by an infinitesimal 
length<0(5,1  ̂ Irwin (1942,1957) has been able to prove that 
this approach is equivalent to the Griffith one, with

>fc ■
Barenblatt (1961) tried to remove the singularity by 

postulating a cohesive field near the tip not included in 
the elastic field. The postulated field has the same form 
as the elastic one but with a ^ ££PC5 -̂te si&n «
( ~ a constant P*16 material). By requiring
that the total field be finite at the tip, he arrives at

M W  —  O  at fracture .
r \ -  l O & M *  ~

This yields the fracture criterion

*
The origin of the cohesive fields in the 3arenblatt 

theory is not well understood. Also a calculation of
^r°m basic principles is not possible so that

the theory amounts to giving a different name to the criti­
cal H  of the Irwin theory.
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