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Abstract

PRESCRIBED MEAN CURVATURE GRAPHS IN HYPERBOLIC
SPACE

by

Timothy Bocchi

Adviser: Professor John Velling

In this work we examine mean curvature in hyperbolic space. We seek the

existence and uniqueness of smooth hypersurfaces with prescribed mean curvature H

and given ideal boundary �. We prove that in the half-space model Hn+1 = Rn�(0;1)

of hyperbolic space, unique radial graphs over the semi-sphere Sn\Hn+1exist provided

H 2 C1
�
Sn+
�
; jHj � 1; jHj < 1 on @Sn+, and � is the radial graph in Rn � f0g

of a continuous function on @Sn+: Classical methods in the theory of elliptic partial

di¤erential equations are employed. If one varies the mean curvature or the ideal

boundary in an appropriate way, the resulting surfaces are shown to foliate Hn+1:
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CHAPTER 1.

INTRODUCTION

1.1 Background

Consider Rn � (0;1) with metric gij(x; t) = 1
t2
�ij for (x; t) 2 Rn+1+ = Rn �

(0;1); the half-space model of (n+ 1)-dimensional hyperbolic space. The authors

in [3] demonstrate the existence and uniqueness of radial graphs with constant mean

curvature �1 < H < 1 and prescribed asymptotic boundary �; where � is the boundary

of a C1;1 star-shaped domain lying in Rn: Their graph is a C1surface having regularity

of order C1;1 at �: What is meant by a radial graph, is the image of the map x 7�!

exp (f (x))x where x 2 Sn+ =
�
x : jxj = 1; x 2 Rn+1+

	
and f is a real valued function on

Sn+:

The authors in [1] considered the same problem, but for non-constant H: They

used a more "natural" coordinate system for Hn+1, so that radial graphs will have

rectangular coordinates. In fact, de�ne the di¤eomorphism 	 : Dn � R! Rn+1+ by

	(x; t) =
2 exp (t)

1 + jxj2

 
x;
1� jxj2

2

!
; (1..1)

where Dn = fx : jxj < 1; x 2 Rng : It was then shown that the pull-back metric 
 on

the cylinder Dn � R is

�

ij(x; t)

�
=

8>>><>>>:
4

(1�jxj2)
2 In 0

0
(1+jxj2)

2

(1�jxj2)
2

9>>>=>>>; : (1..2)
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Note that the image under 	 of Dn � f0g is Sn+, and the image of a vertical graph

is radial. Moreover, vertical translations in the cylinder correspond to dilations in the

half-space model. Thus, vertical translations are isometries in the cylinder model (which

can also be seen by the absence of t in (1..2)). We also note that the inherited metric

on Dn � f0g is just the metric of the ball model, that is, Dn with 
ij(x) = �ij
4

(1�jxj2)
2 .

In this setting, the graph f(x; u(x)) : x 2 Dng of a C2 function u has mean

curvature H () Q (u) = nH: Here,

Qu(x) = aij(x;Du)uij (x) + b(x;Du) (1..3)

= �
�
�ij �

uiuj
�2

�
uij +Du � (�k + l) ,

where

� =

 
4�

1 + jxj2
�2 + jDuj2

!1=2
, � =

1� jxj2

2�
; (1..4)

l = �x
�
+
4x
�
1� jxj2

�
�3
�
1 + jxj2

�3 , and k =
4x+ 2nx

�
1 + jxj2

��
1� jxj2

� �
1 + jxj2

� : (1..5)

The operator Q is quasilinear elliptic. The eigenvalues of aij(x;Du) are � =
2(1�jxj2)
(1+jxj2)

2
�3

with multiplicity 1 and

� = � =
1� jxj2

2�
: (1..6)

with multiplicity n� 1; � � �:

The authors of [1] then prove:

Theorem 1 Let 
 be a bounded domain (with respect to the hyperbolic metric) and

let H 2 C1
�


�
; �1 � H � 1: Then, if jH(y)j < H 0(y) everywhere on @
; where

2



H 0denotes the hyperbolic mean curvature of the cylinder over @
, for every ' 2 C2;�(
)

there is a unique solution to the Dirichlet problem Qu = nH in 
; u = ' on @
:

One of our main results in this work is to extend Theorem 1 to include the case

where 
 = Dn: This also serves as an extension of the aforementioned result contained

in [3]. Moreover, if the boundary data or the prescribed mean curvature function is

replaced by an appropriately de�ned one parameter family, the resulting surfaces foliate

hyperbolic space.

1.2 Notes on PDE

We would like to discuss several ideas from the general theory of second order

quasilinear elliptic partial di¤erential equations.

An important feature of Q in equation (1..3), is that it obeys the comparison

principle:

Qu � Qv on 
 and v � u on @
 =) v � u on 
: (1..7)

It is important for our use of the comparison principle to note that if either inequality

is strict in the "if" part of (1..7), then so is the resulting inequality on all of 
: See

Theorem 10.1 in [2] for a proof of (1..7). Also of importance are the following interior

estimates. Roughly speaking, a solution u to a quasilinear elliptic PDE (or family of

PDE) of order 2, with an interior gradient estimate (uniform in the case of a family),

has an interior (apriori) Holder estimate for it�s gradient.

sup
x;y2K
x 6=y

jDu (x)�Du (y)j
jx� yj� � C; (1..8)

3



where K is a compact subset of the domain of u; and C depends on (among other

things) sup
x2K

jDu (x)j : This is essentially Theorem 13.6 in [2]. The Schauder interior

estimates give a C2;� (apriori) interior estimate for a solution u (or family of solutions)

having an interior C1;� estimate (uniform in the case of a family).

sup
x2K

�
ju(x)j+ jDu(x)j+

��D2(x)
���+ sup

x;y2K
x 6=y

jD2u (x)�D2u (y)j
jx� yj� (1..9)

� C;

where C depends on (among other things)

sup
x2K

(ju(x)j+ jDu(x)j) + sup
x;y2K
x 6=y

jDu (x)�Du (y)j
jx� yj� :

This is essentially Theorem 6.2 in [2].

1.3 Geometric Preliminaries

In a general Riemannian manifoldM , the divergence of a smooth vector �eld X

at a point p 2 M can be de�ned as the trace of the linear map Y (p) ! rYX (p). r

will always refer to the Levi-Civita connection on M: In local coordinates,

divX =
1
p
g

X
@i
�p

gX i
�
;

where X =
P
X i@i; gij = h@i; @ji ; and g = det [gij] : For a smooth function f on M ,

we de�ne grad f to be the vector �eld on M satisfying hgrad f (p) ; �i = Df(p) (v) for

each p 2 M and every v 2 Tp(M). The laplacian of f is given by �f = div (grad f).

In local coordinates,

Of = grad f =
X

gij (@if) @j and �f =
1
p
g

X
@i
�p

ggij (@jf)
�
:

4



We note that kXk, divX; grad f = Of; and �f will always refer to the hyperbolic

metric. We will write jxj ; Df; and �Ef for their Euclidean counterparts.

SupposeM has dimension n+1. We will view an embedded n-dimensional sub-

manifold ofM as a smooth hypersurface �; and it will always be given the Riemannian

structure inherited fromM . If � is a smooth unit vector �eld de�ned in a neighborhood

of p 2 � and normal to �; then div �(p) = �nH(p); where H is the mean curvature of

� with respect to the local normal �eld �:

In Hn+1, our �rst important surface is a geodesic sphere of (hyperbolic) radius

d: One can show that

H = � coth d: (1..10)

Here, the mean curvature is taken with respect to the outer unit normal. The next

surface of interest is a "spherical cap". In fact, in the upper half space model of Hn+1;

suppose p = (x; t) 2 Rn � R and let

S(p;R) = @B(p;R) \Hn+1; (1..11)

where B(p;R) is the Euclidean ball of radius R centered at p: Then its mean curvature

with respect to the outer unit normal is the constant

H = � t

R
:

Finally, in the coordinates of the upper half space model, the set ft = 1g ; (x; t) 2

Rn � (0;1); is a horosphere whose mean curvature with respect to the upper unit

normal is 1. It is not hard to show that its preimage under 	 (see (1..1)) is the graph

of the equation u(x) = ln(1 + jxj2)� ln(1� jxj2):
5



CHAPTER 2.

INTERIOR GRADIENT ESTIMATE

2.1 An identity for �w

The main result of this chapter is Theorem 7, in which we derive an interior gra-

dient estimate for a solution of the prescribed mean curvature equation. Our derivation

follows the same line of reasoning as in Chapter 16 of [2], where the authors deal only

with the Euclidean case.

The present section consists of a supporting Lemma which is interesting in its

own right. Though we state the result for hypersurfaces in Hn+1, the proof works

equally well in a general Riemannian manifold.

Let us begin by considering a smooth hypersurface � in Hn+1 with a continuous

unit normal �eld �. We choose local coordinates u : U ! � and de�ne the coordinates

(for a su¢ ciently small �) bu : U � (��; �) ! Hn+1 by bu(x; t) = 
p (t), where u(x) = p

and 
p is the unique unit speed geodesic with 
p(0) = p and 

0
p (0) = � (p). With

these coordinates, the metric [gij] ; where gij = hDbu (ei); Dbu(ej)i ; takes the block form2664aij 0

0 1

3775,where the vector �elds e1; e2; : : : ; en; en+1 form the standard frame for U �

(��; �). Hence, a given vector �eld Y =
Pn+1

i=1 y
iei has divergence

Div(Y ) =
1
p
g

n+1X
k=1

@k(
p
gyk) =

1p
a

nX
k=1

@k(
p
ayk) +

@n+1(
p
a)p

a
yn+1 + @n+1y

n+1;

where g and a are the determinants det [gij] and det [aij], respectively. Note that for

each t 2 (��; �),

Dbu(x;t)(en+1(x; t)) = 

0

p(t) := �(p; t), (2..1)

6



is a unit vector normal to the surface �t := bu (U � ftg) at bu(x; t) = 
p (t). Thus for a

smooth vector �eld Y 2 �1(Hn+1), we have at points on �;

Div(Y ) =Div�(Y
T )� nH hY; �i+ O� hY; �i ; (2..2)

where H is the mean curvature of � , Div� is the divergence operator with respect to

�; and Y T is the component of Y tangent to �.

For the following lemma, we suppose we have a function � 2 C3(Hn+1) with

grad� 6= 0 and we let � denote an arbitrary level surface of �: We introduce the

function w = ln (kO�k) and the vector �eld � := O�
kO�k , which is normal to �.

Lemma 2 We have

��w = C2 + kO�wk2 � nO�H; (2..3)

where C2 is the sum of the squares of the principal curvatures of � and H(p) is the

mean curvature (with respect to �) at p of the level surface passing through p 2 Hn+1:

Proof. Let �0 be a �xed level surface of �. Recall the vector �eld � de-

�ned in (2..1) which we take to be normal to �0: Calculating ��0w with the help of

(2..2) gives ��0w = Div�0O�0
w = [Div(O

�
w) + nH hO�0w; �i � @� hO�

w; �i] j�0 Here,

and in what follows, the symbol j�0 denotes the restriction of a function to �0: Since

hO�0w; �i = 0; we have

��0w = Div(O
�
w)j�0 � @� hO�

w; �i j�0 : (2..4)

In order to see that the right hand sides of (2..3) and (2..4) are equivalent, we must

�rst show that

O�� = O�w: (2..5)

7



Now,

O�� = O O�
kO�k

O�
kO�k = (O O�

kO�k
(1= kO�k))O� + (1= kO�k)O O�

kO�k
O�

= � 1

kO�k3
(OO� kO�k)O� +

1

kO�k2
OO�O�

= � 1

kO�k3
hO kO�k ;O�iO� + 1

kO�k2
OO�O�: (2..6)

We now express OO�O� in terms of a local geodesic frame u1; u2; :::; un+1 centered at a

point p0 2 Hn+1(that is, the ui form a local orthonormal frame and Ouiuj(p0) = 0 for

i; j 2 f1; 2; :::; n+ 1g). Now, at points near p0; we have O� = �iui so that

OO�O� = O�iui�juj = �i�jiuj + �i�jOuiuj; (2..7)

where �i = Oui�;�ji = Oui(Ouj�), and summation is understood. Since Ouiuj(p0) = 0

and �ij(p0) = �ji(p0); we have by substituting (2..7) into (2..6),

O�� = �
1

kO�k3
hO kO�k ;O�iO� + �i�ij

kO�k2
uj (2..8)

at p0. On the other hand,

O�w = Ow � hOw; �i � =
O kO�k
kO�k �

�O kO�k
kO�k ;

O�
kO�k

� O�
kO�k

=
O kO�k2

2 kO�k2
� 1

kO�k3
hO kO�k ;O�iO�: (2..9)

Since O kO�k2 = (�2i )juj = 2�i�ijuj; when we substitute this into (2..9) we conclude,

by comparing it to (2..8), the identity (2..5).

Next, let us evaluate the second term in (2..4). By (2..5), O� hO�
w; �i =

O� hO��; �i = hO�(O��); �i+hO��;O��i = hO�(O��); �i, where the last equality follows

from the observation that O�� = 0: Now

hO�(O��); �i j�0 = hO�(O��); �i j�0 = hO�(O��); �i j�0
8



and

hO�(O��); �i = �hO��;O��i = �kO��k2 = �kO�wk2 ;

hence

�@� hO�
w; �i j�0 = kO�0wk2 : (2..10)

We now look at the �rst term in (2..4). Again, by (2..5), we have

Div(O
�
w) = Div(O��) = Oui hO��; uii ; (2..11)

where the ui are as above (but p0 2 �0) and summation is understood. Now

Oui hO��; uii = Oui


O�(�juj); ui

�
= Oui



(O��j)uj + �jO�uj; ui

�
(2..12)

= Oui
�
O��i

�
+ Oui(�j hO�uj; uii): (2..13)

By expanding the �rst term in (2..13), Oui (O��i) = Oui(�j�ij) = �iji�
j + �ji�

i
j; one sees

from equations (2..11), (2..12), and (2..13) that

Div(O
�
w) = �iji�

j + �ji�
i
j + Oui(�j hO�uj; uii) (2..14)

We know that at any point p 2 Hn+1, Div(�) =� nH; where H is the mean curvature

(at p) of the level surface of � passing through p. So

�nO�H = O�Div(�) =O� hOui�; uii

= O�


Oui(�juj); ui

�
= O�



�jiuj + �jOuiuj; ui

�
= O��ii + O�



�jOuiuj; ui

�
= �iij�

j + O�


�jOuiuj; ui

�
:

9



Thus we conclude

�nO�H = �iij�
j + (O��j) hOuiuj; uii+ �jO� hOuiuj; uii : (2..15)

Recalling that �iji = �iij and Ouiuj = 0 at the point p0 and substituting equation (2..15)

into (2..14), we have

Div(O
�
w) = �nO�H + �ji�ij � �jO� hOuiuj; uii+Oui(�j hO�uj; uii) (at p0). (2..16)

Claim: �ji�
i
j = C

2 and ��jO� hOuiuj; uii j�0+Oui(�j hO�uj; uii)j�0 = 0 at p0: The claim,

along with equations (2..16), (2..10) and (2..4) completes the proof of the lemma. Now,

we know the principal curvatures of � at p0 are the eigenvalues of the symmetric linear

operator S : Tp0(�) ! Tp0(�) given by v ! �Ov�: Therefore, C2 = Tr(S2): On the

other hand, the mapping v ! �Ov� is de�ned on Tp0(Hn+1) and naturally extends S

to a linear operator bS on Tp0(Hn+1): We have

Tr(S2) = Tr(bS2) = hOui�; uji 
Ouj�; ui� jp0

=


Oui(�lul); uj

� 

Ouj(�mum); ui

�
jp0 =



�liul + �lOuiul; uj

� 

�mj um + �mOujum; ui

�
jp0

=


�liul; uj

� 

�mj um; ui

�
jp0 = �ji�

i
jjp0 :

This proves the �rst part of the claim. We now show

��jO� hOuiuj; uii j�0 + Oui(�j hO�uj; uii)j�0 = 0: (2..17)

10



Indeed,

Oui(�j hO�uj; uii) = Oui�j hO�uj; uii+ �jOui hO�uj; uii

= Oui�j hO�uj; uii+ �jOui


�lOuluj; ui

�
= Oui�j hO�uj; uii+ �j�li hOuluj; uii+ �j�lOui hOuluj; uii

= Oui�j hO�uj; uii+ �j�li hOuluj; uii+ �j�l hOui(Ouluj); uii+ �j�l hOuluj;Ouiuii :

Evaluating at p0; we have

Oui(�j hO�uj; uii) = �j�l hOul(Ouiuj); uii (at p0). (2..18)

On the other hand,

�jO� hOuiuj; uii = �j hO�(Ouiuj); uii+�j hOuiuj;O�uii = �j�l hOul(Ouiuj); uii+�j hOuiuj;O�uii :

Again, we evaluate at p0 and conclude

�jO� hOuiuj; uii = �j�l hOul(Ouiuj); uii (at p0). (2..19)

Equations (2..18) and (2..19) imply (2..17), verifying the claim.

2.2 Distance and Preliminary Interior Estimate

Our goal in this section is Corollary 5, in which we obtain a pointwise estimate

for w in terms of the local geometry of � and an L1 estimate.

In what follows, let �; H; and � be as in the discussion preceding equation

(2..2), p0 2 �, and d : Hn+1 ! [0;1) be de�ned by d = d(p) = distHn+1(p; p0), where

distHn+1(p; p0) is the hyperbolic distance from p to p0. Let us also write B(p; d) =

fqjdistHn+1(q; p) < d; q 2 Hn+1g and S(p; d) = @B(p; d). We see from (2..2) that for

11



any point p 2 �, Div(Od) = Div�(O�d) � nH hOd; �i + O� hOd; �i : That is, �d =

��d� nH hOd; �i+ O� hOd; �i or

��d = �d+ nH hOd; �i � O� hOd; �i (2..20)

on �.

We would next like to �nd expressions for �d and O� hOd; �i. We recall from

(1..10), that S(p0; d) has constant mean curvature (with respect to the outward pointing

normal) � coth d: Therefore, at points on S(p0; d) we have �d = Div(Od) =Div( Od
kOdk):

Hence,

�d = n coth d. (2..21)

Next we calculate: O� hOd; �i = hO�Od; �i + hOd;O��i = hO�Od; �i : Letting � =

�N + �T , where �T = hOd; �iOd and �N = � �hOd; �iOd; and noting that the integral

curves of Od are geodesics emanating from p0, we see

O� hOd; �i = hO�Od; �i =


O�N+�TOd; �N + �T

�
=


O�NOd; �N

�
= k�Nk2

�
O �N

k�Nk
Od; �N

k�Nk

�
: (2..22)

Now


�N

2 = k�k2 � khOd; �iOdk2 = 1 � hOd; �i2, and at any point on �; we have

1� hOd; �i2 = kO�dk2. So we have by (2..22),

O� hOd; �i = kO�dk2
�
O �N

k�Nk
Od; �N

k�Nk

�
(2..23)

on �: It is easy to see that at any point p on S(p0; d) and for any unit vector u 2

Tp(S(p0; d));

�hOuOd; ui = � coth d, (2..24)

12



the mean curvature of S(p0; d). Indeed, the operator u ! �OuOd has only one eigen-

value � (with multiplicity n). Hence � = � coth d. Substituting �N

k�Nk for u in (2..24),

we may replace (2..23) with

O� hOd; �i = kO�dk2 coth d, (2..25)

which is valid on �\S(p0; d). Note that in (2..22), we assumed �N 6= 0: In case �N = 0;

(2..25) is clearly true. Thus, equations (2..25) and (2..21) together with (2..20) give us

Lemma 3 On � \ S(p0; d), we have

��d = n coth d+ nH hOd; �i � kO�dk2 coth d: (2..26)

We note that �� � u = ( 00 � u) kO�uk2 + ( 0 � u)��u =  00 kO�uk2 +  0��u

for u 2 C2(�) and  2 C2 (R) : Thus, substituting  � d into equation (2..26), we have

�� ( � d) =  0n coth d+ ( 00 �  0 coth d) kO�dk2 coth d+  0nH hOd; �i

=  0 (n� 1) coth d+  00 � ( 00 �  0 coth d)
�
1� kO�dk2

�
+  0nH hOd; �i : (2..27)

Let us de�ne  �(d) =
R1
d
tanh (�)�� (�) d� for d > 0 and let �� 2 C1c [0;1), which is

yet to be de�ned. We calculate

1.  0� (d) (n� 1) coth d+  00 = � tanh (d)�� (d) (n� 1) coth d� sech2(d)�� (d)� tanh (d)�0� (d)

= �(n� 1)�� (d)� sech2(d)�� (d)� tanh (d)�0� (d)

= �� (d)
�
tanh2 (d)� n

�
� �0� (d) tanh d:

2.  00� (d)�  0� (d) coth d = � sech2(d)�� (d)� tanh (d)�0� (d) + tanh (d)�� (d) coth d

= tanh2 (d)�� (d)� tanh (d)�0� (d) .
13



Substituting into (2..27) gives

�� ( � � d) = �� (d)
�
tanh2 (d)� n

�
� �0� (d) tanh d

�
�
tanh2 (d)�� (d)� tanh (d)�0� (d)

� �
1� kO�dk2

�
�tanh (d)�� (d)nH hOd; �i : (2..28)

In what follows, let �t = �\B(p0; t) for t > 0; � denote n-dimensional hyperbolic

surface measure, and Vt be the volume of an n-dimensional hyperbolic ball of radius t:

We now de�ne �� (t) =

8>>>>>><>>>>>>:

1
V�
� 1

VD
0 � t � �

1
Vt
� 1

VD
� � t � D

0 D � t

9>>>>>>=>>>>>>;
. Though �� is not C

1, it is clear that

�0� � d 2 Cb(�D � S (p0; ")) for each � > 0.

Lemma 4 Let D be a �xed hyperbolic radius and 0 � g 2 C2b (�D): Then

g(p0) �
1

VD

Z
�D

g kO�dk2 d�+
Z
�D

�
�
�
1

Vd

�0
tanh d

n
� 1

Vd

�
gd�+

1

n

Z
�D

�
tanh (d)

�
1

Vd

�0
+
1

Vd

� �
1� kO�dk2

�
gd�

+

Z
�D

tanh2 (d)

�
1

Vd
� 1

VD

��
H2=4 + kO�dk2 =n

�
gd�� 1

n

Z
�D

 � d��gd�; (2..29)

where  (t) = lim
�!0+

 �(t) =
R D
t
tanh (�)

�
1
V�
� 1

VD

�
d� for t > 0: If we only assume

g 2 C1b (�D); then the term � 1
n

R
�D

 � d��gd� is replaced by 1
n

R
�D

hO� ( � d) ;O�gi d�:

Before we prove the lemma, we would like to show that

1� kO�dk2 � cd2 (2..30)

as d! 0+ for some constant c � 0: Indeed, let us assume that � lies in the ball model

of Hn+1 :=
�
(x; t) : x 2 Dn; t 2 R; jxj2 + t2 < 1

	
: Let us also assume that p0 = (0; 0)

14



and that � is locally the graph of a C2 function with Du(0) = 0: Then by Taylor�s

theorem,

u � c1 jxj2 and jDuj � c2 jxj (2..31)

as x ! 0 and ci � 0: At the point (x; u(x)) 2 �; the unit surface normal � =

1
N1
(�Du(x); 1), where N1 = 2

1�jxj2

q
1 + jDu (x)j2. Since Euclidean lines through the

origin are geodesics, Od(x; u(x)) = 1
N2
(x; u(x)) where N2 = 2

1�jxj2

q
jxj2 + ju (x)j2:

Therefore,

1� kO�dk2 = jhOd; �ij2 =
16

(1�jxj2)
4 (�Du � x+ u(x))2

N2
1N

2
2

=
(�Du � x+ u(x))2�

1 + jDu (x)j2
� �
jxj2 + ju (x)j2

� : (2..32)

and hence

1� kO�dk2

jxj2
�

�
jDuj
jxj +

ju(x)j2

jxj2

�2�
1 + ju(x)j2

jxj2

� :

Now using (2..31) and the fact that jxj � cd(x) (c constant) as x! 0 gives us (2..30).

Proof of Lemma 4. We multiply (2..28) through by g and integrate over �D

to obtain

Z
�D

�� ( � � d) gd� =
Z
�D

�
�� (d)

�
tanh2 (d)� n

�
� �0� (d) tanh d

�
gd�

�
Z
�D

�
tanh2 (d)�� (d)� tanh (d)�0� (d)

� �
1� kO�dk2

�
gd��

Z
�D

tanh (d)�� (d)nH hOd; �i gd�:

Now,

lim
�!0+

Z
�D

�� ( � � d) gd� = lim
�!0+

Z
�D���

�� ( � � d) gd�+ lim
�!0+

Z
��

�� ( � � d) gd�. (2..33)
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But

lim
�!0+

Z
��

�� ( � � d) gd� = lim
�!0+

Z
��

��
1

V�
� 1

VD

��
tanh2 (d)� n

��
gd�

� lim
�!0+

Z
��

tanh2 (d)

�
1

V�
� 1

VD

��
1� kO�dk2

�
gd�� lim

�!0+

Z
�D

tanh (d)

�
1

V�
� 1

VD

�
nH hOd; �i gd�

= �ng(p0),

lim
�!0+

R
�D���

�� ( � � d) gd� =
R
�D

�
�
( � d) gd�, and lim

�!0+

R
�D

�� ( � � d) gd� = lim
�!0+

R
�D

 ��

d��gd� =
R
�D

 � d��gd�: Hence (2..33) becomes

Z
�D

 � d��gd� =

Z
�D

��
1

Vd
� 1

VD

��
tanh2 (d)� n

�
�
�
1

Vd

�0
tanh d

�
gd�

�
Z
�D

�
tanh2 (d)

�
1

Vd
� 1

VD

�
� tanh (d)

�
1

Vd

�0� �
1� kO�dk2

�
gd�

�
Z
�D

�
tanh (d)

�
1

Vd
� 1

VD

�
nH hOd; �i g

�
d�� ng(p0);

or equivalently,

g(p0) =
1

n

Z
�D

��
1

Vd
� 1

VD

��
tanh2 (d)� n

�
�
�
1

Vd

�0
tanh d

�
gd�

� 1
n

Z
�D

�
tanh2 (d)

�
1

Vd
� 1

VD

�
� tanh (d)

�
1

Vd

�0� �
1� kO�dk2

�
gd�

�
Z
�D

tanh (d)

�
1

Vd
� 1

VD

�
H hOd; �i gd�� 1

n

Z
�D

 � d��gd�: (2..34)

We note that by using power series, one can see that the terms
�
1
Vd
� 1

VD

�
(�n) ��

1
Vd

�0
tanh d and tanh (d)

�
1
Vd

�
are asymptotic (as d! 0+) to cd�n+1, where c is some

constant. We also have from (2..30) that tanh (d)
�
1
Vd

�0 �
1� kO�dk2

�
� cd�n+2 for

16



small enough d. Thus, the above integrands belong to L1(�D). Let us rearrange the

�rst two integrals in (2..34).

1

n

Z
�D

��
1

Vd
� 1

VD

��
tanh2 (d)� n

�
�
�
1

Vd

�0
tanh d

�
gd�

� 1
n

Z
�D

�
tanh2 (d)

�
1

Vd
� 1

VD

�
� tanh (d)

�
1

Vd

�0� �
1� kO�dk2

�
gd�

=
1

n

Z
�D

��
1

Vd
� 1

VD

�
(�n)�

�
1

Vd

�0
tanh d

�
gd�+

1

n

Z
�D

tanh2 (d)

�
1

Vd
� 1

VD

�
kO�dk2 gd�

+
1

n

Z
�D

tanh (d)

�
1

Vd

�0 �
1� kO�dk2

�
gd�;

and we express the right side of this equality by I1 + I2 + I3. By using the inequal-

ity tanh (d) jH hOd; �ij � hOd; �i2 + tanh2(d)H2

4
=
�
1� kO�dk2

�
+ tanh2(d)H2

4
; we see

that the the third term of (2..34) is bounded above by
R
�D

�
1
Vd
� 1

VD

�
tanh2(d)H2

4
gd� �R

�D

g
VD

�
1� kO�dk2

�
d� +

R
�D

1
Vd

�
1� kO�dk2

�
gd� := I4 � I5 + I6: We now obtain from

(2..34) and the preceding formulations, the inequality

g(p0) � I1 + I2 + I3 + I4 � I5 + I6 �
1

n

Z
�D

 � d��gd�: (2..35)

Finally,

I1 � I5 =
1

VD

Z
�D

g kO�dk2 d�+
Z
�D

�
�
�
1

Vd

�0
tanh d

n
� 1

Vd

�
gd�; (2..36)

I3 + I6 =
1

n

Z
�D

�
tanh (d)

�
1

Vd

�0
+
1

Vd

� �
1� kO�dk2

�
gd�; (2..37)

and

I2 + I4 =

Z
�D

tanh2 (d)

�
1

Vd
� 1

VD

��
H2=4 + kO�dk2 =n

�
gd�: (2..38)
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The lemma now follows from (2..35), (2..36), (2..37), and (2..38).

The following corollary is a simpli�ed version of (2..29) which we will use to

derive our interior estimate. Our method of proof , however, places restrictions on

the size of D. Here, w and � are the same as in Lemma (2) Let us de�ne H0;p0;D =

sup
p2�D

jH(p)j, H1;p0;D = sup
p2�D

kOH(p)k ; and A(t) = � (�t) :

Corollary 5 If w � 0 and D is small enough to ensure that kO�dk > 0 on �D; then

w(p0) �
1

VD

Z
�D

wd�+
(H2

0;p0;D
+ 4)

4n

DZ
0

tanh2 (t)
V 0
t

(Vt)
2

24Z
�t

wd�

35 dt+H1;p0;D

DZ
0

tanh (t)
1

Vt
A(t)dt.

(2..39)

Proof. Since w � 0, we may replace g in (2..29) with w to obtain

w(p0) �
1

VD

Z
�D

w kO�dk2 d�+
Z
�D

�
�
�
1

Vd

�0
tanh d

n
� 1

Vd

�
wd�+

1

n

Z
�D

�
tanh (d)

�
1

Vd

�0
+
1

Vd

� �
1� kO�dk2

�
wd�

+

Z
�D

tanh2 (d)

�
1

Vd
� 1

VD

��
H2=4 + kO�dk2 =n

�
wd�� 1

n

Z
�D

 � d��wd�: (2..40)

Next, we show

�
�
1

Vd

�0
tanh d

n
� 1

Vd
� 0 and tanh (d)

�
1

Vd

�0
+
1

Vd
� 0: (2..41)

Now,

tanh (d)

�
1

Vd

�0
+
1

Vd
=
� tanh (d)V 0

d + Vd
V 2
d

and the numerator � tanh (d)V 0
d + Vd := f(d) has f(0) = 0: Moreover,

f 0(d) = V 0
d(1� sech2d)� tanh(d)V 00

d = V 0
d tanh

2(d)� (n� 1)V 0
d

18



= V 0
d

�
tanh2(d)� (n� 1)

�
� 0:

A similar argument establishes

�
�
1

Vd

�0
tanh d

n
� 1

Vd
� 0:

Therefore, using (2..40), (2..41), the relation kO�dk2 � kOdk2 = 1; and Lemma 2,

which implies that � 1
n

R
�D

 � d��wd� �
R
�D

( � d)O�Hd�, we have

w(p0) �
1

VD

Z
�D

wd�

+

Z
�D

tanh2 (d)

�
1

Vd
� 1

VD

��
H2=4 + 1=n

�
wd�+

Z
�D

( � d)O�Hd�: (2..42)

Next, we �nd upper bounds for
R
�D

( � d)O�Hd� and
R
�D

tanh2 (d)
�
1
Vd
� 1

VD

�
(H2=4 + 1=n)wd�:

Now,

Z
�D

( � d)O�Hd� � H1;p0;D

Z
�D

( � d) d�

= H1;p0;D

DZ
0

 (t)A0(t)dt

= �H1;p0;D

DZ
0

 0(t)A(t)dt (integration by parts)

= H1;p0;D

DZ
0

tanh (t)

�
1

Vt
� 1

VD

�
A(t)dt

� H1;p0;D

DZ
0

tanh (t)
1

Vt
A(t)dt; (2..43)
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and Z
�D

tanh2 (d)

�
1

Vd
� 1

VD

��
H2=4 + 1=n

�
wd�

�
(H2

0;p0;D
+ 4)

4n

Z
�D

tanh2 (d)

�
1

Vd
� 1

VD

�
wd�

=
(H2

0;p0;D
+ 4)

4n

DZ
0

tanh2 (t)

�
1

Vt
� 1

VD

�24Z
@�t

wd (@�t)

kO�dk

35 dt (by coarea formula)
=

(H2
0;p0;D

+ 4)

4n

DZ
0

tanh2 (t)

24 DZ
t

V 0
s

(Vs)
2ds

3524Z
@�t

wd (@�t)

kO�dk

35 dt
=

(H2
0;p0;D

+ 4)

4n

DZ
0

V 0
t

(Vt)
2

tZ
0

tanh2 (s)

24Z
@�s

wd (@�s)

kO�dk

35 dsdt (by Fubini�s theorem)
�

(H2
0;p0;D

+ 4)

4n

DZ
0

tanh2 (t)
V 0
t

(Vt)
2

24Z
�t

wd�

35 dt: (2..44)

The result now follows from inequalities (2..42), (2..43), and (2..44).

2.3 Main Interior Estimate

We are now in the position to derive an interior gradient estimate for a solu-

tion of the prescribed mean curvature equation. Our model for (n+ 1)-dimensional

hyperbolic space will be the cylinder Dn � R endowed with the metric gij(x; t) =8>>>>>>><>>>>>>>:

4

(1�jxj2)
2 1 � i = j � n

(1+jxj2)
2

(1�jxj2)
2 i = j = n+ 1

0 otherwise

9>>>>>>>=>>>>>>>;
(see 1..2). We de�ne � : Dn�R! R by �(x; t) = t�u(x);

where u 2 C2(
) and 
 � Dn is a domain. The vector �eld O�
kO�k is the upward pointing

normal �eld to the level surfaces of �; so that

div

� O�
kO�k

�
j(x;t) =

1
p
g
@i(
p
ggij

�j
kO�k)j(x;t) = �nH(x); (2..45)
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H(x) being the mean curvature of the graph of u at (x; u(x)) for x 2 
: We set

A = 4

(1�jxj2)
2 , B =

(1+jxj2)
2

(1�jxj2)
2 ; and � = kO�k : Now for any C1 function F : Dn�R! R,

OF = ( 1
A
F1; :::;

1

A
Fn;

1

B
Fn+1); (2..46)

hence O� = (�1
A
u1; :::;

�1
A
un;

1
B
): Therefore, (2..45) now reads

nX
i=1

(
p
AnB

�
�ui
A�

�
)i = �nH

p
AnB (2..47)

or �
�ui
A�

�
i

p
AnB � ui

A�

�p
AnB

�
i
= �nH

p
AnB:

We multiply this through by a function � 2 C1c (
) and integrate by parts to obtainZ



ui
A�

p
B�i

p
Andm =

Z



�nH�
p
B
p
Andm

or Z



ui
A�

p
B�idx = �

Z



nH�
p
Bdx; (2..48)

where m is Lebesgue measure, dx =
p
Andm is the volume element for the hyperbolic

discDn; and summation is understood. Equation (2..48) is a weak form of the prescribed

mean curvature equation. We mention that � =
q

1
B
+ 1

A
jDuj2 and the area element

for the graph of u is d� = �dx, where � =
p
B� =

q
1 + B

A
jDuj2:

Lemma 6 Let � be the graph of u; and suppose f 2 C1(�). Then jDf j � 2�
p
B kO�fk :

Proof. Let � = O�
kO�k and de�ne f on all of D

n � R by f(x; t) = f(x). Then

Of = O�f + hOf; �i � and (therefore)

kO�fk2 = kOfk2 � jhOf; �ij2 : (2..49)
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Since hOf; en+1i = 0; we have from (2..49) and the Cauchy-Schwartz inequality,

kO�fk2 � kOfk2 �
 

nX
i=1

1

A
f 2i

! 
nX
i=1

A�2i

!

= kOfk2 � kOfk2
�
1�B�2n+1

�
= kOfk2B�2n+1: (2..50)

Now kOfk = 1
A
kDfk = 1

A

p
A jDf j ; and �n+1 = 1

B�
; hence

�n+1
p
B kOfk = jDf j

�
p
AB

: (2..51)

From (2..50) and (2..51), we have

kO�fk � �n+1
p
B kOfk = jDf j

�
p
AB

� jDf j
2�B

;

since
p
AB � 2B: Now combining this with the equality � =

p
B�; completes the

proof.

For the theorem below, let B (x0; t) = fp 2 Hn+1 : distHn+1(p; (x0; 0)) < tg and

de�ne the quantities gx0;t = sup
(x;y)2B(x0;t)

d(x) and hx0;t = sup
(x;y)2B(x0;t)

jyj, where d(x) =

distHn(x; x0) for x0; x 2 Dn: We also let
p
Bx0;t = sup

d(x)�t

p
B; H0;x0;t = sup

d(x)�t
jHj ;

H1;x0;t = sup
d(x)�t

jDHj, and for a given hyperbolic radius t; t0 = gx0;t + hx0;t and t
00 =

gx0;t + 2hx0;t. We wish to make the following remarks.

1. In Corollary 5, we de�nedH1;p0;t = sup
p2�t

kOH (p)k :However, we have kOH (x; u(x))k �

jDH(x; u(x))j = jDH(x)j : Thus, we may replaceH1;p0;t in Corollary 5 withH1;x0;t,

p0 = (x0; 0) :

2. A gradient estimate can be obtained from Corollary 5 provided we have estimates

for
R
�t

wd� and A(t) for each 0 < t � D: However, Corollary 5 cannot be applied
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directly because the inequality w � 0 in 
 may be false, thus we de�ne bw =

ln(
p
Bx0;D00�). Since bw and w di¤er by a constant, clearly Lemma 2 and (hence)

Corollary 5 remain valid with bw in place of w:
3. We would also like to weaken the smoothness requirements of � in Lemma 2. To

do this, consider the weak form of (2..3), which reads

Z
�

hO�w;O��i d� =
Z
�

�
�C2�� kO�wk2 �+ nO�H�

�
d� (2..52)

for every function � 2 C1c (�): If � is the graph of u and u 2 C2(
) with mean

curvature H 2 C1(
); then (2..52) remains valid. This can be seen by taking a

sequence of C3 functions converging to u in the space C2(
). Now for positive

test functions � 2 C1c (�); we have the weak inequalityZ
�

hO�w;O��i d� �
Z
�

nO�H�d�: (2..53)

Using this in (2..42), we see Corollary 5 is still valid.

Theorem 7 Suppose u 2 C2(
) and that its mean curvature H 2 C1(
), where


 � Dn is open. Fix x0 2 
 and choose D small enough to use Corollary 5, and to

ensure distHn(x0; @
) > D00. Then jDu(x0)j � C2 expC1( sup
d(x)�D00

u(x)�u(x0)
hx0;D

), where C1 =

C1(x0; n;D
00; H0;x0;D00 ; H1;x0;D00) and C2 = C2(x0; n;D

00; H0;x0;D00 ; H1;x0;D00 ; sup
d(x)�D00

u (x)�

u(x0)):

Proof. We�rst assume u(x0) = 0. De�ne the function ut =

8>>>>>><>>>>>>:
hx0;t u � hx0;t

�hx0;t u � �hx0;t

u otherwise

9>>>>>>=>>>>>>;
,

and let � 2 C1 (
) satisfy j�j � 1; jD�j � 1
hx0;t

; � (x) = 1 when d(x) � gx0;t, and
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� (x) = 0 when d(x) � gx0;t + hx0;t = t0: Now using � = ut� in (2..48), one obtains

Z



p
B

A

ui
�
(ut)i �dx = �

Z



 p
B

A

ui
�
ut�i + nH

p
B�ut

!
dx;

which implies

Z
S

p
B

A

jDuj2

�
dx � hx0;t

Z
d(x)<t0

 p
B

A

jDuj jD�j
�

+ n jHj
p
B

!
dx; (2..54)

where S = fx : d(x) < gx0;t; ju(x)j < hx0;tg : Now

A(t) =

Z
�(�t)

�dx �
Z
S

�dx; (2..55)

where �(x; t) = x: Letting S1 = S\
n
x : jDu(x)j �

q
A
B

o
and S2 = S\

n
x : jDu(x)j �

q
A
B

o
;

and using
p
B� = �; we have from (2..55)

A(t) �
Z
S1

�dx+

Z
S2

�dx

�
Z
S1

p
2dx+

Z
S2

p
B�dx

�
p
2Vgx0;t +

Z
S2

p
B�dx: (2..56)

Now �2 = 1
B
+ 1

A
jDuj2 � 2jDuj2

A
on S2, hence on S2 we have

p
B� � 2

p
B

A

jDuj2

�
: (2..57)

So (2..54), (2..56), and (2..57) give

A(t) �
p
2Vgx0;t + 2

Z
S

p
B

A

jDuj2

�
dx

�
p
2Vgx0;t + 2hx0;t

Z
d(x)<t0

 p
B

A

jDuj jD�j
�

+ n jHj
p
B

!
dx. (2..58)
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But

p
B

A

jDuj
�

=
B

A

jDujq
1 + B

A
jDuj2

� 2 jDujq
jDuj2 + 4

(using
1

4
� B

A
� 1)

� 2: (2..59)

Hence, combining (2..58) and (2..59), we have

A(t) �
p
2Vgx0;t + 2hx0;t

Z
d(x)<t0

�
2 � 1

hx0;t
+ n jHj

p
B

�
dx

�
p
2Vgx0;t + 4Vt0 + 2nhx0;tH0;x0;t0

p
Bx0;t0Vt0

� CVt0
�
1 + nhx0;tH0;x0;t0

p
Bx0;t0

�
: (2..60)

It is also clear that this same estimate is valid if u(x0) 6= 0: We now estimate
R
�t

bwd�:
Z
�t

bwd� = Z
�(�t)

bw�dx � Z
S1

bw�dx+ Z
S2

bw�dx: (2..61)

As before, � �
p
2 and � �

p
2 on S1; and � � 2

p
BjDuj2
A�

on S2. Since bw =

ln
p
Bx0;D00� �

p
Bx0;D00�; (2..61) now reads

Z
�t

bwd� �
Z
S1

2
p
Bx0;D00dx+

Z
S2

2
p
B jDuj2

A�
bwdx

� 2
p
Bx0;D00Vgx0;t +

Z
S

2
p
B jDuj2

A�
bwdx: (2..62)
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To estimate the second integral in (2..62), we use for � in (2..48) the function (ut + hx0;t) � bw:
This gives usZ

S

2
p
B jDuj2

A�
wdx

� 4hx0;t

Z
d(x)<t0

u(x)��hx0;t

 p
B jui�ij bw
A�

+

p
B juij jDwj �

A�
+ n jHj bw�pB! dx

� 4hx0;t

Z
d(x)<t0

u(x)��hx0;t

(2bw jD�j+ 2� jDwj+ n jHjw� bw) dx: (2..63)

Let � 2 C1c (D� R) and use �2 in (2..52) to obtain the inequalityZ
�

kO�wk2 �2d� � �
Z
�



O�w;O��2

�
d�+ n

Z
�

O�H�2d�:

or Z
�

kO�wk2 �2d� � �2
Z
�

hO�w;O��i�d�+ n

Z
�

O�H�2d�: (2..64)

We use the inequality 2 jhO�w;O��i�j � 2 kO�wk kO��k j�j � 1
2
kO�wk2 �2+2 kO��k2,

and (2..64) to concludeZ
�

kO�wk2 �2d� � 4
Z
�

kO��k2 d�+ 2n( sup
p2supp�

jO�H(p)j)
Z
�

�2d�

�
�
4 sup
p2supp�

kO��(p)k2 + 2n( sup
p2supp�

jO�H(p)j)
�
� (� \ sup p�) ; (2..65)

provided �2 � 1: In fact, let �(x; s) = �(x)�(s); where � 2 C1(R) has 0 � �(s) � 1;

�(s) = 1 for s 2
 
�hx0;t; sup

d(x)�t0
u

!
, �(s) = 0 for s =2

 
�2hx0;t; hx0;t + sup

d(x)�t0
u

!
; and

j� 0j � 1
hx0;t

. We now use Lemma 6 and see that 2�� � u jDwj � 4� kO�wk�
p
B. Thus,R

Dn
2�� � u jDwj dx � 2

p
Bx0;t0

R
�

� kO�wk d�, which givesZ
d(x)�t0

u(x)��hx0;t

2� jDwj dx � 2
p
Bx0;t0

Z
�

� kO�wk d�: (2..66)

26



The inequality
R
�

� kO�wk d� �
�R
�

�2 kO�wk2 d�
�1=2

� (supp� \ �)1=2, along with (2..65)

and (2..66), gives the estimate

Z
d(x)�t0

u(x)��hx0;t

2� jDwj dx � 2
p
Bx0;t0

�
4 sup
p2�

kO��(p)k2 + 2nH1;t0;x0

�1=2
� (supp� \ �) :

(2..67)

We use (2..46) to estimate sup
p2�

kO��(p)k2 :

kO��(p)k2 � kO�(p)k2

� 1

A

nX
i=1

�2i (p) +
1

B
�2n+1(p)

=
1

A

nX
i=1

�2i (x)�
2(u(x)) +

1

B
�(x) (� 0)

2
(u(x))

�
�
1

A
+
1

B

�
1

h2x0;t

� 2

h2x0;t
:

Substitute this into (2..67) to obtain

Z
d(x)�t0

u(x)��hx0;t

2� jDwj dx � 2
p
Bx0;t0

�
8 + 2nH1;t0;x0h

2
x0;D

�1=2 1

hx0;t
� (supp� \ �) : (2..68)

Now

� (supp� \ �) �
Z

d(x)�t0
u(x)��2hx0;t

�dx =

Z
d(x)�t0

u(x)��2hx0;t

p
B�dx; (2..69)

and this is estimated in the same manner as (2..60) was obtained from (2..56). Before

doing so, we note that the remaining part of the integral in (2..63) can also be estimated
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using
R

d(x)�t0
u(x)��2hx0;t

p
B�dx: In fact,

Z
d(x)�t0

u(x)��hx0;t

n jHj bw�pBdx � nH0;x0;t0

Z
d(x)�t0

u(x)��hx0;t

bwpBdx

� n
p
Bx0;D00H0;x0;t0

Z
d(x)<t0

u(x)��hx0;t

�
p
Bdx � n

p
Bx0;D00H0;x0;t0

Z
d(x)<t0

u(x)��2hx0;t

�
p
Bdx; (2..70)

and

Z
d(x)<t0

u(x)��hx0;t

2bw jD�j dx � 2

hx0;t

Z
d(x)<t0

u(x)��hx0;t

bwpBdx (usingpB � 1)

�
2
p
Bx0;D00

hx0;t

Z
d(x)<t0

u(x)��hx0;t

�
p
Bdx �

2
p
Bx0;D00

hx0;t

Z
d(x)<t0

u(x)��2hx0;t

�
p
Bdx: (2..71)

Therefore, by (2..62), (2..63), (2..68), (2..69), (2..70), and (2..71), we have

Z
�t

bwd� � 2pBx0;D00Vgx0;t

+16hx0;t

"
n
p
Bx0;D00H0;x0;t0 +

2
p
Bx0;D00

hx0;t
+

p
Bx0;t0

hx0;t

�
8 + 2nH1;t0;x0h

2
x0;D

�1=2#
:

Z
d(x)<t0

u(x)��2hx0;t

�
p
Bdx

� C
p
Bx0;D00Vgx0;t

+C
p
Bx0;D00

h
1 + nhx0;tH0;x0;D0 +

�
1 + nH1;D0;x0h

2
x0;D

�1=2i
:

Z
d(x)<t0

u(x)��2hx0;t

�
p
Bdx: (2..72)
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We shall now calculate.

Z
d(x)�t0

u(x)��2hx0;t

p
Bvdx �

p
2Vt0 +

Z
d(x)�t0

u(x)��2hx0;t

2
p
B jDuj2

A�
wdx: (2..73)

Let us use � = �ut in (2..48), where this time ut = maxfu + 2hx0;t; 0g and � 2 C1(
)

has 0 � � � 1, � = 1 for d(x) � t0, � = 0 for d(x) � t00; and jD�j � 1
hx0;t

. This gives us

Z



p
B

A

ui
�
(ut)i �dx = �

Z



 p
B

A

ui
�
ut�i + nH

p
But�

!
dx;

which implies

Z
d(x)�t0

u(x)��2hx0;t

p
B

A

jDuj2

�
dx

�
"
sup

d(x)�t00
u (x) + 2hx0;t

# Z
d(x)�t00

u(x)��2hx0;t

 p
B

A

jDuj jD�j
�

+ n jHj
p
B�

!
dx

�
"
sup

d(x)�t00
u (x) + 2hx0;t

# Z
d(x)�t00

u(x)��2hx0;t

�
2 jD�j+ n jHj

p
B�
�
dx (by ??)

�
"
sup

d(x)�t00
u (x) + 2hx0;t

# �
2

hx0;t
+ nH0;x0;t00

p
Bx0;t00

�
Vt00

�
"
1

hx0;t
sup

d(x)�t00
u (x) + 2

# h
2 + nhx0;tH0;x0;t00

p
Bx0;t00

i
Vt00 : (2..74)

The inequalities in (2..73) and (2..74) give us the estimate

Z
d(x)�t0

u(x)��2hx0;t

p
Bvdx

�
 
p
2 + 2

"
1

hx0;t
sup

d(x)�t00
u (x) + 2

# h
2 + nhx0;DH0;x0;t00

p
Bx0;t00

i!
Vt00
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or Z
d(x)�t0

u(x)��2hx0;t

p
Bvdx

� C

"
1 +

1

hx0;t
sup

d(x)�t00
u (x)

# h
1 + nhx0;tH0;x0;t00

p
Bx0;t00

i
Vt00

� C

"
1 +

1

hx0;t
sup

d(x)�D00
u (x)

# h
1 + nhx0;DH0;x0;D00

p
Bx0;D00

i
Vt00 : (2..75)

Combining (2..75) with (2..72), we have for each 0 < t � DZ
�t

bwd� � C

"
1 +

1

hx0;t
sup

d(x)�D00
u (x)

#
Vt00 ; (2..76)

where C = C(x0; n;D;H0;x0;D00 ; H1;x0;D00): By replacing u (x) with u (x) � u (x0) in

(2..76), we may remove the restriction u (x0) = 0: Thus, we obtain from (2..60), (2..76),

and (2..39)

bw(x0) � C
VD00

VD

 
1 +

1

hx0;D

 
sup

d(x)�D00
u (x)� u(x0)

!!

+C

DZ
0

tanh2 (t)
V 0
t

(Vt)
2

"
1 +

1

hx0;t

 
sup

d(x)�D00
u (x)� u(x0)

!
Vt00dt

#

+C

DZ
0

tanh (t)
Vt0

Vt
dt: (2..77)

= C1
1

hx0;D

 
sup

d(x)�D00
u (x)� u(x0)

!
+ C2;

whereC1 = C1(x0; n;D
00; H0;x0;D00 ; H1;x0;D00) andC2 = C2(x0; n;D

00; H0;x0;D00 ; H1;x0;D00 ; sup
d(x)�D00

u (x)�

u(x0)): Since bw(x0) = ln(pBx0;D00�(x0)) and � =
q

1
B
+ 1

A
jDuj2; the estimate follows.

We note that C1 and C2 above increase if H0;x0;D00, H1;x0;D00, sup
d(x)�D00

u (x) �

u(x0),
p
Bx0;D00, A(x0), hx0;D00, gx0;D00, or VD00

VD
are allowed to increase. Now, suppose
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we are given a compact subset K � 
: Choose D so that D00 := sup
x2K

gx;D + 2hx;D <

distHn (K; @
) and small enough for Corollary 5. Let KD00 = fx : distHn(x;K) � D00g.

We may replace the �rst four of these quantities; H0;x0;D00, H1;x0;D00, sup
d(x)�D00

u (x) �

u(x0),
p
Bx0;D00, with sup

x2KD00
jH(x)j, sup

x2KD00
jDH(x)j ; sup

x2KD00
2 ju (x)j ; and sup

x2KD00

p
B(x);

respectively. Where as the quantities A(x0), hx0;D00, gx0;D00, and VD00
VD

are replaced by

their supremum as x0 varies over K: Therefore, we have

Corollary 8 Let K � 
 be compact and D, D00, KD00, C1; and C2 be as they are

described above. Then sup
x2K

jDuj < C2 expC1(
u0
hD
); where u0 = sup

x2KD00
2 ju(x)j :

31



CHAPTER 3.

EXISTENCE AND NON EXISTENCE RESULTS

3.1 The Operator Qr and a Preliminary Existence Theorem

We recall the mean curvature operator Q from (1..3). For 0 < r � 1; let us

de�ne Dnr = fx : jxj < r; x 2 Dng and �r : Dn ! Dnr by x 7! rx. Suppose eu 2 C2(Dnr )

satis�es Qeu = nH: Then for x 2 Dn;

aij(rx;Deu(rx))euij(rx) + b(rx;Deu(rx)) = nH(rx): (3..1)

De�ne u on Dn by u(x) = eu � �r (x) = eu(rx). Calculating the partial derivatives
ui(x) = reui(rx) and uij(x) = r2euij(rx), and substituting into (3..1), we have

aij(rx;
1

r
Du(x))uij(x) + r2b(rx;

1

r
Du(x)) = r2nH(rx); (3..2)

for x 2 Dn: Thus we have for 0 < r � 1,

Qru = r2nH on Dn , Q
�
u � ��1r

�
= nH � ��1r on Dnr ; (3..3)

where Qru = aijr uij + r2br, aijr (x; p) = aij(rx; 1
r
p); and br(x; p) = b(rx; 1

r
p) for x 2 Dn

and p 2 Rn:We note that Qr is elliptic with maximum eigenvalue �r(x; p) = �(rx; 1rp)

and minimum eigenvalue �r(x; p) = �(rx; 1
r
p): It is necessary (and it is the case) for our

use of the interior estimates (1..8) and (??), that for a given compact set K � Dn�Rn

and 0 < r0 < 1, there is a c > 0 such that

c � �r(x; p) � �r(x; p) �
1

c
(3..4)

all (x; p) 2 K and r0 � r � 1:
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The following theorem is a simple consequence of Theorem 1. First, let h(r)

denote the mean curvature (with respect to the inward pointing unit normal) of the

cylinder @Dnr � R. We claim that for 0 < r < 1,

1 < h(r) and lim
r!1�

h(r) = 1: (3..5)

In fact, de�ne � : Dn � R ! R by �(x; t) = jxj : Then the set f� = rg is the cylinder

@Dnr � R. Now O� = 1
A
D� = 1

A
D jxj and kD jxjk =

q
A jD jxjj2 =

p
A: Thus,

nh(r) = div

� O�
kO�k

�
=

1p
AnB

�p
An�1B jxji

�
i

=

�p
An�1B

�
i
jxji

p
AnB

+
1p
A
jxjii

=
D
�p

An�1B
�
�D jxj

p
AnB

+
n� 1p
A jxj

(3..6)

Let us simplify
D(
p
An�1B)p
AnB

: Now D
�p

An�1B
�
= (n�1)An�2BDA+An�1DB

2
p
An�1B

; so that

D
�p

An�1B
�

p
AnB

=
(n� 1)An�2BDA+ An�1DB

2An�1B
p
A

=
(n� 1)DA
2A3=2

+
DB

2
p
AB

: (3..7)

Since A = 4
(1�jxj2)2 and B = A

(1+jxj2)
2

4
; we have DA = 2A3=2 jxjD jxj = 2A3=2x and

DB = DA
(1+jxj2)

2

4
+A

�
1 + jxj2

�
jxjD jxj = 2

p
AB(1+ 1p

B
)x: Substitute this into (3..7)

to obtain

D
�p

An�1B
�

p
AnB

= (n+
1p
B
)x: (3..8)

Plugging into (3..6), we have

nh(r) = (n+
1p
B
) jxj+ n� 1p

A jxj
= (n� 1)

�
1p
A jxj

+ jxj
�
+ jxj+ jxjp

B
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= (n� 1) 1 + jxj
2

2 jxj +
2 jxj
1 + jxj2

or, letting r = jxj ;

h(r) =
(n� 1)
n

1 + r2

2r
+
1

n

2r

1 + r2
: (3..9)

We express the RHS of (3..9) as f(t) = (1� �)1
t
+ �t where � = 1

n
and t = 2r

1+r2
: Then

f 0(t) = 0 , t =
q

1��
�
and f 00(

q
1��
�
) > 0: Thus, f has an absolute minimum when

t =
q

1��
�
=
p
n� 1 � 1: Since f(1) = 1, (3..5) follows.

Theorem 9 Let H 2 C1(Dn) satisfy jHj < 1 and � 2 C2;�(Dn) for some � 2 (0; 1) :

Then for r 2 (0; 1) ; the Dirichlet problem

Qru = r2nH and u = � on @Dn (3..10)

has a unique solution u 2 C2;�(Dn).

Proof. According to (3..5), we have for each r 2 (0; 1) ; jH � ��1r j < h(r) on @Dnr :

Theorem 1 then provides us a unique function eu 2 C2;�(Dnr ) satisfying Qeu = nH � ��1r

and eu = � � ��1r on @Dnr : Letting u = eu � �r and using (3..3) completes the proof.
3.2 Interior C1 and Global Height Estimates

Let us de�ne ur to be the solution to (3..10). In order to show that equation

(3..10) has a solution when r = 1; (which we denote by u1); we derive bounds for jurj

and jDurj.

Lemma 10 Let 0 < r0; � < 1: Then sup
jxj��

(jurj+ jDurj) � C = C(�; r0; �;H) for all

r 2 [r0; 1]. Moreover, we have a global height estimate sup
jxj�1

jurj � C = C(�;H) for all

r 2 (0; 1]:
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Proof. Let us choose a constant H0 so that sup
x2Dn

jHj � H0 < 1 and consider

the spherical cap in (1..11) with Euclidean radius R = 1
1�H0 centered at

�
0;� H0

1�H0

�
:

The pre-image of this surface under the map 	 in (1..1) is the graph of a smooth

function f : Dn ! R satisfying f(0) = 0 and having constant mean curvature H0:

Let us de�ne �0 = sup
x2@Dn

j�j and f0 = sup
x2Dn

jf j : Since ur � ��1r = � � ��1r on @Dnr ; and

sup
x2@Dnr

j� � ��1r j = sup
x2@Dn

j�j ; we have

��0 � f0 + f � ur � ��1r � �0 + f0 � f (3..11)

on @Dnr : But �nH0 � Q(ur � ��1r ) = nH � ��1r � nH0 in Dnr , hence the inequality in

(3..11) persists throughout Dnr by the comparison principle. Thus,

sup
x2Dn�

jurj � sup
x2Dn

jurj = sup
x2Dnr

��ur � ��1r �� � �0 + 2f0 8r 2 (0; 1] : (3..12)

We now estimate sup
x2Dn�

jDurj : Corollary 8 gives us constants C(r)1 and C(r)2 such

that

sup
x2Dnr�

��D �ur � ��1r � (x)�� � C
(r)
2 exp(C

(r)
1

u0
hD(r)

) (3..13)

for r 2 [r0; 1]: Here, u0 = 2(�0 + 2f0) and D(r) is chosen (as in Corollary 8) so

that D00(r) := sup
x2Dnr�

gx;D(r) + 2hx;D(r) < distHn
�
@Dnr�; @Dn�

�
: We also insist that the

numbers D (r) are bounded away from 0; so that 0 < D0 � D(r) for some D0 and

all r 2 [r0; 1]: The quantities that determine C(r)1 and C(r)2 increase, hence so do C(r)1

and C(r)2 , as r increases, with the exception of sup
x2B(r)

jD (H � ��1r ) (x)j : Here, B(r) =

fx : distHn(x; 0) < f(r�) +D00(r)g and f(r�) is the hyperbolic radius corresponding to

the Euclidean radius r�: In fact,

sup
x2B(r)

��D �H � ��1r
�
(x)
�� = sup

x2B(r)

1

r

��DH � ��1r (x)
��
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We do have, however,

sup
x2B(r)

��D �H � ��1r
�
(x)
�� � 1

r0
sup
x2B(r)

��DH � ��1r
�� (3..14)

So we may replace (3..13) with

sup
x2Dnr�

��D �ur � ��1r � (x)�� � C
(1)
2 exp(C

(1)
1

u0
hD0

) (3..15)

provided we replace sup
x2Dn

�+D00(1)

jD (H � ��1r ) (x)j with 1
r0
sup

r2[r0;1]

"
sup
x2B(r)

jDH � ��1r j
#
in

the constants C(1)1 and C(1)2 : Thus, by (3..15), we have

sup
x2Dn�

jDur(x)j = sup
x2Dnr�

��D �ur � ��1r � (x)�� � C
(1)
2 exp(C

(1)
1

u0
hD0

)

8 r 2 [r0; 1]:

The proof of the next lemma is the same as in Lemma 10 when r = 1:

Lemma 11 Given any H 2 C (Dn) and � 2 C(@Dn); suppose f 2 C2(Dn) \ C(Dn)

satis�es Qf � n jHj on Dn and f(0) = 0: Then any solution u 2 C2(Dn) \ C(Dn) to

the Dirichlet problem

Qu = nH and u = � on @Dn (3..16)

enjoys the height estimate

sup
x2Dn

juj � �0 + 2f0 (3..17)

where �0 = sup
x2@Dn

j�j and f0 = sup
x2Dn

jf j : Moreover, if H 2 C1 (Dn) we have the interior

estimate sup
jxj��

(juj+ jDuj) � C = C(�; �0; f0; H):
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3.3 Barrier Construction

We now construct barriers for solutions to equation (3..10). Suppose sup
x2Dn

jHj <

H0 < 1 and let A�;1 = fx : � < jxj < 1g for some arbitrary 0 < � < 1: We de�ne

 (t) =
1

k
ln(1 +Nt); (3..18)

where k > 0 and N � 1 are to be chosen; and w(x) =  (1� jxj) : Since jDwj =

 0(t) = N
k(1+Nt)

� 1
2k
, we see jDwj ! 1 (independently of N) as k ! 0 . Allowing for

jDwj to be large (k small) will be necessary. Now

Qr (w + �) = aijr (x;Dw +D�)wij + aijr (x;Dw +D�)�ij + r2br(x;Dw +D�)

and aijr � n�r; so that

Qr (w + �) � aijr (x;Dw +D�)wij + n�r
��D2�

��+ r2br(x;Dw +D�):

From our de�nitions in (1..4) and (1..6), we see that

�r = �r =
1� r2 jxj2

2
r

4

(1+r2jxj2)
2 +

1
r2
jDw +D�j2

� r

2 jDw +D�j :

So that if 1
2
jDwj � jD�j, which we assume from this point on, then

�r �
r

jDwj : (3..19)

Hence

Qr (w + �) � aijr (x;Dw +D�)wij + r2br(x;Dw +D�) + � (3..20)

8r > 0 and k su¢ ciently small. We note that the inequality

�r
r2�2r

� 4r

jDwj3
=

4r

( 0)
3 (3..21)
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follows easily from (3..19) and the de�nition of �r:

Let us now consider aijr (x;Dw +D�)wij =

�r

 
�ij �

(wi + �i)
�
wj + �j

�
r2�2r

!
wij = �r�Ew �

�r
r2�2r

(wi + �i)
�
wj + �j

�
wij:

First, �Ew =  00 �  0 (n�1)jxj , so that

aijr (x;Dw +D�)wij = � 0
(n� 1)
jxj �r +  00�r �

�r
r2�2r

(wi + �i)
�
wj + �j

�
wij;

hence

aijr (x;Dw +D�)wij � � 0
(n� 1)
jxj �r + �r

�
 00 � 1

r2�2r
wiwjwij

�
+

�r
r2�2r

���wi�j + �i
�
wj + �j

��
wij
�� : (3..22)

We will show that the last two terms tend to zero as k ! 0: Indeed, using (3..21), we

have

�r
r2�2r

��wi�jwij�� = �r
r2�2r

j 0 00D jxj �D�j � �r
r2�2r

 0 j 00j jD�j � 4 j 00j
( 0)

2 r jD�j ; (3..23)

�r
r2�2r

���i�jwij�� = �r
r2�2r

���� 00 (D jxj �D�)2 �  0

jxj
�
jD�j2 � (D jxj �D�)2

�����
� �r jD�j

2

r2�2r

�
j 00j+ 2 

0

�

�
� 4r j 00j

( 0)
2 jD�j

2

�
1

 0
+

2

j 00j �

�
; (3..24)

and

�r

�
 00 � 1

r2�2r
wiwjwij

�
= �r

�
 00 � 1

r2�2r
( 0)

2
 00
�
;

since wiwjwij = ( 
0)
2
 00: Moreover,

�r

�
 00 � 1

r2�2r
( 0)

2
 00
�
=
�r 

00

r2�2r

�
4r2

(1 + r2 jx2j)2
+ jD�+Dwj2 � jDwj2

�
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=
�r 

00

r2�2r

�
4r2

(1 + r2 jx2j)2
+ jD�j2 + 2D� �Dw

�
� 4r j 00j

( 0)
3

�
4r2

(1 + r2 jx2j)2
+ jD�j2 + 2 jD�j 0

�
� 4r j 00j

( 0)
2

�
4

 0
+ jD�j2 + 2 jD�j

�
: (3..25)

Since j 00j
( 0)2

= k; the right hand side of the inequalities (3..23), (3..24), and (3..25) vanish

as k ! 0: This, along with (3..20) and (3..22), gives

Qr (w + �) � � 0 (n� 1)jxj �r + r2br(x;Dw +D�) + � (3..26)

for r0 � r � 1 and k su¢ ciently small.

Next, we will consider r2br(x;Dw +D�): Now

br(x;Dw +D�) =
1

r
(Dw +D�) � (�rkr + lr) ; (3..27)

where

kr =
4rx+ 2nrx

�
1 + jrxj2

��
1� jrxj2

� �
1 + jrxj2

� and lr = �rx
�r
+
4rx

�
1� jrxj2

�
�3r
�
1 + jrxj2

�3 :
So

r�r (Dw +D�) � kr = �r�r 0D jxj � kr + r�rD� � kr

= �r
2 0 jxj
�r

"
2�

1 + jrxj2
� + n

#
+ r2D� � x

2 + n
�
1 + jrxj2

�
�r
�
1 + jrxj2

� :

Thus

r�r (Dw +D�) � kr � �
r2 0 jxj
�r

"
2�

1 + jrxj2
� + n

#
+ �; (3..28)

for small enough k: Also,

r (Dw +D�) � lr = �r2 0D jxj � x
 
� 1

�r
+

4
�
1� jrxj2

�
�3r
�
1 + jrxj2

�3
!
+ rD� � lr
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=
r2 0 jxj
�r

� r2 0 jxj
4
�
1� jrxj2

�
�3r
�
1 + jrxj2

�3 + rD� � lr;

giving us

r (Dw +D�) � lr �
r2 0 jxj
�r

+ �; (3..29)

for small enough k. Through inequalities (3..26), (3..27), (3..28), and (3..29), we obtain

Qr (w + �) � � 0 (n� 1)jxj �r +
r2 0 jxj
�r

� r2 0 jxj
�r

"
2�

1 + jrxj2
� + n

#
+ �

= � 
0

�r

(n� 1)(1� jrxj2)
2 jxj +

r2 0 jxj
�r

 
1� n� 2�

1 + jrxj2
�!+ �:

It is the case that  0 � r�r as k ! 0; hence we have

Qr (w + �) � �r(n� 1)(1� jrxj
2)

2 jxj + r3 jxj
 
1� n� 2�

1 + jrxj2
�!+ �

= �r2
"
(n� 1)1 + jrxj

2

2 jrxj +
2 jrxj
1 + jrxj2

#
+ � = �r2nh(jrxj) + � � �r2n+ �: (3..30)

SinceQr(ur) > �r2nH0; we choose � to satisfy 0 < � < r2n�r2nH0 for all r 2 [r0; 1] and

choose k su¢ ciently small to accommodate this �: Use the height estimate in Lemma

10 and choose N in (3..18) su¢ ciently large so that

 (�) > sup
x2Dn

jur(x)j+ sup
x2Dn

j� (x)j (8r 2 [r0; 1]) : (3..31)

We then have Qr (w + �) � Qr(ur) in A�;1 and w + � � ur on @A�;1: Since it is also

the case that Qr (w � �) � �r2n + �; we have Qr (�w + �) � r2n � � which gives

us Qr (w + �) � Qr(ur) in A�;1 and �w + � � ur on @A�;1: Thus by the comparison

principle,

�w + � � ur � w + � in A�;1: (3..32)
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Conclusion 12 The solutions to (3..10) satisfy (3..32) 8r 2 [r0; 1] :

Let us now consider the case r = 1 above.

Lemma 13 Suppose u solves (3..16) with � 2 C2(Dn) and H 2 C(Dn); and assume

we have a height estimate sup
x2Dn

ju(x)j � C: Then if jH(x)j < 1 for all x 2 @Dn;

�w + � � u � w + � in A�;1: (3..33)

In this case, � depends on H:

Proof. When r = 1, inequality (3..30) reads

Q (w + �) � �n+ �: (3..34)

We choose � and � so that n jHj < n� � in A�;1 and choose k su¢ ciently small so that

(3..34) is true. Next, we choose N large enough so that instead of (3..31), we have

 (�) > C + sup
x2Dn

j� (x)j : (3..35)

Then

�w + � � u � w + � (3..36)

holds on @A�;1 and therefore relation (3..33) follows from the comparison principle.

3.4 Existence Theorems

Theorem 14 Let H 2 C1(Dn) satisfy jHj < 1 and � 2 C2;�(Dn) for some 0 < � < 1:

Then the Dirichlet problem (3..16) has a unique solution u 2 C2;�(Dn) \ C(Dn):
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Proof. We choose sequences frig and f�ig with r0 � ri < 1 and 0 < �i < 1

converging to 1: According to Lemma 10, the sequence furig has a uniform C1 bound

in Dn�1 : The bound (3..4), the interior estimates (1..8) and (1..9), along with the Arzela-

Ascoli Theorem, guarantee us a subsequence
n
u
(1)
n

o
of furig that converges uniformly,

along with it�s �rst and second derivatives, on Dn�1 : Proceeding inductively, let
n
u
(m+1)
n

o
be a subsequence of

n
u
(m)
n

o
converging uniformly, along with its �rst and second deriva-

tives, on Dn�m+1: : Therefore, the "diagonal" sequence u
(n)
n converges in the space C2(Dn)

to a function u: That is, u(n)n along with its �rst and second derivatives converge on

compacta. We now show u solves (3..16). In fact, de�ne u(x) = �(x) on @Dn: Now for

a given x 2 Dn; choose �j > jxj : The continuity of Q on C2(Dn) therefore gives us

Qu(x) = lim
n!1

Qu(n)n (x) = lim
n!1

Qu(j)n (x) = lim
n!1

r2inH(x) = nH(x);

where fring is a subsequence of frig : To establish continuity at the boundary, we apply

the barriers de�ned above. Indeed, for each n, �w + � � u
(n)
n � w + � in A�;1; hence

�w + � � u � w + � in A�;1. Thus,

lim
x!x0

u(x) = �(x0) = u(x0)

for each x0 2 @Dn: Finally, the coe¢ cients of Q are in C1(Dn); so that u 2 C2;�(Dn):

We wish to extend Theorem 14 to allow for H(x) = 1 for some points x 2 Dn:

We �rst need a height estimate for such a solution. Let us recall the horosphere v(x) =

ev(jxj) = ln(1+ jxj2)� ln(1�jxj2) having constant mean curvature 1, and de�ne ut(x) =
eut(jxj) =

8>><>>:
ev(jxj) jxj � t

pt(jxj) t � jxj � 1

9>>=>>; ; where pt(jxj) = 1
2
ev00 (t) (jxj�t)2+ev0 (t) (jxj�t)+ev (t)
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is the second degree Taylor polynomial centered at t for ev. One calculates to obtain
ev00 (t) = 4 �3t4 + 1� = �1� t4

�2
(3..37)

and

ev0 (t) = 4t= �1� t4
�
: (3..38)

Lemma 15 For any � > 0; there is a � > 0 such that t 2 [�; 1] and jxj � t) Qut(x) �

1� �:

Proof. We begin with equation (2..47) and recall � =
q

1
B
+ 1

A
jDuj2

=
1p
A

s
4�

1 + jxj2
�2 + jDuj2 = 1p

A
�;

where u 2 C2 (Dn) is arbitrary. So, by using (3..8), we have

nH =
1p
AnB

(
p
An�1B

ui
�
)i

=
D
p
An�1B �Dup
AnB�

+
1p
A

�ui
�

�
i

= (n+
1p
B
)
Du � x
�

+
1p
A

�ui
�

�
i
: (3..39)

In the case where u(x) = f(jxj); use ui(x) = f 0(jxj) jxji and Du (x) � x = jxj f 0(jxj) in

(3..39) to obtain

nH = (n+
1p
B
)
jxj f 0(jxj)

�
+

1p
A

�
f 0(jxj) jxji

�

�
i

: (3..40)

We substitute our pt into (3..40) and di¤erentiate to obtain

nH = (n+
1p
B
)
jxj p0t(jxj)

�
+

1p
A

p00t (jxj) jxj
2
i + (n� 1)

p0t(jxj)
jxj

�
� 1p

A

p0t(jxj) jxji �i
�2
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� (n+ 1p
B
)
jxj p0t(jxj)

�
+

1p
A

jxj p00t (jxj) + (n� 1)p0t(jxj)
jxj� � 1p

A

(p0t(jxj))
2 p00t (jxj)
�3

= (n+
1p
B
)
jxj p0t(jxj)

�
+
1p
A

(n� 1)p0t(jxj)
jxj� +

1p
A

"
p00t (jxj)
�

� (p
0
t(jxj))

2 p00t (jxj)
�3

#
; (3..41)

where we have used

p0t(jxj) jxji �i �
(p0t(jxj))

2 p00t (jxj)
�

:

We now use t � jxj � 1 in (3..41), and note that the last term in (3..41) is positive,

giving us

nH � ntp0t(jxj)q
4 + (p0t(jxj))

2
+
(1� t2) (n� 1)

2
:

Now using the fact that p0t ! 1 (independently of jxj) as t ! 1�, we have for t

su¢ ciently close to 1;

nH � n(1� �1)� �2;

where �1 > 0 and �2 > 0 are given.

Lemma 16 Suppose H 2 C(Dn) satis�es jHj � 1 and jHj < 1 on @Dn: Then 9

t 2 (0; 1) such that,

Qut(x) � n jH(x)j

for all x 2 Dn:

Proof. First notice that Qut � n on Dnt , since the horosphere v has mean

curvature 1: Choosing � > 0 and � > 0 so that jH(x)j � 1� � when jxj 2 [�; 1] ; we may

use Lemma 15.
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Theorem 17 Suppose H 2 C1(Dn) satis�es jHj � 1 and jHj < 1 on @Dn; and

� 2 C2;�(Dn) for some 0 < � < 1: Then the Dirichlet problem (3..16) has a unique

solution u 2 C2;�(Dn) \ C(Dn):

Proof. Suppose �i 2 (0; 1) has lim
i!1

�i = 1: According to Theorem 14, there

exists solutions ui 2 C2;�(Dn)\C(Dn) to the equation Qu = �inH: Use ut determined

(by H) in Lemma 16 in place of f in Lemma 11 to obtain an interior C1 estimate and

global height estimate for the family of solutions fuig. As in the proof of Theorem

14, we may pass to a subsequence and assume the ui converge in the space C2(Dn)

to a function u satisfying Qu = nH: The global height estimate serves us in Lemma

13, giving us barriers for the ui. Again, we proceed like we have done in the proof of

Theorem 14 to establish u 2 C2;�(Dn) \ C(Dn):

An interior gradient estimate allows one to prove existence given only contin-

uous boundary data. Since we haven�t established any boundary regularity (except

continuity), this serves to strengthen Theorem 17. This "procedure" is standard and

the proof below is outlined in [2].

Theorem 18 Suppose H 2 C1(Dn) satis�es jHj � 1 and jHj < 1 on @Dn; and � 2

C(@Dn): Then the Dirichlet problem (3..16) has a unique solution u 2 C2;�(Dn)\C(Dn):

Proof. We�rst choose a sequence of functions �k 2 C2;�(Dn) having sup
x2Dn;k

j�k(x)j :=

�0 <1; that converge uniformly on @Dn to �: Apply Theorem 17 to obtain functions

uk 2 C2;�(Dn) \ C(Dn) solving (3..16) with boundary values �k: By using Lemma 11,

we may pass to a subsequence and assume the ui converge in the space C2(Dn) to a
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function u satisfying solving (3..16). Lemma 11 also gives us a global height estimate

sup
x2Dn;k

juk(x)j < C = C(�0; H): (3..42)

To show continuity up to the boundary @Dn; we must modify the proof of Lemma 13

slightly. Fix y 2 @Dn: For any given " > 0, choose �;K > 0 so that jx� yj < � )

j�(x)� �(y)j < �=2, and k > K =)
���k(x)� �(x)

�� < �=2 for all x 2 @Dn: De�ne

�� 2 C2(Dn) by

��(x) = �(y)�
�
�+

2�0
�2
jx� yj2

�
: (3..43)

One may check that the relation ��(x) � �k(x) � �+(x) holds for each x 2 @Dn

when k > K: Now, in the proof of Lemma 13, use �+ for � in (3..34). In (3..35),

use sup
x2Dn

���+(x)�� in place of sup
x2Dn

j�(x)j and (3..42) in place of C: Therefore, instead of

(3..36), we have �w + �� � uk � w + �+ holding on @A�;1 (for k > K), and hence on

all of A�;1 by the comparison principle. Thus,

�w + �� � u � w + �+ (3..44)

in A�;1: Now given a sequence xn 2 A�;1; (3..44) implies

ju(xn)� �(y)j � �+ w(xn) +
2�0
�2
jxn � yj2 ;

which in turn implies

lim sup
xn!y

ju(xn)� �(y)j � �:

Since � was arbitrary, we have established continuity at y:

Remark 19 Theorem 1 remains true assuming only continuous boundary values �.

Of course, the resulting solution u will only have continuity up to the boundary.
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Remark 20 From (3..39), we see that if u 2 C2(Dn); then jQuj =
��nDu�x

�

�� � njDujp
1+jDuj2

<

n for x 2 @Dn: Thus, if jH(x)j � 1 at any point x 2 @Dn; then (3..16) has no solution

u 2 C2(Dn).
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CHAPTER 4.

FOLIATIONS

Below, we will show that when the boundary function or the mean curvature

function in Theorem 18 is replaced by a family of functions satisfying certain conditions,

the resulting surfaces foliate hyperbolic space. In fact, let us consider

Case 1: Suppose that in Theorem 18, � 2 C (@Dn � (�1; 1)) ; and that it satis�es

�(x; t1) < �(x; t2) when t1 < t2, lim
t!1�

�(x; t) = 1, and lim
t!�1+

�(x; t) = �1, for each

x 2 @Dn:

Case 2: Suppose that in Theorem 18, H 2 C1(Dn� (�1; 1)); and that it satis�es

jHj < 1, H(x; t1) < H(x; t2) when t1 < t2, lim
t!1�

H(x; t) = 1; and lim
t!�1+

H(x; t) = �1;

for each x 2 Dn:

Theorem 21 Suppose we have either Case 1 or Case 2 above. Then Theorem 18

provides a family of solutions ut 2 C2;�(Dn) \ C(Dn) with the property that for each

(x; s) 2 Dn � R; 9! t 2 (�1; 1) such that ut(x) = s:

Proof. Clearly the ut exist. First, we will show that in Case 1

lim
t!�1+

ut(x) = �1 and lim
t!1�

ut(x) =1; (4..1)

in Case 2

lim
t!�1+

ut(x) =1 and lim
t!1�

ut(x) = �1; (4..2)

and in both cases

lim
t!t0

ut(x) = ut0(x): (4..3)
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Indeed, to establish (4..1), we use Lemma 16 which guarantees the existence of a func-

tion v 2 C2(Dn) with Qv � n jHj. We may also assume v � 0 on @Dn: Letting

Mt = sup
x2@Dn

�(x; t); we see that �v+Mt � ut on @Dn and Q(�v+Mt) � Q (ut) : Thus,

by the comparison principle,

�v +Mt � ut (4..4)

on Dn. Since Mt ! �1 as t ! �1+; the �rst part of (4..1) follows from (4..4).

Likewise, letting mt = inf
x2@Dn

�(x; t); one sees that v+mt � ut on Dn, from which (4..1)

now follows.

Let us show (4..3) for Case 1. Given � > 0; the continuity of � allows for a

� > 0 such that jt� t0j < � ) j�(x; t)� �(x; t0)j < � 8x 2 @Dn: Therefore, whenever

jt� t0j < �; we have ut0 � � < ut < ut0 + � on @Dn; and hence on Dn by the comparison

principle.

We now show (4..3) for Case 2. Choose a closed interval I � (�1; 1) whose

interior contains t0; and a decreasing sequence tn 2 I converging to t0: Then there is

a constant C such that sup
x2Dn
t2I

jH(x; t)j < C and sup
x02Dn
t2I

jDxH(x
0; t)j < C; so that we may

use Lemma 11 and Lemma 13 to obtain a subsequence of the utn ; utni ; converging

in the space C2(Dn) to a function u 2 C2(Dn) \ C(Dn): Therefore, lim
i!1

Qutni (x) =

lim
i!1

nH(x; tni) = nH(x; t0); hence Qu = nH(x; t0): Since u = � on @Dn, the uniqueness

of solutions gives us u = ut0 : Since the sequence tn itself is decreasing, the corresponding

sequence utn(x) increases (for each x 2 Dn) by the comparison principle, showing that

lim
n!1

utn(x) = ut0(x): This proves lim
t!t+0

ut(x) = ut0(x): Similarly, lim
t!t�0

ut(x) = ut0(x);

thus establishing (4..3) for Case 2.
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Lastly, we prove (4..2). Let ht = inf
x2Dn

H(x; t) and �0 = sup
x2@Dn

�(x): Consider the

spherical cap in (1..11) with Euclidean radius R = 1p
1�h2t

centered at
�
0; �htp

1�h2t

�
: The

pre-image of this surface under the map 	 in (1..1) is the graph of a smooth function

ft : Dn ! R satisfying ft � 0 on @Dn and having constant mean curvature ht: Since

lim
t!1�

1
n
Qft(x) = 1; it is not hard to see that

lim
t!1�

ft(x) = �1 (4..5)

for x 2 Dn: Now

ft + �0 � ut (4..6)

on @Dn and Q(ft + �0) � Q(ut) in Dn, so the comparison principle gives (4..6) on all

of Dn: Hence, by (4..5), the second part of (4..2) now follows. Similarly, if one lets

ht = sup
x2Dn

H(x; t) and �0 = inf
x2@Dn

�(x); then (4..5) may be replaced by lim
t!�1+

ft(x) =1

and (4..6) may be replaced by ft + �0 � ut, leading to the �rst part of (4..2).

To �nish the proof, we now consider a point (x; s) 2 Dn�R: Let g(t) = ut (x)�s:

Then g : (�1; 1) ! R is continuous by (4..3). By using (4..1) or (4..2), we may

employ the intermediate value theorem and �nd a t0 2 (�1; 1) such that g(t0) = 0; i.e.,

ut0(x) = s: Finally, the uniqueness of t0 is due to the comparison principle. In fact, the

function t ! ut(x) is a strictly monotone continuous function on (�1; 1) whose image

is fxg � R.

Remark 22 A special case of Theorem 21 is when in Case 2 we let H(x; t) = t: This

shows that the constant mean curvature surfaces found in [3] (and discussed in [6]),

sharing a common ideal boundary �; where � is the boundary of a C0 domain in Rn,

foliate hyperbolic space.
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