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Abstract

NEW ROBUST METHODS FOR SUPERRESOLVING SIGNAL RECOUVERY
AND BANDLIMITED SIGNAL EXTRAPOLATION

by

Mihajlo M, Stojancic

Adviser: Professor George Eichmann

The reconstruction of signals and images degraded by a
linear, freguency low-pass degradation operator, or obscured due
to a finite space {(time) observation interval, is an 1ll-posed
problem. This thesis focusas on the developing of new robust
methods to alleviate the aforementioned problem. In particular
three different methods are proposed. First, based on a new
constrained assoclative memory (CAM) method, the reconstruction
{restoration) of an arbitrary binary object from an image,
degraded by & linear shift-invariant (LSI) or a linear shift-
varlant (LSV}) degradation operator, 1n tha presence of strong
nolse, 1s achieved. Using an appropriate training set of signals,
related 1deslly by a perfect degradation operator invarse, the
CAM method vields a general one-step impulaive-type Iinverse
filter 1n a form of two dimensional arrsay of coefficients,
Computier simulation results of the reconstruction of 1D and 2D
signals and images, degraded by LSI and LSV systems, 1n the
presence of strong noise, are presented. Second, a new 1Lterative

method, based on the weighted least-squares (WLE) and best linear
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unbiased estimate (BLUE) algorithms, is presented. This algorithm
focuses on desighning a suitable symmetric weighting matrix that
will, without disturbing the system consistency, perform an
tmplicit filtering aof the system degradation operator singular
values (5V). A specific SV filter performs twofold functiont it
compensates for the 1ll-conditioning of the system degradation
operator by decreasing 1ts matrix condition number and by
impraoving the low-to-high-order SV ration it improves the
convergence rate of a recursive computation of the object signal
estimate. Last, a new algorithm for the extrapclation in the
space domain of a partially ocbserved low space-bangdwidth product
(SBP) sequence, or equivalently, the resclution of the Fourier
spectira in the freguency domatin, in the presence of appreciable
nojse, ts developed. Using an approach similar to the Simulated
Annealing method the extrapolated sequence samples are
constructed from variable size elementary grains. The new
iterative algorithm, at esach iteratton step, based on a random
number generator, decides both the asample postition to  he
considered, and the sign of a grain that might be added to the
current sample value. A variable si1ze sample update 1n each
1teration stap 1s ei1ther accepted or rejected 1n accordance with
an appropriate decision rule, Saveral simulation examples, for
the extrapolation of low GSBP sinuscidal and other arbitrary
saquences and in the presence of bhigh level of noise, are

presented.
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1. INTRODUCTION

Signal recovery and bandlimited signal erxtrapclation refer
to a class of problems that are among tha most fundamental 1n
signal processing., [In 1ts most general form the s.gnal recovery
problem can be stated as [63]: Given data g, determine the source
f that oroduced g. Several questions about the propertiss and
form of 4ihe operational equation, that relates f and g, can be
posed. A common linear opearator used to describe the system
effect to the input sigral f is & linear degradation operator
derived from the system impulse response or point-spread function
(PS5F). The eaxact form of this oparator depends on number of
factors. For example, if 1n guestlon is an 1maging system, the
PSF can be separable or non-separable, or i1n general for one-
dimansional (10} or two-dimensional (2D) systems, ithe PSF can bs
space-variant or space-jnvariant, or of finite or infinite
support. The kinds of degradation encountered 1n 1maging
applications are those assoclated with the fFinite aperture of the
imaging system and lens aberration defocusing, which 1n general
exi1bit a low-pass characteristic. In spectroscopy and 1mage
processing, signal spreading and bBlurring are qualitative terms
frequently used to describe the s:ignal degradaticn process,
mathematicaly usualy modeled by the comvalution. In general all
physical i1nstruments limit the amount of data one can collect.

especially 1n the freguency domain, Often the fine details of an
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2D image or 10 signal are beyond the reach of the resclving pouer
of an 1nstrument. Therafore designing methods and algorithms that
will increase the resolving power of, for instance, telescops,
spectrometers, sei1amic and 1maging systems by processing of the
measured signal, 15 of crutial importance. These signal
processing methods and algorithms yiald the resolution of larger
instruments that we do not have at the time when the experiment

has been performed.

Resolution i1s the measure of the discernable distance
between two points. A freguently used resclution limit is the
Rayleigh distance. Thix 1s the distance between i1mpulses such
that the maximum of the first i1mpulse reasponse falls on the first
zero of the second impulse response, when the i1mpulses are the
input to an 1deal lowpass filter {ILPF). This translates as the

the value of unity for the space-bandwidth product, 1. a.,

T, =1 (1,1}

where T 1s the distance betwsen the impulses and Uc 15 the
bandwidth of the [LPF transfer function. The Reyieigh distance
and the resclution are reciprocally related, which 1% axpressad
tn signal analysis by well known uncertaintiy principle (4951, If,
by processing & signal, the resplution 15 i1ncresed beyond the

Revleigh limit, then the process 1s called superresolving. This



thesi1s focuses on the developing of new robust methods that are

superresclving.

The problems of signal and i1mage degradation by a linear
system can be modeled by a superposition integral equation of the

form

b
S his ,~)fls)ds = g(~), 1«! ¢ a (1.2
-k

where gix} 1% an ocbserved function, his x}) is a known kernel, and
fis) 15 thke unlnown function to be determined. In an 1mage
restoration problem, for eéx<ample, gl{»} would represent the
chserved i1mage, his, -} would be the point spread function of the
imaging system, and f(s} would be the cbject distribution. In the
case of an i1deal lowpass filtering of spatial freguencies, the

integral ternel 1n Eq. (1.2) 18

51n(wc<a-5))
hig, x) = ————----c— (1.3}

where w,. 15 the cutcff fregquency.

-

Eguaticon ¢1,2) 15 lnown as a Fredholm 1ntegral equation of

the fir<t +,nd [227, It 15 wel! trocwn that this eguation 1o



genarally 1ll-posed [28, 63, 3@) in the sence that small
perturbastion in the observad signal g can gQive rise to
unacceptably large changes 1n the solution f. |n practical
problems, due to contamination of the cbsearved function gix} by
ncise or other sources of error, an approximate solutions for f
should be sought that achieve the proper balance hetween accuracy
and stability. [n order to 1llustrate the ill-posed nature of the
integral eqguatien (1.2), ard point out the problems 1n
determining the object function fis), in the following we discuss
a direct method for recovering f{(s} from gi(x), well known as the

Prolate Sphercidal Function (PSF) mathod (6@, 61).

To define the problem +to be considered more precisely, two
linmar projection operators are introduced. The spatial

truncation operator S is defined by

Flx), int { a
Sfix) = {1.4)
@, otharuise

and the bandlimiting coperator B 1s defined by

- sinfw (x-5))
Bf(x) = S fls) —————=w——~ ds {1.5)
e NMix-=)
Thus , operating on f{x) with 8 1s esguivalent to passing f¢a)

trough an 1deal lowpass filter,



If we assume that the F{x) function 1s of finite extent, 1.
e, f(n) satisf as

SFla) = Fix) €1.68)

and a linear system degradation cperator is an 1deal lowpass

filter, the Fredholm integral equation (1.2) becomes

-]
S

gix)y = BFf{x) (1.

Initially, in Eg. (1.7) we 1gnore noise in the observed signal
0i{x), although the effect of noise is critical i1n obtaining the

solution for f{x).

It 1s well known (6@, 61] that under the conditions

described above, f(x) can be expanded in a series of the form

o
f(h)'g Cp Oy ¢ x) (1.8}
k=0

where q,(x} are prolate sphercidal wave functions, and ¢, are
constant coefficients to be determined. These functions are

orthogonal eigenfunctions of the operator eguatign

SBa, i~} = byg,ix) 1,399



and satisfy the orthogonality property

-
<ay.a> = § a) a0 = 6, (1.10)
-~ 0
where ka 1s Kronecker symbol! and <.,.» denctes the 1nnear

preduct. The eigenvalues b, in Eq. (1.9) satisfy
@ < ... Cbp v vv. C by < bg <! (t.11)

All eigenvalues are distinct, the function {q{x)} are complete
in the space of functions satisfying &Sf = f, and the functions
{qutx)) are complete in the space of functions bandlimited to (-
Ww., w.l. Furthermore, the ({q(x)}, in addition to satisfying

(1.1@), also satisfy
<Ba,,Ba,> = by b, (1.12)

This expression detarmines the eigenvalues b, which are the
portion of energy in g, (x) that lies in the freguency band [-w_,

1.

We

In the absence of noise, 1t 1s possible 1n principle to
reconstruct f(x?) exactly from g(x), The ocbserved signal gi(x) can

be written as

o0
g(xJ=Bf(x)=§:C|‘qu(.«) t1.13>
k=0



Forming the inner product of gix) an Qmix) as

L _J
(9.9, -ch\‘qu,qu = b,c, (1.14;
k=@

we can get the coefficient ¢, from Eq. (1.8) as

Cy * (I/hm)fg,qnv {(1.15)
Substituting ¢, Ffrom Eq. (1.15) into Eg. (1.8) the f(x) can be
obtained as
"
Fix) -Z@(1zbn)<g,qm>qmu) (1.16)
m‘

assuming that the eigenfunctions g, are known.

In practical applications the effect of noise must be
considered. From Eq. {(1.16) we can get a rather clear 1dea of the
effect of noitse by noting that the ei1genvalues bw go
approximately as a unit step as a function of the 1ndex, 1. e.
the higher order b, drop to nearly zero rather sharply. The
number of the eigenvalues close to unity 1s a functien of the
space-bandwidth product (SBPJ). For army real measured signal there
will be some high order noise components, The PSF method of Eg.

{(1.1B' reguires that trke components of the measured si19nal be



divided by the eigenvalues bn' Thus, any noise 1n the higher

th component will be greatly amplified by dividing by a

order m
very small b, pointing out the i1ll-posed nature of the problem.
One obvious modification to (1.16) would be to retain only those
terms whose ei1genvalues are near unity and to eliminate the
remaining terms., However, the PSF are not eastly generated, and
the 1ntegrations which must be performed hefore the final series
expansion  can be evaluated, are numerically combersome.
Furthermore this method cannet yield superresclving restorations
since the high order components in the expansion of Egq. (1.16)
correspond to the high frequency signal components. Thus, to gain
stahility, most of the high frequency information, that is

precisely the 1nformation the superresolution seeks to recover,

is eliminated.

The continuous-time Fredholm i1ntagral eguation of Eg. (1.2)
can be converted into a set of N algehraic equation employinao
some quadrature rule on the i1ntegrat [4}, Thus, the discrete-time

model of the degradatior 1n the ahsence of noise 1s

g = Hf (1.17)

where H 13 an M#N degradation systam matrix, § 15 N-element
chject and g 1s M-alement measured sampled vector. This discrete
formulation 1s stil]l tll-conditioned. To show this we evpand the

H matri~ as



H = Ef; 6,u, v, (1.18)
k=

where u, and v, are the orthogonal eigenvectors of HHT and H'H
respectively. The 6, are the singular values (SVs) of H, defined

as the positive sguare roots of the associated sigenvalues

HHTUk = EKEU&,

HTHv, = 6,%v,, k = 1, 2, ... N (1.19)

The decomposition of Egq. (1.18) 1s known as singular value

decomposition (SYD) (720, 11, and the singular values are ordered
so that

| I— 6] > 62 Do 2 ﬁN > @ (t.28)

The Eq. (1.18) can be written as

M o= uLyt (1.21)

where U and V' are orthogonal matrices, with the left and right
singular vectors u, and va, respectively, as the columns., The L
1s a diagonal matri~ consisting of the SVs. The SVUs of the
degradation matri- H are bounded 1n the interval (@,1), with the
sharp transition between those close to unity, and those ciose to

zero [29). This behavior corresponds to the behavior of the
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eigenvalues 1n the continuous-time case. Thus, the inverse of H

given by

Hol o= oy iyT (1.22)

15 numericaly veéry unstable due to the diagonal matri« L™ which
containes the reciprocal SVs of H. Again, one ohvious sclution to
this problem 1s to truncate the H matrix SUs 1n such a way that
the high order SUs close to zero are descarded, reducing the rank
of H., However,K while this procedure stabilizes +the numerical
problem, it attenuates the restored signal high freguency

components necessary for superrasolution.

This thesis focuses on the problem of estimating the
original objact signal from a noisy degraded signal, either by
determining directly the inverse of an 1ll-conditioned linear
discrete-time (space) system degradation operator, that results
in a one-step signal restoration procedure, or by developing new
1terative methods to obtain a atable estimate. Four new mesthods,
appropriate for various applications, that are shown to glve

superresolving results, are developed.

Proposed one-step methods are hased on a modified linear
associative memory (LAM) algorithm {32] originaly i1ntroduced by

Foehonen for the least squares optimal pattern ' vactor: maching.



Hare, 1t 15 shown that a degradation system 1nput-ocutput set of
s1gnals can be utilized as a "training” set of vectors to create
an 1nverse system degradation operator 1n a form of a LAM matrix.
By limiting the set of reconstructible sigrnals to the class of
sinnals belonging to the “training” set, an e.ceptionally robust
superresolving inverse filter 15 obtained. However, when the

"training" vectors are linearly dependent the LAM algorithm shows

paor performance, producing an 1nadeguate associative memory
matrix with Jlarge dynamic range of elements. Hence, a new
constrained associative memory {(CAM) method, suitable for
determining of the inverse of an 1l)l~conditioned system

degradation operator, 1s developed,

In Chapter 4, based on this new CAM method, superresclving
reconstruction of an arbitrary binary object from an 1mage,
linearly degraded by a shift-invariant, or shift-variant
degradation operator, 1n the presence of strong noise is achived.
Using an appropriate training set of signals reiated idealy by a
perfect degradation gperator i1nverse, the CAM method yields a
general one step, 1mpulsive type (spiking) i1nverse filter (477,
1ina form of a simple two dimensional array of coefticients. The
presanted method  1e particularly sutted fFor 1mpulsive type of
signals and i1mages. Computer simulation results of superrespiving
reconstruction of 10 and 20 signals and images, linearly degraded

by shift-i1nvariant and shift-.arjant svstems  1n the presence of

strong norse . are demonstrated.



In Chapter S a new iterative method for the discrete-space
linearly degraded signal restoration in the presence of
appreciable noise 1s proposed. This method, based on the weighted
laast-squares (WLS) and best linear unbiased estimate (BLUE?
algorithms [1, 44], focuses on designing & suitable symmetric
weighting matraix that will, without disturbing the system
consistency, perform an  1mplicit filtering af the system
degradation operator singular values (SVU). A specific SV filter,
tncorporated i1into the new weighting matrix, performs a twofold
functiony 1t compensates for the ill-conditioning of the system
degradation operator by decreasing 1ts matrix condition number
and by 1mproving the low-to-high-order SV ratic it affectis the
convergence rate of a recursive computation of the object signal
estimate. Radically different from hitherto used schames, the SV
filter is a step-type function that operates on tha system
degradation operator low-order as well as the high-order SUs., To
facilitate the 1imposition of & priori known object signal
constraints, a recursive WLS estimate computation 1s used. Also,
to eliminate the i1nconsistency of the linear system degradation
model due to a measurement error or noisze, a preprocessing step
15 1ntroducect,  Lhen the norse statistics are fnpown, the BLUE
algerithm that minimizes the noise variance 1s employed. Here,
the new weighting matrix, 1n & combination with the roise
covariance matri«, 1s used to form a weighted BLUE (WBLUE»

algrritkm. The WLS and WHBLUE algorithms are prasented 1n  the
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uniform format s0 that an identical recursive estimate
computation can be applied. The new recursive algorithm servas as
a kernel o¢of the proposed constrained i1terative method. The
effects of the 1mposition of different constraints on the object
signal estimate are demonstrated. Several numerical e<amples are

presented.

The estimation of spectra, or bandlimited signal
extrapolation can be considered as the dual of the previous
problem, 1, e&. axchanging the roles of time and freguency it can
be solved 1n a similar fashion. In the dual problem an observed
signal 1s a time truncated version of a bandlimited signal. From
the given observation interval the original bandlimited signal
could ba 1nfered esither by extrapclating ocutside of the given
tnterval using some 1terative wmethod and signal bandlimit as a
constraint, or i1ncreasing the resolution of the Fourier spectra
in the frequency domain. In Chapter B a partialy observed
bandlimited saquence extrapolation 1n the space domain, or
eguivalently resclution of the Fourier spectra i1n the frequency
domain, 1n the presence of considerable noise, 15 considered. A
new method 1s developed that reconstructs the unknown portion of
A bandlimited sequence using the grains of variable c1ze as the
elemantary bullding blocks of each seguence sample, The unknown
sequence astimate 15 based on a number of acguired samplies on a
Given measuremant 1nterval and the prior fncwledge of the signal

frequenc, bhandlim:t., An appraach similar to a Mounte-Carlo method



(B, 311, wusing those variable size elementary grains, 1s adopted
to develope a new 1terative algorithm. This new algorithm, at
each 1taration step, based on a random number generator, decides
both the sample position to be considered, and the sign of a
grain that might be added to the current sample value of t{he
sequernce being estimated. A sample update 1n each 1teration step
15 gither accepted or rejected 1n accordance with an appropriate
decision rule. While erpleoating the extrapolated sequence
frequency bandlimit as a constraint this decision rule 1% based
on a nenincreasing l,-norm of a cumulative arror vector. As the
aextrapolated sequence approaches 1ts final farm, the elemantary
grain size 15 decreased to allow for subtle sample updates. A
heuristic schedule for gradual change of the slementary gra.n
s1ze, sitmilar to the temperature schedule of the Simulated
Annealing method (33, 45]1, 1s wused. A preprocessing, that
compensates for the model i1nconsistency, due to either presence
of noise, and/or lack of precision of the linear degradation
ocperator is employed. It 1s alse shown that an additional
constraint, such as a given signal upper-bound, greatly improves
the quality of reconstruction. Several simylation examples for
the extrapolation of a low SBP sinusocidal and other arbitrary
sequences and in the presence of high level of noise, are
oresented, Finallv, 1n Chapter 7, a summarvy and conclusions,

regarding the proposed methods, are presented.



2. BACKGROUND

Z.1 INTRODUCTION

The problem of recovery or restoration of a signal or image
that has been distorted by a !inear degradation operator 1»
common to d1ffgrent appllcatxon_areaa such as diffraction optics,
radio astronomy, sejsmic array of sensors, electron microscopy,
sonar , radar etc. It can be stated, in general, as the problem of
reconstruction of a Fourier transform pair {(f F} from partial
data on either/or both domains (spat:al and/or spatial fregquency!}
[S5). The esxtrapolation of bandlimited signals has been addressed
by several authors. A number of iterative extrapolation
algorithms, for example, by Gerschberg {19), Papoulis (48] and by
Youla {72}, and also direct algerithms, such as by Cadzow (9] and
by Sabry and Steenart (571, have been proposed. For linearly
degraded =signal recovery, when the measurement noise 1s
negligible and for a moderate system degradation, direct spatial
frequency domain 1nversion of the degradation process 1s possible
(30, iI5]1. In the presence of noiss, a2 linear method such as
Wienar-type filtering (3@, 15] 1s more appropriate. However, 1n
many signal restoration problems, the measurement error 1%
greatly ampliified sc that the error dominates the estimate.

Herce, si1gral and 1mage restoration methods which 1mpose various



constraints either or bhoth on the object signal estimate and the
system degradation operator SVUs {or its eilgenvalues and
ei1genfunctions), have widely been analyzed [30, B3]. For example,
in Jansson [3@), Howard (26, 271, Frieden (151, Youla [72], Stark
et al. [B4}, Sanz & Huang [58], Rushford [5Z], Barakat & Newsam
(S1, Mammone & Eichman [39, 4@), Mammone & Rothacker [41] and
Cichman & Stojancic {14), a number of consirained 1terative and
direct signal restoration methods have been proposed. An analysis
and generalization of constrained 1terative algorithms, eai1ther
for bandlimited si1grnal extrapolation or linearly degraded signal

recovery, 1s given 1n Schafer et al. [59]).

in the foliowing sections, an overview of some conceptualy
important linear and nonlinear signal and image recovery mathods

15 presented.
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2.2 LINEAR RESTORATION METHOOS

Linear Inverse Filter

[f the system degradation operator 1s linear and shift
(time} 1nvaritant the restoration problem 1s commonly tnown as the
deconvolution problem. The conveolution eguation that describes
the svstem degradation can be readily expresed using the

convolution operator ¢ as

gix) = Fix)ieh(x} (2.1

The approach of the i1nverse filtering 1s to form a linear filter
function yix? that will wundo, by convolution with the gi(x), the
smearing of the system degradation. Using the Fourier transform,

the frequency domain eguivalent to Eq. (2.1) 18

Giw) = FlwlH(w) (2.2)

Clearly, the Fourier transform of the itnverse filter 1s given by

[t 15 apparent that the 1nverse Fourier transform of Y w) yialds

the desired inverse filter function ot However . whern the high
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frequency components of f{x) are satrongly suppresed, the H(w) 1s
very small for jlarge w. If the data g{x) are noisy, the estimate
of Flw! (see Eq. (2.2)) using the i1nversion of Eg. (2.3), will be
dominated by the noise, thus producing very poor and unstable
estimate of fi-7. With this method, as 1t wes shown by Frieden
E15]), assuming wuncorrelated objact and noise statistics and
uncorrelated object and moise, 1t 15 possible to carry out the
inverse processing within some coptimum freguency band twi < Wy .
where w_ ( w determined by

p cr

wp = wgli-(p/p )72 (2.4

where p, and p, are the power spectra of the object signal and
nolse, respectively, and We 18 the degradation system transfer

function freguency band-ltimit.

Wiener-Type Filters

In the presence of noi1se Eg., (2.1} 18

glx}t = FlxIshix) + nlx) (2.5)
Numerical solution for fix} yimelds an estimate fix) that
minimizes, 1n some sence, the earror (noise?). If hix) = &ix),

where Bi.) 15 tne 1mpulse funmction, gt-) 1nm Eg. (2.5 1%
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corrupted with noise only. For this case the 1nverse filter

function y{x) 1s sought that minimizas the estimation error

elx) = Flud = Fix) = ylu)elflx) + n(x1) = fla) (2.6)

By minimizing the ensamble average of the mean-squared error

.l
E[S:e(p.n:d»}, (2.7)
-0
where E[...] denoctes the eaxpected value, well Fnown optitimum

smoothing Wiener filter {301 is obtained

Yiw) = =emmmmommeooo (2.8)

Since the system degradation function 1s an i1mpulse function,
this 1nverse filter vields only the optimum nei1se reduction.
However ., 1n the presence of system degradation hi{x), using

tdentical apprecach, (. e,, mintmizing

E[Slv{a)'[h(x)'f(x)+r'|(;<)]— f()«)l:d.-:}, (2.9}

a linear |nverse f;ltar can be obtained as [24]

Ylw) = —===---oeommo (2.10)
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where & danotes complex conjugate. If the noise is additive and
gaussian distributed, and the noise and object signal opower
spectra are krown, this is an optimum linear inverses degradsation

filter,

Ina similar approach Frieden [15] added a sharpeness
criterion to the ensambie average of Eg. (2.9). Thus an invarse

fFilter 1s obtained by minimizing

rJ

® ®1dftx)!
El S dy{nde[htx)sfix) + nix)112dx1 + rE[S j----- i dx] (2.11)

-ub _-: dx !
within the allowed processing bandwidth. In Eq. {(2.!1) the second
term represants the sharpening criterion with a variable

parameter r. The Frieden’'s sharpeaness-constrajined frlter given by

Y(W) = ——mmmmmmmmmmomm o e (2.12)

allows for signal or image sharpenass control by varying the r
parametar. Thus the high frequency components of a signal or
image, within the processing bandwidth, can be e:ther suppressed

or enhanced, depending on whether r > @ or r < 0.



21

Presanted Wiener-type linear inverse filters regquire
knowledge of the object signal and noise power spectra. However,
the power spectra are not always easy to obtain. On the other
hand, very often, some additional a priori knouledge or
information cn the cbiect stignal 1s avairlable that can not be
eplotted by the Wiener-type filters. In the case of a heavier
syetem degradeation and 1n the presence of noise, this a priori
information plays a cruc:al rolea 1n obtaining a satisfactory

estimate.

Jterative Jopnsson-Van Cittert-type methods

This type of methods are based on classical numerical

methods for solving a general system of n eguations in n unknowns

fl, fa, «.., fo. The problem can ke formulated as
u ffy o fos Ll =0, r =1, 2, ...,n {(2.13)
where u;, Uz, ...,un are functions of n variables. In wvector

notation Eg. (2.13) can be written as

ulf) = & (2.14)

where u 15 a vector valued function of § = (f, Fz, Ce, fn}. A

particular e.ample of a system of Eg. (Z2.14Y 1% the linear system
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Hf - g =2 (2.15)

whare H 1s an n*n system degradation matri~ and f and g are the
system 1nput an outout vectors, respectively. We are (nterested
here 1n an 1terative solution of Eq. (2.14), 1. e., in solving a
sequence of jinear systems of the same type, 1teratively
approaching a fi-ed point 1n the n-dimensional sclution space. OFf
particular i1interest are the fixad point 1teration and relaxation

methods [12, 281},

The fixed point 1teration methods are derived from the
genaral asystem of n equattens 1n n unknowns, Eg. (Z2.14),

presented by an equivalent equation of the form

f = z2(f) (Z2.16)

where z is a vector valued function. Starting from some [ni1tial

;(0)

guess ona forms the i1teration

fOE) o geptk-t, (2.17)

which, 1f the vector function 2z satisfises certain neressary
conditions, converges to the fi»ed point §. Considering now the
e-ample of |inear degradation system of Eg. (2.15), the 2z

function can be formed as



2¢f) = Cg + (1 - CH)f = § + Cig -

whers C

1~ some matrts rorm, The corgition of Eqg.

Hf ) (2.18)

1s &4 50 called approximate inverse of H that satisfies

.19 15 a necessary

candition for z te he zontractive (12, 281, e. . because
Lz fF- - zthil = (I - CH¥f - h:, ic.C@!
cni. 1f Eg. (2,169 15 satisfiad
vzt fy - zthyr oo i f - R, AP
Trus, starting from any 1niti1al guess §0@) the fi-ad point
Lteration
R R A a,

Jerives frem the Eq. 2,

The convergence of the

showr bw chserving that the erragr

FLTLoLa

f\(ll )

o o
a'tt e - (Hoe! '

tterat.on of Eq. *2.270
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Clearly, 1f the condition of Eq. (2.19) is satisfied, the error

vector norm | ie approaches zero as k approaches infinity.

There 15 a number of methods to choose the C matrix in Eq.
(2.22y 1121, 0One of possible choices 15 C = 0~! (Jacob: method ),
where D 13 a diagonal i1nvertible matrix cbtained by the

decomposition

H=L+D+U (2.25)

where L and U are the Jower-triangular and upper-triangular
matrices, respectively. Another choice for C 15 C = (L + D!
(6auss-Seidel method) which usually yields a faster convergence
rate [12}., In general, C i1n Eq. {(2.22), can be considered as a
relaxation, or gain, parameter that ensures or speads up the
convergence of the algorithm, providing a mintmum amount of

computation.

& rader naive approach was adopted by Van Cittert [E9)
setting the relaxation parameter 1n Eq. (2.22Y C to an i1dentity
matrix. This method has a mere historical 1mportance opening up
the reach area of the methods of numerical analysis to the

optical applications. For erample, Jansson [3@] applied 11 using
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a relaxation parameter that is a function of the object estimate

as

C o= etk araer - 2iptkY -y (2.26)

where ra 18 a constant, thus neutralizing the nonphysical

components of the estimate. Friedan [15, 30)] used

refCh Dy m mplt - 20a - BTHIECK) - (e - bas2t (2.27)

as the relaxation parameter that treats the case of a priori
known upper-chject-signal~-bound & and lower-object-signal-bound
a. As 1t will be pointed out 1n the next section, several octher
nonlinear 1terative image restoration methodas can be treated by
the general iterative Eq. (2.22), Due to the fact that only the
size of the error generatad in a2 single i1tearation step 1s
important, in general, iterative methods are less vulnerable {co
the growth of the numerical round-off error. On the other hand,
iterative methods do not always converge, or they require a large
number of tteration steps that s unacceptable 1n many

applications.
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2.3 CONSTRAINED ITERATIVE RESTORATION METHODS

Many signal and image restoration probleams can be presented

by an operational egquation of the form

o = Hf. (2.28)

where H can take on various forms depending on the properties of
the system degradation or 1tiransformation, The § and g are, as
usual, the syetem input and output vectors, respectively. An
iterative equation, similar to the Eq. (2.17), but 1n operator

form, can be written as

ARREE I AL (2.29)

wheare A jis an operator cbtained from Eq. (2.28). The feollowing
analysis and generalization of some classical signal rastoration
algorithms using 1terative Eq. (2.29) parallals 1n part the
derivation given by Schafer et al. (589). The A oparator, in
general, depends on H and 1t may alsc incorporate constraints
basad upon known properties of the desired solution., The
flexibilaty which is available for mixing constraints  and
distortion using 1terstion like Eg. (2.29) causes a great
practical advantage 1n estimating the object signal function,
especlatly 1n the presence of measureament error or noirse. There

1s a number of properties of the cbject signal we may bnow a
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priori. A convenient way of exprassing such a priori knowladge 1s
by 1ntroducing a constraining operator 0, such that 1§

satisfies the constraint then
f = Df. (2.30)
Thus the signal positivity constraint oparator P is defined by

Fr, if fp > 0
ne n
Drf,] = PLF,T = (2.31)

@, otherwise

where f_,6 - n (=  are the elements of infinite vector f. Also,

1f £ 1s known to be bandlimited to frequencies balow w than the

c L]
bandlimiting constraint operator B, for the case of discrete-time

signals, is defined by

hnd sinfw_ {n-m}1}
c
D[fn] = B[fn] 'i fn ———————————— (2.32)
M= -0 IH{n-m)

Using this representation of a prior1 constraints, Eq.

(2.28) can be written as

g = HOf (2.33)

where HO 13 concatenation of 0 folowed by H. A constrained

iteration of Eg. (2.22}) can now be written as

ffF?=DF\rL\—‘) +C(Q"HDF‘F_‘>). {2,734
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Clearly, the constrained operator A {(see Eq. (2.29)) 1s defined

by

partk=t) «pptk=l) 4 cog - wDglETD)), (2.35)

A signal f that satisfies Eg. (2.2%), i. e.,

f = Af (2.36)

is called the fixed point of the operator A (28],

A number of existing signal restoration algorithms can be
represented by the general constirained iteration of Eq. (2.34)
[S91. In the following a brief review of these algorithms 1=

presented.

The problem of recovering a bandlimited signal degraded by a
non-lirnear fregquency bandlimiting system operator  has  hen
considered hy Landau [35}1 and Landau & Miranker [35). Here the
constraint operator 1s the bandlimiting operator B ( see Eg.

{2.32)) and the distortion oaperator F 1s a memoryless non-—
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linearity, proposed as a model for transmission of companded

sigrnals trough a telephone channel, such that

g = BFf (2.37)

The nan-ili1near cperation of companding finds also applications in
image guantication [5@). Landau and Miranker showed that the

origlnal signal can be recovered by the 1teration

£00) o cg

f: )= cg + glk=1) — cppphl) (2.38)

It is easy to show that by substituting into the Eq.(2.34) the
constraint operator D for B and the distortion H for BF, the
1teration of Eq. (2.38) is obtained. Note that, because all the
approximatiaons f(k), k =1, 2, ..., tn Eq. (2.38) are bandlimited,
gflk=1) for any k can be replaced by f(k_". Tharefaore, the
general 1teration of Eq., (2.34) can be directly applied to this
problem with an appropriate choice of the constraint and

degradation operators. For the condition for convergence of this

algorithm see Ref, (36].

Iterative extrapolation of a bandlimited function from a

finite duration segment has beer considered by several authors.
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Garchberg [191 and Papoulis {481 employed a fast Fouriar
tranaform (FFT) algorithm to realize a frequency band-limiting
constraint 1n the i1terative Eg. (2.34). In this case of hand-
limited signal extarpolation, the distortion operator is a time-

limiting cperataor S such that

DLE, 1 = SLFD ={ (2.39)
e, otherwise

and the frequency band-limiting operator B is defined by Eq.
(2.32). In the case that the discrete-time signal is ocbtained by
sampling of a continuous-time band-limited signal with the
frequency band-limit w., the sampling period must satisfy JO/T >

W i. e., the signal must be sampled with the frequency higher

[l
then twice the Nygquist rate i1n order to talk about a freguency
band-limited sequence. Imn Eq. (2.32) the sampling period T is

normalized to unity and therefore omited.

Using Eng. {(2.3@) and the 5 and B operators as defined above,

the Papoulis-Gerchberg 1teration can be written as

'(k) an(k_lJ + {n_SBr(k‘“t), {2.40)

ar

fOF) ag s (1 - sopelk-1) (2.41)

where 1 15 an identity operator., In Eg, (2.40) the relaxation C

15 set to an adentity and the 1teration starts with flo) g. It
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15 easy to show that the operator (I - S)B 1n Eq. (2.41) is a
nonexpansive operator [59), thus i1nsuring the convergence cof the
algori1thm, although not to a unigque fixad point 1n the case of a
discrate-time signals. Nonuniqueness of the solution 1n the
discrete case 15 duese to the fact that the knowledge of a finite

segment of a band-limited seguence does not unigquely specifies

tha sequence everywhere [53), This leads 1{c a serious noise
sensitivity of the 1teration of Eg. (2.40).

Considering the Papoulis-Gerchberg algorithm, Sabri1 &
Steenart [57]) proposed a one-step solution, 1. e., & matrix

formulation of the extrapolation problem. This matrix for wulation
follows from the Eq. (2.40) introducing a linear operator G = (]

- S)B so0 that

f(k).g.,.s.r(k‘l) (2.42)

The 1teration Eg. (2.42) canp be written as
£k = 6% + 6g + Gg + ... + Ghg (2.43)

where Ge 15 an 1dentity operator and 6! 15 understood as multiple
application of the same operator G. Since G 1% a linear operator
Eq. (2.43) can be written as

£0 = 5 6l. (2.44)

1=@



Since G 15 a non-expansive operator, 1. &., JIGFiiI < rFrIif1) where
@ <r <1, the sum 1n Eq. (2.44) can be written in a closed form,

50 that

£k 21 - g l1- gkt g, (2.45)

Clearly, since 11}

[
ol

Gkl « phtlyrg , ikt approaches zero as

k approaches infinity, and ths Eg. (2.45), for large k, reduces

to

F =1 -6 g (2.46)

Eg. (2.46) presents a one-step solution to the band-limited
signal extrapolation problem. Although the one-step solution of
Eq. (2.46) 1is appealing, the (I -~ §)"! 1s an 1ll-conditioned
operator, hence the detearmination of its inverse 1s a difficult
task. An approach to the determination of the inverse (] - G)'t

ustng a singular value decomposition methad is presented i1n Ref.

{23, 671.

Anather approach to bandlimited discrete-time signal
extrapolation, similar to FPapoulis-Gerchberg 1teration of Egqg.
(2.40), was presented hy Cad-ow [9]1. Here the i1terative equation

15
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£00) o pg

f(R) 2 Bg +(1 - Bk 2.47)

At the first glance +this eguation 1s different then Eg. (2.40),
but applaying the band-limiting operator B tco both aides of Eq.

(2.4Q) we obtaine

gf'k? = Bg + (1 - BsoBftr 1 (2.48)

that reduces to EQq. (2.47) 1f the 1teration starts with a band-
limited g, i. e., Bg, since every estimate gk is already band-
limited. However, +this algorithm applies different order of the
band-limiting and truncation operations that may be advantagegus

for discrete-time signal extrapoclation [9]).

Youla {721 developed an algorithm similar to the i1teration
of Eq. (2.22), but adopting a radically different point of view.
In a Hilbert space (28] setting, linearly degraded signal
restoration problem was considered as a sequence of geometrical
orthogonal projections of a degraded signal vector onto two

convex sets,
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If L and ortlL are a closed linesar vector subspace and its
orthogonal complement, respectively, in Hilbert space H®, then

the projection theorem i1, 28] states that for evary § ¢ HY there

1S an unique decomposition

f=g+h (2.49)

where g ¢ L and h ¢ ortL, and the vector i1nner product (g. h) =
@. Since the vectors g and h are orthogonal we can i1ntroduce the

orthogonal projection operators {1, 28] P and Q such that

g = Pf (2.58)

and

h = Qf. (2.51)

Let introduce two known vector subspaces La and Lh with
their orthogonal complements ortL, and ortly, respectively, and
their respective orthogonal projection cperators P,, Py, Q, and

Qy. If, 1in the Hilbert space H®, an object £ ¢ Ly 1s known only

by 1ts orthogenal projection g = P.f onto the L,, then

0 = Pof = PPF = (1 - QP,f = Puf - QP f = § - QP (2.52)

where I 1s an 1dentity operator and f = P,f, since f & L. Based

on Eq. {2.5%2) Youla 1ntroduced the 1teration

FO0 = g s QP gt (2.53)
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with £/9) = g. Eq. {(2.53) closely ressembles Eq. (2.17) or Eq.
{2.29). As  the matter of fact, with an appropriate choice of the

two linear vector spaces L, and Lb, 1. a,, the signal spaces

a
corresponding to a degradation system i1nput and output ¥ and g,
respectively, the 1teration of the Eq. (2.22) or the Egq. (2,34}
can be obtained. The geometric meaning of the Egq. (2.53) 1s as
followsy using the arthogonal projection operator Pb' glk-) 1S
projected onto Lb, the result 1s then projected onto orthogonal

complemant of L 1. e,, ortlL using the orthogonal projectiaon

a’ ar

Q.. and this result i1s added to g to obtain gl

As 1t was proved by Youla, f 1s uniquely determined by its

projection g = Paf onto L, 1f and only 1 f

Ly MY ortL, = (@) (2.54)

where {0} denotes an empty set and /Y denotes the set

intersection; problem of reconstructing f from Paf 1s completaly

posed (721 1f and only 1f

angletly , ortlL,) - @ (2.585)

that 15, 1f and only 1 f

‘IQGFDI! 1 (2.56)
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15 satisfied. In both cases the sequence {f(k)}, k=1, 2 ...,

generated by the iterative Eq. (2.53) converges to f in norm.

For erample the discrete-time band-limited signal
extrapclation from a finite duration segment can be performed
using Youla's method with appropriate definitions of the vector
subspaces La and Lb and the corresponding projection operators

Py. Py, Q, and Qg i1n a given Hilbert space H®. Let L, be the

a:
subspace of all the finite extent discrete-time signals in K3
that vanish on the 1index in! > a, and Ly be the subspace of all
the bang-limited seguences with the band-limit w.. Clearly ortl,
denotes all the sequences i1n H® that vanish aoan the i1dex 'ni < a,
and ortLb denotes all the seguences 1n H® uwhose frequency
components vanish 1n the frequency range !w! < w.. The orthogonal
projaction Pﬂ is now a time-truncation operator of Eq. (2.39), 1.
e., P, = 5. The orthogonal projection Py 13 the bandlimiting
operator of Eq. (2.32), 1. e., P, = B. Dbviously Q, = I - P, =1
- S. Substituting P, =B and Q, = 1 - 5 1nto the Eq. (2.53) the

Eq. (2.41} 1s obtained, 1. e., the original Papoulis-Gerchbherg

equation.

The Youla's method provides some additicnal theoretical
insight i1nto the problem of signel recovery, generalizing 1t from

a geometric point of view., Fermaly, 1n practical applications,
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the algorithm reduces always to a functional equation described
in the previous section and requires some additional
interventions to neutralizre the &affect of noise and 1ll-posed
nature of a particular prchlem. Some recently proposed new signal
and 1mage recovery methods are based on Eg. (2.53), used 1n

conjunction with various object signal constraints (see Ref., [B2,

B41).
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2.4 AUTOREGRESSIVE AND MAXIMUM ENTROPY METHODS

The discrete-time signal power spectral density (PSD)
estimation, a problem simmilar to the discrete-{time band-limited
signal extrapcolation, received recently much attention.
Conventional FFT spectral estimation 1s based on a Fourier series
model of the data. This method, while computationally efficient
has several inherent performance ilimitations [34, 42]. The most
important one is poor frequency resclution, 1. e., inabiliti to
distinguish between twoc or more signal freguency components,
especially when the ohserved sampled signal is of ahort duration.
Several other approaches, developed 1nitially 1n nonengineering
areas, showed better performances. Among them the mosti prominent
position has been taken by autoregressive (ARY (71, 79) and
maximum entropy (MEM) [8) methods that will be briefly revieswed

1n this saction,

Much of the current research i1n the area of PSD estimation
deals with the autoregressive moving average (ARMA) models, that
are a generalization of the AR model. In ARMA model the input g =
(9¢, 91+ ++-,8py, --+) and the output § = (fa. LR
vector (pr sequence) elements of a linear system are related by a

difference equation of the form {471
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fn = 2 BuBnom - zf;akfn_k (2.57)
m= =

where b,, a, are constant coefficients. Using the z-transform

method (461, the system transfer function H(z}) can be written as

Hizy = —=—-=-= {2.58)

whera

Alz) =3 a2z " (2.59)

m=@

B(z) = ) b z M. (2.60)
m=

If the 1nput stochastic signal power spectrum 1s Pg(z), the

and

power spectrum, Pf(z>, at the ogutput of the linear system,

represanted by 1ts transfer function z-transform H(z), 1s [46]

Pelz) = HOz " (1/2° P (2. (2.81)
This expressian can be evaluated on the unite circle, 1. e., at
the points » = e-xpljui}, to obtain

Petwr = (Hiw 2P ) (2.62)
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where the 1ndependent variable exp{jwT) 1s replace by w 1n order
to simplify the notation. If the system 1nput process is a zero-

mean white noise sequence with the variance v, then
Pelw) = vIBWI/AGW)IIZ (2.63)
where

Bluw) = g buerpl-JumT) (2.64)
m=8

Alw) = E a,expl - jumT). (2.65)
H’

and a, 1n Eq. {(2.64}) and

and

By specifying the coefficients b,

(2.65), respectively, and the 1nput white noise variance v, the

power spectrum Pp(w) in Eq. (2.83) 15 determined.

In general, there are three ways to tackle the problem of
PSD estimation using the approach presanted abaove. The most
general one 15 by using a linear system which represanta a causal
infinite impulse respone (JIR? filter with the system transfer
function as 1n Eq. (2.58). Tha system model of this kind 1s
usualy termed the ARMA model and consequently the PSD estimate,

denoted by Prapmpafw?., 13 termed the ARMA FSD estimate., If all the
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coefficients {am} except ap = | vanish, then the sysiem

di1fference equation becomes

(2.68)

m9n-m

s
=0

In signal processing literature this system model 15 called an
all-zero model, or moving average (MA) model of order g. The MA

F30 estimate 135 now
Pemalu? = viBlw)i2, (2.87)
The third possibility 1s that all {b,} coefficients except

bg = | 1n Eqg. (2.57) vanish, The system model, termed the all-

pole, or autoregressive model, 15 now
Fr = E apf_m ¥ 9n- (2.68)
n-

The AR FSD estimate 1s

Peapfu) = vLi/1ACwII?], (2.69)

In the following, as an example, the AR PSD estimation 1s
considered 1n more deta:l. It can be shown [34, 421, that the
ARMA, MA and AR nmodels are closely related, 1. e., any

statiosnnary ARMA  2r MA  process of finite variance can  be
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represented as a unique AR model of possibly infinite order. The
converse of this statement is also valid., Since the procedure to
determine the coefficients for an AR model results 1n a systam of

linear msquations, this method 18 very popular.

Based on the Eg. (2.69), the AR PS50 estimate can be written

as

PFHR"") | ST TS T T (2.?03

o+ E amexp<-3unT)
i =

From Eq. (2.7@), 1t 1s clear that to estimate PFHR‘“) 1t a1s

a v},

necessary to estimate the set of papameters {(a;, as pr

s "onw

Assuming a finite rnumber N samples of the sequence f = (fﬁ' Fy.

fs, .+..) are known, the M < N lags of the autocorrelation

functien Rff(m) can be asiimated as

. )
RFF(M)= [1/7iN-m)] . fk+nfl'. (2.71

for m = @, 1, ..., M, Having & known or estimated autocorrelation

function Rff<m>, the relationship between the AR parameters {am}
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and this autocorrelation function camn be established using the

Yule-Walker [71, 70, 7] equations

r
-zf;akRFFEka), for m > @

_i"kﬁff(_k) + v, for m = &

for m =1, 2, ..., p. The Eq. (2.72) represents a linear system
of p + 1 equations 1n p + | unknowns {a;, az, ..., ap} and v. The
values of the autocorrelation function at negative lags are
obtained using 1ts symmetry property, i. e&., Rff(*m) = Rff'(m).
An efficiant algorithm, Fnown as Levinson-Durbin [38, 131

algorithm, exploits Hermitian and Toeplitz properties of the

aytocorrelation matri>» to solve the linear system of Eq, (2.72).

For the PSD estimation, 1n practical situations, usually a
finite data set 1s available rather then a set of autocorrelation
lags. Although 1t could be used to approximate the
autocorrelation function, frequently a standard estimation theory
ts used to extrapolate the AR parameters. The estimation mathod
usually used for the set of non-random parameters 15 the masimum
litelihood method (MLM) [ 34, 42]1. However, for shord data set, 1.
e., when the order of the AR model 15 close to the number of

available data samples, the MLM produces poor results, To yield a

bettar AR parameter estimate, ar 1mprovement can be achieved
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using the least sguares technigues {42) that operate directly on
the data, wtilizing forward or combination of forward and
backward linear prediction {(LP) techniques. However, in general,
given a data set, the difficulties 1n determination of the order
of the AR model are considerable. On the other hand, spactiral
estimation using the AR method 1s significantly noise sensitive.
If the order of the AR model i1s not appropriate, and 1n the
presence of ngise, the results of estimation of spectra can be
Quite deterjorated. By 1ncreasing the system order this
difficulties can be overcome, but at the expence of the 1ncrease

1n the processing reguirements.

Although the MESE and the AR spectra] estimation are based
non different approaches, they produce an 1dentical result for
Gaussian random processes and a known autoccorelation sequence of
uniform spacing. The MESE 1s based on extrapolating of a known
first p lags of the autocorrelation seguence with the constraint
that the entire autocorrelation sequence 15 positive sami-
definite, Burg [P} proposad & mathod that ma-im:izes the randomnes
of an unknown time series knowing 1ts first p autccorrelation
lags {Rep(@), Rep(1), ..., Regip-1)}. Consequently, the estimated

time saries will have the flattest spectrum of all the spectra
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with the given sequence of autocorrelation lags. To realize this

goal Burg maximized the entrepy of the PSD Pel(w), 1. e,

HWAT
S lnPf(uldu (2.73)
_r[f,T

subject to the constraint that the p known autocorrelation lags

sutisfy
n/3
‘S Peluwlexp(-juwmT)dw = Replm) (2.74)
-N/7
for m =0, 1, ..., p. Using the Lagrange multipliar method, the

solution for the Pglw} 1s i1dentical to Eqg. (2.7@) with {epl, a52.

., 4.} as the pth aorder predictor parameters and v as the

[=]%]

predict:ion error power.

This method, as the AR method, will provide high resclution
for low noise level, although a spectral line spliting can
cccure. However, the determination of the order of the prediction

model to be used remains a critical 1ssue,
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3. SUPERRESOLVING SIGNAL AND IMAGE RESTORATION USING
A LINEAR ASSOCIARTIVE MEMORY

3.1. INTRODUCTION

Direct discrete solution of the i1ntegral Eq. (t.1) can be
obtained employing some numarical guadrature rule (24]. Assuming
that the number of samples of & measured (degraded) sampled
object vector g 1s equal to the number of samples of the sampled

object vector f, we have

Q = Hf (3.1)

where H 15 an NeN degradation matrix oparator obtained from the
quadrature rule. The sclution for § of Eq., (3.1) requires a
matrix 1nversion. #As 1n the continuous case, because the higher
order ei1genvalues of H tend rapi1dily to zero, H 13 a nearly
singular matrix, Thus, the inverse of H doas not exist, or 1f 1t
e«~jsts, during the :nvers:ion process, the hRigher spatial
frequency components of the signal are greatly amplified, causing
numertcal i1nstabil:ity. [f the degraded i1mage g is roisy, even 1f

H_l {where the superscript stands for the 1nverse) can be
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properly approximated, the result of restoration may differ

radically from the trua solution.

To determine an approximate superresolving inverse H‘l, we
employ here a set {((f ,g )}, k =1, 2,..., N of inown degradation
system 1nput/output training sampled vectors and the LAM

technique. The LAM relates the two given vecters f, and g, by the

matrix eguation [32]

where M :s an unknown matrix. In this terminoclogy, the vectors
(f,.0,) are 1dentified as the data and key vectors, respectively.
The LAM matrix M represents a content addressable memory that
allows, by specifying the proper key, the data recall. If the keay
and the data are identical, the recall i1s tarmed autocassociative,
otherwise it 1s a heteroassociative recall [32). To i1dentify, or
to restore superresclving linearly degraded signals or 1mages, 1in
the presence of appreciable rnoi1se, hetercassociative recall
operation 1s proposed. In this model of associ1ative memary, the
k-th 1tem to be stored consists of two parts, the ey vector 9
and the data vector f;. The kLey and the data vectors are encoded
as column vectors tn the key X and the data Y matrix,
respectively. The number of elements 1n the key g and the data f

vectors need not he the same. The recall LAM matri- 1s 1n generatl

+

+

M =YX where + denotes the Moore-Peanrose pseudc (gereralised)
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inverse {1)., The recall operation 1s performed by multiplying an
input key vector @' (which can be a noisy or corrupted vector) by
M to yield the desired data vector f', This result is the minimum
norm least squares approximation to data vector §, paired to the
key vector g, that 1s closest, 1n the sense of least squares, to
the 1nput vector g'. However, 1n {he case of hetergassociative
racall 1t has been found [B5) that, for certain structures cof the
key , or i1nput matrix X, while the conditions for noiseless recall
may be satisfied, ithe LAM can be sensitive to 1nput noise., As the
determinant of (xTx) approaches zero, 1n spite of aven linear
tndependance af the columns of X, the elamants of the LAM matrix
M may become unacceptably large. Very similar problem arises in
the application of LAM {0 superresolving signal restoration,
when, due to small SEP, the key matrix X contaitnes a large number
of similar columns. Hence, to achjesve superresclution a
constrained optimization of the dynamic range of the LAM matrix M
elements with respect to the particular data-key set 1s proposed.
The L.AM matrix M 1s datermined by a new constrained recursive
training algorithm with a set of known degradation system
input/cutput sampled vactor pairs ((fk,qk)}, k=1, 2, ..., N.
The training set represents a known data-key set. Using this
constrainad LAM matri< M, 1t 1s shown that a superresolution far
below the Rayleigh limit, even in the presence of larqe

measyrement noise, 15 attainable.
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[n section 3.2 the new constrained recursive training
algorithm for the determination of a constra:ned LAM matrix and
its application to the superresolving restoration i1s described.

In section 3.3, the superresolution results are presented. Both

10D stgnal and 20 1mage superresolution, for different level cf
norse and space-bandwidth products, are demonstrated. Also, the
results of restoration of particular test 1mages, s=such as a

triangle, a traperoid and a gaussian pulse of different width and
slope edges, are considered. Restoraticon in the presence of
considerable additive norse and different apace-banduwidth
products, 15 demonstrated. Section 3.4 pr=sents the summary and

conclusions regarding the proposed method.



5@

3.2. RECURSIVE CONSTRAINED VECTOR ASSOCIATIVE
MAFPING ALGORITHM

In the linearly degraded image restoratjon problem, Eq.

(3.1) relates the ocbject f to tithe degraded i1mage Q by a linear
degradation operator H. However, 1n the presence of noise, Eq.
{(3.1) 15 amended

g = HfF + n (3.3

where n is assumed to be uncorrelated, zero-mean, noise vector.
It can be shown (1] that a minimum least squares norm estimate of

f a1s

f = Hig (3.4)

where H' 15 the Moore-Penrose psaudo inverse (1], H* can, 1n
general, be determined by a singular-valus decomposition (SVD)
method [201. The SUD method clearly indicates that the singular
values of H, where H 1s an approximation to a discrete ILFF, as a
function of the space-banduidth preoduct (SBP), change abruptly
from approximately wunity to nearly zero. This fact 1ntroduces
numerical wnstability 1mn the determination of the i1nverse of H.
To deal with this oproblem, a number of direct or 1terative

regularired algorithms were proposed (15, 3@, &3], In general,
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these regularization algorithms tend +to attenuate those signal
camponents that correspond to the high order singular values of H
at the expense of superresclution, where precissly these high
order ei1genvalues are needed [Z1. In th:s Chapter, to obtain an
approximation to the system 1nverse degradation operator, we
propose a new constrained LAM method. The unconstrained LAM
algorithm 13 considered first, and then the new constraining
prccedure, that provides a stable system 1nverse degradation

oparator, 1s introduced.

Let a degradation system input-output set of vectors be {(f.}
and {g.}, r = |, 2,..., N, respectively. Each patr of vectors
(f..Q! can be related by a matrix M (see Eq. (3.2)). We form the
key X and the data ¥ matrices with the column-vectors {Qr} and

{f .}, respectively, as

X = [g1 ,Qz,...,m]
{3.5)
Y = [F . fo,....fy\!
From Eo. (3.4}, a matrix equation 15 obtained
y = H'X, {3.6)
If we 1dantify H* = M then
Y = Mx (3.7



where the least squares sense optimum solution for M 1s again

M o= yx*, (3.8)

To determine an approximation to the i1nverse degradation M, the
pseudo-inverse xt s regquired, A number of methods for the
determination of X% [1,2t1,22,81,56] could be employed. However,
all those psaeudo-i1nversion methods, because of 1ll-conditioning
of the X matrix for small SBP, show a numerical instability,
producing an inadequate inverse. Here, to evaluate the M matrix,
a4 recursive gradient projection algorithm, that is based on a
theorem of Greville (21,22] on pseudo-inverses of partitioned
matrices (see Kohonen [32]), 1s used. This algorithm is a trade-
of f between numerical complexity and computational speed, but it
provides a mechanism for adding constraints to the M matrix. A

brief sutline of the unconstirainad recursive algorithm (s as

follows.

Let Hr = err+ be the r vector pair LAM matrix {(by r vector
pair we mean that both the Y and X matrices contain r columns).

f_.1. Applying

The Y matri< can be partitioned as [Yr—l' ~

r

Greville's theorem {21 ,22], the Xr* can be determined as

x v o o CCIo_._.TnIrC (3.9,
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where I 1a the NeN identity matrix, T stands for transpose, and

------------- TS if denumerator is = @ (3.10a)
.l(I-Kr»'Xr_1 )gr::L
Cp =
+,T +
UL T A P
---------- T otherwise {3.10b)
RS SR ST
where !1.1! represents a quadratic vector norm. Multiplying the

partitioned matrix Y. by X.' (see Eq. (3.9)) yields

- + + _ + T
M Y Xr_] + (fr Yr_|xr_1 gr)cr (3.11)

or, equlivalently,

- T
Mo = Moy + (F. - M._y0.)C, (3.12)

r
In the case where g is linearly independent of the previous
columns of X, for ch Eg. (3.10a) applies, otherwise Eq. (3.10b)

implies M. = M (321. Therefore,6 the recursive algorithm for M.

r-1
given M. _; 1s

PrT

HP_‘ + (fr - Hr“,gr) ______ 2 far ::pr:: ~ 9

Y - P
r
M- = (3.13)
M otherwise
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where p_. 15 tha orthogonal projection of Q- to the vector
subspace spanned by the column vactors of the key matrix X, i.
e.. (@, @, ..., Q.. The orthogonal projection vector P, can
be obtained sither from a Gram-Schmidt orthogonalization (GSO),

or a modified G50 (MGSO) procedure [201. The G50 algorithm for

the orthogonal projection vectaors 1a

P = Q - ) ————--- P, (3.14)

where the bracket (. ,.) denotes the vector inner product. Similar
mechanism is also available for the MGSO0 procedure. In Eqg.
(3.14), the sum over "1" 1s taken for the nonzero !{ig,;i! only.
The 1ni1tial LAM matrix Mg can be choosen to be either a zero, or
the 1dentity matrix, or the covariance matrix obtained from the

determimistic set of degraded training vectors {g,} as

N
; T
Cgg = (1/N) E 9,0, (3.15)

1=1

When the SBP 1s small (especially when SBF < 1), tha key
matrix X, composed of the similar column vectors {g.} (degraded
images of the original aobject vectors {(f }), 1s also ill-
conditioned. For example, for an impulsive type of ob)ect vectors
{(f.} with closely spaced 1mpulses, the SVUD of X clearly shows

that the bhigh-order singular values, as a function of the SBP,
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drop abruptly +to almost zero. Thus, the racursive algorithm of
Eq. (3.13}, for amall SBP, shows numerical instability by
producing a solution for M with a very large guadratic matrix
norm {iMIl. This 1s due to the large number of nearly zero
vectors 1n the orthogonalized set (pr}. calculated by e1thear a
G50 or MGS0 (see Eq. ¢3.'47), s0 that the number of algorithmic
recursion steps (see Eg, (3.13)) 13 small. This fact suggests a
search for a new set of projection directions {9, Py, .-., By},
which may not correspond to the orthogonal directions, but could
provide a large number of recursion steps. In order to realize
this objective, the 650 process is reconsidered. GS0 performs
well when the vectors {(g.}, r = 1, ..., N, ara linearly
independant. However, when X 15 rank-deficient or 1ll-conditioned
with a large number of nearly linearly dependent vactors Q.. the
resulting set of orthogonalized gain vectors {p.} contains a
large number of zero, or nearly 2z2ero, veactors rendaring the
algorithm of Eq. (3.13) useless. For such an X matrix, in order
to carry on a procedure for searching for a new set of 'pseudo-
orthogenal’ gain vectors {p.}, the GSO process 1s modified by
introducing a variable threshold parameter P. The role of the
threshold parameter P is to point cut the terms 1n the sum of Eq.
(3.14) where 3ip, 1! < P. Those terms that satisfy this condition
are diacarded and a search for more appropriate set of the gain
vectors {p,} with respect to the quadratic matrix norm of M 1s
imitiated., The value of P 15 determined to minimizes the
quadratic matri1« norm of an appro:imate solution for M (1. e, ,

1ty first singular value)., The new set of the ‘pseudo-orthogonal’
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vectors (p.>, 1f available, provides a large number of the
recursion steps of the algorithm of Eg. (3.13). The recursive LAM
algorithm of Eq. (3.13) and (3.14), together with this
constraining procedure, 113 termed the constrained associative

memory (CAM) method.

The new set of “pseudo-orthogonal” vectors {pr} 18 chtained
as follows. Using the P parameter, the norm #épi:i in Egq. (3.14)
ts tested before 1t 15 added tp the previous set of terms, The
following decision rule is used: the iip,ii 1s compared to P, 1f
I:pll: < P than the related term 1n the sum of Eg. (3.14) is
discarded, ctherwise a division by :}plii 15 parformad and it 1s
accepted. Thus, for a given value of P, a new set of ’'pseudo-
orthogonal’ {p.} vectors is formed as the result of constrained
Gram-Schmidth orthogonalization process. To datermine the set
{p.? that minimizes (IMi1, one starts with & small 1mitaial
threshold parameter Pp. (Next, in an 1tarative locp, for
increasing values of P, new LAM matrices are generated and their
quadratic matrix norms are calculated unti! a minimum 15 reached.
The LAM matrix M with ihe smallest quadratic matrix norm 1s used
for signal reconstruction (associative recall), It 1s performed
by a simple matrix-vector multiplication of the 1nverse-
degradation CAM matri-x M and a noisy degraded signal g. Thus, for
an N recursion step 1nverse-degradation matrix My, the vector-

matri1.« product

f =MNg' (3.16:
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where g 135 a degraded noisy signal, yields an estimate for the

objemet signai f.

As an example of tha constrained 650 process, and to
1llustrate the role of the thrashold parameter P, a number of

plots are ne-t presented.

Let the ealements of an ill-conditioned 1284128 matrix X be
constructed using the 'sinc’ functions of Eq. (1.3} with the
cutoff freguency of we = H/8. The columns of this matrix are the
vectors {g.}, r = 1,2, ..., 128. For this example, let Y be an
rdentity matrix. Next on the column vectors {g.}, with a
threshold parameter P, the GSO procesas 1s performed. This yields
the set of 'pseudo-orthogonal’ vectaors {p.}. To determine the M
matri«, the recursive CAM algorithm 1s used. Next the guadratic
matrix norm of M 1s computed. With several different threshold P
values, this procedure 13 repaated unti]l the gquadratic matris
norm of M reachas 1ts minmimum. Figs. 3.1 through 3.4 present the
result of the constrained GSO process as 3D plots of a 128+128

matrix, constructed from the set of pseudo-orthogonal column

vectors {p.}, for four different values of +the threshold
parameter P. Fig. 3.1 presents the sat of {p.} vectars for P =
0.9t , equivalent to an unconstrained orthogonalization. It 15

clear that most vectors are practically of cero norm. Fig. 3.Ca7
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presents the 30 plot of a matrix with the ’'pssudo-orthogonal’
vectors {p.} as its columns, obtained with the threshold
parametar P = 8.5, while Fig. 3.2b) presants the plot of both the
quadratic vector norms of {pr} (circles) and, as a referance, the
quadratic vector norms of column vectors {Q.} (squares’. fAis it
can be observed, now the {p_.} set contains a considerable number
af nonzeroc norm vectors. In Figs., 3.3a) and b) the thrashcld
parameter P = 2 s used. For this value of P, the sat {p.?
contains an even larger number of nonzero norm vectors. Figs.
2.4a) and b present the results for the optimal threshold
paramester P = 3 (the minimum quadratic matrix norm of M), For
th:is case (see F1g. 3. 4b)) a regular distribution of the

quadratic norms of the vectors {pr} 18 ohserved.

In Figs., 3.5a) and b), two plots that 1llustrate the effeact
of the constraining procedure and the threshold parameter P on
the resulting M matria elements, are presented. In Fig. 3.5a)?,
the elements of the M matrix obtained using the {pr} vectors of
Fig. 3.3, are shown. It 15 clear that the dynam:ic range of the M
matrix elements 1s still quite large. In Fig. 3.5b), a 30 plot of
the M matrix elements, cbtained using the optimum {pr} vectors of
Fig. 3.4, 1% presented. For the low values of P, the elaments of

M are very large.
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While M 13 usually trained with known and desired signals,
however, it can also be trained to reject known, sometimes only
statistically, undesirable signals. For example 1f we wish to
reject pure noise signals, the training procedure i1s modified so
as to include also a set of known noise {n.} and desired zero
vectors {2 } (these are vectors with zero as their eclements). The
new traitning set becomes {(fk,nntgk,zn)}, ko= 1 ..., My n = M+1

N where the pairs (f, .9, ) are ILPF 1inputs and outputs, and

{n,,2,}) are noi1se and zero veciors, respectively. In this way,
the M matrix can be trained to reject noise by producing a null
output response. If we wish to reject either impulse noise, or
sinusoidal interferences, or some other signal sets suparimposed
on the set of desired and known signals, a similar procedure

could be used,
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3.3. EXPERIMENTAL RESULTS

In this section, computer simulation results for the problem
of resolving two i1mpulses, as well as to reconstruct
superresolving signal wavefaorms, from a measurad nolsy output of
ILPF, are presented. With different values for their SBP, the
measured sampled vectors are contaminated by various levels of

uniform additive noise.

First, the results for the superresoclution of two-point
objects, simulated by two 1deal impulses are presented. To cbtain
the training set, a set of two-point object sampled vectors
{fk}, k = 1.,2,...,1088, such that every sequence contains tuwo
1deal 1mpulses, 1% formed., The 1mpulses are arranged i1n such a
way so that k-th sampled vactor 1s Fy = (l,@,...,@,l,@,...,@)T.
Note, as a refereance, the first 1mpulse is always at the fairst
slot while the second 1mpulse shifts. The 1mpulse strength 1s
arbitrarily set to be urity. The data matrix Y, with 1ts column

sampled vectors (f,}, 1s

Y'[f!,fz,...,'F‘@@] (3.17)

To obtain 1the set of the training vectors (g, } every two-point

chyect sampled vector f, 1s passed through =n [LFF. From the
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ILPF responses, a set of one hundred training vectors (@} 18
formed. For convenience, the number of vectors in the training
set {g >} 1s taken to be equal to the number of slements of the
training vectars. Using this set, the columns g, form the key

matria X

X = [gy.g.....01gp! (3.18)

The order of the columns of the matri, X corresponds to the order
of the columns of the matri> ¥, The input and the ocutput vectors
are related by Egq. (3.7). As described i1in Section 3.2 (see Eqg.
(3.13)) next the constrained LAM matrix My 1s formed. The 1nitial

matrix HO 15 the noise free covariance matrix {(see Eq. (3,17)),

As an example, 1n Fig. 3.8a), the first twenty singular
values of the matrix HN, after the first (teration step with P =
3.2, are presented. The rest of singular values are nearly zero.
It 15 clear that tha quadratic matrix norm of My (1. e., the
first singular value 61) is a large number. Fi1g. 3.6b) presants
the first twenty singular values of the CAM matrix My- Cemparing
Fig. 3.6a) to Fi1g. 3.6b), since 6 My has decreased, the dynamic
range of the constrained CAM matrix HN alaments must also
decrease. Fig. 3.7 presents the plot of LiMyii o as a function of
the threshold parametar P. It 1s clear that, for this particular
key matri1- structure, the quadratic matrix norm 1iMy!i shows a
minimum for P about tuwo. The search for the optimum threshold

parameter P has been 1nitiated at Fp = 0.2 and then 1t has heen
%)
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increasing with the 1ncrements of P = @.2 unti]l the minimum of
1itMyii 18 reached. In order to ensure that a minimum has been
found, because the quadratic norm of My ts mostly a monotonically
decreasing function of P <(see Fig. 3.7), 1t was sufficient to
proceed with only two 1teration steps past the minimum. Fi1g. 3.8,
presents the result of a signal restoration using the CAM matrix

My whose singular values are shown i1n Fig. 3.6b).

In Fig. 3.9a) and b), the results of superresclving of two
impulses from noirsy measured sampled vectors, with SBP of 0,15
and two different levels of additive noise, SNR of 19db and 13db,
respectively, are presented. While there is some discrepancy 1in
the strength of the 1mpulses, they clearly 1llustrate the noise
resistant behavior of the CAM 1nverse filter, In Fig. 3.9c), the
result of superresolving restoration of two impulses with SBP of
@.3 and GSNR of 7db 1s presented. Thias result demonstrates the

exceptional robustness of the CAM 1nverse filter,

Two dimensicral 1mages (D) can be reduced to a long |0
si1grnal by concatenating the rows of a 2D 1mage [(2). As an
e~ample. a I16+1b two-point object i1mage 1s formed. The two ideal
impulses are distributed in such a8 way that the first i1mpulse 15
lept at 3 fixed while the second cne assumes all possible 256

positions, These (56 different i1mages represent the training set

of the two-point It object furctions (F)-. To obtain o set of
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degradad 1images {Qk)' the fk's are passed through a 20 ILPF. In
Fig. 3.18, some samples of the training, degraded, imapges {g,?
are presented. To form the 20 constrained LAM matrix, the
previous 10 analysis 1s followed. Irn Fig. 2.1!, +the result of
superresolving restoration of a noisy degraded image with SNR of
-bdb and SBP of @.5 15 presented. As 1{ can be observed, the

result of superresolving resoclution of a 20 image, even in the

presance of high level]l of additive noise, 15 very good.

In addition to restoring 1mpulses, the constrained LAM
matrix technique can be used to reconstruct superresolving signal
waveforms. In the next examples, a setl of three different types
of sampled waveforms, a triangle with different slope edges, a
trapezoid, and a gaussian pulse of different width {(see Fag.
F.12) 18 used. The input training seat {(Fa),(fz),(fg),(fn>} now
consists of triangles Y, = (fa}, trapezoids Y2 = {fz). gaussian
pulses Y5 = {fg}, with different slope edges and different width,
and a set of zero vectors Yy = (zn}. with 32 sampled vectors each
subset. Corresponding to the set of zero vectors {(z,}, the {n,}
15 a set of pure noise vectors, Noise sampled vectors {nn} and
their countarparts, the zero vectors (zn), arsa 1ntroduced 1nto
the training set to provige the noise rejection property for the
LAM matri- by forcing to produce a null as 1ts ocutput response
to no1se. Each data sampled vactor consists of 128 elements., This

set 1s used Lto form the data matri. Y
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Y = [YI,Y‘?,Y3.Y‘] (3.19)

The set of output training vectors {(Da)-(°~)»(°g)-‘9n)} (X, =
{ga), XKa = {gz}, X3 = {ng}, X4 = {nn}) 1s obtained from the
response of ILPF to the i1nput training set {(fa),(fz),(fg)} (see

Fig. 3.12})., T7The output training vectors form the ey matrix X

X = [Xl,KZ,K3,X4] {3.20)

The 1nput and the output training sampled vectors ars related hy
the matrix Eq. (3.7) which, 1n this case, 13 a 12B8#128B square

matrix.

The restoration of the original sampled waveform |is
performed multiplying a noisy degraded sampled waveform, as 1n
Fig. 3.13a}) ¢) and e}, by ”128' The results of restoration are
presented 1n Fig. 3.13b) d) and f). In the presented examples,
the restoration has bean performed 1n the presence of the same
level of additive noise and different SBP for every particular
type of waveferms, In Fig. 3.13b) the result of superresoclving
restoration of a degraded, noisy, triangle, with SBP of 8.03 and
SNR of -3db 1s opresented. The Fig. 3.13b) shows, that for heavy
degradation (SBP of @.03) and GSNR of -3db, the result of
restoration s very good. In Fig. 3.13d7 the result of
restoration of a4 ncisy, degraded trapezoid, for SBP of B.15 and

SNR 2f 8db 15 presented. i can be observed that the edges and
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the corners of the trapezoid are well reconstructed. Finally, in
Fig. 3.13f), the rasults of superresclving restoration of a

gaussian pulse, for SBP of 2.@8 and SNR of 2db 15 pressnted.
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Fig. 3.13a) WNoisy degreded triangla from Fig. Ta),
MR = -3 db, SBF = D.3: b) the result of restoration of
sipnhal 1n a): c) nolsy degraded traperoid from Fig. ?¢),
SHR = S5db, SBP = 0.1S; d) the result of reatoration of
sigrnal in ¢t o> noisy depraded poussian pulee from Fig.
Ta), SR = 24b, SBF ~- 0.08: ) the result of rastorstion
of signal 1n w).
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3.4. SUMMARY AND CONCLUSION

In this Chapter, a new approach for superresaclving signal
and 1mage restoration has been proposed. At the e-.pense of
Iimiting the set of reconstructable signals, an eaxceptionaly
robust inverse filter has been obtained. The filter 15 based on
the principle of the content-addressable memory. A practical
realisation of this memory was performed by employing the LAM
technique. Teo determine a superresolving system degradation
inverse, a new constrained, CAM, training algorithm has bean
introduced. The i1nverse filter was tested on different sets of 10
and 10 degraded signals with different levels of degradation and
in the presense of very significant noise, The tD and 20 noisy
degraded two-point sources have been resolved for SBP far below
unity. It has heen showwn that tthe proposased inversse filter
resttnres msgualy well both 1mpulsive and edge-type 1mages. The
presented method limits the set of applicable signals to a known
training set. However, the set of desirable signals can be
ertended by 1i1ntroducing several CAM parallel inverse filiers,
trained to a particular set of signals. Once calculated, for a
given sat of training signals, the entries of the LAM matr:is M
could te stored 1nto a set of high~density read-only memory (ROM)
chips for further use. With a Ffast optical andfor electronics
vector processor (it 1s necessary to perfoarm only  one matei.-

vertar multiplication: the CAM tnverse  filter 185 easily
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hardware-realizable. This suggests 1ts wse 1n a real-time

environment .
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4. A GENERAL ONE STEP INVERSE FILTER FOR LINEARLY DEGRADED
SIGNAL RESTORATION USING THE CAM METHOD )

4.1, INTROOUCTION

A linear degradation, blurring or smoothing, 1s an operator
that 1s modeled, in the case of a linear shift invariant (LSI])
system, by a convolution process., Thus, the problem of recovering
a signal from 1ts degraded image is usually referred to as a
deconvolution problem. Some examples of the LSl convolution
operators are the point-spread function of an optical system
(321, the reflection impulse rasponse of the leayered earth in
seismic applications [471, or the impulse response of a channel,
or a magnetic recording medium [471, which broadens and blurs the
desired message (thes intersymbol interference). A linear shift
variant {LSV) system is modeled by the superposition process. An
example of a LSV blurring ts recording of gamma-ray spectra where

the amount of blurring depends on the &nergy (591.

An appropriate pgeneral linear discrete model of the problem

considered here 1s the superposition sum

-
g(n)=§ FCkohin, k), no= @, +1, 2, ... (4.1)
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whare f{k) 13 the object asequence, hi(n k) is the degradation
kernel, and gi{n}) is the degraded image saquence. The Eg. (4,1)

can be written in matrix form as

9inf = Hinffing (4.2)

whare H 15 an infinita dimensional matrix degradation

inf
operator, and f1nf= Q,nf are infimite object and degraded vectors
respectively. The exact form of the degradation cparator Hint

depends on a number of factors. For example, in the case of an

LSI ideal low-pass degradation, the elements of H ,; are [(29]

sln(uc(n-k))
{h k} B o —em— - , nk = @, +1, %2, (4.3)

where w,_. 18 the filter cutoff freguency.

c

In the case of a LSV system, the degradation matrix operator
Hing 10 Eq. (4.2) corresponds to the two~dimensicnal array with

the elements {h(n k}} from Eq.(4.1).

[f the discrete signal f(n) corresponding to the vector finf
of Eg. {(4.2) 1s of compact support, with less then N nonzero

sampies, the (1nfinite dimensional discrete model of Eq. (4.2) can
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be converted 1into a tractable finite dimensional model by a

spatial truncation so as to obtain

g = Hf (4.4)

The H 1s now 1n general an MeN degradation matrix, and the
infinite object vectors ’1nf and Q,,f Aare reduced to the
appropriate si1zes so that the discrete finite model of Eq. (4.4)

1s satisfied.

If the matrix degradation operator H has a stable inverse it
1s possible to recover the desired signal f from the observed
signal g. However, 1n practice, the degradation operator H is
usually either rank deficient or ill-conditioned. The ill-
conditionad nature of H is determined by the condition number, i.
e., the ratio of the maximum to the minimum singular value of H.
A large condition numbar, which 15 the measure of the relative
normed distance from H to the set of singular matrices ({251,
indicates an tll-conditioned H. Therefore, if the linear aystem
of Eq. (4.4} 18 i1nconsistent, due to ei1ther the presence of
slight measurement noise, or {to the imprecise model of tha 1ll-
conditioned degradation operator H, during the i1nversion proces
this inconsistency 1% greatly emphasized, producing an

unsatisfactory solution for .
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In the previous Chapter (see also Ref. [BE, 14)), with the
CAM method, and a known training set of the dagradation
tnput/output signals, an inverse filter has been produced
applicable to a degraded signal from the same training set with
some additicnal distortion, measurement error or noise, It has
beern shown that this bind of inverse filter performs well on both
tmpulsive or edge type of signals, depending on the training sat.
In this Chapter, using the CAM method and a special sat of
training input/output signals a new robust inverse filter,
particularly suited for impulsive type of signals and i1mages, is
ocbtained. This general inverss impulsive type filter does not
depend on a particular training set of signals. Thus the inherent
limit tn the application of the CAM method, &s to the number and
the position of the i1mpulses to be recovered, 15 removed. The new
technique permits the recovery, even in the presence of strong
noise, of arbitrary number of impulses degraded by a linear
degradation operator. [n order to produce such a genearal inverse
filter, 1n the next section, & method is presented to determine
the neceassary degradation opearator input/output training set of

si1gnals appropriate to the CAM mathod.

This Chapter 1=x organised as follows: Inm section 4.2., the
concept of an 1deal LSI and LSV discrete inverse degradation
cperators as a CAM matri~, 1s presented. A general degradation H
input/output training signal set 15 determined. Also, a method

for 20 image reconstruction using (D i1nverse degradation
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operator, is described. In section 4.3., the results for the
recovary of some noisy, depgraded, impulsive-type signals, are
presented. Both 10 signal and 2D image superresolving
restoration, for different level of noise, space-bandwidth
products, and degradation operators are demonstrated. In sectiion

4.4, the summary and conclusions are presented.



83

4.7. A DIRECT CAM SUPERRESOLVING INVERSE FILTER

In general, a linear associative memory [32]) relates in
optimal way, 1n the sence of least sgquares, two vectors f. and g
from the set of vector parrs {(f. g}, r =1, 2, ..., N, by a

matri1= equation

F = MG (4.5)

where F and &6 are the matrices with the column vectors (f.} and
{gp.}, respectively. The task of the CAM method is to solve the
matrix Eq. (4.5} for M, in the case when the G matrix is either
rank-deficiant or 1ll-conditioned. In thia section, the problem
of determining the i1nvarse degradation operator H (see Eq. (4.4))
is formulated 1n a form of Eq. (4.%) appropriatie to apply next
the CAM method. The LSI and LSV, 1D, as well as the 20 separable

(S@), linear degradation systems are considered.

For a compact support object segquence f{n)

fin), n =1, ..,, N
fin! = (4.8)
0, otherwlise

the discrete model of & LS] system 1s
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gin) -EE;f{k)h(n—ki. (4.7)
k=

The estimate fir) sequence can be approximated as

fen) = E yimligin-m) (4.8

=1

where yim) represents an unknown inverse filter impulse response
sequence. Substituting gin) of Eq. (4.7) into Egq. (4.8) and

interchanging the corder of summation, we have

Finy -i?(k)iy(n)h(n—k—n). (4.9)

k=1 m=

Let

N
aln-k) -: y{m)hi{n—k-m}, (4.10)
n-

?(M-E fiklaln-k). (4.12)

It 15 clear that 1f atn) = B6(n), where b(n) 1s the unit-sample

Eo. (4.9} becomes

i A
sequence, then fin) = fin), 1. e. f(n) perfectly approximates

fin). Therefore, the desirable Form of Eg. (4.1@) 15

Bin) = E R{miytn-m} (4.13)
m‘
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or, in matrix form,

6, = Hlh, (4.14)

where HI 15 the 1deal inverse-degradation matrix operator with
the elements {y(n-kJ)}, n,k =1, ..., N, By 15 the unit-sample
column vector with the unity as the first element and h; 1s the
degradation system wunit-sample response {(point-spread) column
vector. Introducing now a matrix shift operator S, Ml and s

commute [25] assuming HI 1s an tSI operator, we have
6y = 6, = SHIn, = Hlsh, = nulh,
k=16, = 6, = sk~'Hlh, = ulsk-1p, o nln, (4.15)
N1, = 6y = sNIHIh, = WIsN“Ih = nin,

where Sk, 1. e, sk = §5...5% k-times, denotes the kth order

shift. In matrix form, Eq. (4.15) is
(6, &5, ..., &1 = Hlth,, hy, ..., hyl. (4.16)
If F and H are
F‘[6|,62,...,8N], (4_17a}

H o= (hy, hy, ..., hy! (4.17b)

where H corresponds to the version of a LS] dagradation operator

of Eq. (4.4, tben Eq. (4,.16) becomes
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F = Hln, (4.18)

For a rank-gdafficiant or 1ll-conditioned H, the inverse-
degradation HI 1s the pseydo~-inverse, 1. &, HI = HY 111, In that
case ., the product MY will approximate, in a least squares sensa,
the 1dentity matria [1]. However, Eg. (4.18}) 1s general 1n the
sense that {o approximate the (nverse HI it is possible to relax
the identity matrix requirement on F. It is clear that if aln) is
a 'sinc' sequence (see Eq. (4.3)) whose cutoff freguency We i3

greater then the cutoff fraguency of H, the astimate #(n) will

well approximate fin) with arbitrary resclution. As w_ approachas

c
JT, the ain) will approach a unii-sample sequance, and F beacomes
an identity matrix. For example, i1f the H approx:imates an ILPF,
1. &. the columns of H are shifted vers:ion of a 'sinc' sequence
with cutoff frequency w_, while the F matrix is an approximation
to another ILPF with the cutoff frequency w.' > w,, the resulting
invarse gperator HI 18 expected to recover the high fraguency
components of an object signal § approximately up to the

frequency w Eq. (4.18) 1s in the same form as Eq. (4.5),

c -
appropriate for the application of the CAM method for the

determination of the approximate solution for Hi,

For a LSV system, the linear degradation i1s the sampled

superposition  sum given 1n Eq. t4.%7r, Here | the matrg-
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degradation operator H 1s a truncated 2D array {h(n,m)}, whera

nm=1,2, ..., N, The object sequence astimate is
finy = yin k)gik) (4.19)
k=]
where the 20 array A{y(n k}}, where n,k =1 2. ..., N, reprents

the 1nverse LSV filter coafficients. Substituting the truncated
gin) from Eq. (4.t} 1nto Eg. (4.19) and interchanging the order

of summation yields

fin) = E fcmE yin koh(k ,m), (4.20)

m= ]
Letting
N
aln m) = E yin,k)h(k ,m), (4,21
it 1s clear that 1f atn,m) = Hin-m), n.m=1,2, ..., N, fin)

will perfectly approximate the or:iginal seagquence fin).

Next, we form the matrices F, HI, and H as

F =d{atn,m)y, nm=1_2 ..., N (4.22)
HI = {ytn m}, n,m =1, 2, Y (4.23)
H o= (hik mi}, k,m=1, 2, ..., N (4.24)
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Egq. (4.21) now 1n matrix form is

F = HIH, (4,25)

Again, 1f a(n,m) = B{n-m) then F 1s an 1dentity matrix and H! 1s
an 1deal 1nverse-degradation matrix. Since Eg. (25} is of the
same form as Eq. (4.18), to determine the LSV aystem 1nversa-
degradation matrix HI, the same procedure as for an LSI system

applies.

c. Iwo-dimensional seoarable linear system

In the 2-D case, a separable LSI degradation operator is
considered. Hence, the degraded image matrix G, object imapge
matrix F, and the separable LSI degradation operator matrix H,

are relatad as [50]

6 = HFHT. (4.26)

If the HI 1s an inverse-degradation operator, muitiplying both

sides of Eg. (4.26) from the left and right by HI and (HI)T,

respectively, we have

HigHIHT = (HIMF(HIHOT, (4.27)



g9

The right-hand side of Eg. (4.27) represents the object image F

estimate.

The form of matrix equations (4,18} and (4.25) are now
appropriate for the application of the CAM mathod to determine
HI. In the next section, some specific examples of LSI and LSV

degragation operators are sonsidered.
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4.3, EXPERIMENTAL RESULTS

In this section, firstly computer simulation results for the
problem of deconvolving f{(reconstructing) of 1D (20) signals
{images) from ncisy outputs of an LSI low-pass degradation
operator, are considered. Secondly, computer simulation results
for the problem of eliminating LSV blur, caused by a gaussian
pulse of space~-dependent width (standard deviation)}, are

presented,

Using a truncated ILPF {(see Eq. (4.2) through (4.4)) with
the cutoff fraquency of We * /16, an LSI low-pass degradation
operator H 1s obtained., The columns of the H matrix form the
vectors {h.} that correspond to the vectors {g.} in Eg. (3.13).
The {fr} column vectors are formed in two different ways
resulting 1n two experiments. The first axperiment 13 with {f_}
formed exactly as the columns of the abaove degradation cperator
matrix H, but with a much higher cutoff freguency Wwe = /74, For
this example, the CAM algorithm 18 expacted to produce an
inverse-degradation matrix operator M, (see Eq. (3.13)), that
will recover a degraded sequence lost radian fregquency components
of up te TM/4., In Fi1g. 4.1a), an ochbhject sequence with five
impulses and the result of degradation by the LS1 degradaticn
cperator H with w_ = TI/16, 1s presented. Fig. 4.1b) presents the

same degradation operator H output with an additive noise with a

s1gnal-to-noise ratioc (SNR) of 8.72 db  (decibels), This nolsy
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signal is multiplied by the inverse-degradation matrix My to
produce the object signal estimate shown in Fig. 4.1c). It is
ohvious that all five spikes are resolved, with the missing
freguency components recovered approximataly up to TI/4, In the
second example while using the same LSI matrix degradatiaon
operator H, F 1s an 1dentity matri- (see Eq. (4.5)), Using the
CAM method a new 1nverse-degradation matria HZ is obtained. M- 1s
expected to completely recover the missing high freguency
components, In Fig. 4.id), the result of multiplicatiaon of this
Hz by the noisy signal {(vector) of Fig. 4.1b) 15 presented. It 1s
clear that 1n spite of the presence of large noise all tha
impulses are recovered. In Figs. 4.Za}) to d), the result of
restoration of four degraded 1mpulses wusing the previcusly
calculated two i1nverse degradaticn operators M| and M> are shouwn.
This example 1ndicates that both My and M> are general inverse-

degradation filters,

In Figs. 4.3 and 4.4, the results of restoration of a 2D
impulsive image are presented. The object F matrix (see Eq.
(4.26)) 1s formed as an 128¢12B array with three impulses, at the
space sample coordinates (B@,64), (64 G4), (64,48). In Fig.
4.3a), the 128+178 image G, degraded using the H degradation
operator {(separable and symmetric’® as 1n 1D e<amples with the
cutoff Ffrequency W o= TM/16, 18 presented. The 1i1nverse-

degradation M matri» 1s formed using the usual procedure of the

CAM method as with 1) eramples. Fig. 4.7b) presents the result of



92

restoration of noise-free 6 of Fig. 4.3a). Fig. 4.4a) presents
the degraded image 6 of Fig. 4.3a) with the additive noise with
the SNR of -2.58db. Fig. 4.4b) presents the result of restoration
of noisy @ of Fig. 4.4a) with the same i1nverse-degradation matrix
M. It 1s clear that in spite of a large noise the result of

restoration 1s very good.

In many applications the Llinear degradation operator H 1s
not shift invariant one, 1. &, the full, two-dimensional array 1in
Eq. (4.1) must be known. 0Of course, the two-dimensional array 1in
Eq. (4.1) must be truncated to obtain a tractable LSV operator
approximation. As a test for the newly proposed signal
reconstruction method, we use here the model of LSV degradation

operator appropriate for gamma-ray spectra blurring [53]

hin,m) = expl-({n-m}/6{m))2] (4.28)
with

6{m) = 4, + (m-253/30. (4.29)

The LSV degradation operator H ts formed using Eg. (4.28)
and (4.29). With this H and an 1denti1iy matrix as the F matric< 1n
Eg. (4.25), using the CAM method of Chapter 3., with P = 7.5, the
inverse-degradation matrix M has been cbtained. This matric M 1s

used next for 10 signal deblurring.
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In Fi1g. S5.5%a) a sequence with uniformly spaced saven
impulses {(positioned at 32, 42, 52, ...,92), as wall as noise-
free result of 1ts blurring by LSV degradation operator H, are
presented. In Fi1g. 5.5b) the blurred output signal of Fig S5.5a)
with additive noise, such that the SNR 15 of 19,43db, 1s
presented. In Fig. 5.5¢ the result of restoration
(multiplication of the signal in Fig. 5.%b) by the M matrisx) 1s
presented. It can be aobserved that the impulse are not exactly of
the same hight, and some artifact positive and negative spikes
appeare 1n the entire region of support. However, considering the
high level of noise, the result of reconstruction 13 quite

satisfactory.
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4.4. SUMMARY AND CONCLUSIONS

In the previous Chapter {(see alsc Ref. (14)) 1t was shown
that a degradation system 1nput-output set of signals can bhe
utilized as a "trainming” s=set of vectors to create an inverse
system degradation operator 1n a form of a CAM matrix. By
limiting the set of reconstructible s:ignals to the class of
signals belonging tc the "training" set, an e.cepticonally robust
superresclving 1nverse filter was obtained. In this Chapter,
based on the CAM meihod, the problem of determination of pure
inverse of a discrete linear degradation system is addressed.
Using an appropriate training set of signals related 1dealy by a
perfect system degradation inverse, the design of a general, one
step, 1mpulsive type inverse filter, 1n a form of a simple twe
dimensional array of coefficients, has been performed. Three
differant linear discrete-time {(space) degradatinn system models
have been consi1dered: an LSI 10 aystem, modeled by the
convolytion process;  an LS] separable 20 model, appropriate for
restoration of 2D i1magesy and an LSV 10 model. For both LSI and
LSV discrete degradation systems an 1nverse degradation system
matri~ has ben computed using the CAM methcd. The performances
and superresgolving propartias of thase 1nverse degrasdation
matrices have heern tasted o0 se.veral 10 and 20 numerical
e~amples. Since, wusing the approach adopted hare, the linearly
degraded signal recovery requires anly a single matri~-vector
multiplication, this method 15 suitable for an optical or

electronics real-time hardware 1mplemerntation,
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S. LINEARLY DEGRADED SIGNAL RECONSTRUCTION USING
A CONSTRAINED WEIGHTED LEAST-SQUARES ESTIMATE

5.1. INTRODUCTION

In many optical applications, the finite aperture of an
optical system and measurement error, or noise, lead to a signal
degradation. A non-i1deal optical system, genarally exhibiting
low-pass filter characteristics, is usually modeled by a linear
shift-invariant (LSI) frequency band-limiting operator. To
recover an original signal from 1ts filtered image a system
degradation operator i1nversion 13 required. However, because of
1ll-conditioning of this operator, the smallast measurement error
or noise tn the system cutputl may cause large fluctuations i1n the
input si1gnal estimate. Hence, the recovery of a linearly degraded

aignal is a nontrivial signal processing task.

It 15 well known +that for a finita support, continuous
space-degendent function Ffix), 1ts Fourier spectrum is an entire
function, and therafore, 1t can be analytically continued {(using
a Taylor series exparsion) beyond 1ts cutcff frequercy. In
practice, however, because of the noise-sensitive avaluation of
derivatives, this method is not very useful. An alternative
method, that 1s based on a series espansion of a Prolate

Spheroidal Wave (6@, 611 set of basis functions, 1s also noise-



sensitiva. To cope with +this problem, several other linear
deconvolution methods have been developed. Thus, when the
measurement noise 15 rnegligible and for a moderate degradation, a
direct spatial freguency domain degradation inversion is possible

(1S, 3@]1. Howaver, recently developed iterative procedures allow

the control of spurious fluctuations by 1interacting with the
evolving solution. The 1mproved performance, and a degree aof
norse immunity of these new techniques have revived the 1nterest
in this problem., Both Rushforth [(54) and Gerschberg (191
considered the restoration of optical image details degraded by
the diffraction effects of a finite aperture optical system.
Papoultis [48) described tha extrapolation and spectral estimation
problem from & Fourier analysis point of view while Youla [72]
described it as alternating orthogonal projections onto a convex
set. Stark et al, (62! employed Youla's theorstical results to
generate image restoration procedures based on two orthogonal
projections. While the above iterative methods yield an sxact
noi1seless estimate, when noisy sampled data are ussd, the
invaersion of the degradation process i1s highly unstable. On the
other hand, for the algorithms that employ a discrete Fourier

transform (DFT), 1mplicit windowing of the data and Llimited

rnumbear of samples degrade the frequency resclution,

To cope with hoth the noise and the 1ll-conditioned nature
of the degradation operator, ccnstrained i1terative restoration

methods were nproposed. Frequantly applted constraints are cobject
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signal smoothness, positivity, and finite spatial eaxtent. For
example, Howard [27] developed a method of continuing the Fourier
spectra by minimizing the sum of the square of the negative
values of the estimate, In Ref. (73}, a least-squares
reconstruction of spatially limited nolseless object signals,
using both smoothness and non~negativity constraints, was
presented, Stark et al. [B4), 1n the absence of measurement error
or noise, described a nonlinear alternating projections onto
closed convex set method (asee Ref, {72])), that also uses a non-
negativity constraint. Schafer et al. [59) showsd that a
fregquency~-limiting distortion can be modeled hy a general
functional equation that 1is applicable to many signal
reconstruction problems., Sanz & Huang [58]1 presented a unified
Hilbert space approach to a number of iterative least-squares
signal rastoration algorithms, wusing a genaral functional
equation and different regularizing operators that substantially
improve, 1n the absenca of noise, the performance of some of the

clas<sical algorithms,

In addition tc object signal constraints, discrete
constrained i1terative methods alsc employ ragularization
technigues that 1mpose constraints on ei1ther the singular values
(5Us} of the system degradation operator or the object signal
e1genfunctions, For example, Rushforth B Frost [52] considered an
ei1genvalue~smpoothing procedure that retrieves only those

estimated signal eigenfunctions that are significant for signal
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restoration, 1. e., it eliminates those higher-order
migenfunctions that are substantially contaminated by noise. In
addition to that, at each iteration step, the range of the
bandlimiting operator was extendead by a frequency 1ncrement.
Although 1t improves the Gerchbarg algorithm [19]), the proper
choice of the 1teration step freguency increment remains an open
guestion, In Rushforth et al, [53], 1n a s=similar approach, a
regularizing parameter that operates on the SUs and singular
vectors was introduced. UWhile +t{his, basically pnoniterative
method, provided some noise immunity, 1t showed 1nadequate
restoration 1n the prasence of strong noise. In Barakat & Newsam
(81, in the presence of moderate noise, the problem of
extrapolation of bandlimited signals was treated using a filtered
SV decomposttion. In Mammone & Rothacker [41], while imposing
some additional constraints on the object estimate, the Youla's
gen&ral method of altarnating orthogonal projections onto convex
set was viewed as a discrete system degradation matrix eigenvalue
and eigenvector filterting. In Reaf. [39], & linear programming
method to recover a diffraction limited image or to restore the
Fourier spectra was presented. This methcd, particularly suitable
for sparse 1mages, used the simplax constrained optimization
algorithm. In Ref. (14], by limiting the set of reconstructable
signals ard using a constrained aszociative memery, a robust one-

step invarse filter was obtained.
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In this Chapter, a new iterative method of discrate-space
signal restoration tn the presenca of appreciable noise, is
proposed. The weighted least-sguares (WLS) and best linear
unbilased estimate (BLUE) algorithms 1{44) are considerad from a
potnt of wview of dasigning a surtable symmetric weighting matrix
W that performs an implicit SV filtering of a system degradation
operator without disturbing the system consistency. A new linear
syatem degradation matrix SV filtering scheme, that compensates
for 1ll-conditionitng of the system degradation, is incorporated
into this new WLS algorithm weighting matrix. Two different
signal restoration cases, in the presence of appreciable noise,
are considerad. First, when both the ohject signal vector and the
nolLse or measurement error are unknown, the problem is
nonstatistical and a minimum norm least-squares estimate 1is
sought. The restoration 13 performed using tha WLS algorithm,
Second, in a statistical case, with an assumed noise statistics,
the BLUE algorithm that minimizes the noise variance 1is employed.
Hare the new weighting matrix 15 used 1n combination with the
noise covariance matrix to form a weighted BLUE (WBLUE)
algorithm, To enable imposition of a priocri known object signal
constraints, a recursive computation of the WLS estimate and
WBLUE 15 employed. Since the WBLUE algorithm reduces in form to
the WLE algorithm the 1dentical recursive computation of  the
estimate can be utilized for both of them, This recursive WLS
algorithm serves as a kernel of the new constrained i1teralive

methed. Also, to eliminate the system 1nconsistancy due to
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measurement error or noise, & preprocessing of the systiam

degradation model 1s introduced.

The Chapter 1s organized as follows. In section 5.2, the
problem of linearly degraded signal restoration 1s formulated and
the form of the discrete system degradation matri~ 15 1ndicated.
Using a 5V decomposition, the ill-conditioned nature of this
matria 1s polinted out. In section 5.3, the relationship between
the system degradation matrix SV filtering and the WLS and WBLUE
algorithms 13 eastablished. Based on a desired system degradaticon
matri1x 5V filtering, the new weighting matria W 15 derived. Both
the WLS and WBLUE algorithms are presented in the same format, so
that the same recursive object astimate computation could be
performed. In section 5.4, after presenting details of the
recursive algorithm, a new constrained i1terative method 15
presented. In sectiomn 5.5, the application of this algoerithm for
the raconstruction of linearly degraded bimary sigrnals 1n the
presence of strong noise 1s considered. Using ncisy degraded
objJect signals and a non-negativity constraint, an object signal
estimate 185 evaluated. The imposition of some other constraints
1s alse discussed. Superresolving restoration with different
£.€ the

level of additive noise 15 demansirated, In zoztion

summary and conclusions are presented.
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©.2. A LINEAR DISCRETE-SPACE SYSTEM DEGRADATION MODEL

A linear discrete-space system degradation model used here
is established by the Eg. (4.1) through (4.4) of chapter 4. An
alternative appro<imative representation of the degradation
matrix H can be obtained by evaluating in the frequency domain
the 1nverse discrete Fourier transform (IDFT) of the discrete
pariodic representation of the ILPF, This IDFT yields a periodic
ILPF impulse response segueance which may be used to form a
circulant matrix H. It can be shown (53] that the elements of the

circulant H are

hp om = CV/NHainETT(m-n ) 2M+1 X/ N/ sin{ TT{m=-n)/N)} (5.1)

where N 1s the number of IR sequence samples, and M is the
discrete ILPF cutoff-frequency. If N is sufficiently large,
either the truncated or the circulant H matrix can be expected to

be a good approximatiaon to Hlnf‘

The H matrix SUD defined by Eg. ¢(1.18) through (1.20) can

also be formulated as (see Eq. (1.211))

H = ULyt (5.2)
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where U and V are unitary matrices with the orthogonal
eigenvectors u, and vy as their columns, respectively, and L is a

diagonal matrix with the H matrix SUs as its elements, i. e.,

L = diaglb;, 65, ..., By) . (5.3

The SUs are bounded on the open interval (@,1) with a sharp
transition between those close to unity and those close to zaro.
This SV behavior corresponds to the ILPF transfer function
bandwidth W, = (ZM + 1}ITI/N where M defines 1ts discrete cutoff-
frequency. The number of SVUs close to unity s approximately
equal to 2Z2M + 1. To see this effect, consider a circulant H, The
HTH circulant matrix {25), wusing a DFT matrix F and 1ts inverse

F_l, can be diagonalized as

D = FHTHF™! (5.4)

where the diagonal matrix D 1s

0 = dlﬁQ(p@,... v BpMa Q@,..., qN"EM' DH+‘, ey pz") (5.%?

with 2M + 1 apgroximately wunity, p,, ..., poy, elements
corresponding to the filter pass-band, and N-(2M+1} close to
zero, Qg, ..., Qy-2Mq ¢clements, corresponding to 1ts stop-band.
This behavior of the SUs 1s not limited to an ILPF. Any low-pass,

ei1ther circulant or non-circulant, matri1x degradation cperator
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with the transfer function that closely approximates an JLPF

transfer function, will show a similar SV behavior.

A system degradation matrix H condition number [20] c(H) is

defined as

ctHY = =------- (5.6}

where 6, and 6y are the largest and smallest SVUs of H,
respectively. In general, c{(H) is & measure of diatance of the H
matrix from the space of the singular matrices. A large condition
numbér indicates the degree of 1ll-conditioning of H., By using an
appropriate SV filtering, the condition number can be decreased.
This precenditioning stap is also desirable Ffor the numerical
stabilization of the determination of the H™'. In the next
section, when designing a weighting matrix, wa show how an
appropriate SV filter can be incorporated into the WLS and WBLUE

signal recovery algorithms,
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5.3. SYSTEM DEGRADATION MATRIX SINGULAR VALUE FILTERING
VIA LEAST-SQUARES ALGORITHM WEIGHTING MATRIX

In the previcus section, a model for an i1deal noisaless low-
pass degradaton system has been established. However, in the

presence of additive noise, Eq. (4.4) 15

g = Hf + n (5.7)

where n 1s an unknown errar or nolse vector. If both the object f
and neise n vectors are unknown, the problem is deterministic,
and it can be solved using a WLS mathod. This mathod yields the

mirnimum norm estimate of f, among those which minimize the error

tig - HF112, (5.8)

The WLS estimate s [44]

fils * (HTweH)*HTwZg (5.9)

where w? is a symmetric positive definite weighting matrix and +
stands for the pseudoinverse., In general, there 15 no specific
rule how to form the matrix WZ. In the following, 1t will be
shown that a We matrix can be formed so as a desired SV filtering
15 performed that improves the condition number of H. This
improvement leads to a numerical stabilization of the i1nversion
process and alsc to an 1mproved convergence rate of a recursive

WLS estimation algorithe.
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The SVUs of the jll-conditioned H can be saparated into p and
q sets (sse Eq. ({5.5)); the former are "close” to unity while the
latter are "close” to zero. By an appropriats manipulation of the
tuo sets of the SVs, for mxample, by dacreasing the magnitude of
the average difference between the two SY sets, the condition
number c{H) can be 1i1mproved. Furthermore, by decreasing, for
example, the stop-band attenuation of the H (1ncreasing the
magnitute of the lower-index SVUs), and using this modified H in a
recursive procedure to estimate the ocbject signal, anhances the
high-frequency components of the estimated signal, leading to an
improved convergence rate. An appropriate SV filter 1s a step

functicn that modifies the SUs as

. L6, , when 6, 1n the p set
B = far k = B, 1, ..., N-1 (5,10}
96, , when 6, 1n the q aset

where <A, and [ and A4 are heuristically chosen constants. The
o parameter decreases the “unity® SUs while the A parameter

"

increases the "zero” SVUs of H, The effect of this SU filter is to
decrease the effective c{H) i1mproving bhoth the stability and

cenvergence rate of a recurstve raconstruction algorithm that

will he presented in the neat section.
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In general, to find an appropriate W matrix, first a

diagonal matrix X

X’dxag[xo, KI,...,XN_Ill {5.t1)

15 formed such that the new diagonal L' matrix

L' = XL (5.12)

represents the desired firitered ©SVs. For a symmetric weighting

matrix W, using Egq. (5.2}, Eq. (5.9) can be written as

f = ewoLy T TewovT) 1t cwoev T Tug. (5.13)

wls

If the choice for the weighting matrix W 1s such that

woLyT = uxeyT (5.14)
than

f = reuxevHTeuxeu 1t ouxeuT ) Tug., (5.15)

wls

[t 15 clear that the W must satisfy

Wy = UX (5.16)

or

wo= uxul, (5.17)
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The expression of Eq. (5.17) determines the symmetric weighting

matrix W, The WLS mstimate can now be written as

fFoia = (HeTHe *HTug (5.18)

wlse

where the filtered system degradation matrix is

He = uxLyT (5.19)

Here, the X matrix diagonal elements xp, xy, ..., xpM4q (see Eq.
(5.12)), are formed using the x'paraneter, while the A parameter
forms the remaining N-(2M+1) elements. Using the identity

(HfTHf)+HT - Hf+ arnd introducing

Qy = Wg, (5.2@)
Eq. (5.18) becomes

fuls = He'og- (5.21)
In the following section, for the determination of f ,,, Ea.

(5.21) will =erve as a model for a recurstve constrained

algorithm.

In the least-squares estimation thecry no statistical

assumptions are necessary either about the npi1se (measurement
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error) n or the object vector f. Howsver, when tha noise
statistics 1s Fknown, a better choice of estimator 21s the BLUE
algorithm, It is well known [44] that the BLUE 19 a minimum error
variance estimate. When n 1s a known noise process, based on the
given observation (measurement) vector g, the BLUE for the vector

fis [44, 1]

Fyp = (HIRTZHI*HTR 2g (5.22)
where RS 15 a symmetric, positive definite noise covariance
matrix and R"2 denctes 1ts inverse. It is assumed that the noise
n 1s real and an 1nverse rnolse covariance matrix R'Z exizsts. UWhen

Wl = R’Z, the BLUE corresponds to a WLS astimate. For white

-
notse, R 15 a diragonal matraix

R = diaglry, ro, ..., ryl (5.2%)

Wwith elements that are noise variances. For white, zaro mean, and

idantical variance noise,

RS = rI {5.24)

where I (s an 1dentity matrix, the BLUE coincides with an

identity weighting matrix WLS estimate.
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Since the BLUE algorithm (se= Eg. (5.22)) and the WLS (see
Eq.(5.9)}) are in the same format, a new symmetric weighting
matrix W that accounts for both the H matrix SV filtering and a
heavier weighting of the more accurate signal measurements
(through the covariance matrix RZ ) can be i1ntreduced. Assuming a

white noi1se, the new weighting matrix W 18

W2 = wr™ 2y, (5.25)

With this new ﬁ, using Eq. {5.9), we have

fuls = [HTWR™2uHI*HTWR™Zug, (5.26)
or

fo1s = CCWHTR™2uRI*(WH) TR ug, (5.27)
and finally

fuls = [HeTR7Hp 1P H TR 2g, . (5.28)

Eq. (5.28) can be recognitzed as the BLUE of a modified
degradation system with the degradation matrix Hy and output gy.
Thus, the WBLUE with filtered degradation matrinx He 18
-1 Tp-1 +,n-1 Tq-!?
b1 = LRTTHEO TR M1t R THe ) TR g, (5.29)

ar

e (Hy THp 1y Taer = Hpp*
Fuby = Hep Hep ) Hep '9ep = Hpp ' Otp t5.30)

where Hgy = R-IWH and Qfp R-]ug. Eq. (9.3@0) 15 1n the same form

as Eg. (5.21%, thus for the evaluation of Fubl and fuls- an
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identical constrained iterative algorithm, presented 1n the next

section, can be applied,
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S.4. A CONSTRAINED ITERATIVE LEAST-SQUARES METHOD

If the pseudo-inverse Hf+ (Hfb+) is available, Eq. (5.21)
and (5.30) provide a direct solution of the restoration problem,.
However, on the one hand, to exploit a priori1 knowledge ahout the
object signal, which leads +to the imposition of constraints on
the evolving estimate, a recursive algorithm is desirable. On the
other hand, most pseudo-inversion algorithms employ only elements
of the matrix being inverted and disregard the measured signal g
as an elament of the estimate, Therafore, for the detarmination
of a matrix pseudoinverse, our choice 18 a recursive Jeast-
squares algorithm based on a thaorem of Greville [2t, 221, The
intention here 1s not to compute the pseudo-inverse Hf+, but to

evaluate the estimate f exploiting the recursive matrix

wls

pseudo-inverse computation, In this section the recursive
computation of a jeast-sguares estimate will be briefly presented
while the details of the derivation are laft for the Appendix.,
The proposed constrained iterative method 15 basad on this

recursive least squares algorithm.

Let HN denote an N row system degradation matrir H, with the
row vectors h,T, hzT, cens hNT. The measured ssmpled vector 13 Qy
= {gQy., Q7...., gN)T where now the subscript N dencotes the number
of scalar ealemenis of ¢g. Assume that the (k=1)t"  observation

element g, _y (an element of gy’ 13
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Qp-y = by TF + 0y, (5.31)
where n ._y 1s a corresponding noise vector n scalar element. The
least-sgquares solution for f, based oan -1 observations
{measuremants} Q-1 = (g], Q@2 .v v g,_|>T, 15

f<k-!J = Hk_1+gk_|. fS.ZE)

[f the new i th observed sample 1s

g = hF + n,, (5.33)

then the least-squares estimate for § is

A T (5.34)

From Eg. (5.32) and (5.34), and using Greville's theorem (saa

Appendi~), a relationship between F(k—'> and £ s

TAL (5.35)

otherwise

where the d, 1s the unnormalized component of h; orthogonal to
the subspace spanned by {hy, hZ' e, hh—l) and iidp i 15 the
quadratic vector norm of dL' The recursion starts with sithar

FrO0 - 2 or Fco) = g,
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In deriving the recursive least-squares algorithm of Eqg.
{5.35), it has been assumed that an exact solution to Eq. (4.4)
ex1sts (see the Appendix). Howevear, 1n practice, due +to an
imperfect degradation model and the noisy measured signal, an
exact sclution for f may not be feasible. For this case, a simple
transformation of the measured, noisy signal g, and system
degradation matrix H, generalizes tha algorithm. Let the new

vector g and matrix H be defined as

- Hg, (5.36)

= HTH, (5.37)

)

To estimate ﬁ*ﬁ the algorithm of Eq. (5.35) is used. Since (see

Ref. [11)

At = (HTHO*RTg (5.38)
and

(HTHOHT = Wt (5.39)
it follows that .

f = H'g = H'g. (5.40)

Using the modified H and § and the £q. (5.35) an estimate of f is

evaluatad following iterative method described below.

The unconstrained recursive least squares algorithm of Eq.
(5,35), can be considered as the kernel of a constrained

iterative algorithm, A number of different object signal
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constraints can be introduced. For example, an object signal

lower amplitude bound {non-negativity) canstraint P (see

(2.3 0

Eq.

. or/and the finite spatial extent operator S (see Eg.

(2.39)) can bhe utilized. If f satisfies both the non-negetivity

and finite spatial extent constraints, than

To evaluate

formed:

£OK)

It

estimates 15 less then a predetermined error

f = PS¥F. (5.41)

. Form fi = HTH and o= HTQ.

Detarmine W or W (Egq. (S.17) or Eg. (5.25)).

Form either Hg gy parr (Eqg. (5.19) and (5.20))
or Hfb-gfb pair {Eg. (5.3@)).

Cnnpuae d, and hdek for k = 1, ..., N (Egq. (A.10)).
Set f¢Y = 5.

. For k = t to N do

pofik-1) atherwise

If iflk) o glk=1d, Error, Return to S.

otherwise Ex1t.

f, the following constrained iterative algorithm is

the magnitude of the difference between two successive

the stopping rule
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1tk _ gtk=12 ¢ Erpor (5.42)

terminates the iteration. However, 1n practice, it is difficult
to set in advance the termination error while still maintaining
the accuracy of the reconstruction. Another alternative 1s to

preset the maximum numher of the iterations to be performed.
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5.5. EXPERIMENTAL RESULTS

Using simulated test signals, represanting different levels
of system degradation and 1n the presence of different level of
additive noise, the proposed 1terative algorithm was tested using
Fortran code on an IBM-3@81 computer. The SV decomposition was
performed using an IMSL Fortran library routine that 1s based on
a Lawson & Hamson ({271 algorithm. For the calculations, single
precision arithmethic was used. Both f and g were 128 elemant
vectors, while the degradation operator H was an 128+128 sguare
matrix. Several simulations, exploiting only the non-negativity
constraint were performed., For the purpose of a comparison,
several examples that exploit simultaneously both the non-
negativity and the finite spatial extent constraints were

considared.

A  number of different camhinations of Y filtering
parameters (&£ ,A) (see Eq. (5.10)) were tested., The £ parameter
axercised a much greater i1nfluence on the reconstruction quality
and the algorithm convergence rate. For all our examples, the SU
filtering parameters (L ., A} = (0.5, 100) were used. These
parameters decrease the condition number by a factor of 2900. As a
S5V filtering example, 1n Fi1g. 5.1., the original 5VYs (circles) of
the H matrix with cutoff freguency of w. = JT/8 and the filtered

SVs tsquares), are shown, This plot 1llustrates a typical SV

behavior of an (ll-conditioned system degradation operator and
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the effect of a step-function SV filter. It can be noticed that
while the lower—-to-higher-index-order SV rati¢ decreased the

general shape of the 5V curve is preserved.

In the following examples, various signal reconstruction
results are presented. Fig. 5.2 presents the reszults of the
syperresclution of two impulses, Fig. 5.72a) shows the 128 samples
of (f,g) pair. The ¢ contains two impulses separated by E sample
units, while tha g 18 a response of an ILPF with cutoff fregquency
of w, = /8. Fig. 5.2b) presents a noisy g with a signal-to-
noise-ratio {SNR) of 4db while in Fig. 5.2¢c) the result of
superresolving reconstruction of f, after 1000 1terations, is
presented, It can be observed, that even in the presence of high-
level of noise, the restored impulses are well separated. In Fig.
5.3a), a signal containing four impulses located at 45, S4, BE
and 78 sample positions, and the response of an ILPF with cutoff
frequency of Wwe = It/8, are presented. Fig. 5.3b), shows output
signal g as i1n Fi1g. 5.3a) with the additive noise (SNR = 5.31db}.
Fig. 5.3c) presents the superresolution of four impulses from
noisy g after 500 1terations while the Fig. S.3d) shows the same
result obtained after 1829 iterations. As 1t can be observed,

even 1n the presence of high level of noise, the 1mpulses are

correctly rastored.

In Fig. 5.4a), an anput § containing ei1ght 1mpulses

arbitrarily located at 20, 28, 46, 56, 66, 80, 96 and 106 sample
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positions and an ILPF (wg, = 18¢( JT/B4)) response, are presented.
In Fig. 5.4b) noirsy ILPF putput of the signal of Fig. 5.4a) with
SNR of 9.73db 1s shown. Fig. 5.4c) presents the reaestoration
resylt after 500 i1teration while Fi1g. 5.4d) presents the same
result after 1000 1terations. Again, all the i1nput impulses are
correctly reconstructed. Fig. 5.5a) shows the signal of Fig.
5.4a) heavier degraded, now with an ILPF with cuteff fregquency of
we = ¢ /64). Noisy degraded signal of Fig. S5.5a), with SNR of
8.56db, 1s shown in Fig. 5.Sb). The result of restoration after
1020 1terations 1s presented in Fig. 5.5¢!). It can be ocbservad
that good restoration results, even with heavy degradation and
large noi1se, can bhe achisved. Next, i1n Fig. 5.6, using both the
non-negativity and fin:ite spatial extent constraints, the four
impulse signal of Fig. 5.3a) is reconstructed. As o¢one would

expect , an additignal improvement over tha result of Fig. 5.3c),

where only a non-negativity constraint was applied, is achieved.
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5.6. SUMMARY AND CONCLUSION

The nonlinear discrete iterative signal restoration methods
freaquently use regularization techniques that impose constraints
on the system degradation operator SVUs. By introducing & SV
taper, these methods provide a compramise between the noise and
the spatial high-frequency content of the estimate. The method
proposed 1n this thesi1s uses a step-type SV filtering function
that deemphasizes the louwer-index-order SVs while simultaneocusly
emphasizing the higher-index-order SVUs, thus providing their
better ratio. This considerably decreases the condition number of
the degradation matrix. The SU filtering function is incorporated
into a weighting matrix of the WLS and WBLUE algorithms. Hance,
the weighting matrix 1mplicitly comparsates for the 1ll-
conditioned nature of the system degradation operator, without
materially disturbing the consistency of the system degradation

model, thus providing a stable astimate.

Beoth algorithms, the WLS and WBLUE, are 1n the same format
surtable for a recursive ohject estimate computation. The
recursive algorithm, serving as a kernel of the constrained
1terative algorithm, allows for the 1mposition of additional
constraints on the estimate. Both the non-negativity and the
finite-spatial extent constraints have been 1ncorporated 1ntoc tha
algarithm, While the proposed method was tested using an LSI

degradation operator, however, the degradat:ion that 15 linear
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space-varjant can also be recovered, To demonstralte both
superresolving and reconstructing properties of the proposed

method, several numerical examples weare pressanted.
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APPENDIX

Applying Greville's thegrem [21, 221, the Hk+ can be

determined as
+ T +
Hk = [(I - Ckhk )Hk_l lck] (ﬁ.l)

where I 15 an NsN i1dentity matrix, and column vector

dy
-—— if s, * 0 (A, 2a)
Sy
Bk-
d,’
-——, otharwlise {(A.2b}
Sk'
where dy = (I-He_1*Heoy by, (A.3)
T +
Sk = hk (I"H k"H k_?h i (A.4)
dk. = Hk‘|+(Hk—1+’Thk' (ﬂ.S)
and I . .7
Skl = { + hk Hk“‘ (Hk_1 ) hk' (A.B)

Thus, using Eg. (A.1}, Eg. (5.31) becomes

FOROD gkt g (g - B TEEKTTD, (A.7)

[f an exact (not necessarily unigue) solution to g = Hf exists,
the ex<pression for c, can be simplified. In that case, there aras
two options: either hkr 1s linearly 1ndependsnt, or 1%t 1s
dependent upon the previcus row vectors of H.. In the former
case, d; is a non-zero vector, and Eq. (A.Za) applies. Otherwise,

whan hkr 15 a linear combination of the previous rows, Eg. (A.2h)
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applies. In that case, multiplying both sides of Egq. (A.7) by hkT

yields
i1 T * LI} 2
h H "t
- L S Tl -
T L AL AL e s (g - h Telk=13y  (a.8)
1+ iy TH Lt
where |].}!] denotes the guadratic vector norm. Since I}hkTHk_

*1i2 > 0, Eq. (A.B) 1s only satisfied for (g, - h, '#{k"1)) = o
Substituting this result into Eq. (A.7) yields fik) o glk=1)
Thus, the recursive algorithm to compute a leaat-squares estimate

is

otherwlise

To determine the d 's, the Gram-Schmidt orthogonalization
procedure (550), or equivalently, the modified G50 (MGSO! can be

used [2@), Using GSO, the result is

and

E::: i
dk-hk- _______ 5 dl {A.18)

where Sk = {1 11 4 k-1, and {id,{! » O}

' , and (,,.) denotes a

vector i1nner product.
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6. LOV SPACE-BANDWIDTH PRODUCT SIGNAL EXTRAPOLATION USING
A NEW ROBUST ITERATIVE RANDOM GRAIN ALLOCATION SCHEME

E.1. INTRODUCTION

Several authors considered the extrapolation of a low space-
bandwidth product (SBP) signal 1n the space domain, or the
estimation of the Fourier specira i1n the freguency domain in a
frame of a deterministic iterative or one-step extrapolating
procedure. Both Rushforth [54) and Gerschberg (193] considered the
restoration of optical i1mage detajils deagraded by the diffraction
effects of a fintte aperture optical system. Papoulis [48]
described the axtrapolation and spectral estimation problem from
a Fourier analysis point of view. Youla [72] described i1t as an
orthogonal projaction onto a convex set., This point of view has
proved to be a vary fruitful area of research [Stark (6211, While
the above iterative nmethods vyield an exact estimate, the
inversion of the degradation process using noilsy sampled data is
highly unstable. Furthermore, bacause a finite set of samples
does not wuniquely specify & sequence outslde of its observation
tnterval 591, in geaneral, discrete signal extrapolation 1s very

sensi1tive to noilse,
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Sabri and Steenaart [57] proposed a one-step matrix
formulation of the extrapolation problem. A similar approach has
been taken by Cadzow ({9). Although a one-step method (57,9) is
appealing, 1t is also sensitive to noi1se. On {he other hand,
algorithms that employ a finite discrete Fourier transform (DFT)
are limited in their fregquency resolution both because of the
limited number of samples and by 1mplicit windowing of the data.
In Ref, (1111, using a deterministic estimation theory, a minimum
anergy solution was prasented. On the other hand, in Ref. [29],
using a minimum least squares norm criterion, some of the
existing bandlimited signal extrapolaticon algorithms were
unified, This criterion also corresponds to a minimum energy
solution. Schafer [591 has shown that a space-limiting distortion
can be modeled by a general functional eguation, an eguation that
18 also applicable to many other signal reconstruction problems.
In Ref. [39, 42] a method to recover a difraction limitad imagses
or restore the Fourier spectra using linear programming 1is
presented. In Ref., {14] by limiting the set of raconstructable
signal to a linear degradation system input-ocutput training set
af signals, a robust 1nverse filter was obtained using a linear

assoclative memory.

In this Chapter, for the low SPB signal extrapclation in the
presence of noi1se, using an approach similar to a Monte-Cario
method [31, 6], a new 1terative algorithm 1s proposed. Thae Monts-

Carlo methcd has been used as a tecol in solving comple-
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aoptimization problems. For example, Metropolis [45) applied 1t
for the calculation of the properties of substances composed of
interacting itndividual molecules, Frieden (16, 1S] used it to
restore linearly-degraded binary images. Kirkpatrick [33) adapted
1t as a building block for a new optimization scheme, termed as
Sitmulated Annealing, far finding the location of the extrema for
a function of a large number of i1ndependent variables. In Ref.
[1@), to recognize variocus binary notsy 1mage patterns, the
method of Simulated Annealing was applied. In a similar approach,
Frimden (18] considered the restoration of binary images degraded
by a polint-spread operator using some a priori: information. Here,
the new algorithm constructs an unknowun sequence from a variable
size elementary grain D. The desired estimate is based on the
number of =samples acquired on a given measuramant interval and
the prior knowledge of the signal freguency bandlimit. While
scanning through the unknown seguence sample locations, D is used
to update a sample value. The grain i:5 initially comparatively
large but 1s miniscule as compared to the amplitude of the
reconstructed signal. As the estimate approaches 1is final form
the value of D decreases, The procedure consists of 1teratively
adding & given grain 0, with randomly-chosen sign, to the
previous value of each signal sample position. If an error
criterion 15 eat1sfied, the newly assigned grain, 1. e., the
carresponding updated signal sample, is accepted, otherwise it is
rejected (1. e., its previous value 1s restored). Hera, the arror
criterion, equivalent to the change 1n system energy used 1n the

method of Simulated Annealing, 15 the first vector norm (l,-norm)
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of a cumulative error, This 15 the difference of the measured
space truncated vector and the current bandlimited estimate of
the entire object vector. While 1n Simulated Annealing an
increase in system energy is occasionally allowed, with our
method, with each newly accepted grain, the erraor function must
be monotonically nonincreasing. A preprocessing step, that
compensates for hoth the i1nconsistency of the linear degradation
model and for the presence of noise, of both the degradation
operator and the measured sequence, ias also 1ntroduced. The
addition of other conatraints, such as the upper bound of a

signal, 1s also considered,

In section 6£.2., a general space-truncation-degradat:ion
model of & bandlimited sequence is introduced. In section 6.3.,
the details of the new iterative algorithm are prasented. In
section 6.4., computer simulation examples for the extrapoclation
of both sinuscidal as wel! as other bandlimited signals are
presented. Extrapoclation results using different length
cbservation segments, and i1n the presence of diffarent levels of
additive noise, are presented. [n section 6.5., the summary and

conclusions are given.
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6.2. PROBLEM FORMULATION

A discrete bandiimited signal fin), n =@, 1, 2, ...,
sampled at a higher rate than the Nyguist rate, 1s bandlimited to
the radian frequency w, © TU/T (where T 1s the sampling period)

1f 1ts Fourier transform F{w) sati1sfies the relation

Flw) = @ for fw! > We (6.1
and
-
Flw) -E finlexpli-jwn), lw! < w, (6.2)
n=-mm
where |.! denotes the absolute value and 3 = \/-1. In this

chapter, the extrapolation of a sequence gi({n) that is i1dentical
to fin) in the observation interval of length 2L + 1, and zero
elzewhere, 1s considered. This problem i1is eguivalent to the
restoratian aof the Fourier spectra of fin) from the Fourier

spectra of the spatially-truncated seguance gin).

The linsar spatial truncation operator S

S5[ftp} = gin}) = (6.3)
@, ctheruisa
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exiracts from the ssguence f(n) the observation segment and
extrapolates the remaining seguence by zeros. Let the discrete

bandlimiting operator B be

e sinfw_.(n~k)]

BLfin)) -? J T S— SRR (6.4)
=-. TWin-k}

where We 13 its radian cutoff frequency. Thea infinite
bandlimiting matrix Binf corresponding to the bandlimiting
operator B i

Binf = (bny?. nk =@, #1, ... {(6.5)

where the matrix alementis are

sin[uc(n—k)l
b = ~—mmmmemeo- {(6.6)

The space truncation operator S can also be expressed as an

infinite matrix

S;nf'(snk}' n,k = @, 1, ., . (6.7)

where the matria elements are

1, n=k and In! ¢ L
= (6.8)
@, otherwise
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For an infinite vector with the elements corresponding tc

inf:
the bandlimited sequence f(n), the B,.¢ operator is an identity

operator, 1, =&, ,

Fine = Binsefine (6.

The samples of the observed sequence gi(n), as in Eq. (6.3), form

an 1nfinite vector Q,nf- such that

Qint = Sintfint: (6.1@)

Next, using the 1dentity of Eg. (6.9, Eq. {6.13) becomes

Qint ™ SinfBintfinf- (6.11)

Introducing the Hin¢ Operator as

Hll‘lf = Slnfalnf: {6.12)

yields, as the discrete model for this problem,

Qinf * Hintfing- (6.13)

In order to obtain a tractable finite model, in practice,

tha 1nfinite vectors Q,nf- f1nf and matrix H,; are truncated

{29) tc a finite matri: system
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g = Hf (6.14)

where g and f are M- and N-element observation and object
vectors, respectively, and H 1s an MsN element truncated version
of the Hlﬂf matrix, We can now formally state the finite segment
bandlimited si1gnal extrapolation problem as the determination of
f from the knowledge of g and H. Eq. (6.14) 1mplies that, using
one of the available methods for determining the inverse of H, a
solution for f may be generated. However, the rank of the H
matrix, corresponding to the number of samples of the cbservad
segmant , is deficient. Furthermore, & singular value
decomposition {SUD) (28} of H clearly shows 1ts {ll-conditioned
nature, 1. e, 1ts singular values (SVU) fall abruptly off from
approximately unity to nearly zero as a function of the SBP. The
SVUs of H follow the trend of the eigenvalues of the Digital
Prolate Spheroidal Sequences [(6@). Therefore, H 1% eithar a
singular or nearly-singular matrix. This nature of H i1ntroduces
numerical instability in constructing its pseudolnverse using,
for instance, some of the direct methods described in Ref., [1],
On the other hand, while using an SVD and a truncated set of SUs
(7] the pseudoinverse numerical problem can be stabilized, due
tc 1nprecise wmodel of H, 1t alsz i1ncreases the 1nconsistency of
Eg. (6.14) causing a loss of its fidelity. This is so bacause by
discarding the higher order SUs of H most of the signal's high-
frequency content 15 eliminated. In addition, the computationally

quitte e<penaive SVO signal estrapolation 15 basically an one-step
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method, that does not allow for an easy application of additional

constraints or prior knowledge about the signal.



148

6.3. A RANDOM GRAIN ALLOCATION ITERATIVE
EXTRAPOLATION ALGORI THM

The new 1terative algorithm while exploiting the freguancy
bandlimit as a constraint allows for a gradual reconstruction of
the missing parts of a partially observed sequence. The entire
sequence 15 constructed fram elementary grains. The i1terative
algorithm scans, 1n either a random or sequential order, the
extrapolated sequence sample positions. At each iteration step, &
grain 0 1s potentially added (subtracted) to (from) tha old
sample value. However, the new gratn (an incramental sample
change} 18 not accepted until it 1s veritfied that it raduces, or
at least 1t does not change an error sstimate 1n comparison to
1ts previous value. In each iteration step, the error tis

estimated using an error vector 1l,-norm defined as

e = iig - HfiL, (6.15)

where 11,11 denotes the vector 1l;-norm (2@). 1In order +to
evaluate the error 1n Eg., (6.15), as it will be shown later, 1t
15 not necessary to perform a8 matrix-vector multiplication in
each 1teration step. A simple multiplicoation of a column of H by
the current value nf the slementary grain will be suffirient. In
order to allcw for sample fluctuations, the sign of the grain D
15 sat at sach 1teration step using a random number generator
{RNG), Tha =seguence sample positions are scanned several times,

eazh time adding to the cld s=ample value the grain 0 with
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randomly chosen sign, subject to the constraint that the error of
Eq. (6.15) 1s not allowed to increase. The details of this

procedure will be described next,

To start the algorithm 1t 13 necessary to set the initial
grain si1ze Dp and object vector fp. Also, a heuristic schedule
for the grain sice change should be established. In general, Dy
should be much smaller then the extrapolated signal maximum
amplitude. The initial object vector fg can be the null vector,
1. . a vector with zeros as jts elements. Using Eq. (6.14), the

initial error vector ey is
8g = Q - Hfg {6.18B)
If, for axample, the init:al f@ is the null vector, the ly-norm

of the error vector &y equals the l;-norm of the degraded g

vector, i. e.
ileg! !y 'Zlglf (§.17)
l.

where the g,'s, 1 =1, .., , N, are the elements of the space
truncated vector sequenca g. Let the degradation matrix H, in Eq.

{(6.14), be reprasented by 1ts column vectors hl. 1 =1, ..., N,

Ho=Chy, b, ..., hyl. (6.18)
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The algorithm starts by assigning erther a value +D or -D,
depending on the random number drawn from the RNG, to & chosen
element position of £, say f_.. Following Eq. (6.15), the

resulting error vector e, s

e, = 8ap - h,D (6.19)

To keep track of changes of the error vector e 1 -norm, at
each 1teration step, two auxilliary error paramaters, Told and
are 1ntroduced. For example, after the first 1teration step

Mew:

r‘old - HO@ { (6.28)

new

The error difference r, describing the effect of the added grain
D to the value of the nth slement position of f, ias

r = f‘naw - rOld (5.22)
Next, using this r, the following decision rule 15 adopted| :f r
« @ the assigned grain D 1s acceptad, 1. e., the nth sample of
1s f, = 0. Otherwise, because the assigned grain leads to an
increase of vieyil) as compared to the previous value of ::90::1,

the grain 1s discardad. If a grain 1s accepted, before the start

of the ne-t tteration step, the Fold 9 replaced by Fnew: 1+ €.,
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Fold <™ Tnew (6.23)

Now, the algorithm is ready to proceed to the next i1teration

step.

In the second iteration step, a new, say f_, sample posttion
of the object vector § i1s chosen. Again, depending upon the
random number drawn from the RNG, the sample position fg 13
assigned eirther a +0D or -D grain. The error vector e; is formed

e; = ey - h,D. (6.24)

Forming Fhew

r = llesiiy ({6.259)

and the error difference r and applying the previous decision
rule, the acceptance of the sample update is tested. Note that

now the old and Mew contain the ll—norns of the error vectors

¢, and e, respactively. If r ¢ @, the grain assigned to the mth

element of the § vactor 15 accepted, otherwise 1t 15 rejectad.

th element position, f of the

In the Pth 1teration step a IE
object vector f 13 considered. Following the previous two
examples, the grain +0 1s assigned to FJ, and the error vector is

formed as
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'k - Gk_l - hJD {6.26)
Again, roa. = liegily and rg 4 = lieg_yiiy. Forming the
difference r = r . - rold @&nd applying the previous decision

rule 1t 13 then decided whether the assigned gratn will be
accepted or not. If the new Qgrain is accepted, then Fold 18

replaced with the present error norm hew"

Suppose now that all the N sampile positicons of § have been
sequentially chosen so that none of the positions are repeated.
Then, after N (where N is the number of elemants of §) iteration

steps, the error vector ay would be

GN hd ON_t - hND

=g - hy(4D or @) - ho(4D or @) - ... - hy(+D or B) (6.27)

or in a matrix form

+D or 01
ey = Q - [h!, h2, . . hNJ ‘ (6.28)
+0 or 0{
where the grain vector (#+D or @, ..., D or B)T. with zero

elements at the positions where a grain has not been accepted,
represents the current estimate of the bandlimited sequence f. It

should be noted that, 1f each sample position 1s chosen using a
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uniform distribution RNG, after every N sample position
drawings, it completes on the average one scan through the entire
set of f sample positions. If +the sample positions are
sequentially chosen, then after N iteration steps exactly one
scan through the sequence sample positions 15 completed.
Therefore, with a fixed grain, the same procedure of N sample
position choosing and estimate updating should be repeated
several times. This step constitutes one of the inner loops of
the 1terative algorithm. In an outer loop, according to a
prearranged heuristic schedule, the grain size 1is changed. The
entire procedure 1s repeatead until either a preset error 15

reached or a preset maximum number of iterations 1s exceedad.

The algorithm prassnted above can be summarized as follows:

Initialization:
f =0, 85 =~ g1 Set the Error

r"old'I:BalI]'liDIll

Loopl: Do for i = 1t to OUTER

Set the si1ze of grain D

Loop?: Oo for k = 1 to INNER
Choose sample position p

If RN > @&: D = D
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Otheruise: 0O = -0
Qk = ek_, - hpD
r‘neu = I!aklt‘
T ® "new ~ Told
If r £ O: fpfv fp + D, roid <" Thew
Otheruise: &, = o + hpD
Return to Loop?

1¢ € Error Go to EXIT

"new
Otherwise: sy = % nner
Return to Loop!

EXIT: Bandlimit f.

As 1t can be observed, this algorithm requires INNERe«M
{where M is the H matrix column dimension) inner loop (lLoop2)
multiplications., The number of 1nner loops (Loop2) depends, in
general , on the extrapolated signal amplitude and the i1nitial
Qrain size D@. The number of outer loop {Loopl) passes depends on
the grain-si1ze-change schedule. For example, for a fixed grain
size of [0 = 8.1 and an unity signal amplitude (1. &,, peak-to-
peak signal amplitude of 2}, a sequence sample should be scanned
for & minimum of (2/Q.21) = 208 times. However, at each sample
position, there will be many grains that will cause an earror
increase leading to their rejection. Therefore, for this case, a
sequence sample should be scanned appro-imately 308 times. Hence
the number of multiplications per sample 15 30@M. Assuming N

ectrapolated sequence samplas the total numbear f



155

multiplications is JBOMN. This estimate of the number of
multiplications 13 comparable to an estimate of the number of
multiplications of the existing iterative bandlimited signal

extrapolation algorithms,

The new algorithm also allows for an easy tntroduction of
additional constraints. For example, to i1ntroduce a signal
amplitude upper bound constraint, after esach sample update, an
amplitude test should be performad. If 1t exceads a limit, the

corresponding sample update (grain} 1s rejected.

In the last step of the algorithm, corresponding to the EXIT
line, the estimata is bandlimited, by either multiplying it by
the H matrix, or perhaps using an FFT algorithm. This step
smooths the estimate and eliminates the noise i1ntroduced by the

finite grain =ize,

In the presence of measurement error or noise, Eq. (G.14) 1is

amended as

g = Hf + n (6.29)

whare n 15 a noi1se or measurement arrcr vector, Due to the notse

and or 1mperfect model of the degradation H, the Jinear s,stem of
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Eq. (06.29) may represent an inconsistent system, 1. e. the exact
solution for f is not feasible. To obtain a consistent model (see
Eq. (6.14)), the following preprocessing of Eq. (6.14) is

introduced. Multiplying Eq. {5.14) by HT

HTg = HTH¢ (6.3@)

and 1ntroducing the notaticon HTQ = g and HIH = ﬁ, we have

o = Af. (6.31)

Clearly @ ¢ R(H), where R(.) denctes range of the H matrix (1}.
Starting the 1terative algorithm with the modified @ and ﬁ,
ensures the existence of a solution for £, Furthermcre, this
preprocessing step eliminates the noisy high freguency components
of the measured degraded signal g, causing 1t to be highly

resistant to noise.



157

6.4. EXPERIMENTAL RESULTS

In th:is section, computer simulation results will be
presented. To test the new algorithm, several experiments have
been performed, Three different e-trapolation examples with
differant SBPs, and different signal-to-noi1se ratios (SNR) are
presented. In all the examples, the discrete Fourier spectrum 1s
computed using a 128 point FFT algorithm. The degradation
operator H, constructed as described 1n Sect, 2., 13 a 128+128
element sguare matrix. Both the truncated sequence g and the

degradation matrix 4 are preprocessed as described by Eq. (6.3@).

As a first example, consider the extrapolation of a 128
sample sinusoid of frequency w = TI/64, from a short observation
segment of 9 samples (L = 4). For fine grain size changes, the
outer loop (Loopl) has heen partitioned i1nto five, equal number
of passes, subloops. The 1nitial grain size 13 Op = .01, while
the decremental stiep size 1s DD = @.0015, The iterative process
stops when e:ther all! the five steps of the cuter-most loop have
heern mavhaystad,  or when an error falls balow the lamit of @.02.
The numher of Laop! passes, corresponding to the number of
samples of +{he e~trapolated sequence, 1s 128, For the sinuspidal

sequence example this errpr limit was reazhed at the third pass

5f the outer-most lcoop. Fig. BE.'al} presents a 128 sample sinusoid
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sequence with 1ts 9 sample observation interval. In Fig. 6.1h),
the circlas show the extrapolation from the 9 sample observation
interval while the sgquares denote the original sequence. In Fig.
B.1c) the Fourier spectra of both the observed and restored
spectrum are presented. The restoration 1n both the space domain,
and consaquently 1n the frequency domain, are almost perfect. In
Fig. 6.2a), a noisy observed segment, with a SNR of 5.2) db, of
Fig. 6.1a) 135 presented. In Fig. 6.2b) the extrap-olation result
in the space domain f(circles), and the ogoriginal seguence
(squares) are shown. It 13 clear, that even in the presence of
substantial noi1se, the extrapolation result 1s very goed. In Fig.
E.2¢) the Fourier spectrum of the noisy observed segment, from
Fig. 6.2a), and the Fourier spectrum of the extrapolated
sequence, from Fig. 6.2b}), are compared. The estimated spectrum

15 faithful to 1ts original form.

As a second evample, consider the combimation aof tuwo

sinuscidal sequences

fin) = cos((JT/64)n] + cos[(ST/B4)n]. (6.32}

In Fig. §6.3a), the =sequence fin) and the 3Z-sample-observation-
segment (L = 16} are presented. The original seagquence is again
denoted by sgquares while the cobserved segment gi{n), with 1ts zero
samples outside of 4Ythe ohservation 1nterval, 15 oOencted by

circles, The H matrix, (see Eq. {(6.14)) has beer formed with a
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bandlimiting cperator (see Eg. {6.7})) where the w., = S5IT/64. The

c
parameters of the algorithm of Sect. 6.3. are the same as the
parameters used 1n the previcus example., In Fig. 6.3b), the
circles represent the extrapolated seguence while the sguares
represent the original sequence, As 1t can be observed the
extrapoclated seguence follows very well the original sequence. In
Fig. 6.3c), the Fourier spectra of both the observed and the
extrapolated sequence are presented. It shows a wide separation
of the two frequencies. Inp Figs. 6.4 and 6.5, the same parameters
as showrn 1n F1g. 6.3, but fer the addition of noise such that SNR

is 11,47db and 5.45db, respectively, are presented. It can be

observed that this algorithm shows excellent resistance to noise.

In Figs. 6.6 and &£.7, by bandlimiting a set of uniformiy-
distributed random numbers to a frequency w. = T/'6, a
pandlimited sequence was generated. Fig. 6.6a) presents both the
bandlimited sequence (sguares) and 1ts 2% sample observed segment
(L = 14) (circles!)., In all +the following examples, for the
ertrapolation of the entire seguence, a 29-sample-cbservation-
segment was wused, The H matrix cutoff freguency {(see Egq. (6.14))
was set to w, = TI/16. In this example, to decrease the grain
s1ze D, tha suter loop {(Loopl!) was partitioned into three loops
with equal number of passes. The initial grain size was Bp = .03
and 1t was decrementead 1n D0 = @.009 steps. The process stops

either when all the 1teration steps of the outer loop have been

completed, s when the error hound of 0.@2 15 reached. In all
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these examples, the error bound was reached before the full
number of 1i1teration steps was completed. The number of Loop2
passes was arbitrarily set to 128. In Fig. 6.6b), the result of
extrapclation of the sequence shown in Fig. GE.6a) is presented.
The axtrapolation follows the original sequence. In the next
example an additiconal constraint 1s introduced. The maximum
positive amplitude value of the extrapolated signal 1s
constrained to be less then 8.8, 1. e. fin) < 8.8, Now a signal
sample update that produces a posjitive sequence amplitude greater
then 8.8 is rejected. In Fig. 6.6c), the result of extrapolation
of the sequence of Fig. 6.6a) with this additional constraint 1s
presented. It 1s clear, that with this constraint an added

improvement can be achieved.

In Figs. B.7a) and b}, the results of extrapolation of the
sequence of Fig. 6.6a) 1i1n the presence of additive noisze, are
presentad, The additicnal constraint fin) 7~ 8.8 ts alss used., In
Fig. 6.7a), the original sequence 1s dencted by sguares, while
the noi1sy observad segment, with a SNR of 3,.89db., 1s dencted by
circles. In Fig. 6.7b}), the extrapolated sequence (circles}, and
the original sequence (squares} are shown. In Fig. B6.7¢), a
larger noise, auch that ©SNR 13 -8.197db, 1s 1mposed on the
observed sequence segment of Fig. 6.6a). Again, the original
sequence 15 denoted by squares while the noi1sy observed seguence
15 denoted by circles. In Fig, 6.7d), the axtrapolated =zeguences

15 represented by circles, while the ariginal seguence 13
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represented by sguares. As these Figures show, a very good

extrapolation result can be obtained.



2

fig. 6.1a) The 120 sanplas of tha coal{w_n) saquence
{equaress) and the ocbserved segrent of 9 sanples
(errclem).

8]

Fig. 6.th) The spesce domalin sxtrapolation from the 9
sanples {(circles’, and the original sequencs {(squares).
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-32.0 -18.0 ]o 1$.0 .0
?

fig. 6.7c) The feurier spectrun of the % serpla
shasarved seprant LIn fFig. 6.1a), and tha rasterad
apectrus.

Fig. 6€.2a) Seguence of Fig. 6.1a? uith noisy cbeerved
sepnent, SR = 5 214b.



Fig. 6.2 The spaoca dornain extrapolation eof the
reisy 9 sanplas observed segnent (gircles), arnd the
eriginal seguencs (sguaras).

Fig. €.2¢)> The Fourier spectrun of the 7 sarplas
ebserved noisy sagrant, and the rastorad Fouriar
spectrum.

164
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M
RN

Fig. 6.3 The 120 sawles of the oestu n) »
ces(Sw_n> saguencs {(squaress), and the 331 sarples qurocd

vy

A M

Fig. 6.3b> The originsl segquence (squares), and the
space dorain extrapolation {circles)




-/

-32.0 -18.0 jl 9.0 2.0

3

fig. 6.0c) The Mleurtier specirus of the 53 sanpglas
shasrved seprent, and the restersd Feurisr spectrun.

Fig. €.49a) The noisy observed sesgrent of Fig. 6.3a),
SHR = 11.47db.

166



167

Fig. 6.%> Tha neisless eoriginal] saguenca =f Fig.
6.3a) <(equares), and the speca donain extrapolation of
Fig. 6.4%) <(circles).

PR /111 1] VS

> .
-3.0 -18.0 T: w.o 2.0
e

Fig. 6.%) Tha Fourter spuctrun of the ohsarved
sagnant of Fig. 6.%), and tha restored Fourier spactrum.
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Fig. 6.5a> Noisy ebsarved wapnent ef Fig. €.1a), SHR
= §.454b.

.3
——

fig. 6.50) The noislwss sequence of Fig. 6.3a)
{squares), and ths space dorain extrapolation of Ffig.
6.5a) (circlas).
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et
1
w ] » dh
-16.0 -18.0 oo 8.0 .o
P

Fig. 6.%5c? Tha Tourtar wpectirun of the sbsarved neisy
sspgrant of Fig. 6.5a>, snd the restored Feurier spectrum.

L3

N -

~ ’
-1.0 W

i
1.0

2]

Fig. 6.6a) A noisless bandlinited sagquencs (agquares),
and the sbserved segrent of I9 sanples (cireclas).
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AN 22N ] -
“+1.0 v 4 n 4.0
!

Fig. &.60) The eriginsl sagquance eof Fig. 6.68)
(squares), and tha axtrepelation fram the observed
sagrent ef 79 samples {(siresles).

32, .0

Fig. &.6a) fas in Fig. &.60) with sdditional
conatraint that tha naximues positive anplitude of tha
bandlinited sequence is ne graster then 0.0.



171

fig. 6.7a) Tha noisy bandlinitad sequence ef [Fig.

6.68) (squares), and the neisy osbaarved segrent of 29
samples, SHR + 3 0%b (circlas).

Fig. 6.7b> The sriginal bandlinited ssqueance of Fig.
6.6a) (sguares), and the specs dorain axirspolation frem
the nelsy obheserved sagnent a8 in Fip. &.7a> (eirclee).
Tha additional constraint that the naxirmun pesitiva
anplitude of tha sequence iy ne greatsr then 0.8 te usad,



Fig. 6.70> As 1in Fig. 6.7a) with GHl = -8.157db.

T N
40 v obar” 2. .0

Fig. €.7d) The bandlinited sequance of fig. 6.7a)
{squaras), and the space dorwin extrapolation fram the
noitey observed segrent as In Fig. 6.7c) <(oircles). The
additions]l constraint that the naxinun positive anplitude
i o praater then 0.8 1is used.
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B.5. SUMMARY AND CONCLUSION

A new 1terative algorithm for the extrapoclation of a space-
truncated bandlimited signal 1n the presence of considerable
noi1se has been presented. The new algorithm 1s based on the
constructing of the samples of an unknown bandlimited sequence
from variable si1ze elementary grains. The criteri1on for an
acceptable sample-update (grain) is the l,-norm of the error. To
avold unnecessary quadratic terms and to speed-up the algorithm,
the 1,-norm, instead of the usual quadratic lo-norm, has been
used. A decision rule, for acceptable sample-update (grain}) in
each 1teration step, forces a nonincreasing error criterion. To
determine both the new sample location and the sign of the
elementary prain D being added (subtracted) to (from) the current
value of the sample position, a RNB is used. Ths npumber of
multiplications of the kearnel lecop (Loop2) of the algorithm is
approximately INNER*M (where M is the column dimension of the H
matrix, and INNER depends o©on a number of elements such as the
number of samples of the sequence being extrapolated, the si1gral
amplitude, the 1nitial grain D@ si12e¢, and en the schedule of
decreasing Dp, (1. e., a "coecling"” schedule). The number of
passes of the outer loop (Loopt) depends on the “"cooling”
schedule, Either the maximum number of Loop! passes or the
maximum l;-nerm error defines a stopping <criteria, Thus, the
requlired estimate can be obtained pricr to completion of the

prescribed number of Loopt passes. To eliminate the inconsistency



174

of the linear system that 1s due to noise and/or to the i1mprecise
model of the degradaticn operator H, a preprocessing step has
been 1ntroduced. This step allows the achievemant of the correct

signal estimate even 1n the presence of strong noise.

To test the algorithm for differant SBP signal extrapolation
and 1n the presence of different noise leavels, sevaral examples
have been considered. The resulting estimates yield good resylts
both in the space and frequency domains. In all the examples
tested, the total number of multiplications for an NaN H matrix
and N-sample sequence, varies between approximately 300N2 o
6OONZ. It has alsc been indicated that with this approach it is
easy to introduce the additional constraints. Furthermore, In the
example where an upper signal bound constraint is introduced,

dramatic signal estimate improvement can be expascted.
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7. SUMMARY AND ALTERNATE APPLICATIONS

Three new methods of solving 1i1lli-conditioned problems,
appropriate for a variety of applications which pertain to
increasing the resclution of a measured signal, are presented.
The first method 15 a stabilized direct inversion of the system
degradation operator based on the modifted LAM algorithm. The
second method 15 an 1terative constrained WLS (BLUE) algorithm
which incorporates a singular value filtering mechanism through a
specific design of the algorithm weighting matrix. The third
method 15 & new algorithm for bandlimited signal extrapolation,
or equivalently the resolution of the Fourier specira, using a
Monte-Carlo methecd approach. These methods are shown to increase
the resclution of a measured signal beyond the limit imposad by

the uncertainty principle of signal processing.

The first chapter contains material of an i1ntroductory
nature. In Chapter 2, the contemporary methods of 1ncreasing
resolution or eguivalently extrapolating the spectrum of a
si1gnal, are given, In general, these methods are found to be
computationally e<pensive and highly sensitive to noise. In
Chapter 3, based on & modified linear associative memory
algorithm for the least-sguares optimal pattern (vector) maching,
a new method, suitable for determining of inverse of an ill-

conditioned system degradation coperator, 1s developed, In Chapter
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4, using this new CAM method, superresclving reconstruction of an
arbitrary binary object from 1ts degraded image, in the presence
of appriciahle noise, 1s demonstrated. It 13 shown that using an
appropriate training set of s:gnals, related 1dealy by a perfact
degradation opera.or i1nverse, the CAM method yislds a general one
step 1nverse filter 1n a form of a two dimensional array of
coefficients. For both LSI and LSV discrete degradation systems,
a CAM inverse degradation system matrix has been computed. The
performance and superresclving properties of these inverse
degradation matrices were tested on several 10 and 20 numerical
examples. Since the CAM linearly dagraded signal racovery
requires only a single matrix—-vectior multiiplication, this method
15 suitable for an optical or electronics real-time hardware

implementation.

The nonlinear discrete 1tmrative signal restoration methods
frequently use regularization technigues that impose constraints
on the =saystem degradation operator SVUs, By introducing a SV
taper, these methods provide a compromise between the noise and
the spatial high-freguency content of the estimate., The new
iterative method, presented in Chapter 5, uses a step-type 5S¢
filtering function that deemphasizes the lower—i1ndex-order SUs
while simultaneously emphasizing the higher-index-order SVUs, thus
providing their better ratio. This considerably decreases the
condition number of the degradation matrix, The SV filtering

function 1s ncorpeorated 1nte a weighting matrix of the WLS and
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WBLUE algorithms. Hence, the weighting matrix amplicitly
compansates  for the 1tll-cenditioned nature of the system
degradation operator, without materially disturbing the
consistency of the system degradation model, thus providing a
stable estimate. Both the non-negativity and the finjte-spatial
extent constraints have been i1ncorporated i1nto the algorithm, As
1t has been demonstrated on several numerical examples, the new
iterative method shows superresolving properties and sxcellent
resi1stance to noise. When the off-line =ignal reastoration s
affordable, this method permits the recovery of heavily degraded
signals, contaminated by a high level noise, which hitharto were
considered lost for all the existing signal recovery methods. In
Chapter 6, a partialy cbserved bandlimited sequence extrapolation
in the space domain, or squlvalently resolution of the Fourier
spectra 1n +the frequency domain, in the presence of considerable
noise, 18 investigated. A new method is developed that
reconstructs the unknown portion of a bandiimited sequence using
the grains of variable size as the alamentary building blocks of
each sequence sample. While exploiting the extrapolated sequence
frequency bandlimit as a constraint the new algorithm employs a
decision rule, based on a nonincreasing ll-norm of a cumulative
error vector, to update the segquence samples. As the extrapclated
sequence approaches 1ts final form, to allow for subtle sample
updates, the elementary grain size is decreased using a schedule
for gradual change of the elementary grain size which is similar
to the 1tiemperature schedule of the Simulated Annealing method. A

preprocessing, that compensates for the degradation system model
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inconsystency, due to either presence of noise, and/ar lack of
precisian of the linear degradation cperator, is employed. It 1s
also shown that an additional constraint, such as a given signal
upper-bound, can easily be 1ncorporated into the algorithm to
improve the guality of reconstruction. Several extrapolation
results for low SBP sinuscidal and random bandlimited sequeances,
in the praesence of high level of noise, are presented. Thus,
superresclving spectral estimation is demonstrated. This
algorithm 13 particularly suited for the bandlimited signal
exirapolation applications when the observation interval is short
and the level of ncise 1s high, as it is the case, for sxample,

in radar signal processing.

Further research eafforts should addres tha varjety of
possible applications. The extension of presented mathods can be
made to a wide diversity of disciplines. The 1list of possible
applications include: Geophysics (signal restoration from
sersmographs ), Neurcphysics (EEG sigrnals), Speach Communication,
1. &, glven a particular speech signal, 1t is of interest to
determine tha general type of sound 1t is. In additiom one 1s
interested in the identity of the sound which can be obtained
from the spectrum. Further 1nvestigation should be pursued of the
superresclving capabilities of these methods for image
enhancement of electron-microscope images, video images received
from onboard space and aircraft and for image enhancement of

medical diagrostic i1mages, such as CAT-scans, ultrasound images,



coventional X-rays and Neutron Magnetic Rescnance i1mages., The
methods presented could also be utilized to incresase the

resclution of e~1s5ting sonar and radar systems,
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