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v
Abstract

OpPTICAL IMAGE RECONSTRUCTION IN HIGHLY SCATTERING

MEDIA
by

Min Xu

Advisor: Professor Melvin Lax

Light propagation in turbid media is treated by the theory of radiative transfer. We
show that the cumulant approximation to radiative transfer is a major improvement
over the diffusion approximation and it describes correctly both the ballistic pho-
tons at carly times and diffusive photons at later times. Comparisons between the
second order cumulant approximation. the diffusion approximation and Monte Carlo
simulations are presented. A transport forward model for optical imaging based on
the second order cumulant approximation is then proposed. The weight function for
image reconstruction under this new model is shown to address the deficiency of the
diffusion approximation and reveals the effect of the initial ballistic motion of incident
photons.

The framework for image reconstruction for weak inhomogeneities using the Born
approximation and the Green's function method is presented. following a brief re-
view of the inverse problem and regularization methods. We present several three-

dimensional near real time image reconstruction algorithms which exploit the inherent
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symmetry of planar geometries and transform the image reconstruction problem into
reconstructions of decoupled spatial Fourier components of the optical property in the
Fourier space. In particular, based on the theory of propagation of a spatial Fourier
component of the scattered wave field inside a turbid medium. a new optical diffuse
imaging methodology is presented which uses the two-dimensional Fourier transform
of photon intensity on a plane to detect inhomogeneities in a highly scattering turbid
medium when illuminated by a picosecond (near) plane wave pulse.

Finally. we provide a summary and end with a discussion about future directions

of the optical tomographic imaging research.
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Chapter 1

Introduction

Image reconstruction in a highly scattering medium is an attempt to extract infor-
mation about a three-dimensional map of absorption and scattering properties of the
turbid medium from a set of measurements of transmitted light received by detectors
surrounding the medium. One of its most important applications can be found in
biomedical imaging and diagnostics. Optical biomedical tomography. especially op-
tical mammography, provides a safe. non-invasive and affordable imaging tool which
has the potential to compete with other screening methodologies such as x-ray mam-
mography. ultrasound and magnetic resonance imaging. Furthermore. its unique
capability to characterize the absorption and scattering properties of the lesion at
one or more wavelengths may be used to detect and distinguish between normal and
malignant tissue.

The last decade has seen active research and development in optical tomography
and mammography in both the time- and frequency-domains [1-9]. Back-propagation
[10-12], projection imaging [13-15]. model-fitting [16.17]. random-walk [18.19]. iter-

ative tomographic image reconstruction [20-23] and perturbative tomographic imag-
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1. Introduction 2

ing [24-27] were developed by different groups. Since photons are highly scattered
in migration through tissue. conventional tomographic methods perform poorly in

optical tomography. Even now this area is still a challenging one.

1.1 Review of current research

Optical mammography is being developed as a non-invasive imaging modality that
employs visible and near-infrared (NIR) light (typically in the wavelength range 700~
1300nm) to detect breast cancer.

The basic interaction mechanism of NIR light with biological tissue is much dif-
ferent from the mechanism by which X rays interact with such tissue. X rays interact
with tissue more at the atomic core levels and image primarily the atomic weight dif-
ferences between different regions [28.29]. NIR photons, on the other hand. interact
and image the electronic level, molecular bonding, and microstructural differences by
means of absorption. refraction, or scattering. This can lead to the differentiation
of phenomena such as vascularization in a cancer core as well as the molecular dif-
ferences in the same region, which in turn lead to the detection and assessment of
cancer in a non-invasive way that can also be applied to rapid in vivo examinations.

Thus optical mammography possesses unique advantages over other screening
methodologies such as x-ray mammography. ultrasound and magnetic resonance imag-
ing. Both scattering and absorption properties of tumors and the surrounding tissue
(any concentrations of metabolic compounds such as hemoglobin. water. lipids cy-
tochromes, or exogenously administrated contrast agents) are accessible and may be
used to detect and characterize lesions [30]. Furthermore optical properties deter-

mined at several wavelengths may track in vivo tissue functions such as hemoglobin
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1. Introduction 3

and cytochrome oxygen saturation [31] or tissue oxygen partial pressure [32].

Optical mammography was first proposed in 1929 (33}, and it evolved in the so-
called diaphanography (34] and light scanning 35} in the 1970s and early 1980s.
The basic approach consisted of illuminating one side of the female breast with a
continuous-wave light beam. while the examiner looked for the regions of lower trans-
mitted intensity (shadows) on the opposite side. The method evolved empirically
and was eventually abandoned in the early 1990s due to its inferior performance with
respect to x-ray mammography [36]. The shadow of the tumor is obscured because
the photons are highly scattered and travel through all parts of the breast.

Recent progress in the understanding of light propagation in breast tissue and
the development of techniques in either the time- or frequency-domain in tissue spec-
troscopy have yielded new approaches in optical mammography [5-7]. The recent
reviews by Hebden and Arridge [8.9] summarize developments in experimental tech-
niques, modeling and reconstruction. Alfano et. al. pioneered in the research of time
resolved imaging using an ultrafast laser system [1.37.38]. Alfano et. al. [2.3] also re-
view the advances in optical imaging of biomedical media. especially for time-resolved
and nonlinear optical techniques.

Among all the lines of development in optical imaging in the time- or frequency-
domain. several promising techniques have emerged. In the following paragraphs. we
will try to classify them according to the fundamental assumption or simplification
made in different techniques.

Several groups have applied techniques from diffraction tomography [39-41] to
optical mammography. Colak et. al. {10] modified the standard back-propagation

approach to include the effects of diffusion of the light through the deconvolution of
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1. Introduction 4

the broadened image by a spatially varying point-spread function. A similar method
was also used by Walker [11]. Matson [12,42] used the back-propagation concept to
probe the turbid media with the use of measurement on a single plane. The underlying
concept of the back-propagation method is to regard the photon migration in turbid
media as a propagation of the wavefield which relates to the inhomogeneity through a
pair of transformations of Radon and inverse-Radon type [43]. The high-scattering of
the photon is taken into account by deconvolution with the point-spread function [10).
Filtering is necessary to stabilize the process of back-propagation. Another diffraction
tomography type method was proposed by Li et. al. [13] who obtained projection
images experimentally by deconvolution of the scattered diffuse-photon density waves
on a planar boundary with use of a fast Fourier transform. This method needs extra
depth information of inhomogeneities inside turbid media to behave well and has
other limitations [14, 15].

Model-fitting is another common choice. The tumor is assumed to take a shape
(sphere or cylinder) embedded in a uniform medium for which an analytical solution
to the diffusion equation is available [44.45]. The nonlinear dependence of the photon
intensity on the optical properties is automatically included. The assumption of ho-
mogeneity of the healthy tissue might be too strong. Fantini et. al. [16] and Grosenick
et al. [17] used model-fitting in the frequency- and time-domain respectively.

A tomographic optical imaging procedure based on the finite-element-method so-
lution to the diffusion equation was used by Arridge et. al. [20,21]. Jiang et. al. [22]
and others [23]. The estimated optical properties distribution is iteratively updated
by a Newton-type or a conjugate gradient-type technique through inverting a so-called

Hessian matrix which represents the influence on the measured photon intensity at
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1. Introduction 5

each detector site from each voxel inside the medium. This method models both
the nonlinear dependence of the photon intensity on the optical properties and the
inhomogeneous nature of the tissue and is the most powerful approach for optical
mammography. However, this method becomes time-prohibitive when the number
of voxels increases. Usually a 3D reconstruction is formed by a series of 2D cross
sections which is imaged by placing the source and the detector on one plane at a
time to reduce the computing time [46].

The tomographic image reconstruction can be sped up tremendously if the inho-
mogeneity can be assumed to be weak in the sense of the Born or Rytov approxi-
mation [47]. The Green's function method can then be used to solve the diffusion
equation analytically in a planar geometry and yields a linearized relation between
the measurement and the inhomogeneity. Such a perturbative tomographic imaging
method was used by various groups [24-27]. A near real-time reconstruction can be
achieved by using a Fourier type technique and exploiting the symmetry existing in

the inverse problem [26,27].

1.2 Motivation

A short pulse of light transmitted through a highly scattering medium can be bro-
ken up into ballistic, snake and diffusive components [Figure (1.1)] [1.37]. Ballistic
photons scatter coherently, and snake photons scatter only slightly from the forward
direction. Both arrive much sooner than multiply-scattered diffusive photons. The
ballistic or snake photons are used in shadowgrams [1, 48] to image thin tissue. For
soft tissue with a thickness of several centimeters, adequate intensities are usually

only available from diffusive photons. The optical properties of turbid media is then
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Input Turbid Medium Output Pulse
Pulse
\\ Diffusive
—a A

Snake-Like ?
Snake-Like Ballistic

Ballistic

Figure 1.1: The transmitted light from a very short pulse through a highly scattering
medium is broken-up into ballistic. snake and diffusive components.

reconstructed from the detected surrounding transmitted diffusive photon intensity
by assuming the diffusion approximation.

Optical mammography based on the diffusion approximation is restricted to use
only diffusive photons, and fails to predict correctly the contribution to light intensity
from an inhomogeneity near the source or the detector {38]. This problem is much
more accentuated in the backscattering case.

Our first objective is to develop a more accurate photon transport model than
the diffusion approximation. The new model will be based on an approximate analytic
solution to the Boltzmann radiative transfer equation and is able to describe the
photon migration from the initial ballistic motion through the diffusive regime in an

analytical way for the first time [49.50]. Under the new photon transport model.

e both diffusive photons and photons traveling comparatively short trajectories

(limited by the signal-to-noise ratio) can be used in reconstructing an image.
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1. Introduction 7

e the model error in the contribution to light intensity from inhomogeneity at
regions near the source or detector. introduced by the diffusion approximation,

will be overcome.

Strong light scattering is the main factor which limits the spatial resolution obtain-
able through optical mammography. The use of a transport model rather than the
diffusion approximation in tomographic imaging will improve the contrast and reso-
lution of optical mammography because of both a more accurate forward model and
the inclusion of early light which experiences much less scattering.

Our second objective is to develop near real time three-dimensional tomo-
graphic imaging strategies by exploiting geometrical symmetry and using Fourier
techniques to simplify the inverse problem. The time-resolved image reconstruction
formalism, based either on the diffusion approximation or the new transport model

for photon migration in a turbid medium. vields a matrix equation

y() = W(A)x(\) (1.1)

for a near infrared source with a wavelength of A\. Here y is an array containing the
change in measured transmitted photon intensity. X is an array of the deviation of
optical parameters (absorption and/or scattering coefficient). due to existence of a
local inhomogeneity, which. in practical application, is the difference of the optical
parameters between a patient’s tissue and the assumed reference medium. W is the
weight function, which. in the linear inversion case. is related only to the reference
medium. For our tomographic reconstruction problem. the weight function W has

a huge dimension and the matrix equation Eq. (1.1) is ill-posed. A direct inversion
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1. Introduction 8

is thus prohibitive. We address these difficulties by first transforming Eq. (1.1) into
simpler equations of a smaller dimension in an appropriate Fourier space and sec-
ond stabilizing the reconstruction process using a Tikhonov regularization inversion

scheme.

1.3 Thesis statement

This thesis will focus on the study of light propagation in highly scattering turbid
media, towards a more accurate description of photon migration in such media. es-
pecially a new transport forward model for image reconstruction.

This thesis will also focus on the inverse image reconstruction in highly scat-
tering turbid media, towards near real time three-dimensional tomographic image
reconstruction methods applicable in biomedical imaging, especially breast cancer
screening in the long run.

This thesis is naturally divided into two parts-the forward and inverse problems
of tomographic image reconstruction. My main contributions are the new transport
forward model and three-dimensional tomographic image reconstruction methods dis-
cussed in chapters 4, 6 and 7.

The first part, chapters 2 through 4, will study light propagation in turbid media
and try to establish a transport forward model for subsequent image reconstruction
in turbid media.

Chapter 2 discusses the widely used diffusion approximation to radiative transfer
and highlights its limitations.

Chapter 3 discusses Monte Carlo simulations of photon migration in turbid me-

dia. The Monte Carlo simulation will serve as a comparison standard in Chapter 4 to
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1. Introduction 9

monitor the performance of different approximations to radiative transfer. The ad-
vantage of the Monte Carlo method is that it avoids assumptions needed in analytical
procedures to obtain answers.

Chapter 4, the major chapter in part 1. presents my research on a new transport
forward model of photon migration in turbid media based on the second order cumu-
lant approximation of Cai et. al. [51] The cumulant approximation is first introduced.
The transport forward model is then derived with use of the first order Born approxi-
mation to the Boltzmann equation to handle the deviation in absorption or scattering
coefficients from uniformity and an approximate form of photon intensity based on
the second order cumulant photon density solution to radiative transfer. Comparisons
with Monte Carlo simulations show this new model is a major improvement over the
diffusion approximation. Furthermore. this model provides a more accurate weight
function when any separation between the source. the inhomogeneity and the detector
is small and reveals the effect of the initial ballistic motion of incident photons on the
weight function.

The second part. chapters 5 through 7, will study three-dimensional tomographic
image reconstruction algorithms using time-resolved measurements.

Chapter 5 gives a general introduction to the inverse problem which has no unique
solution. The Tikhonov regularization by Tikhonov [52] and the L-curve method by
Hansen [53] are introduced to stabilize the otherwise ill-posed inversion process. This
chapter serves as a mathematical foundation for image reconstruction.

Chapter 6 summarizes the strategies we developed to decompose the three dimen-
sional image reconstruction problem into reconstructions of decoupled spatial Fourier

components of the optical property in the Fourier space by exploiting the inherent
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symmetry of planar geometries.

Chapter 7 presents the time-resolved Fourier optical diffuse tomography by me,
a novel approach for imaging of objects in a higlily scattering turbid medium us-
ing an incident (near) plane wave. The theory of the propagation of spatial Fourier
components of the scattered wave field is presented, with a fast algorithm for three-
dimensional reconstruction in a parallel planar geometry. Examples of successful
reconstructions of simulated hidden absorptive or scattering objects embedded in-
side a human-tissue-like semi-infinite turbid medium are provided at the end of the
chapter.

The last chapter, chapter 8, gives a summary and outlines the future research

direction of the tomographic image reconstruction.
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Chapter 2

Photon Migration in Turbid Media

Using the Diffusion Approximation

2.1 Introduction

The problem of light scattering is an old and rich theory [54.55]. After Maxwell
established the electromagnetic theory of light in the late nineteenth century. the
problem of elastic. independent. and single scattering [55] by an object was extensively
studied. the full solution for a homogeneous. isotropic sphere was formulated by Mie
in 1908 [56].

Photon transport in a highly scattering medium when there is no simultane-
ous scattering (the scatterers are far apart). can be described by the linear Boltz-
mann equation [57-59]. The Boltzmann equation for the photon distribution func-

tion I(r.s.t) at position r, direction s and time ¢t from a unit source at position ry
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2. Photon Migration in Turbid Media Using the Diffusion Approximation 12

propagating along s at time ty = 0, is given by

%I(r. s, t) +cs- V I(r,s.t) + cps(r) + po(r)]I(r.s.t)

= cus(r) /ds’P(s. s'.r)I(r.s'.t)ds' + d(r — ro)d(s — sp)d(t) (2.1)

where c is light speed inside the medium. y, and p; denote the position-dependent
absorption and scattering coefficients, and P(s,s’.r) is the normalized phase function
of the light propagation in the medium.

We will assume that the phase function P(s.s’,r) is only a function of the cosine
of the scattering angle s - 8’ and of position r. and adopt the common terminology
used in optical tomography: absorption length I, = ]!, scattering mean free path
ly = p3'. anisotropy factor g = [ dQcosfP(cosf.r) where d = d cosfdo. reduced-
scattering coefficient u, = (1 — g)us and transport mean free path [, = (1})~' > [,.
Typical values in human breast tissue are: p, ~ 10 — 100mm™=", ) ~ lmm™! and
tta ~ 1/300mm=".

The Boltzmann equation Eq. (2.1) is a non-separable equation of the first order
and only has analytical solutions in restricted cases [60,61]. Different approximations
have been developed for the solution of this equation. Among all these approxima-
tions. the diffusion approximation is the one employed extensively in optical tomog-
raphy. Other approximations include the small angle approximation [62-64] for a

highly forward-scattering medium. and the cumulant approximation [50.51).
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2. Photon Migration in Turbid Media Using the Diffusion Approximation 13

2.2 Diffusion approximation

To illustrate how to obtain the diffusion equation from the Boltzmann equation. we
first note the solution to the Boltzmann equation Eq. (2.1) in an infinite medium can
always be expressed in terms of the solution to Eq. (2.1) in which u, = 0. say [,.
by {57]

I(r.s.t) = exp|~pa(r)ct] Ip(r.s. t). (2.

o
[ 8]
—

The fundamental consequence of this equality is that the “proper” diffusion coefficient
does not depend on absorption. contrary to some claims made in the literature [65.60].

We will see this independence a bit later and a more thorough answer is provided in

Chap. 4.
Let’s introduce photon density ¢. photon flux J. and the second moment 7 of the

photon distribution in the direction space

o(r.t) = /ds[o(r.s.t)
/dss[o(r.s. t)
/dssslﬁ(r.s,t). (2.3)

Gt
—_—
=

L
=

i

T(r.t)

then the integrations over direction s of the non-dissipative version of Eq. (2.1) in

which p, = 0 and the product of s and the non-dissipative version of Eq. (2.1) vield.

| %é(r.t)+cV,-J(r.t) =0
(—%J(r. t)+cVe-T(r.t) +c(l — g)ps(r)I(r.t) = 0 (2.4)
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2. Photon Migration in Turbid Media Using the Diffusion Approximation 14

where g = [dss-soP(s-so.r) = [ dQcosOP(cosb.r).

The essential step of the diffusion approximation is to assume that

(i) T=~3"'o(r.t)I

o
(o1 ]
~—

(i ](%J(r,t)l < le{1 = @)us(r)I(r. 1) e

where Z is the unit 3 x 3 tensor.
Under the conditions specified by Eq. (2.5). Eq. (2.4) yields the non-dissipative

diffusion equation:

1

J(r.t) = ———V,o(r.t) = —-D(r)V,o(r.t)
(r.t) = g Veolr. (v
%(p(r.t) - ¢V, D(r)Vo(r.t) = 0 (2.6)
where the diffusion coeflicient D(r) = 3(1_15”“5 = 5‘-(“'8 )l = %[,, The dissipative
version of the diffusion equation
d .
—o(r.t) + cuao(r.t) — ¢V, - D(r)V, o(r.t) =0 (2.7)

ot

carries the same diffusion coefficient, D(r), independent of absorption.

The first condition in Eq. (2.5) means the scattering of photons can be regarded
as uniform in all directions due to the randomized photon propagation direction prior
to scattering. Take a typical case of a point pulse at the origin and time zero in an
infinite homogeneous medium, the solution to the non-dissipative diffusion equation

is

et e (-l 2.3
9(r.8) = Tz Deryrz P ('wct) (2:3)
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with J(r,t) = —r¢(r,t)/(2Dct). The second condition is equivalent to

HERS

which means a later time requirement, i.e., much later than the ballistic time (ct >

<1, (2.9)

r.l;). The diffusion approximation is hence an asymptotic behavior of photon mi-
gration after a sufficient large number of scattering have taken place such that the
photon distribution is almost isotropic (uniformly scattering in all directions) and at
a later time in the sense of Eq. (2.9).

The diffusion approximation belongs to a family of approximations based on the
spherical harmonics expansion of the photon intensity and it corresponds to the trun-
cation in the spherical harmonics expansion at the second order. This approximation
is good for scattering-dominated propagation, but will perform poorly in the ballistic
regime. The full family of approximations based on the spherical harmonics expan-
sion is insufficient in describing transport in the case of a strongly peaked phase

function [67].

2.3 Green’s function

The diffusion equation in a turbid medium:

gz(p(r, t) + cpad(r.t) — cVe - D(r)Veo(r. t) = S(r.t) (2.10)

is readily solved by the Green’s function method when there are only small pertur-

bations of the uniform background whose absorption coefficient is y, and diffusion
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coefficient is D. The Green's function G(r.t) of Eq. (2.10) in a uniform medium is

defined as the solution of:
, 0 N .
(DcV* — Erie HaC)G(r. 1o, t) = —4(r — 1rg)d(t) (2.11)

and has units of inverse length cubic.
The Green's function for a uniform infinite medium with Dirichlet boundary con-

dition at infinity is given by

(r = ro)?
7(r. ro, t) = ——————= exp(————=—— — i ct t 2.12
Glr.e0.t) (47 Dct)3/2 el iDct M€ VR (2.12)
where H(t) is the Heaviside step function.
1 t>20
H(t) = (2.13)
0 t<0

In a planar geometry, G(r.r, ¢t) is naturally separated into an xy (2D) component
and a z component. For the Green's function of the infinite uniform medium, we have

the separation of the form

1 (x - 20)2 + (y — %)?
2 + Y. Zo. Yo, = Xp{— 2.
Gap(z.y. Lo, Yo, t) T Det exp( 1Det ) (2.14)
G:(z.7,t) = ! exp(— 2 :0)2) (2.15)
vdm Dct 4Dct

G(r.rg.t) = Gap(z.y.To. Yo, t)G:(z. 20. ) exp(—pqact) H(t) (2.16)

Two other important examples of planar geometry are a semi-infinite space and a

slab with homogeneous Dirichlet boundary conditions. The only modification of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2. Photon Migration in Turbid Media Using the Diffusion Approximation 17

solution is made to the z-component Eq. (2.15). It is modified to:

1 — (: ’— :n)‘
G.slan(z 20, 1) = —— —1)"exp(———— 217
(2 20.8) =~ n;; )" exp(—= 5 ) (2.17)
where 2, are the virtual images of zo due to the slab geometry (21
nd+:z for neven
Zp = (2.18)
(n+1)d -z fornodd
for the slab geometry with boundaries at 0 and d. and
1 (Z et 3())2 (.'.' + Z())2
G semi(z. 20, t) = —=(exp(————) — exp(— ——— 2.19
-.aeml( 0. ) $r Dot (e‘(p( 4Dct ) e\(p( 1Dct )) ( )
for a semi-infinite space with its interface at = = 0. respectively. The latter is chosen
to vanish at = = 0 and the former is chosen to vanish at : = 0 and z = d.

Another commonly encountered quantity is the Green's function associated with
source S [See Appendix (B)], i.e.. the incident wave field for a uniform background

from a photon source S(r.t).
Gs(l'. t) = /darodtos(l‘o, to)G(l‘, ro, b — to). (220)

For a symmetrical plane source centered at (z = 0.y = 0) on plane = = z;, S(r.t) =
f(p)d(z — z0)d(t). it is easy to verify that G5 can also be separated into 2D and

z-components,

G(p, 2, 20.t) = G3p(p.t)G: (. 20,t) exp(—pract) H(t) (2.21)
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with its 2D component:

Gap(p.t) = 5= | psf(ps) exp(=—5 = )o(5 5 2 )dps- (2.22)

2.4 Born approximation

Using the Green’s function, the solution for the diffusion equation Eq. (2.10) for a

uniform infinite medium can be expressed as:

(D(l‘, t) = /dsl'()dt()s(l'o. to)G(l‘. Yo, t — to) (223)

If some weak inhomogeneity (object) is present in the medium. write D, =
D + 38D. pgob; = pta + Opte, and o(r.t) = o;(r.t) + ¢,(r.t). and o; as the incident
beam Eq. (2.23). then under the first order Born approximation:
d

(DcV? — prie KaC)Os(r. t) = (dptac — V - 3DcV)pi(r. t) (2.

SV
o
-

[ts solution with the Dirichlet boundary condition becomes:

o
o
a
-

oy(r.t) = /dsr’dt’G(r, r'.t—t')(=dpa(r)c+ V- 6D(r')cV)e(r'. t') (2.
from Eq. (2.23). After partial integration. we have:

oy(r.t) = —/dar’dt'G(r. r'.t — t)opa(r)edi(r'. t') (2.

19
o
2

- /dsr'dt'éD(r')cV,:G(r —r'.t—t) Voo, (r.t)
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which is the main result of the Born approximation.
Born approximation is only valid for weak inhomogeneities. To account for strong

inhomogeneities, iterative procedures or model fitting procedures must be employed.
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Chapter 3

Monte Carlo Simulation of Light

Propagation

3.1 Introduction

Monte Carlo simulations of photon propagation offer a flexible yet rigorous approach
toward photon transport in turbid media. The method describes local rules of photon
propagation that are expressed, in the simplest case. as probability distributions that
describe the step size of photon movement between sites of photon-media interaction,
and the angles of deflection in a photon’s trajectory when a scattering event occurs.
The simulation can score multiple physical quantities simultaneously. However. the
method is statistical in nature and relies on calculating the propagation of a large
number of photons by the computer. As a result. this method requires a large amount
of computation time. The number of photons required in simulation depends largely

on the question being asked. the precision needed, and the spatial resolution desired.
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3. Monte Carlo Simulation of Light Propagation 21

3.2 Rules for photon propagation

Photons are traced in the Monte Carlo simulation. Each individual photon will be
regarded as a packet which can take a fractional weight to reduce the variance of
the Monte Carlo simulation. The initial weight of a photon packet launched is equal
to unity (w = 1). The position of the photon packet is denoted by (r.y.z) and its
direction cosines (4, fiy. ). The propagation of the photon is simulated by a series

of photon movements of random step size s:

I &~ I+ ;S

<

— Yty

T o— 4. (3.1)

where absorption occurs during each step of movement (weight update) and scattering
occurs at the end of each step of movement (direction cosines update). The photon
packet is terminated when it is reflected or transmits outside of the medium. or
outside of the time frame of interest. The roulette technique [see Sec. (3.2.6)] is used
to ensure conservation of energy (number of photons) without skewing the distribution

of photon deposition at photon termination.

3.2.1 Choice of step size

The step size of the photon packet is calculated based on a sampling of the proba-
bility distribution for photon’s free path s € [0.00). Inside a homogeneous medium.

the distribution of free path between consecutive scattering or absorption events is
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3. Monte Carlo Simulation of Light Propagation 22

u;' exp(—urs) and can be sampled from:

—In(§)

Hr

S =

(3.2)

where £ is a uniform random number on (0, 1) and pur = pa+p, is the total interaction
coefficient. If the medium is inhomogeneous instead. the distribution of free paths

obeys:
Z#’I‘isi = —In(§) (3.3)

Fig. ( 3.1) shows a schematic diagram for a photon to interact with such an
inhomogeneous medium - an otherwise uniform medium (ur;) embedded with an
object (o). To simulate such an event, the relevant part of the algorithm is shown

below. A uniform refractive index is assumed.

global vector cur_position
global boolean inside
d <- —In€ where £ is a uniform random number over (0.1)
move (d) :
if ( cross_boundary() )
A <- cur_position
C <- crossing point
d' <= d - pur(inside) xAC
inside <- not inside;
move(d’)

else

cur_position <- cur_position + d/ur(inside)
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return

Figure 3.1: A schematic diagram for a photon scattering inside an inhomogeneous
medium.

3.2.2 Absorption

Once the photon has taken a step. a fraction of its weight is absorbed. whose value

is equal to
Aw=uwt (3.4)

e

and the weight of the photon packet is updated as:

we w— Aw = wh (3.5)

He
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3.2.3 Scattering

m-(n-mn nxm

The scattering event has a simple form in the coordinate system ( Txml* Imxm"

n)
attached to the moving photon where n = (g, jty, p1.) is the propagation direction of
the photon prior to scattering and m is an arbitrary unit vector. The deflection angle
8 € [0. 7} is distributed according to the phase function P(cosf). and the azimuthal
angle ¢ is a uniform random variable over [0.2r]. For one specific scattering angle
(6. 0). the outgoing direction of the photon will be:

, m-(n-m)n

n=———"sinfcoso +

sin 6 sin @ + ncosé. (3.6)
In X m)|

nxm
In x m|
Any choice of the unit vector m is permissible. Take m = (0.0. 1).

siné

p, = - 1—;5-’(“’“: COS O — fuy Sin @) + j1, cosf
, sin ‘ L
w, = ——T—m(ﬂyll; COS O + i Sin @) + j, cosd
i, = /1 —p?sinfcoso + p.cosd (3.7)

If || is close to 1. then we can choose an alternative m = (0. 1.0) and obtain:

W, = —-—S-l-ne—,(uzuy COS @ + i: sin @) + pu cos 6
vi- ug

py = /1—u2sin@coso + py,cosh

, sinf .
w, = —ﬁ(;tyu: COS @ — fiySin @) + i cosb. (3.8)
v

In the simulation, we will assume the phase function takes the form of the Henyey-
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Greenstein phase function: [68]

2

l-g

plcosf) = (1+ g2 — 2gcosf)3/2

(3.9)

where f_ll dpp(p) = 2, and the only variate is the anisotropy of the medium g =
{cos8). Using the inversion technique [69], the random variable cos # can be generated

easily in simulations from:

1 2 1-g° :
= — = | —— 3.10
cosf % {1+9 [1 p 295] } ( )

where £ is a uniform random variable on (0. 1). Furthermore, the Henyey-Greenstein

phase function has a simple expansion in Legendre polynomials

[e <]

plcosf) = Z(?n + 1)g" P,(cos 8). (3.11)

n=0

The Henyey-Greenstein phase function is widely adopted as an approximate phase

function for the atmosphere and tissue due to its nice properties stated above.

3.2.4 Specular reflection

When the photon is launched. if there is a mismatched boundary at the tissue surface,
then some specular reflection will occur. If the refractive indices of the outside medium
and tissue are ny and no, respectively. then the specular reflectance. Ry,. at normal

incidence, is specified as [70]:

Rsp _ (ny = ny)

(n1 +na)?

(V]

(3.12)

If the first layer is glass, which is on top of a layer of medium whose refractive
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index is n3, multiple reflections and transmissions on the two boundaries of the glass

layer are considered. The specular reflectance is then computed by:

(L—ri)%rs

1—-rmr

Ryp=r+ (3.13)

at normal incidence where r; and r, are the Fresnel reflectance on the two boundaries

of the layer:

(ny = ny)?
r = -
! (n.l + n.~_>)3
(n2 — ng)? .
& (na + n3)? (3.14)

3.2.5 Internal reflection

Internal reflection mayv occur when the photon is propagated across a boundary into
a region with a different index of refraction. The probability that the photon will be

internally reflected is determined by the Fresnel reflection coefficient [70]

sin®(6; — 6,) . tan®(6; — 6,)
sin®(; +6,)  tan*(6; + 6,)

R(6:) =

o —

(3.15)

which is an average of the reflectance for the two orthogonal polarization directions.
where #; = cos™' . is the angle of incidence on the boundary and the angle of

transmission 6§, is given by Snell’s law

n;sinf; = n,sin 6, (3.16)
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where n; and n, are the refractive indices of the medium from which the photon is
incident and transmitted. respectively.

Light will be totally reflected (R(6;) = 1) if its incident angle 6; is larger than
the critical angle arcsin(n,/n;) when light transmits from a medium with a higher

refractive index to a medium with a lower one, i.e.. n; > n,.

3.2.6 Photon termination

A photon packet is terminated naturally by reflection or transmission out of the
medium. or through roulette [69] when its weight falls below a threshold wy,. The
roulette gives the photon packet one chance in m (e.g.. m = 10) of surviving with a
weight of mw when w < wy,. If the photon packet does not survive the roulette. the
photon weight is reduced to zero and terminated, i.e.,
mw if§<1/m
W — (3.17)
0 ifE>1/m
where £ is a uniform random number on [0,1]. This method conserves energy yet

terminates photons in an unbiased manner.

3.3 Results

Monte Carlo calculations can be used to compute physical quantities such as irradi-
ance. flux and photon density. It is a nice tool to justify the common approximations
made in photon migration calculations. These results are provided in Chapter. 4 with

comparisons to the diffusion and cumulant approximations.
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In this section. consider the case of light propagation in a turbid medium with
a Henyey-Greenstein phase function and anisotropy g = 0.9. Fig. (3.2) shows how
many scatterings are required to deflect a forward going photon to move backward
{(cumulative deflection angle § > 7/2). The mean number of scattering required is
18.65. and the maximum of the probability occurs at 8.46 with probability 4.0%. The

probability to turn the photon with only one scattering is 2.25%.

Number of Scatterings Required to Deflect §

0.040 | -
0.035
0.030
0.025 |
0.020
0.015
0.010
0.005
0.000
-0.005 L . L L
0 50 100 150 200 250

Number of Scatterings

| 1

Percentage(x100%)

Figure 3.2: Number of scattering required to deflect a forward going photon to move
backward (cumulative deflection angle § > 7/2) in a uniform medium with a Henyey-
Greenstein phase function and anisotropy ¢ = 0.9.

The angular distribution of scattered photons vs time in an infinite uniform
medium is shown in Fig. (3.3) for the above medium. Fig. (3.4) shows the agree-
ment between Monte Carlo calculations and theoretical predictions (p = exp(—pu,ct))
for number of unscattered photons is very good.

The parallel Monte Carlo code to calculate the photon density and photon dis-

tribution at any position in a uniform medium (infinite or semi-infinite) is provided
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Angular Distribution of Scattered Photons
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Figure 3.3: Angular distribution of scattered photons vs time in a uniform medium
with a Henyey-Greenstein phase function and anisotropy g = 0.9.

in Appendix (C). This program uses the Multiplicative Lagged Fibonacci Gener-
ator from the Scalable Parallel Random Number Generator libraries (SPRNG) to
generate random numbers and Message Passing Interface (MPI) to parallelize the
simulation. It supports resuming from previous finished Monte Carlo calculation. A
version which handles an heterogeneous medium is also available at request. A correct
choice of random number generator is extremely important here. Coddington [71] has

done a thorough review on the qualities of different random number generators.
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Percentage of Unscattered Photons
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Figure 3.4: Percentage of unscattered photons vs time. The impulses are from Monte
Carlo calculations and lies close to the line p = exp(—pct)
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Chapter 4

Photon Migration in Turbid Media

Using a Cumulant Approximation

to Radiative Transfer

4.1 Introduction

Photon migration in turbid media is a random walk in which rays or photons tra-
verse a medium of scatterers and absorbers. and undergo multiple scattering and
absorption events before escaping. A natural framework to deal with this type of
problem is provided by the theory of radiative transfer in Chandrasekhar’s classic
text [72]. The linear Boltzmann equation governs the radiation field in a medium
that absorbs. emits. and scatters radiation {73]. Because the Boltzmann equation is
a non-separable. integro-differential equation of first order for which an exact closed

form solution is not known except for a few special cases. various approximation have
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been devised [60,72,74]. The most common approximation is the diffusion approxi-
mation, which corresponds to the lowest-order truncation in the spherical harmonic
expansion of the photon distribution function. It follows from the Boltzmann equa-
tion under the assumption that the photon distribution is almost isotropic after a
sufficient large number of scattering events. and thus provides an asymptotic approx-
imation applicable to later times [61]. The diffusion approximation is invalid when the
incident photon still retains its directionality preference. Moreover, approximations
using higher-order truncation in the spherical harmonics expansion of the photon dis-
tribution function are still inefficient in describing the ballistic movement of photons
at early times [67]. Yoo et. al. [38] reported that the diffusion approximation fails for
small and intermediate scattering ranges. The range of failure is proportional to the
transport mean free path {, = [;/(1 — g) where [, is the scattering mean free path
and g the scattering anisotropy (the average cosine of the scattering angle). For one
important class of applications of photon migration in a turbid medium-the medical
applications, the medium has a strongly peaked phase function in the forward direc-
tion and a typical transport mean free path /, ~ lmm for human breast tissue. The
diffusion approximation is thus incorrect for a substantial scattering range. In optical
tomography [5-9.24] where the distribution of inhomogeneities inside a highly scatter-
ing medium is reconstructed from measurements of the transmitted light surrounding
the medium. the diffusion approximation yields a much underestimated weight func-
tion when any separation between the source, the inhomogeneity and the detector is
small. This error may distort the signal from the inhomogeneity inside the medium
because the weight function near surface is usually much larger than that inside.

Recently. an analytical solution to the Boltzmann equation was derived by Cai et.
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al. [49.51] in an infinite uniform medium using a cumulant expansion. An exact but
formal solution to the Boltzmann equation yields the photon distribution function

I(r.s,t) at position r, direction s and time ¢,

I(r,s.t) = <6(r - c/ts(t’)dt')d’(s(t) - s)> . (4.1)
0

for a source d(r ~ ro)d(s — so)d(t) where () means an ensemble average in photon
direction space. Eq. (4.1) is evaluated in Fourier space with use of the well-known cu-
mulant expansion theorem (75,76]. An algebraic closed-form of expression is obtained
from Eq. (4.1) for an arbitrary nth order cumulant. This expansion is inherently dif-
ferent from the spherical harmonics expansion of the photon distribution. The first
order cumulant calculation determines the ezact center position of the photon dis-
tribution; the second order cumulant calculation determines the ezact half width of
the photon distribution; and higher order cumulant calculations provide progressively
more details of the shape of the photon distribution but do not modify the cumulants
of lower order. This is a major advantage of the cumulant expansion. The photon
distribution approaches a Gaussian distribution as the number of scattering events
increases according to the central limit theorem [75.76]. So it is not surprising that
the second order cumulant solution with a correct center position and half width has
already provided a clear picture of the time evolution of photon migration from the
initial ballistic to the final diffusive regime-that photons migrate with a center that
advances in time. and with an ellipsoidal contour that grows and changes shape [49)].

The cumulant solution depends explicitly on the phase function of the medium
and involves a complicated numerical integration over angular parameters to build a

forward model. Hence it is inconvenient for direct use in image reconstruction. An
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approximate form of the second order cumulant solution relating the scattered wave
field directly to the weak inhomogeneities in an infinite space was later proposed by
me and others [50], which retains the main features of photon propagation at both
early and later times and reduces to the conventional diffusion approximation at later
times. The result is a new transport forward model which provides a better description
of photon migration at early times and includes the diffusion approximation as its
asymptotic behavior at later times.

In this chapter, we will first extend the second order cumulant solution to planar
geometries (semi-infinite and slab media) after a brief review of the main results of
the cumulant solution to the Boltzmann equation in an infinite space. The result
of the Monte Carlo simulation is then presented for both infinite and semi-infinite
media to verify the behavior of the second order cumulant solution at both early and
later times. The weight function for image reconstruction of weak inhomogeneities
is calculated with use of the simplified cumulant and diffusion approximations for
semi-infinite and slab media. The results from the two approximations are compared.

The advantage of this new model over the diffusion approximation is then discussed.

4.2 Theory

The Boltzmann equation for photon distribution function I(r.s.t) at position r. di-
rection s and time ¢ from a unit source at position ro propagating along sy at time

t =0, is given by [77]

gt—l(r. s.t) + cs- Vo I(r,s,t) + cfus(r) + pa(r)|I(r,s. t)
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= cp,(r) /ds’P(s, s')I(r.s'.t)ds' + &(r — ro)d(s — so)d(¢t) (4.2)

where c is the light speed inside the medium, p, and p, denote the position-dependent
absorption and scattering coefficients with a unit of inverse length, and P(s.s’) is the
normalized phase function of the light propagation in the medium. The known phase
function is assumed to depend only on the scattering angle s-s’, and is then expandable

in Legendre polynomials,

P(s.s) = (47)"") aiP(s ). (4.3)

l

Eq. (4.2) is non-separable. However the cvolution in direction space. F(s.t|sy) =

[ drI(r.s. t|rg.so). obeys a separable equation with our solution [49]

F(s.tlso) = (47)7' Y (2 + 1) exp(~git) Py(s - s0) (4.4)
l

for an arbitrary phase function specified by Eq. (4.3). Here g = cp,[1 — a;/(20 + 1)].
especially go = 0 and g, = cu, where g, is the reduced scattering coefficient. The
formal solution to the Boltzmann equation. Eq. (4.1). is then evaluated by: expressing
its first d-function of position r as an integral of expik - (r — ¢ fot s(t')dt'] over k in
the Fourier space. making a cumulant expansion of the latter. and calculating the
cumulants in the direction space with use of the exact Green's function F(s. t|so) [51].

An arbitrary order of cumulant solution can be calculated {51} with higher order
cumulants providing progressively more details about the photon distribution [See
Table 4.1]. Because the photon distribution approaches a Gaussian distribution when

the number of the scattering events increases regardless of the details of the scattering,
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a second order cumulant solution is sufficient at later times. At early times, the
photons’ spread is narrow compared to the resolution of the detector. hence the
detailed shape is less important than the correct position and half-width of the beam.
We emphasize the center of the position and half width obtained from the second

order cumulant solution is eract and will not be altered by higher order cumulant

solutions.
Cumulant | What It Describes | For a Gaussian Distribution
(z). center position center position
(%), half spread deviation o*
(z%). skewness 0
('), kurtosis 0

Table 4.1: Cumulants describe the shape of a probability distribution.

The second order cumulant solution of the photon density N'YW(r.t|ry.so) =
J dsI®(r. s.t|rg,s9) for an incident source propagating along the positive :-axis

(so = %) in a uniform medium, is given by [49)

1 1 _(:—:O—R:)'~’

NO(r, t|ro, 3
(r.tiroso) = B Da S IDa
) (x — ro)* + (y — yo)? ) ,
x exp{ 1Dt } exp(—peqct) (4.5)
with a moving center located at
R. =1 — exp(—ct/l})] (4.6)

and the diffusion coefficients

D.. = Dy = {t +gz(1—exp(—glt))_1—exp(—gzt)}

E 9%(91 - g2) g2(91 — g2)

&l o
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D.. = = {i _ (391 — g2)(1 — exp(—g1t)]
) 3t Lo g3 (g1 — 92)
2t —exp(—gat)] _ 3[1 - exp(~ glt)]'_)}

92(g1 — 92) 29%

A forward model adding inhomogeneity to the analytical expression of I'%(r.s, t).
involves a complicated numerical integration over angular parameters. To avoid this
difficulty, we use the following approximation to the second order cumulant solution

as the background photon distribution. I'(r, s, t), in an infinite uniform medium [50].
3
[O(r.s, t|rg, s0) = NO(r. t|rg, s0) F(s. t|se) — Z}D(t)s VeNO(r t|rg.s0).  (4.8)

in building the photon transport model for image reconstruction where the time-
dependent diffusion coefficient D(t) is taken to be an average D(t) = (D;r + D,y +
D..)/3 of the diffusion coefficient ellipsoid. At early times t — 0. the first term of
Eq. (4.8) dominates, and F (s, t|sg) — d(s—sy). D(t) — *t*u’/9 — 0. NO(r. t|rg. sp)—
d(r — rg — c(t — tg)sg). thus IO(r,s. t|ry.sy) provides a correct picture of ballistic
motion of photons with speed ¢ along the incident direction sy. At later times.
F(s.t|sg) — (47)~%, D(t) — (31.)~!. Eq. (4.8) reduces to the photon distribution of
the center-moved diffusion approximation [24}.

A perturbative method is then used to obtain the forward model when weak inho-
mogeneities are introduced in the otherwise uniform medium. Making a perturbation
expansion of the radiative transfer equation Eq. (4.2) to the first order Born ap-

proximation. the change in photon distribution from. I®(r.s.t) (that of the uniform

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4. Photon Migration in Turbid Media Using a Cumulant Approximation 38

background). is derived as:

OI(r,s, t|rg, s0.t) = /dt’/dr’/ds’[‘o)(r'.—s’.t —t|r. —s)

X {/ds"cd[u,P](s’.s".r’)I(O)(r'.s”.t — to|ro. So)

~c[Ops(r') + Spa (K )TV (x'. 8", ¢ — to|ro,s0) } (4.9)

where dftq, 0jts and 8{u,P] are changes of the absorption coefficient. the scatter-
ing coefficient and the angular dependent differential scattering coefficient, from
the background to the inhomogeneity, respectively. The optical reciprocity theorem
IO, s.t = t'|r'.s') = IO(r', —s,t — ¢'|r, —s) is used in obtaining Eq. (4.9).
Expanding d[u, P] in Legendre polynomials and substituting Eq. (4.8) into Eq. (4.9).
the integrations over angular variables in Eq. (4.9) can be analytically performed and

vield [50],

SI(r.s, t|rg.s9) = —ﬁ/dt’/dr’cdua(r')N‘o)(r’.t—t’|r. —s) Nt ¥|rg. s0)
+:‘:—; / dt' / dr'D(t = £')D(t') (11a(r') + Opi' (1))
XV NO ¢t —t|r. —s) - Vo NO( t|rg. 50)
+-§%/dt'/dr'D(t—t')(Jua(r') + 0p (")) exp(—cut’)
x {NO(r',¢'|r, =s)s - Vu NO(r',t - t'|rg. 50)

—so - Ve NO(r' .t = t'|r. =s)NO(r', ¢'|ro. 50) } (4.10)

after neglecting fast decaying terms involving exp(—2gt) for [ > 1. We should point
out the optical reciprocity relation is satisfied by both the photon density Eq. (4.5) and

the photon distribution Eqs. (4.8) and (4.10). At later times, the term in Eq. (4.10)
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containing the exponential decay factor exp(—cu't') can be neglected. the change in
photon density, 4wd1(r, s, t), in the diffusive limit, is reduced to that in the diffusion
approximation (Eq. (14) in Ref. 21).

The restriction of D(t) by taking an average of D;., Dy, and D.. can be relaxed.
The diffusion coefficients D,, = D,, and D.. can be used instead. The only change is
to replace all the occurrences of the form of D(t)V. N (r. t|rg, s¢) to D..(t)(20/d1+

§0/3y)NO(r. t|rg, so) + D..(t)39/02' NO(r. t|ry. s) in both Egs. (4.8) and (4.10).

4.2.1 Extension to planar geometries

When the scattering medium is bounded. special conditions are needed to set the
photon density at the interfaces. The reflection at the interface re-injects the light
into the medium. Using a partial current technique. Zhu et. al. [78] showed that the

boundary condition for a semi-infinite medium can be written as

HN(0)
NO _ -, N =0 (4.11)
a: =0
at the interface z = 0 where
. 21— R (112)
314 Rag T

is the so-called extrapolation length. Here Reg is the effective reflectivity at the
interface determined by the Fresnel reflection coefficients. The extrapolation length z,
measures the distance outside the medium where the extrapolated energy density from
the diffusion approximation vanishes linearly. The exact energy density vanishes at
the real surface. A recent study by Popescu et. al. [79] has also shown the dependence

of the extrapolation length on the scattering anisotropy.
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The extrapolated-boundary condition has been successfully employed for planar
geometries such as a slab or a semi-infinite medium in diffuse imaging, in which the
photon density is set equal to zero at an extrapolated boundary located a distance z,
outside the turbid medium [24,80.81]. The method of images is used to obtain the
Green’s function in such bounded media. The same technique can be applied here to
the Green's function N (r, t|rg, so).

Keeping in mind that the source approaches gradually and stops finally at r) +
Sol, on average with the increase of time. the image of the incident point source at
(Zo, Yo, 20 > 0) propagating along the positive :-axis inside a semi-infinite medium
with its interface at = = 0 is a negative one at (zg. yo. —20—2z —2l;) propagating along
the same direction [Fig. (4.1)]. At early times. both the source and its image have
not arrived at the extrapolated boundary and their contributions at the extrapolated
boundary can be neglected. As time increases. the contributions at the extrapolated
boundary from both the source and image tend to cancel each other as both approach
their final stops [empty spots in Fig. (4.1)]. The empty spots just represent the
positions of the source and its image in the center-moved diffusion approximation.

The Green's function of a semi-infinite medium given by
0 .
NO (r.tIrg, s0) = NO(r.t|zo, o, 20, S0) — N (r, t|Z0, Yo. — 20 = 220 — s, 5p). (4.13)

thus approximately satisfies the extrapolated-boundary condition.

The same procedure can be easily applied to a slab with its extrapolated bound-
aries at = = 0 and z = L. The images of an incident source at (zq.yy.29) with
0 < zp < L propagating along positive or negative z-axis (s, = %1) are a set of posi-

tives images at (zo, yo. 20+2nL) and a set of negative ones at (z¢. yo. —z—2nL—2s.l,),
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all propagating along the same direction as the source (—oc < n < o is integer).

4.2.2 Comparison with the Monte Carlo simulation

We will compare the photon densities computed by the diffusion approximation (DA).
the cumulant approximation Egs. (4.5) and (4.8) (CA) and the Monte Carlo method
(MC) for an incident collimated pulse first in an infinite space and then in a semi-
infinite space. In DA, the incident photons are assumed initially scattered isotropi-
cally at a depth of one transport mean free path into the medium as used by Pat-
terson et. al [24]. No such adjustments are performed in CA. The Monte Carlo code
is adapted from Prahl et. al. [82] and Wang et. al [83]. Photons are launched one
by one into the medium. Each photon (regarded as a packet) starts from the origin
of the coordinate system and the first scattering event takes place along the posi-
tive z-axis. The step-size (distance between consecutive scattering events) is sampled
from an exponential distribution characterized by the total attenuation pr = py + .
following Beer's law. After each propagation step, the photon packet is split into
two parts-a fraction (u./ur) is absorbed and the rest scattered. The new propaga-
tion direction after scattering (three directional cosines) is sampled by assuming a
Henyey-Greenstein phase function [68]. The effect of internal reflection is included in
this code. Roulette {84] is used to terminate a photon packet to improve the efficiency
of the calculation without introducing a bias. The results in the following paragraphs
have been scaled to use the transport mean free path /, as the unit of the length and
the flight time for one transport mean free path in the medium [/,/c as the unit of the
time. The source is incident along the positive z-axis at the origin in space and time.

Five million photons are used in one run of the Monte Carlo simulation.
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The first and second order cumulants (the center position and the half width of

the “photon cloud”) of the cumulant solution Eq. (4.5) is

(z(t)) = (y(t)) =0, (z(t)) = L1 - exp(—ct/l,)]
V(Az(6)?) = V(Ay(t)?) = V2Dxe(t)ct.  V(Az(t)?) = V2D.s(t)et (4.14)

where () means an ensemble average of photon positions at a specified time. This
theoretical prediction can be easily verified by a Monte Carlo simulation. Fig. (4.2)
shows the first two cumulants of photons for an incident pulse along the z-axis at
time zero into an infinite medium with anisotropy 0.9. An excellent agreement on
the center position (the first order cumulant) and the half width (the second order
cumulant) of the photon distribution between our theoretical result and the Monte
Carlo simulation is obtained. The half width along ryz directions are very close: the
value along = direction is a bit larger than that along the zy direction as predicted
by Eq. (4.14).

Fig. (4.3a-c) shows the photon density at positions (0. 0. 3/;), (0.0.6!,) and (0. 0. 10,)
computed by all the three different methods for the same infinite medium. At a dis-
tance of 3/;, the time profile of photon density from the cumulant approximation
agrees much better to the Monte Carlo result than DA by providing a correct peak
position of photon density. Some fraction of photons arrive faster than the speed of
light in this second order cumulant calculation. However, the CA is already a big
improvement compared to DA. The result from CA can be further improved when
higher order cumulants are used. At a larger distance, all the three methods begin
to agree with each other pretty well and the cumulant approximation is better than

the diffusion approximation. The difference between results from DA. CA and MC is
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negligible when the distance is 10!, or larger.

The calculations using DA, CA and MC are performed again for a semi-infinite
medium with its boundary at z = 0, whose optical parameters are taken to be the
same as the above infinite medium. The source is incident at the origin of the coordi-
nate system and along the positive 2-axis (normal to the surface) at time zero. The
effective reflectivity is taken to be zero for an absorbing surface and an extrapolation
length z, = 0.7l; [61] is used in both DA and CA calculations. Fig. (4.4a-c) shows the
corresponding results for this example. Again CA shows a much better agreement
to the MC than DA. Compared with Fig. (4.3) for the infinite case, the tail of the
profiles in Fig. (4.4a-c) for the semi-infinite medium is lower due to the presence of
an extra negative image source coming from the boundary condition.

As another example. the backscattered photon intensity I'®(r. —3.¢) at positions
(0.1,.0) and (0. 2{,.0) on the boundary of the above semi-infinite medium is calculated
with use of the three different methods [Fig. (4.5)]. In DA. photons diffuse from the
adjusted source position (0.0./,) with the counstant diffusion coefficient D = (;/3. In
CA. back-scattered photons arrive later because the center of photons moves forward
along the positive z-direction and diffuse from the moving center with a gradually
increasing diffusion coefficient from 0 to [;/3. CA agrees well with the Monte Carlo
simulation. The late arrival is close to the causality requirement.

We should point out cumulants higher than second order are required to describe
photon migration when only a few scatterings have taken place. Fig. (4.6) shows the
photon density at positions (0,0. 3/;) and (0. 0. 6!,) inside an infinite uniform medium
with an anisotropy factor g = 0. The light is incident along the positive z-axis at

the origin of space and time. A separation of 3/, or 6/, is only a few scattering
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mean free paths apart. Both the second cumulant approximation and the diffusion
approximation agree poorly with the result from a Monte Carlo simulation at early
times. However the second order cumulant approximation is still more close to the
Monte Carlo result than the diffusion approximation. Higher order cumulants are

required to get a better fit of the cumulant approximation to the Monte Carlo result.

4.2.3 Weight function for image reconstruction

The response (the change of the scattered wave field) to a unit absorption or scat-
tering inhomogeneity is usually called the weight function or the Jacobian in medical
tomography literature. This quantity plays a central role in image reconstruction
regardless of which method is used to obtain the inhomogeneity distribution in a

medium. Let’s rewrite Eq. (4.10) in the following form,

4wdl(r,s. t|z0,80) = —c/dr’()'u,,(r’)wa(r.s.ro.so.t:r’)

' (t)w,(r, s, g, Sp. t: 1) (4.15)
with the absorption and scattering weight functions defined as

t
wq(r.s.rg,so. t:¢) = / dt' NO(r' t — t'|r. —s)NO(r', t'|ry. 50)
—w,(r.s.ro.S0. t: ')/ (3u?)

(r.s.rg.80. 5 1
et S'Qrobso' .r) = /dtD )D(t")VeNO(r'.t - |r. ~s)
e

Ve NO( ]y so)
t

+/ dt' D(t") exp[—cu,(t — )| NO (¥t — t'|r, —s)
0

xs - Vo NO(r' /|1y, sq)
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/dtD t'") exp(—cp't')sg - Ve NO(r'.t — t'|r. —s)

NO( t'|rg. sq) (4.16)

respectively.

Because the Green's function approaches a delta function. i.e.. N} (r.t|ry.sq) —
d(r — ro — ctsg) when t — 0. special attentions must be paid when a numerical
integration is carried out for Eq. (4.16). Therefore the range of integration is divided
into three areas: (0.4A), (At — A) and (¢t — A.t) where t > A > 0. The end
corrections from the integration over (0.A) and (t — A.t) to the weight functions

integrated over (A.t — A) range are approximately given by

1, / (o YW 3
€a(r.8.To. So. i) = ;;\/(r.tlr. —-s)d(z’ — 2y)d(y' — yo) H(A — &) H(E)
L o o
+- N(r'. tiro. s0)(x" — 2)o(y" ~ y) H(A — 1) H(n)

—e,(r.s.To.So. £: 1)/ (3u)

Es(l‘.s. o, )501 tq r ) — D(t)( ()D( ) )SO . V,-:N(l". tll‘. —S)()-(I, _ 1’())(5((/, _ lj())
Iy ¢ Ot |
x H(A - §) H(§)
D(t) _9D(t) , _ _
- ot £—'l)S Ve N(r'. t|rg. s0)d(z" ~ 1)d(y’ — y)
x H(A - n) H(n) (4.17)

where r' = rp+c€sg = r—rcs. s and sq are assumed to be along the positive or negative
z-axis. and H is the Heaviside function. In the following calculations. the refractive
index of the medium is assumed to be 1.33; the absorption and scattering coefficients
of the medium are assumed to be 0.003mm™' and 10mm™! respectively. and the the

scattering anisotropy 0.9. providing a transport mean free path [, = lmm. The offset
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A is taken to be 0.1ps when more than 99% of the photon packet still concentrates
within a cubic of volume (0.01/,)3. The weight function from a cubic volume (0.01/,)3
is calculated using the ACM algorithm 698-DCUHRE (85].

The weight functions for a semi-infinite medium are shown in Figs. (4.7) and (4.8)
for absorption and scattering inhomogeneities. The back-scattered photons (propa-
gating along negative z-axis) are detected by a detector placed at a position (0. 2/,.0).
off two transport mean free paths from the source. Figs. (4.7a) and (4.8a) show the
response to an inhomogeneity at (0, 0. z) positions which is in the propagation direc-
tion of the source at delay 50ps and 500ps. The cumulant approximation (CA) shows
a much stronger response from the inhomogeneity in the propagation direction of and
close to the source than the diffusion approximation. Both absorption and scattering
weight functions from CA reveal a peak at about 0.03/,. This peak originates from
the initial ballistic motion of the incident photon. In a short time after the photon
is launched (¢ — 0). the photon packet will be positioned at z* = ct with a spread
of half-width approximately \/-l—D(—t)c_t = 2ct \/cm hence the presence of an ab-
sorption or scattering inhomoseneity at position (0.0, z < z*), sitting in the ballistic
path of the photon, will significantly reduce the number of back-scattered photons
received by the detector (w, > 0 and w, < 0 in Eq. (4.15)). In Figs. (4.7b) and (4.8b)
where the inhomogeneity is placed at (0. /,. z)mm positions, not sitting in the ballistic
path of the photon. this peak is gone.

The diffusion approximation is invalid when the inhomogeneity is too close to the
source or the detector. Nevertheless. the weight function from DA is plotted over
the full z-range for comparison. A peak is found in the absorption weight function

[Fig. (4.7a)] and a crossing of zero in the scattering weight function [Fig. (4.8a)] at z =
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l;, because of the artificial adjustment of the source position to one transport mean
free path into the medium performed in the center-moved diffusion approximation [24|
and the singularity of the Green’s function in DA when the inhomogeneity and the
source overlap.

A larger disagreement between CA and DA is observed in the scattering weight
function than in the absorption weight function. The absorption weight functions
from CA and DA agree with each other relatively well except for a region of depth
of [, near the surface when the inhomogeneity is in the propagation direction of the
source, or in the field of view of the detector. The scattering weight functions from
CA and DA disagree significantly within the region of depth of at least 2/, close to
the surface. The detector can not see the region of depth beyond ct/2 at time ¢. This
condition is better observed by CA because CA shows a faster decay rate of both the
absorption and scattering weight functions with the increase of the depth [Figs. (4.7)
and (4.8)].

The absorption and scattering weight functions for a slab is shown in Figs. (4.9)
and (4.10). The slab has the same optical parameter as the semi-infinite medium.
The thickness of the slab is d = 30/,. The source is at the origin (0.0.0). The
detector is placed on the opposite side of the slab, (0.0.30.,). in the propagation
direction of the source. The weight function by the cumulant approximation and
the diffusion approximation are strictly symmetric about the plane : = d/2. The
agreement between CA and DA for the absorption weight function is better than
for the scattering weight function. Both CA and DA produce close results for the
inhomogeneity not located near the boundary. When the inhomogeneity is placed

along the line (0.0. z), in the propagation direction of the source and in the field of
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view of the detector, two peaks at about 0.03/, and d — 0.03l, appear in CA; two
peaks in the absorption weight function [Fig. (4.9a)] and two crossings of zero in the

scattering weight function [Fig. (4.10a)] appear in DA at l; and d - [,.

4.3 Discussion

We attribute the formation of a peak very close to the surface but not on the surface
(about 0.03l; into the medium) of the absorption and scattering weight function in
the cumulant approximation to the initial ballistic motion of the incident photon.
The photon penetrates into the medium with an initial speed of ¢ and with its center
approaching and stopping at one transport mean free path into the medium. Hence
the effect is only significant when the inhomogeneity is in the propagation direction
of the source or in the field of view of the detector. and the peak response shifts away
from the surface of the medium.

It seems that there is confusion in the optical tomography literature on the way
chosen to position the source and the detector to compensate for the initial ballistic
motion of the photon [24,86,87]. From our more accurate result Eq. (4.10). the
source and the detector terms appear in a form of N9 (r’, 7|r. —s) and N (r’, r|ry. s¢)
respectively. The source and the detector approach gradually and stop at ry + [,sg
and r — [;s. respectively. with increase of time where sy and s are the propagating
direction of the incident and outgoing photon. The positioning of both the source and
the detector for one transport mean free path into the medium is hence mandatory if
the diffusion approximation is used. The curves for DA in Figs. (4.8) and (4.10) are
calculated with use of this adjustment. The DA will deviate from the CA significantly

over the full range of depth if the adjustment on the position of the source or the
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detector is not performed.

The diffusion approximation for image reconstruction substantially underesti-
mates the contribution to the emission measurement from the inhomogeneity in the
propagation direction of and close to the source, or in the field of view and close to
the detector. This error may distort the signal from the inhomogeneity inside the
medium because the weight function near surface is usually much larger than that
inside. and may lead to a failure in image reconstruction. The high response from
the region near surface is not desirable when the inhomogeneity inside the medium
is to be detected in the transmission or backscattering measurements. The cancella-
tion between multiple measurements using nearby wavelengths may help reduce this
effect.

In conclusion. we have presented a cumulant approximation to radiative transfer
which provides an analytical tool to describe photon migration at both early and
later times-from the initial ballistic motion till the final diffuse regime. To a second
order cumulant. the solution agrees with the Monte Carlo simulation at later times
and provides a correct peak position in time for photon arrivals at early times. in
both an infinite medium and a bounded medium with a planar geometry. The initial
ballistic motion of photon produces a strong peak in the response from absorption
and/or scattering inhomogeneities which are in the propagation direction of and close
to the source. or in the field of view of and close to the detector. at both early and

later times.
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Figure 4.1: The incident source at position (z¢,yo. 2 > 0) and its image source at
(Zo. Yo, —20— 22, —2!;) propagating along the positive z-axis in a semi-infinite medium
(2 2 0) with its interface at = = 0. The source and its image move from their original
positions (dark spots) to their final stops (empty spots) at later times.

The positive = direction is downward on the paper.
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Figure 4.2: The center position and the half width of a photon cloud inside a uniform
infinite medium with anisotropy equal to 0.9. The plus. cross and circular signs
represent the central z coordinate, the half spread in the z direction, and the half
spread in the zy directions of the photon cloud from a Monte Carlo simulation,
respectively.
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Figure 4.3: Photon density at positions (a) (0,0.3.), (b) (0.0,6!;), and (c) (0, 0. 10{,)
vs time normalized to a unit source in an infinite medium. The source is incident
along the positive z-axis at the origin of the coordinate system and at time zero.

thenn Avvrvenc onvmesvibad baee tho A el

Tho are Loaciam oo Semmbioae (TYAN ol oo
440 il Ul vio dav LULLMpULLU Uy il dlludivil applVALLlanivil (i), uie Cullianl

approximation (CA) and the Monte Carlo method (MC) respectively. Note the CA
arrival time is much close to the correct MC arrival time than the DA.
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Figure 4.5: The backscattered photon intensity I(r,—2,t) at positions (a) (0./,,0)
and (b) (0, 2!,.0) on the boundary of a semi-infinite medium vs time normalized to a
unit source in a semi-infinite medium. The source is incident normal to the surface
of the medium and along the positive z-axis at the origin of the coordinate system
and at time zero.
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Figure 4.6: Photon density at positions (a) (0.0, 3/;) and (b) (0.0.6/,) vs time nor-
malized to a unit source in an infinite medium with g = 0. The source is incident
along the positive z-axis at the origin of the coordinate system and at time zero. The
peak of MC goes beyond the scale of the y axis and is not shown in either (a) or (b).
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Figure 4.7: Weight functions for a semi-infinite medium where the absorption inhomo-
geneity is at (a) (0.0. z). in the propagation direction of the source: (b) (0., z). off by
one transport mean free path. Profiles at two delay times t = 50ps and t = 500ps are
plotted for both the cumulant approximation (CA) and the diffusion approximation
(DA). The insets re-plot the weight functions in a logarithm scale.
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Figure 4.8: Weight functions for a semi-infinite medium where the scattering inhomo-
geneity is at (a) (0.0. z). in the propagation direction of the source: (b) (0.1,, z). off by
one transport mean free path. Profiles at two delay times t = 50ps and t = 500ps are
plotted for both the cumulant approximation (CA) and the diffusion approximation
(DA). The insets re-plot the weight functions in a logarithm scale.
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Figure 4.9: Weight function for a slab where the absorption inhomogeneity is at: (a)
(0.0. z). in the propagation direction of the source. (b) (0.l;. z). off by one transport
mean free path. Weight functions calculated from the cumulant (CA) and diffusion
(DA) approximations are plotted for time delays of ¢t = 300ps and t = 1500ps. The
insets re-plot the weight functions in a logarithm scale.
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Figure 4.10: Weight function for a slab where the scattering inhomogeneity is at: (a)
(0,0, z). in the propagation direction of the source, (b) (0.l;. z), off by one transport
mean free path. Weight functions calculated from the cumulant (CA) and diffusion
(DA) approximations are plotted for time delays of t = 300ps and ¢t = 1500ps. The
insets re-plot the weight functions in a logarithm scale.
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Chapter 5

Regularized Inversion

5.1 Introduction to inverse problem and regular-
ization methods

The inverse problem is ill-posed. i.e.. it has no unique solution. An example is the

measurement using an apparatus

y(€) = [ A€, m)z(n)dn + €(n) (5.1)

where y(€) is the measurement. z(n) is the signal, K (. n) is the response function of

the apparatus. €(§) is the noise, or its discrete form
y=Ar+e (5.2)

where A € R™*" is a m x n matrix. z € R". y € R™ and ¢ € R™ are vectors. A will

be called the kernel of measurement hereafter.
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The direct inversion of Eq. (5.1) or (5.2) will unfortunately fail due to the fact
that the smoothing operator A may map apparently different r into a very similar
y even without noise. It is found that the oscillations in the solutions must be suit-
ably suppressed to get the “best possible” approximate solution, or be regularized.
Tikhonov first introduced regularization methods in 1963 [52]. Since then. the regu-
larization methods are actively developed and widely applied in all kinds of ill-posed
problems {88-92]. Prior information on the signal z is included in one form or an-
other to recover some of the information lost by the filtering effects of the forward
operator. discretization of the observation. and noise contamination. A regularized
solution is a solution that utilizes the prior information and strikes a balance between
the goodness of fit and closeness to the prior information.

Two main problems when applying regularization method to an inverse problem

are:
1. Which regularization to use in a particular problem

2. To what extent can noisy fluctuations be suppressed without damaging real
oscillations. This leads to a choice of the regularization parameters or a stopping

rule in the regularization methods

In this chapter, we will concentrate on the most commonly used regularization method
— the Tikhonov regularization method. It forms the basis for image reconstruction in

the following chapters.
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5.2 Tikhonov regularization

The discrete ill-posed problem Eq. (5.2) can be regarded as a particular class of

discrete least squares problems (see, for example, Hansen [93]):

min||Ax - b||. A€ R™". m>n (5.3)

where the singular values of the matrix A decay gradually to zero in such a fashion
that A is very ill-conditioned.

Most numerical methods for treating this kind of problem seek to replace the
problem whose kernel A has a large condition number with a nearby well-conditioned
problem whose solution approximates the required solution and. in addition. is a
more satisfactory solution than the ordinary (least squares) solution. The latter goal
is achieved by incorporating additional information about the sought solution. often
that the computed solution should be smooth. Such methods are called regularize-
tion methods, and they always include a so-called regularization parameter A which
controls the degree of smoothing or regularization applied to the problem.

One of the best known regularization methods is Tikhonov regularization [52)

whose solution z, is defined as the solution to the following least squares problem:
min {||Ax — b||* + A*|| Lx||*} (5.4)

where 4 € R™ ", L € RP*" and m > n > p. The central idea is to seek a balance
between the goodness of fit ||Ax — b||? and the reliability (closeness to the prior
information) of the solution ||Lx]||2.

The formal solution to the Tikhonov regularized least square problem can be easily
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found

) = (ATA+ )\2LTL)"'ATb

whose property can best be analyzed through the generalized singular value decom-
position (GSVD) of the matrix pair (A. L).
The GSVD of the matrix pair (A. L) has the form

A=ULX!, L=VMX~. (5.5)

Here. U € R™". and V € RP*P are orthonormal such that UTU = [, and VTV = [;

X € R™" is a non-singular matrix. and £ and M are of the form

lng|
I

S, 0
P , M=<Mp 0). (5.6)
0 I,

The matrix £, = diag(o;) and M, = diag(y,) are both p x p diagonal matrices whose

diagonal elements satisfy ¢? + u? = 1 and are ordered such that

OSO’[<

Sop. 12 2...2p,20. (5.7)

The generalized singular values +; of (A. L) are then defined as the positive numbers

:)
]
|9
I
—
=

(5.8)

Y
o~
-
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Write X = (§,.... &), U=(u..... uy,), the solution to (5.4) is given by [94]:

n

P 2
v u'b
X) = Z T e ot _‘Lp,:l(u?b)&-. (5.9)

The condition for the existence of a regularized solution is that the Fourier coethi-
cients |u1T b| decay to zero faster than the generalized singular values #;. the so-called
Picard condition [93]. The smoother the kernel A, the faster the generalized singular
values decay to zero; and the smaller the singular values, the more oscillations in
the corresponding singular functions. Furthermore. the existence of vanishing values
¥ = 0 indicates non-uniqueness of the solution.

The standard form of Tikhonov regularization has L = I. If the exact x is smooth.
a form of a differential operator may be a better choice for L {90]. The standard form
of Tikhonov regularization can be proved to be the optimal regularization method
for an inverse problem with the exact x which is bounded and close to zero nearly

everywhere [91].

5.3 Determination of the regularization parameter

5.3.1 L-curve method

For the regularized solution (5.9). its residual norm and side constraint norm can

easily be calculated.

p(A) = [|Axy—b]| (5.10)

- {S[en] s S

i=1 i=p+1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5. Regularized Inversion 64

n(A) = |ILx,]

2 2y /2
_ Z[ i “T_b}
- , Ay .

i=1

The L-curve is a double logarithmic plot of the norm of residuals log p(\) versus
the norm of the solution seminorm log n(A). typically with an L-shaped corner. The
optimal A is the L-corner, or the point with the maximum curvature in the plot
which can be located iteratively [53]. The method of the L-curve is popularized by
Hansen [53.94]. A good regularization parameter \ is one that corresponds to a
regularized solution near the corner of the L-curve because in this region there is a
good compromise between achieving a small residual norm ||Ax) —b|| and keeping the

solution seminorm ||Lx, || reasonably small. A typical L-curve is shown in Fig. (5.1).
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Figure 5.1: A typical L-curve.

5.3.2 Generalized cross validation

In the model (5.2), when the noise € has the form of a normal distribution N(0, o*1),
Wahba et. al. [95] proves the best regularization parameter X is the minimizer of V()

given by:
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9

V() = %n(z — ANl jr%Trace(I — 4(N) (5.11)

where

AN = A(A"A + AD'A° (5.12)

Use the singular value decomposition of A. namely, A = ULV"*, where U is an

o : diag(a,)
m x m orthogonal matrix, V is an n x n orthogonal matrix. and £ =

0
is an m x n matrix whose entries are the square roots of A*A. It is easy to prove:

=1 A o 1 ~ A _ : ‘
V(d) = m;(03+/\) (Uy)/ |:m(uz=; 2N +m n)} (5.13)
N A \apre 2 . .y 1w Y :
= [U=l(ag+A)'(Uyy) +u§+1(Uuy)z] / [E(; T +m—n)]

5.4 Transfer matrix, error and resolution

Formally, the solution (5.9) can be expressed in terms of a matrix equation x, = 47b

where

diag i 0 ~2
A= XFEtUT, F= g;)(y ) . YT ﬁ (5.14)
n-p !

¥* is the generalized inverse (Moore-Penrose pseudo-inverse) of the matrix T.

+ E; 0 + : -1 =
E = . Ep = dlag(O"- ) (51-:))
0 I,
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where ¢! is taken as 0 if o; = 0, and In-p is a unit matrix of dimension (n — p).
Given a set of K observations b*) = b + Ab*) where Ab'*) is the noise in the

kth measurement, the covariance matrix of the measurement is defined by

=

cov(b) = ¥~ Ab® (ab®)" /(K - 1). (5.16)

k=1

The covariance matrix of the regularized solution is defined in a similar way. Using

Ax = AT Ab, gives

cov(x) = A} cov(b)AfT. (5.17)
If the error Ab is assumed to be uncorrelated and uniform. that is. cov(b) = s31.
we have
dia i O -1 2 2
cov(x) = s2XGXT, G= lg:) . g = (M-,) . (5.18)
7P+ A
0 [n-p !

The above equation estimates the error of the solution. An optimal choice of \ can
to some extent compensate the measurement noise s .

The difference between x, and the “true” solution in the observed data. b =
AX¢rye- then

X = Xerue = (Ay A = DXere = (XFX ™' = DXerge- (5.19)

The rows (or columns) of A} A are peaked at or near the diagonal and have non-
negligible sidelobes. The width of the averaging kernel A} A characterizes the smooth-

ing of the measurement process. i.e., the resolution.
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Chapter 6

3D Tomographic Image

Reconstruction

6.1 Introduction

Optical tomographic imaging is being developed as a non-invasive and safe imaging
modality that employs near-infrared light (typically in the wavelength range 700-
1300 nm) to detect breast cancer. It possesses unique advantages over other screen-
ing methodologies such as x-ray mammography, ultrasound and magnetic resonance
imaging. Both scattering and absorption properties of tumors and the surrounding
tissue are accessible and may be used to detect and characterize lesions [30].

In the near-infrared wave-length range, light transport in biological tissues is
scattering-dominated. This limits the usability of methods such as back-propagation
[10-12] in which a linear model of light attenuation is essential. The iterative tomo-
graphic image reconstruction updates its estimation of the optical properties distri-

bution by a Newton-type or a conjugate gradient-type technique through inverting
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a so-called Hessian matrix [96]. This method becomes time-prohibitive when the
number of voxels increases and is unfit for in vivo imaging.

To achieve a 3D tomographic imaging. we have developed several approaches for
3D time-resolved imaging [26,27]. With use of a point source or a flat expanded
source, near real time 3D tomographic image reconstructions using the diffusion ap-
proximation have been successfully obtained using simulation and preliminary exper-
iment, for both transmission and backscattering cases. The strategy developed here
using the diffusion approximation can be easily extended to use our new cumulant
approximation because the replacement does not break the symmetry in the problem.

A general introduction and brief review of algorithms developed for image recon-
struction is given in this chapter. The following chapter will discuss in detail the

time-resolved Fourier image reconstruction.

6.2 Forward model

The forward model of tomographic image reconstruction for photon migration in a

turbid medium can always be written as

y(A) = W(A)x(A) (6.1)

for a NIR source with a wavelength of A in a linearized image reconstruction frame-
work. Here y is an array containing the change in measured transmitted photon
intensity. X is an array of the deviation of optical parameters (absorption and/or
scattering coefficient). due to existence of the inhomogeneity. which. in practical ap-

plication, is the difference of the optical parameters between a patient's tissue and
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the assumed reference medium. W is the weight function, which. in the linear in-
version case, is related only to the reference medium. Characteristic features of the
spectrum of the absorption and scattering parameters of different concentrations of
metabolic compounds may help to choose an optimal single wavelength to perform
the tomographic reconstruction where the inhomogeneity is manifested [97).

For a common slab setup, an ultrafast point light pulse S(r;)d(t) flashes onto the
slab from one side and the detector records the signals on the other side. A good
description of the model is the diffusion equation Eq. (2.10), and the main equation

governing the inversion procedure up to a first order Born approximation is Eq. (2.26)

dy(r.t) = —/d3r'dt’G(r,r',t—t')(Su,,(r')c@i(r"t')

- /dsr’dt'o'D( r')eVeGr—r'.t —t) Veoi(r'.t) (6.2)

where ¢, = 01 = [ — Iy is the scattered wave field. and D = (3u.)"'. p, are the
diffusion coefficient and the absorption coefficient. respectively. Here i, is the reduced
scattering coefficient of the medium.

To make the discussion simpler. consider the absorption only case with homo-
geneous D, and regard the hidden object as the perturbation Ay, to a uniform

background p,. then one can solve the diffusion equation and get

AI l'd,
Io l'd t

/ dr/dzrs/d%mza )eG(rg.r.t — 7)G(r.1,. 7)S(r,)
/ / d*r,G(rq. r,.t)S(r,) 6.3)

where ry = (4, Y4. 24) is the coordinate of a pixel on the detector frame. r = (r.y, 2)
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is the coordinate in the volume of interest, and r; = (z;, ys, 25) is the source location.
Assume one has T frames of time-sliced measurement and M pixels on detector
screen, and the volume of interest is divided into N; x N, x N; voxels. Eq. (6.3) can

be transformed into a discrete form
Y=WX

where the dimension of the weight matrix W™ is MT x N, N,N.. Hence the inversion
involves a matrix of dimension N;N,NV; x N N,N., which is prohibitive in practice

for any reasonable running time and resolution.

6.2.1 ¢-Fourier transform

Consider an absorption only case with source S(r,t) = So(r — ro)d(t) and AD = 0,

the relative change in signal from Eq. (6.3) is

Y(r.t)= —[(:,Ir 0 / dr/d3 v'op(r)eG(r.t' .t — 7)G(r . vo. 7 — t)/G(r. 1o t)

(6.4)
Basically. the reconstruction of the absorption coefficients can be solved by matrix
inversion using discretization of the above equation. But such a simplistic method is
very expensive and prohibitive in practice. We will utilize the cylindrical symmetry
of this system and use a ¢-Fourier transform to speed up this process where o is the

azimuthal angle.

Now suppose ry = 0, i.e., the source is put at the origin of the cylindrical coordi-
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nate system, then Eq (6.4) becomes

t
t
Y .Z,t — Idld~l :I*a I‘ I':l -
(p, 8. 2,1) /OdT/p p'do'dz'dpq(p'. & )0471'Dc(t—r)r
2 2 _ 9.0 Y r2 2
xexpl -2 +p" =2pp'cos(¢~9")  p p
4Dc(t — 1) 4Der  4Dct

XG (2.2t = 7)G(.0.7)/G.(2,0.¢)

t
/p’dp'd(b’dz'dua(p'.d)'.:’)c/ drw(p.p', 2,7 .6 — ¢'.t.7) (6.5)
0

where G. is a one-dimensional diffusion Green’s function. If we let W(p,p',z,2'. ¢ —
@, t) = fot drw(p,p'.2,2'.¢ — &'.t.7), and apply Fourier transform over ¢. then the

above convolution over ¢ becomes:

Ya(p, 2.t) = /p’dp’dz'd'/tan(p'. NeWalp, p 2. 7 t) (6.6)

where —oc < n < oo is integer and Y, (p. 2. t). dpan(p'. 2') and Wi(p. p'. 2. 2/, t) are the
Fourier transforms of Y (p. ¢, z. t), dpa(p'. ¢. ') and W(p, p'. z. 2/, 0. t) respectively.

Using the equality [98):
/ exp (£ cos 0) cos npdd = i"wJ,(—ix) = n(—1)" J(iz) = w1, (z). (6.7)
0

we find

. t 1 T
Waip.p. 2,2 t) = / d'r%/ dow(p,p'.z.2'. 6, t,7) exp(—ino)
0 A -

L

t ¢ of
/0 dT41rDc(t - 7‘)1'[n <QDc(t - T))

p+p? p? 2R
X ex - —
e‘p{ 1Dt —7)  aDer  1Dct |
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xG.(z,2,t — 1)G.(<',0,7)/G.(z,0,t) (6.8)

Eq. (6.6) enables us to perform inversion in (p, =) space for each n separately. For

a full description of this algorithm. please consult Ref. 99.

6.2.2 2D Fourier transform in zy plane

Let us consider the same absorption-only problem as in section (6.2.1) in a Cartesian

coordinate system, then Eq (6.2) becomes:

-dl(x / dT/d:L‘ dy'dz'Sp, (' y' 2 NeGople — ' y—y' t —7)

XGap(z' .y . 7)G:(z.2 .t = 7)G.('.0.7)Sexp(—ject)  (6.9)
Applying a Fourier transform over the zy plane, we get:

t
=3I(ky. ky. 2. t) = /dT/dk;dk;dZ,dua(k;.k;,Z/)Cégu(kz.ky.t—T) (6.10)
0

xGap (ks — ki ky — k). 7)G:(2. 2" t = T)G(2. 0.7) S exp(—puqct)

where Gap (k. ky. t) = exp [-4m*Det(k2 + k2)].
A useful technique here is to switch from (k..k,) to (k,9) and (k;. k) to (K. o)

where (k. @) and (K. @) are polar coordinates, we get:

t
—ok(k. 6.5 t) = / ir / Kk do'd='su(k . o' ')e
0
x exp { —4m* De [th? + Tk — 27Kk cos(0 — ¢')] }

XG.(2. 2.t — 7)G.(7,0,7)S exp (—pqct) (6.11)
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Applying the Fourier transform over ¢, we have

t
8l (k. 2 t) = / drfk'dk’dz’é,un(k',z’)cexp [—47 Dc(tk? + Tk™)] I (87 Derkk')
0

XG.(z2,2',t = 7)G.(Z,0,7)S exp (—puqct) (6.12)

The benefit of this formula is that for a measurement with noise level e, the meaningful
(n.k) are limited to a few values and hence the reconstruction is simplified. For any

function f(z,y) = f(p, @), its transformed form f is found to be

flk) = / odp / " 46 f(p,0)e" MO/ J, (rkp)
0 -T

f(p.¢)

+00 +00
2r Y- e"“¢+”/2)j[ kdk f,.(k)J.(2mkp) (6.13)
0

n=-oc

which is an extension of the famous Fourier-Bessel Transform where f(p.¢) = f(p).

Now let's return to the point pulse case. Egs. (6.10), (6.11) and (6.12) will be
approximated by omitting all the spatial frequencies higher than the cutoff frequency
Kcuo- Then the matrix involved in the inversion process will be of size N,(Keyox +
1)(2K o + 1) instead of N NyN.. The K o can be chosen to be the frequency

where AI(k;, ky, 2, t) levels off.

6.2.3 Fourier time-resolved tomography for plane wave

If the pulse is a distribution S(zg, y0)d(t) on the z = 0 plane, then:

t
—0I(ky, ky, 2,t) = /d-r/dk’zdk;dz'(?u(k':,k;,z')c@w(kz,ky,t—'r) (6.14)
0

xGap(kz — ki ky ~ ki, 7)
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xS (ke — kL, ky — k,)G: (2,2t = 7)G.(2',0, T) exp(—pqct)

where S (kz, ky) is the Fourier transform of S(zo, yo).
The above results are remarkable since if S(k,, k,) = éo‘(kx)o'(ky). i.e., the source

is flat on the plane, the equations can be simplified dramatically and yield

t
—0i (kg by 2 t) = /0 dr / d2'6p(ks, ky, 2')cGop ke, Ky t = 7)S (6.15)

xG.(z,2',t = 7)G(2, 0, 7) exp(—pqct)

-

Note the inversion will be reduced to a series of 1D matrix inversion for each (K., k)
pair. Different (k;,k,) components are dis-entangled from each other and the Eq.
(6.15) can be solved for Apy, (2) by N:N, independent 1D matrix inversion of =
direction with dimension N.. And the object Au(z,y, z) is a inverse Fourier transform
of Ap,k,(z) which can be calculated very quickly by fast Fourier transform (FFT).

Since this method separates the 3D inversion problem into a Fourier inversion
in the ry direction and a matrix inversion along the z direction, it enables one to
understand the inversion process better and to improve the resolution power in the
zy direction and the z direction separately. The spatial frequency domain analysis
used in ry direction has a great advantage over other methods due to the following
observation that the noise may distribute rather uniformly along the whole frequency
range while the “real” signal is composed of mainly low frequency components. Then
a suitable “cutoff”-like technique in the Fourier space will suppress noise and enhance
resolution. And the “cutoff” frequency will give the information of “best possible”
resolution one can expect. A starting point is to simplistically cutoff at the point

where the spectrum levels off. A soft, rather than hard, cutoff may be found to be
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Figure 6.1: A schematic diagram of image reconstruction.

optimal. Some current developments using multiresolution wavelets may be applied
here and to get further improvements in resolution and closer access to reconstruction

quality. A detailed discussion is provided in Ref. 27 and in the following chapter.

6.3 Inverse problem

A schematic diagram of the image reconstruction procedure is shown in Fig. (6.1).
The maximum spatial frequency (cutoff frequency) of the components used in the
inversion is determined through a signal-to-noise ratio analysis in which the Fourier
components whose magnitude falls below a threshold (comparable to the noise level)
are discarded. The threshold is taken to be about two times the noise floor. We have
implemented an automatic L-corner finder based on the robust L-curve method {94
to obtain the regularization parameter. Detailed discussions are presented in the

following chapter.
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6.4 Experiments

Experiments are performed by the ultrafast photonic spectroscopy and imaging group
at the Institute for Ultrafast Spectroscopy and Lasers (IUSL). The light source
used in the experiments is 150fs in duration, lkHz repetition-rate pulses of light
from a Ti:sapphire laser and amplifier system whose wavelength is tunable between
750 — 850nm. The recording system is the ultrafast electronic gated imaging sys-
tem (UEGIS). The UEGIS is a compact gated image intensifier unit fiber-optically
coupled to a CCD camera (LaVision. Picostar). It provides an electronic time gate
pulse whose full-width-at-half-maximum (FWHM) duration could be adjusted to a
minimum of approximately 80ps. The gate position could be varied over a 20ns range
with a minimum step size 25ps.

In experiments. a suspension of Intralipid-10% (Kabi Pharmacia Inc.. Clayton.
North Carolina) in water is used as the medium to emulate a human breast tissue.

[ts transport mean free path is around lmm at the wavelength of 300nm.

6.5 Useful programs

A few related programs are implemented by me to obtain a) the refractive index
of titanium dioxide over a range of wavelength from 0.43um through 1.53um. b) the
refractive index and the transport mean free path of the intralipid based on Staveren’s
work [100]. and c) the Tikhonov regularized inversion. Listings of these programs can

be found in appendix E.
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Chapter 7

Time-resolved Fourier optical

diffuse tomography

7.1 Introduction

Research on near-infrared (NIR) diffusive light for biomedical imaging and diagnosis
has advanced over the past decade because of its potential to be a safe. non-invasive.
affordable and superior diagnostics. [3.5.8] To seek a methodology which provides fast
data acquisition and reconstruction to perform imaging with high resolution in real
time, a variety of techniques have been explored including time resolved picosecond
pulses, continuous waves, and diffuse photon density waves (DPDW). Most methods
reconstruct three-dimensional optical property maps (OPM) by a matrix inversion or
iterative techniques, or by three-dimensional rendering of two dimensional projection
images. [9.13.14,26,101] The difficulty of inverting the whole three-dimensional map
at once is usually time prohibitive when the number of volume elements involved

increases, while three-dimensional rendering of two dimensional projection images
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needs extra depth information of inhomogeneities inside turbid media to behave well
and has other limitations [14, 15].

In this chapter, we introduce the theory of propagation of the spatial Fourier com-
ponent of the scattered wave field inside the turbid medium. and then develop a new
optical diffuse imaging methodology based on this theory. using the two-dimensional
Fourier transform of photon intensity on a plane to detect inhomogeneities in a highly
scattering turbid medium when illuminated by a picosecond (near) plane wave pulse.
In such a spatial Fourier space, the picture of photon migration is much simplified.
in the sense that different spatial frequency components of the OPM (2D Fourier
transform on the ry plane) are decoupled from each other and only depend on the
corresponding spatial frequency component of the photon intensity on the detector
plane. Based on this observation, we obtain a super-fast reconstruction of 3D OPM
by matrix inversions of each spatial component independently. The set of spatial
frequency components used in reconstruction is chosen according to the level of noise.
After a rigorous account of the theory and a brief description of the algorithm. exam-
ples of reconstruction of absorptive and scattering inhomogeneities located up to 2cm
below the surface of a human-tissue-like semi-infinite turbid medium using backscat-

tered photons are presented at the end.

7.2 Theory

The propagation of photon density &(r.t) at position r and time ¢ in a highly scat-

tering turbid medium can be described by the diffusion equation

%é(r, t) — cV - D(r)Vo(r,t) + cuq(r)o(r. t) = S(r, t). (7.1)
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The absorption coefficient p, (per unit length). and the diffusion coefficient D =
1/(34],) where 4! is the reduced scattering coefficient, may depend on the position
in the medium. c is the speed of light inside the medium. and S is the source term
describing the density of photons generated per second.

For the case of a uniform medium and an incident source S(r.t) (S = 0 when t <
0). the incident wave field is o;(r. t) = [ d°r [, dt'S(r'.#')G(r.r'. t—t') where G(r. . t)
is the Green's function for the diffusion equation in a uniform turbid medium. When
some weak inhomogeneities (objects such as tumors) are embedded in the medium.

we write

/la.obj(r) = Hq +‘5#a(r)

\l
[ 3N
—

Hyonj(T) = py +dpy(r) (7.

where 1, and !, are the constant absorption and the reduced scattering coefficients
of the otherwise homogeneous medium. piq.0b;(r) and g ,;(r) are the absorption and
the reduced scattering coefficients of the embedded inhomogeneity which are spatially
dependent. Plugging Eq. (7.2) into Eq. (7.1). and noting the diffusion parameter of
the inhomogeneity Do;(r) = D +4dD(r) = 1/(3u}) — dps(r)/(3u?). we have
d 9 , - -
B-t-cp(r. t) = DcVeo(r. t) + peco(r.t) = S(r.t) + ¢V - dD(r)Va(r, t) — cduqa(r)o(r. t).
(7.3)
The complete right-hand side of Eq. (7.3) now acts as the source term. of which. S(r, ¢)

contributes to the unperturbed wave field ¢g = ¢;(r.t), and the rest contribute to the
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scattered wave field,

os(r t) = o(r.t) — oo(r.t)

t
= /dsr'-/ dt'G(r.v',t = t')(cVy - dD(r')Vpo(r' . t') — cdpq(r')o(r'. t'))
0
4
= -/dar'/ dt'G(r, v’ t — t')oua(r')co(r', t')

# [0 [0l Gin.r.t~ ) Veotr'v) (74)

after integration by parts.

To first order in the variation of optical absorption and reduced scattering coef-
ficients, we can just replace o(r'.t') in Eq. (7.4) by ¢, i.e.. the total wave field is a
superposition of the incident wave field ¢; and the singly scattered wave field o,. This
is the well-known Born approximation.

Now consider the configuration of the frequently studied parallel planar geometry
(slab or semi-infinite) with its boundaries at = = 0 and = = d (d = +oc for semi-
infinite geometry). The exact Green function is [21]

lo-pJ?
Da =" "1Da

G(r.r'\t) = - pact)G.(z. 2 t). (> 0) (7.5)

where p = (z.y). ¢ = (. y'). G.(z.7'.t) is chosen according to the boundary condi-
tion of the parallel planar geometry, and only depends on time ¢t and z-coordinates of
the source position r and the target position r’. Its two dimensional Fourier transform

on p.

Gla =0 / 0G(p. =, ¢. 2. 1) exp(—iq - p)
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= exp(—iq-p — Dctg® — pqct)G.(z, 7', t)
= G(q,z,2,t')exp(—iq- ). (7.6)

For simplicity, let’s restrict ourselves first to the case of a pure absorptive pertur-

bation (dp, # 0 and dy), = 0) and of an incident pulse S(r,t) = S(p)d(z — z,)d(t).

~8

The scattered wave field on a plane 0 < x < d is

bu(p.2.) = /43 '/dz / (et t — )1a(t)eS(0")G(E'. ' 2. b

from Eq. (7.4) after replacing ¢ by ¢;. Inside Eq. (7.7). expand the source term S

(7.7)

(n").

and Green functions G(r.r'.t — t') and G(r'.p", z,.t') into integrals of their Fourier

components, we find

t
p /d:'/‘clzp"/ dt’
0
* / d*qG(q, 2.2 .t — ') exp(iq - (p = 0))0pa(p’. 2)c
x / d*q"S(q") exp(iq” - p")
g / *qG(q. 2" =, t) expliq - (0 = p"))
‘ /cF /d2 '/42 ”/tdt’
@op | Yaf dd [ dd |
x/dz'exp(iq‘p)é(q, 22t =t)8(q"G(q. 7 2. )
« [ dduls. ) expl=is' - (a =)

/ d*0" exp(ip” - (@" - q'))

/d2 /dz'/dt/d-etpqu )G(q, ~t)
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xdfa(q - 4, 2)5(q')G(q’, 7', 2, t') (7.8)

where $(q) = $(q, z,) = [ d*pS(p, zs) exp(—iq-p), djta(q, 2) = [ d*pdpa(p. =) exp(~iq-
p) are two-dimensional Fourier transforms of the source on the z = z; plane. and of
the perturbation of absorption coefficient over the z = z plane, respectively. And at
last. we recognize the two dimensional Fourier transform of the scattered wave field

®s(p. 2. t) on a plane z for the case of a pure absorptive perturbation

04(q, 2.t) = /dzq d2'8j1,(q—q'. 2 V3 / at'G 2 t=t)G(q . 2 2. ).
(7.9)
In a similar fashion. for the case of a pure scattering perturbation (du, = 0 and

dul; # 0). the two-dimensional Fourier transform of the scattered wave field is

. . - _° 2 1 %
0050 = g [ Faddla-q. )35

/ dt'{q-q'G(q.z,:' .t —t)G(q, 7'\ 2. t))

C v 2 t_ ! v"'-' < Sy '
+()G( 52 t') dG(q' 2 t)} (7.10)

The general Fourier scattered wave field is the sum of Eq. (7.9) and Eq. (7.10).

Denote the convolutions

t
wa(qu,vf-’,t;z,) = /dtIG(q.E,.;. )G( ’~.~s t’)
N = /dtaG(q,~~ t—t")9G(q ..ws,t)
0

ot ~
s pod

ws(q,q. 2, t; 2 (7.11)

which are the weight functions involved in the propagation of spatial Fourier compo-
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nents of the scattered wave field, we have

2 c y rga NGt ' '
os(@xt) = -1 /dzqﬂ: dita(q ~q'. 2")S(q', z5)wa(q. q'. 2. t: 2)
12722 /dQQ,dzléﬂ;(q -q, z')S’(q’, z)

—~~
~1
—
[ %)

~—

x{q-qwa(q,q'. 2. ) + ws(q,q. 2, 2)}-

Eq. (7.11) summarizes the properties of the background medium. Eq. (7.12) provides
the relation between the scattered wavefield (measurement) and the distribution of
hidden objects 4/, df1,. The distribution of hidden objects is inverted from the
scattered wavefield.

For the simple case when the incident wave is a plane wave pulse (see Appendix for
justification), i.e., S(r.t) = Sd(z — z,)d(t) where S is a constant. such that S(Q. %) =

4m256(q). Eq. (7.12) simplifies to:

Sl o

: CA ’ 0 s\ ~ ' -1
o4(q, 2. t) = —Sc/dz'{oua(q,: Jwa(q. O.:.t::')—%%m—)w,(q,().:.t:: )} (7.13)

8

The salient feature of the above result Eq. (7.13) is that different spatial frequency
components of dji, and dj, are decoupled from each other and the q-component
of the optical parameters depends only on the the corresponding spatial frequency
component of the scattered wave field ¢,(q. z.¢). Thus the dimension of the inverse
problem to be solved later is greatly reduced, as is the computation time.

Let’s approximate the integration over 2’ by a summation, and fix z = z4 at the

detection plane (omit z hereafter), the Fourier scattered wave field on the detection
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plane

N: -~
7 - - 9 ! y <5 -
os(q,t) = ScAz E [-0ita(q, 2j)ws(q, 0, ¢: 2;) + L‘?;(Lq,‘_,—])ws(q,o, t;z;)]  (7.14)
j=l s

where Az is the discretized step size. N, is the total number of slices (layers) in the
z direction between the source plane and detection plane. and z; is the z-coordinate
of the central position of layer j.

Set q = 0 in Eq. (7.14),

N: N
. = . il (0. z; -
04(0.t) = ScAz Z[—-&ua(o, 2 )w,a(0,0.¢: 2;) + -—’i’:;(ﬂT’lws(O.(). t:z)).  (7.15)

=1 .
the zero spatial frequency components dji,(0. z;) and d1,(0. z;) can be readily solved
without doing a complete reconstruction. Due to the nature of Fourier transform,
they just provide the profile of the amount of total perturbation of absorption and
reduced scattering coefficients per slice. i.e.. the depth profile of the inhomogeneitics.

The whole three-dimensional absorption and reduced scattering coefficients map
is thus constructed through an inverse Fourier transform from all the q-components
of 41, and 4 at different depths. each of which is solved independently from a series
of time resolved scattered wave field ¢, by Eq. (7.14).

A schematic diagram of the procedure of image reconstruction is shown in Fig. (7.1).
The maximum spatial frequency (cutoff frequency) of the components used in the
inversion is determined through a signal-noise-ratio analysis in which the Fourier
components whose magnitude falls below a threshold (comparable to the noise level)

are discarded. The regularization parameter in the matrix inversion is obtained by
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the robust L-curve method. [94] The L-corner finder which locates the corner by
maximum curvature (53| is implemented and used to obtain the regularization pa-
rameter. Neither visual estimate nor prior information is required for this procedure.
L-curves are different for each spatial frequency q. The regularization parameter
is determined from the reconstruction of the depth profile (where an inversion for
q = 0 is performed). The same value is then used in the full 3D reconstruction (layer
reconstructions, where inversion includes q # 0).

Both transmission and/or backscattering image reconstruction configurations can

easily be made using Eqs. (7.13) and (7.14).

Select time
slices

\ J

Apply 2D FFT
to snapshots

Noise
1 — Control

Discard
hoisy component

\
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Control each component =

L |
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!

Reconstructed
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Figure 7.1: A schematic diagram of image reconstruction.
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7.3 Simulation

For demonstration purposes, consider a semi-infinite turbid medium (z < 0) with
its surface at z = 0 [Fig. (7.2)], whose absorption coefficient y, = 0.0033mm™" and

reduced scattering coefficient x, = 1.0mm™".

7.3.1 Absorptive inhomogeneity

Four absorbing objects A, B, C and D. each 6.25mm x 6.25mm X 3mm and with

absorption coefficient pq op; = 0.02mm™"

and reduced scattering coefficient equal to
that of the background, are placed at depth 7.5mm. 7.5mm, 19.5mmn and 19.5mm
below the surface, and their zy coordinates are (—25, —18.75)mm, (—12.5, —3.1)mm,
(9.4,15.6)mm and (9.4,6.25)mm, respectively. The medium is illuminated by an
incident pulse of a Gaussian shape of exp(—p*/20?) with ¢ = 50mm inside an aperture
of radius 50mm, propagating along the negative z-axis at time t = 0.

These parameters are potentially applicable to optical mammography of the com-
pressed-breast-toward-chest using backscattered photons. A series of measurements
(total N, = 15 snapshots from 300ps to 2400ps) of an area 100mm x 100mm on the
surface plane z = 0 are computed by using the direct calculation for the Gaussian
pulse in r space. The simulated data are used as input for inversion after adding a
1%. 5% or 10% Gaussian noise.

In the reconstruction part, the near-surface region of the turbid medium of depth
up to 3cm is sliced into N, = 10 layers, i.e.. Az = 0.3cm. and objects A and B
are then located on layer 3, C and D on layer 7. The detection plane of an area of
10 x 10cm? is divided uniformly into a NN, = 32 x 32 grid. Objects A, B, C and D

all take 2 x 2 elements by this grid. The results of reconstruction are shown below.
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Depth profile

The absorption depth profile, the total absorption perturbation per layer [ d®pdu,(p. =)
vs depth z is shown in Fig. (7.3) with different noise levels for cases (a) 1% noise.
(b) 5% noise and (c) 10% noise. In (a), there is one peak at depth : = 0.75cm (layer
3) where objects A and B are embedded. and another peak at : = 1.95cm (layer 7)
where objects C and D are embedded. The width of the first peak at half height is
0.34cm, about the thickness of one layer (0.3cm). which means the depth of objects
A and B is resolved very well. The second peak of objects C and D spans two and a
half layers with its width of peak at half height 0.74cm, but its peak position is still
correct.

When the level of noise increases. the peak values of both peaks decrease. and the
half widths increase. The effect of noise on the second peak at = = 1.95¢m is much

more significant than that on the first one at = = 0.75cm.

Layer reconstruction

The full 3D OPM is reconstructed. The reconstructed absorption coefficients of the
layers at the two peak positions are shown in Fig. (7.4). Fig. (7.5) and Fig. (7.6)
for the three noise levels respectively. Fig. (7.4) shows objects A and B are clearly
resolved as two objects centered at their original positions with negligible expansion;
and objects C and D at depth z = 1.95cm are also detected at the correct central
positions, but the resolved images are expanded on the zry plane. With the increase
of noise level. the shape of objects A and B blurs from Figs. (7.4a) to (7.5a) and
(7.6a), and the blur is even worse for objects C and D under the same condition

(from Figs. (7.4b) to (7.5b) and (7.6b)).
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At the noise level of 1%, the reconstructed absorption parameter for objects A and
B is 0.0071mm™"! at noise level 1%, about 36% of the original value 0.02mm™! of the
absorptive inhomogeneity. In other words, the objects appears larger in space with a
weakened absorption parameter. As the noise level increases, the effect is accentuated

with a further reduction in the resolved absorption parameter.

7.3.2 Scattering inhomogeneity

For another example, four scattering objects E. F, G and H, each 6.25mm x 6.25mm X

/

tobj = 0.5mm™" and absorption coeffi-

3mm and with reduced scattering coefficient p
cient equal to that of the background. are placed at depth 7.5mm. 7.5mm. 13.5mm and
13.5mm below the surface, and their zy coordinates are (—25, —18.75)mm, (—12.5,
~-3.1)mm, (9.4.15.6)mm and (9.4.6.25)mm. respectively. The objects E and F are
now located on layer 3, and G and H on layer 5. The same source and the inversion

procedure in the previous example are used here. The results of reconstruction are

shown below.

Depth profile

The scattering depth profile is shown in Fig. (7.7) with different noise levels for cases
(a) 1% noise. (b) 5% noise and (c) 10% noise. Two peaks are correctly revealed with
the first at depth z = 0.75cm (layer 3) and another at = = 1.35cm (layer 5) where
objects E and F. G and H are embedded respectively. In (a), the width of the first
peak at half height is 0.3cm. and that of the s:econd peak is 0.42cm. Thus the depth
of these objects are resolved quite well.

With the increase of the noise level. we observe the same behavior of decreasing

-
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quality of depth resolution as in the absorptive case.

Layer reconstruction

The reconstructed scattering coefficients of the layers at the two peak positions (layer
3 and layer 5) are shown in Fig. (7.8). Fig. (7.9) and Fig. (7.10) for the three noise
levels respectively.

We observe a similar result as for the case of absorptive case. Objects E and F are
better resolved than objects G and H which are deeper into the turbid medium, and
the noise has more adverse effect on objects G and H than on objects E and F. The
reconstructed reduced scattering coefficient of objects E and F is 0.27mm™!. about

54% of the original value of the embedded scattering inhomogeneity. at the noise level

of 1%.

7.4 Discussion

A fast time-resolved Fourier optical diffuse tomography based on decoupled propa-
gation of spatial Fourier components of the scattered wave field when illuminated hy
a plane wave is presented. For a wave not strictly plain but whose zero-frequency
component dominates, this approximation is still valid as long as the radial dimension
of the volume where inhomogeneities exist are much smaller than the effective-width
of the Gaussian beam (see Appendix).

The image reconstruction method provided is efficient. The optical parameters at
NN, N_ different voxels are reconstructed from a set of )V, measurements by N? times
of inversions of N. x N. matrices where NE < NN, is the total number of Fourier

components with the noisy ones discarded. Our procedure is much more efficient
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compared to a direct reconstruction where an inversion of N;N,N; x N; N, N matrix
is involved. The speedup is about O(N;N,) times faster. The time this algorithm
takes to perform a complete 3D reconstruction in the above examples (of 32 x 32 x 10
volume elements) is less than half a minute using a scripting language Python on one
180Mhz CPU of Origin 200 computer from Silicon Graphic Inc. This algorithm scales
only linearly with the number of elements in the ry grid, so it can be used to handle
much larger data sets in real time with little difficulty.

This approach does not limit the number or the thickness of the inhomogeneities.
It allows multiple inhomogeneities and one inhomogeneity may span several layers.

With little effort, a depth profile (the sum of the perturbation of optical parame-
ter vs depth) of the inhomogeneities inside a highly scattering turbid medium can be
obtained. This information itself may be very useful in some cases. When the inho-
mogeneity is found to exist only in one layer from the depth profile. the summation
in Eq. (7.14) no longer exists. A direct inverse Fourier transform can thus be used to

resolve the inhomogeneity when it is a sole absorptive or scattering perturbation.

7.5 Appendix

Eq. (7.12) is the exact formula to calculate the scattered wave field. For a pulse
S(r.t) = S(p)d(z — z,)d(t) with Gaussian shape S(p) = Syexp(—p*/20?), we have
5(q) = 2102 Syexp(—02q?/2), and the first term of Eq. (7.12):

a®Soc [ o 1y e- . ,
A = - 97:’ /dzq'dz djta(q ~ q, 2" exp(—02q¢"?/2)wa(q, q'. 2. t: ')

U:zS C 9 ] . !
= - / d*q'dz'd*p'Spa(p, ') exp(—i(a - q') - o' — 0%¢*/2)wa(q, q'. 2. 1: 2)
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%Sy
27

t
/dzp'dz'éua(p', z')exp(——iq-p’)/ dt'G(q, z, 2" .t = )G (7 z.t)
0

X exp(—ptqct’) /dzq’ exp(—0%q?/2 - Dct'q? +iq - p') (7.16)

after plugging in Eq. (7.11) and Eq. (7.6).
The last integral of Eq. (7.16) can be performed exactly and turns out to be

TR~ exp(—4p”/R*) where the effective width
R*=0%/2+ Dct' > 0?/2. (7.17)

When the inhomogeneities exist inside a region of radial dimension L around the origin
of ry coordinate systemn satisfving L < R. we can approximate exp(—4p”/R?) by 1
which is equivalent to letting @' — 0. the case of an incident planc wave Eq. (7.13).
The error made by such an approximation is of a second order in L/R.

The same analysis can be applied to the second term of Eq. (7.12).

Thus our plane wave approximation can be justified for inhomogeneities whose
radial distance from the origin L is much smaller than the effective width R of the

beam.
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Figure 7.2: The geometry for time-resolved Fourier optical diffuse tomography us-
ing backscattered photons. The source is a picosecond (near) plane wave pulse. and
a series of snapshots of a 10 x 10cm? area on the surface are computed as the in-
put to image reconstruction. The absorptive objects A (=2.5. —1.875. -0.75)cm. B
(—1.25.-0.31, —0.75)cm, C (0.94,1.56, —1.95)cm and D (0.94, —0.625. —1.95)cm. or
scattering objects E (-2.5. -1.875.-0.75)cm, F (—1.25.-0.31. -0.75)cm. G(0.94.
1.56. —1.35)cm and H (0.94. —0.625. —1.35)cm are used in the simulation.
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Figure 7.3: The absorption depth profile for (a) with 1% noise. (b) 5% noise, and (c)

10% noise.
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Figure 7.4: Layer reconstruction at a noise level of 1%: (a) resolved objects A (left)
and B (right) at z = 0.75cm (layer 3). and (b) resolved objects C (upper) and D
(lower) at z = 1.95cm (layer 7). The darkness of the pixel represents the resolved

absorption coefficient in the unit of mm™!.
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Figure 7.5: Layer reconstruction at a noise level of 5%: (a) resolved objects A (left)
and B (right) at z = 0.75cm (layer 3), and (b) resolved objects C (upper) and D
(lower) at z = 1.95cm (layer 7). The darkness of the pixel represents the resolved

absorption coefficient in the unit of mm~1.
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Figure 7.6: Layer reconstruction at a noise level of 10%: (a) resolved objects A (left)
and B (right) at z = 0.75cm (layer 3). and (b) resolved objects C (upper) and D
(lower) at = = 1.95cm (layer 7). The darkness of the pixel represents the resolved
absorption coefficient in the unit of mm~".
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Figure 7.7: The scattering depth profile for (a) with 1% noise, (b) 5% noise. and (c)
10% noise.
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Figure 7.8: Layer reconstruction at a noise level of 1%: (a) resolved objects E (left)
and F (right) at = = 0.75cm (layer 3). and (b) resolved objects G (upper) and H
(lower) at = = 1.35cm (laver 5). The darkness of the pixel represents the resnlved
reduced scattering coefficient in the unit of mm~!.
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0.01

Figure 7.9: Layer reconstruction at a noise level of 5%: (a) resolved objects E (left)
and F (right) at z = 0.75cm (layer 3). and (b) resolved objects G (upper) and H
(lower) at z = 1.35cm (layer 5). The darkness of the pixel represents the resolved
reduced scattering coefficient in the unit of mm™!.
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Figure 7.10: Layer reconstruction at a noise level of 10%: (a) resolved objects E (left)
and F (right) at = = 0.75cm (layer 3), and (b) resolved objects G (upper) and H
(lower) at z = 1.35cm (layer 5). The darkness of the pixel represents the resolved
reduced scattering coetticient in the unit of mm™.
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Chapter 8

Summary and Outlook

8.1 Summary

Image reconstruction in turbid media has a vast number of applications across differ-
ent fields from remote sensing to biomedical diagnostics. This thesis specialized in the
topic of image reconstruction in highly scattering media using optical methods, espe-
cially optical mammography. Optical mammography is being actively developed as
a non-invasive and safe imaging modality. It possesses unique advantages over other
methodologies because it is able to map the characterization of lesions by accessing
both scattering and absorption properties of tumors and the surrounding tissue at
different wavelengths in the near infrared range.

The assessment of the scattering and absorption properties of breast tissue is
usually obtained by assuming the diffusion approximation. This approximation in-
troduces errors from scattering close to the light source or the detector. We discussed
a novel transport forward model for photon migration in turbid media based on ra-

diative transfer which describes both the ballistic and snake photons at early times
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and diffusive photons at later times. This transport model was compared with Monte
Carlo simulations and its superiority over the diffusion approximation was manifested.
The weight function for image reconstruction under this new model was shown to have
a strong dependence at both early and later times on absorption and/or scattering
inhomogeneities located in the propagation direction of and close to the source, or in
the field of view of and close to the detector. This effect originates from the initial
ballistic motion of incident photons, which is substantially underestimated by the
diffusion approximation.

In the second part, we discussed the techniques involved in the regularized inver-
sion and then presented a family of three-dimensional time-resolved image reconstruc-
tion methods. With use of a point source or a flat expanded source, near real-time
3D tomographic image reconstructions using the diffusion approximation have becn
successfully obtained using simulation and preliminary experiment. for both trans-
mission and backscattering cases. We achieved a tremendous speed up compared
with a direct matrix inversion by exploiting the symmetry presented in the problem
and using fast Fourier transforms. The regularization parameter of the inversion is

determined through a robust L-curve method that avoids arbitrariness.

8.2 Outlook

Image reconstruction in turbid media is a science and also an art.
With use of the more accurate forward model provided by the cumulant approxi-
mation to radiative transfer, some deficiencies of the diffusion approximation can be

overcome:
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e both diffusive photons and photons traveling comparatively short trajectories

(limited by the signal-to-noise ratio) can be used to reconstruct an image

o the modeling error from the contribution to light intensity from inhomogeneity
at regions near the source or detector. introduced by the diffusion approxima-

tion, will be overcome

Strong light scattering is the main factor which limits the spatial resolution obtainable
through optical mammography. The use of a transport model rather than a diffusion
approximation in the tomographic imaging will improve the contrast and resolution
of optical mammography because of both a more accurate forward model and the
inclusion of early light which experiences much less scattering. Our strategy developed
in a semi-real time three-dimensional image reconstruction of optical properties using
the diffusion approximation by using Fourier techniques can be extended to use this
new forward model because the replacement does not break the symmetry in the
problem.

The amount of improvement of inversion quality with use of the transport forward
model rather than the diffusion approximation depends on other factors than just
the accuracy of the forward model. Three elements, i.e., the forward model. the
prior information and the noise must be all addressed to improve the quality of
reconstruction.

For image reconstruction of a slab of a turbid medium with a thickness of twenty
transport mean free path or larger, the mere improvement on the forward model
(replacing the diffusion approximation by our new transport forward model) will not
yield an appreciable improvement in the quality of reconstruction because that. a)

the diffusion approximation is not bad for the slab of that thickness: b) the modeling
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error, that the diffusion approximation fails to provide a correct weight function for
an inhomogeneity located close to the source or the detector, can be compensated to
an extent by a suitable choice of regularization parameters in the inverse algorithm
with help of the prior information.

Thus to take full advantage of the new transport forward model. it is important to
utilize measurements from earlier time which are not well modeled and may not have
been usable in the diffusion approximation previously. The signal to noise ratio for
these earlier time data, however. is low because the noise is proportional to the square
root of the photon counts in the shot noise limit. The noise is intensity dependent
and not white. Hence it is essential that reconstruction algorithms should take into
account the fact that the noise is intensity dependent and Poisson in the shot-noise
limit in order to take full advantage of our improved forward model.

Research on tomography with explicit modeling of Poisson noise is warranted.
One approach to model the noise explicitly in the inverse problem is to regard the
measurement as a random process and enhance the Tikhonov regularization procedure
accordingly. which is currently under investigation.

Finally with help of tissue spectroscopy. an optimal single wavelength or multiple
wavelengths to perform the tomographic reconstruction may be identified. For exam-
ple, two nearby wavelengths A and A+AA\ may be identified and the difference between
measured intensities at the two wavelengths. y(\) — y(\ + A)), may cancel out most
of the scattering contribution such that the reconstruction involves only absorption
inhomogeneities because the change of scattering coefficient at nearby wavelengths is
negligible. Furthermore, the difference between measured intensities at two nearby

wavelengths in a backscattered configuration will be more sensitive to deeper regions
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and yields a better reconstruction of that region because the contribution due to

inhomogeneities near surface tends to cancel each other.
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Appendix A

Abbreviations

3D three-dimensional

CA cumulant approximation

DA diffusion approximation

DPDW diffuse photon density waves

FFT fast Fourier transform

FWHM full-width-at-half-maximum

IUSL the Institute for Ultrafast Spectroscopy and Lasers
MC Monte Carlo

NIR near-infrared

OPM optical parameter map
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Appendix B

Green’s Function Associated with

Source

A fast evaluation of the Green's function associated with source G5(r.t) is very im-
portant in developing the image reconstruction algorithms. We list here the results
for sources of a Gaussian or elliptic shape.

For a Gaussian shape source:

N-'exp(—p*/20°). forp<R
flp) = (B.1)
0, forp> R

where N is a normalization factor and N = 270*(1 — exp(—R?/20°))[Fig. (B.1)]. we

have,
R?
S - 2
Gnle.t) 167 Dcto?(1 — exp(—R?/20?)) (B2)
1 2 2 2
+2Dct)(z + 1)R Ryr+1
o 4Dct 8Dcto 2v/2Dct
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Figure B.1: Gaussian shape sources with ¢/R = 0.2 (A). 0.5 (B) and 10 (C).

which can be calculated using adaptive numerical quadrature methods. At the plane

wave limit. o 3> v Dct. R. Eq. (B.2) vields

s 1 /1 PP (z+1)R? . pRVr+1 1
) .t = d N - - ~ .
CropimelPt) = 5755 | =150 = b0 S A = TR
(B.3)
At the point source limit, 0 € R,
1 A poz
G point (P 1) = =————— exp(— — dz exp(—.
-D.pomt.(p ) 27r(’.)Dct + 02) e\p( 4061)/0 Ie\{p( r)IO( \/DCf(QDCf n 02))
(B.4)
from Eq. (2.22).
For an elliptic shape of source:
(N:N,)texp(—z?/202 — y*/2 for 7| < R..|y| < R,
flp) = ' ’ (B5)

0 otherwise
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where N, = V2o, erf(R./V20.) and N, = V270, erf(R,/V20,). we have

" dz N 'exp(—z°/20?) ! e\cp(—-(ﬁ———xﬁ)
R S JamDet - 4Dt
erf!(B=) 2 _a. .
= LR (. A— { (Bl 0y | g Rt det 'd”)}
8m(2Dct + 02) 2(2Dct + 02) V408, Dct V4 Dct
(B.6)
where 3, = 62/(2Dct + 02). thus
G2 (pt) = erf"'(R;/V20,) erf "' (R,/V20,) ox z’ Y |
2D\F: - A AN N D)
sn\ﬂwct +02)(2Dct + 02) 22Dct +03)  2(2Dct +ay)
% {erf( R:: - BJ.'I) + E.‘I'f( R:r + JI-[)
V43, Dct V43, Dct
R, — Gy Ry + 3y -
X f——=) + erf(——== B.
{er (\/-’wyDct) er (\/-MyDct) (B2

where 3, = 0}/(2Dct + a?).
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Appendix C

Parallel Monte Carlo Simulation

Code

The parallel Monte Carlo code to calculate the photon density and photon distribu-
tion at any position in a uniform medium (infinite or semi-infinite) is presented here.
This program uses the Multiplicative Lagged Fibonacci Generator from the Scalable
Parallel Random Number Generator libraries (SPRNG) to generate random num-
bers and Message Passing Interface (MPI) to parallelize the simulation. It supports

resuming from previous finished Monte Carlo calculation.

Listing C.1: MPI Monte Carlo Code

1 /!

2+ A program for photon density and photon distribution calculation
3+ using the Monte Carlo method.

3 *

5 * Features:

6 o+ Use MPI

T« Checkpoint capability

8 x

s = By M. Xu. 8/17/2001

10 =/

i1
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12 #include <assert.h>

13 F#include <stdio.h>

14 #Finclude <stdlib.h>

15 #include <math.h>

16 #include <mpi.h> /* MPI header file =/

18 /+* Uncomment the following line to get the interface with pointer
checking =/

19 /+ #define CHECKPOINTERS =/

20 #define SIMPLESPRNG

n #define USE.MPI

22 #include "sprng.h” /* SPRNG header file =x/

23 #define SEED 985456376 /= seed for sprng =/

2 F#define ranf() sprng() /+« we will be using sprng as random number
generator =/

% [*#define SEMISPACEx*/ /* in semi—infinite space x/
27 #undef SEMISPACE /* in infinite space x/

3

0 Fdefine RINGTARGET /* over rings on the plane =/

30 /* #define POINT.TARGET =/

2 #define Pl M.PI
sz F#define TBINS 201 /* time bins «/

35 static char rcsid[] = "$Id: time.mc.mpi.c.v
1.12 2001/08/28 19:46:49 minxu Exp $":

a7 static double mu.a = 0.; /* absorption coefficient in 1/mm */
s static double muss = 10; /* Scattering Coefficient in 1/mm */
39 static double g = 0.9; /* Scattering Anisotropy —l<=g<=1 %/
a0 static double n = 1.; /* Index of refraction of medium =/
a1 static double ps_per.bin = 0.5: /= picoseconds per bin «/

a3 static double x,y,z.t,xold.yold,zold,told .u,v.w: /« positions. time
., and directional cosines x/

w1 static double rs: /= Specular Reflection »/

45 static double rd: /* Total Backscattered Reflection =/

i static double albedo, crit_angle, weight. bit:

s #ifdef POINT.TARGET

1 Fundef RING.TARGET

so #define ABINS 201 /* cos(theta) bins from [-1. 1] =/
51 static double tx = 0, ty = 0:

s2 static double tz = 60, delta = 2: /x target (tx,ty.tz), [tz-delta/2,
53 * tz+delta /2|, in mfp =/

s+ static double count[TBINS]: /* local photon counts in each bin

+/

ss static double countI [TBINS][ABINS|: /+ local photon counts within
the forward direction in each bin */

s6 Fendif

ss #ifdef RING.TARGET
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so #undef POINT.TARGET

6o #define ABINS 300 /+ redefine ABINS as the number of
rings =/

61 #define RSTEP 1 /* total 300mfp = 301t =/

62 static double tz = 30, delta = 2; /+ target (.,tz), [tz—delta/2,

63 « tz+delta /2], in mfp =/

e+ static double count|TBINS}: /+ local photon counts in each bin

85

103

*/
static double countl [TBINS][ABINS]: /* local photon counts within
the forward direction in each bin */

#endif
static void launch{() /= Start the photon =/
{
x =0.0;y =0.0;z =20.0:t =0.0; told = 0.0:
u=20.0;v=20.0w=1.0;
weight = 1.0 - rs;
}
static void bounce () /* Interact with top surface =/
{
double tt, temp. templ, tf;
W= —w;
zZ= -2,
if (w <= crit.angle) return: /= total internal reflection */
tt = sqrt(1.0-n*n*(1.0-wxw)): /* cos of exit angle =/
templ = (w — nxtt)/(w + nxtt);
temp = (tt — nsxw)/(tt + n*w):
tf = 1.0—(templ=xtempl+temp=temp)/2.0: /* Fresnel transmission
*/
rd +=tf = weight:
weight —= tf = weight:
}
static void move() /* move to next scattering or

absorption event =/

double d:
d = —log(ranf(}):
assert (d>0);

xold = x:

yold = y:

zold = z;

told = t:

Xx+=d * u;

y+=d = v;

z +=d *x w:

t +=d; /* total path length in mfp */
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113

107

109

112

137

140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158

#ifdef SEMISPACE

if ( z<=0) bounce();

#endif
}
static void scatter() /* Scatter photon and establish new
direction =/
double x1, x2, x3, tt. mu;
for (;:) { /+new directionx/
x1=2.0«ranf() — 1.0;
x2=2.0sranf() - 1.0;
if ((x3=x1l*x1+x2xx2)<=1) break;
}
if (g==0) { /= isotropic x/
u = 2.0+ x3 -1.0;
v =xl1 = sqrt((l-us=u)/x3):
w = x2 x sqrt((l—u*u)/x3):
return:
}
/* generate mu = cos(theta) from superposition */
mu = (l-g=xg)/(l-g+2.0xgxranf());
mu = (1 + gxg—muxmu)/2.0/g;
assert(—1 — le-1ll <=mu && mu <=1 + le-11});
if ( fabs(w) < 0.7 ) {
tt = mu * u + sqrt((l-murmu)/(1-wxw)/x3) * (xlxusxw—x2xv):
v =mu *x v + sqrt((l-murmu)/{l-wew)/x3) * (xlevsw+x2=xu):
w =mu * w — sqrt((l-musmu)*(l-wsw)/x3) = x1:
} else {
tt = mu *x u + sqret((l-musrmu)/(l-vev)/x3) * (xlxusxv + x2sw):
w =mu x W+ sqrt((l-musmu)/(1-vev)/x3) » (xlevsew — x2xu);
v =mu x v — sqrt((l-musmu)x(l-v*v)/x3) = xl:
}
u = tt:
assert(l~le—12<uxut+vsviwrw && usrutvrviwsw<l+le—12):
}
static void absorb () /* Absorb light in the medium =/
{
weight «= albedo:
if (weight < 0.001){ /* Roulette =/
bit —= weight;
if (ranf() > 0.1) weight = 0; else weight /= 0.1:
bit += weight:
}
}
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159

160
161
162
163
164
165
166
167
163
169
170
171
172
173
174
175
176
177
178

130

187

191
192
193
194
195
196

198
199
200
201
202
203
204
205
206
207

208
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static void read_pre-state'(int id, double count[TBINS|, double

count] [TBINS][ABINS|. double *photons, char xbytes)

FILE = fin;

int i, j, size:

double junk;

char fname{100], line[300000]:

sprintf(fname, "time.mc.mpi.out.%02d", id):
fin = fopen(fname. "r");
fprintf(stderr, "%02d:\ tFile: %s\n". id, tname):

fread(&size, 1, sizeof(int), fin):
fread (bytes, 1, size, fin):

fgets(line, sizeof(line), fin): /+ finished the bytes line =/

fgets(line. sizeof(line), fin); /* rcsid */

fgets(line, sizeof(line). fin):
sscanf(line, "Scattering =%If", &junk):
if (junk '= mu.s)

fprintf(stderr, "Incompatible mu.s found: %f %f\n". junk.

mu.s );
exit (1):

}

fgets(line, sizeof(line), fin):

sscanf(line, "Absorption =%If", &junk);

if (junk !'= mu.a) {
fprintf(stderr, "Incompatible mu.a found.\n"):
exit (1):

fgets(line, sizeof(line). fin):
sscanf(line. "Anisotropy =%Iif", &junk ):
if (junk != g) {
fprintf(stderr, "Incompatible g found.\n"):
exit (1):

fgets(line., sizeof(line). fin):
sscanf(line, "Refr Index =%If", &junk):
if (junk !=n) {
fprintf(stderr, "Incompatible n found.\n");
exit (1);

fgets(line . sizeof(line). fin):

sscanf(line, "Ps_per.bin =%If". &junk):

if (junk != ps_per._bin) {
fprintf(stderr. "Incompatible ps_per_bin found.\n");
exit(1);
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210 fgets(line, sizeof(line). fin):

211 sscanf(line, "Photons =%, photons):

212

23 fgets(line, sizeof(line), fin):

214 sscanf(line, "Specular Refl=%If", Lrs):

215

216 fgets(line, sizeof(line), fin):

n7 sscanf(line. "Backsct Refl = %1f", &rd );

218 fprintf(stderr, "%02d:\tPrevious photons. rs, rd: %f %f %f\n" .
id. «photons, rs. rd):

219

220 fgets(line, sizeof(line), fin):

221 fgets(line, sizeof(line). fin):

- for (i=0: i<TBINS; i++) {

224 fscanf(fin. "%If %1f", &junk, &count[i]):

8 for (j=0: j<ABINS: j++) fscanf{fin. " %1f". &countl[i][]j]):

226 fscanf(fin, "\n");

27 }

23

219 fclose(fin);

230

1 /* fprintf(stderr. "CHECK: % f %f %f %f %f %f\n". count[0]. count
1], countI [0][0]. countI{1][{0]. countl[0][200]. countl
11{200]): »/

232

233

25 static void write_cur_state(int id. double count|[TBINS|. double
countl [TBINS|[ABINS|. double photons. char *bytes. int size)

236

237 FILE =fout;

238 char fname[100]|. cmd[300}:

239 int i, j:

240

241 if (id !'= -1)

242 sprintf(fname. "time_mc.mpi.out.%02d". id):
243 else

244 sprintf(fname. "time.mc.mpi.out”):

245

246 sprintf(emd, “"mv %s %s.bak” . fname., fname):

247 system (cmd ) :

248 fout = fopen(fname, "w"):

249

250 fwrite(&size, 1, sizeof(int). fout);

251 fwrite(bytes, 1, size, fout);

252 fprintf(fout., "\n%s\n”. rcsid):

253 fprintf(fout, "Scattering = %8.3f\n”. mu.s):
254 fprintf(fout, "Absorption = %8.3f\n", mu.a):
255 fprintf(fout, "Anisotropy = %8.3f\n", g):
256 fprintf(fout, "Refr Index = %8.3f\n", n):
257 fprintf(fout, "Ps_per.bin = %8.3f\n". ps-per_bin):
258 fprintf(fout. "Photons = %e\n" , photons);
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259 fprintf(fout, "Specular Refl= %10.5f\n", rs);

260 fprintf(fout, "Backsct Refl = %10.5f\n", rd):

261 fprintf(fout, "Time Photon Density Photon Intensity (cos
:—-1..1 "

262 fprintf(fout, "[ps] [number | [number]\n" ):

263

64 for (i=0; i<TBINS; i++) {

265 fprintf(fout, "%6.4f %e”’, isps_per.bin, count[i]):

266 for (j=0; j<ABINS; j++) fprintf(fout, " %e". countl[i]|[j]):

267 fprintf(fout, "\n");

268 }

269

270 fclose(fout):

m }

273

e static void work (int id. double xphotons. int resume)

s {

276 int i, j, k, size:

277 double bins.per.mfp, ophotons, tmp;

a7s char =bytes, packed [MAXPACKEDLENGTH]:

279

280 if (resume == 1) {

281 read_pre_state(id, count, countl, &ophotons, packed):

282 unpack_sprng( packed);

283 }

284

288 fprintf(stderr, "START 00 %f\n", countI(0}{0]):

286

297 albedo = mu.s / (mu.s + mu.a):

288 rs = (n-1.0)x(n-1.0)/(n+1.0)/(n+1.0): /* specular reflection =/

289 crit.angle = sqrt(1.0-1.0/n/n): /x cos of critical angle =/

290 bins_per.mfp = (1.0/mu.s) / (0.2998/n) / ps.per.bin:

1

202 for (i = 1; i <= xphotons: i++){

293 if (i % 10000 ==0) fprintf(stderr, "%02d:\t%d\n", id, i):

294 launch ();

295 while (weight > 0) {

206 move ()

27

208 #F#ifdef POINT.TARGET

299 j = (1+w)/2*(ABINS-1);

300

301 /+ put the photon (told. t] into corresponding bins */

302 for ( k = told=bins_per_.mfp+1: k <= txbins_per.mfp: k

++
308 if)({k >= TBINS) continue:
304 if ( fabs(zold + wx(k/bins_per.mfp-told) - tz) <
delta /2
308 && tabs (xold + ux(k/bins.per.mfp—-told) - tx) <
delta/2
206 && fabs(yold + v+(k/bins_per.mfp~told) - ty) <

delta/2 ) {
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307
308
309
310
3t
312
313

315

328

330
331

332

333

334

335

336

337
338
339
340
341
342
343

344

count [k] += weight;
countl{k][j] += weight;

if ( TBINS < (t+sqrt((x—tx)*{x—tx)+(y—tv)*(y—ty)+(z-tz
)*(z—-tz))
~delta /2)*bins_per.mfp )
break ; /* too far away to touch the (tx. ty
, tz) in
= time TBINS x/

#ifdef RINGTARGET

/* put the photon (told, t] into corresponding bins x/
for ( k = told*bins_per.mfp+1; k <= txbins_per.mfp: k

++) H(

if (k >= TBINS) continue;

if ( fabs(zold + wx(k/bins_per_.mfp-told) ~ tz) <
delta /2 ) {

count [k] += weight;
if (w>=0.99) {

tmp = k/bins_per.mfp-told;

j = (int){ sqrt( (xold + ustmp)=(xold + ux
tmp) + (yold + vxtmp)*(yold + vxtmp) ) /
RSTEP );

assert (j<ABINS):

countl [k][]j] += weight:

if (countl[0][0] != 0) {
fprintf(stderr, "WARNING: 00 % f at round

%d\n", countI[0][0]. i);
fprintf(stderr, "D&ZBUG] xold . yold. zold
. told=%f %f %f %f\n". xold. vold.

zold . told):
fprintf(stderr, "DEBUG: u. v. w=%f %f %f
\n". u, v, w);:
fprintf(stderr, "DEBUG: x. y. z. t=%f %f
%f %f\n", x, vy, z, t):
fprintf(stderr, "DEBUG: intercept at x,
v, z, t=%f %f %f %f\n". xold+ustmp,
yold+v«tmp, zold+wxtmp. told+tmp):
fprintf(stderr, "DEBUG: k, j, tmp,
bins_per_mfp=%d %d %f %f\n". k. j.
tmp. bins_per.mfp);

exit (1); }
}
}
}
if ( TBINS < (t + fabs(z—tz) —delta/2)xbins_per.mfp )
break: [+ too far away to touch the (, . tz
} in

* time TBINS =*/
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345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364

365

366
367
368
369
370
37

372
373
374
375
376
377

378

379
380
381
382
83

384
385

386
387
338
389
390

#endif
absorb ();
scatter ():
}
}
*photons += bit + ophotons:
size = pack_sprng(&bytes):
fprintf(stderr. "END 00 % f\n", countl [0][0]);
write_cur.state(id. count. countl. sphotons. byvtes, size):
}
int main(int argc, char xargv[])
{
int myid. nprocs, resume:
int i, j:
double sum|[TBINS|, sumlI{TBINS|{ABINS|. ugly [TBINS*xABINS|. uglyut
[TBINSsABINS | ;
double photons, photons_arr
(] = {100000=1, 1000000x1, 1000000«1. 10000001, 10000001}
/* in each process. lunit takes about ld4min =/
double total_photons = 0;
MPI_Datatype MatrixType:
MPI.Init(&argc, &argv): /* Initialize MPI «/
MPI_Comm_rank (MPLCOMMWORLD, & myid): /+ find process id +/
MPI_Comm_size (MPLCOMM.WORID, & nprocs); /* find number of
processes s/
MPI_Type_vector (TBINS, ABINS, ABINS, MPLDOUBLE. & MatrixType):
MPI_Type.commit(&MatrixType}:
if (myid == 0)
{
printf("Is this a resume? (1 for resume. otherwise restart
)o T )
scanf("‘%d". &resume )
}
MPI_Bcast(&resume. 1. MPLINT. 0. MPLOOMMWORLD):
init_sprng (SPRNGMLFG. SEED. LAGI1279): /= initialize stream
*/
printf("\n\nProcess %d, print information about stream:\n". myid
print‘-sprng():
photons = photons_arr [myid]:
work(myid, & photons, resume):
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391
392
393
394
395

396

397

398

399
400
401
402
403
404
405
406
407
408
409
410

for (i = 0; i < TBINS; i++)
for (j = 0; j < ABINS: j++)
ugly [i*ABINS+j| = countI{i][j];

MPI_Reduce(count, sum, TBINS., MPLDOUBLE, MPLSUM. 0,
MPLCOMM WORLD ) ;

/* MPI_Reduce(&countl {0]{0], &sumI[0}[0], 1, MatrixType, MPLSUM
, 0, MPLOOMM.WORLD): =/

MPI_Reduce(ugly, uglyut, TBINS*ABINS, MPIDOUBLE, MPLSUM. 0.
MPLOOMM.WORLD)) ;

MPI_Reduce(&photons, &total_photons, 1, MPLDOUBLE, MPISUM. 0.
MPLCOMM.WORLD ) ;

if (myid == 0) {
for (i = 0; i < TBINS: i++)
for (j = 0: j < ABINS: j++)
suml[i][j] = uglyut [i=ABINS+j];
write_cur_state(—1, sum, suml. total_photons. """, 0);

}
MPI.Finalize (): /* Terminate MPI =/

return 0:
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Appendix D

Cumulant Solution to the

Boltzmann Equation

The Boltzmann equation for photon distribution function I(r,s.t) at position r. di-
rection s and time ¢ from a unit source at position ry propagating along sy at time

t =0, is given by

%I(r. s.t)+cs- ViI(r.s.t) + c[uy(r) + pa(r))I(r.s. t)

= cji,(r) / ds'P(s,s')I(r,s'.t)ds' + d(r — ro)d(s — s)d(t) (D.1)

where c is the light speed inside the medium. yu, and u, denote the position-dependent
absorption and scattering coefficients with a unit of inverse length. and P(s.s’) is the
normalized phase function of the light propagation in the medium.

Assume the medium is infinite and uniform. and the known phase function depends

only on the scattering angle s-s’, the phase function can then be expanded in Legendre
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polynomials,

P(s.s) = (4m)™' ) a/P(s ). (D.2)
l

The key observation is that the photon evolution in direction space, F(s.t|sg) =
f drl(r.s, t|ro,So), can be analytically solved. The photon evolution in direction

space obeys a separable equation

%F(s. t|so) + c[ps + 1) F (s, t|so)

= cus/ds’P(s -8')F(s'. t|sg) + d(s — s)d(¢) (D.3)
with the solution

e\p u,,ct

F(s.t|sg) = Z 20 + 1) exp(—git) Pi(s - sg)- (D)
]

Here g; = cps[l — a;/(20 + 1)]. especially go = 0 and g, = cu, where g/, is the reduced
scattering coefficient.

The characteristic function of the photon distribution I(r.s.t) is defined as
(exp(—ik-r)) = /drexp(—ik-r) I(r.s.t). (D.5)
Hence the photon distribution itself equals to

I(r.s.t) = o

) (exp (—ik - 1)). (D.6)

through an inverse Fourier transform.
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The photon distribution I(r,s.t) can then be expressed as

I(r,s,t)
1 .
= m-)—a</dkexp(tk.r)
[« <] _an\n A ni+na .M I‘lgkng
X exp [Z > S AL L 4]> (D.7)

n!
n=1 ny+na+nz=n

by applying the cumulant expansion theorem [75] to the term (exp(—ik-r)) in

Eq. (D.6). Here the cumulant

tc= )= (([sitra) ([swrar) ([ aerar) )

is obtainable from moments by its definition {75]. For example. the second cumulant
is defined as (zy), = (zy) — (z) (y).

We only need to evaluate the moments of a form of

A = <( /0 tsl(t’)dt’>m ( / ts-_,(t’)dt'> ( /0 ts3(t’)dt’> >
. ™ s (1) s ()
</0t /ot ¥(t)fsl(t )

n

i

[\ N\ J
s v

X sy(tMH) || gy(gmHn2)) gy(plmatnatl)y 53(t("))> (D.8)

n» n;

which is an assemble average inside the direction space and over all possible ordering
of time ¢'). The contribution from a specific ordering of time can be evaluated using

the exact Green's function F(s.t|sy) in the direction space through the following
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formula

t t
</ dt(").,./ dt(”an(t("))...al(t(”)>
0 0 < L
1 ¢ () $2)
= g e [ [ [as fasnv fas
F(s.t|so) Jo 0 0

XF(S.t _ t(n)ls(n))an(S(n), t(") _ t(n—l)ls(n-l))a.n__I L O'lF(S(”. t“)|50)

where ¢; is a function of the direction s at different times and which comes from the
property of the Green's function.

The code to calculate the photon distribution up to an arbitrary order has been
implemented in C++ using the g++ compiler (version 2.95.4) in a Linux box. The

code is too big to be fully listed here.

Listing D.1: Makefile
1 CSRC=dfunc.C test.C permute.C misc.C termvec.C cumulant.C tree.C
Clegendre.C # mkdstorage.C

s+ OBJS=${CSRC:.C=.0} ${FSRC:.r=.0}
1+ CXXFLAGS=-g -03 —-Wall -pedantic
5
[}

FFLAGS=-g -1/usr/local/include
LFLAGS=-L/usr/local/lib ~lalfpack -Islatec —llapack —lblas —lg2c #-

Imk4
- oo bin e

s

s .C.o:

0 ${CXX} ${CXXFLAGS} —c $».C
1l

12 .r.o:

13 r2f 8=.r

) ${FC} ${FFLAGS} —c $x.f

s all: ${OBIS}
17 ${CXX} ${CXXFLAGS} -o test ${OBJS} ${LFLAGS}

19 termvt: termvec.o

${CXX} ${CXXFLAGS} -o termvec $<

~ o

clean:
rm —f =.0 «~ *.bak

# DO NOT DELETE

(X

W 1 2 1
(X}

de
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25

2

3

30
31
32
33
34
35
36

37
33
9
40
41

43
44
45
46
47
48

19
50
51
52
53

55
56
57

58
59

60
61

62
63

66
67

cumulant.o: cumulant.h tree.h /usr/include/complex.h /usr/include/
feat .
cumu ;lmu‘rgzs }lusr/include/sys/cdefs.h /usr/include/gnu/stubs.h

cumulant .o: /usr/mclude/blts/mathdef h /usr/include/bits/cmathcalls

cumu?axirtuso /usr/include /math.h /usr/include/bits/huge_val.h

cumulant.o: /usr/include/bits/mathcalls.h config.h dfunc.h termvec.h

cumulant .o: permute.h xtlstorage.h

dfunc.o: dfunc.h /usr/include/math.h /usr/include/features.h

dfunc.o: /usr/include/sys/cdefs.h /usr/include/gnu/stubs.h

dfunc.o: /usr/include/bits/huge.val.h /usr/include/bits/mathdef.h

dfunc.o: /usr/include/bits/mathcalls.h /usr/include/complex.h

dfunc.o: /usr/include/bits/cmathcalls .h termvec.h misc.h config.h
permute.h

dfunc.o: xtlstorage.h

legendre.o: legendre.h /usr/include/math.h /usr/include/features.h

legendre.o: fusr/include/sys/cdefs.h /usr/include/gnu/stubs.h

legendre.o: /usr/include/bits/huge_val.h /usr/include/bits/mathdef.h

legendre.o: fusr/include/bits/mathcalls.h misc.h /usr/include/
complex.h

legendre.o: /usr/include/bits/cmathcalls.h config.h

misc.o: misc.h /usr/include/math.h /usr/include/features.h

misc.o: /usr/include/sys/cdefs.h /usr/include/gnu/stubs.h

misc.o: /usr/include/bits/huge.val.h /usr/include/bits/mathdef.h

misc.o: /usr/include/bits/mathcalls.h /usr/include/complex.h

misc.o: /usr/include/bits/cmathcalls .h config.h

permute.o: permute h misc.h /usr/include/math.h /usr/include/

feat
permfx:e.uoreb/ usr/include/sys/cdefs.h /usr/include/gnu/stubs.h

permute.o: /usr/include/bits/huge_val.h /usr/include/bits/mathdef.h
permute.o: /usr/include/bits/mathcalls.h /usr/include/complex.h
permute.o: /usr/include/bits/cmathcalls.h config.h

termvec.o: termvec.h /usr/include/math.h /usr/include/features.h
termvec.o: /usr/include/sys/cdefs.h /usr/include/gnu/stubs.h
termvec.o: /usr/include/bits/huge.val.h /usr/include/bits/mathdef.h
termvec.o: /usr/include/bits/mathcalls.h

test.o: cumulant.h tree.h /usr/include/complex.h /usr/include/
f (t
teate(;t y Sssr}]mclude/sys/cdefs.h /usr/include /gnu/stubs.h

test.o: /usr/include/bits /mathdef.h /usr/include/bits/cmathcalls.h

testn}:)szc'}lusr/include/math.h /usr/include/bits /huge_val.h

test.o: /usr/include/bits/mathcalls.h config.h dfunc.h termvec.h
permute.h

test.o: xtlstorage.h

tree.o: tree.h /usr/include/complex.h /usr/include/features.h

tree.o: /usr/include/sys/cdefs.h fusr/include/gnu/stubs.h

tree.o: /usr/include/bits /mathdef.h /usr/include/bits/cmathcalls.h

t;reen.l:)szc '},usr/include/math.h /usr/include/bits /huge.val.h
tree.o: /usr/include/bits/mathcalls.h config.h
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Appendix E

Miscellaneous Codes

Listing E.1: intralipid.py
# Intralipid -10% 500mL has:
# type g mL

1

2 o

s # glycerin 11.25 8.92

+ # lecithin 6 5.82

5 # soybean oil 50 53.94

6 # water 430.5 431.33

T #

s # The absorption and scattering is mainly from soybean oil.

5 # The wavelength shouid be in onm.

10 import fmm

1 from Math import sqrt. array

12 import Interpolation

13

14+ def refraction.index_.tio2(wavelength):

15 " return no, ne. n at one wavelength. in micro "

16 wv = [0.4358, 0.4916, 0.4960, 0.5461. 0.5770. 0.5791., 0.6907.\
i 0.7082. 1.014. 1.5296]

18 no = {2.853, 2.725. 2.718. 2.652. 2.623. 2.621. 2.555. 2.548.\
19 2.484, 2.454]

20 ne = [3.216. 3.051. 3.042. 2.958. 2.921. 2.919, 2.836. 2.826.\
n 2.747. 2.71]

22

23 sl = Interpolation.InterpolatingFunction ((array(wv),). array(no
M s2 =))Interpolation.InterpolatingFunction((arra_v(wv),). arrav(ne
5 vno D sl(wavelength)

26 viie = s2(wavelength)
27 vih = vno*vne*sqrt(2./(vnoxvno+vnexvne))

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



E. Miscellaneous Codes 126

29
3o
31
32
33
34
a5

36
37

38
39
40
41
42
43
44
45
16
A7
48
19
50
51

def

def

def

def

#print "# TiO2 wavelength(micro), no, ne, n=", wavelength, vno,
vne, vn

return vno, vne, vn

refraction_index (wavelength, type):
# wavelength in nm.
wavelength = wavelength + 0.0
if type == "soybean™:
return 1.451 + 1.154«10e4/wavelength**2 — 1.132x10e9/
wavelength x*4
if type == "water”:
return 1.311 + 1.154«10ed/wavelength*+2 — 1.132x10e9/
wavelength =x4
if type == "tio2":
return refraction.index_tio2 (wavelength /1000.){2]
raise RuntimeError, "Unknown type"

constituent(intralipidl0, water):

# different constituent in mL

glycerin = intralipid10%8.92/500

lecithin = intralipid10+5.82/500

soybean = intralipid10x53.94/500

water = intralipid10=431.33/500 + water
return glycerin, lecithin, soyvbean, water

It (wavelength, intralipid10, water):

# wavelength in nm, intralipidl0: Intralipid-10% in mL. water:

ter in mlL
4 for intralipid—10%

g = 1.1 - 0.58«wavelength /1000

mus0 = 0.016=(wavelength /1000.)x«(-2.4)

musp0 = musO*(1-g)

[t0 = 1./ musp0

density0 = 53.94/500

# this liquid

glycerin, lecithin, soybean, water = constituent(intralipidl0.
water )

density = soybean/(water+soybean+glycerint+lecithin)

return [tOxdensity0/density /1000

composition_refraction_.index (wavelength, intralipid10, water):

# Use Bruggeman approach

glycerin, lecithin, soybean, water = constituent(intralipidl10,
water)

# p is the volume percentage of soybean

p = soybean/(water+soybean)

nl refraction.index (wavelength, 'soybean’)

n2 refraction_index (wavelength, "water’)

print nl, n2

el = nlx=x2

e2 = n2xx2

def f(ebar, el, e2, p):
return px(ebar—el)/(el+2«ebar) + (1-p)=(ebar—e2)/(e2+2«ebar)

ebar = fmm.zeroin(f. el, e2, le-10, el, e2, p)
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|

-

red
78
79
80
31
82
a3
B4
35
36
a7
88
39
90
91
92
93

return sqrt(ebar)

print "1t=", 1t (800, 770, 7500)
print "n=". composition_refraction.index (800. 58, 580)

print "n=", refraction.index (800, 'water’)
print "\nTiO2 at 527nm, n=", refractioun_.index (527, "tio2")
print "\nWater at 527nm, n=", refraction.index (527, "water™)

print "\nTiO2 at 800nm. n=", refraction.index (800, "tio2")
print "\nWater at 800nm. n=". refraction_.index (800. "water")

print "8/28/01"
print 1t (1250, 194, 1225)

print "9/5/01”
print "\nTiO2 at 800nm, n=", refraction.index (800, "tio2")

Listing E.2: le.py

R - T S 2

# $Modified: Wed May 17 10:06:31 2000 by minxu $

import RNG

from fmm import fmin

from GLOBAL import Gmin

from curve import Curve

from graph2d import Graph2d

from Math import trans, mult. pi. zeros, cos, sin, exp. arange. triu

. svd. rand, norm, paws, array. sum, xmin, sqrt. shape. herm. log
. svd, concat

tikhonov_error = 'tikhonov_error’

class tikhonov:
def __init..(self. a, b, u=None, s=None, lams=None):
" a must be a real mxn matrix while b may be a complex array

self.leps = 2.2e-16

if a == None:
self.u =u
self.s = s
else:

if a.typecode() in ['F'. 'D’|:
raise tikhonov_error, "data type error’
self.a = a
[self.u, self.s. self.v] = svd(a)
self.b=>b
self.zbeta = mult(trans(self.u), b)
self.beta = abs(self.zbeta)
self.zxi = self.zbeta/self.s
self.xi = abs(self.zxi)
if shape(self.u){0] > shape(self.u)[1]:
self.over_determined =1
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31 self. min_residue = norm(b-mult(self.u. self.zbeta))

32 # Or written in the following equvalent form

33 # self.min_residue = sqrt( mult(herm(b). b) — mult(herm(
self.zbeta), self.zbeta) )

34 else:

s self.over.determined = 0

36 sel{. min_residue =0

37 if lams == None:

38 self.reg_params()

39 else:

10 self.lams = lams

n # the optimal reg.param

12 self.reg.c =0

43 self .use GLOBAL =1

44

45 def reg.params(self. npoints=20):

46 " provide npoints of lambda points in an increasing order”

a7 smin = l6*self.eps

18 reg_.param = zeros(npoints, 'd’)

19 reg.param (0] = max([self.s[len(self.s)=-1], self.s[0]*xsmin}]):

50 ratio = (self.s[0}/reg.param[0])==(1l./( npoints—1)):

51 for i in range(l. npoints):

52 reg_param|[i] = ratio=reg.param([i-1]

53 self.lams = reg.param

54

55 def rho_eta(self, lam=None):

56 " return [rho. eta] "

57 if lam == None:

53 lam = self.lams

$9 lam = array(lam)

60 nlam = len(lam)

61 rho = zeros(nlam, 'd")

62 eta = zeros(nlam, 'd")

63 for i in range(nlam):

64 f = (self.s*xx2)/(self.s*x+2 + lam[i]*x2)

65 eta[i] = norm(fxself.xi);

66 rho[i] = norm((1-f)*self.beta);

67 if self.over_.determined:

68 rho[i] = sqrt(rho|i]**2 + self.min.residue «*2)

69 if nlam == 1:

70 return [rho[0]. eta[0]]

71 else:

72 return [rho, eta]

73

4 def solu(self. lam):

75 " accept one lam and return the solu "

76 return mult(self.s*xself.zbeta/(self.s*x2 + lam=*+2). self.v)

79 class lc(tikhonov):

80 def ._init__(self, a, b, u=None, s=None, lams=None. verbose=0):

81 tikhonov. __init__(self, a. b. u, s, lams)

82 self .verbose = verbose
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126
127
128
129
130
131
132

def lcfun(self, lam=None):

" computes the NEGATIVE of the curvature of l_curve "
# Initialization.
if lam == None:
lam = self.lams
lam = array(lam)
nlam = len(lam)

phi = zeros(nlam,’d’); dphi = zeros(nlam,'d");
psi = zeros(nlam,'d’); dpsi = zeros(nlam,'d’):
eta = zeros(nlam,’'d’); rho = zeros(nlam,'d');

# Compute some intermediate quantities.
for i in range(nlam):

f = (self.sxself.s)/(self.s*xself.s + lam[i]*=2):
cf=1-f;

eta{i]| = norm(fxself.xi);

rho{i] = norm(cfxself.beta});

fl = -2«fxcf/lam|[i]:

f2 = —fl1%(3—4xf)/lam[i;

phi{i] =sum(fxflxself.xixx2);

psi[i] =sum(cfsflxself.betaxs2);

dphi{i] = sum((fl*=2 + f«f2)xself.xi=*2):

dpsi[i] = sum((-fl*%2 + cfxf2)«self.betas=2):

# Now compute the first and second derivatives of eta and

e
# with respect to lam;

deta = phi/eta;
drho = -psi/rho;
ddeta = dphi/eta — detax(deta/eta);
ddrho = —dpsi/rho -~ drhox(drho/rho):

# the above only holds when min_residue=0. if not

# then:

# assume: rho/rho.0 = alpha = sqrt(l+(min_residue/rho._0)"2)
# rho = alphasrho.0

# drho = drho.0/alpha
# ddrho = (alpha 2+«drho"2 + rho*ddrho.0/alpha - drho
“2)/rho

if self.over.determined:

alpha = sqrt(1+(self. min.residue/rho)»=*2)

rho = alpha=srho

drho = drho/alpha

ddrho = ((alphaxalpha-1)+drhoxdrho + rhosxddrho/alpha)/
rho

# Convert to derivatives of log(eta) and log(rho).
dlogeta = deta/eta:

dlogrho = drho/rho:

ddlogeta = ddeta/eta — dlogeta=x2;

ddlogrho = ddrho/rho — dlogrho=*x2;
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133 # Let g = —curvature.

134 g = — (dlogrho«ddlogeta — ddlogrho*dlogeta)/(dlogrhox=*2 +
dlogeta*x*2)*x+(1.5);

138 if nlam == 1: return g[O]

136 else: return g

137

138 def lcfunlog(self, loglam):

139 return self.lcfun(exp(loglam))

140

141 def l.corner(self):

142 " L.CORNER Locate the corner of the L-curve. Reg.param is in
an increasing order”

143

144 # [reg.c.rho_c.eta_c kappa.max]| =

145 # l.corner(reg.param,U.s.b, method)

146 #

147 # Locates the "corner” of the L-curve in log-log scale.

148 #

149 # It is assumed that corresponding values of || A x - b

L x

150 #:andI ithellregulalllxzatnon parameter are stored in the arrays
rho. eta,

151 # and reg.param, respectively (such as the output from
routine l_curve)

152 #

153 # Locate the corner. If the curvature is negative
everywhere,

154 # then define the leftmost point of the L-curve as the
corper.

155 if self use.GLOBAL:

156 if self.verbose: print 'Use GLOBAL’

157 [gmin, logreg.c. nf] = Gmin(self.lcfunlog. log(min(self.

lams)), log(max(self.lams)))

158 reg.c = exp(logreg.c)

159 else:

160 # Compute g = — curvature of L-curve.

161 if self.verbose: print 'Use fmin’

162 g = self . lcfun ();

163 while (1):

164 (gmin. gi| = xmin(g)

165 if gi !'= 0: break

166 g =gl[l:]

167 if len(g) ==

168 print 'l_corner warning: it is not a L—curve’

169 print 'But I will continue.’

170 gmin = g

171 break

12 ## if len(g) == 1:

17y ## raise tikhonov_.error, " l_corner failed”

174 reg.c = fmin(self.lcfun, self.lams[max({0.gi~-1])]. self.

lams[mm([g1+1 len(g —1 )\\ 1e-10)

175 kappa_max = - self.lcfun( reg c faximum curvature.

176 self .reg_.c = reg_c

177 return [self.reg.c, kappa.max]
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178
179
180
181
182
183
184
185

187
188
189
190
191
192
193
194

195

197
198
199
200
201
202
203
204
205
206
207
208
209
20
21
12
213
14
25

216

2 & 3

R R T
=]

def

plotlc(self):

[rho, eta] = self.rho_eta()

g = self.lcfun()

# the L.curve

cl = Curve(y=eta. x=rho. type='line’)
¢2 = Curve(y=eta. x=rho. type='none’, marks=1. marker="\5")
# the curvature curve

c¢3 = Curve(y=exp(g), x=rho)

gl = Graph2d(cl, axis_scales="loglog’)
gl.add(c2)

gl.add(c3)

if self.reg.c:
[rho.c, eta.c] = self.rho.eta(self.reg.c)
# the position of maxmimum curvature
cd = Curve(y=arange(min(eta), max(eta), (max(eta)—min(
eta))/10). x=[rho.c|=x10. type="dash")
gl.add(c4)
gl.plot()
paws()

class gev(tikhonov):

def

def

def

def

--init__(self, a. b, u=None. s=None. lams=None. verbose=0):
tikhonov. __init__(self. a. b, u. s, lams)
self.verbose = verbose

gevfun(self, lam=None):
" computes the GCV function °
# Initialization.
if lam == None:
lam = self.lams
lam = array(lam)
nlam = len(lam)
g = zeros(nlam, 'd")
mn = shape(self.u)[0]-shape(self.u)(1]
for i in range(nlam):
f = lam{i]**2/(self.sxx2+lam[i]**2)

gli] = (norm(fsself.zbeta)*x+2 + self.min_residue=+2)/(mn
+ sum( f)*x=2)
if nlam == 1: return g[0]

else: return g

gevfunlog (self. loglam}:
return self.gevfun(exp(loglam))

minGev(self ):
" minGev Locate the minimum of gev curve. Reg_param is in an

increasing order”
if self.use.GLOBAL:

if self.verbose: print 'Use GLOBAL’
(gmin. logreg.c. nf] = Gmin(self.gcvfunlog. log(le-12).
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log (max(self.lams)));

228 reg.c = exp(logreg_c)

229 if reg.c — 1le~12 < le-16: raise tikhonov.error. "global
minimum is at the edge”

230 else:

231 if self.verbose: print 'Use fmin’

232 g = self.gevfun()

233 while (1):

234 [gmin, gi] = xmin(g)

235 if gi != 0: break

26 g =gll:]

237 if len(g) ==

238 raise tikhonov_.error, "minGev failed”

239 reg.c = fmin(self.gcvfun, self.lams[max([0,gi~1])]. self
dams[min([gi+1, len(g)-1])], 1e—10)

240 self.reg.c = reg.c

241 return self.reg.c

242

243 def plotgev(self):

244 g = self.gevfun ()

5 # the GCV curve

246 cl = Curve(y=g, x=self.lams. type='line")

a7 ¢2 = Curve(y=g, x=self.lams. type='none' ., marks=1, marker=

) 5'

248 gl =\Grzzph2d(cl, axis.scales="loglog")

249 gl.add(c2)

250

251 if self.reg.c:

252 # the position of min

253 ¢3 = Curve(y=arange(min(g), max(g), (max(g)-min(g
)(MIO), x=(self .reg.c]*x10. type='dash")

254 gl.add(c3)

255 gl.plot()

%6 paws()

BT

258

29 class reginv:

260 def __init_._.(self, a, y. verbose=0):

261 self.a = a

262 self.y =y

263 self.verbose = verbose

264

265 def applyrowmask(self ., mask):

266 newa = zeros ((len(mask), self.a.shape[l]). self.a.typecode

267 newy = zeros(len(mask), self.y.typecode())

268 for i in range(len(mask)):

269 newafi, :] = self.a[mask{i], :]

70 newy{i] = self.y[mask[i]]

71 self.a = newa

2 self.y = newy

73 return self

74
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307

310
311
312

313
314
315
316
317
318
319
320

321
322
323
324

def

def

def

def

def

def

applycolumnmask(self . mask):

newa = zeros((self.a.shape{0]. len(mask)), self.a.typecode

()

for i in range(len(mask)):

newa[:, i] = self.a[:, mask[i]]
self.a = newa
return self

applyweight (self, w):

™M™ Ax = y under weight w —-> ((WA)'(WA) + \lam  2)x = WiWsy

where W is a diagonal matrix """
if w== None: return self
W = zeros ((len(w). len(w)). 'd")
for i in range(len(w)):

Wi, i] = w[i
self.a = mult(W, self.a)
self.y = mult(WsW, self.y)
return self

applyfactor(self, f):

" factor f is a 1d array with size of y”
if f == None: return self

self.y = self.y/f

seif.a = self.a/trans([f]*self.a.shape[1])
return self

cond(self):

" return condition number of self.a
lam = svd(seclf.a)[l]

return lam[0]/lam[-1]

L]

params(self):
" return reg.c and eta
| = lc(self.a, self.y)
reg_.c = l.l.corner ()[0]
return reg._c

"

inv(self, lam=None):
vector f”
# note it is a = uxs*xv, and they are all real
# gev criterion fails for multiplitive noise
if not self.a.iscontiguous():
self.a = array(self.a, copy=1)
if not self.y.iscontiguous():
self .y = array(self.y. copy=1)

if self.verbose: print 'xxx Condition number »x*",

| =(l)c(self.a, self.y)
| .use GLOBAL = 0
if lam != None:

return |.solu(lam)

solve ax = y by Tikhonov regularization with a factor

self.cond
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325 else:

326 [reg.c, kappa] = l.l_corner()

327 if self.verbose: |.plotlc()

328 print 'reg_c=', reg.c, 'kappa=', kappa

329 return |.solu(reg.c)

330

331

a2 class reginv2(reginv):

333 def __init_._(self, al, a2, y., verbose=0):

334 " solve alxxl + a2xx2 =y "

335 # al is mxn, a2 is mxn, y is m and return x is n

336 self._n = al.shape[l]

337 a = concat((al, a2), 1)

338 reginv. _._init__(self, a, y, verbose)

339

340 def inv(self, lam=None):

341 x = reginv.inv(self, lam)

342 return (x[:self..n], x[self._n:}])

343

344

s1s def shaw(n):

346 " [A. b, x|=shaw(n) setup a nth order shaw's problem "

347 if n%2 != 0: return

348 h = pi/n: A = zeros((n,n), 'd’):

349

350 # Compute the matrix A.

ast co = cos(—pi/2 + arange(.5,n)xh):

as2 psi = pnsm( pi/2 + arange(.5.n)xh):

as3 for i in range(n/")

3s4 for j in range(i,n—i):

355 ss = psifi] + psi[j]:

356 if ss == 0: A[i ,J] = (cofi] + co[j])*#2:

357 else: Ali,j] = ((co[i] + co[j])*sin(ss)/ss)xx2:

358 A[n—j—l,n—l—l] =Ali,j|:

350 Afin-i-1] = (2xco[i])*=2:

360 A=A+ trans(triu(A,1)): A = Ash

361

362 # Compute the vectors x and b.

363 al = 2: ¢l =6:tl = .8

364 a2 =1:¢2 =2, t2 =-5

365 x = alsexp(~cl*(—pi/2 + trans(arange(.5.n))*h — t1)*=2) + a2«exp
(—c2»(—pi/2 + trans(arange(.5.n))xh — t2)*»2)

366 b = mult(A,x);

367 return [A, b. x]

363

369 def testl(n):

370 [a, b, x] = shaw(2xn)

ant b = bx(l+le—1xrand(2xn))

an print 'Consistent for L—Curve’

a3 I = Ic(a. b)

v 1.use.GLOBAL = 0

ars reg.c = l.l_corner ()[0]

376 x = l.solu(reg.c)
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377
378
379
380
331
382
383
384
385
386
387
388

390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427

428
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def

def

def

[rho.c, eta_c] = l.rho_eta(reg.c)
rho_true = norm(mult(a, x) - b)

print 'rho.c =", rho_c

print 'while the true rho is:'. rho-.true

print 'eta_c =", eta_c
print 'while the true eta is:'. norm(x)

test2(n):

[a, b, x] = shaw(2#n)
bx(l+le—1*xrand(2+n))
g = gev(a, b)

o

print ' GCV+GLOBAL
reg.c = g.minGev ()

print ‘reg.c=', reg.c

g. plotgev ()

print ‘error=', norm(x-g.solu(reg.c))/norm(x)

print ’ GCV+fmin
g.use. GLOBAL =0

reg.c = g.minGev ()

print 'reg.c=’, reg.c
g.plotgev ()

print ‘error=". norm(x—g.solu(reg.c))/norm(x)

print ’ LC+GLOBAL ’
| = lc(a, b)

reg.c = l.l.corner ()([0]

print 'reg_c=', reg_c

l.plotlc()

print 'error=", norm(x-l.solu(reg.c))/norm(x)

print ° LC+fmin
l.use . GLOBAL =0

reg.c = l.l_corner (){0]
print ‘reg.c=", reg-c
l.plotic()

print 'error=", norm(x-l.solu(reg.c))/norm(x)

testd ():

# test reginv

from Math import =

a rand (10, 10)

x = array ({0, 0, 0, 1, 3, 0, 0. 0. 0, 0])
y = mult(a. x)

inv = reginv(a, y. verbose=1)

print inv.inv()

oo

testd ():
# test reginv2
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429 from Math import *

430 al = rand (20, 10)

131 a2 = rand (20, 10)=*=*2

132 x! = array ([0, 0, 0, 1, 3, 0, 0, 0, 0, O]
433 x2 = array ([0, 0, 0, 0, 1. 0, 0. 0. O. 0})
434 y = mult(al, x1) + mult(a2, x2)

435 inv = reginv2(al, a2, y, verbose=l)

436 print inv.inv()

437

438

a9 if .-name.. =="__main.."

440 #testl (20)

1 #test2 (20)

442 test3 ()

443 testd ()
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Relevant Publications

(1] M. Xu, W. Cai, M. Lax, and R. R. Alfano. Stochastic photon migration in turbid
media. TBA. 2001. (to submit).

[2] M. Xu, W. Cai. M. Lax, and R. R. Alfano. Locating an absorptive layer using
optical diffusion tomography: analytically solvable one-dimensional transmission
and backscattering models. TBA, 2001. (to submit).

[3] M. Xu, W. Cai, M. Lax, and R. R. Alfano. Photon migration in turbid media
using a cumulant approximation to radiative transfer. Phys. Rev. E. 2001. (under
review).

[4] M. Xu. M. Lax. and R. R. Alfano. Time-resolved Fourier optical diffuse tomog-
raphy. J. Opt. Soc. Am. A. 18(7):1535-1542. 2001.

[5] M. Xu. W. Cai. M. Lax, and R. R. Alfano. A transport model for optical
tomography in turbid media. In Signal Recovery and Synthesis. OSA. 2001.

[6] M. Xu. W. Cai. M. Lax, and R. R. Alfano. A photon transport forward model
for imaging in turbid media. Opt. Lett.. 26(14):1066-1068. 2001.

(7] M. Xu. LyX: another scientific word processor. Optics & Photonics News.
11(11):42-43. 2000.

[8] M. Xu. M. Lax. and R. R. Alfano. Time-resolved fourier diffuse optical tomogra-
phy. In Advances in Optical Imaging and Photon Migration, volume 38 of OSA
TOPS Biomedical Topical Meetings, pages 345-347. 2000.
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[9] M. Xu, M. Lax, and R. R. Alfano. Time resolved optical diffuse tomography. In
CCAPP Annual Poster Presentation. The City College of New York, Nov. 2000.

[10] M. Xu, S. K. Gayen, W. Cai, M. E. Zevallos, M. Lax, and R. R. Alfano. Time
sliced three dimensional inverse image reconstruction of objects in highly scat-
tering media. In Optical tomography and spectroscopy of tissue I1l, volume 3597,
pages 2-4. SPIE, 1999.

[11] W. Cai. S. K. Gayen, M. Xu. M. Zevallos, M. Alrubaiee. M. Lax. and R. R.
Alfano. Optical tomographic image reconstruction from ultrafast time-sliced
transmission measurements. Appl. Opt.. 38(19):1-10. 1999.

[12] W. Cai. S. K. Gayen, M. Xu, M. Lax, and R. R. Alfano. Inverse reconstruc-
tion of three-dimensional tomographic images of objects in turbid media from
time-sliced two-dimensional transmission measurements. In James G. Fujimoto
and Michael S. Patterson, editors. Advances in optical and photon magration.
volume 21 of OSA TOPS, pages 138-141, 1998.
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