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NOTE ON  FICURES

This thesis contains 183 figures. Tt would be rather impractial
to list all of them herce., A discription of the contents of the figures
is given on page 171 ([ig. captions). Most of the figures arve given in
a scparate scction (pp 177-277). lowever some of the figures which are

closely connceted with the text are given when they are introduced,

NOTE ON  TABLES

In all tables /z?ls the crack half-length in bonds, &7 is the
load, B the damping paramcter, g' the total strain. In (3-1), (3-2),
(3-3) the value of A is 9. ¢ up, & right, ¥ left, S down arc the
maximum stresses on the different central rows near the tip. In 3-12(a)
affl)is the critical Grifiith stress for E = 79.06 &ig}Fz)
Griffith stress for E = 81.13. f$"ng

lar dynamics in preloading. 7 is the maximum stress concentration in

is the critical

)
is the critical stress by molecu-

all tables. The superscript (D = molecular dynamics), (C = continuum),
(ER = Eringen) in all tables. In (3-15) 11 (X)) is the maximum
valuc of the stresses near the tip. In ( 3~16)W is given in units of,{?.
To §onvert betwecn.<€ in honds and.4fin units of ¢ the relation

_Af (in ) = (2.{%in bonds) + 1)/4  is used. Thus,{?= 9, 19, 39 bonds

gives /{2= 4.75, 9.75, & 19.75 ¢ respectively.



Introducticn

b4

n this thesiz a microscopic study of fracture will be
carried out. Thes study will be performed on a two dimension-
al trianguiar lattice consisting of atoms interacting via a
L-J potential. The case of uniaxial fixed loads with a

crack perpendicular to the axis of tension will be investi-

zated.

The zoal of the present study will be to compare the
tehaviour of this atomic simulation to the assuription & pre-

d fferent centinuum theories and of other

]
t..l-
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e

~
~
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O]

ztomistic studies. An attempt will be made To understand
the reascns for differences between continuum predactions
and atomistic resuvits in terms of the assumptions which go
into the continuum theories. In particular, a critical stu-
dy of the assumptions which go into the Mott and Griffith
theories will be conducted. These assumptions wilil be tested
on the present computer simulation. In order to do such a
test the time evoiution of the ditferent parus of the energy
of the system will be monitored (i.e. surface, strain, kine-
tic, and load energies). The degree to which these assump-
tions are satisfied wiil throw some Light on the value of
such energy fracture criteriaz as the Grzifith one.

Stress fracture sriteria wiil also be studied. In crder
to do that the stress(force) protiles sround the crack tip

and along different dairesctaions oif interest in the lattice
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1will be computed and compared with those cbtained by the
Eringen non-local continuum theory. The Rice-Themson con-
tinuum theory provides a criterion for preaicting the brittl-
ness or ductility of a materiai. The predictions of this
thecry will be comparea to the behaviour of the present mo-
del, The creation and anrnihiiavicn of disliocations at crack
tips, and the occurrence of tip blunting will be investigat-

ed as & functicn of the loading parameter and crack lengths.

Drnamical continumun theories predict some interssting

eitects for cracks moving with appreciable velocities. Among
these effects such theories preaict the occurrence cf bifur-

cation, bendinz, and suriace rouchening Ifor cracks which are
acceieratad through a velocity O.6€§&€§= chear wave velocity).
Simulavions will be attempted for high enough stresses and
long enough cracks to see whether such effects will occur in
this lattice, and to examine the stress profiles around the

tip before the occurrence of these effects.

Barlier atomistic simulations have reported the occur-
rence of supersonic crack velocities. In the present study
some cf the idealizaticns and restrictions in these previous
simulations will be removed in order to see whether the su-
personic velccities were 2 result of the idealizations cr
whether thev represent the true behaviour of a highly stress-
ed atomic lattice. Continuum theories predict an upper limit

of Czs/on the crack velocity.
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Previcus atomistic calculations performed by Thomson

st 2l on one anc twe cdimensional sclids heve predicted the

e

occurrence of the so-called lgttice trapping of cracks
soiids. 3Subsezuently other workers {Ashurst & Hoover) have

obtained appraciable trapping in their atomistic calcula-

tiocns ¢f continuwm mechanics, and will give an account of

Sice trapping models of Thomscn gt &l.

fracturs processes will be indicated. The previous attempts

of “einer - Pear, Ashurst - Hoover, snd Kenninen gt sl will
be given in some detall. The specific restrictions and ide~
alizations used in these mcdels and how they affect the re-
sults will be outlined. The motivations for performing the

present computar simulation will then be given.

In chapter 2 ths results will be giver and discussed.
Section 34 will revizw the parts of mclecular dynamics which
are pertinent vo ths present calculation. In 3B the details
of the present caleculation will be cgiven.iIn 3C the mechanical
proverties cf this lattice are outi‘red., 3D will be en in-
troducticn to the resuits ci tne present simulation. The

~

results of tThese simulations will be given in 3BE. The remain-

2

ng sections of this chepter will discuss the data and sug-

'Jo

sest simple models for analysing thz diflerent runs.
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Chapter QOne
CRACKS AS STRESS CONCENTRATORS

~
l.’b

The study of cracks in solids is of great importance
since such cracks act as stress concentrators and therefore
reduce the mechanical strength of the material appreciably.
The rcle of cracks as stress concentrators has been well
established by numerous tests performed on solids under
laboratary conditions and by a large number of structural
failures of ships,planes, and pressure vessels. (For exam-
ples, see Rolfe”and Barsom 1978, and Hahn 1976). These
structural failures have been satisfactorily explained on
the basis of the catastrophic propagation of prexisting

microcracks.

If an accurate formula for the stress concentration
factorgzr;f a crack{defined below) were available, then one
could combine this with an atomistic estimation of the ideal
strength of the solid to obtain the mechanical strength of
the cracked sample. However accurate values of.;E—are not
available for a general craclk problem, although a huge
amount of serious mathematical etfort has been devoted to
the problem. The lack of accurate values of;E!’is dué to
the mathematical difficulty of the problem. This is because
the problem does not fall under the general boundary value
type which could be solved by the methods of classicel
elastostatics. Here the boundary values of vanishing stress

are given on the c¢rack wall which is not known until the
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final solution is obtained. As an elastostatic problem the
crack problem is thus unsolvable., The unsolvability results
from trying to treat the problem as & static one. laeally
one should attack it as an initial value one, One intro-
duces a cut in the material and studies the motion of the
parts of the continuum adjacent to the cut under the action
ot the unbalanced stresses which have resulted from the
cutting process. One locks for a final equilibrium position
and sihape oi the crack wallé such that the normal stresses
on them would vanish. The final deformation state is then
combined with the appropriate constitutive equation to give
the stress state and consequently the stress concentration

factor.

The mathematics required t¢ carry out the above steps
is not availahle. Instead one has to resort to some ideal-
ized model of a crack.. Griffith (1920) for example pictured
the crack as an elliptic hole shrunk to zero thickness.
Westergaard (193¢) pictured a crack as a thin mathematical
slit (no material removed). The difference between the twc

is more mathematical than physical.

The Griffith picture of a crack will be discussed here
briefly. In this picture the Inglis solutions (1913) for
the stress fields of an elliptic hcle are usc . The case of
interest in this thesis is the sc called mode I in which the

loading is uniaxial, with the major axis being perpendicular



to the axis of tension., For an eilipse of semi-major axis
4& , and semi-minor axis ,4— , the stress concentration
factor , is defined as the ratio of the maximum stress
on the rim of the elliptic hole to the zpplied load & .
Following a standard (but ;edious) stress analysis the

maximum is found to occur at the tip and to be given by

F= updo) /e = /ratlp- 1+2y%

where /’ is the radius of curvature of the ellipse at the

tip, and G‘égis the stress in the y direction.

Figure 1l(a) shows the mode 1 loading configuration of uni-
ial tension,Figure 1{b) shows the variation of the tenmnsile

/7’
'fields as a function of & =€ _ 0,

- For the zero thickness limit iﬁ is clear that the
fields are singular at the tip. This type of singuiarity is
common to many continuum treatments of the crack problem.

4 natural way tc remove this unphysical singularity will be
discussed in a lster section. The generzl form of the

Inglis displacement field is

:e“/f%(ﬁ?)))) (2)

where of{=X,L | E is Young's modulus, J-C is a dimensionless
function of the elliptic coordinates ¥ , z and Y is

Poisson's ratio. bﬁx , and “&Lere given here since they are
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going to be used when the Mctt theory is intrcduced.

Near the tip the stress flelds have a dependence,

L
=
where < -is the distance from the tip to the observation
point. The stress fields are proportional to &Y , (the
applied load) but their 5, and,é dependence differ from

treatment to treatment.

I 3 THE GRIFFITH APPROACH TO THE CRACK PROBLEM

The Griffith approach is based on the fact that as a
crack extends, energy is released from the loads and the
strain field to the crack tip. At the same time energy is
consumed in creating additional crack surfaces. If the rate
of energy supply to the tip (with respect to crack length)
is greater than the rate of energy consumption in the
surface creation then the crack extends, otherwise it

closes,

It should be mentioned that the strain energy behaves
in different ways as the crack extends depending on the type
of lecading. Under fixed strain it decreases, and under fixed
stress it increases. Thus,

3“& O baf 0
< % ol o/>

whereég?ls the strain ensrgy due to the crack of half-length«!.

L g
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Concéntrating on the case of plane stress one can
write an expression for the internal energy of the system

which consists of the solid plus the loads,

“ =l 4 U, 2 U 4 U (1)

where ML is the potential energy of the loads, (,{ < the
surface energy, and u;kthe kinetic energy. Griffith consider-
ed the variation in internal energyd,(,( . as the crack varies

its half-length by (S.A2).

d%:dﬁ(5+d%‘+d%+d& (2)

If the temperature of the system is small then d 7‘_ =0/£(,
where I is the free energy. Also (0“{ = - ¥y where Of"{,
is the additicnal infinitesimal work done by the loads on

the solid during the variation oi(S',e) of crack 1ength. Thus,
AFe_d W U pol L 5

Criffith used the Inglis result for the strain energy con=-

tent of a plate containing a thin elliptic hole of length

24, L,
U, 7L )E (1)

4
(4) is the result of integrating the energy densi‘ay:.; G,';%/ef

9f

for the stresses presented in 1A over the area of the bedy.
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Griffith also used the result that,
AW, = 4 dlU (5)

This result is based on the assumption that a linear rela-
tion helds between stress and strein. For the surface.
energy ‘%g , Grif'fith used,

MS = 4‘X¢é (6)
Where X is the surface energy per unit length. Thus from

the above he could write

oL U <ol (YL T L) s
£

Griffith used the thermodynamic principle (based on the
second law) which states that a system will mocve in such a
"—

way s0 as to try minimize its free energy |~ . Thus for

eny thermodyvnamically preferable motion
oad FK° (8)

Where the equality sign will hold only when the system ar-
rives to an equilibrium (minimum 7'—) if such an equilibrium

exists for the system. The condition that

Dl 7:<O could be

achieved in two ways

(a) (577:) > 0 ‘gi 5\1{0 Healing or closure

OR
(b)(%—g:) % g[> 0 Extension cr

propagation

S 0
\
<



The cases (a) & (b) tozether define a critical Griffith
half—length.&( for a given stress 6~ . A crack of half-
lengthJ&<{§will try to minimize its free energy by healing
(if it is left free to do so). A crack of length,é@néiwill

minimize /~ by propagating. The critical half-length will
be defined by ‘

My = EY [T (9)
It should be emphasized that a crack of half-length-Z%.under
a stress 6~ will not be in equilibrium but in a highly un-
stable state bifause

(B /— '2) > 2 i.e ﬂlas a maximum
rather than a minimum.

Equation (9) could aliso be used to get a critical stress

for a crack of given half-length A{ « This gives

%= '}/’MYﬁTl (10)

Griffith tested his criterion (10) by introducing

cracks of known length in bulbs made of very brittle giass.
He burst these bulbs (cylindrical and spherical) by exerting
an internal pressure via an inserted fluid. Using Poisson
ratio one could get the tangential stress. Also for small
cracks the radius of curvature is relatively large and the
curvature is small so that a crack on the bulb is in an en-
vironment close tc the plane situation used in the deriva-

tion. Griffich found a lineer relation betweenc;a:gi(’/)‘-z)
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which agrees with his prediction. The censtant of propor-
tionality agreed with his predictions to within 10%. Despite
this discrepancy the theory was considered guite a trimmph.
This is because it explained the large cdifference between
the experimentally measured strength for crack free samples,
which is about 108 psi for this glass and the observed
strengths for cracked glasses of about 10> psi. Thus the
criterion established the fact that cracks were responsible
for the drastic reduction of strenzths of solids. However,
subsequent work reduced the value ¢ the theory as a quanti-
tative tool for predicting mechanical strengths. Schand
(1959,1961) has shown that values oi‘K’calculated from (10)
are much higher than the measured surface energy by indepen-
dent methods. This was done for soda glass. This clearly
indicates that the fracture is accompanied by plastic defor-
mation at the tip even in bri%tle materials, The CGriffith
criterion could by remedied by considering 2( to be a frac-
ture energy 33: which includes both the thermodynamic sur-

face energy and the plastic work per unit length of cracl.
Y’F = X’ﬁ&o««r + Sptactic (11)

For very brittle sclids the-main contribution to 3&- is

from ECTHE%MO . TFor soda glass Schand (1961) has shown
that Y—F could be as large as &° XFHE’RND’ For metals for
example plastic werk is 10° times the thermodynamic surface

energy(Goodier & Feld 1963). The importance of including
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plastic work has also been dictated by the repeated obser-
vation of plastically deformed regions around the tips of

cracks by x-ray and photoelzstic methods.

I C THE MOTT THEORY

Mott (1948) extended the Griffith approach to include
kinetic effects. Going through the same steps as in the

Griffith approach but including the kinetic term gives

a U =0’:(—é75”%2+4)/j)+d4{4‘ (1)
since &’5(= O this leads to

A Uy - a’(”vl 44) )

Eliminating X from (2) by using the Griffith condition at

[ = [g' gives
d[,é‘_a d[?ri(j%. 2//})]
Integrating this equation with the assumption that (/.{/&= 0
2 ,d
sz=1T:-:Z (/—/Z{%) | (3)

On the other hand the kinetic énergy of a two dimensional

continuum containing a crack is given by

a7 1 o

Vhere U ” %g- are the components of the displacement field,
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Ve

influence of the propagating crack. To evaluate (4) Mott

is the velocity of the crack, and R is the region of

made two assumptions. The first one is that the fields of
the moving crack are very close to the static ones. The
second is that R 2xtends over the whole solid. Recalling
the form of the displacement fields in the static situations

one can write

th, =€ ) 4%57)
uy = (4/2) %C%’fﬂz)

Where j?,’? are elliptic coordinates and Y is Poisson's

(5)

ratio. From (5) it is clear thatﬁL, ?L are dimensionless.

Using (5) in (4) one obtains
2_a

b3 P55 (A EDF 5D oo
_ itfzg&-g‘; ”Jn(”) £7)dx Ay

Since «L.will also be dimensionless, the integral in the
above equation will have the dimensions of an area. Mott

assumed the integral to be proportional to ,Z .
L 2,2 oL
Up <L kp el /B (é)

WhereJ%,is a numerical constant. Equating (3) and (&) Mett

obtained

=V (L - Ay ) 7



h = 2T E = . el.
vhere fb{'r ')/ )/ CL_) CL long. sound vel

(7) implies. that the crack will have a terminal velocity
qJ'_‘_ , which is independent of the applied stress and
depends only the elastic properties of the material and on
the constant _/Pzwhich should be the same for all isotropic~-
elastic solids (same Y ). During the initial p‘art of the

motion however, fUC' will del?end on the applied 6~ through
jgz since

A 9= ,'ZEB’/ T'—"’:z
It could be shown that the Mott theory implies that the time
required for the crack to reach scme multiple of its origi-
nal length is inversly proporticnal to (,V& . This will be
left t0 the discussion chapter (3) of this thesis. In the
Mott picture the applied £~ is just infinitesimally above
C’g_ , or equivalently,e is infinitesimally above je.
so -that initially U, =0 ‘-é& O . This.is a rather
special situation. In general a solid is subjected to a
stress ¥ and a crack of length ,Z, is introduced, where

./Z o= M [5.

For propagation sm» is some number gz:eater than one and
according %o (3) & (7) the initial values of b(dé & e will

not be zero.

Roberts and Wells (1955) have evaluated the Mott con-

stant ,p‘l. . To do this they removed the Mott assumption
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which states thatfgz extends over the whole solid. Instead
they argued that the disturbance due to the propagating
crack cannot move with a speed larger than(? Hence in a
time Z the disturbance travels a distamce ¢ ,z" =R and
the crack moves a dlstanceizif- L - Xﬁ , hence

e — 4

fﬁl = ,2 :éé;- (neglecting «éi)

They used a circular region of radius ’Ft. This converts

the expression ror,jt into an integral equation

K- SSJL()/ €, ’IZ) oA olyﬁ
2, L'f:r'
koo 1770 o) ratratos

9 N 4
They solved this equation numerically to obtain,

r\/Iﬁz 0.3¢&

2T

This is in close agreement with the observations of Schardin
& Struth (1Y54) on glasses. Other experiments carried out
by Akita & Ikeda (1952} con polycrystalline steel indicate a
dependence of the terminal velocity on applied stress. The

discrepancy in behavior is not well understood.
In most materials however, other dynamic effects take

place before a terminal velocity is reached. The most

cormon etfects are the cccurence of biturcation and pbending.

Finally it should be mentioned that the Mott thecry
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makes some very interesting predictions in the case of fixed
strain., When the crack starts propagating the macroscopic
compliance of the sample goes up. The effective stress at
the outer surfaces drops. This means that the gpplied strass
which was above critical initially will be below critical
after the length ﬂﬁof the crack increases. It is found
that l{%&and Vo will have other zeros beside the initial
one. Thus lott predicts the occurence of crack arrest. This

has been observed by Carlsson (1963 ) and Van Elst (1964).

I D LATTICE TRAPPING

In this section the ideas behind the so called lattice
trapping of cracks will be outlined. The work of Thomson
and co-workers (1971, 1973) will be presented. 4 critical
evaluation of their model and why it should imply the ab~
sence of trapping in real solids will be postponed to chap-

ter (3) after presentation of the molecular dynamic results.

The above authors have predicted that a crack in a
crystalline solid would be stable over a range of stresses
of the order of magnitude of the critical Griffith stress ?i.
This idea is in contradiction with the continuum Griffith
approach. According to Griffith there exists z unique stress
&, (for a certain crack length) below which the crack would
heal (or close), and above which it would propagate (or ex-

tend). The Thomson etzl treatments imply that there are two
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ritical stresses, 2 below which the crack cleses,and e

above which it extends., Furthermore their results indicate
that

e — S_ o= Gg (1)
The authors of the lattice trapping parers believs that this
effect is a consequence of the discretness of the lattice.
They have treated a one dimensional model (1971) and later a
two dimensional one(1¢73). In the two dimensional case they
have discussed the wedge provlem, that is the case in waich
the forces are applied directly toc the walls of the crack.
They have also worked out the classical mode I crack probvlem
(the uniaxial tension case of Griffith), in which the stress-
es are applied to the external surfaces and transmitted via
the crystal to the crack. The details of the solutions in
the different cases are a little different but the main

features are the same. Two types of calculations were done,

an energy calculation and a force calculation.

In the energy calculation a form was assumed for the

bond energy across the crack. For the n-th bond
D I —
f;f(?n,> = .Jﬁ %i$ Z['l _._f% /4£§h4 (?;ﬁt) (2)
2 7 7
There it is assumed that initially the critical bond is at
N =0 so0 that its energy[‘-(i’)=é- f:-:g_ The justificetion of

this particular form is that it allows an analytic evaluetion

of the required sums, besides it satisfiss the
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asymptotic forms

E(—w):i‘-:a_ ) E(—f-w) = 0
Of course the energies here correspond to a reference energy
in which an unstreched bond has zero energy and two com-

pletely sepg‘rated atonls have an energy Afj_
bE

"‘\‘\Ez’
i
i . -

FIG. 1-2

M

oF
The surface energy is _‘_2-:, £ (’n) s when the tip is at 2¢ the
o0
surface energy is Z” E('n.—x) . Both these sums diverge for

an infinite crystal. However the quantity of interest is
¥ q Yy

;g‘/(x) = _Z: {E(m-x) - E(oz)} g oxS [ (3)

S' [x) is a measure of the varition of the energy as the crack
moves, and hence the force to move the czmack is —JJ/D(OC
Thomson etal evaluated the above sum, They defined &y & &
as the maximum and minimum of - a“',/o(ac respectively. _The
ratio of €4 /6~ differs slightly from the one to the two

dimensional case. —
a a 97

6‘_';_/6‘“_ = [+ 4 e— 72) a?,-l'/-?)/-——?(lfb) (1)

6,\,_ /6‘: = ao/%('/—/“?) ‘““‘7<’?:D) for large crack
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The important point to note about these twe relations is
that they vredict negligible trapping for large % A value
of?Z = 0.5 in the I-D case gives <4/6— = 2.1 . The parame-
ver Zis the width of the crack tip. In other words the
number of bonds across the central line which are extented
appreciably is propertional to ? . To see this one solves

the energy egquation form to get

N = ’/7 eyf[ﬂ‘(—%) (5)

If for example one defines theétip as that regzion which
contains bonds that are extended so that their strain erergy
is E}./c’f. or more, then for an atom to be in the tip it
ghould have ’”Sy . If 7 is chosen as 0.4 for example{in
order to give 6% /6"_ = 2.1 ) then the tip would contain
only the bond for whichs =9 i.e. the critical bond only.
Thus the Thomson etal surface energy fcrmulation gives
aprreciable trapping only in the case in which the region of
appireciatle bond extension is shrunk to a singular point.
Thus in this picture 21l the bonds tc the right of the tip
are almecst unstretched and those to the left are almest

broken.

In the force calculation linear springs with a cutoff
at an extension of g were used. In the one dimensiocnal case,
forces resisting the bending of the lateral springs were

also included, In the two dimensional case theX& gt.mo’cions
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were decoupled (¥ = 0). The position of the tip is at bond
number (M+1 ). €%, is defined as that stress which would
make the entension of that bond egquai to 4’ . ¢_1is defined
as that stress which will make the bond at M have an exten-
sion § . Once the bond atM has an extension § ,the broken

bond will heal and the crack will start closing.
It should be mentioned that Ashurst & Hoover (1976)

have observed lattice trapping in their atomistic computer

simulation. They reported a trapping parameterdzd/c:_==3.7.

I E THE CRACK TIP SINGULARITY & THE ERINGEN THEQRY

In a previous section it was mentioned that a very
thin crack gives rise to a stress field which diverges at
the origin (tip). The nature of the tip singularity could
be understood in several wavs. The most direct way is to
remember that the singularity in the fields resulted because
of the assumption of an infinitely thin crack. On an atomic
scale a crack could not have a zero thickness (or equiva-
lently a tip with a zero radius of curvature). The tip is
thus never infinitely sharp in a real material. One could
thus get rid of the singularities in the fields and in the
stress concentration by discarding the mathematical ideal-
izaticn of 2 thin crack. While this is the logical way to
view the nroblem, there is no quantitative way to evaluate

the curvatiire in a precise and unique manner for a small



- 29 -

number of atoms lying at a crack tip. This would enable us
to ccmbine the continuum results with the assumption of an

atomic nonsharp tip.

There were numerous rather artificial attempts made in
the last few years to remove the singularity without throw-
ing away the other continuum results. Barenblatt (1962) and
Dugdale (1960) introduced compressive stress fields which
were also singular at the tip. These fields were chosen in
such a way as to cancel the original singularity. Barenblatt
for example determined this additional field by requiring
that the tip closes in the form of a cusp and that the
boundary conditions be satisfied at the cusp surface. While
such attempts do indeed remove the singularity, the physical
justification for the additional compressive fields acting
only around the tip is by no means clear. The details of

such theories will thus be left out.

Recently Eringen and co-workers have been reformulat-
ing continuum mechanicas so as to include the effects of
nonlocality in space‘and time in the formulations of the
problem (see Eringen 1977 a for a complete reference list)
The phenomenza covered include wave dispersion, dislocation
problems, and fracture mechanics. Nonlocal linear elastici-
ty manages to remove the crack tip singularity in a natural
way. The basic features of this theory will thus be cut-

lined below,
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THE PHYSICAL ORIGIN OF NON-LOCAL THEORIES

In any classical field theory there are global conser-

vation laws

| J@_d\/_f ‘J;/Go(a=o (1)
V-5

Where V is some arbitary volume and /57, is a discontinuity
surface sweeping that volume.?. and G will depend on the
particular field under consideration. (For example see
Zringen 77a ) Such global conservation laws are common to
both local' and non-local theories., To obtain a local theory
one makes the assumption that the above law applies to any

arbitary vclume no matter how small. This then implies that

g <o & G=0 (2)

To obtzin the non-local theories one realizes that (1) does
nct necessarily apply to arbitérily small volumes. Thus (2)
does not become a necessary condition. However in order to
retain the global conserva(cion (1) we equateg-} & to the
so called residuals é_\, e to get

A A
@.':. 9 9 & =€ (3)
(1) & (3) thus yield
A A
f 90“/-/.[@0{4:0 (1)
v-£ A F

The residuals @ ) @ measur2 the effect of all other
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points of the body on the obssrvation point. These should
add up to zero for a given system. For example if a body

contains no discontinous surfares,S{then (4) becomes

jgo(\/ X

if one takes n;/ example la. % where ae is the force due
to all parts of ‘the body on the observation point then (4)
states that the sum of 21l interactions between the parti-
cles of the boﬁy add up to zero. In this case the result is
trivial and follows from equality of action and reaction.
For other physical cuantities the zbove equations place non=
trivial restrictions on the allowable forms for residuals.
The main goal of non-local continuum mechanics is to deter-
mine the forms of the residuals after the specification of
the appropriate global conservations. This process will in
general yield field equations (3) which are different from

the local ones.

NON-LOCAL LINEAR ELASTICITY

In the local linear elasticity the stress at a certain
point is proportional to the strain at that point. In the
non-locsl case the stress at a point depends on the strains

at other points in the medium.

/{U ( [“(/" z/) & U%m
1 2y (15 e P
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there ﬂ/(k/-_g[) 9 /i/( /.-'_-t/—_-’:.’/) are the non-local elastic
moduli. In the limit in which 7\3 /4 /become Dirac Delta
functions-af(]gﬂﬂsﬁ then (5) becomes the linear Hcokflaw cf
classical elasticity. The second major difference between
non-local and lccal theories is that the Stokes-Navier field
equations get replaced by : general field equations which
depend on,ﬂ;/({ These generalized field equations tend to
the Navier-Stokes equations as }/J /At /approach Dirac delta
functions. When A; //{ /vanish everywhere . except around a
discrete set of points, then (5} corresponds to a lattice dy-

namic representation of the solid.

The first advantage of non-local over local elasticity
is that it predicts wave dispersion. By fitting the disper-
sion relations to the expression cbtained from non-local
elasticity one could find 25 /c/for any particﬁlar solid.For
example, Eringen (197-’7;) fitted the non-local results to the
dispersion relations obtained from a cone-~-dimensional harmonic

lattice of lattice parameter a, and obtained

K(lzg) = <(1-27)
e (lert) = A1 ~Z])
where OZ(/7c x/) (/’— _'_?C 7)} (22 //\ /

-,
_ D -z
- g LEZEDS /
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This form is by no means unique and the same fit could be

A XL,/ ’
- (2= 2) (2'-2)
“(/f/’f/)= X € [‘é‘z ] (6b) .

obtained by

/ /
for «»1* = L.55 . The main point is that ﬂjﬂare decaying
, / . :
functions of (/%X _._z/) and go tod - functions as A& == < -

Eringen used the trirst tcrm (6a) above in his treat-
ment of the crack problem. In his treatment a local stress:

field &~ 1is defined as

/

7 / Ve
hp G == G (0
+ H Gy (&)

/
In terms of the local €=/ the stress fﬂ is given by

(7)

/ ’ /
/Zf;u-.—.fc((/z—z/)%j@:) ol (x) (8)
Vv
With the resiucual equations(3) equation (8) gives

y'*((/-’—“"i‘/) gz’ () Av(=)
v

| - _,/ 2/ ’:
- aVe=<(/zc 2/ Yo g () 0l GE) =0

For a large (macroscopic)} body this gives,
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_l: °<<2?/;£F[)€j@11,4k/ ) ‘D(QJ‘(és’b =0 (9)

If « is continuous and of bounded support then (9) implies

10)
G\.a - (
e, fe=°

(10) is only the fundamental equation of elastostatics for
any well posed boundary value problem. The solution of this

equation has been given in genmeral form by Skeddon (1951)

) < [ 1k| AR + (1Al - 25 E R
Ul 4) -V':\,:ﬁ_,[c iy [l ‘ 2 ) a;/él_&w;_p,,%&dh(n)

ANV ELS
e

UG, 4)= 7;,‘—:;; ,EW)*%W’] ol fe

W , YV are used to obtain the stresses through (7) & (8)
and through the definition of & ¥ _4'5when this is done and
when the:: stresses ,ZL M are used with the boundary condi-
tions a set of integral equations for/f('/@ and :A’[v)é) is
obtained. Eringen etal?77 has .solved ‘this: set numerically.
Once A(R) & R(R) are &etermined, the stress field follows

automatically from (1l). Eringen carried out the solution

e, o . — a -
for the conditions f#_x = J % -0

/‘f‘o‘»’ef:’j" , U= x| <4

(12)

=2 45 y=P ,\x.\>,€
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ter obtaining the solution to this crack problem one
could obtain the solution to the Griffith provlem by super-

imposing a uniform tensile stress fieid all over space.

The results of the Eringen calculation are summarised

in the relation ' _
P Zeeh _ () f}/_-?:!
= z‘o = =

where ’F is the stress concentration. at’ the tip,and C‘G’)

(13)

is a material constant which depends very weakly on

Poisson's raric WV .

Whereas. (13) removes the infinite stress concentration
cf local elasticity the exact form will depend on the choice
of o (lgcl—_ql'D . The modulus (’,\3 /4)/ functions appear ex~

of o (IQ_C,—SFD . the integral equations for ﬂ(&) , E(k) and are
most likely to affect the dependence of 7P on l and the
value of C ( )’) .

The stress distribution curves obtained by Eringen are
given below (Fig. 1l-3 ). They will be compared with the cnes

obtained by molecular dynamics later in the thesis.
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I F BRITTLNESS AND DUCTILITY OF CRYSTALS

In this section the question of whether a solid will
fracture in a brittle or in a ductile fashicn will be add-
ressed. For most crystals an amount of plastic deformation
is always present around the tip. Still, one could classify
a certain fracture as brittle or ductile. In 2 brittle
fracture the atomically sharp appearance of the crack is
maintained throughout the process. In a ductile fracture
the crack loses the initizl sharp appearance, the tip becomes
blunted, and the solid fractures through shear (slip) motions
having a large component perpendicular to the crack line.
Between these twc extremes lie a large number cof soclids exhi- -

biting an intermediate behaviour.

It has been realized that a solid will be brittle or
ductile depending on the ratio of tensile strength to the
shear strength of the solid, or on the relative ease of bond
rupture and atomic slip or glide. Kelly, Tyson,and Cottrell
(1967) studied the problem and postulated z criterion for
ductility. According to these authors, tip blunting will
occur and a shear instability will result if the maximum
shear stress in the tip region exceeds the theoretical shear
strength of the solid. Rice and Thomson (1974) have shown
that the Kelly - Tyson - Cottrell criterion cannot be suffi-
cient. This is because the shear stress fields aroung the

tip are highly localized. The fact that these fields
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exceed a2 maximum at one point of the shear plane (shear line
in 2D) does not guarantee that the slipping (or gliding)
condition will be satisfied on all poinvs of the shear plane.
Thus the picture of tip blunting via uniform shear motions
had to be abandoned. Rice and Thomson reasoned that the
matching of the highly sheared medium near the tip with the
non~shegred medium at greater distances, defines a2 disloca-
tion. They have worked cut a criterion for brittlness versus
ductilitr. In order to do that, the general interaction bet-
ween a crack tip and a dislocation was found. This inter-
action ls attractive for small distances {from.tip to disl)
and repulsive at larger distances., I a disleovation is pre-
sent at a distance greater than the critical distance QE:
then it will be driven away to infinity. If it is at a2 dis-
tance less than 4: it will be attracted to the tip and get
annihilated. The situation cf interest is not that of an
already existing dislocation but of one which is created at
the tip. In the Rice-~Thomson theory one considers the dis-
location just after its Creation. L comparison is made bet-
ween the core cutoffl d; and the critical radius qg' . If
r/‘c 75 then the newly created dislocation will find
itself in the attractive part of the interaction and will not
be free to leave the tip. Thus for solids satisfying this
condition, tip blunting will not occur and brittle behaviour
will result, This will continue to be the case until suffi-
cient energy is supplied o the dislocation to overcome the

attractive barrier and cause a brittle-ductility transition.
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Actually, even when such energy is made available to the tip
region (e.g. by thermal fluctuations) the solid might still
prefer to use it in bond tearing rather than for slip proce-
sses. This means that substances satisfying the conditvion

42)75:111 be very good candidates for brittle behaviour.

On the other hand 0’; oy or < 7 will give rise
té ductile behaviour, The continuum gnalysis is not quanti-
tatively valid for this situation but it still reveals the
behavicur of the system. In this case the newly created
dislocation finds itself in the repulsive part of the inter-

action and gets driven away. In the Rice-Thomson theory one

writes
- 'vp * @ + 4 (2)
%&/ _crook “ 2 e
where 4 = the attractive image force between the crack
£ and the dislocatvion.

% = the attractive forre between the disl and the
4 ledge which is created when the disl is
creatad
‘% = the repulsive force exerted by the shear
6~ fields of the tip trying to drive the disl
away
The authors evaluate the total force when the applied & =9§_
the Griffith stress. The critical radius is the value of f}

which makes .}—. O
1¢h)=°

this gives,
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4~ £ _ & o
# [ ¥ (1-y) TZ’;B" '3-«'2
{ (2)
where +Z/g ”(I—)Df J

€. 0 /0 , x=CREh , £=7/4

J—: UR EER \/::cro?_,ﬁ L S8 (F2)
‘{‘é“ %M¢_) ?;/}/X‘

Heglecting the ledge interaction (middle term) one gets

L ,3‘2 Py (3)

Applying this equation to the two dimensional triangular

lattice and for a first neighboura{i‘% potential, gives

(/"‘ .2:») /3 (4)
026%(

Where &€ is the depth of the potential, efis the nearest

neighbour distance. In writing (4) the correspondence

S
A — (/-f- ):’?-13 (5)

3D
has been used (Dally & Riley 1955) Y&’.’b is the Poisson ratio

in two dimensicns. For an isotopic medium

Yoy = /3

For a slip system meking an angle of 120° or 60° with a
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< /9>crack. and a Burger's vector j—: < , ~e  will be

o= = 747
ey

From Esbjorn and Jensen (1975)
oo (FF 20D, (P <A <10

The ductility criterion W < 7o is satisfied. One
(o

expects the probability of dislocation emission te be quite

hizh, althouzh brittle behaviour could sometimes result

because the criterion is only barely satisfied.

I the ledge term is included it will increase the
value of 42 and might csuse the system to stop satisfying

the ductility criterion.

Thus according to:.ithe Rice~Thomson theory this system
is expected to show a behaviour in between the two extremes,
or it might show only one cf the two types of behaviouriin
| different situations depending on the dymamic details of the

loading process.
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I G DYNAMIC EFFICTS

Introduction

Continuum theories predict the occurence of bifurca-
tion and bending for cracks propagating in isotroplc or near
isotropic materials. For cracks which do not undergo bifur-
cation or bending, such theories predict an upper limit of

C. {shear wave velocity) or C%{(Rayleigh wave velocity) for

the velocity of the crack.

The mair. assumptions which are used tc arrive at these

predictions are thermodynamic in nsture and are of such gen-

1 validity that the predictions based on them are quali-
tativaly very sound. Moreover a large literature of experi-
mental results on a wide variety of maeterials-agrees with
such predictions in a qualitative way. In particular, the
upper limits on the velocity mentioned above seem to be ex-
perimentally obeved quite well. The high upper limits are
attained in the fracture of single crystals which have a
preferred wesk cleavegze plane (Gilman 1959, Hull gﬁ]é&
1965,1966}. On the other hand experimental studies on iso-
tropic sclids (glasses mainly) have indicated that the crack
velocity behaves in one of the following ways (Schardin 1959,
Beebe/l966, Carlsson 1963). The velocity increases until
it attains the terminal veliocity which is independent of the
applied loads, and chenges with composition. Under certain

loading conditions the crack does not reach its terminal



velocity but bifurcates at a much léwer velocity Q%é » The
crack bends either before or after bifurcation. The length
at which this bifurcation occurs being determined by the
loads. The maiimum attained velocity 1§bbefore bifurcation
has been found to lie between <3 C,S’ & +é Cy . The maximum
velocity . ﬁ;pﬂgpredicted continuum mechanics agrees well

with these experimental results (approximately - 5.C;y)
The work which is outlined in this section has been
carried out by Yoffe’(i95i), Cragzs (1950), Broberg (1960),

Baker (1962:, and Barenblatt et al (1962)

THE DYNAMIC CRACK PROBLEM

In the dynamic case one seeks the displacement field
_f((ﬁf) and the length:Q,fZZDOf the crack by trying to solve:
the dynamic equations of the continuum simultaneously with

an energy balance equation. This one has %o solve

(’/h/‘)fa “x +/"‘7 /” i, (1)
=/

l
|\
v

oAb oAUy, o Us (2)

AU 3 . 3 _ .
TG A E R A AT
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ol Z
of U { A (5)
b Do T U U,
oL R 4 )

After expressing the &~.4& &4 in terms of « equations (1) &

(2) become four equations for the four unknowns &, “ , 4y,
-/Z . All the terms in the abcve equztions have been previ-
ously defined except for R .49/ rR is the volume of the body

and ,S" the total surface.

.E?:: /gi 1‘/9
There ;S'; is the external surizce and ﬁ “is the crack surface.
Clearly (3) contains the boundary conditions through the
Tirst integral and since ‘g/is a function of time, its form
would not be known except after a solution is obtained. The
region? is alsc a time dependent region in this problem.
This makes equations (1) & (2) an integro-differential equa-
tion of variable time dependent limits, Moreover one has to
meke special assumptions about the shape of the crack as a

function of time in order to be able to find dé(sl/o/,f:m (2).

Mathematical methods for solving (1) & (2) in their
most general form are not available. The complexity of the
problem is simply beyond the power of analytical methods.

A solution forj&f) for arbit'gry' loads cculd not be ohtained
and thus the way & crack accelarates under particular condi-

tions is not available,
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Instead the time dependence or.xf must be specifiied in
advance. The work done up to date has concentrated on the

case

/{ = ’LZ /é {Craggs and Broberg)

Similarly Yoffe “considered the case of a crack of con-
stant length movimg with uniform velocity. Barenblatt has
studied the accelerated motion of a crack by considering
subsequent time intervals during each of which the velocity
remains constant. It should be mentioned that all the mathe-
matical difficulties mentioned above hold for brittle frac-
ture. For ductile materials an additional complication is
encountered. One needs tc include a plastic dissipative

verm in Y& this term could moreover be velocity dependent.

As mentioned above the Craggs and Broberg treatments
treat the case of a constant velocity. These theories con-
sider a crack moving with a velocity Q{;without considering
how the crack got accelerated to this velocity. The thebries
do not-furnish-ra relation which determines what loads or what
material properties give rise to a particular q{;. The basic

result is that the stress tV near the tip is given by

“wcvFe € F(’r)

fo £ e F(v) ‘6’

e

il

where ¥~ = Y& & 7~ is the small distance ahead of the tip
C
s



at which the stress is being measured, ,é the time. FBr) is
a function which is complicated in form but has the follow-

ing graphical appearance

)’

Barenblatt made use of the Graggs result by assuming
that at each instant an accelerated crack is in a stacionary
motion, and by requiring that the total stress ‘:M- at the
tip be finite. This requirement he satisfied by equating
the dynamic stress intensity factor of Craggs to the cohe~
sive modulus of the material /ro (see the appendix for a
description of the Barenblatt fracture criterion).

Then. Barenblat - put

/roﬂ/na.wc il /ro | (7)
This gives

F (v, =2~’/\% /7 (8)
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To find the velocity at a given length j (or time 2
one has to find the intersection of the curves given by the
right and left hand sides of (8). If one assumes that the
crack starts from rest then G'K/z; "f_, and cne has to find

the intersection of
A
Iy yF A E

with % (/1)9 . Clearly, the longer A is, the larger the ve-
locity ‘UE at which the intersection happens. In other words
as l‘ increases @ is increasing and the crack accelerates.
As shown in the figure the mzximum velocity is CR ~ 0 ‘?5C:‘/,
and the prediction of the sound velocity as the maximum

attainable crack velocity is clearly satisfied.

The same upper limit is derivable from consideration
of the minimum load 6;‘4 necessary to maintain a velocity 'ITC ’
or from consideration of the energy release rates at the tip
The prediction is (see Yoffe's for example) that G"M goes:!
down as 'U"C goes up. For ‘UE = C';/ , one gets ‘; = O , This
means that one does not have to supply energy (do work) on
the solid in order to maintain the processes of bond break-
ing, surface creation, and plastic deformation which are
happering at the tip. Such a state of affzirs would violate
the first law of thermodynamics. One thus concludes that

Vv, = C"yis an unphysical result in the first place and that

the sonic velocity (¢  is not attainable.

g
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The prediction of branching and bending come about in
the following way. The mechanistic apprcaches enable one to
conclude that for small crack velocities, a crack which
starts propagating along the x-direction will have directio-
nal stability and will remain moving along that direction.
This cvould be understood via a stress argument or an energy
one. The stress argument is based on the assumpticn that
the tearing of bonds occurs perpendicular to the direction
of crack propagation. The tearing happens aleng the direct-
ion [6) of Gpgat which that stress attains a maximum, If
the maximum of €gpgis sharp, then there will be a predomi-
nant direction for propagation, if not then the several
possible directions will compéte: with the possible occuren-
ce of branching, bending, or surface roughening. For low
velocities the dynamical solutions indicate a very sharp
maximum of s‘geat p =0 . This explains the initizl direc-
tional stability about © =0 . 1s the velocity increases,
the fpvs & curve-flattens out for a while and then a shift=
ed maximum appears. The shift in the maximum tends to pro-
duce a sharp bend, but the inertia of the motion tends to
keep the initial motion goin\g?;.,‘Th%S‘J)effect postpones the
bending or branching for a while, but by the time the shift-

ed maximum appears eitaner or both phenomena take place.

Most continuum treatments estimate a2 velocity Q).“B(the
maximum vel. before branching or bending) of . 6 C/:f’

Either phenomena might occur before this limit because of
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flattening, but by the time qjagis reached one is puaranteed
the occurg;ce of either. fvigould thus be given by the value
of the velocity at which the maximum starts shifting. From

the dynamical solution

< X
BGJ99]=° g‘ o “se <o ]
39 fz O >94 9—:0

£ -~
for Q)E/CAI < '/ﬁ This gives Yo = ° 5‘?9". For higher
fq; the meximum starts shifting and thus branching or bend-
ing must occur for

1}2>0-5-%/

giving

v & 0 6Cg

The competition between several directions of propa-
gation for some velocities can result in the crack going in
one direction, then in another SHor a short period, and so
on. This results in surface roughness, which increases the
surface energzy. This increase in the surface energy with
velocity has been observed experimentally in brittle fract-
ures although the effect is usually masked by the more domi-
nent decrease in the plastic part of the surface enerzgy with

velocity.

Finally it should be mentioned that the above dynami-
cal effects are less likely to appear in crystals which have
a weak cleavage plane. In such crystals the initial propa-

gation remains the domirnant one until much higher velocities
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are reached. Only if there is another weak cleavage plane
having a small angle with the first, could the branching

and bending take place.



CHAPTER 2

2 A MOTIVATIONS FOR ATOMISTIC CALCULATIONS

Ilthough continuum mecharics coffers an approximate
description cif fracture, the essence of any fracture process
is atomic in nature. One therefore expects that a satisfac-
tory theory of fracture will have to include the details of
atomistic processes occuring at the tip; The mechanisms of
bond breagking and atomic gliding will ultimately determine
the mechanical strength and brittleness (or ductility) of a

cracked solid.

Atomistic czlculation of crack problems can handle
some aspects of the crack problem which ere completely in-
accessible to the continuum methods. For example, continuum
theories do not distinguish between the cases of pre and
postloading, although these two modes give rise to differ-
ent critical stresses. Atomistic calculations which include

the distinction can be made.

Dynamic atomistic calculations can handle the accela-
ration phase in the motion of a crack in a natural way. The
assunptions made in the Mottt theory, make this theory inca-
pable of handling the acceleration phase. In particular the
quasistatic assumption about the fields of a propagating
crack, make the conclusions of value only in the fingl stage

of stable propagation. The other dynamic treatments (e.g.



Craggs) mentioned in section I G can handle the special
case of uniform propagation cnly. The Barenblatt dynamic
theory (section I G)considers the accelaration phase as a
collection of consecutive periods of uniform propagation.
On the other hand, dynamic atomistic treatments do not have
to make any of these special assumptions about the motion,
The behavior of cracked systems can bz found without any
ad-hoc assumptions about the way in which the crack starts

its motion.

In section IA it has been mentioned that accurate'val-
ves of the stress concentration factor Ezzére not available.
As mentioned in that section, this is due to the unavaila-
bility of a sclution of the elastostatic boundary value
problem of a crack (because the boundaries are not known
except after a solution is obtained). The corresponding
elastodynamic initial value problem which can remove this
unsolvability is too difficult to attempt. On the other
hand arn atcmistic dynamic approach is ideally suited to the
problem., A cut can be introduced and the time evolution of
the lattice can be cbtained. The motion of the boundaries
{crack walls) to their final equilibrium positions of van-
ishing normal stresses can be obtained. The final equilibri-
um oonfiguration of the system can be used to find accurate

(v
values gfor,f: .

In addition to the above, atomistic calculations can

serve as a test of the different assumptions which go into
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the various continuum treatments., For example, quantities
like the crack strain energy Lé;can be easily calculated in
an atomistic model, whereas there is no direct way to mea-
sure this quantity experimentally irn a cracking solid. Thus
one could test the assumption of awW= 2 ole'z for
example, or the continuum result for M;é‘— ;7-"'% /E) .
b criterion like the Griffith one could thus be tested in
full detail. Stress (or force) concentration curves can be
obtained and compared with the ccntinuum curves (by IEringen

for example).

Most continuum treatments of fracture are based on
linear elasticity. The linear Hook&an nature of the solid,
containing no upper limit on the linearity, gives rise to
the singularities mentioned in Chapter I.This is because the
cracked system contains regions which are highly deformed,
and should not be treated by linear elaticity. Instead, the
linear constitutive relations of classical elasticity,should
be replaced by non-linear ones in which the stress starts
decreasing with large strain and ultimately vanishes. Inclu-
ding non-linear and finite strength effects in a continuum
theory would indeed remove the stress and strain singulari-
ties; Such theories pose insuperable mathematical difficul-
ties and progress in them is very slow. Instead, a more
practical approach is to treat the parts of the system which
do not suffer large deformations by linear elasticity, and
the large deformation regions near the tips ato@istically.

This is similar to the approach employed in dislocation
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thecry. The far field information (stress, strain, or energy)
derived on the basis of linear elasticity is not abandoned.
The stresses, core energy, and configuration near the crack
are obtained by performing an atomistic calculation after
assuming an interaction between atoms which includes the
non-linear and finite strength aspects. The near{atomistic)

and far (continuum) solutions are then matched.

In the crack problem, it can be easily shown that lin-
ear elasticity always predicts infinite stress and strain
fields in the vicinity of the tip, even when an infinitely
thin crack is not assumed. Thus the value of using a dis-
crete (atomic) description of the system near the tip is

quite clear.

2 B PREVIOUS ATOMISTIC CALCULATIONS

Atomistic calculations have been attempted by several
authors. The attempts have been in two different directions.
Some work has been done on trying to simulate a crack in a
real material. Kanninen et al (1970-1973) have simulated a
crack in BCC iron using a Johnson empirical pair potential.
On the other hand several other suthors have studied cracks
in highly idealized lattices in order to gain some insight
into the consequences of the discretness. In some of kLhese

attempts the models have been formulated in such a way so as
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to allow an analytic solution of the resulting equations.
The Thomson et 21 calculations mentioned in chapter one are
of this type. Other idealized models are formulated in such
a way so as to resemble some simplified continuum model in
order to fascilitate the comparison of the discrete and con-

tinuum results.

Three examples of previous atomistic calculations will
now be given. The first two are of the idealized tyve. The
third is of the type which tries to simulate a real material.

WEINER - PEAR

Weiner and Pear (1975) have carried out calculations
on crack$§in the so called Newel-Rosenstock model. A computer
was used to find the dynamic behaviour of cracks in this
idealized lattice. The reason for the choice of this parti-
cular model was to make a direct comparison between their
results and the results of an analytic calculation performad
by Sanders (1980;. Earlier, Sanders had studied a crack in
the same lattice with a linear potential (described below)
and concluded that a crack in such a lattice cannot reach a
terminal subsonic~ velocity. This conclusion was based on
the fact that his cracks had an expanding elliptic shape in
which the curvature at the tip was increasing. The increas-
ing curvature offered an increasing stress concentration,

which accelerated the crack continuously.



Weiner and Pear showed that, by mcdifying the poten-
tials so as to allow for plastic deformation and dislocation
emission at the tip, the continuous increase of the tip cur-
vature stopped. The reason behind the Sanders' conclusion
was thus shown to be invalid. They obtained subscnic termi-
nal velocities after these modifications in the potential
were introduced. For such propagations, the inclination of
the crack face was found to be fairly constant giving a con-
stant curvature and stress concentration. Dislocation.emis-
sion at the tip and motion to the surface were observed dur-
ing these propagations. For very high applied stresses su-
personic velocities were observed both for the Sanders po-
tentials (elastic) and the Weiner-Pear (plastic) potentials.
For large values of the parameter which contrcls the plasti-
city of the solid, tip blunting occuréa and no propagation

resulted.

The lattice employed consists of atoms placed on a
square lattice in the x-y plane with rows parallel to the
X - axis and cclumns to the y- axis., DMotion is allowed only
in the y - direction. Each aztom interacts with its neigh-
bours in the same column with a tensile force;él_and with its

neighbours in adjacent columns with a shear force ?/ .
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P is the Shear modulus, and Young's modulus is 7/ .

The Sanders potential :is obtained from the Welner-

Pear one by letting 57_:9 =0 . Runs for which this was
done gave the Sanders results of continuous accelaration.
The value of Sg controlled the quantity and extent of plas-
tic deformation. When this quantity was made large enough,
tip blunting without propagation resulted. The effect of
temperature on the terminal speed was alsc investigated and
found to be small. The terminal velocities in the brittle

propagations were found to be stress dependent.

Discussion

The Weiner-Pear results are in contradiction with the
Mctt terminal velocity result, and with the continuum resuit

of the unatainability of supersonic velocities. The results
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are quite valuable since they have established the role of
the decreasing part of the force law in causing crystal
plasticity. The same loading conditions which gave supersonic
velocities when plasticity was prohibited, gave subsonic
velocities when plasticity was ailowed. This illustrates an
important aspect in the simulation of crack propagation.

lhhen a possible energy dissipation mechanism is prohibited
by an artificial aspect of the simulation, the energy which

- would have been dissipated in such a mechanism, is forced to
be dissipated by another mechanism. The rate at which this
other mechanism proceeds would thus be higher than if the
available energy is shared between the two mechanisms. Thus
Sanders prohibited plasticity by letting g/g/: S'T.=°. 211 the
ensrgy released from the loads and the strein field at the
tip, was forced to be dissipated in surface creation by crack
propagaticn rather than being split between surface creaticn
and dislocation formation. This forced the velocity to be
unrealistically high (supersonic). ¥hen the sharing was

allowed, the velocity was found tc subsonic.

This type of reasoning could be used to get an under-
standing of the supersonic velocities observed by Weiner-
Pear in their hagh stress runs. The one dimensionality of
their model prohibits crack branching (and bending). "The
propagation of the two new branches would necessarily involve
bond tearing motions which have a horizontal component.

Since these motions are forbidden ih this model , branching

3



cannot occur, According to the continuum modeis discussed
in section I G an accelerating crack will branck at a
maximum velocity of about 0. 6 C,S/’ and the two new branches
will split the energy available for acceleration in between
them and start accelerating ifrom zero. If the branching is
prohibited then ail the acceleration energy is retainea by
the original crack, which would thus unréalistically be

accelarated to supersonic speeds.

In the present calculation- the crystal will be allowed

to have two degrees of freedom so as to ailow for branching.

ASHURST - HOOVER (1976)

This study was carried out on a two dimensional tri-
angular lattice using central pair potentials of the parabola,
parabcla-linear, and double parabola types. This lattice is
the simplest two dimensional lattice possesing shear stabi-
lity in a first neighbour approximation. The simpler square
lattice has shear stability orly when second neighbours are
included, and even then the shear modulus /&6 is still quite
low, This lattice has the advantage that it is elastically
isotropic{see the next Chapter), and thus comparisons between
its properties and those of isotrepic continuum theories are
valid. For other lattices comparisons must be made with
anisotropic elastic theories. The two dimensicnal trizngular
lattice has the same strzin energy as a two dimensional con-

tinuum when first neighbour Hookilan springs conaect the
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atoms. The energy of the continuum is computed by a finite
element analysis in which the finite elements are triangles

whose sides are the Hookian Springs (Hernnikoff 1941)

i

__b’/—

FIG., 2-2

FORCES USED IN THE ASHURST HOOVER MODEL

(1) Parabclic potential
(2)  Double parabola potential
(3) Parabola linear potential

The similarities between the two dimensional continuum
and this lattice, and the simplicity of the lattice made it
a good starting point for fracture studies. Ashurst & Hoover
used the central difference method to integrate the equations
of motion., The force laws are sketched above. Their study
started with fixedloads applied in the y - direction with pe-
riodic boundary conditions in the x - direction. The large
horizontal surface deformations obtained, led them to switch
to fixed displacement (grips) boundary conditions (with the

x = periodicity removed and replaced by fixed vertical bound-

aries).
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Their static calculations'were done with the parabolic
potential of type (1). In these calculations 'w"<<c[ )
(N.B. value of(%’) was nct mentioned explicitly in the paper
for the static calculations). The results indicated that
for small cracks the molecular dynamic energies can be as
large as two times ss—Fewge-as the continuum predictions.
The extrapolation of the molecular dynamic energies to the
large crack length limit gave an energy very close to the
continuum prediction. They obtained a correction to the con-
tinuum resuit in the form of an additive term linear in j
for the energy ME .

U = (o 63’[‘27“ 0-& ,Zo(/)

£ 4

.. 2p2 :
The ccefficient of_ the c’j term in (1) is predicted by line-

(1)

ar elasticity to be T/E . For this force law, the appropr-
iate two dimensional relation between the same parameters

and & (see next Chapter) gives £=°2 /ﬁ , which gives
T /E = A e 7'2/-'&'- as compared with the 0-69/,/1 reported

in equation (1).

The authors reported that their results agreed with
the continuum result about the dependence of the critical
stress on the length

1
% < YT .
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The agreement with the continuum result is understood
to apply to the large /Z limit only, otherwise an energy
analysis of (1) would not lead to the simple form (2) but to
almodified one inversely proporticnal to /Z:-I‘T;Abeing a

constant.

The authors reported obsefving an appreciable lattice
trapping of g;_ /@* ~ 3'7 (whereg- )e' are as defined in
— -t —

chapter I).

The dynamic calculations were done in three stages,
initialization, relaxstion, and propagation. In the first
stage the appropriate bcnds were cut. In the second the
atoms were critically damped for a hundred steps. In the
third, the widths of the potential was adjusted so that the
critical bond just broke. The results therefore, do not
represent experiments done on the same solid, but rather on
a set of different solids hawing the same elastic properties
and different mechanical strengths. The authors reported
‘ crack velocities which are monotonic functions of the nece-
ssary @z/for types (1) % (Z) force laws. The necessary 2¢ is
the maximum 2v-which will cause the critical bond to break.
If the critical bond has a length of 7, for some applied
strainf , the necessary 2¢/will be infinitesimally greater
thanﬂg - DZ . Since for any crystal below critical»/c‘is a
monctonic function cf £ , 1t tollows that the necessary
UJ"[—_—; ')g[f) -a'{jwill be a monotonic function of the

applied strain &€ .
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The Ashurst - Hoover results of the monotonic dependence of
the crack velocities on the necessary 2 can be interpreted
as indicating a monotonic dependence of 7, on £ . According
to the Mott theory for these boundary conditions the termi-
nal velocity (whenevef it could be attained) is a material
property independent of E: . In general this theory predicts
that a crack under fixed £ will reach a terminal velocity
only when the initial size is small with respect to the
total area of the sample. Otherwise the crack will accela-
rate for a while,then deaccelerate and finally get arrested
(Lawn 1975, p.97). The %/ (& therefore £ ) dependence re-
ported by Ashurst & Hoover is therefore not in agreement

ith the Mott prediction. The authors have extrapolated
their terminal velocity data type (1) to the large,é? limit
and find an extrapolated ’U}-‘; . "f‘?CZ( CL = long sound velo-
city).The Mott theory predicts a ""-}-‘—' . 3304_ . Their data
also showed that type (2) potential gives lower terminal
velocities than type (1) due to the extra attractive energy
offered by the type (Z) double parabola. Crack arrests have
alsc been reported. The results indicated that the ‘double

parabola causes arrests more than the single.

The supersonic rééime was investigated. Crystals were
loaded to high strains and cracks were then introduced .
Results were reported in terms of the parameter § . The
initial stretch of a bond across the e¢rack plane (row in 2D)

but away from the tip 1is wW-8 . The higher the applied
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strain £ , the lower § is. For 2 sample icaded to the ideal
strength of the perfect {(non-gracked) solid § is zero. The
authors reported terminal supersonic velocities linear in
! ] . .
’/g for small X/w. {i.e. high £ ).

No dislocations were reported in this study.

Diseussion

The reason fer the occuré;ce of supersonic velocities
with the linear potential can be understood in the light of
the Sanders and Veiner-Pear studies. As mentioned before in
the discussion of these papers, the linear pctential was
found to prohibit plastic deformation. Thus here all the
energy released irom the Loads and the strain field is forc-
ed ©o go into propagation, rather than being spiit between
propagation and plastic defcrmation. This results in over-

acceleration to supersonic velocities.

The snapping mechanism by which the propagations were
initiated can help in understanding the absence of disloca-
tions in the double parabola runs. The double parabola gives
rise to a force law similar to the Weiner et al plastic po-
tentials, and should have given dislocations. In the dshurst
~Hoover study the bonds are broken and then the crystal is
only partially relazed (with critical damping) for a hundred
steps. At the and of the hundred steps 24/ was reduced to
that propagation starts. This process .does not allow the
lattice to perform all the deformation it wants to perform

(in order to minimize the free energy). First, the way in
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which the damping affects dislocation formation is not
understood (it could oppcse it because the rate of deforma-
tion is reduced). Second even if the systeqjinspite ¢f the
damping is proceeding towards a dislocation formation, the
hundred steps of partial relaxation might not be sulficient
for the dislocation to get completely formed. When thew is
adjusted at the end of the hundred steps, surface creation
(by propagation) is given an artificisl preference over
plastic deformation. The sample is thus forced to possesP
excess brittleness than it would have shown if it would have

been left to evolve by itself under a fixed potential.

Finally, the fixed vertical boundaries could have pro-
hibited motion parrallel to the crack (resulting from the
non-negligible shear fields). This is because these boundary
conditions fix the density in the x - direction and would

thus resist any motion which tends to alter this density.

KANNINEN et al (1970 - 1973)

The work of the Kanninen group concentrated on BCC
iron and uwsed a Johnson potential., In a first paper (Gehlen
& Kanninen 1970) a crack in the (10C) plane (xy plane) was
studied. A small number of layers were used. In order to
simulate an infinite solid, periodic boundary conditions
were employed in the direction perpendicular to the crack

plane., The authors were unable to obtain a propagation even
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when the stress intensity factor }T =&~ Mwas railsed far
above the critical value/7-= YQ?” predicted by the Griffith
theory. The authors viewed the lack of propagation as re-
sulting from their Z -periodic boundary condition. A crack
motion in this situatiocn must involve a motion along one of
the body diagonals of the unit cell. The motion of the se-
perating first neighbours (at the tip) has a component in
the Z -direction. Such a motion will thus reduce ths aver-
age density in the Z -direction. The & -periodic boundary
condition tends to keep the average density (in 2 -direction)
fixed, and will thus oppose such a motion and help in locking

the crack.

Tn a2 second paper (Kanninen & Gehlen 1G71) tried to
move the crack by introducing a jog in the crack line. They
used two seperate small crystallites one containing a crack
of length j and the other of lengthaf +2£0, where & is
the lattice parameter. The two crystallites were placed to-
gether, thus forming a jogged crack. The closure and exten-

ion of this crack was studied as a function of stress level.

Ul

No actual propagation or healing of cracks was studied. What
the authors mean by extension and closure is the following.
When the shorter portion of the crack whose length is ./ be~
comes of length .[+24a,they consider the crack above critical
and about to extend. When the /Z 7‘;2/; o porfion becomes of
length /Z , the crack is considered below critical and about

to heal, Thus their simulation (as noted by them in their
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discussion) allows crack motion only by half a lattice Spac-
ing. The auvthors think that this jog mechanism would be self
sustaining in a real crystal. In this study their 2 boun-

dary conditions was removed.

The authors have also observed a static dislocation.
like deformation at their tip (at 45°). They attributed the
lack of propagation of the dislocation to their fixed iso-

tropic boundary conditions in the x- plane.
In subsequent studies (1973) the authors have made
their x-y boundary conditions flexible (and anisotropic).

L crack propagation was obtained.

2 C MOTIVATION FOR THE PRESENT CALCULATION

ks mentioned previously the W-P and A-E models have
given some results which are in contradiction with the conti-
nuun predictions. In particular, the two models have obtain-
ed load dependent terminal velocities, and also supersonic
velocities for high loads. It is of interest to know whether
these continuum viclations have resulted from the idealized
nature of the simulation, or whether they are true consequen-
ces of the atomic discretness of the lattice. When the dis-
cussions of the W_P and A-H models were given, it was pointed

out that restrictions in the models can indeed produce un-

physical results. Thus the discussion of the W-P model
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proposed an explanation of their supersonic velocity in
terms of the one dimensionality of their lattice (which pro-
hibits bifurcation). The discussion of the A-H model propos-
ed an explanation of the supersonic velocity in terms of the
absance of dislocations due to the particular way in which
the propagations were obtained, and due tc the nature of the

potential.

A model will be used here which resembles the A-H two
dimenfional triangular lattice with the more realistic L-J
potential. The basic goal is to remove all restrictions on
the atoms and allow theém to peri'orm any préyfégéd motion,
The A-H periodic and fixed ﬁertical boundary conditions will
thus be removed. The model will be two dimensional so that
the one dimensionality difficiency which is present in the

\

W-P study will be absent.

4 L-J potential (with forces between atoms whose dis-
tance is greater than /6 « neglected) will be employed, so
the results will refer to a single sclid with a unique mecha-
nical strength (not like the A-H model in which the strengths
were different). For propagation studies, no damping will be
used. The unrestricted time evolution after the introduction
of the cut will be studied. In this way the‘lattice will
deform in the mode. which is energetically favorable. The
time evolution will be carried out until all transient eff-

ects die out except when propagation results.In the A-H model
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only a hundred critically damped time steps were done before
inducing a propagation by adjusting 2/ . This adjustment of
%)~ which helps the propagation to start betore large def'or-
mations take place will not be repeated here. Instead the
lattice will be allowed to deform as much as it wants be-
fore the critical condition of fracture initiation is reach-
ed, Damping will be employed only in the runs in which no
propagation is observed in order to speec the agpproach tvo
equilibrium., In some of the runs damping will be employed

to see whether it would affect dislecation formation or not.

One of the basic goals of the calculation will be to
study the time evolution of the different parts of the total
energy (strain, kinetic, surface, and Loads) to check the
validity of the assumptions which go anto the Griffith and
Mott theories. The time evolution of these quantities has

not been reported in the A-H study.

The model is no%t intended to correspond to any real
material. It is believed that studies ot such idealized
models can still give valuable understanding ot tracture

before proceeding to more realistic three dimensional models.



Summary

Section 2A has described why atomistic calculations are
oi interest and importance in general. In 2B the details of
previous molecular dynamic calculaticns have been given. In
2C some of the motavations for the present calculation have
been given. Because the discussion has been rather detailled,
it seems approvriate at this point to summarize the goal of

the present caiculation.

(1) Examination of the aitterent assumptions which go into

the Grirflth and Mott theories.

la. Checking the continuum expression for C(é for this
type of loading and for these boundary conditions
(i.e. free vertical boundaries),

1b. Checking the validity of the relation between the
work and the increase in strain energy both at the
start of the motion and later in the propagation.

lc. Examination of the Mott quasistatic assumption about

the stress fields.

(2) Calculation of stress prcfiles for a long range potential

and comparing them to the Eringen non-local profiles.

(3) Studying the time behaviour of the different parts of
the total energy (surface, strain, kinetic, and work of

loads)
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Studying the effects of stress level and crack length
on the brittleness and ductility of the lattice,
Studying the problem of the attoinability of supersonic
velccities in a lattice which ig free to gencrote dis-
locotions and to exhibit bronching,

Molecular dynomics will be employed in the simulations,
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CHAPTER %

—————

A MOLECULAR DYMAMICS

Due to the fact that the technique of moleculsr dy-
namics has become well known ( and fairly direct), no de-
tailed description of it will be given here ( for examples
of molecular dynamic calculations see Paskin et al 1968 -
1978). Instead, some of the limitations of the technique
and details pertinent to the present problem will be dis-
cussed.

The basic limitastion of the technique is the small
durstion in time of events which ca be handled by the
technique ( 40-1O‘sec.) This means that only phenomena
in which the characteristic times are of this order can
be studied by the technique.

Another serious limitation is the small number of
atoms which can be handled (duec to compuler memory capa-
city). This limitation has led to the reduction of the
present model to two dimensions. In many situations a
large enoush two dimensional model can lead Lo a clearer
and more reslistic understanding of the phenomenon, more
than a much smaller %-D model. This means that a 3-D mo-
del is not necessarily more realistic than a 2-D one.
The Kanninen et al model is an example of this. Their
whole sample is effectively a tip. The proximity of the
boundories produces suoll sive effects which lead to
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unnecessary complications in the problem.The size limitation
can cause a serious size dependence in the results of some
simulations. This point will be discussed further when the
results of the present simulation are given. To reduce this
finite size effect periodic boundary conditions are some-
times used. When this is done, the simulation sample is
taken to represent a typical cell inside a soli¢ composed of
a periodic repetition of such cells. However one should be
careful in the use of such boundary conditions specially in
the simulation of lattice defects like dislocations or
cracks. This is because such boundary conditions limit the
average density in the direction which they are applied.
This fixed density could inhibit some degrees of freedom of
the system and would thus cause the system to behave in an
unnatural way. An example is gaven by Gehlen & Kanninen
{1971) in which the periodic boundary condition in the

Zz - direction of a sample containing a crack in the x-y
plane. This z periodic boundary condition prohibits the

motion of the crack.,

llolecular dynamics has been zpplied to look for equi-
librium configuraticns of defects, and also of monequilibri-
um phenomena. In cases in which the interest is in finding
the stable states (equilibrium)various damping techniques
are emploved in order to speed the approach to equilibrium.
This is done by removing kinetic energy from the system in

some way. The damping technigue employed depends on the



particular situation at hand. Using a ne& suitable damping
technique could slow the apprcach to equilibrium rather than
speeCG it. For example, in cases in which the atoms are
approaching their final equilibrium positions via vibratio-
nal motions,the Beeler-Kulcinski technique is very suitable.
This technique consists of setting the velocity of the i-th
atom tc zero whenever ;yr.éé becomes negative. However,
if this technique is apprlied to problemsin which the appro-
ach to eguilibrium is via & collective moticn (e.g. a crack
proolem) the result is a slowing down of the approach to
equilibrium, Other damping techniques set the velocities of
all the atoms to zero when the tectal kinetic energy reaches
a maximum. Still other methods use a damping parameter o
withdraw a fraction of the kinetic energy of each atom in
every step. This damping parameter is varied until the most
suitable valve which satisfies some criterion (e.g. criti-
cal damping) is found. The main point which should be
stressed here is that a moderate amount of damping is gene-
rally required. Too much damping slows the approach to a
stable state and no damping slows down the process tremen-
dously. Usually one needs a degree of experience with the
system at hand in order to find the mecst suitable damping

method.

The discussion in the previous paragraph referred to
equilibrium states at zeros temperature. If one wents an

equilibrium state at finite temperatures then no damping
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could be employed. To simulate temperature the atoms are
given random displacements of socme maximum magnitude., This
maximum magnitude determines the value of the temperature

which is simply the appropriate kinetic energy of the atoms.

The methods used to carry out the integration usually
involve transforming the seccnd order differential equations
of MNewton into a finite difference equation. The most com=-
monly employed methods are the central difference method
(Verlet), the generalized predictor corrector methods, and
the Nordseik-Gear multistep methods (see ﬁeeler & Kulcinski
1971) for an exposition of the different methods). The main
difference between these methods is in the number of previ-
ous positions (or equivalently the number of higher order
time derivatives) which are used to predict the new posi-
tions and thus in the computer memory requirments of the
technique. Excluding some special cases, one could make the
general statement, that the more memory used by a method,the
higher the accuracy of the method.This is true provided the
limit of the double precision word of the computer is not
reached (l.B.This is not a serious restricticn because
stacking techniques could be used to pack groups of computer
words together to produce larger words capable of giving
higher accuracies). Thus, the higher the order of the method
used the larger the time step one could use. Of course the
larger the time step allowed the less computer time a cer-

tain job requires. Hence the choice between the various
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methods available becomes dependent on the accounting prac-
tices of the computer system used. Thus for example, for

the CDC 7600 system at BNL higher order metheds turn out to
be generally cheaper than lower order ones. There is how-
ever a practical consideration which favours the lower order
methods when a large number of atoms is used. The large
memory needed due to the large number of atoms plus the

large memory required by the high order of the method add up
and tend to slow the turn around time iqbbtaining the results

in a serious way.

Originally when the present calculations were planned
the Nordseik-Gear method of order seven was going to be used.
Earlier, a comparisén had been made between the central dif-
ference method and this method on a small FCC L-J solid. It
was found that the same accuracy resulted when the Gear-
Nordseik time steps were 4-6 times as large as the central
difference time steps. When a cost calculation was perform-
ed it was found that the Gear-Nordseik was cheaper. However
because of the turn arcund time problem mentioned in the
preceeding paragraph, the central difference method has been

used in the present calculation.
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3 B THE PRESENT CALCULATION

The details of a calculation performed on a 2-D tri-
anzular lattice, using a first neighbour Lennard-Jones po-

tential will now be given.

Y
o
The interaction energy qké' e between atoms _¢ &6¢

¥

was assumed te be of the form

454 515(7;6( /Zo() OZ(JV{/J (1)

where &£ is the depth of the pctential and ¢ is the
nearest neighbour distance (for a nearest neighbour calcula-
tion). The value of a{ is obtained by minimizing the free
energy of the lattice at-zero temperature and with no appii-

ed loads.

The Verlet central difference method has been used to

integrate the equations of motion
otf F.
_»g;(z,»sf): __;.[f_ Qz‘),;,,z;f(zﬂ - C,;;’ I @

where 72 is the mass of an atom '75—,15 the force on it due
to the other atoms. 4 value of §4 = /2 o!,):’é"_ has been used.
This value has been found to conserve energy to six places

in previous studies on the same lattice.

The computer code for solving the problem consists of

five parts, a main program called (CRACK) and four subrou-
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tines called (PLACEM, NEBOR, DYNMOL, snd FORCE).

The main program (CRACK) initializes execution by
reading in the relevant parameters and calling on the sub-
routine PLACEM. The relevant parameters are the size of the
sample, the langth of the crack, the cut off of the poten-

tial, and the required number of steps.

The subroutine PLACEM places the atoms on the requirsd
lattice,and determines the shape of the crystallite. It then

calls the subroutine NEBOR.

NEBOR conducts a search to find the neighbours of
every atom in the crystallite and then places these neigh-
bours in a table. In many problems (e.g. shock waves) one
could form a reduced table using the first few planes in the
sample (or first few rows in 2D). This reduced table could
be used to {ind the neighbours of any atom in the sample by
finding the member cf the reduced table which correspcnds to
the atom. In other problems in which there are significant
differences in the enviromments of atoms appearing in dif-
ferent parts of the crystallite, it becomes necessary to
form a full table. This is the case for example in the
crack problem. NEBOR calls on DYNMOL which in turn calls on
FORCE where the forces of interaction _EE: are computed.
After the return to DYNMOL from FORCE tﬂé'Verlet solution is

carried out for every atom. When damping is required it is
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done in the Verlet loop by introducing a damping parameter

ﬁ in the velocity term in the Verlet equation (2)

LD = (B fH ) - 15 (54

- &'z,

This corresponds to absorbing a fraction of the kinetic ener-
gy at (/f -—-;{-S.‘aﬂ, /£= corresponds to no damping and ﬁ= © to
full damping . As mentioned before the damping can slow or
enhance the approach to equilibrium. Different damping pa-
rameters have been tried on the small sample. Continous
damping every step for some fixed ﬁ , full damping every
steps (100 or 200), and the Beeler-Kulcinski damping mentio-
ned before have been tried. An optimum parameter /8 of -
0.9875 has been found to give critical damping for the small
sample. ¥For this ﬁ fluctuations in the total potential dis-
appeared. This value of ﬁ has been used in the large sam-

ple whenever damping was required.

When it is required to apply an external force to some
of the-surface atoms, the Verlet equation (3) for these at-

oms.is modified as follows
LUSE = L (2) 4 (L (D~ (- )
7

Where £ _7_':; is the external force on the surface atom < .

The application of the external forces could be done in one
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step or as gradual as required.

The remaining part of DYNMOL consists of computing the
quantities of interest from the coordinates just found. Time
averazes of the energies (PE & KE), strains, and Young's

modulus are found and printed out.

In cases in which extensive deformation takes place as
in the dislocation emmitting propagations, the initial table
of neighbours does not contain the new interactions which
come into significance by virtue of the deformation. In such
cases, the table needs to be updated periodically in time.

h

This is done, for most runs every twenty steps by a call

£

from DYMNMOL to NEBOR.

The subroutine FORCE which feeds the forces to DINMOL
operates as follows. A loop is constructed which goes
through 211 the atoms to compute the force on each due to
its neighbours.Use is made cf the table formed in NEBOR.
Use is also made of the equality of actiocn and reaction to

compute the interaction .4~ « only once and then use it
1 L]

twice once for atom ’Cf & then for 6{ .

The potential energy is also computed in FORCE. When
it is required to introduce a crack, the interactions across

the faces of the crack are set to zero (turned off).
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FORCE also contains a small subprogram which calls on
the DISSPLAY graphic system in order to produce a pictorial
representation of the lattice. In most of the runs the
small circular dots representing the atoms are removed and
vectors connecting the atoms are drawn in crder to indicate
the interactions present. The vector connections are drawn

at the instant the forces are computed.

A fifty percent saving in computer time can be obtain-
ed by using the left right symmetry of the cracked system.
This requires a special treatment of the atoms lying near
the central symmetry axis of the crystallite. One half of
the crystallite is used but two columns of the neglected
half are kept. These form a mirror for the last columns of
the half which is retained.

\ /
( > —0 /
i%; éw0ﬂ4,/?i?ﬁg>dﬁ4._§g

|
!
!
f
I
[
1

The coordinates of the first 2 columns
in the negilected half crys;al are found
by reflection (e.g.(M} ~1)'is the

reflection of (fh}—l Y in (M ).

FIG. 3 - 1



The position of the mirror coclumnz are found by re-
flecting m-1, m-2 in m. The use of these columns is to make
the last few columns of atoms in the half crystallite behave
as bulk atoms at the center of the sample and not as surface

ones.

Finally the problem contains a part in DINMOL which
stores the final information in a run in such a way that

continuation of the run is possible if required.

3 C MECHAWICAL PROPERTIES OF THE TWO DIMENSIONAL
TRIANGULAR LATTICE.

One of the goals of the present study is to carry out
a careful comparison between the predictions of the continu-
um theories and the results of the molecular cynamic model.
Some care should therefore be devoted to pick the continuum
results which correspond to the two dimensional system at
hand. Also the comparison will involve the use of Young's
modulus £ . One way to obtain £ is directly from the
results of the simulation. However one would  also like to
obtain £ from the interatomic potential and the geometry

of the lattice.

The Born theory (Born & Huang 1965) enables one to
calculate the Lame’s parameters 9[)/”£ . Classical elasti-

city supplies a relation for £  in terms of:g“)/pc in 3-D.
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If cne wants to find & for the present system, the corre-

sponding 2-D relation for E in terms of;ﬁ,/bthas to be used.

Ashurst & Hocver (1976) as well as Esjborn and Jensen
(1976) have realized that application of 3-D elasticity re-

sults to 2-D leads to inconsistencies. The ccnclusion of

{2y

sjborn & Jensen is that for 2-D the elasticity results of
3-D plane stress should be used. For the present calcula-
tion the numerical differences which result from using plane
strailn cr stress are almost trivial. Here the application of
the cecrrect continuum form(plane stress) leads to a result
12.5% larger in the strain energy [{ , and &% smaller in the

Griffith stress ¢ , than if the incorrect form is used.

- '
Thus for the present system B
—_— 2 2 ) SQEYXY
_ j —
U = 6~ 6hH =
- = o T

Detailed analysis leads to the conclusion that }X ,/bé’ are
equal for this lattice when the ZH-J palr potential is

used (any pair potential gives A=/l for this lattice). The

systam is elastically isotropic. In 2-D it is found that,

/:":4%[%/‘)] )[y; ) (5)
Ardst 9D Q\"LOQ/{ 2D

whereas the relgtions in 3-D are

= 20+84) _ 4
t:Zﬂfﬁhﬂj J[;“Q@@w
3I

A% p 3D
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Hence for the present case
Fo S n Y= |
= = D = 5 (6)
3/

For the / J  potential this gives

M= ﬁ’w/—[é’/o(g)
E = LT e =831 (€ /< (7)

This value cf Z.‘— does nct take care of the non-linear
nature of the potentiel. It is sxpected to be close to the
measured value only for sm=ll stresses, The measured values

will be given with the result below.

though the lattice is isotropic in the elastic pro-
perties, it has differsent mechanical strengths in the 4if-
rerent directions. In the y - direction<—/j<>the maximum
iocal tensile stress, the lattice can withold is approxi-

mately

EMAx= J%Ax est 30 = \/3-“?;4 = 4 64 (e/)

whoreé is the maxinmum fcrce exerted by a / J ~ bond at
its inflection pomt[ (/3 O(J In this estimate the de-
crease in the length of lateral bond(ﬁc) has been neglected.

%\Mx jﬁg o’ 78
Iy

All calculations were performed below this level.
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3D INTRODUCTION TO RESULTS

The computer simulations were done on samples con-
taining 39 rows of atoms. The odd numbered rows contained
135 a2toms and the even contained 136. The left-right symme-
try was used throughout the large sample calculations. Each
preloading simulation was done by loading the perfect sample
to the reguired stress and then introducing the cut. In all
such cases the perfect samples were brought to equilibrium

:7- ==C7bef0re cracking. This was done by using a damping
parameter/g = 0.9875. To save computer time, the perfect
samples were prepared from previous ones by scaling the dis-
placement fields. The scaling was always followed by a
period of non-damped relaxation, and then the samples were
damped to equilibrium. This was done in order to allow for
a displacemesnt field consistent with the non-linear force
law.(N.B. The scaled displacement fields correspond to a lin-
ear force law.). For the preloading experiments no damping
was applied after cracking. In order to study crack statics

some of ths cracked samples were damped with.%g = 0,9875.

The postloading simulations were done by taking a

crack in equilibrium and increasing the gpplied stresses.

4 table update was done svery 20 steps with neigh-
bours less than 1.6 o< apart included. The time step was

10—0?‘1/'»/6 , where /m is the mass of the atoms. of and &
have been defined before.




|
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Potential, kinetic, surface, and strain energies
were monitored throughcut the runs. Surface strain &, eff-
/ S
ective modulusfg_, and critical bond lengths were also moni-

tered.

Brittle, semi-brittle, and ductile behaviours were
observed depending on the crack lengths and loading parame-~
ters. Dislocztion creation, annihilatior. and motion were
also observed. Healing experiments were conducted with nc
evidence found for lattice trapping. Static results indica-
ted that the continuum predictions for the strain energy is
always less than the molecular dynamic values for fixed

loads.

The Griffith concept was tested. The continuum
relation between work and increase in strain energy was nct
satisfied in general. In one case the sample behaved in a

rigid fashion with gé&(gmo .

In general the Mott picture of & gradually accelera-~
ting crack was not observed. Instead the velocities increas-

ed more quickly.

Stress concentration curves were obtained both for
the static and dynamic cases. The non-liocal continuum result
giving a stress independent stress concentration factor did

=

not agree with the results of the simulation.<; was found
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tc be & dependent. One propagation remained clean until
the very end of the sample. Another ended in bifurcation,
and a third in surfzce roughening and a region of extended

damage.

The clean fracture was still accelerating at the time
the end of the sample was reached. Some information about
the possibility of attaining a ‘supersonic velocity could have

the sample had been longer.

ki

been obtained from this run 1

It was not possible to investigate the supersonic
7 > -y L .. a2 °
regime because ail highly stressed samples blunted by dislo-

cation formation end plastic gliide.

Before the large samples were studied preparatory
runs on smaller samples were carried out. In these small
sample experiments crystallites contalning 253 atoms were
used. The small samples consisted of 13 rows with the odd
ones containing 19 atoms and the even ones containing 20 at-
oms. In general the small samples showed a great tendency
to deform piasticzally and generate dislocations. It was not
possible to obtain brittle fracture except by introducing a
cutoff on the potential. The form of the fracture surface
was found to be sensitive to the cutoff and damping technigue
(wvhenever damping was used). Because such small .sample:
calculations were sometimes damped, the runs coulda not be

used to cbtain information about velocities (since the time
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steps do not represent real time anymore). The samples were
also tco small to investigate an actual propagation. In some
of the small runs the left-right symmetry was used. Most of
the small sample simulations were for fixed loads but scme

fixed strain experiments were also done.

The goal of the smzll samples simulations was to gain
familiarity with the system rather than to obtain accurate
numerical informetion. Thus most of the quantities which
were monitored for the large samples were not monitored ior
the small ones. When the small sample calculations were done
an optimum damping technique had not yet been found. The ex-
periments were thus done with different damping methods.
Before presenting the results some definitions have to be

mode. These are the definitions of(xf ’E‘“‘H , and W.

The strain energy due to a crack is defined by the

relation

ME(/Z) = A\/—- L{/S-/ (1)

4
AV is the change in the potential energy andéégl is the

surface energy due to the crack
AV Vi) — \/(@ (2)

'\/(j)is the potential energy of the system when the crack
length isoz.e and V[O)is the potential energy before cracking.
Alsoé(;sv =%_€ where /\,/5— is the number of broken bonds, and
& is the depth of the L-J well. From now on all energies

will be_given in units of & , distances in o( , Stresses

in E/Qé‘l, and time in/o™% /"7/6 .



. D
Comparisons will be made between Ll' ( strain
£

¢
energy obtained by molecular dynamics) and [%E (by continuum
mechanics).

Another quantity of interest is the effective Young's

rodulus (Berry 1960). To define this, one writes the total

strain energy for a cracked sample
£ oW e
S E - & L TS
L E £
where /9 is the area. If one assumes that the sample as a

whole behaves in a linear fashion with an 2ffeective modulus

’
L then

,5/-[—:, _— 6V°2/4
L E”

Comparing the two expressions for the strain energy gives

— ’ — g2
' /+°<o
One could also test the continuum predictions by

comparing the change in strain é; for fixed loads (or stress

&~ for fixed strain) due tc the crack. Using (3) one gets

Z < EE .
6= €& =L (et £) )
7/

where &~ is the strzss before and 6~ after the introduction
of the crack. Also

/
5’:5‘_/_%6"

—_— (fixed 6~ ) (5)
E



-~ 90 =

Of course continuum theory predicts (3),(4),and (5) only for

an equilibrium situation.

In the large sample data which follows, tae W is
the work done by the loads in straining the sample from the

unstrained perfect state to the present steate.

a
where L _ = 38 {3/2 is the zero stress éngtg) of the

sample, is the applied force on a suriace atom. To check
o
conservation of energy in a time interval one should compare

the change in W to the sum of the changes in ME’ &’C;/, and d//.%

There is an error invt/ introduced by neglecting
forces between atoms bevond a certain maximum distance. As
mentioned in the description of the calculation, z table of
neighbours is formed at the beginning and updated every 20
steps. Only forces between members of the table are includ-
ed in the calculation. The table includes atoms whose dis-
tance apart is less than or equal to 1.6 . The force between
tWo seperating atoms will be included even if their distance
apart exceeds 1.5 provided a new table update has not yet
been reachsd. The runs have indicéted that forces are usual-
ly included up to a separation of 774)4)( =1.6 + A , where
O\<A \<.Ol+ . Thus for a pair of atoms the force is includ-
ed for f"%x and then suddenly drops to zero for F)‘//;AX
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This is equivalent to using a L-J which drops to zero dis-

continously at Y= /”4)( , figure | ( 3-2(a))

A o

FIG., 3 - 2

In the calculation, neglecting the energy for o">7,’4',@(
is equivalent to neglecting the work done in seperating the
atoms tarough Y mpy . In the vicinity of Toyax he POten-
tial is approximately a step function, giving a force in the

form of §- function (figure 3b).

(D =) @ Cua| (7= Tmax)

/7 7’ ’ ‘
Y o~ ¢ , § o
dr T =S T €
The neglected work is thus the .~ integral of this delta

o
force which is /%("’,24,4)(}

()| = /f %MW/
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Thus once & propagation starts, cne should correct the work
. 0 o
done on' the sample by addin - where is
ple by adding () 14 ) [ythu) [Woereld
the number of originglly broken bonds, AQLiS the number of
broken bonds at the present time, VWork corrections have

been included in all large sample runs.

The dynamic stress fields of the propagating cracks
were studied. Actually, force fields, the discrete analégue
of the continuum stress fields, were studied. Thess will be
referred to as stress fieldsgfrom now on. The fields which
can be calculated readily from an atomistic model and which

are of interest here, are the tensile fields. These are

6;#- s G;x . In the dynamic case there is no guarantee
that ¢ - &) i.e. that the stresses up will be
i #

equal to or close to the stresses down. The equalities will
hold in an approximate way only when the separation process
is quasistatic. The same comments apply to G«';csﬂ& Q’:’)

(e to the left and to the right) At the beginning of the
stress profile investigations the four quantities were moni-
tored i.e. 6'up 18 sowm ’Guright y€ 1 eft+ Lhe equalities
were found to hold zlmost exacﬁly for atoms away from the
tip. The quantities were close but not equal nsar the tip.
In the results which follow the profiles will be given for
6”pight and 6 yp only although the maximum values of €7 eft
and € gown Will be quoted in tebular form. The stresses will

be given for the four central rows 18,19,20,21 which lie

above and below the crack. It is also of interest to know
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the form of the stress profiles as a function of %L.. Thus
6~ right is given for columns which are close to the tip. A
column,44 includes all atoms which originally (in the stress
free sample) had the same x-coordinate =(7V\—l)o( and those
which had an x-coordinate =(M -l.5)o< . Instead of 6°'up or
eudown for the columns, a2 quantity of more interest G-Open
(or@€@” ¢1ose) is given for the columns, where
érup for rows :7 19

& =
open

for rows §g/ iG

down

L final remark about the stress fields is due. The
longitudinal force fields @ yp, 6open correspond exactly to
the real stress fields as defined in continuum theory. The
transverse force fields should be multiplied by 2#“37 to
convert them to a continuum stress, since the linear density
of ztoms in the y-direction is less than that in the x-di-~
rection byqﬂiyz. The conversion to real stress was not done

in the results section.

In the small samples the crack investigated was
th th
between the 6 & 7  rows. t was formed of ‘18 broken

bonas. In the large samples the crack was betwesen rows 19&2C.

Small sample experiments are referred to with an S

(e.g. S4 will be the fourth small sample experiment).



Large sample simulaticns will bz referred to with

an L. A4 quantity

7 - () /)"

will be used to compare continuum theory and molecular

dynamics for any quantity X.



RUN o CUTOFF DAMPING COMMENTS
51 1.0 NOYE _ . .ﬁ .= .9875 | STATIC
S 2 1.5 NOKE | EVERY 10C D
STEPS
S 3 1.25 HONE " -
S L 1.35 NONE " D
S 5 1.35 NONE o 'HEALED
s 6 1.3 12% " B (UNEVEN)
S 7 1.3 12% EVERY 50 B (CLEAN)
STEFPS
S 8 1.3 NONE | EVERY 20 STATIC
STEPS
S 9 3.2 20% EVERY 5 B (CLEAN)
STEPS
S 10 3.2 NOKE v -
S 11-8:17 SEE TABLE 3 -3
s 18 3.11 NONE = .9875 . FIXED _
B L€ = 5,0073107]
S 16 3.67 HONE v . FIXED
£ = 6.56x10
S 20 - NONE " f FIXED _o
. &€ =8 x 107"
D = DUCTILE B = BRITTLE
TABLE 3-1

F U
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COMMENTS

RUN Q= | DAMPED |{ LOADING

I. 1 0.5 NO PRE RIGID TEARING

L2 1.3 NO PRE SEMI BRITTLE

L3 1.3 NO PRE ENDS IN BIFURCATION

L L 0.5 | YES -\ | EQUILIBRIUM

L5 0.5 TES - il

L% 0.5 YES - r

L7 1.3 YES - "

L8 1.3 YES - oo

Lo 0.5 NC - BONDS RESTORED
j ( HEALING )

L 10 1.3 NO - 1

L 11 0.5 NO POST CRACK STABLE

L1 0.55| ©NO POST NO PROPAGATION

L 13 .6 WO POST "

L 1k 0.651 mo POST PROP AGATTON

L 15 39 | 0.55| YES - EQUILIBRIUM

L16| 392 | 0.6 YES - "

L17| 1¢ | 3.0 KO PRE DISLOCATION

BLUNTING
L 18 3.0 NO PRE "

SUMMARY OF RUNS

LARGE SAMPLES

" TABLE

3-2
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3%  EESULTS

RUN_S1 (FIIED 10as) (A= ?)

The perfect sample was stressed to 6= 1.0 . The
potential energy'y/ for the unstrecsed sample was (-696).
The stressed perfect sample had a potential energy of{(-694.7),

giving a strain energy

(SEfT - us

The value predicted by linear elasticity is

C A
7 E)
(,,. z:) _é’i: A

_ 0 /212 x |§-5) < 7L5
02 x?—é'.? ( S .

The two values are thus quite close, giving

%;E = édg)%ﬁE)MDz 0. 96

The crack was introduced at time step 8800. In order

to choose the optimum damping technique a set of calculations
were made for different damping parameters and for the Beeler
-Kulcinski damping. The results are given in figure 3-3. The
value /@-- 0.9875 was found to be the optimum one. This value
was used in all large sample experiments which needed damping.
Here tne different damping methods converged %o a value of

~337.025 for the half sample. This gives

MD

Zkég -~ AV _ lAaSy
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= (L6405 _ 6% 7)) _ 18

ol o é6
c o * 4,
o FS) =
Uy =2 ( X4 #5) =0.

RUN S2 (FIXED LOADS)

The desplacement fieid of an equilibrated crack atg=1.0
was scaied linearly to 1.5. The initial values of the posi-
tions of the atoms was determined from this scaled displace-
ment field. A stress of 6”=1.5 was applied. A full damping
every 100 steps was used (T = 0). The tip was blunted by dis-
location formation, and the dislocaticn movad to the lower
surface of the sample. The run started at 7900. Figure {3-4)

to (3-6) show the lattice at three time instants.

RUN S3 (FIXED LO4DS)

Same as 32 but fore~ =1.25. No propagation or disloca-
tion formation were observed. In S2 and S3 no table update
was used andi therefore some of the interactions which come

~ into play as a result of the slip process (in S2) are



not included here but were included in later runs. These
interactions are present at the core of the dislocation and
in general help the glide process and therefore enhances
dislocation emission. Also some of the interactions which
were originegliy 18% neighbour have become second after the
slip. To make the calculation consistent, these should be
exciuded. They have not been excluded in these twc experi-

ments since no table update has been used.

RUE Sk

Same as S2 but forg’ = 1.35. As in 2 plastic glide
occurred. After a unit slip had occurred at 10180 {3-7) the

sample was split into two uneven parts at 10980 (3-8).
P I

RUN S5 (HEALING)

The sample mentioned in S4 was taken at 9000 (before
the formation of the dislocation), and the cut bonds were

restored.The crack healed.

RUN 86 (12¢ GUTOFF)

Similar tc S2 but for €= 1.3 and a 12% cutoff on the
potential (i.e. all forces between atoms at a distance
greater than 1.12 nezlected). 4 propagation was obtained
but the 6th row was split in twec parts one adhering to the
upper and the other to the lower part of the sample.

Figure (3-9) %o (3-12).
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RUN S7 (12% CUTOFTF)

Exactly same as S6 but with a full damping every 50
steps (instead of every 100). Clean propazation was obtain-

el. Figpures (3-13) and (3-1%4)

RUN S8  (HELLING)

Same as (S&) and (S7) but with a full potentizl and
rore frequent damping (every 20 steps). o propagation or
rlastic deformation were observed., HMavimum stress at the

tip was 4.2, at step 11520 giving
MD
Fo_4a/73 - 3.23
ERINGEN
2 = O 702)/&403{5 = & R
V,/?“- FS T p. 69

The sample at 11520 was taken and the cut bonds

IS

restored., The crack healed in 960 steps (Figures (3-15) to

(3-17). Run started at 7900.

Applied€~ = 3.2 with a 20% cutoff and a full demping
every 5 steps. Initial positionSobtained by scaling from
the & = 1,0 . Clean propazation resulted (Fisure 3-18).

Started at 7900C.
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Seme as S9 with no cutoff or damping. Plastic defcer-

mation resulted. (Figure 3-19).

RUN S 11 TO S i7

Table 3-3 summarizes the results of runs (S 11) to

(S 17) and ziwves the paramesters usad in the runs.

preloading simulation at £ = 5.047 x 107"

ON

The averaze 6~ on the suriace was 3.11 ziving t§-= 61,

For this strain

ul”. 634
. 3//)(4‘75) /) 12
6/4(%7_3 /- 75

1 for tixed < both fer

< I

e

/
Uy

This fraction was alwars lLess than

the larze and small samples
MI : c
(/Zg—’:) = E; fs_' é (f;f_ i) = 5?1;; S
“~EE. ;3% = (o229

/qbqf

Zﬁ(” o -}




M
Ve
t was found that (5” )= 1.79. The continuum and atomistic

calculations are quite clese in this case.

ROUN S 19 (FIXED STRAIN;

Seme as S 18 but for E = 65,56 x 10-2, The average

stress before cracking was 3.567, giv1ng£= 55.Y4.

C

M)
-é{;r = / %1~ o€ 9 ﬁft;r== /0 s

AR VLA
c

which 1s again greater than 1.

MD _
()2 32.2 , (7)) =304

/ < . d /qu
(év)::og. // 9 (o/) :'52-@/

N.B. RUK

[ €3]

18 & 5 1% were damped withF = 0.9875 after

it was zscertained that no propagation would result.

RUN S 20 (FIXED STRAIN)

2

Same S 1% but as £ = gx10"° and no damping. The pur-

pose cf the experiment is to study a propagation at tixed

4]

strain. The sample showed the same tendency to form disloca-

¢

ot

locations cot away from the tip and the tip was blunted. The

size of the sample was too small to continue the run.Figures

(3-26) to (3-34)

1cns as the Tixed stress zamples. At about 13900 the dis-
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EUN Ll (PRELOADING)

D T e ey

The sample was stressed to £ = 0.5 . At equilibrium
the surface straingwas C.00616, giving E = 81.13 . 4
crack of 39 bonds was introduced at step 45CC. The build.up
pericd of the crack stress field was about 130C steps. At
the end of this period propagatior started. This Ifracture
was brittle throughout the sample. The different gquantities

of. interest are given below.

Fizure 3-35 givesv,%, ME’ and Lé'@ as a function
of the time if . These quantities are computed for the halfl
erystal.,

W

To compute the correction mentioned in the intro-
duction, the propagation was examined between the tip posi-
tions X, = 42,25 and 2, = 38.25 {inclusive). For the 9
bonds which break in this interval, the mazimum bond length
included before upaating was found to have an average of

1.6139. This gives a ccrrection of .1lUYY per bond. This

correctién was used throughout the large sample propagations.

45 1s cdiear ifrom Pigure 3-35 the strain energy is
not chanting with lengtiy, and the work is, Henceﬂ/AAF¢3;o .
7k
Linear elasticity pradicts a value of 0.5 for this quantity,

and this result is used in the Griffith and MMctt theories.
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Because dl‘fézothis fracture will be called a rigid fracture.
L simple model for analysing this special case will be given
later. Hovever it should be understood that the term rigid
applies only in a very approximate and non-rigorcus sense.

T the upper and lower parts of the sample were exactly
rizid ths propagation velocity weuld be infinite. (K.B. See

the discussion on the rigid tearinz mede). Hear the region

-1

2t hehind the propageting tip is relaxed and hence its
- - — -~

m

train enerzy drops. The region ahead of the tip zets stra-
ined as the tip apprcaches it. The rates of strain energy
decrease and increase in these twe regions cancel each other

and the total strain energy remains fairly constant.

Figure (3-35) gives the time evolution of the first
five bonds across the crack faces. As apparent from the
diagram the behaviour of the consecutive bends is guite si-
milar. The time rate of increase of these bonds is aimest
constant after they reach a length of approximately 1.16 (or
1,28 according to another estimate). Fizure (3-37) gives
the behaviour cf the first four bonds and the eleventh bond
in the range 1.45 - 1.6. The bond length vs time curves are
almost parrallel indicating that the rate at which bond
lengths increase between 1l.45 and 1.6 is increasing Very
slowly, In Fig. (3-38) the variation of crack velocity
with crack half lexsth ,12 is given. In this figure a crack
is considered to be =zt a certain bond when the bond lenzth

exceeds 1l.45, This figure also shows some Other estimates
ol the swrariation of '%E with -46 . These will be discussed
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later. Figures (3-39) to (3-44) show five pictures of the
half lattice. In these and in subsequent pictures arrows

connect all atems which are interacting (up to y;AX )

Figures (3-45) to (3-73) show the ten stress profiles

of interest at three different time steps 6900, 7620, 8800.
The stresses®yup and @ rightl{defined in the introduction)
are given for rows 12,19,20, and 21. Also & gpep and

cyright are given for the column closest to the tip. All
these {ields are given here in order to show that the dyna-
mic fields at different times are qualitatively very similar.
The stress profiles in the other two propagations were also
tested as a function of time and the same qualitative simi-
larity between the profiles was observed. Table (3-4) gives
the maximum stresses on the four rows at different times.
These maxima do not necessarily occur on the same atom of a
particular row. As will be evident, when the static lields
are presented, there are some differences between the static

and dynemic stress Jields. A discussion of the main differ-

ences will be postponed until the static fields are given.

RUE L2  (PRELOADING)

The number of originally broken bonds was 19. This
simulation is similar to L1 but for a higher stress of 1.3.
The surface strain € for the perfect sample was 0.01633,

givinz ér = 79.6. The crack started propagating at about
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3400, which is 60C steps after the introduction of the cut.
The propagation was initially brittle. By step 3700 dislo-
cations were trying to form at the tip. The picture of the
lattice at 3700 shows dislocations trying to form both above
and below the tip. At 3700 the crack had a length of 13.25,
the tip being atJZ%= 52,75 . As the tip moved to the left
(2;; 52.75 at 380C) the strain field at the old tip position
(JsF 53.75) is relaxed.  As a result, the dislocations which
had been formed (or which were trying to form) at the old tip
position, got annihilated. This is apparent at 3800 where
the dislocations which appeared below the tip at 3700 have
disappeared. The same procéss of creation and arnihilation
of dislocatioﬁs is repeated several times. This goes on un-
til step 44CO. In the language of the Rice-Thomson theory
presented in chapter 1, the dislocations wers trying to over-
come the attractive force which pulls them to the tip by
reaching the critical seperstion radius ¢2 . This resulted
in o dislocation cloud accompanying the tip. By step 420C
the dislocation below the tip had already been formed and
seperated itsell from the tip. However although it was al-
ready fully formed it got annihilated between 4200 and 4300.
At 4400 two dislocations zhove and below the tip were formed
and escaped the tip regicn travelling towards the outer sur-
face. By 5100 these two dislocztions were 5 and 6 rows from
the top and bottem surfeaces respectively. At this stage the
tip had been somewhat blunted but the fracture was still

quite brictle. By 57C0 multipls slip had already occurred.
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Two edge cislocations had arrived to each of the upper and
iower surfaces. At the tip, surface roughening appeared and

the originally sharp appearance of the crack disappeared.

Figure (3-74) shows the time evolution ofW ’L(,S"’ ME,
éﬁ . L{lj{ also gives the length of the crack (in bonds).
This firure also gives (AME/AW) as a function of time. As
apparent from the fizure the elastic value of 0.5 for this

coefficient is nct observed. The value of the coefficieat

<

ecrezses with time (or crack lenzth) so that in the long

len=th limit(Auz/A W)= 0. This means that in this limit

2.

the rizid bedy picture might be a useful one for studying

the propazation. The same conclusion can be derived from

figure (3-75) in which W ,%,g’ and éﬁ@ are given as a2 func-

tion of A/F . Linear elasticity predicts a straight line for
vs ME with slope equal to 2. The mclecular dynamic

simulation gave a curve concave upwards with

/W LY vo o i AU D
Lo DU, Ao AW

This indicates that in the limit, variations in M. may be

neglected with respect to/"/ di(g, and 0[% (rigid regime).

0"?

The decreasinz value of 05“; /06""/ mizht be under-
stood in terms of the dislocation emission and motion. 4s

the shear strains in the tip vicinity increases, the strain
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energy L(E-also insresses, VWhen a dislccation is formed
and moves towards the surface, the shear strain is relaxed
and ZZédecreases. The enercy released from the shear strain
field goss into kinetic energy. This means that when work
é(”&s done on the sample‘aﬁégwould be smaller if dislocation
emissicn and motion take place than if such processes do not

occur.

Thus one could arrive at the same conclusion of D/%’vo
in twe ways. By considering the fracture to be rigid in the
long length (because in this limit a(L(Eza ) limit, or by
considering it to be highly plastic (with increasing dislo-
cation emission) in this 1imit. The two pictures are physi-
caelly very distinct. One could choose the appropriate one
only when the probability of dislocation emissicn is known
as 2 function of velocity. If dislocation emission increases
or stays constant with crack velocity the plastic picture

must be employed, if not the rizid one is appro.riate.

Fizures (3-76) to (3-91) give the pictures of the
fracturing lattice between 3300 and 5700. Figures (3-92) to
(3-107) gzive the stress profiles 6~ up, 6~ right for rows
18,19,20,71 at 3840 and 4#500. Figure (3-308) gzives the time
dependence of crack velocity. In this figure the crack is
consicdered to he at a certain bond when the bond is complete-
lv oroken i.e. when its lengtn is 7., (as defined in the

MAX
introductory section preceeding the results)
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Figure (3-74) shows that ¥z and 0€grare almest parpa-
llel impliying thatciﬁé?==ofbégu Since [Lgis by definition
proportional to the half length ,{?, the above equality in-
dicates that AZé-is proportional to A in this run. Linear

elasticity givegan L dependence instead.

Table (3-5) gives the maximum stresses near the tip

on the different rows for steps 3160, 3840, 4500.

RUN L3 (PRE LOADING)

This experiment is similar to L2 except that the
number of originally broken bonds is 3¢ giving.Af = 19.75.
The tenderncy to form dislocations which was cbserved in L2
did not appear here. Instead the fracture was completely
brittie until step 4000 when bifurcation associated with

dislocation formation took place.

Figure (3-109) gives the time evolution of W ,éég ,éégf
, and ME' Figure (3-1.10) giVesW ,b{je,and 1/(,51 as a
function aféé% . W vs L{E_is almost a straight line with an
average slope of 2.85 . This is quite close to the elastic
value of 2,0 . The behaviour here is quite difterent from
L2 where «{h//aQ%) was always increa51ng.' The constancy of
(o{»qetqg) agrees with the assumption made in ali continuum.

energy balance theories.
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The ﬁ%yvs time curve 1s approximately & straight line
with an average slcpe giving a crack velocity o, = 2.9 € /m
whers om is the mass of the atoms, and € the depth of the

well. This is gives

V2 / Co = O- 549

Bifurcetion occurs betore this velocity is exceeded. This
agrees with the continuum prediction for bifurcation veloci-
ties zJi = o.oc/g .

t should be mentioned that the behaviour of the
crack in this experiment is in contradiction with the Mott
expectation regaraing the acceleration period. As discussed
earlier the Mott theory predicts a graaual increase in velo-
city. For example a crack needs to double its length in
order to be accelerated to 50% of its terminal velocity.
Here the terminal velocity is reachea right after the propa-
gation starts. Figures (3-111) to (3-125) give the pictures
of the fracturing lattice, and figures (3-126) to (3-139)
the stress profiles at 3760. This is about 200 steps before
bifurcation starts. Of special interest are figures (3-134)
to (3-139) which give the profiles for Copen 2nd S right for
columns 40, 4l, L2 about the tip. As apparent from these
figures the profiles are broad. This will be more apparent
when these proiiles for the static cases are presented later.
The broadening in the profiles indicate that the highly stra-
ined = regicn extends above and below the central rows (19 &

20). This increases the probability of initiation of two
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fractures above and below the central rows and explains why

bifurcation occurs later.

RUN Li (DAMPED EQUILIBRIUM)

The sample used in L1 was damped with (Q =0.9875. The
potential energy of the perfect half crystal was -7749.07 .
The final potential energy at step 9900 was -7703.82 .
This gives MD

U, = oYV — %
02,([4,5,025_ 3‘?]

e

= /.5

C —_—
L, . T 207 (9 $x /9. 7'Sj 3. #
£ £ 8//2
with
% - 0.3
Uz

The effective modulua zt the end of the run was
s M .
a ) - 390.6
_ A
Using equation (3) of section 3D one gets (E) = 52.2 .

Linear elasticity predicts a new value for the surface strain

given by (Sé. This gives
(s7) = 006140 5'53?)(0 5) /(¢)-13)
= .009¢
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The observed value of £ is
s \MP /633

MD (S ) =0
The value of é{E’ quoted before (12.5) is derived from the
potential energy at the end of the run (9900). When the
damping was introduced at 5400 the potential energy moved
towards z meximum at 585C and then kept decreasing from 5850
tc 9900. Over the last 400 steps the rate of decrease in
potential energy was (2.6x10'6%) per step. An exponential
extrapolation based on the last 2500 steps gives a potential
energy at infinity of -7704.49 which gives a value of é‘é’

equal tc 11.15 instead of the 12.5 obtained at 9900.

The stress concentration factor 9 for this run was
MD

:;;‘ = zi..«4.é//éh 5= 39' éyﬂQ/

This was obtained at step $460. Table (3 -B) gives the
maximum stress on the different rows. The Eringen estimation

Pd
of  for this case is

~ ERINEsN

= CCV) 2l fa
= . ?oz/ozx/@?g; 4.53

[C(»)= -7 TOR v=. 33(&@)]

The critical bond at 99C0C was 1.109 long.
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Figures (3-140) to (3-151) give the stress profiles.
Of particular interest are the profiles of column 48. The
sharpness of these should be compared with the broadened
profiles in 13 (Fig. 3-134 & 3-135) which gave rise to bifur-
cation. Of interest also is the fact that the ratio of
maximum transverse siress to maximum longitudinal (vertical)
stress is about 0.76 . This is contrasted with the corres-
ponding ratic for the dynamic case &t the same stress. From

table (3-3) this ratio is .97 at 8280 and 1.004 at 8800.

RUN L5 (DAMPED EQUILIBRIUM)

4 (19) crack was introduced in a perfect half crystal
at 6 =0.5 at step 4500, The system was left to evolve with-
out damping for 1100 steps. In this time period the critical
bond attained a maximum length of 1.0633 at 5400 and then
started decreasing. This indicated that this crack (9.75 in
length) was below critical. A damping mf%9==0.9875 was in-
troduced.at 5600. The system reached an equilibrium in 400
steps. Between steps 6000 and 6300 the potential energy
remained constant to six places. The decrease in the criti-
cal bond length in this period was 8.7x10-2%. The constant

value of the potential energy was -7729.21 . This gives

MD
- 72
ME = /
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For this g& _,Z C

£
Alsc /7/“: 0'5‘4—

ERINGE M

MD ’ o
F _2.55/5=5.] F - 3./%

Table 3-7 gives the maximum stress on the different rows.
These are taker at step 6280. Again the ratio of maximum
transverse to maximum longitudinal stresses at the tip in
this static situation is C.56 . Again this ratio is much
smaller than the corresponding dynamic ratio for the same
crack at 6= 0,5. The dynamic ratio at 3760 was .98 and
at 4500 was .89.

RUN LS (DAMPED EQUILIBRIUM)

Same as L5 but for 9 originally broken bonds (€= 4.75).



The stress concentration factor given above is for
step 6500, The other maximum stress at this step are given

in table (3-8).

The strein energy above is derived from the values at
6100. \/ remained constant to 6 places, and the critical
bond to 5 places between 6100 and 6500. The run was started
at 4600,

RUK 17 (DAMPED EQUILIBRIUK) (&= |-3)

This is another damped experiment in which the number
of broken bonds is 19. Cracking was done at 2800. Until step
4800 the potential energy was still varying appreciably.
(AV= .14 in a 100 stéps). An exponential extrapolation of
the increasing potential energies based on values from step

3800 tc 4BOO gives a potential energy of ~7700.31 .This gives
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U - 6.7

U = 634 | @fl.-_—.g(?

2 £
= 4. 4S/)3 5 342
EﬂINGEN:- 8 ,)X

S MD p
FE) Z6r9,  (E)=7on
/ . C
" oal (e )=-0/

is from step 6240.

R

RUN L8 (DAMPED EQUILIBRIUM)

The perfect sample at © = 1.3 was cracked with a
crack of length 9 broken bonds at 2800. The sample was run
for 2600 steps. During this time the critical bond achieved
a maximum of 1.0927 at 4500 and then started decreasing to a
value of 1.0566 at 5300. Damping was introduced at 5500,
and another 1000 steps were run. During the last 100 steps
(6400-6500) the potential energy of the half sample was con-
stant to six places ( = -7717.77). The critical bond was
_4%

decreasing at the rate of L4.7x10 per step during this

interval.
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MD C
% =386 ME:/~5/
4, =.37

E

EN- FI3 (B A
£ )% o/ (£) 0167
73650399

ERITNGEN
/&/

S - .14

/ is obtained at 6500 and the profiles are given in

Figures (3-152) to (3-155).
RUN 1S (HEALING)

It will be recalled that the Thomson et 2l model pre-
dicts that if a crack of length Zz,has a critical stress GZ
it will heal only if & is lowered to € _ . This model pre-
dicts that (& —°. ) will be of the order of magnitude of &Z.
Lecording to this model if the appliec ¢~ is lowered slightly
below ﬁZ’the crack will not heal and will be lattice trapped.

~

As mentioned in chapter 2 Ashurst & Hoover observed a trapp-
inz of 2.7 (=6%/ €.). It is the objective of this experi-
ment to show that for a long ranged potential no such trapp-

ing will occur and that a stable track will heal whenever it
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is allowed tc do so. It will be shown below that no reduc-

tion of 6~ is necessary to obtain healing.

The stable crack of run L4 (6°=C.5, 39 broken bends)
was used. At step 9900 the broken bonds were restored. The
crack healed. At the instant of restoration the critical
bond was 1.1087% long. This bond connects atoms 48 & 49 in
rows 19 & 20 respectively. Table (3-%) gives the time
evolution of the critical bond and the first seven restorad
bonds for the first 150 steps after restoration. The equili-
brium length of a bond between rows l&féggg in a non-cracked
sample at this stress level (6= C.5) is about 1.02, Thus
the table indicates that the crack healed by ég'bonds in 150
steps. This process goes on until the whole crack closes
completely.(N.B. This experiment was continued for another

100 steps only. In this additional period another 5 bonds

hegled)

Thus the results of (L&) indicate that a stable crack
will heal when permitted to do so. In the language of the’
Thomson model this experiment has shown that 67 =6, for a

stable crack. This indicates the absence of treapping.

From experiment (L1) & (PRELOADING)= .5 . At an app-
lied 6 of 0.5 the crack will propagate in a preloading
experiment and at the same applied ¢ it will heal if brought

to eguilibrium and restored. No wide range of & is thus
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required to produce healing and extension.

£s will be evident from the coming experiments the ‘2'
(postloading) ~ 0.625. This means that static crack of (Li)
will be stable against propagation when ths appiied 6 of 0.5
is raised to any value in the range (0.5 - 0.625). This
just indicates that %(postloading))ﬁ’c (preloading). The
relatively large difference between the two does not indicate
any trappinz. This is because at any ¢ in the range

(0.5 - 0.0625) a preloaded crack will propagate, and if suit-

ably damped and restored will heal.

RUN L 10 (HEALING

- Ron (L2) was repeated for a higher stress of 1.3
Healing resulted here too. The run started at 6240. The
critical bond decreased from 1.25 at 6240 to 1.05 at 6350.

RUN L 11 (STABILITY AT €= 0.5)

It is interest to know whether the damping forces the
cracked svstem to go into a meta_stable state or whether the
confizuration arrived at with the help of damping is a true
equilibrium configuration. The question is especially impor-
tant in cases where the applied & is close to the critical
value. In the case of the long crack (3%) a stress of 0.5
caused propagation in preloading (L1l) and equilibrium when

damped (L4j. Here the system at 9900 (from L4) was used to
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check whether propagzation would result when damping is re-
moved or nct. The damping was removed and the system was
run for 120C steps. No propagation was observed. Actually
the vpotential snerzy of the system decreased uniformly during
£his intervel (gzained attractive energy). The decrease in
potential energy was 1.15. The run was stopped at 11z00.

In this interval the critical bond decreased by .018. If

the run would have been continued both potential energy and
critical bond would have oscillated about some averaze

eguilibriun values.

Thus the &~= 0.5 (39) crack was found to be stable,
and 67, (POSTLOADING) S 0.5.

RUN L 12 (POST LOADING) & = 0.55

This experiment as well as the next twe were performed
with the objective of finding the critical postloading stress
q; for the(39) crack at 6 =0.5. The applied stress was
increased from 0.5 to 0.55 at step

(990C). The sample was
run'until step 11800. The critical bond decreased from 1.109
at 9900 to a minimum of 1,108 at 10100. It then attained a
maximum of 1.153 at 11300 and then started decreasing. At
the end of the run the critical bond was 1.143 (at step 11800)
It wes coneluded that 6‘é(POST LOADING);; 0.55 for this sys-

tem.
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RUN L 13 (POST LOADING AT &= 0.6)

The stress on the sample of experiment L 12 was raised
to 0.6 at step 11900, The critical bond increased slowly
and performed small fluctuations while increasing. It reach-
ed a maximum at 13500 and then started decreasing. The max-
imum was 1.2308. At the end of the run (step 13850) the
bond was 1.z2C4$ lcng. It was concluded that &X (POSTLOADING)

> 0.5 for this crack.

RUN L 14 (POST LOADING AT __ = 0.65)

The stress on the sample of L 13 was increased to 0.65.

Propagation was obtained. Thus GE (POST LOLDING) \< 0.65.

RUN L 15 (_6” = 0.55 DAMPED)

The sample in experiment I 12 was damped starting from
step 11200. The run was continued to step 12500, At the
end of this run the critical bond length was decreasing at
a rate of l.leO—h% per step, and the potential energyv was
also decreasing (becoming more nezative) at the rate of
2.6x10_6% per step. The final value of the potential energy
was -7701.74, of the critical bond length 1.1387. To compute

64;:u3>the pctential energy of the strained lattice is
needed. Since ne run was done for a strained uncracked

lattice at 67 = 0.55 the value was obtained from the< =0,5.

run by assuming a strain energy of the form given by linear
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L
elasticity i.e. proportional toc & . The strain energy at

0.5 was 3.43 hence at 0.55 it is 3.43(0.55/0.5)z = L.l5.
This gives the potential energy of the uncracked hali’ sample
at e = 0.55 as =7748.39. This gives
o 753
U, = -
Alsc z,{,.c— 4, 5'. € which gives
F -

Table (3-LU) zives the maximum stresses on the difterent

rcirs at 12520.

M D
Z SS/s5-9, 27
‘)/Z«E?INQ—E# 4' 53
L 16

——
—

RU (&= 0.6 DAPED)

The sample of (L 14) was damped starting tfrom step
13900, The behaviour was the same as in (L 15). The rate
of decrease of critical bond Length at the end of the run
(step 15750) was 6.6xL07%% per step and its length was
1.207y. The rate of decrease of potential energy of the

6,

halt crystal was 2.6xlC "% per step and its valuve was

~769¢,05., This gives
LM ,
4 7’= /?.aa
&
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Table 3-1ll gives the maximum stresses.

RUN L 17 (DUCTILE FRACTURE)

/7
In order to study the supersonic regime a perfect

sample was strained to€ =3.0. 4 19 crack was introduced.
Instead of propagation the tip blunted by dislocation emi-
ssion. Several such emissions occurred before any extension
took place. The main difference between this sample and the
ones which resultad in propagation was bhat the highly
strained region was relatively larger here. In the cases
which resulted in propagation the bonds which suffered the
largest extension always lay across the crack faces( i.e.
between rows 1% & 20). Here it was found that after the
initial extension takes place in the first two bonds the
highly extended bonds ars not the ones at the tip but are

one row above and below it. At 7100 for example the exten-

sion state is
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FIG. 3-156

. A

In the propacation cases the next highly extended bond after
prop

(15-20, 58-5%) was (19-20,58-53). Here instead of this(16-19,

\

58-57) and (20-21, 58-58) have a larger extension.

4% 7150 this situation recurs with the extension of the
off tip bonds increasing and a new interaction (20-21,57~59)

coming into play.

oL -

FIG. 3-157

7150



- 125 -

% 7200 another new interaction has come into play(l8-1G,
57-52), These two new interactions help the glide process.

XY <7 st

Same as L 17 but for a smaller crack 9 bonds. Again

ductile behaviour was observed. Figures (3-161) to (3-167)

give the pictures of the lattice.
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DISCUSSION

g]

. ITHE GRIFFITH THEORY

The theory has been tested in detail for the case of
fixed loads with free vertical boundary conditions. Vhile
the bhasic ideg of the CGriffith epproach is thermodynamic in
nature and cannot be wrong ., . <the assumptions which have
to be made in order to achieve some progress are not always

valid for this type of loading.

In particulsr the use of the Inglis expression for the
strain enerzy of an elliptic hole to represent the strain
energv of a crack was found to yield values smaller than the
strain energies obtained by molecular dynamics. Table (3-1223)
summarizes the results and gives the continuum (Inglis)
strain enerzy as percentage fraction of the molecular dynamic
strain energy. The fraction varies from 29% to 61%. Exclud-
ing the last entry in the table (which might not have arrived
to completes equilibrium) the results indicate that the dif-
ferences between the continuum and molecular dynamic energies
increase with 6 for the same ,éi and with XZ for the same

€~ ., This is tc be expected since the Inglis result is
derived crn the basis of linear elasticity and implicity in-
cludes the assunmption of small displacements. Since the dis-
placements inecrease with 67 & _Af it is expected that the
Inglis result will be less valid as 6*8:,5 increase.As wall

be skown below this inaccuracy in the theory can cancel out
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with the inaccuracy in the relation between work and increase

P

in strain enerzy in some cases. In such cases the Criffith
estimation of the critical stress.might not be far from the
correct cne. This might explain the initial success of the
Griffath sheory in spite of the fact that some of its assump-

120
tions are not generally valid. Table (3-13) compares the
A

Griffith estimations of the cristical stresses with the ones
obtained by mclecular dynamics., The comparisons are only

meanincrtl in the cases of pestloading.

The assumption of 5{4é/46¢=565 was alsc tested. AT the
bezinning ¢ the motion it was found that this fraction wes
0%, 80%, and 327 in »uns L1, LZ, L3 respectively. In Ll
this fraction was the same throughout z large fraction of the
motion. In L3 it was constant until bifurcatzon took place,
and in L2 it decreased monotonically as the crack propagated.
The behaviour cf the sample at the beginning c¢f fracture in
L2 2% 13 is thus qualitatively similar to the CGritfith expect-
at1on (of 50%) although the 505 assumed by Griffith is not

Ead

obeved. The (% chserved in (L1l) is very different from the

Griffith expectation. This so called rigid tearing mode will

he anaivsed further in a subsequent section.

It should be menticned that in some instants the Griffi-
th critical stress can be obeved accildentally hecause the er-
rors made in the strain energy VQEand the error in the work

cancel each other. To see this one writes the relgtion bet-
weer W and /{_ in the general non-linear case.
E
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AW= a, (ot )

In the linear case ézw= 2 but in general a,-can be
smzller or larger than 2 as indicated by L2 & L3. The case
of interest here is when dwis less than 2(e.g. 13). For
the strain energy one can define a coefficient &E‘oo des-
cribe the cdeviation from elastic behaviour

MD [
e s 2 (%)

If a Griffith type ensrgy analysis is done one gets
J &J

/

2 EY |
Tjde(zw—/)

Since for the case of interest ( / <&, <2 )J(ﬂ_w—/) will . -be

Gcz

less than 1. For fixed loadsdi> [ and the quantity aé(‘f’-w—[)

can be close to / in which case the Griffith stress G"%will.

be accidentallyv close to the critical stress 62 .

As commented previously the case of fixed strgin gave
Inglis values for A/EC which are larger than “Z" . The
Griffith theory has a better chance of success in the case
of fixed strain since the work done by the loads is by de-
firnition zero. Hence there is no need for the work relation
which 1s necessary for fixad leads. By conservation of

energy all the strain enerz oes to surface energv in the
2 O



- 129 -~

brittle cases of fixed strain. The only inaccuracy in the
Griffith thecry would be the one resulting from the continu-
um expression for (/f[. The case of fixed loads posseses one

more degree cof freedom than that of fixed strain.

3G. THE MOTT THEORY

Sinée- the theory uses the twc basic assumptions used by
Criffith (i.e.the expression for &(E and the work relastion)
it cannot be obeyed (except accidentally). &ince these two
assumptions have been shown tc be not satisfied in general.
Indeed there are several other assumptions made in the Mott

thecry which are alsoc not valid.

Mott zssumes that the ol = ELd%relation holds through.
out the motion. Run L2 for example shows that %_é_fg keeps
decreasing with crack lenzth and that even if thrs/ Mott
assumption is approximately valid at the beginning of the
motion it will not be satisfied as the propagation proceeds.
In (L3) the constancy of 0{[{[ was satisfied.

(%
X

The expression for Lé&used by Mott which gives an ,{
dependence for M,ﬁ was alsc not satisfied in general. In
run L1 for example the change 1in Ml, was quite negligible
(2 €) as (L-4 )/ X, varied trom U% to 21%. In L2 the in-
crease was (L&) as (-e— A )r’/o increaseda ftrom u% to 79%.
Actually equation ( 7€ —3) 1indicates a dependence’ of Lﬁé

2 A depend
stronger than Z . Thais dependence comes from assuming
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that the static Griftith energy expression is wvalia for the
aynamic case (i.e.h&:ﬁ[ﬁf{ﬂaynamicaily). The much weaker
,4? dependence cbserved in the present simulations indicate
clearly that this assumption is not valid. Indeed in (L1)
there was ho dependence of 49&& LéE.cnl,lf fer a large part
of the motion. The same conclusion about the darnamic sSitu-
ation can be derived from consideration of ( 721-5). Te
evaluate the integral in (7€~4) Mott assumed that the dis-
placement fields of the dynamic case are given by the static
result (7{-5). The present simulation indicates that

( /C-5) does not describe the dynamic fields. Instead &, ,
a%L , have a weaker',é?dependénce than that given by (7€ -%)

and therafore 9¥4x g © “%zO. This leads to a small initial

2
Uy - v

The picture of a gradually accelerating crack has not
been observed in 11,L2, L3. In Ll where the approach to a
terminal velocity was the most gradual one in the simulations,
the lott expesctation for the acceleration period was much
higher than the observed ore. To show this one needs to ex-
vend the Mott expressions in crder to cover the case in
which the applied stress is higher than the Griffith one(or
equivalently when ,Z37J%9. A direct integration of the

Mott velocity leads to
v be L, L o) (o)

where_A;:onéé & <7 is some number slightly larger than 1.
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For the €& =0.5 if one assumes - & 1,11 this would give

a2 period of L42LOO steps required by the crack to double

its length, which is of cocurse much larger than the observed
period., I{ "M = 1,05 then the period is 5200C steps. The
main difficiency of the Mott theory results from the errors

.in the Grifiith theory, and from the quasistatic assumption.
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3E. THE EIGID BOJY REGIME

Ll has indicated that sometimes 0( MEO bs commented
in that experiment this could be dealt with as a rigid body
fracture . As mentioned there, the term is only meant to
apply in an approximete fashion since a real rigid fracture
would propagate with an infinite speed. In sample containing
a crack on its external surface a rigid tearing mode with a
finite speed can occur. This is because the rigid motion
can be performed by two rigid rotations of the upper and lo-
wer parts. If the crack is an internal c¢ne, as the case of
interest here no rigid rotation is possible because there is
an incompatability between the four rotations required and
therefore the only possible rigid tearing motion has to pro-

ceed with an infinite speed (see 3-16&(C)).

To analyse this special case one assumes that the form
of the stress distribution in the vicinity of the tip does
not change appreciably in time. Indeed the stress distribu-
tion presented in L1 make thils assumption = plausible cne.

L tip force can be defined in the following way.(Fiz. 3-168)

If the maximum value of the stress distribution occurs
at 4, and if the stress exceeds & only in the region AB in
the medium, and if the region in the crack in which the

stresses are non zero extends frem D to A then a tip force

Efe is defined by



_ Z +~ 3 (=)
%Z,_OZ Yy pe A a

In terms of the equaticn of notion of the upper halrl
Xf g P

sample can be written as

OZ@”%——%:(:M%’Q (1)

Where I is the mass of each of the upper and the lower parts.
This is because the forces on the portions BC of the half
crvstal are balanced so that they do nct need tc be consider-

ed. ind because the force on the pcrtion ABB'A' is

7 7/ : 7—
F o ABBA = (4B~ Z &7,
4z 4¢
—_ - Z (G-gt%— — C"v)
AR
And
_— &

,. 77 - G\‘/é }q %L%

7 4
Adding these twc forces one gets (1). From (1) {2 L&
where jls the length at the dYeginning of the motion. This
relaticn follows because fracture stearts Wheno?,c',g exceeds

% so that initiallyé[; 0 . Since each half of the sample
is5 considered rigid hereiV/L can be chosen as the (M of the

upper half of the crystal. (1) thus becomes

™)
~

OZQ"(«Z-—/Zo):zMéo (
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FORMATION OF AN EQUATION OF HOTION For &

If one writes an energy balance equation for the whole

system (upper & lower hal¥®s) one gets

oo d Uy o o Us + du,
dléév- oAU AUy~ = 2 | (3)

In the present case the rigid body assumption leads to
77 2 .

where x/:-%z . Wnen (4) is substituted in (3) and fg,: 4&{/2

is used one gets
AW, = LMVAY 4 VAL

By definition

A, = 2 Fdly = 3@ew)el y= 4wy

this gives

e = MV(EY) AV ()

or

a2 5%,1?
/‘i IO{V:/V{)[/:DQ'Q/M,_Y/
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9
Using (5) in (J) gives

ozé,v(j,z)soz(evw__a/%)
X(%}___ 6“[2«/’__ (/—/@)] )

é”/'w:(/ﬂé)]%a—; Y.l (7)

Diffrentiating (7) with respect to time gives
cJor (U L)]f - lgy l O

Using (7) in (&) gives

% g/[w— ¢4- a)]-f-&’j (9)
“[g—ﬂ—ﬁ]’z

Using (¢} in R) gives an equation of motioh for the crack

2 el L)= MY L oo (,é,/o)]+z)//
«[or— (4-L)]"

L - b)far_ (o L= MY L [vf-(!—j)] (20)
)/ 7&

One could cbtain a first integral of this motion (i.e. er>zr(é)
or-lf «lkigy in analytic form. Obtaining a second integral

of the mction (i. e.4f_v5229 is not easy. To ootaln'U‘-¢fZQZ)
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the following change of variables is performed

45.:;2LP__.4? L= aéa—/ég

J
The initial condition is f=g=h and £=-7?; when A=0

(10) becomes
— vo | L
MY[ 4 ¢[= 265Gt # @)

{11) can be sclved by the substitution

u,-'jn?‘ with initial conditions
‘O
© = nw & s
This substitution reduces (11l) to

MY & wce'/‘f wi#”
My & -_—Jsﬂ(‘;ﬁ-@f)sﬁe}@’w) (12)

To evaluateﬂé? the initial conditions are used to give

—42?:3 qy_/é;*--‘ﬁé_- (10'-'707/ég¢°49

which in turn gives

M 2
L 35w ng) +% (%)

(14)
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In terms QLA( ,{: (1L) becomes

- / -t p oy Y. X

(15) gives the way in which ¥~ varies with L for a given
[-4
o= L .

V,=0.5, 0.8, 1.0, “%=C.5 is close tc the observed initial

=]

he function (15) is given in fizure(3-38)for
velocity of .65, = 0.8 corresponds to an initial velccity
cbtained by averazing over the first three bonds in the pro-
pagation. Actually a value quite close to the observedd/, of
0.55 can be obtained from the atomic forces as will be done

in the next section.

In order to account for the sharp decrease occurring in
the observed velocity at about,{’=33 an interference problem
between the stress waves reflected from the outer surface
has to be sclved. These waves are being generated at the
rupturing tip as this tip procpagates. Such a solution might
be attempted after the equation of motion of the tip(source)
has besn found. As mentioned in the introductory chapter(l),
the compressive stress fields due to the reflected waves
have been chserved by Carlsson and Van Elst although there
is some controversy in the literagture gbout the interpreta-

tion of the data.

A simpler solution than (15) is obtained for the initi-

al part of the motion in whicho[ﬁéﬁf’this is given by,
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Aok, - Lo _gid ALK e,

N 3%

but this is valid cnly for the first few bonds (up to 20
. M
bonds approximately). TFor example at 695C (we,J% ) = 10.5

and by equation (15} Z__/ = 8.54 for 5 = 0.65.

3I. BSTIIATION CF THE INITIAL VELOCITY

When bond BC is cut the attractive force which was pull-
ing atoms B & C together is lost. As a result each of these
two atoms experiences a forceaz along BC. To find the
initial velocity of the crack o;; needs to find the rate at
which bond AB is extending. The force acting on B at the

instant of cutting (along AB) is

& Jor

From figure (3-35%) it is clear that the bond is accele-- -

rating up to approximately 1.16 (or 1.28). From 1.1% on the
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bond extends at a constant rate. This means that between
the initial state and the state in which 4B = 1.16 the latt-
ice deforms in such a way sc as to bring 74 to zero. One

can take the average value of 727 during this period as

2
<g—é> - (dewe o) /2

- (%m@/&

This means that the bond 4B will get accelerated from zero

to

Yz S
7 :}/2/ er? ) §
AR 2
where $ = 1.16 - (4B), , (4B), initial length of (4B). 1In
this case (AB)D = 1,004. This gives VZ = 0.276. In the

©

initial stete P = 60°. This gives

| , .
7/;42,:}/’0022—774 .76 ,_/.004) =./5

This number is in fact the slope of the (AB) & the

other critical bonds vs time curvegin figure (3-38) (in the
approximate units). Thus the estimate agrees with the ob-
served value. If one makes the judgement that the linear
part of thz bond vs time curves starts at 1.28 instead of

1.15 then

q}%zz = . /L?.ﬁ
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To get the initial crack velocity one finds the time 77 re-
quired by the successive bonds to go through the extension
process. It is noted from figure (3-37) that at the time a
bond breaks, (~1.5C) the next highly extended bond is at a
length less than the breakingz bond by & fixed amount (& .
Averages talken from the run have indiczted that A~ 0.12
(givinz the next bond as 1.48). In order that the crack
move from bond tec another, the time 7T required by tne criti-

cal bond to extend from l.48 tc 1.5 has to ellapse.

7 —2—" 7"
AN YAV
£ A £ A

/‘_L___/f Z:’—}a?.
< Ly 2
< = e T= 2™ 7
FIG. 3-170

Thus in figure 3-170 AD is 1.48 at /3 and DE is 1.48 at,éi.
In ¥ =%2;_gé)the crack has extended by one bond(distance =
005)-

Since the bond is extending at a rate J=— = /S

AT
= A/qj,g,gf- .(X/‘S— = D‘g

[’UC“)D = O g/o,g = O- 6023—

in quite gocd agreemesnt with the observed value of C.65 .
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The Zringen prcfiles and the ones cbtaired by molecular
dynanics are qualitatively similar. Figures (3-171) to(3-173)
below zive a compariscn of the two profiles. The nonelocal
theory predicts the same stress concentraticr curve for the
came crack length regardless of the applied stress. Irnstead

c
the atonistic resuits indicate the,}c depends also on €~
The concertrations decreass with & . This is clearly seen
from figures (3-171) to (3-173)4from the three columns of

(B-léﬁ- The decrsasing 327(with &”) in column 3 of

this table can be explained using a two-bond tip picture as
will be decne in the next section. However column 1 of the
table shows clearly that‘fzrhas a real ¢- dependence even
wnen the local stresses at the tip are far below the maxlmum
Such a stress dependence of\f: indicates that the stress
fields of a crack are not linear functions of the applied
loads 67 as assumed in all elastic continuum treatments.

Lot

Examination of the first and thiré rows of the table
shows that the,é dependence of’UQ’ predicted by non-local
linear theory is not obeyed. The first row (appliede’= 0.5)

givss - in the ratio

D 1

|

7 ¢ 2,92

L3

6
ER 1 s 1047

AP |

S*va Y

This indicates an,g dependence weaker *harvﬂ (i. eZ O’(5)
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However thz third row gives the opposite conclusion (i.e.

Y
L, Y'p -5 because
<
1D 1 :1.13
R 1 1.43

The resvlts available are not sufficient to deduce an

,éf - dependence.

4 note should be made about the compariéons which have
been made between non-local linear predictions and the re-
sults of the present calculation. The available non-local
results up to date have elastic modulus functions ﬂ/({z;’-/’?_‘l)
& /u/(/z’-z/ ) which have been obtained from a one dimensisnal
lattice in which the atoms are cconnected by Hook&an springs.
The appropriate q/ s /( /which are suitable for a twc dimensio-
nal L-J lattice is not available and the non-local calcula-
tion has not been carried out. The use of the appropriate
q/, /{/in a nonlinear Eringen theory might have yielded the

€~ dependence. Thus a fair judgment of the Eringen theory
cannot be made at this stage, since this theory has nct been
extended tc hendle the case of the present calculation or of
realistic solids., Howsver the Eringen theory removes the
singularity in a natural way and is capable of incorporating
atomistic tip effects by using more realistic modulus func-

tions obtained from phomon dispersion relations.
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(-\a'—_—"T
The parameter {(a ) in the Zringen relation J =-C774%;Z

is a measure of the size of the region {arcund a point) from

—~

which nonalocal contributions to the siress gt the point are
sicnificant. As such it wall darter from solid to solid and
will depend on the details of the atomic force law and the

-

effective ranses o these forces. In the (1D) first neizgh-
bour Hookian lattice which Zringen used (a) whould be equal
to tha interatomic seperation. In the precent (2D) lattice

2 = 1.0 i eonly Dirst neighbours are used. However it should
be citressed that since the compariscns here are done for
different situations the choice of (a) includes a dezres of
arbitrarinsss., A choice of 2 = L.0 is & logical one since
in the small deformaticn statec all atoms seperated by more
than 1.0 dc not affect each other. Hence the non-lccal re-

L4l

gion will have a dimension of gpproximately 1.0. This value
has been us24 throughout the comparisons. 'Table E includes
the Eringen predictions fer a = 1.62 also, This value is an
upper limit on & , since even in the most highly det'ormed

states any atoms sepgrated by L.062 do not affect each other.

Ls clear irom table 3-15 non-local theory underestimates-

L7C in all cases., This is because it is still a linear the-

orr and does not ccever large deformation effects,

F'igure 3-17.1 aindicates that atomistic profiles are wider
than the Eraingen ones when the maximam of both are close to

eazch other.

s
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The mein differencs between the static and dynamic pro-
files is the increase in the transvers fields in the drnamic

case. This can help in understanding the origin oi bifurca-

cation. If an angle é; is detinea by (ifig 3-174)
, Cﬁ_oﬂ> AX
( /:T/?véﬁ/f VERSE )y
If & is about 4C +*hen the force
will be alonc the bonds betwean é? ’
. - ) L {
rows 1¢ & ZC and propazaticon (?;W )
TrRAMS X
along the orizinal direction will T “AA
FIG., 2-174

result., If £ cecreases then the
crack will tend to bend. To understand the reason for this,
one considers the extreme cases of O= y0® & & = 0°. The first
case gives propagation in the x - direction ané the second
gives two propagation in the y - direction in a continuum.

kil Fo 3 -
Thus & decrease in & (of 90 produces bifurcation and bend-

In the atomistic calculations it was found that 59 for
the static cases and for the cracks which were about to pro-
pagate was about 550 on the average. For the dynamlc cases
it was apout 450. Thus one expects the occurrence of bifur-

cation as the velocity increases.

‘Table 3-15 give a comparison of the molecular dynamic

and Eringen profiles.
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3K. THS ATOMIC TIP

There is an assumption which is common to all continuum
treatments cf fracture. It is that the local stresses at
the tip are monotoric functions of the applied loadés &, As
€7 iz increased the locel tip stresses 6"4_’%(:6 D) near the tip

alsc increase until the maximum allowed °;V@§q)is reached,

racture starts. The agtomic discretness of

pizture appreciadly. Instead of being monotonic in & the
tin shress 6 ﬁjo) flattens out and becomeSessentially
o b - -~ vt 2 - -~ ol 2 J J q’“ . ~—— e F.
censtant over a widte ranze of applied g 4. This means that
~ (N - ) « 3 ) - -~y P -
the factor y~ in this range will be a decreasing function oi

—
ot (becauseji Lgoh/e“) as in column 3 ¢f table 3-15 pre-~

F7

FIC, 3-175(z)
The simulaticn gave 2 width of this plateau of about

197 2___}1—'@5,_67)/(%*(7)3“/092 } see figure 3-175.
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This stability plateau is quite different from the
stability considered in the Thomson lattice trapping models.
In all cases ccnsidered here healing cccurs when allowed.
The occurrence of the atomic stability plateau doés not de-
pend in anv way on the use of a short ranged potential, as
in the Thomson models. Instead it is a consequence of the
nature of the potential near the inflection point (maximum
force seperation). The effect will thus be manifested for
many other realisvic force laws which are similér.to the
L-J in the vicinity of the inflection point. It will not be
affectad by the short range employved in the simulation. The

origin of this flattening can be understood in terms of the

atomic force laws as will be shown below.

As evident from 3-14 and from the results of the simu-
lation, the maximum ﬁ;%fﬂgqﬁ of i.66 is never attained. Aan
explanation of this will also be given below.

Assume that A3 =”/,Z"-r ‘(‘,l , AC = 7/;6 #‘g:q\

where %;uis the inflection point (=1.1086), &;5}, g;, can

be either positive or negative, Thé# situation of interest
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is that in which fracture is about to start, so that S/, & ,

are very small. The stress G;g- (’eja) is given by
ay (49 = (121141 cs75

o
where 6~ 60 (correction can be made in £ tc include tip

9 l%’a]: )%i?(l

‘f‘g; flc.‘{;"_*'g;,,\

deformaticn).

<4 1=137

L

N

L first order expansion in the § 's leads to

-l

3\V%
and ©0 a similar expression for a,. Sinceﬂ’;-‘— 3. the

second breacket in the abeve expression vanishes. Thus to a
first order in % ,S} J %‘éﬂﬂ:’)remains 2t the maximum value
4.é5 . This result is valid irrespective of the signs of the
§ 's (i.e. either before or after the inflection point is
reached). To this order of approximation all applied &= 's

which give rise to small & 's cause a constant tip stress of
6:1,_%_[/) 0) &= Spinx
To get & more accurate picture of the behaviour of

GEH—('Q-’O) one carries the expansion to second order inf,,S:f.

In the i‘igure(B—l??)* w% are given as functions of‘d”l & {3
| 12
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> 7

nIC. 3-177

As the Iirst bond reaches the inflection point %starts de-
creasing. At the same instant -(74\ is still increasing. These
twe opposite trends tend to flatten Cg%(ﬂ;o> anc therefore

g;? [’6 3) . 4 second order expansicn of bhe_vf ‘svleads

/ / 2e2l /e A
"z 2 4 [Lx £+ ooy,

——
[

2
) - 6SF-86- 02‘?(5/&*%#)

This is always less than the maximum no matter whether g', R
%> O or S;,S:I <O . For the 6° = 0,55 for example the
above equation predicts ¢~ %(‘60) = L.44 (observed is 4.55).

¢
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2L, LATWICH TRAPPING Ao HUALTIG.

huns (L9 & L 10) have indicated the absence of lattic

e}
o

travpin- in the prasant model. This is in contradiction with

-~

the Themson et al results and with the results of the molecu-

Jar dvnamic study of Ashurst & Hoover who reported a large

trappine parvansiher Cﬁl/ﬁj = 3,7, Qther werkers in the field

of brittla freacture have accepted lattice trapping as a real
b

rhencmenon which follows ifrom the atomic discretness of the

T IR NS I~ m T , Sa
shed LG75 and G, T. Hahn 1975,

tions. Thea ori~zin of trappring in the Thomson et 2 encrey
calculation is diffezrent from its criwin in their force cal-
culation. The ener~y calculations will be discussed Lirst

and then the {eorce calculations.,
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(Il A’ JII)I '.';'.l‘l’-l."i

)

poraeciable trapp-

K S DU P e e tey e e g ere - b PR S
Inc wite Thomnon anaesy caleculations ¢
ing wiLL result only when %/ ds smnll. Tor oxample to pro-

A} lal ’-
e value of /Z has to  be

coial te Coind o0 In the present simulabion velues of cb-
teinaed by fittins the bhond enersies to the Thomson ener.y

exprassicn save volves o:i‘\f?;,éﬁ:hich rreduce only nemlizible
i — ;

- "

s . o s . v fe
trappin. T8 o is the eneray of the critical bvond and ;

of the Tirst nenbreken bend then the Thomson sxpression gives

For run (LC) table 3-17 miwvan
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For run (L 1Q) table 3-17 cives
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order for trapping %tz occuir 8 rust lie betweenp%/) & wfsr)

whare [¢ is the extension in a bond.

wlwrl) S U

7
/

;:/ -

’
/

FIG., 3-178

Thus for 6 =C.5 (3¢ BONDS) § has to be lie between C.1l &
0.2% and for 6= 1.3 (19 BOEDS) it will have to lie between
0.25 & 0.42. Only a very artificizl potential would satisfy
these requirments for trapping. IEven if one can imagine a
substance for which the potential is very short ranged, it
is still hizhly unlikely that the two inecualities above

will be satisfiied.
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SUIZIARY ALD COMNCLUDING REMIARKS

The Zriffith theory has been vested., In some cases
it was found that the energy work relation which is assumed
by this theory is srproximately valid. In othar cases the

J

assunpticn was cleaxly viclated. In one case the strain

rack was almost constant during a

(@]

enersy content due to =

rze part of the propazation. This case which has been
ed displacements.(See note at end of this section)

It has besn possible in this cese to werk cut an
analytical expression for the velocity of the crack as 2
function of its length. This expression is in fzirly good
agreement with the results of the simulation. /fn estimztion
of the initial velocity in this case has alsc been possible.
This has been done by considering the atomic process which

tekes place after the introduction of the cut.

The continuum predictions for strain energy have
been found te¢ be smaller than the atomistic strazin esnergies

w

Tor the fixed load cases whi have been tested.

The ifott theory for crack velocities has also been
examined. The basic assumption of the quasistatic nature

of the dynamic fields has been found to be violated. This

assumption implies that the strain energy of a mcving crack
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has the sane ,Z?dependence as a static one. Instead the de-
pendence af[/gr_in the dynamic case has been found to be
much weaker th;n the static uéVdependence. In one run éé?
was almost a2 constant (independent of,é?). The acceleration
periods found from the simulations were much shorter than
the lot%t expectations. This was found to be the case even
after the Mottt result was modified to cover the case in

which the loads are above critical.

The concept of lattice trapping has been tested. The
results of ths present simulation indicate the absence of
any trapping. Analysis of the Thomson et gl papers has led
to the conclusion that the trapping reported by these auth-
ors resulted from the use of short ranged potentials in their
feorece calculations, and from the use of unphysically sﬁall

widths 3? in their energy calculations.

The stress (or force) enviromment of the tip has been
investigated. The results have shown that fracture occurs
when the force on the tip ztom reaches a value slightly less
than the maximum allowable for the perfect solid. In all
cases the stress concentration factor é;:fj-calculatedjby
by Erinzen has been found to be less than that calculated
by molecular cynamics. The1[ZT'dependence predicted by
Eringen was not obeyed. Moreover 5erhowed a clear load de-
pendence contrary to the predictions of the Eringen theory

and of other linear continuum theories. The profiles were

qualitatively similar to the ZIringen ones. When the maxima
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of the 4wo rrofiles werz nearly equal, the stomistic pro-

file was wider.

Consideration of energy and stress criteria has

-

led tc the conclusion thet the latter is b

(D
(l‘

er for this
This Is because of the considerable dif-
ficultlies which face energy criteria, as cutlined in the
ith shecry lcr axample, lletheds for
ictitiss are not avealliable., For exam-

-~ < T2 D
cverconing thess dif

ple there is no reascnsble substitute for the werk enerzy

t

relation used irn the Griffith theoryv. In the zbcsence of
such a relzticn nc prograss can be made using an snergy

theory. On the other Land there is z clear plan whizh car

De outiinel for formulating reliagble fracture stress cri-

ria., One can start by finding the maximum local force
Mﬁx » - a -

(stress) #ﬁ- a tip ato. can withstand., This can be

done by usinz a2 suitable pair potential. Once this is done

then a set of calculetions similar to the ones periormed
here can be carried out te yield the explicit dependence
. ,{f % € . Once ar accurate / is available th
. . MAx
it can be combined with the atomistic G?%V 4o yield the
critical & for a partlcu’c.rzz or the criticel /Z for

rticular 67 by solving the implict egquation

J;:, /1? @>1>,_, /4A><///,,\J

w
s}
b



creases with increasing @ the number of static runs per-
formed was not sufficient to provose an explicit form for

tae functional dependernce ofgfccn:G” (or on.£ ).

Up te this point the present stress calculations

nave been viewed as & metaod for testing the Eringen cal-
culztion, Actuellr the present caiculaticn includes less

nenresiistic assumptions. and is more accurate than the

-

Crinzen celculation, It can thus be used as substitute

m

bered that the Iringen theory is still a linear one, and
therefore cdoes not include large derormations in the ap-

propriate fashion.

The azbove commenis on stress and energy criteria
apply in perticular tc the case of fiwed loads. For fixed

dispiacenents energy criteria stand a better chancs of

success than in fixed loads since no work energy relaticn
is needed (W= C). In this case the possibility of
being a good approximation is better .7 . Decause these

-

loading condliions allow less deformation than fixed loads.

in inveresting consequence of the atomicity of the
lettice nzs been cbserved near tne crvtlca¢ stresg.
monovo:mile dependence on the lOCal tlp stress on the applied

one is lost and tae curve of %$52 éhb 6" flattens out.
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~ Eal

ranze of@ 's in waich the crack is sta-

t
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bie, This efifect is a true consesquence of tihe discrethess

of the lattice and has nothing to dc with the range of the

since it resulits from the nature of the poten-

tial near the inflection point.

Dislocation emission and blunting have been obser-
ved in some runs, in azreement with the predictions ol <tae

-

Rice-Thomson thesory. Lccording to Shis theory the ductilii-

ty criterion is just barely satisfizd and therefore disio-
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It has not been possible to investigate the super-
sonic rev;me because all highly stressed samples deformed
pilastically i.e. by dislocation emission. The occurrence
cf plastic deformation rather than brittle propagation at
hizh stresses is guite different from the Ashurst-Hoover
result for this high stress level. In the Ashurst-Hoover
and the Veiner-Pear high stress runs a superscnic verccity
was achieved (very quickly in the W-F). The difference
might be due to:the' poténtial, the boungdary..conditions:, and
the absence of any restriction on the motion of the atoms

(as in -P).
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Bifurcation has beern observed and is preceeded by

& broadeninz of the column stress profiles.

Finally the case of fixed surain for this poten-
wit
ticl amd—Fer Iree vertical boundary conditions remains to
be investigeoted. The extension of the simulasion to 3D
for this type of loading (fixed) and for this sample size

is also of interes:.

4s commented earlier the.rigid tearing mode cannot
occur for the case of fixed‘g§zﬁgfl This is because there
is no additional room for a rigid separation of the two
halves of the sample across the crack faces. In terms of
energies, in the case of fixed displacements there is one
source for the additional surface energyéz(é{ eeded for
crack motion. This source is the strain field. Thus for

propagation
y AUy~ — AU (f7 otty=2)

In this case no propagation can occur in a rigid tearing

mode (¢ {(~ 0) because the rizidity will necessarily imply
thaté(é{?$:o (i.e. no propagation). In fixed loads 5%3&6;
can be almost zero because the surface energy 513%34can be

supplied from the loads 'i.e.

A W= oAUy (v‘éf”{é%”o)
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CUTOFF BEHAVIOUR DAMPING
S 11 | L5% DUCTILE EVERY 1.3
50
S 12 | 20% BRITTLE NO DAMP 1.35
UNEVEN
S 13| 30% BRITTLE NO DAMP 1.35
REAT
5 1k | 40% BRITTLE NO DAMP 1.35
S 15| 42% DUGTILE NO DAMP | 1.35 <.
S 16 | L2% DUCTILE EVERY 3,2
20
S 171 L5% DUCTILE NO DAMP 4.0
TABLE  3-3
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STEP # now up | €down | Crisht| °©left

9460 18 3.31 | 3.31 2.4 | 2.14

3 19 bbb | b6 3.1 | 3.4

n 20 3,51 | 3.51 2.13 2,13

" 21 2.72 2.72 174 1.74

&= 0.5 349 BONDS
DAMPED
TIBLE  3-6
STEP ROW up ‘down right left
6280 18 1.75 1.75 1.55 1.55
" 19 2.55 2.55 | 1,47 1.47
" 20 1.76 | 1.7 | 1.31 1.31
n 21 1.38 | 1.38 | 1.20 1.20
& = 0.5 19 BONDS
DAMPED

TABLE

3-7 :
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STEP up down right left

6500 1.07 1.07 1.03 1.03
n 1.53 1,53 0.99 0.99
" 1.07 1.07 0.91 0.9
n 0.87 0.87 0.81 0.81
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BOND

STEP

9903 9950 10,000 10,050
L - 49| 1.109 1.028 1.009 1.027
49 - 49|  1.283 1.034 1.051 1.031
49 - 50| 1.364 1.125 1.0474 | 1.009
50 - 5G| 1.454 1.274 1.014 1.054
50 - 51| 1.503 1.381 1.105 1.059
51 - 51| 1.575 1.494 1.283 1.018
51 - 52 | 1.6 1.579 1.419 1.130
52 - 52 | 1.6 1.6 1.6 1.6

&= 0.5 39 BOKDS
BOIND STEP
T 8250 5300 3350 6500

58 - 59 | 1.250 1.170 1.033 1.056
59 - 59 | 1.419 1.290 1.127 1.051
50 - 60 | 1.516 1.412 1.299 1,141
60 - 60 | 1.597 | 1.524 1.446 1.311
60 - 61 | 1.658 | = - 1.454
61-61 | 1717 | - - _
61 -~ 6z | 1.762 - - i,
62 - 62 | 1.808 - - ;

& =1.3 19 BONDS

TABLE 3-9

g s



ROV

6~.—

up Saon | %

right

oieft

3.50 3.50 2.20
L.55 k.55 3.51
3.81 3.81 2.37
2.97 <.97 1.90

2.20
3.51
2.37
1.90

39 BONDS (DAMPED) & = 0,55
STEP 12520
TABLE 3-10

B e L ] on

L A IR 0 iR R YV 7 VR s JETUTTRPL U SPRPRE U N

ol T baX

B U YO B LRI MR ST
L g . ;

Sy ' NI A T i L TN e
e i A D Eats ettt o e S B R AT 2 A e 6 b i b L...._.‘
' : .‘ -v .

ROW

&7

& right

up stown

Seft

18
19

20

3.58 | 3.58 | 2.1%
l.39 139 | 3Lk
k.28 L.28 | 2.83
3.34 3.3, | 2.08

2.14
3L
2.83
2,08

39 BOKDS(DAMPED) < = 0.6
STEP 15780
TABLE 3-11

H
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PRSP U AR

* 1 2 o I
L € ¢3 PRE
9 4.62 L.66 -
19 3.22 3.25 1.3 :
39 z.27 2.29 5|
TABLE  3-12(a)
X
[N A:a...__‘. -..‘-._.....‘-uu_. PR S '. "‘-‘*Ml i et S 'c % “
RUX VA 6 U, U, s
L6 o 0.5 0.36 C.218 61%
L5 19 0.5 1.7z 0.92 5458
L 39 C.5 12.5C 3.78 304
17 15 1.3 16.78 6.34 385
L8 9 1.3 3.85 1.51 39%
L15 39 0.55 | 15.32 k.56 29%
115 39 0.6 19.0 1C.88 57%

TABL

T 3-12(b) '



™
L]

™
N

3.1%
2,51
3.18

8.92
8.27
7.32

3.56
L.52

TABLE

3-14

55

O

1053

leo k6
e 55
1239

1.3 3.65 4.1l -
TABLE  3-13
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T i) iy //Q-\
Z = SIZE
v ?/ 6~ MEX
4.53 8.92 0.5 L6 39

.18 5.1 0.5 2.55 19
2.22 3.06 0.5 1.53 9
3.18 3.k2 1.3 Lob5 19
Z.2% 2.81 1.3 3.65 9
4.53 g.27 0.55 L.55 39
L.53 '7.32 0.6 4,39 3@

TABLE  3-15
' MD R ‘
'ZJ_ (in £} UE (1n.d) &~ '/Z
.27 .15 1.3 19
14 .15 .5 39
.09 .05 .5 39

r

4 Vr-aud NIAX '
U'——- width of profile at F o= (? -1)/ 2+1

Half widths of Force Frofiles

TABLE 3-16 ‘
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G = 0.5 39 BOND CRACK

1ST BOND AHEAD OF ' CRITICAL 1ST BROKEN
TIP.
1.05749 1.10879 1.28278
.08119 .2133 ‘ L6015
&~ 1.3 19 BOND CRACK

1ST BOND AHEAD OF " GRITICAL. ' 1ST BROKEN
TP, ]
1.11182 1.25028 1.41983
27145 54595 L7708

TABLE 3-17

BOND ...
STRAIN .
ENERGY -

BOND . .
STRAIN
ENERGY -



- 170 -

G =o0.5

39 BOND CRACK

1ST BOND AHEAD OF ' CRITICAL 18T BROKEN
TTP.
1.05749 ' 1.10879 1.28278
.08119 .2133 L6015
& = 1.3 19 BOND CRACK
1ST BOND AHEAD OF CRITICAL. " 1ST BROKEN
TTP.
1.11182 1.25028 1.41983
22145 5LLS5 L7708
TABLE = 3-17

r

BOND ...
STRAIN .
ENERGY -

BOND . .
STRAIN
 ENERGY -



- 171 -

FIGURE CAPTIONS

FIG., 1~1

FIG. 1-2

FIG. 1-3

FIG. 1-4
FIG. 2-1

FIG. 2-z2

This figure gives the loading configﬁration
investigated here (i.e. uniaxial tension), and
the Inglis solution for the tensile field f;eL

in this situation.

This figure gives the form used by Thomson gt al
in their energy calculations. The figure also

defines the tip width Z .

The stress profiles obtained by Eringen are
given here.

The dynamic velocity function F ().
The tensile and shear force laws employed by
Weiner and Pear are given here. ]?;_ is the
change in 1nteratom1c spacing of two atoms in
the same column. ‘Ai is the dlfference in

y - coordinates of two atoms lying in different

columns.

The Ashurst-Hoover force laws. The three force

laws agree up to an extension of g~ .

This figure illustrates how a réflection about
a central vertical axis of symmetry can be used

to get a 50% saving in computer time.
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FIG. 3-2 This figure gives the behaviour of the potential
in the vicinity of d;kdX (as defined in 3D),

and the origin of the W correction.

FIG. 3-3 This figzure gives the behaviour of the potential
energy of the half crystal as a function of time

for different damping methods. (Run S 1)

x A=

o wo = 099

A v o= 9875

© 0= ,985

+ W= .975

o BEELER- KULCINSKI

FIG. 3-4 to 3-25
give the pictures of the lattices of the small

sample runs for fixed loads.

FIG. 3-26 to 3-34

same as above but for fixed strains.

FIG. 3-35 This figure gives the time evolution of the dif-
ferent energies in run L 1. Of special interest
here is the constancy of Zh;:. The energies are
in uhits of é? and are given for the half crystal.

The time step is 10”ad/m/€ .
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FIG. 3-36 Gives the time evolution of bonds across the
crack faces as the crack propagates for run L 1.

Bond lengths are in units of o .
FIG. 3-37 Same as 3-36 but for the large extension range.

FIG. 3-38 This figure gives the crack velocity as a funec-'
tion of half length.df . The solid line repre-
sents the results of the simulation. The dashed
line (-==weem- ) gives the expectations of the
rigid model for Yy = 1.0, the dashed with dots
(cememe=u=.=) gives these expectations for<, =0.8,

- and the dashed with x gives the velocity #5 =0.6

(~xX=X~%-).

FIG, 3-39 to 3-44 L
These figures give the pictures of the cracking

sample in run L 1.

FIG. 3-45 to 3-73
These figures give the dynamic profiles (as de-
fined in 3D) (RUN L 2)

FIG. 3-74 The time evolution of the different energies

6 Us | (gow 1 2)
AW

together with the fraction
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FiG., 3-75 Same as 3-74 but gives the energies as a function
of ‘ﬂég. The straight dashed line gives the

elastic sclution. (RUN 1L 2)

FIG. 3-76 to 3~91
The time evolution of the fracturing lattice

(RUB L 2)

PIG, 3-92 to 3-107
The dynamic stress profiles. (RUN L 2)

FIG. 3-108 Crack velocity wvs. time (RUN L 3)
FIG. 3-109 Time evolution of the energies. (RUN L 3)
FIG. 3-110 Energies as a function of éé%;. (RDN.L 3)

FIG, 3-1ll to 3-125
Pictures of the fracturing lattice (RUN L 3)

Dynamic stress profiles. (RUN L 3)

FIG, 3-140 to 3-151
Static (damped) profiles (RUN L 4)



FIG. 3-152 to 3-155

FIG., 3-156 to 3-158

FIC. 3-159 to 3-160

FIG, 3-161 tc 3-167

FIG. 3-168

FIG. 3-169

FIG. 3-170

FIG. 3-171 to 3-173
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Static (damped) profiles. (RUN L 8)

Bond lengths around the tip in L 17.

Lattice pictures for the ductile

fracture of run L 17.
Pictures of the ductile fracture of L18.

This figure gzives the details 'required
in the definition of the tip force
{2). In (b) the parameter used in
the rigid body analysis are given.
168{c) illustrates why the only rigid
tearing mode for this crack is the one

with infinite speed.

This figure gives the forces acting on
the tip atoms when the cut is introduc-
ed. The dashed line represents.the:éut

bond.,

This figure explains ' hew the initial

velocity 25 was estimated.

These figures give a comparison between

the Eringen and the mclecular dynamic
profiles.
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In figure 168(c), rotations (1) & (3} . -a
are not compatible with (2) & (4) when the
crack is 2n internal one as in (c¢). If the
crack is on the external side of the sample(as
will happen if the right side of the sample is
absent) the rotations are allowable and a rigid
tearing mode can cccur with a finite speed.

FIG. 3-168
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THE eCHANISTIC PPROLCH TC THE CRALCK PROBLIHM

there exists ancther spproach in
terms of the so_cszlled stress intensity factor tf(not to
be confused with the stress concentration factorfzf). This

factor ! is delined as

/‘T :x/ﬁ;m-r 7//0‘2 (x ——/f) | 3/4‘(.% D)

Or equivalently it is sometimes defined by,

loeds. It represent the intensity of the stress singularity
=) «

at the tip. In such an approachyiracture is assumed to

4]
cf
"S
ct
T
J‘
[49]
3
\:3;
]
(D
l)
(D
47]

a critical value /7 which is a property
C

of the materizl., This constant is taken as a fundamental con-

stant of the material just.as the surface energy }/ is in

the Criffith approach. The dependence of /2’on G’ & is
obtained by expanding different classical solutions arcund
the tip. For the uniaxial tension case considered here

///____cv}/ﬁ'/g
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By considering the work done by the stress lields near
the tip in expanding or closing a crack by an infinitesimal
length¢2<§,e) Irwin (1%48,1957) has been able to prove that

.

this approach is eguivalent to the Griffith one, with
nos 7
)7 = L
C :

Barentlatt (1961) tried to remove the singularity by
ne tip not included in

thz elastic field. The postulated field has the same ferm

B

N . - - . /' ‘2l o~ b S .
&2 ths 2lastic cne but with e /VCMé&ﬁ?Q el pcsive sign.
( T ahers = a constant of the material). By requiring

that the total field be finite al the tir, he arrives at

3

D) at fracture .

the cohesive fields in the Barenblatt
thecry is. not well understocd. (lso a calculation of

cb%éaﬁ{ from basic principles is not possible so that
the theory amouvnts to giving a different name to the criti-

cal {7' of the Irwin theory.
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