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1. Introduction. By a graph we mean a finite un-

directed graph (as defined in [1; p. 2]) without loops and

without multiple edges. The automorphism group of a graph

conslsts of those permutations of the vertex set of the
graph which preserve adjacency relations (cf. [1; p. 239])).
A graph 1s called asymmetric if its automorphism group
consists only of the identity automorphism (cf. {2])e If a
graph has a nonldentity automorphism group the graph 1is
called symmetric. In this paper we study questions pertain-
ing to the existence, structure, and enumeration of asymmetric
graphs. Our first theorem establishes the extreme values of
p and q for which there exist asymmetric graphs having p
vertices and q edges.

Let a, denote the number of asymmetric trees having
n vertices. The numbers a, have been determlned by F. Harary
and Ge Prins {3; ps 155)s These numbers are here employed in
the manner indicated telow to assign to each integer p

(p # 8) & pair of integers (N,w).

rFor each integer p (p  8), let N and w be defined by
N N+1
(1.1) 1 n=1ann§p<zn=lann. and
N
kp = lns=1 %" w(N+l) +r (0SS w « 8N4yt OsSr < N+l).




Theorem 1. If K is an asymmetric graph having

p vertices and q edges, then

(1) p=1orp#&6, and
(11) m) & q s M, where

[0 ifp=1

mp =16 if p =6, 7
N

Lp-—zn_____lan-w HpEB.md

[0 ifp=1

9 ifp=¢6
5 =115 ifp=7

N
LP(P-S)/B'!' Zn -1 % *" if p ¥ 8, where

N and w are as defined in (l.1).

The bounds m, and lp are the best possible in the

sense that for each p (p =1, p £ 6) there exist asymmetric

graphs having p vertices and respectively the minimum m

P
The preceding theorem 1s proven in the class of all

and the maximum M_ number of edges.

graphs. We denote this clasa by G. We have also established

the values p, m , and Mp for the followlng three classes of

p’
graphs: C = the class of connected graphs, @' = the class

of graphs having no vertices of degree 2, henceforth called
and

topological graphs.l\ct = the class of connected topologilcal
SraEhﬂ (Cfo §2) .




We next turn our attention to the structure of
asymmetric graphs. We note that the order of the auto-
morphism group of a graph can in some sense be considered
a measure of the "symmetry" of the graph. This suggests
the following question, due to P. Erdss and A. Renyi

(ef. [2]): how can one measure the "asymmetry" of an

asymmetrlc graph?

With respect to the above question we observe that

the complete graph on p vertices, U i1s symmetric, except

p’
when p = 1. Thus, 1t is clear that any asymmetric graph K

(K # U;) cen be made symmetric, i.e., a symmetric graph can
be obtalined from K by adjoining a sufficient number of edges
to K. It is also possible to make K symmetriec by deleting
edges from K. However, the number of edges which must be
adjoined to an asymmetric graph in order to make it symmetric
18 in general not the same number of edges which must be
deleted from the given graph in order to make 1t symmetric.
Examples of this latter fact are given 1n.§3. These obser-

vations suggest the followlng definitlions for measures of

asymmetry of a graph.
If K is a graph we define the posltive asymmetry

AT(K] of K as the least number of edges which when adjoined

to K ylelds a symmetric graph, the negative asymmetry A”([K])

of K as the least number of edges which when deleted from

K ylelds a symmetric graph, and the asymmetry A[K] of K



as the minimum of o« +§$ where a symmetric graph can be ob-
tained from K by adjoining « edges and deleting § edges. In
$3 we obtain upper bounds for the values AY(K], a"[K]), and
A{K] where K ranges over the class of all graphs having p
vertices and q edges. In particular, Theorem 5 of $3 sharpens
a result, obtained by P. Erdocs and A. Reényl, concerning the
function A (cf. Theorem 3 [2; p. 3111]).

In §4, for each class of graphs G, C, a% and c%
we determine the least value G(p,1l) for which there exists
8 graph K with p vertices, A[K] =1 (A%(K) =1, A"[K]) = 1),
and G(p,1l) edges. Our theorem for the class G contains the
solution to a problem posed by P. Erdds and A. Renyl
(cfe [2; pe 312])e This result is an immediate consequence
of our Theorem l. Our theorem with respect to the class Ct
is stated below.

Let C¥(p,1) denote the least number of edges for
which there exiats an asymmetrle graph K in ct having p

vertices, A[K]J =1, and ¢c%(p,1) edges, where we require that

the symmetric graph obtained from K is e graph in Ct.

Theorem 9. Gt(p.l) is undefined for p =1, 2, see¢, 6,

ct(7,1) = 11, and

¢ p+2 forp=8+2n (n
C(Ppl)=
p+l forp=9 +2n (n

0’ l’ 2, -oo)

Oy 1, 25 eee)s
The values of Ct(p.l) with respect to the function




A* are the same as those with respect to the function A.

The values of C%(p,1) with respect to the function

A" are as follows: Ct(p.l) is undefined for p =1, 2, e¢ee;, 6,

¢®(7,1) =11, ¢%9,1) =12, and ¢¥(p,1) = p + 2 for
p=8and p# 10.

In the procesas of proving these theorems we noted
the particularly simple structure of the asymmetric topo-
logical graphs having 2 independent cycles. As a consequence
of thls we were able to enumerate these graphs (cf. #5).
This result 1s a partial solution of one of the unsolved

problems tabulated by F. Harary in [4; p. 188]).



2. Existence theorems. Proof of Theorem l. If p = 1,

then K = U, and m = "1 = 0. In [2; p. 296]) 1t 1s shown that,
if a greph has 2, 3, 4, or 5 vertices, then it is a symmetric
graphe It is further noted that the graph in Fig. 2.1 has 8

vertices and isasymmetric.

O / S—, V)

— o

FiSo 2.1

In the proof of Theorem 4 [2; p. 311] it is shown that there
exists an asymmetric tree having p vertices for each p & 7.
This proves part (i) of the theorem.

We remark here that the minimum value 6 for the
number of vertices of an asymmetric graph K (K # U;) was first
observed by I. N. gzgno (cfe [5; footnote pe 859]) and that
the existence of asymmetric trees having p vertices for each
p 27 1s due to K. Frucht (cf. [6; p. 241]).

We now seek the extrema m, and Hp for each p (p £ 6).
If p = 6, we have, by referring to the graph in Filg. 2.1,
that mg % 6. If a graph K has 6 verticea and 5 edges or less,
then either K is a tree or K is not connected. 3ince a tree
with 6 vertices 1s symmetric and & graph with 6 vertices

which is not connected must contain a component which is

symmetric or in the extreme case have no edges, we nmust



have mg = 6+ Since a graph and 1its complement have the
same automorphism group (cf. [5; p. 860]), the complement
of the graph in Fig. 2.1 1s asymmetric and consequently
ylelds the meximum value M, = (6+5/2) - 6 =9. If p =17,
the values m, and M, are obtained by considering the aaym-
metric tree having 7 vertices (cf. Fige. 2.2) and the com-
plement of this tree respectively. These graphs yleld the

values my = 6 and M, = (7°6/2) - 6 = 15.

Figo 2.2

If p 2 8 we claim that the minimum value mp is
equal to the number of edges of an asymmetric forest having
p vertices and a minimal number of edges. This assertion is
proven by showing that an asymmetric graph having p vertices
cannot have less edges than a minimal edge asymmetric forest
with p vertices.

We first show that a minimal edge asymmetric forest
Fp having p vertices has a maximal number of components

c(Fp) end that for minimal edge asymmetric forests the num-

be#f;omponents c(Fp) 1s a monotone increasing function of p.



Consider the formula (2.1) for the cyclomatic number N(K)
of a graph K having q(K) edges, p vertices, and c(K) com-
ponents:
(241) N(K) = q(K) = p + ¢(K).
For a forest F we have N(F) = 0. Thus, for fixed p,
q{(F) = p - ¢(F) 1s minimal 1f and only if c¢(¥) is maximal.
Now, let Fp denote a minimal edge asymmetric forest having
p vertices and c(Fp) components and let v denote the number
of vertices in a maximal vertex component of Fp. If this
component 1s replaced by an asymmetric tree with v + 1
vertices the forest obtalned is asymmetric, has p + 1 —
vertices, and c(Fp) components. Therefore a minimal edge
asymmetric forest having p + 1 vertices has at least c(Fp)
components. This shows that the number of c¢omponents in a
minimal edge asymmetrlc forest 1s a monotone lncreasing
function of the number of vertices p. We are now in a
position to show that an asymmetrlic graph having p vertices
cannot have less edges than a minimael edge asymmetric
forest having p vertices.

Let K denote an asymmetric graph having p vertices
and let F_ denote a minimal edge asymmetric forest having

P
p vertices. From the cyclomatic number formila (2.1) we have

(2e2) N(K) = q(K) - p + c(K)
and
(203) 0 =

Q(Fp) ~-p+ C(Fp).



Let K = F\UH, where F consists of the tree components of
K and H consists of the nontree components of K. Then,
(2.4) N(K) = N(H) and c(K) = c(H) + c(F),

Combining (2.2}, (2.3), and (2.4) we have:

(2.5)  q(K) = q(Fp) = N(H) - o(H) + c(Fy) - c(F),

Since H has no tree components we have N(H) - c(H) & O.

Let v denote the number of vertices in the asymmetric
forest F and let Fv denote a minimal edge asymmetric

forest having v vertices. Then, c(F) & ¢(F ). Since v s p
and c(Fp) 1s monotone increasing with respect to p for
minimal edge asymmetric forests we have c(F,) = c(Fp).
Thus, c(F) = c(Fp)- These observations together with (2.5)
show that q(K) - q(Fp) £ O« This completes the proof of

the fact that an asymmetric graph having p vertices (p £ 8)
cannot have less edges than a minimal edge asymmetric
forest with p vertices. We shall now construct minimal edge
asymmetric forests for each p (p  8) and proceed to obtain
the valuea for m, and up.

Let the set of asymmetric trees be put into a 1-1
correspondence with the positive integers in such a way that,
if T, and T, are asymmetric trees with r and s vertices
respectively, then r < s implles T, follows T, in the order-
ing of the asymmetric trees induced by the selected 1-1
correspondence. Note that the ordering within a set of

trees having the same number of vertices 1s arbltrary.
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Specifically, since the first few values of a, &re a; = 1,
8 =0 (1 =2, 3 +ee, 6), ag =1, ag =1, and ag = 3,

(cfe [3; pe 156]), the preceding remarks imply that, in the
ordering of the asymmetric trees obtained, U1 is first, the
asymmetric trees having 7 and 8 vertlces are second and
third respectively, and the three asymmetric trees having

9 vertices are fourth, fifth, and sixth. Now, given p (p # 8),
let N end w be defined as in (l.1l). Keeping in mind that

Ejﬂ =1 a,n = 1ol + 17 + 128 + 3°9 4+ eae + aNN

we shall consider the two cases, w = O and w # 0.

If w = Q, then

p=z§=lann-N+(N+r),
The forest consisting of all the asymmetric trees having no
more than N - 1 vertices plus the first ay -1 asymmetric
trees having N vertices plus an asymmetric tree having
N + r vertices 1ls an asymmetric foréest having a minimal
number of edges with respect to pe In the case where r = 0,
the asymmetric tree having N + O vertices to be chosen
should be the ey th asymmetric tree having N vertices, thereby
insuring that this tree will be distinct from the already
chosen ay - 1l asymmetric trees having N vertices. The asser-
tions concerning this forest are clear, since its components
are distinct asymmetric trees and the construction maximizes

the number of components, hence minimlzes the number of edges.

If w # 0, then
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p=EE=1ann+(w-1)(N+1)+(N+1+r).

In this case the minimal forest we construct consists of all
the asymmetric trees having no more than N vertices plus the
first w - 1 asymmetric trees having N + 1 vertices plus an
asymmetric tree having N + 1 + r vertices. As before we note
that 1f r = 0, then the asymmetric tree having N + 1 + O
vertices to be chosen should be distinct from the already
chosen w - 1 asymmetric trees having N + 1 vertices. As in
the case w = O, this forest is asymmetric and has a minimal
number of edges relative to p.

We now compute the number of edges in these minimal

edge forests. If w = O, then the forest constructed has

jEN -la + (a

n=1 " N
components. If w # O, then the forest constructed has

- 1) +1

N -
§;1=:1 & + (w = 1) +1

components. Thus, in both cases these minimal forests have

N
‘2r1=-1 8+ W
components. Applying the defining formula (2.1) for the

cyclomatic number of a graph in the case where the graph

is a foreat heving p vertlices and Eg =7 8 + w components

n

we obtain the following value for mys

mp'.-..p- E=la’1-' (p28).

Since the complement of any such forest is an
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asymmetric graph with a maximal number of edges, we obtain

the following value for Mp:

M, = p(p - 1)/2 - m, = plp - 3)/2 + ﬂ =1 8 *" (p = 8).

This completes the proof of part (il) of the theorem and
since we have exhibited graphs having the extreme number of
edges indicated in the statement of the theorem, the proof

of Theorem 1 1s completed.
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Theorems 2, 3, and 4 below, establish, for each
class of graphs C, Ct, and G%, the extreme valuses of P
and q for which there exist asymmetrlc graphs having p
vertices and q edges.

Theorem 2. If K 18 an asymmetric connected graph

having p vertices and q edges, then

(1) p=lorpe 6 and

(i1) m, S qQ= lp. where

ﬁ) ifp=1

m, = {6 if p =26
Lp -1 _1_.!.‘_ P e 7, !_I}_q
(0 ifp=1
9 if p =6

M =4

P 15 if p=2"1
p(p-3)/2 + ZN a_ +w if p £ 8, where
\ n=1n — —————ra—

N and w are as defined in (l.1l). °

‘fhe bounds mp and Hp are the best possible in the

sense that for each p (p =1, p 2 6) there exist asymmetric

connected graphs having p vertices and respectively the

minimum my, and the maxirmum Mp number of edges.

Proof. If K is a connected graph having p vertices,
then K has at least p - 1 edges. In the proof of Theorem 1
we noted the existence of asymmetric trees having p vertices
for any p & 7. Since a tree having p vertices has p - 1

edges, we have m, =P - 1 (p27).
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The values my and mg for connected graphs cannot be less
than those obtained in Theoremi fer arbitrary graphs. In
particular U1 and the connected graph in Fig. 2.1 yleld
the values m;y = M; = O and m, = 6 for the present case.

We next note that the extreme values Mp for
connected graphs cannot exceed those glven for arbitrary
graphs in Theorem l. In particular we observe that the
graphs given in the proof of Theorem 1 realizing the extreme
values M, (p  6) are all connected graphs. Specificsally,
if p = 6 or 7 we have as our maximal edge asymmetric con-
nected graphs the complements of the graphs in Figures 2.1
and 2.2 respectively. This ylelds Mg = © and M, = 15. For
P # 8 ¢ach minimal edge asymmetric foreﬁt glven in the
proof of Theorem 1 contains the graph U, as & component.
This implies that the maximal edge asymmetric graphs which
are complements of these graphs are connected graphs. This

completes the proof of Theorem 2.
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Theorem 3. If K is an asymmetric connected topo-
-

logical graph having p vertices and q edges, then

(1) p=lorpe 7, and

(11) mp 2q9= Hp, where
0 ifp=1
11 if p =7

mp={p+2 1f p =8+ 2k (k =0, 1, 25 o¢os)
p+1 1fp=9+2%(k=0 1, 2, «+.), and
0 tp=1

M = {15 ifp=7
{p(P-S)/Z + zzg =1 % *" if pZ 8, where

N and w are as defined in (l.1}.

The bounds mp and Hp are the best possible in the

sense that for each p (p =1, P & 7) there exist asymmetric

connected topological graphs having p vertices and respectively

the minimum my, and the maximum lp number of edges.

Remark. Since the language and initial setting of
[7] is different from that used in this paeper and as we will
be using some results contained in (7] we make the following
observations. If K is a topological éﬁnghgzlien K can be
thought of as a l-dimensional cell complex and the automor-
phism group of K as a graph is 1somorphic to the homeotopy
group of K as a complex (cf. [7; pe. 353]). In particular a

J=-dimensional cell complex with homeotopy group equal to

zero can be thought of as an asymmetric topological graph
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(cfe Lemma [7; p. 354]). Finally, we note that the theorem
on ps 353 of [7] which we will explicitly use is valid only
for connected l-dimensional cell complexes.

Proof of Theorem 3. It was proven in [7; Theorem

pe 353] that, 1f a connected topological graph is asymmetric
and not equal to U]’ then 1t must have at least 7 vertlces
and that for each p (p 2 7) there exist asymmetric connected
topologlcal graphs having p vertices. This proves part (1)
of the theorem.

It was also shown in ([7; Theorem p. 253] that an
asymmetric connected topological graph which 1s not equal
to U; must have cyclomatic number (called the nullity in
[7]) greater then or equal to 2. This combined with part (1)
ylelds p + 1 s mp (p2 7).

The graphs depicted in Fig. 2.3 are asymmetric con-
nected topological graphs having p = 9 + 2k vertices and
qQ = 10 + 2k edges (k = 0, 1, 2, e«s)}e Thus, we have

mp=p+l 1fp=9+2k(k=031’2’no.)-
o C

-& EDGES f




In [7; pe 356) it 1s shown that every asymmetric
connected topological graph having cyclomatic number equal
to 2 is of the form:

((wv) g (W v) 5 (w v) 5 (vaw) ]

with W (W 2 3) free edges (by a free edge (s,t) at the vertex
s we mean an edge (s,t) such that the vertex t has degree 1)
adjoined at 1solated interior points of the parsllel edges
(u,v)1 (1 =1, 2, 3) such that each of iheae three edges has
a distinet number of free edges adjoined to 1t. Note that
in this edjunction process we are introducing new vertices
in contrast wlth the adjunction of edges dliscussed in the
introduction. The number of vertices that each of these
graphs hes is of the form p = 9 + 2k (k =0, 1, 25, ees)e
Thus, 1f p#9 + 2k (k =0, 1, 2, eee), thenp + 2 = m, (p& 7).

The graphs depicted in Fig. 2.4 are asymmetric con-
nected topological graphs having p = 8 + 2k vertices and
q = 10 + 2k edges (k =0, 1, 2, «s¢)+ Thus, we have

m, =p + 2 1If p =8+ 2k (k =0, 1, 25 acs)e

& EDGES \/\

Figo 2¢4
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To complete the proof of our assertion concerning
mp it remains to show that m, = 1l. In [7; Theorem p. 353]
it 1s shown that an asymmetric connected topologlcal graph
must have at least 10 edges. The graph in Fig. 2.5, which
1s an asymmetric connected topological graph having 7 vertices
and 11 edges, together with the following lemma ylelds

m, = 1l.

o

Figo 2e¢D

Lemme 2.1. Every connected topological graph having

7 vertices and 10 edges 1s symmetric

Proof. Let K denote a connected topological graph
having 7 vertices and 10 edges.

(a) K contains at least one free edge. This is seen

by considering the following relation:

(2.6) 2q = Ly . d(Ay)

where q 1s the number of edges of a graph having p vertices
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and d(Ai) is the degree of the vertex Ay (cf. (1: pe 71)s
Applying (2.6) to K together with the assumption that K does
not have any free edges ylelds the following contradiction:
7
2*10 = zi =1 d(Ai) £ 27 .
Thus, K contains at least one free edge.

(b) If K contains exactly one free edge, then K is

symmetric. Let K contain exactly one free edge (A,B), where
d(A) = 1, and consider the graph K' defined as follows:
K' = (x - {(aB)}) {8}

_Since (A, B) 18 the only free edge in K, every automorphism of
K leaves (A,B) fixed. Thus, the automorphism group of K is
isomorphic to the group of sautomorphisms of K' which leave
B fixed or equivalently to the group of automorphisms of the
complement K' (in Us) of XK' which leave B fixed. We shall
consider K' rather than K' because K' has 6 vertices and 6
edges whereas K' has 6 vertices and 9 edges. Applying (2.6)
we find that K does not have any vertex of degree greater
then 4 and in fact contains at most one vertex of degree 4.
This implies that K' is connected and contains at most one
vertex of degree l. We next note that K' contains at most
one vertex of degree 2, the only possibility being the vertex
B. This implies that K' contains at most one vertex of degres
3 (the vertex B which 1s to remain fixed when we consider
automorphisms of K'). Now, there are exactly thirteen con-

nected graphs having 6 vertices and 6 édgos (cfe Tabie 9



[8; ps 150))« Among these there are exactly four graphs
which have at most one vertex of degree J. We deplct these
candidates for the graph K' in Fige 2.6. Note that these
graphs need not be, and in fact are not, topological graphs.

i)

!
b

i

—

Flge 2.6
The three possibilities for K' which have a vertex B of
degree 3 each have nonidentity automorphisms which leave
the vertex B fixed. The fourth graph in Fig. 2.6 has,
corresponding to each vertex, a nonidentity automorphism
which leaves that vertex fixed. Thus, we have shown that,
if K has exactly one free edge, then K 1s symmetric.

(¢) If K contains exactly two free edges, then K

is symmetric. Let K contalin exactly two free edges (A,B) and

(C, D), where d(A) = d(C) = 1, and consider the graph K!

defined as follows:

k' = (x - {(&B), (D)) (B D} .
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Since {A,B) and (C,D) are the only free edges of K, every
aucvomorphism of K either interchanges the edges (A,B) and
(C, D) or leaves voth of them fixed. Thus, the automorphism
group of K 1s isomorphic to the group of automorphisms of

K' which either interchange the vertices B and D or leave
both B and D fixed. As before 1t will be more convenient

to consider the complement K' of K'« In this case K' 1s

one of two possibilities: elther K' consists of two dis-
Joint edges plus Ul or & chain of length two plus two coples
of U, (cf. Fig. 2.7)s This follows from the fact that X' 1a

1
a graph wilth 5 vertices and 8 edges, l.e., K' 1s U5 with
two edges deleted.
B
o
o o

Fige 2.7
We further note that in the case where K' 1s the graph with
the chain of length two, one of the free edges of K, say
(A, B}, must have been adjolned at the vertex of degree 2.
For if the were not the case, K would have that vertex as
a vertex of degree 2. By referring to Fig. 2,7 we see that
for any choice of the vertices B and D in the first graph
there 1s a nonidentity sutomorphism of the graph which

either interchsnges B and D or leaves B and D fixed. For
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any cholce of D in the second graph we see that there is
a nonidentity automorphism of the graph which leaves both
B and D fixed. Thus, we have shown that if K has exactly
two free edges, then K 1s symmetric.

(d) K contains at most two free edges. If K contains

n (33 n <7) free edges, then the graph K' obtained from K
by removing the free edges, in the manner indicated in the
preceding paragraphs, would have 7 - n vertices and 10 - n
edges. But for n 2 3 this would imply that K' had multiple
edges, which it does not.

Combining (a}, (b), (¢), end (d) completes the
proof of Lemma 2.1.

In order to prove the assertions concerning Mp we
show that the asymmetric connected uzrephs (p =1, p & 7)
exhibited in proving the assertions concerning Mp in
Theorem 2 are topological graphs. If p =1 orp =17, it
1s clear that the connected maximal edge asymmetric graphs
in gquestion are topological. Thus, let K denote a maximal
edge asymmetric graph which is the complement of a minimal
edge asymmetric foreast F of the type we have defined in the
proof of Theorem 1 and let K have p vertlices (p £ 8). Then,
K has a vertex:bf degree 2 1f and only if F has a vertex
of degree p - 3. This follows from the equation:

degF(x) +2=p - 1.

We now recall that F has U; as a component and we note that
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the component C(x) of F which contains x, since 1t contains
the closed star of x, st(x), must contain st least p - 2
vertices. This leaves exactly one vertex y of F unaccounted
for. Since F 1ls asymmetric, y cannot be an 1solated vertex.
Thus, y is in the component C(x). Since C(x) is a tree and
Clx) - st(y) = at(x),
y cannot be adjacent to more than one vertex of C(x). It
i1s clear that there 1s, up to isomorphism, only one graph
that can be obtalined in this way and that this graph 1s
symmetrics On the other hand this graph is supposed to be
the greph F which is asymmetric. Thus, we have arrived at
a contradiction. Therefore, K cannot contain a vertex of

degree 2 and this completes the proof of Theorem 3.
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Theorem 4. If K 1s an asymmetric topological graph

having p vertices and q edges, then

(1) p=1lorpe7 and
(11) m, 5 q & M, where

(b ifp=1
11 if p =7
=410 if = 8
= it p
kp _j._._f_ P = 10 + 2k (k = 0’ 1’ 2. ooo)’ and
0 ifp=1
M =15 1If p =7
p —
(p-3)/2 + ZN a_ +w 1f p 2 8, where
PP n=1""m i1 p ’

N and w are as defined in (l.1l).

The bounds m, and Mp are the best possible in the

sense that for each p (p =1, p & 7) there exlst asymmetric

topological graphs having p vertices and respectively the

minimum m, and the maximum Mp number of edges.

Proof. Part (1) of Theorem 1 implies that an asym-

metric topological graph K (K # Ul) must have at least 6
vertices. However, each asymmetric graph having 6 vertices
has at least one vertex of degree 2. Thus, for asymmetric
topologicel graphs (not necessarily connected) the possible
number p of vertices is p =1 or p £ 7. That these values
are realized follows from Theorem 3. Thus, we have proven

part (1) of the theorem.
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Let K denote an asymmetric topological graph having
p vertices, g edges, and ¢ components. Then, by (2.1) we
have, ¢ = p + N(K) - ¢+ Every asymmetric conr.ected topo-
loglcal graph, other than U1.
Theorem p. 353] and recall the HKemark that follows the

satisfies N(K) & 2 (ef. [7;

statement of Theorem 3 of this paper), and
N(K) = 25 - 1 N(Ky),

where K; 1s a component of K. Thus, q & p + 2¢ - ¢, 1if U1
is not a component of X, and q& p + 2(¢c - 1) - ¢, if U1
is & component of K. This iIn turn ylelds

qQep+cep +1, if Ul is not a component of K, and
(27) {q_a ptc=-2¢gp.if Ul is a component of K.
Therefore, p = m, (pe7).

We have noted that there are no asymmetric topolog-
ical graphs having 6 vertices. This implies that a minimal
edge asymmetric topologlcal graph having 7 vertices must be
connected. Thus, by Theorem 3, we have

My = 1l.
This in turn implies that a disconnected asymmetric topolog-
graph having 8 vertices must have at least 11 edges. However,
applying Theorem 3, we see that the minirum mg = 10 1is
realized by a connected asymmetric topological graph.

We next note that the graphs depicted in Fig. 2.3
each combined with the graph U, are asymmetric topological

grephs having p = 10 + 2k vertices and q = 10 + 2k edges
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(k - 0, 1. 2' oo-)o Thus.
m, = p 1f p =10 + 2k (k =0, 1, 2, eee)s
In view of (2.7) and Theorem 3 the above values of p are the

only values for which m_ = p. For the remaining values of p,

P

we must have p + 1 s mp. and by Theorem 3 this minimum is

realized by the graphs depicted in Fige 2.3, l.e.,
mp=p+1 ifp=9+2k (k=0’1,2’ooo)c

With respect to the velues of M we note that the

p’
values gilven in Theorem 1 are absolute maximums for arbitrary
asymmetric graphs. Furthermore, as was shown in proving
Theorem 3, the graphs constructed in establishing these
values are topological graphs. This completes the proof of

Theorem 4.
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3. Asymmetry bounds. Let A*[K], A™(K], end A[K]
denote the positive asymmetry, negative asymmetry, and

asymmetry of a graph K as defined in the introduction.

Lemma 3.1. If K denotes s graph and K its comple=-

ment, then (1) A[K] = A[K] (Erdos-Reényi), (i1) A*[K] = A-[K1,

(111) A=[(K] = A*[K), end (1v) A[K] s min {A*(K], A-[K]} .

These relations are valid in the class ¢ of all graphd.

Proof. Statement (1) is Lemma 1 [2; p. 295]. For
the proof of (11), let A*[K] = « and let K' denote a sym-
metrle graph obtalned from K by adjolning o edges to K.
Since K' 13 symmetrlc, 1t follows that K' 1s symmetric. We
now note that K' can be obtained from K by deleting the
edyges that were adjolned to K in order to obtain K'. Thus,
A[K] = o¢ . Since o¢ {8 the least number of edges which
when adjoined to K will yleld a symmetric graph, o¢ must be
the least number of edges which when deleted from K will
yleld a symmetric graph. Therefore, AT[K] = «% . This proves
(11). Using the fact that §.= K, and part (1i), we obtain
A-(K] = A*[K), thereby proving (iii). The proof of (1iv) 1is
clear, for if K can be made symmetric by either adjolning
x edges or deletlng $§ edges, then A[K] = min{.{.,i}-

Remark. In order to 1llustrate the inequality of
the functions A*, A~, and A we refer to the graph given in
[2; Fige 5 p. 297] depicted here in Fig. 3.1. This graph 1is

asymmetric, can be made symmetric by deleting the edge (A, B),
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but cannot be made symmetrioc by adjoining one edge. Thus,
in thils case we have

A(K] = A"(K] = 1 < A"[X].
If we apply Lemma 3.1, we obtaln

AlK) = A*(K] = 1 < A"[KD.

A
Figo 3.1

Lemma 3.2 Let A, (J # k) denote the number of

Jk
vertices of e graph K which are either (1) adjacent to PJ

and not adjacent to Py or (2) adjacent to P, and not

adJacent to PJ' and let 1333 = O+ Then,
(1) A7[K]} s min &4, (J # k),
(11) A%(X] s min Ay (1 #%), where Ay, 1s
Aﬁjk in K, and
(111) AlK] = min{min AJk (] # ) mnajk () # k)}.
Proof. The proof of Theorem 1 [2; p. 299) expli-
citly ylelds A~[K] £ min Ajk (J #%), i.e., A[X] S min AJk
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(] # k) 1is proven by deleting Ajk edges from K and thereby
obtaining a symmetric greph. For the proof of (il) we delete
ij edges from the complement of K. This yields, by (1),
A"(K] s min Bjk (] # ¥) and applying Lemma 3.1 (111) we
obtain A*(K] s min ij (J # k). Combining these facts with
Lemma 3.1 (iv) we obtain (1ii).

In the next two theorems we give upper bounds for
the functions A*, A, and A in the class G of all graphs.

Theorem 5. Let K denote an asymmetric graph (# U;)

having p vertices and q edges, then

AY[K] s minv{ll]3 -gqg+1, q - mp + 1},
AT[K) = min {M_ - T + 1, q-mp+1}. and
AlK)] = min{Mp - max{q, ﬁ} + 1, min{q, ﬁ} - mp + 1,

%9(1 - 2q¢/p(p - 1))}

where q = (p(p - 1)/2) - q and M, end m, are as defined in

Theorem 1.
Proof. Clearly, A*(K] s M, - a+ L
A*[Ejz.;np-a+1, A"(K) S q - m, +1, and
A[K]l]s q - m, + 1. Combining this with (11) and (1i1) of
Lemma 3.1 we obtain:
A*[K] = A"[K] s min {up -q+1, §-m o+ 1} and
- — +rr - - - .
A[K]-A[K]émin{q mp+1.lp q+l}
This proves the first two assertions of the theorem.

Applying Lerma 3.1 (iv) we obtain:
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AlK) = min{A*[K], A"[KJ}
s min[l!p - max{q. ('1} + 1, min{q. 'ci} -m, + 1}.
Combining this with Theorem 3 [2; p. 311}, which stestes that
A[K]) = ég(l - 2q/p(p - lD we obtain the last assertion of
the theorem.

Remark. There are values of p and g for which the

above theorem is an improvement of Theorem 3 [2; p. 311]
for determining a bound for A[K]. For example let p = 15
and q = myg = 15 - 2 = 13. The above theorem yields A[K] = 1,

whereas Theorem 3 [2] yields

%1(1 - 2-1:5/15014) = %(rg%) = 1558 > 5 2 atx),

In the followling theorem we obtain upper bounds
for the values AT[K] and A~[K] where K ranges over the
class of all graphs having p vertices. In the case where
a graph K is asymmetric and a symmetric graph cannot bp
obtained from K by the edge operations we are considering,
then the corresponding functions A%, A7, or A shall assign

to K the symbol e . For example, A*[U;] = AT[U, ] = A[Uy] ==,

-
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Theorem 6. Let A*(p) (A™(p), A(p)) denote the

maximum of A*[{K] (AT(K], A(K]) where K ranges over all

graphs having p vertices (p =1, 2, 3, ++¢)s Then,

(1) AT(1) = a7(1) = A(1) = oo,

(11) a%(p) = A7(p) = A(p) =0 (p =2, 3, 4, 5)s
(111) A%(6) = A™(6) = A(6) =1,

(iv) A%(p) = [(p - 1)/2) (p & 7),

(v) A"(p) s [(p - 1)/2) (p 2 7), and

(vi) A(p) s [(p - 1)/2) (p 2 7) (Erdos-Reényl),

where [x] denotes the integral part of the real number x.

Proof. We have already noted that,

It

A*(1) = a~(1) = A(1) = ®, A%*(p) = A7(p) = A(p) = O when

2, 3, 4, 5, and A*(8) = A~(6) = A(6) = 1. Now, assume

P
pZ 7. By Lerma 3.2 (i) we have AT[(K] s min AJk (] # k)
Since min Aﬁk (j # k) cannot exceed the average taken

over all ZSJR we obtain:

P P
min A,, s §J=l§k=lAJk
Jk p{p - 1)

(J # k),

Then as was shown in the proof of Theorem 1 [2] 1t follows:

AT[K) = [(p - 1)/2].
By Lemma 3.2 (11), A*[K] s min ij (j # k), where

Zsjk 1s szk in K. Thus, as above, we have
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Af K] s min A, =

Tk (J # %),

P p -
ZJ_: Zk--l Ajk
1
By (1.4) {2; ps 299], we have

p - - - —
Z§=1§k=1A3k'2Z€=1vi(p‘1"vi)'

where ¥V, is the degree of the vertex P, in K. Using the

1

fact that Vi =p=-1-v,, where v, 1s the degres of the

1
vertex Pi in K, we have

P P =
23=1Ek=1/—\1k E lzk=l Ik .

Thereforae,

p P
J=1Ek=lAJk

p(p - 1)

Atlk] s s [(p - 1)/2].

The proof of the theorem 1s completed by noting that

assertion (vi) is Theorem 1 [2; p. 298].
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4. Graphs having asymmetry equal to 1. Let G(p,1)

(C{ps1)» Ct{(p,1), G¥(p,1)) denote the least integer for
which there exists a graph K in G (C, ct, Gt) having p
vertices, asymmetry equal to 1, and G(p,1) (C(p,1), ct(p,1),
Gt(p,l)) edges. If there are no graphs, in the particuler
class of graphs under consideration, having p vertices and
asymmetry equal to 1, we express this fact by saying that
G(ps1) (C(ps1)s C¥(ps2)s G¥(ps1)) 1s undefined.

Theorem 7. G{p,1) 1s undefined for p = 1, 2, +se¢, 5
f— —— ——————— ]

a(6,1) = G(7,1) = 6, and

N
G(psl) = p - En=1 L for p £ 8, where

N and w are as defined in (1.1).

The values of G(p,1l) with respect to the functions

AY and A” are the same as those with respect to the function

A.

Proof. Theorem 1 (cf. §1) states that for a given p
the least number of edges that an asymmetric graph can have
is mye Thus, if K is a minimal edge asymmetric graph, then
deleting one edge necessarily ylelds s symmetric graph.
Specifically, for a minimal edge asymmetric graph K, A7[K]
= 1. Furthermore, 1f one considers the minimal edge asym-
metric graphs constructed in the proof of Theorem 1 (cf. §2),
it is seen that each of these graphs can be made symmetric
by adjoinlng one edge. Thls completes the proof of the

theorem.
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Theorem 8. C(p,1) 1s undefined for p =1, 2, esep, 5,

c{6,1) = 6, and

C{ps1) = p -1 for p & 7 (Erdds-Renyi),

The values of C{p,1) with respect to the function

+

A are the same as those with respect to the function A.

The values of C(p,1l) with respect to the function

A" are as follows: C(p,1) 1s undefined for p = 1, 2, sees 5

and C(p,1) = p for p & 6.

Proof. The asymmetric trees depicted in Fig. 4.1
can each be made symmetric by adjoining the edge (A,B). Thus,
with respect to the functions A and A% we have

Clppl) =p -1 (p&7).

1: ~2 JERTILEDS
Fig. 4.1

Since a tree 1s disconnected if any one edge is
deleted, we must have that, with respect to the function
AT, C(py1) 2 p {p 2 6). Consider now the graphs depicted
Fig. 4.2. These graphs are asymmetric, have p vertices,
p edges, and yleld connected symmetric graphs when the
edge (A,B) 1s deleted. Thus, with respect to the function
A, we have

C(p)1) =p (p = 6),
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Figo 4.2

For the case p = 6 and the function AY, we note that a
symmetric graph is obtained from the graph in Fig. 4.2
by adjoining the edge (A,C). This completes the proof of

Theorem 8.
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Proof of Theorem 9 (for statement of theorem see

introduction). We first show that there exist minimal edge
asymmetric connected topological graphs K such that A+[K]
= 1 and which have symmetrizations which are connected
topologliocal graphs.

The greph in Fige 2.5 is asymmetric and has 7
vertices and 11 edges. If the edge (A,B) is adjoined to
this graph we obtain a graph which has a nonidentity auto-
morphism, namely the automorphism which interchanges the
vertices B snd C. Thus, Ct(7,1) = 11 with respect to the
function A*.

If p=8+ 2n (n

Oy 1, 25 ee+), we consider the
graphs deplcted 1n Fig. 4.3. These graphs are asymmetric
and have 10 + 2n (n = 0, 1, 2, ..+) edges. If the edge
(A,B) 1s adjoined to these grsphs we clearly obtain a class
of symmetric connected topological graphs. Thus, we have
ct(prl) =p +2 1f p=8+2n(n =0, 1, 2 ees)

with respect to the function at.

n EpeEs




If p=9 +2n (n =0, 1, 2, eee), we consider the
graphs deplicted in Fige 2.3 (with k = n). These graphs are
asymmetric and have 10 + 2n (n =0, 1, 2, «¢.) 6dges. If the
edge (A,B) is adjolned to these graphs we obtain a class of
symmetric connected topological graphs. Thus, we have shown

c®ps1) =p+1 £ p=9+2n(n=0,1, 2 +o.)
with respect to the function At.

For the graphs we have considered, A(K) = AY(X].
Thereby proving our assertions concerning the functions A
and a*.

The deletion of edge (A,C) in the graph in Fig. 2.5
yields a connected topological graph having 7 vertices and
10 edges, which by Theorem 3 (cf. $2) must be a symmetric
'graph- Thus, Ct(7,l) = 11 with respect to the funetion A~.

If p=8+2n (n =0, 1, 2, e+s) we note that the
deletlon of edge (C,D) in the graphs depicted in Fig. 4.3
yields a class of symmetric connected topologlical graphs. Thus,

Ct(p,l) =p+2 Ifp=8+2n(n =0, 1, 25, ees)
with respect to the function A™.

If p=9 +2n (n =0, 1, 2, ¢e¢), we recall from the
proof of Theorem 3 (cf. €2) the structure of asymmetric con-
nected topologlcal graphs and then observe that the deletion
of any one edge from these graphs yields a graph which 1s
elither not connected or has a vertex of degree 2. Thus,

with respect to the function A~, we have
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(4.1) CYp,l) 2 p+21Ff p=9 +2n (n =0, 1, 25 ees)e
We now conslider the class of asymmetric graphs de-

pilcted in Fig. 4.4. These graphs have 11 + 2n vertices and

13 + 2n edges (n =0, 1, 3, 4, «+.) and can be made symmetric

by deleting the edge (A,B).

A /
n EPGES

nwig2 B

Fig- 4.4

For the case p = 15, g = 17 (the missing caese n = 2, above),
we conslder the asymmetric graph in Fig. 4.5. Here we obtailn
a symmetrlic graph of the appropriate type when we delete the
edge (A,B).

Fig- 4.5
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Thus, we have shown that, with respect to the function A",
Ct(p,l) =p+2 1Ifp=11 +2n (n =0, 1, 2, ese)s
We now consider the remaining case, p = 9. The graph
in Figs 4.6 1s asymmetric, has 9 vertices, 12 edges, and can

be made symmetric by deleting the edge (A,B).

A

Figo 4.6

From (4.1), we have C'(9,1) 2 11. Thus, the proof of the
theorem will be complete when 1t 1s shown that there does
not exist an esymmetric topological graph having 9 vertices
and 11 edges from whlch a symmetric connected topologicel
graph can be obtained by deleting one edge.

There are exactly three asymmetric connected topo-
loglcal graphs having 9 vertices and 11 edges. These are
shown in Fig. 4.7. The deletlon of any one edge from these
graphs ylelds a graph which !s either not connected or
has a vertex of degres 2 or when the edge (4,B) is deleted
In the middle graph we obtain an asymmetrlc graph. Thus,

we have shown that, with respect to the function A we have



Ct(9,l) = 12« This completes the proof of Theorem 9.

Figo 4. 7
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Theorem 10. Gt(p,l) 1s undefined for p = 1, 2, ¢es, 6,

at(7,1) = 11,
Gt(en 1)

lO, and

t P"'lrorp=9+2n (n=0,1,2,...)
@"(p»1)

p for p =10 + 2n (n =0, 1, 2, see}s

The velues of Gt(p.l) with respect to the functions

AY and A~ are the same as those with respesct to the function

A

Proof. We shall show that there exist minimal edge
asymmetric topological graphs K such that A¥[K] = AT[K] =1
and which have symmetrizations by one edge which are topo-
logical graphs.

From Theorem 4 (cf. §2), we have GY(7,1) = 11,
a¥(8,1) 2 10, and G%py2) 2 p +1 if p =9 + 2n
(n =0, 1, 2, ++s)e From Theorem 9, we have C¥(7,1) = 11

10 with respect to the functions A and 4-,

and c%(8,1)
and ¢%(p,1) =p+11f p=9 +2n (n=0, 1, 2, «os) with
respect to the function AY. Consider now the graphs deplcted
in Fig. 2.3. These graphs have p = 9 + 2n (n =0, 1, 25 «..)
vertices and g =10 + 2n (n =0, 1, 2, ...) edges. By
deleting the edge (C,D) from these graphs we obtain a classa
of graphs which are symmetric and topological. Combining

the observations of this paragraph proves the assertions of

the theorem for the cases p =7, 8, 9 + 2n (n = 0; 1, 2, ees)e
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If P = 10 + 2n (n = (0, 1, 2’ ocn), we consider

the cless of asymmetric graphs deplcted in Fig. 4.8.

D
N ED&ES \ ?
AW
B
o
A
Figo 4.8

These graphs have 10 + 2n (n =0, 1, 2, «..) edges and can
be symmetrized by adjoining the edge (A,B) or by deleting
the edge (C,D). In both cases the graph obtained is a topo-
loglical graph. Thus,

6% prl) =p 1f p =10 +2n (n =0y 1y 25 eee)e

This completes the proof of Theorem 10.



5« Enumeration theorems. For a recent survey
of unsolved problems in the enumeration of graphs the
reader is referred to F. Harary's article in [4; p. 185].
We note that in [4] topological graphs and aaymmetric
graphs, as defined in thls paper, are called “omeomorphi-
cally irreducibvle graphs and 1dentity graphs respectively.
In [3]) F. Harary and G« Prins have enumerated topological
trees and asymmetric trees. The enumeration of topological
graphs having a positive number of independent cycles 1is
an open problem as is the enumeration of asymmetric graphs
(cfe [4; pe 188])¢ In Theorems 11 and 12 of this section
we give an enumeration of asymmetric topologlical graphs
having 2 independent cycles. This 1s the first case of
interest in this direction, since there are no asymmetric
topologlcal trees nor ssymmetric torological graphs having

1 independent cycle.
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Theorem 11. The number of asymmetric connected

topological grapha having 2 independent cycles and p

vertices 1»s

Pﬁ(k) ifp=9+2k (k=0,1, 2, ¢¢+), and
0 if p 1s otherwise,

where P:(k) denotes the number of partitions of k having

no summand greater than 3.

The number of esymmetric connected topological

graphs having 2 independent cycles and no more than p

velrtices 1is

0 _1_{ p< 9

1 H p = 9, 10, and

1 0 -1/8 1f N = 1(mod 2)
-7—2['72 + N(2N° + 21N + 66)] +

0 Af N = O(mod 2)

L —_ g

.1/9 Af N = 1(mod 3)]

+ |-2/9 Af N

2(mod 3}

it

i 0 1if N O(mod 3)

if p=9 +2N0orp=10+ 2N (N =1, 2, 3, eee)e

Proof. In the proof of Theorem 3 $2 {where we
refer to [7; pe 356]) we explicitly described the struc-
ture of asymmetric connected topologlical graphs heving 2
independent cycles (cyclomatic number equal to 2). Let W

be as defined in that description of these graphs. Then,
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it 1s clear that the total number of asymmetric connected
topological graphs having 2 independent cycles correspond-
ing to a given W 1s equal to the number of partitions of

W into three unequal summands added to the number of par-
titions of W into two unequal summands. These graphs have

p=3+2F (Wg 3) vertices, l.e., p £ 9 vertices.

+ 1
The number of partitions of n +C‘ ] into k
2
unequal summands is the same as the number of partitions
of n having no summand greater than k (cf. [8; Theorem 3(b)

pe 113]). Applying this to the case we are considering we

4
k=3 W=n+
1~

k=2 W n + 3) =71n + 3.

have:

n + 6, and

1]

Thus, 1if PQ(w) denotes the number of partitions
of o¢ heving no summand greater than $ , we have that the
total number T(3 + 2W) of asymmetric connected topological
graphs having 2 independent cycles and p = 3 + 2W vertices
1s equal to:

Ps(w - 6) + P2(w -3) (W= 3; P?(o‘) =0 1f ««<0)e.
If W=k +3(k=0, 1, 2, eees), then

T(> + 2W) = T(9 + 2k), and

T(9 + 2k) = P3(k - 3) + P2(k) (k =05 15 25 ece)e
Using the identity (cf. Theorem 10.lc {9; p. 201])

Pelx) = Pg—i(“‘) + Pgle -8) (1< ¢ =)
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with « =k and § = 3 we obtain
Pa(k) = Pylk) + Ps(k - 3) (k & 3)
which ylelds

It

(501) T(g + 21() = Pa(k) (k 5’ 43 5, ooo).
We further note that

1,

PS(O) = Ps(-S) + PB(O)

(5+2) PS(I) = Ps(-B) + P2(1) l, and
Pa(2)

Combining (5.1) and (5.2) we obtain

I
48]

Ps(-l) + P2(2) =

T(9 +2k) = P3(k) (k =0, 1, 2, «ss).
This completes the proof of the first assertion of the
theorem.

The total number 3(p) of asymmetric connected
topological graphs having 2 independent cycles and no
more than p vertices 1is glven by

S(p)

S(p) zk-opi':(k) 1f p =9 + 28N or p = 10 + 2N

In [10; p. xvl] the following formula for Ps(k) is given
- 2 47 L k 2k
(5.4) Pglk) —-Ilg(k + ek + 41y 4+ (1) /8 +-&(u5 + W)

0 if p ¢ 9, and

where k = 1, 2’ Sy ese, and us = exp(ZTEi/S). Thus. if

p=9 +2Norp=10 + 2N (N =1, 2, 3, s}, then

S(p) =1 + Ez - 1[{%(1{2 + 6k + il’5?-) + (-1)k/8 +'%‘(u: +u§k

]
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Using the summation formulas:

N
K=l X" N(N + 1)/2,
: _, k2 = N(N + 1)(2N + 1)/6,
. (-l)k/B ; -1/8 1if N = 1(mod 2)
k=1 0 if N = Q(mod 2), and
«1/9 if N = 1(mod 3)
N 1, k 2k
— =& = i =
Ek L glws t ) 2/9 1f N = 2(mod 3)
0 if N = O0(mod 3)

we obtain:

S(p) =1 + = N(N +1)(2N + 1)/6 + f% N(N +1)/2 + 3T

12 7
=1/9 if N = 1(mod 3)
-1/8 if N = l1(mod 2)
+ + |«2/9 1f N = 2(mod 3)
O if N = O(mod 2)
| O if N = O(mod 3)

1+ 278 + L N(N +1)(2N + 19)/6

72" T 12 -
-1/9 if N = 1(mod 3)
~1/8 1f N = 1{(mod 2)
+ + (=2/9 1f N = 2{mod 3)
0 1if N = O{(mod 2)
0 1if N = O(mod 3)J
- 315[72 + 47N + N(N + 1) (2N + 19)]
(21/9 1f N = 1(mod 3)]
-1/8 1f N = 1(mod 2)
+ + |=2/9 1f N = 2(mod 3)
0 1f N = O(mod 2)
0 if N = 0(mod 3)|.

Therefore,



S(p) =-JL1%2 + N(2N2 + 21N + ssﬂ

72 -
-1/9 1f N = 1(mod 3)
-1/8 1f N = 1(mod 2)
(5¢5) + +)~-2/9 1f N = 2(mod 3)
O 4if N = O(mod 2)
0 1if N = O(wod 3)

1fp=9+2Norp=10+2N(N=l. 2, 3 ooo)-

This completes the proof of Theorem 1ll.
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Theorem 12. The number of asymmetric topological
—

graphs having 2 independent cycles and p vertices 1is

0 if p < 9, and

Ps(k)_i;_f_p=9+2k2£p=10+2k(k=0,l,2,.-.),

where P,(k) denotes the number of partitions of k having no

summand greater than 3.

The number of asymmetric topological graphs having

2 independent cycles and no more than p vertices 1is

0 1f p
1 ifp
2 ifp
1

18{:22 +

1p=10+2N(N

< 9
=9,
= 10,
:
N(N® + ON + 244 +
!

= 1, 2’ 5, ouo)’ .nd

N(2NZ + 21N + eeﬂ .

=1, 2, 3 oco)o

-1/9 if N

-3/9 1f N

-2/9 if N

-1/4

! 0

-2/9

-4/9

3 0

g [ |

if
if

-
1{mod 3)

2(mod 3)

0(mod B)J

O(mod 2)

-~

2(mod 3)

O{mod 3)

Proof. In the proof of Theorem 11 we observed

that the only asymmetric connected topological graphs

1 {mod 2ﬂ

1 (mod Sﬂ

-
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having 2 independent cycles are those explicitly descrived
in the proof of Theorem 3 and that these graphs exist only
when the number p of vertices 1s of the formp = 9 + 2k
(k = 05 1, 2y ess)e In the proof of Theorem 4 we observed
that asymmetric (not connected) topological graphs with 2
independent cycles exlst only when the number p of vertices
1s of the form p = 10 + 2k (k =0, 1, 2, «+v+)s Each of the
latter type graphs 1s of the form: an asymmetric connected
topological graph having 2 independent cyclea plus the
graph Ul' Combining these facts we have that the total
number T(p) of asymmetric topological graphs having 2
independent cycles and p vertices is given by:

T(p) =0 if p < 9, and

T(p)

where Pa(k) denotes the number of partitions of k having no

Ps(k)ifp=9+2korp=10+2k(k=0,l,2,.-.),

summand greater than 3. This completes the proof of the first
assertion of the theorem.

It is now clear that the total number,Jkp) of
asymmetric topologlical graphs having 2 independent cycles

and no more than p vertices 1s given by:

Aip) ={23% _ o Palk) = P5(N) 1f p =9 + 2N (N =0, 1, 2 «o0)

10 + 2N (N=0, 1' 2. oo-)o

N
221{ _ o Balk) if p
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Making use of the result that
S(p)=§£___oP3(k) Ifp=9+2Norps=10 + 2N

(cfe (5¢3)) we obtain

0 iIf p<9
1 itp=29
/‘f(p)=<2 if p =10

2S(p) - PS(N) if P = 9 + 2N (N = 1’ 2’ 3' oco)

kBS(p) 1If p =10 + 2N (N =1, 2, 35, ese)s
which when combined with (£.4} and (5.5) yields the formulas
for.g(p) glven in the statement of the theorem. This completes
the proof of Theorem 1lZ.
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