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Abstract

PROPERTIES OF STEADY-STATE FIELD IN MICROMASER 

PUMPED BY ATOMS IN SUPERPOSITION 

OF THEIR UPPER AND LOWER STATES

by

Jozef Skvarcek 

Advisor: Professor Mark Hillerv

We present a semiclassical method for determining the phase distribution 

and the average photon number of a steady-state micromaser field pumped 

by a stream of resonant two-level atoms in a superposition of their upper and 

lower states. Assuming the field to have a photon number distribution with 

a single sharp peak, we find an equation for the amplitude and the phase of 

the steady-state field which has two solutions. The stability analysis shows 

which one of the two is physically realizable. Using the very simple time 

evolution of particular atomic states, valid in the semiclassical limit, we find 

an expression for the phase distribution of the field which contains the mean 

photon number as a parameter. That can be determined from the stable 

solution. Then we give a simple explanation for period-2 oscillations of the
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electric field in a lossless, regularly-pumped micromaser with injected atomic 

coherence in terms of tangent and cotangent states. We also examine the 

effect of cavity damping on this steady state. Then we consider micromaser 

fields which after interaction with one atom produce disentangled atom-field 

states. We find a special solution for which interaction with the atom has the 

effect of flipping the sign of the electric field. We also consider the general 

case and derive conditions which the field must satisfy.
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Chapter 1

Introduction

A micromaser is very simple physical system which consists of a beam of 

two-level atoms and a single-mode electromagnetic field within a microwave 

cavity. Despite its simplicity and the fact that it has been the object of 

vigorous research for more than a decade, it still presents a researcher with 

new challenges.

Filipowicz et.al. in 1986 published some of the first papers on the theory 

of the microscopic maser [1 . 2]. They investigated the steady-state cavity 

field and they found that as the pump rate increased, it goes through thresh­

olds that resemble first-order phase transitions [3]. Guzman et.al. worked 

out the semiclassical theory, and they found that the system at a thresh-

1
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CH APTER 1. INTRODUCTION  2

old undergoes a transition from one branch of the semiclassical solution to 

the next [4]. Progress was made not only in the theoretical understanding 

of the system, but also, around the same time, advances in experimental 

physics made it possible to build superconducting high-Q microcavities, so 

that the field could maintain large average photon number, which combined 

with Rydberg-state spectroscopy, made real micromaser experiments pos­

sible. Experiments conducted at the Max Planck Institute for Quantum 

Optics in Garching have confirmed theoretical predictions of such quantum 

phenomena as sub-Poissonian photon statistics, quantum Rabi oscillations 

and quantum collapses and revivals [5. 6 , 7, 8 ].

Most of the studies of the dynamics of the micromaser have considered 

only injected atoms in their upper states, while the situation in which the 

atoms enter the cavity in a coherent superposition of their upper and lower 

states has received far less attention. The micromaser with injected atomic 

coherence has been investigated by several authors. Krause et.al., assuming 

weak atom-held coupling, found that the phase of the atomic coherence is 

transferred to the micromaser held and that the excitation probability of the 

atoms leaving the microwave cavity depends on the relative phase angle be­

tween incoming atom dipoles and the held [9]. Since the outgoing atoms are
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CHAPTER 1. INTRODUCTION  3

available for measurement, an experiment could be set up to determine the 

coherence of the field. Slosser et.al. studied lossless micromaser with coher­

ent pumping and they found that the field evolves towards pure states which 

were named tangent and cotangent states [10. 1 1 , 12]. These states rely on 

the existence of trapping states, and apart from having other non-classical 

properties, they can be used for generating macroscopic quantum superpo­

sitions. The authors also numerically investigated the situation when the 

state of the field consists of a tangent state and a cotangent state in adjacent 

blocks of number states. This leads to the occurrence of interesting period-2 

oscillations when the steady state field returns to its initial value not after 

interaction with one. but after two atoms. The effect of the atomic phase was 

also studied for a multimode laser system; Kien et.al. developed the quan­

tum theory of the two-mode A laser with atoms injected in a superposition 

of their states [13].

The case in which the atoms are in a coherent superposition is a more 

complicated problem than the case in which they are completely inverted. 

In the latter case, the diagonal elements of the density m atrix couple only 

to each other, but when there is atomic coherence this is no longer the case. 

The entire density matrix must be treated at once. At the same time this is
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CHAPTER 1. INTRODUCTION  4

also a more interesting problem since the atomic dipoles have a phase, and 

because they drive the field, the field has a phase as well. The steady-state 

field produced by atoms in their upper states has no mean phase, because 

any value of the phase is equally likely.

In the following chapters we would like to investigate such a micromaser 

with injected atomic coherence. We will present a semiclassical method for 

determining the average photon number, phase and the phase distribution of 

a steady-state micromaser field in Chapter 3. We will find that the method 

provides results that are in very good correspondence with numerical sim­

ulations. We will show in Chapter 4 a simple physical explanation of the 

period- 2  oscillations of the steady-state field which will be based on the 

properties of the cotangent and tangent states. Then we will turn our atten­

tion to disentanglement-preserving states in micromaser in Chapter 3. We 

will present a general method for determining such initial field states which 

after interaction with one atom produce a state which is again a product of 

the atomic and field components. It will be shown that the cotangent and 

tangent states are special examples of such fields.
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Chapter 2

Micromaser

A micromaser consists of a beam of two-level atoms passing through a high-Q 

microwave cavity containing an electromagnetic field. It is assumed that the 

atomic beam is of low density, i.e. at any given time there is at most one atom 

present in the cavity. We also assume that the microcavity supports only one 

mode of the field which is in resonance with the atoms at the frequency jj 

and that the atoms have all the same velocity, so that they pass through 

the cavity in a constant time r. The atom-field interaction is governed by 

the Javnes-Cummings Hamiltonian, and when the cavity is empty, the field 

decays into the environment. If the probability of the atoms being in their 

upper states is high when they enter the microcavity, then the micromaser

5
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CH APTER 2. MICROMASER

can maintain a non-zero steady state field.

6

2.1 Jaynes-Cummings model

Jaynes-Cummings model describes a single mode field coupled to a two-level 

atom. The atom has states |a), with energy ui (we are using units with 

h =  1), and |6), with energy 0. The Hamiltonian, in the rotating-wave 

approximation, describing the atom-field system is

H — jja}a + ^u;(cr:j -t- I) + g{a^a~ -+- acr~). (2.1)

where a. a f are the annihilation and creation Bose operators for the field 

obeying the standard commutation relations

[a*, a] = 1 , [a. a] =  [a*, a*] =  0 , (2 .2 )

<73 and c7 ± are the Pauli spin operators, and g is the atom-field interaction 

constant. H acts on Hilbert space H  =  "Hatom ® Afield* where H atom is two- 

dimensional space of physical atom states and "Hfieid is infinite dimensional 

space of physical field states. The first two terms on the right hand side
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CHAPTER 2. MICROMASER  7

of Eq. (2.1) describe free field and free atom respectively, while the third is 

the atom-field interaction. Ha.t0m Is spanned by the two basis vectors |a),

|b). while Afield is spanned by the usual number state basis |0), |1), __  A

vector from H  then can be given as |a, n).  |b, n) etc. er+ is the raising atomic 

operator acting in tom as follows

(Tr |6) =  |a), (2.3)

<j+| a) = 0 , (2.4)

and (7 is the lowering atomic operator

a  |a) = |6).

a  16) = 0 . ( 2 .6 )

Operators a. act on vectors in H rm  in the following way:

a^n) =  \ /n  + l |n  1), (2.7)

a|n) =  y/n\n — 1), ( 2 .8 )
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CHAPTER 2. MICROMASER 8

la>

GJ

r \ J r\ J r>U

la>

GJ

lb> lb>

(a) (b)

Figure 2.1: Interaction between two-level resonant atom and single-mode 
cavity field with frequency ui as described by the Javnes-Cummings Hamil­
tonian. Part (a) shows the action of acr+ operator, w'hile (b) shows the action 
of (Per" operator.

n|0) = 0 . (2.9)

The aer+ term in Eq. (2.1) describes a process when the atom makes a transi­

tion from its lower to its upper level while absorbing one photon of energy u:. 

Figure 2.1(a). The a fcr~ term describes the reverse action, when one photon 

is emitted by the atom which goes to its ground state. Figure 2.1(b). In 

other words, these two terms give the transition between |a, n) and |6 . n +  1) 

states. These states form two-dimensional subspace ?Pn+1* of %, however, 

they are not eigenvectors of Eq. (2 . 1 ). In order to find the eigenvectors and 

eigenvalues, H  is diagonalized in the space ?Pn+P. By this method we find

£ ? +1 =  Lu(n +  1 ) +  gVn  +  1 , (2 . 10 )
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CHAPTER 2. MICROMASER

E*+i = ui(n + 1 ) — gyjn +  1 ,

as the energy spectrum and

9

( 2 . 1 1 )

m x‘> =  4 | ( |a .n) +  |6 .ii +  L) ), (2 .1 2 )

| * r l) = -^(|a.n)- |4,n + l)). (2.13)

as the eigenvectors of H on subspace 'H(n+lh States |a. n) and |6 . n + 1) may 

be expressed via |vJr"+1) and and then their time evolution can be

found in the interaction picture in terms of the map

|u. n ) —» jcos(gr\/n~+T)|a, n) — isin(gr\ /n  +  1 )[6, n +  1) | . (2.14)

|b. n + 1) —> |co s{grsjn 4- 1)|6. n 4-1) — isin{gr\Jn 4- l)|a. n ) | . (2.15)

If the atom is initially in the state

l^at) =  a |a ) +  i3\b), (2.16)
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CHAPTER 2. MICROMASER  10

where a  and i5 are complex numbers satisfying the normalization condition 

|a |2 +  |,d|2 =  1 , and the field is initially in the state

00

I/) =  H  dn |n), (2.17)
n = 0

then after a time r  the state of the combined system will be

00

|/ )  ® (a |a) +  3\b)) ->• £  d„(ac„+ i|n) -  i/is^n -  1 )) ® |a)
n=0

oo
+ Y  dn(3cn\n) -  iasn+i|n +  1)) ® \b). (2.18)

n —0

where

sn = sin {gTi/n) =  sin {9int>Jn/Nex) (2.19)

cn = cos{gr\fn) = cos (dintS/ n / N ex). (2 .2 0 )

Here, we have introduced the pumping parameter 9\nt =  y/Nexgr. The num­

ber Nex is the mean number of atoms interacting with the cavity field during

its lifetime. Eq. (2.18), which is written in the interaction picture defines the 

Javnes-Cummings time evolution of the field density matrix p =  Tratpsystem 

which can be written formally as p(r) =  Mp(0 ), and in the number-state
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CHAPTER 2. MICROMASER  

representation we have

11

Pnm t Pnmi l^ f  ^n-rl^m+l d*

~̂ ~Pn -  l , m -  I

d p n + l , m + L  | /^|  ^ n + l ^ m + 1

+iCV/i ( c n -|-iSm ^ .[P n im ^.i ^n^mPn—l,m)

+ 10; S(cnSmpnrri-i  A’n+iC’m-f.iPn+l,m)! (---I)

where pnm =  (n\p\m). As one can see. the interaction couples together 

elements from different diagonals which makes its analysis complicated. In 

the case of non-coherent pumping. |ckd| = 0 . only the diagonal terms are 

coupled. Figure 2.2.

2.2 M aster equation

The cavity field decays into the environment during the time interval when 

the cavity is empty. The losses during the atom-field interaction are ne­

glected since the interaction time is much shorter. If we want to develop a 

correct physical model for the loss process we must proceed carefully. An
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CHAPTER 2. MICROMASER 12

m- 1 m m+ 1 m- 1 m m+ 1

n-1 n-1

n n

n+ 1  . n+ 1  ....

(a) (b)

Figure 2.2: Coupling among field density matrix elements as given by
Eq. (2.21). If pumping atoms are not in the coherent superposition, |ad | =  0. 
then only elements at the same diagonal are coupled together, part (a). Oth­
erwise. the interaction couples also elements from neighboring diagonals, part

attem pt to describe damping of the quantized single mode micromaser field 

phenomenologicallv by an analogy with classical physics leads to commuta­

tion relations for the field operators that violate the uncertainty principle. 

In order to preserve the correct commutation relations we need a quantum 

noise generator which has sufficient output at zero temperature.

We may model the cavity losses by assuming a stream of a large number 

of two-level atoms, that have high probability being at their lower level, 

interacting with the cavity field. We look at these atoms as at a reservoir 

(the environment) which is in contact with our system, the cavity field. The

(b).
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CHAPTER 2. MICROMASER 13

total Hamiltonian H j ,  which has the form of Eq. (2.1), can be expressed

where H0 = + H res is the free part and V' describes the interaction.

The reservoir is weakly coupled to the field which loses its energy to it. We 

also suppose that the fluctuations in the reservoir couple back into the field. 

However, the reservoir has such properties that prevent the excitation energy, 

initially in the field, from returning completely from the reservoir.

The statistical properties of the total system are given by total density 

operator p(t) which satisfies equation of motion

We are interested in the properties of the field only, therefore, our objective is 

to find an equation of motion for the reduced field density operator pae\d{t) = 

Trres/5. First, we transform Eq. (2.23) into the interaction picture to remove 

rapidly varying system motion. Then we trace the equation with respect to 

the reservoir’s degrees of freedom. The resulting equation can be formally 

integrated for the field density m atrix in the interaction picture with the help

H t  =  # f ie ld  + Hres +  V, ( 2 .2 2 )

=  [«> + C.p]. (2.23)
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CHAPTER 2. MICROMASER 14

of the perturbation theory, since the atom-held coupling is weak, keeping 

terms up to the second order of V'. Then we need to make the Markov 

approximation by assuming that the reservoir correlation time is zero on a 

time scale in which the cavity held loses an appreciable amount of its energy. 

The Markov approximation in our case means that the future of the held 

depends on present only. This assumption is sufficient to ensure that the 

reservoir behaves according our conditions, that is, the excitation energy can 

not return back from the reservoir.

After all of the work we find that the decay of the micromaser Held during 

the time interval when the cavity is empty, formally given as p(t) = eLt p(Q) 

(subscript field was omitted), is described by the master equation [14]

where rib is the mean photon number in the thermal background and 7  is 

the loss coefficient. Its reciprocal 1 / 7  is equal to the mean cavity lifetime. 

We will consider the case when the environment the micromaser cavity is in

—-yrib {aa* p +  paaf — 2 pa). (2.24)
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CHAPTER 2. MICROMASER  15

contact with is at zero temperature. That implies rib =  0 and

^  =  Lp =  - -^ ( td a p  + pa^a — 2 apa*), (2.25)
at 2

which has the solution in the number-state representation

f t “ " 1 ------- — ii— 'w - ~ '(0)-

(2.26)

The times at which the pumping atoms are injected into the microwave cavity 

may conform to various distributions. For the case when they obey Poisso- 

nian statistics we can derive the equation of motion for the average field 

density matrix in the form of a master equation [l]

^  = r(M  -  l)p + Lp. (2.21

where r denotes the mean rate the atoms arrive at the cavity, and it is 

related to Nex by Nex = r j 7 . Eq. (2.27) can be employed for finding the 

steady-state field density matrix by putting dp/dt  =  0 . On the other hand 

when considering a regularly pumped micromaser. i.e. when the time T  

between two consecutive atoms is constant, the time evolution of the field
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(a) I J \  I J
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1 X 1 t  1 X 1 X 1 X
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1 X 1 X 1 X 1 X 1 X

Figure 2.3: The time scale for the regularly pumped micromaser. The atom-
held interaction time r  is much smaller then the time interval between two
consecutive atoms t. The field can be measured just before the next atom 
enters the cavity, the arrows in (a), or just after the interaction (b). for 
example.

density matrix is given by the map

p(tl+l) = e LTMp(tt). (2.28)

if f, are the times the atoms enter the cavity. £,+[ — £, =  T. The steady state 

is usually defined for this case as p{tl+\) =  p(tt) =  pss, which says that the 

field density matrix is the same at any of the times just before an atom enters 

the cavity, see Figure 2.3(a). Of course, the density matrix could be different 

if measured not at ti s; we would have different p^  should we measure the 

cavity field at the times just after the atom-field interaction, for example (see 

Figure 2.3(b)).

It is possible to study the micromasers whose pumping statistics lie some-
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where between the regular and Poissonian too [15, 16], but such cases will 

not be considered here.
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Chapter 3

Semiclassical approximation

3.1 Introduction

Here we want to extend the semiclassical approximation, done by Guzman 

et.al. [4], to the micromaser with injected atomic coherence. In particular, 

our objective is to determine mean photon number and the phase distribu­

tion of the steady-state field. We find an equation for the amplitude and the 

phase of the steady-state field in Section 3.‘2, which can be solved and has 

two solutions. In order to determine which one is physically realizable, we 

perform a stability analysis in Section 3.3. Then we turn our attention to the 

problem of finding an approximate expression for the phase distribution of

18
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the field in Section 3.4. We employ techniques developed by Gea-Banacloche 

to treat the problem [17]. These rely on the very simple time evolution of 

particular atomic states. We are able to use them to find an expression for 

the phase distribution which contains the mean photon number as a param­

eter. Our analytical results are compared to quantum-mechanical numerical 

simulations in Section 3.5. and we find that the agreement is very good.

3.2 Phase and amplitude of steady-state field

The objective in this section is to find the equation of motion for the am­

plitude and the phase of the micromaser field which will later enable us to 

determine the steady state values of these quantities. We will assume that 

the atomic pumping statistics is Poissonian. We will also assume that the 

steady state field has a large amplitude, and that its photon number distri­

bution is sharply peaked around h. We express the expectation value of the 

field annihilation operator (a) in terms of its amplitude u and phase 9

(a) =  uel°. (3.1)

and. because of our assumptions, n =  u2.
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Using the standard formula for determining the mean value of an operator 

A. (.4) =  Tr{.4p}. and the Eq. (2.27) we are able to obtain the needed 

equation for (a). Firstly, we multiply Eq. (2.27) by a and then we take the 

trace with respect to the photon number states. On the left hand side we 

then get

T r(a 5 ? } =  S Tr<“^ } = 57<a>' (3'2)

since in the Shrodinger picture the operator a does not depend on time. It is 

easy to resolve the loss term on the right hand side of Eq. (2.27) employing 

the cyclic property of the trace

(aL) =  iy T r f ^ .a ja p }  =  - ^ ( a ) ,  (3.3)

if Eq. (2.25) is considered, while proceeding with the first term is a little bit 

more involved. The term

Tr{a(A/ -  l)p} =  (a(M  -  1 )) (3.4)
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Figure 3.1: Relevant part of the field density matrix assumed in the semi­
classical treatment. The dashed line represents the main diagonal, the field 
is strongly peaked around pflfl. In order to determine (a) also Pn.n-i and 
Pn-i-L./i—i are needed, other elements are neglected.

can be expressed in the form

OC ____
(a(M  -  1)) =  52 +  1 {pn+l.n(|a|2Cn+i»Cn + 1 + |,J|2Cn+[Cn -  1) +

n - 0

Pn.n — 11^1 d" Pn+2,n+\\t^\  ^n+ 'J^n+L  A

io'.3 (Cn+ô ’n+Lpn+l.n+L ^n+l^-nPnn) d-

i f t  J  ( c n -t_ iSn p n _|_iin_  [ ^n+ 2^n -r lP n+ 2 ,n )} • ( 3 - 5 )

Eq. (3.5) can be further approximated by taking into account the fact that 

we deal with a field whose number distribution is sharply peaked at rc, where 

n 3> 1. Namely, we restrict our attention to field density matrices, which 

have only a few non-zero elements: and those nearby, Figure 3.1. Then
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in the sum in Eq. (3.5) only those terms will contribute that include the 

density matrix elements pni„2, where rii and n2 are close to n. We also use 

the Taylor expansion with respect to n, keeping only terms up to the order 

of 1 /v/h. to evaluate sn+l and c„ +1 in terms of sn and cn, respectively. For 

and cn+1  we then get

the derivatives of .sn and cn can be found with the help of Eqs. (2.19) and 

(2.20). ds„/dn  = 6-mlcn/ 2 \ /n N ex and dcn/dn  =  -9-mtsn/2 \ /n N ex resp. Fi­

nally. if we put together what we have, we get

We expect the steady state micromaser field to be close to a coherent state

dSn•‘>n+l ~  -i--- j—dn
(3.6)

dn
(3.7)

Pn+L,n-L r ^ (a)- (3.8)

|r/), w'here q =  (a) and \q\2 =  n. which has the density matrix in the number-
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state representation

(3.9)
V m  I n !

Therefore, the non-diagonal density matrix elements in Eq. (3.8) can be 

expressed as

n*
7 = P n , n - l  — Pnn  ( 3 . 1 0 )\ fn

and

t) \ /n
P n + l ,n - l  ~  / ■ f  ~ P n n -  ( 3 . 1 1 )v n  + 1 T

Keeping in mind that pnn is sharply peaked about n. this implies that 

Eq. (3.8) can be put into the form

d(ue‘ )
df'P -  =  .Vex { ^ ( | a | 2 - |,d |'2) 4 e ifl +

lotdle^ (  % =  -  -
1 1 ^ 2 y / K :  2u )

+  - k -  ( 3 l 2 »

We have defined a new time parameter t‘ =  7 1. and set

i a 3 m =  |a/5|ei0. (3.13)
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Eq. (3.12) can now be solved for the two real variables u and 9. The steady- 

state values of u and 9 are determined by setting the time derivative equal 

to zero. For the phase 9 of the steady-state field, two solutions are possible 

as one can easily verify: 9 = 0  and 9 = <t> + n. However, as long as we are in 

the classical regime, we expect that only one is physical. We will resort to a 

stability analysis to determine which one is stable, i.e. physically realizable, 

and which one is merely formal.

3.3 Stability analysis

As it was said in the previous section. Eq. (3.12) can be solved for the steady- 

state values of n = u2 and 9. Using either solution of the phase 9 we will 

get a transcendental equation for the mean photon number n = ri(9-lM) as a 

function of the pumping parameter 0jnt. In order to determine whether the 

solution is stable we will displace the system from its steady state by 69 and 

Su. 69 9 and 6u u respectively. If the system shows a tendency to move

towards its steady state in both variables (in abstract sense the system is 

moving in the (u.9) plane), the solution is stable, and vice versa.
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3.3.1 Unstable solution

Let us first examine the case

9 = <b. (3.14)

This is substituted into Eq. (3.12) which gives us the equation for n{9ml) at 

steady state.

0 =  ( |o; |2 -  |,d|2) 4  -  (3.15)
^ e x

In order to find the stable points, we change 9 —> 9 +  69 and u —> u + 6u in 

Eq. (3.12). We then employ a Taylor expansion to find both sides up to first 

order in 69 and 6u. We obtain the expression for the time derivative of 6u 

from the real part of the resulting equation,

Su = { ^ f - [(M 2 -  |,/5|2)cfts’n + \ad\(sl -  ct)] -  1 j Su (3.16)

while from the imaginary part we have

69 = M  d'mt^ se. (3.17)
u

All terms on the right hand side of the last equation are positive real numbers, 

so that they form a positive factor multiplying 66. Then 69 (we may say it

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



CHAPTER 3. SEMICLASSICAL APPROXIMATION 2 6

u+ 8 u , 9+86Im

Re

u+ 8 u , 9+80

Figure 3.2: Solutions of Eq. (3.12) for the complex amplitude q = ue'° are 
represented via polar coordinates u, 9. (a) shows non-stable case for 9 = o. 
the "velocity” 59 has the same direction as the displacement 59. (b) shows 
stable points (u.9) for the situation when 9 =  0  +  7t since both 5u and 59 at 
point (u +  5u.9 +  59) point back towards (u.9).

is the "velocity” of 59) always has the same direction as 59. That means the 

phase of the system at the point (u +  5u. 9 + 59) is moving away from 9. see 

Figure 3.2(a). Therefore, all points (u.9) which we obtain from Eq. (3.15) 

are not stable.

3.3.2 Stable solution

If we repeat the procedure for

9 = 0 - 1- 7T (3.18)
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then we find

o =  ( H 2 -  I/3IV , +  2 M » „ c ,  -  (3.19)
- 'e x

as the equation for h(0 jnt), and, for the equations of motion for 6u and 66.

f o  -  |/J|2)cftSfl -  M |(4  -  4)] -  l j 6u (3.20)

66 = - \ a 3 \ 9[ins/N7x66. (3.21)
a

As one can see. the factor multiplying 66 in Eq. (3.21) has a negative sign. 

Therefore, the system has tendency to move from the state with phase 6 + 66 

back to 6. However, we still have to check the behavior of 6u in order to 

determine whether the point (u. 6) is stable. It is hard to see by inspection 

of Eq. (3.20) what the direction of 6a is. We need the term in the curly 

brackets to be negative for the field to be at stable (u. 6). see Figure 3.2(b). 

The sign of this factor and the stable solutions can be found numerically. 

These results were compared with those from numerical simulations and this 

will be presented shortly. Now, however, we want to turn our attention to 

the problem of finding the phase distribution of the steady state field.
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3.4 Phase distribution

Knowing the field density matrix at given time the phase distribution of the 

field can be calculated. The probability that the phase is within the interval 

A. A -\-d\ is (A|p|A)c/A. where |A) is the quantum-mechanical phase state [18]

|A> =  - = £ e “ |n). (3 .2 2 )
v 2 t t  n = n

Therefore, the phase distribution is defined by the diagonal density matrix 

elements (A|/3|A). The core of our approach to determining the phase distri­

bution lies in using the special orthogonal atomic states

|±) =  - L ( e - ^ |a ) ± | 6 )). (3.23)

as the atomic basis. These states are actually the eigenstates of the semiclas­

sical interaction Hamiltonian which is obtained by replacing the operators a 

(a*) in the interaction term of Eq. (2.1) by the c-number field amplitude u 

(■«/*), v = M e-* \

tfint,sc =  g(<T~vm +  a +v). (3.24)
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The dynamics of these states was intensively studied within the context of the 

Jaynes-Cummings model by Gea-Banacloche [17] who discovered the formula 

which describes their time evolution in the limit of large photon number h. 

On a time scale which is much smaller than the revival time tr = if

the micromaser field is prepared in the coherent state |u), where u =  \ fhe~w. 

then |± )|u) evolves as

|±)|i/) e ^ ^ l i ) ! ' ! ^ 1̂ ) .  (3.25)

The error in Eq. (3.25) is of order I js /h .  This result provides a convenient 

way of treating the systems with large photon number, because the total 

state vector remains a product of atomic and the field parts.

An arbitrary atomic state can be expressed as

I'f) =  e~tw sin fc|a) -I- cos n\b). (3.26)

which in the basis of |±) states becomes

|tf> =  +  (3.27)
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where the explicit phase dependence of states |±) has been included. The 

coefficients of this expansion can be found easily

|(+; <p|'I, ) | 2 =  ^ ( 1  +  cos(u; — >p) sin(2 «:))

l ( - ^ l ^ ) | 2 =  ^(1 -  cos(u; -  p) sin(2/c)). (3.28)

For any initial atomic state, |'F), Eq. (3.25) can be employed for finding the 

total state of the system at later time. We are concerned with the steady 

state micromaser field, and its phase in particular, therefore we shall need 

the evolution of the field density matrix p. The initial density matrix of the 

system psystetn = |y)|'F)('I'|(u| evolves in time according Eq. (3.25) too. of 

course, and it provides the field density operator after we take trace with 

respect to the atomic degrees of freedom. We obtain

\v)(v\ -> +  |<-; p |'F )|2 |ei<5vi;)(eî f..|. (3.29)

where d'<p =  gr/2\/Ti. In order to find the steady state phase distribution 

of the field, the P-representation of the density matrix may be used. The 

P-representation is a diagonal representation of p in terms of coherent states.
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|f), as p =  J d2f P ( f ) |f ) ( f  |. Using this, we can convert Eq. (3.29) into an 

equation for P(u)

Pic)  K - H + ; + IW-; e  +  M f f l ® - * ) .  (3.30)

It is apparent that the Eq. (3.30) describes merely changes of the field phase, 

the field amplitude is unaffected, so that we drop the explicit |t>| dependence 

in P ( |u |e - "'3). With the help of Eq. (3.28) we find

Pi'r1) ~> ^(1 + cos(u/ — p +  8p) sin 2k )P{p  — 6<p)

+ -(1  — cos(tc -  y — ()V) sin 2 k ) P{<p + (!>V). (3.31)

The right hand side of Eq. (3.31) must be equal to P (y) for the steady state 

field. For a large h we have Sip <?C 1 . therefore we expand the right hand

side of Eq. (3.31) up to the second order of dp and then the steady state

condition give us the second order differential equation for P{p)

0 =  - - [ P M  cos(u; -  ip) sin 2k] +  ^ - ^ P { p ) S p .  (3.32)
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This can be integrated giving the periodic solutions

32

(3.33)

where C' is the constant of integration. Note, that even though the formal 

solution to Eq. (3.32) has two constants, one of them is eliminated by the 

requirement of periodicity. The solutions given by Eq. (3.33) allow us to draw- 

several conclusions. First, without even knowing C'. one can immediately 

find the position of the maximum of the phase distribution

Second, the phase probability distribution /2(A) =  (A|p|A) can be calculated 

from

The coherent state in the number-state representation is defined as [19]

Y'max W ----------9 (3.34)

/2(A) =  I  d2£P(OI(£|A)|2. (3.35)

(3.36)
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and then from Eq. (3.35) we obtain final expression for R ( A) (r =  \/n)

n  oo _m+n , ,
R (A) =  e_r’ £  - _ =  /  dtpcoadv + A)(n -  m ) ) e - ^ sin(" ^ .  

n,m=o v m ! n !

(3.37)

The constant C is determined from the normalization condition

The integral with respect to A is

r'llt
/ dAcos((cp +  A)(n -  m)) =  27rd'nm, (3.39)
Jo

where 6nm is the Kronecker symbol, so that we have finally

2,r Jain S.. 1-1
(3.40)

The results from the numerical simulations, that are presented in the follow­

ing section, show that Eq. (3.37) is very precise when n is large.
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3.5 Numerical results

In the most of the following numerical experiments the atom-held interaction 

constant g was 4.4 x 10AH z  and the relative phase of the coherent atomic 

state a (as defined by Eq. (3.26)) was set to 0. The pumping statistics was 

chosen to be regular, because the Poissonian case is computationally very 

demanding. We shall comment on the effect this has on our results shortly.

We studied how the steady-state held varies with respect to the micro- 

maser parameters ,Yex, 0int and |a |. Table 3.1 will help with the following 

discussion. In Figure 3.3 we plot the mean photon number h in the steady- 

state as a function of 0jnt when ,Vex =  30 and |a | =  0.9. The 9lnt interval 

was evenly sampled by 201 points points between 0 and 40. For each value 

of 9mt we found h performing following procedure. The initial state of the 

cavity held was taken to be the vacuum. The held then interacted with an 

atom according to Eq. (2.21), and then decayed according to Eq. (2.26). The 

measurement of the field’s mean photon number h was performed just before 

next atom entered the cavity. This sequence, corresponding to Eq. (2.28). 

was repeated until the steady state value of n was found. The field was con­

sidered steady when its n changed by less than 1 0 -3% during single sequence. 

The reason behind this is that we had to set an upper bound for the num­
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ber of interactions in order to get the results in reasonable time; for smaller 

Nex (30 to 100) it was set to 30 x .Vex and for larger Nex it was 15 x .Yex. 

If n changes at a rate of 10~3% per sequence, then the field would need to 

interact with 105 atoms to increase its value by one. This means that such 

small differences would not show up on the graphs, even if we considered the 

maximum number of interactions to be 7500 (:Vex =  500).

The points from the quantum-mechanical simulations are in Figure 3.3 are 

joined by a continuous line. The crosses on the same figure show semiclassical 

stable solutions as given by Eq. (3 .19).  We find a very good correspondence 

between the two when $jnt is between 0 and 5. The two curves are almost 

identical in the vicinity of the first micromaser threshold where n has its 

maximum. The quantum-mechanical line shows the second threshold around 

9ml =  10. and beyond this point it doesn’t match the semiclassical pattern. 

The relationship between n and 9xnt was also studied for Nex = 100. 300  and 

500; the results are shown in Figures 3.4 .3 .6 ,3 .10 . As Nex increases the second 

threshold moves to larger values of 9-xnt, for example, when Nex =  500 it 

occurs around <9jnt =  37. while the quantum-mechanical and the semiclassical 

solutions coincide for larger intervals of 9mt. Therefore, we may conclude that 

our semiclassical theory gives correct predictions for n(0jnt) provided that Nex
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is large.

We were also concerned with the questions of how n(djnt) and the re­

lationship between the quantum-mechanical and the semiclassical solutions 

depend on |cv|. To answer this question four simulations were done setting 

|a | to 0.85. 0.9. 0.95 and 1.0 with iVex = 300. The results are plotted in Fig­

ures 3.5.3.6 ,3.7.3.8 . As one can see, the second threshold occurs at smaller 

0ull as |a | increases. Up to that point the quantum-mechanical and the semi- 

classical curves are almost identical.

A careful reader has probably noticed that we were using different pump­

ing statistics for the semiclassical theory and for the numerical simulations. 

He may ask whether our comparison is reasonable and how much the results 

of the semiclassical theory depend on the pumping statistics. In order to 

investigate this point we shall find the semiclassical stable solutions for the 

amplitude and the phase of the steady-state field for a micromaser with reg­

ular pumping. If it is assumed that the measurements are performed just 

before the pumping atoms enter the cavity, Figure 2.3 (a), then the steady- 

state condition gives

(a(ti+i)) = (a(ti)), (3.41)
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which can be expressed with help of Eq. (2.28) as

Tv{eLT M  p(ti)a} = Tr{p(f*)a}. (3.42)

Following the procedure from Sec. 3.2 and 3.3, we find that the phase 9 of 

the steadv-state field is

9 =  d) +  7T, (3.43)

and the amplitude of the field can be determined from

(3.44}

where

/ -1/2.Vpva =  e ' exu. (3.-15)

The same notation as in Eqs. (3.1), (3.13) was used. The stability analysis 

gives us time evolution of Sn and 59 in terms of the maps

Su —> — 
u

2 u' -  u +  {{\a\2 -  \0\ )sn>cn> +  |ad |(cft, -  sft,)}
Oxint

VN,
5u. (3.46)

59 1 — | a d  | înt
U y /  iVex

59. (3.47)

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



CHAPTER 3. SEMICLASSICAL APPROXIMATION  38

We have plotted the stable points for the case with |a | =  1.0 and ;Vex =  300 

in Figure 3.8. and we see that they come very close to those calculated with 

Poissonian pumping. We further find that the points for the both kinds of 

pumping statistics stay close for large yVex. and they only start to differ as 8-mL 

increases. However, even for small JVex (such as 30) they both provide almost 

the same values of n for 0 jnt around the first threshold, which is also in very 

good correspondence with the quantum-mechanical simulations. Figure 3.8. 

Therefore we conclude that the pumping statistics does not play a role in the 

semiclassical treatment of the micromaser if the objective is to determine the 

mean photon number of the steady-state field for values of 9mt of order 1 . 

We prefer to work with Poissonian pumping because it corresponds better to 

the actual physical experiments.

The next question we would like to ask is: will the pumping statistics 

make a bigger difference in the quantum-mechanical treatment of the micro­

maser? The probabilities pn of the steady-state field having n photons for 

the micromaser with Poissonian pumping can be found analytically [20]

P* =Po f t   v  - (3-48)
m = l Pbbs m  m / ^ e x
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where po is determined from the normalization condition

£ > n  =  l- (3.49)
n=0

This formula is valid for the situation when the pumping atoms are in the 

mixed state: Paula)(a\+Pbb\b)(b\. The formula was used for calculating h(0lM). 

Figure 3.9. YVe set paa =  1 in order to compare the resulting points to our

simulations (note that we use pure atomic states there). The figure shows

the second, the third and higher thresholds where, according to the analogy 

with statistical physics, the micromaser field undergoes the first-order phase 

transition. Comparing with Figures 3.8 and 3.9, we see that the curves 

corresponding to the quantum mechanical results for regular and Poissonian 

pumping are very different, they coincide around the first threshold only. 

Therefore, the pumping statistics do have a remarkable effect in the quantum- 

mechanical theory.

So far. it was found that the semiclassical predictions agree very well with 

the quantum-mechanical simulations in the region around the first threshold 

where the mean photon number reaches its maximum values. It was supposed 

in the analytical treatment that the steady-state field is coherent, for which
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Figure M N ex
P

QM points
umping 

SC stable points
3.3 0.9 30 regular Poissonian
3.4 0.9 1 0 0 regular Poissonian
3.5 0.85 300 regular Poissonian
3.6 0.9 300 regular Poissonian
3.7 0.95 300 regular Poissonian
3.8 1 .0 300 regular Poissonian, regular
3.9 1 .0 300 Poissonian Poissonian
3.10 0.9 500 regular Poissonian

Table 3.1: List of figures with results from numerical simulations at glance, 
relevant to the discussion about relationship between average photon number 
h and pumping parameter 0jnt. In the two last columns QM, SC means 
quantum-mechanical and semiclassical respectively.

n = [r/1~ and the root-rnean-squared deviation of the photon distribution a — 

|r/|, where q is its amplitude. We can examine this assumption by calculating 

the values of a / \JTi and |(a)|2/h  as a functions of 9\nt, and these are plotted 

in Figure 3.11 for the steady-state field of the micromaser with .Vex = 300 

and |q| =  0.9. Both curves are smooth on the region between 0 and 15 

approximately, which corresponds to the area around the first threshold. The 

values of |{a)|2/n  are close to 1 , also cr/\/E is almost constant on the largest 

portion of the region though smaller than 1. Therefore, our assumption about 

the strong steady-state micromaser field is justified, indeed.

At last, we want to check the validity of Eq. (3.37). We present results 

from two simulations; in both cases |a| =  0.9 and w =  0. Figure 3.12 shows
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the phase distribution of the steady-state field for .Vex =  30; it was chosen 

so that 8ml = 1.12 since it provides large mean photon number, n = 23.6. 

which gives Sip =  0.0253. The values of Sip and h were used when calculating 

the distribution from Eq. (3.37), where we set the upper limit for the indices 

rn. n to 50. The resulting curve matches very well the phase distribution 

from the numerical simulations. We find some differences only at the tip of 

the peak where the analytical one is slightly taller, approximately by 5%. 

The second comparison. Figure 3.13, is for the situation when .Vex = 100. 

0jnt = 1.2 and n =  80.3 for which Sip =  6.70 x 10-3. Also here the analytical 

distribution agrees very well with the numerical simulations. The peak is 

narrower and we see some differences only at its tip. Experimenting more 

with the parameters it was found that Eq. (3.37) provides excellent results 

for large n; values of n as small as 15 provide good agreement. For 0int where 

n was smaller, the peak became less pronounced and the values started to 

depart from those obtained from the simulations.
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3.6 Conclusions

Our semiclassical theory provides results that are in very good agreement 

with the quantum-mechanical numerical simulations when the cavity field 

has a large mean photon number. The stable solutions for the mean photon 

number as a function of the interaction parameter 0 int coincide with the 

simulations on the interval whose size increases as iVex increases while keeping 

|a | constant. On the other hand, while keeping .Vex constant, the interval of 

validity becomes larger as |a | decreases. The average photon number reaches 

its maximum, which is equal to |a|':Vex, at the first threshold. Then as 

increases the semiclassical result continues to follow the quantum-mechanical 

dependence approximately until the latter reaches a second threshold. Also, 

it was found that the pumping statistics does not play a significant role in 

the semiclassical treatment if the objective is to determine only the mean 

photon number. Of course, the same can not be said about the quantum 

case.

The semiclassical approximation for the phase distribution is in very good 

agreement with the quantum mechanical one. It was shown that it is suf­

ficient to have as few as 15 photons in the steady field to obtain a precise 

result. The expression for the phase distribution depends on the mean photon
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number as a parameter. That can be determined using the stable semiclas­

sical solution from Section 3.3. Therefore, the presented theory is complete 

allowing one to obtain results using only the parameters, such as Nex and 

i9int, which specify the micromaser.

The present treatment, however, cannot be used to determine the photon 

number distribution, and this remains a challenge and motivation for further 

work.
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Figure 3.3: Mean photon number n of the steady state field versus the pump­
ing parameter 9int, |a | =  0.9 and Nex =  30. The points from the quantum 
mechanical simulations with regular pumping are joined by the continuous 
line, while the crosses show semiclassical stable solutions where Poissonian 
pumping was assumed.
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Figure 3.4: Mean photon number h of the steady state field versus the pump­
ing parameter 0int, |a | =  0.9 and iVex =  100. The points from the quantum 
mechanical simulations with regular pumping are joined by the continuous 
line, while the crosses show semiclassical stable solutions where Poissonian 
pumping was assumed.
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Figure 3.5: Mean photon number n of the steady state field versus the pump­
ing parameter 0 ^ , |a | =  0.85 and :Vex = 300. The points from the quantum 
mechanical simulations with regular pumping are joined by the continuous 
line, while the crosses show semiclassical stable solutions where Poissonian 
pumping was assumed.
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Figure 3.6: Mean photon number n of the steady state field versus the pump­
ing parameter 0jnt. |a | =  0.9 and Nex = 300. The points from the quantum 
mechanical simulations with regular pumping are joined by the continuous 
line, while the crosses show semiclassical stable solutions where Poissonian 
pumping was assumed.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. SEMICLASSICAL APPROXIMATION 48

300
simulations

semiclassical

250

200

c  150

100

50

0
15 20 25 30 35 400 5 10

Sint

Figure 3.7: Mean photon number n of the steady state field versus the pump­
ing parameter 0int, jot[ =  0.95 and Nex = 300. The points from the quantum 
mechanical simulations with regular pumping are joined by the continuous 
line, while the crosses show semiclassical stable solutions where Poissonian 
pumping was assumed.
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Figure 3.8: h Vs. 0xM for the case with |a | =  1.0 and Nex = 300. The contin­
uous line joins the steady state points gained from the quantum mechanical 
simulation with regular pumping. The two types of crosses now show semi­
classical stable solutions for both Poissonian and regular pumping. For larger 
values of Nex the two almost coincide.
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Figure 3.9: n Vs. for the case with |a | =  1.0 and .Vex =  300. The 
continuous line now represents analytical quantum mechanical solutions for 
Poissonian pumping. The crosses stand for the semiclassical stable points. 
The quantum mechanical curve is quite different from the previous cases with 
regular pumping.
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Figure 3.10: Mean photon number n of the steady state field versus the 
pumping parameter 0jnt, H  =  0.9 and Nex =  500. The points from the 
quantum mechanical simulations with regular pumping are joined by the 
continuous line, while the crosses show semiclassical stable solutions where 
Poissonian pumping was assumed.
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Figure 3.11: The normalized root-mean-squared deviation a/\/7i of the pho­
ton number of the steady state field versus the pumping parameter 9mt is 
plotted by the continuous line, while the dashed line shows the ratio |(a )|2/n  
vs. 0jnt. Within the interval (0.15) approx. the value is close to 1, which 
shows that the field is almost coherent. Nex =  300 and |a | =  0.9.
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Figure 3.12: Phase distribution of the steady-state field. Data from the 
numerical simulations is shown by the continuous line, the dashed line shows 
results from Eq. (3.37). This is the case with Nex =  30, |a | =  0 .9  and 
flint =  1-12.
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Figure 3.13: Phase distribution of the steady-state field. Data from the 
numerical simulations is shown by the continuous line, the dashed line shows 
results from Eq. (3.37). This is the case with Nex = 100. |a | =  0.9 and
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Chapter 4

Field oscillations

4.1 Introduction

Extensive theoretical work on the micromaser. see Chapter 1 . has shown 

the existence of numerous interesting features. Among them are trapping 

states, which separate the dynamics into noninteracting blocks of photon 

numbers [2 ], and the dependence of steady state of the field on the injection 

statistics of the atoms [21]. The latter occured as part of more general 

analysis of pump noise in lasers and masers, and how to minimize it [22. 23]. 

Despite all of this, however, there are still some surprises. One, found only 

recently, involves the behavior of the electric field inside the cavity. It has

•55
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been found by Briegel, Englert. and Scully [24], and independently by Herzog 

and Bergou [25], that the passage of a single atom can cause the sign of the 

electric field to flip. They demonstrated this by calculating the two-time 

field-field correlation function and showing that it can change sign. For 

a micromaser with regular pumping (equal time intervals between atoms) 

this effect causes a splitting of the spectrum into several equidistant peaks. 

In this work the atoms were injected into the cavity in their upper states. 

Another kind of field oscillation was found by Slosser and Mevstre when 

the atoms are injected in a coherent superposition of their upper and lower 

states [10]. Considering a lossless micromaser. they found steady states for 

the field which they called tangent and cotangent states (the names refer to 

the form of coefficients when the states are expanded in the number-state 

basis), which are confined between trapping states [2]. They then went on to 

examine the dynamics of the system when the photon numbers were limited 

by two trapping states. They found, numerically, that if other trapping states 

intervened between the original two. there were states which one might call 

steady states of period 2 : these states are mapped back onto themselves not 

by the interaction with one atom, as a normal steady state would be. but by 

the interaction with two atoms. The electric field of such a state oscillates
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between two values; it changes its value after the passage of one atom and 

returns to its original value after the passage of a second.

Here we would like to give a simple explanation for the oscillations seen 

by Slosser and Meystre. This explanation hinges on a slight difference in 

the behavior of tangent and cotangent states after the passage of an atom. 

In addition we wish to see how the oscillatory behavior is affected by the 

presence of losses. In Section 4.2 we examine the lossless case while the 

effects ot the losses are considered in Section 4.3.

4.2 Lossless micromaser

We shall consider a micromaser in which the pumping atoms are injected 

at regular time intervals, with the time between atoms being T. Strictly 

speaking, this assumption is not necessary for our analysis in the lossless 

case to be valid. However, when we do consider losses it will be necessary to 

make a particular choice for the injection statistics, and this is the choice we 

shall make. Each atom interacts with the field for a time, r ,  which is much 

smaller than T.  Between atoms the field evolves freely, while during the time 

an atom is in the cavity the interaction of the field and the atom is governed
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by the Jaynes-Cummings Hamiltonian as given in Chapter 2. see Eq. (2.1). 

The total state vector of the system evolves according Eq. (2.18)

OG
\f) ® (a\a) + 3\b)) -> ^  dn(acn+l |n) -  i/3s„|n -  1)) ® \a)

n—0
oc

+  ]T  dn{3cn\n) -  iQsn+i|n + 1)) ® \b).
n—0

if the initial state of the atom and the field is described by Eq. (2.16) and 

Eq. (2.17) respectively.

Slosser and Meystre found the tangent and cotangent states by demanding 

that the state on the right-hand side of the Eq. (2.18) be a product of the 

original field state and an atomic state, i. e. that

|/ )  ® H a )  +  J |6 ))  -»• |/ )  ® (a '|a) +  (4.1)

This condition guarantees that the field state is unchanged by the passage 

of an atom. They found that this condition is satisfied if either a ' =  —a. 

3' =  3. and

ct
dn =  - i - c o t ( 0 T v / n / 2 ) d „ _ i ,  (4.2)
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(cotangent state) or if a' =  a , 3' =  —3, and

59

dn = i — tan(0 r> /n /2 )d„_i, (4.3)

(tangent state). The tangent and cotangent states are normalizeable only if 

the sums over number states are restricted to a finite range. Expressing both 

states as

|/ )  =  £  i ,\n ) ,  (4.4)
n=.V,(

and imposing the conditions dv . ,-1  = 0  and d,vu^i =  0 . we find that

gr \J N u +  1 = p7r gr\[Nd =  qn. (4.5)

where p and q are integers. For tangent states p  is even and q is odd. while 

for cotangent states p  is odd and q is even.

The results of the preceding paragraph imply that for a tangent state.

I /.)•

|f t) 0  (q|o) +  d?|6 ) ) -> | / f) 0  (a|a) -  <3|6)), (4.6)
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Cotangent state Tangent state

Number states

0  1 k-1 k k+1 4k-1 4k

Figure 4.1: Cotangent and tangent states. The state |k) is it trapping state.

If we have a state which is a superposition of a tangent and a cotangent state, 

stl/t) +£c|/c)> see Figure 4.1, then after one atom passes through the cavity 

it becomes E,t\ft) — £c|/c) (where the states are defined up to a common sign), 

and after a second atom it returns to the original state. This state is then 

periodic with period 2 (where time is measured in units of T).

How can we see this oscillation of the state? Because of the conditions 

on Na and Nu, tangent and cotangent states must exist in nonoverlapping 

blocks of number states. This means that the oscillations will not show up in 

observables which commute with the number operator. On the other hand, if 

the blocks are adjacent, then the electric field operator, which is proportional

< j T \ / k  =  tr.

and for a cotangent state, | / c),

Ifc) ® ( a |a )  + S\b)) -> - | / c) ® ( a |a )  -  ,d|6)). (4.7)

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



CHAPTER 4. FIELD OSCILLATIONS 61

to (a* — a), can connect the two blocks, and the effect of the relative sign flip 

between them will manifest itself as an oscillation in the expectation value of 

the field. In order to see this explicitly let us look at the situation considered 

by Slosser and Meystre when gr = n, and there is a cotangent state at n — 0 

(for certain values of the interaction time the vacuum satisfies the conditions 

necessary to be a cotangent state), a tangent state between 1 and 3. and a 

cotangent state between 4 and 8 . The expectation value of the electric field 

in this state is

where I ' is the quantization volume, and p is the field density matrix. After 

passage of an atom a relative sign is introduced between the tangent state 

and the two cotangent states. This means that the density m atrix elements 

between different blocks, poi5 p3-t, and their complex conjugates, change sign 

while the others do not. This causes (E ) to change. The passage of a second 

atom causes these density matrix elements to flip sign again, which restores 

(E) to its original value.

The periodicity of the state, then, does have observable effects. Besides 

the field one could also look at an observables such as }\  =  [a2 +  (cd)2] /2 . 

Vo =  i[(at) 2 — a2] / 2  which appear in the study of some forms of higher- order

(4.8)
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squeezing, and which also connect blocks. Because these connect the number 

states |n) and |n + 2 ), rather than |n) and |n -I-1 ) as does the electric field 

operator, it will lead to a larger number of density matrix elements which 

flip sign and can thereby produce a larger effect.

We now include losses in our system in order to see whether the steady-state 

oscillations which we discussed in the previous section will survive under 

under these more realistic conditions. Because the atom-field interaction 

time r  is much shorter than the time the cavity is empty. T. we shall ignore 

the effect of field losses during the times atoms are in the cavity. The decay 

of the micromaser field for the cavity at zero temperature is described by the 

master equation

which was derived together with its solution in the number-state representa­

tion in Chapter 2.

VVe shall numerically simulate the system by using the Jaynes-Cummings 

dynamics to describe the atom-field interaction and the loss master equation

4.3 Micromaser with losses
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to describe the field during the periods during which the cavity is empty. 

The values of the micromaser parameters which we used in our numerical 

simulations were chosen to be as close as possible to those which occur in 

actual experiments [6 ]. The atom-held coupling constant g was set to 4.4 x 

104 / /c .  the time between two consecutive atoms was set to T  = 6 .6 6 6  x 

1 0 - 3 s. the cavity loss coefficient 7  was set to 5s~ l , which provided cavity 

photon storage time Tcav =  0.2s. and number of atoms passing through the 

cavity during a single decay time was taken to be N ex — 30. The atom-held 

interaction time r  was varied in order to provide needed trapping condition. 

gr = 7T. The values of r  used in simulations came very close to the values in 

actual experiment [6 ].

Two-level atoms in the coherent superposition a |a ) -I- d |6) are injected 

regularly into the micromaser cavity. The parameters a  and 3 were chosen 

real with a  =  0.9. The cavity held was prepared initially in a state with a 

cotangent state at n =  0, a tangent state between 1 and 3, and a cotangent 

state between 4 and 8 , using the same values of a, 3 as the pumping atoms. 

The starting values for the recurrence formulas (4.2,4.3) were optimized in 

order to provide large magnitudes of the observables of interest. Then the 

hrst atom was injected at t =  0, followed by much longer time period T
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during which the field decayed. Then the second atom was injected followed 

by the cavity decay period and so on. The expectation values of observables 

were calculated after a decay time interval just before the injection of the 

next atom.

The expectation values of the electric field, operator and V'j for the 

case are plotted in Figure 4.2. The interaction time is r  =  7.14 x 10_5.s giving 

^ ^  1 0 - -, which justifies the assumption that we can neglect losses during 

the atom-field interaction. The pumping parameter 9mt =  g r \ /N ex = 17.2. 

The mean value of each operator exhibits period-two oscillations, but with de­

creasing magnitude, because of the presence of damping. These expectation 

values eventually reach steady state values which do not exhibit oscillations. 

In addition, we found that the field approaches its steady state extremely 

slowly. This is caused by the presence of the trapping states which separate 

the total Fock space for the Jaynes-Cummings evolution into independent 

blocks. The probability flow between the subspaces in which the cotangent 

and tangent states are located occurs only because of the loss process, and 

it is very' small.

We now look at the density matrix itself. The photon number distribution 

of the field, given by the diagonal density matrix elements, after the passage
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of different numbers of atoms is shown in Figure 4.3. Note that the presence 

of damping drives the field toward lower photon numbers. In Figure 4.4 are 

plotted absolute values of the cavity field density matrix elements. Initially, 

because the system starts in a pure state, the density matrix has off-diagonal 

peaks. Because of the loss process, the off-diagonal elements of the density 

matrix decay as it approaches its new steady state. This new steady state is 

very different from the initial cotangent-tangent state, and this explains the 

deterioration of the oscillations in the expectation values of the operators, 

because they depend on the presence of the tangent and cotangent states 

which exhibit a relative phase oscillation.

Our conclusions on the effects of damping are consistent with the results 

of Slosser, Mevstre, and Wright [1 1 ]. They considered a micromaser with 

Poissonian pumping and found that tangent and cotangent states maintain 

their integrity only in the limit of very large Nex, i. e. very weak damping. 

For the damping which occurs in experiments, the damping drastically alters 

the character of the steady-state field.
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4.4 Conclusions

We have shown that the period-two oscillations which exist in a lossless 

micromaser pumped by atoms in a coherent superposition of states are due 

to a relative sign change undergone by tangent and cotangent states upon 

passage of an atom through the cavity. These oscillations can only occur in 

observables, such as the electric field, which do not commute with the photon 

number operator. The addition of damping changes the oscillations from a 

steady-state to a transient phenomenon, but one with a rather long lifetime.
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Figure 4.2: (a): Evolution of the expectation value of electric field (E) with 
respect to the number of atoms n which passed through the cavity, (b) shows 
the evolution of (Vi) and (c) shows the evolution of (Yo).
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Figure 4.3: Photon number distribution Pn =  pnn of the cavity field for the 
initial state (a), after interaction with ‘2 0  atoms (b), and after interaction 
with 1 0 0  atoms (c).
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(b )

(c) (d)

Figure 4.4: Moduli of cavity field density matrix, (a) shows initial state, the 
nondiagonal peaks are apparent, (b) shows the state after interaction with 
10  atoms, (c) after 2 0  atoms, (d) after 1 0 0  atoms.
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Chapter 5

D isent anglement- preserving 

states

5.1 Introduction

The major contribution in the area of micromasers with atoms injected in the 

superposition of their upper and lower states was made by Slosser et.al. [1 0 . 

26, 1 1 ]. They found tangent and contangent field states, see Chapter 4. 

which are preserved when an atom traverses the cavity. In the absence of 

damping tangent and cotangent states are steady states of the micromaser 

field. These states can only exist if the micromaser has trapping states which

70
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separate the photon Fock space into noninteracting blocks. It is possible to 

create period-two steady states by putting tangent and cotangent states in 

adjacent blocks.

In a somewhat different vein Julio Gea-Banacloche has considered a sin­

gle two-level atom interacting with a single-mode cavity field, the Javnes- 

Cummings model, and found atom-field states which remain approximately 

in product form for long periods of time [17]. That is, these states, which 

he called quasidassical states, are initially products of atom and field states, 

and. even though the state changes with time, it remains, to good approxi­

mation. the product of an atomic and a field state, see Eq. (3.25). The atomic 

states in the quasidassical states are. it should be noted, coherent superpo­

sitions of the upper and lower states, see Eq. (3.23). Because of their simple 

time evolution these states are useful in understanding and clarifying the 

dynamics of the Jaynes-Cummings model. They were used in Section 3.4 for 

finding the approximate expression for the phase distribution of the steady- 

state micromaser field, for example.

In this chapter we combine some of the aspects of both of these perspec­

tives. We consider a micromaser cavity with an initial field state and an 

atom in a coherent superposition state. We are interested in finding field
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states which, after interacting with one atom, yield a total atom-held state 

which is a product. Clearly the tangent and cotangent states are special 

cases of these states and have the additional property that the held state 

is unchanged by the passage of the atom. For other states of this type the 

held state will be different before and after interaction with the atom. One 

special case, which will be discussed in Section 5.2. is a state which has the 

sign of the expectation value of its electric held hipped by the atom. Other 

examples are discussed in Section 5.3.

5.2 Solution causing phase change of the cav­

ity field

The micromaser system during the atom-held interaction is described by the 

Jaynes-Cummings Hamiltonian as given in Chapter 2, see Eq. (2.1). which 

gives the time evolution of the total state vector according Eq. (2.18)

DC

If)  0  (a|a) + 3\b)) -> dn(acn+1|n) -  idsn|n -  1 )) 0  |a)
n=0

oo

4- ]T  dnificnln) -  iasn+l|n -I-1 )) 0  |6 ).
n = 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. DISENTANGLEMENT-PRESERVING STATES  73

if the initial state of the atom and the field is described by Eq. (2.16) and 

Eq. (2.17) respectively. Note that this state is in general an entangled state 

of the atom and the field. In order for it to be a product the coefficients dn 

must satisfy some special conditions.

Rather than find the most general conditions which the dn should sat­

isfy. let us first look at a special case. Taking a hint from the tangent and 

cotangent states let us try to find field states which are rotated in phase 

space by their interaction with the atom (the tangent and cotangent states 

are rotated by an angle of zero). Note that the effect of such an interaction 

is to conserve the magnitude of dn but to change its phase. Therefore, we 

want to find cavity field states. | / ) ,  such that

|/ )  ® (a |a) +  3\b)) -+ e~m \f) ® (a'|a> +  (5.1)

where h denotes the number operator a fa. If we employ Eq. (2.18) on the 

left hand side of Eq. (5.1) and then equate the coefficients of the vectors |a) 

and |b) separately, we obtain two reccurence relations for coefficients dn of 

the cavity field

j  :a 'e - i0n -  acn+l ^
dn+i — i a dn (a --)

PS n+ l
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dn+l = ' Scn+l- 7 e ~ ^ ) dn' (5'3)

These relations must be the same for any n in order to satisfy Eq. (5.1) which 

gives in turn

a ' j e~l9ncn+l — a 'J /e_,fl(2n+1) + ad 'e " 1<;(n+1)cn+ 1  -  a d  =  0. (5.4)

As one can see Eq. (5.4) is fulfilled for any n only if 6 =  0 or 9 = tt. Let us

take a closer look at the cavity fields in these two cases.

5.2.1 Solutions corresponding to 6 =  0.

Substituting 9 = 0  into Eq. (5.4) we find

a 'dcn+i -  a 'd ' +  Q0'cn+i — atf =  0, (5.5)

which can be solved for a' and /3' in two ways, each providing a different

cavity field.

1 . The first solution of Eq. (5.5) is a ' =  a  and (3' =  - 3 .  The reccurence
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relations in Eqs. (5.2) and (5.3) then yield the well known tangent state

2. For the second solution we find that a ' = - a  and S' = 3 which after 

using the reccurence relations gives us the cotangent state

The cotangent and tangent states have been studied thoroughly and their 

properties are well understood [12, 10]. We merely note that they can exist 

only when trapping states are present and the parity of the trapping states 

determines which of the two kinds of states is physically possible in a given 

subregion of Fock space. Later we provide a specific example which illustrates 

the case.

5.2.2 Solutions corresponding to 9 =  t t .

Substituting 6 =  7r into Eq. (5.4) we find

(5.6)

(5.7)

Scn+i -  a'S' +  otfi'e -  aS  =  0 (5.8)
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which we can again solve in two different ways.

1. If a' = a  and 3' =  3 the reccurence relations give

dn+i i p d.n, t o . 9 J
3 sn+l

which takes two different forms depending on the parity of n

i) for even n we have

.a  ( gr\Jn + l \  ,
dn+1 =  i - t a n (    j dn (5 .1 0 )

ii) for odd n we get

, . a  fQT\Jn +  lN ,
dn+i = - i -j cot (    j dn. (5.11)

2. If a' = —a  and 3' = — 8 we have

j  _  :a ( - l ) n +  cn+l J 
dn+i — 1 a dn (o .l2 )

3  ^n+l

which also takes two different forms depending on the parity of n
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i) for even n it reads

(5.13)

ii) for odd n it reads

(5.14)

It is clear from the analytic properties of the cotangent and tangent func­

tions that these states are normalizeable only in the presence of trapping 

states. The position and the parity of the trapping states are crucial in de­

termining the physical existence of the solutions. In particular, if we want 

the solution to start at n = 0 . then we find the second solution is ruled 

out. A close examination reveals that if Eq. (5.1) is satisfied when ci =  - a ' .  

3 = - 3 ' .  and n =  0, then we must have that - d 0 =  c0dQ = d0. This implies 

that d0 = 0 . which means that the entire solution vanishes.

The effect of the interaction with an atom on these field states is sim­

ply to multiply the field expansion coefficients. dn, by (—l)n. This has the 

effect of flipping the sign of the expectation value of any operator, such as 

the annihilation operator, which only has nonzero matrix elements between
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successive number states. In particular, this will happen to the electric field 

(it is proportional to a +  a*). Note that this is true even when the field state 

has a large number of photons, so that interaction with a single atom could 

have a macroscopic effect.

Another interesting feature of these solutions shows up if we suppose that 

the field interacts with atoms which alternate their states between a |a) -t- J\b) 

and tt|n) — 3\b). Then the field |/" )  after two interactions is given by |/" )  =

H n( — where d'n is the field component left after the first atom. This

means that after two atoms the field has returned to its original state, and 

that the sign of the electric field will flip back and forth as the atoms are 

injected.

5.3 General solution

Here we shall again seek states of the micromaser which yield output states 

which can be written as product of field and atomic states,

|/ )  <8 > (a|a) + B\b)) |/ ')  ® (a '|a) + 0'\b)). (5.15)
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However, we will now not limit ourselves to the special case considered in 

the previous section, but will seek to find a general solution.

The right hand side of Eq. (5.15) can be expressed using the Eq. (2.18) 

giving

00 X)

51 d'n(a '\a ) +  J / |&)) ® |n) =  Y .  { ( a d nCn+l ~  lt3dn+lSn+l) ® |flt) +
a= 0  n=0

{fidnCn -  iadn- i s n) ® |6 )} \n). (5.16)

This equation will be satisfied if the field state multiplying the atomic state 

|a) is the same as that multiplying the atomic state |6 ) up to a constant 

factor, i. e. if

a dncn+i iddn .̂[Sn+j = z(ddncn iofdfj^Sfj), (5.11)

where c is a complex number. If there exists a z for which the Eq. (5.17) is 

satisfied for all n then our objective is met. The values of r can. in fact, be 

found from the system of linear homogeneous equations which result from 

Eq. (5.17) for all different values of n. A nontrivial solution for the field 

components dn exists only when the determinant of the matrix of the system
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is equal to zero

z,8c0 — aci iflsi 0 0 0

—iras! z/Ici — ac2 Ws2 0 0

0 —i za s2 z 3 c 2 — ac3 i /3s3 0 =  0. (5.18)

0 0 — icas’3 z3c3 — acq ids4

Eq. (5.18) then, determines the values of the variable c. Once r is known 

it can be substituted into the Eq. (5.17) which can then be used to find the 

components of the initial cavity field. The most difficult part of the problem 

is solving Eq. (5.18); it is very hard to find analytical solutions for a general 

order of the determinant. We shall discuss a simplified case having only a 

limited number of non-zero field components.

As an example we chose to have a n trapping state at |6 ) i.e. the atom-

5.4 An exam ple

field interaction time r  satisfies gr\/6  =  tt, and we limited nonzero field

components to those between states |0) and j5). We assumed in our numerical
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simulations that a  =  0.8, =  0.6 and g =  4.40 x 1 0 *Hz. The trapping

condition then implies that r  =  2.91 x 10_os. We found the general solutions 

of which there are six. Among them, two correspond to the case considered 

in Section 5.2.

We first solved Eq. (5.18) numerically, and then Eq. (5.17) was employed 

to find the field components do ,d i, . . .  .d$ for each value of the parameter c. 

There are six different values of c, two of them yielding cavity fields that were 

identified as solutions of Eq. (5.1). The first one corresponds to Ci =  - a / J  

and is the cotangent state given by Eq. (5.7). The second corresponds to 

:■> =  a / J .  and is identical to the state defined by Eq. (5.9). The probability 

Pn =  d*d„ versus photon number, n, of the resulting fields has been plotted 

in Figure 5.1.

The final field states were also calculated, i.e. we let the initial states 

interact with one atom during a time interval r . Probabilities Pn versus n 

of the cavity field states are shown in Figure 5.2. As one would expect the 

magnitudes of the two fields corresponding to z\ and z2 are left unchanged 

since only the phase of the field changes according Eq. (5.1). If we compare 

the fields belonging to to those in Figure 5.1. we see that the

interaction with the atom does change these fields. Clearly, the solutions of
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Eq. (5.1) are a subset of the more general set which satisfy Eq. (5.15).

5.5 Conclusions

We have studied states of the micromaser field which, upon interaction with 

one atom yield atom-field states which are disentangled. This means that 

when the atom leaves the cavity the field is in a pure rather than a mixed 

state. There is a large set of such states, and we have given a general method 

for finding them as well several explicit examples.

There are other questions which can be raised in regard to these states. 

Can one design a sequence of atoms which will cause the micromaser to cycle 

among these states, always leaving the cavity field in a pure state between 

atoms? Can one find states which are disentangled after the passage of two 

atoms?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. DISENTANGLEMENT-PRESERVING STATES 83

1
0 .8

p 0 .6
* n 0.4

0 .2
0

1
0 .8

p 0 .6* n 0.4
0 .2

0

1
0 .8

p 0 .6
* n 0.4

0 .2
0

i i
—  —  a/Q 1 1 i

- I
0 1 2 3 4 5

i crs.
-Itii i i ___________i___________

i i ------ 1------1___________i___________ i

0 3

1
0.8 

P 0.6 
0.4 
0.2 

0
0

i i i i i i

-
- t  -----------

-

i i .......  i I______ i_______ i i

1 
0.8 

P 0.6 
0.4 
0.2 

0

1
0.8

P 0.6 1 n 0.4 
0.2 

0
0

i i i i l

*

i
-5

i . ----- ;— i
0 1 2 3 4 5

-
i i "  i 

-6  ------ i i

- -
i i 1 i i

Figure 5.1: Initial states. Probability Pn = d„dn versus number state n is 
plotted for the case a  =  0.8, /? =  0.6 and g =  4.40 x 104H z  with a 7r trapping 
state at |6 ).
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Figure 5.2: Final states. Probability Pn = d*dn versus number state n is 
plotted for the same parameters as in Figure 5.1. Both states corresponding 
to Zi and ~2 are left unchanged whereas that is not true for the others.
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