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Abstract

T he B rill-N oether T heorem  w ith  A pplications to  
A . G. G oppa C odes and E xponential Sum s

by

Despina Polemis

Adviser: Professor Carlos J. Moreno

Throughout this dissertation we are primarily concerned with various algebraic 
and geometric properties of curves in relation to coding theory and the theory of 
exponential sums.

The curves of our interest are defined over finite fields which leads us to reconsider 
well known theorems as for instance the Brill-Noether theorem.

The problem of resolution o f singularities lead us to investigate the selected m eth­
ods available in order to desingularize a plane singular curve defined over a finite field. 
We present algorithmic models which describe these methods and we estim ate their 
time complexities. We prove the relations among the exponential sums built from 
singular curves and the ones built from their equivalents.

The classical concepts of adjoint divisors, adjoint curves and their relation to the 
Brill-Noether theorem are reconsidered from a constructive point of view in which the 
field of constants is a finite field. We also compute the discriminant divisor utilizing 
a geometric and an algebraic method.

The problem of effectively calculating with the Riemann-Roch theorem is also 
considered in this thesis. We present two algorithmic constructions which estimate a 
basis for the vector space C(G). The first construction is the algorithm EVG  based 
on the Cremona transformations and the second is the algorithm M BR  based on the 
normalization process. We estimate the time complexity of both algorithms. They 
both serve as basic tools for the construction of algebraic geometric Goppa codes 
evolved by singular curves.

We give a  new bound on the minimum distance of the dual of a Goppa binary 
subfield subcode generated from a singular curve. We obtain the new bound using 
exponential sum techniques.
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C h a p te r  1 

I n tr o d u c t io n

1.1 H is to r ic a l P e r s p e c t iv e  an d  N e w  R e s u lts
Algebraic curves appear in many areas of m athem atics and m ost notably in coding 
theory and in th e  theory of exponential sums. Throughout this thesis, various alge­
braic and geometric properties of curves defined over finite fields are considered in 
relation to coding theory.

A point on an algebraic curve is called simple if the multiplicity of the  curve at 
this point is one, otherwise th e  point is singular. If the  tangents of the  curve a t this 
point are distinct, then it is an ordinary singular point, otherwise it is a  nonordinary 
singular point. A plane curve with all its points simple is called smooth, otherwise 
the curve is singular. The classical problem of resolution o f  singularities states that 
for every algebraic variety X  over an algebraically closed field there exists a  proper
map t  : Y  ► X  w ith Y  nonsingular such th a t 7r is an isomorphism over some dense
subset U of X .  During the last century Kronecker, Max Noether, [53], [54], Bertini, 
[8], and others proved the resolution theorem for algebraic curves defined over the 
complex numbers using a succession of Cremona transformations, i.e., composition 
of projective and quadratic transformations. In [9], [10] Bliss presents a detailed 
development of this m ethod . In 1936, Walker [70] solved the problem when X  
is a surface defined over complex numbers . In the 1940’s, Zariski [73] solved the 
resolution problem for surfaces with 7r obtained by applying successive blowing ups,
i.e., the normalization (<r-process). Abhyankar [3], [4] proved the  resolution theorem 
for curves and surfaces over fields of non-zerocharacteristic using the  normalization 
process as well. Recently Ford and Zassenhaus [20] introduced the integral basis 
algorithm which provides yet another way to desingularize a plane curve; this method 
was based on the relation of the  nonsingular model of a  curve with the  integral closure 
of its coordinate ring. Trager [62] also discussed this m ethod in his MIT thesis. 
Bronstein, Hassner, Vasquez and Williamson [15] used the integral basis algorithm 
to create a  package in Scratchpad, a symbolic com puter language developed at the 
IBM Research M athematics Departm ent [15]. Vasquez [68] has discussed the integral 
basis algorithm  emphasizing the difficulties th a t arise over finite fields.

1



CH APTER 1. INTRODUCTION 2

In this thesis we study on the resolution problem for plane algebraic curves over 
finite fields. We will describe three methods to desingularize a plane singular curve 
defined over a finite field. At first, we shall present the method based on successive 
blowing-ups (normalization process). Next, we will use on the method of Cremona 
transformations and finally we will consider the method based on the integral basis 
algorithm . We emphasize the constructive aspects of the three methods by presenting 
algorithmic models.

Concerning the adjoint divisor to a projective smooth curve, several definitions 
can be found in the classical as well as the recent literature. Brill and Noether define 
the adjoint divisor as a sum of points with pre assigned multiplicity, r,- — 1, where r,- 
is the multiplicity of the curve at those points. This classical definition appears in 
Fulton [21]. A geometric definition is presented by Gorenstein [27], and it describes 
the adjoint divisor in terms of the first kind differentials. It also appears in Kodaira 
[40], Samuel [56] and Arbarello [6]. Abhyankar [2], Samuel [56] and Serre [59] present 
an algebraic definition for the adjoint divisor which is motivated by the theory of the 
conductor ideal. Keller [37] assigns a  certain positive integer a  to each point in the 
adjoint divisor . This last definition is used by Le Brigand and Risler [14] in their 
recent work in coding theory. Our contribution in this thesis is to reconsider these 
definitions when the field of constants is finite and investigate the relations among 
them.

In [2] one of Abhyankar’s aphorisms, states the following: “The discriminant 
locus (totality of roots) of a polynomial is the sum of the branch locus and the 
projection of the singular locus” . The polynomial under consideration is an affine 
representation of a plane smooth curve defined over an algebraically closed field. 
During the course of our research we interpret the aphorism as a statem ent on the 
points which appear in the divisor described by the discriminant of the polynomial. 
In our case the polynomial is an affine representation of a  plane, singular, absolutely 
irreducible curve. Unlike Abhyankar, we assume th a t the plane curve is defined over 
a finite field. We approach the computation of the discriminant divisor algebraically 
and a geometrically.

Brill and Noether in their theorem [14], [55], [13] construct a basis for the linear 
subspace C{G) in terms of certain homogeneous rational functions in the plane P 2(k). 
The field k  can be any algebraically closed field of characteristic zero. In this thesis we 
reconsider the Brill-Noether theorem when the field of constants is a finite field and we 
introduce two algorithmic constructions which find a  basis for the finite dimensional 
vector space C (G \

The theory of algebraic geometric codes relates the algebraic geometry of curves 
to coding theory. During the early 1980’s, the Soviet mathematician Goppa [23], 
[22],[24],[25], [26] made the im portant discovery that curves with large number of 
rational points could be used to generate codes with good parameters. In his work, 
Goppa used the Brill-Noether theorem . Although he had all the ideas for construct­
ing codes from algebraic curves, he did not consider the case where the curves are 
singular with nonordinary singularities. Goppa [26] presented an algorithm in order
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to construct an a.g. Goppa code from singular curves having only ordinary singu­
larities. These ideas were used by Tsfasman, Vladut and Zink [63] whose work won 
a scientific prize in 1984. Throughout their paper they construct algebraic geomet­
ric Goppa codes by means of modular curves and obtained an improvement to the 
Varshamov-Gilbert bound. Similar results were obtained independently by Ihara [33]. 
Manin and Vladut also [69] developed an algorithm which constructs a  linear code 
using a  family of Drinfeld modular curves. Le Brigand and Risler [43] approached the 
construction of a.g. Goppa codes constructively. Our objective in this thesis is to  ap­
ply the algorithmic approaches of the Brill-Noether theorem to construct a.g. Goppa 
codes. The problem of effectively calculating with the Riemann- Roch theorem is also 
considered in this thesis.

The theory of exponential sums is another area of mathematics where curves have 
played an im portant role. Bombieri [11] [th.5] presented a  theorem which gave an 
estim ate for an exponential sum built with rational functions on a nonsingular curve. 
C. Moreno and 0 . Moreno [49] have applied Bombieri’s estimate to the rational func­
tions of a nonsingular curve defined over the finite field F 2»» and they have obtained 
an improved Carlitz-Uchiyama bound. Bombieri [11] [th.6] gave a similar estimate for 
an exponential sum built from rational functions on a singular curve.

In this thesis we obtain general formulas which compare exponential sums built 
from singular algebraic plane curves with their birational equivalent curves, where 
the singularities have been resolved using the normalization process and the Cremona 
transformations. The improvement on different bounds of the exponential sums plays 
a very important role on the theory of binary codes. In a series of papers by C. 
Moreno and 0 . Moreno [46], [51], [50], exponential sum techniques have been used 
to estimate the parameters of classical binary Goppa codes. In this thesis we also 
prove a  new result on the minimum distance of the dual o f a Goppa binary subfield 
subcode constructed from a singular curve over a finite field using exponential sum 
techniques.

1.2  Q u estio n s  o f  C o m p lex ity
In this thesis, algorithmic emphasis is given to many abstract procedures. It is there­
fore natural to be concerned about the computational complexity of these algorithms. 
Some standard reference for analysis of algorithms are Knuth [38], Aho - Hopcroft- 
Ullman (AHU)[5] and Winograd [71].

In order to analyze the performance of an algorithm, some model of a computer 
is necessary, (AHU) [5] and Schonhage [57]. Some of the more conventional compu­
tational models are the following: The Turing machine, introduced by Alan Turing 
in 1937, provides intuitively appealing measures for the quantitative analysis of algo­
rithms. These are machines with bounded memory. The Random Access Machines 
(RAM) are used for higher flexibility, in which a variety of instruction sets can be 
used. There are two types of RAM machines. The first is the RAM (unit cost) 
machine in which each RAM instruction requires one unit of time and each register 
requires one unit of space. The second type is the RAM (logarithmic cost) machine
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in which the limited size of a real memory word is taken into account. The straight- 
line program is a simpler machine based on the RAM (unit-cost) which ignores some 
RAM instructions. The bitwise computation machine is a simplification of the RAM 
(logarithmic cost). The Boolean circuits are computation models for parallel compu­
tations. Nonscalar complexity an abstract model where refers only to multiplications 
and divisions are counted.

The other im portant notion for the analysis of an algorithm besides the compu­
tational model is the measure of computation. The two important computational 
measures are the time and space measure, cf Aho - Hopcroft- Ullman[5] and Cull 
[17]. The time complexity is the number of operations needed to run an algorithm 
in one of the computational models. It is expressed as a function of the size of the 
problem. The space complexity is the number of bits which the algorithm uses in 
order to store and manipulate data. Let n  be a measure of the size of the problem. 
Consider two algorithms with running times / (n )  and g(n) .  Their running times 
are of the same order if for some N  there exist two positive constants c\ and c2 

such that Ci\g{n)\ < |/ (n ) | <  c2\g{n)\  for all n > N .  We symbolize this relation by 
f i n )  =  0(g(n))  read “/(n )  is of order gin)" .  We consider two algorithms to have 
the same time complexity if their running time is of the same order. We do not 
distinguish between algorithms whose running times are of the same order.

To discuss time and space complexity in the RAM models, the following conditions 
are selected concerning the encoding of input and output data, cf [57], Kannan [34] 
and Koblitz [39]. We assume tha t the integers are represented in standard binary 
form. The size of an integer N  is 1 +  [ log AT ] where the 1 stands for the sign of the 
integer. The [ ] is the greatest integer function. The elements in the finite field F  are 
given as residues mod p. A rational number is represented by a pair of integers, i.e., 
the integer which appears in the numerator and the one in the denominator of the 
rational number.

We can only compare algorithms if we use the same computational model and the 
same complexity measure.

Knuth [38] uses the Turing machine to estimate the time complexity of certain 
algorithms. Abhyankar [1] utilizes the RAM (unit cost) model with basic arithmetic 
operations being of unit time cost and he computes the tim e complexity. Manin and 
Vladut [69] estimate the time and space complexity adopting the RAM (logarithmic 
cost) computational model L In their estimates, they use the logarithmic function 
I(p) =  log2p -f 1 where p is the characteristic of the field of constants. Borodin and 
Munro [12] use the straight-line program model of computation and they measure 
the time complexity by the number of arithmetical operations required. Winograd 
[71], [7] and Chudnovsky [16] measure the time complexity using nonscalar complexity. 
Bounds on time complexity, which are specified up to a  polynomial, are independent of 
the selection of a computational model since all computational models are equivalent 
in the sense of polynomial time complexity, cf Grigor’ev [28] and Teitelbaum [61].

In our work we select the bitwise computation machine as computational model.

1They call it LRAM
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Time complexity is thought of as the upper bound for the number of bit operations 
needed to  perform an arithmetic task. The shift operations, memory access, etc. have 
not been considered in this thesis. We do not use procedures with the best bounds, 
but procedures with simple structure. We consider only procedures with polynomial 
time complexity.

We describe our algorithmic procedures explicitly according to the following scheme: 
We name the algorithm, we present the input d a ta  , the output data, and the method 
of operation. We describe the  method of operation which we follow in the algorithm 
or we refer the reader to  an already known procedure. We continue with estimating 
the time complexity of the algorithms. Finally, we compare the algorithms which 
describe the same construction.

The tim e complexity of some basic operations in the finite field F 9 with q =  pb 
elements where p is a prime number follow:

1. Multiplication of two polynomials in F 9[x] of degrees n and m  where n > m  can 
be done using nm  multiplications of elements in F 9. Each multiplication requires 
0 (log3qr) time, cf Koblitz [39]. We also need some additions which require less 
time. Therefore the multiplication of polynomials requires 0(nm \og 3q) time.

2. Division of two polynomials in F 9[x] of degrees n  and m  where n > m  requires 
0 ( n 2) multiplications in F 9 (of integers modulo p). Each such multiplication 
takes 0(log3g) bit operations. Therefore the overall time needed to divide two 
polynomials is O(n2\og3q).

3. Evaluation o f  a polynomial f ( x )  with coefficients in F 9 a t an element a in the 
finite field can be done by finding the remainder of f ( x )  mod x —a . H  the degree 
of f ( x )  is n then the evaluation requires 0 (n2log3q) time.

4. Evaluation o f  a polynomial at all the elements in F 9. We perform q evaluations. 
Each evaluation uses O(n2log3q) time. Therefore the to ta l tim e is O(qn2log3q).

5. The calculation of the Resultant of two polynomials requires the same number 
of operations ( Aho - Hopcroft - Ullman [5]) as the  following : The Determinant 
of an n  x n matrix; the Solution o f Simultaneous linear equations Ax. = b where 
A  is an n  x  n  m atrix, x is the row vector of the  n unknowns and b is the column 
vector of the n constants; the matrix multiplication of n  x  n  matrices.

Multiplication of matrices requires 0 ( n 3) multiplications of elements in F 9 and 
some additions. Each multiplication of two elements in the finite field F 9 re­
quires 0(log3q) bit operation ( Koblitz [39] ). Therefore the m atrix multiplica­
tion can be done in 0 (n 3log3g).

We do not claim th a t the bounds which appear in this thesis are sharp. The primary 
significance of the results is the conclusion th a t the time complexity of the various 
algorithmic constructions can by measured by local data, (i.e., the degree of the curve, 
the characteristic of the finite field) and th a t the time complexity is polynomial.
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Another im portant concept in the analysis of algorithms is their space complexity. 
In our future work we will consider this important problem.

1 .3  T h e  S co p e  o f  th e  th es is
Throughout this thesis the curves are absolutely irreducible and are defined over a 
finite field k  =  F , where q = pb and p is a prime number.

In the second chapter we present an algorithmic construction (algorithm SM) 
which computes the rational singularities of an absolutely irreducible singular plane 
curve and their multiplicities. The time complexity of the algorithm is proven to be 
polynomial in the degree of the curve (lemma 2.1). We also focus on selected methods 
available for dealing with singularities of algebraic curves over finite fields.

We consider the following three methods in order to desingularize a curve: The 
method based on the successive blowing-ups (normalization process), the one based 
on the Cremona transformations and the method which utilizes the integral basis 
algorithm. The algorithmic aspect of the above methods is discussed through the 
algorithms: BU (blowing-up), NOR (Normalization) , CT (Cremona Transformation), 
RC (Resolution through Cremona transformations), IB A (Integral Basis Algorithm) 
and NSM (Nonsingular Model). The time complexity of the algorithms is discussed 
in various lemmas (2.2, 2.3, 2.4, 2.5).

We also present examples which are meant to clarify the three mentioned methods: 
the normalization process (ex. 2.3 , 2.4), the Cremona transformations (ex. 2.5 , 2.6), 
the integral basis algorithm (ex. 2.7, 2.8).

In the third chapter, the classical concepts of adjoint divisors, adjoint curves and 
their relation to the Brill-Noether theorem are reconsidered when the field of constants 
is finite.

We define the adjoint divisor algebraically (def 3.2), geometrically (def. 3.3), 
computationally (def. 3.4) and classically ( in the sense of Brill- Nother ) (def. 3.5). 
In examples 3.1, 3.2 and 3.3 we find the adjoint divisors of singular curves using the 
previous definitions. We prove the equivalence of the first three definitions and show 
th a t the fourth is a special case of the third (th.3.1).

We prove th a t there are three equivalent conditions for a curve to be the adjoint 
curve (th. 3.2). The discriminant divisor for a  polynomial of two variables is also 
computed in this chapter (th. 3.3, 3.4).

The topics discussed in the fourth chapter axe: a  proof of the Brill-Noether the­
orem when the field of constants is a finite field , the algorithmic approach to the 
Brill-Noether theorem and its application to the theory of algebraic geometric Goppa 
codes.

The Brill-Noether theorem implies an algorithmic development which constructs 
a basis for the vector space C{G) first realized by Goppa. We introduce the algorithm 
EVG which is an extended version of the one described by Goppa. The time com­
plexity of the algorithm EVG is proven to be polynomial in the degree of the curve 
(lemma 4.2). We also develop the algorithm MBR which simultaneously serves as a
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modification to the one described by Le Brigand and Risler. The time complexity of 
the algorithm MBR is computed in lemma 4.1. The direct application of the above 
algorithms is in the theory of algebraic geometric Goppa codes.

The last chapter of this thesis is dedicated to the theory of exponential sums and 
its interrelation with the theory of algebraic curves and coding theory.

We prove the relations among the exponential sums built by singular curves and 
the ones built by their desingularizations. We attain  the results by reducing the singu­
larities of the curves using the blowing-up method and the Cremona transformations 
(pr. 5.1-5.6). Various examples which appear in this chapter are meant to clarify the 
results (ex. 5.1-5.7).

We end this chapter by deriving a new bound on the minimum distance of the 
dual of a Goppa binary subfield subcode built from a singular curve (th.5.2). Our 
new bound depends on the adjoint divisor of the curve (th. 5.1) and its advantage is 
th a t we have various ways of computing the adjoint divisor.

The following is a  list of the most im portant examples in this thesis:

Chapters
normalization process: ex. 2.3, 2.4 
Cremona transformations: ex. 2.5, 2.6 
Integral basis algorithm: ex 2.7, 2.8

ChapterS
Adjoint Divisors: ex. 3.1 ( Le Brigand-Risler [43]), ex. 3.2, ex. 3.3 
Discriminant Divisors: ex. 3.6-3.8 (geometric approach), ex. 3.9-3.11 (alge­
braic approach)

Chapter4
Construction of A.G. Goppa Codes: ex. 4.1 (algorithm MBR), ex. 4.2 (algo­
rithm  EVG)

Chapter5
Exponential Sums and Mathematica: ex. 5.1-5.7 
Minimum Distance of the Dual: ex. 5.8

1.4  A ck n o w led g em en ts
I am  grateful to my advisor, Professor Carlos Moreno, for advising me in the study 
of algebraic Goppa codes and exponential sums; for his many helpful suggestions to 
improve the readability of this thesis and most of all for his patience, tolerance and 
kindness.

I would like to thank Professor A1 Vasquez for introducing me me into the study 
of algebraic geometry and for discussing many of the results in this thesis with me.
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I would also like to thank Professor Lewittes and Professor Oscar Moreno for their 
educational discussions with me .

The economical and emotional support of my family through the years of my 
academic career is greatly appreciated.

But most of all I thank God for being besides me and helping me fulfill my dream.



C h ap ter  2 

R eso lu tio n  o f  S ingu larities

The purpose of this chapter is: to analyze the three best known methods for reduc­
ing the singularities of plane algebraic curves defined over a finite field, to produce 
algorithmic models and to give estimates for their time complexity.

The contents of the chapter are as follows: In the preliminary section 2.1 we 
provide an algorithm for finding the rational singularities of a plane projective curve 
and show that its time complexity is polynomial in both the degree of the curve and 
the cardinality of the finite field.

In section 2.2, following Shafarevich’s treatment in [60], we describe algorithms 
for the blowing-up process and the normalization process and give estimates for their 
time complexity.

In section 2.3 we give algorithms for reducing and resolving the singularities of a 
plane projective curve by a combination of quadratic and projective transformations. 
The time complexity of these algorithms are also estimated under the assumption 
that the singularities of the curve are all rational.

The last section investigates the resolution of the singularities of a curve using 
the integral basis algorithm . We show that the time complexity of the algorithm is 
polynomial in the degree of the curve. We next present a  construction which finds 
an affine non-singular model of a plane curve over the points away from the points at 
infinity.

2.1 R a tio n a l S in gu larities
Let F ( X ,  Y, Z ) be a homogeneous form of degree d describing a plane projective curve 
C. We say that the point P  =  (a, b, 1) E C  is a  singularity if the Taylor expansion 
of the dehomogenized polynomial f ( x , y ) =  F(x,  y,  1) about the point (x,y) =  (a,b) 
has the form

+ ... + / d(£, y )

where £ = x — a, r\ = y — b and the /,(£, 17) are homogeneous forms of degree i and 
the lowest m  > 2.

9
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T he smallest degree m  of an /,• appearing above is called the multiplicity of the 
singularity P.  If P  is a singularity and we have a factorization

m
fm ( x ,y ) =  n ( a «x +  PiVY*

i= 1

we call P  an ordinary singularity if all the r t- are equal to 1. Otherwise the singularity 
is called nonordinary.

A singularity P  =  (a,6, c) 6 C, say with c ^  0, is called rational over the field k , 
if a 6 e  k.c 5 c

B asic  R a tio n a li ty  A ssu m p tio n . All the singularities and th e  infinitely near 
points are rational.

The following algorithm computes the rational singularities of an irreducible plane 
projective curve with their multiplicities and their types, i.e., ordinary vs. nonordi­
nary. Let Fq be the finite field of q =  pb elements.

A lg o r ith m  S M  * Singularities, Multiplicities *
I n p u t :  An irreducible plane projective curve C : F ( X ,Y ,Z )  =  0, defined by the 
homogeneous form F  £  Fq[X, Y, Z] of degree n.
O u tp u t :  T he rational singularities of C  together with their multiplicities . 
M e th o d :

S te p  1 : Find the representation of the plane curve C  in an affine neighborhood, i.e., 
dehomogenize the form F ( X ,  Y ,Z )  with respect to one coordinate:

F ( X / X , Y / X ,  Z / X )  = Fm{ l lV>z)

The dehomogenized form F+(l,y, z) is equivalent to  an affine polynomial f ( y ,  z).

S te p  2 : Find th e  partial derivatives of the polynomial f ( y ,  z)  w ith respect to the local 
affine coordinates y and z  i.e., d f / d y  and d f  jd z .

S te p  3: Find th e  distinct rational singularities of the curve C  by solving the system 
of equations f ( y ,  z) =  d f / d y  =  d f  j d z  =  0.

S te p  4: If a  singular point P  is a t the origin then go to  the fifth step otherwise 
translate the  singular point P  to th e  origin by applying an affine linear trans­
formation. We again denote by f { y , z ) the resulting polynomial.

S te p  5: Rewrite the polynomial f ( y ,  z ) as follows:

f ( y »z) =  fm(y, z) + fm+i(y, z)  +  ... -1- f n(y, z )

where /,• are forms of degree i and m  is the multiplicity of the singularity. The 
factorization of f m{x iy)  over Fq into irreducible factors will yield the type of 
singularities.
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S te p  6 : Repeat steps four and five for all the singular points of the curve C lying in 
the present affine neighborhood.

S te p  7: Repeat steps one through six for the dehomogenization of the homogeneous 
form F ( X , Y, Z)  with respect to Y  and Z.

L em m a 2.1 Let C : F ( X ,Y ,  Z) = 0 be an irreducible plane projective curve defined 
by a form  F  €  Fq(X , Y, Z ) of degree n. The time complexity o f  the algorithm SM  is 
polynomial in the degree n.

Proof The proof of the lemma is straight forward. The following argument actually 
yields an effective estimate.
( The elements of the finite field are polynomials with coefficients in Fp regarded 
modulo a  primitive polynomial of degree b. The multiplication of an integer times a 
polynomial takes 0 (b) multiplications of integers modulo p  th a t requires 0 (log2p) bit 
operations, Koblitz [39]. )
Let C(i) denote the time complexity of the z-th step.

For the first step we have C( 1) =  0 (n )  since dehomogenizing the homogeneous 
form F ( X , Y, Z)  with respect to  one homogeneous coordinate is equivalent to setting 
th a t coordinate equal to 1 , a  to ta l of a t most n  substitutions are required.

In step 2 we calculate the partial derivatives of f ( y , z ) with respect to  y  and 
z. Since f ( y , z ) considered as a polynomial in y has a t most O(n) terms, then this 
operation involves a t most 0 (n) multiplications of integers ( i.e., the exponents of 
y  ) times polynomials in z  of degree at most 0 (n) ( i.e., the coefficients) hence 
the to tal number of multilications is 0 ( n 2). Each multiplication of an integer by a 
field element requires O(b\og2p) operations. Hence the tim e complexity of C (2 ) is 
0 (n2blog2p) which can be replaced by O(n2\og2q).

For the third step we need to find the simultaneous solutions of the system 
f ( V i z ) — O5 fy (V iz ) — 0? f z ( y , z ) =  0. Here we use an idea of Abhyankar ([1], pg. 
276) where this problem can be obtained by finding those roots of Resy( f y, f z) =  0 
and Resz ( f y, f z) = 0 which are also the roots of f ( y , z ) =  0. To carry out this 
step we proceed as follows: we pick an element a £  Fq and evaluate each polyno­
mial entry in both matrices Resy( f y, f z ) and Resz( f y, f z)'i since the evaluation of a 
polynomial of degree < n a t a  requires 0 (nHog3q) operations and the evaluation of 
the determinant of a  m atrix of size 0 (n )  with entries in Fq requires 0 ( n 3 \og3q) op­
erations, we conclude th a t the total number of operations required to find whether 
z  — a is a zero of Resy( / y, f z) =  0 is 0 ( n 4\ogfq). Repeating this for each a £ Fq 
gives th a t the time complexity of finding the zeros of ReSj, ( fy, f z ) is 0 (q n 4\og3q). We 
get a similar estim ate for Res* (/„ ,/* ) . We observe th a t the to tal number of points 
(a,b) w ith Resy( f y, f z)(a) =  0 and Resz( / j , , /2 )(6 ) =  0 is at most 0 (q 2). Determining 
whether (a, b) is a  zero of f ( x ,  y) =  0 requires 0 ( n 3 log3g) operations. Hence the time 
complexity of C(3) is 0 (q n 4log3q) +  O(q2n 3\og3q) =  O(q2n 4log3q).

For the fourth step, we apply the affine transformation y  1— ► y+ a  and z 1— ► z + b. 
This requires the evaluation of f  (y + a, z  + b) as a  polynomial in y  and z. Therefore to
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obtain an estimate for the complexity of this step we need to estimate the complexity 
of computing the representation:

(y + a)'(z +  b)1 =  J 2 y kz lPkl(a,b)
k,i

where i + j  are <  n. Since the complexity of multiplying two polynomials in FJT] 
of degree N  and M  is 0 (N M \o g 3q) we conclude that the complexity of obtaining 
the expansions (y +  a)' and (z +  b)J is at most 0 ( n 2log3q). Hence the complexity 
of calculating a,j(y +  a)‘(z -f- 6)J is again 0 (n 2log3g). Since f ( y , z )  itself has 0 ( n 2) 
terms, the total complexity of step 4 is C(4) =  O(n4log3q). This clearly contains an 
estimate for step 5.

Step 6 requires that step 4 and 5 be repeated as many times as the number of 
rational singular points of C, i.e, 0 (q2). Hence the complexity of step 6 is C(6) =  
0 (q2n4log3q).

Step 7 requires a repetion of Stepl-6 for the other two dehomogenizations. Finally 
we estimate tha t the complexity of algorithm SM is at worst

0 (q2n 4log3q)

□

E x am p le  2.1 Consider the curve C  : Y 2X 3 + Y 2X Z 2 +  Y 2Z 3 + Y X Z 3 + Y Z 4 + 
X 2Z 3 +  X Z 4 — 0 defined over the finite field k  =  F 2 .

S tep  1: The affine representation of the curve C  in the affine neighborhood U\ with 
local coordinates s =  Y / X  and t = Z / X  is the intersection U\V\C  represented 
by the polynomial f ( s ,  t) = s2 +  s2t 2 +  s2i 3 +  s t3 +  st4 +  t3 +  t4.

S tep  2: The partial derivatives of the polynomial /  are d f  /d s  = t3 + 14 and d f  Jdt =  
s 2 t 2 +  s t 2 +  t 2

S tep  3: Solve the system of the three equations: f ( s , t )  =  d f / d s  =  d f / d t  = 0. The 
solution is the point Q — (0,0).

S tep  4: The multiplicity of C  at Q is mg(C') =  2. The lower degree form in f ( s , t ) 
is the f i ( s , t )  =  s2. Thus there two non distinct tangents of C  at Q given by 
5 =  0 which implies that Q is a  non-ordinary double point.

S tep  5: We repeat the above steps for the other two affine pieces. The representation 
of the curve C  at the affine neighborhood, U2 with local coordinates x  =  X / Y  
and z  =  Z / Y  is the intersection, U2 fl C with affine equation, f ( x ,  z) = x 3 + 
x z 2 +  z 3 +  x3z  +  x z 3 +  z 4 + z 3x 2 + x z 4 = 0. The partial derivatives are d f  / d x  =  
x 2 + z2 + x 2z + z 3 + z 4 and d f  / d z  =  z 2 +  x3 +  x z 2 +  z2x2. The solution of the 
above system is the point P  =  (0 ,0 )  with multiplicity mp (C)  = 3. There are
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three non distinct tangents of C  at P  given by the equation ar3 4 - x z 2 4 - z3 =  0 
we conclude th a t P  is a non-ordinary point.
The representation of C  in the last affine piece U3 with local coordinates y =  
Y / Z  and x  = X f Z  is given by

U3 n  C : f ( x ,  y) =  y 2x 3 -f y2x  +  y 2 + y x 3 + yx  + y + x 2 + x  = 0 

and is non-singular.

E xam ple 2.2 Consider the curve C  : Y 2X  4- X 2Y  4- Z 2X  =  0 defined over the finite 
field k =  F 24.

The point P  =  [0,1,1] is a singular point. The affine representation of C  around the 
point P  is given by the polynomial equation f ( x ,  y) =  x y 2 4 - x 2y  4- x  =  0.

We have to transform P  to the origin: Consider the affine transform ation T(x, y '+  
1): A 2(k) — ► A 2(k) where P T =  (0,0). The transformed polynomial is f T =  
f ( x ,  y') =  x 2 4- x y '2 + x 2y' and the multiplicity of the curve C  a t the point P  is 
m p {C ) =  m p r (C T) =  2. There are two non distinct tangents of C  a t P  given by the 
equation x =  0. Therefore P  is a non-ordinary point.

2 .2  N o r m a liz a tio n  P r o c e ss
For further reading on the blowing-up process we suggest Shafarevich [60], Walker 
[70], Mumford [52] and Abhyankar [3] [4].

Consider the projective plane P 2(k). Let the curve C  be an absolutely irreducible, 
projective plane curve over the finite field k .

D efin ition  2 .1  The blowing-up of a point P\ in P 2(k) is a birational morphism 
7Ti : S\ — >• P 2 where,

i. Si is a projective smooth surface.
ii. ttJ(P2 - P 1) ~ S 1 - E 1.

Hi. 7 r i \P 1) = E i ~ P 1(Ti).

Tt is the locus o f points on lines touching plane at the point Pi i.e., the tangent space 
of  P 2 at Pi. The morphism is the inverse o f the morphism iti which is defined 
everywhere except at the point Pi. The projective line Ei is the image o f the point Pi 
under the morphism 7rJ\

The blowing-up of the point Pi in P 2 induces the blowing-up of the point Pi in the 
curve C  in the following manner:
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The curve C\ is the curve in the blown up surface Si lying above the curve C. The 
points in the intersection of the exceptional line Ei  and the curve C\ are the infinitely 
near points. The blowing-up of a  point is a  local process ( Shafarevich [60], pg. 123).

We will now make a  small step toward approaching the blowing up process from the 
point of view of com putational complexity. We will walk through the  process a step 
a t a  tim e describing it algorithmically, considering the Basic Rationality assumption.

A lg o r ith m  B U  * Blowing-Up Process *
I n p u t :  An irreducible plane projective curve C  : F (X ,  Y, Z )  =  0 defined by the 
homogeneous form F  G Fq[X, Y, Z] of degree n, the rational singularities Pi of m ulti­
plicity r,-. T he affine representation of C\ around each P,-.
O u tp u t :  Affine representations of the blown up curve C2.
M e th o d :

S te p  1: Apply the affine quadratic transform ation Q i(u ,u s) or Q 2 (v t,v )  to f ( x , y ) 
which is the affine representation of Ci around Pi.

S te p  2: Let us assume th a t we apply the affine quadratic transform ation, Qi in the 
previous step. The quadratic transform ation Q\ transforms the curve C\ into 
the curve C2 : f 2 {u,s) — 0 where f ( u ,u s )  = uri( f 2(u ,s)) .

S te p  3: The exceptional line E i : u =  0 intersects the curve C2 in the infinitely near 
points, i.e., the points lying above the point P x.

S te p  4: Find the multiplicities of the infinitely near points.

S te p  5: Repeat the steps one to  four for the  rest of the singular points of C.

L em m a 2.2 The algorithm B U  terminates and its time complexity is polynomial in 
the degree o f  the curve.

Proof. The proof of the lemma is straight forward. The following argument actually 
yields an effective estim ate considering the Rationality assumption.
Let C{i) denote the tim e complexity of the i-th step.

T he complexity of the first step C (l)  is contributed from the application of the 
quadratic transform ation; Each quadratic transform ation requires 0 { n 2) tim e ( Ab­
hyankar ([1], pg. 277 ). This clearly contains an estim ate for step 2.

In the th ird  step we need to find the rational points of the  polynomial f 2(0, s) =  0, 
i.e, we need to  evaluate f 2(0, s) at the q elements of the  finite field. This requires 
0 (q n 2log3q) tim e which becomes the estim ate of the th ird  step, (7(3).

In the fourth step we would have to transform  the infinitely near points in the 
origin. T ha t requires the application of affine transform ations on every such infinitely 
near point, this tim e estim ate is 0 (n4log3q) (we refer the reader to the estim ate of 
step 4 of algorithm  SM). The number of the infinitely near points is a t worst the same 
as the multiplicity r\  of C  a t Pi . Thus C(4) =  <9(rin4log3g).
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The process is repeated for all the singular points of the curve which are at most 
0 (q 2). Thus the algorithm BU needs a t most

O(q2rn 4log3q)

bit operations where r  is the maximum multiplicity of the curve at any of the singular 
points (the multiplicity of the worst singularity).
□

Note th a t the local blowing-up process reduces the multiplicities of the singular 
points. We resolve the singularities of the curve by using the normalization process 
which follows, Hartshorne [30].

The process of resolving the singularities of a singular curve via successive blowing- 
ups of the curve around each singular point, is called normalization (<r-) process. The 
Brill Noether tower describes the different morphisms involved in the normalization 
process. The following diagram is the Brill-Noether tower and clarifies the notation 
th a t we use in order to attain  the non-singular model of the curve C.

c  = Cn S n

i x"

I
Ci <—*

1
Si

*•1 1"

Pi G Cx <—> S x

#11 I*'
Pi e • C o <—► S0 =  P 2

Let mpi(C',_1) =  n  be the multiplicities of the successive curves C,_i at the points P;. 
The birational morphism n  =  7T/v o  • • ■ o  7Ti : S  — ► So maps the normalized surface S
to the original surface So. The birational morphism 7f =  7T/v o  • • • offi : C  ► Cq maps
the normalized curve C  to the original curve Co- The birational morphism 7rt- maps 
the normalized surface S  to the surface Si, i.e., 7r,- : S  — ► S,-. The strict transform 
of the exceptional divisor of the  i-th  blowing is E[ =  ir*(P«) which is a subset of the 
surface S. The birational morphism irt- maps the normalized curve C  to the curve Ci 
tti : C  — y C{. The intersection E{ fl C,- of the exceptional divisors E{ and the curves 
C{ yields the infinitely near points Pi+i-

The following is an algorithmic construction of the normalization process. The 
algorithm NOR resolves the rational singularities of the curve C  applying the algo­
rithm  BU a finite number of times. It constructs the singularity trees of the singular 
points (Abhyankar [1], [3]; Manin, Vladut [69] ).



CHAPTER 2. RESOLUTION OF SINGULARITIES 16

A lgorithm  N O R  : * Normalization process *
Input: An irreducible plane projective curve C : F (X , Y, Z) =  0, defined by the 
homogeneous form F  £ Fq[X, Y, Z ] of degree n, where q = pb. The singular points of 
the curve C  and their multiplicities.
Output: Singularity trees of all the rational singular points of the curve C. 
M ethod:

S tep  1: Blow-up one of the singular points of the curve, for example the point Pi of 
multiplicity rv  The first blowing-up yields the infinitely near points Pu.

Step 2: If Ci is a smooth curve in the surface Si i.e., if all the points Pi,- are simple 
then Ci =  C is the normalized curve (non-singular model) of the curve C. If 
not, then blow up the curve Ci around those infinitely near points Pu that are 
singular.

Step 3: Repeat the second step until all the points lying above the singular point Pi 
are simple (nonsingular). The collection of all the infinitely near points above 
Pi which occurs after all blowing ups form the singularity tree. The point Pi 
is the root of the tree and the infinitely near points are the nodes. We keep a 
count at each node equal the multiplicity of the transformed curve at the point.

S tep  4: Construct the singularity trees of all the singular points of the curve C.

Lem m a 2.3 The time complexity o f the algorithm NOR is polynomial in the degree 
of the curve.

Proof. The proof of the lemma is straight forward. The following argument actually 
yields an effective estimate under the rationality assumption.
We need to apply at worst 0 ( n 2) many blowing ups ( Abhyankar [1] ) to each rational 
singularity in order to resolve it.
The degree of the original curve C will grow at worst 0 ( n 2) ( Abhyankar [1]). 
Therefore the overall time bound for the construction of the singularity trees is 
O(n8q2rlog3q) where r is the multiplicity of the curve C at its worst singularity. 
Therefore the time complexity of the algorithm NOR is

0 (nsq2rlog3q)

□
In the next two examples we apply the algorithm NOR. The diagrams which 

accompany the examples are the singularity trees and they illustrate the calculations.

E xam ple  2.3 Consider the plane curve C  : F  =  Y SZ 4 — X 9 — X Z 8 over the finite 
field k =  Fs.

S tep  1: We have to find the singularities of the curve C  and their multiplicities.
Consider the set Ux = {[X ,Y ,Z ]  £  P 2: X  ±  0 } ~  { (y ,z )  £  A 2(k) } with
local coordinates y =  Y j X  and 2 =  Z j X .  The affine representation of the
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curve a t the neighborhood Ui is the polynomial, f { y , z ) =  y5z 4 — 1 — z 8. The 
partial derivatives with respect to the local coordinates are d f / d y  =  y 4z 4 and 
d f  jd z  =  0. Set the above three equations, described by the polynomial f  and 
its-derivatives, equal to zero and solve the system with respect to the local co­
ordinates y and z. The solution is the singular point Px =  (0 ,1). We transform  
the singular point P[ to  the  origin (0,0) by applying the  affine linear transfor­
mation T ( y , z r +  1): A2(k) — *■ A2(k). The local equation of the transformed 
curve C T is denoted by the polynomial / ( y ,  z ') =  y 5(z ' ) 4 + y 5 — (z ' ) 8 . Thus, the 
multiplicity mp^(C) — m Prr(CT) =  5. We recall the transform ed point P{T by 
Pi w ith local coordinates y and z'. The tangent of the curve C  a t the  point Pi 
have the local equation y =  0. The multiplicity of the  tangent is 5. Thus the 
point Pi =  [0 ,0 ,1] is a  non-ordinary point, of multiplicity m p ^ C )  =  5.

Consider the  affine set Z/ 2 =  (u, v) £  A 2 (k) with local coordinates u =  X / Y  
and v = Z / Y .  The affine representation of the  curve a t the neighborhood U2 is 
the polynomial f ( u , v )  =  v4 — u9 —uvs =  0. The partia l derivatives with respect 
to the local coordinates are d f / d u  =  (u -f- v )8 and d f  j d v  =  0. The solution 
of the  above three equations is the  singular point P2 =  (0,0) with multiplicity 
mp2(C) =  4. The four non-distinct tangents of the  curve C  a t the point P 2 are 
given locally by the equation v =  0 .

Consider the  affine set U3 =  { (s ,f )  £  A 2(k) } with local coordinates s  = 
X / Z  and t  = Y /Z .  The only point which remains to be checked is the point 
P3 =  [0,0,1]. The local equation of the curve C  a t the neighborhood U3 is 
f ( s , t )  = t 5 — s9 — s =  0. The evaluation of the  polynomial f ( s , t ) a t the point 
P3 is zero. The partia l derivative d f / d s  = s  +  1 and d f / d s ( P 3 ) =  1. Therefore 
the point P 3 is a  non-singular point.

S te p  2 : In this step we have to  resolve the singularities P 2 and Pi of the curve C. 
Therefore we have to construct two singularity trees. The first tree has root the 
point P 2 and the root of the  second tree is the  point P i.

B lo w -u p  1 : of the point P 2. The point P 2 €  U2 is of multiplicity mp2(C) =  4 
with local coordinates u and v. The blown up set is 7Ti(f/2) =  { ((u, t>), (u, u)) 
uv — uv — 0 }. Its subset is the affine set V\ of points of the form, 
(«,«{?). The local representation of the blown up curve is the  polyno­
mial equation f i (u ,u v )  = u4 (v4 — us — u5v8) = 0. The equation of the 
local exceptional line E i  in the affine neighborhood Vi is given by the 
polynomial equation u  =  0. The affine equation of the new curve Ci is 
/ 2(u, v) =  v4 — u s — u sv 8 =  0. The point, lying above P 2 is th e  point P 21 

with multiplicity mp21 (Ci) =  4. The point P 2i is the node after the first 
blowing-up.

B lo w -u p  2: of the point P 2i £ Vi with local coordinates the functions u and
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The blown up set is ^ (V i)  whose subset is the affine set W\ of points of 
the form (u ,vu).  The local representation of the blown up curve is the 
polynomial equation, f 2(u ,vu) = tt4 (u4 — u — u9v8) =  0. The equation 
of the local exceptional line E 2 is u =  0. The affine equation of the new 
curve C2 is v4 — u  — u9 vs =  0. T he point, lying above P2i is the point 
P 22 of multiplicity mp22(C2) — 1. The point P22 is the second node in the 
singularity tree. The representation of the exceptional line E \  to the blown 
up surface n%(Si) is the line E[ with local equation u' =  0.

f P , 3

‘ P ,  *  P ,

Singularity tree  of P  Singularity tree  of P
2 1

B lo w -u p  i: of the point P\: The point Pi £  U\ is the  root of the second 
singularity tree and is of multiplicity m p,(C ) =  5 with local coordinates y 
and z ' . The blown up set is (U\) whose subset is the  affine set V\ of points 
of the form, (z 'y , z'). The equation of the local exceptional line E \  is z' =  0. 
The affine equation of the new curve C\ is y 5z '4 + y 5 — z 3 =  0. The point, 
lying above Pi is the point P n  = (0,0) w ith multiplicity mpi l (Ci)  =  3. 
The point P u  is the node above the root in the singularity tree.

B lo w -u p  ii: of the point P n  £  V\ whose local coordinates are the functions 
y  and z '. The blown up set is tt2 (Vi) whose subset is the set Wi with 
points of the form (y, yz).  The equation of the local exceptional line E 2 is 
y — 0. The affine equation of the new curve C2 is z 3 + y 2 + y6z 4 =  0. The 
node lying above P n  is the point P i2 w ith multiplicity mp12 (C2) =  2. The 
representation of the exceptional line E i  to  the blown up surface ttJ(S'i) is 
the line E[ with local equation z ' =  0.

B low -up  iii: of the point P \ 2 £ Wi w ith local coordinates y and z.
The blown up set is ^ ( W i)  whose subset is the  affine set W 2 with points 
of the form (z y , z). The equation of the local exceptional line £ 3  is y =  0. 
The affine equation of the new curve C3 is y 2 -\-z8y6+ z  = 0. The node lying 
above the point P \ 2 is the point P i3 with multiplicity mp13(Cz) =  1. The 
representation of the exceptional line E 2 to  the blown up surface ir3 (S2) is 
the line E '2 w ith local equation y =  0. The representation of the exceptional 
line, E i  to the blown up surface 713(5 2 ) is the line, E'[ with local equation 
P  =  0.

The next example is an exercise discussed by Vasquez ( March, 1989).
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E x a m p le  2.4 This is a  special case of the curve which appears in Manin and V ladut’s 
paper ( [69], pg. 2627 ).

Consider the curve C  defined over the finite field k =  F , with q =  2 elements. The 
affine equation of the curve C  is F ( x ,y ) =  J2k=o<f>k{x,y) where <f>k(x,y) are forms
of degree, k. The forms of degree zero and k +  1 are <f>0(x ,y )  =  1 and <f>k+i(x,y) =  

2
x<f>qk (x, y) + y</>l(x, y) respectively. From the above general formulas we conclude that 
the forms of degree two and three are ,

fa(x , y) =  x 5 + xy 4 +  y x 2 +  y3 

<f>3(x, y) = x 21 +  x 5y 16 +  y4x 9 + x y 12 +  y x 10 +  
x 2y9 +  y 3x 4 +  yr.

Therefore the affine equation F (x ,y )  of the curve becomes

F (x , y) =  x 21 +  x 5y 16 +  y4x 9 +  x y 12 +  y x 10 

+ x 2y9 +  y 3x 4 + y7 + x  + y +  1

The homogenization of the affine polynomial F (x ,y )  is

F[X, Y, Z] =  X 21 +  5 F 16 +  Y 4X 9Z 8 + X Y 12Z 8 +  Y X 10Z 10+
+ X 2Y 9Z 10 + Y 3X 4Z 14 +  Y 7Z 14 + X Z 20 +  Y Z 20 + Z 21

which is a homogeneous form of degree 21. The curve C  has two non-ordinary singular 
points P2 =  [1,1,0] of mp2{C) =  16 and Pi =  [0,1,0] of m p ^ C )  = 5. We will first 
resolve the singularity of the point
The point P2 £ U\ has local coordinates the functions y and z. We transform  the 
point P2 to P '2 =  (0,0) with coordinates yf = y — 1 and z.
The local representation of the curve in the affine neighborhood U\ is G D U\ =  
F(y', z) =  z ^ + y ' ^ + z ^ + z ^ + z ^ y ' + z ^ + z ^ y ^ + z ^ + z ^ y ^ + z ^ y ^ + z 14̂ 4.

We will construct two singularity trees, the first has P2 as its root where the 
second has the root Pi.

B low -up  1 : around the point P2:
The equation of the local exceptional line E i  is z  =  0. The affine equation of the
new curve Ci is / i(y i ,  z) =  y\ 6 A y \  + z 5 -----=  0. Thus the points lying above
the point P2 = (0,0) i.e., the nodes after the first blowing up are the points 
P2i =  (1 , 0 ) with local coordinates yi and z  of multiplicity mp21( f i ( y i , z )) =  5 
and the point P22 of multiplicity mp22( /i( j/i, z)) =  m(o,o)(fi(y[, z))  =  5.

B low -up  2: around the point P22:
The equation of the local exceptional line E 2 the affine equation of the new 
curve C2 and the infinitely near points are described . The equation of the 
local exceptional line E 2 is y[ = 0. The affine equation of the new curve C2 

is f 2{y'i,z) = z 5 -f y [3 +  • • • =  0. Thus the  node lying above P22 is the point 
P221 = (0,0) of multiplicity mp221((72) =  3.
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B low -up 3: around the point P2n-
Preceding as above we have the nodes, P22n  of multiplicity mp22u (C3) — 1 and 
the point P 2212 where ’mp2212(C3) — 2  lying above the blown up point P 221.

Blow -up 1: around the point P 22i2:
The point, lying above P 2212 is the point P22121 of multiplicity rnp22l2l {C4) =  1 .

Blow -up 2: around the point P21 with local coordinates, yi and z  and multiplicity 
m P21 (Ci) =  5. The equation of the local exceptional line E 2 is yi = 0. The
affine equation of the new curve C2 is f 2(yi, Z\) — z \  + y \  + y \ l H------ (- z\y .  Thus
the node lying above P 2i is the point P211 with local coordinates j/i and z\ and 
multiplicity, mp2n — 3.

B low -up  3: around the point P211. The equation of the local exceptional line E 3 is
z\ =  0. The affine equation of the new curve C3 is / 3 (y2, Zi) =  y2 + y2+ z ------=
0 . The nodes lying above P2U are the points P2111 w ith local coordinates, y2 

and zi of multiplicity mp2in (C3) =  1 and the point P2112 with local coordinates, 
y2 + 1 =  y' and z\ of multiplicity mp2112(C3) =  2.

Blow -up 4: around the point P 2112. The equation of the local exceptional line E 4 is
y' —  0. The affine equation of the new curve C4 is f 4(y', z2) =  y '+ l+ zfH  =  0.
Thus the node lying above P2112 is the point P 21121 with local coordinates y' 
and z 2 +  1 =  z' and multiplicity, mftj1121 (C4) =  1 .

2212121121

2211
2111

2212
2112

221
211

22

Singularity tree  of

Now we have to resolve the second singular point P\ of C  which is the root of the 
second singularity tree.

Blow -up i: of the point Pi with local coordinates, x  and z  of multiplicity mp1(C') =  5. 
The equation of the local exceptional line E\  is z =  0. The affine equation of 
the new curve C\ is / i (x i ,  z) = x\  + x ^ z 16 +  x f z 12 +  x i z 4 +  • • •. The first node 
lying over Pi is the point P n  with local coordinates, Xi and z of multiplicity 
m Pu{C)  =  5.

Blow -up ii: of the point Pn . The equation of the local exceptional line E 2 is z  =  0. 
The affine equation of the new curve C2 is f 2(x2, z) = z 5(xl  +  x2 +  z4 +  • • •) =  
0. The nodes lying above P n  are P m  with local coordinates, x 2 and z  of 
multiplicity Tnpn i (C2) = 1 and the point P n 2  with local coordinates, a;2 + 1  = x' 
and 2  and multiplicity mpll2(C2) =  4.
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B low -up iii: of the point -Pm- The equation of the local exceptional line E 2 is 2  =  0 . 
The affine equation of the new curve C3 is f 3 (x3 ,z )  = x^ +  z2x § -f • • • =  0. 
The node th a t is lying above P n 2 is P m i with local coordinates x 3 and z  of 
multiplicity rnpli21(C3) =  4.

Blow -up iv: of the point P m i- The equation of the local exceptional line E 4 is
z  =  0. The affine equation of the new curve C4 is / 4(a;4, z) =  X4 + x \  ------=  0.
The nodes lying over the blown up point, P m i are the points P m n  with local 
coordinates, X4 and z of multiplicity mp112ii(,C,1) =  2  and the point P 11212 with 
local coordinates, ®4 4 - 1 =  x '  and z  of multiplicity mp11212(C4) =  2 .

Blow -up v: of the point P m i2- The equation of the local exceptional line E 5 is z — 0.
The affine equation of the new curve C$ is fs(x[ , z)  =  x '2 +  z -f z 2 +  zx \  -j =  0.
The node lying above P m i2 is tbe point P 112121 with local coordinates x\  and 
^ of multiplicity, mp112121(C5) =  1.

Blow -up vi: of the point P m n -  The equation of the local exceptional line P 5 is z =  0.
The affine equation of the new curve C5 is f s ( x 5, z) =  x \  +  1 +  z 2 +  z -|------=  0.
The point, above P m n  is the point P m m  with local coordinates x s +  1 =  x" 
and z and multiplicity, mpu211i(Cs) =  1 .

112111 112121

1211 11212

1121

111 112

Singularity tree  of P

R e m a rk s . Notice th a t after the first blown up of the curve around its singular 
point, we do not a tta in  a  plane curve but a  curve in the  product space, P 2 x  P 1. As 
the blowing-up process continues, the curve becomes a  higher dimensional projective 
curve whose affine piece is represented by a polynomial equation. We can use the 
Veronese mapping ( Mumford, [52]; Shafarevich [60] ) to end up in some projective 
plane P N.

2 .3  C rem o n a  tra n sfo rm a tio n s
In this section we will see how we can reduce singularities using birational or as it is 
called Cremona transformations. In this treatm ent we follow the suggestions of Fulton 
[21] and Goppa [26] concerning the proper treatm ent of terrible points ( Moreno [45], 
Pg- 237 ).
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Rem ark. We might have to extend the field of constants in some cases as for instance, 
when the points are not rational (we do not consider such points in this section) and 
the tangents at the points are not rational; when the curve does not intersect the 
exceptional lines in distinct rational points. We might also have to extend the field 
of constants in order to eliminate a terrible point ( Moreno [45], pg. 237).

We next describe an algorithmic construction which finds a birational equivalent
curve having only ordinary singularities.

A lgorithm  CT: * Cremona Transformations *
Input: A plane curve C : F  =  0 of degree n  defined over the finite field, k =  Fp6 .
The singular points Q{ of the curve and their multiplicities.
O utput: A curve C' birationally equivalent to the curve, C  having only ordinary 
singular points.
M ethod:

S tep  1: Eliminate the terrible points of the original curve C ( Moreno [45], pg. 273).

Step 2: Choose a projective transformation T : P 2(k) — ► P 2(k) which transforms the 
singular points Qi to the fundamental points Pi, i = 1 ,2 ,3  of multiplicities r,- 
and the transformed curve CT to a curve in excellent position (Fulton, pg. 175).

Step 3: Evaluate the form F T°® which yields the application of the composition of a 
projective and a quadratic transformation on the curve C.

S tep  4: Factor the transformed form F T°® as X riY T2 Z T3(Fi).

S tep  5: The new curve C\ is given by the form F\. Find the singularities of the curve 
Ci and their multiplicities.

S tep  6 : Repeat the steps one to five to the new curve C\.

S tep  7: Repeat the steps one to six until you get a curve C' having at worst ordinary 
singularities.

Rem ark. Step 1 is also dealt by Goppa ( [26], pg.102 ).

Lem m a 2.4 The algorithm C T  terminates and its time complexity is polynomial in 
the degree of the curve.

Proof. The proof of the lemma is straight forward. The following argument actually 
yields an effective estimate considering the Rationality assumption.
The first step requires the elimination of a  terrible point obtained by the application 
of a projective transformation (Moreno, [45], pg. 237). The Cremona transformation 
is the composition of a projective and a quadratic transformation . The application 
of the projective transformation requires most time. Therefore let us estimate the 
time comlexity required by the application of a projective transformation.
The computation of the transformed homogeneous form F T requires the evaluation

F { a , \X  +  b\Y  +  C\Z, a i X  +  6 2  F  +  c-^Z, a^ X  +  6 3 Y  +  c$Z )
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as a homogeneous form in X , Y ,  Z.
For multiplying two homogeneous forms of degrees I and t we proceed as follows: 

Each homogeneous form of degree I (resp. t) contains 1(1 -f 3 )/2  -f 1 =  0 ( l 2) (resp. 
0 ( t 2)) term s ( Fulton [21], pg.109). Each term  of the 0(12) term s is multiplied by 
each of the 0 ( t 2) terms of the other homogeneous form. Each such multiplication 
is equivalent in multipling two elements in Fq which takes 0 (log3^) time. Thus the 
m ultiplication of two homogeneous forms of degrees I and t  requires 0 (l2t2log3q) 
operations.

The complexity of computing each ( a iX  + b i Y +  ciZ)* requires at m ost 0 ( n 4log3g) 
bit operations. This contains an estim ate for the calculation of F T which is of the 
form: a i j (a \X  +  b{Y  -f- c iZ ) '(a 2-^ +  b2Y  +  C2 Z)J(<z3.X’ +  b^Y +  c3Z )fc.
Since F[X , Y, Z ] it self has 0 ( n 2) terms then the  to tal complexity of performing a 
quadratic transform ation is 0 (n6log3q).

Throughout the algorithm CT we need to apply N  +  g*(C) Cremona transfor­
mations ( Fulton [21], pg.178 ) where N  is the number of nonordinary singularities 
which is a t most 0 (q 2) and g*(C) is the  virtual genus ( Fulton [21], pg.176 ) of the 
curve which is a t most 0 (n2).

We conclude th a t the time complexity of the algorithm  CT is 0 ( ( n 2 +  q2)n6log3q) 
which can be replaced by

O(q2n 8\og3q)
□

E x a m p le  2.5 Consider the curve defined by the quartic, F  =  Y 2Z 2+ X 2Z 2+ X 2Y 2 =  
0 over the finite field k  =  F 3.

The points Pi =  [1,0,0], P2 =  [0,1,0] and P3 =  [0,0,1] are non-ordinary double 
points, i.e mp{ =  2 The characteristic of the field k  does not divide the difference 
degF — mp{(C ) = 4  — 2 =  2 .  Thus the points P{ are not terrible points on the  curve 
( Moreno [45], pg. 237 ). The quadratic transform ation Q transforms the original 
curve to the curve w ith equation,

F q  =  X 2Z 2X 2Y 2 + Y 2Z 2X 2Y 2 +  Y 2Z 2X 2Z 2 =  0

The transformed curve can be factored as F® =  ( X 2Y 2Z 2)( X 2 +  Y 2 +  Z 2 ) =  0 Thus, 
the homogeneous form F\ =  X 2 + Y 2 + Z 2 is the equation of the  new curve C\ which 
is a non-singular quadric.

The following algorithm finds the local representations of the nonsingular model 
of the curve C. It resolves the singularities in the following manner. It first finds 
a birational equivalent curve, C' to the original curve C  having only ordinary sin­
gularities. Then it uses the algorithm BU in order to blow-up the curve C' around 
every ordinary singular point. Thus the local non-singular model, C  of the curve 
C' around each ordinary singularity is constructed through the composition of the 
Cremona transform ations and the birational morphism tt: C  — ► C' i.e.,
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The composition of the projective and the quadratic transformation T  o Q is the 
Cremona transformation.

The fact that C' will be a t worst a  curve with only ordinary singularities is ob­
tained from Noether’s theorem ( Noether [53], Fulton [21], pg.177; Bliss [9] ).

T h e o re m  2.1 (N o e th e r ’s th e o re m ) Every irreducible algebraic plane curve can 
be transformed into another with only ordinary singular points by the compositions of 
projective and quadratic transformations.

The following algorithm illustrates the resolution of the rational singularities of the 
original curve by the successive applications of Cremona transformations and the 
birational morphism tt.

A lg o rith m  R C : * Resolution of singularities through Cremona
transformations *

In p u t:  A plane curve C  defined over the finite field k  =  F q with q =  pb elements. 
The singular points of the curve C  and their multiplicities.
O u tp u t:  A local representation of the non-singular model of the curve C' birational 
equivalent to the curve C  around its ordinary singular points.
M e th o d :

S tep  1 : Find a birational equivalent curve C ' having only ordinary singularities ap­
plying the algorithm CT on the original curve C.

S tep  2 : Apply the (local) blowing-up process once, to each ordinary singular point, 
of the curve C' (algorithm BU).

L e m m a 2.5 The algorithm R C  terminates and its time complexity is polynomial in 
the degree o f the curve.

Proof.
The proof of the lemma is straight forward. The following argument actually yields 
an effective estimate considering the Rationality assumption.
Applying the algorithm CT requires 0 (n 8q2\og3q) time which is the estim ate of the 
first step of the algorithm. The curve C1 which we obtain after O(re2 +  q2) steps is 
of degree 0 ( n 3 +  nq2), considering the grow of the degree of the curve after each 
Cremona transformation (Moreno [45], pg. 233).

We need to blow up the curve Cr around each of the 0 (q 2) ordinary singu­
larities applying the algorithm BU whose time bound is 0 (q 2rn4log3q) where r  is 
the multiplicity of the curve C' at each worst singularity. Thus the overall time 
bound is 0 (q 2r(n 3 +  re^2)4 log3?) which can be replaced by 0 (q 10rn12\og3q). Thus 
C (2 ) =  0 (q 12rn 12log3q). Hence the time complexity of the algorithm RC is

0{q l2rn l2\og3q)

□
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E x a m p le  2.6 (K le in  Q u artic )  Consider the curve C  defined by the homogeneous 
equation F = X Z 3 +  Y 3Z  +  X Y 3 =  0 over the finite field k =  F 4 =  {0,1, a , /?}.

The curve C  has a  non-ordinary singular point Qx =  [1 ,0 ,0] of multiplicity mg, (C ) =
3. The three non distinct tangents of C  at Q1 are given by the local equation z 3 + y3 =  
0 where the local affine parameters are z  =  Z / X  and y =  Y / X .  The other two 
fundamental points, Q2 =  [0,1,0] and Q3 =  [0,0,1] are non-singular.

The application of the quadratic transformation Q yields the transformed curve, 
described by the form, F Q =  F ( Y Z , X Z , X Y ) .  The factorization of

F Q =  Y X 3Z[ Y 3 +  X Z 2 +  Z 3 ]

yields the birational equivalent curve C\ with equation Fx =  Y 3 + X Z 2 +  Z 3 =  0. 
The degree of the new form Fx equals 3 , i.e., 2degF — rnQ1(C) — m g2(C) — ttiq3(C ) 
as is claimed ( Fulton [21], pg.173 ). The multiplicity of Qx on the new curve Cx is 
m,Q, (Ci) =  degF  — rriQ2{C) — mQ3(C) and equals 2 as it was claimed.

We can check that Qx =  [1,0,0] is a non-ordinary point since there are two non 
distinct tangents of Ci at Q\ given by the polynomial equation z =  0. Since the 
characteristic of the finite field k  which is 2  does not divide the difference, deg-F\ — 
mQiCCi) =  3 — 2 ( Moreno [45] pg. 237 ), we conclude th a t the point Qx is not a 
terrible point, on Ci.

Since Ci has a non-ordinary point Qx then we have to apply again a  composi­
tion of a projective and quadratic transformation (Cremona) centered at Qx. The
intersection divisors attained from intersecting the lines X  = 0, Y  +  J3Z =  0 and
Y  + a Z  =  0 by the curve Ci with the homogeneous equation F\ =  0 are as follows

X  •  Fx =  [0 , l , l ]  +  [0,n,/?] +  [0,/?,a]
{Y  + PZ) .  Fx =  [0, P, 1] +  2[1,0,0]
(Y  + a Z ) •  Fx = [0,o:, 1] +  2 [1,0,0]

Thus the needed projective transformation is :

T ( X , Y  + P Z ,Y  + a Z )  : P 2(k) — ► P 2(k)

We apply the quadratic transformation to the transformed curve'lFf7’ =  Z 2Y  +  Z Y 2 +  
X Y 2 +  p X Z 2 to attain , F?oQ =  X 2Y Z (  Y X  + X Z  + Z 2 + P Y 2 ). The degree of C2 
described by the form F2 = Y X  + X Z  + Z 2 + P Y 2 is degi^ =  2deg.Fi — mg, (Fx) — 
m Q2{Fx) — m,Q3(Fx) =  6 — 2 — 1 — 1 =  2 where the projective transformation T  
transforms the points, T (0 ,a , 1) =  [0,1,0] =  Q2 and !T(0, P, 1) =  [0,0,1] =  Q3. We
can check that the new curve C2 is a non-singular curve.

R e m a rk . Note th a t the curve C  : Y 2Z 3 + Y Z 4 + X s =  0 of degree 5 over the 
finite field k  =  F i6 is a singular curve where the point P  =  [0,1,0] is nonordinary 
singular point of multiplicity m p(C ) =  3. The point P  is a  terrible point ( since 
2/(5-3) ). We need to extend the field of constants in order to  eliminate the terrible 
point P  since there is not such a projective transformation T  ( in the present field) 
which makes C T to be in excellent position (for definition of excellent position see 
Fulton [21], pg. 175).
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2 .4  In te g r a l B a s is  A lg o r ith m
Another way to resolve the singularities of a singular plane curve is based on the 
integral basis algorithm. The algorithm has been initiated by Ford and Zassenhaus 
[20]. It also appears on Trager’s thesis [62]. Ford and Zassenhaus were interested in 
the case of algebraic number fields but their algorithm also applied to function fields 
of one variable.

M. Hassner [15] and the research group from IBM applied the above results to 
create a  program in Scratchpad, a symbolic computer language under development 
at the IBM Research M athematics Departm ent.

Vasquez [6 8 ] discussed the theoretical basis of the algorithms which Hassner pre­
sented, and clarified the basic concepts and definitions.

Our main contribution in this section is to modify the integral basis algorithm 
to the case where the function field of one variable is the function field of a  curve. 
The curve is defined over a finite field. Our algorithmic construction IBA is based on 
Vasquez [15], [6 8 ]. It finds an integral basis of the integral closure of the  coordinate 
ring of a  plane curve. We show th a t the tim e complexity of the algorithm  is polynomial 
in the degree of the curve. An example which illustrates the integral basis algorithm 
is presented (ex. 2.7). We next give the non-singular model construction NSM . 
This m ethod finds the non-singular model of a plane curve lying over the points away 
from the point at infinity. Example 2.8 shows how we apply this technique; it also 
computes the infinitely near points.

2 .4 .1  A lg o r ith m  I B A
For the concepts which appear in this section, we refer the reader to Macdonald [44]
, Van der Waerden [19] and Vasquez [6 8 ].

D e fin itio n  2.2 Let m  be an ideal o f the ring R  then the radical o f the ideal m  is the 
ideal

rad(m ) =  {u £ R: u a £  m  for  s £ Z }

D e fin itio n  2.3 The idealizer or the conductor of the ideal m  is the set

Id(m) =  {u £ QF(R): um  C m}

and is the largest ring of R  in which m  is still an ideal.

N o ta tio n . By A  we denote the coordinate ring of the affine line.

In this section we will describe the integral basis algorithm  IBA. This algorithmic 
construction estimates a  basis of the integral closure of the coordinate ring of the 
curve. The integral basis algorithm states as follows:

A lg o r ith m  IB A  ^Integral Basis Algorithm*
In p u t:  An irreducible plane projective curve C  : F ( X ,Y ,Z )  =  0, defined by the 
homogeneous form F  £ Fq[X , Y, Z], The affine representation of the curve C  around
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its singular point P  of multiplicity r is the polynomial f ( x , y )  of degree n. The affine 
coordinate ring of C  is R q  =  k[x,y]/(/). The prime factor p  which appears in the 
discriminant of the polynomial /  and has the point P  as its root.
O u tp u t :  An integral basis of the integral closure R q  of the coordinate ring R q  of the 
curve C  in its quotient field of the curve.

S te p  1 : Pick the trivial basis {1 , y, ...,yn-1} of the coordinate ring R q  considered as 
a free A  — k[a:]-module.

S te p  2: Find a  basis for rad(pi2o) •
We find a basis for rad(pi2o) considered as a free A-module by finding the basis 
of the inverse image of the set of all nilpotents of the quotient ring Ro/pRo 
under the homomorphism <f> considered as a  free A/pA-module.

S te p  3: Find a basis of R i  =  Id(rad(pi?o)) •
We set conditions on when an element b  in the quotient field Q F ( R q )  belongs 
in R i.

S te p  4: Calculate the dimension dim^-fti/ilo*
If the dimension dimici?i/.Ro =  dimki?o/i?o, then the integral basis of R q  is the 
one found in step 3. Otherwise set Ro = R \  and go back to step 2 .

S te p  5: Repeat the process until you find a ring Ri such th a t dim^i?,/ R q =  dimk-Ro/Ro-

L em m a 2.6 The integral basis algorithm terminates and its time complexity is poly­
nomial in the degree o f the curve.

Proof.
In the second step of the algorithm we need to find the nilpotent elements of the 
quotient ring Ro/pRo  and we proceed as follows:
In order to  find the  nilpotent elements of the ring <f>~1 (ApRt) we proceed as follows: Let 
{M ?=i be a  basis for the quotient ring Ri/pR i  as A fp A  module. Let the cardinality1 of 
the ring A /p A  be denoted by q. We need to find the elements (ax, • • •, an) in (A /p A )n
such th a t the sum ait/iH f-an«n is a nilpotent elem ent, i.e., (ctiuH \-anun)qd = 0

for an integer d such th a t n < qd, i.e., we have to  solve the equation 52?=i a*u, —
0 (*). Thus we have to compute the elements u? such th a t u f  =  Y!icijuj  f°r some
Cij 6  A fpA .  Then equation (*) becomes: 5Z?=i ai{J2j cijuj) — 0 , i.e., ]£,• c^a,- =  0, Vj. 
Thus using linear algebra we need to find a basis for the set of solutions imposed by 
the system of equations J2i cijai — 0 .

The tim e complexity of the above system of equations is 0 ( n 3\og3q) which becomes 
the time complexity of this step.

In the third step, where we need to find a basis for the idealizer of R \  we proceed 
as follows: We first multiply both sides of the equation b =  aiVi by x  and y \

1The cardinality o f  A/pA  is the same as the cardinality o f  the finite field, k
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i =  l , . . . ,n  — 1 (i.e., we obtain n  equations). Each multiplication requires O(n)  time 
and we have n  multiplications. Hence, 0 ( n 2) bit operations take place.
We now rewrite ym as li{x)y% where /,(&) G k[x] for each m  > n. We achieve
this by solving the  equation f ( x , y )  =  0  with respect to yn and then by multypling 
successively the  resulting equation by y. There axe m  — n  many multiplications to be 
made. Thus th e  com putation of ym requires 0 ( n 2) bit operations.
Next, we make the substitution ym \— ► L(x )lli in the n  equations ( for each
m  > n) . Each substitution requires n  — 1 multiplications where each multiplication 
needs O (n3\og3q) time. There are 0 ( n 2) such substitutions to  be made.
Hence the  to tal complexity of this operation is 0 ( n 4log3q).
Thus the to tal tim e complexity of the th ird  step is 0 ( n 4log3^).
We have to  repeat the  steps of the algorithm  dimk.Ro/-Ro =  r (r  — l ) /2  num ber of 
times.
Thus the number of bit operations required by the  integral basis algorithm  is

0 ( r 2n 4log3q)

□
In the following example we will apply the  integral basis algorithm  IBA in order 

to find a  basis for the integral closure of the  coordinate ring of the given curve C.

E x a m p le  2 .7  Consider the curve C  : F  = X 2Z 2 +  X Y Z 2 + Y 4 — 0 defined over the 
finite field k  =  F 2.

The curve C  has an ordinary point P  =  [0,0,1] with multiplicity r  =  2. The rep­
resentation of the curve C  around the point P  is given by the polynomial equation 
f ( x ,  y) = x 2 + xy  + y4 =  0. The local coordinates in this affine neighborhood are 
a; =  X / Z  and y =  Y /Z .
The discriminant of the polynomial /  is x 4 and the  prime factor which appears in the 
discriminant is p  =  x. The affine coordinate of the curve is R q =  k[x, y] f(x2+ x y + y 4).

S te p  1 : Let R q =  k[x, ?/]/(/) be the affine coordinate ring of the curve C  which is a 
free A-module with basis {1  , y , y 2, y 3}-

S te p  2: We want to find a basis of the radical ideal, rad(xRo), as free A-module. This 
is equivalent to find the nilpotents in R o/ ( x R q). From the equation /  =  0  we 
conclude th a t the coordinate y can be w ritten as y 4 = x (x  +  y) which implies 
th a t the image of y4 in Rof(xRo)  is zero, i.e., y4 — 0. Thus {jLy2,!?3} are the 
nilpotent elements of R q/ xR q which implies th a t { x , y , y 2,y 3} is the basis of 
rad(xRo).

S te p  3: Find a basis for the idealizer R\  =  Id(rad(xRo)).

The ring R x =  Id(rad(xRo)) is the set, {b G QF(Ro): &rad(xRo) C rad(xRo)}. 
The ideal rad(xRo) is generated by the elements {x, y,} where i =  1 ,2 ,3  i.e., 
R i = {b E Q F (R q): bx G rad(xRo ) 5 £ rad(xRo)}. Let b be an element of
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th e  quotient field Q F {R q). Then the element b can be w ritten as the linear 
combination b =  ao + a^y +  a2y 2 +  a3y3 where a,- £. Q F (A ).  The condition: 
bx £ rad(a:i2o) translates as bx =  Oqx +  a^xy  +  a2x y 2 +  azxy3 i.e., aox £  A, 
a ix  £ A , 0 2 ® £ >1 and a3a: £  A.

The condition by% £  rad(xflo) translates as:

by = a3x 2 + (a0 4 -  a3x)y  +  a iy2 + a2y3 i.e., a3x 2 £  A, a3x  +  a0 £  A,  ax £  A  and 
a,2 £  A.
Similarly, by2 = a2x 2 +  (a2x + a3x 2)y + (a0 +  a3x)y2 +  <zij/3i.e., a2x 2 £  A , 
a2x  +  a3x 2 £ A, aQ -fi a3x  £ A  and a\ £  A.
Finally, by3 =  a1x 2 + (a1x  + a2x 2)y + (a2x-i-a3X2)y 2A(oo + o3x)y3 i.e., a^x2 £  A, 
a \x  +  a2x 2 £  A, a2x  4- a3x 2 £ A  and a0 4 -  a3x  £  A.
Therefore the  conditions for the element b £  Q F (R q) to belong in R\  are:

0,0 £  A , a\ £  A, a2 £  A, o3x  £ A 

Thus the ring R i  is a free A-module w ith basis, { l ,y ,y 2,y 3/x } .

S te p  4: The ring R ^ jR 0 is isomorphic to the direct sum, A /A  ® A /A  ® A /A  ® A / x A  
(Vasquez [6 8 ], pg.18) which implies th a t the dimension of the ring R i/R o  over k  
is one. Note th a t the dimension, dim^jRi/ilo is the same as th e  integer induced 
by r ( r  — l) /2  which is the dimension of the  ring R 0 / R q .  Therefore, the ring R x 
is the integral closure R q .  Thus the integral basis of the  integral closure Ro is 
the set of functions {1  , y , y 2,y 3/x } .

2 .4 .2  N o n s in g u la r  M o d e l C o n s tr u c t io n
The underlining them e of this section is the  connection of the desingularization pro­
cess and the integral basis algorithm. We show th a t the  calculation of the integral 
closure of the affine coordinate ring of a plane curve am ounts to find the  affine non­
singular model of the  curve. The main theorem in this section is theorem  2.1 (see 
also Vasquez [6 8 ], pg.10) which implies the algorithmic construction NSM . The con­
struction NSM computes an affine nonsingular model of a  plane curve lying over the 
points away from the points a t infinity.

Let the rational functions {«o =  u i, • • •, un} form a basis for the integral closure 
Ro of the  affine coordinate ring of the curve C  as an A-module. Recall th a t A is the 
coordinate ring of the affine line, k[a:]. Take all possible products of the elements in 
the base, i.e., m uj — Z)a=o aij(x )ua where afj £  A. Introduce new variables, {To =  
x, Yu  • • •, Vn } and form the  functions fi j(Y0 =  x,  Ti, • • • Yn) =  Y(Yj -  £ ”=0 afj(x)Ya 
in k[x, Yi, ■ • •, TJi] where i > 1 and j  < n. The variety V  defined as V  =  {a £ 
fcn+1: f i j (ct) =  0 Vz,/} is a nonsingular affine curve. The ideal I (V )  of the variety
V  is the  set, I (V )  =  {g £  k[®,Ti, • • • ,T^]: g(a) =  OVa £  V }  =  (fij) .  The affine
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coordinate ring k[V] of the variety V  is k[V] =  k[Yo =  x , Yi, • • •, Y„\/I(V).  W ith the 
above notation we can have the following theorem:

T h e o rem  2.2 Let y ,• be the image ofYi under the canonical map i r : k[x, Yi, • • •, Ŷ ] — ►
k[x, Yi, • • •, Yn]/I(V ) .  We then have that the map (j>: k[V] =  k[x, Yi, • • • ,Y n] /I (V )  — ►
R 0 defined as x  i— ► x and yi i— ► u, is a k -isomorphism of rings.

proof
Consider the diagram,

k [x ,i i ,  ••■,*;] ^ ,  =  k p

'1
k[vn =  k [* ,Y i, . . . ,y „ ] / /(v )

The map </>: k[x, Yi, • • •, Yn] — ► R 0 defined as <f>(g(x, Yi, • • •, Yi,)) =  g(x, u u  • • •, un)
is an epimorphism. If we show tha t the ideal I (V )  is the kernel of <j> then by applying 
the first isomorphism theorem ( Hungerford [32], pg.172 ) we will conclude that <j> 
induces the ring isomorphism 4>. The kernel of the map, <f> is the set

Ker<£ = { q e  k[x, Yi, • • •, Yn]: q (x ,ux, • • • ,u B) =  0}

We first show that I{V ) = (fij) is a  subset of Ker<f>.
Suppose the function g belongs in the ideal I ( V ) =  ( f i j )  then the function g is 

the sum g = YL a i f i j ( x -> Yi, • • •, Yn). It implies tha t the image of g under <f> is zero, i.e., 
<f>(g) =  Xi o - i f i j ( x ,  u i, • • •, tin) =  0. Thus, the function g belongs in the kernel Ker(<£).
It remains to show that Ker<  ̂ is a subset of I(V ).

Let q be an element in the kernel of the map <f>, i.e., <j>(q) — q(x ,u i, • • • ,u n) =  0.
Suppose q £ I (V )  = (fij) then q ^  D ; aifij(x , Yi, • • •, F„). Define the nonzero
functions m,j as the difference =  q — Y!>aifij(x i Yi, • • •, Yi,). The image of the 
functions m,j under the map (f> is <j>(mij) =  <f>(q) — J2ai4(fij(x i Yi, • • •, Yn)). In 
particular <j>(mij) =  <j>(q) — YI aifij(x, « ! ,• •• , un). The last equation shows that 
<f>(q) =  4>(mij) + 2Z a,/o (x ,u i, • • • ,tin) which implies th a t <f>(q) ^  0. Thus we are 
led to a contradiction since q belongs in the kernel of <f>.
□

R e m a rk  . Another proof can be seen in Vasquez ([6 8 ], pg.10).

C o ro lla ry  2.2.1 The variety V  is that part of the nonsingular model C o f the curve 
C which lies over the points away from the points at infinity. The birational morphism 
7r: V  — ► C corresponds to the k -isomorphism o f the coordinate rings, i.e., k[C] — > 
k[V]. The coordinate ring of the variety V  is isomorphic to the integral closure of the 
coordinate ring of the curve C i.e., k[V] =  k[C].

Based on theorem 2.1 we present a construction which computes a nonsingular model 
of the curve lying over the points away from the points at infinity.
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A lg o r ith m  N S M  *Nonsingular Model Construction*
I n p u t :  The integral basis {?/o,uir ..,« n } of Ro.
O u tp u t :  The non-singular part of the  curve C  lying over the points away from the 
points at infinity.

S te p  1: Introduce new variables {Ff}"=0 which correspond to the  elements in the basis, 
i.e., Y{ corresponds to u,-.

S te p  2: Consider the polynomial ring k[Vo,..., Yn]/1  where I  is the ideal generated by 
the polynomials f i j(Y 0, ..., Yn) in th e  ring of polynomials k [ Io ,..., Yn]. Compute 
the polynomials f ij  of the form f i j  = YiYj — o-ij{x)Ya.

S te p  3: The variety V  =  {a €  k""*"1: fij(a) = 0 Vi, j}  C k n+1 is the affine non­
singular model of C  defined over the points away from the points at infinity. 
The coordinate ring of V  is k[V] =  k[lo , •••» l'n ]/(/ij)-

L e m m a  2 .7  The algorithm N SM  terminates and its time complexity is polynomial 
in the degree o f  the curve.

Proof.
For constructing each polynomial f ij  we need to replace ym by f°r each
m  > n. T hat takes 0 { n 2) tim e (see proof of lemma 2.6). There are at most 0{n)  
such computations to  be made.

We also need to  perform a division which requires a t most O (n2log3^) bit opera­
tions.

There are a t m ost (n — l ) n /2  =  0 ( n 2) polynomials f ij .  Thus the to ta l time 
complexity of the algorithm  NSM is

O(n4log3q)

□

E x a m p le  2 .8  We use the curve C  described in example 2.5 and we construct the 
affine nonsingular model of C.

From example 2.5 we concluded th a t the basis of the  integral closure R q  is the set of 
functions {1, y, y 2, y3'/x}. We find the points lying above the singular point P  of the 
curve.

S te p  i: Represent the curve lying over the  points away from the  points a t infinity, i.e., 
the affine nonsingular model of the curve C.
Introduce new variables {Tf} from i =  0 ,..., 3 which correspond to  the  elements 
in the basis of the integral closure R q .
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S te p  ii: Define polynomials f i j  €  k[x, Y i ,Y 2, Y3\ of the form f i j  =  YiYj~Ylt=o a?j(x )Ya- 
Consider the  correspondence of the variables {yi}?_0 with the elements in the 
integral basis and the original affine equation of the  curve f  =  x 2 + x y  + y 4 to 
find the polynomials f i j .

Y 2 = y 2 =  Y2 <— > / n =  Y 2 -  Y2 

Y1Y2 =  y3 = xY 3 < > fi2  = Y1Y2 - x Y 3
Y1Y3 = y4/ x  = x  +  Y1 fi3  =  Y1Y3 - ( x  + Y1)

Y 2 = y 4 =  x 2 + x Y x «—  f 22 = Y 2 - x 2 - x Y 1 

Y2Y3 = y 5/ x  = Y 2 + xY 1 — * f 23 =  Y2Y3 - V 2 -  x Y x 

Y i =  y6/ x 2 = Y2 +  Y3 «—  f33 = Y 2 - Y 2 - Y 3

S te p  iii: Thus the non-singular model C  of the curve C  lying over the singular point
~  4

P  is C  =  {a 6  k : f i j ( a ) =  0}. The coordinate ring of the affine nonsingular 
model C  of the curve is k(<7) =  ~k[x,Yi,Y2,Y 3] /( f i j ) .

S te p  iv: Find the points lying above the  singular ^oint P  where x  — 0 i.e., infinitely 
near points.
We need to find the points which belong in the  set

t - \ p ) = {(0 ,n,n,n): /«(o,y„n,n) = 0}
The system of equations /,j(0 , Y\, Y2, Y3) = 0 gives the solutions P1 =  (0 ,0 ,0 ,0 ) 
and P2 = (0 ,0 ,0 ,1 ). The points Pi and P2 are the points lying above the 
singular point P .  We can check th a t the  curve C  is nonsingular around the 
points P\ and P2 by calculating the rank of the  matrices (<?/,_,-/dYi(Pi))o<i<3 
and { d f i j / dYi(P2))0<i<3. In both  cases the rank of the matrices equals the 
num ber of variables (which is 4) minus the dimension of the curve (which is 1),
i.e., in both  cases the rank is 2.

R e m a rk .T h e  nonsingular model construction NSM is a  local procedure. In partic­
ular, we resolve the singularities of the  curve one a t a time and we do not have to 
worry about field extensions.

The nonsingular model C  of the  curve C  is an affine model above the particular 
singularity which we examined. In order to  resolve all the singularities of the curve 
C  we have to apply the integral basis algorithm  and then the nonsingular model 
construction for the  0 (g 2) singular points of the curve. If we follow our complexity 
estim ates the to ta l resolution of the  singular curve C  will take the tim e to compute 
the integral basis algorithm plus the tim e taken to  compute the nonsingular model 
construction. Thus the overall tim e bound to  resolve the singularities of the curve 
via the integral basis algorithm  is

0 ( n 6q2r2n e\og3q)) 

where r  is the multiplicity of the curve C  a t each worst singularity.



C h a p te r  3  

T h e o r y  o f  A d jo in ts

The topics discussed in this chapter are related to  the problem of effectively calcu­
lating with the Riemann-Roch theorem. Particularly the  classical concepts of adjoint 
divisors, adjoint curves are reconsidered from a constructive point of view in which 
the field of constants is a finite field.

In the first section of the  chapter we consider four different definitions of the 
adjoint divisor. Even though these definitions are quite classical, our m ain concern 
is to rework the definitions over a finite field of constants. The first definition (def.
3.2) is m otivated by the theory of the conductor ideal. The discussion is based on 
Serre [58], [59], Abhyankar [2] and Samuel [56]. The second definition (def. 3.3) 
is of geometric nature and describes the  adjoint divisor in terms of differentials of 
the  first kind. It first appeared in Gorenstein [27] and it was discussed by Kodaira 
[40]; further information can be found in Samuel [56] and Arbarello [6]. The th ird  
definition (def. 3.4) is based on the normalization process and appears to  be more 
computational; it was first presented by Keller [37] and is also used by Le Brigand 
and  Risler [43]. The last definition considered (def. 3.5) is due to Noether and applies 
to  curves defined over an algebraically closed field w ith only ordinary singularities. 
It also appears in Fulton [21] for the  case where the  field of constants is algebraically 
closed (of characteristic zero).

Our contribution in the  first section is algorithm  AD and theorem  3.1 which 
establishes the equivalence of the definitions of the  adjoint divisors.

The definition of the adjoint curve is given in the  second section whose main 
objective is to  show the equivalence of three conditions for a curve to  be an adjoint 
curve (th. 3.2).

The next section deals with the calculation of the discriminant divisor for a polyno­
mial in two variables, which represents an affine neighborhood of a  singular projective 
curve. Theorems 3.3 and 3.4 are the im portant theorems which provide two formulas 
for the com putation of the  discriminant divisor.

33
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3 .1  F our eq u iva len t d e fin itio n s  o f  th e  ad jo in t d i­
v iso r

In this section we sta te  four definitions for the adjoint divisor which appear in the 
literature.
N o ta tio n : Let A be a subring of a field K .  We denote by A  the integral closure of 
A  inside K .  The local ring of a  curve C  a t the point P  is indicated by Op(C).

D efin itio n  3.1 Let f ( x , y) =  0 be the local equation of the curve C around its sin­
gular point P . The (local) conductor o f Op(C) in Op(C) is the ideal :

C on(0P(C), Op {C)) = {cG  Op {C): ac G Op (C) Va G Op (C )}

Let us simplify the notation by denoting the (local) conductor Con(Op(C), Gp(C))  
by C .
F ac ts .

i. The conductor C is an ideal of both Gp{C) and Op(C).

ii. The conductor as an ideal of G p(C)  will follow the above properties, i.e., the 
conductor will be generated by a rational function g i.e., C =  (g ) where g =  
U L it i*  and the integers or,- =  min{ordQi(j): j  G C}.

iii. There are two methods of measuring how singular C  is at P  ( Abhyankar [2] ). 
The first, is the Op(C)-length of Gp(C)JC  which is the largest length p of 
sequences of Gp(C)  modules, where C — Io C * • • C Ip = Op(C). This 
number is denoted by S(P) and is actually the dimension d im ^O p(C )/C  =  
dim\LO p{C)fO p{C).  The second method, is the O p(C)-length of Op{C)/C. 
This number is denoted by S*(P) and is the dimension dimiiOp(C)/C.

iv. Since the inclusions Gp(C)  D G p(C ) D C hold, we can conclude the Dedekind’s 
conductor theorem which states the relation between the numbers 6*(P) and 
S(P) i.e., S*(P) =  26(P) ( Gorenstein [27] ).

v. The genus of the curve is given by Plucker’s formula [27], i.e., g(C) = 1 /2 (d — 
1 )(d — 2) — 5Z 8(P) where d is the degree of the curve C  and the sum is taken 
over all the singular points of the curve.

The conductor C determines a divisor associated with the rational function g 
called adjoint divisor. The above construction leads to the first definition of the 
adjoint divisor of the curve C  at the point P. For the notation invlolved, we also 
refer the reader to section 2.2.

D efin itio n  3.2 The adjoint divisor Sp o f the curve C at the point P  is the sum 
'H'i-iOtiQi, where the integers a,- =  min^ovdQ^, j  G C}. The points {Q,}"=1 are of  
degree d,- and belong in the set 7r-1(P ). The adjoint divisor £  o f the curve C is the 
sum J2 Sp where the sum is taken over all the singular points o f C .



CH APTER 3. THEO RY OF ADJOINTS 35

Note that Sp and S  are divisors in the set of divisors of the normalization of C. The 
degree of £p is the sum 5Z"=1 d,a,\ If the degree dt- is one for all the points Qi then 
the degree of £p is 6*(P) =  8(P)/2.

The second definition has been implied by Gorenstein ( [27], pg.434 ) and has 
been stated explicitly by Arbarello ( [6], appendix A ) for the algebraically closed 
field case. Kodaira [40] and Samuel [56] share the same description. We reconsider 
the definition when the field of constants is a finite field.

D efin ition  3.3 The adjoint divisor A p is the sum £  —ordq<*>Q where the sum is 
taken over all the points Q £ 7r- 1(P) of degree d(Q) and the first kind differential 
u> is defined as u> = H *(dx/df/dy) £  fl(C). The adjoint divisor o f the curve C is 
A =  52 A p  where the sum is taken over all the singular points o f the curve C .

The third description of the adjoint divisor is given in terms of the Brill- Noether 
tower described in section 2.2 of this thesis. Let us recall some notation from section
2.2 : The number of points needed to be blown up in order to construct the Brill- 
Noether tower is denoted by N  . The intersection divisor ir*(E{) mC is attained by 
intersecting the normalized curve C  with ir'* (-£?, ), which is the image of the exceptional 
line Ei of the i-th blowing in the normalized surface .

D efin ition  3.4 The adjoint divisor at the point P  is defined by A p =  52iLi(f'i — 
1)7r'i*(Ei) •  C . The integers r t- indicate the multiplicities 1) o f the successive
curves Ci-i at the points Pi which are the points lying above the point P . The adjoint 
divisor o f C is A =  52 A p  where the sum is taken over all the singular points of the 
curve C.

From the definition of the intersection divisor we conclude that if we calculate the 
order ordg .7rj*(.Ef-) we can find the adjoint divisor using the fourth definition.
We proceed with an algorithmic construction which estimates the integer ordQJ 7rl-*(£1,).

A lg o rith m  A D  * Adjoint Divisor *
In p u t:  A curve C  of degree n defined over the finite field k  =  F , where q =  pb. The 
rational singular points of the curve, the singularity trees, the exceptional lines after 
each blowing up, the images of the exceptional lines tt,•*(!£,•) in the normalized curve . 
O u tp u t:  The order ordQi 7r,-*(P,) of the images of the exceptional lines from the *-th 
blowing a t the points Qj in the normalized surface.
M eth o d :

S tep  1: Let P  be one of the singular points of the curve and Pi be its infinitely near 
points. Let f ( x , y) =  0 be the local equation of the nonsingular model of the 
curve. Calculate the orders ordQjir'*(Ei).

i Find the partial derivatives of the polynomial f ( x ,  y) with respect to both 
local coordinates x  and y. Let P* be one of the points in the normalized 
curve lying above the point P  where x(Pk) =  y(Pk) =  0. Since P* is a
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simple point we conclude th a t one of the partial derivatives evaluated at 
Pk is non zero, e.g. d f /d x (P k ) ^  0 . Thus y is the local uniformizing 
param eter around Pk. This implies th a t the order of y a t Pk is one, i.e., 
ord pky  =  1.

ii Expand the polynomial f ( x ,  y) with respect to the local coordinate x. The 
first non zero coefficient is the order of the  function x  i.e., ordpfcar. Since 
7r'j*(Ei) is a  function with respect to x  and y  we can calculate its order,
°rdp* *■•*(£,).

S te p  2: Repeat the first step for every singular point of the  curve.

L e m m a 3.1 The time complexity of the algorithm A D  is polynomial in the degree o f  
the curve.

Proof. The proof of the lemma is straight forward. The following argument actually 
yields an effective estim ate considering the Rationality assumption.
Let C (i) denote the tim e complexity of the i-th step.

The tim e to compute each partia l derivative of f ( x , y )  requires 0 ( n 2\og2q) bit 
operations, (same as step 2 in lemma 2.1). Each evaluation of the partial deriva­
tives a t the 0 (q 2) infinitely near points requires 0 ( n 3log3q) operations. Hence the 
tim e complexity of step li  is C(l,-) =  O(q2n3log3q). The power series expansion of 
the polynomial f ( x , y ) with respect to  x  requires O (n4b2(\ogp + 1 ) )  bit operations ( 
Manin, Vladut [69]) which can be replaced by 0 ( n 4log2q). Thus C ( l lt) =  0 ( n 4log2q). 
Therefore the to tal tim e complexity of the first step is C(  1) =  0 (q 2n 4log3q).

We repeat the first step for the 0 (q 2) singular points of C  thus the time complexity 
of the algorithm AD is

0 (q An 4\og3q)
□

The last definition appears in Fulton [21] and applies to curves defined over alge­
braically closed fields (of characteristic zero) having only ordinary singularities.

D efin itio n  3.5 The adjoint divisor at the ordinary singular point P  of multiplicity 
r is

E 'p  =  E ( r  -  l)Q i
i=l

where 7r-1 (P ) =

R e m a rk . If the curve is defined over a  finite field and has only an ordinary (rational) 
singular point of multiplicity r then the adjoint divisor a t the point P  is E'P =  
£ ( r  — 1 )Qi where the sum is taken over the points Qi € 7r-1 (P ) of degree d(Qi). 
Note th a t in this case, the cardinality of the set 7r_1(P ) is less or equal to r.

The main goal of the next theorem is to show th a t the above definitions are 
equivalent to  each other. We refer the reader to section 2.2 for the notation involved 
in the proof of the next theorem.
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T h e o re m  3.1 Let C be a curve defined over the finite field k  with the local affine 
equation f ( x ,  y) =  0 around its singular point P . The adjoint divisor o f the curve 
at the point P  and the adjoint divisor o f the curve C are given by the following four  
equivalent definitions:

1. The adjoint divisor at the point P  is £p = Y2 a i Qi where a,- =  min{ordQ{j : j  6 
C} and the sum is taken over all the points Qi 6 7r-1 (P) o f degree d{Qi). The 
adjoint divisor of the curve is £  =  Y2 £p where the sum is taken over all the 
singular points o f the curve.

2. The adjoint divisor at the point P  is Ap =  J2 —o rd g ^  Qi where u  =  -p- £

Q(C). The adjoint divisor o f the curve is A  =  YI A p  where the sum is taken 
over all the singular points o f C .

3. The adjoint divisor at the point P  is Ap =  Y2(r i — l)7f,•*(-£'«) • C where i = 
1,..., N  and the integers ri are the multiplicities o f the successive curves Ci-\ at 
the points Qi. The adjoint divisor of the curve is A  = Y2 A p.

4 . I f  C is a curve defined over an algebraically closed field with only ordinary 
multiple points then the adjoint divisor at the ordinary multiple point P  of mul­
tiplicity r is Ep  =  5Zi=i(r ~l)Q»* The adjoint divisor of the curve is E ' = J2 E'P.

Proof.
We first show that the second definition is equivalent to the third.

Let N  indicate the number of points blown up in order to form the Brill-Noether 
tower. We will show th a t Ap =  A p using induction on N .

o Let N  = 0 i.e., the curve is nonsingular then the adjoint divisor a t the point P  
is zero, i.e., Ap =  A p =  0.

o Assume that A p(C i) =  A p(C i) for N  — 1.

o We need to show th a t Ap(Co) =  Ap(C'o) is true.

From definition, Ap(Co) =  Y2{Li(ri — l)E i  where Ei is the intersection divisor ir'*(Ei)» 
C. The adjoint divisor can be rewritten as the sum (ri — 1)E\ +  — 1)A- But
Y2iL2(ri ~  =  A p(C i) therefore the Ap(C'0) — Ap(C'i) =  (r2 — l )E i .

It is enough to show th a t A p ( C q )  — Ap(C i) =  ( r i  — l )E \ .  Consider the birational 
morphism ir =  o • ■ • o ■ir1 : Cpj — ► C0 from the normalized curve to  the original 
curve.
The 7r induces the morphism from the normalized curve to the curve C\. The curve 
Ci is attained after the first blow up of the original curve, i.e., from the morphism 
tt' .o7T2' CV — * C1. Note that 7T-1(.P) =  irJ-1({Q,}) where {Qi} =  7rf1(P).
Suppose Q G {Q,} . Since 7Ti(Q) =  P  we can conclude th a t if the affine local 
coordinates of P  are the functions x  and y then the local coordinates of Q are x  and 
z — z(Q) =  z — z{a) where z — y /x .  If f ( x , y )  = 0 is the local equation of the curve
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C a t the singular point P  then g(x, z  — a) =  0 is the local equation of the curve lying 
above the original curve C\ at Q.
The polynomial g is attained as follows: The composition /  o fti yields the polyno­
mial f ( x ,  x z ) which can be factored as xri ( / ( l ,  z) +  x f (  1, z) +  • • • -f- x mf{  1, z )). Let 
g = ( l,* )  +  x f ( l , z )  + • • • +  xmf ( l , z )  thus f ( x , x z )  — x rig. The partial derivative 
d f ( x , z ) / d z  =  xridg/dz.  We rewrite d f / d z  as the product §£§f. Since d y /d z  =  x 
we conclude that d f / d y  = x T1~1dg/dz.

Therefore we establish the differential u 0 = -ff- =  I / s ’-1-1#  i.e., u>0 =  l/a:ri-1a>1,
Oy Ox

i.e., (u>0) =  —(rx)(a:) +  (u?i). Consequently the difference (u>0) — (wi) =  —(rx — l)(x) 
from where we can conclude the relation on the orders of the differentials a t the 
points, i.e., ordq,u;o — o rd q ^ i =  — (ri — ljo rd q ^ .

The adjoint divisors at the point P  evaluated at Qi satisfy the equation Ap(Co) |q, 
—Ap(C'i) |q( =  —ordq^o +  o r d q ^ .  The last sum equals (rx — ljordq,.®.
The same holds for every point, Qi therefore we proved the desired equation, i.e., 
Ap(C'o) — A p(Ci) =  (ri — l)E \.  The equivalence of A and A ' is obvious.

( Another way to prove the above equation is by using the definitions of the maps 
involved in constructing the Brill-Noether tower (sec 2.2).
The difference Ap(Co) — Ap(Ci) equals

^ 2  -ovdQiwm(d x /d f /d y )Q i -  ^  -oTdQift i(dx /dg /dz)Q i)

where the sums are taken over all the points Qi 6  C; thus Ap(Co) — A p(Ci) is

Y2 [—ordq;ft* (dx/d f/dy) + ordQift\(dx /  dg /  dz)\ Qi

The map ft* =  ft'{ o ftt hence Ap(Co) — Ap(Ci)  equals [—ordQt (xj* o
ftl)(dx) + oTdqXfti ° f t \ ) (d f ld y )  + OTdQift'{(dx) — OTdQ{ft*(dg/ dz)\Qi which is Yl(ri — 
l)o rdq ;7fl*(x)Qi.

Therefore A P(C0) -  Ap(Ci) =  ( n  -  l ) K { E i )  •  C.

Now we will show that the first definition is equivalent to the second.
Let C be the divisor identified by the conductor Con(R, R). The different T>i /k  

is another divisor in the normalization of the curve denoted by T>. The order of 
C  at Q i  satisfies the equation —ordq-C = —[—ordq {V  +  ordq {C  +  ordq^X?]. Recall 
Hecke’s identity ([31], pg. 145) ( d f /d x )  = CD  which implies that —ordq.C =  
—[—ordg{(dx) +  ordq,.(CZ>). Thus, —ordq.C =  ordq;-^- which yields the order of

the differential ordq(a; where a; =  -p ; thus —ordq.C =  o rd q ^ . From definition

ordq(C =  therefore o rd q ^  =  a,-. We conclude that the adjoint divisors S and A 
are equivalent. Consequenly, Ap =  Sp.

It remains to show that the third definition is equivalent to the fourth. The third 
definition states tha t Ap =  £(r,- — 1)7t,-*(F,) *C . Let us find the nonsingular model of
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the curve C  around its ordinary singular point P  of multiplicity r. We only need one 
blowing up since P  is an ordinary multiple point. Thus the adjoint divisor becomes 
5Z(r — l)ordQ,(i?i)(2i where the sum is taken over all the points Qi £ 7r*(P) of degree 
d(Qi). Since the field of constants is algebraically closed, all the points of the C  are 
of degree one, i.e., d(Q{) =  1 and the cardinality of the  set t *(P) is exactly r  and 
ordQ^EQ  =  1 ( Fulton [21], pg. 165). Therefore the adjoint divisor a t P  becomes

□
In the following examples we calculate the  adjoint divisor of the given curves using 

the previous definitions.

E x a m p le  3.1 Consider the plane curve C  described by the  homogeneous equation 
F  = Y 2Z 3 + Y Z 4 + X 5 = 0 over the finite field k  =  F 24.

The point, Pl =  [0,1,0] is a non-ordinary singular point of m ultiplicity mp, (C) =  3. 
The local coordinates of the point Pi in some affine neighborhood of the plane are 
given by the functions s and t.  T he local equation of the  curve is t3 +  t4 +  s5 =  0. 
The tangent of C  a t Pi is given by the  equation t  = 0.
We first have to  resolve the singularity.

1st blowing up of the  point P i.
The birational curve Ci which lies above th e  original curve C  is described by the local 
equation t 13 +  st'4 + s2 =  0. The exceptional line Ei  has local equation s =  0. The 
point lying over Pi is P2 =  (0,0) of multiplicity mp2(Ci)  =  2 =  r 2. K we consider the 
curve as a  divisor then fti(C) =  Cx +  3i?i.

2nd blowing up of the  point P2.
The birational curve C2 which lies above Ci is described by the local equation (s ')2 +  
t ' +  ( t ' f s '  =  0. The exceptional line is E 2 : t' = 0. The point lying over P2 is 
P3 =  (0,0) of m ultiplicity mp3 (C2) =  1 =  r 3. If we consider the curve as a divisor 
then ^ 2 ( ^ 1) =  C2 -H t2,E2.

Note th a t the  curve C2 is the local non-singular model C  of C. We will now 
calculate the  adjoint divisor utilizing definitions 3.3 and 3.5.

Using def. 3 .3  we can calculate the adjoint divisor of C  as follows. The differential 
u) =  7r* (d t /d f /d s )  which can be rewritten as d(Tr*t)/ir*(df/ds). Finally if we consider 
the  successive affine quadratic transform ations during the blowing up process we 
a tta in  th a t u> = d s ' / s 4t '2, thus ordp3u> =  ordp3(ds') — ovdp3(t')2 =  —8. The adjoint 
divisor a t th e  point Px is Ap, =  — ord^o jP 3 =  8 P3 . Since the point P x is the only 
singular point of the curve we conclude th a t A =  A p,.

Using def. 3 .4  we have th a t the  adjoint divisor at the point Px is the sum 
Ap, =  E i= i(r « — 1 )E* i-e-> Ap, =  2Ei  +  E 2. By definition E x =  ir'f(Ei)  •  C  and 
E 2 =  E r2 •  C  but ir'{(Ex) •  C = E[ •  C  + E'2 •  C  therefore Ap, =  2(E[ • C)  +  E'2 •  C.

Let us now estim ate the intersection divisor E ’7 •  C. The local equation of C  
is given by (s ' ) 2 +  <' +  (<')3s ' =  0. The partial derivative d f  f d t  evaluated a t the 
point P3 is not zero. Therefore we conclude th a t the local uniformizing param eter 
around P 3 is the function s ' and consequently ordp, s ' =  1 . The local equation of the
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curve C  yields th a t the coordinate t' can be rew ritten as t' =  (t')3s' +  (s')2. The last 
equation implies th a t the order, ordp3f' =  ordp3 [(i,)3s / +  (s ')2]. Since ^ (^ 3 ) =  0  we 
conclude th a t the  function t' belongs in the local ring of the  curve Ci a t the point P3. 
Thus the order ordp3t '  >  0 actually ordp3f' >  0 since t' is not a  constant. Therefore 
ordpgi^s' > 3  +  1 = 4  and ordp3t' =  ordp3 [s/2] =  2. Thus the intersection divisor 
E 2 •  C  =  521 {Pi (F '2 n  C)P{ where the sum is taken over all the points P,- in the 
intersection E 2 f) C  becomes E '2 •  C — ordp3 t 'P 3 =  2P3. The intersection divisor 
E{ •  C  — ordp3s'P3 = IP 3 . The representation of the  exceptional line E \  in the 
normalized surface S 2 is given by the local equation s ' =  0. Thus we conclude th a t 
the adjoint divisor of the curve a t the point P i is Ap, =  2E[ • C  + ZE2 » C  = 2(1 P3 ) +  
3(2P3) =  8 P3 . Since P i is the only singular point we conclude th a t A =  Ap, =  8 P3 .

Therefore we conclude th a t the adjoint divisor of the curve is 8P3 and we note the 
error which appears in Le Brigand and Risler’s paper [43] where this example was 
originally discussed.

E x a m p le  3 .2  We consider example 2.3 where C  is a  plane curve described by the 
homogeneous form F  = Y SZ 4 — X 9 — X Z 8 over the finite field k  =  F 8.

The points P i =  [0,0,1] of multiplicity mpt {C) =  5 and P2 =  [0,1,0] with multiplicity 
771 p j(C) = 4 are non-ordinary singular points.

Consulting the notation and the normalization process described in the second 
chapter we find the adjoint divisor A of the  curve using the  def. 3.4 .

The adjoint divisor of C  a t the singular point Pi is Ap, =  ]C?=i(r t ~  l ) P t'. Recall 
th a t Ei =  7rj*(P,-) •  C  where tc'{{Ex) = E "  +  E 2 +  2 P 3 , 7r'2 (E 2) = E 2 + E 3 and 
71-3* (P 3) =  E'3. Therefore the adjoint divisor is A  =  4E " •  C  +  6E2 •  C  +  11P3 •  C .

The intersection divisor E "  =  5Zordpt0 where the sum  is taken over the points 
Pi in the intersection E "  fl C  =  0, therefore E " mC = 0.

The intersection divisor E 2 •  C  =  J2 or dp. 7/1 P t- where th e  sum is taken over the 
points, P{ in the intersection E[ fi C = P 1 3 . Therefore th e  intersection divisor is 
E'2 * C  =  ordp13y iP 13 =  IP 13.

Finally the  intersection divisor E'3 •  C  = Y^ox^Piz \P\ where the sum is taken over 
the points P,- 6  Ef~\C =  P 13. Therefore the intersection divisor E 3mC =  ordp13ziP i3 =  
2Pi3-

Thus the adjoint divisor at the  point P i is Ap, =  2 8 P 13. Similarly Ap2 =  ^ f =1(rt — 
1 Note th a t Ei =  7ri*(P,-) •  C  where 7r[*(Pi) =  E[ +  E2 =  7r2*(P2) =  E 2. Therefore 
the adjoint divisor a t the singular point P2 can be w ritten as: Ap, =  3E i» C + 6 E 2*C.

The intersection divisor E[ •  C — J2 ordp^u 'p  where the sum is taken over the 
points Pi in the intersection E[ D C  which is empty.

The last intersection divisor is E 2*C — ordpt uP4 =  4P4. Hence the adjoint divisor 
at the point P2 is Ap, =  24P4. Since A =  Ap, +  Ap, we conclude th a t the adjoint 
divisor of the  curve is A =  28Pi3 +  24P4.
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Another way to calculate the adjoint divisor of the curve is by using the  def. 3.3. 
Recall th a t the affine equation of the curve around the singular point, Pi is described 
by the polynomial / ( y ,  z') =  y5(z ' ) 4 + y s — (z')8. The differential u; = 4>*{dz’j d f  fdy)  
is the quotient <j>*(dzr)/<f>*(y4z 4 +  y4). Considering the successive affine quadratic 
transform ations during the normalization process we can rewrite the last quotient as 
d y i / z \ sy \2 +  z\°y\.

Thus the order of the differential u; a t the point P 13 is ordp13u; =  
-m in(ordp 13^ 8 j/}2 ,ordp13zJ0yf) =  28.

Therefore th e  adjoint divisor at the point P 13 is Ap, =  2 8 P 13. Recall that 
the affine equation of the curve around the singular point P 2 is described by the 
polynomial f ( u , v )  = v4 — u9 — uv8. The differential uj = d<f>*(y)l <f>m{u8 +  v8) i.e., 
to =  d(u2v ') /d vr/ u 6( l  +  u8v'8). So we conclude th a t ordp4u; =  ordpi dv' — ordp,«6(l +  
u8v'8) =  —24. The adjoint divisor of the curve C  a t the singular point P 2 is 
Ap2 =  24Pj. T he adjoint divisor of C  is A =  28Px3 +  24P4.

The next example illustrates how we can find the adjoint (divisor of a singular curve 
whose singularities have been resolved using the integral basis algorithm described in 
this thesis (sec. 2.4).

E x a m p le  3 .3  Recall examples 2.7 and 2.8 which appear in the second chapter of this 
thesis. The curve C  is given by the homogeneous equation X 2Z 2 +  X Y Z 2 +  Y 4 =  0 
over the  finite field k  =  F 2.

The curve C  has on ordinary double point P  =  [0,0,1].

The affine coordinate ring of the curve C  is R q  =  k[x, y ] / ( f )  where /  =  x 2 + 
xy  + y 4 is the affine representation of C  around its singular point P . It is a free 
k[a:]-module with basis { l,y , y2, y3}.

The integral closure of R q  in the  field of rational functions k(a:, y) is a  free 
k[x]-module with basis { l ,y ,y 2 ,y 3/®}.

The nonsingular model of the curve C  is the variety {a G k 4: fij(a)  =  0} where 
the polynomials axe defined as follows,

f n  = Y 2 -  Y2 
f i 2 =  YiY2 - x Y 3 
f i s  =  YtYz - ( x  + Y1) 
f 22 =  Y 2 - x 2 - x Y i  
f 23 = Y2Y3 - Y 2 -  xYi 
/as =  Y 2 - Y 2 - Y 3

The points lying above P  are P i =  (0 ,0 ,0 ,0 ) and P2 =  (0 ,0 ,0 ,1 ) and they are 
simple points.
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We calculate the m atrix (d f i j /d Y i) where the index 0 <  i < 3. We evaluate the 
m atrix a t the points Pi and P2. We note th a t d fi j fd Y i(P i)  = 0 from where we 
conclude th a t the local uniformizing param eter around Pi is Yi. Therefore the 
order of Y\ at the point Pi is ordp, Y\ =  1. Similarly, since the partial derivative 
d fij  / dYi (P2) =  0 we conclude tha t the local uniformizing param eter around P2 
is Yi and therefore ordp2 Y\ =  1.

In order to  find the orders of the functions x, Y2 and Y$ at the points Pi and 
P2 we will proceed as follows:
First, we express the functions x , Y2 and Y3 in terms of the local uniformizing 
param eter Y\. Indeed Y2 =  Yx2, I 3 =  Y$ — Y2 and x  =  Y1Y3 — Yi. Next we 
estim ate the orders of the functions x , Y2 and Y3 . From the previous equations 
we see th a t or dp, >2 =  2, ordp2Y2 =  2, ordp, Y3 =  2 and ordp2Y3 =  2. Also the 
function x  can be rewritten as x  =  YfY^  — YiY2 — Yi =  —Yi+ terms of order 
>  3. Therefore, ordp, a: =  1 and or dp, a: =  1.

Using definition 3.3 we calculate the adjoint divisor A of the curve C  . Consider the 
differential u  =  7r*( df f dy) =  d x /x .  Thus the order of the differential at the point Pi 
is ordp,!*; i.e., is the difference ordp,dx  — ordp,x =  0 — 1 =  —1. The order of the 
differential at the point P2 is ordp2u; =  ordp2dx — ordp2x =  0 — 1 =  —1. Therefore 
the adjoint divisor of C  is A =  Z ^en—̂ P) —ordp^P,- =  Px +  P2.

3 .2  A d jo in t C u rve
After we discussed the adjoint divisor of a  curve we can define the adjoint curve. 
For further reference on this topic we suggest Gorenstein [27] for the nonalgebraically 
closed field case, Hartshorne [30] and Fulton [21] for the  algebraically closed field case. 
We use the notation of the second chapter of this thesis.

We s ta rt with an absolutely irreducible, singular, plane curve C  defined over a 
finite field k.

D efin itio n  3.6 Let C ' be a plane projective curve which does not have C as a com­
ponent. I f  the divisor cut by C' is greater or equal to the adjoint divisor o f C  then C' 
is called an adjoint curve o f  C .

R e m a rk . In the following an adjoint curve of C  will be denoted by Ca.

There axe three equivalent conditions for the curve Ca to be an adjoint curve of 
C. They are described in the next theorem. The first condition is motivated by 
Fulton [21]; the next, appears in Le Brigand [43]; th e  last condition is motivated by 
Abhyankar [2 ].

1 T h e o re m  3.2 Let Ca be a curve not containing C as a component we then have that 
Ca is an adjoint curve o f C if  any of the following conditions hold:

1. The curve C  has an ordinary singular point P  o f multiplicity r and m p(C a) > 
(r — l)ordp;a: where x  = 0 is the local equation of the exceptional line E  and
Pi <= 7T*(P).
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2. The curve Ca goes through every infinitely near point Pi with multiplicity 
mpi (Ca) >  Triple) — 1, 1 <  i < N  where N  is the number of points needed to 
be blown up in order to attain the Brill-Noether tower.

3. The curve Ca goes through every singular point Pi of C with multiplicity 
mp^C) > ap) where api =  sitpi>,>Arl/n,' 52}=i mji(rj — 1). The image of the 
exceptional lines in the normalized surface is ir,•*(£?,) =  (mnE[  H 1-m,jv7£]y).

4- The rational function g{x,y) which is the affine equation of C around a point 
P belongs in the conductor C.

Proof
We start with the proof of the first statement of the theorem. The next two claims 
are needed for the proof.

C la im  3.1 Suppose P  is an ordinary multiple point o f multiplicity r. The image of 
the point P  under the morphism n is ir~1(P) =  {P,}*=i, s < r  where P,- are the points 
lying above P . Let Ca be a plane curve with image g in the coordinate ring of the
curve C then ordp. (<7) >  mp(Ca)-

Proof. The intersection multiplicity I (P ,C  f \C a) =  51 ordp,.<7 where the sum is taken 
over all the points P,- of degree d(P,) which belongs in the set 7r- 1(P). Since P  is 
an ordinary multiple point, the cardinality of the set {P,-: tt(P,) =  P} is at most 
r. Then the intersection multiplicity 7(P, C  fl Ca) <  rordpj <7; on the other hand 
7(P, C f)C a) > rm p(Ca). Equality holds if the curves Ca and C have distinct tangents
at P  ( Fulton [21] ). Therefore the desired inequality ordp. (5 ) >  m p(Ca) becomes 
obvious. □

C la im  3.2 With notation as above , we have that mp(Ca) > s i f  and only i/ordp;# >  
s where s is some integer .

The proof of the claim becomes'obvious since it is an exact application of claim 3.1.

We now go back to the proof of the first statement of theorem 3.2 . The curve Ca : 
g = 0  is an adjoint of C implies that the divisor associated by Ca is greater or equal 
to the adjoint divisor 52(r« — 1 )E{ where the sum is taken over all the points P; G C  of 
degree d{Pf). Let us assume that the curve C  has only one ordinary multiple point of 
multiplicity r. The adjoint divisor of C  is actually the sum H ( r—l)ordp,.a:P< where the 
sum is taken over the points Pi G C  and x  =  0 is the local equation of the exceptional 
line E\ and the divisor associated by Ca is the sum 52 ordp^ P;. Let us recall tha t Ca 
is an adjoint curve, therefore we have the inequality ordp.g >  (r — l)ordp.a; since the 
product (r — l)ordp,.a: =  s thus the inequality becomes ordp,<7 >  s. From claim 3.2 
we conclude that mp(Ca) > s i.e., mp(Ca) >  (r — ljordp^x. Note that if the field of 
constants was algebraically closed then m p(Ca) >  (r — 1 ) ( Fulton [21], pg. 190 ). □ 

We continue with the second statement of theorem 3.1 . The proof of the second 
statement becomes apparent if we recall theorem 3.2.
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The th ird  statem ent of theorem 3.2 is proved by Le Brigand [43].
We finish up the proof of theorem 3.2 by proving the last statem ent. Let g =  0 

be an affine equation of the plane curve Ca around the point P  of the curve C. The 
curve Ca is an adjoint curve of C  if and only if the divisor (g) associated with the 
function g is greater or equal to the adjoint divisor. Using definition 3.2, the adjoint 
divisor is the divisor described by the conductor C of the curve, therefore (g) > C. 
Thus the function g belongs in the conductor of C  i.e., g EC.
□

The following examples illustrate the procedure of finding adjoint curves using the 
second statem ent of theorem 3.2.

E x a m p le  3 .4  Consider the curve C : F  = Y 2Z 3 + Y Z 4 + X s =  0, described in 
example 3.1, defined over the finite field k  =  F 24 .

The singular point of the curve is Pi of multiplicity mp1(C ) =  3.
We first calculate the integer ap1 and then we find adjoint curves of C. The image 

of the blown-up point in the normalized surface is ^ ’ (P i) — ^ ( P i )  where ^ ( P i )  =  
E[ +  rap, (P i) , i.e., P 2 =  E[ +  P 2. Looking at the description of the integer ap1 in 
the th ird  statem ent of theorem 3.2, we conclude th a t n\ — n 2 =  1. Let us recall that 
P x =  X2*(P i)«C  where ^ ( P i )  =  E[-\-E'2. Therefore since ir2 (E i)»C  = ( E ^ + E ^ t C ,  
we can conclude th a t m u  = ra i2 =  1. Similarly, we have th a t P 2 =  P 2«C  from where 
we conclude th a t m 22 =  1. Returning to the definition of the integer Grp,, which is 
the sup of the  set { l /n im n ( r 1 — 1 ), l / « 2 [”^i2 (^i — 1 ) + ” *22(^2 — 1 )] }? we conclude
th a t ap, =  3.

We claim th a t the curve Ca : Y 2Z S = 0 is an adjoint curve of C  since it is 
going through the singular point P i, the local equation of Ca around Pi is t s =  0  

of multiplicity mp, (Ca) = m p ^ t5) =  5 >  <*p,. Note th a t the curves Go = Y Z S and 
Gi = Y Z 3 are also adjoint curves of C  since they both  go through the singular point 
P i and their multiplicities mpj(Go) =  m p,(f5) =  5 and mp1(Gi) = mp1(t3) =  3 are 
greater than the integer ocp1.

E x a m p le  3 .5  Consider the curve C : F  =  Y 5Z 4 — X 9 — X Z 8, described in example 
3.2, defined over the finite field k  =  F 8.

Let us first estim ate the integer otpx. The image 7r- 1(P i) of the singular point P\ in 
the normalized surface is described as follows:

TT-^Pi) =  (7r2 0 7r3 r ( P i )  =  x3> 2*(£i))
=  7r3*(P; +  P 2) =  7T3 (P [) +  7T*(P2)
=  P 3 +  P "  + E 3 + E'2 = P "  +  P ' +  2P 3

Returning to  the description of the integer or,- we conclude th a t the coefficients are 
rii = n 2 = 1, n 3 =  2. Similarly,

P i =  7 r f ( P i ) .C

=  7r3*(7T2 ( P i ) ) # C
=  (P "  +  P '+ 2 P ' ) . C
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From the definition of the integer a  we estimate the integers m u =  m i2 =  1, m  13 =  2. 
We continue with the divisor Ei =  k '^E-z) • C. Since ^ { E z )  = E'2 +  £ 3  then 
m22 =  m23 =  1. Finally, the intersection divisor E3 = ir!£(E3)» C  is the divisor E'Z»C  
i.e., 77133 =  1. From the definition of the integer a  we conclude that ap1 =  6 .

We will now compute the integer atp3 similarly. Since 7t-1 (P2) =  tt̂ E i ) = E[ + E2 
therefore we can compute the integers rii =  n 2 =  1 . Since i ?2 =  jE2 •  C  we estimate 
the coefficient m 22 =  1; thus «p2 =  6 . Therefore, the curve Ca associated with the 
form Go : X GY 6 =  0 is an adjoint curve of C. Note that Ca goes through Pi with 
multiplicity mp1(Ca) =  mpj(?/6) =  6  which is greater than the integer apl . The curve 
Ca also goes through the singular point P2 with multiplicity mp2(C0) =  mp3(u6) = 6 

greater than ap2.

3 .3  D iscr im in an ts o f  A lgeb ra ic  C urves
Our results in this section are inspired by Abhyankar’s aphorism [2] stated as follows: 
“ The discriminant locus (totality of roots) of a polynomial is the sum of the branch 
locus and the projection of the singular locus.” The polynomial under consideration is 
an affine representation of a plane smooth curve defined over an algebraically closed 
field.

Our contribution in this section is to translate the aphorism as a  statement on 
the points which appear in the divisor described by the discriminant of a polynomial. 
In our case the polynomial is an affine representation of a  plane singular absolutely 
irreducible curve. In contrast to Abhyankar, we assume that the plane curve is defined 
over a finite field. We compute the discriminant divisor using two methods.

The first method is based on a geometric approach. We view the discriminant 
divisor as cycle (Fulton [21]).

The second method is based on an algebraic approach. It is defined as the product 
of two divisors, the branch divisor and the image of the adjoint divisor in the initial 
curve.

Both methods show that the points which appear in the discriminant divisor 
are the singular points and the simple different points of the curve. We present
examples where we compute the discriminant of absolutely irreducible curves using
each method.

Consider the plane curve C  and let f ( x ,y )  be its affine representation in some 
fixed affine neighborhood. We fix the projection p as p (x ,y ) =  x  which projects the 
curve C  onto the affine line A a(k) . The discriminant df =  Ilfi'f’ °f the polynomial /  
is a  polynomial in k[x] where <7,- E k[x] are irreducible linear factors which correspond 
to the. closed points on the affine line.
W ith df we associate a divisor in Div(Ax) given by

(<*/) 0 = E ’V'P.
t
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where P,- are the zeros of <7,. Let p*(df)0 be the inverse image of (df)  0 in A 2. We now 
denote by

D f = C • p*(df)0

the intersection of C  and p*(df)0 considered as a  divisor in Div(A2). This will be 
called the discriminant divisor of the polynomial f .

3 .3 .1  G e o m e tr ic  A p p ro a ch
W ith notation as in previous section we compute the discriminant divisor D f  of the 
plane curve C  : f ( x , y ) =  0 using a geometric approach. It is based on the naive view 
of divisors as cycles (Fulton [21]).

Consider an absolutely irreducible plane curve C  defined over a finite field k. Let 
P  be a  k-rational point on the curve. We fix one of the affine neighborhoods of C 
which contains the point P. Let f ( x , y) = 0 be the affine representation of the curve 
in that affine neighborhood. Let us fix a projection p from the affine plane A 2(k) on 
the affine line A 1(k) as p(x, y) = x.

We want to examine how the points P  which appear in the discriminant divisor 
D f  are related to the curve C. Let us first describe the points on the curve C  ( 
Abyankar [2], sec. 43 ).

D efin ition  3.7 I f  the point P  is a singular (res. simple) point on the curve C  : 
f ( x , y )  = 0 and C has a vertical tangent at P  then P  is called singular (res. simple) 
different point. The projection of a different point on the x-axis is a branch point.

R e m a rk . Let us stress the fact that a point is simple or singular independently of 
the choice of the coordinate patch (affine neighborhood) which contains the point 
where the different points depend on the direction of the projection p and the affine 
neighborhood.

We will now show that the points which appear in the support of the divisor Df  
are the singular points and the simple different points of the curve C: f ( x ,  y) =  0.

N otation . By Ir  we denote the number of times the point R  appears in a given 
cycle.

T heorem  3.3 Consider the discriminant divisor D f .  The following equation holds

D f  = ' £ i p P  + ' £ i Q Q
P Q

where the first sum is taken over the singular points o f C. The second sum runs 
through the points Q in the set o f the simple different points o f C . The integer ip 
(resp. Iq)  is the number of times the point P  (resp. Q) appears in D f.

Proof. Let us recall that df is the resultant of the polynomial /  and d f / d y , i.e., the 
locus (totality of roots) of the discriminant polynomial df  is the set of common roots 
of /  and d f / d y .  A  point R  is in the set of common roots of /  and d f / d y  if and only
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if it is either a singular (different or not-different) point or a simple different point. 
Therefore the locus of the discriminant polynomial d f  is the union of two disjoint 
sets. The first set contains the projections of the singular points and the other set 
.contains the projections of the simple different points of C. Therefore we can rewrite 
the discriminant polynomial as the  product d f = gpgQ where gp  (resp. go) in k[x] 
is the product of those linear factors <7,- th a t vanish at the projections of the singular 
(resp. the simple different) points of the curve C. Thus the divisor (d j ) 0 can be 
written as the sum of divisors

(dgp) 0 +  (^ffg)o

Thus D f  can be written as

D f = C . ( ( d ap)o + (dgQ)o)

and can be replaced by
D f  = C  • {dgp)0 +  C • (dgQ ) 0

Therefore the equation described in the theorem becomes obvious.
□

E x a m p le  3 .6  Consider the curve C  : Y 2Z 3 4- Y Z 4 + X s =  0 defined over the finite 
field k  =  F i 6 .

The point Pi =  [0,1,0] is a  non-ordinary point of the  curve of multiplicity 
m P 1 ( C ) =  3. The affine equation of the curve around the point Pi is / ( s ,  t) = 
t 3 + t4 +  s 5 =  0 where the local coordinates are defined as the quotients s = X / Y  
and t  =  Z / Y .  The three non-distinct tangents of th e  curve C  a t the singular 
point Pi are given by the local equation t = 0. Fix the projection from an affine 
neighborhood of the plane to the affine line p(s, t) =  t. The tangents of C  at 
Pi are not distinct and vertical given by the equation t  =  0. Therefore Pi is a  
singular different point.

The point Qi =  [0,1,1] is a  simple point since f { Q i)  =  0 and d f /d t ( Q i )  ^  0. 
The unique tangent t  +  1 =  0 of the curve at Qi is vertical. Therefore Qi is a 
simple different point.

The points t =  1 and t =  0 are branch points since they are the  projection of 
the simple different point Q\ and the singular different point Pi on the f-axis.

The discriminant polynomial, df =  R es(/, d f / d s ,  s) =  i12( l  -f- t)4.

The discriminant divisor D f  =  12(t)+ 4(l-f t) =  12(5Pi)+4(5Q i) =  60Px+20Qi.

The following example demonstrates th a t theorem 3.3 can be applied when the field 
of constants is of characteristic zero.

E x a m p le  3 .7  Consider the curve C  : Y 2Z + X 2Z + X 3 defined over the real numbers.
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The point P  =  (0,0) is a singular double point. The affine representation 
of C  around P  is f ( x , y )  =  y2 +  x 2 +  x3. Fix the projection from an affine 
neighborhood of the plane to the affine line p (x ,y ) =  x. The distinct tangents 
of C  a t P  are y =  x  and y =  —x  and they are not vertical.

The point Pi =  (—1,0) is a simple different point since it has a vertical tangent 
x + 1 =  0 .

The point x  =  0 is the projection of the singular point P  on the y-axis and 
x  =  — 1 is a branch point.

The discriminant polynomial is dj =  R es(/, d f / d y ,  y) =  (2a:)2(—x  — 1).

The discriminant divisor is D j = 2(2P)  +  l(2F i) =  4P  +  2Pi.

E x a m p le  3.8 Consider the plane curve C : Y 5Z 4 — X 9 — X Z 8 =  0 over the finite 
field k  =  F 8 (see also ex. 2.3, 3.2).

The point Pi =  [1,0,1] with multiplicity mpt (C ) =  5 and the point P2 = [0,1,0] 
with multiplicity mp2(C) =  4 are non-ordinary singular points.

The affine representation of the curve C  around Pi is given by the polynomial 
equation f i ( y , z )  =  y5z4 +  y5 +  z8. The five nondistinct tangents of C  at 
Pi are given by the local equation y =  0. Fix the projection from an affine 
neighborhood of the plane the affine line p(y, z) =  z. Since the tangents are not 
vertical we conclude that Pi is just a singular point.

The discriminant polynomial is D fx — R es(/i, d f i /d y ,  y) = (z4 -f l ) 4z32.

The discriminant divisor Dy1 =  I 6 OP1 .

The affine representation of C  around P2 is given by the polynomial equation 
f 2(u,v) — v4 — u9 — uv8. The four nondistinct tangents of C  a t P2 are given 
by the local equations v =  0. Fix the projection from an affine neighborhood 
of the plane to the affine line p(u ,v ) =  v. Since the tangents are vertical we 
conclude that P2 is a different singular point.

The discriminant polynomial is Dy2 =  R es(/2 , d f 2/d u ,u )  = v32.

The discriminant divisor is D j2 — 2 8 8 P 2 .

3 .3 .2  A lg eb ra ic  A p p ro a c h
In this section we view the discriminant divisor algebraically. It is the divisor con­
sisting of: the branch divisor and the image of the adjoint divisor in the initial curve
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Let us recall that the different (ramification) divisor D  is a divisor in the nor­
malized curve C  (Serre [59]). The image of the different divisor under the morphism 
7f, : DivC — ► Div(7 is the branch divisor (5) i.e., 7f,('P) =  (Sp).

We start with a singular absolutely irreducible plane curve C : / ( x ,  y) =  0 over 
an arbitrary field k. The polynomial f ( x , y ) 6  k[x, ?/] is an affine representation of 
the curve C  around one of its singular point P. We find an affine non-singular model 
C  of the curve C  by considering the morphism 7r: C  — ► C .

T h e o re m  3 .4  Let C  : / ( x ,  y) =  0 be an absolutely irreducible singular plane curve 
defined over the finite field k. The discriminant divisor D j is related to the adjoint 
divisor A p  and the branch divisor 8r  by the equation

D f = ̂ 2  7rm(A p)8p  + y] 8r 
p  R

where the first sum is taken over the singular points o f the curve. The second sum is 
taken over the simple points o f the curve whose images under the morphism tt* belong 
in the different (ramification) divisor.

Proof. Fix a  projection p from an affine neighborhood of the plane to the affine line. 
Let us recall the identity ( d f /d x )  =  A D  ( Hecke [31], pg.145 ) where A and T> is the 
adjoint divisor and the different of the curve respectively.
We translate the identity ( d f /d x )  =  A D  as an identity on divisors on the normaliza­
tion C.

The image of the divisor n * (d f /d x )  under the morphism 7r« yields the discriminant 
divisor D f.  The image of the different divisor D  under the morphism tt*  yields the 
branch divisor 8. Recall th a t the adjoint divisor A  is the sum of the adjoint divisors 
A p of the points of the curve C  (sec. 3.1). (When the points are simple then the 
conductor a t those points is zero). Similarly the different divisor D  of the curve C  
is the sum of the different divisors Dp. Therefore the translated identity can be 
rewritten as

D f = ^ 2  7r*(Ap)8p + ^ 8 r  
p  R

where the first sum is taken over the singular points of the curve. The second sum 
is taken over the simple points of the curve whose images under the morphism 7r* 
belongs in the different (ramification) divisor .
□

We use notation from section 2.2 in the next example.

E x a m p le  3.9 Consider the curve of example 3.1.

Recall that the point Pi is a singular different point and the affine representation 
of C  around P x is the polynomial equation: t 3 +  t4 +  s 5 = 0. The point Q\ is a 
simple different point of the curve and the affine representation of C  around Q\ is 
the polynomial equation: t + t2 + t3 + t5 + s5 = 0 .
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From ex.3.6 we recall th a t C2 : /(-s', t') =  s'2 +  t' -f t a is a  local non-singular 
affine model of C  around P i. The point P3 is the point lying above P i.

The local param eter s ' is a local uniformizing param eter around the point P3 i.e., 
ordp3s; =  1. It follows th a t ordp3t' =  2. Similarly o rd ^ jf  =  5 and o r d ^ s  =  1.

The adjoint divisor of C  around P3 is Ap, =  8 P3 (ex. 3.1).

The different (ramification) divisors are Pp, =  (d7r*(f)) =  4P3 and T>q1 = 
(d7r*(t)) = 4Qi .

The discriminant divisor is

D j  = ^^.(Ap,) + SQl
=  87t*(P 3) +  47T«(P3 ) +  2 0 ^ i  

=  8 / ( P 3)P i +  4 /(P 3 )P 1 + 2 0 g 1 

=  8  x  5Pa +  4 x 5Pj +  20<5!
=  60Pi -f 20Qi

The discrim inant divisor is the same as in example 3.6.

E x a m p le  3 .10  We use the curve of example 3.7.

Recall th a t Pi is a simple different point where P  is a double singular point.

We desingularize C  by blowing it up around its singular point P .
The blown up curve C\ is given by the affine equation f i ( x ,  y) =  y 2 — 1 — x  =  0. 
The points lying above the  point P  are the points P ’ =  (0,1) and P "  =  (0, —1) 
whose multiplicities a t C\ are one. Therefore C\ is an affine non-singular model 
of C.

The adjoint divisor of C  is A p = P ' + P"- 

The different T>p =  (ir*dx) = 0.

The adjoint divisor Ap, is zero since Pi is a  non-singular point.

The different "Dp1 = (dx) =  P i.

Thus the discriminant divisor is D j =  7f*(Ap)<5p +  Sp1 =  4P  +  2P j. Thus we 
attained  the  same answer as in example 3.7.

E x a m p le  3.11 We use the  curve of examples 2.3, 3.2 and 3.8.

Recall th a t P i is a singular point where P2 is a  singular different point of the 
curve . We desingularize C  by blowing up the curve around its singular points 
Pi and P2.
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After three successive blowing ups around P1 we atta in  a  local nonsingular 
model is given by the polynomial equation y \  -f- z fy f  +  z\ =  0. The point lying 
above Pi is the point P{" (ex. 2.3).

The adjoint divisor of the curve C  a t the point Pi is A px =  28P " ' (ex. 3.2). 

The different 'Dp1 = (ir*dz) = £P"' .

The discriminant divisor is D fx =  Sp1 +  7r,(A pj) =  I 6 OP1. Recall from example
2.3 tha t f i  is the affine representation of C  around its singular point Pi.

After two successive blowing ups around P2 we a tta in  a nonsingular model of 
the original curve. The local representation of the nonsingular model is given 
by the polynomial equation v14 +  u +  u9vs =  0. The point lying above P2 is P2 .

The adjoint divisor of the curve C  a t the point P2 is Ap2 =  24Pj'.

The different X>p2 =  (ir*dv) =  &P2 .

The discriminant divisor is D/3 = Sp3 4 - tt,(A pa) = 288P2. Recall th a t f 2 is the 
affine representation of the curve C  around its singular point P2.



C h ap ter 4

B r ill-N o eth er  T h eorem  and  
A p p lica tio n s

The two main topics of this chapter are, the Brill-Noether theorem and its application 
to the theory of algebraic geometric Goppa codes.

In the first section of this chapter, we prove the Brill-Noether theorem when the 
field of constants is finite.

The Brill-Noether theorem implies an algorithmic construction of a  basis for the 
vector space C(G) first realized by Goppa, [23],[22],[24],[25], [26]. In his book, [26],this 
algorithm is applied to plane curves having only ordinary singularities. However, is 
not considered the case where the curves are singular with nonordinary singularities 
defined over finite fields. Throughout the second section, we present the algorithm 
EVG which is an extended version of the one described by Goppa. In the algorithm 
EVG, we consider singular curves defined over finite fields. The time complexity of 
the algorithm EVG is proven to be polynomial in the degree of the curve (lemma
4.2).

Le Brigand and Risler [43], also approached the Brill-Noether theorem algorith­
mically in their recent work in coding theory. While studying their algorithm, the 
following questions are raised: W hat methods can be used to compute the adjoint 
divisors? Is the adjoint curve of Le Brigand and Risler [43] unique and how do we 
calculate it? Taking under consideration the above mentioned questions we develop 
the algorithm MBR which serves as an effective modification to the one described by 
Le Brigand and Risler. The algorithm MBR is a composition of algorithms which 
appear in the earlier chapters of this thesis. We demonstrate the algorithm MBR 
through example 4.1 .The time complexity of the algorithm MBR is computed in 
lemma 4.1.

The last section is an introduction to the theory of algebraic geometric Goppa 
codes. For further reading on this topic we suggest the books by Goppa [26], Ts- 
fasman and Vladut [64] ,van Lint [65], [6 6 ], [67] and Moreno [45]. In this part we 
emphasize the natural application of the algorithms MBR and EVG to the construc­
tion of algebraic geometric Goppa codes.

52
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4 .1  B r il l-N o e th e r  th e o r e m
In this section we will prove the  Brill-Noether theorem  when the field of constants is 
finite. We base our proof on a  corollary of Noether’s Fundam ental theorem  proved 
by Gorenstein ([27], th.7) .

N o ta t io n .  (Gorestein [27]) Note th a t if a curve C': G [X ,Y ,Z ]  =  0 does not 
contain the curve C  as a  component then the intersection divisor C •  C r can be 
represented as:

G • C 1 =  ^ o r & p ( g { x ,y ) ) P  ___
p

where the sum  is taken over the closed points (Moreno [45] pg. 155) in the function 
field of the curve k(C)  and g (x ,y )  is the dehomogenization of G[X, Y, Z] w ith respect 
to  one homogeneous coordinate and is considered as an element in k(C).
For notational convenience we denote the above by writing

c  •  C' =  (G)

and stress the fact th a t this is not in general a  principal divisor.

C o ro lla ry  4 .0 .1  Let C: F[X , Y, Z] =  0 be an irrreducible plane projective curve de­
fined over an arbitrary ground field k, and let A  be its adjoint divisor. Suppose 
C': G [ X ,Y ,Z \  =  0 is another curve which does not contain C  as a component. I f  
C": H [X ,Y ,  Z] =  0 is an adjoint curve o f C  which satisfies

C  •  C" > C  •  C’ +  A

where C  •  C r (resp. C  •  C")  is the complete intersection divisor o f  C  and C' (resp. 
C and C"), then there exist homogeneous form s A  and B  such that

H  = B G  +  A F

The proof of the corollary becomes obvious if we consider the definition of the  adjoint 
curve (def. 3.6).

T h e o re m  4.1 (B r il l-N o e th e r  T h e o re m ) Let C: F [ X , Y ,Z \  = 0 be an absolutely 
irreducible singular plane curve defined over a finite field k . Let G be an effective 
divisor on the nonsingular model C . Consider a homogeneous form  Go o f  degree I 
such that (Go) >  A +  G where A  is the adjoint divisor o f C .  Then as G\ runs through 
a complete system o f h-linearly independent form s o f  degree I which are not multiples 
o f F  and which satisfy (G i) >  (Go) — G, the quotients <f> — G i f  Go form  a basis fo r  
the linear system £ (G )  — {0}.

Proof.
We first assume th a t the rational function <f> =  G i/G o satisfies the inequalities: (Go) >  
A +  G and (G i) >  (Go) — G. We need to  show th a t <f> belongs in the finite vector 
space £ { G ) . .
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From the second inequality we conclude th a t (<j>) = (Gi) — (G0) >  — G .  Therefore the 
rational function <f> belongs in the finite vector space C ( G ) .

Since the homogeneous form G i  is not divisible by F  we conclude that <f> ^  M  ■ F / G o , 
for some homogeneous form M . Since the quotient M  • F/Gq  evaluated at any point 
of the curve is zero, we conclude that <f> ^  0, i.e., ^  e  £(G ) — {0 }.

Next, we show th a t given a non zero function /  in the vector space C ( G )  there 
exists a homogeneous form G \  of degree / non divisible by F  such th a t (Gi) >  
(Go) — G. Also we show th a t the rational function /  is the quotient G i/G 0 and 
belongs in the vector space C ( G ) .

Let /  be the nonzero rational function in £ ( G )  designated by the quotient H / H o  

where H  and H o  are homogeneous forms of the same degree. We want to show that 
G i/G o =  H / H o ,  i.e., G 0 H  =  H 0 G \  + B F  for some homogeneous form, B. From 
corollary 4.0.1 we conclude th a t it suffices to show the inequality, (GqH) >  ( H 0 ) 4 - A,
i.e., ( G o )  +  (H ) — (Ho) > A  . Thus it suffices to show that ( G o )  +  ( / )  >  A:

The sum ( / )  +  G  is greater or equal to zero since the rational function /  belongs 
in the vector space C ( G )  which implies that ( G o )  +  ( / )  +  G  >  ( G o ) .  But since 
( G o )  >  A +  G  we conclude th a t ( G o )  +  ( / )  >  A.
□

R em a rk . Le Brigand and Risler [43] prove the above theorem utilizing the theo­
rem of residues.

4 .2  T w o  n ew  version s o f  th e  B r ill-N o e th e r  a lgo ­
r ith m

The Brill-Noether theorem provides an algorithmic construction of a basis of the 
k-vector space C ( G ) .  Recent developments in this direction are:

• Goppa, [26], has applied the algorithm on plane curves having ordinary singular­
ities, however all the curves that he used in the examples of [26] are nonsingular. 
The divisors on the curve are intersection divisors or part of intersection divi­
sors. The curves are plane curves, so the machinery in Fulton [21] can be applied 
in order to execute the algorithm.

• Manin and Vladut [69] use modular curves of elliptic modules of V.G Drienfel’d. 
The singularities are resolved using the normalization process.

•  Le Brigand and Risler [43] have applied the algorithm on an irreducible singular 
plane curve; the singularities are resolved using the normalization process. The 
divisors are defined over the nonsingular projective model of the curve. The 
nonsingular model of the curve is in P n(k) where n > 2, thus more machinery 
from algebraic geometry is needed in order to apply the algorithm.

• Le Brigand [42] generalizes the Brill Noether algorithm, by applying it to re­
ducible curves in order to find their factors.
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Our contribution in this section is to present two new versions of the Brill-Noether 
algorithm. The first version is the algorithm  EVG, which is an extended version 
of G oppa’s [26] algorithmic construction. In our case the curve is any absolutely 
irreducible, singular, plane curve.

The second version is the algorithm M BR which is a  modified version of the  algo­
rithm ic construction which appears in Le Brigand and Risler [43]. Both algorithms 
require the  Rationality assumption (sec. 2.1).

4 .2 .1  A lg o r ith m  M B R
The algorithm  M BR inputs an absolutely irreducible singular curve defined over a 
finite field and a  divisor D  in the normalization of the curve. It outputs a basis for 
the vector space C ( G ) .  The algorithm MBR detects the rational singularities of the 
curve by applying the algorithmic construction SM described in the second chapter 
of this thesis (sec. 2.1). It resolves the  singularities using successive blowing ups, 
i.e., we apply the  algorithm NOR described in the second chapter of this thesis (sec.
2.2). It finds the adjoint divisor of the curve utilizing the algorithm  AD described in 
the th ird  chapter of this thesis (sec. 3.1). Finally we calculate the tim e complexity 
needed to execute the algorithm.

Let C  be an absolutely irreducible, singular, plane curve defined over the finite 
field k  =  F q where q =  pb. Let C  be the nonsingular model of C  obtained by the 
birational morphism tc : C  ► C .

N o ta tio n . If A  and B  are homogeneous forms in X , Y  and Z  of the same degree, 
then A / B  denotes the associated rational function on P 2 or any restriction to a  curve 
on P 2.

A lg o rith m  M B R
Input: An absolutely irreducible, plane curve C  : F [ X ,  Y , Z ]  =  0  defined over k =  F ,
where q = p b. An effective divisor G  on C  such th a t the image 7r(G) does not contain 
any point which belongs in the singular locus of C  i.e., G  —  m  Q o  where Q q is a 
nonsingular point of the curve C .

O utput: A basis of the k-vector space C ( G ) .

M ethod:

S te p  1 : Find the rational singularities of C  and their multiplicities (algorithm SM). 

S te p  2 : Find the local representations of the normalized curve C  (algorithm NOR). 

S te p  3: Calculate the integers ap,. ( theorem 3.2).

S te p  4: Calculate the adjoint divisor A of the curve C  (algorithm  AD).

S te p  5: Find the adjoint curve Ca : Go =  0 i.e., the following facts should be satisfied.

i. The homogeneous form G o  is of degree I  not divisible by F .

ii. The divisor (Go) is greater or equal to  the zero divisor (0 ).
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iii. The divisor (Go) > A +  G
iv. The homogeneous form Go goes through every rational singular point of 

C  with multiplicity greater or equal to ap.

Step 6 : Find a basis for all those homogeneous forms G,- which satisfies the following 
conditions.

i. The homogeneous form G; is of degree I not divisible by F.
ii. The divisor (G,) is greater or equal to the zero divisor.

iii. The inequality (G,) >  (Go) — G holds.

Step 7: If {Go,..., Gn} is the set which contains the forms found in the previous step, 
then the set

{ 1 , G i , / G o * ,  • • • ,  G n* /G o „ }  

forms a basis for C(G) over k.

L em m a 4.1 The algorithm MBR terminates and its complexity is polynomial in the 
degree of the curve.

Proof. Let C(i) denote the time complexity of the i-th step. In the first step, we 
apply algorithm SM hence G (l) =  0 (q 2n4log3q).

For the second step we need to construct all the singularity trees, i.e., we apply 
the algorithm NOR; thus G(2) =  O(n8q2rlog3q) where r is the highest multiplicity 
of the curve C at any of the singular points (worst singularity). The estimate of the 
third step G(3) is also contained in C(2 ).

In the fourth step, we apply the algorithm AD , thus C(4) =  0(q4n4log3q)
In the fifth step, we input a monomial Go =  X a Y bZ c such that a + b + c — I which 

goes through the singular points of G and the points in the support of the divisor D. 
We decide if the curve Ca represented by the form Go is a  candidate for an adjoint 
of C  by checking the multiplicities of all the singular points of the curve C  and by 
finding the divisor (Go). In order to compute the multiplicities we need O(n4log3g) 
time. The computation of the divisor (G0) requires the computation of the orders of 
Go a t all the 0 (q 2) simple infinitely near points in the singularity trees. Therefore 
we need 0 (q 2) power expansions where each requires 0 ( n 2b2(logp +  1)) time. The 
overall bound of this step is C(5) =  0 (n 4q2log2q).

In the sixth step, we repeat the procedure of the fifth step with 1(G) — 1 different 
forms. The integer 1(G) is the dimension of the vector space C(G) over the finite field 
k and 1(G) = 0 ( n 2). Therefore the sixth step requires G(6 ) =  O(n6q2r(log3q)) bit 
operations.

Hence the time complexity of the algorithm MBR is

0 (n 8q2r\og3q)

□
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E x am p le  4.1 We will use examples 3.1 and 3.4 where the curve C : F  =  Y 2Z 3 -f 
Y Z 4 +  X 5 =  0 is over the finite field k =  F2<.

The effective divisor on the curve is G =  5Qo where Qo =  [0,0,1] is a simple point 
of C.  The local coordinates of Q0 are the rational functions u =  X / Z  and v =  Y /Z .  
The order of the function u at the point Qo is ordQ0 u =  1 . The order of the function 
v  a t the point Q0 is ordg0v =  5.

S te p l :  The point Pi =  [0,1 ,0] is a  non-ordinary point of C  of multiplicity m p(C ) = 3.

S te p 2 : The affine representation of the nonsingular model of C  around P\ is given by 
the polynomial / ( s ',  t ')  =  (s ' ) 2 + t' + (f')3s'.

S tep3 : The integer ap1 = 3 (ex.3.4).

S tep 4 : The adjoint divisor of the curve is A =  8 P3 where P3 is the point lying over 
Pi (ex. 3.1).

S tep5 : We claim that the adjoint curve of C  is Ca : Go = Y 2Z 5 =  0 since it meets 
the following requirements:

i. The homogeneous form Go is of degree I =  7 and is not divisible by F.
ii. The divisor described by the homogeneous form Go is (G0) =  2 5 P3 +  

lOQo > 5Qo +  8 P3 =  G +  A. This is clear since ordp,< 5 =  25 where t 5 is 
the image of the homogeneous form Go in the local ring G-p(C). Indeed 
ordp^ 5 =  ordp3 ((f')2 (s'))5. Similarly the local affine equation of Go around 
the point Q0 is u2 =  0 and ordQ0(Go) =  ordQ0u2 =  10.

iii. The homogeneous form Go goes through the points Pi and Q0. The mul­
tiplicity of Go around the point Pi is mp1(Go) =  5 > ap1.

S te p 6 : The homogeneous forms G,-, * =  1, ...,4 are:

Forms g{u,v) f { s , t )  ord Pif  ordQog
Gi = Y 2Z 5 v 2 t5 ordp3 ( ( f ')V ) 5 =  25 o rd ^ u 2 =  1 0
G2 = Y Z 6 v  t6 ordp3 ((f')2s ' ) 6 =  30 ordg0u =  5
G3 =  Z 5X Y  uv s t5 28 6
G4 =  Z 4X 2Y  u2v s2t4 26 7

It is obvious th a t the divisors described by the forms G,- are greater than the 
difference (Go) — D. In addition, their multiplicities at the singular point Pi of 
the curve C  are mp1( Y Z Q) =  6 , m p ^ Z ^ X Y )  = 6  and mp1(Z 4X 2Y ) =  6  and 
they are greater than the integer ap ,. The above forms are linear independent 
since they vanish in different orders.

S tep7 : A basis of the vector space C{G) over the finite field k  is the set 
{1 ,1  / v ,u / v , u 2/v }  =  { l , t , s , s 2 /f} .
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R e m ark . Unlike Le Brigand and Risler [43], we compute the adjoint divisor of the 
curve which appears in the above example by using two methods (ex. 3.1). In example 
3.4 we showed that the curves with homogeneous equations G o  = Y Z 5 and G \  = Y Z 3 
can also serve as adjoints to the curve C  therefore we do not restrict ourselves to the 
one adjoint curve chosen by Le Brigand and Risler .

4 .2 .2  A lg o r ith m  E V G
Goppa, [22], [26], has suggested an algorithmic construction based on the Brill- 
Noether theorem for the case where the curve is a singular curve with only ordinary 
singularities. In this section we consider the case where C  is any singular curve de­
fined over a finite field. In the algorithm EVG we use the Cremona transformations 
in order to  find a birational equivalent curve having only ordinary rational singular­
ities, i.e. we apply the algorithmic construction RC described in the second chapter 
of this thesis. We use intersection divisors or part of intersection divisors defined 
in the plane. The advantage of algorithm EVG versus algorithm MBR is tha t we 
are always on the plane and we can use the simple concepts on plane curves which 
appear in Fulton [21]. Finally we calculate the time complexity needed to execute 
the algorithm.

A lg o rith m  E V G  (* Extended Version of Goppa *)
In p u t:  A singular, absolutely irreducible plane curve C  : jF =  0 of degree n defined 
over a finite field k  =  F , with q =  2m elements. An intersection divisor -or part of 
an intersection divisor- G  .

O tp u t:  A basis of the k-vector space C(G).

S te p l :  Find the rational singularities of C  and their multiplicities (algorithm SM).

S tep2 : Find a curve C ' : F ' [ X ,  Y,Z] = 0 which is birational equivalent to C  and has at 
worst ordinary singularities (algorithm RC). Resolve the ordinary singularities 
(algorithm BU).

S tep3 : Find the adjoint divisor (E') = Y^(E'p) the curve C '  where the sum is taken 
over all the ordinary singular points P  € SingC" and (E'P) =  Z!Qier*(p)(r — 1 )Qi

S tep4: Find an arbitrary adjoint curve C a : G 0 =  0 which satisfies the following 
conditions:

i. The homogeneous form G o  is of degree / not divisible by F ' .

ii. The divisor ( G o )  is greater or equal to the zero divisor (0).

iii. The inequality (Go) >  (E') +  G ,  holds.

iv. The curve C a : Gq[X,  Y,Z] = 0 is an adjoint curve of C '  and goes through 
every ordinary singular point P  of the curve C '  with multiplicity greater 
or equal to r  — 1 .
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S tep 5 : Find a  basis for all those forms G i  which satisfy the  following conditions:

i. The homogeneous form G i  is a  form of degree I not divisible by F ' .

~ ii. The divisor (C?t) is greater or equal to the zero divisor (0).

iii. T he inequality ( G i )  >  ( G o )  — G  holds.

S tep 6 : The quotients G ^ /G o fs  form a basis for the  vector space C(G).

L e m m a  4.2 The algorithm EV G  terminates and its complexity is polynomial in the 
degree o f  the curve.

Proof. Let C(i)  denote the tim e complexity of the i-th  step. In the first step, we 
apply algorithm  SM hence C ( \)  =  0 (q 2n A\og?q).

The algorithm RC is applied in the second step, hence (7(2) =  O(q12rn 12\o ^q ) .  
The estim ate of the tim e complexity of the th ird  step (7(3)is contained in C(2).

Let G o  be some homogeneous form of degree I. In the fourth step we need to 
com pute the intersection divisor F  •  G  i.e., we need to  evaluate the  homogeneous 
forms F  and G  at the q2 +  q +  1 projective points. Each evaluation requires to rise 
0 (q 2) elements from the finite field in some power which is a t worst the  degree of F  

(or G ) \  this process requires th e  overall tim e bound O (g2lognlog3g). Thus the overall
tim e complexity of the fourth step is (7(4) =  (7(^4lognlog3^) .

In the fifth step we need to repeat the  previous step 1(G) number of times where 
1(G) =  0 ( n 2) is the dimension of the vector space C(G) over the finite field k.

Thus the overall tim e bound for the algorithm  EVG is

0 (q 12 rre14logn3log3g)

□
R e m a rk . Goppa ( [26] ,pg.92) computes the adjoint divisor E  of the curve as 

E  =  H (r  — l ) r  P  where the sum runs through all the ordinary singular points of the 
curve C  of m ultiplicity r . W hat Goppa describes, is the projection of the adjoint 
divisor on the set of divisors of C , i.e., E  = 7t»A where 7r* : Div(C) — ► Div(C) and 
(7 is defined over an algebraically closed field.

E x a m p le  4 .2  Consider the singular curve C  =  Y 2Z  +  X 3 +  X Y Z  =  0 defined over 
the finite field k  =  F 25.

The intersection divisor is D  = Z  •  F  = 3P2 where the point P 2 =  [0,1,0].

S te p  1: The point P\ =  [0,0,1] is an ordinary point of multiplicity mp1(C) =  2. The 
local equation of C  around Pi is f ( u ,  w) =  v2 +  u3 +  uv  =  0.

S te p  2: The blowing up of the curve C  around each singular point P\ yields the
infinitely simple points P[ and P " . The adjoint divisor is E  = P{ + P".

S te p  3: The adjoint curve <7„ is given by the homogeneous form G0 = X 3Y .  It 
satisfies the required conditions.
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i. The homogeneous form G q is of degree 4.

ii. The divisor (Go) is:

(Go) =  (X 3Y ) » F
= X 3 » F  + Y m F  
=  3 ( X * F )  + Y » F  
=  3(2Pi +  P2) +  3Pi =  9Pi +  3P2

Thus (G0) =  3P2 +  2Pi +  IP i  i.e., (G0) >  A +  D  as expected.

iii. The adjoint curve Ca : G0 =  0  goes through the singular point Pi =  [0,0 , 1 ] 
with multiplicity mp1(Go) =  m p ^ X ^ Y )  =  mp1(u3v) =  4.

S te p  4: A basis for the required forms G; of degree 1 = 4 are:

G

G i  =  X 3Y 9

G 2 =  X 2Y 2 10
G 3 =  X Y 3 11

II0

12

The divisors (G,) can easily be computed as follows:

( G O  =  ( X 3Y ) » F  = 9Pi +  3P2 
(G2) =  ( X 2Y 2) •  P  =  lOPi +  2P 2 
(G3) =  (X F 3) « P  =  l lP x + P a  

(G4) = ( Y 4) . F  =  12

From where we conclude th a t the inequality (Gf) >  (Go) — D  holds for every 
i =  1, ...,4.

S te p  5: Therefore the set {1, Y f  X , Y 2/ X 2, Y 3[ X 3} = {1, y, y2, y3} is a  basis of C(G). 
The genus of the curve C  is g = 0 and the dimension of the vector space C{G) 
is 1{G) = 4.

R e m a rk . The curve G in example 4.2 has exactly 32 rational points over the finite 
field F 2s.

4 .3  A p p lic a tio n s  to  A . G . G o p p a  C o d es
Recent developments in the field of algebraic codes pioneered by Goppa [22], [26] seem 
to suggest that a unified approach to the study of some of the most im portant codes 
is best achieved from the point of view of algebraic geometry. For further reading on
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this topic we suggest, Goppa [26], Tsfasman-Vladut [64], van Lint [67] , Moreno [45], 
Wolfmann [72] and Lachaud [41].

Let C  be an absolutely irreducible smooth curve defined over the finite field k  =  F , 
with q — pT elements where p is a prime number. Consider the divisor D — P\+- ■ -+P„ 
of the curve C  with P, distinct rational points over k and G  =  YIq m QQ be another 
divisor whose support is disjoint from the support of D.
There are two equivalent constructions of Algebraic Geometric Goppa Codes. 

C o n s tru c tio n  1: Consider the linear map $ :  C(G) — ► kn defined by $(0) =

where <j) is an element of C(G) and 4>{Pi) 6  k. The image $ (£ (G )) of $  in kn 
is a linear code of length n  called the algebraic geometric Goppa code of length 
n. It is denoted by Cc(D,G).

C o n s tru c tio n  2: Consider the map Cl(G—D) — ► kn defined as ^(u;) =  (RespjU;, Resp2u;, • • 
k n. The image D)) in k n is an algebraic geometric Goppa code of length
n. It is denoted by Ca(D,G).

The two codes Cc(D,G)  and Cq(D ,G)  are duals. Every code is characterized by 
the parameters [n, k, d\ where n  is the length of the code k  the dimension and d the 
minimum distance of the code.

The algorithms MBR and EVG are the main tools for the construction of algebraic 
geometric Goppa codes built from a singular curve of degree n  over a finite field 
k  =  F ,. Therefore the time needed to  construct an a.g. Goppa code is the time to 
run either of these algorithms, i.e., O(n8q2rlog3q and 0 (9 12rn 14logn3log3g) where r  is 
the multiplicity of the curve a t each worse singularity .

E x am p le  4.3 (K lein  Q u artic )  This example also appears in Hansen [29].
Consider the Klein Quartic curve C  : F  =  X 3Y  +  Y 3Z  +  Z 3X  =  0 over the finite 

field k  =  F 8.

The curve C  is a nonsingular curve and is of degree m =  degF =  4.

The adjoint divisor A of the curve is zero since the curve is nonsingular.

Every curve is an adjoint curve of the Klein Quartic curve.

The genus of the curve is g =  3.

The number of rational points of the curve over the finite field k  is N(g)  <  24. 
Actually the curve has exactly 24 rational points and they are: Qo = [1,0,0],
Qi =  [0,1,0], Q2 =  [0,0,1] and P,j where Pij =  P*AJPoo, i =  0 ,1 ,2 , j  =
0, ■ ■ •, 6, and

l a  0 0 \
A  =  0 a4 0

V 0  0  a2 J
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and
/  0  0  1 

£ = 1 1 0 0  
\  0  1 0

The points Pii are:

Poo =  [ l , a 2, a  +  a 2] 0̂ 1-
1 II [1, a2 a 1, a 2 —|— ce -|- 1]

P 02 =  [1? a ) ° 2 +  1] IICO

fi? [ l , a 2 +  a ,  1]

Pq4 =  [1? l j « ] P 05 = [ l , a +  1, a2]

P 06 =  [1? u2 +  1, a  +  1] O II [a2 +  a , l , a 2]
P 11 =  [fl2 +  a +  1 ,1 ,  o 2 +  0 +  1] Pl2 = [a2 + 1 ,1 ,  a]

P 13 =  [1? 1? o 2 +  a] II [a, 1 ,1 ]
P 15 =  [a2, l , a +  1] II<0OCT [<z +  1 ,1 ,  a2 +  1]

P 20 =  [a2, a2 +  a, 1] P 21 = [fl2 -|- CC, (Z2 "I- CL -f- 1 ,1]
P 22 =  [a, a 2 +  1 ,1] IICO

£

[a2 +  a  +  1 ,1 ,1 ]
P 24 =  [a +  1, a 2 +  1 ,1 ] p 25 = [a2 +  a, a 2, 1]

P 26 =  [a2, a ,  1]

Since the above points are distinct, we conclude that the Frobenius group gen­
erated by the matrices A  and B  acts transitively on the Klein Quartic curve.

The divisors are G =  4(Qo + Q i+  Q2) of degree deg(G) =  12 and D — Pij of 
degree degD  =  21.

Consider the map $ : C(G) — ► (F8)21, defined by /  — ► (f(P ij)) i =  0, • • •, 2 , 
j  =  0 • • • , 6 . The rational function /  belongs in the base of C(G). The code 
Cc{D ,G )  described by the Klein Quartic curve is the image of $(£(£?)) in 
(F8)21.

The parameters [n,fc, d] of the code are: n  =  2 1 , k  =  1(G) =  degG  +  1 — g +  
l (W  — G) =  10 and d = n — degG =  9 (we denote by W  the  canonical divisor). 
Thus the code over k  =  F8 has parameters [n, k, d] =  [21,10,9].

The curve with homogeneous equation Go = X Y Z  is an adjoint curve of the 
Klein curve.

A base of the vector space C(G) is the set

X Y Z  X 3 X 2Y  X 2Z  X Y 2 X Z 2 Y 3 Y 2Z  Y Z 2 Z 3 
* X Y Z  ’ X Y Z  ’ X Y Z  ’ X Y Z  ’ X Y Z  ’ X Y Z  ’ X Y Z  ’ X Y Z  ’ X Y Z  ’ X Y Z  *

E x a m p le  4.4 Consider the singular curve C  : F  =  Y 2Z 3 + Y Z 4 + X s =  0 over the 
finite field k  =  F 2« =  Z-^d\l(aA -f- a 4-1).
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In examples 3.1, 3.4, and 4.1 we computed the following:

The divisor G = 5Q0 where Q0 =  [0,0,1].

The base of C(G) over k is the set {1 , t , s , s 2/ t} .

The genus of the curve is g =  (5 — 1)(5 — 2)/2 — 3(2)/2 — 2(1)/2  — 1 (0)/2 =  2.

Using Weil’s bound we can have an upper bound for the number N  of the 
rational points on the curve, i.e., N  < q +  1 +  2 g^/q =  16 +  1 4- 2 (2 )vT 6  =  33.
There are actually exactly 33 rational points on C  i.e., Q0 = [0,0,1], Q\ =
[0,1,0], Q2 =  [0,1,1] and

Qz, - ,  Qi' [<*? a, 1] oc = a, a4, a7, a 10, a13

Q&, ...,Q12:[a,a2,1} a  =  a2, a5, a8, a11, a14
Q13, •••, Q n : [a, a4, 1] a  = a, a4, a7, a10, a13

Q1&, . .. ,Q22’-[a,a5 , l \  a  =  l , a 3, a 6, a 9, a 12
Q23, Q27• [o, a8, 1] a = a2, a5, a8, a11, a 14

Q28, Q32- [«, a 10, 1 ] ck =  1 , a3, a6, a9, a 12

Consider the injection $ : C{G) — ► (F i6)32 defined as $ ( / )  =  (f ( P 3) , f { Q 2), / (Q 32))
where /  is in the basis of C{G). The image of $  in (F i6)32 is an a.g. Goppa 
code of length n =  32.

The length of the code is n — 32 the dimension k  is the dimic£(G ) i.e., k = 4.
The distance d > n — deg(G) =  27. Thus the code defined by the curve C  is
a [32,4,27] code. The transmission rate is R  = k /n  = 1/8  and the relative 
Hamming distance is 8 =  d /n  =  27/32.

The above generating m atrix defined as H  = (M P 3), M Q 2), M Q 32)) where
i = 1, ...,4 is the 4 x  32 matrix:

15 0 0 0 15 8 6 10 4  10 9 8 II I I 15 3 5 5 3 7 15 1 3 5 3 4 12 10 7 I 15 3
0 15 0 0  II 4 2 8 3 8  12 9 0 0 8  I 14 10 6 13 7 9 2  12 2 6 3 5 1  8 2 4
0 0 15 0 9 I I 8 10 I I II 7 6 12 0 6 8 5 I I 5 13 3 13 4 5 5 I 15 6 15 8 13 8
0 0 0 15 2 14 6 2 2 13 12 I 0 12 14 II 3 II 4 9 4  2 I I I I 7 6 10  6 14 I 4 12



C h a p te r  5 

E x p o n e n tia l S u m s

Our main objective in this chapter is to  show th e  interrelation which exists between 
the theory of exponential sums, algebraic geometry and the theory of algebraic geo­
m etric Goppa codes.

In a preliminary section we provide some basic m aterial from the theory of expo­
nential sums, which is necessary in order to comprehend th e  results of this chapter.

In the second section of this chapter, our objective is to  prove the  existence of 
a relation between the exponential sums, built from singular curves and those built 
from the desingularization of these curves. We reduce the singularities of the curves 
by the use of two methods: the  blowing up m ethod and the one based on the Cremona 
transform ations.
The above mentioned relation is described by two formulas. The first formula links 
the exponential sum  built from a singular projective curve to the exponential sum 
built from the  birational equivalent curve (pr. 5.1, 5.2). The second one, relates the 
exponential sum built from a singular affine plane curve to  the exponential sum built 
from the blown up curve (pr. 5.3-5.6 ).
The above formulas are utilized in examples 5.1 through 5.7. where com putations are 
been performed by the use of the computer language, M athematica.

T he last section of this chapter describes the existing relation between the expo­
nential sum  and the theory of a.g. Goppa codes. Our contribution in this section is 
theorem  5.2 where we prove a new bound on the minimum distance of the dual of a 
G oppa binary subfield subcode constructed from a singular curve .
We derive the  new estimates for exponential sums built from certain rational func­
tions, i.e., the functions which belong to  the vector space £{G )  (th. 5.1). In example 
5.8, we compute the minimum distance of the dual of a  Goppa binary subfield subcode 
generated by a singular curve.

5 .1  B a s ic  D e fin it io n s
A m ajor portion of this section is taken by a presentation of some of the  fundamental 
concepts of the theory of exponential sums along with some theorems on the bounds

64
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of exponential sums. This section will provide the basic tools for the development in 
the following sections. A fuller presentation of the theory of exponential sums in one 
variable is given in the fourth chapter of Moreno’s book [45]. A report on recent work 
in the theory of exponential sums and their applications was given by C.Moreno and
0 . Moreno [48]. Katz in the two im portant monographs, [35] and [36], also deals with 
the recent advanced work on exponential sums.

D efin itio n  5.1 Let k  =  F , be a finite field of q =  pa elements and k m its extension 
o f degree m . Fix a nontrivial character ij> of  k . For any Laurent polynomial f  £ 
k[®i, rcj"1, x ~*] we may form the exponential sums

£ '( / )  =  (5.1)

where Trm: k m — ► k  is the trace map from  k m to k  and the sum is over all the points 
(a?!,..., £„) £  (k ^ )n. When f  is actually a polynomial, we can also define S ( f )  by 
taking the sum on the right hand side o f (  5 .1 )  over all the points (a?i, ...,x n) £  (km)ra.

The sums S ( f )  and S * ( f ) are related in the following way. For any subset (including 
the empty set) A  C {1,2, ..,n}  let f ^  be the  polynomial obtained from /  by setting 
Xi =  0 for i £  A. Let |A| denote the cardinality of A. Then

« ( / )  =  (5-2)
A

S ' ( f )  =  £ ( - l ) w S U .)  (5.3)
A

If k m is a finite extension of k  =  F ,  of q =  pe elements with absolute trace Tr =  
TraceiCm/-pp then we define a character =  exp{27riTr(ar)/p}. The exponential
sums th a t we will use in this chapter are defined over a  finite field k  =  F g of q =  2e 
elements and thus are of the form

5m( / ( * ! , . =  £  ( - 1
m)n

where k m is a finite extension of the finite field k  of degree m.

There is a  connection between exponential sums and the numbers of rational 
points on curves defined over a finite field. In particular let C  be a plane nonsingular 
curve defined over the  finite field k  =  F , with q = 2m elements.

Consider the exponential sum S (F )  defined as follows:

S(F)  =  £  ( _ 1y&(JWrIz)) (5.4)
(*,r,z)e(F,)3

The exponential sum can be rewritten as follows:

S (F )  = Z + - Z - ( 5 . 5 )
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where Z+ =  #  { (X, Y, Z)  : Tr(F) =  0  } and =  # { ( X , Y , Z )  : Tr(F) =  1 }. 
Equation 5.5 implies that q3 = Z+ + Z _ and consequently Z+ =  l/2 (q3 +  S(F)).  On 
the other hand we note tha t the set Z+ contains the projective points which satisfy 
the curve.

Let C' be the curve defined by the equation C' : y2 — y = f ( x )  where f ( x )  is a 
rational function in the field of rational functions of C. The map ir : C' — ► C  is 
a Galois covering. If C  denotes the normalization of C ' then the map # : C  — > C 
gives the Artin-Scheier covering associated with the rational function f ( x ) .  Let N(C)  
indicate the rational points of the curve C  let N (C )  and TV^P1) denote the number 
of rational points of C  and the rational points of the projective line P 1 respectively. 
Then we have the fundamental equation, cf Moreno [45], [47],

N ( C ) - N (  P*) =  X  ( - l ) Tr/(x)
x e N ( C ) —{poles}

where the sum runs through all the rational points of the curve C  which are not poles 
of f ( x ) .  Since A ^P 1) =  q +  1 we attain the equality

JV(C)-(« +  l ) =  2  ( - l ) w «*>
x £ N ( C ) —{poles}

5.2  C o m p u tin g  w ith  E x p o n en tia l Sum s
Our main objective in this section is to show a relation between the exponential 
sums built from singular curves and their birational equivalents. For applications 
to coding theory we treat only the case associated with absolutely irreducible plane 
curves over a finite field of characteristic two. Throught this section we consider the 
Basic Rationality assumption (sec. 2.1).

The significance of the results of this section is that often a complicated exponen­
tial sum can be reduced to  a simpler exponential sum which is easier to compute. In 
this part we reduce the singularities of a singular curve utilizing quadratic transfor­
mations. For a detailed analysis on this topic and for the notation of this section, we 
refer the reader to the second chapter of this thesis (sec. 2.3).

Let p be a prime and let k  =  F , denote a finite field of q = 2n elements. Let 
TrF,/F2 be the trace map

TrF,/F2(a:) =  +  ... +  x 1

from the field F , to the field F 2. Consider the homogeneous form F [X ,Y ,Z]  in 
k[X, F, Z]. The trace of the form F  is denoted by Tr(F) and is defined as follows:

Tr(F) = F 2° +  ... +  F 2” -1

Consider an absolutely irreducible curve C  represented by the homogeneous equation 
F  =  0 with a non-ordinary singular point which is one of the fundamental points.
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The curve C  is defined over a finite field k  =  F ? where q =  2 n. Consider the nontrivial 
additive character ip(x) = (—l)x of the finite field k. We define the exponential sum  
built from the form F[X, Y, Z ] to be

S {F [ X ,Y ,Z \)  = ( - ly iH W '-Z ])
(x,y,z)e(F2„)3

where the sum is taken over all the affine points (X , Y, Z )  6  (F 2n)3.
Let us apply the quadratic transform ation Q  on the curve C. The transformed 

curve CQ is given by the  form F® [X, Y, Z] =  Z rY T' X r"F i[X , Y , Z] where r, r' and r" 
are the multiplicities of the fundam ental points P, P '  and P"  respectively ( Fulton
[21], pg. 172 ). The birational equivalent curve which lies above the  original curve 
C  is the curve C\ represented by the  homogeneous equation F i[X ,Y ,Z ]  =  0. The 
exponential sum  built from the algebraic transform  F\ is described similarly, i.e.,

SiFrlX^Z))  = £
(jf,y,z)e(F2n)3

The exponential sum constructed from the transformed curve C® is

S (F « [X , F, Z]) =  £  (-lj*{F\YZ,XZ,XY])
(x ,y ,z )e (F 2n)3

Our goal is to  find a  relation among the two exponential sums S (F [ X ,Y ,Z } )  and 
S(F®[X, Y, Z]). This leads us to the relation of the exponential sums constructed from 
the original curve, and its algebraic transform , i.e., the exponential sums 5 (F [X , Y, Z]) 
and S (F i[X ,Y ,Z \) .  Keeping the above notation, the main results are described in 
the next two propositions. Let q denote th e  cardinality of the finite field F 2™. We 
indicate by S * [X ,Y ,Z )  the exponential sum  where the sum  is taken over the affine 
points (X, Y, Z)  in (F jn ) 3 where F^n =  FJ„ — {0}.

P ro p o s i t io n  5.1 With notation as above, we have 

S ( F V ) - S ( F )  =  (9 2 - 2 9 )[5*(F[X ,0,0]) +  <S*(F[0,y,0]) +  5*(F[0,0 ,Z ])]
+3(g -  1) -
-[S * (F [X , Y, 0]) +  S*(F[X , 0, Z)) +  ST(F[0, Y, Z])}

Proof. In order to reduce the  singularities of the curve C : F \X ,  Y , Z ] = 0  we have to 
apply the  Q uadratic transform ation Q  i.e., F® [X,Y ,Z]  =  F [Y Z , X Z ,  X Y ] ,  Let us 
now take a  closer look a t this transform ation and see how the q3 affine points with 
coordinates (X , Y, Z)  get transformed to the affine points with local coordinates Y Z ,  
X Z  and X Y .  The nonzero points with any two coordinates zero, i.e., the points 
[X, 0,0], [0,K, 0] and [0,0, Z] are m apped to the zero point [0,0,0] where X , Y ,  
Z  £  F 2n — {0}. There are 3(q — 1) such points.

The affine points with one coordinate zero, i.e., [0,Y,Z], [X, 0, Z] and [X,Y,  0]
are m apped to  points with two coordinates zero, i.e., the points [X , 0 , 0 ], [0 , K, 0 ] and
[0,0, Z] where X ,  Y ,  Z  G F 2n — {0}. There are 3(q — l ) 2 such points.
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The (q — l ) 3 remaining points with nonzero coordinates are mapped to points with 
nonzero coordinates. The zero point [0,0,0] is mapped into itself.

Evaluating the exponential sum built from the transformed form F® is the same 
as evaluating the exponential sum built from the original form F  but we have to 
substitute all the exponential sums evaluated from the forms F [X , 0,0] / '1[0, Y, 0] 
and F[0, 0, Z] where X ,  Y  Z  6  F 2» — {0} with the number 3(q — 1 )(—l) Tr(f,t°'0>°l). 
The exponential sums evaluated by the homogeneous forms T’fO, Y, Z\ 0, Z] and 
F[X,  Y, 0] will be replaced by (q — l ) 2 multiplied by the exponential sums constructed 
from the forms F[X,  0,0], F[0, Y, 0] and jF[0,0,Z] where X ,  Y, Z  € F 2n — {0}. Thus 
we have the following relation

S ( F q ) =  S{F) -  [S*(F[X, 0,0] +  S '(F [0, Y, 0]) +  S"(F [0 ,0, Z])\
+3(9 _ ^(.iyiKnwoi) _
- [S * (F [* , Y, 0]) +  S*(F[X, 0, Z)) +  S*(F[0, Y, Z])]

+(q -  1)2 [S * (/W 0 ,0 ])  +  S'(F[0,  Y ,0])S*(F[0,0,Z])]

The desired relation is now obvious.
□

The following proposition relates the exponential sums built by the original curve 
C : F[X,  Y, Z] =  0 and the birational equivalent curve C\ : Fi [X, Y, Z] = 0. Recall 
th a t the multiplicities of the curve at the fundamental points are r, r' and r" . Using 
proposition 5.1 we attain  the result of the next proposition.

P ro p o s itio n  5.2 With notation as above, we have

S (F )  — S ( X TY T> Z T" F\) = [5*(F[X,Y,0]) +  5 * (F [X ,0 ,^ ]) +  5*(i^[0,Y,Z])]

- ( ? 2 - 2 ?)[5 -(F[A-,0 , 0 ]) +  S*(F[0 , r , 0 ] )S - ( f  [0 , 0 ,^])]
- 3 ( 9 - l )

Proof. The exponential sum built from the transformed form S (F ^ )  is S (F Q) =
S ( X rY r> Z r" Fi).
□

the next part of this section, we use the blowing-up method in order to reduce the 
singularities of a singular curve. We refer the reader to the second chapter of this
thesis (sec. 2 .2 ) for the notation which appears in this section.

Let p be a prime and let k  =  F , denote a  finite field of q = 2n elements. Let
TrF,/F2 he the trace of an element x  be defined as:

T r F ,/F 2(a;) =  x2° +  x 2* + ... +  x 2" -1

from the field F , to  the field F 2. Consider the polynomial f ( x , y ) in k[x, y]. The 
trace polynomial T r( /)  defined as T r( /)  =  f 2° +  ... +  / 2” -1 is a polynomial in the
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field F 2[®, y]. Let f 0(u ,v)  be an affine local representation around a singular point, 
P  of an absolutely irreducible curve C  with multiplicity m p (C ) =  r j .  The curve C  
is defined over a finite field k  =  F g where q =  2n. Consider the  nontrivial additive 
character ip(x) =  (—l) x of the finite field k. We define the exponential sum  built from 
the polynomial fo (u ,v )  to  be

S ( M u ,v ) )  =

where the sum is taken over the affine points (u ,v ) £  (F  2")2. The blowing up of the 
curve C  around its singular point P  is obtained by applying the birational morphism 
x  i : Ci — ► C  and

* i (C ) = fo (u ,us)  =  un [/r i( l , s )  +  u / ri+i ( l ,a )  +  ... +  un~Tlf n(l,s)]

The curve which lies above the original curve C  is the curve Cx and is. given by 
the local equation f \ { u ,s )  — / Pl( l , s )  +  w/ri+i ( l , s )  +  ... +  itn -r i/ n( l , s) =  0. The 
exponential sum built from the  new polynomial f i ( u , s )  is:

s ( M u , s ) )  =  J 2
(u,a)6(F2n)2

The exponential sum built from the polynomial fa (u ,u s)  is defined similarly, i.e.,

S t f o f a u s ) )  =  ^ (-l)W o (« ,« * ))

where the sum is taken over the affine points (u, s) £  (F 2n)2. Our goal is to find a 
relation among the two exponential sums S ( f i ( u ,s ) )  and S (fo (it ,u s))  which yields 
a new connection of the  exponential sums S (fo (u ,v ))  and S (u Tlf i (u ,s ) ) .  Actually 
these relations hold for any birational morphism x,-: C{ — > C. Following the  existing 
notation we have the following propositions:

P ro p o s i t io n  5.3 Let C  be an absolutely irreducible singular plane curve defined over 
the finite field F ? with q =  2" elements. Let fo(u, v ) be the affine polynomial around 
one o f the singular points o f the curve. Let v = us be the change o f  variable required 
for  the first blowing up. Then the exponential sums built from the polynomials / 0 (u, v) 
and fo(u, us) are related as follows:

S ( M u , »)) -  S ( M u , «»)) =  S ( /o(0 ,»)) -  , ( _ 1 )TM>«W» (5.6)

Proof. At every step i of the blowing up process, where we apply the birational 
morphism x,-, we make the affine quadratic transform ation Q: A 2(k) — ► A 2(k) de­
fined as Q (u ,v)  = (u ,u s ). Let us now take a  closer look a t this transform ation. 
In particular we want to examine how the (q)2 affine points w ith coordinates (u, v) 
get transformed to  the affine points with local coordinates (u ,u s). Note th a t the 
rational points of the functions u, v  and s are the elements in the finite field F 2n. 
All the q points w ith first coordinate zero are mapped to  zero, i.e., (0 ,u) — ► (0.0)
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for all v in F 2n .  The q — 1 points whose second coordinates are zero are mapped 
to the same points, i.e., (z,0) — ► (#50) for all x  E F 2n — {0}. The remaining 
points with nonzero coordinates are mapped to different points with nonzero coor­
dinates, i.e, (u,v)  — ► .(u, s) for all it, v and s in F 2n — {0}. We need to evaluate 
the trace polynomial Tr(/o(u,us)) 6  F 2n [ u , s ]  at the affine points with coordinates 
(it, 5 ) 6 ( F 2n ) 2 . This is the same as evaluating T r(/0(it,v)) at the points with lo­
cal coordinates (u,v)  E ( F 2n ) 2. We exclude all those values of the trace polynomial 
T r(/0(u, u)) evaluated at the points with coordinates (0, v) where v E F 2n. We re­
place these values with the product gTr(/o(0,0)). Therefore the exponential sum 
]£(—l)'n’(-Mu>ua) where the sum is over all pairs (it, s) E ( F 2*>)2 is

Y  ( _ i )■*(*(«»«> _  Y  ( - l ) ^ (/o(0,u))+  9 ( - l ) ^ (/o(0’0))
(u,v)e(F2n)i ue(F|„)

Consequently the desired equation is obvious.
□

An analogous formula is described in the next proposition if the blowing up re­
quires the change of the other variable, i.e., it =  vs.

P ro p o s itio n  5.4 With notation as above, we have

S(fo(u, v)) -  S(fo(vs, t,)) =  S(fo(u, 0)) -  g ( - l ) ^ ( ° - ° )  (5.7)

Proof. The affine quadratic transformation Q: A 2(k) — ► A 2(k) defined as Q(u, v ) =  
(vs, v) can also be applied at the blowing up process. Thus, the proof of this propo­
sition becomes obvious if we follow the steps of the proof of proposition 5.3.
□

In the first four examples, we compare the calculations of the exponential sums 
obtained by Mathemetica and by the formula in proposition 5.3. In the next three 
examples we compare the calculations computed by Mathematica and by the formula 
in proposition 5.4.

E x am p le  5.1 Consider the curve C  with the affine equation f ( u , v ) =  v 2 +  v3 +  u4 

around its non-ordinary singular point P  = (0,0) of multiplicity, m p(C) = 2. The 
curve is defined over the finite field k  =  F 22 .

The exponential sum constructed from the polynomial /( it, v) is

« ( / ( « .» ) ) =  E  =  0
( u , v ) € ( F 2 2 ) 2

The blowing up of P  yields the blown-up curve ff*(C) : / ( u, us) = u2s2 +  u3s3 +  
u4 =  0.

The exponential sum built from the polynomial f ( u , us) is 

S ( f(u ,  us)) =  £ (_ l)T r(u V + u 333+u<) =  4

where the sum is taken over all the pairs (u, s) E (F22)2.
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Proposition 5.3 yields the exponential sum S ( f ( u ,u s )) =  0 —[2(—1)°+2(—1)1] +  
4(—1)° =  4.

E x am p le  5.2 Consider the curve C  with the affine equation f ( u , u) =  v4 +  ug +  uvs 
around its non-ordinary singular point P  =  (0,0) of multiplicity, m p (C ) =  4. The 
curve is defined over the finite field k  =  F 22 .

The exponential sum constructed from the polynomial f (u ,  v ) is

S ( f(u ,  v)) = 5 3 ( _ i ) ^ + « 9W )  =  o 

where the sum is taken over all the pairs (u,v)  6  (F 22)2.

The blowing up of P  yields 7fJ(C) =  f (u ,  us) = u4s4 +  u9 +  u9s8.

The exponential sum defined by the polynomial f ( u ,  us) is 

S ( f(u ,u s ) )  = £ (_ i)T r(u V + u 8+ u ^) =  g

where the sum is taken over the pairs (tt, s) 6  (F 22)2.

Using proposition 5.3 we calculate the exponential sum S ( f(u ,u s ) )  =  4 — 
[2(—1)° 4* 2(—l ) 1] +  4(—1)° =  8 .

E x a m p le  5.3 Consider the same curve as in example 5.1. The curve is defined over 
the finite field k  =  F 23 .

The exponential sum constructed from the polynomial f (u ,  v) is

S ( f(u ,v ) )  =  ^ ( _ i ) ^ 2+-3+-4) =  0 

where the sum is taken over the pairs (u ,u) € (F 23 )2.

The blowing up of P  yields the blown-up curve #J(C) : f{u ,  us) =  u2s 2 + u3s3 +  
u4 =  0 .

The exponential sum built from the polynomial / ( « ,  us) is 

S ( f(u ,u s ) )  =  =  12

where the sum is over the pairs (u ,s) 6  (F 23 )2.

Using proposition 5.3 we calculate the exponential sum S ( f(u ,u s ) )  in order to 
attain  S ( f(u ,u s ) )  =  0 — [2(—1)° +  6 (—l ) 1] +  8 (—1)° =  12.

E x a m p le  5.4 Consider the same curve as in example 5.2. The curve is defined over 
the finite field k  =  F 23 .
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The exponential sum constructed from the polynomial f ( u , v ) is 

S ( f(u ,v ) )  = £ (_l)T r(v<+« W )  =  _g

where the sum is taken over (u, v) e  ( f 23) 2

The blowing up of P  yields the blown-up curve ft 1(C) =  f ( u ,  us) =  u4s4 +  u9 +  
u9s8.

The exponential sum is

S ( f(u ,u s ) )  = =  12

where the sum is taken over (u, s) E (F 23)2.

Using proposition 5.3 we calculate the exponential sum S ( f(u ,u s ) )  = —8  — 
[4(—1)° +  4(—I)1] +  8 (—1)° =  0.

E x am p le  5.5 Consider the curve C  with the affine equation /( i t ,  v) =  v3 4- uv4 +  u2 
around its non-ordinary singular point P  = (0,0) of multiplicity mp(C)  =  2. The 
curve is defined over the finite field k  =  F 22 .

The exponential sum constructed from the polynomial f (u ,  v) is

S { f(u ,v ) )  = ^ ( _ i ) ^ ( « 3+«"4+«2) =  8  

where the sum is taken over (u ,v ) £  (F 22)2.

The blowing up of P  yields fti(C) = f ( v s , v ) =  v3 +  sv5 +  s2v2.

The exponential sum

S ( f(v s ,v ) )  =  ^ ( _ i ) ^ ( « 3+»«5+»2t'2) =  8 

where the sum is taken (s, v) E (F 22)2.

Using proposition 5.4 we calculate the exponential sum S ( f ( v s , v )) in order to 
attain S ( f ( v s , u)) =  4 — [2(—1)° +  2(—l) 1] +  4(—1)° =  8 .

E xam ple  5.6 Consider the same curve as in example 5.5, defined over the finite field
F 23 .

The exponential sum constructed from the polynomial /( it, v) is 

S ( f(u ,v ) )  =  ^ ( - l y i ^ W + u 2) =  _g

The blowing up of P  yields ft{{C) =  f (v s ,  v) = v3 +  sv5 +  s2v2.
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The exponential sum built from the polynomial f ( v s , v )  is 

S ( f ( v s ,v ) )  =  £ (_ l)T r(v 3+avs+*2*2) =  o

Using proposition 5.4 we calculate the exponential sum S ( f ( v s , v )) in order to 
yield S ( f ( v s ,  v )) =  - 8  -  [4 ( - l) °  +  4 (—l ) 1] +  8 ( - l ) °  =  0.

E x a m p le  5 .7  Consider the same curve as in example 5.5, defined over the finite field 
F g with q =  24 elements.

The exponential sum constructed from the polynomial f ( u , v )  is

S ( f ( u ,v ) )  =  ^ ( _ i ) ^ 3+ ^ 4+«2) =  16 

where the pairs (u ,v )  G (F 24)2.

The blown up curve around its singular point P  is TfJ(C) — f ( v s , v )  = v3 +  
sv5 +  s 2v2.

The exponential sum is

S ( f ( v s ,v ) )  =  X X - l  ) ^ 3W + * 2v2) =  3 2  

where the sum is over (s, u) G ( f 20 2-

Using proposition 5.4 we calculate the exponential sum  S ( f ( v s ,v ) )  =  16 — 
[8 (—1)° +  8 (—l ) 1] +  16(—1)° =  32.

The following proposition relates the exponential sums built by the original curve 
C  : f 0(u ,v )  =  0 and the blown-up curve C\ : f i ( u , s )  =  0. The polynomial f 0(u ,v)  
describes the original curve around its singular point of multiplicity r j.

P ro p o s i t io n  5.5 The exponential sums o f  fo (u ,v) ,  f i ( u , s )  and /o(0, u) are related 
by the formulas

S (/„ (u , «)) -  3)) =  S (/„(0 , v)) -  , ( - 1  )w »(°’°) (5.8)

Proof. Let us apply the  birational morphism tti: C\ — >• C  to the original curve C. The 
blown up curve 7r*(C) is described by the polynomial equation fo(u, us) = u rif i (u ,  s). 
The polynomial equation f i (u ,  s) =  0 represents the affine equation of th e  curve C1 
which lies above the  original curve. Therefore S ( fo (u ,u s )) =  S (u rif i (u , s ) )  and 
from proposition 5.3 we conclude th a t S(fo (u ,v ))  — S(fo(0,  u)) +  q(—l ) TrUo(°-°)) =  
S (u rif i (u ,  s)). The last equation yields the desired result, i.e.,

S ( M u ,u s ) )  -  5 (u r , / ,( u ,s ) )  =  S ( / . ( 0 , » ) ) - , ( - l ) « W )

□
W hen we apply the affine quadratic transform ation Q: (u, v) — ► (us, v) we have 

the following proposition:
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P ro p o s i t io n  5.6 With notation as above, we have

S ( M * ,v ) )  - S ( e - V i (*,»)) =  5 (/o (« ,0 )) (5.9)

R e m a rk . T he above four formulas established in propositions 5.3, 5.4, 5.5, 5.6 can 
be applied at any birational morphism fr,-:C,+i — ► C,. Consequently, we can apply 
the propositions to  the  normalization process where we have the birational morphism 
7f :C  = Cn   * Cq where if =  ifjv o ... oif,- o ...ifx.

5 .3  E x p o n e n tia l S u m s an d  A .G . G o p p a  C o d es
The goal in this section is to estim ate the minimum distance of the dual of a Goppa 
binary subfield subcode generated from a singular curve. The new estim ate is obtained 
using exponential sums techniques.

Our contribution is theorem5.1 where we find a  bound for the exponential sum 
formed from rational functions which belong in the  vector space C{G). The curve C  
is a singular, absolutely irreducible plane curve of genus g and degree d\ over a finite 
field k  =  F 2m.

O ur next m ain theorem is theorem 5.2 where we derive a new lower bound on the 
minimum distance of the dual of a binary algebraic geometric Goppa code generated 
from a singular curve.

Let 7r be the birational morphism from the normalization of the curve C  to the 
curve C. The morphism 7r induces k-isomorphisms in the field of the rational func­
tions of the  curve, i.e., k(C ) =  k(C7).
R e m a rk . The field of rational functions k(C ) can be realized as an algebraic exten­
sion of the pure transcendental extension k(a;).

T he adjoint divisor £p is a divisor on the normalized curve C  (sec. 3.1). Consider 
the divisor G  =  Ylj= iajQ j  *n the set of divisors of C. The points {Q j})-i  are k- 
rational simple points of C. Consider the vector space C{G) of dimension k  over 
the finite field k  . Begin by selecting a  nonzero homogeneous rational function R  in 
P 2(k) such th a t R  =  G i /G q where G\ and Go are homogeneous forms of same degree 
d2. The affine representation of R  is a rational function r  =  g \{x ,y )/go (x ,y ) .  The 
rational function r  is a function from some affine piece of the curve to  the  affine line,
i.e., r  : C  ► A 1 defined as r(Q ) =  gi(Q)/go(Q) for any rational point Q of the curve
C. ( By r(Q)  we denote the value of r (x ,y )  a t the rational point Q of the curve C; 
this is an element of the residue class field kg(C ). ) The composition 7r o r  yields the 
rational function f  i.e., /  = 7r o r .  The rational function /  is a  function in k (C) and 
maps an affine piece of the nonsingular model C  to  the affine fine , i.e., /  : C  — ► A 1 

defined as f{Q ')  =  r(x(C?')) for some point Q' in C .
We proceed by estim ating the exponential sum

s ( r , c )  =
»=i
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where the trace function is Tr: F 2m — ► F 2 the rational function r  is in the vector 
space CG — {0 } and the sum is restricted to those rational points {P,} where 
i =  1 , n of the curve which are not poles of r.

We want to  use Bombieri’s theorem ([ll]th .5) so we need the following hypothesis: 
r  ^  h2 — h for any rational function h in k(C') where k  is the algebraic closure of k. 
The following lemma which appears in Moreno [49] gives a condition when the above 
hypothesis is satisfied.

Lem m a 5.1 I f  the divisor G =  Dy=i ajQj  with aj =  1 then for  r £  C{G) and r 
nonconstant we have that r ^  h2 — h fo r  any rational function in k (C ).

Bombieri [ ll]( th .6 ) has estim ated the exponential sum  built by a singular curve with 
respect to the degree di of the curve C. On page 98 of the same paper, Bombieri 
mentions th a t the number of points of C  such th a t 7r- 1(7r(rr)) is not defined in at 
most (e?i — l)(d i — 2 ) — 2 g where g is the genus of the curve.

We note th a t the number (di — l)(d i —2 ) —2g is the degree of the adjoint divisor of 
the curve. In the third chapter of this thesis we described computational methods in 
order to calculate the adjoint divisor of the curve. Our objective in the  next theorem 
is to modify Bombieri’s theorem (th .6 ) utilizing those computational methods. We 
also reconsider his theorem in the special case where the rational function r  6  £(G).

T heorem  5.1 Let r be a nonconstant rational function in the finite dimensional 
vector space C(G). Let G =  ]Ci=i Qj be a divisor on Div(C'). Then

|S ( r ,C ) | < ( d 2 - 3 d 1 + deg(£) + 2degG)2m' 2 + deg(£) (5.10)

where {£) is the adjoint divisor o f  the curve C  and d\ is the degree of C.

Proof Let R  — G \ /G q be the homogeneous rational function in P 2 (k) such that 
the affine representation r  =  gx/g0 of R  belongs in the finite vector space C{G) and 
/  =  7r o r  is the corresponding rational function in k(C).

Since the divisor G is of the form G =  ajQj  with aj =  1 the function /
satisfies /  ^  h2(x) +  h(x). The to tal number of points of C  such th a t 7r_1 (z(z:)) is 
not defined, is at most the degree of the adjoint divisor of the curve, i.e., deg(£). 
Therefore we have

|S ( r ,C ) | - |S ( / , e ) |< d e g ( £ )  (5.11)

Let us now apply Bombieri’s estim ate ( [ll](th .5) ) on the normalized curve C  i.e.,

| S ( f ,  C ) \ < ( 2 g - 2  + t + deg(f)oo )2mf2 (5.12)

Recall Plucker’s formula and rewrite the genus as g — (d\ — l)(d i — 2)/2  — l/2deg(£) 
where {£) is the adjoint divisor (Gorenstein [27], th . l l ) .  From the above equation we 
can conclude th a t 2g — 2 =  d\ — 3dj — deg(£). On the other hand note th a t the divisor 
of poles, ( / ) oo is the divisor associated with the homogeneous form Gq. Therefore
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the degree deg(/)oo =  deg(Go). We have assumed that the rational function /  is in 
C(G)  — {0}. Therefore from the Brill-Noether theorem (th. 4.8), we conclude that 
the divisor (G0) >  (£) +  G. Thus deg(Go) >  deg(£) +  degG. Also note that if the 
divisor (Go) =  ]C!=i kQi  where 6; is the intersection multiplicity of G0 at Q i , then the 
integer t <  deg(Go). Therefore the Bombieri’s estimate can be rewritten as follows:

|S( f ,  C) | <  {d\ -  Zd\ +  deg(£) +  2degG)2m /2 (5.13)

□

C o ro lla ry  5.1.1 Let C be a nonsingular absolutely irreducible plane curve of degree 
di defined over the field F 2n. Let G =  I2j=i Qj be a divisor on C and r a rational 
function in C(G) — {0}. We then have

|S(r, G) | <  ( d\ -  3d! +  2 degG )2 m /2  (5.14)

Proof. The proof becomes obvious if we recall that the adjoint divisor of a nonsingular 
curve is zero. Therefore the genus g is the product l /2 (d i—l) (d i—l)  and consequently 
2g -  2 = d \ - 3 d 1.
□

R em ark . Theorem 5.1 holds for any finite field of prime characteristic. Note that 
theorem 5.1 can be stated for the general case where the rational function r is any 
rational function in k(C). The proof of theorem 5.1 for the case where the curve is 
reducible or irreducible follows the same lines as the proof of theorem 6  in Bombieri 
[11].

5 .3 .1  M in im u m  D ista n c e  o f  th e  D u a l
The fundamental result of this section is described in theorem 5.2 where we find a 
new bound on the minimum distance of the dual of a Goppa binary subfield subcode.

We recall the definition of a.g. Goppa codes. For further reading on this topic 
we suggest Goppa [26], van Lint [67], Tsfasman [64] and the fourth Gchapter of this 
thesis.

Let C  be an absolutely irreducible plane curve defined over a finite field k  of 
characteristic two. Consider two divisors G =  5Zj=i ajQj  and D  =  P, on the 
nonsingular model of the curve C  with disjoint supports. The points {P,} and {Q j} 
are k-rational points of the nonsingular model of the curve G. By means of the map

C{G) — > kn defined as il>(f) = ( /(P i) , •••, f (P n)) we define the algebraic geometric 
Goppa code, C (D ,G ) as the image tp(C(G)).

The parity check matrix of C(D,G)  is |/i(P j)| for j  = l , . . . ,n .  The rational 
functions /,• run through a basis of the linear system C(G) i.e., i =  1 ,..., k where 
k =  dimkG(G). The Brill-Noether theorem describes the rational functions /;.

The codes C(D, G) are characterized by the parameters [n, k, d\ where n indicates 
the length of the code k the dimension and d the minimum distance.
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The binary subfield subcode o f  the a.g. Goppa code is denoted by G ) and is the
intersection C (D , G) D (F 2)n. Based on Delsarte [18] we can characterize the dual o f  
a Goppa binary subfield subcode C f ( D , G ) as the trace of the a.g. Goppa code, i.e.,

C U D , G) =  Tr(C (D ,G ))  =  { ( T r(£ (.P i))......Tr(f<(P„ ) ) ) }

where the trace m ap is Tr : F 2m — ► F 2 and the rational functions / ;  belong in the 
basis of the vector space C(G).

We proceed by using the bound described in theorem  5.1 to estim ate the minimum 
distance of C f ( D , G ) .  Recall th a t the minimum distance is the minimum num ber of 
the  nonzero elements of the code which appears in any of the codewords, i.e., the 
minimum weight.

T h e o re m  5.2 Consider the dual o f a Goppa binary subfield subcode C f ( D ,  G) gener­
ated from a singular curve C . Let D  and G be divisors in C  described as above. Then 
the m inimum distance o f  C f i D ^ G )  is at least l / 2 [ n —(d2 — 3di+deg(£)+2degG )2m/2].

Proof.
Let x  be a  codeword of C f i D ,  G)  then x  =  ( T r ( / ( P i )),..., T r ( /(P n)) ) where /  is a 
rational function in the vector space C{G) — {0}. The weight w  of the codeword x  is 
the num ber of nonzero components of x. Let z  be the num ber of zero components. 
Then z  +  w  =  n  where n  is the length of the codeword. The exponential sum 
S ( f i C )  =  £ ? =x ( - l ) Tr(/(*» is the difference z  — w. In particular S ( f , C )  =  n — 2w.  
The bound estim ated in theorem 5.12

\S( f ,  C)  | <  ( d\ -  Zdx +  deg(£) +  2 degG )2m>2

yields a  bound on the weight of the code. In particular the  weight is w > 1 /2 [n — 
{d\ — Zdi +  deg(£) +  2degG)]2m 2̂. Therefore the minimum distance is a t least 1 /2[ n — 
(d2 — 3d1 + deg(£) +  2deg(9)]2m^2.
□

C o ro lla ry  5 .2 .1  Consider the dual o f the binary a. g. Goppa code, C f { D , G )  gen­
erated from  a nonsingular curve C. The minimum distance o /C 2‘(L>,G!) where D  
and G are divisors in C  is at least 1 / 2 \n — {d\ — Zd\ +  2degG)]2m/2.

R e m a rk . The estim ation of the covering radius, the  num ber of information symbols 
can be done similarly using the machinery in Moreno [49].

Examples 3.1, 3.4, 4.1 are used for the results of the next example.

E x a m p le  5.8 Consider the plane singular curve C\ described by the homogeneous 
equation Y 2Z 3 + Y Z 4 +  X s =  0 defined over the finite field k  =  F 2« of degree d\. 
The point, P\ =  [0,1,0] is a non-ordinary singular point of multiplicity mp1(C) =  3.

Let G =  5Q0 and D  =  Yfi=i P» be the divisors in the set of divisors in the 
normalization of C  with disjoint supports .
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The algebraic geometric Goppa C( D, G)  tha t evolves from the curve C  has 
parameters [n =  32, k =  4, d  =  27] .

The binary algebraic geometric Goppa C2 (D,G)  is the intersection C( D, G)  fl 
(F 2)32.

The dual of the binary algebraic geometric Goppa C ^iD , G) is the trace Tr(C(D,  G)).

The parity check matrix of G)  is the m atrix, H  =  |(T r(/,(P j))| where
j  =  1,..., n = 32 and i — 1,..., k  = 4. The rational functions /,• are the elements 
in the basis of £(G)  — {0}. Note that /,• are the images of the homogeneous 
rational functions of P 2(k) in the local ring of the curve C a t the point P3 . 
Recall that the point P3 is the point lying above the singular point Pj.

The exponential sum C| <  80. Therefore the weight w > 24. Thus the 
minimum distance of G)  is at least 24.

R em a rk . Using the improved Bombieri bound achieved by Moreno in [47], we have 
obtained a new bound for the minimum distance of C ^iD , G) constructed of singular 
curves .
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