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INTRODUCTION

This paper investigates the Medvedev lattice, the 
Mucnick lattice, the Dyment lattice, and some of their 
sublattices. These are distributive lattices which arise 
in a natural way within the study (and as 
generalizations) of two of the most well known recursion 
theoretic reducibility orderings, namely the T-degrees 
and the partial degrees.

Notwithstanding their richness and, at the same 
time, the pleasant regularity of their properties, these 
structures have not been extensively studied. A happy 
consequence of this fact is that this paper is 
essentially self contained.

Consequently, the purpose of these introductory 
pages is neither to review background material nor to 
analize at length (nor even to list) the main results. We 
want simply to sketch a historical outline of the subject 
and to indicate the lines along which this paper 
develops.

The Medvedev lattice was first introduced in MEDVEDEV 
(1955), in the attempt to make precise the idea, due to 
Kolmogorov, which consists in identifying true
propositional formulas with identically "solvable" 
problems. Following Medvedev, one says that a mass 
problem (i.e. a collection of total functions from the 
natural numbers into the natural numbers) corresponds to
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a given informal problem (for example the problem of 
enumerating the elements of a non-empty set A of natural 
numbers) if any of its functions can solve the problem 
(in our example, can enumerate the set A) and any of them 
can be obtained from any "solution" to the problem. The 
notion of "solvable problem" is made precise by saying 
that a mass problem is solvable if it contains a 
recursive function. Corresponding to this definition of 
solvable mass problem, there is an intuitive notion of
reducibility between mass problems: given two mass
problems CL and one can say that. Q, is "reducible" to
OS if, given any "solution" to (fS (i.e. any recursive 
element of 6?) ) we can effectively get a "solution" to 
Q, (i.e. a recursive element of 0- ); Medvedev proposes to 
make this notion precise by saying that (L is reducible
to - ()S (notation a < $ >  if there exists a recursive
operator such that (.$)£. (X . The relation < is a
preordering relation on the set of mass problems. The 
next step toward the definition of the Medvedev lattice 
consists in dividing this set by the equivalence relation 
corresponding to < ( (X is equivalent to d) if a < (3 and
G i C b ,  the partial order that we obtain in this way is 
in fact a distributive lattice with a least and a
greatest element. Its elements are called degrees of
difficulty.

Medvedev's paper of 1955 gained a bit of notoriety 
with the exposition of its contents by Rogers (see ROGERS
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(1967)) who proposed also several open problems about the 
lattice. Remarkable is the solution to one of these
problems, given by Dyment (see DYHENT (1876)) who showed 
that the property of being of degree of solvability (i.e. 
a degree of difficulty containing a mass problem of the 
form (f}, for some function f) is lattice-theoretic. In
Chapter I we prove some results about the degrees of
enumerability (i.e. degrees of difficulty containing a
mass problem of the form (f: range(f)=A), for some set A 
of natural numbers); these results may turn out to be 
useful to face the open problem of establishing whether 
the property of being a degree of enumerability is 
lattice-theoretic (see again ROGERS (1967)).

The Dyment lattice (DYHENT (1976)) is a generalization 
of the Medvedev lattice which consists in considering 
mass problems of partial functions and defining the 
notion of reducibility in terms of partial recursive 
operators instead of recursive operators. The Mucnick 
lattice (HUCNICK (1963)) is obtained by dropping the 
requirement of effectiveness when defining the notion of 
reducibility between mass problems: in order that (X be 
reducible to (?) one simply requires that
( VgG<3) ) ( 3f€ &) [f<Tg] .

A thorough investigation of the Mucnick lattice is 
given as well as a detailed exposition of the 
relationships between these three lattices in terms of 
lattice theoretic homomorphisms.



As shown in MEDVEDEV (1955), DYMENT (1976), HUCNICK (1963) 
respectively, the Medvedev lattice, the Dyment lattice 
and the Mucnick lattice are in fact Brouwer algebras. We 
shall see that the Mucnick lattice is also a Heyting 
algebra, whereas the Medver v and the Dyment lattices are 
not. We shall introduce several sublattices of these 
lattices which turn out to be of interest in that, as 
intitionistic diagonalizable algebras, they enable us to 
regard the jump operator in the T-degrees and the partial 
degrees as a x-operator in the corresponding 
diagonalizable algebras.

Chapter II is devoted to the problem of embedding 
finite Heyting and Brouwer algebras in the Mucnick 
lattice and finite Brouwer algebras in the Medvedev and 
the Dyment lattices (Chapter I contains also a 
characterization of the countable distributive lattices 
with least and greatest elements which are embeddable in 
these lattices). The results concerning these embeddings 
enable us to characterize the set of propositional 
formulas which are true in our lattices regarded as 
Brouwer algebras (or as a Heyting algebra in the case of 
the Mucnick lattice; as is well known every Heyting 
algebra and every Brouwer algebra can be viewed as a 
model for the intuitionistic propositional calculus), 
thus solving an open problem in MUCNICK (1963) and showing 
that the claim in ROGERS (1967), p. 289, that the 
propositional formulas which are true in the Medvedev
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lattice (therein called identities) are exactly the 
theorems of the intuitionistic propositional calculus is 
false.

DYMENT (1976) is the only paper which studies at some 
length filters and ideals of the Medvedev lattice. We 
have tryed to carry this study forward, by investigating 
the algebraic structure of several quotient lattices of 
the Medvedev and Mucnick lattices. A particular attention 
has been paid to embedding finite Heyting and Brouwer 
algebra into these quotient lattices with consequent 
interesting conclusions in terms of intermediate logics.

Some of these results make use of theorems about the 
partial degrees, which we prove in Chapter III. The paper 
ends with an appendix (Chapter III, Section 2) in which 
we show also that a conjecture due to Case (see CASE 
(1971)) is false.
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DEFINITIONS AND NOTATION

We will use without further comment the following 
definitions and notation.

The set of natural numbers {0,1,...} is denoted by 
cO . denotes the set of all total functions from cj
into u> . Elements of this set are denoted by the lower 
case Roman letters f,g,h,...

denotes the set of all partial functions from 
cO into co . We use the lower case Greek letters ^ , . . .
to denote partial functions from u) into 60, with the 
following exceptions:
partial functions from cO into 60 whose domain is finite 
(called finite segments) are denoted by (p * ' * * * '
partial functions whose domain is a finite initial 
segment of to (called finite initial segments) are denoted

v A/by f,g,h,..., with the exception of finite initial
segments of 0-1 valued functions which are usually
denoted by the lower case Greek letters a,0,y ... (In
Chapter II we use the lower case Greek letters as 
variables ranging also through the set of propositional 
formulas of a given propositional language).

V a/If f is a finite initial segment, then lh(f) denotes
the least natural number x such that x ^ dom(f) (for any 
partial function cj> , dom( 6j> ) denotes the domain of ).

Unless otherwise specified, throughout this paper a 
partial function is understood to be a partial function
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from uj into co ; likewise, a total function is a total 
function from u) into CO . The word "total" will be 
frequently dropped: thus, a function is a total function. 
Occasionally, we use Curch's lambda notation for 
functions.

Given a partial function ^ and xGcO, we write î (x)|, 
(c|>(x) converges) if xGdom( ) ; analogously, we write 

x)T < i^(x) diverges) if x^dom (i|> ). If c|> and ''j' are 
partial functions and x€u), then ^(x)J, = '̂ (x)!, 
abbreviates ^(x)J, & (x) = ,Y<x). On the other
hand, ^ (x) = Y  (x) means [ [ cp (x)'t & ^  (x)T] or

(x)J, =aj/(x U  31.
Given two finite segments <̂  , we say that

V'-f lexicographically precedes ̂  if, for the least x such 
that cj> (x) /^(x), either
1) <̂  (x)T or
2) Cf (xU&'Y (x)J, & q^(x)<Y<x >*

Given a set A, its characteristic function is 
denoted by c^; sometimes and when this does not raise any 
confusion, a set is identified with its characteristic 
function. Thus, for instance, sometimes we write A(x) to

OJ Ijmean c^(x). 2 denotes the subset of to constituted by
all 0-1 valued functions, i.e. all characteristic 
functions of subsets of the set of natural numbers.

< « Ax
(jj is given the Baire topology. I f f  is a finite 

initial segment, let Sf={g: fcg). Then the family ISf: f 
is a finite initial segment) is a basis for this



topology. With this topology, ^  is a complete metric
space.

The relativization of the Baire topology to ̂ 2  gives 
the Cantor topology for the subspace w 2 . U 2 equipped 
with this topology is a complete and compact metric space 
(called the Cantor space).

Capital Italic letters Ci are used,
possibly together with subscripts, to denote subsets of 
w w  or (^co)* We use the term mass problem to denote
subsets of ^to and the term mass problem of partial 
functions to denote subsets of (^co)*.

If and oj/ are partial functions, then
denotes the partial function defined by

/ <y) if x = 2y
^ v "Y (x ) = <

L A|/(y) if x = 2y+1
Most of our terminology and notation for recursion 

theory is standard and can be found in ROGERS (1967), with a 
few changes and additions. Maybe the most significant 
change is the notation for the pairing function. We fix a 
1-1 recursive function X xy.<x,y> from tv2 onto to and we 
fix. also two recursive functions X x.(x)q, X x.(x)^ such 
that for all x,y€oo, (<x,y>)Q = x, (<x,y>)^ = y and 
<( x )q , (x)]i >= x .

If R c o)2( then x(R) denotes the set {<x,y>: 
(x,y)€RJ and if Acto then x-1(A) denotes the set I(x,y): 
<x,y>EAK A set A is single-valued if x“^(A) is a partial



function. A set A C uj is said to be total if x"l(A) is a 
total function.

* ^z^zGcu *s an acceptable enumeration of all
partial recursive functions. Accordingly, an enumeration 
{Wz *zeu; recursively enumerable Cshortly: r.e.)
sets is given, where Wz=dom( ‘-j5z ) . Let r be a fixed
recursive function such that , for every zGoo,
Wz = range( ^ r (z )> and *fr(z) *-s anc*
( Vx) ( Vy) CxGdom( r (2 ) ) & y<x yGdom( <-fr (z) ̂  (for
the existence of such a function see e.g. ROGERS (1967)). Wz 
denotes the finite set (x: ( 3  y<s) Cx= (z ) (y ) ] }.

If F c co is finite then the number S ( 2 X : xGF} is
called the canonical index of F; we have a 1-1
enumeration (Du : uG lo } of all finite sets, where Du is 
the finite set having canonical index u.

$z is the enumeration operator defined by the r.e. 
set Wz : thus, for all A C co , $z (A) = {x: ( 3u)C<x,u>GWz &
DU C A h .  If $ is an enumeration operator and <̂> is a
partial function, then $>(<̂  ) denotes the set $(x(if)).

A partial recursive operator ft is a partial mapping 
of (̂ co) * into (̂ co)* which is defined by means of an
enumeration operator, i.e. there exists an enumeration 
operator $ such that ( V^Gdom(ft) ) Cft(̂ >) = x“l ($(^>) 3 . ftz is 
the partial recursive operator defined by the enumeration 
operator $z .

A partial recursive operator which is total is
called recursive operator. Thus, a recursive operator is



a total mapping ^  from (wto)* into (̂ to) * for which there 
exists an enumeration operator $ such that (V^G^co) *) 
[ ̂  (<̂ ) =t “1 ($ (if>) ) ]. We recall the following theorem (see 
ROGERS (1967) , p. 149):

Fundamental Operator Theorem There is a recursive 
function a such that for every zG co, $<j(z) defines a
recursive operator and, for every fG^uj, if $z (f) is 
single-valued then $0 (z )(f)=$z (f).

Henceforth z will denote the recursive operator
determined by the enumeration operator $0 (z)• Thus 
(Vrecursive operator ̂  ) ( 3  z ) ( V f € w cO)C^(f)=Tz (f)].

Detailed definitions of Turing reducibility 
(notation: and enumeration reducibility (shortly,
e-reducibility; notation: <e ) are to be found elsewhere 
(see e.g. ROGERS (1967)). For every A Co), let [A]«r={B: Ah^B) 
and CA]e ={B: A=eB). a>r, b*p, op / . . . denote Turing degrees 
(shortly T-degrees); op is the least T-degree. 
ae ,be ,ce ,... are used to denote enumeration degrees 
(e-degrees or also partial degrees); oe is the least 
e-degree. Whenever we need to use subscripts when writing 
out T-degrees or e-degrees we shall write exspressions 
like (ai)^ or <ai.)e , where {(a^)^ i€I) and {(ai)e : i€I} 
are two families of T-degrees and e-dgrees respectively, 
indexed with the set I .
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Let <€{<T,<e }: if v|> and y  are partial functions and 
A <=to, then <̂> < , A3 , <-̂ <A denote respectively
x (<■{) 3x ("̂jO , A<x(<^>), x(<^)<A. We recall that (V^gG^co)
tf <xg <=^(3z> r f z <g)=f] and ( \/f , gG w) Cf3Tg <£z^f<eg].

Corollary (to the Fundamental Operator Theorem). 
There is a recursive function 6 such that, if 3^ is a 
partial mapping from ^Cu into ^co for which there exists 
zGco such that for every fGdomC^), ^ ( f J ^ ^ f  via the 
Turing reduction with Godel-number z, then ^  is the 
restriction, to its domain, of ^ 5 (2 ) •

Proof. Let ^  and z be as in the corollary. 
Uniformly in z we can find an r.e. set W such that for 
every fGdomC T (f ) = {x : ( 3 u) C <x, u>GW & Du Ct(f))l:
this can be easily done since we restrict our attention 
to total functions. Then the corollary follows from the 
Fundamental Operator Theorem.

An e-degree ae is non-total if
( VAGae ) (V f G  Wo>) [A^ef 3; ae is quasiminimal if ae>eoe &

( V A G a e ) ( V^fG^UJ) tf <eA f recursive]. The upper
semilattice of T-degrees is denoted by the upper
semilattice of e-degrees is denoted by The use of
capital Gothic letters to denote structures will be 
frequent in this paper.



If A is any set, then the symbol f A | denotes the 
cardinality of A. If A,B£rio , then A v B  denotes the set 
(2x: xGA)Ut2x+l: xGB}.

Let <£=<L,5> be a partial order; if a,bGL and a<b 
then standard interval notation o£(Ca,b]), e£((a,b]),
c£ (Ca,b)), c£((a,b)) will be used: we shall omit the
specification of the structure (thus writing ta,b] 
instead of «£(Ca,b]), etc.) when this does not cause any 
confusion. a|b means that neither a<b nor b<a. If X , Y C L  
then xjy means (\/xGX)(\/ySY) Cx|y3. A subset X of L is 
an antichain if (Vx,y€X) Cx^y =̂ > x| y ] .
Occasionally, language from category theory will be used. 
A partial order X  =<L,<> can be regarded as a category in 
the following sense: ob(<£)=L (i.e. the objects of <£ are
the elements of L); for every a,bGob(c£ ), the morphism 
set <£(a,b) is a singleton if a<b, is the empty set 
otherwise. Clearly there exists a bijective 
correspondence between homomorphisms of partial orders 
and functors of the corresponding categories. If ^, c£ 2
are partial orders and F : <£ 1— ><£2, G: £ 2 ~ > >̂1 are
homomorphisms, then in view of this correspondence, we 
say that F is left adjoint to G or G is right adjoint to 
F (notation: F —| G) if o£ 2 (F(a),b) = <s&i(a,G(b)) for
every acl^, bG <£ 2 (here and often in the following, we 
use the same symbol to denote both the structure and the 
universe of the structure; we adopt this use to avoid 
pedantic specifications). For every partial order c£ ,



<£ °P denotes the dual of c£ , in the sense of category
theory. If X  is a partial order and a,be <£ , then a ̂ b
denotes, if it exists, the least upper bound of a and b,
and a A b  denotes, if it exists, the greatest lower bound
of a and b. This notation, which is almost universally
adopted, conflicts however with the one used for the
lattices 0^1, * ^ w / ^^e (which we are going to define in
the next sections) in the papers where these lattices
were originally defined (see HEDVEDEV (1955), HUCNICK (1963), 
DYMENT (1976) respectively): in these papers a v b  denotes 
the greatest lower bound and a A b  denotes the least upper 
bound. The notation for W .  in ROGERS (1967), POULSEN (1970), 
DYMENT (1976), (1980) is the same as in MEDVEDEV (1955).
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CHAPTER I
ALGEBRAIC PROPERTIES OF THE MEDVEDEV AND MUCNICK LATTICES

1. The Medvedev lattice *)Tl. .
The Medvedev lattice was first defined in MEDVEDEV

(1955). Our exposition follows ROGERS (1967) except for the 
notation for the greatest lower bound and the least upper 
bound, as mentioned in the Introduction.

Let CL , 6L be mass problems. We say (HEDVEDEV (1955)) 
that tjL  ̂(P> if ( 3  recursive operator^ )(\/fG (p> )C^(f) 
is total & ^ ( f ^ Q .  3. Clearly < is a preordering
relation. The relation defined by CL = $  C &  £ (ĵ> &

(Pi <0-3 is an equivalence relation. The set M of 
equivalence classes of this equivalence relation is the
set of degrees of difficulty. C Q. 3 denotes the
equivalence class of the mass problem CC . A,B,C,...
denote degrees of difficulty.

In M one can anambiguously define a partial ordering 
(for which we still use the symbol <) by letting
[ CL 3<[(P> 3 if Cl < (8 .

Theorem 1.1 (MEDVEDEV (1955)) The partial order
MlJ|L=<M,<> is a distributive lattice with a least and a 
greatest element.

Proof. 1) C CL 3 a C (P> 3 = E0*Cl U  1* 0> 3 where, for i£ to
and a mass problem CL, i*Ct={i*f: f€ CL >, i*f being
defined by
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f i if x=0
i*f(x )= J

^ f(x-l) if x>0 
The notation (Xa (Bi =0*0. (J l*£ft will be also used.
2) [Q. ] v [fl] = [{fvg: f G &  & gG Q* > ] (see I ntroduction for
the definition of fvg), The notation flvtS ={f vg: fG Q. & 
gG $  } will be used.
3) 101 is the greatest element, henceforth denoted by 1.
4) [{f: f recursive}] is the least element, henceforth 
denoted by 0.
The above definitions are unambiguous and make 9T1 a 
distributive lattice.

Valuable sources for the Medvedev lattice are DYHEHT 
(1976), (1980), POULSEN (1970). We recall some basic notions
and known facts.

Fact 1.1 (PLATEK (1970)) The cardinality of 9ft is

Definition 1.1 (MEDVEDEV (1955)) A degree of difficulty 
S is a degree of solvability if S=[{f}] for some function 
f .

Fact 1.2 The degree of difficulty 0 is a degree of 
solvability; indeed, for every recursive function f, 
0=[{f}].
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Proof. Obvious.

Notice that the identity I : is a recursive
operator: thus (V Q.,(̂ >C ̂ to) [Q.c(?> £ CX ].

Fact 1.3 (MEDVEDEV (1955)) The mapping
defined by I (CA3t >=C(c ^ }3 is an embedding of 

the upper semilattice 2) -p onto the degrees of solvability 
of W .

Theorem 1.2 (MEDVEDEV (1955), DYMENT (1976)) The property 
of being a degree of solvability is lattice-theoretic; in 
fact, S is a degree of solvability < = >  ( 3 t )[S<T &
( V a ) tS<A =*► T< A3 3 .

Proof. The implication = $  is proved in MEDVEDEV 
(1955): if S=[{f>] is a degree of solvability, then
T=[{z*g: ^ z (g)=f & ( V n )  [ ̂ n (f )^g3 } 3 is the desired
degree.
The other implication, which was posed in ROGERS (1967) as 
an open problem is proved in DYMENT (1976).

It is useful at this point to fix some additional 
pieces of notation. The degree of solvability [{f)3 is 
denoted by S f . If S=C{f>] is a degree of solvability,
then the degree T whose existence is stated in Theorem
1.2 is denoted by Tg or Tf. We use also the notation
fZf={z*gi nf’z (g)=f & ( V n ) ( ^ n (f)/g 3 >; thus Tf=[^f).
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Corollary 1.1 ĴTI is atomic; in fact has only
one atom.

Proof. T q is the desired atom.

Following DYMENT (1976), we denote Tq 
introduce also the following notation:
recursive) Q'={f: f non-recursive). Thus 
0 ' = [ 0 ' ] .

Definition l._2 (MEDVEDEV (1955)) A degree of difficulty
E is a degree of enumerability if, for some A £• co / E=[{f: 
range(f)=A} ]. In this case E is called the degree of 
enumerability of A and denoted by E^ (We shall also use 
the notation <?£={f: range(f)=A) ).

Fact 1.4 (MEDVEDEV (1955)) The mapping
I: defined by I([A]e )=E/̂  is an embedding of the
upper semilattice *1) e onto the degrees of enumerabilty.

by O'; we 
O  = {f j f

0=[ 0 ] and
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2. The lattice W l e .
W e is defined in DYMENT (1976) and is to " W  as X) e 

is to 2)x*
We consider the set Ĉ co> * of all partial functions. 

Mass problems are now subsets (1 Q (̂ to ) *, ' i . e . (X is a 
set of partial functions. One defines Q  Se (B if 
(3 partial recursive operator ft)(V<^>e(B)[ t^Gdom(fl) & 
ft(t|>)G Q. ] (we apologize for using the same symbol as for 
e-reducibility). Let us consider the equivalence relation 
=e given by Q. = e (B if (X & (B^e (X. The set Me of
equivalence classes is partially ordered by a relation 
which we still denote by <e and given by C Q  ]e £e C (B)e 
if d  £e (B (here, of course, C CX 3e denotes the
equivalence class of Cl under =e). Equivalence classes 
Ae ,Be ,Ce,... are called partial degrees of difficulty or 
degrees of difficulty in

Theorem 2.1 (DYMENT (1976)) W  e = <Me' 5e> is a
distributive lattice with a least and a greatest element.

Proof. Similar to tha proof of Theorem 1.1: if i€to 
and is a partial function then i* has the obvious
meaning. Notice that the least and the greatest element 
are given by 0e=[{<̂ > : is partial recursive}]e and

le=E 0  ^e' respectively.

Definition 2.1 (DYHENT (1976)) A partial degree of 
difficulty Ee is a partial degree of enumerability (or,
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simply, a degree of enumerability in >YYl a ) if Ee=C{v^>]e 
for some partial function î>.

A theorem similar to Theorem 2.1 holds:

Theorem 2.2 (DYMENT (1976)) The property of being a 
partial degree of enumerability is lattice-theoretic in 
'YYIq. In fact, Ee is a partial degree of enumerability 
(3 Te )[Ee<eTe & ( V a s )CEe<eAe = >  Te<eAe ]].
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3. The lattice XYl w .
Between mass problems we now define another 

preordering relation due to Mucnick (see MUCNICK (1963)).
We let if ( V ge $  ) ( 3f€ &) [f<Tg] . Since, of

course, d  <„& <$=$ ( V g G  ) ( 3  recursive
operator ̂  )C Y(g)G 3, <w is actually defined by
changing the quantifier prefix 3  ^  in the definition of <
to the prefix V  3  . As an immediate consequence of this
fact, we have that < C <w . The converse inclusion does
not hold in general (see Example 3.1 below), i.e. <w is a
reducibility no doubt weaker than <. This is perhaps the 
reason for the name weak reducibility given to <w by 
Mucnick. Again we define an equivalence relation hw by 
letting Q. =W (B if 0- and, between
equivalence classes, we define C (2 ]w <w C (ft 3W if (X <w 
(once again using the same notation for the preordering 
relation and the partial ordering originated by that 
preordering on the set of equivalence classes): this
definition is independent of the choice of mass problems 
Cl, (ft in the respective equivalence classes.

Definition 3.1 For every mass problem Q. , let 
C ( d  ) = {f : (3geQ. )Cg<Tf]>.

Notice that C ( (X. ) is upwards closed under <•£, i.e.
( V  f) ( Vg) CfeC( (X ) & f <Tg = >  g£C ( d  ) 3 .
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Fact 3.1 a)C(Q.)=C(C( Ct>>;
b) 0. = wC(Ct) ;
c) Gi <„(?><=» (R QC(. Oi ) •

Proof. Obvious.

Example 3.1 For every function f, {f}=w (g: f<>rg}.
This follows immediately from Fact 3.1 c), since
C((f})={g: f *•

On the other hand, if f is not recursive then we 
have {g:f<^gJ<tf>J indeed, from the fact that {f} C{g: 
fS-jg} it follows that {g: f£>pg)£{f } . That {f> ^ {g: f ^ g *  
holds, follows from Theorem 3.1 of DYHENT (1976). This 
theorem states that for every mass problem (X not 
containing any recursive function and such that (X is a 
discrete set in the Baire topology, then 
( V  (p) ) [ (X. < (j*> — ^ (£> is nowhere dense in the Baire
topology]. In our example, (f) is discrete, but the set 
{g: f <Tg } is not nowhere dense (in fact, {g: f<TQ* is
dense!). Thus {f)^{g: f<£g}» This example shows that

said to have finite (countable, at most countable) basis

Definition 3.2 Let &  be a mass problem. A suset 
6^ C  Q, a basis of Cl if &=C((B) and
( V f e  (?) ) ( V g e & ) [ g  f]. A degree of difficulty A is

if A= C CL 3 where Cl has a finite (countable, at most
countable) basis.
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Let now Mw be the set oe equivalence classes of the
relation = w. Elements Aw/Bw/Cw ,... of Mw are called weak
degrees of difficulty.

Theorem 3.1 (HUCHICK (1963)) W l W=<MW ,<w> is a
distributive lattice with a least and a greatest element. 

Proof. 1) C &  3w a [ &  )w=[ Q. U w;
2) [Cl ]w v [(?> ]w=[&v & 3 w =[C(Cl )nC((B )3W ;
3) 1^ = C 0 3 w •

4) 0W =[ 0  Dw .
The above definitions are unambiguous and make a
distributive lattice.

Theorem 3.2 (HUCHICK (1963)) is complete.
Proof. Let { (A ) w = { C (X i3w : t*e a family of weak

degrees of difficulty. It is easily seen that 
A  {(A± )w : iei} = [ U l & i :  i€I>3w ;
V'{(Ai )w : iei} = Cn{C( Cl±) : i € I H w .

We‘ now list some properties of ^ w .

Lfo
Theorem 3.3 The cardinality of is 22 .
Proof. Let Cl be a set of functions whose T-degrees

constitute an antichain in 2) t and let the cardinality
of Q. be 2'° (for the existence of such an antichain in
2) see for example SACKS (1961)). Let us index the



18

elements of (X using the set |R of real numbers; thus
Q={f^; i€ IR) . Given a subset of Ct , let us say that
$) is antisymmetric if ( V i e  IR) [f (ft f-i^ $  3. Now, 

•S'othere exist 22 antisymmetric subsets of Q. and if 
CR> 1, (ft2 are antisymmetric and distinct, then (ft 1 I w ^2 *
The proof actually shows that in there are antichains

<5 •S'o o f’oof cardinality 2^ . On the other hand 2^ is clearly an
upper bound for the cardinality of Thus we have
shown that tha cardinality of fflL w is 22 .

Definition 3.3 (MUCNICK (1963)) A weak degree of 
difficulty Sg is a weak degree of solvability if, for 
some function f, Sw=C{f>]w (hence Sw=[{g: f<i>g}]w ).

Definition 3.4 (DYHENT (1976)) A degree of difficulty A 
(a weak degree of difficulty Aw ) is said to be finite 
(countable, at most countable) if, for some 0. , A= C Cl ] 
(Aw= [ & ] w ) and (\ is finite (countable, at most 
countable).

Maybe it should be emphasized that a weak degree of
difficulty Aw is finite (countable, at most countable) if
and only if Aw has a finite (countable, at most
countable) basis (see Fact 3.1), once we define the
notion of basis for weak degrees of difficulty in the 
same way as for degrees of difficulty. Thus the notion of 
basis for weak degrees of difficulty is not an
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interesting one, whereas it leads to several remarkable 
conclusions for degrees of difficulty. For example, in 
DYHENT (1976) it is proved that the property of being a 
degree of difficulty containing a mass problem having a 
basis is lattice-theoretic in

Theorem 3.4 The property of being a weak degree of 
solvability is lattice-theoretic in T)T.W .

Proof. We prove that Sw is a weak degree of 
solvability <£=#> (3 Tw ) CSW<WTW & < V a « ) ESW<WAW TW<WAW ] ] . 
Proof of . Let Sw=E{f)]w . It suffices to take Tw=E{g:
f<Tg}]w .
Proof of . Assume that Sw is not a weak degree of
solvability and let Sw= E (?> D w . Also assume that SW<WAW, 
where AW=[C( Ct)3w . Since C ( (X ) ^„ 6i , we have (see Fact
3.1) that Gl < Ĉ( Q.) i.e. ( 3 f € &  ) C f (Cl)] . For such a 
function f, we conclude that G  <w Ef> (since G  <w Ef>, 
but e G  ]w is not a weak degree of solvability) and C ( Q.) 
/w (f); hence Sw<w Etf}]w but Aw j/w E{f}]w . Therefore 
there is no minimum of the weak degrees greater than Sw .

Corollary 3.1 is atomic and has only one atom
(henceforth denoted by 0^; 0W=E (5'3W ).

Proof. Immediate, since 0W is clearly a weak degree 
of solvability.
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The following is actually an improvement of the
analogous result in DYHEHT (1976).

Theorem 3.5 (V A w $ (0W , 0̂ ,, lw >) (3 weak degree of
solvability SW )[AW |W Sw ].

Proof. Let Aw be such that 0̂ ,<WAW<W1W . Then there 
exists a non-recursive function h such that Aw fa C(h}]w, 
for otherwise it would be Aw<w0̂ ,. If also E •£h } Dw fa Aw , 
then we have the desired result, for in this case 
Aw |w E {h > 3 w . Thus suppose that Aw fa E ■£ h } ] w and 
[{h>]w<wAM and let Aw=[$,]w . In this case, we show that 
there exists a function g such that (g) fa Q~ and h fa 
g: then {g 1 fa Q, and also Q. fa tg} (for otherwise it
would be {h}<w (g}, i.e. h<^g, a contradiction), thus 
proving the theorem. Indeed, if no such function existed 
then it would be (see Fact 3.1) 0. C fH {f : g<^f)! h fa g).
But D{{f: g<i>f)s h fa g > = 0  , since one can easily show 
that ( V f ) ( 3 g ) [ h  /t g & <3 fa f3: hence we would have
(X =0  , i.e. Aw=lw , a contradiction.

A remark on maximal antichains in "W? w is 
appropriate at this point. We already know that W w has 
antichains of cardinality 2^ (see proof of Theorem
3.1). Now, for every function f, let (Bf) w =[{g: g fa
f}]w . If f belongs to a minimal T-degree, then it is
easily seen that the set {(Bf)w ,[{f >]w } is a maximal 
antichain of (maximal with respect to inclusion, of
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course). Then in ‘VKl w there exist non-trivial maximal 
antichains of cardinality 2 (this fact conflicts with the 
case of 2 ) t where every non-trivial maximal antichain 
has cardinality 2' 0 >. In DYHENT (1976) it is proved that 
also W  has non-trivial maximal antichains of 
cardinality 2 .

It follows from Theorem 3.4 that, given a weak 
degree of solvability Sw =C{f}]w , there is a weak degree 
Tw such that ( \/aw ) CSW<WAW TW <WAW I; in the proof of 
that theorem it is shown that Tw =[(g: f<xg>3w . Throughout 
Theorem 3.6 below, we shall use (Tg)w to denote such a 
degree Tw (consistently with the use of Tg for *YYl ); 
also, we shall use Z  f to denote the mass problem (g: 
f <i>g}.

Theorem 3.6 Let Aw , Bw be weak degrees of difficulty 
such that AW<WBW . Then (AW ,Bw )=,0 <£=r> ( 3  weak degree of
solvability Sw )CAw = Bw a S w & Bw Sw & Bw<w (Tg)w I.

Proof. Let AW<WBW and Aw=[(5.]w , Bw=[(ft]w where 
=C(Cl ) , (?> =C( (ft ) .

Proof of =£> . Suppose that (AW ,BW ) = 0  . Since a  < „ $  , 
( 3 f e  Ct )[f ^ (?) : . Thus Q.<w (f} and $  {f}. It
follows that a  <w ®  a { f x ff(̂  ; thus d  =w&  a £f > and 
(X <vQ)A Z f; but (X =„(B A % £ =^(Ea 7f<w (f }; hence 
(ft < w {f }, a contradiction. It follows that
(X <W (B a %  £<„ &  ; hence, by hypothesis,
(?>A Z f = w&> i.e. (ft <„ Z  f .
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Proof of <£= . Suppose that (X =w (ft a {f>/ 6] fo( £}
and ft i j f  Assume that (3^)[ (X <w 'C <w $> 3. Let 
(̂o>i = {g6 'C : f^xg^» Since ^  1 - ^  , we have that
r s, i  i> moreover, tf>£w 'Ci . On the other hand, it 

must be ^\ fo ^ *' ^or otherwise we would have
a  (f) and since (X = w $> A {f3 this would imply

<w Cl , a contradiction. Thus, {f}<w \fj_; but then also 
which in turn implies (E <w (T i • On the other 

hand, since Cl <w X  and Q, =w&  a {f} and
( V g G ^ - VCj_)tf fog], we have that (VgG^f- ) ( 3  hG (B )
[h<*j>g3. Therefore we conclude that (& <w , a
contradiction.

Remark 3.1 A very similar characterization of empty 
intervals of tfYl is given in DYHEHT (1976); namely, it is 
proved that if A<B then (k,B)=0 <€=$> (3 degree of 
solvability S)[A=BaS & B S & B<Tg3 .

Theorem 3.7 If AW<WBW and Bw is countable then 
( 3 Cw ) £Aw <w Cw <w Bw 3.

Proof. The proof follows from Theorem 3.6, since for 
no countable mass problem (£> and non-recursive function f 
can we have (& <w %  f, if C 0>3W j 0W .

Remark 3.2 An embedding I: */> similar to
that of Fact 1.3 exists. The proof is obvious.
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Definition 3.5 (LESHAN (1983)) Let £ =<L,4> be a
partial order and let A Q L. A is an automorphism base
for c£ if every function F: A --^ A has at most one
extension F: L — > L which is an automorphism of £  .

Theorem 3.8 The set of weak degrees of solvability 
is an automorphism base for W? w .

Proof. If Bw=((?5]w then Bw= A  { [ (f }]w : f 6 } . The
theorem then follows from the observation that if F:

is an automorphism then F( A  {(A^)w :
iGI))= A ( F ( ( A ± )w )si€I}: indeed, A { ( A ± )W : i€I>Sw (A1 )w

= >  F( A { ( A i > w : iGI})<WF((Ai)w ); suppose that
( ~3 Bw ) ( V  i ) [BW <WF( (A± )w ) & Bw F( A  {(A± )w : iGI>)3:
let BW=F(CW ), then ( ̂ i  ) CCW<W (A^) w 3 but Cw A { ( A i ) w : 
iGI), a contradiction.

Remark 3.3 Let Aut( 2) >j) , Aut( w ) denote the 
automorphism groups of 2 ) ^ an<* w respectively. From
Theorem 3.4 and Theorem 3.8 it follows that there exists
an isomorphism T: Aut( S) --- * Aut(^7lw ). Indeed,
suppose that FGAut(^) 3O an<* ^or e v e r y f let gfGF(Cf]^); 
then F is mapped by T to the automorphism G of
W w defined by G( [ Q  3 ) =G( A  { I {f) 3W :
f G Q. ) = A  ( C (g f ) 3 w : f G CL > .

Definition 3.6 A weak degree of difficulty Ew is a 
weak degree of enumerabilitv if for some set A Co),
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Ew=[{f: range(f )=A33w . The weak degree of enumerability
of A is denoted by (E^)w .

Fact 3.2 For every AC-cx), (E^)w=C{f: A£ef33w ; thus if 
CA]e is a non-total e-degree then (E^)w=C{f: A<ef}]w .

Proof. It is enough to show that (Vf)[A£ef <3g) 
[g<-pf & range(g)=AD3. So, suppose that A£ef; then for 
some z, A=$z (f). We use this fact to construct a function 
g such that range(g)=A and g is r.e. in f. By totality, 
this also implies that gS^f and the proof is complete.

Theorem 3.9 If C ( Q ) £ w {f: A£ef} and Cl is countable 
then ( 3 f€ &) CfSeA3 .

Proof. The proof is similar to the proof of Theorem 
3.4 of DYHENT (1976). Let CL ={fi: i€ Co} and assume that 
(^i)Cfi A3. It is enough to construct a function g
such that range(g)=A and satisfying the following 
requirements for every n,i€to:

P<n,i>; ^  n*9) t f i •
Let A={xq,x^,...3. We define by induction a sequence 
*Ws*s€E<ju °f finite initial segments. Assume 0  •
Step 0) Assume that <J2s-l is already defined. Define

f92s-l(x) if x<lh(g2s -i)
g2s<x)=<j

xs if x=lh(g2 s-i)
Step 2s + l) Assume that g2s is already defined and let 
s=<n,i>.
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Case a) ( 3 x) < 3 g 2 g 2 s ^  Crange(g) C  A &

^  n (g)< x) 4 £ j_ ( x) 1 .
Then let g2s + l t>e the least such g in the lexicographical 
ordering defined in the Introduction.
Case b) Otherwise let g2s+l=92s*
Finally, let g= U t g s : sGW).
It easily follows that range(g)=A. Suppose now that 
^ n (g)=fi for some n,iG(0 ; then fjL= U  ( ̂ fn (g) : 
g 3  g2<n,i> * range(g) C. A>. Thus f^<eA, a contradiction.

Remark 3.3 If CADe is a non-total e-degree, then
(E^)w is not countable (this is an immediate consequence 
of the previous theorem). Of course, if [A3e is a total 
e-degree, then (E^)W=(S^)W since if gGCAIe then (E/^)w = 
[{f: g£ef >)w = C{g )]w= ( ) w .

Theorem 3.10 The mapping Is $ e — * given by
I(CA]e )=(E^)W is an embedding of the upper semilattice 
T)e onto the weak degrees of enumerability.

Proof. We will show that A<eB if: A<ef}<w{f:
B<ef >•
Proof of =^> . This is obvious, since A<eB implies (f:
B<ef> C {f: A<ef }.
Proof of < =  . Suppose that A /eB. We show that there
exists a function f such that range(f)=B and satisfying 
the following requirements, for every n€COs



For such an f we have B<ef and (Vg)tA<eg g ^ T ^ • The
construction is similar to that of Theorem 3.9. Set 
f-l= ft and l e t  B= { bQ / fc>i / . . . > .

Step 2s) Define

( f2s-l(x) if x<lh<f2s-l>
f 2s (x ) = |

 ̂bs if x = lh (f2s-l>
Step 2s+l)
Case a) (3 f D f2S Hrange(f) C B & $s <f) ^  A3.
Let f2 s+l Be the least such f.
Case b) Otherwise, let f2s+l=^2s*
Finally, let f= U { f s : s6 to > .
Clearly range(f)=B. Suppose now that $s (f)=A. Then
(Vx<EA)(3 f )IfDf2s & range(f)£ B & x6$s (f)3.
Furthermore, since $s (f)=A, (V,f)Cf3f2s & rangetf) C B 
^ $ s (f)CA]. Thus A= U {$s(f): f 2 ?2 s & range(f)CB);
hence A<eB, a contradiction.
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4. Degrees of enumerability.
Fact 4.1 For every A CcO, $z(f)=A).
Proof. Let A?u) be given and let (&={z*f: $z (f) = 

A). If A is finite, then C^^] = [^]=0 and the claim is 
proved. Suppose that A is infinite. Let h be a recursive 
function such that, for every uGCO, Dh(u )={<x+l,y>:
<x,y>GDu }.
By the Recursion Theorem, there exists an eGto such that 
We={<<x,y>,u>: t-1(Du) is a finite initial segment &

(3z)[<0,z>GDu & ( 3 s)(3 v)C<y,v>Gw| & D^(V)C
Du&( V aGWz ) (V  bGDh( (a) ) ) I (b)0<lh(x"1 (Du) ] &A
( V  i<x)( 3 r )(3 w)Cr/y & <<i,r>,w>GWe &
DW C D U] & ( V  t<s> ( V aGWz> t (a)0 f y &

Dh(a ) ) Du =$> ( 3  i<x) ( 3  w ) C <<i, (a)q>, w>GWe &A ~
Dw C. Du ] ] ] ] > .

Let be the partial recursive operator defined by the
enumeration operator $e and, given any partial function 
'-f , let f * denote the partial function given by 

+ <x) = <̂> (x+1) . It is not difficult to see that if f is a 
total function (warning: totality is crucial here) then
fGdom(fte ) and fte (f) can be informally computed as 
follows:
Step 0) If f(0)=z, say, then enumerate Wz until you find 
a number <y,u>GWz such that Du G x ( f +). If such a number 
exists, for the first such number <y,u> in the 
enumeration of Wz , let S2e (f)(0 )=y.
Otherwise, fte (f)(0)'f .
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Step n+1) If (3 k<n)Cfie (f)(k)f ] then Oe (f)(n + l)t. 
Otherwise, suppose that f(0)=z and, for every k<n, let 
S?e (f ) (k ) =yk. Enumerate Wz until you find a number
<y,u>6 Wz such that (Vk<n)Cy j- y^I and Du C t ( f +) , For the 
first such number, if it exists, in the enumeration of 
Wz, let Qe(f )(n+1)=y. If no such a number exists, let 
0 e (f)(n+l)t.

Using the fact that A is infinite, one easily
concludes that if z*f£ , then Oe ^z*f) is total and
range( ( z*f>)=A. Therefore, by the Fundamental Operator 
Theorem, we have that t v^a since T e is a
recursive operator (the one determined by the enumeration 
operator $a(e)^ which coincides with Qe on all total
functions in the domain of .

For the converse it is enough to show that
(V  t ) C Tp.it = v > Qi <, t 3 * 7o €5ncl / 1 ©t ~ via
^ z ; hence ( V f G  ^)C t z (f) is total & range ( z (f)) =A ] . 
Let Ww={<x,2<u•x>> : x,ueoj} and let $v=$w°^o(z) (see
Introduction for the definition of a). Finally, if 3^ is 
a recursive operator such that, for every f€ WL0,
^  (f )=v*f, then Q) < t  via indeed, since
$v ( f ) = $w ($a (z ) (f ) ) , we have that, for every x€ Co ,
x€<i>v (f ) <x=7> <3 u) [<x,2<U / x>>€Ww & <u,x>£$o(z) (f) ] <£=*> x£
range( ̂ z (f) )<$=̂  x£A.

Aside. In the proof of Fact 4.1, we have given a 
formal definition of "'i'e' by first defining the r.e. set
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We . Usually, formal definitions of recursive operators 
are burdensome and scarcely intuitive. For this reason, 
in the following we often give only informal descriptions 
of recursive operators. With the help of the Fundamental 
Operator Theorem and the Corollary to the Fundamental 
Operator Theorem exposed in the Introduction, going from 
an informal definition to a formal one is most often a 
matter of routine.

Remark 4.1 If CA3e is a non-total e-degree then 
'CA={z*f: $z (f)=A & ( V e )[$e (A) / f]}.

Definition 4.1 CDYHENT (1976) ) A degree of difficulty A
is dense if A=[0-3, for some mass problem Q, which is
dense in the Baire topology.

Definition 4.2 (DYHEHT (1976)) A degree of difficulty A 
is discrete if A=C Cl], for some mass problem Q  which is
discrete in the Baire topology.

Definition 4.3 (DYHENT (1976.) ) A degree of difficulty A
is effectively discrete if, for some mass problem 0- ,
A=cCl] and ( V f G  Q. ) ( V  ge &) [f (0 ) =g(0 ) =3> f = g3.

The name effectively discrete comes from the 
following observation:
( V f e  0 .) ( VgeCl ) Cf (0 )=g(0 ) f=g]4 =^ (3 r.e. s e t S  of



30

finite initial segments) C ( V g G  Q ) ( 3 f GS) If G g 3 & (Vf€S)
[ |Sff> (XI* 13 3.

Definition 4.4 (MUCNICK (1963)) A mass problem 0. is 
uniform if (VfJCSfflCL / 0  =$ Sgn CL £ CL 3 . A degree of 
difficulty is uniform if it contains a uniform mass 
problem.

Remark 4.2 It follows from the definition that if 
a  is uniform then ( V f ) [SfflCl <=$ Sfn CL = d  3 .

Example 4.1 Examples of uniform mass problems are: 
the singleton {f}, for every function f; problems of 
extendability and problems of separability (see e.g. ROGERS 
(1967) for the definitions); every mass problem CX. 
satisfying: fG CL & f=T9 ==^ 9 ^ ^  ôr fG Cl. &
f<T9 g£ CL , etc. ) .
One should not be led to think that every dense mass 
problem is uniform. The following is an example of a mass 
problem which is dense but not uniform.
Fix an enumeration without repetitions {f^iGco} of all 
finite initial segments and define a sequence of 
functions Ifn : nGu>3 satisfyting:
1 ) f o p f o  & fg is not recursive;
2) fn + l 5 fn + l & ( ̂ k<n) Cfn + 1 |T f^).
This sequence clearly satisfies
( V i 7j)Ci £ j f± |T f j 3 .



31

The mass problem CL ={fn : nEcw} is dense, since
( V f ) [ S £ n &  t $  3* But we have also that
( V f £ 0  ) [Sffl Q. / CL ] , thus proving that is not uniform. 
To show that ( V f  ̂ J0̂  )[SfOO- £  CL ], let f be given

^  / *V A. -vand let g be such that f t g. If, say, g=fj, then 
(VhESfflCt 1 C h | t fj ̂ • therefore for no recursive operator 
^  can we have that ^  is total and ^CfjJGSfO Q . ,
hence Sffl CL ̂  CI .

Fact 4.2 (MUCNICK (1963)) Every degree of enumerability 
is uniform.

Proof. Let SfH ^ f 0  ; then range(f)Q A. If is 
a recursive operator such that ( V g G UJto)C Y(g)=f*g], 
where

f f(x) if x<lh(f)
f*g(x)= <

C. g(x-lh(f)) if x>lh(f), 
then SfH E ̂  'E& via ^  .

Definition 4.5 Let =<L,<, v  , <A > be a lattice. An
element aEL is join-irreducible if <Vb, c)[a=b v c  =# Ca<b 
or a<c]]; aEL is meet-irreducible if
( V b  ,cEL)Ca = b A c  =3> Cb<a or c<a]].

Lemma 4.1 Every uniform degree of difficulty is 
meet-irreducible.
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Proof. We shall show that if CL is uniform and 
G W  a  & i Q. then £ CL . Suppose that $/v £ £ Oi
via "'t* and (P> j, Q, . Then (Q)fil*^f / 0  • i.e.
( 3 f€ Cl) t ̂ ( f ) <0>=13 whence < 3 f ) ( 3 f ) t f C f  & f e CL & 
^ ( f )<0)=13 . Now, for such an f, SJTl 0- / 0 ; so,
SfH G  < Q. On the other hand, since (VfgQ)['H'(f) fs 
total & ^  (f )GO* (& U  1 * ^  3, it must be
( V f  GSf n Q.) t 'H' (f >61* 3 . Therefore 1 * ^  .1 C <SfO CL £ Ct.

Corollary 4.1 Every degree of enumerability is
meet-irreducible.

Proof. Obvious by Fact 4.2 and Lemma 4.1

Lemma 4.2 Let c t  be a mass problem. If
( 3 fG d ) ( 3 gj.) ( 3 g2> Cf 5T9l v 92 & 91 It 92 & 91 4- C<0.) &
g2 C(G)3 then C Oi 3 is join-reducible.

Proof. Let f, 91*92 as 3tateraent of the
lemma. Define Q  j_ = 0 * CL U { l*9 i 3, 0.2 = ®*^ (-,{2 *g2 >; let z
be such that VC. z (gi v g£>-£ and, given a partial function 

let ^ ++ denote the partial function given by
^++(x)= <-j>(x + 2 ). Clearly, Q  i j 0. 2 , hence CL d,
a 2< a  . Consider now a mapping ^  : (%))* --> (̂ co) *

defined by
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T
^(2 (x + l) )

if v̂ (0 ) t or ^( 1 )T
if <^(0 )L & f(l)i & <-j)(0 ) = 0

1 ) (x) =
^(2 (x+l)+l) if ^>(0 )L& ^( 0 ) ^ 0  & <f(l>=0

.'IzC ++)(x) if ^>(0)i& >̂(0 ) / 0  & cf<i)^o
Thus, for every functions f,g and numbers i,jGco,

r f if i = 0
"'f (i*f v j*g) = < g if i^O j = 0

^  9  ̂ otherwise
Since clearly ^  is a recursive operator, we have that 
Q,£ & i V  Q 2 via ̂  ; so CCt] is join-reducible.

In JOCKUSH-POSHER (1981), it is proved that if a set 
D C £̂)x is comeager (a set D C S t  is comeager if lc^: 
CAl>p G D> is comeager in the Cantor topology) then 
( a'j’)(3(mj_)'p: i = l,...,4)[(mj_)^GD & ax= ((®i^T^/,̂ nl2^T^A
A( (m3) x ̂  <n»4)x̂  ̂ •

Given a mass problem CL , let us say that CL is
T-meager (T-comeager) if {[£Ix: fG Cl I is meager
(comeager) in the sense specified above.

Corollary 4.2 Let Q- be a any mass problem such that
c(Ct) is T-meager; then [ Q.J is join reducible.

Proof. If C ( Q.) is T-meager, then ^Lo-CtQ) is 
T-comeager. It follows that (\/f)(3gj.: i=l,...,4)Cg^ 4
C(0t) & cf]x = (Cg^Ix v' Cg23x5 A (C93JT ^ C94IT )• Therefore
(VfG.Cl) <3 gx) ( 3 g 2 ) Cgi 4 C (Cl) & g2 4 c ( Cl > &
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£^T9 l v 9 2 *̂ Fix an fE (X and let g^ , g£ be as above; then 
f^T9lv 92 & 91/ 92 C( 0.) & 9l [ T 92* ^  follows from
Lemma 4.2 that C d ] is join-reducible.

Corollary 4.3 Every degree of enumerability greater 
than 0 is join-reducible.

Proof. Notice that C( ^^)={f: A£ef> (see Fact 3.2) 
and this latter set is T-meager if A is not r.e.; thus 
C is join-reducible by Corollary 4.2.

Corollary 4.4 Let A Q co be such that CA3e is a 
non-total e-degree. Then
( V<$> ) [ 't A< (?) (B'C , [ £ A<r<Cft3 .

Proof. By Corollary 4.1 and the characterization of 
empty intervals of Wl  , mentioned in Remark 3.1.

Theorem 4.1 Let A Q u> be any set. Then
( V f t <  ?a > (3 x  > ? A i.

Proof. In view of the characterization of empty 
intervals of I mentioned in Remark 3.1, it suffices to 
show that ( V f ) [ ^ {f} ^ 'fc£3 (recall that
^ f=(z*g: Xt'z (g)=f & ( V n ) [ Y  n (f) £ g]}). Our goal is to
prove that ( V f ) [ A  f =^> ( 3 g ) [ f <<rg & £ ̂  ig} 11 .
We say that a finite initial segment g is compatible with 
f (notation: g cpt f) if ( V x )  C2 x<lh(g) g (2 x) =f (x) ] .
Let f be given. In order to construct the desired
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function g we shall satisfy the following requirements
for all nG <_u:

p2n : 9 t ^ n (f)J
p2 n+l: ^ n (9> £ ^A-
We start with g_i = j2f •
Step 2n) Let xn=px.Cx is odd & g 2 n-iCx)1']. Define a
finite initial segment 9 2 n 3 9 2 n-l such that lh(g2n >= xn+l 
by letting g2 n (x)=f(x) if x even & x<xn & g2 n-l(x)^ and

0 if 3'n <f>(xn )t

92n<xn )=
1 - >j/n (f) (xn ) otherwise

VNotice that g2 n cpt f .
Step 2n+l)
Case a) (3g>(g cpt f & g pg2n & range< T„<S>>j£ A].
In this case, let g2n+l t îe least such g.
Case b) otherwise, let g2n+l=92n*

Finally, let g= U  (gn : nG to } .
Clearly f<>pg/ but g (because all requirements

p2n are satisfied by g ) . Suppose now that
r a n g e ( ^ n (g))=A, for some nG u) . Then A= U  (range( At’n (g) ) s
g ? §2n & 9 cP‘t f*' which implies A is r.e. in f and,
since f is total, A<ef, a contradiction.

Having proved the existence of such a function g, 
let us suppose that ? ̂<, %f via a recursive operator
and let zEuj be such that ̂ z (g)=f (such a z exists since
f<3>g> . Then z*gG % £ and range ( z*g))=A; thus
range( '  (g) ) =A where 'v£' is a recursive operator such
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that, for every function h, 'Ch)= z*h). This fact
contradicts previous conclusions.

Unfortunately, Corollaries 4.1, 4.3, 4.4 and Theorem
4.1 do not characterize degrees of enumerability in the 
same sense as Theorem 1.2 characterizes the degrees of
solvability. The conclusions described in the above
quoted corollaries and in Theorem 4.1 are shared by other 
classes of degrees of difficulty as well, such as for 
instance degrees of the form Ctf: fQS-pf}], for every non 
recursive function fQ (we refer to DYHEHT (1976) for a study 
of these degrees).

We conclude this section with the following simple 
remark.

Remark 4.3 (Va£cu)(3 finite degree of difficulty
F>Ea) ( V b £cO)[Eb (Ea ,F)].
Proof. In ROZINAS (1978) it is proved that 
( vA £uj) ( 3  f ) ( 3  g) [f |e g & [ A)e= Cf le A Cg]e 3 . Let A ( m  be 
given and let f ,g€ ^u) be such that f fe g & 
CA]e=[f]e a  [g]e . Since there exist two enumeration 
operators $u, $v such that $u (f)=A and 4>v (g)=A, by Fact
4.1 we have that <fA<(f,g) (being {u*f, v*g) = {f , g } ) . On 
the other hand, it must be (f,g> ^ £ A because (f,g)< 
would imply f£eA or g^eA (see e.g. Theorem 3.9 and the 
fact that < (= <w or, else, use the fact that C ^ A ] is 
meet-irreducible by Corollary 4.1). Therefore ^^<{f,g}.
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Let us suppose now that for some B£<^, ^ ?g<{f,g>. But
then B<ef or B<eg, hence B£eA, a contradiction.
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5. Relationships between /W , *3Yl e and tLTl w #
We first compare m  and Yl e , by showing the

existence of a certain pair of homomorphisms Fe :

W e — I . x W l —
For a given mass problem Q. C. (%>)* of partial

functions, let Q*  denote (see DYHEHT (1976)) the mass
problem (f: range(f )€t: ( Cl ) }, where, of course,
x ( &  ) = {t (ij?) : ^ G &  > . Crucial to Proposition 5.1 below is
the following fact

Fact 5.1 (DYMENT (1976)) Let (X , (ĵ be mass problems 
of partial functions. Then
a) a < e (ft ^  a** &*;
b) CL £e Cl* & (V'tfcracO) [ (X Sef =3> (L*-e£ 3 (hence C CL*le 
is the minimum of the degrees in Xfl e greater than or 
equal to [ Cl)e and containing a mass problem which 
consists of total functions).

Proposition 5.1 The function Fe : W l e   ̂ given by
Fe (tCl)e ) = [ Ct* ̂ is a lattice-theoretic epimorphism.

Proof. That Fe is well defined follows from Fact 5.1
a). From Fact 5.1 b), we conclude also that Fe is onto. 
Indeed, let A = [ & 3  be a degree of difficulty in tfYl ; 
since the elements of Cl are total functions, we have 
that (X =e Cl*’ ®ut also the elements of are total
functions; hence, by definitions of <e and <, it must be 
a  = Cl*- Therefore Fe (C &  )e ) = c Cl*] =c &  3 =A.
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Clearly Fe preserves the least and the greatest 
element.

It is left to show 1) ( V A e , BeG TYIg) [ Fe ( Ae a Be ) =
Fe (Ae ) a  Fe (Be ) ] and 2) < V  Ae , BeG W e ) C Fe (Ae v Be )
Fe (Ae ) v F e (Be ) ].
Let us show 1). Let a, $  be mass problems of partial
functions. Since & A  ft <e Q  and (X A $ < e (8> , we have at
once that ( Q, a  (?> > *- & *  a * (see Fact 5.1 a)).
To show the converse, recall that d  a $  ={0* ̂  ^  G Q.} U
( 1 * ^ :  e (?> }; thus < 61A ()\ ) * = {f j range(f )Gr( CXa (&) } = {£;

(3<^G (X) C range (f) =r(0*^) ] > U  i f : (3^G (8 )[range(f)= r(l*i|>) ] }.
On the other hand Oi* ̂  (ft*={0*f: range(f) Gx ( Q,) 3 U  {l* f :

range < f ) Gx i0> )>.
Consider the mapping 3? : (̂ co) * ---} (Uaj)* defined by

f 0 if x = 0 & (3u)C '̂ (u)'t & v^(u)=<0,0>
& ( V v < u )  C^(v)4 & (^(v) /  < 0 , 1 > I 3 

1 if x = 0 & ( 3  u) [ l^(u)'!' 6c (u) = < 0 , 1>

i
& ( Vv<u)[^(v),i & <^(v) / <0,0>33 
^ if x =0 & otherwise

<(r )o-l/<r )1 > if x >0 & (3v)[v>x-l & (Vz<v) 
[<-̂ Cz)i & ( C^(v))o/0 6c (Vz)Ix-l<z< 
v =£> ( ^<z))0=03 & r= if(v)3

f1 if x> 0 6c otherwise
To check beyond any doubt that is a recursive operator, 
consider the following r.e.set:
W = { <<x, y> , u> : [x=0 6c y = 0 6c (3 v) t<v,<0,0>>GDu & (\/w<v)

(31 z) Czj/<0, 1> 6c <w,z>GDu 3 3 3 or Cx = 0 6c y = l 6c



40

( 3 v )[<v,<0,1>>GDU & (V w < v ) ( 3 z )[z/<0,0> &

<w,z>GDu 333 or Cxj^O & ( ”3v) [v>x-l & (Vz<v)
( 3  r ) [<z, r>GDu 3 & ("3 r) [ <v, r>GDu & (.r)$f0']

&( V z )  [x-l<z<v =£> ( V w G D u ) C (w)0 = z =>  (w) i = 0 3 3 3 } 
It is now easy to see that the enumeration operator 
corresponding to the r.e. set W can be taken as a 
defining enumeration operator for ^ .

Let us now return to the proof of Proposition 5.1. 
In order to show that 0i * a G\ * ̂ ( 0. /\ (ft ) * via ̂  y we must 
show that, for every fGcO-A (?> )*, ^(f) is total &

"f(f )G a* a (ft * • For instance, let range (f) =x (0 * ) , for
some ^ G Ol: that (f) is total is obvious; also
<0,0>Grange(f ) and <0,1> ^ range(f), hence ^  (f)(0)=0.
Furthermore, one is able to show that
range ((^i (f)) + )=x(>^ ) (the superscript + has the same 
meaning as in the proof of Fact 4.1): indeed, 
uGrange ( ( ̂ ( f ) ) + ) 4=5 (3v)[(v + l,u)G t(f)l 4=$> ( 3 v) ( 3 w) ( 3 
z) tw>v & (w,z)Gf & (z)q/0 & u = < (z ) q-3. , (z) j_> 3<£=^( 3  z ) [ z 

G range(f) & u = < ( z ) q-1 / ( z ) i > 3 uGx( ̂  ) .
Therefore, ^ ( f ) G  Ol** The case range(f)=x(l * ^ ), for 
some ^  G (?) , is similar and we can conclude that (X* a (ft* 
£ (Q/\(ft) * via *4? .
2 ) Let (X , (ft be mass problems of partial functions. 
Since a < e a v f t  and #  <e a  v $  we have (by Fact 5.1 a)) 
that Q*v (ft*< ( 0-v (ft) * .



41

To show that. (Qv$)*< CL * v ()*>*, remember that ( Q v ® ) *  = 
{f vg: range (f ) €x ( Q. ) & range <g) €r ( ($> )}. Let :
(“Lo ) * --  ̂(^u;)* be given by

f if if(x)t
(<^)(x> = <2u,v> if ĉ> (x)^ & x even & lf(x)=<u,v>

<2u+l,v> if & x odd & <-̂ (x) =<u, v>
Clearly ^  is a recursive operator and (£2v(ft)*< Q_ * v (&*

via t  .

Corollary 5.1 The cardinality of is 2^
Proof. Immediate by Proposition 5.1, since the 

cardinality of m  is 22 (see Fact 1.1). On the other
hand, by a proof similar to that of Theorem 3.2, one can

m  0 f’oshow also that e has antichains of cardinality 2 ^

can be viewed as a sublattice of m e. Indeed,
one can define the embedding Ie : --* )̂Yl e by
I ( C Q. ]) = t (X 3e , for every mass problem CX •

Proposition 5.2 Fe is left adjoint to Ie . 
Furthermore ^ee ̂ e^qri ^■’jn ■'_s the identity
automorphism of ) .

Proof. It must be shown that, for every Ae€ ))Yl e and 
BG , Fe (Ae )<B <v==̂  Ae <e Ie (B) . This follows from Fact 5.1 
b) (in fact it is equivalent to Fact 5.1 b)). That
FecIe= I ^  holds, is obvious (and follows anyway from the
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general theory of adjoint functors applied to this 
particular case).

Let us turn our attention to Wl and *YYl w . We have
here two obvious mappings: 
fw : m  w givem by FW ((Q.3) = (Q.3W and
I„: W w — given by Iw ([ & )w ) = [C ( ft.) ] .
Fw , Iw are easily seen to be well defined. Furthermore Fw

Vis an epimorphism (as shown in MUCNICK (1963)); Iw is 1-1 
and is a homomorphism of partial orders which preserves 
v: well, as C CL ] „ v [ Q> 3 w= [C ( &  ) DC ( (B ) 3 w (notice that
C(Q. )HC((ft) is C-closed); on the other hand 
[C(a)nc(<3>n = [C(Q. ) 3 v cc(0*>)3.
Iw does not preserve a , however: in fact, ( V a w ) ( V b w ) 
(Aw I ̂  ' Iw (Aw a Bw) A IW (AW) a  IW (BW)3. To see thxs,
notice that (Vft £ ) (C ( Q, U Oi) is uniform3 (see
Example 4.1), thus the degree of difficulty (C( d u  (B) 3 is
meet-irreducible (by Lemma 4.1). Therefore if Aw |w Bw 
and, say, A^ — ( d  3^, B^ — ( 3^ , then
IW (AW a BW ) = IW ( ( d u & 3 M ) = (Ctdu^i )3<Iw (Aw )a  IW (BW ).

Proposition 5.3 Iw is left adjoint to Fw . Also,

^W C*W=*j}<v) •* L vc,

Proof. We must show that for every AWE an(*
BG IW (AW )<B<£=5> AW<WFW (B). Let Aw= ( d 3 w and B= [ 3;
clearly C ( 0- ) S & < w 05) , which implies
Iw ( C (X 3„)<C (55) 3 4=^ [ d  3 <w ( ()5>3W and, thus, the first part
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of the Proposition is proved. In particular IW (FW (B)) is 
the minimum degree of difficulty of *Yf\- among those 
degrees containing C-closed mass problems (i.e. problems 
0,L such that C ( Q  ) = &  ) and which are less than or equal 

to B.

Thinking of partial orders as categories and using 
language borrowed from category theory/ we can say, in 
view of Proposition 5.2 and Proposition 5.3, that W l  is 
a reflective subcategory of both e and ̂ w .

> m , w  w are not isomorphic, of course: for
example, 'W w is complete, whereas is not. Actually,
Dyment proves the following strong result (DMNT (1980)):

Fact 5.2 1) Let IAn : n€Cu} be a countable collection 
of degrees of difficulty. Then, A { A n : nG u> } exists ==> 
( ^ F f w l t F  is finite & A { A n : nGtu} = A { A n : nGF>.
2) Let {An : nG u> } be a countable collection of
effectively discete degrees of difficulty. Then \/{An : 
nG U) } exists '= >̂ ( 3 F £■ uj ) C F finite & \/{An : nG to } =
V {An : nGF}.

It should be clear, however, that the sup in of
an arbitrary family of degrees of difficulty containing 
C-closed mass problems always exists: indeed, let (A^:
iGI } be any collection of degrees of difficulty such 
that, for every iGI, Aj^tQ^] and C( 0- i)= 0- then
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\/ (A^: i€I> = CfHC(Cli): iGI}], as is easily seen. We
have in *1YI a lack of duality between a and v , which is 
well illustrated by the following example.

Example 5.1 a)A<S: S^O & S is a degree of
solvability} does not exist. Indeed, suppose that for
some mass problem CX. , [Q]= A { S :  S^O & S is a degree of
solvability}. Notice that if Cf]^ is minimal, then C V n o n  
recursive g) [ftf AtfJitg}] (where $f={h: h ^  f}); to
see this, notice that either gG (Bf or f=^g* It follows 
that (^f)[[f]T is minimal f A {f }£ Q.1 . Since there
are continuously many functions whose T-degrees are 
minimal in 3 ) T * we must have that
(3 n)( 3 fo><3 fi)Cf0 /fl belong to minimal T-degrees &

fo^fi & X (  CL ) C  (B f A {f0 } & ^  n ( Cl) «f! } D 3 .o 1
Then, by definition of A  , either 3*n ( Q. ) Q 0* (3 f orO
t n c Q) C 0 * a  f . In both cases we get a contradiction:A
if for example, 3^ n(.Cl)Q 0 * $  f, then (V g )  [ <{g}], ao
contradiction.
However, \/{S: S is a degree of solvability}=1.
b) In W w , A  (Sw : SW^0W & Sw is a degree of
solvability } = 0 ,̂.

*^w are pairwisely non isomorphic. In
fact we have the following theorem, where we regard
m .  w „ .  w  w as structures for the language having
signature <<>.
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Theorem 5.1 T H  , TVl e , W w  are pairwisely non
elemenatarily equivalent.

Proof. 1) Let S(x) be the first order formula
(~3u)(x<u & (N/v)(x<v— »u<v)).
It follows from Theorem 1.2 and Theorem 2.2 that for 
every AG TVl and AeG T71 e
W ^ s t A ]  if and only if A is a degree of solvability 
HTle^SCAe] if and only if Ae is a degree of 
enumerability in Ttl e •
Now, TYl |z (3x)(S(x) & ( Vy<x) (S(y) — ^ (Vz)(y<z))), but

(3x)(S(x) & (Vy<x) (S(y) — > ( \/z) < y<z ) ) ) .
This is so because there exist minimal T-degrees, but do 
not exist minimal e-degrees (see e.g. COOPER (1982)).
Therefore, we have shown that “W  ̂ ee T H e (denoting the 
relation of elementary equivalence by Hee).
b) To show that ^ ^ w • notice that the three-chain

' C &f>w 
Ow 
0W

(where Cfl-p is a minimal T-degree, and (h f ={g: g f } ) 
is an initial segment of W  w ; indeed, if X <w f then
( ̂ 3 gG X )[g<>pf]. So let gG £* be such that g<^f; it follows 
that for every non recursive function h, either h fa f 
and in this case hG )̂ f, or h<^f and in this case g<^h. 
Therefore X <w O ’ i.e. C X ]„<wo;.
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On the other hand, the only finite initial segment of 
ĴTl is the two-chain

0 '
0

This is so because 0'=C 0 '3 and the mass problem O' is 
uniform. Thus (by the characterization of empty intervals 
of mentioned in Remark 3.1) (V A > 0 ')(3 B )E0'<B<A].
3) The proof of >̂f[ e ^ee is similar to 1), since, by
Theorem 3.4,

H  (3x)(S(x) & (\/y<x)(S(y)-) (\/z)(yiz))).

We denote by T h (X ,*) the first order theory of a 
given partial order X> (in the language having signature 
<<>. The following theorem holds.

Theorem 5.2 The first order theory of Second Order 
Arithmetic is 1-reducible to Th(^JH,<).

Proof. By Simpson's theorem (see SIMPSON (1977)), the 
first order theory of Second Order Arithmetic is
1-reducible to T h ( <y)• Therefore it is enough to show
that Th(2)T'-T* ^  l-re<3ucible to Th ( , < ) . Consider the
following mapping * carrying sentences into sentences and 
defined by induction on the complexity of the formulas: 
for every formulas A,B 
if A is atomic then *(A)=A;
*(A v B)=*(A )v *(B );
*(A&B)=*(A)&*(B);
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* ( A — > B > = * (A > — » * (B ) ;
*hA)=n*(A);
*((3x)A(x)) = (3x)(S(x) & *(A(x))>;
* ( ( V x ) A ( x ) )  = ( V x ) ( S ( x ) - > * ( A ( x ) ) ;

i.e. a standard relativization of quantifiers to the 
universe of degrees of solvability in W . Then, for every 
sentence A,

~^T ̂  A ^  an<  ̂ °nly if *m

Problem Is the first order theory of Second Order 
Arithmetic recursively isomorphic to Th( W . s > ?

In view, again, of Theorem 1.2, one can ask 
homogeneity questions. Let -tyyi ̂ = * A : Sf<A>.

Fact 5.3 There exist functions f such that TKI is not 
isomorphic to J7Yl̂  (we denote the relation of being 
isomorphic by the symbol —  )

Proof. Suppose that f is a function such that 
On —  then, by Theorem 1.2, we have that
D t ~  5 t <c Cfl-p,®)). It is known (see SHORE (1979)) that 
( 3  at^ * Vb'p^TaT ) ( ^  T ^  Cbx,®) ) ] (a^ can be chosen to

Cuj) Mbe o-j* , vertex of a cone of minimal covers over o^ ! J ) . 
Therefore, for any a^, as above, if f€bj then
w . ^ /y n f .

Fact 5.3 can actually be strengthened to
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Fact 5.4 <3f)C W  Wl* 3
Proof. For every sentence A, let *(A) have the same 

meaning as in Theorem 5.2 and suppose that =ee . 
Then 2)T |= A ^  f=* ( A ) <£=$.

Ŷl£ |= *<A><^ <D t ( [ Cf3T,a>) )(= A.

Again Shore (see SHORE (1982)) shows that (''^bT^T0T ^  *  ̂ 53^
^ee "t îe assertion is proved.

"Fragments" of Th( W , < )  can be studied also. Let us
say that a formula in the language having signature <<>
is a 3  o-formula if contains no quantifiers; a formula 
is if its negation is logically equivalent to a
3 n-formula; finally a formula is 3  n + i if it is of the 
form ( 3x)A(x) where A(x) is a V n-formula.

Remark 5.1 3 iHTh( ,̂ , < )  is decidable.
Proof. Immediate, since •every finite partial order 

can be embedded in *D ̂  and thus in m  (see Fact 1.3).

Remark 5.2 V^HTh ( ̂(Yl , Z) is undecidable.
Proof. It is known (see e.g. LERMAN (1983)) that 

V 3nTh(5)T/ <y) is undecidable. The translation discuseed 
in Theorem 5.2 takes -sentences into v 4 -sentences. 
Hence the result follows.
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Remark 5.3 Theorem 5.2/ Fact 5.3, Fact 5.4, Remark
5.1 and Remark 5.2 hold also with in place of .

Proof. Immediate.

It would be an interesting problem to determine the 
"best" result for Remark 5.2.

Remark 5.4 As already noticed, the three-chain is 
not embeddable in m  as an initial segment. In fact, by 
what we have mentioned at the end of Theorem 5.1, every 
degree of difficulty greater than 0' has at least H $ 
predecessors.

-SoDegrees of difficulty different from 1 and having 2^
predecessors of course exist. For example, let A be a
degree of difficulty having an at most countable basis,
i.e. A=[C(Ct)3, where a is at most countable and let IR
denote the set of real numbers. Let *fiJ iG|R} be a
family of functions such that { [f^I^: i€ *R* is an
antichain in 2) *p and (\/i€|R)[fi ^  C ( (3. ) ] (see for
instance SACKS C1961)). Thus, if , tf C {fi: i£ IR),
0> t t  and (ft, «  are antisymmetric (see Theorem 3.3
for the terminology), then it follows U  C ( Q  X C t f l ),
f  u  C < Gt ) <C ( (X ) and < 3 > U C < a > | ' ( ? u C ( C l > .  By the

-S’oexistence of' 2^ such antisymmetric sets, the claim is
proved.
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A similar remark holds for w (with a similar
proof).

As to successors, one can easily show that every
, .Sodegree of difficulty different from 1 has 2^ 

successors. Indeed, let f be given. Consider a family of 
functions (fiJ i£IR> such that ( V ^ j G I R J C i  £ j f<^fi 
& f i |t f J ̂ * F°r each iG fR, fix such that ^ z. (fjL)=f. 
Then if (3̂) , X  £ (z^f^: i€|R}, ^  and (B , X  are
antisymmetric, we have that {f}< (?) , {£}<)? and I 'C .
Since for every degree of difficulty A f 1 there exists a 
degree of solvability greater than A, the assertion 
follows.

A similar remark holds for
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6. Heyting algebras and Brouwer algebras.
Let £> be a lattice. If we think of £  as a

category, then for every aG £  the functions Ga :
Ha : £  — ^ £  defined by Ga (b)=a A b ,  Ha (b)=av b are functors, 
being homomorphisms of partial orders. Let us denote Ga , 
Ha by a A _  , a v _  respectively.

Definition 6.1 A distributive lattice
£  =<L, v, /\,0,1> is a Heyting algebra if, for every aEL, 
the functor a. a  _  has a right adjoint (hence, c£> is a
Cartesian closed category).

Definition 6.2 A distributive lattice
c*J =<L,v,/\,0,l> is a Brouwer algebra if, for every aEL, 
the functor a v _  has a left adjoint (hence £ ° P  is a
Cartesian closed category).

Let us denote the adjoint functor in both cases by 
a — > _ . We remark that
Definition 6.1 is equivalent to ( V ^ b ,  xEL) 
[sa x < b « ^ x < a — > b] and Definition 6.2 is equivalent to 
( V a , b, xEL) Ca — > b<x<£=£ b<a v x] .

In a Heyting algebra one can introduce the unary 
operation ~i by -ia = a — >0. In a Brouwer algebra one can 
introduce the operation -i by na = a — => 1.

We are thus led to the more common definitions:
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Definition 6.1 bis A Heyting algebra is an algebra
oL =<L, v , a , — 1 ,0,1> where <L, s/, a ,0,1> is a
distributive lattice and for every a,b,xGL, 
a a  x<b <£=$ x<a — >b;
~i a = a —  ̂0 .

Definition 6.2 bis A Brouwer algebra is an algebra
X  = <L, v  / a / — > , "i / 0,1> where <L, v,/\,0,l> is a
distributive lattice and for every a,b,x€L 
a — ? b<x <£-")> b<a v x;
-i a=a — > 1.

Other equivalent statements are:
1) a distributive lattice X = <L, v  , a /0 /1> is a

Heyting algebra if and only if in X  one can introduce a
binary operation a — »b such that, for every a,b£L, the
set {xGL: a AX<b> has a maximum and this maximum equals
a — 'j b;

2) a distributive lattice X  = <L, v” , A,0,1> is a
Brouwer algebra if and only if in X  one can introduce a
binary operation a — b such that, for every a,bGL, the
set (xGL: b<av x} has a minimum and this minimum equals
a — } b .

Notice that in a Heyting algebra a-?b=l<v=^ a<b and 
in a Brouwer algebra a —f b=0 b<a. It is clear that X
is a Heyting algebra if and only if o^0P is a Brouwer
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algebra. Also, every finite distributive lattice is both 
a Heyting algebra and a Brouwer algebra.

For details on Heyting algebras and Brouwer algebras 
see respectively RASIOVA-SIKORSKY (1963) and HC KIHSEY—TARSKI (1946), 
where they are thoroughly investigated.

We now turn our attention to which of the preceding 
properties are enjoyed by our lattices.

Theorem 6.1 ■w, ^ m e are Brouwer algebras.
Proof. (For the result was proved by Medvedev in

MEDVEDEV (1955); as usual our exposition follows ROGERS (1967)). 
To show that 071 is a Brouwer algebra, define the 
operation —  ̂ on degrees of difficulty by letting
t CL 3 — > [(?) 3 = C (z*g; ( V f 6  Cl) [ T z(f v g)eGS 3 } ] .
— ^ is well defined.
The definition of — => in 071e is similar using partial 
recursive operators instead of recursive operators.

Theorem 6.2 ;W w is both a Heyting algebra and a 
Brouwer algebra.

Proof. (that 0Vlw is a Brouwer algebra was proved by 
Mucnick in MUCNICK (1963)). Let Aw= [ & ] w , BW=C<£>3W .
1) To show that Oil w is a Heyting algebra, we can define 
Aw — *BW=CW where Cw=[ f ] w and ^MfeCft: ( Vg^Q. ) Cg /T
f]>. Indeed, that holds is obvious. On the
other hand, suppose that Q-aX<w (B and let f£ ; since 
fE (?) & (VgGCl)Cg f], it must follow that
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( 3 h £ X  ) [h<fpf ] ̂ Hence X  <w . The operation —  ̂ is 
clearly well defined.
2) To show that ‘OTl w is a Brouwer algebra, define 
Aw — 1* BW=CW where C„=[ 'C 3W and '(f={f:
( V g e Q  ) ( 3  heft) th <|g v f 1). With this definition, one can 
easily see that $  Suppose that ft <w &v3£: then
31 <= ; therefore ^  < X  and a fortiori • Again, — ^
is well defined.

When, in reference to Wl w , it becomes necessary to 
distinguish typographically between the right adjoint to 
a a _ from the left adjoint to av _ , we will simply write 
a  ̂H— f°r the left adjoint and a — * B_ for the right 
adjoint.

The above definitions can actually be regarded as 
definitions of binary operations on mass problems. For 
example, with respect to the reducibility <, we have 
actually defined (X— >ft=(z*g: ( f 6 &  ) C z ( f V g) G $  ] > ,
and, with respect to <w# we have defined 0. >Bft={f€ft:
( V g € & )  [g yT f ] } and Cl * ={f : ( V g c Q  ) (3 heft ) Ch<T
g vf] >.
This is the meaning that we give, in the following, to 
expressions like Cl * ft , CX etc.

Corollary 6.1 In if GL=C(Q.>, then
C Ol ]w C ft]W=[C< ftn (X ) ]w Cwhere Q. denotes the
complement of (X , i.e. Q, =aico-Q-).
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Proof. We shall prove: 1) [ Q ] w a  [C((8 nQ.)]wiw C(B ]w 
and 2) ( V x w ) [ [ Q ] w a  Xw 5w C (B ]„ =$> XWSW CC(G n Cl) 3W 3 .
1): we show that (ft Cr Q  U C C (ft 0 <2 ) : if f € 6  and f ^  Q. then 
fG(ftn(X and, trivially, fGC((ftnQ.).
2): we show that ( V X ) [ f t 9 d u c ( X )  =$ c<0lnCl)cc<3£)]
(notice that (ft C d u  C ( X )  = $  (Xa X  (ft ): if
f t ^ Q u C ( I )  and fGCC&nQ.) then ( 3gG(BnCl) [gSTf], which 
implies that g G X  and hence fGC(X).

The following theorem shows that >TYl is not a 
Heyting algebra. We shall make use of the following fact.

Fact 6.1 (DYBENT (1976)) Let ft be a mass problem such 
that [Q.]>0 and Q, is discrete in the Baire topology. 
Then (V  (ft ) C d  < (ft ft is nowhere dense].

Theorem 6.3 For every degree of solvability S>0, 
there exists an effectively discrete degree B such that 
the set {C: S a C<B> does not have a maximum.

Proof. Let S=[{g}] be given and suppose that g is 
not recursive. We first define a sequence of functions 
{fn : nG cu} such that for every m,nGw

i) g<Tfn /'
ii) m f n fm (0) f fn (0) & fm |T fn ;
iii) n (fn ) 4 g.
This sequence is defined by induction as follows:
Step 0) Let fg be such that g<Tfo an^ ^ 0 ^ 0 ^  ^ 9*
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Such a function fg exists because otherwise we would have 
(Vf)[g <^f =5> 3^ g < f > total 3 & 3*g ( { f : g <<p f }) C {g } ;
from this it would follow that {g3i{f: g <<p f> via 3?g 
and therefore, by Fact 6.1, {f: g <>p f> would be nowhere
dense, but (fi g <j f) is manifestly not nowhere dense, a 
contradiction.
Step n + 1) Consider the mass problem (Rn+p = {f: g <>j> f & 
(Vi<n)[f|>r f^ & f(0) 4 f^]}. Let us first show that

n + 1 is not nowhere dense in the Baire topology. To 
this end we must prove that
(3 h) ( V f  Dh) CSfO $ n + i 4 $  I. We shall actually prove

vthat if h is any finite initial segment such that
(Vi<n)Ch(0) 4 f±(0)3, then ( V f  o h) ( 3 f ? f) CfG <P> n+13 . 
Indeed, let h be a finite initial segment such that
( ̂ i<n) Ch(0) 4 fj_(0)3 and let f Dh. By a classical
relativized Kleene-Post construction, find a function k 
such that g k & (V^i^n) tk fi3, and consider the
function f defined by

( f(x) if x<lh(f)
f<x)=<

' k (x-lh(f )) if x>lh(f)
Since fs-pk, we have (Vi<n)Cf fi^ and g<pf. On the
other hand, we can not have f<;pg, for, otherwise, we
would have ( V i < n ) C f <-pf ̂ 3, a contradiction. Thus g<*pf. 
Clearly, f 3 f  and f€ ^!)n + i, hence (B n + p is not nowhere
dense in the Baire topology and, as in Step 0), we can
conclude that there exists a function fn+1 such that
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n+l-th element of our sequence of functions (fn : nG co } 
has been defined.

Let now $  ={g> and $  = *fn : nG Co }. Since the
elements of (ft satisfy ii), [(ft] is an effectively 
discrete degree of difficulty and, because of iii), for 
no n ■can we have if £ (ft via ~ ^ n ; hence if (ft .

Suppose now that if a  ̂  £ (?> via a recursive operator
^  . Since if ^ (B , we have that (ft ' = (ft f|{ f : (f) ( 0 &

( f ) (0 ) = 1 > ̂  0  . Clearly, (ft < (ft ' and < (ft'.
Moreover, (ft' < (ft via the recursive operator '
defined by

' t if 4>) (0)t or L ) (0)4, &

^  ^ ) (0)40 & ) <0)5*1]
^'((^)<x)= 1 M x v ^ X x )  if ^  X  0 > ̂  & 'X£ ( ^ ’)(0)=0

1 if x = 0 & 0)4- & cf> ) (0) =1
^<x-l) if x>0 & ^(<^>(0)^ &^(v^)(0)=l

Indeed, for every fG (ft , ^  ' (f )GO* if if "^(f) (0) =0, and
' (f) =l*fGl* (ft> ' if "4((fX0)=l.

Setting (ft ' ' = (ft 0{f: "4('(fX0U & ^  #( f X 0)=0 } ,
we have (ft ' ' C  (ft and, say, fnG (ft—  (ft ' ' = (ft'.
Therefore (V f G  ( f t " X f n (0> i Finally, let ^  zv.
be such that )=g (use here that the elements ofn ‘
(ft satisfy i) , thus gc^f^, and define 'ij' ' ' :
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I T if (ĉ>) (O)'f or C (^) (0)4/ &

Mr' <tf) <o)7*o<f Mr' (<f> (0)=ii on|(o>1' 
•^'<^)(x> if ‘4:' ('f) (0)1 & ^(O)-l & c^'(^)(o> 

= 0 or [ ̂ £'<1{> <0>=1 &^<0)/fn (0) ] ]
) ( X  ) =

is

0 if x = 0 & T d f  XOlJ-
&Y' < ) CO) =1 & <^(0)=fn (0)

t z^ ) ( x - l )  if x>0 & & <̂ (0)4,
&̂ £'< tf>(0>=l & <f(0)=fn (0) 

clearly a recursive operator and 
$ A  <(5'-{fn JX(jS via ' ' (use that [ (ft 3 is effectively 
discrete).
But, now, (ft '< $ ' - { f n }, because if there exists a
recursive operator Oj/ such that 'Sfc ( (ft' (ft '-{fn } then, 
for such a ^  , there is a function fm with m 4 n and
/vi(fn )=fm ; since f n I T ,. we have a contradiction.
Therefore we are forced to conclude that < (ft

We have proved that (V  If ) [ f a 'C < (ft ( 3  X  ) [ <
3£ & &  3C <($33; hence the set {C: S a C^BJ does not have
a maximum.

Remark 6.1 In a. similar way we can see that ^TL e is 
not a Heyting algebra.

We now examine the behavior of Fw , Iw , Fe , Ie , as 
defined in Section 5, with respect to the operation — 5> .
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Fact 6.2 The epimorphism Fw : I — */JTlw preserves ~~i
but does not preserve — 5> (here of course we regard W w 
as a Brouwer algebra, so — * is —  ̂jj and -| is defined 
accordingly).

Proof. That Fw preserves is obvious, since for 
every degree of difficulty A

< 0 if A=1
A= \

 ̂1 if A / 1
On the other hand, consider B=[{fg>], A=[{f: fg<xf}3,
where fg is not recursive. Since {f : fg<xf) not
nowhere dense in the Baire topology, by Fact 6.1 it 
follows that A<B, hence A —* B f 0 and FW (A— * B) / 0W . 
Nevertheless Fw (B) = C {fg > 3w= I : fg^xf}]w=Fw ' hence
FW (A)— * Fw (B)=Ow and the proof is complete.

Fact 6.3. Iw : *f}/l w — * preserves n a n d —  ̂. Hence
Iw is a v , ~l ,— > -homomorphism.

Proof. Again, the part concerning -j is trivial since 
0W if Aw=lw

-i A„= <
( lw if Aw  ̂ 1M

The other part easily follows from the definitions of Iw 
and --  ̂b (see Theorem 6.2).

Remark 6.2 An immediate consequence of Fact 6.3 is 
that for degrees in *YY\ containing C-closed mass
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problems, --^ is computed in the same way as  in

w •

The following lemma shows that Ie does not preserve

Lemma 6.1 ( V  non recursive f) (3 g) ( g &
f£egvi^ & ^ belongs to a quasiminimal e-degree].

Proof. Throughout this proof, if $ is an enumeration
operator and is a partial function then <3? ( ) will
denote the function x”•*■<$( v̂> )) .

Let f non recursive be given. We want to find a
function g and a partial function ̂  such that f<egvup and
satisfying, for all s€ U), the following requirements:

ps : ^ s < g >  t f;
Rs : if 3>s ( ̂  ) is a total function then $s ( ) is
recursive.
Indeed, if we can satisfy all these requirements then we 
also guarantee that belongs to a quasiminimal e-degree, 
since automatically is not partial recursive: if were 
partial recursive then g v ^  =eg and thus f£eg i.e. f^^g, a 
contradiction.
We will take g= Ufg^: sGcd*/ ^  = VJ { ̂  s : s€ou} where g^, 
^  s are defined by induction as follows.
We set g-i=j3 / = •
Step 3s)
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Case a) ( 3 g 3 g3 S_i) ( 3 x ) [ (g ) (x) J. &

'Yg(g) (x) 4 f (x) ] .
^  /S.In this case, let g3 s be the least g for which such an x

A*- AX
exists and let ^ 3 3 = ^ 3 3 -1 *

(A/ ^Case b) Otherwise, let g3S=g3 s-i/ ^ 3 s = ^3s-l*
yy a.Step 3s + l) Throughout this step, ^ D  Y  means Y  D  Y  &

pz. Cz G dom ( )-dom(^>3£lh(g3S ).
Case a) See whether
(*) ( 3 x) ( 3 y ) ( 3 z ) C 3 D ̂ 3 3  > t y f z & < x, y ) G$s ( <̂> ) &

(x,z)Gfs (^ > 3 .
Ay ^

If so, let '“f 3s + i be the least such and let g 3 S + i be
the least g such that g O g 3 S and dom ( Y  3s + i 3 0- dom < g ) and
( Vx) CxGdom( ̂ 3 g + 1)-dom( ,f 3 s ) = r ,'f3s + l (x)  ̂ g(x)3.
If (*) does not hold, go to Case b).
Case b) See whether

(**)  ( 3  x)  (3 'Y5) f̂3s ) (3 ,V2  3s> C®a( Y  } ( x )  ̂ & *s ( 5r ) ( x )  ̂ &

<i>s <Y )(x) 4 $S CX  >(x> 3.
'V -a-If so, choose Y  'X  having this property and let

z=px. C (V y )  [yGdomC<p > U  domC y ) ==^ y<x3 3, and define
'-f 3 s + l= f 3s^3 0 ) J an<3 let <333 + 1 be the least extension
g of g3 S such that lh(g3 S + i) =z+l and g3S+i(z) f- 0 .
If (**) does not hold, define Y 3 s + i = *-f3 s and g3s+i=g3 s» 
Step 3s + 2) Throughout this step, we suppose to have fixed 
a 1-1 recursive function from the set of all finite 
sequences of natural numbers onto : the image of
(x q , . . under this function will be denoted by
< x q , . . . ,xjc> . Together with this function, we fix also two
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recursive functions X x.lh(x), Ax/i.Cx)^ having the 
properties: lh ( <xq , . . . , xjj>) = k + l and ( <xg , . . . / x^>) i = x^, if
i<k.
Let xs=lh(g3S+i)♦ Define
^ 3 3  + 2= tas + l U < (xs ,<f(0)..... f(s)>)>
93s + 2 = 93s + 1 U  U x s,<f(0)..... f(s»>>

This ends the construction. We have to check that 
the requirements are met.
Step 3s) takes care of the requirement Ps : let s be
given. If Case a) of Step 3s) does not hold, then 
f = U { ^ s (g): g ?93s-l}; hence f would be recursive, a
contradiction.
Let us show now that Step 3s+l) makes the requirements Rs 
satisfied. If, in Step 3s + l), (*) holds, then $s ( ) is
not single-valued and Rs is met. If (*) does not hold and 
(**) holds and z , ' Y ' V / f 3 s  + i are as in Case b) of Step 
3s+l) and x satisfies (**) then x ^ dom($s ( ^ )), for 
otherwise the union of a suitable finite segment of 
together with Y  or y' would furnish a finite segment
~  ^  -V,^ 5 ^3s such that $s ( ̂ > ) is not single-valued, 
contradicting the assumption that (*) does not hold. 
Therefore $s ( is not total and, again, Rs is met. 
Finally, suppose that neither (*) nor (**) holds and 
$s<<f > is a total function. In this case, we show that 
$s (<̂  ) = {(x,y): (3 Y  3 ('f3s>C<x/y> < Y  ̂  * : indeed, the
inclusion £  is clear; to show that the latter set is 
included in $s (Lp), suppose that for some (x,y) and
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'S'' 2 ^3s> (x,y)€<J?s (Y  > but (x , y ) ^ $s ( ̂  ) . Since <£s ( ̂  >
is total, there exists z f y and X  ?  'f 3s such that 
(x ,z )G$s (Y  >• But this would imply that (**) holds, a 
contradiction.
To see that f<egx/<Y>' notice that for every x,y£co, f(x)=y 
<c=7J( Bu) (3 v) [g(u)=v & <^(u)=v & lh(v)=x & y = (v ) (v )-1 3 •

Corollary 6.1 does not preserve — * .
Proof. Let f non recursive be given and, by Lemma 

6.1, let g,<̂ > be such that f g & f<egvî > & belongs 
to a quasiminimal e-degree. We shall show that

t C(g)3 — > [{f}]: remember that, by
Theorem 6.1, C -f g } D e — > [{f}3e=C(z*Y • g v Y ^ om ^ z >  & 
nz (gv y  ) =f } 3e an<̂  tfg}]— » I {f } ] = C {z*h: t 2 (gvh)=f)J.
Let uG co be such that (^(gvc^ )=f (such a u exists because 

an<  ̂ partial recursive operators are defined by
enumeration operators). Then (z*h: ^ z (gvh)=f3 (z*<^>:
fiz (gv'^)=f} since the latter set contains u*<^ , but 
clearly u*<^ belongs to a quasiminimal e-degree (being 
u*i^ =e >̂ ) and for every partial recursive operator n, for 
every h, if ft(u*t^ )=h then h is recursive. On the other 
hand, since (f> ^  (g>, (z*h: ’'f z (g v h)=f} does not
contain any recursive function.

Fact 6.4 Fe : W  e — Wl does not preserve — > .
Proof. Let belong to a quasiminimal e-degree and

let (X ={ ^  i and (P) = CL* (* is defined as in Section 5).
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Then (?> :/e Q- and since C CL* 3— (?>*3=0,
C Q. ]e * [ (?> 3e / Oe , we have Fe ([ d l e — >[ (&3e ) / 0, 
whereas Fe < C Q. 3 ) — 5> Fe < [ (?> 3 e ) = C a *  3 — » C OS*3=0.

The positive results about Fe , Ie are contained in 
the following proposition.

Proposition 6.1 Fe , Ie are -j -homomorphisms;
moreover, for every Ae , BeG 'We , Fe (Ae ) — >Fe (Be )
£Fe (Ae — * B e ) and, for every A, B G *YTl ,
Ie (A>— ^>Ie (B)<Ie (A-^B).

Proof. Obvious.
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7. 1TIf . W l E .
Definition 7.1 “T W  p is the sublattice of the 

Medvedev lattice constituted by all finite degrees, i.e. 
the sublattice generated by the degrees of solvability.

Definition 7.2 -̂s sublattice of the
Medvedev lattice generated by the degrees of 
enumerability.

Remark 7.1 Clearly, and ^ ^ e are embeddable (as
lattices having a least and a greatest element) in both 
- w  and W „ .

The property of being a degree of solvability is 
lattice-theoretic in F • A is a degree of
solvability <£=> A is meet-irreducible. Analogously, in 
tY^ E the property of being a degree of enumerability is 
.lattice-theoretic: in W E, A is a degree of
enumerability ^=> A is meet-irreducible (see Corollary 
4.1) .

When talking about elements of W F , i.e. finite 
degrees of difficulty A, without loss of generality we 
always consider a representative 0- (i.e. A=[&]) such
that, for some kGCO, a ={fq,...,fk} and
( Vi, j<ic) [i f j =*> f± (0) i f j (o) & f± |T f j ] .
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Lemma 7.1 In TKl , < V a > ( V b ) C BG W  f = 4  {C : A a CSB)
has a maximum].

Proof. Each element BG W p  has the form 
B=Sq A ... a Sn where ( ̂ i5n)[S-^ is a degree of 
solvability!. Then max(C: AaC<B> = A ( s ^ :  A ^ }.
Indeed, A a A { S ^ :  A ij S^ISB; now, let AaC^B. Then
( ^i<n)[A aC<S^I; since each is meet-irreducible, this 
implies that (Vi<n)CA<Si or C<Si] (see BIRKHOFF (1944)). 
Thus C<A{S^: A ^  >. Of course is interpreted as
1.

Lemma 7.2 In W  , ( V a m V b ) [ BG W E ^ > { C :  A a  C<B}
has a maximum 3.

Proof. Similar to that of Lemma 7.1, bearing in mind 
that each element B of E has the form B=EA a . . . a  EA
and each EA is meet-irreducible (see Corollary 4.1) Thus 
max{C: A a C<B}= A  {Ea : A ^ EA. I if B=EA a . . . a Ea •1 o sri

Corollary 7.1 p, p are Heyting algebras.
Indeed, in W p ,  if Bi= iGI}, B2 = AlSj: jGJ}
(where I,J are finite and each S^, Sj is a degree of 
solvability) then B^— *B2 = A{Sj: jGJ & ( ^ i G I H S ^  ^
Sj]}. In W  E , if Bx = A ( E Ai: iGI}, B2= A  *EAj : jGJ}
(where I, J are finite and each E a . , EA. is a degree of

J. J

enumerability) then B^— * B2 = A ( E a : jGJ & ( V i G D C A ^  
Aj]}.
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Proof. Let us prove for instance the part concerning 
"TM. p . By Lemma 7.1, — ^ B 2 = jGJ & ^ S j }. On
the other hand, since, for every iGI, each S-̂  is 
meet-irreducible, we have that B^ Sj <€=$> (V^iGIJCS^ ^

S-,3.

Remark 7.2 W F is a sub Heyting algebra of XYl-g. 
"TKlp, Wl p are sub Heyting algebras of JTKl w .

Proof. Obvious.

Remark 7.3 A lemma similar to Lemma 7.1 holds also 
for other sublattices of m .  For example, one can define 
'TWy to be the sublattice generated by the uniform 
degrees (thus TYl p and ^^e are embeddable in T ^ y ) .  
Notice that each element AG ^Wy has the form 
A=U^ a ... a Un# where (^i<n)CU^ is uniform]. This is so 
because if A, B are uniform, then so is A v B .  Indeed, let 
A= [ CL 3 , B=[(?>] where Cl , (P> are uniform mass problems.
Suppose that SfO(0- v (51 )£ 0  and let f be of the form 
go v gi • Thus Sf_S« y « and S« fl Q- — Q, (via ^ , say], 
Sg^ H $  5 (ft (via X  z ,̂ say). To show that Sf H ( $  v (ft )  ̂

(X v (ft / let
W={<<x,y>,u > : ( 3 a ) ( 3  v)fx=2a & Du=(<2b,c>: <b,c>GDv }

& <<a, y>, v>EW0 ( z ) 3 or ( 3 a) ( v) Cx = 2a + 1 & Du = 
{<2b+l,c>: <b,c>GDv > & <<a,y> ,v>GWa ( ) 3  * • 

Clearly, W is r.e. and the enumeration operator defined 
by W determines a recursive operator such that for
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every f/gG^co, if ^ z 0 ( f > • are total then
^  (f v g) is total and ^ ( f v g ) 3 ^  z (f)v "4̂  z (g). Hence

O *1

s£n( 0. v (ft) < Q. v ® via By an argument quite similar
to the one in Corollary 7.1 and using that each uniform 
degree is meet-irreducible (see Lemma 4.1) it follows 
that if A= iGI}, B= A { U j :  jGJ} (where I,J are
finite and each of U^, Uj is uniform) then A — >B = 
A l U j :  jGJ & ( V i G D C U i  i Uj]}.

We conclude this remark by adding that, in Wl y ,
the property of being a uniform degree of difficulty is
lattice-theoretic: In the uniform degrees are
exactly the meet-irreducible degrees.

In a similar fashion, one can define ™ e ,  p to be
the sublattice of TYl e constituted by all degrees in
containing a finite mass problem of partial functions.
Remarks similar to those for <fn p hold, the proof being 
slightly more complicated since now ^^e,^ not
generated, as a sublattice, by the degrees of *YYl e 
containing a mass problem of the form ( '■f }, where is a 
partial function (see Example 7.1 below). Nevertheless we 
have the following lemma.

Lemma 7.3 In W e , ( V a 6 )( V B e )[BeG ^ e<F (Ce : 
Ae A Ce <eBe } has a maximum].

Proof. Let Ae=C 0-le, Be =[(ft]e, where Q. , (?) are
mass problems of partial functions. Suppose that (F) is
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finite and consider all non-empty subsets C C. (?) such 
that there exists a partial recursive operator ft having 
the property:
( G ft ) [ ^Gdom(ft) 3 & ( V  ̂  G ̂  ) [ft( ̂  ) (0 )^ &ft(if)(0)=l]
& (V  ^ G ft - "tf ) tft( ̂  )G0 * Cl] .
Let £*0 ,..., ^ be a list of all such subsets of $
(notice that ft is one of these i ) and for every i<k 
let ftz . be a partial recursive operator having the above 
property with respect to . We claim that max{Ce :
Ae a Ce <e Be } = [f){ i^k>3e .
We first show that (X a r\ ( ^  i s i^k> <e (B . Let
W={<<x,y>,u>: ( Vi<k) ( 3v) [<<0 ,l>,v>GWz  ̂ & Dv C Du & CCx = 0

& y=l] or [x>0 & <x-l/y>GDu ]33 or
( 3 i<k) ( 3 v) C<<0, 0>, v>GWz . & Dv C. Du &

( 3  w ) C <<x, y> , w>GWz . & D„ C D u 3 <5t
( Vj<i) ( 3 z)C<<0 ,1>,z>GWz^& Dz C Du 3 3 >. 

Clearly W is r.e. and defines an enumeration operator 
which in turn determines a partial recursive operator ft. 
Since, for every ^ G and every i<k, Gdom(ftz .) and 
ftz . ( vfXO) is defined and equals either 0 or 1 we have 
that, for every ^ G  (ft ,

ftz . ( ^) if, for some j<k, ftz  ̂( )G0* and
ft<^)=\ i is the least such j

^ 1 * ^  otherwise
Therefore, for every t ^ G ^ ,  if ft(t^) ^  0* Q, then ft ( )  

G 1 *n { i^k) and thus Q. a  ±: i^k}<e (B via ft.
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On the other hand, suppose that & a 'C<q via a
partial recursive operator ftz . Let (ft ={(^>G (ft : f)z (t^>)(0) 
=1>. Clearly (ft = for some i<k, since the partial
recursive operator $1' determined by the r.e. set 
W '={<<x,y>,u>: ( 3 v )[<<0,0>,v>GWz & Dv C. Du &

( 3 w )[<<x,y>,w>GWz & Dw C D U I) or
( 3v) [<<0,l>,v>GWz & DV C D U & [ [ x = 0 & y= 1 ]
or tx>0 & <x-l,y>G Du ]] ] } .

satisfies

{nz < ) if ^>e(ft & n z (^)(0)=o

l*i_̂ > if ^G(ft & !5z (i^)(0) = l
and thus satisfies also, with respect to Q  , the 
property mentioned at the beginning of the proof. 
Therefore fU 'C±: (ft ; thus (ft 'Ci : and,
since clearly <e (ft , we have that <T<en{ £ ±t i<k>.
This completes the proof.

Corollary 7.2 ^ e .  p is a Heyting algebra.
Proof. By Lemma 7.3.

Example 7.1 Throughout this example, --> is the
binary operation that makes ( ^ e/F a Heyting algebra. Let 
'"fl ^ 2  be partial functions such that ^  l - *^2 ® 

|e ^ 2  Cfor examples of such partial functions see DYHENT 

(1976)). Then C t tfi>3e — > C < 1 / 2 } ] e = c { 1' ‘f 2 } ] e •
Indeed, suppose that ( ^^}a 2 > via some
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partial recursive operator ft. We can not have 
ft(^1)=0*<^'1 & ft( d  since it must be
ft( ^i) <= ft( ‘-^2^* Therefore it follows that
n({tf l ' f 2 } ) £ 1* d  / hence Cl Se ( <f lt ^ 2i •

Another example in DYHEHT (1976) shows the existence of 
two partial functions ^  x* ^2 such that <-f i<e ^ 2  ® ^1
non partial recursive & ( V* partial recursive operator
ft)[<^X G dom(ft) & ft< ^i> non partial recursive 
=*> ft( J ft( ^ 2 ) ] •
In this case [ { 1 } 3 e — S’ [ { 'fx''^2}]e =[< tf 1 '  2 * 3e : t o  s e e

this, let { Q. ^ 1 / ^ 2  ̂ v;*-a ^ and suppose that
ft( vf 1>=0* & ft('f2 )€1* C l .  Let z be such that
ft2 ( lf2*= 'fl (such a z exists since ^  l^e^f2 an<  ̂ thus, for 
some z, ^fx = x-i(*z (if 2 >>>- By an argument similar to 
those in the proof of Lemma 7.3, there exists a partial 
recursive operator ft' such that ( Gdom (ft) ) C [ ft ( ̂  ) (0 ) {, & 
ft(^)(0)=0 =7'ft'(^)=^] & [ft(i^)(0)i &
ft(^)(0)=1 = $  ft' ( ̂  >=ftz ( Lf ) 3 ] .
This implies ft' ( ^  x ) = ^ i=ft' ( 2 * • a contradiction. The
conclusion is the same if we suppose that ft( 1
and ft( ^x>Gl* Q. . On the other hand, we can not have
ft({tfl,'f2 } ) ^ <0*. ]_ > . Hence ft( f X' 2 } > £ 1* d  , i.e.
& < e l ^1' ^2> as desired.

Given a function f, let f' denote C(x (f)/ i.e. the 
characteristic function of the set obtained by applying 
the jump operation to x(f).
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Lemma 7.4 Let T: 'W------ -- * be defined by
T ( [ C U  ) = [ {f ' : f G Q.) 3 . T is well defined; T preserves a

and T (1) = 1.
Proof. 1) let us show that T is well defined. For 

every mass problem &  , let J ( Q )  = (f': fG Q.} . We want to 
show that G  J( Q. ) <J( <?) ) . Suppose that Gt < (5\ via
^ z ; let g be a recursive function such that < V f ) [ Y  (f) 
total := ^  ^Pg ( 2 ) ( f ' ) = ( X z (f ) ) ' (that such a recursive 
function exists can be proved using Corollary 1(c), p. 
255, ROGERS (1967) and Corollary to the Fundamental Operator 
Theorem stated in the Introduction). Then J(Q.)<J((ft) via 

X g(z)•
2) We want to show that J ( &  a (ft ) = J ( &  ) a  J ( (ft ) . Let

be recursive operators such that
t ,  (n*h)=h, for every nG cu and h G Wco , and X  z (h')=h.1 2.
Let X  be a recursive operator such that, for every f, if 
X. za (f ) (°)^ then "'i'(f) = ^ ^ ( f M O ) *  “X  g (2 )(f ) (where g
is as in 1); that such a recursive operator exists is 
easily seen). Suppose that hGJ( Q. a (ft ), i.e. h=(i*f)' 
where Ci = 0 & f G (X ] ' or Ci = l & fG(?>3. Then
^P(h) = ̂ P( (i*f) ' ) = X z (̂. (i*f > ' > (0) * ̂ g (z>1) ( (i*f) ' )
(i*f(0)) * ( z (i*f))'=i*f'. Therefore X (h )G J ( Cl)a J < 0) )•4
Since d  and d  a ft * (ft / we already know by 1)
that J ( &  a (?) ) £ J ( &  ) a J ( $  ) . Thus the claim is proved .
3) That T(l)=l holds is obvious.
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Fact 7.1 ( V a > < V b ) [T( A) v T(B) <T( A v B) ] and (3A)
< 3  B)ET<A) v T ( B X K A v B ) ] .

Proof. That T(A)v T(B)5T(AvB) holds, follows again 
from 1) in the proof of the previous lemma. On the other 
hand, it is known that ( V b T ) ( 3 ax ) [ ax=ax v ox= o x ] 
(FRIEDBERG (1957)). Take for example b x = o x ". Hence, for some 
ax , ax =ax v o x=ox f; thus (ax V ox )'=ox '''. Taking A such 
that ax=CA]x , we have that J({c/^}) J({c^i>) =

ic0»}''lo0»} 5 iC0"i < iC0'"} B J((CA } v lajg, •

Corollary 7.3 The restriction of T to W p  gives a 
mapping T: i H p — * satisfying T ( A a B)=T(A)a  T(B) for
every A, BG W p ,  and T<1)=1.

Proof. Obvious by Lemma 7.3.

Definition 7.3 An intuitionistic diaqonalizable 
algebra (shortly i . d . a ) is a pair < c£>,x> where X  is a
Heyting algebra and x is a unary operation on <£>
satisfying x(l)=l, x (a a b)=x(a ) a t (b ), x(x(a)— »a)<x(a).

Intuitionistic diagonalizable algebras have been 
thoroughly studied in SAHBIN (1976), MAGARI (1978), URSIHI 
(1979).

Theorem 7.1 p,T> is an i.d.a.
Proof. That T(l)=l and T (A A B)=T(A) A T (B) hold, has 

been already proved in Corollary 7.3. Notice that
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( V a £ W p ) t T ( A ) - 4  A=A]. To see this consider any finite 
mass problem 0- (chosen according to the observation 
preceding Lemma 7.1): we must show that
[j<(2)]— >[&] = [&:); but cj(Q)]— »[Q) = [{feCL:
( V gej (d))[g /T f]}] (see Corollary 7.1). Now, if f<= Q, 
and g = h'<«pf for some h€ 0. then hi-pf/ contradicting our 
choice of 0- . Therefore T(T(A)— >A)=T(A).

Remark 7.4 1) ( V a g )?)1f )[A 4 1=7»A<T(A)];
2) both T (A — > B)=T(A)— >T(B) and T (A"— >B)<T(A) — *T (B) can 
occur. Indeed, for Q  ={c^M ), ={c^,}, we have
T( C 0. ]— » C Q> 3 ) =T( [ {Cjg, } 3 ) = [ {c0 „ }] = [ lc0ltt 33 ~̂ > [ ic0tt }]
T ( C 0. ]) — » T ( C $  3 >, whereas for 0. = {f 3 , 6} = (g 3 where
f It g and f'H-pg' (the existence of such functions is
again a consequence of the result by Friedberg quoted in 
the proof of Fact 7.1), we have that
T((f33 — > CIg33)=T(C{g33) = C(g'33 and T([{f33) — »T(CIg33)= 
[{f'}3— >[{g')3; hence T(Ctf33) T([{g3 3)=l;
3) the set of regular elements (i.e. degrees A such that
'I"iA=A) is {0,13; hence it is not closed under T.

Proposition 7.1 is not a Brouwer algebra.
Proof. Let us embed the u.s.l. <£ =<{a,b,an : nGco3,<> 

in 2) f as an initial segment of 2) where
( ̂ n G  to ) (V m£(jO ) Ca<an<b & tm / n an j am 3 3 (we use here 
the result that every countable upper semilattice with a 
least element is embeddable in -p as an initial segment:
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see LACHLAN-LEBEUF (1976)). Let aT , bT , (an )T (nGuj) be the
corresponding T-degrees and choose g^b-p, fnG(an )x for 
every nG co. Then (Vn>0) [g=ffo v' fn 3 J for every nG oj let 
zn be such that ( f Q V f n )=g. In ’W  , {f g } —> {g } = { z*h :

'VI

^ z ^ 0 v h)=g) (for this use of the symbol — > as an
operation on mass problems, see the observation preceding 
Corollary 6.1). Thus, in •TT1 , (fo*— M g } £ ( z n*fn : n>0}.
Suppose now, for the sake of contradiction, that there 
exists a mass problem 3" > 0 such that {g}<{fQ}v Q  &

^  3; then, for every
such that C {zn*fn : n>03 we would have

^ . By cardinality arguments, and since each fn
belongs to a minimal T-degree, this would lead us to a 
contradiction: when the cardinality of ^  exceeds that of
^  , we would have that there exist fG and n^, n£
(with n^ f n£) such that f<fpfn  ̂ and f<fn  ̂ , a
contradiction, since Cfn 3-p, Cfn 3^ are minimal.A “1

Fact 7.2 F : "tyTl — > TYY[ defined by F([Q.3) = [C(Q.)3
preserves V  and F(0)=0, F(l)=l. Moreover
( \/A) ( V B )  CF(A a  B) < F( A) A F(B) 3 and ( 3  A) ( 3 B) [F (A a B) <
F( A) /v F(B) 3 .

Proof. The proof is essentially the same as for Iw
(see Section 5). As to show that equality does not hold 
in general in the second part of the statement, notice 
that C( (Xa.6)) is uniform for every Q. , (5̂ C w and so 
belongs to a meet-irreducible degree of difficulty. Thus

finite *
( V f im i t e ) C(g} < (f}v
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if F ( A a B) < F(A) and F(Aa B) < F(B), then also F ( A a B) < 
F(A)a F(B).

Rremark . 7.5 ( V  A) CF(F< A) — ■> A) <F(A) ]; however,
equality does not hold in general, otherwise < 'JTl0P,F> 
would be an i.d.a., but F has fixed points different form 
1 (in fact, (\/A)tF(F (A ))=F<A)3, whereas in an i.d.a.
< ot ,x>, x (a) =a =$> a = l (see DRSIHI (1979)).

Remark 7.6 The first order theory of Second Order
Arithmetic is recursively isomorphic to Th( W p , < ) .

Proof. Similar to the proof of Theorem 5.2. Indeed,
it is easy to see that Th( is 1-reducible to
Th ( W f * - > * since, by Remark 7.1, in '1YI p A is a degree of 
solvability if and only if ( V b )  ( V c )  [A=B a C =7>[B<A or 
C<A] ] .

We now devote our attention to a preliminary study 
of the operation —  ̂ in w .

Notice that, in W ,  I V b > 0  ’ > C 0 ' — * B = B] . Useful 
information is given also by the following fact.

Fact 7.3 (DYHENT (1976)) If C &  ] is effectively
discrete and 0) ^ (X then ( V  'C ) [ (& < Civ tf =^> 'C nowhere 
dense]. Hence all mass problems in [ Ci ] > [ ] are
nowhere dense.
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Proposition 7.2 If Q. is dense and $> is closed in 

the Baire topology then [ Q ] — > [ ($> 3 = [ (ft 3 .
Proof. That t Q  ]— [ (ft ] 5 C (ft 3 holds, is always true. 

We have only to show that (ft <{z*g:
( V f  G Q  ) [ Y z (f v g ) G (ft ] } .
Let h be the recursive function defined in the proof of 
Fact 4.1; for every uG UJ, let Dy-*-* denote
respectively the sets (<x,y>: <2x,y>GDu 3 and {<x,y>:
<2x+l,y>GDu >; also, for every u G 00 such that Du is 
single-valued, let 6(DU ) denote the finite initial 
segment having length equal to n=max<x;
(3 y )[<x,y>GDu 33+1 and defined by

f t -1(Du )(x ) if xGdom( ( Du ))
6(Du )(x )= <

0 if x<n & otherwise
Finally, given two finite initial segments f,g let us say

/V ^ A. ^that f is comparable with g if f Cg or g £ f .
By the Recursion Theorem let eG <o be such that 
We={<x,y,u,v>: t-1(Du ) is a finite initial segment & Dv
is single-valued & t (6(D^(y))) C Du & ( 3 z) [<0,2>GDU

& ( 3  s )[<<,x,y>,v>GW| & (X/aGW^) ^V^bGD^Ca)^
[ (b)o<lhCt (Du ) ) ] & ( V i < x ) ( 3 j )  ( 3w) ( 3k)C<i,j,w,k>GWe
& Dw C. Du & 5<D^^) is comparable with 6(Dy®*)3

& (V  t<s> ( V a G W g ) C D (a single-valued & x ( 6 ( ( Va ^  -
Du =^> ( 3 i<x) < 3j) ( 3w) ( 3k) [<i,j,w,k> GWe & Dw C Du &

non comparable with 6<D(^a)^
Let W={<x,y>,u>: ( 3 v )[<x,y ,u ,v>GWe 3>.
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It is not difficult to see that W determines an
enumeration operator which in turn defines a partial 
recursive operator Q such that, for every total function 
f, fGdom(ft) and fi(f) is informally computed as follows:
Let f(0)=z
Step____01 Enumerate Wz until you find a number, if it
exists, <<0,y>,v>GWz such that D y ^  C ■c(f+ ) (where 
f + = X x . f (x + 1 ) ) & Dy*-1* is single valued. If no such number
exists, then let S2<f)(0)?. Otherwise, let <<O,yQ>,V0 > be 
the first such number to appear in the enumeration of Wz
and let ft(f)(0 )=yQ.
Step ____n +1) If ( 3  i<n) Cfi(f) (irf ] then put (f ) (n + 1 >1“.
Otherwise, enumerate Wz until you find a number, if it 
exists, <<n+l,y>,v>GWz such that C x ( f + ) & is
single-valued & (N/i<n)C6(D^?^) is comparable with
6(Dy^^)]. If no such number exists, then let fi(f)(n+l)T;
otherwise, let <<n+l,yn+i>,vn + i> be the first such number 
to appear in the enumeration of Wz and put 
(f )(n+1)=yn+i•

Notice that, if for every nG tv ft(f)(n)>l then for
■A*1every nGCo a finite initial segment fn is defined, namely

fn = U  ): i<n>.
Let and let ^  = ^ a C e ' ) : Thus, by the Fundamental
Operator Theorem, for every total f, fl(f)=^(f).
Now, if z*gG Cl >(&, then < V^fG &  ) C z (f v  g> is total & 

^ z (f v g)G (?) 3; moreover, since Q. is dense, one can
certainly find, for every nG (d , a number vn as above, so
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that the corresponding £n is defined and (V n )[Y z (fnv g ) 
is an initial segment & (^ i S n )CiGdomC TzCfnVg) &

Y z <fnv9 > - ^  z (fn + lv/9 ) 3 ] . Letting Sn=(h: ( V i < n )th(i)
= ^ z (fnvg)(i)]> we have that for every n there exists a
function hn6 (B such that hn6Sn# Since (?> is closed, we 
conclude that limnhn= ^ (z*g) and thus z ( z*g ) G (8 .
Then G> < (X * 6S via ”4^ , thus proving the proposition.

Corollary 7.3 If Cl is dense and 0^ is closed and 
[ (?> 3>0 then (?) f Cl •

Proof. Obvious by Proposition 7.2, because if Q) < (X 
then C CL 1 — > C <8 ]=0.

Remark 6.2 makes it easy, in a sense, to compute 
C Cl 3 t (5> 3 in Wl , for Q. , (8) C-closed .

Example 7.2 1) Let Cl={f: fg<>jf3 an<  ̂

then C Q  3— ? C <8 3 = Ctg: (Vf)[f0<Tf fi<Tf v g ] }3 (notice
that if fj<Tfo then the latter set is ^co hence, in this
case, [ Cl 3— >l()^]=0.
2) Let Q.={f: f non recursive & fQ fa f} and (B={f:
fg<-pf3 where fg is not recursive. Then C Cl 3 — >[0$3 = [{g:
< V f  ) tf non recursive & fg fa f fgl^f vg3}] = [{g:
fg<Tg}] = [ (ft] .
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8. An embedding theorem for a certain class of countable 
distributive lattices.

Distributive lattices with a least and a greatest 
element and lattice-theoretic homomorphisms which 
preserve the least and the greatest element constitute a 
category which we will denote by DL.

If is an object of DL then the least and the
greatest element of £  will be denoted by 0^ and 1^ 
respectively (or simply by 0 and 1, when clearness is 
not affected by doing so).

We will use also the following terminology:
T (DL) is the full subcategory of DL̂  whose objects are 
distributive lattices which are coatomic and have exactly 
one coatom. If <£ is an object of T(DL) then its coatom 
will be denoted by t^ or simply by t when this does 
not cause any confusion.
B(DL) is the full subcategory of DL. whose objects are 
atomic distributive lattices having exactly one atom, 
denoted by b^ or simply by b.
TB(DL) is the full subcategory of both T (DL) and B(DL) 
and thus of DL such that ob(TB(DL))=ob(T(DL))Hob(B(DL)).

One has two obvious functors 
T: DL — => T(DL)
B: DL — » B(DL)
where, for every <£> Gob(DL), T(e£) is the lattice 
obtained from <£ by adding an element greater than all
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elements of eC and B( <£ ) is the lattice obtained from 
<£> by adding an element which is smaller than all 
elements of c£ . Thus, for example, if

L  =
then we have

T( c£ )= <  )  and B ( £, ) =

Notice that c£ can be regarded as a subset of T( <£> ) 
and, under this identification, 1̂ , becomes tic £ >; 
analogously, <£> can be regarded as a subset of B( £  ), in 
such a way that 0^ is identified with bB (j»).

T and B are defined in the obvious way on morphisms: 
let f: J? i  ̂ <£. 2 be a morphism in DL and let us regard f
as a function from oC ̂  ,viewed as a subset of T(<Jbj_), 
into oC 2 viewed as a subset of T( e£2 ). Then define 
T ( f ) : TCoCi) ---» T( c£2 > by

( f(a) if a^lT ( >
T(f)(a)= <

1TC ) if a = 1T( £ a >
Analogously, B(f):BC<£ > B( £ 2 ) -̂s defined by

r f(a) if a/0B( ^  >
B(f)(a)= J

t °B( £ z ) if a = 0B( )
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Clearly ToB=B° T; moreover, we get a functor T«B: 
DL — T B (DL) . T,B,T<>B are faithful and almost surjective 
on objects (except for the two-element Boolean algebra, 
every object of T (DL) is in the range of T; except for 
the two element Boolean algebra, every object of B (D L ) is 
in the range of B; finally, except for the two element 
Boolean algebra and the lattice consisting of the three 
element chain, every object of TB(DL) is in the range of 
T°B): this is one of the reason for the names T (DL),
B (DL), T B (DL) given to the above defined categories.

Finally, notice also that if we denote in each case 
by I the inclusion functors I : T (DL ) — ) DL ,
I: B(DL) — » DL and I : TB(DL) — »DL then we have I — I T , 
I — J B and I — I T ° B . Thus T (D L ), B (DL) and TB(DL) are 
coreflective subcategories of DL (for this terminology, 
see HC LANE (1971) .

Clearly, , tfYl w , are objects of B(DL)

Theorem 8.1 Every countable GT B (DL) is embeddable 
in via an embedding which is a morphism of DL

Proof.Clearly, the two element Boolean algebra and 
the three element chain are emebeddable in . As to
show that every countable object of T B (DL) having the 
form TB( <Jb ) is embeddable in , we can argue as
follows. Let TP) be a Boolean algebra satisfying the
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following conditions (the reason for excluding 0 will be 
clear shortly):
1) $  is a sub Boolean algebra of the Boolean algebra 
of all subsets ofco-CO);
2) $  is countable and atomless;
3) the elements of , except the least element, i.e.
the empty set, are infinite recursive subsets of GJ-{0). 
That such an algebra exists can be seen as follows. 
Let K be the classical propositional calculus (see RASIOWA— 
SIKORKI (1963) or Chapterll, Section 1); and let Form(K) 
denote the set of sentences of K. Finally, suppose 
that r -|:Form(K) —  ̂ to-{0> is an a one-one, onto 
recursive coding and, for every aGForm(K), let Ca]={r0̂  : 
K (— a <e-» 0} Clearly, (C a ]; o€Form(K)} is a partition of 
oo-CO) into infinite recursive sets; thus the Boolean 
algebra generated, as a subalgebra of , by (C a D:
ocGForm(K) } satisfies 1), 2), and 3).
Now, let g, *9n: n€u)-{0}} be functions such that g(0)=0 
and for every m,nG (J-(0)
i) gm (0)=m;
ii) m^n gm | T gn & 9 =t 9mvgn;
we also assume :iii) there exists a two variable 
recursive function h such that for every m,nGcO-{0>,

if m^n then ^ h (m,n)<9 m V g n >=9•
For example, it is possible to embed the poset used in 
the proof of Proposition 7.1 so that the uniformity
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condition referred to in iii) holds (see LERMAN (1981)). 
Thus, functions satisfying i),ii) and iii) exist.
Notice that the mass problem {gn : nG Co-{ 0 } } is effectively 
discrete. For every X C Cl) - { 0 > define

f {gx :xGX> if X/ 0

a * -  i
I {g} if X = 0

Then
a) & x A Q y= Q X U Q -Y= Q X U Y
To prove this, it is enough to show

that CIx a Y- ^ X  ^ ^  Y •
Let a,b£Co be such that X=Wa , Y=W^ (recall that X , Y G $  
thus X,Y are recursive sets) and let W be the set defined 
as follows
W= { <<x, y>, u> : ( 3  v)[<0,v>6Du & ( 3s)[Ev€Wj & (Vt<s)

tv ^  W^J & [tx=0 & y=0] or tx>0 & <x-1,y>GDu 333 or
[v € Wj5 & ( V t < s ) C v  ^  Wa 3 & t C x = 0 & y = l 3 or tx>0 &
<x-l,y>GDu 3 3 3 3 3 

Clearly W is r.e. and defines an enumeration operator 
which in turn determines a recursive operator such
that CX x A ^  Y  ̂ Cl x U Cl ̂  via ^  .
b) ax  ̂q ye cixnY.
Indeed,
a  x v' ^'y=^9xv/ 9y: ^ y€Y } = I 9z v 9z : z^XDY } U ( gx vgyi x

GX & yGY & x/y}={gz : zGXHY} U {g }={gz : zGXnY}= Cl xnY: let
us show for instance that (gz : zGXfiY) U  {g} = (gz v gz :
zGXHY) U  (gxv9 y : xGX & yGY & Y.fy} : to show that > holds,
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remember that for every nG 00-{0}, gn (0)^g(0) and gn<^g
(and thus ( V  zEXHY) [gzv g z <rj>g ] ; to show that < holds, one 
has simply to show that there exists a recursive operator 
^  such that

Y h ( f (0),f(1))(f> if f(0)/f(l)
\£(f> = <

( Ax.f(2x) if f(0)=f(1)
and,thus,

r g if
^(gx v gy ) = <

gx if x=y
It is easily seen that such a recursive operator exists. 
For every X C u) - {0 I, let i X denote (u)-{0I)-X; define a
function F :  > W l  by F(X) = [ Q^x^*
From a) and b) it follows that

F (XflY) = [ Q. (xny) ] = c 0- nXu-iY] = c *^--iXA Q--iy3 =
= [ Q-, x 3 a t Q  t y 3=f<x) A F(Y);
F (X U Y )  = [ Q. -i(x U Y ) ] = t CL-,xnn y3 = I Cln X v(X_iy] =
= [ Q. n X ]v [ &  -i y1=F(X)vF(Y)*
Moreover, by ii), since m/n gm 9n' if follows
that F is one-one.
Since (S) is a countable atomless Boolean algebra, every 
countable distributive lattice is embeddable in , via 
an embedding that preserves the least element (see for 
example BURRIS-SANKAPPANAVAR (1980)). Thus, we are in a position 
to conclude the proof of the theorem. Indeed, 
let TB( <£ ) GTB (DL) be countable. Let
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J: <£> ^ ^  be an embedding morphism of DL. Define a
funcyion I : ol> * J3/Tl by

f 0 if a = 0TB( )

I(a)= < F (J (a) ) if a ^ t0TB(«G ) ' 1TB( <£ ) *
1 if a=lXB(£ >

(again, X  is viewed here as a subset of TBCof ): notice
that I (bXB ( <£ ) J = F (J <0 j? ))=F( 0  ) = [ Q. to - {0 } ̂ and
I(tXB(<£  )> = F(J(1&  ) )=F«0 - <0}) = C<g}].
I is the desired embedding.

Remark 8.1 If we define F(X) = [ (X jj] instead of 
F(X) = [ Q  -,x ] then we can use such an F to show that every 
countable object of T B (DL) is embeddable in *yYi°P• via a 
morphism of DL.

Corollary 8.1 Every countable <£ €T B (D L ) is
embeddable in XYLq and in ĴYl w (via a morphism of D L ) .

Proof. Let TB(<£ ) be countable and let I:
TB( o£ ) --  ̂ }Y(\ be the embedding of the previous theorem.
Then IeoI: TB( & > --* - W e and FW °I: TB(<£)  » W  w are
embeddings of the category DL̂  (Ie and Fw are defined in
Section 5); Fw is not 1-1, but Fw I is 1-1).

Since clearly 1 is not the sup of any countable 
family of degrees strictly less than 1, we have
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PJk is
an object of

The proof of Theorem 8.1 shows that the range of the
embedding function is contained into the set of
effectively discrete degrees. On the other hand, we have

Lemma 8.1 The effectively discrete degrees form a 
sublattice of

Proof. Since 0, 1 are clearly effectively
discrete,it suffices to show that if A^, A2 are
effectively discrete, then so are A^v A2 and A^ a A2 .

Suppose that Aj_, A2 are effectively discrete degrees 
and let (X Cl 2 mass problems such that Ai=[ (X
and A2 =[ Cl 2  ̂ and assume that for, every i€{l,2}, for
every f,gG Q. f(0)=g(0) - X f=g ( that every
effectively discrete degree contains a mass problem Cl 
satisfying ( V f , g €  Q  ) [f(0)=g(0) f=g] is remarked
in DYMENT (1976)). Thus, the set S={f: f is an initial
segment & lh(f)=2) is clearly r.e. and witnesses the fact
that A^ v A2 =[ 0. ^- 2  ̂ effectively discrete.
Finally, to show that A^/* A2 =C 1 A Q  2  ̂ effectively
discrete, consider the r.e. set of initial segments

IV XV /W /V-(0*f: f is an initial segment & lh(f)=l) O  (l*f: f is an
initial segment & lh(f)=l}.

Corollary 8.2 A countable object oL of 
embeddable in if and only if £  is
TB(DL).
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If W  ED denotes the sublattice of effectively
discrete degrees, then we can conclude

Corollary 8.3 Every countable £  €TB(DL) is
embeddable in wi ED v:>-a a morphism of DL.

We conclude this section by introducing the notion 
of Kripke frame, which will be used later in this paper
(an excellent introduction to the theory of Kripke frames
and related notions is FITTING (1969)).

Definition 8.1 A Kripke frame is a partial order
(P =<P,<>, where T?/ 0  .

There is a useful correspondence between Heyting 
algebras and Kripke frames; this correspondence will turn 
out to be quite useful for the topics treated in the next 
chapter.

Definition 8.2 Let £  be a Heyting algebra and let
K( £  )={F: F is a proper prime filter of £  I.
Then the partial order ( £  )=<K( <£ ), C. > will be
referred to as the Kripke frame corresponding to Jo.

On the other hand, given a Kripke frame (P =<P,<>, 
let us say that a subset Q C. p is <-closed if
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( V X)( Vy) CxGQ & x<y =y> y6Q] and let AC (P ) = {Q C p? Q
is <-closed}.

Definition 8.3 The Heyting algebra corresponding to 
(P is the algebra Q_( (? ) having A ( ) as universe and
whose operations are defined as follows: for every
Q1,Q2eA( <P )
1) z' Q 2 = ®1 ̂  '
2) v Q2=Q]_ Cj Q2 )
3) Qx — 5> Q2= CxEP: ( Vy€P) [x<y [y G Qx or y€Q2 3 3);
4) Qi=Qi » 0  .

For the sake of completeness, we will carry a little 
farther this sort of duality between Heyting algebras and 
Kripke frames by recalling the notion of open 
homomorphism. However, we will not make any use of this 
notion in this thesis.

Definition 8.3 Let (P = £ j_), $2 = <^2'-2>

Kripke frames. A function f: P2 is an open
homomorphism of Kripke frames if
1 ) ( Vx^ygpj) Cx<iy f (x> <2f (y 3 3;
2) ( V XGP1 )( V y € P 2 )CfCx)<2y = >  ( 3  zGP1 )[f(z)=y33.

Theorem 8.2 CDE JONGH-TROELSTRA (1966)) Let (? x, (? 2 be
finite Kripke frames. Then U (  (?!, is embeddable as an



90

Hey ting algebra in XX ( (P £> if and only if there exists 
an open homomorphism of (P  ̂ onto < ? 2 -
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CHAPTER II

THE LATICES W ,  W F AND INTERMEDIATE
LOGICS.

1. Intermediate logics and embeddings.
Heyting algebras constitute a subcategory of DJL, its 

morphisms being those morphisms of DL. which preserve the 
operations — /> and “» .

Analogously, Brouwer algebras are a subcategory of 
DL: the morphisms of this category are defined in a
similar way.

Throughout this chapter homomorphisms are understood 
to be morphisms of one of these two subcategories, the 
particular choice being clearly determined by the
context.

Let L be a propositional language with connectives 
v , * , —  ̂, “< and a countable infinite set of
propositional variables. We warn the reader that we use
the same symbols to denote logical connectives of L as
well as operations of Heyting (or Brouwer) algebras: 
however this should be harmless enough and should not 
cause any confusion.

Form(L) will denote the set of formulas of L. 
Throughout this chapter we use the lower-case Greek 
letters a, 0, v as variables running through Form(L).
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Let H denote the intuitionistic propositional 
calculus, i.e. the deductive closure, using only Modus 
Ponens as rule of inference, of the following axiom 
schemes: 
a — > (0 — >a>
(a — > <0 — » y ) ) — » ((a — >0) — > < a — > ̂  ) )
a a 0  * a

a a  0 — * 0

a --> < 0 —  ̂(a a 0) )
a --> (a v 0)
0 -- > (a v 0)

(a — > Jf ) — > ( (0 — >-- ) ---- *(a v 0 — » % ) )
(a — » 0) — ? ( (a — ? -i 0 ) — ? i a)
-1 a — » (a — >0)

K will denote the classical propositional calculus,
i.e. the deductive closure under Modus Ponens of the set
of formulas H U  tot v i a : a€Form (L) .

Definition 1.1 IL= (L: H C. L C. K) is the set of
intermediate logics.

For a thorough investigation of this set see HOSOI
(1967) , HOSOI (1969), HOSOI-ONO (1973): H0S0I-0H0 (1973) is a survey 
containing valuable information also as regards 
references, historical remarks etc. However, we will have
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ourselves the opportunity of making several remarks on 
this set in the remainder of this chapter.

Heyting algebras and Brouwer algebras are used for a 
semantics of intermediate logics in the following way:
Let db be a Heyting algebra: a function h:Form(L)  > db

is an H-homomorphism if it satisfies, for every oc,0G 
Form(L):
h (aA 0)=h(a ) /\ h(0) 
h (a v  0) =h(a) v'h(0) 
h (-i a) = -i h (a ) 
h(a —  ̂ 0)=h(a> — > h(3)
where the symbols a  , V  , — > , "l denote, as previously
remarked, on the left side of these equations the logical 
connectives of L and on the right side the operations 
of c£

Definition 1.2 Let do be a Heyting algebra and let a 
6 Form(L). Then ĵ a if for every H-homomorphism h,
h(a)=1;
Ljj C <£> ) = { aGForm < L) : (~h a **

Dually, given a Brouwer algebra oC , a function h:
Form(L) * £  is a B-homomorphism if it satisfies
h(a A0)=h(a) v h(0) 
h (a v 0)=h(a)A h<0)
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h ( t a ) = n h (a ) 
h (a — * 0 ) =h (a ) — * h<0)

Definition 1.3 Let *£ be a Brouwer algebra and let a 
6 Form(L). Then i t  B a if for every B-homomrphism h, 
h (a,) = 0;
Ljg( &> ) ={a€Form(L) : cS f-g a).

For every Heyting algebra cL , we have H 9 Lh ^cC >C 
K; for every Brouwer algebra , H 9 L g ( J f )  9

The first significative application of this (or at 
least very similar ) semantics was perhaps in GODEL (1932).

There is also another semantics for intermediate 
logics which uses Kripke frames. This semantics was 
discovered by Kripke (KRIPKE (1965)). We would like to 
sketch here also this semantics, though extraneous to our 
purposes, just for the sake of completeness.
Let (P =<P,<> be a Kripke frame. A (? -valuation (with
respect to L) is a function v:Form(L)xP —  ̂ {0,1} such
that for every x,y £ P and a,0 6 Form(L),
v(o,x)=l & x<y =5 v(a,y)=l
v(aA0,x)=l <5=5 v(a,x)=l & v(0,x)=l
v(av0,x)=l <5=? v(a,x)=l or v(3,x) = l
v(a — » 0,x)=l <5=5 ( Vz>x) Cv(o, z) =1 =5 v ( 0, z ) =1 ]
v(~ia,x)=l <C— ̂  ( Vz>x)[v(a,z)=01
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Then one defines L( (? )={oGForm(L ) : (for every
-valuation v ) ( x£P ) Cv(«,x) =1] } .

The following holds (see 0N0(1971>): L( (? )=LH ( U  ( (? ) ) ;
if cC is a Heyting algebra then L g ( cC ) C  L( TC ( c£> ) ) ;

moreover, if <£ is finite then Lg ( oC )=L( ( c£> ) ) .

We recall the following useful fact (see for example 
RASIOWA—SIKORSKI (1963)).

Fact 1.1 Let I  p  £  2 be Heyting algebras (Brouwer
algebras). If F: £  1 > <£2 a monomorphism then

Lh( oC 2> C. Lh( £ 1 ) <LB < £ 2 > L.B( - £ l n - I f  F:

> £ 2  is an epimorphism, then Lg ( <£ 1 ) Q  Lh( £ 2 ^
(and similarly, Lg ( £  ) C L g ( £ 2 ^ *

Proof. Almost immediate. For example, suppose that 
£ > 1 , £ 2  are Heyting algebras and let F: X j   ̂ £  2
an epimorphism. Let a $ Lg ( <£ 2 ̂ ' then there exists an
H-homomorphism h:Form(L) --  ̂<£2 such that h(a)/lj, . Let
R be the set of propositional variables which appear in 
a; of course R is finite. For every pER, choose apG £> ̂ 
such that F(ap)=h(p). In order to show that a Lg ( £-1 ),
consider for example the H-homomorphism h' obtained by 
extending in the obvious way to the set Form(L) the 
function h' defined on the set of propositional variables 
by
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f ap if pGR 
h ' (p ) = <

i£ , «  p 4 *
h':Form(L) —  ̂X i  and h'(ccWlp /for otherwise h(a) =* 1
F(h'<a))=lp / a contradiction.

Definition 1.4 Let J be the deductive closure under 
Modus Ponens of H U {nocvna: aGForm(L)}.

The intermediate logic J has been investigated in 
several papers by Jankov (see e.g. JANKOV ( 1963) , JANKOV 
(1968)); this is the reason for the symbol J (after 
Jankov) given by us to the previous logic.

An intermediate logic L is said to have the finite 
model property if there exists a set { iGI } of finite 
Heyting algebras such that L= H {L^cH^): iGI}.

Fact 1.2 Let { c£^:iGco} be the set of all finite 
Heyting algebras. Then
a) H= fl CLh ( <£ ± ) : iG Co >= n (L^ (T ( £  ± ) ) : iG Co } ;
b) J= fl (Lh (B( <£± ):iG Cu} = n <LH ( T B ( £ i )):iG W}.
(T,B are as defined in Chapter I, Section 8).

Proof. a) was proved in (or, at least, is an easy 
consequence of) JASKOWSKI (1936); b) is proved in JANKOV
(1968).
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Theorem 1.1 a) If £  £< W F , W E , W e>F, W u ,_, 
then J C  Ljj< cC. );
b) if <£ G( Wl , W e , W  w > then J C Lb< <£ >•
(Remember that by Chapter I, Theorem 6.2, w is both a 
Heyting algebra and a Brouwer algebra).

Proof. a) Let W  p, ^^e,F' w* :

suffices to show that, for every aGForm(L), -i a v t t a 
G Ljj( £  ). Using the fact that in TW g, ;̂ 'e,F'
and TTlw the least element 0 is meet irreducible, one 
easily sees that for every degree of difficulty AG £>

f 1 if A=0
n A= /

I 0 if A^O
(here, of course, if <£ = w , the operation — > is the
one pertinent to 'TKl w as a Heyting algebra). Thus, for 
every H-homomorphism h and every aGForm(L), we have 
h(~iav i-i a) = ~i h(a)v -t n h(a)=l; hence n a m  ( JL ).
b) Let <£ Gt "TW, Wly* and let 'r̂ w ke regarded
as a Brouwer algebra. Since in , ">̂ e , t*le
greatest element 1 is join-irreducible, for every degree 
of difficulty AG <£> we have

[ 0 if A=1
1 A= i

 ̂1 if A^l
Hence, for every B-homomorphism h and every aEForm(L), we 
have h(-\avma)= ~\h(a)A -in h(a)=0 and the proof is 
complete.
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Fe , Ie , Fw , Iw as defined in Chapter I, Section 6
give preliminary information about the relationships 
between the logics of the lattices mentioned in Theorem 
1.1. For example

Corollary 1.1 Let FormA -» >J”l(L) = {a€Forin(L) : a contains
only A ,---» ,-| as logical connectives} and, for every
LGIL, let La> *' "1 =LDFormA ' ** (L). Then ( W  )
£  < W „ )  .

Proof The proof follows from Fact 1.1 and Chapter I, 
Fact 6.3, as Iw is a V  ,— > , -j -monomorphism: notice that
Iw preserves v  and not /\ , but this is consistent with
our claim since *YYl and *¥̂1 w are regarded as Brouwer
algebras.

For the next theorem we first recall some 
preliminary facts about distributive lattices (the reader 
is referred to BIRKHOFF (1944) ) .

Let «£» be a distributive lattice. First, we remark 
that for every p € <Jb ,
p is meet-irreducible 4=5 ( V q /rG cC> )CqAr<p =^> q<p or 
r<p];
p is j o i n - i r r e d u c i b l e  4 = ^  ( V q , r G  ) [ p < q v r  p< q  or

p< r  3 .

A finite set (a^: i€I} of elements of <£ is said to be
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A -irredundant if
C V i €  I) [ is m e e t - i r r e d u c i b l e 3 a n d  (\/jGI)[ A  {a^tiGI} 
< A  <a± : iGI & if* j } 3 .
Dually, {a i :iGI> is v-irredundant
if (ViGI)C is join irreducible] and ( V  jGI)
C V  {a± :iGI & i/j}< N/lai: iGI}].

Lemma 1.1 (BIRKHOFF (1944)) Let <£ be a finite 
distributive lattice. Then for every aG c£ there exists 
one and only one A -irredundant set {a^: iGI) of elements 
of such that a= A{ai:i€I}.
Dually, for every aG X  there exists one and only 
one v -irredundant set {a^jiGI} such that a= N/la^: iGI}.

Theorem 1.2 Every finite Heyting algebra having 
exactly one atom and one coatom is embeddable in p .

Proof. Since every finite distributive lattice is a 
Heyting algebra (as remarked in Chapter I, Section 6), it 
is enough to show that for every finite object of the
category DL̂ , the lattice TB ( du ) is embeddable in *YYl p as
a Heyting algebra (we skip the case of the two-element 
Boolean algebra and the three-element chain, which are 
clearly embeddable in tyYl p ) .

Suppose that X  is a finite distributive lattice and let 
P=(pG £  : p is meet-irreducible}.



Define a function lv: cL —  ̂to as follows: 
lv<p)=0 if P=l£/
l v ( p ) = n  + l if C 3  q ) t l v ( q ) = n  & p<q & "i ( 3  r)[ p< r<q]].

We use this function to define a finite partial order 
<A, ©  > by letting A= U  iAp: pGP}, ©  = U  i ©  n : nG Co }
where {AptpGP}, { ©  n.: nG Co } are defined by induction: at 
step n) we define a finite set Ap for each pGP such that 
lv(p)=n, together with a partial ordering © n on t îe 
set U t A p :lv(p)<n}.
The sequence { ©  n :nG CO } will satisfy ( V  m,nGCO) tm<n

©  m C. ©  n 3, which is enough to ensure that 
©  = U  { ©  n : nG CO } is a partial ordering.
In order to get a suitable indexing of the elements of 
each set Ap, we suppose also that we have fixed a linear 
ordering on P.
In the course of the induction below, for every pGP we 
define a number n(p) which will turn out to equal f Ap j — 1.

Step 0 ) Let pGP be such that lv(p)=0.
Then define ApMap}. Notice that if lv(p)=0 then p = l ^  .
©  q is the identity relation on A ^

Step n+1) If there is no p G P such that lv(p)=n+l then 
there is no Ap to define and we simply let ©  n+i= ©  n . 
Otherwise, for every pGP such that lv(p)=n+l, we carry 
out the following construction, where we distinguish two 
cases;this distinction is not necessary in the sense that
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for every p we could define Ap in the same way as it is 
defined in Case a) below. However this would 
superfluously complicate the definition of Ap when 
(VqGP)[p<q or q<p] . Indeed, given p, the construction 
aims to find a function F:P — * THp such that, for every 
q€P, F(pAq)=F(p)^F(q), F (pvq)=F(p )v F (q ),
F (p—%q )=F(p)—»F (q ). These conditions are automatically 
satisfied when p is comparable with all the elements of 
P, once we have only made sure that F is an order
isomorphism and F(p) is meet-irreducible in

Case a) ( 3  q)[q € P S p [ q].
By Lemma 1.1, there exists a a  -irredundant set 
{qQ,...,qv > such that A ( q € P  :p<q}= A { q h :h-V *: we may
also suppose that qg 4 Qv •
Clearly, ( V h < v ) C lv (q^) <n) ; thus the sets Aq , . . . , Aq are
already defined.
Let n(p)= | {A^ h<v>|-l and define Ap= { a£, . . . , aplp) } .

pLet also ©  n+i be the smallest preordering (i.e. 
antisymmetric and transitive) relation on
Ap u U { A q : lv(q)<n) satisfying 

1 ̂ ©  n ^  ®  n + 1 •
2) (Vh<v) ( Vi<n(qh ))Cap2{n<qj > :a*h-l}+h+i ©  * +1 aj ̂ ]

(where the otherwise meaningless symbol Z(n(qj):j<-1> is 
interpreted as 0 ;
Case b) Otherwise, i.e. ( V  qGP)[p<q or q<p].



102

Let again A  tq€P:p<q}= A  [q^: h<v} where {qQ/-*./qv >
is a -irredundant. Define
Ap={ap} and let ©  be the smallest preordering
relation on ApuUlAqt lv(q)<n> satisfying

1) (D n — ©  n + 1'
2) ( V  h<v) ( V  i<n(qh ))[aj ©  n + laqh]•
Finally, to conclude Step n + 1), let ©  n+i be the partial
order on U t A p : lv(p)<n + l> generated by (J { © n  + l :
lv(p)= n+l>.
However, we will frequently happen to use a different 
notation for several of the above defined notions: 
suppose that Ap is defined at Step n+1) through Case a); 
then, for each h<v and i<n(qft), let 
aq/ = a p2 {n(qj ) : j<h-l> + h + i and iet

Aph = {aph’ °, . . . , a^h • n * } .
It follows that Ap= 0  {Aph :h<v> and, according to the 
definition of ©  ^ + i above, we have that < \/ h<v)

C \/i^n(qh ) Caph,1© n  + 1 aq ] •h
We list now several claims which will allow us to prove 
the theorem.

Claim 1 ( V  qGP) ( V  d^n(q) ) [a^ ©  a£ ] .<£>
Proof of Claim 1. By induction on n=lv(q).
Step 0) If lv(q)=0 then the claim is trivially true;
Step n + 1) Suppose that the claim is true for every qGP
such that lv(q)<n and let q6P be such that lv(q)=n+l. Let 
{sq,...,sw > be a A -irredundant set such that
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A  {sGP: q<s>= A  (s^s h<w). If Aq is defined through Case
a) then ( V  j<n(q) ) ( V  h<w) ( 3  i<n(syj) ) [aq ©  a ^  ] ; on the
other hand, if Aq is defined through Case b) then n(q)=0 
and ( V  h<w>( V  i<n(s^))ta^ ©  a ^ ]. In both cases the 
claim follows by induction, since ( V^h<w)[lv(s^)<n].

Given two subsets B,C C A let us say that B 0  C if 
( Vc<EC)( 3  bGB) tb ©  c].

Claim 2 ( VpGP> < VqGP) C p<q Ap 0  Aq ] .
Proof of Claim 2. By induction on n=lv(p).
StepO) If lv(p)=0 then P^j^ an<  ̂ claim follows
trivially.
Step n + 1 ) Let pGP and lv(p)=n + l and suppose that the
claim is true for every pGP such that lv(p)<n. Let 
A  {rGP: p<r}= A{rh:h<v} where {rQ,...rv I is a
A-irreduntant set. Suppose that qGP and p<q (the case 
p=q is trivial): then qG (r: p<r) and, thus, A  (r^J
h<v)<q. Since q is meet-irreducible, we have r^<q for
some k<v: but lv(rjc)<n, so the claim follows by induction 
and by the definitions of ©  and S  .

Claim 3 ( V  pGP) ( N/finite B C A) ) ( V  rGP) CAp U B g] Ar = >
Ap 1  Ar or B 0  Ar 3 .
Proof of Claim 3. By induction on n=lv(p).
Step 0) Let lv(p)=0; then P=lj» • By Claim 1, we have
that ( V  B ( A) IB g) A]_ ]. Thus, for every rGP, we have
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A ^ u  B 1  Ar B [I] Ar .
Step n+1) Assume that the claim is true for every pGP
such that lv(p)Sn and let B £ A, p,rGP be such that 
Ap u B |  Ar and lv(p)=n+l. If Ap=Ar then the claim is 
trivially true; otherwise, let A{sGP: p<s}= ACs^: h<w> 
where {sq,...,sw) is a -irredundant; by the construction 
and the definitions of (f) an<* HI / Ap U B g] Ar implies 
U  tAg^: h<w> u B H  Ar or, equivalently,

ASo u ( U  : l<h<w} <J B) 0  Ar .
Since, for every h<w, lv(sj1)<n, we conclude by induction
that either As |  Ar or U  CAS : l<h£w> u B 0  Ar : if

*=>0 n

As 0  Ar then the proof is complete since, clearly,0
Ap HI Ag ; if, instead, L H A S^: l<h<wJ U  B HI Ar , then we
proceed in the same way using the induction hypothesis,
until we get an i<w such that As^ 0  Ar , whence Ap 0  Ar , 
or otherwise ( V  h<w> [ As Ar ] and B [U Ar .(l

Claim 4 ( V  pGP) ( V  qGP) CAp HI Aq p<q] .
Proof of Claim 4. By induction on n=lv(p).
Step 0) If lv(p)=0 then the claim follows immediately 
since, by Claim 1, A^ 0  Aq A^ = Aq and thus ^=1^ •
Step n + 1) Suppose that the claim is true for every pGP 
such that lv(p)<n and let p,qGP be given such that 
lv(p)=n+l and Ap 0  Aq . If Ap=Aq then p=q and the claim is 
trivial; otherwise, let /\ {rGP: p<r)= A t r ^ :  h<v> where 
{rQ,...,rv } is A -irredundant; clearly, Ap 0  Aq implies 
U  {Ar ;h<v> 0  Aq . By Claim 3, there exists i<v such that
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Ar. [<] Aq: since lvtr^Xn, it follows by induction that
r^<q. But p< Atr^: h£v}, thus the claim follows.

Claim 5 Let pGP be such that n(p)=0. Then 
( VqGP) ( Vj<nCq) ) Cp<q a® ©  a^ & q<p a^ © a " ] .
Proof of Claim 5. Let pGP be such that n(p)=0: we argue 
by induction on n=lv(q) to show that (X/qGP)(Vjin(q)) 
[p<q =? ap ©  a^ & q<p =$ ©  a£] .
Step 0) If lv(q)=0 then the claim follows by Claim 1.
Step n+1) Suppose that the claim is true for every q such 
that lv(q)<n and let q€P be given such that lv(q)=n+l. If 
p<q then the claim follows by Claim 2. Thus/ let q<p and 
let A { s 6P: q<s>= A  (sj,: h<w> where <s q > . . .s h ) is 
A -irredundant: the claim follows by induction, since
( V h < w >  C l v ( S h X n l  and ( V  j<n(q) ) ( 3 h < w )  ( 3 i < n <s ^ ) )

C aq ©  a£ ].

Claim 6 <A, ©  > is an upper-semilattice.
Proof of Claim 6. We want to show that (Vp€P) < VqGP)
(Vi<n(p))(V n ( q ))[a^ and a^ have a least upper bound].
We argue by induction on n=lv(p).
Step 0) If lv(p)=0 then P = an<* claim follows by
Claim 1.
Step n + 1) Suppose that the claim is true for every pGP
such that lv(p)<n. Let pGP be such that lv(p)=n+l and let 
{rg,...rv } be a -irredundant set such that
A  {r€P:p<r>=A {r^: h<v>.
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We first suppose that Ap is defined through Case a). Let
qGP and let i,JGw be such that i<n(p), j<n(q).
Referring to the alternative notation decribed earlier,
there exist k<v and l^ntr^) such that ap=a£*' 1. But
lvCrjjJ^n and, therefore, by induction the least upper
bound of ai. and ai exists: it is not difficult to see

k M
that this least upper bound is also the least upper bound 
of a^ and a^.
If Ap is defined thorugh Case b), then the claim follows
by Claim 5.

Let H: <A, (§) >  ̂ an embedding which
preserves suprema. Such an embedding exists, since every 
finite lattice is embeddable in 5) p- via an embedding
which preserves infima and suprema (as a reference for 
this fact, see for example LERHAN (1981), where it is proved
that every finite lattice is embeddable in 2) t v:‘-a an
embedding which preserves infima and suprema and embeds 
as an initial segment of 2)^0 and since every finite
upper-semilattice, if not already a lattice, becomes a
lattice simply by adding a least element. We can suppose 
that o-p ^  H(A): otherwise one can consider a new upper
semilattice A* obtained from A by adding an element
smaller than all the elements of A; since also A* is 
embeddable via, say, H*, the restriction H of H* to A is 
the desired embedding.
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For every pGP and i<n(p), let H(ap)=(ap>T and let fp be a
function such that fp G (ap)-r; let also 
d  - i f 0 f '"•tpi >p- lip, . . . , Ip t .

By Lemma 1.1, every element of is the infimum of a
unique a  -irredundant set: if aG £  and a= /\{p^:iGI> 
where Cp^riGI} is A -irredundant, let
61 a= U  { 0. p . : iGI } .

Finally, let F: £  — > W p by given by F(a)=C CL a ].

Claim 7 ( V a G  <£ ) ( V  bG £  )[a<b <v=S> F(a)<F(b>].
Proof of Claim 7. Since H is an embedding of partial 
orders we have that ( V p G P ) < V q G P )  [ Q. p< Q q Ap (U Aq]

(recall that (Xp < Q q <£=^> (V  f G Q q ) ( 3 g G  C l p )
[g<<pf]: this is so by Chapter I, Remark 7.1, since p
is embeddable in Hence, by Claim 2 and Claim 4,
( V p € P )  ( V q G P )  Cp<q Q p < Ctq ].
Let now a,bG JL and let a= A { p ^ :  iGI}, b= /A{qj: jGJ} 
where (pi? iGI}, Iqj: jGJ} are A-irredundant.
If a<b then, since each qj is meet-irreducible, we have 
( V  jGJ) ( 3 iGI)[p£<qj]; hence, for what has been just 
remarked, < V  jGJ) ( 3  iGI) [ (X D < d a > l ,  which impliesHi J
U {  Q  p< : iGI }< (J I Q q .:jGJ}, i.e. F(a)<F(b).
On the other hand, suppose F(a)<F(b), ±.-. Q . i  a b .
thus U  { Q  :iGI}< U  { Q.q . :jGJ} and , again since H is 
an embedding of partial orders, this implies U  {Ap . :i€I}
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(UUtAq. : jGJ}. By Claim 3, it follows that
(VjGJ)(3iGI) [Ar-.EJAa 3 and by Claim 4 we have 
< V  jGJ) ( 3 iGI) [ p^<q j 3 : but then we conclude A { p ^ :  iGI3<
Alqj:j€J} and the claim is proved. .

Claim 8 ( V a G  <£ )(VbG £  )[F(aAb)=F(a)/\F(b)3.
Proof of Claim 8. Let a,bG <£ be given. Since a a b<a and 
a A b  < b, by Claim 7 we easily conclude that F(aA b)<F(a)A 
F (b ) .
On the other hand, notice that if {p^: iGI) and Iqj: jGJ} 
are a -irredundant sets such that respectively 
a= /Wp^:iGI} and b= A  I<lj! j€J>, then there exists a 
A -irredundant set R C Ip^: iGI} U  < j : jGJ} such that
a a b= A  R. Thus <J{ Q r : rGR} (1 U  I Q D : iGI}<j 0. a : 
jGJ} and therefore U  { Q  D . : iGIJA U l  Q a . :H i M j
jGJ } < (3 ( 0  r: rGR }, i.e. F(a) AF(b)<F(aAb), as desired .

Claim 9 (V aG <£ )(VbG )[F(av b)=F(a)v F(b)].
Proof of Claim 9. We first show by induction on n=lv(p) 
that
(*) ( VpGP) ( VqGP) [F(p vq)=F(p)v F(q>3.
Step 0) If lv(p)=0 then (*) follows from Claim 7, since 
p = l£ and (VqGP)CF(q)<F(l£ )3 .
Step n+1) Let (*) be true for every pGP such that lv(p)<n 
and let p,qGP where lv(p)=n+l; suppose also that 
A. {rGP: p < r } = A C r h !  h<v} where Irg,...,rv } is a 
A -irredundant set. If p^q or q^p then (*) follows again
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from Claim 7. If p J q then one easily sees that
p v q= ( A  (r^: h£v}) v q; moreover, by the construction and 
the definitions of ©  and H, we have that
CL p ̂  0. q = ( U  £ Q  : h<v})v G.q. Therefore, since
( Vh<v) Civ (r^Jin], we have 

F(pvq)=F(( A  £ r^ : h<v3vq)=F( A  £ r^ vq: h<v } ) = (apply
Claim 8) = A  {FCr^vq): h<v)= (apply the induction
hypothesis) = A£F(rft) v  F(q): h<v}= /\ £C Q r^3
vt & a 3: h< v } = A  { [ Q  _ v Q. a 3 : h<v) = C< U 1 Q r:H M ■Lh
h< v } ) v d q 3 = f Cl p v Q q ] = t C t p 3 v [  Q  q 3=F(p) v  F(q) .
Let us now return to the proof of Claim 8 and let
a,b6 <£ , with a= Alp^: iGI>, b= A{q^s jGJ}, where
{p^: iGI> and ^ j *  are A -irredundant.
We have
F(a v b)=F(( A ( p i  s iGI3) v ( A £ q j :  jGJ}))=F(A (piv-qj:
iGI & jGJ}>= (apply Claim 8) = A{F(pi\/qj): iGI & jGJ} =
(apply (*)) = A  {F(p^)v F(qj): iGI & jGJ} = (apply Claim 
8)= F ( A  {P i : iGI3) v F ( A £ q j :  jGJ})=F(a) v F(b) .

Let us now define I: TB( c£ ) ̂  Wl p by
0 if a=0TB(£ )

I(a)= \ 1 if a = liB(£>)
* F (a ) if aG £  .

By Claims 7,8 and 9, I is a lattice-theoretic embedding.
To conclude the proof of the theorem we have only to show

Claim 10 ( V a G T B  ( £ ) ) ( V b G T B  ( «£ ) ) 11 (a — ^b)=I(a) -^>I(b)3.
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Proof of Claim 10. Suppose that a,bG and let a= A { p^: 
iGI}, b= A  {qj : jGJ} where (Pi.: iGI}, ^Qj* jGJ} are
A -irredundant. Then
a —  ̂ b= A<qj: jGJ & (X/iGIHp^ ^ qj ] }; also, by Chapter 
I Corollary 7.1, ( U  i d p . : iGI } ) — M  U  < Q. q y. jGJ})=
= { f G U (  0. qj : jGJ}: ( V g €  U <  0. : iGI}) C g ^ f  ] ).
By Claims 2 and 4 and since H is an embedding of
upper-semilattices, it follows that this set equals
U  { d q . :  jGJ & <ViGI)[ Q p. f  Gt q 1); hence

( U {  Q  n - : iGI}) — >• ( U (  6L a .: jGJ}) =*-'a ^Cl --- > QA{ p^ : iGI } / \ { : jGJ } •
If {a , b } 0 (0TB(og), lTB(«f)}/ 0  then we can show that
I(a — >b)=I(a> — * 1 (b) case by case: for example, let
a = l£ and b^a. Then a — => b=b; on the other hand
ICa) -- »I(b)=I(b): thus I(a -- >b)=I(a) — >I(b).

Corollary 1.2 A finite Heyting algebra is 
embeddable in p if and only if is an object of
TB(DL).

Proof. The proof is obvious since in < m F 0 is meet- 
irreducible and 1 is join-irreducible.

Remark 1.1 Let oC> , P be as in Theorem 1.2 and let
? =<{Ap : pGP}, [H >; then (? is isomorphic, as a partial 
order, to the dual of the Kripke frame corresponding to 
T ( £ )  (see Chapter I, Definition 8.2). This can be seen 
as follows. First recall that, by Claims 2 and 4 in the
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proof of Theorem 1.2, we have
( VpEP) ( VqGP) [ Ap [<] Aq 4=5 p:£q3 • For every aET( £  ) , let 
Ja denote the principal ideal generated by a, i.e. 
Ja={bGT(<£ ): b<a): since in a finite distributive lattice
every prime ideal is the principal ideal generated by 
some meet-irreducible element and since ( VpEP) (VqGP) 
[p<q 4=5 Jp C Jql, it follows that (? is isomorphic with 
the partial order <{J: J is a proper prime ideal of 
T(tf )}, Q >. But this latter partial order is isomorphic 
with the dual of the Kripke frame corresponding to T(JS>, 
since, for every filter F of T(du ), F is a proper prime 
filter if and only if {aGT(c£ ): a^F) is a proper prime 
ideal.
Clearly, (P is isomorphic (as a partial order) to 
<A, ©  > if and only if (VpEP)Cn(p)=0]: so, in this
case, <A, ©  > is isomorphic to the dual of the Kripke 
frame corresponding to T(J?).

We conclude by remarking the following two easy 
properties:
1) ( VpEP) Cn(p)=0] 4=5 (VpEP)C A  {rGP: p<r)GP or ( V q<=p)
Cp<q or q<p]];
2) ( VpEP) Cn(p)=03 ( VpEP) ( VqEP) Cp vqGP] .
In both cases the proof is by induction.



We now give several examples of the procedure
exposed in the proof of Theorem 1.2. Each example
consists of three pictures: the first picture represents
the lattice which we want to embed in m F (each lattice
being a finite Heyting algebra with exactly one atom and 
one coatom); the second picture represents the partial 
order <A, ©  >; the third picture represents the image of 
the lattice under the embedding.

Example 1.1
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For example, Pq
{f® }, as fp <T f° *3 o z

=P3 : indeed, {fp } *0

2)

PS.
P9

P2.

1

t

P 12 P13
\  /
. P 10

P7 .P6

PO
P3

b''"'
0

Pll

P4
Pi'

P={t,p12/Pi3,P9/Pij/P5/P8}

o'at

Pm.
o
p9
o

picture write fD Fi for fp.

O f ^
Pm |P«
0
Pm -0
ps 1 ,

P8

jPx3
“Pm
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1
[{ft n

E{£p }]^  p4Z
CJ fP e n

[{fp }] / Pu
.ctfP«'fP«”

[{fPb-n [{fP M ' W ]
[{fD ,fp >] 

p S P<4 ^ C{fPy 'fP ^ }l

[{fp, M

 ̂ ; t f p , ”  
c {fP,'fPun

CCfP s ,fp^ ] [{fP ?'fP9 }]
C {fP5 /fP gn
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P={t,p6 /P7 ,P3'P4'P0'Pl}

Using the notation employed in the proof of Theorem 1.2, 
the image of the preceding Heyting algebra under the 
embedding looks like

1

C {f

C { f P0 ' f Po ' f Po 'fPo 13 
C{fP0 'fPe

[{f£}]

^  'fP. '4, > 3
C {f

f° £■* f ̂ f ' Rj * r, ,zp;

For instance,

{fPn ' fPe ' fPo ' f Po } v  { f R, ' f Ri 'f P< ,fP-t} = i fP„ v fPA ' fP, v’o
.0 ^Z ^ 0

■Po

'o
fP0v fP1 'fP0V fP-i /fPe V fn- ,frP̂
f Po V f P-i 7 f Po V f P< ' f Po V f P̂i ' f Po v f P>i ' f Po V  f P< 7 f P0 v f Pw ' f P^
f 1 £1 D. ' 3

■p̂

Po
3

0 *'* "O_ 2. _ a 3
v fPn /fP0 V P-*

{ f ° f * . .* ■*- D /J"D ' D '•‘■D3 3 4 4

f£,f-j t-
f ° f * } ./ •*- r> / n ' /

f°'rp6 -rt'tp4 ,

▼ CL
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o

o' -i /  \ oao ao ai

It. is left to the reader to complete the example. This 
example shows also that the converse implication in b) of 
Remark 1.1 does not hold: indeed (V p G P ) (V q G P ) C p v q G P ] , 
but n(pQ)=l.



117

5)
1
t

P4

Pi'
P3N

Po'
b
0

P5

P2

oa t

It is left to the reader to complete the example

Corollary 1.3 If oC g { - w F . i E , > w e/F, ^ } n w > 
(where regarded as a Heyting algebra), then
Ljj ( <£ )=J.

Proof. In view of Theorem 1.1, we need only to show 
Lfl( e£ ) C  J. Since "Wlp is a sub-Heyting algebra of each 
of the lattices mentioned in the statement of the 
Corollary, the result follows from Theorem 1.2, Fact 1.1 
and Fact 1.2 b ) .
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We now define a class of mass problems and prove 
several results about the degrees of these mass problems. 
These degrees will play an important role in the
remainder of this chapter.

Definition 1.5 For every f€ • let $f={g: g fa
f} (notice that if f is recursive then $ f= 0 ’). Let
also Bf=[ (& f ] and (Bf)w=C (&f3w . For the sake of
semplicity, also [ f ̂ w will be denoted by Bf when no
possibility of confusion arises by doing so.

Fact 1.3 In • W ,  Bf is uniform and, thus, meet
irreducible.

Proof. Obvious, as is closed under <f.

Fact 1.4 In (A: Bf^A> is an ideal and concides
with the principal ideal generated by C ■£ f 13; analogously, 
in "W. w {Aw : Bf fa Aw } is an ideal and coincides with the 
principal ideal generated by [{f}]w .

Proof If (?) f ^ Ol then hence
( 3 g €  CL )Cg<Tfl/ which implies &  <{f}. On the other hand, 
if CL <{f} then (?) f ^ CL : otherwise it would be
$£ <{f>, a contradiction.
The proof for w is similar.

Fact 1.5 For every function f, {A:A<Bf}=(A: 
A<Bf At(f}]l and (Aw : Aw <w Bf} = {Aw : Aw <w Bf a  C(f J]W L
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(Again the result implies that a certain ideal is 
principal).

Proof Clearly Bf A t{f }]<Bf; thus {A:
A<Bf A C if}]} C {A: A<Bf }.
On the other hand A < B f B f  A; hence, by Fact 1.4, if 
A<Bf then A £ C{f}] which implies A < BfA[{f}]. 
The proof for w is similar.

Using language borrowed from the theory of Turing
degrees (see e.g. LEGMAN (1984)), Bf is a strong  minimal
cover of B f ^ [{f}] (both in and in upon placing
the subscript w in a suitable way): this is just the
content of Fact 1.5.

Corollary 1.4 In both -’3'YL ancj -tyYl w , Bf is
join-irreducible.

Proof. Obvious by Fact 1.5

Lemma 1.2 The function I: 2 ) T — > w given by
I([f]j) =Bf is an embedding of partial orders.

Proof. For every f/gG^oo , f ^ g  4— (E g 4= $  f ; 
hence f£f9 4r^ Bf - ®g an<  ̂ the lemma is proved.

Lemma 1.3 The function I: 2) ̂   ̂ w by
I([flT^=Bf an embedding of partial orders which
preserves infima
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Proof Assume that CfD-p a  [glx exists and let h be a 
function such that [h3-r=tf3TA tg)x* We need to show 
that (ft f a (ft g = w (?) h : indeed, one can actually prove
that (ft f U (ftg= (ft h .

Corollary 1.5 In w# each Bf is meet-reducible.
Proof. The proof follows from Lemma 1.3, noticing 

that each T-degree is the infimum of two greater 
T-degrees.

Although in , for every function f, the interval
(Bf^CIf}], Bf) is empty, below Bf A  C {f } ] , if f is not
recursive, we have density as is shown by the following
fact.

Fact 1 . 6 ( V d  )( \/f)[ (X < (B f a  {f } =$> {3 'C)
[ d <  f  < (ft f A {f } ] ] .

Proof. We use the characterization of empty 
intervals of stated in Chapter I, Remark 3.1: we want 
to show that for every mass problem (X and every f , g G C*cO 
such that (ft f A {f } {g}, if Q = (  (ftfA{f})A(g> then
(ft f A {f } / Z g (recall that ^g=(z*h: 1i<z (h)=g & h fa
g>) .
Suppose that (ft f A  {f} / (gJ; notice that (ft f A { f } ^  igi

g<^f. Let be a recursive operator such that for
every l,m€ ^u) , ^ 2 (lvm)=l and assume that there exists
a recursive operator such that
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( V  hG T g >[ ^ ( h ) G  $> f a  {f > ] . Now, ( \/h)[h=Tf
•=£> z*(g vh)G g] : indeed, f z (g vh)=g and g v h  (̂p g
since g v h  = jf; but, also, hn^f =£- ^(z*(g vh)) ^•

since ^£(z*(gvh)) g v h ;  hence ^(z*(g vh)) = l*f. 
Therefore, it follows that (f) < z*({gJv(h:
hn-pf}) = {g> vth: h = «pf*» Since (f> ^ tg>, by Chapter I,
Fact 7.3 this would imply that {h: hn-pf} is nowhere
dense, a contradiction for {h: hHrpf} is dense in the
Baire topology. The contradiction arises from assuming 
that (?) f A {f } ^ {g } and &  f A(f> < £g,thus the proof is 
complete.

We add also that, both in "Wand in although
Bf is join-irreducible, Bf a C(f}3 (or Bf A[(f}]w if we
are in need not be join-irreducible. For example, if
A <e f, B <e f and A v B = ef then, in , Bf A Ej <
Bf A C{f }], Bf A Eg < Bf A C(f >], but (Bf a ) v (Bf A Eg)=Bf
A[{f}]: (to show that Bf a E^ < Bf a [{f}] and BfA Eg <
Bf a  [{f}] use that each degree of enumerability in YYl is 
meet-irreducible).

Until esplicitely stated to the contrary, from now 
on we regard *YYl w as a Brouwer algebra. Hence — * is
understood to be ^g and, accordingly, n satisfies
"iAw = Aw ---> lw . From now on we systematically drop the
subscript w when writing out weak degrees of difficulty, 
provided that this is not a reason of confusion.
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Lemma 1.4 In “W- w/V^CBf^ : i<m) ---> V  {Bg : j<n) =
V  <Bg. : j :£n & ( V i S m H g j  f a  f ± 2 >.

Proof. The proof is obvious, since each Bf^ is 
join-irreducible (see Corollary 1.4) and ( \/f, g^^lo) t Bf <w 
<wBg f^T^^ (see Lemma 1.3).

Lemma 1.3, Lemma 1.4 and Corollary 1.5 suggest a
duality of behavior between the degrees of solvability in 

and the degrees having the form Bf, for some f G °io, 
in In particular we have the following theorem.

Theorem 1.3 Each finite Brouwer algebra with exactly 
one atom and one coatom is embeddable in

Proof. The proof is similar to the proof of Theorem
1.2; only, we deal here with the dual situation. The role 
played in that proof by the degrees of solvability is now
played by the degrees of the form Bf, for some function
f .

As in Theorem 1.2, we want to show that, given any finite 
Brouwer algebra £  , TB(cC ) is embeddable in Wl w as a
Brouwer algebra (this is enough to prove the theorem
since clearly the two-element Boolean algebra and the
three-element chain are embeddable in w as Brouwer
algebras).
Let £  be given and let P={p€ cC : p is join-irreducible). 
Define a function lv: Jj --  ̂Op by
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lv(p)=0 if p = 0 £ ;
lv(p)=n + l if ( 3  q)[lv(q)=n & q<p & ~i ( 3 r ) [ q<r<p ] 3 .
Then define a partial order <A, ©  > using P and the 
function lv formally in the same way as in Theorem 1.2 
except for the following changes:
in Step n +1), Case a) if pGP is such that lv(p)=n+l, then
by Lemma 1.1 let {q0 ,...qv J be a v -irredundant set such
that ViqGP: q<p}= N/lq^: h<v). Define Ap formally in the

Vsame way as in Theorem 1.2, but let ©  n+i be the 
smallest preordering relation on Ap u UtAqt lv(q)<n> 
satisfying:

©  n C: ©  n + 1 ;
2) ( Vh<v) ( Vi<n(qh ) ) CaJ ©  J + 1 aps{n((3 ):jSh-1}+ h + i ] .
In Step n+1), Case b), one again considers a 
V  -irredundant set {qQ,...qv } such that \/{q€P: 
q<p}= X/{q^: h<v> and lets ©  n+  ̂ be the smallest
preordering relation on ApUU{Aq: lv(q)<n) satisfying:

1 ) ©  n C  ©  n+1 *
2 ) (Vh<v) < Vi<n(qh ) ) Caq © n  + 1 ap 3 •
Using methods quite similar to the ones used in the proof
of Theorem 1.2 (only dualizing once in a while) one can 
show that <A, ©  > is a lower semi-lattice.
Let H: <A, ©  > ---  ̂-jJ t be an embedding of partial orders
which preserves infima (for the existence of such an H, 
the reference mentioned in tha proof of Theorem 1.2 is 
still valid); for every pEP and every i<n(p), let
fpEH(ap) and define F:P — by F(p)= V  {Bfi : a^EAp } .
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Extend F to all the elements of o£ by letting
F(a)= \/ {F(ph>; h<v) if a= \/{ph: h£v} and {po,...,pv > 
is a v-irredundant set.
Finally, let I: TB(d£ ) * w defined by

r 0 if a=0TB(£ )
I(a)= < 1 if a=lXB(£)

F(a) if aG £ .
That I is the desired embedding follows formally in the 
same way as in Theorem 1.2, dualizing whatever we need to 
dualize, using Lemma 1.3, Corollary 1.5 and using Lemma 
1.4 instead of Chapter I, Corollary 7.1.

Corollary 1.6 A finite Brouwer algebra is
embeddable in M if and only if cij is an object of 
TB(DL).

Proof. Obvious, since in the least element is
meet-irreducible and the greatest element is 
join-irreducible.

Remark 1.2 Let us be given a finite Brouwer algebra 
of the form TB( ). Let <A, ©  > be as in the proof of 
Theorem 1.3, where A= U*Apt p€P} and P={pGcjjS p is 
join-irreducible}; for every B,C C. A define B |  C if 
( VbEB) ( 3 cGC) Cb <$) c] . Then we can show that 
( V  p€P) ( V  qGP) [piq Ap H) Aq] . The reader who has 
carefully read Remark 1.1 should have no difficulty to 
convince himself that the partial order (?=<{Ap5 p6 P>, (D >
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is isomorphic to the dual of the Kripke frame
corresponding to B ( £ )  (simply use here that
( V*pGP) ( V^qGP) CpSq Fq C. Fp], where, for every aGB( oG ) ,
Fa denotes the principal filter CbGB(cJb): a<b}).

Example 1.2 
1 )

1

t

P2 P3
PO Pi

b 
0

A:
\ /

ab fb
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ab



For example:
(Bf0 sy Bf O  A ( v Bf ■* ) = ( Bf° a Bf0 ) v ( BfO A Bf* )Pj *3 *4 ?4 P} PA , P3 14
V(Bf< a Bf"1 ) =Bf ° v Bf 0 v BfO v Bf0 =Bf o v Bfo. pj PA fo b b P1 p0 p.,
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The following corollary provides an answer to an 
open problem in HUCNICK (1963).

Corollary 1.7 Let w regarded as a Brouwer
algebra; then LgC'TH. W )=J.

Proof. In view of Theorem 1.1, we need only to show 
that Lg ( *YYl w ) C  j. Since the finite model property 
established for J in Fact 1.2 obviously still holds in 
its dual form (i.e. considering Brouwer algebras instead 
of Heyting algebras). Fact 1.1 and Theorem 1.3 imply that 
Lb( ̂ l w ) (1 J.

We now turn our attention to the more complex 
problem of embedding Brouwer algebras in tyYl . The 
difficulty here arises from the fact that we do not have 
at hand a "nice" class of degrees of difficulty which are 
at the same time join-irreducible and meet-irreducible 
(as were in w the degrees of the form Bf, for f 6 ̂ U)) •
Indeed, by Fact 1.3 and Corollary 1.4 each Bf is both 
meet-irreducible and join-irreducible in .
Nevertheless these degrees prove suitable for an ample 
variety of embeddings as we shall see below. We first
remark the following Theorem, where the operation -- } is
the one that makes M a  Brouwer algebra.
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Theorem 1.4 Let X= \/ C A  Bf J ) , Y = \/ ( /\ Bav),-itJ i veV utuv y u-
where J,V and each of Ij, Uv are finite. Then
X --» Y= V  { ( A  Bqv, ) : vGV & ( VjGJ ) C A  Bav 4 A  Bf J ] } .ufcUv u ut<Jv yu itlj J

. Proof. Let v be such that (VjGJ)C A  (B a i A  (Bf-> 3y r i613 i
and let 3C = \/ ( A  (B f J ) . It is enough to show thatJtJ itlj i
( V  z  < X v Z  = *  A ( B qv < Z 3 .  Let 2  be givenutu^ utuv yu
such that A  (ftav £ X v  2  .If ( V j G J H  A  (?> av' / A  (B f ■» 3yu utUv ya l&Tj A
then ( \/ j€J) ( 3iGI j ) [ A  (?) av V (?) f j 3; since the degreeJ u tvjy, y * ' i
of difficulty of each (B f1 is meet-irreducible (see
Fact 1.3)/ this is actually equivalent to
(*> ( VjGJ) ( 3iGI.j) ( V u € U v ) [ (Bq'"/ $£•/]•
Since, by distributivity, X =  A  < \Z (B fJ ), from (*)/t.nlj jfcj fCj)
and the fact that the degree of each (?) is
join-irreducible (see Corollary 4) we conclude that
(3 £ £ n  i-i) ( Vu£uv) i &  av 4 \ y (?> fj ].J ItJ J v a 3t3 fcj)
Nevertheless, by our assumptions, it must be

A & a v <  V  61 f J ^  Z  .« U V yut ifci J-$0>
By the definition of the operation A on mass problems, we
have that A  (?)a^s U  u* $  ; therefore, U  u* (?) avU.fcUv y tt O-tUx/  ̂ M.
<( \/(Bf j )v 2  via some recursive operator ^  . Letjt J jtj)
( \/ (Bf-* ) ^  f 1 and 7  (u)C 2  ,3e such that

itJ r}cj‘ ■ 4
( \ /  (?) f j . )<u)v ? (u)M h G (  V  (B f 1 ) v 2  * ^ ( h ) ( 0 )=uJ.jtJ v ^  ,(rJ ES«>
Clearly, ($ av < ( \ /  (Bfj 7  via, say, ay a jfrl ftj) ^
recursive operator ^  ' such that 3 l' < h ) = X x . 3^( h ) (x + 1 )
(it is easy to convince oneself that such a recursive
operator exists).
Claim 1 Z  h A  2  (u) •u.fc Uv
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Proof of Claim 1. Certainly 1C i /\ since / \ 2 * u ^-M.frOv atu„
U  u* 2  and each 2T *u * is a subset of Ot .u tUv
To show the converse, suppose that the above mentioned
recursive operator comes from the enumeration operator 
defined via the r.e. set Wa . Let W be the r.e. set given 
by
W={<<x,y>,z > : [x=0 & t“1(Dz ) is a finite initial segment 

& ( 3 s ) ( 3 w )[<<0,y> ,w>GWa & {<b,c>: <2b,c>GDw ) is
single-valued & {<b,c>: <2b+l,c>GDw ) C- Dz & (\/dGWa )
( V e € D (d)i ) [ (e)0 <lh(x_1 CDz ) ) 3 & (Vt<s) (VdGW|)
[{<b,c>: <2b,c>GD((j)>l ) single-valued (<b,c>:
<2b+l,c> G D (d)  ̂) ^  Dz 3]] or Cx^O & Dz={<x-l,y > }3>

and let m be an r.e. index for W; with a little work, we 
can convince ourselves that for every total function h, 
hGdom(0m ) (warning: the fact that h is total is
essential); so, by the Fundamental Operator Theorem,
( V f ) [0m (f ) = Y m (f) ] .
We want to show that /\ via Let 1G !£ ;n. e uv
clearly ( V x ) C x /0 =^> Y  m (1 ) Cx)4 & Y m (1 ) <x) =1 (x-1 ) ] 
(this is true of every total function 1 : we are not using 
here the assumption that 1G ^  ); therefore we have only 
to check that 0Gdom< Y m (l)) and Y m (l)(0)GUv . To this 
end, let sG (O be the first stage in the enumeration 
*Wa*sGu> of Wa such that ( 3 y )(3 w )[<<0,y>,w>GWa &

{<b,c>: <2b,c>GDw J is single-valued & {<b,c>: <2b,c>GDw )
A* ^C  x(l)}]; let 1 be a finite initial segment such that 1 ^

1 and <VdGWa ) ( VeGD (d} ) C < e ) 0<lh (1) 3 ; let y,w be as



before and let z be the canonical index of r(l): then,
clearly, <<0,y>,z>GW & Dz Cx(l). Moreover, since the mass
problem \/ (J)fj is dense in the Baire topology, there 

jfcJ $ij)
certainly exists fG such that {<b,c> <2b,c>GDw }C.jfc J ~
T(f). But, then, ^  m (l)(0)= (1)(0)=y= ^ (f v l )(0) and,
since (f vl)( 0 )6 Uv , the claim is proved.
Claim 2 ( VuGUv )[ Q, gv < ^  (u> ] .
Proof of Claim 2. Suppose that there exists uGUv such
that gv/ X  (u) ; thus g'*' an^ therefore

a  /  u-
there exists a function 1G such that li^g^J.

Since ( V j ^ J H g u  fa f^Cj)^' t îe set * : (VjGJ)Cfj
<<pfc(j)3 & \/f j <ii gy} is dense in the Baire topology;

J jt J
hence { V  f j : <Vj€J)[fj fa f 4 C J ) 1 & V f  j ^T 9u } njfcT j Ĵ J
{f: Y ( f  v D t o l  & ^  (f v l ) ( 0 )=u} , as the set {f:
^ ( f  vl) (0) 1 & 'x£ (f vl)( 0 )=u) is manifestly open in the
Baire topology.

Furthermore, { \/ f j : (VjGJ)tfj fa fJ(j)] & \/ f j
jfeJ j jfcj

9u * *~= (ft fJ ' thus we can conclude that ( 3  f ) C f G ''/(ft f J &
1CJ) jfcl fcj)

f<T9u & l ( f v l ) ( 0 )=ul.
Therefore for such a function f, f v 1 )Gu* 03 a v ,  a
contradiction since (fv 1 ) f v l  and thus
"v£ <f V 1) <Tg£.
The contradiction has arisen from assuming that there 
exists uG Uv such that (3 gV ̂  This concludes the
proof of Claim 2.
By Claim 2 we have /\(ftav - since, by Claim 1,u-t utUy
/\ = y  , this implies , as desired.
LtfcUv ^
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Let tpyi' be the sublattice of *YYI generated by the 
set { Bf* f is a total function}.

Corollary 1.8 ’ is a sub-Brouwer algebra of %Yl.

Proof. Immediate from Theorem 1.4.

Notice that each element of 'TTl' different from 0, 1
can be written in the form \/ A  Bfj for some finiteJeJ ifcXj
sets J, 1^ (iGJ). Such an expression will be called 
reduced if

Bf -J 3 andl< V j ,  j ' G J )  ( V i G I j )  ( V i ' G I - j  » ) Bf  j

( V j G J ) ( V i , i  ' GI .j) Cij^i' Bf j I Bf  j 3 .-* i I i1
Clearly, each element of *YY[' different from 0, 1 can be
written in a reduced expression. Henceforth, when we
write an expression of the form \/ A  Bfj we shall

jej 1
suppose (unless specified to the contrary) that this 
expression is reduced.

If X  is a finite Brouwer algebra and H:
TB(£ ) -- > tyYl ' is an embedding, then let
Dh < X  ) = (BG : (3 reduced expression \/ A  Bfj)j & J” itlj i
[ \ /  A B f i G H <  £  ) & ( 3 jGJ) (3 i€I ̂ ) CB=Bfj 3 3 }

J
and let
A h <  £  ) = {aTG 2) T : ( 3 fGaT ) CBfGDH ( <£ ) 3 }.
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Moreover, we will denote by 13B ( oC ) the sublattice of 
■tyfl.' generated by the set {Bf: ( 3 a;r€ A H ( cC JHfGaf]}.
We have the following

Lemma 1.5 Let be a finite Brouwer algebra and
let H: TB( <£ ) ---* *YYl ' be an embedding. Then for every
nGo) there exist n embeddings Hq: TB( <£ )--> riYl Hn_^ :
TB(oC) --» W '  such that (Vr,s<n)(VBG 13 H ( £  ))(VcG
13 H < ) ) tr/s & B^{0,1> & C^{0,1> B | C] .

Proof. Let H: TB( c£> ) — be an embedding, where
^  is a finite Brouwer algebra.
Notice that ZS n<. £  ) is a finite partial order, in fact 
a finite sub-partial order of 2 )>p.
Let now nGco be given and let us denote by L l A u (  £  ) ther<-n_ n
n-folded coproduct of A B ( £  ). Since U  A h < £  > is a

r< yl

finite partial order, there exists an embedding of
J

partial orders F: 1 1 £  * ~ ^  T • For every s<n, let
p m  p.

Fs be the composite map Ajjf |  )— * L _ ^  X'x
f* < Yl

where Is is the s-th injection of the coproduct; 
moreover, if ZS ) and fGa^/ let us also agree
that Fs (f) denotes a representative of Fs (aiO*
For every r<n, define Hr : TB(d^)—  ̂*fYl' by

V  A . b F_<£^> if H(a)= VI A Bfi andit j ifcT; a 1 ltTJ 1
V  A  Bfjje J itTj i

Hr (a)= 1 if a = lTB(£  )
V/ ABfJ is reduced 
je J  itT ; i

if a=0TB(£ )
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We claim that HQ,...,Hn_i are the desired embeddings.
Let us show first the incomparability property: let r,s<n
be such that r4s; let B€ ^  h < ^  > / CG *33ij( ) be sucha s
that neither BG{0,1) nor CG{0,1}) and suppose, for the
sake of contradiction, that B<C. Let B= 'S/ .A Bfj andjtJ i
C= \/ A  Bav. Since .ABfJS \/ A. Bav , by Theorem 1.4V£\/ u.tUv jtJ  ̂ v&V a 10V a
we have that (V j G J ) ( 3 vGV)[ A  Bfj5 A  B„v]; hence

ifcX’ i
(since each Bav is meet-irreducible),y  a

( VjGJ) ( 3 vGV) ( VuGUv > ( zliGI-jHBf j < Bq ✓ ] and (by Lemma
** i y a

1.2) (V j G J ) (3 vGV)(V u G U v )( 3 i€Ij)Cfi <T gq ]. Since
[fi]TGFr ( A  h ( £  >> a^d [gu 3TGFs ( A  H ( <£, ) > , this implies 
that there are elements aGIr ( /S h ( e£ )) , bG Is ( A  ̂  ( <Jo ))
such that a < b, a contradiction. In a similar way we
rule out the possibility C<B. Therefore B I C as desired.
To show that, for every r<n, Hr is an order-theoretic
embedding, i.e. ( V a ,bGTB(*£ ))[a<b^=^ Hr (a) <Hr (b) I, it 
suffices to show that ( V ,a,bGTB( cC ))CH(a)<H(b) 4=^ H r (a) 
< Hr (b)3. Thus, let r<n be given and let a,bG £  (the
case {a, b }fl{0>rB( <£ ) / ̂ TB ( <£ ) 0 i3 trivial). Suppose
H(a) <H(b) , and let H(a)= \ /  A  Bf o , H(b)= \/ A  Bav.ifcj ifcl; i vtV U6 i-L «-
As before, we get ( V j G J ) ( 3 vGV)( V ^ G U y )( 3 i G I j )
[Bfj<Bav]; by our assumptions on Fr and by Lemmal.2, thisA y O.
implies ( VjGJ) ( 3vGV) ( V u G U v ) ( 3iGIj) CBF (fJ) <
bF (av )]; hence \ /  A  Bp (fJ) < \ / ' / \  Bp (qV) i.e.rv û. jfcJ a. j vtV u_feUv ^ ^
Hr (a)<Hr (b).
That Hr (a)<Hr (b) /■ H(a)<H(b) holds, can be seen in a
similar way.
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Finally, the proofs that for every r<n and for every 
a,bGTB( £  >, Hr (a v b) =Hr (a) v/Hr (b), Hr (axvb) =
Hr (a) a  Hr (b) , Hr (a — ¥ b) =Hr (a) — => Hr (b) and Hr ( n a)
= ~iHr (a) follow along the same pattern and are omitted.

Theorem 1.5 Let be a finite Brouwer algebra. If
TB ( £  ) is embeddable in tyYl ' then for every nG oj
TB((B( <£))n ) is embeddable in ->J7L'.

Proof. Suppose that H: TB( £  ) ----- » *YYl ' is an
embedding, where £  is a finite Brouwer algebra. If this 
is the case then we can also find an embedding H':
T B ( B ( £ ) ) — ' . To see this, notice first that we can
suppose that 0'^ H(TB( <£ this is certainly the case
if h ( t£ ); on the other hand, if o^G £  * • then
let C  5)j be order-isomorphic to /S B ( <£ * an<* such
that °T^ /S’* if we define an embedding H:
TB( £  )--¥ tyYl ' by using ’ as in the proof of Lemma
1.5, then it easily follows that 0'^H(TB( £  )). If
0'^H(TBC £  )) then one can define H': TB( B <£ )>---¥ fYl'
by

f H(a) if a^ {0TB(B(<£ ))'bTB(B(<£ ))>
H ' (a) = \ 0 if a = 0T B (B(<£))

°' if a=bTB(B(£))
(as usual, we view TB( £  ) as a subset of TB(B( £  ))).
Let now nG Gu and, by Lemma 1.5, let Hq :
TB(B( £  ) ) -- > *YYI ' , . . . :TB(B( £  ) )  Vjfl' be
embeddings such that
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(*) (Vr,s<n)(VBG *33 H < c£ ) ) ( V c e ’BH < £  ) ) t r / s  &** s
B^{0,1> & Cfi{0,li = #  B | C] .
Let {po/•••Pk-i) be the join-irreducible elements of
B ( <£ ) (assume Po=0 B ( £  ) > .
For every i<n and for every j<k, let Hi(pj)=Aj.
The join-irreducible elements of (B( c£ ))n are then

{(pa (o )/••./Poc (n-1 ) * : a : n --  ̂ ^ ^ * V  iGn with
exception of at most one i)[a(i )=pg3).
Define I: TB((B( db ))n > --- * r7Yl ' by

f 0 if a=0TB((B(£ ) )n )
1 if a=lTB((B (£ )
' ' 1 0 . Tl.- 1*a(0)A . . . a  Aa ( n  - j.) I f  a =

the

I (a ) = \
CifcA

P a (0 )'•••'P a (n-1 )} and0(tA
{(Pa(0 )/••-Pa(n-l)>: aGA * is a 

'o V  -irredundant set.
(For the third clause in the definition of I, we refer of
course to Lemma 1.1).
We now check that I is the desired embedding.

I is one-one: we shall actually show that
(Va,bGTB( (B( <£ > )n ) > [ a<b <=^> I(a)<I(b)].
Let a,bG(B( £  ))n (the case (a, b )fH 0*j<B ( (B ( £  ) )°’v) /
1TB((B(£ ))'n)*^ 0  i-3 trivial) and let
a= X / P a ( 0 ) / •• •'Pa(n-l))' b= V' <P0 (O)'• ••'PB(n-l)) where OCfcA (JfcD
{(Pa(0 )' •••Pa(n-l)): aGA) and *<P0 (0 )'•••P 0 (n-1 )>: 0GB)
are V-irredundant.Then
a<b V(pa(0),...,pa(n_1)) s V ( PB(O)/...<P0(n.1)) 4=z^«feA (it B
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( V  aGA)(3 6GB)[(pa(0)/•••/Pa (n-i))<(P0(O)/•••/P0(n-1)>3 
( VaGA) ( 3  BGB) Cpa(0) <p0(o) Pa (n-1)-P0(n-1)14=^

(VocGA) ( 30GB) CA^(o>SA|(0) AaY n - l A A0 (n-1)^ (we use
here that each H-̂ is an embedding) (VaGA)C 3©GB)
c A A ar(r)< A A 0r(r)).r<'n r*n.
For this last equivalence we use our assumptions on the
embeddings HQ,...Hn_i as well as Theorem 1.4: indeed,

A t' t ̂ Aa (r ) < A 0 (-j-), for some t<n. Let
A0 (t)= \/ ( A  B(ft)-* ) and for every r<n let

r tA$(r)= N / p( -A since A  A« (r) A0 (t) ' usingjt Jr JLfr XJT - 04 r<<n.« ttj J
distributivity we have that \/ < A  A  B/f^ )5(rl) <

16 T T r  < n. ife T ; tCp, * i
\/ ( A  ); then, by Theorem 1.4, ( v £ G  ITjfv)Ifejt ifeltj 3 °
O j e j § ) [  A  . A  B(f^)j<ri< A e B(ft^]. 

r<0a -1 P A 
Let now j'GJ^ and let ^G T T b e  such that ^(t)=j';

t tthen for such a ? there exists jGJ0 such that
A  . A  Bff-r %j‘ < /\ and, since the embeddings*•<*» « i i t l A r P X
H0 ,...,Hn_i satisfy (*) and each &(£*)! isG i
meet-irreducible, we must have A  BfftJ1 < A. BfftvJ .

itr<Y V iTherefore ( V j  '€J«) < 3  j€J|) C . A  B (f t y' i A  B (ft)l] and,
■Lfe T*,j’ * x ifeTpJ P A

thus, V  A  B (f t jo < y  i,e AI(t)*Aa(t) •
We conclude that a<b 1(a)<I(b), as desired.

I(a v b)=I(a) n/ 1 (b): this is immediate from the
definition of I.

I(a A b)=I(a) a  1(b). We may again assume that

{a,b>n{0TB( (B( £ ) ) ) / 1tB( (B( £ ) ) )} = 0 • l e t  a
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= (Pa(0)'’ ’''Pa(n_1)>' b= pVs <P0(O)'‘‘ *,Pe(n~1)> where
{(Pa(0 )/• • •'Pa(n-l)>: aGA }' {(P S (0 )*•••*P0 (n-1 )>: 0eB>
are v-irredundant. Then

a a b= V/ (pa (0 ) ' • • • 'PocCn-D } A V  (P 0 (0 >#•••*P 0 (n-1 ) > =

= «feA pte>(Pa(0) A P(3(0).....PaCn-1)A P0(n-1) > •
Let. aGA and 0GB. We distinguish two cases:
Case 1) There exist i<n and s,t<k such that for every 
j<n, the j-th projection

f PO if J<n & J A  

(Pa(0 )A P0 (0)'•••'Pa (n-1 )A P0(n-1))j= <
I Ps Pt if j<n&j =i 

Case 2) <pa (0 ) A P0 (0)'•••'P a (n-1)A P 0 (n-1))=(PO'•••'PO5•
Only Case 1) deserves attention. By Lemma 1.1, let 
ps A Pt== N/ {pr : rGRa/3 }, where <Pr : r^Ba,0^
v-irredundant. Then

(Pa(0 > A  P0 (O) ' •••'Pa(i-l) A  P 0 (i-1 )* P a <i > ̂  P 0 (i )'P a (i + 1 )
' P 0 (i + 1 )'•••'Pa(n-1 ) A  P0(n-1)}“ (P 0 '•••'PO' V  pr' PO 
P0 > = (P0"•••'PO'Pr'PO'•••'PO5•

rt
Therefore I(a a b) = I ( V  \/ \/ (pg, • • •,Po'Pr•PO' • •••PO 5 3 =
\ /  ' \ / 1' S^/ C Aq a  ... a  Aq a  Aj. A  A q  a • • *A Aq ) .
(XG A P6B fG R

On the other hand, 1(a) AI(b) = I( \S (pa (q )/• ••»P a (n-1)  ̂*
xgA

/  o /n-1A  I< X ,  <P0(O)'•••-P0(n-1)>)= X  (Aa(0) A ••• a  Aad^-!))(it & eif-A q
a V ( A 0 ( ° )  A  ... A  Aq( n -1 ) ) = X £ ( (Aa (0 ) A A0(O) ) A . . .
A Aa (n-1) a A(3( n_i) ) ) = X  X  ( A q a . . . A A q  a  \/ Arc<6A ft 6 8 rtR .i n  n-i 'aAq / s. • • • A0 ) •
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This last equality is justified by the fact that
TB((B( £> ))n )--» Vn  ' is an embedding.
Finally we get
1(a) A  I < b) = \ /  \/ \/ (A q  A ... a A q a  ft|. a  A q  . . . a A q  )

as desired.
vt A  0*8

I (a — b) =1 (a ) — 1(b). Once again the case {a , b )f) 

{0TB( (B( £ ) )/n) ' 1TB( (B( £  ) A )  >= $  is trivial; so we may 
assume a,bG(B( <£ ))n .

Let a= (pa (o) / • • • • Pa (n-1 ) * • k = ^/g(P0(O) ' • • • ' P0(n-1) *
where <<Pa (0)'•••'Pa<n-1)>: aGA), << P0 (0 )#•••« P 3 (n-1) > : 
0GB} are v -irredundant; for every r<n, let also

Aa(r) = \ / <  / \ B (f')■? } and A0 (r) = . V  B (f^)i > •Jfcj« * 1 J* J 0 p,r P 1
Since a -- ? b= \/{(p0 ( q )/•••/p© (n-l) * : & (VaGA)
c(P0 (O)'•••'PB(n-l)> ^ (Pa(0 )'•••'Pa(n-l)5]}' we have
I (a — ? b ) = V{ A A 0 (r): 0GB <K (VaGA)C A A 0 (r) /  A  A^(r)]>

r-fn r<-n. t'<m

Then I(a — » b) = \ / {  A  ( \A ( A  B (fr)j )): 0GB & (VaGA)rc-n. Jtj^ itl^.
[ A  ( \A ( /\ B (fr 4 /\’ ( S/ ( /\ B(fr J ) ) ] } =rcoa ifcJ£ it P i  ' JtJj; ifcX£^ * i
= v  i \ A  </\ A  B(f>: J ^ )  ; 0GB & ' (VaGA)

3 t T T ^  —
C \/ ( A  , A  B(f S) v') 4  \/ ( A  A  Brfp)*^* ) 3 >.

J l J T J j  J t n J -  . . .
Notice that, by Theorem 1.4,
( V a G A H  \/ .(A A  Bcfr')^1'' ) ̂  \/ .(A . A  B(f«' )5<r' ) ]3 t jTJ» r f StxrJ* fCr. 1
<=5> ( VaGA) ( V  $ G fTj*)[ \/ ( A  A  B(f*-)?(r’)
i A  r<-n « r ' i(rl * a
Thus
I (a -- 3< b)= v  { \/ (/\ /\ B (f r }5ir>) . 0GB & ( VaGA) ( V  \ G
TT j’)[ \ /  ( A  A  B(fr)3(r>) J  A  A  BtfP)^']!.
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On the other hand,
1(a) -- > I (b ) = V  ( A  ( V V  ( /\ B / r , j ) ) )«*fcA r < -n it i fc • <* i
— -> v <  A (  \/( A  B(f ••)■» )))= V  v /  ( A  /\ npeft p<-n Jtj- it xo A  ^Ajenj*
— > w  \ / ( A  A>„ (by Theorem 1.4) =' (i<e 3*TT3̂ r«-n
V  { /\ A  B(fNf':0eB & 3 G TT jJ & < VaGA) ( V  S G TT J*)

r<* ifcX^3tr, O’ 1 J S<n ° j S c  «
t A  A  B (fA W  A  . A p B (f*V.Cr)3>.
r*^ it T^-jir) (» 1 1 fct (X ̂ Pj « 3
In order to show that I (a— =>b) = I(a) — *I(b) is then enough 
to show that, given 6GB, if there exists 3 G T7 j| such

J S<-H
that ( VaGA) ( V ( G  TTj') [ a  A „  B( f r )3tr) A  B( f r <p)],J S<-« a r<-n. T r<tv ifc If'

_  S M O >then for every ^'G 3 * 0 0 one has
( V  aGA) ( V $ G T T j ! . ) [ A  A  B ( f  r 4 A  A  B ( f  ■')f<r'3 .

3 S c  r<„ i t T p - ^ P  >><* i e I - |£̂ r o.Ji
Indeed, let V G T T j | ,  aGA, G TT jl; our assumptions on J J<-« J S-ĉn
0 and J imply that there exists t<n such that P 0 (t) /
Pa (t) and, therefore, since P0 (t)' Pa(t) are
join-irreducible in B( <£ ) , Pa(t)— * P 0 (t )=P 0 (t )' but H-t
is an embedding of Brouwer algebras, so

Aoc(t) > A 0 (t)=A0 (t) • hence (VjCJq) ( V j ' G J x)
C.A, B ( f / . /\ B(ft)J‘ 3: in particular,>x *
. A  <{ . A  B( f t )S.ctl •

By (*) this implies A  A pB(f^)!lfl
A  A  B(ft)lc*̂ 'as desired. 
r<TV « J

- I( i a) = nl(a) : this is trivial.
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Before stating some corollaries, let us 3 ee some examples 
of the procedure exposed in the proof of Theorem 1.5.

Example 1.3) 
Let X  = | ; then

and TB( X  )=

Obviously TB ( X  ) is embeddable in tyVl' : for instance
1

Bg 
0 '
0

is an embedding of TB< X  ) in TYl' ( g non-recursive) . 
Consider two different embeddings of

1

T B (B ( X  ))=
P2
Pi
P0
0

in > m  ' :

In :TB(B(£  ))

1

Ix :TB(B< £  ) )-->

1

Bc
B,
B,

where {Bf ,Bf , Bf } {Ba ,Ba ,Ba }.* 1 '  1 ’ 0 V/J ' J  1-0 A 2.
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Hen.ce Iq<Pi>=Bf.=a£ and 1^(Pi)=Bg =Ai. TB((B(<£))2 ) is

<P2'P2>
(P  l'P2> ^ J P 2 ' P 1 >

<P0'P2)C ^ ^  <P1/P1> (PS'PO)
<PO'Pl) '^Pl>./PO)

(PO'PO*
0

The join-irreducible elements of (B( £  ) )2 are {(po/PO^* 

<P0 'P1 )'(P 1 'P0 )' (P 0 'P2 ) }' (P2'P0)•
If we define I as in Theorem 1.5, then I(TB(B( £  ))2) 
looks like:

1

(Bf„ A Bg^) vCBg^A Bf ̂ )

(Bf a  Ba ) v (Ba /s Bf)L0 y2. yO . -*-4 (Bfo^ Bg^ ) v(Bgo/s Bf2>

Bf„A Bg2 <Bf0^ Bgi) V (BgoA Bfn ) Bgo^ B f 2

Bf a  Bto

Bf.

B g o A  B f

B
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By the methods used in the proof of Theorem 1.5, one 
can also prove

Theorem 1.6 Let X  be a finite Brouwer algebra such 
that TB( <£ ) is embeddable in •>YY[ Then, for every 
n€ W  , TB( £ n ) is embeddable in *tYl’.

Proof. Similar to the proof of Theorem 1.5.

Corollary 1.9 If c£ is a finite Boolean algebra, 
then TB( c£ ) is embeddable in ' .

Proof. For every finite Boolean algebra there
exists nE CO such that <£ —  2 n, where 2 is the two-element 
Boolean algebra. The corollary then follows from Theorem 
1.6, since TBC2) is embeddable in TTI': indeed it suffices 
to consider two non-recursive functions f,g such that f
<T g and define H:TB(2)--  ̂ ' by

r 0 if a=0 xB(2 )
Bf if a=b-jB(2 )

H(a)= <

Bg if a=tTB<2)
'•I if a = lTg(2 )

We now define two sequences { J k*k>l' t Jk*k>l °f 
finite distributive lattices as follows:

Definition 1.6 a) { J k }k>l is the sequence of 
finite distributive lattices defined by induction as
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follows:
■Ji = 2 (i.e. the two-element Boolean algebra); 

w G>b) { Jk*k£l -*-s the sequence of finite distributive 
lattices defined by induction as follows:
^ 1 =2 ;
^k + 1 =B(( <Jfc)k + 1 ).

Thus, for instance,

*1-  ^ - 1

<{>

Fact 1.7 H=n{LH< ^£): k>l}=n{L3 ( ^ £) : k>lJ.
Proof. For H = fH Ljj ( k>l> see JASKOUSKI (1936);

clearly n{L3 ( ^k): k>l}=n{Lg( ^) : k>l> (actually, as
is easily seen, ( V k > l ) C L B ( •’3 ĵ )=Lb ( k>3.

Definition 1.7 Let { ^Tk*k>l' * ~^k*k>l be defined
respectively as follows: for every k>l

72=b< {]£>. 7J-t( > 3 \ > .

Fact 1.8 J = r H L H ( T £ ) :  k>l} = rKLB ( 3" Jj : k>l>.
Proof. The equality J=n{Ljj( J k> : k>ll is proved in 

SMORYHSKI (1963) and easily follows, anyway, from a result in 
JANKOV (1963). CT^) : k>l> follows dually.
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—y SCorollary 1.10 Forevery k>l, J ^ is embeddable in

Proof. By induction on kil

T ? - t « s !>-

•JI=TC<

is clearly embeddable in 'JYl';

is embeddable in •’J'Tl' : indeed,

— TB(2^); thus we can apply Corollary 1.9.
gSuppose now that k>l and 3"^ + ! is embeddable in : we

want to show that ^Tk + 2 embeddable in ' .
But ^ ^  + i=T( ^ J +1 )=TB(( {) k>k + 1): since TB(( J3£)k + 1) 
is embeddable in T T L ', it follows from Theorem 1.5 that 
TB((B(( "3 ̂ )k + 1) )k + 2) is embeddable in Wl ' ; but
TB ( (B ( ( ^ k )k+1) >k+2 >=TB( ( ^ ^ +1)k + 2)=T( ^ J  + 2 )= ^k + 2'

thus the corollary is proved.

Following JANKOV (1963) we can define also another
j .sequence {( Jk^,}k E w k y  letting

( <JE!>'=2
( Tk + i) ' =T( ( ( *3 £> > ,k+l) .
We have ( q) ' = j

( ^ ) '  = (3J)

BThe dual sequence {( J k^ **k€t0 Is defined in the 
obvious way. A fact similar to Fact 1.7 also holds for
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the sequences { ( 3 k ) ' >kG Go and { ( ̂  k > ' }kG co
A new sequence ( ̂ k  *k€w i-3 defined in the following way:
for every k6 w  , 3H k = T ( { aG ( 3 k ) ' : *>a = l / j]8) / } ) (see JANKOV

J K

(1963)): it is proved in the same paper that
J=rKLB ( 3-1 k) : ke cu> .
(aG( k ) ' : -ia = l(rj6y} is clearly a sub-Brouwer algebra

u £of ( k ) ' : for instance, to check that it is closed
o Qunder the operation ---» let a , bG ( J k ^ f ke such that

Ji 3"ia = l ( gS j'and n b = 1 (>3 a ) > ; then for every xG ( Jk^*'
1 (>]B ) ' < (a — » b) v x " ')> l()]8 )r<bv x (since a —  ̂b<b) ;
hence x = l ( 23B) » i.e. n (a  } b ) =1 ( /jB j » .
Therefore, for every kG oo , we have an embedding of
Brouwer algebras from k into T(( k^') and
following corollary holds:

Corollary 1.11 For every kG Co , T(( ^k)') and ^ k
are embeddable in tyYl'.

w  ^Proof. That each T(( k ) ' ) is embeddable in tyfl.' can
be proved using methods quite similar to those in the
proof of Corollary 1.10: indeed,

T (( J o)') =

H ftT ( ( j ]_) ' ) =

is clearly embeddable in -W.';

is embeddable in *}YL ' .
Then proceed by induction using Theorem 1.5.

v.
Having proved that each T(( 3  k) ' ) is embeddable in 3'1'V , 
the claim that each M  k is embeddable in *YV\.’ follows
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from the remarks immediately preceding the statement of 
Corollary 1.11.

Example 1.4 In Example 1.3, TB((B( o£ ))2) 
=T(( ^ ) t using the embedding of Example 1.3, we get
the following embedding of 2 in W '  :

1

(Bf a Ba )v  (B0 a Bf ) vj-o y-i 90
Bf a Bc Bg 0 A Bfi

Bf A Ba ■Lo

Corollary 1.12 J=Lb ( ^  ).
Proof. By Theorem 1.1, Fact 1.1, Corollary 1.10 and

0Fact 1.8 (i.e. J = (HLb( J k* : k>l>); instead of Corollary 
1.10 and Fact 1.8, one can also use Corollary 1.11 and 
the above mentioned result of Jankov, namely 
J=rHLB < k ) : k€ 0J>.

The results which we have proved for have their
counterparts for -nie. Indeed,for every partial function 
^  one can define B ^  to be the degree in of the mass
problem of partial functions { -\j< : ij' /̂ e } .
Theorem 1.4 and Theorem 1.5 (when suitably restated) hold 
also for w 8 . In particular we have

Corollary 1.13 J=Lg( e>.
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Proof. As in Corollary 1.12.

Another corollary to Theorem 1.4 is the following

Corollary 1.14 Every free distributive lattice on a 
set X of generators, where |XI< 2^° is embeddable in tfYl 
(of course as a Brouwer algebra).

Proof. Map X into a subset of { B f : iGIJ having the 
appropriate cardinality, where < Cf^1^ : i^I> is an
antichain of -D -p of cardinality 2 and consider the 
sublattice of *YYI generated by the image of X under this 
mapping.

If £  j_ = <Lj_, < j_>, £ 2  = < ĵ2'-2> are lattices, let us
denote by £  ©  £ 2 the lattice <Lp U  L£,i> where
<=<^ U  ^2 U  L^xL2 (we assume LpnL2 = J3 )• We have

Corollary 1.15 If the finite Brouwer algebras 
TB( £  1 ) , TB( c£ 2 ) are embeddable in ■T/Kl ' then 

B( £  j.) ©  T( £  2) and TB( £  1> ®  TB( £  2 ) are also
embeddable in ŶY\ ' .

Proof. Let Hp: TB( X  !>  > ', H2 :
TB ( £  2 > ---> W  ' be embeddings and let us show for
example that B( <£ ) ©  T( £  2  ̂ :*-s embeddable in *¥Yl' . Let
A i  Q 5) T , >p be order-isomorphic copies of
A H ( £  1 ) and Ajj^( £ 2  ̂ respectively (see the notation 
introduced before Lemma 1.5), such that
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( ̂ Z ^ - ^ ) ( b ^  Z^ 2 ) taf<T ^ T • Then, starting from
A i  and Z^2» by th® methods used in the proof of Lemma 
1.5/ define two embeddings I ̂ r TBC X  i> — > r}'Y} ' / l2 : 
TB< X  2> — ^ *J7V • It follows that the function
I;B( <f ! )®T( X  2 > --> W i ’ defined by

f I ^ a )  if aGBC x )
I(a)= <

*■ l2 <a> if aGT( 2)

is the desired embedding.

Example 1.5 Let us see some examples of embeddings 
obtained by methods different from the ones described so 
f a r . 
a )

1

0

The preceding is a sub-Brouwer algebra of T̂Yl; f/g,h are 
chosen in such a way that the respective T-degrees are 
ordered as follows

Cf 3t

• [ g 3x
[h)j



BhV<BgABf^

Bj

where
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Bfov ^ B gc
/  (Bf v Bf v Bf >a B„Ei y o

(BfovBf/i)ABg \ ^  ^ , B f ABgc>

(̂ ov Bf* >ABg0ABf*.
B f ^ B f ^ A B g N ^  ^ B f^ABgoABfz

Bf a Bf A Bf a Ba rj. 9o
0

in each of the examples in c) the functions are to be 
taken pairwisely T-incmparable.



152

2. Some quotient lattices.
In order to understand what follows, one has to 

recall the notation introduced in the proof of Theorems 
1.2 and 1.3: in particular, in Theorem 1.3, with a given
finite Brouwer algebra having the form TB< c£ ) we have 
associated a finite partial order (actually a lower
semi-lattice) and defined a function lv: <£ -- » U) .
Moreover if Pj>={pG £> : p is join-irreducible }, then
with each pGP^ we have associated a certain number n(p).

Let W=(TB( «£> ) : ■£ is a finite distributive lattice
& (VpeP^ )Cn(p )=0 3}.

Recall that the condition (V p S P ^  Hn(p)=0] is 
equivalent to say that <A, ©) > is order-isomorphic to
the dual of the Kripke frame corresponding to B(£).

Theorem 2.1 Let TB( )EW. Then there exists an 
embedding of Brouwer algebras I:TB( <£ )— > W lw such that 
I(B( <£> ) ) is an ideal of

Proof. Let TB( <£ )6W be given and let 
H:<A, ©  > ? 2) <j> be an embedding which preserves infima
and such that H(A) is an initial segment of 2 >t . Let 

P= (po / • • • ' Pk * ke t*'ie set join-irreducible elements of 
and for every i<k choose a function f^ such that 

f±GH(ap. ) .
Define I: TB( ,£ ) --- > "T^w ky semplicity we omit the
subscript w when writing out weak degrees of difficulty):
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' 0 if a=0TB(& )
0 ' if a=bTB(£ >

I(a)= / V  B f . if a / *VT3 ( ) & a= \/ {pj:jGJ} and ipj:
J£j J J J

jGJ) is v-irredundant 
1 if a=lTB(£)

As in Theorem 1.3 one can prove that I is an 
embedding of Brouwer algebras (notice that if f,g belong 
to minimal T-degrees and f g then, in ̂ ) w< Bf/\ Bg = 0'
(we remind the reader that we are dealing here with weak
degrees of difficulty and that the subscript w is 
omitted: in ifYi O' is meet-irreducible!).
We use the assumption (Vp€P)Cn(p)=0] in that it ensures 
that (Vb)CB € I<j£ ) ( 3 J c {0, . . .k> ) CB= V ( B fj : jGJ}] .

Let us now show that I(B( Jo )) is an initial segment
of TYlw .
First notice that C<wI(a) & lv(a)=0 C G I(B( £  )):
indeed, if lv(a)=0 then a=bTB(oC), thus l(a)=0 ';
therefore C<W I (a) =^> C £ I (B( <£ ) ) .
Suppose now that C <w 1(a) & lv(a)<n C G I(B( X  )),
for every weak degree of difficulty C: we intend to show 
also that, C <w 1(a) & lv(a)=n+l ==£ C G I(B( X  )). Thus, 
suppose that C <w 1(a) & lv(a)=n+l and let I(a)= S/(Bf.: 
jGJ), where {pjt jGJ) is v-irredundant; of course we
may assume C <w 1(a). Let C = [ If lw, where is
C-closed; thus 'if <w fH f . : jGJ) and so
(3iGJ)[ £ ^ $ f ^ ]  Then {g: gn-fffjclf , which implies 'if 

-w n{ $  f : Cf3TGH(A) & f<Tfi } n n { : j GJ-{i)): indeed,
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if gene (ftf : Cf]xGH(A) & f<x f± > n  Ht (ft f . : jGJ-{i}} then
we have two possibilities:
1) gG (ft f. : in this case gGH{ (ft f . :jGJ3, so gG ;

X J

2 ) g^ (ftf. : thus, g<xff; we can show however that g/Xfi'
so g = xff and gG as desired: indeed, suppose that
9<T^i; since H(A) is an initial segment of x , this 
implies that there exists f<xff such that Cf3xGH(A) and 
g<xf, contradicting the assumption gGPH Oftf: [f3xGH(A) &

*•
Therefore C <w \ZiB£: [f ]XG H (A ) & f<Tf± }v V { B f < : jGJ-

j

ti } >
To conclude the proof is then enough to show that 
lv(I"1 ( V { B f : Cf3xGH(A) & f <xf ± } v  V  {Bf. : jGJ-{i } >))<n, 
i.e. V { B f : [ f 3 XGH (A) & f<xfi 3v V t B f .  : jGJ-{i}}<„
\/{Bf. :jGJ>: indeed, the inequality \/{Bf: Cf3xGH(A) &
f<xf± }v N/ {Bf. : jGJ-{i>> <w \/{Bf. : jGJ} is immediate; on

J J

the other hand, that V { B f .: jGJ) ^ V{Bf: Cf3xGH(A) &
^<T^i^v ^  *®f : j£J~{i}* follows from the fact that each
Bf is join-irreducible and ( V j G J - {i })CBf. ^  Bf 3. 

j j ' i

Let W l " =  Y K l w - { O w >; clearly w is still both
a Heyting algebra and a Brouwer algebra. The least 
element of rYfl w is O'.

Corollary 2.1 For every TB(£ )GW, the finite Brouwer 
algebra T( £  ) is embeddable in w , as an ideal of
W ; .
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Proof. Let T( £  ) be a finite Heyting algebra, such
that TB(£ )€W. Let I: TB ( jC ) -- * *fYL w be the embedding
defined in the proof of Theorem 2.1. Since I(b<pB(eC ))=0'/ 
it follows that the restriction of I to T( <£ ) is the 
desired embedding of T (£ ) in

For the convenience of the reader, we recall that,
given any distributive lattice <£ , every filter F of £
gives rise to a congruence of £  : under this congruence,
two elements x, y of the lattice are equivalent if and
only if there exists an element z of F such that
X A Z  = y AZ. Let us denote by £ /  the distributive latticeF
obtained by dividing eC by this congruence; elements of 
£,/ are thus equivalence classes Cx] of elements of £>.X F F
For the partial ordering determined in °^p ky
congruence, recall that if an<3 only if there
exists zGF such that XAZ<y.A dual situation holds,
considering ideals instead of filters.

Lemma 2.1 Let £> be a Heyting algebra and let F be a
filter of £  . Then %  is a Heyting algebra and the
canonical epimorphism £  ^ is also a homomorphism of

F
Heyting algebras.

Proof. See e.g. RASIOWA-SIKORSKI (1963).

Theorem 2.1 has the following nice corollary
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Corollary 2.2 Let TB( c£ )GW. Then there exists a 
principal filter F of W l w such that —  B( X  ) as
Heyting algebras.

Proof. Embed TB( X  ) in w via an embedding I in 
such a way that I ( B ( X ) )  is an ideal of TYfl w (see Theorem
2.1). In particular, let I(t^g(£ )) = 1( \/ {p±: iGI})=
V{Bf.: iGI}, where {p-j: iGI } is v -irredundant and leti
F={A : I (tfB ( jg ) ) <WA }. Then the result is immediate,
since - row, i ( t TB(£ > n  -  B( c£ ) as distributive
lattices but then also as Heyting algebras by Lemma 2.1

Remark 2.1 Recall from Remark 1.2 that, given any
finite Brouwer algebra TB( <£ ), if P denotes the set of
join-irreducible elements of X  , then ( VpGP)tn(p)=03 
<=$> ( VpCP) [ V  (qGP: q<p)GP or < \ / 5 ̂ P-Cf or q<p]].
It follows from this fact that, by looking at the Kripke 
frame corresponding to B( X  ), we have an easy way to
decide whether or not TB( X  )GW. Indeed, let
T\(B(X  ))=<K(B(«£ )),<> be the Kripke frame
corresponding to B( c£ ); then (VpGP) [n(p)=0 ] 
^ ( V a G K C B c X  ) ) ) [ a has exactly one immediate successor 
c?r (VbGK(B( £  ) ) ) [a<b or b<a]].
We have included this remark, although not used in the
remainder of this paper, because the semantics of 
intermediate logics which one is most likely to encounter 
in the literature is the one that uses Kripke frames. 
Thus, once we have at disposal a Kripke frame (with a
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least element) we are able to say whether or not this 
Kripke frame corresponds to a Brouwer algebra of the form 
B( £  ) such that TB( oC )€W.

Corollary 2.3 Let be a finite distributive
lattice. If the dual of the Kripke frame corresponding to 
B( ) is a tree, then TB ( cG )€W.

Proof. Immediate by Remark 2.1.

Corollary 2.4 If TB( «£ i>, TB( oC2 )GW then

B( c£,1)$>T('£2) GW*
Proof. Immediate by Remark 2.1.

Example 2.1 Putting together Corollary 2.3 and 
Remark 2.1 one is able to conclude that the following 
finite Heyting algebras can be obtained by dividing 
by suitable principal filters.
a) for every m,n€co the tailed mxn chessboard:

b) every B( oL* ), where tL is a finite Boolean algebra;
c) (by Corollary 2.3 and Corollary 2.4):
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We single out the following example for its
particular historical importance.

Let 5 n denote the chain having n+1 elements. The
relevance of the sequence of Heyting algebras { if n : n>l> 
to the semantics of intermediate logics was pointed out 
by Godel (GODEL (1932)): namely he showed that, letting
Sjj = Lh( $ n ) , we get a strictly increasing sequence of 
intermediate logics. This was the first example to show 
that the cardinality of the set of intermediate logics is 
greater than 2 (later on it has been proved that this set

c,'has cardinality 2' 0 : see JANKOV (1968)). The sequence {Sn : 
n>l } has been thoroughly investigated in HOSOI (1966);
hereby, it is shown that for every n> is
axiomatizable.

Corollary 2.5 For every n>l, there exists a
principal filter F such that ^n as Heyting/p
algebras.
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Proof. Immediate since for every n>l S n has the
form B ( <f n_ i) where TB ( $ n-1 ) GW (let S q- ’ ) .

Corollary 2.6 For every finite TB( )GW there 
exists a principal filter F such that ^

Proof. As in Corollary 2.1 and Corollary 2.2.

Remark 2.2 Of course we can use more sophisticated
results on initial segments of ^  to get more results
here. For example, it is known (see RUBIN (1985)) that S ' ]_
is embeddable in as an initial segment. For such an
embedding {[f0 ]*p: define the sequence {(Ag)w :
0 < S j.) by transfinite induction as follows
(AQ)w=Bf (for semplicity,in Bf the subscript w is o ®

omitted):hence (Ao)w=0^, since fQ is
recursive

(A0 + i) w = Bfp^(in Bf^ the subscript w is omitted)
(A >  )w= V B f if A  is a limit ordinal (in Bf the 

Y * 
subscript w is omitted)

Let now a< S  ̂ and let F=(AM : Aw>w (Aa )w ). Then
where the sequence { ^fa : a is an ordinal) is defined by

1 0 = 2
^6 + l = T( /  0 >

=T(U 'iy ) if X is a limit ordinal. 
r

In particular



160

Corollary 2.7 There exists a principal filter F such 
that a) ;
b) Lh< W V|r )=S^=n{Sn : nil).

Proof. Immediate.

S is the so-called Dummet's logic and equals the 
deductive closure of H U { ( a —=» 0) v (0 —̂ a)  : a ,  SGForm (L) }.

Lemma 2.1 has its dual version for Brouwer algebras 
and ideals. Let us now consider again 1w as a Brouwer 
algebra. Despite the previous results we have

Theorem 2.2 If I is a proper principal ideal of 
W w , then every finite Brouwer algebra of the form 
TB( <£» ) is embeddable in J]Tlw^ • *n particular,

Lb < ^ w/ i  >=J-
Proof. Let I=IAW : Aw<wDy> be a proper principal

ideal and let Dw=C(ft Iw where 0̂  is C-closed.
Let f be a non-recursive function such that 6  ̂f (Ji . 
Such a function exists since otherwise we would have 
(Vf) [£Dc(Rf ] i.e. $ f : f is a function)= > a
contradiction since I is assumed to be proper.
Let now TB( £  5 be a finite Brouwer algebra: in order to 
embed TB( <£ ) into , consider the partial order
<A, ©  > as defined in the proof of Theorem 1.3. Embed 
<A, ©  > into the interval ([fl'p,®) of JJ ̂  (i.e.
relativize the embedding to the function f) and define an
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embedding H: TB( ^  ) — » TYiw in exactly the same way as in 
the proof of Theorem 1.3. We claim that the composite 
H: TB ( is the desired embedding.
H is clearly a homomorphism of Brouwer algebras (see
Lemma 2.1); it is left to show that H is one-one. Suppose 
for the sake of contradiction that there exist a,bG <£
such that a ^ b and H(a) H(b): let a= \/{pu : uGU } ,
b= V C p j :  jGJ> where <Pu: uGU}, {P j ; j£J> are
>v' -irredundant. Since H(a)</ H(b), it follows that'T
\ /  Bfi <w V  B f r v  Dw (we refer here to the notation
M.tU jfcT r<«CPj) Pj‘
already used in the proof of Theorem 1.3); but since 
H(a)^wH(b) (H being one-one) it must follow also that 
( 3  uGU) ( 3 i < n ( p u ) ) ( VjGJ) (Vr < n ( p j  ) ) [Bfi Bf r].Pul Pj
Therefore, since BfX is join-irreducible, there exist uGU

Pa.
and i<n(pu ) such that Bfi <WDW , which implies Bf<wDw , aPlL
contradiction (throughout the proof the subscript w in
weak degrees of difficulty of the form B^ has been
omitted).

Theorem 2.3 Let I be a proper principal ideal of 
tyw. For every finite Brouwer algebra £  , if T B( £  ) is 
embeddable in 3/Vl' then TB( cX ) is embeddable in tyH/j.

Proof. Let H: TB( «£ >  * iTl' be an embedding and
let I = (A: A<DJ be a proper principal ideal. As in the 
proof of Theorem 2.2 we can choose a non-recursive 
function f such that Bf^D. Let be order-isomorphic
to /A h < dC > ( this notation was introduced shortly before
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Lemma 1.5) and such that ( V^a-p^ A  ) C £ f ) x-TaT ̂ • Define an
embedding H': TB ( J~> )— * TfKV starting from A  ( use methods
employed in the proof of Lemma 1.5). Exactly as in
Theorem 2.2 we can show that the composite map
H : TB ( JL ) — > T n / ^  Tfl ~)W. is the d esired embedding.

/T

Corollary 2.8 LB ( >=J.
Proof. Immediate, by Theorem 2.3, Corollary 1.9 and 

Fact 1.8.

The embeddings of Theorem 1.1 explicitly used finite 
weak degrees of difficulty. If F denotes the filter of 
'YKL w generated by the degrees of solvability, then F 
contains every finite degree. Nevertheless, we have the 
following theorem, where we regard again w as a
Heyting algebra.

Theorem 2.4 Every finite Heyting algebra TB( <£> ) is
embeddable in . Hence Ljj ( w/p.)=J.

Proof. Let TB( <£ ) be given and let <A, (D > , P be
as in the proof of Theorem 1.2. Let A^  be the partial 
order obtained by adding a greatest element a> to the 
oj-folded coproduct LJ A of <A, ©  > and, for every jG to,j fcLO
let Ij denote the j-th canonical injection of A into 
l_) A. Find an embedding of upper semi - la tticesjfcUJ
K: A (A is easily seen to be an upperUJ A A

semilattice) and for every jG pGP , i£n(p) choose a
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function fp'J such that K(Ij(ap ))=Cfp'^ moreover, let
g be a function such that K <a>) = C g ] j<. For every function f
let Ff denote the weak degree of difficulty [{f}]w (=[{h:
f £>ph * ̂ w ̂ •
We claim that the function H:TB( ) -->> tfYl w defined by

0 „ if a=0TB(£  )

xw if a=1TB<<£ )
H (a ) =

A  A  A  Ff-*-/-) if a= A  {pu :uGU} where (pu :Jeco utu î/n.(Pui p̂
uGU} is a -irredundant 

is an embedding of Heyting algebras (H(a) is always 
defined because *JTl w is a complete lattice).
Indeed, for every jG Co, let H j : TB ( <£ )— => be defined
by

f 0 W if a = 0 T B ( £  >
H j < a ) = J lw if a=lTB(<£)

( . A  F-pi,j see the third clause of HCa)v w.tU j. £. •'u (. Pu.) ■Lpct
As in the proof of Theorem 1.1, Hj is seen to be an 
embedding of Heyting algebras.
Since, for every aGTB( £  ), H(a)= A{Hj(a): . jGto), we
have
- H (a a b) = A  IH j (a a b) : jGto) = A { H j ( a ) ^  Hj(b): jG cu } =
( A  {Hj(a) : j € w  }) A ( A i H j ( b ) :  jGto})=H(a)A H(b);

H (a v b ) = AiHj(av'b): j G co } = A  {H j (a ) v-H j (b ) : jGtO); on 
the other hand, H(a)vH(b) = ( A { H j ( a ) :  jG co})
v ( A(H^(b): iG co }) = A  A  (H^(a) v Hr (b ) ) ; if j^r and a =J jtto re cu J
A I p u :uGU>, b= A I p v ! vGV} (with (pu : uGU), (pv ! vGV>
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a -irredundant); then (a )vHr ( b ) = ( A  A  Ffi-J)
Pm.

vc A  A  Ffi,r) = A  A  As ACFA-* v Ff5-r)=Fri.V*v tŝ CPv) pv ■AtU l<-ir>(Ov6''ŝ (Pj Pu. Pv 9
Therefore A  A  (H^(a) v H r (b))= A(H^(a) vHi(b): iG CO) Ajtcu v*£u> J 1 \ ) J

Fg= A  {Hj (a) v H j  <b) : jGoOJ as desired;
H ( a — > b ) = A  { H j ( a — » b) : jG co } = A (Hj(a) — => Hj(b):

j€CO}. Suppose again that a= A  {pu uGU}, b= A { p v :vGVJ, 
where fpu : u6 u), (pv : vGV} are a-irredundant: thus
Hj <a ) — > Hj(b)= A  (Hj(pu ): <Vv G V ) [ p u/pv ] }.
Therefore A  { H j (a ) — => Hj(b): jG u> } = A  { A  {H j (pu ): ( V v G V ) 

CPu/Pv]}: w  >= ^  Hj (Pu} : ( VvGV) Cpu/pv ] }= A  CHj Ca) :
jGou}— > A  {H j < b ) : jG Co } =H (a)  »H(b);
- H (—1 a) = nH(a): obvious.
Now, the composite H: TB( c£ )— the
embedding for which we are looking: again, H is trivially
a homomorphism of Heyting algebras (by the dual version
of Lemma 2.1). It is left to show that H is one-one.
Suppose that H(a)<„^/j_ H(b), where a= A { p u » uGU> and
b= A C p v : vGV> (with *Pu: uGU}, fpv : vGV}
A  -irredundant); then for some finite set of functions
(gr : rGR} we must have H(a)/\ A  Fa <w H(b) i.e.

re R y r-
.A A  /S A F a < A  A  A  Ffi,J. From the way A, , isotw reR y r vtV i<-n(pw) pv 10
defined it follows that for every vGV there exists a
cofinite set S c. co and uGU such that A  .A. F A J  <w

J fcUj i <AV(P^
A  A  FfJ-.J : again from the definition of A^j this jfe S i < ̂(P*)
implies that pu<pv . Thus (V v G V ) ( 3 uGU)[pu<pv 3 and
therefore a<b, as desired.
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There are interesting similarities between principal 
filters of having the form (Aw : Aw2:wBf} and the
filters of W p  having the form {F: F [{f}]}.

Fact 2.1 Let f be a non-recursive function; then the 
filter Ff=tF: F $/ [{f33 of 'T'Hp is prime and
non-principal.

Proof. That Ff is a prime filter is obvious. As to 
non-principality, notice that for every finite mass 
problem ^  such that [ ^  3^0, we can find a function g 
such that, say, U {f> lx 9* Then C{g>3€Ff but ■£

{g } .

Following Corollary 2.2, we have

Theorem 2.5 For every finite Heyting algebra 
TB( <£ )GW, there exists a filter F such that 
“W  TB ( <£ ) .

Proof. Let TB< ) be given and, once again, refer
to the notation introduced in the proof of Theorem 1.2. 
Embed <A, ©  > in as an initial segment, via an
embedding which preserves suprema. Let f denote f£ i.e.T*8CSl>̂
let f correspond to atTBt^under this embedding. Then F=Ff 
is the desired filter. The proof is essentially the same 
as in Theorem 2.1 and Corollary 2.2 (using Theorem 1.2 
instead of Theorem 1.3).
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Notice that, for every finite mass problem , C 3̂" ] ^  Ff 
hence [[{fJIIp is the coatom of ■

For principal filters of THp one has the following

Theorem 2.6 If F is a proper principal filter of 
W  F , then every finite Heyting algebra of the form
TB ( £  ) is embeddable in TV7 .

Proof. Suppose F={F: F>D) is our filter, where
D= C (Tb ] and let TB( oC ) be a finite Heyting algebra.
Again, let <A, ©  > be as in Theorem 1.2. Use an embedding 
H: <A, ©  > — » -p- * °T * which preserves suprema and such
that ( V & t^H(A))( \/ f€ Q  JCCfD-p a-jO (this is possible
since F is assumed to be proper and thus ^  does not
contain any recursive function). Then define as usual I: 
TB( t£ ) — » W F by

r 0 if a=0 TB(£ >
1 if a=lTB(£ )

I (a)=/
I /\ /\ [Ifi }I if a= A I p u :uGU} and {pu :uGU} is
I ufcU i s v .

/*> -irredundant
It is easily seen that the composite I: 

TB ( Ju ) — > W F ^^F/p- -'•s ‘t^e <3esired embedding.

Let now F be a principal filter of •fTT7. ; then \y 
is still a Brouwer algebra in an obvious ways indeed, if 
F=IA: D<A1 then W — [0,DI (where the isomorphism is a



167

morphism of the category D_L) ; but since [0,D] is a
Brouwer algebra so is .
A similar situation holds for *YYI w regarded as a Brouwer
algebra, i.e. for every principal filter F, is aF
Brouwer algebra.
The difference with the situation in which we considered
principal ideals is that now the congruence determined by
F is no longer a congruence of Brouwer algebras and thus
there may be no epimorphism (of Brouwer algebras)
tyYl— r̂Yi\.y , " W  w— * a consequence of this, it
may be not the case that 3 C. Lg( “7 Y I ) and 
•?. C LB ( *YdVy' )• In particular, if F is generated by a 
join-reducible element then -iccv-n oc^L.b^'WxJ- >
(LB ( ^ w / p  ).

m

*fYl v, m  p are Heyting algebras and I is a principal
A similar remark applies to /$Yl etc, where

ideal.

Theorem 2.7 Let F=1A: D<A} be a proper principal 
filter of , where D>0' and either D is
join-irreducible or contains a mass problem which is 
closed in the Baire topology. Then every finite Brouwer 
algebra of the form TB( £  ) which is embeddable in ■̂ h'V 
is also embeddable in

Proof. Suppose that H: TB( £ )  h ;3Tt ' is an
embedding of the finite Brouwer algebra TB( <£ >
into tyYl ' - Let D=Cffi3; we may also assume that D/l:
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otherwise the theorem follows trivially. By Theorem 1.1 
of DYHENT (1976) there exists a
countable mass problem (X such that D ^ C CL ].
Let Z V  c  ̂ Dt be order-isomorphic to > an<* such
that ( \/a^€ A ' ) < \/ f 6 (X ) C a^ It t f ] t^ t this can be done 
since A  n< c£> ) is finite and C\ is countable). Notice 
that if [f Dt^ A  ' then 0. 9 and thus $  f< Cl
Using the tecniques of Lemma 1.5, let H': TB( '
be an embedding of Brouwer algebras such that A  H1 ( £> ) =
z y .
We claim that the composite function I: TB( £  )— )yWl>c— > 
W — » W / F is the desired embedding of Brouwer algebras.

Clearly I is a lattice-theoretic homomorphism
preserving the least and the greatest element;

I is one-one: indeed, suppose that I(a)£^ 1(b) and let 
H ' ( a ) = V  ( A  Ba~), H'(b)= V  ( A  Bf i ) . Thusv4V U6UV JtJ iflj
( V  ( A  <Ba v) ) a  (ft < V ( A  Bf J ) i.e.vfcv jeJ ieij i
( V  ( A ( B av))A 6 i <  A  (V" ® fj).vtv *«. jcj)
Notice now that for no £G TT 1 -j can we have 0} < \/ 0^fJ :J jtj J fij)
indeed we have to consider two cases:
Case 1) if D is join-irreducible then (^ < V  (?>fj would

06J JO)
imply that for some jGJ (D < (ft fj ; since f•> i C\. ,Jtj) jtj)
this would imply also that (ft £ CL , a contradiction;
Case 2) if (ft is closed in the Baire topology then the
claim follows by Chapter I, Corollary 7.3, since each

is dense in the Baire topology.
Therefore we conclude that ( V  f € TT I-t) C N/ ( A  &  av ) 5J jfcl J vtv weUv yn.
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N/ (Bf* ]; it follows that H'(a)£H'(b) and thus a<b. JfcJ ^(ji
I(a  ? b)=I(a) — *I(b): without loss of generality we

may suppose that a,bG ; let H'(a)= \/( A  BfJ ) ,jtJ ifclj
H'(b)= V 7 ( A B av). It is enough to show thatvfcV u-tc\, y u.
c Vzi[i(b)</F 1(a) v [Z3p ) ~ y I (a — > b) <l/̂ [Zip] or, in
other words, ( \/Z) CH' (b) ̂  D<H' (a)vZ =£ H ' (a — >b)/\ D<Z3.
Thus, let Z=[ 1 be given and suppose
( V  ( A  $ av )) a (ft < V (  A(5if j)^ 2  ;Vfev LttOv ya jfej ItTj i
since H'(a~»b) = V {  A  Ba« : vGV & (\/j€J)[ A  Bnvw-tuv y u. cLtUy 9u-
^ Bf 3} it is enough to show that, if vGV is such that 

1
( Vj€J) C A  &ia*4 A  &  fJ ], then A  (ft A (ft < X  .utu„ y u, j.eTj t u-tUv, y u.
Starting from this point and trying to mimic the proof of
Theorem 1.4, one gets to the point where we have, for
some $ G TTii, A  (ftav \/ (?) f j . V and (V^uGU.,)J jfej 3 atuv g u. :feT rjcj) v
£ (ft av / V  (ftf ■>’ 3. This implies (letting n^Uv ),n- ' jti 5lJ) '
( U  u* U  n*())  ̂V(ftfO thus, ( V u G U v )[ (Ba^<a t uv a yu"
( V ^ f j  )<” > and (ft< (V(ftfi )(n> ?  (n) (forjfeT 1 0> ^  jtJ
the notation employed here, see proof of Theorem 1.4).
At this point one shows that A . 2 ^u ^a 2  andU 6 Uv
(VuGUv )[ (ji)a'' < 7  ^u ^3. Furthermore (ft 5 ( V  (ftfJ )<n)v jfcT $cj)
-y(n) — A  < V  (ft>-j v ^r(n)# ^o see this, suppose that 

7 u IfcJ fcj)
( V  (ftf j )*n \/ is reducible to (ft, via say z : ifjtj f<j) 'Yv
fvg GV(ftfW  then one can effectively find anJt3 £jcj) ^ ^  aJ/ a* a-initial segment h such that Iz (hvg)( 0 )=n; but then h*f

AV

G ( V  ® fi)«n)v £(n) and thus ((h*f)vg)Gjtzr J0 > /n-
Now, if D is join-irreducible, then (as before: Case 1))
(ji < ; if (ft is closed in the Baire topology then
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again 5 ^  (see Chapter I, Proposition 7.2).
Therefore as desired.tuUv a

Corollary 2.9 Let F be as in Theorem 2.8. Then 
Lfi< W / F ) 9 J.

Proof. Immediate by Theorem 2.7, Corollary 1.9, Fact
1 . 8 .

Remark 2.3 i) Of course, if D is join-irreducible
and D generates the filter F, then Lg< yYTl/  ) = J, since
lavTi a€Lg( );
ii) If F={A: 0'<A} then 2 and, thus, > =K;
iii) if F={A: 0'<A> then is still a Brouwer
algebra (namely and Lgf. Wl/p )=S2 >

Remark 2.4 In Theorem 2.7, the case D=[ ()̂ ], where 
(D is closed, includes also the case D is a degree of 

solvability.

Remark 2.5 Theorem 2.7 once more emphasizes the
differences between and w even at the level of
intermediate logics. By Corollary 2.7, for instance, we 
have principal filters F of w generated by
join-irreducible elements such that Lp( ^  iL*

Finally we turn our attention to (similar
remarks will aplly of course to ^^p). Let J be the
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principal ideal generated by a finite degree of 
difficulty F>0. Since —  [F,13 (in the category DL) ,

-̂s a Heyting algebra (the interval [F,13 being
so) .

Theorem 2.8 Let J be a proper principal ideal of 
generated by F=['3‘ ]; then every finite Heyting

algebra of the form TB( ) is embeddable into •
Proof. Let TB( <£ ) be a finite Heyting algebra. In 

order to prove that TB( c£ ) is embeddable into ^  it 
suffices to show that TB( e£> ) is embeddable into the 
interval [F/13 of *YYl p . The proof of this is 
essentially the same as in Theorem 1.2 but using a 
suprema-preserving embedding H: <A, ®  f ((a^,®3),
where aT= V  t Cf3X : f € ^  > .

Corollary 2.10 If J is as in Theorem 2.8, then 
Lh ( ) C. J.

Proof. Immediate by Fact 1.2 (b) and Theorem 2.8.

Remark 2.6 If F is meet-irreducible then of course 
Lfj ( The situation is quite different if F is
not meet-irreducible. Indeed, let F, Fj_, F2 be elements 
of such that Fil F2 and F=Fia F2 ; let J be the
principal ideal generated by F and let us identify 
with the interval [F,13 of W F . Then, for instance,
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-nFi = F2 / n F2 = F^; thus iFjvTn Fi = F2 V Fj_ / 1 • and,
therefore, J Lpj ( ^  p ^ )  .

In fact, simple arguments show that f U L ^  W p ^  ) : J 
is a proper principal ideal of To see this, it is
enough to observe that for every finite Heyting algebra 
T(JSj ), there exists a principal ideal J such that T(o&)
is embeddable in V{(1 : indeed, let H:TB(cf )--> W p  be
an embedding, then T(t£) is embeddable in W p ^ . ,  where 
J= {Feltlp: F<H(bTB(J1) ) }

Out of curiosity, let us see some countermodels to 
some of the most well-known intermediate logics:
The Scott system S is the deductive closure of
H u  { < ( -i "» a — > a )  P h #  v a ) ) ----- > ( i  a v i t  a ) : aGForm (L ) } .

Let f,g,h be non-recursive functions such that f|*pg, 
g<^h, f|^h, h<Tfvg; let J be the principal ideal of tytl p 
generated by C{f,g}3. Then S . Ljj < W-p^j > : indeed, if
G=C {f ,h> 3 , then -iG=C{g>3, iiG=[{f)],
thus "! G v m  g = [ { f v g } ] ; moreover -> G v G= [ {fvg, h 3 3 = [ If vg 3 3 
and -n G — *G=[{f}3 —-*> C {f, h 3 3 = C ih} 3 . In conclusion 
( m  G — > G) — »< "I G vG) = [{h>3 — * C{fvg}3=l, whereas
i G  vnG=[{fvg}3; this implies ( ( n  G — »G))
— P (. iG vG)) — * ( n  G vtG) / 1 and therefore ^ p  [7̂
( (1 -1 a — } a ) — P (to v a) ) — * (11 a v n a) .

Simple arguments show that neither the 
Kreisel-Putnam scheme ((ia — P 0 v y ) — P ((ia — P 0)
v (ia— > y) )) nor Rose's scheme ( ( ( n  a —* a) — *( n  av-ta>> 
—  ̂(~i~i avia)) are satisfied in where J is any
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proper principal ideal generated by a meet-reducible 
degree.
For the Kreisel-Putnam scheme, if J is generated by 
F=[{f,g>] where f|-pg/ choose two functions hQ, h^ such 
that f hQ, f hi» 9<Tho/ 9<Thl and f^^^O v h^ (this
can always be done) . Then C"iC {g>) — * C (hQ > ] v C th^ } ])
— > ((“i[{g}] — > C{hQ>)) v <-i[{g}] — > [{hi)])) 4 1.
The situation is similar when I ̂ I >2.

Remark 2.7 In Theorem 2.7 and in Theorem 2.8 we 
always get intermediate logics L such that L C J. Since 
H+=J+ ( + denotes the formulas without the connective n )
(see JANKOV (1968)) we always have L+ = J+ .
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CHAPTER III
IDEALS AND FILTERS IN SUBLATTICES OF THE MEDVEDEV LATTICE 

AND THEIR RELATIONS WITH THE e-DEGREES.

1. Some remarks on filters arid Ideals and their
relationship with the e-degrees.

Let 1 1  l l j : jGJ) be objects of a given category 
of algebras and homomorphisms. Then H  is said to be a 
subdirect product of the family { Xlj : jGJ} (see e.g. 
BURRIS—SAHKAPPANAVAR (1980)) if there exists an embedding I 
such that
1) I : H — >T7 XL;

JtT J
2) ( VjGJ) [ TTj 01 <■%,{. )= XL j 1 (here IT j denotes the j-th
projection).
Such an I is called a subdirect embedding. An algebra H
is sudirectly irreducible if for every subdirect
embedding I sXj_— there exists jGJ such thatit? J
T T j o I r X l ^ U  j is an isomorphism.

For Heyting algebras and Brouwer algebras we have 
the following fact

Fact 1.1 A Heyting algebra X  is subdirectly 
irreducible if and only if X  GT(DL.); a Brouwer algebra 
X  is subdirectly irreducible if and only if X  GB(DL). 

Proof. See for example BURRIS - S&NKAPPAHAVAR (1980).



Corollary 1.1 As Brouwer algebras, , ^Yle ,
are subdirectly irreducible.

Proof. Immediate.

As Heyting algebras, all the lattices with which we 
have been dealing are subdirectly irreducible. A theorem 
due to Birkhoff (see BIRKHOFF (1944)) reads

Theorem 1.1 Every algebra is isomprphic to a 
subdirect product of subdirectly irreducible algebras.

Using some of the filters introduced in Section 2 of 
the previous chapter, we are in a position to exhibit 
such isomorphisms for w (regarded of course as a
Heyting algebra), T'Yl p etc.

Let Ff be the filter of "W w defined by Ff=(Aw : 
Bf<„A„> (the subscript . w is omitted in Bf). Then 

is subdirectly irreducible because
W w/ F - COw,Bf 3 and clearly COw,Bf IGT(DL) : indeed
Bf /\[{f>3w is the coatom of [Ow,Bf], so the claim follows 
by Fact 1.1.

Proposition 1.1 yYl „ ~  TT< : fe^co).
Proof. Let I: W w ---» TT{ W -  wyj. * be given

by I(Aw )=<[Aw lp >fe : suffices to show that I is
injective. Suppose that AW^BW and let Aw=[ Q_ 3w , 
B„= [ G*> 3W where a, o*> are both C-closed. Then
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0- J (?> and, say, ( 3  fG &  )Cf ^ Q> 3. But then, for 
such an f, £AW ]C ^CBw 3p since otherwise Aw ABf=Bw A B f>-p
i.e. (X U f = (8 U  • a contradiction since £ (jl U $if.

Let us now use the same symbol Ff to denote a

different filter in a different lattice, namely the
filter of ■Vj7l p F ^ [{f}33, for a given function f.
Notice that ■TT)p^_ is subdirectly irreducible: indeed,
W lp/ €T(DL), [{f>]_ being its coatom.

Av t

tofe oo }.Proposition 1.2 )J7l p —  p^_ s

Proof. Let I: *YYl p — t> TT{ ^ W p ^  sfG^co) be defined
by I(F)=<CF]p >£g . It is enough to show that I is
injective. Suppose that F, GG T A p  ,F / G and F= [ ^ 3 ,
G=C Ij, ]. Then ^  -jt Xy and, say,
( 3 g G  Xy ) ( V f  G ) [f^<j>gl . We claim that for every such g,
[F3,_ /  CG3^ : indeed, for any such that d  {g}, weh> F̂. <

^■U^H f  ' 30 *letting H = [ M  ]) F a H / G a H .
*

have

We can also show that tt< W e/f ■■ «
where now F f M E G ^ p :  E ^ C -Cf} 3 } is a filter of ̂Yi g.
Indeed, notice that each *YYl g^_ is subdirectly
irreducible; moreover, if ACE^,.: i<k> ^ A  {Eg,: j<n}
then ( 3 j^n) < V*i<k) [ A^ B j 3 . Consider such a j: if f is
any total function such that f>eBj, then C /\ IE^.:
i<k33 4 [ A  (Eg.: j<n>3 , as desired.

^ J f
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We now fix the notation for some of the filters and 
ideals of introduced in DYHENT (1976).

1) Henceforth F will denote the filter generated by 
the non-zero finite degrees of difficulty; since the
finite degrees of difficulty constitute a sublattice of 
W .  , we have F M A :  ( 3  finite F) [F>0 & F<A).

2) Di will denote the filter generated by the
non-zero discrete degrees (recall that a discrete degree 
is one that contains a mass problem which is discrete in 
the Baire topology); since these degrees form a
sublattice, we have Di={A: ( 3  discrete D)CD>0 & D<A3}

3) C will denote the filter generated by the at most
countable non-zero degrees; as before we have C=(A:
( 3  at most countable C)tC>0 & C<A]).

We say that a degree of difficulty A has at most 
countable generalized basis if, for some mass problem 
(X , A= [ Q, ] and the set ={Cf]j: fG Q~ &

( V g €  Q. H g  /t at most countable. Notice that we
may have = 0  even when |(X|=2^0 ! For instance, let 
(X = 0  -C({f: [f]^ is minimal); then 10,1=2^° and

r0L = Als0/ rct =$  for -̂ = {f! cf]T r -e - & C f 3 T>oT ).
4) B is the filter generated by the non-zero degrees

with at most countable generalized basis; as before, one . 
concludes that B={A: (3B)CB>0 & B has at most countable
generalized basis & B<A).
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5) De will denote the ideal generated by the dense 
degrees different from 1; these degrees constitute a 
sublattice (if (£) ̂ , di 2 are 'two dense mass problems, then
(ft x v ())2 is clearly dense; 
moreover U  ( (2n) * ! : nG £0 }u (J { (2n+l) * (ft 2 :
nG £0 }, and the latter mass problem is clearly dense); 
thus De={A: (3 dense degree D)[D<1 & A<D]>.

None of the above filters and ideals is principal as 
is shown in DYHENT (1976).

In DYHENT (1976) it is also remarked that if B is 
infinite and meet-irreducible then (As B<A> is a non 
principal filter. To this we add that if B is in addition 
join-irreducible (for instance if B=Bf for some non 
recursive function f) then (A; B<A) is prime. 
Also, if B is join-irreducible then {A: BSA> is a prime 
principal filter; if B is meet-irreducible then (A: A<B) 
is a prime principal ideal.

To the above list we add the filter E={A:
( 3 non r . e . Ag ) • • . (3 non r . e . An ) C E^ ... a  E ^ < A I  } , i.e.
E is the filter generated by the degrees of enumerability
of sets whose e-degree is greater than oe .

Remark 1.1 E is not principal.
Proof. Given Ea ,..., Ea where (Vi,j^n)o

Ci / j |e A j ], let A be a subset of a) such that
0  <eA<eAo (see e.g COOPER (1982)); then (using the fact
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that every degree of enumerability is meet-irreducible: 
see Chapter I, Corollary 4.1), we have that 
Ea a  Ea /̂' ... a Ea < Ea qa . . .a Ea^; on the other hand, if E 
were principal then it would be generated by a degree of 
difficulty having the form Ea a ••• a Ea for some

O At

Aq, • . • , An C. [jo , thus the remark is proved. Another way to 
prove this remark is to choose a set A such that 
C V i  <n)[ |e A]; in this case Ea a Ea a ...a Ea <
E a A ... A  E a ] .

o AV

We now calculate the cardinality of the quotient
lattice for GG{F,Di,C,B,E}./0-
Clearly, if Gj_, G2 are filters and G 1 C.G2 then there
exists a lattice-theoretic epimorphism  ̂ >1/Yi - ,

(r<
hence | 2: | J.

G-a

Lemma 1.1 | I= ̂
Proof. Let {f(X/y): (x,y)GIR2 } be a set of

functions, indexed with the pairs of real numbers, such 
that ( V ( x, y ) , (u, v )G IR2 ) [ Cf (X/y ) 3-p is minimal in 2) t 6 
<x,y) ^ <u,v) =£> f(x ,y) |t f (u,v)*' For ©very AC|R, let 

A = * 9 : ( 3  xGA) (3 yG IR) [f (X/y) ^  a contains 2^°
T-incomparable T-minimal functions and if A,B are two 
antisymmetric subsets of IR such that A / B then 

a ^ B *  Notice also that, for every mass problem X  , 
if (X <, (XB then X i  a B (this is so since QaIq-b
and is meet-irreducible, being uniform). Suppose now
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that 'C is a mass problem such that B via some
recursive operator . Then ( V'xGB) ( V  yG IR ) C ^  ( f (x t y ) )
G X> 3; but ^ ( f  (x<y) >=Tf (x,y) since f<x ,y) belongs to a 
minimal T-degree and for no non-recursive gG can we
have hence has non countable basis.
Therefore, if A , B £  IR, A f B are antisymmetric then 
C[Q^]J . Since there are 2 ^°  antisymmetric
subsets of IR, we are able to conclude that ^as an
antichain of cardinality 2^

Corollary 1.2 The cardinality of the sublattice of
J

dense degrees has cardinality 2^
Proof. Immediate, since each (X  ̂ in the proof of

the previous lemma is dense in the Baire topology.

Corollary 1.3 For every GGIF,Di,C,B>, the 
cardinality of *Yfly is 22 n°.

(t
Proof. It is known that F C Di c C C. B, where all 

inclusions are proper (see DYHENT (1976)). Then the 
corollary follows from the observation preceding Lemma 
1 . 1 .

The cardinality of ;KK1./ will be calculated in 
Proposition 1.4.

We have already encountered several examples of 
proper filters and ideals, both principal and non
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principal. It should be remarked that all the lattices
considered so far (except for have exactly one
maximal ideal and one maximal filter, since in each case
the least element is meet-irreducible and the greatest 
element is join-irreducible.
Notice that in *^tw the filter generated by Bf (we omit 
the subscript w ) is maximal if and only if tfl^ is
minimal!

Proposition 1.3 The ideal De is prime.
Proof. Suppose that (ft q a (ftj< (ft (via the

recursive operator ^  ) and (ft is dense and Q  i (ft ; 
hence ( 3 f q G (ft ) t ^ ( f q )GO* (ft q ̂ : ^ s u c h  a function fq • 
We shall show that ( 3 ' <? ) E is dense & (ft q < ^  ];
thus either to to . and in this case (ft ^GDe since
(ft is dense, or ( 3  dense ) C (ft q - ^  ] and in this 
case (ft o ^ e an<  ̂ proposition is proved. Let A=(f:
^ ( f )(0)=0); clearly A is an r.e. set of initial 
segments and ( 3fQGA)EfQ fo^ • ^et ^=(g*f: ĝ  is a
finite initial segment & fG (ft & (3fGA)Ef £f]>. ^ is
dense, since ( V  g H g  C g*fQ] and g*fQG .Let eG co be 
such that ( V  fG^coH  ̂ <f>. i e <f )] (we are applying here 
the Fundamental Operator Theorem); denote by S the set of 
all finite initial segments and let (A3 ; sG w)}, CS3 : 
sGco} be finite recursive approximation to A and 
S respectively. Define
W={<<x,y>,u>: t"1(Du > is a finite initial segment &
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( 9  s) ( 3  gGS3 ) ( 3  fGAS) [5*f c x“l(Du ) & ( V i e s 3 ) ( V m e s 3 ) 
[lh(I*m)<lh(T_1 (Du > ) 1 & < Vt<s) ( VlGSt) (V m G A t )  Cl*m ^
x"1 (Du ) ] & ( V l G S 3 ) tlh(l)<lh(g) ( V m G A 3 ) Cl*m ^
t-1(Du )] & ( 3 z )[« x , y > ,z>GWe & {(a,b): a<lh(g)
& <a,b>6 Dz ) C. g & (<a,b>: <a+lh(g ),b>GDz } Q  Du 31>.

Let n be an r.e. index for W and let n be the
recursive operator defined by the enumeration operator 
^o(n) *we are applying again tha Fundamental Operator 
Theorem). It is easy to see that, for every total 
function h, 3^n (h>= \ x .h (lh(g)+ x)>, where g is the
finite initial segment obtained in the following way:

«»wsearch for the first step s such that there exist 1GS3 
and mGA3 such that l*m C h; let g be the finite initial 
segment such that ( 3 m G A s )[g*m C  h] and ( V l G S 3 ) Clh(l) 
<lh (g) ( V m G A 3 ) El*m ̂ h] ) .
Therefore, (ĵ g£ £  via n : this ends the proof.

Corollary 1.4 ( V  dense ) (V  $  0* (V  Gi ̂ ) [ Gi o A ̂  1 
i (Ji & C (Ji i discrete or (j} ]_ closed] =~> (D o- 3 •

Proof If i is discrete or closed, then for no
dense can we have 0  ^  (see Chapter I, Fact 7.3
and Corollary 7.3).

We are now going to prove some results which have as 
corollary that none of the filters F,Di,C,B,E is prime.
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Theorem 1.2 Let A , D C  co / A<eD. Then there exist 
Bq ,Bi such that CBo^e' are quasiminimal and
CADe=CD]e A ( CB0 ]e v' CBxle) .

Proof. Let A,D be such that A£eD. We want to find 
Bq /Bi satisfying the following requirements for all 
e (sG co and iG{0,lJ, where (^s/Bs^stto an enumeration
of all pairs of enumeration operators:
Rs : $s (D)=es (B0 V B1) = >  $s (D)<eA

•P<e,i>: ®i i ^e
®<e,i>: ^ e^i* total = £  $e (Bi> r.e.
S : A<q B q v B^
Throughout this proof, 0, a will be variables over the 
set of finite initial segments of 0-1 valued functions. 
We shall define two increasing sequences *3o,s*sGw' 
{®l,s^sG W  finite initial segments of 0-1 valued
functions and show that the sets Bq = U  *3q /S: s G c o),
B^= VJ s£ u) } satisfy the requirements ( for every
6, B+ denotes the set {x: x<lh(0) & 0(x)=lJ). 
We say that a pair (0,a) is compatible if lh(0)=lh<a) and 
( V < u , x >  < lh<0)>C0<<u,x>)=1 & a(<u,x>)=l xGA].
Since the set {0: 0 is a finite initial segment of a 0-1 
valued function} is linearly ordered by the ordering 
defined in the Introduction, we refer in this proof to 
the lexicagraphical ordering induced on the set of pairs 
{(0,<x): 0, a are finite initial segments of 0-1 valued
functions}.
Finally, for the sake of semplicity, in this proof we
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occasionally identify a set with its characteristic
function (as we do, for instance, in Step 4s+2), Case a) 
where We (x) denotes the value of the characteristic 
function of We on the input x).
In the construction below, at Step s) we define 6 o,s and 

0 l,s •
Step__0)_ 0o,O = 0 l,O= 0  •

Step 4s + l)
Case a) ( 3  x)( 3  0 ) ( 3  a)C0 o /4 S Q 0 & 0 l,4s =̂. a ®
(0,a) is compatible & x ^ $S (D) & xG0s (8+ v o+)l 
Then let (0,a> be the least pair with this property and 

define 0o,4 s+l=0' 0 l,4s + l=oc-
Case b) Otherwise, put ®i,4s+l=0 i,4s ^or ea°h iG{0,l}. 

Step 4s + 2)
Case a) s=<e,i> & iG{0,l>.
Let x = lh ( 0-l 14 g + i ) and define 0o,4s+2' 0 l,4s + 2 *n su°h a
way that they both have length x +1 and 0 i,4 s+2 (x  ̂

j We (x)=0 1 _i/4 s+2 <x).
Case b) s=<e,i> & i ^ {0,1>.
In this case let 0o,4s+2=0 O,4s+l and 0 1,4s+2=el,4s+l• 

Step 4s+3)
Case a) s=<e,i> & iG{0,l). We distinguish two subcases;
Subcase a) ( 3  0 2 0i,4s+2)< 3  x> < 3  y)( 3  z)C<x,y>G$e (0+ > 
& <x,z>G$e (0+ ) & y / zI .
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Let 0 be the least finite initial segment of 0-1 valued 
functions having this property; define 6 1 , 4 3 + 3 = 0 an<^

=0 l,4s+2*
Case b) If s=<e,i> & i ^ {0,1}, let ®o,4s+3=0O ,4s+2 an<  ̂

®1,4s+3=0 l,4s+2*

Step 4s + 4)
Case a) sGA.
In this case let u=pu.[<u,s>>lh(0i #43+3)3• Define
0o,4s+4 ' 0l,4s+4 such a way that, for every iG{0,l},
lh(Bf,43+4)=<u,s> + l, 0it4s +4<<u,s>)=1 and ( V  x)

clh(0 i,4s + 3 ) Sx<<u,s> 0 i,4s + 4 (x) / 0 l-i,4s+4 ] •
Case b) if s ^ A, then let 0 O,4s+4=0o,4s+3 an<̂

0 1,4s+4=04s+3•

We have only to check that the construction works. 
It easily follows by induction that for every s, the pair 
(0 0 ,3 , 6 1 ,3 ) is compatible.

-Suppose that for some sG Co , $s (D)=8 S ( B q v ); then at
Step 4s+l), Case a) does not hold. Hence $s (D)={x:
( 3  0 2  0 0 ,4 s}  ̂ 3 a 2 0i,4 s> C(0 ,a> is compatible &
xG8s ( 0+ •v' cc + ) 3 > : indeed, the inclusion follows from the

Subcase b) Otherwise, let 0Q, 4s + 3 = 0 0,4s + 2 an(  ̂ 0 l,4s + 3
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fact that for every tGco, the pair ®l,t* is
compatible; the other inclusion is
trivial. But then 4>a (D)<eA, as desired.

-Step 4s + 2) ensures that the requirement P<(S ) (s > > is
o * A

met, if (s)]_€{0 ,l>.

-Step 4s + 3) ensures thst Q<(s ) (s ) > is met, ifC * A

(s)^€{0,l>. Indeed, let s=<e,i>, where iG{0,l> and
suppose that $e (Bi) is total. Then 3>e (Bi) = (x:
( 3  3 D 0 it4 S+2 >Cx€<3?e <0 +)]}s the inclusion C  is
immediate; on the other hand, let <x,z>G$e (0+ ), where
0 O 0 i,4 s + 2 # and suppose that <x,z> ^  $e <B£); since $e (Bi> 
is total, there exists y f z such that <x,y>€<i>e (B^) : in 
this case, for some ®i,4 s -*-2 we must
have that <x,y>G$e ((0')+). Define

(1 if C3(x)i & 0 (x ) = 1 ] or [0'<x)J. & 0' (x ) =1 ]
0 if x<max(lh(0 ),lh(0 ')} & C0 (x>i = $  0 (x )=0 &

oc(x)= < 3' <x>J, 0 ' <x)=0 ] ]
I t otherwise

Clearly, we have «3®i,4s + 2 anc* <x,y>, <x,z> € $e (a+);
since y / z, Case a) of Step 4s+3) applies and the 
construction ensures that $e (Bi> is not single-valued, 
contradicting the assumption that $e (Bj[) is total. 
Therefore if 4>e (Bi> is total then it equals the above 
set, thus $e (B^) is r.e., as desired.
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-Finally/ s€A <£=̂> ( 3  u )E<u ,s >GBq & <u,s>GBi]; hence 
A<sBq v B^. This ends the proof.

Corollary 1.5 (N/aC:LO>(3 B0 /BiCu>)[B 0 / B^ belong 
to quasiminimal e-degrees & A^qBqVB^].

Proof. Let A=D in Theorem 1.1.

Following JOCKUSH-POSNER (1981), we may notice the 
following corollary:

Corollary 1 . 6  ( V a eG 5 3  e > ( ~3 quasiminimal < b Q ) e , < b i ) e , 

(b2 )e , (b3>e > cae=( (b0}e '̂ <bl)e > ^  <<b2 )e v (b3)e)3.
Proof. Let ae=EA]e be given. First find Bq/ B^ such that 
CBo3e • ^®l3e are quasiminimal and ASqBqvBi (see
Corollary 1.5) and then apply Theoreml.l taking D=Bq v 'Bi .

Corollary 1.7 The filters F, Di, C are not prime. 
Proof. Fix a non-recursive function f. Then, by 

Corollary 1.5, there exist Bq, B]_, such that EBqIq, EB^]e 
are quasiminimal and f<eB0 \/Bi. Thus E(f}3<Egov Eg^ : this 
means that Er >✓ Ed GF. On the other hand suppose that,0 A

for some countable mass problem S’ we have S’ < d. (fori
some iGEO,l}). Then by Theorem 3.4 of Dyment's paper (DYNENT 
(1976)) there must exist gG 'jf , such that g<eBi, a 
contradiction since B^ belongs to a quasiminimal 
e-degree. Therefore Eg^ ^  C. The proof is now complete 
since F C  Di C. C.
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To show that B is not prime, we introduce some 
notation and terminology (we follow LERHAR (1983)).

Let 2 be the set of all finite initial segments of 
0 - 1  valued functions;let ^ , c t , x  be variables over this 
set.
A tree is a function T: 2 — * 2 satisfying: 
o C  x =3> T(o) C- T(t); 
o | x T (a) | T (x ) .
Let us denote by Tr the set of all trees. A tree T is
recursive if T is a recursive function. We work here only
with recursive trees: for the sake of semplicity, we
shall drop the word "recursive". Id denotes the identity 
tree Id: 2 — ? 2 (i.e. Id(o)=o for all aG2). Given oG2
and a tree T, we say that a is on T (notation: o c T )  if
oGrange(T). A set A is on T (notation: A d  T) if, for
infinitely many a on T, o c  . We say that is a
subtree of T2 (notation: C T2 ) if
range(T^) C  range(T2 ). If a£2 and T is a tree, then T° 
denotes the tree defined by Ta (x)=T(o*x).

Given a, 'x€2, we say that (o,x) is strongly uniform if
lh(a)=lh(x) and
|{x<lh(o): a(x) 4 x(x)}|=l.
A tree T is strongly uniform (notation: s.u.) if
(V CT,xG2)Clh(o)=lh(x) lh(T(a))=lh(T(x))] and 
( V  f,o, x€2 ) C T ( f *0 )=T(f)*o & T( f*l)=T(p*x =*>(o,x)
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strongly uniform].
Clearly, Id is s.u.; if T is s.u. then ( VoG2) CT° is 
s . u . ] .

If o,xG2 and lh(a)=lh(x) then let Z (a ,x )={x<lh(a ):
o(x) f x(x)> and let tz-j.: iSk} be an enumeration of
Z(o,x) in order of magnitude. For a given set A c w  , we
say that the pair (o,x) is A-consistent if
( \/i*k) CiGA a(zi)=13 . If M 1 ,M2 Cco, then ( M * ^ )  is 
A-consisten if (Vo, xG2) Ca C Mq & x C & lh(o)= lhx)

(o,x) A-consistent].

Finally, let TQ,TiGTr. Then we say that (Tq ,Ti > is 
A-acceptable if
1 ) (T ( 0  >/T!< 0  )) is A-consistent;
2 ) Tq and are strongly uniform;
3) for every oG2,

f T x( 0  )(x) if x<lh(T( 0  ))
T 1 (o)(x)= •<

IT 0 (o)(x) if lh(T1 (0) )<x<lh(T1 (o) )

In JOCKUSH—POSNER (1981) we find the following result: for 
every set A C  w  there exist two sets Mq/Mi&oJ such that, 
for all eG OJ and iG{0,l>, the following requirements are 
met:
®<e,i>: '"fê * total C recursive or iPeMi ];

P<e,i>= Mi / t e J
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Se : eGA zeGMo (where (zn : n G g o> is an enumeration in
order of magnitude of (z: M q (z ) / Mp(z)}.

These requirements ensure that CMq It ' £Mj_3j are T-minimal 
and A:$t Mo v’ Mi •

Let ^•={Q<e/i>' P<e,i>'^e: ^  * i£{0,l}} and let (Rm :
mG Co} be an enumeration of 5-L . In JOCKUSH-POSHER (1981) the 
following lemma is proved:

Lemma 1.2 For every A-acceptable pair of trees 
(Tq,Ti) and for every mGCJ, there exists an A-acceptable 
pair of trees (Tq/Tj.) such that Tq C Tq/ t][ C. and
(To,T].) satisfies Rm (i.e. ( V  M q  on Tq)( V  M^ on Tp)[the
pair (M q / M i ) satisfies Rm 3).

Theorem 1.3 For every a^G 2)ip there are two disjoint 
families of cardinality 2 ° of minimal T-degrees {(mr )>p: 
rG R}, {(mg)^! sG S) such that ( VrGR) (V sGS)[a>p5T (®r ̂ T
v (ms )t 3 •

Proof. Let a^ be given and let AGa^. The argument is 
the usual tree of trees argument. Define a function tt:
2x2 -- > TrxTr by induction on the number n = lh(a)+lh(x) as
follows:

Step 0 ) n(j2f,j2r) = (Id,Id);
notice that (Id,Id) is A-acceptable.
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Step____ n + 1) Suppose that ti(o , t ) is defined on every pair
(o,t) such that lh(o)+lh(x)<n; for each such pair (a,x)
let n (a, x ) = (T^ x, T^1, x * (thus, for instance,
^0 0 ,̂ 0 0 ) = ( Id, Id) ) and suppose that (tJ>/T,Ta,x^ is

oA-acceptable; in particular T0/X, T0/X are strongly 
uniform.
Suppose now that (a,x) is a pair such that 
lh(o )+lh(x)=n+l; we want first to define n(a*i,x),- for 
each i£{0 ,1 }.
Let Tq be the tree defined by Tq( ^ ) ='̂ a>, x (i* j3 ); thus
T0 C x and therefore Tq is s.u. Define also T^ by

C Ta,x( 0  ><*> if x<lh(T0\ x < 0  ))
Tx( ) <x>=

(. T0 (  ̂) (x) if lh(TofX(.0 ) )<x<lh(T0 ( f ) )
>4We have therefore that also T^C. T0/X and it is easily

seen that (Tq /T^) is A-acceptable.
0 ABy Lemma 1.2, let now (Ta*itx,Ta*i#x) be an A-acceptable
o A rpair satisfying Rn and T0 *i/X C Tq , Ta*i,x - Tj_. Then

define
0 An(a*i,x)-(Ta*^/X,T0 *i/X).

n(a,x*i) is defined in a similar fashion.
Now, for every C QUO and i£{0,l> let <jc={T£Tr: ( 3 a  CC)
( B x C O I T ^ C  T] and let £ fl (this notation is
consistent with the one chosen when we have defined "A on

c oT"). Thus, for every C,D£to, A<^Mq v  and
c cfC / C’ . By usual cardinality arguments (since
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every T-degree contains only denumerably many sets) there 
exist two disjoint families {(m£>T: r GR}, { (nig)i;: sGS},
each of them having cardinality 2 ‘ ° and such that 
( VrGR) ( V sGS) C Cnig)j3«

Corollary 1.8 The filter B is not prime.
Proof. Fix a non-recursive function h. By Theorem 

1.3 there exist two antichians of 2) x -C C f r 3 x s rGR}, 
{[gs ]T! s €S} having cardinality 2 ‘ ° and such that 
(VrGR) (VsGS) [[fr ]>p is T-minimal & [gs 3<r is T-minimal & 
h<ffT v gs ).
Let (X = {f : h<xfJ/ Q,j_ = {fr : rGR) and Q-2=*9s: sGS}. Then 
a  jv a 2c a  and thus (X < Q.^vQ- Of course C&DGB; 
nevertheless neither C Q.  ̂] nor C 0-2^ belongs to B. If, 
for instance, ^  has at most countable generalized basis 
and we suppose that *  £ Q ± via some recursive operator

then, since < V r G R ) [ 'f (fr ) sTf r & ( V g G  £T)tg /T fr I3, 
we get a contradiction in view of the cardinality of the 
set {[fr ]T : rGR>. Analogously, ^  ̂  0-2*

A consequence of Corollary 1.7 and Corollary 1.8 is 
that the greatest element of the lattices W y ,  W / c , 
tyYV/  is join-reducible. The proof of Corollary 1.7 shows 
also that the filter of generated by the non-zero
weak degrees of solvability is not prime: let Fw denote 
this filter; then the greatest element of is
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join-reducible, in particular the Heyting algebra 
/,yKl is subdirectly reducible (see Fact 1.1).

F"v>C»

Proposition 1.4 W y  |=22 •E
Proof. Fix a non-recursive function f. First, we prove 
that there exists a family (having cardinality 2 ‘ 0 ) of
functions Igi; i€MR) (we index this family using the real 
numbers) such that ( \/i, jG IR) [ f |t gi & <f/9 i) is a
minimal pair in the e-degrees & i 4 j = >  9 ijT 9 j •
Let {$e'®e*eGco ke an enumeration of all pairs of 
enumeration operators.
Lemma For every recursive tree T and every e€ oj there
exists a recursive tree T'C. T such that, for every
A C T ' ,  if $e (f)=0e (ca ) then $e (A) is r.e.
Proof. Let T be a recursive tree:
Case a) < 3  x> ( 3  o€2) C x ^  $(f) & xG0e (T(o))].
In this case, let T'=T° for the least a for which Case a) 
holds .
Case b) Otherwise: let T'=T.
Clearly in both cases T' is recursive. Suppose now that 
$e (f)=0e (c^) for some A C T ' ;  then 4e (f)={x: (3cG2)
CxG0e (T(o))}. Indeed, the inclusion C is obvious; on the 
other hand, let x€0e (T(a)): then, since Case a) does not 
hold, x€$e (f), as desired. This ends the proof of the 
lemma.

Let us now return to the proof of Proposition 1.4. Define
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a function n: 2 — Tr by induction as follows:
Step 0) n(j2f) = Id;

Step_ e + 1 ) Suppose that ( VcG2) [ lh(o) <e =^n(o) has
already been defined & Tt(a) is a recursive tree]; in
order to define Tt(a*i), for iG{0,l}, let rt(a*i) be a
recursive subtree T' Q (n(c))°*^ such that 
(V a CT')[$e (f)=ee (cft) r.e.] (use the lemma).
For every set B c cO , let now ^g={TGTr:
("3o Ccg)Cn(o) C T]}, take Ag6 H ^ g and let 9B = cAg* We
have thus obtained a family {gs: B S u> } of cardinality
L,‘ y ,  v

2 ‘ ° such that (VB,CCuj)[B f C '=^  gg K gc & 
(Cf]e ,[gg]e ) is a minimal pair in the e-degrees]. By
cardinality, since each T-degree contains only 
denumerably many sets, we get a family (gj.: iGlR] such 
that (V i , I B ]CfIt 9i ® <f/9i) is a minimal pair in the
e-degrees & i i g ^ g j], as desired.
Now, for every antisymmetric A Q IR (for terminology, see 
Chapter I, Theorem 3.2) define ^-A = (g: or  ̂3i€A)
Cgi<Tg]}. Let A,B^ \R be antisymmetric, A ^ B, and
suppose that, for some Cq , . . . , Cn £ (xJ ,

0-, a ( <£,, a . . . z' ^  B ŵe may assume that for every
j<n Since Q* g belongs to a meet-irreducible
degree of difficulty ( ^ g  being uniform, see Chapter I,
Lemma 4.1) and q a 4 a  g we must have, for some j£n,

g; if i€B then this implies Cj<ef and Cj<egiJ
(since for every set A and total function h,
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= ^ A i eh); hence 0 = eCj, a contradiction. Thus
[[&a]] JccClB ]]e and, as in Lemma 1.1, Ŷf\y has an

0h 'o Eantichain of cardinality 2 ^

Theorem 1.4 For every e-degree ae>eoe there exists a 
countable set {(a:j>)e : iGCo> of e-degrees such that (Vi)
( V  j ae /e âi^e ^  ̂ J — 7  ̂ae^e^ai ̂ e v  ̂ a j ) e ^
( (ai)e ,(aj)e ) is a minimal pair in the e-degrees].

Proof. Let ae>eoe be given and let AGae . We want to 
define a family (A-̂ : iG U). > of subsets of CO such that the 
family < C A 3e : iG co } satisfies the theorem.
Throughout this proof a, 0, x denote variables over the 
set of finite initial segments of 0-1 valued functions. 
For every x,y,zGtO, <x,y,z> denotes <<x,y>,z>. As usual, 
($e'®e*eGCO an enumeration of all pairs of enumeration
operators.
For every iG cO, we will define a sequence (oci,s )SGco °f 
finite initial segments of 0-1 valued functions. At the 
end of the construction we will let A^= U{®i+,s: sG U)}. 
The construction aims to satisfy the following 
requirements, for every i,j,eG uj :
P<i,j> : A j/ $j(Aj_);

Q<i,J>: A-eAi V A j (for 1 /
R<i,j,e>: $e (A^) =0e (A j ) =^> $e (Ai) r.e. (for i / J).

Q<i,J> wil 1 be satisfied by guaranteeing that sGA 
(3m) [<j,<m,s>>GA^ & <i,<m,s>>GAj].
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Step 0) For every iG CO, let <̂ ±to~ 0  .

St e p  4s + l) Let s=<i,j>. We distinguish two cases.
Case a) ( 3 x ) c 3 a  3 ai,4 s ^ x ¥ A & xG$j(a+)].
In this case, let x,a be minimal with respect to this
property and let l = maxC{lh(a ) } U  I<i,y>+1 : (3h)
Ca(<h,y>) = 1 ]>3 .
Define

«i,4s+l(y )= 

For every h / i define

«h,4s+l(y )=

a(y) if y<lh(a)

if lhCa)<x<l

ah,4s(y> if y<lh(ah,4s>

0 if lh 4 S ) <y<l
Case b) Otherwise: for every h€CO , let 4 s+i=ah,4s•

Step 4s+2)
Case a) s=<i,j,e> S i / j.
In this case, let m be the least number such that 
<j,<m,e>> ^  <3°m (“i, 4 s + l ̂ & <i,<m,e>> ¥ domCctj , 4 S + 1 * •
Let l=max{<j,<m,e>>,<i,<m,e>>>.
Define
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f ai,4 s+l(x) if x<lh(ai/4s+1)
1 if x=<j,<m,e>>

«i,4s*2<x >=
0 if lh (ot£ 14 s + i) ix<l & 

x / <j/<m/e>>
and

( «j,4s+l<x) if x<lh(aj/4s + l)
1 if x=<j,<m,e>>

aj,4s + 2 (x) =
0 if lh<otj ,4 s + i > ix<l & 

x / <i,<m,e>>
For every h ^  {i,j}, define

f«h,4 s+2 <x) if x<lh(ah)4s+1) 

«h,4s+2(x)= j
0 if lh(ah/4S+1 )<x<l

Case b) if s=<i,j,e> & i = j then, for every h£ CO define

ah,4s + 2=0th,4s + l*

Step 4s+3)
Case a) s=<i,j,e> & i / j. Let us premise the following

Definition If a 5 0 1 , 4 3 + 2' ® - aj,4s+2 we say that a, 0 are 
compatible (notation: a cpt 0 ) if, letting
l=max[{lh(aj^4s+2 )> U  {<i,y>+l: a (<j,y>)=1 }], we have 
lh(0 ) >1 & ( V x ) [ 0 (<i,(x)0 ,(x)!>)=l & a(<j,<x)0,(x)!>)
(x)iGA.
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In Case a) we distinguish two subcases:
Subcase a^) ( 3  a 3 cc-̂ ̂ 4 S + 2 ) ( 3 0 ? a j # 4 s + 2 ) < 3  x ) C a cPt ® &
xG$e Ca+ > & ( V x  3 0 ) C x g 9e (x+ )}].
Let a,0 be minimal with respect to this property and let 
1 ~ max[{lh(0 )} U  (<i,y>+l: (3h) [a (<h,y>)=13> U
t <i / y > + 1 : ( 3 h ) [ 0 ( < h , y » = l ] J ] .
Define

fa(y> if y<lh (a)

«i,4s + 3 (y>= 'N
' 0 if lh(a)<y<l

and
r 0 (y) if y<lh(0 )

«d,4s+3<y)= <
( 0 if lh(0 )<y<l

For every h ^ ti,j} define

C 0th /4s + 2^ y ̂ if x<ih(ah/4 S + 2 )
ah,4s + 3 (y^ = \

0 if lh(ah/4 s+2 )<y<l.

- Subcase a2 > Otherwise, for every hG to let ah,4s+3 

=ah,4s+2•

Case b) s=<i,j,e> & i=J: for every hG to let

ah,4s+3=ah,4s+2•

Step 4s+4)
Case a) s=<<i,j,e>,x> & i j j .
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Subcase ) ( 3 0 5 otj t 43 + 3 > CxG8e (0 + ) ] .
Let 0 be the least such initial segment and let
l=max[{lh(0 ) U«j,y>tl: ( 3 h)[0 (<h,y>)=!]>.

0 (y) if y<lh(0 )

0 j,4s+4(y )=
if lh(0 )£y<l

For h / j define

«h,4s+3(y ) if y<lh(ah,4s+3)
«h/4s+4(y>=

0 if lh (och/ 4 s + 3) <y<l

Subcase a2 > Otherwise, for every hG 10 define ah,4s+4 = 

ah,4s+3•

Cse b). Otherwise (i.e. i = j> let cth,4s+4=ah,4s + 3 ^or 
every hGw.

At step 4s+l> we ensure that A f $j(A^) (if s=<i,j>): 
indeed, if we suppose that A = <£j(Ai) then we are led to 
the conclusion A=(x: (3 a 0 a^/4S )[xG$j(a+)]>; thus A
would be r.e., a contradiction.

Step 4s+2), if s=<i,j,e> and i f j, ensures that 
eGA (3m)[<i,<m,e, >>GA^ & < j , <m, e>>GA j ] .

We now check that the construction works.
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Finally, we have to show that, when i / j,
C[Aile ,EAj]e ) is a minimal pair in the e-degrees.
Suppose . $e < A ) =0e (A j ) . Then we claim that $e (A£>={x:
( 3 a - Oi(4 <i(j,e> + 2 )CxG$e (a+ )] } : Indeed, the inclusion ^
is obvious; to show that also the other inclusion holds, 
let x G $e (a+ ) where a D a ^ 4 < i , j /e>+2* may assume that 
( ? aj , 4 <i , j , e> + 2 * ̂ 13 cP't a ==^ <3xJ?0)Cx € 9e (x+)]],
otherwise the construction would ensure x ^  0e (Aj), a
contradiction. Now, let 3 be the least initial segment 
such that a cpt 3 and lh C 3) >lh (a j / 4 <<i , j t e > , x> * an<3 ® is 
"filled in" by 0's. So (3 x 2 3)CxG0e (x+ )]. But then 
(3 x 2 aj,4 <<i,3 ,e>,x>5 Cx€0e <x+ >], since 3+ £
a j t 4 <<±/j , e>, x> an<  ̂ thus Step 4<<i,j,e>,x> ensures 
xG0e (Aj), so xG$e CAi>. Then also the inclusion 3> is 
shown to hold and we comnclude that $e (A.£) is r.e..

Remark 1.2 As in Theorem 1.1 it is possible to 
construct ->the sets (A^: iGCv) in such a way that, for 
every i,eGUJ , the equirements 
S <S/i>: $e (A^) total 4>e (Ai) r.e.
are met; thus each CA^]e is a quasiminimal e-degree.

Corollary 1.9 The filter E is not prime.
Proof. Let A be a non-r.e. set and let {A^: iG w }  be 

as in Theorem 1.3, with respect to A. Define
(X = U  i 2 i* i€ w }, $ = U { ( 2 i + l ) * £ A i : iGu>}.
Then ^ A< Cl v fa (the reduction A<eA ^ v A j  is uniform in
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1,3). Nevertheless, neither 0. nor belong to the
filter E. Indeed,, suppose for example that
^  r a • • • a ^  r  ̂Q. , for some Bo,...,Bn C. ul such that

O /rt

< Vi<n) C j0/<eBi 3 . Then (ViGoi) [ boa • • • a  ^  -
^ a .]. Since ^ a . is meet-irreducible, ( 3 j<n)( 3 in ) 21

( 3 ii) C i0 4 ii & ^ B • - ^ A , ; & ^A.. ; ] • HenceJ 2--*-o J -i-*-1
CB j 3e-eCA2i]e A c A2i]e' which implies 0 =eB -j / aw  O 4o
contradiction

Corollary 1.10 W e, p is not a Brouwer algebra. 
Proof. Let A, lA^: iG to } be as in Corollary 1.9. Let

i if x =0

If x>0 & x-lGA< x ii
I t

x if xGA 
A (x)= { ^ (x)

^ otherwise  ̂t otherwise

Then, in { H A } *{ ^  0 } v { ^ i 2 ^ O J .  By an argument
similar to Corollary 1.9, one can easily see that the set 

{AeG W e ,F: >f A }]-ec* tfo }]e v Ae* does not have a least
element.

One could consider the filter E q >m< generated by the
degrees of enumerability of sets belonging to
quasiminimal e-degrees. Obviously Eq.m. E. The
following theorem shows that in fact Eq 4in>=E.

Theorem 1 . 5 (Vb>[ 0  <eB ^  (3 A)[[A]e quasiminimal 

& ,0 <eA<eB ] -
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Proof. Our strategy will consist in showing that if 
0 <eB then there exists a set A belonging to a 
quasiminimal e-degree such that 0 < eAieB. The result 
then follows by the non-existence of minimal degrees in 
the upper semilattice of e-degrees. In what follows D is 
a varaiable over finite sets. Expressions like <<i,j>,D> 
will have the meaning <<i,j>/u> where u is the canonical
index of D. We need two lemmas.

Lemma 1 BG A 2 & 0  <eB (3 A) [A quasiminimal &

0 < eA<eBl.
Proof of Lemma 1 Given B as in the statement of 

Lemma l,we want to construct an enumeration operator 0 
such that, letting A=8 (B), A satisfies the lemma. In 
order to construct such an enumeration operator 0 , we
define an r.e. set W by means of which 0 will be defined.
W will satisfy the following property: (Vi) ( V j )  ( Vd)
£ <<i,j >,D>GW D={j > or D=0  ]. Thus, if £03 >seto is a
finite recursive approximation to 0 and (Bs }sg LO is a 
A  g-approximation to B, then ( V x )  [ lims0s (Bs ) ( x) 
exists].
In defining W, we want to meet the following requirements 
for every eG u>:
Pe : 6 (B) / We;
Re : $e (8 (B)) total $e (0(B)> r.e.
In the construction below, 0s is the enumeration operator 
defined by Ws ; also, given a set C and a number x, Cfx 
denotes (yGC: y<x>.
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Step 0) W° = J0f .

Step s + 1) Ws+1 consists of the elements of Ws plus those
numbers which are put into Ws + 1 through a) and b) below,
for every e<s.
a) <<e,j>,{j}>6 WS+1 for every <e,i> < L(e,s) where 
L(e,s)=max{x<s: (0S (BS ) ̂ x ^ e t x * *
b) Let Ze={<i,x>: x€ u) & i>e> and

r pt<s . C (V n )  [t£n<s $e*Du> non single-valued 
& DUC 0n (Bn) U Ze ] if such a t exists

/*j(e,u,s)= /

s + 1 otherwise.
* pu<s.[$J(Du ) non single-valued & (Vv<s)

C$g(Dv ) non single-valued (e, u , s ) <
u(e,s) = /  <e,v,s)] if such a u exists

v. 0 otherwise 
Now, if (3D)[lg(D) non single-valued & D C 0S (Bs ) U  Ze 3, 
then le,t D=Du(e,s) and ( V d G D 0Ze ) C <d , 0  >€V3 + ̂ ] . We say in 
this case that <d,J0 > is enumerated in W at step s+1) 
because of Re .

Finally, let W= U  *WS : sGcu}.

Let now



204

Me ={<e,j>: <<e,j>,{j)> is enumerated in W via a) at some
step s+1 ) of the construction)

Ne=(d: <d,0> is enumerated in W via b) because of Re at
some step s+1 ) of the construction)

Sublemma 1 . < V k <e)[M|c finite & N^ finite) Me finite.
Proof of Sublemma 1. Suppose that Me is infinite; then
the function As.L(e,s) is unbounded. Therefore (V^)
C « e ,  j>, { j )>GW) . Now, <<e,j>,0>GW ^=^<e,j>G 
k<e). Thus, for all but a finite number of j's, 
<e, j>G0(B) 4=±> jGB.
But lims0s (Bs )(x ) exists for every x, and since 
■\s.L(e,s) is unbounded, we have that 0CB)=We , which 
implies B r.e., a contradiction.

Sublemma 2 . <\/k<e)[Mjc finite) =$> Ne finite.
Proof of Sublemma 2 . Suppose (Vk<e)[Mjc finite) and let 
s be a stage such that
( Vi<e) ( Vj)[<i, j>G0 (B) ( V t i s ) C <i, j>G8‘t (B1*-) )) (such
a stage exists since {<<i,j> ,{j )>GW: i<e) is finite &

( V^x)Clims0s (Bs )(x) exists).
Let t>s and D C 0 t (Bt ) U Z e be such that $q(D) is not 
single-valued. Then limsu(e,s) exists and, say, 
limsu(e,s)=u and (V t '>t)[u(e,t')=u); in particular, 
after such a stage t, <d, 0  > is enumerated in W because 
of Re only if dGDu ; this shows that Ne is finite.
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It follows (Ve)[ Me finite & Ne finite].

Let us now go back to the proof of Lemma 1. First, we 
show that each Pe is satisfied. Suppose, for the sake of 
contradiction, that 0(B)=We . Then, since
(V x )Clims0s (Bs )(x) exists & limsW®(x) exists], we have 
that \s.L(e,s) is unbounded. Thus Me is infinite, a 
contradiction.

To show that each Re is satisfied, suppose that $e (0(B)) 
is total and let X={<i,j>: i<e & <i,j>G0(B)J. By Sublemma 
1 and Sublemma 2, X is finite. We claim that 
$e (0(B) )=4>e (X U Ze ) .
The inclusion C  is immediate. As to show the other 
inclusion, suppose that <i,j>€$e ( X U Z e )-$e (0(B)). Since 
$e (0(B)) is total, there exists k ^ j such that 
<i,k>G$e (0(B)). But then <i,j>, <i,k> G $e (Xu Ze ) and
after a stage s such that (V t > s ) tX C 0 ^(B"1-) ], the
construction will force $e (0(B)) to be non single-valued, 
a contradiction. Since §e ( X u Z e ) is r.e., Re is met, as 
desired.

Lemma____ 2. There exists an enumeration operator 0 such
that, for every and e6 W
0 (B) r.e. BG A  2 ?
$e (0(B)) total $e (0(B) ) r.e.
Proof of Lemma 2 . Again we shall define an r.e. set W by
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stages. Then, the enumeration operator defined by W will 
satisfy the lemma. At step s) we define a finite set Ws : 
the desired r.e. set W will be given by W= U  (Ws : sG co }.

Step 0) W°=j2f •

Step s+1) Ws + 1 consists of the elements of Ws plus those 
numbers which are enumerated by the following procedure. 
Consider all triples (m,n,e) such that <m,n><s, e<s, 
m ^ n, (m)o'<n)0 : for each of these m,n consider also all 
finite sets F such that max(F) < max{m,n).
If m,n,e and F (where F is finite) are such that <m,n><s, 
e<s, m f n, (m)Q=(n)o/ max(F) < maxim,n) and if 
m, nG$4 < 8s (F) U S) (0 is as in Lemma 1) where S£I<i,,j>: 
jie & j>maxlm,n}}, then, in correspondence with such 
m,n,e,F choose S having this property and minimal with 
respect to inclusion. Then, for every <i,j>GS, let 
<<i, j>,J0>GWs + 1 .
Finally, for every j<s, let <<i,j>,{j}>GWS+1 , where <i,j> 
is the least element of the j-th column such that 
«±,j>,0> ^  W3 + 1 .

Sublemma 1 For every j, the set (<i,j>: <<i,j>,0> or 
<<i,j>,{j}> is enumerated in W at some step s+1) of the 
construction} is finite.
Proof of Sublemma 1̂. Let j be fixed. There are only a
finite number of triples (e,<m,n>,D) such that m / n,
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(m)o=(n)Q/ j>e,max{m,n} and D is finite and 
max(D) < max{m,n>.
If m,n are as before and ni,n6$g(9s (D) US), where S is 
minimal such that S CI<i,j>: j>e & j>max{m,n>} then
( V<i, j>ES) [<<i, j>, /0'>GWs ] . Thus at every stage t>s+l, 
the relevant set S for (e,<m,n>,D) is the empty set.
Therefore, only for finitely many i, do we have 
<<i, j >, j3/>GW; but then after this finite set has been 
enumerated in W, the number <<i,j>,{j}> which is 
enumerated in W never changes.

Sublemma 2 For every B£(0, 0(B) r.e. BE
Proof of Sublemma 2. In every column j, there exists
<i,j> such that <<,i,j>,{j}>EW & <<±,j>,J2f> ^  W.
Suppose that 0(B) is r.e., let z be an r.e. index of 0(B)
and define a sequence {Bs >sg tu of subsets of B by Bs=(j:
( 3i) C<i, j>ew| & <<i, j>, {j }>GWS + 1 & <<i, j > ,0 > ^  Ws+1]>. 
Then each Bs is finite and, by Sublemma 1,
(V j )£limsBs (j) exists & limsBs (j)=B(j)]; hence BE 2*

Sublemma 3 For every B and every eE , if $e (0(B)) is 
total then $e (0(B)) is r.e.
Proof of Sublemma 3 . Suppose that €>e (0(B)) is total. We 
shall show that ($e (0(B)))f>e=($e (GJ))f>e (where, for a 
given set C, C ^ e=(xGC: x>e>). From this, it follows that 
$e (0(B)) is r.e. as desired.
The inclusion Q is obvious. As to the other inclusion,
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let <i,j>G($e (co))f>e and suppose that <i,j> ^

(3>e (0(B) ) )\>e . But, then, ( 3  k ) C j 4 k & <i,k>G$e (0(B))3: 
let <i,k> G $e (6 (D)), where D is finite and let
F=D max{<i,j>,<i,k>; also r=max{<i,j>,<i,k> }: notice
that r>e. Then <i,j>,<i,k> G $e (0(F)U S), where 
SC{<u,v>: v>r}=(<u,v>: v>r,e). Therefore the
construction ensures <i,j>G($e (0 (B)))f>e .

Let us now return to the proof of Theorem 1.4 and let B 
be given such that 0 <eB. Let 0 be as in Lemma 2. If 0(B) 
is not r.e. then the theorem is proved. If 0(B) is r.e. 
then BG A  2 anc* t îe theorem is proved because of Lemma 1 .

Corollary 1.11 E=Eq-m>
Proof. Immediate, since E £ Eq >m>/ by Theorem 1.5.

Corollary 1.5 and Theorem 1.5 suggest the following 
question: when do we have A=eB g V B i  with Bq ,B^
quasiminimal and BQ<eA, B^<eA? For example the proof of 
Corollary 1.5 shows that this is always the case for any 
A such that [A3e>eo42) (see COOPER (1984) or MC EVOY (1984) for
the definition of Ogn ' ). Does this hold for AG22 (°r
even AG k?) or, less ambitiously, is it true that (V n o n  
r.e. AG A 2 ) (9 B0 ) ( 3  Bi) [B0<eA & B ^ A  & A = eBg V B]_ 3 ? . If
this splitting property held, then we would have a
variety of corollaries: for instance, we would be able to 
conclude that ( Vnon r.e. AG A 2 ) ( 3  BG A 2 ) f A le B3 .
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Regarding this last situation, we remark the 
following particular case. Recall (see COOPER-HC EVOY (1985)) 
that a set BG 2 ^  said to be low if B has a *—*2 
approximation such that (Ve) (Vx)[lims$|(Bs ) (x)
exists] (or, equivalently, if (N/e)[lims$e(Bs )(e)
exists]).

Theorem 1.6 If B is low, non r.e., then there exists
A such that A is low and Aje B.

Proof. Let BG ^  2 low, non r.e.; then
oe <e CBIe <e Oq (since no set in o@ is low). Recall that
o4=CK]e , where K={x: xGWx }. Fix a finite recursive
enumeration of K and, for every sGu; , let Ks=(x:
x ^ K3 & x<s>.
We construct a set A trying to satisfy the following
requirements, for every eG to :
P: A is low;
Pe : A / <&e CB) ;
Ne : B / $e (A).
We define a sequence <As >sg UJ of finite sets; at step
s+1 ) we let
lp(e, s) =max(x<s : As t>x=($e(Bs ))fx } 
ly (e, s ) =max{x<s : Bs |'x = (As ) ) f x }

• pz. CxG$e( (A3 )|> z ) 3 if such a z exists
u(e,x,s) = -I

v. 0 otherwise
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L (e ,s )=max{ly(e ,t ): t<s> 
r(e,3 )=max{e,u(e,x,s): x<L(e,s)).

Step 0 ) = 0  .

Step s + 1) For every e<s, for every x, <e,x>GAs+l if 
and only if
a) <e,x><lp(e/s) & xGK3 ;
b) <e,x>GA3 & [xGK3 or ( 3 i<e)[<e,x><r(i,s )]].
Finally we define A={x: (3 s ) <Vt<s)CxGA^].
Notice that {As }sg U) is a A  2 approximation of A: indeed, 
if, for some e,x,s, <e,x>GA3 and <e,x> As + 1 then, in 
particular, xGK3 : thus (Vt<s)[x G A^].

Lemma 1 ( Vi<e) C ̂  s.ljj(i,s) bounded] & ( Vi<e)
[ As.lp(e,s) bounded ] =^> As.lp(e,s) bounded .
Proof of Lemma 1 . Suppose As.lp(e,s) unbounded: since

{As }gGa) *$e*®s **sGw are *^2 approximations to A and 
$e (B) respectively (we use here that {Bs )gfeUj is a low 
approximation),it follows that A=$e (B).
On the other hand, the assumption (V i < e )(A s .1^(i /s ) 
bounded] & (V i < e )C X sip(i ,s ) bounded] allows us to
conclude that tr(i,s): i<e & sG w } is bounded (use the
fact that {<i,x>GA: i<e & x€ <-0 > is finite, (As }sg 0j is a
■A 2 approximation of A and clause b) of the definition 
of A) .
Therefore, letting R=max(r(i,s ): i<e & sG^u), we have
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that (Vx)[<e,x> > R [xGK 4=^ <e, x>GA ] ] . From this it 
follows that KieA=$e (B), hence K<eB, a contradiction.

Lemma 2 (V  iie) [ X s . Ip ( i, s ) bounded] & (Vi<e)
C ̂  s.l^(i,s) bounded] =£> ^s.l^<e,s) bounded.
Proof of Lemma 2. Suppose that As.l^j(e,s) is unbounded.
By the assumption (V i < e )[X s .Ip(i,s ) bounded], we have 
that {<i,x>: i<e & <i,x>GA> is finite; thus let t be a 
stage such that ( Vs>t) (Vi<e) ( V  x) C <i, x>GA 4=  ̂<i, x>GAs ] . 
It follows that, for every x, xG$e (A) <4=$ (3s>t)[x<L(e,s)
& xG€>4 (As )]: indeed, the implication follows from
the fact that L(e,s) is unbounded; on the other hand let 
x<L(e,s) & xG$e <A3 ) where s>t and suppose, for the sake 
of contradiction, that there exists s '>s such that x f:
c» |$e (A3 ); let s' be the least stage such that this holds; 

then x G $ | * <A3 ' >  and, for some finite set D such that 
max (D) <u (e, x , s '-1) and D C A 3 ’"^, xG$J* (D) . But
x<L(e,s'-l), thus max (D ) <r (e, s '-1 ): moreover, (V<i,x>GD) 
Ci<e <i,x>GAs # ] and if <i,x>GD and i>e then <i,x>GAsf, 
because ( j ) ( \/x) C j>e & <j,x> G A3 ,-A3,“l —  / <j,x> >
r<e,s'-l)]. We conclude that xG$q (A3 *), a contradiction. 
Since C V x ) CxG4>e (A) 4=$. ( 3  s>t) Cx<L(e ,s ) & xG$|(A3 )],
$e (A) is r.e.
Using that As.ljj(e,s) is unbounded and arguing in a 
similar way, one is led to conclude also that B=$e (A), 
which would imply that B is r.e., a contradiction.
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From Lemma 1 and Lemma 2, we have (Ve)C^s.lp(e,s) 
bounded &As.l^j(e,s) bouned] .

Lemma 3 A is low and tAs }sg 0J is a low approximation to
A.
Proof of Lemma 3. Let e,x£cO be given. Since (Vi^e)
CXs.lp(i,s) bounded], we have that (<i,x>: i<e & <i,x>GAJ 
is finite. Let t be a stage such that (Vs>t)(Vi<e)(Vx) 
[<i,x>GA<£=^ <i,x>GAs 3. Exactly as in Lemma 2, one can 
show that if, for some s>t, xG$J(As) then 
( V s  ' >s) CxG$| As * ) ] : hence lims$e(As )(x) exists.

We are now in a position to conclude the proof of the 
theorem. Let e£ w  be given: since A s .Ip(e,s) is bounded, 
it follows that Pe is satisfied; by Lemma 3 and since 
^s.ljq(e,s) is bounded it follows that Ne is satisfied.

Let us now consider M e and let F denote the filter 
of W e  generated by the non-zero degrees of solvability.

Proposition 1.5 Ljj(
Proof. For there hold results similar to

Chapter II, Theorem 1.3, Theorem 1.4, Corollary 1.10
j-, - W r i ~ &(considering t J ̂  k>l> instead of { k>l>): recall

that every countable partial order is embeddable in the 
quasiminimal e-degrees: see for instance COOPESTAKE C ? 3, 
where it is shown that each 1-generic set belongs to a
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quasiminimal e-degree and that the e-degree of a 
1 -generic set is preceded by a countable set of 
independent e-degrees of 1-generic sets (a set A is 
1-generic if for every recursively enumerable set W of 
finite initial segments of 0 - 1 valued functions either 
( 3  oGW)to c A] or
( 3 ct c A) ( V t D o )  Ix ^ W l ) .
Thus the proposition can be proved as in Chapter II, 
Corollary 1.12.

Remark 1.3 In , the greatest element is
join-reducible, since the filter F of is not prime:
it suffices to find two incomparable quasiminimal 
e-degrees that join to a total e-degree (this can be done 
as a consequence of Corollary 1.5). Then the equivalence 
classes of the corresponding degrees of enumerability 
join to Clip in ^  .Nevertheless, does not
have coatoms. Indeed, we have that (VtE^Ip )( 3lEgIp ) 
CCE^Ip < CEglp < 3, as is shown by the following

Theorem 1.7 (Vquasiminimal ae )( 3 quasiminimal ce )

£ ae <e ce ^ •
Proof. Let A be given such that CAIe is

quasiminimal. We build a set C in the form B v A ,  such 
that [CIe will satisfy the theorem. It suffices to find a 
set B such that the following requirements are met, for 
every e£ to :
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P- : B v A  / *e ( A ) ;
Re : ie (B vA) total =4> 4»e ( B v A )<eA .
At each stage s of the construction, we define a 0-1 
valued initial segment 0S : at the end of the construction 
we shall let B = U { 0g: sG u j > .
Let 0_!= 0.
Step 2e) Let 0 2e be such that lh(02e* = -'L̂ 1 * ©2e-l > +1 an<* 0 2e
is defined by

( 0 2e-l(x) if x<lh(0 2e-l>
0 2 e (x)= \

l-$e (A ) (2x ) if x=lh(0 2 e-l>

Step 2e + l)
Case a) ( 3  0 i?02e^ ( 3 x ) ( 3 y ) ( 3 z ) C y  / z & <x,y>G$e ( 0 + v  A) 
& <x,z>G$e (0+ v A) 3 .
Let 0 be the least with this property and define 0 2 e+i=0 . 
Case b) Otherwise, let 02e+l=0 2e*

Pe is satisfied at Step 2e); hence A<eB v A.
Suppose now that $e (BvA) is total; then $e (B vA)={x; 
(3  0 3 0 2e )[xG$e (0 + v A)1}. This is seen in the usual way 
(see for instance Theorem 1.1). But then Je ( B v A ) < eA, as 
desired.

We have left in this section several unsettled 
questions. For example:
- Is L B t W , /  >=J? (Certainly, JGLBtVYIys >>•
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- What is the cardinality of
Here, certainly we have 2’ Indeed, let us
recall the following result from DYHENT (1976): if Cl ,
ft , r  are mass problems such that &  is effectively
discrete, Cl ^  , $  < ($ v 'C , then ^  is nowhere dense
in the Baire topology. From this result it follows that
if *  - i  are finite mass problems such that Q ^  ,
then for no dense mass problem Gl can we have "3 i v (J)
(hence C C ^  3 3̂  / C C ^  3 3De > . This impli<Les

Fact 1.2 m  p is embeddable in De

Thus, trivially, 2So S I W / I .
1 'De

As we have remarked, we have F C Die. C C. B (as shown/■ ■/
in DYHENT (1976), Theorem 3.3: as to B ^ C, Dyment proves
for example that if f is not recursive then for no 
countable non-recursive mass problem Cl can we have
Cl < {g: f <«r9>) •

Fact 1.3 FC E; Di^E; E pfC .
Proof. That Ec/C holds, follows from the existence

of quasiminimal e-degrees and Theorem 3.4 of DYHENT (1976):
namely, if Cl is countable and 0- £ £  ̂ then
(3 f€ & ) [f<eA3.
F C  E: this is obvious.
-t

To show that DiOf E, let tl = {fj: iGoo } be a discrete mass^E, let &  = {f± : iGoo 3 be
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problem such that (Vi,j)Ci ^ j ( C f ̂ ]e , [f j ]e ) is a
minimal pair in the e-degrees] and suppose that cClDGE.
Then there exist Ag*•••/An such that A a  . . . A  ^ A £ &© Al
(assume ( V i ) [ 0  <eA±]): let *¥ be a recursive operator
such that < a  > c r, A . . . a  . Then, for some i,j,ko
with i / j we are forced to have (f^)€ ““ A^ anc*
'Vl (f j >e <: A , which implies • a contradictionK
(recall that for any set B and function f , B<^f ==̂  B<ef).

- Is E <£ B?
A positive answer to this question would be given by 
finding a set A and an uncountable family of sets (B^: 
iGI} such that CA]e is quasiminimal, ( V i € I ) C CB* 1^
T-minimal3 and ( V i G I ) C A<eB^ ] .
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2. A note on quasiminimal e-degrees and total e-degrees.
In CASE (1971) it is conjectured that there are no 

sets A such that A lies in a total e-degree and A lies in 
a non-total e-degree. We shall show that this conjecture
is false: in fact there exist sets A such that CA3e is
quasiminimal and CA3e is total.
Let K=(x: xGWx >. We recall the following

Lemma 2.1 a) CK3e is total; 
b) for every AG ̂ 2' A£eK.

Proof. a) That CK3e is total follows from the fact 
that KG T T i and for every AG TT*^, CA3e is total (see 
Lemma 6 (2) of COOPER (1984);
b) by Corollary 3.1 and Proposition 2.1 of MC EVOY (1985), 
for every A G ^ 2 ' A<e (x: xG$x ( 0 > } ;  the claim follows
since clearly tx: xG$e ( 0 ) thus (x: x€$x ( 0  ) } and
a fortiori (x: xG$x ( 0  )}<eK.

Theorem 2.1 There exists a set A such taht CA3e is 
quasiminimal and CA3e is total.

Proof. Let ^Ks 3sg be a finite recursive
approximation to K; assume also that <0 ,0 >=0 .
We aim to satisfy the following requirements, for every 
eG a) :
Pe : $e (A) total $e (A) r.e.
Ne : A i We .
We define a sequence iAs Jsg u> of finite sets by induction
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as follows

Step 02. Let A® = 0  .

Step s + 1) By induction on e, define the following set and 
functions:
He/S={x: (3i<e)[x=r(i,s)]};

/ pu<s . [ {xGDy: (x)0>0JnHe/S=j2f& {x: <0,x>GDu} <L
Ks & $ e ^ u) non single-valued 3, if such a u 
exists 

0 otherwise 
(e,s) =px. C (x)q>0 & ( Vi^e) Cx>max<Du ( s ) ) &

(Vi<e) Cx = m ( i , s ) ] ] ] ;
I px.CxGwJ & (x)q>0 & x>m(e,s)],if such an x 

exists
r (e , s ) =

iu(e,s) =

m

otherwise

Then define As + -*- by letting xEAs + l if for some e<s one of 
the following holds:
<a) (3 y)Cx = <0 ,y> & y€Ks ];
(b) 5cGDU (e/S);
(c) r(e,s)=0 & x=m(e,s).
This ends Step s+1).

Now define A by x€A if (3 t )(V s £ t )Cx€As 3: since the 
relation x€As is recursive, A is clearly a 2  2 set.
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Sublemma 1_. ( V e ) C limsu (e , s ) , limsm(e,s), limgr(e,s)
exist].
Proof of Sublemma 1. By induction. Let e€cu be given and
assume that ( V  i<e)[limsu(i,s), limsm(i,s>, limar(i,s) 
exist]: for every i<e let ri=limar (i,s ) and let He={x:
( 3i<e)Cx=r£]}. It easily follows that

',pu.[{x€Du : (x)0 >0>nHe= & <x: <0 ,x>€Du ) C K
& $e *Du > non single-valued], if such a u 

limau(e,s)=\ exists
v. 0 otherwise 

The proof that limsm(e,s) and limar(e,s) exist are 

similar.

For every e£ cO , let me=limgm(e,s) and re=limsr (e,s).

Sublemma 2 (Ve) C$e (A) total =^>§e (A) r.e.].
Proof of Sublemma 2 . Suppose that $e (A) is total. Let
Kg={x: ( 3 yGK)[x=<0,y>]) and let He={x: Cx)o>0 &

(3i<e)tx=rj_]J. We claim that $e (A)=$e (Kgu He ).
Indeed, that $e <A) is included in $e ( K g u He ) is a 
consequence of the fact that A £ Kq U He . Suppose now that 
for some <y,v>Gco, <y,v>€$e (Kg U He ) and <y,v> ^  4>e (A); 
since $e (A) is total, there exists w ■f v such that
<y,w>£$e (A). But, then, for some finite set D £ A, we have
<y,w>6 $e (D) and therefore there exists a finite set E
such that EnHe=j3" and <y,v>, <y,w>G$e (E) i.e. $e (E) is
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not single-valued. The construction ensures that in this 
case $e (A) is not single-valued, contradicting that 
assumption that $e (A) is total. We have shown that if 
$e (A) is total then $e (A) =$e (KQ He ) but the latter set 
is manifestly recursively enumerable and thus the 
sublemma is proved.

Sublemma 3 (Ve) [A 4 We ] .
Proof of Sublemma 3. Let eG <-o be given. We distinguish
two cases.
Case a) <3x)txGWe & (x )q > 0 & x>me I.
In this case re equals the least such x: thus reGWe but, 
on the other hand, re A because of the priority
assignment to the requirements and therefore A / We as 
desired.
Case 2) Otherwise.
In this case (Vx)(xGWe & (x) q>0 •=£x<me 3 and, for
cofinitely many s, meGAs ; thus meGA-We and the proof is 
complete.

We are now in a position to conclude the proof of the 
theorem. Indeed, Sublemma 2 and Sublemma 3 ensure that 
[A3e is quasiminimal.
By Sublemma 1 we have that A is a A  2 set; moreover,
(V y >  CyGK <£=$ <o,y>GA3 . Thus K<XA (which implies K<eA) 
and, by Lemma 2.1 b), also A<eK, since AG ^ 2 • Therefore 
A=eK and, by Lemma 2.1 a), CA3e is total.
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Remark 2.1 There holds Ahsca» In general if CB3e is 
total then B-ecB <see COOPER (1984)) Hence in our case 
A=eCfl[=ecA ‘ This can be seen also directly, since CA^eK<eA 
^cA-e^' since cĵ G ̂ 2  ̂•

The tecnique of Theorem 2.1 gives the following 
corollary to Theorem 1.6.

Corollary 2.1 ( V n o n  r.e. low B)( 3 a> CA  low & A |e B 
& CA)e quasiminimal].

Proof To the requirements of Theorem 1.6 add the 
following one, for every e£ u:
Re : total #e (A) r.e.;
also, modify Step s+1) as follows: let lp(e,s), lfl(e,s), 
u(e,x,s), L(e,s) be defined as in Theorem 1.6; let also 
He={x : (x)o>e ) /

r pu<s. [Du ? A s u H e & $q(Du ) non 
v(e,s)= single-valued], if such a u exists

^ 0 otherwise 
r(e,s) = max{e,u(e,x,s),maxDv (e# s ): x<L(e,s)}.

For every e<s, for every x, <e,x>GAs+l if and only if
a) <e,x>Slp(e,s) & xGK3;
b) if ( 3 D )  CD C. As u He & $q(D) non single-valued],
then Dv(e,s> ^  As+1;
c) <e,x>€As & CxGK3 or ( 3 i<e)C<e,x<<r(i ,s )]3
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The proof that all requirements are met is similar to the 
proofs of Theorem 1.6 and Theorem 2.1.
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