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1. Introduction* By a graph we mean a finite un­
directed graph (as defined In [1; p* 2]) without loops and 
without multiple edges. The automorphism group of a graph 
consists of those permutations of the vertex set of the 
graph which preserve adjacency relations (cf* Cl; P* 239J).
A graph is called asymmetric If its automorphism group 
consists only of the Identity automorphism (cf* [2])* If a 
graph has a nonidentity automorphism group the graph is 
called symmetric* In this paper we study questions pertain­
ing to the existence! structure* and enumeration of asymmetric 
graphs* Our first theorem establishes the extreme values of 
P and q for which there exist asymmetric graphs having p 
vertices and q edges*

Let an denote the number of asymmetric trees having 
n vertices* The numbers aĵ  have been determined by F. Harary 
and 0* Prlns [3; p. 155J* These numbers are here employed in 
the manner Indicated below to assign to each integer p 
(p t 8) a pair of integers (N,w).

For each integer p (p £ 8)* let N and w be defined by

In = 1 ann s P < In+t 1 ann> and
P = JJI n a n  + w( N+l) + r (0 £ w < aMj_ ; 0 5 r < N+l).*-n = 1 n N+i



Theorem 1. If K is an asymmetric graph haying
p vertices and q edges* then

( i ) p * l o r p f c 6 ,  and
(ii) mp S q S lip, where

fo
m

-p =1

ZN
n = 1 n

(0

9
15

If p * 1
if p » e, 7
if p 8* and

if p = i 
If p = 6 
If p * 7

p(p-3)/2 + / . a_ + w if p £ 8, where, L  n = 1 n —  -----
N and w are as defined in (1*1)»

The bounds nip and Mp are the best possible in the
sense that for each p (p = 1* p £ 6) there exist asymmetric
graphs having p vertices and respectively the minimum mp
and the maximum Mp number of edges.

The preceding theorem is proven In the class of all
graphs* We denote this class by 0* We have also established
the values p, mp, and Mp for the following three classes of
graphs: C = the class of connected graphs* 0^ = the class
of graphs having no vertices of degree 2* henceforth called

an3 "
topological graphsy^C = the class of connected topological 
graphs (cf. f 2 )•
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We next turn our attention to the structure of 
asymmetric graphs. We note that the order of the auto­
morphism group of a graph can in some sense be considered 
a measure of the "symmetry" of the graph. This suggests 
the following question* due to P. Erdos and A. Rehyi 
(cf. [2J): how can one measure the "asymmetry" of an 
asymmetric graph?

With respect to the above question we observe that 
the complete graph on p vertices, Up, is symmetric, except 
when p ~ 1. Thus, it is clear that any asymmetric graph K 
(K ^ U^) can be made symmetric, i.e., a symmetric graph can 
be obtained from K by adjoining a sufficient number of edges 
to K* It is also possible to make K symmetric by deleting 
edges from K. However, the number of edges which must be 
adjoined to an asymmetric graph in order to make it symmetric 
is in general not the same number of edges which must be 
deleted from the given graph in order to make it symmetric. 
Examples of this latter fact are given in ̂ 3. These obser­
vations suggest the following definitions for measures of 
asymmetry of a graph.

If K is a graph we define the positive asymmetry 
A+[K] of K as the least number of edges which when adjoined 
to K yields a symmetric graph, the negative asymmetry A"[K] 
of K as the least number of edges which when deleted from 
K yields a symmetric graph, and the asymmetry A[K] of K
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as the minimum of o C + i  where a symmetric graph can he ob­
tained from K by adjoining ec edges and deleting $ edges* In 
$3 we obtain upper bounds for the values A+[K], A"[KJ, and 
A[K] where K ranges over the class of all graphs having p 
vertices and q edges* In particular! Theorem 5 of $3 sharpens 
a result* obtained by P. Erdos and A* Re'nyi> concerning the 
function A (cf. Theorem 3 [2; p* 311J).

In ^4, for each class of graphs G, C, G^, and Ĉ » 
we determine the least value G(p»l) for which there exists 
a graph K with p vertices, A[K] * 1 (A+[K] - 1, A"[KJ * 1), 
and G(p,l) edges* Our theorem for the class G contains the 
solution to a problem posed by P* Erdos and A* Re'nyl 
(cf* [2; p* 312])* This result is an immediate consequence

t

of our Theorem 1. Our theorem with respect to the class C*' 
is stated below*

Let C^(p,l) denote the least number of edges for 
which there exists an asymmetric graph K in having p 
vertices, A[K] » 1, and C^tp,1) edges, where we require that 
the symmetric graph obtained from K is a graph in C*'*

Theorem^^. C^tp,!) is undefined for p = 1, 2, . *., 6, 
Ct(7,1) * 11, and

Ct(p,l) =
'p + 2 for p = 8 + 2n (n = 0, 1, 2, *••) 
P + 1 for p = 9 + 2n (n = 0, 1, 2, ••• )t — "~r

The values of C^tp#!) with respect to the function
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A* are the same as those with respect to the function A*
The values of C^(p,l) with respect to the function 

A" are as follows: (p#1) Is undefined for p = 1, 2, • **, 6,
C^(7,l) = 11, C^(9,l) * 12, and C^(p,l) * p + 2 for 
p = 8 and p 2; 10*

In the process of proving these theorems we noted 
the particularly simple structure of the asymmetric topo­
logical graphs having 2 Independent cycles* As a consequence 
of this we were ahle to enumerate these graphs (cf* ^5).
This result Is a partial solution of one of the unsolved 
problems tabulated by P* Harary in [4; p. 188J*



2. Exlatoncotheorems* Proof of Theorem 1. If p = 1, 
then K = U-̂  and m^ = « 0. In [2; p. 296] it is shown that,
if a graph has 2, 3, 4, or 5 vertices, then it is a symmetric 
graph* It is further noted that the graph in Fig. 2*1 has 6 
vertices and is asymmetric*

Fig. 2*1

In the proof of Theorem 4 [2; p* 311] it is shown that there
exists an asymmetric tree having p vertices for each p fc 7*
This proves part (i) of the theorem*

We remark here that the minimum value 6 for the
number of vertices of an asymmetric graph K (K ̂ U-i ) was first

*
observed by I* N* Kagno (cf. [5j footnote p* 859]) and that 
the existence of asymmetric trees having p vertices for each 
p 7 is due to K. Frucht (cf* [6j p* 241])*

We now seek the extrema m and M for each p (p £ 6).
Mr JT

If p = 6, we have, by referring to the graph in Fig. 2*1,
that mg S 6* If a graph K has 6 vertices and 5 edges or less,
then either K is a tree or K is not connected* Since a tree 
with 6 vertices Is symmetric and a graph with 6 vertices 
which la not connected must contain a component which is 
symmetric or in the extreme case have no edges, we must
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have m6 3 6* Since a graph and Its complement have the 
same automorphism group (cf* [5# p* 860])# the complement 
of the graph In Fig. 2.1 Is asymmetric and consequently 
yields the maximum value Mg = (6*5/2) - 6 = 9 .  If p = 7, 
the values m^ and are obtained by considering the asym­
metric tree having 7 vertices (cf. Fig. 2.2) and the com­
plement of this tree respectively. These graphs yield the 
values m7 = 6 and M7 = (7*6/2) - 6 = 15.

Fig. 2.2

If p 8 we claim that the minimum value mp is 
equal to the number of edges of an asymmetric forest having 
p vertices and a minimal number of edges. This assertion is 
proven by showing that an asymmetric graph having p vertices 
cannot have less edges than a minimal edge asymmetric forest 
with p vertices.

We first show that a minimal edge asymmetric forest 
Fp having p vertices has a maximal number of components 
c(Fp) and that for minimal edge asymmetric forests the num- 
ber^components c(Fp) is a monotone increasing function of p.
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Consider the formula (2.1) for the cyclomatic number N(K) 
of a graph K having q(K) edges* p vertices# and c(K) com­
ponents:
(2.1) N(K) * q(K) - p + c(K).
For a forest F we have N(F) =0. Thus, for fixed p* 
q(F) * p - c(F) Is minimal If and only if c(F) is maximal. 
Now, let Fp denote a minimal edge asymmetric forest having 
p vertices and c(Fp) components and let v denote the number 
of vertices in a maximal vertex component of Fp. If this 
component is replaced by an asymmetric tree with v + 1 
vertices the forest obtained is asymmetric, has p + 1 —
vertices, and c(Fp ) components. Therefore a minimal edge
asymmetric forest having p + 1 vertices has at least c(Fp) 
components. This shows that the number of components in a 
minimal edge asymmetric forest Is a monotone Increasing 
function of the number of vertices p. We are now in a 
position to show that an asymmetric graph having p vertices 
cannot have less edges than a minimal edge asymmetric 
forest having p vertices.

Let K denote an asymmetric graph having p vertices 
and let Fp denote a minimal edge asymmetric forest having 
p vertices. From the cyclomatic number formula (2.1) we have
(2.2) N(K) = q(K) - p + c(K)
and
(2.3) 0 = q(Fp) - p + c(F ).



Let K = P U H »  where F consists of the tree components of 
K and H consists of the nontree components of K. Then#
(2.4) N(K) - N(H) and c(K) * c(H) + c(F).
Combining (2.2)# (2.3), and (2.4) we have:
(2.5) q(K) - q(Fp) * N(H) - c(H) + c(Fp ) - c(F).
Since H has no tree components we have N(H) - c(H) & 0*
Let v denote the number of vertices In the asymmetric 
forest F and let Fy denote a minimal edge asymmetric 
forest having v vertices. Then, c(F) S c(Fy). Since v £ p 
and c(Fp) Is monotone Increasing with respect to p for 
minimal edge asymmetric forests we have c(Fv ) 5 c(Fp)»
Thus, e(F) 5 c(Fp)• These observations together with (2.5) 
show that q(K) - q(Fp) 0* This completes the proof of 
the fact that an asymmetric graph having p vertices (p 6) 
cannot have less edges than a minimal edge asymmetric 
forest with p vertices. We shall now construct minimal edge 
asymmetric forests for each p (p fe 8) and proceed to obtain 
the values for mp and lip*

Let the set of asymmetric trees be put Into a 1-1 
correspondence with the positive Integers in such a way that, 
If Tr and Tfl are asymmetric trees with r and s vertices 
respectively, then r < s implies Ts follows Tr In the order­
ing of the asymmetric trees induced by the selected 1-1 
correspondence. Note that the ordering within a set of 
trees having the same number of vertices is arbitrary.
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Specifically# since the first few values of an are a^ » 1# 
a^ — 0 (i — 2# 3i * • • * 6) # &rj * 1# Bg s 1# and Sq = 3#
(cf* [3; p. 156])# the preceding remarks imply that# in the 
ordering of the asymmetric trees obtained# is first# the 
asymmetric trees having 7 and 8 vertices are second and 
third respectively# and the three asymmetric trees having 
9 vertices are fourth# fifth, and sixth* Now# given p (p ^ 8)# 
let N and w be defined as in (1*1)* Keeping in mind that

^-n - 1 ann = + 1*8  + 3*9 + *.* + a^N
we shall consider the two cases# w * 0 and w ^ 0*

If w * 0, then

The forest consisting of all the asymmetric trees having no 
more than N - 1 vertices plus the first a^ - 1 asymmetric 
trees having N vertices plus an asymmetric tree having 
N + r vertices is an asymmetric forest having a minimal 
number of edges with respect to p* In the case where r = 0# 
the asymmetric tree having N + 0 vertices to be chosen 
should be the a^ th asymmetric tree having N vertices# thereby 
insuring that this tree will be distinct from the already 
chosen a^ - 1 asymmetric trees having N vertices* The asser­
tions concerning this forest are clear, since its components 
are distinct asymmetric trees and the construction maximises 
the number of components# hence minimizes the number of edges* 

If w / 0» then
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P = = x ann + (w - 1) (N + 1) + (N + 1 + r).

In this case the minimal forest we construct consists of all
the asymmetric trees having no more than N vertices plus the 
first w - 1 asymmetric trees having N + l  vertices plus an 
asymmetric tree having N + 1 + r vertices. As before we note 
that If r 3 Oi then the asymmetric tree having N + 1 + 0 
vertices to be chosen should be distinct from the already 
chosen w - 1 asymmetric trees having N + l  vertices. As In 
the case w - 0* this forest Is asymmetric and has a minimal 
number of edges relative to p.

We now compute the number of edges in these minimal 
edge forests. If w = 0. then the forest constructed has

“ 1 an + (aM - 1) + i
L n  * 1 n N

components. If w ^ 0» then the forest constructed has

a + (w - 1) + 1
^ n  = i n

components. Thus* in both cases these minimal forests have

a + w£ n  = 1 n
components. Applying the defining formula (2.1) for the 
cyclomatic number of a graph in the case where the graph

r vis a forest having p vertices and V" a + w componentsn • i n
we obtain the following value for nipi

"p “ P - In = 1 ' w (" 8 8 1 '
Since the complement of any such forest is an
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asymmetric graph with a maximal number of edges, we obtain 
the following value for Mpt

Mp = P(P - l)/2 - mp = p(p - 3)/2 + 2 ” = 1 an + W (p 8)* 
This completes the proof of part (ii) of the theorem and 
since we have exhibited graphs having the extreme number of 
edges indicated in the statement of the theorem, the proof 
of Theorem 1 is completed*



Theorems 2, 3, and 4 below, establish, for each 
class of graphs C, C^, and 0^, the extreme values of p 
and q for which there exist asymmetric graphs having p 
vertices and q edges*

Theorem 2* If K is an asymmetric connected graph 
having p vertices and q edges, then 

(i) p * 1 or p 6» and 
(11) mp £ q £ Mp, where

0 If p = 1
6 if p = 6
p - 1 if p £ 7, and 
0 If p = 1
9 if p = 6
15 if p = 7
p(p-3)/2 + _ a + w if p i 8, where

N and w are as defined in (1*1)*
The bounds mp and Mp are the best possible in the

sense that for each p (p * 1, p & 6) there exist asymmetric
connected graphs having p vertices and respectively the 
minimum nip and the maximum Mp number of edges*

Proof* If K Is a connected graph having p vertices,
then K has at least p - 1 edges. In the proof of Theorem 1
we noted the existence of asymmetric trees having p vertices 
for any p 7. Since a tree having p vertices has p - 1 
edges, we have m = p - 1 (p ^ 7).

"p - <
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The values m^ and m6 for connected graphs cannot he less 
than those obtained in Theoremlfer arbitrary graphs. In 
particular and tha connected graph in Fig. 2.1 yield
the values m^ * M^ = 0 and m^ - 6 for the present case.

We next note that the extreme values M forP
connected graphs cannot exceed those given for arbitrary 
graphs in Theorem 1. In particular we observe that the 
graphs given in the proof of Theorem 1 realizing the extreme 
values Mp (p £ 6) are all connected graphs. Specifically#
If p = 6 or 7 we have as our maximal edge asymmetric con­
nected graphs the complements of the graphs in Figures 2.1 
and 2.2 respectively. This yields Mg = 9 and M^ = IS. For 
p ^ 8 ckch minimal edge asymmetric forest given in the 
proof of Theorem 1 contains the graph as a component.
This implies that the maximal edge asymmetric graphs which 
are complements of these graphs are connected graphs. This 
completes the proof of Theorem 2.



"p =  <

Theorem 3. If K la tn asymmetric connected topo­
logical graph having p vertices and q edges, then 

(i) p * 1 or p 7, end
(II) »p s Q S where

fO If p = 1
11 If p * 7
p + 2 If p = 8 + 2k (k * 0, 1, 2, ...)
p + 1 If p = 9 + 2 k  (k * 0, 1, 2, ...)* and
(0 If p a 1
15 if p = 7
p(p-3)/2 + _ 1 »n + » if p 8, where

N end w ere aa defined In (1,1)*
The hounds m end M ere the hest possible in the ----------  P   P---------------c---------------

sense that for eech p (p = 1, P fe 7) there exist esymmetrlc
connected topological g r a p h s  having p vertices end respectively
the minimum mp and the maximum Mp number of edges*

Remark* Since the language and initial setting of
[7J is different from that used in this paper end as we will
be using some results contained in [7] we make the following

(K £  Ux),
observations. If K is a topological graph,A then K can be 
thought of as a 1-dimensional cell complex and the automor­
phism group of K as a graph is isomorphic to the homeotopy 
group of K as a complex (cf. [7; p. 353]). In particular a 
]-dimensional cell complex with homeotopy group equal to 
zero can be thought of as an asymmetric topological graph
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(cf* Lemma [7; p. 354])• Finally, we note that the theorem 
on p* 353 of [7] which we will explicitly use is valid only 
for connected 1-dimensional cell complexes.

Proof of Theorem 3* It was proven in [7; Theorem 
p* 353j that. If a connected topological graph is asymmetric
and not equal to U^, then It must have at least 7 vertices
and that for each p (p & 7) there exist asymmetric connected 
topological graphs having p vertices. This proves part (1) 
of the theorem.

It was also shown in [7; Theorem p. 353] that an 
asymmetric connected topological graph which is not equal 
to must have cyclomatic number (called the nullity in 
C7]) greater than or equal to 2. This combined with part (1) 
yields p + 1 S mp (p 7).

The graphs depicted in Fig. 2.3 are asymmetric con­
nected topological graphs having p = 9 + 2k vertices and 
q = 10 + 2k edges (k - 0, 1, 2, ...)• Thus, we have

mp = p + 1 if p - 9 + 2k (k = 0, 1, 2, ...).
oC

Fig. 2.3
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In [7; p. 356J It Is shown that every asymmetric 
connected topological graph having cyclomatic number equal 
to 2 Is of the form:

[(u, v^tu, v)g(u, v)3(v,w) J 
with W (W S? 3) free edges (by a free edge (s*t) at the vertex 
s we mean an edge (s#t) such that the vertex t has degree 1) 
adjoined at Isolated Interior points of the parallel edges
(u,v)^ (1 * 1, 2, 3) such that each of these three edges has
a distinct number of free edges adjoined to It. Note that 
In this adjunction process we are Introducing new vertices 
in contrast with the adjunction of edges discussed in the 
introduction. The number of vertices that each of these 
graphs has is of the form p * 9 + 2k (k = 0# 1, 2, ...).
Thus* if p / 9 + 2k (k = 0, 1* 2, . ..)* then p + 2 £ m^ (pfe 7).

The graphs depicted in Fig. 2.4 are asymmetric con­
nected topological graphs having p = 8 + 2k vertices and 
q = 10 + 2k edges (k = 0# 1* 2, ...). Thus# we have

m - p + 2 if p = 8 2k (k = 0# 1, 2, ...).

Fig. 2.4
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To complete the proof of our assertion concerning 
nip It remains to show that m^ = 11* In [7; Theorem p. 353]
It Is shown that an asymmetric connected topological graph 
must have at least 10 edges* The graph In Pig* 2.5* which 
Is an asymmetric connected topological graph having 7 vertices 
and 11 edgesi together with the following lemma yields

=  11*

Fig. 2.5
Lemma 2*1. Every connected topological graph having 

7 vertices and 10 edges Is symmetric
Proof. Let K denote a connected topological graph 

having 7 vertices and 10 edges.
(a) K contains at least one free edge* This Is seen 

by considering the following relation:
(2.6) 2q = s  ± <3( A±)
where q Is the number of edges of a graph having p vertices
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and d(A^) is the degree of the vertex A^ (cf. Cl; p. 7J). 
Applying (2*6) to K together with the assumption that K does 
not have any free edges yields the following contradiction:

2*10 = £i = 1 d(Ai> ^ 3*7 •
Thus# K contains at least one free edge.

(b) If K contains exactly one free edge* then K 1s 
symmetric. Let K contain exactly one free edge (A»B)* where 
d(A) = 1, and consider the graph K 1 defined as follows:

K' =  (K - {(A,B)} ) U ( B}'
_ Since (A*B) Is the only free edge In K, every automorphism of 
K leaves (A»B) fixed. Thus* the automorphism group of K is 
Isomorphic to the group of automorphisms of K' which leave 
B fixed or equivalently to the group of automorphisms of the 
complement K* (in U,) of K' which leave B fixed. We shallD
consider K' rather than K ’ because K' has 6 vertices and 6 
edges whereas K* has 6 vertices and 9 edges. Applying (2.6; 
we find that K does not have any vertex of degree greater 
than 4 and In fact contains at most one vertex of degree 4. 
This implies that K* is connected and contains at most one 
vertex of degree 1. We next note that K* contains at most 
one vertex of degree 2, the only possibility being the vertex 
B. This implies that K' contains at most one vertex of degree 
3 (the vertex B which is to remain fixed when we consider 
automorphisms of K *)* Now* there are exactly thirteen con­
nected graphs having 6 vertices and 6 edges (cf• Table 9
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[8; p. 150j). Among these there are exactly four graphs 
wnich have at most one vertex of degree 3* We depict these 
candidates for the graph K' In Fig. 2.6. Note that these 
graphs need not be* and In fact are not* topological graphs*

o -■ — o

B
Fig. 2.6

The three possibilities for K 1 which have a vertex B of 
degree 3 each have nonidentity automorphisms which leave 
the vertex B fixed. The fourth graph in Fig. 2.6 has, 
corresponding to each vertex, a nonidentity automorphism 
which leaves that vertex fixed. Thus, we have shown that, 
if K has exactly one free edge, then K is symmetric.

(c) If K contains exactly two free edges, then K 
is symmetric. Let K contain exactly two free edges (A,B) and 
(C, D), where d(A) = d(C) = 1, and consider the graph K' 
defined as follows:

K 1 =  (K - {(A, B), (C,D)})\J{b , d } .
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Since (A»B) and (C»D) are the only free edges of K, every 
automorphism of K either interchanges the edges (A, B) and 
(C»D) or leaves both of them fixed* Thus, the automorphism 
group of K is isomorphic to the group of automorphisms of 
K' which either interchange the vertices B and D or leave 
both B and D fixed* As before it will be more convenient 
to consider the complement K 1 of K'. In this case K 1 is 
one of two possibilities: either K ’ consists of two dis­
joint edges plus or a chain of length two plus two copies 
of (cf• Pig* 2.7). This follows from the fact that K' is
a graph with 5 vertices and 8 edges, i*e., K' is U_ with5
two edges deleted*

Pig. 2.7
We further note that in the case where K* is the graph with 
the chain of length two, one of the free edges of K, say 
(A, B), must have been adjoined at the vertex of degree 2* 
For if the were not the case, K would have that vertex as 
a vertex of degree 2. By referring to Fig. 2,7 we see that 
for any choice of the vertices B and D in the first graph 
there is a nonidentity automorphism of the graph which 
either interchanges B and D or leaves B and D fixed. For

o
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any choice of D in the second graph we see that there is
a nonidentity automorphism of the graph which leaves both
B and D fixed* Thus, we have shown^that if K has exactly
two free edge',, then K is symmetric*

(d) K contains at most two free edges* If K contains
n (3 S n < 7) free edges# then the graph K* obtained from K
by removing the free edges# in the manner indicated in the
preceding paragraphs# would have 7 - n vertices and 10 - n
edges. But for n £ 3 this would imply that K' had multiple
edges, which it does not.

Combining (a), (b), (c)# and (d) completes the
proof of Lemma 2.1.

In order to prove the assertions concerning we
show that the asymmetric connected graphs {p = 1, p ^ 7)
exhibited in proving the assertions concerning in
Theorem 2 are topological graphs. If p = 1 or p = 7, it
Is clear that the connected maximal edge asymmetric graphs
In question are topological. Thus# let K denote a maximal
edge asymmetric graph which is the complement of a minimal
edge asymmetric forest P of the type we have defined in the
proof of Theorem 1 and let K have p vertices (p ^ 8). Then,

xK has a vertex^of degree 2 if and only if P has a vertex 
of degree p - 3* This follows from the equation:

deg(x) + 2 * p - 1.F
We now recall that F has as a component and we note that
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the component C(x) of F which contains x, since it contains 
the closed star of x, st(x), must contain at least p - 2 
vertices. This leaves exactly one vertex y of F unaccounted 
for. Since F is asymmetric* y cannot he an isolated vertex. 
Thus, y is in the component C(x)* Since C(x) is a tree and

C(x) - st{y) = st(x), 
y cannot he adjacent to more than one vertex of C(x). It 
is clear that there is, up to isomorphism, only one graph 
that can he obtained in this way and that this graph is 
symmetric* On the other hand this graph is supposed to he 
the graph F which is asymmetric. Thus, we have arrived at 
a contradiction. Therefore, K cannot contain a vertex of 
degree 2 and this completes the proof of Theorem 3.
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Th«or®n^* If K Is an asymmetric topological graph 
having p vertices and q edges, then

(1) p = 1 or p 7, and

mp s q s V where

[°
if P s 1

11 if P —7
10 if P — 8
p + l if P - 9 + 2k (k - 0, 1, 2,

if P = 10 + 2k (k = 0, 1, 2
p 11 P
<15 11 P _
lp(p-3)/2 + I-N ■ n , a + w= 1 n 11 P £

M and w are as defined In (!»!)»
The hounds mp and Mp are the heat possible in the 

sense that for each p (p - 1# p £ 7) there exist asymmetric 
topological graphs having p vertices and respectively the 
minimum nip and the maximum Mp number of edges*

Proof* Part (1) of Theorem 1 implies that an asym­
metric topological graph K (K / U^) must have at least 6 
vertices* However, each asymmetric graph having 6 vertices 
has at least one vertex of degree 2* Thus, for asymmetric 
topological graphs (not necessarily connected) the possible 
number p of vertices Is p = 1 or p £ 7. That these values 
are realized follows from Theorem 3. Thus, we have proven 
part (1) of the theorem*
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Let K denote an asymmetric topological graph having 
p vertices# q edges, and c components. Then, by (2.1) we 
have, q - p + N(K) - c. Every asymmetric connected topo­
logical graph, other than U^, satisfies N(K) 2 2 (cf. [7; 
Theorem p. 353J and recall the Remark that follows the
statement of Theorem 3 of this paper), and

N(K) = = x NdC^),

where is a component of K. Thus, q i£ p ♦ 2c - c, if 
is not a component of K, and q ^ p + 2(c - 1) - c, if 
is a component of K. This in turn yields

''qfep + cfep + 1, if U-. is not a component of K, and
(2.7) -

q £ p + c - 2 p. if is a component of K.
Therefore, p S nip (p 7).

We have noted that there are no asymmetric topolog­
ical graphs having 6 vertices. This implies that a minimal 
edge asymmetric topological graph having 7 vertices must be
connected. Thus, by Theorem 3, we have

m^ = 11.
This in turn implies that a disconnected asymmetric topolog- 
graph having 8 vertices must have at least 11 edges. However, 
applying Theorem 3, we see that the minimum mg * 10 is 
realized by a connected asymmetric topological graph.

We next note that the graphs depicted in Pig. 2.3 
each combined with the graph are asymmetric topological
graphs having p - 10 + 2k vertices and q = 10 + 2k edges
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(k — 0* 1* 2# • • •) i ThuSi
mp = p if p = 10 + 2k (k - 0, 1, 2, ...).

In view of (2.7) and Theorem 3 the above values of p are the
only values for which mp = p. For the remaining values of p»
we must have p + 1 £ m « and by Theorem 3 this minimum isP
realized by the graphs depicted in Fig* 2.3* i.e.*

nip * p + 1 if p = 9 + 2k (k = 0, 1# 2, ...)*
With respect to the values of Mp# we note that the 

values given in Theorem 1 are absolute maxlmums for arbitrary 
asymmetric graphs. Furthermore* as was shown in proving 
Theorem 3* the graphs constructed in establishing these 
values are topological graphs. This completes the proof of 
Theorem 4.
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3* A3^ranetr^bounds» Let A+[K], A“CK], and A[K] 
denote the positive asymmetry, negative asymmetry, and 
asymmetry of a graph K as defined in the introduction.

LemnmJS^. If K denotes a graph and K its comple­
ment, then (i) A[K] * A[K] (Erdos-Renyl), (ii) A+[K] = A*[K], 
(ill) A“[K] = A+[K], and (iv) A[K] £ min-^A+[K], A"[K]j- . 
These relations are valid in the class ft of all grkphd.

Proof. Statement (i) is Lemma 1 [2; p. 295]. For 
the proof of (11), let A+[K] = and let K' denote a sym­
metric graph obtained from K by adjoining oc edges to K.
Since K' is symmetric, it follows that K* is symmetric. We 
now note that K 1 can be obtained from K by deleting the 
edges that were adjoined to K in order to obtain K*. Thus, 
A"[K] ^ • Since oc is the least number of edges which
when adjoined to K will yield a symmetric graph, oc must .be 
the least number of edges which when deleted from K will 
yield a symmetric graph. Therefore, A“[K] ~ <4 • This proves 
(ii). Using the fact that K = K, and part (ii), we obtain 
A“[K] ~ A+[K], thereby proving (ill). The proof of (iv) is 
clear, for if K can be made symmetric by either adjoining 
oc edges or deleting % edges, then A[K] ^ min

Remark. In order to illustrate the inequality of 
the functions A+, A", and A we refer to the graph given in 
[2; Fig. 5 p. 297] depicted here in Fig. 3.1. This graph Is 
asymmetric, can be made symmetric-l>y deleting the edge (A,B),
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but cannot be made symmetric by adjoining one edge. Thus, 
in this case we have

AtK] = A”[K] = 1 < A+[K].
If we apply Lemma 3*1, we obtain

A[K] = A+[K] = 1 < A"[K]•

A
Pig. 3.1

Lemma 3.2. Let A., (J ^ k ) denote the number of"■ ■■■ "■
vertices of a graph K which are either (1) adjacent to Pj 
and not adjacent to Pv or (2) adjacent to Pk and not 
adjacent to Pj, and let A jj = 0* Then,

(i) A“[K] £ mln ^ j k (j ^ k),
(ii) A+[K] 5 min {J / k)» where Ajjj

In K, and
< i ii) A[K] 5 min-^minAjk (J ^ k), min Ajk (J ^ k)J. 
Proof. The proof of Theorem 1 [2; p. 299] expli­

citly yields A"[K] £ min Aj k (J ^ k), i.e., A[KJ ^ min Ajk
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(j ^ k) is proven by deleting edges from K and thereby
obtaining a symmetric graph. For the proof of (ii) we delete 

edges from the complement of K. This yields* by (1)# 
A"[K] ^ min (j / k) and applying Lemma 3*1 (Hi) we

Lemma 3.1 (iv) we obtain (lii).
In the next two theorems we give upper bounds for 

the functions A+* A"* and A in the class 0 of all graphs.
Theorem^. Let K denote an asymmetric graph U^) 

having p vertices and q edges* then

Theorem 1.
Proof. Clearly, A+[KJ S M - q + 1,

A+[K] £? M - q + 1, A”[K] Ss q - mp + 1, and
A'CK] 5 q - nip + 1. Combining this with (ii) and (ill) of
Lemma 3.1 we obtain:

This proves the first two assertions of the theorem. 
Applying Lemma 3.1 (iv) we obtain:

obtain A+[KJ £ min (J / k). Combining these facts with

max

where q = (p (p - l)/2) - q and Mp and mp are as defined in
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Combining this with Theorem 3 [2; p. 311J, which states that

the theorem.
Remark. There are values of p and q for which the

above theorem is an improvement of Theorem 3 [2; p. 311] 
for determining a bound for A[K]. For example let p = 15 
and q « = 15 - 2 = 13* The above theorem yield* A[K] £ 1,
whereas Theorem 3 [2] yields

for the values A+[K] and A"[K] where K ranges over the 
class of all graphs having p vertices. In the case where 
a graph K is asymmetric and a symmetric graph cannot b ^ ^  
obtained from K by the edge operations we are considering, 
then the corresponding functions A+, A”, or A shall assign 
to K the symbol ®o . For example, A+[U^] = A’CU^] = A[U^] = 00 .

we obtain the last assertion of

- 3-13/15-14) = (l§§) = =- 3 * *!«■
In the following theorem we obtain upper bounds
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Theorem^. Let A+(p) (A“(p)» A{p)) denote the 
maximum of A+[K] (A”[K]» A[K]) where K ranges over all 
graphs having p vertices (p = 1, 2, 3, *..). Then,

(I) A+{ 1) = A"(l) = A(1) * «>,
(II) A+(p) = A”(p) = A(p) = 0 (p = 2, 3, 4, 5),
(III) A + ( 6) = A"(6) = A(6) = 1,
(iv) A+(p) $ [(P - l)/23 (p i 7),
(v) A*(p) £ [(p - l)/2] (p & 7), and
(vl) A(p) £ [(p - 1)/2J (p £ 7) (Erdos-Renyi),

where [x] denotes the Integral part of the real number x.
Proof. We have already noted that,

A+(1) = A”(1) = A(1) = °° , A+(p) = A“(p) - A(p) = 0 when 
p = 2, 3, 4, 5, and A+(6) = A"(6) = A{6) = 1. Now, assume 
p £ 7. By Lemma 3.2 (1) we have A"[K] ^ mln (j ^ k).
Since mln (j / k) cannot exceed the average taken
over all A j k we obtain:

n l n A  s V (j ^  k )#
J p(p - 1)

Then as was shown in the proof of Theorem 1 [2] it follows:

A“[K] £ [(p - 1)/2].
By Lemma 3.2 (11), A+[K] ^ mln (J ^ k), where

A  .. Is A., In K. Thus, as above, we have Jk jk
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y P  y P
A+[K] * m i n Z  == -------  k = 1 ^ k- (J / k).

JK p(p - 1)
By (1*4) [2; p. 299], we have

Ij « 1 * 1 ̂ Jk " 2̂ i = 1 Vl*p ** 1 * Vl)l
where v^ is the degree of the vertex in K. Using the
fact that v^ =* p - 1 - v^, where v^ is the degree of the
vertex in K, we have

7 P 5 *  a  = 5 P az.j = 1 2lk = 1 ^ j k  Z j  = 1 A k * 1 Jk . 
Therefore,

y  P y  P 
+ 2 j  = 1 2 ^  = 1 A jkA [K] S -------------------- —  S [ (p - l)/2].

p(p - 1)
The proof of the theorem is completed by noting that 
assertion (vi) is Theorem 1 [2j p. 298].



4* Graphs having asymmetry equal to 1. Let G(p,1}

(C(p#l)» C^tp,!), G^tp#1)) denote the leeat integer for 
which there exists a graph K in O (C, C*', G^) having p 
vertices, asymmetry equal to 1, and G(p,l) (C(p#l), C^(pfl)i 
G^{p,1)) edges. If there are no graphs, in the particular 
claaa of grapha under consideration, having p verticea and
asymmetry equal to 1, we express this fact by aaying that
G(p,l) (C(p#l)» Ct(p,l)» G^tp,!)) ia undefined.

Theorem 7. G{p,l) la undefined for p = 1, 2, .... 5
G(6,l) = G(7t1) = 6, and
G(p,l) = p - 2.n = l an ” w for p ^ 8. where

N and w are as defined in (1.1).
The values of G(p»l) with respect to the functions 

A *  and A ~  are the same as those with reapect to the function
A.

Proof. Theorem 1 (cf. $1) states that for a given p 
the least number of edges that an asymmetric graph can have 
is mp. Thus, if K is a minimal edge asymmetric graph, then 
deleting one edge necessarily yields a symmetric graph. 
Specifically, for a minimal edge asymmetric graph K, A"[K]
= 1. Furthermore, If one considers the minimal edge asym­
metric graphs constructed in the proof of Theorem 1 (cf. f 2) 
it is seen that each of these graphs can be made symmetric 
by adjoining one edge. This completes the proof of the 
theorem.
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Theorem 8» C(p,1) la undefined for p = 1, 2, ..., 5, 

C( 6» 1) = 6, and
C{p,1) = p - 1 for p S! 7 (Erd6a-Renyl),
The values of C(p,1) with respect to the function 

A* are the same as those with respect to the function A*
The values of C(p,l) with respect to the function 

A *  are as follows: C(p,1) Is undefined for p = 1, 2, ..., 5 
and C(p»l) - p for p i 6.

Proof. The asymmetric trees depicted In Pig. 4.1 
can each be made symmetric by adjoining the edge (A, B). Thus* 
with respect to the functions A and A+ we have 

C(p,l) * p - 1 (p & 7).

*

•f-2. gen.Tn.ej,
Fig. 4.1

Since a tree Is disconnected if any one edge Is 
deleted, we must have that, with respect to the function 
A-, C(p,1) £ p (p i 6). Consider now the graphs depicted 
Pig. 4.2. These graphs are asymmetric, have p vertices, 
p edges, and yield connected symmetric graphs when the 
edge (A,B) Is deleted. Thus, with respect to the function 
A“, we have

C(p,l) = p ( p i  6).
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A

| ¥E-*TieEi
Pig. 4.2

For the case p = 6 and the function A+* we note that a 
symmetric graph is obtained from the graph in Fig. 4.2 
by adjoining the edge (A#C). This completes the proof of 
Theorem 8.
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Proof of Theorem 9 (for statement of theorem aee 
Introduction). We first show that there exist minimal edge 
asymmetric connected topological graphs K such that A+[KJ 
= 1 and which have symmetrizations which are connected 
topological graphs.

The graph in Fig. 2.5 is asymmetric and has 7 
vertices and 11 edges. If the edge (A, B) is adjoined to 
this graph we obtain a graph which has a nonidentity auto­
morphism, namely the automorphism which interchanges the 
vertices B and C. Thus, C^(7,l) = 11 with respect to the 
function A + .

If p = 8 + 2n (n = 0, 1, 2, •••), we consider the 
graphs depicted in Fig. 4.5. These graphs are asymmetric 
and have 10 + 2n (n ~ 0, 1, 2, ...) edges. If the edge 
(A,B) is adjoined to these graphs we clearly obtain a class 
of symmetric connected topological graphs. Thus, we have

C^(p, 1) — p + 2 if p - 8 + 2n (n = 0, 1, 2, ...) 
with respect to the function A+.

rv EPfeftS

Fig. 4.3



If p = 9 + 2n (n = 0, 1, 2, • ••), we consider the 
graphs depicted in Fig* 2.3 (with k = n). These graphs are 
asymmetric and have 10 + 2n (n * 0, 1# 2* ••*) edges* If the
edge (A* B) is adjoined to these graphs we obtain a class of
symmetric connected topological graphs. Thus, we have shown 

C^(p,l) = p + 1 if p = 9 + 2n (n = 0, 1, 2, *••)
with respect to the function A+.

For the graphs we have considered, A[K] = A+[K]. 
Thereby proving our assertions concerning the functions A 
and A+*

The deletion of edge (A,C) in the graph in Fig. 2.5 
yields a connected topological graph having 7 vertices and
10 edges, which by Theorem 3 (cf. $ 2 ) must be a symmetric
graph* Thus, Ct(7,1) = 11 with respect to the function A".

If p = 8 + 2n (n = 0, 1, 2, ...) we note that the
deletion of edge (C, D) in the graphs depicted in Fig. 4.3 
yields a class of symmetric connected topological graphs. Thus, 

Ct(p,l) = p + 2 if p = 8 + 2n (n = 0, 1, 2, ...)
with respect to the function A*.

If p = 9 + 2n (n = 0, 1, 2, ...), we recall from the 
proof of Theorem 3 (cf. §2 ) the structure of asymmetric con­
nected topological graphs and then observe that the deletion 
of any one edge from these graphs yields a graph which is 
either not connected or has a vertex of degree 2. Thus, 
with respect to the function A”, we have
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(4.1) Ct(p,1) p + 2 If p = 9 + 2 n (n = 0, 1, 2, ...).
We now consider the class of asymmetric graphs de­

picted In Pig. 4.4. These graphs have 11 + 2n vertices and 
13 + 2n edges (n = 0# 1* 3, 4, ••») and can be made symmetric 
b,y deleting the edge (A»B).

For the case p = 15, q = 17 (the missing case n = 2$ above), 
we consider the asymmetric graph in Fig. 4.5* Here we obtain 
a symmetric graph of the appropriate type when we delete the 
edge (A,B).

Fig. 4.5



Thus, we have shown that, with respect to the function A", 
C^tp,!) = p + 2 If p = 11 + 2n (n * 0, 1, 2, ...)•

We now consider the remaining case, p = 9. The graph 
In Fig* 4.6 is asymmetric, has 9 vertices, 12 edges, and can 
be made symmetric by deleting the edge (A,B).

"O

Fig. 4.6

From (4.1), we have C^(9,1) ^ 11. Thus, the proof of the 
theorem will be complete when it is shown that there does 
not exist an asymmetric topological graph having 9 vertices 
and 11 edges from which a symmetric connected topological 
graph can be obtained by deleting one edge.

There are exactly three asymmetric connected topo­
logical graphs having 9 vertices and 11 edges. These are 
shown in Fig. 4.7. The deletion of any one edge from these 
graphs yields a graph which Js either not connected or 
has a vertex of degree 2 or when the edge (A,B) is deleted 
in the middle graph we obtain an asymmetric graph. Thus, 
we have shown that, with respect to the function A" we have
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C^(9jl) = 12. This completes the proof of Theorem 9.

Fig. 4.7



Theorem 10. G*(p,1) Is undefined for p = 1, 2, • ••, 6,

0*17,1) = 11,
Qt(8,1) = 10, and

rp + 1 for p = 9 + 2n (n = 0, 1, 2, ...)
p for p = 10 ♦ 2n (n = 0, 1, 2, ...).

* — — ■ -------------

The values of G*(p,l) with respect to the functions 
A * and A" are the same as those with respect to the function 
A.

Proof. We shall show that there exist minimal edge
asymmetric topological graphs K such that A+[K] - A”[K] = 1
and which have symmetrizatlons by one edge which are topo­
logical graphs.

From Theorem 4 (cf. ^2), we have 0^(7,!) £ 11,
0*18,1) £ 10, and Ot(p,l) ? p + 1 If p = 9 + 2n
(n = 0 ,  1, 2, ...). From Theorem 9, we have C*(7,1) = 11
and C*(8,1) = 10 with respect to the functions A+ and A”, 
and C*(p,1) = p + l i f p = 9 + 2 n ( n = 0 ,  1, 2, ...) with 
respect to the function A+. Consider now the graphs depicted 
in Fig. 2.3. These graphs have p = 9 + 2n (n = 0, 1, 2, ...)
vertices and q = 10 + 2n (n = 0, 1, 2, ...) edges. By
deleting the edge (C,D) from these graphs we obtain a class 
of graphs which are symmetric and topological. Combining 
the observations of this paragraph proves the assertions of 
the theorem for the cases p = 7, 8, 9 + 2n (n = 0, 1, 2, ...)•



If p = 10 + 2n (n = 0, 1, 2, • ••), we consider 
the class of asymmetric graphs depicted in Fig. 4.8.

Fig. 4.8

These graphs have 10 + 2n (n = 0, 1, 2, ••*) edges and can 
he symmetrized by adjoining the edge (A,B) or by deleting 
the edge (C»D). In both cases the graph obtained is a topo­
logical graph. Thus,

O^tp,1) = p if p *= 10 + 2n (n = 0, 1, 2, ...).
This completes the proof of Theorem 10.



5. Enumeration theorems* For a recent survey 
of unsolved problems In the enumeration of graphs the 
reader is referred to F* Harary's article in [4; p* 185]* 
We note that in [4] topological grapha and asymmetric 
graphs* as defined in this paper* are called homeomorphl- 
cally irreducible graphs and identity graphs respectively* 
In [3J F. Harary and Q* Prins have enumerated topological 
trees and asymmetric trees* The enumeration of topological 
graphs having a positive number of independent cycles is 
an open problem as Is the enumeration of asymmetric graphs 
(cf* [4; p* 188])* In Theorems 11 and 12 of this section 
we give an enumeration of asymmetric topological graphs 
having 2 independent cycles* This is the first case of 
Interest in this direction, since there are no asymmetric 
topological trees nor asymmetric topological graphs having 
1 independent cycle.



Theorem 11. The number of asymmetric connected

topological graphs having 2 Independent cycles and p
vertices Is

P3(k) if p = 9 + 2k (k » 0# 1# 2# ...), and
0 If p Is otherwise,

where P^(k) denotes the number of partitions of k having 
no summand greater than 3.

The number of asymmetric connected topological 
graphs having 2 Independent cycles and no more than p 
vertices Is

0 if p < 9,
1 if p = 9# 10# and

-i^[72 + N(2N2 + 21N + 66)] +
-1/8 If N = 1(mod 2) 

0 If N * 0(mod 2)

-1/9 If N = l(mod 3)
-2/9 if N = 2(mod 3)

0 If N * 0(mod 3)
If p = 9 + 2N or p » 10 + 2N (N = 1, 2, 3, ...)•

Proof. In the proof of Theorem 3 § Z (where we 
refer to [7j p. 356]) we explicitly described the struc­
ture of asymmetric connected topological graphs having 2 
independent cycles (cyclomatlc number equal to 2). Let W 
be as defined in that description of these graphs. Then#
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it is clear that the total number of asymmetric connected 
topological graphs having 2 independent cycles correspond­
ing to a given W is equal to the number of partitions of 
W into three unequal summands added to the number of par­
titions of W into two unequal summands. These graphs have 
p = 3 + 2W (W fe 3) vertices, i.e., p 9 vertices.

(k ♦ f)
The number of partitions of n +1 J into k 

unequal summands is the same as the number of partitions 
of n having no summand greater than k (cf. [8; Theorem 3(b) 
p. 113]). Applying this to the case we are considering we 
have:

~  n  + 6, and

n + - n + 3*
?)Thus, if PQ (06) denotes the number of partitions 

x
of oc having no summand greater than (> , we have that the 
total number T(3 + 2W) of asymmetric connected topological 
graphs having 2 independent cycles and p = 3 + 2W vertices 
is equal to:

P3(W - 6 ) + P2(W - 3) (W 3j Pp(*) = 0 if o£<0)•

If W = k + 3 (k * 0, 1, 2, ...), then 
T(3 + 2W) s T(9 + 2k), and
T(9 + 2k) = P3(k - 3) + Pg(k) (k = 0, 1, 2, ...). 

Using the identity (cf. Theorem 10.1c [9; p. 201J) 
y * )  = ^.,(*0 + -t) (i< t s«tf)
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with = k and (i ~ 3 we obtain
P (k) = Pg(k) + P3(k -3) (k fe 3) 

which yields
(5.1) T(9 + 2k) = P3(k) (k - 3, 4, 5, ...).
We further note that

r

(5.2)
P3(°) = p3(-3) ♦ p2(0) = 1, 
P3(l) * p3<-2) ♦ Pg(1) * 1» *nd
kP3(2) * P3(-l) + Pg(2) = 2.

Combining (5.1) and (5.2) we obtain
T(9 +2k) = P (k) (k = 0, 1, 2, ...). o

This completes the proof of the first assertion of the 
theorem.

The total number S(p) of asymmetric connected 
topological graphs having 2 independent cycles and no 
more than p vertices is given by

f S(p) = 0  if p < 9, and
(5.3) \

IS(p) = ) P (k) if p - 9 + 2K or p = 10 + 2N.'k *-k = o 0
In [10; p. xvl] the following formula for P,(k) is given
(5.4) P3(k) = ^ ( k 2 + 6k + 4?-) + (-l )k/e +£-(<->3

where k = 1* 2, 3# ...» and fe>3 = exp(2Ki/3). Thus* if 
p = 9 + 2 N o r p » 1 0 + 2 N ( N - l »  2, 3* ••*)* then

S(p) = 1 + = i[l^(k2 + 6k + TT) + (-l)k/8 + “̂ (wk



Using the summation formulas:

= l k s N(N + 1)//2»

7* , k 2 = N(N + 1) (2N + 1 }/6#1c = 1

III . ! <-i>Ve - j
-1/8 If N 5 l(mod 2)
0 if N = O(mod 2), and

-1/9 if N = l(mod 3)
= * -2/9 if N = 2(mod 3)

0 if N = O(mod 3)
we obtain:
S<P) = } * A  N(N + 1)(2N + l)/6 + ^  N(N + l)/2 + ||n

p. - -1/9 if N = l(mod 3)1
-1/8 if N = l(mod 2) ♦ -2/9 if N = 2(mod 3)
0 If K = O(mod 2)_

0 if N = O(mod 3)_

= 1 + ||n + i  N(N + 1 )(2N + 19)/6

_ _1_
72

f- '-1/9 if N = l(mod 3)
-1/8 if N = 1(mod 2)

+ -2/9 if N = 2(mod 3)
0 if N = O(mod 2)

- 0 if N = O(mod 3 ) -
72 + 47N + N(N ♦ 1)(2N + 19jj

-1/9 if N = l(mod 3)
-1/8 if N = l(mod 2) 

0 if N = O(mod 2)
-2/9 if N = 2(mod 3) 

0 if N = O(mod 3)
Therefore,
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(5.5)

^72 + N(2N2 + 21N + 66)J
” -1/9 if N 
-2/9 if N 

J |_ 0 if N 
if p ■ 9 + 2N or p * 10 + 2N (N * 1, 2, 3, 

This completes the proof of Theorem 11.

-1/8 if H * l(mod 2) 
0 if N * 0(mod 2)

- 1(mod 3)
= 2(mod 3)
= 0(mod 3) ,



Th#or«n^^. The number of asymmetric topological 
graphs having 2 Independent cycles and p vertices Is

0 1.f p < 9# and
Pj(k) _if p = 9 + 2 k o r p = 1 0 + 2 k  (k = 0, 1, 2, ... 

where Pg(k) denotes the number of partitions of k having no 
summand greater than 3«

The number of asymmetric topological graphs having 
2 Independent cycles and no more than p vertices Is

0 If p < 9,
1 if p = 9,
2 if p = 10,

22 + N(N + 9N + 24) +
-1/9 If N = l{mod 3)
-3/9 If N « 2(mod 3)
-2/9 if N = 0(mod 3)

If p = 9 + 2N (N = 1, 2, 3, ...), and

_L36 72 + N( 2N + 21N + 66)
-1/4 If N = l(mod 2)

0 If N = 0(mod 2)
-2/9 If N = 1(mod z f

-4/9 If N = 2(mod 3)
0 If N = 0(mod 3)

if p = 10 + 2N (N = 1, 2, 3, ...)*
Proof* In the proof of Theorem 11 we observed 

that the only asymmetric connected topological graphs
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having 2 Independent cycles are those explicitly described 
in the proof of Theorem 3 and that these graphs exist only 
when the number p of vertices is of the form p == 9 + 2k 
(k = 0, 1, 2, ••.)• In the proof of Theorem 4 we observed 
that asymmetric (not connected) topological graphs with 2 
Independent cycles exist only when the number p of vertices 
Is of the form p = 10 + 2k (k = 0* 1# 2, ••.). Each of the
latter type graphs is of the form; an asymmetric connected
topological graph having 2 independent cycles plus the 
graph U^. Combining these facts we have that the total 
number T(p) of asymmetric topological graphs having 2 
independent cycles and p vertices is given by:

T(p) = 0  if p < 9, and
T(p) = P3(k) if p = 9 + 2k or p = 10 + 2k (k - 0, 1# 2, ...)»

where P^(k ) denotes the number of partitions of k having no 
summand greater than 3. This completes the proof of the first 
assertion of the theorem.

asymmetric topological graphs having 2 Independent cycles 
and no more than p vertices is given by:

It is now clear that the total number p) of

0 if p 4 9,
If p = 9 + 2N (N = 0, 1, 2,

if p = 10 + 2N (N = 0, 1. 2, ...).



Making use of the result that
S(p) = = 0 P3U )  if p = 9 + 2N or p * 10 + 2N

(cf* (5.3)) we obtain
r0 If p < 9
1 if p *= 9

xf(p) = \ 2 if p = 10
if p = 9 + 2N (N = 1, 2, 3, ... ) 
if p = 10 + 2N (N = 1, 2, 3, ...),

which when combined with (5*4) and (5.5) yields the formulas
for J ( p )  given in the statement of the theorem. This completes 
the proof of Theorem 12.

2S(p) - P3(N) 
^2S(p)
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