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A b s t r a c t

STEADY AND TRANSIENT, MULTI-DIMENSIONAL SOLUTIONS 
FOR MELTING OR FREEZING 

AROUND A BURIED TUBE IN A SEMI-INFINITE MEDIUM

by

Guo-Ping Zhang

A d v i s e r s :  P r o f e s s o r  L a t i f  M. J i j i
P r o f e s s o r  Sheldon Ueinbaum

T his  t h e s i s  exam ines  m e l t in g  o r  f r e e z i n g  a round  a bu r ied  

f l u i d - c a r r y i n g  tu b e  i n  a s e m i - i n f i n i t e  r eg io n *  Of p a r t i c u l a r  

i n t e r e s t  i s  t h e  b e h a v io r  o f  th e  phase  change i n t e r f a c e  and 

th e  t im e  v a r i a t i o n  o f  t h e  a x i a l  t e m p e r a t u r e  d i s t r i b u t i o n  in  

t h e  f l u i d .  S teady  s t a t e  and t r a n s i e n t  t h r e e - d i m e n s i o n a l  

s o l u t i o n s  a r e  p r e s e n t e d  which a c c o u n t  f o r  t h e  th e rm a l  i n t e r ­

a c t i o n  between a moving f l u i d  and a phase  change m a t e r i a l  

hav inq  a f r e e  s u r f a c e  i n  t h e  v i c i n i t y  o f  th e  t u b e .  The 

p e r i p h e r a l  v a r i a t i o n  in  t h e  tu b e  s u r f a c e  t e m p e r a t u r e  i s  neg­

l e c t e d  and a x i a l  v a r i a t i o n  i s  l e f t  u n s p e c i f i e d  and i s  d e t e r ­

mined by th e  th e rm a l  i n t e r a c t i o n  with t h e  su r r o u n d in g  two- 

phase medium. A x ia l  c o n d u c t io n  i s  n e g e l c t e a  th ro u g h o u t  t h e  

sy s te m .

D i f f e r e n t  s o l u t i o n  methods based on th e  q u a s i - s t e a d y  

a p p ro x im a t io n  a r e  u sed  depending  on whether  th e  phase  change 

f r o n t  commences a t  t h e  tu b e  wal l  o r  t h e  p la n e  f r e e  s u r f a c e .

I n  t h e  fo rm er  c a s e ,  a s o - c a l l e d  a p p a r e n t  f r e e  s u r f a c e  

method i s  deve lop ed  f o r  a c o r r e s p o n d i n g  tw o -d im e n s io n a l  

problem u s in g  a l o c a l l y  tw o -d im e n s io n a l  con fo rm al  mapping 

t e c h n i q u e .  The a p p ro x im a te  a n a l y t i c  s o l u t i o n  a g r e e s  very
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w ell  w i th  e x i s t i n g  n u m e r ic a l  r e s u l t s .  The method i s  

e x te n d ed  t o  i n c l u d e  th e  a x i a l  th e rm a l  i n t e r a c t i o n  and th e  

t h r e e - d i m e n s i o n a l  s o l u t i o n  r e v e a l s  an im p o r t a n t  f a c t  which 

has n o t  been d e s c r i b e d  in  t h e  p r e v i o u s  tw o -d im e n s io n a l  s t u d ­

i e s .  The long  t ime r e q u i r e d  f o r  t h e  i s o th e r m s  and thaw 

boundary above t h e  tu b e  t o  approach  e q u i l i b r i u m  i s  no t  con­

t r o l l e d  by t h e  c o n d u c t io n  p r o c e s s  in  t h i s  r e g io n  b u t  by th e  

much s lo w e r  v a r i a t i o n  i n  t u b e  w a l l  t e m p e r a t u r e .

A more g e n e r a l  n u m e r ic a l  method,  t h e  boundary i n t e g r a l  

t e c h n i q u e ,  i s  employed f o r  th e  second ty p e  of problem where 

th e  i n t e r f a c e  i s  g e n e r a t e d  a t  t h e  f r e e  s u r f a c e .  S ince  th e  

om iss io n  of th e  s e n s i b l e  h e a t  can s i g n i f i c a n t l y  i n f l u e n c e  

t h e  i n t e r f a c e  shape  i n  t h i s  c a s e ,  an a r t i f i c i a l  movable b o t ­

tom boundary i s  used  in  t h e  c o n to u r  i n t e g r a l  to  r e d u c e  t h e s e  

e f f e c t s .  The s o l u t i o n s  a r e  p r e s e n t e d  f o r  tw o -d im e n s io n a l  

p rob lem s;  however, t h e  e x t e n s i o n  t o  t h r e e - d im e n s i o n s  i s  

s t r a i g h t f o r w a r d  and f o l lo w s  in  the  same manner as  when phase  

change s t a r t s  a t  t h e  tube  w a l l .

The f i n a l  e q u i l i b r i u m  f o r  bo th  c a s e s  i s  i d e n t i c a l .  A new 

c lo s e d - f o r m  a p p ro x im a te  a n a l y t i c  s o l u t i o n  i s  o b t a i n e d  to  

d e s c r i b e  t h e  t h r e e - d i m e n s i o n a l  a s y m p to t i c  s t a t e .
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INTRODUCTION



Many im p o r t a n t  problems i n  c o n d u c t io n  h e a t  t r a n s f e r  

i n v o l v e  phase c h a n q e .  These problems a r e  c h a r a c t e r i z e d  by a 

movinq phase  boundary  t h a t  d i v i d e s  t h e  r e l e v a n t  f i e l d  i n t o  

two r e q i o n s .  The unknown motion of  th e  b oundary ,  which i s  to  

be d e te rm in e d  a s  p a r t  o f  t h e  s o l u t i o n ,  g iv e s  r i s e  t o  an 

i n h e r e n t  n o n l i n e a r i t y  i n  t h e  m a th em a t ica l  t r e a t m e n t .

Phase chanqe i s  e n c o u n te r e d  i n  p r a c t i c a l  p roblems when 

t h e  t e m p e r a tu r e  o f  a system in v o lv i n g  w a te r  o r  o t h e r  l i q u i d s  

a t t a i n s  o r  v a r i e s  a c r o s s  t h e  f r e e z i n g  v a l u e .  However, s i n c e  

t h e  well-known Neumann s o l u t i o n  f o r  s o l i d i f i c a t i o n  i n  a 

s e m i - i n f i n i t e  medium was o b t a i n e d  ove r  a c e n t u r y  ago in  

te rms o f  a s i m i l a r i t y  t r a n s f o r m a t i o n ,  t h e r e  a r e  few o t h e r  

e x a c t  s o l u t i o n s  in  t h e  s e n s e  o f  Neumann's .  S e l f - s i m i l a r i t y  

i s  known t o  be v a l i d  under  s e v e r e  r e s t r i c t i o n s  which p r e ­

c lu d e  a l l  sys tem s  i n v o l v i n g  a c h a r a c t e r i s t i c  l e n g t h ,  such as  

would o ccu r  i f  t h e r e  were a f i n i t e  domain o r  i f  b o th  phases  

c o e x i s t e d  i n i t i a l l y ,  a s  w e l l  a s  most p r a c t i c a l  p rob lem s .

Due to  t h e  m a th e m a t i c a l  d i f f i c u l t i e s  i n t r o d u c e d  by th e  

n o n l i n e a r i t y ,  most  o f  t h e  s t a n d a r d  m a th e m a t ic a l  t e c h n iq u e s  

a r e  n o t  a p p l i c a b l e  t o  m e l t in g  o r  f r e e z i n g  p ro b lem s .  S i g n i f ­

i c a n t  e f f o r t s  have been e x te n d e d  toward t h e  development  of 

n u m e r ic a l  t e c h n i q u e s  and a p p ro x im a te  a n a l y t i c a l  methods,  

e s p e c i a l l y  i n  t h e  p a s t  two d e c a d e s .

In  r e c e n t  y e a r s ,  m e l t in g  o r  f r e e z i n g  o u t s i d e  f l u i d  c a r -  

r y i n q  t u b e s  has  r e c e i v e d  e x t e n s i v e  a t t e n t i o n  b ecau se  of t h e  

i m p o r t a n t  e n g i n e e r i n g  a p p l i c a t i o n s  i n  s o l a r  energy  s t o r a g e  

s y s te m s ,  p i p e l i n e  t r a n s p o r t a t i o n  in  p e rm a f ro s t  r e g i o n s  and
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c r y o s u r g e r y .  The t y p e  of  b u r i e d  tube  prob lem s t h a t  a r e  th e  

s u b j e c t  of th e  p r e s e n t  t h e s i s  f e a t u r e  t h r e e  a s p e c t s :  (i )  a

moving phase  f r o n t  i n  t h e  phase  change medium (PCM) o u t s i d e  

t h e  t u b e ;  ( i i )  t h e  p r e s e n c e  o f  a p l a n e  f r e e  s u r f a c e ;  and 

( i i i )  t h e  a x i a l  th e r m a l  i n t e r a c t i o n  between th e  f l u i d  c a r ­

r i e d  in  t h e  tu b e  and t h e  su r r o u n d in g  PCM. These f a c t o r s  

r e s u l t  i n  a m a t h e m a t i c a l ly  c o m p l ica te d  t h r e e - d i m e n s i o n a l ,  

two-domain problem w ith  a moving i n t e r f a c e .  In  an a t t e m p t  t o  

r ed u c e  t h i s  c o m p l e x i t y ,  i n v e s t i g a t o r s  have i n t r o d u c e d  a 

v a r i e t y  o f  tw o -d im e n s io n a l  p roblems which have been t r e a t e d  

u s in q  d i f f e r e n t  a p p r o x i m a t i o n s .  A commonly used s i m p l i f i c a ­

t i o n  invoked i n  th e  p r e v i o u s  s t u d i e s  i s  t h e  u n c o u p l in g  of  

t h e  f l u i d  domain from t h e  PCM by s p e c i f y i n g  a p p r o p r i a t e  

boundary c o n d i t i o n s  on th e  tub e  s u r f a c e .  The th e rm a l  i n t e r ­

a c t i o n  w i th  a x i a l  v a r i a t i o n  between t h e  f l u i d  i n s i d e  t h e  

t u b e  and t h e  e x t e r n a l  PCM has been i n v e s t i g a t e d  o n ly  very  

r e c e n t l y .  These newly a d d re s s e d  s t u d i e s  have been l i m i t e d  to  

a t u b e  su r ro u n d e d  by an i n f i n i t e  PCM which i s  i n i t i a l l y  a t  

t h e  phase  change t e m p e r a t u r e .  A l l  t h e  r e l a t e d  r e s e a r c h  to  

d a t e  has  been d ev o ted  t o  tw o -d im e n s io n a l  m a th e m a t ic a l  t r e a t ­

m en ts .

The system c o n s i d e r e d  i n  t h e  p r e s e n t  s t u d i e s  i s  a sem i­

i n f i n i t e  PCM w i th  a f l u i d  c a r r y i n g  tub e  embedded i n  t h e  

v i c i n i t y  o f  a f r e e  s u r f a c e  (F ig u re s  1 ,2)  . I n  a d d i t i o n  to  t h e  

p re s e n c e  o f  t h e  f r e e  s u r f a c e ,  t h e  PCM i s  i n i t i a l l y  n o t  a t  

th e  f r e e z i n g  t e m p e r a t u r e .  A m e l t in g  (or f r e e z i n g )  f r o n t  i n  

th e  PCM can be i n i t i a t e d  by a sudden change i n  t e m p e r a t u r e
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of  e i t h e r  t h e  i n l e t  f l u i d  o r  t h e  f r e e  s u r f a c e .  The i n i t i a l  

i n t e r f a c e  shape  c o r r e s p o n d i n g  t o  t h e  form er  c a s e  i s  a c i r c u ­

l a r  c y l i n d e r  whereas  t h a t  o f  th e  l a t t e r  i s  a p l a n a r  s u r f a c e .  

The i n t e r f a c e  p r o f i l e s  in  t h e  p l a n e  normal  t o  th e  tu b e  a x i s  

a r e  s k e tc h e d  f o r  e ac h  c a se  i n  F i g u r e s  2 ( a , b ) .  D i f f e r e n t  

s o l u t i o n  t e c h n iq u e s  a r e  a p p l i e d  f o r  each  problem b e ca u se  of 

t h e  d i f f e r e n t  b e h a v i o r s  o f  t h e  phase  f r o n t  a r i s i n g  from th e  

c o r r e s p o n d in g  i n i t i a l  c o n d i t i o n s .  In  a d d i t i o n ,  an a p p r o x i ­

mate a n a l y t i c  s o l u t i o n  f o r  th e  a sy m p to t i c  e q u i l i b r i u m  s t a t e ,  

which i s  i d e n t i c a l  f o r  both c a s e s ,  i s  i n c l u d e d  in  t h e  p r e s ­

e n t  r e s e a r c h .

S ince  t h e  same b a s i c  geometry i s  c o n s id e r e d  i n  t h e s e  

problems which a r e  t r e a t e d  i n  s e p a r a t e  c h a p t e r s ,  t h e  g e n e r a l  

d e s c r i p t i o n  o f  th e  s u b j e c t ,  i n c l u d i n g  t h e  fundam enta l  

a s su m p t io n s  and c o o r d i n a t e  sy s te m ,  i s  s t a t e d  in  th e  f i r s t  

s u b s e c t i o n  of  C h ap te r  I .  A d d i t i o n a l  i n f o r m a t i o n  s p e c i f i c  t o  

th e  i n d i v i d u a l  p rob lem s w i l l  be g iv en  i n  each  c h a p t e r .  The 

second p a r t  o f  C h a p te r  I  d e m o n s t r a t e s  t h e  s o l u t i o n  f o r  th e  

t h r e e - d i m e n s i o n a l  s t e a d y  s t a t e  p rob lem . C h a p te r s  I I  and I I I  

d e a l  w i th  t h e  tw o - d im e n s io n a l  and t h r e e - d i m e n s i o n a l  p r o b ­

lem s,  r e s p e c t i v e l y ,  when t h e  phase change s t a r t s  a t  t h e  tube  

w a l l .  In  c o n t r a s t  t o  a l l  p r e v i o u s  a n a l y t i c a l  s t u d i e s ,  a new 

ap p ro x im a te  a n a l y t i c a l  s o l u t i o n  method t h a t  i s  c a p a b le  of  

d e te r m in in g  a movinq n o n - c i r c u l a r  phase  f r o n t  i s  developed  

in  C hap te r  I I  and l a t e r  ex ten d ed  to  t h r e e  d im ens ions  i n  

C hap te r  I I I .  I n  C hap te r  IV, t h e  problem with a p l a n a r  

i n t e r f a c e  g e n e r a t e d  a t  t h e  f r e e  s u r f a c e ,  f o r  which no r e l e ­
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van t  work has been found ,  i s  t r e a t e d  by a boundary i n t e g r a l  

method. This  n u m e r ic a l  t e c h n iq u e  has no t  p r e v i o u s l y  been 

a p p l i e d  in  h e a t  t r a n s f e r  problems with a moving phase  change 

b oundary .  Although t h e  p r e s e n t  s o l u t i o n  i s  f o r  t h e  t w o - d i ­

m ens iona l  c a s e ,  th e  t e c h n iq u e  i s  a l s o  a p p l i c a b l e  t o  t h r e e -  

d im e n s io n a l  p ro b le m s .  I n  each  c h a p t e r ,  the  r e l e v a n t  

r e s e a r c h  w i l l  be b r i e f l y  r e v ie w e d .
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1 .1  GENERAL DESCRIPTION

The system under  c o n s i d e r a t i o n  i s  shown in  F ig u r e  1.  The 

f r e e  s u r f a c e  of  t h e  s e m i - i n f i n i t e  PCM, y = o ,  i s  m a in ta ined  

a t  a un iform  t e m p e r a t u r e  T0 which i s  below the  f r e e z i n g  

p o i n t  of t h e  PCM. A t h i n  w a l led  tube  o f  r a d i u s  a i s  b u r ­

ied  i n  t h e  PCM a t  a d i s t a n c e  h0 below t h e  p l a n a r  s u r f a c e

7 = 0 .  F l u i d  e n t e r s  t h e  tu b e  a t  z  = o with  an a ve rag e

v e l o c i t y  u and a un i fo rm  t e m p e r a t u r e  Tao where Tft0 > . The

phase  change may commence a t  e i t h e r  th e  tu b e  w a l l  or  th e  

f r e e  s u r f a c e  depend ing  on w he ther  the  i n i t i a l  t e m p e r a t u r e  of 

t h e  PCM i s  a t  T0 o r  Tao . Because o f  t h e  i n t e r a c t i o n  between 

th e  f l u i d  and PCM t e m p e r a t u r e  f i e l d s ,  a s o l i d - l i q u i d  i n t e r ­

f a c e  moves i n  t h e  PCM in  a t h r e e - d i m e n s i o n a l  manner w h i le  

t h e  t e m p e r a t u r e  o f  f l u i d ,  Ta , v a r i e s  w i th  t im e  and i t s  a x i a l  

p o s i t i o n  a lo n q  t h e  t u b e .  Of p a r t i c u l a r  i n t e r e s t  i s  th e  shape  

of t h e  i n t e r f a c e  and v a r i a t i o n  of  th e  f l u i d  t e m p e r a t u r e  in  

t h e  a x i a l  d i r e c t i o n  i n  both s t e a d y  and u n s te ad y  s i t u a t i o n s .

Althouqh t h e  problem i s  d e s c r ib e d  i n  te rm s  o f  a l i q u i d

phase  o u t s i d e  t h e  tu b e  and a s o l i d  phase  a d j a c e n t  to  t h e  

f r e e  s u r f a c e ,  i . e .  T0 < Tj < Ta o , t h e  m a th em a t ica l  fo rm u la ­

t i o n  and s o l u t i o n  a r e  b a s i c a l l y  t h e  same f o r  t h e  c o r r e s p o n d ­

in g  c a s e  of T0 > T  ̂ > Tao where t h e  s o l i d  phase  i s  o u t s i d e  

t h e  t u b e .

The m a th em a t ica l  models proposed i n  the  r e s e a r c h  a r e  

based on two major  a s s u m p t io n s :

(A) S ince  t h e  d e p th  (h0+a) i s  sm a l l  compared to  t h e  tube

l e n g t h ,  and t h e  P e c l e t  number Pe = PrRe = P^C^ua/Ka of
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t h e  f l u i d  f lo w in g  in  th e  tube  i s  l a r g e  i n  most p r a c t i c a l  

p rob lem s,  t h e  a x i a l  p r o p e r t i e s  of th e  phase  change a r e  

s low ly  v a ry in g  and r e s u l t  from g ra d u a l  bulk  t e m p e r a t u r e  

changes  in  th e  f l u i d  a s  i t  f lows downstream and l o s e s  

h e a t  to  t h e  PCM. T h e r e f o r e ,  th e  h e a t  c o n d u c t io n  i n  th e  

a x i a l  d i r e c t i o n  z i s  n e g l e c t e d  th ro u g h o u t  th e  sy s te m .

(B) The s e n s i b l e  h e a t  C A T ,  where C i s  th e  s p e c i f i c  h e a t  and 

A T i s  th e  imposed t e m p e r a tu re  d i f f e r e n c e ,  i s  sm a l l  i n  

comparison  with th e  l a t e n t  h e a t  L, i . e .  t h e  S t e f a n  num­

ber  St  = CAT/L << 1; and th e  t e m p e r a tu re  v a r i a t i o n  with 

t im e  a t  t h e  tu b e  wall  i s  s lo w ly  v a ry in g  compared t o  th e  

t r a n s i t  t ime f o r  t h e  f l u i d  in  th e  t u b e .  Under t h e s e  con­

d i t i o n s ,  th e  q u a s i - s t e a d y  a p p ro x im a t io n  i s  j u s t i f i e d  and

th e  v a r i a t i o n  o f  t h e  whole system i s  c h a r a c t e r i z e d  by a
~  2  _

r e l a t i v e l y  l a r g e  t im e  s c a l e  (h0* a ) / (X S t  d e s c r i b i n g  th e  

q u a s i - s t e a d y  motion of  th e  i n t e r f a c e ,  where o< i s  th e  

th e rm a l  d i f f u s i v i t y .

The a d d i t i o n a l  a s su m p t io n s  a r e  l i s t e d  as  f o l l o w s :

(a) Mo change in  d e n s i t y  t a k e s  p l a c e  d u r in g  phase  t r a n s f o r ­

mation .

(b) Thermal p r o p e r t i e s  of  t h e  PCM in  s o l i d  and l i q u i d  phases  

and t h e  f l u i d  i n  t h e  t u b e  a re  c o n s t a n t  bu t  d i f f e r e n t  in  

each ph ase .

(c) Change o f  phase  o c c u r s  a t  a d i s t i n c t  t e m p e r a t u r e ,  T^.

(d) F l u i d  flow r a t e  i n  t h e  tube  i s  c o n s t a n t  and i t s  bulk 

v e l o c i t y  i s  g iven  by th e  a ve rag e  v a l u e ,  u .  Im p l ied  in  

t h i s  a p p ro x im a t io n  i s  t h e  assum pt ion  t h a t  s o l i d i f i c a t i o n
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of  t h e  f l u i d  does n o t  o c c u r .

(e) F l u i d  t e m p e r a t u r e  i s  un i fo rm  a c r o s s  t h e  tu be  and r e p r e ­

s e n t s  an a v e ra g e  v a l u e .  T h is  bulk t e m p e r a tu r e  v a r i e s  

with  a x i a l  p o s i t i o n  a lo n g  t h e  tube  and w ith  t i m e .  This  

i s  a r e a s o n a b l e  a p p ro x im a t io n  f o r  t u r b u l e n t  f lo w .

(f) The th e rm a l  r e s i s t a n c e  o f  th e  c o n v e c t io n  boundary l a y e r  

and t h e  tu b e  w a l l  a r e  n e g l i g i b l e  ( l a r g e  B io t  number) and 

t h u s  t h e  s u r f a c e  t e m p e r a t u r e  i s  assumed t o  be t h e  same 

a s  t h e  f l u i d  b u lk  t e m p e r a t u r e .  The e x t e n s i o n  of th e  

t h e o r y  to  i n c l u d e  an i n s u l a t i n g  l a y e r  o r  f i n i t e  th e rm a l  

r e s i s t a n c e  in  t h e  f l u i d  i s  s t r a i g h t f o r w a r d  and i s  

d e s c r i b e d  in  th e  work o f  p re v io u s  i n v e s t i g a t o r s  C 1 - 3 J.

(g) F ree  c o n v e c t io n  due t o  buoyancy f o r c e s  in  th e  s u r r o u n a -  

in q  PCM can be n e g l e c t e d .  T h is  i s  a good a p p ro x im a t io n  

when t h e  PCM i s  a component o f  a m a t r ix  such a s  t i s s u e  

o r  qround m a t e r i a l .

(h) V iscous d i s s i p a t i o n  i s  n e g l i g i b l e .  T h is  i s  t r u e  f o r  low 

E c k e r t  number f l o w s .

1 .2  STEADY STATE THREE-DIMENSIONAL SOLUTION

Even in  t h e  s t e a d y  s t a t e  c a s e ,  t h e r e  i s  no e x i s t i n g  

t h r e e - d i m e n s i o n a l  s o l u t i o n  in v o lv in g  f r e e z i n g  a round an 

embedded tu b e  w i th  a x i a l  i n t e r a c t i o n .  A l l  f o r e g o in g  time 

d ependen t  s o l u t i o n s  with  a x i a l  th e rm a l  i n t e r a c t i o n  have no 

s t e a d y  s t a t e  s i n c e  t h e  s u r ro u n d in g  PCM i s  i n f i n i t e  and i n i ­

t i a l l y  a t  phase change t e m p e r a t u r e .  The p r e s e n t  a n a l y s i s
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( r e f e r  t o  F iq u r e  1) w i l l  a cco u n t  f o r  th e  e f f e c t s  of t h e  

p l a n a r  f r e e  s u r f a c e *  th e rm a l  i n t e r a c t i o n  between t h e  PCM and 

th e  f l u i d ,  and a x i a l  v a r i a t i o n  th ro u g h o u t  th e  sy s te m .  The 

a v a i l a b l e  s t e a d y  s t a t e  s o l u t i o n  to  t h e  c o r r e s p o n d in g  t w o - d i ­

m ens iona l  b u r i e d  tu b e  problem i s  used in  a s u r p r i s i n g l y  s im ­

p le  scheme to  o b t a i n  a c lo s e d - f o r m  a n a l y t i c  s o l u t i o n .  The 

s o l u t i o n  n e g l e c t s  a x i a l  c o n d u c t io n  and p e r i p h e r a l  v a r i a t i o n  

i n  t h e  s u r f a c e  t e m p e r a t u r e  o f  t h e  t u b e .

1 . 2 . 1  FORMULATION

Three zones  a r e  i d e n t i f i e d  i n  th e  system under c o n s i d e r ­

a t i o n  i n  F ig u re  1 .  In  zones 1 and 2, th e  PCM i s  i n  th e  s o l i d  

and l i q u i d  p h a s e s ,  r e s p e c t i v e l y .  I n  zone 3 ,  th e  f l u i d  in  th e  

tu be  i n t e r a c t s  t h e r m a l l y  w i th  t h e  PCM in  zone 2.

Two c o o r d i n a t e  sys tem s a r e  used t o  d e s c r i b e  t h e  problem 

m a t h e m a t i c a l l y .  A C a r t e s i a n  system ( x ,y , z )  w i th  t h e  o r i g i n  

on t h e  s u r f a c e  o f  t h e  PCM and a c y l i n d r i c a l  sys tem (rt , $ , z )  

wi th  i t s  o r i q i n  a t  t h e  c e n t e r  of th e  t u b e ,  x = z = o and 

y = -h0 . Another  s e t  of c y l i n d r i c a l  c o o r d i n a t e s  ( r , $ , z )  i s  

usea  to  d e f i n e  t h e  s o l i d - l i q u i d  s u r f a c e .  S ince  th e  i n t e r f a c e  

a t  any a x i a l  d i s t a n c e  z i s  c i r c u l a r  w i th  r a d i u s  F. ( z ) , t h e  

o r i g i n  o f  t h i s  sys tem  i s  a t  x = z = o and y = - h ; ( z ) , which 

i s  t h e  c e n t e r  of t h e  c i r c l e  r . ( z )  in  t h e  xy p l a n e .

To f o r m u la te  t h e  problem in  d im e n s i o n l e s s  fo rm , t h e  f o l ­

lowing q u a n t i t i e s  a r e  d e f i n e d :

0,  =  ( T , - T f ) / ( T , , - T f ) , 92 =  ( 7 ^ - Tf ) / ( T „  -  Tf )
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6a =  Kjt<TA - T } ) / K , < T f  -~r0 ) t X  =  X /< \

y = //a , z  = z /a  , r = r/a  t rt = a?/a
A. - £/a , r - 7\/a , h0 = ha/a , P - n /a

where K i s  th e  c o n d u c t i v i t y  of t h e  PCM and th e  s u b s c r i p t s

1 ,2  d e n o te  zones 1 and 2, r e s p e c t i v e l y .  The d e f i n i t i o n  o f  02 

i n  te rm s  of  t h e  v a r i a b l e  f l u i d  t e m p e r a tu re  i s  chosen to  sim­

p l i f y  t h e  i n t e r f a c e  boundary  c o n d i t i o n .  Note t h a t  t h e  normal 

v e c t o r  n d e f in e d  on t h e  i n t e r f a c e  has a l s o  been made dimen-  

s i o n l e s s .

Based on t h e  a fo re m en t io n e d  a s s u m p t io n s ,  e x c e p t  assump­

t i o n  (B) which a p p l i e s  o n ly  i n  t r a n s i e n t  c a s e s ,  t h e  dimen- 

s i o n l e s s  h e a t  c o n d u c t io n  e q u a t i o n s  in  t h e  two zones  of t h e  

PCM a r e  g iven  by

3 *0, 9*<9,
=  0 ( i . i )

and

36, 36, _
7 F  * 5 / ^  ~  0  . (1 - 2>

C o n s e r v a t io n  o f  e n e rq y  in  zone 3 g i v e s :

xrc
n P e  of$a f  9 $2 (h<f>.z) JJL
— — ------------ I - — — ------ -- d<t> (1 .3)

Qix d z  J o g r t

where Pe* i s  a m o d i f ie d  P e c l e t  number d e f in e d  as

n  * P& ^  A K(X Kgf _P* =     =  -T—  Pe (1 . 3-a)

and Pe i s  t h e  f l u i d  P e c l e t  number. 6a a p p e a r s  in  t h e  denomi­

n a t o r  on t h e  l e f t  hand s i d e  of e q u a t io n  (1.3) owing to  th e
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d e f i n i t i o n  o f  02 . The boundary c o n d i t i o n s  a r e :

B,(X,  0 , Z )  *  6, <*, - »  2 )  -  6, Coo, / ,  z )  =  /  # ( 1 . 4 )

9 $,  C o . y z )
— a *    . i 1 - 5*

ft  ! rs . <p, z) =• f t  e / \ , 4>. Z) -  o . (1 .6)

f t  ( i. </>. z )  =  / , (1.7)

a e ^ o . y . z )
~ ^ T x   -  0 - ( I - 8)

f t ( 0 ) =  K2 <-rM - T f ) / K , C T f - T ' )  =  f t ,  ( 1 . 9 )

C o n se rv a t io n  o f  e n e rg y  a t  t h e  i n t e r f a c e  g i v e s :

$A(z)  9/? 9 n *  0 . ( I - 10)
' A  '

wnere n i s  t h e  normal d imension  l e s s  c o o r d i n a t e  a t  t h e  i n t e r ­

f a c e .

1 . 2 . 2  SOLUTION

The govern inq  e q u a t i o n s  f o r  6, and 02 ,  e q u a t i o n s  ( 1 .1 .2 )  

and t h e  a s s o c i a t e d  e i g h t  boundary c o n d i t i o n s  (1 .4 -8 )  a r e  

r e c o g n iz e d  to  r e p r e s e n t  a tw o -d im e n s io n a l  problem and can be 

s o lv e d  i n  terras o f  t h e  unknown f u n c t i o n  r ; ( z ) ■ The t h r e e - d i ­

m ens iona l  c h a r a c t e r  o f  th e  problem i s  a t t r i b u t e d  to  6ft (z) 

which c a u s e s  r ; t o  va ry  w i th  a x i a l  d i s t a n c e  z .  Once a s o l u ­

t i o n  f o r  0, and 02 i s  o b t a i n e d  in  terms o f  r . ( z ) , t h e  energy
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e q u a t i o n  (1.3)  and t h e  i n t e r f a c e  e q u a t i o n  ( I . 10) can be used 

to  s o l v e  f o r  6 A(z) and r ; (z) . S o l u t i o n s  t o  th e  s t e a d y  s t a t e  

tw o -d im e n s io n a l  problem have been o b t a i n e d  u s in g  a s o u r c e -  

s i n k  method C43 o r  c o n fo rm a l  mapping t e c h n iq u e  [ 4 , 5  1. The 

l a t t e r  w i l l  now be used t o  c o n s t r u c t  t h e  s o l u t i o n  to  th e  

t h r e e - d i m e n s i o n a l  p ro b lem .  The s e m i - i n f i n i t e  r e g i o n  s u r ­

round ing  t h e  tu b e  i n  t h e  p h y s i c a l  Z -p lane  i s  t r a n s fo r m e d  to  

an a n n u la r  r e g io n  in  t h e  complex W-plane (F igure  3) u s in g  

t h e  b i c i r c u l a r  t r a n s f o r m a t i o n :

where R and a r e  t h e  c y l i n d r i c a l  c o o r d i n a t e s  i n  t h e  com-

s u r f a c e  and t h e  i n t e r f a c e ,  r e s p e c t i v e l y ,  map i n t o  c o n c e n t r i c  

c i r c l e s  in  th e  complex W-plane.  The p l a n a r  s u r f a c e  y = 0

forms a n o th e r  c o n c e n t r i c  c i r c l e .  The r a d i u s  o f  t h e  i n t e r ­

f a c e  c i r c l e  r .  and t h e  l o c a t i o n  of  i t s  c e n t e r  y = - h ; in  th e  

p h y s i c a l  p lan e  a r e  r e l a t e d  t o  t h e  c o r r e s p o n d in g  r a d i u s ,  R . , 

i n  t h e  complex p l a n e  th ro ug h  th e  t r a n s f o r m a t i o n  ( 1 . 1 1 ) ,

RqZ * ( # ah0 -  /  )  i 

< R* - K >  * Z i ( I - 11)

where
/ ̂Z =  x + ; y  =  r e  -  ,h.

x  • ,
( I . l l - a )

w  =  u  + i v  -  R e ( I . l l - b )

and

( I . l l - c )

p lex  p l a n e .  The e c c e n t r i c  c i r c l e s  r e p r e s e n t i n g  t h e  tube

f. = ( R * -  t )  R ; /  ( R * -  R * )
(1 . 12)
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and

h. = h 0 + l R * - t ) R  o / C R o - R ? )  . (1.13)

T ra n s fo rm a t io n  o f  e q u a t i o n s  (1*3) and ( I . 10) y i e l d s :
# r  2TT

i t  Pe af6.<*) I dOa ( i . o t . z )
 ------------- —  =  / ---- ----------------  doc (1.14)
Qt<z) d z  J o  d R

ana

j_  9  6, (R;. Q(.z) i 9 f R; . z )   (1.15)
Q ^ z )  $ R  d R

Note t h a t  a s c a l e  f a c t o r  does n o t  appear  i n  th e  i n t e g r a n d  of 

e q u a t io n  (1.14) s i n c e  f o r  a conform al  t r a n s f o r m a t i o n ,  R and 

<y c o o r d i n a t e s  have been s t r e t c h e d  by th e  same m agn i tude .

The tw o -d im e n s io n a l  s o l u t i o n s  to  e q u a t i o n s  ( 1 .1 ,2 )  and 

boundary c o n d i t i o n s  (1 .4 -8 )  i n  th e  t r a n s fo rm e d  W-plane a r e :

*  t *B, =  — (1.16)
Rq/ R ;

and

_  f t / * }  (1.17)
i n  ' / * ;■ •

S u b s t i t u t i n g  e q u a t i o n s  (1 .1 6 ,1 7 )  i n t o  i n t e r f a c e  c o n d i t i o n

(1.15) y i e l d s  a s o l u t i o n  f o r  R; i n  te rm s of  0a ,

e ^ / a *  e A)
R: =  R0 (1.18)

S u b s t i t u i n g  e q u a t i o n s  (1 .1 7 ,1 8 )  i n t o  ( 1 . 1 4 ) ,  one o b t a i n s :

_  2  d Z  (1.19)
I * Bo. Zn Ro Pe*

I n t e g r a t i n g  e q u a t io n  (1.19) and s a t i s f y i n g  th e  e n t r a n c e  con­

d i t i o n  ( 1 . 9 ) ,  one f i n d s :

- 17 -



'  + 2 z
7 7 ^ 7  -  e *p < - ~ u i £  . I1 - 20’

E q u a t io n  (1.20) g i v e s  th e  tube  t e m p e r a tu r e  as  a f u n c t i o n  o f  

z i n  te rm s  o f  t h e  p a ra m e te r s  0ao and Re . With ©a (z) d e t e r ­

mined,  t h e  r a d i u s  o f  t h e  s o l i d - l i q u i d  i n t e r f a c e  s u r f a c e  

r . ( z )  i s  o b t a i n e d  from e q u a t i o n s  ( 1 . 1 2 ) ,  (1 .18)  and ( 1 .2 0 ) ,

-  7 7 ^ ^ - j n n p ;
K0 - I

The dep th  of  t h e  i n t e r f a c e  below t h e  p l a n a r  s u r f a c e ,  

( h ; — r ; ) , i s  c o n s t r u c t e d  from e q u a t i o n s  (1.13) and ( 1 . 2 1 ) ,

A; -  '< -  A. -  — ------;---------------- 5----* ------------- - 22>

i * Re

The s o l u t i o n  i s  v a l i d  up to  a maximum a x i a l  d i s t a n c e  z maK 

where t h e  i n t e r f a c e  i n t e r s e c t s  th e  t u b e .  Noting  t h a t  6a = 0 

a t  z = z mM, e q u a t i o n  (1.20) g i v e s :

*m*K I
Pe

= r  - L  C0Sf,~ h , > j L C t + 0ao)—  cosh h0 £ * C f+ a ao) (1 . 23)

Thus th e  r e g io n  o f  v a l i d i t y ,  0 < z < zmagt i s  de te rm in e d  by 

th e  p a ra m e te r s  0flo and h0 .

1 . 2 . 3  RESULTS

Examinat ion  o f  t h e  c lo s e d - f o r m  a n a l y t i c  s o l u t i o n  shows
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t h a t  t h e  problem i s  c h a r a c t e r i z e d  by t h r e e  d im e n s io n le s s  

p a ra m e te r s :  h0 , 0tto and Pe*.  Param ete r  hc d e s c r i b e s  th e

dep th  of t h e  b u r i e d  tu b e  and 0ao r e f l e c t s  th e  e f f e c t s  of 

i n l e t ,  s u r f a c e  and f r e e z i n g  t e m p e r a t u r e s .  Flow c o n d i t i o n s  

and f l u i d  p r o p e r t i e s  a r e  d e s c r i b e d  by th e  m o d if ied  P e c l e t  

number, Pe*.  The e f f e c t  o f  t h e s e  p a ra m e te r s  on t h e  s o l u t i o n  

i s  p r e s e n t e d  i n  F i g u r e s  4 - 6 .  F l u i d  t e m p e r a t u r e  v a r i a t i o n  in  

th e  a x i a l  d i r e c t i o n ,  0 a ( z ) , i s  p l o t t e d  i n  F ig u r e  4 f o r  v a r i ­

ous v a lu e s  of h0 . As might be e x p ec te d  th e  t e m p e r a tu r e  g r a ­

d i e n t  i n c r e a s e s  a s  t h e  b u r i a l  d i s t a n c e  h0 i s  d e c r e a s e d .  

F ig u re  5 shows th e  r a d i u s  o f  t h e  c y l i n d r i c a l  s u r f a c e  r ; (z) 

r e p r e s e n t i n g  t h e  s o l i d - l i q u i d  i n t e r f a c e .  This  i n t e r f a c e  

r a d i u s  i s  seen  t o  d i m in i s h  a x i a l l y .  F u r th e rm o re ,  a d e c r e a s e  

in  h0 o r  0 ^  c a u s e s  r j  to  d e c r e a s e  a t  a g iven  a x i a l  d i s t a n c e  

z .  The e f f e c t s  of  h0 and 0a#( on t h e  d i s t a n c e  between th e  

p l a n a r  f r e e  s u r f a c e  and t h e  uppe r-m os t  p o s i t i o n  o f  th e  

i n t e r f a c e ,  (h; - r - ) ,  i s  p r e s e n t e d  i n  F ig u r e  6 .

The c r i t e r i o n  f o r  t h e  r e g i o n a l  v a l i d i t y  o f  t h e  s o l u t i o n  

i s  p r e s e n t e d  g r a p h i c a l l y  i n  F ig u re  7 .  The r e g io n  of v a l i d ­

i t y  i s  a l s o  seen  in  F i g u r e  6 .

REMARKS

The s o l u t i o n  d e s c r i b e s  th e  f i n a l  e q u i l i b r i u m  s t a t e  of 

th e  i n t e r f a c e  and a x i a l  t e m p e r a t u r e  d i s t r i b u t i o n  whether  the  

phase change s t a r t s  a t  t h e  tu b e  w a l l  or  t h e  p l a n a r  s u r f a c e .  

The r e l a t i v e l y  s im p le  a l g e b r a i c  r e l a t i o n s h i p  between R; and
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Qa g iven  by e q u a t i o n  (1.18) does n o t  c a r r y  o v e r  t o  th e  

t r a n s i e n t  s i t u a t i o n  even i f  one assumes t h a t  i s o th e r m s  a r e  

e c c e n t r i c  c i r c l e s  a s  in  t h e  s te a d y  s t a t e  s o l u t i o n .  In  f a c t ,  

i t  w i l l  be shown t h a t  th e  c i r c u l a r  i n t e r f a c e  p r o f i l e  c an n o t  

be m a in ta in e d  as  t h e  phase  f r o n t  moves i n t o  th e  PCM from th e  

tu be  s u r f a c e .  The a c t u a l  s i t u a t i o n  can be more e a s i l y  c l a r ­

i f i e d  by examining  t h e  c o r re s p o n d in g  tw o -d im e n s io n a l  problem 

with  a s p e c i f i e d  tu b e  s u r f a c e  t e m p e r a tu r e  t o  uncoup le  th e  

f l u i d  domain i n s i d e  t h e  t u b e .
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CHAPTER II

TRANSIENT TWO-DIMENSIONAL SOLUTION 

FOR

PHASE CHANGE COMMENCING AT THE TUBE WALL
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Of i n t e r e s t  h e r e i n  i s  t h e  problem i n  th e  p la n e  p e rp e n ­

d i c u l a r  to  th e  t u b e  a x i s  a s  shown i n  F i g u r e  2(a)  and th e

p h y s i c a l  Z -p lane  of F ig u r e  3 .  The t e m p e r a tu r e  of t h e  t u b e  

w a l l  i s  sudden ly  r a i s e d  t o  a c o n s t a n t  v a l u e ,  Tft , above T^. A

tw o -d im e n s io n a l  m e l t in g  f r o n t  s t a r t s  a t  t h e  t u b e  s u r f a c e .

A l l  n o t a t i o n  used i n  th e  p r e v i o u s  s t e a d y  s t a t e  problem w i l l  

be r e t a i n e d  u n l e s s  o t h e r w i s e  s t a t e d .  E q u a t io n s  ( 1 . 1 , 2 )  and 

boundary  c o n d i t i o n s  ( I .U -8 )  can s t i l l  be used bu t  t h e  system 

now i s  tw o -d im e n s io n a l  and t im e - d e p e n d e n t .  The new f e a t u r e s  

a re  r e f l e c t e d  in  t h e  motion of  th e  i n t e r f a c e .

There  i s  c u r r e n t l y  no q u a s i - s t e a d y  t h e o r e t i c a l  approach  

which can be used t o  d e te rm in e  t h e  d e t a i l e d  shape o f  a mov­

ing  n o n - c i r c u l a r  i n t e r f a c e  w i th o u t  going t o  e x t e n s i v e  numer­

i c a l  com p u ta t io n s  even  fo r  t h i s  tw o -d im e n s io n a l  c a s e .  A l l  

t h e  p r e v io u s  a n a l y t i c  s t u d i e s  a r e  based on a s i m p l i f i e d  qua­

s i - s t e a d y  a p p ro x im a t io n  i n  which t h e  i s o t h e r m s  and i n t e r f a c e  

a r e  a lways c i r c u l a r .

I I . 1 THE SIMPLIFIED QUASI-STEADY APPROXIMATION

Because of  t h e  w idesp read  use  o f  b u r i e d  t u b e s  in  e n g i ­

n e e r in g  a p p l i c a t i o n s ,  phase change problems in  c y l i n d r i c a l  

g e o m e t r i e s  have been o f  lo ng  s t a n d i n g  i n t e r e s t .  However, 

even f o r  t h e  s im p le  a x isy m m etr ic  s i t u a t i o n ,  t h e r e  i s  no 

e x a c t  s o l u t i o n .  C ars law  and J a e g e r  [ 6 J p r e s e n t e d  an a p p ro x ­

im a te  a n a l y t i c  s o l u t i o n  f o r  m e l t in g  or  f r e e z i n g  o u t s i d e  a 

t u b e  in  which i n i t i a l  t e m p e r a tu re  i s  a t  t h e  f u s i o n  v a l u e .



I f ,  o f  t h e  PCM. The r a d i u s ,  r ; , of  th e  c i r c u l a r  i n t e r f a c e  

i s  g iven  by

t * =  - r  (  r * ( J L  r, -  + i  J  t 1 1 - 1 )

The d i r a e n s io n le s s  t im e  t *  i n  e q u a t io n  ( I I . 1) i s  d e f i n e d  as 

t *  = K4 (Ta -T^ ) t / p  La2 . I t  can a l s o  be w r i t t e n  as  t *  = t / t c2 

where t C2 = a4/ « aS t 2 i s  t h e  c h a r a c t e r i s t i c  t im e  d e f i n e d  f o r  

t h e  phase  change s t a r t i n g  a t  t h e  tube  w al l  with t h e  S t e f a n  

number, S t2 = C2 (Ta -Tj .) / L .  The s o l u t i o n  i s  based  on th e  qua­

s i - s t e a d y  a p p ro x im a t io n  which i s  a w ide ly  used a n a l y t i c a l  

method o f  g r e a t  v a lu e  i n  t h e  m a th e m a t ic a l  s i m p l i f i c a t i o n  of 

phase  change p ro b le m s .  For sm a l l  S t e f a n  number, t h e  phase  

f r o n t  moves r e l a t i v e l y  s low ly  so t h a t  t h e  motion o f  th e  

i n t e r f a c e  can be t r e a t e d  a s  moving th ro u gh  a seq uen ce  of 

q u a s i - s t e a d y  s t a t e s  i n  which t h e  t e m p e r a tu re  f i e l d  i n  each 

phase  i s  assumed to  obey an i n s t a n t a n e o u s  s t e a d y  s t a t e  con­

d u c t i o n  e q u a t i o n .

I h e  method has  been ex te n d ed  t o  t h e  tw o -d im e n s io n a l ,  

embedded tu be  problem i n  t h e  p re s e n c e  o f  a p l a n a r  f r e e  s u r ­

f a c e  (see  Z-P lane  i n  F ig u re  3) f o r  t h e  c a s e  where t h e  phase  

change s t a r t s  a t  t h e  tu b e  w a l l .  S o l u t i o n s  f o r  t h e  p e n e t r a ­

t i o n  dep th  of  t h e  thaw r e g i o n  have been o b t a in e d  f o r  both 

i n s u l a t e d  and t h i n  w a l led  t u b e s  w i th  t h e  p r e s c r i b e d  c o n s t a n t  

t e m p e r a t u r e s  a t  t h e  tu b e  and f r e e  s u r f a c e s  T l * 2 , 7 - 1 2 ] .  A l l  

t h e s e  s o l u t i o n s  a r e  based on a s i m p l i f i e d  q u a s i - s t e a d y  

a p p ro x im a t io n  w here in  t h e  i s o th e r m s  and hence t h e  phase  

f r o n t  a r e  assumed t o  be e c c e n t r i c  c i r c l e s  t h a t  a r e  g e o m e t r i -

- 27 -



c a l l y  s i m i l a r  t o  t h e  s t e a d y  s t a t e  s o l u t i o n s  o b t a i n e d  from 

pure  c o n d u c t io n  w i th o u t  phase  change in  which th e  i n t e r f a c e  

i s  a c i r c u l a r  s t a t i o n a r y  i s o th e r m  (F igu re  3 ) .  The o n ly  d i f ­

f e r e n c e  amonq t h e s e  p r e v io u s  i n v e s t i g a t i o n s  i s  i n  the  

a p p ro x im a t io n  used t o  s a t i s f y  t h e  i n t e r f a c e  energy e q u a t i o n ,

K, f 5 -  - / i - p 5-  =  f L V - n  (H.2)B n  B n  ,

where v i s  t h e  l o c a l  v e l o c i t y  of  t h e  i n t e r f a c e  and n i s  

p o s i t i v e  d i r e c t i n q  outward  r e g i o n  2 as  shown i n  F ig u r e  2 ( a ) .  

In a im e n s io n l e s s  form, e q u a t io n  ( I I . 2) can be w r i t t e n  as 

i 3 0, 30.x d n
  —------  + —--  = ------- r  ( I I .  2-a)

3 n d n  d t

In t h e  Porkhayev a p p ro x im a t io n  17 1, e q u a t io n  ( I I . 2) i s  s a t ­

i s f i e d  on ly  a t  t h e  bo t tom -m ost  p o i n t  of t h e  c i r c u l a r  phase  

f r o n t .  The r e s u l t s  show an u n d e r e s t i m a t io n  of t h e  thaw 

dep th  when compared w ith  n u m e r ic a l  s o l u t i o n s .  Hwang C 93 

su g g e s te d  t h e  use  of  t h e  mean v a lu e  o f  t h e  Porkhayev s o l u ­

t i o n  and t h e  s o l u t i o n  g iven  by Cars law and J a e g e r  C6J-  As 

n o ted  by L u n a r d in i  [ 4 , 1 0 ] ,  t h i s  method i s  n o t  a lw ays  v a l i d  

a t  l e a s t  f o r  d e e p ly  b u r i e d  t u b e s .  T horn ton  [ 8 ]  used an 

a v e ra g e  h e a t  f l u x  o v e r  th e  c i r c u l a r  i n t e r f a c e  in  s a t i s f y i n g  

t h e  energy  c o n d i t i o n .  Very poor agreement  was found with 

t h e  n u m e r ic a l  s o l u t i o n  fo r  t h e  dep th  of t h e  thaw b u l b ,  and 

th e  a p p ro x im a t io n  l e a d s  t o  t h e  p h y s i c a l l y  u n r e a l i s t i c  r e s u l t  

t h a t  t h e  more sh a l lo w  t h e  dep th  o f  t h e  b u r i e d  tu b e  t h e  

d e e p e r  th e  p e n e t r a t i o n  o f  t h e  thaw f r o n t .  Hwang [ 9 ]  

e x p la in e d  t h i s  s u r p r i s i n g  b e h a v io r  by showing t h a t  th e  h e a t



f l u x  a t  t h e  to p  o f  t h e  thaw r e g io n  became p r o g r e s s i v e l y  

g r e a t e r  th an  a t  th e  bottom as  th e  b u r i a l  dep th  d e c r e a s e d ,  

and t h a t  a v e r a q in g  th e  n e t  h e a t  f l u x  o v e r  the  i n t e r f a c e  

would y i e l d  a l a r g e  o v e r e s t i m a t i o n  o f  t h e  v e l o c i t y  of th e  

bot tom-most  p o i n t  f o r  sm a l l  b u r i a l  d e p t h s .  These r e s u l t s  

were c a r e f u l l y  rev iew ed  by L u n a r d in i  [ 1 0 ] ,  and a new a p p ro x ­

im a t io n  was p roposed  in  which o n ly  th e  h e a t  f l u x  a t  t h e  b o t ­

tom-most  p o in t  was used t o  c a l c u l a t e  th e  ave rage  f l u x  t h a t  

c o n t r i b u t e d  t o  t h e  growth o f  th e  thaw r e g i o n .

A number of tw o -d im e n s io n a l  n u m er ica l  s o l u t i o n s  were 

c a r r i e d  o u t  f o r  v a r i o u s  s u r f a c e  c o n d i t i o n s  and th e rm a l  p r o p ­

e r t i e s  by f i n i t e  d i f f e r e n c e  schemes [ 1 3 ,1 4 J  and v a r i a t i o n a l  

f i n i t e  e lem en t  t e c h n iq u e s  [ 3 , 1 5 , 1 6 ] .  Although n u m er ica l  

t e c h n iq u e s  o f f e r  g r e a t  f l e x i b i l i t y  with r e s p e c t  t o  nonhomo­

g e n e i ty  o f  p r o p e r t i e s  and co m p l ica te d  boundary c o n d i t i o n s ,  

t h e i r  expense  i s  u s u a l l y  a p p r e c i a b l e .  E s p e c i a l l y  f o r  th e  

p r e s e n t  t h r e e - d i m e n s i o n a l  two-domain p rob lem ,  th e  huge s t o r ­

age sp a ce  and lon g  c o m p u ta t io n a l  t im e  r e q u i r e d  f o r  th e  

f i n i t e  d i f f e r e n c e  and f i n i t e  e lem en t  t e c h n iq u e s  a c t u a l l y  

r u l e  o u t  t h e i r  p r a c t i c a l  use  a t  l e a s t  f o r  t h e  p r e s e n t  t im e .

I I . 2 ANALYSIS

As sk e t c h e d  i n  F iq u r e  2 ( a ) ,  t h e  t r a n s i e n t  shap e  of th e  

i n t e r f a c e  i n  r e a l i t y  i s  n o t  a c i r c l e .  The b a s i c  d i s t o r t i o n  

of  t h e  thaw b u lb  from i t s  assumed c i r c u l a r  geometry i s  

c l e a r l y  obse rved  in  a l l  n u m e r ic a l  s o l u t i o n s  o b t a i n e d  t o  d a te
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and i s  shown i n  F i g u r e  8 t a k e n  from Hwang [ 9 J .  I t  i s  conven­

i e n t  t o  examine t h i s  d i s t o r t i o n  in  t h e  complex W-plane 

because  i t  i s  o n ly  i n  t h i s  p la n e  t h a t  t h e  i n t e r f a c e  rem ains  

a c o n c e n t r i c  c i r c l e  a c c o r d in g  t o  t h e  q u a s i - s t e a d y  b i c i r c u l a r  

t r a n s f o r m a t i o n  ( I . 11) (F ig u re  3 ) .

One can show t h a t  th e  a c t u a l  v e l o c i t y  of the  i n t e r f a c e  

in  e q u a t io n  ( I I . 2) i s  g iven  by

dR;? .  n =  =  a  I * *
a t  w

where |dZ/dW| i s  t h e  s c a l e  f a c t o r  o f  t h e  t r a n s f o r m a t i o n .  

Radius a a p p e a r s  in  e q u a t io n  ( I I . 3) due to  t h e  d im e n s io n a l  

normal c o o r d i n a t e  n = a n .  The i n t e r f a c e  energy e q u a t io n  

( I I . 2) hence can be t r a n s fo r m e d  i n t o  t h e  complex W-plane t o  

g i v e :

o r  in  d im e n s io n le s s  form.

—  S  -  12<W)\ 2 SLOL. ( I I . 4 - a )
6>a 9 *  9 *  1 1 e f t * ,

where | Z ' ( U ) |  = jaZ/dW( i s  e v a l u a t e d  a lo n g  th e  i n t e r f a c e  and 

i s  g iven  by

\Z'( W> | =  < Ro -  1 > /  ( Re * R; + 2 Ro R ; S l" c*  > ( I I . 5)

Using th e  s t e a d y  s t a t e  s o l u t i o n  forms (1 .1 6 ,1 7 )  f o r  0, and 

0 2 i n  terras of  R. , e q u a t io n  ( I I . 4 - a )  becomes:
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/ (II.6)
eA t ,  fi;/ a 0 *

I t  i s  e v i d e n t  from e q u a t i o n s  ( I I . 5) and ( I I . 6) t h a t  dR; / d t  

v a r i e s  a lo n g  t h e  i n t e r f a c e  because  |Z * (U) | i s  a f u n c t i o n  of 

oi , and t h u s  any assumed c i r c u l a r  i n t e r f a c e  w i l l  im m edia te ly  

d i s t o r t  wi th  R; i n c r e a s i n g  a t  d i f f e r e n t  r a t e s  a lo n g  th e  

i n t e r f a c e  in  t h e  W-plane.  T h is  r a t e  o f  d i s t o r t i o n  i s  e a s i l y  

o bse rved  by comparing th e  i n s t a n t a n e o u s  r a t e s  of growth of  

Rj a t  t h e  to p -m o s t  and bo t tom -m ost  p o i n t s  of th e  i n t e r f a c e .  

From e q u a t io n s  ( I I . 5) and ( I I . 6 ) ,  t h e  r a t i o  o f  th e  two r a t e s ,  

O' , i s  g iv en  by

E qua t ion  ( I I . 7) r e l a t i n g  t h e  growth r a t e s  of  t h e  top  and 

bottom p o i n t s  of t h e  i n t e r f a c e  in  th e  complex p l a n e  i s  r e a d ­

i l y  c o n v e r t e d  t o  t h e  growth i n  r a d i u s  of c u r v a t u r e  of th e  

thaw f r o n t  in  t h e  p h y s i c a l  p l a n e  u s in g  e q u a t i o n  ( 1 . 1 2 ) ,

Since  th e  c o e f f i c i e n t  of  dR; / d t  in  e q u a t io n  ( I I . 7 - a )  i s  

in d e p e n d e n t  o f  a n g l e ,  i t  f o l lo w s  t h a t  f o r  i s o th e r m s  c o r r e -

[d r .  ( i r /2 ) /d t ]  /  [ d r ; ( - rc /2 ) /d tJ  i s  a l s o  g iven  by e q u a t io n  

( I I . 7 ) .  I t  i s  seen  from e q u a t i o n s  ( I . l l - c )  and (1 .12)  t h a t  

th e  r i q h t  hand s i d e  o f  e q u a t io n  ( I I . 7) i s  on ly  a f u n c t i o n  of 

th e  b u r i a l  dep th  h0 and t h e  i n s t a n t a n e o u s  r a d i u s  r .  of th e
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assumed c i r c u l a r  i n t e r f a c e .  The p l o t  o f  e q u a t io n  (11.7)  in  

F ig u r e  9 shows t h a t  t h e  i n t e r f a c e  r a d i u s  o f  c u r v a t u r e  a t  t h e  

to p -m o s t  p o i n t  w i th  0( = 7 t /2  grows much more r a p i d l y  t h a n  a t  

th e  bo t tom-most  p o i n t  w i th  o( = - T t / 2  f o r  sh a l lo w  b u r i a l  

d e p th s  and f o r  a l l  b u r i a l  d e p th s  when r .  i s  l a r g e  and th e  

i n t e r f a c e  a p p ro a ch e s  t h e  top  s u r f a c e .  For a s p e c i f i e d  b u r ­

i a l  de p th  h0 , t h e  r a t i o  C  i s  bounded from above by t h e  maxi­

mum o f  Rj i n  th e  s t e a d y  s t a t e ,  which i s  d e te rm ined  by e q u a ­

t i o n  ( 1 . 1 8 ) .  These s o l u t i o n  l i m i t s  which depend on 0a a r e  

a l s o  shown in  F ig u r e  9 a s  dashed c u r v e s .

On t h e  o t h e r  hand ,  i t  can be shown t h a t  the  upper  and 

lower r e q i o n s  o f  t h e  thaw bu lb  approach  e q u i l i b r i u m  a t  d r a s ­

t i c a l l y  d i f f e r e n t  r a t e s .  Applying e q u a t i o n s  ( I I . 5) and 

( I I . 6) a t  t h e  to p  p o i n t  w i th  a - K / 2 ,  we o b t a i n :

M j j  ,  ( + _ L _ ;
K' * 3 f  s . u , I * * * ' .

whereas a t  t h e  bot tom p o i n t  with  Ot = -7 C /2 ,  we have:

~ K,t‘— ( -----------------  -f —-------  )  ( I I . 9)
’* 9 t *  ( R ‘ -  O  0, & * » / * ,

where R|(X and R (b a r e  t h e  r a d i i  o f  t h e  c u r v a t u r e s  of  th e  

i n t e r f a c e  a t  t h e  to p  and bottom p o i n t s ,  r e s p e c t i v e l y ,  and t*  

i s  t h e  d i m e n s io n le s s  t im e a s  d e f in e d  i n  e q u a t io n  ( I I . 1 ) .  

E qu a t io n  ( I I . 8) i s  t h e  Porkhayev a p p ro x im a t io n  a p p l i e d  a t  

th e  upper-m os t  p o i n t  of  t h e  thaw bulb  i n  t h e  complex 

W-plane.  The t im e -d e p e n d e n t  growth of R; a t  t h e  to p  and
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bottom p o i n t s  a r e  shown i n  F ig u r e  10 where one can s e e  t h a t  

t h e r e  i s  a d i s t i n c t  d i f f e r e n c e  i n  b e h a v io r  between R^tt*)  

and Rjfttt*). The d i s t o r t i o n  of th e  i n t e r f a c e  shape  i s  s i g ­

n i f i c a n t  even a t  e a r l y  t i m e s ,  e s p e c i a l l y  f o r  sm a l l  h 0 and 

l a r g e  8a . In  a d d i t i o n ,  one o b s e r v e s  t h a t  R; d e v e lo p s  a t  a 

much f a s t e r  r a t e  th an  R;b and t h e r e f o r e  t h a t  th e  c h a r a c t e r ­

i s t i c  t im e  fo r  t h e  upper  and lower p o r t i o n s  of th e  thaw bulb 

to  approach  t h e  a s y m p to t i c  s t e a d y  s t a t e  (F igure  10) can d i f ­

f e r  by o r d e r  o f  m ag n i tu de .

Cne n o t i c e s  t h a t  e q u a t io n  ( I I . 9) i s  t h e  Porkhayev s o l u ­

t i o n  i n  t h e  complex U -p la n e .  I t  i s  c o n v e n ie n t  t o  compare 

a l l  a v a i l a b l e  q u a s i - s t e a d y  s o l u t i o n s  mentioned in  t h e  p r e ­

c ed ing  s u b s e c t i o n  i n  te rm s  of t h e  W-plane.  In  t h e  Thornton 

ap p ro x im a t io n  C8] ,  e q u a t io n  ( I I . 6) i s  f i r s t  m u l t i p l i e d  

th rouqh  by d «  and th e n  i n t e g r a t e d  a round the  c i r c u l a r  

i n t e r f a c e .  This  r e s u l t s  i n

The l e f t  hand s i d e  o f  e q u a t io n  ( I I . 1 0 - a )  r e p r e s e n t s  t h e  t ime 

r a t e  o f  i n c r e a s e  of t h e  a r e a  of t h e  thaw bulb  and i s  t h e r e ­

f o r e  s im ply  2 n r ; (dr. / d t ) .  However, r ; and R. a r e  r e l a t e d  by 

e q u a t i o n s  ( I . l l - c ) .  Thus,  e q u a t io n  ( I I . I Q - a )  can be r e w r i t ­

t e n  as

&A R; /R 0 tn  R \
( I I . I Q - a )

< f( R0* t  # ? ) <9« 4* R /R *  iw X;
(11.10)
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t o  q iv e  t h e  d e s i r e d  e x p r e s s i o n  fo r  d R ; / d t * .  In  th e  L u n a rd in i  

a p p ro x im a t io n  [ 1 0 ] ,  t h e  h e a t  f l u x  g iv en  by th e  Porkhayev 

ap p ro x im a t io n  ( I I . 9) i s  i n t e g r a t e d  around th e  assumed c i r c u ­

l a r  i n t e r f a c e  and s e t  e q u a l  to  t h e  t ime r a t e  of i n c r e a s e  of 

a r e a  o f  t h e  thaw r e g i o n ,  th e  l e f t  hand s i d e  o f  e q u a t io n  

( I I . 1 0 - a ) . Thus,  from e q u a t i o n s  ( 1 1 . 9 ,1 0 ) ,

E q u a t io n s  ( 1 1 . 1 , 9 , 1 0 , 1 1 )  p r o v id e  fo u r  a p p ro x im a t io n s  f o r  the

qrowth o f  t h e  thaw r e g i o n  benea th  th e  t u b e .  These r e s u l t s

a r e  e a s i l y  c o n v e r te d  t o  t h e  p e n e t r a t i o n  dep th  in  t h e  p h y s i ­

c a l  p l a n e ,  d ;b = (h;b+r;b) - h 0 - l ,  which i s  d e f i n e d  a s  t h e  d i s ­

ta n c e  a lo n g  =-TV2 measured from t h e  bottom p o i n t  on th e

t u b e .  From e q u a t i o n s  ( 1 . 8 , 9 ) ,

The f o u r  s o l u t i o n s  a r e  p l o t t e d  i n  F ig u r e  11 f o r  h 0 = 1 .5  

and fla  = 1 and w i l l  be used  l a t e r  f o r  comparison with  t h e  

nu m er ica l  r e s u l t s  and p r e s e n t  t h e o r y .  The c a se  o f  h 0 = 1 .5  

and 0a = 1 i s  s e l e c t e d  t o  r e p r e s e n t  a s o l u t i o n  where t h e  

s t e a d y  s t a t e  c i r c u l a r  i n t e r f a c e  de te rm ined  by e q u a t io n

(1.16) i n t e r s e c t s  t h e  x = 0 p la n e  rough ly  midway between t h e  

upper  most p o i n t  o f  t h e  t u b e  and th e  f r e e  s u r f a c e .  I t  i s  

c l e a r  t h a t  a l l  r e a s o n a b l e  s o l u t i o n s  f o r  p e n e t r a t i o n  d e p th ,  

d-|b , must be l e s s  th an  the  i n f i n i t e  b u r i a l  s o l u t i o n  g iv en  by

(11.11)

d : b =  ( # 0 R; -  -  / ( I I . l l - a )
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e q u a t io n  ( I I . 1 ) .  Thus ,  t h e  Thornton  [ 8 ]  s o l u t i o n  o v e r e s t i ­

mates t h e  thaw d e p t h .  A ls o ,  t h e  p a r t  o f  t h e  L u n a r d in i  [ 1 0 ]  

s o l u t i o n  which i s  l o c a t e d  above th e  Cars law and J a e g e r  [ 6 ] 

s o l u t i o n  up t o  11 i s  q u e s t i o n a b l e .  The Porkhayev [ 7 J

s o l u t i o n ,  which g i v e s  h e re  th e  most c o n s e r v a t i v e  p r e d i c t i o n  

of  t h e  p e n e t r a t i o n ,  a lways u n d e r e s t i m a t e s  th e  thaw dep th  as  

w i l l  f u r t h e r  be shown i n  comparison with  th e  n u m er ica l  

r e s u l t s  i n  s u b s e c t i o n  I I . 5 .  The i n f i n i t e  b u r i a l  s o l u t i o n  

( I I . 1) i s  o b v i o u s l y  no t  a p p l i c a b l e  s i n c e  t h e r e  i s  a f r e e  

s u r f a c e  with  a f i n i t e  f l u x  a t  a l l  t im e s .  However, f o r  s h o r t  

t im e s  when t h e  thaw r e g io n  i s  t h i n  compared t o  t h e  b u r i a l  

d e p th  o f  t h e  to p  of t h e  t u b e ,  one can show from s im p le  one­

d im e n s io n a l  a rgum ents  t h a t  t h e  g r a d i e n t s  i n  t h e  narrow thaw 

r e g i o n  must be much l a r g e r  than  in  t h e  s o l i d  and th u s  the  

motion o f  t h e  thaw boundary i s  c o n t r o l l e d  a lm os t  e n t i r e l y  by 

t h e  un i fo rm  t e m p e r a t u r e  g r a d i e n t  a t  th e  tu be  w a l l .  I t  i s  

c l e a r  t h a t  h e re  to o  t h e  i n i t i a l  motion of  th e  i n t e r f a c e  must 

c o r re sp o n d  t o  c o n c e n t r i c  c i r c l e s  r a t h e r  than  the  e c c e n t r i c  

c i r c l e s  o f  t h e  b i c i r c u l a r  mapping whose f r e e  s u r f a c e  i s  t h e  

c i r c l e  R = R0 in  t h e  U -p la n e .  The b a s i c  d i f f i c u l t y  i s  t h a t  

t h e  b i c i r c u l a r  t r a n s f o r m a t i o n  g i v e s  a ve ry  poor  d e s c r i p t i o n  

of  th e  t e m p e r a t u r e  g r a d i e n t  a t  t h e  t u b e  w a l l  f o r  s h o r t  t im e s  

b ecause  o f  t h e  non-un i fo rm  s t r e t c h i n g  o f  t h e  normal c o o r d i ­

n a te  which i s  much l a r g e r  a t  t h e  bottom th a n  a t  t h e  to p  of 

th e  tu b e  w a l l .  The c o n c e n t r i c  i s o th e r m s  p a t t e r n ,  however,  

can be ach iev ed  u s in g  t h e  b i c i r c u l a r  mapping i f  t h e  f r e e  

s u r f a c e  a t  t e m p e r a t u r e  T0 i s  removed and p lac ed  i n s t e a d  a t
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same f i c t i t i o u s  l a r q e  v a lu e  of  y . At l a r g e  t i m e s ,  an 

o p p o s i t e  b e h a v io r  i s  a n t i c i p a t e d .  For t h e s e  t i m e s ,  a l l  

s o l u t i o n s  must a s y m p t o t i c a l l y  approach  t h e  e q u i l i b r i u m  

s t e a d y  s t a t e  shap e  g iv en  by e q u a t io n  ( 1 . 1 8 ) ,  which i s  a con­

s t a n t  c o o r d i n a t e  s u r f a c e  a t  y = 0 .  From th e  f o r e g o in g  a n a l ­

y s i s ,  i t  i s  e v i d e n t  t h a t  i f  one i s  to  o b t a i n  a more r e a l i s ­

t i c  r e p r e s e n t a t i o n  o f  t h e  i n t e r f a c e  geometry u s in g  th e  

q u a s i - s t e a d y  a p p r o x i m a t i o n ,  s e p a r a t e  c o n s i d e r a t i o n s  a r e  n e c ­

e s s a r y  a t  l e a s t  f o r  t h e  r e g i o n s  above and below t h e  t u b e .  

I t  i s  a l s o  conf i rm ed  by t h e  num er ica l  s o l u t i o n  a s  shown in  

F ig u re  8 t h a t  t h e  to p  and bottom p o r t i o n s  of the  i n t e r f a c e  

a r e  a p p ro x im a te ly  c o n s t r u c t e d  by two d i f f e r e n t  c i r c u l a r  

a r c s  •

I I . 3 FORMULATION

The o b s e r v a t i o n s  i n  s u b s e c t i o n  I I . 2 l ea d  t o  a r a t h e r  

i n t r i g u i n g  new q u a s i - s t e a d y  a n a l y t i c  model f o r  t h e  thawing 

o r  f r e e z i n q  a round  a b u r i e d  tu b e  i n  a h a l f  s p a c e .  As demon­

s t r a t e d  i n  th e  p r e c e d i n g  a n a l y s i s ,  t h e  i n t e r f a c e  e v o lv e s  a t  

v a s t l y  d i f f e r e n t  r a t e s  in  t h e  upp e r  and lower r e g i o n s .  This  

b e h a v io r  s u g g e s t s  t h a t  t h e  motion of t h e  upper  and lower 

p o r t i o n s  of  t h e  thaw boundary a t  any i n s t a n t  may f i r s t  be 

uncoupled  and a s e p a r a t e  a n a l y s i s  may be deve loped  f o r  each 

r e q i o n .  The f o r m u l a t i o n  f o r  each r e g io n  i s  d e s c r i b e d  in  th e  

nex t  two s u b s e c t i o n s .  The r e l a t i o n s h i p  between th e  two 

a n a l y s e s ,  which i s  r e f l e c t e d  in  the  c o n s t r u c t i o n  of  th e

-  no  -



i n s t a n t a n e o u s  i n t e r f a c e  s h a p e ,  i s  c o n s id e r e d  in  s u b s e c t i o n  

I I . 3 . 3 .

I I . 3 .1  THE UPPER PORTION

The b e h a v io r  o f  t h e  i n t e r f a c e  a t  4> = r t / 2  i s  l a r g e l y  

i n d e p e n d e n t  o f  t h e  t e m p e r a t u r e  d i s t r i b u t i o n  in  t h e  lower  

r e q i c n  and i s  p r i m a r i l y  c o n t r o l l e d  by th e  t e m p e r a t u r e s  of 

t n e  tu b e  and f r e e  s u r f a c e s  and th e  d i m e n s io n le s s  b u r i a l  

dep th  h0 . The t e m p e r a t u r e  d i s t r i b u t i o n  i n  t h e  v i c i n i t y  of 

th e  c e n t r a l  l i n e  in  t h i s  r e g io n  i s  th us  w el l  r e p r e s e n t e d  by 

a f a m i ly  o f  s t e a d y  s t a t e  i s o th e r m s  which a re  c o n s t a n t  c o o r ­

d i n a t e  s u r f a c e s  o f  t h e  b i c i r c u l a r  t r a n s f o r m a t i o n .  In  c o n se ­

quence ,  th e  l o c a l  c u r v a t u r e  of  the  i n t e r f a c e  a t  <P = Tt/2,  can 

be a p p r o p r i a t e l y  d e te rm in e d  by t h e  energy  b a la n c e  e q u a t io n  

( I I . 6 ) .  The s i n g u l a r i t y  a t  R;a= 1 ,  t *  = 0 i n  e q u a t io n  (11.8)
'/z

i s  removed by u s in g  t h e  t r a n s f o r m a t i o n ,  R;ft = e x p ( p  ) .  The 

new form of  e q u a t i o n  ( I I . 8 )  i s  g iven  by

With p o r  Ria o b t a i n e d  a t  a  g iven  t ime t # ,  t h e  l o c a t i o n  of 

t h e  upper  p o r t i o n  o f  t h e  i n t e r f a c e  i n  th e  p h y s i c a l  Z-p lane  

i s  d e te rm in e d  from t h e  g e o m e t r i c a l  r e l a t i o n s h i p  g iven  by 

e q u a t i o n s  ( 1 . 1 2 ,1 3 ) •
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I I . 3 .2  THE LOWER PORTION

The motion o f  t h e  lower-m ost  p o i n t  i s  much more s u b t l e  

s i n c e  th e  f r e e  s u r f a c e  and shape  of  t h e  i so th e rm s  above th e  

t u b e  do have a s i g n i f i c a n t  i n f l u e n c e  on t h e  motion and c u r ­

v a t u r e  o f  t h e  i n t e r f a c e  in  t h e  lower r e g i o n ,  e x c e p t  f o r  very  

e a r l y  t im e s  when t h e  i n t e r f a c e  i s  a c o n c e n t r i c  c i r c l e  a s  in  

an i n f i n i t e  medium. The problem i s  no t  t h a t  i s o th e r m s  in

t h e  v i c i n i t y  o f  th e  = -  Tt/2 l i n e  can n o t  be w e l l  a p p r o x i ­

mated by a b i c i r c u l a r  c o o r d i n a t e  t r a n s f o r m a t i o n ,  bu t  t h e  

a p p a r e n t  l o c a t i o n  o f  t h e  f r e e  s u r f a c e  f o r  such a t r a n s f o r m a ­

t i o n  t o  r e p r e s e n t  t h e  tu b e  w al l  and th e  i n t e r f a c e  in  th e  

lower r e g i o n  v a r i e s  c o n t i n u o u s l y  from y = oo a t  t*  = 0 t o  

y = 0 a t  t #  =oo. Thus,  a s  shown in  F ig u r e  12 ,  a t  each  t ime 

t * ,  t h e r e  i s  a v i r t u a l  s u r f a c e  y = § ( t*)  such t h a t  th e

b i c i r c u l a r  t r a n s f o r m a t i o n  ( 1 . 11) w i th  o r  h0 a p p r o p r i a t e l y  

r e d e f i n e d  w i l l  map t h e  t u b e  w a l l ,  t h e  v i r t u a l  f r e e  s u r f a c e  

and t h e  c i r c l e  with  o r i g i n  y = - h ;b(t$)  and r a d i u s  r;b(t*)  

i n t o  c o n c e n t r i c  c i r c l e s  i n  t h e  complex WS-plane.  I f  h . ^ t * ) , 

r ;J|( t$) and h0 a r e  Known, t h e r e  i s  o n ly  one v a lu e  of 5 (t*) 

which w i l l  pe rm i t  t h e s e  s u r f a c e s  to  be c o n s t a n t  c o o r d i n a t e  

s u r f a c e s  i n  t h e  t r a n s f o r m a t i o n  ( I . 1 1 ) .  This  t r a n s f o r m a t i o n  

s a t i s f i e s  t h e  i d e n t i t y ,  h* -  r* = h* -  1 f o r  5 = 0 ,  and hence 

f o r  5 > 0 ,  t h e  i d e n t i t y ,

( h ; b i- 5 ) -  r ib -  ( h 0 1- S ) 3 -  /  ( I I .  13)

which g i v e s :
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C orresp o nd in g  to  r ;b and h ;b a r e  t h e  v i r t u a l  c i r c l e s  R.1 and 

R*b in  t h e  W*-plane.  From e q u a t io n  ( 1 . 1 1 c ) ,

*ob =  K  * S * C(ho + 5)*- i ) A2 (1 1 .13 -b )

whereas from e q u a t i o n  (1*12) ,

•o
The s o l u t i o n  f o r  t h e  t e m p e r a t u r e  d i s t r i b u t i o n  in  th e  

W*-plane i s  g iv en  by e q u a t i o n s  (1 .1 6 ,1 7 )  with  RJb and R0 

r e p l a c e d  by R?b and R*b . Note t h a t  t h i s  s o l u t i o n  i s  only 

i n t e n d e d  t o  be a c c u r a t e  i n  t h e  v i c i n i t y  o f  t h e  l i n e  with 

= - T t / 2  where t h e  c u r v a t u r e  o f  t h e  i n t e r f a c e  i s  g iven  by

r.V
The energy  e q u a t i o n  f o r  t h e  motion of  t h e  lower  most 

i n t e r f a c e  p o i n t  i s  o f  t h e  same form a s  t h e  Porkhayev form ula  

( I I . S )  ,

> dR;h (R0 'b -  ,  1 '  .
** T P  = 7T-— T* (  T o  ’ /0  - * 7 T T  ) (II*1U)

The fundam enta l  d i f f e r e n c e  between th e  two fo rm u lae  i s  t h a t  

e q u a t io n  ( I I .1U )  i s  so lv e d  r e l a t i v e  t o  t h e  i n s t a n t a n e o u s  

f i c t i t i o u s  f r e e  s u r f a c e  y = 5 ( t*)  r a t h e r  than  t h e  a c t u a l  

f r e e  s u r f a c e  y = 0 i n  e q u a t i o n  ( I I . 9 ) .  T h is  f l e x i b i l i t y  

a l l o w s  t h e  s o l u t i o n  f o r  t h e  thaw boundary n e a r  th e  lower



most p o i n t  t o  undergo  a c o n t in u o u s  t r a n s i t i o n  from th e  

b e h a v io r  o f  t h e  C ars law  and J a e g e r  s o l u t i o n  (11*1) a t  e a r l y  

t im e s  t o  t h e  b i c i r c u l a r  mapping ( I . 11) with  5 = 0  as  th e  

s t e a d y  s t a t e  i s  a p p ro a c h e d .

I I . 3 .3  INTERFACE SHAPE CONSTRUCTION

The n u m e r ic a l  i n t e g r a t i o n  of e q u a t i o n s  (1 1 .8 ,1 4 )  w i l l  

d e te rm in e  t h e  two c i r c l e s  d e s c r i b e d  by (i;a»h;a) and ( t lb#h;b) 

r e s p e c t i v e l y  i n  t h e  p h y s i c a l  Z - p la n e .  These c i r c l e s  i n t e r ­

s e c t  one a n o th e r  a t  p o i n t s  e u and e and t h e  two a r c s ,  e "ae  

and e " b e ,  a r e  t o  be used to  c o n s t r u c t  an a p p ro x im a t io n  f o r  

t h e  shape  of  t h e  i n t e r f a c e  (F igure  1 2 ) .  As d i s c u s s e d  e a r ­

l i e r ,  t h e  motion o f  th e  upper  p o r t i o n  of t h e  i n t e r f a c e  i s  

l a r g e l y  in d ep e n d en t  of  t h e  t e m p e r a tu re  d i s t r i b u t i o n  in  t h e  

lower r e g i o n .  The r a d i u s  o f  c u r v a t u r e  of  t h e  i n t e r f a c e  in  

th e  top  r e g io n  g r a d u a l l y  d im i n i s h e s  as one p ro c e e d s  from 

p o i n t s  e  o r  e ” t o  p o i n t  b .  A r e a s o n a b l e  a p p ro x im a t io n  f o r  

t h e  shape  of  t h e  low er  p o r t i o n  of  t h e  i n t e r f a c e  between b 

and e  i s  g iven  by t h e  p o ly n o m ia l :

rp (<t» = a, + + t ( i i . i s )

where r p i s  t h e  l o c a l  r a d i a l  d i s t a n c e  measured from t h e  cen ­

t e r  o f  t h e  t u b e .  One r e q u i r e s  t h a t  r p s a t i s f y  the  fo l lo w in g  

c o n d i t i o n s :



-  =  o  ( I I  . 1 5 - b )
d  <p

rp (4>c ) =  re ( I I  . 1 5 - 0

d  Fad**)
=  C .  . CXX-iS-d)

H ere ,  r e and 4>e a r e  t h e  c y l i n d r i c a l  c o o r d i n a t e s  of p o i n t  e 

and Ce i s  th e  d e r i v a t i v e  d r p/d<|> e v a l u a t e d  a t  p o i n t  e a long  

th e  c i r c l e  of r a d i u s  r |a . The l o c a t i o n  of p o i n t  e i s  e a s i l y  

de te rm ined  from t h e  geometry (see  Appendix A) as

f * r.\ ~(h.A -  h . . f -  r *  a .
=  {  r-.t, - C —   ----- --------- — 1 I ( I I  .1 5 -e )

‘ -*r ~ ht b ) J

»nd

z . ~ h;b > “ r,b
/ « =  - * i k + ----------- f ------—  (1 1 .1 5 - f )

J f h i a - h.b )

As a f u n c t i o n  o f  r |a, h.ft, r ;b and h;b which a r e  a l l  Known, r e 

and <t>e can be c a l c u l a t e d  by

re Xe +<  / e  *  h0 )* ( I I  .15-9)

<*> =  ( I I . 1 5 - h )<Pe TO* ^

To e v a l u a t e  Ce , one may f i r s t  f o r m u la t e  t h e  c i r c l e  r ;a i n  

t h e  p o l a r  c o o r d i n a t e s  (r t , ^ )  shown i n  F i g u r e  12 t o  g i v e :

j. ( rt . <t>) s  ( r*cos<t>y + (h;a -hQ + rt s in $)*- r . x ~ o
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Using th e  r e l a t i o n s h i p ,  d r t /dtf* = -  ( 3 f / a 4 > ) /O f /a r ^  ) , one then 

o b t a i n s :

( I I . 1 5 - i )

In e  c o e f f i c i e n t s  a, , a 2 and a 3 in  e q u a t io n  (11 .15)  can 

f i n a l l y  be d e te rm in e d  from boundary c o n d i t i o n s  ( I I . 1 5 - a - d ) ,  

in  which e q u a t io n  ( I I . 1 5 - b )  i s  a u t o m a t i c a l l y  s a t i s f i e d .

I t  w i l l  be seen  t h a t  e q u a t io n  (11.15) with boundary c o n d i ­

t i o n s  ( I I . 1 5 - a - d )  p r o v id e s  a very  good a p p ro x im a t io n  to  th e  

a c t u a l  i n t e r f a c e  shape  in  t h e  lower r e g i o n  p r e d i c t e d  by th e  

n u m er ica l  s o l u t i o n s .  The l o c a l  c u r v a t u r e  a t  p o i n t  b of t h e  

m od if ied  i n t e r f a c e  s h a p e ,  e q u a t io n  ( 1 1 .1 5 ) ,  can th en  be 

o b t a i n e d  from

us in g  th e  s t a n d a r d  fo rm ula  f o r  c u r v a t u r e  i n  t h e  p o l a r  c o o r ­

d i n a t e s .  The p o s i t i o n  of i t s  c e n t e r ,  y = -h* , i s  th en  c a l -I D
c u l a t e d  from

( I I  . 1 5 - j)

( I I  .15-k)

and

— [  Ce
3

( I I  .15-1)

3a.
(11.16)

a* - * a, ax



h;'b =  h ;t + r ;b "  r  'b . ( I I -17)

To i n t e g r a t e  e q u a t io n  ( 1 1 ,1 4 ) ,  one needs  an in d e p e n d en t  

r e l a t i o n  t o  d e te rm in e  5 or  RJb . Two methods a re  p r e s e n te d  

i n  t h e  p a p e r .  A r e a s o n a b l e  f u n c t i o n a l  form f o r  6 ( t*) was 

assumed in  t h e  e a r l i e r  work C l ? 3, which was r e q u i r e d  to  

match w i th  an ap p ro x im a te  a n a l y t i c  s o l u t i o n  a t  e a r l y  t im e s  

(Appendix B ) . Althouqh t h e  s o l u t i o n  d id  show good agreement  

with  t h e  n u m er ica l  r e s u l t s ,  t h i s  method i s  d i f f i c u l t  t o

e x te n d  t o  t h r e e  d im en s ion s  where t h e  a x i a l  i n t e r a c t i o n  t a k e s  

p l a c e  and i s  a c o m p l ic a te d  f u n c t i o n  o f  th e  a x i a l  p o s i t i o n  

z a s  wel l  a s  t i m e .  In  t h e  p r e s e n t  s t u d y ,  a new method i s

used in  te rm s  o f  a n u m e r ic a l  scheme t o  c a l c u l a t e  t h e  v a lu e

of 5 ( z , t * )  a t  each  t ime s t e p  f o r  any g iven  l o c a t i o n  u s in g  

t h e  knowledge of  t h e  i n s t a n t a n e o u s  shape  of the  i n t e r f a c e  

e q u a t io n  (11.15) a s  shown in  F ig u r e  12 and d e s c r i b e d  in  

Appendix C. From e q u a t i o n  ( I I . 1 3 - a ) ,  one may r e c o g n i z e  t h a t  

t h e r e  i s  a un ique  r e l a t i o n s h i p  between 5 and th e  l o c a l  c u r ­

v a t u r e  o f  th e  i n t e r f a c e  a t  th e  bo t tom-most  p o i n t  b i f  t h e  

thaw dep th  i s  fo u n d .  Thus,  i t  i s  r e a s o n a b l e  t o  use  t h e  mod­

i f i e d  r a d i u s  o f  c u r v a t u r e ,  r '  , g iv en  by e q u a t io n  (11 .16)  toID
c a l c u l a t e  5 ( t * ) . T h i s  i s :

1 # * /  ̂
c , -  h !b -  /
5 ( t  ) -  — ----------;--------------- (11.18)

2 < h ; k - h a )

where h* i s  g iv en  by e q u a t i o n  ( 1 1 .1 4 ) .tP

I I . 4 SOLUTION PROCEDURE
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With R;& and R*b or  r ;a, r !b# h;ft and h;b known a t  t ime t $ ,  

one may use  e q u a t i o n s  ( I I . 1 5 - h - j )  and (11 .1 6 ,1 7 )  t o  d e t e r ­

mine 5 ( t*)  or  R*b with  e q u a t io n  ( I I . 1 3 - b )  , and th en  by

employing e q u a t i o n s  (1 1 .8 ,1 4 )  o b t a i n  t h e  new v a lu e s  of 

R;a ( t *  + A t* )  and R;’b ( t*  ♦ A t* )  , r e s p e c t i v e l y .  In  i n t e g r a t ­

in g  e q u a t i o n  ( 1 1 . 1 4 ) ,  t h e  a p p a r e n t  f r e e  s u r f a c e  i s  he ld  

f i x e d ,  t h a t  i s  R£b o r  5  i s  e v a l u a t e d  a t  t ime t * .  T h is  i s  

e q u i v a l e n t  t o  u s in g  a l o c a l  q u a s i - s t a t i o n a r y  ap p rox im a t io n  

in  which a t  each  i n s t a n t  i n  t i m e ,  t h e  tube  w a l l  and th e

a p p a r e n t  f r e e  s u r f a c e  a r e  t r e a t e d  as  f i x e d  c o o r d i n a t e s  i n  an 

i n s t a n t a n e o u s  b i c i r c u l a r  t r a n s f o r m a t i o n  WfcfZ).

For  e a r l y  t i m e s ,  a s  s t a t e d  p r e v i o u s l y ,  th e  l o c a t i o n  of 

th e  bo t tom-most  p o i n t  b o f  t h e  i n t e r f a c e  (see  F ig u r e  12) may 

be d i r e c t l y  d e te rm in e d  by th e  Carslaw and J a e g e r  s o l u t i o n ,  

e q u a t io n  ( I I . 1 ) .  The p r i n c i p a l  d i f f e r e n c e  between th e  C a r ­

slaw and J a e q e r  s o l u t i o n  and th e  p r e s e n t  s o l u t i o n  i s  t h a t

t h e r e  i s  a s l i g h t  change  i n  th e  p e n e t r a t i o n  d i s t a n c e  upward 

and downward from t h e  tu b e  s u r f a c e  due t o  t h e  sm a l l  n o n -u n i -  

form h e a t  f l u x  i n  r e g io n  1 caused  by th e  f r e e  s u r f a c e  when 

0a i s '  f i n i t e .  I t  can be shown t h a t  t h e  s l i g h t  e c c e n t r i c i t y

of  t h e  i n t e r f a c e  i s  accompanied by a same o r d e r  d i f f e r e n c e  

in  c u r v a t u r e .  The r e a l  r a d i u s  o f  c u r v a t u r e  a t  t h e  bo t tom ­

most p o i n t  i s  s m a l l e r  than  th e  Cars law and J a e g e r  s o l u t i o n .  

In  t h e  c a l c u l a t i o n s ,  t h e  i n t e r f a c e  i s  approx im ated  by a 

s l i g h t l y  e c c e n t r i c  c i r c l e  p a s s i n g  th rough  p o i n t s  a and b in  

F ig u r e  12 .  The r a d i u s  and th e  c e n t e r  o f  t h i s  c i r c l e ,  which 

can be d e te rm in ed  g e o m e t r i c a l l y  i n  te rm s  of  r .&, h;4, h0 and

- 49 -



t n e  Cars law and J a e g e r  s o l u t i o n  f o r  r ib, can  then  be used in  

e q u a t io n  (11.18) t o  p r e d i c t  S ( r e f e r  t o  Appendix B ) • I t  i s  

o bv io u s  t h a t  t h e  v a lu e  of 8 f o r  s h o r t  t im e s  i s  much g r e a t e r  

than  h 0 and t h e  p r e c i s e  l o c a t i o n  of  t h e  a p p a r e n t  f r e e  s u r ­

f a c e  does no t  s i q n i f i c a n t l y  a f f e c t  t h e  p r e d i c t i o n  o f  p o i n t  b 

s i n c e  t h i s  i s  w e l l  ap p ro x im a ted  by t h e  Cars law and J a e g e r  

s o l u t i o n .

I I . 5 RESULTS AND DISCUSSION

In  F ig u r e  13,  t h e  s o l u t i o n  f o r  t h e  p e n e t r a t i o n  dep th  of 

t h e  lower-m ost  p o i n t  o f  t h e  thaw boundary i s  p l o t t e d  f o r  th e  

c a s e ,  9 a = 5 0 . U9 and hc = 1 . 5 ,  c o r r e s p o n d in g  t o  t h e  Hwang e t  

a l  [ 1 5  1 f i n i t e  d i f f e r e n c e  s o l u t i o n ,  and compared with t h e  

f o r e g o in q  f o u r  s o l u t i o n s ,  e q u a t i o n s  ( 1 1 . 1 , 9 - 1 0 ) .  While t h e  

p r e s e n t  and L u n a r a i n i ' s  s o l u t i o n s  a g re e  w e l l  wi th  t h e  numer­

i c a l  s o l u t i o n  and r e p r e s e n t  an improvement ove r  t h e  P o rk ­

hayev and Thornton  a p p r o x i m a t i o n s ,  t h i s  agreem ent  must be 

viewed c a u t i o u s l y ,  e s p e c i a l l y  when S t 2 i s  no t  s m a l l ,  s i n c e  

t h e  s e n s i b l e  h e a t  has  been n e g le c t e d  and t h i s  o m is s io n  c an ­

n o t  r i g o r o u s l y  be a n a ly z e d  due to  t h e  c o m p le x i ty  o f  th e  

i n t e r f a c e  geom etry .  To av o id  t h e  added a p p ro x im a t io n  and 

u n c e r t a i n t y  a s s o c i a t e d  with th e  e f f e c t i v e  l a t e n t  h e a t  based  

on a p l a n a r  i n t e r f a c e  LU1 used by s e v e r a l  p r e v i o u s  i n v e s t i ­

g a t o r s  L8,10 3, a l l  d a ta  p r e s e n t e d  h e r e i n  a r e  c a l c u l a t e d  

u s in g  t h e  r e a l  l a t e n t  h e a t .

The l a r g e  6a p r o v id e s  a c l o s e  comparison  with th e  i n f i ­
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n i t e  b u r i a l  s o l u t i o n  ( I I  .1) and a l s o  a c o n v e n ie n t  

i l l u s t r a t i o n  o f  an i m p o r t a n t  sh o r tcom in g  of e x i s t i n g  s o l u ­

t i o n s  based on t h e  b i c i r c u l a r  t r a n s f o r m a t i o n .  The Key f e a ­

t u r e s  i l l u s t r a t e d  by F ig u r e  13 ( r e f e r  t o  F ig u r e  11 a s  wel l)  

a r e  t h a t  ( i )  t h e  Porkhayev s o l u t i o n  a lw ays  u n d e r e s t i m a t e s  

t h e  c e p th  of  p e n e t r a t i o n  and l a g s  th e  i n f i n i t e  b u r i a l  dep tn  

s o l u t i o n  e s p e c i a l l y  a t  sm a l l  b u r i a l  d e p t h s ,  ( i i )  t h e  Thorn­

ton  s o l u t i o n  s u b s t a n t i a l l y  o v e r e s t i m a t e s  t h e  dep th  of pene ­

t r a t i o n  e x c e p t  a t  ve ry  l a r g e  b u r i a l  d e p th s  and ( i i i )  t h e  

L u n a r d in i  s o l u t i o n  g i v e s  good agreement  w ith  th e  n u m er ica l  

r e s u l t s  but  i s  u n r e a s o n a b l e  up to  l i t *  a  20 o r  t*  s: 100 when 

i t  i s  l a r g e r  t h a n  t h e  Cars law and J a eg e r  s o l u t i o n .  Perhaps  

th e  most im p o r t a n t  o b s e r v a t i o n  f o r  F i g u r e  13 i s  t h a t  t h e  

Cars law and J a e g e r  s o l u t i o n  f o r  i n f i n i t e  b u r i a l  d ep th  ( I I . 1) 

p r o v id e s  t h e  b e s t  ag reem en t  with  t h e  nu m er ica l  s o l u t i o n  

u n t i l  l i t # *  10 o r  t *  ^  25.  I t  i s  e v i d e n t  t h a t  t h e  p re s e n c e  

of  t h e  f r e e  s u r f a c e  has  a lm o s t  no e f f e c t  on th e  motion of  

t h e  bot tom-most  p o i n t  of t h e  thaw r e g i o n  u n t i l  t h i s  t im e .  

I t  can be a n t i c i p a t e d  t h a t  f o r  s m a l l e r  6 a , t h i s  t im e  l i m i t  

would be s h o r t e r  b ecause  of  t h e  s t r o n g e r  i n f l u e n c e  of t h e  

f r e e  s u r f a c e  t e m p e r a t u r e .

The r e s u l t s  o f  t h e  p r e s e n t  a p p ro x im a t io n  f o r  th e  shape  

of  t h e  e n t i r e  i n t e r f a c e  a r e  compared i n  F i g u r e s  14 (a ,b )  with  

t h e  Porkhayev and L u n a r d in i  a p p ro x im a t io n s  and the  n u m er ica l  

s o l u t i o n s  of Gold [ 1 4 J  and Hwang e t  a l  [ 1 5 ]  a t  (a) h 0 = 1 . 5 ,  

0a = 50.49 and (b) h0 = 4 .0  and 0 ft = 7 . 0 9 .  A very  good 

agreem ent  i s  o bse rv ed  a lm o s t  e v e ry w h e re .  The fundam en ta l



n o t io n  t h a t  th e  upper  and lower p o r t i o n s  of th e  thaw 

boundary approach  t h e i r  f i n a l  e q u i l i b r i u m  on d i f f e r e n t  t ime 

s c a l e s  i s  w el l  i l l u s t r a t e d .

The r e s u l t s  f o r  very  e a r l y  and very  l a t e  t im e s  a r e  no t  

e a s i l y  seen  in  F i q u r e  14 b ecause  of t h e  huge d i f f e r e n c e  i n  

t im e  s c a l e s  f o r  t h e  development of t h e  upper  and lower 

r e g i o n s  when h0 = 1 . 5 .  The l a t t e r  b e h a v io r  i s  more e a s i l y  

seen  in  F ig u r e  15 where t h e  growth of  r J& and r ;b a s  a f u n c ­

t i o n  of  t ime have been p l o t t e d  f o r  0a = 7 .09  and hc = 4 . 0 .  

Even fo r  t h i s  m odera te  b u r i a l  d e p th ,  t h e  n o n - c i r c u l a r  d i s ­

t o r t i o n  o f  th e  thaw boundary  i s  very  s u b s t a n t i a l .

In  F ig u r e  16, t h e  d i m e n s i o n l e s s  growth of  t h e  top and 

bottom p o i n t s  of t h e  thaw boundary f o r  h 0 = 2 and r e p r e s e n ­

t a t i v e  v a lu e s  o f  0a : 0 . 5 ,  1 . 0  and 5 .0  shows th e  r o l e  o f  0a .

For l a r g e  v a lu e s  of 0a , t h e  f i n a l  thaw r a d i u s  i s  l a r g e  and 

i t  t a k e s  a lo n g e r  t im e  to  r e a c h  t h e  s t e a d y  s t a t e  e q u i l i b r i u m  

p o s i t i o n  f o r  bo th  to p  and bottom thaw boundary p o i n t s .  In  

g e n e r a l ,  t h e  d i f f e r e n c e  i n  t im e  f o r  t h e  two p o r t i o n s  to  

a c h i e v e  t h e  s t e a d y  s t a t e  grows as  i n c r e a s e s .

The fo r e g o in g  r e s u l t s  show t h a t  t h e  d i s t o r t i o n  of  t h e  

thaw r e g io n  from a c i r c u l a r  shape  i s  a c o m p l ic a te d  f u n c t i o n  

of bo th  h 0 and 0a . The d i f f i c u l t y  i n  u s in g  t h e  s t e a d y  s t a t e  

b i c i r c u l a r  t r a n s f o r m a t i o n ,  however,  i s  more s u b t l e  th an  j u s t  

th e  assumed c i r c u l a r  i n t e r f a c e  geo m e try .  At s h o r t  t im e s  

when t h e  phase f r o n t  i s  c l o s e  t o  be ing  c i r c u l a r ,  t h e  growth 

r a t e s  o f  t h e  to p  and bottom boundary p o i n t s  a r e  i n  f a c t  very 

n e a r l y  e q u a l ,  whereas t h e  b i c i r c u l a r  mapping l e a d s  t o  a
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h i g h ly  asym metr ic  h e a t  f l u x  a t  sm a l l  b u r i a l  d e p th s  due to  

t h e  n o n -e q u a l  s t r e t c h i n g  o f  th e  l e n g t h  c o o r d i n a t e s ,  |Z '(W )I»  

a t  t h e  top  and bottom of  t h e  t u b e .  Thus,  i f  one i s  t o  

r e t a i n  t h e  m a th e m a t ic a l  s i m p l i f i c a t i o n  a f f o r d e d  by th e  

b i c i r c u l a r  mappinq,  t h e  f r e e  s u r f a c e  must be r e l o c a t e d  a t  

some l a r q e  d i s t a n c e  t o  e q u a l i z e  t h e  s t r e t c h i n g  of  l i n e  s e g ­

ments above and below th e  t u b e .  As t im e  p r o g r e s s e s ,  th e  

i s o th e r m s  i n  t h e  lower  r e g i o n  do deve lop  a s  n e a r l y  e c c e n t r i c  

c i r c l e s  e x c e p t  t h a t  t h i s  a p p a r e n t  f r e e  s u r f a c e  g r a d u a l l y  

s h i f t s  downward a p p ro a c h in g  th e  a c t u a l  f r e e  s u r f a c e  a s  t  

ap p ro a ch e s  i n f i n i t y .

REMARKS

Thus f a r ,  t h e  Key e q u a t i o n  ( I I . 2 - a )  a t  th e  i n t e r f a c e  

s u r f a c e  has been so lv e d  r e l a t i v e l y  e a s i l y  f o r  two c a s e s :  ( i )  

th e  s t e a d y  s t a t e  where e q u a t io n  (1 1 .2 -a )  r e d u c e s  t o  e q u a t io n  

( I . 1 0 ) ,  and ( i i )  t h e  tw o -d im e n s io n a l  t r a n s i e n t  ap p ro x im a t io n  

where 0a i s  c o n s t a n t  and e q u a t i o n  ( I I . 2 - a )  i s  t r e a t e d  s e p a ­

r a t e l y  by e q u a t i o n s  <11.8) and ( 1 1 .1 4 ) ,  which a r e  so lved  

n u m e r i c a l ly  f o r  Rjci and R.'b as  a f u n c t i o n  of  t im e .  For th e  

t h r e e - d i m e n s i o n a l  c a s e  where 6a = f ( z , t * ) ,  the  i n t e r f a c e  

e q u a t io n  must be so lv e d  s i m u l t a n e o u s ly  w i th  th e  energy  e q u a ­

t i o n  f o r  th e  f l u i d  i n s i d e  t h e  tu b e  due t o  t h e  th e rm a l  i n t e r ­

a c t i o n  between t h e  PCM and f l u i d  dom ains .
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CHAPTER III

THE THREE-DIMENSIONAL SOLUTION 

FOR

PHASE CHANGE COMMENCING AT THE TUBE WALL
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In  t h i s  c h a p t e r ,  t h e  tw o -d im e n s io n a l  s o l u t i o n  method i s  

e x tended  to  d e te r m in e  the  t h r e e - d i m e n s i o n a l  motion of th e  

i n t e r f a c e  and t h e  t im e v a r i a t i o n  of  t h e  a x i a l  t e m p e r a t u r e  

d i s t r i b u t i o n  i n  t h e  f l u i d  f o r  f r e e z i n g  s t a r t i n g  a t  t h e  tube  

s u r f a c e .  Due t o  th e  s i n g u l a r i t i e s  o f  t h e  d i f f e r e n t i a l  e q u a ­

t i o n s  a lon q  th e  tu b e  s u r f a c e ,  an ax isym m etr ic  a n a l y t i c  s o l u ­

t i o n  i s  p rov ided  f o r  th e  r e g i o n  n e a r  t h e  tu b e  w a l l .  S o lu ­

t i o n s  a r e  p r e s e n t e d  f o r  s e v e r a l  r e p r e s e n t a t i v e  flow 

q e o m e t r i e s  and i n i t i a l  c o n d i t i o n s .  The r e s u l t s  r e v e a l  some 

im p o r ta n t  f a c t o r s  in  th e  i n t e r f a c e  b e h a v io r  a t t r i b u t e d  to  

t h e  f luia-PCM i n t e r a c t i o n .

I n  t h e  f o l lo w in g  s u b s e c t i o n ,  some of  th e  im p o r ta n t  

e x i s t i n g  ax isy m m etr ic  s o l u t i o n s  f o r  phase  change around a 

b u r i e d  tu b e  coup led  w i th  t h e  a x i a l  f l u i d  domain a r e  b r i e f l y  

r e v ie w e d •

I I I . l  SOLUTIONS FOR THE AXISYMMETHICAL PROBLEM

I t  i s  on ly  r e c e n t l y  t h a t  embedded tu b e  problems i n v o l v ­

in g  a x i a l  th e rm a l  i n t e r a c t i o n  have been a d d r e s s e d .  A l l  th e  

i n v e s t i g a t i o n s  t o  d a t e  have focused  on ax isy m m etr ic  geome­

t r i e s  where th e  s u r r o u n d in g  PCM i s  i n f i n i t e  i n  t h e  r a d i a l  

d i r e c t i o n  and i n i t i a l l y  a t  t h e  phase  change t e m p e r a tu r e  

[ 1 8 - 2 2 ] .  The n u m e r ic a l  s o l u t i o n s  have accoun ted  f o r  a x i a l  

c o n d u c t io n  and t h e  f i n i t e  h e a t  c a p a c i ty  of  t h e  PCM [ 1 8 ,1 9 ] .  

In Sparrow and Hsu [ 1 9 ] ,  a s h o r t  t ime q u a s i - s t e a d y  a n a l y t i c  

s o l u t i o n  f o r  f r e e z i n g  i s  a l s o  p r e s e n t e d  i n  which a l i n e a r
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r a d i a l  t e m p e r a t u r e  p r o f i l e  i s  assumed i n  t h e  s o l i d  r e g i o n .  

Good agreement with  t h e  n u m e r ic a l  s o l u t i o n s  i s  o b t a i n e d  p r o ­

v ided  t h a t  t h e  f r o z e n  l a y e r  i s  l e s s  th an  20-30 % of  t h e  tube  

r a d i u s .  Most r e c e n t l y ,  Shamsunder [21] has  o b t a i n e d  a s im ple  

e l e q a n t  a n a l y t i c  s o l u t i o n  t o  t h e  same q u a s i - s t e a d y  problem 

but  has  ex tended  th e  a n a l y s i s  t o  long t im es  by i n c l u d i n g  th e  

l o q a r i t h m i c  r a d i a l  c o n d u c t io n  p r o f i l e  in  th e  s o l i d  p h a se .  

The rem arkab le  a c c u ra c y  of  t h i s  q u a s i - s t e a d y  s o l u t i o n  ( e r r o r  

i s  l e s s  th an  0 .2  % f o r  sm a l l  S t e f a n  number f o r  a l l  th e  

n u m er ica l  s o l u t i o n s  shown i n  [19])  c o n v in c in g ly  j u s t i f i e s  

th e  n e g l e c t  of  a x i a l  c o n d u c t io n  and th e  use  of t h e  q u a s i ­

s t e a d y  a p p r o x im a t io n .  S in c e  t h e  PCM i s  i n f i n i t e ,  a l l  t h e s e  

s o l u t i o n s  with  a x i a l  th e rm a l  i n t e r a c t i o n  have no s t e a d y  

s t a t e .

I I I . 2 ANALYSIS AND FORMULATION

The new tw o -d im e n s io n a l  q u a s i - s t e a d y  a n a l y t i c  model 

e s t a b l i s h e d  in  t h e  p re c e d in g  c h a p t e r  a l s o  a l l o w s  f o r  th e  

t im e dependent  boundary c o n d i t i o n s  on t h e  t u b e  w a l l  and th e  

p la n e  s u r f a c e  w i th  t h e  p r i n c i p a l  r e s t r i c t i o n  t h a t  th e  c h a r ­

a c t e r i s t i c  t ime s c a l e  of t h e  t e m p e r a t u r e  v a r i a t i o n s  in  t h e

boundary c o n d i t i o n s  be much l a r g e r  th an  t h e  th e r m a l  d i f f u -
21

s i o n  t im e ,  {h0 *a) /oi2S t z , r e q u i r e d  f o r  q u a s i - s t e a d y  c o n d i ­

t i o n s  t o  be s a t i s f i e d  in  bo th  t h e  thaw and s o l i d  r e g i o n s .  

These c o n d i t i o n s  a r e  o f t e n  v a l i d  i n  t h e  t h r e e - d i m e n s i o n a l  

a x i a l  f low i n t e r a c t i o n  problems d e s c r i b e d  i n  th e  I n t r o d u c ­
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t i o n  where t h e  t e m p e r a t u r e  of t h e  f l u i d  in  t h e  tu b e  flow 

v a r i e s  with  t im e  and d i s t a n c e  a lo n g  t h e  tu b e  a x i s .

In  c o n t r a s t  t o  t h e  tw o -d im e n s io n a l  model,  t h e  t em p era ­

t u r e  of  t h e  tu b e  s u r f a c e  T^,  now becomes a f u n c t i o n  of t h e  

a x i a l  p o s i t i o n  a s  w el l  a s  t ime w hi le  th e  i n t e r f a c e  moves 

outward from t h e  t u b e  w ith  a t h r e e - d i m e n s i o n a l  c o n f i g u r a t i o n  

due t o  t h e  a x i a l  th e rm a l  i n t e r a c t i o n .  The two c o o r d i n a t e  

sys tem s ( x , y , z )  and ( r t , £ , z )  d e f in e d  i n  s u b s e c t i o n  1 . 2 . 1  a r e  

r e t a i n e d  in  F i q u r e  17 where th e  r a d i a l  d i s t a n c e  r"p (<f>,;s,t) i s  

used t o  d e s c r i b e  th e  i n s t a n t a n e o u s  p o s i t i o n  of th e  i n t e r f a c e  

in  t h e  t u b e  c e n t e r e d  c o o r d i n a t e  sy s tem .  Two a d d i t i o n a l  

d im e n s io n le s s  v a r i a b l e s  a r e  d e f i n e d  to  i n c l u d e  t h e  a x i a l  

e f f e c t s ,

ea ss ( Ta -  Tf > / <  lao  '  Tf  ) ~  /  Qao ( I I I . l - a )

and

t *  = K* < Tao -  Tf ) ± / P L *  = t  V ( I l l . l - b )

where Tao > i s  t h e  i n l e t  t e m p e r a tu r e  o f  th e  f l u i d  a t  

z = 0 .  The d i m e n s i o n l e s s  t im e  t=> d e f in e d  i n  th e  two-dimen­

s i o n a l  problem must be changed t o  t *  in  th e  t h r e e - d i m e n ­

s i o n a l  c a s e  because  t h e  w a l l  t e m p e r a t u r e ,  Ta , i s  no l o n g e r  a 

c o n s t a n t .  Based on t h e  th e  a s su m p t io n s  l i s t e d  in  c h a p t e r  1 ,  

e q u a t i o n s  ( 1 . 1 ,2 )  and boundary  c o n d i t i o n s  (1 .4 -9 )  a r e  s t i l l  

v a l i d  i n  t h e  p r e s e n t  problem e x c e p t  t h e  t e m p e r a t u r e  f i e l d s ,  

6, a ( x , y , z , t * ) , i n  b o th  r e g i o n s  h e re  a r e  t im e -d e p e n d e n t  in  

t h e  t h r e e - d i m e n s i o n a l  s p a c e .  The energy  c o n s e r v a t i o n  a t  t h e
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i n t e r f a c e  i s  w r i t t e n  as

’ d e / r t . * z ? ) t 

rt*> 9 n  d n3/7

3/7

E q u a t io n  ( I I I . 2) w i th  new d i m e n s io n le s s  v a r i a b l e s  ©a ( z , t * )  

and t *  r e d u c e s  t o  e q u a t i o n  ( I I . 2 - a )  when 0 a i s  c o n s t a n t .  

S ince  i n t e r f a c e  c u r v a t u r e  i n  th e  a x i a l  d i r e c t i o n  i s  neg­

l e c t e d  ( c o n s i s t e n t  wi th  t h e  n e g l i g i b l e  a x i a l  h e a t  conduc­

t i o n )  , v e c t o r  n i s  assumed t o  be i n  t h e  xy p lan e  o n l y .

The a x i a l  th e r m a l  i n t e r a c t i o n  i s  m o s t ly  r e f l e c t e d  in  th e  

energy  c o n s e r v a t i o n  e q u a t i o n  in  t h e  f l u i d ,  which i s  g iv en  by

where th e  t r a n s i e n t  t e r m ,  3 0o/ 3 t ~ ,  does not  appea r  i n  t h e  

l e f t  hand s i d e  o f  e q u a t i o n  ( H I . 3) because  th e  c h a r a c t e r i s ­

t i c  t ime o f  c o n v e c t i o n  in  t h e  f l u i d ,  I /  u ,  where H i s  t h e  

c h a r a c t e r i s t i c  l e n g t h  o f  t h e  t u b e ,  i s  assumed sm a l l  i n  com­

p a r i s o n  w ith  a a /OfaS t a .  E q u a t io n  ( I I I . 3) i s  of th e  same form 

as  e q u a t io n  (1 .3)  where @a = Bft0ao and 6ao i s  c o n s t a n t  and 

can be i n t e g r a t e d  u s in g  a f i n i t e  d i f f e r e n c e  scheme because  

t h e  t im e  v a r i a b l e  does  n o t  appea r  e x p l i c i t l y .  To proceed  

with t h e  n u m e r ic a l  c a l c u l a t i o n ,  one must  f i r s t  e v a l u a t e  th e  

i n t e g r a l  on t h e  r i g h t  hand s i d e  of  t h e  e q u a t io n  f o r  any 

s p e c i f i e d  p o s i t i o n  a lo n g  t h e  tube  a x i s .

( I I I . 3)
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I I I . 2 .1  HEAT FLUX AT THE TUBE SURFACE

The i n t e g r a n d  in  e q u a t i o n  ( I I I . 3) a c t u a l l y  r e p r e s e n t s  

t h e  h e a t  f l u x  a t  t h e  tu b e  s u r f a c e  in  t h e  complex W-plane.  

I t  can be shown t h a t  by v i r t u e  of t h e  good ap p ro x im a t io n  

shape of t h e  i n t e r f a c e ,  which has  been d e te rm in ed  by equa­

t i o n  (11.15) f o r  any g iven  t im e  i n  te rm s  of r.ft, h!a, r ib and

h;b, t h e  h e a t  f l u x  can a l s o  be w e l l  app rox im ated  by an a n a ­

l y t i c a l  form a s  a f u n c t i o n  o f  <X . The g e o m e t r i c a l  r e l a t i o n ­

s h ip  due t o  t h e  mapping W(Z) g iven  in  F ig u r e  3 i s  r e p r e ­

s e n t e d  i n  F ig u re  18 where p o i n t  g i s  t h e  i n t e r s e c t i o n  of t h e  

tube  w a l l  and t h e  h e a t  f l u x  l i n e  p a s s in g  p o i n t  e .  One can

e a s i l y  f i n d  p o in t  g th ro u gh  p o i n t  e in  te rm s  o f  t h e  b i c i r c u ­

l a r  mapping where i t s  image,  p o i n t  g ' ,  s a t i s f i e s  Rg. = 1 and 

<yg<= • From th e  g e o m e t r i c a l  r e l a t i o n s h i p  shown i n  F ig u re

18, <xe‘ can be d e te rm in e d  by (see  Appendix A)

- /? 0  Xe -<h0 + / e )JtRo (h0+ /e ) -  >J#  -        ( I I I . « - a )
** CR0* -  O

where x8 and ye g iv e n  by e q u a t i o n s  ( I I . 1 5 - e , f )  a r e  t h e  l o c a ­

t i o n  o f  p o in t  e  i n  t h e  p h y s i c a l  Z -p la n e .  S ince

d<£ = |Z '  (W) jdo< a lo n g  t h e  tu b e  s u r f a c e ,  <pg can be c a l c u l a t e d

from <ye. by th e  i n t e g r a l

r 'V  r*e- .
/ \sr'w> I dot *  /   d(X

J.E Jn R0 -h r -  2Ra SinCX
2  "  a

With |Z*(W)| g iv en  by e q u a t io n  (11*5) and R; = 1 ,  t h e  i n t e ­

g r a t i o n  g i v e s :
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'  ~  « n  y “  '

Once c/e' o r  ^  i s  d e t e r m i n e d ,  t h e  h e a t  f low r a t e  th ro u g h  th e  

tu b e  w al l  i s  e v a l u a t e d  s e p a r a t e l y  a long  t h e  segments  of a r c  

eg and gd .  Using e q u a t i o n  ( 1 . 1 7 ) ,  the  h e a t  f l u x  th ro u g h  t h e  

upper  p o r t i o n  o f  t h e  tube  w a l l  i n  t h e  complex U -p lane  i s  

o b t a i n e d  by

— R-----------------c 3 )  ■ 1111- u)

Note t h a t  t h e  r i g h t  hand s i d e  of e q u a t io n  ( I I I . 4) i s  n o t  a 

f u n c t i o n  o f  «  . Using th e  s c a l e  f a c t o r ,  the  h e a t  f l u x  in  

th e  p h y s i c a l  Z -p lan e  can be e a s i l y  e v a l u a t e d  by 

9Q ji,4> ) I d B S L X )  _  / Q -1 +J3fi0Sinc< i

3 r* ~ tZ<w>\ 9R ~  *o*-i ~ t*R; a ^ ^ ( I I I ‘ 5)

T h is  i s  v a l i d  a t  t h e  tube  w a l l ,  where becomes a f u n c t i o n  

of tx o n l y .  Applying  e q u a t i o n  ( I I I . 5) a t  <j> = * r /2 , one 

o b t a i n s :

I cR0 + >)*

. ( i i i - 5- a) 

S i m i l a r l y ,  t h e  h e a t  f l u x  a t  p o i n t  g i s  g iv e n  by

a  __  ( R° + ' +2Ros,r ' j  ( I I I • 5-b)

For t h e  lower p o r t i o n  of  t h e  t u b e ,  dg ,  t h e  h e a t  f l u x  i n  t h e  

p h y s i c a l  Z -p lane  i s  app ro x im a ted  by t h e  p o ly n o m ia l :

m * . rr 4$rt *= *>, + bJ<t> + -£) + b} (4>+ j - )  ( i n . 6)
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where b, , b, and b3 a r e  chosen to  s a t i s f y  th e  f o l lo w in g  

boundary c o n d i t i o n s :

9 0* a ,  ' * / * )  
art

z * e 2n ,  -rc/jt) 
z r t  d<f>

3  e ± c l  <t>9 )

9*0* a ,  &9 )
9rt  9+

q and q* h e re  a r e  r e s p e c t i v e l y  t h e  v a lu e s  of  th e  h e a t  f l u x  2 9
and i t s  d e r i v a t i v e  w i th  r e s p e c t  t o  <P a t  p o i n t  g .  While q9 

i n  e q u a t i o n  ( I I I . 7 - b )  i s  s im ply  c a l c u l a t e d  from e q u a t io n

( I I I . 5 ) ,  t h e  v a lu e  o f  q^ can be de te rm ined  in  t e rm s  of t h e  

t r a n s f o r m a t i o n  (1 .11) where 362 ( l , o f ) / d R  i s  c o n s t a n t  a lo n g  

t h e  upper  s u r f a c e  o f  t h e  t u b e ,  c ' g ' ,  (F ig u re  1 8 ) .  Using th e  

s c a l e  f a c t o r ,  one can r e p l a c e  th e  d i f f e r e n c e s  d$ and d r  i n  

t h e  p h y s i c a l  p l a n e  w i th  |Z ' (U ) |do<  and |Z ' ( W ) |d R ,  r e s p e c ­

t i v e l y .  Note t h a t  t h i s  r e p la c e m e n t  i s  v a l i d  i n  t h e  ( r , ^ # ^ )  

c o o r d i n a t e s  a s  d e f i n e d  i n  s u b s e c t i o n  1 . 2 . 1  and can be used 

in  t h e  t u b e  c e n t e r e d  c o o r d i n a t e s  ( r t ,<f>,z) only  a t  t h e  s u r ­

f a c e  o f  t h e  t u b e .  With t h e s e  r e l a t i o n s ,  q j  can be w r i t t e n  

as

( I I I . 7 - a )

( I I I . 7 - b )

(111 .7 -c )

( I I I . 7 - d )
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i  '  = 4*9) __ 1 5 f 3 e2 ( i , 0 ( )  ( 7
3 ' I Z ’(W)I90(1 9R i z ' f m r  <I l : t*8>

With iZ ' (U)| o r  e q u a t i o n  ( I I . 5 )  e v a l u a t e d  a t  R; = 1 and 

e q u a t i o n  ( I I I . 4 ) ,  one o b t a i n s :

j_  t  + 2R 0 S i n  ot&' )

£ * * ;a

m  '*0 ' ' O r • ' •O ' ' ' "  ""g *
% = " ~T1> 77*~~77* cos<xe, ( i n . 9)

q , .  which has  t h e  v a lu e  -1 / ln R *  in  th e  complex WS-plane,  i sC| IP
g iven  by

 i _  s e ,< i .  - i r / i> _  _  i g„; -  >

1 i z w ’ii s r  R/h * 1 (I11  • 1 0 )

where | Z • (W=5=> | i s  t h e  s c a l e  f a c t c r  of t h e  t r a n s f o r m a t i o n  

U5̂ (Z) e v a l u a t e d  a t  <X = - tc/ 2 on th e  tu b e  s u r f a c e .  The f o r ­

mulae f o r  l o c a l  h e a t  f l u x  i n  t h e  p h y s i c a l  p l a n e ,  e q u a t i o n s  

( I I I . 5 - a , 1 0 )  a r e  used  l a t e r  to  c a l c u l a t e  q„ and q .  a s  shownC a
in  F ig u r e  18 .  The c o e f f i c i e n t s  b , , b2 and bj i n  e q u a t io n

( I I I . 6) can e a s i l y  be o b ta in e d  from t h e  boundary c o n d i t i o n s  

( I I I . 7 a - d ) ,

b, -  f  ̂

£__________ _________ 2  ( 15 + %<j)
2 t a t , . *  f ,  t o , , . * ^ *

and

bj  — C<* 9 '+ 2. l d )  ( I I I . l l - c )
2< c*r  + £ ) +

Boundary c o n d i t i o n  ( I I I . 7 - b )  i s  a u t o m a t i c a l l y  s a t i s f i e d .
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F i n a l l y ,  t h e  i n t e g r a t e d  h e a t  f l u x  per  u n i t  a x i a l  l e n g t h  a t  

t h e  tu b e  w al l  i s  g iv en  by

f  =  2 [ [■ * _ < & £ !* >  .  f  *§*< !«> d o t]
2* J,rr dr 3* J

* T  r  e’

— {T - ae' )  ( I U . 1 2 )

Note t h a t  t h e  h e a t  f low r a t e  i s  th e  same f o r  t h e  p h y s i c a l  

and complex p l a n e s  because  t h e  s c a l e  f a c t o r  does  n o t  appea r  

i n  t h e  i n t e g r a l  fo rm .  I f  th e  shape of  th e  i n t e r f a c e  

d e s c r i b e d  by r ;A, h.ft, r ;b and h;b (or Rift, R;'b and R*b ) i s  known 

a t  each  c r o s s - s e c t i o n  on t h e  tu b e  a x i s ,  t h e  i n t e g r a l  on th e  

r i g h t  hand s i d e  of  e q u a t i o n  ( I I I . 3) can be e v a l u a t e d  from 

e q u a t i o n  ( I I I . 1 2 ) .  Thus t h e  d i m e n s io n le s s  f l u i d  t e m p e r a t u r e ,  

9a ( z , t 5*5) , can be d e te rm in e d  by i n t e g r a t i n g  e q u a t i o n  ( I I I . 3) 

u s in g  a f i n i t e  d i f f e r e n c e  p r o c e d u r e .

A s i m p le r  b u t  l e s s  a c c u r a t e  e s t i m a t i o n  of the  f low r a t e  

can be o b t a i n e d  by u s in g  a lower  o rd e r  po lynom ia l  in  p l a c e  

of e q u a t io n  ( I I I . 6) i n  t h e  i n t e g r a l  of e q u a t io n  ( I I I . 3 ) .  A 

s u i t a b l e  a p p ro x im a t io n  i s  t h e  p a r a b o l a :

30a (L<t>) , , _  , ^  i
  ----- -  b, + b, ( < p - f )  * b3 (<!>-?> ( I I I . 13)9 rt ■* J 3

which s a t i s f i e s  th e  boundary c o n d i t i o n s :

9 e * (l,rc /j)
-  t e ( I I I . 1 3 - a )

3 ^ 4  . (III.13-b)
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l */*)
^ r t d<p

(111.13-c)

I t  r e s u l t s  in  a s im p le  e x p r e s s i o n  fo r  th e  h e a t  f low r a t e .

E qu a t io n  ( I I I . 14) shows t h a t  th e  a v e ra g e  h e a t  f l u x  a t  t h e

tu be  w al l  can be app rox im ated  by (2q + q . ) / 3 .c  a
I t  can be a n t i c i p a t e d  t h a t  e q u a t io n s  ( I I I . 5) and ( I I I . 6) 

p ro v id e  a good a p p ro x im a t io n  of t h e  a n g u l a r  d i s t r i b u t i o n  of 

t h e  h e a t  f l u x  a t  t h e  tu b e  w a l l .  Th is  i s  because  t h e  q u a s i -  

s t e a d y  s t a t e  h e a t  f l u x  i s  u n iq u e ly  r e l a t e d  to  the  i n s t a n t a ­

neous i n t e r f a c e  geometry and t h a t  th e  f o r m u la t i o n  i s  based 

on a much improved a n a l y t i c a l  a p p ro x im a t io n  f o r  t h e  i n t e r ­

f a c e  c o n f i g u r a t i o n  which has  been con f i rm ed  by comparison 

with  num er ica l  r e s u l t s  (see  F ig u re  1 4 ) .  To s o l v e  e q u a t io n  

( I I I . 3) f o r  t h e  a x i a l  t e m p e r a t u r e  d i s t r i b u t i o n ,  however ,  one 

may use  e i t h e r  e q u a t i o n  ( I I I . 12) or  ( I I I . 1 4 ) .  The l a t t e r  

was used in  t h e  p r e s e n t  c o m p u ta t i o n .  S ince  th e  d i f f e r e n c e  

in  h e a t  flow r a t e ,  a Q, c a l c u l a t e d  by t h e s e  two e q u a t i o n s  i s  

sm a l l  compared t o  t h e  a b s o l u t e  v a lu e  of Q, no s i g n i f i c a n t  

e r r o r  w i l l  be i n t r o d u c e d  by u s in g  e q u a t io n  ( I I I . 1 4 ) .

I I I . 2 .2  SOLUTION IN THE REGION NEAR THE TUBE WALL

The r i g h t  hand s i d e  of  e q u a t io n  ( I I I . 3) and a l s o  e q u a ­

t i o n s  (1 1 .8 ,1 4 )  become s i n g u l a r  a s  t h e  i n t e r f a c e  i n t e r s e c t s  

th e  tu be  s u r f a c e ,  so  an a n a l y t i c a l  s o l u t i o n  has  been d e v e l ­

oped f o r  s h o r t  t im e s  and a l s o  f o r  a l l  t im e s  i n  t h e  r e g io n

2

(111.14)
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n e a r  th e  t u b e  w a l l  where t h e  i n t e r f a c e  i s  i n  t h e  v i c i n i t y  of  

t h e  t u b e  s u r f a c e .

I t  i s  noted t h a t  t h e  shape  o f  th e  i n t e r f a c e  i s  n e a r ly  

symmetric  in  th e  v i c i n i t y  o f  th e  tube  s u r f a c e  and t h e r e f o r e  

th e  ene rq y  e q u a t io n  f o r  t h e  f l u i d  in  t h e  tu b e  and t h e  moving 

i n t e r f a c e  c o n d i t i o n  can be approx im ated  by 

fit* _  ^  ------------------- ( I I I . 16)

and

6* 3 z  9 r t

( I I I . 17)
da

where t h e  h e a t  f l u x  i n  r e g io n  1 i s  n e g l e c t e d  in  a p p ro x im a t ­

ing  th e  moving i n t e r f a c e ,  e q u a t io n  ( I I I . 2 ) .  Th is  approx im a­

t i o n  i s  v a l i d  p ro v id e d  t h a t  th e  i n t e r f a c e  i s  much c l o s e r  to  

t h e  tu b e  w a l l  th a n  t h e  f r e e  s u r f a c e  and c o n s e q u e n t ly  th e  

normal t e m p e r a tu r e  g r a d i e n t  outward a t  t h e  i n t e r f a c e  w i l l  be 

much s m a l l e r  th an  a t  t h e  tub e  w a l l .  D e f in in g  Sp = r p and 

s u b s t i t u t i n g  Q3 = £ n ( r t / r p ) / i n  ( l / r p ) , which fo l lo w s  from th e  

s t e a d y  s t a t e  s o l u t i o n ,  in  e q u a t io n s  ( 1 1 1 .1 6 ,1 7 ) ,  one 

o b t a i n s :

Pe 96* 4.

and

0„ 9 z  J h S f

4

( I I I . 1 6 - a )

~  Sr . ( H I . 1 7 - a )

-  -
By i n t r o d u c i n g  a new v a r i a b l e  77(2 # ^ ) = !  6 . ( z , t * )  d t * ,  one

J o
can show t h a t  e q u a t i o n  ( I I I . 1 7 - a )  has a s o l u t i o n  o f  t h e  same
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form as  t h a t  o f  th e  Carslaw and J a e g e r  s o l u t i o n  ( I I . 1 ) ,  and

t h u s  t h a t  Sp i s  a f u n c t i o n  of X  o n l y .  E q u a t io n s

( I I I . l o - a , 1 7 - a )  when combined f i e l d :

p *  9* _  _ _£Sp  ( I I I>18J
d z  d x

Since  d S p / d r  = (9SP / a z ) / ( ? T / 2 z ) , where (9T/dz) can be 

e x p re s s e d  i n  te rm s o f  Sp by u s i n g  t h e  d e f i n i t i o n  o f  X and 

e q u a t i o n s  ( I I I . 1 6 - a #17-a)  , one can r e l a t e  (31n0a /d z )  and 

(9SP/9z )  u s in q  e q u a t i o n  ( 1 1 1 .1 8 ) .  T h is  r e s u l t s  in

* dSp f-  =  -----------  ( I I I . 19)
d z  9 z  ( S p - n

which when i n t e g r a t e d  g i v e s :

— ------—  =  e  ( I I I . 1 9 - a )
5P '  '

By a p p ly in g  t h e  i n l e t  boundary c o n d i t i o n  a t  z = 0 ,  0A = 1 ,  in  

th e  Carslaw and J a e g e r  s o l u t i o n  ( I I . 1 ) ,  one can show t h a t  

C ( t*)  i n  e q u a t io n  ( I I 1 . 1 9 - a )  i s  g iven  by

C(t*> = -  i n  C f t  *) -  t j   ̂ ( I I I . 1 9 - b )

where r po i s  t h e  r a d i u s  of  th e  i n t e r f a c e  a t  z = 0 o b t a in e d

from t h e  Carslaw and J a e g e r  s o l u t i o n  ( I I . 1 ) .  To o b t a i n  th e

r a d i u s  o f  t h e  thaw r e g i o n ,  one  can use  t h e  r e l a t i o n s h i p  

between Sp and z from e q u a t io n s  ( I I I . 1 6 - a , 1 9 ) ,

3S P A f S f -  t )
9 z  f i t ' i n  Sp

( I I I . 20)

I n t e g r a t i n g  e q u a t io n  ( I I I . 2 0 ) ,  one o b t a i n s :  
z -  L  f tp i "  s r  d  s

4  L .  Sp -  / F ( I I I . 2 0 - a )I Oa 'rpo
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The i n t e g r a l  on th e  r i g h t  hand s i d e  of e q u a t io n  ( I I I . 2 0 - a )  

can be e v a l u a t e d  by u s in g  a T ay lo r  exp an s ion  o f  ln S P a t  

Sp = 1 .  For e a r l y  t i m e s ,  e q u a t i o n s  ( I I I . 1 9 - a , 2 0 - a )  a r e  used 

t o  c a l c u l a t e  t h e  r a d i u s  of  th e  i n t e r f a c e  r p ( z , t * )  and th e  

t e m p e r a t u r e  © ^ ( z . t s ) *  A s i m i l a r  p ro ce d u re  i s  employed f o r  

a l l  t im e s  t o  t r e a t  t h e  t a i l  o f  th e  i n t e r f a c e  i n  t h e  v i c i n i t y  

o f  t h e  tu b e  w a l l .  The s h o r t  t im e  s o l u t i o n  j u s t  o u t l i n e d  i s  

v a l i d  f o r  a l l  t im e s  f o r  an i n f i n i t e  ax isy m m etr ic  geometry 

which i s  i n i t i a l l y  a t  t h e  phase  change t e m p e r a t u r e .  The 

fo rm ulae  o b t a i n e d  h e r e i n  f o r  i n f i n i t e  B io t  number c an n o t  be 

d i r e c t l y  d e r iv e d  from t h e  Shamsunder s o l u t i o n  [ 2 1 ] .  F u r t h e r  

d e t a i l s  a r e  shown i n  Appendix D.

I I I . 3 SOLUTION PROCEDURE

The o r i g i n a l  t h r e e - d i m e n s i o n a l  problem has now been 

reduced  to  a o n e - d i m e n s io n a l  f i n i t e  d i f f e r e n c e  p r o c e d u re  in  

which e q u a t io n  ( I I I . 3 )  i s  i n t e g r a t e d  a t  each t im e  s t e p  a f t e r  

th e  l o c a l  tw o -d im e n s io n a l  s o l u t i o n  f o r  e q u a t io n  ( I I I . 2) i s  

o b t a i n e d  by u s i n q  t h e  t e c h n iq u e  d e s c r i b e d  i n  c h a p t e r  I I .  

The p ro ce d u re  f o r  c a l c u l a t i o n  i s  summarized a s  f o l l o w s :

(1) The c a l c u l a t i o n  s t a r t s  a t  z = 0 where t h e  Cars law 

and J a e g e r  s o l u t i o n  ( I I . 1) i s  a p p l i e d  as  i f  t h e  tu b e  i s  b u r ­

i e d  a t  an i n f i n i t e  d e p t h .  At s h o r t  t i m e s ,  one c a l c u l a t e s  t h e  

r a d i u s  of  t h e  i n t e r f a c e  c i r c l e ,  r p# = r p ( 0 , t * ) ,  and th e n  uses  

t h e  a p p rox im a te  a n a l y t i c  s o l u t i o n  f o r  th e  a x isy m m et r ic  c a se  

shown in  s u b s e c t i o n  I I I . 2 .2  to  o b t a i n  r p ( z , t $ )  and 6a ( z , t # )
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f o r  0 < z < z m<iX where z mM i s  t h e  p o s i t i o n  a t  which t h e  

i n t e r f a c e  i n t e r s e c t s  th e  tu b e  w a l l .  Note t h a t  z mox i s  a f u n c ­

t i o n  o f  t im e .

(2) S ince  t n e  a x i a l  l e n g t h  i s  su b d iv id e d  i n t o  f i n i t e  

s e g m en ts ,  t h e  tw o -d im e n s io n a l  s o l u t i o n  i n  C h a p te r  I I  i s  

a p p l i e d  t o  th e  c r o s s - s e c t i o n  a t  each node.  I f  RiA , R.^ and 

RJb a r e  Known a t  t im e  t * ,  t h e  new l o c a t i o n s  of the  upper  and 

lower p o r t i o n s  o f  t h e  i n t e r f a c e  a t  t im e  (t<=+ ^  t») a r e  d e t e r ­

mined u s in g  e q u a t i o n s  ( 1 1 . 8 , 1 4 ) ,  r e s p e c t i v e l y .  The i n t e r ­

f a c e  shape th u s  can be d e s c r i b e d  by r ia , h ift and e q u a t io n

( 1 1 .1 5 ) .  The h e a t  flow r a t e  a t  th e  tu b e  s u r f a c e  a t  any 

p o s i t i o n  z i s  e v a l u a t e d  from e q u a t i o n  ( I I I . 14) o r  e q u a t io n

( 1 1 1 .15) f o r  t h e  n e a r  r e g i o n .  Using a c u b ic  s p l i n e  to  

smooth t h e  a x i a l  d i s t r i b u t i o n  o f  t h e  h e a t  f low r a t e ,  one may 

r e a d i l y  i n t e g r a t e  e q u a t i o n  ( I I I . 3) t o  o b t a i n  6a ( z , t * + ^ t * )  .

Because o f  th e  use o f  t h e  a n a l y t i c  s o l u t i o n  i n  t h e  

r e g i o n  n e a r  th e  tu b e  w a l l ,  c a r e  sh o u ld  be taken  t o  p r e s e r v e  

t h e  c o n t i n u i t y  o f  t h e  s o l u t i o n  a t  a l l  m atch ing  p o s i t i o n s  

u s in g  t h e  t h r e e  d i f f e r e n t  fo rm ulae  f o r  th e  upper  and lower 

r e g i o n s  o f  t h e  i n t e r f a c e  and t h e  a n a l y t i c  s o l u t i o n  i n  t h e  z 

d i r e c t i o n ,  p a r t i c u l a r l y  f o r  t r e a t i n g  t h e  bottom r e g i o n  of  

th e  i n t e r f a c e  where one needs  an in d e p e n d en t  r e l a t i o n  to  

d e te rm in e  Rbb ( z , t * )  o r  5 (z» t*)  a t  each t ime s t e p  with  a 

n u m er ica l  p ro ce d u re  a s  d e s c r i b e d  i n  Appendix C.

III.4 RESULTS AND DISCUSSION
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F i g u r e s  19-22 show some t y p i c a l  s o l u t i o n s  f o r  two 

r e p r e s e n t a t i v e  s e t s  o f  i n p u t  d a t a .  The f i r s t  s e t  i s  f o r  a 

sh a l lo w  b u r i a l  d e p th  h9= 1 . 5  and l a r g e  6*0 = 50.49 to  i l l u s ­

t r a t e  t h e  s t r o n g  i n f l u e n c e  of t h e  f r e e  s u r f a c e .  The o t h e r  

s e t ,  h„= 4 .0  and 0a o = 7 . 0 9 ,  i s  f o r  a medium b u r i a l  dep th  

where t h e  i n i t i a l  t e m p e r a t u r e  d i f f e r s  s i g n i f i c a n t l y  from th e  

phase  change t e m p e r a t u r e .  These c o n d i t i o n s  a r e  c o i n c i d e n t  

wi th  t h e  p r e v io u s  tw o -d im e n s io n a l  problem a t  t h e  c r o s s - s e c ­

t i o n  z = 0 .  The d i m e n s i o n l e s s  l e n g t h  of t h e  tube  i s  0 .8  f o r  

bo th  c a s e s .  The p e n e t r a t i o n  of t h e  to p  and bottom p o i n t s  of 

t h e  thaw r e q i o n ,  d?a = h* -  (h;a- r :ft) and d ?„ = (hi{+rit>) -h 0 , as  a

f u n c t i o n  o f  a x i a l  d i s t a n c e  and t ime i s  shown i n  F i g u r e s  

19 ( a , b ) .  I n  F i g u r e  1 9 ( b ) ,  t h e  thaw dep th  v a r i e s  a lm o s t  l i n ­

e a r l y  w ith  d i s t a n c e  a lon g  th e  tu b e  a x i s  even a f t e r  t h r e e  

y e a r s  because  o f  t h e  q u i t e  deep b u r i a l  d e p th  and modera te  

d i m e n s io n le s s  t e m p e r a t u r e  o f  t h e  f l u i d  a t  t h e  i n l e t  of th e  

t u b e .  In  c o n t r a s t ,  t h e  to p  and p a r t i c u l a r l y  the  bot tom of 

t h e  c y l i n d r i c a l  thaw r e g io n  a r e  o b v io u s ly  cu rved  i n  t h e  r t -z  

p lan e  f o r  th e  f i r s t  c a se  where th e  i n f l u e n c e  o f  t h e  f r e e  

s u r f a c e  i s  i m p o r t a n t  (F igu re  1 9 ( a ) ) .  The i n t e r f a c e  l o c a t i o n  

a f t e r  15 y e a r s  i s  s t i l l  ve ry  f a r  from t h e  f i n a l  s t e a d y  s t a t e  

s o l u t i o n  s i n c e  much o f  th e  h e a t  i s  remoyed a t  th e  f r e e  s u r ­

f a c e .  The asymmetry i n  th e  h e a t  f l u x  from t h e  top  and bottom 

of t h e  t u b e  i s  shown in  F i g u r e s  20 ( a , b ) , where qc and qd 

d e te rm in e d  by e q u a t i o n s  (111 .5 ,1 0 )  deno te  th e  i n s t a n t a n e o u s  

h e a t  f l u x e s  th ro u g h  th e  to p -m o s t  and bo t tom-most  p o i n t s .  

S ince  more h e a t  l e a v e s  th ro u g h  t h e  f r e e  s u r f a c e  i n  c a se  1 ,
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where q c ~  t h e  thaw dep th  d e c r e a s e s  more r a p i d l y  i n

th e  a x i a l  d i r e c t i o n  due t o  t h e  sh a l lo w e r  b u r i a l  d e p t h .  T h is  

can a l s o  be o b se rv ed  from t h e  v a r i a t i o n  o f  th e  f l u i d  tem per­

a t u r e  i n  F ig u r e  21(a)  where th e  d im e n s io n le s s  t e m p e r a tu r e  of 

th e  f l u i d  a t  o u t l e t  i s  a s  low as  ze ro  f o r  0 .05  y e a r s  and 

l e s s  than  0 .05  even a f t e r  10 y e a r s .  T h is  phenomenon i s  much 

more modera te  f o r  t h e  deep e r  b u r i a l  d e p th  as  seen  in  F ig u r e s  

20(b) and 2 1 ( b ) .  The e n t i r e  thaw volume, however,  n o t  on ly  

depends on t h e  b u r i a l  dep th  b u t  a l s o  on the  d i m e n s io n le s s  

e n t r a n c e  t e m p e r a tu r e  o f  t h e  f l u i d ,  0a.o • F i g u r e s  22 (a ,b )  

show th e  change in  c r o s s - s e c t i o n a l  shape  of  t h e  thaw c y l i n ­

der  a lo n g  th e  a x i s  of t h e  t u b e .  As might be a n t i c i p a t e d ,  t h e  

d e p a r t u r e  o f  t h e  i n t e r f a c e  p r o f i l e  from t h e  c i r c u l a r  shape  

i s  most a p p a r e n t  a t  t h e  i n l e t  o f  t h e  t u b e  and then  g r a d u a l l y  

d i m i n i s h e s  a s  one p ro ce ed s  downwards. A lso ,  . i t  might be 

i n t e r e s t i n g  f o r  e n g i n e e r s  t o  no te  t h a t  i n  th e  symmetry p la n e  

shown in  F i g u r e s  2 2 ( a , b ) ,  t h e  top of t h e  thaw c y l i n d e r  

a p p e a rs  a s  a concave  cu rve  whereas i t  i s  convex f o r  t h e  b o t ­

tom with  r e s p e c t  t o  an o b s e r v e r  a t  t h e  t u b e  s u r f a c e .

The t h r e e - d i m e n s i o n a l  s o l u t i o n s  p r e s e n t e d  h e r e i n  expose  

one very  i m p o r t a n t  a s p e c t  which t h e  tw o -d im e n s io n a l  s t u d i e s  

have n o t  been co nce rn ed  w i t h .  In t h o s e  s t u d i e s ,  th e  tube  

w a l l  t e m p e r a tu re  i s  assumed c o n s t a n t  and t h e  app roach  to  th e  

s t e a d y  s t a t e  e q u i l i b r i u m  i s  uncoupled from th e  f l u i d  i n  th e  

t u b e .  I t  i s  e v i d e n t  from F i g u r e s  20 and 21, t h a t  t h i s  s t e a d y  

e q u i l i b r a t i o n  t im e  i s  a c t u a l l y  c o n t r o l l e d  by th e  f l u i d  

i n t e r a c t i o n  with t h e  PCM and t h a t  the  t im e  r e q u i r e d  f o r  th e
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f l u i d  in  t h e  t u b e  t o  a c h i e v e  e q u i l i b r i u m  can be l a r g e .  I t  i s  

n o n r e a l i s t i c  t o  s im p ly  r e p l a c e  t h e  w a l l  t e m p e r a tu re  by a 

c o n s t a n t  a s  assumed i n  t h e  e q u i v a l e n t  tw o -d im e n s io n a l  p ro b ­

lem s i n c e  t h e  t u b e  w a l l  t e m p e r a t u r e  i t s e l f  can be f a r  from 

th e  e q u i l i b r i u m  v a l u e .  T h is  e f f e c t  i s  more pronounced f o r  

th e  sh a l lo w e r  b u r i a l  dep th  s i n c e  t h e  more h e a t  l o s t  from t h e  

f r e e  s u r f a c e  th e  more s low ly  t h e  f l u i d  t e m p e r a t u r e  

a p p ro a ch e s  e q u i l i b r i u m .  The im p o r tan t  con sequences  a r e  a l s o  

shown in  t h e  l o c a l  h e a t  f l u x  and i s o t h e r m s .  T h e r e f o r e ,  th e  

long t im e  r e q u i r e d  f o r  th e  i s o th e r m s  and thaw boundary above 

th e  tu be  t o  a c h i e v e  e q u i l i b r i u m  i s  no t  a r e f l e c t i o n  of th e  

c o n d u c t io n  p r o c e s s  i n  t h i s  r e g io n  but  of  t h e  much s lower  

v a r i a t i o n  in  tu b e  w a l l  t e m p e r a t u r e .  In  both  c a s e s  (F ig u re s  

20 ( a , b ) ) ,  qc q u i c k l y  ap p ro a ch e s  an i n i t i a l  e q u i l i b r i u m  v a lu e  

a f t e r  a p p ro x im a te ly  0 .3  y e a r s  and then  s low ly  v a r i e s  on a 

much l a r g e r  t im e  s c a l e  which i s  c o n t r o l l e d  by th e  fluid-PCM 

i n t e r a c t i o n  i n  t h e  lower  p o r t i o n  of th e  t u b e .  T h is  s i t u ­

a t i o n  i s  a l s o  r e f l e c t e d  i n  t h e  v a r i a t i o n  o f  t h e  f l u i d  temp­

e r a t u r e  (F ig u re s  21 ( a , b ) ) .  E x i s t i n g  tw o -d im e n s io n a l  m odels ,  

which n e g l e c t  t h e  f l o w ,  can  th u s  l e a d  t o  a very  m is le a d in g  

e s t i m a t i o n  o f  t h e  motion o f  th e  i n t e r f a c e ,  e s p e c i a l l y  above 

th e  tu b e  s u r f a c e .

REMARKS

A ll  c a l c u l a t i o n s  were perform ed on an IBM 4341 com pu te r .  

The c o m p u ta t i o n a l  t im e  r e g u i r e d  t o  p r e d i c t  t h e  t h r e e - d im e n ­
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s i o n a l  i n t e r f a c e  l o c a t i o n  up to  10 y e a r s  i s  o f  t h e  o r d e r  of  

s e v e r a l  m in u te s .  I t  i s  u n f o r t u n a t e  t h a t  t h e r e  a r e  n e i t h e r  

t h e o r e t i c a l  nor e x p e r i m e n t a l  r e s u l t s  f o r  c o m p a r iso n .  The 

s o l u t i o n  t e c h n iq u e s  i n  c h a p t e r s  I I , I I I  a r e  deve loped  f o r  t h e  

c a se  where f r e e z i n g  o r  m e l t in g  s t a r t s  a t  t h e  tu be  wal l  and 

moves outward in  a c lo s e d  s u r f a c e .  T h is  type  of problem i s  

g e n e r a t e d  from th e  gas  o r  o i l  p ip e s  b u r i e d  in  p e rm a f ro s t  

r e g i o n s ,  where t h e  f l u i d  in  th e  p ipe  i s  a t  t e m p e r a t u r e s  wel l  

aoove t h e  m e l t in q  t e m p e r a t u r e  o f  t h e  g ro un d ,  and s o l a r  

e nergy  s t o r a g e  sy s te m s  u s in g  phase  change m a t e r i a l .  In  th e  

nex t  c h a p t e r ,  we w i l l  c o n s i d e r  a n o th e r  a s p e c t  o f  t h e  problem 

where t h e  i n t e r f a c e  has  a d i s t i n c t l y  d i f f e r e n t  b e h a v io r  

a l th o u g h  t h e  geometry  o f  t h e  sys tem rem ains  unchanged .
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The t r a n s i e n t  problem with  th e  same geometry a s  i n  c h ap ­

t e r s  11,111 may occu r  i n  a n o th e r  manner, such a s  i n  c r y o s u r -  

qery  where th e  f r e e z i n q  f r o n t  i s  i n i t i a t e d  a t  th e  s u r f a c e  of  

t h e  s k i n  and p e n e t r a t e s  i n t o  t h e  t i s s u e  under  t h e  the rm al  

e f f e c t s  of  t h e  b lood c a r r i e d  in  l a r g e  s u p e r f i c i a l  v e i n s .  In 

t h i s  c a s e ,  a p lan e  i n t e r f a c e  commences a t  t h e  f r e e  s u r f a c e  

and moves downward i n t o  t h e  PCM. F r e e z in g  of s o i l  around 

b u r i e d  w a te r  p i p e s  d u r in g  w in te r  f r o s t  i s  a n o th e r  example of 

t n i s  s i t u a t i o n .  The d i s t i n c l y  d i f f e r e n t  f e a t u r e s  of t h i s  

i n t e r f a c e  b e h a v io r  r e q u i r e  a new s o l u t i o n  approach f o r  th e  

problems t r e a t e d  in  t h i s  c h a p t e r .

Ih e  c o o r d i n a t e  sys tem used h e r e i n  (F igu re  23) i s  t h e  

same a s  th e  tw o -d im e n s io n a l  problem in  c h a p t e r  I I .  The 

im p o r ta n t  d i f f e r e n c e  i n  t h e  p r e s e n t  problem i s  t h a t  the  

t e m p e r a tu re  of t h e  PCM i s  i n i t i a l l y  a t  a c o n s t a n t  v a lu e  Ta 

and a p l a n a r  f r e e z i n g  f r o n t  i s  g e n e ra te d  a t  th e  f r e e  s u r ­

f a c e .  Because of t h e  co m p lex i ty  of t h e  t r a n s i e n t  i n t e r f a c e  

shapes  exp ec ted  i n  t h e  p r e s e n t  problem, a num er ica l  s o l u t i o n  

t e c h n iq u e  i s  u se d .

No p r e v io u s  s t u d i e s  p e r t a i n i n g  t o  t h i s  problem have been 

found in  t h e  l i t e r a t u r e .  I t  w i l l  be shown t h a t  b ecause  of 

t n e  unbounded s o l u t i o n  domain,  th e  b e h a v io r  of th e  i n t e r f a c e  

and t e m p e r a tu r e  f i e l d s  in  t h e  f a r  r e g io n  becomes an impor­

t a n t  a s p e c t  of t h e  s o l u t i o n  in  t h e  p r e s e n t  problem.
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I V . 1 ONE-DIMENSIONAL SOLUTIONS

Since  th e  i n f l u e n c e  of  th e  tu b e  i s  n e g l i g i b l e  in  t h e  

r e g i o n  f a r  from t h e  symmetry l i n e  (see  F ig u r e  2 3 ) ,  i t  i s  

u s e f u l  t o  f i r s t  rev iew  two well-known o n e -d im e n s io n a l  s o l u ­

t i o n s ,  th e  Neumann and t h e  S te fa n  s o l u t i o n s .  As mentioned 

in  t h e  I n t r o d u c t i o n ,  th e  e x a c t  s o l u t i o n  a t t r i b u t e d  t o  Neu­

mann was i n  te rm s  of  a s i m i l a r i t y  t r a n s f o r m a t i o n ,  
-  '/aX> -  Y / f^ t f i t )  • C 3 where t h e  p e n e t r a t i o n  de p th  of t h e  phase  

f r o n t  i s  g iven  by

H e r e , . # ,  i s  t h e  t h e rm a l  d i f f u s i v i t y  of t h e  f r o z e n  r e g io n  and 

A i s  a c o n s t a n t  which s a t i s f i e s :

where 0a = K2 (Ta - T ^ ) /K, (T^-T0 ) i s  th e  d im e n s i o n l e s s  t em pera ­

t u r e  a s  d e f i n e d  p r e v i o u s l y .  The S t e f a n  number h e re  i s  g iven  

by St, = C,(T^-T0 ) /  L, which i s  d i f f e r e n t  from t h e  p r e v io u s  

d e f i n i t i o n ,  S t4 = C4 (Ta - T f ) /  L, f o r  f r e e z i n g  s t a r t i n g  a t  th e  

tu b e  s u r f a c e .  For  a g iven  PCM, A i s  a f u n c t i o n  o f  both S t ,  

and 6ft.

The same problem was s o l v e d  by S te f a n  u s in g  t h e  q u a s i ­

s t e a d y  a p p ro x im a t io n  when t h e  PCM i s  i n i t i a l l y  a t  t h e  f r e e z ­

ing  t e m p e r a t u r e ,  Tj t u ) .  The ap p ro x im a te  s o l u t i o n  f o r  th e  

phase change d e p th  i s  g iv en  by

(IV.1)

( O f , / o f , ) A

e t f c  J o e ,/5 , A ( I V . l - a )

yis = J 2  st, of, t ( IV .2)
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Note y.M and y.s a r e  d im e n s io n a l  d i s t a n c e s .  Compared with 

th e  e x a c t  s o l u t i o n  ( I V .1 ) ,  e q u a t io n  ( I V .2) i s  l i m i t e d  t o  t h e  

5 t ,  << 1 and 0* = 0 and i s  not  a good a p p ro x im a t io n ,  even 

f o r  sm a l l  S t e f a n  number, when th e  d im e n s io n le s s  i n i t i a l  

t e m p e r a t u r e  ©ft i s  n o t  s u f f i c i e n t l y  s m a l l .  Note t h a t  th e  

c a se  Ta = I* i s  a c t u a l l y  of  no i n t e r e s t  f o r  th e  p r e s e n t  

p rob lem . By combining  e q u a t i o n s  ( IV .1 , 2 ) ,  one may c a l c u l a t e  

th e  r e l a t i v e  e r r o r  of  t h e  S t e f a n  s o l u t i o n  by

The v a lu e  of  2*y; f o r  wa ter  f o r  d i f f e r e n t  0a and St ,  i s  g iven  

in  T ab le  1 . I t  i s  n o te d  t h a t  t h e  e r r o r  ay. always i n c r e a s e s  

as  6a i n c r e a s e s .  At l a r g e  0a , th e  e r r o r  cou ld  be l a r g e  even 

i f  t h e  S t e f a n  number i s  s m a l l .  For i n s t a n c e ,  when 0a = 2 

and St , = 0 . 0 2 ,  2Ty. a p p ro a c h e s  50% as  seen  i n  t h e  T a b l e .  For 

o t h e r  phase  change m a t e r i a l s ,  such as s o i l  o r  b i o l o g i c a l  

t i s s u e ,  t h e  s m a l l e r  t h e  w a te r  c o n te n t  th e  l a r g e r  t h e  d i f f e r ­

ence £y. i f  0q. r e m a in s  th e  same. This  i s  because  th e  s p e ­

c i f i c  h e a t s  f o r  m in e r a l  and o r g a n i c  s o l i d s  a r e  a l l  a bou t  th e  

same a s  t h a t  o f  i c e  (-* 0 .5  c a l /g ° C )  and t h a t  t h e  d e c r e a s e  of 

water  c o n t e n t  l e a d s  t o  a s m a l l e r  e f f e c t i v e  l a t e n t  hea t  and 

th u s  l a r g e r  S t e f a n  number.

The two s o l u t i o n s  shown h e re  w i l l  be used in  s u b s e c t i o n  

I V . 7 a s  p a r t  of t h e  s o l u t i o n s  f o r  t h e  f u l l  tw o-d im e n s io n a l  

p roblem.

( I V .3)
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TABLE 1 .  VALUES OF \ . * y ; , FOR SELECTED St, AND 8a 

PCM: WATER 67,= 0 .0 1 1 5 ,  Ofx = 0 .00144

A * y :
.0 .0706 .0017 - .0 0 1 7
.2 .0687 .0296 - .0 2 8 8

o .4 .0668
.0651

.0580

.0868
- .0 5 4 8
- .0 7 9 9• .6

A / ell_ .8 .0634
.0617

.1161

.1456
- .1 0 4 1
- .1 2 7 3

A * y (.
+* 1 .0

2 .0 .0544 .3006 - .2 3 1 1 .0 .1715 .0099 - .0 0 98
3.0 .0483 .4649 - .3 1 7 3 vo .2 .1577 .0966 - .0 8 9 8

o -£1 .1457
.1353

.1687

.2802
- .1588
- .2188©a A * y ; T lc if

• H 
.6

+> .8
1.0

.1262

.1181
.3728
.4666

- .2 7 16
- .3 1 82.0 .0997

.0956
.0033
.0462

- .0 0 3 3
- .0 4 4 1

to

• 2
No .4 .0918

.0682
.0896
.1343

- .0 8 2 4
- .1 1 8 4

A

11
.  6
.8 .0848 .1795 - .1 5 2 2 COo

.0 .1974 .0131 - .0 1 29
Vvo 1 .0 .0816 .2255 - .1 8 4 0 .2 .1783 .1217 - .1 0 85

2 .0 .0682 .4655 - .3 1 7 6 ll‘ .4 .1624 .2314 - .1879
+>■lo .1490

.1375
.3423
.4543

- .2550
- .3 1 24©a A A *

• u 
.8

,1 .0 .1405
.1317

.0066

.0739
- .0 0 6 6
- .0 6 8 8

©a A Zy;
O .4 .1238 .14 25 - .1 2 4 7 .0 .2200 .0163 - .0 1 61
ft’. .6 .1167 .2123 - .1 7 5 1 ll’.

XI

.2 .1955 .1436 - .1 2 56
•V*75 .8 .1102 .2832 - .2 2 0 7 .4 .1758 .2716 - .2136

1 .0 .1044 .3552 - .  2621- tn .6 .1597 .4004 - .2 8 5 9
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IV. 2 BOUNDARY INTEGRAL METHOD

A boundary i n t e g r a l  method i s  a p p l i e d  f o r  d e te r m in in g  

t h e  i n s t a n t a n e o u s  p o s i t i o n  o f  t h e  i n t e r f a c e .  The c o n c e p tu a l  

development o f  t h e  method d e r i v e s  from c l a s s i c a l  G r e e n ' s  

f u n c t i o n  and p o t e n t i a l  t h e o r y  [ 2 3 ] .  The p rom inen t  f e a t u r e  

of t h e  method i s  t h a t  one i s  a b l e  to  r ed u c e  t h e  c a l c u l a t i o n  

domain by one d im e n s io n .  T h is  shou ld  l e a d  t o  a s i g n i f i c a n t l y  

more e f f i c i e n t  n u m e r ic a l  c a l c u l a t i o n .  In  c o n t r a s t  to  th e  

boundary im m o b i l i z a t io n  t e c h n i q u e ,  i n  which t h e  n o n l i n e a r i t y  

i s  a l s o  i n t r o d u c e d  i n t o  t h e  g o v e rn in g  e q u a t io n s  f o r  each 

p h a se ,  t o  o b t a i n  a c o n s t a n t  c o o r d i n a t e  i n t e r f a c e  boundary,  

t h e  boundary i n t e g r a l  method a l lo w s  one to  d i r e c t l y  d e t e r ­

mine. e i t h e r  t h e  unknown t e m p e r a t u r e s  o r  t h e  h e a t  f l u x e s  a t  

th e  b o u n d a r i e s  w i th o u t  r e q u i r i n g  a s o l u t i o n  f o r  t h e  t em pera ­

t u r e  f i e l d .  For many boundary v a lu e  prob lem s where t h e  

d e t a i l s  o f  s o l u t i o n  away from th e  b o u n d a r i e s  a r e  o f  l i t t l e  

i n t e r e s t ,  t h e  a d v an tag e  of  t h i s  t e c h n iq u e  i s  a p p a r e n t ,  e s p e ­

c i a l l y  when a moving boundary i s  i n v o l v e d .

According to  p o t e n t i a l  t h e o r y .  G r e e n ' s  fo rm ula  of t h e  

second k ind  can be a p p l i e d  t o  e v a l u a t e  a p o t e n t i a l  f u n c t i o n  

a lo n q  t h e  b o u n d a r i e s  in  th e  form o f  t h e  boundary i n t e g r a l :

i r 3vK.y.i.i) 36W-y4J)
e<*.y>s= — &re<x.r.f .v  — — — Jds  

$

where 0 i s  a harmonic  f u n c t i o n  i n  domain _TL which i s  s u r ­

rounded by i t s  c lo s e d  boundary S; and %,*) a r e  bo th  dummy

v a r i a b l e s .  In  e q u a t i o n  ( IV .4 ) ,  n i s  t h e  normal c o o r d i n a t e
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on th e  b o u n d a r i e s .  P o in t  (x,y) i s  f i x e d  on S w h i le  th e  

i n t e g r a t i o n  i s  c a r r i e d  ou t  as p o in t  (5#1)) moves a long  th e  

c lo s e d  boundary .  The f u n c t i o n  U(x,y,5,>7) fundam en ta l

s i n g u l a r  s o l u t i o n  g iv en  by

Ut x j . X . * ) )  =  i *  C<x- %) + ( / -  » ? / )  (IV*5>

E qua t ion  ( IV .4) i s  t h e  Fredholm e q u a t io n  of  e i t h e r  th e  f i r s t  

Kind o r  The second Kind depending  on whether 0 or  90  / a n  i s  

.*..jp_n Known.

From e q u a t io n  ( I V .4 ) ,  one can s e e  t h a t  t h i s  method i s  

p a r t i c u l a r l y  c o n v e n ie n t  f o r  th e  p r e s e n t  problem s i n c e  th e  

unKncwn te m p e r a tu re  f i e l d  has an unKnown d i s c o n t i n u i t y  i n  

th e  normal d e r i v a t i v e  a lo n g  the  phase  i n t e r f a c e ,  whereas  th e  

t e m p e r a tu re  i t s e l f  i s  Known t o  be Tj  . In  a s s o c i a t i o n  with 

t n e  boundary c o l l o c a t i o n  t e c h n i q u e ,  i n  which a t r i a l  s o l u ­

t i o n  i s  f i t t e d  a t  s e l e c t e d  p o i n t s  a long th e  b o u n d a r i e s ,  th e  

method i s  c a p a b le  o f  d e te r m in in g  t h e  unKnown and h ig h ly  

i r r e q u l a r  shape of  t h e  phase  f r o n t .  The t e c h n iq u e  i s  e s p e ­

c i a l l y  s u i t e d  f o r  t im e  dependen t  problems i n  which th e  gov­

e r n i n g  f i e l d  e q u a t i o n s  a re  l i n e a r  and only th e  moving i n t e r ­

f ac e  c o n d i t i o n  i s  n o n l i n e a r .

I V . 3 FLOATING BOTTOM TECHNIQUE

Because the  s o l u t i o n  domain e x te n d s  t o  i n f i n i t y ,  two 

a r t i f i c i a l  b o u n d a r i e s ,  t h e  r i g h t  edge and t h e  bo t tom ,  a r e  

i n t r o d u c e d .  These b o u n d a r i e s ,  t o g e t h e r  w ith  t h e  f r e e  s u r f a c e
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and symmetry a x i s ,  form a c o n f in e d  domain (F ig u re  2 4 ( a ) ) .  

The r i q h t  edge i s  s e t  a t  a p o s i t i o n  f a r  enough from th e  tube  

wnere th e  t e m p e r a t u r e  f i e l d  i s  n e a r l y  o n e -d im e n s io n a l  and an 

a d i a b a t i c  c o n d i t i o n  can be a p p l i e d  with good ap p ro x im a t io n  

a long  t h i s  boun da ry .  On t h e  o t h e r  hand,  t h e  movable bottom 

boundary i s  assumed t o  have a c o n s t a n t  t e m p e r a t u r e ,  th e  same 

as t h e  i n i t i a l  t e m p e r a tu r e  of th e  PCM. This  s o - c a l l e d  

f l o a t i n g  bottom t e c h n iq u e  i s  used to  t a k e  i n t o  acc o u n t  th e  

s e n s i b l e  h e a t  in  bo th  f r o z e n  and thawed z o n e s ,  which i s  neg­

l e c t e d  in  th e  q u a s i - s t e a d y  a p p ro x im a t io n .  The i n s t a n t a n e o u s  

p o s i t i o n  of  th e  bottom boundary i s  de te rm ined  by n e g l e c t i n g  

t h e  p re s e n c e  of t h e  tu b e  and e q u a t in g  th e  h e a t  f l u x  d i f f e r ­

ence  a c r o s s  t h e  i n t e r f a c e  t o  t h e  Neumann e x a c t  s o l u t i o n  

(IV. 1) . Using a q u a s i - s t e a d y  o n e -d im e n s io n a l  a p p ro x im a t io n ,  

a s im p le  a l g e b r a i c  d e r i v a t i o n  (Appendix E) l e a d s  t o  t h e  f o l ­

lowing form ula  f o r  t h e  dep th  of t h e  bottom boundary .

s t a n t  d e te rm in ed  by e q u a t io n  ( I V . l a ) .  By an a r t i f i c i a l  com­

p e n s a t i o n  of t h e  s e n s i b l e  h e a t ,  t h e  f l o a t i n g  bottom boundary 

g iv e s  t h e  p r e s e n t  q u a s i - s t e a d y  approx im a te  s o l u t i o n  a high 

acc u ra c y  in  th e  f a r  r e g i o n  (as good as  t h e  Neumann s o l u ­

t i o n )  . On th e  o t h e r  hand,  i n  t h e  a r e a  n e a r  t h e  symmetry 

l i n e  between th e  tu b e  and f r e e  s u r f a c e ,  th e  t e m p e r a t u r e  

f i e l d  i s  dominated by t h e  s u r f a c e  t e m p e r a tu re s  and i s  h a rd ly  

i n f l u e n c e d  by t h e  a r t i f i c i a l  bottom boundary .  By v i r t u e  of

Hk f-t) ~ [  l + ( I V .6)

— '/iwhere y.H = 2.\(0<l t )  i s  t h e  Neumann s o l u t i o n  and X  i s  a con-
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t n i s  t e c h n i q u e ,  t h e  a p p ro x im a t io n  may no lo n g e r  be l i m i t e d  

t o  sm a l l  S t e f a n  number,  even though t h e  p r imary  f o r m u la t i o n  

i s  based on t h e  q u a s i - s t e a d y  a s s u m p t io n s .

As mentioned e a r l i e r ,  t h e  id e a  o f  th e  e f f e c t i v e  l a t e n t  

h e a t  L 4 3 i s  commonly used t o  acc o u n t  f o r  the  s e n s i b l e  h e a t  

in  t h e  q u a s i - s t e a d y  a p p r o x im a t io n .  I n s t e a d  of  the  r e a l  v a lu e  

of t h e  l a t e n t  h e a t ,  a l a r g e r  v a lu e  i s  used which i s  d e t e r ­

mined by compar ison  with  e x a c t  s o l u t i o n s  in  s im p le  geome­

t r i e s .  For most p r a c t i c a l  p rob lem s ,  i t  i s  d i f f i c u l t  to  

d e te rm in e  an e f f e c t i v e  l a t e n t  h e a t  f o r  o t h e r  than  a o n e - d i ­

m ens iona l  g eom etry .  In  t h e  p r e s e n t  p rob lem , th e  use  of th e  

e f f e c t i v e  l a t e n t  h e a t  would improve the  acc u ra c y  of th e  

s o l u t i o n  f o r  e a r l y  t im e s ,  b u t  f o r  l a r g e  t i m e s ,  i t s  e f f e c t s  

a r e  ha rd  t o  p r e d i c t  owing t o  t h e  complex i n t e r f a c e  geom etry .  

I n s t e a d  o f  u s in g  an e f f e c t i v e  l a t e n t  h e a t  in  t h e  energy  

e q u a t io n  a t  t h e  i n t e r f a c e ,  th e  f l o a t i n g  bot tom t e c h n iq u e  i s  

a p p l i e d  t o  th e  l i n e  i n t e g r a t i o n  t o  d e te rm in e  th e  h e a t  f l u x  

a t  t h e  i n t e r f a c e .  The a d v a n ta g e s  a r e  : ( i )  The b e h a v io r  of 

t h e  i n t e r f a c e  i n  t h e  f a r  r e g i o n  a g r e e s  e x a c t l y  with  Neu­

mann’s  s o l u t i o n .  ( i i )  In th e  r e g io n  n e a r  t h e  c e n t r a l  l i n e  

4> =TC/2 between t h e  tu b e  and p l a n a r  s u r f a c e s ,  th e  bottom 

boundary has a lm o s t  no i n f l u e n c e .  S ince  th e  h e a t  c o n d u c t io n  

in  f r o n t  of  th e  i n t e r f a c e  i s  s i g n i f i c a n t l y  l a r g e r  than  t h a t  

in  t h e  f a r  r e g i o n ,  th e  i n t e r f a c e  moves much more s l o w l y .  

T h e r e f o r e ,  t h e  t e m p e r a t u r e  f i e l d s  a r e  dominated  by th e  f r e e  

s u r f a c e  and tu b e  t e m p e r a t u r e s  and a r e  w e l l  d e s c r i b e d  by th e  

q u a s i - s t e a d y  a p p r o x i m a t i o n .  In  f a c t ,  in  t h i s  r e g i o n ,  th e
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much s h o r t e r  t im e  f o r  t h e  i n t e r f a c e  t o  approach  t h e  s t e a d y  

s t a t e  p o s i t i o n  g r e a t l y  r e d u c e s  t h e  e f f e c t s  of t h e  s e n s i b l e  

h e a t  on t h e  e n t i r e  i n t e r f a c e  geom etry .  ( i i i )  In t h e  i n t e r ­

m ed ia te  r e g io n  between th e  two extreme c a s e s ,  th e  e f f e c t s  of 

t h e  bot tom boundary vary  g r a d u a l l y  depending  on t h e  d i s ­

t a n c e s  o f  t h e  i n t e r f a c e  t o  t h e  tu b e  and t h e  bottom boundary .  

T h is  i s  r e f l e c t e d  i n  t h e  c o n to u r  i n t e g r a l  ( IV .4 ) .

IV.FORMULATION

The f r o z e n  and thaw zones  a r e  d e s c r i b e d  by t h e  same 

d i m e n s io n le s s  t e m p e r a t u r e s ,  6, and Q2 , and governed by th e  

same e q u a t i o n s  a s  i n  C h ap te r  I  e x c e p t  f o r  th e  boundary con­

d i t i o n s ,  which a r e :

( IV .7)

2 X
( IV .8)

9 , —  9 * ( x * y >} -  0 ( IV .9)

( IV .10)

t**)
5 *

26±a>,y.t)
0 (IV.11)

0* ( i, <P. t**) =  /
(IV.12)

and
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dn,
~dt**

( IV .13)

where y. , a f u n c t i o n  of  x and t * * ,  d e s c r i b e s  th e  i n t e r f a c e  

p o s i t i o n  and n, 2 a r e  t h e  normal c o o r d i n a t e s  a t  t h e  i n t e r ­

f a c e ,  which have been made d im e n s i o n l e s s  u s in g  th e  tube  

r a d i u s .  Note t h a t  v e c t o r s  n, and n,  p o i n t  ou tward  from 

r e g i o n s  1 and 2, r e s p e c t i v e l y  (F igu re  2 4 ( a ) ) ,  and t**  in  

e q u a t io n  ( IV .13) i s  a new d i m e n s io n le s s  t im e ,

t« *  = K, (Tf -T0 ) t /  p La* , f o r  f r e e z i n g  s t a r t i n g  a t  t h e  f r e e  

s u r f a c e .  Fo l low ing  t h e  d e f i n i t i o n  of t *  in  e q u a t io n  ( I . 1 ) ,  

one can d e f i n e  t £ $  = t / t el where t cl = a a /e?,St , i s  t h e  c h a r a c ­

t e r i s t i c  t ime and S t ,  = C, (T^-T0) /  L i s  th e  S t e f a n  number. 

The d i f f e r e n c e  i n  t h e  d e f i n i t i o n s  o f  th e  two c h a r a c t e r i s t i c  

t im e s  r e p r e s e n t s  t h e  d i f f e r e n c e  in  t h e  phase  change p r o ­

c e s s e s .  E qua t ion  ( I V .13) d e s c r i b e s  t h e  motion of t h e  i n t e r ­

f a c e  w i th  t h e  i n i t i a l  c o n d i t i o n  w r i t t e n  a s

y, < ■*. o > =  o <IV-13-a>

S u b s t i t u t i n g  t h e  fundam en ta l  s i n g u l a r i t y  s o l u t i o n  ( IV .5) 

and boundary c o n d i t i o n s  ( I V .7-12) i n t o  e q u a t io n  ( I V .4) f o r  

r e g i o n s  1 and 2,  r e s p e c t i v e l y ,  one o b t a i n s  th e  f o l lo w in g  two 

boundary i n t e g r a l  e q u a t i o n s :

2 n 6,c*.y)
Is
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and

(IV .15)

E q u a t io n s  ( IV .14 ,15)  r e p r e s e n t  un ique  s o l u t i o n s  f o r  ©, and 

02 on th e  b o u n d a r i e s  in  te rras  of  e i t h e r  th e  unknown dimen­

s i o n l e s s  t e m p e r a t u r e ,  0 ,  o r  t h e  unknown normal d e r i v a t i v e ,  

d0 / d n ,  a long  each  bound a ry .  These e q u a t i o n s  can be so lv ed  

u s in g  t h e  boundary e lem ent  t e c h n ig u e  by s u b d i v i d in g  th e  

b o u n d a r i e s  i n t o  sm a l l  l i n e  e l e m e n t s ,  a lo n g  each of which th e  

unknown f u n c t i o n  assumes some a v e ra g e  v a lu e  to  be d e t e r ­

mined.  The i n t e g r a l  e q u a t i o n s  ( IV .14,15)  a r e  c o n se q u e n t ly  

e x p re s s e d  a s  t h e  f i n i t e  summations of unknown v a lu e s  which 

can be w r i t t e n  a s

where s u b s c r i p t  k d e n o te s  t h e  k th  e lem ent  on t h e  b o u n d a r i e s ,  

j  r e p r e s e n t s  t h e  c e n t e r  o f  th e  j t h  e le m e n t ,  and N, and Na
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a r e  t h e  number o f  boundary e le m e n ts  of  r e g i o n s  1 and 2 ,

r e s p e c t i v e l y .  The c o e f f i c i e n t s  AJK , Â j , Bj* and a r e

a l l  c o n s t a n t s  e v a l u a t e d  from th e  i n t e g r a l  on th e  r i g h t  hand 

s i d e  o f  e q u a t io n  (IV.a)  a lo n g  t h e  k th  boundary e l e m e n t .  The 

s u p e r s c r i p t s  I  and I I  d e n o te  t h e  r e g i o n s  1 and 2 , r e s p e c ­

t i v e l y .  S ince  t h e  e le m e n t s  a r e  a l l  l i n e  segm en ts ,  t h e  i n t e ­

g r a t i o n  a lo ng  each  e lem en t  can be c a r r i e d  o u t  a n a l y t i c a l l y .  

The d e r i v a t i o n  o f  e q u a t i o n s  (IV .16 ,17)  and th e  fo rm ulae  f o r  

Aj|t and Bj|e a r e  g iv en  i n  Appendix F. E q u a t io n s  ( I V .16) and 

( IV .17) a r e  two s e t s  o f  l i n e a r  a l g e b r a i c  e q u a t i o n s  and can

be so lv e d  f o r  t h e  N, and N2 unknown (0) .̂ and (ae/an)^ on th e

b o u n d a r i e s  of each  r e g i o n .

Note t h a t  t h e  d i m e n s i o n l e s s  f o r m u l a t i o n  mere ly  p r o v id e s  

co n v en ien c e  f o r  programming and t h e  f i n a l  s o l u t i o n  must be 

d im e n s io n a l  anyway s i n c e  t h e  i n s t a n t a n e o u s  dep th  o f  th e

f l o a t i n q  bottom boundary ( I V .6) i s  r e l a t e d  t o  t h e  Neumann

s o l u t i o n  which h as  no c h a r a c t e r i s t i c  l e n g t h .

I V . 5 NUMERICAL PROCEDURE

The width o f  t h e  c a l c u l a t i o n  domain, D, i s  t a k e n  t o  be 

15 t im e s  t h e  tu b e  r a d i u s .  For l a r g e r  t i m e s ,  i t  i s  ex tended  

to  20 t u b e - r a d i i .  The dep th  of t h e  f l o a t i n g  bottom boundary 

i s  g iv e n  by c o n d i t i o n  ( IV .6) e x c e p t  f o r  e a r l y  t iroes when t h e  

p o s i t i o n  i s  s e t  a t  a sm a l l  d i s t a n c e  below t h e  bo t tom -m ost  

p o i n t  o f  th e  t u b e .  Fo r  e a r l y  t i m e s ,  t h e  motion o f  t h e  i n t e r ­

f a c e  i s  c o n t r o l l e d  by th e  f r e e  s u r f a c e  t e m p e r a t u r e  and th u s
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t h e  d e p th  o f  t h e  bot tom boundary  has  l i t t l e  e f f e c t  on th e  

s o l u t i o n .  The number of e le m e n t s  a long  b o u n d a r i e s  I I ,  12 ,  

13 and 14 o f  r e g i o n  1 i s  chosen  to  be 30, 5, 20 and 10

r e s p e c t i v e l y ,  whereas  f o r  r e g i o n  2 t h e  numbers a r e  30,  20,

20 , 20 ,  20 and 10 c o r r e s p o n d i n g  t o  b o u n d a r i e s  111, 112,  113, 

114, 115 and 116 (F ig u re  2 4 ( b ) ) .  Equal l e n g t h  f o r  th e  e l e ­

ments a lo n g  each  boundary ,  e x c e p t  th e  i n t e r f a c e  boundary ,  i s  

a u t o m a t i c a l l y  g u a r a n t e e d  by th e  program a s  th e  f l o a t i n g  b o t ­

tom boundary and phase  s u r f a c e  p r o g r e s s  downward. Along th e  

i n t e r f a c e ,  t h e  nodes a r e  a r r a n g e d  t o  be r e l a t i v e l y  dense  

n e a r  t h e  t u b e .

The n u m er ica l  c a l c u l a t i o n  i n c l u d e s  t h e  f o l lo w in g  major 

s t e p s :

(1) S ince  t h e  b e h a v i o r  o f  t h e  i n t e r f a c e  i s  p r i m a r i l y  con­

t r o l l e d  by t h e  f r e e  s u r f a c e  a t  e a r l y  t i m e s ,  t h e  Neumann

s o l u t i o n  i s  used as  t h e  s t a r t i n g  s t e p .

(2) E qu a t io n  ( I V .6) i s  used to  d e te rm in e  t h e  p o s i t i o n  of t h e

bottom boundary f o r  a g iven  t im e  t .

(3) E q u a t io n s  ( IV .16 ,17)  a r e  used  t o  f i n d  th e  g r a d i e n t s

9@i/9n, and ? 6 , / 9 n t , a t  t h e  s e l e c t e d  nodes on t h e  i n t e r ­

f a c e  in  te rm s  o f  t h e  i n t e r f a c e  l o c a t i o n  a t  t im e  t  d e t e r ­

mined from t h e  p r e v i o u s  t ime s t e p .  T h is  i m p l i e s  t h a t  

t h e  t e m p e r a tu re  f i e l d s  a r e  assumed t o  be q u a s i - s t a t i o n -  

a r y .

(4) E q u a t io n  ( I V .13) i s  invoked  to  d e te r m in e  th e  i n t e r f a c e

l o c a t i o n  a f t e r  a sm a l l  t im e  i n t e r v a l  A t  w hi le  t h e  temp­

e r a t u r e  f i e l d s  and t h e  bottom boundary a r e  t e m p o r a r i l y

-  1G2 -



he ld  f i x e d .

(5) A smooth i n t e r f a c e  i s  o b t a i n e d  by c o n n e c t in g  t h e  new 

node p o i n t s  with  c u b ic  s p l i n e  c u r v e s .

I V .6 RESULTS

Table  2 p r e s e n t s  two s e t s  of p a ra m e te r s  which were used 

to  perform  th e  n u m e r ic a l  c a l c u l a t i o n s .  Some a d d i t i o n a l  c a l ­

c u l a t e d  i te m s  a r e  a l s o  g iven  f o r  r e f e r e n c e .  Both c a s e s  have 

th e  same tu b e  r a d i u s  and b u r i a l  d e p th .

The i n t e r f a c e  shapes  a r e  p l o t t e d  a t  s e l e c t e d  t im e s  in  

F i g u r e s  25 (a ,b)  and t h e  Neumann s o l u t i o n  i s  t a b u l a t e d  f o r  

comparison  with  t h e  s o l u t i o n s  i n  th e  f a r  r e g i o n .  The 

r e s u l t s  a r e  i n  a very  good agreement  with th e  Neumann s o l u ­

t i o n  f o r  each c a s e  a t  t h e  r i g h t  edge of th e  f i n i t e  domain as 

long a s  th e  i n t e r f a c e  i s  p e r p e n d i c u l a r  t o  t h e  a r t i f i c i a l  

boundary .  A s l i q h t  d i f f e r e n c e  a t  very e a r l y  t im es  i s  due t o  

th e  i n i t i a l  p o s i t i o n  o f  t h e  f l o a t i n g  bo t tom ,  which s i t s  

b e n ea th  t h e  tu b e  and i s  d e ep e r  than  i t  shou ld  be a c c o rd in g  

to  e q u a t io n  ( IV .6 ) .  For l a r g e r  t i m e s ,  t h e  c o n s i s t e n c y  can 

o n ly  be ex p ec te d  a t  some d i s t a n c e  beyond t h e  a r t i f i c i a l  

boundary because  th e  th e rm a l  d i s t u r b a n c e  from th e  tu b e  a c t u ­

a l l y  e x te n d s  t o  i n f i n i t y .  In  th e  r e g io n  n e a r  th e  symmetry 

l i n e  and t h e  p la n e  s u r f a c e ,  t h e  i n t e r f a c e  a p p ro a ch e s  a 

s t e a d y  s t a t e  p o s i t i o n  much more q u i c k ly  than  any o t h e r  

p l a c e .  The p o r t i o n  of th e  i n t e r f a c e  above t h e  t u b e  g r a d u ­

a l l y  becomes n e a r l y  s t a t i o n a r y ,  and t h e  s t a t i o n a r y  p a r t
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TABLE 2. DATA FOR THE TUO CASES SHOWN 
IN FIGURES 25 ( a , b , c )

I I I

a (cm) 1.0 1 .0
ho 3.0 3.0
PCM UATER WATER
K, (ca l /cm  *C s) 0.00530 0.00530
K* 0.00144 0.00144
P ( g / c n r ) 1 .0 1 .0
C, ( c a l / g #C) 0.465 0.465
c , 1.0 1 .0
L ( c a l / g ) 73 .6 73.6
T0 ( #C) - 5 .0 - 2 0 .0

18.4 18 .4
T* 0.0 0.0
S’, (cm / s ) 0.0114 0.0114
S’* 0.00144 0.00144

0A 1.0 0.25
St, 0.032 0.126
X 0.097 0.208

AY; 0 .31 0.21
- 0 . 2 4 -0 .1 7

£is (cm) 2.828 1.468
H.j (cm) 4.000 3.187

r- • /,y.N/ / t  (cm/mm ) .160 .384

Via/ J t .208 .434

/ / t .4 96 .790

$ r is and h :J a r e  c a l c u l a t e d  from e q u a t i o n s  ( 1 .1 8 ,1 2 ,1 3 )
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DISTANCE (cm)
10 12

-  4 min 
* 17 min 
2 .0  hr --2

- 4 13.5 hr

2.33 days

4 .8 2  days

11.2 days-1 0  -

20.7 days

-14 - 39.3 days

47.2 days
-16 -

97.6 days
-1 8  - 169.3 days

min days

2.0 13.5 2.33 39.3 47.2 169.317 4.82 20.7 97.6
Neumann Solution  
( E q . S I . l ) (cm) 0 .3 0 7 1.7 4.6 9.3 13.3 20.3 27.6 38.1 41.7 60.0 79.0

FIGURE 25(a). INTERFACE PROFILE AT SELECTED TIMES FOR 
CASE 1 IN TABLE 2
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G
+

t
'Z

O
-D

D

DISTANCE (cm)

5 min
10 min

20min
30  min

1.0 hr

2.68 hr
STEADY STATE

10.7 hr

17.1 hr

1.9days

4.2 days

5.5 days

- 2 0 - * ■" mm—5--------►♦ — — hr----------- - «•----- days ►

t 5 10 20 30 1 2.68 10.7 17.1 1.9 4 .2 5.5
Neumann S o lu tion  
(Ea.EL.l) (cm)

0 .9 1.2 1.7 2.7 3.0 4.9 9.7 12.3 20.0 29.8 34.1

FIGURE 25(b). INTERFACE PROFILE AT SELECTED TIMES FOR 
CASE 2 IN TABLE 2
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expands with t i m e .  T h is  s t a t i o n a r y  a r c  i s  p a r t  of t h e  s t e a d y  

s t a t e  c i r c l e  with  r a d i u s  r ;s and c e n t e r  y = - h ;s d e te rm in e d  by 

e q u a t i o n s  (1.18) and (1 .1 2 ,13 )  in  s u b s e c t i o n  1 . 2 . 2 .  The 

v a l u e s  of r ;s and his f o r  each  c a se  a r e  a l s o  shown i n  T ab le  2.  

Comparison of  t h e  two s o l u t i o n s  shows t h a t  t h e  l a r g e r  0* in  

c a se  1 not  only  p roduces  a l a r g e r  f i n a l  e q u i l i b r i u m  thaw 

bulb  around th e  tube  but a l s o  n e c e s s i t a t e s  a much lo n g e r  

t im e f o r  t h e  i n t e r f a c e  t o  en v e lo p  th e  t u b e .  The s low er  

motion i n  t h e  f a r  r e g i o n  a l l o w s  t h e  the rm al  d i s t u r b a n c e  to  

p ro p a g a te  over  a l a r g e r  a r e a  d u r in g  t h e  phase  change p ro ­

c e s s  .

I t  i s  i n t e r e s t i n g  to  examine th e  e f f e c t s  of t h e  moving 

bottom boundary by comparing t h e  s o l u t i o n  with t h e  case  

where th e  bottom edge i s  l o c a t e d  very  f a r  from the  f r e e  s u r ­

f a c e .  For t h i s  p u r p o s e ,  th e  i n t e r f a c e  p o s i t i o n  in  c a se  2 i s  

r e c a l c u l a t e d  by f i x i n g  t h e  bottom a t  th e  d i s t a n c e ,

Hb = 100a .  Ihe  r e s u l t s  a r e  shown by t h e  dashed c u rv e s  in

F ig u r e  2 5 ( c ) ,  where th e  c o r r e s p o n d in g  s o l u t i o n s  u s in g  th e  

f l o a t i n q  bot tom t e c h n iq u e  a r e  a l s o  p r e s e n t e d  ( s o l i d  c u r v e s ) . 

because  t h e  bottom boundary i s  s e t  a t  a r e l a t i v e l y  l a r g e  

d i s t a n c e ,  good agreem ent  with t h e  S t e f a n  s o l u t i o n  can be 

a n t i c i p a t e d  in  th e  f a r  r i g i o n  f o r  a l l  t im es  (up t o  2 .68 

hours  as  can be seen in  th e  F i g u r e ) . In  f a c t ,  u s ing  t h e

o n e -d im e n s io n a l  q u a s i - s t e a d y  model,  one can show t h a t  t h e  

i n t e r f a c e  p e n e t r a t i o n  d i s t a n c e  a f t e r  1 .16  days  d i f f e r s  by 

on ly  1.6% from th e  S t e f a n  s o l u t o n  c o r r e s p o n d in g  to  Hb =oo. 

Thus,  f i x i n g  th e  bottom boundary a t  = 100a i s  a lm o s t
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D
EP

TH
 

(c
m

)

DISTANCE (cm)
14

2-68 hr
STEA D Y  STA TE

10.7 hr1 0

14
1.6 days

FLOATING BOTTOM BOUNDARY 

FIXED BOTTOM BOUNDARY , Hh= IQQa20

FIGURE 2 5 ( c ) .  COMPARISON OF INTERFACE PROFILES USING THE 
FLOATING BOTTOM TECHNIQUE AND A FIXED 
BOTTOM, Hb= 100a, FOR CASE 2 IN TABLE 2
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e q u i v a l e n t  to  s e t t i n g  Hb = 00. i n  F ig u re  2 5 ( c ) ,  s i g n i f i c a n t  

d i f f e r e n c e  i s  o b se rv e d  between t h e  two s o l u t i o n s ,  p a r t i c u ­

l a r l y  a t  l a r g e  t i m e s .  As was i n d i c a t e d  in  s u b s e c t i o n  

( I V .3 ) ,  in  th e  f a r  r e q io n  t h e  the  two s o l u t i o n s  d i f f e r  from 

each o t h e r  in  t h e  same manner as  Neumann's s o l u t i o n  d i f f e r s  

from S t e f a n ' s  s o l u t i o n .  However, they a r e  i n d i s t i n g u i s h a b l e  

in  t h e  r e g io n  above th e  tu b e  n e a r  t h e  c e n t e r l i n e  <£ = tt/ 2 .  

On th e  o t h e r  h an d ,  t h e  f i x e d  bottom s o l u t i o n  v a s t l y  u n d e r e s ­

t i m a t e s  t h e  t im e  r e q u i r e d  f o r  the  i n t e r f a c e  t o  en ve lop e  th e  

t u b e .  F ig u r e  25(c)  shows t h a t  t h i s  t ime to  be 1 .6  days as  

compared to  5 .5  days p r e d i c t e d  by the  moving bottom s o l u t i o n  

shown in  F ig u re  2 5 ( b ) .  The d i f f e r e n c e  in  t h e  i n t e r f a c e  

b e h a v io r  p r e d i c t e d  by th e  two s o l u t i o n s  w i l l  be f u r t h e r  d i s ­

cu ssed  in  th e  n e x t  s u b s e c t i o n .

All  c a l c u l a t i o n s  a r e  t e r m i n a t e d  when t h e  i n t e r f a c e  env e ­

lo p e s  th e  t u b e .  The i n t e r f a c e  w i l l  then  s e p a r a t e  i n t o  two 

p a r t s .  The p a r t  s u r r o u n d i n g  t h e  t u b e  a p p ro ach es  t h e  e q u i ­

l i b r i u m  c i r c l e ,  w h i l s t  t h e  o t h e r  keeps  moving f u r t h e r  down­

ward and becomes more p l a n a r .  The l a t t e r  w i l l  behave a s  in  

th e  Neumann problem when t im e  a p p ro a ch e s  i n f i n i t y .

The Neumann s o l u t i o n ,  y;|<, and th e  S t e f a n  s o l u t i o n ,  y;s, 

c o r r e s p o n d in g  t o  th e  f a r  r e g i o n  f o r  c a s e s  1 and 2 a r e  shown 

f o r  comparison  in  F i g u r e  26.  Note t h a t  t h e  o n e -d im e n s io n a l  

q u a s i - s t e a d y  a p p ro x im a te  s o l u t i o n  with f l o a t i n g  bottom 

boundary must be i d e n t i c a l  t o  t h e  Neumann s o l u t i o n  as  was 

a n t i c i p a t e d .  S ince  t h e  p e n e t r a t i o n  dep th  i s  p r o p o r t i o n a l  to
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t h e  sq u a re  r o o t  of  t im e ,  J t .  t h e s e  c u rv e s  w i l l  be s t r a i g h t  

l i n e s  in  y-Jt  p l a n e .  The c o n s t a n t  s l o p e s ,  y / J t  and 

y ;s / J t .  f o r  each c a se  a r e  l i s t e d  i n  Table  2 ,  where th e  v a l ­

ues of  Hb / J t .  from e q u a t io n  ( I V .6) fo r  th e  motion of  t h e

f l o a t i n q  bottom boundary a r e  a l s o  p r e s e n t e d .  One can see

th e  im por tance  of t h e  pa ram ete r  ©a in d e p e n d e n t ly  from th e  

S t e f a n  number.

I V . 7 DISCUSSION

(1) Eecause of t h e  c o m plex i ty  o f  th e  tw o -d im e n s io n a l  

motion of  th e  i n t e r f a c e ,  i t  i s  i n s t r u c t i v e  to  examine th e

i n t e r f a c e  b e h a v io r  i n  th e  f a r  r e g i o n  and i t s  e f f e c t s  on th e

i n t e r f a c e  shape n ea r  th e  t u b e .  I f  th e  q u a s i - s t e a d y  a p p r o x i ­

mation i s  used w i th o u t  t h e  f l o a t i n g  bo t tom ,  the  f a r  r e g io n  

s o l u t i o n  w i l l  be s im ply  t h e  S te fa n  s o l u t i o n .  As can be seen  

in  F ig u r e  26, t h i s  s o l u t i o n  a lways o v e r e s t i m a t e s  th e  pene­

t r a t i o n  d i s t a n c e  of th e  phase  f r o n t .  The comparison  between 

t h e  two c l a s s i c a l  o n e -d im e n s io n a l  s o l u t i o n s  was b r i e f l y  d i s ­

c u ssed  b e f o r e ,  e q u a t i o n  ( I V .3 ) .  However, in  t h e  p r e s e n t  

problem, n e g l e c t i n q  t h e  s e n s i b l e  h e a t  not  only  o v e r e s t i m a t e s  

t h e  f ro zo n  dep th  in  t h e  f a r  r e g io n  but  a l s o  s i g n i f i c a n t l y  

i n f l u e n c e s  th e  i n s t a n t a n e o u s  shape of  the  i n t e r f a c e .  This  

phenominon i s  c l e a r l y  ob se rv ed  in  F ig u re  25(c) as  was i n d i ­

c a t e d  p r e v i o u s l y .

In  F ig u r e s  25 ( a , b ) , one s e e s  t h a t  t h e  d i s t o r t i o n  of t h e  

i n t e r f a c e  from a p l a n a r  s u r f a c e  f i r s t  o c c u r s  near  th e  c e n ­
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t r a l  l i n e  of  t h e  t u b e  and th en  g r a d u a l l y  e x te n d s  o u tw ard .  

The a c t i v e  a r e a  of  such a d i s t u r b a n c e  up to  a c e r t a i n  time 

depends on t h e  p o s i t i o n  and i n t e n s i t y  of  t h e  h e a t  s o u r c e s  a t  

t h e  tu b e  wal l  and a l s o  t h e  s u r f a c e  t e m p e r a tu r e  o f  t h e  f r e e  

s u r f a c e .  In  f a c t ,  t h e  l a t t e r  d e te rm in e s  th e  i n t e r f a c e  

b e h a v io r  in  t h e  f a r  r e g i o n .  I t  i s  im p o r ta n t  t o  n o te  t h a t  

th e  c n e - d im e n s io n a l  s o l u t i o n  p r o v id e s  n o t  only  the  i n s t a n t a ­

neous p o s i t i o n  o f  t h e  i n t e r f a c e  i n  t h e  f a r  r e g i o n  b u t  a l s o  

an im p o r t a n t  r e f e r e n c e  t im e  s c a l e  f o r  th e  th e r m a l  d i s t u r ­

bance from t h e  t u b e  s u r f a c e  to  t ak e  e f f e c t .  S ince  th e  

t r a v e l  d i s t a n c e  of  t h e  th e rm a l  d i s t u r b a n c e  from t h e  tube  

wal l  i s  c h a r a c t e r i z e d  by t h e  t im e  s c a l e  of  th e  d i f f u s i o n ,  

t d = l / « 2S t a , t h e  s c a l e  o f  t h e  d i s t u r b a n c e  i s  a s s o c i a t e d  

with  t h e  v e r t i c a l  v e l o c i t y  o f  t h e  i n t e r f a c e  i n  t h e  f a r  

r e g i o n .  In  te rm s  o f  t h e  c h a r a c t e r i s t i c  d e p th ,  (h.s+ r is) , t h e
~  2 _  X

t im e  s c a l e  f o r  t h i s  motion may be w r i t t e n  a s  (h.j+r-j) /4<x,X 

u s in g  t h e  Neumann s o l u t i o n  (IV .1) and (h;5+r i5) /2<*,St, f o r  

t h e  q u a s i - s t e a d y  a p p ro x im a t io n  and t h e  S te fa n  s o l u t i o n  

( I V .2 ) .  The l a t e r a l  s c a l e  o f  t h e  d i s t o r t i o n  of t h e  i n t e r ­

fa c e  t h u s  i s  c h a r a c t e r i z e d  by £6 , which s a t i s f i e s  

*  ^ i,+ rjs)a o r

'A

For t h e  q u a s i - s t e a d y  a p p r o x i m a t i o n ,  t h i s  s c a l e  i s  e x p re s s e d  

a s

The d i f f e r e n c e  can be e s t im a t e d  by
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a ~£ = J ^ k . == I* f x  i \ ( i v .18)
c 4  i c s t . / j i  }  >

which i s  i n d e p e n d e n t  of t h e  d e f in e d  c h a r a c t e r i s t i c  l e n g t h .

Note t h a t  a 6c i s  a lw ays  l e s s  th an  ze ro  and r e p r e s e n t s  t h e  

e x t e n t  o f  t h e  u n d e r e s t i m a t i o n  of th e  l a t e r a l  s c a l e  of th e  

i n t e r f a c e  d i s t o r t i o n  i n  t h e  q u a s i - s t e a d y  a p p ro x im a t io n  as  

sk e tc h e d  in  F i g u r e  27 ( a ) . The v a lu e s  of  &le a r e  l i s t e d  i n  

Table  2 f o r  each  c a s e  and i n  Table  1 a s  a f u n c t i o n  of S t ,  

and 0ft f o r  g e n e r a l  r e f e r e n c e .  From Tab le  2, t h e  l a r g e s t  

l/x£e 1= 0 .2 4  i n  c a se  1 i n d i c a t e s  t h a t  f o r  0a = 1 ,  t h e  th e rm a l  

d i s t u r b a n c e  s c a l e  due t o  t h e  tube  p r e d ic e d  by t h e  q u a s i ­

s t e a d y  a p p ro x im a t io n  i s  up to  25% s m a l l e r  th an  i n  t h e  r e a l  

s i t u a t i o n ,  even though t h e  S t e f a n  number i s  s m a l l  (St,  = 

0 . 0 3 2 ) .  For l a r g e r  S t e f a n  numbers, t h e  s i t u a t i o n  w i l l  be 

worse ( r e f e r  t o  T ab le  1 ) .  I t  sh o u ld  be p o in te d  o u t  t h a t  

b ecause  o f  th e  t r a n s i e n t  b e h a v io r  of t h e  i n t e r f a c e ,  t h e  qua­

s i - s t e a d y  a p p ro x im a t io n  may r e s u l t  in  a s e v e r e  d i sp la c e m e n t  

th e  i n t e r f a c e  r a t h e r  th an  s im ply  an o v e r e s t i m a t i o n  of th e  

p e n e t r a t i o n  dep th  i n  th e  f a r  r e g i o n  o r  an u n d e r e s t i m a t i o n  of 

t h e  l a t e r a l  s c a l e  of  d i s t o r t i o n  o f  t h e  i n t e r f a c e .  F ig u re  

27(b) i s  a s c h e m a t i c  d iagram showing t h e  t r a n s i e n t  e f f e c t s  

on t h e  i n t e r f a c e  geometry due t o  t h e  n e g l e c t  of  t h e  s e n s i b l e  

h e a t  which i s  s i m i l a r  t o  t h a t  in  F ig u re  25(c)  as  was no ted  

p r e v i o u s l y .  The s i t u a t i o n  i s  o b v io u s ly  worse f o r  l a r g e  

t im es  which a r e  u s u a l l y  needed in  t h e  q u a s i - s t e a d y  a p p r o x i ­

mat ion  when sm a l l  S t e f a n  number i s  r e q u i r e d  and t h e  i n t e r ­

f a c e  moves very  s l o w l y .

The fo r e g o in g  d i s c u s s i o n  i n d i c a t e s  t h a t  t h e  q u a s i - s t e a d y
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a p p ro x im a t io n  sh o u ld  be used with  g r e a t  c a u t i o n  e x c e p t  in  

c a se s  with very  sm a l l  d im e n s i o n l e s s  t e m p e r a tu re  ©n and sm a l l  

S t e f a n  number ( c o n d i t i o n s  t h a t  a r e  no t  s a t i s f i e d  t o r  many 

p r a c t i c a l  problems i n v o l v i n g  b u r i e d  tu b e s  ) and when th e  

water  c o n t e n t  of  t h e  PCM i s  s m a l l .  The f a c t  i s  t h a t  t h e  

im p o r ta n t  p a r t  of  t h e  s o l u t i o n ,  i . e .  t h e  f a r  r e g io n  s o l u ­

t i o n ,  becomes in d e p e n d en t  of  t h e  i n i t i a l  a s  w e l l  a s  th e  tube  

s u r f a c e  t e m p e r a t u r e ,  Ta , in  t h e  q u a s i - s t e a d y  a p p ro x im a t io n .

S ince  a r e l i a b l e  p r e d i c t i o n  o f  th e  i n s t a n t a n e o u s  i n t e r ­

f a c e  c o n to u r  i s  r e l a t e d  t o  t h e  Neumann s o l u t i o n ,  c a l c u l a t i o n  

with d im e n s i o n l e s s  q u a n t i t i e s  i s  n o t  recommended. From th e  

above d i s c u s s i o n  and e q u a t i o n  ( I V . 3 ) ,  one can r e c o g n iz e  t h a t  

tn e  s i m i l a r i t y  c o n s t a n t  X d e te rm in e d  by e q u a t io n  ( I V . l - a )  in  

th e  Neumann s o l u t i o n  i s  an im p o r ta n t  p a ra m e te r  in d e p e n d e n t  

of t h e  S t e f a n  number,  S t , ,  which a lo n e  i s  c o n s id e r e d  in  th e  

q u a s i - s t e a d y  a p p r o x i m a t i o n .

(2) Because t h e  th e rm a l  d i s t u r b a n c e  from t h e  t u b e  i s  

a c t u a l l y  unbounded, t h e  a d i a b a t i c  boundary c o n d i t i o n s ,  on 

t h e  a r t i f i c i a l  boundary a r e  not  s a t i s f i e d  a t  a l l  t i m e s ,  p a r ­

t i c u l a r l y  a t  l a r g e  t i m e s .  Although one may e l i m i n a t e  th e  

e f f e c t s  of t h e  a r t i f i c i a l  boundary by moving i t  o u tw ard ,  i t  

i s  n o t  econom ica l  to  Keep e n l a r g i n g  th e  c a l c u l a t i o n  domain 

and then  d e v o te  much o f  th e  co m pu ta t io n  to  a r e g io n  which 

has l i t t l e  i n t e r e s t  f o r  t h e  a n a l y s i s .  N e v e r t h e l e s s ,  i t  i s  

b e l i e v e d  t h a t  th e  i n t e r f a c e  shape  in  th e  ne ighborhood  of  th e  

tu b e  w i l l  no t  be a f f e c t e d  s i g n i f i c a n t l y  a t  l a r g e  t im e s  i f  

th e  a r t i f i c i a l  boundary i s  s e l e c t e d  f a r  enough from t h e
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t u b e .  S ev e ra l  n u m er ica l  t e s t s  have been e x e c u te d  by 

changinq  th e  w id th  from 15a to  20a and 30a and t h e  r e s u l t s  

show on ly  a l i t t l e  d i f f e r e n c e  i n  th e  s o l u t i o n s  in  t h e  n e ig h ­

borhood of  th e  t u b e .  However, fo r  th e  f l o a t i n g  bottom 

boundary ,  t h i s  i s  t r u e  on ly  i f  i t  moves to  a g r e a t  dep th  

where t h e r e  i s  no s i g n i f i c a n t  i n f l u e n c e  on t h e  r e g i o n  near  

tn e  t u b e .  One can s e e  from F i g u r e s  25 (a ,b)  and T ab le  2, 

t h a t  a s u r p r i s i n q l y  l a r g e  dep th  of th e  a r t i f i c i a l  bottom 

boundary i s  needed b e f o r e  th e  i n t e r f a c e  s t a r t s  bending 

around t h e  tu b e  s i d e s .

From p r e s e n t  e x p e r i e n c e ,  th e  width of  th e  c a l c u l a t i o n  

domain sho u ld  be D ~  10 (hJS+r ;s) • I t  i s  more r e a s o n a b l e  to  use 

(h.-+r-g) r a t h e r  th an  t h e  tu b e  r a d i u s  as  th e  r e f e r e n c e  s c a l e .»5 » •

(3) The a c c u ra c y  o f  th e  f i n i t e  d i f f e r e n c e  p ro ce d u re  can ­

no t  be a n a ly ze d  due t o  th e  n o n l i n e a r i t y  of th e  prob lem . I t  

i s  no ted  t h a t  i n  t h e  n u m er ica l  c o m p u ta t io n ,  l a r g e r  t ime 

i n t e r v a l s  might l e a d  t o  an e a r l y  c l o s i n g  of th e  i n t e r f a c e  

s i n c e  th e  v e l o c i t y  components in  two d im e n s io n s ,  which vary 

from p o i n t  t o  p o i n t  a long  the  i n t e r f a c e  a s  w e l l  a s  with 

t im e ,  w i l l  be u n r e a l i s t i c a l l y  e x a g g e ra te d  by too  l a r g e  t ime 

s t e p s .  For th e  same r e a s o n ,  th e  s t a n d a r d  t r e a t m e n t s  t o  

a c h i e v e  th e  n u m e r ic a l  s t a b i l i t y  o f  a d i f f e r e n t i a l  e q u a t io n  

c anno t  go i n t o  e f f e c t .  The r e l i a b i l i t y  of  t h e  s o l u t i o n  i s  

t e s t e d  by c h ec k in g  i t  w i th  d i f f e r e n t  t im e  s t e p s  by t r i a l  and 

e r r o r  and comparing t h e  r e s u l t  i n  t h e  f a r  r e g io n  with  th e  

Neumann s o l u t i o n  i f  p o s s i b l e .
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REMARKS

The n u m er ica l  c a l c u l a t i o n s  were performed f o r  t h e  f r e e z ­

ing c a s e .  Although th e  f o r m u l a t i o n  i s  b a s i c a l l y  t h e  same 

f o r  f r e e z i n q  and m e l t i n g ,  t h e  s o l u t i o n  may be d i f f e r e n t  

b ecause  t h e  th e rm a l  d i f f u s i v i t y  o f  t h e  thaw r e g i o n  i s  con­

s i d e r a b l y  l e s s  th a n  t h a t  o f  t h e  f ro ze n  and th u s  th e  h e a t  

f low w i l l  be reduced  even with t h e  same t e m p e r a tu re  g r a d i ­

e n t .  N e v e r t h e l e s s ,  t h e  m e l t in g  problem can be a n a ly z e d  in  

th e  same manner a s  f o r  f r e e z i n g  c a se  i n  a s s o c i a t i o n  w ith  th e  

new v a lu e s  of S t ,  and 0a .

The boundary i n t e g r a l  method and f l o a t i n g  bottom t e c h ­

n ique  proposed h e r e i n  can a l s o  be used f o r  t h e  t h r e e - d i m e n ­

s i o n a l  s i t u a t i o n .  U i th  t h e  q u a s i - t h r e e  d im e n s io n a l  assump­

t i o n ,  a s  was done in  C h ap te r  I I I ,  t h e  e x t e n t i o n  of t h e  

p r e s e n t  problem i s  s t r a i g h t f o r w a r d .  In  f a c t ,  . th e  h e a t  f l u x  

a t  t h e  t u b e  s u r f a c e  i s  a v a i l a b l e  s i m u l t a n e o u s ly  w ith  t h a t  a t  

t h e  i n t e r f a c e  from e q u a t i o n s  ( IV .4) o r  ( IV .16,17) and t h e r e ­

f o r e  t h e  energy  e q u a t i o n  in  th e  f l u i d  i n s i d e  th e  t u b e ,  e q u a ­

t i o n  ( I I I . 3 ) ,  can be i n t e g r a t e d  w ith  a f i n i t e  d i f f e r e n c e  

p ro ce d u re  a s  was done in  C h a p te r  I I I .
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A c lo s e d - f o r m  a n a l y t i c a l  s o l u t i o n  i s  o b t a i n e d  f o r  s t e a d y  

s t a t e  t h r e e - d i m e n s i o n a l  f r e e z i n g  and m e l t in g  around a tube  

embedded in  t h e  v i c i n i t y  o f  a f r e e  s u r f a c e .  While t h e  s o l u ­

t i o n  t a k e s  i n t o  acc o u n t  th e  a x i a l  t h e rm a l  i n t e r a c t i o n  

between th e  PCM and t h e  f l u i d  f lo w in g  in  t h e  t u b e ,  t h e  a x i a l  

h e a t  c o n d u c t io n  i s  n e g l e c t e d  in  t h e  f o r m u l a t i o n .  T h is  model 

r e p r e s e n t s  most p r a c t i c a l  problems in  which t h e  a x i a l  temp­

e r a t u r e  v a r i a t i o n  in  t h e  PCM i s  minor compared t o  t h a t  in  

t h e  r a d i a l  d i r e c t i o n  and t h e  h e a t  c o n v e c t io n  i s  much more 

im p o r t a n t  th an  c o n d u c t io n  i n  t h e  f l u i d  i n s i d e  th e  t u b e .

A l l  p r e v io u s  q u a s i - s t e a d y  a p p ro a ch e s  t o  tw o -d im e n s io n a l  

m e l t in g  o r  f r e e z i n q  a round a b u r i e d  tu b e  were conce rned  only 

with  th e  p r e d i c t i o n  o f  t h e  dep th  of  t h e  thaw r e g i o n .  In  

a t t e m p t i n g  to  p ro v id e  a r e p r e s e n t a t i o n  o f  t h e  i n s t a n t a n e o u s  

i n t e r f a c e  c o n f i g u r a t i o n  a s  w e l l  a s  th e  i s o t h e r m s ,  a c a r e f u l  

a n a l y s i s  of  th e  t r a n s i e n t  b e h a v io r  of  t h e  i n t e r f a c e  was p r e ­

s e n t e d .  Based on t h i s  a n a l y s i s ,  t h e  new s o l u t i o n  method 

s e p a r a t e s  t h e  s o l u t i o n  domain i n t o  p a r t s  above and below th e  

t u b e .  The motion of th e  upper  p o r t i o n  o f  th e  i n t e r f a c e  i s  

d e te rm in ed  by a p p ly in g  t h e  energy  e q u a t i o n  a t  t h e  top -m os t  

p o i n t  o f  t h e  i n t e r f a c e .  T h is  method i s  no t  used t o  p r e d i c t  

t h e  i n s t a n t a n e o u s  p o s i t i o n  o f  t h e  lower p o r t i o n  s i n c e  i t  has 

been shown t h a t  t h e  Porkhayev s o l u t i o n  ( I I . 9) i s  n o t  a good 

a p p ro x im a t io n  e x c e p t  when t h e  f i n a l  e q u i l i b r i u m  s t a t e  i s  

r e a c h e d .  In  o r d e r  to  d e s c r i b e  th e  a c t u a l  motion of th e  

i n t e r f a c e  which g r a d u a l l y  changes  from t h e  e a r l y  t im e  behav­

i o r  governed by t h e  i n f i n i t e  b u r i a l  s o l u t i o n  ( I I . 1) to  th e
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very  l a r g e  t ime b e h a v io r  when t h e  Porkhayev s o l u t i o n  becomes 

a s u i t a b l e  a p p ro x im a t io n ,  t h e  a p p a r e n t  f r e e  s u r f a c e  was 

i n t r o d u c e d  and t h e  Porkhayev a p p ro x im a t io n  was th en  a p p l i e d  

with  r e s p e c t  t o  th e  a p p r o p r i a t e l y  de te rm ined  f i c t i t i o u s  f r e e  

s u r f a c e  i n s t e a d  o f  t h e  r e a l  f r e e  s u r f a c e .  Although d i f f e r ­

e n t  fo rm u lae  a r e  used f o r  t h e  upper  and lower p o r t i o n s ,  th e  

r e l a t i o n s h i p  between them i s  in c lu d e d  i n  t h e  d e t e r m i n a t i o n  

of  t h e  p o s i t i o n  o f  t h e  a p p a r e n t  f r e e  s u r f a c e  and t h e  p o lyn o ­

m ia l  shape  a p p ro x im a t io n  ( 1 1 . 1 5 ) .  The compar ison  between 

t h e  p r e s e n t  s o l u t i o n  and n u m e r ic a l  r e s u l t s  shows e x c e l l e n t  

agreem ent  and c o n f i r m s  t h e  b a s i c  c o r r e c t n e s s  of th e  a n a l y ­

s i s .

The s o - c a l l e d  a p p a r e n t  f r e e  s u r f a c e  method has been 

e x tended  t o  t h e  t h r e e - d i m e n s i o n a l  s i t u a t i o n  where t h e  temp­

e r a t u r e  f i e l d  in  t h e  PCM i s  t h e r m a l l y  coupled  with t h e  f l u i d  

f lo w in q  i n  t h e  t u b e .  The s o l u t i o n  e x p oses  an im p o r t a n t  new 

f e a t u r e  t h a t  has  n o t  been d e s c r i b e d  i n  p r e v io u s  two-dimen­

s i o n a l  m a th e m a t ic a l  models  u s in g  e i t h e r  an a n a l y t i c a l  

a p p ro x im a t io n  o r  a n u m e r ic a l  a p p ro a c h .  The the rm al  i n t e r a c ­

t i o n  between t h e  PCM and t h e  r l u i d  in  t h e  tu b e  may cau se  th e  

l o c a l  t e m p e r a t u r e  o f  t*he f l u i d  t o  be f a r  from t h e  e q u i l i b ­

rium v a l u e .  The a s su m p t io n  of a c o n s t a n t  s u r f a c e  t em pera ­

t u r e  a t  t h e  t u b e  which u n c o up le s  th e  a x i a l  th e rm a l  i n t e r a c ­

t i o n  might l e a d  t o  a l a r g e  o v e r e s t i m a t i o n  of  t h e  thaw 

r e g i o n .

While th e  a n a l y t i c a l  s o l u t i o n  method i s  deve loped  f o r  th e  

p a r t i c u l a r  c a s e  where th e  phase  change commences a t  t h e  tu be
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s u r f a c e ,  a more g e n e r a l  n u m er ica l  t e c h n iq u e  i s  used t o  s o lv e  

t h e  problem when t h e  f r e e z i n g  s t a r t s  a t  t h e  p l a n a r  s u r f a c e .  

The boundary  i n t e g r a l  method r e d u c e s  t h e  c a l c u l a t i o n  domain 

by one dimension  and l e a d s  t o  a h ig h  e f f i c i e n c y  i n  computa­

t i o n .  T h is  method can a l s o  be a p p l i e d  t o  th e  f i r s t  ty p e  of 

problem where t h e  phase  change s t a r t s  a t  t h e  tu b e  w a l l .

I t  i s  n o t i c e d  t h a t  a l th o u g h  t h e  mapping ( I . 11) p r o v id e s  

f o r  a bounded c a l c u l a t i o n  domain,  i t  i s  no t  recommended when 

th e  nu m er ica l  method i s  u s e d .  As shown i n  s u b s e c t i o n  I I . 2, 

t h e  s c a l e  f a c t o r  | Z*(W) |  o f  t h e  t r a n s f o r m a t i o n  ( I . 11) i s  

much l a r g e r  i n  th e  r e g io n  below th e  tu b e  than  th e  upper  

r e g i o n .  The e n e rg y  e q u a t i o n  a t  t h e  i n t e r f a c e  ( I I . 4) in  t h e  

complex W-plane shows t h a t  t h e  v e l o c i t y  of t h e  i n t e r f a c e  i s  

i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  second power of  t h e  l o c a l  

s c a l e  f a c t o r  which v a r i e s  d r a m a t i c a l l y  a long  th e  i n t e r f a c e  

from th e  bo t tom-most  p o i n t  t o  t h e  to p -m o s t  p o i n t .  The l a r g e  

d i f f e r e n c e  in  m agni tude  o f  t h e  s c a l e  f a c t o r  a lon g  th e  i n t e r ­

f a c e  r e q u i r e s  a h i g h e r  d e g ree  of accu ra c y  i n  th e  p r e d i c t i o n  

of  t h e  h e a t  f l u x  a lo n g  th e  i n t e r f a c e  in  t h e  complex U-plane  

th an  in  t h e  p h y s i c a l  Z - p la n e .  The s i t u a t i o n  would be much 

worse i n  t h e  second ty p e  of problem where f r e e z i n g  s t a r t s  a t  

th e  p l a n a r  s u r f a c e .  The i n t e r f a c e ,  which e x te n d s  t o  i n f i n ­

i t y  i n  th e  p h y s i c a l  p l a n e ,  i n t e r s e c t s  t h e  o u t e r  c i r c u l a r  

b oundary ,  R = R0 i n  t h e  complex W-plane a t  t h e  s i n g u l a r i t y  

of t h e  t r a n s f o r m a t i o n  with  o< = -TC/2 (F ig u re  3 ) .  The bound­

a ry  e le m e n t  t e c h n iq u e  w i l l  g iv e  very  poor accu ra c y  because  

of t h e  s i n g u l a r  p o i n t  where the  i n t e r f a c e  and t h e  o u t e r
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boundary a r e  v e ry  c l o s e  to  each o t h e r  a t  a l l  t i m e s .  The

extrem e h e a t  f l u x  a t  t h e  bottom p o r t i o n  of th e  i n t e r f a c e ,

which r e s u l t s  from t h e  boundary i n t e g r a l  of th e  o u t e r  f r o z e n  

r e g i o n ,  s e v e r e l y  a f f e c t s  t h e  accu racy  i n  th e  upper  p o r t i o n .  

C o n se q u e n t ly ,  a g r e a t  d e a l  o f  computer t im e  would be s p e n t  

on th e  lower  r e g i o n ,  which c o r r e sp o n d s  t o  th e  f a r  r e g i o n  in  

t h e  p h y s i c a l  p l a n e  and i s  o f  l i t t l e  i n t e r e s t ,  and t h e  poor 

a cc u ra c y  would d e s t r o y  th e  r e l i a b i l i t y  o f  th e  s o l u t i o n .

The p r e s e n t  s t u d i e s  a r e  based on t h e  q u a s i - s t e a d y  a p p ro x ­

i m a t i o n .  The e f f e c t  o f  n e g l e c t i n g  th e  s e n s i b l e  h e a t  in  both 

l i q u i d  and s o l i d  r e g i o n s  can no t  be r i g o r o u s l y  a n a l y z e d .  

The p a ra m ete r  0ft, which can  be e x p re s sed  in  te rm s  of th e

r a t i o  of  t h e  S t e f a n  numbers ,  0ft = D^St2 /o7,St, , r e p r e s e n t s

th e  r e l a t i v e  im p o r ta n c e  o f  t h e  s e n s i b l e  h e a t  i n  t h e  two 

r e g i o n s .  6a i s  r e l a t i v e l y  u n im p o r tan t  i n  a p p ly in g  t h e  qua­

s i - s t e a d y  a p p ro x im a t io n  in  t h e  f i r s t  t y p e  of problem, b u t  i s  

a r e a l l y  im p o r t a n t  f a c t o r  i n  t h e  second problem . For t h e  

problem d e s c r i b e d  i n  C h a p te r s  I I  and I I I ,  where th e  i n t e r ­

f a c e  i s  a c lo s e d  s u r f a c e  and hence l i m i t e d  t o  a r e g i o n  n ea r  

t h e  tu b e  s u r f a c e  bounded by t h e  s te ad y  s t a t e  c i r c l e ,  t h e  

n e g l e c t  of  th e  s e n s i b l e  h e a t  may lead  t o  o v e r e s t i m a t i o n  of  

th e  p e n e t r a t i o n  d i s t a n c e  i n  a l l  d i r e c t i o n s  but  w i l l  n o t  s i g ­

n i f i c a n t l y  a f f e c t  t h e  i n t e r f a c e  s h a p e .  However, f o r  phase  

change s t a r t i n g  a t  t h e  p l a n a r  s u r f a c e ,  t h e  phase  f r o n t  

e x te n d s  t o  i n f i n i t y  and t h e  om iss io n  of  t h e  s e n s i b l e  h e a t  

becomes q u e s t i o n a b l e  b ecause  of t h e  very  d i f f e r e n t  g e o m e t r i ­

c a l  s u r r o u n d in g s  in  t h e  ne ighborhood  o f  th e  tub e  and th e  f a r
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r e g i o n .  In  g e n e r a l ,  one must be c a u t i o u s  in  u s in g  th e  

q u a s i - s t e a d y  a p p ro x im a t io n  t o  d e a l  wi th  a moving i n t e r f a c e  

problem i n  a complex g eom etry .

The p r e s e n t  s o l u t i o n s  can be improved u s in g  t h e  q u a s i -  

s t a t i o n a r y  a p p ro x im a t io n  to  i n c l u d e  t h e  e f f e c t s  of  t h e  s e n ­

s i b l e  h e a t  f o r  sm a l l  S t e f a n  number p rob lem s .  The govern ing  

e q u a t i o n s  ( 1 .1 ,2 )  a r e  r e p l a c e d  by th e  t r a n s i e n t  h e a t  conduc­

t i o n  e q u a t i o n s ,  b u t  t h e  e n e rgy  e q u a t io n  a t  the  i n t e r f a c e  

rem ains  th e  same a s  in  th e  p r e s e n t  c a s e .  The a v a i l a b l e  

boundary i n t e g r a l  t e c h n i q u e s  f o r  pure  d i f f u s i o n  w i th ou t  

phase change C24J can f i r s t  be a p p l i e d  t o  each r e g i o n  s e p a ­

r a t e l y .  The s o l i d - l i q u i d  s u r f a c e  can then  be de te rm ined  f o r  

each t i m e - s t e p .  The main d i f f i c u l t y  which may a r i s e  i s  

n u m er ica l  i n s t a b i l i t y .  Two s e p a r a t e  f i n i t e  d i f f e r e n c e  p r o ­

c e d u r e s  a r e  i n v o lv e d  and t h e  t r i a l  and e r r o r  method used to  

d e te rm in e  th e  t im e  s t e p  i n  t h e  p r e s e n t  work may be i n a p p l i ­

c a b l e  because  of th e  l a r g e  amount of computer t ime needed .

Once t h i s  problem has been t r e a t e d ,  t h e  e x t e n s i o n  of th e  

q u a s i - s t a t i o n a r y  s o l u t i o n  t o  t h r e e  d im ens ions  i s  s i m i l a r  to  

t h a t  d e s c r i b e d  f o r  t h e  q u a s i - s t e a d y  a p p ro x im a t io n .
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APPENDIX A

GEOMETRICAL RELATIONSHIP BETWEEN Z AND W PLANES

The c o o r d i n a t e s  (xe ,y e ) of p o i n t  e i n  F ig u re  12 i s  th e  

i n t e r s e c t i o n  o f  th e  two c i r c l e s  with r a d i u s  r  ifl and r ;b , 

r e s p e c t i v e l y .  From F i g u r e  28, a s k e t c h  s i m p l i f i e d  from 

F iq u r e  12 ,  one may e a s i l y  d e te rm in e  the  fo l lo w in g  

g e o m e t r i c a l  r e l a t i o n :

where ^ h ; = h|A -h -b , and d i s  t h e  d i s t a n c e  shown i n  F ig u re  

23.  and d a r e  t h e n  g iv en  by

(Al)

and

(A2)

and

(A3)

(AU)

The c o o r d i n a t e s  of  p o i n t  e  a r e  g iven  by

( I I , 1 5 - e )

and

h!b *  ~h;b + (II.15-f)
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The angle <Pa thus is:

<Pe — * * " '  - * * h0 ( I i . i 5 - h )
*e

With a complex n o t a t i o n  Ze = x4 +iye f o r  p o i n t  e i n  th e  

p h y s i c a l  Z - p la n e ,  t h e  c o r r e s p o n d in g  p o i n t  e* i n  t h e  complex 

W-plane can be w r i t t e n  as

Zg + h9 ~ >) i
IVe* =  Ue > + I Ve > =   ---------------------------- (A5)

h0 - 2T<g /

S e p a r a t in g  Ze i n t o  r e a l  and im aginary  p a r t s  in  e q u a t io n

(A5) , one can e x p r e s s e s  utf, and ve - r e s p e c t i v e l y  i n  te rm s of

x0 and ye , and t h e  a n g le  <ve- can be w r i t t e n  as  a f u n c t i o n  of

x and y ,

■ '  Ve‘ -XeX*-Cfi0-ch+/e>](#0(h9+ye)-tJ
a e -  ----- = --------------------------------------------------- ( I I I . 4-a)

^e ' Xe<*0 -  r)
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FIGURE 28. GEOMETRICAL SKETCH OF POINT e 
( REFER TO FIGURE 18(a) )
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APPENDIX B

EVALUATION OF 5 (t*) - METHOD (I)

We wish 2 t o  ap p roach  i n f i n i t y  a s  t *  a p p ro a ch e s  z e r o  (or 

r ;b a p p ro a c h e s  u n i t y )  and e x p o n e n t i a l l y  decay t o  z e ro  a s  r ib 

ap p ro a ch e s  i t s  s t e a d y  s t a t e  v a lu e  r ;s • An ap p rox im a t io n  f o r  

8 t h a t  s a t i s f i e s  t h e s e  c o n d i t i o n s  i s :

$ = -  K JU

where t h e  f i n a l  s t e a d y  s t a t e  v a lu e  o f  r ;s i s  from e q u a t i o n s  

(1 .1 2 ,18 )  and g iven  by

eA/ a + e « )
( R 0 -  I )  # 0 ____________ __

r,s ~  ea ) <B2>
K0 "o

C o n s ta n t  7  i n  e q u a t i o n  (Bl) i s  d e te rm in e d  by m atch ing  with  

s i m p le r  s o l u t i o n  b Co), which i s  v a l i d  o n ly  a t  ve ry  s h o r t

t im e .  For sm a l l  t ime t * ,  e q u a t i o n  (11 .13 -a )  can be w r i t t e n

in  th e  form:

c- ho — I “ //a Xib
0  =  --------- ;---------------- (B3)

3< hib- h 0 ) t

where y = (h.a - r ;a ) and y.fa = (h jb + r ;b ) a r e  th e  d i s t a n c e s  of  

th e  to p  and bottom p o i n t s  o f  th e  thaw f r o n t  measured from 

th e  f r e e  s u r f a c e .  For ve ry  e a r l y  t i m e s ,  th e  i n t e r f a c e  can 

be approx im ated  by a s l i g h t l y  e c c e n t r i c  c i r c l e  p a s s in g

th rough  bo th  p o i n t s  a and b i n  F ig u re  1 2 .  The motion of

p o i n t  a i s  g iven  by
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where t h e  dR.a / d t $  i s  o b t a i n e d  from e q u a t io n  ( I I . 8 ) .  The 

motion o f  p o i n t  b i s  d e te rm in e d  by t h e  Cars law  and J a e g e r  

s o l u t i o n  ( I I . 1 ) .  E q u a t io n s  ( I I . 8 )  and (Btt) a r e  i n t e g r a t e d  

ove r  some sm a l l  bu t  f i n i t e  t im e  t $  . I t  i s  o b v io u s  t h a t  th e  

c i r c l e  p a s s in g  th ro u g h  p o i n t s  a and b w i l l  be n e a r l y  concen­

t r i c  a b o u t  th e  t u b e  p ro v id ed  t h a t  8 i s  l a r g e  compared to  t h e  

b u r i a l  dep th  of  t h e  t u b e .  The p r i n c i p a l  d i f f e r e n c e  between 

th e  Cars law  and J a e g e r  s o l u t i o n  and t h e  p r e s e n t  s o l u t i o n  a t  

t h e s e  s h o r t  t im e s  i s  t h a t  t h e r e  i s  a s l i g h t  d i f f e r e n c e  i n  

p e n e t r a t i o n  d e p th s  d ia and d ib o f  th e  to p  and bottom p o i n t s  

due t o  t h e  sm a l l  n o n -un i fo rm  f l u x  in  t h e  o u t e r  r e g i o n  when 

0a i s  f i n i t e .  The r e s u l t  i s  t h a t  t h e  c e n t e r  of  t h e  c i r c l e  

th rough  a and b i s  s h i f t e d  down a d i s t a n c e  (d ;a +d;b ) / 2  and 

has i t s  c e n t e r  a t  h ;b = h0+ ( d !b - d ift) / 2  w h i le  th e  r a d i u s  of 

th e  thaw c y l i n d e r  r ; i s  s l i g h t l y  s m a l l e r  than  t h e  Carslaw 

and J a e g e r  s o l u t i o n  and h as  th e  v a l u e ,  r.'b = r ;b -

(d;b - d ;flL) / 2 .  where r ;b h e re  i s  th e  Cars law and J a e g e r  v a l u e .

The v a lu e  o f  5 » which i s  much g r e a t e r  th an  h0 , does  no t  s i g ­

n i f i c a n t l y  a f f e c t  t h e  p r e d i c t i o n  o f  t h e  p o s i t i o n  o f  p o i n t  b ,  

s i n c e  t h i s  i s  w e l l  app rox im ated  by t h e  i n f i n i t e  b u r i a l  s o l u ­

t i o n ,  bu t  i t  does  r e f l e c t  t h e  s l i g h t  e c c e n t r i c i t y  t h a t  

d e v e lo p s  due t o  t h e  sm a l l  d i f f e r e n c e s  between d i0l and dlb •

One can show i n  th e  l i m i t  a s  bo th  d and d a pproach  ze ro

t h a t  e q u a t io n  ( I I . 1 3 - a )  o r  (B3) r e d u c e s  t o



T his  fo l lo w s  from t h e  a p p r o x i m a t i o n ,  h;b - h 0 (dib - d |{V ) / 2 ,  

and th e  q e o m e t r i c a l  d e f i n i t i o n s  o f  y.i(K and y.fe •

To d e te rm in e  t h e  v a lu e  o f  t h e  c o n s t a n t , V , and t h e  l o c a ­

t i o n  o f  t h e  match p o i n t  r ;bo where one s h i f t s  from e q u a t io n  

(B5) t o  ( B l ) , one r e q u i r e s  t h a t

C" _
0 - 0  (B6)

and

(87)
d t *  d t *

The r i g h t  hand s i d e  o f  e q u a t io n  (B6) i s  g iv en  by (B5) w h i le  

th e  r i q h t  hand s i d e  o f  (B7) i s  o b t a i n e d  from th e  d i f f e r e n ­

t i a l  form o f  t h e  Cars law and J a e g e r  s o l u t i o n .  The l e f t  hand

s i d e  o f  e q u a t io n  (B7) i s  g iv en  by

dy]b ^  c * 0; a-  0  dR,[

d t *  < ■ # • ; - / ? * /  eft*  (B8)

where dR* / d t *  i s  o b t a i n e d  from e q u a t io n  ( 1 1 .1 4 ) .IP
The v a lu e  o f  dy.u / d t * ,  t h e r e f o r e ,  i s  a f u n c t i o n  o f  5  and»D

r  ;b (or *Y and r ;b ) . A n u m er ica l  p ro c e d u re  i s  r e q u i r e d  t o  

s a t i s f y  t h e  m atch ing  c o n d i t i o n s  (B6) and (B7). For v a l u e s  o f  

r ib g r e a t e r  than  r ib0 , one u s e s  e q u a t io n  (Bl) t o  d e te r m in e  5  •
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APPENDIX C

EVALUATION OF 8 (z,t*) - METHOD (II)

Ihe  po lynomia l  q iv en  by e q u a t io n  (11.15) and boundary 

c o n d i t i o n s  ( I I . 1 5 a - d )  t a k e s  i n t o  acc o u n t  th e  i n f l u e n c e  of 

tn e  upper  p o r t i o n  o f  t h e  i n t e r f a c e  on th e  lower p o r t i o n  and 

g iv es  a r e a s o n a b l e  a p p ro x im a t io n  of th e  i n t e r f a c e  s h a p e .  

However, i t  i s  s t i l l  no t  s u f f i c i e n t l y  a c c u r a t e  t o  d e s c r i b e  

th e  l o c a l  c u r v a t u r e  of t h e  i n t e r f a c e  a t  t h e  bot tom-most  

p o in t  fo r  th e  d e t e r m i n a t i o n  of 8 •  The d i f f i c u l t y  i s  t h a t  

th e  i n t e r s e c t i o n  o f  th e  upper  and lower c i r c l e s  does not  

a d e q u a te ly  r e p r e s e n t  t h e  a c t u a l  j o i n i n g  p o i n t  of t h e  i n t e r ­

fa c e  in  th e  uppe r  and lower r e g i o n s .  I h i s  i s  due to  th e  

l a r g e  v a r i a t i o n  in  c u r v a t u r e  in  th e  v i c i n i t y  of p o i n t  e .  

F ig u r e  12 .  The f o l lo w in g  p ro ce d u re  based  on F i g u r e  26 was 

developed  to  overcome t h i s  d i f f i c u l t y :

(1) At e a r l y  t i m e s ,  t h e  Carslaw and J a e g e r  s o l u t i o n  [ 6 )

i s  used t o  c a l c u l a t e  th e  p o s i t i o n  of p o i n t  b .  The po lynomia l

e q u a t io n  (11.15) i s  f i r s t  a p p l i e d  to  l i n k  p o i n t s  b and a 

(see  F ig u re  26) by r e p l a c i n g  c o n d i t i o n s  ( I I . 1 5 - c - d )  with 

r p (ir/2) = h0 - ( h ia-r.ift) and d r p (tt/2)/d<t> = 0 ,  r e s p e c t i v e l y ,  and 

th u s  g iv e s  th e  r a d i u s  o f  t h e  l o c a l  c u r v a t u r e ,  r.*b , by e q u a ­

t i o n  ( 1 1 .1 6 ) .  Using r.'b and h?b g iv en  by e q u a t io n s  

( 1 1 .1 6 ,1 7 ) ,  th e  v a lu e  of S i s  th e n  r e a d i l y  o b t a i n e d  from 

e q u a t io n  ( 1 1 .1 8 ) .

(2) A r e l a t i v e l y  l a r g e  v a lu e  S0 i s  a s s i g n e d  ( say

5« = 10he o r  l a r g e r  ) such t h a t  when 5 i s  l a r g e r  than  t h i s
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a s s iq n e d  l i m i t ,  5" > 5 0 , th e  a p p a r e n t  f r e e  s u r f a c e  w i l l  

h a r d l y  a f f e c t  t h e  motion of  th e  i n t e r f a c e  a round i t s  bo t tom ­

most p o i n t .  The C ars law  and J a e g e r  s o l u t i o n  i n  f a c t  can be 

employed u n t i l  S  i s  e q u a l  t o  or  l e s s  t h a n  50 .

(3) For  l a r g e  t i m e s ,  e q u a t i o n  ( I I . 14) i s  u s e d .  To d e t e r ­

mine 5  ( t s )  a t  any i n s t a n t  i n  t im e  t * ,  one f i r s t  d i v i d e s  t h e  

a b s c i s s a  d i s t a n c e  o f  p o i n t  e ,  xe ( t s ) , i n t o  M0 d i v i s i o n s  ( 

s e e  F i g u r e  26 ) .  Each d i v i s i o n  has t h e  same s i z e ,  <axe = xe /M0 

and a l l  nodes a r e  numbered i n  o r d e r  by M, where Mo ^  M ^  0 ,  

such t h a t  x ( 0 )  = xe , x(M0) = 0 and x(M) = xe - M ^ x e . To

d e te rm in e  r.* , t h e  p o ly n o m ia l ,  e q u a t io n  ( 1 1 . 1 5 ) ,  i s  a p p l i e d  

between p o i n t  b and an a p p r o p r i a t e l y  chosen  p o i n t  e, a lo n g  

cu rv e  ae t o  c a l c u l a t e  a, and a 2 f o r  e q u a t i o n  ( 1 1 . 1 6 ) .  P o i n t  

e, i s  i d e n t i f i e d  by number M# by a s im p le  r e l a t i o n  

xe, = xe-M£ a xe where xe! i s  t h e  a b s c i s s a  d i s t a n c e  o f  p o i n t  e, 

and M* i s  remained t o  be d e t e r m i n e d .  S u b s t i t u t i n g  r* i n t oID
e q u a t i o n  ( 1 1 . 1 7 ) .  and th e n  i n t o  e q u a t i o n  ( 1 1 . 1 8 ) ,  one 

o b t a i n e s  5  ( t * ) . S in c e  p o i n t  e i s  i n d i c a t e d  by M$, i t  i s  

o b v io u s  t h a t  r '  or  8 i s  a f u n c t i o n  of M*. The c o n d i t i o n s  toib
d e te rm in e  M3* a r e  t h a t  r.*b (M*) < r ;b( t * - ^  t# )  < r.'b (M ^ - l ) , 

where r - b ( t * -  A t * )  i s  o b t a i n e d  from t h e  s o l u t i o n  o f  e q u a t io n  

(11 .14)  in  t h e  p r e c e d i n g  t ime s t e p  i f  one n o t e s  t h a t

r .. <t«) = r* (M*) .ib io
To d e s c r i b e  t h e  shap e  o f  t h e  i n t e r f a c e ,  a new j o i n i n g

p o i n t  i s  d e f in e d  a t  t h e  p o s i t i o n  (xeo ,yeo ) a lo n g  c u rv e  a e ,

where xe0 = (xe *xe , ) / 2 .  The i n s t a n t a n e o u s  shape  of  th e  

i n t e r f a c e  i s  c o n s t r u c t e d  u s in g  th e  c i r c u l a r  cu rv e  ae  a s  i t s
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upper p o r t i o n  and c u rv e  e 0b,  t h e  po lynom ia l  l i n k i n g  p o i n t s  b 

and e 0 , a s  i t s  lower  p o r t i o n .

One can show t h a t  both M*(t*) and 5 ( t r )  converge  t o  ze ro

as  t*  qoes t o  i n f i n i t y  i f  A t*  and ^>xe (t*) = xe ( t* ) /M 0 a r e

both  sm a l l  enough.  For p r a c t i c a l  p u r p o s e s ,  one may tak e

50 = 10htf and choose  M0 such t h a t  M*(t*) s a t i s f i e s  t h e  f o l ­

lowing c o n d i t i o n s :  ( i )  M* must m o n o to n ic a l ly  approach  ze ro

u n t i l  t h e  s t e a d y  s t a t e  i s  r e a c h e d ,  ( i i )  as  p r e d i c a t e d  by t h e  

a n a l y s i s  of t h e  a p p a r e n t  f r e e  s u r f a c e  method, t h e  s o l u t i o n  

shou ld  no t  be s e n s i t i v e  t o  t h e  a s s ig n e d  v a lu e  of ? 0 when 

So > 10ho .

In  th e  p r e s e n t  p a p e r ,  M0 = 50 i s  chosen f o r  b o th  c a s e s .  

In g e n e r a l ,  one may w ith  l i t t l e  d i f f i c u l t y  d e te rm in e  a s u i t -  

a o le  v a lu e  of M0 by t r i a l  and e r r o r  by s a t i s f y i n g  t h e  a f o r e ­

mentioned c o n d i t i o n s .  Although t h e  v a lu e  of  M0 s a t i s f y i n g  

th e  above c o n d i t i o n s  may be l o c a t e d  in  a c e r t a i n  range  of 

numbers ,  e . g .  M0 = 20 t o  150 fo r  c a se  1 and M0 = 10 t o  60 

f o r  c a s e  2, i t  i s  found t h a t  t h e  r e l a t i v e  e r r o r s  of th e  

s o l u t i o n s  f o r  t h e  p e n e t r a t i o n  dep th  under th e  t u b e ,  d !b , 

u n t i l  10 y e a r s  were l e s s  th a n  1.8% f o r  both s i t u a t i o n s .
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interface 
shape Eq-(II.l5)

FIGURE 29. SCHEMATIC DIAGRAM SHOWING DETERMINATION 
FOR 6
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APPENDIX D

SOLUTION FOR THE REGION NEAR THE TUBE WALL

In s u b s e c t i o n  I I I . 2 . 2 . ,  we a l r e a d y  have t h e  ene rgy  equa­

t i o n  i n  t h e  f l u i d  i n  t h e  t u b e ,

P e 3  4
0ft "  U S p (111 .16-a)

and a t  t h e  i n t e r f a c e ,

/  9 S ,  4■

0A 3 1* l * S p (111 .17-a)

where Sp = r p , r e p r e s e n t s  the  c r o s s - s e c t i o n a l  a r e a  of  th e

thaw re g io n  around t u b e .  By assuming a new d i f f e r e n t i a l

v a r i a b l e  with  r e s p e c t  t o  t i m e ,  d f f z , ^ )  = ©a ( z , t * )  d t s ,  one

can i n t e g r a t e  e q u a t io n  ( I I . 1 7 - a )  t o  y i e l d :

4 T  -  Sp JL Sp -  Sp + \ (D 1 >

or

T  =  j ( [  i f (D2)

This  i s  o f  th e  same form o f  th e  Carslaw and J a e g e r  s o l u t i o n  

( I I . 1) but  x  and r p h e re  a r e  f u n c t i o n s  o f  z a s  w e l l  a s  t * .

E qua t ion  (Dl) shows t h a t  t h e  Sp i s  a f u n c t i o n  o f  th e  new

v a r i a b l e  x  o n l y .  Thus,  e q u a t in g  t h e  r i g h t  hand s i d e s  of 

e q u a t i o n s  (1 6 - a ,1 7 - a )  l e a d s  t o :

p& _  _ d  Sp
6 9  z  d -c  (D3)
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and
.  * 36L QSp
re 9 2  9 t *

Note t h a t  t h e  com ple te  d e r i v a t i v e  dSp /d T  can be w r i t t e n  a s

d S p C z . t * )  3 S p ( z . t * )  /  ' d T ( 2 , t * ) 1----------  _   r  /    (D5J
dz.  3 2  /  2 2

where 9T(z,t$)  /S z  i s  g iven  by

T *
3 r  3  r ±

3 2
(D6)

a c c o rd in g  to  t h e  d e f i n i t i o n  o f  T .  Using e q u a t i o n  (D3), 

e q u a t io n  (D5) becomes:

3 T  r *  _ i  d jr*  <Sp->)
aT ~  ~ I  .Ft* z t *  p&* <D7>

S u b s t i t u t i n g  (D7) i n t o  (05) and (D4), one o b t a i n e s  an e q u a ­

t i o n  with  on ly  one p a r t i a l  d e r i v a t i v e .

<9a  /

9 z  CSp- i )  ^ 2  .
r  (111*19)

The i n t e g r a t i o n  o f  e q u a t io n  (111.12) i s  s t r a i g h t f o r w a r d  and 

g i v e s :

S p - /

and

-  €  (111 .19-a)

c c t* )  =  -  ( f̂>0 f )
( I I I .1 9 -b )
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where rp0 = rp( 0 , t * )  a t  t h e  e n t r a n c e  of t h e  tu b e  i s  s imply 

d e te rm in ed  by th e  Cars law and J a e g e r  s o l u t i o n  ( I I . 1) . Combi­

n a t i o n  of e q u a t i o n s  ( I I I . 1 9 - a #b) g iv e s  a s im ple  a l g e b r a i c  

r e l a t i o n  between 0a ( z , t * )  and r p ( z , t * ) :

6 ^ ( 2 . t  > =  - f — ----------- (D8)
V * ’ -  1

E quat ion  (D8) shows t h a t  t h e  d im e n s io n le s s  t e m p e r a t u r e  of 

th e  f l u i d  d e c r e a s e s  l i n e a r l y  with th e  d e c r e a s e  of t h e  c r o s s -  

s e c t i o n a l  a r e a  o f  t h e  thaw c y l i n d e r  a lon g  th e  tu b e  a x i s .  

S ince  t h e  i n t e r f a c e  a lways rem ains  p a r t i a l l y  in  t h e  r e g io n  

n ea r  th e  tu be  w a l l  u n t i l  i t  e n t i r e l y  d e p a r t s  from th e  tube  

s u r f a c e ,  t h i s  s o l u t i o n  i s  a c t u a l l y  a p p l i e d  t o  a t h i n  l a y e r  

around of  th e  t u b e  to  match the  n o n - c i r c u l a r  s o l u t i o n  d e t e r ­

mined by e q u a t i o n s  (1 1 .8 ,1 4 )  in  th e  o u t e r  r e g i o n .  I f  a t  

t ime t * ,  th e  f l u i d  t e m p e r a tu r e  6* and l o c a l  r a d i i  r (.a and r ;b 

(no te  r ib * r ;a he re )  a t  t h e  a x i a l  p o s i t i o n  z = z 0 i s  o b t a in e d  

from th e  o u t e r  r e g i o n  s o l u t i o n ,  one can then  c a l c u l a t e  th e  

a x i a l  t e m p e r a t u r e  d i s t r i b u t i o n  in  th e  f l u i d  by t h e  l i n e a r  

r e l a t i o n :

r *
e a ( z 0, t >  rp c z ^ t ) - f  t (D9)

fo r  t h e  r e g io n  in  t h e  v i c i n i t y  of the  t u b e .  Note t h a t  equa­

t i o n s  (D8,9) p ro v id e  a s o l u t i o n  f o r  0* in  terras o f  r p o n l y .  

By combining e q u a t i o n s  ( I I I . 1 6 - a )  and ( I I I . 1 9 ) ,  t h e  r e l a t i o n  

between r p and z i s  d e te rm in e d  as
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 /_ d z  _  _  S t  SP

Pe' dsr '  4 ( S r - 0  (D10)

The i n t e g r a l  form i s

s'  L s ° Woa s p  (Dll)

2
where Spo = r p ( 0 #t# )  a t  z = 0 ,  o r

2 - z .  , (-Sf J , s
-  - Z  I  3 — 7  d s r  <D12)S Po '• ‘p  ~  I

with  Known Spro a t  p o s i t i o n  z = z0 m atch ing  w ith  th e  o u t e r  

r e g i o n  s o l u t i o n .  Using T a lo r  ex p an s io n  o f  l n S p around

Sp= 1:
  rt+t nOO

- . J
W=/ 77

<•-/; r 5 p - / ;
f o r  | SD | < 2 (D13)

one can i n t e g r a t e  e q u a t i o n  (D12) a n a l y t i c a l l y .  In  t h e  p r e s ­

e n t  c a l c u l a t i o n .  t h e  a n a l y t i c a l  ax isym m etr ic  s o l u t i o n  was 

used f o r  r e g io n  r p & 1 . 2 .
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APPENDIX E

DETERMINATION OF THE POSITION 
OF THE FLOATING BOTTOM BOUNDARY

The energy  e q u a t i o n  a t  t h e  i n t e r f a c e ,  e q u a t io n  ( I I . 2 - a ) ,  

can be w r i t t e n  a s  t h e  f o l l o w in g  d im e n s io n a l  form ( r e f e r  to  

F ig u r e  29 ) :

*  iZ L  _ *  2Z L  «  ,Ei ,

In  t h e  f a r  r e g i o n ,  e q u a t i o n s  ( 1 .1 ,2 )  become o n e -d im e n s io n a l  

and r e s u l t  in  l i n e a r  t e m p e r a t u r e  f i e l d s  i n  both r e g i o n s .  

The normal d e r i v a t i v e s  a r e  th en  g iven  by 

3 7 ;  Tf  -  r o

and

7-, i t )  

To. ~

(E2)

MbC-t)-/; ( t)  (E3)

S u b s t i t u t i n g  w i th  (E2) and (E3) , e q u a t io n  (El) becomes:

k J ± z I ^ - Ki  .  e L  w
X c t)  ub( t ) - y ;(t) d t

or
 /_ _ _ _ _ _ _ _ _ _ _ _ 6c, =  e L  dy.C-t)

Hbc*) - y y t )  Kx(rf - r 0 j d-t (E5)

S o lv in g  i t  fo r  H ( , ( t ) ,  one o b t a i n s

% .____________

e  L <tyyt>
y6 c±) =  --------------------   y e t )

Y y t )  K ,  ( T f  -  T o )  d - t
(E6)

- 138-



By assuminq t h e  h e a t  f l u x  d i f f e r e n c e  a c r o s s  th e  i n t e r f a c e  t o  

be e q u a l  t o  t h e  e x a c t  Neumann s o l u t i o n ,  y . ( t )  and dy. ( t ) / d t  

i n  e q u a t io n  (E6) can be r e p l a c e d  by y;(4 and dy.N/ d t  g iv en  by 

e q u a t io n  (V I .1)

y.(t) =  y iH =

and
cty.rt) _  dy,;h

-d t  d t

Thus, e q u a t io n  (E6) becomes:

=  ( /  +   &  ) •
/  -  J A  / S t ,  ( V I . 6)

where S t ,  = C ,(T ^-T 0 ) /L  i s  t h e  S te fe n  number.
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FREE SURFACE

ZONE 1

-  I N T E R F A C E ,  T

H J t )

Z O N E  2

FLOATING
BOTTOM
BOUNDARY

NEUMANN S O L U T I O N  (Eq .  2 1 .1 )

 Q U A S I - S T E A D Y  APP ROXI MATI ON WITH
A F L O AT I N G  B O T T O M  BOUNDARY

FIGURE 30.  SCHEMATIC DIAGRAM SHOWING DETERMINATION 
OF POSITION OF FLOATING BOTTOM BOUNDARY
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APPENDIX F

DERIVATION OF EQUATIONS (V I .16 ,17)

As shown in  F i q u r e s  24 ( a , b ) ,  t h e  b o u n d a r i e s  o f  each zone 

in  t h e  c a l c u l a t i o n  domain a r e  s u b d iv id e d  i n t o  sm a l l  segments 

s K (k = 1 , 2 , . . . , N )  and th e  unknown f u n c t i o n  0 o r  3 0 / d n  a lon g  

s K i s  app rox im ated  by some mean v a lu e  ©K or  (30/Sn)^ . The 

i n t e g r a l  e q u a t io n  (V I .4) th e n  can be w r i t t e n  as

where p o i n t  ( x . , y .  ) l o c a t e s  a t  t h e  c e n t e r  o f  t h e  j t h  s e g -J J

ment.  E x p re s s io n  (FI) can be used  f o r  b o th  r e g i o n s .  The 

l i n e  i n t e g r a l  in  e q u a t io n  (V I .4) i s  c a r r i e d  o u t  a n t i c l o c k ­

wise f o r  r e g io n  1 ,  and t h u s  t h e  normal c o o r d i n a t e  n in  e q u a ­

t i o n  (FI) p o i n t s  ou tward  from t h e  f ro z e n  r e g i o n  a c c o r d in g  to  

G r e e n ' s  fo rm ula  (V I .4 ) .  In  o r d e r  t o  keep bo th  i n t e g r a l s  f o r  

r e g i o n s  1 and 2 in  t h e  same d i r e c t i o n  a lo n g  th e  i n t e r f a c e ,  

th e  i n t e g r a l  i n  e q u a t io n  (FI) i s  performed c lo c k w ise  f o r  

zone 2 and t h u s  n d i r e c t s  inward i n  t h i s  r e g i o n .  The number 

of  e q u a t i o n s  N, which i s  e q u a l  t o  e lem en t  number, may a l s o  

be d i f f e r e n t  f o r  t h e  two r e g i o n s .  E q ua t ion  (FI) can be 

w r i t t e n  i n  a n o th e r  form:

9U(X;.Yj

9 (/

1 90  r
d S  -  J  f  • ,»  d s J  (E1)

rj =■

where
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<F3a)

and

*jk  —  S  u c x j , y j .  ?. >)) d s <F3b)

With t h e  boundary c o n d i t i o n  (V I .9 ) ,  i . e .  6, a = 0 a lo n g  t h e

i n t e r f a c e ,  one r e c o g n i z e s  t h a t  Aj({ a lo n g  boundary I I  or  I I I  

a s  i n d i c a t e d  i n  F i g u r e  24(b) w i l l  n o t  be i n v o lv e d  in  e q u a ­

t i o n  ( F I ) .  S i m i l a r l y .  B:k. a lo n g  t h e  b o u n d a r i e s  1 2 ,  1 4 .  112.J F

114 and 116 w i l l  n o t  a p p e a r  e i t h e r  due t o  t h e  a d i a b a t i c  

boundary c o n d i t i o n s  (V I .8 , 1 1 ) .  The rem ain ing  c o e f f i c i e n t s  

A j j. and B̂ ,, a r e  d e te rm in e d  by e v a l u a t i n g  t h e  i n t e g r a l  (F3a) 

o r  (F3b) a lonq  each segment s K •

For r e g i o n  1 ,  one f i r s t  s u b s t i t u t e s  t h e  s i n g u l a r  s o l u t i o n  

(V I .5) i n t o  e q u a t io n  (F3a) on boundary I I ,

H ere ,  = ŷ  ♦ (S-xK) (y^, -yK ) / (xk+|- x K) i s  t h e  l i n e a r

e x p r e s s i o n  o f  t h e  e le m e n t  s K o f  t h e  i n t e r f a c e .  The d e r i v a -

yK+) and e K a r e  a l l  known c o n s t a n t s ,  e q u a t io n  (F2) can be 

i n t e g r a t e d  a s  f o l l o w s :

K
(F4)

t i v e ,  d*)<$)/d$ = (yKt| -yK) /  ( x ^ - x ^ )  s  e K.  S in c e  x K , yK , x ^ , ,
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— ( X / ; + i  bJ K ) £ * i  [ C ^ KH  ~ b j K )  +  d j K J  - 2  I f f r )

2  djK (ia^H  ~ fel _  t a n '  Xk ~ b— ) l  
dJK <*JK J ,

(F4a)

-5 + dJ * e*
“nere *-* -  ~ 1 7 e J ~

H  as- ^

/ + e*

For boundary 12 ,  one o b t a i n s :

(M  { /k*' l U t C X j - n i + i - y j - t ) ? )

J ‘  \    T *   *

=  J C ^ A U ^ ...  _  + £ A ^ >k. )
Xj - D  Xj - D  J.  (F5)

Due t o  0, = i  a lo n g  boundary 13,  a l l  Aj(( on boundary 13 can 

be summed up and e x p re s s e d  by t h e  sub-summ ation :

I  C >=  f °  + d ( - v

=  j? ( t o Z *  *i I g -  _   *i )
y . 1 y. \  (F6a)

Bj k on 13 i s  g iv en  by

( h )  j **+i

f c t j - x K„ )  L C u ^ ,  ? * / ' ] - ( * > - r J + X j

/* ATJ * ^
eJ K " =  J  -  I t  ( LX; -X)  + yj J dC-%)
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-4 > +-2/j C - t - h  -**» _ ^
/} ' 4 4 (F6b)

On boundary 14 ,  o n ly  AJ|( a p p e a r s  and i s  o b t a i n e d  a s

<F7)
j

I t  i s  easy  t o  show t h a t  a l l  fo rm ulae  above in v o lv i n g  

a n t i - t a n q e n t  f u n c t i o n  sh o u ld  d i s a p p e a r  when t h e  d enom ina to r  

o f  i t s  argument v a n i s h s .  Note t h a t  i n t e g r a l s  (F3a,b)  

i n v o l v i n g  th e  s i n g u l a r i t y  a t  t h e  c e n t e r  on t h e  segment of  

k = j  a r e  c o n v e rg e n t  and t h u s  have t h e  same a n a l y t i c  e x p r e s ­

s i o n s  ■

F o l lo w in q  t h e  same p ro c e d u re  a s  shown above ,  one can 

i n t e q r a t e  e q u a t i o n s  (F3a,b)  on each  boundary of  r e g i o n  2. 

Note t h a t  t h e  l i n e  i n t e g r a t i o n  i s  c a r r i e d  o u t  c lo c k w is e  and 

t h e  normal c o o r d i n a t e  n i n  e q u a t io n  (VI.4) p o i n t s  from o u t ­

ward o f  t h i s  r e g i o n .  The fo rm u la e  a r e  l i s t e d  a s  f o l l o w s .

<F8>

(F9)J
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C/j * Hb) /
X  *  Hi  / ; + « < , ■ >

(F10)

and

Cl's)
— -2 (•£&*.

K Yj+H* Yj + Hb

y  - /  y
I A Jle =  3. ( t W  ~  ~ Dt t V i  — — J— ~  )  ( F l l )

For t h e  i n t e g r a l s  a lo n g  t h e  tu b e  s u r f a c e ,  one may use  th e  

p o l a r  c o o r d i n a t e s  g iv e n  by

rt  =  C x '  + c y  + h o f j *

and
<p =  t o ^  l- lA z -

The fundam en ta l  s i n g u l a r  s o l u t i o n  (V I .5) i n  t h e  p o l a r  c o o r ­

d i n a t e s  i s  g iven  by

u c
■> ■* J  J  J  «

where r + and <£. d e n o te  p o i n t  j .  The c o e f f i c i e n t s  can thenXtj j

be e x p re s s e d  by

c is ) r ^ r  „ ,  j  *
2  A ■ /  =  f  s ^ r*: *'■‘ - ^ t . c o s c ^ z ^ d  d4>
* JK J-3L  u\

^  A i -
TT

>.2

= r 2  f  %C4>SC<p~<pj) -  /
—_31

*tj t* f ~ <2 . CoS C<p-<j£)t)
d<p ( F I  2 )

I n t e g r a t i n g  (F 1 2 ) , one can o b t a i n :

■ 9

a w

f o r  r +. = 1 .y>

Z 4 , - =  7T < F 12a )
* JK

f o r  r*. > 1 ,WJ
-  1U5-



^  . ( Z )I  4/c — J2TZ ( < £ .  * - * / 2 >  < F 1 2 b )

V  4 ( *r )2- = - 0  ( <p. = 7T/2) (F12C)

(F12d)

crr )
and B-*. can be c a l c u l a t e d  u s in g  th e  same form ula  f o r  t h eJ 1̂

i n t e r f a c e .

a ,>  t i . )  _  a , )
BJ t  -  3jK ~  ° jk  . (F12e)

On boundary 116, i s  same as  on boundary 14,

,  0 6 ) A (I4 )
Ai t  =■ AjK (F13)

-  1 4 6 -



NOTES

1 .  L u n a r d i n i ,  V. J . ,  Thawing of  P e rm a f ro s t  Beneath  a Buried 
P i p e ,  J o u r n a l  o f  Canadian  Pe t ro leum  Technology ,  
V o l . 1 6 . p p , 34 -3 7 ,  1977.

2 .  L u n a r d i n i ,  V. J . ,  Phase  Change Around I n s u l a t e d  Buried  
P i p e s :  Q u a s i -S te a d y  Method, J .E n e rg y  R esources  T e c h . ,
V o l . 103 (3 ) ,  p p . 201-207 ,  1981.

3 .  W heeler ,  J .  A . ,  S im u la t io n  of Heat T r a n s f e r  from a warm 
P i p e l i n e  Bur ied  in  P e r m a f r o s t ,  Paper  p r e s e n t e d  a t  th e  
74 th  N a t io n a l  M e e t in g ,  A m .I n s t .  Chem. E n g r . ,  New O r l e ­
a n s ,  L a . ,  1973.

4 .  L u n a r d i n i ,  V. J . ,  Heat  T r a n s f e r  in  Cold C l im a te s ,  Van 
N os trand  R e in h o l d ,  New York, 1961.

5 . C a r a th e o d o r y , C . ,  Conforraal R e p r e s e n t a t i o n ,  New York,
Cambridqe U n i v e r s i t y  P r e s s ,  1958.

6 .  C a r s l a w ,  H. S .  and J a e g e r ,  J .  C . ,  Conduction  of  Heat in  
S o l i d s ,  2nd e d . ,  Oxford a t  th e  C larendon  P r e s s ,  1959.

7 .  Porkhayev ,  G. V . ,  Tem pera ture  F i e l d s  i n  F o u n d a t io n s ,  i n  
P r o c .  1 s t  I n t .  Conf.  On P e r m a f r o s t ,  L a f a y e t t e ,  I n d i a n a ,  
p p . 285-291 ,  1963.

3 .  T ho rn to n ,  D. £ . ,  S teady  S t a t e  and Q u a s i - S t a t i c  Thermal 
R e s u l t s  f o r  Bare and I n s u l a t e d  P ipes  i n  P e r m a f r o s t ,  Can­
a d ia n  G e o te c h n ic a l  J o u r n a l ,  V o l .13 ,  p p . 161-170,  1976.

9 .  hwanq, C. T . ,  On Q u a s i - S t a t i c  S o l u t i o n s  f o r  B ur ied  P ip e s  
i n  P e r m a f r o s t ,  Canadian  G e o te c h n ic a l  J o u r n a l ,
V o l . 1 4 , p p . 1 8 0 -1 92 ,  1977.

10 .  L u n a r d i n i ,  V. J . ,  Approximate  Phase Change S o l u t i o n s  f o r  
I n s u l a t e d  B ur ied  C y l i n d e r s ,  J o u r n a l  of Heat T r a n s f e r ,  
ASME, V o l .105 ,  p p . 2 5 -3 2 ,  1983.

11.  Hwang, C. T . ,  S e s h a d r i ,  R. and K r i sh n a y y a ,  A. V. G . ,  
Thermal  Desiqn f o r  I n s u l a t e d  p i p e s ,  Canadian G e o tec h n i ­
c a l  J o u r n a l ,  V o l .17 ,  p p . 613-622,  1980.

1 2 .  S e s h a d r i ,  R. and K r i sh n a y y a ,  A. V. G . ,  Q uas i -S te ad y  
Approach f o r  Thermal A n a ly s i s  o f  I n s u l a t e d  S t r u c t u r e s ,  
I n t e r n a t i o n a l  J o u r n a l  of  Heat and Mass T r a n s f e r ,  V o l . 23, 
p p . 111-121 ,  1980.

13.  L achenbruch ,  A. H . ,  Some E s t im a te  of t h e  Thermal E f f e c t s  
o f  a Heated P i p e l i n e  i n  P e r m a f r o s t ,  U .S .G e o lo g ic a l  Sur­
vey ,  C i r c u l a r  632 ,  1970.

147



14. Gold, L. U . ,  J o h n s t o n ,  G. H . ,  S lu s a r c h u k ,  U. A. and
G oodr ich ,  L. E . ,  Thermal E f f e c t s  i n  P e r m a f r o s t ,  P ro c .
Canadian N o r th e rn  P i p e l i n e  R esearch  C o n fe re n c e ,  
p p . 25 -45 ,  1972.

15 .  Hwanq, C. T . ,  Murray,  D. U. and B ro o ke r ,  E. U . ,  A T h er ­
mal A n a ly s i s  f o r  S t r u c t u r e s  on P e r m a f r o s t ,  Canadian  Geo­
t e c h n i c a l  J o u r n a l ,  V o l . 9 ,  pp .  33 -46 ,  1972.

16. Hwanq, C. T . ,  P r e d i c t i o n s  and O b s e r v a t io n s  on t h e  Behav­
i o r  of a Warm Gas P i p e l i n e  on P e r m a f r o s t ,  Canadian  Geo­
t e c h n i c a l  J o u r n a l ,  V o l .1 3 ,  p p . 452-480,  1976.

17.  Weinbauro, S . ,  Zhang, G-P. and J i J I ,  L. M., An Apparent  
F ree  S u r f a c e  Method f o r  Determ in ing  th e  T r a n s i e n t  F r e e z ­
in g  Around a Bur ied  P ip e  i n  a S e m i - I n f i n i t e  Reg ion ,  in  
P ro c e e d in g s  o f  t h e  T h ird  I n t e r n a t i o n a l  O f f s h o re  Mechan­
i c s  and A r c t i c  E n g in e e r in g  Symposium, e d ,  V. J .  Lunar­
d i n i ,  V o l . I l l ,  p p . 1 -1 0 ,  1984, ASME.

18. A sqarpour ,  S .  and B a y a z i t o g l u ,  Y . ,  Heat T r a n s f e r  to  
Laminar Flow w ith  Phase Change Boundary, J o u r n a l  of  Heat 
T r a n s f e r ,  ASME, V o l .104,  p p . 678-682,  1982.

19 .  Sparrow, E. M. and Hsu, C. F . ,  A n a ly s i s  of  Two-Dimen­
s i o n a l  F r e e z in g  on t h e  O u ts id e  of a C o o la n t - C a r r y in g  
Tube,  I n t e r n a t i o n a l  J o u r n a l  o f  Heat  and Mass T r a n s f e r ,  
V o l . 24, p p . 1345-1357 ,  1981.

20.  Grossman, G. and P e s o t c h i n s k i ,  D . ,  A Two-Dimensional 
Model f o r  Thermal Energy S to ra g e  i n  a Phase Changing 
M a t e r i a l  I n t e r a c t i n g  w ith  a H e a t -C a r ry in g  F l u i d ,  P r e ­
s e n t e d  a t  t h e  ASME W inter  Annual M eet ing ,  November 
1 5 -2 0 .  1981. Paper No. 81-WA/HT-35.

21. Shamsunder,  N . ,  Formulae f o r  F r e e z in g  O u ts id e  a C i r c u l a r  
Tube w i th  A x ia l  V a r i a t i o n  o f  C oo lan t  T e m p era tu re ,  I n t e r ­
n a t i o n a l  J o u r n a l  o f  Heat  and Mass T r a n s f e r ,  V o l . 25, 
p p . 1614-1616 ,  1982.

22. Shamsunder, N. and S r i n i v a s a n ,  R . ,  E f fec t iveness -N T U  
C h a r t s  f o r  Heat  Recovery from L a te n t  Heat  S to r a g e  U n i t s ,  
J o u r n a l  o f  S o la r  Energy Engng. ,  V o l . 102, p p . 263-271,  
1980.

23 .  B a n e r j e e ,  P. K. and B u t t e r f i e l d ,  R . ,  Boundary Element 
Method, M cgraw -H i l l ,  1981.

24.  L i q q e t t ,  J .  A. and L iu ,  P h i l i p  L-F®, The Boundary I n t e -  
q r a l  E qua t ion  Method f o r  Porous Medis Flow, George A l len  
6 Unwin, 1983.

143



BIBLIOGRAPHY

A sg arp o u r ,  S.  and B a y a z i t o g l u ,  Y . ,  Heat T r a n s f e r  t o  Laminar 
Flow w i th  Phase Change Boundary ,  J o u r n a l  of Heat T r a n s f e r ,  
ASME, V o l .104, p p . 6 7 8 -68 2 ,  1982.

B a n e r j e e ,  P. K. and B u t t e r f i e l d ,  R . ,  Boundary Element  
Method, M cgraw -H il l ,  1981.

C a r a t h e o d o r y , C . ,  Conformal R e p r e s e n t a t i o n ,  New York, Cam­
b r i d g e  U n i v e r s i t y  P r e s s ,  1958.

C a rs law ,  H. S. and J a e g e r ,  J .  C . ,  Conduction  of  Heat  i n  S o l ­
i d s ,  2nd e d . ,  Oxford a t  t h e  C larendon  P r e s s ,  1959.

Gold ,  L.  U . ,  J o h n s t o n ,  G. H . ,  S lu s a r c h u k ,  U. A. and Good­
r i c h ,  L. E . ,  Thermal E f f e c t s  i n  P e r m a f r o s t ,  P ro c .  Canadian 
N o r th e rn  P i p e l i n e  R ese a rch  C o n fe re n ce ,  p p . 25 -4 5 ,  1972.

Grossman, G. and P e s o t c h i n s k i ,  D . ,  A Two-Dimensional Model 
f o r  Thermal Energy S to ra g e  in  a Phase Changing M a t e r i a l  
I n t e r a c t i n g  with  a H e a t - C a r r y in g  F l u i d ,  P r e s e n t e d  a t  th e  
ASME W inter  Annual M ee t ing ,  November 1 5 -2 0 ,  1961. Paper No. 
81-UA/HT-35. Hwang, C. T . ,  Murray, D. W. and B ro o k e r ,  E. 
W. ,  A Thermal A n a l y s i s  f o r  S t r u c t u r e s  on P e r m a f r o s t ,  Cana­
d ian  G e o te c h n ic a l  J o u r n a l ,  V o l . 9, pp.  33-46 ,  1972®

Hwang, C. T . ,  P r e d i c t i o n s  and O b s e r v a t io n s  on t h e  Behavior  
of a Warm Gas P i p e l i n e  on P e r m a f r o s t ,  Canadian  G e o te c h n ic a l  
J o u r n a l ,  V o l .13,  p p . 452-480 ,  1976.

Hwang, C. T . ,  On Q u a s i - S t a t i c  S o l u t i o n s  f o r  Buried  P ip e s  in  
P e r m a f r o s t ,  Canadian  G e o te c h n ic a l  J o u r n a l ,
V o l .1 4 , p p . 180-192 ,  1977.

Hwanq, C. T . ,  S e s h a d r i ,  R. and K r i sh n a y y a ,  A. V. G . ,  Thermal 
Design f o r  I n s u l a t e d  p i p e s ,  Canadian G e o te c h n ic a l  J o u r n a l ,  
V o l . 17 ,  p p . 613-622,  1980.

L achenbruch ,  A. H . , Some E s t im a te  of  t h e  Thermal E f f e c t s  of 
a Heated P i p e l i n e  i n  P e r m a f r o s t ,  U . S . G e o l o g i c a l  Su rvey ,  C i r ­
c u l a r  632,  1970.

L i g g e t t ,  J .  A. and L iu ,  P h i l i p  L - F . ,  The Boundary I n t e g r a l  
E q u a t io n  Method f o r  Porous Medis Flow, George A l len  6 Unwin, 
1983.

L u n a r d i n i ,  V. J . ,  Thawing of P e rm a f ro s t  Beneath a Buried 
P i p e ,  Jo u r n a l  o f  Canadian Pe t ro leum  Technology ,  
V o l . 1 6 . p p , 34-37 ,  1977.

L u n a r d i n i ,  V. J . , Phase Change Around I n s u l a t e d  Buried

149



P i p e s :  Q u a s i -S te a d y  Method, J .E n e rg y  Resources  T e c h . ,
V o l .1 0 3 ( 3 ) ,  p p . 201-207 ,  1931.

L u n a r d i n i ,  V. J . ,  Heat T r a n s f e r  i n  Cold C l im a te s ,  Van N o s t ­
rand R e in h o ld ,  New York, 1931.

L u n a r d i n i ,  V. J . ,  Approximate Phase Change S o l u t i o n s  fo r  
I n s u l a t e d  Buried C y l i n d e r s ,  J o u r n a l  of Heat T r a n s f e r ,  ASME, 
V o l .105, p p . 25 -3 2 ,  1983.

Porkhayev ,  G. V . ,  Tempera ture  F i e l d s  i n  F o u n d a t io n s ,  in  
P r o c .  1 s t  I n t .  Conf .  On P e r m a f r o s t ,  L a f a y e t t e ,  I n c i a n a ,  
p p . 285-291 ,  1963.

S e s h a d r i ,  R. and K r i sh n a y y a ,  A. V. G. ,  Q u a s i -S te ad y  Approach 
f o r  Thermal A n a ly s i s  of I n s u l a t e d  S t r u c t u r e s ,  I n t e r n a t i o n a l  
J o u r n a l  of Heat and Mass T r a n s f e r ,  V o l .23,  p p . 111-121 ,  1980.

Shamsunder, N. and S r i n i v a s a n ,  R . ,  E f fec t iveness -N T U  C h ar ts  
f o r  h e a t  Recovery from L a t e n t  Heat S to ra g e  U n i t s ,  J o u r n a l  of  
S o la r  Energy E n gng . ,  V o l .102,  p p . 263-271,  1960.

Shamsunder,  N . , Formulae fo r  F re e z in g  O u ts id e  a C i r c u l a r  
Tube with  A xia l  V a r i a t i o n  o f  C o o lan t  T em pera tu re ,  I n t e r n a ­
t i o n a l  J o u r n a l  o f  Heat  and Mass T r a n s f e r ,  V o l .25, 
p p . 1614-1616,  1982.

Sparrow, E. M. and Hsu, C. F . ,  A n a ly s i s  o f  Two-Dimensional 
F r e e z in g  on t h e  O u t s id e  o f  a C o o la n t - C a r r y in g  Tube,  I n t e r n a ­
t i o n a l  J o u r n a l  o f  Heat and Mass T r a n s f e r ,  V o l . 24, 
p p . 1345-1357.  1981.

T h o rn to n ,  D. E . ,  Steady S t a t e  and Q u a s i - S t a t i c  Thermal 
R e s u l t s  f o r  Bare and I n s u l a t e d  P ip es  i n  P e r m a f r o s t ,  Canadian 
G e o te c h n ic a l  J o u r n a l ,  V o l .1 3 ,  p p . 161-170 ,  1976.

Ueinbaum, S . ,  Zhang, G-P. and J i j i ,  L. M., An Apparent  Free  
S u r f a c e  Method f o r  D e te rm in ing  the  T r a n s i e n t  F r e e z in g  Around 
a B ur ied  Pipe  in  a S e m i - I n f i n i t e  Region ,  i n  P ro c e e d in g s  of  
th e  T h i rd  I n t e r n a t i o n a l  O f f s h o re  Mechanics and A r c t i c  E n g i ­
n e e r i n g  Symposium, e d , V. J .  L u n a r d i n i ,  V o l . I l l ,  p p .1 - 1 0 ,  
1984,  ASME.

Wheeler ,  J .  A . ,  S i m u la t io n  of Heat T r a n s f e r  from a warm 
P i p e l i n e  Bur ied  i n  P e r m a f r o s t ,  Paper p r e s e n t e d  a t  t h e  74th 
N a t io n a l  M eet ing ,  A m .I n s t .  Chem. E n g r . ,  New O r l e a n s ,  L a . ,  
1973.

150


