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Abstract

PROPERTIES OF LIGHT MESONS IN A
GENERALIZED NAMBU - JONA-LASINIO MODEL
By
BO HUANG

Advisor: Distinguished Professor Carl M. Shakin

We present results for the spectra and other properties of a full range of light
mesons making use of a generalized Nambu — Jona-Lasinio (NJL) model that includes
a covariant model of confinement. Since the model also exhibits chiral symmetry, there
is no difficulty in treating the pseudoscalar octet of mesons. Like other effective
theories, the NJL model is not renormalizable. Therefore, we also describe the
regularization schemes used in our work. We discuss the calculation of the leading
vacuum polarization functions of order n_, as well as functions of order 1 that describe
decay to various two meson continuum channels. The calculation of the latter set of
functions requires methods for the calculation of quark loops with three vertices. We

describe how such calculations may be made in a fully covariant manner.
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Chapter 1

Introduction

This dissertation deals with the development and application of a model that
may be used to study the spectra of all light mesons. The model is based upon that of
Nambu — Jona-Lasinio (NJL) model, supplemented by a covariant model of
confinement. Therefore, the model features chiral symmetry, confinement and
covariance. We have also developed methods for the calculation of meson decay
amplitudes at one (quark) loop order.

In the second chapter we discuss the scalar, vector, pseudoscalar, axiai-vector
nonets and calculate the various spectra up to about 2 GeV in energy. That in itself is
a great improvement over the NJL model without confinement, since that model is
limited to energies less than about 700 MeV. (The functions calculated in the standard
NJL model exhibit spurious singularities when the quark and antiquark go on mass
shell. These singularities appear if the energy is greater than twice the constituent
quark mass. Our technique eliminates such singularities.) As we will see the model
exhibits predictive power even though a number of parameters must be specified.

In the third chapter we consider the f, tensor meson. Here we have to extend
the interactions of the NJL model to include terms that contain gradients of the quark

field. Our results are quite successful in reproducing the main features of the spectrum
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of these mesons.

The most challenging project is that discussed in Chapter 4, where we consider
the properties of the scalar-isoscalar f, mesons. Satisfactory results are obtained for the
spectrum and some insight is gained with respect to the f,(400-1200) resonance, which
may be described, in part, as a complex threshold effect due to the rapid opening of
the == and KK decay channels. (Another feature needed when we attempt to
understand the nature of the f,(400-1200) is a consideration of the t-channel p

exchange, although we do not discuss that matter here.)
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Chapter 2

Covariant Confinement Model for the Study of the Properties

of Light Mesons

2.1 Introduction

In a number of recent works [1-5] we have been developing a relativistic quark
model that includes a covariant model of confinement. The Lagrangian of the model
is

~ (LN -
£=q(d-m)q+—=3 [@N? + (Giv,Nq)?]
0 2.1.1)

G, - a; - ;
—TVE [(g¥"Ng)? +(gv:vsNq)?] +°(£conf ’

i=0
where £_, - denotes our model of confinement. In Eq.(2.1.1) m® is the current quark
mass matrix, m°® = diag(m;,, my, m;), the N, (i = 1, ... 8) are the Gell-Mann matrices,
and A, = \/EE I, with I being the unit matrix in flavor space. In some calculations we
have supplemented the Lagrangian of Eq.(2.1.1) with the 't Hooft interaction [6]. We
remark that in the absence of our model of confinement, our Lagrangian is that of the
Nambu - Jona-Lasinio (NJL) model [6].

In Ref.[1], we studied w — ¢ and 7 -’ mixing and the radial excitations of

these mesons. Reference [2] was concerned with the radial excitations of the pion and
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-4 -
included a detailed treatment of x - @, mixing. Application was made to the decay of
the #(1300) to the » + 0 and =« + p channels. Reference [3] concerned the form of the
T matrices of our model. With the confinement model in place, it was shown that the
T matrix is represented only in terms of bound states, as might be expected. That work
also contains a rather detailed discussion of meson-quark vertex functions of the
confining model in the presence of singlet-octet and pseudoscalar — axial-vector mixing.
In references [4] and [S] we calculated the rates for the decays x* > v v, = v v and
n’ = v v with satisfactory results. In the present study we extend our analysis to the
strange mesons, which requires that we consider quarks and antiquarks of different
constituent mass.

Chapter 2 is organized as follows. [n Section 2.2 we comment on our treatment
confinement. In Section 2.3 we discuss the pseudoscalar nonet. In Section 2.4, we
provide a short discussion concerning the choice of parameters made for this chapter.
In Section 2.5 we discuss the vector nonet of states, using ideal mixing for the ¢
and « mesons. In Section 2.6, we consider the scalar nonet of states and in Section 2.7
we describe the P, and ' P, nonets of axial-vector mesons and *P, - ' P, mixing, as
that mixing appears in the NJL model. Since the standard NJL interaction hardly
affects 'P, states, in Section 2.8 we consider an extended NJL model, with an
additional chirally-symmetric interaction that acts in 'P, states. Finally, Section 2.9

contains some further discussion and conclusions.
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2.2 Model of Confinemen

In this chapter we will calculate a number of vertex functions that sum a
"ladder” of confining interaction. [For example, see Eq.(2.3.4).] For Euclidean-space

calculations we may write

Loy (0) = [ dY G ¥ 4O V-1 D) 7,40 2.1
where, in momentum-space, V¢ describes four-momentum transfer. However, for the
Minkowski-space calculations, we find it useful to neglect energy transfer by the
confining field in the meson rest frame. For example, if we start with

VE(r) =k rexp[-ur] and form the Fourier transform, we have

vC(‘k‘-'/?):-sn[ L 4 ] (2.2.2)

Here u is a small parameter used to soften the infrared singularities of V<. If u is
small enough, the potential approximates a linear potential with "string tension” « over
the range of r relevant to our problem. The potential of Eq.(2.2.2) may be put in a

covariant form [2], if we use the four-vectors k" and k’*, where

B (P) =k* - (2.2.3a)

k]

(k*P) P*
P2

and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-6-

E"™(P) = k™ - w _ (2.2.3b)

since, when P =0, we have £ =[0, k] and k’* =[0, X'].

The calculation of confining vertex functions using Eq.(2.2.2), and the
calculation of vacuum polarization integrals that incorporate such vertex functions, is
described in detail in Refs.[1-5] and in Chapter 4. The reader who is particularly
interested in a detailed description of the calculation of polarization functions, including
confinement vertex functions, may wish to read Section 4.2 and 4.3 before reading the

next section.
2.3 The Pseudo: Non

Since we have studied the radial excitations of the pion, including
pseudoscalar — axial-vector mixing, in some detail [2], we only comment upon the
results here. In the confining field, considered in isolation, we find a series of doublets.
One state of each doublet corresponds to the pseudoscalar vertex i+ and the other
corresponds to the axial-vector vertex v°y°, when P =0. When we include the NJL
interaction, one member of each doublet moves down in energy. The member of each
doublet that moves down in energy to the greatest degree shows little mixing and can
be identified as either the x(15), the x(28), or the = (3S5) state. The other three

states exhibit significant mixing. (The details of our calculation for the pion and its
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-7 -
radial-excitations are given in Ref.[2].) For the results of the calculations made in this
work, see Table 1 and Fig.1.

In Ref.[1] we studied - »’ mixing and the radial excitations of that system of
states. In that case, we included both singlet-octet and pseudoscalar - axial-vector
mixing, leading to the study of quark T matrices of dimension four. The general form

of the equation for the T matrix is
(1-GINHT=-G . 2.3.1)

The form of the matrices G and J may be found in the Appendix of Ref.[7]. (Note,
however, that the sign of our functions J™(P?) and J44(P?) is the opposite of that
used in Ref.[7].) The T matrix of Eq.(2.3.1) has singularities at the energies of the
bound states of the quark and antiquark. In Fig.2 we show the eigenvalue of the T
matrix with the largest magnitude that is found at each value of P>. (The calculations
here differ from those of Ref.[1], since we now use m, = 565 MeV, rather than the
value 480 MeV used in that work. We have also used u = 0.01 GeV rather than the
value u = 0.02 GeV used previously.) In Fig.2 we see ten states below 2.0 GeV. The
mass values of these states are shown in Fig.1 as dotted lines. The calculated energies
are 0.551, 1.039, 1.204, 1.406, 1.530, 1.543, 1.726, 1.749, 1.803 and 1.819 in GeV
units. We have used G; = 12.46 GeV= for the strength of the interaction in the octet
states and G - & for the strength in the singlet states. Here we use 6 =2.0 GeV 2,
rather than the value of 4.0 GeV~ used in Ref.[1]. (Details of these calculations may

be found in that reference.)
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-8 -

We now turn to a study of the K meson. In this case, we have not included
pseudoscalar — axial-vector mixing, so that we only have to generalize our calculations
of the vertex functions and polarization functions, fs (P, k) and J?° (P?), to the case
of different mass values for the up, down and strange quarks. (Here, we take m_=m,.)

To carry out this program, we define

AP (B) = =—< 2.3.2)
2m,
and
AP (-B) = B 2.3.3)
2m,

with k% =[E,(k), k] and k& =[ -E,(k), %]. Here E,(k) =[ k> +m_ ]2, etc. The

vertex function for pseudoscalar mesons is given by the equation

— 41/ —
T, (P ) =7, =i (‘;£4[fsa(P/2+k’)I‘5_a,,(P,k')Sb(—P/2 k'), ]

2.3.4)
X VS(k-k') ,

where S (P)=[P-m, +ie]™ etc. The analysis proceeds by multiplying Eq.(2.3.4)

from the left by v, AS?(%) and from the right by A;’(-%) and forming the trace. If

we neglect coupling between I's ,, and I ,,, we find

&£k Bk, KT (P, | K ) VE(R-F)
(2x)’ PP -E (%) -E,(¥)

(2.3.5)

r

Lo, (P, k) =1-

with
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1
2E(K)E,(X)[mm, + E(K)E,(k) + %]

B(k, %)=

X {mm, [E(K)E,(K)+E(R)E(K)+2%%

-2E(K)E, (%) -2E (K E, (k) -2%* - 2%
s — ey (2.3.6)

+m [E(RVE, (k) -%%']

+m; (E,(K)E, (k) - &%

2 (E(R)VE,(B) + &) (E(K)E, (X ) + %]

-2m:mi}

Note that I's’,, (P, k) satisfies the equation

- B(k, &) W (P°, |K|)VE(K-&
D5 (PO, [k|) =1 - ‘{5"'3 (& O8, ”(__, DVCk-k) (2.3.7)
(27) P°+E (k') +E, (k)

These equations are much simpler when m_, = m, . In that case, we have

P, [Fly =1 - [ L l:m2-2E(k)E(k):|

Q2x) E(K) E(E)
o T (P, [RDVEE-F)
P° -2E(X) ’

(2.3.8)

and
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r;«(lw, I-k’l) =1 + d3k/ [m2 -ZE(-k-) E(—k.’)

2x) NEX
(2x) E(k)E(K) (2.3.9)

o 05T, [k ) Ve(k-k)
P+ E(T) ’
We see from Egs.(2.3.8) and (2.3.9) that these are significant relativistic kinematic
corrections to  VE (% - k') that are represented by the terms in square brackets.

For m, # m,, we define the polarization function

4
_iJP) = -2n [ K
5 (P) ] oo

T

Te[iS, (P12 +R)iT, ,, (P, K)iS,(-P2+K) i, ], 2.3.10)

where the factor of 2 arises from the flavor trace. We obtain

&k [E,(RE,(K)+%> +mm,] Ts2,(P°, | k)

TR T ARl .3.11)
Qx° P -EM®-EHE E(OE, (D

Jeg(P?) = =2n, |

if we neglect the contribution from the I';”,, (P, k) term. Note, however, that for the

study of the = (138), we use the form [2]

JPP(P?) = -4n_ &’k 1 — - 1 — . (2.3.12)
%)’ | P°-2E(k) P°+2E(%)

since we have neglected confinement in that case.

For the kaon and its radially-excited states, the mass values may be obtained

from the solution of the equation

Gs'-JifPPH) =0 , (2.3.13)

where now m, =m, and m, =m_. The resuits of our calculations for the K meson are
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given in Table 1, where we also provide mass values for the pion and its radial
excitations. We note that the mass of the K (1460) and K (1830) are quite uncertain
and these states need further confirmation [8]. However, we do see that after fitting the
mass of the K (495), we obtain the 2'S, and 3'S, states in the vicinity of the

K(1460) and K (1830) states.

2.4 Choice of Parameters

In this section, we indicate how we have chosen the parameters for our
calculation. There are ten parameters, but we only search for the best values of seven
of these: G, G, k, Gy, G,, 6 and m_. We fix m, =m,=0.364 GeV, A, = 0.622
GeV and ¢ = 0.010 GeV. [The value of 0.364 GeV for the mass of the up and down
quarks was used in the extensive study reported in Ref.[7] and we adopt that value
here.] Ideally, we should solve the Bethe-Salpeter equation in conjunction with the
Schwinger-Dyson equation to obtain the quark self-energy. Since we perform our
calculations in Minkowski space, that program is extremely difficult to implement.
Therefore, we adopt a more phenomenological approach in our Minkowski-space
calculations and use constant values for the constituent quark masses. We note that
solutions in Euclidean space of the coupled Schwinger-Dyson and Bethe-Salpeter have
been made using the global color model [10]. The constituent quark masses found in
that model are rather similar to the ones used here, m, =m,=0.364 GeV and m_ =

0.565 GeV.
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We obtain G, G, x and m_by the following procedure. We use the energies

of the w (1S) and w (25) states to fix G, = 12.46 GeV? and « = 0.055 GeV>. We
then use the mass of the ¢ (1020) to fix m_at 0.565 GeV. Finally, we fix G at
12.46 GeV~ by fitting the mass of the K(495). The parameters G, and G,, are
determined in our study of the K, and b, mesons and their specification will be
described at later point in our discussion. (The various parameters used here are listed

in Table 2 for ease of reference.)

2.5 The Vector Nonet of Mesons

The treatment of the vector nonet of mesons is simpler than that of the
pseudoscalar nonet, since we may use ideal mixing for the w and ¢ mesons. As noted
earlier, the w and ¢ mesons were discussed in Ref.[1]. We have repeated those
calculations with the parameters used in this work: G, = 12.46 GeV* , « = 0.055
GeV?and p = 0.010 GeV. The results are given in Table 3 and included in Fig.1. We
see that the 1°D, state of the w found here coincides in energy with the state
designated as *D, in Table 12.2 of Ref.[8].

We define a vector vertex via the equation

. d4 k/

(P k) =4* i (—2—-)7[7"5(P/2+k’)I_“‘(P,k’)S(—P/2+k’)-ypVC(k-k’)], 2.5.1)
x

where 4* = y* - P* P/ P?. The solution of this equation is described in Ref.[1]. We now

define the tensor
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~iJt"(P) =(-1)n, ﬂTr[is,(Plz +KTAP.K)IS,(-PR + )|, (2.52)

@)
for the up quark and put
L (P) = -g(P) ],/ (P . 2.5.3)
with g*” = g#” - P*P"/ P?. We then define J_(P?) =2J,/(P?). The mass of the w and
the masses of its radially-excited states are obtained by solving the equation
G/, -J,(P)=0. (2.5.9)

The solution of this equation is exhibited in Fig.3, where the horizontal line
represents Gy,' = (12.46 GeV?)"'. The mass values obtained from Eq.(2.5.4) are
exhibited in Table 3. It may be seen in Fig.3 that the 2S state in the confining field is
accompanied by the 1D state. (The splitting of these states is quite small, indicating
that a very small tensor force is generated by our Lorentz-vector confinement model.)
Further, the 2D state is found just above the 3§ state, etc. Because of the short range
of the NJL interaction, the °D, states are hardly affected by that interaction.

The treatment of the ¢ meson is similar. We define J:”(P) in analogy to

J." (P) of Eq.(2.5.2) and then define
Ji* (P) = -g*"(P)J (P 2.5.5)
and J,(P?) = 2J.(P?). Figure 4 shows the solution of the equation
G;' -J,(P)=0. (2.5.6)

The mass values obtained in this manner are given in Table 3.
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We now need to generalize the results given in Ref.[1] to treat the case of
differing quark and antiquark masses. We again consider IE“ of Eq.(2.2.3) and recall

the definition of ¥*,

?‘=7“_P“”/P2. (2"5‘7)
We also define
Yie=% - k“” . (2.5.8)
2

We see that k-P =y, P =IE'-yUE =0. The set k*, v, « and P* is useful in setting
up the equations for the vertex functions.

We now generalize Eq.(2.5.1) to read

— . . d‘k’ —

T (P.k) = 4* - S (PR +k)YT (P,K')S, (-PI2 +k’

" ( ) =4 =i (21)‘[1" ( +k")T,( )8, ( + )‘Yp] (2.5.9)
X Ve(k-k'),

where we have introduced the possibility that m_ is unequal to m,. We also define

functions I'{ ., (P, k) and I'; ., (P, k) in the frame where P =0,

AO(TYTE, (P, )AL (-F) = Tiu(P, k)R AS(F) A (-T)

(2.5.10)
+ T3 (P RAS (B) v, A ()
We introduce two additional functions
2
-k
n (P, k)= (m, + m,) Ti(P.k) 2.5.11)

2m m,

a

and
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v (P, k) =T; (P, k) . (2.5.12)
A rather lengthy calculation yields coupled equations for ;" and v, . For a =1, 2

we have, with k= | % | and k' = | % |,

Lk K VS (PLK) (2.5.13)
P° -E (k') - E, (k')

Y. (Pk)=C + ¥ [dk

od=1,2

Here

c & (m, +m)?

= (2.5.14)
2m,m, [E,(k)E,(k) +k* -m_m,)]

and
c,-1 . 2.5.15)
Now we use the notation E, =E_(k), E.=E (%), etc., to write

kk’'
E.E,[E.E +%k -m m,]

L, (k, k') =

x {a,(k, k') [(E,Ey+ &) (E,E, +%")
-m m, (E,E,+E.E;+ % +% -mm, (2.5.16)

1
2

1 1 1 2
E,E -5 E.E)-5mEE,->mE,E,]

+ a,(k, k') kK [m,m, +-%m: +%m,f] b
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t. (k, k)= EE [E;E‘I’+-Elz+mamb]
e am,m E,E, [E,E,+k -mm,|
X (ay(k, k') -a,(kk))
T mm
tzl(kvkl) ='—/a£(ao(kvk,) - ag(kvk,)) ’
2E.E]
and
-2
t,,(k, k') = k

4E.E,[E,E,+ % +m_ m,)
% {a,(k,k')[ E.E,+E,E,+E,E, +E,E,]
+(ay(k, k') +a,(k, k")) [(E,E, +X*) (ELE, + %)
+m_ m,(E,E, +EEl+%° +7c-'2+mamb)]} .
[n these equations
L

7 l dxVe(k-%)xi |,

)y 4

a, (k. k) =

with x =cosé.

We also introduce the tensor

~iJt(P) = -2n, j (;’4’;4

Te[iS, (P2 + R T%, (P, k) iS, (-P12 +k) 7]
L.y

a

and put
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(2.5.18)

(2.5.19)

(2.5.20)
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4 (P) = -g*(P)J ) (P?) . (2.5.22)
We obtain
-2n, o &Pk .
Jos (P?) = — 2 ~K*(m, +m,)T{ 0 (P, k)
+2(m,m, + & +E,E,) 37, (P.k)} (2.5.23)

x 1
EE[P°-E -E,]

’

where the factor of 2 originates from the flavor trace.

We now in a position to study the K* mesons. In Fig.5 we exhibit J,, (P?) and
include a horizontal line representing G;' = (12.46 GeV -2)™. In this manner we find
states with the energies 0.870, 1.590, 1.732 and 1.893 GeV, where the third state is
a D state - see Table 3 and Fig.1l. With no new parameters, we find that the energy of
the K* (892) is fit rather well, while our state at 1.590 GeV is too high to provide a
good fit the K °(1410). On the other hand, if the K ° (1680) is indeed a *D, state [8],

we fit its energy quite well. (See Table 12.2 of Ref.[8].)
2.6 The Scalar Nonet

The scalar nonet of states is depicted in Fig.6. We have studied the nonstrange
isoscalar states, in the presence of singlet-octet mixing, in Ref.[11]. The situation is

made complex by the very strong coupling of the scalar-isoscalar states to the = x and

KK channels. (It has also been suggested that there is a 0** glueball state with energy
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about 1.5 GeV, which further complicates the picture.) Therefore, in the present work,
we will concentrate on the properties of the X, and a, mesons. To study the K,

states we again need to define the confining vertex and polarization functions for
unequal masses of the quark and antiquark. We define I'’,(P, k) to be the solution

of the equation

I, (P k) =1 i é"‘)’ [vS.(P12 + k)T, (PR S, (-P12 + '), |

,.,4

(2.6.1)
x VE(k-k') .

We also introduce I's ., and I's ,,:

ADOTE (P, D)AS(-TF) =Ti,4(P, k) AY(B) AY(-%) (2.6.2)
and

ADC-BTS, (P, KAL) =T5 (P, k) AO(-B) AT . (2.6.3)

We obtain the equation

1

.- + 1 Ak, K, x)

T (P°, %) =1- [ & 2dk’ [ dx -

sarP 1K el .Il E.(R)E,(F) B(R)
(2.6.4)

o« Dsas (P, |[K']) V(K-
P°-E (¥)-E,(%)
with x =cos@,

B(k)=[ -E(K)E,(kK)-%>+m_,m,} 2.6.5)

and
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A, (k, k') = { (E,(R)E,(X) + T*) (E(R) E,(%) + %)
- mm, (E(V)E, (k) +E(X)E(X)+ %>+ %"

-m,m, - > E(RE, () - 2E(F)E,(F))

(2.6.6)
-Em E,(K)E, (%) - —m,,E(k)E(k)
+7E-7?'[mamb+%m§+%m§] }.
Further,
. Ak, k' ,x)
Tsoo(P, | &) =1 + —— [ k2dk’ [ dx—— -
(P, | (2:) I jl E (K)E,(K') B(k)
(2.6.7)

o Dsan (P, [K']) VE(R-F)
P +E (%) +E,(F)

where A, (k, k’,x) is obtained from A, (k,k’,x) by the replacements
E,(k)->-E/(k), E,(k)»-E,(%), E(k)>-E(%) and E, (k) > - E,(%)).

The result simplifies if m, = m,, such that

& 12p2y / 2L/ /
I3 (P k) =1+ k">dk’ [2K7°K*V, (k, k') + m*kk'V, (k, kD)

2x) 2 /
2r) k* E* (k') 2.6.8)
PE’(P° k')
P" 2E(T)
where
V,(k, k') = % [ dxP.)VE(E-F) . 2.6.9)
<1
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Here P,(x) is a Legendre function. We do not include I's’,, (P, k) in our calculations,
since the effect of including this function is small.

As a next step, we define

;TS 2y — (- d‘k
iJ5,(P?) =(-2)n, [ 5

Te[iS,(P2+R) TS, (P, k) iS,(-PR2+k) |,  (2.6.10)

1,4

where the factor of 2 again arises from the flavor trace. We obtain

By < 2n [ Pk LEBE®D T -mm)

“leay E,(B)E, (k)
(2.6.11)
X I‘;.-ab (Pv k) _ I‘;.’ab(Ps k)
PP-E(k)-E, (k) P°+E(k)+E, (k)|
This result is quite simple, if m, = m,
jS(Pz) = -4 n, d’*k k2-. F;—(P, 9 _ I‘;.(P, Iiz ) (2.6_12)
Qx E2(%) | P°-2E(K) P°+2E(%)

We show Ja; (P?) for the equal mass case in Fig.7 and include a line representing

s' = (12.46 GeV 2)"'. The intersection of that line with the line representing the

function J,, (P?) determines the energy of the states a,(1S), a,(2S) and a,(35).
These energies are given in Table 4.

In Fig.8 we show the function J, (P?) and a horizontal line representing G L

We find K, states at 1.412 GeV, 1.738 GeV and 1.999 GeV. (See Table 4.) There

are two states given in the data tables [8], the K, (1430) and K, (1950). We find a

2°P, state between these states, suggesting that the K, (1950) may be a 3°P, state.
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(Note that we fit the mass of the K, (1430) without the introduction of any additional

parameters.)

2.7 Axial-Vector Nonets

In Fig.9 we exhibit the *P, and 'P, axial-vector nonets, as described in the
constituent quark model. When using the NJL model in relativistic calculations, it is
somewhat more convenient to characterize the nonets by the NJL interaction for that
nonet. For example, we will use the NJL interaction that gives rise to the vertices
¥* 7, to calculate the properties of what is usually called the * P, nonet. At a later point
in the discussion, we will introduce another interaction that we use to perform
dynamical calculation for what is the ' P, nonet in the constituent quark model. Since,
the vertex 4*+y, acts to a small degree in 'P, states, we do not have an exact
separation into *P, and ' P, states. However, our procedure is particularly convenient
when we perform fully relativistic calculations using the NJL model. This aspect of our
calculations will become more apparent as we continue our presentation. Although the
axial current is not conserved, we need not consider vertices that depend upon P*
when working in the meson rest frame. Thus, we consider the vertex associated with

the matrix 4* v, and define T';7, (P, k) and 'y, (P, k), such that

ABT, (P, AL(-T) =Ty aal(P, R AD(E) 7, AD(-T) @.7.1)
+Ta2.a(P AL (B) /s kv AT ()

We note that f: (P, k) satisfies the equation
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TP k) =5y, - i [ LK [y s, (P12 + k)T (P K) S, (- P12 + K ), |
n)* ?
x V(k-k') .
For « = 1, 2, we have

taal(ks kl) P;tal(Pi k/)
P° -E (k') -E, (k")

Ty .(P.k)=D_ + ¥ Idk’
d=1,2

with

m,-m,

D = b
E.E, +k*+m,m,

3

and
D,=1

Here we have put E, =E,(k), E, =E.(k) etc. We have

-k‘l3

[”(k’ k') = ey =2
KE.E,[E,E,+% +mm,]

x {a,(k. k') [(E,E, + ") (E,E, +%")
+m m (EE +E.E,+& +%X +mm,
1 1 1

-5 E.E - ELE, )—%mebEé—EmZEaE; ]

+ az(k,k’)kk’[—mamb+%m§+§1m§]} .
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% (m, -m,) (E.E,+%" -m,m,]

2E,E; [E,E, +% +mm,] Q.7.7

t,(k, k') =

X (ay(k, k') - a,(k,k))

24

X (m, -m)

t, (k, k') =
2 4EE!

(a,(k, k') -a,(kk')) |, (2.7.8)

and

—k‘lz

tz‘.’(k’ k,)= Y -
4E.E,[EE ~k -m,m,]

x {a,(k,k')[ ELE, +E,E, +E,E, +E,E,] 2.7.9)
+(ay(k, k') +a,(k, k")) [(E,E, + k) (ELE, + &)

-m,m,(E,E, +E.E,+& +% -mm,)]}

Note that when m, = m,, the inhomogeneous term D, = 0. That feature has its origin

in the fact that we can write

e =" ) 2.7.10)
Vs =YrL.6Vs ™ Ez Ys » <0

and note that u(%, s’)#v(-k, -s) =0 in the equal-mass case. The remaining matrix,
Y. .k ¥s governs the interaction in P, states.

We will also need to define

~idfw(P?) = (-Dm, (;“’;‘

'y

Te[iS, (PR DT, (P, ) iS,(-PR+0) 7, ] ,
2.7.11)
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We write
as (P) = g (P) I3, (P?) ,
with g#*(P) =g** - P* P’/ P?, and find that

-2n, ¢ &k
3 2rx)’

Jiy (P?) = {-K*(m,-m)Ty, . (P, K)

+2(-m_m, + & +E E)T. 2.0 (P, k)}

x 1
EE[P°-E -E,|]

*

-24 -

(2.7.12)

(2.7.13)

Using this formalism, we obtained the values of J., (P?) given in Fig.10. We

interpret the figure as follows. The pair of vertical lines at about 2.5 GeV? and 3.4

GeV? represent the energies of the 1°P, and 1' P, states and the 2° P, and 2'P, states,

respectively, in the absence of the NJL interaction. It is then found that the 1°P,

moves down to 1.41 GeV and the 2 * P, state moves down to 1.75 GeV when the NJL

interaction is considered. On the other hand, the 1' P, and 2' P, states move hardly at

all from their original position. (One may say that the two ' P, states are "trapped”

between the pairs of vertical lines.) This behavior follows from the structure of the

NJL model, since there is no interaction term that acts on the ' P, states, except for the

second term in Eq.(2.7.10), which yields quite small effects. Since it is known that

there is significant *P, and 'P, mixing for the strange axial-vector mesons [12], we

need to modify the NJL Lagrangian to deal with this problem. We take up that matter

in Section 2.8.

For the equal mass case, the *P, and 'P, states are uncoupled. Therefore, we
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can use the equation for I, , (P, k) and the values of J4(P?) for the equal mass case,
to find the energies of the @, meson and its radially-excited states. We find a state at
1239 MeV which can be identified as the a,(1260). (That state is assigned an energy
of 1230 + 40 MeV in the data tables [8].) The radial excitations of the a,, 2°P, and
3°P, states, are at 1600 and 1895 MeV, respectively. (See Fig.10 and Table 5.) Note
that this analysis is quite consistent with the fact that the 5 (1235), which is assigned
an energy of 1231 + 10 MeV in the data tables [8], is essentially degenerate with the
a,(1260). (Recall that the a,(1260) has an energy of 1230 + 40 MeV in the data
tables and 1239 MeV in our calculations.) This aforementioned degeneracy appears in
the NJL model, since there is no *P, - ' P, mixing for m_ = m,, which is the case for

the °P, a, mesons and the ' P, b, mesons.

2.8 An Extended NJL Model for the Study of *P, - ' P, Mixing

The NJL model has only a very weak interaction in ' P, states, as may be seen
in Fig.10. Whatever interaction exists arises from the small coupling of the ' P, states
to the * P, states that appears in the coupled equations for I, ,, and T',, ., given in
the last section. (We recall that the coupling term and D, vanish when m, =m,.)

Since it is believed that the *P, and 'P, states are mixed with a mixing angle
of about 45° in the case of the strange axial-vector mesons [12], we wish to extend
the NJL model to treat such coupling. The natural choice for such a generalization is

an interaction Lagrangian that preserves the chiral symmetry of the original
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Lagrangian:

Gy ST, -, _
L =__K igNad q)(-id gN
4M2§ [GaNa,q) (-ia,aNg) 281

- (INv,i3,9) (-i3,GNv,0)] -
Such a interaction actually appears in a natural fashion, if we consider a gradient
expansion of the effective quark interaction. (One can envision a series of terms which
have varying numbers of gradients.) In Eq.(2.8.1) we have inserted a factor of
1/M? so that G, has the same dimension as G; and G,. For our convenience,
we take M = 1.0 GeV, although any other value will do.
It is now natural to consider an additional vertex equation with an

inhomogeneous term k*v,. Thus, we define

- R 4/ -
T (P k) =R yy=i [ L[5, (P2 + k)T, o (P.K)S, (P12 +K ), |

2=

x VC(k-k'). 2.8.2)

and also write

AD(TOT L, (P, AS(-F) =T, (P, k)K" AD(E) 7, A (- 283

+ 15 2.0 (P A (B ¥ ey A () .

We obtain the equation
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(k, K'Yy 4 a6 (P, k") 2.8.4)

t
T aa(P. k) =E, + dk’ ==
Bt .,,E P°-E_ (K)) - E, (k)

with E, = 1 and E, = 0. This equation is the same as that given previously for
T except that D, is replaced by E, and D, is replaced by E,. Note that, since the
homogeneous equations for fﬁ and f; are the same, these functions will have the
singularities at the same energies. These energies represent the energies of the bound
states in the confining field set up by V¢ (k-%).

We now define four polarization functions. First, we introduce

TP = (-, | Th 1cis,pr T, (P, k)
@27) ' (2.8.5)
X iS,(-PR+k) k" v5] .
and put
JE(P),, = -8 (P) J 1, (P?) . (2.8.6)
We find that J;; (P*) does not depend upon T'; 5. .5,
APty 2 [k B EREG) K +m,m,]
! 3°) @ E(OE() P -E(%) -E/(%k) (2.8.7)

X Tp1.q6(P, k).

We also define
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2x)*

- (P, = (D1 |

With
Bt (P),, = -g~(P) ], (PY) .
we obtain
Jhpy =22 [k ¢ YT, 10 (P K
12 = 3 (21)3 - (ma—mb B.l.ab( ’ )

+2(-m,my + % +E,E,)T5, . (P, k)}

1
E.E [P°-E -E,|

X

’

which is of the form of Eq.(2.7.13) with the

Lii.as (P, k)=>T5 1 a5 (P, k) and Ty, o (P, k) > T5 5 o (P, k).

-28 -

Te[iS, PR +OTE ,, (P, k)iS,(-PR+B 77, .

(2.8.8)

(2.8.9)

(2.8.10)

replacement

We also note that J;(P?) =J4(P?), where the definition of Jj (P?) is

straightforward. The polarization function /5 (P?) may be identified with our result

for J,,(P?) given in Eq.(2.7.13). We also see that J{|, J and J% will have

singularities at the same values of P?. Values of J;i(P?) are given in Fig.11 and

J>(P?) is shown in Fig.12.

We now define a T matrix for the coupled *P, - 'P, system, which we organize

in a matrix form,
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“i' 'YS

TP TH (P [k +,
T4(P) T (P) |
)

-29 .

(2.8.11)

and put T{"(P) = -g* T, (P*), T4&'(P)=-g* T,(P?), TL'(P)=-g* T, (P?)

and T}, (P) = -g*” Tzz(Pz)-

We introduce the matrices

JA(PHYIM? JL(PH/IM
J(Pz) = A p2 A ’
In(P)/IM ]22(P2)

and

T, (P*) T,(P?)

I(P?) = 2 2
T(P%) T,,(P7)

We then have the matrix equation

T(P*) =G -GJ(P*)T(P?) ,
or

[1+GJ(P)]T(P>)=GCG ,

so that T(P?) =D"' (P?) G, with
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A A
D(P2) _ l-GK.’ll(Pz)/Mz -ijlz(Pz)/M ) (2.8.17)
~G,JH(P)/M 1 -GJ(P?
Thus
T, (P?) = - G [1-G,J3(P?)] ‘ (2.8.18)
detD (P?)
T (P2) - ”GVGKJIAZ(PZ)/M . (2.8. 19)
12 detD(P?)
and
A
T (P2)= _Gv[l -GK.’“(PZ)/MZ] i (2.8.20)
22 detD( P?)
where

detD(P?) =[1 - G J{(P))/IM?][1 - G, J5(P?)/M]

(2.8.21)
- GG, [JL(P)IM]* .
We may obtain the spectrum of the coupled system from the equation
detD(P?*) =0 . (2.8.22)

Alternately, we may bring the T matrix to diagonal form at each value of P?, such that

(2.8.23)

T(P) 0
M(6)T(P*)M™'(9) = ,

0 T,(PY)

with
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Ms) - |5° —sinqS] ’ (2.8.24)

sing cos¢

where ¢ is a function of P?. Resonances or bound states appear as singularities of
T,(P?) and T, (P?).
We may first consider the case where J3(P?) = 0. We determine the

parameter G, by fitting the energy of the b,(1235) meson by solving the equation
Gy -J . a(P?) =0, (2.8.25)

where Ji\ ..(P?) is J{; (P?) calculated in the equal-mass case with m, =m, = 0.364

GeV. [See Fig.13.] Here we are assuming that we have ideal mixing for the b,

mesons. We find that G, = 78.13 GeV~ yields the mass values given in Table 6.
We now consider the P, and ' P, K, mesons in the uncoupled case. The mass

values obtained from the solution of the equations

Gy -Ja(P) =0 (2.8.26)
and

Gy -J5(P*) =0 (2.8.27)

are given in Fig. 14aand 14b, respectively. (Recall that J;; and J;, are defined withm_=m,
and m, =m_.)

We now proceed to discuss *P, - 'P, mixing for the strange axial-vector
mesons. Our first observation is that Ji3(P?) is quite small and leads to relatively little

mixing. We note that if we do not use the energy of the b,(1235) to fix G, we may
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put G, = 93.0 GeV? and provide a rather good fit to the masses of the K, mesons.
However, we continue to maintain G, = 78.13 GeV- and consider another model for
*P, - 'P, mixing. We replace the matrix G of Eq.(2.8.12) by

GK GKA
G Gy

G- - (2.8.28)

It is clear that G,, couples the *P, and ' P, channels directly. (The equations for the
T matrix have to be modified appropriately.) We find that G,, = 8.00 GeV~ gives rise
to the K, energies given in Table 7 and shown in Fig.14c.

We now turn to a discussion of the mixing angle, coupling constant, and form
factors, as defined in our covariant formulation. Near a singularity of T,(P?) at

P? = m{ we may define

(k| TP (k) = -FA(k) 22 FA k) (2.8.29)
P2 -m}

with

A

'3

k . . 2.8.30
Fi(k)=g1|: ;’cos:b-v“vssm«b] ¢ )

In Eq.(2.8.30), g, is a coupling constant.

We may also modify the vertex form factor, F;(k), to include the effects of
confinement using the methods developed in Ref.[3]. (With that procedure, we are able
to show that T(P?) is represented by bound states only, if the potential V¢ is

absolutely confining. Note that we have already modified the vacuum polarization
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integrals to include confinement effects.) To include confinement effects in the

numerator of the T matrix of Eq.(2.8.29), we replace Eq.(2.8.30) by [3]

T%(P, k)
M

(2.8.31)

F(P.k) =g, [ cosé —I-‘:(P,k)simb:l :

where P? = m;. The mixing angle, ¢, is given in Table 7 for the first two states of
Fig.14c. However, that angle is particular to our method of calculation and does not
correspond to the angle introduced to describe mixing of *P, and 'P, octets in
Ref.[12], for example.

One interesting feature of the K, (1270) and the K, (1400) mesons is that they
have differing predominant decay channels. For example, the decay width for
K,(1400) > K" + = is much larger than the width for K, (1400) = K + p. On the other
hand, the K, (1270) decays predominantly to K +p, with weaker decay to the
K* + =« channel. This feature suggests approximately equal mixtures of *°P, and 'P,
states in these K, mesons, as discussed by Suzuki, for example [12], where a single
mixing angle is used for the K (1270) and K, (1400). However, in the case of
composite mesons, the mixing angle is P?-dependent, as is the case here. (To use the
formalism used in Ref.[12], one must assume that the K, (1270) and K, (1400) are
elementary particles.)

Finally, we calculate the mass values for the s s states of the f, and &, mesons,

under the assumption of ideal mixing. For the f; we consider the equation
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Gy - 3. (P =0 , (2.8.32)

where J;, ;(P?) has m_ = m, =m_. For the h, meson, we solve

GI-(‘ _J:l.:s(Pz) =0 ’ (2'8'33)

where J;| ,,(P?) also has m_ = m, = m_. Mass values obtained in this manner are given
in Table 8. It is uncertain as to whether ideal mixing is appropriate for the f, and A,
mesons and an analysis similar to that made for the n - ' system, with a reduced
attraction in singlet states, may be most appropriate. (Recall that in our study of -3’
mixing, we used G; -6 for the interaction in singlet states and G; for the interaction

in the octet states [1].)

2.9 Discussion

In this chapter we have calculated the energy of fifty-four gq states using the
parameters listed in Table 2. The parameters A,, u and m_Z were fixed at the outset
and m, G;, G, and « were adjusted to fit the masses of the w (782), w (1420),
K(495) and ¢(1020). There are three other parameters, 6, G, and G,,. The
parameter 6 was chosen when fitting the n(547) and 5’ (958) mass values. That
parameter is meant to take into account the effect of the gluon fields upon the singlet
state n°. The value of G, was introduced to create a significant interaction in the ' P,
states and G,, was introduced to create significant P, - ' P, mixing for the strange

axial-vector mesons. (Without such terms, the standard NJL interaction has a very
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small interaction in 'P, states and quite small *P, - 'P, mixing.) We note that the
parameters are largely determined from our study of the pseudoscalar and vector
nonets. Therefore, our predictions for states such as the K, (1430), a,(1260) and
K" (892) require no parameter fitting. Our prediction for the mass of the a,(980) is
too high by about 80 MeV. However, the non-strange scalar states are known to have
quite strong coupling to channels such as ==, K K and 7 1, so that one can expect
a significant shift in energy arising from the real part of the meson self-energy that
describes the decay to the various open channels [11, 13].

A particular advantage of our formalism is that we combine chiral symmetry,
covariance and a model of confinement in the same model. While our Lagrangian has
chiral symmetry, the approximations made in our Minkowski-space calculation violate
chiral symmetry to some degree. Since the properties of the x(138) are very sensitive
to small violation of chiral symmetry, we neglect confinement in that case. Alternately,
the pion may be studied in a Euclidean momentum space, where it is easier to maintain
exact chiral symmetry in the presence of a model of confinement [9].

In the present chapter, we have not emphasized the covariance of our
formulation. That feature played an important role in our studies of the decays of the
w(1300) to * + 0 and = +p channels [2]. For example, if the #(1300) is taken to
be at rest, the final-state mesons (o, p or =) have finite three-momentum. Therefore,
to describe the confinement vertex for these mesons, we have to make use of the
covariance of the model. The decay amplitude then becomes independent of the frame

chosen for its evaluation. We have also shown that the various vacuum polarization
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functions, such as J?(P?), J,,':(P’), J5(P?) and J., (P*), may be calculated in any
Lorentz frame with the same result.

The extension of our Lagrangian to include gradient terms is a novel feature of
our work. We consider this aspect of our work somewhat preliminary to a more
complete study of the effects of such terms upon the full range of mesons. It remains
to be seen whether our model can explain the decay widths of K (1270) and
K, (1400) to various open channels, such as K* +x and K + r.

There exist several approaches to the study of light mesons. A model for the
calculation of radial excitations of mesons in a generalized NJL is presented in
Ref.[14]. Also, extensive studies of hadron properties have been made using the global
color model and we list several useful works in Ref.[15]. In addition, there is a body
of work that makes use of the potential models of the kind that are used in the study
of heavy mesons. That body of work is reviewed in Ref.[16].

The overestimate by about 200 MeV of the energy of the K* (1410) seen in
Fig.5 is quite similar feature to that exhibited in Fig.14 of Ref.[16], where theoretical
and experimental values for meson masses are shown. (In Section 4.2.2 of Ref.[16],
it is suggested that the low energy of the 2°S, K (1410), when compared to the shell-
model prediction, may be due to the mixing of two states via decay channels that
lowers the energy of one state and increases the energy of the other. Alternatively, we
may suggest a large shift due to the real part of the meson self-energy that describes
the effects due to the coupling of the K °(1410) to the various open channels.) We may

note that our value for the mass of the K, (1430), given in the data tables as 1412 +
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6 MeV, is better than the predicted value given in Ref.[16], which is about 170 MeV

too small.
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Chapter 3

Covariant Calculation of the Properties of f, Mesons in a

Generalized Nambu — Jona-Lasinio Model

3.1 Introduction

In this chapter we continue our study of our generalized Nambu — Jona-Lasinio
(NJL) model [6]. A natural extension of the calculations of Chapter 2 is a consideration
of tensor mesons. As we will see, we have to further generalize the NJL model to
include short-range interactions that affect the states of such mesons. These new
interactions contain gradients of the quark fields and may be thought of as being part
of a more comprehensive expansion of the quark-antiquark interaction than that which
appears in the standard form of the SU(3)-flavor NJL Lagrangian.

In this chapter we will study the f, mesons, which have I°(J*¢) =0 (2"),
where [ is the isospin and G is the G parity. To further motivate this study, we refer
to Table 9, where the states of the f, mesons are listed [8]. (We have not listed the
f,(1710), although it is possible that state has J =2.) We see that there are a large
number of states, with eight states below 2.0 GeV. This large number of states creates

a problem for the standard constituent quark shell model. This matter is discussed on
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page 1671 of Ref.[8], where it is suggested that the f,(1270) and f,/(1525) are
probably the two 1°P, qq states of the quark model. It is remarked that there are a
large number of possible non-qg candidates with J7€=2"": f,(1430), f£,(1520),
f,(1710), f£,(1810), f,(2010), f,(2300) and f,(2340). It is stated that the
£,(1810) is likely to be the 2°P, state and the three f, mesons above 2 GeV could be
the 2°P, ss, 1°F, ss and 1°P, ss states. As we will see, our fully relativistic
calculation can readily account for the full range of states seen below 2 GeV. That is,
in part, due to the fact the spacing of levels in the relativistic confinement potential is
quite different from that in the quark shell model, with the 15, 25 and 3S nn states
and the 1S and 2§ ss states bound by the relativistic confining field at energies less
that 2 GeV. (Here, nn stands for the (uu +d¢7)/ﬁ states.) Since the search for
exotic, hybrid, or gluonium states is an important part of meson spectroscopy [10, 15],
we believe our formalism will be of value in identifying states of gq structure that can
then be eliminated in the search for non-qgq states.

The organization of this chapter is as follows. In Section 3.2 we discuss some
of the successes and limitation of our model and compare our approach to other
modeis. In Section 3.3 we exhibit additional interaction terms that allow us to treat
2** states in our generalized NJL model. In Section 3.4, we describe the T matrix used
in our study of the f, mesons. This T matrix allows for a general study of singlet-octet
mixing, however, in this chapter we limit our investigation to a model with "ideal
mixing". In Section 3.5 we present the results of our numerical calculations, while

Section 3.6 contains some further discussion and conclusions.
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3.2 A Generalized NJL. model with a Covariant Model of Confinement

In order to understand the merits and the limitations of our model, we will
discuss the relation of our model to three models to be found in the literature. These
are the extensively-studied global color model [10, 15], the constituent quark model
[16], and the work of Miinz and collaborators [18-22].

We consider our work somewhat complementary to the studies using the global
color model (GCM). That model uses a phenomenological form for the nonperturbative
part of the gluon propagator in an Abelian approximation to QCD. The high-energy
behavior is taken to be the same as that obtained in perturbative QCD. In that body of
work [10, 15], one solves the Schwinger-Dyson equation in conjunction with the Bethe-
Salpeter equation and obtains momentum-dependent quark mass values. All calculations
are made in Euclidean momentum space, where the theory is defined. Results in
Minkowski space may be obtained by analytic continuation, but such procedures are
subject to significant uncertainties. Alternatively, one may calculate mass values for
hadrons by studying hadronic current correlation functions in Euclidean space. (The
recent work of Meissner and Kisslinger reports a Euclidean-space calculation of the
vector hadronic correlation function that yields a value for the p mass of 590 MeV
[23].) Since the global color model is only formulated in Euclidean space, it is quite
difficult to study radial excitations of mesons, since the large Euclidean-time behavior
of hadronic correlators is dominated by the properties of the hadronic ground state in

the relevant channel. Therefore, the GCM is not very useful for the study of light
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meson Spectroscopy.

The treatment of confinement in the GCM differs from that in our work. In the
GCM the parameterization of the gluon propagator in the infrared is such that the quark
propagator does not have an on-mass-shell pole. Thus, the quark is not a propagating
mode in the vacuum. On the other hand, in our model, confinement is a property of
the gqq system, such that, while a quark (or antiquark) may go on mass shell, the
amplitude for the quark and antiquark to both go on-mass-shell at the same time
vanishes. These features of the two models are such that the GCM must be formulated
in Euclidean space, while our generalized NJL model may be used in either Euclidean
or Minkowski space.

The model that we use in our work takes the form of an effective
(nonrenormalizable) theory. In contrast to the work of the global color model, we do
not solve the Schwinger-Dyson equation, but use constant values for the constituent
quark masses. On the other hand, our parameterization of the Lorentz-vector confining
potential is somewhat analogous to the parameterization of the infrared part of the
gluon propagator in the GCM.

As we have seen in our earlier work, our model provides quite good fits to the
full range of light-meson spectra in terms of a number of phenomenological
parameters. In the few cases that our fit is not particularly good, we find that the
physical meson state appears very close to a threshold for a two-meson decay channels.
An example is the a,(980), which lies directly below the threshold for the K K channel

at 990 MeV. In this case we overestimate the mass of the a,(980) by 80 MeV. This
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suggest that a study of the influence of the decay channels in modifying the theoretical
values of the masses of various mesons is in order.

Another attempt to study the full range of light meson states is reviewed by
Godfrey and Napolitano [16]. Their review contains a description of results obtained
using a "relativized” version of the potential models that are highly successful in
obtaining fits the spectra of heavy mesons. Since that model does not describe chiral
symmetry breaking, it is not suited to the description of the pseudoscalar nonet of
states. (One can use a spin-spin interaction to obtain correct pion mass, with the
consequence that the p mass is not given correctly [16].) Also, the nonrelativistic
nature of the model leads to a poor description of the density of states in the low-
energy spectrum. For example, in Ref.[16], we find two P, states and one >F, state
below 2 GeV in a study of tensor mesons. As discussed in the Introduction, we find
ten f, states below 2.0 GeV. The first seven of these states can be put into
correspondence with the first seven experimentally determined states. Problems in
obtaining the correct number states in a nonrelativistic formulation can also be seen
when we study pseudoscalar —axial-vector mixing for the pion and its radial
excitations, as well as for the n - n’ system of states. For example, in the meson rest
frame we may discuss states with vertex structure of the form ivy, or 4°+,. That
immediately doubles the number of states we have to consider in a fully relativistic
formalism. In our study of the pion, the states in the confining field appear as
doublets, which are then split when the NJL interaction is included. This feature leads

to an interesting interpretation of the data in the region of the =(1300), which is
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presented in Ref.[2]. In that work, the covariant nature of our formalism is
particularly important, since we calculate meson decay amplitudes at one-loop order.
For example, in the decays # - p + x, or ¥ = ¢ + 7, the final-state mesons have
finite momentum, requiring a covariant model of the confining vertex for a consistent
description [2]. While we have made extensive calculations of light meson spectra, we
have only calculated meson decay amplitudes in a few cases. Our recent work has
included a description of the decays >y +y, n >y +v, 5 > v + v. We have
found that our description of pseudoscalar-axialvector mixing is quite important in
obtaining a consistent picture of these decay rates (4, 5].

Another model which may be used to make a comprehensive fit to the
properties of light mesons is a model based upon the six-quark interaction of the 't
Hooft, that has it origin in the study of instantons [18]. That model described in
Ref.[18] also includes an (instantaneous) linear confining potential, which is used when
solving the Salpeter equation. However, the model is not covariant, since only the
timelike part of the potential, which is proportional to 4°(1) v°(2), is used, rather than
the *(1) 7“(2) form that we have used in our work. The model of Ref.[18] can
provide a good fit to various spectra, however, the predications for the decays widths
are quite poor. Another choice of parameters yields good values for the decay rates,
however, the fit to the spectra is then poor [18].

We have found that it is useful to neglect confinement for the x(138) in our
Minkowski-space calculations, since the properties of the pion are very sensitive to

small violations of chiral symmetry that appear in our analysis. On the other hand, we
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have studied the pion using our model in a Euclidean-space calculation, where it is easy
to maintain chiral symmetry (in the absence of a current-quark mass matrix). In that
work, we found that the Goldstone theorem was satisfied, with the pion as the
Goldstone boson [9].

Some discussion of our choice of parameters is in order. We define the
parameters G; and G, in Eq.(2.1.1). In addition, there is the "string tension”, «, and
a Minkowski-space momentum cut off, A,, which is usually chosen so that the pion
decay constant, f_, is given correctly. We begin by fixing m, = m, = 0.364 GeV.
That is the value used in the extensive calculations of Vogl and Weise [6]. We then
chose G, and « so that the mass of the w and the mass of the first radial excitation
of the w are given correctly. At that point, we fix m, = 0.565 GeV, so that the mass
of the ¢ meson is reproduced, when using the value of « already determined. Finally,
we fix G by fitting the mass of the K(495). (When studying the n - %" system [17],
we used a smaller value of G; in singlet states to take into account effects due to the
coupling to gluonic intermediate states. That procedure may be seen to be equivalent
to the use of the 't Hooft interaction, which affects both singlet and octet states [6].)
Once the parameters of the model are fixed by fitting the energies of the w(782),
w(1420), K(@495) and ¢(1020), we find that the model has significant predictive
power. For example, the masses of the K°*(892), K, (1430) and a,(1260) are
predicted correctly [17]. In the present chapter, we introduce two additional parameter
that are defined in Eq.(3.3.4). The values are determined so as to yield a good fit to

the masses of the f, mesons.
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3.3 Tensor M in ized NJL Model

The standard NJL Lagrangian that is exhibited as part of Eq.(2.1.1) describes
interactions in the scalar, pseudoscalar, vector and axialvector nonets. If we are to
study the f, tensor mesons, we need to add various interactions to the Lagrangian of
Eq.(2.1.1). That may be done in a manner that preserves the chiral symmetry of the
Lagrangian.

We now consider the following interaction Lagrangian

8
Lo =g, Y {[gh (389" -g= O)q] (3.3.1

a=0

X [g\, (38,9, —g“,l.fl)q] +cp.},

where c.p. stands for the "chiral partner” of the first term. Rather than work with
Eq.(3.3.1), we go directly to the momentum-space interaction and consider two new
terms. We define two dimensionless tensors

.l 2

Qe (ky = 3Kk -8k (3.3.2)
-2k

and

~ -

P (k) = k“'Y.L.k"'k Y1k ] (3.3.3)

_B

[See Eq.(2.2.3a) and Egs.(2.5.7) - (2.5.8).] Note that @, = P, = 0. Since we have

chosen to make these tensors dimensionless by dividing by E in Eq.(3.3.2) and
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(-£*)" in Eq.(3.3.3), @*” is not in direct correspondence with Eq.(3.3.1), however,
Eq.(3.3.1) could be modified to achieve that correspondence. We may also write a
coordinate space version of Eq.(3.3.3), but we will not need that form of the
interaction Lagrangian for the present chapter. We will carry out our analysis in the
meson rest frame, where P =0 and k*=[0, X]. Thus, we only need to use the
spacial components of the tensors, @7 and PY. However, it is best to maintain the
complete relativistic notation, since calculations are simpler in that case.
We now extend the NJL momentum-space interaction to include two attractive

interactions and write

GT
VT(P’ k,’ k) = —'f4—l Ql‘"(k/) g;waﬁ Qaﬁ(k)

(3.3.4)
G, , s
—T‘P“"(k ) 8,05 PC(K) .
Here, g,,,.;. which depends upon P*, is defined to be
wra = L ¢ sua o8 , gus gra _ 2 gus zas 3.3.5
gt =5 {88t + 20 - 588"} . (3.3.5)

Note that g*_; g = g#**°. Following our standard procedure [1-2, 17], we introduce

equations for the tensor vertex functions

e . d4k/

(P, k) =Q* (k) -i [ 2K vewk-&)
" j 2’ (3.3.6)

X ['y"S(P/Z +k)Ty (PK')S(-P/2 + k’)'yp] .

and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 47 -

(P, k) = P(k) - i [ g :):

VEe(k-k')

(3.3.7
x [ S@Pr2 + KTy (P k) S(-P12 +K))v,] .

The Dirac matrices y* and y, appear since we use Lorentz-vector confinement.

(Equations (3.3.6) and (3.3.7) may be generalized to describe a quark and antiquark

of different constituent mass values. However, for our study of the f, mesons, we only

need these equations for nn or ss states. The more general form is needed in a study

of strange mesons.)

We proceed as usual, and define four functions for the case P = O:

A(RTY (P, K)AD(=F) =T5 (P, k) @* A(F) A(-F)

(3.3.8)
+T7,(P, k) A (&) P AO (=)
and
AT (P, K)A(-F) =T (P, k) Q" A(T) AO(-T)
: (3.3.9)

+T7 (P ) A (K) P AO(-T) .
The equations that may be used to determine the four functions defined in Eqs.(3.3.8)
and (3.3.9) are given in the Appendix.
We now need to define a number of vacuum polarization functions. We write
d*k
Q=) (3.3.10)
x [N iS(P12 + )T (P k)iS(-P12 +K) Q= (k) N, |

~iJio,(P) = - n_Tr

where a and b are O or 8 in an analysis of singlet-octet mixing. We also define
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d*k
@2n)* (3.3.11)

X [N iSP12 +)TY (P K)IS(-PI2 + )P (k) A, | ,

—iJ5pE(P) = - n Tt

with a corresponding definition of -iJp,",,. We also write

d*k
@) (3.3.12)
X [N, iS(PI2 + K)T% (P k)i S(-PI2 + k) P# (k) N -

~iJie(P) = - n_Tr

Now we define

55«:&(P) g“uaﬂ JQQ(PZ) (3.3. 13)

uraB (P) g“.aﬂ JPQ(P-) (3.3. 14)
and

F'aﬂ (P) glnaﬁ JPP(P-) (3-3- 15)

with J2° (P?) = JE2 (P?).

We obtain, for a quark of mass m, and with & = %],

k2 Tr.(P,k)
E*(k) P°-2E_ (k) ’

3.3.16)

A,
JE(PY) = - 3 _p n [ kdk
10x*

where E, (k) =[k* + m.]"?. [Note that the various functions I'*~(P, k) depend upon
the mass of the quark.] There is a corresponding equation for J22(P?). The values
of J22(P?) are obtained from the knowledge of J2°(P?) and J2°(P?).

We find that
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A, e
IPPpy=-_4 p I Ir.(P, k) (3.3.17)
5% PP 2E (k)
and
a T (P, &)
2Py =-_2_ I (3.3.18)
5% P -2E (k) ’

etc. In obtaining these results we have used the relation g . g“**° =5 and have

neglected small terms proportional to [P° +2E(k)]™.

3.4 T Matrices for the Study of f, Mesons

We now construct the matrices that enable us to study singlet-octet and
Q,.(k) - P (k) mixing. [We remark that the latter mixing occurs due to the nonzero

values of J22(P?) =J2F(P?).] We define the matrix

’JQQ JQQ (%P JoQSPQ
- J8e jge jer jer (3.4.1)
N e ol ol

PO sPQ joQ 700
JSO "88 J80 ',33

where all the elements depend upon P?. We also put the T matrix into a 4 X 4 matrix

form, using the basis vector
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[ 0= (k) \, |
P+ (k) = libvidh (3.4.2)
P (k) N,
. PF’(k) As P
and its transpose. Thus, we write
T(P* k', k) =&L (k) " (P> & _, (k) , (3.4.3)

where T"**(P)=gr*=8 T(P). Here T(P?) is also a 4 X 4 matrix.

We also define the matrix

(G, 0 0 0]
0 G. 0 O
G-=- T (3.4.4)
0 O GT‘ 0
L 0O 0 O er J
We then solve the matrix equation
(1+GJ(PH)T(P*) =G, (3.4.5)
and write
T(P*)=(1+GJ(P))'G. (3.4.6)

Theoretical values for the masses of the f, mesons may be determined by finding the

values of P? for which T(P?) is singular. Near a singularities of T(P2) we may write

(K | T(P?) | k) = - Fo» (k') Sezet_pes(g) (3.4.7)

P2 -m;

where m is the theoretical value of the squared mass of one of our f, mesons. Here,
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we have defined the form factor
F*(k) =g Q**(k)[cosd N, -sind \,] + g’ P*"(k) [cosB N, -sind \,] . (3.4.8)

We may include confinement effects in the numerator of the T matrix [3], if we

replace F*#(k) by

F'(k)=g fﬁ' (P, k) [cosb A, - sind .|
L (3.4.9)
+g’I‘;l'(P, k) [cos@ N, -sind \, ] ,
where P? = m,.z. The presence of the confinement vertices f;‘.l'(P, k) and
I_";"(P, k) allows us to show that the T matrix is represented by bound states only,
if the potential V¢ is absolutely confining [3]. Recall that equations for f;l’(P, k) and
T;” (P, k) were presented in Eqs.(3.3.6) and (3.3.7).

If the matrix G is of the form given in Eq.(3.4.4), we find ideal mixing. If a
state has the structure (%u + dd) /2 , the mixing angles are & = 8 = - 35.26° and,
for a 55 state, & = § = 54.74° . Deviations from ideal mixing can be obtained if we
use different interactions for singlet and octet states. Such effects may be found if one

takes into account coupling of states through the gluon field, a feature which only

affects the strength of the interaction in singlet states.
3.5 Results of Numeri Iculations

As noted earlier, the spectrum of states may be obtained by studying the

singularities of the T matrix. Result of our calculations are found in Fig.15 and Table
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10. In Fig.15a we show the positions of the bound states in the confining field in the
absence of the NJL interaction. The 1S nn state is at 1520 MeV, with the 2S and 3S
states at about 1755 and 1970 MeV, respectively. The 1S and 2S ss states are at 1790
MeV and 1998 MeV. These states all have a degeneracy factor of 2, since they may
be associated with the vertex governed by either @*” or P*”. Since the NJL forces are
attractive, we expect to find at least ten states below 2 GeV. We show these ten states
in Fig.15. [See Fig.16 and Table 11.]

The 1S nn state gives rise two states at 1254 and 1429 MeV, if we take G,
= 47.0 GeV? and G, = 6.8 GeV™. The next state at 1527 MeV seen in Fig.15c
originates from the 2S nn state. The fourth state at 1551 MeV is a IS s state and
may be identified with the f,/(1525). (We see that we have overestimated the energy
of that state by about 25 MeV.) There are two f,’ states at 1745 and 1767 MeV. [See
Fig.16.] The first of these states, which is nodeless, may be identified with the
f,(1750) if J*€ =2 for that state [24]. (The 2S s state at 1767 MeV may mix with
the 1S state at 1745 MeV to some degree.)

The 2S nn state bound in the confining field gives rise to the states at 1524 and
1685 MeV. The second of these states may be identified with the f,(1640). We note
that the two 2S n n states at 1524 and 1685 MeV in Table 10 have small values of g
and g’, when compared with the three 1S states listed in the table. That is as expected,
since the coupling constants for meson-quark coupling (g and g’) decrease rapidly with
increase of the number of nodes in the meson wave function. [We remark that the

phase of the form factor, F*" (k) or F!"(k), is arbitrary, however, the relative phase
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of g and g’ is meaningful.]

3.6 Discussion

As may be seen in Fig.15, we predict one or two more states than are seen in
experiment. That suggests that there is little evidence in our study for non-qgq states
below 2 GeV. Since some of the states shown in Fig.15c are quite close in energy,
there could be a good deal of additional configuration mixing, since the states can be
coupled to each other via their decay channels. However, the first four states appear
reasonably well isolated from the other groupings and their characterization may
survive further coupling interactions such as that mentioned above.

We have also remarked that the spacing of levels in the confining field is
radically different than that obtained from a harmonic oscillator potential. For example,
in our model, states that differ by a single node in the wave function are separated by
about 225 MeV. (See Fig.15a.) However, if we consider the 1S nn state at about 1520
MeV and subtract 2m, = 728 MeV, we are left with an excitation in the potential of
approximately 800 MeV, a value that may be compared to the 225 MeV level
separation mentioned above. We conclude that the covariant confinement model places
the states in the confining field (Fig.15a) in a quite satisfactory arrangement, so that
the introduction of two new terms in the short-range (NJL) interaction brings the
theoretical spectrum into overall agreement with the f, states obtained from

experiment.
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Chapter 4

Covariant Confinement Model for the Calculation of

the Properties of Scalar Mesons

4.1 Introduction

In our previous work and in Chapters 2 and 3, we studied properties of a broad
range of light mesons, with the exception of the scalar-isoscalar f, mesons [17,25]. In
this chapter, we extend our calculations to study the spectrum of the f, mesons. Such
calculations are complicated by the fact that one expects to find a low-lying scalar
glueball among the f; states. Also, the f; states exhibit significant coupling to the =«
and KK channels and the four-pion continuum. Coupling to the n% and 5%’ channels
appears to play a less important role. In this chapter we calculate the effects of
coupling to the ==, KK , 1 and nn’ channels and treat decay to the four-pion and
other meson channels by introducing a single parameters into our analysis. In addition,
there is another parameter that determines the form of the regularization of loop
diagrams with three vertices. The other parameters used have been fixed in our earlier
work [17].

We remind the reader that our model is a relativistic quark model whose form

is suggested by the SU(3)-flavor Nambu — Jona-Lasinio (NJL) model. Since we have
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applied our model to study spectra up to 2.4 GeV in a recent work [26], we see that
our model may not be directly identified with NJL model, which is usually considered
to be applicable up to energies of the order of the cutoff, which is about 900 MeV for
Euclidean-space calculations and about 700 MeV for Minkowski-space calculations.
[See reference [6] for reviews of the NJL model.]

Our model has a number of good features which include chiral symmetry of the
Lagrangian and a covariant model of confinement. While we usually study mesons in
their rest frame, our calculations may be shown to be covariant. The Lagrangian of our

model is
- Ge [~ - )
£ =g (-m)g+—=Y [@N@* + (Fiv,Ng)?]
i=0

G, ¢ Tt N )2 + (gt fg)?
__4_;; [(gv*Nq)? + (gv" vsNq)*] @.1.1)

G - —
. __2_2 {det[q(1 +v,)q]+det[q(1-v.)q]}

+& +&

tensor conf

Here, the fourth term is the 't Hooft interaction [6], £ denotes interactions added

tensor

to study tensor mesons, while £___ denotes our model of confinement [25].

conf

The organization of this chapter is as follows. In Section 4.2 we review the
calculation of the leading vacuum-polarization diagram of the NJL model and show
how confinement vertices are introduced in the calculation. The leading vacuum

polarization diagram is of order of n., where n_ is the number of colors. In Section

4.3 we discuss a class of polarization diagrams of order 1 that describe the effect of
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decay to various continuum meson channels. These diagrams yield complex functions
K(P?), that allow us to obtain energy shifts and decay width of the f, states. In
Section 4.4 we show how gq T matrices may be constructed in terms of the vacuum
polarization functions. The spectrum of f, states may be obtained by studying the
singularities of the T matrix. In Section 4.5 we present some results of our numerical
calculations. Our most satisfactory treatment of the problem is reserved for the
discussion given in Section 4.6. Finally, Section 4.7 contains some further discussion

and concluding remarks.

4.2 Vacuum Polarization Diagrams and Confinement Vertex Functions

In calculations made using the Nambu — Jona-Lasinio model one calculates the
vacuum polarization function represented in Fig. 17a. For this work we need to consider
the functions involving scalar vertices, Jg(P?), Jo (P?) = Jo(P?) and J3,(P?). We

define

~iJ3(P) = -, (‘2‘;’; Te[i SP2 + k)N, iS,(-P2 + K)N] , @.2.1)

where N, and )\J are the Gell-Mann matrices and S(P) =[P - m +in]" is the quark
propagator for a quark of constituent mass m. The function defined in Eq.(4.2.1) has
a cut for P2 > (2m)’* corresponding to the quark of momentum P/2 + k and the
antiquark of momentum P/2 - k both going on mass shell. In our model that cut is

eliminated by introducing a model of confinement. That is accomplished by inserting
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a vertex for the confining interaction, as shown in Fig.17b, where we also show a
perturbative expansion of the confining vertex. The inhomogeneous equation for that
vertex is shown in Fig.18.

The scalar vertex is a solution of the equation

TP k)=1-i I (‘f")’ ['Y‘S(P/Z +k)T(P,k)S(-PI2 + k’)'yp]

1,4

4.2.2)
X V(k-T)

in the meson rest frame (P = 0). It is also useful to introduce the functions I';™ and

I's". We first define the projection operators

A (T) = K+rm 4.2.3)
2m
and
AP (-%) = Hem ; 4.2.4)
2m

with k* =[E(%k), k] and &* =[ -E(%) , k). Then, we write

AP (B T¥(P, k) AO(-T) =I5 (P, ) AV (B)AC (- ) 4.2.5)
and
A (BT (P, ) AY(F) =T (P, EAC (- AV (F) . 4.2.6)

For a study of the g, mesons only a single function J°( P?) was needed [18].

In that case we found
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S5 - -an [ P [r;‘(r,k) r;*(P,k)]’ @27

Qxy EX(B) | PP-2E(R) P°+2E(R)

where the factor of 2 arose from the flavor trace. Similar integrals for up, down and
strange quarks are needed when constructing Jg(P?), Jy(P?) and Jg(P?) for
our study of the f, mesons. We use the notation I3 (P?), if Eq.(4.2.7) is evaluated
for an up (or down) quark. If a strange quark appears in Eq.(4.2.7), we use the
notation J;i(Pz) for the function defined in Eq.(4.2.7). We show values calculated for
J2(P?) and J3(P?) in Figs.19 and 20. Note that these functions are singular when
ES(P, k) is singular. That occurs when the homogeneous version of Eq.(4.2.2) has a
solution. The energies at which such singularities appear are the energies of bound
states in the confining yield. [See Figs.19 and 20.}] (We remark that Eq.(4.2.2) does
not require a momentum cutoff for large values of | k| . We have made calculations
for lﬂm = 2 GeV and 4 GeV in our earlier work.) Note that J3,(P?), Jos(P?) and

Js(P?) are readily obtained in terms of J;(P?) and J3(P?).

4.3 Vacuum Polarization Diagrams Describing Coupling to States of Two or More

Mesons

In this section we discuss the calculation of vacuum polarization diagrams such
as that shown in Fig.21a. There, the wavy lines denote mesons. Such diagrams serve
to define functions K‘.j(Pz) . The quark-loop integrals are calculated using the notation

given in Fig.22. In Fig.22 we only show the =« and K K channels. However, we have
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calculated K‘.j(Pz) for the 7 and 7%’ channels as well. Since K,.}.(Pz) is found to be
small for the nn and 57’ channels, we do not present our results for those channels.
Confining vertex functions are neglected for the pion, as in Fig.22a. However, such
vertex functions are included for all other mesons.

The treatment of the scalar vertex in Fig.22 requires a detailed discussion. In

the last section, we introduced the functions I';” and ';". We now also define the

function I's* and I';” for P = 0:
A (BYT*(P, k) A (%) =T5° (P, k) A (B) A () 4.3.1)
and
AP (BT (P, K AC(-T) =T5 (P OAV (- AO(-F) . 4.3.2)

A general expression for the scalar vertex r (P, k) was given in Ref.[11]. If
both the quark and the antiquark at the scalar vertex have the same mass, we saw that

we could write

T.(P.k)=a, (P, k) +#a,(P.k) , 4.3.3)
where the four-vector
P = e - (PP (4.3.4)
P2

was defined previously. We find that

Fs"(P,k)=a,(P,k) +m_a,(P,k) , 4.3.5)

and
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(P, k) =a,(P,k) - — a,(P, k) . (4.3.6)

q

We have the following equation for s (P, k) when P=0 [11],

2
m,

2kk’
x "'8_k.,2 I‘;'(PO’ k,)
E(K') (PV-[2E(KHF

Ly (P k) =1 -4 | ’z’;:’)‘z [Vf(k,k/) R vf(k,k/)]

4.3.7)

The function I';" (P, k) may be obtained once I's™ (P, k) is known by evaluating the

foliowing integral

. k'*dk’ c k
L' (P.k)=1-4x VE(k, k') - 2 VEk, k'
5 ) [(21)2[0( ) =5 Vi )]
(4.3.8)
% -8%° T (P K)
E(K) (P°V-2E(K)P
In Egs.(4.3.7) and (4.3.8) k= |%|, k¥ = |[%|, and
1 1
VEk, k) -5 j dxP(x) V(K + & - 2kk'x) . (4.3.9)
o1

Using Eq.(4.3.3) we may show that I's™ =T and I's” =T's”. The more general case,
in which the quark masses at the vertex are unequal, is discussed in Ref.[17].

As noted earlier, fS(P, k) is singular when the homogeneous version of
Eq.(4.3.7) has a solution. That feature gives rise to singularities in both J5(P?) and
K, (P?). [See Figs.19 and 20.] The singularities of J5(P?) create no problem for the

analysis. However, the corresponding singularities of K,.j(Pz) can be seen to lead to
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a double-counting of diagrams and must be removed. A satisfactory procedure is to
calculate Igj(Pz) using a Hilbert space for the quark and antiquark that is orthogonal
to the space spanned by all the bound state wave functions of the confining field. In

this chapter, we approximated Eq.(4.3.7) by the equation

12 g1t 2
ISP k) =1 -4 ke [%“(k,k')+ s Vf’(k.:«’)}
-8%° 1 Ts™(P°, k')
E(k’Y 4E(Kk’) P° -2E(K)
and defined a "wave function”
vy -2 B0 @.3.10)

P -2E(k)
which is finite, since I's (P, k) = 0 when P° =2E (k). We note that for large |%|,
Y(P, k) > -1/(2|%k|), since T's (P, k) > 1 for large |%] .

It is useful to symmetrize the homogeneous version of Eq.(4.3.10) by first
multiplying Eq.(4.3.10) by k*/E(k). We can then write the homogenous version of

Eq.(4.3.10) as a standard bound-state problem of the form

(E, - 2E(k) 16, (k) = -4x [ dk'H, (k, k') $.(K") 4.3.12)

where H (k, k') is symmetric. We solve Eq.(4.3.12) for bound states a,.(k) which

have energies E;,. We then define the set of states
6,00 = EE 5 (k) . 4.3.13)

k2

We start with ¢, (k) and normalize that function by requiring that
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iy = j dk o (k) ¢ (k) (4.3.14a)
=1. (4.3.14b)

We then construct
|62> =160 - o1 |d) [oD) (4.3.15)

such that {¢}|®;) =0. We normalize |$;> as in Eq.(4.3.14), and denote the

normalized function as |$3» . As a next step we construct

65> = 18,0 - {3 [ 6> [83) - (o) |9 oYY - (4.3.16)

This procedure is continued for all the bound states, yielding a set |, that is used

to construct the project operator

Q. k) = 3 o) 6 (K . 4.3.17)

iel
We then define a function that is orthogonal to all the bound state wave functions
®(P,k) =y (P, k) - [ dk'Q (k. k'Y Y(P. k') . (4.3.18)
Next, we introduce a modified vertex function
f°(P, k) =[P° -2E(R)18(P. k) , 4.3.19)

and I';"(P,k) =17 (P, k). We obtain T';"(P,k)=T',"(P,k) by using Eq.(4.3.8)
with T's"(P, k) replaced by f‘;’(P, k) on the right-hand side of Eq.(4.3.8). We then
use Eqs.(4.3.5) and (4.3.6), with T's” and T;" replaced by f‘;’ and f‘;’. In this

manner, we obtain
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a.(P.k) = [P (P k) + (P K)] 4.3.20)
1 ’ "5 s 4 ""n—_,_ s ’ it
q
and
5 _ My e _pe 4.3.21)
a,(P,k) ES [(Ts (Pk)-T (P,Kk)] .

This entire procedure may be made covariant [17] leading to the definition of the
invariants &,(YP? , -&> ) and &,(yP* , -k’ ), where Kk’ =k* - (k-P)P*/P".

Thus, we may use

P k) =a,(/P* ,|-& )+Ra,(fPT ,|[-& ) (4.3.22)
as the scalar vertex. This procedure completely eliminates singularities that would
otherwise occur in K,.j(Pz).

In our calculations, we neglect confinement for the pion and use a coupling

constant g

vqq = 4-57 with a mixing angle of § = -3.09° . For the kaon vertices, we

include confinement and pseudoscalar — axial-vector coupling. In general, we have [28]

PYs 14 +pd1}. @323
/P

f(P,k.)=igg {vscos0[b,+b P+ b, K] +sin@

For the kaon we found g, = 8.09 and @ = - 7.04° [28]. The functions b,, b,, b,, d,
and d,, which depend upon JPT and  -k> , implement our model of confinement.
[t is worth noting that, if the meson of momentum P is leaving the vertex, we need to
change the signs of b;, b, and d, in Eq.(4.3.23). While confinement might be neglected

for the kaon, it is essential for the »’. Since the formalism is fully covariant, the
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singularities that would otherwise appear when calculating decay amplitudes, such as
those shown in Fig.22, are automatically removed for an %’ meson of any momentum
present in the decay channel.

We use the notation M,(P?), with i = 0 or 8, for the decay amplitude of
Fig.22. A particularly important feature of the calculation of these decay amplitudes
is the regularization of the quark-loop integrals representing the processes seen in
Fig.22. The choice of such a regulator was first discussed in Ref.[27]. The regulator

we use for the first part of our study is given by

R(k;,P?) = l%— exp[k2/ol1{ 1 -exp[P*>-m})/B*]} . (4.3.24)

With m, = 2m_ for two-pion decay, m, = 2m, for KK decay, etc. We use x, =
0.325 GeV and B* = 0.434 GeV? [27]. Again, k! =k* - (k-P)P*/P?, so that
k: =[0, k] when P = 0. The parameters «, and 8° were fixed in Ref.[27] and the
values obtained there are used here. The factor [l -exp[-(P?-mg;)/B*] in
Eq.(4.3.24) has been introduced to soften the cusplike behavior of ReK;(P?) at the
various thresholds. Without that factor we can obtain bound states below the energy of
the £,(980). This problem is solved when we introduce ImK,.].(PZ) at a later point in
this chapter. Howéver, R(K2, P?) of Eq.(4.3.24) is quite useful for studying the
spectrum of states in the approximation in which we include ReK‘.J.(PZ) and neglect
ImK,;(P?). That approximation is maintained until the last part of Section 4.4, at
which point we introduce ImK, (P?), while keeping the form of Eq.(4.3.24). In

Section 4.6, we describe our results when the P>-dependent factor of Eq.(4.3.24) is
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removed. As we will see, the main effect of removing that factor is to provide a
"background” for the f,(980), which is probably closely related to the introduction of
the f,(400-1200) "meson", which now appear in the data tables. We also find
satisfactory values for the I'(K I-f) /[T(xx) +T(K I_()] branching ratio for the f,(980)
in the calculation reported in Section 4.6. It is instructive, however to proceed with
R(K:, P?) of Eq.(4.3.24) and we will do so through Section 4.5. [The use of
R(kZ, P?), with and without the P?-dependent factor, clarifies the role of the cusplike
behavior found for ReK,.j(Pz) at the opening of the =« and KK thresholds and leads
to some understanding of the origin of the f,(400-1200), as noted above.}

The factor f2/—3_ in Eq.(4.3.24) sets the overall scale for Im K,.J.(Pz) and is
adjusted so that the width of the f,(980) is reasonable. (With the factor \/-27 in
place, we obtain TI', (980) = 56 MeV in the calculation reported in Section 4.6.) There
is one more new parameter in our analysis that we will introduce in the next section.
An additional parameter is needed, since we have only calculated ImKX (P*) for the
T, KK , nm and 57’ channels, while the decay of f, mesons to the four-pion

continuum is known to be quite important for several states [29].

4.4 T Matrices for Scalar-Isoscalar Meson States: Quarkonium-Glueball Coupling

As noted in our earlier discussion, a procedure for finding the energies of the
scalar states is to construct a g¢q T matrix and determine the energies at which the T

matrix is singular [17]. The T matrix is written in terms of the vacuum polarization
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functions defined in the previous sections. We have maintained the definition of
J,-,s-(Pz) given in Eq.(4.2.1) for ease of reference to our earlier work. However, for the
study of singlet-octet mixing in this work, we will use as a basis the Gell-Mann
matrices A;/ V2 and N/ v2 rather than A; and A,. Therefore, maintaining the notation
of our earlier work, we wilil introduce factors of 1/2 for J,-,S-(Pz) and K‘.j(PZ) when
constructing the gq T matrix. Similarly, we will write 2G,, and 2G,, for the coupling
constants. Thus, we define a matrix

2G,, 0
0 2G,

G- 4.4.1)

k4

where we have neglected the small term G, = G,,. We also define the matrix

SV (P +ReKG(PD)] 5 [ (P?) +ReKG(P)] ‘e
J(P?) +ReK(P?) = (442

%[Joa(Pz)JrReKoZ(Pz)] %[Jm(PZ)JfReK&(Pzn

where

KJ(P?) =K5™(P?) + K§X(P?) + ... . (4.4.3)
In Eq.(4.4.3) the superscripts refer to the two-meson continuum channels. For
example, in Figs.23 and 24, we exhibit the values calculated for the imaginary parts
of K, K&, K&, KX, KX¥ and KX*. We obtain the corresponding real parts by use

of a dispersion relation. For example,
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4.4.4)

’

Al
ImK;;" (P
ReX;"(P?) = - © ]' dP’_m_...{__(_T_).
x (2,...)1 P2 _ Pl-

where the upper limit A? is taken to be 6.0 GeV? in this chapter. Contributions from
mass values larger than A’ appear as contributions to the parameter introduced in
Eq.(4.4.6).

We now need to describe Re K, (P*) appearing in Eq.(4.4.2) in greater detail.

We write

ReKI(P?) = ReK;"(P?) + ReKEX(P?) + Re K™ (P?) + ReAK,(P?) , (445
where ReKj;”"™ (P?) refers to the contribution of coupling to the four-pion continuum
channel and Re AK, (P?) refers to all other channels: 779, n9’, #'n’, pp, and multi-
meson channels other the four-pion channel. As a first step, we gpproximatc
ReK;™"(P?) = ReK:"(P*) + ReKX*(P?). For example, for the f,(1370), we find
I'4=)/T,, =0.80 £ 0.04 [29]. (However, this last branching ratio is uncertain, since
the quite broad f,(1370) overlaps the f,(400-1200) to some degree.) For the
£,(1500), we find I'(KK)/T,, =0.044 + 0.021 and T'(2%)/T,, =0.454 + 0.104,
suggesting that I'(4x)/T , ~ 0.5, if '(nn)/T , and T'(n7n’)/T,, are small, as
they are in our model. We also suggest that ReAK[(P*) ~

ReK;™(P?) + Rng'-‘(P’) so that we finally assume

ReK](P?) =3 [ReK;"(P?) + ReK§*(P?)] . (4.4.6)
The factor of 3 in Eq.(4.4.6) is an important parameter of our model, since the mass

values predicted for the f,(980) and f,(1370) are sensitive to the value chosen for that
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parameter. Figure 25 shows values of Re K,-}-'(Pz) obtained with the use of Eq.(4.4.4).
(The factor of 3 in Eq.(4.4.6) is not included.)

We note that the detailed dependence on P*> of ReK; "~ (P?) and
AReK,.J.(Pz) is not important, since only the energies of the f,(980) and f,(1370) are
sensitive to the values of Re K} (P?), as we will see. It is also important to understand
that the contribution of all closed channels above 1500 MeV will make positive
contributions to ReK;7(P?) in the region below 1500 MeV, where we find thef, (980)
and f,(1370). That follows from the form of the dispersion relations, such as that given
in Eq.(4.4.4), and the fact that ImK, (P?) is positive. Ideally, it would be desirable to
have calculations of the contribution to ReK,-f(Pz) of the channels other than
x, K K , 1 and n%’, whose contributions to ReK,vf(Pz) have been calculated in this
chapter.

A T matrix is obtained as a solution of the matrix equation
t5(P?) = -G + G[J(P*) + ReK(P?) | t5(P?) (*.4.7)
or
t5(P?) = ~(1 - G[J(P?) +ReK(P)1)'G . (4.4.8)

We will use the notation

tS(P?) = fu(P) 1 (P) 4.4.9)
t,s(P?) t,,(P?)

for :5(P?) of Eq.(4.4.8).

The coupling constants of Eq.(4.4.1) may be expressed in terms of the
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parameters G and G, that appear in Eq.(4.1.1). We use a notation related to that of

Vogl and Weise [6] and write

G, =G - s (4.4.10)
and

LI 4.4.11)

with ¢, and ¢y, expressed in terms of the vacuum condensates

Cog = 31 (4 uu) - {s5)) 4.4.12)
and
Coo = = % (2 Cuw) + $5s)) . (4.4.13)

With {xu) =-(0.248 GeV)’and {s5s) = -(0.258 GeV)?, we have c,, = -0.0146
GeV?and ¢,, = 0.0317 GeV>. With the choice G; = 11.83 GeV?and G, = 86.39
GeV=, we have G, = 12.46 GeV?and G, = 10.46 GeV~. These values of G,, and
G,, are those used in the extensive studies reported in Ref.[17] and, therefore, do not
represent new parameters.

A T matrix may also be written with an explicit representation of the flavor

matrices:
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t5(P?) = M b (P?) — A‘ )\‘ w0 (P?) A

V2 Z V2
D (P 2 "° o (P
2

7" "

(4.4.14)

+

The basis A,/ ﬁ_ and )\0/\/2- is useful since it is related by a unitary transformation

to the basis spanned by the matrices A, and A_, with

Nun Y N/V2 . (4.4.15)
N/V2
Here,
1 2
3 3
M= . , (4.4.16)
12 |1
L 3 ~ 3 p
so that
A, = MM . (4.4.17)
V6 3
and
) . (4.4.18)

ﬁlf
éylz

This transformation is useful since our results are rather close to "ideal mixing" with
the T matrix approximately diagonal in the basis given by A and A_.

To include the glueball in our formalism we extend the definition of G to read
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2G, 0 0O
é-| o 26, ¢|. (4.4.19)
0 gl gll

where we have used the fact that the glueball only couples to singlet states, with g’ a
measure of such coupling. The matrix elements [J(P?) + ReK(P’)],.j withi =1, 2,
3and j = 1, 2, 3 are now obtained by adding the element 6, ,5, ;J, (P?) to the
elements given in Eq.(4.4.2). We write

2y _ a’
Jgg(P )=- s (4.4.20)

2
P -m,

where a is a parameter and m_ is the "bare mass” of the glueball. In the absence of
quarkonium-glueball mixing, the mass of the glueball is mg = m; - g”a. Since, in this
work, g” and a are taken to be quite small, we have mg = m;.

As we will see, when g’ is small the glueball is hardly mixed into other states.
Therefore, we will work with 2 X 2 matrices when describing some of our results.

[t is useful to define the matrices of dimension two

J¥ Py =MJI(PHYM™ , (4.4.21)
K°(P?) =MK(P)M™ , (4.4.22)
G5(P)=MGM" , (4.4.23)

and
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FS(P?) =Mt5(PY)M™ . (4.4.24)
We note that
J5(p?) = Ju(P?) S (P?) , 4.4.25)
J5(P?) J(P?)
with
TP =3 [%J&(Pz) - 2 TP + 2‘3/2_101(1’2) ] , @420
J:;(Pz) =—;— [%—J;(PZ) + %J&(Pz) - 2‘42_161(1)2) J 4.4.27)

and J_(P?) =J_(P*) =0. There are similar relations for KI(P*), KI(P*) and
KZ(P?). However, K.(P?) # 0, as may be seen in Fig.26, where we exhibit values
of ReK,(P*), ReK5(P?) and ReK(P?).

We use a notation similar to that of Eq.(4.4.25) for G’ and 75(P?). Itis also

worth noting that G’ of Eq.(4.4.23) is given by

2225 -1.88
S (4.4.28)

-1.88  23.68
for our choice of G; and G,. We remark that it is the nonzero values of G and
Re K (P?) that lead to nonzero values of ¢_(P?). Since £, (P?) is small, it is useful

to consider the functions
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T (P?) =- lm K. (P 4.4.29)
G - [J(P?) +ReKL(P?) ] -ilmKL(P?)
and
KK
T_(P?) = - [mK., (P (4.4.30)

G - [J (P +ReK'(P?) ] -ilmKI(P?)

which may also be written in terms of phase shifts and absorption parameters

T, (P?) = - &P - P sin[§ (P?) +in,, (P)] (4.4.31)
and
T (P?) = - e %P -1 (P [sinés(Pz) + in“(PZ)] . (4.4.32)
In the next section we will exhibit values of the functions
ImK."(P*)])?
| T, 1% = tm .. ¢ )]2 (4.4.33)
[G;,.‘ -[J..(P?) +ReK (P?) ]] +[ImKL (P?)]?
and
I = p2) 12
[T | = [Im K™ (P?)] 4.4.34)

-1 2 T, p2 2 Trp2y12
(G2 - 11,(P?) + RekI(P?) 1] + [ImKE(P?)])

Note that for those states that have ImK. (P?) = ImK,,(P?) in Eq.(4.4.33), we have

unity as the maximum value of |T_|?, ezc.
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4.5 Results of Numerical Calculations

As a first step in our analysis, we found the energies of the nn and ss states
in the confining field, in the absence of the NJL interaction and glueball couplings.
The nn states are shown in Fig.27a and the ss states are shown Fig.27c. Recall that
the energies of these states may be found from the position of the singularities seen in
Figs.19 and 20. We do not have absolute confinement in our model, with the
continuum for nn states starting at 2.75 GeV. (That value may be obtained by noting
that V__=«/pe and 2m, +V__ = 2.75 GeV, when m, = 0.364 GeV, « = 0.055
GeV2and ¢ = 0.010 GeV.) Below 2.75 GeV, we find eight nn states and seven
ss states. (There are additional bound ss states, since the continuum for those states
starts at 3.15 GeV. See Fig.20.)

As a next step we consider the role of the NJL interaction, but with
ReK,-,T(PZ) = 0. (Here, we continue to use G,; = 12.46 GeV? and G, = 10.46
GeV=.) The results for the mass values are given in Fig.27b, where the dotted lines
denote the ss states. Note that the states with the least of number of nodes are most
strongly affected by the NJL interaction, since such states have wave functions that are
large at the origin in coordinate space.

We now include ReKqs(P?), ReKyo(P?), ReKog(P?) and ReKgo(P?) in the
calculation, making use of Eq.(4.4.6). We also introduce a glueball with
mg;=m, = 1.70 GeV. (Here we consider matrices of dimension 3.) In Fig.27d, we see

that only the nodeless ss and nn states are moved down to significant extent with the
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inclusion of ReK,-,?(Pz). There is relatively little deviation from ideal mixing as may
be seen in Table 12. We write the eigenfunctions resulting from the diagonalization of

the T matrix as
¥, =c,|nn) +¢,|s5) +¢,|G) . @4.5.1)

For the choice g’ =g” = 0.1 GeV?and a = 0.1 GeV?, we obtain the results given in
Table 12, where we also show the coupling constant g for a few states. These meson-
quark coupling constants are defined after diagonalizing the T matrix. Near a

singularity of one of the eigenvalues, T,(P?), we define

TPy =2 | 4.5.2)
P:-m;

etc. For the f,(980) we have g = 5.77 and for the f,(1370) we have g = 8.15. [Note
that we have neglected Im K(P?) in our matrix diagonalization.] Since the effect on any
state of Re K,-,T(Pz) is approximately proportional to the square of the coupling constant
for that state, we can see why only the two nodeless states, which have large coupling
constants, are affected. In order to clarify this observation, we may consider a simple,

single-channel model for which

t(P?) = - L ) 4.5.3)
G ' -[J(P?) +ReK(P?) ]

We then expand J(P?) about the resonance value obtained form the equation
G'-Jm)=0. 4.5.4)

We write
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8J(P2)|

apP?

J(P?) = J(my) + (P - my) 4.5.5)

Plam}
(Here, we are treating Re K(P?) as a perturbation.) We identify the coupling constant

as

_3J(PY)

, 4.5.6)
aP2 IP‘ =mi

g-2

so that

t(P?) = - & ) 4.5.7)
P? —mg + g2 Re K(P?)

Therefore, we see that we only obtain large shifts away from m, if g is large, as it is
for the nodeless states found near 980 MeV and 1370 MeV in this chapter. Using a

similar analysis, we can see that

m, Ty, = g*ImK(mg) , (4.5.8)

where T'; is the width of the state.

In this section we calculated the eigenstates of the 3 X 3 T matrix while
neglecting ImK;(P?). [See Table 12.] Since the glueball was hardly mixed with the
gq states, we turn to a consideration of 2 X 2 matrices. However, in this case we
include Im K, (P?) and diagonalize the resulting complex 2 X 2 matrices. That is, we

bring the matrix ¢(P?) to diagonal form, with eigenvalues ¢, (P?) and ¢,(P?):
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2
t, = Wy 0 . 4.5.9)
e 0 1,(P?)

Consider the f,(980) resonance which appears in ¢, (P?). We may write

gz
t,(P?) = ik : (4.5.10)
P*-m; +im 7T,

or, incorporating the eigenvectors, we have
T(P?) = |e,) t,(P?) {e,| , 4.5.11)
with
ey =0.300 2 +0.950 > 4.5.12)
V2 V2
(In Eq.(4.5.12) we have neglected a quite small imaginary part of one eigenvalue,
which is about 0.05 in magnitude.) The eigenvector in Eq.(4.5.12) corresponds to

about a 10 % strange quark content in the f(980).

Note that one way to obtain g, is to calculate |#(m;)|> and put
g =mTi|,(m)*, 4.5.13)

once the (total) width of the state is known. We find g, = 5.96 for the £ (980), with

I‘/u (980) = 99 MeV, as before. For the f,(1370), we have

2
t,(P?) = £ , 4.5.14)
PP-m, +im,T,

with g, = 8.58 and I‘J; (1370) = 225 MeV. Further, near the Pf..(1370) resonance
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T(P?) = |&) 1,(P*) (e, . @.5.15)
with
fe,) =-0.870 M L 0.49 ) ) (4.5.16)
V2 V2
In this case we only have about 1 % of the nodeless nn state present. Note that the
inclusion of ImK,(P?) in the T matrix, and the use of the approximation represented
by Eqgs.(4.5.10) and (4.5.14), leads to slightly larger values of the coupling constants
for the £,(980) and f,(1370) than those given in Table 12.

The spectrum obtained with the neglect of Im K;(P?) was exhibited in Fig.27d.
In Fig.28 we compare our results for the a, meson spectrum with that for the f,
mesons. Since, we have approximate ideal mixing, we see the (T = 0) f, spectrum
may be obtained from the (I’ = 1) a, spectrum by inserting a number of what are
largely ss states plus the glueball.

At this point we proceed to exhibit various T matrices calculated in different
approximations. First, we show the results that follow, if we make the assumption of
ideal mixing. In Fig.29 we exhibit values of | T (E) |* of Eq.(4.4.33). The peaks of
the resonances seen there are at 978, 1549, 1843, and 2064 MeV. The width of the
5, (980) is Pf., (980) = 99 MeV, while the other widths that measure decay to the
xx and KK channels are significantly smaller. In Fig.30 we show |T_(E)|*? of
Eq.(4.4.34). Here we see peaks at 1340, 1864 and 2108 MeV. There is a small peak
at 1843 MeV and a very small peak at 2064 MeV, which is too small to be seen in the

figure. Here the f,(1370) and the f;(2108) appear as elastic resonances with T’ (1370)
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= 225 MeV. The width of the f,(1370) found in the data tables is 200 - 500 MeV
[29]. As we will see, the approximation used to construct Eqs.(4.4.33) and (4.4.34)
should be improved upon, since there are corrections to the results based upon ideal
mixing.

We continue to study matrices of dimension 2 and use this formalism to obtain

a T matrix for = or KK scattering. For example, from Fig.31, we see that

MK (P Im Kz (P Im K (P
T"(P2)=é[—m 8;( ):“(P2)+___m'q§( )tw(P2)+2—_.__mIq;( ):08(1”)],
@.5.17)

where we have used the fact that

ImK"(P?) = X5 Mz (P2 M7 (P (4.5.18)
8xP°

Here S = 2 is a statistical factor which is removed when calculating T__(P?) of

Eq.(4.5.17). Also,

oo | e (4.5.19)
4 x
We see that we may write
Trf(Pz) = — '8P (P sin[5"(P2) - iﬂ"_(Pz)] , (4.5.20)

so that for an elastic resonance | T__(P?)|? takes on a maximum value of unity at the

peak.
The calculation of | T__(P?) |* of Eq.(4.5.17) yields a curve that is very similar
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to that seen in Fig.29, where ideal mixing was assumed. However, when we calculate
| T¢z(E) |*, using the analog of Eq.(4.5.17), we get the solid curve seen in Fig.32.
There |Tx(E)|? is compared to | T, (E)|?, which is shown as a dotted line. For
| T,z(E) |* we find a maximum value of 1.0 at the f,(1370) energy and at the energy
of the £,(1863). We note that the width of the f,(1370) for xx plus KK emission is
reduced to T', (1370) = 192 MeV from the value 225 MeV obtained from | T, (E) |>.
[t is worth noting that significant peaks are seen in Fig.32 for the (predominantly) nn
states at 1549, 1843 and 2064 MeV. (These states have only small ss components. The
values of Im K,-'f'_‘(Pz) are larger than those of ImKj (P*). and that leads to

significant (small) peaks in Fig.32 at the energies of the nn states.)

4.6 Threshold Effects in the Calculation of the Properties of the S, Mesons

Thus far we have made use of the regulator of Eq.(4.3.24). In this section, we
consider our results when the factor {1 - exp[ - (P2 - mj,)/B%]} is removed from the
regulator. In this case, we obtain ReKj (P?) and ReK,fE(PZ) directly from
ImK;;"(P?) and [mK,-'f'-‘(Pz) using the dispersion relation given in Eq.(4.4.4). Thus,
the real and imaginary parts of K,.j(Pz) now have the threshold behavior obtained from
the use of a regulator without any P? dependence. [See Figs.33 - 38.] However, we
still need a parameter to describe the contribution of the four-pion channel and other

two-meson, or multi-meson channels. To that end, we modify Re K,;(Pz) to read
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ReKT(P?) = ReK;™ (P?) + Re KKK (P?) +a, 4.6.1)
where a,, = 0.020 GeV?, a,, = 0.005 GeV?and a,; = - 0.005 GeV?>. There is only
a single new parameter here, since we chose a value for g, and then fixed the ratios

a,/a, and a,/a, to correspond the ratios ReKg(P?)/ReKgo(P?) and

88
ReKas(P?)/ReKl,(P?*) seen in Fig.25 at about P> = 1.0 MeV. This procedure
ensures that the rapid rise at threshold of ImK7~(P?) and ImKXX(P?) only affects the
threshold behavior of Re K7;~ (P?) and Re K,-'fE (P?) . Recall that the only relevant values
of a,; are those in the region of the f,(980) and the f,(1370), so that the use of constant
values for the g, is an acceptable approximation. In Figs.33-35, we show the values
of ReK;"(P?) and ImKj;"(P?) obtained when the regulator R(k) = E_exp[kf/af]
is used. What is to be noted in these figures is the strong cusplike behavior seen in
Re Kj;" (P?). The values of ImKj;"(P?) shown in Figs.33-35 may be compared to the
values shown in Fig.23 where the regulator of Eq.(4.3.24) was used. The functions
shown in Fig.33-35 increase much faster with P? near threshold than those of Fig.23.
The functions ReK,.'fE(PZ) and [mK,-’f‘-‘(Pz) show similar differences when calculated
with the two different regulators. (See Fig.24 and Figs.36-38.)

We now calculate T__(P?) and T,z(P?) using Eq.(4.5.17) and its analog for
KK scattering. The results found with the regulator R(k7) = J’%-exp [K/al] are
shown in Figs.39 and 40. In Fig.39 we see peaks at 982, 1552, 1840 and 2062 MeV.
The £,(980) has a width of 56 MeV at half-maximum. That resonance also exhibits a

significant "background” starting near the two-pion threshold and continuing to about

1.2 GeV. In Fig.40 we show | T, z(E) |? and find peaks at 1040, 1410, 1552, 1840,
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1858, 2062 and 2102 MeV. The peaks at 1040, 1552, 1840 and 2062 MeV have as
their basis states that are largely of nn character. (The prominence of these peaks in
Fig.40 is due to the relatively large values of [mK,-f'-‘(Pz) when compared to
ImK;™(P?).)

The excitation in the vicinity of 980 MeV in Fig.39 and that around 1040 MeV
in Fig.40 should properly be thought of as arising from a single state, the f,(980). [See
Fig.41.] That state would therefore show finite values for the branching ratio
I‘(KI—()/[I‘(KI_() +['(x7)] = I‘(KI?)/I‘M(980). Values of 0.1 to 0.3 could be
obtained for that ratio depending upon the energy range is assigned to the f,(980) in
Fig.39. That is, the branching ratio will depend upon how one treats the "background”
seen in the vicinity of the f,(980) in Fig.39. The experimental values of the branching
ratio listed in the data tables are 0.67 + 0.09, 0.81 +Jo and 0.78 + 0.03 [31].
Inspection of Figs.39 and 40 suggests that, if we were to use a Breit-Wigner form to
represent the f,(980) resonance (with a width of about 56 MeV) we would then wish
to account for the enhanced =« interaction seen in the energy range of 400-1200 MeV.
Clearly, there exists some motivation to introduce an excitation somewhat like the
J,(400-1200) that appears in the data tables.

Finally, we remark that we have used R(K) =y2/3 exp[k/o’] as the
regulator for the calculations reported in this section. Alternatively, we could have
used R(k?) =exp[k/ai] if we put @, = 0.25 GeV?, instead of o, = 0.325 GeV?,

which was the value used when the factor of y2/3 appeared in the regulator.
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4.7 Discussion

The assignment of the states f,(980), f,(1370), f,(1500) and £, (1710) to specific
quark model configurations, as well as the identification of the scalar glueball, is
difficult and there is no agreement to be found in the literature. One is usually assisted
in this matter by studying branching ratios, but given the absence of a satisfactory
scheme for calculating decay widths, various contradictory conclusions may be drawn.
There are also problems associated with the data itself. We take as an example the
1, (1370). In the data tables, we find ' __/T, , to be either 0.26 + 0.09, < 0.15 and
< 0.2 depending upon the experiment [29]. (The determination of I'__/T'__, for the
1, (1370) is difficult, since the large width of the f,(1370) leads to an overlap with the
£,(400-1200).) We also find I'(4x)/T,, = 0.80 + 0.04 and I'(KK)/T, =0.35+
0.13 in the data tables. If we take the first value given for T'__/ T . and sum these
ratios we find 140 + 26 %, rather than 100 % of the total width. Therefore, we can
assume that there are significant uncertainties associated with the values of the
branching ratios. Our work suggests that T'(KK)/ T . may be about 0.5, with
I'(47)/T,,, also about 0.5 and with very little two-pion emission. The fact that the
f,(1370) is only weakly coupled to the two-pion channel has been reported by Bugg
and supports our suggestion that the f,(1370) is a ss state. Since we haveI‘(KI—() =
190 MeV, the above argument suggests a total width of about 400 MeV for the
1, (1370), while the data tables have I', ,(1370) = 200-500 MeV [29]. However, we

should note that the most significant shortcoming of our analysis is the absence of a
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model for decay to the four-pion channel.

As for the f,(1500), the small total width of 112 + 10 MeV leads to the
suggestion that the f,(1500) may be a glueball [30, 31]. However, in our model the
width of the f,(1500) is quite small, since it is a radial excitation of the f,(980) with
a single node and, therefore, it has a small coupling constant for coupling to quarks.
In our calculation, we found I'(xx) = I‘(KI?) = 6 MeV. That is consistent with
I(KK)/T,_, = 0.044 + 0.021 which appears in the data tables, but inconsistent with
I(KK)/T'(2%) = 0.19 + 0.07, which also appears in the tables [29]. The last
branching ratio suggests that we have underestimated I'(2x) for the f,(1500) by a
factor of 4 or 5. That may be due to our neglect of final-state interactions of the pions
in the decay channel. The fact that I'(4x)/T'(2x) = 3.4 + 0.8 in one experiment
suggests that one might have I'(2x) = 30 MeV, I‘(KI—{) = 6MeVand I'47) =
75 MeV for a T',(1500) = 111 MeV (However, that suggestion leaves little room
for I'(nn) which is thought to be significant in some experiments [29].) In Ref.[31]
the width of the f,(1500) is given as ' = 111 + 12 MeV, with decays to the
x7, nn, nn’, KK and 4= channels, and with branching percentages of 29.5, S, 1,
3 and 62% , respectively. That result again suggests that we have underestimated the
w7 decay width for the f,(1500) by about a factor of 4 or 5. Our relative success in
calculating I'(K I—() , while underestimating I'(x =) for the £,(1500), may be due to the
fact that we are closer to the KX threshold than the =« threshold when investigating
the properties of the f,(1500).

It is of interest to note that our identification of the f,(1710) as the glueball is
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in accord with the results of lattice QCD calculations [32-34]. The wave functions
suggested by Lee and Weingarten have the percentages of nn, ss and glueball
configurations given in Table 13. There we see that the f,(1500) is mainly of ss
character. However, we saw that this state had ['(KK)/T,,, = 0.044 + 0.021,
which is very hard to understand if the ss characterization is correct. In a similar
fashion, since the nn content of the f,(1370) is given as 67.1 % in Table 13, one
would expect a quite large value of I'(2x)/T,_, for the f,(1370). However, the value
r(2=)/Tr,,, is quite small. Therefore we believe our assignments of ss character to
the f,(1370) and 2°P, nn character to the f,(1500) is more in keeping with the
implications of the experimental data.

Quarkonium-glueball mixing has also been studied in Refs.[36] and [37]. In

Ref.[36] the following matrix is considered

m; z V2 z

H=| z m: 0 |, 4.7.1)

V2z 0 m .

where mg , m; and m,; are the masses in the absence of quarkonium-glueball mixing.
Here z= {G,|H,|ss) = {G,|H,|nn) /|2, where |G,) is the "bare" glueball.
The relation between the off-diagonal elements only pertains if they have the same
configuration. However, in our model the ss state has a 1°P, character and the
nearby nn state is a 2°P, state. Therefore, it might be more appropriate to consider the

matrix
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r

m, z Y2z V22|

zZ m- O 0
H,- v 4.7.2)

ﬁ_z, 0 m,f; 0
V2z 0 0 m-

ﬂﬂJ

where m,; is the "bare” mass of the 2°P, nn state and m_ is the mass of the 1°P,
nn state [the f,(980)]. The relation between z and z, is unknown.

We solve for the eigenfunctions and eigenvalues of Eq.(4.7.1) putting z
= 0.060 GeV, m; = 1.55 GeV, m; = 1.400 GeV and m_; = 1.550 GeV. We
obtain the eigenvalues and eigenvectors shown in Table 14 and write the resulting state

as
l ¥) =a, | G) +a,| s5) + a, | (nn)y) (4.7.3)

where the a,’s are given in Table 14. If the glueball state has a large decay amplitude
for four-pion decay and only a small amplitude for two-decay [37], we can still
understand why the f,(1370) has little coupling to the two-pion channel. We can also
understand why the f,(1500) has about a 0.6 branching ratio for decay to the 4«
channel. Note that, since the | (nn)’) has a quite small width ( ~ 6 MeV) for decay
to either the 2x or the KK channel, it is not important for our qualitative
observations.

If we turn to Eq.(4.7.2), we see that there is an extra parameter to be

considered. For simplicity, we put z, =z and write the wave functions as
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19> =b,1G) +b,|55) +b,| (nA)> +b,|nH) . 4.7.4)

We put m - = 1.00 GeV and obtain the results given in Table 15. [See Fig.42.] (The
values of m , m.; and m_ are the same as those specified previously.

It is clear that a good deal of work is needed to understand the coupling of the
glueball to the gq states calculated in this work. That is, the parameters z and z,
should be calculated from first principles. Coupling constants for the glueball to decay
to pairs of pseudoscalar ggq states have already been reported in Ref.[38] and appear
to favor the assignment of the f,(1710) as having the major glueball component. The
fact that the glueball has a (small) finite decay to the two-pion continuum probably
accounts for some part of our underestimate of the two-pion decay in the case of the
£, (1500). Also, if the wave functions of Table 15 are to have some correspondence to
reality, we would have to probably appeal to destructive interference between the
decay amplitudes of the ss state and the glueball for decay to the K K channel.
Otherwise, we would overestimate the KK decay of the f,(1500) by a large factor.

This matter clearly requires further study.
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Appendix A

In this Appendix we present equations that may be solved to obtain I';_,, I';,,
I'7.. and Tz .. These equations are obtained from Egs.(3.3.6) and (3.3.7). One
method that may be used is to multiply ™ (P, k) from the right by A©(-%) and
from the left by A‘“’(E). One can then multiply from the left by either Q,, or P, and

then form the trace of both sides of the equation. We find, with i = 1 or 2,

.- 2 dk’ m 2
F i P,k =C-- k9 k/, _—C
niP.k)=C-3, fy( x)[E(k’)]

4 g
11 @20 AD)
cr T 1T
x Y R) ek
P°-2E()
Here C,=1 and C, =0. With x =cos@, we have
7} 2 /
1, (k, K x)=- [2 L4 +ﬁ} P.(x) . (A.2)
m | k -
N 12
t,(k, K, x)= [E(") 2x(1-x) ™ . (A.3)
!
ek, kK, x)=3x(1-x) K | (A.4)
B 4 m

and
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2
bk, K x) = - [E(k’)] [xs +_k_lf_/____p2(x)] , (A.5)
m E(k) E(K)

In Eqs.(A.2) and (A.S), P,(x) is a Legendre function. Also, & = | k|, k' = | X| in
all the equations given above. Corresponding equations for I'z,_, and I'z_, are obtained
by replacing C, by D, where D, = 0 and D, = 1. We then see that the homogenous
equations for the various I'*~ are the same. Therefore, I'z_ ;, 'z ., 'z, and Iz,

have singularities at the same energies.
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Table 1

Pseudoscalar mesons. The pion states designated as n'S, have little
pseudoscalar — axial-vector mixing [2]. Here G; = 12.46 GeV™ for states other than
the v (138). Also, « = 0 for the v(138), and x = 0.0575 GeV? for all other states.

We use ¢ = 0.01 GeV and A; = 0.622 GeV.

Mass (Expt) Mass (Theory) | Spectroscopic

(MeV] [MeV] character

*°: 134.9764 + 0.0006
7(138) 138 11,
x*:139.56995 + 0.00035

1202° mixed
x(1300) 1300 + 100
1400 2'S,
—_— 1539 mixed
1746 3'S, |
7 (1800) 1795 + 10
1805 mixed

__—w‘

a) Needs confirmation.

b) See Ref.[2] for a detailed study of this state.
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Table 1 (continued)
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Pseudoscalar mesons. The pion states designated as n'S, have little

pseudoscalar — axial-vector mixing {2]. Here G; = 12.46 GeV~ for states other than

the w(138). Also, x = 0 for the #(138), and x = 0.0575 GeV? for all other states.

We use ¢ = 0.01 GeV and A; = 0.622 GeV.

Meson

K(495)

K(1460)°

K(1830)°

Mass (Expt)

1400 - 1460

~ 1830

a) Needs confirmation.

K*:493.677 £+ 0.016

K°:497.672 + 0.031

Mass (Theory)

b) See Ref.[2] for a detailed study of this state.
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Table 2

Parameters used in chapter 2 - see Section 2.4. The first three of these
parameters are not varied when fitting data. The parameters G, and G,, are used in
the study of *P, - ' P, mixing of strange axial-vector mesons. [See Eq.(2.8.1).] The
parameter & is used in the study of » - ' mixing.

p = 0.010 GeV [

A, = 0.622 GeV

m, = 0.364 GeV

m,_ = 0.565 GeV

x = 0.055 GeV?

G, = 12.46 GeV*>

G, = 12.46 GeV~

5 =2.0GeV?

G, = 78.13 GeV?, G,, = 8.00 GeV*?
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Vector mesons. Here G, = 12.46 GeV?2, m, = 0.364 GeV, m_ = 0.565 GeV,

A, = 0.622 GeV, p = 0.01 GeV and « = 0.055 GeV-.

Mass (Expt)

[MeV]

Mass (Theory)

[(MeV]

Spectroscopic

character

w(782)°
w(1420)°

w (1600)

¢ (1020)°

¢ (1680)

K*(892)
K" (1410)
K" (1680)

781 +£0.12
1419 + 31

1649 + 24

1019.413 + 0.008

1680 + 20

891.59 +0.24
1412 + 12

1714 + 20

-——

135,

S

1°D

a) These states are used to fix three parameters of the model: G,,, m_and «.
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Table 4

Mass values of scalar mesons. See Table 2 for a list of parameters. No

parameters are varied in these fits to the data.

Meson Mass (Expt) Mass (Theory) Spectroscopic
MeV] MeV} character

K, (1430) 1429 +4 +5 1416 P,
-— — 1738 2’P,
K, (1950)° 1945 + 10 £+ 20 1999 3P,
a,(980) 983.5 £ 0.9 1063 1’P,
a,(1450)° 1450 + 50 1556 2’P,
— — 1857 3P,

a) Needs confirmation.
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Table §

Mass values of the a, mesons.

1230 + 40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Spectroscopic

character



Table 6

Mass values for the b, mesons under the assumption of ideal mixing. [See

Fig.13.] Here m, =m, = 0.364 GeV.

Meson Mass (Expt) Mass (Theory) Spectroscopic
[MeV] [MeV] character
b,(1235) 1231 + 10 1230* 1'P,
- — 1587 2'P,
— — 1876 3P,

a) This state is used to fix G, = 78.13 GeV=2.
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Theoretical and experimental values of the masses of the axial-vector K, mesons.

See Eqgs.(2.8.30) and (2.8.31) for definitions of the coupling constant and mixing

angle.

Mass (Expt)

Table 7

-97-

1722

[MeV] [MeV] angle ¢
K, (1270) 1275 £ 10 1274* -15.2° 8.60
K, (1400) 1402 + 7 1483 40.9° 3.13
1594°
K, (1650) 1650 + 50

a) Fit by the choice G,, = 8.0 GeV?, when M = 1.0 GeV. [See Eq.(2.8.28).]

b) These are doublets weakly coupled to quarks.
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Table 8

Mass values of ss axial-vector mesons in the case of ideal mixing. Here

m,=m, = 0.565 GeV.

Spectroscopic

character

1P

1

2P,
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Table 9

Experimental values for the mass and width of f, mesons [8]. The small dots
in the first column denotes confirmed f, states as given in Ref.[8]. Reference [24]

describes the observation of a f,(1750).

Meson Mass (MeV) Width (MeV)
- £,(1270) 1275+5 185 +£20
£,(1430) = 1430 —
-£,/(1525) 1525 +5 76 + 10
£,(1565) 1565 +20 170 + 40
£, (1640) 1638 + 6 200 + 50
£,(1750) 1770 £ 20 195 +22
£,(1810) 1815+ 12 250 + 50
£,(1950) 1950 + 15 31926
- £,(2010) 201175 202:¢;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 100 -

Table 9 (continued)

Experimental values for the mass and width of £, mesons [8]. The small dots
in the first column denotes confirmed f, states as given in Ref.[8]. Reference [24]

describes the observation of a f,(1750).

Meson Mass (MeV) Width (MeV)
" £,(2150) ~ 2150 - 2226 250
£,(2220) 2225+6 38733
- £,(2300) 2297 +28 149 + 41
- £,(2340) 2339+ 55 31976
N R S
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Values of the mass, g, g’ and the mixing angles for the lowest five states of

f, mesons obtained in chapter 3. Here, ideal mixing is seen, as expected. Additional

s's states are found at 1745, 1767 and 1943 MeV and additional (uu + dd ) states are

found at 1913 and 1939 MeV. The six (uu« + dc-i) states and the four ss states listed

above correspond to the five states shown in Fig.15a, which have a degeneracy factor

of 2. Here, m, = 0.364 GeV, m_= 0.565 GeV, « = 0.055 GeV?, A, = 0.622 GeV

and p = 0.010 GeV [1-2, 17]. The two new parameters introduced in chapter 3 are

G, = 47.00 GeV? and G, =6.80 GeV=2.

]

[MeV] (degrees) (degrees)
1254 nn 1S 7.82 -1.48 -35.26 -35.26
1429 nn 1S 4.62 2.12 -35.26 -35.26
1527 nn 2S 0.931 0.612 -35.26 -35.26
1551 ss 1S -3.56 1.85 54.79 54.79

-35.26
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Table 11

Quark-antiquark states-bound of f, mesonsin the confining field at energies

above 2 GeV. [See Fig.16.] Here, m, = 0.364 GeV, m_ = 0.565 GeV and « =

0.055 GeV=.

AR

Principal quantum

number Mass (GeV) Mass (GeV)

2.205

2.373

2.517

6 2.455 2.653
" 7 2.570 2.760
8 — 2.860

2.970
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Table 12
Mass values and wave functions of f; states calculated in chapter 4. In obtaining

these results we have neglected ImKU(Pz). See Eq.(4.5.1) for the definition of

¢, , ¢, and ¢; and Eq.(4.4.19) for the matrix of coupling constants.
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Table 13

Percentage of nn, ss and glueball configurations in the f,(1710), f,(1500)

and f,(1370) in the analysis of Lee and Weingarten [32-34].

5, (710) £, (1500) 1, (1370)
nn 17.0 15.9 67.1
ss 9.2 82.5 8.4
G 78.8 1.6 24.5
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Eigenvalues and wave functions for the matrix of Eq.(4.7.1). The wave

functions are given in Eq.(4.7.3), with | (nn)’) being the 2°P, nn state.

l Eigenvalue [GeV] a a, a,
1.643 0.725 0.180 0.664
1.485 - 0.561 - 0.403 0.722
1.370 - 0.398 0.897 0.192
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Table 15

Eigenvalues and wave functions for the matrix of Eq.(4.7.3). Here z =z, =
0.075 GeV, m, = 1550 GeV, m; = 1.400 GeV, m,; = 1.550 GeV and
m- = 1.000 GeV. The wave functions are of  the form

| ¥.> =b,|G) +b,|s5s) +b,|(nn)’) +b,|nn) .

Eigenvalue [GeV]

1.678
1.484
1.365

0.980
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Figur i

Fig.1 Mass values for the mesons of the pseudoscalar and vector nonets are shown.
The horizontal lines, rectangular boxes and crosshatched regions show
experimental values taken from Ref.[8]. The dotted lines represent the mass
values calculated in chapter 2. A small D is placed near those states that are

calculated as D states or are so assigned in Table 12.2 of Ref.[8].

Fig.2 The eigenvalue of the largest magnitude for the T matrix calculated in our study
of the n -’ system. We find states with the energies 0.551, 1.039, 1.204,
1.406, 1.530, 1.543, 1.726, 1.749, 1.813 and 1.819 GeV, when the parameters

of Table 2 are used.
Fig.3 The function J (P?) is shown. The horizontal line represents
G;' =(12.46 GeV-2)'. The intersections of that line and the curve

representing J_ (P?) provide the solutions of the equation G,' - J,(P?) =0.

Fig.4 The function Jé(Pz) is shown. The horizontal line represents

v =(12.46 GeV 2)"'_ (See caption to Fig.7.)
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Fig. S The function J,,(P?) is shown. The vertical lines represent the energies of the
bound states in the confining field. There is a 1° D, sightly above the 2°S, state

and a 2°D, state just above the 3°S, state. The horizontal line represents

G, =(12.46 GeV-?)-'. The intersections of that line with the curve
representing J,.(P?) yields the solutions of the equation G;' -J, (P?) =0.

(Note that the D states are hardly affected by the NJL interaction. For example,

the 1°D, state is found between the two vertical lines near P? = 2.9 GeV? when

the NJL interaction is taken into account.) The energies of the X mesons

found in this manner are given in Table 3 and shown in Fig.5.

Fig.6 States of the scalar nonet are shown.

Fig.7 The function J),(P?) is shown. The horizontal line represents

G:' =(12.46 GeV-2)'. (See Table 4 for masses of the @, mesons.)

1g. (<4 nction us IS SNOowI1. [ orizon ne represen(s
Fig.8 The functi JE(P?) is sh The horizontal i

Gs' =(12.46 GeV-2)™. (See Table 4 for masses of the K, mesons.)

Fig.9 The *P, and ' P, nonets of axial-vector mesons are shown.
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Fig.10 The function J(P?) is shown. The first pair of vertical line at about 2.5 GeV?
indicate the energies of the 1°P, and 1'P, states in the confining field with the

I°P, state having a lower energy. The second pair of vertical lines show the
positions of the 2°P, and 2' P, states in the confining field. The horizontal line
represents G,' = (12.46 GeV?)"'. Note that only the >P, states move down in
energy to any significant degree, when the NJL interaction is taken into

account.

Fig.11 The function J;}(P?)/M? is shown. The intersection of that curve with the
horizontal line representing G = (78.13 GeV?)"! yields the (uncoupled)

spectrum shown in Fig.14a. (Here M = 1.0 GeV.)

Fig.12 The function J3(P?)/M is shown. (Here M = 1.0 GeV.)

Fig.13 The function J;; ,,(P?) is shown. Here m, =m, = 0.364 GeV. The horizontal
line represents G;' = (78.13 GeV2)"'. The intersection of that line with curve
representing J;; ,,(P?) yields the mass values for the b, mesons given in

Table 6. Here we assume ideal mixing.
Fig.14 (a) The mass values obtained from the solution of the equation

G¢' - J{1(P?) =0 are represented by dotted lines. Here G, = 78.13 GeV2. We

find states with mass values of 1.35, 1.59, 1.73, 1.84 and 2.00 GeV.
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(b) The mass values obtained from the solution of the equation

v = J32(P?) =0 are shown as dotted lines. (Here G, = 12.46 GeV2.) We
find states with mass values of 1.43, 1.59, 1.75, 1.84 and 2.01 GeV. Note that
J35 (P?) is the same as J2 (P?) shown in Fig.10.
(c) The states of the K, meson, calculated with G, = 78.13 GeV? and G,,
= 8.00 GeV?, are compared to the data. Here we include the mixing due to the
polarization functions J55(P?) and J;; (P?), as well as that due to the direct
coupling parameterized by G,,. (See Table 7.)
(d) Masses of the b, mesons. (See Table 6.)

Fig.15 (a) The levels in the confining field are shown for m, = m, = 0.364 GeV,
m_ = 0.565 GeV, « = 0.055 GeV? and u = 0.010 GeV. Here
in=(au+dd)/\|Z.

(b) Experimental values of the masses of the f, mesons. The f,’(1525) is
assumed to have a 55 configuration and it is possible that the f,(1750) is such
a state [24].

(c) Theoretical mass values are shown for G,.l = 47.00 GeV? and GTz = 6.80

GeV=. The mass values are 1254, 1429, 1527, 1551, 1685, 1745, 1767, 1913,

1939 and 1943 MeV.
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Fig.16 The states of Fig.15a are put into correspondence with the states of Fig.15c.
The dotted lines refer to the s states. For each doublet, a state that is mainly

*P, lies lower in energy than the other member of the doublet, which is mainly

of °F, character.

Fig.17 (a) The diagram shows the basic vacuum polarization diagram of the NJL model
which serves to define the function - iJ5(P?).
(b) The diagram serves to define the function -iJ5(P?) when confinement
effects are included. The shaded triangular area represents the confining vertex
shown in Fig.18. The right-hand side of the figure show a perturbative

expansion for -iJ(P?).

Fig.18 (a) The figure shows the integral equation for the vertex I:S(P, k) [shaded
triangular area]. The dashed line represents the confining interaction.

(b) A perturbative expansion for fS(P, k) is shown.

Fig.19 The figure shows J.,(P?) which has singularities at the bound states in the
confining field. The bound state energies are 1369, 1667, 1896, 2095, 2262,
2413, 2537 and 2651 MeV. The continuum starts at 2m, + V_ = 2748 MeV.
Here m, =m, = 0.364 GeV, « = 0.055 GeV? and x = 0.01 GeV. [See

Fig.27a.]
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Fig.20 The figure shows J3(P?). There are bound states in the confining field at 1693,
1945, 2154, 2331, 2485, 2625, 2744, 2855, 2955 and 3039 MeV. The

continuum starts at 2m, + V= 3150 MeV. Here m_ = 0.565 GeV. [See

Fig.27c.]

Fig.21 (a) The figure serves to define -i K, (P?) for intermediate two-meson states
represented by wavy lines. The filled areas represent confinement vertex
functions and the A; are Gell-Mann matrices.

(b) Contribution to - i K,.j(Pz) from four-pion intermediate states are shown.

(We neglect confinement in the case of the pion.)

Fig.22 (a) The amplitude M;" (P, «) for a scalar qq state to decay to two pions is
shown. The left-hand confinement vertex is represented by
fS(P, k)=a,(P,k) + # a,(P, k) of Eq.(4.3.22). (The exchange diagram is not
drawn.)

(b) The amplitude M**(P, «) for a scalar ¢ state to decay to the KK~ or
K°K® channels. The left-hand vertex is again given by fs(P, k). Confinement

vertices are included for the kaon.

Fig.23 The figure exhibits the values of Im K3, (P?) [solid line], ImKy; (P?) [dotted
line] and Im K5y (P?) [dashed line). The regulator of Eq.(4.3.24) is used in the

calculation of the decay amplitude M,(P?).
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Fig.24 Values of ImK *(P?) [solid line], ImKX*(P?) [dotted line] and
[mKo’f,E(Pz) [dashed line] are shown. (The regulator of Eq.(4.3.24) is used in

these calculations.)

Fig.25 Values of ReK%(P?) [solid line], ReKi(P?) [dotted line] and Re Ky (P?)
[dashed line] are shown for the quantity defined in Eq.(4.4.4). (The regulator

of Eq.(4.3.24) is used in these calculations.)

Fig.26 Values of ReK”, (P?) [solid line], ReK~(P?) [dotted line] and ReKL (P?)
[dashed line] are shown. (The regulator of Eq.(4.3.24) is used in these
calculations. These values are related to those of Fig.25 and do not contain the

factor of 3 that appears in Eq.(4.4.6).)

Fig.27 (a) - (c) Figure (a) shows the energies of nn states bound in the confining
field. Here m,=m, = 0.364 GeV, p = 0.010 GeV, and « = 0.055 GeV>.
Figure (c) shows the energies of the 5§ states bound in the confining field. Here
m_ = 0.565 GeV.

(b) In this figure we show how the energies of the states in (a) and (c) change
when the short-range NJL interaction is included in the calculation. The letter
G denotes the state we have chosen to be the scalar glueball. Here, dotted lines

denote ss states.
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(d) This figure shows the result of including ReKi;(P?), ReKy(P?),
ReK%(P?) and ReKy(P?) when calculating the energy levels. We are to close
ideal mixing, with ss states denoted by dotted lines.
(e) Energy levels found in the data tables are shown [29]. The states at 2100

MeV and 2315 MeV have recently been seen by Bugg et al..

Fig.28 The figure shows the calculated energies of the f, and @, mesons. Since the
results are quite close to ideal mixing, we indicate nn states by a solid line and
s5 states by dotted lines. These results include the effects of Re K} (P?) which

was calculated with the regulator of Eq.(4.3.24). [See Fig.25.]

Fig.29 Values of | T, |* are shown as a function of E = VP? . The resonance peaks
are at 978, 1549, 1843 and 2064 MeV. [See Fig.28.] In the approximation
based upon ideal mixing, the f,(980) resonance is elastic with a width Pﬁ. (980)
= 99 MeV. The other states have small widths for decay to two pions. Note
the somewhat asymmetric form of the resonance representing the f,(980) which

is due to the opening of the KK channel at 990 MeV.
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Fig.30 Values of | T |? are shown as a function of E = g/P—2 The resonance peaks
are at 1340, 1864 and 2108 MeV. The width for the f,(1370) to decay to the
KK channel is I‘f. (1370) = 225 MeV. (The total width of the f,(1370) is given
in the data tables as 200-500 MeV [29]). Inspection of region near the peak at
1864 MeV shows a small peak at 1843 MeV which represents the decay of our
£, (1843) to the KK channel. (A tiny peak that is present at 2064 MeV is too
small to be seen in this figure. See Fig.32.)

Fig.31 Schematic representation of = — = scattering in our model. The factors of
N/ V2 and N/ V2 arise from the representation of ¢5(P?) given in
Eq.(4.4.14). The amplitudes M(P?) are those defined in Fig.22a. [The
amplitude ImK7;"(P?) contains a statistical factor § = 2 which has been divided

out in Eq.(4.5.15).]

Fig.32 The values of [T, z(E)|* are shown as a solid line and are compared to
| T,,(E) |* of Fig.30 (dotted line). The three small peaks in | T,z(E) |? arise
from the small ss component of the nn states at 1549, 1843 and 2064 MeV.
[See Table 12.] The peak of the resonance representing the f,(1370) is at 1366
MeV for the function | T, z(E) |* (solid line). The corresponding width of the

£, (1370) is Pf. (1370) = 192 MeYV for decay to the =« plus K K channels.
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Fig.33 The figure shows values of ReKy (P?) and Im Ky (P?) calculated with the

regulator R(k;) = y2/3 exp[kl/a,] with a, = 0.325 GeV. [See Fig.23,
where the regulator of Eq.(4.3.24) was used.]

Fig.34 Values of Re K5 (P?) and Im K5 (P?) are shown. [See the caption of Fig.33.]

Fig.35 Values of Re Kg; (P2?) and Im K3, (P?) are shown. [See the caption of Fig.33.]

Fig.36 The figure shows ReKo‘f,E(PZ) and [mKo'f,E(Pz) calculated with the regulator
Rk = y2/3 exp[ki/a,]. Here a, = 0.325 GeV.

Fig.37 The figure shows ReKo'f,'-‘(Pz) and ImK(‘,g'-‘(PZ). (See the caption to Fig.36.)
Fig.38 The figure shows Rng'f,'-‘(Pz) and [mKs'f,'_‘(Pz). (See the caption to Fig.36.)
Fig.39 The figure shows |T__(E)|?, with peaks seen at 982, 1552, 1840 and 2062

MeV. The width of the f,(980) is 56 MeV in this calculation. (This figure

represents s-channel effects in « — x scattering, as obtained in our model.)
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Fig.40 The figure shows values of | T,z(E) |, with resonance peaks at 1410, 1552,
1840, 1858, 2062 and 2102 MeV . The states at 1552, 1840 and 2062 MeV are

the predominately nn states which were seen in Fig.36. The excitation with a

peak at 1040 MeV is a feature of the f,(980) and arises from the process

KK —£,(980) » KK . The f,(1370), placed in correspondence with the peak at

1410 MeV, has a width of 192 MeV for decay to the K K channel.
Fig.41 The figure shows portions of Fig.39 [solid line] and Fig.40 [dotted line].
Fig.42 The eigenvalues of the matrix of Eq.(4.7.2) are shown as a function of z. Here

z, =z =0.075GeV, m; = 1.550 GeV, m; = 1.400 GeV, m,; = 1.550 GeV

and m_; = 1.000 GeV. The horizontal dotted line are drawn at 1.000, 1.370,

1.500 and 1.700 GeV.
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