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0 Introduction

This thesis is a contribution to the theory of local root numbers. We use
Deligne’s proof of Langlands’ determination of the kernel of Brauer induction
for solvable groups to derive directly the existence of local root numbers. In
this introduction, after laying out the basic definitions and notations, we
will recall briefly the history of the problem, particularly Langlands’ Yale
manuscript of 1971. In the last section, we describe the main objectives of

the thesis.

The Problem and its History.

Let F be a number field. A constant that appears in the functional
equation of the L-series associated with a representation V' of the Weil group
W is traditionally known as the root number. Its value dependson V. (In
contrast, the choice of an additive character, together with a Haar measure, of
the completion F, of F' at a prime v also affects the ”local” root number.

See [4].) The problem of existence and uniqueness of the global (resp. local)
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root number for every finite dimensional representation of Wy (resp. Wg,)
was initiated and completed by the work of Hecke, Artin, Brauer, Hasse,
Tate, Dwork, Langlands and Deligne. Therefore, given a representation p
of a "global” Galois group G , we have, as special cases of the theory for Weil
groups, the Artin root number W (p) as well as its local counterpart W(p,)
where v is a prime of the fixed field of G . Moreover, W(p) is equal to the
product [ W(p,) over all the primes!. By modifying the global argument
due to Deligne, Tate [23] has shown that W (p,) is well defined without the
machinery of Weil groups. We will adhere to this idea, approaching W(p)

and W(p,) within the Galois setting.

Let K be a finite normal extension of the number field F and G be the
Galois group Gal(K/F). A representation p of G is a homomorphism from
G to the group GL,(V) consisting of automorphisms of the n-dimensional
vector space V . Suppose V* is the dual of V. Then the contragradient of
p is a representation p: G — GL,(V*) defined by z(g)(h) = hop (g
where g € G and h € V*. Given a prime v of F',let w bea prime of K

lying above v (i.e. w|v)and G, be the decomposition group of w. If the
1This is called the local decomposition of W (p).
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restriction of p to G, is denoted by p,, , we shall see that both the local L-
function and the local root number stay constant on theset {p, | w|v} .
This permits the identification of p, with any one of the representations in

{pw | w|v} . Now, we are in position to define the local L-function for p, .

(i) v is finite. If I,, stands for the inertia group of w,let V* be the sub-
space of V on which every automorphism in p(I,,) is the identity map
1. Because I,, is normal in G, , we conclude p(g)(V*) = V¥ for
all ¢ € Gy, . Meanwhile, G,,/I,, is isomorphic to the Galois group of
the residue class field extension. Under this group isomorphism, there
exists o, € G, which is sent to the automorphism z — zV® , where
N(v) equals the cardinality of the residue class field of F' with respect
to v . Consequently, for any complex number s, 1—N(v)~*p(0y) isa
linear map from VI« to itself and is insensitive (on the subspace V'« )
to the choice of o, . Since the determinant (of any matrix realization)
of 1 — N(v)~*p(0,) remains invariant when we change the prime w

above v, let us write this determinant as follows

det[l - N(v)“p,,(a,,)]
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and define the local L-function, whose value could be oo, by

1
Lv(Pv,s) = det[l —_ N('U)_sp‘v(a”)] .

(ii) v is infinite and F, is the field of complex numbers.

n

Ly(po, s) = [2(2m)™* T(s)]

Recall that n equals the dimension of the representation p, and that

s is a complex variable.

(iii) v is infinite and F, is the field of real numbers. Given w|v, the
decomposition group G, is either trivial or cyclic of order 2. Let oy,
be the generator for G,, . Then the automorphism p(c,,) decomposes

the vector space V into a direct sum V. @ V_ where

Vi = {z €V |plon)) =z}

and
V. = {:z: eV ‘ ploy)(z) = —a:} .

This is because p(0w,)?> = p(02) = p(1) = 1. We define

dim V. dim V_
Lu(p,s) = [ﬂ"/"’ r(f)] - [W—(s+1)/2 F(S;I)] |
’ 2
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Here dim V., and dim V_ are the dimensions of the respective sub-

spaces, and they are independent of the prime w chosen.

Now, the global (Artin) L-function L(p, s) for p is the product of the local
L-functions over all the primes of F'. This global L-function is analytic at
s whose real part is greater than one. Moreover, L(p, s) is an additive and

inductive function over F in the sense of Tate [21] (see 2.3.2, p.11).

Suppose L is a finite extension of K such that L/F is Galois. Then p can
be interpreted as a representation of Gal(L/F) via the natural homomor-
phism proj : Gal(L/F) — Gal(K/F) . The corresponding Artin L-function
L(p o proj, s) is in fact the same as L(p, s) . Consequently, with 7 an al-
gebraic closure of F', the L-function is well defined for all finite dimensional

complex representations of Gal(F /F).

Meanwhile, we may assume the representation p: Gal(K/F) — GL,(V) is
faithful i.e. p has trivial kernel. When dimV = 1, this means K/F is
cyclic. L(p, s) in this case is known as the abelian L-function. Composing
p with the Artin reciprocity map, we obtain an idele class character x,

whose Hecke’s L-series possesses a meromorphic continuation in the entire
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complex plane C. If D denotes the discriminant of the number field F
and N(f(x)) denotes the absolute norm of the conductor of x, then it is a

special case of Hecke’s result [11] that

L(x,s) = L(p,3) = [ Lo(ps,9)
is a meromorphic function on C and satisfies the functional equation

1“7 Lt 1- ) (F.E.).

L(x,s) = W(x) [ID|- N(f(x))

According to Tate’s proof [22] of (F.E.), the above constant W(x) is a
product (over all primes v in F') of local constants W(x,). Here X, is
the composition of x with the inclusion map i, from F to the idele group

of F . Let us now recall the explicit formulas [23] for W (xy) -

Definition of the abelian root number.

(i) v is finite. Suppose 7f, is a uniformizing parameter of F,, Op, is
the ring of integers for F,, Pg, is the maximal ideal in Of, , U, is
the unit group of OF, , ¥r is the canonical additive character (see [23],
p.91) of F,, d is the order of the absolute different of F,, and m

is the conductor of x, i.e. the smallest nonnegative integer such that
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X» annihilates Ug® = 1+ Pg.

Wie) = NP2 S x:l(ﬁiw) w(;ﬁm) ~

z € Ur,/UR,

v

In particular, for m = 0, we have W(xy) = Xo(74).
(ii) v is infinite and F,, is the field of complex numbers.
Wkxe) = 1.

In fact, because the idele class character x shares the same finite image

with p, the (quasi) character X, is always trivial.

(i) v is infinite and F,, is the field of real numbers.

1 when x, = 1.
—i  otherwise.

Wi = {

Again, z/|z| is the only possible non-trivial x, due to the finiteness

of xu(FY) .

In terms of the one dimensional representation p of G(K/F), the above

functional equation (F.E.) can be restated:

Lip,s) = W(p) A(p)*"22L(p, 1~ s)
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where the Artin root number W(p) is defined to be [I W(x») and the
constant A(p) is the product of |D| and the absolute norm of the Artin

conductor? of p.

The composition of the Artin reciprocity map and i, , under which the image
of F) coincides with the decomposition group for a prime lying above v,
is called the local reciprocity map 6, . It can be constructed in the purely

local setting (see Serre [20].) Because X, = py © 6, , the natural definition

W(p,,) = W(XU)

shows that the root number also exists as a purely local object when the
representation is one dimensional. We are justified to call W(x,) the local
root number because it appears in Tate’s local functional equation. (See
Tate [22].) Moreover, the above definition of W(p,) readily yields the local

decomposition of W(p). (See footnote 1.)

The proof of the meromorphic continuation and the functional equation

for all Artin L-functions is credited to Brauer, who used his induction theorem

2The equality between the Artin conductor of p and the conductor of the idele class
character x is due to Artin.
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to reduce the problem to the one dimensional case. It follows that the Artin
root number is defined for every finite dimensional complex representation
of Gal(F /F). Let us conclude the global theory here by a remark on
the constant A(p) in the functional equation for L(p, s). When p has
dimension n > 1, this constant is really the product of |D|* and the
absolute norm of the Artin conductor of p; otherwise A(p) would not be

inductive.

Regarding the local theory of root numbers, the immediate focus is on
generalizing W(x,) when v is finite. Dwork built upon Artin’s idea of
extending functions originally defined on one dimensional representations
of local Galois groups (see [6], § 1, p.445) and showed that the constant
W (x0)?xo(—1) (instead of W(xy) ) has an analogue for higher dimensional
representations of Gal(F, /F,), which is inductive over F,. (See [6], § 3,
Theorem &', p.462.) Consequently, he obtained a local decomposition for the
square of the Artin root number. Nonetheless, his work leading to this result
bears the most significance. Specifically, Dwork found the generators for the

kernel of Brauer induction in the supersolvable case and proved an arithmetic
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result [5] (referred to by Langlands as the 1st and 2nd identities) that estab-
lished the existence and uniqueness of the root number for a representation

of any nilpotent local Galois group.

Weil’s proof of the converse theorem for classical modular forms makes
use of the twisting properties of the global root numbers in the functional
equations for the Dirichlet L-functions (see Weil {24], Theorem 1, p.152).
Motivated by this idea of Weil, Langlands established the existence of cer-
tain extraordinary representation in Jacquet-Langlands [13](p.240) from a
detailed knowledge of the local root numbers, part of which he developed
separately in the Yale manuscript [16]. Primarily, Langlands’ manuscript
completes the local theory of root numbers with his determination of the
generators for the kernel of Brauer induction in the solvable case (which had
eluded Dwork who eventually resorted to a global analytic argument in [6],

§ 2, p.453) and with the introduction of his A-constant:

Theorem (Langlands [17]).2 Suppose F is a local field. It is possible in

3Qur version is a special case of Langlands’ original statement. For simplicity, we have
used the canonical additive character for the local field F .
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11

ezactly one way to assign to each finite extension E of F a complez number
Ag/r and to each isomorphism class w of representations of Gal(E /E) a

compler number e(w) such that
(a) if w is one dimensional, then e(w) = W(w), Tate’s root number.
(b) € is additive over E .

(c) if Indg/r(w) denotes the isomorphism class of the induced represen-

tation of Gal(E /F) by w, then

e(Indg/r (W) = (Ag/rF) Em . e(w)

where dim w stands for the dimension of w.

There are four fundamental identities critical to Langlands’ proof of the above
theorem. The 1st and 2nd identities had already been discovered by Dwork.
The last two, which amount to the tame case and the wild case respectively of
a single identity, are Langlands’ pivotal insight. Unfortunately, the lengthy
verification of Dwork’s identities in [16] is fragmentary. To the best of my

knowledge, the remaining sources for the proof of these two identities by
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Dwork are Lakkis [14] and the unpublished thesis of Dwork. However, nei-
ther includes the completed argument for the 2nd identity. (The completed
argument for the 1st identity appears in chapter 3 of Dwork’s thesis.) As
commented by Langlands in his collected works [17], if one accepts the two

identities of Dwork, the proof of the above theorem in [16] is complete.

By abandoning the purely local approach in {16}, Deligne found a proof of
Langlands’ theorem which avoids the difficulties that arise from verifying the
fundamental root number identities. His comparatively short argument (4]
(pp-35-47) has been modified by Tate into a proof that is applicable to the
framework originally used by Dwork and Hasse to extend W(x,). The key
to Deligne’s proof is the behavior of root numbers under twisting by character
(see [4], 4.6, p.39). In addition, Deligne is able to separate the theory of A-
constants from his proof by formulating the local theory of root numbers in
terms of virtual representations (see [23], § 2, p.101). This has suggested a

simplification in Langlands’ local proof.

As elegant as the argument in Deligne [4] is, it still depends on the exis-
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13

tence and the analytic properties of the global Artin root numbers®. From
the perspective of Langlands, a satisfactory local proof of his theorem re-
mains an open problem [17], and this thesis results from an attempt to make

progress in this direction.

Before we describe the contents of the thesis, which is based on Langlands’
original local approach, let us give an overview of Langlands’ unpublished®

manuscript [16].

Langlands’ Yale Manuscript.

The original Langlands’ manuscript, according to the table of contents,
consisted of 21 paragraphs (Chapters), an introductory section, and an ap-
pendix. Of these §80,2,3,4,5,6,7,14,15,16,17,18, and 19, were typeset and
readily available from the Library at Yale. Except for § 10, which is missing,
the rest of the paragraphs were available in hand written form from Lang-
lands. Presently all the paragraphs originally available (except for Chapter

480 does Dwork’s analytic method.

5The manuscript was neither published nor reviewed officially, but it currently appears
at the web site www.sunsite.ubc.ca/DigitalMathArchive/Langlands/
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10) have been set in Tex and are available in the collected works of Langlands
[17).

The introductory chapter (§0) of Langlands’ manuscript recalls the def-
inition of Artin L-functions, states the functional equation and gives the
definition of root numbers. The problem of expressing this root number
as a product of local e-factors arises as a generalization of Tate’s local de-
composition of the corresponding root number for abelian L-functions [22].
The existence and uniqueness of such local e-factors (Theorem A) forms the
principal result of the manuscript. As pointed out by Tate ([21], p.17 ), it
is important to note that Langlands’ version of the abelian local constant
A(xr, Yr) is not always consistent with that which appears in the litera-
ture. In the following A(xr, ¥r) is the root number of xr as given by

Langlands.

After laying out the notation for Weil groups and reviewing some of their
basic properties (chapter 1), Langlands reformulates Theorem A: given a
relation in the kernel of Brauer induction, there corresponds to it an analo-
gous relation among root numbers, up to some A-factors. The existence and

uniqueness of these A-factors (Theorem 2.1) make it possible to define the
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g-factor in Theorem A by means of Brauer’s theorem. To derive Theorem
A from Theorem 2.1, one must verify certain tansitivity and non-vanishing
properties for the A-factors (chapter 4). For this purpose, Langlands devel-
opes in chapter 3 his lemmas of induction, which bear the overall structure

of the inductive proof of Theorem 2.1.

In essence, the lemmas of induction determine when a family of extensions
inside a local Galois extension K/F coincides with the complete lattice of
subextensions of K/F . From a group theoretic viewpoint, these lemmas of
induction reveal that cyclic groups and solvable semi-direct products are the

building blocks for all local Galois groups.

Langlands uses the lemmas of induction to prove the transitivity, the non-
vanishing property, as well as the uniqueness of A-factors (cf. Theorem 2.1)
in chapter 4. As for the existence of A-factors (cf.Theorem 2.1), he argues
inductively on the degree of the Galois extension K/F, assuming that the
M-factors are already well-defined on subextensions of smaller degree. The
entire induction comprises 14 chapters in the manuscript (from chapter 6 to

chapter 19).
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Another significant application of the lemmas of induction appears in
chapter 6 where Langlands defines the Herbrand function for finite separable
extensions, generalizing the well known results in local class field theory (see
Serre [20, chapter IV and V]). This Herbrand function together with the norm
map help derive relations between the conductors of quasi-characters in the
four root number identities that constitute Langlands’ four main lemmas. In
addition to the Herbrand function, a natural filtration for local Weil groups
is also defined in chapter 6, analogous to the upper numbering filtration for
local Galois group from the perspective of the Herbrand’s theorem and the

local reciprocity map.

One group theoretic component of the inductive argument for Theorem
2.1 is lemma 15.1 (see also lemma 1.11 in Deligne [4]). Its corresponding
root number identity (lemma 15.3) ties up the four main lemmas in the
manuscript. When applied to the trivial quasi-character, this root number
identity then yields a definition of the A-factor (lemma 16.2), which satisfies

the transitivity formula given the induction hypothesis of theorem 2.1.

Based on a pure group theoretic argument equivalent to (in the Galois
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setting) Deligne’s lemma 1.13.2 [4], Langlands further reduces the proof of
the existence part in Theorem 2.1 to that of a special case (lemma 17.1) with
additional constraints on the quasi-characters. In fact, Theorem A holds
if and only if lemma 17.1 does. As a general strategy of proving lemma
17.1, Langlands writes his representations in terms of inflations (so that
the induction hypothesis of Theorem 2.1 can be applied) and establishes
the prescribed root number identities (to be combined with the induction

hypothesis of Theorem 2.1).

Lemma 18.1 demonstrates the above strategy when the Galois group
Gal(K/F) is nilpotent. Because such a Galois group has a non-trivial center
and so do its subgroups and quotients, the induction hypothesis of Theorem
2.1 together with the first and second root number identities already suffice
to prove lemma 17.1 for the nilpotent case (given the definition of A-factors
in chapter 16). According to Langlands’ own commentary, the first part of
lemma 18.1, whose proof is independent of Theorem 2.1 and its induction

hypothesis, may be of interest beyond the purposes of the manuscript (see

[17]).
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Beyond the nilpotent case, the tensor product between two induced rep-
resentations must be analyzed carefully. Lemma 19.2 serves this purpose.
An elegant approach to lemma 19.2 can also be found in Deligne [4]. The
remainder of the proof of lemma 17.1 (when Gal(K/F) is not nilpotent)
splits into two cases. With Langlands’ four main lemmas and the induction
hypothesis of Theorem 2.1, these two cases are dealt with using lemmas 19.1

and 19.2.

The first three main lemmas are reduced to identities between ordinary
Gauss sums, when the field extensions are not wildly ramified and the quasi-
characters all have conductors less than or equal to one. Granted the result
of Stickelberger (lemma 7.1), Langlands establishes in chapter 7 three iden-
tities between ordinary Gauss sums that are equivalent to some special cases
of his main lemmas. Particularly, the Hasse-Davenport relation, proved in
lemma. 7.7, corresponds to the 1st identity, while lemma 7.8 and lemma 7.9
correspond to the 3rd identity (lemma 13.3) and the 2nd identity (lemma

12.1) respectively.

Langlands decomposes his root number A (= A(x, ¥)) of a wildly ramified
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quasi-character xrp on F* into three factors A/A;, A, and Aj in order
to facilitate the proof of his four main lemmas, and the definitions of A,
A, and Aj appear in chapter 8. Once A/A, is fixed, lemma 8.1 shows that
A, depends only on a certain parameter 5. The rest of chapter 8 studies
the relationship between this 3 for quasi-character xr and its counterpart
for the composition xr o Ng/r when FE is a finite separable extension of F
(for technical reasons Langlands needs only the case that E/F is a totally
ramified abelian extension whose ramification filtration has only one jump).
The main results are stated by means of the map Pg/p (see lemma 8.2
and lemma 8.10), but the critical steps in the proof of the main result are

summarized in lemma 8.9 and lemma 8.11 respectively.

Langlands turns to Aj in chapter 9. According to lemma 8.1, Aj is
significant only when the conductor of xr is odd. In view of lemma 9.3,
Langlands reduces the analysis of A to that of Dwork’s delta sum defined on
the residue class field (see Dwork [5], Chap. 2). The first half of this chapter
is devoted to some basic properties of the delta sum and their implications
for A3. The second half (starting from lemma 9.7) consists of a delicate result

that relates Aj for xr to its counterpart for the composition xr o Nk/r
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where K/F is a totally ramified Galois extension of prime degree # 2.

Chapter 10, which accounts for the verification of the 1st identity, is
missing. Fortunately, its completed proof due originally to Dwork can be

found in his thesis (see [5], chap. 3).

Chapter 11 of Langlands’ manuscript elaborates the theory of Artin-
Schreier extension. Its presentation, modeled on that of Lakkis [14], orig-
inates from Dwork’s proof of the 2nd identity (lemma 12.1). A totally and
wildly ramified cyclic extension of degree p is characterized as an Artin-
Schreier extension if the unique jump in the ramification filtration is not
divisible by p (lemma 11.2). If Z, denotes the cyclic group of prime order
p, then a totally ramified Galois extension K/F with Gaol(K/F) = Z,® Z,
contains p + 1 Artin Schreier subextension K/L;. Given a root @ of an
Artin-Schreier equation that generates K/L;, the norm and the trace of 6
satisfy a sharp congruence when p is odd (lemma 11.8). Since every ele-
ment in K can be expressed as a polynomial in @, analogous congruences
involving the norm and the trace of monomials in 6 are obtained as well

(lemma 11.9). These congruences, which have only been partially verified by
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Langlands, are crucial ingredients for the basic result in chapter 11. How-
ever, Langlands never formally stated this basic result in the manuscript (see

Lakkis [14], Hilfsaatz 18).

Suppose L; and L, are distinct cyclic extensions of prime degree ¢
over a local field F. Under the premises of the second main lemma, the
2nd identity (lemma 12.1) relates the root number of a quasi-character xr,
on LI to the root number of a quasi-character xr, on Ly . In the case
that both xz, and xr, have large conductors compared with the conductor
of the extension, Langlands proves the 2nd identity by means of character
twisting. Specifically, a quasi-character xp on F'* is constructed in lemma
12.3 (resp. lemma 12.4) so that the product le.l - (xr © N,/r) has the
minimum conductor for ¢ = 1,2. It follows that the root number of xi,
and the root number of xr o Ny, r differ by 2 multiple of some character
value of xz!‘ (xr © Ni./r), when the conductor of Xz, is twice the size of
this minimum conductor. By applying the 1st identity to the root number
of xr o Ni,/r, Langlands is able to reduce the proof of the 2nd identity in

this case to checking the character values of xr, and Xz, on the ground

field F. However, when the conductor of x, is comparable to the size of
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the minimum conductor, the proof of the 2nd identity in chapter 12 remains

incomplete.

Langlands’ 3rd identity first appears in chapter 13 (the third main lemma)
and to some extent generalizes the 1st identity. Suppose C is a non-trivial
abelian normal subgroup of a semi-direct product H -C = Gal(K/F) such
that every non-trivial normal subgroup of Gal(K/F) contains C. If E
is the fixed field of H, then the 3rd identity relates the root number of a
quasi-character xr on F* to the root number of xr o Ng/r. Langlands
establishes this identity for tamely ramified K/F in lemma 13.3. His proof
is divided according to the conductor m of xg, but earlier results from
chapter 6 and chapter 7 readily yield the conductor relation (responsible for
reducing lemma 13.3 to an identity for A, factors) as well as the identity
when m is less than or equal to one. For the case m > 1, Langlands follows
the scheme developed in chapter 8 and chapter 9, comparing the respective

A, and A; factors of the root numbers in the 3rd identity.

Regarding the 3rd identity for wildly ramified K/F (lemma 14.1), Lang-

lands again starts with the conductor relation and then proves lemma 14.1
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when xr is either unramified or tamely ramified. For the wild case (i.e.
m > 1), he considers the quotient p between the two sides of the 3rd iden-
tity and shows that this quotient p is simultaneously an ¢-th root of unity
and an n-th root of unity where £ and n are relatively prime. Specifically, he
reduces the remaining proof of lemma 14.1 to the proof of four subsequent
lemmas in chapter 14 each of which asserts that p lies in certain cyclotomic
fields. The first two lemmas (14.2 and 14.3) are largely devoted to various
comparisons between the respective A, and Aj of the root numbers ac-
cording to different combinations of the conductor m and the length of the
ramification filtration for Gal(K/F). In contrast, the last two lemmas (14.4
and 14.5) use the main group theoretic result in chapter 15 as well as the

induction hypothesis of Theorem 2.1.

This concludes our review of Langlands’ manuscript.

Contents of Thesis.

Langlands’ main theorem associates a unique root number to each repre-

sentation of a local Galois group. Langlands’ original proof in [16] depends
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on the theory of local Weil groups. Our aim is to provide a simpler local
proof by limiting the use of Weil groups. In addition, our local proof in-
corporates a number of ideas already used by Deligne in his global analytic
proof, particularly the elimination of the theory of A-constants and Deligne’s
characterization of the kernel of Brauer induction for solvable groups. As in
Langlands’ original proof, we base our derivation on three fundamental root

number identities. We provide detailed verification for these.

Chapter one introduces the notations, conventions and definitions needed
to state Deligne’s version of the kernel of Brauer induction for solvable groups
(theorem 1.4.1). For completeness we include the proof of lemmas 1.2.3 and

1.2.5 omitted in Deligne’s presentation

Chapter two begins with the definition of local root numbers based on a
variation of Brauer induction. The Main Theorem of the thesis is also stated

and a number of preliminary properties of root numbers are established.

Chapter three recalls the statement of the three fundamental root number
identities (see section 3.1) and provides the inductive proof of The Main

Theorem (sections 3.2 and 3.3). When the local Galois group G in our Main
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Theorem is not nilpotent, we must appeal to the theory of Weil groups. An
effort has been made to clarify the role of Weil groups in the local proof of

Langlands’ theorem.

Chapter four contains the proofs of the three fundamental root number
identities (section 4.2 for the 1st identity, section 4.3 for the 2nd identity and
section 4.4 for the 3rd identity). Despite the importance of making available
the completed verification of these identities, we have decided to present
their proofs in the case that all field extensions are not wildly ramified and

to remark on the wild case at the conclusion of each identity.

In Appendix A we have collected the basic results from the Dwork-
Lamprecht theory (Theorems A.1, A.2 and A.3). In Appendix B we have

given concrete examples of the form of the 2nd and the 3rd identities.
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CHAPTER ONE

1 The Kernel of Brauer Induction

Let p be a finite dimensional representation (over the complex numbers C )

of a finite group G . Then Brauer’s induction theorem states that

p = Zni Ind, (x:)

where the sum on the right hand side is finite, the coefficient n; is an integer,

H; is an elementary subgroup of G and x; € Hom(H;,C>).

However, n; , H; , x; are not uniquely determined by p . In other words,

there exist relations:

S m Indg () = 0.
Our goal in this chapter is to describe Deligne’s characterization of such
relations.

1.1 Some basic definitions

While most notations here are adopted from Deligne [4] and Serre [19], let

me point out that our symbol o¥ is defined differently. Also, by a char-
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acter of a group we always mean a one dimensional representation. i.e. a

homomorphism from the group to the unit circle S*.

R(G) denotes the free abelian group generated by isomorphism classes V;
of irreducible representations of a finite group G . Elements of R(G) are

called virtual representations.

The dimension of a virtual representation v = Zj m; V; is given by
dimv = Y m;dim(V;) where dim(V;) is the degree of V;.
J
R.(G) denotes the free abelian group generated by a basis that consists

of G-conjugacy classes of ordered pairs (H, x) , where x is a character of a

subgroup H in G.
bc : R.(G) = R(G) is the induction map defined by
bo(H,x) = Indg(x)

In this context, Brauer’s theorem states that bg is surjective. We call R €

R.(G) arelationif bg(R) = 0.
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res : R.(G) = R.(H) is defined, whenever H is a subgroup in G, by

res(A,a) = 3. (HnNsAs™', o)
s € H\G/A

where s are representatives of the (A, H) double cosets of G and o is

a character of the subgroup sAs™! defined by o* '(z) = a(s™'zs).

infl : R.(G/H) - R4(G) is the pullback map. If H « G and proj :

G — G/H is the canonical projection map, then we define

infl(A,0) = (proj~}(A) , aoproj)

R.(G) is endowed with a multiplication which turns it into a ring and bg
into a ring homomorphism. Suppose a is a character of a subgroup A in G.
For yeG,let AY = yAy™ and o¥(@) = alyay™'). Then we define

(4,0)-(B,8) = S (A nB, o -pY)

(z,y) €
(G/A x G/B)/G

where the sum is indexed by the equivalence classes of the G-action on the

cartesian product G/Ax G/B.
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1.2 Preliminary lemmas

Besides the relevant group theoretic claims that appear in Deligne [4], we
have also included in this section several facts about representation theory

that are used frequently later on.

Lemma 1.2.1 (cf. Deligne [4, 1.9.5 p.12]). With the notations in 1.1,

‘we have two commutative diagrams:

Ry(H) S R,(G) R.(G) = R.(H)
bir | e be | |bs
rRH) ™% R R(G) ®% RrH)

where Ind$, Resy are the usual induction and restriction, and i stands

for the inclusion map.

Lemma 1.2.2 (cf. Deligne [4, 1.9.6 p.12]). If r € R,(G), then by

definition res(r)- (H,x) € R4(H) and

i(res(r)-(H,x)) = r-(H,x).

Here ¢ is the inclusion map in lemma 1.2.1.
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Lemma 1.2.3 (cf. Deligne [4, Lemma 1.11 p.13]). Suppose G = H-C
such that C is an abelian normal subgroup of G . Let x be a character of
H . Then there exists a character u belonging to C* , the character group of
C, that satisfies x|gnc = K|anc - Because G acts on C* by conjugation,

if G, is the stabilizer of u, we can define a character {x,u} on G, by
{xu}he) = x(h)-p(c) forh € HNG, and c € C.

With C*/G a set of representatives of the orbits of the above G - action on
c*,

Ind§(x) = Y Indg ({x.u})

u€C*/C
xlgnc=elgnc

Lemma 1.2.4 (cf. Deligne [4, Lemma 1.13.1 (1) p.15]). If G is

abelian and x is a character of subgroup H C G, then

IndG(x) = Y. o

p € G*
el = x

where G* again denotes the character group of G.

Lemma 1.2.5 (cf. Deligne [4, Lemma 1.13.2 p.15]). Let C be an

abelian normal subgroup of G. Then G acts on the character group Cx
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by conjugation. Suppose T is a fixed set of representatives of the orbits of
this G-action. If 3 niIndg (x;) = 0 where n; € Z , H; 2 C and

xilc € T for all i, then with a fixed u € T, we have

> nlndi(x:)=0

Xilc =n

Notice the condition x;|c = p assures H; C G, , the stabilizer of x.

Lemma 1.2.6 (cf. Deligne [4, Theorem 1.13 (a;) p.16]). If Z is the

center of G, then the following belongs to ker(bgz) , the kernel of by .

(Hx) - > (HZX)
X'l =x
Lemma 1.2.7 (A generalization of 1.2.5). Let K be a normal subgroup of
G. Then G acts on K* = Hom(K,C*). Let T be a fixed set of representa-
tives of the orbits of this G-action. Given u € T, the stabilizer of u with
respect to the G-action is denoted by G,.. Suppose ¥ n;l nd§ (x;) = 0
such that each subgroup H; contains K and x; is a character of H; satisfying

xilk € T. Then for a fixed u € T, we have

> niIndgf(Xi) =0

Xilk = p
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Lemma 1.2.8 (cf. Langlands [16, Lemma 19.2]). Let A and B be
fields lying between K and F where K/F is a Galois extension. If x4 and
xB are characters of the Galois groups Gal(K/A) and Gal(K/B) respec-
tively, then there exist subfields A, ,..., Ay , Bi,..., By and characters

XA, N XApm » XBi»---> XBy together with a collection of automorphisms
{o1,....,om} = Gal(K/A)\Gdl(K/F)/Gal(K/B)

representing the ( Gal(K/B) , Gal(K/A)) double cosets of Gal(K/F),
sothat for £ =1, ..., M, thesubfield A, stays between K and A, the
subfield B, stays between K and B, x4, is a character of Gal(K/A,)
and xp, is a character of Gal(K/B,). In addition, we have the following

five properties:

(1)  If we write 0¢(As) as A%, then B, = A%.
In fact, Gal(K/A;) = Gal(K/A) N o¢ 'Gal(K/B)o,

and  Gal(K/By)

Gal(K/B) N 0,Gal(K/A)os™! .

(2) (xB,)° = xa, where the G-action is the usual conjugation.
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al(K/F
(3) {Indgdgﬁff? (xa) } { Gaz§K§B; (XB)}
= 2 I"dg:lz(ﬁ/i) (xa.) -
F
{imdgatem e } & { a5} (oo |

al(K/F)
= Z In Gal(K/B,) (xs,) -

al(K/F)

4) { ndgﬁ§§5§)) (xa-1) } { Indgaxis) (x8) }

F
= ) [In cﬁfﬁhf) (xa,—1) — I ndgaz(K/A,) ((xBy/8)™ = )]
¢

= 2 [Indgd(,{,&) (xse = 1) = Indgaix)m) (xBys = 1)]
/4

where xp,)p denotes the restricted character xslca(x/B,) -

(6) I a = Resgak/a) (In Gal(i)5) (XB))

B = Rescax/s) (I ndguiicrn (XA))

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

al(K/F
¥ = Rescax/p) (Indguicrs (1))

then
Xs®8 = T ¢ Indgaii/ay (xae)
XB®Y =X ¢ Indgﬁéﬁfgf) (xB./B)
xa®a =% Indgﬁﬁﬁfﬁﬁ) (xa.) -
Moreover,

al(K/A al(K/A
(xa-1)®a = 232 {IndgazgfoZ) (xa,—1) = In GalEKﬁAz) ((XBz/B)n—l)}

al(K/B
B-7)®x8 = ; {Indgﬂ%g) (xB,—1) — Indgazgﬁjaz) (XB,/B—I)} .

Lemma 1.2.9 (An application of lemma 1.2.11). If a relation R belongs
to ker(bg/a), the kernel of the homomorphism bg 4, then infi(R) €
ker(bg) . Conversely, if all the characters within a relation in ker(bg) an-

nihilate A < G, then that relation comes from a relation in ker(bg/4) via

infl .
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Lemma 1.2.10 (cf. Langlands [16, Lemma 13.2]). Suppose x is a
character of a Galois group Gal(K/E) C Gal(K/F),where K , E , F
are finite extensions of a p-adic number field. For any g € Gal(K/F),
let x? be a character of g~'Gal(K/E)g defined by x*(z) = x(gzg™?).
If W(x) and W(x9) denote the abelian root numbers of the respective

characters, then W(x) = W(x9).

Lemma 1.2.11. Let G be any group, finite or infinite, with subgroup H
of finite index. If x is a character of H whose kernel contains a subgroup
A a G, then Ind$(x) comes from (is an inflation of) a representation of
G/A via the canonical projection proj : G — G/A. In fact proj enables

the identification between Ind$ (x) and Ind%ﬁ (x) -

Lemma 1.2.12. Suppose K is a finite Galois extension of a local field F .
Let Gal(K/F) , Wk/r be the corresponding Galois group and relative Weil

group (see Tate [21]). Then the exact sequence
1> K* > Wg/r— Ga(K/F)—>1

implies that I ndgﬁéﬁfg (x) can be inflated to Indxgg (x)- In other
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words, considered as a representation of W/ via the surjection Wg/r —
Gal(K/F) in the exact sequence, the first induced representation is equal

to the second.

1.3 Proving the preliminary lemmas

Proof of lemma 1.2.1 The diagram on the left is commutative due to
the transitivity of induction. i.e. Ind§(a) = Ind§(Ind%(e)) if (A,a) €
R.(H).

To see that the diagram on the right is also commutative, recall the formula

(Serre [19, Proposition 22 in 7.4, p.58)])
Resy (Ind§ (@) = Y Indhnay (@) (1.3a)
s € H\G/A
where the index s ranges over the representatives for the double cosets of G

and the character o* " is defined as in 1.1. ||

Proof of lemma 1.2.2 It is sufficient to consider the case when r =
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(A, @) ie. ris a basis element of R, (G). From our definition in 1.1

(4,0)-(H,x) = Y (ATnHY, & -xY)
(z,y) €

(G/A x G/H)/G

Let’s choose the representatives (z,y) € (G/A x G/H)/G suchthat y
is always equal to 1. In fact, s — (s,1) yields a bijection between H\G/A

and (G/A x G/H)/G . On the other hand, in R, (H) the product

-1

res(A,e)-(H,x) = >, (HnsAs™', o’
s€ H\G/A

“X)

So, as an element of R.(G), res(A,a)-(H,x) = (4,a)-(H,x) -|

Proof of lemma 1.2.3 Let us first relate the dimensions (degrees) of the

representations on both sides. Consider the restriction

Resc ( Indﬁc (x)) = Z Ind(gﬂsHs'l) (x 3_1) = Ind(% nC) (x)
s€ C\HC/H

Since C is abelian, we can apply lemma 1.2.4 (proved separately), and this

restriction becomes

Resc (Indfi® (x)) = > m (1.3b)

reEC
"!Cn = lan

Now, observe that each representation Ind (HC) ({x,u}) is irreducible by

Mackey’s criterion. Moreover, distinct representatives in C*/(HC) yield
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distinct irreducible Ind(HC) ({x,1}). Suppose v # p9 for any g €
HC . By (1.3a) and the Frobenius reciprocity (see Serre [19, 7.2, Theorem

13, p.56],

(In (HC)., {xv}), Ind(HC),. ({X,M}) )G

-1
= Z < {X’ V} ? {X7 l‘l‘}s >(HC)|, n a[(HC)“].--l

s € (HC),\(HC)/(HC)u

Because C C (HC), N s[(HC),)s™! and we have {x,v} = v # pt o=

{x, 1} s~ on C, the above sum must be zero.
Furthermore, Ind{i7,, ({Xx,n}) is a irreducible component of I ndfC (x) .

(IndC (x), IndfiS, (D6}))y = (IndGatnn 0 5 D68} e,

= (x> D68} ey, n o

according to Frobenius reciprocity and (1.3a) . Therefore

2 (HC),, ({x-#})

u € C*/(HC)
slgnc = xlanc
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is a subrepresentation of IndiC (x).

HC|

On the other hand, the representation I ndg,%)“ ({x,1}) hasdegree I_(lﬁa‘;'l .

This is precisely the cardinality of the orbit containing p under the HC-
action. So the above subrepresentation is actually equal to IndC (x) as

they share the same dimension by (1.3b) . ||

Proof of lemma 1.2.4 Since G is abelian, its center Z is equal to the entire

group G. So lemma 1.2.4 follows from lemma 1.2.6.

Proof of lemma 1.2.5 See the proof of lemma 1.2.7. Simply replace the

normal subgroup K in lemma 1.2.7 by C.

Proof of lemma 1.2.6 It is equivalent to proving

Indg?(x) = Y, x'
x' € (HZ)*
X'lg =x
if (HZ)* is the character group of HZ . We can construct one x' pre-
scribed as above. The restricion x|y 2z can be extended to a character

i of Z because Z is abelian and the restriction map from the character
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group of Z to the character group of H N Z is surjective. On HZ , we
define x/(hz) = x(h)p(z). This is a well-defined group homomorphism.
In addition, notice that H <« HZ and HZ/H is abelian. f ¢, ... ,0n
denote all the characters of HZ/H , then by viewing them as characters of

H7Z we have

Sox' = xJce1+, -+ Xo o Pn
x' € (HZ)*
x'Ng =x

Consequently, for z € HZ

> xX'(@ =

x' € (HZ)*
X'y = x

|HZ/H| - x(z) for = belonging to H
0 otherwise

but the trace of the induced representation Ind#Z (x) has exactly the same

values. ||

Proof of lemma 1.2.7 Suppose

>omlndf, 0a) = > X mlndg () =0

RET xilg =p
Notice that if u = x|k # Xxjlk = v, then by the Frobenius reciprocity

(Serre [19, 7.2, Theorem 13, p.56])

(Indg, (x:) , Indg, (x;)), = {xi » Resm (Indg (x;))),
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which is equal to
H; -1 -1
Z (xi » I'nd(H'_ N sH;s=1) (X; ) >H.- = Z (xi X; >(n,- N sHjs~1)
s € H\G/H; s € H;\G/H;

The last sum must be zero because x; # xfl on the normal subgroup

K C H; N sH;s™'. As a result, for any fixed p € T, we conclude

0 = ( Z Z niIndIG{,- ) Z niIndgi (Xi))c

veT x|k =v Xilk = p

> msz,{ i) =0

= (Y mIndg (a), Y mlndg (6)),

Xilk = p Xilk = ¢

In other words,

> nindg (x:) = 0

Xilk =p
which means
> niResg, (Indg, (xs)) = 0
Xilk =

Consequently
> (XY Indg e () =0
Xilk = ¢ t € Gu\G/H;
Since x:;|lx = p implies G, 2 H;,
z n; {Indg‘: () + Z Ind(GG“pntHit—l) (Xi_l) } =0

Xilk = p 1#t€ Gu\G/H;

s

v

o
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Let us simplify the notation by writing this sum on the left hand side as

2 xilx =p T 0i . We then consider the scalar product

(Y moi, 3 mlndg(u)l, = 0 (139

Xilk = ¢ Xilk =

Now,
(Ind%‘“mmt_l) o), Indf,‘; (Xi)>c,, = 0 forallt #1

because the left hand side can be rewritten, by means of the Frobenius reci-
procity and (1.3a), as

t—l

H ; -1
Z (I nde_ N Gy N tHit=1)r=1 G ) s x5) H,
r € Hj\G,/(Gy N tH;t=1)

which is equal to

t_l -1
Z ( (Xi )r v Xj >Hj A r(Gp 0 tH;t=1)r—1
r € Hj\G,/(Gyu N tHit~1)

Observethat ( (x{')™ , Xx;) # 0ifand only if the two characters coincide
on H; N r(G, N tHit")r~'. However K C H; N r(G, N tHt )rt,
and (x}')” = x; on K means (r-t) € G,. This is impossible as
r is already in G, and t # 1. Hence, expanding the scalar product in

(1.3¢), we obtain

( 3 nilndgt (), X njlndg (), = 0

Xilk =n Xjlk = p
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Lemma 1.2.7 is now established. ||

Proof of lemma 1.2.8 Let us introduce some abbreviations to simplify the

subsequent notations.

Gr = Gd(K/F) , Ga4 = Gd(K/A) , Gg = Gal(K/B)
e = Indgi(xa) , o = Indgi(xs) , 7 = Indg;(1)
a = Resg,(0) , B = Resgy(e) , v = Resgg(T)

For future reference, note that the bijection Gr LNy G , which sents s to
its inverse, maps a set of representatives for the (Gp,G,4) double cosets of
Gr into a set of representatives for the (G4,Gpg) double cosets of Gr. In
other words,

Gi\Gr/Gs 5 Gp\Gr/Ga

Also, let M be the total number of double cosets in either one of these

decompositions.

Now, given a set of representatives Gg\Gr/Gas and o; € Gp\Gr/Ga ,
we define

Ga, = Gal(K/Ag) = G4, N 0'3—1 Ggoy

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and

Gp, = Gal(K/Be) = Gg N a'gGAO'ZI

It follows that

O'gGAl 0‘;1 = f)'gG(I.l(I{/Ag)O'Zg1 = Gal(K/Bg) = GB¢

Gal(I;/Af‘)

Hence, A/ = B, and we have property (1). As (xg)°* is a character

defined on o, Gp oy, let

va, = (xB)"lca,
Similarly, define
-1
v, = (Xa)’ lcs,
We see that
B = Y. Indg (vs.)

o¢ € Gp\GF/Ga

Moreover, due to the bijection s™?,

a= Y Ind g (e)T) = Y Ind (ea)

3 € GA\GFr/Gp o¢ € GB\GF/Ga

(1.3d)
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Now, if we define xp, = (xBlcs,) ¢8, and xa, = (xalca,) - Pa

and XB,/B = XB IGB, , then
M
Be®xs = xg®B = ) Indi] ((xsles,) ¥5) (13e)
and
M
xa ®a = Y Indg, ((xalca,) ¥a.) (1.31)
Furthermore

M
Y®xs = x8®7 = Y In s, (XBlos, )
=1 D Ve

XB,/B
When this is combined with (1.3e),
M
6-7 8 xa = 3 { 13, (xa=1) = a3, (on—1) |
=1
In addition, (1.3d) and (1.3f) yield
M
-1 ®a = 3-{ 1, G =1) — I, (oa D)

(1.39)

and we have all of property (5) once it is shown that ¢4, = (x8,/8)™ -
Because GB; = Oy GA[ 0'[_1,

va, = (xB)" lca, = (xBlcs,)" = (XByB)™ (1.3h)
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Meanwhile, by inducing (1.3¢) and (1.3f) , we can obtain property (3). In

particular, compare

M
0®0 = Indés (8 ® xs) = Y, Indg;, (xs,)
=1

with
M
o® 0 = Indgi (xa ® @) = ez_; Indgit (xa,)
On the other hand
M
T®0c = IndgE (v ® x8) = Y Ind8; (xB,/B)
=1
Together with property (3), this implies
M
=) @0 = > { i, (xo) ~ Indy, (xme) |
which is equal to
M

{ IndGt (xs,—1) — Indgh (XBys—1) }

=1
So we obtain one half of property (4). Induce (1.3g) to produce the other

half.

M
{ g u-n} ® 0 = S { 1y, Gaae=1) = 10, (o~ 1)}
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Now (1.3h) completes property (4). At last we proceed to verify property
(2)-

(xalea,) - Pa. = (xalca,) - (xBe/8)™
N S—

XA,

-1

= [(XA lca, )7 'XBg/B]Q

-1 O¢
= [ ((xa) " les,) - x8u8 |
N— p—
‘PB[

= (xB,)™

Lemma 1.2.8 is proved. ||

Proof of lemma 1.2.9 Suppose R = ¥ n; (Hi/A,xi) € ker(bg/a) -

Then
Z n; Indg{ﬁa (x;) =0
If proj : H; = H;/A is the canonical projection, we define a character x;

of H; by x; = x.oproj. According to 1.2.11
Y. niIndg () = 0

which implies that infI(R) € ker(bg) . Conversely, let > mn:(Hi,x:) €
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ker(bg) such that x;|la = 1 for all 7. This means
> n; Indg, (i) = 0

Moreover, we can consider the representation ) n,IndG H,/A (xi), which

must be zero by lemma 1.2.11. In other words,
R =) ni(H:i/A, x;) € ker(bg/a)

but infl(R) = ¥ (Hi,x:) - |

Proof of lemma 1.2.10 Recall that to define the root number for a char-
acter x of a Galois group Gal(K/FE), we first converts x into a character on
E* via the reciprocity map E* — Gal(K/E)®. Therefore if we interpret
x¢ as a character defined on g~!(E*), then according to the functoriality

of the reciprocity map
x(z) = xog(z) forall z belonging g~!(E*)
By definition (see Tate [23]), for m > 0,

W(x) = NP2 Y x ( d_,_m) VE/F (%)

z € Ug/UR
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where 7g is a uniformizing parameter of the local field E, m is the
conductor of x, Ug is the unit group of the ring of integer of £, d is
the order of the absolute different of the field £, v¥g/r = ¢Fr o TTg/r
is the composition of the trace Trg/r with the canonical additive character
of F (see Tate [23]), N(Pg™) is the m-th power of the cardinality of the
residue class field for E. If Pg denotes the maximal ideal in the ring of

integers of F', recall that
Ui = 1+ P fori>0

yield a filtration of the unit group Ug. Because g7'(Uz) = Uy (g, , the
conductor of x is the same as that of x9. Also, we can take wg-1(g) =
g~ Y(ng) to be our uniformizing parameter of g~!(E) . Notice that the order
of the absolute different of g~!(E) is again d because E and g~!(E) are
algebraically as well as analytically isomorphic. Meanwhile, let us rewrite
the above sum on the right hand side of the definition as

g~ l(=) €

"g“(E)/U;n-l(E)
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Observe that

-1
g (z) ) < z )
T'r - L S A = Tr —_—
Tg YWE)/F (g_l(ﬂ_E)d+m E/F 7I'Ed+m

which implies
9~ '(z) _ z
¢9_1(E)/F (g_l(ﬂ'E)d-'-m) - d)E/F (.ﬂ-Ed+m)

So the sum

Us’l(E)/Ug?il(E)

is equal to

> () ver ()

z € Ug/UgG

Replace all g~!(z) by y for the sake of clarity. We see that W(x) =
W(x?) because the constant N(Pg™)~'/2 is just the reciprocal of the abso-

lute value of the sum in our definition.

As for the case m = 0, we note that x9 must annihilate g~'(Ug) =

Ug-1(g) - Hence,

Wx) = x(m§) = ¥(tig) = W)
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and lemma 1.2.10 is completed. ||

Proof of lemma 1.2.11 As x|4 = 1, we can interpret x as a character
of G/A. So I nd%f1 (x) makes sense. Being a homomorphism from G/A
to the group of [G : H] by [G : H] invertible matrices over the complex

numbers, this induced representation satisfies (see Serre [19, 3.3])

A -
The trace of (Ind%A (x) )(a: A) = ) x(gzg™)
~ -~ . H/AN(G/A
matrix (:fy('l)ﬁ)\(e H/)A

On the other hand, I ndgﬁ (x) defines a representation of G via the canon-
ical projection G — G/A, but this representation of G coincides with

Ind$ (x) according to the formula

The trace of (Ind,cf, (x) )(:t:) = Z x(gzg™t)

g € H\G
gzxg~leH

Notice the conditions under the two sums are equivalent. ||

Proof of lemma 1.2.12 It follows from the exact sequence that Wx/r/K>* =~

Gal(K/F).Soif F C E C K and x is a character of Gal(K/E), then

al(K/F Wi r /K>
I"dgazgxfsg ) = Indylex (X)
/
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Viewed as a representation of Wx/r via the surjection Wx/r — Gal(K/F),

Ind%ﬁj:%: (x) coincides with Indw’;j’; (x) according to lemma 1.2.11. ||

1.4 The kernel of Brauer induction

In this section, we state Deligne’s characterization of the kernel of Brauer in-
duction. Any new notation or definition introduced here will not be required

for the subsequent chapters.

For a character x of G, the group homomorphism from R.,(G) to itself
defined by the multiplication of (G,x) is called torsion by x . It is worth

noting the formula for such multiplication

[ CmHe) |- G = T m(Hi, ¢ (xln))

Because

bolHs , - (xlm)) = Indg (wi-(xlm)) = {Indﬁ,.(soi)}ébx

the torsion homomorphism preserves the kernel of bg. Henceforth, torsion

by x is abbreviated to -¢ x -
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Also, given H C G, the inclusion map from R,(H) to R.(G) is denoted
by . Notice that the kernel of by is mapped into the kernel of of b under

i according to lemma 1.2.1.

Theorem 1.4.1 (Deligne, Langlands). If G is solvable, then the kernel
of bg : R+(G) = R(G), as an additive group, is generated by the following

three types of relation.

Type I : Let A be a cyclic group of prime order and A* be its character

group. By lemma 1.2.4

S = ({1}71) - Z (Aa (P)

@ € A*
is a relation in ker(bs), the kernel of by . We say that a relation R in
ker(bg) is of type I if there ezists a subgroup B C G with a cyclic quotient
isomorphic to A such that R = 1i(infl(S)-g x) for some character

X € B*.

Type Il : Let A be a central extension of the direct sum of two cyclic groups

with prime order £ . i.e. the center of A contains a subgroup Z satisfying
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the exact sequence

12 > A->2Z;®Z; > 1

Let H,, Hy be distinct subgroups of A containing Z , so that H,/Z |,
Hy/Z are both cyclic of prime order £. Under this circumstance, H,, H
must be abelian and HiNHy = Z . For any x1 € H] whose restriction

to Z cannot be extended to a character of A, it follows from lemma 1.2.3

S = (Hi,x1) — (Hz, p)

belongs to ker(bs), where x1|z = plz. We say that a relation R in
ker(bg) is of type II if there ezists a subgroup B C G with a nilpotent
quotient isomorphic to A such that R = i(infl(S) - x) for some

character x € B*.

Type III : Let A be a semidirect product of H by C (ie. A = H-C

and HNC = {1} ) with

(e) H #{1}

(b) C is a non-trivial abelian normal subgroup of A .
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(c) C is minimal in the sense that C contains no normal subgroup of A

other than {1} and C.

In particular, we have H 2 C . For any character ¢ € H*

S = (H, (P) - E (All-a {()97“})
ueEC/A

belongs to ker(bs) according to lemma 1.2.3. We say that a relation R in
ker(bg) is of type III if there exzists a subgroup B C G with a quotient
isomorphic to A such that R = i(infl(S)-px) for some character

x € B*.

We are not going to reproduce the proof of theorem 1.4.1 here, but
Deligne’s idea in that proof will be adapted to establish the main theorem in

chapter 3.
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CHAPTER TWO

2 Properties of the Local Root Number

Recall a variation of Brauer’s theorem?:

Every element v € R(G) of dimension zero can be ezpressed as a linear
combination of virtual representations of the form Ind§; (x—1) with integer

coefficients, where H is an elementary subgroup of G with character X .

We now extend the notion of root number from the abelian case to higher
dimensional representations of a local Galois group. Let K be a finite Galois
extension of a local field F . For us, a local field means finite extension of
a p-adic number field. If p is a representation of the Galois group G =

Gal(K/F) with dimension dim p, then by the above theorem of Brauer

p— (dimp)-1 = 3 mIndg, (x: — 1)

We define the root number for p as follows.

1A proof can be found at the end of this chapter
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Definition of the root number. Keeping p , Xx; , n: as above, we define
W) = I W)™
where each W(x;) is the abelian root number of the character ;.

It is important to remark that the validity of this definition depends on our

main theorem (see below), whose proof constitutes the next chapter.

The main theorem. Given Y ; n;I ndg,. (xs—1) = 0 such that each Xx;

is a non-trivial character of H; with abelian root number W(x;) , we have

H W)™ = 1.

Meanwhile, we accept that the definition of W(p) is legitimate and proceed

to derive some basic properties of the root number.

Theorem 2.0.1. If we assume the above main theorem and define for any
given local Galois group G a function e¢ from R(G) to the non-zero com-

plex numbers by

ec (o m Vi) = [T w(vy)™

j j
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where each V; is an irreducible representation of G, then

(0) for any representation p of G with a decomposition 3 m;V; into

direct sum of irreducible components, we have

W(p) = ec Q. m; V;) = [ W(Vj)™
J J
In other words, g extends our definition of root number to the entire

group R(G) of virtual representations. Hence we will identify e (p)

with W{(p) in the rest of 2.0.1.

(1) for any pair of representations py, p2 of G,

ec(p + p2) = ec(m) - €c (p2)

In fact, the same holds when p,, p2 are replaced by virtual represen-

tations in R(G).

(2) given a normal subgroup H in G and a representation p of G/H

eciu (p) = €c(p o proj)

Here we interpret p as a homomorphism from G/H to the group of
dimp x dimp invertible matrices, and proj: G — G/H denotes the

canonical projection.
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(3)

ec (Ind§ v) = ey (v)
for any subgroup H C G and any v € R(H) of dimension zero.

(4) whenever p is a 1-dimensional representation of G , €g (p) coincides
with the abelian root number for p .
Proof. Because Y ; m; (dimV;) = dimp, we have
p - (@imp)1 = Tomy (Y — @im¥)-1)
Suppose that for each j
V; — (dimV;)-1 = ; Sk; Indgkj (ax, — 1)
i

Then, not only
W(V;) = H W (ay,)™s
k;

but also

p — (dimp)-1 = Y m; ) s Indgkj (o; — 1)
J k;
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By our definition of root number

2

W) = I Wew™ | = e (S m¥)

P —
w(V;)

This proves (0) .
As we can identify e¢ (p) with W(p) according to (0),

W(p1 + p2) = W(p1) - W(p,)

is equivalent to (1) . However, this equality is immediate from our definition
of root number. The same assertion with respect to virtual representations
follows directly from the definition of ¢ . As a result, ¢ is a group homo-

morphism. In particular, given v € R(G), we have
eg(—v) = eg(v)™
(2) is a consequence of Brauer’s theorem for G/H , lemma 1.2.11 and

the definition of abelian root number.

As for (3) , because of Brauer’s theorem and (1) above, it is sufficient to
prove that

ec (Ind (a—1)) = ex(a—1) (2.0a)
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if a is a character of H .
Applying Brauer’s theorem, we obtain
Ind§(a) — [G:H]-1 = Y dInd§ (n—1) (2.0b)
t

and
Ind§ (1) — [G:H]-1 = Y e Ind§, (ue—1) (2.0¢)
¢
:I‘ogether with (0) and (1),

ec (Indg (a)) _ W(Ind§ (@) _ I W)*
ec (Tnd (1) ~ W(Indg (1) ~ 1L W)™

ec (Indj (a-1)) =

(2.0d)

On the other hand, subtract (2.0c) from (2.0b) . We conclude Ind§; (a—1)

is equal to
Indg (@) — Ind§ (1) = 3 diIndf (n—1) — 3 erIndg, (ne—1)
£

t

Therefore

Indg (a—1) - ZdtIndﬁ;(ut—l) + zeeIndge(m—l) =0
t ¢
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Then by the main theorem,

W(a) - Tle W(p)* _ 1
1. W(w)*

which is equivalent to

| _ I1: I’V(Vt)dt
W@ = 1, W)

Compare this with (2.0d) . We see that

ec (Indfi (a=1)) = W(a) 39

W(a)
w(1)

ex (a)
exn (1)

The last equality, and consequently (2.0a) , hold provided that we have (4) .
However, when applied to characters like o, our definition of root number

indeed yields the abelian root number, as

a - (dima)-1 = Indd (a—1)
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Due to (0), this final argument successfully completes (4), and theorem

2.0.1 is proved. ||

Theorem 2.0.2 : Property (1) and property (4) in theorem 2.0.1 together
with (3') in the above proof uniquely determine the function eg . In other
words, any function on R(G) satisfying these three properties must be the

same as eg .

Proof: Let ve R(G). By (4),

)  _ ()
W(l) dim v Ec (1) dim v

[ e (’U) =

which is equal to eg (v — (dimwv)-1) because of (1) . Now, according to

Brauer’s theorem

v — (dimv)-1 = z n; Indg, (x: — 1)

So
e (v) = 50(2_ niIndg, (x: — 1))

It follows from (1) and (3') that

ec(® = [T Woa™
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This shows that the value of ¢ (v) is determined by the three properties.

Theorem 2.0.3. Let x be an unramified character of G = Gal(K/F). In
other words, x annihilates the inertia group G, . If p is a representation

of G and f(p) is the Artin conductor of p, then

W(x ® p) = x(oxr)®-W(x)%™?-W(p)

where ox/r denotes the Frobenius automorphism in G/G, .

Proof. First we verify the formula for the case dimp = 1. Both
x and p can be regarded as characters of F* via the reciprocity map in
this case. By the definition of abelian root number, if 7¢ is a uniformizing
parameter of F and m = f(p) is the conductor of the character p (as

well as that of x ® p), then

Wx ® p) = x(mr)™-W(x)-W(p) (2.0e)

Because 7 is sent to the Frobenius automorphism in G/G, under the

reciprocity map, theorem 2.0.3 for dim p = 1 is proved.
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Let dim p > 1. According to Brauer’s theorem

p = (dimp)-1 = 3 niIndg, (a;—1) (2.0f)

1]

Tensor both sides with x .

(]

(x ® p) = (dimp)x = > ni{x ® Indg, (c; —1)}

Since dim (x ® p) = dim p, we can write

{x®p) ~ (dim(x®p)1} — (dimp){x-1}

= > m{Ind§, ((xIm)-o — 1) — Ind§ ((x|m)-1)}

So (x®p) — (dim(x ® p))-1 isequal to

(dimp) {x-1} + 3 n: { Indg, ((xla)-os — 1) = Indg, ((x|a)-1)}

It follows from our definition of root number that

Wx ® p) = W) ** I {Wv(v(gc (lf l}){)c;)}
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If H; = Ga(K/E;) and wg, is a uniformizing parameter of E;, then

(2.0e) implies

W(x ® p) = W(x)%4me H {X°NE,-/F(7TEi)f(°“') -W(x |a,) - W) }""’

W((xla))

As a result,

Wx ® p) = Wi %™ I {xo Neyr(re) @y [[{ W(e) }™

~ 7

W (o)

Notice W(p) = [I W(a;)™ because of (2.0f). Hence it remains to show

that

X(UK/F)f(p) = H { X © NE;/F(WEi)f(a‘)}"‘

Here the notation x has been abused in an obvious way. Precisely, we
identify ox/r € G/G, with the uniformizing parameter 7r by means of

the reciprocity map.

X(WF)f(p) = H { x(7F fEi/F)f(ae)}m

where fg,/r is the residue class field degree. So it is sufficient to prove that

flp) = Z ni {5 /r fos) (2.0g)
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Let ag denote the Artin representation of G. By definition of the Artin

conductor (see [2, chapter VI, 4.3]),

flp) = {ag, p), = (ac, p—(dimp)-1)_

and (2.0f) implies

fo) = (ac , X mlIndf, (- 1)),

According to Frobenius reciprocity

flo) = ¥ m{(acla » ), — (aclu , 1),]

Now recall a formula for the restriction of the Artin representation:

Lemma 2.0.4 [20]. Given a Galois extension K/F , let Ag/r be the order
of the discriminant of the subeztension E/F ie. F C E C K andlet
fg/r be the residue class field degree. If Ty , ay are the regular represen-
tation and the Artin representation of the Galois group H = Gal(K/E)

respectively, then the restriction to H of the Artin representation ag of
Gal(K/F) is

aclu = Agp-ta + fgp-anm
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Proof. Recall that the order of the different dg/r is related to the
cardinality of the ramification group G; by the formula [2, chapter 1 §9,
proposition 4, p.36]

digr = 3 (1G]~ 1)

i=0

Together with the definition of ag (see Serre [20, chapter VI, §2}), this
implies

dim ac = fK/F . dK/F (2.0h)
When h € H is not the identity element, it follows from the definition of

Artin representation that

tr(ag(h)) = fg/r-tr(an(h))

Here we regard ag (resp. ap ) as a homomorphism from G (resp. H)
to the group of dimag x dimag (resp. dimay X dimag) invertible
matrices over the complex numbers and #r denotes the trace of a matrix.

For h = 1, (2.0h) shows

tr(ac(l)) = fx/r-dgr
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So it remains to show

fx/p-dxp = Agyp-[K : E| + fg/r- (fk/E - dx/E)
A
|H|
but this is the transitivity formula for discriminant {20, chapter III, § 4] in

disguise. ||

Suppose ); is the order of the discriminant of E;/F . Then it is a

consequence of the above lemma that

flo) = 2o ml(N + feyr- flow)) — Al

which yields (2.0g) and therefore theorem 2.0.3. ||

At the beginning of this chapter, a variation of Brauer’s theorem has
been used. We will now give a proof of that statement, taking for granted the
original Brauer induction theorem in chapter 1 (consult Serre [19, chapter 10]

for its proof). First of all, let us recall some elementary facts about nilpotent

groups.

There are two equivalent definitions of nilpotent group, both of which are

useful to us. Let G be a finite group. If A , B are normal subgroups of
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G,let [A, B] be the subgroup of G generated by commutators aba™'b™*
where a € A and b € B. Observe that [A, B] is also normal in G.
Now, we define a sequence of subgroups G* recursively as follows: G! = G

and G**! = [G,G?].

Definition 1 : A finite group G is called nilpotent if there exists an integer

n such that G™ = {1}.

Because Git! = [G, G|, we note that G*/G**! is contained in the center

of G/G**! . Therefore the above definition is equivalent to

Definition 2 : If there exists a sequence
G =4 DO A D, ..., D A, = {1}

of normal subgroups of G so that A;/A;y, is in the center of G/Aiy1 for

n > 1> 0, then G is said to be nilpotent.

Abelian groups and p-groups provide abundant examples of nilpotent group.
It follows from either definition that every subgroup of a nilpotent group

must also be nilpotent. Moreover, any quotient of a nilpotent group remains
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nilpotent. Given G # {1}, the non-trivial subgroup A,_; stays inside the
center of G. In other words, all nilpotent groups have non-trivial center.

Finally, we prove by induction on the order of G that

Claim 1. If H is a proper subgroup of a nilpotent group G, then the nor-
malizer

N(H) = {geG |gHg' = H}
cannot equal H .

Proof. In the case the non-trivial center Z of G is not a subgroup
of H, we conclude that HZ C N(H); otherwise we apply the induction

hypothesis to G/Z . ||

The following lemma appears as an exercise in Serre [19]. It is equivalent
to the Brauer’s theorem at the beginning of this chapter if we identify Serre’s

notation f(1) with the dimension of the virtual representation f .

Lemma. Fach f € R(G) with f(1) = 0 is a Z-linear combination of

virtual representations of the form Indg(a—1), where E is an elementary
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subgroup of G and a € Hom(E,C*).

Proof. Remember that a subgroup E of G is called elementary if there
exists a prime p so that E is a direct product of a p-group and a cyclic
group of order prime to p. This definition is independent of G . With R(G)
the free abelian group generated by the isomorphism classes of irreducible
representations of G, here are two of its subgroups that will be relevant to

us.
R,(G) = Subgroup generated by elements of the form Indg(a — 1)

R'(G) = Z + R,(G)

We claim that R(G) = R’(G) is a necessary and sufficient condition for
the lemma to hold. Given f € R(G) = R'(G), if f(1) = 0, then
f € R.(G) by definition, and we obtain the above lemma. Conversely,
let 1g be the trivial character of G. For every f € R(G), the virtual
representation f — f(1)-1¢ has dimension zero, and the lemma asserts that
f - fQ1)-1¢g € R,(G). Thismeans f € Z + R,(G) = R'(G). So we

can conclude R(G) = R'(G).
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It is also immediate that for any subgroup H of G, the group homomor-
phism Ind§ maps R,(H) into R(G) because elementary subgroups of

H remain elementary in G .

Claim II. If G is elementary, then we have R(G) = R'(G).

Proof. First, let us remark on the behavior of Ind§ when H < G and

G/H is abelian. By lemma 1.2.4 and lemma 1.2.11,

Indg(l) = Y ¢

© €EG*
?IH:I

Here G* is the character group of G . If we write

Indj(1) = [G:H]-1c + Y (¢-1lg)
L

then it becomes clear that Ind$ maps R'(H) into R'(G).

Now, suppose Y is the set of all maximal subgroups of G . ( H is maximal
if there is no subgroup K satisfying H C K C G. We will exclude G
from Y .) Recall from claim I that the normalizer N(H) foreach H € Y
cannot be H , which means that H <« G as H is maximal. As a result,

G/H is a non-trivial group with no proper subgroup. In other words, it is
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cyclic of prime order. Therefore, the previous remark on Indg, applies to

all H € Y. ie. Ind§ maps R'(H) into R'(G) forall H € Y.

We are in the position to prove claim II by induction on the order of G.
When |G| = 1,both R(G) , R'(G) are isomorphicto Z. Let |G| > 1.
Then it follows from the Brauer induction theorem in chapter 1 that R(G) is
generated by one dimensional representations of G together with elements in
Ind$(R(H)) where H € Y . Meanwhile, the induction hypothesis implies
R(H) = R'(H) forall H € Y. So Ind§(R(H)) = IndG(R'(H)) C
R'(G) . In addition, since G is elementary, we conclude that for every one

dimensional representation (i.e. character) ¢ of G
¢ = lg+ (p—1c) € Z + R,(G) = R'(G)

In summary, R(G) = R'(G). |

Having established the above claim, we proceed to the general case when
G is not necessarily elementary. Suppose X is the set of all elementary

subgroups of G . According to the Brauer’s induction theorem in chapter 1,

1 = Z Indg(fg) where fg € R(E) .
EeX
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Given p € R(G), let pg = fe ® Resg(p), where Resg denotes the

usual restriction map from R(G) to R(E). Then

Y Indg(ps) = Y Indg(fe) ® p = lc®p = p

EcX EeXx
In case p(1) = 0, it follows that pg(l) = 0 and pg € R,(E) by claim

II. However, remember Indg maps R/(E) into R.(G). Hence

) =0 = = T Iner) € RO

and we arrive at the lemma, which is equivalent to R'(G) = R(G) as

pointed out before. ||
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CHAPTER THREE

3 Root Number Identities

In this chapter we prove the main theorem stated earlier, using the three
fundamental root number identities discussed in section 3.1. First we assume
the local Galois group Gal(K/F) is nilpotent. Section 3.2 establishes the
main theorem for this particular case. When Gal(K/F) is not nilpotent, we
need the extra dimension in Weil group to complete the argument. So a Weil
group version of the main theorem is formulated and proved in section 3.3.
We end the chapter with Tate’s outline [23] of how to extend the definition

of root number to the context of Weil groups.

Unless we state otherwise, all the fields are finite extensions of a p-adic
number field. i.e. they are local fields. We will say that a field X is
a subfield of a field extension B/A f A C X C B. Such X is
called proper in case it is neither A nor B. Throughout this chapter, by
a quasi-character on the multiplicative group of a local field F' we mean a

continuous homomorphism from F* to the non-zero complex numbers. The
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root number for a quasi-character ¢ will be denoted by W () . It is defined
by the same formula given in the introduction. (See definition of the abelian

root number.)

3.1 Three fundamental identities
There are three root number identities that mirror the generators of the
kernel of Brauer induction in theorem 1.4.1. In some sense special cases of

the main theorem, these identities are the subject of the next chapter and

will not be proved here.

For any abelian Galois extension E/F and quasi-character ¢ on F*,

W(poNgip) I W = JI Wi w
u € S(E/F) u € S(E/F)

where S(E/F) consists of characters of F* which annihilate the norm

group Ng/p(E*). This is our 1st identity.

As a demonstration, we assume ¢ has finite order for the moment and

translate the 1st identity into a special case of our main theorem. First,

Lemma 3.1.1. Let G = Gal(K/F) be abelian and G* be its character
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group. If x is a character of H = Gal(K/E) C G, then

wix) II W) = I W

o € G* ¢ €EG"
¢ g =1 ely =x

follows from the 1st identity.

Proof. Let us identify x as a character of E* and ¢, ¢’ as characters
of F* via the reciprocity map. Then ¢ o Ng/r = x. Moreover, if we fix
one such ¢, all others in G* with the same restriction ¢ |g = x will be
of the form ¢-¢'. Finally, each ¢’ can be interpreted as a character of

Gal(E/F) and therefore identified with some p in S(E/F). ||

Conversely, if we start with an abelian extension E/F and a quasi-character
¢ of finite order, then the kernel of ¢ must be a norm group Np/p(B*)
such that B/F is cyclic. So the field K defined to be the composition
E - B is abelian over F'. As in lemma 3.1.1, let G = Gal(K/F) and
H = Gal(K/E) . Via the reciprocity map, ¢ can be regarded as a character
of G. Suppose we define x = ¢ |y . It is a consequence of lemma 1.2.4

that

IdG(x-1)-{ X (e-)- ¥ (#-D}=0

v €G* ¢ €G"
elg=x o lg=1
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Hence we expect from the main theorem

wi) II W) = I Wi

¢ €G* ¢ € G
oy =1 ely =x

which is the 1st identity as explained in the proof of lemma 3.1.1. In this
sense, we say the lst identity is derived from a special case of the main

theorem.

We proceed to state the other two root number identities.

Suppose G = Gal(K/F) is the direct sum Z, & Z, of two cyclic group
of prime order £. Let xx be acharacter of K* suchthat xx oo = xx
foreach ¢ € G and xkx # xro Nk/r for each character xp of F*.
Given two distinct subfields L, , L, of K/F, both of which have degree

¢ over F,if x;, and xi, are characters of L] and L3 respectively

satisfying
XL, © Nkyo, = Xk = X © Ny/r,
then
W) I W = W) [I WE)
u € S(L1/F) ' € S(L2/F)
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where S(L;/F) consists of characters of F* annihilating Nz,,r(L;) . This

is the 2nd identity.

Finally, let G = Gal(K/F) be a semi-direct product H - C such that

(@) H # {1}

(b) C is a non-trivial abelian normal subgroup which is contained in every

non-trivial normal subgroup of G .

Suppose C = Gal(K/L) and H = Gal(K/FE) . Consider the G-action on
C *, the character group of C, by conjugation. If T is a set of representa-
tives of the orbits of this G-action, we denote the stabilizer of 1 € T by
G, = Gal(K/F,). Notice that a representative y determines G, up to
a conjugacy class. Moreover, we have G, = (G,N H)-C and a character

' of G, defined by

w(he) = ule) where h € G,NH and c € C

In other words, u/ extends u. Now for any quasi-character xy on F*,
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W(x o Ng/r) HT W) = W) HT W(u' - (xo Nr,F))

This is the 3rd identity. Here we interpret u' as a character of F; via

the reciprocity map.

3.2 The existence of local root numbers

By a local Galois group we mean the Galois group of a finite Galois extension

over a local field. Recall from chapter 2

The main theorem:

Let G be a local Galois group. Given Y ; niInd§ (xi —1) = 0 such that
each n; is an integer and each x; is a character of H; with abelian Toot

number W(x;), we have []; W)™ = 1.

Its proof is broken into three parts: the abelian case, the nilpotent case and
the general case. Section 3.2 addresses the first two cases, while the proof of
the general case appears in section 3.3. We will assume all three root number

identities in 3.1 throughout the remainder of chapter 3. First,
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Theorem 3.2.0. If G is abelian, then the Ist identity implies the main

theorem.

Proof. Let (H,x) € R.(G). By lemma 1.2.4, we conclude that

Indg(x) = Y o

pEGCG"
el =x

or equivalently,

(H ’ X) - Z (G7 SD)

olu =x

belongs to ker(bg) , the kernel of the ring homomorphism bg in 1.1.
In particular, the following belongs to ker(bg) .
(H7 X) - (Ha 1) - Z (G7 (p) + Z (G> 90,)
ol =x =1
Since G is abelian, both ¢ and ¢’ exist, and the number of ¢ is equal to
the number of ¢’. Therefore,
Hx)-E) - ¥ [6.9-6GD] + ¥ [Ge)-(G1)

el =x =1

is in ker(bg) . Meanwhile, according to lemma 3.1.1, the 1st identity asserts

that
W) puly W)
I W) '

elu =x
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Now we put this observation into the perspective of our main theorem. Sup-

pose Y ; m; [(H,-,x,-) - (H;, 1)] € ker(bg) . We have already seen that

S ) - ) - T [Ge-G1] + T [Ged- @)}

Pila; = Xi P, =1

R

is in ker(bg). Let us denote this relation by R. Just as before, the 1st

identity implies

II {W(xi) sl Wiph) }
i &mln}]= Xi W(p)

due to lemma 3.1.1.

So, to complete the proof of theorem 3.2.0, we must show

H W ) ) ™
H { srr.!uli_l= Xi (. )} -1 (3.20)
ity =1 W(pi)

Asboth R and ¥; n; [(Hi,x:) — (H;,1)] belong to ker(bg) , their differ-

ence Y ; [(H,-, x:) — (H;, 1)] — R stays inside the kernel as well.

an{ Y [Gew-Gu] - ¥ [(G,soﬁ)—(G,l)]} € ker(ba)

eila; = x: I, =1

which means

E;nt{ > (pi-1) = > (<p§—1)} =0

@ila; = Xi ;=1
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However, being irreducible characters of G, all the ¢; and ¢} constitute a C-
linearly independent set of class functions (see Serre (19, 2.5]). Consequently
the exponents of W(yp;) on the left hand side of (3.2a) must add up to
zero, and so are the exponents of W(yp!). We have proved (3.2a) and

hence theorem 3.2.0. ||

With the abelian case established, the next two theorems complete the

nilpotent case.

Theorem 3.2.1. If G is nilpotent, then the 1st and the 2nd identity imply

the main theorem.

Proof. Because G is nilpotent, its center Z is non-trivial. Assume
i [(Hi, xi) — (H;, 1)] € ker(bg) . It follows from lemma 1.2.6 that
(Hia X'L) - (Hi: 1) - Z (HiZ7 X:) + E (HiZa 902)
Xilw; =% wilg; =1
is in ker(by,z) - Consequently,
i XilH, = xi @ilg; =1

must belong to ker(bg) .
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Moreover, because there exists at least one x; as explained in the proof of
lemma 1.2.6, the number of x; is equal to the number of ;. Thus we have

Zni{ > [HzZx) - (HZ)] - Y [(HZe) - (H,-z,l)]}

t Xlu; = xi @il =1

v

v

S;

belongs to ker(bg) .

Let Y ; n;S; represent this last relation. Then

> [(Hux)—(Hu )] = X S + Zni{j(Hi,xi)—(Hi,l)] - s,.}

7

T;
If T; denotes [(H,-, x:) — (H;, 1)] — S; on the right hand side of the above

equality, we claim that

Claim. T; € ker(by,z) implies

W0a) 0L, W)
T wx)

X{lﬁi =Xi

Proof. Notice that not only is ker(x;) normal in H;, it is also a nor-
mal subgroup of H;Z . According to lemma 1.2.9, T; comes from a sim-
ilar relation in ker(bm,z/ker(y;)) Via the map infl . However, the quotient

H;Z[ker(x;) is abelian because the commutator subgroup [H;Z, H;Z] =
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[H;, H;) C ker(x:) - Hence theorem 3.2.0 applies, and our claim follows, as

the abelian root number is insensitive to infl . ||

As a result of the above claim,

H{W(Xs)m_1 (sox)} _

: Xilu; = xi W)
So it remains to prove that
Xi
11 { "'“H‘ D } =1 (3.20).
: pily; = IW(%)

Because Y ; n;S; € ker(bg) , this particular identity (3.2b), and there-

fore theorem 3.2.1, follow from

Theorem 3.2.2. If G is nilpotent with non-trivial center Z and we have

S m [(Hix:) = (Hi1)] € ker(bg) such that Z C H; for all i, then

HW(X,-)"" =1

Proof. We are going to prove theorem 3.2.2 by induction on |G/Z|.

When the order of G/Z is 1, theorem 3.2.0 applies. Hence, let us assume
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|G/Z| > 1. Because G is nilpotent, so is G/Z. By the definition of
nilpotent group (see chapter 2), there exists a normal subgroup G; of G
such that G;/Z is non-trivial and is contained in the center of G/Z . Select
a subgroup C from G, with Z C C and |C/Z| = | aprime. Then C
must be abelian as C modulo its own center is isomorphic to a quotient of
C/Z which is cyclic. Moreover, being in the center of G/Z , the quotient
C/Z is normal in G/Z , and therefore C < G . Consequently, G contains
an abelian normal subgroup C that is central modulo Z with [C: Z] = [

a prime.

Suppose theorem 3.2.2 holds for any nilpotent group G such that & >
|G/Z|. Given G with |G/Z| = k+ 1, we consider the following relation

in ker(by,c) , which is obtained from lemma 1.2.3.

(Hoxe) = (He1) { S ((HOw, Do)
n € C*/(H;C)
xila;nc = plne

- Y (HOwW, L} } (320
u' € C*/(H;C)
”’IH"nC =1

It is understood that if H; O C, then the brace at the end is equal to

(Hi, x:) — (H;,1) , or equivalently (3.2¢) becomes zero.
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Suppose C is not contained in H; . On one hand,

> ((HOCw,1) = 3 ((HOCOw,1)
» € C*/(H,C) W € C*/(H;C)
Xil#;nc = plH;ne Hlane =1

can be viewed as an element of R, ((H;C)/C) ; on the other hand, the virtual

representation
— H;C _ H;C
o = Z I nd(mc)“ (1) Z I nd(H,-C)“, (1)
# € C*/(H;C) ' € C"/(H;C)
xil#;nc = Mlane Hlane =1

has dimension zero because the relation (3.2¢) implies o = Indgjc i) —
I ndg‘c (1) . It follows from lemma 1.2.11 and Brauer’s theorem (chapter 2)

that
g = Z m;; IndK:JC (a,-,- - l)
J

where all K;; contain C and all a;; annihilate C.

In the case C is already inside H; , we notice that the virtual representation

o =0 .So, K;; and o;; exist only when C is not contained in H;.
Other than this exceptional case ( H; 2 C'), we see that

> (HOC,1) = 3 ((HOw,1)
s € C*/(H;C) ul € C*/(H;C)
Xila;ne = #lHine Klane =1
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- 3 my [(Ky ) — (K, 1)]

j

is a relation in ker(bg,c) , and due to (3.2c), so is
(Hi, x:)—(H;, 1) — {Mi - Ni} - Z my; [(Kij,aij)—(Kij, 1)] (3.2d)
J
if

M= Y [((HC), {xk}) - ((HO), 1)]

u € C*/(H;C)
xilw;nc = Bla;nc

and

M= Y [((HOw, {Lu}) - ((HC)y, 1)
u' € C*/(H;C)
!"lHinC =1

In the case H; D C, the above relation (3.2d) can be adopted. Simply
take M; = (H;,x;) — (H;,1) and N; = 0. Also the terms involving Kj;

do not exist in this case as explained before.

Now, given Y ; n; [(H,—, xi) — (Hi, 1)] € ker(bg) with Z C H;, we can

conclude that both

> ™ [(Hiyx)=(H:, )] = 3 e {M; - N} — ¥ mimy; (K, 0)— (K5, 1)]
and

> oM - N} + 3 mmy (K o) — (K, )]
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belong to ker(bg) -
These two relations in ker(bg) will be dealt with separately.

First, C is contained in the subgroups (H;C), and (H;C), which
appear in the sums M; and N; respectively. Also all K;; 2 C by con-

struction. Hence, the identity

we cg<uic> W({xi, })

(e e -0 o

I“’IH"nc =1

comes from the second relation 3" ; n; {Mi — M} + 3, namy; [(Kij, @ij)—
(Kij, 1)] according to the following claim whose proof appears at the end of

this section.

Claim L If ¥; n: [(Hix:) — (Hi,1)| € ker(bs) such that C C H,

then the induction hypothesis of theorem 3.2.2 implies [I; W(u)™ = 1.

Next, we look at the first relation,

> [(He, x:)— (H:, 1)) — > m {M; - N} - > mam [(Kij» 013)— (Kiz, 1)]
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We have already seen earlier (cf. (3.2d) ) that
(Hi, x:) — (H;, 1) — {Mi - Ni} - D m [(Kij’aij) - (K, 1)]
J
belongs to ker(bu,c) . So, the identity
II '
W) w € C/H) W({1,4})

R——— = 1 (3:27)
vectme Wk} T; Wag)™

Xilmnc = Bla;nc

results from the induction hypothesis if G # H;C , as we assume Z C H;.

In the case G = H;C, we need a more specific description of subgroups
K;; as well as their characters a;;, which have been constructed by means

of Brauer’s theorem such that

2 my I ndie’y (au; — 1)
7

_ H;,C H;C
= > Imdge, (1) - 3 Indgg, (1)
u € C*/(H;C) #' € C*/(H;C)
Xilm;nc = pla;ne ¥lanc =1
3 Q

where all K;; contain C and all a;; annihilate C'. To simplify the nota-

tion, we write this defining property of K;; and o; as

P - Q=Y myIndC (a5 -1) (3:20)
J
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Since K;; and o;; exist only when C is not contained in H; , let us assume
that H; 2 C . Taking into account Z C H; and [C: Z] = | aprime, we
can conclude that H; N C = Z . Asaresult, the number of 1’ in the second
sum @ on the left hand side of (3.2g) with the condition p' |gnc= 1
must be exactly /. These u’ form a cyclic group of prime order [ and their
respective stabilizers (H;C),s are all identical. On contrary, in the first sum
P on the left hand side of (3.2g) , we observe the number of such character

p € C*/(H;C) is either 1 or !. To summarize,

Claim I1. Assume H; 2 C. Then the sum Q consists of | terms and
we have H;C = (H;C),s , while the sum P either contains | terms or just

contain one term, according to whether [H;C : (H;C),] eguals one or 1.

We defer the proof just as in claim I. The above claim yields two scenarios.
If P contains ! terms, then [H;C : (H;C),) =1 and P - Q = 0. So
K;; and a;; are redundant. The relation (3.2d) is reduced to

(Fox) = (Had) = { % [(, ) - (41

» € C*/(H;C)
xilz = ulz

)

M;
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— Z [(H,C, {1, I.l'}) - (H‘iCa 1)] }

w € C*/(H;C)
Hlz=1

i

N;
If P contains just one term, then [H;C: (H;C),] = [ and

P - Q = Indfi, (1) — 1(1)

To determine K;; and a;; in this second scenario, we rewrite the right hand

side of the above equality by

Claim III. The stabilizer (H;C), is normal in H;C . Moreover, we obtain

the decomposition

H;C
Ind(Hic)“ (1) = Z T
r € (H;0)*
;0. =1

where (H;C)* stands for the character group of H;C .

Pending the proof at the end, we apply this claim to rewrite

P-Q= > (r-1
T € (H;C)*
i), =1

Compare ¥, ¢ ey (T — 1) with the right hand side of (3.2g). It

T(H;0)u=?

follows that we can take K;; = H;C and o = 7 with my; = 1.
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Then the relation (3.2d) becomes

() - (1) = { (O, Do) = (O, 1)

—

M;

- Y [meuwp-@en] ) - T [EC)-He)
u' € C*/(H;C) T € (H;C)"
CHlz=1 T(H#;0) =1

Ni

Our goal is to establish the same root number identity (3.2f) from the
relation (3.2d) for the case G = H;C . So far, we have seen the relation

(3.2d) , which belongs to ker(bm,c) , in three different forms:

Case 1 C C H;. Then we may set M; = (H;,x;) — (H;,1) and

N; = 0 . In this case (3.2d) is zero, and identity (3.2f) is a triviality.

Case2 C € H; and [H;C:(H;C),] = 1. Then (3.2d) is reduced to

(Hx) - (o) = { X [ (s} - (1)

ueCt
Xilz = #lz

s

~

M;

- ¥ [@opey- @) |

“I € Cc*
Wlz=1

J/

v

N;
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Case 3 C € H; and [H;C : (H;C),] = l. Then the relation (3.2d)

becomes

(Fx) = (1) = { () D) = (B 1]

M;
- ¥ [(H,-C,{l,”'})_(H,-C,l)]} - ¥ [(H,-C,r)—(HiC, 1)]
;’IZG: 1 ) ;(ifg)‘f')—‘l

v~

N;

Fortunately, our next claim, which will be proved later, shows that the in-

duction hypothesis will handle all but one extreme case.

Claim IV. The fact that C is central modulo Z implies H; <« G = H;C'.
In addition, A = N gker(x:) gt is not only a normal subgroup of

geEG

G = H;C but also a normal subgroup of (H;C), .

According to lemma 1.2.9, we can now conclude that the relation (3.2d) in
ker(by,c) comes from a similar relation in ker(bm,c/4) regardless of case 1,
2 or 3. With G = H;C, let us denote the center of G/A by Z(G/A).

Then

|1G/Z| 2 |G|/|ZA] = |G/A|/|(ZA)/A]| =2 |G/A|[12(G/4) ]
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The first inequality from the left is strict unless A C Z, and the last
inequality is strict unless (ZA)/A = Z(G/A). Consequently, applying
the induction hypothesis to the relation in ker(bg,csa), which is inflated
to (3.2d), yields the identity (3.2f), unlessboth A C Z and Z/A =

Z(G/A) are true.

It remains to consider the extreme case in which all of the followings hold

(i) G = HC

(i) C Z H;

(i) A C Z

(iv) Z/A = Z(G/A)

First of all we note that G/A = (H;C)/A isequal to (H;/A)-(C/A). This
product does make sense because the subgroup A C Z = H;NC is
normalin G and C/A < G/A . Also,wehave H;/A N C/A = Z/A .

Besides, it follows from claim IV that H;/A < G/A . As a matter of fact,
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since

A= gher(x:) g7 = ﬂ ker(d”) 2 [HiHi

geqG

o

H; <G by claim IV
(3.2h)
we see that the commutator subgroup [H;/A , H;/A] must be trivial, and
therefore H;/A is abelian. In addition, if x;(z) = 1 with z € Z, then,
by the definition of A, we notice z must be inside A . Hence the quotient

Z/A is cyclic.

Recall that in case 2, we have C ¢ H; and [HC : (H;C),] =
Suppose g € C* such that x; |z= p |z. Then given h € H; and
¢c €C,

p(heh™) = ple) = 1 = plhch™c™)

Because the two subgroups H; and C are normal in H;C and the inter-
section H; N C coincides with Z , the commutator hch~'c™! always stay

inside Z . As explained above, it follows from the definition of A that

pheh™) = puc) = 1 = p(heh™'c!) = hchlc! € A
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(3.27)
Since (3.2h) confirms H;/A is abelian, (3.2¢) means that the premise
[H:C : (H:C),] = 1 in case 2 implies H; is central modulo A. Now,
adding condition (iii) and condition (iv) , we see that H; is central mod-
ulo A if and only if H;/A = Z/A, which contradicts the assumption
| G/Z | > 1. In other words, case 2 can be handled solely by the induction
hypothesis, while (iii) and (iv) only occur in case 3.
In summary, by assuming (i) , (ii) , (iii) and (iv) , we can conclude that
(a) G/A = (H:i/A)-(C/A) .
(b) H;/An C/A = Z/A.
(c) H;/A is an abelian normal subgroup of (H;C)/A .

(d) ker(xilz) = A.

(e) [HiC:(HiC),] = 1 (case3).
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Claim V. Suppose G = H;C and C € H; . If

A= () gker(x;)g™*
g€G

is a subgroup of Z such that Z/A coincides with the center of G/A, then

(3.2f) is the same as the 2nd identity.

Once claim V is proved, (3.2f) follows from (3.2d), regardless of whether

G = H;C or not.

Now, for each i, we have established a root number identity (3.2f). Take

the product of these root number identities over all .

W(xi) w ECI:I/(HiC) W({1,2'})

H { ¥lanc =1 }m = 1

i pecH(HiC) W({x:,n}) II1; W(o)™

Xilw;nc = plH;nc

Multiply the above identity by (3.2e) . We arrive at the result of theorem

3.2.2 and subsequently that of theorem 3.2.1 as well. ||

To complete the proof of theorem 3.2.2, we now verify claim I, II, III, IV

and V.
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Claim L If ¥ ; n:[(Hiyxs) — (His1)] € ker(b) such that C C H;,
then the induction hypothesis of theorem 3.2.2 implies []; W(x;)™ = 1.

Proof of claim I. Because the abelian root numbers are insensitive to
the G-action according to lemma 1.2.10, we can select an element from each
G-conjugacy class (H;,x:) — (Hi,1) so that lemma 1.2.5 can be applied to

>iny [Indgi (x:) — Indg, (1)] = 0. In other words, we must assure

xilc # xjlc ifandonlyif xic # (xJ)lc foral g € G.

Fix a complete set T of representatives of the G-orbits that contains x;|c

for all 7. Given a fixed non-trivial ¢ € T,
E n; (Hi:Xi)
Xile=p
belongs to ker(bg,) according to lemma 1.2.5. Similarly, we can conclude

that

dom [(Hi,Xi) - (H;, 1)] - > ni(H,1)

xilc=1 xilc#1

is a relation in ker(bg) . Indexed as above,

> mIndg (1)

Xile=p
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and

Z n; Indgi (1) .

Xilc#1

are virtual representations of dimension zero. By lemma 1.2.11, they are
inflations of similar virtual representations of G,/C and G/C respectively.
So, the Brauer’s theorem in chapter 2 produces subgroups V,, 2 C and

characters A, annihilating C' such that

ds Inde As -1 —_ { xilc=n A
g s S}J( 1 ) — zx:'[C,’#l n,IndIG{‘(l) u= 1

Asaresult, forall pu € T

> o [(Hoxe) = Ho )] + 3 do, [(VaoAs) = Ve, 1)] € Rer(ba,)

xile=p R B

Ju

(3-29)

If we let

JI‘ = Z ds# [(‘/su’/\sn) - (‘/sn’l)]

Su

then 3 ,cr Ju € ker(bg) . Infact, 3 ,cr Ju asanelement of R (G)

turns out to be zero. It follows that

I II W, )% =1 (3.2k).

RET Sy
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Now we return to the key relation (3.2j) . Because the kernel ker(u) of p is
normal in G, , lemma 1.2.9 says that (3.25) comes from a similar relation in
ker(bg, jker(u)) Via infl. We will show that the induction hypothesis applies

to such a relation in ker(bg, /ker(n)) (2 preimage of (3.25) under infl).

Given g € G, , the diagram below is commutative.

Clker(n) & &
grg~ 'y S u

C/ker(u)

Here S! stands for the unit circle in the complex plane. Therefore, C/ker(u)
stays inside the center of G, /ker(y) , which will be denoted by Z(G,./ker(p)) -

In particular,

| (Gu/ker(n)) / (C/ker(u)) | = | (Gu/ker(w)) [/ Z(Gp/ker(un)) | -

On the other hand

|G/Z| 2 |Gu/Z| > |Gu/C| = |(Gp/ker(n))/(C/ker(n))|
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So the induction hypothesis applies to relations in ker(bg,, jker(s)) , and yields

I Wo™ [I] W)™ = 1

xilc=p Sp

Hence,

I1 { IT W)™ HW(x\s,.)"'#} =1

BT X xilc=p Su

or equivalently,

{UW‘Xi)"‘}{ I I Wow*} = 1.

pET 3u

Dividing this by (3.2k) , we obtain the claim. ||

Claim II. Assume H; 2 C. Then the sum @ consists of | terms and we
have H;C = (H;C), , while the sum P either contains 1 terms or just

contain one term, according to whether [H;C : (H;C),] equals one or 1.

Proof of claim II. Because, [C : Z] = | and H; contains Z, the
characters in C* that annihilate H; NC = Z form a cyclic group of prime
order [. Let o be a generator of this cyclic subgroup of C*. Then (o)

is closed under the conjugation by G = H;C . In other words,

(0" |lgnc =1 foral g € G.
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Under this G-action, (o) is divided into equivalence classes, each of which
has [G : G,«] number of elements. However 09 = o means (o*)9 = o*
for all k. In addition, any o* # 1 is a generator of (o). It follows
Gs = Gg aslongas 0 < k < [, and we only need to examine one
stabilizer G,. Since C is abelian, it is sufficient to consider the same
action by H; . Recall that C is central modulo Z . So, given h € H; and
z € C, we have

o(hzh™) =g(zhzh™)
where h™'z"'hz = z € Z. Hence
o(hzh™!) = o(zhzh™) = o(zhh™2) = o(zz) = o(z)

and this implies G = G, . Now it is immediate that the sum @ consists of

! terms because we have H;C = (H;C), .

As for the sum P, let us fix one such u. Then the others are of the form
po* . As we have seen already, G = G« . Thus, G, = G, o+ forall k,
which means [G : G,| divides the prime I. Consequently, [G : G,] either

equals 1 or [, and P either contains [ terms or just contain one term. ||
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Claim III. The stabilizer (H;C), is normal in H;C . Moreover, we obtain

the decomposition

H;C _
T € (HiC)‘
TI(H‘_C)“ =1

where (H;C)* stands for the character group of H;C .

Proof of claim III. The statement is trivial if [H;C : (H;C),] = 1.
Hence we can assume H; 2 C. According to claim II, it remains to prove
claim III for [H;C : (H;C),] = . Because C C (H;C),, let us consider

h(HiC)#h_l with A € H;. In fact,
R(EC)uh™ = (HiC)yor, -

Notice that p* |z = plz. So p**' = op for some ¢ € C* such
that o |z = 1. Just as the argument in the proof of claim II, we have

HiC = (HiC)g, which implies (H,C),,, = (HiC)(cy) . Therefore
(HiC)” = (H;_C)(#h—l) = h(IT[,:C')”h_1

and (H;C), < H;C . It follows that (H;C)/(H;C), is cyclic of prime order

l. By lemma 1.2.4,

H;C)/(H;:C) _
Indg ey jmdh. () = > T
r & (O (HOW)"
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If 7 is interpreted as a character of (H;C)* via the canonical projection

proj : H;C — (H;C)/(H;C), , then lemma 1.2.11 asserts that

iC —
Ind(HtC)“ (1) = ) E§C). T .
TI(H‘c); =1

Claim III is now established. ||

Claim IV. The fact that C is central modulo Z implies H; <« G = H;C .
In addition, A = N___ gker(x:) g~! is not only a normal subgroup of

G = H;C but also a normal subgroup of (H;C), .

Proof of claim IV. It is enough toshow c(H;)c™! C H; forall ¢ € C.

Given h € H; and ¢ € C, there exists z € Z such that
ch = hcz
because C is central modulo Z . So

= heze! = hzee? = h2

che

which belongs to H; as we assume Z C H;.

To prove the second statement, we willshow p(zyzly™!) =1forz € A

and y € C. Notice from the definition of A that A C H; and that there
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exists ' € ker(x;) such that y~'z’y = z~!. Meanwhile, because

H; <« HC ,wehave zyz 'y~ € Z. So
pzyzly™) = x(zyz 'y = x(zyyiz'yy ) = xlzz) = 1.

In other words,
plzyz™!) = wly)

and A is a subgroup of (H;C), . By its definition, A must be normal in

(H;C), as well. ||

Claim V. Suppose G = H;,C and C € H; . If A = N, .o g ker(x;:) g7?
is a subgroup of Z such that Z/A coincides with the center of G/A, then

(3.2f) is the same as the 2nd identity.

Proof of claim V. With the four premises, we have already seen that
(a) G/A is the semi-direct product of (H;/A) and (C/A) .
(b) H;/A N C/A = Z/A , the center of G/A.
(c) H;/A is an abelian normal subgroup of G/A

(d) ker(xil,) , the kernel of the restricted character x;|, ,is A .
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(e) (H:C), is a normal subgroup of index ! in H;C .
Let us first show that [H;:Z] = {.

Consider a bilinear map u : H; X C — Z defined by u(h,c) =
hch~lc™! . Sinceeither h € Z or ¢ € Z means u(h,c) = 1, we may
define %@ : H;/Z x C/Z — Z with the same formula @(hZ,cZ) =
hch~'c™! . Suppose c,Z is a generator of the cyclic group C/Z . Then,
due to fact (b) and (c) above, we conclude that w(h,c,) € A if and only
if h € Z . In other words, w(hZ, c,Z) is an injective homomorphism
from H;/Z to Z/A. Recall ker(x;|z) = A . Thismeans Z/A is cyclic,
and therefore H;/Z is also cyclic. Notice that @(hZ, c,Z)! = 1 as C/Z
has order l. Consequently, H;/Z is cyclic of prime order .

With [H;:Z] = 1, we note that the subgroup H; is abelian. Moreover,
[HC:Cl = [H;: 2] = 1.

Because (H;C), 2 C and [H;C:(HC), = 1, it follows from
l = [HzC : C] = [H,C (H,C)l_,] [(H,C)p : C]

that (H;C), = C . As aresult, relation (3.2d) becomes

(#x) - (1) - { [ - 1)

M;
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- z [(H,C, {1’ ”I}) - (HiC’ 1)] } - Z [(H;C, T)—(HiC, 1)]

~ s

N;

(3.21)

(cf. case 3), and the identity (3.2f) is reduced to

W(x:) oo W(ELaY)

Wiz =1 _ 1

W) e hor W(r)

rlg=1

Now, we must show that this is precisely the 2nd identity in 3.1.

Let H;C = Gal(E/F) , Z = Gd(E/K) , H; = Gal(E/L,) and

C = Gal(E/L) .
E

|

K
z / \z (3.2m).
L, L,
l\ /l

F

Because C € H;, the fixed fields L; and L, are distinct. Moreover,

HiQHiC 1mp11€5 [H,CH,] = [CZ] = 1.
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Since 7 € (H:C)* satisfying 7|, = 1, it can be seen as a character of
the Galois group Gal(L,/F). Via the reciprocity map, we conclude that
7 € S(Ly/F) . Similarly, {1,p'} € (H;C)* is trivial on H; by definition.
So {1,u’} can be seen as a character of the Galois group Gal(L,/F). Via
the reciprocity map, we have {1,u'} € S(L1/F). It remains to check the

other premises leading to the 2nd identity.
Remember p has been chosen such that
xil, = #l, (3.2n).

If x; and p are interpreted as characters of L7 and L3 respectively by
means of the reciprocity map, then (3.2n) is translated into x; o Nx/z, =
g © Ny, - Let us identify xz, with x; and identify xz, with p. We

will also denote the character x; o Ngyr, of K* by xx -

In view of diagram (3.2m), the Galois group Gal(K/F) is a direct prod-
uct of Gal(K/L,) and Gal(K/L,). Suppose o; € Gal(K/L;) for j =

lor2. Then

xk ©0; = (xr;°Nks;)o0; = xr;°(Nk/r;00;) = xr;°Nk/n; = Xk
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from which we obtain xx o 0 = xx forall ¢ € Gal(K/F).

Finally, xx # xr © Ngsr for all quasi-characters xr on F*. If on
contrary such xp exists, then it must annihilate the norm group Ng/r(E*)
because xx = X:i © Nkyr, annihilates Ng/x(E>). In other words, xr

can be regarded as a character of the Galois group Gal(E/F) such that

xrl, = xil, = pl,

Consequently, the restriction xg Ic must be equivalent to p under the
(H;C)-action on C* as (3.2l) indicates the sum M; collapses to [(C, u) —
(C, 1)] . In particular, the stabilizer of xr |, is a conjugate of the stabilizer
of . However, the stabilizer of xr |, equals H;C'. This contradicts the

fact that [H,C : (HlC)ﬂ] = 1.

We have successfully verified all the premises for the 2nd identity, and

claim V is now proved. ||

3.3 Representations of the Weil group

Having proved theorem 3.2.0 and theorem 3.2.1, we are in a position to tackle

the general case. The next theorem completes the proof of our main theorem
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in 3.2 and extends the theory to the context of Weil group.

Let G = Gal(K/F) be alocal Galois group. Recall the relative Weil group

for K/F is an extension of G by the multiplicative group of K i.e.
1 — KX — Wgip — G — 1

is exact. Analoguousto R(G), the group R(Wk/r) is free abelian generated
by isomorphism classes of irreducible representations of W/ .
Theorem 3.3.1. With the above notations,

(i) G is solvable, and the main theorem in section 3.2 holds.

(ii) if &, m;Indy/s (xg,—1) € R(Wiyr) is equal to zero, then
J J

H W(XEj)mj =1

where E; is a subfield of K/F and xg; is a quasi-character on E¥

of finite order for each j .

(iii) given any abelian normal subgroup C = Gal(K/L) of G and any
finite order quasi-character xg on the multiplicative group of a sub-

field E of K/F satisfying xg © Nk/g = Xr © Nksr for some
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quasi-character xp on F* , there are subfields Fs, of L/F and quasi-

characters xr, on F) of finite order such that

1) xr, o Nkyr, iseither xgo Ngk/g or 1.

2) for some integers as , we have

w W,
Indysn (e =1) = 3 aIndygy (xr, = 1) -

3) with as as above
Wxe) = [ Wxs)™-

For notational simplicity, we will abbreviate the composition xg o N/ to

XK/E the composition ygo NK/F to XK/F » and xf, © NK/F, to xk/F, -

Proof. We prove theorem 3.3.1 by induction on |G| = [K : F]|. Sup-
pose the order of G is 1. The assertion [] W(x:)™ = 1 in the main
theorem becomes a triviality since x; = 1 for all 7. As for statement (iz) ,
we may assume each xg; is non-trivial since W(1) = 1. Compare the con-
ductors of xg; . Suppose m is the largest among these conductors. Then
the restriction of xg; to the unit group Ur of the ring of integers of F' can

be viewed as irreducible characters of the finite quotient Ur/UF . There-
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fore, Zj m;(xg; —1) = 0 implies m; = 0 forsuch j whose xg; is not
unramified. So it remains to prove the finite product H, W(xg;)™ =1

in the case every xg, is unramified. Let £ be the least common multi-
ple of the orders of xg; . Then each Xxg; can be regarded as a non-trivial
irreducible character of the finite cyclic group of order £. Consequently,
Zj m;j(xg; —1) = 0 implies m; = 0 for all j. Regarding statement

(#42) , we simply take Fy = E = F and Xxr, = XE-

Now suppose statement (i), (i¢) and (i%) hold for all local Galois
groups with order less than or equal to I . This is the induction hypothesis

of theorem 3.3.1. Let |Gal(K/F)| = I + 1.
To prove statement (i), we consider the following two possibilities

separately.

Case 1: H #G forali.

Case 2: H; = G forsome i.

Let us handle case 1 first. Since theorem 3.2.1 together with theorem 3.2.2
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yield (i) when G is nilpotent, we can assume that G is not nilpotent.
According to Brauer’s induction theorem, the trivial character of G =

Gal(K/F) can be expresssed

N
al(K/F’
1 = kX: €k Indf:a%xfpi) (xr.) -
=1

Notice that G is not nilpotent implies F;, # F forall k. Let Vi =
Gal(K/Fy) and

N

S = (Gal) - Zek(VluXFk) .

k=1
Then S € R,.(G). Lemma 1.2.1 shows that res(S) € Ry(H;) is a
relation in the kernel ker(bg,) of by, for all i, and therefore so is the
product res(S)- [(H,-, x:) — (Hi, 1)] . When multiplied out, this product

can be written as a sum in the form of
2 in [(4in, Qi) = (din, 1] .
Consequently,
0 = bu(res(S)- [(Hi ) = (Hi,D)]) = X ain Indf}, (000 —1)

to which the induction hypothesis of theorem 3.3.1 applies as H; # G for
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all . Hence,
[ W(aipn)= =1 (3.3a)
for all 7.
In fact, if we write (H;, x;) — (H;, 1) as
N
S-[(Hux) — (HL D] + 3 e (Voo xn) - [(Hin x:) — (B, 1)
k=1

it follows from lemma 1.2.2 that

N
(Hi ) = (HioD) = 3 @i [(Ain, in) = (Ain, D] + X ex Ra
(3.3b)

where R;; stands for the product (Vi, xr,) - [(H,-, x:) — (H;, 1)] .

We can argue just as above for R;;. Particularly, let us multiply out

(Vk, XF) * res( [(H,-, xi) — (Hi, 1)]) € R.(Vi) , and suppose
(Ve, xn)res([(Hi, %) — (Hi, 1)]) = 3 diky [(Bikys Bika) — (Bina» 1)

Summing such equalities over 7, we have

(‘fk, XFk) 'TCS(Z n; [(Hia Xi) - (Hi’ 1)])
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= X midigy [(Bikys Bik) — (Bikys1)] -
iy
Because res(zi ni[(H,-, x:) — (H;, 1)]) € ker(by,) ,sois

DD nidigy [(Bi,k,y, Biky) — (Biky, 1)] :
i v

In other words,

33 Midigy Indg;, (Bixy—1) = 0.
T Y

Since F; # F implies Vi, # G, the induction hypothesis yields

IITI W(Biny)™ ®+v = 1 (3.3¢).
iy

Meanwhile, summing (3.3b) over i produces
> o [(Hux) = (Hu )] = XX miin [(Ain, ain) = (Ain, 1)
N
+ Z (3 {Z n,-R,-,k} .
k=1 i

By lemma 1.2.2, we see that

Y R = D) nidipy [(Bi,k,y, Biky) — (Bikys 1)] :
: iy
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As aresult, 3 mn; [(Hi, xi) — (H;, 1)] is equal to

% nain [(Ain, cin) — (Ain, 1)]

i

k=1 1

N
+ Z €k {ZZ n; di,k,y [(Bi,k,;lp Bi,k,y) - (Bi,k,y, 1)]} .

Observe that each term in the above sums is a basis element of R.(G).

Therefore,

o - ([ ) [ e

1 k=1 i
Now, it follows from (3.3a) and (3.3c) that the products within square
brackets on the right hand side are trivial. So I'Ii W)™ = 1, and case

1 is completed.

Let us proceed to case 2. Just as in the previous case, we will assume G
is not nilpotent. Suppose H; = G for some ¢. By a variation of Brauer’s

theorem (see chapter 2),
Indg (xi—1) = x—-1 = Y mjIndg ({-1)
J

such that m; is an integer and (; is a character of D; # G for each j.
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Once it is shown
W) = I W)™
J
we can replace those terms in the original sum - n; [ nd§, (x; — 1) of the

form x; — 1 by the corresponding Ej m; Indgj (¢ — 1) in order to turn

case 2 into case 1 which we proved earlier. Particularly,

Znifndg,-(Xi—l) = Y mInd§ -1 + >, m(a—1).

H;#G H;=G

which can be written

S nednd, (1) + X e ¥ my Indt, (G- 1))

Hi#G i=G

where the index j may depend on ¢. If 3° n;Ind§ (xi —1) = 0 , then

L= T weor T1{Twerm )

H#G H=G \ j

by case 1. Hence the following lemma will complete case 2.

Lemma. Suppose G = Gal(K/F) of order I + 1 is not nilpotent and x;

is a character of H; = G . If

xi—1 = Emjlndgj (G -1
J
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for some integers m; and characters (; of D; # G , then the induction

hypothesis of theorem 3.3.1 together with the 3rd identity imply

W) = [T W™ -

Proof. Let C be an abelian normal subgroup which is non-trivial and
minimal in the sense that C' has no non-trivial subgroup that is normal
in G, other than C itself. Because G is solvable, such C must exist.

Specifically the sequence
G > [G,G] > [[6,6],[G. 6] o -

terminates. So the last non-trivial group in the sequence will be an abelian
normal subgroup of G. It is possible to choose a minimal subgroup C

within this last non-trivial group in the sequence.

Let D; = Gal(K/E;) and C = Gal(K/L). If x; — 1 is regarded
as an element of R(Wx/r) via the surjective homomorphism Wg/r —

Gal(K/F) , then by lemma 1.2.12

W,
Xi — 1 = z m; I'ndwﬁjgj (CJ - 1) .
J
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In thecase D; 2 C forall j, wehave L 2 E; 2 F, and the above

equality implies that as an element of R(Wy,r)

W,
Xi — 1 = Z mj IndWZ:J (CJ - 1)
J
in view of lemma 1.2.11 and the surjection Wg/r — Wi /p .

Because L/F is a Galois extension and I > |Gal(L/F)| , the induction
hypothesis of theorem 3.3.1 yields W(x;) = Hj W(¢;)™ . This proves

the claim below.

Claim I. With the notations in the lemma, suppose we have x; —1 =
Zj m; Indgj (¢ —1) such that D; D C for all j. Then it follows from

the induction hypothesis of theorem 3.3.1 that W(x;) = l'[j W(G)™ .

Now we assume D; 2 C for some j. By lemma 1.2.3,

(Dj,G) — (D5, 1) - { CZ;(D.C) ((D;C)u, {Gir1e})
$lpjne = #lJDjnc

Y (DO {w})}
W € C*/(D;C)
I"IDan =1
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is a relation in ker(bp,c) . Consequently, the virtual representation

_ D;C D;C
o = > Idpe, (1) — > Indjg (1)
» € C*/(D;C) uw € C*/(D;C)
¢ilpjne = Blp;nc u'IDjnc =1

has dimension zero. Since both (D;C), and (D;C), contain C, the above
o is an inflation of a similar virtual representation of the quotient D;C/C,
and the theorem of Brauer in chapter 2 together with lemma 1.2.11 assert
that

D.
T o= Gs Ind,[Jf (s — 1)
8

for some T;s 2 C and characters vj, trivial on C. As a result, if we set

M= 3 [((D;C), {Gir}) = ((DsC)ur 1) ]
Slpjne = l‘lJDJ-nC

and
Ny = Y [((DiOw, {LK}) - (DO, 1)]
o' € C*/(D;C)
#lp;nc =1
then

(D5, G) — (D1, 1) ~ {M; = N;} = 3 4 [ (Ths, v3) — (Tiss 1) ]
(3.3d)

is a relation in ker(bp,c) -
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Let us rewrite x; — 1 = Zj m; Indgj (¢ — 1) in our lemma using the
above relation (3.3d) . Whenever D; 2 C , we replace the corresponding

term Indg, (G —1) by

> Ind(GDjC),, Ge-10 - X Ind(GDjC)#, {L,u'}-1)
u € C'/(ch) u € C‘/(ch)
¢ilpjnc = #lp;nc u’lpjnc =1

+ D gis Incﬁ” (vjis—1) .
S

Notice that (D;C), , (D;C)y and Tj, all contain C . Therefore claim

I applies, and
ue Cl-/[ch) W{G, ) m;
¢ilp;nc = #lp.nC .
W) = [T W™ I1 { — J HW(V-,S)“"’} '
p;3c . Dpyac y ecI-I/(p,-C) W({Lup}) s ’

#lp;nc =1

To complete the proof of our lemma, it remains to show that for D; 2 C,

ve ko WG D)
¢lp;ne = #lp;ne

W(G) =

I W) % (3-3e).
W e cl-_;(o,-C) w{i,p}) - ’

Ip. =1
#lp;nc

In case D;C # G, the induction hypothesis of 3.3.1 applies to the relation

(3.3d) and yields identity (3.3e). Henceforth we can assume D;C = G.
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Observe that D;NC <« D;C . Since C is minimal by construction, D; 2

C thenimplies D;NC = {1} . Consequently the relation (3.3d) becomes

(D;, &) — (D,1) = ¥ [((DiC)s {G:s}) = ((DiC)us 1) ]
yGC'/G B
+ ¥ [(Di0), {Ls}) = ((DsC)r1)] -
nEC/G s |
N;

Notice T;s and v;s are redundant. In fact, the representation o, from
which T, and v;, are defined via Brauer’s theorem, is equal to zero when

D;NC = {1} .

As a result, we have

Indzc)j (Cj—l) - Z {Ind(GDjC)“ ({Cjaﬂ}—l) - Ind(GD,C),‘ ({17#}—1)} =

peC/G

which can be inflated to

Indftt (G-1) = % {Indwﬁji (G} - 1)
pecC/G

- Indigs, (b1} = 0
(331)

according to lemma 1.2.12, if (D;C), = Gal(K/F;,) .
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Recall that the centralizer of a subgroup consists of element(s) in G that
commutes with everything within that subgroup. If there exists a non-trivial
normal subgroup of D; lying inside the centralizer of C', then this non-
trivial normal subgroup, denoted by Gal(K/U), is also normal in D;C.
Meanwhile, (D;C), contains the centralizer of C'. Therefore FE; and
F;, are subfields of the Galois extension U/F . By lemma 1.2.11, (3.3f)

is an inflation of

W, W,
Indiyr, =) - % A (o)
pect

W,
_ Indwg;::j'“ ({1,p} - 1)} =0
to which the induction hypothesis of theorem 3.3.1 can be applied because

I > |Ga(U/F)| .

Hence,

| WLe) | _
W) I { W{G. ) } :

or equivalently

\ = WG, ub)
wiG) MGICI.,G{ WL u}) } '

This is identity (3.3e) because D;NC = {1} means T, and v;, are

redundant.
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We may now assume D;C = G and there is no non-trivial normal sub-
group of D; lying inside the centralizer of C . (It follows immediately that

Dj 2 C and that Dan = {1}.)

Claim II. With C abelian and normal in D;C = G, if there is no non-
trivial normal subgroup of D; lying inside the centralizer of C, then C is

its own centralizer.

Proof. Let A be the centralizer of C . Then, being an abelian group,
C C A. Infact, (AND;)-C C A. On the other hand, given h € A
we can write h = dc for some d € D; and some ¢ € C. This means
d = hc? € A. So it is possible to conclude that (AND;)-C = A. In

addition, with z € AND; ,d€ D; and c € C,
dzdc = dzdledd? = ddlcdzd™? = cdzd!.

(The equality in the middle holds because z commutes with d~lcd € C.)
In other words, dzd~! commutes with all ¢ € C. Therefore, dzd™! €
AND; , which implies AND; < D; . However, D; contains no non-trivial
normal subgroup lying in A. So we must have AND; = {1} . Now it

follows from (AND;)-C = A that C = A. |
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Suppose H < G suchthat H 2 C. Then HNC is abelian and normal
in G. Since C is minimal, this means HNC = {1} which implies that
H is contained in the centralizer A of C. ByclaimII, H C C. So we

conclude H = HNC = {1}.

In summary, we have D;C = G , D;NC = {1} and C is contained
in every non-trivial normal subgroup of G. Because G is not nilpotent,
D; # {1}. Let S! be the unit circle in the complex plane, if we define
6; : D;C — S' by 0;(dc) = ¢(d) , then 6; is well-defined and it is
a character of D;C. Moreover, the fact (; = 6; |p; is translated into
¢; = 0j o Ng;/r when we view (; and 6; as characters of E; and F*
respectively. In addition, examining the character values on (D;C), =
(DiN(DjC),) - C reveals that {¢;,x} = {1,p} - (6; |ip;c),.) - Therefore,

under the condition D; NC = {1}, identity (3.3e)

N\ — W({CJ"/‘})
W) Ferc[.,c{ W({l,#})}

is exactly the 3rd identity, and our lemma is proved. ||

Case 2 is now completed, and we have shown that statement (%) is true when
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|Gal(K/F)| = I+1.

Next, we prove statement (ii:) by elaborating on the argument at the
end of the proof of statement (). Let C = Gal(K/L) be an abelian normal
subgroup of G. If C = {1}, then (#i) becomes a triviality as E itself is
contained in L = K. By the same argument, the case C C Gal(K/E) is

equally trivial. So we will assume C # {1} and C € Gal(K/E).

In the case ENL # F, the order of Gal(K/ENL) is less than or equal
to I, and xgo Nk/e = (xr°NEnry/F)© Nksenry - Hence the induction
hypothesis of theorem 3.3.1 implies that there are subfields F; of L/(ENL)

and quasi-characters xr, on F,* such that

w W,
Indy )™ (xg—=1) = Y adndy, =" (xr — 1)

/1E Wk/F,
S

which means

IndWK/F (Indxx/(anz.) (XE—]-)) - E asIndWK/F (IndWK/(EnL) (XF.-I)) .

Wk /enL) K/E Wk (ENL) Wk, F,
8
Moreover,

W(xe) = [l Wxs)™.
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Notice that the induction hypothesis has already assured xx/r, is either

Xk/E or 1.

Suppose now ENL = F. Let us abbreviate the composition xz o Ng/r

to Xxg/r. Because xk/g is equal to Xk/r, the character xg - xg/F~’

annihilates the norm group Ng/z(K*). In fact, xz - xz/r~' annihilates

Nk /p(K'™) where K' is the fixed field of the commutator subgroup of

1

Gal(K/E) [2, proposition 4, p.143]. Consequently, x& - xg/r~' can be

identified, via the reciprocity map, with a character g of the Galois group
Gal(K/FE) = H . We will abuse the notation and write xg = 0z - xg/F »

interpreting 0r as a character of £*. By lemma 1.2.3

Ind§; (65) = > Indg, ({0g, 1}) -

p € C*/G
Sglunc = wlanc

Similarly
Ind§ (1) = Y Indg, ({1,u}) .

uw € c"/C
Wignc =1

It follows from lemma 1.2.12 that the first of these equalities can be inflated

to

Indg¥F (0s) = % Indy " ({0g,u})

Wk/E Wk/F,
/ u € C*/G /Fu

9elHnCc = #lunc
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where G, = Gal(K/F,). Inflate the second equality accordingly, and let

G, = Gal(K/F,).

Since lemma 1.2.12 is based on the surjection Wx/z — Gal(K/E) which

forms part of a commutative diagram

Wk/e — Gal(K/E) % Gal(K/E)® 2& §!
proj. l a

(Wk/e)® = Wgig ~ E*

with the reciprocity map E* — Gal(K/E)® , we can conclude that

W, Wi,
Ind27 (xg) = {rndwz;; wE)} ® xr

W,
= > I ndwﬁf; ({6e, 1} - xF/F) -

p» € C*/G
glunc = klHnC

This last equality is due to a commutative diagram (that relates the reci-

procity map F,* — G,,“b to the surjection Wk/r, — G, ) analogous
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to the one above and the fact

Subtracting the equation
IndgS (1) = 3 Indy% ({1,4})
u' € C*/C »
wlgne =1
from above, we obtain
W, W,
Indy,); (xe—-1) = > Indy, . ({0g, 1} - xFy/F)

u E€EC*/CG
belunc = #lanc

W,
- > Imdyl ({1,n}) .
u' e c"/G “
#lgac =1

It is important to remark that both F, and F,, are subfields of L/F.
In fact, because G, and G, contain the centralizer of C, if L' denotes
the fixed field of this centralizer, then F, and F are subfields of L'/F.
Moreover, C < G implies the centralizer of C is also normal. This means

L' /F is a Galois extension. Therefore, the representation
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o= Y W - Y Indg, )
4 € C*/G u' € C*/G #
bglunc = vlanC wlgnc = 1

which has dimension zero, is an inflation of a similar virtual representation
of G/Gal(K/L'). According to the variation of Brauer’s theorem in chapter

2 and lemma 1.2.11,
= Y d; Ind§, (o — 1) (3.39)
t

for some K; containing Gal(K/L') and character a, annihilating Gal(K/L').

Let K; = Gal(K/F;). By lemma 1.2.12, (3.3g) is inflated to

W W, W,
S Indygr (1) - 3 Indwgl (1) = 3 deIndyy; (1)
p €C"/G u' € C*/G © t
8elanc = wlunc #lgnc = 1

where the subfields F; are contained in L’, the fixed field of the centralizer

of C. As a result,

Indwﬁ;g (XE - 1) = eg-/c In dWﬁ;:: ({GE, [L} . XF,‘/F — 1)
oEIH‘;lC = #lanc

W,
- ¥ Indg¥r (Lu} - )
u! € C*/G u
Wlgne =1

+ > 4 Indwgf*‘ (s —1) (3.3h).

t
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Moreover, as a character of F,* (via the reciprocity map F,* — G.?),

{0g, u} satisfies {6g, p} o Nk/r, = 1. Therefore,

({93, B} XF,‘/F) o Nk/r, = XK/E -

Similarly, we conclude that {1, p’} o Nkir, =1 and o o Ng/p, = 1.
Now, to complete the argument for statement (i4), it remains to show

b el;;['/c W({oEv p}- XF“/F)
W — _felunc = klunc W d,
(xe) IO w (1, u’}) 1:[ ()

Wgnc = 1

(3.31).

If the composite EL # K , or equivalently HNC # {1} ,then E, F,,
F,, F, are subfields of (EL)/F. As ENL = F implies HC = G,
wenote HNC < G. So (EL)/F is a Galois extension, and according to

lemma 1.2.11, (3.3h) is an inflation of

Wi W,
Indwf::g;: (xe—1) = ;/G Indwz’;i;;; ({6g, 1} - xEyFr — 1)
E -
91-:!11‘:10 = slync

W,
- X IndgEe ({1} - 1)
,u'EC‘/G o
Wlgne = 1

W
+ T IndyE (o)
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to which the induction hypothesis of theorem 3.3.1 applies because I >
|Gal(EL/F)|. Thus (3.37) follows from this equality. Similarly, if H =
Gal(K/E) contains a non-trivial normal subgroup H; = Gal(K/K,) lying
in the centralizer of C, then H; <« HC = G. Again, since E, F,,

F, , F, aresubfields of K,/F, just as before (3.3h) is an inflation of

w W,
Indys (e=1) = % Indyil ({05, m} Xagr = 1)

Wk, /F,
u E€C*/C
elunc = #lHNC

W,
= Y Indy ({Lw'} - 1)

u e Cc*/G
#lgnc = 1
+ Y d IndyiF (ap-1)
Wk, /F, t )

t

Hence the induction hypothesis of theorem 3.3.1 applies, and we have (3.37).

From now on, we can assume HC = G such that HNC = {1} and H
contains no non-trivial normal subgroup lying in the centralizer of C'. In
this case, the characters a; in (3.3h) are redundant by definition, and their

abelian root numbers do not appear in (3.37).

Claim III. With these assumptions, the quasi-character xr in statement

(¢it) can be chosen such that xg = xg/r - If we further assume that C is
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minimal in the sense that C contains no proper abelian normal subgroup of

G, then (3.37) is reduced to either the 1st identity or the 3rd identity.

Proof. We have already seen that there exists a character g of H =
Gal(K/E) such that, when viewed as a character of E* under the reci-
procity map, 0g satisfies xg = 0 - xg/r - Because H N C = {1}, every
element in HC = G can be expressed uniquely as a product hc for some
h € H and some ¢ € C. So it is possible to define a character 6 of G
by 8r(hc) = 0g(h) . When this character 0 is viewed as a character of
F*, it follows from the definition of 0 that 6 o Ng/r = 6 . Therefore,

XE = 03/1:")(3/1: ,Which means xg = (BF'XF) (o} NE’/F-

Suppose D <G suchthat D 2 C. Then DNC must be abelian and normal
in G. However C is assumed to be minimal, which means D N C = {1}.
So, given d € D and ¢ € C, we have dcd™'c¢™! = 1 . This implies D
stays inside the centralizer of C'. Now recall from claim II that the centralizer
of C in HC isequalto C itself, aslongas H contains no non-trivial normal
subgroup lying in the centralizer of C. As a consequence, D C C'. In fact,

{i}=DnC=D.
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To summarize, wehave HC = G, HNC = {1} and that C is contained

in every non-trivial normal subgroup of G. Moreover, with xg = XEg/F,

(3.37) is reduced to

W({1, u} - x5/F)
W(xg/r) = — .
o ueHC“/G W({]':r U})
This is equal to the 3rd identity when H # {1} and is equal to the lst

identity when H = {1}. ||

Complementary to the above claim, let us consider the case when HC =
G, HNC = {1} and C is not minimal. Then there exists 2 non-
trivial abelian normal subgroup C, contained in C, but C, # C. This
means that HC, # G as HN C = {1}. Suppose HC, = Gal(K/F').
Notice xx/e = (xF © Npyyr) © Nksr . Moreover, the abelian subgroup
C, = Gal(K/L,) is normal in HC,. So the induction hypothesis of theo-

rem 3.3.1 asserts that there are subfields F,’ of L,/F’ and quasi-characters

xr: satisfying xx/m =1 or Xxx/m = xk/e such that

Wk rt Wi, pr
Indy,0 7 (xe—1) = >_ asIndw |, (xr — 1)
K3 s
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with
W(xe) = [I Wixe)™ (3.35).

As a result,

Indy'", (Ind ndy</F’ (xe—1)) = Z a5 Indy'" ( Ind W (xr—1)) -

Wy et Wk/E Wi/p Wi/ r!

Combine this equality with (3.3h). We observe that, under our assumption

HnNnC = {1}, the sum

Wi/ pt
Z as I ndwgi (I dwﬁfz, (xr; — 1)) Z a; Indy /" (xg; — 1)

WK/FI

is equal to

w
Z In dw:,;i ({GE,#}'XF,,/F -1) - Z ng ({1 ﬂ} -1).
pecC/G pecCc/G

Because F,’ and F, are subfields of the Galois extension L,/F', this is

an inflation of

Z as Indwz";;, (xm—1) = > Indw’:’;i ({6e, 1} - xpyr — 1)
pEC*/G

- X mdgl (- D
® -
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according to lemma 1.2.11.

As I > |Gal(L,/F)|, the induction hypothesis of theorem 3.3.1 yields

@ _ W({0g, u} - xr./F)
Owoer = 11 —iam

Now (3.3¢) is a consequence of this equality together with (3.35), and we

succeed in showing that statement (4iz) is true when |Gal(K/F)| = I +1.

Finally we return to statement (i). Given

W,
Z m; IndWZ:j (xg; —=1) = 0
J

such that every quasi-character xg; has finite order, let B be a field exten-

sion of K satisfying the two conditions below.

(1) B/F is a Galois extension of finite degree.

(2) Each xg; annihilates the norm group Np/g;(B*) and as a result can

be interpreted as a character of the Galois group Gal(B/E;).

By lemma 1.2.11, we have

> m; Indy?! z, (xg;—1) =0
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which is an inflation (via the surjection Wg/p — Gal(B/F)) of
= m; Indgg(a)ey (xg; —1) = 0 (3.3k)
J

due to lemma 1.2.11 and the commutative diagram below. (This diagram
indicates that xg;, as a character of Wp/g; via the top row of horizontal

arrows, annihilates B>, the kernel of Wp g, — Gal(B/E;).)

(WB/Ej)"" .
e ) .
Weie, &5 Wg,g, ~ E* T3 E;*/Ng/g(B*) — S

{ N\ /" isomorphism

Gal(B/E;) % Gal(B/E;)*

Let G’ = Gal(B/F) and G, = Gal(B/K) . Because of lemma
1.2.10, the action on xg, by Gal(B/F) does not alter the conclusion of
statement (i2). So, without loss of generality we may assume that lemma
1.2.7 applies to (3.3k) with the normal subgroup G, in G'. Given a fixed

character xx in a set of representatives (G/)*/G’, if

Gal(B/Fy) = {0 € G' | xk = xx}
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then

al(B/Fxg)
> dgaz(a/s:f (xg;) = 0

xe;le ) = xk

for xk # 1, and

(B/F al(B/F

> m Indgaz(BfE,) g, —1) — X my "dgalfBﬁE)) (1) =0
XE,'|G°’=1 XEjlco'?él
for xxk = 1.

Also notice that F,, C K because given any z, 0 € G, , we have

x%(z) = xxlozo™) = xx(0)-xk(z) - xx(@)™" = xx(z) .

Consequently, with a fixed xx # 1 , the representations
al(B/Fy, )
Y, myl ndgaz(B/Exi‘ (1)
XEjlgy = XK
and

al(B/F
Z m; I ndgazgsfaz (1)

XEJ' IGO’ ¢ 1

which must have dimension zero according to above, are inflations of sim-

ilar representations of Gal(K/Fy,) and Gal(K/F) respectively. Hence,
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the variation of Brauer’s theorem (in chapter 2) and lemma 1.2.11 imply
that there exist subfields K, of K/F,, and characters a, of Gal(B/Kj)

satisfying os|g; = 1 such that

al(B/Fxy) al(B/F )
2 ndgd(B/E"g‘ 1) = Zd Indgeyp) s’ (e —1)

XE;lg) = xK
for xxk # 1, and
al(B/F al(B/F)
- Z m; I ndgazgsfp:,)«) (1) = Z ds I ndgalEB/K,) (as—1)
XEjICO' # 1 s

otherwise.

Therefore, no matter xx is trivial or not, we have

al(B/Fy,) al(B/F )

> omy Indgaz(s/sxf -1) + Z ds In. Gal(B/KXI){ (@s—1) = 0
xe;lg) = xK

(3.30).

Apply lemma 1.2.12 followed by lemma 1.2.11. (3.3]) yields

3 Indwkj;m (xg; —1) + Z d, In dwxj;"x (ag—1) =
XEJ'IGO’ = XK

(3.3m).

In case F,, # F, the order of Gal(K/F,, ) is less than or equal to I and

the induction hypothesis of theorem 3.3.1 asserts
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I We)™ I We)* =1 (3.3n).

= 8
xg;le) = XK

On the other hand, our definition of K, and a, shows that

11 I W(a)* =1

xk € (G))'/G" ¢

where the index s depends on character xx. This last equality can be
deduced from statement (z) as well, if we consider
al(K/F'
Z Z ds Indgdgfo)a) (as - 1) = 0
xx € (GJ)"/G" ¢
which is a consequence of (3.3l), (3.3k), lemma 1.2.11 together with the

fact that K, C K and a4lgy = 1.

As a result, once (3.3n) is established for every xx in (G.))*/G’, we can

form the product of (3.3n) over all xx € (G))"/G’

{ 11 I W)™ }{ II HW(as)“’} =1

- XK € . = XK € s
Wy xe,lcor XK Chere

equ;.ls 1
according to above

J/

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



143

and conclude that

H W(XEj)mj =1.

2

So, in order to complete the proof of statement (iz), it is sufficient to verify

(3.3n) when F,, = F.

Claim IV. Suppose F,, = F. Then ker(xx) = Gal(B/M) is normal

in G', and the cyclic group Gal(M/K) is in the center of Gal(M/F).
Proof. Recallthat G, <« G'. If ¢ € G’ and z € ker(xk) , then
xx(czo™!) = xk(z) = 1

because x% = xx when F,, = F. Now let us interpret xx as a char-
acter of the cyclic group Gal(M/K). Notice Gal(M/K) < Gal(M/F)
and x% = xx if b € Gal(M/F) ie. given a € Gal(M/K), b €
Gal(M/F) ,wehave xx(bad™') = xx(a). Henceit follows that babd™'a™! =

1. This means Gal(M/K) is in the center of Gal(M/F). ||

An immediate consequence of the above claim is that Gal(M/F) is nilpotent
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if Gal(K/F) is nilpotent. Therefore, theorem 3.2.1 can be applied to

al(M/F al(M/F
> om IndgazMEz) (xg;— 1) + Y ds IndGamiiy (@s—1) = 0

xEg;ley = xk

which comes from (3.3]) by means of lemma 1.2.11 as  a;|cas/x) =1 for
all s and Gal(B/M) = ker(xk) = ker(xg;lcam/x) C ker(xs;)
for those xg, that appearsin (3.3). Sowe have (3.3n) whenever Fy, = F

and Gal(K/F) is nilpotent.

Henceforth we assume F,, = F and Gal(K/F) is not nilpotent. Then
Brauer’s theorem claims that K, # F for all s. Because Gal(K/F) is
always solvable, it contains a non-trivial abelian normal subgroup C =

Gal(K/L).

If E; and K, that appears in (3.3l) are all subfields of L/F, then according

to lemma 1.2.11, (3.3m) is an inflation of

W, W,
> milndy;, (xg-1) + Z ds Indy’% (as—1) = 0

XEJ"G 4 = XK
Since I > |Gal(L/F)| , the above equality and the induction hypothesis

of theorem 3.3.1 yield (3.3n). Generalizing this argument, we obtain
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Claim V. If the finite sum ¥ ; m; I ndwzgj (xg; —1) = 0 with every
E; contained in the fized field of a non-trivial abelian normal subgroup of
Gal(K/F), then [1; W(xg;)™ = 1 follows from the induction hypothe-

sis of theorem 3.3.1.

Now suppose E; and K, are not necessarily subfields of L/F. Let us
interpret xx as a character of K* via the isomorphism K*/Npygx(M>) ~

Gal(M/K) and consider two possible scenarios:

(8) xx is equal to xr o Ng/r for some quasi-character xp on F*.

(b) There is no quasi-character xg on F* satisfying xr o Nx/r = Xk -

Observe that, as a character of K via the reciprocity map, a, always
annijhilate the norm group Ng/r(K*) by construction. So, in view of the

commutative diagram

Wkk,)®®
.. ,—J\—\
Wik, =5 Wik, ~ K~

reciprocit;
{ v { Elap y

Gal(K/K,) T2  Ga(K/K,)® 2 8§t
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if (a) is true, then statement (4i¢) together with claim V show that (3.3m)
implies (3.3n); otherwise notice (b) means E; # F. Moreover, we recall
K, # F for all s when Gal(K/F) is not nilpotent. Under this circum-
stance, our next claim deduces (3.3n) from (3.3m) and therefore completes

the proof of (3.3n) for all xx in (G;)"/G’.

Claim VI. Suppose Gal(K/F) is not nilpotent. Given

W,
> mjIndy, (x5 —1) = 0
J

such that E; # F and xg; has finite order for all j, the induction hypoth-

esis of theorem 8.3.1 implies []; W(xg;)™ = 1.
Proof. Again let P be a field extension of K so that
(1) P/F is a Galois extension of finite degree.

(2) x&; annihilates the norm group Np/g;(P*). In other words, xg; can

be interpreted as a character of the Galois group Gal(P/E;).

Remember the trivial character of Gal(K/F) can be expressed

N
al(K/F
1 = kZ €k IndgalEK;F:) (xF.) -
=1
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Because Gal(K/F) is not nilpotent, Brauer’s theorem further concludes that

F;, # F forall k. By lemma 1.2.11, the above equality can be inflated into

N
= ) e Indgifgﬁk)) (x7.) (3.30).
k=1

Now we invoke lemma 1.2.8 with G = Gal(P/F), A = E;, B =

Fe, Xa=XgB> XB=XF-

We denote the corresponding subfields A, and B, in lemma 1.2.8 by

A¢ = Ejry, By = Fjre for Mjz > ¢ > 1, and there are characters
XA = XEjue» XB: = XFjy, defined on Gal(P/Ejxe) and Gal(P/Fjxpe)

respectively.

Observe from property (1) of lemma 1.2.8 that A, = Ejx, and B, =
F;x, are in fact subfields of K/F. Moreover, being representatives of the
(Gal(P/Fy), Gal(P/E;)) double cosets of Gal(P/F’), the automorphisms

o¢ € Gal(P/E;)\Gal(P/F)/Gal(P/F:), when restricted to K, are distinct.

By property (5) of lemma 1.2.8 if
ajx = Rescap/g;) (I ndgal(P/Fk) (XFk))

al(P/F

Bix = Rescupmy (I ndgdéprj) (xz))
(P/F

Bix = Rescup/r,) ( ndgal(P/E)) (XE:-))
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al(P/F
Yix = Rescup/r) ( I Ga.l(P;Ej) (1) )

then (xg; —1) ® a;x is equal to

M;
al(P/E; al(P/E;)
ez1 { Indgdgpri)“) (XEj,k,e -1) -1 ndgal(P/E;.k.z) ((xf:'i.k,t/Fk)al -1) }

[ - o

Ujk.e
and (Bjx — vjix) ® Xg is equal to

M; s
al(P/F; al(P/F;
Z { IndgalEP;F:,)k,z) (XFJ‘.k.l -1) - IndgalEPjii)k_g) (XFJ'.k.z/Fk -1) }
=1

“ S

Vik.e

where character xr,,,/r, denotes the restriction xr,|cai(p/F..) -

Let us abbreviate the above two sums to Y-, U;x, and 3, Vji¢ respec-

tively.

Now, according to (3.30),

N N

al(P/F
> ecojx = Rescarss) (Y exIndguipimy (xm)) = 1.
k=1 k=1

On the other hand, by lemma 1.2.11 }°; m; [ nd%';;gj (xE; — 1) = 0 can

be inflated to 5; m; Indyf/e (x5, —1) = O which then yields

al(P/F
Z m; I"dgazgpfgj)-) (xg; —1) = 0
j
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because of the following commutative diagram.

Weg;, 75 (Wpyg,)® = Wgyp, ~ E;¥

{ 4 proj.

XE;

Gal(P/E ) proJ Gal(P/E])ab ~ E; X/NP/EJ(PX) — St

(3.3p).

The above homomorphism Wp/g, = Gal(P/E;) is a surjection, which forms
part of an exact sequence in lemma 1.2.12. It confirms that the character

XE; annihilates P> QWP/EJ..

As a result,

(P/F
> my(Bix—vik) = Rescaesny ( Z m; Indgairey (xg;—1)) = 0.
7

We can therefore conclude that for all j, xg; — 1 is equal to

N N N Mk
(XE,-_I) ® { Z €k Qjk } = z (43 {(XE,-_].) ® aj,k} = z Z €x U',k,!
k=1 k=1 k=1 {=1

andfor N >k > 1,

Jk
Z mj Vike

M;
£=1

{Z m;(Bjk—rix) } ® XF, = ; m,-{ (Bik—i k) ® er} ZJ:

J
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is zero. Apply lemma 1.2.12 followed by lemma 1.2.11. We obtain

N Mk

WK/E~
xg; -1 = ,; ; ex { Indw,,p . , (XEjne = 1)
=1 {= h

WK/E-
- IndWK/E;,k.t ((XFJ'-k,t/Fk)al - 1) }

as well as

W,
~ Indy (xspam =) |
It is legitimate to apply lemma 1.2.11 because in (3.3p) the canonical pro-
jection Wp/g, = (Wp/g;)® = Wk, factors through Wy g, . We can

argue similarly for xg;,, s XFie s XFjxe/Fe o (XFy /P -

Now, recall that Fy # F and E; # F . Inother words, both |Gal(K/Fy)|
and |Gal(K/E;)| are less than or equal to I. So the induction hypothesis

of theorem 3.3.1 yields

wowy = 11 (st

it =1 \WXE k0B
for all j and
Mie ( Wixg,) |™
1 = —_— ekt } 3.3q
I { ey 330
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for N>k2>1.

Consequently,

e - 1{ i (s )

— N W(XEj.k,t) o
- l;[ H {W( (XF:-i.k.l/Fk)al )}

(3.37).

Meanwhile, property (2) of lemma 1.2.8 asserts that (xr;,.)* = XEjxe -

Hence lemma 1.2.10 implies

W(XEj.k,e) = W( (XF}.k,e)Q) = W(XFj,k.e)
Similarly,
W((XF;retr)™) = WXE R

Substitute these into (3.3r). We have

W)™ = 11 181 {_M%}k my

W(XF},k,z/ Fy

- ﬁ HMM {ML))}ek m

W(XF},k,z/Fk
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B klj{ Aﬁk {W(X—F,,,,))}m, }ek.

i e=1 W(XFj,k,z/Fk

Now, our claim follows from (3.3¢). ||

With the above claim, identity (3.3n) is proved for all xx . As explained
before, when |Gal(K/F)| = I+ 1, statement (i) is a direct consequence

of (3.3n). This completes the proof of theorem 3.3.1. ||

3.4 Generalization of the epsilon factor

Following Tate [23], we now outline how to define the root number for a
representation of the absolute Weil group Wy, so that the root number
coincides with our definition in chapter 2 whenever the representation is of
Galois type (see Tate [23]). Specifically there exists a function €r on the free
abelian group R(WF) generated by irreducible representations of Wy which
satisfies (1) and (3) in theorem 2.0.1. We recall that each representation of

an absolute Weil group can be factored through some relative Weil group.

To obtain such £r , we first define ep(¢) for irreducible ¢ . Deligne [4] has
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proved that every irreducible ¢ takes the form (pou) ® | |: where p
is a representation of some local Galois group Gal(E/F) , u is the chain
of surjective homomorphisms Wr — Wg/r — Gal(E/F) and | |F is the

normalized absolute value of the local field F . Let us define

er(9) = |xFO T IO W(p)

such that 7p is a uniformizing parameter of F', f(p) is the Artin conductor,
d is the order of the absolute different of F' and W(p) is the root number
defined in chapter 2. Due to property (2) in theorem 2.0.1, we may regard p
as a representation of Gal(F /F), where F is an algebraic closure of F .

The corresponding u is the homomorphism Wy — Gal(F /F).

Theorem 3.4.0. Our definition of er(¢) for irreducible ¢ is insensitive to
different decompositions of ¢ into a finite component (pou) and an infinite

component | |: .

Proof. If

(row) ® |12 = (mow) @]
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then its equivalence

(prou) = (prou) ® | |27

indicates that the quasi-character | ]:2 - % must send W ~ F* toa
finite image within the unit circle S'. This means s, — s; is a rational
multiple of 27é/In( |7F|_). So | |:2 ~ S is in fact an unramified character
of F*. We apply theorem 2.0.3 with an appropriate Galois extension K
over F and a character x corresponding to | | ha 5t under the reciprocity

map.
W(pg ® I ';2 —31) = (hﬂ:z —81)f(P2). W(I {:2 —-91)dimpz . W(pz)

— Iwg(m)+d~dimp2|:2—sl 'W(Pz)

[ 24 = W (py)
F
f(p2) + d - dim p2 )
|wp |

Here we have abused the notation | |;2 — 1 using it not only as a quasi-
character on F* but also as the corresponding unramified character x of

the Galois group Gal(F /F). Strictly speaking, xou = |[|®2~ .
On the other hand, because u is surjective,

p=p||2"" (3.4a).
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So

)+ 4 Em 2| o2 W (py)

Wip) = Wi ® |[27%) = ORI TP
F

and we can conclude

[rfe) - Emp a w(p) = |n eI 0 W () (3.40)

provided that dim p; = dimp, and f(p1) = f(p2) .-

Claim I. Let p, x be representations of a local Galois group G = Gal(K/F).

If in addition x is an unramified character, then f(p ® x) = f(p).
Proof. Use Brauer’s induction theorem to write
p = > nilndg (o) .
Then
PO X = Znifndc,.(ai'(x|m)) .
Therefore
fe®x) = Xi:ndac , Indg (i (x1m))), -

By Frobenius reciprocity

flo®x) = Y mlacla » o (xlu)),, -
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According to lemma 2.0.4, if H; = Gal(K/E;) and J; is the order of the

discriminant of E;/F , then
flo®x) = X m[ X+ fmyr- flai- (x1w))]

= Z n; [/\i + fE,-/F'f(ai)]
as it is immediate from the definition of the conductor for a character that

flai-(x|#)) = f(oz). Now, we use lemma 2.0.4 once again to conclude

that 3; n; [X\ + fg r- f(os)] = f(p), and the claim is established. ||

Notice that (3.4a) already implies dim p; = dim p, . Together with claim

I, we have proved (3.4b) and therefore theorem 3.4.0. ||

Having defined eg(¢) for irreducible ¢, we extend the function ep
”linearly” to obtain the root number for all virtual representations of Wg .
Thus er satisfies property (1) in theorem 2.0.1 automatically. Moreover
this er is consistent with € in chapter 2. Given a representation p of
G = Gal(K/F), consider its decomposition ¥ ; m; V; into a direct sum of
irreducible representations. If u denotes the chain of surjective homomor-

phisms Wp — Wg/r — Gal(K/F) , then the Weil group representation
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V; o u must be irreducible too. Hence

er(pou) = [[er(Viow™ = [[W)™ = ec(p)  (3.40)

v

theore‘ﬁ1 2.0.1

Similarly, we extend the dimension dim and the conductor f to all
virtual representations by linearity. For irreducible ¢ = (pou) ® | l; , the

dimension of ¢ is given by dim p and the conductor of ¢ is that of p.

Theorem 3.4.1. (A generalization of theorem 2.0.3.) If v is a virtual

representation of Wpr , then

) d- di i
er(v®]]2) = [Tf I EY 2 ep(v) = (Imp| 1) - ep(]]2) ™ ep(v) -

Proof. The formula follows directly from the definition of er(v) , dimv

and f(v) for virtual representation. ||

Finally, we verify that e satisfies property (3) in theorem 2.0.1. For
notational simplicity, given any finite extension E over a local field F', the

induction I nd%i will be abbreviated to Indg/r .
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Theorem 3.4.2. If ¢ is an irreducible representation of Wg , then
er(Indg/r (¢ — (dim¢)-1)) = eg(p — (dimg)-1) .

Proof: Let n be the degree of E/F . Suppose ¢ = (pou) ® | l; ,
where p is a representation of a local Galois group H = Gal(B/F) and u
is the chain of homomorphisms Wg — Wg/g — Gal(B/E) . We may select

B so that B/F is also Galois. Observe that
Indg/r (¢) = Indgr(pou) ® || .

If dr, dg are the respective orders of the absolute different of F' and the

absolute different of F , then by theorem 3.4.1 ep( Indg/r (¢)) is equal to

Ind u) ) + dp - dim ( Ind
g} e (o) )% e dim{ E/F(M))I:‘EF(IndE/F(P°u))-

Let G be the Galois group Gal(B/F) and u' be the chain of homomor-

phisms Wg — Wg/r = Gal(B/F) . 1t follows from lemma 1.2.11 that
Indg/r (pou) = (Indg (0) ) ou .

According to (3.4c) , we have

er( (Indf (o)) ou') = ec (Ind§; () -
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Moreover, it can be shown from the definition that
dz’m( (Indg (o) ) ou’) = dz'm(Ind,G, (p)) .
In fact, for any representation o of G
dim(cou') = dim(o) (3.44).

Similarly
F((Indg (o)) ou') = f(Indg(p))
and in general

flood) = f(o) (3.4e).
Therefore
er(Indejp (8)) = |wfi IR @)+ e EmURE O oo ((Indg (p) )
which means
er(Indg/r (¢ — (dim ¢)-1) )
_ |W£(Ind2 (0) ) + dr - dim ( IndS (P))I: . eG(Indg (o — (dim¢)-1)) .

Now, recall from (3) in theorem 2.0.1 that &g (I nd§ (p — (dim ¢)-1) ) =

EH (p — (dim @) - 1) .
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On the other hand eg(pou) = ex(p) by (3.4c), while theorem 3.4.1
yields

ou dg - di o
ep(¢) = |nfrew) T Emlpen)s . ep(pou) .

In summary, sp( Indg/r (¢ — (dim¢)-1) ) is equal to

f(IndS (p) ) + dr - dim (IndG; (p) ), ¢
|w I
F P

-ep(¢ — (dimg)-1) .

f(pou)+ds-dim(p°u)|s
g E

Analogous to (3.4d) and (3.4e), we have

flpou) = f(p)

and

dim(pou) = dim(p) .

So, to establish theorem 3.4.2, it remains to show

(I, () + e - dim (1nd, (), 5
F FEo— 1.

(p)+dg-dim(p)
Imk |2

If s = 0, the above equality is a triviality; otherwise this is equivalent to
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proving
f(Ind§ (p)) + dp - dim(Ind§; (p)) = [f(p) + dg - dim(p)]-fe/r

(3-41)

because |7g| = |7F| f:s’ F , where fg/p is the residue class field degree.

For the finite extension E/F , let Ag/r be the order of the discriminant,
dg/r be the order of the different, eg/r be the ramification index, and n

be the degree. Then lemma 2.0.4 implies

f(Ind$ (p)) + dp - dim (Indg (p))

= Agr - dimp + fg/r- f(p) + dp-n-(dim p)

= fg/p-dgp-dimp + fgir- f(p) + dp-n-(dimp)

[flp) + (dgyr + dr - egyr) - dimp]-fg/F .

Now the transitivity formula (see chapter III, §4, proposition 8 in Serre [20])

for the different yields (3.4f), and theorem 3.4.2 is proved. ||

For any virtual representation v of Wg with dimension zero, rewrite its

decomposition Y ; m; ¢; into a direct sum of irreducible representations as
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follows.

v = ijqb,- = ij(¢j - (dim¢)-1).

J

Then by theorem 3.4.2

sg(v) = Z mj EE(qu - (dimd))ol)

= Z m; EF(IndE/F (65 — (dimd))-l))

= €F( IndE/p (v) ) .

This is precisely property (3) in theorem 2.0.1.
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CHAPTER FOUR

4 The Three Fundamental Identities

This chapter assembles comments and proofs of the three fundamental iden-
tities in 3.1. We will present a detailed argument for the tame case (in the
sense that all field extensions are tamely ramified) of each identity and re-
mark on what we know about the wild case (i.e. not tame). In an effort to
streamline the discussion, some of the general results on abelian root num-
ber due to Dwork and Lamprecht (Theorem A.1, A.2, and A.3) have been
relocated to the appendix. We begin this chapter with a theorem in section
4.1 that relates root number of a tame quasi-character to ordinary Gauss
sum over a finite field. Then section 4.2 to 4.4 look at the three fundamental
identities in order. As a reminder, all the fields in this chapter are finite

extensions of a p-adic number field @, , i.e. they are local fields.
First we fix some notations. For any local field F,

7p is a uniformizing parameter of F

Or is the ring of integers of F
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Pr = wp-OpF is the maximal ideal of Op
Ur = Op — Pp is the unit group of OF
Up =1+ P for n > 1 and UQ is understood to be just Up.
kr = Op/Pr is the residue class field of F

p is the characteristic of kg

N(Pr) = |kp| is the cardinality of the residue class field kr

F, is the finite field with p elements

f = [kp: Fp| is the residue class field degree of F/Q,

d is the order of the absolute different of F

A is the additive map from @, to the rationals satisfying two conditions:
(a) The denominator of A(z) is always a power of p.
(b) A(z) — z is a p-adic integer.
Yp = €™ *°Trr/ep) s the canonical additive character of F .

¢ = e*™/? is a primitive p - th root of unity
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F, is the maximal subfield of F' that is unramified over Q,

Or,

o

is the ring of integers of F,

There are occasions in the proof of the identities that a particular choice of
the uniformizing parameter simplifies the argument. The following theorem

offers one choice that we will use repeatedly.

Theorem 4.0.1. If K/F is a totally and tamely ramified Galois extension

»
of prime degree n, then there ezxists a uniformizing parameter mg of F

such that all the roots of the polynomial
@ + (—l)n TR

are uniformizing parameters of K .

Proof. Since K/F is totally ramified, if Tx is a unformizing parameter
of K, then Nk/r(Tx) will be a uniformizing parameter of F'. Hence we
can choose 7p € Ng/r(K*) . Let K' be the splitting field over F of

the Eisenstein polynomial

flz) = 2" + (-1)"7r
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The fact that K/F is a totally and tamely ramified Galois extension implies
F contains all the n-th roots of unity (see [2, chapter 1, § 8]). So K’ must
be a totally ramified Galois extension of degree n over F . Moreover all the
roots of f(z) are uniformizing parameters of K'. To complete the proof of
theorem 4.0.1, we only have to show that the two fields K and K’ coincide.

First, as K'/F is also tamely ramified,
Niyyp(Ugs) = Up = Ni/r(Uk)

Moreover, observe that Up/U} =~ ki , being cyclic, contains a unique

subgroup of index n. As a result,
Nk yr(Ukr) = Ng/r(Uk)

According to our choice, mr = Ng/r(Tx) for some uniformizing param-

eter Tx of K . On the other hand, if 7x: is a root of f(z), then

7r = Ngyr(mkr)

In other words,

Niyp((K')*) = (aF)- Ng/pUy) = (7r) - Ng/p(Ux) = Ngjp(K™)
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Here (nr) denotes the cyclic group { 7% | m is an integer } . Now we can

conclude that K’ = K and the theorem is proved. ||

An immediate consequence of theorem 4.0.1 is that given a totally and
tamely ramified Galois extension K/F of prime degree n, we can select

uniformizing parameters nx , 7 for K and F respectively such that

mp = Ngp(ng) = (1) ag

4.1 Abelian root numbers and Gauss sums

By a tame quasi-character x on F* we mean x(U}) = {1} but x(Ur) #
{1} . Restricted to the unit group Ug, such quasi-character x can be

identified with a character of kf = Up/U} .

Theorem 4.1.1. If x is a tame quasi-character on F* with root number
W(x), then N(Pr)'/?2 W(x) is given by
-1 _Z z d+1 -1
> x (—d.ﬁ) ¢F<W) = —xtmg ") Ge(x7)
z € Up/U} TF TF

where
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Gtx) = — X x(@)¢(THern®

zek;‘.

is the ordinary Gauss sum over the residue class field krp with pf elements

and

p
t = Tr —
e )

is a unit in Op, .

Proof. The additive character wp(x/ﬂﬁ'* 1) is a character of the

residue class field kr = Op/Pr . So there exists t € kr such that

¢F<‘L) = ¢Trermt2)  forall z € kr.

s
See [22, § 2.2, lemma 2.2.1]. This parameter ¢ can be made more explicit.

Notice that given z € O,
pT . . .
Trp/QP( wT+T) is a p-adic integer.
F
In fact, because 72 is also the different of F/F,,

T
T’I‘F/Fo(i;_ﬁ) € Opo .
TF

It follows that

T 1 P
A o Trryq, (W;H) = A (1; Trrq, (;r:g?) )
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1 pT

- 2 e[ e ()|
1 pT

= 25 n| 1o (5555) |

as kr =~ Of,/(p- Og,) - Via this isomorphism, we can select y from O,

satisfying
z =y mod Pr .
This means
[ =z y
Ao Trpq, (7‘;"1‘) = Ao Trp, (d—+1) .
Ly TR
However,
AoT y AL - Trep | —2e
o) ?‘F/Q,, F = P ke/Fp| Y F/F, - 15““-1 .
Therefore
dw(%) _ o (AeTrmg,lermdt ) cT’kF/F»[z'T'F/Fo(P/"»’ 1]

(4.1a).

Observe that Trg/p, (p/vr,.‘f + 1) belongs to Of, and we may take

t = TTF/FO(TP_*_T)
TF
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which must be a unit in Op, because 'dzp(:c/ﬂ' d+ 1) is non-trivial on kg .

To complete the proof, consider

Ge(x™) = = X xHa)(Treerm

:cek,_.

Since t # 0, multiplication by ¢ is a bijection from kr to itself. So

—Gt(x) = X x7Mta) (Trermto

zek},f

By (4.1a),

-x®)Gs(x™) = X x 1(ﬂﬂ)l/’ﬁ'( a+1) :

z € kp
Recall that the inclusion map Ur <> Op induces the group isomorphism

Up/Ut =~ kg . Consequently,

xmE G0 = X (e we( )

T € UF/U},- 3

This equality and the definition of W (x) establish theorem 4.1.1. ||

When K/F is a tamely ramified Galois extension, Frohlich and Taylor [§]

have shown that theorem 4.1.1 is a special case of an analogous result for
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all tamely ramified irreducible representations of Gal(K/F) (see [8], (3.1),

p.156).

Theorem 4.1.1 suggests that the familiar identities between ordinary Gauss
sums (Evans [7, §§ 2—3]) can be translated into root number identities. This

is in fact a principal goal of the subsequent sections.

4.2 The first identity

We begin with theorem 4.2.1 which reduces the proof of the 1st identity to

that of the following special case:

For any Galois extension E/F of prime degree and quasi-character ¢ on
F*,
W(poNgir) I W) = I Wie-n
r € S(E/F) n € S(E/F)

where S(E/F) consists of characters of F* which annihilate the norm

group Ng,r(E*).

Theorem 4.2.1. This special case implies the 1st identity in 3.1.

Proof. Let E/F be an abelian extension. We are going to argue in-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



172

ductively. For [E : F] = 1, both sides of the identity collapse into W(¢p) .
Suppose the 1st identity is true for [E : F] less than or equal to I. Given
an abelian extension E/F of degree I + 1, it contains a subfield L such
that E/L is cyclic of prime degree. Since the case L = F' is a triviality,
let us assume that [L : F] > 1. Then the above special case of the 1st

identity asserts

W((poNe)oNgi) JI W) = [I W((eoNwr) )
¢ € S(E/L) » € S(E/L)

(4.2a).

Observe that v € S(E/F) implies vo Npr € S(E/L). In fact, for each

i € S(E/L), there are exactly [L: F] such v satisfying
voNpyr = p

because among the [E : F] charactersin S(E/F) we have [L: F] of them

annihilating the norm group Np/r(L*). The induction hypothesis shows

I wp-v-r)
W((poNyr)-p) = W((p-v)oNyr) = feswﬁ
W(r)
T € S(L/F)
Similarly we have
. EL/F) W(-T)
W = W [o] N = T
() (vo Np/r) T e

T € S(L/F)
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By substituting these into (4.2a) , we obtain

I;[ /F) (V . T)
W((poNr)oNgy) - .
((poNy/r)oNg/L) e !(IE/L){ T we) }

T € S(L/F)

I {“H W<;°(:)'T>}

K € S(E/L) 7 € S(L/F)

which simplifies to

W(poNg/;r) ] I wen= TI] [ wevr).

n € S(E/L) 7€ S(L/F) n € S(E/L) T€ S(L/F)

As both p and 7 vary, the corresponding v -7 exhaust the characters in

S(E/F) . Hence we arrive at the 1st identity for [E: F] = I +1. ||

We will first prove the identity by assuming E/F is unramified. Then
we deal with the case when E/F is tamely ramified. Because of theorem

4.2.1, it is sufficient to do these for prime degree [E : F].

Theorem 4.2.2. Suppose E/F is an unramified Galois extension of prime
degree £. Let ¢ be a quasi-character on F* . If S(E/F) consists of

characters of F* that annihilate the norm group Ng/r(E*), then

W(poNgir) [I W = I Wle-n (4.2b).
u € S(E/F) n € S(E/F)
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Proof. Because E/F is unramified,
Ngp(Ug) = Up foralln >0 (4.2¢).

We conclude that ¢ o Ng/r and ¢ share the same conductor which will be

denoted by m .

If m = 0, then (4.2b) becomes

poNgip(nf) JI w@d = I @8 uxd)
u € S(E/F) u € S(E/F)

since (4.2¢) implies that all 4 € S(E/F) are unramified. Thus it remains

to show
@oNgjr (nf) = o(nf)t

but this is immediate as Ng/p(7g) = (nf)¢.

Now, let us assume m > 0. Again, because p € S(E/F) must be

unramified, the definition of root number yields

Wip-p) = pmf™) W(p) .
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As a result, (4.2b) follows if we can prove

W(poNgir) = W)t T[] w@f) .
» € S(E/F)

Claim L. If E/F is an unramified Galois eztension of prime degree ¢ , then

[ wme) = (1)

u € S(E/F)

Proof. Let p, be a non-trivial character of the Galois group Gal(E/F).
Then its orderis £, and u, generates the entire character group of Gal(E/F) .

Thus

lil—l!
I wzr) = po(rr)™=7 .
u € S(E/F)

£(e-1)

For £ odd, wo(nr) 7 = (po(mr)?)= = 1 because p, has order £.

e(e—1)

For £ = 2, p,(mp)~2 = —1 because p, is an unramified character of

order 2.

So we have the claim. ||

According to this claim, the proof of theorem 4.2.2 can be completed by
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showing that

W(poNgr) = W(p)? ()¢ (4.2d).

Claim II. When m = 1, (4.2d) is a consequence of the Hasse-Davenport

relation [7, p.200).
Proof. Recall the isomorphism
Ur/Up = (Ur-Ug)/Ug

induced by the inclusion Ur — (Up-Ug) C Ug. Because ¢ is tame,
olus can be interpreted as a character of (Up - Ug)/Ut =~ ki, which is
denoted by ¢ as well. Let x be a character of kz with order pfz —1.
Here f = [kp : Fp|. Then, restricted to kz , the character x has order

exactly pf — 1. So there exists an integer a such that
x* = ¢ on (Up-Up)/Ug .

Now we invoke the Hasse-Davenport relation (see Evans [7, fomula (6),

p.200]). If ¢ = pf , then

Gio (O)F) = Grix™)* .
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Here the notation is consistent with that in theorem 4.1.1.
On the other hand, we observe that
Ng/p(z) = zg:'——Tl mod Pg for z€Ug .
Therefore .’L‘g:";‘l € (Ur-U}), and we have
(poNge)? = (¥ on U/U} .

(Recall Ng/r maps Ug/UL into (Urp-UL)/UL.)

By theorem 4.1.1 and the Hasse-Davenport relation,

1/2

N(Pg)"” W(poNgr) _ ( N(Pe)" W(e) )‘
d+ 1) d+ 1)

(4.2¢
— 9o Ng/r (t'7p —¢(t7p )

where

t' = Trgpg(p/mé+?)

t = Trp/p,,(p/vr,;‘“) .

Since E/F is unramified, [kg : kr] = £. In other words, N(Pg) =

N(Pr)t . So our claim is proved once we verify that t’ = t.

From the diagram below, the fact that E,/Q, is unramified means that
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[E, : F)] = [E : F]. Moreover, F N E, = F, , while the composite

FE, , unramified over F of degree ¢, must coincide with E .

E
unramified { / \ } totally ramified
F E,
totally ramified { \ / (4.2f).
F,

Qp

Consequently, we can conclude

TTE/E,, (p/ﬂ',;‘i! + 1) = TTF/Fo (p/WF"i * 1)

and claim II is proved. ||

It remains to establish (4.2d) for m > 1. We will consider the following

two cases separately.

Case 1: m iseven. i.e. m = 2-d,) for some integer di) > 0.
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Case2: m isodd. ie. m =1 4+ 2-d, for some integer di,) > 0.

Recall that m is the common conductor of ¢ and po Ng/p.

Let us handle case 1 first. By theorem A.1 (see appendix)

W(poNgir) = (poNgir) (clogr)) ve(cleer)) (4.2g)

(d+m)

where c(yg/r) € Pg satisfies

@oNgr(1+7) = ¢g(clogr)z) forall e Pa®.
Since E/F is unramified, theorem A.2 part (b) says we may take
c(pg/p) = c (4.2h)

if ce Py (4+m) is the parameter in theorem A.1 for ¢ .

Now, (4.2g) can be rewritten
W(poNg/r) = (poNgr) ) velc) = o)t ¥r(0)t = W(p)’

This is exactly (4.2d) because (—1)¢-H2%d4e) = 1 .
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Next we turn to case 2. Recall from theorem A.1 that there exist ¢(¢g/r)
and ¢ such that

(9o Nep) 1+2) = v (clppr)z) for s€ Py

and

o(l+z) = Yr(cz) for xePFl"'d“"’ )

Just as in case 1, (4.2h) holds because of theorem A.2 part (b) .

To establish (4.2d) in case 2, we will rely on theorem A.3 which is sensitive
to the parity of the residue class field characteristic p. Hence our argument
will depend on p as well, but first we make a relevant observation arising

from (4.2h). Given § € F of order dy,), let us choose 7 € Opf, so that
2 -1 27t
Yp(cd®z)™ = exp —p- Tryp 5, (n ) for z € O .

Then, for any z € Og

Yr(cd Trgp(z) )™ = exp ( % Trie/r( 1 TTE/F(z)))

which implies

27z

Ye(cé®z)™ = exp ( 7 Trig/r,(nT) ) (4.27).
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Claim III. If the characteristic p of kp is odd and m = 1 + 2-d,,

then part (a) of theorem A.3 produces (4.2d) .

For notational simplicity, let us abbreviate the composition ¢ o Ng/r to

wE/F - Also we reserve f for the residue class field degree [k : F})] .

Proof. With the previously selected ¢, § and 7 , we apply part (a)

of theorem A.3 to ¢g/r . Because of (4.2h) and (4.2i), we can conclude

Wigsre) = witele) weld va(e ) (F) 0™ (V=)

(4.2)

where v € Og, satisfies

z?

-1 — 2
ep/r(l + dz)¢Ye(cdz) = ng(c& (?+'yx)) forall z€ Og.

We will show that it is possible to choose v from Op, . In fact, suppose v’

is an element in Of, such that

0 Y1 + dx)Yp(cdz) = ¢F(c52(%2+'y'x)) forall z€OF.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



182

Then, given any = € Og, ¢gjp(1 + §z)9e(cdz) is equal to
071 + 6 Trg/p(z)) (1 + 8 Trl)p(x)) ¥r(cd Trer(z))
2 @
——-2-— + ' Trg/p(z) ) ) ¢7(1 + & Trg)p(z))

—2-— + v/ Trg/r(z) ) ) Yr (c6? Tr(Ez}F(x) )t

72
—-—2— + 7' Trgr(z) ))

because of two observations:

1. Ngp(1+6z) = (1+8Trg/p(z) )(1 + 8 Tri)p(z)) mod P

where Trg} r(z) denotes the second elementary symmetric function.

2. Trgr(z)® = Trgr(z?) + 2T”§§}F( ) -

In summary, we may take

vy =7v" €O0p, .

As a result, (4.27) can now be written

¢l
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Moreover, notice that ¢ is odd implies

) - )

while

when ¢ = 2.
Therefore W(pg/r) is equal to

4 22 (221) Loyl (=) | (cnt!
|0 e wel(err ) (F2) 0 (DT ) | ot

By part (a) of theorem A.3, the expression inside the square brackets is

precisely W(y) , and we are able to conclude that
W(pg/r) = W(p) (1)
which is equivalent to (4.2d) as m = 1 + 2-d,. Claim III is now

established. ||

The next claim complements the one we just proved. It will complete

case 2 and consequently theorem 4.2.2.
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Claim IV. If the characteristic p of kr is 2 and m = 1 + 2-d(,) , then

part (b) and part (c) of theorem A.3 produces (4.2d) .

Again, we abbreviate the composition ¢ o Ng/r to @g/r. Recall that f

still denotes the residue class field degree (kg : Fp) .

Proof. We apply theorem A.3 part (b) to wg/r. With ¢, § and 7

as before, (4.2h) and (4.2i) together imply

.\
W(pe/r) = SOE}F(C) Ye(c) A (%) (_l)é'f-l

(4.2k)

where the A factor stands for

(—i) Trigsrp () (_I)Trl(ci;/Fp(‘Y)
and v € O, satisfies
-1 T Tr? . (2) T (v z)
¢g/p(l + Boz)Ye(cBéz) = 1 Tkl Fp(®) (1) Tke/Fe'® (—1) Trep/rp(1 =

forall z € Og . Recall that 8 € Of ischosensothat 82 = 77! mod Pr.

Now, we are going to show that v can be chosen from Of, . Forall z € O,
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vg/p(l + Bz)Ye(cBéz)
= o 1+ B8Trgr(z)) ¢ (1+ 77 B Trip(z)) r(cBTrer(z))

because Ng/p(l + 862) = (1 + B8Trgp(z))(1 + B2 2 Tra)p(z))
modulo Pg". Again, Trg} p(z) is the second elementary symmetric func-

tion.

Let v’ be an element in Op, such that for all z € Op,

) 1
(p_l(l + ﬁéz) ¢F(Cﬁ5$) — 7:T?';,,,./,rp(:t:) (_l)Tr;(gi./Fp(x) (_l)TTkF/FP(‘Y z) .

Then we see

_ - 2
Opr(l + BET)Pe(cBT) o(1 + 77 82 Tra)p(z))
= Trep/rp(Tre/r(x)) (“I)Trl(czp)/l"p( Treriz)) (=1)Frepsmp (7" Tre/p(2))

= 1 Trig/Fp(%) (_I)Tr’(:/l"p( Tregep () (—1)Tr"E/FP (v’ 2) .
Meanwhile, we recall from the definition of ¢ that

o(1+ 1P Trde(z)) = yrlen™ 6 Trip(z))
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(=1) e /55 Tri jep@)

As a result, we can conclude

(2) ’
ORp(l + 562) Ya(cBdz) = iToerm® (—1)THem® (_1) Trerml’ 2

because T7e)p (Trig/ie(2)) + Trig/m( Trid (2)) = Trld e (z) .

To summarize, it is possible to take

1

v =" € Op, .

Consequently, the A factor in (4.2k) becomes
[ i Trep/rp(£) (—1)T’l(=213/:-'p(‘ M + Trip p, (52 77) ]‘1.
Apply part (c) of theorem A.3. We obtain
(—i) TregrEs ™) (_.1)Trr(=2;/r~',,('7) - [ (iT"kF/F,('y) (_I)T"i?/pp(‘v) )e]‘l
= ((—z) Trip/rp(7) (_I)Tffc?,pp(“r) )‘.

Substitute into (4.2k) . It follows that W(ypg/r) is equal to

(97(e) prle) (=i) Troerm® (—1)Teerm® ( lf; ) (~of 1) (-t t
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Due to part (b) of theorem A.3,

We) = 97(0) rle) (=i) Torm® (1) (LY L

Hence we have (4.2d) and the claim is proved. ||

Now case 2 is established. (4.2d) remains true for all m > 1. Because
(4.2b) is a consequence of (4.2d) when m > 0, we have completed the

proof of theorem 4.2.2. ||

After proving the 1st identity when E/F is unramified, we turn to the
tamely ramified case in the next theorem. Again it is sufficient to focus on

prime degree [E : F] due to theorem 4.2.1.

Theorem 4.2.3. If E/F is a totally and tamely ramified Galois estension

of prime degree £, then the 1st identity (4.2b) holds.

Proof. Without loss of generality, we may assume the conductor m(yp)
of the quasi-character ¢ is the smallest among { m(p-p) | p € S(E/F) } .

Then

For m(p) less than or equal to one, the two quasi-characters woNg/r and
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@ share the same conductor.

(4.20)

We divide the proof of theorem 4.2.3 according to m(yp) , the conductor of ¢ .
Unramified quasi-characters are dealt with first, followed by tamely ramified
quasi-characters. When ¢ is wildly ramified, our argument is sensitive to the
parity of m(p) , the degree £, as well as the residue class field characteristic
p . Hence we have arranged case 1(a) , (b) and case 2(a) , (b) , (c) to

address all possible combinations of m(y) , £ and p .
Given m(p) = 0, we have
W(p-p) = o@ft)W(p) for all non-trivial u € S(E/F).
So (4.2b) is equivalent to
1) -1

W(po Ngir) = o(nf) (g

Notice that ¢ o Ng/r must be unramified as well. Moreover, because E /F
is totally and tamely ramified, the order of the absolute different of F is

£—1+4d . If we select the uniformizing parameters 7p,wg such that
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NE/F(’II'E) = 7r , then (4.2b) becomes

o(rf ) = p(nf) p(nfth) 1

which is self-evident. Therefore, when E/F is totally and tamely ramified,

we have (4.2b) for m(p) = 0.
Henceforth, our uniformizing parameters for £ and F' are chosen so that
T = NE/F(WE) = (—l) & ’:TEe .
See theorem 4.0.1.
Next we suppose that m(¢) = 1. Then m(p o Ng/r) = 1, as noted
sbove in (4.2l). Hence ¢ , ¢ o Ng/r and all the non-trivial p are

tame. Let f be the residue class field degree [kr : F]. Now, we recall the

distribution formula for ordinary Gauss sums:

_ v Ge(e*-p71)
Ge(p ™) wesEr Cf (w™1)

See Evans [7, formula (7), p.200].

Before converting this into a root number identity, we point out the following.
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Analogous to the above formula,

1 N(Pr)

L= N N(Br) ™9

€ S(E/F)
can be verified readily. It is equally immediate that N(Pg) = N(PF).
Moreover, the inclusion Up < Ug induces an isomorphism Up/Up =~

Ug/U% . So the root number W(p o Ng/r) becomes

- - T T
N(PE) 12 Z (‘P ° NE’/F) 1( T (6—-1+4d) + 1 ) wE( T (6—1+6d) + 1 )
E E

z € UF/U},
which is the same as ¢ (f) W (¢ %) because np = (—1)*!7f and mul-
tiplication by the unit £~1(—1) “+1@+D) yields a bijection from Up/U} to

itself.

Together with theorem 4.1.1, we can now obtain from the distribution for-

mula that

L (=1)™ p(empt) Wip-p)
—p ittt W(po Ng/F) peSEIF) (¢ w)(Emet) W(n)

is equal to one. Here,

t = Trp/po(——g;f) .
TR
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In other words, we have (4.2b) once it is shown that

1 (=1)™®) p(t w2t
1 = H d+1

— o ~HempT) pe S(E/F) (p-p)(tnp

Simplifying the product over S(E/F) yields

(—l)m(l-‘) l‘(t 7TF¢'1+1) 3 1
n€SEIF) — (o w)(Eng™) e

Hence (4.2b) holds in the case m(p) = 1 with E/F tamely ramified.

The following lemma on the j-th elementary symmetric function Trg} r will

be important to the subsequent argument in the proof of theorem 4.2.3.

Lemma 4.2.4: Let | = | be the largest integer among integers less than or

equal to x. Then for £—1 > j > 1 we have

. Lz‘m+!t—1!J
TT(E’}F(PF) C P

provided that E/F is a totally and tamely ramified Galois extension of prime

degree £ .

Proof: The case j = 1 is a well known result (see for example [20,

chapter V, § 3, p.83]). For j > 1, the higher elementary symmetric function
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Trg} #(z) can be expressed as a sum of traces. In fact, if
V = {S C Gdl(E/F) | S contains exactly j elements.}

then

Trg}p(x) = Z TT‘E/F( 93, (2) 03y (2) - - . 03,(2) )

{031 5 > o',-J.} eV 4
which yields the lemma since the residue class field characteristic p does not

divide £. ||

Having established (4.2b) for both unramified and tame ¢ when E/F is
tamely ramified, we are now in the position to examine the case m(p) > 1.
The argument is splitted into five subcases. Case 1(a) , case 1(b) together
prove (4.2b) for m(p) even and greater than one, while case 2(a) , case
2(b) , case 2(c) account for the odd m(yp) greater than one. To simplify

the notation in the rest of the proof, let us abbreviate ¢ o Ng/r to vg/r .

Case 1: Let E/F be totally and tamely ramified of prime degree €. We
assume m(yp) is even and greater than one. The proof of (4.2b) in this case

is divided into
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(@) ¢ #2.

(b) £ =2.

Theorem A.1 part (c¢) and theorem A.2 are both valid in case 1 because
m(p) > 1 and E/F is tamely ramified. We will show that theorem A.1
together with theorem A.2 suffice to yield case 1(a). As for case 1(b), we will
depend on not only theorem A.1, theorem A.2 but also part (a) of theorem

A3.

We first assume £ # 2. Let d(, be the positive integer @. By

theorem A.2 part (a),

m(pgr) = dmlp) — 1) + 1
which in this case is a positive even number. Also if ¢ € Py (¢ ™)) such

that

(1 + z) = yYr(cz) for z € P;“")
then according to part (c) of theorem A.2, the same ¢ satisfies

(pE/F)

d
ve/p(l + ) = vYe(cx) for z € Pg
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where m(pg/r) = 2-d,;) - Hence it follows from part (a) of theorem

A.1 that

W(pgr) = ¢gir(c) ¥elc) = W(p) ‘.
On the other hand, recall from part (c) of theorem A.1
Wip-u) = W(p) - u7'(c)

for all u € S(E/F). Therefore

I Wew =wWe' I & .

u € S(E/F) u € S(E/F)

Given any non-trivial y, € S(E/F), notice

I #' = w@©F =1 (4.2m)

HES(E/F)

because £ is odd. As a result, the claim below completes case 1(a).

Claim V. If E/F is a Galois extension of prime degree ¢ # 2, then

[I W =1.

u € S(E/F)

Proof. As it is stated, the claim actually holds when E/F is unramified,

although this case does not concern us here in the proof of theorem 4.2.3.
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In fact, the above argument that produces (4.2m) handles the claim for
unramified E/F as well. Let E/F be totally ramified and u be the jump

in the ramification filtration of G = Gal(E/F) ie.
G . Go = ... = Gu # Gu+1 - {1} .

Then m(u) = u+1 for all non-trivial 4 € S(E/F) . By definition,
W = N Pu+1 -1/2 -1 T z
(m) = N(P™) Z © dtutl Y| —aar1 ) -
z € Up/URH TF TF
Because z — —z induces a bijection from the finite group Up/UE'! to

itself, we conclude that the complex conjugate of W(u) equals

W) = p(-1)W(™) .

Recall ¢ # 2 is the order of every non-trivial x. Hence 1 = p(-1)¢ =

u(—1) . In other words,

W) = W)
which is equal to W(u)™! as |W(u)| = 1 (see [18, II, § 2, proposition
2.2]). Now,

I we =1

1 € S(E/F)
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is a consequence of the fact that S(E/F) contains no character of order 2,

when £ # 2. ||

After proving (4.2b) for case 1(a), we proceed to case 1(b): £ = 2. So

the residue class field characteristic p cannot be 2. Again,

mlpgr) = 2Amp) — 1) + 1

according to theorem A.2 part (a) . This means the conductor of ¢g,/r is odd
and greater than one. If we write m(p) = 2-d(,) and write m(pg/r) =

1 + 2-d(¢E/F) , then
d(‘PE/F) = m(p) —1 = 2-d,) -1 (4.2n).

With the choice of parameter ¢ as in case 1(a) before, theorem A.2 part (d)
asserts that

1+d
ve/r(l + ) = Ye(cz) for z € Pg

(PE/F)

Since E/F is totally ramified, we can select the parameter 7 in theorem
A3 from Opf, such that

YE(c6®z)™! = exp (% TrkE/Fp(n:z:)) forall z € Og
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with

d
e ()

TE

This choice of ¢ is legitimate because of (4.2n).
In particular, when £ € Or and ( = s , we have
br2edz)t = (TrimnD)

To see that 62 € F, it is important to remember our uniformizing param-
eters satisfy

T = (_1)£+1 ?Té .
The order of ¢d% in F is d+ 1. Therefore, given a € Ur defined by

[0

-2¢8? = ——
d+1
7rF

it is possible to identify 7 o~! with the parameter ¢ = Trgyp, (P/ 7r£4+1) in

theorem 4.1.1 (see (4.1a) ). Precisely,
na! = t mod Pr (4.20).

On the other hand, it follows from part (a) of theorem A.3 that

W(ee/r) = ‘PE'}F(C) YEe(c) ¢E(052 %2- )—1 (:}%’1) (_1)f-1 (,/(_1)?;—1 )f

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



198

(4.2p)

where f can be taken as the residue class field degree [kr : F,] and v € Op,

(since Og, = Op,) is characterized by
cpl‘.;}p(l + 6z)Yp(cdz) = wg(céz(%z + 'y:z:)) forall z € Og.
We are going to show that v, regarded as an element in kg , must be zero.
First, notice that
Ng/r(1 + 6z) = 1 + Trgp(éz) + Ng/r(dz)
when [E:F] = £ = 2. Then
0g/p(1+0z) Ye(cdz) = ¢7'(1+Trg/r(0z) + Ng/r(62) ) Yr(c Trer(dz))
which is equal to
¢ (1 + Trg/r(éz) ) ¢~ (1 + Ng/p(8z) ) Yr(c Tre/r(dz))

as Ng/r(dz) € P2% ™' by (4.2n) and Trg/r(5z) € PZ® by lemma

4.2.4. Next, recall from theorem A.1 part (a)

(,0_1( 1+ TT‘E/F((S.’L‘))'le(C TTE/F(&B)) = 1.
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Consequently,

opr(l + 6z)Ye(cdz) = ¢ (1 + Ng/r(dz)) = (1 — Ng/p(dz)) -

Meanwhile, Ng/r(6) = — 6% with our choice of §. In other words,
ogr(l + 0z)Ye(cdz) = ¢(1 + & Ng/r(z))

= 'd)p( 662 NE/F(:B) )

= ¢E(C_‘S2ivgi£.(fl) :

Finally, o(z) = z mod Pg forall o € Gal(E/F). So we have
NE/F(:E) = .'1,‘2 mod PE .

In summary,

2

ejp(l + 65 ¥s(cz) = yu(cd® )

from which we conclude that it is possible to take v = 0. Combine this

with theorem A.1 part (a) and the fact that kg = kp. (4.2p) becomes

W(pg/r) = W((p)2 (_—_Ii_") (_l)f-l (m )f.

Just as in case 1(a) before, theorem A.1 part (c) asserts

W(p-p) = W(p) - p(c) -
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Hence

[I Wewr =we? I s -

n € S(E/F) k€ S(E/F)

To establish (4.2b) , it remains to show
(Zﬁ—”) F (V=) W) = w0
F

where p, is the non-trivial character in S(E/F). Because Ng/p(8) =

— 62 , we will be content with

(%:) 0F (VD= )f W) = u'(-cd®)  (429).

According to theorem 4.1.1
N(Pe)'? W(ho) = — po(t mf*") Gg (u;")

with t = Trp/po(p/w,f‘“) € Ug, . Thus we have
- f
(F2) cof (V0T ) Wi

- (%) () (VEDF ) NP ™2 ot m*) G (57) -

Restricted to the unit group Ur, po, can be interpreted as the unique char-

acter of kf with order 2. In fact, since p # 2, given a character x of kg
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with order |k7|,

bo(z) = x™2(z) = (Pi) on Ur/Ub =KX  (420).
F

One immediate consequence of the above observation is that

(F2) wetemty = (B2 () wotm™y

By (4.20) and the definition of o,

(%:) po(t gt = <”2P:—1) po(mi*) = uo(-c-%) -

In the last equality, we make use of the identification in (4.2r) as well.

So
(F2) Cof (Vo= ) Wi
= 4@ (Df (V= ) N2 Gy ()
and (4.2q) follows once we verify that

0 (VOO ) NP G = i) = (5)

Let ¢ = |kp| = f. 1t is another consequence of (4.2r) that

le) = X)) = P Nn@) = (Fe2)

N ——
Legendre symbol
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Remember the Legendre symbol is the unique character of F)¢ with order

two, when p # 2.

As a result, the Hasse-Davenport relation (see formula (6) in Evans [7]) yields

Ge (") = [— > (.‘f-)g=]f.

z € FY p

In addition, the explicit value of the quadratic Gauss sum over F, is known:

T -
- % (B)er - -V

z € FY p
See for example Ireland and Rosen [12, chapter 6, § 4, Theorem 1, p.75].
Now, because N(Pg) = |kp| = pl and

f
) - G - oo
Pp p
we have
-1 =T\ f _ _
(3) = COF VD) Mo G

As explained already, this implies (4.2¢g) and ultimately (4.2b) . Hence case

1(b) is completed.

With case 1(a) and case 1(b), we have established (4.2b) for all even
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m(yp) when E/F is tamely ramified. Case 2 below rounds off the proof of

theorem 4.2.3 by aiming at the odd m(y) greater than one.

Case 2 : Let E/F be totally and tamely ramified of prime degree £. We
assume m(p) is odd and greater than one. If p denotes the residue class

field characteristic, then we divide the proof of (4.2b) for this case into

(@) p#£2and L # 2.

(b) p#£ 2 and £ = 2.

(¢) p = 2. Since E/F is tamely ramified, £ must be odd.

As a reminder, theorem A.2 as well as theorem A.1 part (c) are applicable
here because m(p) > 1 and E/F is tamely ramified. We are going to
formulate two lemmas (4.2.5 and 4.2.6) to simplify the respective arguments
in the above three subcases. In fact, it will be shown that lemma 4.2.5,
combined with theorem A.2 and part (a) of theorem A.3, yields (4.2b) for
case 2(a), while lemma 4.2.6 yields (4.2b) for case 2(b) via theorem A.1,
theorem A.2, and theorem A.3 part (a) . Regarding case 2(c), we use lemma

4.2.5 again, in conjunction with theorem A.2 and theorem A.3.
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Lemma 4.2.5. Suppose E/F is a totally and tamely ramified Galois exten-
sion of prime degree £ # 2 and the conductor m(p) of the quasi-character

@ on F* is greater than one. Then the st identity (4.2b) is reduced to

W(per) = W(p)° (4.25).

Recall that the composition ¢ o Ng/r is abbreviated to pg/r .

Proof. Due to claim V, which has been proved in case 1, (4.2b) is

equivalent to

Wiper) = I Wle-n) -
n € S(EJF)

Let di,) be the positive integer such that

m(p) = € + 2 - dy,)

p,(d+ mle)

where ¢ is either zero or one. By theorem A.1, 3 ¢ € satis-

fying
ol + ) = Yp(cz) forall z € Pt

By part (c) of theorem A.1, we have

W(p-p) = W(p) - u(c)  forall peS(E/F).
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If a non-trivial character pu, is selected from S(E/F), then

ge-n
[ Wewr = W' II w'@ = WE' -mw® ()
1 € S(E/F) u € S(E/F)

which is equal to W (y) ¢ as p, has prime order £ # 2. So (4.2b) becomes

W(pgr) = W(p)©.

This is exactly (4.2s). ||

Now we take into account that m(p) is odd. By part (a) of theorem A.2

m(pg/r) = £mp) — 1) +1
is odd when ¢ has odd conductor. Let d(, ) be the positive integer

satisfying m(pg/r) = 1 + 2-d(yg,-) - Then
dgg/r) = Ede) -

Remember d(,) is defined by m(p) = 1 + 2-d(,) -

Let us first assume p # 2 and set § = w;(“’).Wechoose c,n, Y so

that

(i) forall z € Pp T %,

o1 + z) = yYplcz) .
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(ii) for all z € OF,

‘lﬁp(Céz ;1;)—1 = exp (% TTkF/FP(T'].’L')) .

(iii) for all z € Of,

0 (1 + 8z) Yp(cdz) = ¢F(662(z— + 'y:c)) .

Now we are going to show that the same ¢, § , n, v satisfy

. 1+d( )
(iv) forall z € P ¥/7,

ee/p(l + z) = ¢Ygp(cz) .

(v) forall z € Og,

Ye(cé’z)™! = exp (? TrkE/pp(an)) X

To facilitate comparison, let us define U

in .

(vi) for all z € Og,

Pl + ) v(eba) = va(e8 (5 + 1)) |
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Recall that theorem A.2 gives (iv) . As for (v),
2 -1 2 -1 27
Ye(cd*z)™ = ¢Yr(co”Trgip(z))™ = exp 7 Triesr,(nTre/r(z))
according to (ii) . However E/F is totally ramified. So
o(r) = z mod Pg for all o € Gal(E/F)

which means

Trgr(z) = £z mod Pg .
Therefore
Triesr,(nTrgip(z)) = Trigr,(nTrer(x)) = Trigr,(Enz)
To prove (vi), we recall that
Ng/r(l1 + 0z) = 1 + Trgr(dz) + Trg/)F(éa:) mod P®)
forall £ € Op. Hence ¢gjp(1 + 6z)¢p(cdz) is equal to
¢~} (1 + Trgp(8z) + Tri)p(dz)) Yr(cTrer(Sz))
= @71+ §Trg/p(x)) o1 + ETri)p(z)) r(cd Trgr(z))

TTE/F(.’E)2

= yr(cd® [—5

+ ¥ Trep(z)] ) @71 + 8 Tri)e(z)) -
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The last equality is true because of (iii) . On the other hand, observe
Trg/r(z)? = Trgp(s?) + 2Tri)p(z) -

Consequently gaE}F(l + dz) Yep(cdz) is equal to

2

ve(cd (5 +12)) vr(cPTrEp) ¢ (1 + £ TrE)p(a)) -

(vi) is then obtained, as (i) implies

Yr( cé? Trg}p(z)) 1 + & T’"g}p(x)) = 1.

With ¢, 6§ , n, v as above, it follows from theorem A.3 part (a) that

2 -1/ - —1
Wioere) = o5}e(0)vs@ ve(e8 T) " (o) (-0 (VD= )

(4.26).

Here f = |kp: F,) = [kg: Fp] since E/F is totally ramified.

We are now in the position to prove (4.2b) for case 2(a). Because of

lemma 4.2.5, it is sufficient to establish (4.2s) . We apply theorem A.3 part
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(a) to .
W(p) = ¢ (c) ¥r(c) wp(céz 7 )_1 =27 (-1 ( )% )f
F 5 o .
In the case 2(a), ¢ is assumed odd. Together with kr = kg, we conclude
¢
=2m\ _ (=27} _ (=2n
Pg B Pr - Pr )
Thus (4.2t) can be written

W(pgr) = W(p)* (Fi?) (1)~ (E=1)(¢-1) (m)—f(é—l).

Meanwhile, because £ — 1 is even,

¢ (E—1)(0—1 =\ —fe-1) _ e\ e (5
(P_E) (c)~E=DE-D) (/=) - (;) (=)~ 17,

Here (ﬁ) is the Legendre symbol. To obtain (4.2s), we must show that the

right hand side of the last equality is one. By the quadratic reciprocity law,

(g) (%) = (=1)EE

Therefore

9 ey - 4 - ()
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Because E/F is a totally and tamely ramified Galois extension of degree £,
the local field F contains all the ¢-th roots of unity (see [2, chapter 1, § 8,

proposition 1, p.32|). So we have
of =1 mods.

See for example Cassels and Frohlich [2, chapter 3, § 1, lemma 4, p.87]. This

proves (4.2s) and completes case 2(a).

Keeping ¢ , § , n , v asin (i) through (vi) , we proceed to case

2(b), which depends on the following lemma.

Lemma 4.2.6. Let E/F be a totally and tamely ramified quadratic exten-
sion. Then both (4.2q) and (4.2r) remain true for odd m(yp) greater than

one.

Proof. Let p, be the non-trivial tame character in S(E/F) . By theo-

rem 4.1.1,
N(Pe)' P W (o) = — polt m#*) Gg (u3h)

where f is the residue class field degree [kr: Fp] and t = Trp/p, (p/w;‘-‘“) .
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On the other hand, recall from theorem A.1 part (b) that ¢ € Pg (¢T™®))

If a € Urp is defined by

- 662 = 0
+1 °
7l'pd 1

it follows from (ii) that
az 2me
Yr 2 = exp{ -~ Tripsp,(n2) | -
Together with (4.1a) , this implies
na! =t mod Pr .

Therefore

Mot TETY) = po(n a7t mftt) = uo(%) = po(n) By (—cé?) .

Meanwhile, restricted to the unit group, p, can be interpreted as the unique

character of kz with order 2, when the residue class field characteristic

p # 2. So we identify

po(z) = (P%) = (N"F—/pp@) for all z € Up.

This is (4.2r) . In summary,

NE W) = — i) (f2) Ge) 4,
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With ¢ = er , the ordinary Gauss sum Gy (p,') equals

-5 B [ 5, Q)] - [

z €k zerp \P
by the Hasse-Davenport relation and the explicit evaluation of the quadratic

Gauss sum [12]. Since N(Pr) = pf, (4.2u) becomes

Wike) = (=) (TZ}‘> o (Ve )

which is equivalent to (4.2q) if we recall 7 = 27 from (v) , as well

(?g/F)

as the fact that

@) - @) - 1=

This concludes the proof of lemma 4.2.6. ||

From the above proof,

Wiko) = #'(=c®) (g;) 0 (VEF )
Multiplying this to (4.2t) , we obtain

2/

Wi(per) Wik) = 5e(e) vs(e) (8 )™ (E‘) B (-8 .
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In case 2(b), the residue class field characteristic p # 2, but the degree

(&) - (&) -

#1(0%) = u'07 =1

£ =2.S0
Moreover,

since 6 € F* and p;! has order ¢ = 2. Consequently,
-1 2\
W(oe/r) W(ke) = ¢gip(c)wElc) ve(cd ?) o (=)

= [¢'1(c) ¥r(c) ¢F(c52§)’1]2 (%) py'(e) -

This last equality is true because of (4.2r) established in lemma 4.2.6.

By theorem A.3 part (a),

2 _, [— — 2
W = [e 0w we(err3) ™ (F2) 0 (VT )

which simplifies to

ERCEAC w(w”é)“]z (%) -
Therefore,

W(og/r) Wko) = W(p)® p3(c) -
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Now, it follows from theorem A.1 part (c) that

Wpgip) Wlko) = W(p) p*e) = I W(e-n) .
u € S(E/F)

This is precisely (4.2b) , and case 2(b) is settled.

When E/F is a tamely ramified, case 2(a) and case 2(b) have completed

the proof of the 1st identity for p odd.

Next, we are going to assume p = 2. Just like the case of odd residue
class field characteristic, let § = w;(“’) .Given ¢, n asin (i) and (i),

we claim (iv) and (v) still hold. Specifically, due to theorem A.2 part (d) ,
vp/F(l + z) = Ye(cz) forall z€ PE1 * hepsr) )
Besides, the argument we used to prove (v) remains valid for p = 2. So
Yp(cd®2) = (=1)Trermtne) (4.20)

forall z € Og.

Now, suppose 3 € Op satisfying 82 = n~! mod Pr . By theorem A.3

part (b) , there exists <y € Og, such that

0 l1 + Bz)Yp(cBéz) = Al(z)(-1)T*/m02)  for z € Op
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where

(2)
A; — iTrkF/FP . (—I)TrkF/FP .

Claim V1. With the assumptions of case 2(c) and the above notations, if we

define

J— + .{____1
then for all z € O,

)
epr(l+B8z)Yp(cBdz) = iTHe/m® (=1)Trherm @ (_1)Treermll @)

Proof. Since m(¢) = 1 + 2-dy,), we have
Negp(L+8682) = (1 + B6Trer(z)) (1 + B8 Trdp(z)) mod PP
Hence ¢gip(l + B0z)¥e(cfdz) can be written
N1+ BETrgr(z)) ¢ (1 + B2 Tralp(z)) vr(cBSTrer(z)) -
From the above definition of +,

o N1+ BTrg/r(z)) ¥r(cBETrer(z))
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= A(Trg/p(z)) (17wl Trere)
while
o1+ PR TrEe()) = dr(cf 8 Trde(z))™ = (-1 r/mTer)
by (i) and (ii). In other words,
(1 +B62) Ye(cBET) = Ay Trgp(z)) (—1)e/m(r Trer@ + Trijele))

(4-2w).

Because the Galois extension E/F is totally ramified,
Trgr(z) = Lz mod Pg

and

Moreover, we have kg = kp. Consequently,
Alo( TTE/F(Q:) ) — iTr“F/FP( TTE/F(:Z) ) (_I)TT,(;.E/FP( TTE/F(x) )
= Treg/p(82) (_1)T’l(=2/rp (=)

and (4.2w) becomes

opp(l + Bdz)Ye(cBéz)
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— i Tregsrp(e2) (_l)Tr,‘,ﬁ,Fp(tz) (=1)Treesmlr e+ “en) 2y
Now, observe that £ # 2 means £ = 1 mod Pg . So
05ip(L+BET)Pu(c BET) = & Trrerm® (1) rasm ) () Treprnylre + 52 )
This proves claim VI because
Trig/r,(x) = Trigr,(z?) (4.2z)

when p = 2. ||

To prove (4.2b) for case 2(c), it is sufficient to obtain (4.2s) according to
lemma 4.2.5. We apply theorem A.3 part (b) to ¢g/r . In view of the above

claim, (4.2v), theorem A.2 part (d) and
ﬂ? = (eﬂ)-l mod PE ’

it follows that W(pg/r) is equal to

= (2) = 1 + i\f _
S"E}F(C) ¥E(c) (_z-)TrkE/p,(7+‘T’) (_1)T ko5, (Y + ) ( + 1) (—l)f 1

V2
Here f = [kp: Fp| = [ke: F] .

As v + 5;—1 € Of, , we can make the identification below

- (2) - -
(_i)T"'kE/FP('Y'f' £ (_I)T"k‘;/pp(‘Y'*' £h — A:)('Y + ___) 1 )
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On the other hand, it is a property of the 2nd elementary symmetric function

that
2 E— 1 2 2 é— 1
Tr,(cg/,,p('y + = ) = Tr,(CF)/FP('y) + Tr,(CF)/FP( 5 )
-1
+ Trie/r,(7) TTkF/F,,( 5 )
1(e-1)
- T"kp/Fp(_z-)
which implies!
£—1\-1 1 arf -1\ Tr (-1
Ay + =) = A A ()T (YTes(ER)

Meanwhile, part (c) of theorem A.3 shows

2(¢—1

Aey) = Ayt (~1)Ferm( 527

However, prime £ is odd, and £ = 1 mod Pr. Together with (4.2z), we
have

) = Ayt (-prem (50 )

or equivalently

- r (=1 -
Ay ()T (52 7) = (AL
1See the footnote 1 in the appendix.
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In summary,

Wioere) = wae(@) s (A7 18 S50 ) 7 (B50) (-nf L

By theorem A.3 part (b),

. £
W(g) = (w(c) vele) 2 () )

So, in order to obtain (4.2s), we must prove

(2_:_1_)-1 (1 +i)—f(€—1) _

7 1 (4.2y).

Recall

Claim VII. For any odd prime £, if we define a function A, on the set of

integers by

when z is odd
when z is even

Ao(z) = { X

then

8(52) = a(50)

where f = [kp: Fp].
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Proof. It can be shown that forall n > 1,
Do(nz) = Agfa)" (~1)F D02 (4.22)
by induction on n . In fact, we see from the definition of A, that
Ao((n+1)z) = Ao(nz + ) = A, nz) Al(z) (—1)™%.

Hence the induction hypothesis yields

Do((n+1)z) = Bo(@)" (-1)7 D2 Ay(z) (-1)"7.
In other words

Ao((n+1)z) = Ay z)™*! (—1)"+D/2,

Now, because

and

Trg’)/Fz(f—l) — f(f-1) (5—2—1)2 mod 2

we conclude that

8(522) = Ao Trsn(552)) (—1) el F)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



221

which is equal o A,(5) by (4.22). |

Due to claim VII,
£—1\-1 ;1 +i\—f(-1) -1, 5.1
8(5-)" (=5) = (A=) i 7]
Observe that
£—1,\ & 1 when ¢ = £1 mod 8
Ao( 2 )ZT - {—1 when ¢ =

+3 mod 8
which shares the same values with the Legendre symbol (%) . As a result,

. f
=11 in—f(—-1 2
x5 (T - (3)

To obtain (4.2y) , we recall that F' contains all the /-th roots of unity since

E/F is totally and tamely ramified Galois extension of degree £. Therefore?

2f51 mod ¢

(G ()Y - (2) - (2) -

2See [2, chapter 3, § 1, lemma 4, p.87)].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



222

As noted before, this implies (4.2s) . Via lemma 4.2.5, we can conclude that

(4.2b) holds for case 2(c).

Case 1(a), (b) and case 2(a} , (b) , (c) have now been account for. We succeed
in proving the 1st identity (4.2b) when the Galois extension E/F is totally
and tamely ramified of prime degree. Therefore, the proof of theorem 4.2.3

is finally completed. ||

The argument presented in this section is due to Dwork. In his thesis [5],
Dwork established the 1st identity not only for the tame case but also for
the wild case. When E/F is no longer tame, the proof of (4.2b) is sensitive
to the conductor of ¢, the residue class field characteristic p, and the
conductor of the abelian extension (relative to the size of m(yp)). See [5,
chapter 3, p.75]). Lakkis [14] contains a sketch of ;;he proof of the 1st identity,
built upon earlier work by Hasse [10] and Lamprecht [15]. (see [14, Satz 1,
pp.191 - 266]). However, to the best of my knowledge, not all the gaps in
that proof are filled. Langlands intended to prove the 1st identity in chapter

10 of his Yale manuscript [16], which is missing in any existing version of the
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manuscript. Nonetheless, Langlands did set up carefully in chapter 8 and 9

of [16] the machinery necessary for the proof of this identity.

4.3 The second identity

Suppose G = Gal(K/F) is the direct sum Z, @ Z, of two cyclic groups of
prime order £. Let xx be a character of K* such that xx o 0 = xxk

forany ¢ € G and xx # xr © Nk/r for any character xr of F*.
Given two distinct subfields L; , L, of K/F , both of which have degree ¢

over F,
K
e/ \e
L, L,
e\ /e
F

if xz, and Xz, are characters of Li and L respectively satisfying

XL, © Nxk/jo, = Xk = XL, © Nkyr,

then we prove in this section
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Wixe) [I Wk = Wi, I W)
p € S(L1/F) u € S(L2/F)

where S(L;/F) consists of characters of F* annihilating Ng,,r(L;°) -

Additional notations: Just as in theorem 4.2.3, we will hereby use xxyr,

and xr, © Nk, interchangably. We continue to denote the conductor ofa
quasi-character x by m(x) . In [16], m(xz,) is abbreviated to m;, and we
will do the same throughout this section. As for the ramification subgroups

of G, we adhere to Serre’s convention in [20].

Before the proof of the 2nd identity is discussed, let us make some general

observations.

Lemma 4.3.0. Let K/L be a Galois extension of prime degree £, if xx s
a quasi-character on K suchthat xx oo = xk forall 0 € Gal(K/L),
then there exists xp on L* satisfying xx = xr © Nk/L . Furthermore, if

XK 1S a character, so is Xr .

Proof. Because xx © ¢ = Xk , it follows from Hilbert’s theorem 90
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that xx(a) = 1 if Ngsr(a) = 1. So, it is possible to define x; on the

norm group Ng/(K*) by

xe(z) = xx(y) where z = Ng/(y) -
Moreover, notice that xx = Xk holds automatically.

Since K/L is cyclic of prime degree, we have two possibilities (see [20,

chapter V, §§2 - 3|):

(a) UL = NK/L(UK), and L modulo NK/L(KX) has order £. i.e.

K/L is unramified.

(b) [Ur: Ngi(Uk)] = €, and Ng/p(mk) is a uniformizing parameter

of L. ie. K/L is totally ramified.

To define a quasi-character x; on all of L*, it is enough to specify x LluL

as well as xr(m.) (see [22, Theorem 2.3.1]). In (a) , we can do so because
xz(7r%) hasan £-th root. If (b) is true, observe that U} C Ngk,r(Uk) and
xt(Up) = 1 for sufficiently large n. Consequently x; can be extended
from Nk (Uk)/Up to Up/Uf . The last assertion is immediate from the

construction. ||
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Lemma 4.3.1. With the notations in the 2nd identity and the premises
leading to it, let us define for each o € Gal(L;/F) the following characters
of L.

Xf,. = XL;°0
and

c-1

xZ~' = (X)) - Xzt -

Then we have x7,~' € S(K/L;) . In fact, all the characters in S(K/L;)

oc-1

take the form xr,

Proof. Extend o to an automorphism of K which is again denoted by

o . Because Gal(K/F) is assumed abelian,
X0 Nijre = (xo. o Ng/w) o0 = xk 00 = xk = XL © Ngjr, -
Hence 7 ~! is trivial on Nk (K*).

Given ¢ # 1, it generates the cyclic group Gal(L;/F) . Therefore x7,~ ' #
1; otherwise x,j’;k = xg, for any integer k, and lemma 4.3.0 implies

Xt; = XF © Np,p for some character xr of F* . This contradicts the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



227

premise xx # Xr © Nk/r . Now, we observe that

- m _ " m
X2 “t= xgmCt = X = x&
(k — m)
= XE; = XL;'
whichmeans o ®~™ = 1 .Inotherwords, 1, X7~ ', -.. , x£1 ~*

are distinct characters. Lemma 4.3.1 is proved. ||

Because o(Uz) = Up, for ¢ € Gal(L;/F), wesee m(xr) = m(xf) -

So it is a corollary of lemma 4.3.1 that

v € S(K/L;) = m; > m(v) (4.3a).

Lemma 4.3.2. The Z, & Z, extension allows three possible ramification

group filtrations:

(i) G # Go =... = Gy # Gu1 = {1}

(i) G=Go=Gi=...=Gu# Gus1 = .. = Gu # Guns = {1}
(i) G =Go =G =...= Gy # Gunn = {1}
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Proof. Recall that G/G, is always cyclic, while Go/G; is cyclic of
degree prime to the residue class field characteristic p. Moreover, for n >

1, G, is a p-group (see [20, chapter IV, § 2, p.67]). ||

Now, we assume that the Z, & Z, extension K/F is tamely ramified.

In this case the ramification group filtration of G = Gal(K/F) is known.

G = Z,x Z;
U

Gy = Zy
U

G = {1}

Compare this filtration with (i) in lemma 4.3.2. We see that the jump u

equals zero.

Suppose E is the fixed field of the inertia group Gp. According to lemma
4.3.0 there exists character xg such that xg o Nxk/g = xx . If we can

show

Wixe) I Wk = W) [I WE)
u € S(E/F) ¥ € S(Li/F)
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then the 2nd identity in the tame case follows. Thus, it remains to prove

Theorem 4.3.3. In addition to the premises leading to the 2nd identity,
suppose K/F is tamely ramified and the subfield L; coincides with the

fized field of the inertia group Gy, then

W) - T 5 = W) [I W) (43b)
p € S(L2/F)

where T is any non-trivial character in S(L;/F).

Proof. First we collect some facts about the two conductors m; and
my. As we assume L,, L, are distinct, L,/F must be totally ramified.

This means K/L, is unramified.

ARE
(]

(4.3¢).
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So Ng/r,(Ug) = Ug, forall n > 0, and

m(xx) = m(xr, © Nx/,) = me (4.3d).
Since K/F is tame, so is the totally ramified extension K/L;. Conse-

quently, Nk/z,(Ux) = U, . The fact that K/L; is also cyclic of prime

degree further asserts that

Ng/, (U™ = Uz forall n > 0.

1
and

Ng/p, (UZ™*Y = Uzt forall n > 0.

(see Serre [20] chapter V, § 3, corollary 3 p.85). Here the function % is given

by

T for -1 <zx<0.
{-x for x > 0.

va = {

For future reference, we will sometimes distinguish the above functon by

writing ¢ as Wg/r, . In contrast, Wz, is just the identity function.

Claim I. m; > 1 implies m(xx) = v (my — 1) + 1.
Proof. Because m; — 1 > 0,

xe( Ny (UE™ ™)) = x,(US™Y) # {1} .
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On the other hand,
xe (N U™ = xa, O = xaUF) = {1}
Now recall that XKk = Xz, © Nk/L,- So 9(my—1) + 1 must be the

conductor for xx . ||

With the notation ¥g/r, introduced earlier, the above claim and (4.3d)

yield
Claim IL. If m; > 1, then

m(xk) = ¥xp(mi—1) +1 i=1,2.

In other words, my = £-(my—1) + 1 , which implies me > m, .

Before we state the next claim, let us point out that m; > 1 when
the Galois extension K/L; is totally and tamely ramified. In fact, because
[Ur, : Nk/1,(Uk)] = € and Ngk/r,(mk) is a uniformizing parameter of L, ,

the observation that Nk;r,(Ux) = U}, means all the non-trivial characters

in S(K/L,) are tame. By (4.3a), we have m; > 1.
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Claim III. For ¢ # 2, we have m; = my mod2. i.e. m; and my are

etther both odd or both even.

Proof. Because of the formula my; = £-(m;—1) + 1 in Claim II,
we obtain m; = my mod2 when £ isodd and m; > 1. In the case

my; = 1, claim III follows from

Claim IV. Regardless of the parity of £, if m; = 1, then m(xkx) =
my = 1.

Proof. As K/L, is tamely ramified, Nk;.,(Ux) = Uj,. So m; =1
implies m(xk) is less than or equal to 1. However, m(xx) # 0; oth-
erwise there exists a character xp of F* with xz, = Xxz,)r- This is
a contradiction since xx # Xxk/r- In fact, if we define xr such that

XF( NLz/F('erz)) = Xla(ﬂ'la) and xp(u) = 1 forall © € Ur, then
m(xx) = 0 = mg = 0

XL,

l
=
g
|
[

which cannot happen. ||
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Now, for odd ¢, m; = ms mod 2 is true for all possible values of m; as

m; > 1 by (4.3a) . We have completed the proof of claim III. ||

We are going to split the proof of theorem 4.3.3 into two parts. First,
we verify (4.3b) by assuming m; = 1. Afterwards we handle the case

my > 1.

Theorem 4.3.4. Suppose the Galois extension K/F is tamely ramified and
subfield L, is unramified over F . If x1, is tame i.e. my = 1, then the

2nd identity (4.3b) holds.

Proof. Consider the isomorphism

Ur,/Ut, =~ (UL, Uxk)/Uk

induced by the inclusion map Uy, — Up,-Uyx C Uk. Recall from
claim IV that m; = 1 implies m(xx) = me = 1. Via the above iso-
morphism, it is possible to identify the restriction xi, | v, 352 character
of (Ur, -Uk)/Uk , which can be extended to a character of Ux/Uj , again

denoted by xi, -
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Similarly, we will abuse the notation xg , giving it dual meaning as a tame

character of K* and the corresponding character of Uk /U .

Let ¢ = pf be the cardinality of the residue class field kr . Then Uk /Uk =~
k) is cyclic of order ¢ — 1. Given a character x of Ux/Uk with order

q* — 1, there is a unique nonnegative integer o less than ¢ — 1 such that

X, = x* (4.3¢).

Claim V. The integer « defined by (4.3e) is relatively prime to £.

Proof. Suppose a = {¢s for some integer s. Let proj : Ux —
Uk/U} be the canonical projection. Because L,/F is totally ramified,
Ni,/r(7r,) is a uniformizing parameter of F', and it is possible to define a

character xp of F* such that xz(Np,/r(71,)) = xr.(7L,) and
xF = X°oproj on Up.
With the observation
Niyr(u) = u® mod Py for v € Ug,,

it is immediate to check that xz, = Xxr © Nr,/r, which contradicts the
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assumption xx # Xk/F - As aresult, a cannot be divisible by the prime

degree £. This proves claim V. ||

Meanwhile, K/L, is unramified according to diagram (4.3c). Therefore
XI_{I = x* Q+q+..+¢7Y) on UK/U}{ )

On the other hand, Uy, /Ui, =~ Uk/Uj . So the restriction x, |v,, canbe
regarded as a character of Ux /U via the isomorphism. Let xz, stand for

this character of Uk /Uk as well. Then
x‘}d = Xk on Uk/Uk .

Now, recall that F contains all the ¢-th roots of unity because Ly/F is
a totally and tamely ramified Galois extension of degree ¢. This implies
2| (g—1) or equivalently

g=1 modf{ (4.31).

See [2, chapter3, § 1, lemma 4, p.87].

Hence, wehave 1 + g + ... + ¢¢* = 0 mod{ . Let

1+qg+ ...+ ¢!

B = 7
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and notice

X = x& = x*°f.

Evidently, the order of xi,-x*? divides £. Since the order of x4~V # is

exactly £, we conclude
XL1'XaB = (x(q_l)ﬂ)i on Uk/Uk.
for some i. In other words,

e EVI8 = (4.39)

Observe that the integer o — (¢ — 1)7 in the exponent of x must be

relatively prime to ¢. This is because
a—-(g—1)i =a # 0 mod?
by (4.3f) and claim V.
So, the following Gauss sum identity holds (see Evaans [7, identity (3), p.198]).

Gf ( Xa —(g-1) 1 ) -1 i(ae1) /e
- xa—(q—l)i(e) . Gfe (X(a—(‘I‘l)i)ﬂ) g Gf(X ) .
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Here Gp(x*~ @ ?) is asumover kr = kg, and Ggy (x @~ D9F)
is a sum over kg . They are consistent with the ordinary Gauss sum notation

in theorem 4.1.1.

Restricted to k7, = (Ur,-Ugk)/Uk , the character x has order ¢ —1.

Therefore,

Ge(x*~ @M% = Ge(x) .

Similarly,

X"V = x*(0)

Thus we have

Gg (x*)

1 =
x*(€) - Ggp (x &~ (-

-1
i {g—1) /¢
oy I G102/

or equivalently

-1
X*(0) - Ggp (x©~@VIPYy = Gp(x*) [ Ge(x?@V/¢).

i=1

Before converting this into a root number identity, we note that the restriction
of every non-trivial 4 € S(Ly/F) to Ur corresponds to a character of the
form x7@1V/% on Up/Ur ~ (Ug,-Uk)/Uk, for some positive j less

than or equal to £—1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



238
Now, in view of (4.3e) and (4.3g), theorem 4.1.1 translates the above Gauss
identity into

. N(PL1)1/2 W(XLI)

-1
Xz, (&)
b - X, (1 7E)
_ NP W(xi,) N(Pp)Y? W(u)
~ X1, (t2 Wﬁi-{- D+ e sayn T p(t ngt)
®
where
t = Trp/po(p/w}i;*'l)
t — T d+1
1 = TL (L), \P/TF
fd + (6-1) + 1
tr = Troyua,(p/n "0

and 4d + (£—1) is the order of the absolute different of L, .

Since N(Pp,) is the cardinality of the residue class field ki, ,

NPy = it = Pl = NEL) T NER)

n € S(Lp/F)
r#F1

Together with the fact that W (1) = 1, we have

Xp, (@) - W) _ W (x1,) 1 W(u)
= X1, (t1 7E) = x1s (2w, TN LS (CV pETET)
(4.3h).

We will obtain (4.3b) from (4.3h) first for odd ¢ and then for £ = 2.

Case 1: ¢ is odd.
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Notice that a fixed non-trivial y, € S(Ly/F) has order £. Hence the

product
I wrEh)
1 € S(L2/F)

is equal to

T M) = mrd )™ = ()= = 1

j=0
and (4.3h) is reduced to

Xz, (0 - W(xe,) W (xz,)

= _ H W(ﬂ) *
- XL, (tl T +1) — XL, (t2 ﬂ_g'*' (£-1) + 1) 4 € S(Lo/F)

In order to establish (4.3b) from above, it is sufficient to prove

X0 (0 - xultemn MY a0 - ™)
XL, (tl 7TF 1) XL, (tl 7rd+1
because for odd ¢
ge-n
xS = (1=HO)T = F

(Recall 7 is a non-trivial character in S(L;/F).)

Lemma. If the prime degree £ is odd and the uniformizing parameters wg

and 7y, are chosen such that mp = Np,p(rr,) = (—1)*xf, , then

X2 () - xz, (t L)

XL (tl 7rF 1)
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Proof. Recall t; = Try,yr,),(p/n§"") . By definition, (L), is the

maximal subfield of L, that is unramified over @Q,. Therefore it must

contain F, .
L
unramified { / \ } totally ramified
F (L1)o
totally ramified { \ / (4.37).
F,
Qp

If f1,/o, is the residue class field degree [k, : Fp|, then according to the

above diagram
[Fo:Qp] [L1: F] = fre = [(Z1)o: @p] = [Fo: Q] [(L1)o : Fo] -

So [Ly:F] = [(L)o: F) . It follows that [F: F)) = [Ly: (L1)o) -
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Moreover,

FN(l) = F
and

F- (Ll)o = L, .
Consequently,

D 4
tr = Trr,/L). (;‘__?-_1) = T"F/&(@) = 1.

On the other hand, as indicated in diagram (4.3c), Lo/F is totally ramified
and therefore so is Ly/F, . In other words, (L), = F, . With our choice

of uniformizing parameters, this means

ty = TrLz/(Lz)o(;?L(:fz’.q._l)') = Trryr, (#) = TTF/FO(;%) = {t.
Now,
Xia(0) - x(temy ) X - xa.(CtnEY) _ xp (gt
xe, (b 7E Xz, (¢ 7E Xz, (¢ 75
(4.39)-

As a result, Claim VI below completes the proof of our lemma.

Claim VI. When { is odd, we have xr, = Xz, on F*.
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Proof. Because L; # L, ,thenormgroups Nip,/r(Ly) and Ni,/r(L3)

are distinct. So £ = [F* : Np, /p(L¥)] = [F* : Np,/p(L¥)] implies
F* = (Ng,r(LY) )(Niyr(Ly)) -

Given z € F* ,thereexist ; € L and d, € L3 such that z =

(NLI/F 61)(NL2/F 52) . Observe

xk(®1) = x1.(Nkjr, 61) = Xro(NLy/F 61)

At the same time

xx(61) = x2,(Nk/r, 61) = xr,(6))

By lemma 4.3.1,
XL (618) _ XL, (NLxlF 61) _ XLllSINLl/F 01)
! - H o—-1 -
o € Gal(Ly/F) XLy (61) v € S(K/Ly) 1/(51)

which is equal to xz,(Nz,/r61) because 11 v(6;) = 1 when £

v € S(K/Ly)

is odd.

In summary, we have x1,(Ni,/r61) = xx(61) = x1,(Ne,/ré1) -
Similarly, lemma 4.3.1 yields

X22(65) = x2.(Np,/F 82)
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for odd ¢. So

x2.(2) = x2,(NpyyF 61) - X2, (Niy/F 62)

= Xr,(Nr,/F 61) - x2,(Nk/L, 02)
= X1,(NLy/F 61) - Xx(02)

= XL(NLy/F 1) - X2.(Nk/L, 02)
= XL (NrLy/F 81) - X2.(62)

= Xr,(N1y/F 61) - X22(NLoyF 62)

and we have shown that xr,(z) = xz,(z) . Claim VI is proved. ||

Since t = Trp/po(p/w§-+1) is a unit in Opf, according to theorem 4.1.1,
t 2% indeed belongs to F* , and our lemma follows from (4.3;) together

with claim VI. ||

This completes case 1, and we now proceed to deduce (4.3b) from (4.3h)

for £ = 2.
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Case2: ¢ = 2.

As K/F is tame, the residue class field characteristic p # 2. If p is the

non-trivial character in S(Ly/F), then (4.3h) becomes

Xi, 2) - Wla,) _ Wixe) - W) .
= X (1 77 ) Xta (2, T ) - p(tmE)

Combined with the following lemma, the above equality yields (4.3b).

Lemma. Let the prime degree £ = 2. If the uniformizing parameters =p

and 7y, are chosen such that mp = Nip,/p(ng,) = (=1)**1 72 , then
- 2(d+1
Xi @) - xaalta ™) - pemt)
— XL (tl WP“H-I

where T is the non-trivial character in S(L,/F) .

Proof. Just as in case 1, diagram (4.3¢) shows that [F : F,] = [L;:
(L1)o] . Moreover, we have F N (L), = F, and F-(Li), = L;.

Therefore

p p
s = T (g = ron () = ¢

On the other hand, because of our choice of uniformizing parameters, t; is
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equal to

P P 2p
Tre./(L2)o ((:;;)'m) = Trr,F, (m) = Trryr, ((_—m‘;ﬁ> .

In fact
ty = 2(=1)%1¢ .
Consequently
- 2(d-
X2 (2) - X1, (2 72ED) - pt mE)
— XL, (tl ”F“Hl)

can be written

Xy (2) - X122 (1) ¥ ¢ (- 7p) M) - pltmp™)

= XL, (t 7“I"“i-’-l)
Hence,
- 2(d+1
Xio(2) - xma(bamit?) - ptngt) _ xm(Emdt) - pndt)
= XL, (tl WP“H-I — XL (t 71'1"4-*-1)

(4.3k).

Claim VII. For ¢ = 2 , we have

7(z) - xu(2) = p=) - xr,(z)  on F*

where T € S(L1/F) and p € S(Lz2/F) are both non-trivial.
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Proof. First, let us point out

Tre)p = T © Npyp € S(K/Ls)

ULl/F = po° NL1/F € S(K/Ll) .

These are non-trivial characters because 7 , y are non-trivial on
F* = (Npyr(L7) )(Niyr(L3)) -
Given z € F* ,let z = (N,/r61)(Np,r d2) . We observe

xk(6) = X1.(NkjL, 61) = X1.(NLyyF 61) -

Also

Ny /ré
(o) = e

6 = 1 N 1 5 = o —
Xk (01) XL, (Nk/L, 61) x5~ *(Np,/F 61)

where ¢ is the non-trivial element in Gal(L,/F) .

Thus
XL (N, /F 01)
Ny, pb) = =—=——= -~
XLz( L,/F 1) X[:'I_l(‘sl)
By lemma 4.3.1

XL (NLyyp 01) = pr,yp(01) - X2o(Neyyr 61) = p(Npyyr 61) - X1o(Niy/F 61)
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(4.31).
Meanwhile
XL.(NL,/F 0
xk(02) = X1.(Nkyr, 82) = x1.(65) = Jﬁw
XL, (52)
if ¢’ is the non-trivial element in Gal(L,/F).
Again by lemma 4.3.1
XLo(Npyyp 02) = Trp(d2) - xx(02) = 7T(Npy/r 82) - xk(82)
(4.3m).

Now

7(z) - x2.(z) = T(Nryr 82) - X0,(NLyyr 1) - X0, (Nioyr 62) -

By (4.31), we have

7(z) - x2,(x) = T(Npyr 02) - t{NLy/r 61) - X22(NLyyF 61) - X122 (NLoyr 02) -

Notice NLg/F 0y = NK/L1 o and xr, © NK/L1 = xk - So

7(z) - x2,(x) = T(Niyr 82) - w(Niyyr 1) X2 (NLy/r 61) - Xk (62) -

According to (4.3m),

T(z) - x0,(2) = W(NLyyr 01) = X2o(NiyyF 61) - X12(Niyyr 62) -
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This is equal to p(z) - xr,(z) . Claim VII is established. ||

Apply claim VII to the right hand side of (4.3k).

- 2(d:
X22(2) - xeo(t2 724D - ple )
d+1 -

#
- XL, (tl Tp

-7(t7

Because 7 is a non-trivial unramified character of order 2, the fact that

t € Ufr, (see theorem 4.1.1) implies

X0r® - xralt2 ™) - et
— XLy (ta 7‘.17"14-1)

This proves our lemma in case 2. ||

As remarked before, (4.3b) follows from (4.3h) together with this lemma.
Finally we can conclude that whenever m; = 1, the 2nd identity (4.3b)

holds for all primes £. The proof of theorem 4.3.4 is now completed. ||

To conclude theorem 4.3.3, it is necessary to establish (4.3b) for m; > 1
as well. We will do so in the next theorem, but first let us quote a relevant

lemma from Langlands [16].

Lemma 4.3.5 (Langlands). Let Gal(K/F) = Z; © Z; be the direct
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sum of two cyclic groups of prime order £. Let L be a proper subfield of
K/F . In other words, both H = Gal(K/L) and H = Gal(L/F)

have order £ .

(i) In the case L/F is unramified, if xr is a character of L* such that
(x¢ © 0)-xz' € S(K/L) forall 0 € H ,and w is the jump

in the ramification group filtration
H=1H = ..=Hy, # Hopy = {1}
then

xt(z) = 1 for z € UM with Nyp(z) = 1.

(ii) In the case L/F is ramified but K/L is not, if xr %s a character of
L* such that (xg o 0)-x;' € S(K/L) forall ¢ € H ,and

u is the jump in the ramification group filtration

H = (o = .. = (Al # (Hhn = {1}

xe(r) = 1 for z € UM with Nppe(z) =
L /

ot
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(iii) With the notations in the 2nd identity and the premises leading to it,
if L, is the fized field of the inertia group for Gal(K/F), then there

ezists a character X of F* such that

m(XZ, * Xiyp) = u + 1
and

m(xz, - X,LQ/F) = u+1
Here Xp.p is the composition XF o Npyr, while w is the jump
in the ramification group filtration of Gal(Ly/F). It can be shown

that u also represents the jump in the ramification group filtration of

Go = Gal(K/L,).

For notational simplicity, (xz o 0)-x;> which appears in part (i) and (i)

will be abbreviated to xf7~' just as in lemma 4.3.1.

Proof. We prove (i) first. Suppose o generates H . By Hilbert’s
theorem 90, there exists y € L* suchthat z = o(y)/y = y°!. As
7wF is also a uniformizing parameter of L, the above y can actually be
selected from Up .

olymp) _ oly) _

z  for any integer n.
y7E y
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Moreover, we may assume that y ¢ Up because only thecase z # 1

requires an argument. Now

oy) = zy y mod Pt

So y is congruent to some ( € Ur modulo Pr. Again notice that
o(y¢Y)/y¢! = y°!. In other words, y can be selected from Uj .

Let y = 1 + eng where ¢ € Ur . Then
y° ! = 1+ (o) — €)7%p mod P2

The congruence o(¢) = € mod P, wouldimply ¢ = ¢ mod P

forsome ¢ € Ur . Hence, we could select anew y from U**!; otherwise

ole) # € mod Pr .

This latter scenario means o(g) — ¢ isaunit,and y°* = z € U
indicates that @ > w + 1 . In the former scenario, our argument can be

iterated until we have a > w + 1 . Either way,

xe(z) = xx’™) = x7 ') =1

because characters in S(K/L) have conductor at most w + 1 . Hence we

obtain (3) .
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Next we prove (ii). Againlet (¢) = H . By Hilbert’s theorem 90
there exists y € L* suchthat z = y°!. Let y = en? where

€ € Ur and b is an integer. Because

0-(5711}47‘-2') - o-1
Temmp Y )

we may assume b > 0. Then
yol = (%N (af )Y = (af) mod PrH
as o € (H ), . However, the fact that ¢ ¢ (H )y41 means
a7t # 1 mod P
On the other hand,

1 = NL/F(TFLG—I) = (WL_I)e ﬂdeL"+1

1 o—1

as w7 " is a unit. Therefore 77 " modulo P, being an element of the

group kY , must have order £. Now, recall that y°~! = z € U . So
ya—l = (’/T{_l)b mod PLu+1

implies (7 = 1 mod P , and we have £ divides b.
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By (%), it is possible to select y from Uf . Finally,

xc(z) = xe@’) = x{7'y) =1
because characters in S(K/L) are unramified by assumption. Thus (i) is

proved.

To construct such a character xp in (i), we first define xj on the

unit group Ug*' = Np,p(UL™) by

Xp(z) = x1,(z) where z € U2t and z = Ny, r(z).

Part (z) , which we have already established, asserts that the above definition

is legitimate. Recall from (4.3a)
my Z u+1.

So X is in fact a character of U2*!/Ug7™ , which can be extended to a
character of Up/Uz"* and ultimately to a character of F'* , again denoted

by X . Notice that from the definition we have

u+1 > mxg; X r) -
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Since the three characters Xx'-Xk/r » XI, XiyF » Xia~Xipr Stisfy

all the assumptions in the 2nd identity, we can apply (4.3a) again to conclude

m(Xz) - Xpyp) = w+ 1.

In other words,

m(XL,  Xeyr) = u+ 1 (+%).

It remains to show that m(xz, - X1,)r) = u + 1 as well Because

Ng/r, (Ug™) = Ugtt, (xx) implies

v+ 1 > mxg ‘X;{/F) = m(XE: ‘XL/F) :

Assume Xg'- X/p istrivialon Ug. Then Xz, -xj,r annihilates the
norm group Ng/r,(Ug). Because [Up : Nk, (Ug)] = £, there exists
a character v € S(K/L;) such that m(v- X, - X,/r) Iis less than or
equal to u. This is a contradiction to (4.3a) . In summary, x%'- Xk/F

cannot be trivial on Up; , and we obtain

u+ 1 = mXg - Xep) = MXL, - Xia/F) -

This completes the proof of (iz) , as well as lemma 4.3.5. ||
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Remark: The above lemma and its proof hold even if K/F is wildly ramified.
Nonetheless, we only make use of the tame case of lemma 4.3.5 to prove our

next theorem and eventually theorem 4.3.3.

Theorem 4.3.6. If the Galois extension K/F is tamely ramified and the
subfield L, is unramified over F, then the 2nd identity (4.3b) holds for

m1>1.

Proof. Recall from claim II that my > m; > 1. Once again we are

going to break up the argument into
Case 1: £ is odd.
Case2: £ = 2.

Let us consider case 1 first. To obtain (4.3b) in this case, it is enough to

show

W(xe,) = W(xz.) (4.3n)

because T(rg)*F~ = 1 forodd £ and

Claim VIIL If £ isodd, I W = 1.

# € S(L2/F)
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Proof. As it is stated, the claim holds even if Lo/F is not tamely
ramified. Nonetheless, we will address the immediate situation, assuming all

non-trivial p have conductor one. The argument for m(u) > 1 is very

similar.
By definition, if p # 1,

W) = N@ Y u(%) wp(;i%) .

z € Up/UL F

Its complex conjugate is given by

z € Up/UL F

= N(Pp)? p(-1) Y #_I(W:d—ff) 'pF(;dfT) '

z € Up/UL F 3

Since multiplication by —1 yields a bijection from Ur/U} to itself,

W) = p(-1) W(y) .

Observe that p(—1)2 = 1 = p(-1)¢ . Soin the case £ isodd, pu(-1)
must be 1, and

W(u) = W(p) .
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Meanwhile, [W(u)| = 1 (see Martinet [18] II § 2, proposition 2.2). As a
result,

WE™) = W™ .

Now, because ¢ is odd, S(L,/F) is a group with no character of order 2.

Therefore we have claim VIII ||

Recall that x;, and the character x» we constructed in part (i) of
lemma 4.3.5 share the same conductor m; > 1. Since K/F is tamely
ramified, we have m(xg} - x,/r) = 1. Moreover, it follows from theorem
A2 part (a) that m(x, p) = ¥iyr(mi—1) + 1 which is greater than
one. Let

m(x p) = & + 2-dug )
where d(fr.,-/r) is a positive integer and &; is either one or zero. Then part

(¢) of theorem A.1 implies
Wxe) = Wxe(yr) ™ Xoyr) = Wyr) - (XL - Xoyr) (@) -
Here c¢; € L satisfies

X p(l + ) = Yr(cz) for z of order > &; + d(lei/F) )
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In other words, (4.3n) is equivalent to

W(XlLl/F) : (XZ;I : XrLl/F) (a) = W(X'zq/p) : (XZQl : X’Lg/F) (c2)

which follows immediately from our next claim.

Claim IX. For odd ¢, we have
@) W(X'L.-/F) = W(YF)I .
(i) Ozl - Xiyr) @) = (X5 - Xo,r) (e2) -
Proof. By the 1st identity which has already been proved in section 4.2,
Wi I W= JI WiE-w-

u € S(Li/F) # € S(Li/F)

Let 7 be a non-trivial character in S(L,/F). Then I1 W(u) =

u € S(L1/F)

7(7g) 42 = 1 since ¢ is odd. As for Il W(u) , we have seen

u € S(La/F)

in claim VIII that this product is also one. To summarize,

Wiie) = I Whe-w -
i € S(Li/F)

Thus part (i) is completed once we show

H WXr-n) = W(X’F) ¢,
u € S(L:/F)
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Recall m(xy) = m; > 1, while m(u) is less than or equal to one. Suppose
m(Xp) = M1 = € + 2-diy)

with dy,,) a positive integer and € = 0 or 1 . Then part (c) of theorem

A.1 yields
I wWoe-w = II W - e
€ S(Li/F) i € S(L:/F)
= Wit I v
u € S(L;/F)

where ¢ is the parameter in theorem A.1 for X}, satisfying

, _ €+diry
Xr(l+z) = Yp(cz) forall z€ Py .

So it remains to prove

1= JI &

€ S(Li/F)

but this is evident once we fix a non-trivial character 7 in S(L;/F) . Specif-

ically
1 &1 2(e—1)
I ee) = J[ 7™ = 7(c)" 7 =1.
€ S(L:/F) m=0
We now proceed to verify

(xz, - X1y/F) (@) = Xz, - X1,/F) (c2) -
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Since K/F is tamely ramified and m(xx) = m; > 1, we may assume
¢ = ¢ = c according to part (b) and part (c) of theorem A.2. Remem-

ber that ¢ € F* is the parameter in theorem A.1 for x. So

¢
X,LI/F () = Xp(e) = X,Lg/F (0

and we can apply claim VI to complete part (ii). ||

As noted before, this claim establishes (4.3n), and case 1 is concluded.

Let us turn to case 2. We must prove in this case

W(xe,) T(mf) = W(x,) W(n) (4.30)

where 7, u are the non-trivial characters in S(L,/F) and S(Ly/F) re-

spectively.

Just like in case 1, the character x% in part (ii¢) of lemma 4.3.5 has con-

ductor m; > 1. So
m(Xp, r) = Yryr(mai—1) + 1

by theorem A.2 part (a) . This implies m(x},r) > 1. Meanwhile, the
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character Xz!- Xy r is tame. It follows from part (c) of theorem A.1 that

Wxe) = Wxw - Oye) ™ Xegr) = Wyr) - (X5 - Xoye)(c)

(4.3p)
Again parameter ¢; for xj, ,p is defined as in theorem A.1.
We now invoke the 1st identity:
WXL ) W) = W(xp) W(xe- 1)
If ¢c € Po (@+m))  satisfies theorem A.1 for X , then theorem A.1

part (¢) yields
WX 1) = W) - 17 (c)
as m(xp) = my > 1 = m(u) . Consequently
WXL, p) W) = WOE? - 17 ()
In similar fashion, it can be deduced from the 1st identity that
WXz, p) T(mf) = W) - 77He)

As a result,

W(x1.r) W(p) - ple) = W(xg,p) 7(m8) - 7(c)
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This equality together with (4.3p) will produce the 2nd identity (4.30) if

we show

(&)™ - (Xzy Xayp)e) = w0 - (XL, - Xioyr)(e2) (4.39)

First of all, we may take ¢; = ¢ and ¢, = ¢ due to part (b) and (d) of

theorem A.2. Next, observe that

X’L1/F © = xple)® = X,Lg/F (c)
Finally, claim VII implies

()™ - x (@) = wle)" - xg,(e)
Therefore (4.3q) is true and we have completed case 2.

Now, (4.3b) is established for m; > 1 regardless of the parity of ¢. In

other words, theorem 4.3.6 is proved. ||
Put together theorem 4.3.4 and theorem 4.3.6. we are able to conclude

the proof of theorem 4.3.3, from which the 2nd identity in the case K/F is

tamely ramified follows. ||
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We have followed Langlands [16] in the above proof of the 2nd identity
when K/F is tamely ramified. His method in [16] actually applies to cer-
tain cases of the 2nd identity in which K/F is wildly ramified. However,
as pointed out by Langlands, results analogous to lemma 4.3.5 account for
many, but by no means all, cases in the proof of the 2nd identity. For odd
residue class field characteristic p, Lakkis [14, Satz 2, p.226] contains the
details of Dwork’s proof of the 2nd identity when K/F is wildly ramified.
Regarding p = 2, we are unable to locate the original proof in the liter-
ature. Casselman [1, Theorem 1.9, p.814] has shown that the 2nd identity
is equivalent to an isomorphism between two irreducible components of the
Weil representations (of SL,(F)) associated to distinct quadratic extensions
of F. So any independent proof of this isomorphism would complete the

argument for the 2nd identity.

4.4 The third identity

We begin with some general facts required in the proof of the 3rd identity.

Theorem 4.4.1 (Langlands). Suppose G = Gal(K/F) is a semi-direct

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



264

product HC where C <G, H # {1}, and C is non-trivial abelian such

that every non-trivial normal subgroup of G contains C . Hence HN C =

{1}.

(i) If K/F is tamely ramified, then C is equal to the inertia group G,
which must be cyclic of prime order in this case. Moreover the index

[G:G,] = |H| divides |C] — 1.

(it) If K/F is wildly ramified, then the higher ramification groups of G
satisfy

C=G1=...=Gu7écu+1={1}

and the indez [G, : G,] divides |C] — 1.

In this case, all the non-trivial elements in C have order p, the residue

class field characteristic of F .

Proof. Notice the inertia group G, cannot be trivial as G is non-
abelian. Let us assume K/F to be tame first. Then it follows G, is
cyclic of prime order. Because G, is a non-trivial normal subgroup, we have

C C G,. This means C = G, since the only non-trivial subgroup of a
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cyclic group of prime order is itself. To prove the other assertion in (z), we

need to show that the centralizer of C
A={ze€G|lzc=cz foral ce C}

must be C itself. In fact, AN H is normal in G, but it does not contain
C. So

AnNH = {1} .

Together with A O C, we conclude A = C asevery £ € A can
be written uniquely as a product hc with h € H and ¢ € C. An
immediate consequence of A = C is that the conjugacy class of every non-
trivial ¢ € C consists of [G : C] number of elements. In other words,

[G : C] must divide |C| — 1, the number of non-trivial ¢ € C'.

Now we proceed to the proof of (i¢). Observe that the argument for
A = C remains valid when the extension K/F is wildly ramified. With
G:1 # {1}, we have C C G, since the higher ramification éoups are
normal in G . On the other hand, notice that the centralizer B of G, is
normal in G. Being a p-group, G; has a non-trivial center. Hence, B

cannot be trivial, and it contains C as well. Meanwhile B C A, which
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implies B = C . Therefore C is equal to B N G, the center of G; . As
a result, G; = C; otherwise the non-trivial center of the nilpotent group
G1/C contains a cyclic group of prime order which is pullbacked to a normal
abelian® subgroup of G; in which C has prime index, a contradiction to

A=C.

Any other higher ramification group G; that is non-trivial must coincide
with C because C = G; 2 G; 2 C. For future reference, let u > 1

be the integer such that C = G, # Guy1 = {1}.
As for the divisibility claim in part (iz), we recall the homomorphism
0; : Gi/Giyn — UiJUZ* for i >0
defined by
0:(0) = %ﬂ'}_{l where 7 has order one in K .

According to Serre [20, chapter IV, § 2, proposition 9], given s € G, and
o € Gy, we have

0.(sos™t) = 6o(s)* b,(0)
3If a group modulo its center is cyclic, then it must be abelian.
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provided that both 6,(sos™) and 6,(c) are interpreted as elements of
PY/Pg*! via the isomorphism

Uk/UF = PR/PE.

It follows that s commutes with ¢ # 1 if and only if 6y(s)* € Ug.
However, in view of the equality 6,(sos™!) = 6y(s)* 0,(c) , we also have

6o(s)* € Uk ifandonlyif s € A.

Since A = C,the G, conjugacy class of each o # 1 hasexactly [G, : C|

elements. In other words, [G, : C] divides |G,| — 1.

Finally, the subgroup of C consisting of elements of order p or 1 is a non-
trivial normal subgroup of G. So it must be C itself. This completes the

proof of theorem 4.4.1. ||

In the above proof, we have established and used repeatedly the following

result which we now highlight as a lemma.

Lemma 4.4.2. If C is non-trivial, abelian and normal in a semi-direct

product HC such that all non-trivial normal subgroups of HC contain C,
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then C 1s its own centralizer.

Henceforth we keep the notations G , H , C and the assumptions
in theorem 4.4.1. Recall the Galois group G = Gal(K/F) acts on the
character group of C, denoted by C*. Particularly, if ¢ € G and p €

C*, then the G-action is given by
pI(z) = plgrg™) for z € C.
Let H = Gal(K/E), C = Gal(K/L) and
T = a complete set of representatives of the G-orbits
G, = stabe(p) , the isotropy group (stabilizer) of u € C*
F, = the fixed field of G,
H, =G,NH

It follows immediately that

Claim I. (a) Forall g € G, wehave Gy = g'G. g .

) G, = H,C.
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In addition, part (b) of the above claim enables us to extend u to a character

of G, defined by
w(he) = ule) where h € H, and ¢c € C.

Via the reciprocity map, this x4’ can be interpreted as a character of Fj .

The third identity then asserts that given any quasi-character xg on F*,

W(xr o Ngsr) II W') = Wixr) II W(w' - (xr © NgyrF))
BET peET
#1 pFE1

(4.4a)

regardless of the choice of the representatives of the G-orbits.

Let us elaborate on this last remark before we continue. First of all, the

G-orbits are in fact identical to the H-orbits. If h € H , we observe
H(“h) = G(ﬂh) N H = (h_l Gﬂ h) N H = h_l (G# N H) h

This means G»y = (k™! H, h)C because of claim I. Suppose C* de-

notes the nonzero complex numbers. Then it follows that the diagram below
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is commutative. ,
G, +— ¢

hzh™t T oy

G(u")

Equivalently, we can conclude that (u’)* = (u*)’. Now, by lemma 1.2.10
W) = W(E)) = w(E)') (4.40).
Similarly,
W) - (xr © Na-rgyp)) = W) (xr o Neyr o b)) .

When we interpret (u’)* as a character of h~!(FX) and p’ as a character

of F, we have
() = p'oh  on hTHFY)

according to the funtoriality properties of the reciprocity map (see Serre [20]).

Furthermore, our next claim yields

W((u' oh)-(xr o Ngroh)) = W(p'-(xr o Ngyr)) -

Claim II. Suppose F is a local field with residue class field characteristic p

and X is a quasi-character on F* . If ¢ is a Qp-isomorphism from F into
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an algebraic closure of F, then on ¢(F*) we can define a guasi-character

x o ¢t by
x o ¢ y) = x(z) where ¢(z) = y.

Moreover,

W(xoo¢™?) = W(x) .-

Proof. x o ¢! is a well defined homomorphism because ¢ is an isomor-
phism and z is uniquely determinedby y. Let Of , Pr, 7p , P¢, Up
be~ the ring of integers of F', the maximal ideal of O , a uniformizing pa-
rameter of F , the absolute different of F' and the unit group of O respec-
tively. Then ¢(Ofr) , ¢(Pr) , ¢(mr) , ¢(Pr)? , #(Ur) are the counter-
parts of the field ¢(F) as any @, - isomorphism from a local field to its
algebraic closure preserves the valuation. Hence F and ¢(F) share the
same absolute ramification index, residue class field and order of the abso-
lute different. Also the conductor of x o ¢! is equal to the conductor of

x - Let us denote this common conductor by m . Since

Trowye, ( 5@%75) = Trre,( ;;rn?)
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with ¢(z) = y, the canonical additive characters behaves similarly:

v grmyemm ) = vr(sam) -

Now
W(xoo¢™) = W)

is immediate from the definition of root number (for a quasi-character). ||

Claim II reveals

W((™)' - (xr © Npygyyr)) = W(n' - (xr © Ngyr)) -

Together with (4.4b) , we have shown that (4.4a) is insensitive to the choice

of representatives in T .

The rest of section 4.4 concentrates on the proof of (4.4a) in the case
K/F is tamely ramified. All the assumptions and the notations introduced

in this section up to (4.4a) will be kept in the subsequent discussion.

Lemma 4.4.3. Suppose K/F is tamely ramified. Then C has prime order
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according to theorem 4.4.1. Let ¢ denote |C|. We have

K
. totally
unramified { / \ I4 } ramified
E L

totally .
ramified { l \ / } unramified
F

(44¢).

Moreover,
(1) G, = C for all non-trivial p € T . This implies F, = L.
(2)|T|—1 = (£-1)/|H|. So £ # 2.

(3) with ¢ = l|kp|, the order of ¢ modulo £ is [kk : kr), the residue

class field degree of K/F .
(4) as characters of L* wunder the reciprocity map, u* and p satisfy
pt = (W on U
if h is the Frobenius automorphism of H .

(5) On E , it is possible to identify the following i-th elementary symmet-
ric functions.

T"g)/F(x ) = T"'?/L (z)
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for £ > 1 2>1.

Proof. Figure (4.4c) follows directly from theorem 4.4.1 part (¢). In
particular, G, = C = Gal(K/L) reveals L/F must be unramified,

whereas E/F is a ramified extension of degree ¢ because

O _ o =

[E:F] = i

and HNG, = HNC = {1} implies K/FE is unramified.

Recall C is cyclic of prime order when K/F is tamely ramified. This means
every non-trivial character of C has trivial kernel. So, any z € G, must
belong to the centralizer of C unless 4 = 1. By lemma 44.2, G, C C.

As C is abelian, G, 2 C, and (1) is proved.

If 4 # 1, the G-orbit containing p has exactly [G : C] characters accord-
ing to (1) . Since H N C = {1}, the index [G: C] = |H|. Therefore, the
£ —1 non-trivial g in C* are divided into (£ — 1)/|H| distinct G-orbits.
Deleting the orbit for p = 1 from T, we obtain

-1

T| -1 = ——
T Eq

Remember H is assumed to be non-trivial. So £ # 2.
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Now, let us proceed to (4) first, and then use it to establish (3). By means
of the reciprocity map, we can interpret p® and u as characters of L* . As
we have seen before, it is a consequence of the functoriality properties of the

reciprocity map that

pP = poh on L*
Meanwhile, because A is the Frobenius automorphism in H# = Gal(K/E),

h(z) = 29 mod Pk forall z € Ok

with ¢ = |kg|. In fact, figure (4.4c) indicates ¢ is equal to |kp|. On
the other hand, that K/F is tamely ramified implies the conductor of

cannot exceed one. Hence we are able to conclude
P = poh = p?  onthe unit group Uy C Ok -
Generally, it is true that for n > 1,

p® = (W) on Up (4.4d).

The above equality is valid on L* as well. Specifically, because K/L is

totally ramified, Nk/r(7x) is a uniformizing parameter of L if nx is a
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uniformizing parameter of K . Observe
) (Nigyp(ne)) = 1 = (w7 (Nisw(mk))
holds automatically. Together with (4.4d) , we see that

”(h'n) B (lj,)qn on L*.

Let us fixone g # 1. By (1), wehave H, = G,NH = {1}. In
other words, p®") = p if and only if the order of h divides n . However,
it is immediate from figure (4.4c) that the Frobenius automorphism A has
order [kg : kp]. Therefore, the residue class field degree [kg : kp| is the
smallest positive integer n such that (u)? = p. As the order of p is £,

it follows that [kx : kr] coincides with the order of ¢ modulo £.
Since H N C = {1}, the composite of E and L coincides with K i.e.
FL =K.

So every F - isomorphism from E into K comes from a restriction (to E)
of a unique automorphism in Gal(K/L) . This proves (5), and all of lemma

4.4.3 have now been established. ||
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As before, we are going to abbreviate the composition xr o Ng/r to
xe/r and the composition x o Ng,/r to Xxg,/r - In some occasions, we

write Xxx/r to denote xr o Nk/r as well.

We have already seen in the previous lemma that F, = L unless p = 1.

As a result, when K/F is tamely ramified, (4.4a) becomes

Wixgrr) II W) = Wxr) II Wi - xzr) (4.4e).

HeET pET

pFE1 p#1
The proof of this identity depends on the conductor m of the quasi-character
xF - We will first verify (4.4e) for m = 0 or 1. Then theorem 4.4.4
handles the case m > 1 and completes the proof of the 3rd identity when

K/F is tamely ramified.

Suppose m = 0. The three quasi-characters xg/r , Xr , Xz/F are

all unramified. If d is the order of the absolute different of F', we have

W(xgr) = xr(Ngp(ng)tD+49)

and

Wixr) = xr(nf)
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while
Wp - xpr) = xpp(nd™) W) = xe(@t™)H W)

for all 4 # 1 because theorem 4.4.1 part (i) implies such p are always

tamely ramified.

Let us choose the uniformizing parameter 7 of F to be Ng/p(ng). Then

(4.4e) for m = 0 follows once we show

xr(rf™D T4 H W) = xp(f) I xe(mg ) H W)

Due to theorem 4.4.3 part (2), this is equivalent to

xe@fDHY) T W) = xe(nd) [xe(ad) i H W (i)

we€ET
B#E1 vel

which can be verified by inspection.

Next, we assume m = 1. Then xr/r has conductor one as well. Again,
if 7¢ is a uniformizing parameter of E, we pick 7z = Ng/r(7g) to be

our uniformizing parameter of F .

Claim III. Under the assumptions of theorem 4.4.1, if K/F is tamely ram-

ified, m = 1 implies xg/r is a tamely ramified quasi-character.
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Proof. As E/F has to be tamely ramified, Ng/r(U}) = U} . Hence
xe/rUg) = xr(Usp) = {1} .

Suppose xg/r is not tamely ramified. The above observation means xg/r
is unramified. It follows from figure (4.4c) that xk/r is unramified as
well. On the other hand, xr/r must be tame since L/F is unramified and
Np/r(Ur) = Ur. However [Up : Ng/t(Uk)] = €. If xr/r annihilates
Nk/L(Uk) , then it will have order £ on the unit group Up . This means the
order of xr on Ur ought to be £, which is contradiction as ¢ cannot divide

|[Urp/UL| = ¢ — 1 according to lemma 4.4.3 part (3). ||

Now, let us consider the following quotient
Wixe) O, W xr)
£zl (4.4f).
W (xz/F) ,,I;IT W(p)
u#l

To proof (4.4e), it is equivalent to show that the above quotient equals one.

Because xg/r has conductor one by claim III, so does the quasi-character

x£ . Moreover,

W(xer) = x£(O W(xF) -
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2+1 as an element of E has order

This is a consequence of the fact that =«
((—1+4d)+1 and that Up/U} = Ug/Ug . Like xp/r, every p # 1
is tamely ramified. Nonetheless, the quasi-character (u - xr/r) cannot
be unramified; otherwise Xxx/r would be unramified, which implies 1 =

xk/F(Uk) = xg/r(UE) , a contradiction to the claim III.

As a result, we can apply theorem 4.1.1 to rewrite the quotient (4.4f) as

—xrte mg) G (xF) I —(p - xe/P) L TEY) G (071 - XZ)F)
_XF(tF 7Td+1) XF(e) G f (Xpe) werT —p(ty d+1) an (M—l)
Here d , f, n denote the order of the absolute different of F' , the residue
class field degree of F/Q, and the residue class field degree [kx : kf]

respectively. Also, recall from theorem 4.4.1 that
tr = Trepr, (p/7r,‘§+1)

i = TTL/LO(P/WEI*H)-

Claim IV. The two parameters tr and tp are equal.
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Proof. From the diagram
L
. totally
wraied {0\
F L

totally o ®
ramified { \ / } unramified
F,

I } unramified
Qp
notice that L coincides with the composite FL, and that [F: F,) = [L:

L,] . Consequently every F, - isomorphism from F' into an algebraic closure
of L is a restriction (to F') of some L, - isomorphism from L into the same

algebraic closure of L . It follows that

T’I"F/po(.’l,‘) = TTL/LO(:B) on F.

This proves our claim. ||

Meanwhile, given e = ({—1)/n and ¢ = pf , it is a special case of the

Gauss sum identity (2) in Evans [7] (with » = 1 and £ = w, n is indeed
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the order of ¢ modulo w by lemma 4.4.3) that

“4NGe(x) & ¢ i . ‘(g:—;ll)
Xr () G¢ (xF) fn (B9 - XF )

- 1
Gs (X7 j=1 Gp (1%)
where ¢ , ... , . are coset representatives for the quotient F,*/(g) .
In view of lemma 4.4.3, we can conclude that
X7 (8 G¢ (x7") Gep (W71 - XZ/F) _ 1
GeO  .gr  Cral)
m
On the other hand, observe
—xr(tr 75 1 —( - xyR)tr7gt) _ —xeltrmgt) xuypts TE)e.
—xEtr e ¢r ~Hlt Tgtt) —xF(tr7p)
M
By claim IV, this is equal to
—xr(tr Tp" d+1y £-1
— oy XFltrmp )™ = 1.
—xE(tr 75T) i

Therefore the quotient (4.4f) must also be one, and we have established

(4.4e) inthe case m = 1.

Theorem 4.4.4 (Langlands). If K/F is tamely ramified and xr is a

quasi-character of conductor m > 1, then the 3rd identity (4.4e) holds.

Proof. We address the question of conductor first. Both xr/,r and

(& - xz/F) have the same conductor m . As for xg/r , we have
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Lemma 4.4.5. With the assumptions in theorem 4.4.4, the conductor m’

of xg/r is given by é(m—1) + 1.

Proof. Since K/E is unramified (see figure (4.4c) in lemma 4.4.3),
xk/F and xg/p share the same conductor m’. By Serre [20] (chapter V,

§ 3, corollary 3, p.85)
Ny (U™™) = up

and

Ngp(UE™ D+ = v
As L/F is unramified, this implies
Nise(UE™ ) = Up™?

and

Ngp(UEm VY = U

So xx/r annihilates US™ D+ 1 but

XK/F(U;{(m_l)) = xr(UF™) # {1} .

Therefore, the conductor of xx/r is equal to ¢(m — 1) + 1. It follows

m' = fm—1) + 1. |
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Here is an immediate consequence of lemma 4.4.5.

Lemma 4.4.6. Let m = € + 2dy,) and m' = € + 2d4,,

where dixp) , dixgr) are positive integers and € , €' are either zero or

one.

(i) When m is odd, m' is also odd. i.e. € = €' = 1 . Moreover,

d(XE/F) = Ldy) -
(ii) When m is even, m' is also even. i.e. € = ¢’ = 0 . We have
£-1

d(XE/I-‘) = ed(xr) - T9 -

The next lemma reduces the proof of (4.4e) to showing

W(xgrr) = W(xr) HT W(u - xr/F) (4.4g).

Lemma. The product “I;IT W(u) is egual to one.
w#

1

Proof. Given a non-trivial p € T ,let v € T and h € H such that

vP = voh = u!. Then (4.4b) together with part (1) of lemma 4.4.3
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yield
W) = W) = p(-1) W) .

Because u(—1) = =+1 and the order £ of p is odd by part (2) of lemma

443,
1= pf(-1) = p(-1) .
Consequently,

W) W) = 1

as root number of a character always have absolute value one (see for example
Martinet [18] I, § 2, proposition 2.2). When p # v, the corresponding root
numbers are multiplicative inverses of one another. In the case v = pu, we
have

W(p)? = 1

Claim V. If y~! = p® for some h € H, then W(u) = 1.

Proof. By theorem 4.1.1,

NP )2 W) = —pltrmpt) Gy (b7Y)
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where d , f, n again denote the order of the absolute different of F, the
residue class field degree of F/Q, and the degree of the extension L/F .

Recall that the parameter ¢; defined by

P
tr = Try, (—m)
Tp

is in fact equal to
_ p
tr = Trpyr, (T+T) € Upr,
TF

according to claim IV.
Let g be the cardinality of the residue class field kr . Then
Va2t W) = —p(trmd™) G (™) -

Moreover,

pto=pt =’ o U

for some nonnegative integer r < [kk : kr] in view of part (4) of lemma

4.4.3.

As a result,

plty) = pltr) = pitd) = p'tr) = w7 ()
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which means u(¢;)? = 1. Now because the order £ of u is odd, the fact
ptr)? = 1 = plt)

implies p(tz) = 1.

Furthermore, part (5) of lemma 4.4.3 asserts Ng/r(7g) = Ng/r(7g) =
7r (recall our choice of uniformizing parameter 7). So p must annihilate

7r . In summary,

ﬂ(tLWg-'-l = 1.

Therefore, we have

Ja® W) = —Gg () .

Choosing mr = Nk/r(mg) also confirms that on L™,

remains true. Consequently,
p= @)t = @hHT = p .
By (3) of lemma 4.4.3, [k : kp| divides 2r. As r < [kk : kF|,

2r = [kK:kF] = 1n.
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It follows that

¢ W(p) = —Gg (u™) .
Let ¢ be a primitive p-th root of unity and £ be a primitive ¢-th root of
unity. Then the Gausssum Gg, (47*) is an algebraic integer in the number
field Q(¢, &) . Suppose (1 — &) is the ideal generated by 1 —§ within the
ring of integer of Q((, &) . Since

pHz) = 1 mod (1-¢§)

we conclude

—GHp ™) = -Gy (1)

-1 mod (1-¢) .

g" W(p) = —-1 mod (1-8) .

Recall that W(u)? = 1. In other words, ¢" W(u) = +q¢" € Z,
the set of integers. Moreover, the above congruence holds even if (1 —§&) is
replaced by the prime ideal generated by 1—¢ in the ring of integer of Q(§) .
This means £ is the only prime number that divides ¢" W(u) + 1 € Z .
Equivalently,

qg" W) = -1 mod £ .
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Now, W(u) cannot be —1 due to (3) of lemma 4.4.3, and we have finally

proved claim V. ||

To summarize, it has been shown

1 when p~! = u* forsome h € H.
W =
) { W(p=1)-1 otherwise.

Thus

II ww =1

BET
#pFE1

and the proof of our lemma is completed. ||

The above lemma reduces the proof of theorem 4.4.4 to verifying (4.4g),
which amounts to a comparision of the root numbers on the two sides in
terms of various parameters that appear in the explicit evaluation of a root
number given in t.heorem A.1, as well as in theorem A.3, of the appendix.
First of all, let us express the conductor of xr and that of xg/r as we did
in lemma 4.4.6.

m = € + 2dy)

and

m' = ¢ + 2d(XE/F) .
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By theorem A.1 (see appendix), there exists ¢ € Pgp (@+m) such that for all
z € Pp *dxe)

xr(l + ) = ¢r(cz) (4.4h)
where p is again the canonical additive character of F'. Then ¢ €

Py "™ or equivalently

— [(¢-1+8d) + ']

CGPE

Claim VI. Given ¢ as above, we have

€+d
(i) XE/F(]- + x) = 'wE(cz) fOT all z € PE + (xg/F) .

(i) xrr(1 + z) = Yr(cz) forall z € pStln

'+ d )
Proof. Let us first suppose = € Py */" . Part (5) of lemma 4.4.3

implies Ng/p(1+x) = Ng/L(1+ z). According to Serre [20] (chapter V,

§ 3, lemma 5, p.83),
2[€'+ d(xE/F’) ] )

NK/L(]- +.’L‘) =14+ TTK/L(:IZ) + NK/L(.’D) mod TTK/L(PK

Meanwhile, lemma 4.4.6 together with Serre [20] ’s lemma 4 in chapter V,
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§ 3 (p.83) reveal

2[e’+ d }
T”'K/L( Py € (xg/F) ) C PLm )

Therefore,

NE/F(]- + z) NK/L(]. + z)

1 + Trgj(z) + Ngsulz) mod PL°

1 + Trgip(z) + Ngip(z) mod P

1 + TTE/F(:E) + NE/F(:L') mod PFm.

The last congruence is true because L/F is unramified.

eI

d
Notice that Ng/r(z) € Pp * S Using lemma 4.4.6 and the fact that

£ > 3, we can verify

€+ dogp) = ™ -
Hence
Ng/p(1 + z) = 1 4+ Trg/r(z) mod Pg' .
In view of lemma 4.4.6 and Serre [20] ’s lemma 4 in chapter V, § 3 (p.83),

TTE/F(:B) = TTK/L(.’B) € P;+d(x”).
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As a result,

xg/F(1 + ) = xr(1 + Tregp(z)) = Yr(cTregir(z)) = Ye(cz)

which is what we intended to establish in (z).

Next, we suppose T € PLH dox) . Then for ¢ > 2, the elementary

symmetric function Trg}F(a:) belongs to P;™. So
xr/p(L +z) = xp(l+ Tryp(z)) = Yr(cTryr(z)) = rlcz) .
This completes (iz) and claim VI. ||
Recall that xr and xz/r share the same conductor m > 1, while p is
tame. According to claim VI and part (c) of theorem A.1,
(B xpp)(1 + z) = Yrlcz) for z € Py TR
if ¢ satisfies (4.4h).

Now, notice (u - xr/r) also has conductor m. Due to lemma 4.4.6 and
theorem A.1 part (a) , our next lemma implies (4.4g) when the conductor

m is positive and even.
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Lemma 4.4.7. Suppose c satisfies (4.4h). Then

Xz/r(c) ¥elc) = xF(c)¥rlc) HT (1 - xz/7) 1) ¥ilc) -

Proof. Since ¢ € F*, it follows from the diagram in lemma 4.4.3 that

X5 (@ ¥ele) = [x7 Q) vr(©)]’

and

I;IT (1 - x£p) Q) ¥ule) = [xF'(e) ¥r(e) ]! ];[T pYe) -

So it remains to prove

I #e) =1

HET

B#FEL
Let us define a € Ur by

. a
Tt™

Since £ is an odd prime,

1= JI uo)

pecC

which is equal to
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because all |H| characters in each H-orbit share the same valueat o € Ufp

by (4) of lemma 4.4.3.

In other words,

[0 w@]™ =1 =1 @]

€T u €
p#Fl n#F
=1

T
1
(the second equality follows from the fact u® ). However, the exponents

|H| and ¢ are relatively prime (see (2) of lemma 4.4.3). Consequently, we

see that
II #ie =1.
s€ET
#1
On the other hand, it has already been observed
u(rr) = w(Ngr(mg)) = p(Nisw(me)) = 1.

Therefore we arrive at

w0 = I (chm) =

€T TF
#1

k3

and lemma 4.4.7 is proved. ||

Let us proceed to prove (4.4g) when m is odd and greater than one.

Lemma 4.4.6 said xg/r bhas odd conductor, given m odd. The conductor
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of (u- xr/r) coincides with m . So it is odd. This means theorem A.1 part
(b) applies to all the root numbers that appear in (4.4g) . With lemma 4.4.7
established, we can complete the proof of (4.4g) and hence theorem 4.4.4

by

Theorem 4.4.8. For m odd and greater than one, let § = (7p)%xp . If

c satisfies (4.4h), then

N(Pg)™'? Y xgp(l + 62) Ye(cdz)

Of/Pg

is equal to the product between

N(Pr) —1/2 Z X;l(l + 0z) ¢Yr(cdz)

Op/Pp

and

II [NP)™2 T (b xee) (@ + 62) pu(céa)] -
wel OL/PL

Proof. Suppose n € Of satisfies

Yp(c6®z)™! = exp (% Trip/5,(n x)) forall z € O (4.40).
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First of all, we are going determine the counterpart of this n parameter
for the additive characters ¥ and ;. Restricted to Op, the function
Ye(c 8 z)! is equal to

27

ve(cs ) = e ( 2t Trepss(0£2) )

Since ¥g(cd?z) can be interpreted as a function on Og/Pg and the inclu-
sion O — Og induces an isomorphism from Op/Pr onto Og/Pg, we

conclude

Ye(cé’z)™! = exp ( EEE Trigr,(n € T) ) (4.47)
holds for all z € Og.
On the other hand, given z € Op,
b8 = Yr(c8 Trys@)™ = e (I Ty (nTriyeta)) )
As L/F is unramified, we obtain

¥r(c 82z)! = exp ( % Trr,/r,(n ) ) (4.4k).

Next, we compare y parameters for xr , Xxg/r and (g - xz/F) -
According to theorem A.3, the argument will depend on the parity of the

residue class field characteristic p .
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Assume p is odd. Then there exists v € O, so that

2

Xr'(1 + 62) ¥r(coz) = vr(cd® (3

+'yz)) forall z € Op

(4.4])

by part (a) of theorem A.3.

Because of lemma 4.4.3 part (5) , we have Ng/r(1 + dz) = Ng/r(1 + 61)

given z € O, and

Ngp(l + 62) =1 + 8Trgy(z) + 82Trig(z) mod P

(1 + 0Trgy(x) )(1 + 62T7’§2L(z) ) mod P™.

Recall L/F is unramified. It follows
Ng/p(L + 6z) = (1 + 6Trge(z) )(1 + 8Tri)e(z)) mod P
Therefore, x;g}p(l + dz) ¢Ye(cdz) is equal to
X1 + 0Trg/r(z)) xp(1 + 62Trg}p(:z:) ) Yr(céTrg/r(z))
on Og. Now (4.4l) implies

Xz/r(l + 02) ¢p(cd )
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o s? TTE/F(-'B)

It
<

F ’YTTE/F(-’B)) ) XF(1+ 52T’”§92/)F(33) )

It
<

F

(—F—
e (—— TTE/F(z) + 1 Treyp(@)) ) vr(ed Trgjp(e) )™
( Tr13/1=‘(f'3)2 - 2Trg}1’ ()

cé?

It
5

+ vy T?"E/p(x) ) )

(
(
(
(

= Yr

c ( TTE/F(.’B )

+ v T'rE/p(a:) ) ) .

Here we have used theorem A.1 part (b) as well as the fact
Trer(a)’ = Trep(a®) + 2TrE)e() -

In summary, for z € Og,

X;;}F(l + 6z) Yp(cdz) = (052(72 + fy:z:)) )

Similarly, because
Nyp(l + éz) = (1 + 6Trpp(z) )(1 + BTrip(z)) mod PR

holds on Oy , it is possible to conclude

2
xz/p(l + dz)¢r(cdz) = 1/1L(c62 (%— + 'yzz:)) for z € O

by means of (4.4]) and theorem A.1 part (b) .
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Since K/L is tamely ramified, all non-trivial ;1 have conductor one. This
implies

2

(1-xz/p) ' +6z) Pr(cdz) = z/,vL(cé2 (% + '7:1:)) for z € O .

Now we are in the position to complete the proof of theorem 4.4.8 when p

is odd. The notations below are consistent with that of theorem A.3.

Lemma 4.4.9. Given p odd, if n , v are defined by (4.4i) and (4.41)

respectively, then

ve(c o "’32)" (%”) (-nF (Vo)
is equal to the product between

we(e )™ (B 0F (0 F)'
and
w2 2)” (22) B (fer™)”

where f , n denote the residue class field degrees [kr : F] and [kg : kF| -

v-"'l

Proof. Because E/F is totally ramified, kg = kg . It follows
lerd) (3) O
= Yrlcd® — (—)
se(cr$)” () CoF (0T >

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



300

Moreover, we observe
& -
Pr »/
Hence

i L Ui R
= Yplcd® — hd
¢F(C§2 :723)"1 (%ﬂ) (_l)f-l (\/—(—l)?)f 9 7

On the other hand, we have

3)-

()

By lemma 4.4.3 part (2)

2\~ - —~1
I wles 37 () o ()"

1 (=29\" — (e-1)/n
= [ 1(cé? g)_ (Pi:) (-1)fo-1 (m) ﬁ]
— ’(Iip(c 52 ’7?2) 1-¢ (_1)(3_1)/n [(_1) (L;_l.)(_t_;_l_)]f

From the quadratic reciprocity law,

(ﬁ) (%) = (-1)EE

Therefore, theorem 4.4.9 is proved once we show that

1 = (-pevm (%)f
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or equivalently

(-1)-v/m — (%)

where ¢ is the cardinality of the residue class field kp .

Recall the following property of the Legendre symbol

This means (%) = 1 if and only if the order of g modulo ¢ divides
(£ - 1)/2. However, the order of ¢ modulo £ is precisely [kx : kr] = n
according to lemma 4.4.3 part (3), and n divides (£ —1)/2 if and only if
(£—1)/n is even. So indeed we have (—1)¢-V/2 — (%) . Lemma 4.4.9 is

now established. ||

Comparing theorem A.l1 part (b) with theorem A.3 part (a), we see that
lemma 4.4.9 is in fact identical to theorem 4.4.8 when p is odd. So it

remains to prove theorem 4.4.8 when p = 2.

Let us return to the «y parameters for xr , xg/r and (u-xz/r) inthe
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case p = 2. By theorem A.3 part (b), there exists v € Of, satisfying
XF‘I(]- + ,3623) ’¢YF(C,36.’B) = iT""F/Fp(”) (_I)Tr,(;‘zlpp(z) + T‘rkF/p,,(‘Yz)

(4.4m)

on Ofr. Remember 3 € O and B2 = 5! mod Pr .

Claim VII. As £ is not the residue class field characteristic p = 2, we
have

B> =nt = (¢n)™* mod Pr .

If v satisfies (4.4m) , then
(i)  Xgp(l + Boz)Ye(cBiz)

= iTrks/Fp(z) (_I)Trfs)/Fp(x) + TrkE/FP[ (‘y + ‘—;—1-)1:] for z € OE -

(i)  xgjp(l + Boz) Yr(cBd z)

= Tre/R(@) (—1)T’5=22/rp<’>+T’kuﬁ»<”'=> for z € Or.

Proof. The congruence

B = nt = (¢n)”' mod Pr
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is true because £ = 1 mod 2 implies
' = 1 mod Pr (4.4n).

The rest of the proof parallels our previous argument for the v parameter

of xg/r in the case p is odd. Since

Ng/e(1+B0z) = (1 + B8Trgp(z) )(1 + (€)' 8 Tri)p(z)) mod PF
we can write Xgjp(1 + B6z) Ye(cfiz) as

X7 (1 + B Trgr(z)) x5 (1 + (En) 8 Tr)e(z) ) ¥r(c B8 Treyp(z))
which is equal to

X7 (1 + B8 Trg/r(z)) vr(cB8 Trer(z)) vr(c(@n)™ 8 T’”g}p(x) )
It follows from (4.4j) and (4.4m) that xgjp(1 + Bdz)Ye(cBiz) =
iTree/rp( Treyr(@) (1) Tr) e, (Tre/r(@) ) + Trigpp(1 Trep(@)) + Trag mp(Trg)p(@))

If £ € Op, then Trg/r(z) = £z and Trg}p(z) = 5“—2_1112 . Because

of (4.4n) as well as the fact that Tr,. /5, (2?) = Trig/p,(2),

Xg/p(l + Béz) Yr(c fo2)
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(2) =
— Z'Tfkp/pp(z) (_I)Trkp/Fp(z) + Trkp/Fp('Y I) + TrkF/Fp(-g_l I) .

On the other hand, xE}F(l + Béz) Yr(cBdz) is a function on Og/Pg by
theorem A.1 part (b) , and the inclusion O <> Opg induces an isomorphism

from Op/Pr onto Og/Pg . In particular kr = kg . Therefore,
(1 + ,36.’12) "/’E(C ,36.’1,') — iTrkE/pp(:c) (_I)T"f;/pp(z) + T"'kg/Fp[ (r+ I_Tl) -'5]

-1
XE/F

and we arrive at part (z) of claim VII.

In contrast, the y parameter for xp/r coincides with the 4 parameter for

xr even if p = 2. Specifically, given z € O
xzpe(l + Bz) Yr(cBéz)
= xg(1+ B8Tryr(z) ) x7 (1 + 71—152TT§,2/)F($))¢F(Cﬂ5TTL/F($))

= X5 (1 + B8Try/p(z) ) ¥r( c B Tryp(z) ) vr(en ETrip(z))™ .

By (4.4k) and (4.4m), this is equal to

iTree 15 (Trisr®) (_1) T 5 (Tre/p(@) ) + Trig/mp (Y Trosp(@)) + Treg py( Trigp(@) )

Recall from (4.4c) that L/F is unramified. So we have

Xpjr(l + BOT) Pr(c Bz)
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2 2
= §Teum® (Z1) Trip 15y Ty g @) ) + Triep 10 (Y ) + Trieg mp(Tri e (2))

As the 2nd elementary symmetric function satisfies the following transitivity

property

Tr) p(z) = Tride (Triyue (@) + Tree/p( Ty, (@)
(4.40)

we obtain
@
Xzjp(l + Béz) Pr(cBdz) = iTmu/m®) (—I)Tr"zb”"(z)+Tr"”FP('”) :

This concludes claim VII. ||

Since u(Ut) = {1}, part (i) of the above claim yields
(1 xe/P) P+ Bdz) Yr(cBéz) = P77 (—I)Trizr.)/f‘p(”) *Triep/rp(Y2)

Now we proceed to complete the proof of theorem 4.4.8 in the case p = 2.
By comparing theorem A.1 part (b) with theorem A.3 part(b) , we conclude

that it is sufficient to prove the following lemma.

Lemma 4.4.10. Suppose m is odd and greater than one. Choose v so that
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(4.4m) holds. If p = 2, then

L

A Tkp/Fp \Y & r'(cz)F v+5H)17? 1+iyf -
[zT / (+ )(—I)T B/ p( )] (%) (_1)f1

is equal to the product between

Tr2 -1 ;1 +i\f

i Trep/Fp(Y) (1) Tkp/A 42 Y (=1 f-1
1 TkF

[ ? ( ) ? ] (\/2) ( )

and

} r® (-1 144\ fn-1
[ [imom (0] () ot

M
Again f |, n here denote [kr: F,] and [kk : kF).

Proof. First of all, let us define a function A, on the set of integers by

1 | when z is even
Aolz) = { i  when z isodd
(44p).

One immediate observation from this definition is that A,(z) is not additive.

In fact,

Az +y) = Do(z) Ally) (-1)7¥ (4.49).

Also, notice A, can be interpreted as a function on the finite field with two

elements. Thus, we can identify T /%@ with A,(Tre, /F,(z)) , and
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(4.4¢) implies

i Trep/Fp@+Y) —  jTrhp/rp (@) jTThp/rp (V) (_I)Tfkp/Fp(l)Tfk,.-/F,(y) .

Next, we point out that it is possible to expand the 2nd elementary symmetric

function of a sum.

2 -1 2 9 (£-1
Triom, (7 + 2 ) = Tndn( + Try, (—2 )

+ Trigr,(7) Tricgyr, (e—;_l_)
- Trks/F»[V(e_Tl)] '

Together with kg = kp, it follows that the quotient

[iTTkE/Fp ('7 + %_1') (—l)Tr’(:Z/FP (7 + %l) ]-1 (%)f (_l)f-l

[iTrk,,-/Fp(’Y) (_1)Tr‘(;)'/Fp(7) ]_1 (%)f (_l)f-l

is equal to
{ iTr"P/Fp(!;zl') (_I)Tr,(:‘;)‘/pp(-l-;—l-) (_I)TrkF/Fp[’Y (l_Tl) ] }"1 |

On the other hand, because of (4.40) and theorem A.3 part (c),

i ey /5, (7) (_I)T";(;?/pp('ﬁ — [ink,.-/F,(‘Y) (_I)T":(;)-/P,,(‘Y) ] n .
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As a result,

[ [ ™m0 (L) s

neT
p#El
[zT’kp/Fp(‘r) (- l)Trk 15, ] 1-¢ ( 1+1 )f(l -1)

by lemma 4.4.3 part (b) .

Therefore, we must prove

{ Trk,./p,( ) (- 1) kp/Fp( ;1) (_1)Tfkp/l-‘p['¥(‘—;l)] }—1

= [z‘T’kp/Fp(’r) (_1)TT:(=2,.3/F,(7) ] 1-£ ( 1+3 )f(Z 1),

(4.4r).

With (4.4n), theorem A.3 part (c) asserts that

[iTrkp/Fp(’Y) (_I)Tr,‘fp’,ﬁ,m]l—e _ Tr,,F/FP[(Ml_-El) ]

1)T"=F/FP[ ()]

The last equality is due to the congruence £—2 = 1 mod Pr .

Because the Frobenius automorphism in Gal(kr/F,) sends v to %, we

see that (4.4r) is equivalent to

femen(2) (ymm() )7 o (L) D
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(4.4s).

Claim VIIIL. Suppose the function A, is defined as in (4.4p). Then

2~1 -1

iTr"F/Fp(T) (_I)TT,?;/F,,(T) = A

(]

(5

Proof. Let us prove a more general result below, from which our claim
follows. Given any integer z > 1,

A(zz) (-1) ()7

= A,(z)* forzeZ
(4.4t).

When z = 1, the above equality is immediate. For z > 1, we use
induction on z.
41 : (22
Do(z)™ = Do(2) (Lo(2))” = Aoz) Bolzz) (-1)V 2
by the induction hypothesis. According to (4.4q),

Ao(z + 2z) = Ao(z) Ay(zz) (-1)¢=) .

So

Ao(z)* = A(z + 2zz) (1)) (-1) (2)
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= A + o) (- ()7

completes the induction proof. Now, because

TrkF/Fp(—e-;—l) = f(e—T1) mod 2

and

£—-1 f(f-1) £-1
T (57) = SgR () mea 2

our claim follows from (4.4t) with z = f and «

= (£-1)/2. |

By inspection, Ao(%) (%)2_1 is equal to
-1 N 1 when ¢ = £1 mod 8
A°(T) (z) - {—1 when ¢ = +3 mod 8

which coincides with the Legendre symbol (%) )

This means

14

NN Gt 2\f q
o5 ()= ) - )

where ¢ is the cardinality of the residue class field & .
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Recall the Legendre symbol satisfies the congruence

(%) = q‘_Tl mod £ .

In other words, (%) = 1 if and only if the order of ¢ modulo / divides

2—5—1 . However, according to lemma 4.4.3 part (c) , the order of ¢ modulo

3

? is exactly n, and n divides -7——1 if and onmly if ﬁg—l is even due to

lemma 4.4.3 part (b) .

To summarize

-1yt (1+i)f(£_1) _ £-1
2

Ao( D) = (-1)"@m .

By claim VIII, this is identical to (4.4s), which is equivalent to (4.4r).

Therefore lemma 4.4.10 is proved. ||

As we have already pointed out, because of theorem A.1 part (b) and
theorem A.3, the above lemma together with lemma 4.4.9 complete the proof

of theorem 4.4.8. ||

By combining lemma 4.4.7 and theorem 4.4.8, we have successfully verified

(4.4g) . Hence (4.4e) follows in the case xr has conductor m > 1, and
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theorem 4.4.4 is established. ||

Now, we see that (4.4e) holds not only for m zero and one but also for
m > 1. This completes our discussion of the 3rd identity when K/F is

tamely ramified.

Our proof of the 3rd identity for the tame case is a modification of chapter
13 in Langlands’ manuscript [16]. When K/F is wildly ramified, Langlands’
proof of this identity depends on the induction hypothesis of his theorem
2.1 in the manuscript (see chapter 14 in [16]). So the verification of the
fundamental root number identities is in fact one part of the long induction
that establishes the existence of local root number. According to chapter
14 in [16], four lemmas constitute the argument for the wild case. After
proving the identity when the conductor m of xp is less than or equal to
one, Langlands considers the quotient p between the two sides of the 3rd
identity and shows that p is simultaneously an n-th root of unity and an /-th
root of unity where n and ¢ are relatively prime. His method is sensitive

to the size of m as well as the parity of both m and u. (Recall from
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theorem 4.4.1 that u denotes the length of the ramification group filtration

of Gal(K/F).)
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A Appendix: Dwork - Lamprecht Theory

This appendix serves as a reference to the Dwork - Lamprecht theory neces-
sary to discuss the proof of the fundamental identities. All the results here
can be developed without the previous chapters. As usual, if F' is a finite
extension of Q,, then Op , Pr, Ur, kp , d, N(Pr) , 7 denote
its ring of integer, the maximal ideal in its ring of integer, the unit group
of its ring of integer, its residue class field, the order of its absolute differ-
ent, the cardinality of its residue class field and a uniformizing parameter of

27 Ao T7r/Qp) is the canonical additive

F respectively. Moreover, ¥ = €
character of F'. Here A is defined on @, so that (i) A(z) is always a

rational with a power of p as denominator and (i7) z — A(z) must be a

p-adic integer.

By a quasi-character on F'* we mean a continuous homomorphism from the

multiplicative group of F' to the group of nonzero complex numbers.

Theorem A.1. Let xr be a quasi-character on F* with root number'

1The definition of W(xFr) for quasi-character xr coincides with the formula given in
the introduction.
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W(xr). Suppose its conductor m = m(xr) is greater than one.

(a) If m is even, i.e. m = 2-dy,) for some integer diyy > 0, then

there ezists ¢ € Pgp @) such that
Yr(cz) = xp(l +2) for z € PFd("F’ .

Moreover, for any such c, we have
W(xr) = xr'(c)¥r(c) -

() If m is odd, i.e. m = 1 + 2-dy,) for some integer dyn. > 0,

. then there ezists ¢ € Pa ™ such that

Yp(cz) = xp(l +z) for z € P;+d("” )

d
For any such ¢ and any § € Pp*F,

W(xr) = x7'(c) ¥r(c) N(Pr)™? 3 x¢'(l + 62)¢Yr(cdz) .
Or/Pp

(c) If T is a quasi-character on F* with conductor m(7) less than or

equal to diy) then

xr(l+2z) = 7-xp(1 + ) for:reP;(’"").
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According to part (a) and part (b), we have
Yr(cz) = 7-xpr(1+z) forxz € P;+d("*')
where £ 1is one for m odd and is zero for m even. Moreover,

W(r-xr) = Wixr) - 77(c) .

Proof. Let us point out that for any c € Py ™+

W(xr) = N(FF)2 3 Xfrl(;r—'fm) ¢F($)

Ur/UR F

= N(FF)™2 Y xFl(cz)yrlca) .
Ur/UZ

Also, recall that xr being a quasi-character on F* can be expressed as a
product ¥ - | [ where | | is the normalized absolute value of F, the
exponent s is a complex number and Xr is a character of F* ie. Xr

has finite order. (See Tate’s thesis, theorem 2.3.1)

To prove our theorem, we apply proposition 1 and its corollary 2 in Tate [23,

§ 1] to the character Xr. ||

In the next theorem, we refer to Serre [20] for the theory of ramification

groups.
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Theorem A.2. Suppose K/F is a Galois extension of prime degree £. Let

G be its Galois group and

G=G_1=...=Gu7éG—u+1={1}.

be the ramification group filtration of G . If xr tis a quasi-character on F

with conductor m(xr) > maz(l, u+1) , then
(a) the conductor of xk/Fr = Xxr © Nksr is equal to
Yr/p(m(xr)—1) + 1.

See Serre [20, chapter IV, § 3] for the definition of the real value func-

tion lI’K/F .

(b) in the case that K/F is unramified, if c(xr) , c(xx/F) are c-
parameters appearing in theorem A.1 for the respective quasi-characters,
then it is possible to take c(xkx/r) = c(xr) . With similar notation,

we can also take

c(u-xr) = c(xr)  for any character p of F*/Ng/p(K>) .

(c) in the case that K/F is ramified and £ is odd, part (b) still holds
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provided that d(y.) > u + 1 where di,) 1is the positive integer

defined by m(xr) = € + 2-diy,) with € = 0orl.

(d) in the case that K/F is tamely ramified and £ = 2, we can still take

c(xkr) = clp-xr) = c(xr) -
Again p is any character of F*[Ny/r(K*).
Proof. If K/F is unramified, then W/ is simply the identity function

and part (a) follows immediately. Suppose K/F is totally ramified. Because

m(xr) — 1 > u, by Serre [20, chapter V, § 3, corollary 3, p.85]
xF( Nryr( Ur/F MO =1y y S p(UA™P S 1)y 2 (1)

On the other hand,

¥ -1)+1 -
xr( Nigp( U™ P "0 =D %)) = xp(Ud ™0 =1+

= XF(UF(XF))
= {1} .

So Ux/r(m(xr)—1) + 1 must be the conductor of xk/r -
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To prove part (b) , recall that m(xx/Fr) = m(xr) = € + 2-dn,) when

K/F is unramified. Then we observe
Ngp(1+2) = 1 + Trisp(z) mod P&

4
forall z € Pg @ &P |

In' other words
xr(Ng/r(l+1z)) = xp(1+Trg/r(z)) -
Since Tx/r(z) € Pn *%xF)  theorem A.1 implies
xr(Ng/p(1+2)) = ¢r(c(xr) Trx/r(z))
which is equal to
Yr(Trir(e(xr)z)) = Yx(c(xr)z) .
Therefore we may take c(xx/F) = c(xr) -

The other assertion c(u-xr) = c(xr) is a consequence of part (c) of

theorem A.l. Also, notice that part (b) is true regardless of the parity of £.

As for part (c), we first apply part (a) to obtain

Axisr) 2 m(xr) (A2.1).
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Specifically,

m(xk/r) = Yrr(m(xr)—1) + 1

[ 28dye — (€=1)(u+1) for m(xr) even
1 2€8dpe) — (E-Du + 1 for m(xr) odd

(A2.2).
Now, the assumptions £ is odd and d(y) > u+1 yield (4.2.1).

Because K/F is totally ramified, recall from Serre |20, chapter V § 3, lemma

€+ d
5, p.83] that if =z € Py xic/F)

2. + 2'd(xK/F)

NK/F(I +z) =14 TTK/F(.’ZI) + NK/F(.’I:) mod TTK/F( Py ) .

By (A.2.1), we already have Ng/r(z) € P"XF) Therefore, once we

show that

2 + 2'd(xK/F)

Trxr( Pk ) € PFm(XF)

the rest of the argument is reminiscent to that in part (b) .

According to Serre [20, chapter V § 3, lemma 4, p.83],

2 + 2.d(xK/F)

T
Trr/r( Pk ) = Pp
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where the exponent r is the largest integer less than or equal to

(u+ 1)(3—1) + 2-£ + 2'd(XK/F)
7 .

However, it follows from (A.2.2) that the above fraction is at least as large

as m(xr) -

Let us prove part (d) now. We may assume K/F is totally ramified because

of part (b) . Again
m(xx/r) = Yxr(mxr)—1) +1 = 2(mxr)—-1) +1
by part(a) . In other words
dse) = mMxr) — 1

Meanwhile, for all z € K, we have

Nk/r(1+z) = 1 + Trgr(z) + Ngsr(z) -
So,if z € PKHd(xK”‘") , then

Ng/r(l+z) = 1 + Trgyr(z) mod PF'”(XF)
and

xr( Nk/r(1+2)) = Yr(clxr) Trryr(z)) = Yx(clxr)z) -
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As a result, we may take c(xx/r) = c(xr) -

The other assertion c¢(u-xr) = c¢(xr) is simply a consequence of part

(¢) in theorem A.1. ||

Theorem A.3 (Dwork). Let F, be the finite field with p elements and
f be the residue class field degree [kr : F,]. Suppose xr is a quasi-
character on F* with conductor m(xr) = 1 + 2-d,) and c is the
parameter in theorem A.1 for xr . Also, if F, is the mazimal unramified
subfield of F/Q, and 8 € F* has order d(y,), then n denotes a unit in

Or, satisfying

omi
Yr(c & 17)_1 = exp (%z TrkF/Fr (n ‘T))
for all z € OF.

(a) Given p odd, there exists v € Of, such that

X7 (1 + 62) Yp(cdz) = ¢F(c62(3°2—2- +1z))

for all x € OF .
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In addition, ifwelet V1 = 1 and V=1 = i, then

2 _, [~ -
Wor) = x7(6) ve(e) w8 L) (?2:‘) ~F (Vo= )

where

27\ _ 1  when =27 € k%.
Pr - -1 otherwise.

(b) Given p = 2, let B2 = 17! mod Pr. Then there exists v € OF,

such that for all z € Or
X;-l(l + Boz) Yr(cBdz) = AL(z) (_1)Tfkp/1-',, (vz)

)
where Al = iT%e/% . (=1)T%e/%  if we designate Tr,(;‘;,)/,.Jp to be

the 2nd elementary symmetric function.

Moreover, we have
-1 ron-1 (1F12 f f-1
Wxe) = x7(0) vr(e) Ay~ (—5) (1P
V2
(c) If Al isthe function from kp to the non-zero complex numbers defined

in part (b) , then for any positive integer n ,

(ngnz—l! 3:2)

Ay (n ) (—1)T*e/F = Ayz)" .
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Proof. The argument is due to Dwork, but first let me point out that if

we abbreviate the conductor of xz to m, then

XPEETMWxe) = NPV Y x5(@) vr(—s)
Ur[US 3

~ s

(xF', (¥r) ) ) in Dwork’s notation

(A3.1).

Also, given parameter ¢ in theorem A.l for xr, let o be the unit deter-
mined by

¢ = ¢
= 7
with the same choice of uniformizing parameter 7p asin (A.3.1). Then

-1
xp(l+z) = '([)F(;r-%%; forall z € Py %R
F

See theorem A.1l.

Furthermore, given p odd, both 7 and v depend on the choice of 6. In
fact, n mod Pr is unique up to a multiple of a square in kr, and the
product ¢~y is independent of the choice of § . On the other hand, when
p = 2, the product B isindependent of the choice of . Consequently,

v mod Pr is uniquely determined.
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Now, the last theorem in chapter II of Dwork’s thesis [5] completes the proof

of part(a) and part(b).

Part(c) can be obtained by induction. When n = 1, the equality in part(c)

holds trivially. Assume that

Alfn z) (~1)Trkerm

= A )"
is true for one particular n, and consider Al( (n+1)z) . By definition,

@
A((n+1)z) = Alfng + z) = iTe/RM=+2) . (_1)T'k2p/r,(nz +2)

Now recall the following property of the second elementary symmetric func-

tion.
Tr,(c?/pp(nz + )
= Tr,(;)/pp(n z) +Tr,(;)/Fp(z) + Triee/p,(n T) Tripsr,(7) — Tripr,(na?) .
As a result,

B((n+1)z) = By(na) Ae) - (~1HemE)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



326
because®

i Treppp(mz +2) (_l)T"'kF/Fp(nz) Trip/rp(®) = ;Trkp/Rp(n @) | 5 Trip/rp(2)

So the induction hypothesis implies

A((m+1)z) = Al) (=1)Treem™EE =) L Al(g) - (=1)Trer/m )
which means
(n!n;-l! :,'2)‘

A((n+1)z) = Ay)™ (-1)Ter5

This completes our proof of part(c) and theorem A.3 as well. ||

2 A caution to our exponential notation used in defining A} .
i Trep/rp(@+8) 2 jTrep/rp(a) | 5 Trip/rp(4) for some a, b € kr

As an example, let Try./p,(a) = 1 = Trio/F,(b) . Then, notice that p = 2 means
Trk,,/pp(a+b) = 0 € F, . Therefore

i Treprrpla +0) — 3 £ -1 = i Trepsrp(@) | Trip/rp(b)
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B Examples: The 2nd and 3rd Identities

(I) Consider the following extension of Q3 , the field of 3-adic numbers.

Qs( V1 +V2VZ+VIVZEV3 )

)
Qs(v2,V3)

N AN

Qs(v2)  Qs(V3)
unramified { \ / } ramified
Qs

For the sake of notational simplicity, let us write

E = Q(y/A+vV2(V2Z+V3IV2V3)
K = Q3(v2,V3)

L = Qs(v2)

L, = Qs(v3)

u= (1+v2)(vV2+V3)v2v3
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We know that both E/K and L,/Qs are totally ramified because 22 — u
and z2 — 3 are Eisenstein polynomials over K and Q3 respectively. On

the other hand, the quadratic polynomial z2

— 2 does not split in the
residue class field of @3. So L;/@Qs must be unramified. As a result, the
ramification index and residue class field degree of K/Q3 are both equal to

2, and therefore K/L; is totally ramified, while K/L, is not.

By localizing Dedekind’s example of quaternion extension (See Dedekind [3]
or Yui [27]) at p = 3, we conclude that E/Q; is in fact a Galois extension
with

Gal(E/Qs) = { 1,4, %5, 4k}

the quaterm%n group Hg
Notice that G = Gal(E/Q3) has 3 subgroups of index 2, all of which are

cyclic of order 4. In other words,
Gal(E/L;) ~ L}/Ng/,(E™) fori =1,2

must be cyclic of order 4. Consequently, there are 2 characters of L that
annihilate the norm group Ng/r,(E*) and have order 4. Later we will ar-
bitrarily select one of the 2 characters for computation purpose. Meanwhile,

let xz, be such a character of L. Then
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1) Gal(E/L,) and Gal(E/L,) are subgroups of G with prime index 2.
2) Gal(E/L;) N Gal(E/L,;) = Gal(E/K) is the center of G.
3) if Z, denotes the cyclic group of order 2, we have an exact sequence

4) xr, © Ngj1, = X1, © NkyL, -
5) XL, © Nk, # X © Nkjq, for any quasi-character x on Q3 .

These conditions® suggest that we can expect the 2nd identity to hold.

As [L; : Q3] = 2,let y; bethe non-trivial character of Q3 /Ny, q,(L;") -
Observe that E/Qs is tamely ramified. Hence xir, , p: have conductors

less than or equal to one.

Lemma. If we choose 7, = 3 and 7z, = /3 to be our uniformizing

parameters of L, and Lo respectively, then

1Here is the argument for 5). If xg, o Nks1, = x o Nk, were to hold, such x
must annihilate the norm group Ng/q,(E*) . So the quasi-character can be interpreted
as a character of Hg, but Hg only yields 3 non-trivial characters of order 2, none of
which satisfies

XL, © NgsL, = x © Ngjqs
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(a) xr,(3) = —1, and consequently xr, must have order 4 on the unit

group U, . In particular, xr,(-1) = 1.

(6) x1,(V3) is a primitive 4th root of unity, while xr,(—1) = —1.

Proof. Because x/ hasorder 2, its kernel is the norm group Ng/z,(K*) .

So
1 = x2A( Nk, (V3)) = x3,(-3)

On the other hand, 3z € U, such that
2 = -1 mod P,
as L, is the unique unramified quadratic extension over Qs .
Then the fact that xz,(U,) = {1} implies
1 = x4 (-3) = x£,(%3)

In other words, x7(3) = 1 and therefore the restriction xi,| is of

ULI

order 4, since Xz, is assumed to have order 4. Precisely, if we choose the

following coset representatives of Uy, /U},

{1, =v2, 21+v2}

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



331
then xz,(+1) = 1, xz,(£v2) = -1, xz,(£1£v2) = =i . (B.I.1)
To find the value of xr,(3), we notice
Nep, (Vi) = Ng(-w) = 2(1+v2)*3
and xz,( NgjL,(vu)) = 1. Thus
x1,3) = xu(2(1+v2?)™" = xp,(-(1+v2)?)? = (#)® = -1

This completes part (a). Part (b) can be proved similarly. |UL,/UL,| =
2 means Y, cannot have order 4 on the unit group U,. As a result,
xL,(V3) = =£i. Meanwhile,
Ng/r,(Vu) = Nijro(-u) = 6
So
1 = X Ne/r(V)) = x1.(6) = x1.(-3)

Observe that xz,(—1) = —1; otherwise xz,(v/3) would not be a primitive

4th root of unity. The proof of our lemma is now completed. ||

Now we are going to select one xi, for each i in order to compute the

root number and to verify the 2nd identity. As the proof of our previous
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lemma alludes, it is sufficient to specify the following character values.?
xr,(1+v2) = i and x,(V3) = i

Moreover, it is a consequence of the lemma that the conductor of xi, is

exactly one.
By definition,

W(xe,) = N&,)? Y xi,‘(%) i (;)

x € ULI/U}41

where 7, is the canonical additive character of L;. (See Tate [23].)

Let ¢ = €% . By part (a) of the lemma and (B.I.1) in its proof, we

conclude
W(xw,) = %( —C (€D + 1+ 1+ 8¢+ (-9)-¢?)
Therefore

W) = 3(2 - ¢ = ¢?) = 1

Similarly, we compute

W(xr,) = N(PLQ)'I/ZG E/Uiz Xz, (725) /wbz(\/:;iz)

2Qur selection here is arbitrary. The two distinct characters of Ly /Ng/r,(E™) (resp.
L3 /Ng/L,(E*) ) with order 4 are inverse of one another.
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Part (b) of the lemma then yields
W) = == (=C + ¢?) = —= (=2 + ¢)
b V3 V3

Next, we evaluate W{(y;). Recall that p; is defined to be the non-trivial
character of Q3 which annihilates the norm group Ny, /q,(L;‘). Because

L;/Qs is unramified,
W) = m(3)° =1

In contrast, the conductor of u, is one as L,/Q3 is totally and tamely
ramified. Also, notice that 1 = pa( Np,/0,(v3)) = p2(—3) . Hence,

W(n2) = % > ﬂz‘l(g)iﬁqa(g) = 71—5(—( + ¢

z € UQ3/U63

Finally, we use these root numbers to verify that the 2nd identity indeed

holds in this example.
1 > 1 -1
W(xe,) W(ns) = ﬁ(—c + ¢ Fl-¢+ ¢ )
1
=31 -¢-¢+1)
1
= 3(2 - ¢ - ¢)

= Wixe) W(w)
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If we localize Dedekind’s example at p = 2, a totally and wildly ramified
quaternion extension over Q2 is obtained®. This means the conductors of

xL. and u; are both greater than one. While the calculation of the root

't

number is more involved, it is expected that the 2nd identity remains true.

(II) Let ¢ = e’ . The polynomial is z° — 2 is Eisenstein over Q.

Q2(Ca \s/i)

unramifed { 4 / \5 } ramified

Q(¥2)  Qu(¢)
ramified { 5\ /4 } unremified
Q2

So the Galois group of Q2(¢, ¥/2)/Q2 has order 20. Henceforth, we adopt

the following notations:

K = Q2(C: ‘\f/i)

L= Q(¢)
E = Q(v¥2)

370 see that u = (1+v2)(v2+3)v/2+/3 is not asquare in K’ = Q2(v/2,/3) , we ob-
serve $2 = Uu implies NK'/Q:(\/ﬁ) (3)2 = NKI/Qz(Ji) (u) . However, NK'/Q:(\@) ('u.) =
6 is not a square in Q2(v/3) . In other words, the equation 2> = u cannot be solved in
K'.
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Observe that Gal(K/L) is abelian and normal in Gal(K/Q2) , while Gal(K/E)
is one of the five 2-sylow subgroups of Gal(K/Q.) . Moreover, the center of
Gal(K/Q,) is trivial. It follows that Gal(K/L) is contained in all nontrivial

normal subgroups of Gal(K/Q-) .

Let us denote Gal(K/Q:) by G , Gal(K/E) by H and Gal(K/L) by

C . Given a non-trivial character ¢ of H , we define x € G* by*
x(he) = o(h) for h € H and c € C

This is legitimate because G = HC and HNC = {1}. Notice C « G

implies that x is indeed a homomorphism. From the definition, we have
Xlg = ¢
Meanwhile, x|c is trivial.

Under the above circumstance, we can try verify the 3rd identity for x

interpreted as a character of Q3 /Nk/q,(K™) .

p€ET

W(x o Ngjg,) [I W) = W) Il W(# - (x ° Nese,))
#271'

p#F1

B
4Recall G* stands for the character group of G .
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where T consists of the orbits of the G-action on C* by conjugation, F),
is the fixed field of the stabilizer of u € C*, and p’ is the character of

Gal(K/F,) which coincides with ¢ on C but annihilates H N Gal(K/F),) .

In our example, C is cyclic of prime order 5, which implies all x # 1 have
trivial kernel. So, the isotropy group of u is identical to the centralizer
of C. However, the fact that G has trivial center means C is its own
centralizer. Therefore, T contains exactly one orbit, and F,, = L in this

example. Hence, the 3rd identity follows from

W(x o Ngjg,)W(p) = Wx)W(e - (x o Nrjg,))

Now, recall that x|c is trivial. In other words, x o N/, = 1, and it is

sufficient to show
W(x o Ngjg,) = W(x)

Since L/Q, is unramified and x o Ny, = 1, x must be an unramified
character of order dividing 4. Consequently, x © Ng/q, is also unramified

with order dividing 4.

W(x o Ngjg,) = (x © Ngjg,)(V2)* = 1= x(2)° = W(x)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



337

As E/Q, is a totally and tamely ramified extension, the order of its different

is one less than the ramification index.

Our selection of ¢ and the corresponding construction of x have simpli-
fied tremendously the calculation. In fact, the above 3rd identity is supposed
to hold even if we replace x by any arbitrary quasi-character xg, on Q3 .
To illustrate this independence between the character and the Galois exten-
sion, let us choose xg, to be the wildly ramified character of Q5 which

annihilates the norm group Ng,(/3)/0, (Q2(v/2)*) , and then verify
W(xq, © Ne/.) W(p) = Wxe,) W(r - (x@. © Nrjg.))
where g is a non-trivial character of L* which annihilates Ng/r(K*) .

In this case® the conductor m(xg,) = 3. If we pick the following represen-

tives for Ug,/US,
{1,142, 1+2+4, 1+4}

then xq,(1) = 1 = x@,(1+2+4) and xo,(1+2) = —1 = xq.(1+4)

5The ramification groups for the wildly ramified extension Q2(v/2)/Q2 are known.
See for example Serre [20] chapter 4, § 2, exercise 4, p.72.
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because
Noywajo,1+V2) = =1 = 1+ 2+ 4 mod 8
Moreover,
X:(2) = Xa:( = Noyvay/e,(V2)) = Xxau(-=1) = 1 (B.I1.1)

Let n = S By definition,

1 T
Wixe) = = X Xa(z)n®
: \/2_3 zGUQ2/U82 2(2
From above,
Wixe) = —== [+ =03 +n"+(—n%)] = — [2n+2m7] =1
SV, V23
Besides the value of W(xq,) , we note that
XQz(l + 2:) = n*
if the order of z in @, is greater than or equal to 2. Equivalently, with
1
c = = (B.I1.2)

wehave xg,(1+z) = ¥(cz) where ¢ isthe canonical additive character

of Q. (See Tate [23]).
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Next, we evaluate W( i - (x@, © Nr/@,)) - Since K/L is tamely rami-

fied, the conductor of p must be one. By theorem A.1 part (c) and (B.I1.2),

1

W(p - (Xe: © Nyjg,)) = Wike, © Ni/q.) l‘—l('s')
which is equal to W(xg, © Nr/o,) because Ni/r(v/2) = 2 implies

m2) = 1.
Now, theorem A.2 part (b) together with theorem A.1 part (b) show that

W(XQz ° NL/Qz)

= (XQ: ONL/Qz)—l (%) ¢L(%) \/_;—Z Z (XQZONL/Qz)-l(l + 258) ’IJ)L( 2—8:1:- )

z€O0L/PL

Again 1y denotes the canonical additive character of L. It follows that

W(xq, © Nr/q,) is equal to

-1 2z
75 ,eoz,p xa:( 1 + 2Tr0,(2) ) xaa( 1 + 4Tri),(2)) ¥u( %)
L/¥L

because Npjg,(1+22) = (1+2Trpq,(z))(1+4Trig, (z)) mod 8 .

To complete this calculation, let us fix a set of representatives of Up/U} =

(OL/PL)*.
1 ,  l+¢ o, 1+, ¢t , CH1+¢)
¢ta+¢3) ¢ , Ga+¢ , G+ ¢?

C(1+¢) . ¢+ ¢ . Ca+Q) L, <c1+¢3)
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The respective values of the first and second symmetric functions are given

in the table below. Here we have used the fact that

TTL/Q2($)2 = TTL/Qz(.'L‘z) + 2T1‘22/)Q2(:L’)

Trr/Q, (z) { Trrsq, (z 2) { T’”g /)Q2 (z) || T
-1 i -1 } 1 IC’42343344
-2 } —4 } 4 I C1+¢) , ¢1+¢?)
-2 ; —4 } 4 } G+, ¢a+9
-2 | 6 | -1 | ¢t +¢), 1+
| I |
3 } 1 } 4 l ¢t1+¢) , G+
3 | 1 | 4 | 1+¢, 1+¢
| | I
4 | 4 | 6 | 1
As a result, we can conclude
W(xg. © Nijo,) = ;-:2—1_4{1 + 4+ 4-2- 4+ 1} = -1
and therefore
W(n - (xe: © Niyg,)) = -1
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The above 15 representatives for Uz /U} may also be used in determining

W (p) . Let us choose one non-trivial 4 by assigning®

pl+¢) = ¢

Meanwhile p(2) is always 1 as NK/L(\S/E) = 2. By definition

W = o= 3 w(F)u(3)

x € UL/U}:

It follows from the above table and our choice of p that W(u) equals
1
{1+ O+ () + (O + () + 1+ (0

+ 2+ (=) (=Y +F 1+ CH (=) + E+ )

Hence

W =1

Finally, we compute W(xq, © Ng/q,) and begin with

Claim. The conductor of Xxq, © NgjQ, 1is 11.

61t is sufficient to specify the value of u(l + () because 1+ ( is a generator for the
cyclic group UL/U} .
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Proof. As K/L is totally and tamely ramified Galois extension of prime

degree 5, we have
Nigif(Ug) = U forn >0

and

NK/L(U}5{n+1) = UI:H-I for n 2 0

See Serre [20] chapter V, § 3, corollary 3. On the other hand, Ny/q,(U7) =

5, forall n > 0 because L/Q, is unramified. Consequently
NK/Q.‘,(U]?‘) = ng for n > 0

and

NK/Qz(Uén-H = UQn:-I for n > 0

In particular, Ni/q,(U¥") = U3, and Ni/q,(Ug') = U§

2
Now the fact that K/F is unramified means
NE/Qz (UElo) = UQ22

while

NE/Q2 (UEII) = ng
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Recall that xq, has conductor 3, and the claim is proved. ||

According to theorem A.2 part (b),if £ € P£, then 3¢ such that

(X@. © Ngs@,)(1 + z) = ¥p(cz)
Let us fix 7g = +/2 to be our uniformizing parameter of E . Observe that
10 '
Ug/Us' = TI (1 + mz)
i=6

where {1+ 7% ) is the cyclic group of order 2 generated by 1+ 7 mod UZ! .

Claim. We can take ¢ to be -};.

Proof. Since E/Q> is totally and tamely ramified of degree 5, the order
of the absolute different of £ is 5 — 1 = 4. Together with the previous
claim, we see é— as an element of F has the expected order of ¢. Due to

the above decomposition of UE/UJ! , it is sufficient to prove that
i g .
(x@2 © Ng/g,)(1 + 7k) = sz(—é-) for 10 > i > 6
Notice that if 9 > 7 > 6, then

4
Nejo,(1 +7) = JJ 1+ ¢¥ng) = 14+ 2° € US,
=0
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which is annihilated by xq, - Meanwhile
4

Tre(ny) = > ¢ = 0

i=0

implies 'wg(ﬁl) =1.
When i = 10, we have Ngjg,(1 + 7}%) = Ngjo,(1 +4) = (1 + 4)°.

As a result,

4 10
(x@: ° N/ )1 +75) = xqu(1+4) = -1 = ’/’E(§) = wE(WTE)

This completes the proof of our claim. ||

By theorem A.1 part (b) , the root number W(xg, © Ng/q,) is equal to

(xe: © NE/Qz)—l(';') 1/)3(%) —% 3 (x@:© Nejg,)"'(1 + 2z) ¢E(2§)

z € Og/Pg

If the primitive 8-th root of unity e%* is denoted by 7, then

ve(z) = 1° = =
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Now, we are able to confirm the 3rd identity with character xq, -

W(xo, © Ngsg,) W(p) = -1 = Wxe,) W(u - (xq. © Nrj.))
) -3 © 1 h 1 .
-1 -

One example of the 3rd identity involving a wildly ramified Galois exten-
sion can be constructed if we replace the prime 2 in the above example by 5.
The resulting Galois extension Qs(¥/5, ¢) over Qs is totally ramified which

satisfies the conditions in the 3rd identity.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



346

References

[1] W. CASSELMAN, On the representations of SLz(K) related to binary
quadratic forms, American Journal of Math, vol. 19 (1970), pp. 810-
834.

[2] J. W. S. CasseLs AND A. FROHLICH, Algebraic Number Theory,
Academic Press, New York, 1967.

[3] R. DEDEKIND, Konstruktion von Quaternionkorpern, Gesammelte
mathematische Werke Bd. 2, Vieweg Braunschweig, 1931, pp.376-384.

[4] P. DELIGNE, Les constants des equations fonctionnelles des fonctions
L, Lecture Notes in Math., vol. 349, Springer- Verlag, New York, 1973,
pp- 501-597.

[5] B. DWORK, On the Root Number in the Functional Equation of the
Artin-Weil L-series, Ph.D. Thests, Columbia University, 1954

[6] B. DWORK, On the Artin root number, Amer. Jour. of Math., vol.
78(1956), pp. 444-472.

[7] R. J. EvaNs, Identities for products of Gauss sums over finite fields,
Extrait de L’Enseignement mathematique, T. XXVII (1981), fasc. 3-4,
pp.197-209.

[8] A. FROHLICH AND M. TAYLOR, The Arithmetic Theory of Local Ga-
lois Gauss Sums for Tame Characters, Phil. Trans. Roy. Soc. 298, 1980,
pp-141-181.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



347

[9] L. GOLDSTEIN, Analytic Number Theory, Prentice-Hall, New York,
1971

[10] H.HASSE, Artinsche Fiihrer, Artinsche L-Funcktionen und Gauss’schen
summen iiber endlich algebraischen Zahlkorpern, Arta salmenticensia,
seccion de Mathematics, 1954.

[11] E. HECKE, Uber die L-functionen und den Dirichletschen Primzahlsatz
fiir einen beliebigen Zahlkorper, Nachrichten Gottingen (1917), pp.299-
318, Werke, no. 9.

[12] K. IRELAND AND M. ROSEN, A classical Introduction to Modern
Number Theory, 2nd Edition, Springer-Verlag, New York, 1995, GTM

84.

[13] H. JACQUET AND R. LANGLANDS, Automorphic Forms on GL(2),
Lecture Notes in Math., vol. 114. Springer-Verlag, New York, 1970.

[14] K. Lakkis, Die galoisschen Gauss’schen Summen von Hasse, Thesis,
Hamburg, 1964.

[15] E. LAMPRECHT, Allgemeine Theorie der Gauss’schen Summen in
endlichen kommutativen Ringen, Math. Nachr. 9, 1953.

[16] R. LANGLANDS, On the functional equation of the Artin L-functions,
Notes, Yale University, 1971.

[17] R. LANGLANDS, On the functional equation of the Artin L-function,
www.sunsite,ubc. ca/DigitalMathArchive/Langlands/.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



348

[18] J. MARTINET, Character theory and Artin L-functions. Proceeding
Durham Symposium on Algebraic Number Fields, Academic Press, New
York, 1977.

[19] J. P. SERRE, Linear Representations of Finite Group, Springer- Verlag,
New York, 1996, GTM 42.

[20] J. P. SERRE, Local Fields, Springer-Verlag, New York, 1995, GTM
67.

[21] J. TATE, Number theoretic background, Proc. Symposia Pure Math.,
vol. 833, AMS (Providence, RI), 1979, Part 2, pp. 3-26.

[22] J. TATE, Fourier analysis in number fields and Hecke’s zeta func-
tion, Algebraic Number Theory, eds. J.W.S. Cassels and A. Fréhlich,
Thompson Book Co., Washington, D.C., 1967, pp.305-347.

[23] J. TATE, Local constants, Durham Symposium on Algebraic Number
Fields, Ed. A. Frohlich, Academic Press, New York, 1977.

[24] A. WEIL, Uber die Bestimmung Dirichletscher Reihen durch Funk-
tionalgleichungen, Math. Ann., vol. 168 (1967), pp. 149-156.

[25] A. WEIL, Dirichlet Series and Automorphic Forms, Lecture Notes in
Math., vol. 189, Springer-Verlag, New York, 1971.

[26] A. WEIL, Exercices dyadiques, Inv. Math. 27 (1974) pp. 1-22.

[27] N. Yur aND C. JENSEN, Quaternion Extensions, Algebraic Geometry
and Commutative Algebra: In Honor of Masayoshi Nagata, Academic
Press, New York, 1988, pp. 155-182.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



