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Abstract
NUMERICAL SIMULATIONS OF
PHASE SEPARATION OF DEEPLY QUENCHED MIXTURES
by

Natalia Vladimirova

Adviser: Professor Roberto Mauri

In this work the phase separation of deeply quenched mixtures is studied.
The theoretical model follows the standard model H. where convection and diffusion
are coupled via a body force. which depends on the Peclet number a. expressing
the ratio of thermal to viscous forces. In the limit of sharp interfaces separating
single-phase domains. the coupling term reduces to the capillary force.

For small Peclet numbers. a < 10%. the system forms single-phase domains.
which can be drops or filaments depending on the mixture composition. separated
from one another by sharp interfaces. These single-phase domains thicken as the
system tries to minimize its interfacial area. with the typical domain size R growing
in time as t}/3. in agreement with theoretical predictions. Phase separation for larger
Peclet numbers is characterized by slower change of composition and faster domain
growth. In fact. when a > 10°. the typical drop size increases linearly with time. with
a growth rate proportional to the ratio between molecular diffusivity and interface
thickness. in agreement with the experimental results. In addition. phase separation

and domain growth occur simultaneously when the Peclet number is large. while. for
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small Peclet numbers. first sharp interfaces appear. and then the single-phase domains
start to grow. The composition field within and without these microdomains appears
to be non-uniform and time-dependent. even after the formation of sharp interfaces.
thereby contradicting the commonly accepted assumption of local equilibrium at the
late stage of phase separation.

This theoretical model was validated determining the velocity of a single
drop immersed in a phase-separating continuum field with constant concentration
gradient. finding that it is proportional to the concentration gradient and inversely
proportional to the capillary number. A single drop. immersed in a homogeneous
concentration field. it shrinks without moving, if the difference between the initial
concentration of the continuum phase and its equilibrium value is negative. In the
opposite case the drop grows linearly. consuming material trom the surrounding field
and moving randomly. propelled by the induced capillary driving force. Two drops.
immersed in a continuum field. experience a mutual attraction. induced by the cap-
illary force. which may or may not lead to the drop coalescence. depending on the

concentration of continuum phase.
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CHAPTER 1
INTRODUCTION

Phase separation of deeply quenched mixtures can occur either by nucleation
(both heterogeneous and homogeneous) or by spinodal decomposition ([1]). The
former process describes the relaxation to equilibrium of a metastable system. while
the second one is typical of unstable systems. Therefore. nucleation is an activated
process. where a free energy barrier has to be overcome in order to form embryos of
a critical size. beyond which the new phase grows spontaneously: in most practical
cases. suspended impurities or imperfectly wetted surfaces provide the interface on
which the growth of the new phase is initiated [2].

Contrary to nucleation. spinodal decomposition occurs spontaneously. with-
out any energy barrier to be overcome. and involves the growth of fluctuations of
any amplitude that exceed a critical wavelength [3]. The classical theoretical basis of
this process is the Cahn-Hilliard-Cook theory (4], generalizing the previous approach
by Van der Waals [5]. which was later extended to include non-linear effects (6. 7].
In principle. nucleation and spinodal decomposition are fundamentally different from
each other. as metastable systems relax via the activated growth of localized fluctua-
tions of large amplitude, whereas unstable systems do so via the spontaneous growth

of long-wavelength fluctuations of any amplitude. However. in practice. the distinc-
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tion between the two processes is rather murky [8]. as both the critical nucleus size
and the critical fluctuation wavelength decrease as the temperature quench increases
[9].

Most of the experimental studies on critical binary mixtures {10. 11. 12] have
observed that. right after the temperature has crossed that of the miscibility curve.
the system starts to separate by diffusion only. leading to the formation of well-defined
patches. whose typical size R is described by a power-law time dependence. R(t) ~ ¢".
where n = 1/3 when diffusion is the dominant mechanism of material transport. and
n =~ 1 when hydrodynamic. long-range interactions become important. The shape of
these patches appears to depend strongly on the composition of the system: for critical
mixtures. they are dendritic. interconnected domains. while for off-critical systems
they appear to be spherical drops. Then. in the so-called. "late” stage of coarsening.
these patches become large enough that buovancy dominates surface tension effects.
and the mixture separates by gravity [13]. So. during the process of phase separation.
the morphology of the system changes dramatically. from that of an unstructured
fluid to that of an emulsion. with the phase interfaces being initially non-existing.
then very diffuse and. finally. rather sharp [3].

Theoretically. spinodal decomposition in fluids has been described within
the framework of the Ginzburg-Landau theory of phase transition [4]. showing that
during the early stages of the process. initial instabilities grow exponentially. forming.

at the end. single-phase microdomains whose size corresponds to the fastest-growing
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mode \g of the linear regime [14]. During the late stages of the process. i.e. for times
t > 7o = A3/D. where D is the molecular diffusivity. the system consists of well-
defined patches in which the average concentration is not too far from its equilibrium
value [15]. At this point. material transport can occur either by diffusion or by
convection. In cases where diffusion is the only transport mechanism. both analytical
calculations [16] and dimensional analysis [13] predict a growth law R(¢) ~ t''3. due
to the Brownian coagulation of droplets. On the other hand. when hydrodynamic
interactions among droplets become important. the effect of convective mass flow
resulting from surface tension effects cannot be neglected any more. In this case.
while dimensional analysis indicates a growth law R(¢) ~ ¢ [13. 17]. no satisfactory
theoretical result has been obtained so far. showing convincingly where the linear
growth rate comes from. In two dimension. computer simulations were performed
by Farrell and Valls [18]. obtaining however a growth rate exponent n = 0.69. More
recently. Tanaka and Araki {19] showed that the scaling exponent for the domain
growth is not universal. and depends on the relative importance of the two relevant
transport mechanisms. i.e. hydrodynamic flow and diffusion.

In this work. the evolution of critical binary mixtures is studied. The process
is simulated in two dimension. following the so-called model H. in the taxonomy
of Halperin and Hohenberg [20], which was originally developed by Kawasaki and
coworkers {21]. In this inodel, the equations of conservation of mass and momentum

are coupled via the convective term of the convection-diffusion equation. which is
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driven by a composition-dependent body force in the Stokes equation. As noted
by Jasnow and Vinals [22]. when the system is composed of single-phase domains
separated by sharp interfaces. this force incorporates capillary effects. and plays the
role of a Marangoni force. After the initial. diffusion-driven stage leads to a non-
uniform concentration field. this capillary driving force induces a material flux. which
is several orders of magnitude larger than its diffusive counterpart. During the later
stages of phase separation this body force is responsible for the strong motion of
the single-phase domains that is observed experimentally during phase transition
123]. In particular. as noted by Karpov {24] and Karpov and Oxtoby [25]. capillary
forces drive the motion of nucleating droplets along a composition gradient. leading
to particle clustering and direct coalescence. These aspects of the phenomenon of
phase separation are further studied here.

After describing the theoretical model and its numerical implementation
in Chapter 2 and 3 respectively. in Chapter 4 we generalize the analysis of Mauri
et al[14]. studying the diffusion-driven evolution of phase-separating 2D systems.
together with the effects a non-uniform. slow quenching. Chapter 5 is devoted to
study the influence of convection on phase separating systems. determining why the
morphology of a liquid binary mixture is so radically different than that of a polymer
solution. as they phase separate. Finally. in Chapter 6. we validate our theoretical
model by considering three examples of diffusio-phoresis of drops in two dimensions.

that is their motion induced by the concentration gradients of the background field.
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First. we study the motion of a single drop immersed in a constant concentration
gradient of the continuum phase: then. we follow the motion of a single drop as it
phase separates in a uniform background field: finally. the influence of the capillary
body force on the coalescence rate of drops is analyzed. simulating the motion of two
drops and studying the resulting mutual attractive force. The last Chapter 7 sums

up all the relevant results of this research.
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CHAPTER 2
THEORETICAL MODEL

Our theoretical model follows the standard model H. following the classifi-
cation of Halperin and Hohenberg {20]. which was originally developed by Kawasaki
and coworkers [21]. In this model. the equations of conservation of mass and momen-
tum are coupled via a body force. expressing the tendency of the demixing system
to minimize its free energy. After discussing the general features of the model H. we
will introduce few simplifying assumptions. which are needed to make computation

less time-consuming. justifying them on physical grounds.

2.1 Gibbs Free Energy and Chemical Potential

Consider a homogeneous mixture of two species 4 and B with molar frac-
tions r.4 and rg = 1 — r 4, respectively. contained in a closed system at temperature
T and pressure P. The equilibrium state of this system is such that it minimizes the
“coarse-grained” free energy functional. that is the molar Gibbs energy of mixing.
Ageq-

AGeq = geg — (94T + 98T B), (2.1)
where g, is the energy of the mixture at equilibrium. while g4 and gg are the molar

free energy of pure species 4 and B. respectively, at temperature T and pressure P.
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The free energy Age, is the sum of an ideal part Agiq and a so-called excess part g,,.

with

o
o
-—

Agia = RT[z logz 4 + rglogzp]. (2.

where R is the gas constant. while the excess molar free energy can be expressed as

v
.

Margules correlation [26]
Ger = RTx xg{Wry + ¥prpgl. (2.3)

where ¥4 and Vg are functions of 7 and P. If 4 and B have physical properties
that are close enough to have W, = Wg = W. the molar free energy (2.3). as well
all other two-parameter correlations. such as van Laar’s and Wilson's. reduces to the

Flory-Huggins expression [27]
ger = RTVzr, 2rp. (2.4)

This expression is generally derived by considering either the molecular interactions
between nearest neighbors [28]. or summing all pairwise interactions throughout the
whole system [29]. [n addition. Eq. (2.4) can be derived from first principles assuming
that the 4 — 4 and the B — B intermolecular forces are equal to each other and
larger than the A — B intermolecular forces. i.e. Fy4 = Fgp > F,.p. obtaining an
expression for ¥ which depends on (F44 — F4p) [14]. Systems whose free energy is
given by equations (2.1) and (2.2) are generally referred to as regular solutions. In the
following, we shall assume that P is fixed, so that the physical state of the mixture

at equilibrium depends only on T and 4.
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In order to take into account the effects of spatial inhomogeneities. Cahn
and Hilliard [4] applied an original idea by van der Waals [5] and introduced the
generalized specific free energy §. which for no-flux or periodic boundary conditions

is given by the following expression:

o
Ut
—_—

1 9
g = Geq — ;RTG'(VI.\)(VIB) [

where a represents the typical length of spatial inhomogeneities in the composition.
As shown by van der Waals [5]. a is proportional to the surface tension between the
two phases and for a system near its miscibility curve it is typically of order 0.1 um
[cf. Equation 3.6].

Below a certain critical temperature T.. corresponding to values ¥ > 2. the
molar free energy given by (2.2) and (2.4) is a double-well potential. and therefore a
first-order phase transition will take place. Now. it is well-known that the molar free

energy can be written as [26].
9eq/ RT = piary + pprp. (2.6)

where 4 and pp denote the chemical potential of species 4 and B in solution.

respectively. i.e..

__].—a(cgeq) . =_1_8(cgeq)
#4 = RT e, HB = RT dcg

Here c4 and cp denote the mole densities, that is the number of moles per unit

volume. of species A and B. respectively. and ¢ = c4 + cp is the total mole density.
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Clearly. r4y = c4/c and xg = cg/c. From here we see that the two quantities @ = r

and (u4 — pnpg) are thermodynamically conjugated. that is (4 — ug) = Mg/ BT This

do
result can be extended [4] defining the generalized chemical potential /.
. 0(g/RT) -
= . 12,73
20
and substituting (2.1)-(2.3) into (2.7) we obtain:
~ o 2 L)
it = po + log g +¥_(1-20)-V¥_(1-60+60")—aV-o. (2.8)

where 1o = (g — g4)/RT and

U= (¥, +V¥g)/2. U_ = (0, —-¥g)/2.

2.2 Continuity Equations

The continuity equation can be written both in terms of number of particles
(i.e. moles) and in terms of mass. If all the particles of the system have the same
mass. these two approaches are equivalent. as the molar flux can be converted into
mass flux by multiplying it by the molar weight. in the same way as the mole density
can be converted into mass density. That means that the mole averaged velocity.
defined as the ratio between the molar flux and the mole density. is equal to the mass
averaged velocity. which. in turn. is defined as the ratio between the mass flux and the
mass density. Therefore. in the case of a one-component system. we can talk about

velocity v without having to specify whether it is mole- or mass-averaged. In the
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same way. in an 4 — B binary mixture. the velocities of species A and B. v4 and vp.
respectively. are well-defined quantities which do not require further explanations.
Consequently. the usual continuity equations for the molar concentrations c4 and cg

are still valid for the subsystems of particles 4 and B. i.e..

Qg—f+v-(c,4v,4) =0. (2.9)
?%+V-(CBVB):0. (2.10)

The difference between the mole averaging and the mass averaging approaches arises
only when we write the continuity equation for both species. For example. in the mole
averaging case. it is convenient to rewrite Egs.(2.9) and (2.10) in terms of the total

mole density ¢ = ¢4 + cg and the mole fraction of one of the species. r = ry = cy/c.

as:
d
a_§+v.(cv“):o, (2.11)
9 . .
c|l=—+vVz|=-V-j (2.12)
d
where
v =r4.V4+IBVE {2.13)
is the mole averaged velocity. and
" =czrarg(vyi—va) (2.14)

is the diffusive molar flux.
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In the mass averaging case. we obtain similar equations in terms of the total
mass density p = p4 + pg and the mass fraction of one of the species. y = y4 = p4/p.

with py = caM,4 and pg = cgMp denoting the mass densities of the individual

species. i.e..
d
at—p-i-v-(pv) = 0 (2.15)
dy
— + vV = -V (2.16)
p <8t !/) J
where
V=y4V4+YBVp (2.17)

is the mass averaged velocity. and

J=pysyslvy —vg) (2.18)

is the diffusive mass flux [30. 31]. Here the mass densities of each individual species
are defined as the products between their mole densities and their molar weights. i.e.
p4=cy M4 and pg = cgMp. Note that when py = pg = pand My = Mg = M. the

mole- and mass-averaged approaches give identical continuity equations.

2.3 Diffusive Flux

For a two-component system. the diffusive mass fluxes of each species A and

B are defined as.

Ja=palva—v): iB=pB(ve — V). (2.19)

Reproduced with permission of the copyright owner. Further reproduction prohibited witt{out permission.



12
where v is the mass averaged velocity (2.17). Applying irreversible thermodynamics.

this diffusive mass fluxes can be expressed through the following expressions [32. 30|.

ja = —%MﬂWﬂqup+ (2.20)

jB = _g-‘/[.-{“/[BDCBV/JB- (2.21)

where 4 and pg are the chemical potentials of species 4 and B in solution. Here
we have neglected mechanical and thermal driven fluxes. as they are both irrelevant
in our case. Note that. since. j4 + jg = 0.[cf. Eqs.(2.17) and (2.19)]. Egs. (2.20) and

(2.21) satisfy identically the Gibbs-Duhem relation.

[SV)
W
o

raVps+1gVug =0.

Now we intend to determine the expression for the diffusive flux j appearing
in our governing equations. According to Eq. (2.18). j is proportional to (v 4 — vg).
where.

i Js c Ba KB )
v—v=———=“MMDv@—“—) (2.23)
AT BT by pB p e My Mg

1

Chemical potential gradients can expressed in terms of g = p4 — ppg [cf. Eq. (2.3)]
by applying the Gibbs-Duhem relation (2.22). to obtain: Vu, = 5V and Vug =
r4 V. Finally. substituting these results into Eq. (2.17). and considering that p =

c(zaMy + zgMpg). we conclude:

j = —pyaysDVi. (2.24)
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and analogously for the diffusive mole flux.
' = —cx, 5DV (2.25)

For an ideal mixture. with chemical potential g = p'd = log [z4/rg]. we obtain:

j* = —cDV 4. so that Eq. (2.12) reduces to the usual convection-diffusion equation.

2.4 Navier-Stokes Equation and Capillary Force

To minimize the classical Gibbs free energy (2.1)-(2.4). particles of the same
kind tends to accumulate. forming single-phase domains separated by narrow regions
with sharp concentration gradients. On the other hand. the additional a*(Vo)* term
in the expression for the generalized free energy [cf. Eq. 2.6)] forces the different
species to rearrange themselves to minimize the concentration gradients in the system.
Macroscopically. the motion within the system is induced by the following body force
[20. 18. 22].

Oe
F, = pVe = p%VQ = uVo. (2.26)
where € is the energy per unit mass. while the chemical potential x is defined as [31].

- Ha _HB 997

Included in the Navier-Stokes equation.

P (‘Z—‘t’ +(v- V)v) = -Vp+ V- {n[(vv) + (v} + (2.28)

+V{(g‘— %fl) (V-v)} +pg + F,.
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this composition dependent force couples it with the diffusion equation (2.16). and
induces a convective flux. which is several orders of magnitude larger than the diffusive
flux.

When the system is composed of single-phase domains. separated by sharp
interfaces. the force (2.26). being proportional to the chemical potential. is driven
by the surface energy. and therefore can be interpreted as a capillary force. In fact.
as shown by Jasnow and Vinals [22]. when the mixture is composed of well-defined
single-phase domains separated by a thin interface located at r = r,. the body force

reduces to the following expression.
F,(r) = [fiox + (I — ai) -Volo[a - (r —r,)]. (2.29)

where fi and x are the unit vector perpendicular to the interface and the curvature at
r,. respectively. Physically. F, tends to minimize the energy stored at the interface.
driving. say. A-rich drops towards A-rich region. and therefore enhancing coalescence.

In many numerical approaches to solve moving boundary problems. a so-
called color function is defined. which is equal to one in one phase and zero in the
other. In the model H. the color function is equal to o/ (A0),,. and therefore it has a
clear. unique physical interpretation. On the other hand. in many other approaches

the color function has no real physical meaning. and it can be taken as any function
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whose integral over a line crossing the interface equals the capillary force (2.29). For

example. in Ref. [33] F, is defined as.

which is equivalent to assuming that the chemical potential u in Eq. (2.26) is propor-
tional to the curvature x. In fact. this is true only in the limit of infinitesimally sharp
interface. while. in general. the capillary force F, is a function of the composition

field within the interface region [cf. Eq. (2.26)].

2.5 Governing Equations

The convection of a one-component fluid is usually described in terms of
six variables. e.g. the mass density p. the mass averaged velocity v. pressure p and
temperature T. For a two-component fluid. we have one more variable describing the
fluid composition at each location. i.e. the mass fraction y. so that the complete set of
equations consists of the mass conservation equation (2.15). the conservation equation
for a single species (2.16), the Navier-Stokes equation (2.28). the energy conservation
equation and the equation of state. Here we assume that the temperature is constant
and therefore we do not need the energy conservation equation. As for the equation
of state. in the case of one-component incompressible fluid it usually states that the
density is constant, which reduces the number of variables and equations by one.

and converts the continuity equation (2.15) into V-v = 0. In the case of a two-
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component fluid. the density is a known function of the composition. Substituting
p = p(y) into Equation (2.15) and comparing it with Equation (2.16) we obtain the

following equation of state.

2. (2.30)

where p'(y) = dp/dy. Note that for zero diffusion flux. the system of equations (2.30)

and (2.15) can be used to describe the incompressible flow of a variable-density fluid.

g—?-%V-Vp:O. V.v=0.

The ideal mixture of two incompressible fluids. can give us an example of
the function p = p(y). The mass of each component in the mixture can be expressed
both in terms of the specific weights of the pure liquids. p{ and p3. the locally averaged

density p. and composition y.

my = piVi =ypV.

my = p3Vo = (1—y)pV.

where V, and V; are the volumes of the pure liquids. while V' is the total volume of
the mixture. Since for an ideal mixture the volume change of mixing AV, = 0. we

obtain.

(e]

yo (1 —Dy)p) v
P1 P2

V=V1+‘/2=<—

This gives us the expression for p as a function of y.

(e}

p1P3 _ Pa
-y —pm) 1-ey

ply) =
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where € = (p] — p2)/p3. If e < 1. then p = 5 (1 + ey).
In general. for a liquid mixture with a small density variation. the density
p(y) can be expanded about its average value. p = (1 + €y). so that. to first-order
accuracy in €. the Navier-Stokes equation (2.28). the conservation of matter equation

(2.16). and the equation of state (2.30) become. respectively.

5 (g—:’ +(v- V)v) =-Vp+V-{n[(Vv) +(V)']} + Fo + pg + ea.  (2.31)

oo (2)

V-v:eV-(). (2.33)

)

dy

— +vVy=-V- ( (2.32)

i |
Ot | e

at

) | &~

where

R=TRA D

q= —y(—Vp+V-{n[(Vv) +(Vv)1]} + Fo + og) +v{(<— ;—n) v (
2.6 Simplifying Assumptions

Now we restrict our problem to the early and medium-late stages of phase
separation. when the characteristic size of the phase domains R are comparable with
the characteristic period of initial instability A = 2ra(¥ — 2)~1/2 [14]. For example.
for values of the Margules parameter ¥ = 2.1 — 3.0. we do not expect R to exceed

100 a. Then. we can introduce the following simplifying assumptions.

A. Buoyancy forces are negligible. Capillary forces are much stronger than buoy-
ancy forces, so that the size of the phase domains R is small enough to insure

that (R2gAp/o) < 1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18

B. Inertial terms are negligible. For small Reynolds numbers Re = pvr/n < 1. the

inertial terms in the Navier-Stokes equation can be neglected.

C. Density differences are small. The densities of the two phases are very close
to each other. so that p =~ p = const. and the Of¢)-terms vanish from Equa-
tions (2.31) — (2.32). Then. the equation of state (2.33) reduces to the usual

incompressibility constraint. V - v = 0.

D. Viscosity is uniform. The two species 4 and B are assumed to have the same

viscosity. When this assumption is violated. generalization is straightforward.

E. Molecular weight is uniform. Finally. we assume that the species 4 and B
have the same molecular weights. i.e My = Mg = M. As the mole fraction
is equal to the mass fraction. y = r = o. both the diffusion flux (2.24) and
capillary force (2.26) become functions of the dimensionless chemical potential
L= [ty — B, 1.

_ pRT
My

-~ _Do(1-0)Vi F, iVo. (2.34)
p

We also assume that. as the species 4 and B have physical properties that are
close to each other. they have equal Margules parameters. ¥ 4 = Vg = W. which

simplifies the expression for the chemical potential (2.8).

i = pg + log + ¥(1 - 20) — a*V3o. (2.35)

¢
1-¢
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After these assumptions. the set of equations (2.31-2.33) becomes.

nViv = Vp-F,.

Il
|
<]

9 J
&“FVV(D (E)
V-v = 0.

where body force F,, and diffusive flux j are given by (2.34).

19

Now. we restrict our analysis to two-dimensional systems. so that the ve-

locity v can be expressed in terms of a stream function ¥. i.e.

va = —Ow/9r;. Consequently. substituting (2.34) into (2.36-2.37). we obtain.

%? = VuxVo+DV-(ol-0)Vp).
RT
nViv = p\/[w Vi x Vo.

where

AxB= .-llBg - "{'.’Bl-

v, = dv/dr, and

Finally. substituting the expression (2.35) for the chemical potential into the system

of equations (2.39) and (2.40). we obtain.

?8%) = Ve xVo+ DV (Vo-oll-o)[20+aV?]| Vo).
Viy = _p2P BT V(V?0) x Vo.
r;M'w

When viscosity is a known function of composition. n = n(e). with n =

dn/de and 0" = d?n/d¢*. the first member in (2.42) is replaced as follows.

NV = VY + 2%(%) (VV2y) + [%vw + %(W)(W)} - [2vVe - Iv2y].
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CHAPTER 3
GENERAL PROCEDURES

3.1 The Scaling

Since the main mechanism of mass transport at the beginning of the sepa-
ration process is diffusion. the lengthscale of the process is the microscopic length a.

Therefore. using the scaling:

F:ér. E:a%t. ,jzi,. (3.1
we obtain.
% = a?vzj}x@@+?-(f7o~o(1—o) [’wwﬂ] Vo). (3.2)
Vi = =V(V?0) x Vo (3.3)
where
a = %%% (3.4)

The non-dimensional number « is the ratio between convective and diffusive mass
fluxes in the convection-diffusion equation (3.2) and can be interpreted as the Peclet
number. i.e. @ = Va/D. Here. V is a characteristic velocity. which can be estimated

through (2.36) and (2.34) as V' ~ F,a*/n, where F, ~ pRT/ (e My).
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At the later stages of phase separation. when the system is composed of

patches of almost constant compositions ¢ and ® + Ao. separated by sharp interfaces.
the parameter o can also be interpreted as the inverse of the capillary number [22].
Ca=nl/o. withlU = /T -2 (A(D’)fq D/a denoting a characteristic diffusion velocity.
In fact. considering that. the characteristic length a is proportional to the surface

tension at equilibrium « [5]. we obtain.

_ 1pRT ,

N9 (A(D)gq DT]
= —-— “ar ~ gw —_—
5 Mo a /(V(D) dr ~ aDn 1"

—A - 2)%2 (3.5

2 a ( ) 0!
where (Ao)e; ~ vV — 2 is the composition difference between the two phases at
equilibrium and ¢ ~ a/\/¥ — 2 is the width of interface [14]. so that Ca = a~!. Note.

that the expression (3.5) allows us to estimate physical value for the microscopic

length a.

-3/20 .‘/[;V

~ -9
e~ (¥ =2) " =5

(3.6)

A parameter similar to . called "fluidity” parameter. was also defined by
Tanaka and Araki [19]. For systems with very large viscosity. a is small. so that the
model describes the diffusion-driven separation process of polymer melts and allovs
[14]. For most liquids. however. « is very large. with typical values ranging from 10°
to 10°. Therefore. it appears that diffusion is important only at the very beginning
of the separation process. in that it creates a non-uniform concentration field. Then.
the concentration-gradient-dependent capillary force induces the convective material

flux which is the dominant mechanism for mass transport. At no time. however. the
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diffusive term in Eq. (3.3) can be neglected. as it stabilizes the interface and saturates
the initial exponential growth. In addition. it should be stressed that the stream
function v depends on high order derivatives of the concentration and therefore it is

very sensitive to the concentration profile within the interface.

3.2 Numerical Procedure

In the following. we present the numerical solutions of equations (3.2)-(3.3)
corresponding to temperature quenches where the Margules parameter ¥ increases
from ¥, = 2 (which is its critical value) to some value ¥,,. in the range from ¥, = 2.1
to ¥, = 3. In most cases. we consider instant quenches. where systems with uniform
concentration field oy experience an instant drop of Margules parameter from ¥; to
¥,.. We consider both critical (g9 = 0.5) and off-critical (¢g < 0.5) quench.

Equations (3.2)-(3.3) were solved using an explicit finite difference method
on a uniform two—dimensional grid [(:Az. jAy),: = 1. N.j = 1. V] with spacing vary-
ing from Ar/a.Ay/a =0.5for ¥ =3 to &x/a. Ay/a =2 for ¥ = 2.1. We adopted
a cell-centered representation for the concentration variable o?j(t). and discretized
the right-hand sides of Eq. (3.2)-(3.3) in flux conservation form. using a fourth-order
accurate approximation of the spatial derivatives. Equation (3.2) was advanced in
time. using a straightforward explicit Eulerian step. and we chose the time step At
in such a way to satisfy the CFL stability condition. so that the numerical scheme

was O(Az*. At) accurate. The biharmonic equation (3.3) was solved using standard
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DBIHAR package [34]. Boundary conditions were no-flux (or periodic in some special
cases) for the concentration field and no-slip for the velocity field.

The background noise was simulated generating a random concentration field
of amplitude. which was uncorrelated both in space and in time. That means that
at each time step a spatially uncorrelated noise was added to the concentration field.
and was then subtracted at the next time step. only to be replaced with another
spatially uncorrelated background noise of the same amplitude. To estimate the
amplitude of the noise let us consider the contribution to the material flux due to

thermal fluctuations. which satisfies the fluctuation-dissipation theorem [31}].

(6j(r.t)) = 0.

9
(0j(r.t) oj(r'. t"))y = —iDIo(l—(D)é(r—r’)o'(t——t’).

with the brackets indicating ensemble averages. and n denoting the number density.
that is the number of particles per unit volume. Trivially. if we also assume that the
temperature quench is instantaneous. so that the temperature is uniform within the
system and ¥ is constant. this equation reduces to the one considered in {14]. In

dimensionless variables (3.1) the noise above becomes.

(Sj(F. £)) = 0.

(5.5 6J(E. D)) = -21%(1 - 9)d(F — ¥)5(E - I).

- - - 0 )
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with £ = (na®)”'". In our simulation we used a noise with amplitude

(10

0o ~ 0.001 — 0.1. (3.7)

= (&z/a)(AtD]a?)
3.3 Interpretation of Results

3.3.1 Domain Size

The most important characteristic of phase separating system is the growth
rate of domains formed by different phases. and the most natural choice for a length-

scale is the equivalent radius.
R=\(4)/m (3.8)

where 4 is the area of a single-phase domain. Nevertheless. this approach is not
suitable for systems forming long interconnected domains instead of isolated drops.
In these systems. the domain width Rfg is a characteristic lengthscale. which can be

found using the following expression.

Re =
F > O

(3.9)

where oy is the Fourier transform of the concentration distribution field o(r). defined
in @ = Y ore*". Another way to estimate the typical size of phase domains was

introduced by Desai et al. [35], who considered the radial pair correlation function.

2r
C(r) = \/%/0 (¢ (r' + 1) o (r') — ¢3) db: r = (r.6). (3.10)
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and defined the typical size Rp as its first zero.
C(Rp) = 0. (3.11)

[t should be mentioned that the correlation function itself has interesting features.

for example self-similarity in case of diffusion-driven system (see Section 4.4).

3.3.2 Domain Composition

Another interesting property characterizing the decomposing system is the
average composition inside the domains. although it is often neglected as a result
of the local equilibrium assumption. To describe the average composition inside the
domains. we define the separation depth s. measuring the “distance™ of the single-

phase domains from their equilibrium state. i.e..

s = <1‘5)_—°°> (3.12)
(Deq(r) — O

where oq is the initial composition. and the bracket indicates volume average. Here
®sq is the steady state composition of the A-rich phase. o;;‘q. or the B-rich phase. ofq.

depending on the local composition o(r).

beg(r) = 0. o(r) > 0.
, __ .B , ,
Peq(r) = By o(r) < oo.

Defined in this way. the separation depth s is zero for perfectly mixed system. then

monotonically increases during the separation process. an finally it approaches unity
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2.1 106853 0.3147
2.9 0.7515 0.2485
2.3 0.7961 0.2039
2.4 0.8293 0.1707
2.5 0.8552 0.1448
2.7 0.8931 0.1069
3.0 0.9293 0.0707

Table 1. Equilibrium compositions of phases (D;‘q and og for different values of Mar-
gules parameter ¥

asymptotically for t — oo. The equilibrium compositions o7}, and o, are the func-
tions of the Margules parameter ¥ only. and can be found from the mean field self-

consistency equation as [31].

1 1 1
A.B A.B
(d)eq 2) = 5 tanh [\Il (oeq ))] .

- -

The values of ¥ used in our simulations. together with the corresponding equilibrium

compositions o;;; and ég, are given in Table 1.
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CHAPTER 4
DIFFUSION DRIVEN PHASE SEPARATION

Let us consider a system with very large viscosity. as in binary alloys and
polymer mixtures. so that the diffusion flux in Equation (3.2) is much larger than the
convective flux. i.e. a = 0. In this case. the system (3.2)-(3.3) reduces to a single
equation.

%%’=¢~(@'o—m(l—@)[2\b+ﬁ’2]¢o). (.1}

The one-dimensional version of this equation was solved by Mauri et al. {14] for
periodic and pulsed initial conditions. using split-step method in time and pseudo

spectral collocation method in space.

4.1 One-dimensional Systems

First. we validated our numerical scheme by solving the one-dimensional
version of equation (4.1) with periodic boundary conditions. considering an instan-
taneous. critical and uniform quench with ¥ = 3 and @9 = 0.5. As we mentioned
above. in this case our equation and boundary conditions become essentially the same
as those used in [14]. the only difference being that the initial conditions and the nu-
merical technique employed here are different. As we can see in Fig.1. identical results

were obtained. as initial. exponentially growing instabilities are later saturated by the
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effect of the non-linear terms. Eventually. the concentration distribution tends to a

steady state. periodic profile. with a period and an amplitude which correspond to

1

the fastest growing mode of the linear regime [14]

2ra

A= ——.
vV -2

(4.2)

Qualitatively. the relaxation time that is needed to reach steady state also agrees with
that obtained in [14]. i.e. A?/D.

Our next step was to study a critical quench where temperature. and there-
fore ¥. is a known function of position and time. Since near the critical point we
have ¥ x (T — T, ). then ¥(z.t). with 0 < r < L. can be obtained from the heat
conduction equation. ¥/t = k 9°¥/dzr>. with initial and boundary conditions.
U(r.0) = ¥; and ¥(0.t) = ¥(L.t) = ¥,,. describing the heat propagation from the
walls of the container towards the center. Typical solutions for o(r.t). together with
the corresponding W(r.t). are given in Figure 2. where no-flux boundary conditions
have been applied. From the sequence of plots in Figure 2 it is easy to see that the
instability propagates from the edges towards the center of the cell. growing without
changing its lengthscale until the equilibrium state is reached. As shown in Figure 3.
the steady state concentration distribution appears to be periodic across the domain.
provided. naturally. that the cell size L is either much larger than. or an exact mul-
tiple of. the droplet size: if none of these conditions is satisfied. the periodic steady

state solution can never be reached. as it is evident from the concentration profile
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at the bottom of Figure 3. The period of the steady state solutions decreases as the
thermal diffusivity k increases. until. when & > D. it becomes equal to the period A
obtained for instant quenching. with & — oc. Clearly. since in most cases we have
k > D. this result shows that the assumption of instant quenching is very reasonable.
Our results can be considered an extension of those obtained by Carmesin et al. ‘36].
who studied the influence of a continuous quenching on the initial stages of spinodal

decomposition by using the linearized theory of spinodal decomposition.

4.2 Two-dimensional Systems

First. equation (3.2) was solved for an instantaneous. critical quench. with
periodic boundary conditions. Our simulations showed that at first the system tends
to form circular drops whose size. A. equals that of the one dimensional domains.
However. unlike the one-dimensional case. this is not the steady state solution (see
Figure 14). as the system rapidly evolves towards the formation of single-phase mi-
crodomains separated by sharp interfaces. which then merge to formn filaments. This
bicontinuous infinite-cluster morphology has been observed experimentally in binary
fluid mixtures by Cumming et al. [37]. and has been numerically simulated. among
others. by Rogers. Elder and Desai [35] and by Farrell and Valls [18]. Our simulations
show that this dendroid-like structure continues to deform. increasing its thickness.
and. above all. further reducing the total area of the interface. So. for example.

microdomains of one phase entirely surrounded by the other phase evolve towards
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assuming a spherical shape. However. contrary to the behavior of mixtures of totally
immiscible liquids. these small. isolated drops continue to deflate even after they be-
come spherical. until they diffuse out completely (see the evolution of the drop located
in the lower left part of Figure 4).

As expected. a different morphology is obtained for non-isotropic systems.
For example. in Figure 5 we show the concentration distribution in a system with
periodic boundary conditions in the horizontal direction. and no-flux boundary con-
ditions at the walls in the vertical direction. thereby simulating the behavior of a
long horizontal tube. As the walls of the tube are quenched. the temperature of the
whole system changes in time towards its steady state. As expected. the morphology
of the system is cornposed of ‘serpentines’ with a well specified horizontal preferential
direction. forming typical striped pattern as in Sagui and Desai [38]. As in the one-
dimensional case. the thickness of these stripes increases as the heat conductivity of

the system decreases.

4.3 Evolution of the Domain Composition

In Figure 6 the separation depth s. defined in Eq. (3.12) is plotted as a
function of time, showing that the phase separation process can be divided into three
stages. During the first stage. ¢ < to. the concentration @ remains approximately
constant. i.e. there is no phase separation: then. for {; < ¢ < t;. the concentration

changes rapidly, with the exact values of to and ¢; defined such that this rate of
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change is larger than a given critical value: finally. during the third stage. t > ¢,. the
separation depth s increases much more slowly. As shown in Figure 7. the value of
ty depends on the depth of the temperature quench. (¥ — 2). and the amount of the
random noise. d¢. through the correlation ty = (A — Blogdo) /(¥ — 2)°. where A. B
and c are constant that depend on the value of @y. As for the second stage. the time
interval (¢; — to) appears to be independent of the random noise (see Figure 7). and
is approximately equal to the relaxation time A%/D. Finally. during the last stage.
t > t,. the separation depth s continues to change. although more gradually. tending
asymptotically to 1. indicating that. although the system is composed of single-phase
domains separated by sharp interfaces. the composition inside these domains is not
equal to its final equilibrium value. Therefore. the local equilibrium assumption
stating that no change in composition occurs after the formation of sharp interfaces.
is not valid. and therefore most of the scaling concepts should be revised. Although
an identical conclusion was reached by Tanaka and Araki {19] in the case of fluid
systems. this is the first time that a strong violation of local equilibrium is observed

for spinodal decomposition under small. or zero. fluidity conditions.

4.4 Temporal Growth of the Domain Size

During the last stage of the separation process. the characteristic size of the
microdomains appears to be independent of the depth of the temperature quench

and of the background noise and. as shown in Figure 8. it grows according to the 1/3

. L . N
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law predicted by Lifshitz and Slyozov [39]. In Figure 8 we plotted the characteristic
length. Rr. defined in Equation(3.9). showing that R (¢) x (aDt)'"3. These results
are in agreement with those of Desai et al. {35]. who defined the typical size Rp as
the first zero of the radial pair correlation function (3.11). In Figure 9. C'(r.¢) is
plotted as a function of r for different ¢. showing that the different curves collapse

into a self-similar solution. g (z). with z =r (aDt)™"3.

4.5 Off-critical Quenches

We have also studied the phase separation due to an off-critical quench.
in which o = 0.4. i.e. in which there is more 4 than B. As expected. instead
of interconnected domains. we observe the formation of isolated drops of the B-
rich phase immersed in one large domain of the .d-rich phase ( see Fig. 10). in
agreement with some previous theoretical [18. 40. 35] and experimental {37} findings.
and consistent with the experimental evidence {23] that stable emulsions tend to form

when a liquid mixture is quenched within the meta-stable region of its phase diagram.
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Figure 1. Composition as a function of position for a critical instantaneous quench
¥ = 3 at different times. when a random perturbation with amplitude 0o = 0.025 is
superimposed to the initial composition ¢ = 0.5. The space and time coordinates.
r and t. are scaled in terms of a and a®/D. respectively. The curves correspond
respectively to times £ = 0. 0.5. 1.0. 1.5 and 2.5.
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Figure 2. Quenching depth. V. and composition. @. as functions of position at different
times for heat diffusivity @ = D. The curves correspond to times ¢ = 100. 200. 500.
1000 and 2000 (given in a®/D-units). The spatial coordinate varies between 0 and
100 a. composition varies between 0 and 1. while the quenching depth solves the heat
equation with ¥; = 2 and ¥, = 3.
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Figure 3. Steady state composition as function of position for different values of the
heat diffusivity. A = oo (i.e. instant quenching). 10 D. 1 D and 0.1 D. respectively.
The spatial coordinate varies between 0 and 100 a. while composition varies between
0 and 1.
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Instantaneous quench of mixture with average composition ¢ = 0.5.

time = 40 time = 50

time = 1000

NN § A

Figure 4. Composition as a function of position for a critical instantaneous quench
¥ = 3 at different times. The size of the system is 100a x 100a. with periodic boundary
conditions. Snapshots correspond respectively to times ¢ = 20. 60. 100. 500. 1000 and
2000. expressed in a?/ D-units. The gray level varies linearly between black and white.

corresponding to a concentrations ¢ = ¢;fl. and ¢ = d)ﬁl, respectively.
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time = 100

time = 200

SUD=D)

Figure 5. Composition as a function of position at different times after the tempera-
ture of the upper and lower walls has been quenched from ¥; = 2 to ¥,, = 3. with heat
diffusivity & = 10D. The size of the system is 200a x 100a. with periodic boundary
conditions in the horizontal direction. and no-flux boundary conditions in the vertical
direction. to simulate a long, horizontal tube. Snapshots correspond respectively to
times ¢ = 100. 200. and 400. expressed in a®/D-units. The gray level varies linearly
between black and white. corresponding to a concentrations ¢ = ¢7. and 0 = o5,
respectively.
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Figure 6. Separation depth, s. as a function of time for a critical instantaneous quench
¥ = 3 and different amplitudes of the background noise. d¢ = 0.5 x 107'. 0.5 x 1072,
0.5 x 1073 and 0.5 x 10~*, with time expressed in terms of a?/D.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



39

800 T ~ r T

1000 [ T T T T T T T T

L 100

_o001 /)
e-0001 !
200 = 0.01

///'/
250=0.05 //
250=01 7
10 L I 1 1 L L 1 1
0.3 0.4 0.5 0.7 1
Y-2

Figure 7. Initial time ¢, as a function of the background noise d¢ (a) and the quenching
depth (¥ — 2) (b). Points refer to the results of numerical simulations with @q = 0.5.
while the coatinuous line represents the correlation ty = (A — Blogda) /(¥ — 2)°.
with A =22.5. B=3.7and c = 2.1.
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Figure 8. Characteristic size of the microdomains. Rg. expressed in a-units. as a
function of time. t. expressed in a®/D-units. after an instantaneous critical quench
¥ = 3. The lengthscale Rr is compared to Rp. representing the characteristic size of
the microdomains as defined by Desai et al. [35]. The continuous line represents the
correlation R = 10¢!/3
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Figure 9. Radial pair correlation function. C (r.t). after an instantaneous critical
quench ¥ = 3. as a function of r for different ¢ (a). and as a function of the self-

similar parameter z = r (a.Dt)_”3 (b).
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Instantaneous quenching of mixture with average composition o = 0.4.

time = 50

time = 100

time = 1000

Figure 10. Composition as a function of pasition for ¥ = 3 at different times after an
instantaneous off-critical quench with ¢g = 0.4. The size of the system is 100a x 100a.
with periodic boundary conditions. Snapshots correspond to times ¢ = 20. 60. 100.
500. 1000 and 2000, expressed in a?/D-units. The gray level varies linearly between

black and white, corresponding to a concentrations ¢ = g)g‘q, and ¢ = q}ﬁ,, respectively.
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CHAPTER 5
CONVECTION DRIVEN PHASE SEPARATION

In this section. we describe the results of the numerical simulations of the
model H described by Equations (3.2)-(3.3). The boundary conditions were no-
flux for the concentration field and no-slip for the velocity field. In most of our
simulations we used ¥ = 2.1. because this is the Margules parameter of the water-
acetonitrile-toluene mixture with 20°C' temperature quench that was used in a parallel
experimental study [23]. Both critical and off-critical quenches were considered. with
uniform initial concentration fields o9 = 0.5 and @9 = 0.4. respectively. In this
chapter. time is measured as ¢t = (10°a®/D) r. where 7 is a non-dimensional time.
Since typical values of D and a are 10~°cm?/s and 10~°cm. respectively. then 7 ~

t/ (ls).

5.1 Influence of Convection

First. we solved Egs. (3.2)—(3.3) for a system with uniform initial mole
fraction o9 = 0.5 and for different values of the Peclet number «. The first row
of images on Figure 11 represents the results for « = 0. e.g. for the case when
diffusion is the only mechanism of mass transfer. showing that. soon after the first

drops appear, they coalesce into dendroid-like structures. The mean composition
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within (and without) these structures changes rapidly, as at time 7 = 0.05 we already
see two clearly distinguishable phases with almost uniform concentrations equal to
0.59 and 0.41. while at equilibrium their respective compositions are o;ﬁ, = (.685
and @fq = 0.315. After this early stage. the structures start to grow. increasing
their thickness and reducing the total interface area. while at the same time the
composition within the domains approaches its equilibrium value. This. however. is a
slow process. driven only by diffusion. and at time 7 = 0.1 the phase domains still have
a dendroid-like geometry with a characteristic width which is just twice as large as
its initial value. In the following. we will denote these slow-changing configurations
as metastable states. referring to Refs. [15. 35| for further informations on their
evolution.

For non-zero convection. i.e. for a # 0. dendritic structures thicken faster.
but up to a =~ 10° domain growth still follows the same pattern as for a = 0: first.
single-phase domains start to appear. separated from each other by sharp interfaces.
and only later these structures start to grow. with increasing growth rate for larger
«. When a > 10°. however. phase separation occurs simultaneously with the growth
process. For example. when a = 10*. we see the formation of isolated drops of both
phases. surrounded by the bulk of the fluid mixture. which is still not separated. In
addition. drops appear to move fast and randomly while they grow. absorbing material
from the bulk. colliding with each other and coalescing, so that single-phase domains

grow much faster than when molecular diffusion is the only transport mechanism. In
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fact. at time 7 = 0.1. single-phase domains have reached a size comparable to that
of the container’s (i.e. 400a), while at that same time. in the absence of convection.
the dendroid domains have an approximate widths of 20a. Clearly. since the motion
of the interface is too quick for the concentration diffusion to establish a metastable
state within the microdomains. double. or multiple. phase separation is observed. in
agreement with previous numerical [19. 22] and experimental {23. 1] results.
Although the dynamics of phase separation in fluids is mostly driven by
convection. this is not the case for very short times. Then. the convective driving
force F, is negligible. as composition gradients did not develop yet. and therefore
diffusion is the only mechanism of mass transport. In fact. the two pictures in Figure
12 show that at time T = 0.02 the concentration fields for « = 0 and a = 10*
are almost indistinguishable from each other. with patterns having a characteristic
period. A. equal to the fastest growing mode in the linear regime for a diffusion-driven

process [14].

5.2 Evolution of the Domain Composition

In Figure 13 the separation depth s for critical quenches is plotted as a
function of time. showing the influence of the convection parameter o on the average
phase composition within the phase domains. No detectable phase separation takes
place when 7 < 0.02, that is until the first spinodal decomposition pattern is formed.

Then. phase separation appears to take place in two different ways. depending on
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whether a < 102 or a > 103. For smaller a's. we observe a fast separation process
during the short time interval 0.02 < 7 < 0.06. followed by slower growth of the
separation depth. Comparing Figure 11 with Figure 13. we see that single-phase
domains are formed during this fast separation process. and at time 7 ~ 0.06. they
already appear to be separated by sharp interfaces. From that point on. separation
proceeds much more slowly. as the concentration gradients within the single-phase
domains are very small. while the concentrations of the two phases across anv interface
change only slowly in time. Although Tanaka [41] denotes these states as ones of local
equilibrium. here we prefer to use the term "metastable states™. considering that at
stable equilibrium we must have s = 1. while here we have s < 0.8. In the case of
larger a. with o > 103, the growth of the separation depth is more gradual. revealing
that separation and growth occur simultaneously. Presumably. even in this case the
system will eventually reach a metastable state. but. due to computational limitations.
we could not see it.

The behavior of a phase-separating system depends as much on the driving
force F, as on the Peclet number a. Consider. for example. the behavior of two
systems with Peclet numbers @ = 0 and a = 103. In Fig. 13 we see that. at time
7 = 0.08 and with the same s = 0.6. the system with a = 0 is in a metastable state.
while that with o = 10% is still in the domain-forming, separating stage. In fact.
although the capillary driving force F, is the same in the two cases. since it is a

function of the separation depth s. it can induce a strong convection only for systems
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with small viscosities (i.e. with large a’s). while for very viscous systems it has hardly

any effect.

5.3 Off-critical Quenches

In Figure 14 we show the separation process for off-critical mixtures with
o9 = 0.45. As in the critical case. the system tends to form larger single-phase
domains as the convection coefficients a increases. Again. while for smaller a the
processes of separation and growth occur successively in time. for larger a thev occur
simultaneously. However. while for critical mixtures the separating phases tend to
form interconnected domains. for off-critical mixtures we observe the formation of
isolated. mostly circular drops. with no detectable double phase separation. The
larger is a. the shorter is the relaxation time of a drop after a collision. so that for
a > 10? we practically do not observe any non-circular drops. As we see in Figure 15.
compared to the critical case. the onset of phase separation for off-critical mixtures
occurs at later times. In particular. the closer ¢ is to the spinodal concentration
o (in our case. with ¥ = 2.1. ¢, = 0.388). the longer it takes for the onset of
phase separation. In addition. in off-critical mixtures the processes of separation
and growth tend to occur successively in time. even at high values of the Peclet
number. For example. comparing Figures 13 and 15. we see that for o = 10°. the two

processes occur simultaneously in the critical case. and sequentially in the off-critical
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one. That means that off-critical mixtures are more likely to reach a metastable state.

after which single-phase domains grow much more slowly.

5.4 Temporal Growth the Domain Size

Finally. the equivalent average radius of the drops. R. is plotted in Figure 16
as a function of time. For a given value of a < 10*. the equivalent radius grows linearly
with time. until it reaches a saturation value. corresponding to the above-mentioned
metastable state. after which it grows more slowly. In particular. when a = 0.
metastable states grow like ¢!/3. On the other hand. when o > 10*. the equivalent
radius appears to grow linearly until it attains a value which is comparable to the
size of the system. Again. when a = 10*. due to computational limitations. we could
not see the size of the microdomains corresponding to a metastable state. The linear
growth follows the curve R ~ 10%ar = 1072Dt/a. and appears to be independent of a.
This scaling of the temporal growth dR/dt can be easily determined. considering that
dR/dt = |j| /p. where j is the mass flux at the interface. which. far from equilibrium.
can be estimated as |j| ~ p(A®)[20 (1 — 0) ¥ — 1] (a/¢) (D/a), with ¢ ~ a/v¥ =2
denoting the characteristic thickness of the interface [14]. Therefore. considering that

(Ao) ~ V¥ — 2. we obtain:

dR D -
— ™ ‘3.(_1__ (5.1)

where 3 = (¥ — 2)®. Note that for D ~ 10~%cm®/s and a ~ 1073cm. we obtain:

dR/dt ~ 100u/s. in excellent agreement with the experimental results [23].
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Figure 11. Composition of a binary mixture at different times 7 after an instantaneous
quenching with ¥ = 2.1 and ¢q = 0.5, when the Peclet number « is 0. 10°. 10* and
10*. The size of the system is 400a x 400a, with no flux boundary conditions. The
snapshots correspond to 7 = 0.04. 0.05 and 0.10. expressed in 10°a®/D units. The
gray level varies linearly between black and white. corresponding to concentrations

o =0} and ¢ = @2, respectively.
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Figure 12. Concentration field after an instantaneous quenching with ¥ = 2.1 and
oo = 0.5 at time t = 0.02 x 10%a%/D. when the Peclet number « is 0 and 10*. The
size of the system is 400a x 400a. with no flux boundary conditions. Black pixels
correspond to concentrations ¢ < @¢. and white ones to @ > @q.
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Figure 13. Separation depth s as a function of time 7 for ¥ = 2.1. @y = 0.5. and with
different values of the Peclet number a. Results were obtained using 1000a x 1000a
simulations.
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Figure 14. Composition of a binary mixture at different times 7 after an instanta-
neous quenching with ¥ = 2.1 and ¢o = 0.45. when the Peclet number a is 0. 102.
10% and 10%*. The size of the system is 400a x 400a. with no flux boundary con-
ditions. The snapshots correspond to times 7 = 0.04. 0.05 and 0.10. expressed in

10%a2/D units. The gray level varies linearly between black and white. corresponding

to concentrations ¢ = ¢':q and ¢ = (bﬁ,, respectively.
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Figure 15. Separation depth s as a function of time 7 for ¥ = 2.1. @ = 0.45. and with
different values of the Peclet number a. Results were obtained using 1000a x 1000a
simulations.
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Figure 16. Equivalent average radius R as a function of time 7 for ¥ = 2.1. @9 =
0.45. and with different values of the Peclet number . Results were obtained using
1000a x 1000a simulations.
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CHAPTER 6

MOTION OF DROPLETS DURING LATE STAGE
OF PHASE SEPARATION

In this section we consider a well-separated system. that is a mixture com-
posed of single-phase domains of uniform. but not necessarily equilibrium. concen-
tration. separated by sharp interfaces. We discuss here simple models to study the
motion for of single-phase droplets surrounded by the continuum phase. using nu-
merical solutions of Equations (3.2)-(3.3) with initial conditions simulating isolated

drops of A-rich phase immersed in a B-rich liquid.

6.1 Motion of a Single Drop in a Concentration Gradient

Consider an isothermal system composed of a drop with radius R and con-
centration @4. surrounded by a continuum phase with concentration o, = 1 — o4
and an imposed initial concentration gradient Vo,.. Since the width of the inter-
face ¢ ~ a/v/¥ — 2 is constant. while the concentration drop across the interface.
A¢ = o4 — &.. is larger on one side of the drop than on the other (see Fig. 17). a
surface energy difference between the front and the back of the drop will result [cf.
Eq. (3.5)]. This surface energy gradient will induce a Marangoni force. which. in

turn. leads to the motion of the drop. Concomitantly. the system is phase separating.
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with the concentration of the drop and that of the continuum phase tending to their
equilibrium values (Dc)eq and (¢>d)eq, respectively. Assuming that the mean particle
velocity V' is much larger than the typical growth rate of the drop. dR/dt. as it phase-
separates. the concentration around the drop can be considered approximately equal
to its unperturbed value (i.e. it varies linearly with position). Therefore. the energy
integrated over the surface of the drop (in 3D) is equal to £ = 4w R?0. where o is the
surface tension evaluated at the drop center. Consequently. imposing that the driving
force F = VE = 4wrR?Vo is equal to the drag force F = —5rnRV. with V denoting
the constant translational velocity. and where we have assumed that the drop and

the surrounding liquid have the same viscosity n, we obtain.

v=_g, _ —g\/\p “3(Ao0)a (9> RYC.

am a T
Here a~! = (M /pRT)(nD/a*). defined in Eq. (3.4). represents the capillary num-
ber and the surface tension o is given by Eq. (3.3). with (A@) denoting the mean

concentration drop across the interface. Finally. using again Eq. (3.5). we find that

Vo/o = —4Vo./ (Ad). and considering that (Ag) ~ V¥ — 2. we obtain.

V =K a (2) RVo.. 6.1)
a

with K ~ (¥ — 2).
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As we mentioned above. the translational velocity must be compared with
the temporal growth dR/dt. with dR/dt ~ (¥ — 2)*(D/a) [cf. Eq. (6.3)]. Therefore.

as this analysis is valid only when V' > dR/dt. we obtain the following inequality.

a Y (¥ - 2)

L 1. 6.2
RVo. < (0.2)

A similar treatment was presented by Karpov and Oxtoby [25]. Although this model
is valid for 3D systems and uses rough approximations for both Marangoni's and
drag forces. it describes qualitatively the velocity dependence on the concentration
gradient and the capillary number. The dependence on the drop size is obviously
a strong function of the dimensionality of the problem. as in 2D Stokes™ paradox
prevents us from evaluating the drag of the drop (in fact. it should be infinite).

The problem of this Section is somewhat similar to that studied by Subra-
manian [42]. who generalized Young. Goldstein and Block’s [43] results on thermo-
capillary motion to the case of a single drop. immersed in an immiscible background
phase. while a solute. miscible in both phases. is diffusing within the whole domain.
i.e. in and out of the drop. Assuming that the surface tension o depends on the
local solute concentration ¢. an imposed concentration gradient of the solute. (V).
would generate a Marangoni force. inducing the motion of the drop. Not surprisingly.
in the dilute limit. ¢ < 1. as the solute concentration c satisfies the heat equation. the
migration velocity of the drop V is given by an expression similar to Young. Goldstein

and Block's [43] thermocapillary velocity. i.e. (42]. V ~ (do/dc)n™' R(Vc) .. Clearly.
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apart from a numerical coefficient. this formula is equivalent to Eq. (6.1). showing
that the migration velocity is proportional to the concentration gradient and to the
drop size. and is inversely proportional to the viscosity of the fluids (which means
that it is proportional to the inverse capillary number o).

In our simulations. the drop has an initial radius Ry = 10a. with average
concentration ¢4 = 0.55 and is immersed in a concentration gradient of the continuum
phase. |Vo.| = 107* — 1073a~!. As expected. since the inequality (6.2) is satisfied.
we observe that the drop moves straight in the direction of V@,.. with a speed that is
proportional to |Vé,.| and proportional to the inverse capillary number a~! (see Fig.
18). in agreement with Eq. (6.1). However. comparing the results of Fig. 18 with
the predictions of Eq. (6.1). we see that. instead of a slope A ~ (¥ —2) ~ 107", we
obtain K =~ 0.04(R/a) ~ 4.107%. As already mentioned. the smaller-than-expected
absolute value of the velocity is probably related to the very large drag experienced
by the 2D drop. The dependence of the translational velocity on the drop size is
also more complicated than the simple linear relation predicted by Eq. (6.1): in fact.
as shown in Fig. 19. it appears that V depends linearly on R only for small R’s.
or equivalently. for small concentration gradients. while for larger R’'s the velocity
of the drop evens out. reaching a plateau. Similar results were obtained by Jasnow
and Vifals [22]. who applied the model H to study the thermocapillary migration of

drops.
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6.2 Motion of a Single Drop in a Uniform Concentration
Field

Consider an isolated drop with uniform initial concentration (¢4), immersed
in a concentration field with uniform initial concentration (0.); = I — (¢q4),. Since
the concentration of the drop and that of the continuum phase tend to their respec-
tive equilibrium value. the drop will absorb (or desorb) material from (or to) the
background field. In doing so. the concentration profile around the drop will become
non-uniform. thereby inducing a body force F, which may lead to the motion of the
drop. Comparing Fig. 20 and Fig. 21. we see that the movement of the drop depends
on whether the initial concentration depth (A¢), = (¢c), — (@C)eq is > 0or < 0. In the
first case. the drop absorbs material from the surrounding continuum phase. digging
a "ditch” all around its perimeter and inducing the capillary driving force F,, which
then leads to the motion of the drop. So. the drop motion is self-sustained: each
drop generates a change of the surrounding continuum phase. which in turn induces
a force which moves the drop. On the other hand. when (A®), < 0. the drop diffuses
out and eventually disappears. without moving. Clearly. when (Ad), = 0. the drop is
at equilibrium with the background field and does neither move. nor change its size.

Note that. while a drop immersed in a concentration gradient moves even
when its size remains constant. the motion of a drop immersed in a uniform concen-
tration field with (A@), > 0 is intrinsically connected to its changing size. i.e. if the

drop does not absorb material from the background field. it won't move. In Fig. 22
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the drop radius is plotted as a function of time. showing that the growth rate dR/dt
is constant. even in the case (Ao), = 0.315. when the drop radius increases four
times during the time interval considered. This has to be expected. considering that
dR/dt = |j| /p. where j is the mass flux at the interface. which. far from equilibrium.
can be estimated as |j| ~ p(Ad)[20(1 — o)V — 1} (a/€) (D/a). with £ ~ a/ VU =2
denoting the characteristic thickness of the interface (14]. Therefore. considering that

(No) ~ V¥ — 2. we obtain:

dR D A
o .3;. (6.3)
where 3 = (¥ —2)2. In our case. with ¥ = 2.1. we obtain: 3 ~ 1072D/a. in

agreement with the results of our simulations (see Fig. 22). and confirming that the
growth rate is independent of the drop radius.

In Fig. 23. the instantaneous velocity of the drop. [V]. with (Ae), > 0. is
plotted as a function of time. showing that it strongly fluctuates around its mean
value V. This. in turn. depends on the driving force. that is proportional to the
concentration depth (Ag), of the "ditch” that the drop "digs™ all over its perimeter
(see Fig 20). The dependence of V and dR/dt on (Ao), is represented in Fig. 24.
revealing that dR/dt < V. with both quantities increasing with (Ao),. and going
to zero for (A¢), = 0.01. This latter result seems to indicate that when the initial
concentration depth (A@), is very small. the system finds itself in a metastable state.

from which it can evolve only in the presence of a finite disturbance.
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Following the motion of the drop. as in Fig. 25. we see that its motion looks
random. In fact. denoting by r(t) the position of the center of the drop at time ¢,

with r (0) = 0. we can define the effective diffusivity D* as.

o {rer)
4

In Fig. 26 the effective diffusivity is plotted. showing that it does tend to an O (D)
constant value for long times. The fact that a drop has a diffusivity which is of the

same magnitude as that of its molecules is an astonishing result.

6.3 Motion of Two Drops in a Uniform Concentration
Field

In the two previous simulations we saw that drops modify their surrounding
continuum phase and then move accordingly. driven by a capillary force which is
proportional to the concentration gradient. Therefore. when two drops are close
enough that each modifies the concentration distribution of the continuum phase
surrounding the other. we expect that the net effect will be a mutual attractive force.
In other words. as an A-rich drop travels towards regions with higher concentration
of A. growing in size and leaving behind tails of purified B-rich fluid. it will influence
the motion of another A-rich drop. In general. this attractive force can be seen as an
attempt of the system to minimize its interfacial area and. therefore. its free energy.

This mechanism has been explained very well by Tanaka [41].
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Our simulations revealed that. as in the case of a single drop. the behavior
of the system is very different. depending on whether (Ao)o is positive or negative.
In fact. as illustrated in the sketches of Fig. 27. as drops start to move towards each
other. when (Ag@)o > 0 the concentration profile tends to form a concentration barrier
between them. screening their mutual attraction. while when (Ao)g < 0 the mutual
attractive force is unchallenged. Consequently. when (Ae)g > 0. the two drops may
or may not coalesce as they approach each other. while. when (Ao)q < 0. they always
end up coalescing. as shown in Figs. 28 and 29. respectively. In these two figures we
see that. despite few burst expressing singular behavior. our computer model seems

adequate in describing the process of two drops merging into one.
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Figure 17. Isolated drop in a concentration field.
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Figure 18. Velocity V of a drop with initial radius Ry = 10a as a function of the
unperturbed concentration gradient Vo, in the continuum phase.
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Figure 19. Velocity V of a drop with initial radius Rg = 10a as a function of its
radius. for a given concentration gradient V@, = 5.107%a"! of the continuum phase.
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Figure 20. Evolution of the concentration field of a drop with initial radius 10a.
immersed in a continuum phase with (A¢), = 0.135. The two-dimensional square
grid has size 200a and time is given in a®/D units.
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Figure 21. Evolution of the concentration field of a drop with initial radius 10a.
immersed in a continuum phase with (A¢), = —0.015. The two-dimensional square
grid has size 200a and time is given in a®/D units.
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Figure 22. Radius of a phase-separating drop as a function of time. The drgp.
with initial radius Ry = 9.5a. is immersed in a uniform concentration field with
initial composition (¢.), = 0.35. 0.40 and 0.45. and with equilibrium composition
(0c),q = 0.315.
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Figure 23. Instantaneous velocity |V'| of a phase-separating drop immersed in a
uniform concentration field with initial composition (¢.), = 0.35. 0.40 and 0.45. and
with equilibrium composition {¢),, = 0.315.
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Figure 24. Mean velocity. V. and growth rate dR/dt. as functions of the initial
concentration depth (Ao),.
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Figure 25. Trajectory of a drop with initial radius Ry = 9.5a. immersed in a uniform
continuum phase with initial composition (¢.), = 0.45 and inverse capillar}: number
a = 10*. The position of the drop is shown at each time interval A¢f = 100a"/D: and

the size of square grid is 400a.
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Figure 26. Effective diffusivity D* of a drop with initial radius Ry = 9.5a. immersed
in a continuum phase with initial composition (¢.), = 0.40 and inverse capillary
number a = 10*.
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Figure 27. Sketches of the concentration profiles of two phase-separating drops when
(A@), > 0 (top). and (A¢), < 0 (bottom)
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Figure 28. Evolution of the concentration field of two drops with initial radii 10a
(left) and 16a (right), immersed in a continuum phase with (A¢), = 0.135. The
two-dimensional square grid has size 200a. Time is given in a?/D units.
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Figure 29. Evolution of the concentration field of the drop with initial radii 10a.
immersed in a continuum phase with (A¢), = —0.015. The two-dimensional square
grid has size 200a. Time is given in a?/D units.
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CHAPTER 7
CONCLUSION

In this work. we study the phase separation of deeply quenched mixtures
in which the diffusion coefficient depends on the local composition field . Our
theoretical model follows the standard model H. where convection and diffusion are
coupled via a body force. expressing the tendency of the demixing system to minimize
its free energy. In the limit of sharp interfaces separating single-phase domains. this
coupling term reduces to the capillary force. A simple dimensional analysis shows
that this force depends on the Peclet number «. expressing here the ratio of thermal
to viscous forces.

First. we consider the case of alloys and polymer melts with high viscosities.
where @ = 0. We show that one-dimensional systems evolve until they reach a
spatially periodic steady state, with a period that. for instant quenching. coincides
with the wavelength of the mode of maximum growth of the linear stability analysis.
Similar results are obtained also when the temperature of the system is the solution
of the heat equation, but in this case the period of the periodic steady state solution
increases as the heat diffusivity decreases. In 2D, the concentration profile. after
reaching a periodic state similar to the 1D steady state. continues to evolve. forming

single-phase domains separated by sharp interfaces, which then thicken as the system

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



tries to minimize its interfacial area. When the quench takes place across. or near. the
critical point. the drops merge to form filaments which later coarsen and grow. while
when the quench takes place far from the critical point and near the metastable region
of the phase diagram. the length of these filaments decreases as the system becomes a
collection of nucleating drops. The typical size R of these single-phase domains grow
with time as t!/3. in agreement with theoretical predictions. However. contrary to
the the commonly accepted assumption of local equilibrium at the late stage of phase
separation. the composition field within and without these microdomains is far from
equilibrium even after the formation of sharp interfaces.

In liquid binary mixtures. where the Peclet number can be as high as a =
10°. phase separation is mostly driven by convection. Qur simulations predict a linear
growth rate R x ¢t. with a growth rate proportional to the ratio between molecular
diffusivity and interface thickness. in agreement with the experimental results. For
small Peclet numbers. a < 10%. the formation of sharp interfaces and the growth of
the single-phase domains are two stages of the process of phase segregation that occur
successively to one another. On the other hand. for large Peclet numbers. a > 10*.
phase separation and domain growth occur simultaneously.

Finally. the motion of liquid drops in phase-separated mixture is simulated
in 2D. Three problems are considered. In the first. we study the motion of a single
drop immersed in a continuum field with constant concentration gradient. finding

that the drop speed is proportional to the concentration gradient and inversely pro-
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portional to the capillary number. The second problem involves the motion of a single
drop immersed in a homogeneous concentration field. when the difference (Ao}, be-
tween the initial concentration of the continuum phase and its equilibrium value is
either negative or positive. [n the first case. the drop shrinks without moving. while
when (Ao), > 0. the drop consumes material from the surrounding field and moves
randomly. propelled by the induced capillary driving force. During its movement.
the drop grows linearly in time. with a growth rate proportional to the ratio between
molecular diffusivity and interface thickness. In addition. the random motion of the
drop has an effective diffusivity which tends to a constant value. showing that the
drop has a diffusivity which is of the same magnitude as that of its molecules. The
third problem simulates the motion of two drops. showing that the capillary forces
induce a mutual attraction between the two drops. When (Ao, < 0. the attractive
force is unchallenged. thus leading always to coalescence. while when (Ao}, > 0 a

screening effect arises which may keep the two drops apart from cach other.
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