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CHAPTER ONE

INTRODUCTION

This dissertation is written in a spirit of advocacy; I am advocating
a particular version of urban residential location theory. The version I
- advocate does not originate with me, but its implications have never been
worked out to any great extent, which is why, I imagine, two competing
versions have succeeded in holding the field. By here presenting for the
first time a thorough and classical working out of the implications of
the version I advocate I arrive at many distinctive new conclusions
through which the theory can be empirically tested. This version has (in
my opinion, anyway) more realistic assumptions than competing versions,
and I analyze it using the most standard methods of microeconomics, in
order to bring residential location theory to the point where it can with-
stand the type of attackl to which it has recently been subjected.

Urban residential location theory addresses the question of exactly
where people will choose to live in the world of the so-called "monocentric
city." This is a strange abstract world consisting of a featureless plain
whose center is the world's only city. All the people of this world are
either self-sufficient or else employed in the single city center. What
follows is a thumbnail sketch of the monocentric city literature.

Of the three competing versions of the theory of the monocentric
city, the most influential is Richard Muth's, as presented in his Cities

and Housing; it provides the theoretical basis for much of the current

1

William Wheaton (1977c) tested and rejected the two leading
theories, and on this basis concluded that income-location patterns are
best explained as flight from social and racial externalities and from
the urban tax burden of supporting the poor; see my Chapter Five.
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empirical work in the area. Muth's theory is that an individual chooses
where to live by maximizing a utility function whose two arguments are
housing space and expenditure on all other goods including leisure, sub-
ject to an incame constraint which includes the value of travel time in
both total income and expenditure, and which also includes the value of
leisure time in total income. Joseph de Saivo extends Muth's work by
presenting its formal camparative statics. The work of Robert Solow
falls into this category (of utility-maximization models cmitting distance
from the utility function). It differs from Muth's in having a conven-—
tional incame constraint imvolving only money costs.

The second version — the version whose acceptance I am advocating
in this dissertation -- is that distance from the city center should be
one of the argquments of the utility function (in addition to the other
two), and that the incame constraint should be the familiar one of price
theory, i.e. should include only money income and expenditure. If people
do in fact prefer mne location over another, all other things equal, and
if having such preferences is in any way different from there being time
costs of commting, this version will explain location decisions better
than one which does not take account of such preferences. Even though
many location theorists have constituted the model as I do, nevertheless
this version of location theory is relatively little known and is seldom
used in empirical work, I surmise because the theory has never been given
full~scale exposition and analysis.

Distance was first put into the utility function by Alonso, who
initially used the utility-maximization approach (see below), showed it
presented difficult theoretical problems in deriving land demand curves,
and then presented his bid price theory as an alternative. Muth also put

distance in the utility function in a modification of his basic model,
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but rejected this approach for the core of his work as having inadequate
empirical content. Martin Beckmann and Aldo Montesano put distance in
the utility function, but only for the case in which the utility function
is log-linear in form. Montesano showed that Beckmann's analysis is
faulty. 1In his own enquiry, which was directed entirely to the question
of how location varies with income, his result was that the richer will
live farther out; I shall show later that this pattern is a special
implication of the log~linear utility function and does not necessarily
hold for a general utility function. Herbert Mohring (1976) also put
distance in the utility function; his work is very suggestive, but is
brief, and again mostly focuses on the log-linear utility function. To
summarize, the bare bones of this version of location theory have been
stated many times, but it has been so little analyzed that it has had
minimal influence.

The third version of residential location theory, constituted by the
bid price model of William Alonso and its elaboration by William Wheaton
(1974, 1977a), represents a departure fram direct utility maximization.
In this model the individual has, for each utility level, a bid price
function giving, for each location, the rent level which would enable
him to reach the specified utility level; the individual locates where-
ever his is the highest bid price; equilibrium utility levels result from
achievement of supply-demand equilibrium. I have chosen in my own work
to focus entirely on the direct utility-maximization approach, because
of my feeling that the familiar and classical methods of microeconcmics
can be expected to be as illuminating in explaining urban residential
location as they are in microeconomics ih general.

To reiterate, the three versions of residential location theory are

1) the utility-maximization model including distance in the utility
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function, 2) the utility-maximizat.. .. model including distance in the
utility function, and 3) the bid price model. My position is that while
the first and third models, as propounded by Muth and Alonso respectively,
daminate the field, actually the second model is preferable. To make
this point, I will carefully present and analyze the second model,
showing that it yields satisfying explanations and new results. I will
- be at pains to show that my model does differ critically fram Muth's --
that the inclusion of time costs in the incame constraint a la Muth is not the
equivalent of including distance (i.e. commuting time) in the utility
function. I will defer until Chapter Five a discussion of the essence
of the difference between my work and Muth's.

In all of this my intellectual debt to William Alonso is especially

great. In his Location and Land Use he originated the model of the mono-

centric city, and analyzed it with thoroughness, clarity, and insight.

In his initial chapters he uses a utility-maximization model and includes
distance in the utility function (on the same basis as I do), but he
encounters difficulties in deriving demand functions, and so switches to
his bid price analysis. What I have done herein, really, is to pick up
his straight utility maximization model where he left off. To the extent
that he and I cover the same ground, our work is almost identical, there
being but a very few points on which we disagree, and in fact I hereby
refer the reader to his Chapter 2 for elucidation of anything that might
be unclear in the earlier part of my Chapter Two. Moreover, his bid
price analysis is by and large consistent with my work. But I have taken
on the task of fully analyzing his utility-maximization model in the con-
viction that it would provide more results, would more lend itself to
expansion, and would ultimately be more intellectually appealing to the

profession by reasen of the greater familiarity of the techniques.
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A goal of this dissertation is to generate new explanctions and new
results. The explanatory core of the location theory I present in the
following chapters can be sumarized very briefly as follows: The normal
good "closeness" has a shadow price, which I identify, which varies with
both income and distance; since rent, the price of housing space, also
varies with distance, the price ratio between closeness and housing also
varies with income and distance; this unusual price ratio is the slope of
the budget surface trace in housing-and-distance 2-space; and the effects
of parameter changes on location and demand for housing can be understood
by seeing how the parameter changes shift this budget trace. The case is
clearly very different from the classical two-good case, in which, of
course, the price ratio does not vary with the goods or with incame. So
far as I know, there is no presentation of what h:appens in location-and-~
housing 2-space in the literature.

The question of how location varies with incame daminates residential
location theory. I can perhaps demonstrate the insights afforded by ™Y
analysis by here sumnarizing briefly my theory on this point: 1) if an
incare increase (which is, of course, a parameter change) could occur
unaccampanied by price ratia changes, it would result in movement closer
to the center, since closeness is a normal good; 2) an income increase
does always change the price ratio: it increases the relative price of
closeness; 3) the increase in the price of closeness is a force making
for consumption of less closeness; and 4) the net movement with income
depends on the relative strength of these two forces. Again, this expla-
nation does not appear in the literature. While Alonso, Muth, Mohring,
and Wheaton all concur that it is theoretically possible for the richer

to live either farther from or closer to the city center than do the
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poorer, they do not show that it is the net effect of income changes on
shifting price ratios which determines the outcome.

I would also like to mention here some new points that are developed
in my study.

In Chapter Four I present a large number of new comparative static
results. These are by and large very different from those de Salvo ob-
tained on the basis of Muth's model. As such they lend themselves to
comparative testing of Muth's model and mine, though no such testing is
attempted in this paper. De Salvo's are the only other formal camparative
statics in the literature for utility-maximization theory.

My analysis explains why we don't find the poor living far from the
city center : at these distances and for these incomes the shadow price of
closeness can be negative. As I will show, the shadow price of closeness
is the negative of the sum of rent savings and commuting cost increases
occasioned by increased distance; this price can become negative if the
cammting cost increase swamps the rent savings. The price can be simul-
taneously negative for the poor and positive for the rich because the
poor consume less housing and therefore achieve smaller rent savings with
increased distance. This explanation, taken together with the result that
incame: increases can lead to location change in either direction, goes
far toward rationalizing the pattern of location distribution by income
that we actually observe —— a pattern of the well-to-do locating in both
central city and suburbs and of the poor who work in the CBD locating
only in the central city.

Another result is my explanation of the relation between the value
of travel time (which is an important quantity used in cost-benefit
analyses of proposed transportation projects) and the wage. HEmpirical

studies have uniformly yielded values of travel time considerably below
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the wage rate, despite the expectations of many econamists that the
value of travel time would be equal to the wage. I explain herein why
in fact we should usually expect the value of travel time to be less
than the wage.

In sumary, I have as my goals in this dissertation to 1) present
and fully analyze the distance-included utility-maximization model of
urban residential location, 2) derive new explanations and results, and
3) show that this model is different from and preferable to alternative
models. A by-product will he critical analysis of the other monocentric
city models and results. In what follows, in Chapter Two I will present
and discuss the structural equations and the equilibrium conditions.

In Chapter Three I will discuss the relation hetween location and in-
come. Chapter Four will be devoted to the comparative statics. Chapter

Five will present conclusions and policy implications.



CHAPTER TWO

STRUCTURAL EQUATIONS AND BEQUILIBRIUM CONDITIONS

We assume thrcughout this study a featureless plain with transpor-
tation possible in all directions, availability of employment only at
the center of the city, absence of all transportation-requiring activities
other than work, and absence of taxes and public goods.

We start at once with a consumer who maximizes his utility subject
to the constraint imposed by his income and prices; he acts as if he
maximizes an ordinal utility function subject to a budget constraint
function. Housing space, and a single good which represents all goods
and services other than housing space and location, are taken to be two
of the arguments of his utility function.

If we believe that he does care where he lives in relation to the
center of our monocentric city —— that, all other things being equal, he
prefers one location to another — then distance should be an additional
argument in his utility function. An explanation of where he chooses to
live which does not take account of location preference by including
location in the utility function might or might not turn out to be correct,
but we can make sure location's influence is taken account of by expli-
citly including it in the utility function.

A problem is that in the real world it is not distance fram the
center per se that directly affects preference, but rather many dif-
ferent factors that vary, or seem to vary, with distance. Praminent among
these are traveling time to and fram work, traveling time to and fram
places of preferred leisure activities (e.g. theaters, cross-country
skiing}, pollution of various sorts, crime rates, traffic and other comr

gestion, proximity to low-income and minority groups, accessibility
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to local shopping, and quality of schools and other public goods: the
list is almost a catalogue of the concerns of urban econamics. For many
of the items on the list, the direction of their variation with distance
is by no means completely obvious. Moreover, since same of these factors
increase utility and others decrease it with the increase of distance,
there is no clear overall pattern of the direction in which utility
should vary with the increase in distance.

As a simplification I shall focus on only one of these factors that
vary with distance, that factor being travelling time to and from work;
all the other factors are explicitly excluded. The choice is an cbvious
one, since travel time to work enters one way or another into all the
models surveyed in Chapter One except Mohring's. My reason here for
putting travel time into the utility function is the subjective dis-
utility of traveling hack and forth «- the irksomeness of being in a
crowded subway car, of waiting for a bus in the rain, of being stuck in
a traffic jam in an overheating car, of losing all that time in transit
even when conditions are at their best. I shall neglect the variation
in irksomeness with mode of transportation, Ly assuming there exists
only a single mode. I assume also that travel time is proportional to
distance —- that there is no traffic congestion to slow down traffic
.in central areas so that it takes longer, there, to traverse a given
distance. I define a unit of time to be the amount of time reguired
to traverse a unit of distance. I assume too that the number of trips
to and fram work is given and invariant. I am assuming, then, not only
that distance is an argument of the utility function but also that the
marginai utility of distancelis negative,

Actually, in a full analysis of urban location we would not have

distance in the utility function, but rather all of the factors listed
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above, as well as any others of significance, which directly affect
preference. (In this sense, the argument of this dissertation is not
that distance cannot be excluded from the utility function, but rather
that the preference factors that vary with distance cannot be excluded
from the utility function.) The relation between each factor and distance
would have to be analyzed, and the relationships would be expressed in
constraint functions. It is permissible to put distance directly into
the utility function only if the factor which by rights should be in the
utility function can properly be defined to be the equivalent of distance.
In this study commuting time, the factor which should be in the utility
function, has been made equal to distance by the assumption that com—
muting time is proportional to distance and the definition that a unit
of time is the amount of time required to traverse a unit of distance.

The consumer's budget constraint function reflects the fact that he
has a given income and faces a given set of prices. I use the word
"rent" to denote the price per unit of time of the services of a unit of
housing space. A rent is given for each distance from the center, so that
rent is a given function of distance. Commuting costs are also a function
of distance: a money cammuting cost is associated with each distance,
with commting cost increasing as a function of distance. Time costs of
comuting, which Muth includes in the budget constraint, I explicitly
exclude from the budget constraint.

Our utility function and budget constraint function are therefore
written

U =U0(z, q, t) (1)

pz + R(t)g + K(t) =y (2)
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where z is the single good; g is housing space, measured in units of
floor space; t is distance of the consumer's residence from the city
center; p is the price of the camposite good; R is rent; K is total money
travel cost; and y is money incame. We assume that the utility function

is continuous and possesses continuous partial derivatives to the desired

oxrder, and that

U, >0 )
g >0

q

Ut<0

On these definitions and assumptions we can prove that the rent function
is continuous; for the proof see Arpendix A.

We also assume

Uzy <0
L Y
qu < 0
<0
Upt .

In the case of z and g we are assuming diminishing marginal utility; in
the case of t we are assuming increasing marginal disutility. These
assumptions, taken together, are also assumptions that these would be
normal goods in the standard analysis. For example, if we had two typical
consumer goods, e and X0 and if an individual had incame y, we would

have 9x,/3y > Oifwehadezxz < o.

We assume, moreover, that our goods are independent:

Ung = Ut = Uge = Uy = Uy = Uy, = O

We can now proceed as in the general analysis of consumer choice.

We maximize the Lagrangian
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L=U(z, q, t) + Ay - pz-R(t)g - K(t)] ’

where ), is a ILagrangian multiplier, by taking its first partial deriva-

tives with respect to 2, g, t, and A and setting them equal to zero.

We get
L,=U, -2 =0 (3a)
Lq = Uq - \R(t) =0 (3b)
L. = U, = a[qr'(t) + K'(£)] = 0O (3c)
I,=y - pz - R(t)g - K(t) =0 . (3d)

This set of simultaneous equations, the first-order conditions, can be
solved for z*, g*, and t*, the individual's utility~-maximizing set. The
conditions also solve for \*.

There is nothing original about these structural equations and first-
order conditions; they have appeared in the work of every economist who
has put distance into the utility function. But as we proceed now to
analyze their meaning, and the entailed camparative statics and location
patterns, we shall find ourselves coming up with new material different
fram what we have seen before. We shall note the more striking differences
where appropriate.

Looking towards the meaning of demand equilibrium, we note in
equation (3c) the expression gR'(t) + K'(t). It is essential to recog-
nize that this term is the shadow price of t, for if z and q are held
constant and t is increased a unit, the increase in expenditures is equal

to gR'(t) + K'(t). We define

Az qrR'(t) +K'(t) .

We note that A is a very peculiar price, since it varies with both q and t.
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Once we recognize that A is the price of t, we see that our first-
order conditions are in the form of the standard first-order condition
equations in the theory of consumer behavior. Like the standard equa-

tions, equations (3a), (3b), and (3c) can be restated in the fomm

(4)

The meaning of equations (4) is, that of the (z, g, t) sets established
as available by the budget constraint, the consumer will choose the set
for which all three commodities have the same ratio of marginal utility
to price, * *. The ratio of a camodity's marginal utility to its price
gives the rate at which utility would increase if an additional dollar
were spent on that commodity; at the point at which marginal utility per
dollar is equal for all camwodities, the consumer cannot increase his
utility by consuming a dollar's worth less of one comodity in order to
consume a dollar's worth more of another commodity.

To interpret the meaning of the ratio U./A, we note that our
variable t is a discammodity rather than a commodity, in the sense that
people would prefer to have less of it, not more of it. Thus we can
think of consumers as trying to decrease distance, or alternatively as
trying to increase "closeness," an increase in the cammodity "closeness"
being equivalent to a decrease in the discammodity "distance." The mar-
ginal utility of an additional unit of closeness is therefore -U.. By the

same reasoning, the price of closeness is -A. Once we write

v _ U
A -A

we see that this is the ratio of closeness's marginal utility to its

price. The equilibrium location is therefore the one for which the
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individual could not increase his utility by choosing a dollar's worth
less or a dollar's worth more of closeness.

We assume the satisfaction of the second-order condition for (z*,
g*, t*) being the utility-maximizing set. The condition is that for the
bordered Hessian

0 P R(t) A

IHI* - P Uzz qu Utz
| R(D) Uyg Ug B

A Uy B C

where B = Uy, - MR'(t) and C = Uy - MA, that |H|* < 0 and that
every appropriately obtained third-order principal minor of [ﬁ [ will be
pcsitive; by appropriately obtained third-order minor we mean a minor
obtained by deleting any row and the corresponding column from the last
three rows and columns of | H [*.

The geametrical representation of individual demand equilibrium is
in three dimensions, since we have three decision variables, z, g, and
t. The point of equilibrium is the point at which the (three-dimensional)
budget surface is tangent to a (three-dimensional) indifference surface.
This point is the only point at which there are two simultaneous two-
dimensional tangencies, one in the (q, t) plane and one in the (z, q)
plane.

First, to see the geametry of what happens in the (q, t) plane, we
hold z constant at z*, the equilibrium value of z, and so confine our
attention to the two-dimensional plane for which z = z*. We measure t

on the horizontal axis and q on the vertical axis.



15

The trace of an indifference surface in a (g, t) plane, i.e. z held
constarit, has the equation

dU=Udg + Udt=0 .

The slope, (dg/dt)ys of the indifference surface trace is therefore

(él) - 'E‘E >0
at U
/T

on our assumptions Up < 0 and Uq > 0, thus differing fram the familiar
indifference curve of consumer demand theory in having a positive rather
than a negative slope. The reason is that since distance confers dis-
utility rather than utility, a consumer moving farther out requires a
positive increment of housing space in order to remain indifferent. The

slope of our indifference surface trace increases with t:

2 _ 2 2
a%q = LTV gl > 0
at? ) ¢ q

The trace of the individual's budget surface in the (g, t) plane for

2z = 2z* has the equation

=y = pz*¥ - K(t) .
d R(D)

Its slope, (dq/dt)y', is

(2 -2 -
dty R(t)

The sign of the slope depends on the sign of A, which we don't know thus

far. However, equations (4) imply that for equilibrium we must have
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-Up A ,
Uq "R(t)

which is a statement that at the equilibrium point the slope of the
budget trace must be equal to the slope of the indifference trace. Since
we already know that the indifference traces are positively sloped, we
must conclude that at a point of equilibrium the budget curve must also
be positively sloped:

dq > 0 .
dat /5
This condition needs to hold only at a point of equilibrium, and T will

show later that there can in fact be negatively sloped portions of budget
traces.

The slope of the budget surface trace in the (g, t) plane is a most
unusual one, in that it varies with t — both numerator and dencminator
in fact varying with t -- in contrast to the always constant prices in
the standard consumer choice analysis. We have

a%q] - 28R'(t) - R(E)GR" (L)
d—tz v R(t)‘)‘

on the assumption that K" (t) = 0. Hence

0,

Al

2

(d2g> 2 iff 2AR'(t) - R(t)QR' (t)
<
at’),

Rie) § 2R

So at a point of equilibrium, where the slope of the budget trace must
be positive, the way this slope changes with t depends on whether the
rate of change of the slope of the rent function is greater than, equal

to, or less than same positive number. Thus far we have no results
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regarding the value of R"(t), so the provisional conclusion must be that
the budget line can be concave, convex, or straight. Dragging in the
empirical evidence doesn't affect the provisional conclusion, since the
evidence, which is that R"(t) is positive, is consistent with all the
alternatives.

Figure 1 shows possible individual demand equilibrium configurations
in the relevant (q, t) plane. The diagrams should be thought of as
applying only in the neighborhood of equilibrium.

The other two-dimension tangenc’y required for consumer demand
equilibrium is in the (z, q) plane for which t = t*. An indifference

trace here has the equation
dU=Uzdz+quq=0 ;
its slope is negative,

dz =j_19.<o
qu Uz

the slope increases with q,

2

dzz) - _Ugg >0 .
2 9)
dq’/1

The budget line has the equation

z = y- K(t*) - qR(&*)
P

-

its slope is negative,

dzl = -R(t¥ <0 ;
aq y p
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and the slope doesn't vary with g or z. So what we have is precisely
the standard case of consumer choice among typical goods.
Inportant implications about the rent function and about the value
of travel time can be drawn directly from the first-order conditions.
The first-order conditions imply that the rent function must be nega-
tively sloped: equations (3a) and (3c) together imply

R'(t) = pUt - K'(v) ' (5)
UZ

q

so on our assumptions, R'(t) must be negative. The underlying meaning is
that for marginal utility per dollar of closeness to be equal to the
(positive) marginal utility per dollar of other goods, the price of close-
ness must be positive and hence R'(t) must be negative. In other words,
the “price" of moving farther out must be negative — the consumer has to
receive something, rather than paying something. No one will locate at
a point where the rent isn't falling, so the rent function must be every-
where decreasing within the city. |

This proof that the rent function must be everywhere negatively
sloped rests on our assumption that Ut is negative. That assumption was
intimately related to our initially excluding all factors that vary with
distance except travel time to work. Once those factors are admitted,
it's not clear what we should assume about U, so for a mament we drop
the assumption that U_ is negative to look at the evidence. Equation

t
(5) then implies

Ug 2 0 iff  R'(t) 2 - K'(H) :

q

2
<

Al
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In the central areas of cities, where mass transit is the dominant mode,
K®(t] is typically equal to zero. Then for this region, the very fact
that we observe R"(t) to be negative implies that U. is negative — and
now we are considering U. to refer jointly to all those factors which
singly enter the utility function and are themselves functions of distance.

Muth considers and rejects inclusion of distance in the utility
function partly because of his equivalent of equation (5). He says that
this equation *implies that R'(t) could be positive, even though K'(t) is
positive, if U. is positive and the ratio (U./U,) is sufficiently large.
Introducing preferences for location as done above, therefore, renders
the fheory devoid of any empirical content"(p. 41). @Muth's rejection on
this basis would seem to be unfourded, since all that is needed to imply
that R'(t) is negative -~ if such a requirement is indeed necessary — is
to assume that U, is non-positive. In effect, Muth makes the drastic
assumption that Uy equals zero when the more general assumption that Ue
is non-positive would suffice for his particular purposes.

According to Muth the first-order conditions also imply that R"(t)

must be positive. Muth shows that his first-order condition
gR'(t) + T'(t) =0 '

where T is total transportation costs, can hold true only if the partial
derivative of its left-hand side with respect to t is non-positive,

~R"(t) - R'(t) g - T"(t) £0 .
ot

From this he concludes (by manipulation, and with some intermediate
steps) that R"(t) is positive. What is happening in his analysis is that

his -~ [gR'(t) + T'(t)] is actually the shadow price of closeness, and is
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equal to zero in his demand equilibrium because his leaving distance
out of the utility function implies Up = 0 — zero being the equili-
brium price for something of no value. As such, - [gR'(t) + T'(t)]/R(t)
is the slope of the trace of the budget surface in a (g, t) plane.
Utility is maximized at the point where g is maximized, which is the

point where the slope of the budget trace equals zero; see Figure 2

e - ———-

~ T
FIGURE 2. MUTH'S EQUILIBR-’I-UM CONFIGURATION.

For this kind of equilibrium, the slope of the budget trace must be
decreasing and hence R"(t) must be positive. However, when distance is
included in the utility function, equilibrium can be in anv of the forms
shown in Figure 1, so that there are no implications for the sign of
R"(t). Muth's result holds, then, only for the case of the individual
who doesn't care at all where he locates, the case of U = 0 at all
distances.

Mohring (1976) worked on the theory of the ronocentric city in orxder

to develop a measure of the value of travel time, the latter being
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a quantity which is not directly observable, yet which we need to know

in orxder to evaluate proposed public investment in transportation projects,
analytically to deal with traffic congestion, and to make decisions on
highway and mass transit taxes, tolls, and subsidies. Here I will pre-
sent Mohring's analysis and then show how his measure is biased. First,
to define the value of travel time, Mohring shows that the slope of an

indifference curve in (z, t) space is

dz = —-_[E_t_ 4
at I Uz

and that it represents the amount of z an individual would exchange for
a unit of closeness. The money value of a unit of closeness is therefore
- pUt/Uz, so if we keep our definition of a unit of travel time (that one
unit of time is the amount of time it takes to traverse one unit of

distance), and if we define V to be the value of a unit of travel time,

we have

v _ plt . (6)

Equations (3a), (3c), and (5) yield
v = T [@R'(t) + K'(¥)] ) (7)

which states, quite reasonably, that in equilibrium the value of travel
time will be equal to its price. Since g, R'(t), and K'(t) are readily
observable, equation (7) gives an empirical measure of the value of
travel time. Muth's measure has the same basis as Mohring's.

An expanded version of the model shows, however, that this measure

of the value of travel time is biased. The expansion involves taking
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into account all those factors which are given to the individual as
varying with distance. These many factors, partly enumerated earlier,
each enter into the model in their own specific and often camplicated
way. For the present purpose I will consider only one factor, which

I will call trees per acre, but which can be thought cf as a proxy
for all factors which vary inversely with land use intensity, and whose
direct money cost to the individual can be neglected. Since it is no
longer only travel time which varies with distance, we can no longer
simply put distance in the utility function. Instead, letting h stand
for travel time and tr stand for trees per acre, we rewrite our

Iagrangian

L=U [z, q h(t), tr(t)] + Ay - pz - R(t)g - K(t)] .
Our first~order conditions are now (3a), (3b), and (3d) as before and

Up + Upgptr' (£) = X[gR'(t) + K' ()] =0 . (3c")
Dividing (3c') by (3a), we get

Vo= [@R'@) +K(®] +p Uty .

Uz

I suspect that on balance, the factors for which trees are a proxy
mainly involve an increase of utility with distance. If so, then the
equation above shows that Mohring's measure gives an underestimate of
the value of travel time. Moreover, the correct measure includes terms
which are not directly observable.

Enpirical studies of the value of travel time by Beesley, Mohring,
Pendleton, Muth, Friedlaender, and McFadden all yield the result that
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the value of travel time is a fairly small fraction of the wage rate,
around 1/3. This result has been puzzling in the face of expectations2
that the value of travel time would be equal to the wage. The explana-
tion lies in looking at a more general version of our model, one in which
the individual's supply of labor is included among his decision variables.

The Lagrangian becames
L=U(z, g, t, W) + AW - pz - R(t)g - K(t)] '

where w is units of working time, W is the wage, and once again travel
time is the only utility-function factor in the model which varies with
distance. The first-order conditions are as before (except that the

constraint condition has Ww in place of y), the only change bheing that

there is an additional condition,

L =U +\W=0 . (3e)
w w

Dividing (3a) by (3e) and rearranging gives

L
Uy Uz
and substituting this result into (6) gives

v=Ut w . (8)
Ui
Equation (8) says that the value of travel time is proportional to the
wage, and that the proportion is the ratio of the marginal utility of
travel time to the marginal utility of work time. If the marginal dis-

utility of travel time is less than the marginal disutility of work time,
V will be smaller than W.

2
See, for instance, Moses and Williamson.
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CHAPTER THREE

INCOGME AND LOCATION

The single most provocative question in urban location theory is
that of the relation between location and income, probably because the
fact of concentrations of the poor, and of "urban problems,’ in the slums
of the central cities, requires explanation: we need to know why the poor
are in the central cities, and why the richer are presumably elsewhere,
in order to figure out what to do about the problems. ILocation theory
has became ideologically charged, to an extent, around this question,
specifically with William Wheaton's (1977c) contention that ‘observed pat-
terns of location result not fraom utility maximization as described by
Alonso and Muth but from the flight of the rich away from the racial and
social characteristics and tax burden of the poor. There are strong
policy implications, for if the pattern results fram utility maximization
involving "neutral' variables, some sort of optimum is achieved through
the free operation of markets, and laissez-faire would be the best policy,
whereas if the pattern results from the flight of the rich for morally
repugnant reasons, the remedy would involve positive policy measures to
prevent flight, particularly fiscal consolidation of central city and
suburbs. In this chapter I will discuss the theory which vheaton is
attacking; consideration of Wheaton's attack will be deferred to Chapter
Five, where I discuss policy.

The literature on location and income is fairly extensive, I surmise
because of the policy importance of the question. The studies can be
divided into two grqups, those whose conclusion is that location distance

increases with incame, and those whose conclusion is that distance can
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increase, decrease, or remain constant with income.

Thé theorists whose conclusion is that distance increases with
incame are Beckmann, Montesano, and Solow. Montesano showed that
Beckmann's reasoning was faulty. I shall show, later in this chapter,
that Montesano's own result (that distance increases with income) is
entirely due to accidental, and not generally true, implications of the
log-linear utility function he uses. Solow is one of those who leaves
distance out of the utility function (see the preceding chapter), and
I shall show why his result does not generally hold for the case where
distance is included in the utility function.

Those who conclude that distance can either increase or decrease
with income are Muth and Mohring (1976). (Alonso and Wheaton (1977c)
also conclude that distance can increase or decrease, hut their work is
within the bid price framework and hence outside the purview of this
dissertation.}) My own finding, to he presented in this chapter, is also
that distance can increase or decrease with income; my result is dif-
ferent from those of Muth and Mohring in its identification of the
factors determining the direction of change with income. Mohring does
not really identify the critical factors, while Muth's critical factors
are different from those I will identify.

My initial interest in urban location theory was rooted in the
sense that the existing explanations of the relation between location
and income were deeply puzzling. It seemed to me that distance helonged
in the utility function, and that one would expect closeness to have the
characte;istics of a typical normal good. If so, reasoning by analogy
would yield the implication that the richer would live closer in. This
seaming implication is so clearly in conflict with the empirical evi-

dence as perhaps to convince some theorists that distance does not belong
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in the utility function. My own effort has been to discover how a
utility function in which distance appears, implies a relation between
location and income that accords with the empirical evidence. I sought

a theory which wouid not only predict what we observe, but which would al-
so satisfyingly explain what was happening in terms of traditional price
theory. This chapter give the results of that effort.

As to the "facts" to be explained by theory: the conventional
wisdom is that in general the poor live in the central cities and the
rich live in the suburbs. 3ut it is also the case, certainly in New York
City anyway, that many of the very richest live very close to the center.
There seems to be a mix of incomes at any given distance (often in di-
stinct neighborhoods or communities), except that one doesn't find the
poor locating far out and commuting long distances. Adequate theory
should be able to predict these facts.

I will use the traditional mathematical methods of comparative
statics to get my results, and after amplifying through use of geometry,
will proceed with more detailed discussion of the literature I have
already alluded to.

In the previous chapter we used the first-order condition equations (3)
to solve for z*, g*, t*, and A*, the individual's utility-maximizing set,

SO we can write these variables as functions of the exogenous variables:

z* = z* [p, R(t), K(t), v]
q* = g* [p, R(t), K(t), vl
t* = t* [p, R(t), K(t), y]
A* = 2\* [p, R(t), K(t), v]

In the above equations, R(t) and K(t) are taken to be the entire rent

and commuting cost functions. To solve for at*/dy, we take the total
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differentials of the first-order condition equations (3], we set
dp = dR(t*]= dK(t*] = dR"(t*] = dK"(t*] = 0 because we are interested
only in the effects of varying y, we divide by dy, and so get the

following matrix equation:

Q o -R(t%)  -A¥] AN*/2y -1
- U, qu Uy, ?z* /Ty 3 0
“R(E*) Upq  Ugg B* 2q* /3y 0
~A* U B* * t* 0
_ zt ¢ . L. /By_- L . .

Solving by Cramer's rule, we get

ot _ 1 {—p(UZqB*-Uzthq) - u,, [-R(t*) B* + A* qu]
oY || *

+Ug  [-R(EX) Uy + A% Uzq]}
where |J l* is the determinant of the Jacobian matrix above (From here
on in, I shall drop the asterisks; the reader is reminded that equili-
brium values are referred to.) On our assurption that Uzu = Uz =

th = qu = 0, this reduces to
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ot* -Uzz
= AlJ + R(t)} AR (t
= o] [P * RE) )]
Therefore
%
L 2 0 iff A+ R®) W (@®) S 0. (9)
>4 < aq ;

At this point we have a criterion for ot*/?y, but neither its sign
nor its meaning is obviocus. For clarification, we look at the budget
and indifference surface traces in the (g, t) plane for z held constant
at z*; we want to see what happens to the slopes of the traces when we

increase q a unit while holding t constant at t*. We get

_@_(lgi) - _R'(t)
x \d&/ R{©)
and

2 (a = 9l
a(a%)I w

Now, going back to our criterion condition (9), we can substitute in,

from equations (4),

Ug
and
A U

" RGT '

and manipulate a bit, and get

ot > 0 iff Uil < -R'(t)
2 e cR@
: < Uq >
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and therefore
at* > 0 iff __a_(dq s._a_:(gg) : o

In words, whether an increase in income produces a move farther fram or
closer to the center depends on whether the increase in slope of the
budget trace is larger or smaller than the increase in slope of the
indifference trace, when g increases while z and t are held constant.

Condition (10) is determinative because, when slopes shift such that

the point of two tangencies [-Ut/Ug = -3/R(t) and Uz/Uq = p/R(t)] on the
new budget surface is such that the new t* is always larger than/equal to/
smaller than the old t*.

It may help to explain the meaning of condition (10) if we contrast
the relation between income and location to the relation between income
and the standard nommal good of the theory of consumer choice. At the
crux of the matter is the unusual budget surface we are dealing with in
the economics of location. We saw in Chapter Two that the slope of the
trace of the budget surface in a (g, t) plane may well vary with t. It
is also true that the slope of this trace increases with y, for

variation in g at a given t:

dfa = -3 - Rt 5,
oa\dt], oy R(] oy R(t)2Z )
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Therefore households with different incame levels are facing different
price ratios at a given t, all other things equal. The price ratio,
~A/R(t}, increases with y because -A increases with y; -A increases with
Y because g increases with y. We have richer persons facing a higher
cost of closeness because, since they occupy more housing space, the
higher rents as one moves closer to the center hit them more heavily.
By contrast, in the theory of consumer choice the price ratio does not
vary with incame.

The relation in a (g, t) plane between indifference surface traces
representing higher and lower utility levels is that at every t, the

higher indifference trace has a larger slope than the lower indifference

2@,

But there is the same kind of slope change in the case of consumer choice

trace:

between two normal goods, so that there are no differences on the utility-
function side of things to account for the unusual result. Rather, what
we have in the normal-good consumer-choice case is that the increase in
the indifference trace slope is always greater than the increase in the
budget trace slope — because there is no increase at all in the budget
trace slope. Hence, by our condition an incame increase always causes
increased consumption of the normal good in question. We can conclude
-that when consumption of closeness falls with income, it is because of
the relatively large magnitude of the increase in the price of closeness
with income.

It is clear, therefore, that even though closeness is a normal good .

its consumption can decrease with an incame increase: the theory does
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explain that a richer person can locate farther out than a poorer person
with the same utility function. Note especially that we do not have to
assume that closeness is an inferior good, or a non~good in the sense of
not apgearing in the utility function, to get this result. By the same
token, it is also clear that a richer person can locate closer in than a
poorer person with the same utility function.

The condition for ot*/dy derived here differs substantially from the
others in the literature. Muth's condition (in its graphical version) is
that ot*/ay will ke positive/zero/negative according as, at the initial
location, the increase in -¢R'(t) is greater than/equal to/less than the
increase in marginal costs of transportation, the latter consisting of
both money and time costs. My condition and Muth's are distinctly dif-
ferent from each other: manipulation does not dissolve the one into the
other. Also, the two conditions do predict differently. For instance,
Muth predicts that if an incame increase is not the result of an increase
in the wage, equilibrium distance will a‘ways increase, since in this
case —gR'(t) will increase at the initial location while marginal trans-
portation costs will be unchanged (p. 30). My own prediction is that
distance can increase, remain constant, or decrease, since for this case
the slopes of the indifference and budget traces do both shift.

De Salvo, whose work is a mathematical expansion of Muth's, presents
two versions of his condition. One is similar to Muth's condition above;
the other is also different fram mine, and de Salvo does not go into its
meaning.

Mohring (1976) presents the only other criterion condition for

ot*/dy in the literature. His condition can be stated

ot*

r———
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where ELy, FTy’ and EVY are respectively the income elasticities of de-

mand for land, trips, and the value of travel time, V is the value of
travel time, and C' is marginal money travel costs. This condition is
arrived at by rearranging and totally differentiating two of the first-
order conditions, without actually solving. As such, it relates change
in one dependent variable to changes in others, rather than to the inde-
pendent variables.

The result I have gotten on the relation between location and
incame contrasts sharply with the findings of Beckmann, Montesano, and
Solow that an increase in income must always produce relocation farther
from the city center. Montesano pointed out the error in Beckmann's work,
which latter I therefore will not discuss.

Montesano includes distance in the utility function as I do, yet he
gets the result that distance must always increase with income, and since
his work has great mathematical sophistication, it is very provocative.
Putting his utility function in the form

n
U = cologq+log%+- T cj_logzi
i=2

where ¢, and the c; are constants, he uses the second-order conditions
to show that dy/dt must always be positive. The result, however, de-
pends on certain relations which hold true for this log-linear utility

function but not for a general utility function, these being

U = —qU

d qq

UL = - __U__ 1

t ttrt

u,, = +U,, .

2i 2iUz;2; i=2, ..., n.
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These relations serve to cancel many terms in the second-order conditions
which would not otherwise disappear, so that Montesano could extract a
result from second-order conditions whereas, in general, second-order
conditions cannot imply camparative-static results. Since Montesano's
utility and budget equations are basically the same as mine except for
his log-linear form of the utility function, his result should be the
same as mine except as there are special implications of the log-linear
form. If he had solved for dy/dt in the standard comparative-static
manner (rather than by manipulating the second-order conditions), he
would have gotten my condition for ot*/dy, but stated in terms of his
log-linear utility function.

Using, therefore, my condition (10) for ot*/3y. and substituting
into it the log-linear relation U__= q/q, and, frem (4), Uy = AR(t)

aq
and Ut/)‘ = A, we get

St* 2 0 iff -gR'(E)_ -K'(t) £ -R'(Y) ,

Y < gR(t) gr(t) > R(t)
and hence

ot* > o0 iff -K'(t) L o0 .

Yy < aR(E) >

Since =K' (t)/[gR(t)] is always negative at a point of equilibrium, the
log-linear form gives the result that at*/dy is always positive. So we
can see why,swhen distance is included in the utility function, the log-
linear form implies dt*/3dy > 0 , whereas in the general case there is no
such implication. Theory and numerical analysis based on a log-linear
utility function, such as that of Mohring (1976) and Solow (1972) as
well as Montesano, are therefore open to question.

Solow's argument that the rich will live farther out is based on

Muth's model. For his case of a population with homogeneous tastes and
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two income levels, he shows that all those with a particular income level
will live in a band for which the rents are such as to keep them indif-
ferent regarding different locations within that band, according to the

relation

R'(t] = -K'(t) .

q

Arguing, next, that R'(t) must be steeper in the band closer to the city
center, he uses the equation above to demonstrate that a lower incame
level produces a steeper R'(t): if K'(t) is constant and q increases
with y, then R'(t) becames flatter with y. (In a footnote, Solow acknowl-
edges that if K'(t) includes time costs of travel which increase enocugh
with y, the richer will live in the more central band.) But this argu-
ment can hold only for the case where distance is left out of the utility
function: with distance in the utility function the corresponding

equation becomes

R = 1 % _x ,
al| u,
drt [ U U *
so (€)= 1] pltt at* -p°t U 2z -R'(t) dg* J
dy 9| g, oy U2 %% 3y oy

which is of indeterminate sign.

A new result of mine on the relation of ’location and income is an
explanation of why low-income households may not be found living at and
comuting fram the more distant locations. We saw in the previous
chapter that the budget surface trace in a (q, t) plane may be concave,
convex, or linear — that we can have (dzq/dtz)y greater than, equal to,
or less than zero. Here we look at a special situation which may well

arise when (dzq/dtz) y is negative. For smaller valuesof t (at least),
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the function will be increasing at a decreasing rate. One might well
find, within the relevant range of distances, a distance at which the
slope of the trace is equal to zero and beyond which the slope is
negative. Since, as we showed earlier, at a point of equilibrium the
slope of the budget trace must be positive, we would find no lower-
income residents at the more distant locations.

The reason is that at these distances camwuting costs get too high
for those with lower incomes. If the slope of the budget trace is
negative, we have |

—A
R{E) <0 s

which implies

K'(t) > —qgR'(t) .
That is, for these people, at these distances, marginal commuting costs
are greater than marginal rent savings as t increases: camuting costs
are so high, relative to rent savings, for individuals who can afford
only small residences, that the cost of closeness becomes negative. We
have comwuting costs so high that lower-income households have nothing
to gain by living farther out, and so do not.

There is no inconsistency in having the low-income budget trace
negatively sloped at greater distances -- so that tiose with low incomes
locate farther in —— while at the same time higher-incame budget traces
are positively sloped so that those with higher incames do locate at
these distances. The two situations are mutually consistent because,
at a given distance, so long as R"(t) isn't both positive and relatively
large, the change with distance of the slope of a budget trace increases

with incame. For all but the largest values of R"(t), a mapping of

’
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budget traces onto a (g , t] plane will show, at a given distance,
either a progression from Cdzq/dtzly‘ <0 to (dzq/dtzly =0 to (d%q/
a2, >0 with incame, or else all traces will have (qu/dtzzy > 0 ;
for a proof of this proposition see Appendix B. So in the case where

Y
dtz)_y 2 0 , at farther distances there will be no low-income residents

we have the progression with incame from (dzq/dtzl < 0 to (dzq/

and yet there will be higher-incame residents, because the former will
have negative budget trace slopes while at the same time the latter have

positive budget-trace slopes.
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CHAPTER FOQUR

COMPARATIVE STATICS

The purpose of this chapter is to examine how changes in the model's
exogenous variables (household income, y; the price, p, of the composite
consumer good; the rent function, R(t); and the travel cost function K(t))
produce changes in the endogenous variables (household demand for loca-
tion, t; housing space, gq; and the canposite good, z). The material in
the preceding chapter, on income and location, is of course also formally
a part of the comparative statics, but it was dealt with in a separate
chapter because urban location is the main focus of this study and as
such received the fullest treatment. The analysis in this chapter is
more terse and takes only passing notice of the very large general
literature on housing demand and demand in general. Rather, typically
I shall comment on housing and general demand theory only as appearing
in the location theory literature. In what follows in this chapter I
will write first at scme length about the relation between housing de-
mand and income, and then more briefly about the relations among the
other variables.

All the comparative static results are found by initially taking
the total differentials of the first-order condition equations, then
setting equal to zero all changes in exogenous variables that are not
of immediate interest, thén solving the resulting matrix equation by
Cramer's rule. Proceeding to examine the effect of varving incame on
household demand for housing space, we get the same matrix equation as
in Chapter Three, and the solution is
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: J .
o o 13 _ =l [ -pQUpg + pBU¢ + R(EVCU,, - AU,

ey, T "1

“R(E)Upp? + AU U, ]

where |J| is the determinant of the Jacobian. On our assumption that

Uzq=Uzt=Utz=th=0,wehave

oq* _ -Uszz [R(t) (U, -AEB) + ANR'(t)] ,
A TSE

so that
ag* 2 0 iff R(t) (Up-0R) + AMR'(E) € O
Yy < ot >

Substituting, fram (4),\ = Uq/R(t) , and manipulating, we get

%A
+) o2 - ')
x » o iff Ut sR(-.-) 3¢ - AR (t)
¥ < Ug > R(t)2

Since, holding z constant,

-» (@g) oo [Be) . e
st \af - TE \ O o

A

= (®); 2 [

-~ R(t)?2

R(t) %A - AR'(t)
3t

our critical inequality translates into

2q* 2 0 iff - 2[4 - 2 [a
wiowa(w s 2 (@

The import of the criterion is that if we focus on the plane forwhich z=z*

AVZ1PaN

and campare conditions at the initial point with conditions at the point

on the new budget trace for which q is unchanged and t is reduced a unit,
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g* will increase (remain unchanged/ decrease] if the change in slope of
the intercepting indifference trace is less than (the same as/ more than)
the slope change of the budget trace.

Seemingly, then, demand for housing space can decrease with incame
under certain conditions. This implication flies in the face of what we
know from theory of consumer choice, so it is worthwhile to investigate
in some detail how this can happen. BAs t decreases, the change in slope
of the indifference surface trace is negative: -a(dq/dt)I/at = Upy/Ug
< 0. So for the change in slope of the indifference trace to be
greater than the change in slope of the budget trace, the budget trace
slope change must be negative and sufficiently great in absolute value.

The change in slope of the budget trace can be negative or positive,
depending on the slope of the budget trace. Figure 3 shows the relation
between the shape of the budget trace and its slope change as t decreases.
The slope change from A to C equals the slope change from A to B plus
the slope change from B to C, so the change from A to B equals the change
from A to C minus the change from B to C. The change from B to C is
positive, as we saw in the previous chapter. If the change from A to C
is positive and relatively large in absolute value, the change fram A to
B will be positive and relatitively large in absolute value, and there-
fore the change from B to A will be negative and relatively large in
absolute value. So housing demand can fall with incame only if
Gdzq/dtz)y is positive and sufficiently large.

Intuitively, what is happening when housing demand decreases with
income is that the relative price of closeness falls wihen one moves
from a position like B to a pocition like A, and falls so ruch that the

relative marginal value of closeness at B is greater than its relative
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CONFIGURATION FOR 3q*/3y < 0

FIGURE 3.
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price there; the individual will therefore reach equality of relative
marginal value and price only by increasing closemess to such an extent
that it is at the expense of housing space. 2nd this mechanism operates
only with a budget trace with (@%/at?l, > O because only for such a
trace does the price of closeness fall as closeness increases.

Our criterion for 93*/0y also gives us additional information. We

have
2 iff R(E)U.. - R(E)WOA + ANR' (t) S 0
¥ < tt S5 =
. ] >
The second-order condition tells us
[H = -Rt)2U, + R(£)*M0A - ZR()AR' () - A%U__ >0  ;
t 3E aq

hence

[R()U,, - R(E)ABA + BAR' ()] + A [R(EIAR'(£) + AU_] < 0
St R(t) «

If we have aq*/ey: 0, we have to have R{t)AK (t) + Alyg > O.
But

?t* >0  Iff AUy + RENR'(t) 0
Y 2 >

We conclude that we can have oq*/dy = 0 or og*/dy < 0 only if we
have at*/ay < 0. Also,if we have 3t*/3y > 0 or ?d2t*/ %y =0,
we have to have °g*/3y > 0.

We now consider ©oz*/oy. We have

az¢ - -J12 _ 1 [—pquc + pB® + U R(E)C - U
' [3] [3]

- Upz R(E)B + UpyUgghl .

AB
z

On our assumption of independence of marginal utilities, we have

2 _ B [y

— U-@ _)\2_-1;2]
oy, | 3| qqVeeTge 1 - VRE)
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> >
sz* F 0 iff U U -aRm? £o .
oy ‘< . ot
To know more about Bz*/dy we look at ®A\*/2y:
* =J - » 2 _ 2
3y, [zl gl 5
+ 2quUZZB - U, qu) '
which gives us, assuming independence,
anx _ “Yzz [U__ {0, -\3B) - A2R'(£)2]
— ~ 137 @t
ay 1] -

If we now introduce the standard microeconomic assumption of diminishing

marginal utility of money, i.e. that az*/a2y < 0, we see that
U -2y 2R ()2 >0
qq(Utt Bt,) (t)

e therefore conclude that 3dz*/ 3y is always positive.

In the rest of this chapter we examine the effects of varying our
other exogencus variables.

To find the effect of varying p while holding the other exogencus
variables constant, we take our totally differentiated first-order con-
dition equations, set dR(t) = dK(t) = dR'(t) = AK'(t) =dv = ¢

and get

0 P -R(t) -A i _BX*/ap- Z
B3 Upz  Vaz Uez| |2z*/00 A
R} Uy Ug B 3q*/3p, 0
-A U B C t*
L zt 1L /ap | hoJ

Solving by Cramer's rule gives

2z

J A Jd
z 12 + 22 _T{ + T
%) =2

|3 |7 at* _z J14 + 2924

- aE: -_— J J
£i=Z__J£+)\J23 _ T3+ Ty |71 [3]
o, |JI [Jl TS + T6 «
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Terms Ty, T3, and Ty are all incame effects:
T, = ~z %2*%/%, Ty = <2 */oy, and Ty = -2 at*/ay. We found that,
assuming all our goods are normal, @z*/3y is positive, while oq*/ey and
?t*/dy are indeterminate, so Ty is negative while T3 and Ty are indeter-
minate. Evaluating T,, the substitution effect in ?z*/%p, we Observe
that A" is positive; |J| has the same value as |H| , which by the second-
order condition is negative; and Jr9 is a principal minor of Iﬁl and
nence by the second-order condition is positive. T, therefore being
negative, ®&*/%p is negative.

Expanding T,, the substitution effect in uq*/2p, we have, on our
assumptions,

_J A A 2g*
T,= M23 - AD_ [R(t) (U D) + AXR' (B)] =

Thus T, is opposite in sign to Og*/dy and T, has the same sign as
Og*/Ry. Since 0°g*/Qy can have any sign, 3g*/dp can have any sign.
The analysis for ©°t*/0p is the same as for 29*/op. Ve have

* = *
Ot* _ Tg + T =-z 0t A _pot*
P % Ugrdy

so for the same reasons, 3t*/ap can have any sign.

Now we look at the effects of variation in the rent function. The
literature has it that the rent function is probably best approximated
by a negative exponential function, but I found that form too difficult
to work with for the present purpose. Instead I will use the linear
form R{t) = ¢ - gt, where the parameter c gives the level of the rent
function at the inner edge of the residential area (where t = 0), and

the (positive) parameter g gives the rate of rent decrease with t.
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Ioocking first at the effects of variation in c, we get the matrix equation

0 p Rt} A [aasec] 4]

P Uzz Yz Uiy dz*/ac

R(E) U, Uy B aq*/3c A

-A U B C dt*/dc 0 .
The solution is

3¢ _gfi2 M. o+,

o gl 1al

o = g1z AI33- T34 My

oC J |7]

at* - g4 M34 _ T+ T,

°c g

|71

Tl' T,, and T5 are all income effects:

Tl = —qdz*/qy, Ty = -qeg*/dy, and Ty = —got*/%y. We know, then, that T;

is negative while Ty and Ty can have any sign. As to the substitution

effects:
T, = M32 . Ap [R(t) (U~ 2R) + AR (t)]
= x T
Uzz o

Since the sign of %*/% is indeterminate, so is the sign of Ty, Ty is
negative, since J33 is a principal minor of |7] and is therefore
positive. And we have

o = 34 o M [R(B)AU,,-PPAR'(£)]
gl ]3]

which evaluation reveals to be negative. S. e ®&*/2c, og*/oc, and
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?t*/ac all contain indeterminate terms, we see that all of these com-
parative static derivatives are indetermminate.

Now we look at the effects of varying g. The matrix equation is

"0 -  -rt) -a 1 [/ ~qts
*

-p U, Uz Uiy FT /gl 0

RE) Uy Uy B 3q*/og At

- & Y

|2 U, B c | |etv/eg] | M\ |

and the solution is

oz | ~tgfl2 - ad32 -agla2 | ow 4T, 4Ty

@ |71 3] ]

%%: _ —gqti3 - atI33 - \qJ43 = Ty 4T+ T
|7 13 17|

%’i = g4 - T4 -agdu = T, 4T+ T
|| 7] |7]

Ty, Ty, and T, are incame effects: the increase in g reduces rent levels
and therefore affects expenditures. Tl = gtdz*/dy ard is therefore
positive. T, = gtag*/oy and T, = aqtat*/ay; hence both are indeterminate.
Ty, Tg and Tg are substitution effects of the rent level changes; we
have T, = —taz*/écs, TB = -taq*/acs, and Tg = --tat*/acS where the sub-
script s denotes the substitution effect. These effects are of opposite
sign to those caused by changes in ¢ because an increase in c raises

rent levels while an increase in g reduces them. Sc T, here is indeter-

minate, while Tsand Tq are positive. T3, T, and T, are the direct sub-

9
stitution effects of decreasing the slope of the rent function and there-

by decreasing A. We have
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T = agle2 | A zp [AU + R(E) A R (8) ]}
7| 7]
= Np at*
Uzz oY
Te =ad’3 = g pAR () - AR(H)Uy,]
| 3] El
Ty = -xg4d4

]
Since ot*/oy is indeterminate, so is Ty. By evaluation, T, is negative.

And since Jy4 is a principal minor of |5| and is therefore positive,
Tg is positive. Thus, when the rent function gets steeper, the price
of closeness increases, and so less closeness is demanded. The ultimate
result of all these effects is that 9z*/3g, Bag*/ag, and ?dt*/dg are
all indeterminate.

We came finally to the effects of variation in transportation costs.
We would expect the transportation cost function to be more or less
linear, so we write K(t) = b + kt, and for this linear case we therefore
consider our endogenous variables to be functions of b and k rather than
of K(t) (as well as of y, p, and R(t)). We must rewrite the first and last
of our equations giving the total differentials of equations (3) to
reflect this change. Then, tO lock at variation of b we set dp = dR(t)

=dR'(t) =dk = dy = 0 and get

"0 -p  -R(t) -a |[on*/ap] 1
R(E) U U B f|eqy/ab 0
-A U, B c ||et*/ob 0 .

Our solutions are
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2Z* = Jy2
b lJI
2d* - J13
Glel |7
dt* 3 J1g
& T o v

The reader can see that these partials are simply the negatives of the
partials with respect to income. Thus, for example, imposition of a toll
at the edge of the CBD, in such a way that it would affect all commuters,
would be identical in effect to lowering all incomes: effects on g and
t would be indeterminate, while consumption of z would decrease.

The matrix equation for variation of k is

R

0 -p -R(t) -A ax*/a}] t

-p U,, Ugz U] {oz*/2k| = |0

RE) Uy Uy B | |agt/ek 0
‘—A U B c ft'*/ak- L)\_ .

Solving, we get

er _ 712422 _ o1 o+,
& |7] |7]
E:=tJl3+LJ43 - T3+ Ty
ok EIRREL
at* _ tJ4+aJag - 1o+
ok |7 |7}
The terms Tl’ T3, and T5 are the income effects. Ty, T4, and T6 are the

same as terms produced by variation of g, but divided by —g. We can
conclude that az*/ak,. og*/gk, and at*/zk are all indeterminate.
My comparative static results are summarized in Table 1. The table

also shows the results derived by Muth and de Salvo, who are the only



TABLE 1. COMPARATIVE STATIC RESULTS

Lo

My Math's De Salvo's
Results Results Results

?z* /3y >0 ———— Indeterminate
oq* /oy Indeterminate >0 >0

dt* /3y . Indeterminate Indeterminate
oz*/3p <0 —— ——
3q*/3p, Indeterminate —— —
at*/ep, " —_
?z*/3ac " -—— Indeterminate
oq*/ac " ———- <0
at*/ac n . < o "
?z*/3g " —~—- Indeterminate
aq*/29 ; 30
d3t*/3g " —— "
°z*/2b <0 ———— Indeterminate
oq*/3b Indeterminate —— <0
at.*/ab_ " <0 "
?z*/3k " ———— Indeterminate
3q*/ak " e <0
ot*/3k " <0 1
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ones to have done systematic monocentric city comparative statics within
a utility-maximization framework.3 The reader will observe that the
_great majority of my results are different from theirs. It should be
Clear, then, that my model and Muth's (on which de Salvo's work is based)
are in fact vitally different, and that Muth's leaving distance out of
the utility function is not offset by the other original features of his

model.

3

Wheaton (1974) does a camparative statics study from a bid price
perspective; his variables are different from those considered here.



CHAPTER FIVE

CONCLUSION

I said in Chapter One that my goals in this dissertation were to
present and analyze the distance-included utility-maximization model of
urban residential location, derive new explanations and results, and show
that this model is different fram and preferable to alternative models.
Now is the time to assess the dissertation in terms of these goals.
Chapters Two, Three, and Four are devoted to presentation and analysis
of the model, which I shall not reiterate here. The explanations are
new and center on the role of shifts in the relative shadow price of
closeness (relative, that is, to the price of housing space) in producing
unusual results. I have explained wny richer people might consume less
closeness than poorer people (i.e. might locate farther from the city
center) even though closeness is a normal good; why increases in incame
can produce moves in either direction; what factors determine the direc-
tion of movement; why poor people do not locate beyond a certain distance;
why the value of travel time is generally less than the wage. As to new
results not already mentioned here, the reader is referred to Table 1 in
Chapter Four. It remains for me to show in this chapter that my model
is different from and preferable to alternative models.

Since what I am arguing is the superiority of including distance in

the utility function, let me consider various arguments for omitting it.

l. One could argue that distance does not in fact affect people's
preferences. To make this statement is to assert that, all other
things being equal, an individual would be indifferent as to whether he

spent a short time or a long time commuting to work.
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2. One could argue, as does Solow, that since we do not know the
sign of the marginal utility of distance, we should omit distance from
the utility function "for simplicity" (1972, p. 162). This argument,
that things we don't know enough about can be treated as nonexistent,
must give way, I think, in the face of an invéstigation into the thing
that little is known about.

3. Finally, and most importantly, there is the argument that Muth's
treatment —-- omission of distance from the utility function but inclusion
of travel time costs in expenditures and income ~- is the equivalent of
my own, so that there is no need to include distance in the utility
function. This argument, which is especially plausible because Muth's
first-order conditions are in a sense the equivalent of mine, warrants
detailed discussion.

Muth's model may be written

U = U(z, q)
Y = pz + R(t)g + T(t, ¥)

T(t, ¥) = K(t) + V(Vt

where Y is income including the value of leisure and travel time (and is
to be distinguished from y, my variable, money income), T is total com-
muting costs, V is the value of a unit of travel time, and all other

variables are as previously defined. The Lagrangian is

L =1U(z, q) + Y - pz - R(t)g - K(t) - V(¥)t],

and the first-order condition resulting fram partially differentiating

with respect to distance is
“AMaR' (k) + K'(t) +V(¥)] =0 '

which implies
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V(] = —[ gR'(t] + K'(tl] . (3ct)
Now, in Chapter Two I have followed Mohring in asserting my equation (6),

v=-plt '
Uz

and this in turn implies, from equation (4),

v=-Ut .
A

Incorporating this expression for V into Muth's model yields
Up = A gR'(t) + K' (b)] .

But since this last is my own first-order condition (3c), one might be
misled into thinking that my model and Muth's are identical.

The critical distinction lies in the different things that Muth and
I have to say about V, the value of travel time. For Muth V is an exo-
genously given function of the wage; it varies always and only with
(exogenous) wage variation. For me V is a subsidiary construct which
varies in response to shifts in any and all exogenous variables, as they
affect t and \. So when Muth's (3c') is totally differentiated (to get
the comparative statics matrix equation; see de Salvo), the output is
samething quite different from what is gotten when one totally differen—
tiates my (3c). The differences in the forces he and I assert to be at
work account for the very different comparative static results implied
by Muth's model and mine. Our models, then, are definitely not
equivalent.

A subsidiary goal of mine in this dissertation was to critically
analyze other findings in the monocentric city literature. Here I
showed, among other results, that Mohring's measure of the value of

travel time is biased, that Montesano's conclusion that the rich live farther
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out holds only for a log-linear utility function, and that Solow's con-
clusion to the same effect holds only if distance is omitted from the
utility function.

We come now to the important question of the policy implications
of this study. The question is to some extent premature, since the work
I have done is at the basic research level. But everything I have so
far done does suggest that the location patterns we observe are the re-
flection of people's tastes for location and living space. It would seem
that if cities are deserted, it is because people prefer to live at lower
population densities, with more living space. If so, then in the absence
of externalities there is no very good justification for urban re-develop-
ment, or for subsidizing cities and urbanites at the expense of non-
urban areas and people. This is not to say that the urban poor should
not receive transfers, but rather that they should receive transfers be-
cause they are poor, not because they are urban. Moreover, transfers to
the poor which tie them to an urban location benefit them less than do
equal transfers which allow them to maximize utility with respect to
location and all other goods.

It also seems fair to say at this point that policy conclusions
based on models I have called into question should be subjected to re-
examination, as should conclusions based on theory that ignores loca-
tional corisiderations where such are in fact present. Studies in trans-
portation economics and on housing demand particularly came to mind here.

In a recent paper William Wheaton (1977c) tests models similar to
mine and rejects them, his basic result being that observed location
patterns are explained not by preferences for closeness and housing
space but by the desires of the well-to-do to escape from the racial and

social externalities and fiscal burden imposed by the urban poor. I feel
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constrained to comment at same length on his work to make clear why his

rejection of the location-theory type of explanation is unwarranted.
Wheaton takes Alonso's and Muth's versions as the primary expositions

of accepted residential location theory, to which he opposes an alterna-

tive view which he expresses (p. 620) as follows:

It is now well documented that in American urban
areas the vast majority of middle and upper in-
come house-holds live farther from the city center
in separate suburban commnities... The conse-
quences of this spatial pattern have been quite
serious. The outward mobility of those with means
has left American cities as segregated domains for
the poor. Within city boundaries the poor can tax
only themselves for necessary but deteriorating
services... Having escaped this tax burden, middle
income Americans enjoy a substantial "fiscal surplus”
in the suburbs —- providing an implicit and regres-
sive redistribution of income... In searching for
an explanation to these problems, many economists
suggest that... fiscal disparities and city decay
are not only the product of middle class flight,
but the cause as well... The fragmented structure
of American local government and the presence of
racial or social externalities are the primary forces
which have generated the spatial pattern to begin
with.

Wheaton tests Alonso's and Muth's theories by using them in conjunction
with his own fitted utility functions to predict location-income patterns,
and then by camparing the predicted patterns with the actual patterns
finds that their theories are rejected by the tests; he therefore con-
cludes by accepting the alternative running-away-fram-the-underclass
theory.

Testing Alonso's bid price theory, Wheaton uses utility functions
he himself has fitted for different groups in an urban sample. He uses
the utility functions to compute bid price functions for the different
strata, and he shifts the utility levels of the bid price functions

until supply-demand equilibrium is reached. The resulting pattern does
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not have the richer living farther out with any regularity. So if
Wheaton's test is a proper one, Alonso's theory is rejected. (In the
process Wheaton is also testing the location theory he himself espoused
in his own prior work (1974, 1977a, 1977b): Wheaton's theory is .iden-
tical to Alonso's except for Wheaton's contribution that bid price
functions are arrived at through maximization of a rent function subject
to a utility level constraint.) Unfortunately, Wheaton makes use of an
additional hypothesis in devising his test, this hypothesis being that
the parameters of the utility function themselves vary with incame. In
line with this, he fits and uses different utility functions for groups
supposed to be similar except as to income. But for Alonso, individuals
with identical tastes and different incomes have identical utility
functions. This means that Alonso's hypothesis is inconsistent with
Wheaton's incorporated hypothesis, that Alonso's theory does not imply
the location patterns Wheaton derives. Wheaton, therefore, hias not suc—
ceeded in devising a proper test of Alconso's theory.

To test Muth's theory,l;l Wheaton first shows that Muth's criterion
is equivalent to saying that the rich will live farther out if, at a par-
ticular location and rent, the slopes of their bid price functions are
flatter. He then uses his fitted utility functions to compute the bid
price slopes for the different strata. Again, the resulting pattern

does not have the richer living farther out with any regularity. This

4

Actually, Wheaton tests the original version of Muth's theory and
also an amended version of it. The two versions are identical except
that in the original version the marginal value of travel time is pro-
portional to the wage, while in Wheaton's amended version the marginal
value of travel time is equal to -Ug/U,. My comments apply to Wheaton's
tests of both versions.
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time Wheaton's test is not a proper one for a different reason. To show
the equivalence of Muth's and the bid price slope location criteria, he

writes the slope of a bid price function,

R'(t) = L [‘i— K (t)] ,
I |o3

takes its derivative with respect to income, holding location constant,

and gets
aR'(t) =1l)lgri) dg - Ut Uy, dz
dy q & U dy ’

the expression in brackets being equivalent, according to Wheaton, to

Muth's criterion expression,

¢ oy
& [aR (t)]+ dy

where Tt is the marginal cost of travel.

Wheaton would be quite correct as to equivalence if both he and
Muth were discussing movement with income from an equilibrium starting
point to the same finishing point. But, first of all, in fact Muth is
talking about movement on an unchanging set of utility surfaces, while
Wheaton is talking about change to a new utility function with income .
So the two are talking about different dg/dy and dz/dy. Second, Muth's
condition is in terms of movement from an initial equilibrium; since
Muth doesn't claim that it will predict at any arbitrary location and
rent, Wheaton's is not a proper test once again. Third, Wheaton's R(t)
is the bid price function whereas Muth's R(t) is the actual rent
function, and since bid price and rent are equal to each other only at
an individual's equilibrium location, for this reason also the conditions

are not equivalent for a non-equilibrium rent and location. So the two
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criteria are not equivalent and Wheaton's test of Muth's hypothesis is
not a proper one.

We can conclude that location theory survives Wheaton's challenge,
even if we unquestioningly accept Wheaton's fitted utility functions,
which consistently have (from my own point of view, anyway) the wrong
sign for the marginal utility of distance, and for which, also, the co-
efficients and exponents of distance are not very significantly different
from zero. But the very fact that all of location theory could have been
called into question with such vehemence, points to the need for a new
version of location theory which can meet with widespread acceptance, a
version which, hopefully, I have now provided.

I hope I have shown the approach that must be taken for the further
development of residential location theory. Now it is necessary to pro-
ceed beyond the basics, to expansion of the model until all the signifi-
cant variables are included in the utility and constraint functions, in
a multi-city model with numerous workplaces within each city. On the
devand side there needs to be incorporation of business lccation with
residential location theory; the two need to be fitted together with the
supply side. The full model, with fitted functions, could then be used
for prediction, so that we could make best use of our urban public
spending resources.
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APPENDIX A

PROOF OF CONTINUITY OF THE RENT FUNCTION

Since I am here making no assumptions as to the continuity of the
rent function, constrained utility is not a continuous function of
distance, and therefore I am not permitted to use calculus to find the
individual's optimal location. So in this Appendix I must first show
how the individual, in these circumstances, finds z*, g*, t*, his
optimal set. That done, I also need for my rent continuity proof, a
proof that the rent function must be decreasing (even if. the rent
function is not continuous). The third section of this Appendix will

be the proof that the rent function must ke continuous.

Individual Fquilibrium

We have no restrictions whatever on the rent function, so that the
rent at any location need not bear any specific relation to the rents
at other locations. At a given location t©, rent will be R(t°) and com—
muting costs will be K(t°). For each t© the individual will find his
optimal z© and ¢°, which we shall call his "semi-optimal" set. The
semi-optimal set is found by setting equal to zero the partial deriva-

tives with respect to z, g, and A of the Lagrangian
L=U(z, q t°) + A[ly - pz - R(t°)qg - K(t°)] ,

and solving the resulting first-order condition equations. This gives

z° = z°[p, R(t°), K(t%), y]

® = ®[p, R(tO), K(t9), v]
2° =2%p, R(tD), KD, y]
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All we can do now to solve for the overall optimum is to take the
semi~optimal (z, g) pairs associated with each t and use them to com—
pute for each t its associated utility index number according to the
utility function. We find the overall optimum, which we denote (z*, g¥*,
t*), by choosing the (z°, ¢°, t°) set with the largest index:

= o
ot ot )= &lll (zo,mazo' to)} u(z°, g% t°) :
We can now write
z* = z*[p, R(t), K(t), v]
g* = g*[p, R(t), K(t), y]
t*

t*[P: R(t)r K(t)l Y]

The Rent Function Must Be Decreasing

We will prove, first, that at every location where rent is not
lower than at all more central locations, market demand for housing
space will be zero.

Consider t*, an individual's optimal location, and any more central
location €. The individual's optimal set is (z*, g*, t*). At t the
individual has a locus of opportunities consisting of (z, ) pairs de-
fined by his budget constraint. We focus on that pair at t whose z
camponent is z* and whose g component is the one paired with it by the
t budget constraint; we denote this more central set (z, q, &). We know
‘that the individual prefers (z*, g*, t*) to (z, q, t), since the latter
is not even semi-optimal whereas the former iz optimal. Then we must
have g* > g, because otherwise, with z = z* and £ < t* he would surely
prefer (z, q, £) to (z*, g*, t*).

From the requirement that g* be larger than g, we can deduce our

condition on the rent function. We write the budget constraints for the
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two locations

v = pz*¥ + R{t*)] g* + K(t*)

y = pz + R(t) q + K(k) .
Since z* = z, we get

R(t*) g* + K(t*) = R(E) + K(¥)
Manipulation gives

K(E) - K(t*) +g[R(E) - R(t*)] _

. . =
R(EH) gq q

But since we have established that g* must be larger than g, we have

K(E) - K(t*) +g[R(E) -~ R{*)] >
R(t*)
and hence
R(E) - R(t*) > K% - K@)
q

Since the right-hand side of this inequality is positive, we see that
for t* to be optimal, we must have R(T:') - R(t*) > 0 and hence the
rent function must be decreasing. If t* is not optimal for anyone,

no one will locate there, and demand for housing will be zero. On the
assumption that the housing supply curve has the usual form, then, at
all non—-Cecreasing rents supply—denz—lnd equilibrium will not be possible.

Hence the rent function must be decreasing.
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‘THe Rerrtthcti‘mt Must Be Continuous

Consider t**, a point of discontinuity. We cannot find a location
in the neighborhood of t** such that the rent there is R(t**) -¢, ¢
being a challenge number as small as we wish. In the neighborhood of
t**, at every point less central than t**, with a decreasing rent function
the rent is therefore less than R(t**) - ¢ . Iet RO = R(t**) -¢ .
Consider €, defined as any point in the neighborhood of t** that is less
central than t**. At t the semi-optimal pair is (2, q). Another pair
available to the individual at t is the pair consisting of z**, the semi-
optimal z at t**, and the q coupled with it by the budget constraint at
E; this q we will call §. Clearly U(Z, q, ©) > U(z**, §, T). Consider
yet another pair at t, this pair consisting of z** and the q that would
be coupled with it if the rent at t were R°; this q we will call ¢°.
Since R(E) < R°, we have 4 > g°, and hence U(z**, G, T) > U(z**,
©, 1.

What happens to q© as t gets smaller and approaches t**? We know
that

L = Y- pzF* - K(E)
RO

The only element in this equation that changes as t approaches t** is
K(t); what happens to K(t) is that it approaches K(t**). If we define

g*** as the value that ¢© approaches as t approaches t**, we have

qkr* =Y - pz¥* — K(t**) .
RO

At t** the individual's semi-optimal g is g**. Since

gt* = ¥ = pz** = K(t**)
R(t**)
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and since R(t**) > R°, we see that gt** > g**, So U(z**, gqt**, ti¥)
> U(z**, q*, tr*),

We have now established that as t approaches t**, (z**, @, t)
approaches (z**, g***, t**) that U(z,q,t)>U(z**, q°, t), and also
that U(z**, g***,6 t**) > U(z**, g*¥*, t**), We conclude, therefore,
that as t approaches t**, U(z, g, t)'> U(z**, g**, t**); the individual
will always prefer t to t**, and hence will never locate at t**, the
point of discontinuity. With no one locating at t**, demand for housing
will be zero, and hence supply-demand equilibrium will not be possible.

So the rent function must be continuous.
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APPENDIX B
INCOME AND THE SHAPE OF THE BUDGET TRACE

I will show that at a given distance, the change with distance of

a (g, t) plane budget trace slope increases with income, i.e.

da_[(d%g
E(dt 2>y>0

except for the case of (d q/dtz)y < 0 and relatively large in absolute

value.
We have
939) _ 28R'(t) - R(E)QR" ()
2
&), R(0)2
= q|2R'(t)2 - R(t) R"(t) + 2K' (t)R'(t)
R(t)2 R(t)2
and

=2K' (t)R' () .

2
< q

a%q] >0 iff 2R'(t)2 - R(LR" (L)
at?| <

Yy
To see how this rate of change of slope varies with incame, z and t

held constant, we find

)0l e i) -

ogq oy R(t)2 R(t)

a faq) >0 iff R @®Z-ROR'® > 0 .
dy < <

Clearly, whenever we hawve
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2R' () - R(IR"(E) > ~ XK' (t)R' () '
q
we also have 2R' (t)2 - R(E)R"(t) > 0, since, by evaluation,
- 2K' (£)R' (t) /g is positive. Therefore, whenever we have (dzq/dtz)y 2 0
we also have d/dy(dzq/dtz)y > 0. For the case where 2R' (t)2 - R(£)R"(t)
is less than -2K' (t)R'(t)/q and greater than zero, we have (d2q/dt?) v
< 0, with d/dy(d®q/dt?)y nevertheless positive. Only when 2R' (£)2 -
R(ER"(t) S 0 is d/dy(dzq/dtz)y‘ 20, and in this case (d%q/dt?), is
negative and relatively large in absolute value. Q. E. D.
When (d2q/dt2)y is negative and relatively large in absolute value,
it is also true that R"(t) is positive and relatively large. For then
we have 2R'(t)2 - R(t)R"(t) < 0, and hence

R"(£) > R ()2 .
R(t)
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