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ABSTRACT

MODULAR VERIFICATION OF ASYNCHRONOUS SYSTEMS

by
Richard Michael Nemes 

Adviser: Professor E. A. Akkoyunlu

The semantics of communication are investigated from the viewpoint of 
modularity and hierarchical program development. Comnunicating 

Sequential Processes (CSP), Hoare's language for parallel programming, 
is modified and expanded to support process modularity and hierarchical 
structure using a Port construction. A formal axiomatic verification 

methodology is developed along the lines of Hoare's axiomatic proof 

system for sequential programs, extending his system to include 
CSP-like parallel programs without resort to global invariants. 

Hierarchial structure and modularity are fully supported within the 

proof system. Processes are verified against an abstract entity, the 
interface, thereby achieving a formal notion of process specification 

and plug-compatibility. Formal Port semantics are further broadened 

and extended to include a generalization of the simple Port, termed 
multi-Port, based on a universal assertion, Kirchoff's Law. As an 

application of the methodology, a modular proof of the generic 
single-entry, multiple-user CSP subroutine process is provided.



PREFACE

Better is the end of a thing 
than its beginning

- Ecclesiastes

This document represents the culmination of a four year study 
into the nature of communication. My original Intent was to produce a 

grand insight that would illuminate the immediate discipline (computer 
science), producing a heretofore unimaglned formalism that would be 
termed nothing short of revolutionary. Far reaching ramifications were 

to have extended as far as the social sciences, and beyond; its 
universality was to have opened up entire new areas in the fields of 

psychology (human communication), philosophy (semantics), mathematics 

(logic), and linguistics. A popular literature was to have 
spontaneously arisen in the way that Einstein's relativity spawned 

popular presentations for lay audiences. My idealistic zeal led me to 
a grand insight that was more personal than expected. It led me to a 

more modest position. Borrowing from Ecclesiastes once again, I 

"discovered" that
that which was will be, 

and that which was done is 
what will be done,
and there is nothing new under the sun.

Unfortunately, a rediscovery of Ecclesiastes does not constitute 

a doctoral dissertation, and so I am forced to present secondary 

insights that, to my regret, may never illuminate the world. I present



these modest results for what they truly are: new ways of looking at

things that have always been in existence. If we apply the 

Ecclesiastic principle once again, new ways of looking at old things 
are also not "new under the sun," and are at best rediscovered. Ho 

matter; what counts in the end is enthusiasm. Of the rest, "all is 

vanity."
The opening quote applies to this undertaking in two ways.

First, I am gratified to be able to conclude this study and bring it to 

fruition. This treatise is the fruit of that endeavor. Second, the 
final section on multi-Ports in which CSP subroutines are proved is the 

most personally gratifying.

Leaving the realm of ethereal speculation, acknowledgments and 
thanks are due. Without the continuing encouragement, inspiration, 

guidance, direction, good sense, and personal involvement of ny mentor 
and teacher, Professor E. A. Akkoyunlu, this work would never have seen 

the light of day. Hy wife Helen's constant support was an essential 

ingredient as well. The work of Dijkstra and Hoare forms the bedrock 

upon which rests this modest edifice.
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I INTRODUCTION

This dissertation is, in essence, an investigation into the 
semantics of communication. Specifically, it examines the semantics of 
communication within a modified CSP environment (CSP, which stands for 

Communicating Sequential Processes, is a small language for parallel 

computations Introduced by Hoare in 1978). Semantics are developed 
along the lines of Hoare's axiomatic verification methodology, forming 

an extension of his proof system to include CSP-like parallel 

programs. The novelty of this particular extension is that 
hierarchical structuring and modularity are fully supported within the 

language and the associated proof system. The modularity theme runs 

throughout and underlies the entire development.
The incipient idea behind it all comes from an extension of the 

electrical engineering notions "specification” and "plug-conjpatibility" 

(in software terms, "interface"). While primarily physical concepts, 
here we extend them to encompass the more abstract realm of parallel 

programs and formal first-order logic. The underlying inspiration is 
the physical analog/, and our choice of terminology (Port, Kirchoff's 

Law) strongly reflects it.

Apart from the satisfaction of seeing an aesthetically pleasing 

formalism with an associated methodology, there are less abstract (also 
less immediate) implications as well. With the advent of the 
inexpensive and versatile microprocessor, it has become advantageous to 

organize many computations as a collection of tasks (technical term: 
process) whose executions proceed concurrently. Consequently, a fuller 

understanding of such systems, from both the formal syntactic and 

semantic points of view, has become a contemporary issue. There are



now numerous investigations into the characteristics of such 
distributed systems that are composed of large numbers of processing 

elements, and many tools and methodologies are being created for their 

development. This vork represents a small contribution to that effort.

Hie topic is developed like this. First, previous vork in the 

area of program design methodologies is very briefly summarized. 
Following that, Hoare's formal axiomatic proof method is presented in 
detail, along with precise coverage of CSP and the first associated 

proof system, created by Apt et al. All this constitutes Part 1. The 

shortfalls of Apt's method are then discussed (Part 2), leading into 
the main portion of this vork, which deals with Ports.

Before delving into a detailed discussion of Ports as a syntactic 

and semantic extension of CSP (the resultant language is termed Port- 
CSP), ve investigate the general notions "modularity,"

"specifications," and "plug-conpatibility" from the electrical- 
engineer-turned-programmer's point of view. Here the concept of the 

interface is introduced, with an eye toward the formalism that comes 

later.
Ports are discussed first from a syntactic angle, complete with 

BNF. Semantics come only later. The discussion is replete with 

examples of how Ports might actually be used; the outline of a 

distributed operating system is the zenith.
Formal Port semantics, which occupies the arena for the 

remainder, is the main purpose of this entire vork. The formalism is 
firmly established along the lines of Hoare's axiomatic method.

Examples of modular proofs are shown in sufficient detail that is



guaranteed to test the endurance of even the hardiest reader. Finally, 
multi-Forts, the full-blown generalization of simple-Ports discussed 

until that point, are examined. Semantics developed earlier are 
broadened and extended to cover these more general constructs. A 

modular proof of the generic single-entry, mulitple-user subroutine 

process (the concluding example) is our tour de force.
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PART 1



II PREVIOUS RESULTS

A. SUMMARY OF PRIOR RESULTS
Since 1968 the design and verification of large software systems 

has been receiving considerable attention, spurred by the ever 
escalating percentages of total systems development and maintenance 
costs represented by software. The "software crisis," as the trend has 

come to be known, coupled by software failures in strategically 
essential systems, has significantly fueled the creation of new 
language features and design methodologies. Those developments 

relevant to the issues addressed by this dissertation are presented 

below.
The earliest techniques arose with efforts to achieve program 

clarity through restricted control structures (Dijkstra [68c]), 

top-down program design and stepwise refinement (Mills [71] , Wirth 
[71]), and modularization (Parnas [72a]). In a landmark paper,

Dijkstra [68a] demonstrated how an operating system can be organized 

and developed in a hierarchical fushion uo that it can be implemented 
and tested incrementally, proceeding from level to level in the 

hierarchy. In a vertical structure such as this, the number of 
intermodule interfaces tends to be minimized.

Parnas, on the other hand, emphasizes the need for clear 

distinctions between function and implementation and insists that 
implementation details of a module be hidden from other modules (Parnas 

[71, 72a, 72b]). The only externally visible feature of a module, 

according to Parnas, should be its function. His technique is to 
choose module decompositions that permit the intermodule interfaces to 

be defined on a general functional level. This he advocates even at



the risk of introducing execution inefficiencies. The main feature of 
this method is that it results in systems in which a change to a 

particular module has minimal impact on the remainder of the system. 

This notion of module insularity is the essence of what is meant by the 
term modularity as used throughout this dissertation.

Hie methodologies described above have been successfully applied 
in the design of several experimental systems, Including THE (Dijkstra 

[68a]), Venus (Liskov 173J)* RChOOO (Brinch Hansen [73a]), and SBS 

(Akkoyunlu [72]).
New programming languages have been proposed that support data 

abstraction and encapsulation, including Simula 67 (Dahl [68]), CLU 

(Liskov [71*]), and Alphard (Wulf [7M)« Important differences between 
them notwithstanding, these languages all support user defined abstract 

"types" by providing a construct (termed class, cluster, or form) to 

encapsulate a data structure that represents an abstraction. Also 
provided by the abstract type are procedures that manipulate the 

encapsulated data structure. Semantic properties of the abstraction 

are kept independent of its representation and of any bugs in the user 

program.
As an example, consider the abstract type "push-down stack," 

represented by an array of elements or, perhaps, a linked list. Hie 
nature of the representation, whether it be in terms of an array or in 
terms of a linked list, is not made visible to the users of the stack. 

Hieir interaction with the stack is via procedures PUSH and POP, which 

are provided as part of the entire package known abtractly as STACK.
On the theoretical side, the major breakthrough was Hoare's 

development, inspired by Floyd's earlier work on flowcharts (Floyd



167J), of an axiomatic system for program verification and semantic 

specification (Koare 169J)• His method associates an axiom, in the 
form of transformations on logical assertions, with each type of 

program statement and control structure. Rules of inference allow the 

establishment of all valid program proofs, subject to the condition of 
termination. Hius Hoare's methodology is termed a system for proving 

partial program correctness, the adjective partial indicating that 

termination is not proveable and that all logical assertions are valid 

modulo termination.
Hoare's insight was that the program text could be treated 

semantically as a formal mathematical object. He saw that program 
semantics can be described without reference to an ''execution-time" 

domain, i.e., without reference to global run-time states, when the 

program text is viewed as a passive object with respect to the time 
domain, and as an active element in the space of logical predicates. 

This is analogous to time-frequency transformation methods (Laplace, 

Fourier) of analog systems. Hoare's method is primarily local, 
bottom-up in that full program proofs are built up from Individual 

relations on pairs of predicates specified for each program statement.
Proof techniques involving abstract types include Hoare \12\, 

Spitzen (75), Wegbreit 176], Zilles 175], and Wulf (76). Hie language 
Pascal, whose semantics are specified axiomatically, fully incorporates 

these concepts (Hoare I73l)* The following section describes the 
general Hoare axiomatic system in detail.

Systems that allow the concurrent (parallel) operation of several 

processes within a shared environment present problems of a 

considerably more complex nature. Again, Dijkstra paved the way by



identifying the notion of "cooperating sequential processes" (loosely 
termed asynchronous systems) and devising the semaphore as a mechanism 
for achieving proper synchronization and maintaining the integrity of 

shared data (Dijkstra [68b]).
While the semaphore is an operating system based construct that 

deals with the problem of synchronization, the monitor (Brinch Hansen 

[73b], Hoare (741) is a more generalized language-based tool for 
creating concurrent programs. The language Concurrent Pascal (Brinch 

Hansen [75]) is an extension of Pascal in which monitors are 
supp^^ted. Ktodula (Wirth [77a,b]) has taken over the idea as well. 

Programs in Concurrent Pascal execute in an elaborate run-time 
environment, essentially under the auspices of an operating system. 
Modula, on the other hand, runs with a minimal kernel. There, 

communication and synchronization are provided by "interface" modules 

and "device" modules. Context switching is controlled by processes 

themselves. Madula is intended for real-time process control.
Jones and Liskov propose a language extension for lata sharing 

which allows dynamic binding to shared objects through capabilities 
(Jones [76]). The emphasis is on access control; synchronization is 

not provided.
Recent developments in the area of concurrent language design 

include CSP, a small language for parallel computations (Hoare [78]) 

upon which this dissertation is largely based, Distributed Processes 

(Brinch Hansen [78]), and Communication Ports (Mao [80]). CSP is 

described in detail in a subsequent section.
Axiomatic proof techniques for parallel programs were launched 

with the work of Owicki and Gries (Owicki [76a,bJ). They extend the



Hoare axiomatics for partial correctness to a small parallel- 
programming language based on shared objects, called "resources," and 

mutual exclusion. A crucial axiom provides for the use of auxiliary 
variables that are added to a parallel program as an aid in 

verification, and the technique makes use of a global invariant that 
describes the reasonable states of a resource. Die resource invariant 

must be true when parallel execution begins and remains true outside of 
well-defined critical sections. Their method is used to prove such 

properties as mutual exclusion, freedom from deadlock (i.e., 

liveliness), and even termination In certain cases. In this sense 
their system is more powerful than the Hoare axiomatics and is in some 
sense "complete" for partial correctness. A description of the Owicki 

method is presented in a subsequent section.
Hoare (74), Howard [76a,b], and Lamport [77I also discuss proof 

techniques for parallel systems. Akkoyunlu [78] Investigates the 

verification of operating systems.

Very recently an elegant proof system for establishing the 
partial correctness of CSP programs has been Introduced by Apt (Apt 

[80]). The technique, which is based on the work of Owicki and Grles, 
is described in a subsequent section.



B. Hoare Axiomatics
In 1969, Hoare introduced an axiomatic system for proving the 

partial correctness of a class of Algol-like programs known as WHILE 
programs (or "GOTO-less" programs). The approach was partially based 

on the "intermediate assertion" method of Floyd (6t1 and on results 
obtained by Bohm and Jacopini (Bohm 166]) who showed that the class of 
WHILE programs is sufficiently rich to express the logic inherent in 

any flowchart. In this section we explore the Hoare system in detail, 

beginning with a formal description of WHILE programs.
A WHILE program consists of a statement S, where statement is 

defined inductively to include:
1) Assignment statements of the form x:«E, where x is a program 

variable and E is an expression. The null statement, which 

is defined as the assignment statement x:«x, is more 

conveniently written SKIP.
2) Sequencing: S^; S^; ... ;Sn is a statement if each Sj is a

statement.
3) Alternative statements: LF B THEN S^ ELSE S^ ENDIF is a 

statement if B is a Boolean expression and S^ and S^ are 

statements.
U) Repetitive statements: WHILE B DO S ENDWHILE is a statement 

if B is a Boolean expression and S is a statement.
As a typical example of a WHILE program, consider the following 

program which conputes the quotient of non-negative integers y and z, 

leaving the result in x:
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x:=0;

t:=y;
WHILE t>z DO t:=t-z;

x:=x+l
ENDWHILE

The Hoare proof system involves triples of the form {P}S{Q}, 
where P and Q are first-order logical formulas, called assertions, and 

S is a WHILE program. Program variables are among the variables that 

may be mentioned by assertions P and Q. The meaning of the construct 
{P}S{q } is as follows: if P holds (i.e. is valid) prior to execution

of S and execution of S successfully terminates, then Q holds following 

execution of S. The triple establishes only partial correctness of S 
with respect to P and Q since termination of S is not guaranteed (only 

the WHILE statement is subject to possible nontermination). P is 

commonly termed the precondition and Q the postcondition.
The Hoare system i3 a collection of axioms and proof rules that 

allow the establishment of valid triples. Given a WHILE program S, the- 
validity of the triple {P)S{Q} is established inductively Just as S 

itself is defined inductively from the four types of statements 
described earlier. *nms, we specify through axioms and rules what the 

valid triples are for each of the four types of statements. In this 
sense we are specifying the meaning, or semantics, of each type of 

program statement. We begin with the assignment statement.

AXIOM l) Assignment Axiom

(P(E)}x:=E{P(x)}



P(E) stands for the assertion that results from substituting 
expression E for every free occurrence of x in P. This axiom is 

more precisely termed an axiom scheme since it encompasses all 

possible assignment statements.

The rules which follow, termed composition rules, are all of the 

form £, where a and R are triples and/or logical formulas, a is termedP r
the antecedent and p the consequent. It means the following: if 
validity of a can be established, then validity of p is deduced. The 
cancellation law makes this notation particularly convenient:

If ^  and ■§ then — • 
r

Note that for formulas o and p, does not imply the validity of *»>p

x^O(the converse, nevertheless, does hold). For example, is a valid

composition rule in that it is equivalent to Vx(x*0) => \/x|x=ll.

Vxlx=G x=l] , hcv.ever, is not valid.

RULE l) Sequencing Rule

{P}S1 (R} and {R}S2 (Q}
TpIs^ s^Tq]

RULE 2) Alternative Rule

{Pa BJS^Q} and {PA-|B}S2 (Q}
(P) IF B THEN S2 ELSE EHDIF (Q)



RULE 3 ) Repetitive Rule

_________________ {Pa B } S { P } _______________

{p} WHILE B DO S ENDWHILE (Pa-iB)

Assertion P is termed a loop invariant since the validity of P is 

preserved under execution of the body of the loop.

The final rule permits the weakening of postconditions and the 

strengthening of preconditions of valid triples, two intuitively 

well-founded operations.

RULE L) Rule of Inference

(P)S{Q> and (R=>P) and (Q=>U)
(r }s (u >

A concise method of demonstrating the validity of {P}S(Q}, where 

S is an entire program or program segment, is to annotate the program 
text with intermediate assertions so that a valid intermediate triple 

is formed with each individual program statement. The resultant 

text is termed the annotated program (also annotated proof or annotated 
text). In the annotated program, the precondition of each statement is 

the postcondition of the previous one. Ihe annotated program, then, 

has the general appearance 

{P)»{P1)S1 {P2)iS2 tP3Ji ...

where fPj)5^{Pj+^) is valid for each i. Note that the size of a

proof is at least as long as the program itself.



The annotated text is conveniently derived from the program text 
as follows: starting with the postcondition Q, work back through the
text, statement by statement, establishing valid preconditions at each 

step. Notice that Axiom 1 is easiest to apply when proceeding in this 
fashion. The only nonmechanical aspect of the entire process that 

usually requires creativity on the part of the person writing the proof 

is finding adequate loop invariants.
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1. EXAMPLES

1. Consider the program consisting of the assignment statement

x:=7. Then by Axiom 1, {7=7)x:=7{x=7) is valid, and since

(7=7) = TRUE, we conclude {TRUE}x:=7(x=7} from Rule U. From
Rule U we can also conclude (TRUE}x:*7{TRUE}.

2. {P}SKIP{P} is valid for any P, from Axiom 1.
3. {P}S{TRUE} is valid for any S and any P since (Q=>TRUE) is

valid for any Q, and from Rule U.

U. {FALSE}S{P} is valid for any S and any P since (FALSE=>P)

is valid for any P, and from Rule U.
£5. Consider program S that computes z=b for integers a and b: 

y:=a; 

x :=b 
z :=1 

WHILE y*0 DO
IF odd(y) THEN y:=y-l;z:=z»x ELSE SKIP ENDIF; 

x:=x*x; 

y:=y/2 
ENDWHILE

We will prove {TRUE}S{z=ba}. The annotated text appears as

follows:
{TRUE} 

y :=a 

{by=ba >; 
x:=b 

{x^=ba };



lG

z :=1

{z-}^=ba)i 
WHILE y^O DO

{z'X^b**} IF odd(y) THEN {z'x^b^oddtyjjy:=y-l

(z'x^^b^evenCy)} • 

z:=z*x{z*x^=baAeven(y)}

ELSE {z*x^=baAeven(y)}SKIP 

{ z • x^=baAeven(y)}

ENDIF

{z*xy=baAeven(y)}; 

x :=x*x

{z*xy^ 2=baAeven(y)J ; 

y:=y/2

(*-*y-ba)
ENDWHILE

{z=ba}
The loop invariant P is given by z*x^=ba . The loop exit 

condition, ( P a t B )  of Rule 3, yields the desired postcondition 

z=ba. Note that Axiom 1 may be applied to assignment 
statements involving integer division only when integer 
quantities being divided are known to divide evenly prior to 

execution. This restriction is clearly unnecessary when division 
involves floating-point quantities.



2. WEAKEST PRECONDITIONS AND STRONGEST POSTCONDITIONS

We have thus far developed the notion of program semantics in 
terms of logical assertions. We can, however, take a more general 

point of view and arrive at an equivalent but more elegant construct by 
considering programs as transformations on assertions. Programs can be 
viewed as transformations that map preconditions into postconditions, 

and vice-versa. The problem with such transformations in general is 

that they are multi-valued: given a program S and a precondition P,
Rule k states that there exist any number of postconditions Q such that 

{P}S{Q} is a valid triple. Similarly, given S and a postcondition Q, 

there are many preconditions P that form valid triples. We can, 
however, turn these multi-valued transformations into well-defined 

functions by mapping postconditions into weakest preconditions, and 

preconditions into strongest postconditions. Both are unique up to 
logical equivalence. This is developed as follows, beginning with 

weakest preconditions.

1) For each program S and assertion Q, wlp(S,Q) (following Dijkstra 

l75» 76]'s notation) denotes the weakest liberal precondition of Q 
with respect to S. The adjective liberal signifies that 

termination of S is not guaranteed. Whenever termination of S is 
guaranteed we write simply wp(S,Q). This is the case, for example, 

when S contains no WHILE statements. (P)S(Q} is defined to be a 
valid triple if and only if (P=>wlp(S,Q)) is valid for all values 

of the free variables.

2) wp(x:=E,Q(x)) = Q(E)
3) wlp(Sl5S2,Q) = wlp(Slfwlp(S2,Q))



k) wlp(lF B THEN Sx ELSE S? ENDIF.Q) =
(B=>vlp(Sx,Q))a( e«B)*>wlp(S2,Q))

5) If (PaB)*>wlp(S,P) is valid for all values of the free variables, 
then P=>wlp(WHILE B DO S ENDWHILE.PatB) is valid for all values of 

the free variables.

Each of the above formulas has a dual, which is expressed in 

terms of strongest postconditions. The development follows that of de 

Bakker [80].

1') For each program S and assertion P, 8lp(P,S) denotes the strongest 
liberal postcondition of P with respect to S. The- adjective 

liberal signifies that termination of S is not guaranteed.
Whenever termination is assured we write simply sp( P,S). This will 

be the case when S contains no loops. {P}S{Q} is defined to be a 
valid triple if and only if (slp(P,S)»>Q) holds for all values of 

the free variables.

2') sp(P(x),x:=E(x)) «
3ylP(y)ax=E(y)J a yjx *  y  is not free In P A y  is not mentioned in 

3') slp(P,S1;Sg) = slp(slp(P,S1)Sg)
U') slp(P,IF B THEN S]L ELSE Sg ENDIF) « 

slpCPaB.Sj^) v  slp(Pa"®»Sg)
5') If slp(PAB,S)=>P holds for all values of the free variables, then 

8lp( P,WHILE B DO S ENDWHILE)=>(Pa-iB) holds for all values of the 
free variables.



C. PARALLEL PROGRAMS AND THE OWICKI METHOD

1. PARALLEL PROGRAMS
Up to this point we have been dealing exclusively with what are 

termed sequential programs, that is, programs that do not exhibit 

characteristics of parallelism. Thus, WHILE programs, described 
earlier, constitute the class of sequential programs and the associated 

Hoare axiomatic system is a methodology for proving partial correctness 
of sequential programs. We turn now to a broader class of programs, 

namely, the class of parallel programs.
A parallel program, equivalently concurrent program, is a 

collection of programs that are executed simultaneously. In general, 
these simultaneous executions do not proceed in an isolated manner; 

rather, they involve the mutual interaction of the independently 

executing programs. Each independently executing member of the 
collection is more commonly termed a process. Processes whose parallel 

executions proceed in an asynchronous manner with respect to one 

another are termed asynchronous processes. We will be considering only 
asynchronous processes. Consequently, no assumptions are made about 

the relative speeds of the parallel processes with which we will be 

dealing. The results of the execution of asynchronous processes can 
depend on the unpredictable order in which statements of the various 

processes are executed. Hence, high-level parallel-programming 
languages contain synchronizing features designed to ensure 

predictability.
Parallel-programming systems and their associated high-level 

languages are conveniently classified into two distinct categories:



1) parallel processes which reference common variables, and 2) parallel 
processes for which there is no such sharing. The first category ia 
customarily associated with multiprogrammed uniprocessor architectures 

while the second more accurately corresponds to a system of 

multiprocessors each with private storage. In the latter category each 
process is typically assigned its own processor, while in the former a 

single processor is time-shared among the processes. Ve begin by 

describing a typical parallel-programming language based on shared 

data, and proceed to define the Owicki proof system for that language.
The parallel-programming language used here is derived from the 

WHILE programming language described earlier. It includes: assignment
statements, sequencing, alternative statements, repetitive statements, 

plus two statements that are intended specifically for parallel 

processing. The first is used to initiate parallel execution and takes 

the form
RESOURCE r. (variable list), ... ,r (variable list)-------- 1 ml3ill ••• IK1

, where resource rj is a set of logically related shared variables 

and the are parallel processes, i.e., statements executed in

parallel. In general, a parallel program may have any number of such 
statements.

The second statement provides the necessary synchronization for 

referencing shared data and takes the form WITH r WHEW B DO S ENDWITH 
, where r is a resource, B a Boolean expression, and S a statement 

mentioning variables of r. A process executing such a statement is 

delayed until B is TRUE and r is not being used by another process, at 
which time S is executed. While S is being executed no other process



can reference variables of r. No assumptions are made regarding the 
order in which competing processes are granted control of a resource. 

WITH statements may appear only within a parallel execution statement 
(ISill ... ||snl construct shown above) and may not be nested when 
they are for the same resource. The purpose of the WITH statement, 

then, is to avoid interprocess interference when referencing shared 

data by providing access on a mutually exclusive basis; at most one 
process has access to shared variables at any point in time. The 

following two restrictions ensure that all shared variables are Indeed 

protected by the resource mechanism:
1) Variables belonging to resource r may be referenced in a parallel 

execution statement only by WITH r statements;
2) Variables changed by a process may not be referenced by other 

processes unless they belong to a resource.
The following (from Owicki (76a)) is an example of a sinple 

parallel program. Its purpose is to add 2 to variable x.

RESOURCE r(x)
(WITH r WHEN TRUE DO x:=x+l ENDWITH || 
WITH r WHEN TRUE DO x:=x+l ENDWITH)



2) THE OWICKI METHOD

The Owicki proof system extends Hoare's axioms and rules for 

sequential programs to include proof rules for the parallel execution 
and WITH statements. These two additional rules require an assertion

I(r), termed the invariant for resource r, that defines the proper
states of the resource. The invariant I(r) must hold at all points of 
the parallel execution statement that are outside WITH r statements.

The two additional rules are given as follows.

RULE 5) Parallel Execution Rule

{pi>si{Q2} and {P2 )S2 {Q2 } and ... and (Pn >Sn {Qn },

and no free variable in P^ or is changed by Sj, i|*J,
and all variables in l(r) are in resource r

{PjA ... APnAl(r)}RESOURCE r ... | |Sn I {(^A . . . A Q ^ K r ) )

RULE 6) WITH rule

{l(r)*P*B}S{l(r)AQ}» where l(r) is the invariant from the 
containing parallel execution statement, and no free variable 

in P or Q is changed by another process

{PJWITH r WHEN B D O S  ENDWITH{Q}

Rule 5 provides for the construction of a proof of a parallel 

program from proofs of individual processes. The antecedent specifies
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that the individual proofs must be effectively disjoint; vhat makes the 

conjunctions of the preconditions and postconditions meaningful and 
binds them together is the invariant.

The addition of Rules 5 and 6 proves insufficient, however, for 
proving even the simplest of parallel programs. The repertoire of 
variables used by a typical program is generally not rich enough to 

allow the desired pre- and postconditions to be broken down into an 

invariant plus pre- and postconditions for each of the constituent 
processes. It is impossible, for example, to prove {x=0}S{x=2} for the 

program shown above unless we admit further variables into the 
program. This is done with the aid of an additional axiom, lhe 
additional variables are termed auxiliary variables.

AXIOM 2) Auxiliary Variable Axiom

{P}S{Q}, and x not free in P or Q, and x appears in S only 
in assignment statements of the form x:=E (x may appear in E)

{P}S'{Q}, where S' is obtained from S by deleting all 

assignment statements to x

With the aid of auxiliary variables y and z we can now prove the 

above program, y tracks the progress of the first process and z tracks 
the second. The invariant I(r) = (x=y+z) tracks their Joint progress. 

The annotated text follows.

{x=0}

y:=0;

z:=0



2k

ty=OAZ=OAl(r) >;
RESOURCE r(x,y,z)
|{y=0} WITH r WHEN TRUE DO 

(y=OAl(r)} 

x:=x+l;y:=l 
{y=lAl(r)}

ENDWITH

{y=i>

II
{z=0} WITH r WHEN TRUE DO 

{z=Oa I(t )} 

x:=x+l;z:=l 
(z=lAl(r)}

ENDWITH

(z=l)

]
(y=lAZ=lAl(r)}

Since (y=lAZ=lAl(r))*>x=2, the desired postcondition is 

established, y and z are eliminated by the auxiliary variable axiom 

and the proof is complete.



D. NONDETERMINACY AND CSP
In the previous section we presented a parallel-programming 

language based on shared objects and an associated axiomatic proof 
system. We now turn to a parallel-programming language that does not 

provide data sharing, CSP.
Communicating Sequential Processes, CSP for short, is based on 

Dijkstra's guarded commands (Dijkstra [75, 761), which introduced the 

notion of nondeterminacy in sequential programming. Before describing 
CSP in detail we shall consider nondeterminacy, guarded commands, and 

related proof rules as they pertain to sequential programs.



1. NONDETERMINACY
The sequential-programming language that we now consider consists 

of assignment statements, sequencing, and two new statements 
constructed from guarded commands. A guarded command takes the form

guard->guarded list , 

where guard is a Boolean expression and guarded list a sequence of one 

or more statements separated by semicolons. A guarded command is not a 
statement; rather, it is a component from which statements may be 

composed. A guarded list can be selected for execution only if its 
guard is TRUE. When a guarded list is selected for execution, its

statements are executed in the usual sequencing order. An example of a

guarded command is
x>y->m:=x .

The first statement constructed from guarded commands is the 

generalized alternative statement. It takes the form
(G^OCJgO ... *

where G^ is a guarded command. It operates as follows: if none of
the guards are TRUE, the program fails, i.e., aborts; otherwise a 
guarded list with a TRUE guard is nondeterministlcally selected for 

execution. The order in which the appear is immaterial. An
example of such a statement is the program that assigns to m the value

max(x,y):
I x>y->m: =x Dy>x->m: =y |

If x=y, it is indeterminate - as well as inconsequential - which 

guarded list will be executed.



The second statement constructed from guarded commands is the 

generalized repetitive statement. It takes the form

*1g i ^ g2D  ••• D Gn 1 »
where is a guarded command. This statement when executed will not 

terminate until all guards are FALSE. Until then, a guarded list with 
a TRUE guard is nondeterministically chosen for execution. Upon 

completion, another guarded list with a TRUE guard is 

nondeterministically chosen for execution, and so on. When the 
repetitive statement terminates, all guards are FALSE. An example of 

this statement is the program that computes the value gcd(x,y):

* (x>y->x: =x-y Dy>x->y: =y-x|

Dijkstra has provided proof rules for these constructs in the form 

of weakest precondition semantics. For the alternative statement we 

have

wip(Is1->s1 D  ... D g n->sn) ,Q) =
n n
i g {A( n ei=>wip(s1 ,q)) ,

1=1 i=l

where Z and n stand for logical disjunction and conjunction, 
respectively. The first term assures that at least one guard is TRUE 

and the second term assures that all eligible guarded lists lead to an 

acceptable postcondition.
Semantics for the repetitive statement rely on an invariant 

assertion, as in the case of WHILE DO. Here we have the rule
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n
(Pa E gi)=>wlp( I g j - ^ D  ... □ g n->Sn),P)

n
p=>wip(*(g1->s1D...Dgn->sn) ,P* n-ngj )
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2. CSP
CSP (Hoare [781) i3 based on an underlying processor topology 

consisting of a number of similar, self-contained processors each with 
its own private store. There is no common store. Consequently, mutual 

exclusion (competition) is not a feature of the language; rather, 

simultaneity (cooperation) is the main theme. Interprocess 
communication, based on the well-understood assignment statement, takes 

the form of input and output commands between parallel processes.

Interprocess communication occurs when a process names another as 
destination for output, which in turn names the first as the input 

source. When matching I/O commands are synchronized, communication 

takes the form of an assignment from an output to an input variable. 
Automatic buffering is not provided; rather, an I/O command is delayed 

until the specified process reaches a matching I/O command. Such 

delays are invisible to either process.
A complete BNP description of CSP syntax is found in the Appendix. 

Types, declarations, and expressions are not treated however; they are 

Pascal-like and can be inferred from the examples. The basic syntactic 
category is <command>, which corresponds to what we have previously 

termed statement. The main features of the language are outlined 

below.
1) A command list, which is a sequence of commands separated by

semicolons, corresponds to sequencing in WHILE programs.

2) A declaration within a command list introduces a fresh variable
whose scope extends from the declaration to the end of the command 

list.

3) The command l^JJ ••• ||pnJ expresses parallel execution of



processes P^, ... .P̂ . The P^, which are termed "constituent 

processes of a parallel command," must be disjoint in the sense 
that P^ may mention no variables modified by Pj, ij*J. The 

command terminates successfully when each of the constituent 

processes has terminated successfully.
1*) A process is of the form P::S, where P is the process label and S 

the command list constituting the body of the process. A process 

with label subscripts that include one or more ranges represents an 
array of identical parallel processes. For example, P(j:l..n)::S 

represents P(l)::S^|| ... ||p(n)::Sn, where stands for S 

with every occurrence of variable J replaced by the number i.
5) Constituent processes P^ and Pj, i/j, of a parallel command

communicate via the input and output commands Pj?x (in the 
body of process P^) and P^!y (in S , the body of process
P ). Execution of the two I/O commands within their respectiveJ
processes corresponds to execution of the assignment command x:=y. 

"?" always signifies input and "I" output. A process reaching an 
I/O command is delayed until the addressed process has reached a 

matching I/O command. An I/O command fails if the addressed 

process has terminated.
For matching I/O commands to successfully synchronize and 

complete execution, the implied assignment command must be between 

compatible data types. Thus, Pj?x and P^ly will not 
synchronize with each other if, for example, y is of type real and 

x is of type integer.

Similarly, structured output expressions oust match structured
input targets. For exanple, P.!x and P ?(y,z) cannot ̂ J



synchronize unless x is of the form (a,b). If it is, then the 
values of a and b are assigned to y and z respectively.

"Constructors" are used to differentiate between otherwise 

identical data types. Thus, for integer variables x and y, c(x) 
and d(y) are distinct structured types since constructors c and d 

are distinct. P^?c(x) and Pid(y) will not synchronize;

Pj?d(x) and P^!d(y) will. A structured expression without 
components is known as a signal. Pj?d() and P^!d() can 

synchronize, but without transfer of data from Pj to P^.
6) Guarded commands, the alternative command, and the repetitive

command are as previously described, except that guards may contain 

I/O commands. In general, a guard may be a Boolean expression, an 
I/O command, or a combination of both (separated by ;). A guard 
evaluates to FALSE if the Boolean is FALSE or the I/O command has 

failed (i.e., the addressed process has terminated). A guard 
evaluates to TRUE if its Boolean is TRUE and the process addressed 

by the I/O command is ready to synchronize and execute the I/O. In 

this case, the I/O command i3 actually executed only if and when 
the associated command list is chosen for execution, which is done 
nondeterministically. A guard whose Boolean evaluates to TRUE but 

whose I/O command addresses a process not yet ready to execute a 

matching I/O command evaluates neither to TRUE nor FALSE. Itae 
associated command list is not eligible for execution, but in the 
case of a repetitive command it nay become so at a later time. The 

use of I/O commands as a choice mechanism in connection with 
guarded commands constitutes the main feature of CSP.



As with processes, a guarded command with one or more 

subscripts represents a series of identical guarded commands*
Here, however, the subscripts precede the command. Thus, 

(j:l..n)g->S is equivalent to

g r >si D  ••• o « „ - >s„
where gj->Si stands for g->S with every occurrence of variable 
J replaced by the number i. A declaration appearing in a guard 

introduces a fresh variable whose scope extends from the 
declaration to the end of the guarded command (i.e., to the end of 

the associated command list).



EXAMPLES OF CSP PROGRAMS

Integer Semaphore:
This example from Hoare [78) illustrates scheduling 

capabilities of CSP. Consider an array X(i:1..100) of parallel 
processes among which an integer semaphore S is shared. We 

implement S as a distinct process, with the semaphore operations P 

and V accessed by the I/O commands S!P() and S!V() respectively. 
Here P and V are constructors used to differentiate between the two 

signals. All processes of the array access the semaphore using the 

two commands as shown above. Recall that the V operation 
increments the semaphore and the P operation decrements it, the P 

operation being delayed if the semaphore is not positive.

The full system is given by (s||x(i:1..100)], vhere S is 
defined by

S::val:integer;val:=initial value of semaphore;

* I(i:1..100)val>0;X(i)?P()->val:=val-l 
□  (i:l..100)X(i)?V()->val:=val+l]

The semaphore process S terminates when all processes of array X 

have terminated.

Producer-Consumers:
This generic example illustrates a pattern that fits many 

small parallel systems and portions of larger ones. Consider a 

producer process P and 100 identical consumer processes C.
Execution of the producer and each of the consumers proceeds in



parallel, so the entire system is given by
(P||C(i:1..100)::CONSUMERj. P, which produces data to be consumed 
by the consumer, is given by

P: :x:real;»|produce(x)->!(i:l..100)C(i)!x->SKIPl1 
Data produced by P is handed to any available consumer, the 
identity of which is not noted.

Each consumer is given by 
CONSUMER = x:real;*|P7x->consume(x)] .

A delay occurs when P produces data and all consumers are busy 
consuming, or when a free consumer must wait for P to produce more 

data. The required synchronization is managed automatically by the 

repetitive command. Termination occurs when P no longer produces 
and each consumer completes consumption of its last data item.



E. APT’S METHOD FOR PROVING CSP PROGRAMS

1. APT'S METHOD

The Apt (Apt (80]) axiomatic proof system for partial correctness 
of CSP programs, based heavily on the work of Owicki, employs the 

original idea of "Joint cooperation between isolated proofs" of 

individual parallel processes. Individual process proofs are strictly 
disjoint, mentioning only variables local to a process, and conform to 
the sequential proof rules mentioned earlier. Postconditions of I/O 

commands, however, are the exception. They cannot be established 
solely within the context of a local process since they are dependent 

to some extent on the preconditions of matching I/O commands in the 

addressed process. Consequently, their validity can only be 

established Jointly by the two preconditions "cooperating" in the 
establishment of the two postconditions. As in Owicki's system, 

auxiliary variables are employed and individual process proofs are 

combined using a parallel execution rule.
Since syntactically matching I/O commands may fail to match 

semantically, i.e., synchronization may be logically precluded, Apt 
includes an assertion termed the global invariant, that specifies 

precisely which pairs of matching commands can synchronize. A well- 

defined notion of critical section, termed bracketed section, delimits 
a purely sequential neighborhood of each I/O command within which the 

global invariant need not hold, but outside of which it must. The 

brackets, which appear as < >, are inserted into the program text 

forming the annotated proof.
The global invariant i3 a generally useful device that can be 

used for other than specifying which I/O commands can synchronize. It



can establish loop exit conditions, for example, and in many cases an 
entire proof may consist of an extensive global invariant and 

relatively trivial pre- and postconditions in the individual proofs. 
Nevertheless, Apt asserts the existence of a canonical proof form in 

which the bracketed sections consist of an 1/0 command and a local- 
history variable update (usually to an auxiliary variable). In the 
canonical form, the global invariant is minimal, mentioning only I/O 

variables and local-history variables.
Apt's formal proof system is presented, followed by an example. 

I/O commands will be denoted generically by the letters w and x, the 

global invariant by I, P^, i=l, ... ,n, represents a process, and
b stands for a Boolean expression. Well-known axioms and rules forJ
sequential programs are omitted,

l) Parallel Execution:

^i^Pi^qi^ co°Perate an<* no free variable in I is 
changed outside a bracketed section

2) Bracketed sections take the form

<S1 ’W;S2 > ° r <w->s1> » 
where and contain no I/O commands. Bracketed sections <U>

and <V> from distinct processes match if U and V contain
syntactically matching I/O commands.

3) Alternative and Repetitive Commands Involving Communication:



U) Proofs cooperate if

a. assertions used in the proof of {P^}P^{q^} mention no 
free variable changed by , ij*J;

b. {UjAVjfclJuJIvfUgAVgAl) holds for all matching 
bracketed sections <U> (in P^) and <V> (in Pj)» where 
{^JUtUgJand {v^V^,,} are taken from the proofs of 

P^ and Pj, respectively.
5) Communication Constructs:

{PJSl ;S3{pl M pl )w| x{P2}»{P2)S2 ;Su{q}
{p}(S1 ;v;S2) |(S3;xiSlj) {q>

, where w and x match and S^, Sg, S^, and contain 

no I/O commands.

(P}(w;S) s^q}
(p}(w->S) Sj_ {q}

6) Communication:

{true >pi?v j j pj >y (^y >
7) Preservation:

{p}S(p) if no free variable of p is changed by S.

8) I/O:

{p)v{q}

9) Auxiliary Variables:
Each member v of a set of variables A is an auxiliary variable with



38

respect to program S if v appears in S only in assignments of the 

form y:=E, where y is any variable in A. If q contains no free 

auxiliary variables with respect to S, and S' is obtained from S by 
deleting all assignments to auxiliary variables, then

fP.i.S.fcn  
{pjs'm

10) Elimination of Auxiliary Variables from Preconditions:

{p(v)}S{q}, v is an auxiliary variable, 

z not in S and not free in q

{pU))S{q}
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2. EXAMPLE
Consider the following two parallel processes, whore u and v are 

integers, u>0, v>l:

P:: Q!u;f:=TRUE;*if-,Q?yes( )->v:*v»v[]f ;Q?u->f:*FALSEl 

Q:: P?x;# [even(x)->Plyes();x:=x/2);Plx

We prove that for constant k, (p |Jq ! leaves invariant the relation 

vU=k, i.e., {vU=k}(pJ|q I {vU=k}. The annotated proof follows.

P:: {vu=k}
<Qiu>{TRUE};f:=TRUE{TRUE};
*[f;<Q?yes()->v:=v*v>0 f ;<Q?u>->f :=FALSEl{TRUE}

Q:: (Hav^aOnaVg)}
<P?x;av1:=TRUE>{LI};
* I{LI}even(x)->{LJ}<P!yes();x:=x/2>{LI)){LI};

<P!x;aVg:=TRUE>

{av^aaVg}

LI, the loop invariant for process Q, is given by 
(av^-iaVg)). av^ and av2 are auxiliary variables; the global 

invariant is (av1=>vX=k)A(av2=>x=u).
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PART 2



Ill MODULARITY AND CSP

CSP was conceived primarily as a tool for the study of 

parallelism and nondeterminacy in a nonshared environment, and to this 
extent the language succeeds. Though the process structure and 

communication mechanism do encourage some degree of modularity, they do 
not admit the measure expected in a production environment. It ia 

assumed, for example, that all modules and interfaces are known at the 
outset, an unrealistic approach when dealing with large, highly- 

parallel distributed systems conposed of significant numbers of 
processing elements. CSP functions best when an entire program is 

written all at once, preferably by one individual, and further 

modification is avoided.
Production environments in which CSP-type languages are adopted 

are generally quite demanding. Problems that arise are due mainly to 

size, but an asynchronous system need not be large for problems 
generally attributed to size to become manifest. Typical problems 
include incomplete, vague, and nonspecific specifications; small but 

endless changes to the external environment; internal modifications for 

improved performance; and large numbers of individuals participating in 

system development and maintenance.
In order to cope with these difficulties, support at the language 

level is necessary. Experience with Modula has borne this out. A 

system intended for a dynamic environment must be structured in a way 

that enables it to remain stable and yet maintainable. Since such a 
system will change in unanticipated ways, the effect of a change must 

be localized. As much as possible, process A must be kept immune from 
changes to process B. On the verification side, local changes should



require only local reverification, and verification should proceed 

hierarchically in accordance with the hierarchical structure of a 

system. With this in mind, ve now investigate some drawbacks of CSP 

and its associated proof system as they are currently defined.

First, consider that communicating processes aust name each other 

explicitly. This makes it virtually impossible to create a library of 

well-known utility processes to be accessed by user processes in the 

same way that a Fortran subroutine library is used. Similarly, it 
complicates the situtation of separately developed and compiled 

communicating processes that are combined into a complete system. In 

such a case changing even the name of a process can prove difficult. 

Consider, for example a pair of communicating processes X and Y:

It may be convenient at some point to interpose an intermediate 

process Z:

In a network, for which CSP seem3 particularly attractive, this can



occur when X is moved to a different node site. Z acts as the ghost of 

X at the original site, and it is desirable to hide these details from 

both X and ¥.
Second, and more important, is the prohibition in CSP of 

communicating with a nested process, thus making it impossible to 

obtain a hierarchically structured system. Consider, once again, a 
pair of communicating processes X and Y:

By definition, X and Y must be constituent processes of a parallel 

command. At some point it may be desirable to divide Y into parallel 

subprocesses Y^ and Y,,:

Such a change should be totally transparent to X, requiring no 

modifications, provided that the interface remains intact, i.e., the 

external behavior of both versions of Y are identical. CSP does not



permit this since X must name its correspondents explicitly, as 
mentioned earlier, and communication may occur only between 

"constituent processes of a parallel command." Thus, X may communicate 
with Y, but not with or Y^.

Consequently, we arrive at the irony that though CSP is an 

excellent language for specifying roost of the components of a 

highly-distributed operating system, it is not possible to write a  

complete CSP operating system capable of running CSP user-programs 

since the system must explicitly name the users with which it 
communicates. Nor would a hierarchy within such a system be possible 

since all communicating processes - users and system - must occur on 

the same level.
The Apt proof system is even less tolerant of change than the 

language itself. "Joint cooperation between isolated proofs" has 

little if any tolerance to even minor program modifications. An entire 
system mus'; be reverified if even a single process is changed in the 

slightest way. Modifications that affect the global invariant in any 
way require revalidation of cooperation tests between every pair of 
syntactically matching I/O commands, even in processes totally 

unrelated to and logically removed from the ones changed. This is 
because the global invariant contains control information spanning the 
entire system. Consequently, top-down hierarchical verification in CSP 

is not feasible.
In addition, the proof system is capable of validating only 

systems for which all modules have been finalized, thereby making It 

impossible to verify a module against a specification of the 

environment in which it will be embedded. Accordingly, unit



verification is not feasible within the Apt system. A more general 
verification strategy is required, one in which a process can be 
validated against the entire class of modules that meet the 

specifications of its external environment.

Hie remainder of this dissertation is aimed at amending these 

difficulties within CSP and exhibiting a proof strategy that is capable 

of providing truly modular verification. Before we proceed with this, 
however, we must explain in better detail the abstract approach that 

underlies the development of the modular verification technique.



IV THE INTERFACE CONCEPT

The concept of interface, as developed here, is centered on 

interprocess communication. We expect the interface to capture the 
interaction of a process with its external environment, the interaction 

being expressed in terms of the semantics of communication. The focus 
is on pairs of objects of the form (module,interface), viewed as an 

entity. The first component, module, represents one or more processes, 
while the second component, the interface, is a description of how the 
module interacts with its surroundings. Since the interface is meant 

to mesh with the Hoare axiomatic system at the local process level, the 
interface must contain logical assertions; for the most part it 

consists almost exclusevely of assertions.
The interface itself consists of two subcomponents, dual to one 

another:
1. Hie external specification of the module as viewed from 

without, i.e., the functional behavior of the module 

considered as a black box. In systems theory this 
corresponds to the external description of a dynamical 

system.
2. Hie specification of the external environment as viewed from 

within the module. (Note: this does not correspond to the 
internal description of a dynamical system, as might be 

perhaps expected).
The relationship embodied in this notion is expressed pictorially 

as shown below.
Arrow b represents assumptions made by the process (module) about the 

environment. If communication is to be coordinated and meaningful, the
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environment must satisfy those assumptions. Dually, arrow & represents 

assumptions made by the environment about the process. Here the 

process is seen as a black box. Again, if communication is to succeed 

semantically, the process must satisfy those specifications. The 

duality of the relationship is that each domain's assumptions are the 

other domain's obligations. When the I/O command is input vlth respect 

to the process and output with respect to the environment, we call the 

assertion corresponding to arrow a a, and to arrow b and vice 

versa.
The interface, then, provides the necessary insulation to protect 

the module from external changes that should not affect it, and allows 

modifications to the internal structure that should have no affect on 

the external environment. In effect, a module will be verified against 

the interface rather than against a specific version of the remaining 

system. This uncouples the verification of modules from another and 

provides true unit verification. Verifying a module against an 

interface, then, is equivalent to verifying it against an entire class



of programs, infinite in number. While this capability already exists 

within the realm of purely sequential programming (Alphard - Wulf |?61- 
is a good exanqple), it has not, up till now, been made available to 

parallel systems.
Another benefit of the interface approach is that it allows 

closed and complete proofs which are not possible otherwise. To 

illustrate, {TRUE}[X::Y12 11Y::X?aJ{a=2} is Apt verifiable, whereas 
(U::V121|V::U?a;PRINT!a) is not. {TRUE}[u||v){a«2} is not necessarily 
meaningful since {a=2) is not necessarily "observable" (if a is local 
to V, it is not defined outside the parallel command). On the other 

hand, if the interface is Included then we do indeed have a closed 
system —  the interface is an abstract representative of the physical 

printer —  and {printed value is 2} is proveable within the framework. 
While this issue is more philosophical than technical, it does, 
nevertheless, point out the strong departure from the Apt position.



V PORTS AS REPRESENTATION OF THE INTERFACE
A. GENERAL DESCRIPTION OF PORTS

This chapter develops a representation of the abstract interface 
as described earlier. We establish the notion of a Port and derive 
formal semantics that are consistent vith modularity requirements and 

vith the Hoare axiomatic verification methodology for partial 

correctness. In its most coiqplete generality, the interface is 
represented by multi-Ports, vhose semantics derive in a natural way 
from those of the Port. Ports and multi-Ports are defined precisely, 

further on. First, however, we shall characterize the Port concept 

heuristically.
The modified CSP language that will be defined is termed Port- 

CSP. Interprocess communication in Port-CSP is based on the following: 
an I/O command names an abstract entity called a Port. TOius, process Q 
issues the command A!y to output the value of local variable y through 

Port A, and process P issues the command A?x to input from Port A into 
local variable x. (They replace what in standard CSP are P!y and Q?x, 

respectively). Furthermore, communicating processes need not be 

“constituent processes of a parallel command."
A Port may be used for communication by more than two processes. 

Such a port is termed a multi-Port, and is defined as a Port used by 
more than one process for input, or more than one process for output.
A Port that is not a multi-Port is described as simple.

Ports are not referenced indiscrirainantly throughout the program 

text. Rather, like data objects, they possess scope and require proper 

declaration. This is elucidated further in the section on syntax.

The Port, as the term is used here, differs considerably from



constructs of the same name discussed in the literature. Hoare (781 

himself mentions the possibility of using Ports, but what he suggests 

is simply a syntactic device without semantic implication. His Ports 
are named-channels between "constituent processes of a parallel 

command." Kieburtz (791• on the other hand, uses Ports as a mechanism 
to uncouple communication and synchronization in CSP. There, Ports are 
asynchronous data channels that provide data buffering and allow the 

outputting process to proceed independently of the inputting one. Mao 

|8o]'s Port, termed Communication Port, is a much weightier construct 
suitable for higher level communications. In this exposition we retain 

the essence of the original communication semantics inherent in CSP.



B. THE PORT AS A PARALLEL-PROGRAMMING LANGUAGE FEATURE

1. SYNTAX
This section develops the notion of Port as a programming 

language feature from the syntactical point of view. The BNF 

description of standard CSP is expanded and modified to include Port 
declarations and Port-directed I/O. Braces {} have been introduced 

into BNF to denote none or more repetitions of the enclosed text.
First, consider the input and output commands. As stated 

previously all interprocess communication takes place through Ports, so 

these commands are redefined as follows:

<input command>::=<port name>?<target variable>
<output command>::=<port name>!<expression>

<port name>::=<identifier>|<identifler>(<subscripts>) ,

where <target variable>, <expression>, and <subscripts> are defined as
in the Appendix.

Just as CSP allows arrays of processes to be declared, so we 

allow arrays of Ports to be declared. Hence Port names may be 
subscripted. The subscripts must be run-time constants, however. This 

is in keeping with the original spirit of CSP in which process 
subscripts are also run-time constant. At any rate, Port names 
subscripted with run-time variables can always be simulated with 

constant subscripts and the alternative command. To illustrate let i 

be a program variable and consider the input command A(i)?x. If the 

command does not appear in a guard, then it is semantically equivalent 

to the alternative command
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ti=Jx -> A(J1)?x 
□ i=J2 -> A(J2)?x

□  i=Jn -> A(Jn)?x
□  Ai|tJn->FAILl ,

where J,, ... are constants and Ports A(j,), ... ,A(j ) have been I n  i n
properly declared. In the case A(i)?x is found in a guard,
b;A(i)?x->S, the entire guarded command is semantically equivalent to

the collection of guarded commands

(bai=J1);A(J1)?x -> S
D(bAi=J2);A(J2)?x -> S

□ (bAi=Jn );A(Jn)?x -> S 

where the J^'8 are constants as above. Limiting the subscripts to 
execution-time constants makes the proof rules - to be defined further 

on - more concise and certainly easier to apply.
Since the scope of a Port will be defined semantically to 

correspond to a parallel command, it makes sense to associate Port 

declarations with parallel commands directly. The parallel command is 

redefined thus:

<parallel comraand>::={<port declaration^}(<process>{||<process>}].
A Port declaration is prefixed to the parallel command over which the 

Port ranges.



The syntax of Port declarations is based on a Pascal-like 

notation that derives from the examples used by Hoare in describing 
CSP. As an example of a declaration in this notation, program variable 
lineimage, an array of 125 elements of type character, is declared 

lineimage:(l..125)character;
The only notable difference between this syntax and Pascal is the 
absence of keywords such as VAR, TYPE, and ARRAY.

A Port declaration specifies the following items: the name

(i.e. ID) of the Port, subscript ranges in the case that an array of 
Ports is declared, the type of Port (static or dynamic), and the type 

of data, called port-variable type, that passes through the Port during 

transactions. More than one port may be declared by a single 
declaration, but all must be of the same Port type and have the same 

port-variable type. The Port declaration is defined 

<port declaration>::=<port id>{,<port id>):PORT(<port type>)
<port id>::=<identifier>J<identifier>(<label subscript>{,<label 

8Ubscript>})

<port type>::=STATIC,<port-variable type>|DYNAMIC,<port-variable type> 
<port-variable type>::=<type>|<constructor>(<type list>)

<type list>::=<empty>|<type>{,<type>}
<label subscript> is defined as for process labels (see Appendix) and 

<type> is Pascal-like as discussed previously.



EXAMPLES OF PORT DECLARATION AND I/O COMMAND SYNTAX

A:PORT(STATIC,real);

Declare Port A to be of type STATIC with port-variable type real. 

A(i:l..100),B:P0RT(DYNAMIC,integer);

Declare a Port B and an array A of 100 Ports, all of type DYNAMIC, 
all of which transfer data of type integer. Ibis is equivalent to 
A(1),A(2), ... ,A(100),B:P0RT(DYNAMIC.integer);

B,C:P0RT(DYNAMIC,cons(integer,boolean));

Declare B and C to be DYNAMIC Ports that transfer data of the form

cons(integer.boolean).

x:real;A?(x)

Input through Port A into variable x, where A is declared as in 1 

above.

i:integer;i:=10;A(7)!i

Output the value of i through Port A(7), where A(7) is declared as 

in 2 above.
i: integer;b.’boolean;C?cons{i ,b)

Input through Port C into cons(i.b), where C is declared as in 3 

above. cons(i,b) is a <structured target> as defined by the BNP in 

the Appendix.



3. SEMANTICS

As stated previously, a Port declaration is always prefixed to a 

parallel command, and a parallel command delimits the scope of Ports 
whose declarations are prefixed to it. We call the collection of Ports 

whose scope is the same parallel command the Port set of the parallel 
command. We now introduce semantic restrictions that force Port 

declarations to be made in a manner that is consistent with 
hierarchical structuring of processes.

All interprocess communicaion occurs through properly declared 
Ports. Communicating processes need not be "constituent process of a 

parallel comand," but they must be contained, directly or indirectly, 

in constituent processes of a parallel command. Furthermore a Port can 

be used only for communication that crosses a parallel boundary of the 
parallel command to which the declaration is prefixed. Nested parallel 

commands must use Ports declared locally for local communication that 

crosses only nested parallel boundaries.
To illustrate, consider

A,B:PORT(STATIC,integer);
[P||Q::C :PORT(STATIC,integer);IR||S]]

The Port set of the outer parallel command consists of A and B; the

(or S) must proceed through Port A or B, while communication between R 

and S may proceed only through Port C.
A second restriction asserts that a Port name must be unique -

i.e. unambiguous - within its scope. In short there are never Port

consists solely of C. Communciation between P and R



name conflicts. Had this restriction not been introduced, we would
have been forced to define the syntax of the input and output commands

in a manner thac is reminiscent of monitor calls (see Hoare ItM)*
Port sets would require names and an input command would take the form

<port set name>.<port name>?<target variable> 

in order to resolve port name conflicts. Better to introduce a minor 

restriction than to muddle syntax.

Transactions across Ports are characterized as follows. An I/O 
command through Port A takes the form A?x or Aly, where x and y are of

type <port-variable type> as given in the Port declaration (see

previous section on syntax). As in standard CSP a process issuing an 
I/O command naming A is delayed (blocked) until another process issues 
a corresponding (matching) I/O command also naming A. Hie effect of 

synchronization of matching commands is the assignment of the value of 
the output expression to the input target variable. Transactions 

across a Port proceed serially, one at a time, so that a process 

issuing an I/O command is delayed until a current transaction across 
the Port has completed. (This is really an implementation concern 

since we assume, from the language point of view, that transactions are 

atomic actions). Furthermore when several I/O commands naming a Port 
are executed simultaneously, they are nondeterministically paried for 

synchronization. Hie scheduling of Port service is fair, however: no

process will be passed over in favor of others indefinitely. Each 
process of a synchronizing pair doe3 not know the identity of the 

other.

Ports are declared to be either of type STATIC or DYNAMIC. A



STATIC Port remains perpetually open to transactions and is not 
affected by the control state of processes using it. A DYNAMIC Port, 
on the other hand, can become closed to subsequent transactions, 

depending upon the control state of user processes, as described 
shortly. I/O in standard CSP corresponds to DYNAMIC Port I/O.

An I/O command naming a STATIC Port can never FAIL, nor can it 
evaluate to FALSE in a guard. A DYNAMIC Port A will lead to an 

evaluation of FALSE - or fail if not in a guard - if any of the 
following conditions hold:

1) All processes using A for input have terminated;
2) All processes using A for output have terminated;
3) All but one of the processes using A have terminated.

Cases 1 and 2 are clear: transactions through A are no longer
possible. Case 3 covers the situation in which only one of the 

processes referencing A has not yet terminated and that process uses 

A for both input and output. Again, transactions are no longer 

possible.
STATIC ports have been introduced for two reasons: 1) the full

power of a dynamic port is in many instances unnecessary, and 2) STATIC 
ports allow strong postassertions upon termination of loops. To 

illustrate the second point consider the repetitive command 

*|b;A?x->Sj. If A is DYNAMIC one can not conclude (“lb) upon loop 
termination, since the loop will terminate if A becomes closed and 

causes the input command in the guard to evaluate to FALSE. If A is 
STATIC, however, one does conclude (*nb) as a postcondition. This will 

be formalized later in the section on Formal Semantics. Note that if A



is STATIC, * |A?x->S] never terminates. STATIC Port3 are clearly 
cheaper to implement and hence we choose them whenever possible.

As in standard CSP, a parallel command terminates when all the 
constituent processes have terminated. Hot all programs are designed 

to termiate, however. The kinds of programs written in Port-CSP 
generally fall into one of two relative distinct categories, termed 

"parallel computations" and "parallel systems." Parallel confutations 
are parallel programs designed to perform a particular computation and 

then terminate. They are parallel versions of non-real-time programs.
A concurrent program that generates all prime numbers less than 100000 

is an example of this sort.
A parallel system, on the other hand, is a collection of 

processes whose termination is either uninteresting -- one is not 

interested in the postcondition —  or not guaranteed by design. In 

either case, the program is usually thought to "run forever." These 
are generally real-time programs. A distributed operating system, or 

subsystem thereof, is an example of thi3 sort of program. The power of 

Ports finds better expression in parallel systems than in parallel 

confutations, so the examples below are from among the former.



In EXAMPLES OF PORT-CSP PROGRAMS

1. Integer Semaphore:
The integer semaphore in standard CSP, shown previously, is 

implemented using two Ports. The full program is given by 

P,V:PORT(DYNAMIC,());|s||x(i:1..100)1, 
where S is
S::val:integer;val:=initial value of semaphore;

* (val>0;P?()->val:=val-l 
0  V? ()->val: *=val+l 1 

For each i, process X(i) issues the command PI() to perform a P 
operation on semaphore S, and issues the command VI() to perform a V 

operation on S. The semaphore process S terminates only when all 
processes of array X have terminated. If Port V is declared STATIC, S 

will not terminate; if only Port P is declared STATIC, S may or may not 

terminate, depending on the final value of val.

2. Array of Semaphores:
We define an array of 50 semaphores, each element of the array 

constituting an individual process. The program is given by 

P(i:1..50),V(i:1..50):PORT(DYNAMIC,());(S(i:1..50)||x(i:1. .100)1, 
where S(i) is
S(i)::val :integer;val:=initial value of semaphore(i);

* (val>0;P(i)?()->val:=val-l 
□  V(i)?()->val:=val+l|.

For each i and J, process X(i) issues the command P(j)f() to perform a 

P operation on semaphore S(j), and issues the command V(j)l() to



perform a V operation on 5(j).

3* Producer-Consumers:

Consider a producer process P and 100 identical consumer 
processes C. Once again we use this example as a contrast to the one 

in standard CSP shown previously. The program is described by

A;P0RT(DYNAMIC.real);[p||c(i:l..100)] ,

where P and C are given by 

P: :x:real;*[produce(x)->A!x)

C::x:real;*[A?x->consume(x)1

If producer P is assumed to produce indefinitely, then Port A can be 
declared STATIC. Most parallel systems - as opposed to parallel 
computations - fall into a producer-consumer paradigm. This is 

exemplified by the next example.

1*. Distributed Operating System:
This example demonstrates the power of hierarchical structure 

that can be achieved with Ports. Consider the network of processors 
and terminals shown below. M identical terminals are connected to a 

central processor, to which are attached n identical remote Job 
processors (RJP's). The terminals independently generate Jobs that are 

routed by the central processor to a free RJP. Any RJP can run any 

Job. The RJP runs the job, computes results, and then ships the 

results back to the central processor. The central processor in turn



routes the results to the originating terminal. The central processor 

is expected to provide some level of buffering between terminals and 

RJP's.
Each terminal consists of a keyboard and a display unit that 

operate as independent devices for input and output respectively.

TERMINAL

r CENTRAL 1 
PROCESSOR RJPTERMINAL

TERMINAL
m RJP

Terminal i's operation is modeled by the parallel command 
TERMINAL(i)::[*[char:character;DISPLAY(i)?char -> display char on 

screen) | j
*Ichar:character;get char from keyboard ->

KEYBOARD(i)Ichar)] ,

where Ports DISPLAY(i) and KEYBOARD(i) are used by terminal i for I/O. 

The displaying process is a consumer; the keyboard process is a 

producer.
We shall describe the system in top-down fashion. The full



system is given by the following parallel command, which reflects the 
network topology exactly.

DISPLAY(i:1.,m),KEYBOARD(i:1..m):PORT(STATIC.character);

JOBRUN:PORT(STATIC,(integer,(1..maxinput)character));
JOBFIN:PORT(STATIC,(integer,(1..maxoutputJcharacter));

[TERMINAL(i:l..m)||CENTRAL PROCESSOR|jRJP(i:1..n)|

Ports DISPLAY and KEYBOARD have already been described. Port
JOBRUN is the interface between the central processor and the RJP's in

the direction of jobs flowing toward the RJP's. maxlnput is a constant 

specifying the maximum number of characters that constitute a Job. 
JOBFIN is the interface between the central processor and the RJP's for

Job results flowing back toward the terminals, maxoutput specifies the

maximum size of job results. The integer component of the port 
variable type associated with JOBRUN and JOBFIN is the terminal number 

of ths corresponding Job and Job results, respectively.

The RJP(i) are identical for all i, and are given by

RJP::term:integer;job:(l..maxinput)character;

results(l..maxoutput)character;
•JjOBRUN?(term,job)->execute(Job,results);JOBFIN!(term,results)1 .

The central processor is more complex than both the terminals and 
the RJP's in that it has a two-sided interface. It is written

CENTRAL PROCESSOR:



JOBNEW:PORT(STATIC,(Integer,(l..maxinput)character)); 

DRIVER(i:l..m):PORT(STATIC,((l..maxoutput)character)) ;

TERMHANDLER interfaces to the terminals and RJPHANDLER interfaces 

to the RJP'S. JOBNEW is used to send Jobs from TERMHANDLER to 
RJPHANDLER; DRIVER(i) is used for Job results moving in the opposite 

direction.
TERMHANDLER is broken down into display handlers and keyboard 

handlers:

TERMHANDLER::[TERMOUT{i:1..m)j|TERMIN(i:1..m)]

TERMIN(i) handles the keyboard of terminal i:

TERMIN(i)::Job(l..maxinput)character;p:integer;p:=l;char:character; 

*[KEYBOARD(i)?char -> Job(p):=char;p:=p+l;
(char=EOJ -> JOBNEW!(i,Job);p:=l 
□  charj«EOJ -> SKIP) )

Characters are input from the keyboard and stored in array Job until an 
end*-of-Job (EOJ) appears, at which time the Job is output to RJPHANDLER 

for processing. Input from the keyboard will still be accepted even 
though the terminal has a Job outstanding, the results of which have 
not been returned to the display. In fact several Jobs may be 

initiated from a terminal before any results have returned.
TERMOUT(i) handles the display of terminal i:
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TERHOUT(i)::results:(l..maxoutput)character;
* |DRIVEH( i)?results -> proceed .'boolean jproceed: =TRUE;

p:integer;p:=l;

*[proceed -> DISPLAY(i)!results(p);
(results(p)=EOT -> proceed:=FALSE 
0 results(p)jtEOT -> p:=p+ll

I

Whenever Job results are received from RJPHANDLER, they are output to 
the display, character by character, until an end-of-transmission (EOT) 

appears.
RJPHANDLER is the process that buffers Jobs and results in the 

central processor:
RJPHANDLER: : (RJPIN(i:l..k)| |RJPOUT(i:l. .1)) ,
where RJPIN(i) and RJPOUT(i) are identical for each i. (This is not to 
say that RJPIN is identical to RJPOUT). k and 1 are constants that 

depend on the level of buffering desired. Large 1 means that many 

incoming Jobs can be buffered when all RJP’s are busy; large k means 
that many Job results can be buffered when a terminal issues Jobs that 
are processed and returned faster than the display can handle. RJPIN 

and RJPOUT are given by

RJPIN::term:integer;results:(l..maxoutput)character;

*(JOBPIN?(term,results) -> [(J :1..m)term=J ->
DR1VER(j)!results)

]



RJPOUT::term:integer Job:(l..maxinput)character;

» (JOBNEW? (term Job) -> JOBRUNt (term Job) J

RJPOUT is a simple buffer process; RJPIN is a buffer process for the 

entire collection of terminals.
Although many details have been omitted —  how 

"execute(Job,results)" is implemented in Port-CSP —  the overall 
dynamics of the system have been successfully captured.



c. FORMAL PORT SEMANTICS

1. GENERAL DESCRIPTION

Ports have been introduced as the aechanisn used for specifying 

and developing systems in a modular fashion. In the distributed 

operating system shown above, we saw how additional buffer processes 

could be added to the system without changing a single program 

statement. Our notion of modularity, however, requires that any system 

be Hoare-verifiable in a modular fashion as well. To this end ve shall 
describe the formal semantics of the Port. We begin by describing 

simple Ports and how they interact with the environment. Multi-Port 

semantics are generalizations of the simple case; therefore the 

following discussion pertains to them as well.

First, consider a process P that inputs through siiqple Port A 

into variable x, as shown below.

P::
[ L }

A?x

{ M }

a
X*#—  ■ —

PORT fl
. Pmm ------

I, and M are Hoare-like pre- and postassertions associated with the I/O 

comman-t A?x in a local proof of process P. If L holds prior to



execution of the command, and the command completes execution 
successfully, then M is guaranteed to hold upon completion. As shovn 
in the diagram above, the Port supplies two semantic items to the 

process P, and P supplies one item to the Port A.
The Port supplies P with the value to be input into variable x, 

and an assertion p(x). p(x) aids L in establishing the postcondition 
M. In the simplest case ve have that (LAp(x)) implies M. Consider, 

for instance, a typical simple p(x): x=5 ; we can write {TRUE}A?x{x*5) 
if we take L = TRUE and M = p(x). Note that this triple holds against 

the Port A, and not just against any one process in particular.
Process P assumes p(x) to be true at this point of execution 

because Port A guarantees that it will hold whenever I/O through A 

occurs. The Port is able to make this guarantee by requiring that the 

output process guarantee p(x) Just prior to execution of its output 
command. Thus the Port is a logical conduit through which pass 

assertions that proceed from a guarantor process toward a utilizer 

process.
In turn process P must guarantee an assertion a that is used by 

the outputting process to establish its postcondition. Formally, we 
require that L imply a* There is no flow of data in this direction and 

hence we write a without a data argument.
The case of the outputting process appears diagramatically as the 

dual of the one above.
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Q::

PORT A

Process Q provides the Port with data value y and guarantees the 

assertion p(y). o assists N in establishing the postcondition R. In 

simple terms again, (Haq) implies R, and N irplies p(y).
The Port, then, allows the semantic environments - as well as the

without their referring to one another explicitly. Ihe Port itself 

acts as a semantic buffer. If we remove this semantic buffer for a 

moment, we arrive at a formula closely resembling the Apt communication 

axiom. This is developed as follows.
Assume x is not a free variable in L. We have thus far 

characterized I/O by the following four relations:

execution environments - of the individual processes to interact

(L*|3(x)) => M 
(HACt) => R 
L => o

(1)
(2)
(3)

U => p(y) (*.)



Since y does not appear free in L or p(x) (processes are disjoint in 
CSP as well as in Port-CSP), from (l) we get

(Laj3(y)*(x=y)) => M . (5)

(5) and (U) yield the relation

(LaNA(x=y)) => M . (6)
Similarly, from (2) and (3) we get

(LaN) => R . (7)

Combining (6) and (7) to form
(LaN*(x=y)) => (MaR) , (8)

we see that since (8) holds for all valid postconditions M and R, 

(L^^(x=y)) is an expression for the strongest combined postcondition.
From Apt's axiom of communication, only formulas of the form 

{r}P?x||Q!y{(x=y)Ar) can be derived. Taking r = (LaN), the connection 

is clear.

Conceptually, p(x) represents data and control information 

flowing from the output process to the input process, while a 
represents control information only, flowing in the opposite 

direction. Both a and p(x) are associated with the Port rather than 

with individual processes. A Port is characterized by, among other 
things, its associated a and p. Individual processes use the a's and 

P's in their local proofs as previously described. A process that 
contains more than one input command (or output command) through a 
particular Post A always uses the same a and p whenever dealing with A.

To generalize, we have established thus far two disjoint semantic 

domains: the local process environment domain and the interface, or

Port set, domain. Ihe interface domain consists of the Port set



endowed with a separate data base (described below). The two domains 
interact mainly via assertions a and p. At the time of interprocess 
communication, the Port captures data flowing across an output process 

boundary and passes it to an input process; simultaneously, the Port 
set data base is updated to reflect the effects of the transaction on 

the interface environment.



2. THE INTERFACE DOMAIN

As stated in the previous section, the interface domain consists 

of a collection of Ports, the Port set, and an entirely separate data 
base, separate in that it is totally disjoint from the set of variables 
used by the individual processes. It is separate also in that there 
exist separate program statements (assignment statements) lying outside 

the realm of the processes whose sole purpose is to maintain the state 
of this data base.

At the least, the interface data base consists of variables, 
called Port variables, that remember the data value of the la6t 
transaction through each Port. Each tine a transaction occurs through 

a Port, the associated Port variable is updated with the value of the 

data passing through the Port.
Usually the data base possesses other variables in addition to 

the Port variables Just mentioned. These are known as auxiliary 
variables and play a role that is analogous to the role of auxiliary 

variables in the Owicki and Apt systems. Auxiliary variables are 
freely chosen since they have no affect whatsoever on the state of 
execution from the point of view of the processes. Their sole function 

is to record the state of events from an interprocess point of view.

The separate program statements that update auxiliary variables 
during a transaction are known as the "Port action" and consist only of 

assignment statements to auxiliary variables, Modularity dictates that 

the interface maintain its own independent and self-contained view of 

the ongoing computation; hence the Port action may refer only to 
variables of the interface data base. Mentioning process variables is 

strictly forbidden. Now whenever a transaction occurs through some
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Port of the Port set, in addition to the Port variable update 
mentioned previously, the associated Port action is executed.

Port transactions, developed thus far, involve several separate 
operations: capturing the output data, updating the Port variable, 

passing the output data to the input process, and executing the Port 
action. We always consider the entire transaction as an 

uninterruptible, atomic operation. Once begun, a Port transaction 
completes without external interference. This is analogous to Apt's 

bracketed section, which is considered as an atomic program segment 
even though it spans two processes and contains concurrently executing 

statements. Although concurrent transactions through several Ports of 
the Port set may be logically possible, our interpretation always takes 

the view that they proceed serially, the order of execution being left 
undetermined. The formal description of the interface semantics given 

in the next section places a prohibition on the sharing of auxiliary 

variables among such Ports over which concurrent transactions are 

logically possible. Without such a restriction, the value of auxiliary 
variables might be left undetermined (i.e., ambiguous).

The Apt bracketed section together with the global invariant has 

counterparts in the Port. Hie typical bracketed section and global 

invariant GI is described generically by 

Q: : P: :

<P?x;i:=i+l> < Q ! y ; J ; = J + i >



where i and J are auxiliary variables and GI implies i=J. i and J are 
meant to track one another and the global invariant asserts that 
outside of the bracketed section they always agree. In the Port we 

have eliminated Gl and J, and allowed both P and Q access to i. i:=i+l 

would be the Port action. Other Ports of the Port set have access to i 

through a and p.
As stated at the end of the previous section, the local process 

environment domain and the interface domain interact primarily via the 

a's and p's. Modularity requirements prohibit the interface from 

"knowing" anything in particular about process variables, but the 
converse is not true. Processes need access to interface variables in 

establishing proof asserions, though they may not alter these variables 

that belong to another domain. Ihis is a counterpart to Apt's global 
invariant, which is here nonexistent, a and p, which are logical 
formulas in the variables of the interface, allow the introduction of 

interface variables into the local process proof in places where they 
are not updated by the Port action, p captures the view of the 

interface as seen by the input process and guaranteed by the output 

process, while a captures the view of the interface as seen by the 
output process and guaranteed by the input process. The formal 

description of Port semantics in the next section establishes what has 

been hitherto described informally.
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3. FORMAL DESCRIPTION

In this section and the following one ve develop the formal 

semantics of the simple (non-multi) Port as described heuristically in 
previous sections. Hie aim here is to specify the nature of assertions 

a and |i, to indicate how they relate to the local process environment 

in terms of the Hoare axiomatic proof methodology, and to maintain 
modularity throughout. Modularity means that a change to one process 
should require only reverification of that one process against an 

established interface. First we describe those elements that formally 
constitute the Port; the following section provides axioms that 

constitute the proof methodology.

A simple Port is formally described as follows.

1. An I/O command through Port A takes the form A?x or Aly (input and 

output, respectively), where A is the Port name. Port name 
corresponds to <Port name> in the BNF description of Port-CSP given 

earlier.
2. Associated with Port A is an abstract data object "a” (lower case 

letter whose upper case is the Port name) of data type
<port-variable type> as given in the declaration of A (see BNF 

description of Port-CSP for a syntactic description of this 
nonterminal). a is known as the Port variable. Port variables lie 

in a name space that is disjoint from the individual process 

environments; therefore, processes in the scope of A are not 
permitted to mention a in program statements (conflicts can be 

resolved by renaming variables or Ports). Synchronization of A?x 

and A!y is interpreted as atomic execution of the sequence
a:=y;x:=a . (l)
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3. Associated with Port A is a Port action S^. consists of

assignment statements to auxiliary variables. Auxiliary variables, 

like Port variables, are confined to the interface domain and 

therefore may not be mentioned in program statements of processes 

in the scope of A. An auxiliary variable is associated with a 

parallel command and hence is declared in the annotated program 

text (i.e., program + proof) where the Port set is declared. Tlie 

Port action executes simultaneously with transactions across the 

Port. Interpretation of the synchronization of A?x and A!y is 

expanded from (l) to now mean atomic execution of the sequence 

a:=y;SA ;x:=a . (2)

The right-hand sides of the assignment statements comprising 

are expressions mentioning auxiliary variables and Port variables 

of the Port set containing A, and constants.

U. Auxiliary variables and Port variables associated with a simple 

Port are in no sense global. Each safely tracks the interprocess 

state of at most two processes. Consequently, we limit their scope 

as follows.

For Port variable a, process P owns a if either of the 

following holds:

a) P names Port A in an I/O command;

b) P names Port B in an I/O command and Sg mentions a.

For auxiliary variable v, process P owns v if P names Port A in an 

I/O comimxnd and mentions v. We require that the following

condition hold: each interface variable may be owned by no more 

than two processes (this constraint is referenced in the axioms). 

Thus a pair of processes associates naturally with a subset of
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Ports and with the subset of auxiliary and port variables Jointly- 

owned by them.

5. Associated with Port A is an assertion p^(a). p ^ a ) is

confined to Port space, and therefore mentions as free variables 

only auxiliary and Port variables of the Port set containing A. 

Moreover, the two processes using Port A —  A is simple, so there 

are only two —  must own all variables of p^(a)*

6. Associated with Port A is an assertion q^. is

constrained to mention the same kind of variables as found in

p^(a). The two processes using A must own all free variables 

of ( y



»♦. AXIOMS

We extend the Hoare axiomatic proof scheme for proof of partial 

correctness of sequential programs to include concurrent programs 

written in Port-CSP. We assume here that all Ports are simple; 

multi-Port axioms are taken up in a subsequent section.

The axioms specify precisely how the proof of a local process 

interacts with a previously established interface, i.e. , with a 

predefined Port set complete with ancillary items: port variables, 

auxiliary variables, Port actions, and a's and p's. The ancillary 

items are required only for the purposes of verification and need not 

be specified (or may be eliminated or ignored) when verification is of 

no interest. Once partial correctness has been established, they may 

be ignored until changes to the program require reverification.

Verification of a local process is always accomplished against an 

estabished interface. This is in strict contrast to the Apt system in 

which all process are verified simultaneously. Verifying a process 

against an interface as is done here has the effect of validating the 

process against an entire class of processes, infinite in number. The 

axiom for parallel composition allows the individual process proofs to 

be combined when the individual processes themselves are combined into 

a parallel system. A system-wide pre- and postcondition is then 

established.

Local process variables and variables of the Port set data base 

(port variables and auxiliary variables) are the only variables allowed 

to appear free in proof assertions of a local process. Furthermore, 

proof assertions may not mention process variables changed by other 

processes. The axioms defining the proof methodology for partial



correctness follow.

1. Hoare's axioms, composition rules, and rules of inference for 

sequential programs, both deterministic and nondeterministic, as 

defined by Dijkstra (76] in terms of wp and wlp (weakest 

precondition and weakest liberal precondition, respectively) and as 

described by de Bakker (80) in terms of sp and sip (strongest 

postcondition and strongest liberal postcondition, respectively). 

These have been described earlier.

2. Axiom for Parallel Composition

where each Port and auxiliary variable appears free in the pre- and 

/or postcondition of only those two P^ that own it, and and

axiom provides for the construction of a proof of a parallel 

program from proofs of the individual processes.

3. Axioms of Communication

(L,}P.(M.) for i = 1, ... ,nV  i 1 i
n n

M. mention no local process variables chunged by P., J^i. Tula

S^(a) is the Port action declared for Port A.

(i) wlp(A?x,M(x)) =Va|(pA (a) => wp( SA(a) ,M(a)) )a <*a 1

(ii) wlp(A!y,R(a)) = Va|(aA => wp(SA(y),R(y)))*pA (y)1

These two axioms form the heart of the methodology in that they 

provide for the establishment of triples of the form (L}A?x{M) and



{i\’}A!y{R} wholly in terms of the local environment and the 

specified interface. They are a formal expression of the essence 

of our notion of modularity.

The figure below illustrates the relationships expressed by 

these two axioms. The prime notation indicates an assertion subsequent 

to execution of the Port action. Notice how closely it suggests the 

two-port of electrical network theory.

Tnis axiom pernits the elimination of auxiliary variables from 

preconditions, z is usually chosen zo be a constant, most often 

the constant 0. It nay be applied r.o more than once per auxiliary 

variable.

PORTR

U. Axiom of Substitution

{L(j)}S{M}, J is a free auxiliary variable, 
z not in S and not free in M



In the next two axiorr is a boolean expression and an I/O

command, either (or both) of which may be nonexistent.

5* Axiom for Alternative Command

n n
n IL => | E b A(b. => wlp(G ;S M))|] 

i=l k=l 1 1
{L}(b1;C1 -> Q  ... D b n ;Gn-> Sn){M}

6. Axiom for Repetitive Command

n
n I(Lab ) => wlp(G ;S ,L)] 

i=l
n

(L}» [ bx ;G1 -> ... D b n ;Gn -> Snl (L a n (b.̂  => Gi names DYNAMIC Port }

L is known as the loop invariant.



5. REMARKS CONCERNING THE AXIOMS OF COMMUNICATION
The axioms of communication relate three groups of formulas to 

one another: preconditions, postconditions, and a's and p's. The 
communication axioms specify preconditions as a function of 
postconditions and a's and p's. But this is only one out of 3 possible 
ways of relating the three groups. Bach can be expressed as a function 
of the remaining two (if we appeal to an intuitive notion in logic 
analagous to the implicit function theorem of advanced calculus).
Thus, we can also derive weakest a's and p's as a function of 
preconditions and postconditions, as well as strongest postconditions 
as a function of preconditions and a's and p's. We begin by developing 
the former.

Assume that we are given (L(a)}A?x (M(x)) and (N(a)}A!y (R(a)}.
Let "u = (x.u^.Ug,•..) indicate those variables in L and M that are 
neither Port variables nor auxiliary variables, and similarly *  = 
(y.v-pV,,,...) for N and R* Denote by wip and wla the weakest 
liberal p and a. respectively.
Then

wlpA(a) IA?x,L(a),M(x),N] = D(a) if (N=>D(y)) ■ TRUE 

FALSE otherwise
where D(a) is given by 
VuVWl(w) -> wp(SA (a) ,M(a)) 1 , w|a, w not free in L

,N(a),R(a),L] = j]wlaA (A!y,N(a),R(a),L] = | E if (L=>E) = TRUE

where E is given by
FALSE otherwise

VvVk(N(a) => wp(SA(y) ,R(y))]

In the case that process P contains n input commands naming A, 
{L(a-)i)A?xi (M(xi)i) i=l, ... ,n , 

and process Q contains m output commands naming A,



b?.

{H(a)jJAty^{R(a)j} J = l, ... ,m ,

defining the weakest p and a is only a little more complex. Define

D(a). and E for each i and J as above. Let  ̂ J
n m

D(a) = n D.(a) and E = n E 
i=l J=1 J

Then w.
m

D(a) if n (N «>D(y )) = TRUE 
J=1 J J

FALSE otherwise

and

via. = A E if n (L =>E) = TRUE 
i=l

FALSE otherwise .
a

Deriving wip and wla is sometimes a useful technique for developing a 

proof when it is more clearly understood what transpires at the local 

level than at the interface level. In this case the interface 

semantics are derived, in a sense, from the composite local 

envi ronment.s.

Dow let us find the third way of relating the three groups of 

formulas: strongest postconditions as a function of preconditions and

a's and p's. The case of the input command proceeds as follows. If 

(L=>a^) jfc TRUE, then slp(L(a,x),A?x) = FALSE; otherwise from (2)

(see section 3) we get 
slp(L(a,x),A?x) =

sp(3z1(L(z1 ,x)ApA (a)],SA ;x:=a), z^a, z1 not free in (L*pA (a))

= sp(3?.1iL(z1,x)ApA(a) ] , x:=a;SA )
= sp(3213z;;>(L(z1,z2)ApA(a)A(x=a) | ,SA > , (3)



Z1$H ’ Z2^X’ Z1^Z2’ Z1 and Z2 not freG in
When x and a are not free in L, (3) reduces to the more intuitive 

expression

sp(L>\pA(a)A(x=a) ,SA)
The output postcondition proceeds similarly. If (N=>pA (y)) £ 

TRUE, then slp(N(a),A!y) = FALSE; otherwise 

slp(N(a),A!y) = sp((N(a)^a^),a:=y;SA )

« sp(3z[N(z)AoAA(a=y)),SA), (U)

z$a, z not free in (N*<xa).
When a is not free in N, (1<) reduces to 

sp(N*aAA(a=y) .S/̂

Our final remarks concern the role of the universal quantifier 

appearing in Axioms 3(i) and (ii). Without them the axioms appear to 

be reasonably intuitive; the quantifiers may seen superfluous at first 

sight. But consider the following program segment where pA (a) ,

TRUE and SA (a) = SKIP:

A?x ;A?z

Since pA(a) tells us nothing about the value of a, we know nothing 

about the values of x and z and, therefore, we should not be able to 

conclude {x=z} as a postcondition. Indeed we cannot when we use Axiom 

3(i) with the quantifier included:
{Va(TRUE=>a=xl}A?z{z=x}

But Va[THUE=>a=xJ = Va[a=x) = FALSE, so we conclude {FALSE}A?z{z=x}, 

which in turn results in (FALSE)A?x;A?z{z=x} when we apply the axiom a 

sr^ond time.

Without the quantifier, however, we get, upon applying the axiom



once, {a=x}A?z{z=x}. The second application, using {a=x} as the 

postcondition, results in {a=a}, or equivalently {TRUE}, as the 

precondition. Thus, {TRUE}A?x;A?z{z=x} can be established, a triple 

that is intuitively invalid. This Justifies the need for the 

quantifier.

From this example ve see that the role of the quantifier is to 

limit the scope of the Port variable a. The power of the Port variable 

is effectively nullified in an unsafe program region by becoming a 

bound variable. This technique of using a quantifier to remove the 

power of a free variable was used in arriving at the expressions for 

wip, wlo, and the strongest liberal postconditions given earlier. It 

will be used again throughout the development of raulti-Port semantics.
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6. EXAMPLES OF PORT-CSP PROOFS

The examples presented in this section are taken from the realm 

of parallel computations rather than parallel systems. As previously 

stated, parallel systems do not generally possess interesting 

postconditions, and consequently their proofs tend to be uninteresting 

as well. The section on multi-Ports, however, does include examples 

from the domain of parallel systems.

1. Simple Example:

Consider the following program, which plainly performs not too 

meaningful a computation, but does illustrate the basic proof 

technique. Hie program is given by 

A,B:PORT(STATIC,integer);|p||q ] 

where P and Q are

P:: A!x; Q:: A?y;

B?z Bfy

We wish to verify that upon termination x=z, i.e., that the 

triple {TRUE}[p||q |{x=z} is valid (we omit the Port declaration for the 

sake of brevity). First, we specify the ancillary Port components:

A B

ACTION SKIP SKIP

a TRUE TRUE

p TRUE b=a

The only nontrivial component is p^(b), which ensures for the input 

process P that the value of the arriving data, b, is identical to the 

value of the data that last passed through Port A. Hie proof proceeds 

in three steps:



a) establishing {THUE}P{z=x} against the Port set;

b) establishing {TRUE}Q{TRUE} against the Port set;

c) using the axiom for parallel composition to conclude that 

{TRUE}[pJJQ]{x=z} is valid from steps a) and b).

step a) The annotated version of P is 
P:: {TRUE}

A!x 
{a=x};

B?z
{z=x>

We proceed from the bottom of the annotated text and work backward, 

proving each triple.

proof of {a=x}B?z {z=x }: To establish this we must show that the

precondition, a=x, implies the weakest liberal precondition as given by 

Axiom 3(i);

wlp(B?^,z=x) = Vbl(pB(b)=>wp(SB(b),b=x)) a o b ]

= \fb | ((b=a) =>wp( SKIP,b=x) )*TRUE)
= Vb[(b=a)=>b=x) . (1)

Clearly (a=x)=>(l), and the triple is established.

proof of (TRUE)Alx {a=x }: The weakest liberal precondition of A!x{a=x}

is given by Axiom 3(ii):

wlp( A! /. ,a=x) = Va[(TRUE=>wp(SKIP,x=x))ApA(x)J 
= Va!(TRUE=>wp(SKIP,TRUE))aTRUE]
= Va[TRUE=>TRUE)
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= TRUK

Thus, {TRUE}P{z=x} is valid against the Port set.

step b) The annotated version of Q is 

Q:: {TRUE}

A?y 

(a=y);

B!y

{TRUE}

Once again we proceed from the bottom.

proof of {a=y}B!y{TRUE}: Axiom 3(ii) gives

wlp(Bly,TRUE) = >^b[(aB=>wp(SKIP,TRUE))ApB(y)]

= Y b [ (TRUE=>TRUE)*(y=a)]

= Vb|y=a)

= y=a, which is equivalent to the precondition.

proof of {TRUE}A?y{a=y}: Axiom 3(i) gives
wlp(A?y ,a=y) = V a ( (pA(a)=>wp{SKIP,a=a))aaA J 
= V a [ (TRUE=>wp(SKIP,TRUE)aTRUE|

= V a  i'true=>true]

= t r u e

Thus, {TRUE}Q{TRUE} is valid against the Port set.

step c) 'Hie axiom for parallel composition, Axiom 2, is applied to 

establish the final result, as follows. Axiom 2 tells us



{TRUE}P{z=x} and [TRUE}y{TRUE}
{TRUE}Ip | Ql (z=x}

provided there are no conflicts of ownership of Port variables. But 

there are only two process, P and Q, so there can be no problems of 

ownership. Steps a) and b) established the antecedent formulas (those 

above the line) of (2); thus the consequent, the formula below the 
line, is established. Q.E.D.

U3ing a different version of Q that maintains the sane interface, 
for example the one shown below, would require reperforming only step

b); steps a) and c) would still be valid.

Q:: A?y;

w:=y;
Biw

The annotated text of this Q, which is very similar to the proof of the 

former one, is given by 

{TRUE}

A?y

(a=y); 

w:=y 

{a=w};

B!w

{TRUE}

Thus, local changes to Q require only reverification of the local 

process y.



2. Dijkstra's Exponentiation Problem:

Tbe following i3 a distributed version of Dijkstra's 
exponentiation problem (Dijkstra 176)) which computes z=vU for

integers u>0 , v>l, in an efficient manner (assuming that exponentiation 
is not a primitive operation). The program is given by

* I uj*0->A J u ; f: =TRUE;
*lfiB?yes( )->v:=v*vQf ;C?u->f:=FALSE) ; 

z:=v*z;u:=u-l)

Q:: *[A?x->*Ieven(x)->B!yes();x:=x/2);

Ct xj

Without Q and the inner loop of P, this program is the usual sequential 

program for confuting exponentiation. P's inner loop speeds up the 

computation. The parallelism permits concurrent squaring of v with 

halving of x. We shall prove the validity of

As in example 1, we omit the Port declarations for brevity.

The proof proceeds in three 3teps:
a) establishing (vu=k)P{z=kAU=0) against the Port set;

b) establishing {TKUE)Q{TRUE} against the Port set;

c) using the axiom for parallel composition to conclude that (3)

A:PORT(DYNAMIC,integer); 

B:PORT(STATIC,yes());

C :PORT(STATIC.integer);

(p ||q )
where P and Q are

(3)

is valid from steps a) and b).



The Ports are defined as follows; i is an auxiliary variable of type 

integer:

A B C

ACTION i:=0 i:=i+l SKIP

a TRUE TRUE TRUE

p TRUE TRUE 2ic=a

step a) The annotated version of P is

P:: {vU=k}

z :=1 
{zvU=k};

* [ {zvU=k}uj*O->{zvU=k}Atu{zvU=k^i=u^i=0} ;f :=TRUE{zvU=kAa=UAi«=OAf } ; 

* ( {zva2 =kA(-if=>2iu=a) }f {zva2 =k*(-if=>2i+1u=a) } ;B?yes( )->

{zva2 =kAHf=>2^u=a)}v:=vMv{zva2 =kA(*’f=>2^u=a)}

-i . p-i
0  {zv =ka(“»f=>2 u=a) }f (zva =k} ;C?u->

{zv&2 =kA2^u=a}f:=FALSE{zva2 =kA(if=>2*u=a)}1

a?'1 i{zv =k A(if=>2 u=a)*-if};

z:=v*z{zvU~^=k};u:=u-l{zvU=k}]

{zvU = k A U = 0 }

inner loop: This loop, which is designed to preserve the relation

zvU=k, maintains the loop invariant (zva ~ =k)A(”»f=>21u=a). From th
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annotated text, we see that zvU=k holds upon loop entry. Since B and 

C are STATIC Ports, the consequent of Axiom 6, the axiom for the 
repetitive command, permits us to conclude "^f upon loop termination, 

which together with the loop invariant implies zvU=k upon exit. We 

shall demonstrate the validity of triples involving the two I/O 

commands; all other statements are sequential and are handled in the 

usual manner.

proof of {zva2 =kA(-rf=>2**1u=a)}B?yes() {zva2 =kA(-Tf=>2*u=a) } :

From Axiom 3(i) we have

pi-i ,
wlp(B?yes() ,(zv =ka(~»f=>2 u=a))) =

„ ? 1 - i i[ (TRUE=>wp( i: =i+l,(zv =k*(-if=>2 u=a))) )a TRUE] (U)

ap1-i i= wp(i:i+l,(zv =k a(-if=>2 u=a)))

= zva2 =k a (*nf=>2*+iu=a)
yes() is a signal involving no transfer of data; hence, the universal 

quantifier of Axiom 3(i) is vacuous and therefore does not appear in

(M.

proof of{zya2 =k}C?u{zva2 =kA2*u=a):

From Axiom 3(i) we write

wlp(C?u.(zva2 =kA?iu=a)) =

Vc [ (2^c=u=>wp(SKIP,zv&2 =kA'2*c=a) )aTK’JE]
-i .

= Vc|2Xc-u=>zva ' =ka2 c=ul

= Vc [2^c=a=>zv&2 =kj . (5)



€l2Clearly zv =k implies (5).

proof of inner-loop invariant: In order to apply the axiom for the
repetitive command, we must satisfy the antecedent of the axiom, 

namely, we must demonstrate

((zva^ =kA(-»f=>2*u=a) )af )=>( zva^ =kA(-»f=>2*+\i=a)) (6)

and

((zva2 =kA("if=>2*u=a) )xf )=>( zva^ =k) . (7)

(7) is clearly vulid; (6) is valid as well when we note that f=>(-if=>F)

is valid for any formula F.

outer loop: This loop constitutes the familiar program for computing
exponentiation. The loop invariant is zvU=k. Upon exit u=0 by the 

consequent to Axiom 6 (there is no G^) and thus z=k. We shall 
demonstrate the validity of the triple involving the I/O command.

proof of {zvU=k}Alu{zvU=kAa=UAi=Q>:

From Axiom 3(ii), wlp(A!u,zvU=kaa=UAi=0) =

V a [(TRUE=>wp(i:=0,zvU=kAU=u*i=0))aTRUE] =
Va[zvU=k] = zvU=k

step b) The annotated version of Q is 
Q:: (TRUE)
* ( {Th'JL'}A?x-> (i=0Aa-x }* ( {21x=a}oven( x)-> (21x=a }li!yes()

{P̂  ^x=a};x:=x/2{2*x=a}] {2*x=a};

CJx {t r u e }) {t r u e }
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The inner-loop invariant is 2*x=a; the outer-loop invariant is 

trivial (TRUE). We will demonstrate that triples involving the I/O 

commands are valid.

proof of {TRUE)A7x{i=0*a=x}:

vlp(A?x,i*Oaa=x) * Va[(TRUE=>vp(i:=0,i=0*a=a)JaTRUEJ * TRUE. 

proof of {2*x=a)Blyes()(2* ^xga}:

wlp(B!yes(),2i*1x=a) = |(TRUE=>vp(i:=i+l,2i“1x=a))aTRUE]
= (2*x=a)

proof of {21x«a}C!x(TRUE}:
vlp(C!x,TRUE) = V c [ (TRUE=>vp(SKIP,TRUE))a2ix=al 

= (2ix=a)
Thus, ve have shown that {TRUE}Q{TRUE} holds against the Port set.

step c) By a simple application of the axiom for parallel composition, 
we arrive at the validity of (3). With only two processes there can 

never be problems of ownership of interface variables. Q.E.D.

A different version of Q is proposed below. Verification of 

using this version requires only reperforming step b).

Q :: *{A?x->n:=0;

*(even(x/2n)->n:=n+lj;x:=x/2n ;

* [n>0->B!yes();n:=n-l);C !x]



3. Partitioning a Set:
This is a variation of a program appearing in Apt [8oJ. Given 

two disjoint sets of integers S and T, StfT is to be partitioned

into subsets S' and T' such that |sj=|s'|, |t|=|t'J, and every element 

of S' i3 smaller than every element of T 1. The program is given by

A:PORT(DYNAMIC,integer);B:PORT(STATIC,integer);[p ||q ] 

where P and Q are 

P:: mx:=max(5);

A!mx;

S:=S-{mx};

B?x;

S:=SU{x}; 

mx:=max(S);

* [mx>x->A!mx;S:=S-{mx};B?x;S:=Sv{x};mx:=max(S) I 
Q:: #[A?y->T:=TM{y};mn:=min(T) ;P-!nn;T:=T-{mn}]

P and C* exchange the current maximum of S with the current minimum of 

T until the last integer received by P from Q is the maximum of S.
Let- SQ = {s^ ... ,3̂ } and TQ = (t^, ... ,t^} be constant disjoint

sets of integers. Without loss of generality we can assume

s,>s„> ... >s and t,<t„< ... <t . We wish to verify 1 2  n 1 2  m

min('i') >nux(S)}

For readability we have substituted a comma for the conjunction sign
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A« The Ports are declared as follows; i is an auxiliary variable of 

type integer that counts the number of exchanges between P and Q:

A B

ACTION i:=i+l SKIP

a TRUE TRUE

p (a=si+1,(i>0=>a>b)) (b^SjVb-t^

Let denote the set ••• ••• »*j) and T^j the

set Tq U{s ^, ••• »3^)-{'t1» ••• Pro°^ proceeds in three steps:

a) establishing {i=0,S=Sgi^}P{i>0,max(S)=b,

((s=s(i_1)(i_1)»b*si)v(S=Sii,b=tj))} against the Port set;

b) establishing {i=0,T=T0}Q{i>0,( (i>0,T^)=>b<min(T)),
((T=T0,i=0)y(T=Tii,i>0,b=ti)V(T=T(i_l)(i_l),i>0,b=8i))}

against the Port set;

c) Applying the axioms for parallel composition and substitution to 

conclude that (8) is valid from steps a) and b).

step a) The annotatied version of P is 

P:: U=0,S=S0?^}

mx:=max(S)

{i=0,mx=s1,S=Sq};
A! rax

{i=l,rax=s^y S=Oq };

S:=S-{mx}

{i=l ,mx=s1 ,S=SQ-
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B?x

{i=l ,mx=s1,S=Sq- ̂  }, (x=s1v x=t^) ,x=b};

S:=Sw{x}

{i=l ,rax=31 ,S=Sq- }m{x }, (x=s1vx=t1) ,x=b }; 
mx:=max(S)

{1=1 ,mx=max(S) ,S=S0-{s1>M{x},(x=«81yx»t1) ,x*b};
*1 (lLp}mx>x->(i>0,rax=max(S) ,S=S^,mx=s^+^,rax>b}A!mx 

{i>0 ,rax=3i ,si=max(S) ,S=Sji_1^ i S:=S-{mx}{i>0,8i>max(S) ,

S=Si^i_1j};B?x{i>0,si>max(S).SaS^^j .(x^s^x*^) ,x»b};

S:=S *»{x } {±>0, ((S=S^ j ̂ i_1 j ,x=si)V(S=Sii ,x=ti)) ,x=b,

max(S^>x,Sj^,max(S)>x=>(max(S)=s^+^,x=t^)};

mx:=caax(S) {ILp}] ,

where the loop invariant ILp is given by

i>0,((S=S^1_1j j1_1j,x=si)V(S=SU ,x=ti)),x=b,mx>x,

mx=max(S),rax>x=>(mx=s^+^,x=t^)

Since (lLp,rax>x) implies the precondition to A!mx appearing in the 

loop, the antecedent of Axiom 6 is satisfied and thus ILp is indeed a 
valid invariant. Upon loop termination, mx=x which together with ILp 

implies the desired postcondition of step a). We will demonstrate the 

validity of the triples involving I/O commands in the loop; those 

preceeding the loop are similar and will be omitted.

proof of{i>0,mx=max(S),S=S^^,mx=s  ̂+ ,mx>b }AImx 

{i>0 ,mx=s  ̂,s^=max(S) ,S=3^ By Axi jr. 3(ii),
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wip(A!mx,( i>0 .n^s.^ .s^maxtS) ,S=S^ ^  =

V a [ (fKUt=>vp(i:=i+l,(i>0,mx=si ,si=max{S)•s=s(i_1)(i-l)^ ’ 

mx=s^+^,(i>0=>mx>b)] =

)(a[i>-l,mx=s^+^,s^+^=max(S) ,S=S^, (i>0=>mx>b)J = 

i>-l,mx=si+1,8i+1=max(S) ,S=Sii,(i>0=>r.x>b) . (9)

The precondition implies (9) and so the triple is established.

proof of (i>0,s^>max(S),5=5^^^ ^}B?x{i>0,s^>max(S),

s=Si(i_]j . ( x ^ v x ^ )  ,x=b}: By Axiom 3(i).

wlp(B?x,(i>0,si>max(S)»s=si(i_1),(x=sivx=ti) ,x=b)) =

Vb[(i>0=>(b=sivb=t^))=>vp(SKIP,(i>0,s^>max(S), 

s=si(i_1),(b=sivb=ti),b=b))] =
Vb| (i>0=>(b=sivb=t^) )=>i>0,s^>max(S) ,(b=s^yb=t^) ]. (10)

The precondition implies (10) and so the triple is established.

step b) The annotated version of Q is 

Q:: {i=0,T=T0 >

*[{IL^}A?y->{i>0,T=T(i_l)(i_l),y=si)T:=TM{i'}{i>0,T=Ti(i_l)};

mn:=min(T) {i>0,T=Ti^i ^  ,mn=min(T) } ;B!mn {i>0,T=T^^ 

mn=min(T),b=mn};T:=T-{mn}{lLQ}] ,

where the loop invariant IL is given by 

iX),(i>0=>(b=mn, (Tjf^=>mn<min(T)))),

((T=TQ ,i=0) y(T=Tii,i>0,mn=ti)v(T=T(i_1)(i_i),i>0,mn=si)).

Using the Hoare rule of inference
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(i=0,T=Tq) =>ILq,{ILq}Q{ILq},( IL.Q=>step b) postcondition) 
{i=0,T=TQ}Q{step b) postcondition)

we see that we arrive at the desired triple from the consequent once we 
establish IL^ as the loop invariant. V.’e shall demonstrate the 

validity of triples in the annotated text that involve I/O statements.

h°.°T p i  -i1-LQ>A?y{i>o.T.sT(l_l)(i_l)-»yfi1lL
wlp(A?y,(i>0,T=T^._1^ i_1j ,y=si) )=

Nfal (a=s1+1,(i>0=>a>b) )=>wp(i :=i+l,(i>C,T=T^i_1j ji_1j ,a=sJL)))
= Va!(a=si+1,(i>0=>a>b))=>(i>-l,T=Tii,a=si+1)]
= Val(a=si+1,(i>0=>a>b))=>(i>-l,T=T.i)|.
Since (IL^,a=si+1,(i>0=>a>b)) implies (i>-l,T=Tii), 
the triple is established.

proof of {i>0,T=Ti^  ^  ,mn=^nin(T) }B!mn (i>0 ,T=T^ ̂ ^  ,mn=miin(T),beirn}*
wlp(B!mn, (i>0,T='I\ ̂  ,mn=min(T) ,b=nn)) =
yf'o ((TRUE=>wp(SKIP, (i>0,T=T^^ ^  ,mn=mir.(T) ,mn=mn))),
(mn=siymn=ti)) =
i>0,T=T./. ,, ,mn=rnin(T) ,(mn=s.vmn=t. ) ,i(l-l) 1 1
which is implied by the precondition.

step c) By applying the axiom for parallel composition and the Hoare 
rule of inference, we arrive at a triple identical to (8) except for 
the presence of i=0 in the precondition. The axiom of substitution 
permits the elimination of i by substituting for it the constant 0 ; 
(0=0) is identical to TRUE find thus the entire term disappears from the 
precondition. y.E.D.



D. MULTI-PORTS
1. GENERAL DESCRIPTION

Up to this point the semantic development of Ports has pertained 

almost exclusively to simple Ports, i.e., to Ports that are named in 

I/O commands by no more than a pair of lowest level processes (the term 
lowest level process refers to a process containing no nested 

subprocesses). Thus, if Port A is used for comnunication by P, R, and 

S in (Pj|Q::|r ||s ]], then A cannot be simple and must be a multi-Port.
Since a lowest level process cannot communicate with itself 

through I/O commands, we can state affirmatively that a multi-Port is 

defined to be a Port that is used by more than one lowest level process 
for input, or more than one lowest level process for output. Hence, 

any Port that is used by three or more processes, not necessarily 

lowest level, is necessarily a multi-Port. The converse is not time, 
however, since we allow the use of a Port for both input and output by 

a single process. As with simple Ports, multi-Ports are either of type 

STATIC or DYNAMIC.
As an example of a typical multi-Port, consider Port A in the 

Producer-Consumers system (example 3 in section entitled EXAMPLES OF 
PORT-CSP PROGRAMS) described earlier. A is used by both P and each of 
the 100 consumer processes C comprising the program. Similarly, in the 

Distributed Operating System described above, JOBRUN, JOBf'IN, J03NEW, 

DRIVLK(i) are all rnulti.
A.; inferred from the examples just cited, Ports appearing in 

parallel systems - as opposed to parallel computations - tend to be 

multi-i-orts. Since the power of Ports finds its fullest expression in 
parallel systems, a complete formal description of multi-Port semantics



is central to the issues addressed by this dissertation. To this end 

we shall describe the ancillary components of a multi-Port and 
generalize the axioms presented earlier. First, however, we shall 

demonstrate the limitations of simple-Port semantics as applied in the 

general case of raulit-Ports.
The semantics developed for the simple Port are not directly 

applicable to the more general multi-Port case, the reason being that 
it is unsafe to share interface variables by more than a pair of 

processes. Consider processes P, Q, and R sharing multi-Port A as 

shown.

P:: All; Q: : A?x R:: A?y
A!2

Establishing the intuitively valid triple {TRUE}P{a=2} presents no 
difficulties when we use the axioms presented earlier. But we can also 
establish {TRUE)Q{a=x> and {TRUE}R(TRUE), the first triple being an 
outright falsehood. From the axiom for parallel composition we would 

wrongly conclude that {TRUE}[Pj|Q|jR] {x=2} holds. Moreover, we would 
like to have the ability of establishing (x=2 yy*2) as a 
postcondition, but this is not possible using simple semantics (example 
2 below proves a similar postcondition to a similar program using the 
extended semantics of multi-Ports). The idea behind the development, 

then, is to extend the sharing (i.e. referencing) of interface 
variables in a safe manner.

We distinguish two types of multi-Ports: the many-to-many Port 

and the many-to-one Port. The many-to-many Port is the more general 

type and is used Ln configurations in which there exists more than one 
lowest level input process and more than one lowest level output



process naming the Port. The many-to-one Port is distinguished by 
there being no more than one lowest level process naming it for input 

or no more than one lowest level process naming it for output. 
Many-to-one Ports resemble the Port as described and implemented by 

Silberschatz in Silberschatz [80].
Since virtually all reasonable and interesting applications of 

multi-Ports assume the many-to-one configuration —  see Producer- 

Consumers and Distributed Operating System examples —  all of the 
examples presented below will be of that type, even when we are 

demonstrating many-to-many semantics.



2. FORMAL DESCRIPTION

As previously demonstrated, the sharing of interface variables 

among more than a pair of processes is unsafe and therefore forbidden 

by the simple-Port axioms. In introducing legitimate, permissible 
sharing, we replace interface variables by vector type equivalents, 
each component of which corresponds to a particular process, and admit 

a relation on the components that holds at all points of the text in 

the scope of the Port set (see next section). The power of selected, 
undesired components is nullified in uncertain program regions by the 

use of the universal quantifier.

Throughout what follows, the term process refers to lowest level 
process. A general (i.e. many-to-many) multi-Port is defined as 

follows.
1. Multi-Port Port variables, and auxiliary variables that are 

referenced by multi-Port A are of the vector type "T =

(ip *ip ••••»ip )» where component ip is associated
1. 1 . 2. n . J.in out in out in

with process P. that uses A for input, and component ip.J ^out
is associated with process P^ that uses A for output. A process

P that uses A for both input and output is represented by two 
J

components: ip and ip . For the sake of brevityJin Jout
we will write ij^n when referring to ip̂  . When the
context allows, we will drop the _in (or out) and write simply ij.

2. Associated with multi-Port A is a multi-Port variable

V/jnehronizat Lon of A?x in process P and A!y in process P. is 
interpreted as atomic execution of the sequence
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a* W  • “y ’aJ in • "akout ’X • in
3. Associated with multi-Port A is a distinguished auxiliary variable

t^ that maintains the transaction count through A. t^ may
not be changed by any multi-Port action in the Port set.

U. Associated with multi-port A in a multi-Port Action that

consists of assignment statements to vector type auxiliary
variables. is defined in a generic manner: free variables
referenced are vector variables and not vector components. A

typical might be i:=J+l. Synchronization of A?x in process
P and A!y in process P. is interpreted to mean atomic J
execution of the sequence 

a*out;=y;*Akout:̂ Akout1;SAkout;aJ in:=a*out;tAj in;=tAj in+1JSAj i n ix:saJin

, where the subscript kou* in Ŝ , indicates thatKout
references to variables refer to component kQut; similarly for

Jin in SAjin*
5. Associated with A are assertions, aRd a^» counterparts

to simple-Port assertions of the same designation. As in the case

of SA , they are defined in a generic manner: references to
vector components do not appear (this restriction i3 relaxed 
somewhat in the less general case of many-to-one Ports). A typical

p^CS) might be a=b.

Thus, each process using a nulti-Port has its own private 

data base, the variables of which are the vector components 
corresponding to that process. As developed thus far, they are 

strictly disjoint data bases.



3. SEMANTICS

General multi-Port semantics are expressed as a generalized form 

of simple-Port semantics. We introduce an invariant relation on the 
components of certain interface variables and the axioms that 

constitute the verification methodology. Axioms 1, U, 5» and 6 from 
the simple case automatically carry over; thus, ve shall specify axioms 

that are counterparts to 2 and 3*
1. For multi-Port A, Kirchoff's Lav is an invariant relation on T A

and a:

(i) Initially, t^. =t^, =0 holds for all J.
Jin Jout

This is used when applying the axiom of substitution in 

that only the constant 0 may be subtituted for t^ 

in a process precondition.

(ii) l(tA>$)ACEt = Et )a((t j^)=> E [a =
J Jin J Jout ** ln

a. >0)a(tA >0)1 )1 , abbreviated KLa ,
Jout i. J .in out

is such that {TRUE}S{KLa } is valid for any S in the scope 

of A.

Intuitively, Kirchoff's Law states that every transaction involves 

both a distinct input process and a distinct output process, and 

once a transaction through A has occurred, there must exist two 

distinct processes, one input and one output, that were involved in 

the most recent transaction.



General Multi-Port Axiom for Parallel Composition

for 1*1, ... ,n

m » ? "  ort. roi....

, where each Port or auxiliary variable of scalar type appears 

free In the pre- and/or postcondition of only those two processes 

that own it, and each port or auxiliary vector variable component 

v^ appears free only in the pre- and/or postcondition of P^.

Note that there may be 3iaiple Ports as well declared in front of 

the parallel command above; ve have Just not shown them.

Axioms of Communication for General Multi-Ports

Let A be a multi-Port, let ’J be the set of multi-Ports 

contained in the Port set containing A, and let V be the set of 

vector type interface variables associated with U. 

the multi-Port action defined for A. For A?x in process P̂  and 

A!y in process P^

(i) wlp(A?x,M(x)) =

II KLD)=>wp(tA :*t. +1
I 1'in Jin

(ilYa, Vv.^aV.rjtj |(3(a ) * II KL )=>wp(t :*t
i Jin r in A in iout P*U y AJ, AJ.

S (a) ,M(a ))))AaA .H Jin Jin Jin
(ii) wlp(A!y,R(aR^ t)) =

U V i k V v r*t4V*r,lkoutI(aA, * " KI'P,!s>Wp(tA. :=\  +1
1 out in ?<U “out kout

SA(y)K ,R(y))])4pA (y)k
out out



, where Jin indicates that all references to vector variables 

in generic form (e.g. T^) refer to components corresponding to 

Pjin; similarly for kout,. means "for all variables v

in V;" r^Jin means "for all r not equal to Jin ," and 

similarly for kOUf
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U. EXAMPLES OF MULTI-PORT PROOFS

The examples presented in this section are chosen to illustrate 

how the axioms for general multi-Ports are applied in verifying 

properties about parallel programs. They come from the realm of 

parallel systems and for this reason perform computations that are not 

particularly significant. Their significance comes from their use as 

building blocks in the construction of large systems. Note the 

prominent and central role played by Kirchoff's Law in the proofs.

1. Simple Example:

Consider the three processes P, Q, and R operating in 

parallel and communicating via the DYNAMIC multi-Port 

A (x is an integer variable):

R:: * [x>0->A!count();x:=x-l]

P:: m:=0;*[A?count()->m:=m+lJ 

Q:: n:=0;*[A?count()->n:=n+l]

P, C, and R fit the Producer-Consuners paradigm, x number of 

signals are transmitted from R to P and Q. Upon termination x 

number of signals must have been received by P and Q, but the 

distribution of how many were received by each is left 

undetermined. We wish to show that {x>0a x =c }[pjjQjjR1{x=0Am+n=c } 

is valid. A is defined such that a^=j$^=TRUE and =

SKIP. The annotated text appears as shown.

H: : {x>0Ax=c*tA =0}nout
c = t + x ) a ( x > J )  }A!count() {(c=t, + x - 1 ) a*[ {luR }x>0-> ((c = tA

Rout out



(x>0) };x :=x-1{ILr }] (ILr a (x>0)}

, where the loop invariant ILr is given by (c=tAo +x)A"out
(x>0).

P; • =0}rin
m:=0
{(hf0)a( tAp =0)}; rin

*[{lLp}A?count()->{m+l=tA }m:=m+l (ILp)]
Pin

{ILp}
, where the loop invariant ILp is given by (m=tAp )•Kin
Direct application of Axioms 3'(i) and (il) establish the

assertions surrounding the I/O statements in both proofs. Hius far

we have established {x>0*x=cAtAB ®0)R(ILr a(x>0)) and"out
{t/vD =0)P{m=tAp ) against the interface. Q being 

"in "in
virtually identical to P, the validity of ^ A q  ̂ =0)

Q{n=tA^^ } follows from the proof of P. Since KLA implies

^Ar = ^Ap. + ^Aq . » (l)"out rin '‘in
applying the axioms for parallel composition (Axiom 2') and 

substitution yields the desired result. Q.E.D.

Notice that if there was an additional process in the system 

outputting through A, the result would not follow, for then KLa 

would not imply (l). Processes may be added without need for total 

re/erification as long as they preserve (l).

2. Who Received the Last Item:

Consider P, Q, and H operating in parallel and sharing 

DYNAMIC Port A:
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R:: *[even(x)->x:=x/2;A!x] 

P:: »[A?z->SKIP]

Q:: *|A?y->SKIPl

We will show that (even(x)}(p||q |jR|{odd(x)^(odd(y)vodd(z))} is valid. 

Port A is defined as in example 1. The annotated text appears as 

shown.

R :: {even(x)AtA_ =0}nout
M { l L R}even(x)->{TRUE}x:=x/2{TRUE};A!x{ILR }|

{ILpAodd(x)}

, where the loop invariant ILr is (odd(x)=>tAn >0)a”out '
(tAn >0=^x=ip )•out Rout
P:: {tAPin=0}

*[{ILp}A?z->SKIP{ILp}) 

{ILp}

, where the loop invariant ILp is (^Ap^ >0=>z=apin)

Once again, direct applications of the communication axioms Justify 

most triples; the remaining ones are sequential and handled in the 

routine fashion. The proof {t^. =0}Q(^Aq  ̂ >0=> 

y=aQ^n) is similar to the one for P and will be omitted.

Now (iLRAodd(x)aKLA) ->

I (od<l(x) )A(x=aRout)A(tApin>0vtA(3i^>0) a

!aH / SP V  aR / V  )a(tA =0=>aR t' V ,Aout in out m  p^n out in

(tAciin=0=>aRout=aPin)1 ; (2)
therefore {ILRaodd(x)aILpaILqaKLa) => (odd(x)A(odd(y)vodd(z ))).



(IL,p*odci(x)AlL.p/yILiQ^(LA) is obtained as the postcondition of 

{P|JQ|jR] upon applying the axiom for parallel composition, Axiom 2', 

and the result is established by an appeal to the axiom for 

substitution that eliminates 7  from the precondition. Q.E.D.

The addition of other processes that use Port A for input 

invalidates the proof since (2) would not hold; KL^ lacks sufficient 

strength in that case.



5. FAHf-TO-ONE PORTS

Host applications of multi-Ports assume a many-to-one 

configuration. The semantics of the many-to-one Port are much stronger 

than for the general case since the identity of one of the 

communicating partners is always known. We can relax some of the. 

restrictions on the sharing of Interface variables and still maintain 

the requirement that no such variable spans more than a pair of 

processes. We expand the general semantics developed thus far and 

conclude with two examples.

Let P * {P^, ... ,Pn ) be a collection of lowest level

processes and let U be the set of Ports used for comnunication only

between Q and some subset of P in a many-to-one configuration as shown.

P

p

Since we assume, further, that P is maximal and that the P^'s do not 

use Ports in U to communicate among the-selves, we deduce that Ports in 

U are not used by Q and elements of P for both input and output within 

a single process. For uniformity of treatment we shall suppose that 

all Ports of U are defined as multi-Ports, even if ujou by only one P^.



Let V be the set of interface variables referenced by Ports in

U. Then the following conditions must hold:

1. Only processes in P can reference variables of V.

2. As in the case of general raulti-Ports: elements of V are vector 

type and Port actions are generically defined.

3. a's and p's may mention as free variables any variable of V, 

subject to the following constraints:

for AtU,

(i) if A is used by Q for input, then free variables mentioned 

by must be vector components and pA (a) is 

generically defined (i.e. PA(&) mentions no components);

(ii) if A is used by Q for output, then free variables mentioned 

by must be vector components and oA is 

generically defined.

I*. Local process proof assertion (free) references to variables of V 

must be to components, subject to the following:

(i) Q can mention any component;

(ii) P^ can mention only components subscripted i.

(Hence components subscripted i are owned by processes Q and Pj)»

Hie revised axiom for parallel composition appears as 

follows.
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2". Many-to-One Port Axiom for Parallel Composition

{Li >Pi {Mi } for i-1, ... ,n

h  ■■ ■■ ■• •pv - 1ipi 11:p2 | I ■• ■• ■• I lpJ  (. v * i » ” . k l p o . >1=.L 1*1 1^1 1

, where condition U above holds.

The revised axioms of communication are given as follows.

3". Axioms of Communication For Many-to-One Port 

For A?x in process Q, A!y in process P^

(i) wlp(A?x,M(x)) =

lin V s « f ^ V p | | uV ' >"p \ :* V W t,i i V V

tA9:=tAQ*liSAC* V M(V ,)l » “A

(ii) wlptAly.R^) ) =

(VajVVj ,J »*«V I l*A*P|bKLp) a>wP(1 a : =ta +1 ;5V y * i ’ 

R(y))])ApA(y)i

For A!y in process Q, A?x in process P^

(iii) wlp(A!y,R(Sq )) =
n

[ IIVa. ((a a H KL_)=>wp(a. :=y;t. :=t +1;S (y) ;t :=t +1 }
i=l 1 Ai PtU K 1 Ai Ai A 1 a q a q

sA (y)Q ,R(y)))lA pA (y)



(iv) vlp(A?x,M(x)) =

C V a ^  ,J H  ,^*V[ (pA (S i ) Ap I ^ K L p ) = > w p ( t *  :-tA  *1  ̂ / a *  i .

M(a±)) 1 )̂ akL

, where subscript i indicates vector corqponents corresponding to 

process P^; subscript Q indicates vector components 

corresponding to process Q. and J^i have meanings similar to

their meanings in Axiom 3'*
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6. EXAMPLES OF MANY-TO-ONE PORT PROOFS

1. Simple Example:
Consider the system A: PORT(DYNAMIC,integer);

B:PORT(STATIC.integer);(pjjQ(i:l..n)], where P and Q(i) are 

given by
P:: m:=100;»[m>0->A!x;B?y;m:m-l]
Q(i): : »[A?v->B!v]

We will prove {TRUE}|p||Q(i:1..n)]{x=y}

A and b are defined
A B

S SKIP SKIP
a TRUE TRUE

p TRUE t A = r B+l>0

Subscript J denotes component Q . The proof of
J

n n
{ II t. =tH }P{ £ (x=a Ay=b At. >0)} is shown in the annotated
J-l J J J=1 J J J
text belcw.

n
P:: (lit. =tR }

j - i  a j b j
m:=100

n
{ II (t =t, )Am=100};
J = 1 J J

n n
•I {ILjm>0->{ n t. =t }A!x{ £ [t =t +1 A  x=a A

p j-i a j e j j - i  a j 'j  J
n n n
n (Mj=>t =t_ ) ]} ;B?y { II (t. =tR )a ( E (x=u Ay=b a
k=l k “k j-l Aj cj j=l ■’ J
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t A j > ° ) ) ) ) { I LpAn< C)

, where the loop invariant ILp is

n n
m>0A n (t =t )A(m=0=> £ (x=a,Ay=b At

J=1 J J J = 1 0 J
>0) )

(ILpAm£0), the loop exit condition, implies the desired
postcondition. We will demonstrate the validity of the triple

involving AJx to illustrate the use of the axioms. From

n n
3"(iii), wlp(A!x, £ [t. =tR +lAX=a a n (kft=>t. =tR )J) *

J=1 AJ J J k=l Ak \

n
I n Va.((TRUEAKI,AAKLB) = >wp(a. : = x ; t ^ : = t ^ + l  ;SKIP;

t :=t +1; SKIP,
P P J^  11 Aj =t E,+ 1*x“aj Ak| 1 (k*J =>t\ =t \ ) 1 }} 1A

TRUE

" V a i( (KLAAKIJ3)=>wp(ai:=x;tA (V V +1 A
i=1 i i J=1 J J

n
x=a a n (Mj=>t =t ) I))

J k=l Ak Bk

n n
= 11 Va . ((KL AKLp)=>wp(a. :=x,x=a. a /I (t =tR )))

i=l 1 A a 1 1 k=l k k

n n
= n Va.((KL.AKLR)=> n (t =t„ )) 

i . 1 A b | .  P i \  —> •i=l k=l k x

= • (D

The precondition found in the annotated text clearly implies 

(1).
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The proof of (t^ =t^ ®0}Q(i) {t^>0=>a^=b^ } 

is as follows.

•[ {ILQ}A7v->{tA^=tB^l>0AW*ai}Blw{ILQ }l {11^}

, where ILq  is (tA^=tBj^O)a(tA^>0*>ai*bi)
The final result is a consequence of the axioms for parallel 
composition (Axiom 2”) and substitution. Q.E.D.

2. Subroutines:
We prove the single entry subroutine, which is 

similar to that described in Hoare (781. A subroutine process 

is patterned as
SUBR:: initialization; *|A?(input parameters)-> ... ;B!(output 

parameters)] , where ... computes the output parameters from 

the input parameters. The user calls SUBR with the pair of 

commands
Al(arguments); ... ;B?(results)

, where ... is executed concurrently with the subrout1 .e.

There are many calling processes but only one copy of SUBR; 
hence, A and B are many-to-one Ports. A is DYNAMIC and B Is 
STATIC since we do not want SUBR to terminate (synonymous with 

disappear) until all its users have.
As a representative subroutine let 5U3R be the program that 

computes the 3ine function for USER(i), i=l, ... ,n:
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SINK:: «[A?G->s:=sin(©);B!s]

The proof verifies that if all users adhere to the calling sequence 

protocal, then y=sin x holds immediately following B?y, modulo 

termination. The Ports are defined as shown.
A B

S SKIP SKIP

a TRUE ^a“^B+1
n +  n

B TRUE Z (t. =tn +lAb=sin a,A n (k*J=>t. «t ))
V J-l Aj BJ J k-1 Ak Bk

♦tells the inputting process that the data value, b, equals 

sin aj for some calling process J ; the calling process is 
characterized at this point of execution by the fact that its 

number of transactions through A exceeds its number of transactions 

through B by one. If all processes adhere to the protocal, the 
inputting process and the calling process are one and the same.

The annotated text follows:

SINE:: (11^). [ £ It -t,
J i- J J

n
H l(Mj=>t. =tB ) A(t. >0=>bk=?in ak) I) };s:=sin(0) 

k=l tc k k

{ Z It. =t_ +lAs=si.n a A fl l(k/J=>t =t )A(t >0 => 
J = 1 J J J k=l k \  \

b k=sin ak) J J } ;BJs

, where Iî ..., is II l(t =t )A(t >0=>b =r,.in a ) 1
bl,‘ j=i aj bj Aj J J
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USER(i):

A! x

[x=aiAtAi=tB .+l}

{x=aiAtA;.=tBi+l}

B?y
{y=sin xAtAi=t3i)

{tAi=-Bi>

If user I violates the calling sequence protocal, then 
(tA =tp ) will not hold as a valid postcondition, and theX
axioms for parallel composition (Axiom 2") and substitution will 

yield {TRUE}[SINE|JuSEH(i:l..n)]{FALSE}. If all users adhere 

to the protocal, {TRUE} [SINE| |USZr,(i : 1. .n)] {TRUE} holds. We 
shall demonstrate the valid-ity cf the triple 

{x=aiAt.A.=tBi+l}B?y{y=sin x A tAi=tBi)

From Axiom 3" (iv), vlp(B?y,y=sin xAtAi=t3 )̂ =
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Of^VVj ,J#i , I (pB(bi )a KLa*KLg) =>wp( t0 : =t0^+l;SKIP, 

b^sin xAtA .=tBi))) a aAi
= (VbiVvJ,J/i,[(pB(bi)AKLAAKLB)=>(bi=sin xAtA *tB +̂l)J)AaA . (2)

We drop KLAaKLb from (2) since we have no need for it;
besides, ve can always weaken the antecedent. Thus (2) becomes

n n
(VbjVvj ,J^i,I( £ U A =tB +lAbi=sin ajA n (Mj=>t. =tB )1 )=>

J=1 J J k=l k k
b =sin xAt =t +1])*t =t +1 . (3)i Aa Bi At Bt

The precondition tells us that J in (3lX i3 equal to i and hence 

bi=sin ai« Thus, the precondition implies (3). Q.E.D.



VI CONCLUSION

It is, perhaps, fitting at this point to mention a slightly 

varied approach that some may find preferable, but is, to an extent, 
more restrictive. In practice, however, the restrictions indicated 

below are generally inconsequential since all reasonable programs 

follow the pattern anyhow.
First, limit the usage of both simple and multi-Ports in a 

natural way by disallowing a lowest-level process from using a 

particular Port for both input and output. Appropriate syntactic 
modifications can be made to accomodate this.

Second, associate simple Ports with processes, again in a natural 

way, as follows. For each pair of communicating, lowest-level 
processes, associate an "interface" consisting of a collection of 

Ports, to be used by no other processes. For each such interface, 

associate a set of interface variables, which are referenced only by 
that particular interface and its two associated processes.

What we have, then, is the following situation. Given a process 

P, its complete interface to its external environment is given by a 
collection of sets of Ports, each set of the collection being its 

interface to one other process, as described above:



» «  COMPLETE 
INTERFACE

P’S INTERFACE TO Q

P’S INTERFACE TO S

P’S INTERFACE TO R
PORTS G,H &ASSOCIATEDINTERFACE
VARIABLES

PORTS D.E.F &ASSOCIATEDINTERFACE
VARIABLES

PORTS A.B.C &ASSOCIATED
INTERFACEVARIABLES

The benefits gained by this approach are the following:

1) While logically equivalent to the original methodology, this is, 

perhaps, a better organized and more structured arrangement;

2) Simplification of closure dynamics of DYNAMIC Ports;

3) Elimination of subscripts "in"/"out" when dealing with multi-Ports 

U) Elimination of the notion of ownership of interface variables

(inferface variables are now automatically owned by only 2 

processes), with a resulting simplification of the axiom for



parallel composit ion;
5) The generalization from simple-Port semantics to roulti-Port 

semantics becomes slightly more natural in this context.

Looking back to the introduction, it seems that we have reached 

our goal: the establishment of modularity and hierarchical structure

within CSP, and the establishment of a proof system with those same 
characteristics. What we have created, then, is a methodology whereby 

the proof of a system is constructed along the 3ame lines as the system 

itself. The proof of an entire system can be easily constructed from 
proofs of the individual components. This advantageous quality has 

always been characteristic of strictly sequential programs; 

unfortunately it did not easily carry over to parallel systems.
This we have re-established the isomorphic relationship between 

the structure of programs and the structure of proofs. We have 
effectively eliminated the need for many extraneous devices in the 
proof, such as the global invariant, that have no counterpart within 

the actual program. Parallel programs and their proofs can share a 

common form.



VII APPENDIX

BNF DESCRIPflON OF CSP
The following is a complete BNF description of CSP syntax taken 

from Hoare (781. Types, declarations, and expressions have been left 

unspecified and are assumed to be Pascal-like. Braces {} denote none 

or more repetitions of the enclosed text.

<command>::=<simple command>|structured command>
<simple command?::=<null conmand>|<assignment command>

|<input command>j<output command?
<structured command> : :=<alternative conmnd>

|<repetitive command?|<parallel command>
<null command?::SKIP

<command list?:: = {<decluratlon?;|<command?;}<command?

Parallel Command:
<parallel command?::=[<nrocess?{J|<proces3?}|

<process?::=<process label?<command list?

<process label?::=<empty?|<identifier?::

|<identifier?(<label subscript?{,<label subscript?}):: 

<label subscript?::=<integer constant?|<range?
<integer constant?: :=<numeral?|^>ound variably 
<bound variable?::=<identifier?

<range?::=<bound variable?:<lower bound?..<upper bound? 
clover bound?::=<integer constant? 

cupper bound?::=<integer constant?
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Assignment Command:
<assignraent command>::=<target variable>:=<expression>
<expression>::=<simple expression>|cstructured expression>
<structured expressions:=<constructor>(<expression list>)

<constructor>::=<identifier>|<enpty>
<expression list>::=<erapty>|<expression> {,<expression> }

<target variable>::=<siraple variable>j<structured target>
<structured target>::=<constructor>(<target variable list>)
<target variable list>: :=<empty>|ctarget variable>

{,ctarget variable>}

Input and Output Commands: 
cinput conraand>::=<8ource>?<target variable>
<output command>::=<destination>!<expression>
<source>::=<process name>
<destination>::=<process name>
<process name>::=<identifier>jidentifier>(<8ubscripts>)
<subscripts>::=<integer expression>{,<integer expression>}

Alternative and Repetitive Commands:

<repetitive command>: :=*<alternative command'"
<alternative corrimand>: : = [<guarded conu and>

{Qcguarded command>}] 
cguarded command>::=<guard>-><command list>

| ( <rang»> {,crange>})cguard>->ccommand list>

<guurd> | :=cguard xist>j<guard list>;cinput com,’iiand>

|cinput command>

Cguard l^st> : :=cguard elemnnt> {;<t;uard elenent>}



<guurd element>: :=<booloan expression> <declara'tion>
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