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Abstract

Lévy Option Pricing Models: Theory and Application
by
Kazuhisa Matsuda

Adviser: Professor Salih N. Neftci

The goal of this dissertation is to provide both the underlying theory and
applications of Lévy option pricing models which have been developed recently.
The dissertation is composed of five main parts. Part I covers the mathematical
theory of Lévy processes which constitute a wide class of stochastic processes
whose sample paths can be continuous, mostly continuous with occasional
discontinuities, and purely discontinuous. Each Lévy process is defined and
characterized using theorems such as the Lévy-It6 decomposition and the Lévy-
Khinchin representation. They also are characterized in terms of their infinite
divisibilities and the Lévy measures. Part 2 provides the introduction to Fourier
transform and its application to the option pricing. Fourier transform option pricing
method has become the mainstream pricing method because of its generality in the
sense that it only requires the characteristic function of the log terminal asset price.
Part 3 describes the mathematics of the Lévy option pricing models. The classic

Black-Scholes (BS) model is characterized as the only continuous Lévy model. The
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classic Merton jump-diffusion (MJD) model is characterized as the non-Gaussian
Lévy model in which asset price dynamics is modeled by the jump diffusion process.
The recently developed variance gamma (VG) model, normal inverse Gaussian
(NIG) model, and Carr, Geman, Madan, and Yor (CGMY) model are characterized
as pure jump Lévy models in which the asset price dynamics are modeled using
pure jump Lévy processes. These pure jump Lévy models are calibrated to the S&P
500 futures options and we compare their pricing performance relative to classic
models along with the implied dynamics of the log return density and the Lévy
measure. Part 4 treats the regularization using the relative entropy in the Merton
model to overcome the illposed problem of unregularized calibration with pure
jump Lévy models. Part 5 studies the other approaches to recover the risk-neutral
probability density function of terminal asset prices. One is the semiparametric
volatility-interpolation method developed by Shimko which makes no assumptions
regarding the underlying stochastic process of asset prices. The other is the mixture

of two lognormals approach which is a parametric approach by Bahra.
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Chapter 1: Introduction to the Mathematics of Lévy
Processes



1.1 Introduction

The goal of this chapter is to provide the foundations of the mathematics of
Lévy processes for the readers with undergraduate knowledge of stochastic
processes as simple as possible. The simplicity is a key because, for the beginners
such as finance majors without the experience in stochastic processes, some
available books on Lévy processes are not accessible. Lévy processes constitute a
wide class of stochastic processes whose sample paths can be continuous,
discontinuous, and purely discontinuous. Traditional examples of Lévy processes
include a Brownian motion with drift (i.e. the only continuous Lévy processes), a
Poisson process, a compound Poisson process, a jump diffusion process, and a
Cauchy process. All of these are well studied and well applied stochastic processes.
We define and characterize Lévy processes using theorems such as the Lévy-Ito
decomposition and the Lévy-Khinchin representation and in terms of their infinite

divisibilities and the Lévy measures /.

1.2 Function

1.2.1 Definition of Function
Definition 1.1 Function A function f:a — f(a) or f:A— B on R uniquely
maps a set of input values a € 4 to a set of output values f(a) € B. The domain of a

function is the set 4 on which a function is defined and the set of all actual outputs

f(a) € B is called the range of a function.



A function is a many-to-one mapping (i.e. not one-to-many mapping). For
example, a function f(a)=a is a one-to-one mapping, f(a)=—a’ is a two-to-one
mapping except fora =0, and f(a) =sin(2za) is a many-to-one mapping as

illustrated by Figure 1.1.

1.2.2 Left Limit and Right Limit of a Function
Definition 1.2 Left limit and Right limit of a function A function f:a — f(a)
on R has a left limit f(b—) atapoint a =b if f(a) approaches f(b—) when a
approaches b from the below (the left-hand side):

lim,_, f(a)=f(b-) (1-1).
A function f:a — f(a) on R has aright limit f(b+) atapoint a =5 if f(a)
approaches f(b+) when a approaches b from the above (right-hand side):

lim,_,,, f(a)=f(b+) (1-2).

1.2.3 Right Continuous Function and Right Continuous with Left Limit (RCLL)

Function

Definition 1.3 Right continuous function A function f on R is said to be right
continuous at a point a = b if it satisfies the following conditions:

(1) f(b) is defined. In other words, a point b is in the domain of a function f .

(2) Right limit of the function as a approaches b from the above (right hand side)
exists, lim, ,,, f(a)= f(b+).

) fo+r)=1(b).



Definition 1.4 Right continuous with left limit (rcll) function A function f on
R 1is said to be right continuous with left limit at a point @ = b if it satisfies the
following conditions:

(1) f(b) is defined. In other words, a point 4 is in the domain of a function f .

(2) Right limit of the function as a approaches b from the above (right hand side)

exists, lim, ,,, f(a)= f(b+). Left limit of the function as a approaches b from the
below (left hand side) exists, i.e.lim, ,, f(a)= f(b-).

(3) f(b+)=f(b).

The above definitions imply that a rcll function is right continuous, but the
reverse is not true. In other words, a rcll function is more restrictive than a right
continuous function because a rcll function needs left limit.

Consider a piecewise constant function defined as:

0 if a<l
f(a)=41 if 1<a<2  (1-3).
2 if 2<a<3

The right limit at a point a =1 is equal to the actual value of the function at a
pointa =1:

faH)=70=1,
this means f is right continuous at a point a =1. But the left limit at a point a =1

is not equal to the actual value of the function at a pointa =1:

F1)=0% f()=1,



this means f is not left continuous at a point a =1. Therefore, this function is right

continuous with left limit. And the jump size is:

f+)- f(1=)=1-0=1.

1.2.4 Continuous Function
Definition 1.5 Continuous function A function f:a — f(a) on R is said to be

continuous at a point a = b if it satisfies the following conditions:

(1) f(b) is defined. In other words, a point 4 is in the domain of a function f .
(2) Right limit of the function as a approaches b from the above (right hand side)
exists, lim, ,,, f(a)= f(b+). Left limit of the function as a approaches b from the

below (left hand side) exists, i.e.lim_,_,, f(a)= f(b-).

(3) f(b+)= f(b-)=f(b).
In other words, a continuous function is a left and right continuous function
which in turn means that a continuous function is the most restrictive among rc, rcll,

and continuous functions. All the functions in Figure 1.1 are continuous.

1.2.5 Discontinuous Function
Definition 1.6 Discontinuous function A function f:a — f(a) on R is said to

be discontinuous at a point @ = b (called a point of discontinuity) if it fails to satisfy

being a continuous function.



1.3 Stochastic Processes

1.3.1 Definition of Stochastic Processes
A stochastic process is a collection of random variables:
(X te[O,T]) >
where the index denotes time. Note that we are interested in the continuous time
stochastic process where the time index takes any value in the intervalz €[0,77].
Discrete time stochastic process can be defined using a countable index sett € N :

(X -

A stochastic process is defined on a filtered probability space (€2, F,, ,,P) where

€ is an arbitrary set and P is a probability measure onF, , ;. F,o 18 called a

]
filtration which is an increasing family of o -algebras of a subset of Q2 which satisfy
for VO<s<t:

=t
Intuitively speaking, a filtration is an increasing information flow about (X,_,,,) as

time progresses.
We can alternatively state that a real valued continuous time stochastic process
is a random function:
X:[0,T]xQ—>R (1-4).

After the realization of the randomness  , a sample path of (X, ;) is defined as:

X(w):t>Ror X(w):t > X,(w) (1-5).



A stochastic process (X, ;) 1 said to be nonanticipating with respect to the

filtration F, or F, -adapted if the value of X, is revealed at time ¢ for

eacht €[0, T].

1.3.2 Putting Structure on Stochastic Processes

The purpose of any mathematical modeling regardless of the field is to fit less
complicated models to the highly complicated real world phenomena as accurate as
possible. Mathematical models are less complicated in the sense that they make
some simplifying assumptions or put some simplifying structures on the real world
phenomena for the purpose of gaining tractability. There are some popular
dependence structures put on stochastic processes which mathematicians have

developed and used for years.

1.3.3 Processes with Independent and Stationary Increments: Imposing

Structure on a Probability Measure

Before giving the definition of processes with independent and stationary
increments, we must know the basics.
Definition 1.7 Conditional probability = The conditional probability of an
arbitrary event 4 given an event with positive probability B is:

P(ANB)

P(4|B) = B (B)

(1-6).

When P(B)=0, P(4|B) is undefined.

Definition 1.8 Statistical (Stochastic) independence Two arbitrary events 4

and B are said to be independent, if and only if:



P(ANB)=P(AHP(B) (1-7).
This definition of independence has two advantages. Firstly, it is symmetric in 4
and B . In other words, an event 4 ’s independence of an event B implies an
event B ’s independence of an event 4. Secondly, this definition holds even when an

event B has zero probability, i.e. P(B) = 0. When two arbitrary events 4 and B are

independent, from the definition of a conditional probability:

P(4)P(B)

P(4|B) = B(3)

=P(4) (1-8).

It is important to note that this is a result of statistical independence and not the

definition. This is because the above equation is not true (i.e. undefined) when

P(B)=0 and it is not symmetric in that IP(A|B) =1IP(A) does not necessarily imply

P(B|4)=P(B).

Definition 1.9 Mutual statistical independence  Arbitrary events 4,, 4,, ..., 4,

are said to be mutually independent, if and only if:
P(4NAN...NA4)=P(4)P(4,)..P(4,) (1-9).

Definition 1.10 Processes with Independent and Stationary Increments A

stochastic process (X te[(m) with values in R on a filtered probability space

(Q, F,0.rp»P) 1s said to be a process with independent and stationary increments if

it satisfies the following conditions:

(1) Its increments are independent. In other words, fors, <¢, <...<t:

P(X, - X, ﬂXl3 - X, ﬂ..ﬂX,n -X, )=PX, -X )P(X, -X, ).PX, -X, ).



(2) Its increments are stationary: i.e. forVAe R", X, , — X, has the same
distribution as X, . In other words, the distribution of increments does not depend on

¢t (i.e. temporal homogeneity).

Consider an increasing sequence of time 0<¢ <t, <...<t, <t <u <o where
t 1s the present. As a result of independent increments condition:

P(Xu _Xz

X, ~ X0 X, - X, X, - X, )

n

CP(X,-X,NX, - XX, - X,...X,-X,)
P(X, - Xy X, =X, ,.u X, - X,)

P(X, - X)P(X, - X0, X, - X, ,...X,~ X,)
- P(X, - Xy, X, =X, s X, X, )

=P(X,-X,) (1-10),
which means that there is no correlation (probabilistic dependence structure) on the
increments among the past, the present, and the future.

For example, independent increments condition means that when modeling a
log stock price In S, as an independent increment process, the probability
distribution of a log stock price in year 2005 — 2006 is independent of the way the

log stock price increment has evolved over the years. In other words, it doesn’t

matter if this stock crushes or soars in year 2004 — 2005:

P(In 8590 —In S50 |a 08,505 = IS0, 108,50, —10S,505, In.S5005 —In Sy,)

—P(In Sy —InSy0s)  (1-11).



10

Using the simple relationship X, = (X, — X,) + X, for an increasing sequence of
time 0<¢ <t,<..<t, <t<u<o:

P(X, ‘XO,XII X, e X, X)) =P((X, - X))+ X, | X0 X, X, o X, LX)

—P(X,

X)) (1-12),

which holds because an increment (X, — X,) 1s independent of X, by definition
and the value of X, depends on its realization X,(w) . This is a strong probabilistic
structure imposed on a stochastic process because this means that the conditional
probability of the future value X, depends only on the previous realization X,(®)
and not on the entire past history of realizations X, X, , X, ,..., X, , X, (i.e. called

Markov property which is discussed soon).
Although this condition seems too strong, it imposes a very tractable property
on the process. Because if two variables X and Y are independent:
E[XY]= E[X]E[Y],
Var| X + Y] =Var[ X |+ Var[Y],
CoV[X,Y]=0 (i.e. Corr[X,Y]=0) (1-13).
Stationary increments condition means that the distributions of increments

X

t+h

— X, do not depend on the time ¢, but they depend on the time-distance / of

two observations (i.e. interval of time). In other words, the probability density
function of increments does not change over time. For example, if you model a log

stock price In S, as a process with stationary increments, the distribution of

increment in year 2005 — 2006 is the same as that in year 2050 — 2051:
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In S50 — 108,05 i InSy05; =108y -

There is no doubt that the above independent and stationary increments conditions

impose a strong structure on a stochastic process(X {0.7] ) , as a result of these

restrictions, the mean and variance of the process is tractable:

E[Xz] :/'lo +ﬂ1t,
Var[X,1=0,"+o’t  (1-14),

where g, = E[X,], 1 = E[X|]- 44, 002 = E[(X, _/uo)z]a and J12 = E[(X, _/Jl)z]

2
-0, .

1.3.4 Martingale: Structure on Conditional Expectation

Originally, the word ‘martingale’ comes from a French acronym of a gambling
strategy. Imagine a coin flip gamble in which you win if a head turns up and you
lose if a tail turns up. Martingale strategy requires a gambler to double his bet after
every loss. Following martingale strategy, a gambler can recover all the losses he
made and end up with an initial amount of his wealth plus an initial bet. Table 1.1
gives a sample path of a martingale strategy in which a gambler initially owns $200
of wealth, start betting with a stake of $2, and due to his bad luck his first win
comes at the seventh trial. As you can see, he basically ends up where he started, i.e.
his initial wealth of $200 (plus an initial bet of $2). Thus, a martingale strategy tells
that after gambling many hours a gambler gains nothing (loses nothing) and his

wealth remains constant on average.
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In probability theory, a stochastic process is said to be a martingale if its
sample path has no trend. Formally, a martingale is defined as the follows.

Definition 1.11 Martingale  Consider a filtered probability space (€2, 7, , 14, P) -
A rcll stochastic process (X)), r; 1S said to be a martingale with respect to the

filtration F, and under the probability measure PP if it satisfies the following
conditions:

(1) X, is nonanticipating.

(2) E[|X,[]< for V[0, T]. Finite mean condition.

(3) E[X,

F1=X, for Vu>t.

In other words, if a stochastic process is a martingale, then, the best prediction of its
future value is its present value. Note that the definition of martingale makes sense

only when the underlying probability measure I’ and the filtration (%), , have

been specified.
The fundamental property of a martingale process is that its future variations

are completely unpredictable with the filtration 7, :

t t+u

Vu>0, E[x,,, —x,|F]=E[x

F1-Elx|F]1=x-x,=0 (l-14).

Finite mean condition is necessary to ensure the existence of the conditional

expectation.
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1.3.5 Example of Continuous Martingale: Standard Brownian Motion

Let (B,,.,) be a standard Brownian motion process defined on a filtered
probability space (€, ..., ") . Then, (B,_,.,) is a continuous martingale with
respect to the filtration F,_, ,, and the probability measure .
Proof

By definition, (B,_,) is a nonanticipating process (i.e. F,,., - adapted process)

with the finite mean E[|Bt|] =0<oo forVte[0,0). ForVO<¢t<u<o:

B,=B+[dB, (1-15).

Using the fact that a Brownian motion is a nonanticipating process,

i.e.E[B,|F]=B,:

E[B,—B,|F1=E[B, |71~ E[B,|F1= E[B, + [ dB,|F]1-B,
E[B,-B,|F1=E[B|F1+EL[ dB,|F1-B,
E[B,—B,|F]=B,+0-B,=0 (1-16),

or in other words:
E[B,|F 1= EIB, +| dB,|%,1= E[B,|F 1+ E[| dB,|F,1=B,+0

E[B,|F1=B (1-17),

which is a martingale condition.
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Let (B,..,) be a standard Brownian motion process defined on a filtered
probability space (€, 7, ..., ") . Then, a Brownian motion with drift
(X q0.0)) = (1t + 0B, ,)) 1s not a continuous martingale with respect to the
filtration F,_,,, and the probability measure IP.
Proof
By definition, (X,_,) 1s a nonanticipating process (i.e. F,_,, - adapted process)
with the finite mean E[X,]=E[ut+0B,]= ut <o forVte[0,0) and e R. For
VO<t<u<ow:

X, =X+ ax,.

Using the fact that a Brownian motion with drift is a nonanticipating process, i.¢.

E[X,|F]1=X,:

ELX, |7 1= ELX, + [ dX, | 7] = ELX |71+ I aX,

F]
E[X,|F1=X, +uw—1t) (1-18),

which violates a martingale condition.

But one way to transform nonmartingales into martingales is to make the
process driftless. In other words, eliminating the trend of the process which is
sometimes called a detrending. Consider the following example. A detrended

Brownian motion with drift defined as:

(X oy — 1) =(ut + 0B, — pt) =(0B,4,,)  (1-19),
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is a continuous martingale with respect to the filtration F,_,,, and the probability

measureP.
Proof

ForVO<t<u<o:
E[X, - qu| F 1= E[(X, - pt) + (| dX, - | )| ;]
ELX, — pu| F1= ELCX, = )| F 1+ EL([ " dx, - " av)| 7]
E[X, - puu|F 1= X, - pat + p(u— 1) — pa(u 1)

E[X, — uu|F1=X, - pt,

which satisfies a martingale condition.

1.3.6 Martingale Asset Pricing

Most of financial asset prices are not martingales because they are not
completely unpredictable and most financial time series have trends. Consider a
stock price process {S,;0<¢<T} on a filtered probability space (€2, 7, ,,[") and
let » be the risk-free interest rate. In a small time interval A, risk-averse investors
expect S, to grow at some positive rate. This can be written as under actual

probability measure P:

E*[S,.s

|.7-“t]>St.
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This means that a stock price S, is not martingale under [P and with respect to 7, .
To be more precise, risk-averse investors expect S, to grow at a rate greater than

because a stock is risky:

EIP’ [e—rASHA

|F1>5,.
The stock price discounted by the risk-free interest rate ¢S, is not martingale
under P and with respect to 7, . How can we convert a discounted stock price

—rA
e’"S

., 1nto a martingale? First approach is to eliminate the trend. The trend in this

case is the risk premium 7 which risk-averse investors demand for bearing extra

amount of risk. If we can estimate 7 correctly, a discounted stock price e ™S, can

be converted into a martingale by detrending:

EIP’ [e—ﬁAe—rASHA |£] — EIP’ [ef(rwr)AStJrA |Jl’ft'] =9

.
But this approach involves the rather difficult job of estimating the risk premium 7z
and is not used in quantitative finance. Martingale asset pricing uses the second
approach to convert non-martingales into martingales by changing the probability
measure. We will try to find an equivalent probability measure QQ (called risk-
neutral measure) under which a discounted stock price becomes martingale:

E%[e™S,,,|F]=5

t

(1-20).

1.3.7 Submartingales and Supermartingales

Definition 1.12 Submartingale Consider a filtered probability space

(€, F o115 P) - A rell stochastic process (X, ), 7, 18 said to be a submartingale with
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respect to the filtration F, and under the probability measure [P if it satisties the
following conditions:

(1) X, is nonanticipating.

2) E[|Xt|] <o for V¢ [0, T]. Finite mean condition.

(3) E[X,|F 1= X, for Yu>1.

Intuitively, a submartingale is a stochastic process with a positive (upward) trend. A
submartingale gains or grows on average as time progresses.
Definition 1.13 Supermartingale Consider a filtered probability

space (€, F, 71, P) . A rell stochastic process (X,),y, 7, 18 said to be a

supermartingale with respect to the filtration F and under the probability measure

P if it satisfies the following conditions:

(1) X, is nonanticipating.

(2) E[|X,[I <o for Vi e[0, T]. Finite mean condition.
(3) E[X,|F1< X, for Vu>1.

Intuitively, a supermartingale is a stochastic process with a negative (downward)
trend. A supermartingale loses or declines on average as time progresses. By

definition, any martingale is a submartingale and a supermartingale.

1.3.8 Markov Processes: Structure on Conditional Probability

This section gives a brief introduction to a class of stochastic processes called
Markov processes which impose a restriction on the conditional probabilities. This

differs from martingales which impose a structure on conditional expectations.
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Definition 1.14 Discrete time Markov chain  Consider a discrete time stochastic

process (X)), (1.e.n=0,1,2,...) defined on a filtered probability space
(©, F, _y,P) which takes values in a countable or a finite set £ called a state space

of the process. A realization X, is said to be in state i € E' at time n if X, =i. An

E -valued discrete time Markov chain is a stochastic process which satisfies for
VneN andVi,je E:

P(X,, = j| X X1, Xpon X, =D)=P(X,,, = j|X, =0) (1-21).
This is called a Markov property. Markov property means that the probability of a

random variable X, at time n+1 (tomorrow) being in a state j conditional on the
entire history of the stochastic process (X, X,,X,,...,X,) 1s equal to the probability
of a random variable X, , attime n+1 (tomorrow) being in a state j conditional
only on the value of a random variable at time n (today). In other words, the history
(sample path) of the stochastic process (X, X, X,,...,X,) is of no importance in
that the way this stochastic process evolved or the dynamics (X, - X,, X, - X,,...)

does not mean a thing in terms of the conditional probability of the process. The

only factor which influences the conditional probability of a random variable X, at

n+l

time n+1 (tomorrow) is the state of a random variable at time »n (today).

The probability P(X

=7 |X , =1) which is a conditional probability of
moving from a state i at time » to a state j at time n+1 is called a one step

transition probability. In the general cases, transition probabilities are dependent on

the states and time such thatVm #n e N ;
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P(X,, =j|X,=i)#PX

m+1

=jlX, =i (1-22).

When transition probabilities are independent of time 7, discrete time Markov
chains are said to be time homogeneous or stationary.

Definition 1.15 Time homogeneous (stationary) discrete time Markov chain
Consider a discrete time stochastic process (X,),.y (1.e.n=0,1,2,...) defined on a
filtered probability space (2, F _,[P) which takes values in a countable or a finite
set £ called a state space of the process. A realization X, is said to be in state
ieE attime n if X, =i. An E -valued time homogeneous discrete time Markov

chain is a stochastic process which satisfies for Vne N and Vi, j e E:

P(X,., = j|Xe. X, Xy0n X, =i) =P(X

n+l T n+1:j|Xn:i)
=P(X, = j|X, =1)
=P(jl)  (1-23).

In other words, transition probabilities do not depend on time »n and only depend on

transition states from i to j . A matrix of transition probabilities P = H]P’( Jj |i)”, . is
i,je

called a transition probability matrix:

P(0j0) P(10) P(2[0) P(3[0) -
PO[) P P2 PG| -

HPUV)H B IP’((:)|2) ]P)(?|2) IP’(:2|2) IP’(:3|2)

[,_/EE_

(1-24).

PO PAl) P@li) PQEJ) -
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Transition probabilities P(j |i) satisfy the following conditions:
(1) P(jli)=0 forVi,jeE.

) ZjeEIP’(j|i):1 forVieE.

Condition (2) guarantees the occurrence of a transition including a case in which the
state remains unchanged.

Proposition 1.1 Defining a discrete time Markov chain An F -valued general
discrete time Markov chain (X)), . 1s completely defined if it satisfies the
following conditions:

(1) All transition probabilities P(X,,, =i ., |X , =1, are known.

(2) The probability distribution of the initial (i.e. time 0) state of the Markov chain
P(X, =i,) =P, is known.

Proof

Consider obtaining the joint probability distribution of an E -valued general discrete
time Markov chain (X)), . From the definition of a conditional probability:
P(X, =i, X,=i,X, =ly,... X, =1,)
=P(X, =i,|X, =iy, X, =i}, X, =iy X, =1,,)
xP(X,=1,,X,=i,X,=0y,.... X, ,=i_) (1-25).
Since (X,),_ 1s a Markov chain:

P(X, =i, |X0 =iy, X, =i, X, =l X, =10, )

=P(X, =i,

Xn 1 :in—l) = ]P)(Zn

i) (1-26).
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Joint probability can be calculated as:
P(X, =i, X, =i,X,=10,,...X, =i)

=P,

i )P(X, =i, X, =i,X,=0,,..X,,=1_)

=P(i,

L, )P(X, =i, |X,=10,,X,=0,X,=0,..X, ,=1,,)

xP(X, =i, X, =i,X,=0,,...X, , =i ,)

=P,

in—l )P(in—l

in—z)P(Xo =iy, X, =i, X, =l X, :in—z)

=P@G i, PG,

i) PG, i PG, |i)P,  (1-27)
O
Consider a transition probability of a time homogeneous discrete time Markov
chain (X)), from a state i attime k (i.e. X, =i ) to astate j attime k+n. This
is called a n-step transition probability and expressed as:

P(X

k+n

= Jj[Xi =) =P(X, = j|X, =) =P"(jl) (1-28).
Proposition 1.2 n step transition probability matrix (a special case of

Chapman-Kolmogorov equation) Consider a time homogeneous discrete time

Markov chain (X)), defined on a filtered probability space (€2, 7, _,[P) which

takes values in a countable or a finite set £ called a state space of the process. Then,

its n-step transition probability matrix from a state i at time £ (i.e. X, =i)toa

state j attime k+n is given by for Vk,ne N and Vi, je E:
P (j[0) =P (j]0)

=2 PV ORI GY)
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= PPOPPIG) (129

where y+z=n and P”(ji) is defined as:

PO ([ - {1 for i.: j..
0 for i#j
Proof
Whenn =1:
P =P(D).
Whenn=2:

PO =Y [ POHPG).
By induction:

PGl =Y PP (]v).

One interesting topic about this n step transition probability matrix is its

asymptotic behavior asn — . As n becomes larger, the initial state i becomes less

important and in the limit asn — o0, P"(; |i) is independent ofi. We recommend

Karlin and Taylor (1975) for more details.

Definition 1.16 Markov Processes (Continuous time Markov chains) Consider

a continuous time stochastic process (X te[(m) defined on a filtered probability
space (€2, 7,y ,P) which takes values in N (for simplicity) called a state space of
the process. (X ,E[O’T]) is said to be a time homogeneous Markov process if

forVheR" and Vi, j e N:



23

P, () =P(X,., = j|F)=P(X,., = j|X,=0)  (1-30).
Markov property means that the probability of a random variable X, at time
t+h (tomorrow) being in a state j conditional on the entire history of the
stochastic process F, ; = X[, 18 equal to the probability of a random variable X, ,

at time ¢+ /4 (tomorrow) being in a state j conditional only on the value of a
random variable at time ¢ (today). In other words, the history (sample path) of the

stochastic process J, , is of no importance in that the way this stochastic process

evolved or the dynamics does not mean a thing in terms of the conditional

probability of the process.

1.3.9 Sample Path Properties of Stochastic Processes

In this section, we give the formal definition of the continuity of a sample path
of a stochastic process. Note that the continuity of path and continuity of time are
different subjects. In other words, a continuous time stochastic process does not
imply continuous stochastic process. For example, a Poisson process is a continuous
time stochastic process, but it has discontinuous sample paths. There are different
notions of continuity of sample paths which use different notions of convergence of
random variables.

Definition 1.17 Continuous in mean square A real valued stochastic process

(X,q0.r7) On a filtered probability space (€2, 7, ;,,[P) is said to be continuous in
mean square if for V¢ [0, T]:

lim E[|X, - X,[1=0  (1-31).
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Continuity in mean square implies continuity in probability following Chebyshev’s
inequality.
Definition 1.18 Continuous in probability A real valued stochastic process

(X,q0.ry) on a filtered probability space (€2, 7, , ) is said to be continuous in
probability if for V¢ €[0, T'] and everye e R":

limP(|X, - X,|>¢)=0 (1-32),

st
or equivalently:

limP(|X, - X,|<&)=1.

s—t

Intuitively speaking, continuity in probability means that the probability of X

getting closer to X, rises (and eventually converges to 1) as s approaches?. For

example, a Brownian motion process is continuous in mean square and continuous
in probability although its proof is not that easy. But it turns out that the above
definitions of continuity are too loose because a Poisson process can be proven to be
continuous in mean square and probability'. Therefore, a more strict definition of
continuity is used for the definition of a continuity of a sample path of a stochastic
process.

Definition 1.19 Continuous stochastic process A real valued nonanticipating

stochastic process (X, ;) on a filtered probability space (€2, ;,[P) is said to

el

be (almost surely) continuous if a sample path of the process (X, ,,,(®)) is almost

! Consult Karlin and Taylor (1975) for details.
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surely a continuous function for V¢ € [0, T']. In other words, a sample path of the
process (X, (@) satisfies forVz [0, T7:

(1) Right limit of the process as s approaches ¢ from the above (right hand side)

exists, lim X =X, . Left limit of the process as s approaches ¢ from the below

S—>t,5>t

exists, lim X =X, .

sot,s<t
2 X,.=X_=X,.

This means that a continuous stochastic process is a right continuous and left
continuous stochastic process.

Definition 1.20 Right continuous with left limit (rcll) stochastic processes A

real valued nonanticipating stochastic process (X,_, ;) on a filtered probability

€0,T
space (€2, 7, [P) 1s said to be a rcll stochastic process if for vz €[0, T7]:

(1) Right limit of the process as s approaches ¢ from the above (right hand side)

exists, lim X =X, .Left limit of the process as s approaches ¢ from the below

SsS—>t,5>t

exists, i.e. Iim X =X, .

s—t,s<t
2 X,.=X,.

In other words, only the right continuity is needed. Apparently, a continuous
stochastic process implies a rcll stochastic process, but the reverse is not true. What
we encounter in finance literatures are all rcll stochastic processes for the modeling
of stock price dynamics.

Suppose ¢ is a discontinuity point. The jump of the stochastic process at ¢ is

defined as:



AX, =X, - X, .
A rcll nonanticipating stochastic process (X, ,

jumps and countable number (possibly infinite) of small jumps.

Definition 1.21 Total variation of a function Let f(x) be a bounded function
defined in the interval[a,b]:
f(x):[a,b] > R.
The interval can be infinite, i.e.[—00,00]. Consider partitioning the interval [a,b]
with the points:
a=x,<x <x,.X, <X =b.

Then, the total variation of a function f(x) is defined by:

T()=supY | f ()= f(x)]  (133),

where sup indicates a supremum (least upper bound).

Definition 1.22 Function of finite variation A function f(x) on the interval
[a,b] is said to be a function of finite variation, if its total variation on the interval

[a,b] is finite:

T()=sup Y| ()= fx ) <0 (1-34)

Proposition 1.3 Every bounded increasing or decreasing function is of finite

variation on the interval[a,b].

Proof

26

;) can have a finite number of large

Consider an increasing function f(x) on the interval[a,b]. By its definition, for Vi :
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S (x)=f(x)=20.

And:
T(f)=sup{f(x,)=f(x, )+ f(x, )= F(x,0) +et £(0) = () + ()= f (%)}
T(f)=sup{f(x,)~f(x)}

T(f)=sup{f (D)~ f(a)},
which is finite because f(x) is bounded:

-0 < f(a), f(b)<mw.

Definition 1.23 Total variation of a stochastic process Consider a real valued
stochastic process (X, ;) on a filtered probability space (€2, 7, ;1,P) . Partition
the time interval [0,7"] with the points:

<t =T.

n-1 n

0=t,<t<t,...<t
Then, the total variation of a stochastic process (X, ,) on the time interval [0,7]

is defined by:
T(X)=sup ) |X(t)-X(t )| (1-35),
i=1

where sup indicates a supremum (least upper bound).

Definition 1.24 Stochastic process of finite variation A real valued stochastic
process (X, ;) on a filtered probability space (€2, 7, ;;,P) on the interval [0,7]
is said to be a stochastic process of finite variation, if the total variation on the

interval [0,7"] of a sample path of the process is finite with probability 1:



28

P(T(X) =sup i|X(t[) —X(t,)|<o)=1 (1-36).

1.4 Lévy Processes

In this section, some theorems and propositions are presented without proofs.
This is obviously because it is not the goal of this sequel to prove theorems and
some proofs are beyond what we need while consuming too many pages. But for
those inquisitive readers, we provide the information about where to look for more
details of the subjects and their proofs. Our goal is to present the foundations of the

mathematics of Lévy processes as simple as possible.

1.4.1 Definition of Lévy Processes
Definition 1.25 Lévy processes A real valued stochastic process (X,.,,) ona
filtered probability space (€2, F,,.,,, ) is said to be a Lévy process on R if it

satisfies the following conditions:

(1) Its increments are independent. In other words, for0 <z <t, <...<t, <0
P(X, NX, -X, NX, -X N.NX, -X, )
=P(X, P(X, - X P(X, -X,)..P(X, -X, ).
(2) Its increments are stationary (time homogeneous): i.e. forh >0, X,,, — X, has
the same distribution as X, . In other words, the distribution of increments does not

depend on¢.

(3) P(X, =0)=1. The process starts from 0 almost surely (with probability 1).
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(4) The process is stochastically continuous: Ve >0, £1rr3 IP(|X =X t| 2¢)=0.

(5) Its sample path (trajectory) is rcll almost surely.

Processes satisfying the conditions (1) and (2) are called processes with
independent and stationary increments. Independent increments condition is a
restriction on the probabilistic dependence structure of increments among the past,
present, and future. Stationary increments condition is a restriction on the shape of
the distribution of increments among the past, present, and future.

The condition (4) which is implied by the conditions (2), (3), and (5) does not
imply the continuous sample paths of the process. It means that if we are at time¢?,
the probability of a jump at time ¢ is zero because there is no uncertainty about the
present. Jumps occur at random times. This property is called stochastic continuity
or continuity in probability.

Rcll condition (5) does not need to be imposed. This is because a real valued
Lévy process in law which is a process satistfying conditions (1), (2), (3), and (4) is
modified to a Lévy process which satisfies the conditions (1), (2), (3), (4) , and (5)
(theorem 11.5 of Sato (1999)). In other words, the condition (5) results from the
conditions (1), (2), (3), and (4) through a theorem.

We saw the definition of a Lévy process. Next we discuss infinite divisibility
of a distribution. It turns out that we cannot separate Lévy processes from infinitely
divisible distributions because Lévy processes are generated by infinitely divisible

distributions.
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1.4.2 Infinitely Divisible Random Variable and Distribution

Definition 1.26 Infinitely divisible random variable and distribution A real

valued random variable X with the probability density function P(x) is said to be
infinitely divisible if for Vn € N there exist i.i.d. random
variables X, X,,..., X, satisfying:
XdX+X,+.+X, (1-37).
P(x) is said to be an infinitely divisible distribution.

Definition 1.27 Characteristic function Let X be a random variable with its

probability density function P(x). A characteristic function ¢(w) with we R 1is
defined as the Fourier transform of the probability density function P(x) using

Fourier transform parameters (a,b) = (1,1) :
d(w)=F[P(x)]= J-_OO eP(x)dx = E[¢”"]  (1-38).

In terms of a characteristic function, infinite divisibility is defined as follows.
Proposition 1.4 Infinitely divisible random variable and distribution A real

valued random variable X with the probability density function P(x) and the
characteristic function ¢, (@) is said to be infinitely divisible if for Vn € N there
exist iid. random variables X, X,,..., X, each with a characteristic function ¢, (@)
such that:

(@)= (8 (@))" or (¢, (@))"" = ¢, (@)  (1-39).
P(x) is said to be an infinitely divisible distribution.

Proof
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Consult Applebaum (2004) section 1.2.2.

Examples of infinitely divisible distributions include normal distributions
onR , gamma distributions on R , « -stable distributions on R , Poisson distributions
onR , compound Poisson distributions on R , geometric distributions on R , negative
binomial distributions on R , exponential distributions on R . From Sato (1999),
probability measures with bounded supports (e.g. uniform and binomial
distributions) are not infinitely divisible.

Suppose that a random variable Y is drawn from a normal distribution with

the mean  and the variance o

1-w’

P(y)wzl—zexp{ S }
o

Consider i.i.d. normal random variables Y,,Y,,...,Y, with the mean x/n and the

variance o / n. We learn in any undergraduate statistics courses that the sum of
normal distributions is also normal with the linear mean and the linear variance:
EY,+Y,+..+Y 1=E[n(u/n)]=pu,

VarlY, + Y, +..+ Y 1=Var[Y,1+ Var[Y, | +...+ Var[Y,]=n(c’ /n) = c".
Therefore, a normal distribution is an infinitely divisible distribution since it
satisfies:

Ydy+Y,+.+7%,.
This can be shown more formally using characteristic functions. The characteristic

function of a normal random variable Y ~ N(u, o) is:



2 2

by (@)= F[B())@) = | e B(y)dy = explipe -

).

The characteristic function for the i.i.d. n summands of Y, ¥;, can be computed as:

¢, (@)= F[P(y))@) = [ " P(y,)dy

_ 2
_Li—u/n) }dy

. 1
w)=| € ————ex
h(@=], 276 In p{ 2 o’/n

¢y (0) = exp{i(,u/n)a)—%}.

But, we can see the obvious relationship between ¢, (@) and ¢, (@):

¢y (@) = (¢ ()" = {exp(iya)— 622602 )} = exp{i(ﬂ / n)a)——((72 /2n)a)2 } )

This proves that the i.i.d. n summands of ¥ ~ N(u,0°) are also normally

distributed with the mean g/n and the variance 6° / n (because a characteristic
function uniquely determines a probability distribution) and therefore proving the
infinite divisibility of a normal distribution:
Yd ZZ:)Y,{ , Y, ~iid. N(u/n,c*/n).
Another example is a Poisson case. Suppose that Z is a Poisson random

variable, i.e. Z ~ Poisson(1) with A € R". Its characteristic function is:

et AF

z!

¢,(0) = F[P)@)=) " " =exp[A(e” ~D)].

32
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Many readers learned that the sum of Poisson random variables is also a Poisson
random variable. Consider i.i.d. Poisson random variables Z,,Z,,...,Z, with the
intensity A/ n . Its characteristic function is:

—-A/
e""AlnT .
—e

z.!

1

b, ()= F,[PE)@) =", ’=eXp[%(ei”—l)].

But, we can see the obvious relationship between ¢,(®) and ¢, (@) :

¢, (@)= (¢,(@)"" =[exp{A(e” ~D}]"" =exp {% (e” -1y}

This proves that the ii.d. n summands of Z ~ Poisson(A) are also Poisson

distributed with the intensity A/n (because a characteristic function uniquely
determines a probability distribution) and therefore proving the infinite divisibility

of a Poisson distribution:

zd ZZ:)Zk ,Z, ~iid. Poisson(A/n).

1.4.3 Relationship between Lévy Processes and Infinitely Divisible

Distributions

Proposition 1.5 If (X, _,) is a real valued Lévy process on a filtered
probability space (€, 7, ..., ), then, X, has an infinitely divisible distribution
forVt €[0,T]. This corresponds to the corollary 11.6 of Sato (1999).

Proof

Consider a realization X, at timet. Partition the time ¢ into n € N intervals

using t, =i(¢t/n):
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t,=0,t, =t/n,t,=2t/n,...t, =nt/n=t.

A realization X, can be considered as a sum of n € N increments:

X, = (le —X,0)+ (th —X,1)+...+ (th —X,H ).
Note that all these increments are i.i.d. increments because (X, ..,) is a real valued

Lévy process. Let ¢(w; X (¢)) be the characteristic function of X, and

t

#(w ; X (¢, —t_,)) be the characteristic function of i.i.d. increments. Then, we have:
Y, X (1) = p(0; X (1, —1,,))"  (1-40),
which follows from the property of a characteristic function: if {X,,k=1,...,n} are

independent random variables, the characteristic function of their sum

X, +X,+...+ X, is the product of their characteristic functions:

byoxn (@ =] [# (@ (1-41).

The equation (1-41) satisfies the proposition 1.4. Therefore, the distribution of Lévy

process possesses infinite divisibility.

Thus, for every ¢ €[0,0) and # € R", increments of a Lévy process X,,, — X,

follows an infinitely divisible law. Its converse is also true.

Proposition 1.6  For every infinitely divisible distribution P onR , there exists a

Leévy process (X, .,) on R whose distribution of increments X, , — X, is

governed by IP. This is the corollary 11.6 of Sato (1999).
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This proposition is extremely important because it means that there is one-to-
one correspondence between an infinitely divisible distribution and a Lévy process.

Some typical examples are illustrated in Table 1.2.

1.4.4 Lévy-Khinchin Representation

Lévy-Khinchin representation gives the characteristic functions of all
infinitely divisible distributions. In other words, it gives the characteristic functions
of all processes whose increments follow infinitely divisible distributions — Lévy
processes.

Theorem 1.1 General Lévy-Khinchin representation of all infinitely divisible

distributions Let P(x) be a real valued infinitely divisible distribution. Then, its

characteristic function ¢, (®) is given by forvVeo e R:

(@) =exp(y, (@) (1-42),
where v, (w) called a characteristic exponent (or a log characteristic function) is
given by:

Aw?

v, (0)=- +i}/a)+J:{exp(ia)x)—l—ia)xlD}ﬁ(dx),

where D = {x: |x| <1}, A is a unique nonnegative constant (i.e. A€ R"), y isa
unique constant on R, and ¢ is a unique measure on R satisfying:

0(101)=0 andji min{Jx|", 1}£(dx) < 0.

Proof

Consult Sato (1999) p.37-p.47.



Theorem 1.2 Converse of Theorem 1.1 Consider a characteristic function

@, (w) of a probability distribution P(x) . If there exists a unique nonnegative

constant 4, a unique real valued constant y, and a unique real valued measure ¢

satisfying /({0})=0 and .[_OO min {|x ? ,1}4(dx) < o which yield the characteristic

function of the form:
Py (w) =exp (';VX (a))) )
where:

Aw?

v, (0)=- +i}/a)+J:{exp(ia)x)—l—ia)xlD}ﬁ(dx),

then, P(x) is infinitely divisible.
Proof

Consult Sato (1999) p.37-p.47.
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Theorem 1.3 General Lévy-Khinchin representation of all Lévy processes Let

(X

1f0.)) b€ areal valued Lévy process defined on a filtered probability space

(€, F 0> P) - Then, for any w € R, the characteristic function ¢, (@) of a Levy
process (X, ,..,) can be expressed as:

(@) =exp(ty, (@) (1-43),
where v, (@) called a characteristic exponent (or a log characteristic function) is
given by:

Aw?

V(o) =— +i7a)+Ijo{exp(ia)x)—l—ia)xlD}E(dx),
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where D = {x: |x| <1}, A4 is a unique nonnegative constant (i.e. A€ R"), y isa
unique constant on R, and ¢ is a unique measure on R satisfying:

0({01)=0 and j:min{|x2 1M(dx) < 0.

Proof
Consult Sato (1999) p.37-p.47.
Theorem 1.4 Converse of Theorem 3.3 Consider a characteristic function

¢y (w) of arandom variable X, of a real valued stochastic process (X,_,.,) defined

on a filtered probability space (€2, 7, .., ) . If there exists a unique nonnegative

constant 4, a unique real valued constant y, and a unique real valued measure /

satistying /({0}) =0 and J.jo min {|x ? ,1}/(dx) < o which yield the characteristic

function of the form:
Py (w) =exp (tWX (a))) ,
where:

Aw?

V(o) =— +i7a)+Ijo{exp(ia)x)—l—ia)xlD}E(dx),

then, (X,4,.,,) 1s a real valued Lévy process (a process whose increments follow an

infinitely divisible distribution).

Proof

Consult Sato (1999) p.37-p.47.

Definition 1.28 Lévy triplet (generating triplet) In theorem 1.3, a unique

nonnegative constant 4 is called a Gaussian variance and a unique real valued
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measure ¢ satisfying /({0}) =0 and J.jo min{|x ’ ,1}/(dx) <o is called a Lévy

measure. A unique real valued constant ¥ does not have any intrinsic meaning since

it depends on the behavior of a Lévy measure /. It turns out that these triplets
uniquely define a Lévy process as a result of Lévy-It6 decomposition. This triplet is

called a Lévy triplet and compactly written as (4,4,y).

Next, we present special cases of the general Lévy-Khinchin representation of
all Lévy processes by restricting the behavior of the Lévy measure / .
Theorem 1.5 Lévy-Khinchin representation of Lévy processes whose Lévy

measure satisfies the additional condition [, </|x|l(dx) <0 Let (X, ie0m)) DEA

real valued Lévy process defined on a filtered probability space (2, 7, .,,,P)

whose Lévy measure satisfies the additional condition J.‘ » |x| {(dx) < oo . Then, for

any @ € R, the characteristic function ¢, () of a Lévy process (X,,.,,) can be
expressed as:
(@) =exp(ty, (@) (1-44),

where v, (@) called a characteristic exponent is given by from the equation (1-43):

2

v (0)=— Aw +iyo+ f {exp(ia)x) -1- ia)xl‘x‘sl} 0(dx)

()= —ATa)+i(}/ - j‘ X<l|x|€(dx))a)+ [~ {expliox) 1} ¢(d)

Aw*

Yy (0)=— +i7/0a)+.[i{exp(ia)x)—1} 0(dx) ,
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where y, =y —j‘ » |x| {(dx) is a unique real valued constant called a drift, 4 is a

unique nonnegative constant (i.c. 4 € R") called a Gaussian variance, and / is a

unique measure on R called a Lévy measure satisfying:

0104 =0, J.jomin{|x2,1}€(dx)<oo, j‘ x‘§1|x|£(dx) <.

Theorem 1.6 Lévy-Khinchin representation of Lévy processes whose Lévy
measure satisfies the additional condition [, /|x|l(dx) <o Let (X o)) DE @

real valued Lévy process defined on a filtered probability space (€2, .., P)

whose Lévy measure satisfies the additional condition_[‘ ‘ 1|x| {(dx) < . Then, for

any € R, the characteristic function ¢, (@) of a Lévy process (X, ) canbe
expressed as:

(@) =exp(ty (@)  (1-45),
where v, (@) called a characteristic exponent (or a log characteristic function) is
given by from the equation (1-43):

Aw*

V(o) =— +z'}/a)+fo {exp(ia)x)—l—ia)xl‘x‘g}ﬁ(dx)

Aw*

v, (0)=- +iy1w+ji{exp(iwx)—l—iwx} £(dx),

where y, is a unique real valued constant called a center (identical to the mean), 4

is a unique nonnegative constant (i.e. 4 € R") called a Gaussian variance, and / is a

unique measure on R called a Lévy measure satisfying:

(101 =0, Ijomin{|x

> 1M(dx) <o, j‘ ‘>l|x|€(dx)<oo.
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Consult Cont and Tankov (2004) page 83 for more details.

Next, we consider a Lévy-Khinchin representation for a subclass of Lévy
processes called a finite variation Lévy process. For a detailed description of the
concept of variation, read section 1.3.9.

Definition 1.29 Lévy process of finite variation A real valued Lévy process
(X,q0.ry) on a filtered probability space (€2, F,_, r,,P) on the interval [0,77] is said to
be a Lévy process of finite variation, if the total variation on the interval [0,7] of a

sample path of the Lévy process is finite with probability 1:
P(T(X)=sup Y [X(t)-X(t_)|<o)=1 (1-46).
i=1

Theorem 1.7 Lévy process of finite variation If (X,_,,,) is areal valued Lévy

process of finite variation on a filtered probability space (€2, F, P) on the

e0.7]
interval [0,77], then, its Lévy triplet (4,¢,b) satisfies:

A=0 and j‘ x‘£1|x|€(dx) <o (1-47).
This corresponds to the proposition 3.9 of Cont and Tankov (2004) where its proof
is given.
Theorem 1.8 Lévy-Khinchin representation for Lévy processes of finite

variation  Let (X ,,,) be areal valued Lévy process of finite variation with

t

Levy triplet (4=0,¢,b) defined on a filtered probability space (Q, F,,,,,) . Then,
for any w € R, its characteristic function ¢, (@) can be expressed as:

(@) =exp(ty(0)) (1-48),
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where v, (@) called a characteristic exponent is given by:

V(o) =ibo+ .CO {exp(ia)x) -1- ia)xl‘x‘Sl } £(dx)

v, (0)= i(b - j‘ - xz(dx)) 0+ j"; {exp(iox) —1} £(dx),

Theorem 1.9 Approximation of Lévy processes by compound Poisson processes
Every infinitely divisible distribution can be obtained as the weak limit of a
sequence of compound Poisson distributions. This means that every Lévy process
can be obtained as the weak limit of a sequence of compound Poisson random
variables. In other words, every Lévy process can be approximated by a compound
Poisson process. This theorem corresponds to corollary 8.8 of Sato (1999) where

you can find its proof.

1.4.5 Lévy-It6 Decomposition of Sample Paths of Lévy Processes

Historically speaking, Paul Lévy proposed the original idea of Lévy-1to
decomposition and as a result of Lévy-Ité decomposition, Lévy-Khinchin
representation was proposed. In other words, Lévy-Khinchin representation uses the
results of Lévy-Itd decomposition. Later, both Lévy-Ité6 decomposition and Lévy-
Khinchin representation were formally proven by Kiyoshi Ito.

Lévy-1t6 decomposition basically states that every sample path of Lévy
process can be represented as a sum of two independent processes: One is a
continuous Lévy process and the other is a compensated sum of independent jumps.

Obviously, a continuous Lévy process is a Brownian motion with drift. One trick is
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that the jump component has to be a compensated sum of independent jumps
because a sum of independent jumps at time ¢ may not converge.
Theorem 1.10 General Lévy-1tdo Decomposition of Sample Paths of Lévy

Processes Consider a real valued Lévy process (X

if0.y) With Levy triplet
(4,¢,y) defined on a filtered probability space (Q2, 7, ,,,P) . Then, Lévy-Ito
decomposition states:

(1) Let J, =J(A4,w) be the random jump measure at time ¢ of a Lévy

process (X,.,,) which contains the information of the timing of jumps and the size
of jumps and the jump size belongs to a Borel set, AX, (@) =X, (w)-X, (w)<B;.

Then, J, has a Poisson distribution with the mean (intensity) ¢(dx)dt .

(2) Every sample path of Lévy process can be represented as a sum of a continuous

Lévy process and a discontinuous Lévy process:
X, (0)=X (@)+ X" (w) (1-49).

(3) The continuous part X () has a Lévy triplet(4,0, ). This means that the
continuous part is a Brownian motion with drift:

XS (w)=yt+JAB =yt+cB,  (1-50),
where Var[yt+~AB|=Var{yt+cB= At =t . This is why A is called a
Gaussian variance.
(4) The discontinuous part X” (@) is a Lévy process with Lévy triplet (0, ¢ < o0, 0)

which is the definition of a compound Poisson process (we will discuss this soon).
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The discontinuous part X’ (@) can be decomposed into a large jumps part X/ ()
and a limit as & — 0 of compensated small jumps part X S(w):
X" (0)= X" (0)+ lim XS (@)  (1-51).

We arbitrarily define large jumps as those with absolute size greater than 1 (i.e. this

is completely arbitrary) and small jumps as those with absolute size between ¢ € R*

and 1:

AX/ () =|AX ()| >1 and AX(0) =& <|AX,(0)|<1.
A large jumps part X/ (@) is a sum of large jumps during the time interval (0,7] and
X! (w) is almost surely finite because Lévy processes have finite number of large

jumps by the definition of the Lévy measure:

]P’(Xti(a))<oo):]P’( > AXf(a))<ooj:1.

0<r<t
This implies that there is no convergence issue with respect to a large jumps
part X (o).
Next, consider a non-compensated small jumps part X’ (@) which is simply a

sum of small jumps during the time interval (0,¢]:

X (@)=Y AX (@)=

0<r<t

xJ  (dsx dx, ),

€(0,],6<A[x<1

which is a compound Poisson process. The reason that we cannot use a non-

compensated small jumps part X * (@) in Lévy-Itd decomposition is that in the

limite 4 0, X % (w) almost surely does not achieve convergence (i.e. 1i£{)1 X (w)=»)
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because Lévy processes can have infinitely many number of small jumps (i.e. Lévy

measure ¢/ can have a singularity at 0). Therefore, a non-compensated small jumps
part X’ (w) must be compensated by its mean /(dx)ds (i.e. because X (@) is
Poisson process) as:

X5 (w)= X (w)— (s < dx <)dt,

which makes X *(w) a martingale so that 1i£101 X *(w) can now achieve convergence.

In other words, a compensated small jumps part X S(w) is a compensated sum of

small jumps during the time interval (0,7]:

X'=Y AXP = {xJ , (@) — x((dx)ds}

o= " se(0,1],e<Alx<1
which always converges.
(5) Two processes X (@) (i.e. a Brownian motion with drift) and X”(w) (i.c. a

compound Poisson process) are independent.
Proof

Consult Sato (1999) section 19.

1.4.6 Lévy Measure

Definition 1.30 Lévy measure of all Lévy processes Let (X, ) be areal
valued Lévy process with Lévy triplet(A4,/,y) defined on a filtered probability
space (€2, F..,,P) . The Lévy measure ¢ of a Lévy process (X,.,) 1s defined as

a unique positive measure on R which measures (counts) the expected (average)

number of jumps per unit of time:
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U(A)=E[#{te[0,1]:AX, =X, - X,_#0,AX, e 4] (1-52),
where AX, € 4 indicates that the jump size belongs to aset 4 andaset 4 isa

member of Borel set. This definition is equivalent to stating that the Lévy measure

¢ of a Lévy process (X,.,) 1s defined as a unique positive measure on R which

measures arrival rate of jumps per unit of time. We like to emphasize that a Lévy
measure ¢ measures the expected number of jumps of all sizes (i.e. small jumps
plus large jumps) per unit of time. This definition of Lévy measure ¢ is true
regardless of the types of Lévy processes (i.e. it doesn’t matter whether it is a finite
activity Lévy processes or an infinite activity Lévy processes). For more details,
consult Cont and Tankov (2004) section 3.3.

By definition, a Lévy measure / satisfies the two conditions:

(1) £({0}) =0, i.e. the measure of an empty set is zero.

@) [~ min{x

? ,1}0(dx) < oo, mathematicians write this as I_w (|x|2 A l(dx) <.
Condtion (2) is extremely important. When the jump size is greater than 1
(i.e. |x| >1), the jump is defined as a large jump using the arbitrary truncation point

of 1 (the choice of truncation point is of no importance), then, the condition (2)

reduces to:

J.‘x‘>1€(dx) <o (1-53),

which tells that the expected number of large jumps per unit of time is finite. When

the jump size is less than 1 (i.e. |x| <1), the jump is defined as a small jump, then,

the condition (2) reduces to:
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j‘ x‘<l|x|2 U(dx) <o (1-54),

which means that a Lévy measure must be square-integrable around the origin. This
indicates the following definition of Lévy processes with respect to the number of
small and large jumps.
Definition 1.31 Lévy processes Lévy processes have finite expected number of
large jumps per unit of time. Lévy processes can have finite or infinite expected
number of small jumps per unit of time.

Depending on the behavior of Lévy measures, Lévy processes can be

classified into three types.

Definition 1.32 Lévy process with zero Lévy measure /=0  Let (X, ) bea
real valued Lévy process with Lévy triplet(4, ¢, ) defined on a filtered probability
space (€2, .., ) . If the Lévy measure ¢ of this Lévy processis /=0, (X,4.,)

is a Brownian motion (with drift). Zero Lévy measure ¢ =0 means that the Lévy

process (X, ,..,) has no small or large jumps, in other words, sample paths of the

process is continuous.

Definition 1.33 Finite Activity Lévy processes Let (X ) be areal valued
Lévy process with Lévy triplet(4, 7, y) defined on a filtered probability

space (€2, F, .., ) . A Lévy process (X, ,..,) 1s said to be a finite activity Lévy
process if its Lévy measure ¢ has a finite integral:

J:f(dx) <o (1-55).
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It is important to emphasize that the above condition implies that a finite
activity Lévy process has a finite expected number of small jumps and a finite

expected number of large jumps per unit of time:
j‘ 1 () <o and J.‘x‘>l€(dx) <o (1-56).
Definition 1.34 Infinite Activity Lévy processes Let (X, .,) be areal valued
Lévy process with Lévy triplet(4, 7, y) defined on a filtered probability
space (€2, F, .., ) . A Lévy process (X,..,) is said to be an infinite activity Lévy
process if its Lévy measure ¢ has an infinite integral:
[ tdry=  (1-57).

It is important to emphasize that the above condition implies that an infinite
activity Lévy process has an infinite expected number of small jumps and a finite

expected number of large jumps per unit of time:

Lx‘<1£(dx) = and _[‘x‘>1£(dx) <o (1-58).

1.4.7 Classification of Lévy Processes: In Terms of Gaussian or Not
Definition 1.35 Gaussian Lévy Process A real valued Lévy process (X, ;) on
a filtered probability space (€2, F_, ;;,P) is said to be a Gaussian Lévy process if it

satisfies one of the following three equivalent conditions:

(1) (X,qor)) 1s @ Brownian motion (with drift). In other words, for V¢ €[0,7) and

VheR",its increments X,,, — X, follow a normal distribution.

(2) Its sample path is continuous.
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(3) Its Lévy measure is zero, £ =0.

Definition 1.36 Continuous Lévy Process (same as Gaussian Lévy Process)
The only continuous Lévy process is a Gaussian Lévy process which is a Brownian
motion (with drift).

Definition 1.37 Non-Gaussian Lévy Processes (same as jump Lévy Processes)

A real valued Lévy process (X, ) on a filtered probability space (€2, 7, ,P) 18

said to be a non-Gaussian Lévy process if it satisfies one of the following three
equivalent conditions:

(1) For V¢t €[0,T) and VA eR", its increments X,,, — X, do not follow a normal
distribution.

(2) Its sample path is discontinuous.

(3) Its Lévy measure is not zero, ¢ #0.

Definition 1.38 Purely non-Gaussian Lévy Processes (same as pure jump Lévy

Processes) A real valued Lévy process (X,_,,,) on a filtered probability space

(Q, F,qo.11-IP) is said to be a purely non-Gaussian Lévy process if it satisfies either

condition (1) or (2) (i.e. these conditions are equivalent):

(1) Its Gaussian variance A is zero, that is, its Lévy triplet is given by (4=0,7,b) .

(2) The process (X, ) does not contain a Brownian motion (with drift).
Consider a jump diffusion (JD) process which is a Brownian motion (with

drift) plus a compound Poisson process. Firstly, a JD process obviously contains a

Brownian motion (with drift), thus, it is not a purely non-Gaussian Lévy process.

But the increments X,,, — X, of a JD process do not follow a normal distribution
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(because of the addition of compound Poisson process), thus, it is not a Gaussian
Lévy process. Therefore, a JD process is a non-Gaussian Lévy process. Variance
process is a purely non-Gaussian Lévy process because it does not contain a

Brownian motion (with drift).

1.4.8 Classification of Lévy Processes: In Terms of the Behavior of Lévy

Measure

Definition 1.39 Lévy process with zero Lévy measure /=0  Let (X,,.,) bea
real valued Lévy process with Lévy triplet(4, 7, ) defined on a filtered probability
space (€2, F, .., P) . If the Lévy measure ¢ of this Lévy process is £ =0, (X, ,.,))

is a Brownian motion (with drift). Zero Lévy measure ¢ =0 means that the Lévy

process (X,g,.,,) has no small or large jumps, in other words, sample paths of the

process is continuous.

Definition 1.40 Finite Activity Lévy processes Let (X ) be areal valued
Lévy process with Lévy triplet(4, 7, y) defined on a filtered probability space
(QF 0., P) . A Lévy process (X, ,.,,) 18 said to be a finite activity Lévy process
if its Lévy measure ¢ has a finite integral:

j"; (dx) <o .

It is important to emphasize that the above condition implies that a finite activity
Lévy process has a finite expected number of small jumps and a finite expected

number of large jumps per unit of time:
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j‘_f(dx)@o and j‘ ) <.

Definition 1.41 Infinite Activity Lévy processes Let (X,,.,) be areal valued
Lévy process with Lévy triplet(A4, 7, y) defined on a filtered probability space

(,F, o) P) - A Lévy process (X,..,,) is said to be an infinite activity Lévy
process if its Lévy measure ¢ has an infinite integral:

Jiﬁ(dx) — o,

It is important to emphasize that the above condition implies that an infinite activity
Lévy process has an infinite expected number of small jumps and a finite expected

number of large jumps per unit of time:

J‘Hlﬁ(dx):oo and L ) <o,

1.4.9 Classification of Lévy Processes: In Terms of the Total Variation of Lévy

Process

Definition 1.42 Lévy processes of finite variation A real valued Lévy process
(X,q0.ry) on a filtered probability space (2, F,, ;,,[P) on the interval [0,77] is said to
be a Lévy process of finite variation, if the total variation on the interval [0,7] of a

sample path of the Lévy process is finite with probability 1:

IP’[T(X) = sup i|X(zi) - X(t)|< ooj =1.

i=1
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Theorem 1.11 Lévy processes of finite variation If (X, ) is a real valued
Lévy process of finite variation on the interval [0,7"] defined on a filtered
probability space (2, F,, ,P), then, its Lévy triplet (4,7, y) satisfies:
A=0 and j‘ i ey <o

This corresponds to the proposition 3.9 of Cont and Tankov (2004) where its proof
is given. Also consult a Sato’s monograph in Barndorff-Nielsen et al (2001) page 6.

Lévy-Khinchin representation for Lévy processes of finite variation is given
by theorem 3.8.

Definition 1.43 Lévy processes of infinite variation A real valued Lévy process

(X,q0.r7) On a filtered probability space (€2, F,_, -, ) on the interval [0,7] is said to

be a Lévy process of infinite variation, if the total variation on the interval [0,7"] of

a sample path of the Lévy process is infinite with probability 1:
IP’(T(X) =sup > |X(t)- X (1) = oo] =1.
i=1

Theorem 1.12 Lévy processes of infinite variation If (X, ) is a real valued

Lévy process of infinite variation on the interval [0,7'] defined on a filtered

t

probability space (€, F,, ;,,P), then, its Lévy triplet (4,7, y) satisfies:
A#0 or j‘ i) =o0.

Consult a Sato’s monograph in Barndorff-Nielsen et al (2001) page 6.
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1.4.10 Classification of Lévy Processes: In Terms of the Properties of Lévy
Triplet by Sato (1999)
Definition 1.44 Lévy processes of type A, type B, and type C  Consider a real

valued Lévy process (X, ;) with the Lévy triplet (4,7, y)on a filtered probability
space (€2, F o7, P) on the time interval[0,77].

(1) (X,qor,) 1s said to be a type A Lévy process, if the Lévy triplet (4,7, y) satisfies:

A=0 and [ #(dx) <.

In other words, a type A Lévy process is a purely non-Gaussian finite activity Lévy
process whose sample paths have a finite number of small and large jumps in any
finite time interval. A compound Poisson process is a typical example of a type A
Lévy process.

(2) (X,qo.ry) 1s said to be a type B Leévy process, if the Levy triplet (4,7, y) satisfies:
A=0, j“’ I(dx) =0, andL | xe(dx) <o

In other words, a type B Lévy process is a purely non-Gaussian infinite activity
Lévy process of finite variation whose sample paths have an infinite number of
small jumps and a finite number of large jumps in any finite time interval. A
variance process is one example of a type B Lévy process.

(3) (X o) 18 said to be a type C Levy process, if the Levy triplet (4,7, y) satisfies:

A#0 orL || £(dx) = o0

x‘<1
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In other words, a type C Lévy process is a Lévy process of infinite variation. A
Brownian motion (with drift) is a typical example of a type C Lévy process. These

definitions are from Sato’s monograph in Barndorff-Nielsen et al (2001) page 6.

1.4.11 Classification of Lévy Processes: In Terms of the Sample Paths

Properties of Lévy Processes

Theorem 1.13 A Lévy process with continuous sample path  Let (X)) bea
real valued Lévy process on a filtered probability space (€2, 7, ..., ") . If the sample
paths of (X,,_,,) are continuous with probability 1, then, (X,_,.,) is a Gaussian

Lévy process.

This corresponds to theorem 11.7 of Sato (1999). Theorem 3.13 together with
Lévy-It6 decomposition proves that a normal distribution is the only distribution
which generates a real valued Lévy process with continuous sample paths.
Theorem 1.14 A Lévy process with a piecewise constant sample path Let

(X)) be areal valued Lévy process on a filtered probability space (€2, 7, .,,,P) .
If and only if a sample path of (X,,.,) is piecewise constant with probability 1,
then, (X,,.,) 1s a compound Poisson process.

Theorem 1.15 The Converse of theorem 1.14  Let (X,_,.,) be a compound

Poisson process on a filtered probability space (€2, 7, ..., ') whose Lévy triplet

(A,0,) satisfies 4=0, jw #(dx) <o, and j‘ | |x|e(dx) <o (by the definition of a



54

compound Poisson process). Then, a sample path of a compound Poisson process is
piecewise constant with probability 1.
Proof
Consult proposition 3.3 of Cont and Tankov (2004).
Definition 1.45 Increasing Lévy processes (Subordinators) Consider a real
valued Lévy process (X,..,,) with the Lévy triplet (4,¢,y) on a filtered
probability space (2, F,.,,,P) . A Lévy process (X,,.,,) is said to be an
increasing Leévy process if sample paths of the process (X, ..,) are non-decreasing
with probability 1:

P(X,,2X,:heR")=1 (1-59).
Theorem 1.16 Increasing Lévy processes (Subordinators) Let (X,,,,) bean
increasing Lévy process on a filtered probability space (€, 7, ., P) . Then, its
Lévy triplet (4,7, y) satisfies the following conditions:

(1) A=0. Gaussian variance is zero. In other words, sample paths of (X, _,,) do

not contain Brownian motion (with drift) parts (Lévy-Ité decomposition).
0
(2) J_ {(dx)=0. The Lévy measure of an increasing Lévy process is concentrated

on positive half axis. In other words, an increasing Lévy process has no negative
jumps.

3) _[‘ ‘ 1|x| {(dx) < . But because we always have positive jumps, this becomes
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_[(0 1)xﬁ(abc) <oo. This means that an increasing Lévy process is a Lévy process of

finite variation (theorem 1.11).
(4) 7,2 0. Sample paths of (X,_,.,) have nonnegative drift following Lévy-It6
decomposition.

For more details and the proofs, consult Sato (1999) page 137-142.
Definition 1.46 Symmetric Lévy processes Consider a real valued Lévy process

(X, q0.»)) With the Lévy triplet (4,7, y) on a filtered probability space (2, F, .., P) .

A Lévy process (X, ) is said to be symmetric if sample paths of the process

€[0,00)

(X o)) satisfy:

(Xt) i (_Xz) D

which means that ()X,) and (—X,) have identical distributions.

1.4.12 Lévy Processes as a Subclass of Markov Processes
Definition 1.47 Transition function Consider a continuous time nonanticipating

t

stochastic process (X,,_,,) defined on a filtered probability space (€2, F,__,,P)

which takes values in a measurable space (B, ) (i.e. Be B(R)). (B,B) iscalled a
state space of the process and the process is said to be B - valued. Consider an
increasing sequence of time 0 <¢ <u <v <oo. A real valued transition function

PP, ,(x,B) with x e R and B € B(R) is a mapping which satisfies the following

conditions:

(1) P, (x,B) is a probability measure which maps every fixed x into B.
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(2) P, (x,B) is B - measurable for every B € B(R).

() F,(x,B)=45(B).

@ B, (x.B)= [ B, (x.d)P, (1. B).
The condition (4) is called the Chapman-Kolmogorov identity. Chapman-

Kolmogorov identity means that the transition probability PP, (x, B) of moving from

a state x at time ¢ to a state B attime v can be calculated as a sum (i.e. integral) of
the product of the transition probabilities via an intermediate timet <u <v, i.e.

P, (x,dy) andP, ,(y,B). In the general cases, transition functions are dependent on

the states and time.
Definition 1.48 Time homogeneous (temporary homogeneous or stationary)
transition function Consider an increasing sequence of time0<f<u<v<ow.A

real valued transition function PP, (x,B) with x € R and B € B(R) is said to be

time homogeneous if it satisfies:

]P)t,v(xﬁB):]P)O (x9B):]P)v—t(x’B)7

,v—t
which indicates that the transition function P, ,(x, B) of moving from a state x at
time 7 to a state B at time v is equivalent to the transition function I, (x, B) of

moving from a state x at time 0 to a state B at time v—¢. In other words, the
transition function is independent of the time ¢ and depends only on the interval of

timev—¢.
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Definition 1.49 Chapman-Kolmogorov identity for the time homogeneous
transition function Consider an increasing sequence of time0 <¢<u <.

Chapman-Kolmogorov identity for the time homogeneous transition function is:
[P ., (. B) = [ P.(x,dy)P, (3, B) =P,., (x, B).

Definition 1.50 Markov Processes (less formal) Consider a continuous time

nonanticipating stochastic process (X, ,.,,) defined on a filtered probability space
(€, F, 0> ) - Then, the process (X, .,,) 1s said to be a Markov process if it
satisfies, for every increasing sequence of time0 < ¢ <t, <..<t <t<y<oo:

P(X,

F)=P(X,

X0 X, X, o X, . X)) =P(X,

X)),

Informally, Markov property means that the probability of a random variable
X, attime u >t (tomorrow) conditional on the entire history of the stochastic
process F, ;= X/, is equal to the probability of a random variable X, at time

u >t (tomorrow) conditional only on the value of a random variable at time ¢
(today). In other words, the history (sample path) of the stochastic process F , is
of no importance in that the way this stochastic process evolved or the dynamics
does not mean a thing in terms of the conditional probability of the process. This
property is sometimes called a memoryless property.

Definition 1.51 Markov Processes (formal) Consider a continuous time

nonanticipating stochastic process (X, ,.,,) defined on a filtered probability space
(€, F, ., IP) which takes values in a measurable space (E,&). (E,&) is called a

state space of the process and the process is said to be E - valued. Then, the process
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(X

1{0.)) 18 said to be a Markov process if it satisfies, for an increasing sequence of

time 0<t<u<v<ow 0<t<u<owo:;

E[X,

F1=E[X

v

X1,
with the transition function:
P, (x.B)=[ P, (x,d)P,,(y,B).

Definition 1.52 Spatially homogeneous transition function Consider an
increasing sequence of time 0 <7 <u <v <. A real valued transition function

P, ,(x,B) with xe R and B € B(R) is said to be spatially homogeneous if it
satisfies, for Vt,v,x,B,B—xe{y—x:ye B}:
P, ,(x,B)=P, (0,B-x).

Theorem 1.17 Lévy processes  Let (X, .,) be areal valued Lévy process with

Levy triplet(4, £, y) defined on a filtered probability space (€2, F,,.,,, ) . Then, the
transition functions of Lévy processes satisfy, for0 <t <u<v<oo:

P, (x,B)=F,,_(0,B-x),

vt
in other words, Lévy processes are a subclass of Markov processes with the time
homogeneous and spatially homogeneous transition functions. Its converse is also
true.

Theorem 1.18 Relationship between Markov processes and Lévy processes

Let (X,.,) be areal valued Markov process defined on a filtered probability

space (€2, F,..,,[P) . Then, a Markov process becomes a Lévy process if it satisfies

el

the following additional conditions:
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(1) The process is stochastically continuous: V& >0, £1n3 IP(|X =X t| 2¢)=0.

(2) Its transition functions are time homogeneous and spatially homogeneous:

P (x,B)=F,,_(0,B—x).

Proof
For the proofs of theorem 1.17 and 1.18 and for the more details about Lévy
processes as a subclass of Markov processes, consult Sato (1999) section 10.
Therefore, we can state that all Lévy processes are Markov process, but the
converse is not true.
It turns out that Lévy processes satisty not only Markov property, but also
strong Markov property.

Theorem 1.19 Strong Markov property of Lévy processes Let (X ) bea

real valued Lévy process with Lévy triplet(4,/, ) defined on a filtered probability

space (€, F, .., P) . Define a new stochastic process as:

(X,

on—X, :t€[0,00),h>0).
Then, a process (X,,, —X,) is a Lévy process satisfying:

(1) (X, - X, :1€[0,00),h20) d (X,4..)) -

2) (X

t+h

X, :t€[0,0),h>0) and (X, :0<¢<h) are independent.

Proof

Consult Sato (1999) section 10.
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1.4.13 Other Important Properties of Lévy Processes

Theorem 1.20 Linear transformation of Lévy processes Consider a real valued

Levy process (X, ;) on a filtered probability space (€, F,_,;,,I?) whose Lévy
triplet is (4, 7,b) . Let ¢ be a constant onR . Then, a linear transformation of the

original Lévy Process (cX, ) is also a real valued Lévy process whose Lévy
triplet (4.,7,,b,) 1is given by:

A =c*A,

c

l, = [ﬁ} (i.e. a restriction of a measure /c”' to R\{0}),
C Iryoy

b =chb+ J._i cx (cxl XIMSI ) ((dx) .

‘x‘sl -
This corresponds to proposition 11.10 of Sato (1999) where its proof is given.
Theorem 1.21 Independence of Lévy processes

Part 1) Consider a two dimensional real valued non-Gaussian Lévy process

(X,

te[0,T]°

Y, 40.ry) oOn a filtered probability space (€2, 7, ;;,P) whose Lévy triplet

is(A=0,7,b). Then, X, and Y, are independent (i.e. P(X, |Yt) =P(X,)),ifand

t !

only if the set {(x,y):xy =0} contains the support of its Lévy measure ¢ . In other

words, X, and Y are independent, if and only if X, and ¥ do not jump together.

t t t t

Part 2) If X, and Y, are independent, then, for any arbitrary set £, the Lévy

t t

measure of X, can be expressed as (i.e. when X, jumps, ¥, never jumps):

gX(EX):fx({x:(x:O)EE})a

and the Lévy measure of Y can be expressed as:



61

Cy(Ey) =Ly({y:(0,y) € E}).
And, the Lévy measure of a two dimensional independent non-Gaussian Lévy
process (X, 71> Yqory) 18 given by the sum of these two Lévy measures:
UE) =Ly (Ex)+ 4y (Ey).
This corresponds to proposition 5.3 of Cont and Tankov (2004) where its
proof is given.
Theorem 1.22 Sums of independent Lévy processes If two Lévy processes

(X qo.ry) and (Y, ) with Lévy triplets (4,0 ,,b,) and (4,,¢,,b,) are
independent, then, their sum X, +7 is also a Lévy process. For more details and its

proof, consult an example 4.1 of Cont and Tankov (2004).

1.5 Examples of Lévy Processes

1.5.1 Brownian Motion: The only Lévy Process with Continuous Sample Paths

Some people (non-mathematicians) believe that all Lévy processes have
discontinuous sample paths, in other words, Lévy processes are equivalent to jump
processes. But this belief is wrong. It is true to state that most (but one) Lévy
processes have discontinuous sample paths. But you can carefully go through the
definition of Lévy processes again and you’ll notice that the only sample paths
condition which Lévy processes must satisfy is being a right continuous with left
limit (i.e. rcll) stochastic process. This in turn indicates that a Lévy process can have

continuous sample paths because all continuous processes are rcll processes by
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definition. It turns out that the only Lévy process having continuous sample paths is
a Brownian motion.
Definition 1.53 Standard Brownian motion (Standard Wiener process) A
standard Brownian motion (B, _,,) is a real valued stochastic process defined on a
filtered probability space (€, F,..,,[P) satisfying:
(1) Its increments are independent. In other words, for0<¢ <, <...<t <o0:

P8, NB, -B NB -B N..NB —B, )

=P(B, )P(B, —B,)P(B, —B,)..P(B, =B, ).

(2) Its increments are stationary (time homogeneous): i.e. forh >0, B,,, — B, has the
same distribution as B, . In other words, the distribution of increments does not
depend on¢.
(3) P(B, =0)=1. The process starts from 0 almost surely (with probability 1).
(4) B, ~ Normal(0,t). Its increments follow a Gaussian distribution with the mean

0 and the variancet.
Theorem 1.23 Standard Brownian motion process (Standard Wiener process)

A standard Brownian motion process (B, .,

) defined on a filtered probability
space (€2, F,..,,[P) satisfies the following conditions:
(1) The process is stochastically continuous: V& >0, %gr& IP’(|X won =X, t| >2¢)=0.

(2) Its sample path (trajectory) is continuous in ¢ (i.e. continuous e rcll) almost

surely.
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Proof

Consult Karlin (1975). We have to remind you that this proof is not that simple.
As many of readers realize, the above definitions and conditions all appear to

define Lévy processes. Let us put this into another words.

Definition 1.54 Standard Brownian motion as a Lévy process A standard

Brownian motion (B, ) defined on a filtered probability space (€2, % ..,,P) is

€[0,)
a Lévy process satisfying:
(1) B, ~ Normal(0,t) . Its increments follow a Gaussian distribution with the mean
0 and the variancet.
(2) Its sample path (trajectory) is continuous in ¢ (i.e. continuous € rcll) almost
surely.

The condition (1) implies the condition (2). Or more generally, a Brownian
motion with drift is an only Lévy process with continuous sample paths.
Definition 1.55 Brownian motion with drift Let (B,,_.,) be a standard
Brownian motion process defined on a filtered probability space (Q, .., P) .
Then, a Brownian motion with drift is a real valued stochastic process defined on a
filtered probability space (€2, 7, .., P) as:

(X o)) =t +0B,4.))

where 1€ R is called a drift and o € R" is called a diffusion (volatility) parameter.

A Brownian motion with drift satisfies the following conditions:

(1) Its increments are independent. In other words, for0 <z <t, <...<t, <0
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P(x, NX, -X, NX, -X N.NX -X, )
=P(X,)P(X, - X, P(X, -X,).P(X, -X, ).
(2) Its increments are stationary (time homogeneous): i.e. fors >0, X,,, — X, has
the same distribution as X, . In other words, the distribution of increments does not

depend on¢.

(3) X, = ut+0B, ~ Normal(ut,c’t) . Its increments follow a Gaussian distribution

with the mean ¢ and the variance ot .

(4) Its sample path (trajectory) is continuous in ¢ (i.e. continuous € rcll) almost
surely.
Definition 1.56 Brownian motion with drift as a Lévy process A Brownian

motion with drift (X,_,.,)=(u+0B,,.,) defined on a filtered probability space
(Q, F,o.)»P) 18 a Lévy process satisfying:
(1) X, = ut+0B, ~ Normal(ut,c’t) . Its increments follow a Gaussian distribution

with the mean ¢ and the variance ot .

(2) Its sample path (trajectory) is continuous in ¢ (i.e. continuous € rcll) almost
surely.
Next, we define a Brownian motion with drift process in terms of the

properties of its Lévy triplet (4,7, y) and sample paths.
Definition 1.57 Brownian motion with drift in terms of Lévy triplet (4,7,y)

Let (X,..) be areal valued Lévy process with Lévy triplet(4,/,y) defined on a
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filtered probability space (€2, 7, ..., ") . Then, (X, ,..,) is a Brownian motion with

drift, if it satisfies one of the following conditions:
(1) £=0. The Lévy measure ¢ of this Lévy process is zero. Zero Lévy measure

¢ =0 means that the Lévy process (X,.,) has no small or large jumps (i.e. no

jumps at all), in other words, sample paths of the process is continuous with
probability 1.

(2) Its increments follow a Gaussian distribution.

Theorem 1.24 Sample paths properties of Brownian motion with drift

Consider a real valued Brownian motion with drift process (X, ,.,,) =

(ut+0B,.,) defined on a filtered probability space (€2, 7, P) and let

€[0,)>
(4,0,y) be its Lévy triplet. Then, the sample paths of (X, _,..,) possess following
properties:

(1) Sample paths are continuous with probability 1. In other words, the Lévy
measure ¢ of the process is zero. Zero Lévy measure ¢ =0 means that a Brownian
motion with drift process has no small or large jumps, therefore, no jumps at all.

(2) Sample paths are of infinite variation on any finite interval [0,7]. In other words,
the total variation on any finite interval [0,#] of a sample path of a Brownian motion
with drift is infinite with probability 1 in the limit » — oo (as the partition becomes

finer and finer):

P[lim T(X)=lim supi|X(ti) —-X(t)|= ooj =1.
n—>0 n—>00 i=1
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As we saw in section 1.4.9, the infinite variation property is equivalent to the
nonzero Gaussian variance in terms of the Lévy triplet(4,/,y):

A#0.
Intuitively speaking, the infinite variation property means highly oscillatory sample
paths.

(3) The quadratic variations of sample paths of Brownian motions with drift

(X,

1(0.)) are finite on any finite interval [0,7] and converge to ot with probability

1 in the limit #n — oo (as the partition becomes finer and finer):
P[lim T*(X) =limsup Y | X(1,) - X (1) = < ooj =1.
n—>0 n—>0 i-1

For more details and proofs about theorem 1.24, consult Sato (1999) page 22 — 28
and Karatzas and Shreve (1991) section 1.5 and 2.9. We also recommend Rogers

and Williams (2000) chapter 1.

Consider a real valued Brownian motion with drift process (X,,..,) =
(ut+0B,.,) defined on a filtered probability space (€2, F,,_,,,P) and let

(A4,4,y) be its Lévy triplet. Its characteristic function can be obtained by two

approaches. First approach is the direct use of the definition of a characteristic
function (i.e. Fourier transform of the probability density function with Fourier

transform parameters (1,1) ):

by (@)= F[P(x)] = e P(x)dx

© 1 (x—,ut)2
— L(x _ d
@=L mp{ 2 }
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c’tw’

¢y, (@) = exp(iuto - ) (1-60).

Second approach is the use of Lévy-Khinchin representation (theorem 1.1).
Because we know the Lévy triplet of a Brownian motion with drift is given
as(4=0",0 =0,y = u), its characteristic exponent is given by:

Aw*

V(o) =— +i;/a)+.EC{exp(ia)x)—l—ia)xlD}E(dx)

2 2

o} .
yy(w)=-— +ipo,

thus, its characteristic function ¢, (@) is expressed as:

@, (@) =exp(ty , (w)),

2 2

by, (@) = exp(— T2

+iutw).

1.5.2 Poisson Process

A Poisson process is a continuous time stochastic process with discontinuous
sample paths. To be more precise, the sample paths of Poisson process is right
continuous with left limit (i.e. rcll) step functions of jump size 1. It can be used as a
building block for all Lévy processes.

Definition 1.58 Exponential random variable An exponential random variable
X with a parameter 4 € R" is a positive random variable whose probability density
function is given, for x e R", by:

fr(x)=2e™  (1-61).

Its distribution function is forx e R*;



68

F,(x)=Pr(X <x)=l-e* (1-62).

Its mean and variance are:
E[X] 1 and Var[ X] L
A A%

For example, the probability density function of an exponential random variable X
with 4 =0.01 is plotted in Figure 1.2.

Theorem 1.25 Lack of memory of an exponential random variable Ifa

random variable X is an exponential random variable, then, for Va,b e R":

Pr{X >a+b|X >b} =Pr{X >a}.
If X is arandom arrival time of an event, the probability of X >a+b given X >b
is the same as the probability of X > a. This concept of lack of memory has nothing
to do with the concept of statistical independence. LetA=a+b, B=X >b, and
C =X >a. Then, the lack of memory property becomes:

Pr{d|B}=Pr{C}.

Iftwo events 4 and B are independent:

Pr{A(\B} _Pr{4}Pr{B}

Pr{4|B} = >
r{B} Pr{B}

=Pr{4}.

Proof

Pr{X>a+b(\X >b} Pr{X>a+b}

Pr{X >a+b|X >b}=
Pr{X > b} Pr{X > b}

1-Fy(a+b) 1-(1-e ™) e
1-F,(b) 1-F, (b) 1-F,(b)

Pr{X >a+b|X >b}=

Pr{X >a+b|X >b}= U=F (@} 1= F (b)) =1-F,(a)
1-F, (D)
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PriX >a+b|X >b}=Pr{X >a}

We will give one illustrating example. Suppose that the first arrival time of a
large earthquake X is modeled as an exponential random variable with the mean of
1/4 =100 years. Using a =10 years and b =40 years, the lack of memory
property becomes:

Pr{X >50|.X >40} =Pr{X >10}.
This means that the probability that 40 years has past since the last large earthquake
and there will be more than 10 years for the next large earthquake to hit (i.e. which

is Pr{X > 50|X > 40} ) is equal to the unconditional probability that there will be

more than 10 years for the next large earthquake to hit (i.e. which is Pr{X >10}). In

other words, an exponential random variable X does not remember the fact that the
40 years has past since the last large earthquake.

Definition 1.59 Poisson random variable A Poisson random variable N is a
discrete random variable with a parameter 4 € R™ called an intensity whose

probability mass function is given, for Vk e N (i.e. £ =0,1,2,...), by:

e Ak

P(N = k)= (1-63).

Its mean and variance are:
E[N]=A and Var[X]=A1.

A Poisson random variable N is used for the purpose of counting the number of

arrivals of an event in unit time interval. For example, if we model the number of
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arrivals of small earthquakes in one year as a Poisson random variable with the
intensity A =10, its probability mass function is given by:

e*lolok
k!

P(N =k)=

Suppose we model the number of dogs we see in one day N as a Poisson
random variable with the intensity A € R". Then, its probability mass function is:

e At
P(N =k)= 0

Next, the number of dogs we see in ¢ days N, can be models as a Poisson random

variable with the intensity At e R™ . Then, its probability mass function is:

e M (Ar)
|

P(N, =k) = (1-64).

The intensity A¢ can be interpreted as the average number of arrivals of an event

(i.e. seeing a dog in our case) in the time interval of[0,7]. Let T be the waiting time

until the first arrival of an event. Then, the probability of zero arrival of an event in

[0,7] can be calculated as:
P(T>t)=P(N, =0)=e".
The distribution function of a waiting time 7 of the first arrival of an event in the
interval [0,7] can be expressed as:
FE.()y=P(T<t)=1-P(T>t)=1-e"  (1-65).
As you can see, the equation (1-65) is identical to the equation (1-62) which
means that a waiting time 7 of the first arrival of an event in the interval [0,7] is an

exponential random variable with the parameter 4 .
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This idea can be extended. Suppose that an event arrives k£ times in the

interval[0,¢] which is illustrated by Figure 1.5. Note in this case, 7, indicates the

moment when ith event arrives. Waiting time of the arrival of the first event is

T, — 0 =T, which means that the waiting time between the arrival of the second
event and the first event can be expressed as 7, —7; and the waiting time between
the arrival of the i th event and the (i —1) th event can be expressed as 7, -7, | . In
this case, a Poisson random variable N, with the intensity A¢ counts the number of
arrival of an event in the interval [0,#] which means that a Poison random variable
is a discrete random variable or has discontinuous sample paths (i.e. N, € N). And,
each waiting time 7, -7, , is an i.i.d exponential random variable with the
parameter A :

P(T ~T ) = Ae )
which indicates that 7, — 7, | is a continuous random variable because an event can

arrive at any moment.
For example, suppose that the average number of dogs we see in one day (i.e.
the intensity) isA =12
E[N,]=1=12.
Then, each waiting time 7, -7, , is an i.i.d exponential random variable with the

parameter A =12 which means that the average waiting time to see a dog is 1/12 day

which is equal to 2 hours:
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E[]}—]}_l]:l: 1 day _2 hours .
A 12dogs 1dog

Definition 1.60 Poisson process A Poisson process (N, ;) With the intensity

€[0,0
A€R" is a stochastic process which counts the number of random times 7, (i.e.

1,,T,,...,T,) of the arrival of an event in the time interval [0,] defined as:

N, =>1., (1-66),

k=1

which means that the sample paths of (N, ) are right continuous step functions

€[0,00]
of jump size equal to one (i.e. discontinuous sample paths). Its probability mass

function follows a Poisson distribution with the parameter At :

e M (A

PN, =k)="—F

And, each waiting time 7, -7, | is an ii.d exponential random variable with the

parameter A :

P(T,-T_) = Aexp{-A(T, ~T_)},

1

which indicates that a Poisson process (N,_,) is a continuous time stochastic

[0,
process because an event can arrive at any moment. For more details, consult Karlin
and Taylor (1975) pages 22-26.

We present the important properties of a Poisson process here. Some of which
can be easily seen by the simulated sample paths of a Poisson process which is
shown in Figure 1.7. Note that a path 1 has 10 jumps, a path 2 has 7 jumps, and a

path 3 has 13 jumps.
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Theorem 1.26 Fundamental properties of Poisson processes A Poisson process

(N

te

(0.)) With the intensity 1 € R" defined on a filtered probability

space (€2, F, .., ) satisfies the following conditions:

(1) Its increments are independent. In other words, for any increasing sequence of
time0 <7 <t, <..<t,:

P(N,AN, =N,NN,_ =N, N..N N, -N, )

=P(N)P(N, =N)P(N, —N,)..P(N, =N, ).

(2) Its increments are stationary (time homogeneous): i.e. forh >0, N,,, — N, has
the same distribution as N, . In other words, the distribution of increments does not
depend on¢.
(3) P(N, =0) =1. The process starts from 0 almost surely (with probability 1).
(4) The process is stochastically continuous: Ve >0, ;glg JP’(|NI+ — N,| >¢g)=0.
(5) Its sample paths are 1) non-decreasing functions, 2) right continuous with left

limit step functions in V¢ €[0,], and 3) its jump (step) size is 1. Obviously, these

sample paths properties are true almost surely.

(6) ForVt e (0,0], P(N, =k <) =1. In other words, the number of arrivals of an

event is almost surely finite for anyz > 0 including an infinite time horizon
(l.e.t=0).

Proof

Theorems (1), (2), and (5) are true by definition. For more details, consult Ross

(1983) chapter2 and Cont and Tankov (2004) pages 48-52.
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As you may notice, it is very obvious that a Poisson process is a Lévy process
because the condition (1) — (5) of theorem 1.26 is the definition of Lévy process

which is the definition 1.25).

Definition 1.61 Poisson process as a Lévy process A Poisson process (N, ...,

with the intensity 1 € R" defined on a filtered probability space (Q, F,_,_,;,P) is a

€[0,0

Lévy process satisfying:

(1) N, follows a Poisson distribution with the intensity Af:

e—lt (ﬂ,t)k
k'

P(N, =k) =
(2) Its sample paths are non-decreasing right continuous with left limit step
functions of step size 1 in V¢ €[0,00] with probability 1.
The condition (1) implies the condition (2).

Theorem 1.27 Lévy process whose sample paths are non-decreasing right

continuous with left limit step functions of step size 1  Let (X ) be areal
valued Lévy process on a filtered probability space (€2, 7 ..,,[P) . If and only if the
sample paths of (X,_,.,) are non-decreasing right continuous with left limit step

functions of step size 1 in V¢ €[0,c0] with probability 1, then, (X, ) is a Poisson

€[0,)
process.

Proof

Consult proposition 3.3 of Cont and Tankov (2004).

Definition 1.62 Poisson process in terms of Lévy triplet (4, [, »)  Let (X,.,)

be a real valued Lévy process with Lévy triplet(4, ¢, ) defined on a filtered



probability space (€, ..., ") . Then, (X)) 1s a Poisson process with the

intensity A € R, if it satisfies the following conditions:
(1) A=0. Its Gaussian variance is zero (i.e. Lévy-Itdo decomposition).
(2) ¥ =0. Its drift is zero (i.e. Lévy-Itd6 decomposition).
(3) Its Lévy measure is given by:
l(x)=A0(x-1),
where d(x—1) is a Dirac’s delta function satisfying:

5(0) if x=1

0 otherwise

o(x—-1= {
0(x—1) 1s a pulse of unbounded height and zero width with a unit integral:
j“’ S(x—Ddx=1.

Note that a Dirac’s delta function 6(x—1) is a jump size probability density

function for Poisson processes because Poisson processes have only one type of

jumps which are jumps of size 1. And not surprisingly, the integral of the Lévy

measure of a Poisson process is the intensity parameter 4 € R* because a Lévy

measure /(x) measures the arrival rate of jumps:

[ tedx=[" 26-ndx=2[" 5(x-1dc=A<o,

75

which is finite because the number of arrivals of an event is almost surely finite for

any > 0 including an infinite time horizon 7 =0 ?,

? The number (6) of theorem 1.26
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Theorem 1.28 Finite variation property of Poisson process If (X)) isa

Poisson process defined on a filtered probability space (Q2, F, 4, 11, P) , then, it is a

el
real valued Lévy process of finite variation on the interval [0,7]. And, its Lévy

triplet (A4, 7, y) satisfies:
A=0 and jH [ e(ex) < oo,

which are finite variation conditions for Lévy processes. Zero Gaussian variance
A =0 ofaPoisson process is obvious and the second condition for a Poisson
process is satisfied because there is no need to truncate jumps and jump sizes are all

onc:

J-‘xkl

j‘x‘d x| £(dx) = A <0

x| (dx) = jl XAS(x —1)dx = ALI xS (x—1)dx

Finite variation property of a Poisson process can be easily guessed from its sample
paths behavior. Stochastic processes of infinite variation have highly oscillatory
sample paths such as a Brownian motion with drift. But, the sample paths of a
Poisson process are rcll step functions of step size 1 which implies that a Poisson

process is of finite variation:
P(T(X)=sup Y [X(t)-X(t_)|<»)=1.
i=1

Table 1.3 summarizes the properties of a Poisson process.
Next, let’s try to obtain the characteristic function of a Poisson process.

Consider a Poisson process (X, ;) defined on a filtered probability space
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(2, F, 0., P) and let (4,4,y) be its Levy triplet. Its characteristic function can be
obtained by two approaches. First approach is the direct use of the definition of a

characteristic function:

© eib(ﬂ“t)k ei{uk

#(0)=F[BX, =0]=3,

¢y (@) = exp[tA(e” ~1)].

Note that in the above, a series expansion is used instead of the Fourier integral
_[ e““IP(x)dx because a Poisson distribution is discrete.

Second approach is the use of Lévy-Khinchin representation. Because we
know the Lévy triplet of a Poisson process is given by:
(A4=0,0=25(x-1),y = 0),

its characteristic exponent is given by:

Aw*

vy (@)=—"—+iyo+| {expliox)—1-ioxl,} ((dx)

v, (w)= j“; {exp(iox) —1} A8(x —1)dx

V(@)= A”-1).
Note that the term —iwxl,, in the Lévy-Khinchin representation drops out for

Poisson processes because there is no need to distinguish between large and small
jumps for Poisson processes (i.e. all jumps sizes are 1). Thus, its characteristic

function ¢, (@) 1s expressed as:

¢X (w) = eXp(t!//X (a))) >
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b (@) = expltA(e”~1)}.
Theorem 1.29 Lévy measure of Poisson process A Lévy measure of Poisson
process (X, .,,) With the intensity 1 € R" defined on a filtered probability
space (€, F, .., ) s given by:
U(x)=A0(x-1).

And, a Poisson process is a finite activity Lévy process because its Lévy measure

satisfies:
f U(x)dx = A <.
Proof

The Lévy measure /(x) of a Poisson process must satisfy two important conditions

by the definition. One is that its jump size density is concentrated at x =1 and the
other is that the average number of jumps per unit of time must equal to the intensity
A of a Poisson process. Thus, the only Lévy measure satisfying these two
conditions is given by:

l(x)=A0(x-1),
where 0(x—1) is a Dirac’s delta function. 6(x—1) is a pulse of unbounded height

and zero width with a unit integral:
j_°° S(x—Ddx=1.

Note that a Dirac’s delta function d(x—1) is a jump size probability density

function for Poisson processes because Poisson processes have only one type of

jumps which are jumps of size 1. The integral of the Lévy measure of a Poisson
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process is the intensity parameter 4 € R* because a Lévy measure /(x) measures

the arrival rate of jumps:

["txyae=[" 28(e-Ndx =4[ S(x-1)dx

j_°° 0(x)dx = A < o0,

which is finite because the number of arrivals of an event is almost surely finite for

anyt > 0 including an infinite time horizon ¢ =o0.

Theorem 1.30 Poisson process as a time homogeneous and spatially

homogeneous Markov process A Poisson process (X, ;) with the intensity

€[0,00
A €R" defined on a filtered probability space (€2, Frgo)» ) 18 @ Markov process

with a time homogeneous and spatially homogeneous transition function.

Proof

For an increasing sequence of time0<¢ <t, <..<t<t+h:

]P)(Xl+h_X[ =1|‘E)=P(Xz+h_ t

X, =1|X, =kp, X, =k, ... X, = )

e “"(Ah)'

P(Xt+h_Xt:1|‘E):P(Xt+h_Xt:l)Z]P)(Xhzl): T

P(X,,—X,=1|F)=e"2h.

In the limith 4 0:

limP(X,, — X, = 1|F)=2h.
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In other words, the transition function of a Poisson process is time homogeneous
and spatially homogeneous:

IP)t,Hh ('x

t

X, +1) =1, ,(0,1)=1h.

O

Theorem 1.31 Nonmartingale property of Poisson process A Poisson process

(X,0..)) With the intensity 4 € R™ defined on a filtered probability space
(Q, F,o.p»P) is not a martingale.
Proof

A Poisson process has a nonanticipating X, (i.e. X, is F, -adapted) by definition. A
Poisson process has a finite mean by definition, for V¢ €[0, oo]:

E[|X,[1=E[X,]=t <o,

which is the number (6) of theorem 1.26. ForVO<¢<u < oo:

E[X,|F1=EX, + X, |F]=E[X,|F]+ELX, ]
E[X,|F1=X,+E[X,_ |F1=X,+Au~1)
E[X, |F1#X,.

Theorem 1.32 Martingale property of Compensated Poisson process A

compensated Poisson process (X wet00p) = (X o) — At) with the intensity 4 e R”

defined on a filtered probability space (€2, 7., P) is a martingale.

€[0,0

Proof
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A compensated Poisson process has a nonanticipating X, = X, — At (i.e. X, is F -

adapted) by definition. A compensated Poisson process has a finite mean by

definition, for V¢ €[0, «]:

E[|X,

|=E[X,—A]=E[X,]-M=A-At=0< 0.

ForVO<¢t<u< oo:

E[X,|F1=E[X,+ X, |F1=E[X,|F1+E[X, |F]
E[X,|%1=X,+E[X, |F1=X,+E[X, - A(u—1)|F]
E[X,|F1=X +EX, _|F1-2u-1)

E[X,|F1=X,+Au-0)-Au-t)=X,.

A compensated Poisson process is not integer-valued and not a counting
process because of the compensator Az . It behaves like a standard Brownian motion

L

after rescaling it by 1/ since (X iej0p) Satisfies:
JaEe
X 1 1
E[—=]=—FE[X, - At]=—=(At=-A1)=0
Ja©T A Ja

and:

Var[Lf(t] :%Var[f(,] :%Var[){, — At] =%Var[Xt]

NA

Var[L)N(t]=%/1t:t.

NA
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Theorem 1.33 Property of Compensated Poisson process Consider a finite

time horizon? €[0,77]. In the limit as the intensity of a compensated Poisson process
(X weg07) = (X o) — Af) approaches infinity:

AeR" T,
a compensated Poisson process has an identical distribution to a standard Brownain

motion:
l/li%g()?ze[o,r]) = (Xte[O,T] —At) i (Bte[O,T]) .

For more details, consult Cont and Tankov (2004) page 53.

1.5.3 Compound Poisson Process

A compound Poisson process is a general case of a Poisson process. It is a
continuous time stochastic process with discontinuous sample paths. But, unlike a
Poisson process, a compound Poisson process is not necessarily an increasing
process and jump size density can be of any type (thus, it is more general).

Definition 1.63 Compound Poisson process A compound Poisson process

(X,

wf0=)) With the intensity 1 € R" is a stochastic process defined on a filtered

probability space (€, F,,_,;,IP) which is the sum of ii.d. jumps X, from the jump

€[0,0

size density f(x):

Nr
X, =Y X, with X, ~iid.f(x) (1-67),

i=1
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where a Poisson process (N, ;) with the intensity 4 € R" counts the number of

€[0,0
random times 7, (i.e. 7;,7,,...,T, ) of the arrival of an event in the time interval [0,¢]

defined as:

MZZ%W

k>1

Note that a Poisson process (N,.,,) and the jumps sizes (X,),,, are assumed to be

[0,00
independent.
This means that if an event arrives £ € R" times in the time interval

Vt e (0,0],1.e. N, =k, then, a compound Poisson process is the sum of k i.i.d.
jumps X, from the jump size density f(x):

N, =k

X, =) X =X +X,+..+X,.

i=1
Another point is that a Poisson process is considered as a compound Poisson
process with the unit jump size X, =1, since:

Nt
X, =Y X, with X, =1

i=1

N,
x:th=25V
i=1

k=1
We present the important properties of a compound Poisson process in this
section. Some of which can be easily seen by its simulated sample paths illustrated

by Figure 1.8. In this figure, the jump size density f(x) is a standard normal:

1 x
f(X) - \/g GXp(—?).
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Note that a path 1 has 7 jumps, a path 2 has 10 jumps, and a path 3 has 11 jumps.

Theorem 1.34 Fundamental properties of compound Poisson processes A
compound Poisson process (X,,,) With the intensity 4 € R™ defined on a filtered
probability space (€2, F,

- P) satisfies the following conditions:

€[0,00
(1) Its increments are independent. In other words, for any increasing sequence of
time0 <7 <t, <..<t,:

P(X,NX, -X,NX, -X N.NX, -X, )

=P(X)P(X, - X)P(X, -X,)..P(X, -X, ).

(2) Its increments are stationary (time homogeneous): i.e. forh’ >0, X,,, — X, has
the same distribution as X, . In other words, the distribution of increments does not
depend on¢.
(3) P(X, =0)=1. The process starts from 0 almost surely (with probability 1).

(4) The process is stochastically continuous: Ve >0, ;mg JP’(|X on— X t| >g)=0.

(5) Its sample paths are right continuous with left limit step functions in Vz €[0,x]
and the jump sizes X, are i.i.d. random variables from a density f(x) .
(6) ForVt e (0,0], P(N, =k <) =1. In other words, the number of arrivals of an

event is almost surely finite for anyz > 0 including an infinite time horizon
(l.e.t=00).
Proof

Similar to the proof of theorem 1.26.
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As you may notice, it is very obvious that a compound Poisson process is a
Lévy process because the condition (1) — (5) of theorem 1.34 is the definition of
Lévy process (i.e. the definition 3.1).

Definition 1.64 Compound Poisson process as a Lévy process A Compound

Poisson process (X,

€[0,0

N/
)= (z X,) with the intensity 4 € R" defined on a filtered
i=1

probability space (€, F,,_,;,[P) is a Lévy process satisfying:

€[0,00

(1) A counter N, follows a Poisson distribution with the intensity Az :

e—ﬂ.t (/It)k

PN, =k) ="

(2) The jump sizes are i.i.d. random variables from a density f(x):

X, ~iid.f(x).
(3) Its sample paths are right continuous with left limit step functions.
The condition (3) is implied by the conditions (2) and (3).
Theorem 1.35 Lévy process whose sample paths are right continuous with left
limit step functions Let (X,,_,) be areal valued Lévy process on a filtered
probability space (Q, ..., ) . If and only if the sample paths of (X,,.,,) are
right continuous with left limit step functions in V¢ € [0,o0] with probability 1, then,

(X0 18 @ compound Poisson process.

Proof

Consult proposition 3.3 of Cont and Tankov (2004).
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Definition 1.65 Compound Poisson process in terms of Lévy triplet (4,7, y)

Let (X,..,) be areal valued Lévy process with Lévy triplet(4,/,y) defined on a

filtered probability space (€2, 7, _..,, ) . Then, (X

<0 w)) is a compound Poisson

process with the intensity 4 € R", if it satisfies the following conditions:
(1) A=0. Its Gaussian variance is zero (i.e. Lévy-Itdo decomposition).
(2) y =0. Its drift is zero (i.e. Lévy-Itd6 decomposition).
(3) Its Lévy measure is given by:

U(x) =211 (x),

where f(x) is a jump size density satisfying:
| sGde=1,
which holds because f(x) is a probability density function. The integral of the

Lévy measure of a compound Poisson process is the intensity parameter A € R*

because a Lévy measure /(x) measures the arrival rate of jumps:

J._i {(x)dx = J._z A f (x)dx = /1'[_1 f(x)dx =A<,

which is finite because the number of arrivals of an event is almost surely finite for

any? > 0 including an infinite time horizon ¢ = 0.

Theorem 1.36 Finite variation property of Compound Poisson process If

(X

1q0.r7) 18 @ compound Poisson process defined on a filtered probability

space (€2, F, 4,11, P) , then, it is a real valued Lévy process of finite variation on the

interval [0,7"]. And, its Lévy triplet (4,7, y) satisfies:
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A=0 and J.‘x‘<l|x| l(dx) <o,

which are finite variation conditions for Lévy processes (i.e. theorem 3.7). Finite
variation property of a compound Poisson process can be easily guessed from its
sample paths behavior. Stochastic processes of infinite variation have highly
oscillatory sample paths such as a Brownian motion with drift. But, the sample
paths of a compound Poisson process are rcll step functions which imply that a

compound Poisson process is of finite variation:

P(T(X) =sup ip((t,.) ~X(t,)|<»)=1.

i=1
Table 4.3 summarizes the properties of a compound Poisson process.
Theorem 1.37 (with the proof) Characteristic function of Compound Poisson

process  Consider a compound Poisson process (X,.,) with the intensity

[0,
A eR" defined on a filtered probability space (Q, F,_..,,P) and let (4,4,y) be its
Lévy triplet. Individual jumps X, of a compound Poisson process are i.i.d. random
variables from a density f(x), i.e. X; ~iid.f(x). Let ¢, be a characteristic
function of a jump size density:

¢ (@)= F[f()]=] " f(x)dx=E[e"].
Then, using the Lévy-Khinchin representation (theorem 3.3) with the Lévy triplet of

a compound Poisson process ( A=0,0=1f(x),y = 0) , the characteristic exponent of

a compound Poisson process is given by:

v, ()= jz {exp(iox)—1} A (x)dx = A ji { f(x)exp(iox) - f(x)} dx
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vy(@) = M| f)expliox)dc—| f(x)dx}

vy (@) =g, (0)=1}.
Thus, the characteristic function of a compound Poisson process ¢, (@) is expressed
as:
#, (@) =exp(ty , (w))
by (@) = exp[ tA{4, (@)~ 1}]  (1-68).
For more information regarding the characteristic function of a compound Poisson

process, consult Cont and Tankov (2004) pages 74-75 and Sato (1999) pages 18-21:

Theorem 1.38 Lévy measure of compound Poisson process A Lévy measure of
a compound Poisson process (X, ,_,) with the intensity 4 € R" defined on a
filtered probability space (€2, 7, ., IP) is given by:

l(x)=Af(x),
where individual jumps X, of a compound Poisson process are i.i.d. random
variables from a density f(x),i.e. X, ~iid.f(x).

A compound Poisson process is a finite activity Lévy process because the

integral of the Lévy measure of a compound Poisson process is the intensity

parameter A e R :

J:f(x)dx = J.: Af(x)dx = lJ._O; f(x)dx=A <o,

which is finite because the number of arrivals of an event is almost surely finite for

any ¢ > 0 including an infinite time horizon ¢ =o0.



Chapter 2: Introduction to Option Pricing with Fourier
Transform
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2.1 Introduction

This chapter is designed as an introduction to Fourier transform option pricing
for readers who have zero previous knowledge of Fourier transform. First part of
this sequel is devoted for the basic understanding of Fourier transform and discrete
Fourier transform using numerous examples and providing important properties.
Second part of this sequel applies FT and DFT option pricing approach for classic
Black-Scholes model which is the only continuous exponential Lévy model. Some
readers may question that what the need for FT option pricing is since BS model can
price options with closed form formulae. The answer is that BS model is a special
case of more general exponential Lévy models. Options cannot be priced with
general exponential Lévy models using the traditional approach of the use of the
risk-neutral density of the terminal stock price because it is not available. Therefore,
Carr and Madan (1999) rewrite the option price in terms of a characteristic function
of the log terminal stock price by the use of FT. The advantage of FT option pricing
is its generality in the sense that the only thing necessary for FT option pricing is a
characteristic function of the log terminal stock price. FT option pricing is a

standard option pricing method from now on.

2.2 Prerequisite for Fourier Transform

In this section, we present prerequisite knowledge before moving to Fourier

transform.
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2.2.1 Radian

Radian is the unit of angle. A complete circle has 27 = 6.28319 radians which

is equal to360°. This in turn means that one radian is equal to:

0 =57.2958° (2-1).
27

1 radian =

2.2.2 Wavelength

Wavelength 4 of a waveform is defined as a distance (d ) between peaks or
troughs. In other words, wavelength is the distance at which a waveform completes
one cycle:

distance
1=

= 2-2).
1 cycle -2)

Let v be the speed (distance/second), and f be the frequency (cycles/second,

explained soon) of a waveform. These are related by:

v(distance/second)

A(distance/ cycle) = (2-3).

f(cycles/second)

2.2.3 Frequency, Angular Frequency, and Period of a Waveform

Period T of oscillation of a wave is the seconds (time) taken for a waveform
to complete one wavelength:

seconds
T

(2-4).
1 wavelength (cycle)

Period is by definition a reciprocal of a frequency. Let f be the frequency of a

wave. Then:



92

1
T (seconds/cycle) = 2-5).
( yele) f(cycles/second) @-3)

Frequency f of a wave measures the number of times for a wave to complete

one wavelength (cycle) per second:

number of wavelengths (cycles)

f (2-6).

1 second

By definition, f is calculated as a reciprocal of the period of a wave:

1
cycles/second) = 2-7).
JAey ) T (seconds/cycle) @-7)

Frequency f is measured in Hertz (Hz). 1 Hz wave is a wave which completes one
wavelength (cycle) per second. The frequency of the AC (alternating current) in U.S.
is 60 Hz. Human beings can hear frequencies from about 20 to 20,000 Hz (called
range of hearing). Alternatively, frequency can be calculated using the speed v and
wavelength A of a wave as:

v(distance/second)

f(cycles/second) = (2-8).

A(distance/cycle)

Angular frequency (also called angular speed or radian frequency) @ is a
measure of rotation rate (i.e. the speed at which an object rotates). The unit of
measurement for @ is radians per 1 second. Since one cycle equals 27 radians,
angular frequency o is calculated as:

o(radians/second) = 27(radians)

=27 f (cycles/second 2-9).
T (seconds/cycle) s ey ) (29

Consider a sine wave g(¢) = sin( 27[(5)1) which is illustrated in Figure 2.2 for

the time between 0 and 2 seconds. This sine wave has frequency f =5 Hz (5 cycles
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per second) and angular frequency @ =10z Hz (10x radians per second). Its period

s T=

1 l=0.2 (seconds/cycle).
f 5

2.2.4 Sine and Cosine

Let € be an angle which is measured counterclockwise from the x -axis along
an arc of a unit circle. Sine function (sin @) is defines as a vertical coordinate of the
arc endpoint. Cosine function (cos @) is defined as a horizontal coordinate of the arc

endpoint. Sine and cosine functions sin € and cos @ are periodic functions with

period 27 as illustrated in Figure 2.4:
sinH=sin(9+27rh) (2-10),
cos@=cos(0+2zh) (2-11),

where £ is any integer.

Following Pythagorean theorem, we have the identity:

sin@ +cos@* =1 (2-12).

2.2.5 Derivative and Integral of Sine and Cosine Function
Let sin(x) and cos(x) be sine and cosine functions for x € R. The derivative

of sin(x) can be expressed as:

d S;n(x) —cos(x) (2-13).

The derivative of cos(x) can be expressed as:

A0S __Ginx)  (2-14),
dx



The integral of sin(x) can be expressed as:

| sin(x)dx = —cos(x)  (2-15).

Refer to any graduate school level trigonometry textbook for proofs.

2.2.6 Series Definition of Sine Function and Cosine Function

ForanyxeR:

3 5 7 PRI
Sin(x¥)=x -t h =D CD" o (2o16),
3150 7! = (2n+1)!
2 4 6 © 1y
cos(x):l—x—+x——x—+...=zﬂx2" -17).
20 41 6! = (2n)!

Refer to any graduate school level trigonometry textbook for proofs.

2.2.7 Euler’s Formula

Euler’s formula gives a very important relationship between the complex

(imaginary) exponential function and the trigonometric functions. For any x € R :

e =cos(x)+isin(x)  (2-18).
From (2-18), variants of Euler’s formula are derived:
e ™ =cos(x)—isin(x) (2-19),
e +e ™ =2cos(x) (2-20),

e —e ™ =2isin(x) (2-21).

94

Consider sine and cosine functions with complex arguments z . Then, Euler’s

formula tells:
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sinz =Im(e”) =Y CD” o€ =€" (50,
~2n+1)! 2i

cosz=Re(e”) =) D =€ *€ (2-23).

o (Zm)! 2

Refer to any graduate school level trigonometry textbook for proofs.

2.2.8 Sine Wave: Sinusoid
Sine wave is generally defined as a function of time ¢ (seconds):
gt)=asin(2zft+b) (2-24),
where a is the amplitude, f, is the fundamental frequency (cycles/second, Hz), and

b changes the phase (angular position) of a sinusoid. In terms of a fundamental

angular frequency @, (radians/second), a sine wave is defined as (i.e. , =27 f,):
g(t)=asin (a)ot + b) (2-25).
Figure 2.5 illustrates the role of a fundamental frequency f,. When a

fundamental frequency f, doubles from 1 (1 cycle /second) to 2 (cycles/second), its

period becomes half from 1 to 1/2 seconds as illustrated.

The role of amplitude a is to increase or decrease the magnitude of an
oscillation. Figure 2.6 illustrates how magnitude of an oscillation changes for three
different amplitudes a =1/2, 1, and 2. In audio study amplitude a determines how

loud a sound is.

Consider three 1 Hz sine waves sin(27¢), sin(27t + %) , and sin(27¢ —%). A

sine wave sin(27t) has a phase 0, sin(27zt +%) = cos(2zt) has a phase 7/2, and
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sin(27t —%) has a phase —z /2. The role of a parameter b is to change the position

of a waveform by an amount b as illustrated in Figure 2.7. Thus,
g(t) =asin(2z f,t) is a sinusoid at phase zero and g(r) = acos(27 ft) is a sinusoid
at phase 7 /2 . For the purpose of defining a sinusoid, it really does not matter

whether sin( )or cos( ) 1s used.

2.3 Fourier Transform (FT)

2.3.1 Definition of Fourier Transform
We consider Fourier transform of a function g(¢) from a time domain ¢ into

an angular frequency domain @ (radians/second). This follows the convention in
physics. In the field of signal processing which is a major application of FT,

frequency f (cycles /second) is used instead of @ . But this difference is not
important because @ and f are measuring the same thing (rotation speed) in
different units and related by @ =27 f . Table 2.1 gives a clear-cut relationship
between frequency f and angular frequency o .

We start from the most general definition of FT. FT from a function g(¢) to a
function G(w) (thus, switching domains from ¢ to @) is defined using two arbitrary

constants a and b called FT parameters as:

[ B
G(w)=Fg)](w) = (ZJ[%I_we’bmg(t)dt (2-26).



97

Inverse Fourier transform from a function G(®) to a function g(¢) (thus, switching

domains from @ to ¢) is defined as (i.e. the reverse procedure of (2-26)):

_ -1 _ |b| © _ibot
gy =F "' [G(@)]() = Wj—we Go)do  (2-27).

For our purpose which is to calculate characteristic functions, FT parameters are set

as (a,b)=(1,1). Thus, (2-26) and (2-27) become:
G(o)=Fg®](@) = ¢“gndt  (2-28),

g =F'[G(@)]() = i [ edmdo  (2-29).

Euler’s formula (2.18) is forr e R :
e" =cost+isint.

Thus, the FT of (2-28) can be rewritten as:

G(@)= F[g0)](@) =] cos(@ng(t)dt+i[  sin(eng(t)dt.
Intuitively speaking, FT is a decomposition of a waveform g(¢) (i.e. in time
domaint) into a sum of sinusoids (i.e. sine and cosine functions) of different
frequencies (Hz) which sum to the original waveform. In other words, FT enables
any function in time domain to be represented by an infinite number of sinusoidal
functions. Therefore, FT is an angular frequency representation (i.e. different look)
of a function g(¢) and G(w) contains the exact same information as the original

function g(¢).
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Although FT parameters (a,b) =(1,1) are used for calculating characteristic
functions, different pairs of (a,b) are used for other purposes. For example,

(a,b) =(1,-1) in pure mathematics:
(@)= F[g0](@) =] g,

g)="7,"[G(w)] (r)—— [ e G@ydo.

Modern physics uses (a,b) =(0,1) :

G(0) = F[(1)] (@) = ﬁ [ e gty

g =7F,'[G(o)]®) = j “Gw)dao.

In the field of signal processing and most of the standard textbooks of FT, FT

parameters (a,b) =(0,—2x) are used (i.e. they use frequency f instead of angular

frequency w ):

9N =F g0 =] e gdr  (2-30),

g =F 9N =" e"G(Ndf  (2-3D).

FT definition of (2-30) and (2-31) are frequently used because this definition of FT
is mathematically simpler to handle for the purpose of proofs.

In general, Fourier transform G(w) is a complex quantity:
G(w) = Re(w) +iIm(w) =|G(w)| " (2-32),
where Re(w) is the real part of the FT G(w), Im(w) is the imaginary part of the FT,

|g(a))| is the amplitude of a time domain function g(¢), and #(®) is the phase angle
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of the FT G(w). |Q(a))| and A(w) can be expressed in terms of Re(w) and Im(w)

as:

G(0)| = JRe* (@) +Im* (@) (2-33),

- Im(w) _
0(w) = tan {—Re(a))} (2-34).

2.3.2 Examples of Fourier Transform
Before discussing important properties of FT, we present representative
examples of FT in this section to get the feeling of what FT does.
Example 1) Double-Sided Exponential Function
Consider a double-sided exponential function with 4, e R :
a(t)=Ae "],

From (2-28):

J(w)= _[: e g(t)dt = I_i ¢ Ade”dt = 4 (J.OOo e e dt + J:O e"”’e“’dt)

g(w):A( 1 . 1 j 2A4a

a+io a-iw) a’+o’

When 4=1 anda =3, the time domain function g(¢) = ¢! and its Fourier

transform G(w) = 5 6 is plotted in Figure 2.8.
+

0)2
Using the signal processing definition of FT (a,b) = (0,-27) of the definition
(2-30), FT of g(¢) = Ae 'l s computed as (which is simply obtained by

substituting @ =27 f intoG(w)):
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2Aca
a’ +47r2f2 '

g(f)=

When A=1anda =3, G(f)= 9—62 which is plotted in Panel C of Figure 2.8.

+ar’f
Example 2) Rectangular Pulse

Consider a rectangular pulse with 4,7, e R :

(4 -Ty<e<T,
g0=1, >7,

which is an even function of ¢ (symmetric with respect to ¢). From (2-28) and use

Euler’s formula (2-21) e —e™ = 2isin(x)

_ (e—inO —@h )
b

G(w) = ji ¢ g(t)dt = Aj_T"T ¢ dt = A{

_ A{2isin(a)]}))} _ 2A4sin(wT))

lw w

Using the signal processing definition of FT (a,b) = (0,—27) of the definition (2-30),

FT of a rectangular pulse is computed as:

_[* 2z _ L _ASln(27ij)
g(f)=| e’ fg(t)dt—Aj_Toe 2 fdz_TO_

When 4 =1 and 7, =2, the time domain function g(¢), Fourier transform

2sin(2w) sin(4z f) i

nf

in angular frequency, and Fourier transform G(f) =

G(w)=

frequency domain are plotted in Figure 2.9.

Example 3) Dirac’s Delta Function (Impulse Function)

Consider Dirac’s delta function scaled by a e R*:
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g(t) = ad(0).

From (2-28):
G(w)= jw ¢ g (t)dt = jw ¢ ad(t)dt = aed” =a.
Using the signal processing definition of FT (a,b) =(0,—27x) of the definition (2-30),
FT of a scaled Dirac’s delta is computed as:
G(f)=[" e gwdt=|" e as(t)dt =ac>" =a.
When a =1 (i.e. pure Dirac’s delta), the time domain function g(¢) = 6(¢) and
Fourier transforms G(w) =1 and G(f)=1 are plotted in Figure 2.10.
Example 4) Gaussian Function
Consider a Gaussian function with 4 e R" :
g)=e".

From (2-28):
G@)=| egydt=|" e dr

Use Euler’s formula (2-18):

G(w) = jw e {cos(wrt) +isin(wr)} dt
_ j“" e cos(at)dt +i jw e sin(et)dt

T 2 . T _2
— _ew/4A+lO: _ew/4A.
\ 4 \ 4

Using the signal processing definition of FT (a,b) = (0,—27x) of the definition (2-30),

FT of a Gaussian function is computed as:
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g(f)= I _zmg(t)dt j e e _Atzdt:\/ge—ﬂzfzm.

When A =2, the time domain function g(¢) = ¢ and its Fourier transforms

G(ow)= \/7 *and G(f)= \/7 712 are plotted in Figure 2.11. Note that FT of

a Gaussian Function is another Gaussian function.
Example 5) Cosine Wave g(t) = A cos(2nfyt) = A cos(wgt)

Consider a sinusoid g(¢) = Acos(2x f,t) = Acos(w,t) . Using the signal
processing definition of FT (a,b) = (0,—27) of the definition (2-30), FT of a cosine
wave is computed as:

G(f)=[" e g(ydt = " Acos2x fi)dt

From Euler’s formula:

G(f)= A.[: e %(eiz”fbt +e ) d

:EA{J' —2m/t 127zf0tdt+j Zﬁjfte—izﬂfotdt}

1 o . ® s
ZEAU o2 .fo)fdt+J. e (./Jr.fo)fdt}.

Use the identity of Dirac’s delta function:
S(x—a)=— j“’ ¢ Vda .
Therefore, we obtain:

Q(f)=%A{5(f—J%)+5(f+fo)}
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g(f)=§5(f—m+§5(f+fo),

which is two impulse functions at f == £ . Thus, FT of a cosine wave (which is an
even function) is a real valued even function which means G( f) is symmetric
about ' =0.
Next, in terms of angular frequency @ from (2-28):
G(w) = ji ¢ o (t)dt = j:’o ¢ A cos(wyt)dt .
From Euler’s formula:
" +e ™ =2cos(x).

Therefore:
© ot SNV [ U —iayt
(o) = AJ: e cos(awyt)dt = AL e {E(e W i )}dt

— é ® eia)teia)otdt_i_gj.oO eiwte—ia)otdt ZAJ‘OO

€i(w+w0)tdt+£'|.w €i(a)—a)0)tdt.
2 - —0 2 —o0

Use the identity of Dirac’s delta function:

S(x—a)= L7 eetagg.
27 9=
Thus:

O(w)= §2ﬂ§(a)+a)o)+§27r§(a)—a)o)

G(w) = And(w+ w,) + Amd (0 - w,) ,
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which is two impulse functions at @ = @, . Figure 2.12 illustrates a cosine wave

g(t) = Acos(2r fit) = Acos(w,t) and FTs G(w) = And(w+ w,) + Amwé(@w— w,) and

g(f>=§5(f—m+§5(f+m.

Example 6) Sine Wave g(t) = A sin(2nfyt) = A sin(wgt)
Consider a sinusoid g(t) = Asin(2x f,t) = Asin(w,t) . Using the signal
processing definition of FT (a,b) = (0,—27) of the equation (2-30), FT of a sine

wave is computed as:
ggﬁf}%%@mszWMm@me.

From Euler’s formula;

G(f) =4 J': o727 2% (ei27r_/bt _ il ) dr

_ %A{J“” e—ZmﬁeiZIrfotdt_ @ eZm‘/te—ﬂ/rfotdt}
I - -

_ lA{J-OO e_27[i(f_f0)tdt _J-oo e—27li(f+ﬁj)tdt} .
2i U B

Multiply 1=i/i to the right hand side:

_L © 2rmi(f-ft g, [P 2mi(ff)e
Qﬁ_ZWQLg dt je m}

—00

o0

i © oxi
:_A{J‘ e (f+fo)tdt_'[

2 —0

Using the identity of Dirac’s delta function, we obtain:

g(f)=§A{5<f+fo>—5(f—Jz>}
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A A
=i—o(f+/)—i56(f =1y,
2 2
which 1s two complex impulse functions at f == f; which are not symmetric about

£=0.

Next, in terms of angular frequency @ from (2-28):
G(@)=[" e"g(t)dt= 4| & sin(ayt)dt .

Using Euler’s formula:

g(w)= AJ.OO e {% (™ _eiwo’)}dt :AJ.OO ei{uteiwotdt_ij.oo o i
w l o

2i 29>
=£' © e,’(m+w0)tdt_ij‘oo ei(w—wo)zdt :A_;'J‘oo ei(WHUO)[dl‘—A—éjw ei(w—wo)tdt
29 29 2i° J- 2i J-
i Ai

—00

ei({u—{uo)tdt __J‘OO ei(a}+a)0)tdt
2 —o0
Use the identity of Dirac’s delta function:
g(w)= %272’5(60—600) —%2%5(a)+ @,)

= Aino(w— w,)— Airo (0 + w,) .
Figure 2.13 plots a sine wave g(¢) = Asin(2x f,t) = Asin(w,t) and its Fourier

transforms G(w) = Aind(w— w,) — Aind (@ + @)

andG(f) =i 8(f + )= 5~ f).
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2.4 Properties of Fourier Transform

We will discuss important properties of Fourier transform in this section
starting from Dirac’s delta function which is essential to the understanding of

properties of Fourier transform.

2.4.1 Dirac’s Delta Function (Impulse Function)

Consider a function of the form withn e R* :

h(x) = ——exp(—nx?)  (2-35).
T

N

This function is plotted in Figure 2.14 for three different values forn . The function

h(x) becomes more and more concentrated around zero as the value of n increases.

The function /(x) has a unit integral:

Jjoh(x)dx = Jm Lexp(—nzxz ) dx=1.

. \/;
Dirac’s delta function denoted by 6(x) can be considered as a limit of 4(x)
when n — . In other words, 6(x) is a pulse of unbounded height and zero width

with a unit integral:
jw S(x)dx=1.

Dirac’s delta function J(x) evaluates to 0 at all x € R other thanx=0:

0(0) if x=0
o(x)= .
0 otherwise

where 0(0) is undefined. o(x) is called a generalized function not a function

because of undefined 6(0). Therefore, d(x) is a distribution with compact support
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{0} meaning that 6(x) does not occur alone but occurs combined with any
continuous functions f(x) and is well defined only when it is integrated.

Dirac’s delta function can be defined more generally by its sampling property.

Suppose that a function f(x) is defined atx =0. Applying o(x) to f(x)
yields £(0):
[ r@sdx = £(0).
This is why Dirac’s delta function 6(x) is called a functional because the use of

o(x) assigns a number f(0) to a function f(x). More generally fora e R :

{5(0) if x=a
o(x—a)= )
0 otherwise
and:

| /o -aydx=f(a).
or for £>0:

[T r@s(x-aydx=1(a).
o(x) has identities such as:

o(ax) :ié'(x),

al

o(x* —a*) :ﬁ[5(x+a)+5(x—a)] .

Dirac’s delta function 0(x) can be defined as the limit n — oo of a class of

delta sequences:
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5(x) =lims, (x),
such that:

lim [ 5, () f (x)dx = /(0),
where o (x) is a class of delta sequences. Examples of ¢, (x) other than (2-35) are:

n if -1/2n<x<1/2n

0 otherwise

9

3,(x) L exp (iux)du

272- -n
(=1t
X 2i

1 sin[(n+1/2)x}
5,1(x)—g sin(x/2)

2.4.2 Useful Identity: Dirac’s Delta Function

Dirac’s delta function J(x) has the following very useful identity which we

have used many times before:
1 o
o(x—a)=—-7/| expjio(x—a)jdow (2-36).
(x—a) ML plio(x—a)ldo  (2-36)
PROOF’

First step is to prove a proposition forall d = 2,3,4,...and j=0,1,2, ...,

d —1 (note that j depends on d):

&l ; 1 if j=0
L exp Ejk =1_,= v i (2-37).
d = d / 0 otherwise

3 This is based on “Option Pricing Using Integral Transforms” by Carr, P., Geman, H., Madan, D.,
and Yor, M.
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First, we deal an informal proof of a proposition (2-37).

When d =2 and j =0:

1 & 27 27i 1 27i 27i
— > e — jk exp| — 0k —00 |+exp| —01
dhox(d’j Zp( jz{p(z j p(z )}

= %{exp(O) +exp(0)} =1.

When d =2 and j =1:

1 & 27i 1 & 27i 1 27i 27i
— — jk —1k |=— —10 —11
dkoexp( a4’ j 2;“1”( 2 j 2{“‘3( 2 jmp( 2 j}
=l{exp(0)+exp(i7z)}=l{l— 1=0.
2 2

When d =3 and j=0:
1 & 27 1 & 27i
— > exp| — jk exp| — 0k
d& p(d’j3z p(3 j
1 27 27l 27i
=—<exp| —00 |+exp| —O01 [+exp| —02
3{1{3 j 1{3 ] p(s j}

=%{exp(0)+exp(0)+exp(0)} =1.

When d =3 and j =1:



- %{1+(0.866025i—0.5)+(—0.866025i—0.5)}

=0.

When d =3 and j =2:

1 & 27 1 & 27l
2N expl 2 ik | == exp| 2ok
3 p(d’] 93 p(3 j

k=0

= %{1 +(—0.866025i —0.5) +(0.866025i - 0.5)}

=0.
(Formal) PROOF of a proposition (2-37)

Rewrite as the below:

d-1 .
% exp (@ jkj = %Z pE (2-38),

whereﬂ:exp(%]) When j =0, g = exp(%r

S, =Y B =14+ +f +...+p 7+ BT (2-39).

Multiply /8 to (2-39):

Oj =1. Thus, from (2-38):

110
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BS, =B+ + A+ T B (2-40).

Subtract (2-40) from (2-39):

(1-p)S,, =1-p*
1-p¢
S, .= 2-41).
d-1 (l—ﬂ) ( )

Note that for j #0:

. d
B = exp(%j) =exp(27ij)=1.

From (2-41):
&l 1-1
S, = fe——— =
- ;ﬂ (1-5)
From (2-37):

m
Now we have completed the proof of a proposition (2-37) and we use this now.

Multiply d to both sides of a proposition (2-37):

= 27i .
dl,_y=> exp (7 ]kj (2-42).

k=0

As the limit d — o« and plug j = x—a, (2-36) becomes:
S(x-ay=[" > df  (2-43).

Convert frequency f into angular frequency @ whichis @ =27z f . From (2-43):
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o(x—a)= J.:O e’ % )

This completes the proof of an identity (2-36).

2.4.3 Linearity of Fourier Transform

Consider time domain functions f(¢) and g(¢) which have Fourier transforms

F(w) and G(w) defined by the equation (2-28). Then:

j_i{af(z) +bg(1)}e”dt = a j“; F()e“dt+b j“; g(t)e dt
=aF(w)+bG(w). (2-44)
Or, we can write:
Flaf @) +bg(t)](@) =aF [ f(0)](@) +bF [g(1)](w).
Linearity means two things: homogeneity and additivity. Homogeneity of
Fourier transform indicates that if the amplitude is changed in one domain by a, the

amplitude in the other domain changes by an exactly the same amount a (i.e.
scaling property):

Flaf )](@)=aF[f(®)](e).
Additivity of Fourier transform indicates that an addition in one domain corresponds

to an addition in other domain:

Flr®O+g®](@)=F[fO](@)+F[g0)](e).
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2.4.4 FT of Even and Odd Functions

A function g(x) is said to be even if forxeR:

g(x)=g(=x) (2-45),
which implies that even functions are symmetric with respect to vertical axis.

Examples of even functions are illustrated in Panel A of Figure 2.15.
A function g(x) is said to be odd if forx e R:
—g(x)=g(=x) (2-46),
which implies that odd functions are symmetric with respect to the origin. Examples
of odd functions are illustrated in Panel B of Figure 2.15.

There are several important properties of even and odd functions. The sum of
even functions is even and the sum of odd functions is odd. The product of two even
functions is even and the product of two odd functions is also even. The product of
an even and an odd function is odd.

Let even(x) be an even function and odd(x) be an odd function. Integral

properties of even and odd functions are:

[* odd(ydx=0 (247),

J-_AA even(x)dx = 2J-OA even(x)dx (2-48).

Consider FT of an even function g(¢) . From the definition (2-28) and use Euler’s

formula:

G(o)=[" é"g)dt=[" cos(wt)g(t)dt+i[  sin(ang(t)dt  (2-49).



114

Since the imaginary part J.jo sin(wt)g(t)dt is zero (because sin(wt)g(¢) is odd and

use the integral property), FT G(w) is real and symmetric with respect tow =0. In

other words, FT of an even function is also even.
Next, consider FT of an odd function g(¢). Since the term Ji cos(wt)g(t)dt in
(2-49) becomes zero (cos(wt)g(t) is odd and the integral property), FT is given as:
G(w) = j"; e o(t)dt =i ji sin(wt)g(t)dt .
This means that FT of an odd function G(®) is complex and asymmetric with

respectto @=0.

2.4.5 Symmetry of Fourier Transform

By the definition of an inverse Fourier transform (2-29):
fO=—=[ e Flwdo
27>
Change the variable in the integration to y :
1 @ —iyt
fO===] " F(y)y.
2 =
Consider 2z f(—t):

27 f(~t) = IZ M F(dy  (2-50).

We can say that the right hand side of (2-50) is by definition the Fourier transform

of a function F(») . Replace # by @ and y by¢ and (2-50) becomes:

27 f(~w) = f‘; OF(dt  (2-51).
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The equation (2-51) is called a symmetry property of FT. It means that if a function

f() hasaFT F(w), F(t) hasa FT 27 f(—w). In other words, if (f(t), .7-"((0)) is
a FT pair, (f ®),2x f (—a))) is another FT pair.

This symmetry property of FT can be shown with mathematically simpler

form in the frequency domain f Hz (cycles/second). By the definition of an inverse

FT (2-31):
g = "G(f)df .
Change the variable in the integration to y :
g =" e™G(y)dy.
Consider g(—#):
g(-0=[" ™Gy (2-52).

We can say that the right hand side of (2-52) is by definition the FT of a

functionG(y) . Replace ¢ by f and y byt and (2-52) becomes:

g-N=["eGwdt  (2-53).
We can state in this case that if (g(t),g(f)) is a FT pair, (g(t),g(—f)) is another

FT pair.
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2.4.6 Differentiation of Fourier Transform

By the definition of an inverse Fourier transform (2-29):
£()=—— [ e Floyde
2= '

Differentiate with respect toz:

of (¢ B P . ot
fa @) _ j doF (o ) =Zj._wda)(—za)}"(a)))e

= —ia)LJ‘Oo F(w)edo  (2-54).
2=

By the definition of an inverse FT (2-29), the equation (2-54) becomes:

[AG ]
~ o =-iof(@) (255,

Equation (2-55) tells us that FT of 0f(¢)/0t is equal to a FT of f(¢) multiplied by
—iw:
]—"[Gf(t)/ﬁt](a)) = —ia)}"[f(t)] (w) (2-56).
Next, consider FT in frequency domain /. By the definition of an inverse FT

of the equation (2-31):
g = "G(f)df .

Differentiate with respect toz:

ag(1) _

> =2mif [ TGN =2xife(e)  (257),

Equation (2-57) tells us that FT of 0g(¢)/0¢ is equal to a Fourier transform of g(¢)

multiplied by 27if :
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Flogty/ ot)(f)=2zif F[g(0)](S).

2.4.7 Time Scaling of Fourier Transform
Consider a time domain function f(¢#) and its Fourier transform F(®) by the

equation (2-28):

F(w) = jm e f(t)dt .
Then, FT of a function f(at) (i.e. scaled by a real non-zero constanta ) can be

expressed in terms of F(w) as:
1 r@) - [“ e ranar  @-59).
ja|” a”

PROOF

Set at =s. Whena >0:
jm eiwtf(at)dt :J.oo ei(us/af(s)d(ij :l'[oo ei(w/u)sf(s)ds
- - a a“
1 o
=17 (@),
a a
Whena <0:

[ e flandt=]" e f (s)d( ]:—— [ & fis)ds

:_l]:(ﬁ)_
a

a

Similarly, FT of a function g(at) can be expressed in terms of G(f) in

frequency domain [ as:
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Lg(i) = j " e g (at)dt .
PR

[al

2.4.8 Time Shifting of Fourier Transform

Consider a function f(¢) and its Fourier transform F (w) :

Flo)=[ "t
Then, FT of a function f(t—¢,) (i.e. time ¢ 1s shifted by¢, € R) can be expressed in
terms of F(w) as:
IZ eV f(t—t))dt =™ F(w) (2-59).
PROOF
Sett—t, =t*:
[7 ™ fu—t)di =" & ¥y (e* +4,)
= j_i & f(t*)dt *

=™ F(w).
O

Next, consider FT in frequency domain f . FT of a time domain function g(z)

is defined by the definition (2-30) as:

G = e gty .
Then, FT of a function g(¢—¢,) (i.e. time ¢ is shifted by#, € R ) can be expressed in

terms of G(f) as:
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[ e gt-t)dt=e*G(f)  (2:60),
PROOF

Sett—t, =t*:

JLe gttt =] gy e* )

—00

_ e—zngﬁoj‘ e—2m’ﬁ* g(t*)dt * e—27riﬁo g(f) )

2.4.9 Convolution: Time Convolution Theorem

Convolution of time domain functions f(¢#) and g(¢) over a finite interval

[0,7] is defined as:

t
frg=| f(Og-ndr  (2-61).
Convolution of time domain functions f(¢#) and g(¢) over an infinite interval

[—o0,0] is defined as:

frg=| f@gt-ndr=[ g@)f(t-r)dr (2-62).
Convolution can be considered as an integral which measures the amount of
overlapping of one function g(¢#) when g(¢) is shifted over another function f(¢).

Website by mathworld provides an excellent description of convolution with

animation. For example, suppose f(¢) and g(¢) are Gaussian functions:

(t_ﬂl)z

1
f() =—F—=exp{——F—},
270’ 207
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{— 2
_exp Gy
2ro, 20,

g)=

Then, the convolution of two Gaussian functions is calculated as from (2-62):

exp _(t_(:ul +/Jz))2} ’

1
/ g_,/27r(0'12+0'22) { 2(0," +0,%)

which is another Gaussian function. The convolution f *g of two Gaussians for the

case 1, =0, u, =0, o, =1, and o, =2 is plotted in Figure 2.16.
Consider time domain functions f(¢) and g(¢) with Fourier transforms F ()
and G(w) . FT of the convolution of f(¢#) and g(¢) in the time domain is equal to

the multiplication in the angular frequency domain (called time-convolution

theorem):
F(reg)=F ([ r@0gt-ndr |- F@)i@ @63
PROOF

F(reg)=F ([ r@ge-nar|=[ e[ f@gt-dz

- j“; f(z')dr( j“; g(t—1)e™ dt)_
Use the time shifting property of Fourier transform:
F(f *g) = J.jof(f)df(eiwrg(a))) — g(a))'[: f(z_)ei(urdz_

=F(w)d(w).
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2.4.10 Frequency-Convolution Theorem
Consider time domain functions f(¢) and g(¢) with Fourier transforms F ()
and G(w) . Frequency-convolution theorem states that convolution in the angular

frequency domain (scaled by 1/2m) is equal to the multiplication in the time domain.

In other words, FT of the product f(¢)g(¢) in the time domain is equal to the
convolution F(w)*G(w) (scaled by 1/2x) in the angular frequency domain:
1 1 (=
Flf0g®))(w)= gf(w) *G(w)= ELO F@)G(o-w)da  (2-64).

PROOF

We prove this by showing that the inverse FT of the convolution F *G in the
angular frequency domain is equal to the multiplication f(#)g(¢) (scaled by2x ) in

the time domain, although there are several different ways to prove this.

Following the definition of inverse FT (2-29):
- 1 © it
7 F@xg@]0=[ " F@*G@do

_ L g [ F@G(w-o)dode
272- —0 —0

= dwf(w)(i [" e G- w)da)j.
- 2=
Using the frequency shifting (modulation) property of FT:

-7:;71 [F(a)) * Q(a))] ()= J:Z doF(@)e ™ g(t)

=g0[ doF(@)e™ =227 f ().
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Next, consider FT in the frequency domain f . Following the definition of

inverse FT (2-31):
FFO*GNN 0 =] & F(f)*G(fHdf
=" & [T F(G(f - £ydf *df
=[Car=F ([ ear - roar).
Using the frequency shifting (modulation) property of FT:

FFWND*GNN0 =] df *F(fe g

=g df *F(rE = (g (0).

2.4.11 Frequency Shifting: Modulation
Consider time domain function f(¢) with Fourier transform F(w) . If FT
F(w) is shifted by @, € R in the angular frequency domain, then the inverse FT
f(¢) is multiplied by ™" :
e f)=F (w-w,) (2-65),
Fe™f®0)=Flo-m) (2-66).
PROOF

Lets = w— @, . From the definition of an inverse Fourier transform (2-29):

Flo-a,)= i [" e Flw-a)do :i [" e Fs)d(s + )
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= LJ.: e M F(s)ds=e ™ f(¢).

27

Similarly, if FT F(f) is shifted by f; € R in the frequency domain, then the

27ifyt

inverse FT g(¢) is multiplied by e
Mg =F[G(f-f)] (@2-67),

F(eg(t)=G(f - 1)  (2-68).

2.4.12 Parseval’s Relation

Let f(¢) and g(¢) be L’ -complex functions. A L’ -function can be informally

considered as a square integrable function (i.e. A function f(¢) is said to be square-
integrable if Jj;| f (t)|2 dt <o .) Let F(w) and G(w) be the Fourier transforms of
f(¢) and g(¢) defined by (2-28):

Fl@)=| " fwr,

G(w) = j”; ¢ g (t)dt .

Let g(7) be a complex conjugate of 7(z) and G(@)be a complex conjugate

of F(w)*:
O = f(OE0),

|F () = F(@)G (o).

* A complex conjugate of a complex number z=a+bi is Z=a—bi .
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en, Parseval’s relation is:
Then, P I’s relat

o 2 I = 2
[ |rol dt—EJ._w|]-"(a))| do,

[" r0g0d =] F@G@do  (2-69)
- 2 I

Parseval’s relation in the case of FT parameters (a,b) =(1,1) indicates that
there is a very simple relationship between the power of a signal function f(¢)

computed in signal space ¢ or transform space @ of the form (2-69).
Parseval’s relation becomes simpler when considered in the frequency domain

f instead of angular frequency domain® . Let F(f) and G(f) be the Fourier

transforms of f(¢) and g(¢) defined by (2-30):
FH=[ e foydr,

G(f)=| e " g(tydr.
Let g(¢) be a complex conjugate of f(¢) and G(f)be a complex conjugate

of F(f):
O = f(OE0),

IFN[ =FNHGU).

Then, Parseval’s relation is:

[Clr@f dae=["|F) dar,

[“ rogwar=[" F(HG(Hdr  @-70).
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This version of Parseval’s relation means that the power of a signal function f(¢) is
same whether it is computed in signal space ¢ or in transform space f .

PROOF

Using inverse Fourier transforms of (2-29):

o0
—00

[Clrofa=]" rogwmd=]| [ijz e‘”‘”]—"(a))da)}{i [ &g (a)')da)'} dt

1 0 0 — 1 Ll . '
=— | F)| G —| " dt|dodw.
272- J.—oo ( )J.—oo ( )|:272- J.—oo
Use the identity of Dirac’s delta function:
-0y = L[ e o,
27 d—

Thus:

[ lr@f de= if; F) G(@)s(0'-o)dodo

w 2 1 ¢ — 1 o 2
LJ f@f dt= - j_m F@)G(@)do=—— I_w|f(w)| do.

2.4.13 Summary of Important Properties of Fourier Transform

Table 2.2 and 2.3 summarizes all the important properties of FT.

2.5 Existence of the Fourier Integral
Thus far, we’ve assumed that Fourier integral and its inverse of the definitions

(2-28) and (2-29) of a FT pair (g(¢),G(®)) do exist (i.e. they are well-defined for all
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functions). Sufficient (but not necessary) condition for the existence of Fourier

transform and its inverse is:

f;| g|di<o  (2-71),

which is an integrability condition.
2.6 Characteristic Function

2.6.1 Definition of a Characteristic Function

Let X be a random variable with its probability density function P(x). A
characteristic function ¢(w) with @ € R is defined as the Fourier transform of the
probability density function P(x) using Fourier transform parameters (a,b) = (1,1) .

From the definition (2-28):
H@)=F[P(x)]= [ e P(x)dx=E[¢*] (2-72).
Using the Euler’s formula, ¢(®) can be expressed as:
d(w) = E[e”‘”‘} = E[cos(wx)]+iE [sin(wx)].

Taylor series expansion of a real function f(x) in one dimension about a point
x=> is given by:

f(x)=f(bB)+ f'(b)(x-Db) +%(X—l))2 +%(X—l))3 +.. (2-73).
Taylor series expansion of an exponential function exp(iwx) in one dimension
about a point x =0 is given by from (2-73) as:

1 0% exp(icox)

oexp(iwx)
0. 2! ox’

o (X 0)2

exp(iox) = exp(iw0) + o (x=0)+
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3 .
+l 0” exp(iowx)

TR SO

x=0 (X - 0)2

exp(iwx) = exp(iw0) +iwexp(iox)| _, (x—0)+ % (iw)* exp(iowx)

L (x=0) +...

+%(ia))3 exp(icwx)

exp(iox) =1+ iox +%(ia)x)2 +%(z’a)x)3 +%(z’a)x)4 +.. (2-74).

Therefore, a characteristic function ¢(®) can be rewritten as from equations (2-72)

and (2-74) as:

d(w)= Ji e“"P(x)dx
= | : (1 Fiwx+ L (iox) + (iox) + (o) + j P(x)dx
0 2! 3! 41

- J': P(x)dx+iwj: xIP(x)dx +2i!(ia))2-|': XZIP’(X)dXJr%(ia))?’E P+ ..

. 1 2 l .3 l 4
=1 tion——o ——Iior+—0'1 +...
2! 3! 4!

_y Uy, 07s),

n ! n
where 7, is the n -th moment about 0 (called raw moment).
Probability density function P(x) can be obtained by inverse Fourier

transform of the characteristic function using the equation (2-29):

P(x) = F ' [¢(@)] = i j"; e dw)do  (2-76).
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If X is a discrete random variable with possible values {x, },_, and
Pr{X =x,} =a,, then ¢(w) is obtained by a series expansion instead of an

integration as:

dw)= iexp(ia)xk Ja,  (2-77).

2.6.2 Properties of a Characteristic Function

Let X be a random variable and ¢, (@) be its characteristic function. A
characteristic function ¢, (®) is: 1) bounded by 1 (i.e. |¢X (a))| <1, weR),?2)
¢, (0)=1, and 3) uniformly continuous in R . A statistical distribution is uniquely

determined by its characteristic function, i.e. one-to-one relationship between
distribution functions and characteristic functions. In other words, if two random

variables X and Y have the same characteristic functions (i.e. ¢, (») = ¢, (@) ), they
have the same distribution.

If {X k=1, n} are independent random variables, the characteristic
function of their sum X, + X, +...+ X is the product of their characteristic

functions:
¢X1+X2+4..+Xn (CO) = H¢Xk (a)) (2-78)
k=1

A random variable X has a symmetric probability density function P(x) if
and only if its characteristic function ¢, (®) is a real-valued function, i.e.:

¢ (w)eR for weR.
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For a,beR:

Doxp (@) = eiwb¢x (aw)  (2-79).

2.6.3 Characteristic Exponent: Cumulant-Generating Function
A characteristic exponent of a random variable X , ¥, (@), is defined as a log
of a characteristic function ¢, (®):
¥ (@) =Ing.(0) (2-80).
The 7 -th cumulant is defined as:

1Y, (@)

cumulant, = - |w:0 (2-81).
i Ow"

Mean, variance, skewness, and excess kurtosis of the random variable X can be

obtained from cumulants as follows:

Mean of X = E[X] = cumulant, (2-82),

Variance of X = E[(X—E(X))z} = cumulant, ,

E[(X_E(X))ﬂ _ cumulant,

(\/E[(X—E(X))ZD3

. E|(x-EX)' |
Excess kurtosis of X = -3 =

(\/E[(X_E(X))zw ) (cumulant,)’

Let’s consider one fundamental example. A normal random variable X with

Skewness of X =

- 3/2 0
(cumulant,)

cumulant,

mean x and variance o” has a density:
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P(x) =

1 { (X _ﬂ)z }
eXpy————5" (-
270 20

Its characteristic function can be calculated as from the definition (2-72):

2 2

(o) = F[P(0)]= [ " Px)dx = expliper- ‘726"

).

Its characteristic exponent is:

¥(w)=Ing(w) = In {exp(i,ua)— “22‘”2 )} = i aw

Cumulants are calculated using W(w) from (2-82):
cumulant, = u,
cumulant, = 6°,
cumulant, =0,
cumulant, =0.

This tells us that a normal random variable X has a mean x and variance o, zero

skewness, and zero excess kurtosis.

2.6.4 Laplace Transform

For nonnegative random variables we replace the Fourier transform by
Laplace transform in order to obtain characteristic functions. The (unilateral)

Laplace transform £ of a function f(x) is defined as:

LU= f(x)edx  (2-83),
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where f(x) is defined for x > 0. Thus, the characteristic function of a nonnegative

random variable X with its density function P(x) is given by:

by ()= LIP()]= [ P(x)e dx  (2-84).

2.6.5 Relationship with Moment Generating Function
Let X be arandom variable on R and P(x) be its probability density

function. A function M (@) with @ € R is called a moment generating function if
there exists an 2 >0 for |a)| < h such that (i.e. if the expectation in (2-85)
converges):

M(w)= j“; ¢ P(x)dx = E[exp(wx)]  (2-85).
For a continuous random variable X , again using the equation (2-74):

M(w)= IZ e P(x)dx

= j:(1+wx+2i!(a>x)2 +%(a)x)3 +4i!(a)x)4 +...jIP’(x)a’x

1 I |
=l+oc,+—o'c,+—wc,+—w'c, +...,
2! 3! 4!

where ¢, is the n-th central moment.
If {X k=1, n} are independent random variables, the moment generating

function of their sum X, + X, +...+ X, is the product of their moment generating

functions:

My yoox (@=]1M, (@) (2-86).
k=1
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Its proof is very simple:

MX1+XZ+ +X, (0)) E exp X +X *e +X )}]

E[exp a)X +oX,+..+twX }]
E[exp {0X,}exp{wX,}. ..GXP{C‘)Xn}]
[

=F exp a)X ] [exp{a)X }] E[exp{a)Xn}}
=My ()M (0)..M (©) = ll[MXk (w) .

If the moment generating function M (@) is differentiable at zero (defined on

a neighborhood [—¢, ] of zero), then the n -th raw moments 7, can be obtained by:

4=agngmo (2-87).

Thus:
=M'(0) = E[X],
= M(0) = E[X],

ry =M "(0)= E[X"],
r,=M"0)=E[X"].

For example, the mean and variance of the random variable X are computed using

raw moments as:

Mean of X = E[X]=1,

Variance of X = E[X*|-E[X] =r,—7".
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A characteristic function is always well-defined since it is the Fourier
transform of a probability measure. But because the integral in (2-85) (Vo e R)
may not converge for some (all) values of @, a moment generating function is not

always well-defined. When M (w) is well-defined, the relationship between the

moment generating function M (@) and the characteristic function ¢(w) is given by:
M(w)=¢(-iw) (2-88).

Let’s consider one fundamental example. If X ~ Normal ( M, 0') , its moment

generating function can be calculated as following the definition (2-85):

M(w) = .[:O e” P(x)dx = E[exp(wx)] = exp[ﬂa)—i— 0'22602 j .

You can confirm that (2-88) is true for the normal case. Raw moments are

calculated as the following:
n=M'0)=pu,
" 2 2
r=M"0)=y +0°,
r=M"(0)= 1’ +3uc’,
r,=M"0)=u*+61°c" +35".
Using these raw moments, central moments can be calculated as:

E[X]=r=u,
Variance| X 1= E[X*1-E[XV =r,-r’ =y’ +o’ -’ =07,

E{X-E[X]}’ 2 -3nn+n

Skewness[ X | = = TR
WEX -E[X]3)y  (-r)

=0,
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E{X -E[X]}

(VE{X - E[X]}*)

=61 125, =31 —Arr 0

2\2
(r,—1r")

Excess Kurtosis[| X ]| = -3

2.6.6 Summary: How to Calculate Standardized Moments from Characteristic

Function and Moment Generating function

Table 2.4 summarizes the relationship between standardized moments,

cumulant,, and raw moments r,. Let X be a random variable. » -th cumulant and

n -th raw moment are defined by (2-81) and (2-87).

2.6.7 Examples of Characteristic Functions

Several examples of characteristic functions using the definition (2-72) for
continuous distributions and (2-77) for discrete distributions are given in the Table

2.5.

2.7 Option Pricing with Fourier Transform: Black-Scholes Example

In this section, we present Fourier transform option pricing approach by Carr
and Madan (1999). To illustrate the idea clearly and simply, we present BS model

with Fourier transform pricing methodology.

2.7.1 Motivation
Let Q ~ P be an equivalent martingale measure under which the discounted

asset price process {e "S,;0<¢<T} becomes a martingale and {F,;0<¢<T} be an



135

information flow of the asset price S (i.e. filtration). In an arbitrage-free market,

prices of any assets can be calculated as expected terminal payoffs under Q

discounted by a risk-free interest rater :

e"S,=E°%[e""S, |71,

S =

t

e—L(T—t)EQ [ST |ft'] ,

which are martingale conditions.
Let K be a strike price and 7" be an expiration of a contingent claim. Plain

vanilla call and put option prices are computed as discounted risk-neutral

conditional expectations of the terminal payoffs (S, — K)" = max (ST -K, 0) and
(K—-S;) = max(K-5,,0):
C(t.S)=e""EX[(S,-K)'|F ] (2-89),
P(tS)=e""VEY[(K-S,)'| %] (2-90).

Intrinsic value of a vanilla call (put) is defined as (S, —K)" ((K—S,)") which

is the value of the call (put) exercised immediately. Obviously, the intrinsic value of

out of the out-of-the money option is zero. Current option price minus its intrinsic
value C(2,S,)—(S,—K)" (P(t,S,)—(K—S,)") is called a time value of the option.
Let Q(S; |};) be a probability density function of a terminal asset price S,

under Q conditional on F, . Using Q(S, |}:) , (2-89) and (2-90) can be rewritten as:

C(t,St)=e"(T"){J. (S, ~K)YQ(S,|%)ds, + [ (0)Q(s; }

=T (S, —K)Q(S; |7 )dS,  (2-91),
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Ps)=e [ (O0R(S, £)ds, + [} (K -5,)0(s, |7 )as, |

= [ (K =S, )Q(S,|F)ds,  (2-92).

Black-Scholes (BS) assumes that a terminal stock price S, conditional on 7, is a

log-normal random variable with its density given by:

{m S, —(m S, +(r—;0'2)(T—t)j}

20°(T —1)

1

S, \270°(T - 1)

Q(s,|%)=

exp| —

Therefore, BS option pricing formula comes down to single integration problem

with respect to S, since all parameters and variables are known:

CBS (t’ Sl‘)

2
. {ln S, —(ln S, +(r—;02)rj}
=e""J.OO(ST—K)—exp - 5 ,
K S.\N2rc’t 2077

(2-93)

Py (8,5,)

{ln S; —(ln S, +(r —;az)rj}
e [ (k-5,)—=

. exp| — . (2-94)

S.\2xc’t 20t

This implies that as far as a conditional risk-neutral density of the terminal stock
price Q(S; |}",) is given, plain vanilla option pricing reduces to single integration

problem.
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But for general exponential Lévy models Q(S, |5’-",) cannot be expressed using

special functions of mathematics or is not known. Therefore, we cannot price plain
vanilla options using (2-91) and (2-92). So how do we price options using general
exponential Lévy models? The answer is to use a very interesting fact that
characteristic functions of general exponential Lévy processes are always known in
closed-forms or can be expressed in terms of special functions of mathematics

although their probability densities are not. If we can somehow rewrite (2-91) and
(2-92) in terms of a characteristic function of S, |.7-"t (i.e. log of S, |.7-"t to be more
precise) instead of its probability density Q(S, |]-", ), we will be able to price options

in general exponential Lévy models.

2.7.2 Derivation of Call Price with Fourier Transform: Carr and Madan (1999)

For simplicity, assume¢ = 0 without loss of generality. From the equation (2-

91), use a change of variable technique from S, to In S, :

CT,K)=e| (" - JQ(InS,|%)dInS,.

InK
Let s, be a log terminal stock price and & be a log strike price, i.e. s, =In S, and

k=In K . Thus, we have:
C(T,k)=e"" jk (e" = )Q(s, |7 )ds,  (2-99),
where Q(s;) = Q(ST |}?)) (for simplicity) is a risk-neutral density of a log terminal

stock price s, conditional on filtration F,. From the equation (2-72), a

characteristic function of s, is a Fourier transform of its density function Q(s;):
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b (@)= F[Qsp)] (@) =] e Qls,)ds; — (2-96).
Consider a function g(¢) . Sufficient (but not necessary) condition for the existence

of Fourier transform and its inverse is the equation (2-71):
j” lg()|dt <o (297

Black-Scholes (1973) models a log terminal stock price s, as a normal random

variable with its normal density given by under Q:

. _{ST—(SO-F(I’—;OJ)T]}

Sr)= €X

(2-98).

From the equations (2-96) and (2-98), a characteristic function of BS log terminal

stock price s, is easily obtained as:

¢ (o) = J:i e“rQ(s,)ds, =exp {i {so +(r— % o’ )T} — —(0 Z) @ ] (2-99).

When a call price is expressed in terms of a log strike price k£ =In K in the equation
(2-95), k approaches —oo as a strike price K approaches 0 in the limit. Thus, from

(2-95):
C(T,k)y=e"" I_Z(esr —e” )@(ST |.7:0)dsT = e"'TJ: e“TQ(ST |.7-"O)dST

C(T.k)y=e""E%e”

7] (@-100).
We know under equivalent martingale measure Q :

E® [ST =e”

F =S¢
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Equation (2-100) becomes:
C(T,k)=3S,.
Therefore, a call price C(T,k) is not integrable (i.e. C(T,k) does not satisfy (2-97)).
Therefore, C(T,k) cannot be Fourier transformed. To solve this problem, CM
defines a modified call price as:
C .(T,k)=e™C(T,k) (2-101),
where C_ ,(T,k) is expected to satisfy the integrability condition (2-97) by

carefully choosing a >0 :
[ |Cra (T 00| e < 0.
Consider a FT of a modified call price by the FT definition (2-28):
v, (0)= j“; erC (T, k)dk  (2-102).
From (2-102), call price C(T',k) can be obtained by an inverse FT (i.e. the

definition (2-29)) of v, (w):

1 © e
Coos(T-K) === ey (0)do
2 I

(T k) =—— | " ey (w)dw
27 I

—ak

e
27

C(T, k)= j:e-"”k%(w)dw (2-103).

Now CM derives an analytical expression of (@) in terms of a characteristic

function ¢, (w). Substitute (2-101) into (2-102):
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pi(@) =] e (T, k)dk.
Substitute (2-95) and interchanging integrals yields:

v, (@)= j: ee™e” j: (e‘f —e* )@ (s, )ds, dk

0 s .
— I_OO e—rTQ(ST)I_OO em)k (esrﬂxk _ e(l+a)k )ddeT

e(a+1+iw)sr e(a+1+i(u)sr
ds,

T e

a+io oao+l+io

e g (0—(a+1)i)
al +a—0'+i(2a+1)w

(2-104).

Thus, a call pricing function is obtained by substituting (2-104) into (2-103):

—ak —rT _ .
C(T.k) = e J»oo ik 2e @, (02) (o +1)l)
27 I o +a-o'+i(2a+1)o

do (2-105),

where @,.(.) is a characteristic function of a log terminal stock price s, conditional
on filtration F;. We can interpret the equation (2-105) which is single numerical

integration problem as a characteristic function ¢,(.) equivalent of the equation (2-

89).

2.7.3 How to Choose Decay Rate Parameter a: Carr and Madan (1999)

We mentioned earlier that when a call price is expressed in terms of a log
strike price k£ =In K in the equation (2-95), k£ approaches —o as a strike price K
approaches 0 in the limit which is illustrated in Figure 2.17. Thus, a call price

function C(7',k) becomes S, as k — —oo discussed before. In order to make a call

price integrable, CM multiplies an exponential function e” with & e R* to C(T,k)
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and obtains a modified call price C, ,(T,k). As shown by Figure 2.18, the role of
e”® with @ e R" is to dampen the size of C(T,k) =S, in the limit k — —oo. But

this in turn worsens the integrability condition for £k € R* (i.e. positive log strike)
axis. In order for a modified call price C, ,(T,k)=e“*C(T,k) to be integrable for
both positive and negative k axis (i.e. square integrable), CM provides a sufficient
condition:

y;(0) <.
From (2-104):

e g, (—(a+1)i)

0) =
V/T() a2+a

Therefore, the sufficient condition of the square-integrability of C__,(T,k) is:
¢ (—(a+1Di)<oo  (2-106).
From the definition of a characteristic function:
¢ (@) = E[e" ] = E[¢”"* | = E[(¢" )] = E[S,""] ~ (2-107).
From (2-106) and (2-107):
¢ (—(a+1)i) <o
E[S,“M ] < o0
E[S,""]<  (2-108).
CM suggests the use of (2-108) and the analytical expression of the characteristic

function to determine an upper bound on« .



142

2.7.4 Black-Scholes Model with Fourier Transform Pricing Method
By substituting a characteristic function of BS log terminal stock price s, of

the equation (2-98) into the general FT pricing formula of the equation (2-105), we

obtain BS-FT call pricing formula:

e €t (0 (a+Di)

e
C T,k)y=—- do (2-109),
ssorr (1K) 27 Loe a’+a-o’+i(2a+])o ( )
' 1, (O'ZT)CUZ
with ¢, (@) =exp i{so+(r—50 )T}a)—T .
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Chapter 3: Calibration of Lévy Option Pricing Models:
Application to S&P 500 Futures Option
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3.1 Introduction

Since the mid 1990’s, there was an explosion of literatures regarding so called
pure jump Lévy models which try to model the stochastic process of the underlying
asset price with pure jump Lévy processes. Matsuda (2005a) defines a Lévy process

as follows.

Definition 1 Lévy processes A real valued stochastic process (X,.,) ona
filtered probability space (€2, F,..,,P) is said to be a Lévy process on R if it

satisfies the following conditions:

(1) Its increments are independent. In other words, forO0<¢ <z, <...<t <oo:
PX, NX, -X, NX, -X, N.NX -X, )
=PX,P(X, -X )P(X, -X,).P(X, —-X, ).
(2) Its increments are stationary (time homogeneous): i.e. forh >0, X,,, — X, has
the same distribution as X, . In other words, the distribution of increments does not
depend on¢.
(3) P(X, =0)=1. The process starts from 0 almost surely (with probability 1).
(4) The process is stochastically continuous: Ve >0, %gr& IP’(|X on =X, t| >2¢)=0.
(5) Its sample path (trajectory) is right continuous with left limit (i.e. rcll) almost
surely.
As you can see, the fact that left continuity is not needed allows the process to

have jumps. A continuous stochastic process implies a rcll stochastic process but the

reverse is not true. All stochastic processes used in finance literatures for the
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modeling of asset price dynamics are rcll stochastic processes. Rell processes
include jump discontinuous process such as Poisson processes and infinite activity
Lévy processes.

Let (L,,1) be a Levy process defined on a filtered risk-neutral probability
space (Q,F,,-Q) . Lévy models specify the dynamics of an increment of an

underlying asset price as:
dS =rSdt+ SdL .
This means that the classic BS model is a Lévy model when the choice of a Lévy
process is a multiplicative Brownian motion:
(Lyor)) = (0B, 1) -

It turns out that a Brownian motion is the only Lévy process with continuous sample
paths. This continuous sample paths property of the underlying price is another
defect of the BS model which is not supported by the empirical evidence. It is a well
established fact that asset prices do jump especially in the downward direction. The
first jump Lévy model was developed by Merton (1976). Merton simply adds a
compound Poisson process which is a pure jump Lévy process to the Brownian
motion. Addition of a compound Poisson process allows the asset price to have rare
jumps.

In contrast to the MJD (Merton jump diffusion) model which possesses mostly
continuous with rare discontinuous sample paths, more recent Lévy models possess
pure jump sample paths. They are labeled as pure jump Lévy models or purely non-

Gaussian Lévy models. Carr, Chang, and Madan (1998) developed the variance
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gamma (VG) model, Barndorff-Nielsen created the normal inverse Gaussian (NIG)
model, and Carr, Geman, Madan, and Yor (2002) developed the CGMY model.
Pure jump Lévy models are probably the most drastic revolution in the finance
literature since the BS model because they no longer contain a Brownian motion.
Note that the well-studied and popular stochastic volatility models which introduce
extra parameters by making the volatility random and these extra parameters control
the non-normality of log returns still contain a Brownian motion. Consult Hull and
White (1987) and Heston (1993) for stochastic volatility models. In contrast to
modeling the volatility, the pure jump Lévy models specify the underlying asset
price process as pure jump Lévy processes introducing parameters which control the
non-normality of log returns.

The goal of this paper is to give an answer to the following simple question,
“What do we gain by allowing the asset price process to jump or by specifying the
asset price process as a pure jump Lévy process?” For this purpose, we calibrate a
total of five different Lévy models to the S&P 500 futures options. The gain of jump
Lévy models over the BS model is judged by two main criterions. One is the
implied dynamics of the log return probability density and the Lévy density. The
other is the out-of-sample fit of the each Lévy model following Bakshi, Cao, and
Chen (1997) because of the fact that the better in-sample fit might be due to more
parameters of the jump Lévy models than the BS model. In other words, if the extra
parameters of the jump Lévy models are redundant, they overfit the data and may

produce larger out-of-sample fitting errors.
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The calibration result based on 6567 call option prices on S&P 500 futures
with March 2005 maturity for the sample period from March 24, 2004, through
March 16, 2005 suggests that the extra parameters of various jump Lévy models
allow the negative skewness and the excess kurtosis of the log return density over
the BS model. On the dynamics of implied Lévy density functions of log returns, the
pattern of increasing total mass of the MJD model’s symmetric Lévy density is
observed. Lévy densities of all pure jump Lévy models are characterized by the
asymmetric and infinite activity Lévy densities which all resemble one another.
Containing jumps in the underlying price process drastically improves the out-of-
sample pricing performance over the BS model. Among jump Lévy models, the
CGMY model turned out to be the best performing model for the overall option
pricing.

This paper is organized as follows. Section 2 presents three pure jump (i.e.
purely non-Gaussian) Lévy models in which the asset price dynamics is modeled
using pure jump Lévy process. Section 3 reviews the Gaussian Lévy model and the
non-Gaussian Lévy model. Section 4 describes the S&P 500 futures option data set
and our calibration methodology. Section 5 provides the implied dynamics of the
probability density and the Lévy measure of the log returns. In-sample pricing
performance of each model is discussed. Section 6 evaluates the out-of-sample

pricing performance of each model. Section 7 concludes.
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3.2 Pure Jump Lévy Models

In this section, we present three pure jump Lévy models in which the asset
price dynamics is modeled using pure jump Lévy process. Intuitively, this means
that the asset price moves only by jumps. Pure jump Lévy processes are also called
as purely non-Gaussian Lévy processes because they have zero Gaussian variance
following Lévy-Ité decomposition of the sample paths. There are several different
ways of building pure jump Lévy processes’. The variance gamma process and the
normal inverse Gaussian process which are described in section 2.1 and 2.2 are the
class of Lévy process called the subordinated Brownian motion with the tempered
stable subordinator. The CGMY model in section 2.3 builds the Lévy process by

specifying the Lévy measure and the use of Lévy-Khinchin representation.

3.2.1 Variance Gamma Model by Carr, Chang, and Madan (1998)

Consider a fixed filtered probability space (€2, F, .., P) . Let (W, ..,) =
(0t+0B,,.,) be a Brownian motion with drift where (B,g,_,,) is a standard
Brownian motion. Let (Z,,_,,) be the gamma subordinator® with unit mean rate
with the Lévy triplet (4, =0,7,,y7, =0) whose probability density is one parameter

family of the variance ratev e R™:

oy z

z" exp| ——

v
Fozsv)=—F—F 1

t z>0
VVF(tj
| %4

(3.1),

> We recommend Cont and Tankov (2004).

% Subordinator is defined as an increasing Lévy process.
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its characteristic function is:

bw)=——  (32),
(l—ia)v);

and its moment generating function’ is:

My(@)=— —exp(iL, (@) (3-3).
(l—a)v);

where the Laplace exponent is given by:

L, (w)= —%ln(l—a)v) (3-4).

Assume the statistical independence between (W, ,,) and (Z,_,..,) - Then, the
variance gamma (VG) process (X, ,,,) 1s defined as a subordinated Brownian
motion with the gamma subordinator with unit mean rate:

X(t,w)=W(Z (w),0)=0Z (w)+0B(Z (w),w) (3-5).
This VG process (X,.,,) with the Leévy triplet (4, =0,7,,y,) defined on a

filtered probability space (€, F,

0.0p» L) Possesses the following properties. It is a

pure jump Lévy process (i.e. a purely non-Gaussian Lévy process) which is

equivalent to stating that the Gaussian variance term is zero 4, =0 following the

Lévy-Itd decomposition of the sample paths. Its characteristic function can be
obtained by the use of the subordination theorem of Lévy processes which

corresponds to Theorem 30.1 of Sato (1999):

po(@)= [ ¢ Px)dx =exp{tL, (v, (@)} (3-6),

" Moment generating function is defined as M, ()= .[°° e P(x)dx -
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where y,, (@) is the characteristic exponent of the Brownian motion with drift:

2 2
O W

v, (@) =i0w— (3-7).

Substitution of (3-4) and (3-7) into (3-6) produces:

2 2 7;
Gox(@,0,0,v) = (l—ivea)—f- VO'2a) J (3-8).
Its probability density is given by:

1 2
0 v 4 2| 20 2
V2 exp(o_2 xtj X \/x, [V +6 j

v oal(t/v)| 267, o = o’
|4

P (x,;0,0,v)=

where K is the modified Bessel function of the second kind. Note that this
probability density can be easily computed using the conditionally normal property

of the VG process:

By (x;0,0,0) = [ VG(x, |t = 2, = )P (z,v)dz

[ -
zV exp| ——
: el (x, —0z)° ( Vj
PVG(XZ’Q’O-’V)_J.O \/ﬁexp{_ 20-22 tr(l‘j dZ.
144 —
14

Its standardized moments are computed by:
E[X,]=6r (3-10),
Variance[ X,1= (v0® + o)t

vO(2v0* +307)

Skewness[X,] = \/;(ng PRI )
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(20t + 4v0ie? + ot
Excess Kurtosis[ X,]= ( 5 o) ) .
t(vl” +0o°)
These standardized moments indicate that & € R is a location and a skewness

parameter, o € R* is a shape parameter, and v € R* controls the tail behavior® of
the probability density (and also the Lévy density) of the VG process.

The Lévy measure of the VG process is of the form:

1 0 267
KVG,x(x;Q,O',V)ZWeXp ?x—l%' %wz (3-11).

The total mass of the Lévy measure of the VG process is infinite:

[ty dx=c0.

In other words, the VG process is an infinite activity Lévy process which means that
the VG process has infinitely many small jumps and a finite number of large jumps
inheriting the infinite arrival rate of jumps from the gamma subordinator. The VG

process is also a Lévy process of finite variation in the interval[0,0) . In other
words, it is a Lévy process satisfying:

A¢=0and | x|y x ()dx < 0.

Consult theorem 3.11 of Matsuda (2005a). Examples of the Lévy measure of the

VG process (3-11) are plotted in Figure 3.1. The sign of d € R determines the
skewness of the VG Lévy measure as illustrated by Panel A. o € R” controls its

shape as shown by Panel B. Larger values of the variance rate v € R* of the gamma

¥ The larger value of variance rate V of the gamma subordinator with unit mean rate (i.e. which
determines the degree of randomness of the subordination) makes the probability density of the VG
process fatter tailed and higher peaked (i.e. more leptokurtic).
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subordinator’ make the tails of the Lévy measure fatter which indicates the higher
arrival rate of large jumps as depicted by Panel C.

The VG model specifies the asset price dynamics (S, ;) defined on a
filtered risk neutral probability space (€2, 7, ;,Q) as an exponential (geometric)

of a Levy process (L, o)

1e[0,
S =8,exp(L,),
where the choice of the Lévy process is the VG process plus the drift r—@,; o :
L=(r-o,,,)t+VG(x;0,,04,vy) (3-12),

where » € R is the instantaneous risk-free interest rate and all parameters are under

the risk neutral probability measure Q . The term @, , is the convexity correction

which takes the following form in the VG model:

2

1 o,V
wVG,QE—V—In(I—QQvQ— QZQ] (3-13).
Q

Define the log return (i.e. log price relative) of the asset price as:
R =In(S,/S,) (3-14).
Then, from the equation (3-12):
x, =R —-(r-o,,,)t (3-15).
Since obviously the drift r — @, , is deterministic, the probability density of the log
return in the VG model under the risk neutral probability measure Q can be

expressed using the density (3-9) as:

? Which indicates the higher degree of randomness of the subordination.
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Q,;(R;0,0,v)

t 1
2 4 207
\/Eexp(ezx,j ) o \/xzz( +‘92j
_ o X, K v

vodal(t/v)| 207, = o’
|4

with the equation (3-15). Note that all parameters in the density (3-16) are under the

risk neutral probability measure Q .

3.2.2 Normal Inverse Gaussian Model by Barndorff-Nielsen (1998)

Consider a fixed filtered probability space (€, 7, _,..,,P) . Let (W) =
(Bt+B,4..,) be aBrownian motion with drift where (B,,_,,) is a standard
Brownian motion. Let (Z,,_,,) be the inverse Gaussian subordinator with the Lévy

triplet (4, =0,/ ,,y, =0) whose probability density is a two parameter family of

SeR" andy=\a’-p* cR":

ot

S (yzzt + 52t22t_1)
IPIG(Zt;é‘Jy):\/EZt eXp(57t)eXP -

2

}12>0 (3'17)a

its characteristic function is:

¢, (w) = exp(5t7/ N —2ia)) (3-18),

and its moment generating function is:
M ,(w)= exp(é'ty N 2(0) = exp(tﬁz (a))) (3-19),

where the Laplace exponent is given by:
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L,(0)=0y -5y’ —20 (3-20).

Assume the statistical independence between (W, ,,) and (Z,_, ) - Then, the

normal inverse Gaussian (NIG) process (X

te[oyw)) is defined as a subordinated

Brownian motion with the IG subordinator plus the drift z e R :
X(t,w)=ut+W(Z,(0),0)=ut+ pZ(0)+B(Z,(w),w) (3-21).

This NIG process (X, ) with the Lévy triplet (4, =0,¢,,7,) defined on a

€[0,0)

filtered probability space (€, F,,..;,I") possesses the following properties. It is a

€[0,0
pure jump Lévy process. Its characteristic function can be obtained by the use of the
subordination theorem of Lévy processes of the equation (6). The characteristic

exponent of the Brownian motion with drift is:

2

vy (@)=ifo-=-  (3-22)

Substitution of (3-22) and (3-20) into (3-6) after the consideration of the drift x

produces:

by (@, f,11,0) = exp[ia),ut+t5{«/a2 - B —\a’ —(ﬂ+ia))2 }} (3-23).

Its probability density is given by:

Py (x50, B, 14,0)

2
o 5>40) ]
ot
(3—24),

2
\/1+(x‘ —,utj
ot

Kl{
= %exp(é‘t\/azfﬂz)exl3 {,B(xt _'Ut)}
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where K is the modified Bessel function of the second kind. The domain of the

parameters area e R, feR, ueR, R andy =a’ - f° € R". Note that

this probability density can be easily computed using the conditionally normal

property of the NIG process:
Py (X, B, 14,0) = [ NIG(x, |t = 2, = 2)P,5 (2,56, 7)dz

Py (x5, B, 11,0) =

© — Bz)? -2 2 +0°z,
j —1 exp —(xt pz) | ot exp 5}/1‘—(7/ d ) dz .
0 J2rz 2z N2 2

Its standardized moments are computed by:

E[XJ{w%} (3-25),
at—
Variance[ X,] = a’ot T

aZ _ ﬂZ )
Skewness[ X ,] = 35

0(\/5(0{2 —,32)1/4 >

3(a2+4ﬂ2)

N

These standardized moments indicate that & € R is a shape parameter, f€R isa

Excess Kurtosis[X,]=

skewnesss parameter, 1 € R is a location parameter, and 6§ € R” is an excess

kurtosis parameter of the probability density of the NIG process.

The Lévy measure of the NIG process is of the form:
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KN[G,X(X;CLﬂ:é‘) :%%[Q (a|x|) (3-26).

which has the infinite total mass:

[ Vo (x)dx=o0.

In other words, the NIG process is an infinite activity Lévy process which means
that the NIG process has infinitely many small jumps and a finite number of large
jumps inheriting the infinite arrival rate of jumps from the IG subordinator. The

NIG process is also a Lévy process of infinite variation in the interval[0,0) . In
other words, it is a Lévy process satisfying:

I‘x‘d |xl€ wig.x (X)dx =00
Consult theorem 3.11 of Matsuda (2005a). Examples of the Lévy measure of the
NIG process (3-26) are plotted in Figure 3.2. The sign of f R determines the
skewness of the NIG Lévy measure as illustrated by Panel A. Larger values of
a € R” lead to the smaller overall arrival rate of the NIG Lévy measure as shown

by Panel B. Larger values of 6 e R™ make the overall arrival rate of jumps larger as
depicted by Panel C.

The NIG model specifies the asset price dynamics (S, ,) defined on a
filtered risk neutral probability space (€2, F,_,,,,Q) as an exponential (geometric)
of a Lévy process (L, ) :

S =5,exp(L,),

where the choice of the Lévy process is the NIG process plus the drift r—a@,
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L=(r- wN,G’@)t + NIG(xt;aQ,ﬁQ, Heys 5Q) (3-27),
where » € R is the instantaneous risk-free interest rate and all parameters are under
the risk neutral probability measure Q. The term @, , is the convexity correction

which takes the following form in the NIG model:

2
Tyigo = Mo+ 5@\/%2 -By - 5@\/%2 _(ﬁ@ + 1) (3-28).

Note that this form of the convexity correction (28) necessitates one additional

restriction on the parameters:
= (p+1) eR" (3-29).

From the equation (3-27) and the definition (3-14) of the log return, we have the

following relationship:
X, =R —(r—mygo)t (3-30).

Thus, the probability density of the log return in the NIG model under the risk

neutral probability measure (Q can be expressed using the density (3-24) as:

T

2
1+(x’_wj
ot

Que(Rsa, B, 1t,0)

(3-31),

K,
= %exp(§tm)exp {ﬂ('xt _lUt)}

with the equation (3-30). Note that all parameters in the density (3-31) are under the

risk neutral probability measure Q.
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3.2.3 CGMY Model by Carr, Geman, Madan, and Yor (2002)

Koponen (1995) in the field of physics originally proposed a class of Lévy
processes called tempered stable processes under the name of truncated Lévy flights.
CGMY process is a subclass of tempered stable processes. '

Consider a fixed filtered probability space (Q, F, P). The CGMY process

€[0,0) 2
(X\q0.)) 18 defined as a Lévy process with the Lévy triplet (4, =0,/,,y, =0)
whose Lévy measure is given by:

Cexp(—G|x|) Cexp(—Mx)1

1+Y x<0 1+Y x>0
[ x

L couy x (x;C,G,M,Y)= (3-32),

where CeR*, GeR", MeR",and Y <2'". Examples of the Lévy measure of
the CGMY process (3-32) are plotted in Figure 3.3. The overall arrival rate of jumps
is controlled by the parameter C indicating that the larger values of C result in the
larger overall arrival rate of jumps as shown by Panel A. Panel B depicts the role of
the parameters G and M which are the exponential decay rates of the lower and
upper tails of the Lévy measure, respectively. When G = M , the Lévy measure is
symmetric. When G < M , the upper tail of the Lévy measure is decayed more and
the lower tail of the Lévy measure is heavier which indicates that the arrival rate of
negative jumps is higher than that of large jumps. The most interesting parameter is
Y since it controls the activity rate (i.e. total mass) of the Lévy measure and the

variation of the CGMY process. Y also determines whether the Lévy measure is a

1% Consult section 4.5 and remark 4.4 of Cont and Tankov (2004).

" The condition ¥ < 2 ensures the integrability of the Lévy measure with respect to x” in the
neighborhood of zero.
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monotonically decreasing function of the jump size |x| . Table 3.1 summarizes the
role of the parameter ¥ which is based on the Table 1 of CGMY (2002) and Figure
3.4 illustrates the role of Y .

This CGMY process (X

tel

0.y) With the Lévy triplet (4, =0,7,,y, =0)

defined on a filtered probability space (Q,F,,_,;,[P) possesses the following

€[0,00
properties. It is a pure jump Lévy process. Its characteristic function can be obtained

by the use of the Lévy-Khinchin representation without truncation of large jumps:
¢X (w) =exp (ﬂ//x (0))) >
where v, (@) is the characteristic exponent of the CGMY process:
v ()= f {exp(iox) —1—iwx} iy (6:C,G,M,Y)dx ~ (3-33).

Following Cont and Tankov (2004), the characteristic exponent of the CGMY
process is calculated as:

lf//CGMY,X (0), Ca GaMaY)

¥ i\ ioY v i) iwY
=CG F(—Y){(HEJ —1—?}+CM F(—Y){(l—ﬁ] —1+7} (3-34).

In the general case, the probability density function of the CGMY process is not
available in closed form. Its standardized moments are computed by:

E[X]=7,t=0 (3-35),
Variance[ X,]=tCT'(2— Y)(GY’2 + MY’Z) ,

(ICTG3-Y)(-G"*+M"7)
(Variance[X , ])3/2

Skewness[ X ,] =
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(ICT(4-Y)(G"*+M"™)

Excess Kurtosis[ X,]= -
(Variance] X,])

The CGMY model specifies the asset price dynamics (S, ;) defined on a
filtered risk neutral probability space (€2, 7, ;,Q) as an exponential (geometric)
of a Lévy process (L, ) :

S, =8,exp(L,),
where the choice of the Lévy process is the CGMY process plus the drift
=By o-
L =(r—oqy )t +CGMY(x,;Cy, Gy, My, Y,)  (3-36),
where € R™ is the instantaneous risk-free interest rate. The term @,y (, is the

convexity correction which takes the following form in the CGMY model:

To
! Y,
wCGMY,Q = CQGQ F(—YQ) 1+G— —l—G— (3-37)
Q Q

Q
¥ 1 Y,
+CM " T(-Y ) 1 —— | —1+—2 .
MQ MQ

Defining the log return as R, =In(S, / S,)) , we have the following relationship from
the equation (3-36):

X, =R —(r—ocgyo)t (3-38).
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3.3 Traditional Lévy Models

In this section, we present two non-pure jump Lévy models in which the asset
price dynamics is modeled using the Gaussian Lévy process and the non-Gaussian
Lévy process. Intuitively, non-pure jump Lévy processes contain a Brownian
motion which is equivalent to stating that the Gaussian variance term A4, is not zero
following Lévy-Itdé decomposition of the sample paths. The classic Black-Scholes
model (1973) is the only continuous (i.e. Gaussian) Lévy model in which the asset
price dynamics is modeled by the Brownian motion. Another classic Merton jump
diffusion model (1976) is the non-Gaussian Lévy model in which the asset price
dynamics is modeled by the jump diffusion process which possesses the
discontinuities. Consult Matsuda (2005a) for the detailed treatment of the

mathematics of traditional Lévy processes.

3.3.1 Black-Scholes Model (1973)

Let (B,.,) be a standard Brownian motion defined on a filtered probability
space (€2, F,..,,P) with the Lévy triplet (4, =1,£, =0,y, =0). Define a
multiplicative Brownian motion as (X, .., ) =(0B,.,) With the Lévy
triplet(4, =0,/ , =0,y, =0). A multiplicative Brownian motion (X 1e{0sn)) OT @

Brownian motion in general is the only continuous Lévy process which is equivalent
to the Gaussian Lévy process. Its characteristic function can be obtained by the use

of the general Lévy-Khinchin representation'?:

12 Consult Appendix 3.
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o’tw’

¢X(w)=exp[— J (3-39).

Its probability density is given by:

1 x,’
P, (x,) = ————exp| ——" 3-40),
X( t) 272-0-2t p( Zazt] ( )

where o € R" is a shape parameter.
The Lévy measure of the Brownian motion is zero because it is a stochastic
process with continuous sample paths (i.e. no jumps):
l,(x)=0 (3-41).
A Brownian motion is also a Lévy process of infinite variation in the interval[0,0) .

The BS model specifies the asset price dynamics (S, ;) defined on a filtered
risk neutral probability space (€2, F,,,,Q) as an exponential of a Lévy
process (L, o)

S, =Sy exp(L,),
where the choice of the Lévy process is the multiplicative Brownian motion plus the
drift r —@
L =(r—og)t+X(x;0,) (3-42),

where r € R” is the instantaneous risk-free interest rate and all parameters are under
the risk neutral probability measure Q . The term @ , is the convexity correction

which takes the following form in the BS model:

2

O,
B ps0 ETQ (3-43).
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Defining the log return (i.e. log price relative) of the asset price as R, =1In(S, /S,)
and using the equation (3-42):

X, =R —(r—my o)t (3-44).
Since obviously the drift r —@ , is deterministic, the probability density of the log
return in the BS model under the risk neutral probability measure QQ can be

expressed using the probability density (3-40) and the relationship (3-44) as:

LR

1
R;o)=
QBS( t ) \/% 20'2t

(3-45).

3.3.2 Merton Jump Diffusion Model (1976)

Consider a fixed filtered probability space (Q2, 7, ,;,P) . A jump diffusion

€[0,0

process (X, ,..,) with the Lévy triplet (4, = o’ 0, =Af(x),y, =0) is defined as a

€[0,0

Brownian motion plus a compound Poisson process:
N/
(Xi001) = (OB g.p) + ZH X, (3-46),

where (oB

\(00)) 18 @ multiplicative Brownian motion with the Lévy triplet

(A, =0°,0,=0,y,=0), ZZI X, 1s a compound Poisson process with the Lévy
triplet (4. =0,¢. =A1f(x),y. =0) which is the sum of i.i.d. jumps X, from the
Jjump size probability density f(x), and (N,

1) is a Poisson process with the

€[0,00
intensity A € R" which counts the number of random arrival times 7, of an event in

the time interval [0,¢] :
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N =>1. (3-4D.

Note that a Poisson process (N, .,;) and the jumps sizes (X)), are assumed to be

[0,
independent. This jump diffusion process (X, ,..,) possesses the following
properties. It is a non-Gaussian Lévy process (also called a jump Lévy process), but
not a pure jump Lévy process (also called a purely non-Gaussian Lévy process)
because the Gaussian variance term of the jump diffusion process 4, is non-zero.
In other words, 4, =o” #0 indicates that the process contains a Brownian motion.
The Lévy measure of the jump diffusion process is given by:

Cpx(sA)=2Af(x) (3-48),
where f(x) is the jump size probability density. The total mass of the Lévy

measure of the jump diffusion process is the intensity parameter 4 because a Lévy

measure /(x) measures the arrival rate of jumps:

_[:x;ﬁJD,X (x)dx = J:i Af(x)dx = /IJ: f(x)dx=A<w,

which is finite because the number of arrivals of an event is almost surely finite for
any ¢ > 0 including an infinite time horizon ¢ = oo . In other words, the jump

diffusion process is a finite activity Lévy process which means that the process has
finite number of small jumps and finite number of large jumps. The jump diffusion

process is also a Lévy process of infinite variation in the interval [0, 0)
because 4, =& # 0. Merton jump diffusion (MJD) model specifies the log return

jump size density as the normal, i.e. X, ~iid. Normal(1,5°):
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1 CGma)y |
fMJD(x)mexp{ 25> } (3-49).

Thus, the Lévy measure in MJD model can be expressed as:

2
A X—u
Cripx (54, 14,6) = \/ﬁ exp{u} (3-50).
Tt

Figure 3.5 plots the examples of the Lévy measure of the MJD process (3-50). The

overall arrival rate of jumps is controlled by the intensity parameter A indicating
that the larger values of A result in the larger overall arrival rate of jumps. The

parameter x € R controls the location of the Lévy measure and the parameter

0 € R controls its shape. Apparently, the MJD Lévy measure is always symmetric.
The characteristic function of MJD process can be obtained by the use of the

Lévy-Khinchin representation as:

2_2

¢MJD,X (0); o, /19 ,Lla 5) = eXp |:t {_ ow

+/1(¢_,.(a))—1)H (3-51),

where ¢, is the characteristic function of the jump size density:

¢f(a))=exp(ia),u—52a) ]

The probability density of the MJD process can be computed using the

conditionally normal property of the jump diffusion process of the equation (3-46)"*:

" This computation involves the series expansion rather than the integration because a compound
Poisson process is a continuous time stochastic process with the discontinuous sample paths.
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IEDMJD (Xt;O', 2” M, 5) = Zjlo ]P(xt |Nt = j)]PPoisson (Nt = -])

w e M (At) 1 (x, —j,u)2
=) exXpy————————~ 30-52).
ZFO J! Zﬂ(02t+j52) Xp{ 2(02t+j52) ( )

Its standardized moments are computed by:
E[Xz]:ﬂ”tlu (3_53)5
Variance[ X,]= (6> + 16 + i)t

tAu(p’ +36%)

Skewness[ X |= ,
4] Variance[ X, 1"

tA(ut +38 +64°67)
Variance[ X, T

Excess Kurtosis[X,]=

These standardized moments indicate that u is a skewness parameter with g =0

producing the symmetric probability density. Larger values for 4 and o lead to the
larger variance and smaller excess kurtosis of the probability density.

MJD model specifies the asset price dynamics (S, ;) defined on a filtered
risk neutral probability space (2, F,, ,,Q) as an exponential of a Lévy
process (L, 7)
S =8,exp(L,),
where the choice of the Lévy process is the jump diffusion process plus the drift

V—ZUMJD,@Z

L =(r—o o)t + MID(x;;04, Ay, thy,0,)  (3-54),



167

where r € R” is the instantaneous risk-free interest rate and all parameters are under

the risk neutral probability measure Q . The term @, ,, is the convexity correction

which takes the following form in the MJD model:
_ %) 41, %
@ o = Ao 1€XP| Mo + 5 + 5 (3-55).

Defining the log return (i.e. log price relative) of the asset price as R, =In(S,/S,)
and using the equation (3-54):

X, =R —-(r—a,, )t (3-56).
Since obviously the drift r —a@,,,, , i deterministic, the probability density of the

log return in the MJD model under the risk neutral probability measure Q can be

expressed using the probability density (3-52) and the relationship (3-56) as:

Qup (R 0,4, 1,0)

:Z“’ e (At)! 1 exp{ (x,—ju) } (3.57)

! 27[(0'2t+j52) 2(0'2“'/52)

with the equation (3-56). Note that all parameters in the density (3-57) are under the

risk neutral probability measure Q .

Table 3.2 summarizes all the models described thus far.
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3.4 Calibration Methodology

3.4.1 Data Description

Our data consist of daily settlement call option prices on S&P 500 futures with
March 2005 maturity obtained from Chicago Mercantile Exchange (CME) Daily
Bulletin for the sample period from March 24, 2004, through March 16, 2005 for
the total of 248 trading days. These American style option prices are converted to
European style option prices using Barone-Adesi and Whaley (1987) quadratic
approximation method to adjust for the early exercise premium. After eliminating
call prices less than 0.125 due to reliability issues, the data used consist of a total of
6567 call prices.

Daily series of three month Treasury Bill rate are used as appropriate risk-free

interest rates.

3.4.2 Introduction to Calibration

Two problems are said to be inverse to each other, if formulating one problem
involves the other problem. One of these two problems (the simpler one or the older
one) is called a direct problem and the other is called an inverse problem. The
inverse problem which we deal with is called a parameter identification problem in
which we try to identify physical parameters from observations of the evolution of

the system. Let 77 be a vector of parameters to be identified. In our context, a direct

problem is formulated as:

' March 16, 2005 is one day before the last trading day.
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t

Cimodel (ﬁ, St, Kl-; T) — e—r(T—t)EQ |:(ST _ Kl. )+ |fi| (3-58),
where European option prices C;™* across different strikes K,_, are calculated

given a vector of parameters 77 and variables such as strikes K, and a maturity 7.
An inverse problem is formulated as the reverse of this procedure: Identify a vector
of parameters 77 under measure Q ' such that the discounted asset price
process (eSS, .,y ) becomes a martingale and which reproduce model option prices
consistent with market observed option prices:

C™(S K, T)=C™" (3-59).
Because market option prices (C™*") include noise (i.e. bid-ask spreads), we need
not to find a risk-neutral martingale measure Q ~ P which exactly reproduces

market observed prices. Thus, the practical solution for the calibration problem
becomes a best approximation problem between market observed prices and model
calibrated prices. In most literatures, this approximation is done in a least squares
sense. Thus, a calibration problem can be expressed as a nonlinear least squares

problem of the form:

N
Q — : C«mOdel S ,K«,T _Cmarket 2 3'60 ,
7 arg%gg;\ (S, KT =G (3-60)

where the implied risk neutral parameter vector 1° is chosen by minimizing the
sum of squared dollar pricing errors between market observed prices and model
calibrated prices. Note that minimizing the sum of squared dollar pricing errors has

the bias toward more expensive in-the-money options over relatively cheaper out-

13 Called an implied risk neutral measure.
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of-the-money options. But this is the standard objective function in the literature
such as Dumas, Fleming and Whaley (1995), Bates (1996), Bakshi, Cao and Chen
(1997), and Cont and Tankov (2004). Bakshi, Cao and Chen (1997) propose an
alternative objective function which is to minimize the sum of squared percentage

pricing errors:

2

N model market
) ; K., T)-C:
nQ = argmin |C’ (5, K. T)=C

market
Qep i=1 ‘ Cj

2

which has the bias toward cheaper out-of-the-money options.

3.4.3 Pricing Methodology for Lévy Models

We employ Carr and Madan’s (1999) Fourier transform option pricing
approach with the modified call price. For more details, consult the chapter 8 of
Matsuda (2004b). The use of the Fourier transform option pricing is necessary for
some Lévy models because their probability densities cannot always be expressed
using special functions of mathematics or they are unknown. Therefore, Carr and
Madan rewrite the option pricing function involving the probability density into the
option pricing function involving the characteristic function because the

characteristic function of the Lévy process is always available in a closed form.'®

'® There is one-to-one relationship between a probability density and a characteristic functions (i.e.
through Fourier transform) and both of which uniquely determine a probability distribution.
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3.5 Calibration, Implied Dynamics, and In-Sample Performance of Lévy

Models

3.5.1 Dynamics of Calibrated Parameters

Using the data and procedure described in the section 3.4, each model is
separately calibrated for each day. Table 3.3 reports the daily average, the standard
error, the minimum, and the maximum of the calibrated parameters of each model
for the sample period. Time series of calibrated parameters for each model are
plotted from the day 1 which is March 24, 2004, through day 248 which is March 16,

2005 in Figure 3.6 through 3.10. Note that we set the NIG model’s x equal to zero

because this parameter is a location parameter which only affects the mean of the
equation (3-25) and can be incorporated into the parameters «, £, and 6. We
observe the followings.

As expected and illustrated by Figure 3.6, the BS model’s volatility parameter
o declines as the maturity of the S&P 500 futures option nears because the
uncertainty regarding the terminal price declines.

The daily average of MJD model’s o is 0.09544 and smaller in size compared
to the BS o which is 0.14437 since the MJD model attributes the volatility to other
parameters A, u, and o . The daily average of the intensity parameter A of the
MIJD model is 0.77742 which means that the jump occurs 0.77742 times per year on
average for this sample. It is very interesting to note that A4 tends to increase (i.e.
higher frequency of jumps) as the maturity nears as illustrated by Figure 3.7 and this

tendency seems to be true regardless of the sample. Bakshi, Cao, and Chen (1997)
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reports the same observation. The MJD model’s mean log return jump size u is -

14.899% on average and it declines as the maturity nears for the sample. As
previously mentioned, the negative value of x indicates the natively skewed log
return probability density function. The MJD model’s standard deviation parameter
o0 of mean log return jump size is 0.09411 on average and it declines as the
maturity nears for the sample indicating the less uncertainty regarding the jump size.

The VG model’s drift parameter & is -0.16798 on average and it indicates the
natively skewed log return probability density function. Figure 3.8 depicts the
declining trend for the volatility parameter of the subordinated Brownian motion o
and the variance rate parameterv . This contributes to the declining negative
skewness and excess kurtosis of the log return probability density function for the
sample period.

The NIG model’s skewness parameter « is -11.7309 on average and it
indicates the natively skewed log return probability density function. Figure 3.9
shows the increasing trend for the shape parameter « (which leads to smaller
volatility) and the excess kurtosis parameter & (which leads to higher excess
kurtosis). But later it will be shown that the increase in & is dominated by the
increase in o and the increase in size in £ and as a result, the excess kurtosis of the
log return probability density function declines as the maturity approaches for the
sample.

The CGMY model’s parameter C is 0.06675 on average and it declines
dramatically as the maturity nears indicating the smaller overall arrival rate of jumps

at the near maturity. As expected, the lower tail decay rate parameter G is 2.35246
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on average and much smaller than the upper tail decay rate parameter M which is
262.805. Less decayed lower tail means the negative skewness of the log return
probability density function. We also observe that the estimates of G and M become
extremely volatile as the maturity nears in contrast to that of C. The parameter Y
estimated is 1.19952 for the sample which confirms the monotonically decreasing
Lévy measure, the infinite total mass of the Lévy measure (i.e. the infinite arrival
rate of jumps), and the fact that the underlying S&P 500 futures price process is a
process of infinite variation according to Table 3.1. Closer examination reveals that
the calibrated Y is above one (the process is infinite variation) for 71% (175/248) of
the days. But Figure 3.10 shows the definite pattern of the estimated Y being less
than one for the long maturity options and being above one for the short maturity
options. For this reason, we divide the entire sample period into three subperiods.
The first subperiod is the long term to maturity which include days with greater than
or equal to 180 days to maturity (day 1 through day 69), the second subperiod is the
medium term to maturity which include days with greater than or equal to 60 but
less than 180 days to maturity (day 70 through day 190), and the third subperiod is
the short term to maturity which include days with less than 60 days to maturity
(day 191 through day 248). Interestingly, for the long term to maturity, the
estimated Y is less than one (the underlying process is finite variation) for 68% of
the period with the sub-mean 0.941. For the medium term to maturity, the estimated
Y is above one for 78.5% of the period with the sub-mean 1.14. And for the short
term to maturity, the estimated Y is above one for 100% of the period with the sub-

mean 1.63. Thus, the underlying S&P 500 futures price shifted from the finite
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variation stochastic process to infinite variation stochastic process as the maturity

moves from the long to the short term at least for the sample used here.

3.5.2 Implied Dynamics of Log Return Probability Density Functions

Figure 3.11 through Figure 3.14 reports the calibrated probability density
functions of log returns on one day before last trading day March 16, 2005 as the
time to maturity nears from 1 to 0 for each model.'” For the purpose of clear
illustration, Figure 3.15 reports the snapshots of Figure 3.11 through Figure 3.14 on
six different maturity dates and Figure 3.16 reports the time series of the implied
moments of log return probability density function for each model. It is apparent
that the extra parameters of various non-Gaussian Lévy models allow the negative
skewness (i.e. fatter lower tail and thinner upper tail) and the excess kurtosis (i.e.
higher peaked and heavier tailed) of the log return density over the BS model which
is the only Gaussian Lévy models. Notice from Figure 3.16 that all non-Gaussian
Lévy models have the similar mean and variance, but the CGMY model has the
higher negative skewness and the higher excess kurtosis especially for the short

term to maturity.

3.5.3 Dynamics of Implied Lévy Density Functions of Log Returns

Figure 3.17 through 3.20 reports the calibrated Lévy density functions of log
returns as the time to maturity nears from 1 to O for each model. For the purpose of
clear illustration, Figure 3.21 reports the snapshots of Figure 3.17 through 3.20 on

six different maturity dates.

7 Remember that the probability density function of the CGMY process is not available in closed
form in the general case.
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As previously mentioned, we observe the pattern of increasing total mass of
the MJD model’s Lévy density which is equal to the parameter A as the maturity
nears since it tends to increase. Also notice that the arrival rate of negative jumps is
far larger than that of positive jumps.

In contrast to the MJD model’s finite activity and symmetric Lévy density, all
pure jump Lévy models are characterized by the asymmetric and infinite activity
Lévy densities which all look similar except the CGMY model’s Lévy density
having much thinner upper tail especially in the Panel B) of Figure 3.21 where the
arrival rate of positive jumps are actually zero. As expected, all infinite activity
Lévy densities have heavier lower tails indicating that the negative jumps are more

likely to arrive than the positive jumps.

3.5.4 In-Sample Performance of Lévy Models

In this section, in-sample fit of Lévy option pricing models is discussed
although it bears little importance because in general more parameters lead to better
in-sample fit. Table 3.4 reports the daily average, the standard error, the minimum,
and the maximum of the sum of squared errors (SSE) for the sample period. Figure
3.22 through Figure 3.26 reports the in-sample dollar pricing error defined as

C™ " (S,,K,,T;n°%,)—C™*" across the varying moneyness and the time to maturity

using a linear interpolation.
As expected, the BS model is by far the least fit model averaging the SSE of
327.314 because it has only one parameter o . Figure 3.22 illustrates the well-known

bias of the BS model which is to underprice the ITM (in-the-money, the moneyness
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K/ F, less than one in the figure) calls and to overprice the OTM (out-of-the-money,
the moneyness K / £, larger than one in the figure) calls. Or, through the put-call
parity, the BS model underprices the OTM (the moneyness K/ F; less than) puts
and overprices the ITM (the moneyness K/ F| larger than one in the figure) puts.

This bias of the BS model becomes stronger especially for the short term OTM calls
and puts in terms of the percentage mispricing errors because of the cheaper prices
of the short term OTM calls and puts.

We see from Table 3.4 and Figure 3.23 through Figure 3.26 that incorporating
jumps in the underlying price process dramatically improves the in sample fit, but
this is no surprise because of more parameters. The CGMY model has the best in-
sample fit, the NIG model is the second, the MJD model is the third, and the VG
model is the fourth. Figure 3.23 through Figure 3.26 shows no sign of systematic
mispricing bias across the moneyness and the time to maturity of each of the jump

Levy models."®

3.6 Out-of-Sample Pricing Performance of Lévy Models

We saw in the previous section that incorporating jumps in the underlying
price process dramatically improves the in sample fit with the CGMY model being
the best, the NIG model being the second, the MJD model being the third, and the

VG model being the fourth. In this section, the more important out-of-sample fit of

'8 Note that the increasing underpricing for the short term OTM calls in Figure 3.23 through 3.26 is
due to the linear extrapolation used and should be ignored. Short term deep OTM calls have prices of
almost zero and go in the cabinet.
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the each Lévy model is examined following Bakshi, Cao, and Chen (1997) because
of the fact that the better in-sample fit might be due to more parameters of the jump
Lévy models than the BS model. In other words, if the extra parameters of the jump
Lévy models are redundant, they overfit the data and may produce larger out-of-
sample fitting errors.

The procedure is as follows. Let ¢ denote today. Firstly, on yesterday (7 —1),
the parameters of each Lévy model are recovered using the yesterday’s call prices

and variables. Secondly, today’s model prices are computed using the yesterday’s
calibrated parameters 77@:-1 and today’s variables. Thirdly, using today’s model
prices and today’s call prices, the absolute pricing error is obtained following the
equation:

absolute pricing error = |C™* (F,K,T —t;n%_)— C™

(3-61).

We repeat this procedure everyday across all the call strike prices. Table 3.5 reports
the out-of-sample absolute pricing errors per call option for total of 15 different
subsamples. Note that the entire sample is divided according to its maturity and its
moneyness. The long term is defined as more than or equal to 180 days to maturity
and the short term is less than 60 days to maturity. We define the deep I'TM as the
moneyness less than 0.94, the moneyness between 0.94 and 0.98 is ITM, the
moneyness between 0.98 and 1.02 is ATM, the moneyness between 1.02 and 1.06 is
OTM, and the moneyness greater than 1.06 is deep OTM. Note that we define the

moneyness as K/ F, which is an opposite of the definition of the moneyness used

by Bakshi, Cao, and Chen (1997).



178

We firstly observe from Table 3.5 that in terms of the absolute pricing error
per call, the CGMY model is the best with having the least error in 11 subsamples
out of 15, the NIG model is the second with having the least error in 4 subsamples
and having the second least error in 5 subsamples, the MJD model is the third with
having the least error in 1 subsamples and having the second least error in 7
subsamples, and the VG model is the fourth although it is a significant improvement
over the BS model. For example, for the out-of-sample pricing of the medium term
ATM calls, the CGMY model has the least absolute dollar pricing error per call with
$0.598, the MJD model is the second best with $0.602, the NIG model is the third
with $0.612, the VG model is the fourth with $0.685, and the BS model has the
largest error of $1.365. It is interesting to find that the MJD model which is a finite
activity Lévy model containing a Brownian motion outperforms the VG model
which is an infinite activity Lévy model of finite variation with pure jump sample
paths. This indicates that the MJD model is still an excellent model for the purpose
of index option pricing.

In order to closer examine the out-of-sample pricing bias associated with the

Lévy models, out-of-sample dollar pricing error (not the absolute value, therefore it
can show underpricing or overpricing) defined as C"(F,K,T —t;n°, ) - C"™™*

is calculated on each day across different strike prices and plotted in a 3D figure
across the varying moneyness and the time to maturity using a linear interpolation.
As expected and previously mentioned, Figure 27 shows that the bias of the BS
model which is to underprice the ITM calls and to overprice the OTM calls.

Interestingly, the dynamics of out-of-sample dollar pricing error of all jump Lévy
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models resemble one another as illustrated by Figure 3.28 through Figure 3.31
which differ significantly from the BS counterpart. We find that jump Lévy models
either underprices or overprices all calls on a given day and the size of the dollar
pricing error is largest near ATM calls because of the bell-shaped or reverse bell-
shaped pattern. Thus, the jump Lévy models still possess the pricing bias associated
with the moneyness and the maturity although it is much smaller than the BS model.

Out-of-sample pricing performance of each Lévy model can also be evaluated
by the orthogonality test which is based on the idea that a good model should not
possess any consistent pattern in pricing errors and the pricing errors of a good
model cannot be predicted. Our orthogonality test is conducted by regressing the
out-of-sample dollar pricing errors &, on the moneyness K,/ F,, the moneyness
squared (K,/F,)*, the time to maturity 7,, and the interest rate 7;:

=B +B(K IF)+B(K F) +BT+pBr+e (3-62).

Note that Carr, Chang, and Madan (1998) employ this type of orthogonality
test for the in-sample pricing performance of the VG model, ours is for the out-of-
sample pricing performance. The results of the orthogonality test are shown in Table
3.6. We firstly notice that the orthogonality of the out-of-sample pricing errors for
all Lévy models are rejected because of the high values for the F —statistic which
are in row 8. This means that the out-of-sample pricing errors for all Lévy models
can be explained by the moneyness, the moneyness squared, the time to maturity,
and the interest rate which all have coefficients significantly different from zero

shown in row 1 through row 5. These biases of all Lévy models can be intuitively
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seen from Figure 15. But, in terms of the degree of bias, the BS model is the most

biased. In other words, the pricing errors of the BS model are the most predictable
with the adjusted R® of 47%. The least biased model is the CGMY with the
adjusted R* of 2.4%. The MJD and the NIG models are the second best with the

adjusted R*> of 6.9% which outperform the VG model with the adjusted R of

11.1%.

3.7 Conclusion

We calibrated a total of five different Lévy models to the S&P 500 futures
options. The classic Black-Scholes model is the only continuous (i.e. Gaussian)
Lévy model in which the asset price dynamics is modeled by the Brownian motion.
Another classic Merton jump diffusion model is the non-Gaussian Lévy model in
which the asset price dynamics is modeled by the jump diffusion process which
possesses the discontinuities although they are rare. And, relatively recently
developed three pure jump Lévy models in which the asset price dynamics is
modeled using pure jump Lévy process. They are the variance gamma model, the
normal inverse Gaussian model, and the CGMY model. Carr and Madan’s (1999)
Fourier transform option pricing approach with the modified call price was
employed for the pricing.

The calibration result suggests that the extra parameters of various jump Lévy
models allow the negative skewness and the excess kurtosis of the log return density

over the BS model. On the dynamics of implied Lévy density functions of log
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returns, we observe the pattern of increasing total mass of the MJD model’s
symmetric Lévy density. And, the Lévy densities of all pure jump Lévy models are
characterized by the asymmetric and infinite activity Lévy densities which all
resemble one another. In terms of the out-of-sample pricing performance, containing
jumps in the underlying price process drastically improves the performance over the
BS model. Which jump Lévy models perform the best in pricing? The CGMY
model is the least biased model in terms of overall pricing. Another result is that the
classic MJD model which contains a Brownian motion performs as good as the NIG
model and consistently outperforms the VG models for the pricing of index options.
As Bakshi, Cao, and Chen (1998) point out that all option pricing models are
misspecified (biased) because the correctly specified (unbiased) model would
produce errors which are on average equal to zero. In our context, all the Lévy
models are misspecified with regard to the moneyness and the maturity, most
notably. But, we find that adding jumps in the underlying price process drastically
reduces the degree of misspecification of the model.

We would like to suggest a couple of topics for the future research. One is that
this paper can be reapplied to the other data such as individual stock options,
commodity options (such as oil), and the currency options. It is very likely that the

empirical result changes.
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Chapter 4: Parametric Regularized Calibration of Merton
Jump-Diffusion Model with Relative Entropy
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4.1 Introduction
A calibration problem is an inverse problem which tries to identify (i.e. back

out) a vector of parameters #¢ which produce model option prices consistent with
market (i.e. observed) option prices. When the objective function which is usually
the sum of squared dollar pricing errors between market prices and model prices is
not convex, the calibration problem is an illposed problem. In this illposed
calibration problem, some solution can always be found (i.e. non-uniqueness), but
the solution obtained is very sensitive to the initial values (i.e. instability) and it is
not the global minimum with very high likelihood. Traditionally in the field of
finance, the gradient descent algorithms such as the BFGS method are generally
used to solve this illposed problem. To raise a few examples, Bates (1996), Bakshi,
Cao, Chen (1997), Dumas, Fleming, and Whaley (1998), Carr, Chang, and Madan
(1998b), and Carr, Geman, Madan, and Yor (2002).

To overcome above mentioned difficulties in illposed problems, statisticians
and mathematicians have long been using regularization methods. Regularization
methods are not the methods to locate the global solution, but they are the methods
to enhance the uniqueness and the stability of the calibration solution by sacrificing

its precision. Cont and Tankov (2004a, b) choose the regularization with the relative

entropy £ (Q|IP’) which is a measure of distance between two probability measures

and describes the amount of inefficiency to assume that the true distribution is Q

when the true distribution of the random variable X is P. It is very convenient that

the relative entropy for Lévy processes can be explicitly expressed in terms of their
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Lévy measures. It is important to realize that using the relative entropy and using
the prior mean the introduction of the bias of the calibration solution toward the
prior to gain the numerical stability and the uniqueness by making the objective
function more convex. It implies that the user has some or strong belief in the use of
the prior (i.e. otherwise, why do you bother?). Cont and Tankov develop the non-
parametric regularized calibration method for Merton (1976) jump-diffusion model
with the relative entropy.

The goal of this paper is to give an answer to the following simple question,
“What difference does the regularization with relative entropy make?” For this
purpose, we calibrate the Merton (1976) jump-diffusion model which is a Lévy
model with occasional but rare jumps to the S&P 500 futures options with or
without regularization. The impact of the regularization over the unregularized
calibration is judged by the calibrated log return probability density and the
calibrated Lévy measure.

Note that we apply Cont and Tankov’s (2004 a, b) regularization method with
the relative entropy to the index options parametrically with the MJD model. This is
different from Cont and Tankov’s (2004 a, b) research which is to calibrate Merton
jump-diffusion model non-parametrically with the relative entropy regularization.

The calibration result suggests that with or without regularization, calibrated
risk-neutral parameters, calibrated log return probability densities, and calibrated
Lévy measures are not significantly different. It seems that Lévy measures are more

sensitive to the regularization than log return probability measures. Notice also that
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the difference in calibrated parameters between the regularized and the
unregularized become more pronounced especially for near maturity options.

This chapter is organized as follows. Section 4.2 gives the detailed description
of the Merton jump-diffusion model. Section 4.3 presents the (unregularized)
calibration problem as an inverse problem and as an illposed problem due to the
non-convexity of the objective function. Section 4.4 briefly reviews Cont and
Tankov’s (2004a, b) method of the regularized calibration with the relative entropy
which tries to achieve a unique solution and a stable solution. Section 4.5 describes
the S&P 500 futures option data set and obtains two different prior probability
measures. One is the statistical prior and the other is the risk-neutral prior. Section
4.6 provides our main empirical result of the difference between the regularized
calibration and the unregularized calibration in terms of the calibrated parameter
vector, the calibrated log return probability density, and the calibrated Lévy measure.

Section 4.7 concludes.

4.2 Merton Jump Diffusion (MJD) Model (1976)

Consider a fixed filtered probability space (Q, F,_,;,P) . A jump diffusion

€[0,0
process (X,,.,,) With the Lévy triplet (4, =o”,¢, = Af(x),y, =0) is defined as a
Brownian motion plus a compound Poisson process:

N)‘
(Xte[o,cc]) = (O-Bte[O,oo]) + Zizl Xi (4'1)’
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where (oB

\00)) 18 @ multiplicative Brownian motion with the Lévy triplet

(4, =0",0,=0,7,=0), ZZ’I X, is a compound Poisson process with the Lévy

triplet (4. =0,¢. =A1f(x),y. =0) which is the sum of i.i.d. jumps X, from the

jump size probability density f(x), and (N,g,.,) is a Poisson process with the

€[0,0
intensity A € R" which counts the number of random arrival times 7, of an event in

the time interval [0,¢] :

N, = erzn (4-2).

k=1

Note that a Poisson process (N, ;) and the jumps sizes (.X,),,, are assumed to be

€[0,00

independent. This jump diffusion process (X,_,..,) possesses the following

[0,00
properties. It is a jump Lévy process, but not a pure jump Lévy process because the
Gaussian variance term of the jump diffusion process A4, is non-zero. In other
words, the process contains a Brownian motion. The Lévy measure of the jump
diffusion process is given by:

Cy(sA)=Af(x)  (4-3),
where f(x) is the jump size probability density. The total mass of the Lévy
measure of the jump diffusion process is the intensity parameter A because a Lévy

measure /(x) measures the arrival rate of jumps:

jw 0 (x)dx = j“’/z F(x)dx = ;tjw f(x)dx=A<o,
which is finite because the number of arrivals of an event is almost surely finite for

any ¢ > 0 including an infinite time horizon ¢ = oo . In other words, the jump
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diffusion process is a finite activity Lévy process which means that the process has
finite number of small jumps and finite number of large jumps. The jump diffusion
process is also a Lévy process of infinite variation in the interval [0,00) because
A, =0 #0.

Merton jump diffusion (MJD) model specifies the log return jump size density

as the normal, i.e. X, ~ii.d. Normal(u,5):

I N S 0" B
fMJD(x)_WeXp{ 757 } (4-4).

Thus, the Lévy measure in MJD model can be expressed as:

2

A (x—,u)
f ;l, ’5 = —C —_—— 4'5 .
MJID, X (x4, 1,0) ;—2”52 XP{ 257 } (4-5)

The characteristic function of MJD process can be obtained by the use of the
Lévy-Khinchin representation as:

2 2
o @

¢MJD,X(a); o, A, 1,0)= exp{t{— +/1(¢f(a))—1)}} (4-6),

where ¢, is the characteristic function of the jump size density:

¢f(a))=exp(ia),u—52w j

The probability density of the MJD process can be computed using the

conditionally normal property of the jump diffusion process of the equation (4.1):

IPJMJD (xt;a’ ﬂ” lu’ 5) = ZTZOP(‘X—[ |Nt = j)PPoisson (Nl = J)
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_ Zj;o e‘it (ﬂ,t)j 1 exp { (xt —JIU) } (4_7)

J! 27[(0'2t+j52) 2(0'2t+j52)
Its standardized moments are computed by:
E[X,]=Atp (4-8),

Variance[ X, 1= (67 + A8% + Au’ )t

2 2
Skewness[ X, ] = Aup +353/)2 ,
Variance[ X, ]
4 4 22
Excess Kurtosis[X,]= (AU 30+ 6ﬂ25 ) .
Variance[ X, ]

These standardized moments indicate that x is a skewness parameter with ¢ =0

producing the symmetric probability density. Larger values for 4 and o lead to the
larger variance and smaller excess kurtosis of the probability density.

MJD model specifies the asset price dynamics (S, ) defined on a filtered
risk neutral probability space (€2, F,,,,Q) as an exponential of a Lévy
process (L, 71) :
S =5,exp(L,),
where the choice of the Lévy process is the jump diffusion process plus the drift

r_wMJD,Q:

L=(r- (ZBY37%0) )t +MJD(xt;O'Q, ZQ, ﬂQ,5Q) (4-9),
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where r € R” is the instantaneous risk-free interest rate and all parameters are under

the risk neutral probability measure Q. The term @, , is the convexity correction

which takes the following form in the MJD model:
=1 i(?z —1 LQZ 4-1
@ o = Ao 1€XP| Mo + 5 + 5 (4-10).

Defining the log return (i.e. log price relative) of the asset price as R, =In(S,/S,)
and using the equation (4-9):

X, =R —-(r—a,, )t (4-10).
Since obviously the drift r —a@,,,, , i deterministic, the probability density of the

log return in the MJD model under the risk neutral probability measure Q can be

expressed using the probability density (4-7) and the relationship (4-11) as:

Qup (R 0,4, 1,0)

! 27[(0'2t+j52) 2(0'2“'/52)

with the equation (4-11). Note that all parameters in the density (4-12) are under the

risk neutral probability measure Q .
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4.3 Calibration without Regularization

4.3.1 Calibration: An Inverse Problem

Calibration is an inverse problem. Consider two problems. One of which is
named as a direct problem and the other is named as an inverse problem. In the

context of option pricing, a direct problem is formulated as:
Cl.mOdel(gQ,St,Ki,T—t) — e—r(T—l)EQ |:(ST _Ki)+ |ft.:| (4_13),

where European call option prices C™*' across different strikes K,_, are calculated

iel
given a model, a vector of risk-neutral model parameters @, and variables such as
a spot asset price S, and a maturity 7 —¢. Following the martingale asset pricing, a
European call price is equal to the discounted value of the terminal payoff under a
risk-neutral probability measure Q. For example, 8% = (6%, A%, 4%,56%) in the
MJD case. An inverse problem (called a parameter identification problem) is
formulated as the reverse of this procedure. It is to identify (i.e. back out) a vector of
parameters @° which produce model option prices consistent with market (i.e.
observed) option prices:

C™ @Y =C™™ " (4-14).
The exact match of the model prices to the market prices is not necessary because of
the noise (i.e. bid-ask spreads) contained in the market option prices (C™*"). Thus,

the calibration problem becomes a best approximation problem between market

prices and model prices which is done using a nonlinear least squares (NLS):
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: Y mode. marke 2
HQ:argng%nZl:‘Ci C@)—cmr” (4-15),

where the risk-neutral parameter vector #° is chosen by minimizing the sum of
squared dollar pricing errors between market prices and model prices. The gradient
descent algorithms such as the BFGS method are generally used to solve the
optimization problem of the equation (4-15).

Followings are examples of literatures which use this NLS without
regularization. Bates (1996) calibrates stochastic volatility/jump models to a
currency option, Bakshi, Cao, Chen (1997) calibrates stochastic volatility/jump
models to an index option,and Dumas, Fleming, and Whaley (1998) uses
unregularized calibration for fitting a deterministic volatility function. Carr, Chang,
and Madan (1998Db) calibrate the Variance Gamma model to an index option
through the maximum likelihood estimation which is equivalent to the NLS. Carr,
Geman, Madan, and Yor (2002) calibrates the extended CGMY model to individual

stock options and index options.

4.3.2 Calibration: An Illposed Problem

According to Cont and Tankov (2004a, b), an illposed problem is a problem
which possesses the following properties. Firstly, an illposed problem may not have
a solution or may have an infinite number of solutions. Secondly, when a solution or
solutions of an illposed problem exists (exist) and if some type of an additional
criterion is used to choose a solution, it is very sensitive to the initial values. Thirdly,

when a solution of an illposed problem exists, it might be difficult to obtain it
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because it is likely to get stuck at local minima (due to the non-convex objective
function).

Our interest of the calibration problem of the equation (4-15) is an illposed
problem whose illposedness is solely caused by the non-convex objective function.
One example of the sum of squared dollar pricing error function for the MJD model

is illustrated in Figure 4.1 as a function of parameters A% and x® with other

parameters being fixed. Due to its non-convex nature, the optimization problem (4-
15) possesses the following illposedness. Firstly, some solution can always be found
(this is not necessarily a good thing). But, secondly, the solution obtained is very
sensitive to the initial values. In other words, the solution is very instable. Thirdly, it
is highly likely that the solution obtained is not the global minimum.

Note that the calibration problem of the equation (4-15) is not the only illposed
problem. Illposed problems are everywhere which include the numerous maximum
likelihood estimation problems. In the past, researchers have used an ad hoc
treatment for illposed problems such as repeating the optimization procedure with

various initial values.

4.4 Regularized Calibration

4.4.1 Relative Entropy

We saw in the previous section that the NLS calibration problem has the
difficulty in achieving a unique solution and a stable solution. To overcome this

issue, regularization methods have been developed. Engl, Hanke, and Neubauer
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(1996) give a brief summary of regularization methods. In this paper, we focus on
the regularization with relative entropy which is used by Cont and Tankov (2004a,
b). Note that Cont and Tankov are the first to use relative entropy regularization for
the calibration of the exponential Lévy models, but they are not the first in using
relative entropy regularization in the finance context. We believe it was Avellaneda,
Friedman, Holmes, and Samperi (1997) who used the relative entropy regularization
for the calibration of volatility surfaces.

The relative entropy is a measure of distance between two probability
measures which is expressed as the expected value of the logarithm of the likelihood

ratio. If we knew that the true distribution of the random variable X is P, the

relative entropy &£ (Q|IP’) describes the amount of inefficiency to assume that the
true distribution is Q.

DEFINITION  Let (X,,.,) be areal-valued rcll process defined on a filtered

€[0,00
probability space (2, F;..;»P) . Let P and Q be two equivalent probability

measures on (€, ;. ;) - The relative entropy or Kullback-Leibler distance

between two probability measures P and Q is defined as:

_ o 4Q,_ » dQ dQ ]
E(Q[P)=E®[In dP]—E [d]P In dP] (4-16).

Relative entropy is a convex function of Q because after a rearrangement:

EQ[P) = E“’[f(%)] (4-17),
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where f(x)=xInx is a strictly convex function as illustrated in Figure 4.2. This
strict convexity of & (Q|IP’) plays a crucial role in enhancing the uniqueness of a

solution of an illposed problem. Relative entropy is always non-negative (i.e.

5(Q|IP’) >0) and €(Q|IP’) =0 if and only if dQ/dP =1 almost surely. Cover and

Thomas (1991) provide the proof.

4.4.2 Relative Entropy for Lévy Processes

Very conveniently, relative entropy for Lévy processes can be explicitly
expressed in terms of their Lévy measures. The following useful theorem
corresponds to the proposition 2 of Cont and Tankov (2004b).

THEOREM: Relative Entropy for Lévy Processes

Let (X, be areal-valued Lévy process defined on a filtered probability
space (€2, Fr .., P) with the Lévy triplet (4°,¢",¥") . Define a probability
measure Q ~ P under which a Lévy process (X, ) is described by the triplet

(4%, 0%, %) . Note that 4= A" = A because Q ~ P. Then, for every time horizon

T €[0, 0], the relative entropy of Q|}"T with respect to IP’|.7-"T can be expressed as:

S A I G (oI R

o (deC . de? dr
T 1 +1- " (d 4-18).
Iw{dﬁ’ Var dﬁ’j () @-18)
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When P and Q are both the risk-neutral martingale measures, for every time
horizon T €[0, 0], the relative entropy of Q|}“T with respect to IP)|}"T can be

reduced to:

& @)= [ - —ﬂ”)(dx)}z L

In +1
drt der drt

+TJ-:(MQ de —MQjeP(dx) (4-19).

Example of Relative Entropy: Brownian Motion with Drift Let (X,,,,) bea
Brownian motion with drift defined on a filtered probability space (€2, F; ;5 P)
with the Lévy triplet (4" =(o")*,¢F =0,7" = u"):

X, " =4"T+c"B,".
Define a probability measure Q@ ~ P under which a Brownian motion with drift
(X7e0.07) 18 described by the triplet (A% =(%)*, 0% =0,7% = 1?) . Note that
A" = 4% = 6* because Q ~ P Then, for every time horizon T €[0,0], the relative
entropy of Q|FT with respect to IP)|.7-"T can be expressed as by applying the equation

(4-18):

2 e_ Py
& QP = 5 {u° - 47} :%(%] T (4-20)

Thus, in Gaussian case, the relative entropy function is symmetric:

&QP)=&.(P|Q),
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because (1% —u")* =(u" — u%)*. The relative entropy function of the equation (4-

20) is plotted in Figure 4.3 by setting 7' =1 and o =1 for simplicity. Notice its strict
convexity.

Example of Relative Entropy: Merton jump-diffusion process Let (X, ,.,)
be a jump diffusion process of the equation (3-1) defined on a filtered probability
space (€2, Fr .., P) with the Lévy triplet (A" =" " =2 F(0)", " =0).
Define a risk-neutral martingale probability measure (Q ~ P under which a jump
diffusion process (X;,.,;) 1s described by the triplet (A% = (%), % =A% F(x0)?,
7% =0). Note that A" = A% =57 because Q ~ P . From the equation (4-5), the

Lévy measures take the form:

EP:%exp _% 4-21),
/A
_ o)
ﬁ@:%exp —% (4-22).
T

Then, after a little bit of algebra, the relative entropy of Q|]—"T with respect to IP’|]—"T

can be expressed as by applying the equation (4-19) with the Lévy measures (4-21)

and (4-22):

Q2 P2 2
4 1 Q #m% P #"P+%
T €(Q|IP)—2 ~1A% e -1]-4%|e -1
(o2

QgP Q _ , Py2 Q2
A%m| 20 gy ge 2 W SH) Oy
A's? 2 26




197

The relative entropy function of the equation (4-23) is plotted in Figure 4.4 by
setting 7=0.25, 0=0.1, 6°=0.15, A" =1, 4" =—0.1,and 6" =0.1. Cont and
Tankov (2004b) points out that the relative entropy function in the MJD case of the
Q 5Q

equation (4-23) is not a concave function in A% x because its Lévy measure is

a nonlinear functionin A, u, J.

4.4.3 Regularized Calibration

The uniqueness and the stability of the solution of the NLS calibration
problem of the equation (4-15) can be augmented by adding the relative entropy

term:

N
0% =argmin )| (0%) - ([ +a&,(@Q[P)  (4-24),
i=1

where « is a regularization parameter. The convexity of the relative entropy

& (Q|]P’) makes the non-convex objective function more convex, thus, enhancing
the uniqueness and the stability of the solution. According to Cont and Tankov
(2004a, b), the relative entropy &, (Q|IP) remains convex in the neighborhood of its
global minimum as long as the parameterization is well-behaved when &, (Q|IP) is
not strictly convex with respect to 8.

By adding and minimizing the relative entropy &, (Q|IP’) , we are making the
risk-neutral martingale measure (Q as close as possible to the prior measure P. For
example, consider a case where Q, exactly matches the market option prices. but

Q, is far away from the prior P:
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"+, (Q|P) = a&,(@Q|P),

N
z del / Q ket

‘Clm() $ (9 1)_Cimar €l
i=1

In this case, we are willing to sacrifice the precision of the calibration and choose

Q, which is closer to the prior P within the error bounds of the bid-ask spread:

", (Q,[P) > a&,(Q|P).

N

del 1 nQ ket
Z‘Cimo e (9 2)_Cvimar e
i=1

In other words, the regularization by the relative entropy means the introduction of

the bias of the calibrated parameter vector ¢, under the risk-neutral martingale

measure Q toward the prior parameter vector &, under prior probability measure P

rather than relying solely on the new information contained in the quoted option
prices.
There are two important parameters which should be chosen with care. Those

are the prior parameter vector 6, and the regularization parameter a. With respect to
the choice of the prior €, , Cont and Tankov (2004a, b) suggest the followings. The

first is to employ the historical prior which is estimated using the time series of the
underlying price by the statistical method (i.e. maximum likelihood estimation). The
second approach which does not require the time series data is to run an
unregularized calibration of the equation (4-15) and use the successively updated

unregularized risk-neutral parameter solution 6, as the prior ;. The third is to use
the long-run average of the unregularized risk-neutral parameter solutions &, . The

third approach is preferable over the second because the role of the prior is to

enforce the stability in the solution.
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A regularization parameter o is a weight assigned to the relative entropy

o (Q|IP’) and cannot be approximated by a priori fixed number because of its

dependence on the level of noise present in the data. When a is large, we relatively
trust the prior information more than the new information contained in the market
option prices. When « is small, we relatively trust the new information more. If o =
0, the calibration problem reduces to a simple NLS. There are several approaches to
compute the regularization parameter a a posteriori, but Cont and Tankov (2004a, b)
propose a use of discrepancy principle by Morozov (1966) which is the oldest, very
popular, and a simple posteriori choice rule for a. The first step is to run the
unregularized NLS of the equation (4-15) and obtain the unregularized risk-neutral

diffusion parameter estimate G,_,. The second step is to compute the model
intrinsic a priori quadratic pricing error é,_,° by running the unregularized NLS of

the equation (4-15) with the fixed &,_,. Let €’(a,6,) be a posteriori model
intrinsic quadratic pricing error for a given regularization parameter >0 with
6 =(,,4,,1,,0,). We expect:

e(a,0)>¢é,’°,
because of the addition of the relative entropy. Morozov (1966) is willing to trade

off the precision of the calibration for the numerical stability and the uniqueness of

the calibration solution within the error bounds of the model intrinsic a priori
. . . A 2 . . .
quadratic pricing error é,_,”, thus, a regularization parameter & can be estimated by

numerically solving the following equation with gradient-descent algorithms:
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e(a,0)=cé,,> (4-25),

where ¢ =1.2, for example. The final regularized calibration result ¢ can be
obtained by numerically solving the following optimization problem with & using

gradient-descent algorithms:

"16E,Q[P)  (4-26).

N
0@ =arg min Z‘Cimodel (0(@) _ C;narket
¢ 3

4.5 Empirical Example: Obtaining the Prior

The first and probably the most important step toward the implementation

regularized calibration with relative entropy is to obtain the prior probability
measure P because the addition of the relative entropy &, (@|IP’) means the
introduction of the bias of the risk-neutral martingale measure Q to the prior

measure PP. In this section, two very different ways of obtaining the prior P are

implemented using index options.

4.5.1 Computation of the Statistical Prior with Time-Series Data

Our data consist of daily closing prices of the futures contract on the S&P 500
index with March 2005 maturity obtained from Chicago Mercantile Exchange

(CME) Daily Bulletin for the period March 24, 2004, through March 17, 2005 for

the total of 248 trading days. Thus, we have a sample of log return series (R_,, )

of size N =247 where the log return is defined as:
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where F, is the futures price.

According to Table 4.2, the true daily probability distribution of the log return
of S&P 500 futures price for this sample shows a slight negative skewness -0.01644
and almost zero excess kurtosis of -0.0003468. True distribution is plotted in Figure
4.5 using the kernel density estimator with the Gaussian kernel with the bandwidth

0.002:

2
1 v o1 I1(R-R
P,(R)= expy—— - 4-27).
v (R) 0.002N 2 N { 2 ( 0.002 j } (4-27)
Anderson-Darling (AD) test developed by Stephens (1974) is employed to perform

the goodness-of-fit test of the following hypotheses:

H, : The sample of log return (R_,, ) comes from
a population with a normal distribution function .
H,: H, is not true.
The advantage of AD test over the Kolmogorov-Smirnov test is its sensitivity for

the tails of the distribution. AD test statistic is calculated as:

A = —N—%[Z?}I(Zi—l){lnd)[R’SRE]Hn(l—d)(RN“S—;EDH (4-28),

where @ is the standard normal cumulative density function, R is the sample mean,

and s, is the sample standard deviation. Note that the sample values are rearranged

in ascending order:
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R <R <..<R,.

In our example, the modified AD test statistic is computed as:
A *=4 (1+i—2—52J =1.1412,
N N

which exceeds the critical value of 0.787 at 5% confidence level. Thus, the
normality of the log returns is rejected in this sample.

We use the MLE to estimate the daily probability distribution of the log return
under the statistical probability measure P in the case of the MJD model. MLE is an

estimation of the prior model parameter vector &, to maximize the likelihood of

observing the particular series of observations. The optimization problem in terms

of the log likelihood function is:

N
max /(6,) = > InP(R;6,),

where (R_;, ) is the sample log return series and P(R,;6,) is the log return

probability density given by the equation (4-12) for the Merton jump diffusion
model. Note because these are risk neutral densities, they need to be converted to
the statistical density by replacing the instantaneous risk free interest rate » by the
instantaneous return on the asset m and the convexity correction @, is under the
statistical probability measure P.

For the estimation of MJD model, small time approximation for the likelihood

of increments in the time interval [¢,7+ A] is employed following Cont and Tankov
(2004a):

P(R,;0) = AAP(R,|j=1;0)+(1-AA)P(R,|j=0;0)  (4-29),
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where P(R, | j =1;0) is the conditional probability density of log return R in a

small time A given that one jump has occurred and P(R, | j=0;0) is the

conditional probability density of log return R in a small time A given that jump
did not occur.

The results are reported in Table 4.1 and 4.2. Figure 4.5 gives the estimated
log return probability density plot and Figure 4.6 provides the plot of the log
probability density to better illustrate the tail behavior. As expected, the true log
return distribution is characterized by the higher peak, the heavier lower tail, and the
thinner upper tail than the BS density. These important features of the true log
return probability density are captured better by the MJD model. Similar to Honoré
(1998) and Cont and Tankov (2004a), the large estimated value of the intensity
parameter in the MJD model 4, =60 (this means that on average the process jumps
60 times per year) casts a doubt to the legitimacy of modeling jumps as a rare event
under the statistical measure PP. This large estimated value of the intensity
parameter in the MJD model suggests that the log return process actually moves by
frequent jumps instead of diffusion process and therefore this is an indication to
resort to the Lévy models of infinite activity.

Next, Figure 4.7 plots the statistically estimated MJD Lévy measure of the

equation (4-5) using the reported values in Table 4.1 for the range of [z, —10x107°,

1y +10x107*]. The reason that this MJD Lévy measure is a spike at g, is due to

the extremely small value of the estimated standard deviation parameter of the log

return jump size O .
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For a notational clarity, let P® be the statistical prior probability measure and

6: be the statistical prior parameter vector which is:
0> = (o, =0.08085,1; =60, 15 =—0.010476,5; =1.600779x107°)  (3-30),

where the superscript S’ means ‘statistical’.

4.5.2 Computation of the Risk-Neutral Prior with Option Data

Our data consist of daily settlement call option prices on S&P 500 futures with
March 2005 maturity obtained from Chicago Mercantile Exchange (CME) Daily
Bulletin for the sample period from March 24, 2004, through March 16, 2005 for
the total of 248 trading days'’. These American style option prices are converted to
European style option prices using Barone-Adesi and Whaley (1987) quadratic
approximation method to adjust for the early exercise premium. After eliminating
call prices less than 0.125 due to reliability issues, the data used consist of a total of
6567 call prices. Daily series of three month Treasury Bill rate are used as
appropriate risk-free interest rates.

Using the above data, simply running an unregularized calibration of the

equation (4-15) on each day for the sample period produces the successively

updated risk-neutral prior parameter solutions. Let (P*) be the series (i.e. £ =1,2,
...,248) of successively updated risk-neutral prior probability measures and (9@’ )

be the series of successively updated risk-neutral prior parameter vectors which are

illustrated in Figure 4.8.

' March 16, 2005 is one day before the last trading day.
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Taking the average of the series of successively updated risk-neutral prior

parameter vectors (Hlflv ) yields the (fixed) risk-neutral prior parameter vector 85"

and let P*V be the (fixed) risk-neutral prior probability measure. Table 4.3 reports
the MJD risk-neutral prior parameter vector as follows:
O = (o =0.09544, 1 =0.77742, 115" =-0.14899,55" =0.09411)  (3-31).
Figure 4.9 gives the plot of the risk-neutral log return probability density with
the maturity 7" =0.25 years and Figure 4.10 provides the plot of the log of Figure
4.9 to better illustrate the tail behavior. As expected, the MJD model captures the
negative skewness and the excess kurtosis of the log return probability density under
the risk-neutral probability measure.
Next, Figure 4.11 plots the risk-neutral MJD Lévy measure of the equation (4-
5) using the reported values in Table 4.3. It is symmetric around the mean log return
jump size z;" and its total mass is equal to the intensity A, . When Figures 4.7
and 4.11 are compared, we notice the remarkable difference of the Lévy measure

under the statistical probability measure and the risk-neutral probability measure.

4.5.3 Comparison between the Statistical Prior and the Risk-Neutral Prior
Figure 4.12 illustrates the difference between the statistical prior probability

measure P° and the risk-neutral prior probability measure P*" for four different

maturities 7' =0.25, 0.5, 0.75, and 1. Table 4.5 reports the difference in the
standardized moments. We observe that the volatility, the negative skewness and the

. . RN
excess kurtosis all become more pronounced under risk-neutral measure P™" due to
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the heavier lower tails. This is a well-documented fact which is due to the market
participants’ fear for the market crush.

Notice also the remarkable difference between the statistical prior parameter
vector &5 of the equation (4.30) and the risk-neutral prior parameter vector 85" of
the equation (4.31). Under the risk-neutral probability measure, the asset price
jumps only less than once (i.e. 0.77742 times) compared to 60 jumps under the

statistical measure. This indicates that modeling jumps as rare events is legitimate

under the pricing measure, but not under the statistical measure. The risk-neutral

mean log return jump size 4" is -14.899% which is far larger than the statistical
counterpart 2, of -1.0476%. The uncertainty regarding the log return jump size is
also much larger under the risk-neutral measure with %" =0.09411 compared to

the statistical counterpart of &; =1.600779x10~" .

4.6 Empirical Result of Regularized Calibration with Relative Entropy

In this section, we apply Cont and Tankov’s (2004 a, b) regularization method
with the relative entropy described briefly in the previous section to the index
options parametrically with the MJD model. We compare the result of the
calibration under the following three different methods.

Method 1 (M1):  Unregularized calibration of the equation (4-15).
Method 2 (M2):  Regularized calibration of the equation (4-24) with the

statistical prior of the equation (4-30).
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Method 3 (M3):  Regularized calibration of the equation (4-24) with the (fixed)

risk-neutral prior.

4.6.2 Empirical Results

We describe the implemented regularization procedures step by step using the
data on March 30, 2004 (245 days to maturity).
Method 1 (M1)

This is the simplest and fastest in computational time and the calibrated risk-
neutral parameter vector is shown in Table 4.6. The sum of the squared pricing
errors (the value of the objective function) is 0.132312.

Method 2 (M2)

The first step is to run the unregularized NLS which is the Method 1. We

obtain the unregularized risk-neutral diffusion parameter estimate:

G,.,=0.108775.
The second step is to compute the model intrinsic a priori quadratic pricing error
é,_,. by running the unregularized NLS (i.e. Method 1) with &,_, =0.108775. We
obtain:

e, =0.132311.

The third step is to estimate the regularization parameter « by trading off the
precision of the calibration for the numerical stability and the uniqueness of the

calibration solution within the error bounds of the model intrinsic a priori quadratic

pricing error é,_,>. In other words, the third step is to numerically solve the

following equation with gradient-descent algorithms:
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"+ a&(QIP) ~1.2x0.132311  (4-32).

N
82 (0{ , Ha ) = ngllwn z ‘ C[model ( HQQ) _ C[market
“ i=1

But, the problem is that the equation (4-32) has no solution on R . The cause is the
remarkable difference between the statistical prior parameter vector &; of the

equation (4-30) and the unregularized risk-neutral solution. Suppose that the

solution of the regularized calibration problem is close to the unregularized risk-

neutral solution. Using the statistical prior €7 of the equation (4-30) and the result

of Method 1 as the solution of the regularized calibration problem, the relative
entropy turns out to be too large because the statistical measure and the risk-neutral

measure is too different:
£,(Q"'|P*)=4.99078x10".

In this case, the equation (4-32) becomes:

 rax4.99078x10"° ~1.2x0.132311  (4-33).

N
: model Q market
min }'|C"*(6,%)~C;
@ =l

The solution of the regularization parameter « in the equation (4-33) is
approximately zero. Therefore, there is no meaning to regularize the calibration
problem. But, this is because of the assumption that the solution of the regularized
calibration problem is close to the unregularized risk-neutral solution. Next,

consider the opposite case in which the solution of the regularized calibration

problem is close to the statistical prior 6, of the equation (4-30). Suppose that the

solution of the regularized calibration problem is equal to the statistical prior 8, of

the equation (4-30) for simplicity. The relative entropy is zero by definition:
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& (P°[P*)=0.
Thus, the value of the regularization parameter @ does not really matter and the

sum of the squared pricing errors is calculated as:

2
=2834.1.

N
del N market
Y| @) - C;
i i
i=1

Again, this is because of the significant difference between the statistical measure

and the pricing measure. This example illustrates the fact that using the statistical

prior &, of the equation (4-30), the regularized calibration solution cannot be close

to the unregularized risk-neutral solution nor the statistical prior &; . In addition,
there is no regularized calibration solution which is in-between the unregularized
risk-neutral solution and the statistical prior 8, because of the remarkable
difference between these two. Numerically speaking, this is equivalent to stating
that using the statistical prior @, , the equation (4-32) has no real-valued solution
with constraints:

a,o,A, and 0 >0.

Thus, the regularized calibration with the statistical prior is not implementable.
Method 3 (M3)

The first two steps are the same as Method 2. The third step is to numerically
solve the equation (4-32) which is solvable this time because of the proximity
between the risk-neutral prior P*" and the regularized calibration solution (these
are both risk-neutral measures). Numerically solving the equation (4-32) yields the

estimate for the regularization parameter as:
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a =0.043162 .
Finally, regularized calibration result #° shown in Table 4.6 can be obtained by
numerically solving the following optimization problem with & using gradient-

descent algorithms:

N
6° = argmin Y| € (6%) - [ +0.043162x &, (Q[P).
0 o

The sum of the squared pricing errors (the value of the objective function) is

0.156149:

©40.043162x £, (Q[P) = 0.156149

N

del 1 1O ket
Z‘Cimoe (6 )_Cimare
i=1

N
where 3°|C™* (6%)~ €| =0.132777 and £, (Q[P) = 0.541481.
i=1

Table 4.6 reports the results of the calibration, and Figure 4.13 through 4.18
compare the calibrated log return probability density and the calibrated Lévy
measure for each method on six different maturity dates. We observe that the
calibrated risk-neutral parameters are quite similar with or without regularization.
This can be confirmed by observing the almost same calibrated log return
probability densities and the Lévy measures between Method 1 and Method 3. It
seems that Lévy measures are more sensitive to the regularization (i.e. the small
difference in the calibrated parameters) than log return probability measures which
is shown in Panel C of Figure 4.18. We also find that the difference in calibrated
parameters between the regularized and the unregularized become more pronounced

especially for near maturity options shown in Figure 4.18.
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We believe that the reason of this no significant difference between the
unregularized calibration and the regularized calibration is the use of ¢ =1.2 in the
equation (4-25) and (4-32). This constant ¢ controls the degree of trading off the
precision for the numerical stability and uniqueness of the calibration. The larger ¢
indicates more willingness to sacrifice the precision and ¢ =1 means that the
calibration is unregularized (i.e. & =0). It is our opinion that the use of ¢ =1.2 does
not sacrifice the precision too much for the numerical stability and uniqueness
which means that the regularized calibration result will by design be close to the
unregularized calibration result. But, we are not suggesting the use of larger ¢ (for
example 2) because it can be a too much of sacrifice of the precision. So, what is the
optimal value for ¢ ? Cont and Tankov (2004a, b) recommend the use of
1.1<c¢<1.5. But, in the end, the choice of ¢ is entirely up to the user’s discretion.
One thing to remind is that the larger ¢ means the introduction of larger bias toward
the prior and the regularized calibration result will show more significant difference
from the result of the unregularized calibration. But, the use of larger ¢ means the
user’s stronger belief in the prior information than the today’s information. Such

situation is very difficult to imagine.

4.7 Conclusion

In this paper, we investigate the effect of the regularization with the relative
entropy in the framework of the parametric calibration of the Merton jump-diffusion

model to the index options. It is important to realize that using the relative entropy
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and using the prior mean the introduction of the bias of the calibration solution
toward the prior to gain the numerical stability and the uniqueness by making the
objective function more convex. This means that the user has some belief in the use
of the prior (i.e. otherwise, why do you bother?). Another important point is that the
regularization is not the method to locate the global solution, it is the method to
enhance the uniqueness and the stability of the calibration solution by sacrificing its
precision. In terms of the choice of the prior, the only implementable prior is the
risk-neutral prior. The regularized calibration with the statistical prior is not
implementable because the statistical prior is a statistical measure and it is too much
away from the risk-neutral (i.e. pricing) measure.

The result shows that with or without regularization, calibrated risk-neutral
parameters, calibrated log return probability densities, and calibrated Lévy measures
are not significantly different. It seems that Lévy measures are more sensitive to the
regularization than log return probability measures. Notice also that the difference in
calibrated parameters between the regularized and the unregularized become more
pronounced especially for near maturity options.

From our empirical result that the regularization with the relative entropy
using the risk-neutral prior does not make any significant difference in the solution
and considering the extra computation time necessary for the regularization
procedures, we prefer the calibration without any regularization which uses only
today’s information and yields the unbiased solution although the unregularized

calibration solution may not be stable and unique.
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Chapter 5: Other Approaches to Obtain Option Price
Implied Risk-Neutral Probability Density Function of Asset
Prices
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5.1 Introduction

Market participants’ expectations of the future underlying asset price moves
can be recovered from option prices because option prices depend on the market
participants’ expectations of the future underlying asset price moves. This option
implied dynamics of risk-neutral probability density functions (RNDs) of future
underlying asset price provide valuable information for risk managers in making
investment decisions which is very different from the information provided by
Benchmark Black-Scholes lognormal dynamics of RNDs. Previous studies show
that Black-Scholes assumption of constant volatility of the underling’s return fails to
capture the true dynamics of volatility and this leads to the failure of the Black-
Scholes to capture the true dynamics of the expectation of future asset price move.*
For example, negatively sloped Black-Scholes implied volatilities across exercise
prices on any trading day indicate the negatively skewed RND of underlying asset
price. This means that option prices reveal that the likelihood of an extreme
downward price move of the underlying is greater than that of an extreme upward
move. Also the smile or sneer pattern of the Black-Scholes implied volatilities
across exercise prices indicates that option prices reveal the likelihood of extreme
move of the future underling’s price is much greater than that allowed by the Black-
Scholes. Thus obtaining the evolution in time of RNDs of financial asset prices from

option prices can provide the dynamic behavior of market’s assessment of risks.

2 For example, Rubinstein (1994), Dumas, Fleming, and Whaley (1998), and Cont and da Fonseca
(2002).
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Among numerous techniques to estimate the RND of underlying asset price on
the option’s maturity date using option prices, two popular but different classes of
methods have been developed.

The first class of method is based on the relationship that the RND of the
underlying asset price at the option’s maturity date can be obtained by twice
differentiating the call price function with respect to the strike price discovered by
Breeden and Litzenberger (1978). In order to take the second derivative of the call
price function, a continuous call price function is necessary. Obviously, no options
are traded at continuous strike prices, rather they are traded at very limited number
of strike prices. Thus, this method basically comes down to a method of
interpolation and extrapolation. Bates (1991) employs a cubic spline (a peace-wise
third order polynomials) to interpolate the observed call option prices subject to
constraints. This approach requires a relatively large number of degrees of freedom
because of the complex form of the call price function. Ait-Sahalia and Lo (1998)
use a non-parametric kernel regression to estimate the call price function. This
approach is not practical to implement because of its data-intensive nature. We need
to make assumptions simply to reduce the dimensionality of the problem since this
approach involves a large number of regressors. Instead of directly interpolating call
option prices, Shimko (1993) first interpolates Black-Scholes implied volatilities by
fitting a quadratic function across strike prices. Then this volatility smile is inverted
to obtain a continuous call pricing function as a function of strike price through the
Black-Scholes formula. Campa, Chang, and Reider (1998) interpolates Black-

Scholes implied volatilities by fitting a cubic spline.
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This type of semiparametric method imposes no specific dynamics on the
underlying asset price and makes no assumptions about the parametric form of the
RND. But the shortcoming is that the different methods of interpolation produce
very different results in the form of RNDs.

The second class of method starts from imposing a particular parametric form
on the RND and then recovers its parameters by the minimization between the
observed option prices and model prices generated by the assumed parametric
form.”! Melick and Thomas (1997) use a mixture of three lognormals. Bahra (1997)
uses a mixture of two lognormals. This is a more restrictive method than the first
class.

Contrast to option implied methods to recover RND, the traditional methods
start from imposing strong assumptions on the dynamics of underlying financial
asset price. These strong assumptions enable RND to be estimated in closed form.
Typically, geometric Brownian motion of the underlying asset price is assumed®
which results in the benchmark Black-Scholes lognormal distribution of terminal
asset price. This is the most restrictive case.

The goal of this paper is to assess the difference of the dynamics of RNDs
between option implied methods and the benchmark Black-Scholes. None of the

previous studies examined the difference in the dynamics of RNDs throughout the

! Melick and Thomas (1997) points out that this approach is more general than specifying the
dynamics of the underlying asset price. Because a particular dynamics gives a unique RND but a
particular RND is consistent with many different dynamics of underlying asset price.

22 Together with the constant volatility of asset price return and the constant risk-free interest rate.
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life of an option from the start till the end between the option implied and the
traditional Black-Scholes.

A time series of S&P 500 futures option prices with December 2003 maturity
traded on the Chicago Mercantile Exchange (CME) for the period of approximately
one year between December 23 2002 and December 18 2003 is used. For each day
in the sample, RND of underlying S&P 500 index on the option’s expiration date
December 19 2003 is estimated. The resulting dynamics of RNDs for the entire life
of the option is plotted.

We find that the option implied dynamics of RNDs is characterized by the
well-documented features of negative skewness and excess kurtosis of the
underlying asset price relative to Black-Scholes lognormal RNDs*. This feature
becomes more pronounced as the maturity of the option approaches but may
become less pronounced at very near maturity.

We examine the goodness of fit of the benchmark Black-Scholes lognormal
dynamics to the option implied dynamics. Kolmogorov-Smirnov test (KS-test)
concludes at the 5% significance level that the Black-Scholes RNDs do not come
from the option-implied RNDs for approximately one-third of the sample period.
The author attributes the observed pattern of the increasing deviation between the
option-implied RNDs and the Black-Scholes RNDs when the maturity of the option
is far and near to the use of volatility surface by the option-implied RNDs. This
highlights the shortcoming of the Black-Scholes assumption of the constant

volatility.

3 Rubinstein (1994) and Dumas, Fleming, and Whaley (1998).
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The remainder of the paper is organized as follows. Section 5.2 describes the
methodology for estimating RNDs of financial asset price. Section 5.3 explains the
data set of S&P 500 futures option prices with December 2003 maturity obtained
from CME and presents the estimated dynamics of RNDs. We document the time
series behavior of mean, standard deviation, skewness, and kurtosis for each of three
different methods. Section 5.4 examines the goodness of fit of the Black-Scholes
lognormal dynamics to the option implied dynamics of RNDs. Section 4.5
concludes.

We should be aware of the fact that the estimated RND is a risk-neutral

distribution, not the actual distribution throughout this literature.

5.2 Option Implied Method and Traditional Method to Estimate Risk
Neutral Density (RND) of Financial Asset Price

5.2.1 Volatility Interpolation (VI) Method of Shimko (1993)

Under Black-Scholes assumptions, the price of European call and put options

at date ¢ maturing at date 7 =¢+ 7, written on a stock with the price S, at date ¢,

and the strike price K can be written as the present value of the expected future

payoffs following Cox, Ross, Rubinstein (1979):

call(K,c=T~1)=e"" [(S,~K) f(S,;)dS,  (5-1)

Ne—38

put(K,z=T—t)=e""|(K-S;) (S, )dS, (5-2),

S ==y X
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where the present value is calculated with respect to the risk-free interest rate 7.
The expectation is calculated with respect to J (ST) which is the risk-neutral

density (RND) of the stock at date 7.

The explicit expression of RND can be obtained from option prices following

Breeden and Litzenberger (1978). Rearrange the equation (5-1) as:
call(K,7) =" [[ S,/ (Sp S, =K [ £ (S, S, ] (5-3).
K K

The partial derivative of call option price function (5-3) with respect to the strike

price K becomes:

8ca11(K,z'

) s

=—¢""[1-F(S, =K)]

== [ £(S,)dS,  (5-4),
K
where F(S,) is the risk-neutral cumulative density function of the stock price at

date T | I:f(ST)dST = I—F(ST = K) is the probability that the stock price

exceeds the strike price at the maturity (i.e. call option finishes in the money). The
partial derivative of the equation (5-4) with respect to the strike price K gives the

RND of stock price at date 7 :

0’ call(K,r) o B
T—e f(ST—K) (5-5)
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Taking derivatives requires continuous call option pricing functions. Instead of
directly interpolating call option prices,24 Shimko (1993) first interpolates Black-
Scholes implied volatilities using a quadratic function across strike prices.25 Then
this volatility smile is inverted to obtain a continuous call pricing function as a
function of strike price through the Black-Scholes formula.*®

A method of normalization is necessary for the recovered RND to behave
nicely. This is for the RND to have an integral of one, for the tails of the RND to
decline monotonically and decay quickly. For this purpose, lognormal probability
density is grafted for strike prices outside the observed range by matching the
density and cumulative density of the option implied density function with a

lognormal probability density in both lower and upper tail.”’

5.2.2 Mixture of Two Lognormals Method (2LN) of Bahra (1997)

This method begins by specifying the parametric form of RND directly as a
mixture of two lognormal distributions. Bahra shows that the negative skewness and
the excess kurtosis of the data are well captured by this parametric form and this
parametric form ensures for the tails of the RND to decline monotonically and
decay quickly. The RND is then estimated by minimizing the distance of the model-

generated prices to the market option prices.

2 Directly interpolating call prices can produce inaccurate RND because small price errors can be
transformed into large errors in the estimated RND, especially in the tails.

2% Campa, Chang, and Reider (1998) interpolates the implied volatilities using cubic splines.

%% Black-Scholes formula is merely used as a means of mapping option prices in terms of implied
volatilities.

?" This means that the implied volatilities are constant outside the range of traded strike prices.
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The RND is given a mixture of two-lognormal distributions:
f(ST) = 7rL(,ul,al;ST)+(1—7Z)L(y2,02;ST) (5-6)
where L ( J7A ST) is the probability density function of lognormal distribution

meaning that whose logarithm is normal with mean g, and standard deviation o, .
Parameter 7 is the weight assigned to each lognormal distribution. The mean and
standard deviation parameters for each lognormal distribution g and o, together
with the weight assigned to each 7 determines the overall shape of the RND.

By substituting (5-6) into (5-1) and (5-2), now the call and put option pricing
functions (5-1) and (5-2) can be written as:

call(K,7=T—1)

[ 7L(1.0,:8, )+ (1= 7) L(4.0,:8, ) | (S, =K )dS,  (5-7),

71'—;8

put(K,r=T-t)

O'—-.N

[ 7L(14,00:8,)+(1-7)L(1,,0,:8,) (K =S, )dS,  (5-8).

Next substitute the density functions of lognormal distributions:

L(y,0.;8,)=————exp[-—————— 5-9),
(,Ul 1 T) STO'I\/E pl 20_12 1 (5-9)
1 (InS; —p, )2
L(w,o,;S exp[— 5-10).
(,uz 2 T) STO'Z\/Z pl ) 22 I« )
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Bahra (1997) demonstrated that using change of variables twice allows a
transformation from lognormal distributions to normal distributions. Equations (5-7)

and (5-8) have closed form solutions:

call(K,T) =e "[r{exp(y, +%O‘12)N(d )—N(d,)}
HI=m) {exp(at + 50, IN) - KN )}] - (5-11)
put(K,r) =e "[r{—exp(y +%O‘12)N(—d1) +KN(—d,)}

HI=m){-exp(t, + 20, IN(-d )+ KN(-d 1] (5-12).

~InS, + 4 +0 ~InS, +u,+0,°

where d, = ,dy,=d —o,,d,=

,and d, =d,—o,.
o, 0,
The RND is then estimated by minimizing the sum of squared errors between

the fitted option prices by the model and market option prices across all exercise

prices. The minimization problem is:

Min Zn: [call(Ki , r) — callmarketi ]2 + Zn: [put (Ki : T) _ putmarketi :'2 N

My 1y ,01,0,7T i=1 i=1

. | (5-13)
{ﬂexp[,u1 +EO'12]+(1—7z)eXp[,u2 +5622]—e"St}

subject to 0,,0, >0 and 0 <7 <1, over the range of observed strike prices

K,K,,....,K, . The mean of the RND should equal the forward price of the stock
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5.2.3 Traditional Method

Traditional method is presented using general notations first and then it is
applied to this paper’s purpose.
Suppose that the value of variable x follows the general stochastic differential
equation
dx = A(x,t)dt + B(x,t)dw  (5-14),
where the drift coefficient A(x,¢) and the diffusion coefficient B(x,¢) are functions
of the variable x and date ¢ and dw is a Wiener process. Probabilistic behavior of

the variable x is represented by its conditional probability p(x,,T |x,,t) in which

x, 1s the current value of variable x and ¢ is the current date while x, being the

value of the variable x at some future date 7 . Fokker-Planck (FP) equation 28 29
op(xy, Tx,.1)
T
- _ 8(A(xT,T)p(xT,T|x,,t)) +l az(B(xT,T)Zp(xT,T|xt,t)) (5_15)’

0x, 2 ox,”
gives the evolution of the probability density function of the variable x in time. FP
equation is an equation of motion for the distribution function of stochastic

variable x . It is parabolic in the sense that it involves a second derivative with

% Also known as forward Kolmogorov equation.

%% See Mathematical Appendix for its derivation.
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respect to one variable x,, and a first derivative with respect to the other variable

T 30
Solving this linear second-order partial differential equation of parabolic type
requires an initial condition and boundary conditions.
Consider a futures contract on a stock. The relationship between the futures

price and the spot price is:

F =8e" """ (5-16).

‘
where F, is the futures price at date ¢, S, is the spot price at ¢, g is the rate of
dividend yield, and 7 is the maturity date of the futures contract. Assume that the
risk-neutral process for the spot price is given by geometric Brownian motion:
dS, =(r—q)S,dt+ocSdw  (5-17).
Applying Ito’s lemma produces the futures price dynamics:
dF, =cFdw (5-18)

This means that in a risk-neutral world the futures price follows geometric
Brownian motion with zero drift coefficient and diffusion coefficient of o'F;.

Then, the Fokker-Planck equation which describes the dynamics of the RND
becomes

Op(FTIF,0) 100" F p(Fy, T|F,0)

1
T 2 oF,’

(5-19).

Note that at the maturity of the futures the futures price is equal to the asset’s

spot price ;. =S;.

3% Equations of this type are known as heat or diffusion equations.
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Utilizing the initial condition,

P t|F,0)=0(F = F)  (5-20)

the equation (5-19) can be solved as:

1 [n(F, /)= o (T =0
F,.T|F,t)= exp[—
PFLTIFLD GF, \27(T 1) L 26%(T —1)

1 (5-21).

This is the benchmark Black-Scholes lognormal RND.

5.3 Estimating the Dynamics of RNDs from S&P 500 Futures Options Data

To compare difference in the dynamics of RNDs obtained from three different
estimators, an application to the data set of futures option prices on S&P 500 index

is presented.

5.3.1 Data Set

Our data consist of daily settlement prices of futures options on the S&P 500
index with December 2003 maturity obtained from Chicago Mercantile Exchange
(CME) Daily Bulletin for the period December 23, 2002, through December 18,
2003. The time to maturity ranges from 0.9918 years (362 days) to 0.0027 years (1
day). Two filters are applied. Options with prices less than 0.125 are eliminated. In
the money options are eliminated because they are illiquid. Thus all options used are
out of money options: for moneyness = strike price / futures price greater than 1 call
prices are used and for moneyness less than 1 put prices are used. LIBOR in US

dollars with nearest maturity is used as an appropriate risk-free interest rate.
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Since these are American-style options, we use Barone-Adesi and Whaley

(1987) quadratic approximation method to adjust for the early exercise premium.*!

5.3.2 Dynamics of RND Estimates

To implement volatility interpolation (VI) method Black-Scholes implied
volatilities are calculated and interpolated by a quadratic function across the range
of strike prices on each day. The resulting implied volatility surface is shown in
Figure 5.1 as a function of the moneyness (= strike price / futures price) of the
option and time to maturity. Figure 5.1 illustrates the well-documented feature of
the implied volatility’s dependence on moneyness and time-to-maturity>~. On any
single trading day the implied volatility is not constant over a range of moneyness
and the shape of implied volatility curve changes as the time to maturity changes.
As the maturity of the option approaches, the curve becomes steeper. This implied
volatility surface is inverted to continuous call option prices through Black-Scholes
formula. Twice differentiating this continuous call price function yields the RND.
The resulting dynamics of RNDs obtained from volatility interpolation method is
depicted in Figure 5.2. It captures the evolution in time of RNDs of S&P 500 index
on the option’s expiration date December 19 2003. As expected, RND becomes less
dispersed as the option’s expiration date approaches since the outcome becomes
more certain at near maturity.

Mixture of two lognormals method (2LN) recovers the option implied RNDs

by minimizing the distance between the model prices calculated by equations (5-11)

3 See Mathematical Appendix for this procedure.
*2Rubinstein (1994), Dumas, Fleming, and Whaley (1998), and Cont and da Fonseca (2002).
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and (5-12) and the observed option prices according to the criterion function
equation (5-13). The resulting dynamics of RNDs is illustrated in Figure 5.4.
Solution of the Fokker-Planck (FP) equation assuming the geometric
Brownian motion on the underlying asset price dynamics yields the benchmark
Black-Scholes lognormal RND of equation (5-21). The annualized historical

volatility is calculated in a usual fashion:

o =+/252 x\/LZ(Ri —R)
n—143
where R =In(F,/F_)).

Using spot futures price £, and the historical volatility o =0.167615335, the

evolution of RND in time is depicted in Figure 5.6.

5.3.3 Instantaneous Profile and the dynamics of Moments

Since it is very difficult to notice the difference among Figures 5.2, 5.4, and 5.6,
the instantaneous profiles of the entire dynamics of RNDs are taken on the
following four dates, March 18, June 18, September 18, and November 18 2003.
These correspond to approximately nine-month, six-month, three-month, and one-
month to maturity. These are reported in Figures 5.8 through 5.11 together with
their moments on Tables 5.1 through 5.4. These instantaneous profiles show that the
option implied RNDs possess heavier lower tails than the Black-Scholes RNDs
suggesting that the market assesses the greater likelihood of extreme downward

move of underlying asset price than allowed by the Black-Scholes.
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The term structures of mean, standard deviation, skewness, and kurtosis of the
RNDs are plotted in Figure 5.12.> Note the several differences between the option
implied dynamics and the Black-Scholes dynamics. Although all three methods
have same means and similar patterns of standard deviations, their skewness and
kurtosis are remarkably different. The option implied dynamics is characterized by
the negative skewness and excess kurtosis for asset prices documented by Ait-
Sahalia and Lo (1998) which generally increase as the maturity of the option
approaches. At very near maturity of within 15 days to expiration, the volatility
interpolation method produces decreasing excess kurtosis of the underlying asset
price. In contrast, the kurtosis recovered from mixture of two lognormals method
continues to increase. Obviously, benchmark Black-Scholes lognormal dynamics of

RNDs completely fails to capture these dynamic behaviors of skewness and kurtosis.

5.4 Goodness of Fit Test

This paper uses Kolmogorov-Smirnov test (KS-test) to examine the difference
between the option implied dynamics of RNDs and the Black-Scholes dynamics of
RNDs. KS-test is one of the best known and widely used goodness of fit test for
continuous distributions to determine if the empirical distribution function F, '(x)
obtained from a sample of observations x,,x,,...,x, comes from the hypothesized
known population distribution function F'(x). We hypothesize that the option
implied RND describes the true population distribution F'(x) and test if Black-

Scholes RND which is the empirical distribution F '(x) calculated using the

33 Moments are directly computed from the each RND.
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historical volatility from 249 observations of futures option price comes from the

F(x). The KS-test statistic D is the maximum absolute deviation between F, '(x)
and F'(x) across the range of the stochastic variable x :

D= Max|Fn '(x)— F(x)| .

If the test statistic D is greater than the critical value®, the null hypothesis is
rejected and we conclude that the empirical distribution does not come from the
hypothesized population distribution.

Figure 5.13 reports the result of KS-test of the Black-Scholes RNDs to the
option implied RNDs obtained from volatility interpolation method at 5%
significance level. Null hypothesis is rejected on 80 trading days out of 249
(approximately 32%). Figure 5.14 reports the result of KS-test of the Black-Scholes
RNDs to the option implied RNDs obtained from mixture of two lognormals
approach and rejects the null on 92 trading days out of 249 (approximately 37%).
Note that the difference becomes significant when the maturity of the option is far
and near. In this paper, Black-Scholes dynamics of RNDs is obtained using the
historical volatility for the sample period. On the other hand, option implied
dynamics incorporate the volatility surface portrayed in Figure 5.1. When the
maturity of the option is far (near), at the money implied volatility is sizably larger
(smaller) than the historical volatility as reported in Figure 5.16. The time series of

absolute deviation between the two is plotted in the Figure 5.17 which resembles

3 Critical value is calculated by 1.36/</n where n is the sample size.
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Figures 5.13 and 5.14 in that when the maturity of the option is far and near the
difference becomes large.

The similarity of the two option implied dynamics is reported in Figure 5.15.
The difference is very stable at approximately 2% except for a very short period of
time at near maturity.

In summary, the difference between the option implied dynamics and the
Black-Scholes dynamics of RNDs is attributed to the difference between the use of
constant volatility by the Black-Scholes and the use of volatility surface by the
option implied. Volatility surface captures the dependence of volatility on
moneyness and the evolution of this volatility curve as the time to maturity of the

option changes.

5.5 Conclusion

This paper investigates the dynamics of risk-neutral probability density
functions (RNDs) of S&P 500 index using a time series of S&P 500 futures options
prices. Two different methods, volatility interpolation method and mixture of two
lognormals method, for estimating RNDs from option prices are used. The
difference in the dynamic behavior of RNDs between the option implied method
and the benchmark Black-Scholes lognormal method was then examined.

We find that the option implied dynamics of RNDs is characterized by the
persistent negative skewness and excess kurtosis which become more pronounced as

the maturity of the option approaches but may become less pronounced at very near
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maturity of within 15 days to expiration. In contrast, the benchmark Black-Scholes
lognormal dynamics yields completely different dynamics of skewness and kurtosis,
persistent positive skewness and time-decreasing kurtosis.

Next, we performed a goodness of fit test of the benchmark Black-Scholes
lognormal RNDs to the option implied RNDs. The results from Kolmogorov-
Smirnov test suggest that at 5% significance level Black-Scholes lognormal RNDs
do not come from option-implied RNDs on approximately one-third of the life of
the option. The author attributes the observation that the difference between Black-
Scholes RNDs and the option implied RNDs becomes significant when the maturity
of the option is far and near to the use of volatility surface by the option implied
RNDs.

Overall, our results indicate that option prices do not support the Black-
Scholes world of constant volatility and the lognormal distribution of asset prices at
option’s expiration. The use of information provided by volatility surface is a key

element in option pricing.



Table 1.1: Martingale Gambling Strategy
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Trial 0 1 2 3 4 5 6 7
Result Loss Loss Loss| Loss Loss Loss| Win
Bet $2 $4 $8 $16 $32 $64| $128
Net Gain -$2 -$4 -$8 -$16 -$32 -$64 | +$128
Wealth | $200] $198| $194 $186| $170] $138 $74 $202
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Table 1.2: One-to-one correspondence between an infinitely divisible
distribution and a Lévy process

Infinitely divisible probability measure P ¢« Lévy process

Normal distribution Brownian motion (with
drift)

Poisson distribution Poisson process
Compound Poisson distribution Compound Poisson
process

Cauchy distribution Cauchy process

Exponential distribution Gamma process
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Table 1.3: Poisson process

Lévy process Gaussian variance Lévy measure drift variation sample path

Poisson process A=0 {=A6(x—1) y=0 finite rcll step

functions of
step size 1
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Table 1.4: Compound Poisson process

Lévy process Gaussian variance Lévy measure drift variation sample path

Compound Poisson 4 =0 (=Af(x) y=0 finite rcll step
Process functions
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Table 2.1: Relationship between frequency f and angular frequency ®

Frequency f (cycles/second) Angular Frequency o (radians/second)
1 Hz 27 =360° Hz
10 Hz 2077 =360°x10 Hz

100 Hz 200z =360°x100 Hz




Table 2.2: Summary of Important Properties of Fourier Transform in Angular

Frequency Domain ® Hz (radians/second)

Property Time Domain Function y(¢) Fourier Transform
Fly®)(@)
Linearity af (t)+bg(t) aF (w)+bG(w)
Even Function f(t) is even F(w)eR
Odd Function f(t) is odd Fw)el
Symmetry F(1) 27 f(—w)
Differentiation % —ioF (o)
k
d df; 0, (—iw)* F(w)
. . 1 w
Time Scaling f(at) —F(—)
o]~ "a
Time Shifting f(t—t,) e F(w)
Convolution f*xg= J._OO f(n)g(t—r1)dr F(o)G(o)
Multiplication f()g() 2L ro F(@)G(o-—o)do
/i
Modulation e £(1) Flo-w,)

(Frequency Shifting)
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Table 2.3: Summary of Important Properties of Fourier Transform in
Frequency Domain f Hz (cycles/second)

Property Time Domain Function y() Fourier Transform
Fly®](f)
Linearity af (t)+bg(t) aF(f)+bG(f)
Even Function g(?) is even G(f)eR
Odd Function g(?) is odd G(f)el
Symmetry G(1) g(=f)
Differentiation % 27if G(f)
250 @i ) G()
Time Scaling g(at) ﬁ Q(f)
Time Shifting g(t—1,) e G(f)
Convolution frg=[" f(@gt-rydr F(NHGS)
Multiplication f(H)g(@) F =G
Modulation e g (1) G(f - 1)

(Frequency Shifting)
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Table 2.4: How to Calculate Standardized Moments from Characteristic
Function and Moment Generating function

Moments n -th cumulant n -th raw moment
Mean E[X] cum, n
Variance E{X -E[X]} cum, r -1

E{X -E[X]Y cum, 21’ =3nr, + 14

Skewness

(VEX—Ex07) cum,”* (n =1y

Excess Kurtosis
E{X—E[X]}4 _3 cum, _6]/i4+127i2r2_3r22_4r1r3+r4

(Je—map) (7Y

Note:

0 2 -nd central moment of X = E{X — E[X]}* = E[ X’ |- E[XT =Var[X]
=cum, =1, —7.".
0 3-rd central moment of X = E{X — E[X ]}’ = cum, =21 =3rr, +1,.

E{X-E[X]Y  cum,

( '—E{X_E[X]}z )3 - Cum23/2

0 Skewness of X = Skewness[X]=

21 =3nr, +r1,
(’/,2 _7,12)3/2
0 4-th central moment of X = E{X — E[X]}" = cum, +3{E{X — E[X]}*}’
= cum, +3cum,” = (=61 +12r°r, =31, —4rr, +1,)+3(r, - 1)’

E{X-E[X]} g cum, +3cum,’

0 Excess Kurtosiss of X = -3

( E{X - E[X]? )4 cum,’

4 2 2
cum, —6r" +12r°r, —3r," —4nr +r,

cum,’ (5 —1)’




Table 2.5: Examples of Characteristic Functions
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Distribution P(x) $(w)
2
X 2 2
Normal ! exp —M exp(ipuw— oo )
> 2
2o 20 2
Exponential ae™ ™ - :
a—iw
—-a _—x/b_a-1
Gamma b?(—)x (1- iba))ﬂl
a
-A9x
Poisson ¢4 exp[/?,(eix - 1)}

x!




Table 3.1 Role of parameter Y
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Y Leévy measure £, (%)

monotonically decreasing total mass Jm L oy x (X)dx

Variation

of the process

Y<-1 no finite
-1<Y <0 yes finite
0<Y<l yes infinite
I<Y<2 yes infinite

finite
finite
finite
infinite

Note: This table is based on the Table 1 of CGMY (2002).
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Table 3.2: Model Comparison

Model Sample Paths Property =~ Total mass of Lévy measure  Variation

Jif »(x)dx of the process
BS continuous 0 infinite
MJD continuous with occasional finite and small infinite
Jumps
VG purely discontinuous o0 finite
NIG purely discontinuous o0 infinite

CGMY  purely discontinuous 0< <o finite or infinite




Table 3.3: Calibrated Parameters
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Parameters Daily Average  Standard Error ~ Minimum  Maximum
BS o 0.14437 0.02253 0.09714 0.19339
MID o 0.09544 0.00669 0.07470 0.11761
A 0.77742 0.59858 0.29551 5.66366
u -0.14899 0.06361 -0.29654 -0.00985
0 0.09411 0.02968 0.02681 0.14922
vG 0 -0.16798 0.03133 -0.36617 -0.10567
o 0.13503 0.01758 0.09363 0.16591
v 0.39608 0.23908 0.00802 0.89766
NIG « 20.7408 12.7483 9.60631 89.6984
p -11.7309 3.71075 -30.0897 -6.87204
0 0.24832 0.11783 0.15429 1.01836
CGMY C 0.06675 0.05032 0.00259 0.33387
G 2.35246 0.96472 0.34914 7.63829
M 262.805 990.01 18.4187 7314.23
Y 1.19952 0.29492 0.56393 1.77157

Note: The daily average, the standard error, the minimum, and the maximum of the
calibrated parameters for the sample period are presented. Note that we set NIG’s u
equal to zero because this parameter is redundant.
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Table 3.4: In-Sample Fit

Model Daily Average  Standard Error ~ Minimum  Maximum
BS 327.314 170.428 0.77675 626.491
MJD 1.98586 2.42562 0.07417 10.1348
VG 4.38282 2.81334 0.13971 14.1986
NIG 1.62785 2.12555 0.06271 8.9489
CGMY 0.82602 1.24139 0.00435 5.5291

Note: The daily average, the standard error, the minimum, and the maximum of the
sum of squared errors (SSE) for the sample period is presented.



Table 3.5: Out-of-sample absolute pricing errors per call option
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Moneyness K/ F;

Days to Expiration Model <0.94 0.94-098 0.98-1.02 1.02-1.06 >1.06

> 180 BS
MID

VG

NIG

CGMY

60 — 180 BS
MID

VG

NIG

CGMY

<60 BS
MID

VG

NIG

CGMY

$11.14
0.802
0.881
0.788
0.799

5.278
0.575
0.694
0.504
0.420

1.258
0.417
0.493
0.400
0.265

$5.568
1.016
1.065
0.965
0.938

3.598
0.514
0.613
0.537
0.477

1.703
0.399
0.386
0.379
0.374

$2.493
1.056
1.173
1.064
1.047

1.365
0.602
0.685
0.612
0.598

0.794
0.507
0.516
0.506
0.503

$2.527
0.958
1.006
0.967
0.966

2.047
0.586
0.649
0.589
0.579

1.264
0.282
0.300
0.271
0.284

$5.861
0.626
0.696
0.609
0.609

2.774
0.347
0.436
0.348
0.337

0.615
0.140
0.165
0.120
0.188

Note: Today’s model price is computed using the yesterday’s implied parameters
for each call option. We define the absolute pricing error per option as the sample
average of the absolute difference between the market price and the model price.
Note that the entire sample is divided according to its maturity and its moneyness.
The long term is defined as more than or equal to 180 days to maturity and the short
term is less than 60 days to maturity. We define the deep ITM as the moneyness less
than 0.94, the moneyness between 0.94 and 0.98 is ITM, the moneyness between
0.98 and 1.02 is ATM, the moneyness between 1.02 and 1.06 is OTM, and the
moneyness greater than 1.06 is deep OTM.
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Table 3.6: Orthogonality test results of out-of-sample dollar pricing errors

Independent BS MJD VG NIG CGMY
variable

B, -15.227 -10.864 -11.726 -10.353 -6.602

(1) (-6.744)*  (-18.929)* (-19.050)* (-18.262)* (-11.819)*
B -21.898 17.529 17.700 16.672 10.959
(K,/F) (-5.852)*  (18.427)* (17.345)* (17.744)* (11.837)*
B, 23.439 -8.351 -7.879 -7.863 -5.496

((K,/F,)) (12.481)% (-17.492)* (-15.388)* (-16.673)* (-11.827)*

b 7.415 1.436 1.481 1.295 1.022
(T) (7.445)* (5.671)* (5.453)*  (5.176)* (4.147)*
B, 522.964 63.646 72.040 58.544 43.140
(r) (10.462)*  (5.009)* (5.286)*  (4.664)* (3.488)*
Adjusted R’ 0.472 0.069 0.111 0.069 0.024
Observations 6567 6567 6567 6567 6567

Fstatistic,, 5, 1464.14 122477 204.886  122.179  41.776

Note: Out-of-sample dollar pricing errors ¢, are regressed on the moneyness K,/ F,
the moneyness squared (K, / F,)’, the time to maturity 7, and the interest rate 7;:

g =P+ B(K, | F)+B(K, | F) + BT+ By +e,.
¢ -statistics are in parentheses. * indicates the significance at 5% level.
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Table 4.1: Statistically estimated parameters of each model

Model Log likelihood Model parameter vector 6,
BS 883.466 o, =0.107419
MID 886.568 o, =0.080850 A» =60.00000 M =—0.010476

8, =1.600779x107
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Table 4.2: Annualized standardized moments of statistical log return
probability density

Model Standard Deviation Skewness Excess Kurtosis
True 0.107640 -0.016440 -0.000347
BS 0.107419 0 0

MJD 0.114548 -0.045892 0.004197




Table 4.3: Risk-neutral prior parameters

249

Parameters Average Standard Error Minimum  Maximum
MID o 0.09544 0.00669 0.07470 0.11761
A 0.77742 0.59858 0.29551 5.66366
)7, -0.14899 0.06361 -0.29654 -0.00985
o 0.09411 0.02968 0.02681 0.14922
BS o 0.14437 0.02253 0.09714 0.19339

Note: The average, the standard error, the minimum, and the maximum of the
successively updated risk-neutral parameters for the sample period are presented.
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Table 4.4: Annualized standardized moments of risk-neutral log return
probability density

Model Standard Deviation Skewness Excess Kurtosis

BS 0.14437 0 0
MJD 0.18235 -0.931611 1.34135
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Table 4.5: Annualized standardized moments of statistical vs. risk-neutral
prior log return probability density

Model Standard Deviation Skewness Excess Kurtosis

Statistical 0.114548 -0.045892 0.004197
Risk-neutral 0.18235 -0.931611 1.34135




Table 4.6: Calibration Results
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Methods ol A2 u° o5
March 30, 2004 (245 days to maturity)

M1 0.108775 0.307107 -0.267493 0.140028
mg 0.108995 0.300333 -0.272398 0.136964
July 1, 2004 (180 days to maturity)

M1 0.093676 0.485600 -0.197655 0.111576
mg 0.092968 0.509876 -0.190205 0.114493
September 27, 2004 (120 days to maturity)

M1 0.095187 0.732404 -0.144411 0.082790
ﬁg 0.095463 0.714316 -0.147262 0.081582
November 22, 2004 (80 days to maturity)

Ml 0.094648 0.662536 -0.107062 0.080695
ﬁg 0.095101 0.630734 -0.111636 0.079383
January 20, 2005 (40 days to maturity)

MIl 0.091795 1.296250 -0.070378 0.056700
ﬁg 0.091314 1.259500 -0.075242 0.052736
March 4, 2005 (10 days to maturity)

M1 0.086929 1.009830 -0.054321 0.043944
ﬁg 0.088270 0.736562 -0.067053 0.046267
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Table 5.1: Moments of RND estimates with 9-month to maturity

RND Estimator Mean Standard Deviation  Skewness Kurtosis
VI 864.779 183.395 -0.1901 3.0095
2LN 863.474 185.570 -0.1834 2.9894
BS 863.400 127.000 0.4445 3.3533

Note: Moments of RND recovered from volatility interpolation (VI), mixture of two
lognormals (2LN), and the benchmark Black-Scholes lognormal (BS) methods. This
table quantifies the difference of RND estimates among three methods with respect
to their first four moments. The estimates are based on CME settlement prices of
futures options on S&P 500 index with December 2003 maturity on March 18, 2003.
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Table 5.2: Moments of RND estimates with 6-month to maturity

RND Estimator Mean Standard Deviation  Skewness Kurtosis
VI 1006.465 137.243 -0.5682 3.5095
2LN 1006.305 136.252 -0.4972 3.5004
BS 1006.400 120.654 0.3614 3.2331

Note: Moments of RND recovered from volatility interpolation (VI), mixture of two
lognormals (2LN), and the benchmark Black-Scholes lognormal (BS) methods. This
table quantifies the difference of RND estimates among three methods with respect
to their first four moments. The estimates are based on CME settlement prices of
futures options on S&P 500 index with December 2003 maturity on June 18, 2003.
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Table 5.3: Moments of RND estimates with 3-month to maturity

RND Estimator Mean Standard Deviation  Skewness Kurtosis
VI 1037.345 100.405 -0.7738 5.2039
2LN 1037.014 98.800 -0.7555 4.4533
BS 1037.300 88.463 0.2565 3.1172

Note: Moments of RND recovered from volatility interpolation (VI), mixture of two
lognormals (2LN), and the benchmark Black-Scholes lognormal (BS) methods. This
table quantifies the difference of RND estimates among three methods with respect
to their first four moments. The estimates are based on CME settlement prices of
futures options on S&P 500 index with December 2003 maturity on September 18,
2003.
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Table 5.4: Moments of RND estimates with 1-month to maturity

RND Estimator Mean Standard Deviation  Skewness Kurtosis
VI 1033.045 56.118 -0.7328 5.0895
2LN 1032.409 55.536 -1.0367 6.4456
BS 1032.800 51.181 0.1488 3.0394

Note: Moments of RND recovered from volatility interpolation (VI), mixture of two
lognormals (2LN), and the benchmark Black-Scholes lognormal (BS) methods. This
table quantifies the difference of RND estimates among three methods with respect
to their first four moments. The estimates are based on CME settlement prices of
futures options on S&P 500 index with December 2003 maturity on November 18,
2003.
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Figure 1.1: Examples of a function f: a — f(a)
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Figure 1.2: Plot of the probability density function of an exponential random
variable with A = 0.01
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Figure 1.3: Zero arrival of an event in [0, t]
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Figure 1.4: One arrival of an event in [0, t]
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Figure 1.5: k arrivals of an event in [0, t]
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Figure 1.6: An event arrivals k times in the interval [0, t]
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Figure 1.7: Simulated sample paths of Poisson processes with the intensity A =5
and 0<t<2
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Figure 1.8: Simulated sample paths of a compound Poisson process with the
intensity A=5and 0 <t <2
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Figure 2.1: Illustration of wavelength A
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Figure 2.2: Plot of 5 Hz sine wave g(t) = sin(2n(5)t)
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Figure 2.3: The definition of sine and cosine function with unit circle
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Figure 2.4: Sine and cosine function sin(0) and cos(0)




269

Figure 2.5: Plot of a sine wave g(t) = sin(2nft) with different fundamental

frequency f
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Figure 2.6: Plot of a 1 Hz sine wave g(t) =a sin(2xt) with different amplitudes a
=1/2,1,and 2
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Figure 2.7: Plot of a 1 Hz Sine Wave g(t) = sin(2at + b) with Different Phase b =

0, /2, and - 7t/2
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Figure 2.8: Plot of double-sided exponential function and its Fourier
transforms
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Figure 2.9: Plot of rectangular pulse and its Fourier transforms

A) Plot of a rectangular pulse g(7).
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Figure 2.10: Plot of Dirac’s delta function and its Fourier transforms

A) Plot of g(¢) = 0(¢) .
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Figure 2.11: Plot of Gaussian function and Fourier transforms

A) Plot of Gaussian function g(¢) = ¢ .

1r
0.8

0.6

—

-

~

©0.4

0.2

0

-3 -2 -1 0 1 2 3
t (seconds )

B) Plot of FT of g(¢) in Angular Frequency Domain, G(®).

1
0.8
%o.s
0.4
0.2

0
_A -2 0 27 45
Angular Frequency w Hz (radians /second )

C) Plot of FT of g(¢) in Frequency Domain, G(f).

1.2
1
0.8

—~

* 0.6
)Y

0.4
0.2

Ot ‘
-2 -1 0 1
Frequency T Hz (cycles /second )

2

275



276

Figure 2.12: Plot of a cosine wave and Fourier transforms

A) Plot of a Cosine Wave g(t) = Acos(2x f,t) = Acos(w,t) . Amplitude of the wave
is given by 4 .
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Figure 2.13: Plot of a sine wave and Fourier transforms

A) Plot of a Sine Wave g(t) = Asin(2x ft) = Asin(w,t) .
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Figure 2.14: Plot of a function h(x) for n =1, n = 10" and n = 10
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Figure 2.15: Plot of even and odd functions

A) Even Functions: g(x) = I, g(x) = 0.5x°, and g(x) = cos(2xx).

27‘
\ /
1.5}
\ /
1 — 1
v < e 7 ~
— N \. : . .l \‘ '
X 0.5/ Y N vl ) M 1.0
= Voo N v T g
0 ) ’ . " J ° !
Vo o '
[ “ "
[ |

ar -
/
2 / y
— 'l"‘ '1'\‘ ) . ! \
2</ 0 ‘\ ,‘/\r_ 7! -‘\’ ’g’ ‘\ " l 3
o ‘s/ i \\.' \\.' o ?X
-2 1 )
/7 sin (2nX)
-4/ ‘ g
-2 -1 0 1 2
X



280

Figure 2.16: Plot of two Gaussian functions f and g and their convolution f*g
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Figure 2.17: Relationship between a strike price K and a log-strike price k =
InK
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Figure 2.18: Plot of an exponential function " with respect to log-strike price
k=InK
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Figure 3.1: Plot of Lévy measure lyg, x(x; 0,6,0) of VG process
A) Lévy measure of VG process with various values for 8. Parameters fixed are o =

0.2andov =0.1.
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Figure 3.2: Plot of Lévy measure Inic x(x; a,f,0) of NIG process
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A) Lévy measure of NIG process with various values for . Parameters fixed are a
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Figure 3.3: Plot of Lévy measure lcomy x(x; C, G, M, Y) of CGMY process

A) Lévy measure of CGMY process with various values for C. Parameters fixed are
G=1,M=1and Y =0.9.
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Figure 3.4: Plot of Lévy measure lcomy x(x; C, G, M, Y) of CGMY process

C) Lévy measure of CGMY process with various values for Y. Parameters fixed are

C=05G=1adM-=1.
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Figure 3.5: Plot of Lévy measure lyypx( X; A, pn, ) of MJD process with various
values for A

Note: Parameters fixed are ¢ = -0.1 and 6 = 0.5.
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Figure 3.6: Dynamics of calibrated parameters: ¢ of Black-Scholes model
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Note: Time series of calibrated parameters for BS model are plotted from the day 1
which is March 24, 2004, through day 248 which is March 16, 2005.



Figure 3.7: Dynamics of calibrated parameters: o, A, n, 6 of Merton jump-
diffusion model
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Note: Time series of calibrated parameters for MJD model are plotted from the day

1 which is March 24, 2004, through day 248 which is March 16, 2005.
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Figure 3.8: Dynamics of calibrated parameters: 0, o, v of Variance Gamma
model
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Note: Time series of calibrated parameters for VG model are plotted from the day 1
which is March 24, 2004, through day 248 which is March 16, 2005.
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Figure 3.9: Dynamics of calibrated parameters: a, B, 6 of Normal Inverse

Gaussian model
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Note: Time series of calibrated parameters for NIG model are plotted from the day 1
which is March 24, 2004, through day 248 which is March 16, 2005.
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Figure 3.10: Dynamics of calibrated parameters: C, G, M, Y of CGMY model
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Note: Time series of calibrated parameters for CGMY model are plotted from the
day 1 which is March 24, 2004, through day 248 which is March 16, 2005.
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Figure 3.11: Black-Scholes model implied dynamics of log-return probability
density

Q ‘ :, | \ 0.75
0-5Time
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Note: Calibrated probability density functions of log returns in BS model on one
day before last trading day March 16, 2005 are plotted as the time to maturity nears
from 1 to 0. Note that the above figures illustrate density functions only for the
range of probability density between 0 and 15.
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Figure 3.12: MJD model implied dynamics of log-return probability density

0.25
Terminal log return Ry 0_5?

Note: Calibrated probability density functions of log returns in MJD model on one
day before last trading day March 16, 2005 are plotted as the time to maturity nears
from 1 to 0. Note that the above figures illustrate density functions only for the
range of probability density between 0 and 15.
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Figure 3.13: VG model implied dynamics of log-return probability density

0.25
Terminal log return Ry 0_5?

Note: Calibrated probability density functions of log returns in VG model on one
day before last trading day March 16, 2005 are plotted as the time to maturity nears
from 1 to 0. Note that the above figures illustrate density functions only for the
range of probability density between 0 and 15.
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Figure 3.14: NIG model implied dynamics of log-return probability density
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Note: Calibrated probability density functions of log returns in NIG model on one
day before last trading day March 16, 2005 are plotted as the time to maturity nears
from 1 to 0. Note that the above figures illustrate density functions only for the
range of probability density between 0 and 15.



Figure 3.15: Plot of implied log-return probability density

A) March 4, 2005. 10 days to maturity.
Maturity (T) = 10 Days
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Figure 3.15: Plot of implied log-return probability density (Continued)

C) November 22, 2004. 80 days to maturity.
Maturity (T) = 80 Days
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Figure 3.15: Plot of implied log-return probability density (Continued).

E) July 1, 2004. 180 days to maturity.
Maturity (T) = 180 Days
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F) March 30, 2004. 245 days to maturity.
Maturity (T) = 245 Days

299



300

Figure 3.16: Dynamics of implied moments of log-return probability density

A) Implied Mean of Log Returns
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Note: Time series of implied moments of log return probability density functions on
one day before last trading day March 16, 2005 are plotted for each model. Note
that the day 1 is March 24, 2004 and the day 248 is March 16, 2005.



Figure 3.16: Dynamics of implied moments of log-return probability density

(Continued)

C) Implied Skewness of Log Returns
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Figure 3.17: Implied dynamics of Lévy density: MJD model
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Figure 3.18: Implied dynamics of Lévy density: VG model
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Figure 3.19: Implied dynamics of Lévy density: NIG model
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Figure 3.20: Implied dynamics of Lévy density: CGMY model
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Figure 3.21: Plot of implied Lévy density of log returns

A) March 4, 2005. 10 days to maturity.
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Figure 3.21: Plot of implied Lévy density of log returns (Continued)

C) November 22, 2004. 80 days to maturity.
Maturity (T) = 80 Days
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Figure 3.21: Plot of implied Lévy density of log returns (Continued)

E) July 1, 2004. 180 days to maturity.
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Figure 3.22: Dynamics of in-sample dollar pricing errors: BS model

K/Fo

Moneyness

0.94

\\
NN
RN

NN 1]

0.88

Error

Note: In-sample dollar pricing error defined as C,"*(S,,K,,T;17%,) - C™™" is

calculated on each day and plotted in a 3D figure across the varying moneyness and
the time to maturity using a linear interpolation. Note that the time to maturity is

measured in years.
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Figure 3.23: Dynamics of in-sample dollar pricing errors: MJD model
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Note: In-sample dollar pricing error defined as C,"*(S,,K,,T;17°%,)—C™™" is

calculated on each day and plotted in a 3D figure across the varying moneyness and
the time to maturity using a linear interpolation. Note that the time to maturity is

measured in years.
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Figure 3.24: Dynamics of in-sample dollar pricing errors: VG model
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calculated on each day and plotted in a 3D figure across the varying moneyness and
the time to maturity using a linear interpolation. Note that the time to maturity is

Note: In-sample dollar pricing error defined as C,"*(S,,K,,T;n%,)—C"™™*" is
measured in years.
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Figure 3.25: Dynamics of in-sample dollar pricing errors: NIG model
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Note: In-sample dollar pricing error defined as C,"*(S,,K,,T;17%,) - C™™" is

calculated on each day and plotted in a 3D figure across the varying moneyness and
the time to maturity using a linear interpolation. Note that the time to maturity is
measured in years.
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Figure 3.26: Dynamics of in-sample dollar pricing errors: CGMY model

—

1

0.5

Error O l4wdp
M

0.94
Time Moneyness = K/Fg

Note: In-sample dollar pricing error defined as C,"*(S,,K,,T;n%,)—C"™™*" is

calculated on each day and plotted in a 3D figure across the varying moneyness and
the time to maturity using a linear interpolation. Note that the time to maturity is
measured in years.
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Figure 3.27: Dynamics of out-of-sample dollar pricing errors: BS model
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Note: Out-of-sample dollar pricing error defined as C,"*'(F,,K,T —t;7° )

—C™*" js calculated on each day across different strike prices and plotted in a 3D

figure across the varying moneyness and the time to maturity using a linear

interpolation. Note that the time to maturity is measured in years.
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Figure 3.28: Dynamics of out-of-sample dollar pricing errors: MJD model
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Note: Out-of-sample dollar pricing error defined as C"*'(F,K,T —t;7°_,)

—C™** is calculated on each day across different strike prices and plotted in a 3D

figure across the varying moneyness and the time to maturity using a linear

interpolation. Note that the time to maturity is measured in years.
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Figure 3.29: Dynamics of out-of-sample dollar pricing errors: VG model
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Note: Out-of-sample dollar pricing error defined as C"*'(F,K,T —t;7°_,)

—C™** is calculated on each day across different strike prices and plotted in a 3D

figure across the varying moneyness and the time to maturity using a linear

interpolation. Note that the time to maturity is measured in years.
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Figure 3.30: Dynamics of out-of-sample dollar pricing errors: NIG model
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Note: Out-of-sample dollar pricing error defined as C"*'(F,K,T —t;7°_,)

—C™** is calculated on each day across different strike prices and plotted in a 3D

figure across the varying moneyness and the time to maturity using a linear

interpolation. Note that the time to maturity is measured in years.
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Figure 3.31: Dynamics of out-of-sample dollar pricing errors: CGMY model
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Note: Out-of-sample dollar pricing error defined as C"*'(F,K,T —t;7°_,)

—C™** is calculated on each day across different strike prices and plotted in a 3D

figure across the varying moneyness and the time to maturity using a linear
interpolation. Note that the time to maturity is measured in years.
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Figure 4.1: 3D plot of the MJD error function

A) From one angle.

2

Note: The sum of squared dollar pricing error function le ‘Cl.m"del @Y -C™*" s

plotted as a function of parameters A% and 1® with other parameters being fixed.
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Figure 4.2: Strictly convex function f(x) = xIlnx
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Figure 4.3: Relative entr
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Figure 4.4: Relative entropy function for MJD Process

025,0=0.1,56%=0.15, A" =1, 4" =-0.1,and 5" =0.1.

Note: We set T’
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Figure 4.5: Statistical daily log-return probability density
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Figure 4.6: Log of statistical daily log-return probability density
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Figure 4.7: Plot of statistically estimated MJD Lévy measure
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Figure 4.8: Successively-updated risk-neutral prior parameters
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Figure 4.9: Risk-neutral log-return probability density
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Figure 4.10: Log of risk-neutral daily log-return probability density
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Figure 4.11: Plot of risk-neutral MJD Lévy measure
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Figure 4.12: Statistical vs. risk-neutral prior log-return probability densities
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Note: The statistical prior log return probability density is compared to the risk-
neutral prior log return probability density for four different maturities 7 = 0.25,

0.5, 0.75, and 1.
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Figure 4.12: Statistical vs. risk-neutral prior log-return probability densities
(Continued)
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Note: The statistical prior log return probability density is compared to the risk-
neutral prior log return probability density for four different maturities 7" =0.25,
0.5, 0.75, and 1.
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Figure 4.13: Plot of calibrated log-return probability density and Lévy measure
on March 30, 2004 (245 days to maturity)

A) Calibrated log return probability density.
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Figure 4.14: Plot of calibrated log-return probability density and Lévy measure
on July 1, 2004 (180 days to maturity)

A) Calibrated log return probability density.
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Figure 4.15: Plot of calibrated log-return probability density and Lévy measure
on September 27, 2004 (120 days to maturity)
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Figure 4.16: Plot of calibrated log-return probability density and Lévy measure
on November 22, 2004 (80 days to maturity)

A) Calibrated log return probability density.
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Figure 4.17: Plot of calibrated log-return probability density and Lévy measure
on January 20, 2005 (40 days to maturity)

A) Calibrated log return probability density.
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Figure 4.18: Plot of calibrated log-return probability density and Lévy measure
on March 4, 2005 (10 days to maturity)

A) Calibrated log return probability density.
Maturity (T) = 10 Days
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Figure 5.1: Implied volatility surface

Note: Plot of the dynamics of implied volatility curves of futures options on S&P
500 with December 2003 maturity as a function of time to maturity in years and
moneyness = Strike/Futures for the period between December 23 2002 and
December 18 2003. Quadratic function is used as a method of interpolation.
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Figure 5.2: Dynamics of risk-neutral densities obtained from volatility
interpolation method
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Note: Plot of the dynamics of risk-neutral densities of futures options on S&P 500
with December 2003 maturity obtained from volatility interpolation method for the
period between December 23 2002 and December 18 2003. Time to maturity is
measured in years. Range of the density plotted is between 0 and 0.01.
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Figure 5.3: Dynamics of cumulative risk-neutral densities obtained from
volatility interpolation method

Note: Plot of the dynamics of cumulative risk-neutral densities of futures options on
S&P 500 with December 2003 maturity obtained from volatility interpolation
method for the period between December 23 2002 and December 18 2003. Time to
maturity is measured in years.
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Figure 5.4: Dynamics of risk-neutral densities obtained from mixture of two
lognormals method
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Note: Plot of the dynamics of risk-neutral densities of futures options on S&P 500
with December 2003 maturity obtained from mixture of two lognormals method for
the period between December 23 2002 and December 18 2003. Time to maturity is
measured in years. Range of the density plotted is between 0 and 0.01.
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Figure 5.5: Dynamics of cumulative risk-neutral densities obtained from
mixture of two lognormals method

Note: Plot of the dynamics of cumulative risk-neutral densities of futures options on
S&P 500 with December 2003 maturity obtained from mixture of two lognormals
method for the period between December 23 2002 and December 18 2003. Time to
maturity is measured in years.
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Note: Plot of the dynamics of risk-neutral densities of futures options on S&P 500

with December 2003 maturity obtained from a benchmark Black-Scholes lognormal

RND for the period between December 23 2002 and December 18 2003. Time to
maturity is measured in years. Range of the density plotted is between 0 and 0.01.
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Figure 5.7: Dynamics of cumulative risk-neutral densities obtained from the
benchmark Black-Scholes lognormal

Note: Plot of the dynamics of cumulative risk-neutral densities of futures options on
S&P 500 with December 2003 maturity obtained from a benchmark Black-Scholes
lognormal RND for the period between December 23 2002 and December 18 2003.
Time to maturity is measured in years.
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Figure 5.8: Risk-neutral density estimates with 9-month to maturity
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Note: Plot of risk-neutral density estimates of futures options on S&P 500 with
December 2003 maturity on March 18 2003 obtained from three different methods.
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Figure 5.9: Risk-neutral density estimates with 6-month to maturity

0.0035 -

0.003
0.0025

£ 0.002
(2]

2 .
20.0015

0.001

0.0005

1600

Note: Plot of risk-neutral density estimates of futures options on S&P 500 with
December 2003 maturity on June 18 2003 obtained from three different methods.
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Figure 5.10: Risk-neutral density estimates with 3-month to maturity
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Note: Plot of risk-neutral density estimates of futures options on S&P 500 with
December 2003 maturity on September 18 2003 obtained from three different
methods.
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Figure 5.11: Risk-neutral density estimates with 1-month to maturity
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Note: Plot of risk-neutral density estimates of futures options on S&P 500 with
December 2003 maturity on November 18 2003 obtained from three different
methods.
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Figure 5.12: Dynamics of moments of risk-neutral density estimates
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Note: Plot of the term structure of mean, standard deviation, skewness, and kurtosis

of risk-neutral density estimates of futures options on S&P 500 with December 2003

maturity for the period between December 23 2002 and December 18 2003.
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Figure 5.12: Dynamics of moments of risk-neutral density estimates (Continued)
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Figure 5.13: Kolmogorov-Smirnov test of risk-neutral density estimates
between volatility interpolation and benchmark BS

1-Sample KolmogorovSmirnov Test
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Note: Plot of Test Statistic D Value Max|F s (X)—F, (x)| which is the largest

absolute deviation of the cumulative distribution functions obtained from volatility
interpolation and Black-Scholes lognormal methods for the period between
December 23 2002 and December 18 2003. Critical value is 0.0861865.
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Figure 5.14: Kolmogorov-Smirnov test of risk-neutral density estimates
between mixture of two lognormals and benchmark BS.

1-Sample KolmogorovSmirnov Test
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Note: Plot of Test Statistic D Value Max|F o (X) =,y (x)| which is the largest

absolute deviation of the cumulative distribution functions obtained from mixture of
two lognormlas and Black-Scholes lognormal methods for the period between
December 23 2002 and December 18 2003. Critical value is 0.0861865.
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Figure 5.15: Kolmogorov-Smirnov test statistic of risk-neutral density
estimates between volatility interpolation and mixture of two lognormals

methods
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Note: Plot of Test Statistic D Value Max|F,,, (xX)=F,,y (x)| which is the largest

absolute deviation of the cumulative distribution functions obtained from volatility

interpolation and mixture of two lognormals methods for the period between

December 23 2002 and December 18 2003. Critical value is 0.0861865.
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Figure 5.16: Historical volatility and at-the-money implied volatility
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Note: Plot of the historical volatility used to obtain the benchmark Black-Scholes
lognormal dynamics and at the money implied volatilities incorporated in the option

implied dynamics for the sample period between December 23 2002 and December
18 2003.
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Figure 5.17: Absolute deviation between historical volatility and at-the-money
implied volatility
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Note: Plot of the absolute value of the difference between historical volatilities used
to obtain the benchmark Black-Scholes lognormal dynamics and at the money
implied volatilities incorporated in the option implied dynamics for the sample
period between December 23 2002 and December 18 2003.
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Appendix

A.1  Derivation of Fokker-Planck (Forward Kolmogorov) Equation

This section is based on Gnedenko (1962). A stochastic process &(¢) is said to
be continuous if there is only a small probability that £(¢) will take on an

appreciable increment in a short interval of time. This means that for any positive

constant O :

lim — j d, F(x;,T;x,0)=0 (a-1),

where At =T —t. Make the following assumptions:
1) The partial derivatives 0F (x,,T;x,,1)/dx, and 0°F(x,,T;x,,t)/x” exist
and are continuous for arbitrary values of #, T'>¢, x,, and x,.

2) Forany ¢ >0, the following limits exist and the convergence is uniform in

X,:
.1
EL%EXT_[ . (xp —x)d, F(x;,T;x,,t)=a(t,x,) (a-2),
. 1 2 . 72
fim [ Go-x)d F(x.Tix,0=b'(tx) (a3).

3) A probability density function exists:

OF (x;,T;x,,t1)

f(xT>T;xnt):
ox;

(a-4).
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4) The following derivatives exist and are continuous:

of (x;,Tsx,,0)/0T

O e, x)) f G T 1),
8xT

82
ox,”

[b(T,XT)f(XT,T;Xt,t)] (a'S)-

Fokker-Planck Equation (Forward Kolmogorov Equation):  For any
continuous stochastic process without after effect satisfying conditions 1) through 4),

the probability density function f(x,,T;x,,t)is a solution of the equation:

o Cep, Tsx,,8) _ 0aCey, T)f G, T5%,0)) | 107 (b, 1) f (37, T5%,,1)) (a-6)
oT - ox, 2 ox,> '

Derivation: Let ¢ and d (c <d ) denote certain numbers and R(x,) a nonnegative

continuous function having continuous first- and second-order derivatives. Assume:

R(x;)=0 for x,<c and x,>d.
Due to the condition that the function R(x,) and its derivatives are continuous,
R(c)=R(d)=R'(c)=R'(d)=R"(c)=R"(d) (a-7).
Note:

d
of (x7.Tsx,.1)
[ ROy g

c

a d
=— [ G xR Gy dx,

= lim
AT—0

f G, T+AT;x,,0)— f(x,,T;x,,t) R(x,)dx, (a-8)
AT o .
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Apply the generalized Markov equation:
[ T+AT;x,0 = [ f(2.T5x,0f (5, T+AT32,T)
Thus, the equation (a-8) can be written down as:

Taf(xT,T;xpt)

Y R(x;)dx;

c

= A1;210&[J.jf(z,T;x,,t)f(xT,TJrAT; z,T)R(x; )dzdx, —J.f(xT,T;xt,t)R(xT)de]

= A1;210&[.[]‘(2];xt,t)J.f(xT,T+AT;Z,T)R()CT)dedZ—J.f(xT,T;x,,t)R(xT)de]

_ }}Toﬁ [ £ Tix [ £(2.T + AT %, TIR()dz ~ R(x,Vd, — (a-9).

First, the order of integration is interchanged. Second, the notation for the variables

of integration is changed (Replace x, by z and z by x,). By Taylor’s theorem:
1
R(z)=R(x;)+ (Z—XT)R'(XT)+E(Z—XT)ZR"(XT)-i-O[(Z—XT)Z] .

By the bounded nature of the function R(z) and the condition 1):

f(z,T+AT;x,,T)R(z)dz = o(AT),

|xp—z|25

f(z,T+AT;x,,T)R(z)dz =1+ 0(AT).

‘xr —2‘35
It follows that:

[ £z T +AT;x,, DR(2)dz=R(x)) = R'Gx,) [ (z=3)[ £ (2T +AT;x,,T)dz

‘xr —z‘<5
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+%R"(xT) J. [(z—xT)2+0((z—xT)Z)]f(Z,T+AT;xT,T)dZ+O(AT).

[er—z|<s

Thus:

“of (x,,T;x,,1)
J‘ T t

T R(x;)dx, =

c

lim —j SO Tix DR Gy) | (z=2)f (@7 +ATsx,.T)dz
-0 ley—zi<s

+%R"(xT) [[(z=x,)* +0((z = x,))1f (2.T + AT;x,., T)dz + o(AT )} dx; .

‘xr—z‘«?
Let At = 0. Following the assumption that the limits in 2) and 3) are uniform in x,,

the limit equation of the above can be expressed as:

Taf(xT,T;x,,t)

oT R(x;)dx, =J- SO, Tx,,0)[a(T,x, )R (x, )+ %bz (T, x;)R"(x;)]dx, .

c

Because R'(x;)=R"(x,;)=0 for x, <c and x, 2d:

Tﬁf(xT,T;xt,t)

57 Ry =] £ T DT, R ) +2 B (T )R Gy My

(a-10).

Use integration by parts and the equation (a-7),

j S G T3, 0a(T xRy )y = J R(x;) = [a(T ) f (5, T, )1,

j e T, 607 (T, 3, )R "y ), = jR(xT) [b (T, %) f G T %, 1))l

Substitute these expressions to the equation (a-10):
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d
of (x;,T5x,,1)
jfa—TR(xT)de

c

2

d
= T AT ) (o T )]+ S [T, ) £ (o T, DR ),
" Oxp 20

Xr

This equation can be written in the following form:

[0 L O pr £y, T,

g oT Ox;

[6°(T, %) f (xp, Tsx O R(x, )dx, =0 (a-11).

Fokker-Planck equation follows from (a-11) since the function R(x,) is arbitrary.

A.2  Barone-Adesi and Whaley (1987) Quadratic Approximation Method to
Adjust for the Early Exercise Premium
Consider a portfolio P of the one long (European or American) option
position V' (S,7) on a stock S with continuously compounded dividend yield ¢
written at time ¢ and a short position of the stock in quantity A :
P=V(S,t)-AS (a-12).
The underlying asset price dynamics follows usual geometric Brownian motion:
dS =(u—q)Sdt+oSdw  (a-13).
Portfolio value changes by:
dP=dV —AdS (a-14).
From Ito’s lemma, the change in the value of the option is written as:

ov oV 10V oV
dV =(*—(u-q)S +—+———0’S))dt +—oSdW  (a-15).
(g U DS+ 5 45 agr o St oeo (a-15)
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Substitution of (a-13) and (a-15) into (a-14) gives the change in the portfolio value

as:

o, 1oV
o 208

oV

dpP = (—(u— q)S + O'ZSz)dt+50'SdW—A{(,u—q)Sdt+0'SdW} .

After rearrangement:

oV 10V
dP = ——A S+t —
[( Wu—q) 7 2552

>8> 1dt + (Z—Z ~AN)oSAW  (a-16).

Choosing A =0V /S makes the portfolio risk-free since randomness dW is
eliminated:

oV 10V

dpP = (— N o’SHdt  (a-17).

In an infinitesimal time interval df, the portfolio holder earns capital gains equal to
dP and loses dividends on the stock position (since the portfolio holder has short

position in stock):
ov
S—dt (a-18).
95 55 (a-18)

This portfolio is expected to grow at the risk-free interest rate 7 :

.12y
ot 20S*

o’ S*)dt —qS(;—Zdt =rPdt (a-19).

Substitution yields Black-Scholes PDE:

a—V-i-( —~ )Sa—V+1 S28V

Vo (a-20).
ot oS 2 oS’

Let p denote an early exercise premium which is the difference between

American style and European style option price written on the same underlying with
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same maturity. p satisfies the Black-Scholes PDE because both American style and
European style option price satisfy it:

op p 1 ,,0p
P oir—gys L L2520 P _ 2.
o T DS et o =re @2h)

The “quasi-stationary method” is a standard method for obtaining approximate
solutions to differential equations of this type. Apply a change of variable technique

of the following, set p = h(7)g(S,h), and ignore the time-dependence (Op /0t =0):

=Tt W)=l k= k= D)
o o

Equation (a-21):

1 ,0p op
lg 2 ot (r—q)S L =0,
7S g2 AT aS

can now be written down as:

2
0L s EEE ok oo @)

With quasi-stationary approximation (1—/)k, 6g/oh=0:

2
5208 5% ke (a3
os as h

Equation (a-23) is an equation of homogeneous type, which is easily solved in terms

of apowerof §.Let C, .(S,t) and P, .(S,t) denote the American style call and

meri meri

put option prices. Let C,,(S,¢) and P, (S,?) denote the European style call and

uro uro

put option prices. After applying boundary conditions to a solution of equation (a-

23):
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Crun (S, r)wg(%yz it S<B

C, (S,t)= (a-24),

S-K if S>B°

P (Su0)+ A (oe)" if S>B"
PAmeri (Sﬂ t) = B (3_25)

K-S if S<B”

B’ is the critical stock price above which the call option should be exercised and

B" is the critical stock price below which the put option should be exercised. These

can be estimated by solving the following equations:

*

(B 1) +[1- "N (B2~ (a-26),

7

B -K=C

Euro

ok

K-B" =P, (B ,t)-[1-e*""N(-d,(B" ))]B— (a-27).

N

Note in above equations:

1 4K
7 :5(1—1{2—\/(1—1{2)%71),

1 4K
7, :E(I_Kz +\/(1—K2)2 +Tl)'

ok

A = -e "IN, (B

7

4, =N, 8]
e

In(S/K)+(r—q+c*/2)(T -1)
oNT —t

d.(S)= (a-28).
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