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Abstract

Mathematlcal/Klnetic Models for Lov Density Lipoprotein 
Pathway In Non-Hepatlc Human Cells

by

Kwang-Hee Lim

Adviser: Professor David S. Rumschitzki

This goal of this thesis Is to klnetlcally model the so- 
called cellular LDL pathway using historical data, mainly taken 
for human fibroblasts by the Brown and Goldstein group. Such 
quantitative kinetic modeling can point to inconsistencies in 
qualitative models and suggest more appropriate modifications 
whose predictions agree with the data. They also have the poten­
tial to play a role in the development of an overall transport 
and reaction theory of lipoprotein cholesterol in and through the 
artery wall which may help pinpointing the earliest events in le­
sion formation and their causal interrelation. The thesis is 
divided into two parts, the first entitled, "Uptake," and the 
second, "Regulation.”

Part One focuses exclusively on the uptake and degradation 
of low density lipoproteins (LDL) using, as noted, the historical 
human fibroblast-derived data of Brown and Goldstein and of other 
groups. For these data, unlike for data taken on (bovine) smooth 
muscle cells, it appears necessary to explicitly account for the 
transfer of cell surface-mobile LDL receptors to receptors bound



iv

to coated pits. In addition, kinetic analysis suggests that 
receptors that have bound LDL molecules before attaching to 
coated pits have a significantly reduced rate of subsequently be­
coming attached to coated pits. This agrees qualitatively with 
one of two alternative explanations of the experimental results 
of Barak and Webb1 2 (JCB, 90, 595 (1981) & 95, 846) and Tank et 
al.s (JCB, 101, 148 (1985)), showing even a quantitatively 
similar disparity In the surface diffusion coefficients of 
llgand-free and LDL-bound receptors. A closer analysis, both In 
terms of an order of magnitude calculation and of two detailed 
models that do not a priori assume diffusion control, reveals, 
however, that diffusion seems to be too fast to account for the 
kinetlcally-determined parameters. One possible explanation, 
which the models herein support, is that this process Is 
primarily binding, rather than diffusion controlled.

As Is well known, many types of human non-hepatlc cells 
prefer to satisfy their need for cholesterol by Importing ex­
ogenous lipoprotein cholesterol via the path described in Part 
One. Part Two moves on to examine the regulation processes that 
such cells use to avoid a shortage or an over-accumulation of 
cholesterol. Brown and Goldstein have shown that these Include 
cellular de novo synthesis of cholesterol when the exogenous sup­
ply is too low and cholesterol esteriflcatlon to store excess 
free cholesterol when the cell has too much of It. In addition, 
In response to extended periods of high exogenous LDL supply, the 
cells sharply down-regulate the number of surface LDL receptors 
that they express and thereby their rate of LDL uptake.

We propose kinetic models to account for each of the 
regulatory processes and use available data to test these models

I
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and to determine their parameters. The models for the control of 
cellular de novo cholesterol synthesis and for the total receptor 
tally are gene-level-based, as opposed to that for cholesterol 
esterification. Its model has the novel feature that LDL-derived 
cholesterol that has recently enterred via the receptor pathway 
is postulated to be able to expanding the size of the esterifi- 
able cholesterol pool and thereby controlling the rate of 
esterification. This model turns out to be capable of explaining 
a number of experimental observations. Finally, the combined 
model seems to be quite capable of predicting experimental 
results even when all of the regulatory processes are at play.
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Part Ona: Uptake



I. Introduction

High serum concentrations of low density lipoprotein 
cholesterol (LDL) correlate strongly with the development of 
atherosclerosis. In fact, LDL Is the major lipoprotein In plasma 
and the bulk of the plasma cholesteryl ester that Is a source of 
lesion cholesterol. The precise mechanistic link between these 
events, and the manner in which cofactors such as smoking con­
tribute, is and has been a major active area of research. It 
does, however, seem likely that high plasma cholesterol levels 
would tend to raise the local cholesterol concentration in the 
artery wall (and, In particular, in the Intlma where lesions 
begin) where It may cause mischief. An Important factor in 
determining this local concentration Is the rate at which ar­
terial endothelial cells take up this LDL cholesterol and keep It 
from accumulating. In addition, the amount of cellular uptake on 
the whole body level, affects the LDL concentration, of the cir­
culating plasma. The source of this cholesterol is dietary. 
Dietary fat Is processed in the Intestines and eventually makes 
Its way to the liver (Fig. I110). The liver cells package the 
cholesterol, cholesteryl ester and other minor components 
together with a protein Into the LDL "molecule." LDL is soluble 
to a much higher degree In plasma than Is free cholesterol and 
the protein component of the LDL allows recognition and binding 
to many types of body cells. Most cell need cholesterol as the 
major component of their membranes. A group of fascinating and 
Important steps In the overall cholesterol pathway comprises the 
cellular pathway (Fig. 2110) by which non-hepatlc cells and, In 
particular, arterial endothelial and smooth muscle cells take up
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LDL from blood, digest it and use It to produce new membrane. In 
times of famine, these cells can produce their own supplies of 
cholesterol and, In times of feast, they have mechanisms to 
protect themselves from drowning In cholesterol. For their vast 
pioneering work on deciphering this cellular pathway, M. S. Brown 
and J. L. Goldstein were awarded the Nobel Prize in Biology or 
Medicine In 1985.

At the early stage of arterial lesion formation, plasma LDL 
Infiltrates across endothelial cell monolayer and accumulates In 
the intlma of artery wall. Monocytes, white blood cells, then 
attach to and penetrates the arterial endothelial cell monolayer 
and enter the Intlma. The monocytes turn into macrophages and 
scavenge the accumulated LDL at the lntlmal region and usually 
return to the lumen. However, when lntlmal LDL concentrations 
are very high, some macrophages lodge there and turn Into foam 
cells that contain high level of lipid. This seems to be the 
beginning of a legion, which grows to include both monocyte- 
derived and smooth muscle cell-derived foam cells. The key 
questions seem to be what controls the local cholesterol con­
centration In the artery wall, what triggers monocyte entry and 
when are macrophages unable to clear the Intlma? Thus, In order 
to eventually gain an understanding of the overall origins of 
coronary artery disease, It seems that one will need models that 
take Into account the cholesterol transport through the artery 
wall (e.g., Yuan ct allil) and the subsequent responses of the 
endothelial and smooth muscle cells as well as the myriad lym­
phocytes (e.g., monocytes) to the resulting elevated 
subendothelial LDL concentration. It seems, therefore, 
reasonable to suspect that any such theory will require a good
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model for quantitative or seml-quantltatlve as veil as qualita­
tive prediction of the local LDL concentration in the lntlma and 
the arterial wall; clearly then, a kinetic understanding of the 
steps of the cellular pathway, which Is a major "sink" term (In 
fact, between one half4 and two thirds6 of the total body LDL 
degradation occurs by this pathway) In the overall dynamic of the 
local cholesterol concentration, Is vital. This Is the motiva­
tion for the present and a subsequent article aimed at 
constructing Just such a model, verifying it and determining Its 
parameters by comparison with the ample experimental data avail­
able in the literature.

Brown and Goldstein conducted their experiments, by and 
large, on human fibroblasts, as a model for the behaviour of 
human arterial endothelial cells. As Is by now quite well known, 
they found that the surfaces of normal human endothelial, 
fibroblast and many other cells possess a type of high affinity 
LDL receptor which specifically binds the apoprotein B component 
of the LDL packet (It can also bind the apoproteins B and E con­
taining ^VLDL molecule and the apoprotein E containing HDLC

molecule) and ferries the bound LDLs Into the cell. These recep­
tors, mobile on the membrane surface, can stick to the clathrin- 
lined areas (called coated pits) that make up l%-2% of the cell 
membrane; the coated pits periodically (with a half-life of about 
3-5 minutes6) invaglnate, undergo endocytosls and deliver their 
contents to the endosomes7 . After the receptor separates In or­
der to recycle to the surface, the lysosome degrades the LDL 
protein component and hydrolyzes Its cholesteryl esters; the 
hydrolysis product contributes to the cell's cholesterol pool. 
Should famine deplete this pool, the cell activates the enzyme



HMG CoA Reductase to catalyze the rate limiting step In a cel­
lular de novo cholesterol synthesis. Feast, on the other hand, 
stimulates the cell to activate the enzyme or enzymes Acyl-CoA: 
Cholesterol Acyl Transferase (ACAT) which act to prevent a 
cholesterol oversupply by esterlfying excess cholesterol. 
Finally, prolonged feast induces the cell to inhibit the produc­
tion of new receptors, thereby allowing the cell to reduce the 
total receptor tally by up to 90% by attrition* b .

Whereas receptor binding can take place over a time scale 
of hours, surface receptor motion towards coated pits, their in­
vagination and the subsequent recycling of receptors and coated 
pit clathrln take place over time scales of minutes. Da novo 
synthesis and esterlficatlon turn on and off over a period of 
hours and receptor numbers change significantly over tens of 
hours or days (the half-life of an LDL receptor is about 25 
hrs.a). Our strategy in modeling this complex web of inter­
related processes is that of the klneticist: We begin modeling
the fastest processes under the assumption that the slower vari­
ables do not change on the fast time scale. With models in hand 
for the fast processes that are consistent with observation, we 
proceed to the processes that are on the next fastest time scale 
the working assumption on this scale is that the fast processes 
are quasi-steady at values consistent with the instantaneous 
values of the variables associated with the slower processes cur 
rently being modeled. At the end of this modeling process, we 
combine all of the models. We endeavor, whenever possible, to 
invoke "well mixed" models that do not '..equire the introduction 
of quantities whose values depend on local position within or on



the cells. When alternate models become necessary, we take care 
to distinguish between such models and the well mixed type.

In part I of this thesis, we focus exclusively on the steps 
or "reactions" up to and including the lysosomal actions which, 
other than binding, are fast enough so that one may take the 
regulatory processes to be stationary. The complementary models 
of the regulatory processes, their Justifications and combination 
into an overall model will be the subject of part II.

In addition to the receptor-mediated processes Just 
described, free cholesterol can exchange between LDL packets and 
the plasma membrane.10 There also exists a non-specific bulk- 
phase pinocytotlc pathway of transporting lipoprotein cholesterol 
into the cells, but this route does not affect the cholesterol 
regulatory processes discussed above.11 In this work, we focus 
exclusively on the high affinity receptor pathway.

The paper's outline is as follows. Section II briefly 
reviews the previous modeling efforts of receptor-mediated path­
ways in general and of the LDL receptor pathway In particular.
It also discusses more detailed models of cell surface motions of 
receptors and puts the current work In the context of these other 
efforts. Section III presents a hierarchy of models and argues In 
favour of one of these. We then analyze the chosen model and es­
timate the associated rate constants In a few Intuitive ways from 
the available literature data. The results then suggest two 
physical Interpretations. Finally, we bring numerical and 
statistical methods to bear on the available data to find the 
best fits for the model's rate parameters.

Section IV examines the question of which physical Inter­
pretation given In section IV Is more likely. It approaches this



question by constructing two new models or variants of models for 
the receptor surface diffusion and binding to coated pits. These 
models’ results tie in directly to the kinetic models of the last 
section. Finally, section V summarizes, draws some conclusions, 
examines some fine points and presents the outlook for future 
work.

IX. Modeling of Receptor Dynamics

Cells make use of a variety of surface-mobile specific 
receptor mechanisms as means for introducing a number of dif­
ferent molecules (including LDL, epidermal growth factor (EGF), 
transferrin, insulin, etc.) present In the surrounding medium 
into the cell’s Interior. Some of these mechanisms have already 
lent themselves to modeling. For example, the receptor mechanism 
for EOF is the subject of a number of studies (e.g., 13 19 14 
15). Other studies (e.g., 19), while ostensibly constructing a 
general model for receptor-mediated endocytotic processes, defer 
to particulars of the ECF system. The LDL system is also the 
focus of modeling efforts (e.g., 17 18 19 30) aimed at under­
standing binding, receptor-mediated endocytosls and degradation 
for experiments done on bovine smooth muscle cells as well as 
others (e.g., 31) that attempt to describe the regulation of 
receptor number in response to changes in serum cholesterol 
levels. Finally, another group of theoretical works (e.g.,

33*37) focuses on the details of the processes by which the



receptors diffuse and bind28 to the coated pits. A short dis­
cussion will put the present work in the context of these prior 
i nve s t i ga t ions.

Whereas most of the receptor-mediated endocytotic 
mechanisms discovered thus far have very similar general out­
lines, they frequently differ in various crucial particulars; it 
is these particulars which can radically alter the properties 
that the system's model must possess and thereby strongly affect 
the model's applicability. Attempting to include too many alter­
native features in a given model so that it can potentially 
encompass explanations for many receptor mechanisms can compli­
cate the model to a point that interferes with its utility and 
can introduce large numbers of adjustable or partially adjustable 
parameters which make results hard to interpret.

As an example of how individual receptor mechanisms may 
vary, consider the EGF system. A number of authors listed above 
have presented detailed models for this system and one might hope 
or speculate that these models might carry over to the LDL sys­
tem. However, unlike the EGF system where receptors do not 
cluster in coated pits until after they have bound a ligand,13 29 
LDL receptors cluster in coated pits with or without LDL in the
medium.6 Unlike the EGF system where the lysosome degrades a
substantial fraction of the receptors that are internalized,30 
the LDL receptor appears to separate from its ligand in the en-
dosoroe and to quickly recycle to the cell surface.31 32 Unlike
the EGF system where receptors have a half life of about three 
hours,33 LDL receptors have a half life of 20-25 hours.31 As a 
result, the time needed to replace an internalized surface LDL 
receptor may be as short as a matter of seconds34 and there is no
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appreciable inventory of LDL receptors internal to the cell32 as 
opposed to the EGF system which, since it lysosomally degrades 
its internalized receptors, has a replacement time of many 
minutes to an hour and maintains a large internal stock of recep­
tors.14 As a result, important issues of EGF-receptor 
trafficking14 and sorting efficiency,12 apparently central to 
EGF-receptor models, are not pertinent in the LDL case.

Most of the modeling work on the LDL receptor system 
derives from experiments of the Boston (Harvard Medical School,

MIT and Tufts) group17"20 on Bovine smooth muscle cells. As we 
shall see by examining some of Brown and Goldstein's data for 
human fibroblasts, the Boston model, although quite good for the 
smooth muscle case, is not capable of even qualitatively explain­
ing some important features of the fibroblast system. Rather, we 
use the Boston model, which neglects the need for receptors to 
find coated pits in order to internalize their ligands, as the 
first in a hierarchy of models, each of which includes more 
detail than its predecessor. After analysis and selection of one 
of these models, we cite other experimental work which tends to 
substantiate our changes to the Boston model.

Yuan, Weinbaum, Pfeffer and Chien's (1991)21 work on the 
LDL metabolism problem is similar in spirit to ours in that it 
attempts to advance an overall model for the entire cellular 
pathway for the dynamics on a time scale of days; yet it differs 
immensely in its treatment of the biological data and its ap­
proach to modeling. Their approach is, for each process (i.e., 
binding and internalization, de novo synthesis, esterification, 
cholesterol efflux), to curve-fit a set of experimental data to a 
convenient (often non-kinetic) algebraic form and to combine the
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results Into a cholesterol balance. These algebraic forms some­
times tacitly assume relationships not In agreement with other 
available data. They then fit an algebraic form to relate the 
receptor synthesis rate to the cholesterol level suggested by 
this balance; this results In a prediction for the dynamics of 
the overall receptor tally. Our work attempts to kinetically 
model the processes involved and, In doing so, to remain faithful 
to as much of the broad range of experimental observations for 
each of the Individual processes as possible.

In the context of our modeling below, we will determine 
rate constants for the processes that take free receptors and 
receptors laden with LDL to coated pits. We will then attempt to 
compare these numbers to the experimental diffusion coefficients 
for free and LDL-bound receptors along the cell membranes of 
fibroblast cells. This will lead us to a discussion of whether 
and to what extent these processes are limited by receptor diffu­
sion or by the rate of receptor binding to coated pits. The work 
of the last group of authors mentioned In the opening paragraph 
of this section concerns this question and so we defer our review 
of their work until then (section IV).

III. Hierarchy of Models

III.l Motivation and Models:

As noted in the introduction, this paper concerns Itself 
exclusively with the modeling of the binding, uptake, Inter­
nalization and degradation processes of LDL by cultured human



11

fibroblasts, based predominantly on the experimental results of 
Brown, Goldstein and coworkers. In presenting models below we 
shall adhere strictly to the convention of mass action kinetics, 
whereby the rate of a reaction as written is proportional to the 
product of the concentrations of the reactant species for the 
said reaction, each raised to the power given by the 
stoichiometric coefficient (possibly zero) of that species on the 
reactant (tail) side of the reaction arrow. Thus, translation 
from mechanism to kinetic differential equations is a totally un­
ambiguous, prescribed procedure; in fact, we will usually omit 
this explicit translation.

One motivation for our hierarchy of models derives from the 
experiment described in Figure 3.11 6 It begins with

125fibroblasts whose receptors have already bound I-LDL at 4°C 
(where internalization essentially does not occur) suddenly being 
warmed to 37°C in the presence of unlabeled LDL. The figure fol­
lows the time course of the concentrations of: (i) the labeled 
LDL which dissociates from the cells upon administration of 
heparin to the culture medium. This value is believed to repre­
sent the labeled LDL that is still on the cell's surface, whether 
or not it is in coated pits; (ii) the trichloroacetic acid 
soluble material, representing the degraded protein component of 
the degraded labeled LDL; and (iii) the radioactive material that 
remains associated with the cell after the previous two assays, 
which represents the labeled LDL taken to be the internalized 
fraction. At first glance, the figure's curves qualitatively 
show the classic forms for the series reactions that take reac­
tant (surface bound LDL) to product (degraded LDL) via an 
intermediate (internalized LDL).
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Such an interpretation leads to the model that we have 
called the Boston model which explains other types of experiments 
on bovine smooth muscle cells quite well. In that model, an LDL

molecule (L) binds to a receptor (R^) that is either preposi­
tioned in a coated pit or can subsequently find it in a time 
short relative to the time scales of the other processes under

consideration. The resulting complex (L*3) internalizes with its

coated pit, quickly separates its internalized LDL molecule (L*)

and returns its receptor to the surface (R^). The cell then

degrades L1 into the degradation product L̂ . One can summarize 
the Boston model in mechanistic shorthand by:

L + Rp -* Lp -* L1 + R1
7 i , dL -♦ L (1)

(The Boston group originally included a step for LDL dissociation 
from its receptor, but found its rate constant to be negli­
gible.20 9) Note that this mechanism conserves the total number

of receptors given by R^+L^ and requires them to essentially al­
ways be on the cell's surface, i.e, that the time that receptors 
spend inside the cell is short compared with all other processes 
of interest and no appreciable inventory of receptors exists 
within the cell.

There are, however, a few noteworthy features in figure 3. 
First, a conservation of LDL molecules would require the sum of 
data points from the three curves at any given time to remain 
time-invariant. The experimental procedure has clearly led to
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some violation of this principle, with the measurement taken at 
approximately three minutes being the only one that is beyond a 
reasonable fluctuation (-18% from the mean). This is probably 
due to the variation of total reactivity amongst parallel dishes, 
and one can probably infer that the internalization value at 
three minutes is a bit high. We shall return to this point later 
when discussing the extraction of rate constants for models that 
implicitly assume mass conservation from data that, as just men­
tioned, slightly violate this requirement.

Another important feature is that rather than displaying an 
exponential decay characterized by a single decay constant as re­
quired by model (1), the "surface bound" curve seems to clearly

exhibit (at least) two time scales of decay^, in figure 3, 6a 
and 6b: A fast decay having a characteristic time of about five 
minutes which depletes 60% to 80% of the surface-bound labelled 
LDL molecules precedes a slow decay that is not yet complete 

2after two hours . This may be a sign that the processes 
involved are more complicated than a simple series of two first 
order reactions with linear kinetics. It is also noteworthy that

T. Actually, the curve may seem to suggest three time scales, 
but there is too little data to substantiate such a claim.
2. These numbers do not change appreciably when one corrects for 
the non-specific binding of LDL to the plasma membrane by 
comparing with data35 (In most cases in this paper, from parallel 
incubations) on homozygote familial hypercholesteremic (FH) 
cells, as Brown and Goldstein themselves do38; having, by 
hypothesis, no receptors, FH cells' total binding is non­
specific. Whereas there is some question in using data from one 
study to quantitatively correct another, particularly when 
certain quantities, e.g., receptor number38, might vary even with 
identical preparation, the non-specific bindings from a number of 
studies under conditions almost identical to the relevant ones 
(Fig. 5f37 (4°C and 37°C) and Fig. 3a35 (37°C)) are, in 
particular at the value of L-10pg/ml, consistently similar in 
size and a factor of about four lower than figure 3's tail. Thus 
non-specific binding cannot account for this tail.



under similar experimental conditions the half-life of coated 
pits on the fibroblast cell surface (as well as the half-life 
prior to internalization of the receptors bound to them) is about 
three to five minutes® and the fraction of receptors located in 
coated pits is between 50% and 80% of the total.® This suggests 
one possible explanation for the presence of two time scales:

that LDL-bound receptors L*5 located in coated pits at the begin­
ning of the experiment internalize quickly and LDL-bound

receptors La initially located outside of coated pits have dif­

ficulty (i.e., the process is slow) becoming LDL receptors LP 
bound to coated pits. Naturally one will need other evidence to 
corroborate this suggestion. (In section V we consider and argue 
against another possibility that the process taking non-coated 
pit-bound receptors to coated-pit-bound receptors is reversible.)

Distinguishing between La and L*5 requires the model to also

distinguish between unliganded receptors (R^) bound to coated

pits and those (R) that are not. Analogous to La-*L̂ , R can bind

to a coated pit to give R^. Internalization of a coated pit

containing returns a free receptor R to the surface. The 
mechanistic shorthand for this model is:
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This model (and model (3) below) assume that the concentration of 
coated pits on the cell's surface remains time - invariant and the­
reby lumps its constant value into the rate constants for

La-»L̂  and R-»rP. Like mechanism (1), mechanism (2) also conserves

the total number of receptors, given here by Ls+lP+R+rP, and 
again requires all receptors to essentially always remain on the 
cell's surface.

In contrast to the ligand-bound receptors, the transforma­
tion of a non-LDL-bound receptor R to one bound to a coated pit

RP cannot be slow since the steady distribution of LDL receptors 
in the absence of LDL shows 50% to 80% receptors bound to coated 
pits.8 Therefore, one may guess that the "reaction" (in the

sense of it being a modeled kinetic process) La-»LP is much slower

than R-»rP . This does not seem to contradict the observation of 
Goldstein et al.3* that receptor clustering in coated pits occurs 
in the presence or the absence of LDL in the medium. Rather,

La-LP can occur, just at a slower rate than R-*rP. Moreover, 
since the processes of LDL binding to a ligand-free receptor and 
receptor search for coated pits both compete for non-LDL-bound 
receptors not yet located in coated pits, it is conceivable that 
many receptors might bind to coated pits before binding ligand, 
even in Che presence of LDL-containing medium. Other corrobora­
tive evidence follows later in section III.2.

A third, more detailed, possible model accounts for the 
possibility that while being short, the time spent by receptors 
inside the cell is not entirely negligible. The modeling of this 
feature, together with those of model (2), requires the tracking
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of an additional dependent variable, the internal receptor inven­

tory R^, which results in model (3):

L + Rp -* Lp - L1 + R1

L + R - La

L1 - Ld

R - Rp (3)
t I

R1

Like its predecessors, this model conserves the total number of

receptors, given here by R+Rp+R^+La+Lp . In contrast to models

(1) and (2), model (3) allows for some of the receptors (R^) to 
reside inside to reactor.

As a result of the discussion of figure 3 and some notes at 
the beginning of section V, we shall concentrate less on model 
(1) than on (2) and (3). By virtue of the experimental evidence 
suggesting small internalized receptor inventories and fast recy­
cling, we shall focus primarily on model (2) and refer to model 
(3) only later on. Before entering into a detailed discussion 
aimed at checking the fidelity of this model to a variety of ex­
perimental data and at determining the appropriate rate constants 
via non-linear and statistical parameter fitting techniques, we 
present a couple of back-of-the-envelope calculations to check



this model's reasonableness and to estimate the orders of mag­
nitude of the rate constants.

III.2 Estimation of Rate Constants for Model (2):

The differential equations for model ( 2 ) , using the same 
symbol for a species and its concentration, are:

dg - -IcqR + k2Rp - kxLR + k2Lp

dRp - kiR - k,Rp - k,LRP 
dt 1

dLa - k,LR - knLa 
dt 1 U

dLp- k,LRp + knLa - k,Lp dt 1 v i

dL1- k0Lp - k,L^ (4)
dt i

For the experiment in figure 3, the concentration of labeled L is 
zero for t>0 and so there is no new binding of labeled LDL to un- 
liganded receptors once the experiment begins. Thus the

equations for La, Lp and L* decouple from those for R and Rp and

comparison with figure 3 ((La+Lp)(t), L^t) , Ld(t)) require only

solution of the former. These reduce to:



with solutions

e -e
-k2t -k^t

)• (6)

The rationale for model (2) was the separation of time 
scales evident in the binding curve of figure 3; one can express 
this scale separation as k2 » k Q . As such, one should be able to

obtain estimates of the rate constants for the internalization

(k2 ) and for La-*L̂  (^q) by comparing the limit for k2 » k Q  of (5)

in the appropriate time regimes with the corresponding data 
points from figure 3. Thus, for short (t«l/kQ> and for inter­

mediate (l/kQ=t»l/k2 ) times, one finds, respectively, a pure

exponential decay of the receptors prepositioned in coated pits 
and a pure exponential decay of the non-prepositioned receptors:

(t«l/kn);

(l/k0=t»l/k2). (7)
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. 2The resulting estimates for the rate constants are kg = 10

■310 /min. and V. 2  « ,2/min., the latter of which corresponds quite

well with the number calculated (-.23/min.) from Brown and 
Goldstein's estimate6 of the half-life (-3 min.) of a coated pit. 

As a check on kQ, one can easily calculate a lower bound

for this quantity. (Goldstein eC al.38 arrive at essentially 
this same estimate as a limit of a more complex model.) The

model assumes that La-*L̂  is slow. The most extreme case, yield­
ing a lower bound on kQ, would have the LDL-bound receptors

outside of coated pits either immobile or totally unable to bind 
to coated pits. Nevertheless, eventually such receptors would 
become internalized due to the continual internalization and ran­
dom formation of new coated pits, sooner or later directly below

the stranded La, i.e., as "the mountain coming to Mohammed." A 
calculation of kQ solely due to surface renewal is analogous to a

half-life calculation, where one notes that coated pits occupy 
l%-2% of the cell surface and have a half-life of about 3 
minutes6. The cell surface thus has a 1/200-l/100th life of 3

. 3minutes, which gives a value kQ=10 /min. at the lower limit of

the estimate of the last paragraph, as expected.
It also behooves us to estimate the rate constant k^ for

R-*rP. Brown and Goldstein6 report that in the absence of LDL, 
50%-80% of the receptors reside in coated pits. In the absence

of LDL, our model reduces to R ^ R^, with the rate constant for
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the reverse process being that for internalization, k2 . At

steady state, one has kg - k2 R^/R. Thus kQ=.2 -.8/min.

As a result, one can see that the experimental data, when 
interpreted in the context of our model, suggest that the ratio 

. ok<yk0 - 10 It is very interesting to note that Webb and

coworkers1 2 3 have measured the two-dimensional surface diffu­
sion coefficients of LDL-bound and free receptors (by two 
different methods) on the surface of human fibroblasts and have 
found, in fact, that the ratio of the measured diffusivities is

(2.7x10  ̂cm^/min.)/(l.2x10  ̂cm^/min.) = 10"^, also a difference 
of two orders of magnitude. There is some dispute as to whether 
the faster value corresponds simply to a faster diffusion of R or 
to a temporary electric field-induced disruption of R's cytos-

keletal interaction. Indeed if the processes R-*R̂  and La-»L̂  
are diffusion controlled, that is, if their rates depend solely 
on the arrival of a receptor at the site of a coated pit, 
whereupon binding to the coated pit is very fast, then what we 
have is a kinetic confirmation of the simple interpretation of

Webb et al.'s2 3 experimental findings. On the other hand, if

Ti Tank et al. 3 argue, "the LDL particle may... interact with 
immobilized components [e.g., fibronectin] of the extracellular 
matrix or lamina and hence show reduced mobility." The 
alternative is that electric field exposure causes the system to 
resemble fast diffusion of L on cytoskeleton-detached blebs. 
However3, the blebs may be artifactitious: "the exoskeleton may 
be depleted from cell surface blebs, explaining the observed 
rapid lateral diffusion of the L in that system." Moreover, the 
alternate must explain the fact that poctfield labeling "inhibits 
relaxation,"3 i.e., restores slow diffusion and "postfield 
immobilization by ligand binding has also been observed for 
lecithin."
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the binding rate of the receptor to the coated pit is sig­
nificantly slow, then the situation becomes more involved. We 
defer further discussion of this point until (section IV) after 
we have estimated the binding constant (below) and discussed the 
"best" fitting of all of the rate constant to the experimental 
data (in sub-section III.3).

To get an estimate for the order of magnitude of the bind­
ing constant, one can proceed in at least two ways. The first 
centers on data taken with normal cells. Since the inventory of 
receptors not on the cell surface is small, one can estimate a 
lower bound on the total number of receptors (at a value - in the 
units of Brown and Goldstein's figure11 - of -200 ng//ig) from an 
experiment (figure 4a11) which measures the heparin-releasable 
labelled LDL from cells that are initially LDL-starved for 48 
hours and then incubated for five hours with a very high con­
centration of labelled LDL. One can then turn to an experiment 
where one subjects identically prepared cells to a step change in 
LDL concentration (from 0 to, say, 10 /ig/(ml protein)). Since at

the start of the experiment La-LP-0 and L remains time-

independent throughout, the initial rate of increase of La+L^ is

due purely to binding. Thus, the initial rate [d(La+L^)/dt](t-0)

= k^L (R+RP). We (under)estimate the initial derivative from

figure 4b11 as the ratio of the first data point (at 37° C) and 
the time (30 min.) at which it was taken. The result of this 
calculation is k^«.001 ml/(/ig-min.) .

One can obtain a second estimate of the binding rate con­
stant from the internalization-deficient cells from the patient 
J.D. J.D.'s cells' receptors are unable to bind to coated pits11
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41 6 and therefore are unable to Internalize significant amounts 
of LDL, although they seem to bind LDL at rate close to normal.11 
Also, LDL-receptor dissociation seems to be much more significant

than in normal cellŝ *. Thus, for J.D. cells, the kg-kg^O.

Ignoring the slow internalization due to coated pit recycling and 
including a step for LDL-receptor dissociation, the model for 
J.D.'s cells becomes:

R+L I La . (8)

The dissociation rate constant derives from figure 5a11 as 
~.008/min. and the binding constant from figure 5b11 as -.001 
ml/(/ig-min) , in agreement with the previous estimate. One can 
probably take J.D.'s binding rate again as a lower bound on the 
binding rate for normal cells.

The take-home lesson of these estimates is that simple cal­
culations utilizing data from a variety of different experiments 
and different types of experiments yield consistent estimates. 
This suggests that the model advanced may, in fact, be a good 
representation of the true processes. In order to investigate 
this further we proceed to carry out a more proper parameter es­
timation scheme, compare the forms of the resulting model­
generated curves with the data used to generate the parameters,

The rate of spontaneous dissociation from normal cells is 
"very slow."® If it were as high for normal cells at 37°C then 
it would result in a mass balance deficit in fig. 3 that would be 
larger than the observed trendless mass balance fluctuations. In 
fact, inclusion of dissociation in a best fit parameter scheme 
for normal cell data yields a negligible rate constant.
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and then compare model predictions with experimental data not 
used in the parameter estimation process.

III.3 "Best" Fit Parameters for Model (2)

Given the estimates obtained in the last section as a 
guideline for approximate parameter size, we now present "best" 
fit parameter schemes. Parameters thus obtained allow one to 
compare data from various sources and, in particular, to see if 
the model taken with parameters obtained from one set of experi­
ments has predictive value for a qualitatively different set of 
experiments.

In essence, Brown, Goldstein and coworkers carried out 
three qualitatively different types of experiments on the LDL 
binding, uptake and degradation system which interest us. In or­
der to allow comparison of the data from these various types of 
experiments, though, they employed a uniform, standard cell 
preparation scheme.38 The first type of experiment, as ex­
emplified in figure 3, begins with the receptors loaded with the 
entire charge of labelled LDL at the beginning of the experiment 
and watches the unsteady progress of the labelled components 
through the system. We call this a pulse experiment. As is well 
known, an experiment containing the equivalent information is the 
so-called step experiment in which cells initially starved of LDL 
(here for 48 hours) prior to the start of the experiment, are ex­
posed to an assumed time-invariant concentration of labelled LDL 
for the duration of the experiment. Again, one records the time- 
progress of the labelled material through the system. Finally, 
the third type of experiment is a set of (presumed almost) steady
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state'’ values of the labelled quantities as a function of the 
presumed-time-independent concentration of labelled LDL in the 
medium.

The gist of a best fit parameter estimation scheme is to 
find a set of parameters which minimizes the norm (e.g., least 
square) of the error between the data and the prediction of the 
model taken at those parameters. This invites a short dis­
cussions of the data, the model prediction and of the 
minimization scheme. Whereas the set of curves for binding, in­
ternalization and degradation for any given experiment are not 
independent measurements, one must incorporate (or weight) them 
in an appropriate (Bayesian20 42) manner in formulating the least 
squares error function. Another point for which the Bayesian 
procedure accounts is that one is extracting rate constants from 
data that, at least in the pulse experiment, do not conserve mass 
exactly, for a model that implicitly does. Rather than ar­
bitrarily "correcting" the data to conserve mass, the statistical 
procedure just minimizes the error, which takes into account that 
within the data itself.

To complete the error function one must compute the model 
prediction for a given set of parameters by (usually numerically) 
solving the coupled, typically non-linear set of ordinary dif­
ferential equations corresponding to the experiment at hand. 
Finally, one must choose a non-linear minimization scheme suited 
for efficiently minimizing with respect to many parameters whose 
values are not discrete, an object function that may have many

IT The measurements were taken either 5 or 6 hours after 
introducing LDL into the medium, while the unsteady step 
experiments suggest that steady behaviour obtains after ~2 hrs.
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local minima. For parameter estimation based on steady state 
data where the solution of the steady equations Is cheap and for 
estimation based on pulse data where one has an analytic solution 
for the model's predictions, we employed Kirkpatrick's simulated

annealing,43 adapted to continuous parameter system^, with a 
temperature scheduling consisting of reducing the temperature by 
a fixed percentage (say, 20%) after a number of steps equal to 
15-20 (and sometimes significantly more) times44 the number of 
parameters at a given temperature. Since calculation of the 
model's predictions for unsteady step data Is considerably more 
computationally expensive, we chose Bremermann's optimization 
scheme,45 46 involving far fewer object function evaluations, 
based on the way in which chemotactlc bacteria home In on their 
chemoattractants. The main feature of this algorithm Is that it 
can see over nearby hills and valleys and avoid getting stuck in 
relatively poor local minima.

Figures 6 a® ( b6), c11, d11 are prototypical experimental 
results (corrected, as described earlier, for non-specific bind­
ing by subtracting the amount of non-specific binding in FH cells 
from the same experiment) for the three types of experiments dis­
cussed above and table 1 gives the parameter values determined 
Independently from each of these curves (in columns 1, 2, 3,

Our experience led us to chose an updating scheme different 
from that suggested by Vanderbilt and Louie (1984).44 We chose 
the update (on each parameter) from a random number generator 
governed by a Gaussian distribution of mean zero and standard 
deviation one sixth of the difference between the given upper and 
lower bounds for that parameter. In order to assure that we did 
not bias the annealing scheme to search almost exclusively within 
the order of magnitude of the given upper bounds for the 
parameters, we ran all annealing schemes twice, once for the 
parameters themselves and once for their logarithms.
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respectively) as determined by the methods outlined above. The 
figures also contain, for comparison, the model-generated curves 
based on the parameters in table 1. It is worth noting that al­
though the types of experiments were quite different from one 
another, possibly resulting in slightly different actions of the 
regulatory processes ignored in the current treatment, the values 
determined for each of the parameters are generally in good 
agreement with one another and with the estimates of the last 
section, with the largest variation in the rate constant for

the migration of free receptors. Moreover, we have compared the 
model prediction (actually, postdiction, after S. Lifson) with an 
array of historic data taken under various conditions (figures 7® 
37 47 4 b 6 3) Considering the variety of sources of the data, 
the agreement is quite good. In these plots, the only parameter 
that was adjusted was the total number of receptors, a quantity 
(which can vary - see footnote 2) not given explicitly in the ex­
periments reported. It is worth mentioning that the model 
underpredicts the steady degradation curve in figure 6d for low 
LDL concentrations, which may point to a flaw in the assumption 
of a steady rate of degradation for the said experiment.

Table 2 is an error analysis along the lines of Waters et 
al.1& for the parameters in table 1. Due to the large number of 
graphs this would entail considering the number of parameters and 
experiments, we have presented the results in the form of ten 
times the fractional change in the (Bayesian) error function F 
minimized that accompanies a ten percent shift in the said 
parameter, i.e., (6F/F)/(fik/k); Sk/k-.l. Only the magnitudes and 
not the precise values are significant (the larger, the more 
significant) as fig. 8 exhibits by giving actual Waters et al.ls
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plots for kg and the three experiments in table 1. Since the ex­

perimental papers do not include error bars, table 2 only 
reflects the error introduced by the fitting procedure. Clearly 
different experiments are more significant for different rate 
constants.

IV. Receptor Motion tovards and Binding to Coated Pita

Of note in the results of the last section is that the rate

constant determined for La->lP is about an order of magnitude
larger than the lower bound estimated for the extreme case of La
being totally immobile or totally unable to bind to coated

7 apits . Thus the L do have significant mobility/binding
ability. Nevertheless, in keeping with the diffusion coefficient
measurements of Webb and coworkers discussed in section III.2, it
is still one to two orders of magnitude slower than the best fit

values for k^ the rate constant for R-*rP. Given numerical values

for these effective kinetic rate constants and for the experimen­
tal diffusivities (according to the simple explanation of Tank et 
al.'s experiments), one should now be able to assess whether

T. Although the fit of "bound" data in figure 6a and 6b, might 
suggest that the determined value for the constant is somewhat 
high, use of the lower value significantly depresses the fit of 
the degradation curve in the same figure (In fact, no values will 
accommodate both the binding and the degradation data because, as 
noted earlier, these data violate mass conservation). It would 
also lead to a spurious, large accumulation of L and to L going 
through a maximum at moderate L in the fit to the step data from 
figure 6c.
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either diffusion of receptors or their binding to coated pits is 
the controlling (i.e., significantly slower) process in kg and

k 'kq .

Ours is certainly not the first attempt to investigate this 
question. B. Goldstein and coworkers have examined the recycling 
of both coated pits25 and of LDL receptors.24 25 SB Our concern 
is only with the latter of these since we assume that the coated 
pit recycling is not dependent on the receptor recycling and 
provides a steady, time - independent surface coated pit concentra­
tion .

The Goldstein group begins by assuming that there is no

need to distinguish between ligand-free receptors (R or RP) and

LDL-bound receptors (La or Lp). Using data from the ligand-free 
system they fit the parameters for the models (in our notation) R

+ [P] ^ Rp -» 0 or R + [P] 2 rP - R1 - R- In these models, "0"

represents "outside of the system" and [P] represents the time- 
invariant surface-concentration of coated pits, a quantity that 
one can simply lump into the forward rate constant. Finally, as­

suming that the process R->RP is diffusion controlled, i.e., that 
binding to coated pits is instantaneous upon arrival of a recep­
tor at a coated pit, they construct and solve various diffusion 
models to relate the diffusivity to the rate parameter determined 
from the kinetic model. If the literature value of the dif­
fusivity and the one calculated from this kinetic model are 
similar in magnitude, they conclude that diffusion control is not 
inconsistent with observation.
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Unfortunately, even though they obtain their rate constant

from an equilibrium measurement of R^/(R+rP) on the ligand-free 
system, they use a literature value for the diffusivity for LDL- 
bound receptors1 2 which assumes that ^Q-kp and is thus only

consistent with the interpretation that Tank et al.'s (1985)3 
later results are electric-field induced artifacts. According to 
its simple interpretation, the diffusivity of ligand-free recep- 

- 7 2tors (D-1.2xl0 cm. /min.) is two orders of magnitude larger,

and thus gives a value for the rate constant for R->R̂  (under the 
assumption of instantaneous binding to coated pits) that is much 
larger than the kinetically determined value. A simple, back-of- 
the-envelope estimation can also show this: If the rate constant

kg is solely due to diffusion, then k^- (1/r) - D/(i^) -

1. 2x10*'V(K)*^)^ ~ 12.05/min. »  .5, the kinetic value, where we 
take the characteristic length I to be half the mean distance be­
tween coated pits. According to this interpretation, the 
simplest conclusion that one can draw is that binding to coated 
pits is not instantaneous relative to diffusion. A similar con­

clusion follows for La independently of the interpretation of 
Tank et al.3 if one accepts that kQ«kQ, as established in sec­

tion III. Thus, even though the initial goal in reference1 was 
only to show that diffusion limitation is not the cause of J.D.'s 
receptors' defect, one can also infer from their data that, pos­
sibly or likely, neither does diffusion limit free receptors 
becoming receptors in coated pits in normal cells.
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Keizer, Ramirez and Peacock-Lopez (1985)2® arrive at a 
similar conclusion, although they still do not distinguish be­
tween ligand-free and LDL-bound receptors. Rather, they use a 
non-equilibrium thermodynamic method to conclude that the system 
can be no more than "84% diffusion controlled." Unfortunately, 
aside from neglecting the distinction between ligand-free and 
LDL-bound receptors, Keizer et al.7t begin their analysis with an 
equation (their equation (9)) that simultaneously contains a term 
modelling the local diffusion of receptors along the surface to a 
particular coated pit and another term where the surface is con­
sidered "well mixed" and represented by a uniform pit 
concentration p (their notation). Unless the receptor con­

centration is almost uniform, i.e., unless the system is presumed 
a priori to be "reaction controlled," it is hard to understand 
this type of equation.

Below, we investigate the possibility that coated pit bind­
ing is not diffusion controlled. We present two types of models 
to relate the kinetically measured rate constants to the measured 
diffusivities and the not-measured rate constants for coated pit 
binding. The first type of model is for systems whose charac­
teristic times (~l/k) are shorter than the mean lifetime of 
coated pits (-3-5 min.) such as the ligand-free receptor case 
(l/kg-l min.). The second model, on the contrary, allows for

systems with much longer characteristic times, such as the LDL- 
bound receptor system (l/kQ-50-100 min.). As such, unlike

previous models, ours distinguish between LDL-bound and ligand- 
free receptors.
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The first model attempts to account for the local diffusion 
of receptors in an annular-shaped region extending from the 
radius of a coated pit (s~.l pH) to half the average distance be­
tween coated pits (b-1 /iM) , their binding to coated pits, their 
internalization and their recycling. Since the diffusion takes 
place over much longer length scales (-1 /iM) than the charac­
teristic coated pit size, we choose to treat the region exterior 
to the coated pits with partial differential equations, while 
treating the small pits themselves as "well mixed" regions, i.e., 
with ordinary differential equations.

The first model does, though, deliberately confuse certain 
local (in the sense of describing the processes surrounding a 
single coated pit) concepts with global (in the sense of an 
average over all coated pits on the entire membrane at any given 
time) concepts. In particular, even though it considers diffu­
sion to a single coated pit and the internalization of receptors 
only after they have bound to the coated pit, the model itself 
does not allow the pit itself to disappear. The feeling is that 
if, as suggested by the above interpretation of the R data, dif­
fusion turns out to be fast relative to binding to coated pits 
and relative to the lifetimes of coated pits, then there will be 
established a steady, almost uniform receptor concentration (and 
a steady diffusive flux of receptors to coated pits) that will 
not be appreciably affected by the internalization or formation 
of a particular coated pit. Thus one will effectively have a 
steady, almost homogeneous type model. The mixing of local and 
global concepts here is somewhat similar to the situation we 
critiqued earlier from Keizer et al.'s,28 except that here the 
machinery needed to analyze the model is much simpler; the



32

present model also yields a self-consistent result that diffusion 
Is by far the faster process.

Model I contains balances for receptors R not in coated

pits, those (Rw) located In but not bound to coated pits and

those (RP) bound to coated pits, all in the same units of 
number/area, but where one defines R only on the annular region

between r-s and r-b, and Rw and RP only on the (homogeneous) 
region r<s. These balances contain rate parameters and geometric 
factors that account for random insertion of recycled receptors 
and for appropriate units corrections, as follows:

1  - D V2R + ( s2 (b2-s2)\ k0RP
at '■-.2 2, k2(b -s ) b

sis!! - -1 (-D VR)| - k'Rw + k„RP
dt s r s 2̂-J 1

dRp - k'Rw - k0Rp . (9)
dt 1

Note that the binding constant k' Is explicit in this formula­
tion. The boundary and initial conditions, assuming circular 
symmetry, are continuity of R at the coated pit radius r-s

(R(r-s,t)-Rw(t)), no flux at the outer radius r-b (2E (r-b.t)-O)
dr

and an initially uniform receptor concentration (R(r,t-0)).
As noted above, one need now consider only the steady ver­

sion of these equations (i.e., all time derivatives set to zero). 
One easily solves for R to within a constant rj (proportional to 
the total number of receptors) as
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R(r) - r, [ Q_b^ + In (r/s) - 1 (r2-s2)]. 
,.,2 2 U

(10)

In order to relate the result of this model to the rate constant 
determined in section III, we compare this model to the lumped 
overall kinetic model (here we denote variables in the lumped

model with a subscript i) ^ in the absence of LDL. Recall

that this model has forward rate constant kg and reverse rate

constant kj, both determined in section III. To facilitate the

binding constant (including the supposed-time - invariant value of 
the coated pit binding site concentration) of k'-84/min.

With values for k' and for D in hand, we would now like to 
determine, in some standard way, the per cent diffusion and per 
cent "reaction" (i.e., binding) control in kg. One such method

2is to consider the steady overall rate kgR̂ irb per coated pit of

R̂ -*R̂  as the steady rate of two first order processes in series,

a diffusion km(R^-Rw)2ws in terms of a mass transfer coefficient

km~D/A (A (s<A<b), the only unknown, is an effective or average

diffusion length which needs to be determined), followed by bind- 
w 2ing k'R tts . (Note that the relatively large value of k'

comparison, we equate R?-(s2/b2)RP and {̂ i-(s2/b2)dR̂ >. which
* dt dt

give, ^o^i” (s^/b^)k'RW . where we set R^- 2wr R(r) dr +

2 wl 2its R ►/(*b ). For kg-0.8/min., numerical calculation gives a



2determined above is now multiplied by the small quantity ns .) 
It is well known that in such cases the rate constants act like 
capacitances in series, and add as follows:

b
+ laik')'1.

u2
(11)

Solving (11) gives, A-2sD(l -b )-1.6s for b-10s-l/i, and
b2 k0 s2k'

1/k^-,0077 cm./min.; thus kQ is 95% and 5% reaction ( m )
(s/2)k'+km

(s/2)k'and diffusion ( v ' ' ) controlled, respectively.
(s/2)k'+kn

This brings us to the second model which, as noted earlier 
is non-steady and of particular relevance when the processes of 
interest are not faster than the mean lifetime of the coated 
pits, e.g., the LDL-bound receptors. The model considers the un 
steady diffusion through the annular region between r-s and r-b 
to a coated pit beginning at the time of the coated pit's emer­
gence, together with the time-dependent binding of the (LDL-

bound) receptors La to the coated pits. Again, we take the pit 
itself to be homogeneous, the binding to coated pits not to be 
limited by the number of available pit binding sites and the 
receptor concentration to be continuous at r-s. In addition, in 
anticipation again of an either diffusion- or binding-limited

situation, we assume that the receptor concentration La(r-s) at,
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but not yet bound to the coated pit very quickly reaches a quasi - 
steady value which only changes on the controlling time scale. 
Thus, the equations describing this model are:

3La - D V2La (12)
dt

with boundary and initial conditions:

La(r,t-0) - La(0)

2I^(r-b, t) - 0 
dr

2ns D VLa(r-s,t>0) - ns2 k"La(r-s,t>0) - 0. (13)

Using the orthogonality following from of the bound­

ary/initial conditions, one can solve for La(r,t) as

® -A2Dt
L (r,t) - S An UQ(Anr) e n , where (14)

n—1

An- (La(0)(sh/(An2)U0(Ans)) / I(s2/2)f(4b2/(s2w2) -
^ b2vf(Anb)

(l+(h/An)2)U2(Ans)]), (15)

h-sk"/(2D). (16)

The eigenvalues An and the functions Uq and satisfy
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Ui(Ans) - -h U0(Ans) 
n

U . (A r) j n J.(A r) - Jl(Anb) Y.(A r).
J n Yj(A"b) J n

(17)

(18)

J. and Y. being the usual Bessel and Neumann functions of order

j-
In order to compare this detailed model with the lumped

a - Vkinetic model, we compare with the solution L^(r-0)e of the

simple model equation L̂ -*L̂  with rate constant kg for an imagi­

nary pulse experiment beginning with a pulse of pure L^. The

comparison proceeds by presuming, as do Goldstein et al.,24 that 
the overall membrane surface, whose LDL-bound receptor concentra-

tion L2  describes, is comprised of a large number of coated pits,

whose ages are exponentially distributed. In chemical engineer­
ing parlance, as far as coated pits are concerned, the surface is 
considered to be a steady state, continuous flow stirred tank 
reactor which has an exponential internal age distribution. The 
model above gives the state of a single coated pit system of age

t whose uniform initial condition was La(0). Thus, La(r) at a

lumped-model time r, an average of the local variable La over the 
entire cell surface A at r, is equivalent to an average over the

pit age distribution i(t) of the average of La over the pit sys­
tem of age t, i.e.,
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•b
dr r

s
1 ^ ( 0  - (A)'1^  La (x;r;La (0))dA - dt i(t)

La (r ,t;La(0)-La(r -1)) + »rs2La(s , t; La(0)-La(r -1) )j + J” dt 

^2xJb dr r La(r,r;La(0)-La (0)) + *s2La (s,r;La(0)-L^(0))j |

One calculates the La(r) curve in this way (using, say, the first

100 terras of La) and compares it with the simple solution of the 
lumped model to see, first, if the form of the lumped model is 
satisfactory and, second, to determine a value for k". It is a 
noteworthy advantage that this model compares an entire curve to 
determine the parameter of interest, rather than just a single 
value as in our previous model or other models where one compares 
based on a single number such as the mean capture time.

The result of this calculation is that k"-l.03/min. The 
procedure for dividing the rate constant into percentage diffu­

sion and percentage binding control gives kr~5.1xl0  ̂cm./min.

and kj-l.SxIO ^ cm./min., or 97% binding controlled. It is worth

noting that application of this dynamic model to the previous 
case of ligand-free receptors yields a result (95% binding con­
trol) almost indistinguishable from that of model (9).

V. Discussion and Conclusions
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Based on the fact the the surface-bound curve in figure 3 
was not a simple exponential decay, coupled to the fact that its 
intermediate time value (-30-60 min.) coincided closely with the 
estimated value of the initial concentration of LDL-bound recep­
tors not located in coated pits, we suggested that receptors not 
yet in coated pits that have already bound an LDL molecule have 
trouble becoming coated pit-bound. Actually, what we postulated, 
based on this and other data, was a major distinction between 
ligand-free receptors and those that have already bound LDL, the 
latter being (one to two orders of magnitude) slower in becoming 
coated pit-bound. At that point we could have asked whether ex­
periments other than figure 3 (which model (1) fails to explain 
unless one postulates a non-specific binding four times that pre­
viously observed) also suggested that model (1) required such 
drastic modification. In fact, fitting schemes show that model 
(1), even with dissociation, can account for neither the steady 
step nor the unsteady step data (Figs. 6c and d) when required at 
the same time to give an internalization rate constant that is 
close to the well established (from studies of coated pit 
recycling) value of .25±.05/min.* 24 (A fit to these data would 
require an internalization value more than a factor of three 
lower.) Even augmenting model (1) with dissociation and an ex- 
ocytosis reaction (k^) does not account for the unsteady step

data when required to give a reasonable value for the inter­
nalization constant. On the other hand, we could have suggested 
another possible modification to explain figure 3 that did in­
clude migration/binding to coated pits: That there was no
difference in coated pit binding between LDL-bound and ligand- 
free receptors (i.e., kg-k^), but that receptors already bound to
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coated pits might also unbind. That is, the reactions R-»RP and

La-*LP might be reversible. Let us call the reverse rate constant 
k q and consider this possibility. The argument below is similar

to one in 2 *.
From the steady state fraction of receptors located in 

coated pits in the absence of ligand, one obtains the steady

state relation (kj+k Q)/kQ-R/Rp~l-.3. Since kj-.S/min., it fol­

lows that kQ>k2 ~ .3/min. Thus, in order for La to remain 

appreciable beyond a couple of (l/^) time units, as is the case 

in figure 3, k g  must also be of the same order of magnitude.

Since kj will very quickly deplete Lp and the interplay of large

kg and k_Q will quickly redistribute the La between coated-pit

bound and non-coated-pit-bound, the surface bound LDL will be 
forced to decay on (l/kj) time scales, thereby contradicting ob­

servation. Thus, this model cannot, in fact, explain figure 3. 
One can also see this mathematically, by simply solving the (in 
this case, linear) differential equations for this model applied 
to figure 3's experiment, but we omit the details here.

One might then suggest that one include the above-mentioned 
reverse reaction in addition to allowing for a distinction be­
tween the LDL-bound and ligand-free receptors. Since we are 
generally interested in a "minimal" description of the system, 
that is, one with a minimum number of reactions and, therefore, a 
minimum number of parameters to be harvested from the data, and 
since model II of the text seems to be quite accurate in describ­
ing an array of even qualitatively different experiments, we have
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opted to only include the latter effect. Moreover, we are not 
aware of any independent experimental evidence to support the 
proposition that the unbinding is appreciable in receptor-normal 
individuals. Finally, unbinding does not seem to happen in 
bovine smooth muscle cells,20 as we shall note below.

Another point of interest is the distinction between the 
experiments done on bovine smooth muscle cells and those done on 
human fibroblasts. First, the binding constants from these ex­
periments seem to differ by a factor of 2-5, apparently a model-

Dindependent result. Also as noted in the text, model I 
describes the former well, yet cannot describe figure 3. In 
fact, analysis of the bovine data using model II instead of model 
I gives similar values for many of the parameters determined in 
the human fibroblast case, except for kg and kg which turn out to

be significantly larger than all other bovine rate constants and 
much larger than the corresponding constants for human 
fibroblasts. That is, model II reduces to model I for these 
data, a satisfying result. (Similarly, preliminary calculations 
suggest that model III reduces to model II based on the human 
fibroblast data, which is consistent with the observation of a 
negligible inventory of receptors within the cell.) The question 
remains, however, why is there such a difference between these 
two cell types? Pure speculation based on results suggesting50 
that the maximum number of LDL receptors that bovine smooth

8”! At steady state, the rates of binding and degradation are 
equal. Comparison of k, for the two cell types obtained from 
actual binding and degradation rates at, say, LDL-50/ig/ml, and 
from the maximal binding as LDL gets large (corresponding to the 
total number of receptors) yields this factor (cf., 11 l').



muscle cells express is far fewer (in LPDS: sparse - 55; con­
fluent - 43.2 ng LDL/mg cell protein; the # cells/mg cell protein

for SMCs (1.5xl0^)17 and for fibroblasts (1.9xl0^)51 are 
comparable) than one routinely finds in fibroblasts (-200).® 9 49 
Thus, their receptor recycling may be more efficient: If surface
diffusion is really slow then smooth muscle cells might recycle 
receptors preferentially close to coated pits rather than ran­
domly; if diffusion is fast, then they might recycle them 
directly bound to coated pits.

While on the subject of random or non-random insertion52 of 
recycled receptors, we mention an interesting result. Throughout 
this paper we have made the random insertion hypothesis. Based 
on this we initially calculated the rate constants from data from 
the three canonical types of experiments and listed them in table 
1. We found it remarkable that although the experiments were 
quite different from one another, the rate constants turned out 
to be very similar. Yet, there was some variation. If, instead, 
one introduces a new parameter a to account for possible non- 
random insertion (a - fraction of receptors that recycle to non­
coated pit regions) in the lumped model II and includes it in the 
list of parameters to be fit by the regression on, say, the 
steady state data, then the resulting parameters (k^-,0056,

k2~.32, k3-.01, k0~.03, k£~.3, Rp(0)/R(0)~ 160/40, a-.41), all

with the same units as in table 1) yield a prediction for the un­
steady step and pulse experiments that is as good as Che best fit 
values for those experiments I Predictions for the experimental 
data in figures 7 is similarly excellent. Even though this new
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procedure introduces a new parameter into the calculation, its 
ability to unify the data is striking.

Finally, it is worth commenting on the magnitudes of a 
characteristic time determined in our analysis. First, the 
characteristic times from kg and kQ are order 50 minutes and or­

der 1 minute, respectively. One might ask, if the half-life of a 
coated pit is only 3-5 minutes, then how do ligand-bound recep­
tors ever get internalized? The scenario that suggests itself is 
based on the fact that LDL-binding is also relatively slow at 
moderate LDL concentrations. Thus, most receptors bind to coated 
pits before they bind their LDL; they then bind LDL during the 
time remaining before coated pit invagination. The few receptors 
that bind ligand before attaching to coated pits then provide a 
more slowly-depleted reserve of LDL on the cell's surface, pos­
sibly to continue providing exogenous LDL during brief periods 
when the lumen LDL concentration drops. Lest one, however, doubt 
the significance of migration, varying kp with all other rate

constants fixed drastically varies the ratio of bound to (the sum 
of) internalized and degraded LDL.
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Tabla 1: Suaaary of Baat-Fie Paraaacar Values by Least Squaraa

Procaaa

Migration of La 
Mtgracton of R

Binding of L+R(p)
Internalization
Degradation

Rata Constant Pulse-Unsteady Step-Unsteady Stap-Staady

0.01/oln 
0.34-1.36/ain

n/a
0.33/oln 
0.018/ain

0.029/aln 
.49/nln
,oo4<iiftu
0.33/aln 
0.0095/aln

0.03/nln 
2.1/aln
0 ■ in
1 .0/aln 
0.011/aln

Tabla 2: Error Analysis of Rata Constanta froa Tabla 1 

Sensitivity of Error Function F to 10% Shift In Rata Constant ik/k-.l)
Fitted Quantity Stap-Unstaady Stap-Staady Pulsa-Unstaady

k0 5.7 5.3 0.10
ko 3.2 2.3 n/a
ki 8.1 1.4 n/a
k2 0.66 3.4 1.3
k 3 6.6 7.8 1.5
R c (total)* 9.1 (239j£) 4.5 (219*»> n/a
Rp (t-0)* oax (. 7RC) 0.21 (110) n/a
L l(t-0)* n/a n/a aax (lOng/ag)
La (t-0)* n/a n/a 0.54 (10.9ng/ag)
Lp (t-0)* n/a n/a 1.5 (33.3ng/ag)

*: Fitted value in parentheses; "oax" denotes maxlaua of input search range



Figures

Descriptions of experimental procedures are taken essentially 
verbatim from the original papers of M.S. Brown and J.L. 
Goldstein.

Fig. 1»>»: Overall pathway of exogenous and endogenous fat-
transport
Fig. 2110: Cellular LDL-uptake pathway
Fig. 3s 11: Internalization and degradation at 37° C of ,28I-LDL 
previously bound to the LDL receptor at 4°C In normal human 
fibroblasts: Cells were incubated In growth medium containing 10% 
lipoprotein-deficient serum for 48 hr prior to the experiment.
On day 7 of cell growth, each dish received 2 ml of ice-cold 
medium containing 10 /jg of protein per ml of 126I-LDL (169 
cpm/ng). The 128I-LDL was allowed to bind to the cells at 4°C 
for 2 hr, after which each monolayer was washed extensively.
Each dish then received 2 ml of warm medium containing 10 mg of 
protein per ml of unlabeled LDL, and all the dishes were in­
cubated at 37°C. After the indicated time at 37°C, groups of 
dishes were rapidly chilled to 4°C, the medium was removed, and 
its content of 128I-labeled trichloroacetic acid-soluble material 
[degraded] was measured. The amounts of surface-bound (heparin- 
releasable) 12SI-LDL (bound) and internalized (heparin-resistant) 
126I-LDL that remained associated with the cells were also deter­
mined. Each value represents the average of duplicate 
incubations.
Fig. 4a11: Cell surface binding (shown), internalization, 
degradation of 12SI-LDL at 37°C as a function of 128I-LDL con­
centration in normal fibroblasts: On day 7 of cell growth, each
monolayer received 2 ml of medium containing the indicated con­
centration of 12SI-LDL (37 cpm/ng). After incubation for 5 hrs 
at 37°C, the medium was removed and its content of 125i labeled 
trichloroacetic acid soluble material [degraded] was measured. 
The cell monolayers were then washed by the standard procedure 
and the amounts of heparin-releasable [bound] and heparin- 
resistant [internalized] 128I-LDL were determined. Each value 
represents the average of duplicate incubations.

Figure represents the bound LDL at steady state incorporat­
ing best fit values for the rate constants, used in model (2).
The curve's asymptote represents the total number of receptors.
Fig. 4b11: Unsteady kinetics of 128I-LDL in normal human 
fibroblast: On day 7 of cell growth, monolayers of cells were 
placed for 30 mins in incubators (without CO2 ) adjusted to 37°C.
The growth medium was then removed and replaced with 2 ml of 
medium containing 10 mg protein per ml of 12#I-LDL (124 cpm/ng) 
that had been adjusted to the appropriate temperature. After the 
indicated interval, the medium was removed and replaced with 
ice-cold wash buffer and the cell monolayers were placed on an 
ice-cold surface. The medium was saved for measurement of its 
content of 128I-labeled trichloroacetic acid soluble material 
(degraded-not shown). The chilled cell monolayers were washed in
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a 4°C room by the standard procedure and the amounts of heparin- 
releasable (bound) and heparin-resistant (internalized-not shown) 
1281-LDL were determined. Each value represents the average of 
duplicate incubations.

Figure includes curve incorporating best fit values used in 
model (2).
Figs. 5a & 5b11: a. Unsteady binding kinetics for J.D. cells: On 
day 7 of cell growth, each dish received 2 ml of ice-cold medium 
containing 10 mg protein per ml of 125I-LDL (169 cpm/ng). The 
125I-LDL was allowed to bind to the cells at 4°C for 2 hr. 
Remainder of procedure was same as in Fig. 3. Figure includes
curve for the model La-*L +R , together with the best fit value 
(0.008/min) for its rate constant.

b. Steady binding kinetics for J.D. cells: Experimental 
procedure was the same as in Fig. 4a. Figure includes curve for
model L+R^La with reverse rate constant from Fig. 5a and best fit
forward rate constant (0.001/(min(/ig/ml))). Best fit receptor 
total was 160 ng/mg protein.
Fig. 6: a.6 Experiment same as Fig. 3. Data adjusted for non­
specific binding as described in text. Figure includes curves
generated from model (2) with best fit parameters (table 1, 
column 1 and table 2, column 3). Best fit value of
Lp/(La+Lp)(t-0) was .74.

b.6 The plots in log scale of Fig. 6a.
c.11 Experimental procedure same as Fig. 4b. Figure in­

cludes curves generated from model (2) with best fit parameters 
(table 1, column 2). Data were adjusted for non-specific inter­
nalization and degradation by subtraction of values for JD from
same experiment. Best fit receptor total and RP/(R+RP)(t-0) were 
239 ng/mg and 0.7. Inset: Binding curve on an expanded scale.

d.*1 Experimental procedure same as Fig. 4a. Figure in­
cludes curves generated from model (2) with best fit parameters 
(table 1, column 3). Data adjusted for non-specific internaliza­
tion and degradation as in 6c. Best fit receptor total and
RP/(R+RP)(t-0) (needed for calculation of degradation) were 219 
ng/mg and 0.5.
Fig. 7a47: Prediction: Nonconfluent normal monolayers were 
prepared and incubated for 48 hrs in medium containing 
lipoprotein-deficient serum (LPDS). On day 7, the medium in each 
dish was replaced with 2 ml of medium that contained 5% 
lipoprotein deficient serum & 10 mg protein /ml of l26I-LDL (124 
cpm/ng). Figure includes curves predicted from model (2) 
together with parameters from table 1, column 2. Data not ad­
justed for non-specific processes. Receptor total (to scale
curve) and RP/(R+RP)(t-0) used were 264 ng/mg and 0.7.
Fig. 7b4: Prediction: The normal cells were grown under standard 
conditions except that the growth medium was switched to 5% human 
LPDS on Day 5. After 48 hrs in LPDS (Day 7), cell monolayers 
received 2 ml growth medium containing 5% human LPDS and 10 mg 
of protein/ml of 126I-LDL (116 cpm/ng of protein). After incuba­
tion at 37°C for the indicated time, the amounts of cellular
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binding and proteolytic degradation of the 126I-LDL were deter­
mined under typical experimental procedure. Figure includes 
curves predicted from model (2) together with parameters from 
table 1, column 2. Data not adjusted for non-specific
processes. Receptor total (to scale curves) and R^/(R+R^)(t-0) 
used were 432 ng/mg and 0.7.
Fig. 7c8: Prediction: Experimental procedure was similar to Fig. 
6d. Figure includes curves predicted from model (2) together 
with parameters from table 1, column 3. Data were adjusted for 
nonspecific processes by deducting the values shown by F.H. 
homozygote cells in same experiment. Receptor total (to scale
curves) and rP/(R+R^)(t-0) (needed for calculation of 
degradation) used were 280 ng/mg and 0.5. Inset shows binding 
curve on an expanded scale.
Fig. 7d37: Prediction: On day 7, each dish received 2 ml of 
medium containing 10 mg of 128I-LDL (441 cpm/ng). After incuba­
tion for the indicated time, each monolayer was washed by the 
standard technique, after which 2 ml of medium containing 10 
mg/ml of heparin were added to each dish. The dishes were then 
incubated at 4°C for 60 min, after which the heparin-containing 
medium was removed and an aliquot was counted to determine the 
amount of heparin-releasable 126j radioactivity. The cells were 
dissolved in NAOH, and an aliquot was counted to determine the 
amount of 128I-LDL remaining bound to the cells after heparin 
treatment. The total cellular binding of 128I-LDL represents the 
sum of the heparin releasable radioactivity and the radioactivity 
remaining in the dish. Figure includes curves predicted from 
model (2) together with parameters from table 1, column 2. Data 
were adjusted for nonspecific processes by deducting the values 
shown by F.H. homozygote cells in same experiment. Receptor to­
tal (to scale curves) and rP/(R+rP)(t-0) used were 240 ng/mg and 
0.7.
Figs. 7e & f83: Prediction: Cells from one normal subject were 
plated (day 0) into 94 petri dishes (60 mm) at the concentration 
of 1x10 cells/dish in 3 ml of growth medium containing 10% fetal 
calf serum. On day 7, monolayer was washed with 3 ml of PBS, 
after which 2 ml of fresh growth medium containing 5% LPDS (2.5 
mg protein/ml) was added. After 24 hrs (day 8), the medium was 
replaced with 2 ml fresh medium containing 5% LPDS and 128I-LDL 
(120 cpm/ng protein) at a concentration of either 5 mg protein/ml 
(Fig. 7f) or 25 mg protein/ml (Fig. 7e). [To correct for non­
specific processes,] high affinity 128I-LDL binding [plus 
internalization] and degradation were calculated by subtracting 
the amount of radioactivity bound or degraded in the presence of 
395 ng protein/ml of unlabeled LDL from that bound or degraded in 
its absence. Figure includes curves predicted from model (2) 
together with parameters from table 1, column 2. Receptor total
(to scale curves) and R^/(R+rP)(t-0) used were 256 ng/mg and 0.7.
Fig. 7g11: Prediction: Experimental procedure was the same as in
Fig. 4b. Figure includes the curve for model L+R^La with rate
constants taken from Fig. 5. Receptor total (to scale curves) 
used were 160.
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Fig. 8a,b,c: Sensitivity of model-generated curves (fie. 6) to a
10% increase in the best fit values of kQ from table 1 for pulse
unsteady (a) and (b), step unsteady (c) and step steady (d) ex­
periments. The plots for bound (L -La+L^), internalized (L*) and 
degraded (L^) LDL show, e.g., (Si)3/l)3) / (6V.q/V.q ) , with {Icq/Icq— .1, 
after18, as explained in the text.
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Fig. 4a

STEADY STATE LDL KINETICS
(time : 5 hrs)

250

200

1 180

100

50

250 50 75 100 125 160 175 200

LDL tuQ/mO
bornd a  bound

data



52

Fig. 4b
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Fig. 5a
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Fig. 5b
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Fig. 6a
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Fig. 6b
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Fig. 6c
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Fig. 6d
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Fig. 7a
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Fig. 7c
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Fig. 7d
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Rg. 7e
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Fig. 7f
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Fig. 7g

J.D. C e lls  U n s te a d y  Binding.
(p red ic t ion:LDL= 10ug/m l)

120

100

80

60

40

20 -

6 0 120 180 2 4 0 300 36 0

binding

time<minj

4 data



se
n

si
ti

vi
ty

Fig. 8a
VO VC

Sensit ivity  of kO ( unsteady  )
pulse input

0.50

o.oo

1.00

o 60 120
time ( min )

LB   LI  LD



Fig. 8b Sensit ivity of kO (unsteady)
s tep  input

0.50

0.30

>
4— ' 0.10>
4— '

(/)c(D
(ft - 0.10

-0.30

-0.50
O 60 120 180 240 300 360

tim e (min)

LB   LI  LD



OOv£>
Fig. 8c

>
>
*->
U)ca>«)

Sensit ivity of kO (steady)
s tep  input

LB

1

o

1

o 50 100 150 200
LDL (ng prote in  /mg) 

  LI LD



69

Part Two: Regulation
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VI. Introduction

As noted in the general introduction, our overall goal for 
this thesis is to come up with a kinetic model to describe the 
major steps in the Brown and Goldstein cellular cholesterol path­
way. In the work described thusfar, we have shown that a 
quantitative, kinetic approach can, in addition to its long-term 
usefulness as part of an overall transport model for cholesterol 
within the artery wall, suggest some insights into some of the 
details of the individual processes themselves.

Recall that the pathway by which many non-hepatic cells 
such as fibroblasts and arterial endothelial cells maintain 
cholesterol homeostasis is by taking up LDL cholesterol packets 
circulating in the blood via a specific receptor process. In ex­
treme circumstances of either very low or very high plasma LDL 
concentrations, these cells have the facility to nevertheless 
keep their cholesterol levels fairly steady. At this point, 
having what we feel is a good model for binding, uptake and 
degradation of LDL by human fibroblasts, we would like to proceed 
towards the development of models for these various regulatory 
processes that are at play in human fibroblast and, by assump­
tion, in human endothelial cells. (It is probably worth 
remarking that most experiments are probably performed on 
fibroblasts rather than on endothelial or smooth muscle cells be­
cause of the relatively plentiful supply of normal fibroblast 
cells (from circumcision) and because fibroblasts, like en­
dothelial cells but unlike smooth muscle cells, form confluent 
monolayers.)
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Before continuing, a word about our modeling philosophy is 
in order: Even though the actual processes being modeled may be
quite complex, involving many intricate and important steps, the 
modeler is limited in the detail of description to which the 
model can aspire by the availability of experimental data that is 
specific enough to be useful for kinetic analysis. In par­
ticular, experiments where too many quantities vary may very well 
lead to significant qualitative insights yet at the same time be 
completely inappropriate for kinetic study. Furthermore, even if 
there is a lot of available data, it is usually the case even for 
complex processes, that a very small subset of the "reaction 
steps" accounts for the major trends observed in experiments and 
in normal function; it is first and foremost these that the 
modeler attempts to model. In view of these perspectives, the 
detail that we will attempt to incorporate into the models 
briefly described below will be the minimum necessary to account 
for the observations and hopefully be no worse than proportional 
to the amount of (kinetically useful) data available for the 
process in question.

The major regulatory processes that are the subjects of the 
ensuing chapters are the manufacture of cholesterol de novo in 
low LDL environments the activation of enzymes that store choles­
terol by esterifying it and the down-regulation of LDL receptor 
number in high LDL environments.

Such an investigation begs the question, what exactly is 
the agent of regulation? Below in the Preliminaries section, we 
argue that Brown and Goldstein's experimental data present 
evidence that suggests an answer: LDL-derived cholesterol, that
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is, LDL that has recently entered the cell via the receptor path­
way, may somehow be different from other endogenous cholesterol 
and it is this cholesterol which effects regulation. (We note 
that a somewhat similar idea appeared in Yuan et al. (1991),21 
but only to describe the substrate for esterification.) That is, 
even though fluid-phase pinocytosis can introduce exogenous LDL 
into the cell, LDL entering via this pathway does not appear to 
affect the regulatory actions11 8, and can thus almost be ignored 
vis-vis regulation. Lysosomally-hydrolyzed cholesterol may 
differ from other endogenous cholesterol in perhaps being 
oxidized or oxygenated to a higher degree (although we know of no 
definite chemical evidence to prove this), and may thus be 
capable of much more potently instigating the cell's regulatory 
mechanisms. It also appears that after residing within the cell 
for probably one day or more, the LDL-derived cholesterol begins 
to revert to the much less (regulatorily) active form that is the 
majority of the cholesterol present within the cell.

After a brief summary of the work in the first half of this 
thesis and a literature review of previous modeling efforts re­
lated to the regulatory processes, our treatment below begins 
with a number of preliminaries that will be important bases for 
what follows. Amongst these is a fuller discussion of this issue 
of (lysosomally-) hydrolyzed cholesterol being the active agent 
as well as of how the cell-division kinetics affect, enter into 
and are handled by our modeling. In addition, the Preliminaries 
detail the make-up and architecture of the LDL particle and the 
numerical methods employed in the data-model comparisons.



73

The first regulatory process that we tackle is the de novo 
synthesis of cholesterol. Endogenously generated free choles­
terol is the end product of a series of reactions beginning from 
the substrate Acetyl-CoA. Although complex and long, this path­
way has a rate -limiting step, the production of mevalonate, a 
cholesterol precursor, which requires the action of an 
endogenously-generated enzyme, 3-hydroxy-3-methylglutaryl 
Coenzyme A reductase (abbreviated, HMG-CoA Reductase). For a 
review, see.10® Basically, given a dearth of exogenously sup­
plied cholesterol, cells produce this enzyme and, by its action, 
synthesize cholesterol de novo. In the presence of exogenous 
cholesterol, the cells, via a feedback mechanism, interfere with 
the production of this enzyme; enzyme attrition shuts down de 
novo synthesis.

For de novo synthesis, as well as for each of the processes 
discussed below, a fuller description of the qualitative as well 
as the quantitative features of the experiments done to inves­
tigate this system will open the discussion. A summary of 
experiments directly relevant to the modeling will follow 
directly and lead into the proposing of kinetic models. 
Considering the paucity of kinetically useful experimental data 
available, we will generally endeavor to neglect most inter­
mediate species. Our models will be, again, of the well mixed 
variety (i.e., ordinary differential equations) and again based 
on the data for human fibroblast. As in the earlier part of this 
thesis, the modeling below has the following basic outline: 1.
Identify the proper regulatory agent. 2. Propose a model for the 
action of the enzyme and for regulatory action of the agent 
described in 1, while assuming that processes that proceed on
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much faster time scales are quasisteady and those on a slower 
time scale are constant. 3. Compare the model with experimental 
data in order to evaluate the model's parameters. 4. Test the 
model against other experimental data.

One final note about HMG CoA reductase and, in fact, the 
other enzymes under consideration is in order: The assay for HMG
CoA reductase provides an enzyme activity rather than a con­
centration. Whereas the activity is actually the relevant 
biochemical quantity, kinetic models usually work in terms of 
concentrations. We shall at first treat this and like activities 
as if they were a particular concentration unit, and later use 
our models to show that such a tactic is justified, i.e., that 
the models as applied to the assay procedure result in values for 
the activities that are proportional to the respective enzyme's 
concentration at the beginning of the assay.

After de novo synthesis, we shall briefly investigate the 
processes of non-lysosomal hydrolysis of cholesteryl esters, 
typically the hydrolysis of cholesteryl esters that had been 
packed away, i.e., esterified, at some earlier time of choles­
terol oversupply. This esterification of excess free cholesterol 
is the subject of the succeeding section. The enzyme or enzymes 
that catalyze esterification are acyl-CoA:cholesterol 
acyltransferase (abbreviated ACAT), which is a membrane-bound en­
zyme localized in the endoplasmic reticulum of the cell.*9 One 
of the most intriguing facts about ACAT is that although LDL- 
derived cholesterol appears to be significantly more potent than 
ordinary cellular cholesterol at activating ACAT, ACAT itself 
seems to act indiscriminately on LDL-derived as well on a sizable
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fraction of the endogenously found cholesterol.®0 Our model will 
detail and propose an explanation/mechanism for this observation.

Before moving on to the next regulatory process, which acts 
on yet a slower time scale, we will have to account for the fate 
of the cholesterol introduced by either the LDL-receptor pathway 
or by de novo synthesis. In non-hepatic human cells in vivo it 
is known that cholesterol is used in the production of new 
membrane, particularly in dividing cells.5 Other cholesterol es­
capes from the cells when so-called cholesterol acceptors such as 
HDL,®4 to which cholesterol can attach, are present in the 
medium. We lump such processes into a gross "efflux” process and 
construct a simple model to account for it.

This brings us to the final regulatory process, the regula­
tion of receptor number, probably the most crucial one for 
determining the sink capacity of endothelial cells in the artery 
wall. Since this process acts on the slowest time scale of all 
of the known regulatory processes and since it both directly af­
fects the concentration of the active agent and, at the same 
time, is affected by it, effective modeling of the total receptor 
number requires adequate models for the faster processes 
described above. This is the subject of section IX.E. The 
thesis then presents a summary, together with a number of model 
predictions and comparison with other experiments and with the 
models of previous investigators. This section will also attempt 
to draw conclusions, touch upon the highlights and point to the 
significance of this work.

VII. Previous Work
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VII.A. Literature on the Modeling of Regulation of the Cellular 
LDL Pathway

Whereas the relatively "clean" (as far as performing and 
interpreting experiments) LDL receptor-binding, uptake and 
degradation seems to have inspired a number of prior modeling ef­
forts (see the literature review in section II above), only one 
group seems to have taken on the task of modeling the regulatory 
processes. One can speculate as to the reasons: 1. Modeling of
regulation requires as a prerequisite a good and robust model of 
the cholesterol supply processes just mentioned. 2. It is not 
obvious what the active agent of regulation is, and any modeling 
based upon a reasoned guess in this direction without direct 
proof is risky. 3. It is much harder to find data that apply to 
one regulatory process and cleanly excludes the others. The 
regulatory processes are, by nature, coupled and almost require 
simultaneous, rather than sequential modeling. This, in itself, 
is a daunting possibility. 4. The regulatory processes are less 
well understood and therefore require more chutzpah to model. In 
our case, as summarized in the sub-section II.B, we have a model 
which answers item 1. In the text below, we describe how we deal 
with items 2. and 3. And, item 4 refers to a quality whose 
dearth has never been problematic.

The one previous modeling effort that we are aware of is 
that of Yuan et al.,ai already discussed in section II. As noted 
there, their work assumed that the LDL concentration in the 
medium determined the receptor number and that each of the 
processes that contributed to the overall cholesterol balance by
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either increasing or decreasing cholesterol levels did so via a 
very simple, algebraic, often non-kinetic form. We shall return 
in the final discussion section to evaluate our work and to com­
pare it with Yuan et al.'s models.

VII.B. Brief Review of Our LDL Receptor-Mediated Uptake Model

In the first part of this thesis we developed a model for 
the LDL binding to its specific receptors and its subsequent in­
ternalization and degradation. Before continuing to model the 
cell's regulatory actions, we briefly review the main points of 
this earlier work, since the regulation considered below begins 
with LDL's receptor-mediated uptake and its catenated break-down 
that delivers lysosomally-hydrolyzed cholesterol to the cells' 
endogenous cholesterol pools. As a result the processes 
described by our earlier models play a crucial role In the inter­
pretation of the regulatory data that we analyze forthwith.

Recall that normal cells express surface receptors which 
can specifically bind cholesterol from the surrounding medium, 
even when the medium's cholesterol concentration is very low. 
These receptors seem to be quite mobile when they first appear on 
the cell's surface, but they lose their mobility when they bind 
to the coated pits that occupy 1-2% of the cell's surface. These 
coated pits transfer their contents, Including LDL receptors both 
with and without bound LDL particles, into the cells via en- 
docytosis. Free receptors quickly separate and return to the 
surface and the lysosome degrades the internalized LDL's protein 
and hydrolyzes its cholesteryl esters.
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We began by examining the (Boston model's) picture that 
presented kinetic steps for LDL-receptor binding, internalization 
and degradation; we found that while being consistent with smooth 
muscle cell data, their model could not satisfactorily account 
for human fibroblast data. In particular, it failed to account 
for the tail of the binding curve of a pulse-chase experiment and 
only could fit experimental results corresponding to step changes 
in (labelled) LDL concentrations with a coated pit invagination 
rate that differed from the experimentally measured value by a 
factor of three. In contrast, the model that we suggested dis­
tinguished between receptors in coated pits and those not in 
coated pits and allowed for different rates of receptor attach­
ment to coated pits depending upon whether or not the receptors 
were LDL-laden or not. Back-of-the-envelope estimates based on 
the data as well as more sophisticated parameter estimation 
schemes yielded rate constants consistent with the suggestion 
that LDL-bound receptors not in coated pits are much slower to 
become coated-pit bound than LDL-free receptors and that essen­
tially one set of rate constants seems to explain a large amount 
of data, including experiments of three qualitatively different 
types.

Before leaving this section, we briefly present this model 
and take it as a given for representing the rate at which LDL- 
cholesterol is delivered to the cells. Whether or not one 
accepts that its interpretation in terms of cellular-level events 
is absolutely correct, and we naturally lean in that direction, 
the model does seem to account for this delivery reasonably ac­
curately under the various usual experimental conditions.
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Let Rp , R, Lpand La represent LDL-free receptors in and out 
of coated pits and LDL-bound receptors in and out of coated pits, 
respectively. Let L represent the medium' LDL concentration and

L^ and L4*, internalized, receptor-free LDL and its degraded 
protein component, respectively. The model in equation (2) in 
terms of these quantities is a well-mixed one (that is, ordinary 
differential equations), assumes that the concentration of coated 
pits remains time-invariant and relies on mass action kinetics.

L + Rp U p U 1 + R 
t o

L + R A La

L1 A L* 
o'

R Rp (2)
2

VIII. Preliminaries

Before embarking on a detailed modeling effort for the 
various regulatory processes at play in the cellular LDL pathway, 
there are a number of fundamental issues that we feel are prereq­
uisite. Among them are the question as to the effect of cell 
division kinetics on the kinetic modeling, some details about the 
LDL particle itself and identification of the most likely can­
didate for the regulatory agent responsible for triggering the 
processes under consideration below.
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VIII.A. Cell Division Kinetics

Non-confluent human fibroblasts divide until they ex­
perience contact Inhibition. When they are closely packed, or in

6 4the so-called confluent state, they are almost non-dividing.
In vivo, they actually achieve an even slower pace of division 
called quiescence. In sparse (low cell density), in vitro cell 
cultures, human fibroblast cells divide exponentially, experienc­
ing so-called exponential or logarithmic growth. As the cell 
density increases, even under the condition of sufficient ex­
ogenous nutrients supply, cell growth rate Is gradually retarded 
and after late logarithmic growth phase, cells reach confluence 
due to contact Inhibition.

Even though cells may be viewed as a heterogeneous collec­
tion of discrete entities, as they really are, the stochastic 
nature of cell growth allows one to employ a specific growth rate 
H (defined below) to describe the growth of the total cell 
population in a continuous manner. Likewise, the total cell mass 
as well as their total contents of DNA are assumed to vary con­
tinuously with time.

If one examines experimental data (J.L. Goldstein et

al.66 - fig. 9) for the total cell population's (V) growth with
time, one sees the clear exponential regime between day 1 and day 
8. The simplest cell expansion model is a first order one:

dy - n v
dt

(20)
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where n is the constant representing the specific growth rate.
For rapidly growing cells, the figure shows that specific growth 
rate n is approximately 0.01 / hour. For nearly confluent cells, 
it must be smaller. Since it takes a fibroblast cell about 18 
hours to divide64, the rate of doubling is (In 2)/18-.04/hr.
Thus even for cells undergoing exponential (days 1-8) growth only 
about one quarter of the cells are dividing at any given time.

As long as the cells remain in exponential growth with a n 
that does not change, one may assume that the dividing cell frac­
tion remains constant. As a result, it is reasonable to assume 
that the average cell composition, and in particular the average 
DNA per cell and the average protein mass per cell, remains time- 
invariant. Thus it is only the analogous total per-dish 
quantities, rather the per-cell ones which vary with time. In 
addition, when reactions occur in this context and concentrations 
of reactants and/or products are expressed in per-unit-cell- 
protein-mass units, the situation is completely analogous to that 
which occurs in a non-constant density chemical reactor.66 
There, concentrations are generally expressed in per-unit-volume 
units and a change in the density of the reaction mixture upon 
reaction results in a diluting or a concentrating of the reacting 
mixture. This is easy, but sometimes necessary to account for, 
as we shall see below. So, we see that cell proliferation does 
not affect the evolution of average cellular concentrations ex­
cept via a diluting kinetic term resulting from an increase of 
the total cell mass.

As we saw, the dilution rate is relatively small, even for 
quickly multiplying cells. In fact, if one is interested only in 
processes taking place on time time scale of minutes to hours (as
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in Part One), then the contribution due to ft is small and can 
easily be neglected. However, when processes involving growing 
cells have a characteristic time of days, such as the regulation 
of the total receptor tally, accounting for dilution may become 
quite significant. In order to do this, we look at a reacting 
substance whose concentration P is in per-cell units. The change 
in the total moles of the substance is given by 
(d/dt)(VP)-VdP/dt+PdV/dt. The rate of reaction is 
(1/V)(d/dt)(VP), which is then set equal to the rate expression 
deriving from the proposed mechanism. Recalling (20), this 
leaves one with

d£ - - ftP + kinetic expression. (21)
dt

VIII.B. The LDL particle and Its Stoichiometry

Low density lipoprotein (LDL) are the prime source of 
cholesterol for cells such as fibroblasts. It is their receptor 
mediated uptake which can trigger the regulating processes that 
are the subject of this modeling effort. (Another lipid carrying 
molecule that specifically binds to and is internalized by the 
LDL receptors and can therefore trigger regulation is very low

density lipoprotein (VLDL).67 ) Due to its importance, a few 
words about the make-up of LDL are in order.

A particle of LDL contains about 1500 esterified choles­
terol molecules, 500 unesterified cholesterol molecules and one

large protein molecule, apoprotein B-100. The mass of apoprotein

B is, at 0.4 - 0.6 million daltons (5xl0^daltons28) per one mol
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of LDL, enormous. The unit of LDL concentration of medium is 
usually expressed as /ig LDL protein mass/ml.

It is important to know 1 ng LDL protein corresponds to 
about 5 pmol cholesterol in LDL particles. There are a number of 
ways to estimate this quantity, first by dividing total choles­
terol particle number per LDL particle by the protein mass per 
LDL particle and converting it into units of pmol/ng protein 
mass. A second estimated comes from the fact that a 1 pg cel­
lular cholesterol increase due to LDL uptake corresponds to 500

ng of LDL protein.88 Finally, we shall now demonstrate how 
Figures lOa-d implies a stoichiometry of about 6 pmol 
cholesterol/ng protein.

After 48 hours of LDL-free, LPDS incubation (to up-regulate 
the cells' receptor number), Goldstein et al.82 transferred their 
cells to medium containing 10 pg/ml of doubly labelled LDL, one 
label for the protein component and one for the cholesteryl 
esters. The label for the cholesterol tags approximately 1/3 of 
the LDL's total cholesterol. During the course of the experi­
ment, Goldstein examined the total LDL taken up by the cells 
(that is, the bound plus the internalized) and found (see Figures 
lOa-d) that it had a ratio of labelled-cholesterol to labelled 
protein of about 2 pmol LDL cholesterol/ 1 ng LDL protein. (They 
determined that essentially none of the cholesteryl esters com­
prising the internalized portion of the internalized fraction had 
been hydrolyzed and later reesterified.) About the same value 
described the ratio of the corresponding degraded LDL product, 
labelled free cholesterol to labelled degraded protein. Taking 
into account the factor of 3 mentioned above yields a
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stoichiometric ratio of about 6 pmol LDL cholesterol/ ng LDL 
protein.

It is worth noticing that this same ratio seemed to hold 
both before and after the system, and in particular the LDL up­
take, had reached steady state. This suggests that the rate 
constants for lysosomal hydrolysis and for LDL-protein degrada­
tion are similar. At this stage we allow them to be distinct and 
generalize the model from (2) to

L^ 3 l * + f L1 + R where f = 5 pmol/ng

Ll ^ Ld (22)

l1' r chy

It will turn out later (Chapter IX) that the best fit values for 
these rate constants are very close to one another. In that

case, one could replace reactions 2, 3 and 3' with L^ ^ L*+R, L^

3 Ld+rchy.

VIII.C. Chy : The Active Agent In Cellular Regulation

As stated earlier, the internalized LDL is incorporated into 
endocytotic vesicles (endosomes) that fuse with lysosomes.
Within the lysosome the protein component of LDL rapidly degrades

to free amino acids, which dissolves in the culture medium.38 59 
Lysosomal acid lipase hydrolyzes LDL's cholesteryl ester com­
ponent.80 The resulting unesterified cholesterol makes its way
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to the cellular compartment where It mainly associates with the 
cell's membranes.68 It seems that the accumulation of unes- 
terified cholesterol in the cell regulates the activities of two 
microsomal enzymes:

a) It suppresses 3-hydroxy-3-methylglutaryl coenzyme A 
reductase (HMG CoA reductase), causing a reduction of de novo

cellular cholesterol synthesis.80
b) It activates acyl-CoA:Cholesteryl acyltransferase, an en­

zyme that facilitates the reesterification of cholesterol.81

6 2

It also suppresses the LDL receptor number.
What is agent of this regulation? Is it the total choles­

terol concentration of the cell? The total cholesterol 
concentration does not vary much. During 6 hours incubation in 
medium containing 25 fig protein/ml LDL, the total free choles­
terol changes by only 16% (control-24 fig/mg protein). When the 
medium contains 5 fig protein/ml LDL, it remains essentially un­
changed after 6 hrs (Fig. 11a). During this time, however, the 
HMG CoA reductase activity rapidly decreases by approximately 95% 
for 25 fig LDL protein/ml and by 80% for 5 fig LDL protein/ml (Fig. 
lib). Certainly at least for the 5 fig LDL protein/ml experiment, 
the rapid and continuous 80% decrease of HMG CoA reductase ac­
tivity cannot be due to a cellular free cholesterol increase.
So, we rule out the total cholesterol concentration as the 
regulatory agent. Can it be the exogenous LDL cholesterol level, 
as assumed in 21?

In contrast to LDL taken up by receptor mediated LDL path­
way (high affinity process), LDL taken by the bulk phase 
pinocytosis process does not regulate cholesterol metabolism in
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fibroblast since it "does not appear to be capable of expanding 
the nonlysosomal cellular compartment. Rather, this sterol is 
excreted into the culture medium.36" One can, for example, infer 
this from the experimental observation that both regulated HMG 
CoA activity (Fig. 12a) as well as bound and internalized LDL 
saturated with increasing medium LDL concentration, but LDL bulk 
phase pinocytosis (nonspecific uptake) increased linearly with 
LDL medium concentration.

With both of these obvious candidates excluded, we venture 
to propose that some form of exogenously-derived LDL-cholesterol 
taken up via the receptor pathway might be the regulatory agent. 
In fact, Goldstein et al. themselves pointed to this possibility 
when they stated that the reductase activity is suppressed by 
cholesterol supplied via receptor mediated endocytosis of low 
density lipoproteins®. But, can this cholesterol really be dif­
ferent? Consider the experimental facts. During the 6 hrs over 
which the experimental down-regulation of HMG CoA reductase 
described above occurred, the roughly equal initial numbers of 
receptors in the dishes exposed to 25 and 5 /ig/ml LDL introduced 
-2250 pmol/mg protein (-1 fig cholesterol) and -900 pmol/mg 
protein (-0.5 fig cholesterol) of LDL-derived hydrolyzed choles­
terol (fig. 12b). Even though the hydrolyzed LDL-cholesterol 
concentration is negligible compared with the total cellular free 
cholesterol concentration, the fractional change of accumulated 
amount of hydrolyzed LDL-cholesterol over the time course of 
these experiments is of the right magnitude to explain the rapid 
and drastic regulatory effect.

How might this LDL-derived cholesterol chemically differ 
from normal, "garden variety" cholesterol? It is well known that
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oxygenated derivatives of cholesterol such as 7-ketocholesterol, 
7/?-hydroxycholesterol, and 25-hydroxycholesterol are very power­
ful regulatory agents63. Several studies have shown that they 
can influence reductase protein's degradation and synthesis.64

65 Hence oxysterols may be natural regulators of reductase ac­
tivity, thereby controlling the biosynthesis of sterols in intact

cells.63 Gupta even suggested that intact cells might need to 
convert hydrolyzed LDL-cholesterol in order to experience any

regulatory effect at all.66 Also relevant is the fact that

oxygenated sterols are present in horse serum,67 in the

lysosomes of cells from patients with Wolman's syndrom,66 and in

normal human aorta.69 A rat liver enzyme, cholesterol 25- 
hydroxylase, produces 25 hydroxycholesterol from

cholesterol.7 0
In contrast, carefully purified cholesterol does not affect 

the activity of HMG-CoA reductase in various cell lines, includ­

ing human fibroblasts,71 mouse liver cells,72 and mouse

lymphocytes.73 Thus it seems plausible to presume that LDL- 
derived cholesterol may, for a certain time after receptor- 
mediated entry into the cell, have a chemically different 
character from other cellular cholesterol and, as such, be the 
active regulatory agent.

We shall presume this to be the case and denote LDL-derived

hydrolyzed cholesterol by C^. As such, it will be necessary to

distinguish between and other cholesterol and to keep track 
of the time evolution of the letter's concentration, for it is



88

this that will enter the kinetic models for the regulatory 
processes.

In this paper we treat all free cholesterol entering via 
high affinity LDL pathway, whether as hydrolyzed LDL-cholesteryl 
ester or as LDL-cholesterol, equally as cellular process regulat­

ing agent. Yuan et al21 also introduce a hydrolyzed LDL- 
cholesterol species, but only as the substrate of cholesterol 
esterification.

VIII.D. Numerical methods

As discussed in Section III.3 above, comparison of a model 
with experimental data in order to test the form of the model and 
to determine the so-called best fit values for these parameters 
involves numerical methods. The analysis sets up an error func­
tion that is a norm of the deviation from the data of the model's 
predictions for a given set of parameters. The various data 
points are weighted in a Bayesian manner in this function. The 
method then minimizes this complicated function with respect to 
the choices of the parameters involved. We refer the reader to 
Section III.3 for a more detailed discussion of the techniques 
employed for these tasks. We Just mention here that we employed 
the computationally expensive simulated annealing techniques in 
practically all of the fits below rather than the Bremermann's 
optimizer because of the generally better final answer that it 
yields.
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IX. Models of Individual Cellular Regulating Processes.

Below we go through each of the important sets of processes 
Involved in the cellular cholesterol regulation and determine
models for each process. We then subject those models to known
experimental data in order to verify their form and to determine
the appropriate rate parameters. We begin with the de novo syn­
thesis of cholesterol which takes place in the absence of 
exogenous sources.

IX.A. De Novo Synthesis

1X.A.1. Qualitative Discussion of de Novo Synthesis

The cholesterol balance in cells is maintained by the coor­
dinate regulation of the endogenous pathway of cholesterol 
synthesis and the exogenous pathway of cholesterol

delivery.74 Cells primarily obtain cholesterol from the 
receptor-mediated endocytosis of cholesterol-carrying low density 
lipoproteins (LDL) in the extracellular environment. When suffi­
cient cholesterol is delivered via the LDL receptor, the cell 
suppresses the activity of HMG CoA reductase thereby shutting off 
cholesterol synthesis. This avoids overproduction and excess ac­

cumulation of cholesterol.76
A series of over 20 enzymatic reactions comprises the en­

dogenous synthesis that produces cholesterol from the substrate
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acetyl CoA. One of the early step In the pathway of cholesterol 
synthesis and, in fact, its rate limiting step is the conversion 
of HMG CoA to mevalonate. 3-hydroxy 3-methylglutaryl coenzyme A 
(HMG CoA) reductase catalyzes this rate-limiting step and the 
cholesterol-induced shut off of the de novo synthesis acts by in­
terfering with this enzyme.

In the absence of LDL, animal cells maintain high ac­
tivities of this enzyme, thereby synthesizing mevalonate for the 
production of cholesterol as well as nonsterol products. When 
LDL is present,HMG-CoA synthase and reductase activities decline 
by more than 90%, and the cells produce only the small amounts of 
mevalonate needed for the nonsterol end-products. If excess 
mevalonate is supplied externally together with LDL, the residual 
activity of HMG-CoA reductase is abolished and mevalonate produc­

tion terminates.78

IX.A.2. Experimental Facts

Brown et al.77 showed that upon administering 
cyclohexamide, a potent inhibitor of protein synthesis, to con­
fluent human fibroblasts, HMG CoA reductase activity exhibits a 
first order decay with a half life of about 2.7 hours. This cor­
responds to a decay rate of 0.24/hour.

An important question is whether cholesterol exerts this 
regulatory effect within cells by direct allosteric inhibition of 
HMG-CoA reductase or simply by synthesis inhibition. Sterol in 
the form of whole serum, LDL, HDL, and in a solution containing 
ethanol and lipoprotein-deficient serum (LPDS) was added to cell
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free extracts. None of these solutions produced any direct in­
hibitory effect. They concluded that LDL-cholesterol must reduce 
HMG CoA reductase activity in normal fibroblasts by inhibiting 
the synthesis of new enzyme molecules; this inhibition produces a 
rapid fall in enzyme activity because of the enzyme's very rapid 
degradation.

What is the strength and timing of this regulation?

Recently Goldstein et al.79, Nakanish et al.79 and Luskey et

al.79 and others investigated molecular level regulation of HMG 
CoA reductase using agents such as compactin and lovastin. These 
inhibitory agents compete with the substrate (HMG CoA) of the 
mevalonate synthesis step for the enzyme's binding sites. In 
cultured human fibroblasts or in Chinese hamster ovary cells, 
they block the synthesis of mevalonate and trigger adaptive reac­
tions that yield a 200 fold increase in reductase protein within

a few hours.7* *° This shows that enzyme synthesis is very 
fast, taking only hours. On the other hand, the 200 fold in­
crease in enzyme concentration reverses within hours upon 
incubating the compactin-treated cells with large amounts of 
mevalonate (10 mM) or with smaller amounts of mevalonate together

with LDL.7* *° 81
The major regulation of de novo synthesis, as Goldstein et 

al. originally determined, is at the transcriptional level. 
Induction of transcription produces a large increase in m-RNA 
levels. However, even when sterols are at saturating levels, the 
cell continues to transcribe reductase m-RNA at about one-eighth

of its maximal rate.78 Hence LDL alone suppreses the enzyme by 
only eight fold. Goldstein et al. used the term Sterol regulatory
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element-1 (SRE-1) to describe the part of the promoter of the 
reductase gene that actively represses transcription in the 
presence of sterols.

Once formed, the m-RNA translates its message to form the 
protein enzyme. A nonsterol product in the mevalonate pathway 
can inhibit this translation. Absence of this product, as in the 
experiment that gave a 200-fold enzyme increase, resulted in a 
five-fold increase in the rate of translation. In addition, both 
sterol and nonsterol agents can directly contribute to reductase 
degradation. However, regulation of degradation is minor com­
pared with transcriptional regulation: the absence of sterol and 
nonsterol agents, as in the experiment that gave a 200-fold en­
zyme increase, can slow enzyme degradation by at most a factor of 
five.

In summary, we see that full reduction of enzyme activity 
requires both a sterol and a mevalonate-synthesized nonsterol me­
tabolite and acts on transcription, translation, and degradation; 
transcriptional regulation is, nevertheless, the most important.

IX.A.3. Models for the Regulation of the Enzyme's Activity.

As discussed in the preliminaries, we take the regulating 
agent for cellular processes to be hydrolyzed LDL cholesterol 
even though there is also nonsterol metabolite feed back regula­
tion on enzyme action. This greatly simplifies the modelling of 
the de novo synthesis processes and the fitting of the cor­
responding rate constants because it allows one to take the time

evolution of as an input; the result of de novo synthesis
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does not then feed back onto the evolution. Thus one can 
model de novo synthesis without simultaneously considering the

details of the other processes beyond the dynamics of C^. We 
also restrict our attention to modeling only the most important 
(transcriptional) regulatory process.

One can now propose a kinetic model with the steps men­
tioned above:

D i D + Q 
from DNA (D)

Q 3CQ + e

Q 3eo

E ^ 0

D + m Chy 1 (D.Chy>

Chy molecules 

E + chy f Q + chy 

degradation

the transcription of m-RNA (Q)

the translation of enzyme (E)

the degradation of m-RNA (Q) (23)

the degradation of enzyme (E)

(*) the transcription regulation via m

the direct sterol-Induced enzyme

where 0 means "out of the system" of species whose concentrations 
vary with time, e.g., the monomer pools whose concentrations are 
not monitored and are assumed to be "In excess." Note that 
these presumed time-independent monomer concentrations are lumped 
into rate constants 1 and 2 above, which accounts for their ap­
parent violation of mass conservation. Our model assumes that 
transcriptional regulation proceeds via the reversible binding of
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m hydrolyzed LDL cholesterols to the DNA transcriptional binding 
sites, where the Integer m still needs to be determined. To keep 
the model simple, we require this reaction to be In equilibrium, 
with equilibrium constant K. One may consider this a reaction 
with molecularity m+1 that, for mil results from the equilibrium

reactions DC ^  + ^ ^ ^ ^ i + l  w*t*1 equilibrium constant

m
(1-0.... m-1), where K- II K. and K »  K. for 1-1,2, . . . ,m-1. In

1-1 1 " I
effect, these assumptions correspond to the assumption that at 
equilibrium the concentrations of the partially block states

(DC*1̂ , for 1—1,2,...,m-1) are negligibly small with respect to

those of D and of DCm . Alternatively, one can just regard m as a

phenomenological parameter. As a result, a balance on the con­
served total gene concentration Dt> a presumed time-Invariant

quantity (since the total amount of gene is assumed to have the 
same specific growth rate as that of cell population - see the 
Preliminaries) gives

Dt- D + DcJ^ and D - Dt/(l+K(Ch^)m).

Recall that the concentration of hydrolyzed LDL choles­
terol Is independent of the de novo synthesis process and derives 
from Its own rates of production and destruction.

Let »7 - k^Dt and ft, as before, be the cell's mass expansion

rate per unit cell mass. Then the kinetic equations correspond­
ing to mechanism (23) are



IX.A.A. Simplified Kinetic Model.

Bailey and Ollis write, "The more closely a kinetic 
description represents the actual chemical events which occur, 
the more robust is the kinetic model; i.e., the model is more 
likely to give good results when applied to conditions different 
from those used to evaluate the model and determine its 
parameters. For protein synthesis and enzyme synthesis, our 
knowledge of the pertinent mechanisms permits formulation of 
kinetic models at the level of molecular events and interac­
tions," i.e. a material balance on m-RNA transcribed from a 
particular gene and one on the intracellular concentration of the 
translation product.10® Although the kinetic description of 
model (23) is close to actual chemical events of HMG CoA reduc­
tase synthesis, it is neither clear that adequate modeling of the 
experimental observations of de novo synthesis requires such a 
detailed model nor is it clear that there are sufficient such ob­
servations to confidently indicate values for so many

undetermined parameters. Actually, can directly increase the
rate of HMG CoA reductase degradation by up to a factor of four 
to five and can only accomplish this when in collaboration with
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cellular nonsterol metabolites. It is unknown how C^y and non­
sterol metabolites collaborate with each other to increase the 
rate HMG CoA reductase degradation and observations of cellular 
concentrations of nonsterol metabolites during such regulation 
are unavailable. Moreover, there are no observations of mes­
senger RNA (Q) concentration. Thus we attempt to derive and to 
work with a simplified version of (23). First, we kinetically 
lump the m-RNA balance into an effectively direct synthesis of 
the enzyme from its gene. The simplified kinetic model thus be­
comes :

D A D + E 

D + m Chy (D.C£y) (25)

with corresponding kinetic equations

SIE - _ _ 3 _______ - (k^+p)E (26)
dt 1 + K(Chy)m

with 1} and p as above.

IX.A.5. Determining the Rate Constants of Rate Limiting Step

IX.A.5.a Preliminary Crude Modeling of the Hydrolyzed 
Cholesterol Concentration Trajectory
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Modelling based on historic data has the inherent disad­
vantage that the data were taken neither with the models nor, 
frequently, with kinetic analysis in mind. Thus, the data is of­
ten incomplete, as far as kinetic analysis is concerned. Also 
the amount of data appropriate for kinetic analysis might amount 
to just a small fraction of the total data available. In the 
case of de novo synthesis, the data that simultaneously tracks 
the hydrolyzed LDL-cholesterol concentration and the transient 
HMG CoA reductase activity (e.g., at various time-invariant LDL 
concentration) is limited, although not absent. In order to

analyze enzyme activity data that do not include simultaneous 
measurements, it thus becomes necessary to first predict the 
transient hydrolyzed cholesterol concentration under relevant ex­
periment conditions, such as a time-invariant LDL concentration 
in the medium, since this information is needed in the above 
model. One can refine these predictions by comparison with the 
limited data available for that evolution.

Our first inclination is to devise a temporary, crude model

for the time evolution of in which we take the number of

receptors to remain constant (i.e., to not be regulated by

over the time scale of the experiment) and where reesterification 
is negligible. Instead we would account for the depletion and

down-regulation of the uptake of by invoking a simple, first 
order efflux rate which will thus end up having a significantly 
larger rate constant than the true efflux rate. Also, since 
degradation to normal C occurs over days (see Fig. 28), this 
process is not important for the short time scale regulation of 
de novo synthesis. Another reason to neglect it is that the
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reported data do not distinguish between and LDL-derived
cholesterol that has decayed to normal cholesterol. We would 
combine this temporary model with the already-determined model 
from Part One for LDL uptake to test the HMG coA reductase 
regulation model and to determine its parameters. We will, 
however, later develop a more sound model instead of this crude 
one once we have been able to kinetically account for other

processes that contribute to the dynamics.
There are two sets of data which appear initially to be 

relevant to such a temporary model. The first set (Figures 12a 
and b3S) is of the total amount of hydrolyzed LDL-derived choles­
terol and the HMG coA reductase activity at six hours after cells 
were tranferred from an LDL-free, LPDS based medium into one with 
the indicated amount of labelled LDL. However, as already noted, 
in order to use such data for model testing and parameter estima­

tion, one needs the trajectory for this six hour period.
Thus, we turn to the second set of data is (Figure 13) which dis­
plays the time evolution of the LDL-derived cholesterol after 
medium transfer from LDL-free, LPDS-based medium to one with 10 
fig/ml LDL. Interestingly, the values of Fig. 12b for L^IO ng/ml 
and Fig. 13 for t-6 hours are both about 500 pmol/mg. However, 
this is not good news, as we now explain.

A careful examination of the experimental procedure reveals 
an important difference between the way in which the two experi­
ments were prepared. In the former, the medium transfer occurred 
after 48 hours LPDS incubation while in the latter it happened 
after only 24 hours. The corresponding number of receptors 
derives from the total binding (surface bound plus internalized)
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labelled LDL after the Indicated time under the same experimental 
conditions. Ref. 82 (our Fig. 10a) does just that and yields a 
value of about 1000 ng/mg cell protein typically corresponds to 
about 200 - 250 (for the total number of LDL receptors, as ex­
pressed In Its usual units of ng LDL bound/mg cell protein. On 
the other hand, the difference In total binding between the two 
experiments (cf., Figs. 10a and 13 - open circles) is about a 
factor of 5, indicating that the total receptor tally there Is 
probably only about 40 - 50 in the same units. Thus, assuming 
that the other rate constants (In particular, the hydrolysis rate 
constant) are not affected by the difference In LPDS preincuba- 
tlon time and that the label and the cholesterol contents of both 
batches of LDL used were the same, there seems to be an inherent 
Inconsistency between these two data sets In that one fifth of 
the receptors seems to lead to the same amount of hydrolyzed LDL- 
derived cholesterol after six hours. As such, explaining both of 
these curves with one model having the same parameters but dif­
ferent total receptor tallies is hopeless.

(We note one possible explanation for the above paradox.
It follows from a note that the authors make, that essentially 
all of the label in the cholesteryl esters represented un­
hydrolyzed labelled cholesteryl ester from the LDL. That is, no 
appreciable esterificatlon occurred, although after 6 hours one 
would normally expect it to have been very significant (see Fig. 
12c). This might, on average, explain why the system that should 
have one fifth the total number of receptors has the same tally 
of free, labelled cholesterol after 6 hours as does the other 
system.)
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Instead, we make a crude assumption: That the form of the

time evolution of in Figure 13 is similar to the form that it
would take at other medium LDL concentrations and that the major 
difference would be one of scale. Thus, as input to the testing 
procedure for the HMG coA regulation model we shall opt to simply 
use, for each value of the medium LDL concentration for which 
Figs. 12a and b present data, the Figure 13 curve scaled by the 
ratio of the ratio of Figure 12b's value at the LDL concentration 
of interest to its value at L-10 /Jg/ml. It is also worth noting 
the appeal of this procedure since Figure 13 seems essentially 
linear between 2 and 12 hours. So a curve fit of that data can 
just be piecewise linear, with a smoothing at either end. It 
will turn out that the more sound model developed in the later 
sections that will be independent of these crude assumptions

about the trajectory, will thus be able to generate predic­
tions for it. In fact, it will give predictions that 
qualitatively agree with the crude, to some extent directly-data- 
based assumptions.

IX.A.5.b Best Fit Rate Constants for Simplified Model of HMG-CoA
Reductase Regulation

With a form for the hydrolyzed cholesterol trajectory in 
hand we can proceed to determine the best fit parameters for the 
simplified de novo cholesterol synthesis model based upon the 
data from Fig. 12a. We note here, as in the Preliminaries, that 
the units of enzyme are typically not those of concentration, but 
rather those of activity, i.e., of the average amount of
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mevalonate that the said amount of enzyme produces per hour in a 
specific assay. At this point, we take this measurement of en­
zyme just as one would a concentration. We will return to this 
point when discussing the action of the enzyme.

We repeat the assumptions that are in force for the regres­
sion: 1) The activity of the enzyme is at the steady state value 
corresponding to LPDS incubation at the beginning of the experi­

ment and is thus equal to r\/k®. ii) The number of receptors,

which is assumed to be a slow variable, remains constant over the 
course of the experiment. lii) Degradation of recently 
lysosomally-hydrolyzed cholesterol to endogenous free cholesterol

(Ch^C) is not appreciable during the 8 hours of the experiment.
In order to perform a best fit analysis, the user must sup­

ply upper and lower bounds for the parameters. In particular,

k|, which Brown and Goldstein estimate to be 0.24/hour, requires

an upper bound which we choose to be 1/hour. The meaning behind 
this choice is simply that we are attempting to model a complex 
regulatory process by only accounting for the dominant effect 
and, as such, its parameter may in part reflect what has been

neglected: As we noted earlier, only when in collaboration
with cellular nonsterol metabolites, can directly increase the 
rate of HMG CoA reductase degradation by up to a factor of four

to five. It is unknown how and nonsterol metabolites col­
laborate with each other to increase the rate HMG CoA reductase 
degradation and there are no observations of the time evolution 
of the concentrations of these nonsterol cellular metabolites.
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This simplified model also neglects the direct Inhibition of en­
zyme synthesis In favor of the dominant gene-level regulation. 
Thus we allow for an upper bound that Is four to five times the 
estimated value.

The results of the best fit on Figure 12a are »?-201
e - 6 - 2pmol/min./mg cell proteln/hr, kj-l/hr, K-7.1xl0 pmol , m-2.

Note that m-2 corresponds to requiring two molecules of chy to 
Interfere with transcription. Fig. 12a shows the best fit curve.

Let us now test this model by comparison with data on 
similarly 24 hr-LDL-starved cells from another study (Fig. 15a). 
The experiment68 follows the time course of HMG CoA reductase ac­
tivity over a period of eight hours after transfer of the cells 
from an LDL-free LPDS medium to a medium containing 5 or 25 /ig/ml 
LDL In LPDS. Note that the although the Initial conditions of 
both this study and the one used for the best fit procedure

should both be the same steady state value rj/k®, experimentally

there Is some variation (.6 vs .7). In order for a fair com­
parison of the prediction with the data we choose to align the 
Initial values first, In particular, by adjusting k2  to be a

0.8/hr. We choose kj rather than rj since the model's simplicity

lumped the acceleration of degradation, even for saturated LDL 
concentrations, Into kj. Otherwise, there Is nothing adjustable

for this prediction. It also employs the crude trajectories 
discussed above. The agreement, as fig. 15a shows, is excellent.

IX.A.6. Modeling of the Enzyme's Action
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Since the reaction that produces mevalonate is the rate 
limiting step in de novo cholesterol synthesis, we do not distin­
guish between mevalonate (M) and its end product, cholesterol 
(C). The rate expressions thus contain only mevalonate to repre­
sent the cholesterol that has been produced de novo. For the 
overall model it will be of interest to be able to predict the 
total amount of cholesterol synthesized de novo. Let us ab­
breviate the substrate, Hydroxymethylglutaryl CoA (HMG CoA) by H 
and the enzyme reductase by E. As we did earlier, we choose to 
use the same symbol to denote a species name in the context of 
describing reactions and its concentration in the rate equations.

For simplicity, we assume a simple Michaelis Menten form 
for the enzyme's action

dM - kiifi (28)
m  H+Km

where Ref.4 gives a value of 5 /M for K^. This then couples to

equation (26) for the regulation of enzyme activity. In 
principle, one would solve this latter equation for E(t) and then 
plug into the former equation. However, since, as we noted ear­
lier, the enzyme is usually quantitated not by its concentration 
but rather by the average amount of mevalonate that it produces 
per minute in assay, the values of H and of E are not usually 
available individually. In the overall model that interests us, 
the amount of cholesterol synthesized de novo over time scale 
longer than a few hours, where E will have already reached 
quasisteady values, is the relevant quantity. For such time 
scales one can set dE/dt - 0 in (26) and plug into (28). The
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resulting expression for dM/dt is just the time rate of change of 
cholesterol due to de novo synthesis, or

I - 8 : where 0:- kH n . (29)
dt , i , v ,rhy.2 H+K k0+/i'de novo 1 + K(C J ) m 2 ^

In (29), 0 corresponds to the maximum de novo synthesis rate,

i.e., the rate corresponding to C^-0, of about 27 pmol/mg cell 
protein/hr. This value is the acetate-incorporation rate divided 
by the number of acetates per cholesterol, i.e., 400 acetate

pmol/mg cell protein/hra + 15 mole of acetate/1 mol of 
cholesterol83 #).

A word of caution is in order before leaving this sub­
section. Recall that our model of de novo synthesis is based on
data for cells in late logarithmic growth phase, i.e., nearly 
confluent cells. Physiologically, transcription and translation 
efficiency may be functions of cell density, i.e., they may be 
included in what's generally referred to as contact inhibition.
In fact, the maximally induced HMG co-A reductase activity of 
human fibroblasts in logarithmic growth phase is more than three 
times that of confluent human fibroblasts (Fig. 16a and b). Our 
model also glossed over the contribution of cellular nonsterol 
metabolites to translation and neglected the degradation of en­

zyme by C^. Actually, the concentration of these nonsterol 
metabolites may change for long-time experiments. Therefore, 
even though our model does quite well for data on the order of 
hours, there are still too many factors of unknown importance for 
long time studies (i.e., many days or longer) that are not in­
cluded, to extrapolate the model to such long times.
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IX.A.7. Estimation of the Rate Constant for the Degradation of

Chy to C

With the models just derived for de novo synthesis in hand,

we have the opportunity to crudely estimate the rate of C^y-» C at

which Chy loses its ability to affect cellular regulation. Since 
the best fit constants above suggest a fast (hours) HMG CoA

reductase activity degradation in the presence of C^y and some 
experiments (e.g., Fig. 16a and b) show a rather slow (1 day) 
recovery of the maximal HMG-CoA activity upon transfer of cells 
from an LDL-rich environment to LPDS, one can postulate that the 
degradation rate of the regulatory agent (i.e lysosomally 
hydrolyzed LDL cholesterol) limits the recovery process of the 
HMG CoA reductase and that it thus endows its time scale on the 
whole recovery process of HMG CoA reductase.

If one, at this stage, lumps the efflux of C^y , another

processes which depletes C^y , together with C^y decay, the

processes which govern the time evolution of C^y are esterifica- 
tion, hydrolysis and decay, which we symbolically represent in 
(30).

hy

CE
t

CEhy (30)

Upon transfer to from an LDL-rich environment to an LDL- 
free LPDS medium, the uptake of LDL is restricted to the LDL
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already bound to cell receptors before transfer; as we saw ear­
lier, this value decays in about ten minutes. If one restricts 
attention to time scales much longer than ten minutes, then one

may neglect new LDL supplied C^y . In addition, if CE^y degrades

to CE at the same rate at which C^y degrades to C, then the loss 
of regulation-active lipid is simply

d(Chy+ CEhy) - -k ( Chy + CEhy). (31)
dt

If one notes that the time scale for esterification and 

non-lysosomal hydrolysis is hours and that of the decay of C^y 

and CEhy is much longer, one can crudely assume that the former

two processes conspire to provide a time-invariant ratio of C^y

to CEhy. This simply leads to an exponential time course

Chy(t)-C*y e'kt for Chy.

For day-long time scales, de novo synthesis is quasi-steady

at the values dictated by the "instantaneous" C^y concentration.

Combination of the expression for the time evolution of C^y with

the quasi steady expression for E in terms of C^y for de novo 
synthesis leads to

E -   (32)
1+K(Chy(t-0))2 e'2kt
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The best fit value for k, the decay rate constant of C^, is 
about 0.092/hr. The curve In Fig. 16a Is the crude estimate, 
equation (32), with this k.

IX.B. Non-lysosomal Hydrolysis 

IX.B.l. The Rate Limiting Step of Nonlysosomal Hydrolysis

When there is adequate exogenous cholesterol, fibroblasts 
continuously esterify and accumulate cholesteryl esters to main­
tain the cellular level of free cholesterol essentially constant 
(cholesterol homeostasis). Alternately, they hydrolyze choles­
teryl esters when there is too little exogenous cholesterol to 
meet cell's need for free cholesterol. Under prolonged condi­
tions of high exogenous LDL, these cells drastically regulate 
their receptor tally and thereby the amount of cholesterol that 
they take up and must store in esterified form. As a result, 
fibroblasts are not observed to store large amounts of choles­
teryl esters under normal conditions. Below focus on the process 
of non-lysosomal hydrolysis, whose rate-limiting step is promoted 
by a neutral nonlysosomal cholesterol esterase.84

IX.B.2. Experimental Facts:

Goldstein et al.82 asked whether, in addition to hydrolyz­
ing exogenously derived cholesteryl esters, lysosomal acid lipase 
was also the enzyme that hydrolyzed endogenously esterified 
cholesteryl esters. To investigate this, they incubated normal
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and mutant cells that were deficient In acid lipase with LDL In

the presence of oleate in order to label the fatty acid
moiety of endogenously esterified cholesteryl esters (Fig. 17). 
They then switched the cell medium to one that contained no LDL 
and further incubated them either in the presence or in the ab­
sence of chloroquine, which potently inhibits the lysosomal

hydrolysis of exogenous cholesteryl esters. The cholesteryl ^ C  
oleate clearly shows first order decay (Fig. 17) where one half

of the cholesteryl oleate disappears in 12 hours in normal 
cells and in 8 hours in the mutant cells. In contrast to chloro­
quine 's potent inhibition of the hydrolysis of the exogenous 
cholesteryl esters, it had no inhibitory effect on the hydrolysis

of endogenously synthesized cholesteryl oleate in either the 
normal or in the mutant cells.

Thus lysosomal acid lipase, although essential for the 
hydrolysis of incoming cholesteryl esters contained in LDL, does 
not appear to be critical to the hydrolysis of cholesteryl esters 
synthesized within the cell. More over, the the hydrolysis of 
the endogenously esterified cholesteryl esters is a process dis­
tinct from lysosomal hydrolysis of exogenously derived 
cholesteryl esters. Its kinetics appear to be first order. We 
propose the simple first order mechanism CE -» C to account for 
nonlysosomal hydrolysis; it implicitly assumes that the con­
centration of free non-lysosomal cholesterol esterase is 
essentially time independent.

IX.B.3. Determination of the Rate Constant for Non-lysosomal 
Hydrolysis
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Since the experiment in Fig. 17 follows the decay of 

initially loaded ^4C labeled cholesteryl ester due to non­

lysosomal hydrolysis, the change of labeled ^4CE concentration is 
due solely to hydrolysis, or

d14CE - - k U CE. (33)
dt

The data analysis is simple in this case due to the log 
linear decay in Fig. 17. A simple estimation of k=(ln 2)/t>J gives

k=0.001/min.

IX.C. Cholesterol Reesterification 

IX.C.l. Qualitative Aspects of the Reesterification processes

When normal fibroblasts are deprived of cholesterol by 
being incubated in the medium without LDL or any other exogenous

cholesterol source, then ^4C oleate is not incorporated into cel­
lular cholesteryl ester to any detectable degree15, even though 
the cholesterol synthesis rate in the normal cells reaches its 
maximal value under such condition. On the other hand, when LDL 
is added to these cholesterol-deprived fibroblasts, the rate of

14C oleate incorporation into cellular cholesteryl ^4C esters in­
creases more than 500-fold within 6 hrs.61 ACAT, a microsomal
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enzyme or set of enzymes which is known to be nontranscription- 
ally regulated, catalyzes this reesterlficatlon of free 
cholesterol, triggered by hydrolyzed, LDL-derlved cholesterol.9

There was two questions that one would naturally ask here.

First, Is cholesterol derived from receptor-mediated LDL up­
take the only agent that can activate ACAT activity? Second, does 
ACAT esterlfy only the cholesterol that activates It, or can 
ACAT, once activated, esterlfy other endogenous cholesterol as 
well? With regard to the first of these questions, Shlreman et 
al.b> incubated receptor-negative (I.e. homozygote familial hy- 
percholesterolemlc (FH) cells) and normal LDL receptor-positive

cells with H cholesterol labeled LDL. In addition to its par­
ticipation in receptor-mediated uptake in normal cells, LDL can

diffusively exchange its cholesterol, and in this case its H 
cholesterol, with the cell's plasma membrane; this provides a 
second route for introducing LDL-derived cholesterol into the

cells. However, determination of the H cholesteryl ester's 
radioactivity indicated no detectable ester formation in the FH 
cells, even after 24 hrs. In contrast, in the receptor positive 
cells, appreciable radioactivity was present after 24 hrs. in­
cubation in cholesteryl ester. Thus diffusional biflux of free 
cholesterol between cells and LDL in the medium does not appear 
to activate ACAT.6*

As for the second question, Goldstein et al.b0 clearly

showed that activated ACAT esterifies not only C ^  but also en­
dogenous cholesterol. Interestingly, however, some (up to about 
1/3) but not all of the endogenous cholesterol seems to par­
ticipate in the reesterification. Although many experiments have
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shown such results, the nechanlsn regulating the fraction of the 
total cholesterol available for reesterifIcation remains a mys­
tery. In the next section, we propose a model for this regulation 
which we call "dilution kinetics." In essence, It suggests that 
hydrolyzed cholesterol initiates the reesterifIcation process by 
activating endogenous cholesterol to join the cytosolic choles­
terol pool available for reesterifIcation.

The mechanism by which ACAT acts to esterlfy cholesterol is 
unknown. In fact, since ACAT is an Integral membrane protein, 
sensitive to the nature of its environment, even its purification 
has proved very difficult. The kinetic mechanism by which ACAT 
esterifies cholesterol might be simple Michaelis-Menten kinetics, 
it may be allosteric, requiring the its binding to multiple sub­

strates,8® or it might be even more complicated. In the absense 
of large amounts of data specific to this question, we will opt 
in section IX.C.3. below, for the simplest model consistent with 
the available data.
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IX.C.2. Modeling of the Re-esterlfication Processes 

IX.C.2.a. Dilution Kinetics Model

An important question to ask is whether or not the intracel­
lular cholesterol pools available for reesterification are 
isolated from the cell surface membrane cholesterol. In this 
context, it is interesting to note some experimental observations 
regarding cellular content of the agent sphingomyelin. Cellular 
degradation of sphingomyelin by the enzyme sphingomyelinase ex­
erts a dramatic effect on the distribution of cell cholesterol 
between the cell surface and its intracellular membranes. Within 
90 minutes after sphingomyelin hydrolysis begins, about 30% of 
the cell's total unesterified cholesterol transfers from the 
plasma membrane to intracellular membranes.87 This mass movement 
of cholesterol away from plasma membranes presumably results from 
a decreased capacity in sphingomyelin-poor cells of the plasma 
membranes to solubilize cholesterol.88 In addition, the total 
cellular mass of cholesteryl ester is significantly higher in 
sphingomyelin-depleted fibroblasts 3 hours after exposure to 
sphingomyelinase than in untreated fibroblasts. The sphingomyelin 
depleted cells also showed a reduction in the rate of endogenous 
synthesis of cholesterol.87 These results are consistent with a 
rapid movement of cholesterol from sphingomyelin-depleted plasma 
membranes to a putative intracellular regulatory pool of choles­
terol and thus suggest that these locations are not metabolically 
isolated from one another.87

It seems that an increase in and a sphingomyelin deple­
tion have the common effects of decreasing de novo cholesterol



113

synthesis and of increasing cholesterol esterification. sphin­
gomyelin depletion also causes a rapid redistribution of a 
fraction of the cell’s cholesterol. These facts suggest a a 
simple mechanism for the regulation of cholesterol esterifica- 
tion: By controlling the supply of substrate to the esterifiable

cholesterol pools, C^, the cholesterol that recently entered via 
the high affinity pathway, might cause movement (or, kinetically, 
the conversion) of cholesterol from a pool that is not amenable

to esterification (let Cu :-unavailable cholesterol) to one (C*) 

that is, i.e., + Cu -* + C*. Both and C* then com­

prise the cholesterol Ca-C^+C* available for esterification.

Note that C-Cu+Ca-Cu+C*+C^^. In the absence of exogenous choles­
terol, this pool remains empty and esterification does not occur. 
Finally, cholesterol in this pool can relax back to the unes-

terifiable pool, or C* -♦ Cu .
It is our intention here neither to restrict the identifica­

tion of esterifiable and non-esterifiable cholesterol pools to 
the plasma and intracellular membranes nor to limit the inter­
pool exchange mechanism to being diffusional rather than 
reaction, pool-type conversion or some combination. Our aim here 
is only to propose a mechanism capable of accounting for the ob­
served management of available and unavailable cholesterol 
together with the observed strong sensitivity of the esterifica­

tion process to small changes in C^. We also aim to suggest 
evidence that makes our dilution kinetics model biologically 
plausible.

The sphingomyelin data suggest that the inter-conversion be­
tween pools is fast and, in particular, at least as fast as
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esterification. Thus, it seems reasonable, for simplicity and to 
reduce the number of free parameters, to assume that the two 
reactions that manage the available cholesterol supply rapidly 
equilibrate. Let the subscript eq denote, "equilibrium value."

Define an equilibrium constant M for the reaction pair C^y + Cu -*

Chy + C* and C* - Cu as M C* „/(ChyC^„). This allows us toeq' eq eq

express the concentration of cholesterol Ca available for rees- 
terification as an algebraic function of the total endogenous

cholesterol C and the hydrolyzed cholesterol C^y concentrations, 
vis. ,

Ca - Chy 1 + . (34)
1 + MCny

Thus this model rapidly effects a magnification of C^y , typically 
present only as a small fraction of the total endogenous choles­
terol, into a significant esterification substrate as or before 
one observes regulatory effects.

Although there is scant direct evidence as yet to support 
this model, it provides, as we shall see, a unified explanation 
of a number of observations about this system.

IX.C.2.b. Model for the Action of ACAT: Re-esterlfication

It is natural to ask if the action of ACAT proceeds via a 
straight-forward Michaelis-Menten mechanism. If F represents a 
presumed time-invariant fatty acid concentration and repre­

sents ACAT, then such a mechanism would be
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C' + Ea 2 (C',E4) s CE + E4 (35)

or whether it is allosteric, e.g.,

Ca + E, Ca .E,4 «- 4

Ca .E4 + Ca 2 Ca .E4 .Ca (36)

Ca.E4 .Ca + F - (Ca .E4) + CE,

with regard to the substrate cholesterol. At first glance, the
S-shaped curve (Fig. 18 representing the labelled cholesteryl 
ester formed after incubation with LDL (60 ng/ml.) for the time 
indicated on the abscissa followed by one hour incubation with

^C-oleate) might suggest an allosteric mechanism. However, the 
almost three hour delay before labelled oleate shows a sig­
nificant incorporation into cholesteryl ester may simply be due

to the induction time of endogenous from the LDL in the 
medium and not necessarily to a complex esterification mechanism. 
Thus, in the absence of a compelling reason to choose a more com­
plex model, we opt for the simple Michaelis Menten explanation of
the esterification process. We now combine this model with the
model for cholesterol pool management in order to compare with 
experiment and to determine the rate parameters.

IX.C.3. Determination of Rate Constants for Esterification

IX.C.3.a. Estimate of a 1/M
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Before proceeding to properly fit the model’s parameters, we 
reexamine Goldstein J.L. et al.'s evidence80 for the existence of 
esterification-accessible and non-accessible cholesterol pools to 
estimate the proposed equilibrium constant M. Goldstein et al. 
incubated cholesterol-starved cells in 10 pg/ml labelled LDL (the 
LDL's cholesterol linoleate, about one third of its total choles­

terol content, contained a label) and labelled oleate. 
After 12 hours (Figs. 19a,b), about 3x2200-6600 pmol LDL-derived

cholesterol and 3200 pmol oleate-labelled cholesteryl esters, 
3x250-750 pmol of which were reesterified and LDL-derived, 
resulted per milligram cell protein. Clearly, some LDL-derived 
cholesterol caused endogenous free cholesterol to esterify, but a 
complete dilution of incoming LDL-derived cholesterol with cel­

lular free cholesterol (-10^ pmol/mg cell protein) would have 
resulted in an LDL-derived esterified fraction of 
6600/100,000-1/15, rather than the observed value of 
750/3200-1/4.3.

Due to the decay of C^-*C, not all of the LDL-derived choles­

terol, say C^, remains C^. In terms of C^, one can calculate 
the fraction of cellular cholesterol available for esterification

as about Ca/C - (CL/C)/(CL/Ca) * 4.3/15 * 0.3. This rough es­
timate clearly neglects the fact that in the early part of the 12 
hour period the fraction of the total endogenous cholesterol that 
was LDL-derived was much less than the final value; however, 
during this induction period esterification had not yet been in­
duced and thus very little esterification took place. In 
addition, one can estimate M by equating the model expression

(1+MC)/(1+MC^) for the inverse of the fraction of the available
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cholesterol that is LDL-derived with the measured value of 4.3. 
This gives 1/M = 22,000 pmol.

IX.C.3.b. Estimation of the Rate Constants for Esterification

We now appear to be in a position to combine the dilution 
kinetics model for esterifiable cholesterol management with the 
model for the action of the enzyme ACAT and to use the experimen­
tal data to determine the rate constants. Let's begin by 
examining a typical experiment86 (Fig. 12c). One transfers cells 
that have been preincubated for 48 hours in LPDS to a medium con­
taining graduated amounts of LDL. After five hours incubation,

one adds a fixed amount (0.1 mM) of radioactive ^C-oleate to the

medium and measures the ^C-oleate incorporated into the choles­
teryl esters formed over the next 60 minutes. Clearly, an 
interpretation of these experiments requires more than just a 
model for the esterification process. The rate expression for 
usual esterification, as written in the previous section, im­
plicitly includes the concentration of oleate F (for fatty acid) 
as part of its rate constant, i.e., kg-kgpF. Since we presume

that the typical situation is one where fatty acid for use in es­
terification is in an ample, fixed, time-invariant supply, it is 
reasonable to normally include it in kg. However, in experiments

like the one just described, labelled fatty acid, ^F, is not

present in excess, even though the total F may be; ^ F  is sup­
plied to the medium and must transport into the cell before 
participating in the production of labelled cholesteryl ester

C^E. Thus the rate of the transport process of ^ F  couples to
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the esterification kinetics for the interpretation of the said 
experiments and we must therefore model these processes together.

With all of this said, let's consider a time dependent ex­
periment which can tell us something about this transport. Fig. 
20®8 preincubates cells for 17 hours in LPDS plus LDL, adds 0.1

mM ^C-oleate and finds the the incorporation of labelled oleate 
into cholesteryl ester is quite linear for at least the first 
four hours. (The experiment in Fig. 20 chose 0.1 mM of labelled 
oleate because the precursor experiment found radioactive oleate 
incorporation plateauing at this concentration and higher con­
centrations leading to only marginally higher and probably

artifactual values.) The expression for the evolution of C ^ E  is 
simply:

. k8Q14F C‘ - k ^ E .  (37)
k?+Ca

We shall assume that after 17 hours in LPDS/LDL, has either 
reached a quasisteady value or has at least become a very weak 
function of time, varying little over the four hours of the cur­
rent experiment. Thus one can lump the factors in the first term 
on the right of this equation into a time-invariant (at least for

the four hours in question) factor r;- kgQCa/(k7+Ca) times ^F,

a 1 Awith C as given in the previous section. For F(t) we simply 
assume that fatty acid transport proceeds simply via a mass 
transfer coefficient multiplied by a (presumed time-invariant)

medium concentration, which integrates simply to ^ F - ^ F 0(l+7 t).

The resulting expression is



119

- r,U F0(l+7t) - kbC^E. (38)

From the figure, C^E is linear with time, i.e., C^E-0t, for fi-3 

(nM/mg protein)/hr. and dC^E/dt-0. Thus, »?Fq—/J and 7“^ -  We

shall use this ^ F  transport expression to interpret all of the 
experimental data involving labelled oleate added to the medium. 
Let us return to Fig. 12c36 to do just this.

Recall that in Fig. 12c, cells preincubated for 48 hours in 
LPDS and then for 5 hours in LDL receive 0.1 mM labelled oleate; 
the figure displays the labelled cholesteryl ester formed during 
the succeeding hour. Using the previous equation with the ex­

pression Ca-C^(l+MC)/( 1+MC^) to describe this curve should, 
with the aid of the parameter fitting scheme described in the 
numerical methods section, allow a least squares fit for ky and

kgQ. This method, however, needs a value for M, a quantity for

which only an estimate is as yet available. One can either take 
M equal to this estimate or fit it simultaneously with ky and

kgQ. An alternative procedure is to note that Figure 12b accom­

panying Figure 12c provides a simultaneous measurement of C

which bounds from above. In fact, for the 5-6 hour period 
after the introduction of the cells into the LDL-containing 
medium during which the experiment takes place, the saturated

value of is about 2700 pmol/mg. A conservative estimate for

M C ^  follows as 2700/22,000 = 0.12. Thus, the denominator of Ca 
is dominated by 1 for this experiment and the overall expression 
reduces to
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dCU E _ (39)dt
k7/(l+MC)+Ch>r

Appendix I gives an error analysis for this approximation.
The best fit values for kgo^ and ky/(l+MC) are 90

(pmol/min)/mg cell protein and 9654 pmol/mg cell protein, respec­
tively. The curve in Figure 12c is the best fit plot. This 
still leaves us with the task of estimating kgQ.

Since kgQ and Fq always appear multiplied together, it is un­

necessary to try to separate out individual values for kgQ and 

Fq . We choose rather to estimate the biologically relevant kg

corresponding to the endogenous fatty acid supply, as opposed to 
the labelled supply in the above-mentioned experiments, and then 
use an independent piece of data to check the reliablity of the 
calculation. Table I of ref. 82, notes that the 35% of en­
dogenous cholesteryl ester is cholesteryl oleate. If the non­
lysosomal hydrolysis rate is the same for all fatty acid 
cholesteryl esters, then the ratio of the values of kg for the

endogenous and the labelled fatty acid pools should, as an inde­
pendent check, yield a value for this percentage well. 
Alternately, since the kg value for the endogenous fatty acid

pool is only known to within a factor of three, one can obtain an 
independent estimate of it from the labelled-pool's value and the 
table's reported percentage. The result is -260 pmol/mg/min.
Fig. 22a® shows the evolution of intra-cellular reesterified 
cholesterol after three days LPDS incubation followed by incuba­
tion in 10 pg/ml LDL. The figure shows that the cholesteryl 
ester level goes through a maximum at about 24 hours and then
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slowly decreases over the next three days as, and presumably be­
cause, the receptor number down-regulates.

An estimate for kg follows simply from balancing the rates of

reesterification and non-lysosomal hydrolysis (dCE/dt-0 - see

Equation (37). CE and F replace C^^E and at 24 hours. From

the earlier sections we may assume that at 24 hours ranges
between 1000 and 3000 pmols/mg protein. Taking an approximate 
value of M as 1/22,000 pmol/mg protein gives a value of 144-342 
pmol/min./mg for kg (as opposed to the value 90 pmol/min./mg

determined above for the labelled pool), which comfortably in­
cludes the predicted rate constant, 260 pmol/mg/min.

Alternately, one could have used the other values to estimate 
and found that it lies within the given range.

IX.D. Cholesterol Efflux and Cholesterol Depletion from Cells

IX.D.l. Introduction

The LDL receptor pathway and bulk fluid phase pinocytosis 
both deliver exogenous cholesterol to the cells. So can the dif­
fusive transfer of free cholesterol from lipoprotein particles to 
the celluar membrane. When there is a dearth of exogenous 
cholesterol, de novo processes synthesize cholesterol to augment 
and to maintain endogenous levels. All of these processes in­
crease cellular cholesterol. Cellular esterification of free 
cholesterol and the hydrolysis of cholesteryl esters just inter­
change these two forms and do not affect the aggregate amount of 
cholesterol and its esterified form. Thus cells that do not
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produce steroid hormone or bile acid (e.g., human fibroblasts) 
clearly need a mechanism for eliminating or depleting cholesterol 
in excess of that needed for the synthesis of membrane. These 
processes amount to the (typically diffusive) efflux of free 
cholesterol molecules to extracellular acceptor particles in 
medium.

Before discussing these processes in detail, it is important 
to recall that a major use for cholesterol is the production of 
new membrane for cells undergoing mitosis. For dividing cells, 
such as those in sparse cell culture, this use is very sig­
nificant. However, once cells such as fibroblasts (which tend to 
form monolayers) reach a number density such that they touch, 
their mitotic processes undergo a contact inhibition and cell 
division proceeds in tandem with cell death. In vitro this stage 
is called confluence whereas in vivo in, for example, the en­
dothelial cells of the arterial endothelium, it is called 
quiescence. An important distinction between confluence and 
quiescence is that the rate of cell turnover is much lower in 
quiescent cells.

At first blush, one might suspect that membrane synthesis as 
needed for the production of new cells could account for choles­
terol depletion. However, as noted in the Preliminaries Section 
III.A and briefly reviewed here, the units in which experimental 
results are reported are, uniformly, per-unit cell protein mass 
units. Thus, as described in that section, the kinetic formalism 
resembles that used in the study of non-constant density chemical 
reactors. Here we only reiterate the upshot of this discussion: 
that the specific growth rate term :-(l/V)(dV/dt) - 0.01/hr for 
rapidly dividing cells, V being the total cell protein mass, 
enters into the kinetic formalism in order to account for such
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processes; and, that an explicit depletion, i.e., efflux is still 
necessary in order to close the mass balance.

With this said, let's proceed to the mechanics of cholesterol 
efflux. Even though its aqueous solubility is small (its criti-

- 8cal micelle concentration is about 3x10 M), cholesterol manages 
to transfer to and from cell membranes by virtue of the presence 
of so-called cholesterol acceptors (such as various lipoprotein 
molecules, e.g., HDL) in the medium. In the presence of these 
acceptors, the aqueous solubility of cholesterol is still suffi­
cient to account for the observed flux of cholesterol between 
different lipoprotein particles, or between lipoproteins and cell 
membranes10. The overall process involves desorption of free 
cholesterol from the membrane, diffusion of cholesterol in the 
aqueous phase between cell membrane and acceptor particles (HDL) 
and, finally, adsorption on or attachment to these particle. 
Phillips et al.9‘suggested that the rate of dissociation of 
cholesterol from the plasma membrane into the surrounding aqueous 
milieu may control the rate of loss of cholesterol from the cell 
when the acceptor is in excess. Interestingly, specific HDL 
binding to the cell surface does not seem to enhance or 
facilitate cholesterol efflux.92

Of the so-called promoters or acceptors, the most potent 
known example of which is lipoprotein deficient serum. The maxi­
mum saturated efflux rate occurs at LPDS concentrations greater 
than 1.5 mg protein/ml.93 Luckily, most of Brown and Goldstein's 
in vitro studies, upon which we base much of our kinetic 
analyses, employed a basic medium that contained more than a 
saturable LPDS protein concentration. Thus, for the data that we 
analyze and, in principle, for in vivo situations as well, efflux
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is not limited by the acceptor's concentration in the medium, but 
by only the desorption of cholesterol from the plasma membrane.

In addition to the notion of cholesterol acceptors, there is 
a vast literature debating and describing the details of the ef­
flux mechanism. Our goal here is a modest one: not to become 
efflux experts, but rather to construct a simple model which 
closes the cholesterol mass balance for a pulse initial input of 
labeled cholesterol and accurately models the basic efflux 
measurements. This model will play an important role in the

regulation of the active agent (see Section VIII. C) C^, con­

stituting its efflux/depletion.

IX.D.2. Experimental Facts Important for Modelling Cholesterol 
Efflux

To study cholesterol efflux, Rothblat and Phillips®4 loaded
3human fibroblasts with H-cholesterol (by preincubating them with

3 3H-cholesterol-labeled LDL ( H C-LDL) for 48 hours) and then in­
cubated them in medium saturated with the acceptor HDL. 
Measurement of the fraction of the initial labelled cholesterol 
charge remaining in the cells as a function of time of incubation 
shows an exponential (linear in a semi-log plot), i.e., first or­
der, region lasting about 19 hours, until about 35% of the 
initial charge remains. The decay rate of about 0.02/hour then 
changes to a slower efflux®4 in the 24-72 hour range. This slow­
ing is attributed neither to lateral cholesterol redistribution 
between different regions of the plasma membrane nor to the "flip 
flop" of cholesterol across the cells' plasma membranes. Lateral
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redistribution along the plasma membrane (which contains about 
90% of the cell's total free cholesterol) is fast96; cholesterol 
flip-flop is not rate limiting for the removal of cholesterol 
from cells.96

Which cellular processes then are related to efflux? To show 
that efflux appears to have nothing to do with the LDL receptor, 
Wu et al,97 conducted the cholesterol efflux experiment with nor­
mal human fibroblasts and with homozygous FH cells. Both cell 
lines showed similar efflux rates at 6 hours incubation under 
various acceptor conditions. Also, chloroquine, which inhibits 
lysosomal function, does not affect efflux, suggesting a 
mechanism independent of the lysosomes.93

Finally, we note that cellular cholesteryl esters decreased 
in a log-linear fashion for up to 72 hours in the above experi­
ment. In addition, almost all of the cholesterol and cholesteryl 
ester (>90%) that was lost from the cell by efflux appeared in 
the efflux medium as free cholesterol, indicating that hydrolyzed 
cholesteryl esters also participated in efflux.93

IX.D.3. Kinetic Modeling of Efflux

Based on the the above-mentioned experimental facts, a 
natural guess for an efflux model is simply CE -* C -* 0, i.e., 
free cholesterol transfers via a first order process out of the 
cell while cholesteryl ester hydrolyzes to free cholesterol which 
can then also efflux; this would account for the two time scales 
noted above, since upon depletion of available free cholesterol, 
the rate of cholesterol hydrolysis would come to dominate the ef­
fective overall efflux rate. Unfortunately, certain facts speak
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against this interpretation: In the above experiment, labeled CE 
was negligible, compared with labeled C and labeled C remains 
large even after 3 days of efflux.

Next, one might imagine that somehow controls efflux,

with a higher concentration of raising the efflux rate: ^H-

cholesterol LDL preincubation leads to an initial charge of C^, 
which decays (and effluxes) as the experiment proceeds. However, 
as noted in the last section, efflux measurements show no dif­
ference between normal human fibroblasts and homozygous FHs, the

latter having no C^.
Thirdly, one can imagine that two efflux pools exist: Once

the faster efflux pool is depleted, the slower efflux pool 
dominates. However, rapid lateral redistribution of the efflux

pool in plasma membrane would cause the remaining H-cholesterol 
not to show the log-linear decay behaviour described in the last 
section.

The only simple model that doesn't seem to contradict this 
list of experimental facts is biflux. For initial short times, 
one only observes the forward reaction, the efflux C -* Cm> where

Cm is the cholesterol concentration of the medium; at long times,

the reverse reaction, influx, becomes important and one observes

IX.D.4. Estimation of the Rate Constants for Efflux

IX.D.4.a. The Efflux Rate Constant
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Given the model just arrived at, we estimate the rate con­
stant kg for efflux from several independent sets of data. As

shown below, these various estimates agree with one another.
Golstein et al.*2 (Fig. 13) pre-incubated human fibroblasts 

in LPDS for 24 hours, transferred them to medium containing LPDS 
(2.5 mg/ml protein concentration) and 10 /jg protein/ml of labeled

3cholesterol linoleate ( H CL-LDL) and measured the time evolution 
3of the H-labeled free cholesterol concentration in the cells.

3They found that no detectable amount of H-labeled hydrolyzed 
cholesterol formed during the first 8 hours of the incubation, 
had effluxed from the cells into the medium, and less than 10% 
thereafter.

If one assumes that dissociation from the membrane surface is 
the limiting step in efflux (since the acceptor is in excess) and

3if one neglects diffusive influx of the already effluxed H- 
labeled hydrolyzed cholesterol (due to its dilution in the 
medium) for the, say, first twelve hours of the experiment, the 
total label lost via efflux over these twelve hours is simply the

integral of the efflux rate (keC^(t)) over time t from zero to

twelve hours, with C^(t) given from the data. Setting the ratio 
equal to 0.1 and solving for kg gives about 0.02 /hr. Since we

have neglected influx, this value is, in principle, a bit low.
Let's now return to Clair et al.'s experiments and use it to 

calculate the rate constants for our efflux model. Recall that 
the efflux of labelled cholesterol from loaded cells was 
initially first order and later slowed. If one focuses on the 
labeled cholesterol and cholesteryl esters only, then according
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to our model, cholesterol is effluxing to the medium and choles­
teryl ester is hydrolyzing into cholesterol. In addition, some 
residual hydrolyzed cholesterol may still be esterifying some of

3the endogenous cholesterol. Initially, the concentration of

labeled cholesterol in the medium is zero and, since the influx
3 3rate is proportional to Ĉ , the influx is unimportant in

the early phase. Thus, our model for the early dynamics is 
simply

= 4 ^ “  - V c .  (40)

Integration gives

(C E +3C)t_12- (C3E +3C)t_0- -kJj2 3C dt. (41)

3 3Short time data for C E and C allows evaluation of the integral 
as well as the left side of the equation. The resulting value 
for kg is 0.02/hr, very close to the last estimate.

3For longer times, the concentration builds up and influx 

becomes important. One must now keep track of the concentration
3Cm as well. Thus instead of equation (25), one writes

d(C3E+3C) _ 3 . 3r .
dt e c + *1 m ’ (42)

d Cm - A(k 3C - k 3C ). 
dt e 1 ■

(43)
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3Note that the units of C are praol/mg cell protein whereas those 
3of C E are pmol/ml. This requires the units of to be (ml/mg

cell protein)/hr and there to appear a conversion factor A with 
units total cell protein/culture medium volume. Integration and 
rearrangement gives

(C3E +3C)t_0 - (C3E +3C)t_r - kj% 3C dt - - 3Cm dt.(44)

3Since the total label is conserved, in principle, data for C(t) 

and C3E(t) allow calculation of 3Cm(t)- A (C3E(0)+3C(0))-(C3E(t)

3+ C(t)). Figure 14 shows a plot of the left side of this equa­
tion vs the integral on the right, with the points corresponding 
to different values of r. The slope of the least squares line 
through the data gives k^~ 0.25 ml/hr/mg protein where A is as­

sumed to be 0.1 mg protein/ml.
If one simply phenomenologically uses the model from equation 

(40) rather than (42) to fit the late time data and calculates an 
effective kg for that data, one gets 0.0005/hr. Interestingly,

if one notes that de novo synthesis incorporates 15 moles of 
acetate into one mole of synthesized cholesterol and assumes that 
the minimum level of total cellular free cholesterol is -20/ig/mg 
protein, then this effective value of kg for long times balances

quite closely the de novo synthesis rate (see section IX.A.6) for 
LPDS incubation; the maximum value of this rate is -.01 /ig 
cholesterol/mg cell protein8 83 (see section IX.A.6).



130

It is also worth noting that these data present us with an 
opportunity to independently check the rate constant k^ for non-

lysosomal hydrolysis determined in section IX.B.3.. In 
3 3particular, the C and C E data, together with the model

C^E-^C^C that neglects esterification (and thus the earliest

data points) gives k^-0.0009/min, which is (embarrassingly) close

to the earlier value of ,001/min. from section IX.B.3.
Let us take a moment to recall our overall goal, to model the 

kinetics of the overall regulatory processes and hence of the 
cellular cholesterol pathway. As discussed in the preliminaries,

a quantity which we have called seems to be the active agent
in the regulation and it is therefore incumbent upon us to model

all of the processes that contribute to the dynamics of the 
concentration carefully. It was with this in mind that we began

to crudely model cholesterol and, in particular, efflux. As
such, we believe that for these purposes, influx is rarely sig­
nificant and can be dropped from the model. There are at least 
two reasons for this. First, the rate constant for the degrada­

tion Ch^  C of is about three to four times as fast as the 

estimated efflux rate constant. Thus long before gets large

enough to make influx appreciable, most of it would already

have been destroyed. Second, if is really an oxidized form 
of cholesterol, then the natural presence of antioxidants in the

in vivo medium107 would reduce the concentration C^, and hencem
the influx rate, to zero. Thus in the remainder of this work we
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neglect cholesterol influx; Instead, we simply work with the 

simple efflux model C^-*0, with kg—0.02/hr.

IX.E. The Regulation of Receptor Number 

IX.E.l. Overall View

Cultured human fibroblasts typically derive cholesterol for 
membrane synthesis from plasma low density lipoproteins contained 
within the culture medium.53 As we have seen, the cellular up­
take of LDL-cholesterol follows a series of processes in which 
LDL first binds to a specific cell surface receptor98, then in­
ternalizes by endocytosis to the lysosome where lysosomal enzymes 
hydrolyze its protein and cholesteryl ester components.59

The study of fibroblasts from patients with the homozygous 
form of Familial Hypercholesterolemia99 that lack functional LDL 
receptors has aided the analysis of the events mediated by the 
LDL receptor enormously. These mutant cells cannot bind, take 
up, and degrade the lipoproteins with high affinity" and there­
fore neither suppress 3-hydroxy-3-methylglutaryl coenzyme A 
reductase activity100 nor activate acyl-CoA:cholesteryl 
acyltransferase in the presence of LDL.38 82

The overall result of incubating normal fibroblast cells 
having functional receptors with LDL is to increase the cellular 
content of free and esterified cholesterol.53 Since the LDL 
receptor's raison d'etre is to introduce plasma LDL's cholesterol
into cells, one might expect LDL binding activity to be sup­
pressed when the cells have accumulated enough cholesterol.38 In
fact, when fibroblasts grow continuously in LDL-containing
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medium, the cells down-regulate their LDL receptor tally so ao to 
take up only enough cholesterol necessary for new membrane syn­
thesis and to replace sterol lost via membrane turnover.® 
Typically, the number of receptors expressed upon long-time in­
cubation at high LDL concentrations is less than 10% of the 
maximal number that the cells are capable of synthesizing.®

IX.E.2. The Cell Biology of Receptor Synthesis and Degradation

Closely following and largely quoting from Ref. 102, we relay 
a bit about the cell biology of receptor synthesis and degrada­
tion :

The transcription of the structural genes for LDL receptors 
leads to the export from the nucleus of an mRNA species that 
encodes the complete sequence of amino acids required to form the 
receptor protein. The rate at which these new mRNA blueprints 
appear in the cytosol is the main controlling part of the up- and 
down-regulation of the receptor number in the body's cells.102

The LDL receptor is synthesized in the rough endoplasmic rec- 
ticulum (ER). It is likely that free cytosolic ribosomes begin 
to translate the mRNAs that encode the LDL receptors, synthesiz­
ing hydrophobic signal sequences that permit the docking of the 
relevent ribosomes on specific sites of the rough endoplasmic 
recticulum. Translocation to the Golgi apparatus, either by 
membrane flow from the recticulum or, more likely, by a system of 
directed vesicular transport occurs soon thereafter. In the com­
plex enzymatic processing factory of the Golgi plates and 
vesicles, chemical and configurational modification, processes 
that are closely associated with the net movement of the receptor
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molecules to their functionally important positions on the cell 
surface, occur.102

As is well known, the LDL receptor is sometimes degraded. 
However, unlike the EGF system where the lysosome degrades a sub­
stantial fraction of the receptors that are internalized, the LDL 
receptor appears to separate from its ligand in the endosome and 
to quickly recycle to the cell surface. The enormous organiza­
tional and structural complexity of the entire Golgi-endoplasmic 
recticulum-lysosome region makes it likely that there may be 
other places where the receptor molecules is degraded. The 
secondary lysosome (the endosome) exposes the bulky and protease- 
sensitive ligand binding domain of the receptor to the cathesins 
and other lysosomal peptidases; it is thus a likely seat of 
degradation.102 All that is certain, though, is that the neces­
sity for effective regulation of receptor number means that 
degradation must occur at a rate that is appropriate for the 
transition from one steady value of the receptor number to 
another. It is not known whether the susceptibility of receptor 
molecules to available proteases or the rate at which receptors 
are partitioned into the degradation compartment controls the 
receptor degradation rate.102

IX.E.3. Experimental Facts

As already noted many times, prolonged incubation of 
fibroblast cells with LDL results in a drastic down-regulation of 
the receptor number. In general, a maximal number of LDL recep­
tors is reached after actively growing fibroblasts have been 
incubated for 48-72 hours in the absence of LDL and this number
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decreases by more than 90% in the presence of LDL.® To inves­
tigate this phenomenon further, Brown and Goldstein101 incubated 
human fibroblasts in LDL-free LPDS and then added the potent 
protein synthesis Inhibitor cycloheximide; a first order decay in

receptor number with a half-life of about 25 hours^ ensued, 
thereby kinetically characterizing the LDL-free receptor degrada­
tion processes. A similar decay occurred upon incubation with 10 
/ig/ml LDL and no cycloheximide, after a short induction period of 
about two hours. Thus LDL seems to shut off receptor production 
and to allow simple receptor attrition. Interestingly, addition 
of chloroquine, a lysosomal inhibitor, in addition to LDL leads 
to no decay in receptor number. Chloroquine's lysosomal inter­
ruption would not only interfere with any receptor degradation 
that took place there, but it would also obstruct the delivery of

the LDL-derived regulatory agent C^. Apparently, the inter­

ference with degradation is more important than the lack of 
on the receptor tally and thus on the processes that replenishing 
the receptors normally lost to attrition. What are these 
replenishing processes?

Hybridization studies in cultured cells of the mRNA respon­
sible for the production of the receptor protein have shown that 
the presence of sterols in the culture medium markedly reduces 
the amount of this mRNA.104 Thus the feedback regulation of the

T~. Experiments involving the insulin receptor suggest that 
cycloheximide may interfere not only with receptor synthesis but 
also with receptor decay, thus leading to an overestimate of the 
decay time.103 However, these experiments are limited to the 
insulin receptor. The half-life of the LDL receptor is sometimes 
actually given as about 30 hours,102 even longer than the 25 
hours stated here. Thus for LDL receptor, we neglect this effect.
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LDL receptor protein74 is a molecular level suppression of recep­
tor m-RNA concentration, which we take to be a suppression in its 
synthesis.

Let us now examine the kinetics of receptor turnover a bit 
more carefully. Recall that cycloheximide incubation without 
LDL, which presumably totally shuts off receptor production, led 
to a first order receptor decay characterized by a half-life of 
about 25 hours; this corresponds to a decay constant of 0.028/hr. 
On the other hand, incubation of cells initially expressing their 
maximum receptor tally with 10 /ig/ml LDL leads to a first order 
decay with a half-life of 15-20 hours9, or a decay constant of 
0.036-0.048/hr. Fibroblasts whose receptor numbers had been 
down-regulated by 24 hour incubation with 10 /ig/ml LDL exhibited 
a 14 hour half-life (decay constant = 0.051/hr) upon addition of 
cycloheximide to the medium (Fig. 21101, solid triangles). At 
saturating concentrations of LDL, e.g., 50 /ig/ml as in Fig. 22b, 
the decay rate is the inverse of the measurement time multiplied 
by the natural logarithm of the ratio of the final and initial 
receptor tallies, or ln(145/25)/24(hr)-0.07/hr., which gives a 
half-life of 9.5 hours. Using (0.6 /ig/ml) 25-hydroxycholesterol, 
a form of cholesterol that is more potent than LDL-derived 
cholesterol in instigating regulation, in ethanol caused a 50% 
decrease about every 10 hours101 (Fig. 23) in one experiment and 
a decay rate of ln(140/27.6)/25(hr) - 0.065/hr (a half-life of 
-10.7 hours) in another (Table 1 of ref. 101). These values are 
both quite similar to that obtained upon incubation with 20 /ig/ml 
LDL (Table 1 of ref. 101), which had a half-life of 11 hrs and a 
decay constant of ln(140/29.3)/25(hr) - 0.063/hr. As one can see 
from this collection of data (plotted in Figure 25), the half- 
lives seem to get shorter, i.e., the decay constants seem to
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increase, as the LDL concentration increases up to saturation 
levels and these half-lives are shorter than the cycloheximide- 
induced, presumably non-receptor producing and purely decaying 
half-life. In addition, the fact that four days incubation with 
either 10 or 50 ng/ml LDL results in similar receptor tallies 
(Figs. 22a and b) suggests that receptor production is already 
turned off at some value less than or equal to lOjig/ml.

These facts suggest that may, in addition to interfering 
with receptor mRNA production, also actively participate in a 
post-translational receptor destruction process such as

C^+R-'C^y, although such a process would still be less important 
than mRNA inhibition and attrition. Such an additional minor 
regulation would only affect the dynamics of receptor number 
decay during the first few days and hardly impact the long time 
receptor value. At long times R would be small. So too would

C^, since the receptor tally would be low. Thus the rate of 
this reaction would be negligible. In fact, a close (and pos­
sibly wishful) examination of individual experimental curves 
seems to be consistent with or even to suggest something like 
this, despite the small number of data points per curve. For ex­
ample, Fig. 24 (LDL but no chloroquine) follows the receptor 
number as a function of time after introduction of LDL into the 
medium and seems to be multi-exponential. At first, little

changes as the cell takes up LDL and breaks it down into C^. As

the level Increases, the receptor synthesis rate should 
quickly shut off and a pure attrition process would lead to a 
straight line semi-log plot. The rate of decay, however, seems

to initially increase in parallel with the increase in and
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then to slow as the concentration of R and of gradually
decrease to their steady, low levels. This Is quite consistent

with a process such as C^+R-»C^ In addition to attrition and in- 
terferable synthesis. Fig. 25 shows the half-life of the receptor 
number under different medium LDL concentrations.

One can even roughly estimate the magnitude of this alternate 
degradation process by comparing the cycloheximide degradation 
rate with the one realized at 10 /ig/ml LDL. The difference In 
degradation constants Is 0.051/hr-0.028/hr-0.023/hr. After a few 
days LDPS Incubation, followed by one day of 10 /ig/ml LDL incuba­

tion, one may assume that the level Is about 3000 pmol/mg
cell protein. Thus, the rate constant for this latter process is

about .023/3000-10  ̂mg cell proteln/pmol/min. In R + ^5

Chy as written, one assumes that Is not consumed. However,

even If one allowed to be consumed here, the effect on the 
overall model and Its calculations would be completely negll- 

r —7gible: I.e., k^~ 10 mg cell protein/pmol/min, R (pmol/mg

protein) - R (ng/mg protein) + LDL protein mass per particle +
12Avogadro # x 10 Even if one took the maximum R as 200 ng/mg

protein, k^R - 10"®/min.

IX.E.4. Kinetic Modeling of Regulation of the LDL Receptor Tally

Since the major part of the LDL receptor tally's regulation 
is, as with de novo synthesis, gene-level control, one can assume 
that the kinetic mechanisms for both processes take similar
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forms. Unlike HMG CoA reductase, however, where both76 of 
and non-sterol metabolites are reported to be regulating agents,

it seems that is the only regulating agent for the receptor 
tally. Also unlike HMG coA reductase, where the level of the ac­

tive agent played a major role in regulating the enzyme's
activity but where the enzyme played no role in setting the con­

centration of the active agent, the LDL receptor and both 
interact with and influence each other's concentration. As a 
result, the kinetic equations for LDL receptor tally regulation 
are much more complicated than those for HMG CoA reductase ac­
tivity. In particular, unlike in the HMG co-A reductase case 
where one assumed that R remained constant and that one could

roughly estimate the concentration of C^, here one must write
the coupled balances for the time rates of change of both R and
hv 2C 3 . Let us now write out this model , including the mRNA (Q)
step:

D ir D + Q transcription of
m-RNA

Q Q + R translation of
receptor

Q 0 degradation of m-
RNA

For general protein synthetic processes, Bailey and Ollis106 
suggested a kinetic model composed of two ordinary differential 
equations describing the time rates of change of the m-RNA and 
the protein. Our model includes theirs.
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R  0 receptor 
attrition (45)

D + m chy ; (D.cjy) . (*) transcriptional

regulation

R + chy $r chy degeradation by

Chy

In (45), D, Q and R are gene, m-RNA and receptor concentrations, 
respectively and 0, as in the past, denotes "out of the system" 
or the concentration of some species or pool whose concentration 
is in excess or otherwise time - invariant. We leave m, the number

mined by the fitting procedures. In this way, a high value of m 
will correspond to a higher sensitivity of the receptor kinetics

Let's review what's known about the molecular basis of 
transcription inhibition for the receptor mRNAs. A piece of the 
receptor gene that is called the sterol regulatory element-1 or 
SRE-1 enhances transcription if and only if sterols are absent. 
High level transcription requires reinforcement from the enhanc­
ing protein that binds to the SRE-1. In fact, high level 
transcription driven by the promoter of the LDL receptor gene re­
quires activation at not only the SRE-1 site but also at two 
relatively weak binding sites for the general transcription fac­
tor Spl. Inactivation of these enhancing proteins in the 
presence of sterols or blocking of their binding sites by sterols 
would account for the sterol mediated decline in transcription of

of Chy needed to coordinate D, as a free parameter to be deter-



the LDL receptor.78 Our kinetic model expressed this inactiva­

tion as the rapid and reversible binding of m molecules of C^y to
hvthe active gene D to form a deactivated form denoted as D . y .

Conservation of total gene Dt (see the Preliminaries Section

XIII.A for a discussion of mitotic effects) says that the sum of 
the active and deactivated forms must remain time-invariant, or,

D. - D + (D.Chy ). (46)C ID

Assuming that activation and deactivation proceed rapidly allows 
one to require these reactions to be in equilibrium (with equi­
librium constant K^) over the time scales of the variation in

receptor number. This gives

D - °t (47)
l+Kr(Chy)m

The model above has four dependent variables, D, Q, R and C**y .
One can eliminate D from the kinetic equations by using the equi­

librium assumption in the last equation, and one obtains C^y by 
coupling this model to the models from the earlier sections which

all contribute to the C^y balance. As a result, the two kinetic 
equations resulting from the receptor regulation part of the 
model are:
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Jj? - kjq - R.

where the superscript r denotes the receptor regulation mechanism 
and n is the cell mass expansion rate per unit cell mass dis­
cussed in Section XIII.A.

To reduce the number of unknowns in the equations, let X-k^Q, 

B - k ^ D j . :

_______fi  . <kr+il) Y
dt 1 + Kr(Chy)m 3

- X - (kJ+kfchy+,0 R.

(49)

At the steady state (subscript o) that obtains under LPDS incuba­
tion,

XQ- B/(kf +Mo)-(kI +nQ)Rq (50)

V  v<k5 +">-

Solving for B in terms of the maximum receptor number Rq gives

B-(k5+^0)(k4+^0)Ro- <51)
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IX.E.5. Combined Model for the Cellular LDL Pathway In Human 
Fibroblasts

In this subsection, we combine all of the models for the sub­
processes Into an overall model for the cellular cholesterol 
pathway. As such, It includes 1) the receptor mediated LDL bind­
ing, Internalization, and the lysosomal hydrolysis of LDL- 
cholesterol; 2) reesterlficatlon; 3) nonlysosomal hydrolysis; 4) 
efflux/depletion; and 5) receptor number regulation. As noted, 
items l)-4) all enter into the hydrolyzed cholesterol balance and 
therefore are needed In order to complete the model to follow the 
LDL receptor tally's dynamics. We note here that In contrast to 
the simplifying assumptions made in the analysis of the de novo 
synthesis processes, where it was necessary to have a crude es­
timation for the hydrolyzed cholesterol concentration, we have a 
much more detailed hydrolyzed cholesterol balance here. In addi­
tion, whereas in the analysis of the esterification processes we 
worked under the assumption (valid for the particular experiment

analyzed at that point) that l/M»C^y in order to simplify the 
expression for the cholesterol available for esterification, we 
use the full expression (equation (34)) here. The overall model, 
as collected from the preious sections, is:

L + R -► La LDL Binding, Uptake &

1 , R 2 Degradation

L + Rp- Lp- L1 + f L1 + R, L1 - Ld, L1' - Chy
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Esterification

c h y +  c u -* c h y +  c *  \

^ (In Equilibrium, M) (52)

Ca+ e4 I (C.E4) - CE + e4

C h y -» 0 ,  c h y -> c u Chy Decay & Efflux

CEhy - Chy Non-Lysosomal 
Hydrolysis

C E  -  C

In (52), M is the equilibrium constant defined above Equation 
(34) and the available cholesterol is defined in Equation (34). 
For incubations in 10 /ig/ml LDL, the total cellular cholesterol 
content is known to vary only slightly with time; we shall take 
it to be time - invariant under those conditions.

IX.E.6. Determination of Rate Constants

It is now incumbent upon us to determine the as yet unknown 
rate constants for the receptor number regulation based upon ex­
perimental data and the known values for the rate constants of 
the various processes that we have determined throughout the pre­
vious sections of this paper. However, due to the crude models

for Chy that we, out of necessity, made in order to investigate
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those earlier models for the sub-processes, the rate constants 
determined there should be considered as reasonable approxima­
tions to some more accurate set of values. As such, in our rate 
constant determinations below, we will not only allow the new 
rate constants for the receptor number regulation processes be 
fit, but we shall also allow those of the previously determined 
rate constants whose estimation relied on those crude approxima­
tions to vary. The difference shall be that, given reasonable 
estimates for these previously determined rate constants, their 
allowed variability (that is, the upper and lower bounds on each 
unknown parameter that the optimization program requires) will be 
much more circumscribed than the receptor tally regulation's rate 
constants. As a result, it will be necessary to go back and to 
recheck some of the experiments used earlier to determine those 
rate parameters in the context of the crude approximations and to 
see that the overall model with the modified parameters fits 
those data equally well (e.g., Fig. 27).

We now proceed to find such a set of rate constants from a 
particular set of experiments and then use the overall model 
together with this set of rate constants to predict the results 
of other experiments; we then see how these compare with the data 
from those experiments. The predictions (or post-dictions) have 
no adjustable quantities. As we shall see, the results are 
surprisingly good considering the fact that so many processes 
contribute to the overall mechanism.

IX.E .6.a . Regression for Growing Cells in an Unsteady, Step 
Experiment in a Medium containing 10 /ig/ml LDL0
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The experiment whose results we shall use to arrive at 
parameter values begins with growing human fibroblasts, 
preincubated for 3 days in LPDS and further incubated in LPDS and 
10 /ig/ml LDL (Figs. 22a and b). Since growing cells that are in­
cubated for 48-72 hours without LDL express their maximal number 
of LDL receptors,® one can assume that upon addition of LDL in 
the experiment in question, the receptor number and its as­
sociated mRNA were at their steady values. From (51), one sees

that the initial condition is XQ— (k£+/i0)RQ . This inference

about the initial condition is important because it reduces the 
number of unknown parameters.

The initial specific growth rate /iQ is about 0.01/hr (Fig.

9). Since an estimate for Rq follows immediately from the 

initial data on receptor number, and since one already has a 

value (0.028/hr) for k£ from sub-section IX.E.3, one can estimate 

XQ . These estimates for RQ and /iQ will serve as very good start­

ing values for the fitting procedure, which will determine "best" 
values for these quantities as well. Also, even though /j and fiQ

seem to differ slightly, we shall take them as being equal to one 
another.

Experimental data for the time evolution of the total cel­
lular free cholesterol concentration are not available for times 
ranging over a period of a few days. However some data for final 
cholesterol concentrations do exist for human fibroblasts 
preincubated for 24 hours in LPDS-containing medium followed by 
one day in LPDS and various concentrations of LDL. They show 
that the total cellular free cholesterol concentration in medium
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containing less than about 10 /ig/ml LDL is essentially identical 
to the value (about 40 /ig/ml, Fig. 26) for the incubation in LPDS 
without LDL. Although the experiment under discussion here 
lasted for 4 days, one may still guess that the total cellular 
free cholesterol concentration remains almost time-invariant 
since it used a medium containing 10 /ig/ml LDL. This is the main 
motivation for choosing these experimental data for the parameter 
determination to follow.

Before continuing, we note that the parameters for receptor 
mediated LDL uptake (k^, V.2 , k^, kQ , k^, a) are fixed and already

known (see chapter V. , VII.B. and Table 3).
125Fig. 22a shows the best fit curves of I-LDL binding ac­

tivity (the receptor tally) and the total cellular cholesteryl 
ester. Table 3 provides the best fit values and the previously 
estimated values of those rate constants for which such estimates 
already existed. It is satisfying to note that although almost 
all of the best fit values are very similar to the earlier es­
timates, the fit to the data is excellent, passing almost 
directly through the data. Using these parameters, one can gen­
erate the corresponding curves for the total cellular and LDL- 
derived cholesteryl esters. The ratio of these two values at 12 
hours of incubation in medium with 10 /ig/ml LDL gives about 4. 
This ratio is amazingly consistent with what Goldstein et al.98

1 / 180 measured using C-oleate and H-CL LDL tracers (see section 
IX.C.3).

As just stated, almost all of the best fit parameter values 
are consistent with previously estimated values, where available. 
The only exceptions are ky and M, and these are also within a
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factor of two of the earlier estimates. Note that the fitting

procedure gives m, the number of needed to coordinate D as 
equal to 3.

IX.E.6.b. Predictions

Brown and Goldstein repeated the experiment® used for the 
fitting procedure under experimental conditions identical to 
those in the last sub-section, except that the LDL concentration 
in the medium was 50 jig/ml instead of 10 pg/ml. Using the 
parameters just determined, we shall now predict the time evolu­
tion of the receptor tally and the cholesteryl ester content and 
compare them with the experimental results. There is at least 
one major distinction between the LDI^IO and the LDL-50 cases, 
the total free cholesterol content of the cells during and after 
incubation. Since the total cholesterol content affects the 
amount available for esterification and, hence, the amount es- 
terified, errors in this estimation will lead to errors in the 
cellular content of cholesteryl esters as a function of time, al­
though the receptor tally's dynamics should remain practically 
unchanged. For this approximation, we defer to the following ex­
periments of Brown et al.63

After 24 hours preincubation in medium containing LPDS, human 
fibroblasts were further incubated for one day with various LDL 
concentrations. The result (Fig. 26) shows a cellular free 
cholesterol that first increases and then saturates. For an LDL 
concentration of about 50 /*g protein/ml (= 80 /ig cholesterol/ml), 
the cellular free cholesterol increased by about 50% relative to
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cells Incubated In LPDS without LDL. Thus, to generate predic­
tions for LD1/-50 /ig protein/ml LDL in LPDS, we begin by assuming 
that the total cellular free cholesterol (smoothly) increases by 
50% after one day and by 100% after times much longer than one 
day.

195The resulting prediction of I-LDL binding activity (Fig. 
22b), i.e., receptor tally, is very close to the experimental 
data, but that of the cellular cholesteryl ester is consistently 
lower than the experimental data beyond one day of incubation. 
This is probably due to one or more of the following: First, the
estimation of the total cellular content of free cholesterol is 
probably significantly off, thereby leading to an erroneous 
cholesteryl ester prediction, as just described. Second, 
lysosomal hydrolysis of the large amount of LDL that enters 
initially probably leads to high endogenous concentrations of 
fatty acids which can increase the rate of esterification. 
Moreover, lysosomal hydrolysis of the LDL taken up by fluid phase 
pinocytosis36 can probably contribute to a higher endogenous con­
centration of fatty acids even after the receptor tally is fully 
suppressed; this might explain the low prediction after 1 day. 
Third, M might be larger than its best fit value thereby result­
ing in more activated and hence more available cholesterol for 
esterification. Finally, the best fit value for the degradation

of may be too large, although this seems unlikely since the
sum of the "best" values for the degradation and the efflux of

Chy is almost exactly equal to the value estimated earlier.
Fig. 22c shows a prediction for the same experiment done with 

an LDL concentration of 2 /ig/ml. Although it does not appear
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that anyone has yet performed this experiment, the prediction has 
the Interesting feature that after an Initial decrease in the 
receptor tally, the number of receptors recovers slightly on 
about the third day and moves toward a presumably steady value 
which Is higher than the minimum achieved at 2.5 days. What ap­
pears to be happening Is that the Initially up-regulated receptor

number Infuses a large amount of LDL, and thus of C^, Into the

cell. The high acts to decrease the receptor tally quickly 
over the first two days, which then drastically slows the Intro­

duction of new just at a time when the begins to show

appreciable decay. With less around, the receptor tally can 
recover a bit and find a (higher) steady balance with the 
hydrolyzed cholesterol.

IX.E.7. Prediction for Receptor Relaxation Kinetics: The Shock 
of Medium Transfer on Growing Cells

Fig. 28a101 shows data and the corresponding predictions for 
a completely different type of experiment. The authors incubated 
cells in late logarithmic growth phase for 18 hours In LPDS 
medium containing 2 /ig/ml, 10 /ig/ml and 100 /ig/ml LDL, respec­
tively, In order to down-regulate receptor numbers and to create

various cellular Inventories of C^. They then transferred the 
cells to LDL-free LPDS medium and observed the recovery of the 
receptor tally for the next fifty four hours. After an initial 
spike In some of the data during the first two hours following
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medium shift, all three dishes showed a recovery of receptor num­
ber. After fifty four hours, though, there was still a 
significant difference between the three dishes, with the dish 
previously incubated with 100 /ig/ml LDL having about 30% fewer 
receptors than the one previously incubated with L-2 /ig/ml. The 
Initial shock was most noticeable in the control experiment where 
the dish was simply transferred from one LDL-free medium to 
another. We do not pretend to have any sort of deep understand­
ing of this phenomena. We do, however, suggest a couple of 
crude, admittedly arbitrary phenomenologies to describe it, so 
that we can subtract It out or otherwise correct for its effect 
and predict the results of such experiments.

Let RQ(t) be the dynamic receptor tally and R* be the maximum

receptor number achieved after transfer of growing cells from one 
LDL-free LPDS medium to another (I.e., the upper curve);thus,

f(t):-RQ(t)/R® Is the the scaled shock function. In this view,

Rq Is the m a x i m u m  n u m b e r  of r e c e p t o r s  t h a t  the g r o w i n g  c e l l s  c a n

express upon shock after they have acclimated to the LDL-free 
LPDS medium's environment, I.e., after they have been incubated 
in that medium for a few days and therefore have probably 
depleted some or much of the medium's nutrients and secreted 
reaction products Into it. The main assumption In this 
phenomenology Is that the time evolution of f(t) also applies in­
stantaneously to fibroblasts even as they acclimate to new 
conditions. Thus, even after a change in medium LDL concentra­
tion, f(t) is assumed to give the tlme-evolutlon In response to
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shock of the fraction R(t)/Rs(t) of the maximal number of recep­

tors Rs(t) expressible upon shock. When the medium's LDL 

concentration is changed, it is this maximal total Rs(t) which we 

assume can vary with time as the cells acclimate and, it is Rs(t)

(and similarly Xs(t):-X(t)/f(t)) to which we assume equations
(49) and (50) apply, rather than directly to R(t) and X(t) as 
written. We recognize that this phenomenology is quite ar­
bitrary, but it stems from the rather fast rise in receptor 
number just after medium transfer. On the other hand, since we 
do not claim any understanding of the shock phenomenon, it may 
very well turn out that another phenomenology is more ap­
propriate. One such possibility is to add [RQ(t)-

RQ(t-0)][R(t-0)/RQ(t-0)], the deviation of the time evolution of

the receptor tally in the LPDS-*LPDS transfer from its initial 
value, scaled by the ratio of the initial values of the actual 
and of the LPDS experiments, to the model's (Equations (49) and
(50)) predictions.

With the first phenomenology outlined above one can take

equations (49) and (50), written now for Rs and Xs , and sub­

stitute R-fRs and X-fXs in order to get the following equations 
determining the observed time-evolution of the shock-included 
receptor number R(t).
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f  -  X - ( k ^ c b y ^ - tftl n f ) ) R (53)

Clearly if f(t) were just a constant, these equations would just 
reduce to (49) and (50). In fact, for times greater than 30 
hours after medium transfer, this appears to be the case.

We now fit the LPDS-»LPDS curve to the very simple piecewise- 
linear function (see Figure 28b)

f(t)-0.6+0.001663(/min)t for t<4 hrs. (54)
f(t)-l.04-0.00016(/min)t for 4 hrs.<ts30 hrs.
f(t)-0.75 for t>30 hrs.

At the points where this simple function is not differentiable, 
we represent its derivative by the average of its left and right 
values. With either this phenomenology or the second one out­
lined above, our overall model, together with the best fit rate 
constants from Table 3 can generate predictions that one can com­
pare with the data. These calculations begin by first simulating 
the evolution of the receptor tally, the lysosomally hydrolyzed 
cholesterol and its reesterified form during the 18 hour 
preincubation period before the start of the experiment and then 
continues through the period of the experiment. Figures 28c and 
d show the results for each of the two phenomenologies. We 
first comment on the modeling of the shock effect and reserve 
analysis of the balance of the curves' predictions for the 
Discussion Section V below. Both phenomenologies seem to work 
reasonably well, although in the LDL^IO and 100 curves they seem 
to overestimate the shock. This may be in part due to the crude, 
piecewise-linear fit of f(t), which leads to an overestimation of



153

its derivative near the maximum. The sharp kink in the predicted 
curves also results simply from the crude fit of f(t).

V. Discussion

Human cells such as arterial endothelial cells and 
fibroblasts have a need to maintain adequate levels of choles­
terol for use in membranes. This need is particularly strong and 
its value probably high in dividing cells that must constantly 
produce new membrane. The cells' primary source of cholesterol 
is exogenous LDL, via the LDL receptor pathway. It has been our 
goal in this thesis to mathematically model the processes that 
deliver LDL-cholesterol to the cells as well as those that regu­
late the delivery system and the internal cellular processes in 
order to maintain appropriate cholesterol levels. Aside from its 
intrinsic interest, a quantitative handling of the data can point 
to inconsistencies in qualitative models as well as being helpful 
in suggesting possible mechanistic adjustments. We saw an ex­
ample of this in Part One of this thesis with regard to receptor 
uptake of cholesterol and binding to coated pits. An example 
from Part Two was the dilution kinetics model for esterification 
regulation that followed from an attempt to quantitatively ac­
count for the various historical experimental findings.

Another motivation for exerting the significant effort neces­
sary to come up with a kinetic model for the complex cellular 
processes comprising the cellular LDL pathway is as a contribut­
ing part to a general theory of the early stages of 
atherosclerotic lesion formation. It is natural to presume that
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the Initial formation and growth of such lesions in the intimal 
region of the artery wall depends strongly on the evolution of 
the local lipid concentration there. This concentration derives 
from lipid transport from the lumen through the endothelium and 
into and out of the artery wall's media, as well as from lipid 
depletion due to receptor-mediated cellular uptake. In that 
sense, the models of the cellular pathway account for the sink 
terms in this overall balance.

As noted earlier, whereas there have been a few approaches to 
the modeling of receptor binding of LDL, migration to coated 
pits, internalization and recycling of the receptors to the sur­
face, there has been, to the best of our knowledge, only one 
other attempt at modeling the regulatory processes, that of Yuan 
et al.71 We have already thoroughly discussed the relationship 
of our model of the initial steps in the cellular LDL pathway, 
those of binding, internalization and degradation of LDL, with 
experimental data and with previous modeling efforts in Part 
One's discussion. In this discussion, therefore, we restrict our 
attention to the models in Part Two, contrast them in some detail 
with those of Yuan et al. and compare our model's predictions 
with available experimental results.

Both our work and that of Yuan et al. seek to model the cel­
lular pathway, including the regulatory processes. The basic 
difference lies in approach and method. Yuan et al. aim only to 
describe processes that proceed on time scales of at least one- 
half -day; therefore, for each of the faster processes, they only 
carry out a curve-fit of one set of experimental results. These 
functional forms are chosen to conform to these curves' shapes, 
and do not derive from any sort of mechanistic model. The
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process they do kinetlcally model Is the control of the cell's 
receptor tally. The functions employed for the curve-fits take 
the dependent variable to be the medium's LDL concentration 
rather than any intracellular quantity. In fact, this is the 
major assumption that enables their procedure to arrive at a 
model: That one can consider the receptor number as being solely
a function of the medium's LDL concentration. This allows them 
to first model the receptor tally's dynamics Independently of the 
other processes and then use the result as an aid in determining 
quasi-steady state LDL binding, hydrolysis, efflux, de novo syn­
thesis and esterification. Such an assumption affords an 
enormous simplification but, as they themselves admit, probably 
dooms any dynamic predictions.

In our approach, in contrast, we begin with Brown and 
Goldstein's experimental observations that intracellular quan­
tities rather than the extracellular LDL concentration directly 
control receptor number. Vhereas over very long time scales, all 
intracellular processes adjust to the extracellular LDL level and 
therefore find steady values commensurate with this external con­
dition, modeling based only and explicitly on that level will 
only be applicable to the steady state. We felt that in order to 
predict the dynamics of, say, the receptor tally, one needs to 
know how the intracellular quantities are changing dynamically, 
since they control the receptor dynamics. In addition, it is our 
conviction that in order for one to be able to extrapolate a 
model much beyond the data from which it was derived and to apply 
it to different types of experiments, it must have mechanistic 
content. Therefore, we chose to take the receptor tally's con­
trolling agent to be intra-cellular, in agreement with
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experiment, even though this meant that the other, faster 
processes such as binding, internalization, esterification, et 
cetera, needed to be modeled before one could attempt to model 
the dynamics of the receptor tally. We did, though, take ad­
vantage of the separation of scales in order to assume that for 
the initial modeling of the fast processes the receptor number 
was essentially time - invariant during the relevant experiments. 
This allowed sequential, rather than simultaneous modeling. 
Unfortunately, as just mentioned, the receptor tally's dynamics 
come last rather than first in the sequence.

Our analysis began with a discussion of just what the in­
tracellular controlling agent could possibly be. From a number 
of arguments based on the large amount of historical data from 
the Brown and Goldstein group, we concluded that the total cel­
lular cholesterol could not fulfill this role. Circumstancial 
evidence seemed to point to LDL-derived cholesterol that had 
recently entered via the specific receptor pathway (a quantity 
similar to what Yuan et al. took as the substrate for
esterification). In addition we found it prudent to properly ac­
count for cell population growth, whose influence on the 
kinetics, since concentrations tended to be expressed in terms of 
per-unit-mass-cell-protein units, turned out to be analagous to 
the kinetics in a non-constant density chemical reactor, with 
concentrations in per-unit-volume units. With these notes in 
mind, let's now consider the predictions of both models for 
various sets of data.

Both models rely, for the determination of the rate constants 
involved in receptor synthesis and decay, on the receptor number 
down-regulation experiment that occurred over a period of four



157

days following the transfer cf growing cell from an LDL-starved 
environment to medium containing 10 /Jg/ml LDL. At such condi­
tions, receptor synthesis is quickly all but shut down and an 
almost pure receptor decay ensues. Notice that our fit (Figure 
22a) seems to rise slightly after three days: The vast amounts

of introduced early on at high receptor tally suppress recep­
tor production. However, after a few days, these stores decay 
and are not as quickly replaced because of the reduced receptor 
number. This trend seems to be present in the data, although the 
absence of error bars in the data leave the significance of this 
data rise in doubt.

The first p r e d i c t i o n  is for a l m o s t  the same e x p e r i m e n t ,  b u t  

w h e r e  the m e d i u m  c o n t a i n s  50 /Jg/ml LDL r a t h e r  t h a n  10 /Jg/ml.
Since receptor production is shut off here just as in the last 
figure and this figure is therefore very similar to the one from 
which the rate constants were determined, it is no surprise that 
both models (Figure 22a, b and Figure 29) do quite well. The 
decay in both figures is similar, although the L^50 case in our 
model is slightly faster due to the minor contribution of reac­
tion 5 (see (45). We also include a prediction for an experiment 
not yet carried out (Figure 22c, LDL-2 /jg/ml) where the upturn in 
receptor number after two and a half days is more pronounced.

The next case requiring some discussion is Figure 28, the 
receptor recovery described in Section IX.E.7 upon which the dis­
cussion of the shock to growing cells upon medium transfer
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3centered. We compare with Figure 30 from Yuan et al. At first 
glance, both sets of curves seem to give qualitatively the right 
trends, although neither tracks the data exactly. A closer ex­
amination will reveal some important differences. Our figure’s 
simulation begins 18 hours before the data were taken and tracks 
the system through the period of LDL incubation during which the

cells build up a reserve of C^. This reserve then affects the 
later receptor dynamics. Thus the zero-time values in the figure 
are calculated and not assumed. The calculation then proceeds to 
the indicated time of the experiment. Thus these curves contain 
no information from the data as inputs other than the experimen­
tal conditions (which more or less determine a value for the 
total receptor number prior to LDL-incubation. Data for this

determination are available from other sources. 1 1  108).
In contrast, Figure 30 from Yuan et al. begins its simulation 

after transfer to LDL-free medium and takes the initial receptor 
number as well as its Initial derivative from the experimental 
results. In addition, as in our case, the leveling off of the 
curves at long times and the value at which they level off is 
hard-wired into the system via the steady state condition and the 
choice of total receptor number for the upper (LDL-free 
preincubation) curve. Thus, these latter curves need to be 
scrutinized differently from those in Figures 30 since they have

T! It is curious that even though Yuan et al. note (and take 
corrective action for) the difference in the definitions of 
"binding" (used to assess the total receptor tally) between the 
experiments from which the rate parameters were fit and this one, 
they make no mention (or note of corrective action) of the fact 
that different LDL concentrations (10 and 25 /ig/ml) were used for 
the assays in these two experiments.
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a large amount of input from data themselves. Despite these in­
puts, the curves, particularly those for LDL-10 and 100 jig/ml, 
achieve their steady values much faster than do the data. On the 
other hand, due to the slow decay of the intra-cellular inventory

of C^, the lower curves in our figure recover more slowly, as do 
the data.

It is worth examining our curves a bit more closely. They 
show a downward trend following medium transfer that is initially 
overwhelmed by (L-2) or cancelled by (L-10, 100) the shock ef­
fect, but still appears before recovery. This effect does not 
seem to be present in the data for times after the shock has dis­
sipated (about one day), although the fact that the data for the 
lower curves seem flat may actually be a reflection of the 
cancellation just mentioned. Now the presence of such a dip 
would, a priori, seem reasonable, since at about 18 hours LDL in­
cubation, the receptor number vs time plot (see Figure 22a ,b and 
c) has its sharpest downward slope. One would expect medium 
transfer to reverse this trend, although not instantaneously.
That is, since memory of LDL incubation is clearly present in the 
persistence of a difference in receptor number for the L-10 and 
1 0 0  cases even at three days, it is conceivable that this memory 
should manifest itself in the short term as well; however, due 
to the shock of medium transfer, this effect might be cancelled 
or masked. One way out of the dilemma that the data fail to dip

is to suggest that our value for the decay constant for C^-*C or 
for efflux may be a bit low. If it were higher, then the curves 
would begin to recover before the shock of medium transfer sub­
sided and would track the curves much better. On the other hand,
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Figure 28e shows what would the model would predict if the wash­
ing procedure during medium transfer somehow depleted the cell's

and reserves. Even though this would raise the curves
and brings them closer to the data, the curves would merge to 
their steady values (and with one another) much more quickly than 
do the data; this fact shows the important role of these initial 
reserves.

In our model, the cholesterol esterification values that cor­
respond to the LDL receptor down-regulation experiments appear on 
the same curves as the receptor number's dynamics. The agreement 
for L-10 /Jg/ml is not significant since we used this curve for 
parameter determination. At L-50 /jg/ml, our prediction is low 
(about 50% at the worst point), although it has the right shape. 
This situation is somewhat similar to the situation of Yuan et 
al., whose curves were consistently a factor of four or more 
below the data. This might be attributed to the fact that their 
model neglected the participation of endogenous free cholesterol 
in the reesterification process. The order of magnitude of this 
participation is about a third of the total cellular free choles­
terol when one incubates human fibroblasts in the medium 
containing 10 /Jg/ml LDL for 12 hours. 8 0

The next curves are the predictions of the cholesteryl ester 
concentration after one day incubation with various concentra­
tions of LDL (Figure 31, our model; Figure 32, Yuan et al.'s). 
Since these experimental conditions lead to essentially steady 
behaviour, Yuan et al.'s model does quite well, as does ours.

Finally, due to its importance in the modeling of LDL in­
filtration into the arterial intima where atherosclerotic lesions 
begin, Yuan et al. predict the quasi-steady hydrolysis rate as a
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function of LDL medium concentration. Curiously they find (see 
Figure 33) the rate of hydrolysis going through a maximum and 
then a weak minimum before appearing to become independent of LDL 
concentration for LDL>-50 /jg/ml. This Independence at high LDL 
concentrations has been seen6 11, but the predicted inversion has 
not been seen. The authors themselves doubt its significance.
In contrast, our prediction (Figure 34) smoothly saturates 
(without extrema) to about the same (and experimental) value.

The final figures present predictions. Figure 35 predicts 
the LDL-receptor tally versus the medium's LDL concentration 
after 3 days of incubation of growing human fibroblasts in a

medium containing various LDL concentrations. 1 0 8  As is evident, 
the match is quite good.

In summary, it appears that the set of models that we have 
developed is capable of representing and even predicting ex­
perimental data on the cellular LDL pathway reasonably well.
This is actually surprising since the processes involved are 
quite complex and the quantitative data appropriate for kinetic 
analysis are limited. Along the way we modeled some processes in 
detail due to their importance to our overall modeling effort and 
because there experimental results' complexity seemed to require 
more than a simple model; others, such as efflux, we modeled with 
drastic simplifications. In the process, we proposed a number of 
new and, we believe, interesting trial models for some of the 
regulation processes, that seem to fit the available data well 
and to offer explanations for some of their paradoxes. A primary 
example of this is the dilution kinetics model for cholesterol 
esterification control. It should be emphasized, however, that 
without explicit experiments designed to specifically test our
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proposed models, neither the extent of their validity nor the ac­
curacy of the mechanistic guesses can be ascertained. At this 
point, one can only justify their use by virtue of their being 
able to account for and to "predict" historic data.

There is one more point worth addressing before concluding 
this work. In this modeling effort we were forced to consider 
cells that were in various stages of growth, from sparse cul­
tures, to cells in late logarithmic growth to those that are 
almost confluent. Clearly the cholesterol needs of cells in 
these different stages of growth are different from one another. 
One way in which they manifested these differences in our models 
was through the specific growth rate n which entered most of the 
rate equations. It seems plausible that even some of the rate 
constants may vary with the degree of confluency. In particular, 
it would seem reasonable that growing cells would tend to down- 
regulate receptor number only at higher exogenous LDL 
concentrations than would confluent or quiescent monolayers.
There might also be differences in esterification pools and in 
efflux. Ue have thusfar shied away from such Ans&tze due to the 
paucity of data; allowing for these distinctions would almost re­
quire a separate model fit for each available experiment, and 
thereby rob any model of its utility. Such a treatment must 
await the availability of more data.
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Table 3

Race Contcanc Eq.(a)

k,

Bate Fie Previous Approximation

k'o

Ro
k,

no

(2 )
(2 )
(2 )
(2 )

(51)

(37)

(37)

(33)

(Chy- Cu )
(34)

(47)

(2 2 )
(2 1)
(45)

(45)

0.0036 al/pg/ain 

0.32/nln 

0.03/mln 

0,4/mln

190 ng/mg cell protein 

59672 pmol/og cell protein

237 pmol/rag cell proteln/mln

0.0009/rain

0.07/hr 

47599 pool

about (1+MC)X9654 
paol/mg cell protein
I) 144 -342/nln

II) 260/mln 

0.0009-0.001/raln

0.09/hr

about 22000 paol

8.5xlO‘®(mg cell proteln/paol)"

0.008/min 

0 008/hr

1125 e - 8 mg cell 

proce in/pmol/rain 

0.005/rain

0.01/hr 
10 r̂ag cell 

proteln/pmol/raln 

> 3 hrs1 °*

(47)

The race constants for receptor mediated LDL uptake LDL are taken as (see 
Table 1) k^»0.0056 ral/*ig/raln, k2=0.3/ain, ko»0.03/ain, k^ »0.3/mln and recon-

r -4firmed, a is given as 0.41 k£ is given as 4.62x10 /ain from c^-25 hrs.
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Figures

Descriptions of experimental procedures are taken essentially 
verbatim from the original papers of M.S. Brown and J.L. 
Goldstein.

Fig. 934: Growth rate of normal fibroblasts. Cells were
Initially plated (day 0 ) at a concentration of 1 x1 0 s cells per 
dish In 3 ml of growth medium containing 1 0 % fetal calf serum 
(final protein concentration, 6.3 mg per ml) and 30 pi of ethanol 
(o); 1 0 % lipoprotein deficient fetal calf serum (final protein 
concentration, 4.7 mg per ml) and 50 pi of ethanol (A). Fresh 
medium was added on Days 4 and 7 after plating. Cell number was 
determined at the indicated time by counting trypsinized cells 
from duplicate dishes.
Fig. 10a, b, c and d*3: Time course of LDL metabolism in normal
(e,o) and mutant ( A , A) fibroblast monolayers incubated in the ab­
sence (a,A) and presence (o,A) of chloroquine. The cells were 
grown under standard conditions except that the grown medium was 
switched to 5% human LPDS on Day 5. After 48 hours in LPDS (Day 
7), one group of cell monolayers received 2 ml of growth medium 
containing 5% human LPDS. 10 pg protein/ml of ,3 SI-LDL (116 
cpm/ng of protein) and either no chloroquine (a,A) or 50 pM 
chloroquine (o,A). After Incubation at 37° for the Indicated 
time, the amount of cellular binding (1 0 a) and proteolytic 
degradation (10c) of the 1 3 SI-LDL were determined. A second 
group of cell monolayers was incubated on a different day but un­
der identical conditions except that instead of 1 3 5 I-LDL, the 
growth medium contained 10 pg of protein/ml of [3 H]CL-LDL. After 
incubation at 37° for the indicated time, the cellular content of 
f3HJcholesterol linoleate (10b) and the cellular content of 
[3 H]cholesterol (lOd) were determined. Circles refer to normal 
cells incubated either in the absence (•) or presence (o) of 
chloroquine. Triangles refer to mutant cells incubated either in 
the absence ( A )  or presence (A) of chloroquine.
Fig. 11a and b63: Fig. 11a and b correspond to experiment (E) 
and (C) respectively as described below. Manifestations of LDL- 
receptor interactions in normal with LDL at 5 (•) and 25 ( A )  pg 
protein/ml for varying time intervals. Cells from one normal 
subject were plated (day 0) into 94 petri dishes (60 mm) at a 
concentration of 1x10s cells/dish in 3 ml of growth medium con­
taining 10% FCS. On day 8  the medium was replaced with 2 ml of 
fresh grown medium containing 5% human LPDS and either [1 3 SI]LDL 
(120 cpm/ng protein, exps. A and B) or unlabeled LDL (exps. C-F) 
at a concentration of 5 (•) or 25 ( A )  pg protein/ml. After in­
cubation of 37° C for the indicated time, the following 
determinations were made. High affinity [1 3 SI]LDL binding (A) 
and degradation (B): The medium was removed, its content of
1 3 SI-labeled, trichloroacetic acid soluble degradative products 
was measured, and the amount of 13®i radioactivity bound to the 
cells was determined. High affinity binding and degradation were 
calculated by subtracting the amount of radioactivity bound or 
degraded in the presence of 395 pg protein/ml of unlabeled LDL 
from that bound or degraded in its absence. At both concentra­
tions of LDL, the high affinity binding and degradation accounted
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for more than 80% of the total radioactivity bound or degraded In 
the absence of the unlabeled LDL. HMG CoA reductase activity
(C): Cells were harvested, cell-free extracts were prepared, and
HMG-CoA reductase activity was determined. [1 4 C]oleate incor­
poration Into cholesteryl esters (D): 30 mln before each
Indicated time point, cell nonolayers were pulse-labeled with 
[1 4 C]oleate (56 cpm/pmol) bound to albumin at a final oleate con­
centration of 0.1 mM. After 30 nln. the cells were harvested and 
the content of [1 4 C]cholesteryl esters was determined. Cellular 
content of free (E) and esterifled (F) cholesterol: Cells from 
two dishes were washed, harvested, pooled, and the content of 
free and esterifled cholesterol was determined. In all experi­
ments (A-F), each data point represents the mean of duplicate 
determinations.
Fig. 12a, b and c*6: Fig. 12a and c are generated with the best 
fit parameters. Fig. 12a, b and c correspond to experiment (E),
(D) and (F) respectively as described below. Manifestations of 
LDL-receptor interactions in normal (a) and homozygous familial 
hypercholesterolemia ( A )  fibroblasts incubated with varying con­
centrations of LDL. Cell strains derived from explants of skin 
were maintained in monolayer culture and were set up for experi­
ments (day 0 ) in 60 mm petri dishes at a concentration of 1 x 1 0 s 
cells per dish in medium containing fetal calf serum. On day 6 , 
which was 48 hours before the experiment, the medium was replaced 
by medium containing 1 0  percent low density lipoprotein-deficient 
serum (5 mg of protein per milliliter). On day 8 , the medium was 
replaced with 2 ml of fresh medium containing (A to C) 1 2 SI- 
labeled LDL (441 count/min per nanogram of protein). (D)
[3 H]cholesteryl linoleate-labeled LDL (32,830 count/min per 
nanomole of cholesteryl linoleate. (E or F) unlabeled LDL.
After incubation with LDL at 37°C for either 2 hours (A and B) or 
6  hours (C and F), the indicated measurement were made. (A and 
B) Surface binding and cellular uptake of 1 2 5 I-labeled LDL. Each 
cell monolayer was washed six times at 4°C with an albumin- 
containing buffer and a solution containing sodium heparin ( 1 0  

mg/ml) was added to each dish. The dishes were then incubated at 
4“C for 1 hour, the heparin-containing medium was then removed, 
and the amount of 1 2 6 I-labeled LDL bound to the cell surface and 
hence accessible for heparin release was determined. The cells 
were dissolved in 0.1 N NA0H and the amount of 1 2 6 I-labeled LDL 
that had entered the cell and was hence resistant to heparin 
release was determined. (C) Proteolytic hydrolysis of *2 8 I- 
labeled LDL. The medium was assayed for l2 8 I-labeled 
trichloroacetic acid-soluble degradative protein products that 
had been formed. (D) Hydrolysis of LDL-cnolesteryl esters. The 
cellular content of unesterified [sH]cholesterol formed from the 
hydrolysis of [sH]cholesteryl linoleate-labeled LDL was measured.
(E) Suppression of HMG CoA reductase activity. Cells were har­
vested, detergent-solubilized extracts were prepared, and enzyme 
activity was determined. (F) Stimulation of cholesteryl 
[1 4 C]oleate formation. One hour before the end of the incubation 
(that is, 5 hours after the addition of LDL), each cell monolayer 
was labeled at 37°C with 0.1 mM [1 4 C]oleate (21,000 count.min per 
nanomole) bound to albumin and the cellular content of choles­
teryl [1 4 C]oleate was determined. In all experiments, each value 
represents the mean of duplicate incubations and measurements.
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Fig. 13®2: Non-specific LDL uptake is taken from the data of
Figure 1 of ref. ll and subtracted from total LDL uptake and
hydrolysis. * 3 Time course of LDL metabolism in normal (•) and 
mutant ( A )  fibroblasts monolayers, relating cellular uptake of 
[3 H]cholesteryl linoleate-LDL, hydrolysis of the [sH]cholesteryl 
linoleate. After 24 hours in human LPDS (day 7), each monolayer 
received 2 ml of growth medium containing 5% human LPDS, O.lmM 
unlabeled oleate albumin, and 10 ftg of proteln/ml of [3 H]CL-LDL 
(83,406 cpm/nmol of cholesteryl linoleate). After incubation at 
37°C for the indicated time, the cellular content of 
[sH]cholesteryl linoleate and free [*H]cholesterol was deter­
mined.
Fig. 14**: Ki is the best fit-influx rate constant.
Fig. 15a and b6S: Prediction: See Figure 11a and b . 8 8  Fig.
15a and b 6 8  correspond to experiment (C) and (D) respectively.
Fig. 1677: The curve is generated with the best fit rate con­
stants for normal nonconfluent cells. Figure 16a and b 
correspond to experiment (A) and (B) respectively, as described 
below. Changes in HMG-CoA reductase activity of normal noncon­
fluent and confluent cells after removal of fetal calf serum and 
after replacement of fetal calf serum with lipoprotein-deficient 
human serum. On Day 1, cells were seeded at a concentration of 
2.5x10s per dish and grown in medium containing 10% fetal calf 
serum. For experiment (A), on Day 2 the medium was replaced with 
human LPDS ( 6  mg per ml). For experiment (B), on Day 6  the 
medium was replaced with human LPDS ( 6  mg per ml). After indi­
cated time intervals extracts were prepared and HMG-CoA reductase 
activity was assayed.
Fig- 17*3: Rate of hydrolysis of endogenously synthesized
cholesteryl [1 4 C]oleate in normal (e,o) and mutant ( A , A) 
fibroblast monolayers incubated in the presence and absence of 
chloroquine.
Fig. 18#1: Rate of [1 4 C]oleate incorporation into cholesteryl
esters in normal cells as a function of duration of preincubation 
with LDL (o, 60 ftg cholesterol/ml; e, 150 ftg cholesterol/ml) and 
nonlipoprotein cholesterol (A, 30 j*g/ml;A, 60 /ig/ml). At the in­
dicated time, [l4 C]oleate (0.1 mM, 24,000 cpm/nmol) was added and 
the cells were harvested 1  hr later.
Fig. 19s0: Time course of LDL metabolism in normal fibroblast
monolayers. One group of cells was incubated with 10 ftg of 
protein per ml of 1 3 8 I-labeled LDL (340 cpm/ng of protein) and 
the amount of binding (•) and proteolytic hydrolysis (A) of the 
lipoprotein were determined as described. A second group of 
dishes was incubated with 10 ftg of protein per ml of [8 HjCL-LDL 
(83,350 cpm/nmol of cholesteryl linoleate) and the amount of free 
[8 H]cholesterol formed ( A )  was measured. A third group of dishes 
was incubated with 10 ftg of protein per ml of [8 H]CL-LDL (83,350 
cpm/nmol of cholesteryl linoleate) and 0.1 nM [1 4 C]oleate-albumin 
(19,550 cpm/nmol) and the incorporation of (1 4 C]oleate (■) and 
[8 H]cholesterol (□) into cholesteryl oleate was determined by 
thin-layer chromatography.
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Fig. 20®*: [1 4 C]01eate incorporation into cholesteryl esters
after incubation with LDL as a function of oleate concentration 
(A) and time (B) in normal (•) and mutant (o) cells. Cell 
monolayers were preincubated 17 hours in LPDS-medium containing 
LDL (Exp. A, 60 pg of cholesterol per ml; Exp. B, 150 pg of 
cholesterol per ml). In Exp. A, the Indicated concentration of 
[1 4 C]oleate (2300 cpm/nmol) was then added and the cells were in­
cubated for a further 3 hours before harvest. In Exp. B, 
[I4 C]oleate (0.1 mM, 24,000 cpm/nmol) was added then cells were 
harvested at the indicated time. The cellular content of choles­
teryl [1 4 C]esters was determined.
Fig. 21101: Effect of cycloheximide on 1 2 8 I-LDL binding ac­
tivity in fibroblasts monolayers after prior incubation either in 
the presence or absence of unlabeled LDL. On day 6 , half of the 
dishes (A,A)  received 10 pg/ml of unlabeled LDL. After 24 hour 
(zero time), all monolayers were washed twice with 4 ml of PBS, 
after which 2 ml of medium containing either no cycloheximide 
(o,A) or 0.5 mM cycloheximide (a,A) were added. At the indicated 
time, 10 pg/ml of 1 2 8 I-LDL (70 cpm/ng) were added to duplicate 
dishes from each group and the cellular content of 128l radioac­
tivity was determined 2 hour later. The mean content of total 
cellular protein (pg/dish) was (o) 230; (•) 190; (A) 216; ( A )
191.
Fig. 22a and b® 108: The curves of Fig. 22a are generated with
the best fit parameters in table 3. The curves of Fig. 22b are 
predicted with the best fit parameters. Correlation of the time 
courses for suppression of “ 8 I-LDL binding activity and ac­
cumulation of cholesteryl esters. On day 4 of cell growth (zero 
time), each dish received 2  ml of medium containing either 1 0  pg 
protein per ml of unlabeled LDL (22a) or 50 pg protein per ml of 
unlabeled LDL (22b). Every 24 hour throughout the experiment, 
the medium in each dish was replaced with fresh medium containing 
the indicated amount of unlabeled LDL. At the indicated time, 
the dishes were divided into two sets. In one set, the medium 
from each was removed and replaced with 2  ml of medium containing 
25 pg protein/ml of 1 2 8 I-LDL. After incubation at 37°C for 2 hr, 
the specific heparin-releasable 125l radioactivity was deter­
mined. A second set of dishes was washed, harvested and pooled, 
and their content of cholesteryl esters was determined.
Fig. 22c: Prediction® 1 0 8  in the medium containing LDL 2 pg/ml.
See Figure 22a and b.® 1 0 8

Fig. 23101: Suppression of 1 2 8 I-LDL binding activity in
fibroblast monolayers by 25-hydroxycholesterol and cholesterol.
On day 7 (zero time), each dish received 2 ml of medium contain­
ing either 6  pi of ethanol alone (o) or 6  pi of ethanol 
containing 24 pg of cholesterol (•), 1.2 pg of 25- 
hydroxycholesterol (A), or 24 pg of cholesterol plus 1.2 pg of 
25-hydroxycholesterol ( A ) .  At the indicated time, 10 pg/ml of 
1 2 8 I-LDL (70 cpm/ng) were added to duplicate dishes from each 
group and the cellular content of 128I radioactivity was deter­
mined 2 hr later. The mean content of total cellular protein 
(pg/dish) was (o) 245, (•) 250, (A) 245, ( A )  241.
Fig. 24101: Feedback suppression of 1 2 8 I-LDL binding activity
in fibroblast monolayers by unlabeled LDL and its prevention by
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chloroquine. On day 7 (zero time) the dishes were divided into 4 
groups and received 2 ml of medium containing (o) no LDL, no 
chloroquine; (•) no LDL, 75 /iM chloroquine; (A) 10 /ig/ml un­
labeled LDL, no chloroquine; ( A )  10 /ig /ml unlabeled LDL, 75 /iM 
chloroquine. At the indicated time, duplicated dishes containing 
10 /ig/ml of unlabeled LDL (A,A) received an additional 10 /ig/ml 
of 1 2 8 I-LDL (60 cpm/ng) and duplicate dishes containing no LDL 
(o,e) received 20 /ig/ml of 1 2 8 I-LDL (30 cpm/ng). Thus during the 
labeling period, all dishes contained 20 Mg/ml of 1 2 8 I-LDL at a 
final specific activity of 30 cpm/ng. The cellular content of 
125I radioactivity was determined after 1 hr incubation.
Fig. 25101: The estimated half life of LDL receptor with
various LDL concentration in medium.
Fig. 268S: The cells were incubated in fresh growth medium con­
taining 10% fetal calf serum. After 3 days, the medium was 
replaced with 2 ml of fresh growth medium containing 5% human 
LPDS. After 24 hours, the medium was replaced with 2 ml of fresh 
growth medium containing 5% human LPDS and the indicated con­
centration of LDL. After a further 24 hours, each cell monolayer 
was washed and harvested and the sterols contents were measured.
Fig. 27s8: Prediction; The curve is predicted with the best fit 
parameters in table 3. See Figure 12c.
Fig. 28a-e101: Prediction: The curve is predicted with the best 
fit parameters in table 3. Effect of prior incubation with vary­
ing concentrations of unlabeled LDL on unlabeled LDL on l2 8 I-LDL 
binding activity in fibroblast monolayers. On day6 , cell 
monolayers were switched to 2  ml of medium containing the indi­
cated concentration of unlabeled LDL; none, 2 /ig/ml, 10 /ig/ml,
100 /ig/ml. After 18 hours (zero time), each monolayer was washed 
twice with 3 ml of PBS. At the indicated time, 10 /ig/ml of 1 2 8 I- 
LDL (76 cpm/ng) were added to duplicate dishes from each group 
and the cellular content of total cellular protein (/ig/dish) was 
317, 313, 314 and 335 respectively.
Fig. 2921: Prediction: See Figure 22a and b.® 1 0 8

Fig. 3021: See Figure 28a through e . 1 0 1

Fig. 3110: The curve is predicted with the best fit parameters
in table 3 except initial receptor conditions are given as 50% of 
steady state value in LPDS incubation. Initial condition of CE is 
given as 15 /ig/mg protein. See Figure 26.
Fig. 3221: Prediction: See Fig. 26.10
Fig. 3321: The predicted rate of LDL hydrolysis at steady state.
Fig. 34: The predicted rate of LDL hydrolysis at steady state 
with the best fit parameters in table 3..
Fig. 35108: Prediction: The curve is predicted with the best fit 
parameters in table 3. Effect of prolonged incubation with vary­
ing amounts of LDL on 1 2 8 I-LDL binding activity. On day 4 of 
cell growth, each dish received 2  ml of growth medium containing
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1 0 % calf lipoprotein-deficlent serum and the Indicated concentra­
tion of unlabeled LDL. Each 24 hour through experiment, the 
medium in each dish was replaced with fresh medium containing the 
indicated amount of unlabeled LDL. After 3 days of such treat­
ment, on day 7 of cell growth, the medium was removed and 
replaced with 2 ml of medium containing 25 /ig protein/ml of 1 2 SI- 
LDL (106 cpm/ng). After incubation at 37°C for 2 hours, the 
specific heparin-releasable 126I radioactivity was determined.
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Fig. 13
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Fig. 14
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Fig. 16a
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Fig. 22c
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Fig. 26
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Fig. 27
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Fig. 28a
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Fig. 28b

R e c e p t o r  r e l a x a t i o n  
f(t) x 2 3 3

25 0

200

150

1 0 0

50

4842 54363024181260

time (hour)

4 2 °  10 V  100 ▼ LPD —*— f



-b
in

di
ng

 
(n

g/
di

sh
)

194

Fig. 28c
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Fig. 28d
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Fig. 28e
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Fig. 31
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Fig. 34
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APPENDIX I
In this appendix, we investigate the error in the calcula­

tion of dC^E/dt introduced by neglecting M C ^  with respect to 1  

in the expression for Ca . Let t—MC^, which we estimated to be 

about 0.1. Assume e«l. Then, in terms of t, dC^E/dt becomes:

dCU E k80F<____________  k80F<_______ M
dt " £+(1+t)Mk?/(1+MC) “ «+Mk7 /(l+MC) li'

€ € 2  

l+e(l+MC)/Mk7 +0 (l+t(l+MC)/Mk7) ^

as long as Mk7 /(l+MC)sO(l). The approximation in the text cor­

responds to retaining only the 1  in the square bracket above; it 
clearly yields an order t relative error if Mk7 /(l+MC) is order «

2 2 or order 1 and an 0 (e ) error if it Is 0 (c ).
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