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Abstract

TOPOLOGICAL MODELS OF BELIEF LOGICS

by

Chris Steinsvold

Adviser: Professor Rohit Parikh

We explore the technical and philosophical aspects of topological models

for modal logics of belief. We focus on K4, KD4, and KD45, interpreting the

diamond as the derivative operator. Completeness proofs are presented for

these logics, as well as for multi-agent KD45 with common belief. Special

philosophical emphasis is given to the T1 condition, which we interpret to

mean that the agent can never have a complete set of beliefs.
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Part I

The Basic Approach

1



Chapter 1

Introduction And Basic

Considerations

1.1 Introduction

I introduce my dissertation by recalling my initial thoughts.

Since learning of it, I have been impressed by the following coincidence.

The modal logic S4 has a topological semantics. Also, S4 is widely used as a

logic of knowledge.

It is the interior operator which obeys the S4 axioms. Otherwise put,

the interior operator acts like knowledge. I had asked myself: is there a

2
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topological operator which obeys a logic of belief? The answer is yes. Given

certain constraints on the topology, the dual of the derivative behaves like

belief.

For several years I have been thinking about this in two ways.

The first is technical, i.e. completeness proofs. There are several logics

of belief, and one naturally wants to show completeness for them. Various

proofs are contained herein. A natural canonical construction is used to show

completeness for K4 and KD4 (this approach carries over to the multi-agent

case). It is still is not clear if this canonical approach works for KD45, so

another technique is used. Also, topological completeness is shown for KD45C
n

(multi-agent KD45 with common belief). However, topological completeness

for KD4C
n and K4C

n is, to me, unknown.

The second is philosophical, or interpretive. Given that there is a topo-

logical operator which acts like belief, how can we interpret the topological

semantics on an intuitive level? That is, how can we interpret the topological

semantics as a semantics for an agent with beliefs? This is the philosophi-

cal part of the dissertation. Initially, I was hoping to do for the topological

semantics what Jaakko Hintikka has done for the relational semantics, [15].

Now, however, this hope strikes me as too bold. Speaking modestly, we do
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present an interpretation for the topological semantics, one which is different

than the relational semantics for logics of belief. However, in our attempt to

coherently interpret the semantics, we must assume a very unconventional

assumption. Our interpretation of the semantics rests on the assumption

that the proposition which expresses all truths at a possible world is incoher-

ent to the agent. Put another way, our assumption is that the simple notion

of ’all truths’ is incoherent. One philosopher has recently argued for this as-

sumption, namely, Patrick Grim (in [13]). In turn, we label this assumption

the Grim intuition.

What makes both aspects, the technical and the philosophical, interesting

is the T1 condition. The 5 axiom implies this condition. It is this fact which

makes completeness for KD45 more involved, and it is this condition which

leads us to the Grim intuition.
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1.2 Related Work

There are a number of pieces of related work which I am compelled to men-

tion. My first encounter with the exploration of the relationship between

topology and epistemology was the paper by Dabrowski, Moss, and Parikh

[6]. It is this paper which got me thinking on the current course. Building

upon the aforementioned article is the work by Georgatos [11] and Heine-

mann [14]. Also closely related is a chapter on topoogy and epistemology,

written by Moss, Parikh, and myself, to appear in The Handbook Of Spatial

Logics [2] (which should hold further interest for anyone concerned with the

relationship between logic and topology).

Other, perhaps less directly related works are: Topology via Logic (Vick-

ers) [25] , Knowledge and its Limits (Williamson) [26], and The Logic Of

Reliable Inquiry (Kelly) [18] . The interplay between Topology and Epis-

temology is heavy in Kelly, however, it unfortunately doesn’t relate to the

work presented here. Williamson’s epistemological text makes some use of

topology, but again I see no strong connections between his work and my

own. The epistemological interpretation set forth in Topology via Logic, on

the other hand, may be more relevant, though I do not explore it here.
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1.3 Three Logics Of Belief: K4, KD4, and

KD45

Name Axiom Also Known As

5 ¬Bφ→ B¬Bφ Negative Introspection

4 Bφ→ BBφ Positive Introspection

D Bφ→ ¬B¬φ Consistency

K B(φ→ ψ) → (Bφ→ Bψ) Closure

The logics we’ll consider are normal logics. That is, they are closed

under Modus Ponens, Necessitation (if ` φ then ` Bφ ), and contain all

propositional tautologies.

We’ll confine the discussion to three logics: K4, KD4, and KD45.1

One immediate philosophical question is: how should we interpret the

formula: Bφ ? For now, read Bφ as:

the agent rationally believes φ

This interpretation is simple and idealized.2

1We use the common convention of referring to these normal logics by their axioms.

Thus the logic K4 is the smallest normal modal logic whose axioms are K and 4.
2It is idealized in the following sense. Since the logics we consider are normal, they

are closed under necessitation (if ` φ then ` Bφ ). Since the logic contains all logical
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1.3.1 Why Rational Belief?

There are three reasons why I prefer to interpret the box as rational belief,

and not merely belief. Since we are already assuming that the agent is

idealized (is aware of all logical truths), it is awkward to assume that such

an idealized agent would hold beliefs irrationally. The second reason is due to

Jonathan Alder [1], who convincingly argues that a belief without sufficient

evidence simply doesn’t make sense. The third reason is simple enough: it

is what I am interested in.

1.4 Defining A Topology

Let W be a non-empty set. Let τ be a subset of the power set of W such

that:

1. τ is closed under finite intersection

2. τ is closed under all unions

3. W ∈ τ

4. ∅ ∈ τ
tautologies, our agent rationally believes all logical tautologies (as well as all theorems of

the system, and all consequences of the agent’s beliefs (because of the K axiom)).
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τ is a topology on W . The members of τ are open sets, or opens. We’ll

use O and U as variables for open sets. A set is closed iff the complement is

open. A set is clopen iff it is both closed and open. The pair < W, τ > is a

topological space.

Further definitions will be introduced below.

1.5 Topological Models

Given a topological space < W, τ > we define a valuation V , as a function

from atomic sentences to subsets of W . Intuitively, if b ∈ V (p) then p is true

at the world b. A topological model M =< W, τ, V > is a topological space

with a valuation.

Definition of truth in a topological model is as follows:

M,w |= p iff w ∈ V (p)

M,w |= ψ ∧ φ iff M,w |= ψ and M,w |= φ

M,w |= ψ ∨ φ iff M,w |= ψ or M,w |= φ

M,w |= ¬φ iff M,w 6|= φ

M,w |= Bφ iff (∃O)(w ∈ O and (∀x ∈ O \ {w})(M,x |= φ))3

3To be sure, where X and Y are sets, X \ Y is shorthand for X ∩ −Y .
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The definition allows for models where Bφ ∧ ¬φ is true at a world. Ra-

tional beliefs can be false.4

The definition captures the dual of a well known topological operator.5

Let < W, τ > be a topological space, and let A ⊆ W . Consider the derived

set of A, d(A):

w ∈ d(A) iff (∀O)(if w ∈ O then (∃x ∈ O \ {w})(x ∈ A))

Compare this with the following consequence of our definitions:

M,w |= ¬B¬φ iff (∀O)( if w ∈ O then (∃x ∈ O \ {w})(M,x |= φ))

Let [φ] be the set of worlds where the formula φ is true (in some topological

model). Then [¬B¬φ] = d([φ]). Similarly, [Bφ] = −d(−[φ]).

d(A) has many names: the derived set of A, the derivative of A, the

Cantor-Bendixson derivative of A, the set of limit points of A, the set of

accumulation points of A, and the set of cluster points of A. It is usually

written as: A′

Our definition of truth in a model for Bφ is meant to capture the dual

of this operator. In so far as d is a modal operator, it is a diamond. To be

4B is essentially a box: � (thus, ¬B¬ is a diamond: ♦).
5First studied by Cantor, see [7].
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sure, every topology determines a unique d operator. We are by no means

the first to treat this operator as a modal operator, see [9] and [24].6

A sentence φ is valid in a topological model iff φ is true at every point in

the model. A sentence φ is valid in a (topological) space iff φ is valid in every

topological model based on the space.

As in the case of relational (or Kripke) semantics, the validity of our ax-

ioms corresponds to certain conditions on the topology. For instance, axiom

D, Bφ → ¬B¬φ, is valid in a topological space iff there are no open sin-

gletons.7 The K axiom is valid for all topological spaces, as is the rule of

Necessitation (if φ is a theorem, Bφ is a theorem).

The 4 axiom, Bφ → BBφ, is valid in a space iff every derived set is

closed. The 5 axiom, ¬Bφ→ B¬Bφ, is valid in a space iff every derived set

is open.8

We give some examples of topological spaces where some axioms hold and

other do not.

Consider the following topology on {a,b },
6What we do hope to be novel is our exploration of this operator as an epistemic

operator.
7Recall that axiom D is valid in a relational frame iff every world relates to some world.
8See Section B.4 for proofs, and Section D.1 for an alternative view of 4 and D.
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{ { a } , { a,b } , { } }

Axiom 4 is valid here, but axiom D and axiom 5 are not valid in this

space.

Consider the following topology on the set of natural numbers,N,

{ [n , ∞ ) | n ∈ N } ∪ { { } } 9

KD4 is valid here, but 5 is not.

Let A be an infinite subset of N. Consider:

{ O ⊆ N | A ∩ −O is finite } ∪ { { } }

KD45 is valid in this topology. In fact, one can show completeness for

KD45 with respect to it. A set is co-finite iff its complement is finite. Note

that, If N∩−A is finite, then the opens sets will be all the co-finite sets with

the empty set. If N ∩ −A is infinite, then the topology will contain all the

co-finite sets, and more, for A is in the topology.

9[n , ∞ ) contains n and all numbers greater than n.
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1.6 The Interpretation:

The Limits Of Rational Belief

And The T1 Condition

Of course, a topological space is typically given a spatial interpretation. Here,

we are interested in an epistemic (and hence non-spatial) interpretation of

the topological semantics.

Given a topological space < W, τ > , we interpret the members of W

as possible worlds. As is common, we interpret sets of possible worlds as

propositions.10 Let w be a world (w ∈ W ), and let A be a proposition

(A ⊆ W ); Interpret w ∈ d(A) to mean:

The proposition A is within the limit of rational belief at w

There are limits to what we can rationally believe. One cannot, rationally,

believe a contradiction; hence a contradiction is outside the limit of rational

belief (no matter what world you are at). Since we are interpreting sets of

10In particular, the set of all worlds where cats exist is taken to be the proposition (or

intension) expressed by the sentence ’cats exist.’ See [10] and [19]. Despite my adoption

of this common usage, I suggest a critical alternative later on, see Appendix E.
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possible worlds as proposition, the empty set represents the contradictory

proposition. Thus, our interpretation coheres well with the simple fact that

no world is ever a member of d({}).

Recall that the operator d is a diamond, and hence represents a type of

possibility. Roughly, w ∈ d(A) means that the proposition A is possible for

the agent at world w (where possible is an abbreviation for within the limit

of rational belief ).

If w 6∈ d(A) then the proposition A is outside the limit of rational belief

at world w. In this case, the agent must believe −A. Alternatively, A is

beyond belief.

To make the interpretation as clear as possible, assume w ∈ d(A). By

the interpretation, this means that the proposition A is within the limit of

rational belief at world w. A may represent the proposition Mr. Brown is

in Barcelona. The negation of this sentence may also be within the limit of

rational belief at world w, which we would represent as: w ∈ d(−A). Of

course, there may be another world, say v, where we are with Mr. Brown in

Barcelona having drinks, and hence v 6∈ d(−A). The proposition that Mr.

Brown is not in Barcelona is outside the limit of rational belief, at v, because

I am with him there and I see him in front of me. Thus, v 6∈ d(−A) means
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that the agent (rationally) believes that Mr. Brown is in Barcelona. In

general, for any set S, −d(−S) will be the set of worlds where S is rationally

believed.

At this point in the text, our interpretation of w ∈ d(A) may seem su-

perficial, or perhaps unnecessarily wordy. Moreover, we expect the reader to

be wondering what is special about the topological semantics (in comparison

to relational semantics). What is of special interest to us is the following

condition:

The T1 condition: (∀x)(∀y)(x 6∈ d({y}) 11

The T1 condition is also called the T1 separation axiom.

Recently, in [23] Sarenac and van Benthem wrote “... even a weak sep-

aration axiom like T0 is not plausible epistemically.” The tone of the quote

impugns the plausibility of any higher separation axioms as well.12 Thus,

they imply that the T1 condition is implausible epistemically.13

What does the T1 condition mean, given our interpretation? Again, we

11The initial reason this condition concerned the author was due to the fact that axiom

5 implies this condition (proof below). However, the author now thinks this condition may

be desirable, even if one rejects the 5 axiom as implausible.
12The T0 condition can be defined as: for all a, b, either a 6∈ d({b}) or b 6∈ d({a}).
13In a sense, by saying this, Sarenac and van Benthem impugn thier own work. Why?

Because if one only considers spaces below T1, one may as well stay within the realm of
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are interpreting sets of worlds as propositions. Thus, the set of worlds where

cats exist is the proposition expressed by the sentence: cats exist. Analo-

gously, a singleton set containing exactly one world, say w, is the proposition

which expresses all the sentences which are true at w. Succinctly put, sin-

gletons represent maximal propositions.

Thus, given our interpretation, the T1 condition means that the proposi-

tion {y} is always outside the limit of rational belief. Alternatively, maximal

propositions are always outside the limit of rational belief.

Why should this be the case? It is tempting to say that, being finite crea-

tures, we would never be in a position to have a maximal (and rational) set

of beliefs, and so the T1 condition makes sense. However, such practical con-

siderations are irrelevant here, given the level of idealization we are assuming

for our agents (for instance, due to the rule of necessitation our agents are

logically omniscient). Again, it is unclear why such idealized agents would

be limited by such practical concerns.

Alternatively, one might suppose that since there is no finite sentence

which could express a maximal proposition, perhaps this is a good reason

why a singleton proposition is always outside the limit of rational belief. But

relational semantics (as such spaces are easily transformed into relations on sets).
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this doesn’t seem satisfactory for the following reason. For any worlds w and

y, the T1 condition tells us that w ∈ −d({y}). This means that the agent

rationally believes the proposition −{y}. But if a proposition cannot be

expressed by a finite sentence, then the negation of that proposition cannot

either. {y} represents a maximal conjunction, and so the negation of it is

a maximal disjunction, which could not be represented by a finite sentence.

Thus, the assumption that our idealized agent is limited to propositions which

can only be expressed by finite sentences can not help us here.

Unfortunately, there doesn’t seem to be a common-sensical way to explain

why singleton propositions should always be outside the limit of rational

belief for idealized agents. Nonetheless, the main project here is to make sense

of the topological semantics from an epistemic interpretation. As we continue

we will examine the work of Patrick Grim, and see if his philosophical work

may help us here.
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1.7 A Way To Judge The Coherence Of The

Interpretation

Initially, we had defined a topology in terms of open sets. Here we define

a topology by an equivalent method, in hopes to answer a philosophical

question. The following is a minor variation of a theorem in [8], p. 73. Note

the four conditions used to define a topology.

Theorem 1.7.1. Let X be a set, and let f : P(X) 7→ P(X) be a function

satisfying:

1. f(∅) = ∅

2. f(f(A)) ⊆ f(A)

3. f(A ∪B) = f(A) ∪ f(B)

4. For all z, y ∈ X, z 6∈ f({y})

Then τ = {−(A∪f(A))|A ∈ P(X)} is a topology on X and f(A) = d(A)

That is, f is the derivative function, d, for the topology τ .

The philosophical question we hope to answer is simply: does it make

sense to interpet the topological operator d as the limit of rational belief for

an agent?
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Since the four conditions above can define a topology, it is reasonable to

say that as long as we can make epistemic sense out of these four conditions,

then our interpretation does make sense. Keep in mind that the function f

in the theorem is d.

The first condition was already discussed. A contradictory proposition

(the empty set) is always outside the limit of rational belief, at any world,

hence d({}) = {}. This condition holds for all topologies.

The second condition is essentially axiom 4. That is, Axiom 4 is valid

in a topology iff d(d(A)) ⊆ d(A) . To be sure, axiom 4 is not valid in all

topologies.14

The third condition is surely plausible. If A is within the limit of rational

belief, then so is A ∪ B. Conversely if the proposition A ∪ B is within the

limit of rational belief, then either A or B is within the limit. This condition

holds in all topologies.

The final condition is the T1 condition. Thus, given that the previous

three conditions cohere with our interpretation, this is the last condition to

make sense of. Of course, the T1 condition does not hold for all topologies.15

14In Dugundji’s original theorem, the weaker condition is: d(d(A)) ⊆ d(A) ∪ A (which

is true for all spaces).
15In Dugundji’s original theorem, the weaker condition is: x 6∈ d({x}) for all x (which
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We now look to the ideas of Patrick Grim to help us make sense of the

T1 condition.

is true for all spaces).
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1.8 The Grim Intuition

We state the Grim intuition as follows: there is something incoherent about

the totality of all truths. 16 This is loosely stated, and is intended as such.17

Speaking more particularly, Grim attacks the notion of a collection of all

truths. Similarly, he attacks the possibility that anyone (including God)

could know all truths.

We can summarize his intuition in his own words (123-124),

The surprise is that at the point we are tempted to speak of “ all

truths” or “ all propositions” we already face incoherence.

It is this intuition that the very notion of “ everything which is true” is

in some sense an incoherent notion which is fundamental. Our claim is that

the T1 condition captures this intuition.

The connection should be clear. A singleton, considered as a proposition

in the semantics, that is, a set containing a single world, represents a maximal

proposition. The singleton, as a proposition, represents everything which is

16In the introductory chapter, Grim states that his book is about exploring “ ... the

logical impossibility of totalities of knowledge and truth”
17Grim speaks of “ ... the suspicion that there is a single deep problem regarding truth,

knowledge, and totality.”
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true at the world in the set. If Grim’s intuition is correct, then it makes

perfect sense to assume that singletons will always be outside the limit of

rational belief. Moreover, this is what the T1 condition says, given our

interpretation. At any world w, {y} is outside the limit of rational belief.

In effect, we are substituting the word ’incoherent’ for ’outside the limit of

rational belief.’

To be sure, Grim himself could not accept our representation of his in-

tuition. Grim argues against propositions expressing all truths, as well as

possible worlds themselves. This step we can’t take (that is, if we want to

make sense of the semantics – we are of course assuming that points are

possible worlds). Rather, we are left with the view that the proposition ex-

pressing all truths (at a world) exists, even though it is incoherent to the

agent.

For some discussion of Grim’s arguments, see Appendix E.
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1.9 Theological Considerations

If the notion of “ everything which is true” is incoherent, then omniscience

is incoherent as well. Thus, the notion of God is incoherent (i.e. outside

the limit of rational belief). Grim dedicates much space towards attacking

the coherency of omniscience, focusing on the work of Kaplan and Montague

[17], [21].

It seems that the semantics reflects this as well. Leaving aside knowledge

for the moment, and just focusing on rational belief, we have the following.

Proposition 1.9.1. φ→ Bφ is valid in a topology iff B⊥ is valid

To see this, it is enough to show that both sentences are valid iff every

set is open. This is true for arbitrary topologies. This simple topological fact

mirrors Gődel’s result: PA is complete iff it is inconsistent. Certainly, Grim

is suggesting exactly this about our rational beliefs, it is impossible for them

to be complete.

1.10 Final Thoughts

Our goal has been to interpret the topological semantics, and we have at-

tempted to show that, given basic assumptions, the semantics seems to say



23

that a proposition expressing all truths at a given world is incoherent (no

matter what world the agent is at). This part Grim agrees with. However,

Grim disagrees that possible worlds exist in the first place.

The natural classical assumption is that if something is incoherent, it

cannot exist. Certainly, this holds for things in the world. We are suggesting

that it does not hold for the world as a whole. The idea that a rule may hold

inside a world, but not hold for the world as a whole is not unprecedented.

For instance, though nothing in the world can accelerate up to the speed of

light, inflationary cosmologists suggest that, at some point, the speed of the

expansion of the universe (as a whole) had reached and exceeded the speed

of light.

Again, this is merely to suggest that a law may hold for things in a world,

but not apply to the world as a whole. The assumption that an incoherent

object exists may be too wild for most readers. Those who are hypnotized

by the constraints of classical logic won’t pay much attention to an argument

that says otherwise, no matter how cogent. The only real question is: is this

assumption worth exploring? The only way to find out the answer here is to

explore and find out later. I can only hope that this text represents a start.

To recapitulate, we’ve tried to find a home for the interpretation of the
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topological semantics, and only found ourselves partially welcomed by Grim.

One philosopher I found who explicitly agrees with our interpretation (that

reality is contradictory and yet at the same time, real), is the Buddhist

philosopher Nāgārjuna (see [22]).18

However, whereas Nāgārjuna explicitly agrees, it seems Graham Priest

implicitly agrees. It is the work of Graham Priest which led me to Patrick

Grim and Nāgārjuna. Priest writes,

I claim that reality is, in a certain sense, contradictory.

There are certain statements which he finds contradictory, though nonethe-

less true. Thus, whereas Grim uses his arguments to eliminate the idea that

reality is everything that is the case, it seems Priest accepts Grim’s argu-

ments, but rejects the conclusion that the world does not exist.19 This is

entirely consonant with our interpretation, however radical.

18To give a quick sample from Nāgārjuna, consider:

Everything is real and is not real,

Both real and not real,

Niether real nor not real.

This is the lord Buddha’s teaching.

19See Priest’s section on Grim in [22]
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I, among others, have always found paradoxes themselves much more

interesting than various solutions. Such solutions always seem like we lose

something. In any case, for those who have a taste for dialetheism, the

topological semantics may suit them well.20

20As Richard Mendelsohn has discussed with me, there is a less controversial way to

view all of this. Instead of turning towards Priest’s philosophy, we may alternatively

assert that singletons, or any finite sets, in our semantics simply are not propositions at

all. Furthermore, Kit Fine strongly suggested one solution I had previously dismissed: we

may suppose that our reasoners, though idealized, are nonetheless incapable of believing a

proposition which expresses all truths. This may be for a number of reasons, for example:

if we suppose that every belief have a finitary basis.



26

1.11 A Note On Knowledge And Gettier

With the previous technical details in mind, we now engage in some basic

epistemology. As mentioned at the outset, I had been intrigued for some

time by the somewhat well known fact that the interior operator (defined

below) seems to behave like a knowledge operator. 21

Given that there is also a topological operator which acts like justified

belief, we should ask ourselves: how do these two operators interact? This

is the question we explore in this section. We draw no major conclusions

here. Rather, we modestly suggest that the topological semantics may be an

interesting way to consider the Gettier problem in epistemology.22

The interior of A is the union of all open subsets of A. As mentioned,

the interior operator acts like knowledge. Consider the following definition

of truth for Kφ in a topological model,

M,w |= Kφ iff (∃O)(w ∈ O and (∀x ∈ O)(M,x |= φ))

Using this, one can show soundness and completeness for S4.23 Quick

21they both obey the S4 axioms, see following footnote.
22Given the perplexity of the Gettier problem, I assume any new angle on it is worth-

while.
23See [2] for a simple proof. The result is originally due to Mckinsey and Tarski, see [20].
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inspection should convince the reader that the following is always valid.

Kφ↔ (Bφ ∧ φ)

Thus, the topological semantics seems to support the thesis that knowl-

edge is true justified belief (Avoiding subtleties, we’ll assuming that rational

belief and justified belief are the same). Up until 1963 this would not have

been controversial. Since then, Gettier’s celebrated article [12] has totally

undermined this simple thesis.

For those unfamiliar with Gettier examples, consider the following. Bob

is in a field. In the field there is a dog which looks exactly like a sheep. From

this, Bob develops a justified belief that there is a sheep in the field (he has

strong evidence that there is a sheep in the field). Unbeknownst to Bob,

there is a real sheep in the field behind a tree. Now, Bob justifiably believes

that there is a sheep in the field, and it is true, but epistemologists typically

agree that Bob doesn’t know there is a sheep in the field.

Because of examples like this, knowledge can’t be true justified belief.

However, we can accommodate Gettier’s criticism by simply reading Kφ as:

To be sure, the axioms for S4 are: Kφ → φ, Kφ → KKφ, K(φ → ψ) → (Kφ → Kψ),

with Necessitation and MP.
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justified true belief in φ (instead of knowledge of φ). Given this, we can ask:

what topological operator, if any, truly represents knowledge?

Consider the following suggestion.

Let F (A) be the union of all clopen subsets of A (where a set is clopen

when it is both open and closed). F (A) will be a stronger operator than the

interior operator. Redefine Kφ with:

M,w |= Kφ iff (∃Z)(w ∈ Z and (∀x ∈ Z)(M,x |= φ))

Where ∃Z quantifies over clopen sets.

Thus, Kφ is true at w when there is some clopen set Z, w ∈ Z and

everything in Z satisfies φ. This way, we get the validity of Kφ→ (Bφ∧ φ),

but not the converse. Many topologies can be used to show that the converse

fails.

For instance, let τ be the co-finite topology on N. Let V (p) = −{1}.

Bp ∧ p will be true at 2, and the only clopen set containing 2 is N, which

contains 1 and 1 satisfies ¬p. Thus Kp fails at 2.

At least formally, this operator, F (A), appears to point in the right di-

rection. That is, we have that knowledge implies true justified belief, but

not the converse. The big question at this point is: can any of this give us
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any insight into the Gettier problem? To this we have no interesting answer.

We only hope that it may. If the reader feels that our suggestion is too

speculative, this criticism is well taken.

1.12 Comments

• A clopen set is closed and hence contains all worlds which are close

to it. This seems philosophically relevant. That condition which will

take us from true justified belief to knowledge may very well depend

on which worlds are epistemically close. Though, again, it isn’t clear

to me how to explicate this further. ‘Epistemically close’ may mean

‘epistemically relevant’ or ‘causally relevant’ worlds.

• In reference to the last comment, we may want to specify, given some

world w, which worlds are epistemically close to w. I suggest those

worlds which are in the smallest clopen set containing w. In some

topologies there may be no such smallest clopen set, and thus we

should confine ourselves to those which have them. I have in mind

those topologies where the smallest clopen set of a given point is the



30

component24 of the point.

• Perhaps the topological semantics may be given a contextualist analysis

of knowledge. That is, by reading a clopen set as a context. By contex-

tualists’ standards, we can know things in one context (the everyday

context), and not know them in another context (say, the epistemolog-

ical context, where we can’t eliminate the possibility of an evil demon).

Of course, a world may be a member of more than one clopen set.

Let F1 and F2 be two clopens such that w is a member and F1 ⊂ F2.

Perhaps we can interpret F2 as being the wider context (the epistemo-

logical), and F1 as the more everyday context (where we don’t need to

consider the brain in a vat hypothesis). This way, we can know some-

thing in one context, and not in another, at the same world. This is

only a suggestion.

• There is a (non-Gettier) problem with defining truth in a model for KΦ

in terms of open sets, rather than clopens; pointed out by Kit Fine. Let

V (p) = {w}, then, for all q, w |= Bq iff w |= K(p ∨ q). This is curious.

If we define KΦ in terms of clopen sets, the left to right direction of

the equivalence fails, though direction from right to left holds.

24See Section B.3 for a definition.
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• A set S is open iff S ⊆ −d(−S). Thus, the open sets are those which,

when true, are rationally believed (note: they may be rationally be-

lieved without being true, however). As an example: in most cases, if

I have a hand, then I will rationally believe it. Of course, in extreme

cases, I may have a hand and not believe it; and in those cases, one

simply should not interpret this proposition to be an open set. These

open sets play the role of justifications in the topology (considering the

definition of truth in a model for BΦ). This is at least tangentially

relevant to the Gettier cases as well. One early response to Gettier’s

original examples was to require that the belief in question not be de-

rived from a false belief. Recall, w |= BΦ means there is some O which

w is a member of, i.e. O is a proposition which is true at w, and is

used as a basis for a belief in φ. Thus, the topological semantics has

this requirement built in.



Appendix A

A Canonical Topological Model

For Extensions of K4

In this section we use a canonical approach to show completeness for K4 and

KD4. Our proof relies on the following theorem from Dugundji [8], p. 73.

Theorem A.0.1 (Dugundji). Let X be a set, and let f : P(X) 7→ P(X) be

a function satisfying:

1. f(∅) = ∅

2. f(f(A)) ⊆ f(A) ∪ A

3. f(A ∪B) = f(A) ∪ f(B)

32
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4. For all z ∈ X, z 6∈ f({z})

Then τ = {−(A ∪ f(A))|A ∈ P(X)} is a topology on X and f(A) = A′

A.1 Defining the canonical function

Let L be any extension of K4, and let WL be the set of all maximally con-

sistent sets of L. For any formula φ , let φ̂ = {z ∈ WL|φ ∈ z}. For any set

A, let |A| be the cardinality of A.

We define f : P(WL) 7→ P(WL) as follows. For all A ⊆ WL,

f(A) = {z ∈ WL| for all Bφ, if Bφ ∈ z , then |φ̂ ∩ A| is infinite }

In other words,

x ∈ f(A) iff for all Bφ ∈ x, φ̂ ∩ A is an infinite set.

Theorem A.1.1. f is the derivative function for a topology on WL

Proof. Where F is any finite set, f(F ) is empty, hence conditions 1 and 4 of

Theorem A.0.1 hold.

To show condition 2 holds, we show f(f(A)) ⊆ f(A). Assume w ∈

f(f(A)) and assume Bφ ∈ w. Since our logic is some extension of K4,
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Bφ→ BBφ ∈ w, and so BBφ ∈ w. Thus, by the definition of f , |B̂φ∩f(A)|

is infinite. But then |φ̂ ∩ A| is infinite. Since Bφ was arbitrary, w ∈ f(A).

Finally, condition 3 holds. Assume w 6∈ f(A ∪ C). Then some Bφ ∈ w

and |φ̂∩(A∪C)| is finite. So |φ̂∩A| and |φ̂∩C| must be finite, which implies

that w 6∈ f(A) and w 6∈ f(C). Thus f(A) ∪ f(C) ⊆ f(A ∪ C).

To see the converse inclusion assume w 6∈ f(A) and w 6∈ f(C). Thus

there is some Bφ ∧ Bψ ∈ w, such that |φ̂ ∩ A| and |ψ̂ ∩ C| are finite. This

implies that |φ̂ ∧ ψ∩A| and |φ̂ ∧ ψ∩C| are finite as well. Thus the following

is finite,

|(φ̂ ∧ ψ ∩ A) ∪ (φ̂ ∧ ψ ∩ C)|

And since ((X ∩ Y ) ∪ (X ∩ Z)) = (X ∩ (Y ∪ Z)), |(φ̂ ∧ ψ) ∩ (A ∪ C)|

is finite. Now since Bφ ∧ Bψ ∈ w, and since (Bφ ∧ Bψ) → B(φ ∧ ψ) is a

theorem of K, B(φ ∧ ψ) ∈ w. Hence w 6∈ f(A ∪ C).

Let τL be the topology defined by our function f . This gives us our

canonical topological space,

SL =< WL, τL >

Let w ∈ WL, we define the canonical valuation as,

w ∈ V L(p) iff p ∈ w

This in turn gives us our canonical topological model,
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ML =< WL, τL, V L >

A.2 Truth lemma

The following theorem is used to show the truth lemma.

Theorem A.2.1. For any formula φ, ¬̂B¬φ = f(φ̂)

Proof. If w 6∈ ¬̂B¬φ then w ∈ B̂¬φ, and so w 6∈ f(φ̂).

To see the converse inclusion assume w 6∈ f(φ̂). Then some Bψ ∈ w and

|ψ̂ ∧ φ| is finite. Since ψ̂ ∧ φ is a finite set, it must be empty (because if a

formula γ is consistent, then |γ̂| is infinite). Thus ψ → ¬φ is a theorem. So

Bψ → B¬φ is a theorem. This tells us that B̂ψ ⊆ B̂¬φ. Thus w ∈ B̂¬φ.

That is, w 6∈ ¬̂B¬φ.

Note that the previous theorem implies, for any formula φ,

B̂φ = −f(−φ̂)

Theorem A.2.2 (Truth Lemma). For all x ∈ WL ,

ML, x |= φ iff x ∈ φ̂

Proof. The case of the propositional variable is immediate, and the cases for

the logical connectives are straightforward. If ML, x |= Bφ, then there is
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some O ∈ τL, x ∈ O, and all worlds in O ∩ −{x} satisfy φ. By Induction

hypothesis, O ∩ −{x} ⊆ φ̂. So x ∈ −f(−φ̂). And Theorem 3 implies,

−f(−φ̂) = B̂φ. Conversely, Assume x ∈ B̂φ. By Theorem 3, x ∈ −f(−φ̂),

and thus there is some O, x ∈ O, and O∩−{x} ⊆ φ̂. By induction hypothesis,

all worlds in O ∩ −{x} satisfy φ. Thus ML, x |= Bφ.

By corollary, we know that φ is a theorem of L iff φ is valid in the canonical

topological model for L.

Call a logic L canonical iff the theorems of the logic are valid in the

canonical topological space.

Theorem A.2.3. K4 is canonical.

Proof. In fact, we’ve already shown that f(f(A)) ⊆ f(A) holds, in showing

Theorem A.1.1, and so axiom 4 is valid. Thus K4 is canonical.

Theorem A.2.4. KD4 is canonical

Proof. The D axiom is Bφ → ¬B¬φ, and is valid iff ¬B¬> is valid. Fur-

thermore, ¬B¬> is valid in a space iff there are no open singletons. Finally,

it is straightforward to show, for all x ∈ WL,

{x} ∈ τL iff B⊥ ∈ x
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Clearly, for every point x in the canonical model for KD4, B⊥ 6∈ x, hence

axiom D is valid, and KD4 is canonical.

A.3 Comments

• Canonicity immediately holds over to K4n and KD4n.

• The canonical space is a T1 space, f(F ) is always empty, where F is

finite. Unfortunately, it isn’t clear whether KD45 is canonical. If the

reader should find a proof or disproof, I would be delighted to see it.

• Clearly, this canonical construction doesn’t rely on relational seman-

tics. Hopefully, this suggests that the topological semantics is a natural

semantics for modal logic.

• As noted in Hughes and Cresswell [16], p. 152, K4 is characterized by

the class of all transitive and irreflexive relational frames. Given this

result, it is easy to show topological completeness for K4. One takes

the relational frame and replaces aRb with a ∈ d({b}), and the same

valuation immediately gives topological completeness.



Appendix B

Topological Completeness For

KD45Cn

We show topological completeness for multi-agent KD45 with common be-

lief. We review the logical system KD45C
n and the relational semantics for it.

The topological semantics is then introduced and explored. In the relational

semantics, one uses a non-empty set with multiple relations on it. Analo-

gously, we use a non-empty set with multiple topologies on it (a topological

frame).

We assume no familiarity with topology.

Mckinsey and Tarski seem to be the first to suggest the derivative as a

38
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modal operator, in [20].1 Some, but overall few, have taken up this suggestion

and explored it (e.g. Leo Esakia [9], and Valentin Shehtman [24]).2

Showing soundness for KD45C
n is not as straightforward as one may think.

In fact, we only show soundness for a restricted class of topological frames.

Within that restricted class, common belief turns out to be the intersection

of the other topologies in the frame.

1Whereas Cantor seems to be the first to study the derivative per se, see [7].
2I thank Guram Bezhanishvili for informing me of others with this interest (including

himself, see [3].) A topological completeness proof for KD45n due to the author is set to

appear in [2] as part of a chapter on topology and epistemic logic, co-written with Larry

Moss and Rohit Parikh.
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B.1 The Logical System KD45Cn

5 ¬Biφ→ Bi¬Biφ

4 Biφ→ BiBiφ

D Biφ→ ¬Bi¬φ

K Bi(φ→ ψ) → (Biφ→ Biψ)

E Eφ↔ (B1φ ∧B2φ ∧ ... ∧Bnφ)

C Cφ→ E(φ ∧ Cφ)

N from ` φ infer ` Biφ

CR from ` φ→ E(φ ∧ ψ) infer ` φ→ Cψ

Plus all tautologies and MP.

To be sure, we show the converse of axiom C is provable. That is,

KD45C
n ` E(φ ∧ Cφ) → Cφ

1. ` Cφ→ E(φ ∧ Cφ)

(Axiom C)

2. ` ECφ→ EE(φ ∧ Cφ)

(from 1, ` A→ B entails EA→ EB)

3. ` (Eφ ∧ ECφ) → (EE(φ ∧ Cφ) ∧ Eφ)

(from 2, truth functionally)

4. ` E(φ ∧ Cφ) → E(E(φ ∧ Cφ) ∧ φ)
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(from 3, using E(A ∧B) ↔ (EA ∧ EB) twice)

5. ` E(φ ∧ Cφ) → Cφ

( from 4 using rule CR)

B.2 Relational semantics

A frame F =< W,R1, R2, ..., Rn > is a non-empty set W with n relations on

W . A valuation V is a function from propositional variables to subsets of W.

A model M =< W,R1, R2, ..., Rn, V > is a frame with a valuation. Truth in

a model is defined as follows,

M,w |= p iff w ∈ V (p)

M,w |= ψ ∨ φ iff M,w |= ψ or M,w |= φ

M,w |= ¬φ iff M,w 6|= φ

M,w |= Biφ iff (∀z)( if wRiz then M, z |= φ)

M,w |= Eφ iff M,w |= Biφ for all i ∈ {1, 2, ..., n}

M,w |= Cφ iff M,w |= Ekφ for all k > 0

Let R+ =
⋃
{Ri | i ∈ {1, 2, ..., n}}. Let R∗ be the transitive closure of

R+. One can show, M,w |= Cφ iff (∀z)( if wR∗z then M, z |= φ)

φ is valid in a model iff φ is true at every point in the model. φ is valid
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in a frame iff φ is valid in every model based on the frame.

The following correspondences are well known,

¬Biφ→ Bi¬Biφ is valid in F iff (∀x)(∀y)(∀z)( if xRiy∧xRiz then yRiz)

Biφ→ BiBiφ is valid in F iff (∀x)(∀y)(∀z)( if xRiy ∧ yRiz then xRiz)

Biφ→ ¬Bi¬φ is valid in F iff (∀x)(∃y)(xRiy)

The conditions corresponding to the validity of axioms 5, 4, and D are

respectively called Euclidean, transitive, and serial.

KD45C
n has the finite model property.3

B.3 Topological definitions

Let τ be a subset of the power set of W such that: (1) W ∈ τ , (2) ∅ ∈ τ , (3)

τ is closed under finite intersection, (4) τ is closed under arbitrary union; τ

is a topology on W . The members of τ are called open sets or opens. We use

O, U as variables for open sets. The complement of an open set is closed. A

set which is both open and closed is clopen. We refer to the members of W

as points or worlds interchangeably. Where τ is a topology on W , < W, τ >

is a topological space. Where A ⊆ W ,

d(A) = {z ∈ W | (∀O ∈ τ)( if z ∈ O then (∃y ∈ O \ {z})(y ∈ A)}
3A proof of this given in [10].
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d(A) is the derived set of A, and d is the derivative operator. d(A) is

usually written A′ and we abandon this notation for convenience. The de-

rived set of A goes by many names: the set of limit points of A, the set

of accumulation points of A, the Cantor-Bendixson derivative of A, and the

set of cluster points of A. Modally speaking d is a diamond. The multiple

diamonds in the logic KD45C
n will represent derivatives of topologies on the

same set.

The interior of A, I(A), is the union of all open subsets of A. The closure

of A, Cl(A), is the intersection of all closed supersets of A. The interior and

closure operators are dual operators, i.e. I(A) = −Cl(−A). Alternatively

one can define Cl(A) as d(A) ∪ A. Thus I(A) = −d(−A) ∩ A. A set A is

open iff A ⊆ I(A). It follows that, A is open iff A ⊆ −d(−A).

Let < W, τ > be a topological space and let S ⊆ W . S is disconnected

iff there are two open sets, O and U , such that, O ∩ S and U ∩ S are two

non-empty, disjoint sets whose union is S. S is connected iff S is not discon-

nected. S is a component iff S is connected and all proper supersets of S are

disconnected. Note that any given point is in one, and only one, component.

S is filtral iff for all non-empty O ⊆ S, if O ⊆ A and A ⊆ S, then A is open.

Let B ⊆ τ ; B is a base for τ iff every member of τ is a union of members
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of B. The members of a base are called basic opens. The following is well-

known.

Fact B.3.1. B is a base for some topology on W iff

(i) W =
⋃

B, and (ii) For any V1, V2 ∈ B, if x ∈ W and x ∈ V1∩V2, then

there is some V3 ∈ B such that x ∈ V3 ⊆ V1 ∩ V2.

A topology is T1 iff for all y, d({y}) is empty.

This last definition is usually defined by saying: for every two points x,

y there is an open O such that x ∈ O, y 6∈ O. This condition is equivalent

to the assumption that every co-finite set is open.

B.4 Topological semantics

A topological frame F τ =< W, τ1, τ2, ..., τn > is a non-empty set W with n

topologies on W . Thus a topological space is a topological frame with one

topology. A topological model M τ =< W, τ1, τ2, ..., τn, V > is a topological

frame with a valuation V .

Truth in a topological model is defined as follows,

M τ , w |= p iff w ∈ V (p)

M τ , w |= ψ ∨ φ iff M τ , w |= ψ or M τ , w |= φ
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M τ , w |= ¬φ iff M τ , w 6|= φ

M τ , w |= Biφ iff (∃O ∈ τi)( w ∈ O and (∀z ∈ O \ {w})(M τ , z |= φ))

M τ , w |= Eφ iff M τ , w |= Biφ for all i ∈ {1, 2, ..., n}

M τ , w |= Cφ iff M τ , w |= Ekφ for all k > 0

Note the following consequence of our definitions.

M τ , w |= ¬Bi¬φ iff (∀O ∈ τi)( if w ∈ O then (∃z ∈ O \ {w})(M τ , z |= φ)

Thus the box of the language represents the dual of the derivative oper-

ator.

φ is valid in a topological model iff φ is true at every point in the model.

φ is valid in a topological frame iff φ is valid in every topological model based

on the frame. Generally, validity will mean validity in a frame (relational or

topological). Often we say, for some sentence φ, φ is valid in a topology or φ

is valid in τ , to mean φ is valid in some topological frame < W, τ >. Given

a class of frames C we write: C |= φ to mean φ is valid in every member

of C. We now prove a number of propositions, some will be used later, the

others are to increase understanding. For the rest of this section we drop the

subscripts on our box B.

Proposition B.4.1. Bφ → ¬B¬φ is valid in τ iff There are no open sin-

gletons
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Proof. Assume {w} is open. Then w |= B¬φ∧Bφ for any φ in a topological

model. Conversely, assume D fails at w in some topological model. For some

O,U ∈ τ , w ∈ O∩U , (∀z ∈ O \{w})(z |= φ)), and (∀z ∈ U \{w})(z |= ¬φ)).

Thus O ∩ U = {w} and by finite intersection {w} is open.

Proposition B.4.2. Bφ→ BBφ is valid in τ iff Every derived set is closed.

Proof. A is closed iff Cl(A) ⊆ A. And Cl(A) = d(A) ∪ A. So every derived

set is closed iff d(d(A)) ⊆ d(A). And d(d(A)) ⊆ d(A) iff 4 is valid.

To be sure, derived sets aren’t always closed. Axiom 4 can be falsified in

the following two point space: < {a, b}, {{a, b}, ∅} >. It is worth mentioning

that K + (Bp ∧ p) → BBp is the minimal logic of the derived set.4

Proposition B.4.3. ¬Bφ → B¬Bφ is valid in τ iff Every derived set is

open

Proof. A is open iff A ⊆ I(A). And I(A) = −d(−A) ∩ A. So every derived

set is open iff d(A) ⊆ −d(−d(A)). And d(A) ⊆ −d(−d(A)) iff 5 is valid.

Proposition B.4.4. Axiom 5 implies the T1 condition.

4Guram Bezhanishvili informed me that Leo Esakia was the first to show this (unpub-

lished).
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Proof. The T1 condition is: d({y}) is empty, for all y. Assume axiom 5 is

valid in the topology but for two points a ∈ d({b}). Let V (p) = −{b}. But

then, a |= ¬Bp ∧ ¬B¬Bp. Contradiction.

Also, the validity of B(Bφ→ φ) implies the T1 condition.

Proposition B.4.5. There are no finite topological models for KD5.

Proof. Assume otherwise. By Proposition B.4.4, the space is T1, and this is

equivalent to having every co-finite set open. But then all sets are open, in

particular every singleton is open, contradicting the validity of axiom D.

Proposition B.4.6. If Axiom 5 is valid in a space, then Axiom 4 is valid.

Proof. Assume 5 is valid. By Proposition B.4.4, our space is T1. Assume

x |= Bφ. For some O, x ∈ O, and all points in O \ {x} satisfy φ. Let

z ∈ O \ {x}. By T1, O \ {x} is open, and every point in (O \ {x}) \ {z}

satisfies φ. That is, z |= Bφ, and z was arbitrary, so x |= BBφ.

A logic which contains 5 but not 4 is topologically incomplete. Alterna-

tively, if every derived set is open, then every derived set is closed.

Proposition B.4.7. Bφ→ φ is never valid in a topological space.

Proof. Let z be a point and let V (p) = {z}, then z |= p ∧B¬p.
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Bφ → φ can be valid in a topological model, but not in a topological

space.

Proposition B.4.8. φ→ Bφ is valid iff B⊥ is valid

Proof. Both of these sentences are valid iff every set is open.

A logic which contains φ→ Bφ but not B⊥ is topologically incomplete.

Also, this proposition curiously resembles Gődel’s theorem (if you can prove

everything which is true, then you can prove a contradiction).

Proposition B.4.9. If 5 is valid and S is connected, then S is filtral.

Proof. Assume otherwise. Thus for some non-empty O, and some non-open

X, O ⊆ X ⊆ S. Since X is not open, there is some z ∈ X ∩ d(−X). If there

is some v in X ∩−d(−X) then, since v, z are in S, and d(−X) is clopen (by

axiom 5), this disconnects S. Thus X ⊆ d(−X). But there is some y ∈ O,

and y ∈ X, and so y ∈ d(−X). Thus there is some point in O ∩ −X, but

O ⊆ X. Contradiction.

Proposition B.4.10. If 5 is valid, S is connected and open, and x, y ∈ S,

then for any model and any formula φ, x |= Biφ iff y |= Biφ.

Proof. Assume x, y ∈ S, S is connected and open, x |= Biφ and 5 is valid.

For some O, all z in O \ {x} satisfy φ. Since our space is T1, O \ {x} is
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open, and so O \ {x} ∩ S is open and is a subset of S. Since S is filtral (by

proposition B.4.9), (O \ {x} ∩ S) ∪ {y} is open, so y |= Biφ.

B.5 Main theorem

Let Cn be the class of all F τ such that each τ i ∈ Fτ satisfies the following three

conditions: (1) every derived set is clopen, (2) there are no open singletons,

and (3) the number of components is finite.

Main Theorem. KD45C
n ` φ iff Cn |= φ

Thus we are only dealing with a restricted class of topological frames.

We don’t know whether KD45C
n is sound in the more general class where

we remove condition (3). We conject it is not. The following two facts are

useful.

Fact B.5.1. every point is in one, and only one, component.

Fact B.5.2. If τ has a finite number of components, the components are

open.
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B.5.1 KD45Cn is sound with respect to Cn

The rule of necessitation is easily shown to preserve validity in all topological

frames. The fact that topologies are closed under finite intersection entails

the validity of the K axiom. Axiom E is valid. Propositions B.4.3, B.4.2,

and B.4.1 immediately imply that axioms 5, 4, and D are valid in every

τi ∈ F τ ∈ Cn. The next proposition will be used to show Cn |= Cφ→ ECφ.

Proposition B.5.3. Cn |= BiE
kφ→ BiE

mφ, where k ≥ m ≥ 0

Proof. The validity of axioms 5 and K in Cn entail Cn |= Bi(Biφ → φ).

Necessitation and the validity of Eφ → Biφ entail Cn |= Bi(Eφ → Biφ).

From this we derive Cn |= Bi(Eφ → φ) for each i, which entails Cn |=

E(Eφ→ φ).

A quick argument shows Cn |= E(ψ → φ) → (Eψ → Eφ). Applying

this to the validity of E(Eφ → φ) in Cn we get Cn |= EEφ → Eφ. From

this last fact and repeated application of the fact that if Cn |= A → B then

Cn |= EA → EB, we can derive Cn |= Ekφ → Emφ where k ≥ m > 0. So

Cn |= BiE
kφ → BiE

mφ for all k ≥ m > 0. And since Cn |= BiEφ → Biφ,

we finally have which was to be shown: Cn |= BiE
kφ → BiE

mφ, where

k ≥ m ≥ 0.
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The proof of the following uses the requirement that every topology in

every member of Cn has a finite number of components.

Proposition B.5.4. Cn |= Cφ→ ECφ.

Proof. Assume w |= Cφ. This entails, for each agent i, (∀k ≥ 0)(w |=

BiE
kφ). For each agent i,

Let Li = {z | z |= BiE
kφ for all k ≥ 0}

Let CLi
= {Ci | Ci is a component of τi and Ci ∩ Li 6= ∅}

Claim:
⋃
CLi

= Li. Proof of claim: By Fact B.5.1 every point is in

some component, thus Li ⊆
⋃
CLi

. Conversely, if x ∈
⋃
CLi

then for some

Ci ∈ CLi
, x ∈ Ci and Ci ∩ Li 6= ∅. Thus some z ∈ Ci ∩ Li, and z |= BiE

kφ

for all k ≥ 0. By Fact B.5.2, Ci is open. By Proposition B.4.10, since x and

z are in Ci, x |= BiE
kφ for all k ≥ 0. So x ∈ Li.

Let Gi = {Ci | Ci is a component of τi and Ci 6∈ CLi
}.

Claim: For all Ci ∈ Gi, there exists an m ≥ 0 such that for all v in Ci,

v |= ¬BiE
mφ, and for all k ≥ m, v |= ¬BiE

kφ.

Proof of claim: Let a be some point in Ci such that a satisfies ¬BiE
mφ

for some m ≥ 0 (there must be some such point otherwise Ci 6∈ Gi). By

Proposition B.4.10, every x ∈ Ci satisfies ¬BiE
mφ . But, Cn |= BiE

kφ →
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BiE
mφ for all k ≥ m, by Proposition B.5.3. Thus, every point in Ci satisfies

¬BiE
kφ for all k ≥ m.

Given this last claim, and the requirement that each topology has only

a finite number of components, we know (given some Gi): there must be

some m ≥ 0 such that for all v ∈
⋃
Gi, v |= ¬BiE

mφ. Also, given the first

claim and the definition of Gi, we know
⋃
Gi = −Li. Thus, for the following

claim (for each agent i) let mi be some number such that for all z ∈ −Li,

z |= ¬BiE
miφ. Also,

Let L = L1 ∩ L2 ∩ ... ∩ Ln

Claim: L ∈ τ1 ∩ τ2 ∩ ... ∩ τn. Proof of claim: Assume not. That is,

assume L is not open for some agent h. So, for some point x, x ∈ L and

x 6∈ Ih(L). Since Ih(L) = L ∩ −dh(−L), x ∈ dh(−L).

dh(−L) = dh(−L1∪−L2∪ ...∪−Ln) = dh(−L1)∪dh(−L2)∪ ...∪dh(−Ln),

and so x ∈ dh(−Lj) for some agent j.

x ∈ Lh (because x ∈ L), so x satisfies BhE
kφ for all k ≥ 0. So x satisfies

BhE
mj+1φ, which entails x satisfies BhBjE

mjφ. Thus there is some O ∈ τh,

x ∈ O and for all z ∈ O \ {x}, z satisfies BjE
mjφ. But x ∈ dh(−Lj),

and so there is some v ∈ O \ {x} and v ∈ −Lj. But then v |= ¬BjE
mjφ.

Contradiction.
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w (the initial world we started off with when we assumed w |= Cφ) is in

L. Every world in L satisfies Emφ for all m > 0, and so every world in L

satisfies Cφ. Since L is open for each agent, w |= BiCφ for all agents i. That

is, w |= ECφ.

Proposition B.5.5. Cn |= Cφ→ E(φ ∧ Cφ)

Proof. Since Cn |= Cφ → (Eφ ∧ ECφ) and Cn |= E(A ∧ B) ↔ (EA ∧ EB),

it follows that Cn |= Cφ→ E(φ ∧ Cφ)

Thus axiom C is valid in Cn. Finally, we show CR preserves validity in

Cn.

Proposition B.5.6. If Cn |= φ→ E(φ ∧ ψ), then Cn |= φ→ Cψ.

Proof. Assume Cn |= φ→ E(φ ∧ ψ) and M τ , w |= φ.

So w |= E(φ ∧ ψ) which implies w |= E1φ ∧ E1ψ.

Assume w |= Ekφ ∧ Ekψ. By repeated application of the rule that if

|= A → B then |= EA → EB, we get Cn |= Ekφ → Ek+1(φ ∧ ψ). Thus

w |= Ek+1(φ∧ψ). Since Ek+1(φ∧ψ) ↔ (Ek+1φ∧Ek+1ψ), w |= Ek+1φ∧Ek+1ψ.

Thus w |= Emψ for all m > 0, i.e. w |= Cψ.
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This completes soundness: If KD45C
n ` φ, then Cn |= φ

We end this section with the following useful result.

Proposition B.5.7. Let M τ be a model based on some < W, τ1, τ2, ..., τn >∈

Cn, let w ∈ W , and let τ ∗ = τ1 ∩ τ2 ∩ ... ∩ τn, then,

M τ , w |= Cφ iff (∃O ∈ τ ∗)( w ∈ O and (∀z ∈ O \ {w})(M τ , z |= φ))

Proof. Assume for some U ∈ τ ∗, w ∈ U and ∀z ∈ U \ {w}, M τ , z |= φ. We

use induction to show that everything in U \{w} satisfies Emφ for all m ≥ 0.

E0φ = φ, thus every world in U \ {w} satisfies E0φ.

Assume all points in U \{w} satisfy Ekφ. Axiom 5 is valid in each τi, and

so each is T1, i.e. all co-finite sets are open for each agent. So U \ {w} ∈ τ ∗.

Let y ∈ U \ {w}. Everything in (U \ {w}) \ {y} satisfies Ekφ, so y satisfies

BiE
kφ for all i, that is EEkφ. And y was arbitrary, so everything in U \{w}

satisfies EEkφ, i.e. Ek+1φ.

Thus every world in U \ {w} satisfies Emφ for all m ≥ 0. Since U ∈ τ ∗,

w |= EEm for all m ≥ 0. That is w |= Em for all m > 0, so w |= Cφ.

Conversely, assume M τ , w |= Cφ. For any formula ψ,

Let [ψ] = {z ∈ W |M τ , z |= ψ}.

Claim: [φ ∧ Cφ] ∈ τ ∗. Proof of claim: Recall that S ∈ τi iff S ⊆

−di(−S).
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So [φ ∧ Cφ] ∈ τi, for all i iff [φ ∧ Cφ] ⊆ −di(−[(φ ∧ Cφ)]) for all i.

Let z ∈ [φ ∧ Cφ]. Since Cn |= Cφ → E(φ ∧ Cφ), Cn |= (φ ∧ Cφ) →

E(φ ∧ Cφ). Thus [φ ∧ Cφ] ⊆ [E(φ ∧ Cφ)] and so z ∈ [Bi(φ ∧ Cφ)] for all i.

For any i, and all v, v ∈ −di(−[(φ ∧ Cφ)]) iff v ∈ [Bi(φ ∧ Cφ)]. Thus

z ∈ −di(−[(φ ∧ Cφ)]) for all i, and z was arbitrary.

Thus [φ ∧ Cφ] is open for each agent.

Since w |= Cφ and Cn |= Cφ→ E(φ ∧ Cφ), w |= E(φ ∧ Cφ).

Thus for all i, there is an O ∈ τi, w ∈ O and O \ {w} ⊆ [φ ∧ Cφ].

O \ {w} ⊆ [φ ∧ Cφ], so O ∪ [φ ∧ Cφ] = [φ ∧ Cφ] ∪ {w} (regardless of i).

Thus, [φ∧Cφ]∪ {w} is open for all i. And everything in [φ∧Cφ] \ {w},

satisfies φ in M τ . That is, (∃O ∈ τ ∗)( w ∈ O and (∀z ∈ O \ {w})(M τ , z |=

φ))

B.5.2 KD45Cn is complete with respect to Cn

A finite relational model, MF

With respect to the relational semantics, KD45C
n has the finite model prop-

erty. Thus every non-theorem of KD45C
n fails in some finite relational model,

MF =< W F , F1, ..., Fn, V
F >

where each Fj is a serial, transitive, and Euclidean relation on the finite set
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W F . Starting off with a finite relational model ultimately ensures that our

topological model will have a finite number of components.

Another relational model, M

From MF we create a new relational model M =< W,R1, ..., Rn, V >. For

each z ∈ W F ,

Let C(z) = N× {z} = {z1, z2, z3, ...}

Definition B.5.8. The members of C(x) are the copies of x. If x ∈ C(y)

and v ∈ C(y) then x and v are fellow copies (of y).

Let W =
⋃
{C(x)|x ∈ W F}

For every z ∈ W there is exactly one y ∈ W F such that z ∈ C(y).

Definition B.5.9. Where x is a copy of y, call y the original of x.

For each propositional variable p,

Let V (p) = {z ∈ C(y)|y ∈ V F (p)}

We define each Rj using Fj as follows.

Rj = {(u, v)|(∃y ∈ W F )(∃z ∈ W F )(u ∈ C(y)∧ v ∈ C(z)∧ yFjz}

Thus we have defined M =< W,R1, ..., Rn, V >.

Each Rj mimics Fj. If our finite frame is < {a, b}, {< a, b >,< b, b >},
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then in the new frame each copy of a will relate to each copy of b and each

copy of b will relate to each copy of b.

Proposition B.5.10. for all b, c in W F , and all j

bFjc iff (∀x ∈ C(b))(∀y ∈ C(c))(xRjy) iff (∃x ∈ C(b))(∃y ∈ C(c))(xRjy)

Proof. If bFjc, then, by construction of Rj, (∀x ∈ C(b))(∀y ∈ C(c))(xRjy).

If (∀x ∈ C(b))(∀y ∈ C(c))(xRjy), then, since no set of copies is empty,

(∃x ∈ C(b))(∃y ∈ C(c))(xRjy). If (∃x ∈ C(b))(∃y ∈ C(c))(xRjy), then,

since every member of W is a member of exactly one set of copies, bFjc.

Proposition B.5.11. Each Rj is serial, Euclidean, and transitive.

Proof. If b ∈ W then b is a copy of z, for some z ∈ W F . Since Fj is serial, z

bears Fj to some v, and b will bear Rj to the copies of v. Hence Rj is serial.

And each Rj is Euclidean, for assume aRjb and aRjc. Let x, y, and z be

the originals of a, b, and c, respectively. By prop. B.5.10, xFjy, and xFjz.

Since Fj is Euclidean, y bears Fj to z. Using prop. B.5.10 again, bRjc.

That each Rj is transitive is shown similarly.

Furthermore, copies satisfy the same formulas as the originals.

Proposition B.5.12. For all x ∈ W F ,

MF , x |= φ iff (∀xm ∈ C(x))(M,xm |= φ) iff (∃xm ∈ C(x)(M,xm |= φ)
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Proof. Using prop. B.5.10, the proof is a straightforward induction on the

complexity of formulas.

It follows that if a copy satisfies a formula, then all the fellow copies do

as well. This will be used to show the truth lemma.

A topological model, M τ

For any x ∈ W ,

Let F (x) = {z ∈ W | z is a fellow copy of x }

To be sure, {F (x)|x ∈ W} and {C(x)|x ∈ W F} are the same set, and

both are finite (because W F is finite). For any Ri in M , and any w ∈ W ,

Let Ri(w) = {z ∈ W | wRiz}

Now, for each z ∈ W , and each Ri ∈M ,

Let τi(z) = {V ⊆ Ri(z) ∪ F (z) | Ri(z) ∩ −V is finite } ∪ {∅}

Proposition B.5.13. τi(z) is a topology on Ri(z) ∪ F (z).

Proof. By construction, if V contains all but finitely many points of Ri(z),

then V is in τi(z). Thus, Ri(z) ∪ F (z) ∈ τi(z). Any union of members of

τi(z) will contain all but finitely many members of Ri(z), as will any finite

intersection of members of τi(z). The empty set is in τi(z) by construction.
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There are two types of τi(z). The first one is simply the co-finite topology

(this is the case where F (z) ⊆ Ri(z)). The second is strictly finer than the

co-finite topology (where F (z) is disjoint from Ri(z)). Thus, in the second

type, Ri(z) will be open, but is not co-finite.

We will often appeal to the fact that Ri(z) ∈ τi(z). Moreover, we often

appeal to the fact that where F is any finite set and A ⊆ Ri(z) ∪ F (z),

(Ri(z) ∩ −F ) ∪ A ∈ τi(z).

For each Ri,

Let Bi =
⋃
{τi(z) | z ∈ W}

We need to show that Bi is a base for a topology on W . To do this we

prove the following useful lemma.

Proposition B.5.14. If V ∈ Bi and x ∈ V then Ri(x) ∩ −V is finite.

Proof. Assume x ∈ V ∈ Bi. We know that V ∈ τi(b) for some b ∈ W . Thus

V ⊆ Ri(b) ∪ F (b), and Ri(b) ∩ −V is finite.

If x ∈ F (b), then since fellow copies relate to the same worlds, Ri(x) =

Ri(b). And so Ri(x) ∩ −V is finite.

If x ∈ Ri(b) , then b bears Ri to x. If xRiz, then, by transitivity, bRiz.

Thus Ri(x) ⊆ Ri(b). And if bRiz, then by the Euclidean property, xRiz. So
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Ri(x) = Ri(b), and Ri(x) ∩ −V is finite.

Proposition B.5.15. Each Bi is a basis for a topology on W .

Proof. Recall Fact B.3.1. First, it is clear that
⋃

Bi = W

Second, Let V1, V2 ∈ Bi, and x ∈ V1 ∩ V2.

Let F1 = Ri(x) ∩ −V1, and F2 = Ri(x) ∩ −V2

By Lemma B.5.14, both F1 and F2 are finite.

Let V3 = (Ri(x) ∩ −(F1 ∪ F2)) ∪ {x}

Since F1∪F2 is finite, V3 ∈ τi(x), and so V3 ∈ Bi. And x ∈ V3 ⊆ V1∩V2.

Let τ1, τ2, ..., τn be the topologies respectively generated by B1,B2, ...,Bn.

This gives us the following topological model,

M τ =< W, τ1, τ2, ..., τn, V >

Where the valuation V is the same one in the relational model M . We’ll

write τi to refer to an arbitrary topology in M τ (and warn the reader not to

confuse τi with τi(x)).

Some more theorems before the truth lemma

The topological frame (which M τ is based on) is F τ . We show we’ve con-

structed the right frame. That is, we show that the theorems of KD45C
n are
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valid in F τ .

Proposition B.5.16. Each τi is a T1 space

Proof. Let x and y be any two points. If x 6∈ Ri(y), then since Ri(y) ∪ {y}

is open, there is an O which contains y and not x. If x ∈ Ri(y), then since

(Ri(y) ∩−{x}) ∪ {y} is open and y is a member, there is an open set which

contains y and not x.

Proposition B.5.17. The axioms of KD45n are valid in F τ

Proof. Axiom K and the rule of Necessitation are always valid.

Assume, for some τi, and some x, {x} ∈ τi. Then {x} ∈ τi(z), for some z.

But this is impossible, Ri(z) is infinite, and every member of τi(z) contains

all but finitely many points of Ri(z). Hence Axiom D is valid.

Assume axiom 5 fails, i.e. assume some derived set is not open (for some

τi). Thus for some subset Z and some x, x ∈ di(Z) and x ∈ di(−di(Z)).

By construction, Ri(x) ∪ {x} is open. Thus there is some v ∈ Ri(x) and

v ∈ −di(Z). So there is some O ∈ τi, v ∈ O, and O \ {v} ⊆ −Z.

By Proposition B.5.14, Ri(v) ∩ −O is finite. Since Ri(x) is a transitive

and Euclidean relation, and v ∈ Ri(x), Ri(v) = Ri(x).

Thus Ri(x) ∩ −O is finite. And so all but finitely many points of Ri(x)
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are in −Z. But by Proposition B.5.16, our space is T1, and since x ∈ di(Z)

and Ri(x) ∪ {x} is open, Ri(x) ∩ Z is infinite. Contradiction.

By Proposition B.4.6, the validity of 5 implies the validity of axiom 4.

We next show that each τi has a finite number of components.

For any set of fellow copies F (x),

Let βi(x) = {z ∈ W |(∃y ∈ F (x))(zRiy ∨ yRiz)}

Proposition B.5.18. If y ∈ βi(x), then Ri(x) = Ri(y).

Proof. This follows from the fact that Ri is Euclidean and transitive.

Proposition B.5.19. Each βi(x) is connected.

Proof. Assume otherwise. That is, assume there are some O1, O2 ∈ τi, and

O1 ∩ βi(x), O2 ∩ βi(x) are two disjoint non-empty sets whose union is βi(x).

Let y1 ∈ O1 ∩ βi(x) and y2 ∈ O2 ∩ βi(x). There must be two basic open sets

V1, V2, y1 ∈ V1 and y2 ∈ V2, where V1 ∩ βi(x), V2 ∩ βi(x) are disjoint. Of

course, Ri(x) ⊆ βi(x). But by Proposition B.5.18, Ri(x) = Ri(y1) = Ri(y2).

Thus by Proposition B.5.14, V1 and V2 must both contain all but finitely

many points of Ri(x), and this is impossible.

Proposition B.5.20. Each βi(x) is open
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Proof. Let z ∈ βi(x). F (z) ∪ Ri(z) is a member of τi, and so is open, and

z ∈ F (z) ∪ Ri(z). If y ∈ F (z), then by Proposition B.5.10, y ∈ βi(x), and if

y ∈ Ri(z) then by Proposition B.5.18, y ∈ βi(x). Thus F (z)∪Ri(z) ⊆ βi(x),

and βi(x) is open.

Proposition B.5.21. If xRix, any proper superset of βi(x) is disconnected.

Proof. Let A be some non-empty set disjoint from βi(x), where xRix. Let

Z = {Ri(y) ∪ F (y)|y ∈ A}. A ⊆
⋃
Z, and since every member of Z is open⋃

Z is open. By Proposition B.5.20, βi(x) is open. Thus, if we show that⋃
Z and βi(x) are disjoint, we know that βi(x) ∪ A is disconnected.

Assume w ∈ βi(x) ∩
⋃
Z. No fellow copy of a member of A can be in

βi(x), otherwise A and βi(x) intersect. Thus, w can’t be a fellow copy of

some member of A. So for some v ∈ A, vRiw. Now, since w ∈ βi(x),

either wRix or xRiw. If wRix, then, by transitivity, vRix, and so v ∈ βi(x),

contradiction. If xRiw, then, since xRix, wRix (by the Euclidean property),

and so (by transitivity), vRix. So v ∈ βi(x), contradiction.

Proposition B.5.22. If xRix, then βi(x) is a component.

Proof. By Propositions B.5.19 and B.5.21.

Proposition B.5.23. Each τi ∈ F τ has only a finite number of components
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Proof. The set of components partitions the space. That is, every point is in

one, and only one, component. Let Z = {βi(x)|xRix}.

By Proposition B.5.22, Z is a set of components. But every point in W

is in some member of Z (because, by axiom D, every world relates to some

world, and by axiom 5, that world must relate to itself). And Z is finite

(because {F (x)|x ∈ W} is finite).

Proposition B.5.24. F τ ∈ Cn

Proof. By Propositions B.5.17 and B.5.23 and the definition of Cn.

By Proposition B.5.24, and our previous soundness theorem, the axioms

of KD45C
n are valid in F τ . We next prove two theorems used to show the

common belief case of the truth lemma. To do so, we introduce a simple

piece of notation.

Definition B.5.25. For any A,B ⊆ W ,

ARiB
def
= (∀v ∈ A)(∀w ∈ B)(vRiw)

Proposition B.5.26. Where di is the derivative of τi,

F (x)RiF (y) iff F (x) ⊆ di(F (y))

Proof. Assume F (x)RiF (y) and let z ∈ F (x) and z ∈ O ∈ τi. Thus there is

some basic open V ∈ Bi and z ∈ V ⊆ O. By Proposition B.5.14, V contains
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all but finitely many points of Ri(z). Since F (y) ⊆ Ri(z), V contains all but

finitely many points of F (y). Thus z ∈ di(F (y)).

Conversely, if F (x)RiF (y) fails, then no member of F (x) bears Ri to any

member of F (y) (by Proposition B.5.10). Thus Ri(x) is disjoint from F (y).

But Ri(x) ∪ {x} is open, and so F (x) 6⊆ di(F (y)).

Proposition B.5.27. If z ∈ di(X), then ∃v, F (z)RiF (v) and X ∩ F (v) is

infinite.

Proof. Assume otherwise. Let b ∈ di(X), and for all v, if F (b)RiF (v) then

X ∩F (v) is finite. Let Y =
⋃
{F (x)∩X|F (b)RiF (x)}. Since {F (x)|x ∈ W}

is finite, Y is finite, hence closed. (Ri(b) ∩ −Y ) ∪ {b} is open. So there is

some point e ∈ (Ri(b)∩−Y ) and e ∈ X. But since F (b)RiF (e), F (e)∩X is

finite. And e ∈ F (e) ∩X. So e ∈ Y . Contradiction.

Truth lemma

For all x ∈ W ,

M,x |= φ iff M τ , x |= φ

Proof. The case of the propositional variables is immediate (both models

share the same V ). The case of the logical connectives is straightforward.
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Assume M,x |= Biψ. Then everything in Ri(x) satisfies ψ in M . By

induction hypothesis, everything in Ri(x) satisfies ψ in M τ . By the construc-

tion of τi(x), Ri(x)∪{x} ∈ τi(x), and so it is open for τi. Hence, M τ , x |= Biψ.

Conversely, assume M τ , x |= Biψ. Thus there is some O ∈ τi, x ∈ O and

everything in O \{x} satisfies ψ in M τ . By induction hypothesis, everything

in O \{x} satisfies ψ in M . By Proposition B.5.14, Ri(x)∩−O is finite. And

so all but finitely many members of Ri(x) satisfy ψ in M .

Now assume some b in Ri(x) satisfies ¬ψ in M . Then all the fellow copies

of b satisfy ¬ψ in M . But b has infinitely many fellow copies, and since xRib,

F (b) ⊆ Ri(x). But then infinitely many points in Ri(x) satisfy ¬ψ in M .

Contradiction. Hence M,x |= Biψ.

The case of Eφ is straightforward.

Assume M,x 6|= Cφ. Since R∗ is the transitive closure of the union of the

relations in M , there is some finite chain of agents, h, j, ..., k, and some finite

chain of worlds, u, v, ...w, y , such that,

xRhu , uRjv ... wRky

where M, y |= ¬φ. By Proposition B.5.10, we have,

F (x)RhF (u) , F (u)RjF (v) ... F (w)RkF (y)

By Proposition B.5.26, we have,
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F (x) ⊆ dhF (u) , F (u) ⊆ djF (v) ... F (w) ⊆ dkF (y)

Furthermore, for all z ∈ F (y),M, z |= ¬φ.

By induction hypothesis, for all z ∈ F (y),M τ , z |= ¬φ.

To get a contradiction, assume M τ , x |= Cφ. By Propositions B.5.24 and

B.5.7, we know, there is some O ∈ τ1 ∩ τ2 ∩ ... ∩ τn, x ∈ O, and for all

w ∈ O \ {x}, M τ , w |= φ. Also, by Proposition B.5.16 every co-finite set is

open in each τi. Thus, if we remove a finite number of points from O, we

still have a member of τ1 ∩ τ2 ∩ ... ∩ τn.

Since x ∈ O, O ∈ τh, and x ∈ dhF (u), O \ {x} ∩ F (u) is non-empty (in

fact it is infinite). So some b ∈ O \ {x} ∩ F (u). Since O \ {x} ∈ τj and

b ∈ djF (v), O \ {x, b} ∩ F (v) is non-empty ...

Repeating this chain of reasoning (a finite number of times), we end

up with O \ F , where F is a finite set, and (O \ F ) ∩ F (y) is non-empty.

Contradiction.

Conversely, assume M τ , x |= ¬Cφ.

We know, for some finite string of agents h, j, i, ..., k,

M τ , x |= ¬BhBjBi...Bkφ

For any formula ψ,

Let [ψ]Mτ = {z ∈ W |M τ , z |= ψ}
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We know, x ∈ dh(dj(di...(dk([¬φ]Mτ )...)))

By Proposition B.5.27, we know there is some world b, F (x)RhF (b), and

F (b) ∩ (dj(di...(dk([¬φ]Mτ )...)) is infinite.

By Proposition B.5.27, ∃c, F (b)RjF (c) and F (c)∩ (di...(dk([¬φ]Mτ )...) is

infinite ...

Repeating this chain of reasoning (a finite number of times) gives us:

F (x)RhF (b), F (b)RjF (c) ... F (m)RkF (n)

where F (n) ∩ [¬φ]Mτ is infinite. By induction hypothesis, F (n) ∩ [¬φ]M is

infinite. And one world satisfies a formula iff all the fellow copies of that

world satisfy a formula (in M), so F (n) ⊆ [¬φ]M .

Furthermore, we know, by Proposition B.5.10,

xRhb, bRjc ... mRkn

And so M,x |= ¬Cφ.

This completes the proof.



Appendix C

Completeness For KD45 and

KD45F

To be sure, much that is said here assumes familiarity with the earlier parts

of Appendix B, as well as a familiarity with relational semantics.

In this section we show what the logic of the derivative for the co-finite

topology is KD45. And that the logic for the topology which results from

adding the empty set to a principal ultrafilter is KD45F, where the F axiom

is ¬B¬φ→ Bφ (the converse of the D axiom).

We make use of generated submodels, relational canonical models, and

the following definition.
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Definition C.0.28. R(x) = {z | xRz}

The following general lemma is useful for KD45 and KD45F.

C.1 The Splitting Lemma

We start with an arbitrary relational model, MA =< WA, RA, V A >

Let C be any function on WA, such that, where w ∈ WA,

C(w) ∈ P ({w} × N) \ {{}}.

Given some w ∈ WA, C(w) is the set of copies of w, and where x, y ∈

C(w), x and y are fellow copies. The number of copies of w may be finite or

infinite, but C(w) is never empty.

Let W =
⋃
{C(x) | x ∈ WA}

Each member of W is a member of one and only one C(x).

Let R = {< a, b >| (∃x)(∃y)(xRAy ∧ a ∈ C(x) ∧ b ∈ C(y))}

For each p and each w ∈ WA,

Let C(w) ⊆ V (p) if w ∈ V A(p)

This gives us a model, M =< W,R, V >.



71

Proposition C.1.1. For all b, c in WA,

bRAc iff (∀x ∈ C(b))(∀y ∈ C(c))(xRy) iff (∃x ∈ C(b))(∃y ∈ C(c))(xRy)

Proof. if bRAc then (∀x ∈ C(b))(∀y ∈ C(c))(xRy), by definition of R. If

(∀x ∈ C(b))(∀y ∈ C(c))(xRy) then (∃x ∈ C(b))(∃y ∈ C(c))(xRy), since

C(w) is never empty, all w. If (∃x ∈ C(b))(∃y ∈ C(c))(xRy), then, since

every world in W is a member of one, and only one set of copies, bRAc.

Proposition C.1.2 (Splitting Lemma). For all w ∈ WA,

MA, w |= φ iff (∀z ∈ C(w))(M, z |= φ) iff (∃z ∈ C(w))(M, z |= φ)

Proof. Using Proposition C.1.1, the proof goes by induction on the complex-

ity of formulas.

C.1.1 comments

• A version of the splitting lemma was used to show topological com-

pleteness for KD45C
n .

• The lemma in no way depends on what type of relation R is.

• If ¬B¬p → Bp, the F axiom, is valid in < WA, RA >, it may not be

valid in < W,R >. Thus, frame validity may be lost, but not model

validity.
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C.2 Soundness and Completeness for KD45

Let H = {< W, τ >| W is infinite and τ is the co-finite topology on W }.

We show,

H |= φ iff KD45 ` φ

C.2.1 If KD45 ` φ then H |= φ

Let < W, τ >∈ H. Since W is infinite, there are no open singletons, so D is

valid. If A ⊆ W is finite, d(A) is empty, hence clopen. If A is infinite, then

d(A) = W , and is hence clopen, so 5 and 4 are valid.

C.2.2 If H |= φ then KD45 ` φ

Every non-theorem of KD45 fails in M c =< W c, Rc, V c >, where M c is the

relational canonical model. Let w be any point in the relational canonical

model, and let Mw =< Ww, Rw, V w > be the submodel generated by w.

Since Rc is tranitive, Ww = Rc(w) ∪ {w}.

The proof now breaks into two cases. Either w ∈ Rw(w), or not.
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Case One: w ∈ Rw(w)

Since Rw is Euclidean, for all x, y ∈ Ww, xRwy.

For each z ∈ Ww, let C(z) = {z} × N = {z1, z2, z3, . . . }. Thus C is a

function of the type described in Section C.1, that is C is a function on Ww,

and C(x) ∈ P ({x} × N) \ {{}}, for all x ∈ Ww. Define M =< W,R, V > as

in Section C.1. Every world in Ww has an infinite number of copies in W .

We know, for all x ∈ Ww,

Mw, x |= φ iff (∀z ∈ C(x))(M, z |= φ) iff (∃z ∈ C(x))(M, z |= φ)

Furthermore,

Proposition C.2.1. For all x, z in W , xRz.

Proof. For all x, y in Ww, xRwy. Assume there are two worlds in W , a and

b, and a does not bear R to b. For some x, y ∈ Ww, a ∈ C(x) and b ∈ C(y).

But then x doesn’t bear Rw to y, contradiction.

Let τ be the co-finite topology on W . This give us a topological model

M τ =< W, τ, V >, where W and V are the same as in M . We show,

Proposition C.2.2. For all x ∈ W ,

M,x |= φ iff M τ , x |= φ



74

Proof. The atomic sentences are immediate and the logical connectives are

straightforward.

Assume M,x |= Bφ. By Proposition C.2.1 every world in W satisfies φ

in M . By induction hypothesis (hereafter IH), every world in W satisfies φ

in M τ . Since W is open and x is a member, M τ , x |= Bφ.

Conversely, assume M τ , x |= Bφ. There is some O and every point in

O, besides x, satifies φ, and by IH, every point in O \ {x} satisfies φ in M .

And O is co-finite. But every world has infinitely many fellow copies, and if

one copy satisfies φ in M , then they all must, by Proposition C.1.2. Thus,

M,x |= Bφ

Case Two: w 6∈ Rw(w)

In this case, let C(w) = {w1}, and for all other worlds x ∈ Ww, let C(x) =

{x} × N = {x1, x2, . . . }. Thus, w has only one copy, and every other world

has infinitely many copies. Let M =< W,R, V > be defined as in Section

C.1. And let M τ =< W, τ, V >, where τ is the co-finite topology on W .

Proposition C.2.3. R is serial, transitive, and Euclidean.

Proof. Since Rw Euclidean, for all v, x ∈ Rw(w), vRwx. And similar rea-

soning to that involved in Proposition C.2.1 shows that for all u, z in R(w),
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uRz. Furthermore, since w bears Rw to every world in Rw(w), w1 will bear

R to every world in R(w). Thus R is serial, transitive, and Euclidean.

Proposition C.2.4. For all z ∈ W ,

M, z |= φ iff M τ , z |= φ

Proof. Assume M, z |= Bφ. Thus every world z bears R to satisfies φ. Since

R is transitive and Euclidean, this means that every world in W , with the

possible exception of w, satisfies φ, and by IH, every world (besides possibly

w) satisfies φ in M τ . But W \ {w} is open, and so M τ , z |= Bφ (whether

w = z or not).

Conversely, assume M τ , z |= Bφ. There is some co-finite O and every-

thing in it, besides z, satisfies φ. By IH, all but finitely many worlds satisfy

φ in M . But since every world, besides w, has infinitely many fellow copies,

every world, with the possible exception of w, satisfies φ. But then, either

z = w or not, and either way, z satisfies Bφ in M .

Recapitulating, every non-theorem of KD45 fails at some world in the

canonical model. We then took the generated submodel of a given point w.

From there, there proof split into two cases. Either way, we created a new

relational model where our non-theorem will fail. From there, we created a
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topological model for a member of H where the non-theorem will fail.
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C.3 Soundness and Completeness for KD45F

F is the following axiom,

¬B¬p→ Bp

F is valid in a relational frame iff if xRy, then y is the only world x relates

to. Thus, in the relational frames for KD45F, every world relates to one, and

only one, world.

Let G = {< W,F ∪ {{}} >| F is a non-principal ultrafilter on W}

We show,

KD45F ` φ iff G |= φ

C.3.1 If KD45F ` φ then G |= φ

Let < W, τ >∈ G.

Since non-principal ultrafilters have no finite sets, D is valid. We next

show 5 and 4 are valid.

Let A ⊆ W . If A ∈ τ , then, since τ is filtral, if x ∈ O then O \ {x} ∩ A

is non-empty, for all x ∈ W . Thus d(A) = W , and is clopen. If A 6∈ τ , then

−A ∈ τ . For any x, −A ∪ {x} ∈ τ . Thus, x 6∈ d(A), for all x, and d(A) is

clopen. Either way, d(A) is clopen, thus 5 and 4 are valid.
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Clearly, if axiom F fails in τ , then for some set A and some x, x ∈ d(A)

and x ∈ d(−A). But either A ∈ τ or −A ∈ τ . But if A ∈ τ then A∪{x} ∈ τ ,

and so x 6∈ d(−A), contradiction. And if −A ∈ τ then −A ∪ {x} ∈ τ , and

x 6∈ d(A), contradiction. Thus axiom F is valid in τ .

C.3.2 If G |= φ then KD45F ` φ

Since KD45F is relationally canonical, every non-theorem fails at some point

in M c. Let w be any such point, and let Mw =< Ww, Rw, V w > be the

submodel generated by w. Since Rc is transitive, Ww = Rc(w) ∪ {w}.

Now, the underlying frame of M can only be of two types. Either w

relates to itself (and no other world), or w relates only to some world z, and

z relates to itself (and no other world).

Case One: w ∈ Rw(w)

The underlying frame is,

< {w}, {< w,w >} >

Let C(w) = N× {w} = {w1, w2, . . . }.

Define M =< W,R, V > as in Section C.1. Axiom F is not valid in the

underlying frame of the model, there are infinitely many worlds and they all
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bear R to each other. However, ultimately this doesn’t matter. Significantly,

C(w) = W .

Let F be any non-principal ultrafilter on W , and let τ = F ∪{{}}. τ ∈ G.

This gives us a topological model M τ =< W, τ, V >.

Proposition C.3.1. For all x ∈ W ,

M,x |= φ iff M τ , x |= φ

Proof. Assume M,x |= Bφ. Then M, z |= φ, for all z ∈ W . By IH, every z

satisfies φ in M τ . Since W is open, all z satisfy Bφ in M τ . Conversely, if

some x satisfies Bφ in M τ , then in some O, x ∈ O, and everything in O\{x}

satisfies φ. By IH, everything in O \ {x} satisfies φ in M . Now, since every

member of W is a copy of our initial world w, and some worlds in M satisfy

φ, they all must, by Proposition C.1.2. Thus, M,x |= Bφ.

Case Two: w 6∈ Rw(w)

In this case w relates to only one world, and that world relates only to itself.

Call this world z. The frame of the generated submodel is,

< {w, z}, {< w, z >,< z, z >} >

Let C(w) = {w1} and let C(z) = N × {z} = {z1, z2, . . . }. World w has

only one copy, w1, and z has infinitely many copies. Define M =< W,R, V >
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as in Section C.1. R will be Euclidean. Let F be any non-principal ultrafilter

on W , and let τ = F ∪ {{}}. This gives us a topological model M τ =<

W, τ, V >.

Proposition C.3.2. For all x ∈ W ,

M,x |= φ iff M τ , x |= φ

Proof. Assume M,x |= Bφ. Either x is w1 or x is some copy of z. Either

way, every zn satisfies φ in M , and by IH, every zn satisfies φ in M τ . That

is, every world in W \ {w} satisfies φ in M τ , and W \ {w} is open. Thus,

M τ , x |= Bφ.

Conversely, assume M τ , x |= Bφ. Then there is some infinite O, and

everything in O \ {x} satisfies φ. By IH, everything in O \ {x} satisfies φ in

M . Since O is infinite, some copy of z satisfies φ in M , and so by Proposition

C.1.2, every copy of z satisfies φ in M . Since w1 doesn’t bear R to itself, no

world does (by the Euclidean property), and so M,x |= Bφ.

C.3.3 comments

• What is perhaps suprising about the proof is how simple it is. Also,

it is perhaps suprising that the relational models for KD45F are very
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simple, and yet the topological models require the axiom of choice to

construct.

• Philosophically speaking, KD45F is the logic of an idealized agent who

has made up thier mind about everything (Axiom F is Bp ∨B¬p).



Appendix D

Various Theorems

D.1 Topological Correspondence

A sentence φ is said to correspond to some condition C iff

φ is valid iff C holds

Thus, 4 is valid (in a relational frame) iff R is transitive. 4 corresponds to

transitivity. Topologically, it corresponds to every derived set being closed,

d(d(A)) ⊆ d(A). At first glance, there doesn’t seem to be a relationship be-

tween transitivity and the condition that all derived sets are closed. However,

it is clear from the next theorem that there is a relationship.

Proposition D.1.1. 4 is valid in a topological frame < W, τ > iff for all
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subsets A,B,C of W , if A ⊆ d(B) and B ⊆ d(C) then A ⊆ d(C).

Proof. 4 is valid iff d(d(A)) ⊆ d(A). Thus assume d(d(A)) ⊆ d(A) is valid

and A ⊆ d(B) and B ⊆ d(C), but A 6⊆ d(C). So some x ∈ A and x 6∈ d(C).

So x 6∈ d(d(C)). Since d is monotonic, d(B) ⊆ d(d(C)), and so x 6∈ d(B).

But then x 6∈ A, contradiction. Conversely, assume some x ∈ d(d(A)) and

x 6∈ d(A). But then {x} ⊆ d(d(A)) and d(A) ⊆ d(A) but {x} 6⊆ d(A). Done.

What this suggests is that the topological semantics is a higher order se-

mantics. Relationally, the 4 axiom corresponds to transitivity on points, and

topologically it corresponds to transitivity on sets of points (we’ve replaced

aRb with A ⊆ d(B)).

D is relationally valid iff (∀x)(∃y)(xRy). Compare,

Proposition D.1.2. D is valid in < W, τ > iff ∀A ⊆ W , ∃C ⊆ W , A ⊆

d(C).

Proof. We know that D is valid iff there are no open singletons. If A ⊆ W ,

∃C ⊆ W , A ⊆ d(C), then, instantiating {w} for A, we know {w} can’t be

open. Thus, D is valid. Conversely, if there is a set A such that for all C,

A 6⊆ d(C), then A 6⊆ d(W ), and so A contains some open singleton.



84

The analogy holds for some other axioms, but not all (e.g. axiom 5). To

suggest a theorem: perhaps the analogy holds for an axiom Z if, and only if,

K4 + Z is complete with respect to the topological canonical model.

D.2 S4∩GL 6=K4

Professor Parikh had been wondering whether S4∩GL=K4. The answer is

no. GL is K plus the following axiom,

B(Bp→ p) → Bp

Since the 4 axiom follows from this axiom, both S4 and GL are extensions

of K4.1 Clearly, the following is a theorem of GL and S4,

(B(Bp→ p) → Bp) ∨ (Bq → q)

Yet it is not a theorem of K4. Consider the following frame: < N, < >.

Consider the model where V (q) = −{1} and V (p) = {}. Then 1 satisfies

Bq∧¬q and B(Bp→ p)∧¬Bp. This falsifies the aforementioned theorem of

GL∩S4. Since < is transitive on N, and K4 is valid in all transitive frames,

this theorem of GL∩S4 is not a theorem of K4. That is, S4∩GL 6=K4.

1See [4] for a proof of 4 using GL, and for more on GL.
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D.3 Two Classes Of Topologies

In this section we simply mention, without proof, axiomatizations for two

different classes of topologies.

D.3.1 K + BB⊥

Let W be a non-empty set and let w ∈ W . Consider,

τ = {O ⊆ W | w 6∈ O} ∪ {W}

τ is the excluded point topology on W , where w is the excluded point.

Let E be the class of all excluded point topological spaces. One can show,

K + BB⊥ ` φ iff E |= φ

We show soundness, and leave completeness as an exercise.

If K + BB⊥ ` φ then E |= φ

Let < W, τ >∈ E , and let w ∈ W . Either w is the excluded point, or not. If

not, then {w} is open, and so w satisfies B⊥ in any model whatsoever. And

since B⊥ → BB⊥ is a theorem of K, w satisfies BB⊥ in any model. If w is

the excluded point, then W is the only open set of which w is a member. As

just shown, every member of W , besides w, will satisfy B⊥, in any model.
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Thus w will satisfy BB⊥ in any model.

Exercise

Show,

If E |= φ then K + BB⊥ ` φ.

D.3.2 GLF

GL is K plus the following axiom,

B(Bφ→ φ) → Bφ

GLF is GL plus the following axiom,

¬B¬p→ Bp

Leo Esakia [9] showed GL is the logic of scattered spaces. Where a space

is scattered iff every non-empty subspace has an open singleton. GL is valid

in all finite irreflexive and transitive frames. Here we add axiom F to GL and

show soundness and completeness. Though GL is not relationally canonical

[4], GLF is relationally canonical. In the frames for GLF, if xRy then y is a

dead-end world, and x bears R to no other world.

Let Q = {< W,F ∪ {{}} | F is a principal ultrafilter on W }
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One can show,

GLF ` φ iff Q |= φ

We show soundness, and leave completeness as an exercise.

If GLF ` φ then Q |= φ

The members ofQ are otherwise known as particular point topologies, formed

by taking the set of all sets containing a given point, and the empty set.

Assume, x satisfies ¬Bφ in some model based on a member of Q. Let z

be the particular point. Since {x, z} is open, z satisfies ¬φ. Since {z}

is open, z satisfies Bφ. Thus x |= ¬B¬(Bφ ∧ ¬φ). By contraposition,

B(Bφ→ φ) → Bφ is valid.

Assume axiom F fails. That is, x |= ¬B¬φ ∧ ¬B¬¬φ. Let z be the

particular point. x can’t be z, because {z} is open. And {x, z} is open.

Thus z satisfies φ and ¬φ. Contradiction.

Exercise

Show,

If Q |= φ then GLF ` φ.
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D.4 Closure cannot define the derivative

The claim in the title of this section is intuitively obvious. All the same, it

is nice to have a proof. Since d(A)∪A = Cl(A), the derivative operator can

define the closure operator. But the closure operator cannot define the deriv-

ative. To see this, recall that the D axiom, when the diamond is interpreted

as the derivative, is valid iff there are no open singletons.

Now, assume the claim is false. Then there is some sentence S, such that,

when the diamond is interpreted as closure, S is valid iff there are no open

singletons. Since S4 is valid in all topologies, and some topologies do have

open singletons, S is not a theorem of S4. However, every non-theorem of S4

can be falsified in a topology with no open singletons, [2]. Thus, S can be

falsified in a topology with no open singletons. Contradiction.



Appendix E

A Discussion Of Grim’s

Arguments

Using a Cantorian style argument, Grim argues that there can’t be a set of

all true propositions. Let T = {t1, t2, ...} be the set of all true propositions,

where each tj is some truth. Now consider the power set of T , P (T ). Now,

for each non-empty s ∈ P (T ), and each tj ∈ s, ‘ tj ∈ s ’ is true (clearly).

Thus, there are at least as many truths as there are members of P (T ). But

P (T ) has a greater cardinality than T , and so there are more truths than

there are truths. Contradiction.

Grim goes on to give a number of arguments that there can be no set
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of truths for various types of truths. Thus, he argues that there can be no

set of contingent truths, and going further argues that there can be no set

of contingent true atomic propositions, and Grim uses this last argument

to conclude there are no possible worlds. However, Grim is assuming that

a possible world is a maximal set of propositions (following Plantiga, inter

alia). Here, however, we have been assuming all along that propositions

are sets of possible worlds (e.g., the set of all worlds where cats exist is the

proposition: cats exist). Thus, only at risk of circularity could we assume that

worlds are sets of propositions. Furthermore, Grim states that his arguments

go through regardless of whether the arguments are put in terms of sentences

or propositions. This is not true. Consider the argument in the previous

paragraph. In possible world semantics, every necessary truth is in effect the

same proposition; namely, the set of all possible worlds. Furthermore, set

theoretic claims are typically assumed to be necessary truths, so if some truth

is a member of a set, it is necessarily a member of that set. Considering this,

each such truth will in effect be the same proposition, and Grim’s previous

argument will fail.

Grim, like many, should object that having only one necessary proposition

is a rather strange aspect of possible world semantics. Frankly, I agree,
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despite the fact that I’ve been using this terminology all along. However, a

minor change in our how we speak about possible worlds semantics should

help us. Lewis famously claimed ” In my usage, any set of worlds is by

definition a proposition.1 ”

The minor change I suggest is this: instead of saying that a set of worlds

is a proposition, we’ll say that a set of possible worlds where some sentence

is true is the extension of the sentence. The analogy of course, is with the

extension of a predicate (the set of all things the predicate applies to). Just as

there are dangers of conflating a property with the extension of that property,

there are dangers involved in conflating a proposition with the extension of

that proposition. In the first case, the danger is losing the very useful and

interesting notion that two different predicates expressing different properties

may have the same extension (e.g. renates and cordates). In the second case,

the danger is losing the very useful and interesting notion that two different

sentences expressing different propositions may be true at the same set of

worlds (in particular, necessarily true propositions).

Having made this minor change in our terminology, this certainly doesn’t

mean we need throw away possible worlds semantics altogether. We simply

1[19], p. 105
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admit that the semantics can only represent the extension of a sentence, and

not the intension. Despite how natural this suggestion is, it seems to be in

direct contradiction with common usage amongst modal logicians.2

In Carnap’s Meaning and Necessity, he writes ”...we must take as exten-

sions of sentences something that equivalent sentences have in common. The

most natural choice seems the truth values.” 3 On the contrary, if the exten-

sion of a predicate is defined as the set of all things the predicate is true of,

the most natural choice for the extension of a sentence is the set of all worlds

the sentence is true at. With all this in mind, we can now slightly update

our previous interpretation as follows; if < W, τ >,A ⊆ W and w ∈ W , read

w ∈ d(A) to mean:

There is some proposition whose extension is A,

and that proposition is within the limit of rational belief at world w

Having made this change, we can now lay out Grim’s argument, whose

conclusion is that there can be no set of truths at a given world. Let S =

{p1, p2...} be the set of all true propositions at world s. Let P (S) be the

2In [10], the intension of a sentence is defined as the set of all worlds where that sentence

is true.
3p.26 [5]
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power set of S. Consider all propositions true at s which are expressed by

sentences of the form: n∧(m ∈ D) (where ’n’ and ’m’ are names for members

of S, and ’D’ is a name for a member of P (S)). For every member of P (S)

there will be some particular proposition expressed by such a sentence, and so

there are more true sentences at world s than there are at s. Contradiction.

Thus, at least in terms of sets, the collection of all truths at a given world

makes no sense.

One simple response to this is to say that such a collection is not a set, but

a proper class. Technically speaking, this saves us from strict contradiction,

but philosophically speaking, this is far from satisfactory. Proper classes

may as well be called ’paradoxical sets’. Indeed, when Cantor anticipated

this distinction (before von Neumann), he made it in terms of ’consistent

multiplicities’ and ’inconsistent multiplicities’.4

Now, in earlier sections, singletons containing a world were taken to be

the proposition expressing all truths at that world. Keeping in mind our

revised terminology, propositions are no longer in the formal semantics, all

we have are extensions of sentences (sets of worlds). Considering the revised

interpretation above, the T1 condition ( for all x, y, x 6∈ d({y})) means:

4See [22] p. 122. This distinction is made in a personal letter to Dedekind.
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Any proposition whose extension is {y} is always

outside the limit of rational belief
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