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INTRODUCT ION

Let R" be n-dimensional Euclidean space with the usual norm lxl
and inner product <x,y> , and let % = {x € R" ; |x| = 1} be its unit
. R .
sphere, 2 is a compact, (n-1)-dimensional, C manifold; Cm(l) is the

space of C functions from 2 into the complex numbers, C . (The

o .
structure and properties of C (&) are discussed in the Appendix.) If

a = (01, ..,Gn) 15 an u-tuple of non-negative integers, we may define
o « .
for x € R" X = x?l xze - xnn and for f € ¢ R") , p°f =
Qy ¥
e B e S is th tsti
kOx ) . \Ox ) f . The Schwartz space s € space consisting

oo r
of all u € C (Rn) such that sup |x8 D u(x)l < w for all & and

xERn

as above. On 8 we have the Fourier transform & defined by

ol

B IE) = a6 = @ 2, 1%y ax .

t
LY is the space of measurable functions on R" with integrable q h_

powers. 3 is dense in L1 for all ¢ < = ,

Suppose k : R™ x (Rnw foh - ¢ is measurable, and for any

(fixed) x € R" , kix,+) 1is a CGD function, homogeneous of degree 0

(so, k(x,") can be considered as an element of C (£)) . 1If the map
==}

x —> k(x,*) 1is essentially bounded omn R" with values in C @)y ,

then the Calderon-Zygmund Theorem [l1] states that the operator from &

to 8 defined by

1]
(1) RuG) = 2m 2 | IR 1w, B) uE)



2
extends in a unique way to a bounded operator from 19 te LY for any
q, 1< q<®, We want to generalize this result, so that the map
x > k(x,.) may take values in spaces other than Cm(Z) . In order
to accomplish this, we employ the theory of topological tensor products
and nuclear spaces developed by Grothendieck [ &4 .

By a countably normed space we mean a Fréchet space whose topology

1s defined by a countable collection of norms {J Hp}z=1 with

H H - ; H for all p<~< 1, 1If E and F are countably normed,
p ptl

we define on E & F , the projective tensor topology which is given by
norms p % q defined by

n

1]
p qu) = inf{ z ij'iiE ||yj}iF tus ) oxg yj} .
j=1 P 4 j=1

The completion of E & F with respect to this topology is denoted by

NI y o€ EX
E X ¥, By a theorem of Grothendieck [ 4 }, page 51, any EX F

=]
i{s the sum of an absolutely convergent series, © = Z‘ Ax, %y

i i’
j=1

where [Aj] is a sequence of complex numbers such that Zdlkjl < @

3

X —“ 0 in E , and Ya - 0 Iin F . Using this theorem, one is led

naturally (see [ 7, Chapter 47 ) to the following:

0.1 Definition: Suppose E and F are countably normed. Then a con-

tinuous, linear map u : E = F 1s nuclear if there are two bounded
sequences [yj B 1,2,...] ©F, [xj S 1,2,...] c E’ , the dual

} of complex numbers with Zthjl < ® guch
]

of E , and a sequence {»

b



that u is given by

u(x) = lj <x;,x> yj , for all x € E

j=1
The composition of a nuclear operator and a boundead operator {(in either

order) is nuclear. (See [ 7], page 479).

If we denote the completion of E with respect to H ﬂ

we have for m -~ p , the natural inclusion Tz ' E ~E TE is norm

decreasing and hence continuous.

0.2 Definition: A countably normed space E 1iIs sald to be nuclear if

given any p , there is an m > p such that TE is a nuclear opervator,
If E and F are nuclear, then so Is E @ F . Any nuclear space 1s
perfect; i.e., has the property that every closed and bounded subset is
compact. (For proofs, see again [7 |, Chapter 47).

In Chapter I, we generalize the Calderon-Zygmund Theorem as follows:

Let C: denote the space of c functions on Rl , all of whose
derivatives are bounded. CB is countably normed by Hf“p =

(=)
max sup lf(j)(t)‘ . Suppose that E 1s a subspace of C_ , nuclear
0=j-p t€R

# © _+ #, 0t
in the induced topology. Then, defining E# ={f  €c (R) : fﬁ(e ) € E},
# N o
where R+ = {t€R:t >0} , we consider the space 6# = E# & C (L) .
We show that E# is toponlogically isomorphic to a subspace of
[ +] s +] +
C (R+;Cm(3)) , the space of C functions on R with values in
@ H# ® N
C () . Thus, €" can be viewed as a subspace of C (R ~ {o]) . Then
1f k : R" X B# - C 1is measurable and if the map x> k(x,:) is es-

sentially bounded from R" into E# , then K as in (1) again defines



a bounded operator from LY to L9 for all q , 1< q<=, Note
that if we take E to be the constants, then 8# is Cm(Z) , and we
have the usual Calderon-Zygmund Theorem.

We begin the proof by introducing the space Mz (multipliers on

. . AN .
L9 = {T €8’ 1% ¢>0 with [T *¢ll < cligll  for all o € 8} |
L4 L4

I A
Here 8° s the dual of & , and T * ¢ is the convolution of T with
A
¢ (see [ 7], Chapter 27). Thus if T € Mg , then T extends to a
L4

bounded operator {(under convolution) from Lq to . We denote its

TAY
norm, as a4 map between Banach spaces, by HTH q " The crux of the

L
q

proof lies in showing that E# 1s continuously included in Mg , for
all q, 1~ q=<® ., This is done using the following theorem of

Mikhlin and Hormander { 5 ].

a2
0.3 Theorem: If f €L , and for some p > n/2 , there is a B > 0

with

2

(2) sup . lDu M, f(x)l2 dx < B R

L.
0 folsp delxl<

then f € Mg , 1 < q<<= , and Hf“ = CqB , where IG| = O 4.4,

MY 1 n
q
i |A!
[MAE](x) = f(Ax) , and gl = |if]l . Clearly (f,p,B) satisfies
q q
Mq Lq

(2) if and only if (%Lf,p,B) does for B > 0 . Thus we are led to
consider spaces which are closed under dilation. In order to see what

this assumption means for E , we must examine the isomorphism ~ map-

ping Cm(Rn'V {0 onto Cm(R;Cw(E)) , defined by (E(t) ] (@) = f(eﬁﬂ)



or f(x) =’¥(108|X!)CTET) , since 6# is isomorphic to E @ CW(E)

under ~ ., Now, for u > 0 and f € E#

M G = £Mx) = T(log® x| HI*—"T
KX

= ?(log o+ log'xl) K—i-'

x|

=f x_
- f1og u(10g|x|) \lxl) *

where '?r(t) = f(t+r) as elements of Cm(Z) . Thus, we are led to as-
sume that E 1is translation invariant.

In Chapter 1II we show that a translation invariant, perfect sub-
space E of C: is a space of almost periodic functions. If f 1is

almost periodic, its spectrum ﬂf is the set of its Fourier exponents,

We define the spectrum AE of E to be the union U ﬂf and show
fEE

o
that it must be discrete. We characterize E ag the ezt {f € CB s f

is almost periodic and A_ = AE} . Thus E 1is determined by its

f

spectrum, Furthermore, 1if hE is either linearly independent over
the rationals or satisfies a certain growth condition, E 1is topologi-
cally isomorphic to a space of functions on its spectrum. Our conjec-
ture is that, without restriction on ﬂE , we always have such an iso-
morphism. The above partial results, however, are the best we have
been able to prove. We conclude the chapter by characterizing nuclear-

ity of such a space of functions on a discrete set, and thus determine

oo
a class of spaces 8# which generalize the space of C  functions,



homogeneors of degree 0 1in the Calderon-Zygmund Theorem.
In order to maintain cohesion, we withhold until the Appendix
all proofs and discussions which would otherwise lead to unnecessary

digression.



CHAPTER I

o

B ° muclear in the induced topology.
o @ 4+ i

Define # : CB - C(R) by f (t) = f(logt) . # 1is one-one since

f(c) = f#(et) , and we topologize E# = [f# : f € E} so that # is

Let E be a subspace of C

an isometry {(and therefore E# is nuclear), with the following norms:

#“ = max sup |f(j)(t)l ' p=0,1,2,...

0=j=p t€R

(1) it £

These are precisely the defining norms for CB and hence for E . It

will be convenient to have another collection of norms which defines the

same topology on E . So, we set

#.,

2 he i f#(_’l)

wy| .

max sup |t
P o=j<p t€R

In order to show the equivalence of the topologies defined by (1) and

(2) we need a lemma, the proof of which appears in the Appendix.

1.1 Lemma: Given any integer p < 0 , there exist constants c? and

j
d? , J=0,1,...,p such that for every f# € E# , we have
P
(3) Py - L ) b £ (1og t) for all t € R" , and
P A
§=0
P
4) £ P gy = \L d‘jJ ed% 7D % for a1l s€ERrR .
§=0

By (3),



p p
p #(p) \ P (1) N [P #
[P 7P ] < ) lcjl |£497 (1og ©) | = z‘lcj| £ Hp
j=0 30

+ s

for all t € R, so Jf 1 = c“f#y

lp , and the norms in (2) define

a weaker topology than those in (1). On the other hand, by (4)

P
(p) o Y |gP| {ede# (D) o NPy et
R T e A LI D e O N IR G
j=0 i=0

+
for all s € R , so the topologies agree.

Now, let & again denote the unit sphere in R" and C (£) the

= +]

space of C functions on the manifold %t , Then Cm(l) ls a nuclear,

countably normed space, with norms j |} Py (see Appendix, page 31 ),
H™ ()

#

#e o # @
We define &€ = E C (£) and remark that, since E and C (X} are

. #

both nuclear, so is b# . In the Appendix (page 33), we show that €
# w ™ 4

is topologically isomorphic to a subspace E (C (¥)) of € (R ;C (%)),

topologized by the norms

() ¥l = max  swp ol F 0l .
osj<p t€RY P (1)

#

#, o
Throughout this chapter we will identify € and E (C (X)) , so that

+
we may evaluate elements of 8# at points of R , Furthermore we
# ®w 4 @
will take the norms in (5) as the defining norms for € .As C (R ;C (%))
is isomorphic to Cm(Rn'w {oh, E# can be considered as a space of

Lo +]

C functions on R" ~ [0} .



We are now in a position to state the main theorem of this

chapter.

1.2 Theorem: Suppose k : R" x 8# —~ C 1is measurable, and the map

x —> k(x,) 1s essentially bounded from R"  into 8# (considered

[==]
as a subspace of C (R"~ (0})) . Then, if we define, for u € 8 |

(6) Ka(x) = (2m) 2 J" ex,) G a8,

K extends in a unique way to a bounded operator from LY to L9 for

all q, 1 <gq<w™

Remark: The proof will follow generally the same line as the proof of
the Calderon-Zygmund Theorem. However, where one usually uses an ex-
pansion in spherical harmonics to represent k{(x,+-) in an absolutely
convergent series (see equation (10), below), we need only the nuclear-

ity of 8# , thus simplifying the argument somewhat.

Proof of 1,2: We begin by showing that 3# is continuously included

in Mg y 1 < qg<®, 1In order to do this we need to translate Theorem

0.3 of Mikhlin and Hormander, [ 5], stated for functions mapping
+
R" ~ {0} into ¢ , into a theorem regarding functions from R into
o
c () .
A n _

Let L denote the annulus {x € R" : % < lx| < 2}, and let
~ 1 C (R"~ {0 ¢ (R;C (¥)) be the isomorphism defined by
(f(e) ) = £(tw) where t € RV and w € % . By Theorem 3.6 of the
= 0, such that

Appendix, given any p , there exist constants ¢ c

1’ "2
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p
- 2
(7) < Ff”zp 9 s ? | Hf(J)(t)“z: dt = ¢ Hfﬂzp .

Now, defining as before, th(x) = f(Ax) , we see that (M)ffu(j)(t) =

AJ'?(j)(Kt) as elements of Cm(Z) , so {7) yields

P

2 _
(8) €y Sup HMRsz A T sup 2J J iihj f(j)()\t)“2 ] dr
>0 HP (2) x>0 =0 # wP~ I 5y
% c2 sup “th“Z .
>0 HP ()
Since sup HMKfHZP W= sup ) i ‘DO(le)(x)lz dx  which is
0 BRI 20 glsp g<|x|<2

the expression appearing in Theorem 0.3, (8) enables us to restate the
Mikhlin-Hormander Theorem [ 5] in the following form,

+ ® _
1.3 Theorem: Suppose F : R — C (¥) 1is measurable and sup l[F(t)]@n)l <

t€rt
wEy

If there exist p > n/2 and B > 0 such that

P

sup 24 J ij F(j)(ht)Hz dt < B2 ,

P-3,5
>0 =0 HY Z (L)

then F € M: , 1 < q <=, and HFH = CqB . In our present context,

M
q

if reel

, using the norms HFHP defined in (5), we have

2
PNk « L |FI2, so
WPy 2 P
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2
5 .
sop [ I FPanl? e
0 =0 3 H ()
P
U 2 2
<sup )| T HFHP de = ¢ F|lT .
p P
A>0 =0 & (At)

Thus by Theorem 1.2, F € Mg , 1< qg<e, and |[F]] = qu HFHP
q

Hence Sg is continuosly included in Hg y L < q< =,

We now choose an integer p > n/2 (this is a technical assumption

which will not be used until the end of the argument). Since 3# is
# #

nuclear, there is an m > p such that the natural map T : Em - Ep is
nuclear; i.e., for any F € Ei R
9) F=T() = ) A <Y B¢ o &),
B 3 P
j=1

#

where Y € (E:)’ , HYjH <1, ¢, €87, H¢jH <1 ,and A, 20,

i b P N
VA <@ . Since k{(x,*) € E# C 8# , from (9) we get
L] m
]
5 #
(10) k(x,*) = / lj <Yj,k(x,')> mj in ep .

j=1

Now, set rj(x,g) = hj <Yj,k(x,-)> wj(g) and let Rj be the integral

operator with kernel r 6 , defined as before:

i
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-n
<y E> A
Rt = @m 2 [ eI Lk, 0> 9, 6) WD) a8
= lj <Yj,k(x,-)> Qj u(x) ,
where ¢j is the Iintegral coperator with kernel wj . Since wj € 8§ .

and the inclusion of Eg into Mg is continuous, ¢ defines s

]

: = '
thq Pquth

q

bounded operator from L% into L9, and ¢

Furthermore, ess sup “k(x,-)“ p < ® . 80 Rj is also bounded from LY
n €

xER m
to 14 . Computing its norm, we obtain

Il | . E
nR I % X, ess su <Y Lkix,.)>) |l¢
| j'Lq j P | J’ ¥ ‘ l Jqu

q q

< Xk, ss s <¥ ,k(x,-)>| C I s c A .
e v

-

-
Thus ; HR H ’
&y 3

kY 1
= A < w =
C / and K f Rj defines a bounded

operator from LY into L4 , 1 < qg=< =,

~

Suppose Vv is in % . We want to show that Kv = Kv . If we
{

i

set K v ‘ ij , then K,v converges to ®  in L9 , so it suf-

£
j=1

fices to show that Ktv(x) goes to Kv(x) almost everywhere. Now,
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-n 1
[k veo | = @m 2 1P i, - ) A k> @) R Lo
4
L
<c, sgp e (x,8) - Z} Kj <Yj,ktx,-J/ wj(E)l
j=

yk(x,*)> @ in Sg . We claim that

We know that k{(x,+) = S-Aj <y i

i

]

this convergence is also uniform in & . Suppose Fn - F 1in E# .

Then certainly sup HF(t) - F (t)” - 0 as n — =, But we have
tER+ P (©)

chosen p > n/2 , so by Sobolev's Lemma [ 7], page 331, F(t) and

Fn(t) are continuous functions, and F(t) - F (t)“ - 0, Hence
@)

sup sup |[F(t)]W) - [Fn(t)]ﬂn)l -0 as n —~ ® ., Therefore we have

tER+ wel

shown that

sup lk(x,g) -
EERN ~{ 0]

P e

A Yk, )> @ B —> 0 as L —>

i
[l

]

-
and so, K = ZaRj in Lg , 1 < q<® , which completes the proof.
i



CHAPTER II

As we showed in the Introduction, an examination of the Mikhlin-
Hormander Theorem leads us to try to determine translation invariant,
nuclear subspaces of C: . Before proceeding with this problem, we
give the definition and some properties of almost periodic functions

on the line. As a general reference we use [ 2 ], Chapter I.

2.1 Definition: a) A function T : R~ C of the form T(x) =

n
2_ c el A x , where the ¢, are complex and the hk are real, is
k=1

called a trigonometric polynomial.

b) A function f : R~ C 1is almost periodic if for any € > 0 , there
is a trigonometric polynomial Ts such that [f(x) - Te(x)l < € for

all x € R .

2.2 Proposition: f 1is almost periodic if and only if, given real num-

[a4]
bers t, , j =1,2,..., the sequence of functions [ft ] has a

=]
] j h)
uniformly convergent subsequence. (Here ft denotes the function

x —> f(x - tj).)

The set of almost perlodic functions forms a complex vector space,
closed under multiplication, translation and complex conjugation,
Furthermore, if f 1is almost periodic then the map x +> f(tx) |is

also, for any t € R . Let G,¥, denote the space of almost periodic

functions. On 0, §, we have the mean

a+T
(1) M(f) = lim —zl-—T— J fx) dx
e a-T

14
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A -1k .
defined independent of a , and if we set f(A) = M(f e } , we have

Parseval's formula

@ J B2 = wdel®
AER

A
Thus f(A) 1is zero except for countably many A , and if we write the

A
set {A € R : £(A) * 0} as [ll,lz,...] , we can represent f 1in a

® A A %
unique, mean-convergent Fourier series f ~ zﬂ f(lk) e k . The set
k=1
{Kl'lz""] is called the spectrum of f and will be denoted by ﬂf .
If E 1is a subspace of G, ¥., hE , the spectrum of E , is the union
u A,
f€e f

We can now state the following basic structure theorem.

2.3 Theorem: Suppose E 1s a closed subspace of CB and that 1t is

translation invariant and perfect, in the induced topology. Then

i) E< G, P,
1 T
1) £E€E, g€GP. = f %g(x) = lim = | E(x-t)g(r)dt € E,
T -T
and
iii) A€ AE = eiA“ € E

Proof: 1) Since E {s translation invariant, given t, €R, 1=1,2,...,

and f€E, f  €E, 1L=1,2,,.. . Clearly {ft } is bounded in E ,
i i

and as E 1s perfect, it must have an E-convergent subsequence; i.e.,
a subsequence which converges, along with its derivatives of all orders,

uniformly on the line. ience by Proposition 2.2, we conclude not only
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that f € G.§. , but also that ¢4 € G, j=1,2,... .
1i) Let f € E and g € G.¥, Consider the function F : R — E
defined by F(t) = g(t)ft . Since the map t Y—> ft is continuous, so

is F , We claim that, for each T > 0 , the Riemann integral

1 T
4) Ry = T J F(t) dt
-T

a0
defines an element of E . To this end, suppose W : CB = € is linear

and continuous, and such that <p,h> = 0 for all h € E , Then

£

I - >
<H RT 2T < liﬂlL,(tj+1 tj)F(tj) where the limit is taken in
J

[+ +]

CB as the norm of the partition of ([-T,T] goes to zero. Now, since

b is continuous, linear, and annihilates E ,

o — - > = -
W ,Ry 1imL (t tJ)W.F(tJ) 0
]
Therefore, as # was arbitrary, we can conclude from the Hahn-Banach
Theorem that Ry € E . Furthermore, since f +> f(x) is a continuous

map from E into C for each x € R ,

Rp(x) = L lim/_ (g - £ 8(t) £Go- v = 2T _4‘ f(x - t)g(t)dt,
i
A simple application of the Mean Value Theorem (see Appendix,pg.45)

shows that

J
(5) 2 j Ry = f(j) * g » where

1
g (6 =) 2T 8O lef =T
0 , del>T .
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From (5) we can conclude that RT is bounded in E for all T :

“RTHE = max  sup |f(j)*gT(X)l S max  sup l; |f(j)(x-t)g(t)|dt

P 0<j<p x€R 0=j<p x -

3

T
= max [eD) o 2= ] lee)lar —> max [l mclgh .
0% jSp L T L

Now, as E 1is perfect, {RT]T_,OD has a limit point H 4in E . But
for each x € R, the function t > f(x-t)g(t) 1s almost periodic,
so f ﬁ g{(x) , which is the mean (with respect to t) of this function,
exists pointwise, Hence H(x) = f ﬁ g(x) for each x , and f ﬁ g 1s

in E .

A
iii) Given A € AE , choose f € E with f(A) * 0, Define a

A
function g € G. . by g(x) = Al ei x . Then, by ii) f ﬁ g €E,
£
Now,
T
iA
(6) £pa() = lim 2= — [ f(x-t) e de
T £(A) -T
x+T ,
. X _
- Al lim % J f(h M) s
ey 2
x=-T
1 Ax iAx

A

AR M e
£(M)

Therefore, ei e E , and the proof is complete.

As a direct result of Theorem 2.3, we determine that the spectrum

of E can have no accumulation point.
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2.4 Corollary: Let E be as in Theorem 2.3. Then AE is discrete.

Proof: Suppose there exist Ak € AE , k =1,2,,.. such that [Rk} is

ihkx

a Cauchy sequence. Then the functions gk(x) = e ere in E and,

since gupllkl < @ | form a bounded set. Thus [gk] must have a uni-
k

formly convergent subsequence, But

ik x LA, x 1(X -2 Ix
suplgk(x)-gt(x)| = suple ko e t | = suple k 7 1]
X

T

LA =\) L T n
> |e 2l N Tk L) i 1[ - 2,

so the &) cannot have such a subsequence, and AE must be discrete.

Before we can go further in determining the structure of E , we

need the following lemma which is proved in (6 |, page 165.

2,5 Lemma: Given Ak €ER, k=1,...,M, and € > 0 , there exists a

trigonometric polynomial B such that

1) B(x) < 0 ,
2) M(B) =1, and
A
3) 1> B(kk) >1-¢€¢, k=1,...,M,

Using Lemma 2.5 and the techniques of [ 6], we get the following approx-

imation theorem for E .

2.6 Theorem: Let E again be as in Theorem 2.3, Suppose that

f € C:IW (. . and that ﬁf “ AE . Then there exists a sequence of

& .
trigonometric polynomials {Pn]n=1 such that ﬁP - ﬁf and the limit
n
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[= =]
in C of the P is f .
B n

Proof: Write A_ = {A ,A

f 2,.--

polynomial of the lemma, for {hk : 1= k=n} and € = 1/n . We claim

1 } and let Bn be the trigonometric

that P" = f Bn has the desired properties, First of all, we can

A A
write Pn(x) as /. Bn(l) f ﬁ ei X which by a computaticn like the one

AER

o
M

in {6) is z‘ %n(l) ?(l) e-i';»\x so that %n(K) = %n(l) ?(l) . Therefore
AER

we have the inclusions ﬁp - ﬁf < ﬂE . Furthermore, since the set
n

A
{x : B(}) * 0} 1s finite, P 1is a trigonometric polynomial, and by

1ii) of Theorem 2.3, Pn is in E . Thus we are left unly to prove

that Pn - f in C: . Using the same argument which gave (5) (see
A (3 _ D
ppendix, pg. 45 ) we prove that P = f * B , so
n M n
< (3 _ (»
“PnHE S max ”f ” o H(Bn) max ”f U o

p 0=jsp L 0s §sp L

Thus the sequence [Pn} i{s bounded in E and, as E 1is perfect, has
A
an accumulation point P . We know that 1 > Bn(lk) > 1 = 1/n,
A A
< = A = A
l1<%k<n, so for any k , lim Pn(kk) 1im Bn(lk) ?( k) ?( k) . We
PAY
, then A€ N, , s0 PO =N

f
n
for all A € R , and by the uniqueness of the Fourier series, P = f ,

have already shown that if A € A

(==

Thus f 1s the only limit point of the Pn , and Pn ~ f in CB .

Note that, since E 1is closed, we have shown that £ is in E ,

which yields the following fact which will prove extremely useful.

2.7 Corollary: If E is as above, then E = {f € Cg nae,: Af - ﬂE} .
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Hence E 1is determined by its spectrum. Of more importance will be
the fact that, under appropriate restrictions on AE , E 1is topologi-
cally isomorphic to a space F of functions on hE . Furthermore, we
will give necessary and sufficlent conditions for F to be nuclear.

In order to get these results we need to relate the seminorms in E

to Ll—norms of Fourier coefficients of functions in E

2.8 Proposition: Suppose M = {hl,Kz,...] is a countable collection

of real numbers which are linearly independent over the rationals.
o0

™ _ 1 o A
Then, if £ € C;N G.P. and A <A, ]|fHLw =, el .
k=1

Proof: Let Pn be as in Thecrem 2.6. Pn converges to f in CB ,

and therefore uniformly, so | fi o = lim HPnH w + Now, by Kroneker's
L n L

Theorem (see, for instance, [ 6 ], page 18l), since the Kk are linear-

. AN
ly independent, HPn“ w = Z.‘Pnckk)l (this sum is finite). We already
L
k

A AN
know that 1lim Pn(ﬁk) = f(Kk) for all k , so it suffices to show
n

AN A 5 AN
im ) PO =, 1m [P O]
n K K n

Using Fatou's Lemma, we obtain

¢ C A
; lim l@n(hk)l S Um |Pn(?\k)l
K 0 oy

A A Pl
On the other hand, since Pn(l) = ?(l) Bn(A) and |Bn(h)l s 1, for
A Fa
all n and all M € R, lpn(xk)l < lf(?\k)l . Therefore,
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lim v |$ (x )‘5;? |?(h )| and the proof is complete
oL Pt b E L T e
k k

Proposition 2,8 becomes much more useful when we recall that if f

is in E , then f(j) is almost periodic for all j . Furthermore,

the Fourier series of f(j+l) 1s obtained by differentiating the
Fourier seriles of f(j) , term by term (see [2], page 27); i.e., by
induction,
1A x
(1 _N 3 k
~ A A
N f Jtopa e ,
k
Thus, if the Ak are independent Proposition 2.8 implies
by
(i)
®) ) Ropl N = 1e Py <
K L

for all f € E, and all j = 0,1,2,... .
Again suppose A = [ll,k ..} 1s a collection of real numbers
which are linearly independent over the rationals. With equation (8)

in mind, we define the space of sequences

(9) F=F&) ={c-= [ck}k=1 ¢ €C and
N
py(e) =/ ley ] IMERE j=0,1,2,...} .
K

Set E = E(A) = {f € c:ﬂ G.P. : A = A} and define o:E ~ F by o(f) =
(toplk_, .

2.9 Proposition: With the above notation, o 1is a topological isomor-

phism of E onto F .

Proof: By equation (8), pj(a(f)) = “f(j)“ - < ® , 80 o 1s well-
L
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defined. The continuity of o follows from the same equality and the

fact that “f(j)“ - = HfHE . Using the uniqueness of Fourier coef-
L j

ficlents, we conclude that it is one-one. We claim that ¢ is onto:

- iA

X
For ¢ € F , define f{(x) = Z‘ c, e k . Since Hc“ =p (¢) <=,
k 1 0
L
k=1
g ikkx
the partial sums L K ® converge uniformly to f , so by
k=1

Definition 2.1 b), f 1is almost periodic. In the same way

N
© - iA x
[Ck(i hk)}k=1 € Ll , SO Z‘ ck(i hk) e k converges uniformly as
k=1

N -« and so must converge to the derivative of f . Thus, by in-

N

duction on j , i ck(i Rk) e —> f uniformly, and by Prop-
k=1
[+ 23
osition 2.8, “f(j)“ o = pj(c) <« and f € Cg - Clearly hf < A,
L
and we have f in E with o(f) = ¢ . Thus, @ 1is continuous, one-

one, and onto; so by the Open Mapping Theorem it suffices to show that
E and F are Fréchet spaces. Since they are countably normed, we are

left only to prove them both to be complete.

2.10 Lemma: E 1is complete.

0
Proof: Suppose fn is Cauchy in E . Then, since C iz complete,
0
fn has a uniform limit, £ . Since the fij) are Cauchy in C for

any j , f 1is j-times continuously differentiable and fij) con-

verges uniformly to f(j) . Thus fn —~ f in CB . £ is clearly

almost periodic, and as ﬂf = A, we have Af « A, s0o f is in E
n
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2.11 Lemma: F is complete.

n ni® n
Proof: Suppose ¢ = [Ck}k=1 is Cauchy in F . Then <¢ is Cauchy

in £1 and has an Ll-limit c = {ck] . Similarly for any j < 1 ,
n n i 1 1

= A - - =
d | [Ck k' }k=1 is 4 -Cauchy and has an 4 ~-limit d {dk} .

Certainly for each k we have c: ey and d: - dk . But, since
n n i j

= A = }\
dk x kl ’ dk ck| k| , and therefore ¢ € F , c, "¢ in F ,

and F 1is complete.
It is important to note that Proposition 2.9 remains valid if the

linear independence of A is replaced by a growth condition on the lk'

2.12 Proposition: Suppose there exists an integer p > 0O such that

IKRI_P <® , Then @ : E —~ F , defined as above, is a topological

&
4
et

k=1

isomorphism.

Remark: The following argument is patterned after one in [ 3], page 82.

Proof: If f 1s In E , we have as before,

Akx

® i
(10) iy = ) koparpte *

k=1

)
so that, by (2), ) I'?.(?\k)l2 I?\kl2j - M(|£]?) <« for all j=0,1,...
K

Therefore, using Cauchy-Schwartz, for any |}

. < A |3tp
) ool I =3 oot 77
K k I 1P

© -9k ¢ T 2 205+p)\% _
(L () o PO <
k k
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Thus & 1is well-defined. Furthermore, we have shown

T
p @) s e MUeTP o oom Lo e |2
i T 2T T
scaup €002 < e g2
x€R i+p

so @ s continuous. Again the uniqueness of the Fourier coefficients

implies that & 1is one-one. To show that & {s onto, choose ¢ € F ,

- A
¢ =le}, and define £(x) = ¢, el * | Ag before f E C N G.P.

k
k

—

and ﬂf = /A, so it suffices to show that f(j) is bounded for each |

Taking absolute values in (10), we see that

1t Dol s, Tropl A<=,
k

80 Hf(j)H w < ® . As the linear independence of A played no role in
L
proving E and F to be Fréchet spaces, the Open Mapping Theorem agailn
implies that & 1is a topological 1isomorphism.
Thus, if A satisfies either 2.9 or 2.12, E(A) 1is isomorphic to
F{(A) . The strength of this result lies in the fact that we can chara-

cterize very nicely the desired properties of F(/)

2.13 Theorem: Let A = {A_,X_,...}] be an arbitrary countable collec-

tion of real numbers and define F = F(A) as in equation (9). Then

a) F 1is perfect «© A 1is finite or 1lim ‘hkl = w |
k



b) F is nuclear & i P > O sguch that L\_ l,\kl-p < o
k

Proof: If A 1{g finite, F(A) {is finite dimensional and therefore

nuclear (and perfect). Now assume A 1is infinite.

a) — : Suppose lim lhk\ is not © ; f.e., the limit is either
k

finite or does not exist. In either case there must exist a bounded,

infinite subcollection Ak of the Rk , Ir
n n
k L= =]
Then defining e" € F by e? = 6j“ , {e”) | 1is bounded in F , but

po(en - em) = 2 for all n# m, so F 1is not perfect.

a) + : Now suppose lim lhkl = © and that llkl is increasing
k
nm
with k . Let f{e ]n=1 be a bounded sequence in F ; i.e., for any
j there is a Bj > 0 such that
n R i
= Y <

(11) pj(c ) L;lckl | kl Bj , for all n .

k

Then the sequence of kth entries [c:]:-l is bounded in C for
each k , and thus, by the standard diagonalization proceedure and

n
passage to a subsequence, we can assume that ¢ is such that

niy® _ n
[ck}n-l is Cauchy for each k . Let C = lim Y and set ¢ {ck]

n—e

Then for any N and any j ,
N N
< <
D led Dyl =t kel I 1T s
k=1 T ok=l

j ¥

25

o
k=1
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o
-

so taking limits as N — ® we obtain ‘- |ck| 1}\klj < Bj for all
k=1

Thus ¢ € F . We now want to show that c¢" —c¢ in F . It clearly

suffices to show

lim |C
% k=K+1

k- (_El '}tk|j —> ) ags K —> =

But, since | » is increasing,

k I

(= o]

N n oo — 1 v n 341
lim / ¢, - Ckl llkl S 1lim Tx;T [ |Ck - ckl Ihk'

k=K+1 n k=K+1

< TX—T 2Bj+1 —_—> 0 as K—> = |

b) — : Suppose F 1is nuclear. Then there is a p > 0 such that

the natural inclusion I : Fp - F0 is nuclear. The map S : F0 — F

I-p} is linear and continuous, since

P

defined by S({ck]) {Ckl X

-0 AP |P - .
op(S(c)) L.lck\ ‘ k| l kl pO(c) Therefore the composition
k
T=8So0oI:F —+F is nuclear; i.e.,
P P

T(e) =2 > <l o> g
j=1

] in F

P

o
Y 3 i <

where b, 20 with ; u, <=, ¢ € F, with \lep “FP 1, and
j=1

Yj € F; with “YJHF; <1 . Now, Fp is Ll(v) , where v 1s the
p

o0
measure on the integers defined by v{(k) = Ikklp , 8O F; =L (v) ,
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which 1s just Lm on the set [k : kk + 0} . The duality 1is defined
> P
= ; l = e ! == .
by <¥,p> =/ kakl kl for ¥ = (Y } Fp and ¢ [wk] € Fp
k=1

Then Tek = |Kkl-p ek , and

n n n
€ =& .
Let e Fp be defined by e, K

<Yj,ek> = Tillklp . Therefore

(=)

|kkl-p K=
j=1

3 P J
) Y NI

so, letting ﬂk : Fp = C be the kth projection, ﬂk(w) = wk , we obtain

-p _ . j % R 3 i P
Ir "L My P o) LM Y AL L
j=1 i

Then for any integer N ,

N @ N @ N

< T T N Ny

. -p _ - . | P . v owd ] P

L I LMy L ALY VALY R SEIN

k=1 3=1 k=1 j=1 k=1
5 ¥ ] !T‘, i 3 oo

< Loy el u vl el s ) wy <
j=1 3 b
Therefore ;4 |Kk|-p is finite.
k=1

b) « : Finally, assume z_lhkl-p <=® ., Glven n we must pick m

such that the natural map Fm - Fn is nuclear. Consider m=n + p ,

and define:

k k k
56
e €F by ej y

Y €F by <¥ ,c> = lkk‘n+p c

k m k k?
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Py € Fn by P, = |Rk|-n ek , and

h 20 by b = lhkrp .

k

Then HYkH =1, H@k“ = 1 , and Z‘uk < « ., Furthermore, for any

k
c €F we have
n+p
\ v -p n+p -p k _°© k
<Y > = A Y A = =
L N L B L o N B A
k=1 k k
Thus if we define T(c) = S M <Tk,c> ¢, » T 1is the canonical map
k
from Fn+p to Fn and it is nuclear, which completes the proof of
2.11.

Hence we have shown that, given {ll,lz,...] such that for some

P, Ldlkkl-p <o  E(h) = (fE€ C:17 a.pP. | ﬂf = A} 1is nuclear, and

# it A & =~ 2
go £ = FE & C (£) will generalize C (L) in the Calderon-Zygmund

Theorem.



APPENDIX

SECTION 1. Lemma 1.1.

We want to show that for any p 2 0 there exist constants

P, db, g = 0,1,...,p such that for all f € E and f# € E# de-

] ]
fined by f#(t) = f{(log t), we have

P
(1) e (P ey - l; Lo £3) (10g © v eer, and
S,
L . .
(2) £(P) (g = L P I8 703D (3 Vs €R
]
§=0

The proofs use an induction on p . Since f#(t) = f{log t) , (1)

is true with cg =1 for p=0. Suppose (1) is true for p < m .
Then
m-1
#(m) _o_ 1 " m-1 _(j) ,
B0 =St 2ocy £ es O]
t
j=0
m
LN m ()
o VA cj f {log t) , where
j=0
0 j=0, >0
m m-1 m-1 : .
= - - <,
cj (m 1)cj + Cj-l 1 j < m
m-1 _
Cm-l l=m

0
Again the case p = 0 1is obvious with d0 =1 . 1If (2) holds for

P <m, then

29
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m
L dj
=0

ejsf#(j)(es)

O, m>20

30

, where



SECTION II. C (&)

Suppose Vl,...,Vm is a cover of L by coordinate neighborhoods.

[2 0]

Let Wy &~R,i=1,...,m, be a C partition of unity subordinate

to Vi , and let wi: Vi - Rn-1 s 1 =1,...,m, be C coordinate maps.
@ .
Then C () 1is the space of all functions f: & - C such that
-1 w n-1 i
uif ° ¥y is a € function from R into C , i=1,...,m . C (&)

is topologized by the Hilbert norms

m m
Hed S\ 5\ el R =12 = A =12
I|fi|p = L / D (l—lif "Fi )liLz(Rn_l) L ||Hif ‘Pi ||Hp(R“_1
i=1  |ol<p i=1
The completion of Cm(i) with respect to |l “p is denoted by HFP(L)

and 1is a Hilbert space. Thus Cm(Z) 1s countably normed with norms

coming from inner products. Such a space Is called countably Hilbert.

Remark: Had we chosen another open cover, partition of unity, or co-
ordinate maps, the spaces C (L) and Hp(Z) would be the same, and

the new norms would be equivalent to the old,.

3.1 Definition: A map T: Hl - H2 , where H1 and H2 are Hilbert

spaces is nuclear if T can be written

B 1
= N < -
(3) T(x) L Ak x,gk)2wk , where {Kk] €L,
k=1
[%k] is an orthonormal basis in H, , and {wk} is an orthonormal
basis in H, . ([ 71, page 494 shows that this is equivalent to 0.1

if E and F are Hilbert spaces.) A countably Hilbert space M is

nuclear if given any p there is an m > p such that the natural

n
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inclusion Tm: Hm - Hp is nuclear in the sense of (3).

o
3.2 Proposition: C (Z) 1is nuclear.

Proof: We will only sketch the proof, Given p , choose m > p + n - 1,

where n - 1 is the dimension of ¥ , If U 1is a bounded open subset
of Rn-1 we define H;(U) to be the closure with respect to

1

of the space of C functlons omn R with compact sup-

|
g e,

port contained in U ., By [8], page 279, the natural inclusion of

HEGJ) into HgOJ) is nuclear. Now consider the composition Ti s
Ty 2 sy B S, 4P A P
HY(L) =2 W) == HI( V) —> Ho (b V) ——> H (1)

£ b— b f — £ e ¢;1 '-"-"—}p.if o ¢;1|—> wef o

a is norm decreasing and therefore continuous, b and d are isometries

and ¢ is nuclear. Hence Ti is nuclear, and by (3], page 49,

m m

— ) Y J _ t.-
Ti is also. But k [ T )f = f , so Z,Ti is the natural

i=1 i=1

inclusion, and Cm(i) is nuclear.



SECTIC. III. E#gcmg}:n

In order to ilmprove the notation we will denote E# by F and
- =B .
C () b G, so GP will be Hp(l) . F(G) 1s the space of functions
+
u: R — F such that given any p and any orthonormal basis [ﬁn] of

G , the ma t > <u(t > is in F  and
p P ”*“‘*np o

o2 i » 2
O i SR
n=1
= 1 max sup létj u(J)(t),CPn> |2 < ®o
oy 0=j=p  teRT P

3.3 Proposition: The norms “qu are equivalent to

! 1 :
lai = max  sup i3 wI(o)g
0<j=p ¢ P

Proof: For any orthonormal basis {wn} of Gp , we have

= <]

o - 2
lull = max  sup ) |<~tju(3)(t),<&n>pl
b U=j=p t n=1

o

< ;: max suPl<tjU(j)(t)’¢n>plz - Huhﬁ

n=1
Conversely, since G 1is nuclear tju(j)(t) can be represented in Gp
[» +]
tju(j)(t) = 2_ RL <tju(j)(t),¢L>k @L , where
{=1

[hi} € Ll,{w{} is an orthonormal basis in Gk , and {é{} is an
33

as
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orthonormal basis in Gp . Hence
non2 Y i J 2
== A <

oy =0 3:};-;[, m:p| FEESTLEL  O 1 P <¢£.q3n>p|
n=1 1=1
[+ v} [2 +3 [= 4]
—

s JL l’\ | |<2 P l} L l,\ | max  sup|<t] u(j)(t),w > ]2

— t ostsp t 1k
n=1 4=1 {=1
[u=) oo o
5 v 2 S
/ |h{| /) l<@t,g - l L_Iktl 82%¢k sup.t u(j)(t)“ck
2=1 n=1 £=1 Jrkot

=2 (2 Iy 1) huly
4

Note that Proposition 3.3 implies that, had we defined huhp in (4)

with other orthonormal bases, we would have gotten the same topology

for F(G) .

3.4 Proposition: F(G) s complete.

Proof: Since the topology of F(G) 1is given by a countable collection

of norms, it suffices to show that F(G) =1 F(G)p , where F(G)p is
p

the completion of F{(G) with respect to Hu“p . Clearly F(G) < F(G)p
for all p so it is in the intersection. Suppose u €0 F(G)IJ
o]

Given p = u_ € E(F) so that u ~u in p-norm; i.e.,

max suthj (j)(t) - tjun(lj)(t)“G —> 0 as m —> =«
Oo<j=p t Y
Then certainly max sup]‘t

WP ez - <cduiP@io> -0 as

m~ ® , and since FP is complete, the map ¢t +—> <u(t),tpn>p is in Fp
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Furthermore

max  sup <t ey,q > 12 s T fju |2 < =,
0<j<p t P L

since u must be bounded in Gp s S0 u 1is In F(G) , and the proof
is complete,

Now define o: F x G = F{(G) by o(f,g)(t) = f(t)g . a is well-
defined and continuous, since <f(t)g,¢n>p = <g,¢n>p f(t) 1is in Fp R

2
'F(G)p

2 II ||2

FoBig The projective tensor topology 1is
p P

and L o(f,g) = |If],

universal with respect to continuous bilinear forms, so « determines

-

%: F% G = F(G) , and & is continuous. Furthermore, as F(G) is

~ I I g
complete, @ extends to o: F» G - F(G) , aa4 & 1is continuous,

A
3.5 Proposition: o 1is one-one.

/
Proof: Suppose v € Fé g , and a(v) = 0 . By Grothendieck's

Theorem (see Introduction), v can be represented as an absolutely con-
o

—

vergent seriles v = b, .= gj , where [uj} S Ll , £, 70 in F ,

AR T 3
3=1
and g. 0 in G . As before, given any p , gJ can be represented
in G as g, = S <g. ,¥ > ¢ , Define
p j L n ®3'nk n
n=1
N M
=, A ! < > | o ¢ .
Vam = L n\z‘uj gj,wnkfj)on
n=1 j=1

Then Vim is in F® Gp , and vy "V in (F&® G)p , Since



oo M [s03
o | _ v _ " o, 3
v VNMl‘(FEC) || /_ ujfj & gj + L“jfj et \Lu }Ln <gj,¢n>k Qn/HP
§=M+1 j=1 n=N+1

[l o o

I P R B P B T T L TR R
j=M+1 j=1 n=N+1

A
Thus, if p 1is sufficlently large, since @ 1is continuous, there is

A AN
an m such that G(VNM) 0 in r(G)m . But G(VNM)(t) =
N M

A
n

1 =1

. s _
uj jo,¢n K f (t)@n which goes in F(G)p to the same ex

[

}

n

pression with N and M replaced by < , since using {@n} in (4)

I j - . A a2
n=1 j=1 P
N ®
< L, l)\ |2 max 5up| LM <g .,V )k th?L)(t)\z
n OMsp t ] on ]
n=1 j=M+1

\ = : 1.¢ 2
v, DOI® max supl L ny <eub 2t f; ol

n=N+1 j=1
BN 3 2 2 pe 2
P B S ST o T S
j=1 n=1 P =M+l
5 2 2 N 2
DI LN N A R A A )
n=N+1 =1 j=1

. 12 —_— ®
L hylee o Inlto s e
j=M+1 n=N+1

36
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Therefore,

ln L ﬁ_ M5 <gj,¢n>k fj(-)) én =0 in F(G)p ,

and since Qn is a basis

@
X
h = }\ < > = R
N n L uj gj’wn K fj 0 in Fp

j=1

w>
]

.
But then v = Z‘h & ¥ is 0 in (FX G _ , so v =20 in F
n n P
n

A
and « 1is one-one.
M
Finally we show that & is onto and is therefore a topological

isomorphism. Let u be in F(G) . Given p and t ,

[=+]

.
= < . . -
u(t) )M, Su(t) ¥ > ¢ in cp . Then <u(:),¥ > is in F ¢ Fp
n=1

and {s bounded in Fp . @n is bounded in Gp and since [Rn} € Ll ,

-
= o< . > & i -
v L uf ),¢n K @n defines an element of (F & G)p . Extend
n=1

N
A A g
ing ¢ to (F& G) we see that o(v)(t) = lim
P N—@ -
n=1

}-.( - =
n u(t),’tn " @n u(t)

4

Iy A
in GP . Hence a(v)(t) = u(t) for all t € R, so «(v) = u . Then,

AN
& 1is onto, since for any u € F(G)
A=1 @
a(u)Eﬂ(F@G)p=F G,
P

and by the Open Mapping Theorem it 1s a topological isonorphism.

A = - ©
We have therefore shown that 6# = E#ta cC (L) = E#(C (£)) and that



we may use the norms

ol = max  sup (el (o]
P 0<j<p t€Rt wP (5)

as the defining norms for E# ]



SECTION IV. Estimates for || ||

W&

3.6 Theorem: Given any p , there exist constants cl,c2 > 0 such

that, for all f € Cm(Rn'~ {obh

2

HP &)

™o

2
S (n)?

de < ¢, [f]]
P-1,5 2
o 3 H' ™ (D)

e, g

1 ey

]

where % = {x ¢ -R™: ¥ < le <2} and T € Cm(R+;Cm(l)) is defined by
(E(t) J{w) = f(w)

Proof: The argument will be in two steps, the first of which requires

the following preliminaries. Let U denote the set {x € Rn:xn =1} s

A
U  the set {x € Rn:% < x <2} . Let Vl,...,Vm be coordinate neigh-

n-l)

borhoods for L , with ¢~ coordinate maps \Fi:Vi ~U(=R Let

o
by oo 1 =1,...,m be a C partition of unity subordinate to Vi and

A
define wi = Vi X (%,2) . Now, extend Wy to pi:wi - R , homogeneous
AN

) 4 A
of degree 0 , and extend ¢i to wizwi - U by Wi(ub) = (¢i 10»),...,
3

' w),t) where w € L , ¥ < t<2, and is the jth component

wi,n'l i,j

of function of yi , 1 =1 -m 1= j=n-1. Note that if we write
, - A=1 -

x = (x',t) , x' € R" 1 , then Wi (x) = t ¢11(x',1) .

3,7 Legma: Given p , there exist positive constants < and <,

o n
such that, for any £ € ¢ (R ~ {0o])

m
12 YA n-1.2 2
£}l < 3w, £ 0%l = ¢ |I£ll .
eyl in&) 1L=41H i i HP(G) 270 P &y
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m
Proof: f = \ Q f on % s S0 Hf”z = m ) HC £l] . Further-
E— — i uP ) L i Hp(w )
i=1 i=1 1
A

more, since W, can be extended to a C~ function on all of R" ~ {o},

i
A
and W has compact closure in R™ ~ {0], u.i and all its partial deriva-

i
tives are bounded on wi . Thus, by Leibnitz's formula, 2 ¢’ > 0 ,
A
independent of f , such that Huifhz < C’Hf”z . Hence 1t
WP W) WP &)

Fal I A /\-1'!

suffices to show the equivalence of Hpifuz and Huif o ¢i H2 A
HP (W) HP (U)
A A-1 @
Note that, as with By ¢i can be extended to a € function on
{x € R": X > 0} , and so the functions ¢; j and their partial deriva-
]

tives are bounded on the set ﬂj(ﬁi(g)) since it also has compact

closure., The proof of the lemma now follows by induction on p . For

A A=l

convenience we fix 1 and denote uif by g , ¢i by « , and Wi
by W,

2 ; 2 - 2 dx

p = 0: g a“ oA T lg ° a(?)‘ dy = ‘g(x)l -1
W) a y |1, @ e
U
" 2 1_2
sc [ lgtol® ax = ¢ [lgll% :
H™ (W)

W

The last inequality follows from the fact that the Jacobian J, does

not change sign on {x € R": X > 0} so it 1is bounded away from zero
N 2 | ~1)2
in U - By the same argument Hg“ o = Hg ° o ° o H 0 <
H™ (W) v (W)

2
cflg=all“ A .
W0 @)

Suppose the lemma has been proved for p S m . An easy argument



shows that the norm Hf”2 1 A 1s equivalent to the sum
™ )
n
i el12 % i of ;2
L£]] + 5 =
PE A /. Su |l o A s0
CONEE R
n
= 2 2 9g ¢ w2
||8 s aHHm*- L.lg i QH AT \ H()y E'. A
') 2 73 dWw
n
T |2 W Qg o O 2
S Ilgll +c ) N M .
LCPR e T &
Now, since @ is bounded along with all of 1its derivatives, an ap-

i

plication of the chain rule yields

n
|FjLi“gH2 = c H'iL' 0H2 A By the induction step,
s O 2:1 Xy H' Q)
ng_ <, |£.E._'
(= ° o A = h , so we have
MO W)
n
n 2 w2 N |_g_ . ety )2
g ° & A oS (el + lt i A I
| T K™ () jél ) H“'(w>) TR

41

As before, the reverse inequality follows from this one, and the lemma

is proved.

Now we are left to show the equiva'ence of

p 2
Z_hu f - izp A  and 2 J T(J)(t)h pi s de .
HP U) 420 & HP™ ()
Suppose lal =~ p and Un =3, 0<3j>»p. Then if e = 0,0,...,1),
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m
N o A=l 2
(5 L |D GQif ° ¥y Yy, )7 ax’ de
= s
i=1 )
m 2
= ) T (nx)j Lol ol 0l e ar
i=1 ¥ U

~1.A M A=l

If we define [(Hif vy Y (0)](x',1) = wof o ¥y (x’,t) , the expres-

sions in {(5) are equal to

m 2
l.'\' ' - r'T - /‘\ 1
S e tH D (D 1 ax g, so
1L U
m m P
" A . A=l - " N Cr = Jgnl; Y . ACH)
Lot = Wyipn = L Lo L . Ip T N N OO
i=1 i=l j=0 ialsp g J
o =j
n
‘1) ]2 dx’ de

m p 2

\'.. o . 3 ) (J)
= /) L . ot “1 b (t)l.Hp Sy de .

i=1 j=0 %

m
By definition, ”T(J)(t)h = ) Hui[?(J)(t)J ¢ ¢;1”2 . y 8O
HP j(ﬂ) ;L:]_ 0¥ J(|_J)
. RS AN ) / -
to complete the proof it suffices to show that Qxif “ ¢i ) (t)Y(x ,1) =

ui[?(J)(t)] @ ¢;1(x’,l) . We employ induction on j
A A=l
j = 0: Since My is homogeneous of degree 0 , and ¥y (x ,t) =

-1

i (x’,l) , we have

t ¥
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/\fg@-l.,
My g Xt

(pff*w )(t)(x,)

A =1, =1 ’
“1(”1 (x ,1)) E(ry, " (x y1))

"

fl

‘,."1 ‘ -1 ¢
b G E@ 16 D)

.1,
s JJEO) < e,

Now assume equality has been shown for j < m+ 1 . Since

t9 ) 1 - \%;)j f(tw) ,

TN A O NIy P DR T B PR DI C R T MY RO

L e

o] 2

9 \j = 1 F

- I 3
On the other hand, G&if ° ¢il) (J)(t)(x’,l) =\ / pif o pi (x ,t) ,

50 we are left only to show

4 _, -1, . -1 ,
dx [f [{dt)m d i (L) =k [K;b J @1 (x ,t) .
(6) ox_ 1[( r) £ 4’1 _l(" €
g ym (\'1 ’ {‘ OL/: (\-1 ’ -1 ’
= KEE) £ wi (x ,t)) ‘.41 O_X_L wi (x ,t))wi’q(x 1)
q= q

i

n
- o -. -1, - ,
A NI [ A T A R DL I S
g=1 1
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x
If we define u.:q(x) = ﬁ- , then

A
ot g(x) =

n

) B ).
- (85 4 q

q=1 1

Finally, since wq(ﬁzl(xf,t)) = ¢;1q(x’,l) , (6) can be recognized as
3

A
n -1, O A=Y, A oA=L, 3 el ATL
é_t_/mf@i (x",t)) .at_i LtV ) 4 ..Lidp\i (x ,t))(d—J f@i (x',t))

-8 [ e

since N is homogeneous of degree O . Thus the proof is complete.



SECTION V: Derivatives of the mean convolution.

T

(= a] a
For £ € C and g € (.,0°, we have defined RT(x) =L J f(x-t)g(r)dt
B 2T 4.

£ * By where

1 .
gy (t) =4 2T ge) , el =T
o, le| > 1
In order to show that Réj)(x) = f(J)* gT(K) » we need first to prove
that
T
1im -%E ; [f(X‘fh"ﬁl-f(x't) - ff(x_t)_l' g(t)dt = O .
h—0 -T
Now
1
f(§+h-ta-f(x-t) - £ (x=t) = § £ (x-t+6h) - £’ (x-t)dé
0

and, since £ is uniformly continuous and g is bounded,given € > 0O

a2 ¢ >0 such that, if h < ¢

€

sup if!(x—t+9h) - f‘(x-t)‘ < ;:ETET;TT .

tER t
0<8 -1
Then, for all h < ¢
1 T f(x+th-t)-f(x-t)
o7 iT L ¥ - f (x-t)Jg(t)dt

sup |£&x'h+ti-f(x't) _ ff(x-t)|g(t)

t€R
1' ¥
< sup | lf (x-t40h)- £/ (x-t) |a8 |g(t)] < ¢ .
t 0
‘ ' (1)
Thus RT(x) = f * gT(x) . The induction step is identical since f
is uniformly continuous for all j . Hence Réj)(x) = f(j)* gT(x) .
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and since the estimates above were all independent of T ,

€30 Poo =D xe00 .

46
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