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SYMBOLS USED

Length of sides

Thickness

Displacement of points in middle surface along x-axis
Displacement of points in middle surface along y-axis
Normal displacement (z-direction) of points in the
middle surface

Uniform normal pressure

Poisson's ratio; taken here to be .3

Young's modulus

= Eh®/12(1-v®); Flexural rigidity of plate
Middle fiber stress in the x-direction

Middle fiber stress in the y-direction

Extreme fiber bending stress in the x-direction
Extreme fiber bending stress in the y-direction
Total stress in extreme fiber in the xXx-direction
Total stress in extreme fiber in the y-direction

= pa*/ Eh% Dimensionless pressure

Normal deflection to thickness ratio

Average middle fiber stress over middle surface

in x-direction

Average middle fiber stress over middle surface

in y~direction



Section 1. Introduction

A theoretical analysis is presented for the elastic
deflections and stresses of an initially flat square plate
with clamped edges under uniform normal pressure. The
situation considered may be called that of non-linear
large-deflection bending. The four edge supports are
assumed to clamp the plate in the sense that no rotations
around the edges are possible, nor are deflections of the
edges normal to the plane of the undeflected plate. In the
case of movable edges each edge is free to mové normal to
itself in the plane of the plate, while in considering the
case of fixed edges no motion of an edge normal to itself
in the plane of the plate is possible. However, in both
cases motion of points on an edge parallel to that edge
is possible.

The plate is a rectangular parallelopiped with sqﬁgfé
cross section of side a and thickness h¢<a. No prior
assumption on the size of a/h is made here, but typical
values in the literature range from 100 to 200. The plate
is assumed to be made of a homogeneous isotropic material
which is elastic, i.e., which, when deformed by stresses
within a certain range, returns to its initial undeformed
state when the stresses are removed. Furthermore, it is
assumed that within the elastic range for the material
there is a sub-range within which Hooke's law is valid,

i.e., the strains are linear functions of the stresses.
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A plane section through the undeformed plate parallel
to the square faces and midway between them is called the
middle plane. A rectangular coordinate system will be
attached to the plate by letting the middle plane be the
Xy plane with origin at one corner and x- and y-axes
parallel to the two adjacent edges. The z-axis is then
erected normal to the xy plane through the origin by the
right hand rule. The two square surfaces of the plate then
have the equations z = * h/2.

Y

The theory assumes that each line segment of length
h normal to and bisected by the middle plane of the
undeformed plate is mapped by the deformation isometrically
onto a line segment of length h in such a way that the
image of the middle plane is the locus of the midpoints
of the image segments in question, which are then normals
to this locus. The locus isﬂcalled the middle surface
of the deformed plate. 'All of this assumption may be
called the "Kirchhoff hypothesis" since it includes what

is often given that name in the literature.
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Using the Kirchhoff hypothesis one may give a
complete description of the deformation of the plate
by giving the displacement vector (u,v,w), u = u(x,y),
v = v(x,y), w = w(x,y), whose initial point is the
point (x,y,0) in the middle plane of the undeformed
plate and whose end point is its image (x+u,y+v,w) on
the middle surface under the deformation. The final
assumption of the theory is that u and Vv and their
derivatives are negligibly small compared to w and its
derivatives respectively, while all cubic or higher terms
in all derivatives are negligible compared with lower
degree terms. As a result the quadratic terms in the
derivatives of w are retained while the quadratic terms
in the derivatives of u and vV, negligible in comparison,
may be discarded. In particular, it is a reasonable
approximation to visualize the point (x,y,0) as being
deflected to (X,y,w).

It is sometimes stated that the theory is valid for
normal deflections up to h, 1i.e., one thickness.
However, here and elsewhere the theory seems to give
reliable results (compared to experimental results) for

a range of several thicknesses.
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Section 2. Egquations and Boundary Conditions

The equations for non-linear deformation of flat
plates are given by Fdéppl and von Karman:

(a) (b)

I: Dv3v3w = h[ 3% 3%w _ ,3%@ 33w 3% 3%*w ] + p
37° 3%2 Z3xdy axdy T %@ o7

II: viv?e = E[(3%w )® - 233w 3%w ]
OX3y x> ayg

& is the middle surface stress function and is

related to the middle surface stresses by:

3% . 3% . 3% _
dx° Gi’ 3y: - 9% ¢ AXAY 7
The extreme fiber bending stresses are:
6" = Eh (3%w vd®w); c” = Eh (33w + v3%w)
X Z(1-v?) ax® t 7 Y Z(1-v?) 3y° 3x?

The Fdppl - von Karman equations are both of fourth
order and elliptic, and, therefore, a unique solution
(w,8) ought to satisfy four boundary conditions on each
of the edges. The definition of clamping given in
Section 1, in fact, imposes the following boundary conditions:
(a) w=20 x = 0, a; w=0 y=20, a.
This is the condition of no displacement normal to the
middle plane at the edges.

(b) 3w
9X

oo
<13

=0 x = 0, a; =0 y = 0, a.

This is the condition of no rotation about the edges

(normal derivative vanishing).
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%@ _
X3y

3XdYy

(c) 3% 0

x=0,a; O y=0,a-

This is the condition that the points on an edge can

move parallel to that edge in the middle plane. Indeed,
this implies that the tangential (shear) stress on each
edge is zero, i.e., there is no force opposing the motion
in question.

(a) i The condition of movable edges is expressed by:

23 2
%}% =0 x=0,a; $5=0 y-0,a.

since these express the absence of normal in-plane forces
on the edges.
(d) ii The conditions for fixed edges would be,
strictly speaking,
u(0,y) = u(a,y) = 0; v(x,0) = v(x,a) = 0.
However, in the literature and here, these are replaced

by the weaker conditions

It

J-g au(x,y) ax _

u(a,y) - u(0,y) 3%

il
(@)

J‘a a_V(X:Y) dY
0 9y

v(x,a) -~ v(x,0)

of relatively fixed edges. However, the term fixed edges
will be retained throughout this paper. The theory shows

that.this condition is given by III:

- ra3su - ar laco v 3°¢ 1 (3w)®

0 = Hox®™ = JolE3y - g5 ~ 3 5x &
a3V _ ea g 1 3% v 3°a@ 1 (3w)?

0 = 5% = L [E3F - 5% - 2 oy 1%
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Section 3. Method of Solution

I represent the deflection, w, by the formal

series w(x,y) = E?fij Wij (x,y) . Here, Wij(x,y) =

ui(x)uj(y) where uk(x) is Rayleigh's function, Rk(x),
defined on the interval [ 0,a | and normalized to take

the value 1 at x=a. R is an eigenfunction of
2

the linear differential equation for the displacements

of a clamped rectangular bar,

d*R(x) _ AR(x); R = = 0 at x =20, a

4R
ax4 dx
corresponding to the eigenvalue )\ = m;, where m,

is a root of coshmk:cosmk -1 = 0.,
Rk(x) = (cosmk-coshmk)(sinhmkx - sinmkx)
“a “a

+ (sinhm - sinm ) (coshmx - cosmx)
a a

It is clear that the above choice of w automatically
fulfills boundary conditions (a) and (b) for the
clamped plate since each term does.

The symmetry of the physical situation leads to the
consideration of only those eigenfunctions uk(x) ( uk(y) )
which are themselves symmetric with respect to the line

X =a ( y =a ). Since these are precisely the

eigenfunctions with odd index, this means using only

Wij with odd indeces; i.e., setting fij equal to O

if 1 or j is even. In addition, symmetry suggests that
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the undetermined coefficients fij and fji be set
equal to one another.

The first four odd eigenvalues, my, Mgy, Mg, My,
were computed to within fcoshmK cosm - 1 ‘ < 10712,
These eigenvalues and the corresponding values of coshm,

and cosmk are recorded here.

m coshm cosm
4.730040744863  5.66545023831 x 10 ° .17650847 x 1071
10,99560783800  2.980587073805 x 103 .335504 x 102
17.2787596574 1.5960260578711 x 10 ' .626556 x 107
23.561944902 8.5465858254088 x 102  .117009 x 1072

The solution of the Foppl - von Karmdn differential
equations proceeds following the method of Formal
Eigenfunction Expansion. The infinite series for w
will be truncated after a finite number, n, of terms.

This truncated series will be substituted into IIb,

the right hand side of the stress equation, yielding
terms involving products of derivatives of eigenfunctions.
Each of these terms is expanded in a truncated series

of eigenfunctions which contains exactly the same n
functions as the original series representing w and
coefficients of the same eigenfunctions are collected

together,
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Now one sees that each wij also automatically
fulfills boundary conditions (c¢) and (4)i. Hence,
for the movable edge case, @ 1s represented as an

infinite series, ® = §§I q I proceed as above

i3¥ij e
and truncate the series after the same n terms. This
series is substituted into IIa, the left hand side of
the stress equation, and the resulting product of
derivatives is again expanded in a series of the same

n eigenfunctions. The left and right hand sides of II
are then set equal, coefficient by coefficient, yielding
n equations of the gij in terms of frs' These

equations are solved for gij resulting in

(F_ ) w.. (finite series).

e = IZ 913 rs’ Vij

ij

This form of & together with the truncated series
for w is substituted into I. Products of derivatives
are expanded in truncated series of the same n
eigenfunctions as before, and the right and left hand
sides of I are set equal, coefficient by coefficient.
This yields n non-linear algebraic equations in the n
unknowns, fij’ which will be solved by various techniques
in Section 8.

One finds by calculation that the forms of w and @
chosen above do not satisfy (d)ii, in particular, III.
To remedy this, one treats II, with w and hence the
right side assumed as given, as an inhomogeneous linear

partial differential equation, any solution of which can
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be written as a sum of a particular solution, here &,
and a solution @, of the associated homogeneous equation,
i.e., v®W® @ = 0. One then attempts for the given

w and @ to find such a @, so that (c) 1is satisfied
by @ + &,, which means @ since @ already does, and
so that III is satisfied by @ + @,, where it must be
observed that ITI depends also on w. This last remark
means that the boundary conditions in the fixed edge
problem lead already to a source of coupled non-linearity
distinct from that of the F&ppl - von Kdrmdn - equations
themselves.

One way to find such a ®, is to use a series
expansion of the sort used in an analogous problem in
Love [5], p. 494 (cf. also pp. 492-495) and truncate
it to solve the boundary conditions (c¢) and III
approximately. Here, however, a simpler one term
approximation for @, is suggested by the literature.
This approximation satisfies (c) exactly, but III
only approximately as indicated in Section 5. Despite
the apparent crudity of this @., Very good agreement
is obtained with the best results in the literature when
its choice is coupled with the w and @& indicated,

(see Section 9).

Namely, choose @, = pyx3 + by vy where the
3
Z 2
meaning of the constants j and p will be explained
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below. Observe that one has 3°® _ 0, so that (c)
AXY -
is certainly satisfied. Observe further that @
satisfies
a 3*m _ _ 3
& g;g(x,y) dy = ZEgiJ-ui(X)[uB(a) uj-(O):l = 0

for all x ..and,.;hence,

1 3%® _
27 3y &dy = 0
[] « 2 —
and similarly, ;b JJ 320 axdy = 0.
a X3
Thus, @ + & satisfies
1 2( @ + O
32 JI 2 éya o) dx dy = Px
1 2 To )
32 JI 32( 0 + @ dx dy = p

x> Y

so that Py and py are respectively the areal means
over the plate of the middle fiber stresses in the x

and y directions.

Notation Used in this Paper:

u}'{(x) = duylx) = a duy(x)
dmkx mk dx
a

: . 2 - 3
Thus, I will write 3%w;; = md ui(x)ui(y) , etc.
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Section 4. One Mode Solution: Movable Edges

I assume the shapes w = flw11 and @ = glwll’

The right hand side, 1IIb, of the stress equation

contains the following terms:

22y = m £2 [w(x)]? [u, ()T
[axay g% ileg Loy
%%g(x,y) = T; £, uy(x) u, (y)
a
%%g(x,y) = T; £, u, (x) uy(y)
a

IIb can now be written as

E[Ti £2 [u; )P [uy(n) PP - Tl4fi u, (x)uy (x)uy (v)uy(y)]

a% as

s

As a.-series in terms of w alone, the coefficient of IIb

11

is seen to be
4 -2
E m)» @@ - 060 ]
Jwe . a
11
Here C:) represents the value of a particular definite
integral recorded in Table 7.

The left hand side, IIa, of the stress equation is

v33V2@ = 3%4@ + 2 34@m + 3%g ,
x4 3x°dy? dy*

Upon substituting the assumed shape of @ IIa becomes

2 mf 9, [ ul(x) u, (y) + uj(x) u{(y) 1.
a
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Expanding as a series in Wy, alone I obtain the coefficient

L 2t [ D@ OO T

JIvi, 3%

Setting the coefficients of IIa and IIb equal to

one another:

e [ @@ -00 1 - 20t g [ D@ + QO ]

a

~ .034211111 E fi 2 gq ( .204725374)

= - 2
9 . 083553665 E fl

Turning now to equation I, the right hand side
takes the form

2hmy £, g; [w; GIupGouy (Duy(y) - [y Py IP] + b

a4

Again I expand in terms of LA alone, obtaining the
coefficient

1 EZhﬁflgl(@@—@@) + p(@DEY] .

fjwll

The left hand side of I is, for my purposes, identical

to that of II and upon substituting w = £1Wy 10 Ta
4 " "
becomes _EI® [ 2 my £, (0 (x)u, (y) + uy (x)uy(y)) ]

12(1-v?) =z

Its LETY coefficient‘is

1_En 2my £, GIED + QO ]

JT Wii 12(1-v?3)

",

At this point I set the coefficient of Ia equal to

that of Ib, obtaining
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w_2nle [ @G + OO -

12(1-v?) 51

2hm; £,9; [ OG

@a@E] + pGHED

a4

E h° [ 18.7688874] £, = 2.8616875 Eh' £3 + .27370095p
a% a4

Dividing through by EH , I call 6, = fl/h and
. a%
p* = pa%*, the dimensionless deflection and pressure

Eh4
respectively, and obtain the final equation

68.5744 6, + 10.4555 &3 S p*



- 14 -

Section 5. One Mode Solution: Fixed Edges

Here again I assume the shape w = f.w However,

1711’
in view of the discussion in Section 3 regarding @, I

- ] 2
assume the shape © 91 Y11 + pxj% + p § s Wwhere =
and py are constants yet to be determined. The fixed

edge condition, III, now becomes

O=m

a
"B Layuy (up () + py = vayup Gouy (1) - v

= n

Yy
- E Al 0Pl P ] o

J

Performing the x integration I obtain the result

Py = VPy T 4, [-nlg; GO uyx) + %mifl@[ul(Y)]Q 1.

It follows from the symmetry of the horizontal and vertical
edge conditions in IIT that Py ~ vpy = py - VP, - From
this one obtains px(l + v) = py(l + v) and hence one sees

that P, = py.

At this point I am presented with the problem of
approximating a function of y, namely the right hand side
of the above equation, by the constant Py ~ ypy. The
"least squares approximation", minimizing &?[f(y) - cPav,

leads to evaluating ¢ as the average value of f.

Therefore I set

P, - VP, = L.Jy

[-g, up(y) + E£5 @ [u, (9P Jay.
: 2

2
m

1
a3
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Upon integrating, this equation becomes

= -— = 3 .
Py ~ VP, p, (1-v) ngl[ 9669535 |

and I find that p, = P, = E_afi [1.381362].
a

The choice of & = g ¥y, * gxzfi-p leads to

x3
2 Y3

the addition of the terms

hmd £, [ upxu (¥)p, + ul(X)ui'(Y)py ]
a

to the movable edge case of Ib. Expanding these terms

in a series in w , alone, I obtain the coefficient

1 Eh £} [-5.3428518].
Sfwi, at

The fixed edge equation then becomes

Eh® £, [18.76888874] + Eu f£] [8.2045393] = .27370095p .
a4 a4

Using the dimensionless deflection and pressure as before

this equation takes the form

68.5744 6, + 29.976353 p* .
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Section 6. Two Mode Solution: Movable Edges

Here w is assumed to take the shape w = fllwll

+ (w + w,.). Similarly, @& is assigned the shape

13 31

+ w,,). Following the identical procedure

911 * 9130wz *+ Way
as in the one mocde solution, I substitute the present

expression for W into IIb, obtaining

E, [m4 £2, [y Pluy ]+ md m3 £, [ [uy ) ]P[uyy)]?
+ [u3(x)]2[ui(y)]3 + Zui(x)ué(x)ui(y)ué(y) ]

+ 2mg mg £ 5 [ [u](x) Py (r)uly) +

ui(X)ué(X)[ui(y)jg 1+ m* g5 u (x)uf (¥ (¥)uy(y)

- m} £, £ [ uiGlugx)u, (Yuyly) +
u, (x)uf x)uf (yu,(y) ]

ml mg 11 F13 L u, "(x)uy (x)a, (Yujly) +

u, (Kufx)u (Yhuyy) 1 7.

Upon expanding as a series 1n LERE: Wy3 and W3l

I calculate the resulting coefficients.

w coefficient:

11
bl E [-17. 124847fll - 82.0783707£,,f4
JTvi,
+ 219.6646942£7, ]
(w13 + W31) coefficient:
- 2 -
. 1' _g_z [-20.519593 £31 233.3758547¢£,,f, 4
J 513

-~ 113.14013134 f33]
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Substituting the above expression for & into IIa

results in

4 4 " "
2 my gy,9 (Ku, (¥y) + 2 my gy, (X)u(y)

a% a*

+ mi g, 3[u, (x)ug(y) W+ ug (x)u, (v)]
a4

+ m_§g13[ul(x)u3(y) + ug(xiu, (v)]

2 2 ” ” ’” "
+ 2 w3 mf g luyuy(y) + ufx)uy(y)] .
a4
Expanding this expression as a series in the same three
eigenfunctions I determine the following coefficients:

Wll coefficient:

1 1 [ 204.95626501g + 85.0255368849, ., |
52 11 13 -
T wil a
(w13 + w31) coefficient:

1 __ 1 [ 42.51277104g,, + 3558.20530469,, ]

JTwiza®

Equating IIa and IIb, coefficient by coefficient, one

obtains two linear equations in g,, and gy3° Solving

for these quantities one finds

= - 2 _ 3
991 = .0815656 E fll +37511798E fllf13 + 1.0903595E f13
9,3 = . 0047923 E fll 06110624 E fllfl3 . 0448255 E fl3

The assumed shapes of w and @ are substituted into the

right hand side of I and the result will again be

and w .

expanded as a series 1n terms of w 13 31

11’ v
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One may note at this point that the symmetry of the
differential equation with respect to x and y eliminates

over half of the calculations; i.e.

3

LI coefficient of 33%@ 33w =
ay5 x>
LI coefficient of 320 33w
3%~ ay2
Vi3 coefficient of 328 33w =
ayz x>
Waq coefficient of 33%@ 33w
ox? o7
LA coefficient of 232%@ 33w =
3 57
Waq coefficient of 2328 33w
ay5 x>
w,, coefficient of 3%°2 23°w =

13 X3y oxay

Wi coefficient of 328G 33w
0Xdy 9Xady

It is therefore sufficient to determine only the

coefficients of 3%® 3%°w as well as those of the mixed
3 3x°

oY b4
partial product 3% 33w .
X3y 9X3dy

2 — 3 ) 2 " 2 "
%_g = m] g;,u, (X)u(y) + mJ g;qus(x)uy(y) + m3 g;5u, (x)uz(y)
2 = 2 " 3 ” 3 ”
22w mJ fllul(x)ul(y) + my fl3ul(x)u3(y) + m3 fl3u3(x)ul(y)
X =z -2 -

a a a
2 = 2 ] [} '
%o m? g,,uy (x)uj(y) + mmg g4 [ul(x)u3(y) + u3(x)ui(y)]
X3y = =7
23 = 3 ] [
3% w m3 fllui(x)ul(y) + mymg £,4 [ul(x)ué(y) + ué(x)ui(y)]
X3y Pl

a



. hmmAMVHSuﬁxvmsAwis + AhvmﬂAmvmsmmAxvmﬁu waﬂmmﬁmmyzwﬁ +
e
mmmAMVHSuANvmzAxvms + A%vmsAhvmsmﬁAxVHSu umﬂmﬁam ﬁuw& +
[ & @ inxineing +
e
LB L O]+ o[ (£ Tl (x)Tn] J°T65Ts Qugu +
_° Kexe Aexe
L (D) ][ () In]tTEMy Tw = Eoe TLe
e
¢ (D) Enx) Inxyinex) Taf 6y Ewlu 4+
e

ANV:SAMV sﬁxv SAKVH ETplly HE +

14
Ahv:sﬁmv sAxv:SANVHSHHOMHw H +
-
(%) n(x) Enxy Inx) TnTT68 Ty Tw 4
-2
(%) En(Z) In(x) En(x) TnfT6ETs w4
14

[(&)En(&) Tnex) Enx) & + (&) En(&) Enez) Tnx) Fn8 68T Swlu +
=]

(%) En(&) In(x) En(x) InfTpET; Ty &
=]

Ahvmsﬁhvﬁsﬁxvmsaxv aﬁmﬁﬁ HE =

mer
rolro
£,
ro|ro

$SUTR]qO U0 ‘aI10F2I39L



-~ 20 -~

w and w

Expanding Ib as a series in w 13 317

11’

one finds the w coefficient equal to:

11
2h [ w,, coefficient of 320 33w
11 ay3 X"

- w,, coefficient of 2°8 3°w ]
9XdY dxXdYy

+ w,, coefficient of p.

11

The coefficient of (w,, + w,,) involves slightly

13 31
more consideration. The first four terms of 320 3°w
Y= 3x®
are symmetric in x and y so that the W13 and W3q

coefficients are equal. Since the identical situation

occurs in the computation of 32& 3%w, one finds that

3% ay2
a part of the (wl3 + W31) coefficient of
3@ 3%w + 23%8@ 3°w results by merely doubling the
ay5 3% 32 ay5

W3 coefficient of the above-mentioned four terms. The

remaining part of the (w13 + Waq

most simply determined by computing the w

) coefficient can be

13 and wgy

coefficients of the last four terms of 32® 3%w and
EE'F

then adding them together. Each term of 32 & 33w

3XJdY 9X0Y

is symmetric in xand y; and so its (Wl3 + w31)

coefficient is found by merely computing its W3

coefficient. Finally, the (w13 + W31) coefficient

of the pressure, p, a constant, is simply 1 @ P .

JI Y13
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Using the above-determined expressions for 911
and 9,3 as quadratic functions of fll and f13’ as
well as the table of integrals, I obtain cubic expressions
of £ and f in the coefficients of Ib. After

11 13
combining like powers the coefficients become:

W coefficient of 1Ib =

11
- 3 _ 3
7 iv [E;1 [ -3.1869415 £, 26.794766 £3; £,
11 - 25.6452393 £.. £2. + 68.572551 £2_ ]
’ 11 13 ’ 13
+ .27370095p a® ]
(wy 5 + w31) coefficient of Ib =
3 - 2
; é [ggg [ -4.465795 £11 53.4907626 £3; f,4
13 3 3
- 114.4623416 f£,, £,5 + 209.565523 fl3]

- .13535661pa® ]

The expansion of Ia as a series is identical to

that of IIa, with 95 5 replaced by fij'

W coefficient of 1Ia

11
7 %f ﬁ% [ 204.956265 £,, + 85.02553688 £, ]
TV
(w13 + w31) coefficient of Ia =
1D [ 42.51277104 £, + 3558.20530463 £, ]
T wi3 az

Equating each of the coefficients of Ia and 1Ib

I obtain two cubic equations in £11 and f,3¢



- 22 -

[

3
[a] E g [ 18.7688887 £,, + 7.78622133 £13 ]

a

3 . 2
Eah [ -3.18694154 £3, ~+ 26.7947664 £3, f,,

- 25.64523934 £ + 68.57255096 £3, ]

2
11 f13

+ .27370095 p

-3 .
[B] Eah [ 3.8931109 £,, + 325.8429766 £,, | =
3 2
Eag [ ~4.4657948 £, - 53.490726 £3, 15

+ 209.56552309 f£3

2
- 114.4623416 £, £]5 13 ]

- .135356614 p

I divide both equations by Eh® times the respective
4

a

coefficients of p. Once again, I call 6ij = fi'
. _ h

and p* = p_a* the dimensionless deflections and

E h
pressure respectively. Solving the resulting equations

for p* I obtain:

[a] 68.5744:6,, + 28.4479 &,

3 3
+ 11.64388 611 + 97.898 611 613

a2  _ 3
+ 93.698 611 613 250.5382 613 p*

I

[B] -28.7619 &,, =~ 2407.2927 &,

23 _ 2
- 32.9928 611 395.184 611 613

3 3 =
~ 845,.6354 611 613 + 1548.2474 613 = p*
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Section 7. Two Mode Solution: Fixed Edges

At this point I investigate the two mode approximation
under the fixed edge condition, III. One recalls that

this edge condition requires the vanishing of

ar13®@ _ v3a% 1 3wys
‘% L E 30y~ E 3x° 2 (ax) Jax .

As was noted previously, the choice of T = +

91111

+ w,,) will not satisfy this edge condition

913'"13 31
and so again I choose a first approximation to @ by

(w

including the symmetric function gxzf + p.x° .

2 Y=o
Proceeding in a manner identical to that of the one mode

analysis, I obtain

- 1 2 " 2 "
0 =paf [ [ m3g3,u, )uy"(¥) + nfgy3us(xuiy)

2 1] - 2 "
39134, (x)ugz(y) - vmig,, uy (X)ul (y)

+ m
- vmi g;3 4y (x)us(y) - \’m:a3 g 543 (x)u, (v)
* Py - VP,
-E [m3£3, [ug (x)1PLug ()17 + med lu; () JPLug() TP
m3 £25 [ug(x) 12w, () ]
+ 2md £, £, [ (x) Puy (¥)ug(y)
+ 2mm, fllfl3ul'(x)ué(X)[ul(Y)]2

+ 2mm, fi3ui(X)u§ (x)ul(y)u3(Y)] ] ax

Integrating with respect to x, one determines
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Py = VP, = Py (1-v) =

%a L - migu ur(y) - migl3@ uy "(y)
- mgg13 ug(y) + Em£3 @ [u,n]?

2

+ E mlfi3@[u ()]® + lem 23D v, NP ]

Upon computing the average value of this expression, b,

is set equal to

2 2
1.381362E fll + 2.4682766E fllfl3 + 32.246964E fl3 .

In light of the inclusion of px"-? + pyg_cf in @,
: ) 2

the fixed edge case of Ib contains the movable edge

terms, determined in Section 6, plus the additional terms:

hip ml flluf(x)ul(y) + p m_.L fl3uI(x)u3(y)

+ p m3 fl3ué‘(x)ul(y) + pyml fllul(x)u"(y)

+ pymi Figuz(xluf(y) + pom3fau (x)ugly) ]

W

coefficient of p_ m h o f11 l(x)u (y)
132

11

]

-— 7"
= Wiq coefficient of pym 2_ £11 ul(x)ul(y)

T a - 3 3 - 3
E;’l [-2.671426£3, 4.773417£7, £3, 62.362629f,, £7, ]

W

13 coefficient of Py m h o E11 l(x)u (v)

a

- > 3 3 " =
31 coefficient of pyml_'g £14 ul(x)u (v) 0

= W
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w3, coefficient of p_ m h fll l(x)u (y)
= W3 coefficient of pymlh £ l(x)u"(y) =
3 _ 3 2
%[- 2.3867086 £, 4.2646724 £3, £, 4 55.716098 £, £2.]
Wiq coefficient of P, m h f13 uI(x)uB(y)
—_ " =
= w,; coefficient of pym 2 £,53u3x)uy(y) 0
W13 coefficient of p mlh £13 l(x)u (y)
_ v 3 (1] -
= Wy, Coefficient of pym_.L ga £33 (x)ul(y)
- 2 - 3
E;l‘;l[ 3.40843£5, £, 6.090328 £, £ 79.5674996 £5 5 ]
W3q coefficient of 3 m? g« 13 1(x)u (v)
_ » . 3 t —
= W3 coefficient of pyml_lg_ £.3 3(x)u'(y) 0
LT} coefficient of pxnb h fl3 3(x)u (v)
— " —
= Wy coefficient of pym 2 £,3 ul(x)u (y) =
3
Eh[ 2.386709£3, £,5 - 4.264672f  £3, 55.716098 £3 5 ]
) ‘-‘ 2
Wwy3 Ccoefficient of pxmB‘:l:_ £13 3(x)u ()

= (g 2 " -
= w5, coefficient of pym3§_ £139 (x)u (y) 0
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Waq coefficient of p nbih £13 3(x)u (y)
— L 2 o =
= w;5 coefficient of pym3_§_ £, ul(x)u3(y)
3 3
Eh[- 27.401493€3 £,, - 48.962153f,, £2, - 639.669327£3, ]

a4

The terms due to the fixed edge condition therefore

contribute the following to the coefficients of Ib:

Wll coefficient:

2
2§4h [ - 2. 67143£3, - 7. .160126 £7, £, 5

2
- 66.6273f,, £3; - 55.716098f3, ]

+ w,,) coefficient:

(wy 5 31

- 3 - 3
%_E[ 2.38671£7, 35.0746 £7, £,4

-~ 110.7686f 719.2368£7 5 ]

11 13
Upon combining the coefficients of the movable case
with those just determined I equate Ia and Ib obtaining,

once again, two non-linear algebraic equations in f

1’
fl3 and p.
[a] Eh® [ 18.7688887f,, + 7.78622 £15 ] =
at
- 3 - 3
%143[ 8.5298£3, 41.11502 £3, £, 5

3

- 158.8998f , £, - 42. 8596 £ ]

+ .27370095p
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3 =
[B] Ea_}41 [ 3.89311f,; + 325.84298f, ] =

11
3 - 3
%% [ - 6.8525 £35 88,56536£7, £,
2 3
- 225.2309f,, £, 509.6713 £3 4 ]

- .135356614p

Dividing both equations by Eh%* times the respective

a4
coefficients of p and calling 6,. = f.. , p* = pa*,
S E h¢
h
"I solve for p*.
[a] 68.57448,, + 28.44798 ,

3 2
.+ 31.16-’-1761l + 150.2188611 613

2 3 -
+ 580.55996,, 65, + 156.59288], = Dp*
[B] - 28.76196,; =~ 2407.29276 4
- 3 - 2
50.6255 83 654.3113 83, 6,4
- 2 - 3 =
1663.98156,, 674 3765.3965 83 5 p*
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Section 8. NUmerical Solutions of the Two Mode

Fixed Edge Equations

The end results of the preceding expansion methods
yield two coupled cubic algebraic equations. My first
attempt at a solution was quite naive and involved making

a rough estimate for values of 611 and 613 and

comparing the resulting values of p* in equations
[(A] and [B]. I initially assumed the magnitude of

b to be approximately 5% of that of § Keeping

13 11°

the value of 611 fixed, I altered the values of 613

and noted the changes in p*. Small increments in 613

left [A] wvirtually unchanged. However, the effect of
the larger coefficients in [B] was to appreciably alter

p*. I found that my fourth choice of § usually led

13
to values of p* in [A] and [B] which agreed to
within the first decimal place. Upon closer inspection
I found |613| approximately 4.5% of 611 for low

pressures, (p* =~ 40), |613l approximately 7% of 611

approximately 9% of §

11

for p* = 150, and lél3l

for p* = 350.
I next tried to employ some type of iterative method.
One such technique was as follows:
In [A], solve for éfa in terms of everything else

and then take the cube roots of both sides.

= 3 * - - _ 2
) 931 1647 2.2 611 . 913 513 4,82 611 513

- 18.635115133 - 5.0255133
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in [B], factor & from each term containing

13

it and then solve for 613.

— - 3
815 = (p* + 28.76196,, + 50.625587, )
2 3
2407,2927 + 654.31136ll + 1663.981561l 613 + 3765.397613
I proceeded to compute 611 and 613 corresponding

to p* = 402 wusing only an arithmetic calculator and a

table of cube roots. Upon making an initial guess of

SYl = 2.2 and ézg = -,2, I substituted these values

into the right hand side of the 611 equation and solved
) . . ) (a) . .

for 611. At this time 611 and 613 are inserted 1nto

the right hand side of the 613 equation and I obtain

) ¢ )

613. I then plugged the new values, 611 and 613

into the § equation and the procedure is repeated

11
until a reasonable convergence is achieved.

In the case of p* = 402 each iteration served to

confirm an additional decimal place of accuracy.

¢« _ a - . [0 -
8yp = J11.30812 =~ 2.244555 ; 873 = —.20344
s% = 3/11.39855 =~ 2.250522; 5% = -.204053
11 7 . R4 ; 13~ "

Q) _ 3 ~ . al = -
871 = 2 [11.414795 ~ 2.25159; 813 = —+204155
@ e . S
877 = \/11.415159 ~ 2.251614; 83 = -»2041744
«) a - «
81 = /11.415215 ~ 2.251617; 873 = —+20417485
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A very simpie computer program may be devised to
considerably shorten the time required for this procedure.
For p*> 136 I set 611 and 613 equal to O and
proceeded with the iteration.

One important shortcoming to this method of iteration
is that convergence seems to occur only for pressures, p¥,
of magnitude greater or equal to about 130, In the case of
smaller pressures one frequently obtains a negative cube
root in solving for 611, and this value will invariably
lead to a divergent sequence. Convergence may be attained
for smaller pressures if the initial choices of 611 and
) are more accurate; the smaller the pressure, the

13
greater the accuracy required. Unfortunately, the precision
necessary for convergence with respect to pressures less
than 100 is so great as to defeat the entire spirit of

an iterative procedure.

Despite the problems encountered in the above method,
the computation of deflections corresponding to pressures
smaller than 100 can be accomplished by means of another
iteration technique. 1In this present case I solve

equation [B] as before, for & This time, however,

13°
I solve equation [A] for 614 in the same manner in
which I just solved [B] for 8,3+ That is to say,
I set
= * - - 3
611 o) 28.4479613 156.5928613

2 , -}
68.5744 + 31.1647611 + 150.2188 611 613 + 580.5599 613
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For a given pressure, p* £ 100, I set 6{1 = 6;2 =

0. and inserted these values in the right hand sides of
both equations, resulting in the new values, 6;& and
5" These numbers are in turn substituted into the

13"°
right hana sides of the two equations and the process
is continued until the desired convergence is achieved
for both equations.

One may be tempted to use this second iteration
procedure for large pressures as well., It does still
work for pressures less than or equal to 210; the
greater the pressure, the slower the convergence. For

example, requiring successive approximations to be within

.0001 of each other made 10 iterations necessary for

p* = 63.4, 33 necessary for p* 134.9 and approximately

300 iterations necessary for p* 210,
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Section 9. Discussion of Results

The bulk of this section will consist of an analysis
of my fixed edge data and a comparison of these results
with those of other researchers. However, I would first
like to note the significant effects produced by imposing
the fixed edge conditions on the formerly movable edge
plate. The boundary conditions in the movable edge

situation require that the stress, o' = 3@ , in the
X g;g

direction of the x-axis vanish on the edges x = 0 and

x =a. (similarly, o' = 3”@ , the stress in the
¥ 3%~

direction of the y-axis, is to vanish on y = 0 and

y = a.) The fixed edge condition imposes a non-zero
stress, o; = Py in this paper, at the boundaries. The
presence of such a stress serves to increase the rigidity
of the plate; for a given pressure the normal deflections,
particularly at the center of the plate, are considerably
smaller in the fixed edge case. Table I and the
corresponding graphs in Figqure I reveal this loss of

flexibility as obtained in my two mode solutions of both

the movable and fixed edge equations.
Fixed Edges

The normal displacements, w, are given in the one

mode solution by w = f in the two mode solution

1¥11}

by w = £19%11 * fl3(wl3 + w31). Since Wij(x’Y) was
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normalized to be 1 at the center of the plate, (%a, %a),
the central deflection is clearly equal to fl in the

case of one mode and is equal to fll + 2fl3 in the
two mode approximation. A comparison of the one and
two mode graphs of central deflection versus pressure
can be found in Figure 2 and the corresponding Table 2.
The one mode graph lies considerably above the two mode
curve, indicating that the one mode solution results in
a plate which is too flexible.
I attempted to improve the one mode solution by

assuming a one mode shape for w, W = £ while

11%11°

considering a two mode approximation for @,

= 2 2
B = g, W, + gl3(w13 + W31) + Eéy + EX* .
2 2

The resulting equation is easily obtained by referring
to equation [A] of the two mode solution and setting

& equal to zero. The equation becomes

13
3
68.57448 , + 31.1647& = p*

as compared to the one mode equation,
68.5744 8, + 29.97636?_ = p*,

The cubic coefficient is increased slightly, but as
can be seen once again from Figure 2 the difference
between the two graphs is almost negligible.

I now consider the totality of stresses perpendicular
to an edge acting at its midpoint. The symmetry of the

plate guarantees the same results at each edge. As
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mentioned earlier, the fixed edge condition imposes a

v _ 2 — =
stress, o, = gyﬁ P, » along the edge x 0. The
extreme fiber bending stress perpendicular to the edge

x = 0 at its midpoint is given by o = Eh 3%w.
2(1-v?) 3x°

Finally, the total stress perpendicular to the edge x = O,
denoted Oy 2 is the sum oi + 0;. The three stresses

o%, c£ and o, are non-dimensionalized by dividing

each one by Eh® and are graphed versus dimensiontess
as

pressure, p*, in Figure 3. (See also the corresponding’
Table 3.) It is seen that the bending stresses are quite
large compared with the membrane stresses.

Much of the literature involving the bending of
square plates deals with small deflections under uniform
normal pressure; that is deflections which are small
compared with the thickness of the plate. Under a small
deflection hypothesis the stretching and shearing stresses
in the middle surface are negligible, enabling one to
neglect the non-linear terms in von Karman?'s equations.

Consideration of the non-linear equation, as in this
paper, is essential in any discussion of a plate with
large deflections. Such analyses known to me have been
given by Way [2], ZLevy [3] and Vol'mir [4], each
employing distinct methods quite different from my own.

Levy's results, the most extensive of the three,
.include comparisons with Way's earlier work and, therefore,

most of my own comparisons will be with Levy. Vol'mir
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obtained a solution to the differential equations by
approximating the shape of the deflected plate by

w = fsin®mx sin®my  which satisfies the boundary
a a

conditions of zero deflection and slope at the edges.

His resulting equation in the fixed edge case is
71.486 + 35.98% = p*.

Here again, 6 1is the deflection to thickness ratio,
p* is the dimensionless pressure.
Levy represents his deflection by the series

w=2ZXZX Wmnsinnmx sinnny , the general solution
a a

for the simply supported square plate with boundary
conditions requiring the vanishing of the deflections

and the edge bending moment per unit length at the edges.

That is to say, m_ = - D(3%w + v3a®w) 1is to be zero
X -2 -2
ax oy
along the edges x = 0 and x = a. ( Similarly, m is

Yy
to vanish on the edges y =0 and y = a.)

In the clamped plate situation Levy was faced with
exchanging the boundary conditions of zero bending
moment for slope equal to zero at the edges. He
accomplished this by expressing the edge moments as
Fourier series with coefficients yet to be determined
and incorporating these moments in an auxilliary pressure
distribution. In the end he must solve several involved
systems of equations relating his deflection, pressure

and moment coefficients. Finally, convergence of the
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deflection series to within three accurate decimal places
requires series of 22 terms.

In Table 4 and the graph in Figure 4 Levy's
22 term solution and my two mode results for central
deflection versus pressure are shown. The agreement is
excellent for the smaller pressures and within 3% for
the largest pressure.

I also find it interesting to compare the theoretical
shapes of the deformed plate in terms of Levy's, Vol'mir's
‘and my own distinct representations of w. For p* = 402
I considered the plane section through the plate containing

the line Yy = s perpendicular to the xy plane. The

N

resulting middle surface deflection curves from X = 0
to x = a are graphed in Figure 5 and one notes the.

remarkable agreement of my two mode shape with Levy's

22 term representation.

My stress results, however, do not agree quite as
well with Levy's as the deflection data did. A comparison
of my bending and middle membrane stresses with those of
Levy can be found in Table 3 and the corresponding
graphs in Figure 3. One observes that my membrane
stresses, ok, are too small, which was to be expected

from the crude guess of J, = px)ﬁ + Exx@ . It can be

2 2
noted, however, that experimentally it is virtually

impossible to clamp the edges so securely as to achieve

perfectly fixed edges. In this case, my theoretical
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results may not be too bad a reflection of the actual
membrane stresses. My extreme fiber bending stresses
can also be seen to be smaller than Levy's; at the
largest pressure, p* = 402, my bending stress differs
from Levy's by 23%. It is importaht to note, however,
that my one mode bending stresses are very much smaller
than my two mode stresses, the difference at p* = 402
being 37.5%. (See Table 6 and Figure 6.) This
suggests that my bending stresses critieally depend on
the number of modes in the representation of w, and
that even one additional mode would significantly improve

these results.
Evaluation of Integrals

The final comments in this section deal with my
attempts to evaluate the integrals occurring in the
computation of the Fourier coefficients. The Rayleigh
functions, being sums of products of sines, cosines and
the hyperbolic functions sinh and cosh, have the property
that upon expanding their derivatives as Fourier series
in the original functions, the integrals involved in
computing the Fourier coefficients are again sums of
products of sin, cos, sinh, cosh. Each of these integrals
can be computed in closed form, the formulas being found
in almost any complete table of integrals. (See [7].)

Using the values of cosm, and coshm, listed earlier

1
in this paper, the integrals occurring in the one mode
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calculations can be easily computed using a twelve-place
arithmetic calculator.

Difficulties arose, however, in the calculation of
many of the integrals ocrturring in the two mode case.
Certain of the integrals, such as ‘%a sinh* s X dx ,

have as many as 17 significant digits to the left of the

decimal point. Evaluating a particular Fourier coefficient

may involve additive cancellation of several numbers of

such magnitudes. Since each Fourier coefficient turns

out to be of absolute value less than 1, even with the

ald of most computers, the significant digits to the

right of the decimal point are all but lost and the

resulting values of the coefficients are meaningless.
This obstacle in evaluating the coefficients in

closed form led to the consideration of numerical

approximation of these integrals. Instead of multiplying

out an expression such as [u3(x)]3ul(x) and integrating

each of the resulting terms separately, I integrated

the original product, &?[u3(x)]3ul(x)dx, using

Simpson's rule with the number of intervals equal to

2n, n taking on integer values from 4 to 10. Recall

that since the uj's were normalized to have maximum

value 1, each function value in the computation will

be less than or equal to 1. The convergence for n = 10

is correct to at least 8 decimal places for each of the

47 integrals.
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Table 1. Two_Mode Fixed and Movable Edges:

Central Deflection versus Pressure

p* Movable Edge Fixed Edge
Deflection Deflection
17.79 .2?05 . 2361
38.3 .5025 . 4699
50.0 . 64097 .5818
63.4 . 7892 . 6937
80,0 . 9583 . 8132
95.0 1.0989 . 9070
134.9 1.4279 1.1111
184,0 1.770 1.3045
210.0 1.9315 1.3903
245.0 2.1330 1.4930
280.0 2.3200 1.5843
318.0 2.5098 1.6735
360.0 2.7065 1.7624

402.0 2.8918 1.8433
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Figure 1. Two Mode Fixed and Movable Edges: '
Central Deflection versus Pressure

Movable Edges &—o—0 .

Fixed Edges x X X
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Table 2. Fixed Edge: Central Deflection

versus Pressure

One Mode w One Mode w Two Mode w
p* One‘Mode o Two Mode & Two Mode @
17.79 .2352 .2344 .2361
38.3 . 4643 .4617 .4999
50.0 .5814 .5775 .5818
63.4 . 7064 .7011 . 6937
80.0 . 8504 . 8434 . 8132
95.0 . 9722 . 9635 . 9070
134.9 1.2041 1.1939 1.1111
184.0 1.4232 1.4098 1.3045
210.0 1.5218 1.5070 1.3903
245,0 1.6410 1.6245 1.4930
280.0 1.7481 1.7300 1.5843
318.0 1.8535 1.8340 1.6735
360.0 1.9597 1.9386 1.7624

402.0 2,0571 2.0346 1.8433
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Table 3.

p*

17.79

38.3

63.4

95.0

134.9

184.0

245.0

318.0

402.0

- 43 -

Membrane and Bending Stresses at Midpoint of

Edge (Perpendicular to Edge)

versus Pressure

Hoffman

. 0884

. 3568

. 8001

1.4181

2.2172

3.190

4.3646

5.7188

7.2128

4.8263

9.8551

15.0926

20.5936

26.3746

32.3220

38.5322

44,8158

50.9901

Levy

Eh Eh

.12 5.36

.47 11.05
1.06 16,97
1.87 23.45
2.92 30.6
4,23 38.2
5.78 ‘47.0
7.60 56.3
9.64 66.2
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Table 4. Fixed Edge: Hoffman Two Modes and Le

Central Deflection versus Pressure

p* Hoffman Levy
17.79 .2361 <237
38.3 . 4699 .471
63.4 . 6937 .695
95.0 ..9070 .912

134.9 1.1111 1.121
184.0 1.3045 1.323
245.0 1.4930 1.521
318.0 1.6735 1.714

402.0 1.8433 1.902
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Table 5. Shape of Deflected Plate Along y = %a

at  p* = 402

Note: Plate is symmetric with respect to x = .,5a
x Hoffman Levy Vol'mir
0 0] - 0 o 0
.05a .1024 .1193 .0475
.10a .3556 .3976 .1855
.15a .6827 . 7243 .4004
.20a 1.0175 1.0287 .6712
.25a 1.3118 1.3002 . 9714
.30a 1.5391 1.5099 1.2716
.35a 1.6936 1.6789 1.5424
.40 a 1.7851 1.8023 1.7573
.45 a 1.8302 1.8753 1.8953

.50a 1.8433 1.902 1.943



Shape of Deflected Plate Along y=%a at p* = 402

Figure 5.
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Table 6. Fixed Edge: One and Two Mode Bending Stresses

versus Pressure

p* One Mode %%ﬁf Two Mode %%ﬁﬁ
17.79 3.6411 4,8263
38.3 7.1878 9, 8551
50.0 9.0006 12.4116
63.4 10,9357 15.0926
80.0 13.1650 18.1084
95.0 15.0506 20.5936

134.9 18,6406 26.3746
184.0 22,0325 32.3220
210.0 23.5589 35.1007
245.0 25.4043 38.5322
280.0 27.0623 41.6733
318.0 28.6940 44,8158
360.0 30.3380 48,0205

402.0 31.8459 50,9901
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L

One and Two Mode Bending

Fixed Edges:

Figure 6.

One Mode ‘Graph

Stresses versus

Pressure

Two Mode Graph
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Integrals

%a u, (x)uf(x) ax
& [ x)]Pax
Jz)a[ul (x)JPu (x) ax
%a[u{(X)J?'ul (x) dx
p[uy () PPup(x) ax
& ug(x) ax

Jz)a[u3 (x)]Pax
%a[u3 (x) Pax
plugtaloax

b ug(x)ug(x) ax
b [uy)]Pax
Jba[u3 (x) JPuj(x) ax
b [ug ) PPug(x) ax
§Tug (x) Pug(x) ax
{)a u, (x)u,(x) ax
& u, (x)ug(x) dx

{? u3(x)u£(x)dx

I

.218015215 a

.218015215a

.21357625a

+165938494 a

.198226036 a

. 258726749 a

.505859962 a

. 209407206 a

.418772309a

.41381783 a

.41381783 a

.139595437a

.1047036 a

.362871230a

. 036044115 a

«19477943 a
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(continued)

& uy (x)ug(x) ax

o [ugG)PPuy (x) ax

& [u; (x) JPug(x) ax

B [uyx) Puy (x) ax

& [u; (x)Pug(x) ax

b ug(x)ugyx)u, (x) dx
b uy (ug(xiug(x) ax
& uj (x)[u, (x)JPax

by up(x)[ug(x)J2ax

By g (x)ug(x) ax
& ugx)u; (x)ug(x) ax
foa [u, (x)1?[ug(x) JPax
Ty (x) JPur Gou, (x) dx
Iy Tuy () PPuy (x)ug (x) ax
Jba [u, (x) Pug(x) ax

& vy ) Pug(x) ax

£ Tuy 60 PPug (e)ugy () ax

Il
1

.083789332 a

.286218960 a

.082036446 a

.259570042 a

+143863156 a

.113509324 a

.013082315 a

.097657853 a

. 060823155 a

-+120004340 a

.265197733 a

.205722939a

.102576275 a

.110654941 a

.115281079a

.124970479 a

.199313656 a
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(continued)

Qf[u3(x)]au§(x)ul(x)dx

I [ug () Pu, (x) ax
{? [u3(x)]3u£(X)dx
L uy(x)ax

& [u, (x)]?ax

b [y (x)Pax

b [ug (x)]*ax

b [uy ) JPu (x) ax
& [ug(x)]Puy(x) ax
&?u{(x)ug(x)ul(X)dx
5 u'l'(X)ug(}c)u3 (x) ax
b ugGofur(x)]? ax

{f ul(x)[ug(x)]zdx

Il

. 006151134 a
.016161021 a
+125472847 a
+523164360 a
+ 396477920 a
.331876988 a
.291108371 a
.106788125 a
.069797718 a
«115994313 a
.10384758a

. 026216524 a

. 252685394 a
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