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SECTION I. INTRODUCTION

Let C be a compact manifold and n a connected simply
connected nilpotent Lie group. We say that the group n acts
on C if there exicts a mapping

w: C xn=°C
which depends continuously on both variables and, when we

denote g(c,n) by cn (¢ € C, n € n), satisfies
(i) (cnl)n2 = c(nlnz) and
(ii) ce = ¢

where ¢ is an arbitrary point in C, n; and n, are arbitrary
elements of nh and e is the identity of n.

The set 5 of elements of n which leave all points of C

fixed (i.e., n = {f € n: c¢cf£ = ¢ for all ¢ € C}) is a closed

normal subgroup of n. If 3 {e} we say that nh acts
effectively on C. We say that n acts transitively on C if,
for any two points ¢y and C,y of C, there exists an element
n of n such that cyn = ¢,.

Let us assume that n acts effectively and transitively
on C. Then C is called a nilmanifold.

For a given point c € C, the set T of elements n in n
" for which cn = ¢ is a closed subgroup of h and is called the

stable subgroup of n corresponding to the point c¢. The

nilmanifold C is isomorphic to the space of cosets of nh by T.
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A. 1. Mal'cev, in [5], showed that with the above
assumptions the stable subgroups I' of n are discrete.
The lower central series of n is defined to be the

system of normal subgroups

1 2 3 L. hL+1

h=h Dh >n’ > ... On = e

holeh, g en,

, for i = 2,3,...,4+1. Let N be the Lie algebra

where nl is generated by the elements g~
of n. The lower central series of N is defined to be the

system of ideals

2 cee D NL ) N*’+1 = 0

=
]
2
U
=
U

where Nl is generated by the elements [a,b}, a € N, b € Ni'1

for i=2,3,...,4+1. 1If the lower central series of n (and
hence also that of N) is of length {4 i.e. contains ¢
non-trivial subgroups (ideals), then we cay that n (and
hence N) is 4-step nilpotent.

Since h is simply connected, connected and nilpotent,
the exponential mapping, denoted by exp, is a homeomorphism
of N onto n. Its inverse mapping is called the logarithm
mapping and is denoted by log. The Campbell-Hausdorff
formula gives the relationship between the group multipli-
cation in n and the Lie algebra operations in N: If x, y

and z are elements of N such that

exp(x)exp(y) = exp(z) ,



then
m-1
z = 3 » él'l)
=1 p;,q;=l o 5 (py+ay)
i=1
P q; Pr qp
[ 0x,%x), .0 0sx),y), e eyy), oo ayx], . ouu,xl,yl, .0,y
pl.ql....pqumf

(cf. [4]}, p. 173). Computing the first few terms we obtain

that
ey )+ le)) - e
- %E[X,[y,[x,y]]] + ...

Since N is pilpotent there are finitely many remaining terms.
In this paper we shall be concerned with discrete
cocompact subgroups I of n having the special property that

log(r) is an additive subgroup of N. If it has this
property, I is called a lattice nilpotent group. 1In the
case where n is abelian, every discrete cocompact subgroup
is a lattice group. If n is the Lie group of three-

dimensional matrices of the form

0 1 y » X,¥,2 € R,
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it contains the following two discrete cocompact subgroups:

1 ny ng
ry = 0 1 n, ! My,n,,ng € y A
0 0 1
and
1 nl n3/2
ry = 0 1 n, I Ny,0,,Ng € Z
0 0 1

In this case N consists of matrices of the form

O 0 y b x’y,z e R ]

and log: n - N is given by

log(M) = M-I - M'ZI 2 ,
where M is a matrix in n and I is the identity matrix.
Using this equation it can be shown that log(rz) is a
lattice in N, but log(rl) is not.

We shall produce a condition which is necessary and
sufficient for a discrete cocompact subgroup I' of a
connected simply connected nilpotent Lie group n to be a
lattice group, in both the two-step and three-step cases.
These conditions enable us to describe all the lattice

nilpotent groups of the free two-step nilpotent Lie group



and the free three-step nilpotent Lie group. We shall
prove that every lattice subgroup of a connected simply
connected nilpotent Lie group n is the homomorphic image
of a lattice subgroup of a free nilpotent Lie group; hence
we indirectly describe all the lattice subgroups of n when

n is two- or three-step nilpotent.



SECTION II. CONNECTED SIMPLY CONNECTED NILPOTENT LIE
GROUPS AND THEIR DISCRETE COCOMPACT SUBGROUPS

In this section we give some definitions and facts
concerning the above groups which reveal a great deal about
their structure. Further details as well as proofs can be
found in [5].

Canonical bases. We define a nilpotent group canonical

basis of an abstract nilpotent group G to be a finite set of
elements 81589558y of G such that
(i) every element g of G can be written in the
n) n, n

form g = 81 89 R - ¥ where Ny,09,...,0,

are integers;
n. n.
. +1 Y
(i) G, = {g €G:g=g; g1 4]  +-» 8 }
is a normal subgroup of G, for i=1,2,...,r;
and if we set Gy = {1} then

(iii) Gi/G.+1 is infinite cyclic for i=1,2,...,r.
i

We define a nilpotent Lie algebra canonical basis to
be a basis €1:€95..:5€, of a nilpotent Lie algebra N which
has the property that the collection of elements spanned

by e .,e_ is an ideal of N for i = 1,2,...,r.

i°€i+10° 2%

We will shorten these terms to ''canonical basis" in
each case so long as no confusion results.

Coordinate systems. Let n be a connected simply

connected nilpotent Lie group and let N be its Lie algebra.
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For a given canonical bacis €15€95...,€ of N, every

r
' r
element a in N has a representation of the form a = § aje;
i=1
where d),89,...,a, are real numbers. We say that
€1:€95.0.,€L is a coordinate system of the first type for

n, and g = exp(a) has coordinates a1,85,...,2 with respect

x
to this system.
Suppose n has a system of one-parameter subgroups

xl(t),xz(t),...,xr(t) such that

(i) each element ¢ in n can be represented in the
form Xl(tl)xz(tz)"‘xr(tr) where ty1,tg, ...t
are real numbers;

(ii) n; = {o. €n: o can be represented as
xi(ti)xi+1(ti+l)...xr(tr)} is a closed normal
subgroup of h; and if we set Neyy = {1} then

(iii) hi/hi+1 is a one-parameter vector group

for i = 1,2,...,r

Then xl(t),xz(t),...,xr(t) are said to be a coordinate sys-
tem of the second type for h, and if a==x1(t1)x2(t2)...xr(tr)
we say a has coordinates t1stgs...,ty with respect to this
system.

A system of coordinates of the second type
xl(t),xz(t),...,xr(t) determines a corresponding system
of coordinates of the first type €1,€5,...,€, where ‘
xi(l) = exp(ei) for i = 1,2,...,r. Likewise a system of

the first type determines a system of the second type.
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We can now state a number of results which we will

draw upon later.

Al. Every finitely generated torsion-free nilpotent group
can be embedded in a simply connected nilpotent analytic

group as a discrete cocompact subgroup.

A2, Every discrete cocompact subgroup of a connected simply
connected nilpotent Lie group contains at least one canonical
basis. (Hence such a subgroup is finitely generated and

torsion-free.)

A3. If ry and r, are discrete cocompact subgroups of the
connected simply connected nilpotent Lie groups ny and ny
respectively, then every isomorphism between Iy and r, can

be extended to a topological isomorphism between ny and ny.

A4. Suppose n is a connected, simply connected nilpotent
Lie group with Lie algebra N and €15...5€. is a canonical
basis for N. Furthermore, suppose the constants of struc-
ture of N with respect to ey,...,€,. are rational. Then
exp(el),...,exp(er) generate a discrete cocompact subgroup
of n.

AS5. 1If xl(t),xz(t),...,xr(t) is a coordinate system of the
second type for n and G is a subgroup of nh containing

x3(1),x5(1),...,x.(1), then n/G is compact.
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A6. If Y1sYgseees Yy is a canonical basis for the discrete
cocompact subgroup I' of h, then the one-parameter subgroups
through Y1 Y9s oo ey Yy form a coordinate system of the cecond
type for n. Log(yl),log(Yz),...,log(Yr) is the correspond-
ing coordinate system of the first type, and N has rational

cor.stants of structure with respect to this basis.

A7. If T is a discrete cocompact subgroup of nh and
Y1sY9seees Yy is a canonical basis for I', then the sub-
algebra of N consicting of all rational linear combinations
of log(yl),log(yz),...,log(yr) is called the rational
algebra of I and is denoted Q(T'). Q(I') is independent of

the choice of canonical basis for T.

Unipotent algebraic groups. The Lie groups we are

studying may be looked at from another point of view, and
it will be extremely helpful to do so. We refer the
reader to [7] for definitions of the terms used below and
for proofs of (1), (3), and (4).

Let M(n) be the collection of all n xn real matrices.
Let T(n) be the collection of all nil upper triangular
matrices in M(n), and U(n) all unipotent upper triangular
matrices in M(n). Let n be a simply connected nilpotent

analytic group.

Bl. U(n) is an algebraic group with Lie algebra T(n), and
exp: T(n) - U(n) is a homeomorphism under the Zariski

topology.
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B2. (Birkhoff embedding theorem. Cf. [2].) There exists
a faithful analytic group representation ®:h - U(n) for some

positive integer n,

B3. An algebraic subgroup of n (i.e. of »(h)) is connected.
Conversely a connected subgroup of U(n) is algebraic. In

particular, o(n) is an algebraic group.

If S is a subset of an algebraic group, then the
algebraic hull of S is defined to be the smallest algebraic

subgroup containing S and is denoted G(S).

B4. Let C be a closed subgroup of n. Then n/C is compact
if and only if G(C) = h.

B5. (Cf. [3}, p. 105.) Let Gy be a subgroup of nh and G,
a normal subgroup of G, - Then G(Gz) is a normal subgroup

of G(Cl).
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SECTION III. LATTICE NILPOTENT GROUPS

Theorem (C. C. Moore): Let I' be a discrete cocompact sub-
group of the connected simply connected nilpotent Lie group
n. Then there exist lattice nilpotent groups Iy and Ty of

n such that I‘l >T DI‘Z
The proof of this theorem appears in [6], pages 155-158.

Lemma 1: Let I be a discrete cocompact subgroup of a con-
nected simply connected nilpotent Lie group n, and K a
normal subgroup of I such that T'/K is torsion-free. Then

G(KYnT =K.

Proof: We note that since " is discrete, its subgroups
K and G(K) n T are discrete. By (B3), G(K) is a connected
subgroup of h; therefore G(K) is simply comnected. Thus
G(K) /K must be compact by (B4). Since G(K) N I' contains K,
G(K)/ (G(K)NnT) is also compact.

Suppose y is an element of the group G(K) n ' but y is

not in K. Let
m: GK)NT - (a(K)nT)/K

be the projection mapping. Since TI'/K is torsion-free, its

subgroup (G(K) NT)/K is torsion-free. Hence the sequence
{r(yM:n=1,2,... )}

is an infinite subset of (G(K) n T')/K. But since G(K) N T
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and K are both discrete cocompact subgroups of G(K),
(G(K) nT)/K must be discrete and compact, hence finite.
This contradiction implies that y must be an element of K,

and therefore G(K) NT = K.

Theorem A: Let I be a lattice nilpotent group of n, and
let G be a torsion-free homomorphic image of I'. Then G

is a lattice nilpotent group.

Proof: G is the homomorphic image of a finitely
generated nilpotent group, hence is itself finitely
generated and nilpotent. Since G is also torsion-free, it
can be embedded in a simply connected nilpotent analytic
group M as a discrete cocompact subgroup.

Suppose K is the normal subgroup of [ such that /K
is isomorphic to G, and let o: I' = G be the homomorphism
with kernel K. Since K is normal in r, G(K) is normal in
G(r). But G(r) = n; hence G(K) is normal in n. Moreover,
G(K) is connected, so h/G(K) is a simply connected analytic
group. Let 1: h=n/G(K) be the projection mapping.
n(r) = r-a(K)/a(K) = r/[6(K) n T]. Therefore, by lemma 1,
n(T) is isomorphic to I'/K. Since p(I') is cocompact and
discrete in n/G(K) and ;(T') is isomorphic to G, we must
have m isomorphic to n/i (K).

Let 5: n-=h be the homomorphism with kernel G(K).

Note that the restriction of g to I' is the homomorphism
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o: T - G. If N and M are the Lie algebras of n and n
respectively and d¢ is the differential of g, the following

diagram is commutative:

N _de, M
QXPJ lexp
h —-—é-’ m

dé ° log(T) = logeo 68(I') = log(G). Since log(T) is a lattice
and dp is a Lie algebra homomorphism, log(G) is also a

lattice.
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SECTION 1IV. FREE NILPOTENT LIE GROUPS

Let X1rXgs e s Xy be a finite set of symbols. We form
the free Lie algebra L, on these symbols as follows
(cf. [1]):

Let W be the set of non-associative words in
X1 5Xgy e ey X and let M(W) be the cet of linear combinations
over the real numbers of elements of W. Define a bilinear
mapping M(W) x M(W) - M(W) by gu,v) -~ uv as follows:
. a;w; and v =j§1 bjwj where a; and bj are
real numbers and w, and wj are elements of W for

n
If u=gy
i=

i=1,2,...,nand j =1,2,...,n' , then

n' a.b.w.w!
~ .b.w.w!
z J

uv = ] oy 20

i

Mg l=]

where wiw3 is the word obtained by writing w; and wj in
juxtaposition.
In the algebra M(W) consider the ideal I generated by

the relations

(i) (anti-symmetry) wuu = 0 ;
(ii) (Jacobi identity) wu(vw) + v(wu) + w(uv) =0

for u,v,w € M(W).

We define L, to be M(W)/I.

Now let JL be the ideal in L, generated by all words

of length greater than {. Then Lk/JL is called the free
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{-step nilpotent Lie algebra on k symbols and is denoted
Nk,L' Let hk,L be the simply connected analytic group whose
Lie algebra is Nk,L' hk,L is called the free f-step nil-
potent Lie group on the symbols exp(xl),exp(xz),...,exp(xk).
If M(W) is taken over the rational numbers instead of the
real numbers, we obtain the free f-step nilpotent rational

Lie algebra NE on k symbols. The rational group corre-

s 4

sponding to NE is the free f¢-step nilpotent rational group

s 4

hg,L on the gymbols exp(xl),exp(xz),...,exp(xk). (For a

discussion of rational groups csee [7].)

Lemma 2: Let N be a nilpotent Lie algebra. A subset S

generates N if and only if the cosets s + N2, s €8S,

generate N/NZ.

Proof: (Necessity.) Let n: N = N/N2 be the projection
mapping. If S generates N then every n € N can be written

as a finite product of elements of S. If n(n) # 0 then

n(n)=izlsif+N2for some s; € S. Thus {s + N2, s € S}

generates N/NZ.

(Sufficiency.) N/N2 is isomorphic to a vector subspace

2

V of N such that N = V@ N° (as vector spaces). Without

loss of generality we may assume S ¢ V. By hypothesis S

generates V, and we will now show that V generates N2.

Every n eNz can be written as a finite linear combination

of commutators i.e. n = ¥ a.[n;
i=1 + 1

number and n; and m; are elements of N. Suppose some n, or

,mi] where ay is a real
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m, ie not in V. Say n; ¢ V, for argument's sake. Then
!

n, = v' + o
1 i=1

.
i [ni’mi] >

where v, €V, the ai are real numbers and ni and m{ are

elements of N. Say nj ¢ V. Then
nl = Vl|+ ? " [n|| m"]
1 20 % i M

etc., Since N is nilpotent we must eventually obtain an
expression for n as a linear combination of finite products
of elements of V. Otherwise we would have n a product of
infinite length, a contradiction.

If N is an {-step nilpotent Lie algebra and N/N% is
k-dimensional, we can define a one-to-one linear mapping
)2

from Nk L/(N onto N/N2 . It follows from lemma 2 that
3

ky4
we can find a homomorphism of Nk,L onto N. Hence every
nilpotent Lie group is the homomorphic image of a free nil-
potent Lie group. In the same way we see that every rational
nilpotent group is the homomorphic image of a free nilpotent

rational group.

Lemma 3: A finitely generated subgroup F of a rational

nilpotent group nQ is discrete.

Proof: We use induction on the nilpotency class of nQ.

In the abelian case, nQ is a vector group over the rational
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numbers, say of dimension k. Suppose [fl,fz,...,fr} is a
set of generators of F. Let {fl,fz,...,fR} be a maximal
linearly independent subset, re-ordering if necessarv.

Then we can express the remaining generators as rational

linear combinations of fl,fz,...,f i.e.

R

R
£f. =53 q..f£f. ,
J o 4=1 It 1

where j = R+ 1,R + 2,...,r and 951 € Q. Now F is a sub-

group of the vector group V generated by

f.,f j=R+1,R+2,...,r

1° 2"°')fR ’ {qufl :

and i = 1,2,...,R}.

Since f], 2,...,f are linearly independent, V is isomorphic
to Vl o V2 e ... & VR where Vi is the subgroup of in

generated by

%) f£.

i29p+1,1if

50 dre2, i f

f

IR P b A

Thus if vy is discrete for i = 1,2,...,R then V (and hence
F) is discrete. But Vi is indeed discrete, because the
elements (4) generate the discrete group {n/D £, :n €Z)
where D is the least common denominator of
qR+1,i’qR+2,i’°“’qri . This proves the theorem for the
abelian case.

Suppose nQ is 4-step nilpotent, and let ng = nQ/(nQ)L.
If n: nQ - ng is the projection mapping, then ~(F) is

finitely generated, since it is the homomorphic image of a
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finitely generated group. By the induction hypothesis,
n(F) is discrete in ng . Now n(F) is isomorphic to the
factor group F/Fn(nQ)L. Thereforé F is a fibre bundle
over n(F) with fibre F, = Fn(nQ)L. But F, is a subgroup
of the finitely generated nilpotent group F and hence is
finitely generated. Moreover, F; is abelian, so we have
Fy discrete by the proof for the abelian case. This gives

us a discrete base space and a discrete fibre, which implies

that the bundle F is discrete.

Lemma 4. Let n be a rational nilpotent Lie group, and let
S be a finite subset of n such that the cosets snz, s €S,
linearly span n/n2. Then S generates a discrete cocompact

subgroup of n.

Proof: By lemma 3, S must generate a discrete subgroup
G. To show cocompactness of G we use induction on the nil-
potency class of n.

If n is abelian then n = n/h2 and S must contain a basis
B of n. B generates a lattice L in n, and n/L is a torus,
hence compact. n/G is the homomorphic image of n/L, and
the homomorphic image of a compact space is compact. There-
fore G is cocompact in n.

Suppose n has class ¢ 1i.e. nt is the last nontrivial
subgroup of the lower central series of n. Let  : n - n/n®

L

be the projection mapping. Since n™ is a normal subgroup
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2 o induces an isomorphism of n/n? onto (n/n?)/(n¥/nt).

of n
Therefore the cosets n(s)nz/hL linearly span (n/nL)/(nz/nL).
By the induction hypothesis m(S) generates a discrete
cocompact subgroup G* of n/n’.

Let G be the subgroup of n generated by S. Then
n(G) = G*. Let exp(ul),...,exp(ut) be a canonical basis
for G*, and choose X1seee X € log(G) so that
n(exp(xi)) = exp(ui) for i = 1,2,...,t. Now Upsly, e, Uy
is a canonical bacis for the Lie algebra N/N* of n/nt,
where N is the Lie algebra of nh. We construct a set
T ¢ log(G) which contains a canonical basis of N as follows:

Let T contain X15XgyenesX and all commutators [Xi’xj] where

t
i and j are in {1,2,...,t} and the weights of Xg and xj have
sum {. (The weight of an element x, denoted wt(x), is

Nm+1.) Note that T contains

defined to be m if x ¢ N® but x ¢
a basis of N' since by definition N* is the linear span of
commutators of the form [m,n] where me N and n.eNL-l.

Moredver, if wt(xi) + wt(xj) = ¢, then
exp([x;,x.]) = exp(x.)'1exp(x.)-1exp(x.)exp(x.)
1°7] 1 J 1 J

This equation can be verified by applying the Campbell-
Hausdorff formula to the right hand side. But then .
exp([xi,xj]) € G. Since T contains a basis for N' and also
contains XiseeesXe it contains a canonical basis C for N.
The one-parameter subgroups through the elements of exp(C)
form a coordinate system of the second type for n. By (A5)

the subgroup G generated by exp(T) must be cocompact.
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Theorem B: Any two discrete cocompact subgroups Iy and Ty

of the free nilpotent group Ny L are commensurable,
’

Proof: Suppose Y1sYoseees Yy is a canonical basis of

Fliand PRI IRERETY "is a canonical basis of Ty Then the

r
iattices 1“1/(1‘1)2 and I‘z/(rz)2 are generated by the cosets
2

2,2 (2 and 51 (1) 28,002, L6 (1) 2,
respectively. Lemma 3 leads us to conclude that
Y1»Y9s+--,Y) generate a discrete cocompact subgroup %1 of
“k,c' Likewise 6135895 +-+,6, generate a discrete cocompact
subgroup Ty of hk,&‘

If log(v;) = g; and log(s;) = d; for i = 1,2,...,k ,
then (g N2 N2 N2 '} and {d;N? ,,d N2 d N> ]

B1Nk, 1282k, 17" 2Bk K, ¢ 1Yk, 4292k, 47 2%k Tk, ¢
are bases for the vector group Ny L/Ni .+ Let L be the

linear mapping from the vector subspace V; of Ny L spanned
’

by g,,8,,.-.,8, to the vector subspace V, of Nk,L spanned

by d,,d .,d , defined by L(g;) = d; for i = 1,2,...,k.

IRE
By lemma 2, Vi and V, each generate Nk,L; hence L extends
to én automorphism of Nk,&' If » is the corresponding

automorphism of Mg, o then x(fl) = fz i.e. ?1 and fz are
isomorphic. Since a discrete cocompact subgroup which is
contained in another discrete cocompact subgroup must be
of finite index in the latter, %1 and ?2 are of finite

index in ry and T, respectively. Therefore r; and r, are

commensurable.
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Theorem C (A. I. Mal'cev): Two discrete cocompact sub-
groups I'; and Iy of a simply connected nilpotent analytic
group n determine isomorphic rational algebras if and only

if they are commensurable.

Proof: (Sufficiency.) By hypothesis Iy contains a
subgroup ?1 of finite index which is isomorphic to a sub-

A

group fz of finite index in . TI; is cocompact, for n/I‘1
is isomorphic to (n/fl)/(rl/fl) i.e. h/f‘1 is a fibre
bundle over a compact space with a finite fibre. Similarly
fz is cocompact.

Let Y13 Y e e s Yy be a canonical basis of Ty Since
%1 is of finite index in Iy, for each y; there exists a
positive integer ng such that YZi € %1. Hence
nillog(yi)] € 1og(f1), which implies that log (Yi) € Q(%l).
But then Q(fl) = Q(rl), for both are the rational span of
log(yy),log(y,y),...,1l08(y,). Similarly Q(T,) = Q(ry).
Therefore, since fl and fz are isomorphic, Q(ry) is
isomorphic to Q(rz).

(Necessity.) Suppose a: Q(rl) - Q(rz) is an iso-
morphism. The Lie algebra N of nh is the real extension of
both these algebras, so we can extend a to an automorphism
A : N~ N, Let g be the corresponding automorphism of n.

Now o maps T into a discrete cocompact subgroup q(rl)
of n. Log o a(rl) = A °1og(r1) is contained in Q(rz). If‘
Y1sY9s+++,Y, is a canonical basis of I'; and a(y;) = yi for

i=1,2,...,r, then yi,Yé,...,Y; is a canonical basis of
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a(rl). If 8135805+ sby is a canonical basis of Tys then
log(sy),108(s,),...,10g(s,) and log(y{),log(vy),...,Llog(y})
are both bases of Q(rz).

Let T = o(ry)N I'y. We claim that T is of finite index
in both o(r;) and I'y. (This is proved exactly as done by
Mal'cev in his version of the theorem. Cf. [5), p. 304.)
But then T and r, are commensurable, since a-l(r) < T and

is isomorphic to T.

Corollary 1: Any two discrete cocompact subgroups of a free

nilpotent group have isomorphic rational algebras.

Proof: This follows immediately from theorems B and C.

Corollary 2: A free nilpotent Lie algebra Ny L contains
b
only one rational subalgebra whose dimension equals that

of N , up to isomorphism.
k,e

Proof: Every rational subalgebra R of a real nilpotent
Lie algebra N is the rational algebra Q(r) of some discrete
cocompact subgroup T of the corresponding Lie group n.
(Choose a canonical basis for R and apply fact (A4).) 1If n
is free, Q(rl) is isomorphic to Q(rz) for any two discrete
cocompact subgroups T} and Ty of n, by corollary 1. There-

fore all Q(r) in N are isomorphic.

Lemma 5: Let G be a nilpotent Lie group with a simply-

connected, rational identity component Go' Suppose T = G/Go
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is a lattice nilpotent group. Then there exists a lattice

nilpotent group A< G such that A/ArlGo is isomorphic to T.

Proof: Let Y1’Y2""’Yr be generators of I' and let
gl,gz,.l.,gr be elements in the pre-images of YisYoseees Yy s
respectively, in G. 81,--+»8, generate a discrete subgroup
D of the rational nilpotent group G, by lemma 3. Let Co
be a discrete cocompact subgroup of Go‘ (Any canonical
basis of the Lie algebra of G, determines a discrete co-
compact subgroup of G , by (A4).)

Let D = D'C,. Now, C  is torsion-free, by (A2). D
must be torsion-free also, for if it contained an element
of finite order so would ' Hence D is a finitely generated,
torsion-free nilpotent group, and by (Al) can be embedded in
a connected simply connected rational nilpotent Lie group
h as a discrete cocompact subgroup.

By (B2), n and G, are unipotent algebraic groups; and

it follows from (B4) that

(i) G(ﬁ) = n, and

(ii) Q(Co) =G, .

Since C_ is contained in D, we must have G,ch. Further-
more, since G is generated by G, and D, we have DcGcn.
Hence G(G) = n. Since GO is a normal subgroup of G,

G(Go) = Go is a normal subgroup of G(G) = n, by (B5).



group H of n.
generated by D and H.

-2~

By Moore's theorem, D is contained in a lattice sub-

Let H = HrlGo.

Note that A<=G.

Let A be the subgroup of H

A>D; therefore A

is cocompact in n. Since it is a subgroup of the discrete

group H, A is discrete.

dy be the differential of ¥.

1"=

Let ¢ be the projection homomorphism n - n/G_, and let

G/G, as a lattice subgroup.

Note that n/Go contains

Let g€G. Then g = dg0 for some d ¢D and 8o € G,- Now,

log(g) = log(d) + log(g) + ...

where the remaining terms are finitely many rational

multiples of brackets of log(d) and 1og(go), by the

Campbell-Hausdorff formula.

ideal log(Go),

for

(1)

(2)

But since 1og(go) is in the

log(g) = log(d) + log(g,)

some Eo € G,. Hence

log(G) < log(D) + log(GO)

Now, consider the following commutative diagram:

log(n)
t log

h

do

-

61

1Og(h/Go) = log(n)/log(Go)

t log

n/G

(o]
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Since

log(G) = log(v *(T))

log(C) + log(G,) = dy™ " (Log(r)

and the right hand sides are equal by the commutativity

of (2), we must have
(3) log(G) = log(G) + 1og(Go).

But log(D) + log(Go) c log(G) + 1og(Go) = log(G), and this

together with (1) implies that
(4) log(G) = log(DGO) = log(D) + log(Go)
‘Let 5 € A. By (4),
log(s) = log(d) + log(g,)

for some d €D and g €G_ . But log(s) - log(d) = log(go) is

in the lattice log(H). Therefore 8, € Gonﬁ = H and
(5) log(a) < log(D) + log(H).
Now if de D and h € H then

log(d) + log(h) € log(D) + log(Go) = 1og(DGO)
by (4). But also

log(d) + log(h) € log(H).
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Thus

(6) log(D) + log(H) < log(DG,) N log(H) = log(a).

Equations (5) and (6) imply that log(a) = log(D) + log(H).

Finally we show that log(D) + log(H) is a lattice: Let
log(sy) = log(d;) + 1og(h1), and log(s,) = 1og(d2) + log(hz).
Then

(1)  log(s)) + Log(t,) = log(d;) + log(d,) + Llog(hy)

for some h3 € H, since log(H) is the intersection of a

lattice and an ideal, thus a lattice itself. But
(8) log(dl) + log(dz) = log(d3) + log(k)

for some d3 €D and kGGo, since log(G) is a lattice modulo

log(G,) and, by (4), log(G) = log(D) + log(G,). Furthermore,
(9)  log(d;) + log(d,) - log(dy) = log(k) € log(H)

since DcH. Hence in equation (8), k €H. Equation (7) may

now be written

(10) 1og(61) + log(éz) = 1og(d3) + log(k) + log(h3)

log(d3) + 1og(h4)

for some haezH. Hence log(a) = log(D) + log(H) is a lattice.
Since A contains D, A*G = G. Thus A/Arm% is isomorphic

to G/G_, and the lemma is proved.
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Theorem D: Let T be a lattice nilpotent group of the con-
nected simply connected nilpotent Lie group h. Then T is
the homomorphic image of a lattice subgroup of a free nil-

potent Lie group.

Proof: Let Y1sYpseees Yy be a canonical basis of T.
Suppose the dimension of n/n2 is k, and n is ¢-step nil-
potent. Let nS’L be the free nilpotent rational Lie group
freely generated by Xy 3Xgsee e Xy Let 6: hE,L - exp(Q(T))
be the homomorphism determined by the mapping Xg = ¥y
(i=1,2,...,k). Finally, let K be the kernel of 3.

e-l(r) is a nilpotent Lie group with simply connected,
rational identity component K. By lemma 5, there exists a

lattice nilpotent group Ac:e-l(r) such that A/AnK is

isomorphic to 9_1(F)/K. Hence g(A) = T.
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SECTION V. LATTICE NILPOTENT GROUPS OF CONNECTED
SIMPLY CONNECTED TWO-STEP AND THREE-STEP
NILPOTENT LIE GROUPS

Let h be a connected simply connected two-step nil-
potent Lie group, and let T" be a lattice nilpotent group
of n. Suppose Y1sY9s s Yy is a canonical basis for T.

Denote log(yi) by s for i = 1,2,...,xr. If i and j

are in {1,2,...,r}, then by the Campbell-Hausdorff formula

YiY¥y © exp(ci-+cj-+%[ci,cj]) = exp(ci+-cj)exp(%[ci,cj]).

Since log(r) is a lattice, exp(ci + Cj) € 7. This implies
that T must contain exp(%[ci,cj]). We shall prove that

this is also a sufficient condition 1i.e. we shall prove

Theorem E: Let T be a discrete cocompact subgroup of a
connected simply connected two-step nilpotent Lie group n.
Let Yi,Y950es Yy be a canonical basis for ' Then T is a

lattice nilpotent group if and only if it contains

exp (5[ log(v;),1og(v;)]1)
for i,j = 1,2,...,r.

Proof: Necessity is proved above. Suppose o and B

are elements of I'. Then for some integers Nj,My, 00,0 M
n, n. my m.
we have g = Y1 Yy and g = Y1© oeee Y oo Now let

log(yi) = ¢y for i = 1,2,...,r. Then



-29-
ap = exp(log(a) + log(p) + %[log(a),log(B)]) =

exp(log(a) + log(B)
+ %[nlcl + ..o+ ne +oaomey + oL+ mycy .. )

where the terms following ncp and m.C, are central. Hence

k k
ap = exp(log(a) + log(p) + %35 & n'mj[Ci’C

i=1 j=1 * b

h]
We assume that exp(%[ci,cj]) €r for i,j = 1,2,...,r. But

then

r i)

L
el = 3 ph L. e z).
A R (pij €2)

Therefore ¢ = exp(log(a) + log(g) + XaB) where XOLB is an

integral linear combination of Crg1? S Clearly

r
xaB € 1cg(r2). We then have a8 = exp(log{c)+ log(s))exp(XaB).
Thus log(a) + log(g) = log(as exp(Xg)™") € log(r), and log(r)
is a lattice.

1t follows fiom this theorem that every discrete

cocompact subgroup T of Nk o with canonical basis
’

exp (%)) ,exp(x,) , - . -, exp ()

where x,,...,x, are free generators of Nk’2 and s = k(k+1)/2,
is a lattice group if and only if Xpgqs+ e -2 ¥g additively
generate %[xi,xj], i,j =1,2,...,k. In particular, we can
describe an infinite number of lattice subgroups of hk,2

as follows: Their canonical bases are of the form
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*) exp<x1>,...,exp(xk)exp<§%1[x1,x2]>,exp<§%é[x1,x31>,

1
ZLq-k

[

...,exp( [xk-l’xk])’

where X1s... % are free generators of Nk’2 and Liseeeslg p
are nonzero integers. We see that (%) is indeed the canoni-

cal basis of a group by noting that

(i) the last s-k elements are central, and
n, n,

(ii) the relation exp(xj) Jexp(xi) 1

.,

ni n. -nl
= exp(x;) Texp(x;) Jexp([xg,x;1) *

shows that we can interchange factors
n, n,
exp(xj) J and exp(xi) 1 modulo a central

element;

hence every product

n, 1 n my
exp(xl) ces exP(ff__;[xk-l’xk]) exp(xl)
S-

1 g
P exp(ﬁ——k[xk_l,xk] )
S—

where ny,My,...,0,m € Z , can be written in the form

P P
exp(xl) 1 ee. €Xp Eil—k[xk'l’xk]) s
S-

for Some pl,oo-’ps ez .
Let us denote by Lk .2 the collection of subgroups with
’

canonical bases described by (*¥). A discrete cocompact
subgroup of n; 9 1s lattice if and only if it contains a
]

member of Sp.o -
]
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The question arises whether every lattice subgroup of
“k,z is in £, 2° A counterexample follows:

Let I" be the lattice subgroup of ng 9 with canonical
b

basis:

(1) exp(x)),exp(xy) ,exp(xy) ,explx,) ,exp (hlxy %] + Klxy,x,))
exp(%[xl ,x3] ) :exp(l/Z[X]_,X4] ) ,exp(%[xz,XB] )

eXP(%[Xz,XA] ) 3exp(%[x3 3X4])

where exp(x;),...,exp(x,) freely generate n, ,. T clearly
b
satisfies the conditions of theorem E. Suppose that T has

as another canonical basis:

(2) exp(y;),...,exp(y,), eXP(?_L [yl,y?_])eXP(ZL [yl,y3]),

1
-,eXP(jng[Y3ay4])

where exp(yl),...,exp(yA) freely generate n4’2 and
le,L13,...,L34 are integers. The last six elements of (2)
generate the lattice rz, and so do the last six elements of
(1). Hence 2& [yl,y ] must be an integral linear combina-
tion of the last six elements of (1) for i,j = 1,2,3,4 and
i< j. Furthermore each %[xi,xj] must appear with nonzero

coefficient in the expression of at least one of

{ 1 :i<j, 1,3 = 1,2,3,4}. 1In particular there
2Lij

are integers i and Jo in {1,2,3,4} such that io<<jo and
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3)  pi— - 1+ .
(3) 2Li 3 [yio,yjo] = T([Xl’xz [x3aX4]) + T[X1:x3]
0~ 0
k

6
+ ¢ o0 +T[X3’X4] Iy

where k;,k,,...,k. € Z and k; # 0. But
(y1+108(T%),...,y, + Log(r?)] and {x; +log(r?),...,x,+log(r?))
are both generating sets of the lattice 1og(r)/log(F2).

Hence for some integers Ny,e.e,ny and my,...,m, we have

4
. = X. + 2z,

and Y3 mxy +z. o,

k-l Jo

where z; and z3 are in 1og(r2). Equation (3) becomes

o] (o]
1 ; ]
T n.x. + z. T omX, + z.
zLino j=1 373 iy 0 = Kk g
4 4

"'7_‘—[ Z nJ J ’ ky]_ mkxk]

[xl,x2]+-7- [xl,x3]+-...+ - [x2,x4]
2k, + k

+ (2L Ixq,x,]

%(kl[xl,xz] + 2k2[x1,x2] + ...+ 2k5[x2,x4]

+ (2k6 + kl)[x3,x4])
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4

Expanding [ ¥ n.x., ¥ m,x,_] we obtain the equations:

a) nym, - mn, = k;L; . /2

b) n my - mng = k2L.

c) nym, - mn, = k,L. .
174 174 3 iy,

d) n,m, - m,n, = k,L. .
273 23 4 i,

e) n,m, - my,n, = kL, .
274 274 5713,

Now equation (a) implies that either k; or L, 3 is
o”o

divisible by 2. Moreover, m3(equation (a)) - mz(equation (b))
implies that |
m3k1
Liojo(—jr— - m2k2) = - ml(nzm3 - m2n3) = - m1k4Liojo .

Hence either kl or m, is divisible by 2. Similarly,
m4(equation (a)) - m2(equation (c)) implies that either k1
or m; is divisible by 2.

But then we see from equation (f) that k; must be
divisible by 2, for if Liojo’ mq and m, have this property
then (2kg + ky)/2 is an integer.

Now if no expression (3) has k1 odd, the elements

f%f [yi’yj] cannot generate the vector %([xl,x2]-+[x3,x4]).
1)

This contradicts the existence of the canonical basis (2).



-34-
Theorem F: Let n be a connected simply connected three-
step nilpotent Lie group and I' a discrete cocompact sub-
group of n. Suppose Y13 Y9s e e esYy is a canonical basis

of . Let log(yi) = c (i =1,2,...,r). Then T is a

i
lattice subgroup if and only if log(r’) contains

i’cj] >

(i) Xlec
(ii) %[[ci,cj],ck] and
(i1D) 17 [ej,leg,eq0]
for i,j,k = 1,2,...,r.

Proof: a) Necessity. Let N be the Lie algebra of n.
Let n:nh =~ n/n3 be the projection homomorphism, where n3 is
the last term of the lower central series of n, and
drn:N - N/N3 the differential of n. Then n(r") is the homo-
morphic image of the lattice nilpotent group T and so, by
theorem A, is itself a lattice nilpotent group. Let k1 be
the dimension of h/h2 and k2 the dimension of n/n3. Note
that ﬂ(vl),n(yz),---,n(ykz) is a canonical basis for n(T).
By theorem E, %[dn(ci),dn(cj)] is in dnolog(r) for

i,j = 1,2,...,k2. It follows that
%[ci,cj] + 245 = ¢

for some ¢ ¢ log(r), 243 € N3 and i,j = 1,2,...,k2. If
i or j is greater tham k, the term %[ci,cj] is zero, hence
trivially an element of log(r), and 255 may be taken to be

Z€Xo.
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Now, for i,j,k =1,2,...,r ,

exp(%[ci,cj] + Zij)exp(ck)

exP(%[ciaCj] + zij + k + %[[Ci’cj]’ck])

exP(%[Ci,Cj] + zij + Ck)exP(%[[Ci,Cj],ck])-

Since the left hand side and the first term on the right
hand side are elements of T, we must have
L
exp(¥l[cs e l.¢)) €T
Since log(T) contains %[ci,cj] + 255 and is a lattice,

it must contain -E[Ci,cj] - z.., for i,j=1,...,r. The

ij?

equations

= = L
Yivy < (exp(ci)exp(cj) -)exp(ci+-cj+-2[ci,cj]+-zij)
1 1 R
exp(yy [Ci,[Ci,Cj]] - 17 [Cj,[Ci,Lj] Zij)
and

Y;le = (eXP('Ci)eXP(Cj) =)exP('Ci+'Cj‘ %[ci’cj]- zij)

exp(py leg,leg,e51] + g7 Loy, leg,eq) + 24y

imply that

']_lf [Ci’[ci’cj]] - ']% [Cj’[ci’cj]] - Zi_]

and
1 [c:,[cs,c.]) + 1 [e.,[c.,c.]] + =z
12 L S 12 i R S ij

are elements of log(r). Therefore their sum, % [ci,[ci,cj]]

is in log(r). Since we have shown that log(r) also contains
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%[ci,[ci,cj]] we have

(% - %)[ci,[ci,cj]] = %5 [c,lei,e511 € log(r)

We have so far shown that if log(r) is a lattice it

must contain %[ci,cj] + 255 %[[ci,cj],ck] and
1 . . 3
iz [ci,[ci,gj]] for i,j,k € {1,2,...,r} and zij € N~.

Since cy and Cj are in log(r),

- 1 1 - L
d"ci+'cj+ 6[Ci’cj]+.zij+-T7[ci’[ci’cj]] 12[Cj’[ci’cj]]

is in log(r). But d = log(yiyj) + Zg5e Hence

245 = d - log(yiyj) € log(r). We may therefore conclude

that %[ci,cj] € log(r) for i,j =1,2,...,r.

b) Sufficiency. We introduce the following notation:

= 1
Eij = 2 [Ci’cj]
Fijk = % [[ci’cj]’ck]
. G =3

ij 19 [ci’[ci’cj]]

Let exp(a) = y?lyzz oo Y:r and exp(b)==yT1y22...{:r
be elements of ', and let k1 and k2 be as in (a). Then we
can apply the Campbell-Hausdorff formula r times to exp(a)
and exp(b) to find their expressions in terms of C13Cgse+sCy
(and bracket products of these). Adding, we obtain
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(n1 + ml)c1 + (n2 + m2)02 + (nln2 + mlmz)E12

+

+

+

(n%n2 + m%mz)G12 + (nlng + mlm%)G21
(n3 + m3)c3 + (nln3 + m1m3)E13 + (n2n3 + m2m3)E23
(nlnzn3 + m1m2m3)F123 + (n%n3 + m%m:})G13
2 2 2 2
(nyng + mym3)Gyy + (nyn3 + mym3)Gyy

2 2
(n2n3 + m2m3)G32 + ... + (nk + mkl)ck

1 1

(nqn, + mym, )E + ...
1 kl 17ky 1kl

(n, _yn, +m _.m )E,
ky-17ky ky-1"k; "7k =1,kg

(n,n,n, + mym,m,_ )F
172 kl 172 kl 12k1

(nyn,n, + m,m,m_)F + ...
13k 1737k, 13 ky

(n,, _,n, _4n +m, _,m _m }F _
k1 2 k1 1 k1 k1 2 k1 1 kl’ k1 2,k1 l,k1

2 2
(nin, + mim, )G + ...
1 kl 1 kl lkl

2 2
(ng _yny *+ mp _gm )G _
Py -1k M -1, 2k, -1,k

2 2
(nlnkl + mlmkl)le,l + ...

2 2
(n, _yny +m _.m" )G -
ky =17k © Mg 1Mk, )k kg -1

(e 41+ M) € ¥ M M 4)E) k4

.+ (n n, + m m )E + ...
k1 k1+1 k1 k1+1 kl’kl+1

(n, +m ), + (nyn, + mym, )E + ...
k2 k2 k2 1 k2 1 k2 1k2

(np,n, +m m + (n + m )c
k1 k2 ky kz)Ek K k2+1 k2+1 k2+1

172

.+ (nr + mr)cr .
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Since Gij’ Fijk and E,, are elements of log(r) by hypothesis

L
and are central, for i,j,k = 1,2,...,r and 4 = k1+],...,r s
it is sufficient to show that the following sum is in

log(T):

S = (n1+m1)c1 + (n2+m2)c2 + ...+ (nr+mr)cr

+ (nin2+m1m2)E12 + (n1n3+m1m3)E13 + (n2n3+m2m3)E23

+ ...+ @, _yn, +m_ _.m )E _ .
k1 1 ky k1 1 k1 k1 l,k1
n,-+m Ny+m n_-tm :
Now let y = yll 1 y22 2 “eo Yrr ¥ . Then
log(y) = e = (n;+m))cy + (nymy)c, + ... + (n4m e,

+ (n1+m1)(n2+m2)E12 + (n1+m1)(n3+m3)E13
+ (n2+m2)(n3+m3)E23 + ...

+ (n, _,+m, _,)(n, +m, )E,_ _ + f
ky-1" "k =17 kg TR T PRy -1, kg

3 Fijk and

EiL (i,j,k=1,2,...,r and 2, = k14-1,...,r), hence

where f is_% csum of integral multiples of G;

f € log(r). Therefore e -f ic in log(r), since f is

central. Now,

S=e -~ f - (n1m2+m1n2)E12 - (n1m3+m1n3)E13

- (nomy+m,n)E, , - ... = (n,, _ymy, +m_ _.n; )E_ _ .
273772737723 ky-17ky Tk =17k 7Tk =1,k
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by E,

Denote (nim. + miJj)Ei 55

j Since e - £ and Eij are in

j
log(r),

5§ = exp(e- f)exp(-ilz)exr)('fl3) LI exp('Ekl-]_’kl)

is in 1. But log(s) = S + g, where g is a sum of integral
multiples of Fijk's' Since the Fijk's are in log(r) and

are central, S itself must be in log(r), and we are done.

Let ¢, 3 be the collection of lattice subgroups of
b
h described as follows:
k,3
1f Xps ... Xp are free generators of Nk,3 then a

canonical basis for N is
k,3

xl, .o .,Xk,[xi,xj] ,[Xi,[xi,xj]]’[xj’[xi,xj] ] ,[xLi[xi,Xj]]

where i<j, ¢<ior jand i#+#j and i,j,4 € {1,2,...,k}.
There are k(k-1)(k-2)/3 terms of the form [xL,[xi,xj]] and
k(k-1) terms of the forms [xi,[xi,xj]] and [xj,[xi,xj]].
Note that the Jacobi identity forces us to exclude from
the basis one third of the terms '[xN,[xP,xQ]] where

N,P,Q =1,...,k and N#P, N#Q, P# Q, since
[XN’[XP’XQ]] = [XP’[XN’XQ]] = [XQ’[XN’XP]]

If N<P<Q, then [xN,[xP,xQ]] and [xP,[xN,xQ]] satisfy the
above conditions but [xQ’[xN’xP]] does not. Thus the above

conditions assure us of a linearly independent set.
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Now, a canonical basis B of Nk,3 determines a discrete
cocompact subgroup T of hk,3 by (A4). T is generated by
exp(B). Suppose B is of the following form, where

Xps...,X are free generators o« Ny 3°
(**) xl""’xk’ 2L [xl,x ]3 T__'_ [X ,[xlax ]]

T——__ [X » [%5, X5 11, z———- [x,,[x;,x ]]
where i <j, ¢<ior j, i#24+3j, i,j,4€{1,2,...,k} and

L,., M., P.. and Q, are integers. Consider the equations

ij> 7ij* "ij ije
i ) 19 1 m
(i) GXP(élxiz,szl) exP(é[Xille]) =
wnl Ll \nl rL n2 .
e‘-P\z[?-inl]/ exp{Z[xg ,xJ-z]) ;

n, . n
(i) exp(ilxg,x;1) M exp(x,) * =
n, . n;.n
exp(—1 [xg,x5] + nyx, + =L [[x,%3],%,]) =
n, )y ny )y nng g

exp(x,) “exp( [xi’xj]) exp ( [XL,[Xi,Xj]]) ;
n. n

(iii) exp(xj) Jexp(x.) 1=
exp(n x +n, %5 +~—7—l [x 3 X ]+- [x [x.,xi]]

—n-l (x5, [x5,%;1]) =

n. n. -2n.n.
exp(x;) “exp(x;) JexpChlxg,x;1) 7

n‘]?:n. n‘?ni
exp(—5 [x, [x;,%;) Dexp(~5—= [x;,[x;,%,11)
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According to these equations we may change the order of the

n,

factors in the product exp(xi) lexp(xj) 3 modulo
-2n.n.

exp(%[xi,xj]) 1'J and central terms in © and we may

change the order of the factors in the product

n, . .
R RN 5 P \nL modulo central terms in I, for

S i N, modul tral i £
ljexp(xL) 1 modulo central terms in 1, for

i,:exp(li[xi’xj])
written in the form
n

! k 1
exp(xl) ... exp(xy) exp(izz [Xl’XZ])

Dytl

n
exP(TTFi’_T_k (x5 153 D) °

This tells us that exp(B) is a canonical basis of the
discrete cocompact subgroup T which it generates. We see
from theorem F that T~ is a lattice group for any choice of

integers L;., M;., P;. and Qij&‘ We define xk,3 to be the

j? Tij’ i
collection of lattice nilpotent groups with canonical bases
of the form exp(B). A discrete cocompact subgroup of Nk 3
b
is a lattice if and only if it contains a member of £ 3e
?

As in the two-step case, it can be shown that N 3 contains
H

lattice subgroups which are not in £ 3"
b

From the results stated in theorems E and F one would
guess that in the general case of the connected simply
connected {-step nilpotent Lie group, there exist necessary
and sufficient conditions for a discrete cocompact subgroup
to be lattice, and that these arise from the Campbell-

Hausdorff formula. However, attempts to prove this
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encounter the difficulty that the central terms analogous
to 243 in the proof of theorem F do not drop out so readily
when { is greater than 3. Moreover, the expansion of a+ b

becomes considerably more involved, thereby complicating

the sufficiency argument.

Let 93,1 (n = 1,2,...,nj) be the rational coefficients
b
of the nj terms of length j in the Campbell-Hausdorff for-
mula. Let 95 = % where N is the greatest common denominator

of 95,12+ 2950,

We conjecture the following:

Note that q;=1. Let Qj = 919---95-

Suppose T is a discrete cocompact subgroup of a
connected simply connected t-step nilpotent Lie group h.
Let exp(cl),...,exp(cr) be a canonical basis for 1. Then

T is a lattice nilpotent group if log(r’) contains

Q) *ley sleg »-oonley, neq Tee]

for j = 1,2,...,¢ .
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