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INTRODUCTION

This paper investigates +the Medvedev 1lattice, the
Mucdnick lattice, the Dyment lattice, and some of their
sublattices. These are distributive lattices which arise
in a natural way within the study (and as
generalizations) of two of the most well known recursion
theoretic reducibility orderings, namely the T-degrees
and the partial degrees.

Notwithstanding their richness and, at the same
time, the pleasant regularity of their properties, these
structures have not been extensively studied. A happy
consequence of this fact 1is that this paper is
essentially self contained.

Consequently, the purpose of these introductory
pages is neither to review background material nor to
analize at length (nor even to 1list) the main results. We
want simply to sketch a historical outline of the subject
and to indicate the 1lines along which this paper
develops.

The Medvedev lattice was first introduced in HEDVEDEV

(1955), in the attempt to make precise the idea, due to

Kolmogorov, which consists in identifying true
propositional formulas with identically "solvable"
problems. Following Medvedev, one says that a mass
problem (i.e. a collection of total functions £from the

natural numbers into the natural numbers) corresponds to
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a given informal problem (for example the problem of
enumerating the elements of a non-empty set A of natural
numbers) if any of its functions can solve the problem
(in our example, can enumerate the set A) and any of them
can be obtained from any "solution" to the problem. The
notion of "solvable problem" is made precise by saying
that a mass problem is golvable 4if it contains a
recursive function. Corresponding to this definition of
solvablé mass problem, there is an intuitive notion of
reducibility between mass problems: gi‘ven two mass
problems QL ana 67) one can gay that 0. is "reducible" to
3 if, given any "solution" to @) (i.e. any recursive
element of 65) we can effectively get a "solution" +to
QA (i.e. a recursive element of Q ); Medvedev proposes to
make this notion precise by saying that a is reducible
to - @ (notation Q SG)) if there exists a recursive
operator qf such that W (®)c Q.. The relation £ is a
preordering relation on the set of mass problems. The
next step toward the definition 6f the Medvedev lattice
consigts in dividing this set by the equivalence relation
corresponding to < ( Q is equivalent to @J if 62 < @ and
G)Sa.): the partial order that we obtain in this way is
in fact a distributive lattice with a least and a
greatest element. Its elements are called deqgrees_ of

Medvedev'’s paper of 1955 gained a bit of notoriety

with the exposition of its contents by Rogers (see ROGERS



vii

(1967)) who proposed also several open problems about the
lattice. Remarkable is the solution to one of these
problems, given by Dyment (see DIMENT (1876)) who showed
that +the property of being of degree of solvability (i.e.
a degree of difficulty containing a mass problem of the
form {f}, for some function f£f) is lattice-theoretic. In
Chapter 1 we prove some results about the degrees of
enumerability (i.e. degrees of difficulty containing a
mass problem of the form {f: range(f)=A}, for some set A
of natural numbers); these results may turn out to be
ugseful +to face the open problem of establishing whether
the property of being a degree of enumerability is
lattice-theoretic (see again ROGERS (1967)).

The Dyment lattice (DYMENT (1976)) is a generalization
of the Medvedev 1lattice which consists in considering
mass problems of partial functions and defining the
notion of reducibility in terms of partial recursive
operators instead of recursive operators. The Mudnick
lattice  (MUCNICK (1963)) 1is obtained by droppihg the
requirement of effectiveness when defining the notion of
reducibility between mass problems: in order that A be
reducible to @7 one simply requires that
(Vge®rdee Qrresqqga.

A thorough investigation of the Mudnick lattice is
given as well as a detailed exposition of the

.relationships between these three lattices in terms of

lattice theoretic homomorphisms,
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As shown in MEDVEDEV (1955), DYMENT (1976), MUCNICK (1963)
respectively, the Medvedev 1lattice, the byment lattice
and the Mucnick lattice are in fact Brouwer algebras. We
shall see that the Mucnick lattice is also a Heyting
algebra, whereas the Medvec v and the Dyment lattices are
not. We shall introduce several sublattices of these
lattices which turn out to be of interest in that, as
intitionistic diagonalizable algebras, they enable us to
regard the jump operator in the T-degrees and the partial
degrees as a t-operator in the corresponding
diagonalizable algebras.

Chapter 1II is devoted to the problem of embedding
finite Heyting and Brouwer algebras in <the Mucnick
lattice and finite Brouwer algebras in the Medvedev and
the Dyment lattices (Chapter 1 contains also a
characterization of the countable distributive lattices
with least and greatest elements which are embeddable in
these lattices). The results concerning these embeddings
enable us to characterize the set of propositional
formulas which are +true in our lattices regarded as
Brouwer algebras (or as a ﬁeyting algebra in the case of
the Mudnick lattice; as is well known every Heyting
algebra and every Brouwer algebra c¢an be viewed as a
model for the intuitionistic propositional calculus),
thus golving an open problem in MUCNICK (1963) and showing
that the claim in ROGERS (1967)>, p. 289, that the

propositional formulas which are true in the Medvedev
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lattice (therein called identities) are exactly the
theorems of the intuitionistic propositional calculus is
false.

DYNENI (1976) is the only paper which studies at some
length filters and ideals of the Medvedev lattice; We
have +tryed to carry this study forward, by investigating
the algebraic structure of several quotient lattices of
the Medvedev and Mucnick lattices. A particular attention
has been paid to embedding finite Heyting and Brouwer
algebra into these quotient lattices with consequent
interesting conclusions in terms of intermediate logics.

Some of these results make use of theorems about the
partial degrees, which we prove in Chapter III. The paper
ends with an appendix (Chapter 1II1I, Section 2) in which
we show also that a conjecture due to Case (see CASE

(1971)) is false.



DEFINITIONS AND NOTATION

We will use without further comment the following
definitions and notation.

The get of natural numbers 1{0,1,...} is denoted by
w . ‘”u>denotes the set of all total functions from w
into W . Elements of this sgset are denofed by the lower
cage Roman letters f,g,h,...

(Yu)* denotes the set of all partial functions from
w into w. We use the lower case Greek letters T,ﬂy,)(,...
to denote partial functions from wW i1into W, with the
following exceptions:
partial functions from W into W whose domain is finite

(called finite segments) are denoted by ?,g:,j?,...;

partial functions whose domain is a finite initial

segment of w (called finite initial segmentsgs) are denoted

by E,E,K,..., with the exception of finite initial
segments of 0-1 wvalued functions which are usually
denoted by the lower case Greek letters a,B,Y ees (In
Chapter I1I we use the lower case Greek letters as
variables ranging also through the set of propositional
formulas of a given propositional language).A

I1f E is a finite initial segment, then lh(E3 denotes
the least natural number x such that x ¢ dom(g) (for any
partial function ¢, dom(y ) denotes the domain of Lf).

Unless otherwise specified, throughout this paper a

partial function is understood to be a partial function



from w into w ; likewise, a total function is a total
function from W into w .' The word "total" will be
frequently dropped: thus, a function is a total function.
Occasionally, we use Curch’s lambda notation for
functions.

Given a partial function ¥ and x€w, we write c.r(x).l,
(L{?(x) converges) if x€dom \.f); analogously, we write
u(v(x)T (x{(x) diverges) if xQ/dom(Lf). If '“f and “-'/ are
partial functioné and XE W, then nf(x).l, = "-r(x).],
abbreviates \f)(x)J, & "f(x)l & k((x)="f’(x). On the other
hand, ¢ =¥ (x) means [Ly)T & YTl or
Ly Gob =y x> 11,

Given two finite segments :é ’ ‘LT/ we say that

C{’ lexicographically precedes '\? if, for the 1least x such

that \};(xv) #‘\}”(x), either
¢ eof or
2) JuoleY ool & § Yo,

Given a set A, its characteristic function is
denoted by cp; sometimes and when this does not raise any
confusion, a set 1is identified with its characteristic
function. Thus, for instance, sometimes we write A(x) to
mean ca(x). “’2 denotes the subset of “w constituted by
all 0-1 valued functions, 1i.e. all characteristic
functions of subsets of the set of natural numbers.

g

w(,.) ig given the Baire topology. If £ is a finite

initial segment, let S§={g: Egg}. Then the family {Sf: £

is a finite initial segment} 18 a basis for this



topology. With this topology, “Lgis a complete metric

space.

The relativization of the Baire topology to “2 gives

the Cantor topology for the subspace “2 . %2 equipped

with +this topology is a complete and compact metric space

(called the Cantor gpace).

Capital Italic 1letters a ,®,7C,... are used,

possibly together with subscripts, to denote subsets of

“Wo or (YWw* We use the term mass problem to denote

subsets of u%o and the term mass problem of partial

If N and Y are partial functions, +then Lfvir
denotes the partial function defined by
%(y) if x=2y
'{V'\r(x)=
ﬂf(y) if x=2y+1
Most of our terminology and notation fof recursion
theory is standard and can be found in ROGERS (1967), with a
few changes and additions. Maybe the most significant
change 1s the notation for the pairing function. We fix a
1-1 recursive function A Xy.<x,y> from guz onto W and we
fix . also two recursive functions .Xx.(x)0,>\x.(x)1 such
that for all X, yEW, (<x,y>)p=x, (<x,y>)1=yY andv
<(xX)g,(x)1>=x.
If ngz, then Tt(R) denotes the set {<x,y>:
(x,y)ER} and if Acw then t~1(A) denotes the set {(x,y):

<x,y>€A}. A set A is gingle-valued if t~l(a) is a partial




function. A set ACw is said to be total if t=l¢A) is a

total function.

{S2lzew is an acceptable enumeration of all
partial recursive functions. Accordingly, an enumeration
{Wylzew ©f all recursively enumerable (shortly: r.e.)
sets is given, where Wzp=dom(Y{;). Let r be a fixed
recursive function such that , for every z€E W,
Wz=range( Yr(z)) and Yrez) is 1-1 and
(Vx)(Vy)Ix€dom( Yrez)) & y<x = y€dom( Yr(z))! (for
the existence of such a function see e.g. ROGERS (1967)). W,
denotes the finite seé {x: (33y<s)[x=<fr(z)(y)]}.

If Fc¢w 18 finite then the number S {2X: x€F} is

called the canonical index of F; we have a 1-1

enumeration {Dy: u€w?l of all finite sets, where D, is
the finite set having canonical index u.

®#, is the enumeration operator defined by the r.e.
set Wy: thus, for all Acw , ®5(A)={x: ( Jull<x,u>€W, &
DyCAl}. If & is an enumeration operator and ¢ is a
partial function, then @(f ) denotes the set Q(t(?)).

A partial recursive operator Q is a partial mapping
of (“W* into (Yw)* which is defined by means of an
enumeration operator, i.e. there exists an enumeration
operator & such that (\qudom(Q))[Q(%)=t'1(®(f))]. R, is
the partial recursive operator defined by the enumeration
operator &,.

A partial recursive operator vwhich is total is

called recursive operator. Thus, a recursive operator is




a total mapping Y from (“wW* into (“w* for which there
exists an enumeration operator ¢ such that (VﬂfE(“LQ*)

[?Y(%)=r'1(§(?))]. We recall the following theorem (see

ROGERS (1967),p. 149):

Fundamental Operator Theorem There is a recursive
function o guch that for every z€w, ¢5(z) defines a
recursive operator and, for every fe Yy,, if ¢, (£) is

single-valued then &5(z)(£)=8,(£).

Henceforth ffz will denote the recursive operator
determined by +the enumeration operator ®5(z). Thus
( Vrecursive operator Y > (3dz)¢ VeeCort e = Yz(f) l.

Detailed definitions of Turing reducibility
(notation: <7) and enumeration reducibility (shortly,
e-reducibility; notation: <£4,) are to be found elsewhere
(see e.g. ROGERS (1967)). For every ACw, let [Alp={B: A=rTB}
and [Alg={B: A= B}. a7,bp.,cp,... denote Turing degrees
(shortly T-degrees):; o is the least T-degree.
ag,bg/Cgs .. are used to denote enumeration degrees
(e-degrees or also partial degrees); oo is the least
e-degree. Whenever we need té use subscripts when writing
out T-degrees or e-degrees we shall write exspressions
like (aj)p or (ajd)g, where {(ajdp: i€I} and {(aj)g: i€I}
are two families of T-degrees and e-dgrees respectively,

indexed with the set I.



Let <€{<p,<gl): if ¥ and y are partial functions and
Acw, then <y, As i, k{SA denote respectively
t(%)St(HO, ASt(%), t(%)SA. We recall that (\/f,geub)

trspg < A2y 1Y ,(gr=£1 ana (Ve,ge%o) 1£5pg & £2.q1.

Corollary (to the Fundamental Operator Theorem).
There is a recursive function &6 such that, if Tt is a
partial mapping from W into U%U for which there exists
z€w such tﬁat for every f€dom(Y), Tf(f)sTf via the
Turing reduction with Godel-number z, then Sf is the
restriction, to its domain, of §f6(z)~

Proof. Let yf and z be as in the corocllary.
Uniformly in 2z we can find an r.e. set W such that for
every f€dom(ﬂf), Yeer=tx: (dwi<x,u>ev & DyCT(£)1}:
this can be easily done since we restrict our attention
to total functions. Then the corollary follows from the

Fundamental Operator Theorem.

An e-degree ag is non-total if

(Vacag) (Ve w) [aZof1; ag is quasiminimal if ag>g0e &

(Vacag) (Vee®wmrfcoa = £ recursivel. The  upper
semilattice of T-degrees is denotéd by §>T7 the upper
semilattice of e-degrees is denoted by ﬁDe. The use of
capital Gothic letters +to denote structures will be

frequent in this paper.



If A is any set, then the symbol [Al denotes the
cardinality of A. If A, BLw, then AvB denotes the set
{2x: x€Al Y {2x+1: xEB}.

Let aﬁ=<L,$> be a partial order; if a,b€L and ash
then standard interval notation cﬁ([a,b]), °g((a,b]),
Ji(ta,b)), cﬁ((a,b)) will Dbe used: we shall omit the
specification of the structure (thus writing [(a,bl
instead of eg([a,bl), etc.) when this does not cause any
confusion. a'b means +that neither a<b nor b<a. If X,YCL
then X|Y means (Vx€x)(Vy€Y) Ix|yl. A subset X of L is
an antichain if (Vx,y€X)ixfy =>x|yI.

Occasgionally, language from category theory will be used.
A partial order:ﬁ =<L, <> can be regarded as a category in
the following sense: ob(J§)=L (i.e. the objects of‘ﬁ are
the elements of L); for every a,b€ob({L ), the morphism
set ‘ﬁ(a,b) is a singleton if afb, is the empty set
otherwise. Clearly there exists a bijective
correspondence between homomorphisms of partial orders
and functors of the corresponding categories. If eﬁl, c£2
are partial orders and F: i 17— iz, G: £2 ""‘>I:1 are
homomorphisms, then in view of this correspondence, we

say that F is left adjoint to G or G is right_adjoint to

F (notation: F - G) if °£2(F(a),b) = oﬂl(a,G(b)) for
every anﬁl, b& J:z (here and often in the following, we
use the same symbol to denote both the structure and the
universe of the structure; we adopt this use to avoid'

pedantic specificationg). For every partial order cﬁ .



&£ OP  denotes the dual of £ ., in the sense of category
theory. If J: is a partial order and a,betﬁ , then avb
denotes, if it exists, the least upper bound of a and b,
and aAaAb denotes, i1f it exists, the greatest lower bound
of a and b. This notation, which is almost universally
adopted, conflicts however with the one used for the
lattices ‘M, mqw, Tne (which we are going to define in
the next sections) in the papers where these lattices
were originally defined (see MEDVEDEV (1955), MUCKICK (1963),
DYNENT (1976) respectively): in these papers av b denotes
the greatesat lower bound and aAb denotes the least upper
bound. The notation for Il in ROGERS (1967), POULSER (1970},

DYKENT (1976), (1980) is the same as in MEDVEDEV (1955).



CHAPTER I

ALGEBRAIC PROPERTIES OF THE MEDVEDEV AND MUCNICK LATTICES

1. The Medvedev lattice ﬁ«l.

The Medvedev lattice was first defined in  MEDVEDEV
(1955). Our exposition follows ROGERS (1967) except for the
notation for the greatest lower bound and the least upper
bound, as mentioned in the Introduction.

Let Q,, @ be mass problems. We say (HEDVEDEV (1955))
that O. < 6’) if ¢ 3 recursive operator'\k )(er @; )[’\f(f)
is total & ‘Y%f)GCl J. Clearly £ is a preordering
relation. The relation defined by O,E(% e [Q,SG% &
@)S(l] is an equivalence relation. The set M of
equivalence classes of +this equivalence relation is the

set of degrees of difficulty. L Cl] denotes the

equivalence class of the mass problem o . A,B,C,...
denote degrees of difficulty.

In M one can anambiguously define a partial ordering
(for which we s8till wuse the symbol <) by letting
tQicc®y i Q<@ .

Theorem 1.1 ( MEDVEDEV (1955)) The partial order
dq1=<M,s> is a distributive lattice with a 1least and a

greatest element.
Proof. 1) [Qiant®B1=t0+Q U1+® 1 where, for i€w
and a mass problem A, isx Q=1i+f: £€6Q }, i+*f being

defined by
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i if x=0
i*f(x)=

f(x-1) 4if x>0
The notation Qa® =0+ U 1+03 will be also used.
2) fAIvIBI=t{fVv g: fe(l & gGGS}J .(see Introduction for
the definition of f£v g). The notation Qv ® =t£vg: fe A &
ge B 1 will be used.
3) [;Z] is the greatest element, henceforth denoted by 1.
4)y ([{ff: £ recursivell] is the least element, henceforth
denoted by 0.
The above definitions are unambiguous and make M a

distributive lattice.

Valuable sources for the Medvedev lattice are DYMERT
(1976), (1980), POULSER (1970). We recall some basic notions

and known facts.

Fact 1.1 (PIATEK (1970)) The cardinality of T is

22 Ro

Definition 1.1 (MEDVEDEV (1955)) A degree of difficulty

S is a degree of solvability if S=[{f}] for some function

£.

Fact 1.2 The degree of difficulty O is a degree of
solvability; indeed, for every recursive function £,

0=[{f}].
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Proof. Obvious.

Notice that the identity I:“%o-——éuﬂJis a recursive

operator: thus VOA,RcWIQc®=@< L 1.

Fact 1.3 ( MEDVEDEV (1955)) The mapping
I:S)T'—* m defined by I({Alp)=L{cal}] 18 an embedding of

the upper semilattice Z)T onto the degrees of solvability

of_wn.

Theorem 1.2 (MEDVEDEV (1955), DYMENT (1976)) The property
of being a degree of solvability is lattice-theoretic; in
fact, S 1is a degree of solvability &> (dTHrrs<T &
(VA)IS<A =3 T<A)].

Proof. The implication —> is proved in  HEDVEDEV
(1955)>: 4if S=[{f}]1 4is a degree of solvability, then
T=[{z=*g: Efz(g)=f & (\fn)tifn(f)fg]}l is the desired
degree.

The other implication, which was posed in ROGERS (1967) as

an open problem is proved in DYMENT (1976).

It is useful at this point to £ix some additional
pieces of notation. The degree of solvability [{f}] is
denoted by S¢. If S=[{f}] is a degree of solvability,
then the degree T whose existence is stated in Theorenm
1.2 is denoted by Tg or Tg. We use also the notation

Ce=tzeg: Y, (gr=£ & (Vmyt Y, (£)#g1}; thus Te=t C¢1.
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'Corollary 1.1 Mis atomic; in fact TN has only

one atom.

Proof. Tg is the desired atom.

Following DYMENT (1976), we denote Tg by 0°'; we

introduce also the following notation: O =t£: ¢
recursivel O'’'={f: £ non-recursive}. Thus 0=[ O 1 and
=1 O3,

Definition 1.2 (MEDVEDEV (1955)) A degree of difficulty

E is a degree of enumerability if, for some ACw , E=[{f:

range(£f)=A}l. 1In this case E is called the degree of

enumerability of A and denoted by Ep (We shall also use

the notation gA={f: range(f)=A} ).

Fact 1.4 ( MEDVEDEV (1955)) The mapping
I: i)e‘—9ﬁyldefined by I([Alg)=Ep 1is an embedding of the

upper semilattice ﬁ)e onto the degrees of enumerabilty.
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2. The lattice We'

’YYle is defined in DYMENT (1976) and is to 'MN as :De
is to ®T° |

We consider the set (“w)* of all partial functions.
Mass problems are now subsets A c (“wi)*, i.e. QA is a
set of partial functions. One defines a‘ﬁe@) if
(apartial recursive operator ) (Vq) E@J)[ Leedom(fl) &
Q(Lf)e Q_ ] (we apologize for using the same symbol as for
e-reducibility). Let us consider the equivalence relation
Z=a given by a Ee@) if Q_Se@: & G%Sea. The set Mg of
equivalence classes is partially ordered by a relation
which we still denote by <£g and given by [a]e fe [G’)]e
if a SeG) (here, of course, [Q]e denotes the

equivalence class of QL under £g). Equivalence classes

Ag,Bg,Cq,... are called partial degrees of difficulty or

degrees of difficulty in ,]/ne-

Theorem 2.1 (DIMENT (1976)) M g=<Mg,<e> 15 a
distributive lattice with a least and a greatest element.
Proof. Similar to tha proof of Theorem 1.1: if i€ w
and kf igs a partial function then i*L(? has the obvious
meaning. Notice that the least and the greatest element
are given by 0e=[{k?: L() is partial recursivellg and

1=l Q le, respectively.

Definition 2.1 (DYMENT (1976)) A partial degree of

difficulty Eg is a partial degree of enumerability (or,




14

simply, a degree_ of enumerability in iZLa) if Ee=[{tf}]e

for some partial function T.
A theorem similar to Theorem 2.1 holds:

Theorem 2.2 (DIKENT (1976)) The property of being a

partial degree of enumerability is lattice-theoretic in
?Wle, In fact, Eg is a partial degree of enumerability<&s

(dT)[Eg<eTe & ( VAL [Eg<ghe = Tofohell.
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3. The lattice qvlw.

Between mass problems we now define another
preordering relation due to Mudnick (see HUCNICK (1963)).

We let Qc,® if (Vge B >rTreQreeprgl. Since, of
course, Q Sw@} &> (Vge ) (drecursive
operator'Y )yt Ygre 1, <y 1is actually defined by
changing the quantifier prefix Eivlin the definition of <
to the prefix V3 . As an immediate consequence of this
fact, we have that < C <,. The converse inclusion does
not hold in general (see Example 3.1 below), i.e. <, is a
reducibility no doubt weaker than £. This is perhaps the

reason for the name weak reducibility given to <y, by

Munick. Again we define an equivalence relation £y by
letting Qa EW(J.S if Q sw@ & ® SWO., and, between
equivalence classes, we define [G,]W Lu [@]w if QA Sw@
(once again using the same notation for the preordering
relation and the partial ordering originated by that
preordering on the set of equivalence classeg): this
definition is independent of the choice of mass problems

Cl,G% in the respective equivalence classes.

Definition 3.1 For every mass problem CX, let

ccQir=t£: (Jge QU rrgeqpes.

Notice that €¢( ) is upwards closed under £, i.e.

(Ver(Vogrtgsec« Oy & f£epg => gec Q.
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Fact 3.1 a)c(Qr=ccccQ;
b) Q=,c(Q;
) Ag,R <<= Bcccl.

Proof. Obvious.

Example 3.1 For every function £, {fl=y,{g: £fx<pgl.
fhis follows immediately from Fact 3.1 ¢), since
C({f£})={g: f£<pgl.

On the other hand, if £ is not recursive then we
have {g:f<pgl<{f}: indeed, from the fact that {£f}C{g:
f<pg}l it follows that {g: f<7gl}s{f}. That {f} { {g: fx<pgl
holds, follows from Theorem 3.1 of DINENT (1976). This
theorem states that for every mass problem Cl not
containing any recursive function and such that Cl is a
discrete set in the Baire topology, then
a4 Gore A <® = 6)3 is nowhere dense in the Baire
topologyl. In our example, {f} 1is discrete, but the set
{g: £f<pgl is not nowhere dense (in fact, {g: £<qg} is

dense!). Thus {f]%{g: f<rg}l. This example shows that

Definition 3.2 Let a be a mass problem. A suset

63 c Qa is a bagis of Q if a=C ( 03 ) and

(er 0) )(Vge O.)[g ?{T fl. A degree of difficulty A is

said to have finite (countable, at most countable) basis

if A=IL Q,] where CL. has a finite (countable, at most

countable) basis.
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Let now My be the set oe equivalence classes of the
relation =y. Elements Ay,,B,;,Cy,... of My, are called weak

degrees of difficulty.

Theorem 3.1 (MERICK (1963)) M =<iy,,<y> is a
distributive lattice with a least and a greatest element.
Proof. 1) [QIyal @Bt QLRI
2) (Q1,v G 1,=tQv Biy=tccArncc@riy,;
3) 1,=0 f 1y:
a) 0,=t O 1.
The above definitions are unambiguous and make {”Qw a

distributive lattice.

Theorem 3.2 (MK (1963)) N, is complete.

Proof. Let {(Aj),=1[ (L {1,: i€I} be a family of weak
degrees of difficulty. It is easily seen that
AN LBy 1€13=0 U Qi 1€111y;

WV O{(Aj)y: 1€I3=IN{CCQ4): 1i€I}1,.

We now list some properties of ’ﬂﬂw.
o
Theorem 3.3 The cardinality of MM, is 22 .
Proof. Let (L be a set of functions whose T-degrees
constitute an antichain in i)T and let the cardinality
a

of (l be 2'° (for the existence of such an antichain in

5) Te see for example SACKS (1961)). Let wus index the
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elements of Q using the set IR of real numbers; thus
C1=(fi: i€ IR}. Given a subset (® of (. , let us say that

b is antisymmetric if (Vie lR)[fieaﬁf-i¢@ . Now,

Ry
there exist 22 ° antisymmetric subsets of (A and if
Ggl, 632 are antisymmetric and distinct, then Ggllw (32.
The proof actually shows that in an there are antichains
Ho |L"°
of cardinality 227, On the other hand 22 is clearly an
upper bound for the cardinality of 7nw. Thus we have

SI .
shown that tha cardinality of Uﬁlw is 22°° |

Definition 3.3 (uﬁ&mx (1963)) A weak degree of

difficulty Sy is a weak degree of solvability if, for

some function £, Sy=[{£f}], (hence Syu=[{g: f£<7glly).

Definition 3.4 (DIHENT (1976)) A degree of difficulty A
(a weak degree of difficulty Ay) is said to be finite

(countable, at most countable) if, for some O-, A=t Q 3

(B,=L Q1) and Q.  is finite (countable, at most

countable) .

Maybe it should be emphasized that a weak degree of
difficulty Ay is finite (countable, at most countable) if
and only if A, has a finite (countable, at most
countable) basis (see Fact 3.1), once we define the
notion of basis for weak degrees of difficulty in the
same way as for degrees of difficulty. Thus the notion of

basis for weak degrees of difficulty is not an



19

interesting one, whereas it leads to several remarkable
conclusiong for degrees of difficulty. For example, in
DIMENT (1976) it is proved that the property of being a
degree of difficulty containing a mass problem having a

basis is lattice-theoretic in ?W-.

Theorem 3.4 The property of being a weak degree of
solvability is lattice-theoretic in qqlw.

Proof. We prove that §; 1is a weak degree of
solvability &> (3 T [Syu<, Ty & (\7Aw)[5w<wAw==$ TwswAw]].‘
Proof of = . Let S,=[{f}l,. It suffices to take Ty=[{g:
f<pglly.

Proof of &= . Assume that Sy is not a weak degree of
solvability and let Sw=[6§Jw. Also assume that Sy<yAy,
where A,=[C( Q1. Since ccQ» f-‘/w ® , we have (see Fact
3.1) that ® ¢C(Q) i.e. ¢(Jdeec B rrfgc(Q)r1. For such a
function £, we conclude that 63 <y{f} (since ® Swifl,
but [Gglw is not a weak degree of solvability) and ccQ)
#w {f}; hence Sy<ul{f}l, but Ay %; {{f}]y,. Therefore

there is no minimum of the weak degrees greater than S.

Corollary 3.1 UYPW ig atomic and has only one atom

(henceforth denoted by Og; O,=[ (0’1y,).

Proof. Immediate, since Oy is clearly a weak degree

of solvability.
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The following is actually an improvement of the

analogoué result in DYMERT (1976).

Theorem 3.5 (VAw Q( {Ow,O‘L,lw})(a weak degree of
solvability Sy)[Ay |y Syl.

Proof. Let A, be such that 0,:,<wAw<w1w. Then there
exists a non-recursive function h such that Ay f(w (th}ly,,
for otherwise it would be AWSWOJ,. If also [{h}l, ¢, A,,
then we have the desired result, for in this case
By ly [{h}l,. Thus suppose that A, £, [{h}], and
[{h”w‘:wAw and let Aw=[a]w. In this case, we show that
there exists a function g such that {g} ;{wa and h ;{T
g: then {g} #WQ, and also #w fgl (for otherwise it
would be {hi<,{g}, d1.e. h<pg, a contradiction), thus
proving +the theorem. Indeed, if no such function existed
then it would be (see Fact 3.1) Q cCNi{f: g<pfl: h #T gl.
But N{{f: g<rfl: h #T g}=¢ , 8ince one can easily show
that (Vf)(gg)[h %T g & g %T £fl: hence we would have

Qa =g , i.e. Ay=1y, a contradiction.

A remark on maximal antichains in ’}’}’lw is
appropriate at this point. We already know that mw has
antichains of cardinality 22'% (see proof of Theorem
3.1). Now, for every function £, let (Bgely={{g: g /{T
f¥l,. If £ belongs to a minimal T-degree, then it is
easily seen that the set {(Bg)y,[{£f}1,} is a maximal

antichain of )]/nw (maximal with respect to inclusion, of
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course). Then in '?Ylw there exist non-trivial maximal
antichains of cardinality 2 (this fact conflicts with the
case of E)T where every non-trivial maximal antichain
has cardinality ZPQ . In DYMENT (1976) it is proved that
also {Vn has non-trivial maximal antichains of
cardinality 2.

It follows from Theorem 3.4 that, given a weak
degree of solvability Sy={{f}]1,, there 1is a weak degree
T, such that (YAy)[5,<4ydy = Ty<yAyl: in the proof of
that theorem it is shown that Ty=[{g: f<pglly,. Throughout
Theorem 3.6 below, we snhnall use (Tg)y to denote such a
degree T, (consistently with the use of Tg for m o,

also, we shall use z’f to denote the mass problem {g:

f<Tg}.

Theorem 3.6 Let Ay, B, be weak degrees of difficulty
such that Ay<uBy,. Then (Aw,Bw)=£§ <> (Jweak degree of
solvability Syu)[Au=By A Sy & By ¢ Sy & By, (Tg),l. ‘

Proof. Let Ayu<yBy, and Aw=[Cl]w, Bw=[03]w where
O =cQy, G=cch®y.

Proof of => . Suppose that (A,,B,) = . Since a,<w63 p
(Jge Arte ¢ B 1. Thus Q<,ter and B 4, w£3. 1t
follows that Q <, B rtgi<,B; thus QA =,8 A £ anda
Qo SW@/\ Zf; but Q Ew@ A Z £ =Q®a ’Zfsw{f}} hence
Ogsw{f}, a contradiction. It follows that

a <WG%A 7: fsw@> ; hence, by hypothesis,

®a Zf5w6)) i.e. d%stf.
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Proof of &= . Suppose that (=, B » g1, @ 4,061
and @ sw’Cf. Assume that (€It A<, € <, B 1. Let
f1={g€ € f<rg}. Since flg € . we have that
fsw L’l; moreover, {f}<y, C)l. On the other hand, it
must be Zfl #w {f£}¥, for otherwise we would have
C<,® A1) and since Q =,® A (£} this would imply
fswa ., a contradiction. Thus, {fl< fl; but then also

Zfsw fl which in turn implies ® Ly Zol. On the other

hand, since a<wf and Q EW(R A {f} and
(Vge C- C rte #p g1, we have that (Vge £- €1 (Tne B
[h<pgl. Therefore we conclude that ® fw v ’ a
contradiction.

Remark 3.1 A very similar characterization of empty
intervals of )}’YL is given in DIMENT (1976); namely, it is
proved that if A<B then (A,B)=fJ &> (ddegree of

solvability S)LA=BAS & B { s & BsTgl.

Theorem 3.7 If Ay<yBy; and By 1is countable then
(dc¢y) [By<uCu<wByul.

Proof. The proof follows from Theorem 3.6, since for
no countable mass problem 673 and non-recursive function £

can we have @ Sw Zf, if [0>]w f Oy-

Remark 3.2 An embedding I: SDT 9}:mw gimilar to

that of Fact 1.3 exists. The proof is obvious.



23

Definition 3.5 (LERMAR (1983)) Let £ =<L,%> be a

partia'l order and let A € L. A is an automorphism base

for oﬁ if every function F: A —> A has at most one

extension F: L —>» L which is an automorphism of oﬁ .

Theorem 3.8 The set of weak degrees of solvability
is an automorphism base for an.

Proof. If B,=L(»1, then By= NA{[{f11,: £€ (33i. The
theorem then follows from the observation that if F:
q¢lw_—$ dﬁlw is an automorphism then FCA {(Aj)y:
i€I1)= /N {F((A{),):1i€I}: indeed, A LAY, L1EISL(Ay)y

=> FC A {(Aj)y: 1EI N SL,F((A ) ) suppose that
(E]Bw)(\/i) ’[Bwst((Ai)w) & By %Q FOA {(Aj)y,: 1€IB1:
let Bu=F(Cy), then (VidICu<,(Aj)y] but Cu #y A {(A3)y:

i€l}, a contradiction.

Remark 3.3 Let Aut(S ), Aut( W) denote the
automorphism groups of S) T and U?Zw respectively. From
Theorem 3.4 and Theofem 3.8 it follows that there exists
an igsomorphism r: Aut( S)T) -—> Aut(qylw). Indeed,

suppose that FGAut(ED T) and for every f let gg€F(L{flr);

then F is mapped by I' to the automorphism G of

M., defined by G(tA1)=6C ALL{£}] ¢

f€ QL 1= Atligeil,: £€ Q1.

Definition 3.6 A weak degree of difficulty E;, is a

weak degree of enumerability if for some set ACW,
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Ey=[{f: range(f)=A}ly. The weak degree of enumerability

of A is denoted by (Ep)y.

Fact 3.2 For every ACw, (Ep)y,=[{f: AS f}ly,; thus if
[Alg is a non-total e-degree then (Ep),=[{f: A< f1}]ly,.

Proof. It is enough to show that (VE£)[As f = (g
(g<pf & range(g)=All. So, suppose that A< f; then for
some =z, A=9,(f). We use this fact to construct a function
g such that range(g)=A and g is r.e. in f£. By totality;

this also implies that gs7f and the proof is complete.

Theorem 3.9 If CC()<,{f: A<.f} and (L is countable
then (3Jf€ QL£< AT,
Proof. The proof is similar to the proof of Theorem
3.4 of DYMERT (1976). Let o ={fj: i€w} and assume that
(\Vi)[fi ﬁ; Al. It is enough to construct a function g
such that range(g)=A and satisfying the following
requirements for every n,i€ w:
Pen,is>: Y nlg) # £4.
Let A={xg,%Xj,...}. We define by induction a sequence
{5§}sEuJ of finite initial segments. Assume 5;1=ﬂj .
Step 0) Assume that aés-l is already defined. Define
G2g-1(x) Y x<lh(gpg-1)
azs(x)=
Xg if x=1h(gpg-1)

Step 2s+l) Assume that 323 is already defined and let

g=<n,i>.
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Case a) (dx) (Ea'_:;a'zs) [range(g) C A & Yn(S)(x)l &
Ya@x) # £5¢01.

Then let gpg+1 be the least such g in the lexicographical
ordering defined in the Introduction.

Case b) Otherwise let 323+1=§és'

Finally, let g= L){Ss: sSEW},

It easily follows that range(g)=A. Suppose now that
@fn(g)=fi for some n,i€w:; then fi= L){ffn(a):

~

gD §é<n,i> & range(&) C A}. Thus f£{%o,A, a contradiction.

Remark 3.3 If [Alg is a non-total e-degree, then
(Ep’y 18 not countable (this is an immediate consequence
of the previous theorem). Of course, if [Alg is a total
e-degree, then (Ep)y=(Sp)y since if g€lAlg then (Ep)y=

[{£: g<gf}ly, = [{g}1,=(Sp)y-

Thgorem 3.10 The mapping I: SDe E— {n?w given by
I([Alg)=(Ep)y dis an embedding of the upper semilattice
i)e onto the weak degrees of enumerabilify.

Proof. We will show that A<SB & {f: A< fig,{f:
B<o£1.

Proof of = . This is obvious, since A<.B implies {f:
Bsgft C {f: A< f}l.

Proof of €& . Suppose that A f;B. We show that there
exists a function £ such that range(f)=B and satisfying

the following requirements, for every n€ W:
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Pn: ®,(£) # A.
For such an f we have Bf.f and (\79)[Aség'=$ gfTfl. The
construction is similar to that of Theorem 3.8. Set
~s
£.1=(J and let B={bg,by,...}.
fog-1(x)  if x<lh(fpg_1)
fog(x)=

bg if x=1h(fpg-1)

Case a) (4 £23f,4)trange(£) CB & &g(£) ¢ Al.

Let E23+1 be the least such'EZ

Case b) Otherwise, let E23+i=323'

Finally, let f= U (fg: s€ w1,

Clearly range(f)=B. Suppose now that &g(f)=A. Then
(Vxea) () 1E2 £, & range(f) C B & x€85(£) 1.
Furthermore, since $g(f)=A, (\/E)[E}QEES & range(g)g B
= 3,(E)CAl. Thus A= Uag(5): £ > Fpq & range(f) CB};

hence A<.B, a contradiction.
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4. Degrees of enumerability.
Fact 4.1 For every A gq,'fAs{z*f: ®,(£)=A}.
Proof. Let ACw be given and let B =tz+£: &,(f) =

A}. If A is finite, then [ €,1=1®1=0 and the claim is

proved. Suppose that A is infinite. Let h be a recursive

function such that, for every u€w, Dp(y)={<x+l,y>:

<xX,y>€D,}.

By the Recursion Theorem, there exists an e€w such that

Wa={<<x,y>,u>: t'l(Du) is a finite initial segment &
(32)0<0,2>€D, & (Je)(Dv)l<y,v>EWS & Dy (y) C
Du&(VaGW;)(VbGDh((a)1 ))[(b)0<lh(‘c"1(Du)] &
( Vie)(Imry(Iwrtrfy &  <<i,r>,w>€EWg &
Dy & Dy 1 & (Vi<sr(Vaewbrtcarg # y &
Dh(a),‘ yC Dy = (3i<x)('3w)[<<i,(a)0>,w>ewe &
Dy € Dyl111}.

Let Qg be the partial recurgive operator defined by the

enumeration operator ®, and, given any partial function

Y., let tp* denote the partial function given by

%*(x)= $(X+1). It is ‘not difficult to see that if £ is a

total function (warning: totality is crucial here) then

fedom () and Qa(£) can be informally computed as

follows:

Step 0) If £(0)=z, say, then enumerate W, until you find

a number <y,u>€W, such that DuG:t(f+). If such a number

exists, for the first such number <y,u> in the

enumeration of Wy , let Qo(£)(0)=y.

Otherwise, g(£)(OOT .
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Step n+l) If (E]kSn)[Qe(f)(k)T] then Qe(f)(n+1)T.
Otherwise, subpose that £(0)=z and, for every k=<n, let
e (£) (k) =y Enumerate W, until you £ind a number
<y,u>€EW, such that (Vkendly # Ykl and D, Ct(£*). For the
first such number, if it exists, in the enumeration of
Wy, let Qg(f£)(n+l)=y. If no such a number exists, let
Qo (£) (n+1>T.

Using the fact that A is infinite, one easily
concludes that if z+»fe ® . then Qgfz*f) is total and
range(Qg(z+£))=A. Therefore, by the Fundamental Operator
Theorem, we have that fAs@ via Ye, since qi’e is a
recursive operator (the one determined by the enumeration
operator ¢@5(e)) which coincides with g on all total
functions in the domain of Q,.

For the converse it 1is enough to show that
(V Cr1 E4cC =0 <€ 1. To this end, let &,<C via
ftz; hence (Vf€ t)[/Yz(f) is total & range(ﬁfz(f))=AJ.
Let Wy={<x,2<4/X>>: x,u€wW!} and let &,=3,°%5(5) (see
Introduction for the definition of ¢). Finally, if ﬁf is
a recursive operator such that, for every fe“th
xt(f)=v*f, then Q)S‘f via 1f : indeed, since
b, (£)=P, (P5(z)(£)), we have that, for every x€w,
x€d, (£) D (J u) [<x, 25U, ¥>>¢y,, &  <U,X>EDg(z) (£)1 D xE

range ( Yz(f) )< xEA.

Aside. In the proof of Fact 4.1, we have given a

formal definition of ﬁfe, by first defining the r.e. set
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We. Usually, formal definitions of recursive operators
are burdensome and scarcely intuitive. For this reason,
in the following we often give only informal descriptions
of recursive operators. With the help of the Fundamental
Operator Theorem and the Corollary to the Fundamental
Operator Theorem exposed 1in the Introduction, going from
an informal definition to a formal one is most often a

matter of routine.

Remark 4.1 If [Alg; is a non-total e-degree then

Eaztzrf: 8,(£)=A & (Ve)lda(A) £ £1}.

Definition 4.1 (DYHENT (1976)) A degree of difficulty A
is dense if A=f{ 1, for some mass problem A which is

dense in the Baire topology.

Definition 4.2 (DYEENT (1976)) A degree of difficulty A

is discrete if A=L A1, for some mass problem (1 which is

discrete in the Baire topology.

Definition 4.3 (DYMENT (1976)) A degree of difficulty A

is effectively digcrete if, for some mass problem CL,

A=t Q1 and (VeeQ)(Vge Q)I£(0)=g(0) => £=g1.

The name effectively discrete comes from the

following observation:

(Vee 0y (VgeQrrec0r=g(0) => £2g1 &> (I r.e. set S of
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finite initial segments)[(vge O)(EI EGS)[EQ—g] & (VEES)

t[sgn O] < 111,

Definition 4.4 <uﬁmmx (1963)) A mass problem Q is

uniform if (VE)esgnQ AP =>sgnQ <A 1. A degree of

difficulty 4is unifor if it contains a uniform mass

problemn.

Remark 4.2 It follows from the definition that if
QL is uniform then (VH)(szgnQh #g & sznl = A 1.

Example 4.1 Examples of uniform mass problems are:
the singleton {f}, for every function £; problems of
extendability and problems of separability (see e.g. ROGERS
(1967) for the definitions); every mass problem a
satisfying: fe Q & f=pg = g€ Q (or fe Q &
f<pg = g€ A, etc.).

One should not be led to think that every dense mass
problem is uniform. The following is an example of a mass
problem which is dense but not uniform.

Fix an enumeration without repetitions {Ei:iGQJ} of all
finite initial segments and define a sequence of
functions {f,: n€w} satisfyting:

1 fo'ggo & fp is not recursive;

2) £410Fne1 & (ViEm)[Epaq |7 £id-

This sequence clearly .satisfies

(Vi iti £ 3= £4]7 £41.
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The mass problem Qa ={fp: neEwtl is dense, since
(\7E>[s§n O # QY 1. But we have also that
(V' £# o ytsgn QA £ L1, thus proving that is not uniform.
To show that (V £z )tSEnO./{ O 1, 1et ££ be given
and 1let 5 be gsuch that E ¢ 5. if, say; 5=E}, then
(\fhESEn O,)[hIT £431:; therefore for no recursive operator
Y can we have that Y (£j) is total ana Yigjpeszn Q,
hence S§N O,% Q.

Fact 4.2 <w&uﬂ (1963)) Every degree of enumerability

is uniform.
Proof. Let Sgn &p #@ ; then range(®rca. 1£ ¥ is
a recursive operator such that (\fgeuio)[$f(g)=f*g],
where
£(x) if x<lh(£)
E*g(x)=
g(x-1h(£)) if x21h(£),

then S§¥N EAS €A via Fr.

Definition 4.5 Let ‘£ =<L,,<,V,A > be a lattice. An

element a€L is join-irreducible if (\/b,c)[a=b\/c => [ac<hb

or ascll; a€L is meet—-irreducible if

(Vb,c€Lyla=bAa c = [bga or c<all.

Lemma 4.1 Every uniform degree of difficulty dis

meet-irreducible.
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Proof. We shall show that if QA  is uniform and
65{ Q & f% Q then @A\C,{ a Suppose that @Af < Q
via T ana &4 O . Then YW (Mn+T @, e,
(JeertY£r(0)=11  whence (IENZHILECE & £ O &
Y (£)(0)=11. Now, for such an £, SgnQ £f; so,
sgn . <Q. on the other hand, since (Ve tW(r) is
total & Yipeor® U 1+€ 1, it  must be

(VeesgnOrt Y (£re1« € 1. Therefore 1+ & = & <szn QA < Q.

Corollary 4.1 Every degree of enumerability is
meet-irreducible.

Proof. Obvious by Fact 4.2 and Lemma 4.1

Lemma 4.2 Let Cl, be a mass problem. If
(Jre@rcdgyy (T gyifspaivas & g1lr 92 & g1 € C(Q) &
g2 # ¢CO)1 then [Q1 is join-reducible.

Proof. Let £, gj,gs be as in the statement of the
lemma. Define Q1=0*a U i{l*xgy}, Q2=0*Q U {2+g5}; let z
be such that mﬁz(glv gs)=f and, given a partial function
¢, let Q** denote the partial function given by
\('*(x)= kf(x+2). Clearly, a 1 ’ (.12, hence Q 1< Q,

CL2<(1 . Consider now a mapping jf . (Yot — o+

defined by
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T if T or (T
%(2(x+1)) if %(0)& & %(1)L & ¢4 (0)=0
«f(f)(x)=
Ye2(x+1)+1) if %(OLL& q(l)L& ?(0)#0 & PC1)=0
Yz( ++) (X)) if qﬂO)&& ?(1)&& Q(O{fo & %(l)fo
Thus, for every functions f,g and numbers i, jEw,
£ if i=0
ﬁt(i*f\/j*g)= g if i#0 j=0
ff z(£ g) otherwise
Since clearly ff is a recursive operator, we have that

Q < CllV’Clz viaf ; so Q1 is join-reducible.

In JOCKUSH-POSNER (1981), it is proved that if a set
D Q;ﬁDT is comeager (a set D QfDT is comeager if {cp:
[Alp € D} is comeager 1in the Cantor topology) then
(Map) (3 (mgdp:  i=1,...,80(my)r€ED & agp=((midp v (ma)pIA
AC(mg) v (mg)p) ],

Given a mass problem a ’ let us say that Qa is

T-meager (T-comeager) if {(£1p: e is meager

(comeager) in the sense specified above.

Corollary 4.2 Let a be a any mass problem such that
cc is T-meager; then tQA1 is join reducible.

Proof. If c¢(Q) is T-meager, then “L)-C(CI) is
T-comeager. It follows that (\/f)(;]gi: i=1,....4)(g; ¢

c(Q)y & [£1p = (Lgylpv [galpd) A ([gzlpv [galp). Therefore
(VeeOQrcdgrcdgyy gy & cly & g3 & cQ) &
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f<7g3vgpl. Fix an f€ QL and let g1, g2 be as above; then
f<rg1vgs & g1. g2 ¢ cc Q) & g1{T 92- It follows from

Lemma 4.2 that (A1 is join-reducible.

Corollary 4.3 Every degree of enumerability greater
than O is join-reducible.

Proof. ©Notice that C( EA)={f: A<of} (see Fact 3.2)
and this latter set is T-meager if A is not r.e.; thus

[‘gA] is join-reducible by Corollary 4.2.

Corollary 4.4 Let A Cw be such that [Alg is a

non-total e-degree. Then
(VB € pc® = (€ 11 £ < T< Ra.
Proof. By Corollary 4.1 and the characterization of

empty intervals of Wvl, mentioned in Remark 3.1.

Theorem 4.1 Let ACw Dbe any set. Then
(VB < 3T ) (Rhet< Epa.

Proof. 1In view of the characterization of empty
intervals of ¥l mentioned in Remark 3.1, it suffices to
show that (Verrt &5 ¢ 1£3 =8, £ Tl (recall that
}Zf={z*g: xfz(g)=f & (\fn)EXYn(f) f gl}). Our goal is to
prove that (VE)[A % £ => (Jgrte<pg & &p ¢ 1g111.

We say that a finite initial segment 5 is compatible with

£ (notation: § cpt £) if (Vx)[2x<1h(J) =>J2x)=£(x)1].

Let £ be given. In order to construct the desired
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function g we shall satisfy the following requirements
for all n€w:
Pon: g # Lp(£);
Poner: Yntg) € Ea.
We start with 3_1=g .
Step 2n) Let xp=px.[x is odd & gop-1(x)T1. Define a
finite initial segment 52n9§2n-1 such that lh(ggp)=xp+1
by letting §2n(x)=f(x) if x even & x<x, & 6’2n_1(x)1\ and
0 it Yo x?
g2n(%n)=
1= Y, (£)(x,) otherwise

Notice that 52,, cpt £.
Step 2n+*1)
Case a) (3 6)(6 cpt £ & E_Dazn & range(Yn(a))¢A].
In this case, let §2n+1 be the least guch G
Case b) otherwise, let §2n+1=52n°

Finally, let g= U {g,: nEw}.

Clearly f£f<7g, but g ;'Tf (because all requirements
Pon are satisfied by gl. Suppose now that
range(Yn(g))=A, for some n€Ew. Then A= U {range('\fn(:j)):
G23p, & § cpt £}, which implies A is r.e. in £ and,
since £ is total, Afof, a contradiction.

Having proved the existence of such a function g,
let us suppose that EAS ,(f via a recursive operator Y
and let z€w be such that '\fz(g)=f (such a z exists since
f<pg). Then z*g€ '(f and range( ’\f(z*g))=A; thus

range.(":t'(g))=A where ™’ is a recursive operator such
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that, for every function h, ‘f'(h)=’i(z*h). This fact

contradicts previous conclusions.

Unfortunately, Corollaries 4.1, 4.3, 4.4 and Theoren
4.1 do not characterize degrees of enumerability in the
gsame sense as Theorem 1.2 characterizes the degrees of
solvability. The coﬁclusions described in the above
quoted corollaries and in Theorem 4.1 are shared by other
classes of degrees of difficulty as well, =such as for
instance degrees of the form [{f: fg=7f}], for every non
recursive function f, (we refer to DIMENT (1976) for a study
of these degrees).

We conclude this section with +the following simple

remark.

Remark 4.3 (VAcw)( T finite degree of difficulty
F>Ep) (VBCW)IEg ¢ (Ep,F)1.
Proof. In ROZINAS (1978) it is proved that
(VAQw)(Bf)(gg)[fle g & [Alo=[£1,n[glgl. Let ACw be
given and let f,g€ “w be such that f[e g &
[Alo=[fl oA [gls. Since there exist two enumeration
operators ¢&,, ®, such that ¢&,(£)=A and &,(g)=A, by Fact
4.1 we have that gAS{f,g} (being {u*f,vxglz{f,gl}). On
the other hand, it must be {f,g} ; EA because {f,gls ?A
would imply £<oA or g<gA (see e.g. Theorem 3.9 and the
fact that £ € <, or, else, use the fact that I ?AJ is

meet-irreducible by Corollary 4.1). Therefore fA<{f,g}.
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Let us suppose now that for some B&w, ‘fA< €B<{f,g}. But

then B<gf or B<.g. hence B<,A, a contradiction.



38

5. Relationships between ﬁﬂQ, ?n'e and d71w.

We first compare m and @Vle, by showing the
existence of a certain pair of homomorphisms Fgqg:
Me—> M, 1.: M —DM,.

For a given mass problem QA c (Yo)* of partial
functions, let Q. * denote (see DIHENT (1976)) the mass
problem {f: range(£)€t( AL )}, where, of course,
t(Cl)={t(f): kfe Q3. Crucial ’to Proposition 5.1 below is

the following fact

Fact 5.1 (DIMENT (1976)) Let @ ,0-)) be mass problems
of partial functions. Then
a) A<, B = a*s @*:
by <o O* & VUL A <€ =>(*<e¥ 1 Chence [ Q*1g
is the minimum of the degrees in d7le greater than or
equal to [(Ql1lg and containing a mass problem which

consists of total functions).

Proposition 5.1 The function Fe:'yne-——é 541 given by
Fe(lQ1g)=L O*1 is a lattice-theoretic epimorphism.

Proof. That Fg is well defined follows from Fact 5.1
a). From Fact 5.1 b), we conclude also that Fg is onto.
Indeed, 1let A={(l] be a degree of difficulty in m ;
since the elements of (I are total functions, we have
that (A = O.*. But also the elements of (O * are total
functions; hence, by definitions of <5 and £, it must be

Q. = OL*. Therefore Fo([LQ 1o)=L Q*1=C (O 1=A.
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Clearly F, preserves the least and the greatest

element.

It is left to show 1) (VAg,Be€ M) [Fa(Ag ABg)

Fo(Bg) A Fa(Bg)1l and 2) (VAg.Be€ M) IFo(Aov By)
Fo(Ag) VFa(Bg) 1.
Let us show 1). Let Ou @> be mass problems of partial
functions. Since a/\(P) seO and O /\(ﬁse(\?) . we have at
once that (O A B2*c OQ*A (B * (see Fact 5.1 a)).
To show the converse, recall that Q A65={0*i{: @E Qyu
t1sy: w €® 1; thus (AAR)*=t£: rangemreccQalry = (£:
(3ge Oy trange(pr=cox@) 11U 1£: Aye Brirange(£)=  t(1xy) 13,
On the other hand QA *A @R *={0xf: range(f)ét(Cl)}LJ{l*f:
range(f)et(as)}.
Consider the mapping T: (¥5)* — (¥ * defined by
0 if x=0 & ¢(Fw Yl & Yur=<o,0>
& (Vvew gl & Qvy £ <0,1>1]
1 if x=0 & (Fwi Yt & gwr=<o,1>
& (‘v’v<u)ugcv>¢ & QCv) # <0,0>11
ﬁf(ke)(x)= 0 if =0 & otherwise
<(r)g-1,(r)3> if x>0 & (JvILvix-1 & (Vzgv)
[pczod & (Pv)Iof0 & (Vaz)ix-1gz<
v T Y(2))g=01 & r= P(v)]
'f if x>0 & otherwise
To check beyond any doubt that ?fis a recursive operator,
consider the following r.e.set:
W={<<x,y>,u>: [x=0 & y=0 & (E]v)[<v,<0,0>>€Du & (Vw<v)

(dzrt2¢<0,1> & <w,z>€D, 111 or [x=0 & y=1 &
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(dvrt<v,<0,1>5ep, & (Vwev)(Fzrtzf£<0,0> &
<w,z>€Dyll) or [x;‘O & (gv)[vzx—l & (Vsz)
(dro)t<z,r>€p,1 & (dril<v,r>€D, & <r)07!03’
&(Vz)ix-1¢z<v @(VWEDu)[(w)Oéz = (w)1=01111}
It 18 now easy to see that the enumeration operator
corresponding to the r.e. set W can be taken as a
defining enumeration operator for ’\_‘r .
Let wus now return to the proof of Proposition 5.1.
In order to show that O *aA Q*<(QAQR)* via ¥, we must
show  that, for every fe€(ArG)r)*, “Y(£) is total &
Y(f)ea*/\@;*. For instance, let range(f)=t(0+{), for
some % €eQ: that ,\‘l’(f) is total is obvious; also
<0,0>€range(f) and <0,1> ¢range(f), hence r\f(f)(0)=0.

Furthermore, one is able to show that

+

range( (-"f (£))*)=x( \Q ) (the superscript has the same

meaning as in the proof of Fact 4.1): indeed,
uErange (Y (£1)*) & (Fwitv+1,we Y1 << IwvrIwr 3
z) [w2v & (w,z)Ef & (2)0f0 & u=<(z)g-1,(z)1>1E> (T 2>z
€ range(f) & u=<(z2)p-1,(=z)1>] <_—_>ue«cue).

Therefore, Y(£f)E O.*. The case range(f)=t(l+vy), for
some Y € (A , is similar and we can conclude that O*A R*
< (Qa»* via ’\f

2) Let Q, @: be mass problems of partial functions.
Since ase&v@ and @)Seav@we have (by Fact 5.1 a))

that O*v R*<(Qv b+,
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To show that (Qv®)*< O* v ®*, remember that (Qv G *

{f vg: range(f)Et(Q,) & range(g)Et(GS)}. Let Qf
Ywr* —3 (“w)* be given by
(. if oot
bt (gf)(x)= <2u,v> if @)} & x even & Y (x)=<u,v>
<2u+l,v> if Q(x)} & x odd & Y(x)=<u,v>

Clearly ’L.f is a recursive operator and (Av®)>*< A * R*

via Tf .

m b

Corollary 5.1 The cardinality of e is 22 .
Proof. Immediate by Proposition 5.1, since the

cardinality of W is 22 (see Fact 1.1). On the other

hand, by a proof similar to that of Theorem 3.2, one can

: h
show also that 472e has antichains of cardinality 22 °.

441 can be viewed as a sublattice of 7728. Indeed.
one can define the embedding Igo: M — ‘M. by

1¢cQ J)=[Q]e, for every mass problem a.

Proposition 5.2 Fg is left adjoint to I,.
Furthermore Feole=I,, (Ln is the identity
automorphism of mo.

Proof. It must be shown that, for every A, € 4779 and
Be M, Fo(Ag)SB & Ag<cIla(B). This follows from Fact 5.1
b) (in fact it is equivalent ¢to Fact 5.1 b)). That

Fe°1e=ImQ holds, is obvious (and follows anyway from the
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general theory of adjoint functors applied to this

particular case).

Let us turn our attention to ‘M and ?ﬂ we We have
here two obvious mappings:
Fyu: M =M givem by Fu(t AQ1)=t Q1 and
I,: M, —'M given by I,(LQ1=[C(Q)]I.
Fy, Iy are easily seen to be well defined. Furthermore Fy
is‘ an epimorphism (as shown in MUCKICK (1963)); 1y is 1-1
and is a homomorphism of partial orders which preserves
v: well, as [Qi,vIQ®i,=tcc@Qinc(®B)r1, (notice that
ccQHrncc®) is C-closed); on the other hand
tccarnccMdia=tcc@r1v rccr,
I, does not preserve A, however: in fact, (Vwa)(\/Bw)
[Ayly By = I4(AyABY) £ I,(A) AIL(B)1. To see this,
notice that (Va,@gww)[C(aU@) is uniforml] (see
Example 4.1), thus the degree of difficulty [C(Qu B)] is
meet-irreducible (by Lemma 4.1). Therefore if Awlw By
and, say. Aw=[Cl]w, - Bw=[G%]w, then

Iq(Ay AB=I(LAURI = [CCQUBR)II<ILAL) A IL(B,).

Proposition 5.3 I, is left adjoint to Fy. Also,

FWOIW=I7H .

A4
Proof. We must show that for every Ay€E ‘an and
Be ‘M, I4z(Ay)<B & A<, Fy(B). Let Aw=[Q ly and B=t®1;
clearly clr«p & A<y ® . which implies

ILtQipst®1$> Q1 <, 11, and, thus, the first part
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of the Proposition is proved. In particular I, (F,(B)) is
the minimum degree of difficulty of UVl among those

degrees containing C-closed mass problems (i.e. problems
Q such that C€(Q)=OL ) and which are less than or equal

to B.

Thinking of partial orders as categories and using
language borrowed from category theory, we can say, in
view of Proposition 5.2 and Proposition 5.3, that M is
a reflective subcategory of both d?le and}nqw.

’Yﬂ ,Uylw are not isomorphic, of course: for
example, an is complete, whereas Wn-is not. Actually,

Dyment proves the following strong result (DYHERT (1980)):

Fact 5.2 1) Let {Ap: nEW} be a countable collection
of degrees of difficulty. Then, A{b,: nEw}l exists =
(dFcw)IF is finite & A {Bp: n€Ewl= A {A,: n€F}.

2) Let {Apj: nEw}l be a countable collection of
effectively discete degrees of difficulty. Then \V/{Ap:
nEw}l exists = (JFCwW)IIF finite & V{Ap: néw} =

V' {A,: n€F}.

It should be c¢lear, however, that the sup' in m of
an arbitrary family of degrees of difficulty containing
C-closed mass problems always exists: indeed, let {Aj:
i€t be any collection of degrees of difficulty such

that, for every 1i€I, Ai=[CZi] and C( O-i)= a‘i’ then
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\V {Ay: 1€I} = [N{C(Qj): 1i€I}], as is easily seen. We
have in Ml a lack of duality between A and v, which is

well illustrated by the following example.

Example 5.1 a)AIiS: S40 & S 1is a degree of
solvability}? does not exist. Indeed, suppoée that for
some mass problem CL, tQi1= Nis: S#0 & S is a degree of
solvabilityt. Notice that if [£f]¢ is minimal, then ¢V non
recursive g) [Ggf/\{f}s{g}] (where Gsf={h: h fT £1); to
see this, notice that either g€ (Bf or £=7g. It follows
that (vf)[[f]T is minimal = &f/\ t£1sl1. Since there
are continuously many functions whose T-degrees are
minimal in SDT, we must have that
(dn)(3£g)(T £1)0£g.£7 belong to minimal Tédegrees &
£0#f1 &“fnca)é—@fomfo} & Y, Q@f1/\{f1}11.

Then, by definition of A , either Y,( Q ) < 0= 6350 or
'\“_}n( Q) ¢ o= ® f4 . In both cases we get a contradiction:
if for example, u n(Q)Q o+ ® £ then (Vg)[@f <{g}l, a
contradiction.

However, V' {S: S is a degree of solvabilityl=1.

b) In UWlw, A{Sy: Su#0y & Sy is a degree  of

solvability}=0,.

M p Wwe, wa are pairwisely non isomorphic. In
fact we have +the following theorem, where we regard
)YW, WHQ,’YWW as structures for the language having

signature <<>.
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Theorem 5.1 W, ’T’Yle, WW are pairwisely non
elemenatarily equivalent.

Proof. 1) Let S(x) be the first order formula
(3u)(x<u & (Vv)(x<v——>u$v)).
It follows from Theorem 1.2 and Theorem 2.2 +that for
every A€ 'M ana A€ 'me
’ml-: SIAl if and only if A is a degree of solvability
’?Ylelz S[Ag] if and only if A, 1is a degree of
enumerability in )me-
Now, fm |: (Ix)(s(x) & (Vy<x)(S(y)-——>(\7/z)(y$z))), but
’}’Yle # (ax)(S(x) & (Vy<x)(S(y) - (Vz)(ySz))) .
This isg so because there exist minimal T-degrees, but do
not exist minimal e-degrees (see e.g. COOPER (1982)).
Therefore, we have shown that )Wl;‘/ee Jme (denoting the
relation of elementary equivalence by =g4).
b) To show that }m/zfee )mw, notice that the three-chain

tBery,
Ow
’ 0W

(vhere ([flr is a minimal T-degree, and O g=tg: g fp £1)
is an initial segment of Ww’ indeed, if t<w G)Bf then
(;get)[gSTf]. So let g€ ¢ be such that g<Tf; it follows
that for every non recursive function h, either h #T £
and in this case h& 6)) £, or h<pf and in this case g<qh.

Therefore fsw O* i.e. [f]wswo“v.
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On the other hand, the only finite initial segment of
"M is the two-chain

o’

0
This is so because 0’=[ O’] and the mass problem (O’ is
uniform. Thus (by the characterization of empty intervals
of M mentioned in Remark 3.1) (\/A>0')(E]B)[0’<B<AJ.
3) The proof of ﬂﬂle ?ee Uﬂw is similar to 1), since, by
Theorem 3.4,

WM I= (xrs(x) & (Vy<x)(8(y) = (Vz)(y<z))n.

We denote by Th(cﬁ,S) the first order theory of a
given partial order J: (in the language having signature

<<>. The following theorem holds.

. Theorem 5.2 The first order theory of Second Order
Arithmetic is l-reducible to Th( MM, <.

Proof. By Simpson’s theorem (see SHNM (1977>), the
first order theory of Second Order Arithmetic is
l-reducible to Th(iDT,ST). Therefore it is enough to show
that Th(j)T,ST) is l-reducible to Th(qyl,s). Consider the
following mapping * carrying sentences into sentences and
defined Dby induction on the complexity of the formulas:
for every formulas A,B
if A is atomic then *(A)=4;

*(Av B)=+x(A)v »(B);

*(A&B)=*(R)&*(B) ;
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*(A—> BY=+(A) —> +(B);
*(1A)="1%(A);

*((ARAG)I=CTRI(S(R) & *(A(X)));
«((V30aG0)=(Vx)(S(x)—> «(A(x));

i.e. a standard relativization of quantifiers to the

universe of degrees of solvability in ‘W . Then, for every

sentence A,

iDTl: A if and only if T+

Problem Is the first order theory of Second Order

Arithmetic recursively isomorphic to Th('?n,S)?

In view, again, of Theorem 1.2, one can ask

homogeneity questions. Let JYNf={A: Sg<A}.

Fact 5.3 There exist functions £ such that '¥¥lis not
isomorphic to ’Yﬂf (we denote the relation of being
isomorphic by the symbol =< )

Proof. Suppose that £ 41ig a function such that
"M ﬁi?TLf: then, by Theorenm 1.2, ve have that
S)TQ:S)T([[fJT,m)). It is known (see SHRRE (1979)) that
(Jag) ( Vbp2pap) L D T % D riibp,®)31 (ap can be chosen to
be o%ﬁ, vertex of a cone of minimal covers over o; 11).

Therefore, for any ap, by as above, if f£f€by then

mFme.

Fact 5.3 can actually be strengthened to
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Fact 5.4 (33t ‘M, MES
Proof. For every sentence A, let *(A) have the same
meaning as in Theorem 5.2 and suppose that )nQEee’Ynf.
Then Er&MEam =
me = *(A)(:}@T([[fJT,m))I: A.
\f (w) 3)
Again Shore (see SHORE (1982)) shows that ( Vbr2qop ) [ T

fee SDT([bT,m))]. So the assertion is proved.

"Fragments" of Th(?n,s) can be studied also. Let us
say that a formula in the language having signature <<>
is a an—formula if it contains no quantifiers; a formula
is \fn if dits negation 1is 1logically equivalent to a

Ean—formula; finally a formula is 23n+1 if it is of the

form ( dX)A(X) where A(X) is a \fn-formula.

Remark 5.1 J;nTh¢ M, <) is decidable.
Proof. Immediate, since -every finite partial order

can be embedded iniD T and thus in ’J’Vl (see Fact 1.3).

Remark 5.2 \¥gﬂTh(§Wl,$) is undecidable.
Proof. It is known (see e.g. [LEREAN (1983)) that
V%ﬂTh(S)T,ST) is undecidable. The translation discuseed

in Theorem 5.2 takes V%—sentences into \74-sentences.

Hence the result follows.
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Remark 5.3 Theorem 5.2, Fact 5.3, Fact 5.4, Remark
5.1 and Remark 5.2 hold also with M, in place of "M,

Proof. Immediate.

It would be an interesting problem to determine the

"best" result for Remark 5.2.

Remark 5.4 As already noticed, the three-chain is
not embeddable in Tl as  an initial segment. In fact, by
what we have mentioned at the end of Theorem 5.1, every
degree of difficulty greater than 0’ has at least }{0
predecessors.

Degrees of difficulty different from 1 and having 2250
predecessors of course exist. For example, let A be a
degree of difficulty having an at most countable basis,
i.e. A=[C((Q)>1, where o is at most countablg and let IR
denote the set of real numbers. Let {£f5: 1€I|R} be a
family of functions such that {{f;17:i€ IR} dis an
antichain in D¢ and (VieR)tg; & ccQ>1 (see for
instance  SAXS (1961)). Thus, if @ ,C ¢i£y: i€ R},
G # Z, and G%;\é are antisymmetric (see Theorem 3.3
for the terminology), +then it follows 6% @) C(C2)<C(O,),
T v cQr<ccQ) ana QU cC(O)|€ uctQ>. By the
)

exigtence of 22°° such antisymmetric sets, the claim is

proved.
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A similar remark holds for 'Wylw (with a sgimilar

proof).

As to successors, one can easily show that every
degree- of difficulty different from 1 has 2250
successors. Indeed, let f be given. Consider a family of
functions ({f£fj: i€IR} such that (\7i,j€|R)[i F o = f<pfy
& filT £41. For each i€ IR, fix z4 such that ﬂfzi(fi)=f.
Then if O ,€ € tzy+fy: i€R}, ®#€ ana B,C€ are
antisymmetric, we have that {fl< % . t£31< € and @It .
Since for every degree of difficulty A f 1 there exists a

degree of solvability greater than A, +the assertion

follows.

A similar remark holds for m W
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6. Heyting algebras and Brouwer algebras.

Let iQ be a lattice. 1If we think of :ﬁ as a
category, then for every a€ {, the functions Ga:£'—5JL
Hy: &L — {, defined by G (bd=a ab, Hy(bd)=av b are functors,
being homomorphisms of partial orders. Let us denote G,

Hg by aaA _ , av _ respectively.

Definition 6.1 A distributive lattice

c[:>=<L, v, n,0,1> 1is a Heyting algebra if, for every a€L,

the functor aaA _ has a right adjoint (hence, JL is a

Cartesian closed category).

Definition 6.2 A distributive lattice

‘ﬁ =<L,v,A,0,1> is a Brouwer algebra if, for every a€lL,

the functor av _ has a 1left adjoint (hence [f©OP is a

Cartesian closed category).

Let us denote the adjoint functor in both cases by
a— _ . We remark that
Definition 6.1  is  equivalent  to ¢ Va,b,xeL)
[an x¢b&=>xfa— bl and Definition 6.2 is equivalent to
(Va,b,x€L)la— bix <& bga vx].

In a Heyting algebra one can introduce the unary
operation 1 by “1a=a—>0. In a Brouwer algebra one can
introduce the operation =7 by =qa=a—>1.

We are thus led to the more common definitions:
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Definition 6.1 bias A Heyting _algebra is an algebra

)
°L =<L,v,An,—,7,0,1> where <L, V,A,0,1> is a
distributive lattice and for every a,b,x€L,
a Ax<b & x<a — b

< aza—0.

Definition 6.2 bis A Brouwer algebra is an algebra

°E=<L,v,/\,-—),‘l,0,1> where <L, v,~n,0,1> is a
distributive lattice and for every a,b,x€L
a—y bix & bfavx:

- a=a — 1.

Other equivalent statements are:

1) a distributive lattice o =<L,Vv, A,0,1> is a
Heyting algebra if and only if in c£ one can introduce a
binary operation a—>b such that, for every a,b€L, the
set {XEL: a Ax<b} has a maximum and this maximum equals
- a—yb;

2) a distributive 1lattice i =<L,v ., An,0,1> 1is a
Brouwer algebra if and only if in £»one can introduce a
binary operation a—>b such that, for every a,b€L, the
set {xX€EL: bfawv X} has a minimum and this minimum equals
a— b.

Notice that in a Heyting algebra a—b=1<&> a<b and
in a Brouwer algebra a— b=0 & bfa. It is clear that o

is a Heyting algebra if and only if f©P is a Brouwer
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algebra. Also, every finite distributive lattice is both
a Heyting algebra and a Brouwer algebra.

For details on Heyting algebras and Brouwer algebras
gee respectively  RASIONA-SIKORSKY (1963) and HC KINSEY-TARSKI (1946),
where they are thoroughly investigated.

We now turn our attention to which of the preceding

properties are enjoyed by our lattices.

Theorem 6.1 Qﬂ, dﬂe are Brouwer algebras.

Proof. (For m the result was proved by Medvedev in
MEDVEDEV (1955); as usual our exposition follows ROGERS (1967)).
To show that 771 is a Brouwer algebra, define the
operation —> on degrees of difficulty by letting
[A1— (B i1=liz+g: (VeEeW 1Y, (£ vgre® i,

—> is well defined.
The definition of —» in 7719 is similar using partial

recursive operators instead of recursive operators.

Theorem 6.2 )Maw is both a Heyting algebra and a
Brouwer algebra.

Proof. <(that ’Tﬂw is a Brouwer algebra was proved by
Mucnick in HUCHICK (1963)). Let Aw=[Cle, Bw=[65]w.
1) To show that Wn w 18 a Heyting algebra, we can define
Ay, —By=C, where Cu=t T1, and C=1£e®: (Vgel)rtg #r
£f1}. Indeed, that CRAY?SWGB holds is obvious. On the
other hand, suppose that QAXsw@ and let f& Ca; since

e & «Vgeotg ;{T £1, it must follow  that
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(dheX)>thepfl,  Hence X <,¥. The operation — 1is
clearly well defined. '

2) To show that ‘M w 1s a Brouwer algebra, define
A,—> B,=C, where Cu=L C1 and C=1f:
( VgGQ y( dhe @) Jlh<pg v £11}. With this definition, o'ne can
easily see that ® stvf. Suppose that @ swav.X: then
X ¢€; therefore C< X and a fortiori \Cwa . Again, —/™

is well defined.

When, in reference to )mw' it becomes necessary to
distinguish typographically between the right adjoint to
an _ from the left adjoint to av _ , we will simply write
a—y_ for the le.ft adjoint and a—>p_ for the right
adjoint.

The above definitions c¢an actually be regarded as
definitions of binary operations on mass problems. For
example, with respect to the reducibility <, we have
actually defined a—’@>={z*g: (VfEQ)[YZ(ng)G@)]},
and, with respect to Sy, we have defined Q@ — y# (e .

(VgeQytg ¢p £33 ana A— B@’={f: (VgeQ >3 ne@rthep

gvEltl.

This is the meaning that we give, in the following, to

expressions like O — 0, Q. _>H6)’v etc.

Corollary 6.1 In )I/Ylw, if A =ccQv, then
tQ 1y, ;H[G%JW=EC(6)>O O')]w (where Q denotes the

complement of Q , i1.e. Q =“’w-—(l).
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Proof. We shall prove: 1) [QJWA[C(@na)]wﬁw[@]w
and 2) (VXDTTQ 1gA Xy$uyl B 1, = Xy, IC(Bn 01,3,
1): we show that Bc Quc(®Bn0): if fe® and £ ¢a then
£e®nQ and, trivially, f£e€c(G nQ).
2): we show that (VIHrtRcQuc(Xx) = C(G'ﬁna>gc<x>1
(notice that B QuUuCX) = QaX <y, B: if
Gc@uccX) and fec® nQ) then ( 3ge®N Q) [gspfl, which

implies that gex and hence f€c(X).

The following theorem shows that 741 is not a

Heyting algebra. We shall make use of the following fact.

Fact 6.1 (DWENT (1976)) Let (A be a mass problem such

that [(ll>0 and Cl is discrete in the Baire topology.

Then (\7/ @J )[QS@) = 6% is nowhere densel.

Theorem 6.3 For every degree of solvability 8>0,
there exists an effectively discrete degree B such that
the set {C: S A C<B} does not have a maximum.

Proof. Let S=[{g}] be given and suppose that g is
not recursive. We first define a sequence of functions
{fL: n€Ew} such that for every m,n€w
i) g<rtfn:’

ii) m#Fn = £,(0) # £,(0) & £yl £,
iii) Yncfn) f g.
This sequence is defined by induction as follows:

Step 0) Let fg be such that g<tfg and ﬁfo(fo) # g.



56

Such a function fg exists because otherwise -we would have
(\ff)[g <7f =>\fo(f) is totall & «fo({f: g <p £1)C {g};
from this it would follow that {g}<{f: g <p £} via ¥,
and therefore, by Fact 6.1, {f: g <7 £} would be nowhere
dense, but {f: g <r £} 1is maniféstly not nowhere dense, a
contradiction.

Step n+1l) Consider the mass problem G§n+1={f: g <7 f &

(Visn)te|p £5 & £(0) # £41}. Let us first show that
(B n+1 18 not nowhere dense in the Baire topology. To
this end we must prove that
(3?1)(\/% QE)[‘S’EF\ @3“4.1‘ # g J. We shall actually prove
that if h is any finite initial segment such that
(Vign)th(o) # £5¢001, then (VEom(Ieotriee 03, .41
Indeed, 1let E be a finite initial segment such that
( Vitn) [h(0) # £4(0)1 and let £oh. By a classical
relativized Kleene-Post construction, find a function k
such that g <p k & ( Vicn) [le f;), and consider the
function £ defined by

£0x) if x<lh(£)

f£(x)=

k(x-1h(£)) if x21h(£)
Since f=7k, we have (Vicnyce tr £41 and gs<pf. On the
other hand, we can not have f<pg, for, otherwise, we
would have (\715n)£f$Tfi], a contradiction. Thus g<q7f.
Clearly, f_?f and f€ ﬂn+1, hence O3 n+1 islnot nowhere
dense in the Baire topology and, as in Step 0), we can

conclude that there exists a function £,,7 such that
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£fre1€ B ey and Y ,,1(f4.1) # g. Therefore, the desired
n+l-th element of our sequence of functions {f,: n€Ew}
has been defined.

Let now j={g} -and @={fn: nEw}. Since the
elements of @R satisfy ii), tB1 is an effectively
discretg degree of difficulty and, because of iii), for
no \fn'can we have fSG% via qfn; hence f;( @

Suppose now that Zf/\fs ® via a recursive operator
Y. since f;!@) , we have that R ‘'= ® nif: Y rod &
'Y(f)(O):l}fﬁ . Clearly, @ < R’ and C< @G’.

Moreover, 5,\ W' < 0)) via the recursive operator 7'
defined by

0 if Yoy or tYeprwon &

Togrndo & ¥ (@rorfrd

Y o= Towm ie Yegrol & Yoyror=o

1 if x=0 & Tcgrod & Toyror=n

Qex-1  if x>0 & L grod & Topror=
Indeed, for every fE@, '\t’(f)GO*j’ if Y(f)(0)=0, and
ey =1+£€1+ G ¢ if Y£rcor=1.

Setting @ ’'=@® nNif: Y (HH ML & Y (£)(0)=03,
we  have 673"(;073 and, say, fh€ B—- B*'= @R".
Therefore ( Vf€ B ’)0£,¢0) # £¢0)1. Finally, Ilet Wzn
be such that ’\f zn(fn)=g (use here that the elements of
@ satisfy 1), thus g<gqf,), and define Yo

(Yo * —» (Y * by
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1 1f ¥ (@ OT or Ly’ (! &
Y’ (@) (0)£04 Y’ () (0)=1]1 or g ()T
MR ALY (@ 0N & POV & LU () (0)

=0 or [T{'(%)(0)=1 &%KO)#fn(O)J]

"_t"(\(p)(i:)=
0 if x=0 & Y (IO &yl
&Y' ()(0)=1 & Y(0)=£,(0)
To0@) (-1 £ %20 & L/ (IO & @O
&Y () (0)=1 & Y(0)=£,(0)
4{ s is clearly a recursive operator and

fA (03’-{fn})5(% via Y ’’ (use that [R1 is effectively
discrete).
But, now, QR'< B’'-{fn}, because if there exists a
recursive operator Y such that ¥ (®rc @ '-{f,} then,
for such a Y& , there is a function fm with m # n and
Gt(fn)=fm; gince fan £fme- we have a contradiction.
Therefore we are forced to conclude that ?f<6§’—{fn}.

We have proved that (Vf )[30/\1.05@ = (33{ )L f<

¥ & X <®11; hence the set {C: S AC<B} does not have

a maximum.

Remark 6.1 In a similar way we can see that qqle is

not a Heyting algebra.

We now examine the behavior of Fy, Iy, Fg, Ig, as

defined in Section 5, with respect to the operation — .
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Fact 6.2 The epimorphism Fw:{nQ —*tnqw preserves 1
but does not preserve —> (here of course we regard th,
as a Brouwer algebra, so —> is —>pg and -1 is defined
accordingly).

Proof. That Fy preserves -1 is obvious, since for
every degree of difficulty A

o if A=1

-1 A=

1 if A # 1
On the other hand, consider B=[l{fg}), A=[{f: £qo<pf1],
where fg is not recursive. Since ({£f: fqg<7f} is not
nowhere dense in the Baire topology, by Fact 6.1 it
follows +that A<B, hence A— B # 0 and Fy (A—>B) # 0.
Nevertheless Fu(B)=[{fg}ly=[{f: £fo<pf}ly=Fy,(A), hence

Fy(A) — Fu(B)=0y and the proof is complete.

Fact 6.3. I : HWlw——é‘VTl preserves -1 and — . Hence
Iy is a v , 7 ,—> ~homomorphism.
Proof. Again, the part concerning = is trivial since
Oy if Ay=1ly
=1 Ay=
1y if Ay # 1,
The other part easily follows from the definitions of I

and —7pg (see Theorem 6.2).

Remark 6.2 An immediate consequence of Fact 6.3 is

that for degrees in @71 containing C-closed mass
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problems, —> is computed in the same way as ~—pg in

The following lemma shows that I, does not preserve

Lemma 6.1 ( Vnon recursive f£f)(d g)( —:-‘lt-g)[f #T g &
fsegvge & W belongs to a quasiminimal e-degreel.

Proof. Throughout this proof, if & is an enumeration
operator and ({ is a partial function then @(Lf) will
denote the function t'l(é(\e)).

Let f non recursive be given. We want to find a
function g and a partial function\f such that fsegvt{ and

satisfying, for all s€ W, the following requirements:

Po: gl £

Rg: if &g(y¢) 1is a total function then &g(y) is
recursive.
Indeed, if we can satisfy all these requirements then we

also guarantee that { belongs to a quasiminimal e-degree,
since automatically Lfis not partial recursive: if  were
partial recursive then gvxfzeg and thus f<,qg i.e. f£<7g, a
contradiction.

We will take g= Ui{gg: s€wl, @ =U{Jg: s€w? where gg.
Cés are defined by induction as follows.

We set g-1= . Cf_1=,g_.
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Case a) (332535-2 (It Y@ 0l &

Y@ # 01,

In this case, 1let 553 be the least g for which such an x

exists and let 2%38= ?és-l‘

Case b) Otherwise, let gzg=g3a-1- (f'>3s= “~f33-1~

S}_:_e_p___‘_'ot_s_;_t_l_)__Throughout this step, CPQ {‘,'/ means N 2 ':-F &

pz.lz € dom( ¢ )-dom()I21h(gag).

Case a) See whether

() (T (T T 22(IFDTFaa0ly # 2 & (x,y)€85(P) &
(x,2)€d5¢F 1.

If so, let C€38+1 be the least such(% and let a§s+1 be

the 1least g such that gJgag and dom((?3s+1)§-dom(g) and

¢ Vx) tx€dom( P3g41) ~dom( Pag) = Paga1(x) # GO,

If (*) does not hold, go to Case b).

Case b) See whether

Gewy (30 Y2300 AFDF3) 18I0 & 8(X I GO &
5 (x) # BgCy I (DL

If so, choose {F ,i: having this property and 1let

'z=px.[(vy)[y€dom(\?)Udom(:\:) = y<xl11, and define

C?3s+1= QgsLJ{(z,O)} and let 333+1 be the least extension

g of g3g such that lh(gag+1)=2+1 and g3g+1(2) # O.

If (+#+) does not hold, define z%33+1=£?33 and 635+1=§és.

Step 3s+2) Throughout this step, we suppose to have fixed

a 1-1 recursive function from the set of all finite
sequences of natural numbers onto W : the image of
(X0, o ee,xgK) under this function will be denoted by

<XQ:.+++Xg>. Together with this function, we fix also two
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recursive functions X\ x.lh(x), X x,i.(x)y having the
properties: iﬁ(<x0,...,xk>)=k+l and (<Xg,...,XKg>){=%4, if
i<k.
Let xs=lh(a3s+1). Define
C?33+2=‘%38,,1U{(xs,<f(0),...,f(s)>)}
G35+2793g+1 U {(xg,<£(0), ..., £(8)>)}

This ends the construction. We have to check that
the requirements are met.
Step 3s) takes care of the requirement Pg: let s be
given. If Case a) ofl Step 3s) does not hold, then
f=L){¥ks(5): aﬁgabs_ll; hence £ would be recursive, a
contradiction.
Let wus show now that Step 3s+1) makes the requirements Rg
satisfied. If, in Step 3s+1), () holds, then @S(Lf) is
not single-valued and Rg is met. If (+#) does not hold and
(*+) holds and z,l?,i\:,‘ff35+1 are as in Case b) of Step
3s+1l) and x satisfies (+%) then x ¢ dom(@s(\f)), for
otherwise the union of a suitable finite segment of p
together with {F or X: would furnish a finite segment
q@ “—\(”33 such that @s((\é) is not single-valued,
contradicting the assumption +that (*) does not hold.
Therefore #g( ) is not total and, again, Rg is met.
Finally, suppose that neither (#) nor (**) holds and
Qs(tf) is a total function. 1In this case, we show that
sglyr=tx,y): (Y2 :{’35)[<x,y)e<ps(«¥)n: indeed, the
inclusion & is clear; to show that the latter set is

included in &5,((), suppose that for some (x,y) and
sCq
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Y2 $a. (x,y)E€8g () but  (x,y) ¢ &g(). Since &5(p)
is total, there exists z # y and i; 2 "\;35 such that
(x,z)eés(i;). But this would imply that (+#+) holds, a
contradiction.

To see that fsegvk{, notice that for every x,y€w, f(x)=y

. ’ ~
S 3w A vrgwr=v & L(J(u)=_y & lh(v)=x & y=(¥ITh(v)=11-

Corollary 6.1 Ig: M —’M_ does not preserve — .

Proof. Let £ non recursive be given and, by Lemma
6.1, 1let g.« be such that £ fT g & fsenge & % belongs
to a gquasiminimal e-degree. We shall show that
[{g}lg— [{f}]q £ [{g}l —> [{f}): remember that, by
Theorem 6.1, [{gllg— [{f}lg=[{z*vy: gvy €dom(Qy) &
Qz(gvy)=fllg and [{g}l—>[{f})=[{z+h: \tz(g vh)=f1].
Let u€w be such that Qu(gvt?)=f (such a u exists because
fL.gv and partial recursive operators are defined by
enumeration operators). Then {z+h: 3fz(g\zh)=f} #e {z*kfz
Qz(gvxf)=f} since +the latter set contains uxe , but
clearly u*u( belongs to a gquasiminimal e-degree (being
u*% Eekf) and for every partial recursive operator 2, for
every h, if Q(u*&f)=h then h is recursive. On the other
hand, since {f} ¢ {g}, {z+h: Y,(gvh)=f} does not

contain any recursive function.

Fact 6.4 Fg: 4716‘—9 M does not preserve — .
Proof. Let n{ belong to a quasiminimal e-degree and

1et QL ={\€} and @>= O* (* is defined as in Section 5).
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Then * fe Qa and since [ A*1—=>t B *i=0,
[Qleg—>((lg # Oc,  we have Fe(l Q1g—>t R1) # O,

whereas Fo(IO 1) —>F (I 1) = [T A*1 =1 (*1=0.

The positive results about Fg, Ig are contained in

the following proposition.

Proposition 6.1 Fg, Io are -1 ~homomorphisms;
moreover, for everyv Ao, Bg€ Wne, Fo(Ag) —™Fg(Bg)
SFa(Ag — Bg) and, for every A, B e ‘M,
Ioa(A) —> I (B)SIL (A ™ B).,

Proof. Obvious.
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7. )MF, )mE-
Definition 7.1 ]Ilp is the sublattice of the
Medvedev lattice constituted by all finite degrees, i.e.

the sublattice generated by the degrees of solvability.

Definition 7.2 {HQE is the sublattice of the
Medvedev lattice generated by the degrees of

enumerability.

Remark 7.1 Clearly, )an and )YWE are embeddable (as
lattices having a least and a greatest element) in both
M ana qq1w.

The property of being a degree of solvability is
lattice-theoretic in qq1p: in qylp, A is a degree of
solvability <> A is meet-irreducible. Analogously, in
TYIE the property of being a degree of enumerability is
lattice-theoretic: in qYlE, A is a degree of

enumerability <> A is meet-irreducible (see Corollary

4.1).

When talking about elements of ’ﬂQF, i.e. finite
degrees of difficulty A, without 1loss of generality we
always consider a representative Cl (i.e. A=I Q1) such
that, for some k€ w, a ={f0s 00, E} and

(Vi,jori £ j = £5(0) # £5(0) & £5 |7 £41.
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Lemma 7.1 In 'MW, (Var(Veriee My => (¢c: aAcsBl

has a maximuml.

Proof. Each element B€E Tnp has the form
" B=Sg A...AS5, where (‘715n)[Si is a degree of
solvabilityl. Then max{C: A AC<B}= N{S;: A ¢ 5;}.

Indeed, A~ A{S;j: A ¢ S;1<B; now, let AACSB. Then
( V&Sn)[A,«CSSi]; since each S; is meet-irreducible, this
implies that (\fiSn)[ASSi or C<S5;j) (see BIRKHOFF (1944)).
Thus C<A{S;: A ?/Si}- Of course N () is interpreted as

1.

Lemma 7.2 In I, (Va)(VBriBe Mg = tc: A ac<B}
has a maximuml.
Proof. Similar to that of Lemma 7.1, bearing in mind
that each element B of {WQE has the form B=Ep A...AAEp
[ n
and each Ep is meet-irreducible (see Corollary 4.1) Thus

max{C: AACSB}= A {Ey : A ;z’EAl_} if B=Ep A... AEp .

Corollary 7.1 {”155 ﬁHQE are Heyting algebras.
Indeed, in Mg, if By= Ats;: i€I}, By= AiSj: jeJ}
(where 1,J are finite and each S5;, &5j is a degree of
solvability) then Bj —?Bjs= /\{Sj: JEJ & (k/iEI)[Si #
sj13. Mg, ie8 = ALEp :+ 1€1}, Bp= A(Ex,: J€J}
(where I, J are finite and each EAi' EAJ is a degree of
enumerability) then By—>By = N{Ey : j€J & (\7161)[Ai ?é

AJ']}.
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Proof. Let us prove for instance the part concerning
Mg, By Lemma 7.1, By—>By= A{Sy: 3€J & By § Sj}. On
the other hand, since, for every i€I, each §; is
meet-irreducible, we have that By ¢ §;& (Viens; ¢

Sj].

Remark 7.2 m is a sub Heyting algebra of ml .
F E
’HQF, qqlg are sub Heyting algebras of UYIW.

Proof. Obvious.

Remark 7.3 A lemma similar to Lemma 7.1 holds also
for other sublattices of M. For example, one can define
ﬁﬂdu to be the sublattice generated by the uniform
degrees (thus )an and ‘an are embeddable in ?Tlu).
Notice that each element A€ 7”0 has the form
A=Uj A ... AU, where (\/iSn)[Ui is uniforml. This is so
because if A, B are uniform, then so is Av B. Indeed, let
A=t Q 1, B=L®1 where Q,O% are uniform mass problems.
Suppose that an(O-v dlhéfj and let E be of the form
Sov d1- Thus Sf§=Sgvg, and Sg N Q<O (via ’i’zo, say),
s5n Bs® «via ¥, , say). To show that S¥ N(AB) <
£1V&3, let
W={<<x,y>,u>: (Farc3Ivitx=2a & Du={.<2b,c>: <b,c>€EDy}

& <<a,y>,v>EWg(z ) or (Jar(Ivirx=2a+l & Dy=
{<2b+1l,c>: <b,c>€Dy} &-<<a,y>,v>€wo(z¢)]}.
Clearly, W is r.e. and the enumeration operator defined

by W determines a recursive operator ‘f such that for
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every f,getﬂm, if ffzo(f), ?fz1(g) are total then
N (gvg) is total and Y(fvg)= Y, ey Y, (9. Hence
Sfﬂ(av @) < Qv @ viaq‘l/ . By an argument quite similar
to the one in Corollary 7.1 and using that each uniform
degree is meet-irreducible (see Lemma 4.1) it follows
that if A= A {Uj: i€I}, B= /\{Uj: j€J} (where 1I,J are
finite and each of U;j, Uj; is wuniform) then A-—B =
Auj: jes & (VieDtuy f vjis.

Wé conclude this remark by adding that, in ‘Wnu,
the property of being a uniform degree of difficulty is
lattice~theoretic: In 4W1U the uniform degrees ére

exactly the meet-irreducible degrees.

In a similar fashion, one can define ”qu,p to be
the sublattice of qyle constituted by all degrees in U?le
containing a finite mass problem of partial functions.
Remarks similar to those for {nlp hold, the proof being
slightly more complicated since now )nqe;F is not
generated, as a sublattice, by the degrees of 471e
containing a mass problem of the form {4}, where is a
partial function (see Example 7.1 below). Nevertheless we

have the following lemma.

Lemma 7.3 In Mo, (Vag)(Veortee M, p = tce:
Ag ACofeBgl has a maximuml,
Proof. Let A =l a]e, Ba=1l @Je, where Qa , B  are

mass problems of partial functions. Suppose that G% is
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finite and consider all non-empty subsets ¢ Q:GX such
that there exists a partial recursive operator 9 having
the property:
(V%EGH[Q@mMm] &(erf>m<fuow & QC¢)H0)=1]
& (W yed-Thrracygreox Q.
Let fo,..., fk be a list of all such subsets of @
(notice that ® is one of'ghese tgi) and for every icgk
let in be a partial recursive operator having the above
property with respect to ZE: We claim that max{Cg:
Bo ACq €o Bot=IN{ Cy: ic<k}ilg.
We first show that Qant Ty i<kt go B . Let
W=t<ex,y>,u>: (Vick) (Tv)r<<0,1>,v>EW,. & Dy ¢ Dy & [Ix=0
& y=11 or [x>0 & <x-1,y>€Dj 111 or
(VEiSk)(f3v)£<<0,0>,v>€wzi & Dy €Dy &
( JwrL<<x,y>, wr€Wy & Dy €Dyl &
(V;j<i)(E\z>c<<o,1>,z>ewzj& D, ¢ Dy11%.
Clearly W is r.e. and defines an enumeration operator
which in turn determines a partial recursive operator Q.
Since, for every VY E(% and every ick, Edom(QzL; and
in(‘f)(O) is defined and equals either 0 or 1 we have

that, for every \QG @ .

. .
in( ) if, for some j<k, sz((f)GO* and
Q(\f)= i is the least such j
1x otherwise

Therefore, for every \QGQ , if Q((«) % 0+ OU then Q(t{:)

€ 1+n{ Gy: i<k} and thus QO Ant Cyi: ickicg B via 0.
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On the other hand, suppose that ClAfSeGg via a
partial recursive operator 2. Let () =t(e B : R ()
=1}. Clearly Q = C} for some i<k, since the partial
recursive operator '’ determined by the r.e. set

'={<<x,y>,u>: ¢ Jv)r<<0,0>,v>€W, & Dy, C Dy &
( dwrt<<x,y>,w>€EW, & Dy, ¢ Dy13 or
¢ dvrr<<0,1>,v>€W, & D,CD, & [[x=0 & y=1]

or [x>0 & <x-1,y>€ Dy 111},

satigfies
Q¢ ) if we @ & 2.Cyr0=0
Q’(n€)=
1% p if weld & (@r0=1
and thus satisfies also, with respect to 0 , the
property mentioned at the beginning of +the proof.

Therefore N{ (4: i<k1C () : thus () <ont 4: i<k} and,
since clearly f$e® , we have that ?fsen{ &oi: i<k},

This completes the proof.

Corollary 7.2 )ﬂqe,F is a Heyting algebra.

Proof. By Lemma 7.3.

Example 7.1 Throughout this example, — is the
binary operation that makes 772e,F a Heyting algebra. Let
Y1 Y2 be partial functions such that ¢ 31& ¥ &
(flle \fz (for examples of such partial functions see DYMENT
(1976)) . Then tiﬂfl}]e——)[{ifl,‘fz}]e =[{‘€1,({2}]e.

Indeed, suppose that { {1}A Q <ot 91, Pt via some
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partial recursive operator t. We can not have
Q( f1)=0*‘{1 & Q(({Z)EI*CL since it must be
Q(kel) C QU8 Therefore it follows that

QU 91, Y21 € 1+ (L, hence Q 5ot 931, YWo1.

Another example in DIMERT (1976) shows the existence of
two partial functions Y, Y2 such that Yi<o Yo &Y
non partial recursive & ( \f partial recursive operator
Q)[L{l € dom(Q) & Q(({l) non partial recursive
= 0¥ ¥ QY.
In this case [{ Y1317 7 [{ 1,2 ]1a=[{ 47, %2}1a: to see
this, let {Y1la O,se{tfl,\fz} via 2 and suppose that
QCY)=0x Yy & (Y€1~ Q . Let =z be such that
Q¢ $2)= YY1 (such a z exists since Y 31<oY 5 and thus, for
some 2z, ‘fl = t‘l(@z(tfz))). By an argument similar to
those in the proof of Lemma 7.3, there exists a partial
recursive operator 2’ such that (Vﬂfédom(ﬂ))[[ﬂ(t{)(O)L &
Q) (0)=0 = R C@I=\V1 & [QC@)I 0} &
Q(\{)(0)=11=$ Q' Cp )=z 1T,
This implies Q' (Y1)=Y¥1=Q'(Y5), a contradiction. The
conclusion is the same if we suppose that Q(\f2)=0*\f1
and 2(4¥1)€1+Q . On the other hand, we can not have
QU{Qy,921) C {OxPy1. Hence Q({ Yy, Y21 ¢ 1+ AL , i.e.

QA <ei P11, 92} as desired.

Given a function £, let £’ denote c(g(f)’ i.e. the
characteristic function of the set obtained by applying

the jump operation to t(f).
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Lemma 7.4 Let T: ‘M — M be defined by
T(LQN)=L{f’: fE€QM]. T is well defined; T preserves x
and T{(1)=1.

Proof. 1) let wus show +that T is well defined. For
every mass problem Cl, let J(Q)r=tf’: £€ Q1. We want to
show that A< = J(A)r><I((). Suppose that @ < B via
ﬁyz; let g be a recursive function such that (\/f)tftz(f)
total — TPg(z)(f’)=(1fz(f))' (that such a recursive
function exists can be proved using Corollary I(c), p.
255, ROGERS (1967) and Corollary to the Fundamental Operator
Theorem stated in the Introduction). Then J(CI)SJ(OE) via
?fg(z)‘

2) We want to show that J(Q A BI)=IJQ XA IJ(R). Let
ﬂf 2, ¢ szz be recursive operators such that
?Kzi (nxh)=h, for every n€w and h€“w , and fle (h’)=h.
Let 4 be a recursive operator such that, for every £, if
ftzl(f)(0)$ then Y(£) = ﬂyzz(f)(O)* Fkg(z4)(f) (where g
is as in 1); that such a recursive operator exists is

easily seen). Suppose that hGJ((l/\GK), i.e. h=(ix£)’

where  [i=0 & £€ Q1 "or (i1 & £€®1. Then
"i’(h)=‘i’<<i*f>'>=‘fzzui*f)')(03*Y9(24)<(i*f>') =
(i*f(O))*('de(i*f))'=i*f’. Therefore L(h)eJ(Q) A IJ(R).
Since a,\@s Q. and Q. @7 <(® , we already know by 1)

that JCQA A (1 )<IQ )42 ICHB). Thus the claim is proved.

3> That T(1)=1 holds is obvious.
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Fact 7.1 (VA)(VB)[T(A)vT(B)sT(AvB)] and (3A)
(JB)IT(A) v T(B)<XT(AVvB)1.

Proof. That T(A)v T(B)ST(AwvB) holds, follows again
from 1) in the proof of the previous lemma. On the other

. . v 3 ' ' '

hand, it 4is known that ( b ( ap)lap=agv or=brV oTl
(FRIEDBERG (1957)).Take for example bg=or'. Hence, for some
ap, ar=arpvor=of'; thus (arV op)’=or’’’. Taking A such

that ar=[Alp, we have that Jlicp 1) Jlic b =

{cg".}v{cg“} = {c¢"} < {cg.,,} E J({cA}v{cp,,}).

Corollary 7.3 The restriction of T to WF gives a
mapping T: "]’YIF_‘) ’YnF satisfying T(A ABY=T(A)A T(B) for

every A, BE Mg, and T(1y=1.

Proof. Obvious by Lemma 7.3.

Definition 7.3 An intuitionistic diagonalizable

algebra (shortly i.d.a) is a pair < of;,'c> where oﬁ is a

Heyting algebra and <t 1is a unary operation on OC

satisfying <t(1)=1, T(aAabl)=t(a) AatT(b), T(Tt(a) —>ajr<ct(a).

Intuitionistic diagonalizable algebras have been

thoroughly studied in SAMBIN (1976), MAGARI (1978),  URSINI

(1979).

Theorem 7.1 <mp,T> is an i.d.a.
Proof. That T(1)=1] and T(AAB)=T(A) AT(B) hold, has

been already proved in Corollary 7.3. Notice that
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(Vae Me)tTA) —yA=Al. To see this consider any finite
mass problem Q (chosen according to the observation
preceding Lemma 7.1): we must show that
(31 —>101=1Q1; but [J(A)H1 = QI=L{fEQ:
(Vgea(Qrstg 4o £1}1 (see Corollary 7.1). Now, if fe Q
and g=h’<pf for some he€ Q. then h<rf, contradicting our

choice of O . Therefore T(T(A)— A)=T(A).

Remark 7.4 1) ( Vae Mprta # 1 =Da<T(a>1;

2) both T(A—B)=T(A) —>T(B) and T(A-—>B)<T(A) — T(B) can
occur. Indeed, for Q ={c}a,.. 3}, @ ={cg,}, we have
Tt 1— [@])=T([{c '}])=“°g" }]=[{cﬁ,.,. 11— [{cg" 31 =
T([a])—‘rT([a]), whereas for a =ify, a={g} where
flT g and f’=pg’ (the existence of such functions is
again a consequence of the result by Friedberg quoted in
the proof of Fact 7.1, we have that
T({E£}1— [{g}1)=T(L{g}l)=0{g’}]) and T(L{f}1)—> T(Li{g}l)=
[{£’}1— [{g’}1; hence T(L{f}1) T(Lig}l)=1;

3) the set of regular elements (i.e. degrees A such that

1T7A=A) is {0,1}; hence it is not closed under T.

Proposition 7.1 WF is not a Brouwer algebra.

Proof. Let us embed the u.s.l. zf.=<{a,b,an: n€Ewl},<>
in 9-1' as an initial segment of :DT' where
(vnew)(vmew)£a<an<b & Im # n = ag Iam]J (we use here
the result that every countable upper semilattice with a

least element is embeddable in 3-DT as an initial segment:
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- see LACHLAN-LEBEVF (1976)). Let ag, by, (ap)y (n€Ew) be the
corresponding T-degrees and choose g€byp, f£f,E€(ap)p for
every n€w. Then (‘7n>0)[gETfo~an]; for every n€Ew let
zn be such that Y, (fovend=g. In M, (£915(g}=tz+h:
sz(fov'h)=g} (for this use of the symbol — as an
operation on mass problems, see the ébservation prece?ing
Corollary 6.1). Thus, in M, {fo}—>{§}s{zn*fn: n>0}.
Suppose now, for the sake of contradiction, that there
exists a mass problem ' >0 guch that {gitifglv T s
(Vfinite 9 )y i{g}y < {f}vgél}sgl; then, for every
finite 9. such that %,.Q {zp*fn: n>0} we would have
3’5 %,. By «cardinality arguments, and since each £,
belongs to a minimal T-degree, this would 1lead us to a
contradiction: when the cardinality of 6, exceeds that of
G, we would have that there exist fe 3’ and nj, n3
(with ny # n3) such that f<qpfy, and £<f, , a

contradiction, since EanJT, [fnle are minimal.

Fact 7.2 F: MM —>M defined by F(IA D =1(c(Q)1]
preserves \4 and F(0)=0, F(l)=1, Moreover
(VA)(VB)[F(AAB) < F(AM)AF(B)] and (3A)(3B)IF(AAB)<
F(A) AnF(B) 1.

Proof. The proof is essentially the same as for Iy
(see Section S). As to show that equality does not hold
in general in the second part of the statement, notice
that C(O—AGS) is uniform for every a,@gww and so

belongs to a meet-irreducible degree of difficulty. Thus



76

if F(AAB) < F(A) and F(AA B) < F(B), then also F(AAB) <

F(A)YA F(B).

Rremark . 7.5 (VY A)IF(F(A) —> A)<F(A)1; however,
equality does not hold in general, otherwise < "N°P,F>
would be an i.d.a., but F has fixed points different form
1 (in fact, (\V/A)[F(F(A))=F(A)], whereas in an 1i.d.a.

<o ,t>, tlad=a => a=1 (see URSINI (1979)).

Remark 7.6 The first order theory of Second Order
Arithmetic is recursively isomorphic to Th( WF,S).

Proof. Similar to the proof of Theorem 5.2. Indeed,
it is easy to see that Th( ®T'5T) is 1l-reducible to
Th(WF,S), since, by Remark 7.1, in WF A is a degree of
solvability if and only if (VB)(\V/C)[A=BAC = I[B<A or

C<A1l].

We now devote our attention to a preliminary study

of the operation —% in W .
Notice that, in ', (¥/B>0’)[0’ — B=BJ]. Useful

information is given also by the following fact.

Fact 7.3  (DYMENT (1976)) 1£f By is effectively
discrete and 6% { Q then (v 'C ) 673 <Qvt = C nowhere
densel. Hence all mass problems in [ Q1—=>t®1 are

nowhere dense.
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Proposition 7.2 If Q is dense and ® is closed in
the Baire topology then [ Q1— t®1=t® 1.
Proof. That [Q1— [ Q®R1<t® 1 holds, is always true.
We have only to show that Gssiz*g:
VeV, cevagre®as.
Let h be the recursive function defined in the proof of
Fact 4.1; for every uew, let DE0), DS’ denote
respectively the sets {<x,y>: <2x,y>€Dy} and {<x,y>:
<2x+1,y>€Dy}; alse, for every u€W such that Dd is
single-valued, let &(Dy) denote the finite dinitial
segment having length equal to n=max{x:
(3 yrr<x,y>ED,1}+1 and defined by
t™l(Dy) (%) if xE€dom(t~1(Dy))
8(Dy) (x)=
o if x<n & otherwise

Finally, given two finite initial segments E,a let us say
that £ is comparable with § if £¢g or g¢£.
By the Recursion Theorem let e€ w be such that
We={<x,y,u,v>: 1t~1(D,) is a finite initial segment & Dy
is single-valued & t(é(Dg:L)))ngu & (3 2)[<0,2>€D,
& (Jart<<,x,y>,v>EWS & (Vaew) (\7’ber>t§2]a,4 ))

[(b)o<lh(t(D 1 & (Vi<x)(Ij) «Twr (Ikd<i,j,uw, k>€EWg
& DW.Q D, & 8(DKOY) is comparable with $(D$0))]
& (\/t<s)(\/a€W;)[D(ah single-valued & t(6(Dh%}g)4))) -

Dy = (Fi<x) (IHcTwr (3w <i,j,w,k> €Wg & Dy CDy &

(o)

8§(Dr0Y) non comparable with &§(D(gy), 211111,

Let W={<x,y>,u>: ( v)l<x,y,u, v>EWl}.
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It is not difficult to see that W determines an
enumeration operator which in turn defines a partial
recursive operator 2 such that, for every total function
f, f€dom() and Q(f) is informally computed as follows:
Let £(0)=2

Step 0) Enumerate W, until you find a number, if it
exists, <<0,y>,v>€W, such that DS ¢ T(E*) (where
£r=Ax.£(x+1)) & DéO) is single valued. If no such number
exists, then let Q(£)(0)T. Otherwise, 1let <<0,yp>.,vp> be
the first such number to appear in the enumeration of W,
and let Q(£)(0)=yq.

Step _n+1) If (Ji<n)IQ(£)(iXT]1 then put Q(£) (n+1OA.

Otherwise, enumerate W, until you find a number, if it
exists, <<n+l,y>,v>EW, such that Dél) CT(£") & D&O) is
single-valued & (&/iSn)[é(Déf)) is comparable with
§(Dy0?)1. If no such number exists, then let Q(£)(n+1)T;
otherwise, let <<n+1l,ypn+1>,Vp+1> be the first such number
to appear in the enumeration of Wy and put
QE)(n+1)=ypn41 -

Notice that, if for every n€w Q(£f)(n)! then for
every n€w a finite initial segment fh is defined, namely
fn = U 18D ixn).

Let Q=95+ and let o= ﬁfo(e')’ Thus, by the Fundamental
Operator Theorem, for every total f, Q(f)=qf(f).

Now, if z+g€é A —®, then (VeeO)r1 ¥, (£vg) is total &
Yz(fvg)GO‘SJ; moreover, since Q is dense, one can

certainly find, for every n€W, a number v, as above, so
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that the corresponding £,, is defined and (vn)[ Yz(fnvg)
\v/ ~

is an initial segment & (Vign)[i€dom( 1’fz(fnvg) &

Yo (fava) € Y ,(£h41vg) 11, Letting Sp=th: (Vi<n)(h(i)

=1fz(§nvg)(i)]} we have that for every n there exists a

function hp€ 3 such that hp€s,. Since B is closed, we

conclude that limnhn=qf(z*g) and thus "i’z(z*g)e Q.

Then & <O — B via ¥ , thus proving the proposition.

Corollary 7.3 If Q. is dense and @) ig closed and

t®1>0 then & % Q.

Proof. Obvious by Proposition 7.2, because if G) < Q

then [OL1— (R 1=0.

Remark 6.2 makes it easy, in a sense, to compute

(QA1—=>t(h3 in M, for Q. ® c-closed

Example 7.2 1) Let (L={f: fospf} and B =1(f: £1<pf}:
then [Q1—tQi=rtg: (Vertegspf =D £1<pfv g1t (notice
that if f1<7fgy then the latter set is “*> hence, in this
case, [Q]—)[@)]=0.

2) Let (Q =tf: £ non recursive & fo VT £} anda B=tf:
fo<Tf} where f3 is not recursive. Then [ (1] —t®i=r1g:
(V£)[f non recursive & fo fr £ — fo<7fvglil=lig:

fospgri=t (b1,
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8. An embedding theorem for a certain class of countable
distributive lattices.

Distributive lattices with a least and a greatest
element and lattice-theoretic homomorphisms which
preserve the least and the greatest element constitute a
category which we will denote by DL.

If <ﬁ iz an object of DL then the 1least and the
greatest element of J: will be denoted by 0£ and %L

respectively (or simply by O and 1, when clearness is

not affected by doing so).

We will use also the following terminology:
T(DL) is the full subcategory of DL whose objects are
distributive lattices which are coatomic and have exactly
one coatom. If J: is an object of T(DL) then its coatom
~wi11 be denoted by §£ or simply by t when this does
not cause any confusion.
B(DL). is the full subcatégory of DL whose objects are
atomic distributive lattices having exactly one aton,
denoted by b£ or simply by b.
TB(DL) 1is the full subcategory of both T(DL) and B(DL)
and thus of DL such that ob(TB(DL))=ob(T(DL))Nob(B(DL)).

One has two obvious functors

+3

(DL)

T: DL —
—

[ve]

B: DL (DL).

where, for every c£ €ob(DL), T(Jz) is the 1lattice

obtained from JZ by adding an element greater than all
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elements of £ and B( i) is the lattice obtained from
& by adding an element which is smaller than all

elements of &:. Thusg, for example, if

& o=

then we have
T £ )= and B( & )=

Notice that A: can be regarded as a subset of T( 4:)
and, under this identification, 1£ becomes ty(ge )
analogously, Jl can be regarded as a subset of B( £ ), in
such a way that 0£ ig identified with bp¢ge ).

T and B are defined in the obvious way on morphisms:
let f£f: J:l' ? le be a morphism in DL and let us regard £
as a function from 431 ;viewed as a saubset of T<£31>,
into 432 viewed as a subset of T( 412). Then define
T(E): T(L1) —> T Ly by

£(a) if aflp(g, )
T(£) (a)=
1r¢ §,) if a=ltc £
Analogously, B(£):B(& 1) —> B((ﬁz) is defined by
f£(a) if afop¢ £
B(f) (a)=

Opc &,» if a=0pc L
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Clearly ToB=B o T; moreover, we get a functor ToB:
DL, —> TB(DL). T,B,ToB are faithful and almost surjective
on objects (except for the two-element Boolean algebra,
every object of T(DL) is in the range of T; except for
the two element Boolean algebra, every object of B(DL) is
in the range of B; finally, except for the two element
Boolean algebra and the lattice consisting of the three
element chain, every object of TB(DL) is in the range of

TeB): this is one of the reason for the names T(DL),

B(DL), TB(DL) given to the above defined categories.

Finally, notice also that if we denote in each case
by I the inclusion functors I: T(DL) — DL,
I: B(DL) — DL and I : TB(DL) — DL then we have I — T,

I—B and I—| To B. Thus T(DL), B(DL) and TB(DL) are

coreflective subcategories of DL (for this terminology,

gsee HC LANE (1971).

Clearly, )m, m W )I/ne are objects of B(DL)
Theorem 8.1 Every countable JZEIE&QLL is embeddable
in M via an embedding which is a morphism of DL
Proof.Clearly, the two element Boolean algebra and
the three element chain are emebeddable in M. as to
show that every countable object of TB(DL) having the

form TB( JZ ) is embeddable in {ﬂq . We can argue as

follows. Let 63 be a Boolean algebra satisfying the
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following conditions (the reason for excluding O will be
clear shortly):

1) 0 is a sub Boolean algebra of the Boolean algebraZ&u
of all subsets of w-{0};

2) 8 is countable and atomless;

3) the elements of ® . except the least element, i.e.
the empty set, are infinite recursive subsets of W-{0}.
That such an algebra exists can be seen as follows.
Let K be the classical propositional calculus (see RASIONA-
SIKORKI (1963) or ChapterlII, Section 1); and 1let Form(K)
denote the set of sentences of K. Finally, suppose
that © " :Form(K) — w -{0} is an a one-one, onto
recursive coding and, for every a€Form(K), let [x)={'B":
gl— a&> B} Clearly, {[ « 1: o€Form(K)} is a partition of
w-{0} into infinite recursive sets; thus the Boolean
algebra generated, as a subalgebra of (Bw ., by {[ o« 3:
a&€Form(K)} satisfies 1), 2), and 3).

Now, 1let g, {én: n€E W-{0}}! be functions such that g(0)=0
and for every m,n€ wW-{0}

1) gu(0)=m;

ii) mfn = gy IT 9n & 9 =T Gm v 9n’

we also assume :iii)- there exists a +two variable
recursivel function h such that for every m,n€ w-{0},
if m#n then Qf}uhn,n)(gm\’gn)=g'

For example, it 1is possible to embed the poset used in

the proof of Proposition 7.1 so that the uniformity
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condition referred to in iiil) holds (see LERMAN (1981)).
Thus, functioﬁs gatisfying i) ,ii) and iii) exist.

Notice that the mass problem {g,:n€ w-{0}} is effectively
discrete. For every XC W-{0} define

{gy:x€EX}Y if X¥

Q-
ig} if x=0
Then
a Oy a0y Aol O 0y
To prove this, it is enough to show

that Qyga Oy Oy u Oy,

Let a,bEw be such that X=W,, Y=Wp (recall that X,YE®

thus X,Y are recursive sets) and let W be the set defined

as follows

W={<<x,y>,u>: ( 3 v)[<0,v>€Dy, & ( E!s)[Evewg & (Vit<s)
v ¢'w§J & [[x=0 & y=0] or [x>0 & <x-1,y>€D_;111 or
[vew &Viea)iv WSl & [[x=0 & y=11 or [x>0 &
<x-1,y>€D; 11111}

Clearly W is r.e. and defines an enumeration operator

which in turn determines a recursive operator @f such

that aanY < aXU QY via ¥ .

> Ayv Oys O“xm{-

Indeed,

axV QY={ng gy: XEX & y€Yl=1{gpv gp:2€EXNY} U {gx Vgy: x

€EX & y€EY & x#y}s{gz: zGXﬂY}(J{g}E{gz: zGXﬂY}=(1 XNY: let

us show for instance that {gz: z2€XNY1} U {gli=igy,Vvgy:

zZEXNYY U {gxVgy: x€X & y€Y & x#y}: to. show that 2 holds,
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remember that for every n€ W-{0}, g,(0)#g(0) and gnsT9
(and thus (\7z€XﬂY)[gZng$ng; to show that < holds, one
has simply to show that there exists a recursive operator

(Y such that

Yhegor,gc1y)(£)  if £COFED
Y=

Ax.£(2x) if £(0)=£(1)

and, thus,
g - if xty
“f(nggyﬁ
dx if x=y

It is easily seen that such a recursive operator exists.
For every X € W-{0}, let ~1 X denote (W-{0})-X; define a
function F: & — M by Fxr=t Q q41.
From a) and b) it follows that
FXNY) =1 QA qexnyy 1= A axuqy?=f Qaxa A qy1=
=t Qag1a 0 ayl=F) AF(Y);
F(X U=l A qxuyy?=l Aaxa-yl=t Aqxv A, y1=
=L Q g1V [ Q 4yI=F(X) v F(Y).
Moreover, by ii), since mfn. = dm lT dn., it follows
that F is one-one.
Since éh is a countable atomless Boolean algebra, every
countable distributive lattice is embeddable in & , via
an embedding that preserves the least element (see for
example  BURRIS-SANKAPPANAVAR (1980)). Thus, we are in a position
to conclude the proof of the theoren. Indeed,

1et TB(L )ETB(DL) be countable. Let
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J: J: — 8 be an embedding morphism of DL. Define a

funcyion I: & — M by

0 if a = OTB(cf.')
Ita)s= F(J(a)) if a £ (O7p(L >.1TB( L)}
1 if a=17p( &)

(again, <£ is viewed here as a subset of TB(£’): notice
that I(bTB(£))=F(J(0£ ))=F( ﬁ )=[Qw_{0}l and
ICtrp(LH? = F(J(1£ ))=F(Ww -{0})=[{g}].

I is the desired embedding.

Remark 8.1 If we define F(X)=L (l y] instead of
F(X)= [Cqul then we can use such an F to show that every
countable object of TB(DL) is embeddable in M1 °P, via a

morphism of DL.

Corollary 8.1 Every countable &lezgiggg_ is
embeddable in 'Tne and in ﬁylw (via a morphism of DL).

Proof. Let TB(L) be countable and let I:
TB(cﬁ) —> Y1 be the embedding of the previous theorem.
Then Ig0l: TB(L) — ‘W, ana Fyel: TB(LH) —> M, are
embeddings of the category DL (I, and Fy are defined in

Section 5); Fy is not 1-1, but F, I is 1-1).

Since clearly 1 is not the sup of any countable

family of degrees strictly less than 1, we have
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&4
Corollary 8.2 A countable object <L of DL is

embeddable in M if and only if Ji is an object of

IB(DL)..

The proof of Theorem 8.1 shows that the range of the
embedding function is contained into the set  of

effectively discrete degrees. On the other hand, we have

Lemma 8.1 The effectively discrete degrees form a
sublattice of {HQ .

Proof. Since o, 1 are clearly effectively
discrete,it suffices to show that if Ay, A, are
effectively discrete, then so are Ajv Ay and Aj A Aj.

Suppose that A;, A; are effectively discrete degrees
and let Q 1 Q. , be mass problems such that Aj=I( Clll
and As=I( O.ZJ and assume that for, every i€{1,2}, for
every f£f,g€ O-i' £(0)=g(0) = f=g ( +that every
effectively discrete degree contains a mass problem Q
satisfying ( \/f,ge Q. [£(0)=g(0) = f£=gl] is remarked
in DYNENT (1976)). Thus, the set S=(E: £ is an initial
segment & lh(§)=2} is clearly r.e. and witnesses the fact
that Aj v Ajy=I[ 0-1" 612] is effectively discrete.

Finally, to show that Aja A=t A ;A A ,1 is effectively
discrete, consider the r.e. set of initial segments
{0«f: £ is an initial segment & 1h(£)=13 U {1+f: £ is an

initial segment &_lh(f3=1}.
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If qYlED denotes the sublattice of effectively

discrete degrees, then we can conclude

" Corollary 8.3 Every countable Ji €TB(DL). is
embeddable in ‘Mgp via a morphism of DL.
We conclude this section by introducing the notion
of Kripke frame, which will be used later in this paper
(an excellent introduction to the theory of Kripke frames

and related notions is FITTING (19698)).

Definition 8.1 A Kripke frame is a partial order

(?- =<P,<>, where Pt O .

There is a useful correspondence between Heyting
algebras and Kripke frames; this correspondence will turn

out to be quite useful for the topics treated in the next

chapter.

Definition 8.2 Let ¢£ be a Heyting algebra and let
K¢ £ )={F: F is a proper prime filter of £ 1.
Then the partial order 'K (£ )r=<k¢ ), ¢ > will be

referred to as the Kripke frame corresponding to J:.

On the other hand, given a Kripke frame 6>=<P,S>,

let us say that a subset QCP is <-closed if
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( ‘7x)( \7y)[x60 & x<y =% YEQ] and let A( G>)={0 c P: Q

is <-closedl}.

Definition 8.3 The Heyting algebra corresponding to

63 is the algebra Q( 6) ) having A( (P ) as universe and
whose operations are defined as follows: for every
ay.a,ea¢ ¢

1) Q1 ~Q=Q1 N Q3;

2) Qv Q=@ UV Q3;

3) Q) —> Qy={x€P: (Vy€P)Ix<y => [y € Q; or y€a,11};

4 aq=q;— g .

For the sake of completeness, we will carry a little
farther this sort of duality between Heyting algebras and
Kripke frames by recalling the notion of open
homomorphism. However, we will not make any use of this

notion in this thesis.

Definition 8.3 Let ®1=<pPq, <10, ( ,=<P5, <»> be
Kripke frames. A function £: Py —> P, 1is an open

homomorphism of Kripke frames if

1) « Vx,yep)ixs<qy E(X)<HE(y) 1;
1 1 2

2) ¢ VxeP)( VyePp)f(x)sy = ¢ I z€Pp) [£(2)=y1].

Theorem 8.2 (DE JONGH-TROELSTRA (1966)) Let & 4, €, be

finite Kripke frames. Then Q¢ (?1> is embeddable as an
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Heyting algebra in Q « & 2) if and only if there exists

an open homomorphism of ()‘) 1 onto 6)‘2.
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CHAPTER II

tHE Latices M, ‘M., M, "W; anp iNTERMEDIATE

LOGICS.

1. Intermediate logics and embeddings.

Heyting algebras constitute a subcategory of DL, its
morphisms being those morphisms of DL which preserve the
operationg —> and .

Analogously, Brouwer algebras are a subcategory of
DL: the morphisms of this category are defined in a
similar way.

Throughout this chapter homomorphisms are understood
to be morphisms of one of these two subcategories, the
particular choice being clearly determined by the

context.

Let L be a propositional 1language with connectives
A and a countable infinite set of
propositional variables. We warn the reader that we use
the same symbols to denote logical connectives of L as
well as operations of Heyting (or Brouwer) algebras:
however this should be harmless enough and should not
cause any confusion.

Form(L) will denote the set of formulas of L.
Throughout this chapter we use the lower-case Greek

letters a, B8, X as variables running through Form(L).
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Let H "denote the intuitionistic propositional
calculus, i.e. the deductive closure, using only Modus
Ponens as rule of ’inference, of the following axiom
schemes:

a — (B —a)

(x — (B-—éx)) — ((ax —> B) — (a — ¥))
aAB —/ «

aaAaB — B

a —> (B8 —>(aAB))

a —> (av B)

B — (avB)

(a— y) — ((B— YY) —>(avB —> K))
(a — B) — ((ax —?1B) — T

Tax —> (ax —B)

K will denote the classical propositional calculus,
i.e. the deductive closure under Modus Ponens of the set

of formulas H U {avi1a:a€Form(L).

Definition 1.1 IL={L: H ¢ L ¢ K! is the set of

intermediate logics.

For a thorough investigation of this set see H0501
(1967) ,H0501 (1969), HOSOI-O0K0 (1973): HOSOI-OR0 (18973) is a survey
containing valuable information also as regards

references, historical remarks etc. However, we will have
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ourgelves the opportunity of making several remarks on

this set in the remaindef of this chapter.

Heyting algebras and Brouwer algebras are used for a
semantics of intermediate logics in the following way:
Let <£ be a Heyting algebra: a function h:Form(L) — L

is an H-homomorphisgm if it satisfies, for every «,BE€

Form(L) :

h(aa B)=h(a) A h(B)

h(awv B8)=h(a) Vh(8)

h(n a)== h(x)

h(ax = BY=h(x) —> h(B)

where the symbols A+, VvV, — , " denote, as previously
remarked, on the left side of these equations the logical

connectives of L and on the right side the operations

of JZ

Definition 1.2 Let <£ be a Heyting algebra and let «
€ Form(L). Then <£,=Ha if for every H-homomorphism h,
h(x)=1;

Ly¢ & )={«EForm(L) : oﬁFH «l.

Dually, given a Brouwer algebra <£ , @ function h:

Form (L) — £'is a B-homomorphism if it satisfies

h(x AB)=h(x) v h(B8)

h(xwv B)=h(x) A h(8)
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h(7a)>= "h(a )

h(a — 8 )=h(ax) — h(B8)

Definition 1.3 Let eﬁ be a Brouwer algebra and let «
€ Form(L). Then <£l:B « if for every B-homomrphism h,
h(x)=0;

L (£ )= {a€Form(L): do g at.

For every Heyting algebra , , we have H c Lyt Lorc

K; for every Brouwer algebra 43 . HC LB(Jf) C K.

The first significative application of this (or at
least very similar ) semantics was perhaps in G0EL (1932).

There is also another semantics for intermediate
logics which wuses Kripke frames. Thisgs semantics was
discovered by Kripke (KRIPKE (1965)). We would 1like to
sketch here also this semantics, though extraneous to our
purposes, just for the sake of completeness.

Let ® =<p,<> be a Kripke frame. A @ -valuation (with

respect to L) is a function v:Form(L)xXP —> {0,1} such
that for every x,y € P and o,8 € Form(L),

via,x)=1 & x<y =% v(a,y)=1

viaAB,x)=1 & via,x)=1 & v(B,x)=1

viav B,x)=1 & v(a,x)=1 or v(B8,x)=1

vie — B8,x)=1 & ( Vzx)lvia,z)=1 => v(B,z)=1)

v a,x)=1 & ( \/zzx)[v(a,z)=0]
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Then one defines L( G) )={a€Form(L) : (for every
Gy—valuation v)(\fxep)[v(a,x)=1]}.

The following holds (see ON0 (1971)): L( 6>)=LH( 0 « 6>));
if & is a Heyting algebra then Ly( > < L(K (H));

moreover, if o is finite then Ly¢ &)=L K £ ).

We recall the following useful fact (see for example

RASIOWA-SIKORSKI (1963)).

Fact 1.1 Let £ 1 Iiz be Heyting algebras (Brouwer

algebras). If F: le - 432 is a monomorphism then
¢ £ 20 < Lyt £10 et &2 ¢ gL, 12 Fr
£,—d, is an epimorphism, then Ly( L 1) € Ly« £2)

(and similarly, Lp(d 1) € Lptdo)).

Proof. Almost immediate. For example, suppose that
Ji 1+ °C2 are Heyting algebras and let F: Il‘-—? °€2 be
an epimorphism. Let « ¢ Ly oC 2): then there exists an
H-homomorphism h:Form(g)-—9<£2 such that h(a)f1£1 . Let
R be the set of propositional variables which appear in
a; of course R is finite. For every p€R, choose ap€ 431
such that F(ap)=h(p). In order to show that « ¢ Ly iil),
consider for example the H-homomorphism h’ obtained by
extending in the obvious way to the set Form(L) the

function h’ defined on the set of propositional variables

by
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ap if p€R
“h’(p)=
1g, if p € R
h’:Form(L) — £1 and h'(a)#1£ .for otherwise h(a)=
1

F(h'(a))=1£ ,» a contradiction.
k5

Definition 1.4 Let J be the deductive closure under

Modus Ponens of H U {iav11a: «€Form(L)}.

The intermediate logic J has been investigated in
several papers by Jankov (see e.qg. JARKOV(1963),  JANKOV
(1968)); this is the reason for +the symbol J (after

Jankov) given by us to the previous logic.

An intermediate logic L is said to have the finite

model property if there exists a set {J:i: i€I} of finite

Heyting algebras such that L= N {EH(J:i)’ i€I:.

Fact 1.2 Let { J:i:iecu} be the set of all finite
Heyting algebras. Then
a) H= n {Lg(drricwi= N {Ly(T(L Iy ie wi;
b) J= N {Ly(B( nﬁi):ie wi= N {L._H(TB(oﬁi)):iEw}.
(T,B are as defined in Chapter I, Section 8).

Proof. a) was proved in (or, at least, is an easy
consequence of) JASKONSKI (1936); b)) is proved in  JANKOV

(1968).



Theorem 1.1 a) 1If £ €{ )]/np, WE' me,p, mw,,}
then J C Ly¢ £ );
by it &£ et M, M,, "M 1 then 3 ¢ Lg¢ £ ).
(Remember that by Chapter I, Theorem 6.2, 4¢7w is both a
Heyting algebra and a Brouwer algebra).

Proof. a) Let & et My, Mg, M, g MM 3: it
suffices to show that, for every a€Form(L), —1axv11«
€ Ly £ ). Using the Ffact that in )}/np, '.I/nE, me,Fl
and Wy]w the least element 0 is meet irreducible, one
eagily sees that for every degree of difficulty A€ JZ

1 if A=0

-1 A=

0 if A¥0
(here, of course, if oﬂ = Ww P the operation —> is the
one pertinent to ’Hﬂw as a Heyting algebra). Thus, for
every H-homomorphism h and every a€Form(L), we have
h(iav 277 a)=Th(x)v 77 h(ad=1; hence -1av1‘1a€LH(<£ ).
b) Let cf,e{ m, We' Ww} and let Ww be regarded
as a Brouwer algebra. Since in Wn, )ﬂde, fﬂQw the
greatest element 1 is join-irreducible, for every degree

of difficulty A€ £, we have
o if A=1

1 if A#1
Hence, for every B-homomorphism h and every o&Form(L), we
have h(qava1a)= "h(x)a 11 h(a)=0 and the proof is

complete.
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Fe. lg. Fy, I, as defined in Chapter I, Section 6
give preliminary information about the relationships
between the logics of the lattices mentioned in Theorem

1.1. For example

Corollary 1.1 Let FormA)_ﬁ'ﬂ(L)={a€Form(g): a contains
only A, — ,1 as logical connectives! and, for every

7 (L). Then Lg™ 7 (M)

LEIL, let L™™'7 =LNForm”’
cLg™ T M.
Proof The proof follows from Fact 1.1 and Chapter I,

Fact 6.3, as Iy is a Vv ,—>," -monomorphism: notice that

I, preserves v and not A , but this is consistent with

our claim since “¥¥l and 441w are regarded as Brouwer
algebras.
For the next theorem we first recall some

preliminary facts about distributive lattices (the reader

ig referred to BIRKHOFF (1944)).

Let J: be a distributive lattice. First, we remark

that for every p € DE) ’

p is meet—irredugible = (\fq,rE Ji JIgATSp = g<p or
r<pl:

p is join-irreducible &= (Vq,re e& JIpsgvr = p<q or
p<rl.

A finite set {aj: i€l} of elements of <£ is said to be
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A ~irredundant if

( Vlie I)[a; is meet-irreduciblel and (‘/jGI)[ /\{ai:iGI}
< Atfaj: 1i€1 & i#3j}1).

Dually, {aj:i€I}l is _Vv-irredundant

if (\/iEI)[ai is Jjoin irreducible]l and ( \7j€1)

[ V {aj:i€I & ifji< V {aj: i€I}1.

Lemma 1.1 (BIRKHOFF (1944)) Let JZ be a finite
distributive lattice. Then for every a€ cﬁ there exists
one and only one A -irredundant set {aj: i€I} of elements
of such that a= N {aj:i€I}. |
Dually, for every ae(ﬁ there exists one and only

one v -irredundant set {aj:i€I} such that a= V{a;: i€I}.

Theorem 1.2 Every finite Heyting algebra having
exactly one atom and one coatom is embeddable in %HQF.

Proof. Since every finite distributive lattice is a
Heyting algebra (as remarked in Chapter I, Section 6), it
ig enough to show that for every finite object =£ of the
category DL, the lattice TB( J:) is embeddable in tHQF as
a Heyting algebra (we skip the case of the two-element
Boolean algebra and the three-element chain, which are

clearly embeddable in ‘M.

Suppose that 41 is a finite distributive lattice and let

P={p€ Jl: p is meet-irreduciblel.
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Define a function lv:<£ — W as follows:

1v(p)=0 if p=ly;

lv(p)=n+1 if ¢ 3 @)l1lv(g)=n & p<q & (¢ 3 r)lp<r<qll.

We use this function to define a finite partial order
<A, ® > by letting A= Utag: pery, @ = Ut @ pinew)
where {Ap:pGP}, { ® pt nEW}l are defined by induction: at
step n) we define a finite set Ap for each pEP such that
lv(p)=n, together with a partial ordering ® , on the
set \J{Ap:lv(p)Sn}.

The sequence { @ p:n€EwW } will satisfy ( V m,n€EW) [m<n
= ®nC ® 1, which is enough to ensure 4 that
®= Ut ®y:nEwl is a partial ordering. |

In order to get a suitable indexing of the elements of
each set Ap, we suppose also that we have fixed a linear
ordering 4 on P.

In the course of the induction below, for every p€EP we

define a number n(p) which will turn out to equal lApl—l.

Step 0) Let p€P be such that 1lv(p)=0.
Then define Ap={ag}. Notice that if 1lv(p)=0 then p=1£,.

® o is the identity relation on Ali

Step n+l1) If there is no p € P such that lv(p)=n+l then
there is no Ap to define and we simply let @ p+1= € n-
Otherwise, for every p€EP such that 1lv(pl)=n+l, we carry
out the following construction, where we distinguish two

cases;:;this distinction is not necessary in the sense that
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for every p we could define Ap in the same way as it is
defined in Case a) below. However this would
superfluously complicate the definition of Ap when
(\/qEP)[qu or g<pl. 1Indeed, given p, the construction
aims to find a function F:P — THF such that, for every
g€pP, F(paq)=F(p)AF(q), F(pvq)=F(p)vF(q),
F(p—=g)=F(p)—>F(g). These conditions are automatically
satigsfied when p 1is comparable with all the elements of
P, once we have only made sure that F is an order

isomorphism and F(p) is meet-irreducible in 7np.

Case a)> ( dq)lqg € P & p | ql.

By Lemma 1.1, there exists a A —irredundant set
{qg,---.9y}? such that /\{qEP :p<qi= Algp:h<v}: we may
also suppose that gg4 ... 4qQy-

Clearly, (\/th)Clv(qh)SnJ; thus the sets Aq,...,Aq are
° v

already defined.

Let n(p)= I{Ah: h<v}| -1 and define Ap={ag,...,dyp)}.
Let also @ E+1 be the smallest preordering (i.e.
antisymmetric and transitive) relation on

Ay v U{Aq: lv(g)<n} satisfying

1) ®n C © hats

2> (Vhen) (Vitn(gy)rtap2intg;jsh-1i+h+i g Tl aéh]
(where the otherwise meaningless symbol Z{n(qj):js—l} is
interpreted as O0;

Case b) Otherwise, i.e. ( ‘/qGP)[qu or g<pl.
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Let again A {q€P:p<ql= A {gp: h<v} where {qg,...,qy}
is A -irredundant. Define

A,={a2}l and let ® g+1 be the smallest preordering

p P

relation on APU\J{Aq: lv(gl)<n} satisfying

1) @ n < @ ‘:14-1;

2) « V hswy( Vitn(gp)dtag @ §+1aéh].

Finally, to conclude Step n+1), let & p+1 be the partial
order on L){Ap: lv(p)<n+l1} generated by U ¢ C)§+1:
lv(p)= n+1l},.

However, we will frequently happen to use a different
notation for several of the above defined notions:
suppose that Ap is defined at Step n+1) through Case a);

then, for each hfv and izfn(qp), let

agh‘* =ap2{n(qj):jsh-l}+h"‘i and let

Apr=tagh ..., agn nan)y,
It follows that Ap= 9] {Agh:hSV} and, according to the
definition of @ h.; above, we have that ( V hsv)
' . Qi o P i
( i<n(qy) lar ® a ]1.

v dh p n+l @q_

We 1list now several claims which will allow us to prove

the theorem.

Claim 1 ¢ V q€P)( V jsn(q))lay ® a‘])_&].

Proof of Claim 1. By induction on n=1lv(q).

Step.__n+1) Suppose that the claim is true for every (q€P

such that 1lv(g)<n and let g€EP be such that lv(g)=n+l. Let

{80,...,8y4} be . a A -irredundant set such that
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N {s€P: g<sl= A {sp: hsw}l. If Aq is defined through Case
a) then ( V jsn(g ¢ ¥V hewd ¢ 3 iSn(sh))[aé ® aéhl; on the
other hand, if A4 is defined through Case b) then n(q)=0
and ¢ V hgw) ( \/iSn(sh))[ag ® aéh]. In both cases the

claim follows by induction, since (VhSw)[lv(sh)Sn].

Given two subsets B,C C A let us say that B[ C if

( Wecec)c 3 beB)Ib B} cl.

Claim 2 (¥p€eP) (Y g€P) [p<q = A, B Aql.
Proof of Claim 2. By induction on n=1v(p).

Stepg) If 1lv(p)=0 then p=1£ and the claim follows
trivially.

tep. _n+l) Let p€P and 1lv(p)=n+l and suppose that the

claim is true for every p€EP such that 1lv(p)<n. Let
A {rep: p<ri= A{rpth<v} where {rog,...ryl is a
A -irreduntant set. Suppose that gq€EP and p<q (the case
p=q is trivial): then g€ {r: p<r} and, thus, A Arp:
h<vi<g. ©Since q is meet-irreducible, we have ri<q for
some k<v: but lv(rpl)<n, so the claim follows by induction
and by the definitions of (® and .

Claim 3 ¢ V peP) (V£finite B¢ A))( VrEP)[Apu B[R A, —
Ap B Ap or B [§ Apl.

Proof of Claim 3. By induction on n=1lv(p).

Step 0) Let 1lv(p)=0; then p=1£ . By Claim 1, we have

that (VBSA)[BEIA1£]- Thus, for every ©rT€P, we have
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A1£UB@Ar:7 B £ Ar.

Step__n+l) Assume that the claim is true for every p€EP
such that lv(p)<n and 1let BE¢A, p,.r€P be such that
Ap U B B Ar and lv(p)=n+l. If Ap=Ap then the claim is
trivially true; otherwise, let A{s€P: p<sl= Af{sp: hsw}
where {so,...,sw'} is A -irredundant; by the construction
and the definitions of ® and[§ , Ap U B [Z] A implies
v {Ash: h<w} 0 B [ A, or, equivalently,
Ag,u ¢ U {Ag : 1<h<wl 0 B) [ Ar.

Since, for every h<w, lv(sp)<n, we conclude by induction
that  either Ag [ Ap or U{Ag : 1ch<w} UB @ Ap: if
ASOEI A, then the proof is complete since, clearly,
Ap Ag ; 1if, instead, U{Ash: l1<h<w}! U B A, then we
proceed in the same way using the induction hypothesis,

until we get an igw such that Asi[g] Ar., whence Ap A,

or otherwise ( VY h.Sw)[AShJZ(Ar] and B Ar.

Claim 4 ¢ VpeP)( V qeP) 1A, B Aq =Y pql.

Proof of Claim 4. By induction on n=1lv(p).

Step 0) If 1lv(p)=0 then the claim follows immediately
since, by Claim 1, A1£ B Aq éA1£=Aq and thus q=1, .

Step n+l1) Suppose that the <claim is +true for every p€EP
such that lv(p)<n and 1let p,qg€EP be given such that
lv{p)=n+1l ‘and Ap Aq. If Ap=Aq then p=q and the claim is
trivial; otherwise, let /\{r€P: p<ri= A\ {r,: h<v} where
{rg,...,ry}l 1is A -irredundant: clearly, Ap K9 Ag implies

U {A. :h<v} K4 Aq. By Claim 3, there exists i<v such that
h
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A Aq: since 1lv(rj)<n, it follows by induction that
L

ri<qg. But p< /\{rh: h<v}, thus the claim follows.

Claim 5 Let p€P be such that n(p)=0. Then
(qup)(\/jsmq)) (psqg =5 ag ® aé] & q<p = a;"z €9) agJ.

Proof of Claim 5. Let PpEP be such that n(p)=0: we argue
by induction on n=1lv(g) to show that (quGP)(\ijn(q))
(p<q = a!‘; @aé’l & g<p ﬁaé @ag].

Step 0) If 1lv(g)=0 then the claim follows by Claim .1,

Step n+1) Suppose that the claim is true for every g such
that 1lv(g)<n and let g€P be given such that 1lv(g)=n+l. If
p<qg then the claim follows by Claim 2. Thus, let g<p and

let N\ {s€P: q<si= A{sp: hsw} where {30,...841} is

A —irredundant: the claim follows by induction, since
( Vhew) tlvisy) <nl and (V3i<n(q)) (Inswr  Jignsy))
[aa ® aé 1.

Claim 6 <A, ®© > is an upper-semilattice.

Proof of Claim 6. We want to show that (‘7p€P)(\7q€P)
(\/iSn(p))(\ijn(q))[a; and aé have a least upper boundl.
We argue by induction on n=1lv(p).

Step_0) If 1v(p)=0 then p=1£ and the claim follows Sy
Claim 1.

Step n+1) Suppose that the c¢laim is true for every p€P
such that 1lv(p)<n. Let pEP be such that lv(p)=n+l and let

{rg,...ry} be a -irredundant set such that

N {r€p:p<ri=A {rp: hgvl.



106

We first suppose that AP is defined through Case a). Let
gEP and let i,J€Ew be such that i<n(p),  j<n(q).
Referring +to the alternative notation decribed earlier,
there exist k<v and 1l<n(ry) such that ap=a£K'1. But
lv(ry)<n &and, therefore, by induction <the least upper
bound of aiK and aé exists: it is not difficult to see
that this least upper bound is also the least upper bound
of aé and aé.
If ,Ap is defined thorugh Case b), then the claim follows

by Claim 5.

Let H: <A, ®> — S)T-{OT} be an embedding which
preserves suprema. Such an embedding exists, since every
finite lattice is embeddable in D p via an embedding
which preserves infima and suprema (as a reference for
this fact, see for example LERMAR (1981), where it is proved
that every finite lattice is embeddable in SD'P via an
embedding which preserves infima and suprema and embeds
as an initial segment of j)T) and since every finite
upper-semilattice, if not already a lattice, becomes a
lattice simply by adding a least element. We can suppose
that or % H(A): otherwise one can consider a new upper
semilattice A* obtained from. A by adding an element
smaller than all the elements of A; since also A* is
embeddable via, say, H¥*, the restriction H of H* to A is

the desired embedding.
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For every p€P and i<n(p), let H(a; =(aé)f and let f; be a

function such that fs € (aé)T; let also
=f£° n(p)

A p=t£, ... £5®),

By Lemma 1.1, every element of i: is the infimum of a

unique A -irredundant set: if aeef and a= Aipj:i€I}

where {pj:i€l} is A -irredundant, let

A .= Uz Clpi: i€I}.
Finally, let F: & — Mg by given by Fear=t Q. ,1.

Claim 7 ( Vae £)( Vbed ryrash & Far<rp1.

Proof of Claim 7. Since H is an embedding of partial
orders we have that (Vper)(Vqaemt Qs Oq S 2, B Ayl
(recall that Qps Qg & (Ve Qpcdge U
[g<pfl: this is so by Chapter I, Remark 7.1, since Vg
is embeddable in dqu). Hence, by Claim 2 and Claim 4,
(Vper) (Vqgep)tpsq &< Ops Qqi.

Let now a,be€ A: and let a= /\{pi: i€l}, b= /\{qj: JEIT}
where {pj: i€Il}, {qj: jeJ} are A-irredundant.

If a<b then, since each aj is meet-irreducible, we have
(‘fjeJ)(EJiEI)[piqu]; hence, for what has been just
remarked, (Vjelh(TJielt Qpis qul, which implies
U ¢ G,pi:iEI}s Ut Clqj:jGJ}, i.e. F(a)<F(b).

On the other hand, suppose F(a)<F(b), i.e. Clas O-b:
thus U1 QPi :i€rrs U o Clq_,‘:jeJ} and, again since H is

an embedding of partial orders., this implies L){AP,:iGI}
i
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rg]UquJ. :  jEJ}. By Claim 3, it follows that

(V jedy « Jie '[Apirs] Ag.1 and by Claim 4 we have
s

(\7j€J)(jai€I)[pi$qu: but then we conclude /\{pi: i€I3<

/\{qj:jGJ} and the claim is proved.

Claim 8 (Vae€ oc )(Vbe cﬁ JIF(aAa b)=F(a) AF(b)1.

Proof of Claim 8. Let a,b€ { be given. Since a A b<a and
aanb < b, by Claim 7 we easily conclude that F(aa b)<F(a)a
F(b).

On the other hand, notice that if {p;: i€I1} and {gj: JjeJ}?
are A —irredundant sets such that respectively
as= /\{pi:iGI} and b= A {qj: je€J}t, then there exists a
A -irredundant set R C {pj: 41i€I} L’{qj: j€J} such that
anb= AR. Thus Ut Qp: rer3c Ut Qp,

1
j€J? and therefore Ui Q p; i€lta Ut Qgq.:
J

ietry Ut Qg.:
J
JEJ1< U 1 C)r:rGR}, i.e. F(a) AF(b)<F(aanb), as desired.

Claim 9 (\7aé £ y(Vbe £ riFcav b)=F(a)v F(b)1.

Proof of Claim 9. We first show by induction on n=1lv(p)
that

(*) (\prP)(\VqGP)[F(p\/q)=F(p)v F(qg)1l.

Step 0) If 1v(p)=0 then (*) follows from Claim 7, since
p=lp and (\fqu)[F(q)sF(1<£)].

Step n+l1l) Let (*) be true for every p€P such that 1lv(p)l<n
and let p.,qg€P where 1lv(p)=n+l; supposge also that
/\ {r€p: p<ri= A {rp: h<v} where {rQgseeesTyl is a

A -irredundant set. If p<q or q<p then (*) follows again
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from Claim 7. If p lq then one easily sees that
pvg=( Airp: h<v}) v q: moreover, by the construction and
the  definitions of ® and H, we have that
A pv Qq =cU tQ r, hsvi)v Qq. Therefore, since

(Vhsv)Llv(rp)<nl, we have

F(pv q)=F(( A {rp: h<vliv g)=F( A{ryvqg: hgv})= (apply
Claim 8) = /\{F(rh\/q): h<vi= (apply the induction
hypothesis) = A{F(rp) v F(q): h<vl= A\ I th]
vi Qq1: hevi= A 0 Qv gl nevi=tcU € Q o
hsvidv bgd =t Q p v Qqi=t Qpivi Q q1=F(p) v F(q).

Let wus now return to the proof of Claim 8 and let

a,b€ & , with a= Afpy: i€I}, b= Algq: 3EJ}, where

ipj: i€l} and {qj: JEJ} are 4 -irredundant.
We have
F(avb)=F(( Aipj: i€l v ( /\{qj: JEIMII=F( A {pi\/qj:

i€l & jE€J1)= (apply Claim 8) = A{F(pj vqgy): i€l & jE€J}=
(apply (%)) = A (F(pj)v F(q4j): i€I & j€J}= (apply Claim

8)= F(C Aipj: 1€I}) v F( /\{qJ: JjE€I)=F(a) v F(b).

Let us now define I: TB( &£ ) — Mg by
Y if a=0TB( &)
Ita)= 1 if a=17R( &%)
F(a) if a€ &
By Claims 7,8 and 9, I is a lattice-theoretic embedding.

To conclude the proof of the theorem we have only to show

Claim 10 (VaETB(eE))(VbGTB(&))[I(a —~>b)=ICa) —>I(b)1].
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Proof of Claim 10. Suppose that a,beoﬁ and let a= /\{pi:
i€l}, b= /\{qu jeJ} where {pjy: 1€I}, {qj:' jeJ} are
N -irredundant. Then
a —3 b= /\{qu Jj€I & (viEI)[pi -4 qj1}; also, by Chapter
1 Corollary 7.1, (U ¢ Qpi: i€I1) —( U { Clqs: jEII) =
=ige Ut Q 4. j€J1: (Vge Ut Qp.: i€ gghfll.

J 1 N
By Claims 2 and 4 and since H i1is an embedding of
upper-semilattices, it follows that this set equals
Ut Qg.: je3 & (Yient Q5. Q,. 1}; hence

Mgy P q;
(Ut Qp.: i€11) = VU1 Qg.: jeIH =
1 N
Q PP
/\{pi:iEI} A{qj:jEJP

I£f {a,b}l N {OTB(J: y. 1TR( £)}fﬁ then we can show that
I(a —Db)=ICa) — I(b) case by case: for example, let

a=lp and b#a. Then a —> b=b; on the other hand

I(a) —>1I(b)=1(b): thus I(a —b)=I(a) — I(b).

Corollary 1.2 A finite Heyting algebra og is
embeddable in {mp if and only if DG is an object of
IB(DL).

Proof. The proof is obvious since in )mp 0 is meet-

irreducible and 1 is join-irreducible.

Remark 1.1 Let oﬁ . P be as in Theorem 1.2 and let
@ =<{Ap: pEP}, B >; then (P is isomorphic, as a partial
order, to the dual of the Kripke frame corresponding to
T( e@) (see Chapter I, Definition 8.2). This can be seen

as follows. First recall that, by Claims 2 and 4 in the
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proof of Theorem 1.2, we have
(Vpep) (VqePria, @ Aq < p<ql. For every a€T( £ ), let
J; denote the principal ideal generated by a, 1i.e.
Jo={bET(L): bgal: since in a finite distributive lattice
every prime ideal is the principal ideal generated by
some meet-irreducible element and since ( \/pEP)(\quP)
[psq & J, € Jq1, it follows that @ is isomorphic with
the partial order <{J: J is a proper prime ideal of
T(i’)}, € >. But this lattef partial order is isomorphic
with the dual of the Kripke frame corresponding to T((g),
since, for every filter F of T(Jf), F is a proper prime
filter if and only if {aGT(£ ) af?} is a proper prime
ideal.

Clearly, @ ig disomorphic <(as a partial order) to
<A, ® > if and only if (Vp€EP)In(p)=0l: so, in this
case, <A, ® > is isomorphic to +the dual of the Kripke

frame correspanding to T(tg).

We conclude by remarking the following two easy
properties:
1) (\/pEP)[n(p)=0] == (\prP)[ N\ {r€P: p<rl€P or (\/qGP)
[p<q or q<pll;
2) (Vper)in(pr=01 => (Vper)(Vqep)ip vqePl.

In both cases the proof is by induction.
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We now give several examples of the procedure
exposed in the proof of Theorem 1.2. Each example
congists of three pictures: the first picture represents
the lattice which we want to embed in d01p (each lattice
being a finite Heyting algebra with exactly one atom and
one coatom); the second picture represents the partial
order <A, © >; the third picture represents the image of

the lattice under the embedding.

Example 1.1

1) ,1

b2 pP3
PO'// \\\\Pl
N
N
P={t,p2,P3-Po}-
at ft
A ad al £2 ( \fo
P, P, P, P3
ap £p



For example, pg —>p1=p3: indeed, {fp } —> (£}
o]

{£2
Py

2)

[o] o)
}, as fp <7 fp

4] 2

P9
Ps ////
\\\\
P2

P={t,p12.,P13.P9.P11.P5.Pg}l.

In the following picture write fp

2Pay P43
' 0 I o]

Tpg al'pﬁ
af,s _ agg

1

113
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1
[{fg})
/ —
t{f 31 ({£ }]
~ p41 \ p1 \
C{£ 31 C{£ f [{f 1]
p Py’
/ 5\ ~ * Pas \ /
f{fp_}] [{fp ,fps}] [{pr,pr}] Te— [{fpg}J
b\ g/ 4 \ - ~
{£ . 1] ({f , £ 1] C{ ‘ }
Cifp, Pyl /Pg Pyt fpgefp,tl
[{f £ 1] ({f,_.£ 3]
Pg " Py Pg’"Pqg
\/
[{fps,fpa}]
0
3)
ll
ps\\\ ////p7
' Ps5
//// ~
PB\\\\ ////P4
P2
//// ~
PO\\\\ //// P1
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P={t,pg.P7.P3.P4,PQ-P1}-

Using the notation employed in the proof of Theorem 1.2,

the image of the preceding Heyting algebra under the
embedding looks 1like

Il

g

T~

(£l ,£2 3
R 7Py

~

({£211
(3

[{£2 11
P, P,

\/

o] " o 1
Ligp £p, 1 Lifp, . fp ]
| ‘ E{;° g2 L£2 £l 13
,///////A\\\p3' P; "TR, TRy
ceed Led L£l £l 1) (eel £ ,£2 ,£3

o 4 z 3 e} 4 2 3
[{fpo prolfpolfF>olfp4 lfp’l ,fp4’ fp4}]

0

For instance,

o 4 ( 3 o 4 2 3 _ o © o] 4
{fpo'fpo'fpo'fpo}\,{fpa'fp4'fp4'fp4}—{fﬂ,v fp4'fa>v fp4,

0 .2 .0 3 4 o _4 44 1 4 3
£p,v tp, *Ep,V fp, Ep, v Tp, +Ep, v fp, Efp, v Fp, +Ep, Vv fp .
2 o 2 1 r 2 2 3 3 lo} 3 4 3
£p VES . Ep v Ep L Ep vV £ 5 v €5 LEh v €5 L E£5 v £p, £V
(3 3 3 )
fp, «fp, ¥ fp P
4

[s] o s} (o] 4 ° ) A
fr,fv,fn f£4.£, ¥= {E£5 ,£5 £ £ 33
tettetp, Tt tp, P, ““Py "B, ‘"B,

°
l%/

] 0 0 o _4 0 ) 0 (<)
¥z {£5 ,f£¢,£5 ,£¢,£¢,. 85 ,£¢.£5 L, £5 ,£¢.£
4 t P, trtt % t P, P, t
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o 2 3 ° A ) 3 = o 4 2 3 ,,

{fp ,fpo ,fpo’[ fpo } '_9 {fp4 ‘fF>4 ,f‘)4 lfp‘ }—{t‘p4 ,le4 ’fp4 [fp1 ),
) 4 P 3 _ [ 4 2 3

f } —-? {fpo ’fpo lfpo ,fpo}={fpc ’fpo ,fpo 'fp }

]

4)

Pa Ps
~_ ~—
P2 P3
PO / I Pl/
|
0

\

o
ag
0 \\\\ o
ag ag

- TN

°
ag aj
It is left to the reader to complete the example. This
" example shows also that the converse implication in b) of

Remark 1.1 does not hold: indeed (\7p€P)(\/q€P)[p\/q€PJ,

but n(pg)=1.
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5)

It is left to the reader to complete the example.

Corollary 1.3 If oﬁ €{ WF' 'WE' )]ne']_:-, )J/V[w}

(where %an is regarded as a Heyting algebral, then
LH(‘£ )=J.

Proof. 1In view of Theorem 1.1, we need only to show
Ly (¢ Ai) C J. Since §YIF is a sub-Heyting algebra of each
of the lattices mentioned in the statement of the
Corollary, the result £follows from Theorem 1.2, Fact 1.1

and Fact 1.2 b).
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We now define a class of mass problems and prove
several results about the degrees of these mass problems.
These degrees will play an dimportant role in the

remainder of this chapter.

Definition 1.5 For every f€ “ , let G5f={g: g #T
f} (notice that if £ 1is recursive then 6%f= O’). Let
also Be=I Ggf] and (Bely=L Ggf]w. For the sake of
semplicity, also ( GEwa will be denoted by Bg when no

possibility of confusion arises by doing so.

Fact 1.3 In {HQ, Bf is uniform and, thus, meet

irreducible.

Proof. Obvious, as GSf is closed under <r.

Fact 1.4 In YY1 {A: BgfA} is an ideal and concides
with the principal ideal generated by [{f}]; analogously,
in M, {Ay: Be £y Ay} is an ideal and coincides with the

principal ideal generated by [{£f}1].

Proof 1£ (he ¢ OL  then a %@f; hence

( 3ge Q. ytgsp£1, which implies (L <{f}. On the other hand,

if (. <{f1? then @>f # (X : otherwise it would be
G%fsif}, a contradiction.

The proof for qylw is similar.

Fact 1.5 For every function £, {A:A<Bgl={A:

A<Br AL{£}1} and {Ay: A, <y, Bel={A,: Ay <, B AL{£}1,}.
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(Again the result implies that a certain ideal is
principal)ﬁ

Proof Clearly Be AL{£f}1<B¢; thus {A:
A<Bf AL{£}1} C{A: A<Bgl.
On the other hand A<Bgf —» B¢ ¢ A; hence, by Fact 1.4, if
A<Bg then A < [{f})] which implies A < BeAI[{£f}].

The proof for w 18 similar.

Using language borrowed from the theory of Turing

degrees (see e.g. LERMAR (1984)), B¢ is a strong minimal

cover of BgA [{£}1 (both in “Mland in M, upon placing

the subscript  in a suitable way): +this is just the

content of Fact 1.5.

Corollary 1.4 In both ¥ ana ﬁﬂﬂ.w, B is
join-irreducible.

Proof. Obvious by Fact 1.5

Lemma 1.2 The function I: fD T T m given by
ICLf]p) =Bf is an embedding of partial orders.
Proof. For every f£,g€ Do . £spg & @g C @)f;

hence f<pg < Bg < By and the lemma is proved.

Lemma 1.3 The function I: 3>T — qyzw given by
ICLE£YI7)=B¢ is an embedding of partial orders which

preserves infima
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Proof Assume that [flp A [gly exists and let h be a
function such that [h]f=[f]Tf“[g]T. We need to show
that 6 £ 6 gZw ® h: indeed, one can actually prove

that B cUGBg= Ry,

Corollary 1.5 In 4W2w, each Bf is meet-reducible.
Proof. The proof follows from Lemma 1.3, noticing
that each T-degree is the infimum of +two greater

T-degrees.

Although in WYl, for every function £, the interval
(Beg AL{£3}], Bg) 1is empty, below Bpal{f}], if £ is not
recursive, we have density as is shown by the following

fact.

Fact 1.6 VO« Vet Q< Beater= (I &>
t A<€< Qegnrterin.

Proof. We wuse the characterization of empty
intervals of M stated in Chapter I, Remark 3.1: we want
to show that for every mass problenm Cl and every f,ge(%o
such that ®enater ¢ tgy, if Q=C Bgn €1 A tg}) then
@~f/\{f} 4 /Cg (recall that ’Cg={z*h: Y, (hy=g & h g
agl).

Suppose that @ gN{f} g' {g}; notice that @f A{f} ;/{g}
—» g<7f. Let qu be a recursive operator such that for
every 1,m€ “%J, Ffz(l~vm)=l and assume that there exists

a recursive operator ﬁf such . that
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« Vhe Tt Yaoe B A 111, Now, ( V h)Chaqf
= zs(gvm€ (41: indeed, Y ,(gvhi=g and gvh ¥ g
since gvhzpf; but, also, hzpf == L(zs(gvh)) sy ¢,
since Tf(z*(gslh)) St gv h; hence %k(z*(gwfh))=l*f.

Therefore, it follows that {f} < z*({gl}lvih:
hzpfl)=ig}t vih: h=pf}. Since ({f} f {g}, by Chapter I,
Fact 7.3 this would imply that +{h: hs=¢f} is nowhere
dense, a contradiction for th: h=pf} is dense in the
Baire topology. The contradiction arises from assuming
that ® ¢ atf3 ¢ tg) and Rg ater s T, thus the proof is

complete.

We add also that, both in )Ymand in ’an, although
Bf 1is join-irreducible, B A[{£f}] (or Bge A[{f}]l, if we
are in an) need not be join-irreducible. For example, if
A <q f, B <g f and AvBzf then, in ", Bga Ep <
Bf/\[{;‘.}l, Bea Eg < Bg AL{£f1}1, but (Bf AEp) v(Bgs AER)=Bg
AL{f}l: (to show that B AEp < BgA[{f}] and BgaAEpg <
Be AL{f}] wuse that each degree of enumerability in M is

meet-irreducible) .

Until esplicitely stated to the contrary, from now
on we regard Wylw as a Brouwer algebra. Hence — is
understood to be ‘“"B and, accordingly, M satisfies
“A,=Ay —> 1y. From now on we systematically drop the
subscript  when writing out weak degrees of difficulty,

provided that this is not a reason of confusion.
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Lemma 1.4 In ﬂ7lw,VQBfi : 1tm} —>  V{Bg : j<n}=
Y]
V {Bg.: Jj<n & (Vismirgy fr £433.
Proof. The proof is obvious, since each Bfi is

join-irreducible (see Corollary 1.4) and ( V £,ge%n) (Bsg,

<wBg &=y f<7gl) (see Lemma 1.3).

Lemma 1.3, Lemma 1.4 and Corollary 1.5 suggest a
duality of behavior between the degrees of solvability in
m “

F and the degrees having the form Bg, for some f€ W,

in )an. In particular we have the following theorem.

Theorém 1.3 Each finite Brouwer algebra with exactly
one atom and one coatom is embeddable in 'an.

Proof. The proof is similar to the proof of Theorem
1.2; only, we deal here with the dual situation. The role
played in that proof by the degrees of solvability is now
played by the degrees of the form Bg, for some function
f.
As in Theorem 1.2, we want to show that, given any finite
Brouwer algebra Jf ’ tB(L ) is embeddable in M w as a
Brouwer algebra (this is enough to prove the theorem
since clearly the two-element Boolean algebra and the
three-element chain are embeddable in WVLw as Brouwer
algebras).
Let vﬁ be given and let P={p€ OE ¢ p is join-irreduciblel.

Define a function lv:£;——%<9 by
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lv(p)=0 if p=0£ H

lv(p)=n+1 1if ( 3 @ llv(g)=n & q<p & 1 (I r)lg<r<pll.
Then define a partial order <A, ® > using P and the
function 1lv formally in the same way as in Theorem 1.2
except for the following changes:

in Step n+l), Case a) if p€EP is such that lv(p)=n+l1l, then
by Lemma 1.1 let {qg....qy} be a V -irredundant set such
that V{qE€EP: g<pl= V1iqp: hgvl. Define Ap formally in the
same way as in Theorem 1.2, but let @1:&1 be the
smallest preordering relation on Ap v U{Aq: lv(g)<n}
satisfying:

1)@, € ©® ;+1:

2) (vhSV)(ViSn(qh))[aé @ n+1 apZin(q ):jsh-13+h+ig,

In Step n+1l), Case b), one again considers a
V -irredundant set {4, +Qy} such that V1{g€P:
g<pl= Viqp: h<v} and lets @ :4_1 be the smallest
preordering relation on ApU U{Aq: lv(gli<n}t satisfying:

1) ©pnC®fer:

2) (Vth)(ViSn(qh))[aé € f+1 apl.

Using methods quite similar to the ones used in the proof
of Theorem 1.2 (only dualizing once in a while) one can
show that <A, ® > is a lower semi-lattice.

Let H: <A, @ > —> S\)T be an embedding of partial orders
which preserves infima (for the existence of such an H,
the reference mentioned in tha proof of Theorem 1.2 is
still valid); for every pE€EP and every i<n(p), let

i 1 . 1
£p€H(ap)  and define F:P —'M, by Fip)= \V tBgi :ajeng.
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Extend F to all the elements of Jg by letting
Fta)= V {F(pp); h<v} if a= \/ipp: h<v} and {pg,...,py}
is a v -irredundant set.

Finally, let I: TB(L)—> "M be defined by

O if a=0TB(£)
ICa)= 1l if a=1lpp¢ £
F(a) if a€e £ .

That I is the desired embedding follows formally in the
same way as in Theorem 1.2, dualizing whatever we need to
dualize, wusing Lemma 1.3, Corollary 1.5 and using Lemma

1.4 instead of Chapter I, Corollary 7.1.

Corollary 1.6 A finite Brouwer algebra eﬁ is
embeddable in qylw if and only if eﬁ is an objéct of
TB(DL).

Proof. Obvious, since in qyzw the least element is
meet-irreducible and the greatest element is

join-irreducible.

Remark 1.2 Let wus be given a finite Brouwer algebra
of the form TB(d ). Let <A, © > be as in the proof of
Theorem 1.3, where A= k){Ap: p€EP} and P={pG¢£: p is
join-irreducible}; for every B,C C A define B C if
(VbeB)( dcecrib @ c1. Then we can show that
( Vpep)( V qePripiq & Ap B Aql. The reader who has
carefully read Remark 1.1 should have no difficulty to

convince himself that the partial order(P=<{Ap: pEP}, B >
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is isomorphic to the dual of the Kripke frame
corresponding to B(JZ) (simply use here that
(VpGP) ( VqGP) [psqg & Fq € Fpl, where, for every a€B( NP

F5, denotes the principal filter tbeB(L)r: asbh).

Example 1.2

1)
1
t
P2 P3
PO P1
b
0

[+] o
a h ol
P, Ipz
A: al al £2 £°
A RN, /7P
N % o
ap fp
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2)
1
’t
ps/ \ P4
\pz/
PO/ \Pl
™~ b/
b
R
A \ [ \ o
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£2 £! £2 £
%\\\ P, P, // P,
£2 £2
i \ p1
£y
1
Beo v Bet v Beo v Bel
f& f"s f"4 f\’q
Bgo v Bet Bgo v Bget
A 3 \ / Pa 7
BfO vaO
/ \PQ '
Bgo Bgo
P / Pi
\ o
| e
0

For example:
(B2 v Bei) A (B v Bei)=(Bge® A Be®) v (B0 A Bet) v (Bet A Be9)
£,V “Le, A T T AR SR £p, 7 e,

V(Bg* A Bel)=Bg® v Bg% vBf0 v Bg0=Bgov Bfo.
fP; fPQ f(’o fb fb ng fPo fP4
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The following corollary provides an answer to an

open problem in wéuu (1963).

Corollary 1.7 Let dylw be regarded as a Brouwer
algébra; then LB(HWX w)=d.
Proof. 1In view of Theorem 1.1, we need only to show
that Lp( qvlw) C J. Since the finite model property
established for J in Fact 1.2 obviously gtill holds in

its dual form (i.e. considering Brouwer algebras instead

of Heyting algebras), Fact 1.1 and Theorem 1.3 imply that

&B({HQW) ¢ J.

We now turn our attention to the more complex
problem of embedding Brouwer algebras in {HQ . The
difficulty here arises from the fact that we do not have
at hand a "nice" class of degrees of difficulty which are
at the same time join-irreducible and meet-irreducible
(as were in )Yﬂ.w the degrees of the form Bg, for f£€ ¥uy.
Indeed, by Fact 1.3 and Corollary 1.4 each Bg 1is both
meet-irreducible and join-irreducible in 471 .
Nevertheless these degrees prove suitable for an ample
variety of embeddings as we shall see below. We first
remark the following Theorem, where the operation —> is

the one that makes qyla Brouwer algebra.
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Theorem 1.4 Let X= \/ ( A Bgi), Y= \/( A Bg

3eJ  1eI; 1 veV  ueUl,
where J,V and each of Iy, Uy are finite. Then
X — Y= VN \Bgy)t VeV & « Vient 2\, Bgv # /\ Bei 13
uel, J.eI
Proof. Let v be such that (VjenhI /\Gﬁg #/\@f.’]
ler, 4
and let X = \/(/\G)Jf.v). It is enough to show that
seJ  deT; 1

(VZ)[‘(ﬁ\W&g: <XvZ == /\@) v<ZJ Let Z be given
such that /\G’ggv_)évZ.If ‘v‘geJn/\6’> v{/\ @ gl
then (Vj€I)( 3161:,)[/\ @) ;\{ G) f-’ 1; since the degree
of difficulty of each @fi igs meet-irreducible (see
Fact 1.3), this is actually equivalent to

(%) (‘v‘jEJ)(Bielj)(quUv)[ &gv;( &f-f].

Since, by distributivity, %= A\ _ ( \/6’>fa), from ()
;eﬂI e J £(3)

and the fact that the degree of each ®gv is
u
join-irreducible (see Corollary 4) we conclude that
<3§eﬂ1 p(Vueupyt (g ¢ \/0’>f
16T f(J)

Nevertheless, by our assumptlons, it must be
/\ @) v< \/ @ J v Z

uey, 3eJ g(_,)

By the definition of the operation A on mass problems, we

have that /\GI) vE U u* @) v 3 therefore, U U+ 6)) v
g“' g“’ u_euv g“

we Uy u.er

<< \/3_6)3 )VZ via some recursive operator ﬂ‘f . Let
JE gLJ\

¢ VP YW & \/G)f.: nd Z (W¢ 7 be such that

Jes $ed) su)

¢ Vg HW, Z (Waineo V@fi.))vz : Yy (or=u.

T 3(4\

Clearly, 6% v <l NVBe H)w (W via, say, a
Y M JeT f§LJ) v %

recursive operator "i" such that '’ (h)= )\x."i'(h)(x+1)

(it is easy to convince oneself that such a recursive

operator exists).

Claim 1 Z \ FALLN

wel,
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Proof of Claim 1. Certainly Z </ ZW, gince AW ALY
aev, uel,

“L‘)Uu'* Z (W) and each Z(W) g5 a subset of X .

To show the converse, suppose that the above mentioned
recursive operator \f comes from the enumeration operator
defined via the r.e. set W,. Let W be the r.e; set given
by

W={<<x,y>,2>: [x=0 & t‘l(Dz) is a finite initial segment

& (dsryc3wrr<<o,y>,w>eW; & {<b,c>: <2b,c>ED,} is

single-valued & {<b,c>: <2b+1l,c>€D,} € D, & (VdeEW)

(Ve€D gy, Y1 (e)g<lh(z (D)1 & (Vi)  («Vaewd
[{<b,c>: <2b,c>€D(q), } single-valued == {<b,c>:
<2b+1l,c> € D(d)4} ¢ Dz11] or [x#0 & Dy={<x-1,y>}1}

and let m be an r.e. index for W; with a little work, we
can convince ourselves that for every total function h,
h€dom (Qy) (warning: the fact that h is total is
essential); so, by the Fundamental Operator Theorem,
(Ve teueer=Y 1.

We want to show that u/e\u Z(U)SZ via q]l./m. Let 16?5;

\

clearly (Vx)ix#0 =D Y (L)l & Y1) (x)=1(x-1)]
(this 1s true of every total function 1l: we are not using
here the assumption that 1€ Z.>; therefore we have only
to check that O€&dom( %fm(l)) and X m(l)(0)EU,,. To this
end, 1let SEW be the first stage in the enumeration
{W3lgew  Of Wy such that (Jy)(Jwrr<<o,y>,wrew] &
{<b,c>: <2b,c>€Dy} is single-valued & {<b,c>: <2b,c>E€Dy!}
C T(1)}1); let I be a finite initial segment such that E—Q

1 and «Vdeuw) (Veeo(d,4>t<e)o<1h<1)]; let y,w be as
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before and let 2z be the canonical index of «t(l): then,
clearly, <<0,y>,2>€W & D<€ t(1l). Moreover, since the mass
problem ,\/G)ij. is dense in the Baire topology, there

weT )

certainly exists f€ .v@fj.
J&J‘ g(a)

©(£). But, then,‘ﬂfm(l)(0)= =Qn{1)(0)=y= ﬁk(f v1)(0) and,

such that {<b,c> <2b,c>€Dy} C

since Y (£v1)(0)€U,, the claim is proved.

Claim 2 (Vueupt (R gv < Z W1,

Proof of Claim 2. Suppose that there exists u€U,, such
that @ g‘:{ Z W thus  Z (W 7¢_ (€N g"l\i and therefore
there exists a function 1€ Z{W) such that l<pgy.

Since (V jedrigy ;{T ij'_.(J-)J, the set { V f£j: (Vi€ (£

. JeJ
STfE(j)J &’\t/:yf‘j <7 gy} 1is dense in the Baire topology;
J
. i v
hence  { \/ £5: (V3€NI£; T f%(j)] & ,\/ij <p g¥r N
seT 3

t£: Yeevnrod & YaeEvno=ut #F ., as the set {(f:
’\f(f v1iYoi & ’Lf(fvl)(0)=u} is manifestly open in the

Baire topology.

Furthermore, { V £5: (Vjenigy fp £lj1 8 V£5 <p

3e3 5 Je3
gt € (Agf.; thus we can conclude that (A£)ife VR i &
$03) 3T )

f£<pgy & M(£v1)(0)=ul.

Therefore for such a function f, Y(fvl)eu* G% g a
contradiction since Yeev 1 <7 f+vl and thus
Mg v epgy.

The contradiction has arisen from assuming that there
exists u€& U, such that 659\1# Z(u). This concludes the
proof of Claim 2.

By Claim 2 we have /\6)39:15 /\ Z(u): since, by Claim 1,

bL(:UV \léuv

u/e\uvfz(tn_:_ Z . this implies w/ehgﬁg»‘/‘s Z . as desired.
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Let Y1’ be the sublattice of m generated by the

set {Bg: £ is a total function}.

Corollary 1.8 ‘]’ is a sub-Brouwer algebra of -Vn,

Proof. Immediate from Theorem 1.4.

Notice that each element of ‘YY1’ different from O, 1
can be written in the form VvV /XBfi for some finite
€3 e

sets J, I (i€J). Such an expression will be called

reduced if

<‘v’j,;j'eJ)<‘V'ite)<\V’i'elj'>tj#j':> Bgd Bfi‘l and
L

(Vien (Vi,iterprifi’ = Bes

Bf":| ]c

RS
Clearly, each element of /1’ different from O, 1 can be
written in a reduced expression. Henceforth, when we
write an expression of the form \/ /%BfJ we shall
,,&J' €

suppose (unless specified to the contrary) that this

expression is reduced.

If <£ is a finite Brouwer algebra and H:
TB(L ) — )Yl * is an embedding, then let

Dy ¢ L r=tBe M *: (3 reduced expression \/_ /N Bgi)
ieT Tex; T2

[ \/ /\Bgi€H( £ & (FjenJiery s Bgi11}

3e 3 1eI
and let

Ayt &or=tage B p: (T reap tBgepy L 11,
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Moreover, we will denote by 3 H( f ) the sublattice of
)M’ generated by the set {Be: (Jape Dy( £ ))ifeaglt.

We have the following

Lemma 1.5 Let Jl be a finite Brouwer algebra and
let H: TB( L) — "M’ be an embedding. Then for every
n€w there exist n embeddings Hg: TB( £ ) — M, ..., Hy-1:
TB(L) — "M’ such that (Vr,s<my(VBe "BycL 1 (Vee
Bk r) trfs & BELO,1} & cfio,13 =B | c1.

Proof. Let H: TB( & ) =M’ be an embedding, where
£ is a finite Brouwer algebra.

Notice that 2 H(cﬁ ) is a finite partial order, in fact
a finite sub-partial order of S>T

Let now n€w be given and let us denote by %ifSH(‘E ) the
n-folded coproduct of AH( £ ). since r[?]nAH( £ is a
finite partial order, there exists an embedding of

I,
partial orders F: [ ZSH((ﬁ ) —— S)T' For every s<n, let

teMN
FS be the composite map Ayl L ) LJZXH(,E ) > SDT
where Ig is the s-th injection of the coproduct;

moreover, if ag€ JA H(<£ ) and f€aT, let us also agree
that Fg(f) denotes a representative of Fg(ap).
For every r<n, define H.: TB(JZ)——% ‘M’ by

\/ i/\IBF’L(f.i&, if Ha)= /\Bfa and

J‘-J lt

A\Bgiis reduc d
kéléI f ©

Hp(a)= 1 if a=17gp( )

J

0 if a=0rp( L)
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We claim that Hgp,...,Hp-1 are the desired embeddings.

Let us show first the incomparability property: let r,s<n
be such that r#s; let BE ):BH,E £y, ce ":BHS( £ ) be such
that neither B&€{0,1} nor C€{0,1}) and suppose, for the

sake of contradiction, - that B<C. Let B= /\Bfi and
363 1eI; &}

c= \V N Bg Since \/ /\BfJS \/ /\ Bg¥, by Theorem 1.4
VEV uel, 3eY 1¢T veV oaeU,
we have that <V3€J)<3vev>[ {\ Beis A\ Bgyl:i hence
1eT; uey,
(since each Bgn is meet-~irreducible),

(\V;jGJ)(EvEV)(\V/uEUV)(‘EliGI‘j)[Bf.}i < Bg:.] and (by Lemma
1.2)  (Vien (Ivenr (Vueuy (Jieririel <p  g¥1. Since
[fiJTGFr( AugtdL ) and [gylp€Fg A g £ ), this implies
that there are elements a€lp( A H(¢ L), be I5¢ AH( L
such that a < b, a contradiction. In a similar way we
rule out the possibility C<B. Therefore B IC as desired.
To show that, for every r<n, Hpr 1is an order-theoretic
embedding, i.e. (Va,b€TB(L >>lagh € Hpo(a)<Hpo(b)1, it
suffices +to show that (Va,bETB( eﬁ JIIH(a)Y<H(b) @Hr(a)
€ -~ Hp(b)l. Thus, 1let r<n be given and let a,b€ £ (the
case {a,biN{0rpg( £),17R¢ &)}fg is trivial). Suppose
H(a)<H(b), and let H(a)= ..\e/J Q;Bf"' H(b) = v\e</ u/E\UB

As before, we get ( \V(;JEJ) ( Jvev) ¢ quU )( :‘161

[Bfé SBg\/]; by our assumptions on Fp and by Lemmal.2, this
EN i

implies ( VjGJ) ( Jvew) (VuEUv) ( BiEIJ‘)[BF (fg") <
Bp (gV)]; hence \// /\ BF (f ) < \//\ BF (g y id.e.
" w ) ieT VeV uel,

Hp(a) <Hp(b).

That Hp(a)<H.(b) == H(a)<H(b) holds, can be seen in a

gimilar way.



135

Finally, the proofs that for every r<n and for every
a,beTB( &£ ), He(av b)=Hp.(a) v Hpo(b), He(aAb)=
Hyp(a) A Hp (b)), Hp(a —> b)=Hp(a) — Hy(b) and Hp (1 a)

= qH,(a) follow along the same pattern and are omitted.

Theorem 1.5 Let Ji be a fini@e Brouwer algebra. If
T™(d ) is embeddable in ¥’ then for every n€ w
TB((B( £ ))") is embeddable in 1 °’.

Proof. Suppose that H: TB(<£ y— ' *  is an
embedding, where Ji ig a finite Brouwer algebra. If this
is the case then we can also find an embedding H'’:
TB(B(J?))——?JTH'. To see this, notice first that we can
suppose that 0'¢ H(TBC(  )): this is certainly the case
if °T¢ ZSH(cﬁ >:; on the other hand, if o€ ZXH( Jj), then
let A\’ C {DT be order-isomorphic to A HS £ ) and such
that or€ A’; if we define an  embedding  H:
TB(CL )—> M ’* by using A’ as in the proof of Lemma
1.5, then it easily follows that 0'¢R(TB(<£ Y)y. If

0'¢H(TB( L )) then one - can define H’: TB(B(L ))—> I’

by
H(a) if a¢{OTB(B(£ )Y PTB(B(L )}
H’(a)= 0 if a=0TB(B(£))
0’ if a=brp(B( L))

(as usual, we view TB( {J ) as a subset of TB(B( 5 ))).
Let now n€ w and, by Lemma 1.5, let Hop:
TB(B( L )) —> M, ..., Hyo1:TB(BC £ ) —>H” be

embeddings such that
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() (Vr,s<n)(VBe By « & ))(‘v’ce'BHs( £ )rirts &
Bg(0,1} & C¢(0,1} => B [ci.
Let {pg,...pg-1} be the join-irreducible elements of
B( L ) (assume pg=O0p( g ).
For every 1i<n and for every j<k, let Hi(pj)=A;.
The join-irreducible elements of (B( £ )0 are then
{(Pg(0)r+++sPaln-1)’t «in —> k & ( Vien with the
exception of at most one i)[a(i)=pgl}.
Define I: TB((BC & )N —3 MY+ by

Y if a=0TB((B( L ™)

1 if a=1lrB((B(L )™

XA(A&(O)A ce A BAgin-1) if a=

I(a)= N (Px(0)s++++Px(n-1)) and

XEA

{(Py(0)r+++Patn-1)?: «€EA} is a

Vv ~irredundant set.
(For +the third clause in the definition of I, we refer of

course to Lemma 1.1).

We now check that I is the desired embedding.

- I 1is one-one: we shall actually show that
(\/a,bETB((B(<£ IN))[ash €& I(a)<I(b)1.

Let a,be(BCL N (the case {a,bIN{0TB((B(L )™
1rg((B(L ))M)}# ,@ is trivial) and let
a= V(pg(0)s-++sPatn-13)+ b= NV (Pp(0)s++-.PB(n-1)) where

oeA ge b

{(pg(0)r+++Pa(n-1)): a«€A} and {(pg(g),---PB(n-1)): BEB}
arev-irredundant.Then

a<h (I)ol{gpa<o),-~-lpa<n-1>> S(YQPB(O)H-HPB(n-l)) ==
13
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( V «€R) ( IBEBI L (Py(0) s+ -+ sPa(n-1))%(PB(0)++++PB(n-1)]

&= ( Vaer) (3 BEB) pg(0)<Pp(0) &---& Pain~1)<PB(n-1) 1&
M- -4

(Va€n) ( ABEBI IAS (0)<AB(0) &-+.& Agine1)<Baine1y] (we use

here that each H; 1s an embedding) <& (Vaea) « Jsep)

[ AAG(e)S A\ Ag(r)l.

rem rem

For this last equivalence we use our agsumptions on the

embeddings Hp,...Hp-7 as well as Theorem 1.4: indeed,

suppose that r/<\m Ag(r)SAé(t), for some t<n. Let

A§<t)= \/ (./\t B(f':)-é ) and for every r<n let
Seyhiely; T84 .
N N r .
AL (ry= NV (AN B(f;)i); since ré\nAa(r)SAB(t)' using

Je J; J-&I;“"
distributivity we have that NV _ (A /N Beghyith <
SGSTTJ'; r<m ie I;‘g(” L
<n ’
£, 9 . T8
AV '/\tl.B(fa)i ); then, by Theorem 1.4, (\7’§€ BRI
_)&_J" .le]:(;'l

: [ :
(FIEIPT A /N BeehHi™s /N Bglyi 1.

r<m 'L&Iat':S(r‘) %1 ieI(\,j
Let now j’€J§ and let ge ;TT'J(; be such that f(t):j';
im

then for such a f there exists jGJg such that

A A Beer 9t £ /\ Brgetyd and, since the embeddings

pem  1eTg . £, 7% i&I{;,;(f(‘)* g

Ho,...,Hp-1 satisfy (%) and  each B(f(f)g' is
£

meet-irreducible, we must have ,/\tB(f:)é' <
i . i
o,

Begtyd .
e/\?s (£8)]

BN

Therefore (Vj'GJ;)(EjEJE)[_ N\ Begtyi' € /\ B(gtyi 1 and,
.\.e‘rs':‘. [ P .L&Ig'j 6L
thus, V_ A Brety € VA Beebyd i.e ASc+y<AS 4.

We conclude that as<b & I(a)<I(b), as desired.

- ICa v b)=ICa) v I(b): +this 4ig immediate from the

definition of I.

- Ita A b)=I(a) A~ I(b). We may again assume that

fta,bIN{0T((B(L)) Y 1TB((B( L)) )}=@’ ; let a
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=d>é\(Pa(0)l---'Pa(n—l))l b= 8%(98(0)"-'1P8(n~1)) where
{{Pg(0)s+++rPaln=-1)): «a€Al}, {(pg(o),+---PB(n-1)): BEB}
are v -irredundant. Then

a A b= d\b/A(pa(ow-..,pa(n—l)’ A @\e/ﬁ (PB(0)s++++PB(N-1))"
= (}{6<pa(0)ﬂpB(O)u--:pa(n—l)/\ PB(n-1))-

Let €A and B€EB. We distinguish two cases:

Case 1) There exist i<n and s,t<k such that for every
j<n, the j-th projection

po if j<n & j#i
(Px(0)A PB(0)s++++Paln-1)A PB(n-1)) 3=
Pg Pt if j<n&j=i
Case 2) (pg(0) A PB(O)s++++Pa(n-1)A PB8(n-1))=(P0s.-..P0)-
Only Case 1) deserves attention. By Lemma 1.1, 1let
Pg A P£== ‘\/{pr: T€Ry, B}, where {pr: r€Ry,a! is
v-irredundant. Then
(Pax(0) ™ PB(O)s-++/Pa(i-1) A PB(i-1)+Pa(i)* PB(i) Pa(i+1)
APB(i+1)s+++s/Paln-1) A PB(n—l))=(P0'~'°'P0z;/’Pr' PQs vy
o,
po) = r:é;zpo'°~-'P0'Pr'P01-~~'PO)- ’

Therefore I(a A b)=I(V N/ \(pgs/++.+,PQ:PrsPQ+++-,PQ))=

_OMEA peBheR%ﬁ
VOV O\ BYAL AR A AR ABRA L AR
xEA ne&reRuﬂ

On the other hand, I(a) AI(b)=I( \g(pq(o),...,pa(n_l)))
¢
m-A4

]
AILC N/ (PE(0)r+»-+PB(Rn-1)22"7 N (Ag(og) A +++ A BAg(n-1))
pe B e X e A o .
(A8 n-1))°= vV V(A AR YA L.
~ANEABo) A A Bg(n-1) wen  pep (Racd” ?(0) :
-1 -4 - A
ARG (n-1) ~ Bptn-1)22= VvV V (A8 A ...A By A \V A
"t €A pes re RM.(’

A3 AL . B ).
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This last equality is justified by the fact that Hj:
TB((B( d> ))n)y— M’ is an embedding.
Finally we get
-A
"ne-9

i i i
Ita) A Itb)= \/ \/(Ao/\ <o ARG ABLABG ...aAR)
VeA peB TeR o

as desired.

- Ita—% b)=I(a) — I(b). Once again the <case {a,biln
{OTR((B(L H)»)™) LTB((B( &))"‘)}=9’ is trivial; so we may
assume a,b€(B(<£ yn, .

Let a= N (Pg(0)s--+sPa(n-1))+ b= e(PB(0)s-++PB(n-1))
where {(pa(o),...,pa(n_l)): a€Al, {(pg(o),...,ps(n_l)):

BeEB} are v -irredundant; for every r<n, 1let also

Brcry= NV C/N\ Begry?) and Ae<r)- \/ ¢ B(f’ 1.
se 37 te Xy ; ieT Ig

Since a — b= \/{(pe(o),...,ps(n_l)). seB & (VQEA)

L(pB(Qg)s-+++PB(N-1)" # {(Pg(0)sr+++sPa(n-1)21}, we have
Ita—b)=\V{ /\Aé(r): BEB & (Vo€ L ABS(r)y # A AS(r)1}
rdm Pem

Then I(a —> b)= NV { /A (N /A B(g)j)): BEB & (V a€h)
"’<"1 J&Jg J&I‘"

ENANCN A B(f y3 ) 4 /\(\/< /\ B(gryidii=
iexl LA

r<m .'seJ'“; uI" e 1 r<m J&J

o,
SN . G~ A BeEn ) s BeB & « Vaen)
3"-‘;{3’ rem 1e10 20 1
( QAN B¢ety3rh) (A /N Bgr,yfiriygy,
3e ?IZJ(’, rem 1e1¢,3\r)(f. 6) ¥ §e’1:\;J‘ rem 1¢ I; gm(f )i

Notice that, by Theorem 1.4,
(Vo) T N/ (/N /N B(ery3r) \/ B(ery3<™ )
€"<Tﬂ3'6 rem .u;T.(,-S(,,(f ) { e 1T §(m(f )l

= (Vaenr (Vg€ TIOL N (A A Bery ™
M

3e£:‘3{, rem 1eTggem P 1

A\
32 r‘<~\- JeI*‘
‘I'l

/N N\ Begr K.
ren de I; )

Thus

Ita —> b=V {_ N (A A Bgryp: 8B & (Vae)(V §e
3e WJI\ rem le I B3 1

T 331t \ (A A B sy f AN /N B §$Cr17 3.
sem & Ze;TS r<m 1&133“§f6)1 r«nneI’yn(f )
<N
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On the other hand,

—_ = V ANV oy 9
I(a) > Ib)= Vo A W ¢ N/\Irsa(fd,. )
— VAN ( N\ B MNMI=\N/ \ ( /A B (r)
? (\\e/B r<m Se\é" 1¢ 1'63 (f ) ue/—\g J’ P<~\ ieI“ gu‘()f )S %
—_ (/\ Begeryitrh = (by Theorem 1.4)=
> }{B 36\.‘-{3n~<m IQI@-’(n(fﬁ' )l

ViIA /\B(f JieeB & € Mg & (VaEA)(V§€ Tagp
Ln

r<m ieI("ﬂ"l

LA .\ B(ghyiv B £y,
KR l&Iﬂucf 4{ “ 161»3( )(f)

In order to show that I(a-—b)=I(a) —I(b) is then enough
to show that, given BEB, if there exists 3 G;riJé such
<n
that (Vaea (Ve TTIHIA N Bely ™ fA A Beeryie,
g ren "’tI(';gcr)(f(!)l r*<'n161."§(()f )j..
r

then for every 3’'€ TTJB one has
(Vaem (V5e TTIDIA A Bl IO 4N A Beryic.

r<m erggnw) 1 rem ie IT R
Indeed, 1let 3’€ TTJB, a€A, je JTJQ, our assumptions on
im

B and 3 imply that there exists t<n such that PB(t).{
Po(t) © and, therefore, since PB(t) - Pa(t) are

Jjoin-irreducible in B( Oﬁ), Pax(t) —> PE(t)~Pp(t): but Hg¢

is an embedding of Brouwer algebras, gso
AS vy — Bf(t)=Bg(t): hence (Viesd (Vijresd
[ /\ B 3 B J' 3 in articular,
it (£5)} %L If,;ceff"‘)l P
/\ B 3(,(7) B §Lt)
LeIts(_e)(f TR Beeo! |
By () this implies A A B(gtst)
fem ‘"’I(‘;'g(r) L

f,/\ /E B(ft)“mas desired.
r<n -‘e o(g(.”

- I(1a)=1I(a): this is trivial.
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Before stating some corollaries, let us see some examples

of the procedure exposed in the proof of Theorem 1.5.

Example 1.3)

Let £ = I ; then
B( £ )=I and TB( f )=

Obviously TB( L ) is embeddable in "/h’: for instance

is an embedding of TB(:ﬁ ) in ™M’ ( g non-recursive).

Consider two different embeddings of

1
P2
TB(B( &£ )= P1
PO
‘o
in M ‘:
rl +1
sz Bgz
Io:TB(B(L ) —  {Bg I;:TB(B(L))— Bg,
‘o 0

where {Bfo,BfA,BfL} {890'894'891}'
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1
Hence Io(pi)=Bfi=A; and I3;(pj)=Bg. =A;. TB((B(L1)2) is
4

(pOIPl) (P]_:PO)
/
|<po,po)
0

The join-irreducible elements of (B( £ 112 are {(po.,Pg) -
(po.P1).(pP1.P0Y . (Po.P2)},(P2,PQ) -

If we define 1 as in Theorem 1.5, then I(TB(B( of. ))2)
looks like:

1

(Bfo/\ Bgz) v (Bgo/\ sz)

S

(BfoA\Bgz‘v(Bgo/\sz (BfoA Bg4)~v(BgoA sz)
‘\\\\\\ ////// \\\\\\\
BfoA Bgl (BfoA Bga)\/(BgoA Bg,) BgoA sz
BfoA 394 BgDA Bf4
\
IBfoA Bgo

0



By the methods used in the

can also prove

Theorem 1.6 Let & be a f

that TB( £ ) is embeddable in

n€ W TB( £ N) is embeddable in

’

Proof. Similar to the proof

Corollary 1.9 If (ﬁ is

143

proof of Theorem 1.5, one

inite Brouwer algebra such
‘m:-.
me .,

Then, fotr every
of Theorem 1.5.

a finite Boolean algebra,

then TB( &b ) is embeddable in "IN ’.

Proof. For every finite Boolean
exists n€Ew such that
Boolean algebra. The corollary
1.6, since TB(2) is embeddable
to consider two non-recursive
<p g and define H:TB(2)—> ‘M-
9]
Bf
H(a)=
Bg
1

L

algebra there

diﬁ=2n, where 2 is the two-element

then follows from Theorem

in T’

indeed it suffices

functions £,g such that f

by

if a=07p(2)
if a=bTB(22
if astrg(2)

if a=lgg(2)

H 8
We now define two sequences { ] kg1, 1 {]k}k21 of

finite distributive lattices as
o

Definition 1.6 a) { 'J}}
finite distributive lattices

follows:
k>1 1is the sequence of
defined by induction as
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follows:

O .

172 (i.e. the two-element Boolean algebra);

H

dRUPEN ITERA TS 58 P
B

b) | )jk}kZI is the sequence of finite distributive
lattices defined by induction as follows:

4

152;

8
3. =B TRk,

Thus, for instance,

1o 18 |

vl 3
5. ns.
H B
Fact 1.7 H=Nn{Ly( 7J}): k213=n{Lg( "3 ): k211,
Proof. For H=N{Ly( ‘Jpd: k21} see JASKOWSKI (1936);
H M B
clearly N{Ly¢ "Tpy: k213=ntLg¢ T : k213 (actually, as

is easily seen, ( VikeL)ILy¢ r=Lg( I 1.

Definition 1.7 Let { Jptksi. { J ptk»y be defined

respectively as follows: for every k21

e
To=ee T, Tpetc I%.

| .
Fact 1.8 J=N{Ly( 3/k): k21}=N{Lp( j'ﬁ): k211,
Proof. The equality J=N{Ly( tr;): k21l} is proved in
SMORYRSKI (1963) and easily follows, anyway, from a result in

B
JARKOV (1963). J=N{Lp( TTk): k21} follows dually.
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)
Corollary 1.10 Forevery k21, tTk is embeddable in
.

Proof. By induction on k21:
R ®
1=T« {Sl)= is clearly embeddable in ’‘M’:
3 %Y 2 . .
To=tcc 2= is embeddable in IN’: indeed,

2ys ~ TB(22); thus we can apply Corollary 1.9.
Suppose now that k21 and :r£+1 is embeddable in 1’ : we
want to show that ij&+2 is embeddable in ‘YN’.
But TE.=TC A2, =B T k*1y: since TB(( 7 2yk+1,
is embeddable in 'Y ’, it follows from Theorem 1.5 that
TBC(B(( JE)k*1))k*2) 5 embeddable in  ‘W’;  but
TBC(B(¢ TSk+1yk+*2y=1pc¢ 2,k 2y=1¢ I}, )= oy

thus the corollary is proved.

Following JANKOV (1963) we can define also another
H .
sequence {( )]k)'}keu)by letting
v
( o)’'=2
H H
¢ e =T TRy rkely,

We have ( q 8)'=]
H
( Ul)'={ 5=

The dual sequence {( ﬂ E)'}keub is defined in the

obvious way. A fact similar to Fact 1.7 also holds for
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the sequences {(’]E)'}kea, and {(tfﬁ)'}ke(v

A new sequence {14k}k€w is defined in the following way:
for every kew , T4k=T({a€( flﬁ>':ﬂa=1(53,.}) (see JANKOV
(1963Y): it is proved in the same paper that
J=niLpg( I pr: k€W,

{a€&( )]E)’:~ﬂa=1(3bﬂ is clearly a sub-Brouwer algebra
of «( }3&)': for instance, to check that it is <closed
under the operation —— 1let a,b€&( {]E)’ be such that
ﬁa=l(3g)'and ﬂb=1(q&)'; then for every xX€( ‘ﬁﬁ)’,
1¢n8)+rsta — b vx = 1(38)-sbvx (since a —>bsb);
hence x=1(x8)- i.e. "(a— b)=1(52)'.

Therefore, for every k€w , we have an embedding of
Brouwer algebras from H k into T« {jﬁ)’) and the

following corollary holds:

Corollary 1.11 For every k€w , T(( {Iﬁ)') and @4k
are embeddable in M-,

Proof. That each T(( {[ﬁ)') is embeddable in M’ can
be proved using methods guite similar to +those in the

proof of Corollary 1.10: indeed,
Jj% .y . ; ,
T(( o)’ )= is clearly embeddable in M’;

}
T A= I is embeddable in me.
Then proceed by induction using Theorem 1.5.
Having proved that each T(( ’J ﬁ)') is embeddable in TN’,

the c¢claim that each 74 k 1= embeddable in T’ follows
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from the remarks immediately preceding the statement of

Corollary 1.11.

Example 1.4 In Example 1.3, TB((B( o3))2)
B
=T (( d 2)’): using the embedding of Example 1.3, we get

the following embedding of }+2 in ‘M-’

(Bg A Bg,)V (Bg A Bg )

[+
N, —— B /\B/ \B A B
2 : fo g.1 go f‘l
N e

()

£, A Bgo

Corollary 1.12 J=Lg(’M 7.

Proof. By Theorem 1.1, Fact 1.1, Corollary 1.10 and
Fact 1.8 (i.e. J=N{Lp( j’ﬁ): k211}1); instead of Corollary
1.10 and Fact 1.8, one can also use Corollary 1.11 and
the above mentioned result of Jankov, namely

J=niLg (M 1 ): ke Wi

The results which we have proved for )Yn have their
counterparts for ?ﬂﬂe. Indeed, for every partial function
Y one can define §d€ to be the degree in ?ne of the mass
problem of partial functions {~: Y Le 1.

Theorem 1.4 and Theorem 1.5 (when suitably restated) hold

also for WWe, In particular we have

Corollary 1.13 J=Lp¢ ‘M L.
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Proef. As in Corollary 1.12.
Another corollary to Theorem 1.4 is the following

Corollary 1.14 Every free distributive lattice on a
Go .
set X of generators, where IXIS 2 is embeddable 1n‘7ﬂ
(of course as a Brouwer algebra).
Proof. Map X into a subset of {Bfiz i€I} having the

appropriate cardinality, where {(f£41p: 1i€Il is an

o
antichain of ﬁJT of cardinality 2 and consider the

sublattice of M generated by the image of X under this

mapping.

If izl=<L1,gl>, oﬁ2=<L2,$2> are lattices, let us
denote by cﬁl ® efz the lattice <Lj; U Ljy,%> where

£=<; U <5 U LixLy (we assume LiNLy= @ ). We have

Corollary 1.15 1If the. finite Brouwer algebras
T8¢ & 1), TBC o 2) are embeddable in m - then
BeL p@®rcd, ana L p@TecL,  are  also
embeddable in /YN ’.

Proof. Let Hy: L ) — e, Ho:
TBC o 2) ™7 Y’ be embeddings and let us show for
example that B( le)Q T((£ 5) is embeddable in IT1’. Let
YA 1 ¢ D T, AZQDT be order-isomorphic copies of
A>H4(<£ 1) and ZBHL( J:z) respectively (see the notation

introduced before Lemma 1.5, such that
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(Vage 2 1)(Vbpe A ,ytap<pbrl. Then, starting from
231 and 152, by the methods used in the proof of Lemma

1.5, define two embeddings 1I;: B¢ o 1) —™ M’, Iz

B¢ L 2) —> T, It follows that the  function
1:8¢ £porc &) — M’ defined by
I, ¢a) if a€B( 1)
I(a)s=
I5(a) if a€T( 2)

is the desired embedding.

Example 1.5 Let us see some examples of embeddings
obtained by methods different from the ones described so

far.

a)

The preceding is a sub-Brouwer algebra of Wﬂ: f,9,h are
chosen 1in such a way that the respective T-degrees are
ordered as follows
[£]p
*Lglp

Chlp
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b) ,l
B, V(B,ABg ) \\‘B
. °h g tf, g

/
BpVv( Bg/\ BfAA Bfl ) \ Bg/\Bf4
e ///

Bh/Bg
X
where
[fglT S SRLS
\/ s+ Lglp
Chlp
c)
ll
g&isgvago
Bfov Be Bgo
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1
/ Bfov Bg,v sz.\/Bgo
Beo Be,V sz\ 7 Bgo
(Bfov dev sz )/\Bgo

(Bfov Bf‘1 )/\Bg(\ /BfLABgo

/ (BQV Bf4 )ABgoABfL
BfoA BfAA Bg‘\ / Bf4ABgoA Bf?_

|BfoABf4ABfLABgD

in each of the examples in c) the functions are to be

0

taken pairwisely T-incmparable.
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2. Some quotient lattices.

In order to understand what follows, one has to
recall the notation introduced in the proof of Theorems
1.2 and 1.3: in particular, in Theorem 1.3, with a given
finite Brouwer algebra having the form T8¢ & ) we have
agsociated a finite partial order (actually a lower
semi-lattice) and defined a function vid — w.
Moreover if P p ={p€ £ p is Jjoin-irreducible 1}, then
with each p€Pg we have associated a certain number n(p).

Let W={TB( & ): £ is a finite distributive lattice

& (V'pEP, )In(p)=01}.

Recall that the condition (\7p€P& J)In(p)=01 is

equivalent to say that <A, ® > is order-isomorphic to

the dual of the Kripke frame corresponding to B(£).

Theorem 2.1 Let TB( L JEW. Then there exists an
embedding of Brouwer algebras I:TB( £ )——?7q1w such that
I(BC &£ )) is an ideal of M.

Proof. Let TB( L YEW be given and let
H:<A, ® >‘—73>qg be an embedding which preserves infima
and such that H(A) is an initial segment of O . Let
P={pg,....pg} be the set of join-irreducible elements of
&5 and for every itk choose a function f; such that

£i€EH(aY ).

P
Define 1I: TB(L ) ———?’ﬂqw by (for semplicity we omit the

subgcript y when writing out weak degrees of difficulty):
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0 if a=0TB(°&)
0’ if a=brp(g )

Ita)= V Bg. if a # bpg( ) & a= V {pj:j€EJ} and {pj:
i1eJ T

J€J} is v-irredundant
1 if a=lrB( L)

As in Theorem 1.3 one <can prove that 1 is an
embedding of Brouwer algebras (notice that if f£,g belong
to minimal T-degrees and f£|p g then, in W“w' Bea Bg=0’
(we remind the reader that we are dealing here with weak
degrees of difficulty and that the subscript  is
omitted: in mo o is meet-irreducible!),
We use the assumption (\/pGP)[n(p)=0] in that it ensures
that (VB)IB € I(L) = (JJIcio,...k})[B= V{ij:jean.

Let us now show that I(B( & )) is an initial segment
of qylw.

First notice that C<yl(a) & 1lv(a)=0 =P C € I(B( L )
indeed, if 1lv(a)=0 then a=brp( £), thus I(a)=0";
therefore C<,Ita) => CeI(B( L ).

Suppose now that C £, I(a) & lv(a)<n => C € I(BC( § ),
for every weak degree of difficulty C: we intend to show
also that, C g, I(a) & lv(a)=n+l = C € I(B( & )). Thus,

suppose that C <, I(a) & lv(al)=n+l and let I(a)= \/{BfJ:

jeJ?, where {pj: jEJ} is v~-irredundant; of course we

may assume C <y Ita). Let C =C © ly, Wwhere € is

C-closed; thus T <, Nt B¢ JET} and so
N

«(Jient T gGSfiJ Then {g: g=pfi1€ € , which implies ©

<o NE O c: [£17€HA) & £<7£5) A ﬂ{@szjeJ-{i}}: indeed,
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if gent GSf: [£17€EH(A) & f<pfi} n N{ 6§f3: je€J-{ilt} then
we have two possibilities:

1) ge @ g, t in this case geN( @fJ :j€J}, so g€ T ;
2) g¢ ngj: thus, g<¢f;; we can show however that g{Tfi,
so g=pfy and g€ ¢ as desired: indeed, suppose that
g<rfi: since H(A) 1is an initial segment of S)T, this
implies that there exists f<qfj such that [f1p0€EH(A) and
g<rf, contradicting the assumption g€nt G%f: [£1p€H(A) &
f<pfyl.

Therefore C £, \/ {Bg: [£17€EH(A) & f<qfjilv ‘v’{ng: JEI-
{it}

To conclude the proof is then enough to show that
lv(I‘l(\/{Bf: [£1p€H(A) & f<7fi}v \/{BfJ: JEI-{i}}))<n,
i.e. V {Bg: [f1p€H(A) & f<qpfilv V {st : JEI-{ill<y,
\/{st :j€EJ}: indeed, the inequality V {Bg: [£I7€H(A) &
£<7f4}v \/{st: JEI-1ilt} <y \/{BfJ:jEJ} is immediate; on
the other hand, that \/{Bsz JEJ} # Vi{Bg: [£I7EH(A) &
f<pfiiv V {Bg : jEJ-{i}} follows from the fact that each

Be, is join-irreducible and ( Vj€J-{i})(Bg ¥/ Bg I.
J v 1

Let Me= ™ ,-10,1;: clearly N7 is still both
a Heyting algebra and a Brouwer algebra. The 1least

element of QWI; is 0’.

Corollary 2.1 For every TB({ YEW, the finite Brouwer

algebra T(L£ ) is embeddable in we @8 an ideal of

ms,.
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Proof. Let T(‘ﬁ ) be a finite Heyting algebra, such
that TB(L)reWw. Let 1: TB(L ) — M, be the embedding
defined in the proof of Theorem 2.1. Since I(bpp(g£ )?=0’,
it follows that the restriction of I to T(L£ ) 1is the

desired embedding of T(L ) in ‘Mg,

For the convenience of the reader, we recall that,
given any distributive lattice ‘ﬁ . every filter F ofeﬁ
gives rise to a congruence of £ : under this congruence,
two elements %, y of the lattice are equivalent if and
only if there exists an element =z of F such that
X Az=yaz. Let us denote by I%é the distributive lattice
obtained by dividing Ji by this congruence; elements of
J;/b are thus equivalence classes [x]F of elements of J:.
For the partial ordering %/& determined in J;?_ by the
congruence, recall that [x%rgﬁtyJF if and only if there
exists z€F such that x az<y.A dual situation holds,

considering ideals instead of filters.

Lemma 2.1 Let 43 be a Heyting algebra and let F be a

)
filter of <£ . Then 4&% ig a Heyting algebra and the

canonical epimorphism L —> {; is also a homomorphism of
E
Heyting algebras.

Proof. See e.g. RASIOWA-SIKORSKI (1963).

Theorem 2.1 has the following nice corollary
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Corollary 2.2 Let TBk‘ﬁ JEW. Then there exists a
principal filter F of 1Y, such that "an/ =B(L) as
Heyting algebras. i

Proof. Embed TB( &) in M, via an embedding I in
such a way that I1(B(L)) is an ideal of 771w (see Theorem
2.1). In particular, let I(tpp(L£))=I1C(V {py: 4i€IN=
\/{Bff i€l}, where {pj: 1€I} is v -irredundant and let
F={A : I(tpg( p£))<yA }. Then the result is immediate,
since M, = 10, Ictrp(e )1 =B( £ ) as distributive

7
lattices but then also as Heyting algebras by Lemma 2.1

Remark 2.1 Recall from Remark 1.2 that, given any
finite Brouwer algebra (L ), if P deno£es the set of
join-irreducible elements of JZ ., then ( &prP)[n(p)=0]
&S (VpEP)I V {gEP:  q<plE€P or (VY qEP)Ip<q or q<pll.
It follows from this fact that, by looking at the Kripke

frame corresponding to B( L ), we have an easy way to

decide whether or not TB( &L YEW. Indeed, let
ﬁT(B(cﬁ ))=<K(BC L ), <> be the Kripke frame
corresponding to B( J:); then (\/pEP) (n(p)=01

<=?(&fa€K(B(cﬁ J))[a has exactly one immediate successor
or (Vbek(B( L )))ratb or bgall.

We have included this remark, although not wused in the
remainder of this paper, because the semantics of
intermediate 1logics which one is mogt likely to encounter
in the literature is the one that uses Kripke frames.

Thus, once we have at disposal a Kripke frame (with a



157

least element) we are able to say whether or not this
Kripke frame corresponds to a Brouwer aigebra of the form

B( L ) such that TB( o reW.

Corollary 2.3 Let &L be a finite distributive
lattice. 1If the dual of the Kripke frame corresponding to
B( £ ) is a tree, then TB( £ )rew.

Proof. Immediate by Remark 2.1.

Corollary 2.4 1f TBC( L), 1BC L£,0€W  then
Bc dppdrc L 5 ew.

Proof. Immediate by Remark 2.1.

Example 2.1 Putting together Corollary 2.3 and
Remark 2.1 one 1is able to conclude that the following
finite Heyting algebras can be obtained by dividing ?nw
by suitable principal filters.

a) fof every m,n€w the tailed mxn chessboard:

¢
b) every B( J; ), where Jl is a finite Boolean algebra;

c) (by Corollary 2.3 and Corollary 2.4):
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We single out the following example for its
particular historical importance.

Let j'n denote the chain having n+l elements. The
relevance of the sequence of Heyting algebras { :rn: n21}
to the semantics of intermediate 1logics was pointed out
by Godel (GIDEL (1932)): namely he showed that, letting
Sn=LK( j’n), we get a strictly increasing sequence of
intermediate 1logics. This wag the first example to show
that the cardinality of the set of intermediate logics is
greater than 2 (later on it has been proved that this set
has cardinality 2'“ID : see JANKOV (1968)). The sequence {Sp:
n21l} has been thoroughly investigated in H0S01 (1966);

hereby, it is shown that for every nxl S, is

axiomatizable.

Corollary 2.5 For every nz21, there exists a
principal filter F such that UME/.:.jn as Heyting
E

algebras.
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Proof. Immediate since for every n2l j’n has the

form B(fn_l) where TB( fn_1>ew (let f0= ).

Corollary 2.6 For every finite TB( YEW there

exists a principal filter F such that ’ﬂdg/é-(ﬁ.

Proof. As in Corollary 2.1 and Corollary 2.2.

Remark 2.2 Of course we cah use more sobhisticated
results on initial segments of SDT to get more results
here. For example, it is known (see RIBIN (1985)) that H,i
is embeddable in ijT as an initial segment. For such an
embedding {[fglp: B8< 1y}, define the sequence {(Ag)y:
B<}:1] by transfinite induction as follows
(Ao)w=Bfo (for semplicity,in Bg the subscript  1is

omitted) :hence (Ao)w=0é, since fo is
recursive N
(Ae+1)w=BfGH(in th4the subscript ¢ is omitted)

(A Iy= \/Bf if X is a limit ordinal (in Bg the

KA) Y ¥
subscript , is omitted)

A

) A
Let now a< O 1 and let F={Ay: Ay2,(A)y,}. Then ’WM@4; I;

where the sequence { j,a: a is an ordinall is defined by

1 o=2
§, =1 f,) if X is a limit ordinal.
Yo

In particular
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Corollary 2.7 There exists a principal filter F such
that a) qyl@f: i;.;
b) Ly rmw/r )=S, =N{Sp: n2l},

Proof. Immediate.

§wu is the so-called Dummet’s logic and equals the

deductive closure of H U {(a—B)v (B > a): a,BEForm(L)}.

Lemma 2.1 has 1its dual version for Brouwer algebras
and dideals. Let us now consider again ’nqw as a Brouwer

algebra. Despite the previous results we have

Theorem 2.2 If I is a proper principal ideal of

"M

then every finite Brouwer algebra of the form

w
(& ) is embeddable in {WQ%/i . In particular,
Lp ( WW/I )=J.

Proof. Let I={Ay,: Ay<,Dy} be a proper principal
ideal and let Dy=L ® 1, where () is C-closed.
Let £ be a non-recursive function such that Ggf Fu 0 .
Such a function exists since otherwise we would have
(Ve) tNcBel ice. Oecnt Be: £ is a functioni=f , a
contradiction since I is assumed to be proper.

Let now TB((£ ) be a finite Brouwer algebra: in order to
embed TB(<£ ) into ’Yﬂ@(i, consider +the partial order
<A, ® > as defined in the proof of Theorem 1.3. Embed
<A, ® > into the interval ([flp,®) of 3>q§ (i.e.

relativize the embedding to the function £) and define an
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embedding H: TB( Jz) '“’an in exactly the same way as in

the proof of Theorem 1.3. We claim that the composite
H: TB( >—5—>WWW,~—*7nv/i is the desired embedding.

; is clearly a homomorphism of Brouwer algebras (see
Lemma 2.1); it is left to show that ﬁ is one-one. Suppose
for the sake of contradiction that there exist a,b€~£
such that a § b and H(a) S/]: H(b): 1let a= \/i{p,: u€u},
b= Vipj: j€J} where {py: ucu}, {py: JEJ} are
¥ -irredundant. Since H(a)<, H(b), it follows that
NV Ber <,\/ N\ Bge" vDy (we refer here to the notation
weV Len(ryPu €T remepy Fi :

already used in the proof of Theorem 1.3); but gince
H(a)f@H(b) (H being one-one) it must follow also that
(gueuu‘_—'}ismpu))(VjéJ)(Vrgn(pjn[Bf;ﬁ < Berd.
Therefore, since Bgi is join—irreducibi;, thefg exist ueU
and i<n(py) such t£;t Bfé-Swa, which implies Bg<y,Dy, a

contradiction (throughout the proof the subscript y 1in

weak degrees of difficulty of the form By has been

omitted).

Theorem 2.3 Let I be a proper principal ideal of
ﬁﬂq. For every finite Brouwer algebra \£ , if TB(OE ) is
embeddable in YN’ then TB( [ ) is embeddable in n7k(i.

| Proof. Let H: TB( ﬁ ) — N’ be an embedding and
let I={A: A<D} be a proper principal ideal. As in the
proof of Theorem 2.2 we can choose a non-recursive
function £ such that Bf#D- Leté}QTﬁ be order-isomorphic

to Zl;{((ﬁ ) ( this notation was introduced shortly before
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Lemma 1.5) and such that (\7aT€ZX)[[f]T$TaT]. Define an
embeddir{g H’: TB( a[).» ) ="M’ starting from 24\ (use methods
employed in the proof of Lemma 1.5). Exactly as in
Theorem 2.2 we can show that the composite map

H:TB (L) — "'— M MM, is the desired embedding.
I

Corollary 2.8 Lp( ’LWL/I y=J.

Proof. Immediate, by Theorem 2.3, Corollary 1.9 and

Fact 1.8.

The embeddings of Theorem 1.1 explicitly used finite
weak degrees of difficulty. If F denotes the filter of
Wylw generated by the degrees of solvability, +then F
contains every finite degree. Nevertheless, we have the
following theorem, where we regard again ’ﬂqw as a

Heyting algebra.

Theorem 2.4 Every finite Heyting algebra TB(‘£ ) is
embeddable in M wy + Hence Ly ™ W)=

Proof. Let TB( { ) be given and let <A, © > , P be
as in the proof of Theorem 1.2. Let A , be the partial
order obtained by adding a greatest element o to the
w-folded coproduct LJ A of <A, ©® > and, for every j€ w.

Jew

let Ij denote the j-th canonical injection of A into
%guA. Find an embedding of upper semi-lattices
K: Auf_?EDT'{OT} (A is easily seen to be an  upper

semilattice) and for every j&€ W, PEP ., isfn(p) choose a
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function £p’0 such that K(Ij(ap ))=C£5’) Ip; moreover, let
g be a function such that K(e)=[glp. For every function £
let Fg denote the weak degree of difficulty [{£f}],(=[{h:

We claim that the function H:TB( { )——%‘77]w defined by

Oy if a=0rp(L)
1y if a=lrec L)
H(a)=
| AN /N Fgeli,d if a= A {py:u€U} where {py:

Jew uel 1<m(p\ P
uel} is A -irredundant

is an embedding of Heyting algebras (H(a) is always
defined because quw is a complete lattice).
Indeed, for every JE W, let Hj: T™B( £ )—%'an be defined
by

Oy if a=0rB( £)
Hj(a)= 1, if a=l7p(L£)

:zb lj:(P’FflJ see the third clause of H(a)
As in the proof of Thecorem 1.1, Hj is seen to be an
embedding of Heyting algebras.
Since, for every aGTB(‘ﬁ ), H(a)= /\{Hj(a):_ JEwWl, we
have
- H(aaAab)= /\{Hj(a A b): jEWI= /\{Hj(a)A Hj(b): J€ w i=

( /\{Hj(a): JEW ) A ( /\{Hj(b): jeEw 1)=H(a)A H(b);

- HCawv b)= /\{Hj(av'b): jeEwil= /\{H (a)vHj(b): jEW1l; on
the other hand, H(a)wv H(b)=( A {Hj(a): Je wi)
v A {tHj(b): JEUJ})—/\ e (Hj(a) vHp(b)): if jér and as=

Few

Aflpyiu€Utr, b= A {py: VEV} (with {py: u€U}, {pyt VEV}
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A -irredundant); then Hj(a)vHp(b)= (A A Feld)
UeU Lem(p,y P

V(V/t\\’ t{}«(Pf‘) ;vr)—u/e\u Qm(vﬁvﬁ(g};fli Y Ff”) ~Fg-

Therefore /E\ /\(Hj(a)vHr(b))— A {H, j¢2) vHy(b): JEWIA
/\{Hj(a)v}{j(b): JEW?} as desired;

- H(a —> b)= /\{Hj(af—% b): jewi= /\{Hj(a)——§ Hj(b):

JEW}. Suppose again that a= A {p,; u€U}, b= A{p,:VvEV},

where {py,: u€ul, {py: VvEV} are A -irredundant: thus

Hyta) —> Hj(b)= A {Hj(py): (VveIp,fp,1t.

Therefore N\ tHj(a) —Hj(b): jEw}= N { N {Hy(py): «Vvew)

[pu{bv]}: jGuJ)=32;{ /\Hj(pu): (\/vEV)[puﬁ§VJ}= /\{Hj(a):

JEW L —> /\{Hj(b): JE s }=H(a) —> H(b);

- H(1 a)=~H(a): obvious.

Now, the composite H: TB( £ ) —Hy {ﬂqw-—eﬁﬂqg/& is the

embedding for which we are looking: again, H is trivially

a homomorphism of Heyting algebras (by the dual version

of Lemma 2.1). It is left to show that H is one-one.

Suppose that ﬁ(a)sw/F H(b), where a= Af{py: u€U} and

b= Aipy: VEV} (with {py: ucuil, {py: VEV}

A -irredundant); then for some finite set of functions

{gp: réR} we must have H(a)a AFgq <y H(b) i.e.
reR r

AN N Fg 1,5 a0 AFgq <\ /A N\ Fgii. From the way A, is

Jew weu 1<m(p“\ Pu reR Ir JEWw VeV Lem(py P,

defined it follows +that for every v€V there exists a

cofinite set Sc¢cw and u€U such that /AN A FflJ fw
Jew 4 <m,(p Y

AN Feid : again from the definition of A, this

ies iem(py O

implies that py<py. Thus (\/vGV)(?HuGU)IPUSpv] and

therefore a<b, as desired.
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There are interesting similarities between principal
filters of)ﬂqw having the form {Ay: szwa}' and the

filters of Wnp having the form {(F: F ;/[{f}]}.

Fact 2.1 Let f be a non-recursive function; then the
filter Fg={F: F ¢ [(£1} of ‘W is prime and
non-principal. .

Proof. That Fg 1is a primé filter is obvious. As to
non-principality, notice that for every finite mass
problem ’}  such that [‘% 10, we can find a function g
such that, say, ' U (£} |p g. Then [{g}I€F¢ but 3 £

{gt.
Following Corollary 2.2, we have

Theorem 2.5 For every finite Heyting algebra
TB( & JEW, there exists a filter F such that
Mg =B & ).
Er ,
Proof. Let TB( <£ ) be given and, once again, refer
to the notation introduced in the proof of Theorem 1.2.

Embed <A, ® > in S)T as an initial segment, via an

i.e.

embedding which preserves suprema. Let £ denote f% m&&
T

let £ correspond to a%TN%\under this embedding. Then F=Fg¢
is the desired filter. The proof is essentially the same
as in Theorem 2.1 and Corollary 2.2 (using Theorem 1.2

instead of Theorem 1.3).
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Notice that,for every finite mass problen ﬁ', L q'] ¢,Ff

=2 ‘¥ <if}, hence CC{£}1]1_. is the coatom of 7ﬂ$>1:.
For principal filters of )VHF one has the following

Theorem 2.6 If F is a proper principal filter of
?YIF, then every finite Heyting algebra of the form
TB( ) is embeddable in ’WIF/F.

Proof. Suppose F={F: F2D} is our filter, where
D=L ® 1 and let TB(L ) be a finite Heyting algebra.
Again, let <A, @ > be as in Theorem 1.2. Use an embedding
H: <A, © > — E)T—{OT} which preserves suprema and such
that (VapeHa))(« V £e O yrreip 4 apl (this is possible
since F is assumed to be proper and thus 0 does not

contain any recursive function). Then define as usual I:

TB(L ) — Mg by

Y if a=0TB( L)
1 if a=l7p(gL )
I(a)=
/N AN LLEE 31 if a= Adipy:u€Ul and {p,:u€U} is
weuv 1€ My [I%
AN —irredundant
It is easily seen that the composite 1:

8¢ £ ) — Mg —,)WIF/F is the desired embedding.

Let now F be a principal filter of M ; then GYL?
is still a Brouwer algebra in an obvious way: indeed, if

F={A: D<A}l then QWL% Z [0,D]1 (where the isomorphism is a
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morphism of the category DL); but since I[0,D] 1is a
Brouwer algebra so 1is ﬂql/;.

A gimilar situation holds for 'TYLW regarded as a Brouwer
algebra, i.e. for every principal filter F, qYl“/F is a
Brouwer algebra.

The difference with the situation in which we considered
principal ideals is that now the congruence determined by

F is no longer a congruence of Brouwer algebras and thus

there may be no epimorphism (ggm,Brouwer algebras)

ﬂVl—%qqlp, M— qﬂwy? . As a consequence of this, it

may be not the case that J c &B(ﬂWl/h ) and

J C LB(’Yn%/, ). In particular, if F is generated by a
= F

join-reducible element then A xva a¢§3(9ﬂ73 )

(Lp (¢ "}’YlW/F ).

A similar remark applies to qﬂ‘b/' UWQE/i etc, where

I
TYZW, ™ F are Heyting algebras and I is a principal

ideal.

Theorem 2.7 Let F={A: D<A} be a proper principal
filter of M , where D>0’' and either D is
join-irreducible or contains a mass problem which is
closed in the Baire topology. Then every finite Brouwer
algebra of the form TB(cﬁ ) which is embeddable in M’
is also embeddable in dql/é'

Proof. Suppose that ~H: TB{(L)— n- is an
embedding of the finite Brouwer algebra TB( L)

into ‘YN ’. Let D=L (N1; we may also assume that D%l:
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otherwise the theorem follows trivially. By Theorem 1.1
of DYNENT (1976) there exists a
countable mass problem Q. such that D gt a .

Let yaNy Q_—®T be order-isomorphic to AH( £ ) and such
that (Vapea’r« Ve Qotag lr t£17) (this can be done
since A y( L) is finite and (L is countable). Notice
that if [£17€ A ' then Q& Qf and thus ® e< Q.
Using the tecniques of Lemma 1.5,‘ let H’: TB( £ »— m
be an embedding of Brouwer algebras such that AH' «( L=
VANGH

We claim that +the composite function I: TB( £ )—>’W1‘°—*>
"m — ’Yn/p is the desired embedding of Brouwer algebras.
- Clearly 1 is a lattice-theoretic homomorphism
preserving the least and the greatest element;
- I is one-one: indeed, suppose that I(a)< e I(b) and let
H’(a)= \/( gv>, H’ (b)=V_ (A Bfa). Thus

Je J .LtI_,

AT @gvn/\@ < V_(ABgi) i.e.

vev 4Yey, JeJ 1eT; 71

A v By,

A

( V (A o%g\,))/\&

A

veV uel, geTTIJ JeT gCJ)
Notice now that for no fE TTIj can we have () z<\/ @fi 2
: JeJ JeJ §4)

indeed we have to consider two cases:

Case 1) if D is join-irreducible then N <V ())) £9would
3¢J SLJ)

imply that for some je€J ()< @fa ; since @R g £ A,
5 §3)

this would imply also that @ < Q, + @ contradiction;
Case 2) 1if ) is closed in the Baire topology then the
claim follows by Chapter I, Corollary 7.3, since each

v @) 3 is dense in the Baire topology.
e }(.,)\

Therefore we conclude that (Vf eTT LNV (A R gv)s

J)
Jed veV ueV,, w
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J\e/J @féua; it follows that H’(a)<H’(b) and thus a<b.

$Q

- I¢a —— b)=I(a) — I(b): without loss of generality we

may suppose that a,b€ o ; let H’(a)= NV ( A Bged),
JeT  AeT; T4

H'(b)= V ( /\Bgv). It is enough to show that
veV wel, 7w

¢ V2rr1ys, Ita) viIzl) = I¢a— b)g, [Z1 1 or, in

other words, ¢ W Z)IH'(b)ADSH'(a)vZ = H’(a—>b) A D<2].

Thus, let 2Z=I Ji ] be given and suppose

(VA Rgvra @ s MVNARBeirv Z

VeV uel, Tu JeJ 1eT; T

since H'(a—>b)= V{ A Bgv: veEV & (Vjent A Bgv
wet, w weUy w

;/ /\I Bg 1} it is enough to show that, if vEV is such that
LEl;

<VjeJ>t‘{é\U97>g1{ /\@af{], then /\ Gﬁgz/\@ < Z .

ieT; we U,
Starting from this point and trying to mimic the proof of

Theorem 1.4, one getgs to the point where we have, for

e TT1y @ VAGPY
some § € I u{\UV gy, A8 < _‘,e3'® ff(j)\/ Z and (Vueu,,)

Jer I3’

[ &91 7{;\{3@“';;3)]' This implies (letting n’éUv),
( Uur BgrUne® s VB35 Z thus, (Vuevprt B gvs
weu, gl T T L) Ju
(V Bei ytw (W7  and < (VRgi Hm (n) (for
ieT f;m v Z 0 jeT f;cs) v Z

the notation employed here, see proof of Theorem 1.4).

At this point one shows that /}JZ(“)A z(“)s Z and
we Uy

(VuEUv)[ (P)gv < Z (W13, Furthermore R <V 67)f-; D
" JeJ §Q)

(n) <V Res (ny T e this, suppo that

vZ = @ V. f}u)v‘z o se ppose a

vV @fi ‘)(n)\/ Z(n) is reducible to O, wvia say Ci)z : if

JeT T m

fvg G.\/J@fji_\)/ Z(n)  then one can effectively find an
Je G

initial segment h such that Ai’z (h vg)(0)=n; but then hef
~
e V @fa')(n)v Z(n) ang thus Y, ((h*f)vgre .
eI 1A m

Now, 41if D 4is join-irreducible, then (as before: Case 1))

m e 'Z(".); if GA is closed in the Baire topology then



170

again ®» s Z M) (see Chapter I, Proposition 7.2).
Therefore N\ 67)9v AB < Z as desired.
uel, uw
Corollary 2.9 Let F be as i1in Theorem 2.8. Then
C [
;Bc’TYl/F) cC J

Proof. Immediate by Theorem 2.7, Corollary 1.9, Fact

Remark 2.3 i) Of coufse, if D 4is join-irreducible
and D generates the filter F, then LB(Uﬁl/b )=J, since
ﬂavﬂﬂaGLB(WﬂV&);

ii) If F={A: 0’<A} then ’m/‘__-"-'z and, thus, Lp(/MM 2 )=K;
iii) if F={A: O’<A} then 441/& is still a Brouwer

algebra (namely :fz) and Lp( ’}’n/‘__ )=855.

Remark 2.4 In Theorem 2.7, the case D=I[ 63 ], where
0 is closed, includes also the case D is a degree of

solvability.

Remark 2.5 Theorem 2.7 once more emphasizes the
differences between " and @Vlw even at the level of
intermediate logics. By Corollary 2.7, for instance, we
have principal filters F of m W generated by

join-irreducible elements such that Lp( )an/’: ) ¢ J.

Finally we turn our attention to HAQF (gimilar

remarks will aplly of course to qqqg). Let J be the
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principal ideal generated by a finite degree of

Jm

E /5y is a Heyting algebra (the interval [F,1] being

s0).

Theorem 2.8 Let J be a proper principal ideal of
'?np generated by F=[’} 1; then every finite Heyting
algebra of the form TB( £ ) is embeddable into 7”5?{;'

Proof. Let (L ) be a finite Heyting algebra. In
order to prove that T8¢ & ) is embeddable into {HIE<& it
suffices +to show that TB(:£ ) 1is embeddable into the
interval [F,1] of "m F - The proof of this is
essentially the same as in Theorem 1.2 but wusing a
suprema-preserving embedding H: <A, @ > —™ 5>T((aT,m]),

where ap= V {[flp: £€ F 3.

Corollary 2.10 If J is as in Theorem 2.8, +then
¢ Mg 0 ¢ 3.

Proof. Immediate by Fact 1.2 (b) and Theorem 2.8.

Remark 2.6 If F is meet-irreducible then of course
guc’yng43)=g. The situation is quite different if F is
not meet-irreducible. Indeed, 1let F, F;, Fo be elements
of ‘Mg such that FilF, and F=FjA Fp; let J be the
principal ideal generated by F and let us identify 7”3/3

with the interval I[F,11 of '‘Ylp. Then, for instance,
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~AFy=Fs, = Fp=F1; thus 1 Fiv1~ F1=Fov F; # 1 . and,
therefore, J Q/I-‘.H( WF/J)'

In fact, gimple arguments show that N{Ly( WnE/I): J
is a proper principal ideal of F}l=H. To see this, it is
enough to observe that for every finite Heyting algebra
T(&), there exists a principal ideal J such that T(H)
is embeddable in ’mF/J : indeed, 1let H:TB(L )—> Mg be
an embedding, then T(s) is embeddable in Jynﬁé}, where
J= {Fe Mp: FeHibrg(py)?

OQut of curiosity, let us see some countermodels to
some of the most well-known intermediate logics:

The Scott__system S is the deductive closure of

Ho{(("Ma—a) —m lava))—> (Mavirax): a€Form (L) }.
Let £f£,g,h be non-recursive functions such that fITg,
g<rth, f,Th, h<pfvg; let J be the principal ideal of U«lp
generated by [{£,g}]. Then S .LH(YHQF/j): indeed, if
G=[{£f,h}1], then 1G=[{g}], 116=[{£f}1],

thus "TGv1G=[{fvgll; moreover =G vG=[{fvg,h}ll=[{fvgl}]

and 116 G=[{£}1 —I[{£,h}l=C{h}]. In conclusion
("1 G ™ G) (16 vG)=[{h}]1— [{fvgll=1, whereas
16 vING=L{ifvgll; this implies ((ﬂﬂG-;eG))
— (G VvG)) —> (171G vaG) # 1 and therefore WF/ Fy
((1"a— a) —m (ava)) —> (11 avia). T
Simple arguments show that neither the
Kreisel-Putnam scheme (Clax —Bv y ) — ((qa— B)

V(ﬂa-—ar))) nor Rogse’s scheme (((11 a—% «) — (11 av 1a))

—> (1 av-1a)) are satisfied in qylg/ where J is any
J
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proper principal ideal generated by a meet-reducible
degree.

For the Kreisel-Putnam scheme, 41f J is generated by
F=[{f,g}] where fng, choose two functions hg, hj such
that £ #Ar hg, £ £ hy, g<thg, g<Thj and f<thgv hj (this
can always be done). Then (1L{g}] — L[ {hg}tl vIi{hy1}])
—> ((1[{g}] — [{hg}1) Vv (1l{g}] — [({hy}1)) # 1.

The gituation is similar when P3l>2.

Remark 2.7 In Theorem 2.7 and in Theorem 2.8 we
always get intermediate logics L such that L ¢ J. Since
H*=J* (* denotes the formulas without the connective - )

(see JANKOV (1968)) we always have L*=J%.
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CHAPTER 1IIl
IDEALS AND FILTERS IN SUBLATTICES OF THE MEDVEDEV LATTICE

AND THEIR RELATIONS WITH THE e-DEGREES.

1. Some remarks on filters and ideals and ‘their
relationship with the e-degrees.

Let u PR l,l_j: JEJ} be objects of a given category
of algebras and homomorphisms. Then /ll is said to be a

gubdirect product of +the family {jvlj: jeEIJ} (see e.q.

BURRIS-SANKAPPANAVAR  (1980)) 1if there exists an embedding I

such that

1 1: LL—TT Mys

jeJ
2) (V3ientmye1(QL = U 1 (here T4 denotes the j-th
projection).

Such an I is called a gubdirect embedding. An algebra )vl

is sudirectly irreducible if for every subdirect

embedding I:lL-—?TTlij, there exists JEJ such that
i3 .
TTj°I=lL_elij is an isomorphism.

For Heyting algebras and Brouwer algebras we have

the following fact

Fact 1.1 A Heyting algebra c£ is subdirectly
irreducible if and only if ¢£ €T(DL); a Brouwer algebra
. is subdirectly irreducible if and only if o> €B(DL).

Proof. See for example BURRIS-SANKAPPARAVAR (1980) .
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Corollary 1.1 As Brouwer algebras, ’Yﬂ, Wﬂe, ’ﬂﬂw
are subdiredtly irreducible.

Proof. Immediate.

As Heyting algebras, all the lattices with which we
have been dealing are subdirectly irreducible. A theorem

due to Birkhoff (see BIRKHOFF (1944)) reads

Theorem 1.1 Every algebra is isomprphic to a

subdirect product of subdirectly irreducible algebras.

Using some of the filters introduced in Section 2 of
the previous chapter, we are in a position to exhibit
such isomorphisms for QWIW (regarded of course as a
Heyting algebra), erp etc.

Let Fg be the filter of W, defined by Fg=1{Ay:
Be<yAyl (the subscript .  is omitted in Bg). Then
7”1@/% is subdirectly irreducible because

P .
‘WIW/F.F::tow,BfJ and clearly [0,,BfIJET(DL): indeed
B AL{f}1, is the coatom of [0y,Bfl), so the claim follows

by Fact 1.1.

Proposition 1.1 MWl , & TTt ’}’Ylw/F : FED3.

Proof. Let I: YW, — TT{ U41@;% : f€%, 1 be given
by I(Aw)=<[Aw]:t>fe<Om : it suffices tg show that 1 is
injective. Suppose that Au#B, and let Ay=[ Q 1y,

Bw=[0% Iy where a, 0h are both C-closed. Then
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Q '71 G) and, say, (4 f€ Qe ¢ O) 1. But then, for
such an £, [Aw]l'-; f[B,;,]r_.F since otherwise Ay ABg=B, A Bg

i.e. Qu Ol)f=@ ] (Bf, a contradiction since £ g’ Bu 6’sf.

Let us now use the same symbol Fg to denote a
different filter in a different lattice, namely the
filter of 'mp {F: F # [{£}1}, for a given function £.
Notice that )]’HF/FF is subdirectly irreducible: indeed,
’WIF/F_F €T(DL), [{£})g  being its coatom.

Proposition 1.2 mp = TT¢ WF/F s fe“’w 3.

Proof. Let I: WF — TT4 fYYIF/F F:fe Ww? be defined
by I(F)=<[F]‘_.'= >few,, + It is enoughp to show that I is
injective. Suppose that F, 6€ Mg ,F # 6 ana F=1 7},
G=( g, 1. Then )&L ;’ g . and, say,
« ge q y(Vee %} >t£dpgl. We claim that for every such g,
[F]F ;f [GJF? :+ indeed, for any).H such that jH # {g}, we

have ‘Fully }u’H , so (letting H=['H 1) F AH#G AH.

We can also show that )'mE: ﬂ'{ )]/nE/F : feww},
where now Ff={E€)mE: E ;( [{£}1} is a filterF of WE.
Indeed, notice that each ’]/Yl E/Fp is subdirectly
irreducible; moreover, if A{EA.{: isk} ;( /\{EBJ: Jjin}
then (33<n)(Vick)(A; g Bjl. Consider such a j: if £ is
any total function such that £2gBj, then [N\ {Ep,:

i<k} L A{Ep : j<n}l_ , as desired.
‘ ':'; ?I B_,' J FF
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We now f£ix the notation for some of the filters and

ideals of "Ml introduced in DYMENT (1976).

1) Henceforth F will denote the filter generated by
the non-zero finite degrees of difficulty; since the
finite degrees of difficulty constitute a sublattice of
MM, we have F=tA: ¢ T finite F)[F>0 & F<A}.

2) Di will denote the filter generated by the
non-zero discrete degrees (recall that a discrete degree
is one that contains a mass problem which is discrete in
the Baire topology):; since these degrees form a
sublattice, we have Di={A: ( I discrete D)ID>0 & D<Al}

3) C will denote the filter generated by the at most
countable non-zero degrees; as before we have C={A:
( 3 at most countable C)[C>0 & C<Al}.

We say that a degree of difficulty A has at most

countable generalized basis if, for some mass problem

CL, A=t O and the set FQ ={[(£]1p: fe QA &
(\/gE O,)[g ff £f1} 1is at most countable. Notice that we
S‘l.
may have PQ,=;5 even when |CL|=2 °! For instance, let
] t
Q =0" -ccte: (£1p is  minimal}; then |Q1=2"° ang
T
r, = @. n1so, v, =& for Q=tg: t£11 r.e. & (£1p>orl.
4) B is the filter generated by the non-zero degrees
with at most countable generalized basis; as befofe, one .

concludes that B={A: (3dB)IB>0 & B has at most countable

generalized basis & B<A}.
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5) De will denote the ideal generated by the dense
dégrees different from 1; these degrees constitute a
sublattice (if G)l, 632 are two dense mass problems, then
Gbl v 0)2 is clearly dense;
moreover mlf‘ @25 U {2« le nGw}uU{(2n+1)*®2:
n€Ew?l}, and the latter mass problem is clearly dense);
thus De={A: (Eidense degree D)I[D<1 & A<D1l}.

None of the above filters and ideals is principal as
is shown in DYHENT (1976).

In DIMERT (1976) it is also remarked that 1if B is
infinite and meet-irreducible then {A: B<A} 1is a non
principal filter. To this we add that if B is in addition
Join-irreducible (for instance if B=Bf for some non
recursive function £) then {A: B<A} is prime.
Also, if B is join-irreducible then {A: B<A}! is a prime
principal filter; if B is meet-irreducible then {A: A<B}

is a prime principal ideal.

To the above list we add the filter E={A:
(EInon r.e. Ao)...(E]non r.e. Ap) [EAJ\°--"EAn$A]}l i.e.
E is the filter generated by the degrees of enumerability

of sets whose e-degree is greater than o0g.

Remark 1.1 E is8 not principal.
Proof. Given EAo PRI EA”1 where (Vi,j<n)
(i # § =>Ajle Aj), let A be a subset of W such that

/@ <gA<gAg (see e.g COOPER (1982)); then (using the fact
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that every degree of enumerability is meet-irreducible:
see Chapter I, Corollary 4.1), we have that
EA,«EA4A...A EAmf EAOA...AEAn; on the other hand, if E
were principal then it would be generated by a degree of
difficulty having the form EAdA...‘AEAm_ for some
Ag,e+..,Ap&w , thus the remark is proved. Ancther way to
prove this remark is to choose a set A such that
(\/iSn)[Ai e Al:; in this case EA”~EAJ"°-A EAm <

EAOA “ o AEA%] .

We now calculate the cardinality of the quotient
lattice M, for ce(F,D1i,c,B,E}.
G
Clearly, if Gy, G, are filters and G;c¢ Gy then there

exists a lattice-theoretic epimorphism 7@/ ? UWL/,
G

. . .
hence IWWl,]z qu}EJ.
("4 2
L 1.1 "WL l 22"°
emma . = .
/8
Proof. Let {f(yx,y): (%x,y)EIRZ} be a set of

functions, indexed with the pairs of real numbers, such
that (\/(x,y),(u,v)Ele)LEf(x,y)JT iz minimal in i)T &
(x,y) # (u,v) = f(x,y),T f£(u,v)}. For every ACIR, 1let
A p=tg: (Ixemr(IyeIRILE(y,y)s7913. O contains 2"
T-incomparable T-minimal functions and if A,B aré two
antisymmetric subsets of IR such that A # B then
a’A ICLB. Notice also that, for every mass problem t,,'
if aAAfs CIB then ?s a‘B (this is so since GAI Q'B

and ClB ig meet-irreducible, being uniform). Suppose now
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that C iz a mass problem such that C’S ClB via some
recurgive operator . Then (\foB)(kfyeIR)[Wf(f(x’y))
€ c l1; but qf(f(x,y))ETf(x,y) since f(yx,y) belongs to a

minimal T-degree and for no non-recursive g€ %, can we

have g<tf(x,y); hence T has non countable basis.

Therefore, if A,BC IR, A ¥ B are antisymmetric then
!_'l

[ECIA]]B %[[CXB]]B . Since there are 22 ° antisymmetric

subgets of IR, we are able to conclude that ’Yn/b has an

antichain of cardinality 22

Corollary 1.2 The cardinality of the sublattice of

h'
dense degrees has cardinality 22°°°,
Proof. Immediate, since each ClA in the proof of

the previous lemma is dense in the Baire topology.

Corollary 1.3 For every Ge{F,Di,C,B}, the
h!
cardinality of nyy,is 227°,
G
Proof. It is known that F C Di ¢ C ¢ B, where all
inclusions are proper (see DYMENT (1976)). Then the

corollary follows from the observation preéeding Lemma

1.1.

The cardinality of ’]/VL/E will be calculated in

Proposition 1.4.

We have already encountered several examples of

proper filters and ideals, both principal and non
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principal. It should be remarked that all the lattices
considered so far (éxcept for 'Wn;) have exactly one
maximal ideal and one maximal filter, since in each case
the least element 18 meet-irreducible and the Jgreatest
element 1is join-irreducible.

Notice that in WWL; the filter generated by Bf (we omit
the subscript w’i is maximal 1if and only if [fl¢ is

minimal!

Proposition 1.3 The ideal De is prime.

Proof. Suppose that 650 n 6315 )] (via the
recursive operator ~t ) and () is dense and O 1 # O
hence (.3f0€ Mot Tf(fo)GO* G)OJ: fix such a function fq.
We shall show that (3 &)f & is dense & (W & 1;
thus either G)ls G) ., and in this case 6\16De since
(D is dense, or ( -3 dense E ) 03 o< \S ] and in this
case G)OGDe and the proposition is proved. Let A={E}
Tt(g)(0)=0}; clearly A is an r.e. set of initial
segments and ( 3 £o€AYIFy € fol. Let € =(§«f: § is a
finite initial segment & f€ 0 & (Jfemrtf €£13. ¥ is
dense, Ssince (‘V’E)[g C §*f03 and §¥f0€ E .Let e€ w be
such that ( V fe ww)[Y(f)= Ye(f)] (we are applying here
the Fundamental Operator Theorem); denote by S the set of
all finite initial segments and let {AS:- s€w}, ({SS;
sEw} be finite recursive approximation to A and
S respectively. Define

W={<<x,y>,u>: t'l(Du) is a finite initial segment &
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(JercAgess) (J£eas)(G+£ C t=1(Dy) & (V1ess) (Vres=)
[1h(1sm)<lh(z~l(Dy)1 & (Ve<or (Viestr(Vieat)tiam ¢
=11 & (VIes®)c1h(1r<1n(g) = (Vheas) (i ¢
™Dy & (Jz)l<<x,y>,2>EWy, & {Ca,b): a<lh(g)
& <a,b>€D,} C g & {<a,b>: <a+lh(g),b>EDy} & D, 11}%.
Let n be an r.e. index for W and let ff,, be the
recursive operator defined by the enumeration operator
®5(n) (we are applying again tha Fundamental Operator
Theorem). It 1s easy to see that, for every total
function h, Ypthr= Y (A x.h(1n(gr+x)>, where § is the
finite initial segment obtained in the following way:
gearch for the first step s such that there exist legs
and ™EAS such that 1m € h; 1let g be the finite initial
segment such that (3 hEA®)[§+m € h) and (V1€55) [1h(D)
<1h(§) = (Vreas)tl+m ¢hil.

Therefore, () OS‘E via ?tn‘ this ends the proof.

Corollary 1.4 ( \Vldense @ ><V(3\0><V ml)[ (h OA(Dl
<0 &t @1 discrete or 1 closed]l =5 0)05 M .

Proof If G‘l is discrete or closed, then for no
dense & can we have ® 15\5 (see Chapter I, Fact 7.3

and Corollary 7.3).

We are now going to prove some results which have as

corollary that none of the filters F,Di,C,B,E is prime.
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Theorem 1.2 Let A,DC w . A<gD. Then there exist
Bp.B1 such that [Bple, ([(B1lg are quasiminimal and
[AlJg=I{Dlg A([Bgleg vIBylg).

Proof. Let A,D be such that ASgD. We want to find
Bp.Bq satisfying the following requirements for all
e,s€ w and i€{0,1}, where (%4,085)g,.,, is8 an enumeration
of all pairs of enumeration operators:

Rg: ®5(D)=64(BgvBj) — &3(D)< A

Pce,is>® Bj ¥ We

Qce,i>? %o (Bj) total == &¥o(Bj) r.e.

S: A< Bgv By

Throughout this proof, B8, a« will be variables over the
set of finite initial segments of 0-1 valued functions.
We shall define two increasing sequences ({Bg,glgew -
{By,glgew ©of finite initial segments of 0-1 valued
functions and show that the sets Bg= U *Bg,s‘ sSE W1,
By= L){Bfls: s€ w } satisfy the requirements ( for every
B, s* denotes the set {x: x<1lh(B8) & B(x)=11}).
We say that a pair (B,a) is compatible if 1h(B8)=1lh{(a) and
( V<u,x> < 1h(B))[B(<u,x>)=1 & al<u,x>)=1 == x€Al.

Since the set {B: B is a finite initial segment of a 0-1
valued function}! is linearly ordered by the ordering
defined in the Introduction, we refer in this proof to
the 1lexicagraphical ordering induced on the set of pairs
{(B,x): B, x are finite initial segments of 0-1 valued
functions}.

Finally, for the sake of semplicity., in this proof we
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occasionally identify a set with its characteristic
function (as we do, for instance, in Step 4s+2), Case a)
where Wgo(x) denotes the value of the characteristic
function of Wg on the input x).

In the construction below, at Step s) we define 8g,6g and
81,s-

Step 0) B¢o,0-81,0= 2 -

Step 4s+1)

Case a> (I xxcd e Bg,45 & B & By g9 C a &
(B,x) is compatible & x € $5(D) & x€64(B* a*) 1.

Then 1let (B,a) be the least pair with this property and
define Bgp,64g+1=8, B1,4g+1=%.

Case b) Otherwise, put Bj, 6 4g+1=84j,4g for each i€{0,1}.

Step 4s+2)

Case a) s=<e,i> & 1€{0,1}.

Let x=1h(Bj 4g+1) and define Bp,gqg+2, B1,4g+2 in such a
way tha£ they both have 1length x+1 and B8j,64g+2(X)
F Wa(x)=B1_4,4g+2(X).

Case b) s=<e,i> & i & (0,1},

In this case 1let Bg,645+25Bg,45+1 2and B81,45+2761,4g+1-

Step 4s+3)

Case a) s=<e,i> & 1€{0,1}. We distinguish two subcases;
Subcase a) ( I B DB 4542)¢ 3 x0C I yr¢ I 2)[<x,y>E25(8*)

& <x,2>€Po(B*) & y ¥ =z1.
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Let B be the least finite initial segment of 0-1 valued

functions having this property:; define 8§ 45+3=8 and

By1-i,4g+2(x) if %x<1lh(Bj-i, 4g+2)
B1-i,4g+3(X)= 1-B(x) if 1h(B3_j, 4g+2)<x<1lh(B8)
T if %21h(8)
Subcase b) Otherwise, let Bg,44+3=B0Q,4g+2 and B1,4s5+3

=B31,45+2-
Case b) If s=<e,i> & i ¢ {0,1}, let Bg,b4g+3=Bp,4s+2 and

B1,45+3%P1,49+2-

Step 4s+4)

Case a) s€A.

In this case let u=pu.l<u,s>21h(Bj 4g9+3)1. Define
Bo,4s+4+ B1,4s+4 in such a way that, for every i€{0,1},
1h(Bj, gg+q)=<u,s>+1, Bi, 4g+a(<u,s>)=1 and « V %
[1lh(Bj, 4g+3) S$x<<u,s> =% B4, 6 45+4(X) #B1-j, 4g+4 1.

Case b) if s € A, then let Bg,6 45+458p,45+3 and

B1,45+4=B4g+3-

We have only to check that the construction works.
It easily follows by induction that for every s, the pair

(Bp,g, B1,g) is compatible.

-Suppose that for some s€ w , &®5(D)=85(BgwvB;); then at
Step 4s+l1), Case a) does not hold. Hence &g(D)={x:
( 3 828p,4s) ( 3 a2By,4g8)0(B,x) is compatible &

xGGS(B*V’a+)J}: dindeed, the inclusion follows from the



fact that for every t€w, the pair (Bo, ¢t~ B1,¢) is
cohpatible; the other inclusion is

trivial. But then &5(D)< A, as desired.

-Step 4s+2) ensures that the requirement P<(s%>,(s% > is

met, if (s8)3€{(0,1}.

~Step 4s+3) ensures thst Q<(s)o S(8) > is met, if
(s)1€{0,11}. Indeed, 1let s=<e,i>, where i€{0,1} and
suppose that P (B4) is total. Then Po(Bj)=1{x:
(3 BIBj,45+42)[XEB(B*) 1} the  inclusion C  is

immediate; on the other hand, let <x,z>€®,(B%), where
BDBj,4g+2, and suppose that <x,z> f Po(Bj); since $5(B;)
is total, there exists y # z such that <x,y>€®,(Bj): in
this case, for some B'D Bj,45+2 we must
have that <x,y>€d,((8’')*). Define

"1 if [B(x)] & B(x)=11 or [B'(x)]l & B’(x)=1]

o if x<max{1lh(B8),lh(B’)} & [B(x)| = B(x)=0 &
a(x)= L BT} = 8 (x)=01]

T otherwise
Clearly, we have « DBj, gg+2 and <x,y>, <x,z2> € 3g(a*):
since vy % z, Case a) of Step 4s+3) applies and the
construction ensures that @,(Bj) is not single-valued,
contradicting the assumption that &,(Byj) 1s total.
Therefore if ®,(B;) is total then it equals the above

set, thus ®5(Bj) is r.e., as desired.
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-Finally, s€A & ¢ J u)t<u,s>€Bg &  <u,s>EB;l;  hence

A<.,BgvBj. This ends the proof.

Corollary 1.5 (\/Aé;u))(:3 Bp,Bj€ w)[Bg, Bj; belong
to quasiminimal e-degrees & A<yBgVv B;jl.

Proof. Let A=D in Theorem 1.1.

Following  JOCKUSH-POSNER (1981), we may notice the

following corollary:

Corollary 1.6 (Vage D o)( 3 quasiminimal (bgde, (b1)es
(b3) g, (b3)g)lag=((bgla v(b1)e) A ((ba)gwv(b3)gl)l.

Proof. Let ag=[Aly be given. First find Bgp, Bj such that
[Bple ., ([Bilg are quasiminimal and A< BgVvB; (see

Corollary 1.5) and then apply Theoreml.l taking D=Bpv Bj.

Corollary 1.7 The filters F, Di, C are not prime.

Proof. Fix a non-recursive function £. Then, by
Corollary 1.5, there exist Bg, By, such that [Bgls, [Bjlg
are quasiminimal and £<.Bg v Bj. Thus [{f}JSEBOV E34: this
means that EBOV EB4€F. On the other hand suppose that,
for some countable mass problem § we have € < E'Bi (for
some 1i€{0,1}1). Then by Theorem 3.4 of Dyment’s paper (DYMERT
(1976)) there must exist g€ €., such that gteBy, a
contradiction since Bj belongs to a quasiminimal
e~degree. Therefore EBi ﬁ/C. The proof is now complete

since F C Di C C.
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To show that B is not prime, we introduce some
notation and terminology (we follow LERMAR (1983)).

Let Z2Z be the set of all finite initial segments of
0-1 valued functions;let f,o,t be wvariables over this
set.
A tree is a function T: £ — 32 satigfying:
o CtT = T(o) & T(t);
olt = T |T(D).
Let us denote by Tr the set of all +trees. A tree T is
recursive if T is a recursive function. We work here only
with recursive trees: for the sake of semplicity, we
shall drop the word "recursive". Id denotes the identity
tree Id: 2 — 2 (i.e. Id(o)=0c for all o€Z). Given o€
and a tree T, we say that o is_on T (notation: occ T) if
o€range(T). A set A is on T (notation: A <« T) if, for
infinitely many o on T, o Ccp. We say that T; is a

subtree of To (notation: Ty € Ty if

range(Ty) C range(T3). If c€Z and T is a tree, then TC

denotes the tree defined by T%(t)=T(o*tT).

Given o, T€EZ, we say that (o,t) 1is gtrongly uniform if

lh(o)=1h(t) and
[tx<incor: atx) # cxr1]=1.

A tree T is strongly uniform (notation: s.u.) if

(\70,162)[1h(o)=1h(t) = 1lh(T(0))=1h(T(t))1 and

(V. 0,t€ITC f#0)=T(fI*o & T(P+I=T(PI*t = (o,T)
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strongly uniforml.

Clearly, Id is s.u.; if T is s.u. then (Vo€ITC is

s.u.l.

If o,Tt€EEZ and lh(o)=1h(t) +then 1let 2(o,t)={x<lh(o):
o(x) # t(x)} and let {zj: i<k} be an enumeration of
Z(o,t) in order of magnitude. For a given set AC W , we

say that the pair (o,T) is A-consistent if

(Vitk)[i€A & o(z3)=11. If M;,MaCw , then (My.Mp) is

A-congisten if (\fc,cez)tog;mo & Tt ¢ M3 & 1lh(o)= 1lht)

—> (o,t) A-consistent].

Finally, let Tg,T1€Tr. Then we say that (Tg,Ty) is
A-acceptable if
1 (TC FH,Ty¢ @ ) is A-consistent;
2) Tg and T1 are strongly uniform;
3) for every ;EZ,
(T1¢ Frx) if x<Ih(TC @ ))
T1(0) (%)=

To (o) (%) if 1h(T1(J))<x<1h(Tq (0))

In JOCKUSH-POSNER (1981) we find the following result: for
every set AC w there exist two sets Mg,MjCW such that,
for all e€w and i€{0,1}, the following requirements are
met:

Q<e,i>: \_femi total ﬁ [ LfeM.l.. recursive or MJ.ST Lfem_\,];

7

P<e,i>= Mi % "‘r H
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Set e€A & 2o€Mg (where {z,: n€Ew!} is an enumeration in
order of magnitude of {z: Mg(z) 7 Mi(z)1}.

These requirements ensure that (Mgle, [M;lp are T-minimal

and A<pMgowv M;.

Let + & =1{0cq,i>, Pce,i>/Se: €€ W & 1€{0,1}} and let {Rp:
m€E W} be an enumeration of B . In JOCKUSH-POSNER (1981) the

following lemma is proved:

Lemma 1.2 For every A-acceptable pair of trees
(Tp.T1) and for every m€wWw, there exists an A-acceptable
pair of trees (Té,Ti) such that T6 C Tg., Ti ¢ Ty and
(Tp,Ty) satisfies RQ (i.e. ¢ VMg on Tg)¢ V' My on Ty)Ithe

pair (Mg,Myp) satisfies Rpl).

Theorem 1.3 For every afg€ §>T there are two disjoint
families of cardinality 2H° of minimal T-degrees {(mg)T:
r€ R}, {(m;)T: s€ S} such that (\7r€R)(‘fs€S)[aTST (mg)T
vimdrpa. |

Proof. Let ar be given and let A€ag. The argument is
the usual tree of trees argument. Define a function n:

ZXZ —> TrxTr by induction on the number n=lh(c)+1lh(t) as

follows:

Step 0) n(@,@Fr=(14,1a);

notice that (Id,Id) is A-acceptable.
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Step _n+tl) Suppose that n(o,t) is defined on every pair
(c,t) such that ih(o)+lh(t)$n; for each such pair (o,7T)
let n(o,t)=(T;'t,T;lt) (thus, for ingtance,

4
(T 4Ty y)=(1d,1d))  and suppose that (Ts, . T ) is

4
A-acceptable; in particular To?t' Tg,r are strongly
uniform.
Suppose now that (o,T) is a pair such that

lh(o)+1lh(t)=n+1l; we want first to define n(o*i,t), - for
each 1i€{0,11}.
Let Tp be the tree defined by To(f’)=T&€t(i*f ); thus

To C Tost and therefore Tg is s.u. .Define also Ty by

To, ¢ @G0 if %<1h(Tq ¢ @ M
Ty ( ? Y(x)=
A4
Tol g ) (x) if lh(To,t(ﬂa))$x<lh(T0( £ )
We have therefore that also T3¢ Tctt and it is easily
seen that (Tg,T3) is A-acceptable.
By Lemma 1.2, 1let now (T;Li,t'TéLi,t) be an A-acceptable
(o] 4
pair =satisfying R, and Tgaji,t © Tor Toxi,c & T1. Then
define
. o A
"(c*l't)=(TO*i,t'TC*i,t)'
n(o,t*i) is defined in a similar fashion.
i
Now, for every C €w and i€{0,1} let §C={T€Tr: (HOQ_C)
i, c i . .
(31:QC)[To,t C Tl and let My € N gc (this notation is
consistent with the one chosen when we have defined "A on
< )
). Thus, for every C,bcw, A<pMgv My and

7’

C £ C'i:?Mg = Mg. By usual cardinality arguments (since
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every T-degree contains only denumerably many sets) there
exist two disjoint families {(mg)T: r€R}, {(m;)T: sES}t,
Yo

each of them having cardinality 2 and such that

(Vrer) (Vsesitap < (md)pVv (md)pl.

Corollary 1.8 The filter B is not prime.

Proof. Fix a non-recursive function h. By Theorem
1.3 there exist two antichians of SDT {[f)p: TrER],
{lgglp: S€ES} having cardinality Zh; and such that
(V'rer) (Vs€8) [Lf,.17 is T-minimal & [ggly is T-minimal &
hipfrv ggl. |
Let a ={f: higf}, a1={f'r: r&ER} and a2={gs: s8€S}t. Then
a 1Y QZQ L ana thus O« O.lva- 5. Of course [(Ql1€B;
nevertheless neither [ (Q 1] nor [ CL2] belongs to B. If,
for instance, ?f has at most countable generalized basis
and we suppose that t=$ Cli via some recursive operator
%Y  then, since (Vrer)L Y(eprzpe, & (Vge Eorig g £.11,

we get a contradiction in view of the cardinality of the

set {[f£r1¢: r€R}. Analogously, C)¥'C12.

A consequence of Corollary 1.7 and Corollary 1.8 is
that the greatest element of the lattices %ﬂ@é, 'ﬁ7£6,
' dqlqé is join-reducible. The proof of Corollary 1.7 shows
also that the filter of 471w generated by the non-zero
weak "degrees of solvability is not prime: let Fy denote

this filter; then the greatest element of 4ﬁ4§// is
Fo
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join-reducible, in particular the Heyting algebra
nqlﬁﬁﬁp is gubdirectly reducible (see Fact 1.1).

Proposition 1.4 |)m/ |=22g° .

E

Proof. Fix a non-recursive function f£. First, we prove
that there exists a family (having cardinality 2}4° ) of
functions {gj: i€ IR} (we index this family usind the real
numbers) such that (\ﬁqjelR)[flT gy & ((£,g4) i1is a
minimal pair in the e-degrees & i ¥ J = 4gilT gj].
Let (®g5,08o)aec¢s be an enumeration of all pairs of
enumeration operators. ‘
Lemma For every recursive tree T and every e€w there
exists a recursive tree T’'C T such that, for every
ACT’, if $,(£)=65(cy) then ¥ (A) is r.e.
Proof. Let T be a recursive tree:
Case a) (Fx)(Bo€)Ix & &(£) & xEB(T(0)) ).
In this case, let T’=TC for the least o for which Case a)
holds.
Case b) Otherwise: let T'=T.
Clearly in both cases T’ is recursive. Suppose now that
®,(£)=85(cp) for some A CT'; then &g(fIr={x: ( doex)
[X€EB,(T(0)) . Indeed, the inclusion < is obvious; on the
other hand, let x€6,(T(c)): then, since Case a) does not

hold, x€®,(f), as desired. This ends the proof of the

lemma.

Let wus now return to the proof of Proposition 1.4. Define
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a function n: £ — Tr by induction as follows:

Step 0) n(@H=1d;

Step e+l) Suppose that (\/oGZ)[lh(c)Se = n(o)  has

already been defined & n(o) 1is a recursive treel; in
order to define mn(o+*i), for 1€{0,1}, let mn(o*i) be a
recursive subtree T’ c (n(o))o*i such that
(Va CT')[3o(£)=8g(cp) = ®o(f) r.e.]l (use the lemma).
For every set Bcw, let now gB={TETr:
( do cepdino) ¢ T}, take AREN ?B and let gp=ca . We
have thus obtained a family i{gp: BSw }l of cardinality
2 e such that (VB,Ccw)IB F#C = g5 # gc &
([(flg,lgple? is a minimal pair in the e-degreesl. By
cardinality, since each T-degree contains only
denumerably many sets, we get a family {gj: i€ IR} such
that (\fi,jEIR)[f|T gi & (£,g4) is a minimal pair in the
e-degrees & i ¥ ] —= gilT gjl, as desired.

Now, for every antisymmetric A € IR (for terminology, see
Chapter 1, Theorem 3.2) define ClA={g: f<rg or ¢ ien)
[gi<Tgll}. Let A,B¢€ IR be antisymmetric, A # B, and
suppose that, for some Co,+++.Ch & (,u p
ClA/*( ECOA.../\ ch) < a’B (we may assume that for every
Jsn ﬁf<ecj). Since (1 B belongs to a meet-irreducible
degree of difficulty ((13 being uniform, see Chapter I,
Lemma 4.1) and C}A f’ O’B we must have, for some j<n,
5§cjs(15; if i€B then this implies Cj<ef and Cj<eg;

(since for every set A and total function h,
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A<th = A<gh); hence ;ZEeCj, a contradiction. Thus
(0 Qp11 |tcQpil, and, as in Lemma 1.1, '7ﬂ4é has an

a0
antichain of cardinality 22 7,

Theorem 1.4 For every e-degree ag>o0, there exists a
countable set {(ajlg: 1€ W} of e-degrees such that (k/i)
(Vidlag fo (ajde & 1 ¢ J =D lagfelajleviajle &
( (ajles(aj)g) is a minimal pair in the e-degrees].

Proof. Let ag>e0e be given and let A€ag,. We want to
define a family {Aj: i€ W.} of subsets of W such that the
family {[Ajlg: i€W1} satisfies the theorem.

Throughout +this proof a«, B, <t denote variables over the
set of finite initial segments of 0-1 valued functions.
For every x,y,z2€wW, <x,y,z> denotes <<x,y>,z2>. As usual,
(925,90)ec¢y 1is an enumeration of all pairs of enumeration
operators.

For every i€ w, we will define a éequence {aj ,glgee ©f
finite 1initial segments of 0-1 valued functions. At the
end of the construction we will let Aj= LJ{aitS: s€wWil.
The construction aims to satisfy the following
requirements, for every i,j,e€ w:

Pei,j> A 7 25(A1);

Qci,j>: ASeAjV Ay (for i £ j):

R<i,j,e>: ®g(Aj)=8g(Aj) =D &g (Aj) r.e. (for i £ j).

Q<i,j> will be satisfied by guaranteeing that s€A P

(I m)  [<j,<m,s>>€A; & <i,<m,s>>EA4].
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Step 0) For every i€ W, let “i,0=£j .

Step 4g+1) Let s=<i,j>. We distinguish two cases.

case a) (Ax)¢(Ja 2 ay,447Ix € A & x€25Ca*) .
In this case, 1let x,x be minimal with respect to this
property and let l=max[{lh(a)} U {<i,y>+1: (dn
{a(<h,y>)=111}1.
Define
a(y) if y<lh(a)
i, 4s+1(yY)=
0 1f lh(a)<x<l
For every h # i define
ah,45(y) if y<lh(ap,ag)

h,45+1(Y)=
0 if lh(ap,qg)<y<l

Case b) Otherwise: for every h€w , let &p,b4g+1%p,4s-

Step 48+2)

Case a) s=<i,j,e> & i ¥ j.

In this case, 1let m be the least number such that
<j,<m,e>> ﬁ’dom(ail4s+1) & <i,<m,e>> gldom(aj'4s+1).

Let l=max{<j,<m,e>>,<i,<m,e>>}.

Define
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ai'4s+1(x) if x<lh(ai,4s+1)
1 if x=<j,<m,e>>
i, q4g+2(x)=
0 if lh(ai'4s+1)5x51 &

x ¥ <j.,<m,e>>
and
aj’4s+1(x) if x<lh(aj,4s+1)
1 if x=<j,<m,e>>
aj,4g+2(X)=
0] if 1lh(axj, gg+1)%x2]l &
X £ <i,<m,e>>
For every h ¢'{i,j}, define
h,4g+2(x) if x<lh(ap, g4g+1)
Oh,4g+2(X)=
0 if lh{ap,gg+1)<x<1

Case b) if g=<i,j,e> & i=j then, for every h€ w define

Ch,48+2%h,45+1"

Step 4s+3)

Case a) s=<i,j,e> & i % j. Let us premise the following
Definition If «Ddoaj,4g+2, B2 x5, 45+2 We say that a, B are
compatible (notation: ax cpt B) if, letting
l1=max[{lh(aj gg+2)} U {<i,y>+1l: oal<j,y>)=1}1, we have
1h(B) 21 & (\fx)[6(<i,(x)0,(x)1>)=1 & al(<j, (x)g,(x)1>) :?

(x)1€A.
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In Case a) we distinguish two subcases:

Subcase ajy) (9a2a1,4s+2)(3 B,?ocj,4s+2)(3x)[ a cpt B &
x€da(a*) & (VDB lx & 6g(t*)11,

Let ao,B be minimal with respect to this property and let
1= max[{1lh(B)} U {<i,y>+1: (I n [a(<h,y>)=11} U

{<j,y>+1l: (I n)[B(<h,y>)=11}1.

Define
aly) if y<lh(a)
i, 4s+3(yY)=
6] if lh(a)<y<1l
and
B(y) if y<lh(8)
a5,45+3(y)=
0] if 1h(B)<y<l

For every h ? {i,j} define

ah’43+2(y) if X<lh(“h,4s+2)

®h,4s+3(y)=
o if lh(ap, g4g+2)<y<l.

- Subcase ap) Otherwise, for every h€w 1let ap,6 g45+3

S0h,4g5+2

Case b) s=<i,j,e> & i=j: for every he let

%h,48+37Ch, 4s+2

Step _4s+4)

Case a) s=<<i,j,e>,x> & i ¥ j.



199

Subcase a1) (3B Doy, 45+3)[XEBL(B*) ],
Let B be the least such initial segment and let
l=max[{1h(B} U {<j,y>+1: ( dnh)[B(<h,y>)=11}.

B(y) if y<1lh(B)

BJ,4S+4(Y)=
A0 if 1h(B)sy<l

For h ¥ j define

op,4s+3¢y) if y<lh(ap, 4g+3)

®h,4s+4(y)=
0 if lh(ap,Kh4g+3)5y<l

Subcase aj) Otherwise, for every h€w define «ap,64g+4 =

&h,45+3-

Cse b). Otherwise (i.e. 1i=j) 1let ap,45+4%h,4g+3 Ffor

every h€w,

We now check that the construction works.

- At step 4s+l1l) we ensure that A ¥ Qj(Ai) (if s=<i,j>»):
indeed, if we suppose that A=®j(Ai) then we are led to
the conclusion A={x: . (Ja Daj,qe)[x€25(a™)1}; thus A

would be r.e., a contradiction.

- Step 4s+2), if s=<i,j,e> and i # j, ensures that

e€d & (dmdt<i,<m,e,>>EA; & <j.<m,e>>EA 1.
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- Finally, we have to show that, when i# 3,
([Ai]e,[Aj]e) is a minimal pair' in the e-degrees.
Suppose . $o(Aj)=65(A;). Then we claim that &g(Aj)=1{x:
(J« 2“i,4<i,j,e>+2)[xe¢e(“+)]}’ Indeed, the inclusion <
is obvious; to show that also the other inclusion holdsg,
let x € ®o(a*) where xDaji,4<i,j,e>+2- We may assume that
(VB Dy, 4¢i,j,e>+2)[B cpt a = (Ft28)Ix € Bg(t*H1I,
otherwise the construction would ensure x ﬁ' Be(Aj), a
contradiction. Now, let B be the least initial segment
such that « cpt B and 1h(e)21h(“j,4<<i,j,e>,x>) and B8 is
"filled in" by O’s. So (31;23>[xeee(r+>1. But then
(3 T a4, 4<<i, j,e>,x>) [x€E0g(T™) ], since B* <

&5,4<<i,j,e>,x> and thus Step 4<<i,j,e>,x> ensures
x€6g(Aj), 80 X€EPg(A;). Then also the inclusion 2 is

shown to hold and we comnclude that &,(Aj) is r.e..

Remark 1.2 As in Theorem 1.1 it is possible to
congtruct «the sets {Aj: i€ W} in such a way that, for
every i,e€Ww , the equirements
S<e,i>t Pe(Aj) total — $,(Aj) r.e.

are met; thus each [Ajlg is a quasiminimal e-degree.

Corollary 1.9 The filter E is not prime.

Proof. Let A be a non-r.e. set and let {Aj: i€ w} be
as in Theoren 1.3, with respect to A. Define
Q= Ui2ir &p ¢ d€wi, B=Uqaisnre &, ¢ i€wl.

21 2i+4

Then EAﬁ Qv 65 (the reduction A<gAj; vAj is uniform in
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i,j). Nevertheless, neither Qa nor G belong to the
filter E. Indeed, . suppose for example that

\SBO,\...A \EBMSQ, for some Bg,...,Bp €W such that

(Vi) @<eByl.  Then (View)  &p.a...n &g <
?Al,ll. Since EAz' is meet-irreducible, ( Jjsnrcdig
i
¢ Jipri i, & Ep<&p & Eps Ep 1. H
ipdtig # i3 B; Ay, B, By, ence
[BjleselA2ile A [A2])e, which implies S =eBy, a
contradiction.

Corollary 1.10 ’ﬁ4e,F is not a Brouwer algebra.

Proof. Let A, {Aj: i€W} be as in Corollary 1.9. Let

x if x€EA i if x=0
Caxr= Fix)= { x if x>0 & x-1€A
T otherwise T otherwise

Then, in rnQe, { YarsiLorvi ¢j: i>0}. By an argument
similar to Corollary 1.9, one can easily see that the set
{Ag€ Wne'pz ({Pptlcali YollgV Ag} does not have a least

element.

One could consider the filter Eq p, generated by the
degrees of enumerability of sets belonging to
quasiminimal e-degrees. Obviously Eq.m. E. The

following theorem shows that in fact Eg p, =E.

Theorem 1.5 (VB[ & <cB = (3 A)[[Alg quasiminimal

& [ <gA<gBl.
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Proof. Our strategy will consist in showing that if
ﬁ§<eB then there exists a set A belonging to a
quasiminimal e-~-degree such that £7<eASeB. The result
then follows by  the non-existence of minimal degrees in
the upper semilattice of e-degrees. In what follows D is
a varaiable over finite sets. Expressions like <<i, j>,D>
will have the meaning <<i, j>,u> where u is the canonical

index of D. We need two lemmas.

Lemma 1 BE A, & F<,B = (AMIA quasiminimal &

Proof of Lemma 1 Given B as 1in the statement of

Lemma 1,we want to construct an enumeration operator 6
such that, letting A=6(B), A satisfies the lemma. In
order to congtruct such an enumeration operator 0, we
define an r.e. set W by means of which 6 will be defined.
W will satisfy the following property: (\Zi)(\fj)(\fD)
[<<i,j>,D>EW = D={j} or D= 1. Thus, if {6S}g¢, is a
finite recursive approximation to 6 and {BSlge,, 13 a
ZS2-approximation to B, then (\fx)[limses(Bs)(x)
exists].

In defining W, we want to meet the following requirements
for every e€w:

Pa: 6(B) £ Wos

Rg: $o(8(B)) total = &,(6(B)) r.e.

In the construction below, 69 is the enumeration operator
defined by W9; also, given a set C and a number x, Cyy

denotes {y€C: y<xl}.
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Step 0) WO=0 .

Step s+1) WS*l consists of the elements of WS plus those
numbers which are put into s+l through a) and b) below,
for every e<s.
a) <<e,j>,{j1>€Ws*l for every <e,i> < L(e,s) where
Lte,s)=max{x<s: (65(BS))pyu=Wapyl.
b) Let Zg={<i,x>: x€W & i>e} and

pts. [(Vn)tsngs = @%(D,) non single-valued

& Dy € 8N (BM U Z,1 if such a t exists

ﬂ(e,u,s)=
s+1 otherwise.
pus<s.[@5(D,) non single-valued & (Vvss)
[@é(DV) non single—valued:Z?q(e,u,s) <
ule,s) = ”](e,v,s)] if such a u exists

0 otherwise
Now, 4if (I D)I[&3(D) non single-valued & D € 65(BS) U Z.1,
then let D=Dy(e,s) and (VdeEDNZg)[<d, [ >€WS*11. We say in

this case that <d,}3 > is enumerated in W at step s+l)
because of Rg.

Finally, let W=UJ {WS: s€w}.

Let now
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Mg={<e,j>: <<e,j>,{j}> is enumerated in W via a) at some
step s+1) of the construction}
Neg=1{d: <d,ﬁ5> is enumerated in W via b) because of Ry at

some step s+l1l) of the constructiont

Sublemma 1. (\fk<e)[Mk finite & Ny finitel —5 Mg finite.

Proof of Sublemma_ 1. Suppose that My is infinite; then

the function A s.L(e,s) is unbounded. Therefore (\/j)
[<<e,j>,{jI>EW]. ' Now, <<e,j>, J>EW <& <e, j>€ U{Nk:
k<el. Thus, for all but a finite number of j’s,
<e, j>€0(B) & jEB.

But limgB83(BS) (%) exists for every x, and since
As.L(e,s) is unbounded, we have that 6(B)=Wg, which

implies B r.e., a contradiction.

Sublemma 2. (\kae)[Mk finitel = Ng finite.

Proof of Sublemma 2. Suppose (\7k$e)[Mk finitel and let

s be a stage such that

(Vice)(Vjrr<i,j>€6(B) < (Vt2a)l<i,j>€8t(Bt) 1] (such
a stage exists since {<<i,j>,{j}1>€EW: i<el} is finite &
(Vx)[1img8% (BS) (x) existsl.

Let t2s and DCOY(BYYUZ, be such that &S(D) is not
single-valued. Then limgu(e, s) exists and, say.,
limgu(e,s)=u and (Vt’2t)lule,t’)=ul; in particular,
after such a sgtage t, <d,ﬂj'> is enumerated in W because

of Rg only if deDy,: this shows that Ng is finite.
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It follows (Ve)l Mg finite & Ng finitel.

Let us now go back to the proof of Lemma 1. First, we
show that each Pg is satisfied. Suppose, for the sake of
contradiction, that 0(B)=Wg,. Then, since
(\/x)(limses(Bs)(x) exists & 1imgW3(x) existsi, we have
that MAs.L(e,s) is unbounded. Thus Mg is infinite, a

contradiction.

To show that each Rg is satisfied, suppose that ¢,(8(B))
is +total and let X={<i,j>: ife & <i,j>€6(B)}. By Sublemma
1 and Sublemma 2, X is finite. We claim that
$.(0(BY)=P (X U Zg).

The inclusion € 1is immediate. As to show the other
inclusion, suppose that <i,3>€2o(XU2Z2g)-2(6(B)). Since
$,(0(B)) is total, there exists k % Jj such that
<i,k>€®,(0(B)). But then <i,j>, <i,k> € &5(Xvu Zy) and
after a stage s such that (Vt2s)rXxc et(st)l, the
construction will force $,(6(B)) to be non single-valued,
a contradiction. Since &,(Xu2y) is r.e., Rg is met, as

desired.

Lemma 2. There exists an enumeration operator 6 such
that, for every BCw and e€w

8(B) r.e. => BE A 5;

$o(8(B)) total = $o(6(B)) r.e.

Proof of Lemma 2. Again we shall define an r.e. set W by
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stages. Then, the enumeration operator defined by W will
satisfy the lemma. At'step 8) we define a finite set WS:

the desired r.e. set W will be given by W= U {W8: s€w}.

Step s+1) W8*1l consists of the elements of WS plus those

numbers which are enumerated by the following procedure.
Consider all triples (m,n,e) such that <m,n><s, e<s,
m# n, (m)p=(n)gpg: for each of these m,n consider also all
finite sets F such that max(F) < maxim,n}.

If m,n,e and F (where F is finite) are such that <m,n><s,
e<s, m # n, (m)g=(n)g, max(F) < max{m,n} and if
m,nESZ(BS(F) U S) (6 is as in Lemma 1) where S¢ {<i, 3j>:
j2ze & j2zmax{m,nl}l, then, 1in correspondence with such
m,n,e,F choose S having this property and minimal with
respect to inclusion. Then, for every <i,Jj>€S, let
<<i,j>, [J>eus+l,

Finally, for every j<s, let <<i,j>,{j}>€wWS*l, where <i,j>

is the least element of the j-th column such that

<<i,j>,j§> ﬁ'ws*l'

Sublemma 1 For every j, the set {<i,j>: <<i,j>,ﬁ§> or

<<i,j>,{j¥> 1is enumerated 1in W at some step s+1) of the
construction} is finite.

Proof of Sublemma 1. Let j be fixed. There are only a

finite number of +triples (e,<m,n>,D) such +that m f n,
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(m)pg=(n)g, Jze,max{m,n} and D is finite and
max(D). < max{m,n}.

If m,n are as before and m,nE@é(es(D)LJS), where 8 is
minimal such that S C{<i,j>: jJj2ze & jZmax{m,n}) then
(V<i,j>€8)1<<i, j>, F>EWS]1. Thus at every stage t2s+l,
the relevant set S for (e,<m,n>,D) is the empty set.
Therefore, only for finitely many i, do we have
<<i,j>,§7>ew; but then after this finite set has been
enumerated in W, the number <<i,j>,{j}> which is

enumerated in W never changes.

Proof _of Sublemma 2. In every column j, there exigts

<i,j> such that <<,i,j>,{j}>€W & <<i,j> 0> £ w.

Suppose that ©6(B) is r.e., lef. z be an r.e. index of 0(B)
and define a sequence {BS}lgg(, 0f subsets of B by BS={j:
(Jire<i, j>eW; & <<i,j>, (jp>ews*l & <<i,j>, 0 > & ws*liy,
Then each BS is finite and, by Sublemma 1,

(\fj)[limsBS(j) exists & 1imgBS(j)=B(j)1; hence BE 2.

Sublemma 3 For every B ¢W and every e€ W , if $,(0(B)) is

total then &,(6(B)) is r.e.

Proof of Sublemma 3. Suppose that $5(6(B)) is total. We

shall show that (25(8(B)))P3e=(8o(W))tsye (where, for a

given set C, Cj}ye={xX€C: x2el}). From this, it follows that

®,(8(B)) is r.e. asgs desired.

The inclusion g is obvious. As to the other inclusion,
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let <1,J>€ (P (W)t e and suppose that <i,j> g’
(8,(8(B)))pse. But, then, (JKI[J # k & <i,k>ES,(B(B)) 1
let <i,k> € ¢o(8(D)), where D 1is finite and 1let
F=D max{<i,j>,<i, k>’ let also r=maxi{<i,j>,<i,k>}: notice
that r2e. Then <i,J>,<i,k> € Po(6(FIU Sy, where
SC{<u,v>: v2rl={<u,v>: v2r,etl. Therefore the

construction ensures <i, j>€(®g(8(B)))}ye.

Let wus now return to the proof of Theorem 1.4 and let B
be given such that ET<eB. Let © be as in Lemma 2. If 6(B)
iz not r.e. then the theorem is proved. If 6(B) is r.e.

then B€‘£s2 and the theorem is proved because of Lemma 1.

Corollary 1.11 E=Eq p,

Proof. Immediate, since E ¢ Eq.,p,. by Theorem 1.5.

Corollary 1.5 and Theorem 1.5 suggest the following
guestion: when do we have A= BgVv B3 with Bg.Bq
quasiminimal and Bg<egA, Bj<gA? For example the proof of
Corollary 1.5 shows that this is always the case for any
A such that [Alg2,0842) (see COOPER (1984) or MCEWY (1984) for
the definition of o&P) ). Does this hold for A€Z, (or
even AG‘AZ) or, less ambitiously, is it true that (\fnon
r.e. AEATIIBE)(IB1)IBo<eA & Bi<gh & A=gBgVBy1?. If
this splitting property held, then we would have a

variety of corollaries: for instance, we would be able to

conclude that (Vnon r.e. A€ Az)(HBEAZ)[A‘e Bl.
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Regarding .this last situation, we - remark the
following paréicular case. Recall (see COOPER-NC EVOY (1985))
that a set Be& 2 is said to be low 1if B has a A 2
approximation {BSlgg,, such that (\fe)(\/x)[limséé(Bs)(x)

exists] (or, equivalently, if (\7e)[1imséé(83)(e)

existsl).

Theorem 1.6 If B is low, non r.e., then there exists
A such that A is low and Ale,B.

Proof. Let BE 132 be low, non r.e.; then
Oa <o [Blg <¢g o4 (since no set in oé is low). Recall that
oé=[EJe, where K={x: x€Wy,}. Fix a finite recursive
enumeration {K3}lge,, of K and, for every s€w, let KS=1{x:
x ¢ KS & x<s1}.
We construct a set A trying to satisfy the following
requirements, for every e€w :
P: A is low;
Pe: A £ ®o(B);
Ne: B # ®o(A).
We define a sequence {ASlgeg,y of finite sets; at step
s+l) we let
lple,s)=max{x<s: ASp,=(33(BS))py}
1nCe,s)=max{x<s: BS[,=(2a(AS))p,}

pz.[x€EBS((AS)} ;)1 if such a z exists
ule,x,s)=

0 otherwise
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L(e,s)=max{ln(e,t): t<s}

r(e,s8)=max{e,u(e,x,s): x<L(e,s)}.

Step 0) AO=g) .

Step s+l1) For every e<s, for every x, <e,x>€AS*1l if
and only if

a) <e,x><lp(e,s) & x€KS;

b) <e,x>EAS & [x€KS or (Egi<e)[<e,x>ﬁr(i,s)]].

Finally we define A=i{x: (da)(Vtgs)ixeat].

Notice that {ASlge, is a 152 approximation of A: indeed,

if, for some e,x,s, <e,x>EAS and <e,x> & AS*l then, in

particular, x€K®: thus (Vt<s)tx € aty,

Lemma 1 (Vi<e)r ) s.1y¢i,s) bounded]l & (Vi<e)

[As.lple,s) bounded] => As.lp(e,s) bounded.

Proof of Lemma 1. Suppose .Xs.lp(e,s) unbounded: since

{AS}igcw {Qé(BS)}SEu, are A , approximations to A and
$o(B) respectively (we use here that {BSlg., is a 1low
approximation),it follows that A=%,(B).

On the other hand, the assumption (\7i<e)(>\s.lN(i,s)
bounded] & (\fi<e)t,kslp(i,s) bounded] allows us to
conclude that {r(i,s): i<e & s€w?} is bounded (use the
fact that {<i,x>€EA: i<e & x€Ew} is finite, {ASlgeg(y 1s a
432 approximation of A and clause b) of the definition
of A).

Therefore, letting R=maxir(i,s): i<e & s8€wW1l}, we have
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that (Vx)l<e,x> > R => [x€K & <e,x>€EA)]. From this it

follows that EseA=¢e(B), hence EseB, a contradiction.

Lemma 2  (Vigert Xs.1pi, s bounded) & (Vi<e)

fXs.1y(i,s) bounded] = As.ly(e,s) bounded.

Proof of Lemma 2. Suppose that >\s.1N(e,s) is unbounded.

By the assumption (\/iSe)[>\s.lp(i,s) boundedl, we have
that {<i,x>: i<e & <i,x>€A} 1is finite; thus let t be a
stage such that (\/sZt)(\715e)(\/x)[<i,x>EA<?# <i,x>€AS],
It follows that, for every x, xE@e(A)é:é(j33>t)[x$L(e,s)
& =XE®2(AS)): indeed, the implication = follows from
the fact that L(e,s) is unbounded; on the other hand let
x<L(e,s) & xE@é(As) where s>t and suppose, for the sake
of contradiction, that there exists s’>s such that x ¢
@g‘(AS'); let 8’ be the least stage such that this holds;
then xeéé'"l(As"l) and, for some finite set D such that
max(D)<u(e,x,s’-1) and Dcas’-1, x€8$'~“1(D). But
x<L(e,s’-1), thus max(D)<r(e,s -1):moreover, (\7<i,x>€D)
[ice =) <i,x>EAS"1 and if <i,x>€ED and i>e then <i,x>€AS’,
because (VjiX(Vx)[j>e & <j,x> € AS'-as’'-"1 = <j,x> >
r(e,s’-1)1, We conclude that xEQé'(AS'), a contradiction.
Since (\/x)[xé@e(A)¢=9(:Hs>t)[st(e,s) & xG@é(AS)],
$o(A) is r.e.

Using that As.lN(e,s) is unbounded and arguing in a
gimilar way, one is led to conclude also that B=$5(A),

which would imply that B is r.e., a contradiction.
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From Lemma 1 and Lemma 2, we have (\7e)t)s.lp(e,s)

bounded &Aks.lN(e,s) bounedl.

Lemma 3 A is low and {AS}lge( 18 a low approximation to

Proof of Lemma_ 3. Let e,x€wW be given. Since (Vi<e)

[Xs.lp(i,s) bounded), we have that {<i,x>: ige & <i,x>€A}
‘is finite. Let t be a stage such that (\/szt)(\/iSe)(\fx)
[<i,x>EA <& <i,x>€AS]. Exactly as in Lemma 2, one can
show that if, for some s>t, xE@é(AS) then

(Vs’25)Ix€88 AS')1: hence 1imgd3(AS)(x) exists.

We are now 1in a position to conclude the proof of the
theorem. Let e€ w be given: since As.lp(e,s) is bounded,
it follows that Pg is satisfied; by Lemma 3 and since

)s.lN(e,s) is bounded it follows that Ng is satisfied.

Let us now consider 'an and let F denote the filter

of )YHE generated by the non-zero degrees of solvability.

Proposition 1.5 Ly( -Wﬂg/% y=J.

Proof. For 'an/%, there hold results similar to
Chapter 1II, Theorem 1.3, Theorem 1.4, Corollary 1.10
(congidering {:TE: k21} instead of {frfz k21}1): recall
that every countable partial order is embeddable in the
quasiminimal e-dégrees: see for instance COOPESTAKE [?21,

where it is shown that each l-generic set belongs to a
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quasiminimal e-degree and that the e-degree of a
l-generic set 1is preceded by a countable set of
independent e-degrees of l-generic sets (a set A is

l1-generic if for every recursively enumerable set W of
finite initial segments of O0-1 valued functions either
(3 oc€EWIlo C Al or

(Focmr(Vroorlr €Wl

Thus the proposition can be proved as in Chapter 11,

Corollary 1.12.

Remark 1.3 1In Wﬂ'%é:’ the greatest element is
join~reducible, since the filter F of )an is not prime:
it suffices to find two incomparable gquasiminimal
e-degrees that join to a total e-degree (this can be done
as a consequence of Corollary 1.5). Then the equivalence
classes of the corresponding degrees of enumerability
join to [11p in nqlg/?.Nevertheless, ’?ng/& does not‘
have coatoms. Indeed, we have that (\7[EAJF )(EEEBJF )

[[Ep]

F < [EB]F < [1]F 1, as is shown by the following

Theorem 1.7 (\/quasiminimal ae)(fﬂquasiminimal Ce)
[ag <g Cel.

Proof. Let A be given such that [Ale 1is
guasiminimal. We build a set C in the form Bwv A, such
that fC]e will satisfy the theorem. It suffices to find a
set B such that the following requirements are met, for

every e€w:
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Pe: BvA # do(A);
Re: ®o(B vA) total => ®,(BvV A)< A.
At each stage s of the construction, we define a 0-1
valued initial segment Bg: at the end of the construction
we shall let B=\){B;: sEwl.,
Let B_1=.
Step 2e) Let Bpe be such that 1h(B3g)=1lh(B34-1)+1 and Bpg
is defined by
Bog-1 (%) if x<1lh(Bjq-.1)
Boa(x)=

1-8,(A)(2%) if x=1lh(Bpg-1)

Step 2e+1l)

Case a) (3B 2By (3x)(3y)(3Iz)ly # 2z & <x,y>Edg(B*\ A)
& <x,z>EP,(BTv A1,
Let B be the least with this property and define Bj4+1=8.

Case b) Otherwise, let B3o4+1=B2e.

Po is satisfied at Step 2e); hence A<gBvA.

Suppose now that @g(Bwv A) is total; then ®5(B vA)={x:
(EJB‘;BZe)[x€®e(8+v'A)]}. This is seen in the usual way
(see for instance Theorem 1.1). But then @g(Bv A)< A, as

desired.

We have 1left in this section several unsettled
questions. For example:

- Is Lp( y=J? (Certainly, J CLp¢TM M.
S_Bm/De J er }alny J & Lp /De
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- What is the cardinality of ’]’Yl/De?

Here certainl we have Zh‘°< Irm I Indeed, let
ere, v < /De . ndeed, e us
recall the following result from DERT (1976): 4if Q. ,
G)) ' € are mass problems such that o is effectively
discrete, Q ;/@ . Q < @Vf , then t is nowhere dense
in the Baire topology. From this result it follows that
if 23' ‘ g, are finite mass problems such that J} ;/ % ’

then for no dense mass problem () can we have )3 < g,v 63

(hence [[ 7% JJDJ te g 11,,). This implies
e

Fact 1.2 )I’ﬂp is embeddable in )m/De .

' {
Lo
Thus, trivially, 2 < ‘ ’Wl ‘
y /De

As we have remarked, we have F 7C‘_ Di%« C 3— B (ags shown
in DYMENT (1976), Theorem 3.3: as to B ¢ C, Dyment proves
for example that 1if £ is not recursive then for no

countable non-recurgive mass problem QL can we have

A <ig: £epghy.

Fact 1.3 FCE; pid E; EZC.

Proof. That E?C holds, follows from the existence
of quasgiminimal e-degrees and Theorem 3.4 of DIMERT (1976):
namely, if Q is countable and Q < EA then
(dee A rresean.
F g_. E: this is obvious.

To show that Di?E, let a,={fi: i€w } be a discrete mass
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problem such that (\/i,j)[i S ([fi]e,[fj]e) is a
minimal bair in the e-degrees] and suppose that [ QL 1€E.
Then there exist Ag,....AL such that EAoA v A ‘gAms a
(agsume (\71)[13 <ghAjil): let Y be a recursive operator
such that ¥ Q)¢ EAOA celA E'Amf Then, for some i,j.k
with 1 # j we are forced to have (\f(fi)e EAK and
Y (£4)€ EAK, which implies Akseg , & contradiction

(recall that for any set B and function £, B<pf =) B< f).

- 1Is E QIB?

A positive answer to this question would be given by
finding a set A and an uncountable family of sets ({Bj:
i€I} such that (Alg is quasiminimal, (\fiEI)[[Bi]T is

T-minimall and (Vi€I)[A<gB;1l.
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2. A note on quasiminimal e-degrees and total e-degrees.

In CASE (1971) it is conjectured that there are no
sets A such that A lies in a total e-degree and a lies in
a non-total e-degree. We shall show that this conjecture
is false: in fact there éxist sets A such that (Al is
quasininimal and [X]e is total.

Let K={x: x€EW,}. We recall the following

Lemma 2.1 a) [Ele ig total;

b) for every A€ 2—2, Asef(—.

Proof. a) That ([Klg is total follows from the fact
that K€ 1T, and for every A€ Trl, [Alg 18 total (see
Lemma 6 (2) of COOPER (1984);

b) by Corollary 3.1 and Proposition 2.1 of MC EVOY (1985),

for every AGZZ, Asg{x: xG@x(@’)}; the claim follows

since clearly {x: x€¥({)<1K, thus {x: xEQX(g)}le and

a fortiori {x: x€d,( ﬂ ) 1<K,

Theorem 2.1 There exists a set A such taht [Al, is
quasiminimal and [K]e is total.

Proof. Let {KSlge be a finite recursive
approximation to K; assume also that <0,0>=0.
We aim to satisfy the following requirements, for every
ec w:
Pa: &o(A) total =5 $,(A) r.e.
Ne: A 7 Wg.

We define a segquence {AS}SEUu of finite sets by induction
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as follows.
Step_ 0) Let AO=F .

Step s+1) By induction on e, define the following set and
functions:
Heo , g=1x: £j31<e)[x=r(i,s)]};

"puss. [{x€D,: (x)0>0}ﬂHe'S=ﬂ{& {x: <0,x>€Dy 1} ¢

KS & &2(D,) non single-valuedl, if such a u

u(e,s)= } exists

0 otherwise
mle,a)=px.[(x)0>0 & (Vige)x>max(Dy(i,s)) &

(Vi<e)Ix = m(i,8)11);
px.[xGWé & (®x)p>0 & x2m(e,s8)],if such an x
exists

r(e,s)=

0 otherwise

Then define AS*l by letting x€AS*l if for some e<s one of
the following holds:

(a) (Fy)Ix=<0,y> & y€KSI;

(b) x€Dy(e,qa)?

(c) r(e,s)=0 & x=m(e,s).

This ends Step s+l).

Now define A by x€A if (Jt)(Vs2t)[x€AS]: since the

relation x€AS is recursive, A is clearly a Z 2 set.
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Sublemma 1. (\fe)[limsu(e,s), limgm(e,s), 1limgr(e,s)

existl.

Proof of Sublemma 1. By induction. Let e€ w be given and

assume that (Vi<e)[limgu(i,s), limgm(i,s), limgr(i,s)
existl: for every i<e let rj=limgr(i,s) and let Hg={x:
( Ji<e)ix=r;1}. It easily follows that

Pu.[{x€Dy: (x)>0}NHg=(J & {x: <0,x>EDy}CK

& $o(Dy) non single-valuedl, if such a u

limgu(e,s)= exists

\ o otherwise
The proof that limgm(e,s) and limgr(e,s) exist are
similar.

For every e€ w , let mg=limgm(e,s) and rg=limgr(e,s).

Sublemma 2 (Ve)(&o(A) total = &.(A) r.e.l.

Proof of Sublemma 2. Suppose that ®g5(A) is total. Let

Ko=ix: ( Jy€K)Ix=<0,y>1} and let He={x: (%)g>0 &
(Ji<ertx=rj1}. We claim that ®o(A)=8o(Kqu Hg).

Indeed, that &g(A) is included in &.(KquHg) is a
consequence of the fact that ASEKOLJEE. Suppose now that
for some <y,v>€EWw, <y,v>€¢e(K0LJ§e) and <y,v> ff o (A);
since &g(A) 1is total, there exists w.f v such that
<y,w>E®o(A). But, then, for some finite set DS A, we have
<y,w>€®o (D) and therefore there exists a finite set E

such that ENHg=@  and <y,v>, <y,w>€®o(E) i.e. 8o(E) is
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not single-valued. The construction ensures that in this
case $,(A) is not single-valued, contradicting that
asgumption that $,(A) 1is total. We have shown that if
#o(A) is total then &o,(A)=$5(Kgu Hg) but the latter set
is manifestly recursgively enumerable and thus the

sublemma is proved.

Sublemma 3 (Ve)[A # Wal.

"‘Proof of Sublemma 3. Let e€ W be given. We distinguish

two cases.

Case a) ('ax)[xewe & (x)9>0 & x2mgl.

In +this case &rg equals the least such x: thus rg €W, but,
on the other hand, rg ﬁ A because of the priority
agssignment to the requirements and therefore A f We as
desired.

Case 2) Otherwise.

In this case (Vx)Ix€EWg & (%)g>0 =Hx<mgl and, for
cofinitely many 8, mg€A®; thus mgEA-Wg and the proof is

complete.

We are now 1in a position to conclude the proof of the
theorem. Indeed, Sublemma 2 and Sublemma 3 ensure that
[Alg dis quasiminimal.

By Sublemma 1 we have that A is a A 5 set; moreover,
(Vy)[yeK & <o,y>E€A). Thus K<jA (which implies Esei)
and, by Lemma 2.1 b), also isef, since KG‘AZ. Therefore

A

i

eE and, by Lemma 2.1 a), [Kﬁe is total.
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Remark 2.1 There holds KsecA. In general if [Blg is
total then B=scp (see COPER (1984)) Hence in our case

EsecgsecA. This can be seen also directly, since cp<gK< A

(cAsei(—, since cp€ Az) .

The tecnique of Theorem 2.1 gives the following

corollary to Theorem 1.6.

Corollary 2.1 (Vnon r.e. low B)(JA)IA low & A |g B
& [Alg quasiminimall.
Proof To the requirements of Theorem 1.6 add the
following one, for every e€ w:
Rg: ®g(A) total — ®o(A) r.e.;
also, modify Step s+1) as follows: let lp(e,s), 1ly(e.,s),
u(e,x,s8), L(e,s) be defined as in Theorem 1.6; let also
Ho={x: (x)g>el,
pu<s.[D, € AS UHgy & #2(Dy) non
vie,g)= single-valuedl, if such a u exists
o otherwise

r(e,s)=max{e,ule,x,s8) ,maxDy(g,g): xfL(e,s)}.

For every e<s, for every x, <e,x>EAS*l jif and only if

a) <e,x><lple,s8) & XEKS ;
b} if «(dpy)iDp ¢ AS UHg & @é(D) non single-valuedl,
then Dy(e,s) & AS*1;

c)  <e,x>€AS & [xE€KS  or ( Ji<e)r<e,x<<r(i,a)1]
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The proof that all requirements are met is similar to the

proofs of Theorem 1.6 and Theorem 2.1.
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