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Abstract

PRESCRIBED MEAN CURVATURE GRAPHS IN HYPERBOLIC
SPACE

by

Timothy Bocchi

Adviser: Professor John Velling

In this work we examine mean curvature in hyperbolic space. We seek the
existence and uniqueness of smooth hypersurfaces with prescribed mean curvature H
and given ideal boundary I'. We prove that in the half-space model H"*! = R"™ x (0, o0)
of hyperbolic space, unique radial graphs over the semi-sphere S™ NH"exist provided
H e C'(S%), |H| <1, [H| < 1 on 957, and I is the radial graph in R™ x {0}
of a continuous function on 85_1. Classical methods in the theory of elliptic partial
differential equations are employed. If one varies the mean curvature or the ideal

boundary in an appropriate way, the resulting surfaces are shown to foliate H"*!.
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CHAPTER 1.

INTRODUCTION

1.1 Background

Consider R™ x (0, 00) with metric g;;(z,t) = %6;; for (z,t) € R = R" x
(0,00), the half-space model of (n + 1)-dimensional hyperbolic space. The authors
in [?] demonstrate the existence and uniqueness of radial graphs with constant mean
curvature —1 < H < 1 and prescribed asymptotic boundary I', where I' is the boundary
of a C1! star-shaped domain lying in R™. Their graph is a C*°surface having regularity
of order C*! at I'. What is meant by a radial graph, is the image of the map z
exp (f (z))z where z € ST = {z : |z| = 1,2 € R}*'} and f is a real valued function on
St

The authors in [!] considered the same problem, but for non-constant H. They
used a more "natural" coordinate system for H"*!, so that radial graphs will have

rectangular coordinates. In fact, define the diffeomorphism ¥ : D" x R — ]Rffl by

¥(z, 1) = 252 () <;p L= ’“2) , (1.1)

14z 2

where D" = {z: |z| < 1,z € R"}. It was then shown that the pull-back metric v on

the cylinder D™ x R is

ey
[%-j(x,t)]: (1+|x\2)2 ) (1..2)

(1-eP?)”




Note that the image under ¥ of D" x {0} is S”, and the image of a vertical graph
is radial. Moreover, vertical translations in the cylinder correspond to dilations in the
half-space model. Thus, vertical translations are isometries in the cylinder model (which
can also be seen by the absence of ¢ in (1..2)). We also note that the inherited metric
on D" x {0} is just the metric of the ball model, that is, D" with v,;(z) = 5“@’

In this setting, the graph {(z,u(x)):x € D"} of a C? function u has mean

curvature H <= @ (u) = nH. Here,

Qu(z) = a"(x, Du)u;j (z) + b(z, Du) (1..3)

U; Uy

_ 5(@—?)%#%.(5%1),

where
1/2 )
4 2 1—‘:L'|
a=|——5+|Du 76: ) 1.4
((1+|x|2)2 | ') 20 -
Az (1 — |z|? 4z + 2nz (1 2
l:_£+x(—|x|2)3, and k — w:r n;z( +|a:|2)' (1..5)
a3 (14 |zf?) (1—|z") (1 + |2[7)

.. —|x 2
The operator @ is quasilinear elliptic. The eigenvalues of a" (z, Du) are A = 201l

(1+|x\2) s
with multiplicity 1 and
1— |z

A=3= ) 1..6

& 2c (1..6)

with multiplicity n — 1, A < A.

The authors of [!] then prove:

Theorem 1 Let Q be a bounded domain (with respect to the hyperbolic metric) and

let He C'(Q), -1 < H < 1. Then, if |H(y)| < H '(y) everywhere on 9, where
2



H'denotes the hyperbolic mean curvature of the cylinder over 0K, for every ¢ € C%*(Q)

there is a unique solution to the Dirichlet problem Qu = nH in £, u = ¢ on 0f).

One of our main results in this work is to extend Theorem 1 to include the case
where €2 = ", This also serves as an extension of the aforementioned result contained
in [}]. Moreover, if the boundary data or the prescribed mean curvature function is
replaced by an appropriately defined one parameter family, the resulting surfaces foliate

hyperbolic space.

1.2 Notes on PDE

We would like to discuss several ideas from the general theory of second order
quasilinear elliptic partial differential equations.
An important feature of ) in equation (1..3), is that it obeys the comparison

principle:

Qu<QuonQ and v <wuond=— v <wuonf (1..7)

It is important for our use of the comparison principle to note that if either inequality
is strict in the "if" part of (1..7), then so is the resulting inequality on all of Q. See
Theorem 10.1 in [%] for a proof of (1..7). Also of importance are the following interior
estimates. Roughly speaking, a solution u to a quasilinear elliptic PDE (or family of
PDE) of order 2, with an interior gradient estimate (uniform in the case of a family),

has an interior (apriori) Holder estimate for it’s gradient.

wup |D@) = Du(y)

z,yeK lz —y[*
TFY

<C, (1..8)



where K is a compact subset of the domain of u, and C depends on (among other
things) sup |Du (z)|. This is essentially Theorem 13.6 in [*]. The Schauder interior
reK

estimates give a C** (apriori) interior estimate for a solution u (or family of solutions)

having an interior C* estimate (uniform in the case of a family).

|D?u (z) — D*u (y)|

sup (|u(:l:)| + [Du(x)| + ‘D2(cc)‘) + sup = (1..9)
zeK z,yeK 7~y
7Y
< C,

where C' depends on (among other things)

Du(x) — Du
sup (Ju()| + | Du(e)]) + sup 2@ = Duly)
rzeK a:,y?éEK |ZL’ - y|

Ty

This is essentially Theorem 6.2 in [?].

1.3 Geometric Preliminaries

In a general Riemannian manifold M, the divergence of a smooth vector field X
at a point p € M can be defined as the trace of the linear map Y (p) — Vy X (p). V

will always refer to the Levi-Civita connection on M. In local coordinates,

WX — LS, i
divX = \/gz& (\/ﬁX),

where X = Y X'0;, gij = (0;,0;), and g = det[g;;]. For a smooth function f on M,
we define grad f to be the vector field on M satisfying (grad f (p),v) = Df(p) (v) for
each p € M and every v € T,,(M). The laplacian of f is given by Af = div (grad f).

In local coordinates,

Vf=gradf =Y g7 (0.)0; and Af = % S0 (Vag® (0:1)
4



We note that || X||, divX, grad f = Vf, and Af will always refer to the hyperbolic
metric. We will write |z|, Df, and Agf for their Euclidean counterparts.

Suppose M has dimension n+ 1. We will view an embedded n-dimensional sub-
manifold of M as a smooth hypersurface ¥, and it will always be given the Riemannian
structure inherited from M. If 5 is a smooth unit vector field defined in a neighborhood
of p € ¥ and normal to X, then divn(p) = —nH(p), where H is the mean curvature of
> with respect to the local normal field 7.

In H", our first important surface is a geodesic sphere of (hyperbolic) radius

d. One can show that
H = —cothd. (1..10)

Here, the mean curvature is taken with respect to the outer unit normal. The next
surface of interest is a "spherical cap". In fact, in the upper half space model of H"*!,

suppose p = (z,t) € R" x R and let
S(p,R) = 0B(p; R) N H"™, (1..11)

where B(p; R) is the Euclidean ball of radius R centered at p. Then its mean curvature

with respect to the outer unit normal is the constant

H=——.
R

Finally, in the coordinates of the upper half space model, the set {t =1}, (z,t) €
R™ x (0,00), is a horosphere whose mean curvature with respect to the upper unit
normal is 1. It is not hard to show that its preimage under ¥ (see (1..1)) is the graph

of the equation u(z) = In(1 + |z|°) — In(1 — |z|*).
5



CHAPTER 2.

INTERIOR GRADIENT ESTIMATE

2.1 An identity for Aw

The main result of this chapter is Theorem 7, in which we derive an interior gra-
dient estimate for a solution of the prescribed mean curvature equation. Our derivation
follows the same line of reasoning as in Chapter 16 of [*], where the authors deal only
with the Euclidean case.

The present section consists of a supporting Lemma which is interesting in its
own right. Though we state the result for hypersurfaces in H"*!, the proof works
equally well in a general Riemannian manifold.

Let us begin by considering a smooth hypersurface ¥ in H"*! with a continuous
unit normal field 7. We choose local coordinates u : U — ¥ and define the coordinates
(for a sufficiently small €) 4 : U x (—e¢,€) — H""' by @(z,t) = v, (t), where u(z) = p
and 7, is the unique unit speed geodesic with v,(0) = p and fy; (0) = n(p). With

these coordinates, the metric [g;;] , where ¢;; = (Du (e;), Du(e;)) , takes the block form

Qij 0
,where the vector fields ey, es, ..., e,, e,11 form the standard frame for U x
0 1

n+1

7 y'e; has divergence

DivlY) = —= Y 0u(vis) = 7= S auli) + L o,

where g and a are the determinants det [g;;] and det [a;;], respectively. Note that for

(—¢,€). Hence, a given vector field Y = )

each t € (—¢,¢€),

Dty (ensa(@,1)) = 7,() = v(p,t), (2.1)
6



is a unit vector normal to the surface ¥, := u (U x {t}) at u(z,t) = v, (t). Thus for a

smooth vector field Y € T''(H"™!), we have at points on 3,
Div(Y) =Divs(Y") —nH (Y,v) + v, (Y, V), (2..2)

where H is the mean curvature of ¥ , Divy is the divergence operator with respect to
¥, and Y7 is the component of Y tangent to 2.
For the following lemma, we suppose we have a function ® € C3(H"™) with

grad® # 0 and we let ¥ denote an arbitrary level surface of ®. We introduce the

function w = In (||[v®||) and the vector field 7 := Hggll’ which is normal to X.
Lemma 2 We have
Asw = C? + ||[vsw|® — nv, H, (2..3)

where C? is the sum of the squares of the principal curvatures of ¥ and H(p) is the

mean curvature (with respect to n) at p of the level surface passing through p € H"t1.

Proof. Let Yy be a fixed level surface of ®. Recall the vector field v de-
fined in (2..1) which we take to be normal to ¥. Calculating Ay, w with the help of
(2..2) gives Ag,w = Divs,Vy w = [Div(Vyw) + nH (Vg,w,v) — 0, (Vyw,v)] |5, Here,
and in what follows, the symbol |5, denotes the restriction of a function to Xg. Since

(Vs w,v) =0, we have
Ay, w = Div(Vow)|g, — Oy (Vew, V) |5,- (2..4)

In order to see that the right hand sides of (2..3) and (2..4) are equivalent, we must

first show that

Vo = Vsw. (2..5)



vo
Vo =V va =(V . (1/[[Ve))ve+ (1/[vel)V ,, VO
el ||V Vel K&l
! (Vye [|[VO|) VP + = Ve VP
= voe -2 vVVe
Ive|® Ivo|®
1 1
= — (V|VP],VP) VP + ———Vyae V. (2..6)
Ive|® Ive|®

We now express Vy5V® in terms of a local geodesic frame wuq, us, ..., u, 1 centered at a
point py € H""(that is, the u; form a local orthonormal frame and V,,u;(py) = 0 for

i,j7 €{1,2,...,n+1}). Now, at points near py, we have V® = ®,u; so that
VWV(I) == V@iuifbjuj = (I%(I)jiuj + @iq)jvuiuj, (27)

where ®; = v, ®, ®;; = V,,(V,,®), and summation is understood. Since V., u;(py) = 0

and ®;;(po) = ®,i(po), we have by substituting (2..7) into (2..6),

D0,
Vyn=— (V]v®],vd) vd + Ty (2..8)
Ive|’® v
at pp. On the other hand,
v . (Tw, ) v |V vive| vo vo
w = Vw — (Vw = —
> T el T\ el Civell/ 9ol
v ||[ve|? 1
_ Ylvel (V|ve|,ve) ve. (2..9)

2|vel* [vel®

Since V ||V®|* = (2),u; = 2®;®;;u;, when we substitute this into (2..9) we conclude,
by comparing it to (2..8), the identity (2..5).

Next, let us evaluate the second term in (2..4). By (2..5), V,(V,w,v) =
Vo (Von,v) = (Vo (Vyn), vy +(V,n, Vo) = (V,(V,n), V), where the last equality follows

from the observation that vV, = 0. Now

(Vo (Vim), ) I = (VoY) 1) |5 = (Vi (V) 1) |5,
8



and

(Vo(Van)s 1) = = {Vyn, Vo) = = |V = — | V],
hence

—0, (Vyw, v |5, = || Vgow]|® . (2..10)
We now look at the first term in (2..4). Again, by (2..5), we have

Div(Vy,w) = Div(V,n) = Va, (Vo0 w;) (2..11)
where the u; are as above (but py € ¥y) and summation is understood. Now

Vi Vol wi) = Vo, <Vn(njuj),ui> =V, <(Vn77j)uj + 17V, u1> (2..12)

= Vy, (Vnni) + Vui(nj (Vyuj, w)). (2..13)

By expanding the first term in (2..13), Vy, (Vy1') = Vo, ('n%) = 007 + 1)1, one sees

from equations (2..11), (2..12), and (2..13) that

Div(Vyw) = nha +mins + Vo, (07 (Vyug, ;) (2..14)

We know that at any point p € H"™!, Div(n) = — nH, where H is the mean curvature

(at p) of the level surface of ® passing through p. So
—nV,H = Vv, Div(n) =V, (Vu,1, w)

- vn <v“i(njuj>’ uz> = v77 <77qu + njv%’uja u2>

= vﬁn:: + vﬁ <77jvuiuj’ ul> = ﬂﬁjﬁj + vn <77jvuiuja Uz> .
9



Thus we conclude

—nVoH = 117 + (Vo) (Va, wi) + 17V (Vo,u,w3) (2..15)

Recalling that 773; = nfj and V,,u; = 0 at the point py and substituting equation (2..15)

into (2..14), we have

Div(V,w) = —nVnH—i—njn; — PV Vg, wi) + Vo, (07 (Vouj, u)) (at po). (2..16)

Claim: 7/} = C* and =1/ V) (V. u, Us) |50+ Vi, (17 (Vyuy, ui)) |5, = 0 at po. The claim,
along with equations (2..16), (2..10) and (2..4) completes the proof of the lemma. Now,
we know the principal curvatures of 3 at pg are the eigenvalues of the symmetric linear
operator S : T,,(X) — T, (2) given by v — —V,n. Therefore, C* = Tr(5?). On the

other hand, the mapping v — —V,n is defined on T, (H""!) and naturally extends S

to a linear operator S on Ty (H™*1). We have

Tr(S%) = Tr(5%) = (Va1 1) (Va1 ) o

= (Vu, (N'wy, w) Vo, (0™ tm), i) |po = (M + 0 Vo, w5) (0 + 17V Ui, s ) |

= <77§Ul7 uj> <77;‘num7ui> |p0 = 775772'|p0'

This proves the first part of the claim. We now show

17 Vo (Va5 ) 50 + Vo (07 (Viyug, wi)) |55 = 0. (2..17)
10



Indeed,

Vui(nj <v77uj7 ul)) = Vumj <V77Uj, uz> + njvui <vnuj7 Uz)
- Vumj <v77uj7 ul> + njvui <nlvuzuj7 uz>
= Vuﬂlj <v?7uj7 u@> + Ujﬂi <vmujv uz> + 77j77[vu1~ <vmujv uz>

= VP (Vyuy, i) + 0705 (Vs ) + 070 (Va, (Vo z), ws) + 1071 (Vg Vo i)

Evaluating at py, we have

Vui(nj (Vous,u;)) = ' (Vi (Vu,ug), u;) (at po). (2..18)
On the other hand,
W Vo (Vasty, i) = 07 (Vo (V) ws)+0’ (Vg Vi) = 1070 (Vi (Vag), wi) 0" (Vo Vus)
Again, we evaluate at py and conclude

njvn (Vo uj, u;) = n' (Vu, (Vy,uj),u;) (at po). (2..19)
Equations (2..18) and (2..19) imply (2..17), verifying the claim. =

2.2 Distance and Preliminary Interior Estimate

Our goal in this section is Corollary 5, in which we obtain a pointwise estimate
for w in terms of the local geometry of ¥ and an L! estimate.

In what follows, let ¥, H, and v be as in the discussion preceding equation
(2..2), pp € 3, and d : H"™ — [0, 00) be defined by d = d(p) = distyn+1(p,po), where
distgn+1(p, po) is the hyperbolic distance from p to pg. Let us also write B(p;d) =

{q|distgn+1(q,p) < d,q € H"™'} and S(p;d) = 0B(p;d). We see from (2..2) that for
11



any point p € X, Div(Vd) = Divg(Vsd) — nH (Vd,v) + v, (Vd,v). That is, Ad =

Agd —nH (vd,v) + vV, (Vd,v) or
Agd = Ad+nH (Vd,v) — vV, (Vd,v) (2..20)

on Y.

We would next like to find expressions for Ad and v, (Vd,v). We recall from
(1..10), that S(po; d) has constant mean curvature (with respect to the outward pointing
normal) — coth d. Therefore, at points on S(py; d) we have Ad = Div(vd) =Div(2%).

[vd||

Hence,
Ad = ncothd. (2..21)

Next we calculate: Vv, (vd,v) = (v,Vd,v) + (Vd,V,v) = (V,Vd,v). Letting v =
vN + T where vT = (Vd,v) vd and vV = v — (Vd, v) Vd, and noting that the integral

curves of Vd are geodesics emanating from pg, we see

v, (Vd,v) = (V,Vd,v) = (V,n,ovd, v + 07

2 a
= <VVNVd, I/N> = “,,NH <V N Vd > . (2..22)

I
Now HVNH2 = ||v||* = |[(vd,v) Vd|*> = 1 — (Vd,v)*, and at any point on ¥, we have

1 — (vd,v)* = ||Vsd|]®. So we have by (2..22),

2 v
Vo, (Vd,v) = ||Vsd||"( V ~ Vd (2..23)

ot Il

on Y. It is easy to see that at any point p on S(pg;d) and for any unit vector u €

T, (S(po; d)),

—(V,Vd,u) = — cothd, (2..24)
12



the mean curvature of S(pg;d). Indeed, the operator u — —V,Vd has only one eigen-
value A (with multiplicity n). Hence A = — cothd. Substituting ﬁ for u in (2..24),

we may replace (2..23) with
v, (Vd,v) = ||Vsd]|]* coth d, (2..25)

which is valid on XN S (po; d). Note that in (2..22), we assumed vV # 0. In case vV = 0,

(2..25) is clearly true. Thus, equations (2..25) and (2..21) together with (2..20) give us
Lemma 3 On XN S(po;d), we have
Asd = ncothd +nH (vd,v) — ||Vsd||® coth d. (2..26)

We note that Astpou = (" ou) ||Vsul|* + (¥ o u) Asu = 4" ||Vsul|* + ' Asu

for u € C?(X) and ¢ € C? (R). Thus, substituting 1 o d into equation (2..26), we have
As, (1 o d) = ¢¥'ncothd + (v — o' coth d) || Vsd|]® coth d + ¢/'nH (vd, v)

=9/ (n — 1) cothd +¢" — (¢ — ¢/ cothd) (1 — ||Vxd|®) + ¢'nH (vd,v). (2..27)

Let us define ¢ (d) = [, tanh (1) x. (1) dr for d > 0 and let x, € C2[0,00), which is

yet to be defined. We calculate

1. ¢! (d) (n —1)cothd +1" = —tanh(d)x, (d)(n — 1)cothd — sec h*(d)x, (d) — tanh (d) x_ (d)
= —(n—1)x,(d) —sech*(d)x. (d) — tanh (d) x (d)

= X, (d) (tanh® (d) — n) — . (d) tanhd.

2. Y (d) — ! (d)cothd = —sech®(d)x, (d) — tanh (d) x. (d) + tanh (d) x, (d) cothd

= tanh®(d) x, (d) — tanh (d) . (d) .
13



Substituting into (2..27) gives
Ay, (¢, 0 d) = x. (d) (tanh® (d) — n) — x. (d) tanh d

— (tanh® (d) x, (d) — tanh (d) ¥. (d)) (1 — ||ng|]2) —tanh (d) x, (d) nH (Vd,v). (2..28)

In what follows, let 3, = XN B(po, t) for t > 0, u denote n-dimensional hyperbolic

surface measure, and V; be the volume of an n-dimensional hyperbolic ball of radius t.
(

.
1 1
We now define x, (t) = %_VL e<t<D - Though y, is not C*, it is clear that
t D - -
0 D <t
\ J

X.od e Cy(Xp — S (po,€)) for each € > 0.

Lemma 4 Let D be a fized hyperbolic radius and 0 < g € CZ(Xp). Then

1 ) 1\ tanhd 1
< Ved|*d — (= — — | gd
g(pm_VD/gll sd|| u+/{ (Vd) - Vd}g pit
YD

3p

b [tanhu) (%)+%] (1~ 95d]) gd

11 1
+/tanh2 d) | — — ) (H*/A+||v=d|® /n) gdu — —/@Z)odAggd,u, (2..29)
V;l VD n
3p

D

where Y(t) = Eli% v () = ftD tanh (7) (v% - VL> dr for t > 0. If we only assume

g € Cp(Xp), then the term —= [ o dAsgdpy is replaced by £ [ (Vs (Y od), Vsg) dp.
Xp %p

Before we prove the lemma, we would like to show that
1— ||ved|® < cd? (2..30)

as d — 07 for some constant ¢ > 0. Indeed, let us assume that ¥ lies in the ball model

of H"t! := {(z,t) : z € D",t € R, 2> + 1% < 1} . Let us also assume that py = (0,0)
14



and that X is locally the graph of a C? function with Du(0) = 0. Then by Taylor’s

theorem,
u<elzl> and |Du| < ¢ x| (2..31)

as ¢ — 0 and ¢; > 0. At the point (x,u(z)) € X, the unit surface normal n =

L (—Du(z),1), where Ny = —2-1/1+ |Du (z)|>. Since Euclidean lines through the

Ny 1—|z|?
origin are geodesics, Vd(z,u(r)) = 3 (z,u(r)) where Ny = ﬁ\ﬂxf + |u(z)]%.
Therefore,

, ) —(1_‘1;2)4 (—=Du -z + u(x))z
1—[[vsd||” = (Vd,m)|” =

NEN3

= (CDwatufa) 2.32
(1 +1Du @)) (jaf + |u (2)) (2..32)

and hence

Dyl | Ju@)?)>
1 s _ (B +5F)

Now using (2..31) and the fact that |z| ~ c¢d(z) (c constant) as © — 0 gives us (2..30).
Proof of Lemma 4. We multiply (2..28) through by ¢ and integrate over ¥p
to obtain

/ As (Y, od) gdu = / [x. (d) (tanh® (d) — n) — x. (d) tanhd] gdp

%p %p

- / [tanh? (d) x, (d) — tanh (d) X (d)] (1 — ||ng||2) gdu—/ tanh (d) x. (d)nH (Vd,v) gdu.

Now,

e—0t
Xp Yp—3e

lim [ Ax (¢, od)gdp = 11151+ / As (¢, o d) gdu+ 11151+ / Ay (1, o d) gdp. (2..33)
e

15



But

lim [ Ag (¢, 0d)gdp = lim Ki — i) (tanh?® (d) — n)] gdp

e—07F e—0t V; VD
S e

1 1 1 1
— lim [ tanh?® (d) <7€ - V_D) (1- |]ng||2) gd,u—el_i}(x)l+ /tanh (d) (Ve - V_D) nH (vd,v) gdu
¥p

e—0t
e

= —ng(po),

lim [ As(¢.od)gdu= f A, (¢ od) gdu, and Elirg}rfo As (¢, od) gdu = Eli%qrz{j 0

6*>0+ E —E

dAsgdp = [ o dAsgdpu. Hence (2..33) becomes

E/¢ o dAsgdp :E/ Kvid — v%) (tanh® (d) — n) — (Vid)ltanh d} gdp
- [ Joost @) (1 ) ~ (Vid” (1~ [ 95dl?) gdn
_/ :tanh (d) <Vid - VLD) nH (vd,v) g} dp — ng(po),

or equivalently,

9(po) = %/ Kvid — VLD) (tanh? (d) — n) — (%)Itanhd} gdp

o () - ()] -

1 1 1
— [ tanh(d) | = — — | H(Vd dp — — dAxgdj. 2.34
[ (@ (= =) # (vdvh gt~ 1 [ v odnsgan (.30
ED ED
We note that by using power series, one can see that the terms (vid — %) (—n) —

!/
<Vid> tanh d and tanh (d) <vld> are asymptotic (as d — 07) to cd "', where c is some

!/
constant. We also have from (2..30) that tanh (d) <Vid) (1- HVZdHQ) < ed"*2 for
16



small enough d. Thus, the above integrands belong to L!'(Xp). Let us rearrange the

first two integrals in (2..34).

%/ [(Vid - VLD) (tanh? (d) — n) — (Vid)/tanhd} gdp
2 [ et @) (= 1) = tann@) (1) | (= o) g

1 11 1\ 1 11
- — — — ) (=n) = [ — | tanhd| gdu+— [ tanh?(d) [ — — — ) ||vxd||® ¢d
g/{Q@ %)(7” <w>a“}9”+n/an<>(w L@>H2ng

D D

+1/tanh (d) <Vid),(1 — |Vsd|®) gdpu,

n
~p

and we express the right side of this equality by I; + Iy + I3. By using the inequal-

ity tanh (d) |H (vd,v)| < (vd,v)* + mnhi# = (1- ||ng||2) + tanhZ#, we see

that the the third term of (2..34) is bounded above by [ (Vid - %) tanhi#mgolu -
XD

[ % (1 — ||ng||2) dp+ [ Vld (1 — HVdeQ) gdu = Iy — I5 + Is. We now obtain from
ED 2D

(2..34) and the preceding formulations, the inequality

1
g(po) S Il +IQ ‘f‘]g +I4 — ]5 +Iﬁ — ﬁ/l/} OdAgng. (235)
¥p
Finally,
1 ) 1\ tanhd 1
L — Iy = — Vxd||*d — | = — —1gd 2..36
=g [alvsaPau [ |- (5) == 5] odn (2.36)
ZD ED
I3+ 1, —1/ tanh (d) 1 /+i (1— [|vsd|®) gd (2..37)
3 6= v, v, p) gap, -
XD
and
9 1 1 9 9
L+ 1y= [ tanh®(d) | — — — ) (H*/4+ ||Vsd|” /n) gdp. (2..38)
Va Vb
3p

17



The lemma now follows from (2..35), (2..36), (2..37), and (2..38). =

The following corollary is a simplified version of (2..29) which we will use to
derive our interior estimate. Our method of proof , however, places restrictions on
the size of D. Here, w and ¥ are the same as in Lemma (2) Let us define Hy,, p =

sup |H(p)|, Hipo.p = sup [[VH(p)||, and A(t) = pu (%)

PEXD PEXD

Corollary 5 If w >0 and D is small enough to ensure that ||Vxd| > 0 on Xp, then

D D
(H3 .0 +4) 1
w(pgy < —/wdu OPOD /t 2 /wd,u dt—i—HLpO’D/tanh( ) VA(t)dt.
0 : 0 '
(2..39)
Proof. Since w > 0, we may replace ¢ in (2..29) with w to obtain
1 5 1\ tanhd 1
< — Vsd||d —| = — —|wd
wipy < - [wlsdPaur [- () 25 - 3| v
>p D
1/ tanh (@) () + L] (1= [osal?) wdp
n Vi v .
XD
1
+ / tanh? (d ( ) (H2/4 + | Vsd|® /n) wdp — / o dAswdy. (2.40)
n
¥bp ¥p
Next, we show
1\ tanhd 1 1\ 1
— | = — — <0 and tanh(d) | — — <0. 2.41
<Vd> - s an an()(vd)—l—vd ( )
Now,
1\ 1 —tanh(d)V)+Vy
tanh (d) [ — — =
@ (37) +7 vz

and the numerator — tanh (d) V] + V; := f(d) has f(0) = 0. Moreover,

f'(d) = V(1 — sec h*d) — tanh(d)V) = V; tanh?(d) — (n — 1)V
d d d d
18



=V (tanh®(d) — (n — 1)) < 0.

A similar argument establishes

1\ tanhd 1
(= - <.
Va n Va =

Therefore, using (2..40), (2..41), the relation ||Vgd|® < ||vd||> = 1, and Lemma 2,

which implies that —% [ ¢ o dAswdp < [ (¢ o d) v, Hdp, we have
¥p XD

w(py) < VLD wdp
XD
11
+ / tanh?® (d) (Vd — V_D> (H?/4 4 1/n) wdp + / (¢ o d) v, Hdp. (2..42)
b 3p

Next, we find upper bounds for [ (1) o d) V,,Hdp and [ tanh*(d) (i — i) (H?/4 + 1/n) wdp.

Va Vb
¥p XD

Now,

/ (bod)v,Hdy < Hipp / (4 0 d) du

¥p ~p

D
:_mmﬂ/¢®ﬁwﬁ

0
D
= —Hl,po’D/l//(t)A(t)dt (integration by parts)
0
D

~ Hip / tanh (£) (% - v%) A(t)dt
t

0

IA

D
HLpO,D/tanh (t) =A(t)dt, (2..43)
0

19



and

11
tanh? (d) [ — — — | (H?*/4+ 1 d
[ et @ (- = ) (#2a4 1/) wa
Yp
(H§ pop +4) 5 1
00l T T anh?(d) [ — — — ) wd
= An / anh” (d) v, v, )
YD
(H2, ,+4) [ 11 d(0%,)
0,po,D 2 w t
= 2P 7 [ tanh®(t) [ — — — / ———— | dt (by coarea formula
| “(v; VD) fosay | % ® )
0 >t
(HZ  +4) 7 yaRY d (0%
= P / tanh? (t) / —2ds / wd(0%0) |
4n (Vs) [Vsd]
0 t P
9 D t
(Hopop 4 wd (9%,

i dsdt (by Fubini’s theorem)

[V sd]]
9 D
(HO,p07D + 4)

/tanh2 (t) (“//:;2 /wdu dt.

0 t

The result now follows from inequalities (2..42), (2..43), and (2..44). m

(2..44)

2.3 Main Interior Estimate

We are now in the position to derive an interior gradient estimate for a solu-
tion of the prescribed mean curvature equation. Our model for (n + 1)-dimensional

hyperbolic space will be the cylinder D" x R endowed with the metric g;;(z,t) =
( )

\ Vs
where u € C?(Q2) and Q C D" is a domain. The vector field

ve
[vell

normal field to the level surfaces of @, so that

div ((ogr
[vel

vo 1

V9

> \(2t) =

ai(\/ggij

D,
[V
20

Nty = —nH (z),

(1_;2)2 l<i=j<n
Elﬂxz;z i=j=n+1/ (seel.2). Wedefine ®: D" xR — R by ®(z,t) =t —u(x),
1—|z|

0 otherwise

is the upward pointing

(2..45)



H(z) being the mean curvature of the graph of u at (z,u(x)) for z € Q. We set

2\2
4 _ (1+Rl?) and v = |[V®|| . Now for any C* function F': D" x R — R,

D S (D i

1 1 1
VF - <_F17 ceey ZFT“ E

1 Fo), (2..46)

hence V® = (Stuy, ..., 5y, 5 ). Therefore, (2..45) now reads

Zn}@ bﬂ )i = —nHVA"B (2..47)

or

(-ui>i\/ﬁ_zi (@) — —nHVA"B.

Av v i

We multiply this through by a function ¢ € C! (Q) and integrate by parts to obtain

Yi /BN Andm = / —nHpv BV Ardm
AU Q
Q

or

/Z;\/Eqﬁidx: —/Qanb\/de, (2..48)
Q

where m is Lebesgue measure, dxr = v/ A"dm is the volume element for the hyperbolic

disc D", and summation is understood. Equation (2..48) is a weak form of the prescribed

” and the area element

for the graph of u is dj = odz, where 0 = VBv = /1 + 2 | Dul?.

mean curvature equation. We mention that v = y/+ + % [Du

Lemma 6 Let X be the graph of u, and suppose f € C(X). Then|Df| < 20vB||Vsf]|.

Proof. Let n = 2= and define f on all of D" x R by f(x,t) = f(z). Then

[vell

Vf=Vsf+(Vf n nand (therefore)

Vs fI* = I9f1° = (v f.m)] (2..49)
21



Since (V f,e"*1) = 0, we have from (2..49) and the Cauchy-Schwartz inequality,

o1 = 9517 - (Z %f?) (iAw?)
=1 =1
= VA1 = IVFI* (1 — Bn}yy)
= |V £II* Bnjya- (2..50)
Now |94 = 4 D] = 2VA|DS] . and 1,y = 2 hence

[Df]
vVAB

From (2..50) and (2..51), we have

Nt VBV = (2..51)

DI _ DS
vWAB ~— 2uB’

since VAB < 2B. Now combining this with the equality ¢ = v/ Buv, completes the

1V fll = 1, VBV =

proof. =

For the theorem below, let B (zg;t) = {p € H""! : distyn+1(p, (79,0)) < t} and

define the quantities g,,; = sup d(z) and h,,y =  sup |y|, where d(z) =
(z,y)eB(zo3t) (z,y)€B(zo3t)
distyn (x, 7o) for zo,x € D*. We also let /By, = sup VB, Hyuu = sup |H|,
d(z)<t d(z)<t

Hy ot = sup |DH|, and for a given hyperbolic radius t, ¢’ = gyt + haos and t” =
d(z)<t

Guot + 2hyy . We wish to make the following remarks.

1. In Corollary 5, we defined Hy ,,,; = sup ||VH (p)|| . However, we have | VH (z, u(x))|| <
PE

|DH (x,u(z))| = |DH(z)|. Thus, we may replace H ,, , in Corollary 5 with Hj 4, ¢,

Po = (l‘o, O) .

2. A gradient estimate can be obtained from Corollary 5 provided we have estimates

for [‘wdu and A(t) for each 0 < ¢ < D. However, Corollary 5 cannot be applied
pM
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directly because the inequality w > 0 in Q may be false, thus we define w =
In(\/By, prv). Since w and w differ by a constant, clearly Lemma 2 and (hence)

Corollary 5 remain valid with @ in place of w.

3. We would also like to weaken the smoothness requirements of ¥ in Lemma 2. To
do this, consider the weak form of (2..3), which reads

[ @056y dn = [ (~C% ~ 950l 6+ 07, H0) du (2.52)

2 %

for every function ¢ € C}(X). If ¥ is the graph of u and u € C?(Q) with mean
curvature H € C'(Q), then (2..52) remains valid. This can be seen by taking a
sequence of C? functions converging to « in the space C%(€2). Now for positive
test functions ¢ € C'}(X), we have the weak inequality

/(ng,vng) dp < /nvanbd,u. (2..53)

P 2

Using this in (2..42), we see Corollary 5 is still valid.

Theorem 7 Suppose u € C?*(Q) and that its mean curvature H € C*(Q), where
Q C D" is open. Fix xy € Q and choose D small enough to use Corollary 5, and to

ensure distgn(xg,0Q) > D". Then |Du(xy)| < Cyexp Ci( sup %“;xo)), where Cy =
d(z)<D" 0>

24 1
01(%,”,17 7H0,a:0,D”7H1,q;07D”) and Cy = 02(950,7%17 aHO,aco,D”aHl,aco,D”a sup u(x)—

d(z)<D"
u(zo)).

( )
h:c07t U Z h’xo,t

Proof. We first assume u(zy) = 0. Define the function u; = —hays U< —hgy

U otherwise
\ /

and let p € C'(Q) satisfy |p| < 1,|Dp| < #M,p(x) = 1 when d(z) < g4+, and
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p(z) =0 when d(z) > gut + haot = t'. Now using ¢ = up in (2..48), one obtains

B B,
BB ntin)e

Q Q

which implies

/WIDUI dr < ot / (g—’D“UD'OHmeE) dz, (2..54)

d(z)<t’

where S = {z : d(z) < guyt, |u(z)| < hyyr}. Now

A(t) = / odr < / odz, (2..55)
S

W(Et)

where (x,t) = z. Letting S; = Sﬂ{x ;| Du(x)| < \/%} and Sy = Sﬂ{x s | Du(z)| > \/%},

and using v Bv = o, we have from (2..55)

All) < /adm—i—/adx

< /\/_dx—i—/\/_vdm

IN

Vieo.t / vV Budz. (2..56)

2 _ 2|Duf?
Now v? = £ + & [Dul” < % on S, hence on Sy we have

A v

(2..57)

So (2..54), (2..56), and (2..57) give

A

VB |Dul’
Alt) < V2V, , +2 S
VB |Du||D
< V2V, o+ 2hag, / (—'“L}M+n|ﬂ|\/3> dz. (2..58)

d(xz)<t’
24



But

VB |Dul|
A w
B | D) 2 | Dul . 1 B
= 3 < (usmgzgzgl)
1+ 5 |1Dul*>  \/|Dul’ +4
< 2. (2..59)
Hence, combining (2..58) and (2..59), we have
1
Alt) < V2V, , + 2heys /‘(271 +nuﬂ¢§>@
d(x)<t’ ot
< V2V, +4Ve + 200 i Hoao o/ Buow Ve
< cng,(1-+7ﬂ%m¢hhwmﬂ\/3$mﬂ>. (2..60)

It is also clear that this same estimate is valid if u(zg) # 0. We now estimate [ wdp.
p3M

/ﬁ)du = / Wodx < /@adx—i—/@adx. (2..61)

3t w(2¢) S1 Sa

As before, o < V2 and v < V2 on Si, and o < % on Sy. Since w =

In \/Byy,prv < \/Bag,prv, (2..61) now reads

2V B |Du?
/ﬁ?d,u < /QN/onjDudx—l—/%@dx

>t S1 Sa
2v/ B | Dul?
< QNKBImDuL;%t<+t/n———j£——gl4ﬂdx. (2..62)
’ v
S
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To estimate the second integral in (2..62), we use for ¢ in (2..48) the function (u; + hy, 1) pW.

This gives us

/2\/§|Du|2
T Ao
S
Bluip)| @ VB |uw||D _
< ., / (\/_|upz|w+\/_|U|| w|p—|—n]H\wp\/§>da:
’ Av Av
d(z)<t'
w(®)>—haq,t
< ah,., / (2| Dp| + 2p | Duw| + n | H| wpi) da. (2..63)
d(z)<t’

u(I)Z—th,t

Let ¢ € C! (D x R) and use ¢ in (2..52) to obtain the inequality

/||ng||2¢2d,u§ —/<ng,Vg¢2>du+n/VnH¢2du.
5 5 )

or

/vawHQqﬁZdu < —2/<v2w,vz¢> ¢du+n/vnH¢2du. (2..64)
% X

by

We use the inequality 2 |[(Vsw, Vso) ¢| < 2||Vsw| ||Vsd] |¢] < % HVEU)||2 P*+2 ||ng§||2,

and (2..64) to conclude

pPESUppP

/ 1Vsw]? du < 4 / 1956l du + 2n( sup |V, H(p)) / Sdy
> > >

< (4 sup [[Vs6(p)|> + 2n( sup |vnH<p>|>)u<zmsupp¢>, (2..65)

pESUPPP pESUppP

provided ¢* < 1. In fact, let ¢(z,s) = p(z)7(s), where 7 € C*(R) has 0 < 7(s) < 1,

d(z)<t! d(z)<t!

7(s) =1 for s € <—hx0,t, sup u), 7(s) =0 for s ¢ (—tht,hmt + sup u) , and

|| < ﬁ We now use Lemma 6 and see that 2p7 o u |Dw| < 4¢ || Vsw|| ov/B. Thus,
zQ,

[ 2pT ou|Dw|dx < 24/By, v [ ¢||Vswl| du, which gives
Dn >

/ 2p|Dw|dx < 24/ By v /gb |IVsw]|| du. (2..66)
=

d(z)<t'
U(x)Z—hxo )t
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1/2
The inequality [ ¢ || Vsw]| dp < <f ¢* | vswl? du) 11 (suppé N )2, along with (2..65)
> >

and (2..66), gives the estimate

1/2
/ 2p |Dw|dx < 24/ By, v <4 sug |Vso(p)|* + 2nH17t1,x0> p(suppp N Y).
pe

d(z)<t’
u(w)Z*hzoﬂf

(2..67)

We use (2..46) to estimate sup || Vso(p)|” :
pEL

1V=o®I® < lIve)l®

IA

1 & 1
120 (0) + 500 ()
=1

= YA ) + o) () ()

<1+1) 1
A B) R,

2
h2

xo,t

IN

IA

Substitute this into (2..67) to obtain

1
/ 2| Dw|dw < 24/ By (8 + 2nHyp 4oh?, p)"* i (suppg N ). (2..68)
x0,t

d(z)<t’

u(x)thzo,t
Now
pt (suppp N ) < / odr = / VBudz, (2..69)
d(z)<t’ d(z)<t'
w(w)2—2ha ¢ w(w)>—2hag,t

and this is estimated in the same manner as (2..60) was obtained from (2..56). Before

doing so, we note that the remaining part of the integral in (2..63) can also be estimated
27



using f vV Budz. In fact,
d(z)<t'
u(x)Z—ZhIO it

/ n|H| @WpVBdx < nHyg 4 s / @V Bdx

d(z)<t’ d(z)<t’
w(@)>—hgg,t u(z)>—hag,t
< ny/Bag.pr Ho zg 1 / vV Bdx < n\/Bay pr Ho o v / vV Bdz, (2..70)
d(z)<t’ d(z)<t’
w(®)>—haq,t w(@)>—2ha ¢

and

2
/ 20 |Dp| dx < z / @V Bdz (usingV/B > 1)

x0,t
d(l‘)<t' d(cc)<t’
u(@)z=hag.c u(@)>~hag
2 " 2 "
2y Beo.n / vV Bdz < V Do, / vV Bdz. (2..71)
xot
d(z)<t' d(z)<t’
w(@)>—hag,t w(x)>—2hg ¢

Therefore, by (2..62), (2..63), (2..68), (2..69), (2..70), and (2..71), we have

/@du S 2 V BIO7D”‘/9930,1§

3¢

2 BZ‘ " B.T U
n\/Bag.pr Homo -+ VB0 +\/ ot (8+2nH1t,mh§0D)l/2

+16h4, + o o
zo, zo,

/ vV Bda

d(z)<t'
u(m)2—2hx0 )t

S O Vv Bx()yD”‘/jQIO,t
+C\/ Bwo,D” [1 + nhx07tH07$O7D/ + (1 + nHl,D’ xohio D)1/2:|

/ vV Bdz. (2..72)

d(z)<t'
u(x)>—2haq ¢
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We shall now calculate.

2V B |Dul?
/ VBudr < V2V + / %wdz. (2..73)

d(z)<t' d(z)<t’
(@) >—2ha ¢ w(z)>—2heq ¢

Let us use ¢ = pu, in (2..48), where this time v, = max{u + 2h,,;,0} and p € C*(Q)

has 0 <p <1, p=1ford(x) <t p=0ford(z)>1t" and |Dp| < ;=—. This gives us
B u; B u,;
/\/_u ); pdx = —/ (g%utpi +nH\/§utp> dz,
Q

which implies

/ VB |Dul?
-~ dx
A w

d(z)<t'
u(x)>—2hazq,t
[ ] B |Du||D
< sup u(x) + 2hy, 4 EM +n|H|VBp | da
d(z) <t A v
- d()<t”
w(@)>—2hgq,t
< sup u (x) + 2hy, 4 <2 |Dp| +n|H]| \/Ep) dx (by 77?)
d(z)<t"
- d(z)<t”
w(x)>—2hgq
[ 17 2
S sup u (':C) + 2hw0,t |: + nHO,.’L‘(),t” V B:L‘(),t”:| ‘/;f”
<t ha: t
_d(a:)_t ] 0,
!
< h sup u () + 2 [2 + nhyy 1 Hozg 1 \/on,t”i| Vi (2..74)
zo,t d(z)<t"

The inequalities in (2..73) and (2..74) give us the estimate

/ vV Budzx

d(z)<t'
u(x)>—2haq

< <\/§+2

sup w(x)+ 2
zo,t d(z)<t"

12+ 0,0 Hozn 07/ By | ) Vi
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or

/ vV Budz

d(z)<t’
u(m)Z—Qhro )t

< ¢ |1+ h . d(Sl)lgt u (‘T) [1 + nh’zo,tHO,:Jco,t” V B:Jco,t”:| V;‘,”
o, )< 1

< C 11+ h ] d(s)u<pD u ('I> [1 + nhxo,DHO,zo,D” \Y BIQ,D”] ‘/t”- (275)
o, )< "

Combining (2..75) with (2..72), we have for each 0 <t < D

sup u ()| Vim, (2..76)

xo,t d(z)<D"

1+

/@duSC

¢

where C' = C(zo,n, D, Hy zo.p7, H129.p7). By replacing w(x) with u(z) — u(x) in
(2..76), we may remove the restriction u (zo) = 0. Thus, we obtain from (2..60), (2..76),

and (2..39)

" 1
w(xg) < C’VD 1+ sup u(z) — u(xg)
Vb heo.D \ dz)<D”

D
—|—C/tanh2 (t) Vtz 1+ sup u(z) —u(zg) | Vindt
) (V2) haot \ d(w)<p”
D
Vi
+C' [ tanh (t) —dt. (2..77)
Vi
0

=C ! (d(sup u(x) — u(x0)> + Cs,

hxo,D z)<D"

n "
where ' = 01(3307"% D", Hy 4, prr, Hl,xO,D”) and Cy = 02(%; n, D", Hy zo.prs Hizo,pr, SUP U (1’)—

d(z)<D"
u(wg)). Since W(zo) = In(y/Buy,prv(z0)) and v = 4/ 5 + & | Dul?, the estimate follows.
n
We note that C} and Cy above increase if Hg .o pry, Hipop7, sSup u(x) —
d(z)<D"

V. .
w(xo), \/ B0y A(%0); Puy.07s Gug.p7s OF V%I * are allowed to increase. Now, suppose
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we are given a compact subset KX C . Choose D so that D" := sup g, p + 2h, p <
reK

distyn (K,09) and small enough for Corollary 5. Let Kp» = {z : disty~(z, K) < D"}.

We may replace the first four of these quantities; Ho .o pr, Hizopv, sup u(x) —
d(z)<D"

w(xo), \/Bzo,p7, Wwith sup |H(z)|, sup |DH(z)|, sup 2|u(z)|, and sup +/B(z),
T€K i z€K i T€EK i T€EK i

respectively. Where as the quantities A(xo), hay.p7, Gzo.07, and ‘%’ are replaced by

their supremum as xy varies over K. Therefore, we have

Corollary 8 Let K C Q be compact and D, D", Kpir, Ci, and Cy be as they are

described above. Then sup |[Du| < Caexp C1(32), where ug = sup 2[u(z)|.
zeK zeKpn
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CHAPTER 3.

EXISTENCE AND NON EXISTENCE RESULTS

3.1 The Operator (), and a Preliminary Existence Theorem

We recall the mean curvature operator @) from (1..3). For 0 < r < 1, let us
define D" = {x : |z| < r,z € D"} and ¥, : D" — D" by = — rz. Suppose u € C*(D")

satisfies Qu = nH. Then for x € D",
a’(rz, Du(rz))u;;(re) + b(rz, Du(rz)) = nH(rz). (3..1)

Define u on D" by u(z) = uo x, (z) = u(rz). Calculating the partial derivatives

U;;(rz), and substituting into (3..1), we have

ui(x) = ru;(re) and u(z) =r
ij 1 2 1 2
a’(rz, —Du(x))u;;(x) + r°b(re, —Du(z)) = r"nH (rz), (3..2)
r r
for € ™. Thus we have for 0 < r <1,

Qu=r*nH on D" < Q [uox; '] =nHox," on D, (3..3)

where Q,u = a¥u;; + r?b,, a¥(z,p) = a”(rz, 1p), and b,(z,p) = b(rz, ip) for € D"
and p € R". We note that @), is elliptic with maximum eigenvalue A, (z,p) = A(rz, % )
and minimum eigenvalue A, (z,p) = A(rz, p). It is necessary (and it is the case) for our
use of the interior estimates (1..8) and (?7?), that for a given compact set K C D" x R™

and 0 < ro < 1, there is a ¢ > 0 such that

c < \(z,p) < Au(z,p) <

[

all (x,p) € K and ro <r < 1.
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The following theorem is a simple consequence of Theorem 1. First, let h(r)
denote the mean curvature (with respect to the inward pointing unit normal) of the

cylinder 0D x R. We claim that for 0 < r < 1,

1 <h(r) and lim h(r)=1. (3..5)

r—1-

In fact, define ® : D" x R — R by ®(z,¢) = |z|. Then the set {® = r} is the cylinder

oD x R. Now v® = 2D® = LD |z| and ||D |2||| = \/A|D ||| = V/A. Thus,
v
nh(r) = le[ ]
Ve
1
= Ar-1B |z >
= (VATBal,),

(VAIB) ol 4
A”BZ + \/Z|$|u
D(VAIB) - Dla| 4

_ N 3.6
VA"B VA|z| (3-6)
Let us simplify %. Now D (\/ A”*1B> = ("_1)’4:\255:41;’4”71[)3, so that
D (V A"HB) (n—1)A"2BDA + A"'DB
A"B 2An-1Bv/A
(n—1)DA DB

=5 +2\/ZB' (3..7)

Since A = 7= | =z and B = A(H‘gc| ) , we have DA = 2A%2 || D |z| = 24%2x and
DB = pAlt S 4 (14 [af) || D || = 2V/AB(1+ ). Substitute this into (3..7)
to obtain
D (VATB) .
=(n-+—=)x. 3..8
w5 "R -5

Plugging into (3..6), we have

nh(r)=(n-+ L n — ; i T ﬂ
hr) = (n+ ) el + S = (=) () el +
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1+ |z|? 2 |z
2 |z| 1+ |zf?

=(n-1)
or, letting r = |z],

h(r):(n—1)1—|—7"2+1 2r ‘ (3.9)

n 2r nl+r?

We express the RHS of (3..9) as f(t) = (1 —a); + of where a = and ¢ = 142r:~2' Then

ffi)y=0&1t= ,/1j7a and f”(,/lea) > 0. Thus, f has an absolute minimum when
t=4/=%=+vn—12>1. Since f(1) =1, (3..5) follows.

Theorem 9 Let H € C*(D") satisfy |H| < 1 and ¢ € C?>*(D") for some o € (0,1).

Then for r € (0,1), the Dirichlet problem
Qu=r’nH and u= ¢ on D" (3..10)
has a unique solution u € C**(Dn).

Proof. According to (3..5), we have for each r € (0,1), |H o x,"!| < h(r) on 9D
Theorem 1 then provides us a unique function @ € C>(D") satisfying Qu = nH o ;!

and % = ¢ o x-! on OD". Letting u = % o x, and using (3..3) completes the proof. m

3.2 Interior C* and Global Height Estimates

Let us define u, to be the solution to (3..10). In order to show that equation
(3..10) has a solution when 7 = 1, (which we denote by w;), we derive bounds for |u,|

and |Du,|.

Lemma 10 Let 0 < rg,p < 1. Then sup (|u,| + |Du,|) < C = C(p,ro, ¢, H) for all
|lz|<p

r € [ro,1]. Moreover, we have a global height estimate sup |u,| < C' = C(¢, H) for all
|lz|<1

r e (0,1].
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Proof. Let us choose a constant Hy so that sup |H| < Hy < 1 and consider
zehn

the spherical cap in (1..11) with Euclidean radius R = ﬁ centered at (0, -1 f};o) .

The pre-image of this surface under the map ¥ in (1..1) is the graph of a smooth
function f : D* — R satisfying f(0) = 0 and having constant mean curvature H.
Let us define ¢, = sup |¢| and fo = sup |f]|. Since u, o ;! = po x, ' on ID?, and

zeohn zeDn

sup [pox;!| = sup 4], we have
xeoDr xeohn

—¢o—fot+[<uox, ' <o+ fo—f (3..11)

on 0D”. But —nHy < Q(u, o x,; ') = nH o x;' < nHy in D?, hence the inequality in

(3..11) persists throughout D by the comparison principle. Thus,

sup |u,| < sup |u,| = sup |u. o x; | < ¢y +2fo Vr € (0,1]. (3..12)
z€D} rzehn ey

We now estimate sup |Du,|. Corollary 8 gives us constants CY) and C’g) such
z€Dy

that

Uo

sup |D (ur o x, ") (z)] < i exp(C” (3..13)
zeDy, hD(r)
for r € [ro,1]. Here, ug = 2(¢, + 2fo) and D(r) is chosen (as in Corollary 8) so

that D"(r) := sup gu.ner) + 2he.pey < distun (6]1))”

TP’
zeDy,

8]1));‘) . We also insist that the

numbers D (1) are bounded away from 0, so that 0 < Dy < D(r) for some D, and

all r € [, 1]. The quantities that determine C\” and C{” increase, hence so do C\"

and C”, as r increases, with the exception of 51;1()) |D (H o x; ') (z)|. Here, B(r) =
2€B(r

{z : distgn(x,0) < f(rp) + D"(r)} and f(rp) is the hyperbolic radius corresponding to

the Euclidean radius rp. In fact,

sup ‘D(HOX;I) (x)|: sup 1|DHOX7T1(x)|
z€B(r) xGB&)T
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We do have, however,

1
sup |D(Hox,")(z)] <= sup |[DHoy;" (3..14)
zeB(r) T0 zeB(r)

So we may replace (3..13) with

Uop

sup [D (u, 0 ;") (2)] < G exp(C])
zeby, Do

) (3..15)

provided we replace  sup |D(H o ;') (z)| with % sup [ sup |DH o Xr1|] in

xEDZ+D,,(1) ré€lro,1] | z€B(r)

the constants C{l) and C’él). Thus, by (3..15), we have

sup |Du,(z)| = sup ‘D (Ur o erl) (.T)’ < Cél) eXp(Cfl)h—)
xG]D);)L -'L'ED;‘LP DO

Vre [TO,]_]. |

The proof of the next lemma is the same as in Lemma 10 when r = 1.

Lemma 11 Given any H € C(D") and ¢ € C(OD"), suppose f € C*(D") N C (D)
satisfies Qf > n|H| on D" and f(0) = 0. Then any solution u € C*(D") N C (D) to

the Dirichlet problem
Qu=nH and u=¢ ondD" (3..16)
enjoys the height estimate

sup |u| < ¢y + 2fo (3..17)

zen

where ¢y = sup |@| and fo = sup |f|. Moreover, if H € C* (D") we have the interior

xedhn zedn
estimate sup (|u| + |Du|) < C = C(p, ¢y, fo, H).
lz|<p
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3.3 Barrier Construction

We now construct barriers for solutions to equation (3..10). Suppose sup |H| <
zeh™

Hy < 1andlet As; = {z:6 < |z| < 1} for some arbitrary 0 < § < 1. We define
1
Y(t) = % In(1+ Nt), (3..18)

where £ > 0 and N > 1 are to be chosen, and w(x) = ¢ (1 — |z|). Since |Dw| =

Y'(t) = s > &, we see |Dw| — oo (independently of N) as k — 0 . Allowing for

| Dw| to be large (k small) will be necessary. Now

Qr (w+¢) = a) (v, Dw + D)wy; + ayl (z, Dw + D)y; + r’by(z, Dw + Do)
and a7 < nA,, so that

Q. (w+ ¢) < a(x, Dw+ Do)w;; + nA, ’Dng’ + 72b, (2, Dw + D).

From our definitions in (1..4) and (1..6), we see that

1 —7"2|9c|2 r

A =B, = < .
2\/% + L |Dw+ Dg? ~ 21Pw+ DYl

(1+r2|x|2)

So that if 1 |Dw| > |D¢|, which we assume from this point on, then

. < (3..19)
Hence
Qr (w+ ¢) < a (z, Dw + D)wyj + 12b.(x, Dw + D) + € (3..20)
Vr > 0 and k sufficiently small. We note that the inequality
B kil Rl (3..21)

< =
a2 = Dl ()
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follows easily from (3..19) and the definition of «..

Let us now consider a¥(z, Dw + D¢)w;; =

5, <5ij _ (wi £+ ¢)) (w; + ¢j)> wi; = B,Apw — Tiﬂ (w; + ¢;) (w; + ¢;) wi;.

22
rean

First, Agw = 9" —

i, D + Dy = —w“%”ﬁr 078, = 5 (i 0) ()
hence

a’(x, Dw + Do)wy; < — ’(n|;| 1)& + B, (W - Tglazwiijij)

g [0, 6, +.0)] vy (3.2

We will show that the last two terms tend to zero as k — 0. Indeed, using (3..21), we

have
oz liity| = 5 047D ol Dol < ogsf 471 Dol < Llr Dol (3.2
D 6] = o [0 (Dlal Doy — L (1Dof ~ (D D)
- BTTLZ;W (| o w)
4(7;%” |Dg[? ( Izil 5) (3..24)

and

1 1
ﬁr ( i T2a2wlw]w”) = /Br ( " — 202 (¢,)2 1/)”> )

T

since w;w;w;; = (1) ¢". Moreover,

" 2
57’ ( " 1 (w/>2w//) _ qup (( 4r _ + \D¢—|—Dw|2 B \Dw\2>

r2a?2 ra?2 1+ 72 |22|)
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B,4" 4r?
_TQQQ1+2|W
< 4r [¢" ( 472
(@)* \(1+72z2))
4ﬂ¢”
(w)

= k, the right hand side of the inequalities (3..23), (3..24), and (3..25) vanish

5+ |D¢|* +2D¢ - Dw)

DS +2|Dd| w')

<@/} + |Dg|? +2\D¢|> (3..25)

(dl
as k — 0. This, along with (3..20) and (3..22), gives

Q, (w+ ¢) < —1//%@ +72b,(z, Dw + D¢) + ¢ (3..26)

for rg < r <1 and k£ sufficiently small.

Next, we will consider r2b,.(z, Dw + D¢). Now

1
b.(z, Dw + D¢) = - (Dw+ Do) - (B,kr +1..), (3..27)
where
drz + 2nrx (14 |ra|® drz (1— |ral’
o rT ngx( |7’:U]2) and lr:—gjt ra ( |7":1:2| 2
(1= |rz|") (1 + |ra]%) O ad (14 |ral?)
So
rB, (Dw+ D) -k, = —rB,4'D|x| -k, +rB,D¢ - k,
2y 2 2 1 2
:_T¢|5U| v 1 +7r2D¢ - x +n( +|rx2|)
Qy (1+ |rz]”) o, (14 |raf’)
Thus
2 1
2
r8, (Dw + D§) - by < — 17! n| +e (3..28)
(878 (1 + |’I“J}| )

for small enough k. Also,

r(Dw+ D) -1, = —r*¢/De] -z (‘— T



2y 4(1 - |ra)?
:Tl/} |:L‘|—7’2’¢,‘SU| ( ’Tx|2)3+TD¢‘lr,
Qr o (1+ |rz|)
giving us
2 1
r(Dw+ Dg) -1, < 21 o (3..29)

r

for small enough k. Through inequalities (3..26), (3..27), (3..28), and (3..29), we obtain

—-1 2,0/ 2.1/ 9
QT (w+¢) S —l/Jl(n )Br‘i_ r ¢ |x| _ r r(/) |£L‘| 5 +TL +€
|ZE| (7 (878 (]. + |7"[E| )
1 —1)(1 — 2 2 11 2
B VO o WA U T D
o 2 |z| ar (1 +[rz|®)
It is the case that ¢’ ~ ra, as k — 0, hence we have
r(n—1)(1—Jral’) 4 2
Qr (w+¢) < — +rolx|{1l—n— ———=- | +¢
1+ |ra|? 2 |rxl
2 2 2
=—7r|(n—-1 +e=—r"nh(lrz|) +e < —r*n+e (3..30
DS Ta P () (3.30)

Since Q. (u,) > —r*nHy, we choose € to satisfy 0 < € < r?’n—r?nH, for all r € [rg, 1] and
choose k sufficiently small to accommodate this €. Use the height estimate in Lemma

10 and choose N in (3..18) sufficiently large so that

() > sup |u.(z)| + sup |¢ (x)| (Vr € [ro,1]). (3..31)

zebn zebn

We then have @, (w+ ¢) < Q,(u,) in As1 and w+ ¢ > u, on JAs;. Since it is also
the case that Q, (w — ¢) < —7?n + ¢, we have Q, (—w + ¢) > r’n — ¢ which gives
us @, (w+¢) > Qr(u,) in A5y and —w + ¢ < u, on 0As;. Thus by the comparison
principle,

—w+ ¢ <u, <w-+¢in As;. (3..32)
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Conclusion 12 The solutions to (3..10) satisfy (3..32) Vr € [ro, 1].

Let us now consider the case r = 1 above.

Lemma 13 Suppose u solves (3..16) with ¢ € C*(D") and H € C(D"), and assume

we have a height estimate :élﬂgl lu(z)| < C. Then if |H(z)| < 1 for all x € 0D,
—w+ ¢ <u<w+¢in As;. (3..33)
In this case, 6 depends on H.
Proof. When r = 1, inequality (3..30) reads

Qw+¢)<—n+te (3..34)

We choose € and § so that n |H| < n — € in As; and choose k sufficiently small so that

(3..34) is true. Next, we choose N large enough so that instead of (3..31), we have

P(6) > C+ Sél]IIJ)?l o ()] . (3..35)
Then
—w+p<u<w+ ¢ (3..36)

holds on 0As; and therefore relation (3..33) follows from the comparison principle. ®

3.4 Existence Theorems

Theorem 14 Let H € C*(D") satisfy |H| < 1 and ¢ € C*>*(D") for some 0 < o < 1.

Then the Dirichlet problem (8..16) has a unique solution v € C>*(D™) N C(Dn).
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Proof. We choose sequences {r;} and {p;} with 7o < r; < land 0 < p;, < 1
converging to 1. According to Lemma 10, the sequence {u,,} has a uniform C"' bound
in ]I)Tgl. The bound (3..4), the interior estimates (1..8) and (1..9), along with the Arzela-
Ascoli Theorem, guarantee us a subsequence {ug)} of {u,,} that converges uniformly,
along with it’s first and second derivatives, on IDT;}l. Proceeding inductively, let {u%m+1)}
be a subsequence of {uﬁlm)} converging uniformly, along with its first and second deriva-

tives, on ﬁZmH'. Therefore, the "diagonal" sequence ul™ converges in the space C?(D")

() along with its first and second derivatives converge on

to a function u. That is, u
compacta. We now show u solves (3..16). In fact, define u(z) = ¢(z) on 0D". Now for

a given x € D", choose p; > |z|. The continuity of @ on C?*(ID") therefore gives us

Qu(z) = lim Qui™(x) = lim Qui(z) = lim r? H(z) = nH(z),

n—oo

where {r;_} is a subsequence of {r;} . To establish continuity at the boundary, we apply
the barriers defined above. Indeed, for each n, —w + ¢ < u%n) < w+ ¢ in Aj 4, hence

—w+ ¢ <u<w+ ¢in Asq. Thus,

lim u(z) = ¢(xg) = u(xg)

T—X0

for each zq € 9D". Finally, the coefficients of ) are in C'(D"), so that u € C?*(D"). m
We wish to extend Theorem 14 to allow for H(z) = 1 for some points x € D".
We first need a height estimate for such a solution. Let us recall the horosphere v(z) =

o(|z)) = In(1+]z|*) = In(1 — |z|*) having constant mean curvature 1, and define u;(z) =

_ ofl)  fel <t - . _
ug(|z]) = , where py(|z]) = 30" (t) (|| —1)*+0" (¢) (Jx| =)+ 0 (¢)
pllz]) t<|[z[ <1
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is the second degree Taylor polynomial centered at ¢ for v. One calculates to obtain
() =43t +1) /(1 -t (3..37)
and
v (t) =4t/ (1-tY). (3..38)

Lemma 15 Foranye > 0, there is a § > 0 such thatt € [0,1] and |z| > t = Qui(z) >

1—ce¢

Proof. We begin with equation (2..47) and recall v = /& + & | Dul?

1
\/_\/ 2+|D\:ﬁa

where u € C? (D") is arbitrary. So, by using (3..8), we have

1 U;
nH = Anle—Z i
g AT
_ DVA"™1B-Du N (uz)
B v A"Ba VA\a/i
1 Du-x 1 (uz)

VB o Vi

In the case where u(z) = f(|z]), use u;(z) = f'(|z]) |z|, and Du(x) - z = |z| f'(|z]) in

(3..39)

«

(3..39) to obtain

L Jel f (=) 1 (f'(|$|) |$|'>
nH =(n+ + L) 3..40
"rE e Tl e ) (3-40)
We substitute our p; into (3..40) and differentiate to obtain
t(1z])
1 / 1 pi(lz)) |z, +(n—1 1 o o
ISP W () SO O Al Gl Vi il pilla) el
VB ! VA ! VA !
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VB o VA 2] a Vi o

1 )\x|pg(\x|) L (n—Dpi(la]) , 1 pi (=) (i) vy (1) - (3.41)

VB o VA 17| o VA| «a a3

where we have used

> (n+ — )Iw!pi(lfrl) L Jalpf () + (n = Dpj(l=l) 1 (@i(l2))’ Y (l2])

= (n+

pi(lz]) |2]; i <

- (pé(lw!)ipi’(lw!)

We now use t < |z| < 11in (3..41), and note that the last term in (3..41) is positive,

giving us

s ) (=?)(n-1)
A+ @)’ 2

Now using the fact that p, — oo (independently of |z|) as ¢ — 17, we have for ¢

sufficiently close to 1,
nH >n(l—¢) — e,
where €; > 0 and €5 > 0 are given. m

Lemma 16 Suppose H € C(D") satisfies |H| < 1 and |H| < 1 on 0D". Then 3

t € (0,1) such that,
Qui(x) > n|H(z)]
for all x € Dn.

Proof. First notice that Qu; = n on D}, since the horosphere v has mean
curvature 1. Choosing € > 0 and § > 0 so that |H(z)| < 1—e€ when |z| € [0,1], we may

use Lemma 15. =
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Theorem 17 Suppose H € C'(D") satisfies |H| < 1 and |H| < 1 on 0D", and
¢ € C**(D") for some 0 < a < 1. Then the Dirichlet problem (3..16) has a unique
solution u € C**(D") N C(D").

Proof. Suppose \; € (0,1) has llg})lo A; = 1. According to Theorem 14, there
exists solutions u; € C%*(D") N C(D") to the equation Qu = A\;nH. Use u; determined
(by H) in Lemma 16 in place of f in Lemma 11 to obtain an interior C'! estimate and
global height estimate for the family of solutions {u;}. As in the proof of Theorem
14, we may pass to a subsequence and assume the u; converge in the space C?(D")
to a function u satisfying Qu = nH. The global height estimate serves us in Lemma
13, giving us barriers for the u;. Again, we proceed like we have done in the proof of
Theorem 14 to establish u € C>*(D") N C(D"). =

An interior gradient estimate allows one to prove existence given only contin-
uous boundary data. Since we haven’t established any boundary regularity (except
continuity), this serves to strengthen Theorem 17. This "procedure" is standard and

the proof below is outlined in [].

Theorem 18 Suppose H € C*(D") satisfies |H| < 1 and |H| < 1 on D", and ¢ €

C(0D™). Then the Dirichlet problem (3..16) has a unique solution u € C>*(D™)NC(D").

Proof. We first choose a sequence of functions ¢, € C>*(D") having sup |¢,(z)| :=
zeD” k

¢y < 00, that converge uniformly on 9D" to ¢. Apply Theorem 17 to obtain functions

up € C22(D™) N C (D) solving (3..16) with boundary values ¢,. By using Lemma 11,

we may pass to a subsequence and assume the u; converge in the space C%(ID") to a
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function u satisfying solving (3..16). Lemma 11 also gives us a global height estimate

sup |ug(x)] < C = C(py, H). (3..42)

zeD™ k
To show continuity up to the boundary 0", we must modify the proof of Lemma 13
slightly. Fix y € dD". For any given ¢ > 0, choose 0, K > 0 so that [z —y| < § =
lo(x) — o(y)| < €/2, and k > K — }gbk(x) — ¢(z)| < ¢/2 for all z € OD". Define

¢~ € C*(D) by
6*() = o) & (e 2o o). (3.43

One may check that the relation ¢~ (z) < ¢"(z) < ¢ (z) holds for each = € 9D”

when k& > K. Now, in the proof of Lemma 13, use ¢* for ¢ in (3..34). In (3..35),

use sup |¢* ()| in place of sup |¢(z)| and (3..42) in place of C. Therefore, instead of
zeD™ zeDn

(3..36), we have —w + ¢~ < uy, < w + ¢ holding on 9A;; (for k > K), and hence on

all of As; by the comparison principle. Thus,
—w+¢ <u<w+¢" (3..44)

in As ;. Now given a sequence z,, € As 1, (3..44) implies

209
52

[u(@n) = S(y)] < e+ wlza) + =5 |2 —yl”,

which in turn implies

limsup Ju(r,) — ()] < e.

Since € was arbitrary, we have established continuity at y. m

Remark 19 Theorem 1 remains true assuming only continuous boundary values ¢.

Of course, the resulting solution u will only have continuity up to the boundary.
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Remark 20 From (3..39), we see that if u € C*(D"), then |Qu| = ‘nDaww‘ < \/ﬂfl);\ -

n for x € OD". Thus, if |H(z)| > 1 at any point © € OD", then (3..16) has no solution

u € C*(Dn).
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CHAPTER 4.

FOLIATIONS

Below, we will show that when the boundary function or the mean curvature
function in Theorem 18 is replaced by a family of functions satisfying certain conditions,
the resulting surfaces foliate hyperbolic space. In fact, let us consider

Case 1: Suppose that in Theorem 18, ¢ € C' (0D™ x (—1,1)), and that it satisfies
o(z,t1) < ¢(x,ty) when t; < to, tl_l)rlni ¢(z,t) = oo, and t_léfrﬁ ¢(z,t) = —o0, for each
x € oD

Case 2: Suppose that in Theorem 18, H € C*(D" x (—1, 1)), and that it satisfies
|H| < 1, H(z,t1) < H(z,t3) when t; < ta, tl_l)I}} H(z,t) =1, and t—l}fl} H(z,t) = —1,
for each x € Dn.

Theorem 21 Suppose we have either Case 1 or Case 2 above. Then Theorem 18

provides a family of solutions u, € C>*(D") N C(D") with the property that for each

(x,8) € D" x R, It € (—1,1) such that uy(x) = s.

Proof. Clearly the u; exist. First, we will show that in Case 1

tll{l; w(x) = —oo and tlil1nf u(z) = o0, (4..1)
in Case 2
lim w(x) =00 and lim w(r) = —o0, (4..2)
t——1% t—1—

and in both cases

tlir? () = wg, (). (4..3)
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Indeed, to establish (4..1), we use Lemma 16 which guarantees the existence of a func-
tion v € C?(D") with Qv > n|H|. We may also assume v = 0 on JD". Letting
M,; = sup ¢(z,t), we see that —v+ M; > u; on D™ and Q(—v + M;) < @ (u;) . Thus,

zedDn

by the comparison principle,
—U + Mt Z Ut (44)

on Dn. Since M; — —oo as t — —1%, the first part of (4..1) follows from (4..4).
Likewise, letting m; = xé%ufm ¢(z,t), one sees that v +m; < u; on D7, from which (4..1)
now follows.

Let us show (4..3) for Case 1. Given € > 0, the continuity of ¢ allows for a
d > 0 such that |t —to| < § = |o(z,t) — d(x,t9)| < € Vo € OD™. Therefore, whenever
|t —to| < 6, we have uy, — € < up < ug, + € on 0D", and hence on D" by the comparison
principle.

We now show (4..3) for Case 2. Choose a closed interval I C (—1,1) whose

interior contains ty, and a decreasing sequence t,, € I converging to to. Then there is

a constant C' such that sup [H(z,t)| < C and sup |D,H(2',t)| < C, so that we may

xeDn z'ebn
tel tel
use Lemma 11 and Lemma 13 to obtain a subsequence of the u;,, u, , converging
K

in the space C*(D") to a function u € C*(D") N C(D"). Therefore, lim Quy, (z) =

lim nH (z,t,,) = nH(z,t), hence Qu = nH(x,1y). Since u = ¢ on dD", the uniqueness

1—00

of solutions gives us u = u;,. Since the sequence ¢, itself is decreasing, the corresponding
sequence uy, (x) increases (for each x € D™) by the comparison principle, showing that

lim wuy, () = wug(x). This proves lim ur(x) = ug (). Similarly, lim w(z) = g (),
n—oo t—tg tﬂta

thus establishing (4..3) for Case 2.
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Lastly, we prove (4..2). Let h; = inmf H(z,t) and ¢, = sup ¢(z). Consider the
zeln xeobn

2

1—h? \/1-h?

pre-image of this surface under the map ¥ in (1..1) is the graph of a smooth function

spherical cap in (1..11) with Euclidean radius R = —~— centered at (0, —ht ) . The

fi : D" — R satisfying f; = 0 on 0D" and having constant mean curvature h;. Since

lim 1Qf,(z) =1, it is not hard to see that
t—1—

lim fi(x) = —o0 (4..5)

t—1—

for x € D"™. Now

fi +dg = 1wy (4..6)

on 0D™ and Q(f: + ¢y) < Q(uy) in D™, so the comparison principle gives (4..6) on all
of D™. Hence, by (4..5), the second part of (4..2) now follows. Similarly, if one lets
hy = xseuﬂgl H(z,t) and ¢, = xé%#mn ¢(z), then (4..5) may be replaced by tiifri+ fi(z) = o0
and (4..6) may be replaced by f; + ¢, < uy, leading to the first part of (4..2).

To finish the proof, we now consider a point (z,s) € D" xR. Let g(t) = u; (z) —s.
Then g : (—1,1) — R is continuous by (4..3). By using (4..1) or (4..2), we may
employ the intermediate value theorem and find a ty € (—1, 1) such that g(ty) = 0, i.e.,
ug, () = s. Finally, the uniqueness of ¢, is due to the comparison principle. In fact, the

function t — wu,(z) is a strictly monotone continuous function on (—1,1) whose image

is{r} xR. m

Remark 22 A special case of Theorem 21 is when in Case 2 we let H(x,t) =t. This
shows that the constant mean curvature surfaces found in ] (and discussed in [°]),
sharing a common ideal boundary T', where ' is the boundary of a C° domain in R",

foliate hyperbolic space.
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