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Abstract
Canonical Quantization of Non-Abelian Gauge Theory in the
Schrédinger Picture: Applications to Monopoles and Instantons
by

Spenta Wadia

Adviser: Bunji Sakita

In this thesis we present a detailed formulation of
the quantum theory of non-abelian gauge fields in the
Schrddinger picture. In the first part we apply it to the
semi-classical quantization of the t'Hooft-Polyakov monopole
paying special attention to the treatment of boundary
conditions and, local and global gauge symmetry. The
perturbation expansion is then discussed using standard
collective co-ordinates. In the Prasad-Sommerfield limit
we present all the eigenfunctions of the fluctuation
equation; construct the groundstate wave function in terms
of gauge and translation invariant co-ordinates and compute
its total angular momentum to be zero.

The second part of the thesis is devoted to aspects
of instanton phenomena, in the Schrodinger picture,
elucidating the role of euclidean time. We demonstrate
the precise relationship between boundary conditions,
choice of gauge and the corresponding picture of the semi-

classical vacuum.

(iii)
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1: INTRODUCTION AND SUMMARY

In recent years there has been important progress in
our understanding of quantum field theories. This progress
is in large part due to the development of approximation
methods which revealed that field theories possess a richer
structure than what one suspects in ordinary perturbation
theory, where the basic set of states around which one
performs the perturbation expansion are obtained by diagonalizing

(&)

the free field Hamiltonian. All amplitudes computed
within such an approximation are analytic in the coupling
constant to any finite order in perturbation theory.

To go beyond such an approximation two different
approaches have developed. One is the method of redefining

(2)

the field theory on a discrete space-time lattice; such
a field theory is a well defined quantum system for any
value of the coupling constant. Statistical mechanics methods
especially the renormalization group have been widely used
to study these field theories. The other is the semi-classical
method which is a carry over of the WKB approximation to
the continuum field theory.(3) Our discussion will be entirely
within the realm of the latter development encompassing
both real and imaginary time phenomena.

We first discuss real time phenomena. An essential

role is played by certain classical solutions of the complete

non-linear equations; their field energy is localized in

-1 -
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space, and they appear as classical extended objects. If
we perform a Lorentz transformation on the solution the
energy-momentum relation of relativistic mechanics is
satisfied. These field configurations may also give rise
to non-zero values for other constants of motion of the

field theory like angular momentum, electric charge etc.

(%)

Under certain assumptions of stability, which we shall

Such classical extended objects are called solitons.

shortly explain, the solitons lead to new states in the
quantum theory.

Soliton solutions are known in many field theories;
for example in 1+1 dimensions the Ad;‘scalar field theory
possesses a static kink solution; all solutions of the sine-
gordon theory are known because it is a completely integrable
system. Beyond 1+1 dimensioné there are no static soliton
solutions to purely scalar field theories (This is usually

(4)

called Derrick's theorem; appendix 1). However time
dependent solitons do exist in such theories. In 2+1
dimensions the abelian Higgs model has a soliton which is

a concentration of discrete magnetic flux. The same model

in 3+]1 dimensions contains as a solution magnetic flux

tubes with finite energy per unit length; these are the
vortices of Neilsen and Olesen.(s) Non-Abelian gauge theories
in 3+1 dimensions have no soliton solution unless coupled

to Higgs fields (appendix 1); the monopole solution of

t'Hooft and Polyakov occurs in the Georgi-Glashow modelf(s)
SU(2) gauge theory with spontaneous symmetry breaking by a

-2-
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triplet of Higgs fields.
Several methods have been developed to study the
relevance of these classical solitons in the quantum

theory; (7 (8), (9)

the simplest of these closely mimics
the quantization of field theories with spontaneous symmetry
breaking.(g ) We briefly discuss it for static solitons.
To simplify the notation denote a generic field variable
by the symbol # (space, Lorentz and internal symmetry indices
label the components of ‘)_" ). The Hamiltonian is H =§z +
\Lg:?:r'); 'g? is a coupling constant. In terms of the szcaled
co-ordinate d:g—ﬁd‘ and momentum Ty-f , we have H =
%1(%4_‘, + V(3)); since P -——Lta 3?}:'5-(31-}:3‘_23 ; hence
'K and ?’“ always appear as a product implying the semi-
classical WKB expansion in powers of t and the weak
coupling expansion in powers of ' g.' are one and the same
thing. Henceforth we set 'L'\'. =

It is also clear that the leading term of the lowest
eigenvalue of H is given by —Lz\/vnm, which is reached by
those configurations which satisfy the static classical
equations ay).‘ =0. Further the quadratic form V d\(;_

V[ ]must have no negative elgenvalue to ensure that we

are Zrtsleast around a local minimum ZU., in configuration
space. Note that the classical solution ?kz—?:a_{? and
the classical part of the energy are not analytic in 'g'
and in the limit of weak coupling represent large effects.

After these observations one determines the Fock space
of the 0(%") fluctuations FII:—Q—'_ . Expanding H in
powers of 'g' one gets

~3-
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2 @) s
BeVem@D + 3 T (g + Ve [201.1) +o@@)
The 0(1) quadratic form defines the Fock space around the
classical solution and the soliton quantum state to 0(1)
is the ground state of this Fock space.

However the above perturbation expansion is invalid
being infested with infrared divergences arising from the
zero eigenmodes S_iu of V(ﬂ[{a]%; SQ‘% is a result of
infinitisimal symmetry group action on the classical solution.
A correct treatment is provided by the method of collective

(9)

co-ordinates where one performs a seperation of the
degrees of freedom into group parameters and group invariant
degrees of freedom by fixing a gauge which is typically

of the form Siu-ﬁzo . The perturbation expansion is
done in the space of group invariant variables.

The above method has been successfully applied to the
quantization of solitons in 141 dimensional field theories.(3 )
We would like to discuss its application to the quantization
of the t'Hooft-Polyakov monopole as an example of the semi-
classical method in gauge theories. We have devoted chapter II
of this thesis to a detailed discussion of this problem.

Any attempt to quantize the t'Hooft-Polyakov monopole
raises certain basic questions in the quantization of gauge
fields, especially when the fields are long ranged. For this
reason, we have chosen to formulate the theory in the
Schrddinger picture of quantum mechanics, using the method

of Dirac.(lo) In this method it is well known that the wave

-4
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function satisfies Gauss' law, which can be interpreted

to mean that the wave function carries a trivial representa-
tion of the subgroup of gauge transformations whose para-
meters vanish at spatial infinity. However the Hamiltonian
of the system commutes with a much larger symmetry group
including the gauge transformation which does not become
trivial at spatial infinity. One of the questions we
address ourselves is the representation the wave function
carries of these gauge transformations.

We have presented a detailed formulation of Hamilton's
variational principle.(ll) It was pointed out by Regge and
Teitelboim,(IZ) in the context of the theory of gravitation,
that the equations of motion are stationary points of the
action provided certain surface integrals that appear in the
variation of the action are absent. Using the variational
principle as a guide we discuss the boundary conditions on
the gauge and Higgs fields. We are also led to the conclusion
that if the wave function is to carry a non-trivial
representation of the asymptotic gauge group, the configura-
tion space of the theory needs extention to include the
parameters of the gauge group on the boundary, (we mean
the boundary of a large three dimensional box which
eventually goes to infinity) and thereby one picks up an
additional subsidiary condition on the wave function. In the
extended configuration space we have a generalization of

Gauss' law; the wave function once more carries a trivial

-5-
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representation of the entire gauge group. This sort of

conclusion is very reminiscent of the method of collective

co-ordinates, the parameters of the gauge group on the

boundary are collective coordinates of global gauge symmetry.
The asymptotic gauge group is actually an infinite

parameter grouﬁ: a direct product of local SU(2) groups

at each point on the boundary. However due to the admissible

boundary conditions in a spontaneously broken theory only

a one parameter global U(1) symmetry is realized on the

1.(13), 11) An important

physical states in this mode
conceptual point emerges: the local gauge symmetry with
vanishing gauge parameters at spatial infinity is never
broken because the physical states manifestly satisfy

Gauss' lav; it is only the asymptotic gauge group that is
broken in the sense that it is not completely (or may be not
at all) realized in the space of physical states; most of

the charges of the asymptotic gauge group are screened.

As we mentioned, the wave function in the extended
configuration space, which now includes the global U(1)
parameter as a collective co-ordinate, is gauge invariant
to the class of gauge transformations which are asymptotically
U(1l). Hence it is only a function of the orbits of the
gauge group in configuration space. Following Faddeev and

14)

Popov one fixes a gauge to select out one point per

orbit, achieving a separation of the gauge degrees of freedom

@15)

from the gauge invariant ones. Several well known gauges

-6~
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are discussed, e.g. the axial gauge and its generalization
achieves a complete separation of the degrees of freedom,
however it is almost impossible to develop a perturbation
expansion in this gauge. The Coulomb gauge and its
generalization the background gauge are computationally
viable, but the orbits of gauge fields may have many inter-
sections with these gauge fixing surfaces.(lé)
However if the fluctuation around a given classical
solution does not become 'large' it is possible to prove
that for the validity of a certain gauge, the Faddeev-Popov
operator for at least one intersection of the orbit of the
classical solution with the gauge fixing surface, must not
develop a normalizable zero mode, in which case it is not
invertible. The orbit may have several other intersections
and at some of these the Faddeev-Popov operator may not be
invertible, however we may use the gauge invariance of the
wavefunction to peak it at the point where the operator
is invertible. We find that both the Coulomb and background
gauges satisfy the above criterion in perturbation theory
around the t'Hooft-Polyakov monopole. We should mention
that the Coulomb and the background gauges fix the gauge
only upto the homogeneous solution of the Faddeev-Popov
operator; in this model the homogeneous solution can be
shown to be a one parameter function. In order to fix this
parameter we need to generalize these gauges by imposing

an additional condition.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



It is most convenient to develop the perturbation
expansion in the generalized background gauge. As far as
the t'Hooft-Polyakov solution is concerned we have no
handle on the solution of the linearized fluctuation
equations; we have just set up a formal perturbation
expansion, treating the translation zeromodes by standard
collective co-ordinates. However in the Prasad-Sommerfield
limit(17) where the Higgs coupling is absent the classical
solution actually represents a 'static' euclidean field
configuration with the Higgs field identified with the
fourth component of a euclidean gauge field.(ls) With this
hint we carry over techniques of instanton physics to discuss
the fluctuation equations; using the methods of t'Hooft(lg)
and Brown et. al.(zo> We present the complete set of eigen-
functions of the fluctuation equations in terms of the eigen-
functions of the Faddeev-Popov operator. Since the homogeneous
solution of the Faddeev-Popov operator can be exactly determined,
we find in the generalized background gauge, exactly three
normalizable zero modes which correspond to spatial
translations of the classical solution. We find that these
eigenfunctions have definite transformation properties
under space rotations; hence in the space of gauge and
translation invariant fluctuations we can explicitly
construct the ground state wave function in the Fock space,
and compute the expectation value of the total angﬁlar
momentum. We find it to be zero. The monopole has spin zero

at least as described as the ground state in the Fock space.
-8-
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In the final section of chapter II we discuss angular
momentum in a gauge theory and show that the phenomenon
of isospin turning into spin, discovered by Hasenfratz
and t‘Hooft and Jackiw and Rebbi,(z1> follows just from the
necessity of having fixed boundary conditions for the Higgs
field in a spontaneously broken theory. With this section
we end our long and detailed exposition of the semiclassical
method in a gauge theory.

One of the motivations for the development of the semi-
classical method was to discuss extended objects within
the frame work of local field theory with the hope that it
may shed light on a Lorentz invariant theory of extended
hadron structure. However, within quantum chromodynamics
(QCD), which is a most promising candidate for a theory
of the strong interactions, consisting of coloured quarks
interacting gauge invariantly with SU(3) coloured gauge
fields, there are no soliton like classical solutions of
the type we discussed earlier. This is simply because there
is no inherent length scale in the classical version of the
theory.

The understanding and proof of extended hadron structure
within QCD is perhaps the most important and challenging
problem. There have been several interesting approaches to
this problem, to mention, the renormalization group approach

(2)

and the variational approach.(zz)
(23)

on a euclidean lattice

With analogies from statistical mechanics, Polvakov

-9-
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suggested that in the weak coupling regime the euclidean
path integral of the continuum version of QCD may be
approximated by a gas of pseudo-particles or instantons
which are approximate stationary points of the euclidean
action; these pseudo-particles in QCD have non-trivial
topological properties. Subsequently t°‘Hooft, and Callan,

(24) interpreted these

Dashen, Gross, and Jackiw and Rebbi,
localized euclidean excitations to be tunnelling events

in imaginary time. The perturbation theory groundstate is

modified by tunnelling transitions and is parametrized by

an angle B . This statistical mechanics approach has been

further extended towards a theory of hadronic structure by
Callan, Dashen and Gross.(zq)

The discussion of tunnelling phenomena in a non-abelian
gauge theory is subtle in regard to the discussion of boundary
condition and gauge fixing. Our discussion is presented in the
Schrodinger picture of quantum mechanics, where the euclidean
time of the instanton parametrizes a tunnelling path in
configuration space (Gervais and Sakita(zs)).

Alternative pictures of the gauge theory vacuum arise
depending on the choice of boundary conditions and gauge
conditions which may or may not be consistent with these
boundary conditions. A trivial gauge group on the boundary of
three dimensional space partitions the gauge group into
homotopy classes and leads to a Bloch wave picture of the semi-

classical ground state. However such a choice of boundary

conditions is inconsistent with the choice of the axial gauge.

-10-
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A correct treatment of this gauge requires an extended
configuration space which includes the gauge group on the
boundary of three dimensional space.(26) The Bloch wave
picture is no longer valid and the picture is analogous

to a pendulum performing topologically distinct traverses
in the classically forbidden region. In either case the
important gauge invariant point is that the wave function
carries an irreducible representation of the homotopy group

Trg.(SU(Z))gZ, specified by a Bloch parameter '©O¢.

-11-
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I1: CANONICAL QUANTIZATION OF NON-ABELIAN GAUGE FIELDS
APPLICATIONS TO MONOPOLE SOLUTIONS:

In this chapter we present a detailed discussion of the
canonical formulation of non-abelian gauge theory. Our
discussion is within a specific model of SU(2) gauge fields
coupled to a triplet of Higgs scalars. In section 1 we
discuss the t*Hooft-Polyakov monopole which is a classical
solution of the model, with special emphasis on topological
properties. In section 2 we discuss the canonical formulation
closely following the method of Dirac. Special emphasis is
on surface terms, boundary conditions and global gauge
transformations. In section 3 we discuss expressing the wave
function in terms of gauge invariant co-ordinates by fixing
a gauge, thereby ensuring the subsidiary condition of the
wave function. As examples we discuss the unitary, axial,
Coulomb and background gauges with special emphasis on the
treatment of global symmetry. In section 4 the formal perturba-
tion expansion around the classical solution is discussed in
the background gauge, using standard collective co-ordinates
to treat the translation mode. In section 5 we discuss the
Prasad-Sommerfield limit and its analogue to euclidean gauge
fields. We present all the eigenfunctions of the small fluctuation
equations in terms of the eigenfunction of the Faddeev-Popov
operator, discuss their completeness and rotational properties.
The wave function of the monopole has zero spin. In section 6
we discuss angular momentum in a gauge theory; having fixed

boundary conditions for the Higgs field turns isospin into spin.
-12-
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Section 1: The t'Hooft-Polyakov monopole solution

The monopole solution of t'Hooft and Polyakov occurs
in the Georgi-Glashow model in 3+1 dimensions.(6) The

Lagrangian of the system is

_ o5 o - 2 2 (1.1)
L = - R B ~LNBLE -2 (3> 4)
- - - - -
Faor = uAu - 9y Au + FALXA,-
V.8 = '3,;5 t 4 A.x®

Vector notation is used for iso-spin indices. A;. is an

SU(2) gauge field;a) is a triplet of Higgs fields in the
adjoint representation which is isomorphic to the group
SO0(3). The cross product notation is defined in terms of

the structure constants of the group, e.g.
2 7\ abe b A
( Aux A,) = €%°°A Ay

The Lagrangian (1.1) is invariant with respect to the

gauge transformation
/ + 4 +
Q_‘A Aa'u = U ’_c__qA)A U + _‘_ U B,AU
24 24 CS
A a’ - U-}-Te Ly
24 ¢ i’a¢ U
U is an SU(2) matrix and T’are the Pauli matrices.

The potential energy corresponding to the Lagrangian

(1.1) is
13-
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-1, T F - o= —2 L \2
dR|L E-F. + 1 V.3.V¢ + A(3%
\/=[ ‘-4 RS zL¢ (4 4(¢ /'3)] (1.2)
Since all three terms of the potential energy density are
non-negative the absolute minimum of \Y is zero, and it is
reached for field configurations which satisfy
F < =2 \S
F'L'j = V\Cb = d) - /‘A = O
> (1.3)

The solution to (1.3) upto a continuous gauge transformation

is
A= 0 = AP = 61—).;;':0

The classical ground state is a constant Higgs field of
constant magnitude/d/‘fx‘ The direction of the Higgs field

is arbitrary and there is a classical ground state correspond-
ing to each such direction. These degenerate classical

ground states are related to each other by a gauge trans-
formation which is an element of the coset SO(3)/U(1). In
order to do perturbation theory one fixes the boundary condition
of the Higgs field to be a fixed direction in iso-space.

This is spontaneous symmetry breaking: the fixed boundary
condition of the Higgs field violates the symmetry of the
original Lagrangian. Now one shifts the full quantum field
6b)v its large background value (A is small) and expands

the potential energyV to 0(1) inA; the spectrum of small
oscillations is a pair of charged massive vector bosons of
mass Mw=‘}}*NX » & massless photon corresponding to the

unbroken U(1) gauge group and a neutral scalar meson of

“14-
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mass P1H=J5f* . Due to local gauge invariance of the physical
states the goldstone modes can be eliminated by a choice
of gauge. This is the Higgs mechanism. The particle states
carry an irreducible representation of the global group
U(1); the global SO(3) symmetry of the original Lagrangian
has been broken down to U(l). We have just briefly summarized
the perturbation expansion in the 'vacuum' sector of a
spontaneously broken theory.

In accordance with the ideas of the semiclassical
method described in the introduction, one now looks for
other non-trivial minima of the potential energy\/. In order
to interpret these minima as particle states in a systematic
quantum expansion one looks for regular classical solutions
which give a finite value of V. This is the classical energy
of the soliton. For this to happen each of the three positive

terms in (1.2) must go to zero as Y-w at least as fast as:
2 3¢
3 = @ n o+ o(NEE) (1.42)

Vid— o(~3¢) (1.4b)
x. -1
Av— olx) (1.4c)

(l.4a) means that asYw=ed, the equation
=2
é ¢ (&,W) =\
H'I-

2
defines a mapping of S,a(the 2 dimensional sphere at

-15-
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spatialee) onto the unit Higgs sphere which in this case
is also 82 = S0(3)/u(1). It is known that such mappings
fall into homotopy classes specified by an integer

@7

winding number

A A A
d= 1 Idls‘; Eije & 0X A
ST (1.5)
n 2
where ¢(,°,w).-. L’.$(ec,w). Wis a parametrization of S...
M
In the vacuum sector 37 = (0,0,1) or any other constant
snd d = 0. The simplest choice that gives d = +1 is
" n
P, = Xa = Xa/IX|
(1.6)
Since (1.5) is a topological invariant it is invariant
»n
under any continuous deformation of ¢, in particular by’
a2 continuous gauge transformation. So (1.6) is unique upto

a continouos gauge transformation. The asymptotic form

of the gauge field is almost determined by (1.4b) and (1.6):
~ - ~
216 + gAxd =0

A~
implies for ®= X

,
apl—
x>
*r
[
S
<>
4
x>
~~
>
x>
—_—

- A
if we choose A{-X=0,

~
Aai = €aij X /%'Y“

(1.7)
An illuminating picture of what is going on can be given

as follows: We note that any solution of (1.4b) is given

-16-
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"

U2
P{wqug,S AT axi

& (w)
U(w)

(1.8)

n

U(w) is the path dependent phase factor which is infact
an element of the gauge group.(A) The path 'P' is taken
over the sphere Sz; N denotes the north pole (0,0,1)
where the Higgs field points in the z = (0,0,1) direction
in iso-space; 'w' denotes another point on the sphere
where the Higgs field is ®(). We also note that
Ac=UTR U
X (1.9)

Equations (1.8) and (1.9) mean that the monopole boundary
conditions are gauge rotations of the boundary conditions
AL=O and <$= % of the vacuum sector. This gauge trans-
formation is discontinuous and leads to a non-vanishing
1/1‘2 component of the field strength ﬁgj .

The continuation of the asymptotic forms (1.6) and
(1.7), to the interior constitutes the ansatz of t'Hooft

and Polyakov:

L\q( = C.Q~LJ X ( \—- X 0?))
%’r (1.10)

¢¢; = Qa H»('l)
T
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The functions K(r) and H(r) are determined by extremizing
the energy functional (1.2) which in terms of K(r) and

H(r) becomes:

o0
= 47 12 (Y 2 KT 4 (PRoRY AR, A
\V) g\ZSOdN[K +( 2«7} + ek + ( s ) %H +4¢}_&7_]

2 (1.11)
W o= Atk - x*- KR+l =0
3
Kt (1.12)
8V = W - 2HKP- R N0
SH(
These coupled equations have regular solutions with
boundary conditions:
-\
e oxp (= ~ e X
K = b( tA ) ’ (1.13)
R & @ , ¥ e
- P
and
Kr) = |+ o , Yoo
(1.14)
Hiv) > Gv* , Y=o

(3: )\/%2 is the fixed ratio of the Higgs and gauge
coupling; it is 0(1) for the semiclassical method to work.

2

In fact we have just one expansion parameter g which

occurs multiplied witht in the quantum expansion. The

constants Cl and C2 are determined to fit the behaviour
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



asY-?os. The value of the static energy was estimated
by t'Hooft to be
- 1

Ee = %ﬁ P € (B (1.15)
C((&) is almost independent ofﬁ. It varies from 1.1 for
(3= 0.1 to 1.44 for [5 = 10. Mw’-‘-zﬂ/\f}\_ is the charged
vector boson mass. As expected the topological soliton
has a large mass compared to the guarta of the vacuum
sector. Because of its non-trivial topological properties
the Hilbert space of small fluctuations around the
monopole has no overlap with that around the constant
Higgs background.

t'Hooft also identified the abelian electromagnetic
field tensor throughout space as

- ~

Fpv = @ rw..?cbV,mecp (1.16)
The solution (1.7) is electrically neutral; however it

carries magnetic charge:

BK:%éKijLJ. _"Xk/’T'z
giving

\
A6 By = -4
4‘LJ RER (1.17)

for the magnetic charge. In fact rewriting

(R -2 (R:4) - 26528

|
ap

-19-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



we see that the magnetic charge is precisely the winding
number of the mapp X: W X (W) times — \/g .

Julia and Zee(zg) found an electrically charged
magnetic monopole by looking for solutions which satisfy

the boundary condition:
2. 0 T
Q= S’ de. Xx-Ex
Q is the classical value of the electric charge. They

supplemented the ansatz (1.10) of t'Hooft and Polyakov

N
by fixing the classical value of A,J to be

Ap = X010

@ (1.18)

with boundary conditions
K(r) > exp (-[(I}A - P’\"]VZ#‘) e
HEY v o gl , Y

(1.19)
I My x b , Yow®
and
KO = 1+ c/~* | ~50
H(M - ¢/ ~2 , Yo
TE)> G v Cvoo -2
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there does exist a finite energy solution. If we
eliminate A, by a gauge transformation, the space
components Aa.i. become time dependent. Finally we mention
that Prasad and Som.merfield(l-/) found an exact solution,

which is also an absolute minimum of v&), in the limit
=1
A0 with HM /x> pp=C 2 vse .21
We quote their result: )

T () = Ainky [ Crr Gstin (cv) = 1]

n

K= v/ Ainh ()

H(v) = (oh Y EC'Y (st (C) —l] (1.22)

Yis an arbitrary constant. The classical mass and electric

charge are given by:

Ew =(C/oL) Cshy |, &= 9%/4T
Qu

Before we conclude this discussion of the classical

il

4T/% Aivh Y

solution we make note of two very important symmetry
properties of the classical solution (1.10). A vector
field Aai(i) and a scalar field @@ transform under

space and isospin rotations as follows:
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"

Aa®) = Ris(@) Aus (Rlax)
¢Is. &) = Qba(E-‘(JL\i) (space rotations)

T
£LLis a parameter of the rotation group. R(L)R(D=l and
detR@) =+1| .

Ab ®)
)

RA‘:(?}.) Ab-i, (7‘)
Rtxb (-ﬁ-) ¢b (i )

(iso-space rotations)
Tlis a parameter of the isospin group. R(fL) is in the ad-

joint representation: R@)R@E)= | and detR(R)=+1 .
Now if we identify the parameters of these two distinct
groups, then their simultaneous action leaves the

classical solution (1.10) invariant:

RER) = Rij(4) Bae () Rer () € uin R (1-K) /4

dt R €aij X, (1-X) /o

= Ac;( ®) (since det R = +1)
= Qc.\; (_().) E‘(IL)bc/;‘c H(’*\) /%T
= ¢: &)

Further since

o
P
LnY

x|
~

I

2 . . .
® is a pseudo-scalar, the classical solution

is also invariant under parity transformations:
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A;" (?) = - AA( (‘;()
and

b (x)

il

- ¢a(-x)

Section 2: Hamiltonian formulation with surface terms

The action corresponding to the Lagrangian (1.1)

can be written in Hamiltonian form:
ta NN

5:j db[Jdi(EL'AL-ﬂT»tb)— h] 2.1)
bl

- - = -— - ey -
H= Sd;(gf +T74 LR Ry + 193938 +V(5))

N

-j a2 By (TR + 48R ) + [RE A

(2.2)
- o
is the Hamiltonian. We have identified E;: Fog and
?"=Vo$ as the canonical momenta conjugate to X( and 5
respectively; the commutation rules are:
o v . abe3,.
(A& JES @)= 185889
Q —b,_ . cab 34 —
e, @)= 15 ¢&w)
(2.3)

-
All other commutators are zero. The function Ao(x,t)
that appears in the action is a Lagrange multiplier and
reflects the gauge invariance of the Lagrangian. Since

the time development of field configurations that enter
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the action is a continuous deformation, the trajectories

entering (2.1) belong to the homotopy class of the initial

field configuration at time tl' By homotopy class we

precisely mean the fixed time homotopy of the mapp
.;(’ — {(;Stc)

(2.4)

f(x;to) is a typical field variable at time tye If

f(x;to) is a continuous function of t  the homotopy class

of (2.4) cannot change with time. If the homotopy class

changesvduring time evolution, it must mean that f(x;to)

is discontinuous at some time and the action

£
dt | aX T, 3 £(&,t)
f
\ ot
is infinite, From now on we will stay within a fixed
29
homotopy class.( )

Hamilton's variational principle says that the
equations of motion are stationary points of the action
with fixed initial and final configurations. As usual
one considers variations around the critical trajectory

peaked at some time between tl and tz. Then
ss:gt dtgdxtgs( Sk, (‘,a,\ss( SRo) - |
28 -t -
+Sh So\c[ -5, + 4 V368 + B 6A,)

(2.5)

the volume integral contains the usual equation of motion
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terms. 1f the variation is peaked around t, with width &t

say,

$S = Atjd; [}% SAL & .. ]tn (2.6)
v L

- -

+ at S o\lcs‘i{AEL-SAa + 39362 +4 q'Sﬁﬂt
>
N
the surface integral by definition is evaluated on the
boundary S of a very large volume V of any shape and then
the volume is sent to infinity. The equations of motion
are solutions to the variational problem $S=0, provided
the surface terms in (2.6) are zero. This last observation
was made by Regge and Teitelboim in the context of general
relativity.

We begin by discussing the first surface integral:

RN

@ f deiECsA, 2.7
If the electric field has a o(r_z) component, the only
way to drop (2.5) is by setting SZ; = 0 on the boundary.
Since Ko is actually a parameter of the gauge transformation
this would mean that we do not admit gauge transformations
with non-trivial asymptotic behaviour which e.g. includes
global isotopic spin rotations. The only way to retain
the possibility of performing asymptotically non-trivial
gauge transformations and yet be consistent with the
variational principle is to append the original action
(2.1) with a surface term and force it to cancel (2.7).

We denote this additional surface term by
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a L a
-9 {awIA;
S
'w' is a parametrization of the boundary. We will
determine the nature of the dynamical variable 12 a
little later, at the moment we only assume that it is in-
- =) = p—
dependent of Ai,tt)J E,: 4T . Then as far as the variation
-

of Ao is concerned Hamilton's variational principle leads

to the constraints:

V.E. + $0xT = o (2.8a)

. E 2 =
.éi\r)\:\oEn(st)R =~ 41 (w) (2.5)
f“ in (2.8b) denotes the normal component of the electric
field on the boundary; R is the distance of the point 'w'
on the boundary S. Equation (2.8a) is the Gauss constraint.
It does not form a closed algebra of gauge rotations if
we admit gauge parameters which do not vanish on the
boundary. To discuss the full gauge group we must consider
both constraints (2.8a) and (2.8b) atonce and form the
generator

6',\=JAE A(VE +535%) —de R-(amELR-T)

v L (2.9)

which is a linear combination. Its action on the field

variables_ﬁt; and6 is given unambiguously by

$A; = i[R,6) = VR

-

- . )
§o 11§, 6a) = 38xA (2.10)
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In view of the commutation rules (2.3), the constraint
(2.9) must be understood as a subsidiary condition on

the state vector (Dirac)(ld

Galvw)) =0

(2.11)
The subsidiary condition (2.11) is in the Schrodinger picture;
it would be consistent only if the constraints Ga form

a closed algebra. We must have

[6/\ s G’A-_H\\U> = 'ig» GAxA’ | W) (2.12)
(-I‘\x7\")&= Eawe Np A
After a partial integration G, can be written as

Ga

g

Ga

Go + 8 [TRaw

]

- — - =) =
- gd‘i(vb,\EL +%¢XA1‘L )
(2.13)
E',\ satisfies the gauge algebra without ambiguity via the

commutation rules (2.3):

[Gn, Gyl = 18 G
From (2.12) and (2.14) it follows that

Lz7, [2AI) = (TR 19
or in other words

[T'W), ()] & 1€ I(w) 8 w-w")

(2.15)

(2.14)
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The dynamical variable I? satisfies a local isospin
algebra on the boundary. The 'conjugate' variable to
Iq(w) is the parameter of the gauge group at the point

'w' on the boundary. Let us denote it by eg(w), a=1,2,3.
We choose to work in a representation in which A:(R),

a
Q‘(x)and %) (W) are diagonal and form the wave function:

\-y{.;)?é)éﬂ = <Kr$'§l q}(—t)> (2.16)

Further, it is possible to have a canonical realization
of the algebra (2.15); we can introduce a canonical

momentum Pq(m) conjugate to eq(w):
[6°), PPw)] = 1 88 (w-w)
then using (2.12)

I° = RBIVIE) P

(2.17)

satisfies the algebra (2.15). This is proved in appendix 2.
The matrix R(§)ab is an SU(2) matrix in the adjoint
representation and the matrix Vg(é) is defined in terms

of the function Fa(é ,;l) which specifies the group law:
apige MP'i;z-Y] = %p«F(e.*ﬂ"ﬁz
o LN
v e = Eip (6>O)
L8 = 3

From (2.10) we see that the wave function is a singlet

for the subgroup of gauge transformations with vanishing

-28-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



parameters on the boundary. These gauge transformations
are termed local. For non-vanishing parameters the wave
function can, in principle, carry any representation of
the local algebra (2.15). These gauge transformations will
be termed global.(1D Precisely which global gauge
transformations are allowed is a model dependent question
and we will answer it for the t'Hooft-Polyakov model in
the following discussion.
We now turn to the surface integral
ORI R 2 )
In sectiog I1.1 we presented the minimal large 'r’'
behaviour of the fields to ensure a finite classical
energy for the soliton. See (l.4a, 1.4b, 1.4c). From
equations (l.4a) and (1.4b) it follows that as the volume
goes to infinity the above surface integral would diverge
as 0(z/29), unless the variation of the direction of the
Higgs field is set equal to zero on the boundary,
52$ = m $® =0

VR (2.18)
i.e. the direction of the Higgs field on the boundary is
fixed. As we have seen the finite energy condition (1.4a)
defines a topology on the manifold of Higgs fields and a
continuous time development requires the field to stay
within a fixed homotopy class. We choose this homotopy
class to be specified by d = +1. Then from the discussion

of section II.1 and (2.18), it is seen that the direction

-29-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of the Higgs field on the boundary is any particular

N
continuous gauge transformation of Xa:

PN WX, £ e S0G)/U) (2.190)

A
anticipating the background gauge we fixLl(w)=| i.e.a:b:x (2.19b)

(c) The surface integral
2, T..SA.
i S a6, iy 8A;

S

can be reduced to a simple form. Using the fact that the
A
direction of the Higgs field is fixed to be Xa, the
finite energy condition (1.4b)
~
-3 -e
Vifb ~ ©° (r( 2
can be written as

Aai= éau§g/31 + Qk(i-ﬁg)

(2.20)
then assuming the boundary S to be sufficiently far away
2. = ~ a. A= .
iR So\@; Fij-8A; = %_ EAG‘C % Fyj 8A;
2 Jg (2.21)
Aj = §.Kj is the 'electromagnetic' vector potential.
Using formula (1.16), we can write (2.21) as
2 A =S =
dwR Nx8sA-B
SS (2.22)

B:VX-Al is the U(1) magnetic field. fi is a unit normal
to the boundary. We will set this surface term equal to
zero by demanding
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hx sk =0 (2.23)
on the boundary. We will see in a moment that the
boundary condition (2.23) actually fixes the electro-
magnetic gauge on the boundary S.

Now that all surface terms in the variation of the
modified action vanish the equations of motion are

solutions of the variational problem $§S = O.

= E; + V,_‘Ko

>l

i

mi-

(= Vj?'ij +?E)\VL‘$ +§—E‘;X§o

o
0
=l
+
N
©
x
&

Al
"
|
=<
ol
+
K
4
od
Al
X
3>l.

(2.24)
We now come to the question of the allowed global

gauge transformations in this model. In (2.14a) and (2.14b)
we have fixed the group element belonging to the coset
S0(3)/U(1) to befQ=I. This means that the only gauge
transformations allowed on the boundary belong to the
little group U(l) which leaves ’)Eq, invariant. Hence the

parameters of the gauge group on the boundary take the

form

B(w) = B(w) Xa W)

(2.25)
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There is a local U(1l) associated with each point w on
the boundary. The gauge transformation of the electromagnetic

-
vector potentail Ai = Q.Ai on the boundary is seen to be

SAi = 3(9(“)

(2.26)

substituting in (2.18) we have

A -
nxVe =o (2.27)

which means that the parameter of the local U(1) group

is independent of w, and (2.25) becomes
A ol
(%) = BX(w) 0= B =2T

We can define a momentum conjugate to [*] by the equation

F = aw PR
g an

then by the commutation rules (2.12) one can verify
Le,pl=1

The local iso-spin generator I%(w) enters the theory

only through the commuting combination
N
S R I aw
S

which is equal tolfl-CP. The wave function (2.16) now
depends on B. Since the range of @ is compact, the spectrum

of p is the set of integers.

_32-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Having specified the allowed global gauge rotations

the subsidiary condition (2.11) becomes

G,\@(”: C (2.28)

with
- - = - A = - 3
C\yl\ = - | dx A (V:E;+93«T) +}\(/4151- X-E; - 4icgp)
(2.29)
where we have used
. w2 A
LPm AR) = AX
1¥]12e0

Since gp is the electric charge operator, the wave
function can be chosen to be an eigenstate

< =2 mne -
A, 9,8]=¢e A%

Y143, ) [A.3) 250
From (2.28) and (2.30) it follows that under finite gauge
transformation U(x), UGxl»«) = exp(i A %Z/2)

sy = A %
] = eV NLTAD

W, [,3] £ [£.3] o
i.e. '\.\f’n carries an irreducible representation of global
u(l).

The Schrodinger equation satisfied by \_.va is

AR S s AR
with
— [ =2 =X = = P =
- ] U+ LE.-F.. bVb+V )

Ho-Jax G+ ST+ 4 RjF +1 Y6 Vb 4 V(3)

(2.32)
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Note that H, is gauge invariant
[G',\,HA =0

The Schrodinger equation can be solved formally
F () = exp(-itH)\Y, (-0)

Using (2-33) the subsidiary condition becomes
G,\\_yn ( >°3 =0

1f we choose (+,0) to be an eigenstate of H,, (2-34)
n o

together with the time independent Schrodinger equation

HO\IJ,,,E =E qjh,E

is a complete system of equations to solve in the
Schrddinger picture.

This completes the canonical formulation.

Section 3: Subsidiarv condition and gauge fixing

In the previous section we concluded that the
complete set of eguations to solve in the Schrédinger

picture are

T

lc@r\,s = E \I)V\,E

~34-

(2.33)

(2.34)

(3.1a)

(3.1b)
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H) and G, are given in (2.29) and (2.32) respectively.
One accepted approach to solve such a complex system of
equations is by eliminating the subsidiary condition
(3.1b), before solving the Schrodinger equation. This is
done by fixing a gaugé: since equation (3.1b) is a
statement of the gauge invariance of the wave function.

The differential form (3.1b)

o (07 gy - 0 ko5 )+ 528,100

(3.2)
can be integrated for a connected gauge group to read
T U4V _\d .
@ la?, 0% 80) = Wil ac,e, 0 o

where Aui and ¢’ are finite gauge transforms of A{ andd.

The variable B undergoes a U(l) translation by A which is

the asymptotic parameter of the gauge transformation U.
Now if we consider the orbit [AU; 4"). 9'«;"] of ;;,5,9

under the set G of gauge transformations U(x), U(Ixi-9ee)

= exp(i)\ﬁ-_i/z); we can define an equivalence relation

on the set M ={7\"L,5,Q} ; by defining two points X and Y

to be equivalent (X~Y) iff they are connected by a gauge

transformation which belongs to&. It can be verified that

the above relation on M is indeed an equivalence relation

X~ X
X~Y 3 Y~X
X~Y + Y~7 3 X~
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This means that the manifold M is a disjoint union
of equivalence classes and the wavefunction is actually
a function over the quotient space M/G of equivalence
classes or orbits rather than a function over M. Hence
we can specify the wave function by representatives of
the orbits which are usually determined by the solution
of functional equations (gauge conditions which define

a surface in M),

FlaY, o'l =0

It is usually required that the solution of the functional
equation for the group element U(x) be unique i.e. one
may select only one representative per orbit.

As we shall see in those cases where such F are
used e.g. the axial gauges, it is indeed possible to
satisfy this requirement, but it is almost impossible to
develop a viable computational scheme. Gauges like the
Coulomb and its generalization (the background gauge),
are computationally viable but the orbit of a given
field may have multiple intersections (FLAY, 1=0
has more than one solution for U; see figure 1.)

However in doing a perturbation expansion around a
given field configuration, call it Ag , multiple inter-
sections may not be a problem. If we can show that a

small fluctuation around the orbit of Ay can be uniguely
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gauge transformed to a fluctuation on the gauge fixing
surface near Aa , we can use the gauge invariance of the
wave function (3.3) to peak it around Ag . We will qualify
the use of the term small fluctuation when we discuss the
Coulomb and background gauges. (see figure 2)

Before we move on to discussing specific gauges
we discuss the characterization of the intersection
point of a given orbit with a gauge fixing surface. To
simplify the discussion we consider the gauge fields only
and denote the gauge fixing surface by FaLA; 1= 0; 'a*
labels the number of group generators and 'X' is a space
point. Then the normal to this surface at the intersection
point A, is given by (see figure 1.)

N&T o SFUIA
" S Aa: (%)

The tangent to the orbit at the point Ag; is,
A o
a.y ba 2‘
T, = S A = V(Aw) S-9)
Y e
SNa®)
(A" is an infinitismal gauge transformation, Vi is the
covariant derivative at A,;).

The Faddeev-Popov operator (F-P)

— G2

c,a _ - ay
Dz:‘/ - de NE;L,X ,!’)L)x

V. @) SF ]

Ao (@
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in a sense measures the ‘angle® between the orbit and the
surface at the intersection point. A zero eigenvalue
signals a point of tangency, at which Ef:annot be
inverted.

Now, to a discussion of some well known gauges.

(a) Unitarv Gauge(30

In this gauge one requires the Higgs field to have
the same direction in isospin space at each space point.
We noted in section 1 that for the magnetic monopole it
is impossible to deform the Higgs field to point in a
constant direction by a continuous gauge transformation.
A gauge transformation discontinuous along a string
emanating from the monopole can reach the unitary
gauge, however the gauge field is now singular along the
string. Since the string singularity is a gauge artifact
(a 'bad' choice of co-ordinates) some useful observations
about magnetic monopole were made in this gauge.(19
However it is not clear how to do a perturbation
expansion with a string singularity. Another version of
the unitary gauge requires the Higgs field to point in
the direction of the classical solution at each space point.
However if the classical solution has non-trivial
topology as in the case of the monopole the Higgs field

necessarily develops a zero at the position of the
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monopole where this gauge condition would be singular.
5 L@BD o _
(b) Axial Gauge: A3 =0

It is always possible to choose this gauge; given
an arbitrary field configuration Ai’ it is easy to

construct a gauge transformation U that satisfies

%u*sgu sUTAU = Ay =0

(3.4)
(We have used matrix notation for the gauge field Ai=
AL‘-Z/ZL, T are the Pauli matrices) The solution for U is
written in a path dependent way like the solution of the
time evolution operator in gquantum mechanics.
X3
’
. ’
U(XUX?-/X}) = P@ﬂv [' L%’S axy Ay 3
“e (3.5)

Now, in equation (3.3) A‘} = 0 and U depends only on X1
and Xy Further fixation of gauge is usually done by a
choice of boundary conditions. One may choose the
components Al and A2 to be fixed on the surface of a
plane (x,y,zo) where 2z, is very large and eventually
goes to infinity. This eliminates the freedom to perform
all but constant gauge transformations. Instead of fixing
the components of the gauge field on the plane one may
choose to impose the unitary gauge on the plane.(Bz)
Another possibility is the so called generalized axial

@)

gauge which consists of imposing
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A, (%, %2, 0)

(3.6)

A (%,0,0)=0 -

on lower dimensional manifolds. It is always possible to
choose this gauge for an arbitrary field configuration
because we can perform a gauge transformation V(xlxz)
from the configuration A%(x), i=1,2 to Ai(x) which

satisfies (3.6)
% V‘EX-X,_) 32 V(Xlxz) + V-Ex. X2) A;(x.xza) Y X2) = O

then

V(axd) = Pexk[- L'}_SﬁA'ZCXA,x{, o)axt )

Similarly one can show that (3.7) is achieved. The
important point about the generalized axial gauge is

that in principle it is possible to eliminate the
subsidiary condition (3.2) completely. The only allowed
gauge freedom is a constant gauge transformation. How-
ever it is quite clear that it is very difficult even

in principle, to develop a perturbation scheme. This
observation has already been made for the lattice version

of the theory.

(c) Coulomb gauge (33’ A;

This is a standard gauge used in perturbation theory.
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However Gribé&qzas observed that it may not be possible
to specify the orbit of a given gauge field by a unique
transverse field, i.e. the equation

3 [UfA;U+ U2 ul=o , Ulu=1

A 9 OX( (3.8)
may have more than one solution (We are assuming that there
is at least one solution). Further there is a distinct
possibility that a certain intersection point of the
orbit and the gauge fixing surface may be a point of
tangency i.e. the Faddeev-Popov operator may develop a
normalizable zero mode in which case it cannot be
inverted, rendering the procedure to be described useless.

Specifically in doing a perturbation expansion arouné
the monople, the orbit of the classical solution may have
several intersections with the surface 9{Ai = 0; one point
is the classical solution (1.10) itself. (See figure 2)
Now consider a field configuration near the orbit

of the classical solution; the orbit of this field can
have complicated intersections with the Coulomb gauge
surface; however if it can be shown that every such orbit
has a unique intersection near the given classical
solution (1.10), we can use the gauge invariance of the
wave function to do a perturbation expansion around Z:LL
and.$ag. (Recall that the wave function is an eigenstate

of global electric charge and we have already included
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the conjugate anglele‘in its specification (2.30), so that
if\'as defined in (2.30), develops a phase by gauge
transformation it is automatically compensated by an
equal and opposite phase developed by the dynamical
variable 'Q°.

Under certain conditions which we shall discuss
later such as described above is indeed possible for
the magnetic monopole, for consider (figure 2)

AI‘« (x) = Aui(Lo) + Gl (x)

(3.9)
(Auira= oL Aaif, +%sﬁaina = 018); L (rr00)=w,X and
axyzom )

a point near Aug(ﬂu) . The gauge transformation which

brings it near Awi(x) is evidently Si:,(x),
-1
AIL% Al'in“’: Aai + A , Q;(x)=_ﬂ.,,a,l,;ﬂ£

Now perform an infinitisimal gauge transformation with
parameter 6’((&‘) , onto the coulomb surface
-\ -1
a7 u He¥ o\ 3
AT o A = AR+ V(AT o
(3.10)
- 7
and determine ®! by demanding O A'L‘ =0
- = -
JViANK + 3 3. ([@xd) + deac =0
(3.11)
The solution to the above equation can be developed
=
by expanding X in a power series in 'g', provided the

Faddeev-Popov operator 3LV¢(A“) can be inverted. We will

—42-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



prove in appendix (3), that the spectrum of V(A is

positive and that there is a homogeneous solution CH,’ ,

BQVL‘(A(AG; = 0 with boundary condition \T)o’('Y'-'eo)'\—%()\' \/~)
The presence of a homogeneous solution with free

parameter}\ means that it is not possible to uniquely

gauge transform ;\1(’() to a point near —Aui(x) . In order

to determine \ we impose an additional gauge condition

g 4% R ailbei®) =0

(3.12)
that is to say that the gauge fixing surface is an
intersection of (3.12) with the coulomb surface.
By a partial integration and using O{AL = 0, (3.12)
becomes
S fe kAL =0
(3.13)

7
and substituting A{ from (3.10), we have
A - A=
fd‘k@i X-9k = = Sa\c‘; X Ay
The inhomogeneous part of ;( does not contribute to the
~1
above surface integral since it is determined by (B(_V,;)

which vanishes for large r (appendix 3). Substituting

the asymptotic homogeneous solution
- ] ~
oy~ x (a -1/r)

we have

A =

LA = - J-a”‘d;x-ag
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which determines A and hence homogeneous solution.

So we see that using the gauge invariance of the
wavefunction it is indeed possible to do a perturbation
expansion around any one good point of intersection of
the orbit with the two gauge fixing surfaces, as long as
the Faddeev-Popov operator is invertible at the point
of intersection; it does not matter if at certain other
intersections the Faddeev-Popov operator cannot be
inverted.

In the above discussion we have considered field
configuration near the orbit of the classical soluticn,
by which we specifically mean that if we consider the
Fourier amplitude ZiL(E)corresponding to Zi&ih then
al(k-w) remains bounded. If the contrary is true, the
fluctuation Q@ would compete in size with the classical
solution which is long ranged, (o(i/*) as¥?® ) and the
invertibility of equation (3.11), would be in question
because B‘LVL'(/\a.H}Q.L) may develop a normalizable zero
mode. Then by continuity the configuration, Au+§Q;i sa.,
would develop a small negative eigenvalue in the
Faddeev-Popov operator. (See figure 3)

To understand the significance of the small

aé

negative eigenvalue, following Polyakov, the non-

linear equation (3.8) can be formulated as the stationary

point of the action
W= jd; ‘w{a(U a;u*— 23 B;UUTAL] ; utu=1 .19
(A= 0)
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Then a sufficient condition for the existence of a
solution near U = 1 is that the linearized action
W LU= \+iv]= sz V&) 3 VAV < o
(3.15)
i.e. the Faddeev-Popov operator has a negative eigen-
value.
This means that the orbit of Au+ Qi 84 crosses
the Coulomb gauge surface in two nearby points and one
may need to fix the gauge further to distinguish between
these.
Concluding this discussion we comment that the
possibility to do a perturbation expansion around the
monopole in the Coulomb gauge rested among other factors
on the invertibility of the Faddeev-Popov operator at the
classical solution which in turn crucially depends on the
fact that the function K(r) which enters the classical
solution is bounded: 0€ K(r)< 1, VYr.
We now turn to a gauge which is most convenient for
a perturbation expansion and which is free of any
restriction on the background field.

(d) The background field gaugev: (34 %{@;—J&‘f) + ‘}5“)1(6- ) = 0

The discussion is similar in principle to the Coulomb
gauge in the previous section. The orbit of the classical

solution may have several intersections with the gauge
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fixing surface, i.e.
T (Alim Awi) + § Bux (8 -30)=0, V= 3c+g Alx
(3.16)
may have solutions other than U = 1.
Because the wave function is gauge invariant and the
ground state is a gaussian around the classical solution

we once more consider a point near A, (LX) and cb“( £1,)
Ap s Awclne) + G )
¢ = do(a) + P
(3.17)
(Au(o) and &, (Q.) are 0(1/9) finite gauge transforms of
Aw and Po; GL/.; and @’ are o(1) fluctuations) and

i . -1 . .
perform a finite gauge transformation £, to bring it

near Aui., ¢’u—:
) ’ +
AT = Awil) +Q00) |, i)z DGR
= ’ +
¢ - P+ DX , P60 = NP XN,
and then perform a successive infinitisimal gauge

-
transformation with parameter & to bring it onto the

background gauge surface,

=y <1 N 2
A= AT+ Yo (A&
- gt 3! -
"= ¢’n"’ + - X &
(3.18)
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-
A (x) is to be determined from

%L‘(A‘{— Aou‘.)'l- &,,LX (‘4—3"— 5;«)': o, which implies
T7.8 + 4 Bux (3ux ) 4V @3 &) + Bux (3x3) + G+ 55,59)

This equation can be solved as a perturbation series
in 'g', provided the Faddeev-Popov operator

D= - (BT + ¢ Bux (3ux )

(3.19)

is invertible.

We now quote certain properties of D which we have
proved in appendix (4).

(a) Consider the system in a large finite box of
volume V. Then in the space of functions which vanish
on the boundary of the box,a is hermetian and all such
eigenfunctions have positive eigenvalues and form a
complete set. Further the eigenfunctions are co-variant
as one moves along the orbit of the classical solution,
the eigenvalues are invariant, hence any intersection
point of the orbit of the classical solution is good to
do a perturbation expansion since the spectrum of the
Faddeev-Popov operator is the same at all intersections
(see figure 4)

(b) Under the boundary condition o(a('fenb) = (constant)/)\(“'

the homogeneous equation 08@‘0 =0 has a unique solution, wo(i-,;\)

IS
= X\l{,(/\;'f), with asymptotic behavior,
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qL CY””) ~ }- - \/qﬁ

(3.20)
In the Prasad-Sommerfield limit the homogeneous
equation can be exactly solved with solution
Y ~
W, = % [ Gotn (ae) -\ 1 /o uaty

which is the classical Higgs field.

Following identically our discussion of the Coulomb
gauge, the existence of the one parameter homogeneous
solution means that it is not possible to uniquely gauge
transform A,.',(x), ¢I(x) (3.17), to a point near Au, e
on the gauge fixing surface., In order to determine A\ we

impose an additional gauge condition

Sdi{(ﬂi—lm)'ﬁvlf‘l’o(F') + (6'5«)’ aqu@o(A=')}: o

(3.22)
By a partial integration and using the background gauge,
(3.22) becomes a surface integral
- - A by py % —
JD\’LG';_{<AQ—AQL)'X + (¢ - d)“) X} =0
(3.23)

" u
Substituting A¢ and ¢ from (3.18), into the surface

integral we have

-

A= Gﬁi)_‘J de; X-a;

which determines the homogeneous solution.
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Elimination of Subsidiary Condition:

We have used the gauge invariance of the wave
function to express it in terms of points on the orbits
of gauge and Higgs fields which intersect a gauge fixing
surface., The action of the gauge group generated by (2.29),
leaves an orbit invariant,by definition,and hence the
points which specify it on the gauge fixing surface. Hence
the wave function is expressed in terms of gauge in-
variant quantities, and the subsidiary condition (2.28)
can be taken as an operator eguation

G, = [ax(EVih + 9ATXE) g P =0
(3.24)

The above expression can be simplified by expanding
the gauge function7\' (x) in terms of the eigenfunctions
of the Faddeev-Popov operator of the chosen gauge. Since
we will be exclusively working with the background gauge
we expand 7\ (x) in terms of the eigenfunctions of o%
discussed in appendix 4.

Since 7\ (r->0) =>\l;§ , we form the function’/‘\J(X) =
7\(}:) - CVO(}\ ;X ), which vanishes on the boundary of the
large box and expand it in terms of the complete set{\_p,,\J,

-

A)= GO+ 2 W ()

(3.25)

Substituting (3.25) into (3.24) we have
-zh\ A | a% OQ)-(V;E g BT ) + | ETT, + 4% Txd) (3.26)

—4LAP = O
_49.
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We have used the fact that \—I{‘ (x) vanishes on the
boundary to drop the surface terms fdzﬁ’—'ét'q)m.
Further for the same reason we can functionally
differentiate (3.26) with respect to ﬁk\(x) and use their
linear independence to arrive at
E DX =0
Vi g Ox (3.27)

and

jdi(EL-VL'TVg +a 9 "';'*XE’) = 4ugp (3.28)

(3.28) is actually a surface term
2 A = —

S de; X E; = lm%p
However we shall work with (3.28) since we know the
explicit form of the homogeneous solution L—l),, , of the
Faddeev-Popov operator (3.21).

The operator constraints (3.27) and (3.28), together
with the gauge conditions are certainly incompatible with
the canonical commutation rules.(1® We may choose as our
independent canonical variables the gauge and the Higgs
fields which satisfy the gauge conditions, and the
corresponding canonical momenta being components ofE,‘_
and:ﬁ tangent to the gauge fixing surface. As for the
normal components we may use (3.27) and (3.28) to express
these in terms of the independent canonical variables.

We shall present a detailed discussion of this reduction
procedure when we discuss the perturbation expansion in the

next section.
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Section 4: Perturbation expansion

In the previous section we discussed how the
perturbation theory around a given classical solution
can be discussed by fixing a gauge to eliminate (3.1b)
as a subsidiary condition on the wave function. As we
mentioned the most convenient of the gauges we discussed
are the background gauges and we shall discuss the
perturbation expansion imposing these.

Performing the shift

—_ - -
Ac = Awd + 0
$=3.+%
(4.1)
and expanding in powers of 'g', the Hamiltonian (2.32)
becomes
H =jd£(§? +TT 4 VR 4+ U @) + Ea
z : (4.2)

s o~ o~ =g = =
Vo) = 3,4,V 8 + §F5-acd, +%‘Ia¢x¢“l"

+

l

<
<\

r~ = - 2 p—y — - -
T4 VG VP 4157 18x L+ AR )42 G ES

~

+ 295 u'aix§

(4.3)

is the 0(1) potential energy density. The 0(1/4) term is
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zero by virtue of the static equations of motion

VAT =0
V Fn + %‘P "V (&4.8)
( E‘:‘J = })‘-K"; - BJK? + 5,7-‘\“: x;:'j' is the classical
field strength)
V() =2 (3:x&;)-(F.8;-5,4:) +9G;x3 9.5
e N - 2 - - kX -
t2aod) + 9 (3cx3) s 37(2.) 3"
4 2 K (4.5)
is the interaction part, and
2
S —uS g 2 2
w [FRAFGR] + 1989982 [A54])
(4.6)

is the 0(9® classical mass of the monopole (1.15).
In the above expansion we have kept the ratio F:)/g-"
fixed. We have also imposed the background gauges we

discussed in the previous section on the fluctuation,

—_

~ — -

Vel + 3Pux? =0 (4.72)
- S - == =
Jdi(a; VY + 37-2x%)=0

(4.7p)
The problem now is the diagonalization of the 0(1)

quadratic potential energy in (4.2), which after partial
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integration can be written as

- i, by b
VO =fdx (,‘2 aai D?’ b ab,) + -'.2. @a. D: C,Pb
v

al,b

+ Qai D3 C—?b)

+ 1 J i [ Qe diGai + @e2i9.)
s (4.8)

The operators Di i=1,2,3 are

DT&,H: @&b S-U- + Q@ E:{Jc eabc

b a
Dy = B 4+ A(BIF) S 4+ 20d el

Df" = 25T, &S
aBAh’-' —@}Vi- +3‘254X($«X ))abis the Faddeev-
Popov operator.

In (4.8) we will drop the surface terms assuming
the fluctuations are zero on the boundary. In this space
of functions the operators Di are hermetian having real
eigenvalues. Now the functions that diagonalize (4.8)

satisfy the linear equations

ac, by ai,b 2 .
D, Ae; + D3 P, = W Aar (4.92)
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b
D:bg’b - :) Api = wzC_Qa. (4.9b)

and the linear gauge conditions (4.7a) and (4.7b). We
cannot solve these equations, hence this section will be
a formal discussion of the perturbation expansion; in the
next section we shall discuss the Prasad-Sommerfield limit
for which substantial progress can be made towards a
solution.

We do not know whether WZZ'O, however for the validity
of the perturbation expansion we will assume that this is

S0.

Iranslation zero modes and collective co-ordinates:

The zero frequency solutions to (4.9a) and (4.9b)
are usually translates of the background classical fields
which are not invariant to symmetry generators of the
original Hamiltonian. We now discuss such modes arising

from space translations. These are given by
5a;= A--YJc(L , 5.9 = % -28%

We have added pure gauge terms depending on the gauge
parameters éa(i), because the naive translates of the
classical solution are not gauge covariant functions of
the classical solution, a property all solutions to the
linear fluctuation equations (4.9a) and (4.9b) possess,

by virtue of the gauge covariance of the differential
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operators Dl’ DZ‘ and D3.

of the classical solution do not satisfy the gauge
conditions (4.7a) and (4.7b). The choice of the function

-
X;(R) follows easily from the gauge covariance of the

- -
modes: X = A and

Also,

the naive translates

5.5 = 2:8%+gAcxd™ =

The gauge condition (4.7a) is satisfied by virtue of the

~

V:® e

(4.10)

classical equations (4.4). To see that (4.7b) is satisfied,

upon partial integration, and using the classical

equations (4.4),

Upon using the explicit form of the classical solution

a AL
Aai=€alj x_,(l—K(ﬂ)/ﬁ’T', it can be seen that the above

surface integral vanishes.

From the form of the classical solutions it is

possible to show that the modes (4.10) are orthogonal

amongst themselves

[ax (RS Rl + VBUTEY) 2 5

The norm
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—u Zu r~ ~
:_lfo&(&j-ﬁ-,- + V6V %)
3
is actually equal to Mo the classical mass (4.6). This
can be proved by a scaling trick (appendix 1).

There seem to be no other zero modes to (4.%9a) and
(4.9b), satisfying (4.7a) and (4.7b). In the next
section 5 we shall prove this to be the case for the
Prasad-Sommerfield monopole.

The translation zero modes are treated by standard
collective co-ordinate method.( 9) We choose the wave-
function, expressed in terms of the gauge invariant
variables satisfying the gauges (4.7a) and (4.7b), to be

an eigenstate of linear momentum

P. \p,, 3e [2,3,6] = P: W h3, s 5,6 (4.12)

PL is the eigenvalue of the gauge invariant linear

momentum operator

P, = [a5 (BT T V3)

(4.13)
derived from the gauge invariant symmetric energy
momentum tensor
—_— b - —
Tr\v = Ff"). Fv; + Vrtp V.o - Sr\voc
(4.14)

Pc in (4.13), with the operator constraint (3.27),
which is valid in the space of gauge invariant variables,

becomes
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o -— - — "y
P,; = de(EK%(,A& + 'lT_B_ CP)
after neglecting the surface term quE Ak s since

Ac ~o(ifr)and Bomo(i/2).

We now introduce centre of mass collective co-
-
ordinates X by the following point transformation:

Ai(R) = Ai(3+X)

— ~

¢(x)= (x +X )
We note that the fields ’K,‘. andg are translation
invariant since the action of the translation group on
K,: and E is equivalent to translating‘)‘(‘ .

Using the fact that the wavefunction is a momentum

eigenstate it follows that

Wz cl28.0] = exp(3X)\, 5, [%:5,0]

and the eigenvalue equation (4.12) now becomes a

subsidiary condition on the wave function

-Pi \:}.Jn,'ﬁ,e =" i'sa‘x_(yh,?,i
L

The wave function

A
- - - R -
\VI12:%,0%] = exbCipX) P [ALF,6)
LN nBE
is. annihilated by the translation generator in the

extended phase space
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S
B - -(3 ] R,36,X] =
[ ‘ ( ax;) W, A8 eX]=0
The integrated version of (4.18) is

Gire Fen,0 5-21= $ 050,05

"3,

(4.18a)

and we have a situation which is entirely analogous to
equations (3.2) and (3.3) which express the gauge
invariance of the wavefunction in the extended phase-
space Ki ,5,6 .

In order to eliminate (4.18a) as a subsidiary

condition, we fix a gauge:

(am{ 75 1A-R1 14984 18341} = 0

(4.19)
‘_:-5,;03 and ii)uare the zero modes of translation which
we discussed before. In view of the fact that the
fluctuations in (4.19) also satisfy the background
gauges (4.7a) and (4.7b), (4.19) can be written as
jd;{ggz?.[z;-zﬂ +234[8-31Y = 0
(4.20)

To confirm that (4.20) is a satisfactory gauge condition
consider a field configuration-A",a;’in the neighbourhood
of a point K?(Y-"YO) , 6“(7('4'3‘(0) on the orbit of the
classical solution by the translation group. (the that
this point need not, and is not on the gauge fixing

surface defined by the background gauges, except when
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(4.21)
- —
( a,';_ and $are fluctuations of 0(1)).
To see whether it is possible to uniquely translate (4.21)
e G

onto the surface (4.20), near A[(x) and $(x), perform

’ ] -t
a finite ‘translation on Kg and $ with parameter — Xo
and a successive infinitisimal translation with para-

-
meter A :

7

Al = AR + 0 (R) + &5 (93% + 2;20)
&> BU@ 4+ F(x) + 0 (3,3%42,8)
, , (4.22)
where O ()= B (3-%o) + B)= P (:-Xo).

Substituting (4.22) into (4.20), E is determined by
jo\i[m?\? AL +2,AT N + 3372 3% 4 23420 ) Ax

= [ax (3RS0 +3343)

Since E_; = oW =§ and Kb:, =o(1/4) =$u, the matrix

(4.23)

equation (4.23) can be solved uniquely as a perturbation
series in 'g', provided the fluctuation remains small and

provided the matrix
= [ax[2 BT.2 A% 42342 3¢
MJK’J”[SXJ N SaF S A

[3
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is invertible. Using the explicit form (1.10) of the

classical solution we can evaluate

Mik = Six M
;“—grj o\fv[H('*) +(I—K(Y)) +2-Y(H) _,,zrr (l—K) ])0

which is indeed invertible. This proves that (4.20) is

a viable gauge condition.

The non-zero modes and expansion of fields:

We denote the non-zero eigenmodes of the equations
(4.9a) and (4.9b) satisfying the gauge conditions (4.7a)
and (4.7b) by i‘:’ and i(h); we denote the corresponding
eigenvalues by boﬁ. We have used discrete labels for the
modes because we are working in a large but finite box
with vanishing boundary conditions.

From the hermetian nature of the operators Di’ it
follows that the non-zero modes are orthogonal to the
translation zeromodes (in the 12 norm) and hence :if? and

38“2atisfy the gauge condition (4.19). For the same
reason modes belonging to distinct eigenvalues are ortho-
gonal and can be chosen box normalized to unity. For
notational convenience we have omitted labeling degenerate

eigenmodes.
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We now decompose the gauge and Higgs field
fluctuations and the corresponding canonical momenta into
directions normal and parallel to the gauge fixing

surfaces defined by the background gauges and (4.19).:

>\
1]
>
+
™M
N\
3
&
+
™M
It
™
+
s
<N
EL
vv
+
A
wn
]

1
"
©
+
o~
O
b 4
St
3
+
M
1
i
R
+
oM m
b
;}l
X
J'Gl.
Uw

mi
"
g}
-
2L
-3
+
T
.
+
sM ©

f - z Ph = +2’§;§“"’J + Z)%@&XWV\ y]'\
" c VA, Ven (4.24)

‘F:: /‘[ﬁ; , 6;5’“/\/?5 are evidently normal to the surface
(4.19). ’ﬁémh [JE,, and %$ux_\l‘ln/‘/?“are normal to the

surface (4.72); \TJ“ are the eigenvectors of the Faddeev-
Popov operator &, €w are the corresponding eigenvalues.

It is not difficult to verify that

Ja\? [Aﬁiq}h ,N\_q}m + %1?;“)(?_‘. 5“)(?}1,:_) = €,85mn >o

(4.25)
And lastly qﬁtwglJZE is normal to (4.7b), and we
can verify that
- S - = - g
[ % [F0on) T e = 4t
(4.26)

—
Wa (X=l) , being the homogeneous solution of &.
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- -

However since the fields A{ andd) have been chosen
to lie on the surfaces (4.7a), (4.7b) and (4.19), the
normal components are absent i.e.

~

q’j"g“—g" =0 4.27)
The co-ordinates @, and the corresponding momenta P,

satisfy the usual commutation relations

[q/n ) Pm] = 1 8mn (4.28)

v O] N
because the normal modes ')C'-_ and X, satisfy the gauge
conditions (4.7a), (4.7b) and (4.19).
Substituting the orthonormal expansions (4.24) into
the Hamiltonian (4.2), and using (4.27), we have
o= L300 +417 + 533
o~ 24 'n +2 o +2.i J
L3 (pr 4 w2el
Zzh Ph + Wiy Zn ) +V;(7—h) +Ew (4.29)
The first line corresponds to canonical momenta in
directions normal to the gauge fixing surfaces; these
are to be determined in terms of the independent co-

ordinates %, and Pn , by solving the operator constraints

(3.27), (3.28)

_— -

V.E: +%4 PxT =

o}

Jd;[virp:‘gi + }?ﬁx_\r{,’fﬁ] = —ilmgaée =4igp (430
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a.

nd
31 E:d A 4 b ?1=- 2 — P
de[ JS'éX; ! 'La';x; J Laxi

C
Substituting the expansions (4.24), together with

(4.27), into (4.30) we obtain to 0(g),

Ne= 3 3 Avndup, + o(s)

N.= 14 (P - ZInB""i"P“) + 0(3%)

Fj: J/z(P_szmi P)*O(?)
A PR C L TN T

Brn= [di (4" (K9xS + Z7xE)

vl A St = =~
’““"_g""‘[xj VXS o+ XX

(4.31)
Substituting the expressions (4.31) into the

Hamiltonian (4.29) we obtain to O(gz):
He= Ew + 2 (—

2

+ Wn gt \Y "
342 i“>+ = (2)

2 2
N G
2

oL

+

N

Mo
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AmnA:r + Bmv\ BY + CM\-\C'TS gh?’
3 ( s s ) ih’a‘l«;
2 2 . ) ) ¢
“E((RA )t B =201 B # D -24 C), 2,

+0(93) + .- (4.32)
Recalling that the wavefunction which is an eigen-

state of electric charge and linear momentum has the

form

\{Jr\ﬁ, E[K;,-&;, 9,3\'] = C%Pi (FX+ns ) r\_‘"./'h,'{v,s Y:Al;é]
= expa (?i o) (\Vhﬁ,ﬁ(q-ﬁz

The 0(1) solution to the Schrodinger equation

H,O

is given by

(4.33)

(4.34)

an e A08,0,%X] = exp(iPX+ing) T (un) oxp (-3Z1.4)

(4.35)
E° = Eu ¥ 22 Wn

From (4.35) we have

Y zc Y A~ -
dax S 4 °* Q) S
_L ] eil} A A TR by (R

(4.36)
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The Fock space in the monopole sector can be
constructed in the usual manner by the action of the

creation operator

o

W% 6,80 = ¢ ™Y (5,64,

-
ne

and = \
EN.,N,_---— Zﬂ (Na+d)wa
From the Hamiltonian (4.32), it is clear that the

dependence of the energy on electric charge and linear

momentum starts at O(gz).
Renormalization:

The zero point energy in (4.36) must be evaluated
by comparing it with the corresponding quantity when the

background fields are
23 (73 A 2
Aqi =0 , d)“ =2Z. M /2

The ground state energy is in fact

E®° <MonoPo|el Ho! i"lcmopoie> - {vac] Ho‘V“<>

ELL + 122\’\ wn —"iz‘,wno
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= Bus Z\j%(uh—wm) (4.37)

As the number of oscillators goes to infinity, the sum
(4.37) would be expected to have a logarithmic divergence.
By t'Hooft's background field method(35) the renormaliza-
tion counterterm which removes divergences to 0(1), has
the same form for any smooth background field. Since our
classical background field is smooth and singularity free
we expect this procedure to eliminate the divergence in
(4.37). We remark that even though we know in principle
how to renormalize the expectation value of the Hamilto-
nian and other operators, in the state (4.35), we do not
know in principle how to renormalize the wave function
itself, because the product D(‘%nrin (4.35) is evidently

divergent.

Section 5: The Prasad-Sommerfield limit

We recall that the exact solution of Prasad and
Sommerfield (1.22) (consider case with ¥ = 0), extremizes
the potential energy (1.2) with A 20 ,H=>0 holding /'1/\5\'
fixed:

V= Jol'i [ _\_—F:,;j'E.:j + 1 V(E~V£5]

4 2 (5.1)
The boundary condition on the Higgs field is the same as

that of the t'Hooft-Polyakov monopole.
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Essential to our discussion of the perturbation
expansion, will be certain observations of Bogolonomy
and Coleman et. al.(36) which we present in the language
of Euclidean field theory. Identifying the Higgs field
with the time component of a Euclidean vector potential,
$E Kc (this K,, is distinct from the Lagrange multi-
plier we discussed in section 2), (5.1) can be written

as

Vo= [ d¥ L B 6B (3)
J 4 5.2)

E‘AV(&‘) = 9)47&\/ "“av-grl“" ?Kﬂxzv 5 3:‘ Zo ) 9,;,,. =0

Since the fields in (5.2) depend only on space co-ordinates
(5.2) can be understood as the action per unit time of a
4-dimensional Euclidean Yang-Mills theory.
Defining the dual of Erw by
) -

*Fhv = —ZLGPDJP@‘ F()g (5.3)
(ef'“’?@ is the totally antisymmetric tensor in 4-
dimensions with €g,53= +1; note *"Eﬁv: }—Z;w)

We have the following inequality of Belavin, Schwartz,

Polyakov and Tyupkin (BPST),

A

Jdi’ (E,wﬁ:*ﬁw 20
= Jd’-“ E,«v"_:;‘v >/ 1fd)’<'“f;v'ﬁ,«v
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€ijxViFi=0
(5.4)

>

From (1.16), the surface integral under the modulus
sign is the magnetic flux, which is a constant of motion.
Further, for those configurations which satisfy $'Xlu =0
on the boundary the magnetic flux can be written in terms
of the topological charge 'd' in (1.5) and the inequality

(5.4), becomes
Vo=l A ) = C.4L 14|

(C= 3P NXA 1is a parameter in the model).
It is obvious that the BPST inequality is saturated

for self dual and anti-selfdual fields:

—_ -

* o

Fr‘g— - i Frv

which is equivalent to
fred =)

1€k Fix= TV
(5.5)
which are the equations of Bogolonomy and Coleman et. al.
for the absolute minimum of V. The Prasad-Sommerfield

solution satisfies (5.5) with negative sign and hence is

self-dual. It carries magnetic charge - 1. The Prasad-
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Sommerfield solution with magnetic charge +1 is
obtained by simply reversing the sign of the Higgs field
in (5.5) i.e. it is anti- self dual.

The Hamiltonian for small fluctuations (4.1)

around this solution can be obtained from (4.3) setting

>\=[4=O, {4/5 = constant

H = sz[ﬁﬁ s7 VLR + V@] + Ea

Eq': (‘_.411'./‘}2
and
Vo) = 13, Vi@ + §F6 - Qexdi + 8 |@cxBal®
2
~ o N —_
+ 17390 + 2 |e.x3*

+ a?’%}q_ﬁu- a‘;)(&

(5.6)
If we denote (_JS = a—o , we can write the 0(1)
potential energy as
- - -~ 2a — —
\'A :JU, ax :J dx(_;’{zﬁav-vra\, 1—3F,w‘a,‘xa.,)
(5.7)

where ’.V-;‘., = (’6': ,35‘3( )

Recall that the fluctuations satisfy the background.gauges

~ _ — - ~ -
-O.: = Oy =0
VL&‘ + 3'¢f4)(9 Vr\ ,1 (5.8)
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fd?ﬁ@(?g:l)-ﬁ‘L = jd? 5;4-\(7}5_{4 =0

The normal modes which diagonalize (5.7) (i.e.
equations (4.9a) and (4.9b) in the Prasad-Sommerfield
limit) satisfy the following linear equations

-
(%,5,.&;. +&9' F,:; X )Z‘LI) = - L«J-‘L au
(5.9
~ ~ ~ ~ 1= —_
The operator VI‘VI‘ = ViV +98.x(®x is the Faddeev-
Popov operator in the background gauge. The most important
property of the linear equation (5.9) is that the poten-
tial T:;,.(t is self-dual or anti-self-dual. (We choose to
work with anti-self-dual or magnetic charge +1 fields).
This observation, which is implicit in the work of
t'Hooft(lg), has been made explicit and extensively

(20),

used by Brown et. al. it enables one to relate the

solutions of (5.9) with those of the eigenvalue equation

of the Faddeev-Popov operator (Appendix 4):
— ~ ~ — =y
- S\.}J = VFV)AQJ =-¢V

Before we proceed, we introduce the 'I’l ' symbols of

(5.10)
t'Hooft (see appendix of ref.19)

Yfa.fnr = Earnf s pYy=he3  a=1,2,3

qaov = "SRV y ’7A_V° = Sa,,.

Naoo =0
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po +sya

- S
Y,O'FV = G Y)Ay.v-

As explained by t‘'Hooft Y)a_kV‘(V—]Afw) enables us to
associate with a self-dual (anti-self dual) tensor a 3 -

vector by means of the equations
Ar‘\r = qa’qv An N *A,uv = Arnr
Af"\’ = V)a.rw' Aa. ) *Lrv = - A}«v

Now following ref. (20), one can verify using the

static equations of motion VPF , that

- =¥ (5.11)

solves (5.9), provided \TJ solves (5.10), with UU_L=€ .
But since _~ ~ -

rﬁ‘,)—(:y = V,,fim =-DY = —eY #0
unless €=0 ; and for €=0,

(097 = (&80 #0
(5.11) does not satisfy the gauge conditions (5.8), and
hence is not an acceptable solution to the fluctuation
equations (5.9).

However from (5.11) we can construct further solutions

to (5.9) using the anti-self duality of T:.:,, ; which
enables us to write,

q V'FA_
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Since Y]“"‘f“ﬁbl(z= v)ﬂK}ﬁbKF(t'HOOft’ Ref. (19);

equation A-15), we see that

(a)

Y)a,f«vv LV , =1,2,3 (5.12)

are also eigenfunctions of (5.9), provided WV satisfies
2z
(5.10) with €= W,
We now prove that the eigenfunctions (5.12) do

satisfy the gauge conditions (5.8):
~ (& ~ _

Vr‘ % = Y)alnv Vp v v
\p y)ﬂ./av‘ y’ bMY FE:

In the above we have used the identity VFV Vva«— F vX s
Y)“P‘" V)er‘ and y)arv V) b[«v‘o . Further for €=W%0 ,

we have after a partial integration (we drop the surface

term because W.=0 on the boundary for €#0 )
de VI‘\PD Jolx V,A\U Nap> Y, A
- fd;(. Najor ¥, T &, T )
Jolx( V)%\,V,,.Vy\—l’ Ge na,w')b,w Fox¥: Wé)
=0 (since 'ﬁ":‘v= ﬁb{*\'?: is antiself dusl).
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iIfe= w7’= 0, we cannot drop the surface term, we find
~ — —(a) -~ — o —
J ax VU, = jax VY, Napr I, T

o~ — ~ =
=j dx ViV, €acj VYo
(5.13)
Now recall from section 3 that the unique solution
to the homogeneous equation @q’; = 0 under the boundary
condition W(IFI%@)= X | i the classical higgs field

(3.21),

[|}° = ®, = X L rCothr - 1] /’Y'

Using the classical equations (5.5), we may write (5.13)

as

I

@
al

T

- = — (&) - —
[ 0EAD = [ ax TEe

:fdél-ff“- F:: =0

Zero freguency modes.: (37

‘L
The eigenfunction corresponding to W=E& =0 is

— (> ~ -
Xp = Napr %P | 0=1,2,3

bred A
and since under the boundary condition Wo("ﬁﬂ)=x s

(5.14)

- —
Y, = 4}0., we have
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5 @

X/"‘ = Y)a_hyvyaa, (5.15)
which gives

—
X EM: €aij V_|$q, = -Fé:t for the vector field
and ‘)—(:Io(‘” = —Av;ggu for the scalar field.
These are precisely the translation zero modes we
discussed in the previous section. To show that there
are no other zero modes, we have to show that the solution
to the homogeneous equation S@; = 0 is unique. Under the
assumption that the zero modes (5.14) are square integrable
it is possible to prove this.

Proof:
I G E-udl G
J dx Xp- Xf‘ <
means
[ @ FXTE 7 1BUl) o0

The convergence of the above integral imposes the

_
following ccnstraints on the asymptotic behavior of \.Po B

. 3o =
,ﬁanzbff ViV, =o
=

%Wt#”$x¢-o
o “h e (5.16)

- .
Now consider a /4 expansion of Y, :

G = BOW)+ Tl) e+ oo
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W is the polar angle.

Substituting into (5.16) it follows that

L - Au_ - (1), o

\'P (w) - ..(constant) and Wo W) =
—_

Since ¢u X , the only solution to ®¥e = 0 is \pa-‘ba.

(cons tant) .

This proves that the only zero modes to (5.9) satisfying
the gauge conditions (5.8) are (5.15), the translation

zero modes.
The non-zero modes: (a) Orthogonality:

The non-zero modes (e:w‘#o) satisfy the following
orthogonality condition
~ ~ (5.17)
Proof: The presence of Sww' is easily explained by the
Hermetian nature of the differential operator in the

space of functions which vanish on the boundary. To prove the

rest

p

-d@)u — (Dw - -~
J o R Xy = [ D)o T T,
=j ax (&ab&v; + Eave V}g_y;)?ivip" ﬁa—‘{j‘e
= Skb J Ax rﬁ,\ we 'V.\wé

= Smbj a5 g (V-9 . (ﬁ.x)we

-75-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



W is the polar angle.
Substituting into (5.16) it follows that
(o), ~ - (1), ~
- A Q e

v, WY = . (constant) and Weo W) = " (constant) .

"~ A -— -— -
Since $u =X , the only solution to ®OWe = 0 is Po=®cr.
This proves that the only zero modes to (5.9) satisfying
the gauge conditions (5.8) are (5.15), the translation

zero modes.
The non-zero modes: (a) Orthogonalitv:

The non-zero modes (e:w%o) satisfy the following
orthogonality condition

st.( F O ,z(b)w’: San W Sww’

r ~ (5.17)
Proof: The presence of 5ww’ is easily explained by the
Hermetian nature of the differential operator in the
space of functions which vanish on the boundary. To prove the
rest
-

o =W —(Dw - ~= ~
de X0 x, =fa,, Naps Do ViV Y,

v

=j ax (SC\'QSV) + Eabe V]¢v>_)’$y¢‘ rﬁ,ﬁ-’e

= Sa.bjd; ’.VV,\VJe'V,\‘Pé

= SabJ 4% O, (—rﬁﬁg-?zaﬂ(ﬁ*)@le
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= Sap ja\? UZO%CU; = Sap€ = SabW?®

(b) Completeness:

We now prove that the orthogonal functions

2fa) o~ .
n )y = Napr V, )

are complete. The discrete label is there because we have
put our system in a large box with zero boundary conditions.
The functions \—'IJ,‘ are discussed in appendix 4; for the
moment we consider only those wy, which vanish on the
boundary of the box i.e. those which correspond to 6,\ =
W:#’: O . Recall that these functions are orthonormal
and complete i.e. any function j:a(‘i) which vanishes on

the boundary of the box has an expansion
Q
£2G) =2, an W ®)

-
with Gy = | dX (Wh§)< 2 ., This is equivalent to the

1

L lsl[}{]B

equation
T YOWE) = 578 GY)
- (5.18)

Now form the kernal in terms of the non-zero modes

Kio G9) = 2 206 X000,

ne

and consider
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T = S A% 4y $7 (%) Kj:'v (7)) 92 ()

a b
where {,a and Qv are functions that vanish on the
boundary of the box. Using the completeness relation (5.18)

it is straightforward to prove that

- a s[> =au L_
L= —de[fr <")[va" Spv +2‘}Fﬁvx]aa%"(‘ﬂ(s.19)
The differential operator in the above expression is

precisely the one that occurs in (5.9). To understand the

meaning of (5.19) define the ket vectors |n, (b)) by

<§,a,p lh,(b> = ’X';"bli' Z)n
and the operator K by

(e PLK 1T, bv ) = = (9, S + 25T 0x ) 569
then (5.19) becomes

3 In,@){n e = K
nb

(5.20)

Note that {n) are not normalized and from (5.17) we have

& @) m9) =€ Smas, KN, (b)) = €, |0, (b))

Defining the normalized eigenvector

IR ey=Inb)/JEr | enso

(5.20) reads

é’fn [hedh@l= K (5.21)
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which says that in terms of the non-zero modes
A )
4-;)&>f’l N,y = x}a,a(z)n/\*én

we have a spectral representation of the cperator K; this
is equivalent to saying that the normalized non-zero modes
are complete in the subspace orthogonal to the only three

zero modes of translation.

(c) Rotational properties of the eigenfunctions:

We first consider the eigenvalue problem of the
Faddeev-Popov operator (5.10); substituting the explicit

forms of the classical solution (5.10) becomes

'\'1.
£ 1 [OeTom ] &R |4 = e w*
L

[( Po+ L. L, [O-e)+ w2l )52 2, (-OTT

(5.22)

2 2 T e i a =
where P,, =-14d ("’z ) 1 L=-l¥x¥ ana (T )b&_
Y dv?
=L éolgc .
- P

It is natural to define the operator ?:t T,
which commutes with the differential operator in (5.22),
and consider an expansion in vector spherical harmonics
with ‘angular momentum® gr . These harmonics and their
properties are also used in appendix 3. Substituting the

expansion
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¢ = % % (7‘; A Yygm + ¥Bgm ('r)yﬂ',?‘”,"‘ +1C m\/gpﬂl,m)

into (5.22), we can separate it into three coupled linear
equations

1
A+ de A = € Ay,

_B// + o 1t .
4 B+ (200 0, 3yt
) = < B?m
—c o (S
gm+ % Com v (u%ﬂh_(%m&w%»ﬁ-)
= &€ C?—W\

(5.23)
with

dp = (1=K + H 2 (1=K + 4(4+1)

de = (1) +HY 4 (442)(4-1+2K)
G- = (1=K +HY + (g-1) (3 + 2-2K)
At = = (441 /2441)=

a- =

(xlaze1)”>
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H(rr') = ﬁrCoﬂ\’\’-l
KG)= 2 = v/ Ainhr

We have not been able to solve the coupled equations
(5.23), however certain important properties like the
total angular momentum of the ground state can be deduced
without their explicit forms.

In order to discuss the rotational properties of the
functions Xc&):v; V)L,vaﬁvwa?m , X,S)= ’Tbo,ﬁy £ m for
a given eigenvalue € = W we anticipate a result from the
next section, that the total angular momentum operator
which generates space rotations in the space of gauge
invariant variables, where the Gauss constraint (3.27) is

valid, is

S-K: "in§ E? (L‘qugi_j + T:» Sy + SK'~‘J' S‘“’)Aj.

“ijdic' 'IT,A( L¥San +—r':.\= )$*®
(5.24)
LKz‘f&umeam s T:\, = —( Ekab , Sch = —léxij
We further assume that the zero modes of translation are
fixed and that we are actually examining the rotational
properties of the fluctuations in the centre of mass co-
ordinate system without contradicting the fact that the

space translation and rotation generators do not commute.

From (5.24) it follows that the infinitisimal action
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. Q)
of the rotation group on the eigenfunctions 'X co and Xoa

is given by

Mgm =K M 4m
X = (J )Lj)q,b x,ab

(")?‘M " Am
B X T = (45),, XD

b

(5.25)
—_ e 3 P
where 3= L+T+S and 4=L+7 . It is convenient for the
calculation to write the eigenfunctions in terms of the
PRra— - e
operators, $S , T and P=-(VY as

x [(S P ni Sac‘i’ (S 7()()"“-[-6~< (l‘K)-}‘LShL:(_ ﬁ]q{h

~

()/)m

’)o:m: —( [ B Sue +(Tx% " (]_—é)]q,cém
After some calculations we can prove that
ST =[5 B ) Sab + (55N Tan 1O+ 5,0, HE)
x (35),c W
+ (sx You X (E)?m
2 2 (4 s x‘:’;"” 2 S e X2
S X (B San + @R ) A5 ) he U

+ (SK )Ah 'X.cn’ Cie

<
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3 ), 4m’ 3 Uy gm
=2 (B )wmm X, + DS )en X
m’ 2
K. -
(% )mm'are the matrix elements of 2 in the basis l’a’,m>
=22 - 3 -
GPlamy= 414 m) | 3P1emd = migm)).
This means that the indices 'm' and '(n)' transform
- -
independently under the action of the generators 4 andS
It should be possible to form linear combinations with
Clebsch-Gordon coefficients, which transform irreducibly
=.2.%3 TI™
under the action of J=%tS ; we denote these by X ia
™M —
and X,Ua' , where 3':3, "}:I:l , is the eigenvalue of 3%
and M of J3.

Ancular momentum of ground state:

We have already proved that the only zero frequency
modes of the fluctuation equation (5.9) are those
corresponding to space translations; in particular
there are no zero frequency modes corresponding to space
rotations. This means that the angular momentum (5.24)

commutes with the 0(1) potential energv (5.7), unlike the

linear momentum (4.15), and we mav proceed to simultaneouslv

diagonalize these without necessarily introducing collective

co-ordinates.
Recalling that the gauge and translation invariant

fluctuations satisfy the gauge conditions (4.7a), (4.7b)
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and (4.19), we may expand the fields in (5.24) in term of

the non-zero modes

— - = + *
A = AL: + glﬂ (a.:n-l XEH + Cim ’)_(«753")/\]2\’14)3

3 = $u+ 2 (G.:;M ’YIUH + a+UH X*JHD/\/ZVUJ
ImM

—‘. _ bnd +

Be =T [ (a0n XY - aln TP

* .: - 3‘1‘/.5.?—’:\: (QDH ZUH— GL+:m i*DMD

(5.26)
wj is the non-zero frequency; aqn and a:;n are the
annihilation and creation operators related to the co-ordinates
and momenta in the expansions (4.24) in the usual manner;
they satisfy the commutation rules

T )
[am , G j'ﬁ'] = S57/ 3nn (5.27)

all other commutators are zero. In (5.26) we have not
indicated the components of the momenta E,; and—f normal
to the gauge fixing surfaces (4.7a), (4.7b) and (4.19)
since they do not contribute to %& .

Before we substitute the expansions (5.26) into
we remark that S'g in (5.24) as it stands is not a hermetian
operator in the quantum theéry so we symmetrize it by

adding the hermetian conjugate and adopt
X ~ FaliE
Js = (5x+3.)/2 (5.28)
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as the angular momentum in the quantum theory. (Similar
remarks apply to the linear momentum in (4.15)).

Substituting (5.26) into (5.28) and noting that

(B an,c; A% =0 = (3)aw 8"

we have after some calculation

=7 L odi

d o = (:ml:s"‘ |3m)
is the representation matrix of J = L+ 5% in the
basis |TMY; TFXIIHY=I@DIOHyana T3 oHy=MIIH).

The constant term in (5.29) is in fact zero if we note

<0;.m Oism’+ SHH’) (5.29)

that

3T, a0 S =2 (Wd7) =0
and (5.29) is

KT+
=§=(§", Ahnt OQgm Aam’

and

X <K
EKSS Js :ZZ,Z, ,d‘:]",d‘—‘],a“a_”a.“q,;

K I/ HH)NN

i +
+ Z, 2N Ay Agn
=31,

Now since the gaussian ground state is defined by the

equation
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~
Qan Y,y =0
it follows that
-~ 4 ~
1Ty =0
7"
i.e. the spin of the monopole state defined by ,45> is

zero. This conclusion seems to be contrary to a conjucture

of Montonen and Olive(38) that the spin is one.

Section 6: Angular momentum in a gauge theorv

We now discuss the derivation of (5.24) as the angular
momentum which generates rotations in the space of gauge
invariant variables, where the Gauss constraint (3.27)
is valid. We give two derivations of the result.

First we consider the canonical generator:

Can q
I = jdi (B2 Cremxe dmAS + ES ExijAY + T EremXedmd)
(6.1)

which generates via the commutation rules expected action
of the rotation group in the space vector and scalar

fields (see section 1)
A/a,; () = Rij Aaj (£'X)
Pe(®) = b (R'%)

(6.2a)

(6.2b)
where R is a rotaticn matrix.

From section 2 we recall that the boundary value of
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2
the Higgs field at each point 'w' of 3,0 is some fixed

~
continuous gauge transformation of Xa (2.19a):

A ~

¢ (W) = fL(w) X (W) , SL(w) e soE/Un) 6.3)
Further since we have fixed the fluctuation by the back-
ground gauge it is possible to choose _O.(W)=f at all

points on S:, (2.19b)

¢ () = (W)

(6.4)
Under the action of the rotation (6.2b) this boundary
value undergoes a global isotopic spin rotation:
Al -1 A
bo=Ray Xy
and in order to maintain the boundary condition (6.4) it
is necessary to perform a compensating iso-spin rotation.
Hence the true generator of rotations which leaves the
Hamiltonian and boundary value of the Higgs field
invariant is
A can. T
Je = Je + Lk (6.5)

where Lk = Jd; ( Eq,.' € vab Ab,,‘ + % Cieb ¢b)
is the generator of global isospin rotations.

Before we move on we remark that if the fluctuation
is fixed by a gauge other than the background gauge it
may not be possible to set _O_zi. at all points of 5:

in (6.3). Then the action of a rotation on the boundary
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value of the Higgs field is a local gauge transformation

Fw) = (WR)EW

and in order to restore the boundary condition one
performs a compensating local gauge transformation
OWRNIW -

We now present a derivation of (6.5) starting with
the gauge invariant angular momentum, defined in terms of

the symmetric energy-momentum tensor Tpv = T:‘l“‘“‘ F,A+VPE-VVE>—S,,WC

G.T. R — -
T = émmjo\? X [E Fmi+TVmd]
which can be written as
- G-I i . - =
J Kk = jkcc‘“ + S A% Vi By 6.7

The second term is the generator of a gauge transformation

with
-— -
A, = —Exem Xe A,
Upon partial integration (6.7) becomes
GI. can. , = = o= -
V7= T +ldeEidu —\ dR Lo ViE;
K ¢ (6.8)
In order to evaluate the surface term which generates the
global gauge rotation (if ;('(eo)KiO ), we recall that the
most general form of the gauge field allowed by the
~
finite energy condition (1.4b) for a fixed value Xg of

the Higgs field is
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Age = Cacj X5 197 + %a (35

Since the classical solution does not contribute to the
second term it is part of the fluctuation and does not
contribute to the surface integral in (6.8). Hence for

in (6.8) we have
. A A
bim Kaw = % (Sqn —XﬁXn()
a0
Substituting into (6.8) we have

- 6T (2, ek 1A= o .2 oR.
I3 ﬂj ES AE R — [af &VE
Je = e wg)deEy 9jd6‘xe‘x jx ‘(6‘.9)

which gives on the physical states, using Gauss' law,

[ can. I b. -

e W:(_.)_K +Jd>'<' Egé:th‘)\y
which agrees with (6.5) provided

[ae: s BV O =0
(6.10

Now the subsidiary condition (6.10) is necessary because

the surface integral in (6.10) generates a global gauge

rotation with asymptotic parameters /;(K/)Zn. and such a pure

gauge mode is not normalizable. This can be seen by

considering the norm
- ~ - - 2 = - 2
JO‘X (V"Xg 'V[XK + % ld’q_xa’kl )
~
with Yax (Yo) = RaXx

the integrand as Y- can be computed to give %:_1 , which

gives a divergent answer. Hence we obtain the same result
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for the action of the gauge invariant generator on the

physical states as in (6.5).

Spin from iso-spin:

The phenomenon of having spin % excitations in a
field theory of bosonic fields was found by t'Hooft and
Hasenfratz and by Jackiw and Rebbi.(21) We present a
derivation of their results within our framework,

I1f besides the vector and Higgs fields, we had
isospinor, Lorentz scalar fields '$', the Hamiltonian (2.32)
would have an additional term

jdi‘ (Vs O O3)) , D=3 -1E R
(6.11)
A is the canonical momentum and Ta are the Pauli matrices.
We assume § =0(l), so that the monopole is still a soliton
solution.

Repeating the previous discussion the angular momentum

generator (6.5) would have an additional contribution from

the iso-spinor,

ﬁk = %& + j d;(rﬁ'éumh_})m; + c.c )

+ (v e
Jalx(ul'é_i +cr.) 612

The first of the additional terms is the usual orbital

angular momentum, the second is iso-spin. This second part
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for the action of the gauge invariant generator on the

physical states as in (6.5).

Spin from iso-spin:

The phenomenon of having spin % excitations in a
field theory of bosonic fields was found by t'Hooft and
Hasenfratz and by Jackiw and Rebbi.(21) We present a
derivation of their results within our framework.

If besides the vector and Higgs fields, we had
isospinor, Lorentz scalar fields '§', the Hamiltonian (2.32)

would have an additional term
ja;(ﬂ“«» O3 (d3)) , De= 9 -1E-AL

—— /@ is the canonical momentum and Ta are the Pauli matrices.

We assume S = 0(1), so that the monopole is still a soliton

(6.11)

solution.
Repeating the previous discussion the angular momentum
generator (6.5) would have an additional contribution from

the iso-spinor.

CJ:K = 3\-& + J d;(/‘véKLMX{_BMS + Cc-.c. )

+ J-zii ((ﬁr'gf S +cc )

(6.12)
The first of the additional terms is the usual orbital

angular momentum, the second is iso-spin. This second part
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gives rise to the possibility of realizing states with
half-integer angular momentum in a field theory of Lorentz
scalar and vector fields. We emphasize that this statement
follows just from the necessity of having fixed boundary
conditions for the Higgs field in a spontaneously broken
theory.

We can diagonalize the Hamiltonian (6.11) in the
external potential of the monopole solution by considering

the linear equation

D (B Di (RS = ¥23

(6.13)
since D":‘D; is a positive definite operator in the space
of functions which vanish at infinity, (6.13) has no
normalizable zero mode. The non-zero modes explicitly
satisfy
(-4 &V e 200 2T )52 >7%3
\ 2 AT vz (6.14)

The eigenfunctions in (6.14) may be chosen to be eigenstates
of '%‘-:T_“’_%_‘ , since this operator commutes with Dﬁ' Di. we
denote these eigenstates by éfg)’ J= 5'_ 51 ,% .--- and the
eigenvalues by )J:: s and consider an expansion of the
fluctuations§ and N’ in terms of creation and annihilation
operators

§:2 L [b3n§an + gsﬂ g:H_—]

M {2YD5
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Z4+ B [bwndsn = Baniha)
+
[bDH, b:"n']:' Soor St and all other commutators
vanish.
We may once more evaluate the symmetrized angular
momentum (see 5.29) and find
3 3 ks +
The second sum is the additional contribution due to the
isospinor and carries half integral angular momenta. The

ground state defined by
Oy W) = bon \Y, > =0

-~ P — ] ~
still carries zero spin since <\H=ljs I\Pb>=0; however
there do exist excited states (monopole, isospinor bound

states)
by W | by 10 -

which carry half integer angular momentum.
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II1: TOPOLOGICAL EXCITATIONS AND TUNNELLING IN NON-ABELIAN

GAUGE THEORY 'IN THE SCHRODINGER PICTURE:

In this chapter we discuss topological excitations
like instantons in euclidean space, and their relevance
to tunnelling phenomena. In section 1 we review the work
on the topology of gauge fields and instantons. In section 2
we present a canonical formulation of tunnelling phenomena
with a detailed discussion of the role of euclidean time
and the relevance of euclidean configurations in the
Schriddinger picture. Section 3 is devoted to the topology
of the gauge group and section 4 to a discussion of these

phenomena in the axial gauge.

Section 1: Topologv of Euclidean Yane-Mills fields in four

dimensions

We present as background material to our discussion,
a brief review of some developments in Euclidean field theory.
Consider the large time euclidean transition amplitude
<AI€HT1 AI) , which is useful to study the ground state

properties of the system since as T—oe
(ALERTIA) = oxp (-E4T ) Lalo) Lola)
T2 e

Eo is the eigenvalue of H in the ground state [O> . Polyakov(ZB)

suggested that
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— Sia)/g*
5 —HT, ./
Lim a1 \A>:Jdm>e_ 7 o
Toe0 .
may be approximated for small coupling 'gz', in the

stationary phase approximation, by the minima of the euclidean
action

S = —%_ quxT’Y(rr\v(x)F V(X)>

(1.2)

Fr\v: artAv 'BvAr\ +[A[’4;AV_.\ ) Af" = Aj“,tk/l('
T® are the Pauli matrices. The functional integral in
(1.1) is over all gauge fields in a large euclidean box
with Ff'“': O on the boundary; OUA(A) is the path integral
measure.

Belavin, Polyakov, Schwartz and Tyupkin(39) (BPST)
discovered that euclidean gauge fields which satisfy the
boundary condition Fr‘v =0 or equivalently A'M = ﬂfapﬂ
on the boundary, fall into homotopy classes of the mapping

Xp = L1 0 (1.3)
XF\ is a point on the bound_ary of a large euclidean box
which is topologically the 3-dimensional sphere 53 and _()_(X)
is a point in the SU(2) group manifold which is also 53.
These homotopy classes are specified by the Pontrjgin index
which is an integer _ *
Vo= thmzj A% Tl Frv )

(“Favz 4 €pvps T 1s the aual of Fav)  (1.4)

The topological meaning of (1.4) becomes more clear if one

uses the identity
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— *_ <A
L T (Fpv Fpw) = O

16T
2
3 e g lAdahy +3 Aherdd
to write
_ 4 —A _ 3 A
V—de oplp = JdGFJr (1.6)

which only depends on the boundary condition Frw=° , and
can be expressed as
v=t j o € T [ 202 Q200 272:2)
Yy = 2 (1.7)
We have set Af" Qa,..ﬂ on the boundary in (1.7). The
integrand is precisely the jacobian of the mapping (1.3).
Therefore the surface integral (1.7) is an integration
over the manifold of SU(2), and since 24Ti7‘ is the group
volume, Y is an integer, being the number of times the
group manifold is covered by the mapping (1.3). Clearly (1.4)
is invariant to continuous deformations Ap" A’fﬁ' sﬁy« which
leave the boundary condition F‘H\FO invariant.
The above topological considerations imply that the
path integral in (1.1) is to be considered within each
homotopy class and the full transition amplitude is given
by (CD_}(igrefr 24) SD’J/}Z
2 eV apmy, &
Vz-at ) (1.8)
rA[A(A)V is the measure in the Yhhomotopy class; exp(LYB)
is a gquantum mechanical phase factor and it is a

representation of the homotopy group Tl}(SU (2))2Z.(the
~94-
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integers under addition). Using (1.4), (1.8) can be

expressed as

j —-Ss/g"

dr‘(A) e

—_ . *.
S - 41 clé'x I’Y(‘FIA«VFFV +49?2FIAAVF/'\V)
d 2 (1.9)
From (1.9) it is suggested that the physical states and the
energy eigenvalues are parametrized by the Bloch parameter
ee[o,zl‘t). We shall elaborate on this point later on.
The stationary points of the action (1.2) with boundary
condition F,W=O ,» satisfy the euclidean equations
- Y
VPF,W—O ) Vf""or""EAf"] (1.10)
The absolute minima of (1.2) which satisfy (1.10) are either
self-dual or anti self-dual,
#*
+F,., = F
rv g (1.11)
This remarkable statement due to BPSI(39) can be proved
by saturating the inequality
> 2 i 4 \
—Ja"x Tr (Fwt o) 20 & S>3 U"' x I*Ff""ﬁ:(; -
Using (1.4) we have

vl < S

The absolute minimum of S within the topological sector =+ VU~

is given by 3T[2h)’\ implying (1.11).
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In the V=0 sector of usual perturbation theory, the
absolute minimum is AF=O ;s in the V=zl1 sector, the
absolute minimum is the BPST instanton or pseudo-particle

with S = 8T0%. The explicit form of their solution 15(39)

A= K2/ (Rap2) - Wb (03 L3 60 s

u)'m(x)z()(q+£§-’_c)/w is an SU(2) group element with V=l;
F is a scale parameter. It has been proved by Atiyah

et al.(4o) that the solutions to the self duality equations
exist for all values of the indexV ; hence the functional

integral (1.8) really exists atleast in perturbation theory

around these fields which are absolute minima of S.

The Pontr jein index in ‘canonical form':

In the next section we will discuss the relevance of
the euclidean field configurations in a canonical setting.
Hence we wish to express the important attribute of the
euclidean gauge field, its topological index (1.4), in
'canonical form®.

— . =
Defining FLJ =1 I'Y(F:,_'J ’(‘:) we can write (1.4)
as
A_; - — — -— 1
V= :g_!ftz AXy AX (34 A —V,_‘Aq\)‘BL' , Bi=F€&ijk Tk
-
After a partial integration using VLBFU and the boundary

—
condition R{=0
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- -— -_—
v= L1 AXqdx 2 A B

s o%a (1.14)
Note that the above expression is independent of Ay If we

define the functional

.)L[A]———— de SIS IY[A QAK-P?-A A; Aa

we can prove that

Bo) = TS+ L et,kja;ﬁ [A@) 5G-3))

SA(R)
Therefore
-
= X 2Ac. X +1 _laxuldx 3 A _A
v deqjdx %‘M SAC lm‘j qJ 3%; Lece A3 i)

— =3
= 2% & AcA
- Jaug X g fan frseimaieRs

X Dxezte0) = X [Xe=-ed) + 72 deqjd"sg e Tr[24AAd

(1.15)

(1.15) is the expression for Y in canonical form.

Section 2: Canonical formulation and the meaning of
Euclidean time in the Schrodinger picture

Polyakov's original suggestion(B)

was to regard the
euclidean functional integral (1.1) as the equilibrium
partition function of a 4-dimensional system with energy
S[A] and temperature T = gz. Subsequently t'Hooft,

Callan, Dashen, Gross and Jackiw and Rebbi,(24) interpreted
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the instanton or for that matter any euclidean field
configuration as a tunneling event in imaginary time.

However in the real time Schrodinger picture one is
essentially solving the time independent Schrodinger
equation for the stationary states and the significance
of the euclidean time 'Xé' lies in parametrizing the tunnelling
path in configuration space; the most probable of these in
the WKB approximation is determined by the euclidean classical
solution of the equations of motion. This important

(25)

clarification 1is due to Gervais and Sakita. We shall

shortly explain their view point in the present context.
Canonical formulation:

Our discussion from this point will be in the Schrodinger
picture we discussed at length in (II.2). We briefly sketch
the arguments.

One begins with the real time action rewritten in

Hamiltonian form
5= [ aef 4% (4R )
Joael [mER) - W]

—_— 2 - —_— -
H=J A?(Eﬁﬁ Ecj) —JA;AO-V;EL- +J’AZ5L'A0‘EQ
v 2 4 v s

1

(2.1)

- [P —
A E:=Fa; s ; Iy
L and E({ = Toel are the canonical variables and l\°
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appears as a Lagrange multiplier and is an arbitrary
function.
The next step is the variational principle; consider

te - -
= gl 85  .SAx¢) + 25 .S AR, )4
35= €, * S\,dx e W) A, (&t) ]

— —

+ jt;t S 46¢ [—éF{j ~§—A‘J- + E,—-S—&a]

& s

The equations of motion are true solutions to the variational
problem provided the surface terms are zero. The discussion
is similar to the one following (II - 2.5), except in the
present case there are no higgs fields. The surface
J_ntegralJSA FLJ dGJ = O because we impose the gauge
invariant boundary condition FLJ O on the boundary. Since
B,::.zl 6{JK f"j& and EJ' do not commute as quantum mechanical
operators, we may not set E‘-O on the boundary; hence the
surface term j SAo E d€ =0 only if SKO-O on the boundary
i.e. if the gauge group element S (XIS =T . If SA +0
(Q(X1=w)+> I ) the surface term cannot be dropped and
a consistent formulation necessitates (as explained in 1I-2),
the introduction of the dynamical variable -i‘ which
satisfies the constraint (II - 2.8b) and a local SU(2)
algebra (II -2.15). .

Summarizing this discussion we conclude that if the
gauge group is trivial as [3(‘1-3"“ the physical states satisfy

the Schrodinger equation
-y =2 = =
Jo @ Ew=rw
~99-
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and the subsidiary condition
—
VE Wy =0
which is equivalent to

(REWY = ZIV (2.4)

Q. = et
At is a gauge transform of A with vanishing parameters

(2.3)

as |X]oe0-
If the gauge group is non-trivial as |)—(‘l'->°° the physical

states satisfy an additional subsidiary condition
—_ _—_\
fivn 2 E, JW> = 3T W)
¥re0 (2.5)
The configuration space is extended to include the
=
parameters e of the SU(2) gauge group at spatial infinity;

these are conjugate 'co‘j:l and the wave function is
WEK)E‘] :{<KL\8<§Q\}\W> (2.6)

The role of euclidean time in the Schrodinger picture:

The following discussion is patterned after Gervais
and Sakita.QS) Consider solving the equations (2.2) and
(2.3) of pure Yang-Mills theory. In order to develop a WKB
approximation in powers oft. , we scale the canonical

variables by the coupling constant

al LA
A -3
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Ee\g 4 8' Ea(

leaving the commutation relations [ Eac, A l:j—j = "—tgqbsﬂ

-
invariant. Then in the | A{) representation (2.2) and (2.3)

become
-_— -
[wlaeys o+ B WA= 98 VA
SAL(R) 4 2.7)
20+ Box o]
( >52¥ W)= (2.8)
Henceforth we set T=1 and note that the coupling constant
has disappeared from the subsidiary condition (2.8).
As a first step to solve these equations in the WKB
approximation set
<= 2
W= oxp [-WIRY/5?)
(we are restricting our discussion to the tunnelling region
_ =2
E<\/:41{Sa\xr—d )
and consider the expansion in powers of ‘g‘,
W= W, + W, +--..
PE = Eo + ¢ E +- -
to obtain for (2.7)
S SWo  SWe ]+\/
2 5AccR) SAK)
- L sWo  SW, +l X—-
ax |- - 27 = o .9
J 2 $he @) SAME) | 28 AniGF 2.
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etc.

and for (2.8)

>

Vig W, =0

W, = o0

L

<
o

(2.10)
etc.

The equation (2.9) for Wo, which represents the leading
approximation, is the Hamilton-Jacobi equation in the
infinite dimensional configuration space{Aai('}"():S and
(2.8) is the subsidiary condition on the solution. In general
it is very hard to solve the Hamilton-Jacobi equation
however it is possible to construct an explicit solution
along tunnelling paths in configurations space.

Consider the infinitisimal path element dAac(X) in
configuration space and the path element d4a(X) in the gauge
group defined by AQA(R)Z\/C(é(i)) de\’(i), 9;,(&‘) are para-
meters of the gauge group and \/:’(é(?)) is defined in terms
of the function which specifies the group law (II-2). Now
define the gauge invariant path length in the product space
of —ﬁi and _é

a2 - — —_\=

ds) = J ax (dA; —V.:d2 )

(2.11)

- -
Hence Ai(f) and 9(%) can be parametrized by 's' such that

— —=\Z
3 ( dA¢ V. dL ) —
JM(% m%)‘\ (2.12)

Since the function WA} by virtue of (2.14) carries a
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trivial representation of the gauge group we can as well
write
. ab, b s
—Lé . WD:-L(é N "V[ \/c(e)—- )
Shai(3) S AL(R) $0.)
b, . _a
where I (30‘-‘ —LV}, (ejéée wis the generator of the gauge
A
transformation in group space (II-2 and appendix 2). Hence
along the path Ac‘,_'(%s) , e,‘(i-,s) we can write the above

expression along the 'tangent vector'

(- Vedd) s
. ab _ . V) c 3
—L(s%\ac(iss)— VoV Ss'ec(i%))w"_ L(g_ﬁm ViV dgc\)”

and along the path (2.9) and (2.10) become
2
£V -Es

-
(2R Y, Wo =
Vi (-as Ac=Vedd ) st °
The subsidiary condition (2.14) will be identically
satisfied for a non-trivial Wo iff the tangent vector along
the path is covariantly constant i.e.
R 3 -1 . X - _
VL (3SA‘ —Vc é_‘QS =0
2 (2.15)

The solution of (2.13) is
- Sy - - T
W8] = S asf2(N-E)) , Ai&s)=AcR)

The most probable tunnelling path, minimizes the action

(2.16)

Wu(Z.lé) under the constraint (2.15); to find this stationary
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path we introduce a Lagrange multiplier A &X;S) and vary

~ s, sy - — -
W =S dsy2(v-Eo) + j ds Jdi' x-vt-(g_'z\—veé_i)

S, S 3s (2.17)

-— - -

freely with respect to A; , & and { with the variations
3A{ and ST vanishing at the end points S, and S;.
The variation with respect to ;(J reproduces the constraint
(2.15) as a stationary point. This accomplished, it is more

convenient to write
s
~ St ' - = -
= X V- [dAc Y dL
W, -—S ds ,}z(v_a\) - Jsolsjdx AVAS (2‘: V‘Is

So (2.18)
4 = = -
The surface term sti"('%AC=o , because A{ is pure
gauge on the boundary and the normal derivative of the
group element is assumed to vanish there.
we gerine C() = - [aX V&0 - (gh¢ —Vigl)
then

W, = E:lo\ (85)2(v-E3) +L?ds [s\}z(v-g,,y + Sc] ,

in order to compute this we need d(§S) which is found

from
09" = J a7 (dh, - Vedt )

jd? [(aﬁc)z— (%az) )

= ds |d% [ dBc dSA: +Vdly di -5F 0 VaF T
d(ss)= 4 J X [ abe-2She Y %xé‘% SAL—VLV(%}QSSQJ
LY_YA and SJ;\\/U are readily computed to give
SAL &7
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+ J2v-E) 4 (W) —2(v-&) e(xAAL

as
Z(V"Eo d - A A ) 2{v-Es Vd_‘ 7 =
A ;(Jz(v ) 2 A)+ (v-E) Ldsxedl%
(2.19)
and
ZCV—Eo [V Ve J2(v-€ ) di ] + J2(V-£) [VV o(.] o
2.20)
Introducing a new parametrization defined by
AT = [2(v-Ed)
ds
(2.19) and (2.20) become
v, F‘) + ,4 (VLo() X x 7\’ —d"A; +Vedl x A = 0
atr dt Ae (2.21)
d [veve (42 4% ]:o
L ¢ ( a7t * ) (2.22)

The only solution to (2.22) consistent with the invertibility
- -
of V,:Vc is &=-df and we choose it. Substituting this into

aT
(2.21) we get

d’LK, 4 = —_ el Z .7 V—‘F' =
;‘_;cz‘- Z’C(VLO() +o(>(i$k -\-VLO( xel £ Y; T 0

which is
Ve i +ViFi =0
(2.23)
- - - —_ —_ -
We have definedv.zzac +ALx Az= X and F.«c,;:'a.,:A,_'—v,;At

Using the same notation for (2.15) we arrive at the equations

V. R+ ViFji=0
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V( F( =0

(2.24)
for the most probable tunnelling path in the extended
configuration space of ;Z\J‘(i') and@@i). These are identical
to the euclidean equations (1.10) provided we formally
identify the path parameter T with the euclidean time X4.
This then is the meaning of euclidean time in the Schrodinger
picture.

Now that we have solved the Hamilton-Jacobi equation

(2.9) and subsidiary condition (2.10) along the most probable
tunnelling path parametrized by T , we can set the element
of the gauge group U('i;’t):exp(i’—t‘- g(i-,t)/z) along the tunnelling
path to be the identity. This is always possible and convenient

after solving the variational problem, since the gauge

transformation
Adx1) = Al V&)
Aclrn) = Az I
is a symmetry of equations (2.24) which now become
-
2~
& _A+VF=0
2
AT

.4 A =0

tat

The classical action (2.16) now reads

— T —-"2
W,[A] = ‘o\?’ 4% (g—,’;‘t) (2.26)

(2.25)
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It can be rewritten as

T -2 - =
2= | en [ [aR(LB)s 45Ty )] - Bt
W.[A] -J T de{z d‘EL) +4 FiFy) e (2.27)
Since N 2 (dh: 2 7V
flae a5 (45 T 50
we have the inequality
WAL > | [Tt [4% 4R.F:)| - B
and the minimum value of W(, is reached along paths which
satisfy
-— —
dhv =+ By
aT (2.28)

which is equivalent to Es=0 . Equations (2.28) are the
self-dual equations obtained by setting A4=O in (1.11).
Note that (2.28) identically satisfies (2.25). The BPST
instanton solution of (2.28) can be obtained from (1.13)
by setting Aq=0 by a T dependent gauge transformation. We

simply present the final answer(l‘l)

Raa=_\ V\ﬁag\/ + (\il"+f:‘+'ti)(u.z.,\/)*3c (w.,v)]

IR1%P+T?
Wy = T X AT X7 V = %F(L ',;;5 tg(‘f“?))
JREeze

(2.29)

(=) = -2 T+ o

®I*tp® QE'T‘*_F:>>
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Section 3: Topology of the gauge group in the semi-classical
approximation

In the last section we saw that the leading contribution
to the wave function in the WKB or semi-classical approximation

is given by

\P ~ @"}’{"é’z WA[A])

(3.1)
T -, =2
vhere Wn [A] = de’ | 4% (dA’&)
aT (3.2)
and the path Aai(ist) satisfies
_1Jd;(ax-y* VvV =E
2 art ¢ + - o
and ¢ %tAC:O
In order that (3.1) be meaningful we must have WoY_A]<°°,
which means that
AR — O e IXI2e
aT (3.3)

-2+€

at least as fast as |X| 2 , where €)0. The boundary

e Bopm . . "1'3,_0_
condition F{_,—O is equivalent to A(=LL il ; therefore
(3.3) implies é’t ﬂ(li\'% w;’c} =0.
If we choose (and we can).Q.(l)'(l—)co):I. for the initial
value of the parameter T in (3.1), then such a boundary
condition is true for all T . This has the following
consequences:

. —
(a) Q(IX(*-")=I implies 8Ap= O on the boundary and

the surface term in the variation of the action (2.1),
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R—
J.d%i zAa'Ei-‘—“ O ; the asymptotic gauge group continuously
connected to the identity being trivial does not enter the
specification of the wave function.

(b) The gauge group which satisfies the boundary
condition O_(lfl-)ao):lis partitioned into homotopy classes

of the mapping XSLE)eSV@specified by the integer(24)

] :2—}21[,_ jd; é(jnT'r[_(iragﬂ.Q*;jﬂ-rﬁé“ﬂ) (3.4)

Since explicit representatives of each class are given by

Q= oxp [-nTRT Jfmm 77 5.5

a general element of the Y]'h" homotopy class is given by

Un®) = L. E) | nldAl=0

(3.6)
ﬁ(i)ésu@has vanishing parameters as IX|->se |
From (3.6) we can construct the classical vacua (zero
potential energy pure gauge configurations)
o T .
A( R) = Un ®) 3¢ Un&) (3.7

A tunnelling path Ai(i;'t) interpolates between the vacua
(3.7) from Tz —e0 to T=+es . The Pontrjgin index associated

with the tunnelling path A((E-,'r_) is given by
oo
i X lteem) Xl ) e feTanA]

In the present case the surface term vanishes since A((l;"?a‘)""
o(1z)”' "), bé'c AlFr1 00) ~ 0 ( ix1-32-€ )

and we have
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Vo= X (t=+42) — ‘X(’C=—°°)

o
Since lim A;(X,T) = Ai(f)nt , where A{() *
T3+

are given by (3.7)

V= n[Uru] - V\[Un:l
= Y\[,Qn;l - V\[-O—n-l since h[ﬁ-]=o

The BPST instanton (2.29) represents the most probable
tunnelling path with V=%| between the asymptotic
configurations

Limi @) =0 ane  Dim Arlr)= 02

T T+

Now we would like to determine the representation
the wave function carries with respect to the gauge trans-
formation Un in (3.6). Let us define the operator which
implements such a gauge transformation in the space of

physical states by
TaWIA) = GRITWD = G W) = WA

- —
A\;J'Z;q is a gauge transformation of A;(i).By Gauss' law (2.3),

(3.8)

(2.4), the wave function is invariant to gauge transforma-
tions whose parameters vanish as [X|=® @ or equivalently

have zero topological index (3.4). Since

U,=Q.6 , ndl1=0
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we have

T.WVIA] = \P[;_ﬂ_,..ﬁ_]
WIAY] = WIA)

From Q“Q”F-O—mmit follows that Tn'Tszn+m in the
space of functions which satisfy Gauss' law. It can be

- —1
shown that the adjoint of In y fy\ satisfies
-1 - 0,
T WIAY = WA™)
T. s T s X R
henceThTh@! i.e. ln is an unitary operator. Since |wn

commutes with the Hamiltonian we may choose \Pto be an

eigenstate of T| with eigenvalue eLB

i LPO = etewe (3.9

it follows that an)ezm)h\l/e:efhe\%.ln other words the
wave function \V ) viEi_\l—é=OJ is a Bloch wave in that
it carries a unitary representation of the discreet group
Tn T Tnem (24 05

As we already noted the wave functionis still in-
variant to the gauge transformation A(—> A:Z', nifal=o. ac
this stage one would like to realize this constraint by
transforming to a set of variables which are invariant to
these gauge transformations, by fixing a gauge FLAl=O,

—

Ac= AT, FLE1=0

(3.10)

P
The gauge transformationfl is to be determined as a solution
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of F[Aﬁ-‘]=0. We have already discussed these Procedures

in detail in chapter II. The main point here is that the

gauge condition F[P\]=O must be such that the solution of the
functional equationFY_Aﬁ—jwwritten as ﬁ.[h,;‘(] must be
consistent with the boundary condition

. -~ —
L LA, X)=T e %ﬁaﬂ[n:\:o 1D

An example of such a gauge condition in perturbation theory

around the BPST tunnelling path is the background gauge,(ls)
- —_ -
UE AP+ AN [A-RP]1 =0

In fact it is impossible to have a single gauge condition
in all of configuration space which satisfies the require-

ment (3.11).

Section 4: Axial gauge

We now confront ourselves with the possibility of
choosing F[A] =A3= O , the axial gauge. Perform the
gauge transformation

Ac=UR U+ U, Ey=0

(4.1)

In order to eliminate the gauge freedom due to X1 and X2
dependent gauge transformations we choose to impose the
boundary conditions AL(X1X2X3 = -L) = 0, on the bo'undary

of a large box of size 2L, (See II-3). U in (4.1) satisfies
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the equation

?—XSU + As U =0
with solution
X3
UGs) = Posp [ As0onxisn) Vs

The arbitrary matrix V(XlXZ) can be determined from

the boundary gauge condition Kl ,2 (Xy=- L) =0

A (xi%, L) = V‘\-A;(x,xzxs:-l_)\/ +VaV=o

But since A{(X,X,_X;) ST L as IX|>e
we can set A{ (X, %y Xg=-L) = O giving 3,,,V=0 i.e.

the gauge transformation in (4.1) is given by

— X3
U(’(}’t) = P %P ["‘ 'jL Az (X,X,_X,’-)’t)olx;j
upto a constant which we can set to I.

It is clear that U(—)'(;T) has the following properties

+L
1im \J ('2.,’() = Peyp[—j ASO\XZT}'H T as L e (4.2)
X3 L e
xtiem!_ ALY #F0 , L +eo (4.3)

~
Without loss of generality we now assume that Al,z (X;’t—?—d):O;
then using (4.1) we have U(RX3T—>+=)=&). Fron these

considerations it follows that
A(RoT=22)=0 st N[U@E>+=)] =N0
violating the conditions (3.11) which were imposed to
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realize Gauss' law. We emphasize that transforming to the
axial gauge, though a legitimaté symmetry operation of

the Hamiltonian does not leave the wave function invariant
Yzl = W [AV] = Y IA] | As=0
[ - Y (>3 F) 3
and it is not legitimate to implement it within the
discussion of section 3.

It is quite clear that in order to admit the axial
gauge one will have to work within an extended configura-
tion space which includes the parameters of the gauge group
on the boundary of the large box as dynamical variables.
In this configuration space as we have seen one has the
additional subsidiary condition (2.5) which together with

(2.3) gives rise to a generalized Gauss' law
( SAYEL'V;X - jmfw) W> =0
- S
A(%) is an arbitrary function. This is saying that [Y)
is invariant to any gauge transformation.
In order to obtain a description of the tunnelling
in this case where the classical vacua are necessarily
/A‘L’ (23 T= :han):(), we consider the gauge invariant
Pontrjgin index (1.15) which is associated with the tunnelling

path, —~

- ?:‘Ti?- Az So\%; €ijx Tr[2.A,AL)
Since ’K;:o we have X[’l‘::tab]:(); for the same reason and
,A-lﬂ_()(?:—l—) =0,
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where the fields in the above surface integral are evaluated

on X3=+L . Since

Kl)l : U+afu as XSHL

(4.5)
L .
. U (xx, x,=L;7) = Poxp [—51. As (hx) Ax]’]
1 - y .
V= ?rﬁj Atax,a% Tr[UteU Uiy U'd Uy
= dap2 | dranaxa Tr[UcU UT; UUND U] &iin
L, ’}) K run over l,Z)’C. We can also verify that U > 1

as T,%; X+ > % =@ which by itself implies that VU~

is an integer and is the winding number of the mapping

(T %, % 5 %= +L) = U(T; x0%) € SUR)

Vcan be written as

-,;:_S‘ AT o%‘__z ()

(4.6)

(4.7)
S 09+ e A €T LS UVUUBY])
) (4.8)
is the amount of the SU(2) group volume covered at ‘¢ by
the mapping (4.6). )
The above picture is similar to the example of a
simple pendulum in a gravitational field. The configura-
tion space of this system is the circle X-L-i- (Y—.QY:.Q};

,ﬁ is some constant. We assume that gravity points in the
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negative direction. Then the unique classical ground state
is X=0= 7 . However quantum mechanically there is a
possibility of the tunnelling around the circle: if we

—
denote Xu@) the tunnelling configuration then

— -—
Xu(‘t=-eo) =0 = Xu("c=+°°) (4.9
However the fact that the pendulum has gone around
a trajectory which is topologically distinct from the trivial
trajectory -)Z|=O , causes a phase change in the wave function
where the phase parameter is a free parameter of the theory.
A natural way to describe this system would be to use the
angle x:tul;‘(é_e),as a dynamical variable since the
topologically distinct paths are naturally described by
such a variable.
Now if we choose o(((_——;n) =0 , then
() ,
@ = 7—“ Ka as (4.10)
is the amount of the U(1) 'group volume®' covered at 'time'

T. Clearly the topological index for VY traverses is
+o

Vo= 3k S"“’c) = X (T=+==) (6.11)

The wave function of the system carries a representation

specified by a parameter ' )B ' of the homotopy group

M=z
W (o4 202) = &PF g ()

-— —
Even though the classical ground states X=0, A =2l ,
n=0 , +1 )y

(4.12)
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are degenerate, these are quantum mechanically distinct,
and the system is equivalent to a particle moving in a
reriodic potential with period 2IC . In this sense \PP is
a Bloch wave function.

The analogue of (4.9) in the non-abelian gauge theory
in the axial gauge is X;(i‘;’t: :taé:O . The generaliza-
tion of formula (4.10) is (4.8); 2(@ is the analogue of &X(T)
and one has the corresponding formulae (4.11) and (4.7) for
the topological indices of the homotopy groups —E(UO))E Z
and 'ng(SU(z))_&_ Z-  respectively. It naturally follows
that the wave function of the non-abelian gauge theory
must depend on the surface gauge parameters through the
combination 2(’(); it carries a representation of the

homotopy grouv'll—}(su(z))';_z specified by an angle '§'

L\-je [K‘, L +v) = ef’re W [;'52]

YV is an integer.
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Appendix 1: Derrick's theorem(4)

_
Consider a scalar field ‘p(i) in N space dimensions

and suppose a;(k’) is the static solution that is a

stationary point of the energy function
" o =2 . -
EE‘P]:jdnx () + |4 U(d)
n, _ ;‘ 212
we assume V:Jd b3 U(a))Oand obviously | = fd E(gﬂb) >o0.

Now consider the scaled field

b ()= & (o%)

then
2-

E()= AT + A7V

— -
and since ¢3° is a stationary point of E[4>J we must have

pis -6 = \J_—2-n
(ak acy =0 = \/ TT

Since V>0 and T)>0 the only solution is M=l . For
field theories involving only scalar fields static finite
energy solutions exist only in one space dimension.

The above scaling trick can also be used to prove
that the monopole mass is given by (II-4.11). For consider

the static energy (4.6)

e e
Mo = [0 (LR8BS +195.55.4 2 (B240)
- 7T n ]
= o tlatls (A-1.1)
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and define the scaled fields
Rl = pAY(p3)
$z) = B%(e%)

which when substituted into (A-I.1) gives

- S —u ~ — o~
Ho - —:!'; Ax (FCJ. ! P\‘)A + v‘¢gv‘¢°‘)
From the above discussion it is clear that there

are no soliton solutions for the gauge fields in the

absence of the Higgs fields.
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Appendix 2: Canonical realization of SU(2) algebra

We first prove that if

TP=Ve(e)P©

then

~o Ty = - 1 2T 2 o o!
[T, T)) = - L™ Tw) 8 (w-) o)

[T, T°)) = [RVS |, Pve]
= R@LVSB6) , P)] Vi)
T VIR ), V(0 1)) Pa)
:[L VA ga@\f AV aagf:]s’(u-uo

= — L €ova Talw) §7(w-w)

éalac are the structure constants of the group and we

have used the integrability condition
d < a < c
Ve 2Ve =V 3Ve = €deaVy
B4 YA
Now using the fact that the rotation matrix Rab(8)

transforms in the adjoint representation under rotations

we have
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[T5REI=R@OT", (TDhe= -l €aue
(a2.2)

From (A2.1) and (A2.2) follows the desired result

[T%),I%(w)) = i €ave T)S (w-w)

=
4

I%) = R*™(B()T (w) .
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Appendix 3: Faddeev-Popov operator in Coulomb gauge:

We discuss the spectrum and homogeneous solution of

the differential operator

—3Ve(Ad) = [ 578, + 9 €ATIR2 ]
[ ax? X (a3.1)
AS (%) = Cacjx; ()= K (™)
3v?
(43.2)

The function K(r) is plotted in the paper of Julia and

Zee;(ZS) its qualitative features are

KOEY~ exp(-av) | a=PNxg |, 7>
K@) ~ 1= (constant) ¥?, const >0 , v=o

and 0 K(r)S1 for 0S rSo¢. In the Prasad-Sommerfield
limit (P90, 30 , #NA> constant) K(r) = Cr/Sinh(Cr).
Substituting (A3.2) into (A3.1) we have

“3Vilaa) == 4 £ (T, nere
~
@2 1=K, (T = —(Eabe  amg T_:—L?xfz.

The mathematical problem is of a Schrodinger

problem with Hamiltonian

- P2 g D T.T
Ho=P° + i%_) LT (43.3)
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To diagonalize Ho we proceed with the following

observation:
[Ti;Ho-]:[L?., Ho] = [:j, Ha_) =0 where _j‘=-?“'-\.-
then

Ho= Prw /7% 4+ (TR -T2 S0 /22
P,,, = _1 ( b%{ + é‘v)

H0 is diagonal in the basis

‘\PEQIML = Yes () xﬁ:\rm.(e)@)

provided
—Rgm. (") + V) Reor (v) = E Rea &)
where Rear (+) = ~ Ve (+) and

Xom, = 2 Conmma Vi (6,9) §*

CJMma_are the Clebsch Gordan coefficients, Ym the
spherical harmonics and g“'are orthonormal vectors in
isotopic spin space. The values of J and M are as
usual =lL-1l = T= L+ ;) =JsMs J

The potential which occurs in the above radial

equation is
Vor () =1 DL + 46 (30+) = Lies) -2)]
%4 z

Since 0S $(M$ | forOSYSed, it is obvious that VUL(“')>/0
for 0§70 ; in fact for J=|,L=0, V1,020 ang forl»! ,
V3L7ofor05’~r$eo, a purely repulsive potential. It is

obvious that Ho has no negative eigenvalues.
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The inverse of Ho in the space of functions that vanish
at infinity may now be constructed in terms of the

scattering states of HO:
“\,b g a b
o™= 32’1 S{"-\—E nE Yeam, (%) Yegu (3) }
L% E

N(E) is the density of states.

Solution of the homogeneous equation:

In terms of Rg\_ , the homogeneous equation is
i
-R JL + \/3\_(7) RD\. =0
(A3.4)

The case L = 0, J =1 is trivial since V\,o=0 . The
regular solution is Qe %Q‘ which corresponds to global
isotopic spin rotations. Such a solution is ruled out
because it will change the boundary condition of the
Higgs field which is held fixed.

We now prove that onlv for J = 0, L = 1 do we have

a regular non-trivial solution; all other J,L have the
trivial solution zero. By regular we mean the solution
is finite at r = 0 and r =o. Consider the case when

J#0and L #1,

Vau e 1 i) v 9Gm)-21= L Vsl o

e ~z

In this limit (A3.4) becomes
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1" (o]
—“Rou + (VJL/’YZ) RaL=o
then Rg\_ ~  AgL s + EjL S
TS0
1,
25 = 1+ (e 4va )2, 25, = +1 - (1+4V30)%

Since we require \P—,u_ =’YR:L is regular at Y =es,

we have

Rop~ Bau~® |, ~ow s.<0o

P 7

Now since Q:L(f) has no nodes, assuming it is always
non-negative, the behavior at r = 0 and r = =0 implies
the existence of a point Yo , 0< V< such that Qé,&n):o
and 2'3'._(*0)<O , which contradicts equation (43.4),
unless Ry = 0 for all r.

We now take up the case when J = 0 and L = 1.

Equation (A3.4) becomes

Row(¥) = 2, K(r) Rop(0)
Y

or in terms of

/ /
\Vo,l + _2_ \‘\Jo,l = 2.___K(:) wo,x
g ~Z
As Y20 , by regularity we have Vo~ & , i.e.Ve,(0)=0;
as (e ,
’\)fjon’\-’ A= L ie. \QAM '\\),J\(“') = ’/\
g g Y300

Hence we have a one parameter homogeneous solution

W= 20,
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Appendix 4: Faddeev-Popov operator in backeground gauge:

Consider the differential operator@z"(qi'i‘ + ?‘1&4)‘(&5’4’( ),
’i:aﬁg’A‘dX » in a region of space of large finite volume;
then in the space of functions ‘5’- which vanish on the
boundary, we have neglecting the surface term in this

case, a version of Green's identity,
[a flB" 376 = J dx 96 [£75)

which means that in F ,08 is hermetian and further if

(44.1)

we put %a = f’a in (A4.1), we see that
] Qb b, R 2 = -2
[ F OB £ = (a3 (33 T:F + 189 1%) 70
(44.2)
which means ® is non-negative in '3‘ . In fact we can
prove thatod is strictly positive inF. Suppose it were

zero, then (A4.2) implies the equations

,{7'(;:0 ) $mx3-€=o s V;

(a4.3)
Now ®,xF = 0 enables us to write F= 5R&) P/ | |
substituting this into %L; =0 = B(:_f' + %Ku(x{-
we get 3{}=0, which means that the only solution to
(A4.3) is
= — A
'.f(’() = diu (Constant) = X (Constant)
19l (44.4)

which vanishes on the boundary only if the constant

is zero i.e. if f(x) = 0. Note that this is also the
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only regular solution possible. This completes the proof
of the positivity of D inTF.
From the above discussion we conclude that for the

eigenvalue problem in 9‘,
a
DT (R) = €, W (7)

a
the eigenfunctions \P,‘ are complete, the eigenvalues

(44.5)

: s s a
are real and positive and if 6»‘ # €m we can choose Wn

b
and V., to be orthogonal
— —_
jdi Y, V.. =0 , MEM

It is also evident that if we perform a gauge transforma-
KoN Ee8
tion Au> AL , 8545, on the classical solution enteringsd,
the eigenfunctions of the gauge transformed differential
-

operator are related covariantly to G, , 1.e.
br Lo a b / a
DY (A ¢2) 6. ) = €L B

b ‘
is solved by th(x)=Q¢b\V,‘ () and €€, Y, satisfies (A4.5).
This proves that any intersection point of the classical
solution and the gauge fixing surface, is good to do a

perturbation expansion around.

Solution of the homogeneous eguation:

We first prove that under the boundary condition,

a ~
Vo () = A x 2 (44.6)
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the solution of the homogeneous equation
b b o~ = — TR
I, = (VY0 + 9 Bux(3uxW)) = 0

is unique.
b
Suppose there exists another solution Wp with the
a a ‘a
same boundary condition; then the function jc = ‘#, —-‘l{,
satisfies vanishing boundary conditions and hence
a < ‘a
equations (A4.3). The only solution is jc =y, - Y=0.
We now exhibit a solution with boundary condition

(A4.6) which is exact in the Prasad-Sommerfield limit. We

make the ansatz which is physically very reasonable
— - _ N
C, =@ 18)W%R) = X WE)

The differential equation (A4.7) now becomes

18- 2 (-ke)TI*IXOW, + 4 A%RSL Y, = 0
v (44.8)

where we have used the form

1% o

ac = €aij %5 O -K®) /"}‘(
The term in the Higgg field drops out. In (A4.8)
L=-({%Xx % and (T7),= —(€abe. This simplifies to

Iy, + 1 [2k*+ TPV =0

~

or equivalently

“0 Ve () B =0

(44.9)
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\.H, = 2 Y{m (919’) G)'o...‘ ("f)/’Y B VLW\ (9) Q)

spherical harmonic and

Velr) = [2k*+ e(2+)) v

(A4.9) can be easily solved in the regionsY~o0 and Y~od :

is a

@L (emo) = &~ S=(1409+4eea))™®) /2, 2%

@é (¢ mw) b se=(Cre D aeen)®) /2,00

n

-

We have chosen 3@ and b to be positive since \Uo (%)
has no nodes. For 0. # 0, the above means that, E,_—)O+ as
Y0 and Y¥-eo0 ; since there is no node this means that
there is a finite point Yy#0 , for which the function
passes through a local maximum, i.e.ﬁl("‘o)(o . This
contradicts equation (A4.9) unless’q)(L:O everywhere,
because has been chosen to be non-negative. For L = 0,
the above aréurnent does not apply since ’\T)ﬂ(“’) no longer

vanishes as Y2 . In fact we have

W, (o) ~ W, (v~es) ~ = + AV, A>0

or equivalently
- ~
W, (F~o) ~ x
\l)u ('rr»ca) ~ l;( <)‘— ‘/”) (44,10)

(N.B. we have chosen A >0 since the nodeless function
W, () is chosen to be positive; if W (¥) were chosen to

be negative the asymptotic behaviour would be
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~
Vma)~ |+ Av | A<o))

It is reasonable to assume that there is a solution
that interpolates between the two limits in (A4,10).
Further by the uniqueness theorem it is the only solution
with boundary condition (A4.6). In the Prasad-Sommerfield
limit we have an exact solution: Since the static
equations of motion become

~ —

Vibu = 4 Eijx Fie
we have

AV’L%';C_D'L‘ =1 €&w Ve F,'{: =0

NI-

(Bianchi identity)

which is equivalent to
@Ab (P: =0

The exact expression for the classical Higgs field is (1.22)
$u :(Q/fr) E AY Coth (Av) - \l

which is a one parameter solution with boundary value

Bl ~ R(at)
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Figure 1

F'[Aa~x]=0

(Gauge fixing
surface)

[A-] (orbit of gauge field A)

N:,);y,x = SFA[A;;’]/SAM(;) is the normal to

a,y ba, 3, .
Tb,i.,; = V,. (A(i))g F-3) is the tangent to the orbit [Al.

c Ca Cb a
The Faddeev-Popov operator D = (N,T) = V,: SF /SAbL
vanishes at intersection 3, a point of tangency.

(For simplicity we assumed F® = 0 independent of the Higgs field)
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Figure 2

I . .
[Ac 1= orbit of classical solution

‘a a -
A % near Au(ﬂo’;. ; gauge transformation .{7.,;(]-!- io()

bri A/a . o
rings i onto gauge fixing surface near Aui.
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Figpure 3

a

Orbits [1] and [ 2] of fluctuation intersect F = 0, once
near Au_ ; orbit £3] has two nearby intersections which
must be distinguished; orbit L41 is a point of tangency,

the Faddeev-Popov operator develops zero eigenvalue.
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FrA-1=

0



Figure 4 (Background gauge):

N

i T
F=V,(A-A,) +ad, x($-..

=0
1 T

N and T are co-incident at all intersections of the

classical solution.
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