
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 

films the text directly from the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter face, while others may be 

from any type o f computer printer.

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in reduced 

form at the back of the book.

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6” x 9” black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly to 

order.

UMI
A Bell & Howell Information Company 

300 North Zeeb Road, Ann Arbor MI 48106-1346 USA 
313/761-4700 800/521-0600

permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



N U M E R IC A L  S IM U LA T IO N S  OF 

PH ASE S E P A R A T IO N  O F D E E P LY  Q U EN C H ED  M IX T U R E S

by

N A T A L IA  V L A D IM IR O V A

A disserta tion subm itted  to the G raduate Faculty in  Engineering 
in  p a rtia l fu lfillm e n t o f the requirements for the degree o f 
D octo r o f Philosophy. The C ity  U niversity o f New York

1998

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 9908376

UMI Microform 9908376 
Copyright 1998, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized 
copying under Title 17, United States Code.

UMI
300 North Zeeb Road 
Ann Arbor. MI 48103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This m anuscrip t has been read and accepted for the Graduate Facu lty in Engineering

in  satis faction o f the d issertation requirem ent for the degree o f D octo r o f Philosophy.

/

Date C ha ir o t Exam ing C o inm ittee

Date Executive Officer

Prof. Reuel Shinnar

Prof. Charles Maldarelli

Prof. George Triantafyllou

Dr. Andrea Malagoli

Supervisory Com m ittee

T H E  C IT Y  U N IV E R S IT Y  O F N E W  Y O R K

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
i



Abstract

N U M E R IC A L  S IM U LA T IO N S  O F 

PHASE S E P A R A T IO N  O F D E E P LY  Q U E N C H E D  M IX T U R E S

by

N a ta lia  V lad im irova

Adviser: Professor Roberto M auri

In th is  work the phase separation o f deeply quenched m ixtures is studied. 

The theoretical model follows the standard model H. where convection and diffusion 

are coupled via  a body force, which depends on the Peclet number a.  expressing 

the ra tio  of therm al to viscous forces. In  the lim it  o f sharp interfaces separating 

single-phase domains, the coup ling term  reduces to the cap illa ry  force.

For sm all Peclet numbers, a  <  102. the system form s single-phase domains, 

which can be drops o r filaments depending on the m ix tu re  com position, separated 

from  one another by sharp interfaces. These single-phase domains thicken as the 

system tries to  m in im ize its  in te rfac ia l area, w ith  the typ ica l dom ain size R  growing 

in  tim e as f 1' 3. in  agreement w ith  theoretical predictions. Phase separation for larger 

Peclet numbers is characterized by slower change of com position and faster domain 

growth. In fact, when a  >  103. the typ ica l drop size increases linea rly  w ith  time, w ith  

a grow th rate p ropo rtiona l to  the ra tio  between m olecular d iffu s iv ity  and interface 

thickness, in  agreement w ith  the experim ental results. In  add ition , phase separation 

and domain grow th occur sim ultaneously when the Peclet number is large, while, for
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sm all Peclet numbers, f irs t sharp interfaces appear, and then the single-phase domains 

s ta rt to grow. The com position field w ith in  and w ithou t these m icrodom ains appears 

to be non-uniform  and tim e-dependent, even after the fo rm a tion  o f sharp interfaces, 

thereby contrad ic ting  the com m only accepted assumption o f local equ ilib rium  at the 

late stage o f phase separation.

This theore tica l model was validated determ in ing the ve loc ity  o f a single 

drop immersed in a phase-separating continuum  field w ith  constant concentration 

gradient, find ing th a t i t  is p ropo rtiona l to  the concentration grad ient and inversely 

p ropo rtiona l to the ca p illa ry  number. A  single drop, immersed in a homogeneous 

concentration field, i t  shrinks w ith o u t moving, i f  the difference between the in it ia l 

concentration o f the con tinuum  phase and its equ ilib rium  value is negative. In the 

opposite case the drop grows linearly, consuming m ateria l from  the surrounding field 

and m oving random ly, prope lled by the induced cap illa ry  d r iv in g  force. Two drops, 

immersed in a continuum  field, experience a m utual a ttra c tio n , induced by the cap­

illa ry  force, which may or may not lead to the drop coalescence, depending on the 

concentration o f con tinuum  phase.
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1

CHAPTER 1 

INTRODUCTION

Phase separation o f deeply quenched m ixtures can occur e ithe r by nucleation 

(bo th  heterogeneous and homogeneous) or by spinodal decom position ([1]). The 

form er process describes the re laxa tion to equ ilib rium  o f a m etastable system, while 

the second one is typ ica l o f unstable systems. Therefore, nucleation is an activated 

process, where a free energy barrie r has to be overcome in  order to  fo rm  embryos o f 

a c r it ic a l size, beyond which the new phase grows spontaneously, in  most practical 

cases, suspended im purities  or im perfectly wetted surfaces provide the interface on 

w hich the grow th o f the new phase is in itia ted  [2].

C on tra ry  to  nucleation. spinodal decomposition occurs spontaneously, w ith ­

ou t any energy barrie r to  be overcome, and involves the g row th  o f fluctuations o f 

any am p litude  th a t exceed a c r it ic a l wavelength [3]. The classical theoretica l basis o f 

th is  process is the C ahn-H illia rd -C ook theory [4], generalizing the previous approach 

by Van der Waals [5], w h ich was la ter extended to include non-linear effects [6 . 7]. 

In  princ ip le , nucleation and spinodal decomposition are fundam en ta lly  different from  

each other, as m etastable systems relax v ia  the activated g row th  o f localized fluctua­

tions o f large am plitude, whereas unstable systems do so v ia  the spontaneous growth 

o f long-wavelength fluc tua tions o f any am plitude. However, in  practice, the d is tinc­
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tion  between the two processes is rather m urky [8], as bo th  the c ritica l nucleus size 

and the c r it ic a l fluc tua tion  wavelength decrease as the tem pera ture  quench increases

[91-

M ost o f the experim ental studies on c r itica l b ina ry  m ixtures [10. 11. 12] have 

observed th a t, r ig h t a fte r the temperature has crossed th a t o f the m isc ib ility  curve, 

the system starts  to separate by diffusion only, leading to  the fo rm ation o f well-defined 

patches, whose typ ica l size R  is described by a power-law tim e dependence. R(t)  ~  tn. 

where n % 1/3 when diffusion is the dom inant mechanism o f m ateria l transport, and 

r i s i l  when hydrodynam ic, long-range in teractions become im portan t. The shape of 

these patches appears to depend strongly on the com position o f the system: for c ritica l 

m ixtures, they are dendritic , interconnected domains, w h ile  for o ff-critica l systems 

they appear to  be spherical drops. Then, in the so-called, " la te "  stage o f coarsening, 

these patches become large enough tha t buoyancy dom inates surface tension effects, 

and the m ix tu re  separates by gravity  [13]. So. during  the process o f phase separation, 

the m orphology o f the system changes dram atica lly , from  th a t o f an unstructured 

flu id  to tha t o f an emulsion, w ith  the phase interfaces being in it ia lly  non-existing, 

then very diffuse and. finally, rather sharp [3].

Theore tica lly , spinodal decomposition in  flu ids has been described w ith in  

the fram ework o f the G inzburg-Landau theory o f phase tran s ition  [4], showing tha t 

during  the early stages o f the process, in it ia l in s tab ilities  grow exponentially, form ing, 

at the end. single-phase m icrodomains whose size corresponds to  the fastest-growing
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3

mode A0 o f the linear regime [14]. During the late stages o f the process, i.e. for times 

t >  r0 =  Aq /D . where D  is the molecular d iffus iv ity . the system consists o f well- 

defined patches in which the average concentration is not too far from  its equ ilib rium  

value [15]. A t th is  po int, m ateria l transport can occur e ithe r by d iffusion or by 

convection. In  cases where diffusion is the only transport mechanism, both  ana lytica l 

calculations [16] and dimensional analysis [13] predict a grow th law R(t)  ~  f 1,3. due 

to the Brownian coagulation o f droplets. On the o ther hand, when hydrodynam ic 

in teractions among droplets become im portan t, the effect o f convective mass flow 

resu lting from  surface tension effects cannot be neglected any more. In th is case, 

while dimensional analysis indicates a growth law R(t )  ~  t [13. 17]. no satisfactory- 

theoretica l result has been obtained so far. showing convincing ly where the linear 

grow th rate comes from . In two dimension, com puter s im ula tions were performed 

by Farrell and Vails [18]. ob ta in ing  however a grow th rate exponent n =  0.69. More 

recently. Tanaka and A rak i [19] showed tha t the scaling exponent for the domain 

grow th is not universal, and depends on the relative im portance o f the two relevant 

transport mechanisms, i.e. hydrodynam ic flow and diffusion.

In th is  work, the evolution of c ritica l b inary m ixtures is studied. The process 

is sim ulated in  two dimension, following the so-called model H. in the taxonom y 

o f H a lperin  and Hohenberg [20], which was o rig ina lly  developed by Kawasaki and 

coworkers [21]. In  th is  model, the equations o f conservation o f mass and momentum 

are coupled v ia  the convective term  o f the convection-diffusion equation, which is
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driven by a com position-dependent body force in  the Stokes equation. As noted 

by .Jasnow and V ifia ls  [22], when the system is composed of single-phase domains 

separated by sharp interfaces, th is force incorporates cap illa ry  effects, and plays the 

role o f a M arangoni force. A fte r the in it ia l,  d iffus ion-driven stage leads to  a non- 

un ifo rm  concentra tion field, th is  cap illa ry d r iv in g  force induces a m ateria l flux, which 

is several orders o f m agnitude larger than its  d iffusive counterpart. D uring  the la ter 

stages o f phase separation th is body force is responsible for the strong m otion  of 

the single-phase dom ains th a t is observed experim enta lly  during  phase trans ition  

[23]. In pa rticu la r, as noted by Karpov [24] and K a rpov and O xtoby [25], cap illa ry  

forces drive the m otion  o f nucleating droplets along a com position gradient, leading 

to partic le  c lustering  and d irect coalescence. These aspects o f the phenomenon of 

phase separation are fu rthe r studied here.

A fte r describ ing the theoretical m odel and its  numerical im plem enta tion  

in Chapter 2 and 3 respectively, in Chapter 4 we generalize the analysis o f M auri 

et al.[14], s tudy ing  the diffusion-driven evo lu tion  o f phase-separating 2D systems, 

together w ith  the effects a non-uniform , slow quenching. Chapter 5 is devoted to 

study the influence o f convection on phase separating systems, de term in ing  why the 

m orphology o f a liq u id  b inary  m ix tu re  is so ra d ica lly  different than tha t o f a polym er 

solution, as they phase separate. F inally, in  C hapter 6 . we validate our theoretica l 

model by considering three examples o f diffusio-phoresis o f drops in  two dimensions, 

th a t is th e ir m otion  induced by the concentration gradients o f the background field.
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F irs t, we s tudy the m otion  o f a single drop immersed in a constant concentration 

gradient o f the continuum  phase: then, we follow the m otion o f a single drop as it  

phase separates in  a un ifo rm  background field: fina lly, the influence of the cap illa ry  

body force on the coalescence rate o f drops is analyzed, s im ula ting the m otion  o f two 

drops and s tudy ing  the resulting m utua l a ttrac tive  force. The last C hapter 7 sums 

up a ll the relevant results o f th is research.
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CHAPTER 2 

THEORETICAL MODEL

O ur theoretica l model follows the standard model H. fo llow ing the classifi­

cation o f H a lperin  and Hohenberg [20]. which was o rig in a lly  developed by Kawasaki 

and coworkers [21]. In this model, the equations o f conservation o f mass and momen­

tum  are coupled v ia  a body force, expressing the tendency o f the dem ixing system 

to m in im ize  its  free energy. A fte r discussing the general features o f the model H. we 

w ill in troduce few s im p lify ing  assumptions, which are needed to make com putation 

less tim e-consum ing, ju s tify in g  them on physical grounds.

2.1 Gibbs Free Energy and Chemical Potential

Consider a homogeneous m ix tu re  o f two species A and B  w ith  m olar frac­

tions £ a and £ b =  1 — £.4, respectively, contained in  a closed system at tem perature 

T  and pressure P.  The equ ilib rium  state o f th is  system is such tha t it  m inim izes the 

"coarse-grained" free energy functiona l, tha t is the m olar G ibbs energy o f m ixing.

-AQeq.

& 9 eq  =  9eq ~  (ffA* 4 +  9 B * b ) ,  (2.1)

where geq is the energy of the m ixture  at equ ilib rium , while g_\ and g s  are the molar 

free energy o f pure species A  and B.  respectively, at tem perature T  and pressure P.
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The free energy A g eq is the sum of an ideal part A gid and a so-called excess part gex. 

w ith

A gid =  RT[ x a lo g x A +  x B lo g x Bj. (2.2)

where R  is the gas constant, while the excess m olar free energy can be expressed as 

Margules corre la tion  [26].

gex =  R T x Ax a.£a ■+■ (2.3)

where #.4 and # 3  are functions o f T  and P.  I f  .4 and B  have physical properties 

tha t are close enough to  have $.4 =  =  (P- the m olar free energy (2.3). as well

a ll other two-param eter corre lations, such as van Laar's and W ilson 's, reduces to the 

F lorv-Huggins expression [27]

gex — R T ^ x  Ax B- (2 .-1)

Th is expression is generally derived by considering either the m olecular interactions 

between nearest neighbors [28]. or summing a ll pairwise in teractions throughout the 

whole system [29]. In add ition . Eq. (2.4) can be derived from  firs t principles assuming 

th a t the .4 — .4 and the B  — B  interm olecular forces are equal to  each other and 

larger than the A — B  in term olecular forces, i.e. FAA =  F Bb  >  FAB. ob ta in ing  an 

expression for which depends on {FAA -  FAB) [14]. Systems whose free energy is 

given by equations (2.1) and (2.2) are generally referred to  as regular solutions. In the 

fo llow ing, we shall assume th a t P  is fixed, so th a t the physical state o f the m ixture  

a t equ ilib rium  depends on ly on T  and x A.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In order to take in to  account the effects o f spatia l inhomogeneities. Cahn 

and H illia rd  [4] applied an orig ina l idea by van der VVaals 15] and in troduced the 

generalized specific free energy g. which for no-flux or periodic boundary conditions 

is given by the fo llow ing expression:

9 =  9 e q - \ R T a 2{ V x A ) ( V x B ). l2.5)

where a represents the typ ica l length o f spatia l inhomogeneities in  the composition. 

As shown by van der Waals [5]. a is p ropo rtion a l to the surface tension between the 

two phases and for a system near its m is c ib ility  curve it is ty p ic a lly  o f order 0.1 / tm 

[cf. Equation 3.6].

Below a certain c r it ic a l tem pera ture  Tc. corresponding to  values '!> >  2. the 

m olar free energy given by (2.2) and (2.4) is a double-well po ten tia l, and therefore a 

firs t-o rder phase trans ition  w ill take place. Now. it  is well-known th a t the m olar free 

energy can be w ritte n  as [26],

geqj R T  =  /.iAx A +  f.iBx b. *2.6)

where f.iA and g.B denote the chemical po ten tia l o f species A  and B  in solution, 

respectively, i.e..

  1 3{cgeq)   1 d(cgeq)

^  “  R T ~ l k ~ r  l ~L B  ~  R T  0 c B '

Here cA and c B denote the mole densities, th a t is the num ber o f moles per un it

volume, o f species A and B .  respectively, and c =  cA -I- cB is the to ta l mole density.
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Clearly. x A =  cA/ c  and xb  =  cb / c. From  here we see tha t the two quan tities  © =  x A 

and ( nA — h b ) are therm odynam ica lly  conjugated, tha t is (n.\ — fj-e) =  • This

result can be extended [4j defin ing the generalized chemical po ten tia l p.

- S ( g / R T )
LL =  ----- :------- . I J . i l

60

and su b s titu tin g  (2.1)-(2.3) in to  (2.7) we obtain:

p  =  / i0 +  log —  F 4 /^(1  — 2©) — 1 -  6© -+- 6©J) — a2V 2©. (2.8)
1 — ©

where =  (9b -  9a ) / R T  and

=  (^.4 +  ^ b ) / 2 . v&-  =  { ^ a ~  ^ s ) / 2 .

2.2 Continuity Equations

The con tin u ity  equation can be w ritten  both in terms o f num ber o f particles 

(i.e. moles) and in terms o f mass. I f  a ll the particles o f the system have the same 

mass, these two approaches are equivalent, as the molar flux  can be converted in to 

mass flux by m u ltip ly in g  i t  by the m o la r weight, in  the same way as the mole density 

can be converted in to  mass density. T ha t means tha t the mole averaged velocity, 

defined as the ra tio  between the m o la r flux and the mole density, is equal to the mass 

averaged velocity, which, in tu rn , is defined as the ra tio  between the mass flux  and the 

mass density. Therefore, in  the case o f a one-component system, we can ta lk  about 

ve loc ity  v w ith o u t having to  specify whether i t  is mole- or mass-averaged. In the
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same way. in  an A — B  b inary m ix tu re , the velocities o f species A  and B.  v .4 and v B. 

respectively, are well-defined quantities which do not require fu rther explanations. 

Consequently, the usual con tinu ity  equations for the molar concentrations c A and cB 

are s t il l va lid  for the subsystems o f particles .4 and B.  i.e..

The difference between the mole averaging and the mass averaging approaches arises 

only when we w rite  the con tinu ity  equation for bo th  species. For example, in  the mole 

averaging case, it  is convenient to rew rite  Eqs.(2.9) and (2.10) in terms o f the to ta l 

mole density c =  cA -I- cB and the mole fraction o f one o f the species, x  =  x A =  r A / c. 

as:

(2.9)

+  V - ( c Bv B) = 0 .
at

( 2 . 10 )

+  V - ( c v * ) = 0 .
at

( 2 . 11 )

( 2 . 12 )

where

v ‘ =  x Av A -+- x Bv B (2.13)

is the mole averaged velocity, and

j*  =  c x Ax B( \ A -  v B) (2.14)

is the diffusive m olar flux.
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In the mass averaging case, we obta in s im ila r equations in terms o f the to ta l

mass density p =  p A +  pa  and the mass fraction o f one o f the species, y  =  yA — pAj  p. 

w ith  pA — cAM A and pa  =  cBM B denoting the mass densities o f the ind iv idua l 

species, i.e..

is the diffusive mass flux  [30. 31]. Here the mass densities o f each ind iv idua l species 

are defined as the products between the ir mole densities and the ir m olar weights, i.e. 

pA =  ca M a and p B =  cBM B• Note tha t when pA =  p B =  p and M A =  \ I B =  .V/. the 

mole- and mass-averaged approaches give identica l con tinu ity  equations.

2.3 Diffusive Flux

For a two-com ponent system, the diffusive mass fluxes o f each species A  and 

B  are defined as.

(2.16)

(2.15)

where

v  =  i/a v .4 +  y Bv B

is the mass averaged velocity, and

j  =  PU.\yB{vA -  v B) (2.18)

ja  =  Pa  (v .4 -  v ) : j b  =  Pb (v a _  v ) • (2.19)
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where v is the mass averaged velocity (2.17). A p p ly in g  irreversible thermodynam ics, 

th is  d iffusive mass fluxes can be expressed through the  fo llow ing  expressions [32. 301.

j. i =  —- M  aA/s D caV  (2.20)
P

j  B ~  M AMgDcgSJ fJ,g. (2.21)
P

where and j ig are the chemical potentia ls o f species .4 and B  in  solution. Here 

we have neglected mechanical and therm al driven fluxes, as they are both irrelevant 

in our case. Note th a t, since, j.A +  j g =  0 .[cf. Eqs.(2.17) and (2.19)]. Eqs. (2.20) and 

(2 .21) satis fy  id en tica lly  the G ibbs-Duhem  re lation.

X 4 V  p A +  X g V p g  =  0. (2.22)

Now we in tend to  determ ine the expression fo r the diffusive flux j  appearing

in our governing equations. According to Eq. (2.18). j  is p ropo rtiona l to  (v.A -  v s i.

where.

V A  -  V s  =  —  -  —  =  - - M aM b D V  ( ! £ - - ■ ! £ . ) .  12.231
P a  P b  P  v -Wa M g J

Chem ical po ten tia l gradients can expressed in term s o f jl =  /j.a ~  P b [cf. Eq. (2.3)1 

by app ly ing  the G ibbs-Duhem  re la tion (2.22). to  ob ta in : Vfj.A =  and V/j.b -

x + V p .  F ina lly , s u b s titu tin g  these results in to  Eq. (2.17). and considering th a t p =  

c ( x a M a  +  x g M g ) ,  we conclude:

j  =  - p y Ay BD V p .  (2.24)
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and analogously for the diffusive mole flux.

j* = - cxaXbD'VP,. (2.25)

For an ideal m ix tu re , w ith  chemical potentia l p =  p ,fi =  log [ x a / x b \ -  we obtain: 

j*  =  - c D V x .4- so th a t Eq. (2.12) reduces to the usual convection-diffusion equation.

2.4 Navier-Stokes Equation and Capillary Force

To m in im ize  the classical G ibbs free energy (2.1)—(2.4). particles o f the same 

kind tends to  accum ulate, fo rm ing single-phase domains separated by narrow regions 

w ith  sharp concentra tion  gradients. On the other hand, the add itiona l a2( V o )2 term 

in the expression fo r the generalized free energy [cf. Eq. 2.6)] forces the different 

species to  rearrange themselves to  m inim ize the concentration gradients in  the system. 

M acroscopically. the m otion  w ith in  the system is induced by the fo llow ing  body force

where e is the energy per u n it mass, while the chemical po ten tia l p is defined as [31].

[20. 18. 22].

F<» : pVe = p— Vo = pYo.
do

(2.26)

Included in  the Navier-Stokes equation.

p ( t r +  ( v  ‘ V ) v ) = V p + v ' ^  [ ( V v )  +  ( V v ) t l }  +
(2.28)
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th is com position dependent force couples i t  w ith  the d iffusion equation (2.16). and 

induces a convective flux, which is several orders o f m agnitude larger than the diffusive 

flux.

W hen the system is composed o f single-phase domains, separated bv sharp 

interfaces, the force (2.26). being p roportiona l to  the chemical potentia l, is driven 

by the surface energy, and therefore can be in terpre ted as a cap illa ry  force. In fact, 

as shown by Jasnow and V iiia ls  [22], when the m ix tu re  is composed of well-defined 

single-phase domains separated by a th in  interface located at r  =  r , .  the body force 

reduces to  the follow ing expression.

F 0 (r)  =  [f ie h +  ( I  — f i f i)  • Vcrj 6 [ f i • ( r  — r , ) ] . (2.29)

where f i  and k are the u n it vector perpendicu lar to the interface and the curvature at

r s. respectively. Physically. F 0 tends to m in im ize the energy stored at the interface, 

d riv ing , say. A -rich  drops towards A -rich  region, and therefore enhancing coalescence.

In  many num erical approaches to solve m oving boundary problems, a so-

called color function is defined, which is equal to one in  one phase and zero in the

other. In  the model H. the color function is equal to  0 /  { A 0 )eq, and therefore i t  has a 

clear, unique physical in te rp re ta tion . On the o ther hand, in  many other approaches 

the color function has no real physical meaning, and i t  can be taken as any function
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whose in tegra l over a line crossing the interface equals the cap illa ry  force (2.29). For 

example, in  Ref. [33] F d is defined as.

__ (TK
* = ( A 0 ) ^  *■

which is equivalent to assuming th a t the chemical po ten tia l p. in  Eq. (2.26) is propor­

tiona l to  the curvature k . In  fact, th is is true only in the l im it  o f in fin ites im a llv  sharp 

interface, while, in  general, the cap illa ry  force F 0 is a func tion  o f the composition 

field w ith in  the interface region [cf. Eq. (2.26)].

2.5 Governing Equations

The convection o f a one-component flu id  is usua lly  described in terms of 

six variables, e.g. the mass density p. the mass averaged ve loc ity  v . pressure p and 

tem perature T . For a two-com ponent flu id , we have one more variable describing the 

flu id  com position at each location, i.e. the mass fraction y.  so th a t the complete set o f 

equations consists o f the mass conservation equation (2.15). the conservation equation 

for a single species (2.16), the Navier-Stokes equation (2.28). the energy conservation 

equation and the equation o f state. Here we assume th a t the tem perature is constant 

and therefore we do not need the energy conservation equation. As for the equation 

o f state, in the case o f one-component incompressible flu id  i t  usually states tha t the 

density is constant, which reduces the number o f variables and equations by one. 

and converts the con tinu ity  equation (2.15) in to V  • v  =  0. In  the case of a two-
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com ponent flu id , the density is a known function  o f the com position. S ubstitu ting  

p  =  p { y )  in to  Equation (2.15) and com paring it  w ith  Equation (2.16) we obta in  the 

fo llow ing  equation o f state.

V  • v  =  V  • j .  (2.30)

where p'(y) =  dp / dy .  Note th a t for zero d iffusion flux, the system o f equations (2.30) 

and (2.15) can be used to  describe the incompressible flow o f a variab le-density fluid.

^  - f  v  ■ V p  =  0. V  • v  =  0 . 
dt

The ideal m ix tu re  o f two incompressible flu ids, can give us an example of 

the function  p  =  p ( y ) .  The mass o f each com ponent in  the m ix tu re  can be expressed 

bo th  in terms o f the specific weights o f the pure liquids. p° and p%. the loca lly  averaged 

density  p. and com position y,

m i  =  p \ V i =  y p V .  

rrio =  P 2 V 0  =  (1 -  y ) p V .

where Vi and V2 are the volumes o f the pure liqu ids, while  V  is the to ta l volume of 

the m ix tu re . Since for an ideal m ix tu re  the volume change o f m ix ing  A V mix =  0. we 

ob ta in .

v  =  v 1 +  * - g £  +  ^ ) v .

T h is  gives us the expression for p  as a function  o f y.

P°lP°2 _  P°2
p{y) =

Px ~  y{p° ~  P2) l - e y ’
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where e =  (p° — p%)/p°. I f  e -C 1. then p =  p ( I  +  ey).

In  general, for a liq u id  m ix tu re  w ith  a small density va ria tion , the density 

p{y)  can be expanded about its  average value, p — p { 1 +  ey).  so th a t, to  first-order 

accuracy in  e. the Navier-Stokes equation (2.28). the conservation o f m a tte r equation

(2.16). and the equation o f state (2.30) become, respectively.

P U -  +  (v  • V ) v  =  - V p  +  y  • { p  [('V v )  +  ( V v ) * ] }  +  F 0 +  pg +  eq. (2.31)

the characteris tic  period o f in it ia l in s ta b ility  A =  27ra('If — 2 ) - l/2  [14]. For example, 

fo r values o f the Margules param eter ^  =  2.1 — 3.0. we do not expect R  to  exceed 

100 a. Then, we can in troduce the fo llow ing s im p lify ing  assumptions.

.4. Buoyancy  forces are negligible. C a p illa ry  forces are much stronger than buoy­

ancy forces, so th a t the size o f the phase domains R  is sm all enough to insure 

th a t (/?2yA p /c r) <g: 1.

where

(2.32)

(2.33)

q =  —y ( - V p  +  V  • { ,  [ (V v )  +  ( V v ) ' ] } +  F. +  pg) +  V  [  (c -  jy ) V  • ( j ]  ]

2.6 Simplifying Assumptions

Now we res tric t our problem  to  the early and m edium -la te  stages o f phase

separation, when the characteristic size o f the phase domains R  are com parable w ith
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B. Inert ial  terms are negligible. For sm all Reynolds numbers Re =  pvr/r j  <§; 1. the 

in e rtia l term s in the Navier-Stokes equation can be neglected.

C. Densi ty  differences are small.  The densities o f the two phases are very close 

to each other, so tha t p  «  p =  const ,  and the Ole) - terms vanish from  Equa­

tions (2.31) — (2.32). Then, the equation o f state (2.33) reduces to  the usual 

incom press ib ility  constra in t. V  • v  =  0 .

D. Viscosity is uniform.  The two species A and B  are assumed to have the same 

viscosity. W hen th is assumption is v io la ted, generalization is s tra ightforw ard.

E. Molecular weight is uniform.  F ina lly , we assume tha t the species A and B 

have the same m olecular weights, i.e M A =  M b =  -Wvv- As the mole fraction 

is equal to  the mass fraction, y =  x =  o.  both  the diffusion flux (2.24) and 

cap illa ry  force (2.26) become functions o f the dimensionless chemical potentia l 

ft =  P a ~  PB, he..

We also assume tha t, as the species A  and B  have physical properties th a t are 

close to  each other, they have equal Margules parameters. ^ A =  =  '&• which

s im plifies the expression for the chemical po ten tia l (2 .8 ).

(2.34)

p  =  p Q +  log ^  +  '&( 1 -  2 0 ) -  a2V 2<p. (2.35)
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A fte r these assumptions, the set o f equations (2.31-2.33) becomes.

r/V 2v  =  V p  — F 0. (2.36)

^ + v V < 5  =  - V - Q j .  (2.37)

V v  =  0. (2.38)

where body force F 0 and diffusive flux j  are given by (2.34).

Now. we res tric t our analysis to two-dimensional systems, so tha t the ve­

lo c ity  v  can be expressed in  terms o f a stream function O. i.e. tq =  diU/ d r 2 and

u2 =  —dij j /dri .  Consequently, subs titu ting  (2.34) in to (2.36-2.37). we obta in .

^  =  Vtp x V o  +  D V  • (<z>(l — o )V /I)  . (2.39)
at

rjV4iij =  ^  V/2 x S/a. (2.40)
M w

where

A  x  B  =  . A \ B 2 —  .A2B \ .

Fina lly , subs titu ting  the expression (2.35) for the chemical po ten tia l in to  the system 

o f equations (2.39) and (2.40). we obtain.

^  =  Vt/> x V 0 +  D  V  • (V<z> -  0 (1  -  o) [2 tf +  a2V 2] V o )  . (2.41)

V V  =  —a2 —77— V (V 2<z>) x V 0 . (2.42)
T] M w

When viscosity is a known function o f com position, q =  q{o).  w ith  q' =  

d q / d o  and q" =  d2q/d(p2. the firs t member in (2.42) is replaced as follows.

nV4T/> —> qS74xp +  2 — (V0) • (V V 2t/>) +  
1

^ V d > + — (S7<p)(S/o) 
q q

[2V V t/> -  IV 9 .
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CHAPTER 3 

GENERAL PROCEDURES

3.1 The Scaling

Since the m ain mechanism o f mass transport at the beginning o f the sepa­

ra tion  process is d iffusion, the lengthscale o f the process is the m icroscopic length a. 

Therefore, using the scaling:

1 - D  - 1
r =  —r. t = — t. ip =  —=rip. (3.1)

a az a U

we obta in.

do
=  a V i/ j x V 0  -i- V  • (V o  — o( 1 — o)  2̂ 'If -r V 2] Vc>) . (3.2)

dt

V 4^  =  - V ( V 2<?) x V o  (3.3)

where

a 2 p R T  n i la  =  7 7 - 7 7 — (3.4)
D  tj M w

The non-dim ensional number a  is the ra tio  between convective and diffusive mass 

fluxes in the convection-diffusion equation (3.2) and can be in terpre ted as the Peclet

number, i.e. a  =  V a / D .  Here. V  is a characteristic velocity, which can be estim ated

through (2.36) and (2.34) as V  ~  F0a2/rj, where F0 ~  p R T /  ( a M iV).
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A t the la te r stages o f phase separation, when the system is composed of 

patches o f a lm ost constant com positions 0  and 0  +  A 0 . separated by sharp interfaces, 

the param eter a  can also be in te rp re ted  as the inverse o f the cap illa ry  number [22]. 

Ca =  rjU/cr. w ith  U =  \J'& — 2 ( A 0 )2q D / a  denoting a characteristic d iffusion velocity. 

In fact, considering tha t, the characteris tic  length a is p ropo rtiona l to  the surface 

tension a t e q u ilib rium  <x [5], we ob ta in .

a  =  \ ^ j —a2 [ ( V o ) 2dx  ~  aDrj  i  -  a  — ( t f  -  2)3' 2. (3.5)
2 M w J P a

where {A®)eq ~  y/ty -  2 is the com position difference between the two phases at

e q u ilib riu m  and i  ~  a /v /vf  — 2 is the w id th  o f interface [14]. so th a t Ca — a -1 . Note, 

th a t the expression (3.5) allows us to  estimate physical value for the microscopic 

length a.

a ~ ( * - 2 ) ~ ^ r -  <3-6 *

A param eter s im ila r to  a . called " f lu id ity "  parameter. Weis also defined by 

Tanaka and A ra k i [19]. For systems w ith  very large viscosity, a  is sm all, so tha t the 

model describes the d iffus ion-driven separation process o f po lym er melts and alloys 

[14]. For most liquids, however, a  is very large, w ith  typ ica l values ranging from  103 

to  105. Therefore, it  appears th a t d iffus ion is im po rtan t on ly  a t the very beginning 

o f the separation process, in  th a t i t  creates a non-uniform  concentra tion field. Then, 

the concentration-gradient-dependent cap illa ry  force induces the convective m ateria l 

flux  which is the dom inant mechanism for mass transport. A t no tim e, however, the
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diffusive term  in  Eq. (3.3) can be neglected, as i t  stabilizes the interface and saturates 

the in it ia l exponentia l growth. In add ition , i t  should be stressed tha t the stream 

function w depends on high order derivatives o f the concentration and therefore it  is 

very sensitive to  the concentration profile  w ith in  the interface.

3.2 Numerical Procedure

In  the fo llow ing, we present the num erica l solutions o f equations (3.2)-(3.3) 

corresponding to  tem perature quenches where the Margules parameter #  increases 

from  vIq =  2 (w hich is its  c ritica l value) to  some value in  the range from  =  2.1 

to '1/I[, =  3. In m ost cases, we consider ins tan t quenches, where systems w ith  un ifo rm  

concentration fie ld  Oq experience an instan t drop o f Margules parameter from 'I', to 

We consider bo th  c rit ica l (<p0 =  0.5) and o ff-c ritica l (<p0 < 0.5) quench.

Equations (3.2)-(3.3) were solved using an exp lic it fin ite  difference m ethod 

on a un ifo rm  tw o-d im ensiona l grid [ ( iA i .  j A y ) . i  =  l . N . j  — L. .V] w ith  spacing vary­

ing from A x / a .  A y / a  =  0.5 for ^  =  3 to  A x / a .  A y / a  =  2 for ^  =  2.1. We adopted 

a cell-centered representation for the concentration variable ©?■(£). and discretized 

the righ t-hand sides o f Eq. (3.2)-(3.3) in  flux  conservation form, using a fourth -order 

accurate app rox im a tion  o f the spatia l derivatives. Equation (3.2) was advanced in 

tim e, using a s tra igh tfo rw ard  exp lic it Eu lerian  step, and we chose the tim e step A t  

in  such a way to  satisfy the C FL s ta b ility  cond ition , so tha t the numerical scheme 

was 0 { A x A. A t )  accurate. The b iharm onic equation (3.3) was solved using standard
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DBIHAR package [34]. Boundary conditions were no-flux (or period ic in some special 

cases) for the concentration field and no-slip for the ve locity  field.

The  background noise was simulated generating a random  concentration field 

o f am plitude, which was uncorrelated both in  space and in  tim e. T ha t means tha t 

at each tim e  step a spa tia lly  uncorrelated noise was added to the concentration field, 

and was then subtracted at the next tim e step, on ly to  be replaced w ith  another 

spa tia lly  uncorrelated background noise o f the same am plitude. To estimate the 

am plitude o f the noise let us consider the co n tribu tion  to  the m ateria l flux due to 

therm al fluctua tions, which satisfies the fluctua tion -d iss ipa tion  theorem [31],

(dj(r.f)) =  0.

<dj(r. t) dj(r /. t')) = ~ ~ D  l o ( l  -  o)6(r  -  r ' )6(t  -  t').

w ith  the brackets in d ica ting  ensemble averages, and n denoting the number density, 

tha t is the num ber o f particles per un it volume. T riv ia lly , i f  we also assume tha t the 

tem perature quench is instantaneous, so th a t the tem pera ture  is un ifo rm  w ith in  the 

system and vf r is constant, th is equation reduces to  the one considered in [14). In 

dimensionless variables (3.1) the noise above becomes.

(<5j(r.t)) = 0.

{S}(r.  i) £](?'. i ' ) )  = - 2 l e 2Q(\  -  -  r ' )6(t  -  t').

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



24

w ith  s  =  (na3) l/2 . In  our s im u la tion  we used a noise w ith  am p litude

{A x / a )  ( A t  D / a 2)
0.001 -  0 .1. (3 .7)

3.3 Interpretation of Results

3.3.1 Dom ain Size

The most im p o rta n t characteristic o f phase separating system is the growth 

rate o f domains form ed by d ifferent phases, and the most na tu ra l choice for a length- 

scale is the equivalent radius.

where A is the area o f a single-phase domain. Nevertheless, th is  approach is not

In these systems, the dom ain w id th  R F is a characteristic lengthscale. which can be 

found using the fo llow ing  expression.

where o k is the Fourier transform  o f the concentration d is tr ib u tio n  fie ld o(r ) .  defined 

in  o  =  Y  ®kelkr ■ A no the r way to  estim ate the typ ica l size o f phase domains was 

in troduced by Desai et al. [35], who considered the rad ia l pa ir corre la tion  function.

(3.8)

su itab le for systems fo rm ing  long interconnected dom ains instead o f isolated drops.

(3.9)
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and defined the typ ica l size Ftp as its first zero.

C ( R d ) =  0. (3.11)

I t  should be mentioned th a t the correlation function itse lf has in te res ting  features, 

for example se lf-s im ila rity  in  case o f d iffusion-driven system (see Section 4.4).

3.3.2 D om ain  Composition

Another in teresting property characterizing the decomposing system is the 

average com position inside the domains, a lthough it  is often neglected as a result 

o f the local e q u ilib rium  assumption. To describe the average com position  inside the 

domains, we define the separation depth s. measuring the "d is tance " o f the single­

phase dom ains from  the ir equ ilib rium  state, i.e..

s =  /  -  ° °  )  . 13.12)
\<t>eq(r) -  o o /

where o 0 is the in it ia l com position, and the bracket indicates volum e average. Here 

Ofq is the steady state com position of the A -rich phase. o^q. or the E -r ic h  phase. ofq. 

depending on the local com position o (r) .

0 eq(r) =  0 'q. >  Oo-

(peq{r )  =  <pfq, 4>{r )  <  0 o-

Defined in  th is  way. the separation depth s is zero for perfectly m ixed  system, then 

m onoton ica lly  increases du rin g  the separation process, an fin a lly  i t  approaches un ity
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2 6

2.1 0.6853 0.3147

2.2 0.7515 0.2485

2.3 0.7961 0.2039

2.4 0.8293 0.1707

2.5 0.8552 0.1448

2.7 0.8931 0.1069

3.0 0.9293 0.0707

Table 1. E q u ilib r iu m  compositions o f phases o*q and ofq for d ifferent values of M ar­
gules param eter T

asym pto tica lly  for t —> oo. The equ ilib rium  com positions ®̂ q and ®,q are the func­

tions o f the Margules parameter only, and can be found from  the mean field self- 

consistency equation as [31],

* I ~ \

The values o f 'Jr used in our sim ulations, together w ith  the corresponding equ ilib rium  

com positions ®*q and 4>fq, are given in  Table 1.
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CHAPTER 4 

DIFFUSION DRIVEN PHASE SEPARATION

Let us consider a system w ith  very large viscosity, as in  b inary alloys and

polym er m ixtures, so tha t the diffusion flux in  Equation (3.2) is much larger than the 

convective flux. i.e. a  =  0. In th is case, the system (3.2)-(3.3) reduces to a single 

equation.

The one-dimensional version o f th is equation was solved by M au ri et nl. f 14] for 

periodic and pulsed in it ia l conditions, using sp lit-step m ethod in  tim e and pseudo 

spectral co lloca tion method in space.

4.1 One-dimensional Systems

F irs t, we validated our numerical scheme by so lving the one-dimensional 

version o f equation (4.1) w ith  periodic boundary conditions, considering an instan­

taneous. c r it ic a l and uniform  quench w ith  4/ =  3 and <z>o =  0 5. As we mentioned 

above, in th is  case our equation and boundary conditions become essentially the same 

as those used in  [14], the only difference being tha t the in it ia l cond itions and the nu­

m erical technique employed here are different. As we can see in F ig . l.  identica l results 

were obtained, as in it ia l,  exponentia lly grow ing ins tab ilities  are la te r saturated by the

(4.1i
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effect o f the non-linear terms. Eventually, the concentra tion d is tr ib u tio n  tends to  a 

steady state, period ic profile, w ith  a period and an am p litude  which correspond to 

the fastest grow ing mode o f the linear regime [14].

Q ua lita tive ly , the re laxa tion tim e th a t is needed to  reach steady state also agrees w ith  

th a t ob ta ined in  [14]. i.e. A2 /  D.

O ur next step was to study a c rit ica l quench where tem perature, and there­

fore 'F. is a known function  o f position and tim e. Since near the c r itica l po in t we 

have 'F oc (T  — T^.). then ^( x . t ) .  w ith  0 <  x <  L.  can be obtained from  the heat 

conduction equation, d'f l /dt  =  k d2'$!dx2. w ith  in it ia l and boundary conditions. 

'F(x.O) =  and 'F(C). t) =  *F(L . t ) =  describ ing the heat propagation from  the 

walls o f the conta iner towards the center. T yp ica l solutions for <o(x.t). together w ith  

the corresponding 'F (x . f) .  are given in Figure 2. where no-flux boundary conditions 

have been applied. From the sequence o f plots in F igure 2 i t  is easy to see th a t the 

in s ta b ility  propagates from  the edges towards the center o f the cell, grow ing w ith o u t 

changing its lengthscale u n til the equ ilib rium  state is reached. As shown in F igure 3. 

the steady state concentration d is tr ib u tio n  appears to  be periodic across the dom ain, 

provided, na tu ra lly , tha t the cell size L is e ither much larger than, or an exact m u l­

tip le  of. the d rop le t size: i f  none o f these conditions is satisfied, the periodic steady 

state so lu tion  can never be reached, as i t  is evident from  the concentration profile
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at the b o tto m  o f F igure 3. The period o f the steady state solutions decreases as the 

therm al d iffu s iv ity  k increases, u n til, when k >  D.  i t  becomes equal to  the period A 

obtained fo r instan t quenching, w ith  k —> oc. C learly, since in most cases we have 

k »  D.  th is  result shows tha t the assumption o f instan t quenching is very reasonable. 

O ur results can be considered an extension o f those obtained by Carmesin nt al. [36]. 

who studied the influence o f a continuous quenching on the in it ia l stages o f spinodal 

decom position by using the linearized theory o f spinodal decomposition.

4.2 Two-dimensional Systems

F irs t, equation (3.2) was solved for an instantaneous, c rit ica l quench, w ith  

periodic boundary conditions. O ur sim ulations showed th a t at first the system tends 

to form  c ircu la r drops whose size. A. equals th a t o f the one dim ensional domains. 

However, un like  the one-dimensional case, th is  is not the steady state so lu tion  (see 

Figure 4). as the system rap id ly  evolves towards the fo rm ation  o f singie-phase m i­

crodom ains separated by sharp interfaces, which then merge to form  filam ents. This 

b icontinuous in fin ite -c lus te r m orphology has been observed experim enta lly  in  b inary 

flu id  m ix tu res  by Cum m ing et al. [37], and has been num erica lly s im ulated, among 

others, by Rogers. Elder and Desai [35] and by Farre ll and Vails [18]. O u r s im ulations 

show th a t th is  dendroid-like structu re  continues to  deform, increasing its  thickness, 

and above a ll. fu rth e r reducing the to ta l area o f the interface. So. for example, 

m icrodom ains o f one phase entire ly  surrounded by the other phase evolve towards
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assuming a spherical shape. However, contrary to the behavior o f m ixtures o f to ta lly  

im m iscib le  liquids, these sm all, isolated drops continue to deflate even after they be­

come spherical, u n til they d iffuse out com plete ly (see the evo lu tion o f the drop located 

in  the lower le ft part o f F igure 4).

As expected, a d iffe ren t m orphology is obtained for non-isotropic systems. 

For example, in Figure 5 we show the concentration d is tr ib u tio n  in  a system w ith  

period ic boundary conditions in  the horizonta l d irection, and no-flux boundary con­

d itions a t the walls in the ve rtica l d irection, thereby s im u la ting  the behavior of a 

long horizonta l tube. As the walls o f the tube are quenched, the tem perature o f the 

whole system changes in tim e  towards its  steady state. As expected, the morphology 

o f the system is composed o f 'serpentines' w ith  a well specified horizonta l preferential 

d irection , form ing typ ica l s triped  pa tte rn  as in Sagui and Desai [38]. As in the one­

dim ensional case, the thickness o f these stripes increases as the heat conductiv ity  of 

the system decreases.

4.3 Evolution of the Domain Composition

In  Figure 6 the separation depth s. defined in Eq. (3.12) is p lo tted  as a 

function  o f tim e, showing th a t the phase separation process can be d iv ided in to  three 

stages. D u ring  the first stage, t <  t0. the concentration d> remains approxim ate ly 

constant, i.e. there is no phase separation: then, for tQ <  t <  t x. the concentration 

changes rapid ly, w ith  the exact values o f tQ and £i defined such th a t th is rate of
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change is larger than a given c ritica l value: fina lly , du ring  the th ird  stage. t >  ti .  the 

separation depth s increases much more slowly. As shown in F igure 7. the value of 

t0 depends on the depth o f the temperature quench. ('& — 2). and the am ount o f the 

random  noise. 6 0 . through the correlation t0 =  (.4 — B l o g 6 0 ) /  ('F — 2)c. where .4. B 

and c are constant th a t depend on the value o f 0 q. A s  for the second stage, the time 

in terva l — f0) appears to be independent o f  the random  noise (see Figure 7). and 

is approx im ate ly  equal to the relaxation tim e A2/ D .  F ina lly , du ring  the last stage. 

t >  ty. the separation depth s continues to change, a lthough more gradually, tending 

asym pto tica lly  to  1. ind ica ting  tha t, a lthough the system is composed o f single-phase 

domains separated by sharp interfaces, the com position inside these domains is not 

equal to its fina l equ ilib rium  value. Therefore, the local equ ilib rium  assumption 

s ta ting  th a t no change in composition occurs a fte r the fo rm ation  o f sharp interfaces, 

is not valid, and therefore most o f the scaling concepts should be revised. A lthough 

an identica l conclusion was reached by Tanaka and A rak i [19] in the case o f fluid 

systems, th is  is the firs t tim e tha t a strong v io la tio n  o f local equ ilib rium  is observed 

for spinodal decomposition under small, or zero, f lu id ity  conditions.

4.4 Temporal Growth of the Domain Size

D uring  the last stage o f the separation process, the characteristic size o f the 

m icrodom ains appears to be independent o f the depth o f the tem pera ture  quench 

and o f the background noise and. as shown in  F igure 8 . i t  grows according to  the 1/3
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law predicted by L ifsh itz  and Slyozov [39]. In  F igure 8 we p lo tted  the characteristic

1 ' 3length. Ftp. defined in  Equation(3.9). showing th a t R( t )  oc (a D t ) ' . These results

are in agreement w ith  those o f Desai et al. [35]. who defined the typ ica l size R D as

the first zero o f the rad ia l pa ir corre la tion function  (3.11). In F igure 9. C’ i r . t )  is

p lo tted as a func tion  o f r fo r d ifferent t. showing th a t the d iffe rent curves collapse

  £ 2
in to  a se lf-s im ilar so lution, g (z).  w ith  z =  r [ aDt )  ' .

4.5 Off-critical Quenches

We have also studied the phase separation due to an o ff-c ritica l quench, 

in  which <z>0 =  0.4. i.e. in which there is more A  than B.  As expected, instead 

o f interconnected domains, we observe the fo rm ation  o f isolated drops o f the B-  

rich phase immersed in one large dom ain o f the .4-rich phase ( see Fig. 10). in 

agreement w ith  some previous theoretica l [18. 40. 35] and experim enta l [37] findings, 

and consistent w ith  the experim enta l evidence [23] th a t stable emulsions tend to form  

when a liqu id  m ix tu re  is quenched w ith in  the meta-stable region o f its  phase diagram .
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Figure 1. C om position as a func tion  o f position  for a c r it ic a l instantaneous quench 
'F =  3 at d ifferent times, when a random  pe rtu rba tion  w ith  am p litude  So  =  0.025 is 
superimposed to  the in it ia l com position o  =  0.5. The space and tim e coordinates. 
x  and t. are scaled in  terms o f a and a r / D .  respectively. The curves correspond 
respectively to tim es t =  0. 0.5. 1.0. 1.5 and 2.5.
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'f '(x )  o(x)

J  y jj

Figure 2. Quenching depth. 'F. and com position, d.  as functions o f position at different 
times for heat d iffu s iv ity  a  =  D.  The curves correspond to times t =  100. 200. 500. 
1000 and 2000 (given in  a2/D -u n its ) .  The spatia l coordinate varies between 0 and 
100 a. com position varies between 0 and 1. while the quenching depth soives the heat 
equation w ith  'F; =  2 and =  3.
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U  U

Figure 3. Steady state composition as function o f position for different values o f the 
heat d iffu s iv ity . k =  oo (i.e. instant quenching). 10 D.  I D  and 0.1 D.  respectively. 
The spa tia l coord inate varies between 0 and 100 a. while com position varies between 
0 and 1.
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In stan tan eo u s quench  of m ix tu re  w ith  average com position  0 = 0 5.

tim e  =  40 tim e =  50

tim e  =  100

tim e  =  400

tim e  =  200

tim e  =  1000

Figure 4. C om position as a function  o f position for a c r it ic a l instantaneous quench 
$  =  3 at d ifferent times. The size o f the system is 100a x  100a. w ith  pe riod ic  boundary 
conditions. Snapshots correspond respectively to tim es t =  20. 60. 100. 500. 1000 and 
2000. expressed in  a2/D -u n its . The gray level varies linea rly  between black and white, 
corresponding to  a concentrations 0  =  (j>?q. and 0  =  0 ^ .  respectively.
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t im e  =  100

tim e  =  200

Figure 5. C om position as a function  o f position a t d ifferent times after the tempera­
tu re  o f the upper and lower walls has been quenched from  4/, =  2 to 'Pu, =  3. w ith  heat 
d iffu s iv ity  k =  lO D . The size o f the system is 200a x 100a. w ith  period ic  boundary 
conditions in  the horizonta l d irection, and no-flux boundary conditions in  the vertical 
d irection , to sim ula te  a long, horizonta l tube. Snapshots correspond respectively to 
times t =  100. 200. and 400. expressed in a2/D -u n its . The gray level varies linearly 
between black and white , corresponding to  a concentrations 0  =  0 ^ .  and 0  =  0 fg. 
respectively.
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Figure 6 . Separation depth, s. as a function o f tim e for a c rit ica l instantaneous quench 
4/ =  3 and different am plitudes o f the background noise. 6<i> =  0.5 x 10_ l . 0.5 x 10-2 . 
0.5 x 10-3 and 0.5 x 10-4 , w ith  tim e expressed in terms o f a r / D .
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Figure 7. In it ia l time t0 as a function  o f the background noise 6<t> (a) and the quenching 
depth  ('I' -  2) (b). Points refer to  the results o f numerical s im ula tions w ith  <p0 =  0.5. 
w h ile  the continuous line represents the corre lation to =  (-4 — BlogStp)  /  (4' — 2)c. 
w ith  4  =  22.5. B  =  3.7 and c =  2.1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40

1 0 0

—  5 0  =  0 .5  x  10
—  5 <j> = 0.5 x 10
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Figure 8 . C haracte ris tic  size o f the m icrodom ains. Ftp. expressed in  a-units. as a 
function o f tim e. t. expressed in  a2/D -u n its . a fte r an instantaneous c r it ic a l quench 
4/ =  3. The lengthscale R f  is compared to  Rq.  representing the characteristic size of 
the m icrodom ains as defined by Desai et al. [35]. The continuous line represents the 
correlation R  =  10 t l /3
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Figure 9. Radia l p a ir corre lation function, C { r . t ) .  a fte r an instantaneous critica l 
quench $  =  3. as a func tion  o f r  fo r different t (a), and as a function  o f the self-

t  /  Q

s im ila r param eter z  =  r  (a D t ) (b).
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In stan taneous quench ing  of m ix tu re  w ith  average com position  o = 0.4.

tim e =  50 tim e =  60

tim e =  200tim e =  100

tim e  =  400

Figure 10. C om position as a function  o f position for #  =  3 a t d iffe rent times after an 
instantaneous o ff-c r it ica l quench w ith  <t>0 =  0.4. The size o f the system is 100a x  100a. 
w ith  periodic boundary conditions. Snapshots correspond to  tim es t =  20. 60. 100. 
500. 1000 and 2000, expressed in  a2/£ )-un its . The gray level varies linea rly  between 
black and white, corresponding to  a concentrations <t> =  4>*q, and <p =  respectively.
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CHAPTER 5 

CONVECTION DRIVEN PHASE SEPARATION

In th is  section, we describe the results o f the num erical s im ulations of the 

model H described by Equations (3.2 )-(3 .3 ). The boundary conditions were no­

flux for the concentration field and no-slip for the ve locity  field. In  most o f our 

sim ulations we used 4/ =  2.1. because th is is the Margules parameter o f the water- 

aceton itrile -to luene m ix tu re  w ith  20°C  tem perature quench th a t was used in  a parallel 

experim enta l s tudy [23]. Both c rit ica l and o ff-c ritica l quenches were considered, w ith  

un ifo rm  in it ia l concentration fields o 0 — 0.5 and o 0 =  0.4. respectively. In this 

chapter, tim e is measured as t =  (10°o ? / D ) t .  where r  is a non-dim ensional time. 

Since typ ica l values o f D  and a are 10-ocm 2/s  and 10_:>cm. respectively, then r  ~  

t f  ( Is).

5.1 Influence of Convection

F irs t, we solved Eqs. (3.2)—(3.3) for a system w ith  un ifo rm  in it ia l mole 

fraction  o0 =  0.5 and for different values o f the Peclet number a.  The first row 

o f images on F igure 11 represents the results for a  =  0. e.g. for the case when 

diffusion is the on ly mechanism o f mass transfer, showing tha t, soon a fte r the first 

drops appear, they coalesce in to  dendro id-like structures. The mean com position
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w ith in  (and w ith o u t)  these structures changes rap id ly , as a t tim e r  =  0.05 we already 

see two c learly  distinguishable phases w ith  a lm ost un ifo rm  concentrations equal to 

0.59 and 0.41. while  at equ ilib rium  the ir respective com positions are o ;4 =  0.685 

and ofq =  0.315. A fte r th is early stage, the structures s ta rt to grow, increasing 

the ir thickness and reducing the to ta l interface area, while  a t the same tim e the 

com position w ith in  the domains approaches its  e q u ilib rium  value. Th is, however, is a 

slow process, driven on ly  by diffusion, and a t tim e  r  =  0.1 the phase dom ains s t il l have 

a dendro id-like  geom etry w ith  a characteristic w id th  which is ju s t tw ice as large as 

its  in it ia l value. In the follow ing, we w ill denote these slow-changing configurations 

as m etastable states, referring to Refs. [15. 35] for fu rthe r in form ations on the ir 

evolution.

For non-zero convection, i.e. for a  ^  0. den d ritic  structures thicken faster, 

bu t up to  a  ~  102 dom ain grow th s t il l follows the same pa tte rn  as for a  =  0 : first, 

single-phase dom ains s ta rt to appear, separated from  each other by sharp interfaces, 

and on ly  la te r these structures s ta rt to grow, w ith  increasing grow th rate for larger 

a.  W hen a  >  102. however, phase separation occurs sim ultaneously w ith  the grow th 

process. For example, when a  =  104. we see the fo rm ation  o f isolated drops o f both  

phases, surrounded by the bu lk o f the flu id  m ix tu re , which is s t ill no t separated. In 

add ition , drops appear to move fast and random ly  w h ile  they grow, absorbing m ate ria l 

from  the bu lk, co llid ing  w ith  each other and coalescing, so th a t single-phase domains 

grow much faster than when m olecular d iffus ion  is the on ly  transport mechanism. In
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fact, a t tim e r  =  0 .1. single-phase dom ains have reached a size comparable to tha t 

o f the container's (i.e. 400a), while at th a t same tim e, in the absence o f convection, 

the dendro id domains have an approxim ate w id ths o f 20a. Clearly, since the m otion 

o f the interface is too quick for the concentra tion d iffusion to establish a metastable 

state w ith in  the m icrodomains, double, or m u ltip le , phase separation is observed, in 

agreement w ith  previous numerical [19. 22] and experim enta l [23. 41] results.

A lthough  the dynamics o f phase separation in fluids is m ostly  driven by 

convection, th is  is not the case for very short times. Then, the convective d riv ing  

force F 0 is negligible, as com position gradients d id  not develop yet. and therefore 

d iffusion is the on ly mechanism o f mass tran spo rt. In  fact, the two pictures in  Figure 

12 show th a t a t tim e r  =  0.02 the concentra tion fields for a  =  0 and a  =  104 

are alm ost ind istinguishable from  each other, w ith  patterns having a characteristic 

period. A. equal to  the fastest grow ing mode in  the linear regime for a d iffusion-driven 

process [14].

5.2 Evolution of the Domain Composition

In Figure 13 the separation dep th  s  for c r it ic a l quenches is p lo tted  as a 

function  o f tim e, showing the influence o f the convection parameter a  on the average 

phase com position w ith in  the phase dom ains. No detectable phase separation takes 

place when r  <  0 .02 , tha t is u n t il the firs t sp inoda l decomposition pa tte rn  is formed. 

Then, phase separation appears to  take place in  two d ifferent ways, depending on
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whether a  <  102 or a  >  103. For sm aller a  s. we observe a fast separation process 

during  the short tim e  interval 0.02 <  r  <  0.06. followed by slower grow th o f the 

separation depth. Comparing Figure 11 w ith  F igure 13. we see tha t single-phase 

domains are formed during this fast separation process, and a t tim e r  ~  0.06. they 

already appear to  be separated by sharp interfaces. From th a t point on. separation 

proceeds much more slowly, as the concentration gradients w ith in  the single-phase 

domains are very small, while the concentrations o f the two phases across any interface 

change on ly slow ly in  tim e. A lthough Tanaka [41] denotes these states as ones o f local 

equ ilib rium , here we prefer to use the term  v m etastable s ta tes ', considering th a t at 

stable e q u ilib rium  we must have s =  1. while here we have s <  O.S. In the case o f 

larger a . w ith  a  >  103. the growth o f the separation depth is more gradual, revealing 

tha t separation and growth occur simultaneously. Presumably, even in th is case the 

system w ill eventually reach a metastable state, bu t. due to  com putationa l lim ita tions , 

we could not see it.

The behavior o f a phase-separating system depends as much on the d riv in g  

force F 0 as on the Peclet number a.  Consider, fo r example, the behavior o f two 

systems w ith  Peclet numbers a  =  0 and a  =  103. In Fig. 13 we see tha t, at tim e 

t  =  0.08 and w ith  the same s =  0 .6 . the system w ith  a  =  0 is in a metastable state, 

while th a t w ith  a  =  103 is s t ill in the dom ain-form ing, separating stage. In fact, 

a lthough the cap illa ry  driv ing  force F 0 is the same in  the two cases, since i t  is a 

function  o f the separation depth s. i t  can induce a strong convection on ly for systems
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w ith  sm all viscosities (i.e. w ith  large a ' s). while for very viscous systems it  has hardly 

any effect.

5.3 Off-critical Quenches

In Figure 14 we show the separation process for o ff-c ritica l m ixtures w ith  

0O =  0.45. As in the c r itic a l case, the system tends to form  larger single-phase 

domains as the convection coefficients a  increases. Again, while  for smaller a  the 

processes o f separation and grow th occur successively in tim e, for larger a  they occur 

simultaneously. However, while for c r it ic a l m ixtures the separating phases tend to 

form  interconnected domains, for o ff-c ritica l m ixtures we observe the fo rm ation o f 

isolated, m ostly c ircu la r drops, w ith  no detectable double phase separation. The 

larger is a .  the shorter is the re laxa tion tim e o f a drop after a collis ion, so tha t for 

a  >  102 we practica lly  do not observe any non-circu lar drops. As we see in Figure 15. 

compared to the c r it ic a l case, the onset o f phase separation for o ff-c rit ica l m ixtures 

occurs at la ter times. In  pa rticu la r, the closer Oo is to the spinodal concentration 

0 S (in  our case, w ith  <F =  2.1. <ps =  0.388). the longer it  takes for the onset o f 

phase separation. In  add ition , in  o ff-c ritica l m ixtures the processes o f separation 

and grow th tend to occur successively in  tim e, even at high values o f the Peclet 

number. For example, com paring Figures 13 and 15. we see th a t for a  =  103. the two 

processes occur sim ultaneously in  the c ritica l case, and sequentia lly in  the o ff-critica l
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one. T h a t means th a t o ff-c r it ica l m ixtures are more like ly  to  reach a metastable state, 

a fte r which single-phase domains grow much more slowly.

5.4 Temporal Growth the Domain Size

F ina lly , the equivalent average radius o f the drops. R.  is p lo tted  in Figure 16 

as a function  o f tim e. For a given value o f a  <  104. the equivalent radius grows linearly  

w ith  tim e, u n t il i t  reaches a sa tu ra tion  value, corresponding to  the above-mentioned 

m etastable state, a fte r which i t  grows more slowly. In pa rticu la r, when a =  0. 

m etastable states grow like  £1/3. On the other hand, when a  >  104. the equivalent 

radius appears to  grow linea rly  u n til i t  a tta ins a value which is comparable to  the 

size o f the system. Again , when a  =  104. due to  com puta tiona l lim ita tio n s , we could 

not see the size o f the m icrodom ains corresponding to  a m etastable state. The linear 

g row th  follows the curve R  ~  103a r  — 10~2D t / a .  and appears to  be independent o f a. 

Th is  scaling o f the tem pora l grow th d R / d t  can be easily determ ined, considering tha t 

d R / d t  =  [j| / p .  where j  is the mass flux  at the interface, which, fa r from  equ ilib rium , 

can be estim ated as |j| ~  p{A<t>) [20 (1 — 0 ) ^  — 1] (a/£) ( D / a ) ,  w ith  £ ~  a j v  T  — 2 

denoting the characteristic thickness o f the interface [14]. Therefore, considering tha t 

( A o )  ~  x/'F — 2 . we ob ta in :

d R  D
—  ~  3 ~ .  (o .l)
dt  a

where ,3 =  (4/ — 2)2. Note th a t for D  ~  10~°cm2/s  and a ~  10_ocm. we obtain: 

d R / d t  ~  100p / s .  in  excellent agreement w ith  the experim enta l results [23].
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a  t  =  0.04 r  =  0.05 t  =  0.10

Figure 11. C om position  o f a b inary m ix tu re  a t different times r  after an instantaneous 
quenching w ith  'F =  2.1 and 0o =  0.5, when the Peclet number a  is 0. 102. 103 and 
104. The size o f the system is 400a x  400a, w ith  no flux  boundary conditions. The 
snapshots correspond to  r  =  0.04. 0.05 and 0.10. expressed in  10° a2/.D  units. The 
gray level varies linea rly  between black and white, corresponding to  concentrations 
(p =  <bfq and 0  =  respectively.
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a  =  0 a  =  104

Figure 12. Concentration field after an instantaneous quenching w ith  4/ =  2.1 and 
<p0 =  0-5 a t tim e  t — 0.02 x 105a2/D .  when the Peclet number a  is 0 and 104. The 
size o f the system is 400a x 400a. w ith  no flux boundary conditions. B lack pixels 
correspond to  concentrations <j> < 4>Q. and w hite  ones to <b > <d0.
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Figure 13. Separation depth s as a function  o f tim e r  for 'i  =  2.1. 0O =  0.5. and w ith  
different values o f the Peclet num ber a . Results were obtained using 1000a x 1000a 
sim ulations.
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a  t  =  0.08 r  = 0.10 r  =  0.15

F igure 14. C om position  o f a b inary  m ix tu re  at d iffe ren t tim es r  a fte r an instanta­
neous quenching w ith  'I' =  2.1 and 0O =  0.45. when the Peclet number a  is 0. 102. 
103 and 104. The size o f the system is 400a x  400a, w ith  no flux  boundary con­
d itions. The snapshots correspond to  times r  =  0.04, 0.05 and 0.10. expressed in 
105a2/ D  un its . The gray level varies linea rly  between black and white , corresponding 
to concentrations 0  =  0 ‘4,  and 0  =  0 ^ ,  respectively.
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a  =

a  =
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a  = 10: 
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Figure 15. Separation depth s as a func tion  o f tim e r  for =  2.1. <po =  0.45. and w ith  
d iffe rent values o f the Peclet num ber a . Results were obtained using 1000a x 1000a 
sim ulations.
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F igure 16. Equivalent average radius R  as a function o f tim e r  for — 2.1. <z>0 =
0.45. and w ith  d ifferent values o f the Peclet number a . Results were obtained using 
1000a x 1000a sim ulations.
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CHAPTER 6 

MOTION OF DROPLETS DURING LATE STAGE 
OF PHASE SEPARATION

In th is  section we consider a well-separated system, th a t is a m ix tu re  com­

posed of single-phase dom ains o f un ifo rm , but not necessarily equ ilib rium , concen­

tra tion . separated by sharp interfaces. We discuss here sim ple models to study the 

m otion for o f single-phase drop le ts surrounded by the continuum  phase, using nu­

merical solutions o f Equations (3.2)-(3.3) w ith  in it ia l cond itions s im u la ting  isolated 

drops o f .4-rich phase immersed in a B -rich  liquid.

6.1 Motion of a Single Drop in a Concentration Gradient

Consider an iso therm al system composed o f a drop w ith  radius R  and con­

centration Od. surrounded by a continuum  phase w ith  concentra tion o r =  1 -  o,i 

and an imposed in it ia l concentra tion gradient Vc>c. Since the w id th  o f the inter­

face I ^  a / v / ^  -  2 is constant, wh ile  the concentration drop across the interface. 

±(t) =  0 d — 0 C. is larger on one side o f the drop than on the other (see Fig. 17). a 

surface energy difference between the fron t and the back o f the drop w ill result [cf. 

Eq. (3.5)]. This surface energy gradient w ill induce a M arangoni force, which, in 

tu rn , leads to  the m otion o f the drop. Concom itantly, the system is phase separating.
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w ith  the concentra tion o f the drop and tha t o f the continuum  phase tending to the ir 

equ ilib r iu m  values (cpc)eq and (<t>d)eq, respectively. Assum ing th a t the mean partic le  

ve locity  V  is much larger than the typ ica l growth rate o f the drop. d R / d t .  as it  phase- 

separates. the concentration around the drop can be considered approxim ate ly equal 

to its  unpertu rbed  value (i.e. i t  varies linearly w ith  pos ition). Therefore, the energy- 

in tegrated over the surface o f the drop (in 3D) is equal to E  =  47rR2a.  where <x is the 

surface tension evaluated at the drop center. Consequently, im posing th a t the d riv in g  

force F  =  V E  =  47r/?2V<r is equal to the drag force F  =  —oitriK V . w ith  V  denoting 

the constant trans la tiona l velocity, and where we have assumed th a t the drop and 

the su rround ing  liq u id  have the same viscosity q, we obta in .

Here a -1 =  {M \V/ p R T ) { q D / a r ) .  defined in Eq. (3.4). represents the cap illa ry  num ­

ber and the surface tension a  is given by Eq. (3.5). w ith  (A 0 )  denoting the mean 

concentra tion drop across the interface. F inally, using again Eq. (3.5). we find th a t 

Vcr/cr =  —4 V 0 C/  ( A 0 ). and considering tha t (A 0) ~  n/'F — 2. we obta in.

| D  I _________

V  =  - ^ V < r  =  -  2(A<z>)2a
0

( 6 . 1)

w ith  K  I'D — 2).
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As we mentioned above, the transla tiona l velocity m ust be compared with 

the tem pora l g row th d R/ d t .  w ith  d R / d t  ~  ( $  — 2)2 ( D / a )  [cf. Eq. (6.3)]. Therefore, 

as th is  analysis is va lid  only when V  3> d R / d t .  we ob ta in  the fo llow ing  inequality.

a _1( ^  -  2 )
—    <  1. (6.2 )

RVd>c

A s im ila r trea tm ent was presented by K arpov and O xtoby [25]. A lth o u g h  this model 

is va lid  for 3D systems and uses rough approxim ations for b o th  M arangoni's and 

drag forces, i t  describes q u a lita tive ly  the velocity dependence on the concentration 

gradient and the cap illa ry  num ber. The dependence on the d rop size is obviously 

a strong func tion  o f the d im ens iona lity  o f the problem, as in 2D  Stokes' paradox 

prevents us from  evaluating the drag o f the drop (in  fact, i t  should be in fin ite ).

The problem  o f th is  Section is somewhat s im ila r to  th a t s tud ied by Subra- 

manian [42]. who generalized Young. Goldstein and Block's [43] results on thermo­

cap illa ry  m otion  to  the case o f a single drop, immersed in an im m isc ib le  background 

phase, while a solute, m iscible in  b o th  phases, is d iffusing w ith in  the whole domain,

i.e. in and ou t o f the drop. Assum ing th a t the surface tension cr depends on the 

local solute concentration c. an imposed concentration gradient o f the solute. (V c lx . 

would generate a M arangoni force, inducing  the m otion o f the drop. Not surprisingly, 

in  the d ilu te  l im it ,  c 1, as the solute concentration c satisfies the heat equation, the 

m ig ra tion  ve loc ity  o f the drop V  is given by an expression s im ila r to  Young. Goldstein 

and B lock's [43] the rm ocap illa ry  velocity, i.e. [42]. V  ~  (d a / d c ) r j ~ l R ( V c ) x . Clearly.
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apart from  a num erical coefficient, th is form ula is equivalent to Eq. (6.1). showing 

tha t the m ig ra tion  ve locity  is p roportiona l to the concentration gradient and to the 

drop size, and is inversely proportiona l to the viscosity o f the fluids (which means 

tha t i t  is p ropo rtion a l to  the inverse cap illa ry  num ber a) .

In  our sim ulations, the drop has an in it ia l radius Rq =  10a. w ith  average 

concentration Od =  0.55 and is immersed in  a concentration gradient o f the continuum  

phase. |V 0 C| =  10-4 — 10- 3a -1 . As expected, since the inequa lity  (6.2) is satisfied, 

we observe th a t the drop moves s tra igh t in the d irection  o f V<z>c. w ith  a speed th a t is 

p ropo rtiona l to \V<t>c\ and proportional to  the inverse cap illa ry  number a ~ l (see Fig. 

18). in agreement w ith  Eq. (6.1). However, com paring the results o f Fig. 18 w ith  

the predictions o f Eq. (6.1). we see th a t, instead o f a slope K  ~  ('F — 2) ~~ 1 0 "l . we 

obta in K  0.04 (R /a )  ~  4 .10"3. As already mentioned, the sm aller-than-expected 

absolute value o f the ve locity is probably related to the very large drag experienced 

by the 2D drop. The dependence of the trans la tiona l ve locity on the drop size is 

also more com plicated than the simple linear re la tion  predicted by Eq. (6 .1): in fact, 

as shown in  Fig. 19. it  appears tha t V  depends linearly  on R  on ly for sm all R's. 

or equ ivalently, fo r sm all concentration gradients, while for larger R's  the ve locity 

o f the drop evens out. reaching a plateau. S im ila r results were obtained by Jasnow 

and V ina ls  [22]. who applied the model H to  s tudy the therm ocap illa ry  m ig ra tion  o f 

drops.
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6.2 Motion of a Single Drop in a Uniform Concentration 
Field

Consider an isolated drop w ith  uniform  in it ia l concentra tion (<?*)„ immersed 

in a concentration fie ld  w ith  un ifo rm  in it ia l concentration (<?c)o =  1 -  (0h)0- Since 

the concentration o f the drop and tha t o f the continuum  phase tend to the ir respec­

tive equ ilib rium  value, the drop w ill absorb (or desorb) m ate ria l from (or to) the 

background field. In  do ing  so. the concentration profile around the drop w ill become 

non-uniform , thereby inducing a body force F 0 which may lead to  the m otion o f the 

drop. C om paring Fig. 20 and Fig. 21. we see tha t the movement o f the drop depends 

on whether the in it ia l concentration depth (A<p)0 =  (<pc)0 — (oc)eq is >  0 or <  0. In the 

first case, the drop absorbs m ate ria l from the surrounding continuum  phase, digging 

a "d itc h "  a ll around its  perim eter and inducing the cap illa ry  d riv in g  force F 0 which 

then leads to  the m o tion  o f the drop. So. the drop m otion  is self-sustained: each 

drop generates a change o f the surrounding continuum  phase, which in tu rn  induces 

a force which moves the drop. On the other hand, when (A<z>)0 <  0 . the drop diffuses 

out and eventually disappears, w ith ou t moving. Clearly, when (Ac!>)0 =  0 . the drop is 

at equ ilib rium  w ith  the background field and does neither move, nor change its size.

Note tha t, w h ile  a drop immersed in a concentration gradient moves even 

when its  size remains constant, the m otion o f a drop immersed in  a uniform  concen­

tra tio n  field w ith  ( A 0 ) o >  0 is in trins ica lly  connected to  its  changing size. i.e. i f  the 

drop does not absorb m ate ria l from  the background field, i t  w on 't move. In Fig. 22
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the drop radius is p lo tted  as a function o f tim e, showing th a t the g row th  rate d R / d t  

is constant, even in  the case (A<z>)0 =  0.315. when the drop radius increases four 

tim es du rin g  the tim e in te rva l considered. This has to  be expected, considering th a t 

d R / d t  =  |j| /p .  where j  is the mass flux at the interface, which, far from  e q u ilib rium , 

can be estim ated as |j| ~  p (A<z>) [2<z> (1 — o) — 1] ( a / i )  (D /a ) ,  w ith  I ~  a / v  T  — 2 

denoting the characteris tic  thickness o f the interface [14]. Therefore, considering th a t 

(A<z>) ~  v/'F — 2 . we obta in :

d R  , D
—  ~  3 - .  (6.3)
at a

where 3  =  (*F — 2)2. In  our case, w ith  'F =  2.1. we obta in: 3  ~  10~2D /a . in 

agreement w ith  the results o f our sim ulations (see Fig. 22). and con firm ing  th a t the 

grow th rate is independent o f the drop radius.

In F ig. 23. the instantaneous ve locity o f the drop. \ V \ .  w ith  (A<z>)0 >  0. is 

p lo tted  as a func tion  o f tim e, showing th a t i t  s trong ly  fluctuates around its  mean 

value V . Th is , in  tu rn , depends on the d riv in g  force, th a t is p ropo rtion a l to  the 

concentration dep th  (A<z>)0 o f the "d itc h " th a t the drop "d igs" a ll over its  perim eter 

(see F ig  20). The dependence o f V  and d R / d t  on (A<z>)0 is represented in F ig. 24. 

revealing th a t d R / d t  -C V.  w ith  both quantities increasing w ith  (A<z>)0. and going 

to zero for ( A 0 )o % 0 .01 . Th is la tte r result seems to ind icate th a t when the in it ia l 

concentration dep th  (A 0 )o is very small, the system finds itse lf in  a m etastable state, 

from  which i t  can evolve only in  the presence o f a fin ite  disturbance.
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Follow ing the m otion o f the drop, as in Fig. 25. we see th a t its  m o tion  looks 

random. In  fact, denoting by r  (£) the position  o f the center o f the d rop at tim e t. 

w ith  r  (0) = 0 .  we can define the effective d iffu s iv ity  D* as.

In  Fig. 26 the effective d iffu s iv ity  is p lo tted , showing tha t it  does tend to  an O ( D )  

constant value for long times. The fact th a t a drop has a d iffus iv ity  w h ich is o f the 

same m agnitude as th a t o f its  molecules is an astonishing result.

6.3 M otion of Two Drops in a Uniform Concentration

In the two previous s im ulations we saw th a t drops m odify  th e ir surrounding

continuum  phase and then move accordingly, driven by a cap illa ry  force which is 

p ropo rtion a l to  the concentration gradient. Therefore, when two drops are close 

enough th a t each modifies the concentration d is tr ib u tio n  o f the con tinuum  phase 

surrounding the other, we expect th a t the net effect w ill be a m utua l a ttra c tive  force. 

In  o ther words, as an .4-rich drop travels towards regions w ith  higher concentration 

o f .4. grow ing in  size and leaving behind ta ils  o f purified 5 -rich  flu id , i t  w il l influence 

the m otion  o f another A -rich  drop. In general, th is  a ttractive  force can be seen as an 

a tte m p t o f the system to m in im ize  its in te rfac ia l area and. therefore, its  free energy. 

Th is  mechanism has been explained very well by Tanaka [41].

D
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Field
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O ur s im ulations revealed tha t, as in  the case o f a single drop, the behavior 

o f the system is very different, depending on whether (Ao)o  is positive or negative. 

In fact, as illu s tra te d  in the sketches o f F ig. 27. as drops s ta rt to move towards each 

other, when (A<z>)0 >  0 the concentration pro file  tends to  form  a concentration barrie r 

between them , screening the ir m utua l a ttra c tio n , while when (A<z>)0 <  0 the m utua l 

a ttrac tive  force is unchallenged. Consequently, when (A<z>)o > 0 . the two drops may 

or may not coalesce as they approach each other, while, when (A<z>)0 <  0 . they always 

end up coalescing, as shown in Figs. 28 and 29. respectively. In these two figures we 

see tha t, despite few burst expressing s ingular behavior, our com puter model seems 

adequate in  describ ing the process o f two drops merging in to  one.
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Figure 17. Isolated drop in a concentration field.
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Figure 18. V e loc ity  V  o f a drop w ith  in it ia l radius Ro =  10a as a function  o f the 
unpertu rbed concentra tion gradient V o c in  the continuum  phase.
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Figure 19. Ve locity  V  o f a drop w ith  in it ia l radius R q =  10a as a function  o f its 
radius, for a given concentration grad ient =  5.10- 4a -1 o f the continuum  phase.
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t =  500 t =  1000

t =  1500 t =  2000

Figure 20. E vo lu tion  o f the concentration field o f a drop w ith  in it ia l radius 10a. 
immersed in  a continuum  phase w ith  (A 0 )o =  0.135. The two-dim ensional square 
grid  has size 200a and tim e is given in  a2/ D  units.
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t =  1500 t = 2000

Figure 21. E vo lu tion  o f the concentration field o f a drop w ith  in it ia l radius 10a. 
immersed in a continuum  phase w ith  (A 0 )o =  -0 .015 . The two-dim ensional square 
grid  has size 200a and tim e is given in  a2/  D  units.
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Figure 22. Radius o f a phase-separating d rop as a function o f tim e. The drop, 
w ith  in it ia l rad ius Rq =  9.5a. is immersed in  a un ifo rm  concentration fie ld w ith  
in it ia l com position  (<pc)0 =  0.35. 0.40 and 0.45. and w ith  equ ilib rium  com position 

=  0.315.
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Figure 23. Instantaneous velocity |V'j o f a phase-separating drop immersed in a 
un ifo rm  concentra tion fie ld  w ith  in it ia l com position (<pc)0 =  0.35. 0.40 and 0.45. and 
w ith  equ ilib rium  com position  (<pc)eq — 0.315.
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Figure 24. Mean velocity. V.  and growth rate d R /d t .  as functions of the in it ia l 
concentration depth (A<z>)0.
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Figure 25. T ra je c to ry  o f a drop w ith  in it ia l radius R0 =  9.5a. immersed in a uniform  
continuum  phase w ith  in it ia l com position (<f>c)0 =  0.45 and inverse cap illa ry  number 
a  =  104. The pos ition  o f the drop is shown at each tim e in te rva l A t  =  100a2 /  D: and 
the size o f square g rid  is 400a.
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Figure 26. Effective d iffu s iv ity  D* o f a drop w ith  in it ia l radius R 0 =  9.5a. immersed 
in  a continuum  phase w ith  in it ia l com position (<pc)0 =  0.40 and inverse cap illa ry  
number a  =  104.
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(A 0 O > 0

Figure 27. Sketches o f the concentration profiles o f tw o phase-separating drops when 
(A 0 )o >  0 (top ), and ( A <£)0 <  0 (bo ttom )
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Figure 28. Evo lu tion o f the concentration field o f two drops w ith  in it ia l ra d ii 10a 
(le ft) and 16a (righ t), immersed in  a continuum  phase w ith  (A 0 )o =  0.135. The 
two-dim ensional square grid  has size 200a. T im e  is given in  a2/ D  units.
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t =  0 t =  400

Figure 29. E vo lu tion  o f the concentration fie ld o f the drop w ith  in it ia l rad ii 10a. 
immersed in  a continuum  phase w ith  ( A </>)0 =  —0.015. The two-dimensional square 
grid  has size 200a. T im e is given in  a2/ D  units.
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CHAPTER 7 

CONCLUSION

In th is  work, we study the phase separation o f deeply quenched m ixtures 

in which the d iffus ion coefficient depends on the local com position fie ld d>. Our 

theoretica l m odel follows the standard m odel H. where convection and d iffusion are 

coupled v ia  a body force, expressing the tendency o f the dem ix ing  system to  m inim ize 

its  free energy. In  the l im it  o f sharp interfaces separating single-phase domains, this 

coup ling te rm  reduces to  the cap illa ry  force. A  simple d im ensional analysis shows 

th a t th is  force depends on the Peclet num ber a . expressing here the ra tio  o f therm al 

to  viscous forces.

F irs t, we consider the case o f alloys and polym er m elts w ith  h igh viscosities, 

where a  =  0. We show th a t one-dimensional systems evolve u n til they reach a 

sp a tia lly  period ic steady state, w ith  a period tha t, for in s tan t quenching, coincides 

w ith  the wavelength o f the mode o f m axim um  grow th o f the linear s ta b ility  analysis. 

S im ila r results are obtained also when the tem pera ture  o f the system is the solution 

o f the heat equation, b u t in  th is case the period  o f the period ic steady state solution 

increases as the heat d iffu s iv ity  decreases. In  2D, the concentra tion profile , after 

reaching a period ic state s im ila r to  the ID  steady state, continues to  evolve, form ing 

single-phase dom ains separated by sharp interfaces, which then th icken as the system
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tries to  m in im ize  its  in te rfac ia l area. W hen the quench takes place across, or near, the 

c r itic a l po in t, the drops merge to  form  filaments which later coarsen and grow, while 

when the quench takes place far from  the c r it ic a l po in t and near the metastable region 

o f the phase d iagram , the length o f these filam ents decreases as the system becomes a 

co llection o f nucleating drops. The typ ica l size R  o f these single-phase domains grow 

w ith  tim e as t 1/3. in  agreement w ith  theoretica l predictions. However, contrary to 

the the com m only accepted assumption o f local equ ilib rium  at the la te stage of phase 

separation, the com position field w ith in  and w ith o u t these m icrodom ains is far from 

e q u ilib rium  even a fte r the fo rm ation  o f sharp interfaces.

In  liq u id  b ina ry  m ixtures, where the Peclet number can be as high as a  =  

I0 5. phase separation is m ostly  driven by convection. Our s im u la tions predict a linear 

g row th rate R  oc t. w ith  a grow th rate p roportiona l to the ra tio  between molecular 

d iffu s iv ity  and interface thickness, in agreement w ith  the experim enta l results. For 

sm all Peclet numbers, a  <  102. the fo rm ation  o f sharp interfaces and the growth of 

the single-phase domains are two stages o f the process of phase segregation tha t occur 

successively to  one another. On the other hand, for large Peclet numbers, a  >  I0 4. 

phase separation and dom ain grow th occur simultaneously.

F ina lly , the m otion  o f liq u id  drops in phase-separated m ix tu re  is simulated 

in 2D. Three problems are considered. In  the firs t, we s tudy the m otion  o f a single 

drop immersed in  a continuum  field w ith  constant concentration gradient, finding 

th a t the d rop speed is p ropo rtiona l to  the concentration grad ient and inversely pro­
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portiona l to the cap illa ry  number. The second problem involves the m otion  o f a single 

drop immersed in a homogeneous concentration field, when the difference (zXo)0 be­

tween the in it ia l concentration o f the continuum  phase and its  equ ilib r iu m  value is 

e ither negative or positive. In the first case, the drop shrinks w ith o u t moving, while 

when (Aa>)0 >  0 . the drop consumes m ateria l from the surround ing  fie ld and moves 

randomly, propelled by the induced cap illa ry d riv ing  force. D u rin g  its  movement, 

the drop grows linearly  in  tim e, w ith  a growth rate p ropo rtiona l to  the ra tio  between 

molecular d iffu s iv ity  and interface thickness. In add ition, the random  m otion  o f the 

drop has an effective d iffu s iv ity  which tends to  a constant value, showing that the 

drop has a d iffu s iv ity  which is o f the same magnitude as th a t o f its  molecules. The 

th ird  problem simulates the m otion o f two drops, showing th a t the cap illa ry  forces 

induce a m utua l a ttra c tio n  between the two drops. When (A<p)0 <  0. the a ttractive  

force is unchallenged, thus leading always to coalescence, while when ( A o )0 > 0 a 

screening effect arises which may keep the two drops apart from  each other.
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