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0 Introduction

1

This thesis is a contribution to the theory of local root numbers. We use 

Deligne’s proof of Langlands’ determination of the kernel of Brauer induction 

for solvable groups to derive directly the existence of local root numbers. In 

this introduction, after laying out the basic definitions and notations, we 

will recall briefly the history of the problem, particularly Langlands’ Yale 

manuscript of 1971. In the last section, we describe the main objectives of 

the thesis.

The Problem  and its History.

Let F  be a number field. A constant that appears in the functional 

equation of the L-series associated with a representation V  of the Weil group 

Wp is traditionally known as the root number. Its value depends on V  . (In 

contrast, the choice of an additive character, together with a Haar measure, of 

the completion Fv of F  at a prime v also affects th e ’’local” root number. 

See [4].) The problem of existence and uniqueness of the global (resp. local)
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root number for every finite dimensional representation of Wp (resp. Wpv) 

was initiated and completed by the work of Hecke, Artin, Brauer, Hasse, 

Tate, Dwork, Langlands and Deligne. Therefore, given a representation p 

of a ”global” Galois group G , we have, as special cases of the theory for Weil 

groups, the Artin root number W(p) as well as its local counterpart W(pv) 

where v is a prime of the fixed field of G . Moreover, W  (p) is equal to the 

product FI W(pv) over all the primes1. By modifying the global argument 

due to Deligne, Tate [23] has shown that W(pv) is well defined without the 

machinery of Weil groups. We will adhere to this idea, approaching W  (p) 

and W(pv) within the Galois setting.

Let AT be a finite normal extension of the number field F  and G be the

Galois group G aI(K /F ) . A representation p of G is a  homomorphism from

G to the group GLn(V) consisting of automorphisms of the re-dimensional

vector space V  . Suppose V* is the dual of V . Then the contragradient of

p is a  representation P: G -> GLn(V*) defined by P (g)(h) =  h o p~1(g)

where g € G and h € V*. Given a prime v of F , let w be a prime of K

lying above v (i.e. w | v ) and Gw be the decomposition group of w . If the
1This is called the local decomposition of W  (p) .
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3

restriction of p to Gw is denoted by pw , we shall see that both the local L- 

function and the local root number stay constant on the set { pw | w \ v } . 

This permits the identification of pv with any one of the representations in 

{ pw | w | v } . Now, we are in position to define the local L-function for pv .

(i) v is finite. If Iw stands for the inertia group of w , let V Iw be the sub­

space of V  on which every automorphism in p(Iw) is the identity map 

1 . Because Iw is normal in Gw, we conclude p{g)(VIw) =  VIw for 

all g G Gw . Meanwhile, Gw/ I w is isomorphic to the Galois group of 

the residue class field extension. Under this group isomorphism, there 

exists <rw G Gw which is sent to the automorphism x  -> x N^  , where 

N(v)  equals the cardinality of the residue class field of F  with respect 

to v . Consequently, for any complex number s , 1 — N(v)~sp(aw) is a 

linear map from V Iw to itself and is insensitive (on the subspace V Iw ) 

to the choice of crw . Since the determinant (of any matrix realization) 

of 1 — N(v)~sp(itw) remains invariant when we change the prime w 

above v , let us write this determinant as follows

det[ 1  -  N i v y ’pvfa)]
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and define the local L-function, whose value could be oo , by

Lv^Pv5 s) —
1

det^l -  N(v)~spv{av)^

(ii) v is infinite and Fv is the field of complex numbers.

Recall that n  equals the dimension of the representation pv and that

s is a  complex variable.

(iii) v is infinite and Fv is the field of real numbers. Given w \ v , the 

decomposition group Gw is either trivial or cyclic of order 2. Let aw 

be the generator for Gw . Then the automorphism p{crw) decomposes 

the vector space V  into a direct sum V+ © VL where

v+ =  |  x  e v p(<rw)(x) = x  }

and

VL = { x  e  V  p(aw)(x) = —x  |  .

This is because p{ow)2 = p{a2) =  p(l) =  1. We define

71.-(a+l) / 2  p
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5

Here dim V+ and dim VL are the dimensions of the respective sub­

spaces, and they are independent of the prime w chosen.

Now, the global (Artin) L-function L(p, s) for p is the product of the local 

L-functions over all the primes of F . This global L-function is analytic at 

s whose real part is greater than one. Moreover, L(p, s) is an additive and 

inductive function over F  in the sense of Tate [21] (see 2.3.2, p .ll).

Suppose L  is a finite extension of K  such that L / F  is Galois. Then p can 

be interpreted as a representation of Gcd(L/F) via the natural homomor­

phism proj : Gal{L/F) -+ G a l(K /F ) . The corresponding Artin L-function 

L(p o proj , s) is in fact the same as L(p, s ) . Consequently, with F  an al­

gebraic closure of F  , the L-function is well defined for all finite dimensional 

complex representations of Gal(F / F ) .

Meanwhile, we may assume the representation p : Gal(K/F)  —*■ GLn(V) is 

faithful i.e. p has trivial kernel. When d im V  =  1, this means K / F  is 

cyclic. L(p, s) in this case is known as the abelian L-function. Composing 

p with the Artin reciprocity map, we obtain an idele class character x  > 

whose Hecke’s L-series possesses a meromorphic continuation in the entire
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complex plane C . If D  denotes the discriminant of the number field F  

and N (f(x ) )  denotes the absolute norm of the conductor of x  > then it is a 

special case of Hecke’s result [11] that

L (x ,s)  = L(p,s )  = n L«(/9»” s)
V

is a  meromorphic function on C and satisfies the functional equation

Ux, s )  = M,(x)[|£>|-JV(/(X))]ll' 2‘)/2 i ( x - 1, l - S) (F.E.).

According to Tate’s proof [22] of (F.E. ) , the above constant W(x) is a 

product (over all primes v in F )  of local constants W(xv) ■ Here Xv is 

the composition of x  with the inclusion map iv from F* to the idele group 

of F . Let us now recall the explicit formulas [23] for W (xv) •

D efinition o f the abelian root number.

(i) v is finite. Suppose rcFv is a uniformizing parameter of Fv , Opv is 

the ring of integers for Fv , PFv is the maximal ideal in 0 Fv, UFv is 

the unit group of 0 Fv, ipF is the canonical additive character (see [23], 

p.91) of Fv , d is the order of the absolute different of Fv , and m  

is the conductor of Xv i-e. the smallest nonnegative integer such that
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Xv annihilates Up* =  1  +  .

mx.)  =  mpF: r 1/2 E  xz1( - ^ 3)* f( - ^ i)  .
* Z U FJ U ? v \ n F v J  \ P f „ J  

In particular, for m  =  0 , we have W (xv) =  X v ^ f J  •

(ii) v is infinite and Fv is the field of complex numbers.

% )  =  1 •

In fact, because the idele class character x  shares the same finite image 

with p , the (quasi) character Xv is always trivial.

(iii) v is infinite  and Fv is the field of real numbers.

W ( y )  =  I 1 Whm = 1'
I —* otherwise.

Again, x/\x\ is the only possible non-trivial Xv due to the finiteness 

of Xv(F?) •

In terms of the one dimensional representation p of G (K/F ) , the above 

functional equation (F.E .) can be restated:

Up ,* )  =  W ( p ) A i . p f - ^ / 2 L ( P , l - s )
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where the Artin root number W(p) is defined to be W (x v) and the 

constant A(p) is the product of |D| and the absolute norm of the Artin 

conductor2  of p .

The composition of the Artin reciprocity map and iv , under which the image 

of F„x coincides with the decomposition group for a prime lying above v , 

is called the local reciprocity map 6V . It can be constructed in the purely 

local setting (see Serre [20].) Because Xv =  Pv ° &v , the natural definition

W(pv) = W (Xv)

shows that the root number also exists as a purely local object when the 

representation is one dimensional. We are justified to call W (xv) the local 

root num ber because it appears in Tate’s local functional equation. (See 

Tate [22].) Moreover, the above definition of W(pv) readily yields the local 

decomposition of W(p) . (See footnote 1 .)

The proof of the meromorphic continuation and the functional equation

for all Artin L-functions is credited to Brauer, who used his induction theorem
2 The equality between the Artin conductor of p and the conductor of the idele class 

character x  is due to Artin.
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to reduce the problem to the one dimensional case. It follows that the Artin 

root number is defined for every finite dimensional complex representation 

of Gal(F / F ) . Let us conclude the global theory here by a remark on 

the constant A(p) in the functional equation for L(p, s) . When p has 

dimension n > 1 , this constant is really the product of \D\n and the 

absolute norm of the Artin conductor of p ; otherwise A(p) would not be 

inductive.

Regarding the local theory of root numbers, the immediate focus is on 

generalizing W (xv) when v  is finite. Dwork built upon Artin’s idea of 

extending functions originally defined on one dimensional representations 

of local Galois groups (see [6 ], § 1 , p.445) and showed that the constant 

W(Xv)2Xv(—1) (instead of W (x v) ) has an analogue for higher dimensional 

representations of Gal(F^/Fv) , which is inductive over Fv . (See [6 ], §3, 

Theorem 5', p.462.) Consequently, he obtained a local decomposition for the 

square of the Artin root number. Nonetheless, his work leading to this result 

bears the most significance. Specifically, Dwork found the generators for the 

kernel of Brauer induction in the supersolvable case and proved an arithmetic

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10

result [5] (referred to by Langlands as the 1st and 2nd identities) that estab­

lished the existence and uniqueness of the root number for a representation 

of any nilpotent local Galois group.

Weil’s proof of the converse theorem for classical modular forms makes 

use of the twisting properties of the global root numbers in the functional 

equations for the Dirichlet L-functions (see Weil [24], Theorem 1 , p.152). 

Motivated by this idea of Weil, Langlands established the existence of cer­

tain extraordinary representation in Jacquet-Langlands [13](p.240) from a 

detailed knowledge of the local root numbers, part of which he developed 

separately in the Yale manuscript [16]. Primarily, Langlands’ manuscript 

completes the local theory of root numbers with his determination of the 

generators for the kernel of Brauer induction in the solvable case (which had 

eluded Dwork who eventually resorted to a global analytic argument in [6 ], 

§ 2, p.453) and with the introduction of his A-constant:

Theorem  (Langlands [17]).3 Suppose F  is a local field. It is possible in
3Our version is a special case of Langlands’ original statement. For simplicity, we have 

used the canonical additive character for the local field F .
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exactly one way to assign to each finite extension E  of F  a complex number 

Xe/f ond to each isomorphism class u  of representations of Gal(E /E ) a 

complex number e{u) such that

(a) if u  is one dimensional, then e{w) =  W ( u ) , Tate’s root number.

(b) e is additive over E  .

(c) if  Inds/F (^0 denotes the isomorphism class of the induced represen­

tation of Gal(E / F ) by u  , then

e (  I n d s / F  ( u ) ) =  {Xe / f ) dim u * £ {(jJ) 

where dim oj stands for the dimension of oj .

There axe four fundamental identities critical to Langlands’ proof of the above 

theorem. The 1 st and 2nd identities had already been discovered by Dwork. 

The last two, which amount to the tame case and the wild case respectively of 

a single identity, axe Langlands’ pivotal insight. Unfortunately, the lengthy 

verification of Dwork’s identities in [16] is fragmentary. To the best of my 

knowledge, the remaining sources for the proof of these two identities by
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Dwork axe Lakkis [14] and the unpublished thesis of Dwork. However, nei­

ther includes the completed argument for the 2nd identity. (The completed 

argument for the 1 st identity appears in chapter 3 of Dwork’s thesis.) As 

com m ented by Langlands in his collected works [17], if one accepts the two 

identities of Dwork, the proof of the above theorem in [16] is complete.

By abandoning the purely local approach in [16], Deligne found a proof of 

Langlands’ theorem which avoids the difficulties that arise from verifying the 

fundamental root number identities. His comparatively short argument [4] 

(pp.35-47) has been modified by Tate into a proof that is applicable to the 

framework originally used by Dwork and Hasse to extend W (x v) • The key 

to Deligne’s proof is the behavior of root numbers under twisting by character 

(see [4], 4.6, p.39). In addition, Deligne is able to separate the theory of A- 

constants from his proof by formulating the local theory of root numbers in 

terms of virtual representations (see [23], § 2, p.101). This has suggested a 

simplification in Langlands’ local proof.

As elegant as the argument in Deligne [4] is, it still depends on the exis­
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tence and the analytic properties of the global Artin root numbers4. From 

the perspective of Langlands, a satisfactory local proof of his theorem re­

mains an open problem [17], and this thesis results from an attempt to make 

progress in this direction.

Before we describe the contents of the thesis, which is based on Langlands’ 

original local approach, let us give an overview of Langlands’ unpublished5  

manuscript [16].

Langlands7 Yale M anuscript.

The original Langlands’ manuscript, according to the table of contents, 

consisted of 21 paragraphs (Chapters), an introductory section, and an ap­

pendix. Of these §§0,2,3,4,5,6,7,14,15,16,17,18, and 19, were typeset and 

readily available from the Library at Yale. Except for § 10, which is missing, 

the rest of the paragraphs were available in hand written form from Lang­

lands. Presently all the paragraphs originally available (except for Chapter
4So does Dwork’s analytic method.
5The manuscript was neither published nor reviewed officially, but it currently appears

at the web site www.sunsite.ubc.ca/DigitalMathArchive/Langlands/
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10) have been set in Tex and are available in the collected works of Langlands 

[17],

The introductory chapter (§0) of Langlands’ manuscript recalls the def­

inition of Artin L-functions, states the functional equation and gives the 

definition of root numbers. The problem of expressing this root number 

as a product of local e-factors arises as a generalization of Tate’s local de­

composition of the corresponding root number for abelian L-functions [22]. 

The existence and uniqueness of such local e-factors (Theorem A) forms the 

principal result of the manuscript. As pointed out by Tate ([21], p.17 ), it 

is important to note that Langlands’ version of the abelian local constant 

A ( xf  , iPf ) is not always consistent with that which appears in the litera­

ture. In the following A (xf , P̂f ) is the root number of xf  as given by 

Langlands.

After laying out the notation for Weil groups and reviewing some of their 

basic properties (chapter 1), Langlands reformulates Theorem A: given a 

relation in the kernel of Brauer induction, there corresponds to it an analo­

gous relation among root numbers, up to some A-factors. The existence and 

uniqueness of these A-factors (Theorem 2.1) make it possible to define the
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e-factor in Theorem A by means of Brauer’s theorem. To derive Theorem 

A from Theorem 2.1, one must verify certain tansitivity and non-vanishing 

properties for the A-factors (chapter 4). For this purpose, Langlands devel- 

opes in chapter 3 his lemmas of induction, which bear the overall structure 

of the inductive proof of Theorem 2.1.

In essence, the lemmas of induction determine when a family of extensions 

inside a local Galois extension K / F  coincides with the complete lattice of 

subextensions of K / F . From a group theoretic viewpoint, these lemmas of 

induction reveal that cyclic groups and solvable semi-direct products are the 

building blocks for all local Galois groups.

Langlands uses the lemmas of induction to prove the transitivity, the non­

vanishing property, as well as the uniqueness of A-factors (cf. Theorem 2.1) 

in chapter 4. As for the existence of A-factors (cf.Theorem 2.1), he argues 

inductively on the degree of the Galois extension K / F , assuming that the 

A-factors are already well-defined on subextensions of smaller degree. The 

entire induction comprises 14 chapters in the manuscript (from chapter 6  to 

chapter 19).
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Another significant application of the lemmas of induction appears in 

chapter 6  where Langlands defines the Herbrand function for finite separable 

extensions, generalizing the well known results in local class field theory (see 

Serre [20, chapter IV and V]). This Herbrand function together with the norm 

map help derive relations between the conductors of quasi-characters in the 

four root number identities that constitute Langlands’ four main lemmas. In 

addition to the Herbrand function, a natural filtration for local Weil groups 

is also defined in chapter 6 , analogous to the upper numbering filtration for 

local Galois group from the perspective of the Herbrand’s theorem and the 

local reciprocity map.

One group theoretic component of the inductive argument for Theorem

2.1 is lemma 15.1 (see also lemma 1.11 in Deligne [4]). Its corresponding 

root number identity (lemma 15.3) ties up the four main lemmas in the 

manuscript. When applied to the trivial quasi-character, this root number 

identity then yields a definition of the A-factor (lemma 16.2), which satisfies 

the transitivity formula given the induction hypothesis of theorem 2 .1 .

Based on a pure group theoretic argument equivalent to (in the Galois
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setting) Deligne’s lemma 1.13.2 [4], Langlands further reduces the proof of 

the existence part in Theorem 2.1 to that of a special case (lemma 17.1) with 

additional constraints on the quasi-characters. In fact, Theorem A holds 

if and only if lemma 17.1 does. As a general strategy of proving lemma 

17.1, Langlands writes his representations in terms of inflations (so that 

the induction hypothesis of Theorem 2.1 can be applied) and establishes 

the prescribed root number identities (to be combined with the induction 

hypothesis of Theorem 2.1).

Lemma 18.1 demonstrates the above strategy when the Galois group 

GaI(K/F)  is nilpotent. Because such a Galois group has a non-trivial center 

and so do its subgroups and quotients, the induction hypothesis of Theorem

2 . 1  together with the first and second root number identities already suffice 

to prove lemma 17.1 for the nilpotent case (given the definition of A-factors 

in chapter 16). According to Langlands’ own commentary, the first part of 

lemma 18.1, whose proof is independent of Theorem 2.1 and its induction 

hypothesis, may be of interest beyond the purposes of the manuscript (see

[17])-
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Beyond the nilpotent case, the tensor product between two induced rep­

resentations must be analyzed carefully. Lemma 19.2 serves this purpose. 

An elegant approach to lemma 19.2 can also be found in Deligne [4]. The 

remainder of the proof of lemma 17.1 (when Gcd(K/F) is not nilpotent) 

splits into two cases. With Langlands’ four main lemmas and the induction 

hypothesis of Theorem 2.1, these two cases are dealt with using lemmas 19.1 

and 19.2.

The first three main lemmas are reduced to identities between ordinary 

Gauss sum s, when the field extensions are not wildly ramified and the quasi­

characters all have conductors less than or equal to one. Granted the result 

of Stickelberger (lemma 7.1), Langlands establishes in chapter 7 three iden­

tities between ordinary Gauss sums that are equivalent to some special cases 

of his main lemmas. Particularly, the Hasse-Davenport relation, proved in 

lemma 7.7, corresponds to the 1st identity, while lemma 7.8 and lemma 7.9 

correspond to the 3rd identity (lemma 13.3) and the 2nd identity (lemma 

1 2 .1 ) respectively.

Langlands decomposes his root number A (= A(*, ip)) of a wildly ramified
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quasi-character x f  on F x into three factors A / A i , A2 and A3 in order 

to facilitate the proof of his four main lemmas, and the definitions of A i , 

A2 and A3 appear in chapter 8. Once A/Ax is fixed, lemma 8.1 shows that 

A2 depends only on a certain parameter f3. The rest of chapter 8  studies 

the relationship between this (3 for quasi-character x f  and its counterpart 

for the composition x f  0  N e / f  when E  is a finite separable extension of F  

(for technical reasons Langlands needs only the case that E / F  is a totally 

ramified abelian extension whose ramification filtration has only one jump). 

The main results are stated by means of the map Pe/ f  (see lemma 8.2  

and lemma 8 .1 0 ), but the critical steps in the proof of the main result are 

summarized in lemma 8.9 and lem m a  8.11 respectively.

Langlands turns to A 3  in chapter 9. According to lemma 8.1, A3  is 

significant only when the conductor of x f  is odd. In view of lemma 9.3, 

Langlands reduces the analysis of A 3  to that of Dwork’s delta sum defined on 

the residue class field (see Dwork [5], Chap. 2). The first half of this chapter 

is devoted to some basic properties of the delta sum and their implications 

for A3. The second half (starting from lemma 9.7) consists of a delicate result 

that relates A3  for X f  to its counterpart for the composition x f  0  N k j f
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where K / F  is a totally ramified Galois extension of prime degree ^  2.

Chapter 10, which accounts for the verification of the 1st identity, is 

missing. Fortunately, its completed proof due originally to Dwork can be 

found in his thesis (see [5], chap. 3).

Chapter 11 of Langlands’ manuscript elaborates the theory of Artin- 

Schreier extension. Its presentation, modeled on that of Lakkis [14], orig­

inates from Dwork’s proof of the 2nd identity (lemma 12.1). A totally and 

wildly ramified cyclic extension of degree p is characterized as an Artin- 

Schreier extension if the unique jump in the ramification filtration is not 

divisible by p (lemma 11.2). If Zp denotes the cyclic group of prime order 

p,  then a totally ramified Galois extension K / F  with Gal(K/F)  =  ZP@ZP 

contains p +  1 Artin Schreier subextension K /L i .  Given a root 9 of an 

Artin-Schreier equation that generates K / L i , the norm and the trace of 9 

satisfy a sharp congruence when p is odd (lemma 11.8). Since every ele­

ment in K  can be expressed as a polynomial in 6 , analogous congruences 

involving the norm and the trace of monomials in 9 are obtained as well 

(lemma 11.9). These congruences, which have only been partially verified by
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Langlands, are crucial ingredients for the basic result in chapter 11. How­

ever, Langlands never formally stated this basic result in the manuscript (see 

Lakkis [14], Hilfsaatz 18).

Suppose L\ and are distinct cyclic extensions of prime degree £ 

over a local field F . Under the premises of the second main lemma, the 

2 nd identity (lemma 1 2 .1 ) relates the root number of a quasi-character x u  

on L* to the root number of a quasi-character on £ 2  • In the case 

that both XLi and xl* have large conductors compared with the conductor 

of the extension, Langlands proves the 2nd identity by means of character 

twisting. Specifically, a quasi-character xf  on F x is constructed in lemma

12.3 (resp. lemma 12.4) so that the product Xl] * (Xf  0  ^ u / f )  has the 

minimum conductor for i —  1,2. It follows that the root number of x u  

and the root number of X f  0  ^ u / f  differ by a multiple of some character 

value of x~u ' & f  0  ^ u / f ) ? when the conductor of Xu  is twice the size of 

this minimum conductor. By applying the 1st identity to the root number 

of x f  0  N u / f  , Langlands is able to reduce the proof of the 2nd identity in 

this case to checking the character values of x u  and Xu  on the ground 

field F . However, when the conductor of Xu  is comparable to the size of
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the minimum conductor, the proof of the 2 nd identity in chapter 1 2  remains 

incomplete.

Langlands’ 3rd identity first appears in chapter 13 (the third main lemma) 

and to some extent generalizes the 1 st identity. Suppose C  is a non-trivial 

abelian normal subgroup of a semi-direct product H  ■ C — Gal(K/F) such 

that every non-trivial normal subgroup of Gal(KfF) contains C . If E  

is the fixed field of H , then the 3rd identity relates the root number of a 

quasi-character x f  on F x to the root number of x f  ° N e / f  • Langlands 

establishes this identity for tamely ramified K /F  in lemma 13.3. His proof 

is divided according to the conductor m  of x f  > but earlier results from 

chapter 6  and chapter 7 readily yield the conductor relation (responsible for 

reducing lem m a 13.3 to an identity for A i factors) as well as the identity 

when m is less than or equal to one. For the case m  > 1 , Langlands follows 

the scheme developed in chapter 8  and chapter 9, comparing the respective 

A 2  and A3  factors of the root numbers in the 3rd identity.

Regarding the 3rd identity for wildly ramified K /F  (lemma 14.1), Lang­

lands again starts with the conductor relation and then proves lemma 14.1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



when x f  is either unramified or tamely ramified. For the wild case (i.e. 

m > 1), he considers the quotient p between the two sides of the 3rd iden­

tity and shows that this quotient p is simultaneously an £-th  root of unity 

and an n-th root of unity where i  and n are relatively prime. Specifically, he 

reduces the remaining proof of lem m a 14.1 to the proof of four subsequent 

lemmas in chapter 14 each of which asserts that p lies in certain cyclotomic 

fields. The first two lemmas (14.2 and 14.3) are largely devoted to various 

comparisons between the respective A2  and A 3  of the root numbers ac­

cording to different combinations of the conductor m  and the length of the 

ramification filtration for G al(K /F ) . In contrast, the last two lemmas (14.4  

and 14.5) use the main group theoretic result in chapter 15 as well as the 

induction hypothesis of Theorem 2.1.

This concludes our review of Langlands’ manuscript.

Contents o f Thesis.

Langlands’ main theorem associates a unique root number to each repre­

sentation of a local Galois group. Langlands’ original proof in [16] depends
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on the theory of local Weil groups. Our aim is to provide a simpler local 

proof by limiting the use of Weil groups. In addition, our local proof in­

corporates a number of ideas already used by Deligne in his global analytic 

proof, particularly the elimination of the theory of A-constants and Deligne’s 

characterization of the kernel of Brauer induction for solvable groups. As in 

Langlands’ original proof, we base our derivation on three fundamental root 

number identities. We provide detailed verification for these.

Chapter one introduces the notations, conventions and definitions needed 

to state Deligne’s version of the kernel of Brauer induction for solvable groups 

(theorem 1.4.1). For completeness we include the proof of lemmas 1.2.3 and 

1.2.5 omitted in Deligne’s presentation

Chapter two begins with the definition of local root numbers based on a 

variation of Brauer induction. The Main Theorem of the thesis is also stated 

and a number of preliminary properties of root numbers are established.

Chapter three recalls the statement of the three fundamental root number 

identities (see section 3.1) and provides the inductive proof of The Main 

Theorem (sections 3.2 and 3.3). When the local Galois group G in our Main
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Theorem is not nilpotent, we must appeal to the theory of Weil groups. An 

effort has been made to clarify the role of Weil groups in the local proof of 

Langlands’ theorem.

Chapter four contains the proofs of the three fundamental root number 

identities (section 4.2 for the 1st identity, section 4.3 for the 2nd identity and 

section 4.4 for the 3rd identity). Despite the importance of making available 

the completed verification of these identities, we have decided to present 

their proofs in the case that all field extensions are not wildly ramified and 

to remark on the wild case at the conclusion of each identity.

In Appendix A we have collected the basic results from the Dwork- 

Lamprecht theory (Theorems A.l, A.2 and A.3). In Appendix B we have 

given concrete examples of the form of the 2nd and the 3rd identities.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26

CHAPTER ONE

1 The Kernel o f Brauer Induction

Let p be a finite dimensional representation (over the complex numbers C ) 

of a finite group G . Then Brauer’s induction theorem states that

p = Y , ni Ind%i (Xi)
i

where the sum on the right hand side is finite, the coefficient n, is an integer, 

Hi is an elementary subgroup of G and Xi € Hom(Hi, C x) .

However, n* , Hi , Xi are not uniquely determined by p . In other words, 

there exist relations:

£  Ind%i (Xi) = 0 .
i

Our goal in this chapter is to describe Deligne’s characterization of such 

relations.

1.1 Some basic definitions

While most notations here are adopted from Deligne [4] and Serre [19], let 

me point out that our symbol ay is defined differently. Also, by a  char­
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acter of a group we always mean a one dimensional representation, i.e. a 

homomorphism from the group to the unit circle S 1.

R(G) denotes the free abelian group generated by isomorphism classes Vj 

of irreducible representations of a finite group G . Elements of R(G) are 

called virtual representations.

The dimension of a virtual representation v =  rrij Vj is given by

dim v — ^2  mj dim(Vj) where dim(Vj) is the degree of Vj . 
j

R+(G) denotes the free abelian group generated by a basis that consists 

of G-conjugacy classes of ordered pairs (H , x)  ? where x  is a character of a 

subgroup H  in G.

bo ■ R+(G) ->> R(G) is the induction map defined by

bG(H,x) = Ind%(x)

In this context, Brauer’s theorem states that be is surjective. We call R  € 

R+(G) a relation if bc(R) =  0 .
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res : R+{G) -» R+(H) is defined, whenever i f  is a subgroup in G, by

res(A ,a ) =  (if H sAs 1 , a3 *)
3 S H \G /A

where s are representatives of the {A, if) double cosets of G and a3 1 is 

a character of the subgroup sAs-1 defined by a s_1(x) =  a (s_1 x s ) .

i n f  I : R+(G/H) —> R+(G) is the pullback map. If i f  < G and proj : 

G —y G /H  is the canonical projection map, then we define

in fl(A ,a ) =  {proj-1 (A) , a  o proj)

R+(G) is endowed with a multiplication which turns it into a ring and be 

into a ring homomorphism. Suppose a  is a character of a subgroup A in G. 

For y e G , let Ay = y A y -1 and ay{a) = a (y a y -1) .  Then we define

(A,a) • (B,0)  =  £  (A‘  n  B> , a * '1 • f f ’ ' 1)
(*.y) €

( C/ A  x  G / B ) / G

where the sum is indexed by the equivalence classes of the G-action on the 

cartesian product G/A  x G /B  .
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1.2 Prelim inary lem m as

Besides the relevant group theoretic claims that appear in Deligne [4], we 

have also included in this section several facts about representation theory 

that are used frequently later on.

Lem m a 1.2.1 (cf. Deligne [4, 1.9.5 p.12]). With the notations in 1.1, 

we have two commutative diagrams:

R +(H) 4  R+(G) R+(G) ^  R+(H)

bn[ |  be [bn

R{H) ^  R{G) R{G) ^ 4  R(H)

where Irutfft , Resu  are the usual induction and restriction, and i stands 

for the inclusion map.

Lem m a 1.2.2 (cf. Deligne [4, 1.9.6 p.12]). If r  € R+(G) , then by 

definition res(r) • (H, x) € R+(H) and

i ( re s (r ) - (H ,x ) )  =  r - (H ,x ) -  

Here i is the inclusion map in lemma 1.2.1.
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Lemma 1.2.3 (cf. Deligne [4, Lemma 1.11 p.13]). Suppose G =  H-C  

such that C  is an abelian normal subgroup of G . Let x be a character of 

H  . Then there exists a character \i belonging to C * , the character group of 

C , that satisfies x \hdc =  v \hdc • Because G acts on C* by conjugation, 

if G,j, is the stabilizer of f i ,  we can define a character {x, fj} on G^ by

(x,/i}(hc) =  for h € H r\G M and c € C .

With C*/G a set of representatives of the orbits of the above G - action on

C*,

Ind^i(x) = Y ,  Ind%»
M €  C * /G  

xl«nc=»1lf/nc

Lemma 1.2.4 (cf. Deligne [4, Lemma 1.13.1 (1) p.15]). If G is

abelian and x is a character of subgroup H  C G , then

Ind%(x) =  Y  V
v  e  g *

<p \h  =  x

where G* again denotes the character group of G.

Lemma 1.2.5 (cf. Deligne [4, Lemma 1.13.2 p.15]). Let C  be an

abelian normal subgroup of G . Then G  acts on the character group C*
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by conjugation. Suppose T  is a fixed set of representatives of the orbits of

this G-action. If Y. fH (Xi) =  0 where rii € Z , Hi D C and

Xi \c £ T  for all i , then with a fixed n  e  T , we have

53 ni Ind%'{xi) = 0
x .lc  = M

Notice the condition Xi \c =  A4 assures Hi C , the stabilizer of fx .

L em m a 1.2.6 (cf. Deligne [4, T heorem  1.13 (a*) p.16]). If Z is the

center of G , then the following belongs to her {buz) , the kernel of buz •

(* ,x) -  E
x'Ih = x

Lem m a 1.2.7 (A generalization of 1.2.5). Let AT be a normal subgroup of 

G. Then G acts on K* =  Hom(K , C x). Let T  be a fixed set of representa­

tives of the orbits of this G-action. Given ix € T , the stabilizer of fx with 

respect to the G-action is denoted by GM. Suppose £  nilnctfi.fai) = 0 

such that each subgroup Hi contains K  and Xi is a  character of Hi satisfying 

Xi\K £ T. Then for a fixed // G T, we have

53 r ii lnd^(x i)  = 0
Xilff =  M
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Lem m a 1.2.8 (cf. Langlands [16, Lem m a 19.2]). Let A  and B  be

fields lying between K  and F  where K /F  is a Galois extension. If xa and 

Xb are characters of the Galois groups Gal(K/A) and Gal(K/B) respec­

tively, then there exist subfields A \ , . . . ,  Am  , B \ , . . . ,  Bm and characters 

XAi, • • -, XAm > XBi, • • •, Xbm together with a collection of automorphisms

{ , . . . ,  aM } =  Gcd(K/A)\Gcd(K/F)/Gal{K/B)

representing the ( Gal(K/B) , Gal(K/A) ) double cosets of Gal(K/F ) , 

so that for £ =  1 , . . .  , M , the subfield At stays between K  and A , the 

subfield Be stays between K  and B , XAt is a character of GaI(K/Ae) 

and XBt is a character of Gcd(K/Be) .  In addition, we have the following 

five properties:

(1 ) If we write <Je{Ae) as A? 1 , then Be = A °l .

In fact, GaI(K/Ae) =  Gcd(K/A) fl ae-lGal{K/B)(7e 

and Gal{K/Be) = Gcd(K/B) D <jeGol{K/ A)ae~l .

(2) {XBtY l =  XAt where the G-action is the usual conjugation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

(3) j j w S ( £ / 2  (Xa) } ® { M S $ / B )  (x b ) }

=  £  M S & S )  (xa.) ■
t

{ / " « ?  ( * * ) } •  { ' " < « >  (Xb)}

(4) { / m g ^  (XA -  1) }  ® |  (x b ) }

= £
I

(XA, -  1) -  I r u f f l M Z )  ((Xb,/b)”' -  1)

-  £e
(XB, -  1) -  (XB,/B -  1)

where Xb</b denotes the restricted character x b \goI{k/Bi)

(5) If a  =  ResGai(K/A) ( in c & ^ /B )  (Xb ) )

/? =  ResGai(K/B) ( i n ^ y c / A )  (Xa ) )
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7  =  R e s Gai(K/B) (* ))

then

X B  ®  f i  = H  l  ^ n<̂ Gal{K/Bt ) (X B t )

X B  ®  7  =  H  < ^ n<^ G al{K /B t ) (X B i / B )

XA® & = H i  I n<̂Gal{K/At) (Xa() ■

Moreover,

(x a —1) ® ft — y~̂  I^^GozIk/aI) (XA«-1) — ^n<̂Gal{K/At) ((XBt/B) < —1) 

(/?—7 ) <g> Xb = 5Z |^ n<̂ GaZ(/C/si) (XB< —1) -  I n^Gal\k/B() {XBe/B—1 ) | •

L em m a 1.2.9 (An application of lemma 1.2.11). If a relation R  belongs 

to ker(bc/A) > the kernel of the homomorphism be/a , then infl(R) G 

ker(bc) ■ Conversely, if all the characters within a relation in ker{bc) an­

nihilate A  < G , then that relation comes from a relation in ker(bc/A) via 

in f l .
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Lem m a 1.2.10 (cf. Langlands [16, Lem m a 13.2]). Suppose x is a 

character of a Galois group Gal{KjE) C G al(K /F ) , where K  , E  , F  

are finite extensions of a p-adic number field. For any g € Gal(KfF ) , 

let xg be a character of g~1Gal(K/E)g  defined by x g(x ) — x (9 x 9~1)- 

If W(x) and W (x9) denote the abelian root numbers of the respective 

characters, then W (x)  =  W(x9) .

Lem m a 1.2.11, Let G be any group, finite or infinite, with subgroup H  

of finite index. If x is a character of H  whose kernel contains a subgroup 

A  < G , then Ind% (x) comes from (is an inflation of) a representation of 

G /A  via the canonical projection proj : G —► G / A . In fact proj enables 

the identification between Ind% (x) and (x) •

Lem m a 1.2.12, Suppose K  is a, finite Galois extension of a local field F . 

Let Gal{K/F) , W K j f  be the corresponding Galois group and relative Weil 

group (see Tate [21]). Then the exact sequence

1 K* WK/F -> Gal(K/F) -»■ 1

imphes that (x) can be inflated to /n d ^ ^ ( x ) -  In other

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

words, considered as a representation of W k / f  via the surjection W k / f  

Gal{K/F) in the exact sequence, the first induced representation is equal 

to the second.

1.3 Proving th e prelim inary lemm as

P ro o f of lem m a 1.2.1 The diagram on the left is commutative due to 

the transitivity of induction, i.e. Ind%(a) =  Ind%(IndA(oi)) if (A, a) G 

R+(H).

To see that the diagram on the right is also commutative, recall the formula 

(Serre [19, Proposition 22 in 7.4, p.58])

ResH ( Ind% ( a ) ) =  £  I"dfHnsAs-i} (os_1) (1.3a)
s € H \G /A

where the index s ranges over the representatives for the double cosets of G 

and the character a s_1 is defined as in 1.1. ||

P ro o f of lem m a 1.2.2 It is sufficient to consider the case when r  =
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( A , a ) i.e. r  is a basis element of R +(G). Prom our definition in 1.1 

(A ,a )- (H ,x )  =  £  (A*nH>  ,
(*.v) e

( C/ A  x  G / H ) / G

Let’s choose the representatives {x,y) E (G/A  x G /H )fG  such that y  

is always equal to 1. In fact, s (s, 1) yields a bijection between H \G /A  

and (G/A  x G /H )/G  . On the other hand, in R+(H) the product

res(A , a) • (H , *) =  (H  n  Si4s_1 > aS_1 * X )
s e H \G /A

So, as an element of R+(G) , re$(A,a) • (H , x) =  (A ,a) • (H , x) -II

P ro o f o f lem m a 1.2.3 Let us first relate the dimensions (degrees) of the 

representations on both sides. Consider the restriction

Resc (Ind%c  (x ))  = Y ,  Ind(c n sH s - ' )  ( x s_1) =  Ind{%nC) (x)
s € C \H C /H

Since C  is abelian, we can apply lemma 1.2.4 (proved separately), and this 

restriction becomes

Resc (Ind%° (x ) )  = Y  M (1-3&)
m6C'

<*l c n H  =  x \c r \H

Now, observe that each representation I n d ^ ^  ({x» A4}) is irreducible by 

Mackey’s criterion. Moreover, distinct representatives in C*/(HC) yield
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distinct irreducible ({x, g}) ■ Suppose v ±  \i9 for any g €

H C . By (1.3a) and the Frobenius reciprocity (see Serre [19, 7.2, Theorem 

13, p.56],

< I™ l?H C )v ({x,*'}), I n d $ c)ii ({x,g}) ) G

~  5 Z  ( { X ) 1' } ’ { X , / 4  ) (HC)* n aKHC) ^ - 1
s € (H C )^\(H C )/(H C )„

Because C  C {HC)V n  s[(J?C)^]s-1 and we have {x, v} = v ^  /zs_1 =  

{x,/x} 3-1 on C , the above sum must be zero.

Furthermore, I n d f £ c ^  ({x, A*}) is a  irreducible component of Jn d jp  (x) • 

( I n d f fC ( x ) , I n d(HC)p ({X ,/*}))C =  ( ^ ( H c t n n  (x) > {x? m} ) {HC)ii

= 1

according to Frobenius reciprocity and (1.3a). Therefore

J2  Indf£c)ii ({x,/*})
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is a subrepresentation of Ind^c  (x) •

On the other hand, the representation Indf^c^  ({x, A*}) has degree |^ c j~\ • 

This is precisely the cardinality of the orbit containing fi under the r e ­

action. So the above subrepresentation is actually equal to Indf^f (x) as 

they share the same dimension by (1.36). ||

P ro o f o f lem m a 1.2.4 Since G is abelian, its center Z  is equal to the entire 

group G. So lemma 1.2.4 follows from lemma 1.2.6.

P ro o f o f lem m a 1.2.5 See the proof of lemma 1.2.7. Simply replace the 

normal subgroup K  in lemma 1.2.7 by C.

P ro o f o f lem m a 1.2.6 It is equivalent to proving

I*d%Z (x) =  E  X '
x! € (WZ). 
x'l H  = x

if (HZ)* is the character group of H Z . We can construct one x ' Pre" 

scribed as above. The restricion xltf n z  can be extended to a character 

(i of Z  because Z  is abelian and the restriction map from the character
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group of Z  to the character group of H  D Z  is surjective. On H Z , we 

define Xo(h z ) = x(h) fi>{z). This is a well-defined group homomorphism. 

In addition, notice that H  < H Z  and H Z /H  is abelian. If <pi, . . .  ,<pn 

denote all the characters of H Z / H , then by viewing them as characters of 

HZ we have

values. ||

P ro o f o f lem m a 1.2.7 Suppose

Y  niInd%i {Xi) = Y  J2  I n ^  (Xi) = 0
t M 6 T XilfC = M

Notice that if /x =  XtU 7̂  Xj \k  =  v , then by the Frobenius reciprocity

(Serre [19, 7.2, Theorem 13, p.56])

x '  e (HZ)* 
x ' \ h  = x

Consequently, for x  G H Z

x '  (. . .
x ' \ h  = x.

\HZ/H\ • x (x ) f°r x  belonging to H  
0 otherwise

but the trace of the induced representation Ind^z  (x) has exactly the same

( Ind%. (xi) , Ind%. (xj) ) G = {Xi , RcsHi ( Ind%. ( x j ) ) )„.
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which is equal to

53 ( Xi > I 'n d \H i n s H jS -1) (X j ) ) H =  51 { Xi ) Xj ) {H. n , H ■
s € H i\G /H j s € H i\G /H j

The last sum must be zero because x» 7  ̂ X j1 0 1 1  the normal subgroup 

i f  C Hi fl sHjS- 1 . As a  result, for any fixed fi £ T , we conclude

0 =  < 53 13 riilndfff. (xi) , 53 niInd%i (Xi))G
v  € T X ik  = ^ x«k = M'  '

E i ***IrU*Hi (Xi) = 0

=  ( X! WiJndft (Xi) , 53 (Xi) )G
Xtl/f =  /i x . I k  =  n

In other words,

53 nilnd%. (xi) =  0 
x . k  = ti

which means

53 m ResGll ( Ind%. (xi) ) =  0
Xil/C =  M

Consequently

$3 n* ( 53 n tfiit-1) (x! ) )  =  0
Xilx =  t  €  G n\G/Hi

Since Xi \k  =  A4 implies D H i ,

53 n* ( /ridg* (Xi) +  53 ( x f ' )  } =  0
X i l * = M  ^ l # t € G M\G / H i  j
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Let us simplify the notation by writing this sum on the left hand side as 

Y  Xi\K = n ni Oi. We then consider the scalar product

( £  WiO* , 53 ni In^ t i  (X#))Gm = 0 (L3c)
Xi\K = P Xi\K = P

Now,

< I r f s .  n *■-.) (xT‘) . (Xi) >„, =  0 for all i #  1

because the left hand side can be rewritten, by means of the Frobenius reci­

procity and (1.3a), as

53 ( n r(G fl n tH i t~ 1)i—1 (Xi ) r 5 X j  ) H .
r  e H j \ G J (G„ n tffjt-1)

which is equal to

£  < ( x r r \ x i >  n r(Gft n tHjt-ijr-1
r e ifj\Ĝ /(GM D ttfit-1)

Observe that ( (xi_1)r_1 > Xj) ^  0 if and only if the two characters coincide 

on ify- fl r(G^ n  tHit~l)r~l . However K  C  Hj D r(G^ D tHit~l)r~l , 

and (xT1) ^ 1 =  Xj on K  means (r • £) € . This is impossible as

r  is already in and t  1. Hence, expanding the scalar product in

(1.3c), we obtain

( 53 nj  Iru& 3 (Xj) , 13 ni  In <&: (&■) ) Gll =  o
Xjlif =  Xj\K = n
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Lemma 1.2.7 is now established. ||

P ro o f o f lem m a 1.2.8 Let us introduce some abbreviations to simplify the

subsequent notations.

Gf =  Gal(K/F) , Ga = Gal(K/A) , GB = Gal(K/B)
q = Ind%F {x a ) , o- = Ind%F (x b ) , r  =  Ind%.FA (1)
a  =  ResGA(a) , 0  =  ResGB{g) , 7 =  R&sGb{t )

For future reference, note that the bijection Gp Gp , which sents s to

its inverse, maps a set of representatives for the (G b, G a) double cosets of

G f  into a set of representatives for the (G a , G b ) double cosets of GF . In

other words,

G a \G f /G b  G b \G f / G a

Also, let M  be the total number of double cosets in either one of these 

decompositions.

Now, given a set of representatives G b \ G f / G a  and a t e  G b \G f JG a , 

we define

G a ( =  G a l(K /A t)  =  G a  H <7f 1 G B <?e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



44

and

Gb( = Gcd(K/Be) =  Gb n  at Ga ^ 1

It follows that

at GA( a j 1 = at Gal{K/At) a j 1 =  Gal(K/Be) =  GB(> v '
G a l(K /A ? )

Hence, A t 1 =  Bt and we have property (1). As {x b Y 1 is a character 

defined on <7 7 1 G s ^ t ,  let

<PAt = (Xb T'Iga'

Similarly, define

<PBe =  (Xa T ‘ \gB(

We see that

P  =  Y
<*i 6  G b \ G f /G a

Moreover, due to the bijection s- 1 ,

a  =  Y  n ( ( X B ) * " )  -  Y
a €  G a \ G f /G b  ° t  €  G b \G f / G a

(1.3 d)
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Now, if we define X b ( = ( x b  \cBe) - V B t and =  ( x a  |c„,) • 9  A t

and X B t / B  =  X b  Ig B( , then

M

P ®  X b  =  X b  ®  P =  Y  /n d g ®  ( ( x b  Ig B( )  • <PBt ) (l-3e)
e=i     '

X B t

and
M

X a  ®  a  =  Y  Ind%Al ( ( X a  IaA() • Vju ) (1-3/)
£ = 1  '  *  '

X A t

Furthermore

M

1  ®  X B  =  X B  ® 7 =  5Z ( ** Igb, )
X B t /B

When this is combined with (1.3e),

M  f

(P ~  7 )  ® X b  =  Y \  I n d % B t  ( * B t  -  1 )  -  Ind%* ( x b ( / b  ~  1 )  
e=i I

In addition, (1.3d) and (1.3/) yield

M <
(Xa -  1) 0  a  =  Y  \ IndZ Al ( * A e  -  1) -  I n ^ G A t (<PAe ~  1) 

t=l I

(1.3c,)

and we have all of property (5) once it is shown that <pAt = (xbi/b Y 1 •

Because Gb( = oi Gai &e 1->

<PAi =  (x b Y 1 IgAi =  (Xb IGBtY l =  (XBi/bY 1 (1.3ft)
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Meanwhile, by inducing (1.3e) and (1.3/) , we can obtain property (3). In 

particular, compare

M
q <g> a  =  Ind^FB {(3 <g> x b ) = Y ,  Ind%B, (XBt)

e=i

with
M

q <g> a  =  Ind$FA {xa  ® <*) =  $3 (XaJ
«=i

On the other hand

M
E
<=l

Together with property (3), this implies

iVI
T <g> a = Ind%FB ( 7  ® Xb ) =  $3 /ndGe< (*b«/b)

(g -  r)  ® a  =  |  /ndg^  (%bJ  -  (xb</b) J

which is equal to 

M
E  {  (X* - ' )  -  J m i g '  (xe,iB — 1 )  J

So we obtain one half of property (4). Induce (1.3<?) to produce the other 

half.

( i « 4 ' ( x a - i ) } ® » -  =  E { 1™%:, 0 c * - 1) -  i)}
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Now (1.3h) completes property (4). At last we proceed to verify property

(2).

{XA IGA() • <PAt = (xa  |g^) • (XBi/b Y*
' -------------------------V -------------------------'

X A t

=  [ ( X i i l c ^ r *  ’ X b u b  \  *

= [ ( OCO* IGB( ) • XBt/B ]
'  «  '

<PBt

= (XBtr i

Lemma 1.2.8 is proved. ||

P ro o f o f lem m a 1.2.9 Suppose R  =  £ .  {H i/A , x/i) € ker(bc/A) •

Then

H  n i ( X i ) =  0
i

If proj : Hi Hi/A  is the canonical projection, we define a character xi 

of Hi by Xi = x'i °proj  . According to 1.2.11

Y  rii Ind%. (Xi) =  0
i

which implies that in fl(R)  € her (be) ■ Conversely, let rii(Hi,Xi) e
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ker(ba) such that x»U =  1 for all i . This means

Y l  ni (Xi) =  0
i

Moreover, we can consider the representation £  niInc^/JA ( ^ ) , which 

must be zero by lemma 1.2.11. In other words,

R  = Y^rii  (H i/A , x d  £ ker(bG/A)
i

but in fl(R ) = £ .  rii(Hh Xi)• II

P ro o f o f lem m a 1.2.10 Recall that to define the root number for a char­

acter x  °f a Galois group Gal(K/E), we first converts x  hito a  character on 

E x via the reciprocity map E x — Gal(K/E)cb. Therefore if we interpret 

X9 as a  character defined on g~1(E x) , then according to the functoriality 

of the reciprocity map

X9(x) =  X ° 9 (x ) for all x  belonging g~1(E x)

By definition (see Tate [23]), for m  >  0 ,

W(x) = AW)-"* E  r ‘(^ H = )*w k 3= )
x €UeJU% E E
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where tte is a. uniformizing parameter of the local field E , m  is the 

conductor of x  ■> UE is the unit group of the ring of integer of E , d is 

the order of the absolute different of the field E , ip E / F  =  °  TrE/p

is the composition of the trace TrE/F with the canonical additive character 

of F  (see Tate [23]), N(PEm) is the m-th power of the cardinality of the 

residue class field for E . If PE denotes the maximal ideal in the ring of 

integers of F , recall that

yield a filtration of the unit group UE . Because g~l {UE) = Ug-i(E) 5 the 

conductor of x  is the same as that of x9- Also, we can take 7r9- i(E) = 

<7-1(7Te) to be our uniformizing parameter of g~l ( E ) . Notice that the order 

of the absolute different of g~1(E) is again d because E  and g~l {E) are 

algebraically as well as analytically isomorphic. Meanwhile, let us rewrite 

the above sum on the right hand side of the definition as

UE = 1 + PE for i  > 0
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Observe that

3Vwf (AS*-)= T rE ,F (e,f i

which implies

So the siim

S  M  _ f ,  ^ + m )  ( ~ f /  v
9- i W €  \ 9  ' ( v e )  J  \ 9  H 71̂ )

V ' f J r .

r 1̂ '
d+m

9_1(£)/ 9-i(£)

is equal to

: IT/I® ̂  ( ^ +") ^  (’fE*™)■ * l 7Ppu
x £ U e / U %  \ n E

Replace all y-10r) by y for the sake of clarity. We see that W(x) = 

W (xg) because the constant N(PEm)~1̂ 2 is just the reciprocal of the abso­

lute value of the sum in our definition.

As for the case m  = 0 , we note that x 9 must annihilate g ^ iU s)  =  

Ug-i(E) • Hence,

W (x) = x(*&  = =  " W )
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and lemma 1.2.10 is completed. ||

P ro o f o f lemma 1.2.11 As xU =  1, we can interpret x 35 a character 

of G /A .  So (x) makes sense. Being a homomorphism from G/A

to the group of [G : H] by [G : H\ invertible matrices over the complex 

numbers, this induced representation satisfies (see Serre [19, 3.3])

The trace of ( /n c g ^  (x) ) (x A) =  JZ x{9^9~1)
 ----------------------,  '  9 € (H/ A) \ (G/ A)

matrix t-9Xg 1} A 6 H/A

On the other hand, (x) defines a representation of G via the canon­

ical projection G —> G /A ,  but this representation of G coincides with 

Ind/ft (x) according to the formula

The trace of ( Ind% (x) ) (x) =  xfa x 9~l)
9 6 H \ G  

9 *  s - 1  €  H

Notice the conditions under the two sums are equivalent. ||

P ro o f o f lemma 1.2.12 It follows from the exact sequence that W k / f / K x ~  

Gcd(K/F) . So if F  C E  C K  and x  is a character of G al{K /E ) , then

/ " « ! ( * )  -  / « 4 $ £ ( x )
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Viewed as a representation of W k /f  via the surjection W k /f  -> G al(K /F ) , 

I'n^w^/FJ/K^ (x) coincides with (x) according to lemma 1.2.11. ||

1.4 T he kernel o f Brauer induction

In this section, we state Deligne’s characterization of the kernel of Brauer in­

duction. Any new notation or definition introduced here will not be required 

for the subsequent chapters.

For a character x  of G , the group homomorphism from R+{G) to itself 

defined by the multiplication of (G, x) is called torsion by x - It is worth 

noting the formula for such multiplication

[ J2 m (Hi,<Pi) ] • (G,x) =  S  ** ( Hi ’ W ' (x k )  )
i i

Because

bG(Hi , <pf{x k ) ) = k ) ) =  (v?i) j ® X

the torsion homomorphism preserves the kernel of bG. Henceforth, torsion 

by x is abbreviated to -G x ■
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Also, given H  C G , the inclusion map from R+(H) to R+(G) is denoted 

by i . Notice that the kernel of bn is mapped into the kernel of of be under 

i according to lemma 1.2.1.

Theorem  1.4.1 (Deligne, Langlands). I f G is solvable, then the kernel 

of bo : R+(G) —» R (G ), as an additive group, is generated by the following 

three types of relation.

T ype I  ; Let A be a cyclic group of prime order and A* be its character 

group. By lemma 1.2.4

S  = ({1}, 1) -  E
<p€Am

is a relation in kerib/f), the kernel of ba • We say that a relation R  in 

ker(bc) is of type I  if  there exists a subgroup B C G  with a cyclic quotient 

isomorphic to A such that R  = i ( inf l (S) -b x )  f or some character 

X € B * .

T ype I I : Let A be a central extension of the direct sum of two cyclic groups 

with prime order I . i.e. the center of A  contains a subgroup Z  satisfying
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the exact sequence

1 —>■ Z  —y A  —̂ Zf © Zt —̂ 1

Let H i , # 2  be distinct subgroups of A  containing Z , so that H \/Z  , 

H<i/Z are both cyclic of prime order t . Under this circumstance, H i , H-i 

must be abelian and Hi n  H2 = Z . For any Xi £ H* whose restriction

to Z  cannot be extended to a character of A  , it follows from lemma 1.2.3

s =  1) -

belongs to her (Pa ) , where Xi \ z  =  t1 \z ■ We say that a relation R in 

keripc) *5 of type II  i f  there exists a subgroup B C G  with a nilpotent 

quotient isomorphic to A such that R  = i (  inf l (S)  -b x )  f or some 

character x  € B * .

T ype I I I  : Let A  be a semidirect product of H  by C  (i.e. A  — H • C

and H  C) C = {1} ) with

(a) H  + {1}

(b) C  is a non-trivial abelian normal subgroup of A  .
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(c) C is minimal in the sense that C contains no normal subgroup of A  

other than {1} and C .

In particular, we have H  2  C . For any character <p € H*

S =  (H,  ¥>) -  £  ( 4 . ,  y ^ } )
fi € C ' / A

belongs to ker(bA) according to lemma 1.2.3. We say that a relation R in 

ker(bc) is of type III i f  there exists a subgroup B C G  with a quotient 

isomorphic to A such that R  =  i (  inf l (S)  -b x)  f or some character 

X € B * .

We axe not going to reproduce the proof of theorem 1.4.1 here, but 

Deligne’s idea in that proof will be adapted to establish the main theorem in 

chapter 3.
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CHAPTER TWO

2 Properties of the Local Root Number

Recall a variation of Brauer’s theorem1:

Every element v € R(G) of dimension zero can be expressed as a linear 

combination of virtual representations of the form Indffi ( x ~  1) with integer 

coefficients, where H  is an elementary subgroup of G with character x  ■

We now extend the notion of root number from the abelian case to higher 

dimensional representations of a local Galois group. Let K  be a finite Galois 

extension of a local field F . For us, a local field means finite extension of 

a p-adic number field. If p is a representation of the Galois group G =  

Gal(K/F)  with dimension dim p , then by the above theorem of Brauer

p -  (dimp)  • 1 = ^2  m Indfj. (Xi ~  1)
i

We define the root number for p as follows.
XA proof can be found at the end of this chapter
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Definition o f th e  roo t num ber. Keeping p , Xi ? ^  above, we define

w(p)  = n  w ( x , r
i

where each W(xi)  is the abelian root number of the character Xi ■

It is important to remark that the validity of this definition depends on our 

main theorem (see below), whose proof constitutes the next chapter.

The m ain theorem . Given nilndffc. (xi — 1) =  0 such that each Xi 

is a non-trivial character of Hi with abelian root number W  (Xi) ,  we have

n w'ter = i •
t

Meanwhile, we accept that the definition of W  (p) is legitimate and proceed 

to derive some basic properties of the root number.

Theorem  2.0.1. I f  we assume the above main theorem and define for any 

given local Galois group G a function £q from R(G ) to the non-zero com­

plex numbers by

£g G C  mi vi)  =
j  3
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where each Vj is an irreducible representation of G , then

(0) for any representation p of G with a decomposition £  m j  V j  into 

direct sum of irreducible components, we have

W(P) = ec ( £  m, Vj) = n W(V,r*
j  3

In other words, Eg  extends our definition of root number to the entire 

group R(G) of virtual representations. Hence we will identify Eg  (p) 

with W(p) in the rest of 2.0.1.

(1) for any pair of representations P i, P2 of G ,

£g  (Pi +  P2) =  &G (P i) * £g  (P2 )

In fact, the same holds when p i , P2 are replaced by virtual represen­

tations in R (G ) .

(2) given a normal subgroup H  in G and a representation p of G /H  ,

£g / h  (p) =  £g  (p 0  p r o j )

Here we interpret p as a homomorphism from G /H  to the group of 

dimp  x dimp invertible matrices, and proj :G  -» G /H  denotes the 

canonical projection.
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(3)

e G { I n d ^ j v )  =  £ H ( v ) 

for any subgroup H  C  G and any v € R{H) of dimension zero.

(4) whenever p is a 1-dimensional representation of G , £g (p ) coincides 

rvith the abelian root number for p .

Proof. Because Y  j mj {dim Vj) = dim p , we have

p — (dim p) • 1 =  X  m j {Vj — {dim Vj) • 1)
j

Suppose that for each j

Vj -  (dimVj) ■ 1 =  5Z skj I n(̂ Ek. {(Xkj ~  1)
ki

Then, not only

W{Vj) = n  W{akj) ^
kj

but also

p -  (dimp)  -1 =  X  m i  X  Iru ^Ek . { ( tk j  ~  1)
3 '

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



60

By our definition of root number

w(p) = n {n ) 3 = me mj Vj)
j  y. kj ) j' „ '

m y )

This proves (0).

As we can identify E g  (p) with W  (p) according to (0),

W ( p i +  P2) =  W ( p i)  • W (p2)

is equivalent to (1). However, this equality is immediate from our definition 

of root number. The same assertion with respect to virtual representations 

follows directly from the definition of e g  • As a result, e g  is a group homo­

morphism. In particular, given v G R{G) , we have

£ g ( ~ v ) =  £ g ( v ) ~ 1

(2) is a consequence of Brauer’s theorem for G / H , lemma 1.2.11 and 

the definition of abelian root number.

As for (3), because of Brauer’s theorem and (1) above, it is sufficient to 

prove that

e g  ( I n d %  (a -  1)) =  Eh  (a -  1) (2.0a)
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if a  is a character of H  .

Applying Brauer’s theorem, we obtain

/n d g (a )  -  [G:H}-1  =  £  dt Ind%t (ut -  1) (2.06)
t

and

Jn d g (l)  -  [G :77 ]-l =  £ e , J n d i > , - l )  (2.0c)
e

Together with (0) and (1),

„  m  _  w )  _  i y ( ( a ) ) _  n .
G( ) )  ( /redg (1)) W( Jrldg (1)) 11/w w

(2.0/i)

On the other hand, subtract (2.0c) from (2.06). We conclude Indfft (a —1) 

is equal to

Ind% (a) -  7ndg (1) =  ^  7nd^t (z/t -  1) -  e* Ind%e “  x)
* £

Therefore

Ind% (a -  1) -  J !  dt 7nd%- (yt -  1) +  e< In ^Bt -  1) =  0 
t e
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=  1

Then by the main theorem,

W ( a )  • U t  W (ix e)et 

n *

which is equivalent to

w { a )  =  M

Compare this with (2.0d). We see that

eG (Jncg (a -  1)) =  W(a)  (3')

W{a)  
W(  1)

gg (q) 
eg (1)

The last equality, and consequently (2.0a), hold provided that we have (4). 

However, when applied to characters like a , our definition of root number 

indeed yields the abelian root number, as

a  — (dim  a)  • 1 =  Ind% (a  — 1)
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Due to (0), this final argument successfully completes (4), and theorem 

2.0.1 is proved. ||

T heorem  2.0.2 : Property (1) and property (4) in theorem 2.0.1 together 

with (3') in the above proof uniquely determine the junction Eg ■ In other 

words, any junction on R(G) satisfying these three properties must be the 

same as £g ■

Proof: Let v e R(G) .  By (4),

p (,A = £GM  = ggfo)
G W (l)d*mv Zc {l ) d*mw

which is equal to z g ( v — (dim v) • 1) because of (1). Now, according to 

Brauer’s theorem

v — (d im v ) • 1 =  5Z niln^Hi (Xi — 1)
i

So

£c (v) =  £g ( J2 riilndfff. (\ i  ~  1))
i

It follows from (1) and (3') that

ea (v) = n

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



64

This shows that the value of Eg  ( v )  is determined by the three properties.

II

Theorem 2.0.3. Let x  be an unramified character of G = Gat(K/F) .  In 

other words, x  annihilates the inertia group G0 . I f  p is a representation 

of G and f(p) is the Artin conductor of p , then

W( X ® p )  =  x(<rK,F)M - W ( x ) diml’ -W(p)

where Ok/f denotes the Frobenius automorphism in G/G0 ■

Proof. First we verify the formula for the case dim p = 1 . Both 

X and p can be regarded as characters of F x via the reciprocity map in 

this case. By the definition of abelian root number, if ^  is a uniformizing 

parameter of F  and m  =  f(p)  is the conductor of the character p (as 

well as that of x  ® P )> then

W( x ® * > )  =  x (* f )”  • W {x)  ■ W(p)  (2.0e)

Because up is sent to the Frobenius automorphism in G/G0 under the 

reciprocity map, theorem 2.0.3 for dim p = 1 is proved.
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Let dim p > 1. According to Brauer’s theorem

p -  {dimp)- I  = £  r* Jndg. (a* -  1) (2.0/)
i

Tensor both sides with x •

(x ® p) -  { d i m p ) x  = J2  ni {X ® -fridg. (a, -  1)}
i

Since dim (x ® p) =  dim p , we can write

{ (X ® P) -  ( d i m (x  ® p ) ) • 1 } -  {d imp)  { x -  l}

=  53 { /ndg4 ( (x k )  • on ~  1) -  /ndg4 ( (x k )  -  1) }
i

So (x ® p) -  ( dim (x 0  p ) ) • 1 is equal to

( d i mp)  {x—l} +  S  ( (X Ift)'®* “  !) “  ( (X k ) _ 1 ) }
i

It follows from our definition of root number that

W b c * , )  -
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If Hi =  Gal(K /Ei) and tte. is a uniformizing parameter of E i , then 

(2.0e) implies

As a result,

W (x  ® p) = W ( x ) n { X» JV a/Ffe,)/<“‘)}"‘ • n  { H 'to )  r
i i

    '

W(p)

Notice W(p) = n  because of (2.0/). Hence it remains to show

that

x(°K/F)m  =  n { x ° t f s / i K * « ) /(*‘)}"‘
i

Here the notation x  bas been abused in an obvious way. Precisely, we 

identify ok/f € G/G0 with the uniformizing parameter by means of 

the reciprocity map.

i

where iEi/F  is the residue class field degree. So it is sufficient to prove that

f ( p )  =  5Z  iEi/F f(<*i) (2.0g )
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Let ac denote the Artin representation of G . By definition of the Artin 

conductor (see [2, chapter VI, 4.3]),

f(p)  =  (oc  , p ) G =  ( a c ,  p - ( d i m p ) - \ ) G

and (2.0/) implies

f (p)  =  ( a c ,  E  riilnd^j. (an -  1) ) c
i

According to Probenius reciprocity

f(p)  =  E l [ ( °g \ffi » a i ) w. “  ( aG lift > 1 ) „.]
i

Now recall a  formula for the restriction of the Artin representation:

Lem m a 2.0.4 [20]. Given a Galois extension K / F , let Xe/f be the order 

of the discriminant of the subextension E /F  i.e. F  C E  C K  and let 

fe/f be the residue class field degree. I f  rn  , clh are the regular represen­

tation and the Artin representation of the Galois group H = Gal(K/E) 

respectively, then the restriction to H  of the Artin representation ac of 

G al(K /F ) is

Q-g \h = Xe/f * th + fe/f * o-h
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Proof. Recall that the order of the different cLk / f  is related to the 

cardinality of the ramification group G{ by the formula [2, chapter 1 § 9, 

proposition 4, p.36]

dx/F =  ^2  (|Gi| -  1) 
i=o

Together with the definition of ac  (see Serre [20, chapter VI, § 2]), this 

implies

d i m  clq = fk / f  * d-K/p (2 .Oh)

When h e  H is not the identity element, it follows from the definition of 

Artin representation that

t r ( a c ( h ) )  = fE/F • t r (  a H { h ) )

Here we regard ac (resp. aE ) as a homomorphism from G (resp. H ) 

to the group of d i m  a c  x d i m  a c  (resp. d i m  a E x d i m  a E  ) invertible 

matrices over the complex numbers and t r  denotes the trace of a matrix. 

For h  = 1 , (2.0h) shows

t r (  a<sr(l)) =  fjc/F • djc/F
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So it remains to show

ftf/F • d-K/F =  ^B/F -[K : E] +  fe/f  • (f/C/F ' ^K/f)s ■ V—̂
\ H \

but this is the transitivity formula for discriminant [20, chapter III, § 4] in 

disguise. ||

Suppose Ai is the order of the discriminant of E i / F . Then it is a 

consequence of the above lemma that

/ M  =  £ % [ ( * <  +  W f / W )  -  -M
i

which yields (2.0<?) and therefore theorem 2.0.3. ||

At the beginning of this chapter, a variation of Brauer’s theorem has 

been used. We will now give a proof of that statement, taking for granted the 

original Brauer induction theorem in chapter 1 (consult Serre [19, chapter 10] 

for its proof). First of all, let us recall some elementary facts about nilpotent 

groups.

There are two equivalent definitions of nilpotent group, both of which are 

useful to us. Let G be a finite group. If A  , B  are normal subgroups of
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G , let [A, B ] be the subgroup of G generated by commutators aba-1 b '1 

where a € A  and b G B . Observe that [A, B] is also normal in G . 

Now, we define a sequence of subgroups G % recursively as follows: G 1 =  G 

and G i+1 =  [G, G *].

D efinition 1 :  A finite group G is called nilpotent i f  there exists an integer 

n such that G n =  {1} .

Because G i+1 =  [G, G*], we note that G l/G l+1 is contained in the center 

of G /G l+1. Therefore the above definition is equivalent to

D efinition 2 : I f  there exists a sequence

G =  A0 D Ai D , . . .  , D An =  {1}

of normal subgroups of G so that Ai/Ai+i is in the center of G/Aj+i for 

n > i > 0 , then G is said to be nilpotent.

Abelian groups and p-groups provide abundant examples of nilpotent group. 

It follows from either definition that every subgroup of a nilpotent group 

must also be nilpotent. Moreover, any quotient of a nilpotent group remains
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nilpotent. Given G ^  {1} , the non-trivial subgroup An- \  stays inside the 

center of G . In other words, all nilpotent groups have non-trivial center. 

Finally, we prove by induction on the order of G that

Claim  I. I f  H  is a proper subgroup of a nilpotent group G , then the nor- 

malizer

N(H) =  { g e G  | gHg-1 =  H }

cannot equal H .

Proof. In the case the non-trivial center Z  of G is not a subgroup 

of H , we conclude that HZ  C  N ( H ) ; otherwise we apply the induction 

hypothesis to G/Z . ||

The following lemma appears as an exercise in Serre [19]. It is equivalent 

to the Brauer’s theorem at the beginning of this chapter if we identify Serre’s 

notation / ( l )  with the dimension of the virtual representation / .

Lemma. Each f  G R(G) with / ( l )  =  0 is a Z-linear combination of 

virtual representations of the form Irufg(a — 1), where E  is an elementary
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subgroup of G and a  G Hom(E, C x) .

Proof. Remember that a subgroup E  of G is called elementary if there 

exists a prime p so that E  is a direct product of a p-group and a cyclic 

group of order prime to p . This definition is independent of G . With R(G) 

the free abelian group generated by the isomorphism classes of irreducible 

representations of G , here are two of its subgroups that will be relevant to 

us.

Rf0(G) =  Subgroup generated by elements of the form Indfg (a — 1)

R'(G) = Z +  K(G)

We claim that R(G) =  R'{G) is a necessary and sufficient condition for 

the lemma to hold. Given /  G R{G) =  R'(G) , if / ( l )  =  0 , then 

/  G R0{G) by definition, and we obtain the above lemma. Conversely, 

let 1 c  be the trivial character of G . For every /  G R{G) , the virtual 

representation /  — / ( l )  • 1g has dimension zero, and the lemma asserts that 

/  -  / ( l )  - 1G G R!0(G ) . This means /  G Z +  R!0(G) =  R' (G) . So we 

can conclude R(G) =  R'(G) .
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It is also immediate that for any subgroup H  of G , the group homomor­

phism Indfft maps R'0{H) into R'0(G) because elementary subgroups of

H  remain elementary in G .

C laim  II. I f  G is elementary, then we have R(G) =  R ' ( G ) .

Proof. First, let us remark on the behavior of Indffi when H  < G and 

G /H  is abelian. By lemma 1.2.4 and lemma 1.2.11,

Ind%( 1) =  5Z <P
€ G m 

¥>l H = 1

Here G* is the character group of G . If we write

J n d g ( l)  =  [ G : H \ -  1g  + Y .  (<P~la)
V €  G*
<P\H =  1

then it becomes clear that Indfft maps R ' (H ) into R ' (G ) .

Now, suppose Y  is the set of all maximal subgroups of G . ( H  is maximal 

if there is no subgroup K  satisfying H  C K  C G . We will exclude G 

from Y  .) Recall from claim I that the normalizer N(H)  for each H € Y  

cannot be H , which means that H  < G as H  is maximal. As a result, 

G/H  is a non-trivial group with no proper subgroup. In other words, it is
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cyclic of prime order. Therefore, the previous remark on Ind% applies to 

all H  G Y . i.e. Indfft maps R' (H ) into R'(G) for all H  G Y .

We are in the position to prove claim II by induction on the order of G . 

When |G| =  1, both R(G) , R'(G)  are isomorphic to Z . Let |G| > 1. 

Then it follows from the Brauer induction theorem in chapter 1 that R(G) is 

generated by one dim ensional representations of G together with elements in 

Ind%(R(H)) where H  e  Y  . Meanwhile, the induction hypothesis implies 

R{H) = R'(H)  for all H € Y . So Ind%(R{H)) = Ind%(R'(H)) C 

R'(G ) . In addition, since G is elementary, we conclude that for every one 

dimensional representation (i.e. character) (p of G

<P =  1 g +  ( ^ — 1 g) £ Z +  R!a(G) =  R \G )

In summary, R(G) =  R'(G ) . ||

Having established the above claim, we proceed to the general case when 

G is not necessarily elementary. Suppose X  is the set of all elementary 

subgroups of G . According to the Brauer’s induction theorem in chapter 1,

1g = Ind%(fE) where }E € R(E ) .
E€ X
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Given p € R(G) , let Pe  = Je ® R cse{p) , where R ess  denotes the 

usual restriction map from R{G) to R(E ) . Then

J2  Ind%{pB) =  X ! Ind^(fE)  ® P = 1 g ® P  =  P
E<ZX E<=X

In case p(l) =  0 , it follows that ps{ 1) =  0 and ps  € R'o(E) by claim 

II. However, remember Ind% maps R'0{E) into Rr0(G ) . Hence

p( 1) =  0 => p = E  J”4 0 >b ) € K(G)
E&X

and we arrive at the lemma, which is equivalent to R'{G) =  R(G) as 

pointed out before. ||
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CHAPTER THREE

3 Root Number Identities

In this chapter we prove the main theorem stated earlier, using the three 

fundamental root number identities discussed in section 3.1. First we assume 

the local Galois group Gol{K/F)  is nilpotent. Section 3.2 establishes the 

main theorem for this particular case. When Gal(K/F)  is not nilpotent, we 

need the extra dimension in Weil group to complete the argument. So a Weil 

group version of the main theorem is formulated and proved in section 3.3. 

We end the chapter with Tate’s outline [23] of how to extend the definition 

of root number to the context of Weil groups.

Unless we state otherwise, all the fields are finite extensions of a p-adic 

number field, i.e. they are local fields. We will say that a field X  is 

a subfield of a  field extension B /A  if A  C X  C B . Such X  is 

called proper in case it is neither A  nor B . Throughout this chapter, by 

a  quasi-character on the multiplicative group of a local field F  we mean a 

continuous homomorphism from F x to the non-zero complex numbers. The
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root number for a quasi-character <p will be denoted by W(<p). It is defined 

by the same formula given in the introduction. (See definition of the abelian 

root number.)

3.1 T hree fundam ental identities

There are three root number identities that mirror the generators of the 

kernel of Brauer induction in theorem 1.4.1. In some sense special cases of 

the main theorem, these identities axe the subject of the next chapter and 

will not be proved here.

For any abelian Galois extension E / F  and quasi-character <p on F x ,

w(ipo ne/f ) n w(/*) = n wivn)
#i 6 S{E/F) fi € S(E/F)

where S (E/F)  consists of characters of F x which annihilate the norm

group N e /f {Ex) . T his is ou r 1st identity.

As a  demonstration, we assume ip has finite order for the moment and

translate the 1st identity into a special case of our main theorem. First,

Lem m a 3.1.1. Let G =  Gal{K/F)  be abelian and G* be its character
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group. If x  is a character of H  =  Gal{K/E)  C G , then

w(x) n wy) = n ffw<p' € G* v> € G*
V>' l«  =  1 ¥> l«  =  X

follows from the 1st identity.

Proof. Let us identify x  as a character of E* and p , p'  as characters 

of F x via the reciprocity map. Then <p o Ne/f =  X • Moreover, if we fix 

one such p , all others in G* with the same restriction p\  h = X will be 

of the form p  • p ' . Finally, each p' can be interpreted as a character of 

Gcd(E/F) and therefore identified with some p in S (E /F ) .  ||

Conversely, if we start with an abelian extension E / F  and a quasi-character 

p  of finite order, then the kernel of p  must be a  norm group N b/f (Bx) 

such that B / F  is cyclic. So the field K  defined to be the composition 

E  • B  is abelian over F . As in lemma 3.1.1, let G =  Gal(K/F)  and 

H  = Gcd(K/E).  Via the reciprocity map, p  can be regarded as a character 

of G . Suppose we define x  = \h ■ It is a consequence of lemma 1.2.4 

that

7ndg (x -  1) -  { Y ,  (V ~  x) “  Y  y  ~  !) } =  0
¥> € G* ip' € G*

v> \h  =  X p ' \H  =  1
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Hence we expect from the main theorem

w(x) n ww) = n %)
e g -  

V I f f  =  X

which is the 1st identity as explained in the proof of lemma 3.1.1. In this

sense, we say the 1st identity is derived from a special case of the main 

theorem.

We proceed to state the other two root number identities.

Suppose G = Gal(K/F)  is the direct sum Zg ® Zg of two cyclic group 

of prime order I .  Let x k  be a character of K*  such that Xk 0 & =  Xk  

for each a € G and Xk ^  X f  ° N k / f  for each character x f  of F* . 

Given two distinct subfields L \ , L 2 of K / F , both of which have degree 

£ over F , if x u  and xl? are characters of Xf and Xf respectively 

satisfying

XLi 0 Nk/Li =  Xk  =  XL? 0  Nk/i*

then

|1 S S(Li/F) F' € StM/F)
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where S(Li /F ) consists of characters of F x annihilating N ^ / p i L ? ) . This 

is the 2nd identity.

Finally, let G =  Gal{K/F)  be a semi-direct product H  - C  such that

(a) H  *  {1}

(b) C  is a non-trivial abelian normal subgroup which is contained in every 

non-trivial normal subgroup of G .

Suppose C  =  Gcd(KfL) and H  =  Gal(K/E) .  Consider the G-action on 

C  *, the character group of C , by conjugation. If T  is a set of representa­

tives of the orbits of this G-action, we denote the stabilizer of /x € T by 

G^ =  Gal(K/Ffj) . Notice that a representative n determines GM up to 

a conjugacy class. Moreover, we have G^ =  (GM n  H)  • G and a character 

n' of Gm defined by

n \ h  c) = {jl( c )  where h e  G ^ D H  and c €  C

In other words, fi! extends /x. Now for any quasi-character x  on F x,
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W ( x ° N e / f ) n  » 'W  = VK(x) n  W ( ^ ' - ( x o N Fr/F))
M € T A* € T
M 9s 1 A* 5* 1

T his is th e  3 rd  identity . Here we interpret //' as a character of F* via 

the reciprocity map.

3.2 The existence o f local root num bers

By a local Galois group we mean the Galois group of a finite Galois extension 

over a local field. Recall from chapter 2

The main theorem:

Let G be a local Galois group. Given YLi niI'n^Hi{Xi — 1) =  0 such that 

each ni is an integer and each Xi w a character of Hi with abelian root 

number W (xi), we have f i t  W’(Xi)n' =  1 •

Its proof is broken into three parts: the abelian case, the nilpotent case and 

the general case. Section 3.2 addresses the first two cases, while the proof of 

the general case appears in section 3.3. We will assume all three root number 

identities in 3.1 throughout the remainder of chapter 3. First,
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T heorem  3.2.0. If G is abelian, then the 1st identity implies the main 

theorem.

Proof. Let (H ,x) £ i?+(G). By lemma 1.2.4, we conclude that 

or equivalently,

=  X

(ff,x) -  £  (G.p)
¥>l» =  X

belongs to ker(bc) , the kernel of the ring homomorphism be in 1.1.

In particular, the following belongs to ker(ba) ■

(H ,X) - ( H ,  1) -  Y .  «? .¥> )+  £  <G^ ' )
=  X < /l«  =  1

Since G is abelian, both (p and <p' exist, and the number of ip is equal to 

the number of <p'. Therefore,

(H ,X) - ( H ,  1) -  £  [(G,if>)-(G,1)] +  £  [(G,V') - (G ,1 ) ]
<p \h  =  X •p 'Ih  =  1

is in ker(bc) ■ Meanwhile, according to lemma 3.1.1, the 1st identity asserts 

that
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Now we put this observation into the perspective of our main theorem. Sup­

pose £  i ni [{HhXi) ~  (Hi, l)j € ker(ba) . We have already seen that

! > { ( « ■ < •  * ) - ( « . ! )  -  E  [(G.w)-(G.l)] +  E  [(G ,pi)-(G ,1)]|
* ^ =  Xi ‘P'ilHi = 1 *

' -----------------------------------------------------------------------------------------------------------------------------------------------------------------V-----------------------------------------------------------------------------------------------------------------------------------------------------------------'

R

is in ker(bc) . Let us denote this relation by R . Just as before, the 1st 

identity implies

n„  f w fe )  W ( ^ ) r  t 

*1 ) =1
due to lemma 3.1.1.

So, to complete the proof of theorem 3.2.0, we must show

n r V ” 1 = i (3.2a) 
• i * , ? . .  w ( ^ ) J

As both R  and J2 i ^  [(Hi, Xi) ~ (H , 1)] belong to ker(bc) ,  their differ­

ence i [(H, xi) ~  (Hi, 1)] — R stays inside the kernel as well.

E  "*{ E  [(G,<ft)-(G,1)] -  £  [(G,»>;)-(G,1)]} £ ker(bo)
* ^ =  Xi ‘P'lHi =  1 '

which means

S  "i {  £  (<Pi ~  !) ~  £  (<Pi -  x) j  = 0
* ^ 9 i |« i  =  Xi = 1  '
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However, being irreducible characters of G, all the (pi and constitute a C- 

linearly independent set of class functions (see Serre [19, 2.5]). Consequently 

the exponents of on the left hand side of (3.2a) must add up to

zero, and so are the exponents of . We have proved (3.2a) and

hence theorem 3.2.0. 11

With the abelian case established, the next two theorems complete the 

nilpotent case.

T heorem  3.2.1. I f  G is nilpotent, then the 1st and the 2nd identity imply 

the main theorem.

Proof. Because G is nilpotent, its center Z  is non-trivial. Assume 

X) i ni [(Hi, Xi) — (-Hj, l ) j  € ker(bc) . It follows from lemma 1.2.6 that

-  £  (ffiZ,*;) + £  &&<<>,)
X j l t f ^ X i  <Pi\Hi = 1

is in ker(bHiz) ■ Consequently,

£  (HiZ.xi) -  £
* ^ xjl/fj =  Xi <Pi\Hi = 1

must belong to ker{ba) ■
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Moreover, because there exists at least one x'i as explained in the proof of 

lemma 1.2.6, the number of x'i is equal to the number of ipi. Thus we have

' -------------------------------------------------------------------------------------------------------------------------------V ------------------------------------------------------------------------------------------------------------------------------- '

Si

belongs to ker(bc) ■

Let £  i Tk Si represent this last relation. Then

£ » ( [ ( « ,  =  £ n i S ( + £ m {  [(fli,* ) - ( # ,  1)1 -  S i }
i i i I ' --------------- *--------------- ')

Ti

If Ti denotes [(#,, Xi) — {Hi, 1)] — S, on the right hand side of the above 

equality, we claim that

Claim. Ti G ker{bHiZ) implies

W te) wbn . ,  W(W) _  t

Proof. Notice that not only is ker(xi) normal in H, , it is also a nor­

mal subgroup of H iZ . According to lemma 1.2.9, Ti comes from a sim­

ilar relation in ker (bHiZ/ker fa)) yia the map infl . However, the quotient 

HiZ/ker(xi) is abelian because the commutator subgroup [HiZ, HiZ] =
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[Hi, Hi\ C ker(xi) ■ Hence theorem 3.2.0 applies, and our claim follows, as 

the abelian root number is insensitive to infl . ||

As a result of the above claim,

n

X ^ H j  =  X i

So it remains to prove that

ln  n wW) ; -

n { r  = 1 (3.26).
* I . lHn . ,W t e )  /

Because Y i  ^  Si G ker(bc) , this particular identity (3.26), and there­

fore theorem 3.2.1, follow from

T heorem  3.2.2. I f  G is nilpotent with non-trivial center Z  and we have 

Y ,  i nt [ ( i f , ,  X i)  ~  (Hi, l ) j  G ker(bc) such that Z  C  Hi for all i , then

n = i

Proof. We are going to prove theorem 3.2.2 by induction on \G/Z\. 

When the order of G /Z  is 1, theorem 3.2.0 applies. Hence, let us assume
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\G/Z\ > 1 . Because G is nilpotent, so is G /Z . By the definition of 

nilpotent group (see chapter 2), there exists a normal subgroup G\ of G 

such that G ifZ  is non-trivial and is contained in the center of G /Z . Select 

a subgroup C  from G\ with Z  C C  and \C/Z\ =  I a prime. Then C 

must be abelian as C  modulo its own center is isomorphic to a quotient of 

C /Z  which is cyclic. Moreover, being in the center of G /Z , the quotient 

C /Z  is normal in G /Z , and therefore C < G . Consequently, G contains 

an abelian normal subgroup C  that is central modulo Z  with [C : Z] =  I 

a prime.

Suppose theorem 3.2.2 holds for any nilpotent group G such that k >

| G /Z  | . Given G with \G/Z\ =  fc +  1, we consider the following relation

in ker(bHiC) > which is obtained from lemma 1.2.3.

(H{,x , ) - (H {, 1) -  {  Y. ((H,C)„, { * , / • } )
I  M €  C * / ( « i C )

X i l H j O C  =  / 4 / ^ n C

-  £  ( ( t f < c y ,{ i ,M '} ) } (3.2c)
(X' € C'/WiC) j
A*'l tfific = 1

It is understood that if Hi D C , then the brace at the end is equal to 

(Hi, Xi) — (Hi, 1) , or equivalently (3.2c) becomes zero.
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Suppose C  is not contained in H i . On one hand,

£  ( ( f t C V , 1 )  -  £  ( ( f l i c v . i )
M e  C ' / l H i C )  €  C - H H i C )

X i|w 4n C  =  lA HiHC  M'l/fil-lC =  1

can be viewed as an element of R+((HiC)/C) ; on the other hand, the virtual 

representation

a  =  52 (1) — 52 (*)
m e  c - / ( « i C )  M'  e  c - / ( H sc>

XilHific = Hr/jOC M'lz/jHC = 1

has dimension zero because the relation (3.2c) implies a =  Ind#’c  (xi) — 

Ind% f (1). It follows from lemma 1.2.11 and Brauer’s theorem (chapter 2) 

that

o’ = 52 rrnj Ind^lf. (ay -  1)
3

where all Kij contain C  and all annihilate C .

In the case C  is already inside Hi , we notice that the virtual representation 

<7 =  0 . So, and a*,- exist only when C  is not contained in H i .

Other than this exceptional case (Hi D C ), we see that

£  ((//<<?)„, l )  -  £  ( ( f tC ) , , , 1 )
M € C ' J ( H i C )  s  € C- / ( .HiC)

X tlH jO C =  /*|ff4n C  M 'li/jn C  =  1
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~ S  "V* [(K& Qij) ~  (K H’ l )]
i

is a relation in kerfijjic) , and due to (3.2c), so is

( # , * ) - ( # ,  1) -  {Mi -  iVf} -  £  my [(ffy ,ay )-(ffy , 1)] (3.2d)
5

if

M  =  E  [ ( ( « < ? ) „  ,  { * , / * }  )  -  ( (HiC)r , 1 )]

and

p  €  C * / ( H j C )  

XtlHjOC = l̂/ZjOC

JV, =  E  [ (W C V  . { ! . / • ' } ) - (  .  1)]
M' e c ' H H i C )

M'l^nc = 1

In the case Hi D C , the above relation (3.2d) can be adopted. Simply 

take Mi = (Hi, Xi) ~  (Hi, 1) and Nt = 0 . Also the terms involving K tj 

do not exist in this case as explained before.

Now, given £  i ^  [(Hi, Xi) ~  (Hi, 1)] € k er fa )  with Z  C  H i, w e  can 

conclude that both

52 m [(H i,X i)-(H i,lj\ -  52 m { M i- N i}  -  52 [ ( ^ a i i ) - ( ^ 1)]
i i ij

and

Y^Tii{M i -  N t} +  52 “  (K ij> !)]
i * ,i
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belong to ker(bc) -

These two relations in her (be) will be dealt with separately.

First, C  is contained in the subgroups (H i C and (HiC)y/ which 

appear in the sums Mi and iV* respectively. Also all Kij D C  by con­

struction. Hence, the identity

f  p „ € C V ( H j C )  W ( { X i , A *}) n

J JJ XilH.no = /»lH,nc---------  I Yl W {aij) * ”*  =  1 (3.2C)

I  4 L „ ' € C . W )  -1 J  4 - i
= 1

comes from the second relation Y  i n, jiWi — AT,} +  Y  i j  riirriij [(Ay, ctij)— 

{K^, 1)] according to the following claim whose proof appears at the end of 

this section.

Claim  I. If Y i  ni [{Hi,Xi) — {Hi, 1)] € k&ripc) such that C C H i, 

then the induction hypothesis of theorem 3.2.2 implies r i i  =  1 •

Next, we look at the first relation,

53 rii [(ifi,Xi)-(-ffi,l)] -  13 rii [Mi -  Ni] -  53 *)]
i i i j
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We have already seen earlier (cf. (3.2d) ) that

(Hi,Xi) ~  (Hh 1) -  {Mi -  Ni} - Y ,  [(Hij^ij) -  (Kij, l)j
j

belongs to h e r o ic )  ■ So, the identity

W (X i)  m'6CV(H,C) W ( { l , / i ' } )
-------------------M,|Hinc = 1------------------------- =  1 (3.2/)

M € CV(HiC) W ( { X i , f j } )  n  j  W ( a ij ) m'i
XilHjDC = MltfjOC

results from the induction hypothesis if G =£ HiC, as we assume Z  C Hi .

In the case G =  i / ,C  , we need a more specific description of subgroups 

as well as their characters a*,-, which have been constructed by means 

of Brauer’s theorem such that

Y  my IndK°  (<*ij ~ 1) 
j

= Y  C1 )  -  Y1 C O
n  6  c -H H iC )  p f e  c - / (H iC )

X i l / f j n c  =  ^ \H t n C  / i ' l  j ^ n c  =  1
'  v  '  >   '

where all Kij contain C  and all otij annihilate C . To simplify the nota­

tion, we write this defining property of K\j and as

P  -  Q =  Y  IndK °  K -  -  1) (3-2p)
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Since Kij and c*y exist only when C  is not contained in H i , let us assume 

that Hi 2  C . Taking into account Z  C Hi and [C : Z] =  I a prime, we 

can conclude that Hi fl C = Z . As a result, the number of /z' in the second 

sum Q on the left hand side of (3.2^) with the condition /z' l^nc =  1 

must be exactly I . These fi' form a cyclic group of prime order I and their 

respective stabilizers (HiC)^> are all identical. On contrary, in the first sum 

P  on the left hand side of (3.2g) , we observe the number of such character 

fi € C*/(HiC) is either 1 or I . To summarize,

Claim  II. Assume Hi 2  C . Then the sum Q consists of I terms and 

we have HiC = (HiC)^ , while the sum P  either contains I terms or just 

contain one term, according to whether [HiC : (HiC)/i] equals one or I .

We defer the proof just as in claim I. The above claim yields two scenarios. 

If P  contains I terms, then [HiC : (HiC)^] =  1 and P  — Q — 0 . So 

and a^- are redundant. The relation (3.2d) is reduced to

(Hi.Xt) -  (Hh l)  -  j  £  [(J/(C ,{x,,/>} ) - ( f l iC ,l) ]
I m e c - / ( H i C )

X i\z  = tAz' ^
Mi
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-  E  [ ( / f (c , { i , / } ) - w c , i ) ]
jx' €  C - / ( H 4C)

(l'\z  =  1>   '
Ni

If P  contains just one term, then [HiC : (HiC)^] = I and 

P — Q =  I nd(j£c)p (1) — ^(1)

To determine and ctij in this second scenario, we rewrite the right hand 

side of the above equality by

Claim  III. The stabilizer (HiC)p is normal in HiC . Moreover, we obtain 

the decomposition

I n d\H%)p (•*•) =  5 1  r
r € (HiC)'
d(»iC)^=l

where (HiC)* stands for the character group of HiC .

Pending the proof at the end, we apply this claim to rewrite

P  -  Q = E  (T -  !)
T €  ( H i C ) '

TI(»<C)„=1

Compare £  T € (H.C). (r — 1) with the right hand side of (3.2g) . It
Tl («<C)M=1

follows that we can take Kij = HiC and =  r  with mij = 1 .
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Then the relation (3.2d) becomes

-  £  [ ( f l iC ,{ l , / i ' } ) - ( f l iC , l ) ]  -  £  [(flIC ,T ) - ( « C ,l ) ]

Our goal is to establish the same root number identity (3.2/) from the 

relation (3.2d) for the case G  =  H i C . So far, we have seen the relation 

(3.2d), which belongs to ker(bHiC) ,  h* three different forms:

Case 1  C  C H i .  Then we may set M i  =  ( H , X i )  — ( H i ,  1) and 

Ni =  0 . In this case (3.2d) is zero, and identity (3.2/) is a  triviality.

Case 2 C  % H i  and [ H C  : (H i C )#t] =  1 . Then (3.2d) is reduced to

it „ _
n ' \ z  =  1

T 6  ( H i C ) -  

Tl(«iCV=l

It S C '
X i \ z  =  H z

V
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Case Z C % Hi and  [HiC : (HiC)^] = I . Then the relation (3.2d) 

becomes

( « , * ) - ( « ,  1) -  (  [((HiC),. {»,/*})

Mi

-  £  [ ( « C ,  { 1 , / . ' } ) - ( f l i C ,  1)] } -  £  [(HiC.r) -  (H,C, 1)]
n'  € C* J  t  € (H iC)*

M 'lz  =  1 T |(H iC )u = 1,  ̂ ,
Ni

Fortunately, our next claim, which will be proved later, shows that the in­

duction hypothesis will handle all but one extreme case.

Claim  IV . The fact that C is central modulo Z  implies Hi < G =  HiC . 

In addition, A  =  ^  g ker(xi) 9~l n°l onty a normal subgroup ofgee

G = HiC but also a normal subgroup of (H i C .

According to lemma 1.2.9, we can now conclude that the relation (3.2d) in 

kerlpHiC) comes from a similar relation in kerlpHiC/A) regardless of case 1, 

2 or 3. With G =  H iC , let us denote the center of G/A  by Z{G /A) . 

Then

\ Gf Z \  > \ G \ / \ Z A \  = | G /A  | /  | {ZA)/A \ >  | G/A  | /  | Z(G /A) \
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The first inequality from the left is strict unless A C  Z , and the last 

inequality is strict unless (ZA)/A =  Z(G/A). Consequently, applying 

the induction hypothesis to the relation in ker(bff{c /A ), which is inflated 

to (3.2d), yields the identity (3 .2/), unless both A C  Z  and Z/A = 

Z(G/A) are true.

It remains to consider the extreme case in which all of the followings hold

(i) G = HiC

(ii) C % Hi

(iii) A C  Z

(iv) Z/A = Z{G/A)

First of all we note that G/A = (HiC)/A is equal to (Hi/A) • (C/A). This 

product does make sense because the subgroup A C Z = Hi n C is 

normal in G and C/A < G/A . Also, we have Hi/A D C/A =  Z/A . 

Besides, it follows from claim IV that Hi/A < G/A . As a matter of fact,
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since

A = pi g ker(xi) 9~l =  f |  fcer(xf ')  2  [-Hi, -HT*]
9 € G g € G

Hi < G by claim IV

(3.2ft)

we see that the commutator subgroup [Hi/A , Hi/A] must be trivial, and 

therefore Hi/A  is abelian. In addition, if Xi(z ) =  1 with z € Z , then, 

by the definition of A , we notice z  must be inside A  . Hence the quotient 

Z /A  is cyclic.

Recall that in case 2, we have C  % Hi and [HiC : (HiC) ]̂ =  1 . 

Suppose f j . E C *  such that Xi \ z — 9- Iz  ■ Then given h € Hi and 

c € C ,

fi{hch~l) =  /x(c) =4> 1 =  jx{hch~1c~l)

Because the two subgroups Hi and C are normal in HiC and the inter­

section Hi D C  coincides with Z , the commutator hch~l c~l always stay 

inside Z . As explained above, it follows from the definition of A  that

fj,{hch~x) =  fi(c) = >  1 =  fi(hch~l c~l) = >  hch~l c~l € A
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(3.2*)

Since (3.2h) confirms H i/A  is abelian, (3.2i) means that the premise

[.HiC : (HiC)p\ =  1 in case 2 implies H  is central modulo A . Now, 

adding condition (iii) and condition (iv) , we see that Hi is central mod­

ulo A  if and only if H i/A  = Z / A , which contradicts the assumption 

| G /Z  | > 1. In other words, case 2 can be handled solely by the induction 

hypothesis, while (iii) and (iv) only occur in case 3.

In summary, by assuming (i) , (ii) , (iii) and (iv) , we can conclude that

(a) G /A  =  (Hi/A) • (C/A) .

(b) Hi/A  n  C /A  =  Z /A  .

(c) Hi/A  is an abelian normal subgroup of (HiC)/A .

(d) ker(xi \z ) = A  .

(e) [HiC : (H iC)^ = I (case 3).
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C laim  V. Suppose G =  HiC and C % Hi . I f

A  = pi 9 ker(xi) g 1
g & G

is a subgroup of Z  such that Z /A  coincides with the center of G/A , then

(3.2/) is the same as the 2nd identity.

Once claim V is proved, (3.2/) follows from (3.2d), regardless of whether 

G = HiC or not.

Now, for each i , we have established a root number identity (3 .2/). Take 

the product of these root number identities over all i .

Multiply the above identity by (3.2e). We arrive at the result of theorem 

3.2.2 and subsequently that of theorem 3.2.1 as well. ||

To complete the proof of theorem 3.2.2, we now verify claim I, II, III, IV

W(Xi) M' € C * / ( H i C )  W({l,/ti'}) 
____________M'lHjl-lC =  1__________________

XilWiClC = Htfjl-lC

1

and V.
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Claim I. I f  E i  rii [(Hi,Xi) ~  (Hi, l)j e  ker(ba) such that C  C H i, 

then the induction hypothesis of theorem 3.2.2 implies 11* WOe*)”4 =  1 •

P ro o f of claim  I. Because the abelian root numbers are insensitive to 

the G-action according to lemma 1.2.10, we can select an element from each 

G-conjugacy class (Hi, Xi) — (Hi, 1) so that lemma 1.2.5 can be applied to 

53 i rii (Xi) — Indfii (1)] =  0 . In other words, we must assure

Xi\c ±  Xj\c if and only if Xi|c 7  ̂ (Xy)lc for all g E G .

Fix a complete set T  of representatives of the G-orbits that contains Xi\c 

for all i . Given a fixed non-trivial fi E T ,

53 Th (Hi, Xi)
X i | c = M

belongs to ker(bc^) according to lemma 1.2.5. Similarly, we can conclude 

that

E  - ( « . ! ) ]  -  E  M - f f i . l )
X i | c = l  X i l c ^ l

is a relation in ker(bc). Indexed as above,

53 ru lru ffi i  1)
x « l  c = m

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



101

and

H  n iJn d g .(l)  .

are virtual representations of dim ension zero. By lemma 1.2.11, they are 

inflations of similar virtual representations of G ^/C  and G /C  respectively. 

So, the Brauer’s theorem in chapter 2 produces subgroups VS/I D C and 

characters As annihilating C such that

V i i  I n t f *  I X  - 1 1  -  /  ^  x i l c - v

t  *" V- '( K  ] ~  I - W .  - / « < 4 ( i )

i t j t  i

,(i) e  =  i

As a result, for all n  G T

E  n i [ W , » ) - ( f f , , l ) ]  +  E M W , . * * . ) - ^ . . . ! ) ]  e  *=er(ito.)
Xilc=/* V V ■ ■ ~  /

(3.2?)

If we let

then /xer Jn € ker(bo) . In fact, as an element of R+(G)

turns out to be zero. It follows that

n n ww*" = i (3»).
/i€ T
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Now we return to the key relation (3.2j ) . Because the kernel ker(fj) of /x is 

normal in , lemma 1.2.9 says that (3.2j )  comes from a similar relation in 

ker^G^/ker^)) via in f  I . We will show that the induction hypothesis applies 

to such a relation in ker(bc /kerfa)) (a preimage of (3.2j )  under i n f  I ).

Given g G , the diagram below is commutative.

C/ker(fi) A  S 1 

gxg-1 4 /■ fx

C/ker(ff)

Here S 1 stands for the unit circle in the complex plane. Therefore, C/ker(fi) 

stays inside the center of G ^f ker(ff) , which will be denoted by Z(G ^/ker(g) ) . 

In particular,

| (G^/kerin)) /  (C /kerfa )) | >  | (<G Jker(ii)) /  Z{G,,/ker(g,)) \ .

On the other hand

I G /Z  | >  \G „ /Z \ > \G J C \  =  | {GJker(jj)) /  (C/kerlji)) \
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So the induction hypothesis applies to relations in kerfic^/ker^ ) ) , and yields

n w'ter n w(K)d-“ = i
X i\c = H  Sl1

Hence,

n { n w'fcr = i
ix e T  I  Xi|c=/* sm J

or equivalently,

(n^torU n = i •
I t  J I /* € T S/i J

Dividing this by (3.2k ) , we obtain the claim. ||

Claim II. Assume Hi 2  C . Then the sum Q consists of I terms and we 

have HiC = (HiC)^>, while the sum P  either contains I terms or just 

contain one term, according to whether [HiC : (HiC)^} equals one or I .

P ro o f of claim  II. Because, [C : Z\ =  I and Hi contains Z , the 

characters in C* that annihilate Hi fl C  =  Z  form a cyclic group of prime 

order I . Let a  be a generator of this cyclic subgroup of C *. Then ( a )  

is closed under the conjugation by G =  H iC . In other words,

(v*)9 k n c  = 1  for all g G G .
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Under this G-action, ( a ) is divided into equivalence classes, each of which 

has [G : G<jk] number of elements. However a9 = a  means (a*)9 =  <r* 

for all k . In addition, any crk ^  1 is a generator of ( a ) .  It follows

Ga =  Gak as long as 0 <  k < I , and we only need to examine one

stabilizer Ga • Since C is abelian, it is sufficient to consider the same 

action by H i . Recall that C  is central modulo Z  . So, given h € Hi and 

x  € C , we have

a(hxh~ l) =  cr(rrhzh_1) 

where h~l x~l h x  = z € Z . Hence

a (hxh~l) =  a (x h zh ~ r) =  a(xhh~1z) = a(xz) =  a(x)

and this implies G = Ga ■ Now it is immediate that the sum Q consists of

I terms because we have HiC — (HiC)fl' .

As for the sum P, let us fix one such fx . Then the others are of the form 

fit7fc . As we have seen already, G =  . Thus, GM =  G ^ f o r  all k ,

which means [G : Gp] divides the prime I. Consequently, [G : GM] either 

equals 1 or I, and P  either contains I terms or just contain one term. ||

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



105

Claim III. The stabilizer (HiC)ft is normal in HiC . Moreover, we obtain 

the decomposition

(-0 ~  XI T
T 6  (WjC)*

= 1
where (HiC)* stands for the character group of HiC .

P ro o f of claim  III. The statement is trivial if [HiC : (HiC),/) =  1. 

Hence we can assume Hi 2  C . According to claim II, it remains to prove 

claim III for [H{C  : (HiC)#t] =  I . Because C  C (H i C , let us consider 

h(HiC)nh~l with h e  H i . In fact,

H H iC ^ h -1 = (H i C .

Notice that p/1-1 \z =  P \z ■ So p ^ 1 = a p  for some a  € C* such 

that a \z =  1 • Just as the argument in the proof of claim II, we have 

HiC =  (HiC)a , which implies (HiC)^ =  (HiC)^p) . Therefore

(HiC),, =  =  M f tC V /T 1

and (HiC),j. < H iC . It follows that (HiC)/(HiC)^ is cyclic of prime order 

I . By lemma 1.2.4,

Ina(HiC)r/(HiC)„ W
r 6
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If t is interpreted as a character of (HiC)* via the canonical projection 

proj : HiC —> (HiC)/(HiC)^ , then lemma 1.2.11 asserts that

(i) =  Il I  T ■r € (HfCr 
T|(HjC)M = 1

Claim III is now established. ||

Claim, IV. The fact that C is central modulo Z  implies Hi < G =  HiC . 

In addition, A  =  f | 9 ker(xi) 9~l is not only a normal subgroup of
9 €  G

G — HiC but also a normal subgroup of (HiC)u .

P ro o f o f claim  IV. It is enough to show c(Hi)c~x C  Hi for all c 6 C . 

Given h € Hi and c € C , there exists z € Z  such that

ch  =  h c z

because C  is central modulo Z . So

ch c~ l = h c zc ~ l =  h z c c ~ l =  h z

which belongs to Hi as we assume Z  C  H i .

To prove the second statement, we will show /i(xyx_1y_1) =  1 for x  e  A  

and y € C . Notice from the definition of A  that A  C  Hi and that there
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exists x ' 6 ker(xi) such that y~l x ' y  =  x~l . Meanwhile, because 

Hi < H iC , we have x y x _1y~l € Z . So

p ( x y x ~ l y ~ l ) =  X i f c y x ^ y ' 1) =  X i ( : c y y _ 1 x ' y y _1) =  Xi ( xx f) =  1 . 

In other words,

f i(xyx -1) =  fi(y)

and A  is a subgroup of (HiC)M . By its definition, A  must be normal in 

(.HiC)M as well. ||

Claim V. Suppose G =  HiC and C % Hi . I f  A  =  f) 9 ker(xi) <?_1
9 €  O

is a subgroup of Z  such that Z /A  coincides with the center of G /A , then 

(3.2/) is the same as the 2nd identity.

P ro o f o f claim V. With the four premises, we have already seen that

(a) G /A  is the semi-direct product of (Hi/A) and (C/A) .

(b) H i/A  fl C/A  =  Z/A  , the center of G /A .

(c) H i/A  is an abelian normal subgroup of G/A

(d) ker(xi\z ) , the kernel of the restricted character Xi\z 5 is A  .
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(e) (HiC)fi is a  normal subgroup of index I in HiC .

Let us first show that [Hi: Z] =  I .

Consider a bilinear map u : Hi x C  — » Z  defined by u(h, c) = 

hch~l c~x . Since either h 6 Z  or c e  Z  means u{h,c) =  1, we may 

define u  : H i/Z  x C /Z  — > Z  with the same formula u (h Z , cZ) = 

hch~l c~l . Suppose c0Z  is a generator of the cyclic group C/ Z .  Then, 

due to fact (b) and (c) above, we conclude that u{h,c0) € A  if and only 

if h G Z  . In other words, u (h Z , c0Z) is an injective homomorphism 

from H i/Z  to Z / A . Recall ker(xi \z) = A  . This means Z /A  is cyclic, 

and therefore H i/Z  is also cyclic. Notice that u (h Z ,c aZ )1 = 1 as C /Z  

has order I. Consequently, H i/Z  is cyclic of prime order I.

With [Hi: Z] =  I , we note that the subgroup Hi is abelian. Moreover, 

[HiC : C] = [Hi-.Z] =  I .

Because (H i C D C and [HiC : (HiC) ]̂ =  I , it follows from 

I = [.HiC-.C} = [H iC -.iH iC U m C ^ - .C ]

that {HiC)y, =  C . As a result, relation (3.2d) becomes

I  ' ----------------- v----------------- '
Mi
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-  ■£ [(H 1 C ,{1 ,,J' } ) - ( f l i c ,  1)1 }  -  E  [ ( f l iC ,T ) - ( f l iC , l ) ]
m' € c* J t e («iCj*
m'Iz = 1 T Ic = 1V y, I ^

Ni
(3.2 Z)

(cf. case 3), and the identity (3.2/) is reduced to

W (» ) . 'P c - W({1,M'})
________M'lj? = 1____________  _  ^

. « 0 ,0 - W(t)
T lc = 1

Now, we must show that this is precisely the 2nd identity in 3.1.

Let HiC  =  Gcd(E/F) , Z  = Gcd(E/K) , Hi = Gal{E/Lx) and 

C = G al(E /L2) -
E

K

I j  \^l  (3.2m).

L\ L2

' \ / '
F

Because C % H i, the fixed fields L x and L2 are distinct. Moreover, 

Hi < HiC  implies [ H C : Hi] =  [G: Z\ = I .
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Since r  € {HiC)* satisfying r  | =  1, it can be seen as a character of

the Galois group Gcd(L2/F ) .  Via the reciprocity map, we conclude that 

r  G S{L i/F ) . Similarly, { l ,/ /}  G {HiC)* is trivial on Hi by definition.

So {1 ,/z'} can be seen as a character of the Galois group G al{L i/F ). Via 

the reciprocity map, we have {1, /j,'} G S{L i/F ) . It remains to check the 

other premises leading to the 2nd identity.

Remember /z has been chosen such that

Xi \z = l*\z (3-2n).

If Xi and n  are interpreted as characters of Lf and respectively by 

means of the reciprocity map, then (3.2n) is translated into Xi ° Nk/Li =

H o NjcfLi • Let us identify X h  with Xi and identify Xu. with [x. We 

will also denote the character Xi ° N k /Li of K*  by x k  ■

In view of diagram (3.2m), the Galois group Gal{K/F) is a direct prod­

uct of Gal{K/Li) and Gal{K/L2) . Suppose aj G Gal{K/Lj) for j  =

1 or 2 . Then

X k  °  Oj =  {XLj o N K/ l j )  0 <?j =  X l s 0 { N k / l ,  0 ° j )  =  X l ,  °  N K/Lj =  x k
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from which we obtain Xk  ° 0 = Xk  for all <7 € G aI(K /F ).

Finally, x k  ^  X f  0  N k /f  for all quasi-characters x f  on F x . If on 

contrary such x f  exists, then it must annihilate the norm group NE/F(E*) 

because Xk = Xi 0 Nk/Li annihilates NE/k {E x) . In other words, x f  

can be regarded as a character of the Galois group Gcd(E/F) such that

X f | z =  Xi \ z = v \ z

Consequently, the restriction X f \ c must be equivalent to y  under the 

(ifiC)-action on C* as (3.2Z) indicates the sum M, collapses to ĵ (C, y) — 

(C, 1)] . In particular, the stabilizer of X f \ c is a conjugate of the stabilizer 

of y . However, the stabilizer of x f  |c equals H i C . This contradicts the 

fact that [HiC : (H C )„] =  I .

We have successfully verified all the premises for the 2nd identity, and 

claim V is now proved. ||

3.3 R epresentations o f th e W eil group

Having proved theorem 3.2.0 and theorem 3.2.1, we are in a position to tackle 

the general case. The next theorem completes the proof of our main theorem
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in 3.2 and extends the theory to the context of Weil group.

Let G = Gal(K/F) be a local Galois group. Recall the relative Weil group 

for K /F  is an extension of G by the multiplicative group of K  i.e.

1 — >■ K x —■+ WK/F — > G — * 1

is exact. Analoguous to R (G ) , the group R(Wk/f ) is free abelian generated 

by isomorphism classes of irreducible representations of Wk/f -

Theorem 3.3.1. With the above notations,

(i) G is solvable, and the main theorem in section 3.2 holds.

(ii) i f  J2. (XEj — 1) € R(WK/f ) is equal to zero, then

n w(xEtr> = i
j

where Ej is a subfield of K /F  and XEj is a quasi-character on E f  

of finite order for each j  .

(iii) given any abelian normal subgroup C = Gal(K/L) of G and any 

finite order quasi-character xe  on the multiplicative group of a sub­

field E  of K /F  satisfying x e  ° N k/e = Xf  ° Nk/f for some
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q u a si-ch a ra cter  \ f  on  F x , there are subfields F3 o f  L /F  a n d  quasi­

ch a ra cters  x f ,  on  F* o f  f in ite  o rd er  such  th a t

1 ) Xf, ° N k / f,  is  e ith e r  x e  o N K/ e  o r  1 .

2 )  f o r  so m e  in teg ers  a s , w e h ave

I n d w K% (X E  -  1) = E  a*1™*™K/F, (Xf, ~  1) •
5

3 ) w ith  a s as above

w (xb) = n w(xF.r.
s

For notational simplicity, we will abbreviate the composition x e  ° N k/e  to 

Xk / e  , the composition x f  °  NK/F to x k / f  , and x f , ° N K/ fs to x k / f, ■

Proof. We prove theorem 3.3.1 by induction on |G| =  [K : F ] . Sup­

pose the order of G is 1. The assertion n .  WCx*)"4 =  1 in the main 

theorem becomes a triviality since Xi =  1 for all i . As for statement (ii) ,  

we may assume each XEj is non-trivial since W (l) =  1. Compare the con­

ductors of XEj • Suppose m  is the largest among these conductors. Then 

the restriction of xe, to the unit group UF of the ring of integers of F  can 

be viewed as irreducible characters of the finite quotient Up/Up . There­
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fore, 51 mj (XEj — 1) =  0 implies rrij =  0 for such j  whose XEj is not 

unramified. So it remains to prove the finite product [L W(xEj)mi =  1 

in the case every XEj is unramified. Let £ be the least common multi­

ple of the orders of XEj  • Then each x e 3 can be regarded as a non-trivial 

irreducible character of the finite cyclic group of order £. Consequently, 

53 rrij (XE, — 1) =  0 implies rrij =  0 for all j . Regarding statement

( iii) , we simply take Fs = E  =  F  and x f ,  =  X e  •

Now suppose statement (i) , (ii) and (iii) hold for all local Galois 

groups with order less than or equal to I . This is the induction hypothesis 

of theorem  3.3.1. Let \Gal(K/F)\ =  I  +  1 .

To prove statem ent ( i ) , we consider the following two possibilities 

separately.

Case 1: Hi ^  G f o r  all i .

Case 2: Hi =  G f o r  so m e i .

Let us handle case 1 first. Since theorem 3.2.1 together with theorem 3.2.2
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yield (i) when G is nilpotent, we can assume that G is not nilpotent. 

According to Brauer’s induction theorem, the trivial character of G =  

Gal{K/F) can be expresssed

1 =  E  efc IndS f ( K / Z  (XFk) ■ 
k= 1

Notice that G is not nilpotent imphes Fk ^  F  for all k . Let 14 = 

Gdl{K/Fk) and

S  =  ( G , l )  -  E  ek ly t ,XFt ) ■
k= 1

Then S  6 R+(G) . Lemma 1.2.1 shows that res(S) € R+(Hi) is a 

relation in the kernel fcer(6jyi) of for all i , and therefore so is the 

product res(S) • [(//,, Xi) -  (Hi, l ) j  . When multiplied out, this product 

can be written as a sum in the form of

^  ̂ (Aj>n , Q!i,n) (A^n, l ) j  •
n

Consequently,

0 =  ^ ( r e s f S )  • [ ( « , * )  -  ( J 3 , , l ) ] )  =  E  In d %.» K "  -  ! )
n

to which the induction hypothesis of theorem 3.3.1 applies as Hi ^  G for
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all i . Hence,

n ^ K n ) * "  =  1 (3.3a)
n

for all i .

In fact, if we write (Hi, Xi) — (Hi, 1) as

s - [ W ,  » )  -  (Hu  1)] +  E  e* (Yk, m )  ■ [ w .  * )  -  (Hi, 1)]
k = l

it follows from lemma 1.2.2 that

N

(HilXi) ~  (Hi, 1) =  52 a i,n) — C^*,n, 1)] + 52 ek Rijc
n k=  1

(3.36)

where Ri^  stands for the product (14, X f J  • [ (H ,  x i )  ~  ( H ,  1)] .

We can argue just as above for . Particularly, let us multiply out

0 4 , XFk) • res([(Hi,  Xi) -  (Hi, 1)]) € R+( 14) , and suppose

(14, XFk)'res( [(Hi, Xi) ~ (Hi, l) j  ) =  51 di,k,y [(Bi,k,y, Pi,k,y) ~  (&i,k,y, 1)]
y

Slimming such equalities over i , we have

(14, XFk) • res( J ]  7»i [(Hi, Xi) ~  (Hi, 1)])
i
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— X ! 5 2  ^  di,k ,y  [ (■Si.fc.y 5 Pi,k,y) (Hj^j,, 1)] •
i y

Because res( £ .  rii [(ifi, Xi) -  (.Hi, 1)]) £ ker(byk) , so is

In other words,

52  52 ni ^Ay (ft*y “  1) =  0 .
t y

Since Fk ^  F  implies Vk ^  G , the induction hypothesis yields

=  i  (3.3c).
i y

Meanwhile, summing (3.36) over i produces

Eni[ ( f l i ,X i )  -  (fli .l)] = E E  -  (A». l ) ]
i i n

N  f

"I" )  Sfc j )  ] Ri,k 
k=l I i

By lemma 1.2.2, we see that

52 “H* Ri,k — 52 5 2  ^  di,k,y [ (B i,k,y, Pi,k,y) (B i,k ,y , 1)] •
i  t  y
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As a result, £ .  n, [(Hi, Xi) ~  (Hi, 1)] is equal to

^  ®*>w [(^.niQi,n) — ) 1)]
i n

+  X ! ^  Pi,k,y) ~  (H i,k ,y ) 1)
fc=l I t if

Observe that each term in the above sums is a basis element of R+(G). 

Therefore,

n = (nfn wk.)*- FU n fnn m/w"* *■*- 1 *}
i I £ n J J I k=l i V J >

Now, it follows from (3.3a) and (3.3c) that the products within square 

brackets on the right hand side are trivial. So IJ. W (xi)71' =  1 , and case 

1 is completed.

Let us proceed to case 2. Just as in the previous case, we will assume G 

is not nilpotent. Suppose Hi =  G for some i . By a variation of Brauer’s 

theorem (see chapter 2),

In d fe . (X i -  1) =  Xi -  1 =  J 2  m 3 I n d % j  ( 0  -  1)j

such that m,j is an integer and Q is a character of Dj ^  G for each j  .
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Once it is shown

wfc) = n "w*
3

we can replace those terms in the original sum Y . ^  (Xi ~  1) °f the 

form Xi — 1 by the corresponding Y  mj Ind%. (Q — 1) in order to turn 

case 2 into case 1 which we proved earlier. Particularly,

53 ni Ind%. (xi -  1) =  53 Ind%i (X« “  1) +  53  (Xi “  !) •
i H i^G  Hi=G

which can be written

53 n* Ind%. (xi -  1) +  53 n i |5 3  ny  Ind%. (Q ~  1)
H i±G  Hi=G  I  j

where the index j  may depend on i . If Y .  ni IndffIi (xi — 1) =  0 , then

i = n n {n ww* T
H i#G  Hi=G  I  j  J

by case 1. Hence the following lemma will complete case 2.

Lemma. Suppose G =  Gal(K/F) of order I  +  1 is not nilpotent and Xi 

is a character of Hi — G . If

X i -  1 =  5 Z m 3 Ind%j ( 0  - 1 )  
j

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



120

for some integers mj and characters Cj of Dj 7  ̂ G , then the induction 

hypothesis of theorem 3.3.1 together with the 3rd identity imply

W(x,) =  n W(QT‘ ■

Proof. Let C be an abelian normal subgroup which is non-trivial and 

minimal in the sense that C  has no non-trivial subgroup that is normal 

in G , other than C  itself. Because G is solvable, such C  must exist. 

Specifically the sequence

G D [G, G] D [G, G ], [G, G] j D

terminates. So the last non-trivial group in the sequence will be an abelian 

normal subgroup of G . It is possible to choose a minimal subgroup C  

within this last non-trivial group in the sequence.

Let Dj =  Gal(K/Ej) and G =  G al(K /L). If Xi ~  1 is regarded 

as an element of R{Wk/f ) via the surjective homomorphism Wk/f  —> 

Gal(K/F) , then by lemma 1.2.12

Xi -  1  =  Z  mi Indw%FE} ( 0  -  1 ) •
i
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In the case Dj D C for all j , we have L D Ej 3  F , and the above 

equality implies that as an element of R{Wl/f)

Xi ~  1 =  In d wLL%. ( 0  ~  1)
j  }

in view of lemma 1.2.11 and the surjection WK/F —> WL/F .

Because L /F  is a Galois extension and I  > \Gal(L/F)\ , the induction 

hypothesis of theorem 3.3.1 yields W(xi) =  EL VF(Ci)mj - This proves 

the claim below.

C laim  I. With the notations in the lemma, suppose we have Xi ~  1 =  

Y, rrijlndfff. (Q — 1) such that Dj D C for all j  . Then it follows from 

the induction hypothesis of theorem 3.3.1 that W(Xt) = FI W(Cj)mi •

Now we assume Dj 2  C for some j  . By lemma 1.2.3,

(Dj, 0 )  -  (Ds , 1) -  { £
I  y  €  C ' / i D j C )

<jlDjOC  =  >*1 DjCiC

-  £  m O s A h n ' } )
y< e  C - K D j C )  

n ' \ D j n c  =  1
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is a relation in ker^Djc) • Consequently, the virtual representation

<7 =  £  / « $ £ , „ (  1) -  £  (1)
( I e C*/(Oj C) 6 C*/(DjC)

Cjlo^nc = ^lOj-nc ^'lOj-nc = 1

has dimension zero. Since both (DjC )p and (DjC)^  contain C , the above 

a  is an inflation of a similar virtual representation of the quotient DjC/C  , 

and the theorem of Brauer in chapter 2 together with lemma 1.2.11 assert 

that

<? = Y  9j,s Ind%fa (i'j>s -  1)
3

for some TJ>S D C  and characters v^s trivial on C . As a result, if we set

Ms =  £  [(CPfC),. {&./*}) -  ((DjCVl)]
M e  c - / ( D j C )

<jl£>jnc = ^ D jP tC

and

then

#*' €  C ' / i D j C )  
p'tDsnC = 1

(D j.O ) -  (J5 j,l)  -  {Ms -  JVj} -  £  « ,  [(7* ,, **,) "  P i " 1)]

(3.3d)

is a relation in keripDjc) •
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Let us rewrite Xi ~  1 =  12 . mj  I rû Dj (Cj — 1) in our lemma using the 

above relation (3.3d). Whenever Dj 2  C , we replace the corresponding 

term Ind%. (Q — 1) by

XI IndiDjC)̂  ({Ĉ A*} ~  1) _  XI ({1 ,^ } -  1)
€ C-HDjC) y.' 6 C'/tOjC)

ĵlDj-nC = MlDjnC M'lDjfiC = 1

+ XI <b+ Indr^ K *  ~ 1) -
s

Notice that (DjC)M , (DjC)tt> and Ti,s all contain C . Therefore claim 

I applies, and

.  . . J U

w w  = n " t o m  n ( n ”>;,)*••}
D.DC DjjbC I » , J } /{D.C) W ({l,/i'}) . J

m'IDj-oC = 1

To complete the proof of our lemma, it remains to show that for Dj 2  C ,

W(&) =  ----------  n  W M « ,  (3.3e).
€ C * / U > j C )  S

In case DjC ^  G , the induction hypothesis of 3.3.1 applies to the relation 

(3.3d) and yields identity (3.3e). Henceforth we can assume DjC = G .
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Observe that DjOC < DjC . Since C is minimal by construction, Dj 2

C then implies DjDC = {1} . Consequently the relation (3.3d) becomes

{Dj, GO - { Dj ,  1) -  ■£ [ ( {DjC), A M ) - ( (DjC)„, 1) ]
M e C -/G
S M   ^  i '

M,

+  E  [(( I> iC )„ ,{ l,r f )  -  ( ( 0 ,C % ,1 ) ]  .
(i € C*/G  y     ^

Nj

Notice 7}jS and i/JjS are redundant. In fact, the representation a , from 

which 7};S and VjyS are defined via Brauer’s theorem, is equal to zero when 

Dj DC = {1} .

As a result, we have

1*4%, (Cj~i) -  E  { Ind<pJOp ((Cj,»} ~ 1) -  I*rfDjC)r ({!»A*} “  ! )}  =  0
m e C m/G   ̂ >

which can be inflated to

IndwKK'FE. ( C j - 1) -  E  ({0
J p. e C'/G ̂  ,,M

— — 1 ) | =  0

(3-3/)

according to lemma 1.2.12, if (DjC)^ = Gal(K/Fjyfl) .
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Recall that the centralizer of a subgroup consists of element (s) in G that 

commutes with everything within that subgroup. If there exists a non-trivial 

normal subgroup of Dj lying inside the centralizer of C , then this non­

trivial normal subgroup, denoted by Gal(K/U) , is also normal in D jC . 

Meanwhile, (DjC)fl contains the centralizer of C . Therefore Ej and 

Fjtll are subfields of the Galois extension U/F . By lemma 1.2.11, (3.3/) 

is an inflation of

I n C v% i 0 - 1 )  -  £  [ i n & Z V  ( f c ' " } - 1)
’ /» e C - / C I

_  =  0

to which the induction hypothesis of theorem 3.3.1 can be applied because 

I  > \Gal(U/F)\ .

Hence,

or equivalently

■ »  ■. a,Jstil
This is identity (3.3e) because Dj D C  = {1} means TJ)S and i/jyS are 

redundant.
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We may now assume DjC =  G and there is no non-trivial normal sub­

group of Dj lying inside the centralizer of C . (It follows immediately that 

Dj 2  C and that Dj fl C =  {1} .)

C laim  II. With C abelian and normal in DjC  =  G , if there is no non­

trivial normal subgroup of Dj  lying inside the centralizer of C , then C  is 

its own centralizer.

Proof. Let A  be the centralizer of C . Then, being an abelian group, 

C  C  A . In fact, {A fl Dj) ■ C C A . On the other hand, given h G A  

we can write h =  dc for some d G Dj and some c 6 C . This means 

d = he-1 € A .  So it is possible to conclude that (A D Dj) • C = A .  In 

addition, with x  G AC\Dj , d G Dj and c G C ,

dxdTl c =  dxd*1 cdd-1 = dd~l cdxd -1 = cdxd~l .

(The equality in the middle holds because x  commutes with d~l cd E C . )  

In other words, dxd~l commutes with all c G C . Therefore, d x d r1 G 

AC\Dj , which implies A n  Dj < Dj . However, Dj contains no non-trivial 

normal subgroup lying in A .  So we must have A  fl Dj =  {1} . Now it 

follows from ( A n Dj) - C = A  that C = A .  ||
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Suppose H < G  such that H  2  C . Then HO C  is abelian and normal

H  is contained in the centralizer A  of C . By claim II, H  C C . So we 

conclude H  = H  DC = {1}.

In summary, we have DjC — G , Dj D C  =  {1} and C  is contained 

in every non-trivial normal subgroup of G . Because G is not nilpotent, 

Dj 7̂  {1} • Let S 1 be the unit circle in the complex plane, if we define 

Oj : DjC  —> S l by 9j(dc) = Cj(d) , then 9j is well-defined and it is 

a  character of D jC . Moreover, the fact Q = 9j \oj is translated into 

Cj = Qj ° NEj/F when we view Q and 9j as characters of E f  and F x 

respectively. In addition, examining the character values on (DjC)/1 =  

{Dj fl (DjC)^) ■ C  reveals that =  {1,/i} • {9j 1(^0)^) • Therefore,

under the condition Dj fl C = {1} , identity (3.3e)

in G . Since C  is minimal, this means H DC = {1} which implies that

is exactly the 3rd identity, and our lemma is proved. ||

Case 2 is now completed, and we have shown that statement (i) is true when
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\Gal{K/F)\ =  7 + 1 .

N ext, we prove statem ent (Hi) by elaborating on the argument at the 

end of the proof of statement ( i) . Let C = Gal{K/L) be an abelian normal 

subgroup of G. If C =  {1} , then {Hi) becomes a triviality as E  itself is 

contained in L  =  K . By the same argument, the case C C Gal{K/E) is 

equally trivial. So we will assume C  ^  {1} and C % Gal{K/E).

In the case E  fl L ^  F , the order of GdL(K/E n  L) is less than or equal 

to I , and x e  °  NK/E =  { x f  °  N^ e h d / f )  °  N K / ( E n L )  • Hence the induction 

hypothesis of theorem 3.3.1 implies that there are subfields Fs of L/{Ef)L)  

and quasi-characters x f ,  on Fsx such that

,W fC/(EnL)
WK/E {x e -  i) =

which means

K/(EClL)
rK / E

K / F
rK/{Er\L) t o - D

S

K/{Br\L)
rK /F ,

Moreover.

W(Xe) = n W(xF,r-
S
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Notice that the induction hypothesis has already assured X k / f ,  is either 

X k / e  or 1.

Suppose now E f ) L  = F . Let us abbreviate the composition x f  ° N e / f  

to X e / f  • Because X k / e  is equal to X k / f  , the character x e  • X e / f ' 1 

annihilates the norm group N k / e { K * ) •  In fact, x e  • X e / f ' 1 annihilates 

NK'/E(K 'x ) where K '  is the fixed field of the commutator subgroup of 

Gal{K/E) [2, proposition 4, p.143]. Consequently, x e  * X e / f ' 1 can be 

identified, via the reciprocity map, with a character 6 e  of the Galois group 

Gcd(K/E) =  H . We will abuse the notation and write x e  =  &e * X e / f  > 

interpreting Oe  as a character of E x . By lemma 1.2.3

Ind%(6E) = Y  ({0£.A*}) •
m  e  c - / c  

eE h f n C  =  <*lf i n e

Similarly

/n d g ( l)  =  Y  d 1^ ' } )  •
6  c * / c  

m'Ihoc = 1
It follows from lemma 1.2.12 that the first of these equalities can be inflated 

to

IndwKK% We) = Y  Iru&J* {{9E,t i)
n  e  C - /G  

es \ H n c  =  H //n C
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where =  G a l ( K / F . Inflate the second equality accordingly, and let 

Gyi =  Gal(K/Ffj. ' ) .

Since lemma 1.2.12 is based on the surjection WK/E Gal(K/E) which 

forms part of a commutative diagram

W K / e  — > Gal(K/E) ^ 4  Gcd(K/E)ab S 1 

pr°j. } Z

{WK/E)ab =  WE/E *  E*

with the reciprocity map E x —v Gal(K/E)ab , we can conclude that

(x e ) = { («b ) } ® Xf

=  51 I ndw7,F„ ( { ^ ’ •
M € C * /G

= <*l»nC

This last equahty is due to a commutative diagram (that relates the reci­

procity map F f f  — Gf/* to the surjection Wk/f» — > ) analogous
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to the one above and the fact

f s  ^  {wK/Fltr

NF»/F I  I

F x (Wx/p)*

Subtracting the equation

indZZd) = E  ^ ^ , ( { 1 , / } )
€ C * /G  M

<*'l H n C  =  1

from above, we obtain

I n d w % FE (x e  ~  1) = E  I n d w % FF ( { ° E ,  f i }  • Xf„/ f )
M € C - /G  

®£lwnc = <4«nc

-  e  i ^ ' » -
6 G - /G  **

m'Ihoc = 1

It is important to remark that both and i y  are subfields of L / F . 

In fact, because and contain the centralizer of C , if U  denotes 

the fixed field of this centralizer, then and F^  are subfields of L' / F . 

Moreover, C < G implies the centralizer of C is also normal. This means 

L '/F  is a Galois extension. Therefore, the representation
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a = Y  I n C1) “  Z  /ndcM/ C1)
P €  C ' / G  p '  €  C ' / G

eE \H n C  =  ^ l / / n c  »*'l.wnC =  1

which has dimension zero, is an inflation of a similar virtual representation 

of G/Gcd(K/L'). According to the variation of Brauer’s theorem in chapter 

2 and lemma 1.2.11,

cr =  Y  Ind%t («t -  1) (3-3g)
t

for some Kt containing Gal{K/L') and character a t annihilating Gal{K/L').  

Let K t =  Gal(K/Ft) . By lemma 1.2.12, (3.3#) is inflated to

£  =  £ * / « % ; ; . ( « . - ! )
p € C - / G  p> e  C ' / G  11 t

® E l/fn c  = f* l/fn c  p ' \H n c  =  1

where the subfields Ft are contained in V , the fixed field of the centralizer 

of C . As a result,

IndW%FE (X E -1 )  = Y  IndWK% {{9e , f i 'X F J F  ~  1)
P €  C ' / G

eE \n n c  = **l/fnc

-  £  ^ 4 ^ , ( 0 , / }  - 1)
p> e  C ' / g  "

* * 'l» n c  =  1

+ Y t  ^ndWK/Ft (a t — (3.3h).
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Moreover, as a character of F^* (via the reciprocity map F#ix — > ),

{ 6 e  , 11}  satisfies { 8 e  , A*} ° N k / f »  = 1 • Therefore,

{ {@e , v }  ' Xf^/f )  ° N k / f  ̂ = Xk / e  ■

Sim ilarly, we conclude that {1, f i ' }  o N k / f • ,  =  1 and a t  o Nx/Ft =  1 •

Now, to complete the argument for statement (Hi), it remains to show

r J } - K  W'({0£, 11}  ■ X f , / f )

W (Xb ) =  ------ ---------- -----------
W ( {  1, M'})

m'I H n c  = 1

(3.3*).

If the composite EL  ^  K , or equivalently H O C  ^  { l} , then  E , F^ ,

, Ft are subfields of (E L ) /F . As E  n  L — F  implies HC  =  G ,

we note i f  fl C < G . So (E L )/F  is a Galois extension, and according to

lemma 1.2.11, (3.3h) is an inflation of

(X* -  1) = £  ({fc • "> • XT./” -  »>
M €  C * /G

e£ l « n c  =  mIh o c

-  £  / « 4 t e , ( { i . * 0 - n
/i ' €  C ' / G  "

" ' l / f n c  =  1

+  £  *  (“ ■ - 1)
t
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to which the induction hypothesis of theorem 3.3.1 applies because I  > 

\Gal{EL/F) \ . Thus (3.3i) follows from this equality. Similarly, if H  =  

Gal(K/E)  contains a non-trivial normal subgroup Hi = Gcd(K/Ki) lying 

in the centralizer of C , then Hi < HC  = G . Again, since E , ,

F^ ' , Ft axe subfields of K i / F , just as before (3.3h)  is an inflation of

-  X) = £  ( W e  , /*} • Xf j f  -  1)
M e  C ' / G  

eE\Hr>c  =  mI H n c

-  £  -  1) 
lt> € C ' / G  **

m'Ihoc = 1

+ £  dt Indw^/Ft (Qt ~  •

Hence the induction hypothesis of theorem 3.3.1 applies, and we have (3.3z).

Prom now on, we can assume HC  =  G such that H  fl C  =  {1} and H  

contains no non-trivial normal subgroup lying in the centralizer of C . In 

this case, the characters a t in (3.3h) are redundant by definition, and their 

abelian root numbers do not appear in (3.3i).

Claim III. W ith  th ese  assu m ption s, th e  qu asi-ch aracter x f  in  s ta te m e n t  

{Hi) can  be ch osen  su ch  th a t x e  = Xe / f  ■ V  w e fu r th e r  a ssu m e tha t C  is
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minimal in the sense that C contains no proper abelian normal subgroup of 

G , then (3.3i) is reduced to either the 1st identity or the 3rd identity.

Proof. We have already seen that there exists a character 9e of H  =  

Gal(K/E) such that, when viewed as a character of E x under the reci­

procity map, 9e satisfies x e  — @E' X e /f  ■ Because H  n  C  =  {1} , every 

element in HC = G can be expressed uniquely as a product he  for some 

h G H  and some c G C . So it is possible to define a character 9p of G 

by 9p(hc) =  0E(h) . When this character 9p is viewed as a character of 

F x , it follows from the definition of 9p that 9p o NE/ f  =  9p • Therefore, 

Xe = 0 E / f  • X e/f  , which means x e  =  (Of • X f)  ° NE/F .

Suppose D < G such that D ^ C . Then D f)C  must be abelian and normal 

in G . However C  is assumed to be minimal, which means D f lC  =  {1} . 

So, given d € D  and c G C , we have dcd~l c~l =  1 . This implies D 

stays inside the centralizer of C . Now recall from claim II that the centralizer 

of C  in HC  is equal to C itself, as long as H  contains no non-trivial normal 

subgroup lying in the centralizer of C . As a consequence, D  C  C . In fact, 

{ 1} =  D n C = D .
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To summarize, we have HC  =  G , H O C  = {1} and that C is contained 

in every non-trivial normal subgroup of G . Moreover, with xe =  Xe/f  »

(3.3i) is reduced to

TJ7Y. \ t t  {1 5 A4} ' Xi^/r)
=  ,c ■

This is equal to the 3rd identity when H  ^  {1} and is equal to the 1st

identity when H  =  {1}. ||

Complementary to the above claim, let us consider the case when H C  =  

G , H O C  =  {1} and C  is not m inimal. Then there exists a non­

trivial abelian normal subgroup C0 contained in C , but C0 ^  C . This 

means that HC0 ^  G as H  D C  =  {1}. Suppose HC0 = G aI(K /F ') . 

Notice Xk/e  =  (Xf ° NF>/p) o Nk/f> • Moreover, the abelian subgroup 

C0 =  Gal(K/L0) is normal in HC0 - So the induction hypothesis of theo­

rem 3.3.1 asserts that there are subfields FJ of L0/ F ' and quasi-characters 

Xf>, satisfying Xk/f>, =  1 or X k /f ’, =  Xk/e  such that
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with

W I . X E )  =  n ^ t a ) -  (3.3j ) .
s

As a result,

IndZ*J' ( I r n C Z  - 1 )  ) =  ! > •  *«*!& £ ( ' " 4 ^  t o  -  I) ) •

Combine this equality with (3.3h ) . We observe that, under our assumption 

H  C\ C = {1} , the sum

£  a, 1™%%', ( t o  -  1) )  =  E « . / » 4 ^ t o - i )

is equal to

e  ( { f e .  / * >  • x n / F  - 1 )  -  e  ( { i .  r f  - 1 )
€ C*/G e C*/G

Because F /  and FM are subfields of the Galois extension La/ F , this is 

an inflation of

53 (xf ' -  1) =  53 ({ ^ »  ’ X*!*/*’ “  1)
s * p Z  C '/G

-  53 ({!>/*} “  *)
H € C*/G
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according to lemma 1.2.11.

As I  > \Gal(L0/ F ) \ , the induction hypothesis of theorem 3.3.1 yields

P - W  -  . M j ' w m . ' S " '

Now (3.3i) is a consequence of this equality together with (3.3j ) , and we 

succeed in showing that statement (in) is true when \Gal(K/ F)\ = 1 + 1.

Finally we re tu rn  to  s ta tem en t (ii). Given

£  m3 In 4V%Fe . (XEj -  1) =  0
J  3

such that every quasi-character XEj has finite order, let B  be a field exten­

sion of K  satisfying the two conditions below.

(1) B /F  is a  Galois extension of finite degree.

(2) Each XE, annihilates the norm group N b /e, ( B x) and as a result can 

be interpreted as a character of the Galois group Gal(B/Ej) .

By lemma 1.2.11, we have

£  m i  IruC % FEj (Xe,  -  1) =  0  
j  3
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which is an inflation (via the surjection Wb/f — ► G al(B /F )) of

H  mj In <%t\BB/FE3) (Xe3 -  1) = 0 (3.3fc)
3

due to lemma 1.2.11 and the commutative diagram below. (This diagram 

indicates that x e 3 , as a character of W B / e 3 via the top row of horizontal 

arrows, annihilates B x , the kernel of Wb/Ej — ► Gal(B/Ej).)

( W B / Ej )ab

WB/Ej?%  W ^ t =  Ej* ^  Es*INb/Ei (B *) ^  S'- 

\. \ i  isomorphism

Gal{B/Ej) ^  GaI(B/Ej)ab

Let G ' — Gai(B/F) and G„ — Gal(B/K ) . Because of lemma 

1.2.10, the action on xe, by Gal{B/F) does not alter the conclusion of 

statement ( ii) . So, without loss of generality we may assume that lemma 

1.2.7 applies to (3.3fc) with the normal subgroup G„ in G '.  Given a fixed 

character Xk  in a set of representatives (G„) */G ', if

Gai(B/Fx„) =  {<r e  G ' | Xk  =  Xk }
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then

£  m i  ( x e ,)  =  0
1gc' =  X k

for xk  ^  1, and

£  mi In(& ( B f/El) (XEj ~  1) -  £  JndSS/SJ) (!) =  0
X£,Ig0' = 1

for xk =  1-

Also notice that F Xk  C  K  because given any x ,  a  €  G „  , we have 

X k C *) =  X k ^ o - -1 ) =  X k ( < t )  • X k { x )  ' X K ^ y 1 =  X k ( x )  ■

Consequently, with a fixed X k  9̂  1 , the representations

£  rnj I r n & W f f  (1)
XEjlcJ = XK

and

£  mJ IrU& W E ]) (f)
X E j \ c o'  *  1

which must have dimension zero according to above, are inflations of sim­

ilar representations of Gq1(K/FXk) and Gal(K/F) respectively. Hence,
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the variation of Brauer’s theorem (in chapter 2) and lemma 1.2.11 imply 

that there exist subfields K s of K /F Xk and characters a s of GaI(B/Ka) 

satisfying a s|c0' =  1 such that

Tr>/f’al(B/FxK̂  (~\ 'l — V  d TndGal B̂^FxK̂l n a GcU(B/Ej ) ~  2 ^  Cs G al(B /K s)

for xk  7̂  1 j and

-  mj I n d ^ g ^  (1) =  £  ds (as -  i)
XB3 \go' * 1 *

otherwise.

Therefore, no matter x k  is trivial or not, we have

■ £  m j  (X e i - 1 )  +  I < ,  ’ (“ • -  1) =  0
X E j \ Go' = X K  3

(3.31).

Apply lemma 1.2.12 followed by lemma 1.2.11. (3.3Z) yields

£  m j IndZZ"** (xe, -  1 )  +  £  <*• ( “ « -  1 )  =  0
XE,  \c o'  =  X K  J 3

(3.3 m).

In case FXk ^  F , the order of Gcd(K/FXK) is less than or equal to I  and 

the induction hypothesis of theorem 3.3.1 asserts
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II W (x Ej)mj II W M d' =  1 (3.3re).
XBj  Ic j  =  XK 8

On the other hand, our definition of Ks and ota shows that

n u w M d’ = i
XK € (Gjy/G' »

where the index s depends on character x k  ■ This last equality can be 

deduced from statement (i) as well, if we consider

53 d s  I n ^G a l{K /K ,) (a» — 1) = 0
XK e s

which is a consequence of (3.3Z), (3.3k ) , lemma 1.2.11 together with the 

fact that K s C K  and a s|G0' =  1.

As a result, once (3.3n) is established for every xk  in , we can

form the product of (3.3n) over all xk  € (G')*/G'

equals 1 
according to above
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and conclude that

n w(XEl)mi = i .
j

So, in order to complete the proof of statement (ii), it is sufficient to verify 

(3.3n) when FXk = F .

C laim  IV. Suppose FXk =  F . Then ker(xK) =  Gal{B/M) is normal 

in G ' , and the cyclic group Gal(M/K) is in the center of Gal(M /F ) .

Proof. Recall that G ' < G '. If a  G G ' and x  G ker(xf<), then

Xk (i7Z0--1) =  x k (x) =  1

because Xk  =  Xk  when Fxk ~  F-  Now let us interpret xk  as a char­

acter of the cyclic group Gal(M /K).  Notice Gal(M/K) < Gal(M/F)

Xk  =  Xk  if h G Gal{M/F) i.e. given a G G al(M /K ) ,  b G 

Gal(M /F),  we have XK{bab~l) =  Xk (o-) ■ Hence it follows that bab~l a~l =  

1 . This means Gcd(M/K) is in the center of GaI(M/F) . ||

An immediate consequence of the above claim is that Gal{M/F) is nilpotent
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if Gal(KfF) is nilpotent. Therefore, theorem 3.2.1 can be applied to

Y  m3 In(&{M/Ej) “  X)  +  Y  d* In<&{M/K,) (Qs -  1 )  =  0
XEj \CJ = X K  3

which comes from (3.3/) by means of lemma 1.2.11 as q9\gcJ(b/k ) =  1 for 

all s and Gal(B/M) = ker(xK) =  ker(xEj\Gai(B/K)) Q ker(xE,) 

for those XEj that appears in (3.3/). So we have (3.3n) whenever FXk =  F  

and Gal(K/F) is nilpotent.

Henceforth we assume FXk =  F  and Gal(K/F) is not nilpotent. Then 

Brauer’s theorem claims that K s ^  F  for all s .  Because GaI(K/F) is 

always solvable, it contains a non-trivial abelian normal subgroup C  =  

G al(K /L).

If Ej and K s that appears in (3.3/) are all subfields of L /F ,  then according 

to lemma 1.2.11, (3.3m) is an inflation of

£  TO, ( x e ,  -  1) +  £  d, I n C i Z .  -  1) =  0
XEj  I go' = X K  3

Since I  > \Gcd(L/F)\ , the above equality and the induction hypothesis 

of theorem 3.3.1 yield (3.3n). Generalizing this argument, we obtain
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Claim  V. I f  the finite sum Y,j mj IndwK/E. (Xe, — 1) =  0 vaith every

Ej contained in the fixed field of a non-trivial abelian normal subgroup of

Gal(K/ F ) , then Tlj W(xEj)mi — 1 follows from the induction hypothe­

sis of theorem 3.3.1.

Now suppose Ej and K s are not necessarily subfields of L / F . Let us 

interpret xk  as a character of K x via the isomorphism K x /N m/k {Mx) ~  

Gal(M/K) and consider two possible scenarios:

(a) X k  is equal to x f  ° N k / f  for some quasi-character x f  on F x .

(b) There is no quasi-character x f  on F x satisfying x f  °  N k / f  =  X k  ■

Observe that, as a character of K f  via the reciprocity map, a s always 

annihilate the norm group N k / f { K x ) by construction. So, in view of the 

commutative diagram

(WK/K»)ab

i reciprocity 
^ map

Gal(K/Ks) Gol{K/Ka)ab S 1
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if (a) is true, then statement (Hi) together with claim V show that (3.3m) 

implies (3.3n); otherwise notice (b) means Ej ^  F . Moreover, we recall 

K a ^  F  for all s when Gal(K/F) is not nilpotent. Under this circum­

stance, our next claim deduces (3.3n) from (3.3m) and therefore completes 

the proof of (3.3n) for all xk  in (GJ)*/G'.

Claim VI. Suppose Gal(K/F) is not nilpotent. Given

Y  m 3 Ir^W%FBj -  1) =  0 
j

such that Ej ^  F  and xe, has finite order for all j , the induction hypoth­

esis of theorem 3.3.1 implies f ] j  W(xEj)mj — 1-

Proof. Again let P  be a field extension of i f  so that

(1) P /F  is a Galois extension of finite degree.

(2) XEj annihilates the norm group NP/Ej(P * ) . In other words, Xej can 

be interpreted as a character of the Galois group Gal(P/Ej).

Remember the trivial character of Gal(K/F) can be expressed

1 =  Y  ek / n d 2 l ( £ / 2 )  (XFk) ■k= 1
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Because Gal(K/F) is not nilpotent, Brauer’s theorem further concludes that 

Fk 7  ̂ F  for all k . By lemma 1.2.11, the above equality can be inflated into

Now we invoke lemma 1.2.8 with G =  Gal{P/F) ,  A  =  E j , B  =

Fk , X a  — X E j , X b  = X F k ■

We denote the corresponding subfields Ag and Bg in lemma 1.2.8 by

Ag = Ej'k,g, Bg = Fjtk,g for > £ >  1, and there are characters

Xa, =  XsiM , XBt = XFj'k't defined on Gal(P/Ej>k,e) and Gal{P/FjAg) 

respectively.

Observe from property (1) of lemma 1.2.8 that Ag =  Ej^,g and Bg =  

Fj,k,e are in fact subfields of K / F . Moreover, being representatives of the 

( Gcd(P/Fk) , Gal(P/Ej) ) double cosets of G al(P /F ) , the automorphisms 

ag € Gcd(P/Ej)\Gcd(P/F)/Gal(P/Fk) , when restricted to K , are distinct.

By property (5) of lemma 1.2.8, if

(3.3o).

OCj,k =  RBSG al{P /E j) (  I n ^ c tlC p /FFk) (XfJ ) 

=  R e s Gai(P/Fk) (x e 3) )
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7j,fc — R e S G a liP /F k )  (  ^ ru^G a l{P /E j ) (* )  )

then (xE j — 1) ® <*j,k is equal to

E  |  ( * £ W  - 1) ~ jr™ € S ( P / f i ,w ) ( ( X F j tW / F fcr  “  ! )  |

-  » v '
V j . k . t

and (p jjk -  7j,fc) ® Xf* is equal to

Mj,k (■ \
,k,t/Fk -i) J

'  »  '

Vi,k,t

where character XFjykit/Fk denotes the restriction XFk \Gai(P/Fj,k,t ) ■

Let us abbreviate the above two sums to E) t  Uj,kj. and E  e Vj,k,e respec­

tively.

Now, according to (3.3o),

N  N

E  e *  a i,k  = R e S G a l(P/E j) (  E  e k ^ n<̂ a l { P / F k) (X F * )  )  =  1  •

W,
On the other hand, by lemma 1.2.11 E j  rrij (Xje* - 1 )  =  0 can

,w,
be inflated to E j  mj IndwP/E {xe, — 1) =  0 which then yields

E  mi ^ n ^Gal{p/Ej) (XEj 1) — 0
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because of the following commutative diagram.

Wpie, = 4  (WP/B,y*  =  WEj,Ei ~  Ej"

4 4- proj.

Gal(P/Ej) 5 ^  Gal(PIEj )°> ~  E j* /N P/Ej(P * )—*> S 1

(3.3p).

The above homomorphism Wp/Es —»•G a l ( P / E j ) is a surjection, which forms 

part of an exact sequence in lemma 1.2.12. It confirms that the character 

X E j  annihilates P *  C  W p / E j -

As a result,

XZ (05,k ~  7j,fc) = P e s Gal(P/Fk) ( X! mj ^ n<̂ Gal(P/Ej) ( X E j  ~  1) ) = 0 •
3 3

We can therefore conclude that for all j , xe, — 1 is equal to

{ N  1 N f 1 N  M*'k
XZ efca iifc \  b r l ) 0Qi.4  = XZ XZ efeC/j,M
fc=l J k = l  I  J fc=l £=1

and for N  > k > 1 ,

|  XZ |  ®  Xf* =  XZ m i {  =  XZ XZ m 3 v 3,k,e
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is zero. Apply lemma 1.2.12 followed by lemma 1.2.11. We obtain

N  t
X E j - I  =  E  E  e J  I n d w KJ ^  {X Ej,k,t  ~  1) 

fc=i i=i 1

- indZz%̂ i(xFj,k,t/Fkr  - 1)}
as well as

M j'k (  w

0  =  E  E  mi \  I n d W % Fr . kJ (XFj,k,e -  1)

-  IndW%FF) k ( (XFj,k,t/Fk -  1) } •

It is legitimate to apply lemma 1.2.11 because in (3.3p) the canonical pro­

jection Wp/Ej -»• {WP/Ej)ab =  Wej/Ej factors through WK/Ej ■ We can 

argue similarly for XEiM  , XFj,k,e , XFj,k,e/Fk , {XFj.k<l/FkY l •

Now, recall that F* ^  F  and Ej ^  F  . In other words, both \Gal(K/Fk)\ 

and | Gal(K/Ej)\ are less than or equal to I .  So the induction hypothesis 

of theorem 3.3.1 yields

n  Mj,k ,  w ry  \ y k

for all j  and

■ -  a  a  { $ % £ > } '  < ■ *
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for N  >  k > 1 .

Consequently,

n w n {  f i n P
N Mi.k (  ̂ 'jefcmj

=  n n n  { — w ^ 3 * a — 1
/  i i i i  bcFiM/Fk)o t) J

(3.3r).

Meanwhile, property (2) of lemma 1.2.8 asserts that {xFjM )at =  

Hence lemma 1.2.10 implies

w'txE,.,.,) = W ( ( X F >.„)") = w fo w )

Similarly,

W ( iXFJM /Fk Y l ) =  W(X/S.M/** )

Substitute these into (3.3r). We have

N Mj>k , W ( \ Y kmi
n « ' ( » ) '  -  n g j i { » f e b }

N  M j<k f  m /  \  'j e f c r r i j
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.  n(  nnl  P  fi i  l J
Now, our claim follows from (3.3g). ||

With the above claim, identity (3.3n) is proved for all xk  ■ As explained 

before, when \Gal(K /  F)\ = I  +  1, statement (ii) is a direct consequence 

of (3.3n). This completes the proof of theorem 3.3.1. ||

3.4 G eneralization o f th e  epsilon factor

Following Tate [23], we now outline how to define the root number for a 

representation of the absolute Weil group W p , so that the root number 

coincides with our definition in chapter 2 whenever the representation is of 

Galois type (see Tate [23]). Specifically there exists a function ep on the free 

abelian group R(Wp) generated by irreducible representations of Wp which 

satisfies (1) and (3) in theorem 2.0.1. We recall that each representation of 

an absolute Weil group can be factored through some relative Weil group.

To obtain such e p , we first define £p(<j>) for irreducible </>. Deligne [4] has
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proved that every irreducible <f> takes the form (p o u) <8> | | * where p 

is a  representation of some local Galois group Gal(E/F) , u is the chain 

of surjective homomorphisms Wp —► We/f —■► Gal(E/F)  and | | is the 

normalized absolute value of the local field F  . Let us define

e F {4>) =  |7 r /(rt +  d - di ,np| ; - W ( p )

such that 7Tp is a uniformizing parameter of F , f(p)  is the Artin conductor, 

d is the order of the absolute different of F  and W(p) is the root number 

defined in chapter 2. Due to property (2) in theorem 2.0.1, we may regard p 

as a  representation of Gal(F / F ) , where F  is an algebraic closure of F . 

The corresponding u is the homomorphism Wp —> Gal(F / F ) .

T heorem  3.4.0. Our definition of £f(4>) for irreducible <j> is insensitive to 

different decompositions of <j> into a finite component (pou) and an infinite 

component | | 8 .

Proof. If

(p i°u )  ® I l^1 =  ( f to u )  <s> I I*2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



154

then its equivalence

(Pi ou) = {p2 °u )  ® I I *2_S1

indicates that the quasi-character | | *2 ~ Sl must send Wp* ~  F x to a

finite image within the unit circle S 1 . This means s2 — si is a rational

multiple of 27rz/ln( [kf\ f ) • So | | *2 “ Sl is in fact an unramified character 

of F x . We apply theorem 2.0.3 with an appropriate Galois extension K  

over F  and a character x  corresponding to | | *2 “ Sl under the reciprocity 

map.

W(f>2 ® | T 2 " 51) =  ( |ttf | 32 -  '»/<«> • W{ | | 52 - Sl) - W(p2)
F F  F

=  | t t / (P2) + . w(p2)

~  | 7 r / ^  + d • dim p2 1 Sl

Here we have abused the notation | | *2 “ 81, using it not only as a quasi­

character on F x but also as the corresponding unramified character x  of 

the Galois group Gal(F / F ) . Strictly speaking, x  ° u =  II *2 -  Sl •

On the other hand, because u is surjective,

Pi =  P2 ® I i ;2_Sl (3-4a).
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and we can conclude 

\Tr/{pl) + d -dimpi\ s' - W (Pl) = \TrPn) + d ' dimp2\ s* -W (p2) (3.46)
F F

provided that dimpx = d im p 2 and f(p i)  =  / ( P 2) •

C laim  I. Let p , x  be representations of a local Galois group G = Gal{K/F). 

If in addition x is an unramified character, then f (p  <8 x) = f{p ) •

Proof. Use Brauer’s induction theorem to write

P =  £  In Ĥi (<*») •
i

Then

P ® X = 5Z ** /nd% («* • (x l « ) ) •
i

Therefore

f ( p ® x )  = J2 < “g , • (X k )  ) )G •
i

By Frobenius reciprocity

f{p ® x) =  H  k  , oti'ix k )  )„. •
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According to lemma 2.0.4, if Hi =  Gal(K/Ei) and A, is the order of the 

discrim inant of E{/F  , then

as it is immediate from the definition of the conductor for a character that 

/ ( •  (x k )  ) =  / ( a t ) . Now, we use lemma 2.0.4 once again to conclude 

that E i rii[Xi +  f-Ei/F • f(&i) ] =  f(p)  7 and the claim is established. ||

Notice that (3.4a) already implies dim p\ =  dim p i . Together with claim 

I, we have proved (3.46) and therefore theorem 3.4.0. ||

Having defined £f {4>) for irreducible <f>, we extend the function £p 

” linearly” to obtain the root munber for all virtual representations of Wp ■ 

Thus £f satisfies property (1) in theorem 2.0.1 automatically. Moreover 

this £p is consistent with £g iu chapter 2. Given a representation p of 

G = G al(K /F ) , consider its decomposition Ey rrijVj into a direct sum of 

irreducible representations. If u  denotes the chain of surjective homomor- 

phisms Wp -¥ Wk/f Gal(K/F) , then the Weil group representation

f (p  ® X) =  H  ni [ + fEi/F • / («»•  (X k ) ) ]
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V jo u  must be irreducible too. Hence

£,,(/>««) = = n w<y,y = ecw (3.4c).
i  i> * '

theorem 2.0.1

Similarly, we extend the dimension dim  and the conductor /  to all 

virtual representations by linearity. For irreducible <f> = (pou) <g> | | * , the 

dim ension of (f> is given by dim p and the conductor of <j> is that of p .

T heorem  3.4.1, (A generalization of theorem 2.0.3.) If v is a virtual 

representation of Wp , then

£ / > ( » «  1 1 ; )  =  •

Proof. The formula follows directly from the definition of £ f { v )  , dim v 

and f(v )  for virtual representation. ||

Finally, we verify that £p satisfies property (3) in theorem 2.0.1. For 

notational simplicity, given any finite extension E  over a local field F , the 

induction Ind^?  will be abbreviated to Indp/F -
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T heorem  3.4.2. If (j> is an irreducible representation of WE , then 

SF^Inds/F (<P — (dim<p)-1) ) =  Ee {<t> — {dim4>) ■ l)  .

Proof: Let n be the degree of E / F .  Suppose <£ =  (p°u)  <8> | | s , 

where p is a representation of a local Galois group H  =  Gal(B/E ) and u 

is the chain of homomorphisms W e  —> W b / e  Gal{B/E) . We may select 

B  so that B /F  is also Galois. Observe that

IndE/F (<f>) =  IndE/F (p°«) <8> | |* .

If d p  , d E are the respective orders of the absolute different of F  and the 

absolute different of E , then by theorem 3.4.1 £ p {  I n d E/F {4>)) is equal to

|x/( /«fw,  (»«)) + * . . * . (  M c,r W O , -  . ej=.{ ]ndE/F (p o tt) ) .

Let G be the Galois group Gal{B/F) and v! be the chain of homomor­

phisms W p  -> W b / f  —> Gal{B/F ) . It follows from lemma 1.2.11 that

IndE/p {p°u)  =  ( Indfe (p) J o « '  .

According to (3.4c), we have

eF( ( / n d g ( p ) )  o u ' )  =  eG ( / n d g ( p ) )  .
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Moreover, it can be shown from the definition that

dim( ( Ind% (p) ) ° ^  ) =  dim( Incffi (p) j  .

In fact, for any representation a of G

dim( a  o u ' ) =  dim{ a  ) (3Ad).

Similarly

/ ( ( / n d £ ( p ) ) ° u ' )  =  / ( / r c d g ( p ) )

and in general

f ( a o u ' )  = f ( a )  (3.4e).

Therefore

eF( IndE/F (*))  =  |*£< /ndg  w  )

which means

£>( IndE/F {4> — {dim <f>) * 1) )

=  |wA ^ W ) + ^ - * " ( ^ W ) | . .  eG ( / n 4 ( p  -  ( d i m ^ - 1 ) )  .

Now, recall from (3) in theorem 2.0.1 that £q ( In d ^  (p — (dim 4>) • 1)) =  

£h (p -  (dim <f>) • l )  .
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On the other hand £e (p ° v)  =  £h (p) by (3.4c), while theorem 3.4.1 

yields

<*W) =  I E

In snmmary, IndE/F {<t> — {dim 4>) • 1) ) is equal to

| ̂ /( Jndg (p) ) + d F - d im  ( In d %  (p) ) | s
p o tt ) + d E • d im  ( p o u )| s £ e (^ P  { d i m  (f>) 1 j

Analogous to (3.4d) and (3.4e), we have

f { p o u )  = f { p )

and

dim { p o u )  = dim ( p ) .

So, to establish theorem 3.4.2, it remains to show

\ 4  Indffi (p) ) + dp • dim ( Indffi (p) ) |
F  __

We
p) + dE ■ dim ( p ) | s 

' B
=  1 .

If s =  0 , the above equality is a triviality; otherwise this is equivalent to
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proving

/ ( / n d £ ( p ) )  +  dtF  • d i m  ( I n d %  ( p ) ) =  [ / ( p )  +  d p  • d i m  ( p ) ] • i p / p

(3-4/)

f
because \^e \ B =  |ttf| pE/F , where i p / p  is the residue class field degree.

For the finite extension E / F , let Ae / f  be the order of the discriminant, 

d p / p  be the order of the different, e p / F  be the ramification index, and n  

be the degree. Then lemma 2.0.4 implies

/ ( I n d t f j  (p ) ) +  d p  ■ d i m  ( I n d ^ j  (p ))

=  A e / f  • d i m p  +  fjs / F ' f { p )  +  d p - n - ( d i m p )

=  ^ e / f  ' d p / p  • d i m  p  +  fe / f  '  f { p )  +  d p  • n  • ( d i m  p )

=  l f ( p )  +  { d p / F  +  d F  ■ & e / f )  • d i m p ) - i p / p  ■

Now the transitivity formula (see chapter III, §4, proposition 8 in Serre [20]) 

for the different yields (3 .4 /), and theorem 3.4.2 is proved. ||

For any virtual representation v  of W p  with dim ension zero, rewrite its 

decomposition m j  4>j into a direct sum of irreducible representations as
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follows.

*  =  E  m ,  <t>3 = Y  m3 {<t>3 -  (dim <£) • x )  • 
j  j

Then by theorem 3.4.2

£e ( v ) = Y m3 £E(<f>j ~  {dim<j))-1)
3

=  Y  m 3 £f {  IndE/F (<t>j -  (dim <f>) • 1) ) 
j

=  e p ^ I n d s / F  { p )  )  •

This is precisely property (3) in theorem 2.0.1.
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CHAPTER FOUR

4 The Three Fundamental Identities

This chapter assembles comments and proofs of the three fundamental iden­

tities in 3.1. We will present a detailed argument for the tame case (in the 

sense that all field extensions are tamely ramified) of each identity and re­

mark on what we know about the wild case (i.e. not tame). In an effort to 

streamline the discussion, some of the general results on abelian root num­

ber due to Dwork and Lamprecht (Theorem A.l, A.2, and A.3) have been 

relocated to the appendix. We begin this chapter with a theorem in section 

4.1 that relates root number of a tame quasi-character to ordinary Gauss 

sum over a finite field. Then section 4.2 to 4.4 look at the three fundamental 

identities in order. As a reminder, all the fields in this chapter are finite 

extensions of a p-adic number field Qp , i.e. they are local fields.

First we fix some notations. For any local field F , 

ftp is a uniformizing parameter of F  

Op is the ring of integers of F
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PF =  ttf  - Op is the maximal ideal of Op 

U f  — O f  — P f  is the unit group of O f

Up = 1 + Pp for n > 1 and Up is understood to be just Up. 

kp =  Op/Pp is the residue class field of F  

p is the characteristic of kp 

N(Pp) =  \kp\ is the cardinality of the residue class field kp 

Fp is the finite field with p elements 

f =  [kp: Fp] is the residue class field degree of F/Qp 

d is the order of the absolute different of F

A is the additive map from Qp to the rationals satisfying two conditions:

(a) The denominator of X(x) is always a power of p .

(b) A(x) — x  is a  p-adic integer. 

ijjp  =  g2wi (A o TVp/Qp) is the canonical additive character of F .

£ =  e2m/p is a primitive p -  th root of unity
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F0 is the maximal subfield of F  that is unramified over Qp 

Of„ is the ring of integers of F0

There are occasions in the proof of the identities that a particular choice of 

the uniformizing parameter simplifies the argument. The following theorem 

offers one choice that we will use repeatedly.

Theorem  4.0.1. I f  K /F  is a totally and tamely ramified Galois extension
*

of prime degree n , then there exists a uniformizing parameter 7Tp of F  

such that all the roots of the polynomial

Xn +  (— l)n TTp

are uniformizing parameters of K  .

Proof. Since K /F  is totally ramified, if ttr  is a unformizing parameter 

of K , then Nk / f ( ^k )  will be a uniformizing parameter of F . Hence we 

can choose k f  £ N k / f ( K x) . Let K '  be the splitting field over F  of 

the Eisenstein polynomial

f (x)  =  x n +  ( - l ) n 7rF
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The fact that K / F  is a totally and tamely ramified Galois extension implies 

F  contains all the n-th roots of unity (see [2, chapter 1, § 8]). So K '  must 

be a totally ramified Galois extension of degree n  over F . Moreover all the 

roots of f (x)  are uniformizing parameters of K ' . To complete the proof of 

theorem 4.0.1, we only have to show that the two fields K  and K '  coincide. 

First, as K ' / F  is also tamely ramified,

Nk; f(Uh )  =  VlF =  NK/r{U}c)

Moreover, observe that Up/Up ~  kp , being cyclic, contains a unique 

subgroup of index n . As a result,

Nk '/f (Uk>) =  NK/f (Uk )

According to our choice, ftp = N k/f ^ k ) for some uniformizing param­

eter 7f/c of K  . On the other hand, if 7tk> is a root of f ( x ) , then

7Tp =  Nk '/f (tTk ')

In other words,

N k '/f ( (K' )*)  = (ttf ) ■ NK'/p(UK’) =  (7Tp) • NK/f (Uk ) =  NK/F( K x)
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Here (7rp) denotes the cyclic group { ifp | m  is an integer } . Now we can 

conclude that K '  =  K  and the theorem is proved. ||

An immediate consequence of theorem 4.0.1 is that given a totally and 

tamely ramified Galois extension K / F  of prime degree n , we can select 

uniformizing parameters t t k  > ttf for K  and F  respectively such that

71F =  N k / f (k k ) =  (—1) ™+1

4.1 A belian root num bers and Gauss sums

By a tame quasi-character x  °n F x we mean x(Up) =  {1} but x ( U f )  7̂  

{1} . Restricted to the unit group U p , such quasi-character x  0311 be 

identified with a character of kp =  U f / U p  .

T heorem  4.1.1. I f  x a tame quasi-character on F x with root number 

W ( x ) , then N(Pp)1/2 W (x) is given by

E W ^ W r l r r )  = - x ( W  + 1) G f ( x - ‘) ,
x e u r/v ‘ /

where
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G fW  =  -  E  x<.x)CT'̂k•’"’’ *̂,
x  €  Jfc£

is the ordinary Gauss sum over the residue class field kp with elements 

and

t =  TrF/K( - ^ j

is a unit in 0po .

Proof. The additive character ipp(x/7Tp + is a  character of the 

residue class field k p  =  O f / P f  . So there exists t  € k p  such that

■0F^—TTT^ =  CTrhF/Fp{tx) f°r all x  6  kp .

See [22, § 2.2, lemma 2.2.1], This parameter t can be made more explicit. 

Notice that given x  E Op ,

(
p x  \

—d T i J is a P-acfic mteger.

In fact, because -Kp is also the different of FJF0 ,

TrF/F‘ { f f i )  e  ° F- •

It follows that

A  °  TrF/Qk{ i j ^ )  =  A  ( ;  r r F / c - ( ^ T ) )
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=  A ( p  TrFolQp 

=  A ( “  Tr^/F P -(#>)])Tr F/F0

as kp — 0 fo/(p  • 0po) . Via this isomorphism, we can select y from Of0

satisfying

x  =  y mod Pp

This means

A °  T r w ’ ( ^ T)  =  A °  T r f '/0 ’ ( ^ T) '

However,

X o Tr

Therefore

• W ^ T T A ( ”  T r WFP y • Trp/FctsM]

^F\
X

7r d+1 ,n F
— e 2ld (  A ° TTF/ C>P̂ X^ P  + 0  )  _  £Tr kp/Fp [ X ■ T tf/Fo {p/lTp + *) ]

(4.1a).

Observe that Trp/pB(p/7r/+1) belongs to 0 fo and we may take

* =  t )
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which must be a  unit in 0po because ^(x /TTp  + 1) is non-trivial on kp - 

To complete the proof, consider

GfOT1) =  -  E  x -1(z) C TrkF'Fr{x) .
x e fcp

Since t ^  0 , multiphcation by t is a bijection from kp to itself. So

- G f O T 1) =  E  X~1(t )̂CTrkF/Fp{tx)

By (4.1a),

- x ( * ) G f (x_1) =  E  •
x e k- \ * f )

Recall that the inclusion map Up ^  Of induces the group isomorphism 

Up/Up ~  kp . Consequently,

- x ( i 7 r / +1) G f (x_1) =  E  X_1( - ^ r r )  ■
x  € Up/Up \ V F  )  X * F  )

This equality and the definition of W(x)  establish theorem 4.1.1. ||

When K / F  is a tamely ramified Galois extension, Frohlich and Taylor [8] 

have shown that theorem 4.1.1 is a special case of an analogous result for
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all tamely ramified irreducible representations of Gal(K/F) (see [8], (3.1), 

p. 156).

Theorem 4.1.1 suggests that the familiar identities between ordinary Gauss 

sums (Evans [7, §§2 — 3]) can be translated into root number identities. This 

is in fact a principal goal of the subsequent sections.

4.2 The first identity

We begin with theorem 4.2.1 which reduces the proof of the 1st identity to 

that of the following special case:

For any Galois extension E / F  of prime degree and quasi-character cp on

F x ,

W((poNE/F) J I  W{n)  =  J ]
l* € S(E /F )  »  € S(E/F)

where S{E/F)  consists of characters of F* which annihilate the norm 

group Ne/f (Ex).

Theorem  4.2.1. This special case implies the 1st identity in 3.1.

Proof. Let E /F  be an abelian extension. We are going to argue in­
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ductively. For [E : F] = 1, both sides of the identity collapse into W(ip). 

Suppose the 1 st identity is true for [E : F] less than or equal to I . Given 

an abelian extension E / F  of degree I  +  1, it contains a subfield L such 

that E / L  is cyclic of prime degree. Since the case L = F  is a triviality, 

let us assume that [L : F] > 1. Then the above special case of the 1 st 

identity asserts

W { { < p o N L/F) o N E/ L ) II w itl ) = II W ( ( < p o N L/ F) - p )
y  € S(E/L)  y  € S(E/L)

(4.2 a).

Observe that v  £  S(E/F)  implies v o N l/f £ S (E /L ) .  In fact, for each 

fj. e  S{E /L ) ,  there are exactly [L : F] such u satisfying

v o  N L/ f  =  n

because among the [E  : F] characters in S(E/F)  we have [L : F] of them

annihilating the norm group N c/ f ( E x ) - The induction hypothesis shows

n  W(tp • v • r)
W'((¥>°JV£./f ) - /0  = W ( ^ - u) oNl / f ) =    ,

r  €  S ( L / F )

Similarly we have

n  W(v  • r)
W(p) = W(y  o Nl / f ) = T  €  St-L/F)

n  wM
t  €  S W F )
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By substituting these into (4.2a), we obtain

w({<pon l / f ) o n e / l ) • n  j
T 6 S ( L / F )

n
S ( L / F ) _______________ I

n  w(t) fft 6 S{E/L) I
r  e  S ( L / F )

r  €  S ( L / F )

ft 6 S(E/L)
t  €  S ( L / F )

which simplifies to

w(<poNE/F) n n w (y-T) = n n .

As  both fjb and r  vary, the corresponding v  • t  exhaust the characters in 

S ( E / F ) . Hence we arrive at the 1st identity for [E : F] = I  + 1. ||

We will first prove the identity by assuming E / F  is unramified. Then 

we deal with the case when E / F  is tamely ramified. Because of theorem 

4.2.1, it is sufficient to do these for prime degree [E : F ] .

T heorem  4.2.2. Suppose E /F  is an unramified Galois extension of prime 

degree I . Let <p be a quasi-character on F x . I f  S(E/F)  consists of 

characters of F* that annihilate the norm group N E/ f ( E x ) , then

W(<poNE/F) n W(p) = n Wt o- P)  (4.26).

(i € S(E/L)  t  € S(L/F) ft € S(E/L)  t  € S(L/F)

/x € S(E/F) ft € S (E /F )
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Proof. Because E / F  is unramified,

Ne /f {U%) = U} for all n > 0 (4.2c).

We conclude that ip o Ne/f and p  share the same conductor which will be 

denoted by m .

If m  =  0 , then (4.26) becomes

<Po Ne/f (*f ) n  =  n  V^Ff ) M*f)
n  € S{E/F)  n  e S{E/F)

since (4.2c) implies that all p  € S(E/F)  are unramified. Thus it remains 

to show

<p o NE/f (tt/) =  <p{k f ) * 

but this is immediate as Ne/f (^f ) = (np ) 1 ■

Now, let us assume m  > 0 . Again, because p  G S(E/F)  must be 

unramified, the definition of root number yields

W{p-p )  = p(n*+m)W(<p) .
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As a result, (4.26) follows if we can prove

w( ipoNB, f )  =  n
a* e S(E/F)

Claim  I. I f  E / F  is an unramified Galois extension of prime degree £ , then

II P M  = (-1)('_1) -
M € S ( E / F )

Proof. Let p0 be a non-trivial character of the Galois group Gal{E/F).  

Then its order is £, and fx0 generates the entire character group of G al{E/F ) 

Thus

JJ  n M  =  ■
Vl e S(E/F)

For £ odd, Hô f ) ^ 11 =  ( Ho{t*f ) 1 )L*L =  1 because p0 has order £.

For £ = 2 , =  —1 because fia is an unramified character of

order 2 .

So we have the claim. ||

According to this claim, the proof of theorem 4.2.2 can be completed by

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



176

showing that

W(<poNE/F) =  W{ip)e ( - l ) ^ - 1)"* (4.2d).

Claim  II. When m  =  1, (4.2d) is a consequence of the Hasse-Davenport 

relation [7, p.200].

Proof. Recall the isomorphism

Up/U'f -*  (VF -U l ) I V l

induced by the inclusion Uf  (Up ■ Up) C Up ■ Because (p is tame,

<p\uF can be interpreted as a character of (Up • Up)/Up ^  kp , which is

eg
denoted by <p as well. Let x  be a character of kp with order p — 1. 

Here f =  [kp : Fp] . Then, restricted to kp , the character x  Las order 

exactly pf —1.  So there exists an integer a  such that

=  yT1 on (UF ’ Uh)/Uh •

Now we invoke the H asse-D avenport re la tion  (see Evans [7, fomula (6 ), 

p.200]). If q = p f , then

% ( ( x “) ^ )  =  Gf ( x V .
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Here the notation is consistent with that in theorem 4.1.1.

On the other hand, we observe that

ai=i
Ne/f (x) = x i -1 mod PE for x  G UE

qt — 1
Therefore x i -1 e  (Uf ■ UE) , and we have

(ip o NE/F)~l =  (x")V r on UE/U \ . 

(Recall NE/F maps UE/UE into (Up • UE)/UE .)

By theorem 4.1.1 and the Hasse-Davenport relation,

ooNb /f ) = ( N(Pf ) '  W(<p) \
- i p o N E/F(t'Tr^ + 1) \  -<p(tTT^+1) )

where

t '  = TrE/Eo(p/t t /  + 1) 

t = TrF/Fo(p/ t t / +1) .

Since E / F  is unramified, [kE : kF] =  ^ • In other words, N(PE) =  

N(PfY  - So our claim is proved once we verify that t '  = t .

From the diagram below, the fact that E0/Q p is unramified means that
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[E0 : F0\ = [E : F]. Moreover, F D Ea =  F0 , while the composite 

FE0, unramified over F of degree I , must coincide with E .

E

unramified |  j  |  totally ramified

F E,O

totally ramified j j  (4-2/)-

<2P

Consequently, we can conclude

TrE/Eo(p/^F + 1) = TrF/Fo(p/t t /  + 1) 

and claim II is proved. ||

It remains to establish (4.2d) for m  > 1. We will consider the following 

two cases separately.

Case 1  : m  is even. i.e. m  = 2 - for some integer d^) > 0 .
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Case 2 : m  is odd. i.e. m  =  1  +  2 - d(v) /or some integer d^) > 0 .

Recall that m  is the common conductor of ip and ip o N e / f  ■

Let us handle case 1  first. By theorem A.l (see appendix)

W(cpo Ne/f ) =  (<|0 °  A e /^ ) -1 ( c(<pe/f ) ) ^e{ c{<Pe/f ) )  (4.2g)

where c((Pe/f ) £ PeT satisfies

<p o A/’fi/f (1 4- x) =  ipE ( c( < p e / f )  * )  for all x € P ^ (v,) .

Since E / F  is unramified, theorem A.2 part (6 ) says we may take

c(<Pe / f )  =  c (4.2A)

if c E Pj?-  is the parameter in theorem A.l for <p.

Now, (4.2<?) can be rewritten

W(cp o NE/f ) = (<P° Ne/fT K c) i>E{c) = V~l {c)1 ipF{c)e = W{<p) 

This is exactly (4.2d) because (— 2'd̂  =  1 .
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Next we turn to case 2. Recall from theorem A.l that there exist c(<Pe/ f )

and c such that

(<fi o Ne / f ) (1 +  x) = IpE ( c{ipE/F) x )  for X €  P g+dM

and

^ ? ( l+ x )  =  iPf(cx)  for X €  P p + d M  ■

Just as in case 1 , (4.2h) holds because of theorem A.2 part (6 ) .

To establish (4.2d) in case 2, we will rely on theorem A.3 which is sensitive 

to the parity of the residue class field characteristic p . Hence our argument 

will depend on p  as well, but first we make a relevant observation arising 

from (4.2/i). Given S €  F  of order , let us choose p £  0 Fo so that

iPf (c$2 x ) 1 =  exp TrkF/Fp(px) j  for x E O p  ■

Then, for any x € 0 E

(27rz \
—  TrkF/Fp( V T t E / f { x )  ) J

which implies

^b(c5 2 x) 1 =  exp —  Trke/Fp(rix) (4-2*)
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Claim  III. I f  the characteristic p of kp is odd and m  = 1  +  2 • d ^ ) , 

then part (a) of theorem A.3 produces (4.2d ) .

For notational simplicity, let us abbreviate the composition (p o Ne/f to 

<Pe/f  ■ Also we reserve f for the residue class field degree [kp : Fp] .

Proof. With the previously selected c , 8 and 77 , we apply part (a) 

of theorem A.3 to <Pe/ f  • Because of (4.2h) and (4.2i), we can conclude

W((Pe/f) = <P]2/f{c) ^e{c) ^e{c82 y )  1 )

(4-2j )

where 7  € Op0 satisfies

2
V̂e/f O- +  ^ x ) 5x)  = ipE( c 8 2 ( +  7 x  ) ) for all rr G Oe  ■

We will show that it is possible to choose 7  from 0po - In fact, suppose 7 ' 

is an element in 0 f o such that

2
<p_1( 1  +  5 x) t P f ( c  8 x) =  ■0 j ? ( c 5 2 ( ^ - + 7 , a : ) )  for all a; € Op .
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Then, given any x E Oe , <PE/f ( 1 +  ^ x ) ^jb(c ^ x ) is equal to

y>_1( 1 +  STrE/F(x) )  ¥?_1(1 +  82 T r(§/F{x) )  $ F{ c 8 T r E/F{x))

= tpF [ c 8 2 [ Tte-/^  +  7 ' TrE/F(x) ) ) <̂ -1( 1 +  82 T r f /F{x) )

=  (  C 52 (  r r g / ^ ^  +  7 '  TrE/F(x) )  )  TpF { c 8 2 Tr{FjF(x) )_1

=  'tl’F ( c 82 ( T te/f (x ) +  7 / TrE/F(x) ) )

=  ^ ( c <52 ( y  +  7 ' x ) )  

because of two observations:

1- NE/F(l  +  8 x) =  ( 1 + 5  TrE/F(x ) ) ( 1  +  S2 T r ^ p i x ) ) mod P f 1 

where TrFjF(x) denotes the second elementary symmetric function. 

2. TrE/F( x f  =  2Y e / j, ( x2) +  27>g>J,(x) .

In summary, we may take

7 =  7 '  E 0 Fo .

As a result, (4.2j )  can now be written

W{<pE/F) =  <P~\c)1 f o b ) *  { ^ f ( c 82 ^ )  ^  ( V H O ^

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



183

Moreover, notice that i  is odd implies

(*) ■ Os?) - ' - 2 v'  
. Pf >

while

when i  =  2

Therefore VF(<̂ £/f ) is equal to

*> He) W « ) ^ f (cS2 y )  1 ) f

By part (a) of theorem A.3, the expression inside the square brackets is 

precisely W((p) , and we are able to conclude that

which is equivalent to (4.2d) as m  =  1  +  2 - d^ ) . Claim III is now 

established. II

The next claim complements the one we just proved. It will complete 

case 2 and consequently theorem 4.2.2.
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C laim  IV . If  the characteristic p of kp is 2 and m  =  1 +  2 • d(v) , then 

part (b) and part (c) of theorem A.3 produces (4.2d) .

Again, we abbreviate the composition p  o N e/f to p>e/f • Recall that f 

still denotes the residue class field degree [kp : Fp] .

Proof. We apply theorem A.3 part (6 ) to (Pe/f • With c , 6 and rj 

as before, (4.2h) and (4.2i) together imply

if
w'(<Pe/f ) = <Pe}f (c) M e )  A ( ^ )  ( - ! ) " ' 1

(4.2 k)

where the A factor stands for

( - i )  TrkE/Fp(7) (_1 )rr*£/fpW

and 7  G Op0 satisfies

(Pp/f(1 + P Sx )  tPe{c/35 x ) = i Trfc£ /^ (l) ( - l ) TrS /^ (l) (-1 ) Tr^ / ^ (7*>

for all a; G Op . Recall that (3 G Op is chosen so that (3 2 =  rj~l mod Pp . 

Now, we are going to show that 7  can be chosen from 0po . For all x  G Op ,
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VE/Fi1 +  P s x ) M c (38x)

= tp~l { 1 + (3 8 T rE/F(x) )  ^-1( 1 + rj~l S2 TrFJF(x) ) ^ F{c(38 TrE/F{x) )

because +  /?5x) =  (1 + 0 6 TrE/F(x) )(1 +  /32 S2 Tr^jp ( x ) )

modulo P p 1. Again, TrFjF(x) is the second elementary symmetric func­

tion.

Let 7 ' be an element in 0 Fo such that for all x  € 0 F ,

^_1(1 + (38 x)ipF(c (3 8 x) = i TrkF/FP&  (_ i)TrS/*p(x) ( - l ) TrfcF/^^'z) .

Then we see

Ve/f Q +  (3 8x) ipE(c (38 x) <p{l + r)-1 82T r {FJF{x))

=  i Tr"F/FP( T r E/F(x ) )  T r E/F(x) ) ^_1̂ Trfcf./Fp( 7' T r B/F(x) )

= i TrkE/Fp(X) ( — \ ^ rkl/Fp{TTkEtkFto'> ( — \'jrrkB/Fp{n'*)

Meanwhile, we recall from the definition of c that

<p( 1 +  Tj~l 82 TrFjF(x) ) =  TpF-icr)-1 82 TrFjF( x ) )
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=  ( _ i ) ^ fcF/rp( Tr%/kF(X) )

As a result, we can conclude

+  (3 6 x )  rpE ( c (3 S x )  =  *7V* W X> ( - 1  )TrS / ^ (x) ( - 1) *)

because r r g /Fp( r r * E/fcp.(a:)) +  TrkF/Fp{ Tr®/kF(x ) ) = Tr {£ /Fp(x) .

To summarize, it is possible to take

7  =  7 ' e  0 Fo ■

Consequently, the A factor in (4.2k) becomes

j” j  T r k F/ p v {l  7 )  7 )  +  T r kF /F p ( 1 2 )  72 )  j  - 1 ^

Apply part (c) of theorem A.3. We obtain

( ^ - i ) T T k E / F p ^ )  ( - \ f ' T*E/FT>{r<) =  ( _ l ) TrfcF/fp(7) )* J_1

=  ( (_j) Trfci,/f.p(7) ( _ 1)Tri /̂Fp(7)

Substitute into (4.2fc). It follows that W( ipe/f ) is equal to

(v>-‘ (c) M e )  ( - i ) T'*r/'>™ ( - l f C f , W ( i ± ! ) f ( - l ) f - l ) < ( _ l / - l  .
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Due to part (6) of theorem A.3,

W(q>) =  <£-1(c) iPf (c) (—i ) TrieF/Fp^  (—l)rrfcF/fp ^  ( lj j  ) (— . 

Hence we have (4.2d) and the claim is proved. ||

Now case 2 is established. (4.2d) remains true for all m > 1. Because 

(4.26) is a consequence of (4.2d) when m  > 0 , we have completed the 

proof of theorem 4.2.2. ||

After proving the 1st identity when E / F  is unramified, we turn to the 

tamely ramified case in the next theorem. Again it is sufficient to focus on 

prime degree [E : F] due to theorem 4.2.1.

T heorem  4.2.3. I f  E / F  is a totally and tamely ramified Galois extension 

of prime degree I , then the 1st identity (4.26) holds.

Proof. Without loss of generality, we may assume the conductor m(<p) 

of the quasi-character ip is the smallest among j m(p-y) \ p  G S(E/F)  j  . 

Then

For m((p) less than or equal to one, the two quasi-characters p>oNe/f and
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p  share the same conductor.

(4-20

We divide the proof of theorem 4.2.3 according to m(p ) , the conductor of p  . 

Unramified quasi-characters are dealt with first, followed by tamely ramified 

quasi-characters. When p  is wildly ramified, our argument is sensitive to the 

parity of m(p ) , the degree t , as well as the residue class field characteristic 

p . Hence we have arranged case 1(a) , (b) and case 2(a) , (b) , (c) to 

address all possible combinations of m(p)  , t  and p .

Given m(p)  =  0 , we have

W( p  • p) =  p{np+1) W(p)  for all non-trivial p  G S ( E / F ) .

So (4.26) is equivalent to

W ( p o N E/F) =  p {ttf) </j(7If +1) *~l ■

Notice that p o  N E / f  must be unramified as well. Moreover, because E / F  

is totally and tamely ramified, the order of the absolute different of E  is 

t  — 1 +  Id . If we select the uniformizing parameters 7rE , nE such that
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Ne/f (ke) =  ttf , then (4.26) becomes

<p{*F~i+td) = ^ y - 1

which is self-evident. Therefore, when F / F  is totally and tamely ramified, 

we have (4.26) for m(ip) =  0.

Henceforth, our uniformizing parameters for E  and F  are chosen so that 

■Kp =  Ne/f {^e ) =  (—1 ) M  ™E ■

See theorem 4.0.1.

Next we suppose that m((p) =  1. Then m(<p o Ne/f ) =  1, as noted 

above in (4.2Z). Hence ip , </? o Ne/f and all the non-trivial /i are 

tame. Let f be the residue class field degree [kp : Fp\ . Now, we recall the 

d istribu tion  form ula for ordinary Gauss sums:

?-*« ) n  G f G r 1- / . -1)
GfO*-1) '

See Evans [7, formula (7), p.200].

Before converting this into a root number identity, we point out the following.
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Analogous to the above formula,

N(pr) W W ”* 1’

can be verified readily. It is equally immediate that N(Pp) =  N ( P p ) . 

Moreover, the inclusion Uf c-> Up induces an isomorphism Up/Up — 

Ue /Ue  . So the root number W(<p o Ne /f ) becomes

N ( P e )  1̂  5Z i.'P °  N e / f )  1 f  ( e - i + t d )  + i 1 ( e - i + e d )  + i 1
x e u F / u ] ,  \  ^ e  /  \ ^ e  /

which is the same as <pe(£) W(<pe) because 71> =  (—1)<+17rJ and mul­

tiplication by the unit 1) (*+1)(d+1) yields a bijection from Uf /Uf to

itself.

Together with theorem 4.1.1, we can now obtain from the distribution for­

mula that

______________ 1______________  n  W ( v n )
r /* 1) W ( f  o NE/f ) „ e | (E/F) -  O ■ M ) ( i W(jt)

is equal to one. Here,

‘  =  7 V f , / B ( ^ T )  •
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In other words, we have (4.26) once it is shown that

1 „  ( - l ) - M  y.(t x / +1)
r / +1)  „  6 S (£ /F ) -  (<P ■ M )(‘  * F * 1) '

Simplifying the product over S (E/F)  yields

n  (~ i  y M p t *  */*•*) =  i
, s J |£/ f |  - ( (P -p X * * /1'1) -  <fi(t i r /+I) '  '

Hence (4.26) holds in the case m(ip) =  1 with E / F  tamely ramified.

The following lemma on the j-th  elementary symmetric function Tr^jF will 

be important to the subsequent argument in the proof of theorem 4.2.3.

Lem m a 4.2.4 : Let |_ x  J be the largest integer among integers less than or 

equal to x  . Then for £ — 1 >  j  > 1 we have

/.V , S. | I
Tr%}F ( P ? )  C PFl ‘ 1

provided that E /F  is a totally and tamely ramified Galois extension of prime 

degree i .

Proof: The case j  = 1 is a well known result (see for example [20, 

chapter V, § 3, p.83]). For j  > 1 , the higher elementary symmetric function
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TrgjF(x ) can be expressed as a sum of traces. In fact, if

V  = |  S  C Gal(E/F) S  contains exactly j  elements. }

then

m . .U )  ,_x v -  ( a i ^ a ^ x )  . . .  a i j { x ) \
TrE/F(x ) = X .  T te / f \ ------------- --------------

{<r<a......<*.,.} €V \  * /

which yields the lemma since the residue class field characteristic p does not 

divide £.  ||

Having established (4.26) for both unramified and tame when E / F  is 

tamely ramified, we are now in the position to examine the case m(<p) >  1 . 

The argument is splitted into five subcases. Case 1(a) , case 1(b) together 

prove (4.26) for m((p) even and greater than one, while case 2(a) , case 

2(b) , case 2(c) account for the odd m(ip) greater than one. To simplify 

the notation in the rest of the proof, let us abbreviate ip o N E / f  to P e / f  •

Case 1 : Let E / F  be totally and tamely ramified of prime degree I . We 

assume m{<p) is even and greater than one. The proof of (4.26) in this case 

is divided into
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(a) t  ±  2 .

(b) I  = 2 .

Theorem A.l part (c) and theorem A.2 are both valid in case 1 because 

mfo) > 1 and E / F  is tamely ramified. We will show that theorem A.l 

together with theorem A.2 suffice to yield case 1(a). As for case 1(b), we will 

depend on not only theorem A.l, theorem A.2 but also part (a) of theorem 

A.3.

We first assume I  ^  2 . Let d^)  be the positive integer . By 

theorem A.2 part ( a ) ,

mfos/F)  =  ^( info) -  1) +  1

which in this case is a positive even number. Also if c € Fp- ^d +  ̂ such

that

<£>(1 +  x) =  i/)f (cx ) for x  € Pp M

then according to part (c) of theorem A.2, the same c satisfies

<Pe/f { 1 +  x) =  iPe (c x ) for x € Pe ^ e/f)
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where tti^ e/f ) = 2 • d(lf>E/F) . Hence it follows from part (a) of theorem 

A.l that

W(<pE/F) = Ve)f (c) ^ e {c) = W(<p)e.

On the other hand, recall from part (c) of theorem A.l

W{tp-p) = W(tp) • //-1(c) 

for all /x e S ( E / F ) .  Therefore

n = w ( y y  n ^ _i( c ) .
II e  S{E/F) fi e S(E/F)

Given any non-trivial fi0 € S ( E / F ) , notice

E[ ^ _1(c) =  /XoCc)^^ =  1 (4.2m)
M€S(E/F)

because I  is odd. As a result, the claim below completes case 1(a).

C laim  V. If E / F  is a Galois extension of prime degree i  ^  2 , then

n = i .
H e  S (£ /F )

Proof. As it is stated, the claim actually holds when E / F  is unramified, 

although this case does not concern us here in the proof of theorem 4.2.3.
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In fact, the above argument that produces (4.2m) handles the claim for 

unramified E / F  as well. Let E / F  be totally ramified and u be the jump 

in the ramification filtration of G =  Gal(E/F)  i.e.

G  =  Go =  . . .  =  Gu ±  Gu+1 =  { 1}  .

Then m(fi) =  u + 1  for all non-trivial // € S ( E / F ) . By definition,

W { p )  =  N ( P / + ' ) - ' /2  £  •
z e u F/up'  w  >

Because x  *-*■ — x  induces a bijection from the finite group Uf /Uf+1 to

itself, we conclude that the complex conjugate of W(/x) equals

W(ti) = j i ( - l )  w o * - 1)  .

Recall I  7  ̂ 2 is the order of every non-trivial n . Hence 1 =  fj,(—l ) e = 

fi(—1). In other words,

W{n) = W(fjT1)

which is equal to W(/x) _ 1  as \W(/j)\ =  1  (see [18, II, §2, proposition 

2.2]). Now,

n w'w = i
/x 6  S (E /F )
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is a consequence of the fact that S(E/F)  contains no character of order 2 , 

when I  7  ̂ 2 . ||

After proving (4.2b) for case 1 (a), we proceed to case 1 (b): £ =  2 . So 

the residue class field characteristic p cannot be 2. Again,

m^E/F)  =  2( m(y>) -  1) + 1

according to theorem A.2 part (a) . This means the conductor of <Pe / f  is odd 

and greater than one. If we write m(ip) =  2  • d ^  and write m(<pE/F) = 

1  +  2 - d iVE/F) , then

< W f )  =  m (<P) “  1  =  2-dfc) -  1 (4-2n).

With the choice of parameter c as in case 1(a) before, theorem A.2 part (d) 

asserts that

<Pe / f ( 1 +  x )  =  $ e (c x ) for x  € PE {*e/f) .

Since E / F  is totally ramified, we can select the parameter 7] in theorem 

A.3 from 0 fo such that

(27T2 \
—  T r kE/Fp( v  x ) \  for all x G O e
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with

5 =

_ d(*)7Tp

he

This choice of <5 is legitimate because of (4.2n ) .

2 i r i

In particular, when x  € Of and (  =  e p , we have

^f(2c<52 x )" 1 =  C TrkF/Fpivx) -

To see that S2 6 F , it is important to remember our uniformizing param­

eters satisfy

7rF =  ( - l ) m 7rJ •

The order of c<52 in F  is d + 1. Therefore, given a e.UF defined by

— 2 cS2 = °
•7Td + 17I>

it is possible to identify 77 a  1 with the parameter t =  TrFjFo(p/7Tp+1̂  in 

theorem 4.1.1 (see (4.1a)). Precisely,

77 a - 1  =  t mod PF (4.2o).

On the other hand, it follows from part (a) of theorem A.3 that

w(ipE/F) = ve /F(c) M c) iPe ( cS2 -j ) 1 ( ~ ^ )  (- 1 )f" 1 f
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(4.2p )

where f can be taken as the residue class field degree [ k p  : Fp] and 7  G 0 p o 

(since 0 Eo =  0 f o )  is characterized by

x 2
</>iyF( 1 +  &0 ^ e (c 5  x )  =  iPe ( c 5 2 ( — +  7X ) ) for all x  G O e  •

We are going to show that 7 , regarded as an element in k p  , must be zero. 

First, notice that

N e / f {]- +  S x )  =  1 +  T r E / p ( S x )  +  N e / f (5x ) 

when [E : F ]  =  £ =  2 . Then

¥j£ /f (1 +  S x ) M e  8  x )  =  1 +  T tE/ f {8x ) +  N E/ f {8x ) )  rpp( c  T r E/ F ( 8 x ) )

which is equal to

<p~l ( 1 +  T r E/ F ( 5 x ) ) <£-1( 1 +  N E/ f (8 x ) ) tpF ( c  T tE/ f {8x ) )

as N E/ f (8x ) G P p dM ~ 1 by (4.2n )  and T t E/ f (8x ) G p / m  by lemma 

4.2.4. Next, recall from theorem A .l part (a)

¥7_1( 1 +  T r E/ p ( 8 x ) ) i p p ( c  T r E/ p { 8 x ) )  =  1 .
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Consequently,

M /f O- +  S x ) ^ E{c8x)  =  ip~l ( 1 +  Ne/f (8x ) )  = <p( 1 -  NE/F(8x)) . 

Meanwhile, NE/E(5) =  — S2 with our choice of 5 . In other words, 

M /f C1 +  Sx) M e  Sx)  =  cp( 1 +  S2 Ne /f (x ))

=  i p F (  c S2 Ne / f (x) )

.  f e ( c f y > ) .

Finally, a(x) =  a; mod PE for all cr € Gal (E/F) . So we have

N E / f { x )  = x2 mod PE .

In summary,

Ve)f (1 +  Sx) i>E{c 8 x) = 0£.( c 82 )

from which we conclude that it is possible to take 7  =  0 . Combine this 

with theorem A.1 part (a) and the fact that kE =  kF . (4.2p) becomes

W(VBtF) = m r f  ( ^ )  t-1)1' 1 (v '(-1)Efl )f
Just as in case 1(a) before, theorem A.l part (c) asserts

W(<p-p) = W{<p) • a*_1(c) -
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Hence

n  w ( v n )  = w ^ f  n  ^ _i(c) •
At € S(E/F) /t 6 S{E/F)

To establish (4.26), it remains to show

( 7 ^ )  ( - i ) 1 ' 1  ( \ / ( - i ) ^  ) f w m  = t f ( c )

where fi0 is the non-trivial character in S ( E / F ) . Because N e / f ( S ) = 

— S2 , we will be content with

( ■ J r )  (“ 1)f l  ) f W M  =  <4 2 «)-

According to theorem 4.1.1

N(Pf )'/2 % )  =  -/!„(« i t / 41) GfOC1) 

with t =  TrF/F0{p/'^F+1') ^  Ufb - Thus we have

( l ^ )  (_1)f’ X ( ' /'(“ 1)£§1) t W M

=  ( - i ) f (v /t-D 1?  ) f AT(Pf)-1/2 /* (t7r/« ) GjOC1) .

Restricted to the unit group U f  , Mo can be interpreted as the unique char­

acter of kp with order 2. In fact, since 2 , given a character x  °f kp
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with order \kp\ ,

H.(x) =  X W (*) =  ( j f )  on Up/U'F ^ k }  (4.2r). 

One immediate consequence of the above observation is that

( ^ )  * ,(«*/+•) =  ( ^ ) ( ^ ) ^ / +1) -  

By (4.2o) and the definition of a ,

=  ^ ( ^ )  •

In the last equality, we make use of the identification in (4.2r) as well.

So

{-pf) ( _ 1 ) f ‘ x  )f W M

=  t f i c d 2) ( - l ) f ) f N(Pf )-V* G f t e ' )

and (4.2g) follows once we verify that

( - l ) f ( ^ ( - 1 )“  ) f N(PF)-W  Gf (Ji"1) = ^ ‘(-1)  =  

Let q =  \kp\ = . It is another consequence of (4.2r) that

Legendre symbol
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Remember the Legendre symbol is the unique character of F* with order 

two, when p 2 .

As a result, the Hasse-Davenport relation (see formula (6 ) in Evans [7]) yields

. f
-  E  ( ! ) c

x  e F.x \Pj

In addition, the explicit value of the quadratic Gauss sum over Fp is known:

-  E  (z r  =  -  V ( - D ^  p ■
x e Fp W

See for example Ireland and Rosen [12, chapter 6 , § 4, Theorem 1, p.75].

r
Now, because N(Pp) =  \kp\ =  p and

f

H )  -- T  -

we have

( l £ )  =  ( -D f (V C-1) ^  ) f JV(i>r ) - ‘/2 G ffe -1) .

As explained already, this implies (4.2q) and ultimately (4.26). Hence case 

1 (b) is completed.

With case 1(a) and case 1(b), we have established (4.26) for all even
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m(<p) when E /F  is tamely ramified. Case 2 below rounds off the proof of 

theorem 4.2.3 by aiming at the odd m(g>) greater than one.

Case 2 : Let E /F  be totally and tamely ramified of prime degree £. We 

assume m((p) is odd and greater than one. I f  p denotes the residue class 

field characteristic, then we divide the proof of (4.26) for this case into

(a) p 7  ̂ 2  and £ ^  2 .

(b) p  ^ 2 and £ =  2 .

( c )  p — 2 . Since E /F  is tamely ramified, £ must be odd.

As a reminder, theorem A.2 as well as theorem A.l part (c) are applicable 

here because m{<p) > 1 and E /F  is tamely ramified. We are going to 

formulate two lemmas (4.2.5 and 4.2.6) to simplify the respective arguments 

in the above three subcases. In fact, it will be shown that lemma 4.2.5, 

combined with theorem A.2 and part (a) of theorem A.3, yields (4.26) for 

case 2(a), while lemma 4.2.6 yields (4.26) for case 2(b) via theorem A.l, 

theorem A.2, and theorem A.3 part (a ) . Regarding case 2(c), we use lemma 

4.2.5 again, in conjunction with theorem A.2 and theorem A.3.
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Lem m a 4.2.5. Suppose E /F  is a totally and tamely ramified Galois exten­

sion of prime degree i  ^  2 and the conductor m ( i p )  of the quasi-character 

ip on F* is greater than one. Then the 1st identity (4.2h) is reduced to

W(<PE/F) = % ) '  (4.2S).

Recall that the composition i p  o  N e / f  is abbreviated to P e / f  ■

Proof. Due to claim V, which has been proved in case 1, (4.26) is 

equivalent to

W(pe/f) =  I I  W(p-fl) •
M € S{E/F)

Let d(v) be the positive integer such that

m ( p ) =  e +  2 •

where e is either zero or one. By theorem A.l, 3 c € p ~ ^ d + Tâ  satis­

fying

p( 1  + x) =  i!>f {c  x) for all x  G Pp+dM .

By part (c) of theorem A.l, we have

W {p -p )  = W{p) • /x- 1 (c) for all p  € S (E /F ) .
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If a non-trivial character /x0  is selected from S ( E /F ) , then

i ( t - l )

n  =  w w '  n  (c-1)
n  €  S (£ /F )  A € S (F /F )

which is equal to W(^j) £ as fi0 has prime order £ ^  2  . So (4.26) becomes

W ^ s /f ) =  WfoO* .

This is exactly (4.2s). ||

Now we take into account that m(<p) is odd. By part (a) of theorem A.2

m(<pE/F) =  £(rn{ip) -  1 ) +  1

is odd when ip has odd conductor. Let d(,PE/F) be the positive integer 

satisfying m((pE/F) =  1 +  2 • d ^ E/F) . Then

d(<PE/F) =  ^ '

Remember d^) is defined by m(<p) =  1 +  2 • d^) .

Let us first assume p ^  2 and set 8 = irpM . We choose c , 77 , 7  so 

that

(i) for a U i e  Pp + ^  ,

(p( 1  + x) =  iPf (c x ) .
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(ii) for all x  G Of ,

(
O/rrj
—  T r kF/Fp ( r ) x )

(iii) for all x  G Of ,

X̂
<p~1(  1  +  Sx) i J ) f ( c  S  x )  =  •0f (  c  S 2  (  —  +  7 a : )  )  .

Now we are going to show that the same c , <5 , 77 , 7  satisfy

(iv) for all x  G PE (*e/f) ?

V e / f (  1  +  x )  =  i I > e ( c x )  .

(v) for all x  € Oe  ,

ipE(c82x)~1 = exp TrkE/Fp(tri x ) j  .

To facihtate comparison, let us define 77, x =  iri .

(vi) for all x  G 0 E ,

x2 
<Pe)f ( 1 +  Sx)ipE(cSx) = ^ (c < 5 2 ( y  +  7 * ) )  •
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Recall that theorem A.2 gives (iv). As for (v ),

( 27TZ
—  TrkF/Fp( rj TrE/F( x ) ) 

according to (ii). However E /F  is totally ramified. So

o(x) = x  mod PE for all a  € Gal(E/F)

which means

TrE/E(x) =  i x  mod PE .

Therefore

TrkF/Fp(riTrE/F( x ) ) = TrkB/Fp{r}TrE/F(x)) = TrkE/Fp(£ tj x)

To prove (vi), we recall that

Ne / f { 1 + Sx) = 1 +  TrE/F(8x) +  T r f /F{Sx) mod P™{*]

for all x  G 0 E . Hence <p̂ /F{ 1 +  Sx) ipE(cSx)  is equal to

¥>-1( l  + TrE/F(Sx) +  TrFjF(Sx)) i(>F( c T r E/F(8x))

=  <̂_1( 1 +  S TrE/F(x ) ) (p~l { 1  +  S2 TrFJF( x ) ) ipF( c S T r E/F( x ) )

= + i T te if(x )} ) +  ? T r f IF{x)) .
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The last equality is true because of (iii). On the other hand, observe 

TrE/F(x)2 =  T rE/F(x2) +  2 T r^ /F(x) .

Consequently +  8x) ifiE(cSx)  is equal to

iPe ( c82 ( y  + 7 * ) ) c S2 Tr^jp ix ) ) y?_1( 1 +  52 T r^ /F(x ) ) .

(vi) is then obtained, as (i) implies

M c P T t^ z ) )  *>-'(1 +  P  T r f /F( x ) ) =  1 .

With c , 5 , 77 , 7  as above, it follows from theorem A.3 part (a) that

W ( < P e / f ) =  <Pe / f ( c ) ^ b ( c ) ^ e { c 5 2 y )  1 C - 1/ - 1  ( \ / ( - 1) £ f i ) f

(4.2£).

Here f =  [kF : Fp] = [kE : Fp] since E /F  is totally ramified.

We are now in the position to prove (4.26) for case 2(a). Because of 

lemma 4.2.5, it is sufficient to establish (4.2s). We apply theorem A.3 part
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(a) to <p.

W(<p) =  ip~l {c)il>F{c) rpF( c 6 2 - j )  1 ( ”̂ r )  ) f

In the case 2(a), i  is assumed odd. Together with kF =  kF , we conclude

!) - W i& )  ■ «
Thus (4.2£) can be written

Wlve/r)  = WW)' ( v / f - l ) ^  ) f(* 1}.

Meanwhile, because £ — 1 is even,

{ k )  (-ir (f-1)(*~1) ( r f<<_1) = (̂ )f( t-i)^
Here is the Legendre symbol. To obtain (4.2s), we must show that the 

right hand side of the last equality is one. By the quadratic reciprocity law,

= ( -1 ) (V ) (^ )
\PJ  W

Therefore

'= )  M * * 1 )
=  ( * \ ‘  =  ( £ '
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Because E /F  is a totally and tamely ramified Galois extension of degree I , 

the local field F  contains all the ^-th roots of unity (see [2, chapter 1, § 8, 

proposition 1, p.32]). So we have

C
p =  1 mod i  .

See for example Cassels and Frohlich [2, chapter 3, § 1, lemma 4, p.87]. This 

proves (4.2s) and completes case 2(a).

Keeping c , S , 77 , 7  as in (i) through (vi) , we proceed to case 

2(b), which depends on the following lemma.

Lem m a 4.2.6. Let E /F  be a totally and tamely ramified quadratic exten­

sion. Then both (4.2q) and (4.2r) remain true for odd m((p) greater than 

one.

Proof. Let p0 be the non-trivial tame character in S ( E /F ) . By theo­

rem 4.1.1,

N(PF)1/2 W M  =  

where f is the residue class field degree [kp : Fp] and t =  ■
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On the other hand, recall from theorem A.l part (b) that c G P f  ^d +  ̂ ■

If a  G Up is defined by

c2 a— CO  = •7Td+1■Kp

it follows from (ii) that

=  exp^  TrkF/Fp( v x )^  

Together with (4.1a), this implies

7) a -1 =  t mod Pp .

Therefore

Ho{tPp+l) =  Hoiv a  17f / + 1 )  =  ^0( ^ 2 ) =  P0^ )  ^ o X( - c 5 2 )

Meanwhile, restricted to the unit group, pt0 can be interpreted as the unique 

character of kp with order 2, when the residue class field characteristic 

p ^  2 . So we identify

* (* )  =  ^  for all s  €  UF .

This is (4.2r). In summary,

N(,Pf )1' 2W M  ^ H - c P )  ( ^ W o C 1) (4.2u).
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With (  =  e p , the ordinary Gauss sum Gf (fi0:) equals

nf
-  E  ( ? ) c

iSF ,X  VP>

by the Hasse-Davenport relation and the explicit evaluation of the quadratic 

Gauss sum [12], Since N(Pp) =  , (4.2u) becomes

W M  =  ^ ' ( - c * 2) ( - i f 1 ( V ( - 1 ) ^  ) f

which is equivalent to (4.2q) if we recall 77 =  2 77 from (v) , as well

as the fact that

« )  - (?)' - M * f -
This concludes the proof of lemma 4.2.6. ||

From the above proof,

Multiplying this to (4.2t), we obtain

W{<p e / f ) W(fjL0) =  w E) F {c)  ipE (c)  ^ (c < 5 2 y )  1 p 0 l ( - c 8 2) .
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In case 2(b), the residue class field characteristic p /  2 , but the degree 

i  = 2 . So

0 9 - ( £ ) - ■ ■

Moreover,

since 8 € F x and n01 has order 1 = 2 .  Consequently,

W(tpE/F) W(po) = <Pe/f (c) ipEic) iPe ( c82 %- ) 1 ^ / ( - c )

<p 1(c)^F(c) iPf ( c82-j )
i

This last equality is true because of (4.2r) established in lemma 4.2.6.

By theorem A.3 part (a ) ,

<P~1(c)i’F{c) $ f ( c52 ? - )

which simplifies to

7<p 1(c)i/jf(c) iPf ( c 52 —  ) Z i
Pf .

Therefore,

W W O  % )  =  W ( v ?  p?(c) .
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Now, it follows from theorem A.1 part (c) that

W(<Pb/f) % )  =  W(<f)2 t f i c )  =  f t
y  6 S{E/F)

This is precisely (4.26), and case 2(b) is settled.

When E /F  is a tamely ramified, case 2(a) and case 2(b) have completed 

the proof of the 1 st identity for p odd.

Next, we are going to assume p = 2.  Just like the case of odd residue 

class field characteristic, let <5 = iVpM  . Given c , p  as in (i) and (ii), 

we claim (iv) and (v) still hold. Specifically, due to theorem A.2 part (d) ,

<Pe / f (1 +  x )  =  $ e (c x ) fo ra l lx G P ^

Besides, the argument we used to prove (v) remains valid for p — 2 . So

i>E{c82 x ) -1 = ( - l ) 3 V*s/*<*,»*> (4.2«)

for all x  e O e  ■

Now, suppose /3 € Op satisfying (32 = 77- 1  mod Pp ■ By theorem A.3 

part (6 ) ,  there exists 7  € Of0 such that

+  (3 8  x )  ^ f (c (3  8  x )  =  A'0( x )  ( - I ^ ’VafjJ71) for x  €  O p
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(2)

A'a =  i  TrkF/FP . ( -1  f ^ F / F p  .

C laim  VI. W i t h  th e  a s s u m p t i o n s  o f  c a se  2 ( c )  a n d  th e  ab ove  n o t a t i o n s ,  i f  w e  

def ine

£ - 1
7 = 7  +  —

t h e n  f o r  a l l  x  G 0 E ,

ip - 1/F( l + p S x ) i p E( cPSx)  =  i Tr*E/rP(*) (—i)TrS/*p(x) ( -1  )Trw ( ^ )  .

Proof. Since m(ip) = 1 +  2 • d(v) , we have 

N e/F{ 1 + ( 3 S x )  =  (1  +  /? 5 T r E / F ( x ) ) (1 +  p 2 82 T r (J } F ( x ) ) mod PFm< 

Hence + f3 8  x )  ipE {c  (3 8  x )  can be written

y?_1( 1 +  ( 3 8 T r E / F ( x ) ) V3-1( 1 +  (32 82 T r {F)F { x ) ) ipF ( c f 3 8 T r E / F ( x ) ) . 

Prom the above definition of 7 ,

<p~l ( I  +  { 3 8 T r E / F ( x ) ) ipF ( c ( 3 8 T r E / F ( x ) )
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=  A '0(T r E/F{x))  ( -1  )Tr>‘F/FP̂ TrB/F(x))

while

<p~l { 1 + P2 82 TrgjF(x ) ) =  ij jF { c P2 62 TrgjF(x) ) - 1  =  ( - 1  f ^ F P ( T r f / F {x ) )  

by (i) and (ii). In other words,

y-E) F { l + f 3  5 x ) M c P S x )  =  A ro ( T t e / F {x ) ) (—l)rrfcF/Fp(7 TrE/f(l) + T r™ F(x))

(A.2w).

Because the Galois extension E /F  is totally ramified,

T te/f {x ) =  £x mod Pe

and

Tr^/F(x) = ^  x2 mod PE .

Moreover, we have ks  =  kp ■ Consequently,

A'a( T tE/f {x ) )  =  * Trfcf /fp( Tte/f{-x'] ) ( -1  )Tr*w^( Tr£/F{x)}

=  i Tr*E/rP(e*) ( - l f r?E/rp«x)

and (4.2w) becomes

+ P 5 x )  iJ>e (c0 S x)
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=  i^B /F 'V*)  ( _ l f r fc£/Fp(7 ^  + i ^ i x 2 )

Now, observe that £ ^  2 means £ =  1 mod Pe . So

‘PE/pi1 + @S x)*Pe (c p 6 x )  = i Tr*E/rPW (-1  )Tr(?E/Pp{x) (_1 )Tr%/fP(7 x + 1^x2) 

This proves claim VI because

TrkE/Fp{x) = TrkE/Fp(x2) (4.2®)

when p = 2 . ||

To prove (4.26) for case 2(c), it is sufficient to obtain (4.2s) according to 

lemma 4.2.5. We apply theorem A.3 part (6 ) to <pe/F • In view of the above 

claim, (4.2u), theorem A.2 part (d) and

(32 =  {£rf)~l mod PF ,

it follows that W(<pe/f ) is equal to

P i/F (c)Vte(c) (_ i

Here f =  [kF : Fp] = [kE : Fp] .

As 7  +  ^  € 0 Fo , we can make the identification below

( _ j ) T r fc£; /F p (7  +  ^ f 1 ) ( _ l ) r r fcE /F p (7  +  V )  _  A '^ 7  +  •
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On the other hand, it is a property of the 2nd elementary symmetric function 

that

+  V )  =  Tr£ V , w  +

+ T rkF/Fp('y) TYfc/,/Fp( — )

which implies1

Meanwhile, part (c) of theorem A.3 shows

a ; ( * 7) =  K h ) e ( - i ) TrkF/Fp{£i¥lj2) ■

However, prime £ is odd, and £ =  1 mod PF ■ Together with (4.2a:), we 

have

K b )  = a;(7) ' ( - i  f W 1̂ )

or equivalently

_____________________________ ( - i ) rr*W  .

1See the footnote 1 in the appendix.
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In summary,

W W )  = f-E)F{c)Mc) [A;(7)-1] ' A i ( ^ i ) ' 1( l ^ ) f ( - i ) f- 1.

By theorem A.3 part (6),

£

w & y  = ^ _1(c)^F(c) a ; (7) _1 ( ) f ( - i ) f_1 j

So, in order to obtain (4.2s), we must prove

* ( ¥ r 1 ( 1 7 r ) ' f ( < " 1) - 1 {i-2y)■

Recall

A =  i ^F/ rpi^r - )  ( _i ) Trv/ fp(12i ) .

Claim  V II. For any odd prime t , if  we define a function A 0 on the set of 

integers by

. . . ( i when x  is odd
Aoips) =  s ,

( 1  when x  is even

then

k { — )  =  M — )

where f =  [kp '■ Fp] .
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Proof. It can be shown that for all n  > 1,

A 0(nx) =  A0 (x)n (_ i)^"(« -D / 2  (4 .2 z )

by induction on n . In fact, we see from the definition of A0  that 

A0((n +  l)x ) =  A0(nx + x) =  A0(nx) Ac(x) ( - l ) ni2.

Hence the induction hypothesis yields

A0((n + l)x ) =  A 0 (x)re Ao(;r) ( _ ! ) * <

In other words

A0 ( (n + l)x )  =  A0 (x) n + 1  (_ i)^«(n+i ) / 2

Now, because

T n F/F, ( e- ^ )  =  f ( ^ )  rnod 2

TrkF/F2[ ~ Y ~ ) =  2 v 2 '  rnod 2

we conclude that
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Due to claim VII,

Observe that

M — ) •  -  { - 1
when £ =  ±1 mod 8 
when £ = ±3 mod 8

which shares the same values with the Legendre symbol ( | ) . As a result,r~)

f

To obtain (4.2y) , we recall that F  contains all the £-th roots of unity since 

E /F  is totally and tamely ramified Galois extension of degree £. Therefore2

2  ̂ =  1 mod £

and

2See [2, chapter 3, § 1, lemma 4, p.87].
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As noted before, this implies (4.2s). Via lemma 4.2.5, we can conclude that 

(4.26) holds for case 2(c).

Case 1(a), (b) and case 2(a), (b ) , (c) have now been account for. We succeed 

in proving the 1st identity (4.26) when the Galois extension E /F  is totally 

and tamely ramified of prime degree. Therefore, the proof of theorem 4.2.3 

is finally completed. ||

The argument presented in this section is due to Dwork. In his thesis [5], 

Dwork established the 1st identity not only for the tame case but also for 

the wild case. When E /F  is no longer tame, the proof of (4.26) is sensitive 

to the conductor of ip , the residue class field characteristic p , and the 

conductor of the abelian extension (relative to the size of m(<p) ). See [5, 

chapter 3, p.75]). Lakkis [14] contains a sketch of the proof of the 1st identity, 

built upon earlier work by Hasse [10] and Lamprecht [15]. (see [14, Satz 1, 

pp.191 - 266]). However, to the best of my knowledge, not all the gaps in 

that proof are filled. Langlands intended to prove the 1st identity in chapter 

10 of his Yale manuscript [16], which is missing in any existing version of the
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manuscript. Nonetheless, Langlands did set up carefully in chapter 8 and 9 

of [16] the machinery necessary for the proof of this identity.

4.3 T he second identity

Suppose G =  Gal{K/F ) is the direct sum Zt © Zt of two cyclic groups of 

prime order i . Let X k  be a character of K x such that X k  ° & =  X k  

for any a € G and X k  ^  X f  ° NK/F for any character x f  of F x . 

Given two distinct subfields L \ , L2 of K / F , both of which have degree i  

over F  ,
K

Li L 2

F

if xli and xl  ̂ are characters of L x and respectively satisfying

XLx  °  N k / L x — X k  — Xu. ° ^ k / u  

then we prove in this section
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wixia) n wM = w (xl>) n w w)
y  € S( L \ / F )  y '  € S { U / F )

where S(Li/F)  consists of characters of F* annihilating N ^ / p i L f ) .

Additional notations: Just as in theorem 4.2.3, we will hereby use x k / u  

and x u  ° N k /u  interchangably. We continue to denote the conductor of a 

quasi-character x  by m(x) - In [16], m(xu) ^  abbreviated to mi , and we 

will do the same throughout this section. As for the ramification subgroups 

of G , we adhere to Serre’s convention in [20].

Before the proof of the 2nd identity is discussed, let us make some general 

observations.

Lem m a 4.3.0. Let K /L  be a Galois extension of prime degree i , if  x k  is 

a quasi-character on K  such that x k  ° g =  X k  for all cr € G al(K /L ), 

then there exists X l  on L* satisfying x k  — X l °  N k / l  ■ Furthermore, if 

X k  is a  character, so is X l  ■

Proof. Because X k  ° & =  X k  , it follows from Hilbert’s theorem 90
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that Xk (o)  =  1 if N k/l (o)  =  1 • So, it is possible to define xl  on the 

norm group Nk/l ( K x) by

Xl (x ) =  X k (v ) where x  =  N K / l (v ) •

Moreover, notice that x k  = X k / l  holds automatically.

Since K / L  is cyclic of prime degree, we have two possibilities (see [20, 

chapter V, §§ 2 — 3]):

(a) U l  =  N k / l {U k ) , and ttl modulo N k / l ( K x ) has order i .  i.e. 

K / L  is unramified.

(b) [ Ul '■ N k/l(U k ) ] =  i , and N k/l{^k )  is a uniformizing parameter 

of L  . i.e. K / L  is totally ramified.

To define a quasi-character x l  on all of L x , it is enough to specify X l \v 

as well as X l (^ l ) (see [22, Theorem 2.3.1]). In (a) , we can do so because 

X l ^ l 1) has an ^-th root. If (b) is true, observe that C N k/l{U k) and 

X l ( U l ) =  1 for sufficiently large n . Consequently x l  can be extended 

from N k / l {U k ) / U 2  to U l / U ^  . The last assertion is immediate from the 

construction. ||
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Lem m a 4.3.1. With the notations in the 2nd identity and the premises 

leading to it, let us define for each a  G Gal(Li/F) the following characters

of L f  -

Xu  =  XU °  <r

and

Xu ~ 1 =  (Xu)  • X l f  ■

Then we have X u ~ l e  S(K/Li)  . In fact, all the characters in S(K/Li)  

take the form Xu ~ X-

Proof. Extend a  to an automorphism of K  which is again denoted by 

a  . Because Gal(K/F) is assumed abelian,

Xu °  N « / L i  =  (Xu °  N K / u )  °  o-  =  X K  O a =  X k  =  Xu °  n k / U  • 

Hence X u  ~ l ^  trivial on N k / u { K x )  .

Given a ^  1 , it generates the cyclic group Gal(Li/F). Therefore Xu ~ 1 ^  

1; otherwise Xu =  Xu f°r a^y integer k , and lemma 4.3.0 implies 

Xu = X f  °  N u / f  for some character X f  of Fx . This contradicts the
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premise X k  ^  X f  °  N K / f  • Now, we observe that

-  i _  v <rm- l   v. v °k _  v <r"
X L i  —  X l i  A Li — A Li

<7• (*-"»)
XLi = Xu

whichmeans =  1 . In other words, 1 , Xu 1 > > Xu  ^ 1

are distinct characters. Lemma 4.3.1 is proved. ||

Because a(t/£.) =  f/£. for a G Gal{Li/F), we see m(xu) = m (Xu) ■ 

So it is a corollary of lemma 4.3.1 that

v  G S ( K / L i )  ==> m i  >  m ( u )  (4.3a).

Lem m a 4.3.2. The Zg © Zg extension allows three possible ramification 

group filtrations:

(i) G ± Go =  . . .  =  Gu ^  Gu+1 = {1}

(ii) G — Go = G\ = . . .  = Gw ^  Gw+i = . . .  — Gu ^  Gu+1 =  {1}

(iii) G = Gq =  Gi =  — =  Gu ^  =  {1}
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Proof. Recall that G/Gq is always cyclic, while Gq/G\ is cyclic of 

degree prime to the residue class field characteristic p . Moreover, for n > 

1, Gn is a p-group (see [20, chapter IV, § 2, p.67]). ||

Now, we assume that the Zg © Zg extension K /F  is tamely ramified. 

In this case the ramification group filtration of G = Gal(K/F) is known.

G =  Zg x Zg

u

Go =  Zt

U

Gi =  {1}

Compare this filtration with (i) in lemma 4.3.2. We see that the jump u 

equals zero.

Suppose E  is the fixed field of the inertia group Go . According to lemma 

4.3.0 there exists character xe  such that xe  ° Nk/e  =  Xk  • If we can 

show

W (xe)  n  w iJt) =  W b a .)  n  W W )
IX €  S (E /F )  IX' €  S ( L i / F )
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then the 2nd identity in the tame case follows. Thus, it remains to prove

T heorem  4.3.3. In addition to the premises leading to the 2nd identity, 

suppose K /F  is tamely ramified and the subfield L\ coincides with the 

fixed field of the inertia group Go , then

W (x h )  ■ = W(XL.) n  W W  f4-36)
(i e  5 (L a /F )

where r  is any non-trivial character in S (L \ /F ) .

Proof. First we collect some facts about the two conductors mi and 

7712 • As we assume L \ , Li are distinct, L i /F  must be totally ramified. 

This means K /L i  is unramified.

|  unramified

(4.3c).

K

Li Li

unramified

F

lified |
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So Nk/Li HJk ) =  Uj^ for all n > 0 , and

m(xK) = rn(xL2 ° NK/L2) = m2 (4.3d).

Since K / F  is tame, so is the totally ramified extension K /L x . Conse­

quently, Nk /Li (Uk ) =  f/£j • The fact that K /L x is also cyclic of prime 

degree further asserts that

N k/lAUk ™) =  VI, for all n > 0 .

and

NkilAUk '-"'1*') =  U R 1 for all n  >  0 .

(see Serre [20] chapter V, § 3, corollary 3 p.85). Here the function ip is given 

by

,, . f x  for — 1 < x  < 0 .
♦ W  =  [  for a: > 0 .

For future reference, we will sometimes distinguish the above functon by

writing ip as ̂ k/lx ■ In contrast, ̂ k/l2 Is just the identity function.

C laim  I. mi >  1 implies m(xi<) = ^  (m i — 1) +  1 -

Proof. Because mi — 1 > 0 ,

XLl (N K/lA u P m‘- 1)) )  =  x lA U ^ )  *  {i} ■
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On the other hand,

XLANK,l t (Upm'~1>* 1))  =  x U U f r ' - " * 1) =  XL, T O )  =  {!}■

Now recall that xk  = Xlx ° Nk/Li ■ So ip (mi — 1) +  1 must be the 

conductor for x k  ■ 11

With the notation ^ k/u  introduced earher, the above claim and (4.3d) 

yield

C laim  II. I f  m\ > 1 , then

™(Xk ) = ^ K / L i i m -  1) +  1 * =  1 , 2 .

In other words, m2  =  I  ■ (mi — 1) +  1 , which implies m2  > mi .

Before we state the next claim, let us point out that m: >  1 when 

the Galois extension K /L i  is totally and tamely ramified. In fact, because 

[U^ : Nk/Li (Uk )} =  I  and N ^/lA ^k ) is a uniformizing parameter of L i , 

the observation that Nr /lA ^ k ) — means all the non-trivial characters 

in S(K /L i)  are tame. By (4.3a), we have mi > 1.
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Claim  HI. For t  ^ 2 ,  we have mi =  m 2  mod 2 . i.e. mi and m2 are 

either both odd or both even.

Proof. Because of the formula m2  =  t  • (mi — 1) +  1 in Claim II,

we obtain mi =  m2  mod 2 when I  is odd and mx > 1. In the case

mi =  1 , claim III follows from

Claim  IV. Regardless of the parity of t , i f  mi =  1 , then m (xk ) = 

m 2  =  1 .

Proof. As K /L i is tamely ramified, Njk/lA ^ k ) = . So mi =  1

implies m(x/c) is less than or equal to 1. However, m(xK) i 1 0 ; oth­

erwise there exists a character x f  of F x with xu. =  X l^/f ■ This is 

a contradiction since Xk 7  ̂ X k /f  • In fact, if we define x f  such that 

Xf{ ) =  x ^ l A  3 1 1 ( 1  Xf{u) =  1 for all u G UF , then

m(xK) =  0  m2  =  0

= >  X l 2/ f  =  X l n

= >  X k / f  =  X k

which cannot happen. ||
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Now, for odd £ , mi =  m 2  mod 2 is true for all possible values of m i as 

mi >  1 by (4.3a). We have completed the proof of claim III. ||

We are going to split the proof of theorem 4.3.3 into two parts. First, 

we verify (4.36) by assuming mi =  1. Afterwards we handle the case

mi > 1 .

Theorem  4.3.4. Suppose the Galois extension K /F  is tamely ramified and 

subfield Li is unramified over F  . I f  XLi is tame i.e. m\ =  1 , then the 

2nd identity (4.36) holds.

Proof. Consider the isomorphism

u u v l  =* ( U h - u k W i

induced by the inclusion map Uj^ Ui^ • C Uk  • Recall from

claim IV that mi =  1 implies m{xK) =  m 2  =  1. Via the above iso­

morphism, it is possible to identify the restriction xl? \uL2 ^  a character 

of (Ulz • Uk)/U k  , which can be extended to a character of U k/U k  > again 

denoted by xl* •
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Similarly, we will abuse the notation x k  , giving it dual meaning as a tame 

character of K* and the corresponding character of Up/Up .

Let q — be the cardinality of the residue class field k p . Then Up/Up  ~  

kp  is cyclic of order cf — 1. Given a character x  of Up/Up with order 

— 1 , there is a  unique nonnegative integer a  less than qe — 1  such that

X lT 1 =  (4.3e).

C laim  V. The integer a  defined by (4.3e) is relatively prime to i  .

Proof. Suppose a  =  i s  for some integer s .  Let proj : Up —> 

Up/Up  be the canonical projection. Because L^/F  is totally ramified, 

N l2/p(ttl2) is a uniformizing parameter of F , and it is possible to define a 

character x f  of F x such that Xf{ NL2/ f ( 7tL2)) = x l 2{7Tl 2) and

Xf  = Xs ° proj on Up .

With the observation

N l2/ f{u)  =  u e mod Pp for u € Ui^ , 

it is immediate to check that Xiv =  Xf  ° N i^ /f  , which contradicts the
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assumption x k  ^  X k / f  • As a result, a  cannot be divisible by the prime 

degree £. This proves claim V. ||

Meanwhile, K /L 2 is unramified according to diagram (4.3c). Therefore 

x - i  =  ^*(1 + ,  + ... + ✓-*) on U x/U k.

On the other hand, U lJ U ^  ~  U k/U ^  . So the restriction XlAuLi can be 

regarded as a character of U k / U k  via the isomorphism. Let x l } stand for 

this character of U k / U ^  as well. Then

=  X k  on UK/U lK .

Now, recall that F  contains all the ^-th roots of unity because L2/F  is

a totally and tamely ramified Galois extension of degree £. This implies

£ | (q — 1 ) or equivalently

<7 = 1  m odi (4.3/).

See [2, chapter3, § 1, lemma 4, p.87].

Hence, we have I + q + . . .  + cf~l =  0 mod £ . Let

=  1 +  g +  . . .  +
P  £
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and notice

v -*  -  V- 1  -  V a l 3 e
X l i  —  X k  —  X

Evidently, the order of xl-i * Xa ^ divides £. Since the order of x^q ^  is 

exactly £, we conclude

Xi* ■Tf'* =  ( x l,- 1)S)i on Uk /Ur  . 

for some i . In other words,

x <« -  (5-1) i) /S =  X-I  {4 3 s)

Observe that the integer a  — (q — 1) i in the exponent of x  must be 

relatively prime to £. This is because

a  -  ( q - l ) i  =  a  0 mod £

by (4.3/) and claim V.

So, the following Gauss sum identity holds (see Evans [7, identity (3), p. 198]).
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Here G f ( x a ~ 1) is a sum over kp = ki^ and Gfg ( x ^ a ~ ^ _1') ^ 10) 

is a sum over kp  • They are consistent with the ordinary Gauss sum notation 

in theorem 4.1.1.

Restricted to k/^ ~  ( i/^  - Up)/Up  , the character x  has order q — 1 . 

Therefore,

C f t x ” - ' ’"11*) =  <?f (x“) .

Similarly,

Thus we have

1  =

or equivalently

• a tt =  Gf (x“ ) f f  G i W ^ ' 1) ■
i=i

Before converting this into a root number identity, we note that the restriction 

of every non-trivial n  G S(L,2/F )  to U f corresponds to a character of the 

form x j ^ ~ ^ /e  on Up/Up ~  (Uj^ ■ U p)/U p , for some positive j  less 

than or equal to i  — 1 .
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Now, in view of (4.3e) and (4.3^), theorem 4.1.1 translates the above Gauss 

identity into

v - i m  N(PLl)m  W ( X L . )
L , u  - x i A h - K p - 1)

N(PL,f>2 IT(xfa) n  N(Pf )'V W(h)
/ .  I d  + { ( —  1) + 1\ 11    ,./•* _d+l\

— XLz \p2 ) p € S{l2/ f) *F  )
p * i

where
t  =  T r F/Fo(p/7rdF+ l )

h  =  T r Ll/{Ll)o( p f  tt£+1)

t 2 =  T rL2/{L2)X p / ^ + ( e ~ 1) + 1)
and £d + (£— 1 ) is the order of the absolute different of L2 .

Since N(PFl) is the cardinality of the residue class field kFl ,

N(Pl,)  =  J  =  X(Pia) n W P r )  ■
P  €  S ( L 2 / F )

P *  1

Together with the fact that W (l) =  1, we have

XZa1 (*) ’ W ( X h )  =  W j x L t )  n  W { n )

-  X L , { h  4 +1) -  X l ,  { t2 * £ + {e~l) + l ) s ^ / F )  ( - 1)4' 1 M * * f +1)

(4.3*).

We will obtain (4.36) from (4.36) first for odd I  and then for t  =  2 .

Case 1  : £ is odd.
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Notice that a fixed non-trivial fi0 £ S(L?,/F) has order t .  Hence the 

product

n 4+i)
M € S(L2/F)

is equal to 

r-i
I ]  d ( t *F+1) = v o itK p 1) ^  = = 1

3 = 0

and (4.3/i) is reduced to

xli W ■ w(XLl) Wija,) tt
(+ <f+l\ — t d + ( e -  1) + 1n 1 1  v v \f1) •

X Li  (il 7J> ) — XL2 { h  TTLj )  ̂€ S(L2/F)

In order to establish (4.36) from above, it is sufficient to prove

x£{Z) • Xfa(*2 *%+(*~1) + 1) =  Xlffi) ' X iJ t-2 7rff+1)) =  - 
XL1(ti'Fp'1) X l M ^ f 1)

because for odd £

t (ttf ) * = (r(7i>) ) 2 = (1) 2 = 1 .

(Recall r  is a  non-trivial character in S ( L i / F ) .)

Lemma. I f  the prime degree £ is odd and the uniformizing parameters Fp

and 7 are chosen such that Fp = N l2/ f ( f l 2) — (—1 ) £ + 1  f[^ , then

• Xl>2 ( ^ 2  tt£*+1)) =
XLi (*i 7Tf+1)
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Proof. Recall ti =  TrLl/(Ll)0(p/-K<p ’1') . By definition, ( Z q ) 0 is the 

maximal subfield of L\ that is unramified over Qv . Therefore it must 

contain Fa .

Li

unramified | j  | totally ramified

F  (Li)0

totally ramified j  \  /  (4.3*).

Qv

If iLx/QP is the residue class field degree [k^ : Fp] , then according to the 

above diagram

[F0 : Qp] [I* : F] = iLl/Qp = [(L! ) 0  : QP] = [Fa : Qp] [(Li). : F0] - 

So [Li : F] =  [(Li) 0  : F0] . It follows that [F : Fc\ =  [Li : (Li)0] .
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Moreover,

F  fl (L\)0 =  F0

and

F - { L {)0 = U

Consequently,

ti =  TrL,nLl), ( ^ j  =  TrF/K{ - ^ j  = t .

On the other hand, as indicated in diagram (4.3c), L ^/F  is totally ramified 

and therefore so is L i/F 0 . In other words, (£2 ) 0  =  F0 . With our choice 

of uniformizing parameters, this means

* 2  =  TrL2/{L2)o =  Tr^ /F ° ( y iPi) =  T rF/F0 =  H  ■

Now,

x M  • X u (h  7rff+1)) =  ' XLi { tt 'K p 1) =  Xl2 ( ^ f +1)
XLx (il 7Tf+1) XLi (* *F+1) XL: (* 7Tf+1)

(4.3j )-

As a result, Claim VI below completes the proof of our lemma.

C laim  VI. When £ is odd, we have x u  =  Xu. 071 F x -
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Proof. Because L\ ^  L2  , the norm groups iV£,1/F(Lf) and N ^ /r iL ^ )  

are distinct. So t  =  [Fx : NLl/F(L?)] = [Fx : N L2/ f (L$)\ implies

F x =  (ATil/F (L1x))(iV W F(L2x) )  •

Given x  G F x , there exist <5i € £? and <52 G L2  such that x  =  

(NLl/F S iXN^ /p  52) . Observe

Xk(Si) =  XLii^K/LiSi) = X l2{ ^ l 1/F <$i)

At the same time

Xk(8i) =  X l^N k/L i 5i) =  Xz,i(^/)

By lemma 4.3.1,

,  r  A  _  XZq ( - ^ l / F ^ l )  _  X L l ( A L l / F ^ l )

n  x / r 1 ^ )  n  ^ i )<r € Co/fLj/F) 1 e S W I L i )

which is equal to XLi (^L i/F ^i ) because n  =  1  when t
V € S ( K / L i )

is odd.

In summary, we have X i^ iN ^ /p S i) =  Xk ($i ) =  Xl^ N ^ / f Si ) - 

Similarly, lemma 4.3.1 yields

XL2 t f i )  = XLz(Nlz/p52)
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for odd i . So

X l A x ) =  X l A N Li / f 5 i ) - x l A n L2/f ^2)

= XisziNh/F ^1 ) • XlANk/Li 82)

= XLii^Li/F Si) • XK{f>2)

=  XLii^Li/F <5l) • XL2(Nk /L2 <52)

=  XL2(NLi/f Si )-XL^(^2)

=  X L i i N ^ / F  <$l) • X l 2 { ^ L 2 / f  £2)

and we have shown that Xi-ifc) =  XL2 (x ) ■ Claim VI is proved. ||

Since t = TrF/Fo(p/irdF+1'j is a unit in 0 Fo according to theorem 4.1.1, 

17r/+1 indeed belongs to F x , and our lemma follows from (4.3j )  together 

with claim VI. ||

This completes case 1, and we now proceed to deduce (4.36) from (4.36) 

for £ =  2 .
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Case 2  : i  =  2 .

As K /F  is tame, the residue class field characteristic p ^  2 . If p  is the 

non-trivial character in S(L,2/F ) , then (4.3h) becomes

x t  (2) ' W'tXfa) =  ty(Xfa) • WjjA)
-  XL, (ti * / +1) (t2 ,  + '>) • « ? ' )  '

Combined with the following lemma, the above equality yields (4.36).

Lemma. Let the prime degree £ =  2 . I f  the uniformizing parameters ftp 

and 7Tĵ  are chosen such that nxp = N j^ /p ^z^)  =  (—1 ) 2 + 1  ftj^ , then

XZ21(2) • Xi^fo ^Hf+l)) • r t t * F +1) _,_dx
----------------- I d+u -------------- -  n * F )-XLAti 'Fp )

where t is the non-trivial character in S (L \/F ) .

Proof. Just as in case 1, diagram (4.3z) shows that [F : Fc] =  [L\ : 

(Li)0] . Moreover, we have F  fl (L \ ) 0 =  F„ and F  • (L \ ) 0 =  L\ . 

Therefore

h  =  T ^ / t f c ) . ( ^ r )  =  =  4  ■

On the other hand, because of our choice of uniformizing parameters, t-i is
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equal to

T r L 2/iL2)° { { - Z )  *«) = Tr L */F° ( { - Z ) d+1)  =  TrF/F° { ( ~ * F ) d+\

In fact

t2  =  2  ( - 1 ) d+11 .

Consequently

XE21(2) • X l,(*2  * £ d+1)) • M * t t / +1)

-  XL i (* i

can be written

-  Xi, (i ^F+1)

Hence,

XL,1 (2) • XL,(*2  7T̂ (<i+1)) • /x(*7r / +1) =  XL2{t*F+1) ' M ^ F +1) 
-  XL! ( * 1  7r/+1) ~  XL! (* 7r/+1)

(4.3k).

Claim  V II. For I  =  2 , we have

T(x) • XLiW =  M*) • XLzix) on F x 

where r  e  S(Li/F) and (jl e  S fa/F)  are both non-trivial.
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Proof. First, let us point out

T62/F =  r  o Ni^/p e  S(K/L2)

and

t*Li/F =  n o  N Ll/F G S ( K / L i ) .

These are non-trivial characters because r  , fj, are non-trivial on

=  ( NLi/f {L*) ) ( N ^ / p i L S ) ) .

Given x  €  F x , let x  =  62) . We observe

X k { 6 i )  =  XLi(^K/L2^l)  =  X L i { N l i / F ? > i )  -

Also

X k ( $  1) =  X l A n k / L i £1) =  XLi(<*12) =  * ^ 1 ( t l / F  NXL, (ALi/F

where a  is the non-trivial element in Gal(Li /F) .

Thus

.. /nr r \  X L i { N l i / f 6 i )XL2\Nli/f 0i ) ~  \ ■
X l x

By lemma 4.3.1

XLiV^L^F^i) =  VLi/f ($i ) ' XLziNLi/F 8l) =  P { N lx/F ^l) • Xl^i^Li/F  <$l)
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(4.31).

Meanwhile

Xk(<52 ) =  XLaCW/f/La <52 ) =  XLa(&>2) =  ^
XLa I®2/

if o ' is the non-trivial element in Gal{L2/F ) .

Again by lemma 4.3.1

XLiiNj^/F s2) =  T L a /F ^ ) ‘ X/f(^2) =  t (NL2/F S2) • X k ( ^ )

(4.3m).

Now

t ( s )  • X l i W  =  t { N l 2 / f  ^2) • X l A N l i / f  <$i) * XL i ( Nl 2/ f  ^2) •

By (4.3Z), we have

t(* ) • XLi(z) =  t (N L2/F 82) ■ n(NLl/pSi) • x i ^ iN^ /F^ i )  ■ Xl1{Nl2/ f 82) ■ 

Notice JV^/f S2 = NK/Li h  and xz,i 0  JYk/Li =  Xk • So 

t ( * )  • x ^  (a;) =  t (NL2/f 82) - p (n Li /f  $1) * XLa(NL l/F<Ji) • X jc(& ) • 

According to (4.3m),

T(x) • XLi(*) =  M -^Li/F^l) • XLa(^Li/F^l) * XLaC^La/F <$2) -
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This is equal to /.i(x) • Xl2(x ) • Claim VII is established. ||

Apply claim VII to the right hand side of (4.3fc).

XZi(2) • XLtfa * £ d+1)) • l*{t t t / +1) _f d+1)
--------------------U----5+l\------------- — -  r Vr F  >

— X L i i t l  TTp )

Because r  is a  non-trivial unramified character of order 2, the fact that

t  € Up0 (see theorem 4.1.1) implies

XZ^2) • XL2 (*2 ’rfa-+1)) • / dx
  =  M

This proves our lemma in case 2. ||

As remarked before, (4.36) follows from (4.36.) together with this lemma. 

Finally we can conclude that whenever mi =  1 , the 2nd identity (4.36) 

holds for all primes t . The proof of theorem 4.3.4 is now completed. ||

To conclude theorem 4.3.3, it is necessary to establish (4.36) for mi > 1 

as well. We will do so in the next theorem, but first let us quote a relevant 

lemma from Langlands [16].

Lem m a 4.3.5 (Langlands). Let Gal(KfF)  =  Z( © Z( be the direct
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sum of two cyclic groups of prime order i . Let L be a proper subfield of 

K / F . In other words, both H  =  GaI(K/L) and H  = Gal(L/F)

have order I .

(i) In the case L /F  is unramified, if  X l is a character of L* such that 

(XL ° <?) • x l 1 e  S{K/L ) for all a  e  H , and w is the jump

in the ramification group filtration

H  =  Ho =  . . .  =  Hw ±  Hw+1 = {1}

then

Xl (x ) =  1 for x  £ U™+1 with NL/F(x) =  1 .

(ii) In the case L /F  is ramified but K /L  is not, if  X l  is a character of

L x such that ( x l  °  &) • Xl} £ 5(/C/L) for all a  € H  , and

u is the jump in the ramification group filtration

V  =  ( T T )  o =  . . .  =  ( 7 T ) U ±  ( T T ) u + r =  {1 }

then

X l ( x )  =  1 for x e Uf/+l with Nl/f(%) =  1 -
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(Hi) With the notations in the 2nd identity and the premises leading to it, 

if  L\ is the fixed field of the inertia group for Gal(K/F) ,  then there 

exists a character x'f ° f  F* suc^  that

™(xZj • Xli/f ) =  « +  1

and

* x 'li/f ) =  « +  1  

Here x 'l /̂f the composition x 'f ° ^ u /f  > while u is the jump 

in the ramification group filtration of Gal^LifF) . It can be shown 

that u also represents the jump in the ramification group filtration of 

G0 = Gcd(K/Li ) .

For notational simplicity, (xl  ° a) * XZ* which appears in part (i) and (ii) 

will be abbreviated to x [ ~ l f a t  as in lemma 4-3.1.

Proof. We prove (i) first. Suppose a  generates H  . By Hilbert’s 

theorem 90, there exists y € Lx such that x  — cr(y)/y =  y *7 - 1  . As 

7Tp is also a uniformizing parameter of L , the above y can actually be 

selected from Up.

viV̂ F) *(v)
V^ f V

=  x  for any integer n .
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Moreover, we may assume that y £ Uf  because only the case x  ^  1  

requires an argument. Now

cr(y) = x y  = y mod P™+1.

So y is congruent to some £ G Up modulo P l • Again notice that 

a(y C_1)/y C-1 =  y a~l ■ In other words, y  can be selected from U l . 

Let y = 1 + £7Tp where e € Ul  - Then

y a~l =  1  +  (<r(e) — e) mod P £+l.

The congruence a{e) = e mod Pl would imply e = C m °d Pl 

for some £ e  Up ■ Hence, we could select a new y  from U£ +1; otherwise

a(s) ^  e mod Pl .

This latter scenario means <j(e) — £ is a  unit, and y °~l =  x  G U™+1 

indicates that a > w +  1 . In the former scenario, our argument can be

iterated until we have a > w +  1 . Either way,

X l (x ) =  X L ( y ° ~ l ) =  X r_1(y) =  1

because characters in S(K/L)  have conductor at most w +  1 . Hence we

obtain ( i ) .
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Next we prove (i i ) . Again let (a) = H . By Hilbert’s theorem 90 

there exists y € L x such that x  =  y < T -1  . Let y — zi^L where 

e £ Ul and 6  is an integer. Because

=  w

we may assume b > 0 . Then

y o- 1 =  (£<,-i) ( 7r r iy> s  ^ - t y ,  m o d p u + 1

as a £ ( H  )u . However, the fact that a £ ( H  )u+i means

ir£~l ^  1 mô  f>l * + 1 -

On the other hand,

1  =  r / - 1) =  ( t / - 1) '  m o d P L» + 1

as 7T/ - 1  is a unit. Therefore 7r/ - 1  modulo Pl , being an element of the

group , must have order I . Now, recall that y < 7_1 =  x  £ U£+1 . So

y - 1 = (tt£ - l )b m o d P £ +1

implies (tt/ - 1 ) 6  =  1  mod P £ +1 , and we have £ divides b .
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By (*), it is possible to select y from Ul ■ Finally,

xl(x) = XL{ya~l) = xl~l{y) =  1

because characters in S(K/L)  are unramified by assumption. Thus (ii) is 

proved.

To construct such a character Xf m  (***) > we define Xf on 

unit group Up+1 =  NLi/f (Ul1+1) by

Xf (z ) = XlAx ) where x  e  and z = NLl/F(x ) .

Part ( i) , which we have already established, asserts that the above definition 

is legitimate. Recall from (4.3a)

mi > u +  1  .

So Xf is bi fact a character of C//+1 / f / /n i , which can be extended to a 

character of Uf /U™1 and ultimately to a character of F x , again denoted 

by Xf • Notice that from the definition we have

u +  1  >  m (x ll  * X li/f) •
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Since the three characters X k ' X ' k / f  » X l I ' ^ / f  . satisfy

all the assumptions in the 2nd identity, we can apply (4.3a) again to conclude

™{xl\ ' Xli/f ) > u + 1 .

In other words,

™{XlI * x 'li/f) = u + 1 (**).

It remains to show that m-i'Xi/ • X lj/f) =  u +  1  as well. Because

Nw >(Uk +1) = U Z * 1 , (»*) imphes

U +  1 >  tti{x k  • X k / f ) =  m ( x l ]  • x 'l 2/ f ) -

Assume xlc ' x!k/f ^  trivial on Urf . Then x l ] ' x 'l1/f annihilates the

norm group NK/Ll{U^ ) . Because [ Ufi : N x /lAU#) ] =  I  , there exists 

a character v  G S{K/L \ ) such that m{y ■ x l ]  • Xi,i/f) ^  êss than or 

equal to u . This is a contradiction to (4.3a). In summary, xlc ' x!k/f 

cannot be trivial on U^2 , and we obtain

u  +  1 =  m { x lc  * X k / f ) =  M x l ]  * x 'l i / f ) ■

This completes the proof of (in ) , as well as lemma 4.3.5. ||
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Remark: The above lemma and its proof hold even if K /F  is wildly ramified. 

Nonetheless, we only make use of the tame case of lemma 4.3.5 to prove our 

next theorem and eventually theorem 4.3.3.

T heorem  4.3.6. I f  the Galois extension K /F  is tamely ramified and the

subfield L \ is unramified over F , then the 2nd identity (4.3b) holds for

mi > 1 .

Proof. Recall from claim II that m2  > m i > 1 . Once again we are 

going to break up the argument into

Case 1  : £ is odd.

Case 2 : I  =  2 .

Let us consider case 1  first. To obtain (4.36) in this case, it is enough to 

show

W{xLt)  =  W O u,) (4.3n)

because =  1  for odd £ and

C laim  V III. I f  £ is odd, n  w (u )  =  1  .
M €  S ( i 2 /F )
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Proof. As it is stated, the claim holds even if L^/F  is not tamely 

ramified. Nonetheless, we will address the immediate situation, assuming all 

non-trivial fi have conductor one. The argument for m(n) > 1 is very 

similar.

By definition, if (i ^  1,

Observe that n(—l ) 2  =  1  =  /x(—1 )£ . So in the case i  is odd, /z(—1 ) 

must be 1 , and

Its complex conjugate is given by

~   n vF

Since multiplication by —1 yields a bijection from Up/Up to itself,

W(A*-1) =  w(fi) .
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Meanwhile, \W(fi)\ =  1 (see Martinet [18] II §2, proposition 2.2). As a 

result,

W itT 1) =  .

Now, because I  is odd, S(L2/F )  is a group with no character of order 2. 

Therefore we have claim VIII. ||

Recall that x ii and the character Xf we constructed in part (in) of 

lemma 4.3.5 share the same conductor mi > 1. Since K / F  is tamely 

ramified, we have m(x £ i1 • x ^ /f )  =  1 • Moreover, it follows from theorem 

A.2 part (a) that rn(x,L./F) =  ^Li/F(^i\ -  1) +  1 which is greater than 

one. Let

™ ( x 'w f )  =  ^  +  2  • d (x'Lt /F) 

where /p) is a positive integer and e* is either one or zero. Then part 

(c) of theorem A.l implies

W(xu) =  = mx’u/F) ■ (xl! ■ x’u/f) M ■

Here c, € L f  satisfies

x'Li/F (l  +  x ) =  M < k x )  for x  of order >  £{ + d(̂ /p) .
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In other words, (4.3n) is equivalent to

WXXLj/f) * f o i l  ' X-Li /F) (cl)  =  ^ ( x 'l z / f )  * (X ii  ■ X L z/ f )  (c2) 

which follows immediately from our next claim.

C laim  IX. For odd I , we have

W W V w f)  =  w Mf ) 1 ■

(ii) (xZ,1 • x i , / f )  (ci) =  (Xl ‘ ■ X ^ /f) fe )  •

Proof. By the 1 st identity which has already been proved in section 4.2,

w ( & /F) n  w m  =  n  ^ ( x f  • m) •
At € S(Li /F)  y  €  S ( I ; /F )

Let r  be a non-trivial character in S ( L \ I F ) . Then n  W ( f i )  —
t* 6 S ( i i / F )

r ( 7Tp) =  1  since ^ is odd. As for n  W(/j.) , we have seen
V r  ’  H €  S(£.2 /F )

in claim VIII that this product is also one. To summarize,

m A / p )  =  n  ^ ( x W )  •
y  € S (L ,/F )

Thus part (i) is completed once we show

n  w U f • y) =  ^ (x 'f )  * •
At e  S (I i /F )
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Recall rn(x'F) = m i > 1 , while m(fi) is less than or equal to one. Suppose

m{x'F) = mi = e 4- 2 • d#F)

with a positive integer and £ =  0 or 1 . Then part (c) of theorem

A.l yields

n w Mr ■ /•) = n WUr) ■ /‘■‘(e)
» S 5(i,/F ) * S S ( L i / F )

= WUr)‘ n /‘■‘(e)
A* €  S ( L i / F )

where c is the parameter in theorem A.l for x 'f » satisfying 

Xj?(l +  x) =  iI)f (cx) for all x  e  PF Up) •

So it remains to prove

1 = n _̂1(c)
fx e  S ( L i / F )

but this is evident once we fix a non-trivial character r  in S(Li/F) . Specif­

ically

II M_1(c) = f[ r m(c) =  t ( c ) ^  =  1 .
At €  S ( L i / F )  m =0

We now proceed to verify

(XlI * x'h/F) (ci) =  (X it ’ x 'l^/f ) (c2 ) •
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Since K /F  is tamely ramified and m(xjr) = mi > 1, we may assume 

d  =  C2  =  c according to part (6 ) and part (c) of theorem A.2. Remem­

ber that c G F* is the parameter in theorem A.l for x 'f . So

X lj/f (c) =  Xf(c)* =  x 'l i / f  (c) 

and we can apply claim VI to complete part (ii). ||

As noted before, this claim establishes (4.3n ) , and case 1 is concluded.

Let us turn to case 2. We must prove in this case

w (  X L , ) r ( * j )  =  W ( x i , ) W ( i i )  (4.3o)

where r , fj, are the non-trivial characters in S{L\ /F)  and S(L2/F)  re­

spectively.

Just like in case 1, the character x 'f  i11 P3̂  (***) °f lemma 4.3.5 has con­

ductor mi  >  1. So

m (XLi/F) = VLi/Fimi -  1) +  1 

by theorem A.2 part (a ) . This implies rn(x'L./F) > 1. Meanwhile, the
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character x l]  ' Xl</f ^  tame. It follows from part (c) of theorem A.l that

W(XLi) =  W(XLi ■ (XLi/F) 1 'XLi/F ) =  WXXXi/F) ' ^ l] * XLi/F)(ci)

(4.3p)

Again parameter c* for X>Li/F ^  defined as in theorem A.l.

We now invoke the 1st identity:

w Wl*/f ) W(//) =  W(X'F) W (X'F ■ »)

If c G p ~ i d + m^F)) satisfies theorem A.l for X f> then theorem A.l 

part (c) yields

w ( x ’F -ii) =  w tx 'f) • 

as m(xfF) = mi > 1  =  m(/x) . Consequently

=  "'(x'f)2 • ''■‘(c)

In similar fashion, it can be deduced from the 1st identity that

W( x 'li/F) ’-(’ •/) =  W M p?  ■ r - l(c)

As a result,

W ip) • m(c) =  W 'txt./fO  • r(c)
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This equality together with (4.3p) will produce the 2nd identity (4.3o) if 

we show

• (xZJ-x'lj/fX ci) =  Me) - 1  • (Xlj1 • x 'l*/f )(c2) (4.3g)

First of all, we may take c\ =  c and c2  =  c due to part (6 ) and (d) of 

theorem A.2. Next, observe that

Xli/f (c) =  Xf ( c ) 2  =  X lj/f (c)

Finally, claim VII implies

t(c ) _ 1  • xZi(c) =  Me) - 1  • x li(c)

Therefore (4.3g) is true and we have completed case 2.

Now, (4.36) is established for mi > 1 regardless of the parity of i . In 

other words, theorem 4.3.6 is proved. ||

Put together theorem 4.3.4 and theorem 4.3.6. we are able to conclude 

the proof of theorem 4.3.3, from which the 2nd identity in the case K /F  is 

tamely ramified follows. ||
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We have followed Langlands [16] in the above proof of the 2nd identity 

when K /F  is tamely ramified. His method in [16] actually applies to cer­

tain cases of the 2nd identity in which K /F  is wildly ramified. However, 

as pointed out by Langlands, results analogous to lemma 4.3.5 account for 

many, but by no means all, cases in the proof of the 2nd identity. For odd 

residue class field characteristic p , Lakkis [14, Satz 2, p.226] contains the 

details of Dwork’s proof of the 2nd identity when K /F  is wildly ramified. 

Regarding p  =  2, we are unable to locate the original proof in the liter­

ature. Casselman [1 , Theorem 1.9, p.814] has shown that the 2nd identity 

is equivalent to an isomorphism between two irreducible components of the 

Weil representations (of SL,2(F)) associated to distinct quadratic extensions 

of F .  So any independent proof of this isomorphism would complete the 

argument for the 2 nd identity.

4.4  The third identity

We begin with some general facts required in the proof of the 3rd identity. 

T heorem  4.4.1 (Langlands). Suppose G =  G al(K /F) is a semi-direct
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product H C where C < G , H  ^  {1 } , and C is non-trivial abelian such 

that every non-trivial normal subgroup of G contains C . Hence H  fl C =  

{!}•

(i) I f  K /F  is tamely ramified, then C is equal to the inertia group G0

which must be cyclic of prime order in this case. Moreover the index

[G : G0] = \H\ divides \C\ -  1 .

(ii) I f  K /F  is wildly ramified, then the higher ramification groups of G 

satisfy

C — Gi — . . .  = Gu 7  ̂ Gu+i =  {1}

and the index [G0 : Gi] divides \C\ — 1.

In this case, all the non-trivial elements in C have order p , the residue 

class field characteristic of F .

Proof. Notice the inertia group G0 cannot be trivial as G is non- 

abelian. Let us assume K /F  to be tame first. Then it follows G0 is 

cyclic of prime order. Because G0 is a  non-trivial normal subgroup, we have 

G C G0 . This means C = G0 since the only non-trivial subgroup of a
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cyclic group of prime order is itself. To prove the other assertion in ( i ) , we 

need to show that the centralizer of C

A  =  { x  G G | xc  =  cx  for all c G C }

must be C itself. In fact, A  fl H  is normal in G , but it does not contain 

C . So

A  n  H  =  {1 } .

Together with A  D C , we conclude A  =  C  as every x  G A  can 

be written uniquely as a product he  with h G H  and c G C . An 

immediate consequence of A  =  C is that the conjugacy class of every non­

trivial c € C  consists of [G : C] number of elements. In other words, 

[G : C] must divide \C\ — 1 , the number of non-trivial c E C .

Now we proceed to the proof of ( i i) . Observe that the argument for 

A  =  C remains valid when the extension K /F  is wildly ramified. With 

G\ 7  ̂ {1} , we have C  C Gi since the higher ramification groups are 

normal in G . On the other hand, notice that the centralizer B  of G\ is 

normal in G . Being a p-group, G\ has a non-trivial center. Hence, B  

cannot be trivial, and it contains C  as well. Meanwhile B  C A , which
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implies B  =  C . Therefore C  is equal to B f l G i ,  the center of G \ . As 

a result, G\ =  C ; otherwise the non-trivial center of the nilpotent group 

G i/C  contains a cyclic group of prime order which is pullbacked to a normal 

abelian3  subgroup of Gi in which C has prime index, a contradiction to 

A = C .

Any other higher ramification group Gi that is non-trivial must coincide

with C  because C = Gi D Gi D C . For future reference, let it >  1

be the integer such that C = Gu ^  Gu+i =  {1} .

As for the divisibility claim in part (ii) , we recall the homomorphism

Oi : Gi/Gi+i irK/U }tl for i > 0

defined by

OAcr) =  ------   where ttk has order one in K  .
7tk

According to Serre [20, chapter IV, § 2, proposition 9], given s G G0 and 

a  €  Gu , we have

Bu{s (j s ~x) =  0o(s)u 6u(a)
3If a group modulo its center is cyclic, then it must be abelian.
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provided that both 0u(s<rs_1) and 9u(a) are interpreted as elements of 

Pk  / Pr +1 via the isomorphism

U Z /U p 1 =* PS/PZ*1-

It follows that s commutes with a ^  1 if and only if 9o(s)u G U}< . 

However, in view of the equality 6u{sas~l) = 6q( s ) u 9u(a) , we also have 

Qo{s)u £ Uk if and only if s G A .

Since A  = C , the G0 conjugacy class of each <7 ^ 1  has exactly [G0 : C] 

elements. In other words, [G0 : C] divides |GU| — 1 .

Finally, the subgroup of C consisting of elements of order p or 1  is a non­

trivial normal subgroup of G . So it must be C itself. This completes the 

proof of theorem 4.4.1. ||

In the above proof, we have established and used repeatedly the following 

result which we now highlight as a lemma.

Lemma 4.4.2. I f  C is non-trivial, abelian and normal in a semi-direct 

product H C such that all non-trivial normal subgroups of HC contain C ,
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then C is its own centralizer.

Henceforth we keep the notations G , H  , C and the assumptions

in theorem 4.4.1. Recall the Galois group G =  Gal(K/F) acts on the

character group of C , denoted by C * . Particularly, if g € G and fi € 

C * , then the G-action is given by

f i 9 (x) =  fi(g x  g-1) for x  € C .

Let H  = Gcd(K/E) , C = GaI(K/L) and

T  =  a complete set of representatives of the G-orbits 

Gn =  stabc(fi) , the isotropy group (stabilizer) of n  € C*

Ffj. = the fixed field of G^

Hl l = G„ n  H  

It follows immediately that

Claim  I. (a) For all g € G , we have G ^ )  =  g~l G^ g .

(b) Gm =  H p C .
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In addition, part (b) of the above claim enables us to extend /z to a character 

of Gy defined by

/i'(hc) = n(c) where h € Hy and c € C .

Via the reciprocity map, this /z' can be interpreted as a character of F x . 

The third identity then asserts that given any quasi-character xf  on F x ,

W ( x f  ° Nb/f) n w (p') = WM  n »'(/*'• ixr o Nf./f))
H 6 T  11 e  TM  ̂1 M 9s 1

(4.4a)

regardless of the choice of the representatives of the G-orbits.

Let us elaborate on this last remark before we continue. First of all, the 

G-orbits are in fact identical to the //"-orbits. If h €  H , we observe

= G{yH) n H  =  (h _ 1  Gm h) n H  = h " 1 (Gy n H )h

This means G ^  = (h_ 1  H yh)C  because of claim I. Suppose C x de­

notes the nonzero complex numbers. Then it follows that the diagram below
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is commutative.
G f t  C x

hxh  j

G(nh)

Equivalently, we can conclude that =  {[xk) ' . Now, by lemma 1.2.10

H V )  =  W W T )  =  W((iLh) ')  (4.46).

Similarly,

W {  ( / ) '  • (x f  ° N k -h f m f ) ) =  w (  (m')A • (XF o « f„ / f  o f t ) ) .

When we interpret (/x')/l as a character of h~l (F*) and /x' as a character

of F^ , we have

(/x')A =  A*' o h on /T 1̂ )

according to the funtoriality properties of the reciprocity map (see Serre [20]).

Furthermore, our next claim yields

W ( (fj,' o h) • (xf  ° ° h ) ) =  W( n ’ • (x f ° -Nfm/f)  ) •

Claim II. Suppose F is a local field with residue class field characteristic p 

and x is a quasi-character on F* . If <j> is a Qp-isomorphism from F into
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an algebraic closure of F , then on 4>(Fx) we can define a quasi-character 

X o 4r 1 by

X ° <£_1(y) =  X(^) where 4>(x) =  y .

Moreover,

w(X °  r 1)  =  wix) ■

Proof, x  ° 4>~l is a well defined homomorphism because 4> is an isomor­

phism and x  is uniquely determined by y . Let O f , P f , ftp , P f > P f  

be the ring of integers of F , the maximal ideal of O f  , a uniformizing pa­

rameter of F , the absolute different of F  and the unit group of O f respec­

tively. Then 4>(Of) , <}>(Pf) , H ^ f)  , <j>(Pf)6 , 4>{Uf) are the counter­

parts of the field <f>(F) as any Qp - isomorphism from a local field to its 

algebraic closure preserves the valuation. Hence F  and 4>{P) share the 

same absolute ramification index, residue class field and order of the abso­

lute different. Also the conductor of x 0 4>~l is equal to the conductor of 

X - Let us denote this comm on conductor by m . Since

TrHF)iQ,{ )  =  TrF,Qr(
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with <f>{x) =  y , the canonical additive characters behaves similarly:

^ (F)( <j>(irF)d+m ) ~  7Tp+m ^

Now

w (x  ° <£_1) =  m^(x)

is immediate from the definition of root number (for a quasi-character). ||

Claim II reveals

W (  ( v*1) ' ' (X f  °  N h - ^ F ^ / F ) ) =  W ( f i '  • ( x f  °  N f ^ / f )  ) •

Together with (4.46), we have shown that (4.4a) is insensitive to the choice 

of representatives in T .

The rest of section 4.4 concentrates on the proof of (4.4a) in the case 

K /F  is tamely ramified. All the assumptions and the notations introduced 

in this section up to (4.4a) will be kept in the subsequent discussion.

Lem m a 4.4.3. Suppose K /F  is tamely ramified. Then C has prime order
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according to theorem 4-4-1- Let £ denote \C \. We have
K

unramified { / V I
E  L  (4.4 c).

r£ r i fed  { / \  /  }

F
Moreover,

(1) Gfj. =  C for all non-trivial p  € T . This implies = L .

(2) \ T \ - 1  = (£ — l ) / \H \ . So £ ^  2 .

(3) with q =  \kp \, the order of q modulo £ is [kp '■ kp], the residue 

class field degree of K /F  .

(4) as characters of L x under the reciprocity map, p f and p satisfy

ph =  (p)q on Ul 

i f  h is the Frobenius automorphism of H  .

(5) On E  , it is possible to identify the following i-th elementary symmet­

ric functions.

H U r )  =  T r ^ y L ( x )
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for £ > i > 1 .

Proof. Figure (4.4c) follows directly from theorem 4.4.1 part ( i ) . In 

particular, Ga = C = Gal(K/L) reveals L /F  must be unramified, 

whereas E /F  is a ramified extension of degree £ because

| £ : J 1  =  | | |  =  |C| =  t 

and H  n G 0 =  H  D C  =  {1 } implies K /E  is unramified.

Recall C  is cyclic of prime order when K /F  is tamely ramified. This means 

every non-trivial character of C  has trivial kernel. So, any x  e  G^ must 

belong to the centralizer of C  unless /x =  1. By lemma 4.4.2, G^ C C . 

As C  is abelian, G^ 2  C , and (1 ) is proved.

If fi 7  ̂ 1 , the G-orbit containing fi has exactly [G : C] characters accord­

ing to (1). Since H  D C  = {1} , the index [G : C\ =  \H \ . Therefore, the 

t  — 1  non-trivial /x in C* are divided into (£— l)/\H \ distinct G-orbits. 

Deleting the orbit for n  =  1 from T , we obtain

P i - 1  -  W  •

Remember H  is assumed to be non-trivial. So £ ^  2.
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Now, let us proceed to (4) first, and then use it to establish (3). By means 

of the reciprocity map, we can interpret nh and fi as characters of L x . As 

we have seen before, it is a consequence of the functoriality properties of the 

reciprocity map that

fih =  fi o h on L*

Meanwhile, because h is the Frobenius automorphism in H  = G al(K /E ) ,

h(x) = xq mod PK for all x € Ok

with q = \1c e \ • In fact, figure (4.4c) indicates q is equal to |A:^|. On 

the other hand, that K /F  is tamely ramified implies the conductor of fi 

cannot exceed one. Hence we are able to conclude

fih =  n o h = (i? on the unit group Ul C Ok -

Generally, it is true that for n > 1 ,

fj/hn) = on UL (AAd).

The above equality is valid on L x as well. Specifically, because K /L  is 

totally ram ified, N k /l(^k )  is a  uniformizing parameter of L  if ttk  is a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



276

uniformizing parameter of K  . Observe

=  1 =  ( u . y n { N k / l ( k k )  ) 

bolds automatically. Together with (4.4d) , we see that

Al(ftn) =  (fj,yn on L x .

Let us fix one fi ^  1. By (1), we have fl H  =  {1} . In

other words, / x ^  =  /x if and only if the order of h divides n . However, 

it is immediate from figure (4.4c) that the Frobenius automorphism h has 

order [k^ : kp] ■ Therefore, the residue class field degree [kK : kp] is the 

smallest positive integer n  such that (fj)qn =  n  . As the order of fx is I , 

it follows that [kp;: kp] coincides with the order of q modulo £.

Since H  fl C = {1} , the composite of E  and L  coincides with K  i.e.

E L  = K  .

So every F  - isomorphism from E  into K  comes from a restriction (to E) 

of a unique automorphism in G a l(K /L ) . This proves (5), and all of lemma 

4.4.3 have now been established. ||
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As before, we axe going to abbreviate the composition X f 0 NE/ f  to 

X e / f  and the composition x  ° N F(i/F to X f„/f  • In some occasions, we 

write X k / f  to denote x f  ° N k / f  as well.

We have already seen in the previous lemma that FM =  L unless // =  1. 

As a result, when K /F  is tamely ramified, (4.4a) becomes

W ( x e / f ) n WM =  W M  n (4 .4 e ) .
^ e r  v. e  t
(i 5 * 1  M 7s I

The proof of this identity depends on the conductor m  of the quasi-character 

X f  ■ We will first verify (4.4e) for m  =  0 or 1. Then theorem 4.4.4 

handles the case m  > 1 and completes the proof of the 3rd identity when 

K /F  is tamely ramified.

Suppose m  =  0 . The three quasi-characters x e / f  , X f  , X l / f  are 

all unramified. If d is the order of the absolute different of F , we have

W { x e / f ) =  X f { K E/ F {'Fe ) (*-1 ) +  ed)

and

W ( x f ) =  X f ( F f )
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while

W(m - xl/f ) =  Xl/f Wf +1) Will) =  XIK *;+1) |a| 1V M

for all n  ^  1 because theorem 4.4.1 part (i) implies such pt are always

tamely ramified.

Let us choose the uniformizing parameter irj? of F  to be Ne/f ^ e ) ■ Then 

(4.4e) for m  =  0 follows once we show

| i £ T  u  €  TH * 1 f* * 1

Due to theorem 4.4.3 part (2 ) ,  this is equivalent to

XF(4 ' i)+td) n w w  = xf(4) n
V- € rM * 1

which can be verified by inspection.

Next, we assume m =  1. Then X l / f  has conductor one as well. Again, 

if 7rs is a uniformizing parameter of E , we pick =  NE/f(^ e )  to be 

our uniformizing parameter of F .

C laim  IDE. Under the assumptions of theorem 4-4-f  if K /F  is tamely ram­

ified, m =  1 implies X e / f  i s  a tamely ramified quasi-character.
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Proof. As E /F  has to be tamely ramified, N e/f(U e ) = Up . Hence 

X e / f ( U e ) =  X f ( U f )  =  {1} .

Suppose x e / f  is not tamely ramified. The above observation means X e / f  

is unramified. It follows from figure (4.4c) that X k / f  is unramified as 

well. On the other hand, X l / f  must be tame since L /F  is unramified and 

N L / f ( U l )  =  UF . However [UL : N K / l ( U k ) ]  =  £ .  U  X l / f  annihilates 

N k / l ( U k )  > then it will have order I  on the unit group U l  • This means the 

order of x f  on Up ought to be £ ,  which is contradiction as I  cannot divide 

\Up/Up\ =  q — 1 according to lemma 4.4.3 part (3). ||

Now, let us consider the following quotient

w <Xr) WO*' X l / f )

----------- n --------------------  (4.4/).
W(xb/f) , ? r WO*)

#* * 1

To proof (4.4e), it is equivalent to show that the above quotient equals one.

Because Xe / f  has conductor one by claim III, so does the quasi-character 

X f ■ Moreover,

m X B / e )  =  X f W  w { x ‘ f)  ■
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This is a consequence of the fact that n p '1 as an element of E  has order 

(£ — 1 +  id) + 1 and that Up/Up =  Up/Up . Like Xl/f , every p ^  1 

is tamely ramified. Nonetheless, the quasi-character (p • Xl/f ) carmot 

be unramified; otherwise Xk/f would be unramified, which implies 1 =  

Xk/f (Uk ) =  Xe /f (Ue ) , a contradiction to the claim III.

As a result, we can apply theorem 4.1.1 to rewrite the quotient (4.4/) as

Xf (/f 7Tf+1) G f (x f1) ~{p  • Xl/f )(^l ^ f+1) g fn ' X l/f)
-X f Vf 7Tf+1) x k t )  G f (x?e) A  t  ~v(tL  7Tf+1) <?fn fa"1)M * 1

Here d , f , n denote the order of the absolute different of F  , the residue 

class field degree of F/Qp and the residue class field degree [kp ’■ &f] 

respectively. Also, recall from theorem 4.4.1 that

tF = TrF/Fo(p/irp+1)

tL =  TrL/Lo(p/ tt|+1) .

Claim  IV. The two parameters tp  and tp are equal.
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Proof. Prom the diagram

L

unramified { /  \  }

F  L„

{ \  /  }
F„

|  unramified

notice that L  coincides with the composite F L 0 and that [F : F0\ =  [L : 

L0\ . Consequently every F0 - isomorphism from F  into an algebraic closure 

of L  is a  restriction (to F) of some L0 - isomorphism from L  into the same 

algebraic closure of L . It follows that

TrF/Fo(x) = T rL/Lo{x) on F .

This proves our claim. ||

Meanwhile, given e =  (£ — l) /n  and q =  , it is a special case of the

Gauss sum identity (2 ) in Evans [7] (with r  =  1  and £ = w , n is indeed
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the order of q modulo w by lemma 4.4.3) that

A . v . -G * ) -x / ( l )  G f ( x f )  f r  g f n  ' X f  V * ‘ y ) 

Gf(xF) i = i Gf n (/i40

where ii , . . .  , ie are coset representatives for the quotient F f/(q ) .

In view of lemma 4.4.3, we can conclude that

X f { £ )  G f i X F 1) t t  ^ fn  1 '  X l / f )  _  .

G f  ( X f )  m € T  G f n  (z*-1 )M * 1

On the other hand, observe

- X F ( t F n £ + 1 ) T-r - ( /X  • X L / F ) ( t L * F + 1 ) _  - X F j t F  7Tf+1) „  U  T «l+he
e u  d+i\ 11 (+ d+i\ e t+ d+i\ Xl /f \*l ^ f  ) •

- X f ^ f ^ f  )  A  t  ~ M l  T T p )  - x M f ^ f  )

M * 1

By claim IV, this is equal to

- X F i t p n t 1 )  . .  u  _ d + u e - i
XF(tFWF } ~  1 '

Therefore the quotient (4.4/) must also be one, and we have established

(4.4e) in the case m =  1.

Theorem  4.4.4 (Langlands). If K /F  is tamely ramified and \ f  is a 

quasi-character of conductor m >  1, then the 3rd identity (4.4e) holds.

Proof. We address the question of conductor first. Both x l / f  and  

(fJ> • X l / f ) have the same conductor m . As for X e / f  , we have
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Lem m a 4.4.5. With the assumptions in theorem 4-4-4} the conductor m ' 

of X e / f  is given by £(m — 1) +  1.

Proof. Since K /E  is unramified (see figure (4.4c) in lemma 4.4.3), 

X k / f  and X e / f  share the same conductor m ' . By Serre [20] (chapter V, 

§ 3, corollary 3, p.85)

N x / d U ^ )  = U r 1

and

N k /l V U ^  + ') =  U P  .

A s  L / F  is unramified, this implies

XkMuZ"1-") = up-1

and

* ')  =  U P .

So X k / f  annihilates + 1, but

XK/F(Uft-l)) =  XF(UP-') #  {1} •

Therefore, the conductor of X k / f  is equal to £(m -  1) +  1 . It follows 

m ' =  £{m — 1 ) +  1 . ||
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Here is an immediate consequence of lemma 4.4.5.

Lemma 4.4.6. Let m  =  e +  2 d(XF) and m ' =  e' +  2 d(XE/F) 

where d(Xf) , d(XE/F) are positive integers and e , e' are either zero or 

one.

(i) When m is odd, m' is also odd. i.e. e — e' =  1 . Moreover,

d(XE/F) = ^d(XF) ■

(ii) When m  is even, m ' is also even. i.e. e =  e' =  0 . We have

I - 1

d i XE/ F) =  e d (xF)  -  ~ 2 ~  ■

The next lemma reduces the proof of (4.4e) to showing

W 'ta /F ) =  W ( x f ) n  W ( p - X l / f ) (4.4j).
M €  T  t* * 1

Lem ma. The product W{p) is equal to one.
1 * i

Proof. Given a non-trivial G T , let v  6  T  and h G H  such that

v h = v o h =  fjT1 . Then (4.46) together with part (1) of lemma 4.4.3
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yield

w (V) =  w ^ - 1) =  M - i ) m p )  ■

Because /x(—1 ) =  ± 1  and the order I  of fi is odd by part (2) of lemma

4.4.3,

1  =  / / ( —l) =  n ( - l )  .

Consequently,

W ( n )  W { u )  =  1

as root number of a character always have absolute value one (see for example 

Martinet [18] II, § 2, proposition 2.2). When \i ^  v , the corresponding root 

numbers are multiplicative inverses of one another. In the case v =  f i , we 

have

w u i f  =  l  .

Claim V. I f  n ~ 1 =  n h for some h G H , then W ( f i )  =  1 .

Proof. By theorem 4.1.1,

JV(Pl)1'2 W(ii) =  -M fa * F +1) GfaO*-1)
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where d , f , n again denote the order of the absolute different of F , the 

residue class field degree of F/Q v and the degree of the extension L / F . 

Recall that the parameter t i  defined by

Moreover,

/x" 1 =  yLh =  fiqr on Ul

for some nonnegative integer r < [kp ■ in view of part (4) of lemma

4.4.3.

As a result,

is in fact equal to

according to claim IV.

Let q be the cardinality of the residue class field kp ■ Then

w ip) =  x) .

K * l )  =  =  p { t f )  =  v  1(t F )  =  1(*l )
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which means n ( t i)2 =  1. Now because the order £ of n  is odd, the fact

v(tL)2 =  1  =  n \ t L)

implies =  1  -

Furthermore, part (5) of lemma 4.4.3 asserts Nk/l{ke) =  Ne/f (^e ) =  

7rp (recall our choice of uniformizing parameter 7i> ). So fi must annihilate 

-irp. In summary,

ti{tL ^F+1) = 1  •

Therefore, we have

W M  =  -  Gfn 0*'1) •

Choosing ff  = Nk/l (ke) also confirms that on Lx ,

= ^  = p f

remains true. Consequently,

v  =  Ox’T 1 =  (m '1)5'  =  ^  ■

By (3) of lemma 4.4.3, [kp : kp] divides 2r . As r  < [kp : kp] ,

2 r  =  [kp : A:/?] =  n .
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It follows that

qr W{ji) =  -  Gfa (M-1) -

Let C be a primitive p-th root of unity and £ be a primitive £-th root of 

unity. Then the Gauss sum G fn (/x_1) is an algebraic integer in the number 

field Q(C, 0  ■ Suppose (1 — 0  is the ideal generated by 1 —£ within the 

ring of integer of Q(C? 0  • Since

p-1(:r) =  1 mod (1 — 0

we conclude

-G fo t//" 1) =  - G f a (l) =  - 1  mod ( 1 - 0  -

So

qT W(n) = - 1  mod ( 1 - 0  •

Recall that W(p)2 =  1. In other words, qr W(fx) = ±  qr € Z , 

the set of integers. Moreover, the above congruence holds even if (1 — 0  is 

replaced by the prime ideal generated by 1 — £ in the ring of integer of Q (0  • 

This means £ is the only prime number that divides qr W(fi) + 1 G Z . 

Equivalently,

qr W(fi) = —1 mod £ .
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Now, W (n) cannot be — 1  due to (3) of lemma 4.4.3, and we have finally 

proved claim V. ||

To summarize, it has been shown

_  /  1  when fi~l =  f ih for some h e  H .
^  \  W(/i- 1 ) - 1  otherwise.

Thus

n = i
m € T  
H * 1

and the proof of our lemma is completed. ||

The above lemma reduces the proof of theorem 4.4.4 to verifying (4.4<?), 

which amounts to a comparision of the root numbers on the two sides in 

terms of various parameters that appear in the explicit evaluation of a root 

number given in theorem A .l ,  as well as in theorem A .3, of the appendix. 

First of all, let us express the conductor of x f  and  that of X e / f  as we did 

in lem m a 4.4.6.

m  = e +  2  d(XF)

and

m  = e + 2 d(XE/F) .
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By theorem A. 1 (see appendix), there exists c G P f  such that for all 

x € P p +d{XF\

Xf(1 +  x )  =  (4.4/i)

where ipF is again the canonical additive character of F . Then c €

P E~ e(d+m') or equivalently

C €  +  _

C laim  VI. G iv e n  c a s  above, w e  h a ve  

( i )  X e / f { 1 +  x) =  iPe (c x ) f o r  all x  G P E Ub/f) ■

(H)  X l / f ( 1 +  x) =  ^ l(c x )  /o r a// x G P ^ +d{xp)  .

Proof. Let us first suppose x G PE {XE/p) . Part (5) of lemma 4.4.3 

implies iV£/F(l +  x) =  NK/L(1 + x ) . According to Serre [20] (chapter V,

§ 3, lemma 5, p.83),

N k / l ( 1 + x )  =  1 +  T r K/ L ( x )  +  N K / l (x ) m o d  T r K / L ( P K  Ue / f )  ) .

Meanwhile, lemma 4.4.6 together with Serre [20] ’s lemma 4 in chapter V,
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§ 3 (p.83) reveal

T r K / L ( P K [ e ' +d UE / F ) ] )  C P f  .

Therefore,

N e / f ( 1  +  x) =  N k / l { 1  +  x)

= 1 + T t k / l {x ) + N k / l (x ) m o d  P ™

= 1 + T t e / f {x ) +  N E/ f {x ) m o d  P f 1

= 1 + T t e / f {x) + N e / f (x ) m o d  P f 1.

The last congruence is true because L /F  is unramified.

Notice that N e / f {x) £ P F <X£/f) . Using lemma 4.4.6 and the fact that 

t  >  3 , we can verify

e' +  ^  771 •

Hence

N e / f { 1 +  x) =  1  +  T t e / f (x ) m o d  P f  .

In view of lemma 4.4.6 and Serre [20] ’s lemma 4 in chapter V, § 3 (p-83),

TrE/F(x) = T rK/L(x) € P ^ * d'XF\

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



292

As a result,

Xe / f (1 +  x )  =  x f ( 1 +  T r E / F { x ) )  =  0f { c T t e / f {x ) )  =  &E ( c x )  

which is what we intended to establish in (i ) .

Next, we suppose x  € p * +diXF) . Then for i  > 2, the elementary 

symmetric function T r ^ j F ( x )  belongs to PLm . So

X l / f (  1 +  *) =  X f ( 1  +  T r L / F( x ) )  =  rpF ( c T r L/ F{ x )) =  tl>L( c x )  .

This completes (ii) and claim VI. ||

Recall that x f  and X l / f  share the same conductor m  >  1 , while n  is 

tame. According to claim VI and part (c) of theorem A.l,

{ H ' X l / f ) (  1 +  x )  =  <Pl {c x ) for x  e  P *  + d(XF) 

if c satisfies (4.4/i).

Now, notice (fi • X l / f ) also has conductor m . Due to lemma 4.4.6 and 

theorem A.l part (a ) , our next lemma implies (4.4<?) when the conductor 

m  is positive and even.
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Lem m a 4.4.7. Suppose c satisfies (4.4/i). Then

X e )f (c ) ^ e {c) =  X f \ c) M e )  I ]  • X l / f ) _1(c) ipL(c) .
V €  T  /* * 1

Proof. Since c € F x , it follows from the diagram in lemma 4.4.3 that 

X e / f ( c ) $ e ( c )  =  [ x f X(c) ^ f ( c ) Y

and

E[ • X l / f ) ~ \ c )  4>l {c) =  [ X f X( c ) ^ H c ) ] £_1 E[ A*"l(c) -
>. 6  T M € T/i  ̂1 M  ̂1

So it remains to prove

II Ai_1(c) = 1 •
Let us define a  e  Uf  by

V- €  T  /* 9* 1

a
c = <Z+to •

nF

Since £ is an odd prime,

1 =  n  M- i (a )
ii e c*

which is equal to

l«l
n  // Ha)'®1 =  [ n  ^  H a)]

ix € T ix €  T
IX ^  1 M ^  1
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because all \H\ characters in each if-orbit share the same value at a £ Up 

by (4) of lemma 4.4.3.

In other words,

(the second equality follows from the fact / /  =  1). However, the exponents 

\H\ and t  are relatively prime (see (2) of lemma 4.4.3). Consequently, we 

see that

** €  T  H * 1

On the other hand, it has already been observed

H ^ f ) — M  N e / f ( k e ) ) =  M  N K / l ( k e )  ) =  1 . 

Therefore we arrive at

and lemma 4.4.7 is proved. ||

Let us proceed to prove (4.4<?) when m  is odd and greater than one. 

Lemma 4.4.6 said X e / f  has odd conductor, given m  odd. The conductor

[ n
/* 6  T  M * 1

n  x(a ) = 1 •

i
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of (/x • X l / f ) coincides with m .  So it is odd. This means theorem A.l part 

(6 ) applies to all the root numbers that appear in (4.4<?). With lemma 4.4.7 

established, we can complete the proof of (4.4g) and hence theorem 4.4.4 

by

Theorem 4.4.8. For m  odd and greater than one, let 5 =  (71f)^**0 . I f  

c satisfies (4.4/i), then

N ( P E ) ~ 1 / 2  5 3  X f/fC 1 +  Sx) i fE{cSx)
o b / p e

is equal to the product between

N (P f) - 1 / 2  $3 Xf^ 1  +  Sx) $ f ( c 6 x )
O p / P p

and

n  [ n ( p l ) 1/2 S  ■ X l / f ) *(1 + 6x) ipL(cSx)]  .
"ST 0 lIFl

Proof. Suppose 77 G O f  satisfies

iff (cS2x ) 1 =  exp ^ TrkF/Fp(r] x) ^ for all x  £ Op (4.4i).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



296

First of all, we are going determine the counterpart of this 77 parameter 

for the additive characters -ipE and ipL • Restricted to Op , the function 

ipje(c S2 a; ) - 1  is equal to

ipF{c82 i  x)~l =  exp ^ ^  T rkF/Fp{ri I  x) ^ .

Since ^ ( c  S2 x) can be interpreted as a function on Oe /P e  and the inclu­

sion 0 F Oe  induces an isomorphism from 0 F/P F onto Oe /P e , we 

conclude

ipE(c S2 x ) - 1  =  e x p ^ ^  T rkE/Fp(r) £ x)^j (4 .4 . 7 )

holds for all 2  € 0 F ■

On the other hand, given x  £ Op,

i)L{c52 x)~l =  ipF(c 8 2TrL/F(x) ) _ 1  =  exp ^ ^  Trkp/Fp{ 77 TrL/F(x) ) ^ . 

As L /F  is unramified, we obtain

ipL(c 52 x ) '1 =  exp ^ ^  TrkL/Fp(r) x) ^ (4.4fe).

Next, we compare 7  parameters for x f  » Xe/f and (p - Xl/f ) ■ 

According to theorem A.3, the argument will depend on the parity of the 

residue class field characteristic p .
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Assume p  is odd. Then there exists 7  £ 0 Fo so that

x 2
X^: (l +  8x) ij;F(c8 x) =  ^ f ( c 5 2 ( — + 7 0 : ) )  for all x G 0 F

(4.4Z)

by part (a) of theorem A.3.

Because of lemma 4.4.3 part (5), we have NE/F{ 1 +  8x) =  NE/E(1 + 5x) 

given x  € O# , and

A'iC/t(l +  i » )  £  1 +  b T rK/L{x) +  b2T r^ jL(x) mod PLm

=  ( 1  +  STrm (x) )(1 +  ? T r f IL{x)) mod P f .  

Recall L /F  is unramified. It follows

Ne / f (1 + 8x ) = (1 + 8T tE/F{x) )(1  +  82Tr^JF(x) ) modP™.

Therefore, Xb/fU +  8x ) iPe (c 8 x) is equal to

XFl ( 1 +  6TrE/F(x ) ) Xf ( 1 +  d2T rFjF( x ) ) ipF(c S T r E/F{x) )

on 0 E • Now (4.4Z) implies

Xe / f O- +  S x )  M e  5  x )
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=  * • (  c ( TrE/^ x)2 + 7  T rE/F(x) ) ) X?‘( 1 +  ?T rV }F(x ) )

=  * r ( c S 2 (  T r E , E ^  +  - t T r E / F ( x )  ) ) ■4>f ( c 6 2 T t { e> if (x ) )_1

-  * , (  e <* ( -  2 r : l / Fw  +  7  T r£ /H l) j )

=  M c S 2 ( TrE/2 ~ -  +  ’ r r w W ) )  •

Here we have used theorem A.l part (6 ) as well as the fact 

T rE/F(x ) 2  =  T rE/F(x2) +  2 T r f /F(x) .

In summary, for x  G Of; ,

2

XZ/fC 1 +  5 x ) $ e {c 8 x )  =  •0 f ( c < 5 2 ( - ^  +  7 2 ; ) )  .

Similarly, because

Nl / f (1 + 6x ) = (1 +  8TrL/F(x ) ) ( 1  +  82T r {̂ F( x ) ) mod P™ 

holds on Of , it is possible to conclude

x 2
XZ/VC1  +  8x)xpL(c8x) = ^f(c<J2 ( —  + 7 x ) )  for x  € 0 L 

by means of (4.4Z) and theorem A.1 part (b) .
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Since K /L  is tamely ramified, all non-trivial p, have conductor one. This 

implies

2

+ Sx)tpL(cSx) =  ^ ( c 5 2 ( —  + 7 0 : ) )  for x  e  0 L .

Now we are in the position to complete the proof of theorem 4.4.8 when p 

is odd. The notations below are consistent with that of theorem A.3.

Lem m a 4.4.9. Given p odd, if  77 , 7  are defined by (4.4z) and (4.4/) 

respectively, then

is equal to the product between

M cgi t ) " 1 ( ^ ) ( _ 1 ) f ' 1

and

M * 1

where f , n denote the residue class field degrees [kp : Fp] and [kp ’■ kp\ . 

Proof. Because E /F  is totally ramified, kp — k p . It follows

* F( c P $ ) - '  ( - l ) f - l  ( V h ) 1? " /
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Moreover, we observe

' _ r

Hence

M e  ( t I 2)  ( - i ) M  )
=  ^ f (c S2 —  )7  \  1_*

On the other hand, we have

c s ? )  ■ m ‘

By lemma 4.4.3 part (2)

~\ fa

( - i

= M cS2t ) 1~ ' ( - l ) (' _1,/n [(-D  ■

(*-i)/n

From the quadratic reciprocity law,

=  ( - 1 ) t ' r W )

Therefore, theorem 4.4.9 is proved once we show that

f
1  =  (_ ! ) (« ) /»  ( I
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or equivalently

where q is the cardinahty of the residue class field kp .

Recall the following property of the Legendre symbol

/  Q \y-j)  =  q mod £ .

This means (£) =  1 if and only if the order of q modulo £ divides

(£ — l ) / 2 . However, the order of q modulo i  is precisely [kp : &p] =  n 

according to lemma 4.4.3 part (3), and n divides (£ — l ) /2  if and only if

now established. ||

Comparing theorem A.l part (6 ) with theorem A.3 part ( a ) , we see that

lemma 4.4.9 is in fact identical to theorem 4.4.8 when p  is odd. So it

remains to prove theorem 4.4.8 when p = 2 .

Let us return to the 7  parameters for x f  , X e / f  and  (a1 • X l / f ) in the
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case p  =  2 . By theorem A.3 part (b) , there exists 7  € 0po satisfying 

+  (35x) ipp(c (36 x) =  i Tr*F/FpW (—i ) TrkF/Fp ^ + TrkF/Fi>('rx)

(4.4m)

on Op • Remember (3 e  Of and (32 = rj~x mod Pp •

C laim  VII. As £ is not the residue class field characteristic p =  2 , we 

have

ft2 = r}~1 =  (irj)-1 mod Pp .

I f  7  satisfies (4.4m), then

(*) Xb/fC1  + (36x ) ipE(c (3 6 x)

=  i rr*B/^pW ( - l ) TrfcE/̂ p(x) + Tr*£/Fp[ ('i'+ ^f1 ) 1 1 for x  G O f .

Xl/fC1 +  P $ x )  i!>l {c ( 3 5 x )

= + ^Z./Fp(7^) for x  e  Ql

Proof. The congruence

(32 =  77- 1  =  (£rj)~l mod Pp
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is true because I  =  1  mod 2  implies

f l = 1 mod Pp (4.4n).

The rest of the proof parallels our previous argument for the 7  parameter 

of Xe / f  hi the case p  is odd. Since

Ne / f (1 4- (35x) =  ( 1 + (35TrE/F(x ) ) ( l  +  (£ rj)-1 S2 Trg}F(x) ) mod P f1 

we can write Xe/FQ +  (38x) tpE(c (35x) as

X p 'i l  + (35 TrE/F{x) ) x F1{ 1 +  {t v ) '1 & Tr%}F(x) )ipF(c(3 5 T rE/F(x) ) 

which is equal to

X F l { 1 +  (3 5 TrE/F(x ) ) ipF( c(3 5 TrE/F(x ) )  ipF( c ( £  77) _ 1  52 T r{F]JF(x) ) _ 1  . 

It follows from (4.4j) and (4.4m) that xls/pO- +  (35x) ipE(c (38x) =

j ^ r kF /Fp{ T te / f {x ) ) ^ T r E/ F (x) ) +  T r kF/ Fp( 7  T r E/ F (x) ) +  T r k p / Fp( T r E^F (x) )

If x  € Of , then T rE/F(x) =  I x  and T rFJF(x) =  x 2 . Because 

of (4.4re) as well as the fact that TrkF/Fp{x2) =  TrkF/Fp(x) ,

Xs/fC1  +  (38x)ij)E(c(35x)
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_  j r r fcf, / F p ( x )  + Trkp/Fp(1 x) + T r kF/Fp{ ^  x) ^

On the other hand, X e /̂f O- +  PSx) ipE(cf35x) is a function on O e / P e  by 

theorem A.l part (6 ) ,  and the inclusion Op *-*• Oe induces an isomorphism 

from O f / P f  onto O e / P e  ■ In particular kp = k p . Therefore,

X ^ / p i 1 +  0 S x )  M e  ( 3 6 x )  =  i TT* B / r p W  ( - i ) Tr*2i W x) + TTkE / r P [ (7 + ^ 1  *  ] 

and we arrive at part (i) of claim VII.

In contrast, the 7  parameter for x l / f  coincides with the 7  parameter for 

X f  even if p =  2 . Specifically, given x  € O l

X l/VC1  +  P6x)ipL(e05x)

= X f \  1  +  p 5 T rL/F(x) ) X f1( 1  +  ^_1 <52 T rf/)F(x) )ipF(c/36  T rL/F(x))  

=  X f X( 1  +  P STrL/F(x ) ) 'ipF (  c(35TrL/F(x))  M  c 1f l S2T r{P/F(x) ) _ 1  .

By (4.4A:) and (4.4m), this is equal to

j T r kF, Fp( T tl / f {x ) ) l ) Trfcp/Fp( T tl / f (x ) ) + TrkF/Fp{ 7 T rL /F{x) ) + T r k f ./Fp( T r f j p (x) )

Recall from (4.4c) that L /F  is unramified. So we have 

X l / f ( 1 +  P S x ) i p L ( c 0 S x )
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_  ^Tr^/^Cx) TTkL/kF{x) ) + TrkL/Fp(~f x) + Trkp/Fp( T r ^ ^ ^ x )  )

As the 2nd elementary symmetric function satisfies the following transitivity 

property

T r f l ^ x )  =  Tr?lIFr(T r tLikr(*)) +  ? > W  Trj»/lF(x ) )

(4.4 o)

we obtain

XZ/VC1 +  P S x ) lp L{ c p S x )  =  i TrkL/FP(*) ( _ l ) Tr£ W x) + TrkL/Fphx)

This concludes claim VII. ||

Since fi(Ul) =  {1} , part (ii) of the above claim yields

(/* -X l/f)-1 (1 +  P S x )  ipL{c(35x) =  i Tr^ / ^ x) ( - \ ) Tr^ l ^ {x) + TrkL/Fp ^ x) .

Now we proceed to complete the proof of theorem 4.4.8 in the case p =  2 . 

By comparing theorem A.l part (6 ) with theorem A.3 part(b), we conclude 

that it is sufficient to prove the following lemma.

Lem m a 4.4.10. Suppose m  is odd and greater than one. Choose 7  so that
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(4.4m) holds. I f  p = 2 , then

V ̂

is equal to the product between

V  Z

and

J I  ( - 1  )Tr£ W 7) ] - 1  ( 1 1 1  ) fa ( - l ) 6 1 ’ 1  .
M €  T  V  2
M *  1

Again f , n here denote [kp : Fp] and [kp : Arj?] .

Proof. First of all, let us define a function A0  on the set of integers by

f 1  when x  is even
|  { w h en  x  ^  odd

(4.4p).

One immediate observation from this definition is that A 0(x) is not additive. 

In fact,

A „ (l + y) =  A.(x) A.(y) ( - 1 ) '“ (4.4?).

Also, notice A0  can be interpreted as a function on the finite field with two 

elements. Thus, we can identify i TTkF /^ x) with A 0(T rkF/Fp(x) ) , and
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(4.4q) implies

i T r kF /F p (.x  +  y ) _  j T T k F , Fp{x)  j T T k p /F p (y )  ^ _ ^ T r k F / Fp( x ) T r k F / Fp(y)

Next, we point out that it is possible to expand the 2nd elementary symmetric 

function of a sum.

Tr{i U b  +  V )  =  +  T< V , ( V )

+ T r kE/Fp (7 ) T r kE/Fp (^— ^)
2

“  TrkE/FP[7 ( ^ ) ]  • 

Together with hF = kF , it follows that the quotient

+ ^ r )  ( _ i ) 3V2 /*p G r + T i )  j" 1 ( _ i ) f - l

^ iTrkF/Fp{l) (_ 1 )TrS/FpW ] _ 1  ( l ^ ) f ( - l ) f - l

is equal to

|  j Tr* r/^p(v) ( _ l ) TrS / f p ( v )  ( _ i ) Tr*=F/f’p['1'(% 1) ] |

On the other hand, because of (4.4o) and theorem A.3 part (c),

i^L/FpW  ( _ l ) TrfcL/-FP(7) =  ^ lTrkF/Fpil) ( _ l )Trl:F/FpW n
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As a result,

jQ U T ru ^ ii)  J " 1 ( l ± i  (_i)fo-l
M €  T  V  ̂

=  ( l i t  ) f (M )  ( _ 1 ) ¥

by lemma 4.4.3 part (b) .

Therefore, we must prove

|  j Tr*=F/^(^) ( _ i ) Trfcf /fp[ 7 ( i 2 i ) ] |

=  [ i ^ / f p W  ( _ i ) r C ^ (7)] 2~£ ( i l l  ( - 1 ) ^

(4.4r).

With (4.4n), theorem A.3 part (c) asserts that

J jTrkF/Fp{~r) (_ 1 }^ /Fp(7) j _  (_ 1 )rr*F/fp [ 2 1) 'I'2 ]

_ (_ 1 ) Tt̂ f/Fp [ (V-) T2 ]

The last equality is due to the congruence ^ — 2 = 1  mod Pp •

Because the Frobenius automorphism in Gcd(kp/Fp) sends 7  to 7 2 , we 

see that (4.4r) is equivalent to

|  i Tr*w*p(ii i ) ( _ 1 ) 7 ,rlwFP( ii i ) |  =  ( I ( - l ) ^ i r
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(4.4s).

C laim  V III. Suppose the function A a is defined as in (4.4p) . Then 

rfcf/fp(v) ( _ i ) r r fcWFP(V-) =  .i Trk

Proof. Let us prove a more general result below, from which our claim 

follows. Given any integer 2 >  1,

A 0(zx)  (-1 ) ( )x =  A c(x)z for x € Z

(4.4t).

When 2 =  1, the above equality is immediate. For z > 1, we use 

induction on 2 .

A0 (x ) = + 1  =  A 0 (x) (A 0(x ))z = A 0(x) A a(zx) (-1 )

by the induction hypothesis. According to (4.4g),

A 0(x +  zx )  =  Aa(x) A0(zx) ( - l ) (zx2) .

So

A a(x)Z+1 =  A 0(x +  zx)  ( - l ) ^  ( - 1 ) ( ^ ) :
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( «(*+lA- 2  

=  A0( (z + l ) x )  ( - I ) ' '  2 /

completes the induction proof. Now, because

r r * W F p ( ^ )  =  f ( ^ )  7710(1 2

and

m (2) , £ -  1  \  f ( f - 1 ) / * -  1  \ 2

TrfcF/FP( ^ “ ) -  2 ( 2 )

our claim follows from (4.4i) with 2  =  f and x = (£ — l ) / 2 . ||

By inspection, A0( ^ )  ( v? ) ^  equal to

/ ^ —1 \ f \  ^  _  f 1  when £ =  ± 1  mod 8
°v 2  '  '■*' \  —1 when £ =  ±3 mod 8

which coincides with the Legendre symbol .

This means

where q is the cardinality of the residue class field kp .
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Recall the Legendre symbol satisfies the congruence

=  q 2 mod i  .

In other words, =  1 if and only if the order of q modulo £ divides 

^ 2 ^  . However, according to lemma 4.4.3 part (c) , the order of q modulo 

I  is exactly n , and n divides -~2 ~ if and only if is even due to

lemma 4.4.3 part (6 ) .

To summarize

) ( — j  =

By claim VIII, this is identical to (4.4s), which is equivalent to (4.4r). 

Therefore lemma 4.4.10 is proved. ||

As we have already pointed out, because of theorem A.l part (b) and 

theorem A.3, the above lemma together with lemma 4.4.9 complete the proof 

of theorem 4.4.8. ||

By com bining lemma 4.4.7 and theorem 4.4.8, we have successfully verified 

(4.4<?). Hence (4.4e) follows in the case x f  has conductor m  > 1, and
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theorem 4.4.4 is established. ||

Now, we see that (4.4e) holds not only for m  zero and one but also for 

m  > 1. This completes our discussion of the 3rd identity when K /F  is 

tamely ramified.

Our proof of the 3rd identity for the tame case is a modification of chapter

13 in Langlands’ manuscript [16]. When K /F  is wildly ramified, Langlands’ 

proof of this identity depends on the induction hypothesis of his theorem 

2.1 in the manuscript (see chapter 14 in [16]). So the verification of the 

fundamental root number identities is in fact one part of the long induction 

that establishes the existence of local root number. According to chapter

14 in [16], four lemmas constitute the argument for the wild case. After 

proving the identity when the conductor m  of xf  is less than or equal to 

one, Langlands considers the quotient p between the two sides of the 3rd 

identity and shows that p is simultaneously an n-th root of unity and an £-th 

root of unity where n and t  are relatively prime. His method is sensitive 

to the size of m  as well as the parity of both m and u . (Recall from
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theorem 4.4.1 that u  denotes the length of the ramification group filtration 

of G al(K /F ) .)
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A Appendix: Dwork - Lamprecht Theory

This appendix serves as a reference to the Dwork - Lamprecht theory neces­

sary to discuss the proof of the fundamental identities. All the results here 

can be developed without the previous chapters. As usual, if F  is a finite 

extension of Qp , then Of , Pf , Up , kp , d , N(Pp) , irp denote 

its ring of integer, the maximal ideal in its ring of integer, the unit group 

of its ring of integer, its residue class field, the order of its absolute differ­

ent, the cardinality of its residue class field and a uniformizing parameter of 

F  respectively. Moreover, ijjp =  e2m ^  ° TrFictp) is the canonical additive 

character of F . Here A is defined on Qp so that (i) X(x) is always a 

rational with a  power of p  as denominator and (ii) x  — X(x) must be a 

p-adic integer.

By a quasi-character on F x we mean a continuous homomorphism from the 

multiplicative group of F  to the group of nonzero complex numbers.

Theorem  A .l. Let xf be a quasi-character on F* with root number1
1The definition of W (xf) for quasi-character x f  coincides with the formula given in 

the introduction.
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W { x f ) ■ Suppose its conductor m  = m(xF) is greater than one.

(a) I f  m  is even, i.e. m  = 2-d(X/r) for some integer d(XF) > 0,  then 

there exists c G P f  d̂+m̂ such that

iPf (c x ) =  * f ( 1  +  x ) f or x  e  Pf Uf) ■

Moreover, for any such c , we have

W( xf ) = Xf1(c) ^ f(c) •

(b) I f  m  is odd, i.e. m  =  1  +  2 • d(XF) for some integer d(XF) > 0,  

then there exists c G P f  such that

1+<W )ipFicx) =  Xf(1 +  x ) f° r  x  € PF

For any such c and any 8 G Pp(XF) ,

W { x f ) = XfX(c) M c) N(PF) 1 / 2  53 Xf1̂  +  ^ x ) M c S x )  .
o F/ pF

(c) I f  r  is a quasi-character on F x with conductor m (r) less than or 

equal to then

Xf  (I + x )  =  r  • x f  (1 + x )  for x  G P p (xp)
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According to part (a) and part (b) ,  we have

ipF(c x ) =  t - x f ( 1  +  x) for x  G P p +d(XF) 

where e is one for m  odd and is zero for m  even. Moreover, 

W ( t - Xf ) = W( Xf )  • r - l (c) .

Proof. Let us point out that for any c e  P f

W(XF) = N (P ? r1'2 E
UF/ u p  \ F  /  \ ~ F  )

=  iV(PFm)-1/2 JZ X?l ( c x ) i f F ( c x )  . 
uF/ u p

Also, recall that xf  being a quasi-character on F x can be expressed as a 

product xf  * I I f  where | | f  is the normalized absolute value of F , the 

exponent s is a complex number and xf  is a character of F* i.e. xf  

has finite order. (See Tate’s thesis, theorem 2.3.1)

To prove our theorem, we apply proposition 1  and its corollary 2 in Tate [23, 

§ 1 ] to the character xf  • ||

In the next theorem, we refer to Serre [20] for the theory of ramification 

groups.
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T heorem  A.2. Suppose K /F  is a Galois extension of prime degree I . Lei 

G be its Galois group and

G =  G_i =  . . .  =  Gu ±  Gu+i =  {1} .

be the ramification group filtration of G . I f  Xf is a quasi-character on F x 

with conductor m(xF) > max( 1 , u +  1 ) , then

(a) the conductor of x k / f  = X f  ° N k / f  is equal to

Vk / f (  m (Xp) -  1 ) +  1  •

See Serre [20, chapter IV, § 3/ for the definition of the real value func­

tion ^ k/f  ■

(b) in the case that K /F  is unramified, if  c ( x f ) , c { X k / f ) ore c -  

parameters appearing in theorem A .l  for the respective quasi-characters, 

then it is possible to take c ( x k / f )  — c ( X f ) ■ With similar notation, 

we can also take

c(p • X f ) = c (x f ) for any character p of F x/ Nk/ f ( K*)  ■

(c) in the case that K /F  is ramified and I  is odd, part (b) still holds
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provided that d(XF) > u  +  1  where d(XF) is the positive integer 

defined by m(xF) = £ +  2  - d(XF) with e =  0  or 1  .

(d) in the case that K /F  is tamely ramified and £ =  2 , we can still take

c{xk/f ) =  c{h - x f ) =  c(x f ) ■

Again p is any character of F* / Nk /f ( Kx) .

Proof. If K / F  is unramified, then $ k/f is simply the identity function 

and part (a) follows immediately. Suppose K /F  is totally ramified. Because 

™(x f ) — 1 > u , by Serre [20, chapter V, § 3, corollary 3, p.85]

XF(NK/F(U%K" {mb‘F)- 1'1) )  =  *  {1 } .

On the other hand,

XF( NKi F( u l « ' * Mxr) - 1)* ' ) )  =

=  XF(U?*r))

=  { ! } •

So ^ k/f ( to(Xf) -  1) +  1 must be the conductor of xk /f ■
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To prove part (b) , recall that tti(x k / f ) =  m ( X F )  =  £ +  2 -d(XF) when 

K / F  is unramified. Then we observe

N k / f {l + x )  =  1 +  T tk /f (x ) m od

for all x  £ P ^  + d{XF) .

In other words

Xf( N k / f {  1 +  x ) ) =  Xf( 1 +  T r F/F( x ) ) •

Since TK/F{x) € P /  + d(XF) , theorem A.l implies

X f (  J V k / f ( 1  +  x ) ) =  ipF ( c { x f )  T r K/F( x ) ) 

which is equal to

^f ( T r K/F( c { x f )  x ) )  =  i I > k ( c ( x f ) x )  ■

Therefore we may take c( x k / f ) =  c(xf) ■

The other assertion c(fj. • x f) =  c(xf) is a consequence of part (c) of 

theorem A.I. Also, notice that part (6) is true regardless of the parity of £ .

As for part (c) , we first apply part (a)  to obtain

d(XK,F) ^  m(XF) (A.2.1).
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Specifically,

m(xK/p) = * k/f { ™(Xf ) -  1) +  1

_  f  2£d(XF) -  ( ^ - l ) ( t t  +  l) for m(xF)  even
\  2Zd{XF) — (£— l)it +  1  for m(xF) odd

(A2.2).

Now, the assumptions I  is odd and d(XF) > u +  1 yield (A 2.1).

Because K / F  is totally ramified, recall from Serre [20, chapter V § 3, lemma 

5, p.83] that if rr e  p *  + d(XK/F)

N k /f ( 1+®) =  1 4- Trx / p ( x )  +  N k / f (x ) mod T tk /f { P k  {Xk/f) )

By (>1.2.1), we already have Nk/f {%) £  p™(XF̂  . Therefore, once we 

show that

T r K/F{ P K £ + 2'd{XK/F)) C PFm(* p) 

the rest of the argument is reminiscent to that in part (b) .

According to Serre [20, chapter V § 3, lemma 4, p.83],

T tk,f (P k  ) =  Pf
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where the exponent r  is the largest integer less than or equal to

( u + l ) ( l - l )  +  2 -g +  2  -d(XK/F) 
t

However, it follows from (A.2.2) that the above fraction is at least as large 

as tti(xf ) •

Let us prove part (d) now. We may assume K /F  is totally ramified because 

of part (6 ) .  Again

m ( x K / F )  = ^k / f { x f ) — 1) + 1 = 2 ( m ( x F )  — 1) + 1

by part ( a ) . In other words

d (XK/F) =  ™(Xf) ~  1 

Meanwhile, for all x  G K , we have

N k / f ( 1 + a?) = 1 + T r K/ p { x )  +  N k / f {x ) .

So, if x 6  P* + d(XK/F) , then

JVk/F(l +  *) =  1 +  T tk/f {x ) mod P ? {XF)

and

X f (  N k / f (1 +  x ) ) =  xjjF { c ( x f )  T r K/ F( x ) ) =  ipK ( c { x f )  x  ) •
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As a result, we may take c ( x k / f ) = c ( x f ) ■

The other assertion c ( p  • xf) =  c ( X f )  is simply a consequence of part

(c) in theorem A.I. ||

Theorem A.3 (Dwork). Let Fp be the finite field with p elements and 

{ be the residue class field degree [ kF : Fp ] . Suppose x f  is a quasi­

character on F* with conductor m(xF) =  1  +  2 - d(XF) and c is the

parameter in theorem A .l for x f  ■ Also, if  Fa is the maximal unramified 

subfield of F /Qp and 6 £ F x has order d(XF) , then rj denotes a unit in 

0 fo satisfying

xj)F(c82x ) ~ 1 =  exP ^ ~  TrkF/FP(vx)^j

for all x  G O f  •

(a) Given p odd, there exists 7  € 0 Fo such that

2
^ f(c  8 x) =  ^ f (  c 82 ( y  +  72:  ) )

for all x  € Op •
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In addition, if  we let y /\ =  1 and y/—l  =  i , then

W ( x f )  =  X f ( c ) ^ f { c )  ipF( c 5 2 y )  1 (“ i / ' 1  ( V ( - i ) ^ r ) f

where

f —2 r ) \ _ f  1 when —2 7] G kp .
\  Pp J \  — 1 otherwise.

(b) Given p = 2 , let 0 2 = rj~l mod Pp . Then there exists 7  G O f0 

such that for all x  G Op

XjrX(l +  0  Sx) 1pp(c 0  6 x) = A'0(x) (—l)TrkF/Fp (t*)

jT*where A'0 =  i TrkF/pp - (—1) ’’**•/*»> if  we designate T r ^ jp  to be 

the 2nd elementary symmetric function.

Moreover, we have

W ( X f )  =  X f {c) ^ f {c) .

(c) I f  A'0 is the function from kp to the non-zero complex numbers defined 

in part (b), then for any positive integer n ,

=  A;(x)n .
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Proof. The argument is due to Dwork, but first let me point out that if

we abbreviate the conductor of xf  to m  > then

X ? V /  + ”W xf) =  E  X ?V )
U p  / U S '  * F

( X f 1 > OM  - {d+m) ) in Dwork’s notation* r?F—  (d+m )

Also, given parameter c in theorem A.l for xf  , let a  be the unit deter-

See theorem A.I.

Furthermore, given p odd, both rj and 7  depend on the choice of 5 . In 

fact, rj mod Pp is unique up to a multiple of a square in fcp, and the 

product 5 7  is independent of the choice of S . On the other hand, when 

p  =  2 , the product j3 8 is independent of the choice of 6 . Consequently, 

7  mod Pp is uniquely determined.

with the same choice of uniformizing parameter 7i> as in (A.3.1). Then
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Now, the last theorem in chapter II of Dwork’s thesis [5] completes the proof 

of part(a) and part(6 ).

Paxt(c) can be obtained by induction. When n = 1, the equality in part(c) 

holds trivially. Assume that

A '(n i)  (—l)rr*F/*p( (T  } **) =  A„(a;)n

is true for one particular n , and consider A'0( (n + 1 ) x ) . By definition,

A'0( (n + l ) x )  =  A'0(n x  + x) =  i Tr^ / ^ n * + *) • ( - 1  )r r£ U (n * +1} .

Now recall the following property of the second elementary symmetric func­

tion.

Trkl/Fp(n X + X)

=  Tr^p/p^nx) +  T r ^ / Fp(x) +  TrkF/Fp(nx)TrkF/pv(x) — TrkF/pp(nx  ) . 

As a result,

A'0( (n +  1) a;) =  A '(n r )  A„(x) • ( -1  )Xr*p/fp(ni2)
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because2

l T r kF/Fp{ n x  + x)  _ ^ _ ^ T r fc/, /F p (n  x) TTkp/Fp{x) _  ^ Trk f ./Fp{n x)  _ ^ T r kp/Fp{x)

So the induction hypothesis implies

A'a( (n + l ) x )  = A'0(x)n ( -1  ■ A'0(x) • (-1

which means

A'0((n  + l ) x )  = A'0(x)n+1 ( -1  *2>.

This completes our proof of part(c) and theorem A.3 as well. ||

2 A caution to our exponential notation used in defining A' .

i  Xrk/r/Fp(a + b) i TrkF/Fp(a) . j TrkF/Fp{b) for some 0 , 6  6 kp

As an example, let Trkp/ Fp(a) =  1 =  Trkp/Fp{b) . Then, notice that p  =  2 means
TrkF/ Fp(a +  6) =  0 £ Fp . Therefore

i TrkF/Fpia + 6) =  1 ^  _1 =  i TrkF/Fp(a) . I Trkp/Fp(b)
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B Examples: The 2nd and 3rd Identities

(i) Consider the following extension of Qz , the field of 3-adic numbers.

Qz( y/(l + y/2)(y/2 +  y/Z)y/2y/3 )

ram ified

unramified

{

{

<?s(V2 , V3)

Qs(V2) «s(V 3)

Qz

For the sake of notational simplicity, let us write

ramified

unramified

ram ified

E  = Qz( y/(l + y/2)(V2 + V3)V2V3 )

K  = Qz(V2,y/3)

U  =  Qz(V2)

L2 =  Q zW 3)

u =  (1 +  y/2)(y/2 +  V3)V2y/3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



328

We know that both E /K  and Lz/Qz are totally ramified because x2 — u 

and x2  — 3 axe Eisenstein polynomials over K  and Qz respectively. On 

the other hand, the quadratic polynomial x2  — 2  does not split in the 

residue class field of Qz . So L\/Q z must be unramified. As a result, the 

ramification index and residue class field degree of K/Qz are both equal to 

2, and therefore K /L \  is totally ramified, while K /Lz  is not.

By localizing Dedekind’s example of quaternion extension (See Dedekind [3] 

or Yui [27]) at p — 3 , we conclude that E/Q z is in fact a Galois extension 

with

Gal(E/Qz) = { ±  1, ± i , ± j  , ± k  }
' ------------------------------------ V------------------------------------'

the quaternion group H$
Notice that G =  Gal(E/Qz) has 3 subgroups of index 2 , all of which are

cyclic of order 4. In other words,

G aliE jU ) ~  L f/N B/Li(Ex) for i  = 1 , 2

must be cyclic of order 4. Consequently, there are 2 characters of L* that 

annihilate the norm group N B/Li ( E x ) and have order 4. Later we will ar­

bitrarily select one of the 2 characters for computation purpose. Meanwhile, 

let Xu  be such a character of L f  . Then
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1) G al{E/Li) and GaI(E/L2) are subgroups of G with prime index 2.

2) Gal(E/Li) fl Gal(E/L2) =  Gcd(E/K) is the center of G .

3) if Z2 denotes the cyclic group of order 2, we have an exact sequence

1  —+ G al(E/K) — y G — > Z2 © Z2 — > 1

4) XLi o  Nk/Li = XL* ° Nk/L2 .

5) XLi © Nk/Li ±  x  ° n k/q3 for any quasi-character x on Q3X . 

These conditions1 suggest that we can expect the 2nd identity to hold.

As [L i: Qz] =  2 , let & be the non-trivial character of Qz /N^/Q j (L? ) .  

Observe that E/Q z is tamely ramified. Hence Xu  > IM have conductors 

less than or equal to one.

Lemma. I f  we choose ttl, =  3 and 7^  =  \/3 to be our uniformizing

'parameters of L\ and L2 respectively, then
1Here is the argument for 5). If XL,  ° N k / l , — X °  N k / q 3 were to hold, such x  

must annihilate the norm group N E/ q 3( E x ) . So the quasi-character can be interpreted 
as a character of Hg  , but Hg  only yields 3 non-trivial characters of order 2, none of 
which satisfies

XL,  o N K/L l  =  x  0 N k / q 3
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(a) XLi (3) =  —1, and consequently xli must have order 4 on the unit 

group ULl . In particular, XLi(—1) =  1-

0>) x ^ (v S ) is a primitive 4th root of unity, while Xia{~ 1 ) =  — 1  - 

Proof. Because xli has order 2 , its kernel is the norm group N k/Li(K x) .

So

1 = x l (N K/u(V3)) = xK-S)

On the other hand, 3 x  € such that

x 2 =  —1 m o d  P l x

as Li is the unique unramified quadratic extension over Qz .

Then the fact that XLi {UlJ  = {1} hnplies

1  =  =  x l ( * 2S)

In other words, x h  (3) =  1 and therefore the restriction XlA Ul ^  

order 4, since xli is assumed to have order 4. Precisely, if we choose the 

following coset representatives of U ^/U f  x

{ ±1 , ±V2 , ±1±V2}
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then x ia (± l) =  1 , =  -1  , *£ i(± 1 ± \ / 2 ) =  ± i  . (B .I.l)

To find the value of xli (3), we notice

NE/LiiVu) = Nk/l^ —u) =  2(1 + a/2) 2  3 

and Xlx{N B/Li (V u) )  =  1- Thus

XLi(3) =  x l 1( 2 ( 1  +  V 2 ) 2 ) - 1 =  X L ^ - a  +  V^)2 )"1 =  ( ± i ) 2 =  - 1

This completes part ( a ) . Part (6 ) can be proved similarly. =

2 means xu. cannot have order 4 on the unit group Uj^ . As a result, 

XLzWS) =  • Meanwhile,

N s / i ^ i V u )  =  N k /L2( - u ) = 6

So

1 =  XLz iN E/ h i Vu ) )  =  X£a(6) =  XL2(-3)

Observe that Xivi—1) =  — 1; otherwise Xr^Cv^) would not be a primitive 

4th root of unity. The proof of our lemma is now completed. ||

Now we are going to select one x u  for each i in order to compute the

root number and to verify the 2nd identity. As the proof of our previous
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lemm a alludes, it is sufficient to specify the following character values. 2  

X lA  l + y/2) = i and =  i

Moreover, it is a consequence of the lemma that the conductor of xl, is 

exactly one.

By definition,

w(XLt) = Y. xzMlW?
where is the canonical additive character of L i . (See Tate [23].)

Let £ =  e 3 * . By part (a) of the lemma and (B .I.l) in its proof, we 

conclude

W(xh) =  + 1 +  1 + f - f s +  H K J )

Therefore

W(Xl,) = 3 (2 -  C -  C2 ) =  1 

Similarly, we compute

W ( X L , )  =  IV(ft»)-1/2 E xz(-h) tA-h)
x<=uL2/ u l 2 W o  /  \ v o  /

2Our selection here is arbitrary. The two distinct characters of L* /N e /Li (E*) (resp. 
L%/Ne/ l2(Ex) ) with order 4 are inverse of one another.
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Part (6 ) of the lemma then yields

W{XL<) =  ^ ( - < 2  +  <"2 ) =  7 § l - £ 2  +  C)

Next, we evaluate W ( n i ) . Recall that ^  is defined to be the non-trivial 

character of Q% which annihilates the norm group N Li/Q3(L ? ) . Because 

LijQ z is unramified,

W (ft) =  f t  (3)° =  1

In contrast, the conductor of / / 2  is one as L2/Q 3 is totally and tamely 

ramified. Also, notice that 1 =  Nl^/qz(\/Z) ) =  ^ ( —3) .Hence,

Finally, we use these root numbers to verify that the 2nd identity indeed 

holds in this example.

w(Xla) W M  = -C2 + C) -< + C1)

=  5 ( 1  -  < 2 -  C +  1 )

=  |  ( 2  -  C2 -  C)

=  W(XL>) W(f t )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



334

If we localize Dedekind’s example at p = 2 , a totally and wildly ramified 

quaternion extension over Q2 is obtained3. This means the conductors of 

X u  and fii are both greater than one. While the calculation of the root 

number is more involved, it is expected that the 2 nd identity remains true.

(H) Let C =  e2”  . The polynomial is x 5 — 2 is Eisenstein over Q2

<h{<, i/2 )

unramifed |  4 j  \ h

0 2 (C )

ramified |  5 ^  j 4

Q2

}

}

ramified

unramified

So the Galois group of Q2( C 3 \ ^ ) / Q 2 has order 20. Henceforth, we adopt 

the following notations:

k  = q , ( c ,  m

L = Q,( c)

E  = Q2(</2)
3To see that u  =  (l+ \/2 )(\/2 -t-\/3 )\/2 \/§  is not a square in K ' =  Qa(v^, y/3) , we ob­

serve x2 =  u implies NK,/Q2(^ ( x ) 2 =  NK,/Qa{y/S)(u ) . However, NK,/Qiiy/S)(u) =  
6 is not a  square in Q2(v̂ 3) • In other words, the equation x2 =  u  cannot be solved in 
K ’ .
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Observe that Gal{K/L) is abelian and normal in Gal(K/Q2) , while Gal(K/E) 

is one of the five 2 -sylow subgroups of Gal{K/Q2) • Moreover, the center of 

Gal(K/Q 2) is trivial. It follows that Gal(K/L) is contained in all nontrivial 

normal subgroups of Gcd(K/Q2) ■

Let us denote Gal(K/Q2) by G , G ai(K /E ) by H  and Gal(K/L) by 

C . Given a non-trivial character ip of H , we define x  € G* by4

x(hc) — <p(h) for h € H  and c € C

This is legitimate because G — HC  and H D C  =  {1}. Notice C < G 

implies that x  is indeed a homomorphism. Prom the definition, we have

x \h  =  <P

Meanwhile, x \c  is trivial.

Under the above circumstance, we can try verify the 3rd identity for x  

interpreted as a character of Q%/Nk/q2(K x) ■

m x  • % « , )  n  w w  = n  ^  • tx  o % /« , ) )
IX €  T  IX € T
IX ^  X M ^  1

4Recall G* stands for the character group of G  .
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where T  consists of the orbits of the G-action on C* by conjugation, 

is the fixed field of the stabilizer of \x G C* , and fx' is the character of 

Gal(K/Fp) which coincides with /i on C but annihilates H  n Gal(K/Ffj) .

In our example, C  is cyclic of prime order 5, which implies all fx ^  1 have 

trivial kernel. So, the isotropy group of /x is identical to the centralizer 

of C . However, the fact that G has trivial center means C is its own 

centralizer. Therefore, T  contains exactly one orbit, and F^ =  L  in this 

example. Hence, the 3rd identity follows from

W ( X  o  N e / q 2) W ( f x )  =  W(X) W ( f x -  ( X o  N L/ q 2) )

Now, recall that xlc is trivial. In other words, x  ° ^ l/q2 = 1 > and it is 

sufficient to show

W (X o Ne,Q2) = W( X)

Since LfQ-i is unramified and x  ° N l / q 2 =  1, X must be an unramified 

character of order dividing 4. Consequently, x  ° NE/q2 is also unramified 

with order dividing 4.

W ( x ° N b / Qi ) =  2)4 = 1 = x(2)° = Wfx)
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As E /Q 2 is a totally and tamely ramified extension, the order of its different 

is one less than the ramification index.

Our selection of <p and the corresponding construction of x  have simpli­

fied tremendously the calculation. In fact, the above 3rd identity is supposed 

to hold even if we replace x  hy any arbitrary quasi-character X q 2 o n  Q 2 ■ 

To illustrate this independence between the character and the Galois exten­

sion, let us choose x q 2 to t>e the wildly ramified character of Q% which 

annihilates the norm group Â q2 (v̂ )/q2 (<?2 ( \/ 2 )x) , and then verify

W (Xq2 o Ne/Q2) W (h) = W (Xq2) W( fi ■ ( xq2 0 N l/Q2) )

where p  is a non-trivial character of L x which annihilates Nk /l {K x) ■

In this case5  the conductor m ( x Q 2 ) =  3 . If we pick the following represen- 

tives for U q 2/ U q 2

{ 1 ,  1 +  2 ,  1 +  2 +  4 ,  1 + 4 }

then Xq2 (1) =  1 =  Xq2 ( 1  +  2  +  4) and Xq2(1 +  2) =  - 1  =  Xq2(1 +  4)

5The ramification groups for the wildly ramified extension Q2(V/2)/Q2 are known. 
See for example Serre [20] chapter 4, § 2, exercise 4, p.72.
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because

NQa{y/2)/Qa(1 + y/2) = - 1  =  1 +  2 +  4 mod 8

Moreover,

* * (2 )  =  * h (  -  ) =  Xo,(~ 1) =  1 (B .II. 1)

Let Tj = e2?  . By definition,

W{x<h) = 4 =  E  x5i(§)
v 2  * zu 9JU ^  2

From above,

* ( X * >  =  [ ^  +  ( - ^ 3) + » 7 7 +  ( - ^ 5) ]  =  ^ s [ 2ri +  2r}~ 1} =  1

Besides the value of W ( \q2) j we note that

Xq2(1 +  *) =  V*

if the order of x  in < ? 2  is greater than or equal to 2. Equivalently, with

c =  i (B .II.1)

we have X<?2 ( 1  +  x ) = ^ (c x )  where tp is the canonical additive character 

of Q<t (See Tate [23]).
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Next, we evaluate W (n  • (x<?2 ° NL/q2) ) .  Since K /L  is tamely rami­

fied, the conductor of /z must be one. By theorem A.l part (c) and (B .II.2 ) ,

wr(y. ■ ixo , ° N LICk) ) =  W (X<h O Nliq ,)  

which is equal to W (xq2 o Nl/q2) because Nk/l { f f i)  =  2  implies

M 2 ) =  1 -

Now, theorem A.2 part (6 ) together with theorem A.l part (6 ) show that 

w (.Xq2 ° n l/q2)

= (XQ2 oNL/Q2)~1(^ )  ^ ( | )  E  iXQ2oNL/Q2)~1(l  + 2x) ^ ( “3 " )

Again ipL denotes the canonical additive character of L . It follows that 

W (Xq2 o Nl/q2 ) is equal to

"7=  E  Xq2( 1 + 2 Ttl/q2(x) ) xq2( 1 + 4 T r fjQ2{x )) ^l ( ~ )
v 2  * € Oi/Pi °

because NL/q2(1 + 2x) =  (1 +  2 TrL/Q2(x) )(1 +  4 Trf}Q2(x ) ) mod 8  . 

To complete this calculation, let us fix a set of representatives of Ul/U I =

{Ol /P lY  •
l  , l  +  c  , l  +  c 2 , C4 , C4(1 +  C) 

C4( i  +  C2) , C3 , C3( i  +  0  , C3(1 +  C2) , c2 

C2(1 +  C) , C2(1 +  C2) , C , C(1 +  C) , C(1 +  C2)
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The respective values of the first and second symmetric functions are given 

in the table below. Here we have used the fact that

£ '—. © to IT
to II T tl/qJ i 2) + 2 T r f} ^ (x )

T r L /Q 2 (x ) 1 T rLI<h(x 2)
I

1 1 X

- 1

1

1 - 1
1

1

| 1

|
1 c , c2  ,
1

c3  , c4

- 2

1

1 —4 
1

1

I 4 
1

1 C(i +  C ),
1

C(1 +  C2)

- 2

1

1 “ 4i

1

1 4
I

1 C2(1 +  C2) , 
1

< 3 ( 1  +  0

- 2

1

i 6
i

1

1 “ I 
1

1 <4 ( l + < 2) , C2(1 +  0

3
1

| 1

1

1

1 4 
1

1 < 4 ( 1  +  0  ,
1

C3(1 + C2)

3
1

| 1  

i

1

1 4 
1

1 1 +  C 5 
1

1 +  C2

4
1

1 4
1

1 6

1

1 1

As a result, we can conclude 

W (xa, ° J W  =  ^  {1 +  4i +  4 -  2  -  4i +  1 } =  - 1  

and therefore

• (Xq 2 °  n l/ q2)) = “ I
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The above 15 representatives for Ul /U£ may also be used in determining 

W(fj) . Let us choose one non-trivial // by assigning6

M l +  0  =  C

Meanwhile M2) is always 1 as Nk/l ( \ ^ )  =  2 . By definition

x e u L/ui

It follows from the above table and our choice of fi that W  (//) equals

- | = { i  +  ( - 0  +  (-C 2) +  (-C 3) +  (-C 4) +  1 +  ( - 0  

+  c2 +  (-C 3) +  ( - O  +  1 +  C +  ( - < 2) +  C3 +  C  }

Hence

W{n) = 1

Finally, we compute W ( x q 2 ° N e / q 2) and begin with

Claim. The conductor of xq2 ° Ne/q2 is 11.
6It is sufficient to specify the value of /x(l 4- C) because 1 +  C is a generator for the 

cyclic group Ui,jU\ .
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Proof. As K /L  is totally and tamely ramified Galois extension of prime 

degree 5, we have

=  V I  for n > 0

and

N K,L(Ukn+1) = U£+1 for n > 0

See Serre [20] chapter V, § 3, corollary 3. On the other hand, Nl/q2(U2) = 

Uq2 for all n > 0 because LjQ-i is unramified. Consequently

NKiQ2(U jt) = U& for n > 0

and

N k/q^ U ^ 1) = U S 1 for n > 0  

In particular, N K/Q,(Ujt°) =  U l  and N KtCh(Ufi) =  Uq2 

Now the fact that K /E  is unramified means

Ne/q2(U™) = U l

while

Ne/qM 1) =  U l
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Recall that xq2 has conductor 3, and the claim is proved. ||

According to theorem A . 2  part (6 ) ,  if x € P j  , then 3 c such that 

( X q 2 °  n e / q 2){1  +  x )  =  i I> e (c x )

Let us fix 7T£ =  \/2  to be our uniformizing parameter of E . Observe that

10

uyuh1 =  n  <i + 4 )
i  =  6

where ( 1  +  tt^) is the cychc group of order 2  generated by 1 + ^  mod U^1 .

Claim. We can take c to be | .

Proof. Since E /Q 2 is totally and tamely ramified of degree 5 , the order 

of the absolute different of E  is 5 — 1  =  4 . Together with the previous 

claim, we see |  as an element of E  has the expected order of c . Due to 

the above decomposition of , it is sufficient to prove that

(XQ2 0  Ne/q2)( 1  + tt£) =  ipE( y ) for 1 0  > i >  6

Notice that if 9 >  i > 6 , then

j w i  +  4 )  = n  (i + c ^ h )  =  1 + 2‘ € u i
j  =  0
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which is annihilated by x q 2 • Meanwhile

t W 4 )  =  E  =  o
j  = 0

implies i f  ) =  1  •

When i =  1 0 , we have Ne/q2{ 1 +  7^ °) =  NE/q2(1 +  4) =  ( 1  +  4) 5  . 

As a result,

( X Q 2 ° N e / q 2) ( 1  +  * e ) =  Xc?2(1 +  4)5 =  - 1  =  f ab ( | )  =

This completes the proof of our claim. ||

By theorem A.l part (b) , the root number W(xq2 o Ne/q2) is equal to

( X q 2 o N e / q 2 ) ~ 1 { ^ )  ~ 7 k  £  (x<?2 °  N e / Q i . ) * 1 ^  +  2a;) —  )
° ° x e oe/Pb °

2irt
If the primitive 8 -th root of unity e“  is denoted by 7 7 , then

* ( D  -  -  = T T

Combine with (B .II.l)  and the fact \Oe/Pe \ =  2 .

o n e / q , )  =  - L  ( 1  -  i )  =  - 1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



345

Now, we axe able to confirm the 3rd identity with character xq2 •

W { x q 2 °  n e / q 2 ) W i v )  =  -1 =  W ( x q 2) W( / j ,  • ( x q 2 q N l / q 2) ) 

- 1 1  1 - 1

One example of the 3rd identity involving a wildly ramified Galois exten­

sion can be constructed if we replace the prime 2 in the above example by 5. 

The resulting Galois extension <5s(^5, C) over Qo is totally ramified which 

satisfies the conditions in the 3rd identity.
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