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Abstract

A Nash Equilibrium Solution for Stock Market Crashes

by

Levent Aksoy

Adviser: Professor Salih N. Neftci

Throughout history, large, unsubstantiated movements in asset prices have long
puzzeled researchers. Irrational human behaviour is blamed for the cause of such
speculative bubbles and market crashes. This thesis investigates a possible under-
lying rationality that might trigger such changes.

There are two main sections: In the first section a game theoretical model of
market is proposed. If the decision to buy or sell an asset is based on expectations
of other players’ decision, then, a state where all participants buy or sell at the same
time can be in a Nash equilibrium. A sudden change in the players’ strategies may
cause a bubble as well as a market crash.

In the second part, computer simulations based on adaptive expectations are
performed to support the theory. Indeed, if the right kind of conditions are met,
one can observe bursts of trading activity. These periods of activity as they start,

may suddenly disappear.
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1 INTRODUCTION 1

1 INTRODUCTION

In economics, as well as in other fields, there’s a tradion to proceed from
the study of simple systems to more complex ones. In economics the simplest
case is usually a two-variable model. Consumers are to choose from two types
of goods; production requires two factors—capital and labor. Economists have
already started to use complex models. One example is the determination of
capital asset prices (Sharpe, 1964). The prices of derivative securities, such as
options, now require solutions of differential equations (Hull, 1993).

Following the development of portfolio theory by Markowitz, there have
been two major theories put forth to derive a model for the valuation of risky
assets (Reilly & Norton, 1995). The first is the Capital Asset pricing Model
(hence, CAPM) developed by William Sahrpe, John Lintner and Jan Mossin
which deals with the central aspects of equilibrium in capital markets (Sharpe,
1991). The model predicts the price of a capital asset in terms of its expected
return and the risk it bears. The other is the Arbitrage Pricing Model (Hence,
APM) developed by Stephen Ross (Reilly & Norton, 1982, p180). APM has
fewer assumptions, especially, doesn’t require specific assumptions on the in-
vestors’ utility functions (quadratic utility function) and normally distributed
returns. Furthermore, it takes into consideration of outside information such

as the GNP.
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1 INTRODUCTION 2

The price of the asset is thus assumed to have a basic intrinsic value. This
value is determined by examining variables such as future earnings, interest
rates and risk variables. There may be discrepancies between the actual value
and the intrinsic value of an asset, but eventually the investors will recognize
the discrepancy and correct it (Reilly & Norton, 1995). This price adjustment
under the “Efficient Market Hypohesis” (EMH) is rather quick in response to
the arrival of new information, and therefore, the current price reflects all the
information about the security. The “fundamental analysts,” who believe the
markets are efficient, try to perform a superior job of estimating the intrinsic
value of the asset, and acquire undervalued securities, thus generate above-
average returns.

The EMH is challanged by the “technical analysts.” A basic premise is that
the newly arriving information requires time to be fully analyzed by investors
before taking an action and that the prices cannot adjust quickly. The prices
will then move in “trends” to a new equilibrium, and one may take advantage

of this movement by early detection (Reilly & Norton, 1995).

1.1 Bubbles and Crashes

Economists believe that under the assumption of rational behavior and ra-
tional expectations, the price of an asset must reflect the market fundementals.

Financial-market participants on the other hand have quite a different view:
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1 INTRODUCTION 3

fundementals play only a partial role in determining the prices. Extraneous
events may well influence the price if believed by other participants, or simply
stated crowd psychology becomes important. If the expectations of investors
change in such a way that they believe they will be able to sell an asset for a
higher price in the future than they had been expecting then the current price
of the asset will rise. If the reason that the price is high today is only because
investors believe that the selling price will be high tomorrow then a bubble
exists (Stiglitz, 1990).

It is proved that under general equilibrium, the bubbles cannot arise when
theres a finite number of individuals with infinite horizons (Tirole, 1982). The
argument is that, whenever the price is different than the fundemental price,
the players will try either to buy or to sell the asset creating an excess demand
or supply which will contradict the equilibrium assumption.

Rationality alone, however, does not imply that the price of an asset be
equal to its fundemental value. That is there can be rational bubbles (Blan-
chard and Watson, 1982). It is possible to have bubbles even in general equi-
librium with infinite horizon when there are new players coming into the game
over time (Blanchard & Fischer, 1989). With a finite horizon when the econ-
omy is not efficient (interest rate is less than the growth rate) there will also
be a positively valued bubble at the steady state.

Other research introduced alternatives to the efficient markets such as the
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1 INTRODUCTION 4

“Noise Trader” approach. In this approach, traders are not fully rational
and their demand for risky assets are affected by their beliefs. Also arbitrage
opportunities are risky and therefore limited (Schleifer and Summers, 1990).
In a study, Youssefmir et.al. showed using computer experiments that un-
der similar conditions, the price can inflate and deflate suggesting a bubble
(Youssefmir, Huberman, Hogg, 1995).

The study of bubbles centered mostly around the existence of such events
and how they can be identified. One peculiarity of the markets still remains
unexplained. When the markets starts to decline the prices sometimes adjusts
rather quickly. This sharp decline in the prices which is named properly as a
“market crash” causes panic among investors. Why mostly “rational” agents
suddenly turn out to be absolutely “irrational” has not been fully investigated.
The study of group behavior where players faced with prisoners dilemma,
switch strategies between cooperation or defection in a sudden and unexpected
way (Glance and Huberman, 1993) may shed some light on what happens when

a bubble bursts. It may also explain why bubbles start in the first place.

1.2 Overview

Mathematical modelling of processes involving humans is quite tricky. On
one hand theres a need to fully understand and predict the behavior, on the

other hand the model has to fit into existing theories. In order to come up
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1 INTRODUCTION 5

with the “correct” model, you have to expand it to include many aspects
of your observatios, meanwhile, simpler models are preferred for the sake of
mathematical beauty. This means a trade-off between beauty and models
ability to predict the real-world. The challange is to improve on both sides.
This study is divided into two main parts: The first part depicts the behavior
of market agents as a 2-player game. In the second part I will present a
computer simulation to test the predictions of the model.

The first part includes the verbal descriptions of observed behavior during
market a crash. Based on these descriptive information I will try to build
a mathematical (game-theoretical) model where players can choose between
two starategies: Hold or Sell The utilities will include the return on the
stocks as well as the return on a risk free asset. This model has two pure-
strategy equilibria, where both players Hold, and where both Sell. The third
being an unstable mixed-strategy equilibrium will simply be mentioned. In the
tradition of simplistic economic modelling, when one of the players is assumed
to be “all other participants,” both players selling strategy suggests a market
crash. Then I will question whether the predictions of this model coincides
with the economic theory. A change in the returns and interest rates will effect
the outcome of the game. The number of players will also effect the results.
The section will continue with the analysis of another type of game with a

third possible action. When both players switch to a Buy strategy a bubble
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1 INTRODUCTION 6

will form. Finally, the assumption of single-unit transaction will be relaxed.
In the second part, the model will be tested using computer experiments.
Agents with adaptive expectations and very short time horizon will involve
in Buy and Sell decisions. The difference between the number of buyers and
sellers (i.e. the excess supply or demand) will determine the direction and the
rate of the price changes. The results show periods with sudden and large
price movements in otherwise mostly random changes. These sudden changes

in the prices can be considered as bubbles and market crashes.
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2 THE GAME 7

2 THE GAME

2.1 Introduction

To explain consumer behavior an economist starts with a set of preferences.
Based on those preferences and a corresponding utility function, he will try
to predict how the consumer will react to changes in prices, income, health or
the weather. Although we agree that these preferences depend on that persons
psychology, we usually take them as given (exogenous) and assume that they
will not be affected by the market or the prices.

How realistic can this assumption be? In the short run, our preferences
will be affected by changes in our perception. Our perception is not prone
to supply-side factors like advertising. No matter how educated a person
is, or how much he knows the effects of advertising, one form of advertising
will eventuallly effect his decision making. Similarly demand for a good may
affect a consumers demand for that good. Becker studied this phenomenon on
restaurants and proposed a roller-coaster shaped demand curve. We initially
have a downward sloping demand; as the quantity (the number of customers)
incrases the restaurant becomes ‘hip’ or fashionable and demand builds up
creating more demand. In the assets market, with a fixed amount of equity
outstanding, the current price is determined by the intersection of investor

demands with the existing supply. But, equilibrium demand depends upon
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2 THE GAME 8

the current equity price and the beliefs of agents about the equity prices in
the future. Therefore, the current price depends on the expectations of the
future price and the expectations of the future price depends on the current
price (Flood & Hodrick, 1990).

Even when using fundamental analysis similar but more indirect effects
can be found. The fundamental (or intrinsic) value of a firm depends on the
expected sales, profits, interest rates, macroeconomic environment, sectoral
variables, etc. In general, everthing else being the same, the more profitable a
firm is expected to be, the higher the value of the firm will be; thus a higher
stock price. The profitability or rather the survivability of a firm depends on
the strength of the company today. This strength affects a wide range areas
from a new technology being accepted by others to money raising capability
of the firm. This is especially true with new technology companies.

When a small firm invents a new technology standard which competes
others in the market, in order to be successful, the firm needs to advertise
to gain acceptance. However, its marketing efforts largely depends on its
resources. Even if the technology is superior to other existing technologies,
the firm is bound to disappear when it cannot convince investors to raise
capital. If the stock market puts a high value on a firm, then the firm can
more easily borrow or sell stock at a higher price. This money can be used

in marketing or research. Meanwhile, other firms are more likely to follow a
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2 THE GAME 9

larger firm in terms of accepting new technology or establishing standards.
This process may eventually become a self fullfilling prophecy. If people
beive that a firm will become successful, then it is more likely that the firm

will be, than not. In a way, the market will make the firm.

2.2 Rationality in the capital markets

In studying capital markets one assumption is that the majority of players
in capital markets have enough sophistication at least to accept that there will
be well founded mathematical methods to estimate the price of a capital asset.
There are well established models such as the CAPM and APM. In major
markets as in New York, London, Hong Kong, traders make use of computers
and such models to estimate the the “fundamental value” of a security. These
models became so sophisticated that sometimes the computers (machines)
spell out the decisions. In less developed markets like emerging markets of
the Eastern Europe and China, we should expect to see larger deviations from
the fundamental value of the stock, as the traders are less likely to be able to
calculate exact value of the firm.

The use of computers and the large number of players both favor the EMH.
Computers which use sophisticated pricing models can very quickly evaluate
any new information, and produce results with great accuracy. The number of

players, on the other hand, can “average” or “smooth” the irrational behavior
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2 THE GAME 10

by investors towards an unbiased demand. But are all of these conditions
enough to prevent a “collective panic” condition? Or at the very extreme, can
computers have their own “psychology?”!

The assumption of EMH and rational traders can be tested in two ways:
By looking at the market in general and testing for a random walk in the price
level under the assumption that new information arrives in a random fashion.
The second is by looking at the traders individually. The irrational behavior of
market participants does not necessitate the market in general is not efficient
as long as this irrationality is not biased. If a significant percentage of the
investors have similar biased views about the market, then we should not

expect the EMH to hold.

2.3 Bias in decision making

"The bias in decision making can grouped in two major categories. The first
assumes that the investors are rational but they cannot eliminate systematic
biases. Second assumes that the investors are simply not rational.

It is possible that the rational traders cannot eliminate systematic biases.
They may not take advantage of arbitrage opportunities partly because they
cannot absolutely be sure that such opportunities exist, because the funda-

mental value of an asset is not certain (Shleifer & Summers, 1990).

!Since computers are programmed by humans, the underlying algorithms can
embed human biases or psychology.
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2 THE GAME 11

There has been studies about the psychology of the traders. One survey,
for example, found that professional currency forecasters during the mid 80s,
expected that in the long run market fundamentals to hold, but in the short
run price trends to persist (Day & Huang, 1990). The type of trders with sys-
tematic biases away from the fundamental values are called “noisy” traders.
Such noise traders have trend chasing tendencies. The investors bias is exem-
plified by the “Theory of Reflexivity” presented by George Soros, who stresses
the importance of investor bias in security analysis (George Soros, 1987).

The “Technical Analysis” of the stock prices which range from moving av-
erages to drawing lines, also shows a bias away from the market fundemantals.
The importance of such theories and methods is not in their mathematical or
economic merit, but in the number traders (individuals or institutions) who
believe in them. The number of “theoretical” books read by investors may
exceed couplefold the number of journals read.

Portfolio “insurance” is another deviation from market fundemantals. Such
traders use computerized strategies which dictate buying after market rises
and selling after the market declines a certain percentage points. In other
words, “they can afford to take greater risks in rising markets because the
portfolio insurance offers a disciplined way of avoiding risk in declines” (Leland
& Rubinstein, 1990).

The assumption of “infinitely lived” agents may not be suitable as well. In
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2 THE GAME 12

the case of mutual funds, the investors do look at the past behaviour of the fund
assuming that it is an indicator of how well the funds are managed. The funds
themselves advertise their past performance; third parties like Morningstar and
Lipper and less formal Consumer Report compare funds using past returns as
well as other figures. These, in turn, further affect the investors maybe to an
extent to be conditioned only on the past performance. Since the funds are
in competition theres a pressure on the fund managers to perform well in the
short run to attract new investors causing a deviation from rational behaviour.

A survey done on the behavior of investors reports very interesting results
(Shiller, 1990). Following the market crash on October 19, 1987, questionnaires
were sent to the investors (institutional and individual), asking about their
own personal experiences. Among the answers for the causes of the stock
market crash, market being overpiced, existance of “insurance” (also stop-loss,
program, computer) traders, and irrationality of investors were the common
themes. For the reason why a “rebound” would occur, “intuition” was very
frequent. The research found no recognizable exogenous trigger for the crash.

Meanwhile, a recent research found that intiution and gut feelings have
biological and mental basis. Human brain has a covert system which is acti-
vated long before people are consciously aware that they had decided anything.
When subjects were drawing cards from two deck - one providing higher re-

turns than the other - they subconsciously became aware of the difference
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2 THE GAME 13

(Sandra Blakeslee, 1997). Similarly a computationally more powerful brain
may be working in the background and providing rational decisions. However,
rationality should refer to decisions as a result of mathematical calculations
which can be repeated by others, and not vague decisions conscious or other-
wise.

A very good description of the boom and crash of 1929 can be found in
Galbraiths classic book (John Kenneth Galbraith, 1988). The explanation
of events emphasizes the emotional responses by and irrationality of investor
decisions. Although the economy was well into a depression by the fall of 1929,
depression alone cannot explain why the prices adjusted in a matter of days
instead of a smoother and and flatter decline. Also in the case of 1929 crash
(like in 1987 and 1946 (Miller, 1990)) there was not an obvious exogenous
trigger.

All of these factors are real-life counter-examples to the assumptions ud-
erlying the research on non-existance of speculatice bubbles. Unless those
assumptions are satisfied we cannot conclude that speculative bubbles do not
exist.

2.4 Identifying the Crash

In the crash of 1929 Galbraith describes the lack of equilibrium as “Often

tehre were no buyers, and only after vertical declines could anyone be induced
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2 THE GAME 14

to bid.” Also the ticker tape showed lagging price quotes. The panic stopped as
quickly as it started when larger financial institutions decided to take action.
After a couple days of steady price levels, stocks started to fall again, this
time without recovery. Without an “organized support” prices kept falling;
and as usual the ticker “ran late.” A day later larger blocks were offered, but
without buyers their prices continued to fall. There were also unfilled orders
and multiple sales of the same stocks etc. as a result of clerical errors due to
human fatigue.

In the crash of 1987 too, both the buyers and sellers did not have a clear
picture of what the prices were. There were substantial intervals where no
buyers could be found to pair with sellers (Eichengreen, 1990). Many traders
found themselves with an overhang of unfilled sell orders going into the next
day (Leland & Rubinstein, 1990).

Among the characteristics of the market crashes, three are quite important.
First is delayed or mis-information, second is the absence of equilibrium, and
third is the failure of the markets in terms of inoperability. High volume and
volatility also accompanies the large price drops. These characteristics also
challange the assumptions made by Tirole and others. Thus we are safe to
assume that agents are not always rational in their decision making and the
market does not have to be in equilibrium. Furthermore, the panic among

investors as they try to sell, but not being able to fulfill their orders suggest
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2 THE GAME 15

that the market itself may cease to exist during a crash.

2.5 Outbreak of Un-Cooperation

The collective action problem among intentional agents whose choices de-
pend not only on the past but also on their expectations as to how their actions
will affect those of others have been studied extensively by Glance and Hu-
berman (Glance & Huberman, 1993). When faced with “Prisoners’ Dilemma”
agents will have to choose between a strategy to free-ride or to defect and
one where the benefit of cooperation offsets individual costs. This problem is
presented as a repeated n-person prisoners’ dilemma, wherein the benefit ob-
tained by an individual from cooperating in producing the good is outweighed
by the cost of cooperating for the one-shot game.

Along with imperfect information, it is shown that the onset of overall co-
operation can take place in a sudden and unexpected way. Similarly, defection
can appear out of nowhere in very large, previously cooperating groups.

The authours introduce an optimality (or energy) function as a fraction of
cooperating agents.?

This function has two local minimums and one also bing the global. The

’If the mean probability that cooperation is preferred is p(f.) then the optimality
function 2 is given by:

fc
fe) = [ L= pel 1)
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2 THE GAME 16

global minimum is depicted as the optimal state of the system whereas the
local (which is not the global one) minimum as the metastable equilibrium.
The difference between the minimums and maximum is called the ‘barier.’ If
somehow the sytem is trapped in the metastable equilibrium, the fluctiations
caused by strategy switching agents away from the local minimum relax back to
it. Over a longer period, larger fluctiations can push the system over the barrier
maximum. Once a critical mass is reached, remaining agents rapidly switch
into this new strategy that corresponds to the optimal Nash Equilibrium.

The optimality function varies as the size of the group increases. Of the
two strategies, one may be optimal for small groups, whereas it may become
the metastable for larger groups.

One interesting result is that the system moving one state to the other
happens rather quickly. In the example given by Galnce and Huberman, the
time for recovery from a metastable state was many orders of magnitude larger
than the crssover time. This switching property of collective action provides
a starting point for the study of dynamics of market crashes. The following
sections will search for a similar behavioral property in groups trading stocks.
The switching property will hint that the players can move from ane market
state to the other quickly. We will then look for possible answers why the

prices sometimes move in rather large steps within a day or even hours.
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2 THE GAME 17
2.6 The Agents

Consider a group of agents involved in trading securities. Their actions
not only depend on the expected return on these securities but also are a
determinant of future prices.

In this hypothetical world, possible actions are buying, holding and selling
the security. When they decide to buy the security the demand for it will
increase (i.e. shift to right). Assuming a more or less constant supply, the
price of the security thus increase. When they decide to sell the security, this
time the supply will increase (i.e. rightward shift) causing the price to fall.
When they hold the stock, since neither the demand nor the supply will be
affected, the price will remain constant.3

These agents have utility functions which depend on the relative return
they earn in the market (as opposed to absolute return on their investment).
This utility is consistent with the behavior of real-world investors. The mutual
funds not only advertise about their past returns of the fund but they also
compare them with the market return and how they performed above the
market.* You can also find individual investors bragging about how they beat

the market or how they avoided losses during declines. On the other hand a

*Constant is used here to denote a steady price level where although minor price
fluctiations might occur, is not considered a major trendy shift.

4These ads are common in the Business section of New York Times.
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2 THE GAME 18

higher return always gives a higher satisfaction no matter what the market
return is. Based on these observations a utility function should be such that:
a) a player will be better off as the return on his investment increases given a
market return (marginal utility of return is positive); b) given the return on
investment his utility will decrease as the market return increases (marginal
utility of market return is negative); c) if the return on investment is constant
relative® to the market return, then the utility will increase with the incresing
return (weighted sum of marginal utilities is constant).

In other words if the utility of an investor is given by U; = f(r;, ) where

7; is the return of player 7 and r,, is the market return, then:

aU; .
a.) MUri—%rm>0 :
b) MUrm=—a—gi- <0 ;and

c)Givenr; —rp, =c

au; 5
Ti—rm=c - g{lri_r"‘:c - E;f(ri, Ty — c) >0

A utility function satisfying above conditions is a linear combination of

a;
Orm

market return and return on player’s investment:

*Relative is used for the difference between individual’s return and the market
return; a ratio can also be used instead. See appendix for a formal comparison
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2 THE GAME 19

[]i=f(ri,r,,,)=ari—brm (1)

where @ and b are positive numbers and their difference is also positive.

(@a,6>0) and (a—b>0)

The marginal utilities for the given utility function are:

oU; a
MU,-‘. —?a;—?a—r;(ar,—brm)—a>0
oU; 0
MUrm —-a—r;--—aTm(aTi—bTm) =-b<0

and when r; —r, = ¢

3Ui_ a _ ad T o
’a_r'i‘—‘é—r:(arz“brm)—ari(art b(”‘t C))"'a’ b>0

Since the agents do not choose the magnitude of returns r; and rr,, the
second order conditions for utility maximization do not apply here. The players
will prefer higher return as it increases their total wealth; they will then choose
between finite number of possible actions in order to maximize their returns.

Although the players can play many times, the time horizon is not infinite.
They may choose to or forced to exit the game, but other players can replace
them. The total number of players can increase or decrease. Except for major
shocks to the economy or society, since the population grows, we should expect

this number to increase in the long run.
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I would like to point out once again that the model derived here is based
on the observed behavior of the investor and not on a previously developed

financial model.

2.7 Two-Player Game

Let’s assume that the abovementioned agents are involved in trading se-
curities (stocks) in such a way that they only have two possible strategies:
Hold or Sell the security. Let’s further assume that each transaction consists
of a sale of a single unit of security. In this setup, there’s a risk-free rate of
return at which the players can lend or borrow. The security can be an index
portfolio which brings the market return.

If the players hold the security they will recieve the market return; if they
sell the stock they can lend their money at the risk-free interest rate and recieve
T.

The stock market itself can be in one of the two states Steady and Low. In
the Steady state the expected return of the market, r,,, will be equal to rg,
and in the Low state the return will be r.

Since a risk is involved with an investment in the stock market, we expect
the Steady state return, rg, to be greater than the risk free rate, 7, and, the

Low state market return to be less than the risk free rate.
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TL<T<rTg
2.7.1 Payoffs
Using the utility function given by ( 1), the player will get the following
utilities for each of his actions and the state the market is in:

Steady Low

Hold | (ars — brs) | (ary — brr)

Sell | (aF —brg) | (aF —brg)

Since rs is greater than 7, the player will be better of if he Holds the stock

when the market is Steady. If rg > 7, then
Ui,aold. Steady = GTs — brg > aF — brg = Ui,s«u. Steady

Similarly he will obtain a higher utility when he Sells the stock when the

market is Low since ry, is less than 7. If r;, < 7, then
Ui hold, Low = aTs ~ brs < aF — brg = Ui seut, Low

In order to maximize his utility the player should therefore implement the
following strategy:

Hold when the market is Steady, Sell when the market is Low

When there are many agents trading stocks in a similar way, their actions

will affect the demand and supply, therefore current prices as well as the market
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return. A two-player game may capture the essence of a multi-player game if
we consider the other player as all other players. This assumption is consistent
with general economic practice such as assuming one good as all other goods
in indifference curves.

In this kind of market, if the majority of the players are Holding, the market
will be in a Steady state; when the majority of the players decide to Sell then
the market will switch to a Low state. Accordingly, if the other player chooses
to Hold the market will be in the Steady state, whereas if he chooses to Sell
then the market will switch to a Low state. A game between these two players

will have a strategic form as given below:

Player 2

Hold Sell

Player 1 Hold | ((a — b)rs,(a —b)rs) | ((a — b)rr,aF — brs)

Sell (af - brg, (a - b)TL) (af —brp, a7 — bT[,)

Payoffs to: (Player 1, Player 2)

When the Other player switches from Hold to Sell (i.e. market declines),
the utility of the first player will decrease if he Holds, and increase if he Selks.
This puts an incentive on the player to switch from Hold to Sell when the

market declines.
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The following payoff matrix is a numerical example to the game above and

will help to visualize it:

P2

H S

P1 H|(55) | (12

S{(21) | (44)

2.7.2 Nash Equilibria

This game is a version of ‘Coordination Game’, where the players are better
off if their actions match In other words, players will accept prefer playing
safe and recieve the risk free return, although staying in a Steady market is
definitely preferred. Worst thing that can happen is to keep the stock in a
declining market.

There are two pure strategy and one mixed strategy equilibria to the game.
The two pure strategies are (Hold, Hold) and (Sell,Sell) and the mixed strategy
equilibrium is

F—rL

(2)

Prog =
Ts —TL

for both players. The derivation of the mixed strategy equilibrium is given in
the appendix.

The derivatives of the probability to hold are:
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When we take the derivatives of Pyoyq

0P

=98 _(f=rr\ _— _
Ors T ors (fs——rft.) =-1<0
OPHod _ g (rgp\ _ —(rs—7)
orp, ('5"") T (rs—1)? <0
9Py o1 a_ (f=ry
or =& (Trs-fc) =1>0

Mixed strategy equilibria are not so intuitive as pure strategy equilibria.
One objection to mixed strategies is that people in the real world do not take
random actions (Rasmusen p72). The other is that a player who selects a
a mixed strategy is indifferent between two pure strategies. When there’s
a small deviation in the probability selected by either players, destroys the
equilibrium. Another way to interpret the game is that among the many stock
market participants a certain percentage will choose one pure strategy and the
rest the other strategy. If, for example, Pyqq = 0.90 then we should expect
90% of the players will choose a Hold strategy, whereas the remaining 10% will

choose to Sell.

2.7.3 Adjustments

The mixed strategy probabilities given above (2 ) shouldn’t be used directly
to show the relation between the risk free interest rate and the market return.
The derivative of probability to Hold with respect to the risk free interest rate
being positive, for example, doesn’t mean that the market will rise when the

interest rates drop. It simply means that the mixed strategy equilibrium will
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be at a higher probability. We should look at the sign of %’} instead, for the
effects of a change in any of the parameters (7, rg, AR
Since the ith player determine his mixed strategy depending on the deriva-
tive of the payoff function (response function), we have to look at its sign
around zero.
O0E;

ke a(rs —rL)p; +a(r, —7) =mp; +n
Di

Since r¢ > r, and 7, < 7, m > 0 and n < 0. This is the equation for a
line with a positive slope and a negative intercept. The mixed strategy Nash
equilibrium is obtained when g—i? =0, or when p; = —2Z, for any value of p;
greater than — 2, % will be positive.

A change in either 7, rg, or ., will shift and/or rotate this line resulting in
another equilibrium point p; and p;.

The mixed strategy equilibrium is not a stable equilibrium. When p, in-
creases slightly above the equilibrium, g—fll becomes positive causing the first
player to adjust his strategy such that p; also increases to improve his ex-
pected payoff (E;). Since the players have symmetric payoffs, the second
player will also adjust his strategy to further increase p,. This will in turn
collapse the mixed strategy equilibrium towards the pure strategy equilibrium

of (Hold,Hold).

The reverse is true when either of the players slightly decrease their prob-
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ability of Holding. %ﬁ? will become negative resulting in player i to decrease
Pi,Hold (SO that the expected returns will increase).

One interesting property of this mixed equilibrium is that when either
of the rates change the sign of %’7‘1 will change from 0 to either positive or
negative, which in turn collapse the mixed equilibrium toward either of the
two pure equilibrium. The direction of the change is consistent with real-world
observations and other theories. For example if the risk free interest rate 7
increases, %ﬁi will become more negative causing both players to decrease their
probabilities (to Hold, p; ge4) until it becomes 0 (i.e. pure (Sell,Sell) strategy
equilibrium). Any fall in the risk free interest rate, ¥, will have the reverse
effect, cusing players to switch from a mixed strategy to a pure (Hold,Hold)
strategy.

Similarly an increase in the Steady market return will have a positive effect
on the market. The effect of a decreasing Low market return is also negative

on the market.
2.7.4 Pareto domination

This game has two pure-strategy equilibria - ( Hold, Hold) being Pareto su-
perior. Nevertheless, it is not clear which equilibrium should be expected.

The outcome not only depends on the returns but the number of players as

well. With only two players, playing Hold is better than Sell provided that
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the single oppponent will play Hold with probability of 0.5 or more. But with
more opponents, it is better to play Hold when all other opponents will play
Hold with probability of 0.5. With n opponents, this translates into the nth
root of 0.5.5

Excluding the mixed strategy equilibrium, which of the remaining two pure-
strategy equilibria is more likely to played? To answer this we need to look
at the expected payoffs for both strategies. If the first player believes that the
second player will play Hold with a probability of p, (and Sell with 1 — p,),
then he will decide by comparing his expected returns from both of his possible

actions (i.e. Hold and Sell).

E[Hold|rs,rr,7,p3] = pa(ars —brs) + (1 —py)(ary — bry)

pa(aF — brs) + (1 — po) (a7 — bry)

E[Sellirs,rr,T,p2)

E[HOMITS: T, T, 172] - E[Sell|r57 TL, T, P2]
= paars —brs) + (1 — pa)(arL — bry) — pa(aF — brs) + (1 — p2)(aF — bry)

= po(ars —af) + (1 — py)(ary — 7) = paa(rs — ) + a(rp — 7)

¢ Assuming equal probabilities to Hold, p, for each of the opponents, as the number
of opponents increase, you'll need a higher level of confidence

“>—1-=> >(:/I>l
pPr>3=P>y3>3
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This is the exact same equation we found when we were trying to optimize
the expected return for Player 1. The results we find is again similar to that
of real-world observations: Player 1 is more likely to play Hold
- as ps increases;’

- as rg increases;?
- as 7 decreases;?
- as r, increases.!®

This last result is particularly interesting. If the expected Low market

return is much lower than the other returns (especially 7) the players may not

want to take the chance of losing a large amount and may want to exit the

market.

2.7.5 Results

The “focalness”'lof the Pareto dominant strategies in general and in this
case epends on the players’ mood and their past experiences as well as the risk
of a certain strategy. When for example, the risk-free interest rate is low, and

expected market returns are high the focal point of the game is (Hold, Hold).

75352- (paa(rs —rL) +a(rp —7)) =a(rs—1L) >0
*$ (pa(rs —rr) +a(rp — 7)) =apy > 0

9%,: (p2a(rs —rL)+a(rp —7)=-1<0

0 - (ma(rs —rr) +a(re — 7)) =a(l—py) >0

'!Some strategy combinations are focal points. Formalizing what makes a strategy
combination is hard and depends on the context. The choice of a focal point may
have psychological reasons.
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When the extra gain over the risk-free rate is not that large and the expected
losses (r, — ) are great, it will be much safer to play (Sell, Sell) abandoning
the Pareto efficient strategy in favor of a risk-dominant strategy.

The expectation on the low market retun may also depend on the past
experiences. Although it is easier to develop beliefs on othe players’ strategy,
the low market return (r) is harder to guess. If a “market correction” should
occur, how much correction should be anticipated is hard to estimate. The
question becomes whether this “correction” will turn into a market crash. At
that point what was in market participants beliefs can easily become a self
fulfilling prophecey.

2.8 Bubble Formation

We will now introduce a second type of game which includes a third market
state and another strategy for the players. The market now can be in one of
the three states: High, Steady, and Low. The returns for these states are: rp,
Ts, and 7 respectively. Naturally, the rates are ordered as ry > rg > rp.

For simplicity, the players’ utility will simply consist of the return on their
investments. The players can now buy a single unit of stock in addition to the
one unit they already have, by borrowing at a fixed borrowing rate. Similarly,
they can lend their money at the fixed, risk free rate if they choose to Sell the

stock they own. The lending rate is 7;, and the borrowing rate is 75, and we
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expect Ty to be greater than 7.

The payoff matrix for each player will be as follows:

Buy
Hold

Sell

High Steady Low
2ryy ~ Ty | 2rs — T | 2rp — T
TH Ts TL
T T 7

30

We will again assume that the other player represents all other players, and
that if the other player sells, the market will move to a Low state, and reverse
will be true when the other player buys. Based on the above payoff matrix, a

game between these two players will have the following strategic form.

Player 2
Buy Hold Sell
Buy | 2ry — 7o, 2rg —7) | (2rs — o, 7H) (2rp — 7%, 71)
Player 1 Hold (rH,2rs — 75) (rs,Ts) (re,71)
Sell (71, 2rL — 7) (FiyrL) (71, 71)

Payoffs to: (Player 1, Player 2)
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2.8.1 Nash Equilibria

The solution of this game depends on how borrowing and lending rates (T
and 7;) compare to the market returns, and especially to the Steady market
return (rs). When the order of the market returns and risk free rates is
Ty > Tp > Ts > 7 > rp, then the game will have three pure strategy equilibria:
{ Buy,Buy}, {Hold,Hold}, and, {Sell,Sell}. We will skip the mixed strategy
equilibria (if there’s any) for reasons discussed in the previous sections.

However if the order is changed, especially when the Steady market rate rg
falls below the lending rate 7; or when it exceeds the borrowing rate 7, then {
Hold,Hold } equilibrium disappears leaving only the other two pure-strategy
equilibria.

At this point it needs to be pointed out that these returns do not have to
be the absolute returns on the market. We didn’t make any assumption on
the risk aversion behaviour of the players. If the players are risk-neutral then
these returns will be the observed market returns. However, if the players are
risk-averse then we can adjust these returns such that they use a risk-corrected

measure. One way is to subtract a risk-premium rate from these returns.

2.8.2 Focal points and Pareto domination

If one of the players (e.g. Player 1) believes that the other (Player 2)will

play Buy with probability p,, play Hold with probability ¢; and thus play Sell
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with probability 1 — p; — ¢, then the expected returns for each of his actions

will be:

By = (2rg —7e)p2+ (2rs —o)ge + (2rp — 7)(1 — p2 — qo)
= 2rgps+2rsqa +2rp(1 —po — q3) — 7%
Eitoa = THp2 +Tsq@2+1L(1 —p2 — @)

Eisen = Fipp+Tiga+7i(l—p2— ) =7

If we rewrite E gy as 2(rapa+7sq2+7.(1—p2—g2)) and substitute E; g4
instead of rgp2 +1sg2 +7.(1—p2 —¢,) then we obtain E; g,y = 2(E} goi) —7o-
For visual simplicity we will replace E o With e, the expected value of the
return from Holding one unit of stock.

To decide on when to Hold, Buy or Sell the stock we need to compare the

expected returns from each of the actions and choose the highest return.

? ?

2F -7 > E o > 7
1,Buy < ,Hol <
? ?

2e -7y > e > 7
< <
? ?

e—Tp, > 0 > Tp—e

< <
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The decision rule simplifies to:
Buy when e > 7
Sell when e < 7y
Hold otherwise.

2.9 The Case of the Speculator

In the previous sections, the players could only transact one unit of the
security. In this sections that constraint will also be relaxed allowing players
to trade more than single unit of the stock.

The player starts the game with an endowment of k stocks. He can sell
any number (n) of his stocks, or buy any number (m) by borrowing at the
borrowing rate (7;). The payoff matrix will be as follows:

High Steady Low

Buy | krg +m(rg — 7)) | krs +m(rs —7) | krp + m(ry — 7p)

Hold kre krs kr

Sell | (k—n)rg + n7y (k—n)rs+n7f | (k—n)rp +n7

By definition both m and n are non-negative numbers. If the number of
stocks sold exceeds the number of available stocks, then it will be considered
as short selling.

Since the player makes his decisions by comparing the payoffs in a given

column, then if we set initial endowment (k) equal to zero, then the outcome
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of the game will not be affected. However, since the endowment is zero and
all the trabsactions are done either by borrowing or short selling, this will be

the case for a pure speculator. Therefore the payoff matrix with & being equal

to 0 is:
High Steady Low
Buy | m(ryg —7) | m(rs — ) | m(rp — )
Hold 0 0 0
Sell | n(fy—ry) | n(Fi—71s) | n(f—1L)

In this model, the speculator not only decides whether to Buy or Sell, he’s
also decides on how much (i.e. the amounts m and n). If we assume previous
relation between the returns and borrowing and lending rates, the payoffs will

have the following signs:

High Steady Low
Buy | m(rg—7) >0 | m(rs —7) <0 | m(rp —7) <0
Hold 0 0 0
Sell | n(fi—ry) <0 | n(fi~rs) <0 | n(f—r.) <0

The solutions of this game includes the usual three pure strategy equilibria
(all Buy, all Hold, or all Sell) and the likeliness of any of the equilibrium

depends on the expected market return. If the market return isexpected to be
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greater than the borrowing rate (7;) then the players are more likely to play
Buy; if the market return is expected to be less than the lending rate () then
the players are more likely to play Sell; otherwise Hold will be the outcome.

Once the action decision is made, the speculators also need to choose the
amount of stocks to Buy and to Sell This decison is rather easy as in order
to maximize their utilities, they need to trade as many stocks as they can. In
this case as many stocks as they can borrow for.

In real life the amount of borrowing and short selling are limited by vari-
ables like the amount of leverage allowed by the lending financial institutions as
well as personal measures like the individuals’ other wealth, prestige. These
limits can be incorporated into the model as upper limits for m and n as
m < Mmae a0d N < Npe,. Since the speculator will always try to maximize

his returns, he will choose the maximum amounts as optimal m or n.

2.10 Macro factors

In this model we assumed that the risk free lending and borrowing rates
will not change. The interest rates may be affected directly or indirectly by
these changes in the market. The direct effect can be through simple supply
and demand for cash. As the investors (or speculators) puts more money in
the stocks, the supply of cash to the banks will decrease while demand for it

will increase. On the other hand the firms will borrow less from the banks or
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issue fewer bonds. Instead they can raise money by selling new toks in the
market. So the net effect on the interest rates will be ambiguous.

One major cause of the interest rates comes not from market forces but
from policy makers. As the stocks gain value, the Federal Reserve Banks tend
to raise the interest rates. The main reson for such interventions is to prevent

the formation of possible bubbles.

2.11 Conclusion

This section tried to model human behaviour using some oversimplified
mathematical formulas. A complete modeling of human behavior is beyond
our technical capacity today. Being approximations themselves, a better model
is the one which can explain an event as close to the real world as possible. Of
course, explanation does not necessarily lead to accurate prediction!? of the

future.

?Chaotic dynamic systems are a good example. Although one may model a sys-
tem, prediction is almost impossible. No matter how precise your measurements are,
due to errors, the estimated parameters will be slightly different than their actual
values. The system will eventually diverge from the predictions; initially in smaller
amounts, then in larger amounts until the predictions become useless.
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3 DYNAMICS
3.1 Introduction

In this section a model consisting of agents participating in trade of a
market asset is presented. The assumptions made for this model are as follows:
a) The agents are heterogeneous in their assesment of past price changes and
buiding expectations about the future returns. b) The market participation
behavior of the agents is similar to as described in Youssefmir et. al. In this
setup only a fraction of the agents will enter the market at any given time.
The rate that they enter the market, A, will be given by a Poisson process.
c) Each agent can only trade one unit of security. This is consistent with the
assumption made in sections 3.7 and 3.8 however excludes the case for the
“Pure Speculator.”

Once the agent participates in the market, he has to make a decision
whether to Buy, Sell or Hold the stock, based on his beliefs and expectations
on the returns on the asset. When a decision to Buy or Sell is made, the mar-
ket will respond to it by increasing or decreasing the price of the asset. This
assumption ignores the market clearing mechanisms and the assumption that
the markets are always in equilibrium. However, it does capture the simple
fact that prices respond to small disequilibriums in the market.

When a player decides to sell, his decision will immediately increase the

supply. The market will be in a disequilibrium state until a buyer is found. But
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a given demand this is only possible by letting the price of the asset to drop
a bit. Once the stock is purchased again the market returns to the euilibrium
state.

Assuming constant supply of the stocks the prices will increase when the
demand increases. This increase in demand can be a small increment or a big
jump. What we observe as price changes is the market adjustment mechanism
trying to match the prices to a new equilibrium after either demand or supply
moved. Actual market (auction) mechanisms are ignored for simplicity and
due to the relatively large number of market participants.!® The disequilibrium
during the crash of 1929 has some support from Galbraith’s observations. He
provides descriptions of market trying to adjust prices for a big decline in the

demand along with the increase in supply:

“Often there were no buyers, and only after wide vertical declines

could anyone be induced to bid.”

This suggests that the market was in a disequilibrium state for a longer dura-
tion than usual. It should be expected that for small changes in the demand,

the new equilibrium can be reached in a relatively short time. For larger shifts

*The choice of the model used to describe the equilibrium and the price changes
depend on the number of parties (idividual or otherwise). When there’s a large
number of players who demand and supply commodities, we tend to use usual supply
and demand analysis. With only two sides, bargaining theory applies. Auctioning
falls somewhat in between these two models and is used to explain the behavior of
“few,” but more than two players.
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in the demand, it may take longer for prices to adjust.

The market will respond to a purchase by increasing the price @ and to
a purchase by decreasing the price by 3. This is a simple way incorporating
the observation that the prices tend to rise when there are more buyers than
sellers, and fall when there are more sellers.

The players look into the past beahviour of the stock and try to estimate
the future price of and thus the return on the stock. This is almost a ”technical
analysis” type of behaviour, except that each person will have a random term
to account for other news. The players are heterogeneous both in the way they

calculate the return on the stock and in the news they receive.

3.2 Expected Returns

Once an agents decides to enter the market (based on a Poisson process)*
he will make a decision to Buy, Sell, or Hold the stock. If ) is set to be equal to
3, for example, the player will, on the average, “wake up” every three periods.

Then he will look at the price changes and will decide whether to make a

"To simulate a Poisson random variable with mean ), independent uniform ran-
dom (0,1) variables Uy, Us, - - - stopping at

n
N =min {n:HUi < s"’\}

i=1

need to be generated. The random variable X = N — 1 will have a Poisson distri-
bution. That is if we continue generating random numbers until their product falls
below e, then the number required, minus 1, is a Poisson with mean A. (Sheldon
Ross, 1994)
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transaction. This decision is based on the player’s expectation of the future
returns on the stock. The time horizon that players look into the future is
quite short (only one period).

Let p; be the price of the stock at time ¢, and r, be the price change

Te =Pt — Dt—-1

Also let R, be the average price changes in the past.

Rc = (1 - a) {iai—lrg..i} ’ O<ax<l1 (3)

i=1

where a being the discount factor. This average is a discrete time exponen-
tially averaged rate of change in the price level. The farther a change into the
past, the smaller its effect be in the average. The (1 —a) factor is to normalize
the sum.

When we rewrite the terms, we find:

R, = (1-a) (7':—1 +arpy +a’ry_3+-- )

= (1-a) (r,_l +a i a"‘zr,_,-)

=2

= (1-a)riy+a(l—a) (i ai’zrt_,-)

i=2

= (l-a)ri-1+a ((1 ~—a) ia"‘ln_]—) , j=1i~-1

J=1
= (1-a)re-1+aR.,
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which makes the average price change to be the weighted average of latest

price change and the previous term’s average:

Ri=(1-a)r,1+aRe (4)

The discount factor a determines how quickly a player forgets the past. If a
is close to 1, then o' will still be large enough to affect the average even when
¢ is large. For smaller a, however, a* will quickly approach to zero. We can
therefore identify players with long or shorter memory simply by looking at
this discount factor. In the simulations the players’ discount factor will have a
mean @ and variance g,. Although they will behave in a similar manner, their
decisions will be based on their character described by a.

The expectations about the future price changes are formed by observing
the past price changes and reflecting that into the future as their averages.
Thus the expected price change for the next period (7;) will be equal to the
average past price changes R;. There’s also a small random factor (e,) added so
that the expected future return will not exactly be equal to the average price.
This randomness will account for all other factors influencing the decision.
These factoors range from the “gut feeling” to more real effects like latest

news. At any given time the random term will be different for all of the

players.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 DYNAMICS 42

fe=R,=(l—a)re—y +aRe_; + €,

Remember that the players can borrow at a constant borrowing rate 7 and
lend a the lending rate 7. If the expected return is less than the lending rate
then player will sell his assets. Similarly, he’s going to buy stocks if he expects
to earn more on the stock than he’s going to pay for it (i.e. the borrowing

rate). We now can write the decision rules for the players:

Te > T player Buys

if < Ty < Tt <7; player Holds

Te < T player Sells

\

Since the players will have different discount factors (a), the observed av-
erage price (R,) will be different for all of the players. Along with the random
effect each player will have a different expected return; therefore, they will
not try to trade at the same time. It will be possible while some Holding for
example, some others will be in a Sell state.

The price of the stock will be determined by two factors: The number of

buyers or sellers and a random factor.

Pt =pi1+ang—~Prs+e,

where a is the effect of excess demand on the prices, and 3 the effect of excess

supply, ng, ng are the number of buyers and sellers at a given time ¢, and ¢ is
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the random change in the prices.

When the market in equilibrium, where the number of sellers equals the
number of buyers (or when there’s no excess demand or supply), the prices
will follow a random walk. This property is consistent with many existing
economic theories.

In an initjal state where all the players are Holding, the random factor
may create a large enough price change in one direction to draw attention of
some players. If enough number of players see this price change as a trend,
and believe the future prices change in large steps, then they will involve in
trading.

The perception of other players’ expectations is embedded in adaptive ex-
pectations. If the process of how players calculate a trend, then by looking at
the average price a player is also forming expectations on whether they intend

to Buy or Sell.

3.3 Computer Experiments

The computational experiments are rather simple simulations of price move-
ments based on some random terms and the number of Buyers and Sellers.
The program starts with random prices up to the 100th period. Since it is
impossible to define infinity to a computer, it would also be impossible to cal-

culate the average past prices. Instead a practical infinity is set to be equal to
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100 periods. The error term (which is also called the remainder) involved with
this exclusion is relatively small (Thomas and Finney, 1979). For a detailed
analysis, please see Appendix.

The program takes about 10 hours to run 3000 periods on a PPC 7600
Macintosh computer with a 210 MHz processor. To keep each player’s expec-
tation in the memory is a serious computational penalty. The program will
run significantly faster if the expectations are removed from the memory after
they are used for transaction decisions and in calculating the next period’s
expectations. However, in order to keep track of how the players “justify”
their decisions, it was necessary to keep them.

The number of players also affects the speed. Running the time up to 1,000
for a group of ten players usually returns results almost real time (minutes).
As the number of players increase, the computational time seemed to increase
faster than linear; we haven't looked for the compuational complexity of the

program, however.
3.4 Results

There were three simulation runs. The first two lasted 1,000 rounds, and the
third 3,000 rounds. The number of players were equal to 20 in all three runs,

and the mean discount factor, a, was 0.95. Other parameters were: market

response rate o = 3 = 0.005, wakeup rate A = 3, with returns averaged up to
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100 periods.

In these three runs the lending and borrowing rate differ slightly. The first
had the rates to be equal to r; = r, = 0.0195, the second r; = ry = 0.0205 and
finally the third r; = r, = 0.0200.

By looking at the trading activity (Figures 1, 4, and 7) you can see that the
game is very sensitive to the interest rates. By decreasing the interest rates (in
absolute terms) the activity goes from an inactive run (Fig.1) to over-active
state (Fig.4). In between the two there’s a set of parameters which produces

results with swithing states.
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4 CONCLUSION

This manuscript is far from being a complete analysis of individual behav-
ior. Furthermore, we failed to show a very important property of bubbles. For
example a crash does not necessarily follow a bubble. This may be a result
of our model. It may also be possible that our view of bubbles as constant
growth and burst is flawed. As of summer of 1997, the New York Stock Ex-
change has been gaining value for months. The announcements of the market
being overvalued (up to 20 %) has had little effect this increase. The prices
has gone up steadily but not smoothly. There were periods of steady prices
and even declines. If we indeed are experiencing a bubble, then when the price
increases slow down, a crash may not necessarily follow it.

Further analysis can be performed to investigate other properties of the
aggregate behaviour of cooperating agents. These include but not limited to

the following:

1. The wakeup rate can depend on the price changes rather than being

constant.

2. There can be multiple character sets for players. There may be trend
followers with a very ahort memory (small a), as well as fundemenatlists

who believe in a fundamental price.

3. The financial resources can be limited. There may be an upper limit
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on how much an investor bring. The auction mechanism can also be

incorporated to the game.
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5 APPENDIX

Mixed Strategy Equilibrium
If the player 1 plays Hold with probability of p, (and Sell with 1 — D1),
and the player 2 plays Hold with probability p, (and Sell with 1 —p,), the first

players expected payoff is

Eptayer1 = pi[(a — b)rsp2 + (a — b)r(l — po)] + (1 — p1)[(aF — brs)pa

+(aF — br)(1 — py

= (a—b)rspep1 — (a — b)rLpapr + (a — b)rspy
+(af — brs)pa(1 — p1) + (af — br)(1 — p2)(1 — p1)

= (a=b)(rs —ri)pap1 + (@ — b)reps + (aF — brs)ps — (aF — brs)papy
+(af — br)papy + (aF — br) — (aF — br)ps — (aF — bri)py

= l(@—b)(rs — L) +b(rs — r)lpapr + [(a = b)rz — (aF — bri)]p:
+{(aF — brs) — (aF — bri)]ps + [(aF — bry)]

la(rs — rL)lpap1 + [a(re — 7)]py + [b(rL — 5)|p2 + (aF — bry)

]

If only pure strategies are allowed, p; equals zero or one, but in the mixed
extention of the game, the first player’s selection of p; lies on the continuum
from zero to one, the pure strategies being the extreme values. Following
the usual procedure for solving a maximization problem, we differentiate the

payoff function with respect to the choice variable (i.e. p;) to obtain the first
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order condition.
oF,
——=a(rs—rL)p+a(r, —7) =0
op1

Solving for p, we obtain:

F—rL

p2=
Ts —TL

Since the game is symmetric both players will select the same probability in

the mixed strategy equilibrium.
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Error Term Regarding Finite Averages

If we calculate the average price changes, not until infinity but up to a
finite number k, then the the two estimates will differ from each other slightly,
depending on a, k, and r,. If we call the finite average Rft and the remainder

Ef, then the average returns will be equal to:

R, = (1-a) {Zai'lrt-i} , 0<a<l1

=1

m .

R, = (I-a)|rea+area+...+a r o+ Y o'y

i=k+1

m .

R, = (1-a) (7‘:—1 +... 4+ ak"lrg_k) +(1-a){ Y ol

= P
Thus the remainder will be:

EfF = (l—a){ i ai’lrt_,-}

i=k+1

o0
Ef = a*(1-a) {Zai‘lrg_i}, i=k+1

j=1

o
E ol
"

a'th—k—l

Assuming R, __; is on the order of r;, then the error will depend on o*.

For a = 0.95 and k = 100, the error E¥ will be on the order of 0.003.
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Computer Code
clear;

%initial parameters

e=exp(-3); %wakeup rate

players=20;

j=1;

rb=0.0205; rl=-0.0205; %interest rates
alpha=0.005; beta=0.005; Y%price movements
%random number scales

s=0.05; %initial price

ss=0.001; Jrandom price movements
sdisc=0.01; %discount factor scale

%time until 100

r(1l)=randn*s; price(l)=randn*s;
for t=2:100,

r(t)=randns*s;
price(t)=price(t-1)+r(t);

end

for i=il:players,
Pi(i,1)=rand=*s;

k(i)=1;
disc(i)=0.95+randn*sdisc;
discnn(i)=disc(i)99;
R(i,1)=0;

for t=2:100,
R(i,t)=R(i,t-1)*disc(i);
end

end
sell(100)=0; buy(100)=0;

%game
for t=101:3000,
t
sell(t)=0; buy(t)=0;
hplay(t)=0;
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for i=1:players,

Pi(i,k(i)+1)=Pi(i,k(i))*rand;

R(i,t) = (1-disc(i))*r(t-1) + disc(i)*R(i,t-1) -
(1-disc(i))*discnn(i)*r(t-99);

if Pi(i,k(i)+1) < e, Y%trade

if R(i,t)+randn*ss>rb,
buy(t)=buy(t)+1;

elseif R(i,t)+randn*ss<rl
sell(t)=sell(t)+1;

end

N(j,i)=k(i); j=j+1; k(i)=1; Pi(i,1)=rand;
else

k(i)=k(i)+1; Ypass

end

end

price(t) = price(t-1) + alpha*buy(t) -beta*sell(t) + randn#*s;
r(t)=price(t)-price(t-1);

end

t=1:1:1000;

r=mean(R) ;

plot(disc), pause

plot(t,R), pause
plot(t,buy,’r’,t,sell), pause
plot(price), pause
plot(t,r,t,buy/500,t,-sell/500)
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Figure 1: Number of Traders (r; = 0.0205)
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Figure 3: Expected Returns (r; = 0.0205)
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Figure 4: Number of traders (r; = 0.0195)
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Figure 5: Stock Prices (r; = 0.0195)
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Figure 6: Expected Returns (r; = 0.0195)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 APPENDIX 59

) I’JMJ' L

5}
-10 F
_1 5 . . i -

0 500 1000 1500 2000 2500 3000

Figure 7: Number of traders (r; = 0.0200)
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Figure 8: Stock Prices (r; = 0.0200)
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Figure 9: Expected Returns (r; = 0.0200)
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