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PREFACE

We know, by the example of Baumslag and Solitar,
(a,b; alb%a = b3>

that it is possible for a one-relator group to be non-Hopfian. We also know, from
the paper of Pride [P], that every two generator one-relator group with torsion is
Hopfian. Gilbert Baumslag has conjectured [B4] that any one-relator group with
torsion is virtually free-by-cyclic. This work has its origin in an attempt to prove
that conjecture, and so show, by appealing to two general theorems, one by Malcev
and one by Baumslag, that any one-relator group with torsion is necessarily Hopfian.

We will consider some generalizations of the class of free groups which arise in
the analysis of one-relator groups, and examine some properties these groups share
with free groups. The properties we will examine include residual finiteness and
Hopficity.

Chapter 1 contains preliminary definitions and some essential theorems. In Chap-
ter 2 we consider the class of virtually free-by-cyclic groups. We show in Section 2.1,
by explicit computations, that certain one relator groups with torsion are virtually

free-by-cyclic. Specifically, we prove the theorems
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Theorem 2.1. The groups Gpgr = (:v,y; (w“lyp:qu)">, where 0 < p,q < k,

and (p+ q,k) =1, are virtually free-by-cyclic.
Theorem 2.5. The groups H,, = <a, b; [a, b]m> are virtually free-by-cyclic.

Theorem 2.15. The groups Sy = <a, b,gi,1 € I; ([a,b]w)*,w a word in g; > are

virtually free-by-cyclic.

In Section 2.2, we examine closure properties in the class of virtually free-by-

cyclic groups, leading up to two results of this type:

Theorem. Suppose A and B are virtually free-by-cyclic groups: A is a finite
extension of M = (x,F}) and B is a finite extension of N = (y,F;). Let G =
A * B be their free product amalgamating (z) and (y). Then, under some extra

z=y

conditions on the conjugates of x in A and the conjugates of y in B, G is virtually

free-by-cyclic.

Chapter 3 deals with the more general class of free-by-free groups. Section 3.1 is
concerned with residual finiteness in free-by-free groups. It gives some conditions
on an action of a free group on a free group of countably infinite rank which will
produce a free-by-free extension which is residually finite. In Section 3.2, we look
at the kernel of a homomorphism from a one-relator group onto a free group, and
prove several theorems which describe conditions on the relator under which this
kernel will be free.

In Chapter 4, we examine the class of virtually residually free groups. Some

basic results involving closure properties are shown first. Using similar techniques



to those of Chapter 2, we prove the main result:

Theorem 4.9. Let A and B be finitely generated abelian groups and G = AE'B.

Then G is virtually residually free.
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CHAPTER 1
SOME DEFINITIONS AND
BASIC THEOREMS

Section 1.1

Presentations and Products

Any group G which is generated by a subset of its elements is a quotient of a
free group F of rank equal to the cardinality of that subset: G ~ F/N, for some

normal subgroup N < F. We say that G has the presentation

<:1:1,:v2,...;7'1,r2,...>

when G ~ F//N, where F is the free group on X = {x1,2s,... } and N is the normal
subgroup of F' generated by the set {r;,7s,...} of words in F. Since F’ i) G is
onto, G is generated by the set of images of X, {f(z1), f(zs),...}; we usually say
that G is generated by X. The set {ry,rs,...} is called a set of relators for G.

If H is a subgroup of G with the presentation above, we can obtain a presentation
for H by the Reidemeister-Schreier method (see [MKS] §2.3):

First, take a Schreier transversal for H in G: a set of representatives of the

cosets of H, such that there is one representative for each coset, and any initial



segment of a representative is itself a coset representative. Such a set of represen-
tatives always exists. For any element w of G, let W denote the representative of
the coset wH.

Then H is generated by the set of elements
SKz = K:B(T(.’E)_l,

where K is a Schreier representative and x is a generator of G. There is a procedure,
call it 7, for rewriting any element of H given in the generators of G in these
generators of H. 7 is a symbol by symbol replacement of the G-generators by the
appropriate generators sk ;.

It can then be shown that H has the presentation
H = <sK,z, el T(M’I"iMK_l), . >

where K ranges through the Schreier representatives and = through the generators
of G which give Kz # Kwx, and M runs through the set of Schreier representatives.

IfG= (X; R> and H = <Y; S'), where the sets of generators X and Y are
disjoint, then the free product of G and H , written G * H, is the group with

presentation

(XUY; RUS).

G and H are both embedded in G * H in the obvious fashion. All the subgroups of

such a free product can be completely described (see [LS] §III.3):
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Kurosh Subgroup Theorem. Let P = G * H and let M be a subgroup of P.
Then M is the free product of a free group and certain conjugates of subgroups of

the free factors G and H.

The groups called Higman-Neumann-Neumann extensions or HNN exten-
sions are also given by a special type of presentation. Suppose G = (X ; R >, and
let {t;,7 € I'} be a set disjoint from X. Furthermore, let A; and B; be isomorphic
subgroups of G with a collection of isomorphisms ¢; : A; — B;,i € I. Then the

group

G*' = (X,ti,z' e€I; R,t; at; = ¢i(a),a € Ai>

is called an HNN extension of G with base group G and stable letters {¢;}. G is
actually embedded as a subgroup of G* in the obvious way:.

A more general product construction is the free product with amalgamation.
Suppose that the groups G and H contain isomorphic subgroups C; < G and
C; < H, with the isomorphism ¢ : C; — C3. Then the free product of G and H

amalgamating C) = C; is the group with presentation
(X,Y; R,S,c'¢(c),ce Cr).

The free product with amalgamation just described will be written G_* H. G

1=%2

and H are both subgroups of G o H.

=2

There is also a theorem which describes the subgroups of a group of this type

((KS1]):
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Theorem. Suppose P = GC1 * 02H is a free product with amalgamation. Any
subgroup M of P is an HNN extension of a tree product S, where each vertex group
of S is the intersection with M of a conjugate of G or of H, and each edge group is

the intersection with M of a conjugate of Cy. In addition, each associated subgroup

is the intersection with M of a conjugate of Cj.

We will actually require the complete details of this theorem, so it will be exam-
ined more fully in §2.2.

The last product construction we need to consider is called a central product.
Again, suppose that we have subgoups G and H with C < Z(G) and D < Z(H),
and suppose further that C and D are isomorphic via the isomorphism ¢. Then the
central product of G and H amalgamating C and D is the quotient of the direct
product of G and H, G x H, by the subgroup generated by {(c, (¢(c))™*),c € C}.

As with the other constructions, G and H are subgroups of this central product.



Section 1.2

Extensions and Properties of Groups

The group G is an extension of the group K by the group @ if K is a normal
subgroup of G and G/K ~ Q. Let = be the homomorphism from G onto @ with
kernel K. If in addition there is a homomorphism g : Q — G with 73 = 1¢, then
G is called a split extension or semidirect product of K by ). G is generated by
its subgroups K and @), and so there is a homomorphism 8 : Q — Aut(K) given

by conjugation in the group G : 0,(k) = yky™', for all k € K and all y € Q.

We have occasion to consider the class of all groups sharing a given property, say
property P. A group G is said to be residually P if for each nontrivial g € G, there
is a normal subgroup N, with g ¢ N, such that G/N has property P. Residually
finite groups are of particular interest. G is residually finite if for any g € G, g # 1,

there is a normal subgroup N < G with g ¢ N and G/N finite.

We say a group G is wvirtually P if it has a subgroup N of finite index with
property P. A group G is P-by-Q if it is an extension of a group F' with property
P by a group H with property Q, that is, F' is a normal subgroup of G and G/F has
property Q. In particular, we will be interested in groups which are free-by-cyclic

or free-by-free.

Also, a group G is Hopfian if there is no nontrivial normal subgroup N of
G with G/N ~ G. The finitely generated free groups are Hopfian and resid-

ually finite. There are one-relator groups which are not Hopfian, in particular,
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the example of Baumslag and Solitar (see [MKS] §4.4) of the one-relator group
G=(a,b;a b’a=10%).

An important connection between the properties of residual finiteness and Hop-
ficity is the result of Malcev (see [LS] §IV.4): A finitely generated residually finite
group is Hopfian. This result and the theorem of Baumslag [B1] that a finitely gen-
erated free-by-cyclic group is residually finite allow us to conclude that a virtually
free-by-cyclic group is Hopfian.

A result of Miller ([M] III.A Theorem 7) shows that any split extension of a
finitely generated residually finite group by a residualy finite group is again resid-
ually finite. This shows that a free-by-free group G as above is residually finite if

the free normal subgroup F' is of finite rank.



Section 1.3

Notation

None of the notation used is unusual, and most symbols will be introduced as

they are needed. Here is the notation which is not explained in the text.

af

H<G
N«G
[a, b]
be
Z(G)
kera
KxQ
1y
(m,n)

gp(a,b,...,c)

grc(a,b,...,c)

The composition of the functions 8 : F — G and

a:G— H

H is a subgroup of G

N is a normal subgroup of G

aba~'b7!, the commutator of the elements a and b

aba™!, the conjugate of b by a

the center of the group G

the kernel of the homomorphism «

a semidirect product of K by Q

the identity homomorphism on the group H

the greatest common factor of the natural numbers m and n
the subgroup of a group G generated by the elements
ab,...,c

the normal subgroup of a group G generated by the elements

ab,...,c



CHAPTER 2
VIRTUALLY FREE-BY-CYCLIC GROUPS

Section 2.1
Computations:

Some Virtually Free-by-cyclic Groups

In this section we prove that the groups. of two different classes of one-relator
groups where the relator is a proper power are virtually free-by-cyclic. A one-relator
group has elements of finite order precisely when the relator is a proper power of
some word, and so we refer to these one-relator groups as one-relator groups with

torsion.

Denote by G, 4 the group with presehtation

(zy; (" yPay?)r).

This presentation differs from the nonhopfian one-relator group mentioned in Chap-
ter 1 by the introduction of torsion. We will show that, with primality conditions
on p, q, and k, these groups are virtually free-by-cyclic. G,4 will be decomposed

as a series of extensions:

M < H <1 Gpgpk,
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where G/ H is finite, H/M is infinite cyclic, and M is free of countably infinite rank.

We observe that this will show that Gp,x is residually finite. Since a finite
extension of a residually finite group is residually finite, Gp 4 Wwill be residually
finite if H is, and any finitely generated free-by-cyclic group H is reéidually finite

by [B1].

Theorem 1. Suppose G, . has a presentation as above. If 0 < p,q < k, and

(p+ gq,k) =1, then G, is a finite extension of a free-by-cyclic group.
Proof. We will prove the theorem in two steps.

Lemma 2. If we map Gp gk 2, Cy = (y; y* ) in the obvious way, K = kera =

(w=y* =z =yzy™i=0,1,...,k—1;r) is a one-relator group.

Proof. From the Reidemeister-Schreier process, we get the generators listed for
K, and k relations:

ro=yry "t i=0,1,...,k—1,

rewritten in the generators of K.

Let us examine the relation ry:

e | -1
To = .'le Tyy oo msk Ty W

where s; = (i —1)(p+¢q) mod kand t; = (i —1)(p+¢q)+p mod k. In each case, the
value of the subscript s; or ¢; on a generator z is the sum mod & of the exponents
on ¥ in the subword of » preceding the instance of = being replaced. Each sequence

{s:} and {¢} is a permutation of the set {0,1,...,k — 1}, obtained by counting
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cyclically by length p + ¢, starting at 0 mod & for {s;} and at p mod k& for {¢;}.
The primality condition guarantees that this is a permutation. Also, ry contains

p + q occurrences of w which are not explicitly written. w appears in the relation

-1
Si+1

between m;l and z;, if s; > ¢; and between x;, and =, if t; > s;1;. This happens
p + g times.

Now we see easily that r,, = y™ry™™ is a cyclic permutation of ry, for we get by
rewriting

— o1 ol
Tm = Ty Ty ** Ty Ty

where 0; = s;+m mod kand 7; = ¢t;+m mod k. So viewed cyclically the sequence
o; is the same as the sequence s; and the sequence 7; is the same as the sequence
t;. The p + q occurrences of w are placed as in 7y: between :c;il and z,, if 0; > 7

and between z,, and ! if ; > 0;4;. Thus K has only the single relation which
T T4l +

we will call ». O
Lemma 3. K is free-by-cyclic.

Proof. Notice that each z;, in particular zy, appears with exponent sum 0 in r.
In fact, xp appears once with exponent -1, since sp = 0, and once with exponent

+1, since t,, = 0 for one m. Suppose we map K — (x ). We get
M =kerf={w;,j€l,zyi=12,...,k-11l€Z;r,nel)

with w; = cjwzy”?, ©;; = chrizy’ and

-1 -1 -1 -1
sgn—1"""T Ty Tt nWn

Tn = Tt;n-1T mn-1Tomprn """ Tog,nt
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where m is such that ¢, = 0. Most of the occurrences of generators of type w; have
not been explicitly written.

Since 0 < p,q < k, we know that m # 1,k.

ty =(k—1)(p+4q)+p mod k =¢ mod k # 0 since q < k.
t; =p mod k # 0 since p < k.

Because of the special nature of the permutations {s;} and {t;}, t,,«, mod &k =
(m+n—-1)(p+q)+p mod k =t,+n(p+q) mod k = sp41. Thus sg = t;n11. If we
call this number s, we see that in each relation r;, there is a unique occurrence of
the maximally and minimally subscripted generators z,; and x,;-;. We conclude

that M is free because of this well known result about one-relator groups ( see [B3]):

Lemma. Let G = (b, Tyoun,C; T = 1) be a group with one defining relation,
and suppose that b occurs with exponent sum 0 in r. Suppose also that m and

M are respectively the minimum and maximum subscripts occurring on x in ry. If

m < M and both x,, and xp; occur only once in ry, then gpc(z,... ,c) is free on
the generators Tm, Tma1y -+« s LM—1,--- »Ci»i € Z.
O

We should notice that the free-by-cyclic subgroup K is not free, because in X,
the abelianization of K, the element @ has finite order.
There is a theorem (Theorem B of [C]), proved by Stallings and Swan using

cohomological methods, which says
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Theorem. A torsion-free group containing a free subgroup of finite index is free.
With this theorem and the observation that K is not free, we can show
Theorem 4. G, is not virtually free.

Proof. Suppose Gpg4x had a free subgroup F of finite index. Then FFN K would
be a free subgroup, also of finite index in G since K is. Thus K, which is a torsion
free one-relator group, has a free subgroup F' N K of finite index. The theorem

above says that K must be free, a contradiction. [

Another class of one-relator groups with torsion, based on the fundamental
groups of orientable surfaces, can be shown to be virtually free-by-cyclic by similar

computational methods.
Theorem 5. The groups H,, = (a,b; [a,b]™ ) are virtually free-by-cyclic.

We need to find a finite quotient of H,, which gives a kernel which is free-
by-cyclic. Since the relation [a,b]™ is in the commutator subgroup, we need a

nonabelian quotient. We will treat the cases m odd and m even separately.

Lemma 6. When m is odd, there is a homomorphism f from H,, onto the m-th

dihedral group D,, = (r,s; r™, s srs™! =¢r71),
) ? ] k]

1,-1

Proof. Send a — r, b — s, and then [a,b] — r~!s7lrs = r=2, Since m is odd,

r~2 is of order exactly m in D,,. Thus the map extends to a homomorphism f. O

Lemma 7. L, the kernel of f, is free-by-cyclic.
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First we find a presentation for L. The set of words {a’t’,0 < i <m—-1,j =0,1}

is a Schreier transversal for H,, mod L.

Lemma 8. L has a presentation

L=(wf;0<i<m—1

To =-'E0;8m—1,6;1{_2-77m—2/8m—3,87;1_4 te -731,30

-1,,~-1 -1

1
Ty T3 = Tmog

1 -1 -1 -1 -1
Ty Ty T 1Byt T2B18y >

Proof. Using the Reidemeister-Schreier method we get as generators for L:

T = aibab~la~ (D
8, = aib?a™
a=a
where 0 < i <m —1 and (i — 1) denotes (i — 1) mod m.
We rewrite the words a’b’[a, b]™(a’d’)~}, 2m of them, in these generators, and
get only two distinct relations for L.

[a, b]™ rewrites as

1 1

-1 -1 -1 -
. m3 e wm_zmo .

(r1) wylwy! - aay

When we conjugate [a,b]™ by a we get the relation
1 -1 -1_-1 -1, -1 -1 -1

ms .ms ....’L'oa .a.mz -$4 "'wm—l'aml

which is a cyclic permutation of the relation (ry).
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bla,b]™b7! rewrites as

(r2) 20Bm-187 o Tm-2Bm-3Bmls - mBoa Bl a1 Byt

Now if we conjugate b[a,b]™b~! by a and rewrite, we get

.'l?la_l . aﬂoa—l . ;11_1 < Tyt /Bm—-Z . 187";1_3 <.y - ﬂla_l.

aﬂo_la_l s Xy T3 .182131_1
which is a cyclic permutation of (rs).

Thus L has the presentation

{ o, i, B 71,72 ).

We can use Tietze transformations to rewrite L. (1) says that

1,1 -1
Ty Tt

1,,~-1 1

al= T Ty Ty _oTg

and so L is generated by {z;,5:;,0 <7 < m — 1} and has one relator

(ro) £0Bm-18m  oTm—2Bm-3Bme4 * * - 10"

-1,.-1 -1 -1.-1 -1 -1 -1
Ty T3 T 9Ty Ty Ty 1By o T2P1B . U
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Lemma 9. L has an infinite cyclic quotient (o). The kernel of the homomor-

h
phism L — () is free.

K
Proof. xy appears in ry with exponent sum 0, so we can map L =, (o) by

T — Ty

g — 1, all other generators g.

Call the kernel of h, M. The generators of M are

Ti k =:v§:ci:vak,i= 1,..m—-1,keZ

Bi k =m'5,8irca’“,i =0,..., m—1,keZ.

Notice that in 7o, each 3; appears once with exponent +1 and once with exponent

-1. To find the relations of M, we first rewrite ry to get

(roo) Bm-11Bmt 2 1%m-21Pm-3,18me41 * * T1,100,1

-1 -1 -1 -1 -1 -1 -1
T11C31 " " Tym—21T20 """ Trm—1,0Pm-1,0""" -’U2,0ﬁ1,0ﬁ0,0-
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The rest of the relations are

ro.kt = 70,0(Ti ks Tike+15 Bk Bikr1)-

We see that in the relation rg, the generators By p and Fp; each appear uniquely,

so M is actually free on the generators

.’Bi,k,’i=1,... ,m—1,k€Z and ,30,0. O

We can also show
Theorem 10. H,, is not virtually free.

Proof. All we must show is that L, the torsion free subgroup of finite index, is
not free, and the rest of the proof proceeds as in Theorem 4.

A result of Whitehead (see [LS] II.5) says that a one-relator group G on n gener-
ators with non-trivial relation is free if and only if the relation is a member of some
free basis for the free group on the generators of G. If this is so, then G is free of
rank n — 1.

L is a one-relator group and the relation ry has exponent sum 0 on each of its
generators. So the abelianization L is free abelian of rank 2m, which is the number
of generators in the one-relator presentation of L. Thus L cannot be free of rank

2m — 1, and so is not free. [

The case where m is even proceeds in a similar fashion, except that we must use

a slightly different finite quotient group.
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Lemma 11. When m is even, there is a homomorphism f from H,, onto the
2m-th dihedral group Doy, = {r,8; r*™, 5%, srs7 =1},

Proof. Again, send a — 7, b +— s, and so [a,b] — r~2. In Da,, r~2 has order

exactly m, so the map extends to a homomorphism g. 0O
Lemma 12. L, the kernel of f, is free-by-cyclic.
Again, the proof is in two pieces.

Lemma 13. L has a presentation

1

— -1 -1 -1
S0 = Ty oo Lo _oom—182m—2Tom—202m—300m—4 * * * T201

~1,.-1 1 -1 -1 -
eyt o1 Bom 1 Tam—1Bom—2Bam 3 - %3BaBy w1).

Proof. {a't’,0 <i < 2m — 1,5 = 0,1} is a Schreier transversal for H,, mod L,
and so L is generated by

5 = aibab~'a~0D

B; = aib?a"

a=a
where 0 < i <2m —1 and (i — 1) denotes (i —1) mod 2m.

We get 4m relations for L, but only 4 distinct ones.

[a, b]™ is rewritten as

(s1) @y Ty Ty g
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We conjugate [a,b]™ by a, and find that a[a,b]™a! rewrites as

-1 -1 -1 -1
(s2) T3+ Tom-3Tam-1XTy -

bla,b]™b™! rewrites as
(s3) -’Uoﬂzm—1ﬁ{n11_2932m—2,32m—3,32_n11_4 ez By L

Then we conjugate b[a, b|™b~! by a and get ab[a,b]|™(ab)~!, which is rewritten as

(s4) 1800 85} 1 @om-1P2m—285m_s * + - 3PP

Any other relation a*®’[a, b]™(a?b’)~! is a cyclic permutation of one of these, for

1

aafa,b)™a"'a"! rewrites as

oyl zgl o apta! - axylt,
which reduces to a cyclic permutation of (s;), and aabla, b|™(ab)la~! rewrites as

zy-Pral-afylat - amo - Bam-1 - Bomg - TaP3B5 L,

which reduces to a cyclic permutation of (ss3).

We simplify the presentation via Tietze transformations, noting that

(s2) O = Tom-1Tom-3 " T3 @1
a1l -1 -1 -1
(s3) To = Pofy T3 - Pom-4Bom-3Tam_2B2m—-200m_1

- -1, - -1 -1
(54) ,BO =T 1181,32 1-'173 L. ,32m~3,82m—2-772m_1,32m—la
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allow us to remove the generators «,xo, and (p, and the relations sg, s3, s4, and
rewrite the relation s; to get the presentation described in the lemma.
Notice that L has 2(2m — 1) generators and each generator appears in sy once

with exponent +1 and once with exponent -1. [J]

Lemma 14. L has an infinite cyclic quotient (x; ). The kernel of the homomor-

phism L = (xy ) is free.
Proof. We map L = () by sending

r— I

g — 1, all other generators g

Call the kernel of u, K. The generators of K are the conjugates by x; of all the

other generators of L:

T =¥k i=2,..2m -1,k Z

Bir=xiBzi*i=1,...,2m—-1,k€Z

When we rewrite the relation sp, we get

80,0 = T3, (1)734" e -’Uz_,,l,_z,oﬂzm—1,oﬂz_,,l,_z,o-’vzm—2,0ﬂ2m—3,0ﬂ2m—4,o -+~ L001,0°

-1 -1 -1 -1 -1
Tg_1°° 'f”zm-l,—lﬂzm—l,—1mZm—l,—1ﬁ2m—2,—lﬂzm—3,—1 T "”33,-1:62,—1:31,—1-

The other relations are of the form
o,k = 50,0(Ti k15 Tiks Bik—1, Pik)

as k ranges through the integers.

K is free since in sq, the generators f;,—1 and B appear uniquely. [J
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Theorem 15. H,, is not virtually free.
Proof. Again, we need only show that L, the torsion free subgroup of finite
index, is not free. As with Theorem 10, the previous result of this type, this follows

from the observation that L is free abelian of rank 2(2m — 1), which is the number

of generators in the one-relator presentation for L. 0O

Theorem 5 can be generalized to the groups Sp = <a,b, a1 € I; ([a,blw)F,

w a word in g; ) The proofs involve essentially the same computations as in Theo-

rem 5.

Theorem 16. The groups Sy are virtually free-by-cyclic.

The homomorphism onto the appropriate dihedral group D,, = (fr,s; r™, 52,

srs™!l = p7! >, where m = k if k is odd and m = 2k if k£ is even, is defined by
sending @ — r,b — s, g — 1.

In each case, we get
Lemma 17. L, the kernel of the homomorphism Sy — D,,, is free-by-cyclic.

Let us denote by g;;; the conjugate of g; by a’t?, a'b’g;(a’d’)1, and by w; ; the

word a'Vw(a®)~! = w(gi; ;). gi;; and thus w;; are in L.
Lemma 18. When k is odd, L has the presentation
(Bi,0<i<k—1,1;,0<i<k—1,g;;1€,0<i<k—-1,0<j<1;
20Bm—18  oWm_21Tm_20m 30 qWm—a,1 - - - T1 BT ' W10%3 W3 -+ T s Win—20°

-1 -1 -1 -1 -1
Ty Wo,0T9 'w2,0"'-'Um_l'wm—l,O,Bm—l'wm—l,l"‘-'BZIBIBO w0,1>-
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Proof. We should notice that again we have the Schreier transversal {a’b’} for
0<i<k—-1,0<j<1,and the listed generators are just the Schreier generators.

In order to rewrite the relations, notice that the representative of ([a, b]w)!~1[a, b],

([a, b]w)!—1[a,b] = a®. So when we rewrite ([a,b]w)* we replace the generator g

appearing in the I-th occurrence of w by a®ga=% = gq9, and ([a, bjw)* becomes

-1 -1 -1 -1 -1 -1 -1
Ty W2,0Ty W40 " Ty Wm—1,00T)  W1,0T3 W30 " * Ty _oWm-—2,0Tp Wo,0-

When we rewite a([a, blw)¥a~!, we get

1 1. -1

— -1 — -1 -1 -1 -1
T3 W30T5 W50 Tp & * QW o QLo W20 Tp_1Wm—2,0 * XT; W10,

which is a cyclic permutation of the relation above.

Similarly, we rewrite b([a, blw)*b~! and get

20Bm-187L gWm_21%m_28m_3BmL sWm—41 *+ - T1Foa Bl W11+ - - T2B1 5y “wo 1,

and conjugating by a only gives a cyclic permuation of this relation.

Finally, we notice that we can remove the generator « and get the single relation

t = T0Bm—1871 sWm—21%m_28m—30m 4Wm—4,1 - * 150"

1

- -1 ~1 -1 -1 -1
Ty W1,0T3 W30 °°* Ty oWm—2,0To Wo,00g W2,0° " Ty Wm-—-1,0°

Bl i wn 1y o018y wo,1 -
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Lemma 19. L maps onto the infinite cyclic group (xp ) with free kernel.

Proof. The kernel of this map has a presentation that is very similar to that
of M in Lemma 9. The differences are the addition of generators which are the
conjugates by wzp of the generators g;;; and the appearance in each relation of the
conjugates by zo of the words w; ;. Nonetheless, when ¢ is rewritten as o, we find

unique occurrences of Gy and fp,1, and thus the kernel is free. [

Lemma 20. When k is even and m = 2k, L has the presentation

(2:,,0<i<m—1,g;;,l €,0<i<2k—1,0< 5 <15

1 -1 -1 -1
Wo,0Ty Wyp - mzm_.2'w2m—2,0132m—lﬂzm_2w2m—2,l'

x5
m2m~2ﬁ2m-—3182—7111—4w2m—4,1 e -"02,31-"31_1'1111,0-’651’1113,0 e 332_,,11_1w2m—1,0'
ﬁzm—lwzm—1,1-’U2m—1,32m—2ﬁ2_n1;—3w2m—3,1 i 'maﬁzﬂflwl,ofvlwo,l >

We will omit the details of the proof. It proceeds just like that of Lemma 13,

with the extra considerations of g;; ; and w;; as in Lemma 18.
Lemma 21. L maps onto the infinite cyclic group {x; ) with free kernel.

Again, the details of the proof are like those of Lemma 14 with the additional
considerations of Lemma 19.

A specific instance of Theorem 16 is of interest.

Theorem 22. The groups <ai,bi,1 <i<n; (Ja,b1] -+ [an, bn])"’> are virtually

free-by-cyclic.
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Section 2.2
Closure Properties in Virtually

Free-by-Cyclic Groups

One approach to showing that one-relator groups with torsion are virtually free-
by-cyclic would be to exploit the Magnus decomposition of a one-relator group via
HNN extensions and free products with amalgamation. Any one-relator group is a
subgroup of an HNN extension with one stable letter of a one-relator group, where
the associated subgroups are free and the relator in fhe base group is shorter than
the original relator. If the original relator is a proper power, then the relator of
the base group is also. Thus we can apply the same process to the base group,
and express it as a subgroup of an HNN extension of a one-relator group, with still
shorter relator. Putting this together with the well known embedding of an HNN

extension in a free product with amalgamation gives this result from [KS2]:

Theorem. Any one-relator group with torsion can be produced by starting with
a finite cyclic group and applying finitely many times the operations of taking
a free product with amalgamation of two groups already produced and taking a

subgroupof a group already produced.

To apply this decomposition to the problem of showing a one-relator group with
torsion is virtually free-by-cyclic, we would need to know that the class of virtually
free-by-cyclic groups is closed under constructions of this type. Some of those

questions are addressed in this section.
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Some Basic Results.

To prove the first results, we will need some lemmas for groups that are free-by-
cyclic.

Let G; and G; be free-by-cyclic groups, G1/F; ~ () and G2/F, ~ (z;). We
show, in Lemma 3.1, that an extension of this type is a split extension. Thus G;
is generated by its free subgoup F; and the single additional element x; of infinite
order.

The class of free-by-cyclic groups is closed under the taking of subgroups because

of a very general result.

Proposition 1. If P and Q are properties of groups which are inherited by

subgroups, and G is P-by-Q, then any subgroup M of G is also P-by-Q.

Proof. Suppose G/K ~ H, where K has property P and H has property Q.
Either M is a subgroup of K and so has property P, or M # M N K and then

M/MnNK ~ KM/K, which is a subgroup of H. In either case, M is P-by-Q. [
Corollary 2. Any subgroup of a free-by-cyclic group is free-by-cyclic.
Proposition 3. H = G; * G is free-by-cyclic.

Proof. Map H — (z1 ) #(x3) — (2 ). The first homorphism is just the map
from G; * Gy — Gy/F * G/ Fy; the second homomorphism sends x; — x;, and

Ty Ty.

Call the composition of these maps 7. kerwy is the normal closure in H of the

groups Fi, Fy and (z;z5 ). By the Kurosh subgroup theorem, kery is in fact equal
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to the free product of { z;z;! ) and conjugates of the groups F; and F;. All of these

free factors are free. [
Proposition 4. If G is free-by-cyclic, then Z(G) is either
(1) trivial,
(2) infinite cyclic, or

(3) allof G, and G~ Z x Z.

Proof. G/F ~ (z),and Z(G)NF < Z(F'), which is trivial unless F' = (y).
If F' is of rank 2 or more, then Z(G) < () and so either (1) or (2) is true.
If F = (y), then G~ (y) x (z). There are only two possibilities for G:
(1) G~ {y) x(x), so (3) above is true, or
(2) G ~ (y,z; zyz~' =y '), in which case (2) above is true since Z(G) =
gp(z?).

&

Corollary 5. Neither the class of free-by-cyclic groups nor the class of virtually

free-by-cyclic groups is closed under direct products.

Proof. G = (Z x Z) x Z is not free-by-cyclic. Any subgroup of G of finite index

is free abelian of rank 3, so G is not virtually free-by-cyclic either. [

Now we can proceed to the results on virtually free-by-cyclic groups. We should
notice that by the result of M. Hall (see [LS] §IV.4) that a finitely generated group

has only finitely many subgroups of a given finite index and by Corollary 2, we
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may assume that a virtually free-by-cyclic group is actually a finite extension of a

free-by-cyclic group. Suppose that H;/G; is finite, and G; is free-by-cyclic as above.

Proposition 6. If H is virtually free-by-cyclic and M is a subgroup of H, then

M is virtually free-by-cyclic.

Proof. By Corollary 2, M N G is free-by-cyclic, and M/M NG ~ MG/G is

finite. O

Proposition 7. A free product of two virtually free-by-cyclic groups is virtually

free-by-cyclic.

Proof. Let C = Hy * H,, and consider the homomorphism f : C — H;/G; x
H,/G,. Suppose we uétthe elements of H,/G; : {a;,i € I}, and the elements of
H;/Gy : {bj,j € I}. By the Kurosh Subgroup Theorem, N, the kernel of f, is the
free product of the free group with generators {[e;,b;]} and all the groups of the
form NN HY = G¥ and NN H% = G%. Thus N is virtually free-by-cyclic, by

Proposition 3. [
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Free Products with Amalgamation.

The main theorem of this section is of this form:

Theorem. Suppose A and B are virtually free by cyclic groups: A is a finite

extension of M = (x, Fy) and B is a finite extension of N = (y, Fy). Let

G=A*1B

=y
be their free product amalgamating (z) and (y). Then, under some extra con-
ditions on the conjugates of x in A and the conjugates of y in B, G is virtually

free-by-cyclic.

An essential tool for this section is the subgroup theorem for free products with
amalgamation of Karass and Solitar ([KS1]), so we will begin with a detailed ex-
planation of the theorem.

Suppose

G=A * B
U=v

is the free product of the groups A and B, amalgamating the isomorphic subgroups
U and V. The subgroup theorem says that any subgroup H of G is an HNN
extension of a tree product S, where each vertex group of § is the intersection with
H of a conjugate of A or of B, and each edge group is the intersection with H of a
conjugate of U. In addition, each associated subgroup is the intersection with H of
a conjugate of U.

The proof of this theorem, and the description of the specific conjugates in-

volved in the subgroup, uses a Kurosh rewriting process, a generalization of the
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Reidemeister-Schreier method mentioned in Chapter 1. G is generated by its sub-

groups A and B. Suppose A is generated by the elements a;,as, ..., u;,u,,. .., called
a-generators, and B is generated by the [-generators by, be,...,v1,v9,.... Also, U
is generated by the u-generators u;,ug, ..., the v-generators v;,vz,... generate V,

and u; and v; define the same element in G.

A compatible regular extended Schreier system or cress consists of a pair of

coset representative functions, giving a-representatives and J-representatives, with

the following properties:

(A)

(B)

(C)

(D)

(E)

If a representative IV ends in a symbol z of type a (), N = Mz, then N
and M are both representatives of type a (3).

If the a-symbols are deleted from the end of each a-representative, the
resulting collection of words forms a double coset representative system,
called the a-double coset representative system, for G mod (H, A). The
[B-representatives have the same property.

If the u-symbols are deleted from the end of each a-representative, the
resulting collection of words is a double coset representative system, called
the u-double coset representative system, for G mod (H,U). The v-symbols
and [-representatives have the same property.

An a-representative does not end in a v-generator; a S-representative does
not end in a u-generator.

If K is both a u- and a v-double coset representative, then K P(u;) is an
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a-representative if and only if K P(v;) is a S-representative, where P(u;) is

a word in the u-symbols and P(v;) is the same word in the v-symbols.

We will use the notation *W for the a-representative of the element W, and AW

for the [-representative of W.

We can obtain a set of generators for H by using the Kurosh method (see [MKS)]
§4.3):

H is generated by the elements s, = Ka“(Ka)™!, for all a-generators a and all
a-representatives K, sr, = Lb?(Lb)~!, for all 3-generators b and S-representatives

L, and tf, = L%(L)™! for all S-representatives L.

There is an alternative view of a cress which is better for explicit computa-
tions. Each a-representative K can be expressed as a product of three words:
K = D,FE,P, where P is the maximal terminal segment of K containing only u-
generators, and E, P is the maximal terminal segment containing only a-generators.

Any (-representative can be similarly expressed as a product of three words DgE,, P.

The following conditions are equivalent tc conditions (A) - (D) in the definition

of a cress:

(1) The collection {D,} is a double coset representative system for G mod
(H, A), and each {D,} is a f-representative ending in a b-symbol, unless
{Ds} = 1. An analogous statement holds for {Dg}.

(2) The collection {D,F,} is a double coset representative system for G mod

(H,U). An analogous statement holds for the collection {DgE,}.



30

(3) The collection {E,P} of words which go with a fixed D, form a Schreier
system for Amod AN D_'HD,. An analogous statement holds for a fixed
Dy.

(4) The collection {E,} of words which go with a fixed D, form a Schreier
system for A mod (D;'HD,,U). An analogous statement holds for a fixed
Dp.

(5) The collection {P} of words which go with a fixed {D,E,} form a Schreier
system for U mod U N (D, E,) 'H(D,E,). An analogous statement holds

for a fixed DgFE,.

A pair of coset representative functions with these properties can always be
constructed using an inductive procedure.

Using this terminology available, we can state the subgroup theorem fully:

Subgroup Theorem for Free Products with Amalgamation. Suppose
G=A * B,
U=v

and consider H, a subgroup of G. Suppose there is a cress for G mod H with
a-representatives {D,FE,} and B-representatives {DgkE,}. Then H is generated by
those tp,g, such that DgFE, is neither an a- nor a [3-double coset representative,
together with all the subgroups H N D,AD;' = H N AP= and H N DgBDEl =

H n BPs. Furthermore,

(1) The tp,g, listed generate a free group.
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(2) The subgroups H N AP= and H N BP¢ generate a tree product S, with an

edge connecting a vertex HN AP« to a vertex H N BP# whenever either D,

or Dg =1, or D, is obtained by deleting the last syllable from Dg or vice

versa. If D is the longer of the D,, Dg, then the amalgamated subgroup is
HNUP.

(3) H is an HNN extension of S:
H= <S, tDsE, ;

rel S, tDﬁEU(H N (DaEu)U(DaEu)_l)tB;Eu =HnN (DﬁEv)U(DﬂEv)_l >
where D, E, is the u-double coset representative of DgE,.

With this terminology and structure available, we can state and prove the first

version of our Theorem.

Theorem 8. Suppose A and B are virtually free-by-cyclic groups. Specifically,
let A/M be finite, with {r;,1 < i < k} the coset representatives of M in A, and
B/N be finite, with {s;,1 < j < [} the coset representatives of N in B. Also
suppose that M is a cyclic extension by x of the free group F}, and N is a cyclic

extension by y of the free group Fy. Form
G=A* B,
z=y
the free product of A and B, amalgamating (z) and (y). Then, if the conjugates
of x in A and of y in B satisfy this condition:

for each r;, ©™* = x mod M’, and

for each s, y* =y mod N,
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G is virtually free-by-cyclic.

G has an obvious normal subgroup of finite index, since G LA /M x B/N. Let

K = kera; we will show that K is free-by-cyclic.

Lemma 9. The collections {s;r;} and {r;s;} are a- and B-representatives of a

cress for G mod H.

Proof. We will write out the properties for the a-representatives only; the proof

for the (-representatives is the same.

(1)
(2)

(3)

(4)

(5)

(E)

{s;} is a double coset representative system for G mod (K, A).
{s;r:} is a double coset representative system for G mod (X, (z)):
Since (z) < K, each (K, (z))-double coset is simply a K-coset.
The collection {r;} is a Schreier system for A mod AN sj"lK S;:
K is normal in G, so AN s]TIKs]- = ANK = M, and {r;} is a Schreier
system for A mod M.
The collection {r;} is a Schreier system for A mod (4N s]-“lK s, (x)):
This follows from the property above and the fact that (z) < K.
The empty collection is a Schreier system for (= ) mod ( z )N (s;r;) ' K (s;7;):
(z)N (5577 K (sjm) = (z)N K = ().
If K is both a u- and a v-double coset representative, then K P(u;) is an
a-representative if and only if K P(v;) is a S-representative:
The only representatives K which are both u- and v-double coset rep-

resentatives are {s;} and {r;} and the empty word. If KP(u;) is an a-
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representative, then P is empty, in which case K is also a (-representative.

O
Now that we have a cress for G mod K, we can describe K fully:

Lemma 10. K is an HNN extension of a tree product S. The vertex subgroups
of S are the groups M* and N7i. The edge subgroups are (z)% and (y)™.

The tree for S is

Mo
i = y“’j
M N
r=Yy
o= y"

N

The stable letters of the HNN extension are

-1 -1
Tij = Ti8;T; S]-

and their action is given by

et = )"
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Proof. From the subgroup theorem, the vertex subgroups of S are the groups

Kns;As;' = KN A% = M%
Knr;Br;'=KNB"=N"
since K N A% = kera| ;.

The edge subgroups are

KN {(z)% = (z)% — M®%
— N
Kn(y)™ = (y" — N"
— M.
which gives the tree as drawn.

The stable letters and associated subgroups follow in a similar fashion from the

subgroup theorem. [

Notice that each M?% is simply an isomorphic copy of M, and similarly N is
isomorphic to N. Thus S is a tree product of finitely many copies of M and of N,
with amalgamations of the copy z% of x in M?® with the image in N of y under
conjugation by s; and of the copy y™ of y in N™ with the image in M of = under
conjugation by r;.

The element (z™)% is the copy in the vertex group M?® of the conjugate of = by

r;. The stable letter 7;; conjugates this element to (y®%)™, the copy in N™ of (y*%).

Lemma 11. K maps onto the infinite cyclic group if the conjugates of = in A
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and of y in B satisfy this condition:

for each r;, =" = x mod M', and

for each s;, y* =y mod N'.

Proof. We define a homomorphism ¢ : K — (xz). We first abelianize K and

then map K = K/K' — (z). Now K = (75;) x (§; (z7)% = (y%)" ). Here we

mean by (7;;) an abelian group presentation of the free abelian group generated

by {7;}. (TS'-; (zm)% = (y% )’i> is the abelian group presentation of the quotient
of S, the abelianization of S, by the subgroup generated by {(z")% - ((y%)™)~'}.
The additional relations come from the abelianization of the associated subgroup

relations in K.

S is a central product given by the tree for S:

M
=g

M N
T=1
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Let’s look more closely at the vertex groups of S. For instance,
M = (5) x M, 1y

and we know that for each »r;, z% = 7. Also, M is F} /M'.

We can send M — () by mapping

T
t— 1, t € M.

The other vertex goups of S have the same type of structure, so we can define

our map on all of S in a similar fashion. For instance, look at
N™ = (y=) x N[

Again, N]* = F}¢/(N™Y, and (y%)" = y%, for each s;. So we map N — (z) by

sending

Yyi— T
t— 1, te NJ*

Notice that we have been careful to ensure that these maps agree on the amal-

gamated subgroups of S:

T——x and Yr—x

Th=%+——xz and yYir— <z

Yi=Fr—x and z%r—x
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There are some additional relations introduced by the abelianization of the aso-

ciated subgroup relations of the HNN extension K. The map we have constructed

respects these relations. Look at a typical relation (z7)% = (y%)" :

In M, (z7)% = z% — .
In N7, (y%) =y — x.

Finally, we can extend this map to K by sending

T 1.

The homomorphism ¢ : K — () is then the composition

K— K-—(z). O

Call the kernel of ¢, L. We need to show that L is free. Since L is a subgroup
of G, it also has the structure of an HNN extension of a tree product. To analyze

L in detail, we need a cress for G mod L.

Lemma 12. The sets of coset representatives {s;r;x™} and {r;s;y™}, m € Z,

form a cress for G mod L.

Proof. We will write out the proof for the a-representatives only; the proof for

the B-representatives is similar.
First, {s;m;z™} is a set of coset representatives for G mod L, since {s;r;} is a set

of representatives for G mod K and {z™} is a set of representatives for K mod L.

(1) {s;} is a double coset representative system for G mod (L, A):



(2)

3)

(4)

()
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Since {s;r;x™} is a set of coset representatives for G mod L, g € G is
equal to a unique element [ - s;r;2™, so g € Ls; A.

{s;r;} is a double coset representative system for G mod (L, (z)):

In a manner similar to the property above, g € Lsjri{z).

The collection {r;z™} is a Schreier system for A mod AN (s;)~1L(s;):

Since L < K which is normal in G, (s;)"'L(s;) < K. Thus, AN
(5;)7'L(s;) = AN K N (s;)7 L(s;) = M 0 (s;)7 L(s;)-

We need to show that M N (s;)7'L(s;) = M N L. Suppose that m €
M N (s;)7'L(s;). Then m% € M*% N L. But ¢(m) = ¢(m?), since the
homomorphism ¢ respects the isomorphism M ~ M?%. Thus if m% € L =
kero, then m € L and so m € M N L. The other inclusion follows from the

same argument.

{r;z™} is clearly a Schreier system for A mod MNL, for {r;} is a Schreier
system for A mod M and {z™} is a Schreier system for M mod M N L.

The collection {r;} is a Schreier system for A mod (AN sJTlsz, (z)):

From the item above, we know that each @ € A is in a unique coset
(ANns;'Ls;)r;z™. Then (ANs;~'Ls;)ri(z) = J(ANs; 7 Ls;)riz™, so the
m
{r;} form the desired Schreier system.

The set {z™} is a Schreier system for {x) mod (z) N (s;r;)~  L(s;m;):

{z™} is a system of representatives for () mod (x) N T exactly when

(z)NT = 1. Ift € ()N (s;m) 1 L(s;7;), then (s;7:)t(s;r:)~! € ((z™)% )N L.
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But ¢(x) = ¢((x")%), so ¢ is one-to-one on ( (z™)% ), and ¢ must be the
identity.
(E) If K is both a u- and a v-double coset representative, then K P(u;) is an
a-representative if and only if K P(v;) is a (-representative:

The only representatives which are both u- and a v-double coset repre-
sentatives are the element 1 and the elements {r;} and {s;}. For any of
fllese representatives K, K P(u;) = Kxz™ is an a-representative if and only
if K P(v;) = Ky™ is a [-representative.

O

The final piece to be shown is:

Proposition 13. L is a free group.

Proof. This will be shown with two lemmas.

Lemma 14. L is a free product of a free group and certain subgroups of conju-

gates of A and of B.

Proof. We know L is an HNN extension of a tree product whose vertex groups

are

LNA=LNKNA% =LNM% and

LNB =LNN".

The stable letters are
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We must show that the associated and amalgamated subgroups are trivial. An

amalgamated subgroup is equal to

Ln{(z)=LnNn{(y), or
Ln{z)%=LN{y)%, or
Ln{y)t=LnN(x)".
First, LN(x ) = 1: this group is ker¢ N(x ), which is trivial since ¢ was constructed

to be one-to-one on ().

Similarly, ¢ is one-to-one on (y)% and on (z)™, so the other amalgamated
subgroups are trivial.

An associated subgroup is of the form
Ln({(@)s).

Again, ¢ is one-to-one on the group ( (z")% ), which is the copy of (™ ) residing in

M?i | so the group LN ((z")% ) is trivial too. [
Lemma 15. All the factors of L are free.

Proof. We know that one factor of L is the free group generated by
Tij = risjri_ls]fl with both r;, s; # 1.
Each other factor is of the form

ASNL or B"NL.
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But L < K, so

A%NL=ANKNL=M%NL and
BiNL=B"NKNL=N"NL.
Recall that M = (=z, F}) is free-by-cyclic. M N L, which is the kernel of ¢|py,
is equal to gppy (M', Fy). But M' < Fj, since for any f € F, f* € F;. Thus
gpm(M', Fy) = F) is free. Similarly, each of the other groups of the form M% N L

and NN L are free. So L is free. O

Notice that the condition on the conjugates =™ in A and y*% in B of Theorem 8
was not used in the proofs of Lemmas 9 and 10. The second version of this Theorem
uses some alternate conditions to get the other results needed to show that the free

product with amalgamation is virtually free-by-cyclic.

Theorem 8'. Let

G=A*B

z=y
with A and B virtually free-by-cyclic as before. Then G is virtually free by cyclic
if A and B satisfy these two conditions:
(1) z has infinite order in A/A’, and y has infinite order in B/B'.

(2) Every subgroup of M or of N of infinite index is free.

The kernel K of the homomorphism G = A/M x B/N has the same structure
as before from Lemma 10. Our goal is again to map K — (x) by working through

K/K' = K, and to show that the kernel of this composition is free.
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We should first notice this consequence of the condition on the order of z in

AJA.

Lemma 16. If = has infinite order in A/A’, then for each pair r; and r,, of
different M -coset representatives, where r; may be the identity, either =i = z™

mod M, or ™ and ™ generate independent infinite cycles in M /M.

Proof. Suppose for some r;, ™ = 2* mod M’ where k # 1. Then z~*z" = m,
for m € M', or ™ Flz lrizr;! = m, and so z7%*! € A

The proof for any other pair of representatives is similar. [

Lemma 17. K maps onto the infinite cyclic group if the conjugates of x in A

and of y in B satisfy this condition:

(a) For each pair r; and r,, of different M -coset representatives, where r; may be
the identity, either x™ = z'™ mod M', or =™ and z'™ generate independent
infinite cycles in M /M', and similarly for pairs of representatives s; and

conjugates y* in N/N'.

Proof. In this case, the abelianization of K,

K = (i) x (85 (wr)% = (y%)+)

is more complicated.

Again, S is a central product:
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M
% =y
M N
T=7
N
However,

M={(ZT)x (z™ ) x...(x% ) X M.

Here we have used condition (a) of Lemma 17 and have listed a representative of
each of the infinite cycles in M generated by =, z™,... , 7. In fact, we know that

for each r;, =™ is equal to one of =™, modulo M’. Now send M — (z) by

TH— T
t— 1, t € M.

Each vertex group of S has a similar structure, so we can define our map on all

of S in the same fashion. For instance,

N = () % (7)) x .. (@) ) x M,
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and we send N7 to () by

Yy —

(y* m—

tl—)l,tGMz.

We have been careful to ensure that the map agrees on the amalgamated sub-

groups of this central product. For example,
T =gz —> x and Yk — .

This map also respects the relations of the form

@ = o),

since the definition on M?% and on N™ is done in the same fashion as the definition
on M.
Extend this map to K by sending
T 1.

and again the homomorphism ¢ : K — (z) is the composition,

K— K— (z).
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Lemma 18. Under condition (a), the sets of coset representatives {s;r;x™} and

{ris;y™} form a cress for G mod L.

Even though condition (a) on conjugation is more general, the proof of Lemma
18 is the same as the proof of Lemma 12.

Let L = ker¢. We must finally show:
Proposition 19. L is free.

Lemma 20. L is a free product of a free group and subgroups of conjugates of

A and of B.
This follows from the Subgroup Theorem just as Lemma 14 does.
Lemma 21. Each of the free factors of L is free.

Proof. L is a free product of a free group and the groups
M%NL and N"NL,

just as before. In this case, each of the groups M?% N L and N™ N L are free by
condition (2), since, for example, M?% N L = ker$|y is of infinite index in M*. So

L is free. O
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CHAPTER 3
FREE-BY-FREE GROUPS
In this chapter only, we will use the other familiar notation for conjugation. Until

further notice, by a®, we will mean b~1ab, and thus a* = (bc)la(bc) = (ab)°.

Section 3.1

Some Residually Finite Free-by-Free Groups

In this section we will examine the residual finiteness of free-by-free groups. A
finitely generated free-by-cyclic group is always residually finite; the one-relator
groups with torsion of Chapter 2 were shown to be residually finite by finding a
free-by-cyclic subgroup of finite index.

A general result due to Miller ([M] III.A Theorem 7) on the residual finiteness
of certain extensions says, in particular, that an extension of a finitely generated
free group by a free group is residually finite. The question we need to consider
then involves extensions of a free group of countable rank by a free group of finite
rank. We want to examine the actions of a free group on a countably generated free
group which give residual finiteness in the semidirect product. This situation arises
when we look at free quotients of one-relator groups; the normal subgroup involved

is usually infinitely generated.
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We should first make note of some basic facts about free-by-free groups. It is easy

to show, using the universal mapping property of free groups, that any extension of

a group by a free group splits, so every free-by-free group is in fact a split extension.

Lemma 1. Suppose G is an extension of a group H by a free group F', G/H ~ F'.

Then the extension is a split extension. /

Proof. Call the isomorphism « : G/H ~ F. Suppose F is free on the set
{fi,f25---» f&s-..}. Then we can map this set into G by sending each f; to g;, a
representative of the H-coset o™ !(f;). By the freeness of F, there is a homomor-

phism ¢t : F — G with ¢(f;) = g;, and thus at = 1p. O

Using this, we can write a free-by-free group G as an HNN extension. If G/F; ~
Fy, where Fi = (x;,j € J)and Fy = (#;,i € I') are free on the indicated generators,
then G = <.’L‘j,j € J,ti,i € I; t7 xit; = pi(z;) >, where ¢; is an automorphism of Fj.
In this case, the associated subgroups of the HNN extension are both the entire base

group F).

Proposition 2. Consider Fj, = (zi,... ,,) as before and F = (yi,y2,... ,Yn,
hi,hoy... shm,...). Call H= (hy,hgy... ,hp,...), and Fp, = (y1,Y2,... ,Yn ). Sup-

pose Fy acts on F' by

yfj = wz‘,j(g.;)
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That is, Fy acts trivially on H, and nontrivially only on the finitely generated

subgroup F,, of F. If G = F' x F}, via this action, then G is residually finite.

Proof. Take g € G,g # 1. Then g = vw,v € Fp,w € F, using the normal
form theorem for HNN extensions ([LS] §IV.2). Now w involves only finitely many
elements of F, in particular only finitely many of the h;’s. Call the maximum
subscript of the h;’s in g, r. Let M = gpp(hyi1,hri2,...) = gp(h%,i > r,z € F)
and K = gpg(hry1,hryg,...) = gp(h¥,i > r,u e G) .

K = M. Since F < G, M < K. Notice that if v € F,h € H, then h¥ = h. Now

look at a generator of K, h}. If u = viu;,v1 € Fi,u; € F, then

2 = (R4 = B € M.

Call H, = (hy,ho,...,h). H. < H,and H/M ~ H,. G ~ (F, * H) x F, and
we can map G — G/K ~ G/M ~ (F, * G;) x F. The generators listed for M
are Nielsen-reduced, so any product of them will have an occurrence of h;, for some
i > r. Thus g ¢ M, and is nontrivial in (F), * H,) X F}, which is residually finite by

[M], so G is residually finite. [

Recall that if F' is the free group of countable rank, we have Aut¢(F) < Aut(F),
where Aut;(F) is the subgroup generated by all the automorphisms « of F' such

that « fixes all but a finite number of the generators of F.

Proposition 3. If we have F;, = Auts(F) < Aut(F), then G = F x F, is
9

residually finite.
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Proof. Let k = max; {m : f, is moved by some z;}. Then F, =, Aut(Fy) <

Auts(F), that is, the action of F,, on F is as in the previous proposition. [
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Section 3.2

One-relator Groups which are Free-by-free

In Chapter 2, we considered some one-relator groups which are free-by-cyclic. We
used several times a result (see [Bl]), quoted in the proof of Lemma 2.1.3, which
gives conditions under which the kernel of a map from a one-relator group onto
an infinite cyclic group will be free. The consideration of free-by-free one-relator
groups led to the development of a similar test to determine whether the kernel of
a homomorphism from a one-relator group onto a free group is free. The method

involves explicit analysis of the presentation of the kernel.

Lemma 1. Suppose G = <a,6, ce Y, byl r) , a one-relator group, has
a free group F' as a homomorphic image. Suppose the generators a,b, ... ,c are in
the kernel L, and the images of the generators «, 3, ... ,v freely generate F. Then

L has the presentation

<aw,bw,... ,Cw, W€ Fir,,we F)
where the set of relations has the following multiplication property:
If 7y =r1(Qyys - 5 QupsDypseen sby oo s Cuy e 5 Cuy),
then 7y, =(@yws - - - » Gows Oyyaws - -+ 1 Oypus -+ - 5 Cagur + + + > Cupu)-

Proof. We get the generators and relations from the Reidemeister-Schreier pro-

cess. Here a,, w € F, represents w™'aw. We will refer to these generator as the a,,
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1

family. The relations are all of the form w™"rw, w € F, rewritten in the generators

listed for L. Then
PL =T1(@uys - s Gubyyyeee 30y st Cupyeet 5 Cuy)s

which means that r; is a word in the listed conjugates of a,b,... ,c : ay,...,ay,

and so on. And therefore

Py = wlrw

1 1

1 -1 -1 - -
ayw,w byw,... ,w by, w,..., w cuW,...,w

=ri(wlay,w,... ,w” Cu, W)

=71 (@uwr - - - » Bows Oygwy  « + s Oyaws + -+ 5 Coguws - + + » Cupw)-

1

since Gy, = W ayw. 0O

Thus G ~ L x F, and we can see that F' acts on L by translating generators.

More specifically, for each generator g, of L and each generator x of F,

g;f; = Guz-

The next result gives conditions under which a group L with a presentation as

in Lemma 1 will be free.

Theorem 2. Suppose the group L has a presentation as in the lemma above,
with the family of relations having the multiplication property. Suppose that in
the relation r, there is, for some family of generators a,, a unique occurrence of
the generator a,, with vi = 1 € F, and a unique occurrence of the generator

a.,, where l(vz) is maximal among l(vy),... ,l(v), the lengths of the subscripts on



52
the generators in the family a,. Suppose also that for all of these subscripts v;,
i=2,...,l, vou; is reduced as written, that is, if vo = ug®, then no v;, including v,,
begins with g~¢. Under these conditions, L is free on a subset of the generators for

L listed in Lemma 1, containing all of b, ... ,cy, and only some of a,,.

Proof. For each w € F, we will use Tietze transformations to remove a generator
and a relation from the presentation of L, ending with a presentation of L with no

relations. We will consider separately two different types of words w.

If I(w) > 0, then either

(1) w=g*s,or

(2) w=~k's, and k/g® # 1.

Consider first case (2), and let w = 1. In r;, there is a unique occurrence of
the generator a,, with v, = ug® the subscript of maximal length. Thus no other
generator a,, has v; beginning with ug®. So we rewrite the relation r; to say a,,
is a product of generators from other families g, and generators a,, with v; not
beginning with ug®. Then we can use another Tietze transformation to remove the
generator a,, and the relation and rewrite all occurrences of a,, without using any
generator a,, where v; begins with ug®.

Consider any word w = ks as in case (2). Assume as inductive hypothesis that
for every v of the form of case (2) with I(v) < l(w), we have removed the relation
T, and the generator a,g, and have rewritten each occurrence of ayge, in terms of

other generators using no generators of type a,, where w is a word beginning with
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ug®.

In 7, the family of generators a, becomes :

ALt gs Aygept a5 Qyskl gy + -+ 3 Qy kel g

We know that ug®k’s is freely reduced as written. Since I(ug®) > I(v;), for all
i=3,...,n, l(ug®k’s) > l(vik’s). If l(ug®k’s) = I(v;k’s), then I(ug®) = I(v;), so v;
does not begin with uge. If [(ug®k’s) > I(v;k/s), either v;k/s does not begin with
ug®, or by the inductive hypothesis a,.s, has been rewritten using only generators
from other families and generators a,, where v does not begin with ug®. Thus
we can remove the relation r,, and the generator a,g;s, and rewrite this generator
wherever it appears without using any generator a,, v beginning with ug°®.

Now let’s look at (1): w = g~®s. Here the initial case is w = ¢g7°. In the relation

T4, the generators of type a, are
Qg—e, Qyyg—e = Qyg-ege == Ay Ayzg—ey . o+ 5 Ay, g7e,

and none of v;, i = 2,...,n begins with g7°. We know that the generator ag-
appears uniquely, so we can use Tietze transformations to remove this generator
and this relation, and rewrite every appearance of a,-- using only generators from
other families and generators of type a, where v does not begin with g~¢.

Now take any word w of type (1). Assume the inductive hypothesis: for every v
of the form of case (1) with I(v) < l(w), we have removed the relation r, and the
generator ag-, and have rewritten each occurrence of ag-, without any generators

of type a, where s is a word beginning with g~¢.
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Since w = g~ s, the relation r,, contains the generators from the a, family
Tg—es; Auyg-es = Qyg—eges = Qyus, Ayzg—egy« - + 5 Ay,g=es-

Recall that none of v;, i = 1,... ,n, begins with ¢g~¢, and for ¢ > 2,v; # 1. So if
any v;g"°s other than i = 1 begins with g™, it is because all of v; has cancelled in

the product. In that case,
l('v,;g—e‘s) < l(S) +1- l(vi) < l(s) +1= l(g—es).

Thus by the inductive hypothesis, all the occurrences in r,, of generators a,,g-<s
where v;g7s begins with g¢, save the generator a,—s, have been rewritten so as
not to use any generator of the type a,, with v beginning g=¢. We can therefore
remove this relation r,, and the generator a,-,, and rewrite each appearance of ag-—e,
without using any a,, v beginning with g—¢.

L now has a presentation with no relations, and so is free on the remaining
families of generators by,...,cy, w € F, and generators a;, t € F, t begins with

neither ¢7¢ nor ug®. 0O

We should notice here that we have a refined view of the extension G ~ L x F'.
Assume for convenience that e, the exponent of the distinguished generator g of F

mentioned in Theorem 2, is actually 1. (An automorphism of F' can arrange this if
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necessary.) Then the generators = of F' act on L by

Yo = Yug, for 21l generators = and y a generator of L other than a,

ai = @y, for x # g,
aj = ay, for t # u,
ad = V(ag, by, ... ,cu)s
where V(a;, by, ... , cy) is the word in the new generators for L which expresses the
deleted generator a.,.
The following result gives another condition on the family of relations which will

allow us to conclude that the kernel of a map onto a free group is free.

Theorem 3. Suppose the group L has a presentation as in Lemma 1. Suppose
that in the relation ry there is, for some family of generators a,,, a unique occurrence
of the generator a,, and a unique occurrence of the generator a.,, where l(v;) Is
maximal among [(vy), ... ,l(v,), the lengths of the subscripts on the generators in
the family a,. Suppose also that for all of these subscripts v;, i # 2, v;u;! and
vy 'v; are reduced as written. Under these conditions, L is free on a subset of the

generators listed, containing all of by, ... , ¢y, and only some of a,,.

Proof. We will change the labelling on the family of relations, and show that
with this relabelling the conditions of Theorem 2 apply.

Let s, represent the relation r,,,-1, so that with the new labels s; = r,,-1. Now
in s, there is a unique occurrence of a; and of a,,,,-1 coming from, respectively,
and a,, in 7. Since the length of v; is maximal among the subscripts in the

@y,
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1

family a,, and v;v37! is reduced as written, then the length of v;v,~! is maximal

among the subscripts on the family a,, in the relation s;. Also, the product of new

lvg and vev; ™! are both

subscripts, (vjv371)(v;u27!), is reduced as written, since v;~
reduced as written by hypothesis.
Therefore the group L with the relations s, satisfies the hypotheses of Theorem

2, and so L is free on a subset of the generators as stated. [

The next result gives another condition of the same general type under which

the group L will be free.

Theorem 4. Suppose that we have a group L, with the presentation

L=<aw,bw,... ,cw;'rw>

indexed over w € F = (@, ,... ,v), and the family of relations has the multipli-
cation property. Suppose also that in r, for the family of generator:s ay, there is
a unique occurrence of a,,, where l(v;) is maximal among l(v;),... ,l(vy,), and for
some other family of generators by, there is a unique occurrence of b, where I(y;)
is maximal among l(y1), ... ,{(ym), and also vy} is freely reduced as written in F.
Then L is free on a subset of the generators listed, containing all of g, with g # a,b

and only some of a,, and b,,.

Proof. For eachw € F, we will use Tietze transformations to remove a generator
and a relation from the presentation of L and thereby produce a presentation of L

with no relations.
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Note that v; = ug®, u a word in F, and g some generator, e = +1, and y; = th?,
t a word in F', h a generator and d = X1. Since v y; 1 is freely reduced as written,
either g # h, or if g = h, then e — d # 0.
The proof proceeds by induction on I(w), with separate consideration of two
different types of words w:

Consider any w in F' with I(w) > 0. Either

(1) w=g%s,or

(2) w=k's, and kfg¢ # 1.

We will consider case (2) first.

w = 1: In ry, a, occurs uniquely and I(v) is maximal, so no other vs,... ,vn
begins with ug®. We can remove this relation r; and rewrite all the appearances of
this generator a,, in terms of generators from other families and a,,’s, where w does
not begin with ug®.

Now consider w with I(w) > 0, and w = kfs, k/g® # 1. Assume the inductive
hypothesis: for every v of this form with I(v) < I(w), we have removed the relation
ry and the generator a,g, and have rewritten each occurrence cf ayge, in terms of
other generators using no generators of type ayge,.

In ry, a, becomes Gy = ayus,, Where there is no cancellation in ugk’s. All
other a,, become a,s,, with I(v;k's) < I(ugk’s), since I(v1) is maximal. If I(v;) <
I(vy), then I(v;kfs) < l(ug®k’s). If I(v;) = I(v1), then either I(v;k's) = l(ug®k’s),

or l(v;k!s) < I(ug®k’s), because some reduction occurs in v;k’s.
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Let’s look at the generators a, s, in 7.

If 1(v;) < I(v1), then either v;k/s doesn’t begin with ug® , or the generator a, s,
has already been rewritten, via the inductive hypothesis, using other generators
with no occurrence of generators of type ayge,.

If I(v;kf s) = l(ug®k’ ), then I(v;) = I(ug®), thus v;k/s doesn’t begin with ug® =
V1.

So by induction, we can remove each relation r,, where w does not begin with
g%, and also remove each generator of the form a,ge,, for all. such w € Fy.

Now for case (1):

Consider first w = g~¢. Then examine b,,. We know y; = th?, where either h # g,
or if h = g, then e —d # 0. Thus y,w = y;97° is freely reduced as written, and so
by, appears in r,, as by, - which is still of maximal length among the subscripts of
the family b, in 7y, and is the only subscript in this family beginning with y;97¢.

So we can remove the relation ry-. and the generator by - and rewrite this
generator in terms of other families of generators and b,,’s in which w doesn’t begin
with y197¢ = th?g~e.

The induction step proceeds exactly as in case (2). We remove all the generators
of the family b,, where w begins with y;g~¢ = thig™*.

Thus L is free on the generators g,, with g # a,b, w € F, a,,v € F, v does not

begin with ug®, and by,y € F', y does not begin with thig~e. O

We can use these results to show that certain one relator groups with torsion are
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virtually free-by-free. In these cases, the torsion-free subgroup of finite index can

be shown to have a free quotient of large rank.

Proposition 5. The groups Gj = (:v,y; (z lyzy*—2)F ),k > 3, are virtually
free-by-free. If kK = 2m + 1 or k = 2m, the subgroup of finite index has a free

quotient of rank m + 1.

Proof. For this Proposition, we return to the notation of Chapter 2: z¥ = yxy~!,
and z; = y'zy™* We recall from §2.1 that G has a subgroup K of index k& which

has the presentation

1 1

. L1 - -
(w,z;,1=0,... ,k—1; =, =,z Tyy + v Ty :ctkw>

where z; = y'xy~t and w = y*. The subscripts s; and ¢; are given by

$i=({—1)(k—1) mod k= —(¢—1) mod k, and
t;=((¢—-1)(k—1)+1) mod k= —(i —2) mod k.
We will consider the cases £ = 2m and k = 2m + 1 separately. When k& = 2m,

the relation for Gy is actually

1

1ml.7:,:_1_1wwow,;izmk_lww,ﬁamk_zw oo Ty TIWT; lmzw.

5

To get the free quotient of rank m + 1 for k even, we first replace the m — 1
generators s, Ts, ... ,Tr-1 as follows. Let ¢; = :vgwml‘l, so x3 = tyz;w ™!, Generally
t; = :z:ziﬂwm;il_l, SO Toip1 = t;Toi— 1w = tit;_y ... tix;w™ The last replacement is

tmo1 = :ck_lw:v,;_13, which gives 1 = ty-1tm—2 - S zw M),
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When we rewrite the relation using the generators ¢;, we get

1

Ty mlwm"lmfltl_l .- -t,“nl_lw:co:c,:iztm_zrck_gw .. .m'z‘ltl:cgw.

Now map K — G = (&1, %2,7=0,... ,m — 1), a free group of rank m + 1, by

sending

t; — 1, for all i
w—1
&g, — XT9;, i=0,...,m—1

Ty —r Iy.
The kernel of this map is generated by

Wy, tl,va e ,tm—l,'v

as v ranges through the elements of G. The relations of the kernel are the family

u,, indexed over v € G,

— oym—1 -1 4-1
Uy = wz‘l_l-’b‘o‘u 1,zov m_l,zouwzovtm——z:z:k_szv e tl,zgv'w'u-

By Theorem 3, the kernel is free; the generators t, 4, and ., in u; satisfy the
hypothesis.

For k = 2m + 1, the single relation for Gy, is similar:

-1 -1 -1 -1
Ty T1T_ WTOTy_oTk—-1WT)_gTh—_2W. ..

mglrc4wm51m3wmflm2w.
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We again rewrite generators, this time replacing the m generators 2, z4, ... , Tg-1.
Let t; = mflmg, so &9 = z1t;. Then we contine changing generators: t; = :czl-w:czjé_l),
and so my; = tt;_; - - - tawytyw~ Y. The final substitution is ¢, = zx_ wz;!,, which

gives Tx_; = tmbm-1 - 't2$1t1w_(m“1)_

Then the relation, when rewritten using the generators ¢;, becomes

wylryw™ i e e Lt wao gt 1 kw5 M tamawt w.

Map K — H = (x,%9;,0<i<m—1), a free group of rank m + 1, in the

obvious fashion. The kernel of this map is generated by

wmtl,va e atm,v

-

as v ranges through H, and the relations of the kernel, again indexed over v € H,
are

w =™l gl gl Ll
v Yallzgy 1av 2,zov m,Tov

wzovtm—l,mk_g,,wv e t2,z3vwvtl,v'wv-
The generators ¢, ;-1 and ¢;; in u; satisfy the hypothesis of Theorem 2, so again

the kernel is free. O

The one-relator kernels in the examples above have already been shown to be
free-by-cyclic in §2.1. By generalizing from these groups, one might be led to con-
jecture that any one-relator group which is free-by-free is actually free-by-cyclic.

The following group provides a counter-example to this conjecture.

Proposition 6. The group H = (z,y,b; "'y byzy 'z 'bzyb ) is free-by-free

but not free-by-cyclic.
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Proof. (We return to the notation b, = w~lbw).

To see H is free-by-free, first map H —¢—> (z,y) by sending

b—1

Yy—Uy.
Using the Reidemeister-Schreier method, we find a presentation for the kernel K

of ¢. The generators of K are the elements
by, = wlbw, for all w € (z,y),
and the relations are
Tw = byruwbryuwbuw, for all w € (z,y).

The generators by and by, satisfy the hypothesis of Theorem 2, and so K is free

1

on the generators b;, where ¢t does not begin with either =" or with yz.

Now suppose we map H onto an infinite cyclic group, H = (t). Notice that
H/H' = (z) x (y) x (b; b*). Thus we know that if z € H has w(z) = t, then
z = x™y"h for some integers m and n and h € H'. Then w(z™y") = ¢, and we can
take as a Schreier transversal for kerw the set of elements (z™y™)*, for all integers
k. Observe then that the representative of z, T = (z™y")? and the representative

of y, § = (z™y")?, and one of p or ¢ is non-zero.
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We then get as generators for kera = M
(@™y™) Fe(amyn ke =(z"y") e (amy") P = o
(=™y™) Fy(amym )by =(a"y") Fy("y") T =y
(@™y")~Fb(zmym kb =(z™y") " *b(zy")* = bk,
and as relations the collection
el g7l o} T 1ol b T b
T pYr—p—qPk-p—qYk—p—qThk—pYg—qTk—p—qOk—p—qTk—-p—qYk—qVk

for all integers k.
We can easily see that the group M is not free by examining M /M’. Modulo the

commutator subgroup, the collection of relations becomes
b2 by

where m = p + q and & runs through all integers.
If m # 0, then M /M’ has as a subgroup the group generated by b,, with presen-
tation as abelian group
{ bim ; b?k_l)mbkm, keZ)
which is isomorphic to the dyadic rationals. Thus M /M’ is not free abelian, and so

M is not free.

If m = 0, then M/M' has the presentation as abelian group
< by ; bz, kel >

which is not free abelian, and so M again is not free. [J



CHAPTER 4
VIRTUALLY RESIDUALLY FREE GROUPS

The principal result of this section, on free products with amalgamation of finitely
generated abelian groups, uses the subgroup theorem for free products with amal-
gamation described in detail in Chapter 2. We will also need some basic closure
results for residually free groups. These lemmas will be shown for residually P

groups in general.

Lemma 1. If P is a property of groups which is closed under free products,

then residually P is closed under free products.

Proof. Let G = A * B be such a free product of two residually P groups and
u = apb; - - - a,b, be a nontrivial element of G. Assume that a; # 1.

We know that for each a # 1, there is an onto homomorphism f: A — F| with
F having property P and f(a) # 1, and for each b # 1, an onto homomorphism
g : B — G, with G having property P and g(b) # 1. Now take a homomorphism
f: A— F for which f(a,) # 1. If b) # 1, take a homomorphism g : B — G for
which g(b;) # 1. If b; = 1, that is, u € A, take for the homomorphism g: B — G

any of these homorphisms.
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h=fx*
¢ rec

and observe that h(u) 5 1 in the group F * G which has property P. 0O
Lemma 2. For any property P, residually P is closed under direct products.

Proof. Consider A x B, the direct product of two residually P groups, and
w = a X b a nontrivial element. Say, for instance, that a # 1.. Then we can map

f: A— F, where F has property P and f(a) # 1. Now map

h=fxt
Ax B — F,

where t : B — F is the trivial map, and h(w) #1. O
Lemma 3. IfP is a property inherited by subgroups, then so is residually P.

Proof. Let H be a residually P group and M < H. Then if m # 1 in M, we
have a map ¢ : H — X, with X having property P and ¢(m) # 1. Thus we
have the homomorphism @|y; : M — ¢(M), where ¢(M) inherits property P from

X. 0O

Lemma 4. If G is finitely generated and virtually virtually P, where P is in-

herited by subgroups, then G is virtually P.

Proof. Suppose G/H is finite, H/N is finite, and N has property P. By a well-
known theorem of M. Hall (see [LS] IV.4), N contains a subgroup L, normal in G

and of finite index in G, and L has property P. [J
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Proposition 5. Suppose P is a property of groups such that when G has prop-

erty P, then G/Z(G) has property P. Then if H is residually P, so is H/Z(H).

Proof. Let H be a group which is residually P, and let gZ(H) # Z(H) be a
nontrivial element of H/Z(H). Then there is some h € H with h™1h9 # 1. Because
H is residually P, there is N <« H, with A~'h9 ¢ N, and H/N has property P.

Now H/Z(H) acts on H/N by conjugation:
(gN)xZ(H) — ng,

so we have the homomorphism

H/N
Z(H/N)

H/Z(H) —
which maps H/Z(H) onto a group which has property P. Let L be the kernel of this
map. L = gp(xZ(H)) such that for every t € G,t714* € N. We know gZ(H) ¢ L
since we have h with h™'h9 & N.

Thus H/Z(H) is residually P. O
We will also require two easy lemmas on finitely generated abelian groups.

Lemma 6. If C is a subgroup of A, a finitely generated abelian group, then C

is a direct factor of a subgroup of finite index.

Proof. A/C =T/C x F/C, where T/C is finite and F/C is free abelian.
Then F = A; x C, with A, free abelian. A/F is finite, since it is a quotient of

T/C. O
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Lemma 7. Let A be a free abelian group of rank m and ¢1,gs,..., 9, be non-
trivial elements of A. Then there is a homomorphism ¢ : A — A~, A~ of rank

m — 1, with ¢(g;) #0, 1 <i < n.
Proof.

A = (1) X (Tg) X -+ X (z), and

ay1¢ Q¢ Qm,i
i =T T . T

We define ¢: A — A~ by
Tr; — T;, ].S’Lsm—l

T — ]
where e is chosen so that ¢(g;) # 0.
B(g;) = miHTeomigiai @l If both ey ; = 0 and @um; = 0, then some other
ar; # 0, so ¢(g;) # 0, no matter what choice of e.

If oy ; % 0 or ayp; # 0, then the equation o ;+eay,; = 0 has at most one solution

s;, so if we choose e any integer ¢ |J s;, we will get ¢(g;) # 0, for all <. O

Corollary 8. With A, gi,...,9, as above, there is a homomorphism ¢ : A —

(z), with ¢(g;) # 0, 1 <i < n. A free abelian group is residually infinite cyclic.

Theorem 9. Let A and B be finitely generated abelian groups and G = AéB .

Thei: G is virtually residually free.

Proof. By Lemma 6, C is virtually a direct factor of A and of B: there are
A1 < A, By < B, with A/A, finite, and 4; = Ay x C, A free abelian, B/ B finite,

and By = B; x C, B, free abelian. Suppose A = Eri Ay and B = Z s; By.

i=1 i=1
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Map G — A/A; x B/B; by

a— a,

b+— bB

which respects the amalgamated subgroup C.

We can describe K = kernel ¢ using the subgroup theorem for amalgamated

free products. K = gpg(Ai, Bi,[ri,s;]) is an HNN extension with stable let-

ters g;; = [ri,s;] of a tree product S, where S is generated by the subgroups
Ay, AP, ... A", By, ..., B", with amalgamations as indicated by the tree:
. \
Cé = (C%

) \ 5
\ C
CT,; — CT‘,'

\ B

Since A and B are abelian and C < Z(G), actually B* = By x C and A} =

Ay x C, and the amalgamation indicated by each edge is of the direct factor C.
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So the tree product can be rewritten as

§=(A; xC) 1 (BF xC)y ... 1(By x C)2(By x O) 2 (A3 x C) ... x(A3” x C)
=(Ag % AF * ... A" * Bo# B3* % --- % By") x C
The last equality occurs because the indicated direct factors generate S, are normal
in §, and have trivial intersection, since C N Ay =1 = C n B}

Furthermore, the action of the stable letters g;; is given by
g;’—jlcls_,-r,; gi; = C™%,
Again, since C < Z(G), this amounts to
9;/Cgi; = C.
So the entire group K looks like
K =((gi;) * Ag % A7 % ---x AJ» * By * B - - % By") x C

Now K is virtually residually free. By Corollary 8, any free abelian group is
residually free. The direct factor of K which is a free product is then a free product
of residually free groups and so is residually free by Lemma 1. Since C is a direct
product of a finite group and a free abelian group, K is a direct product of a finite
group and two residually free groups, and so is virtually residually free by Lemma
2.

Finally, by Lemma 4, G itself is virtually residually free. O
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