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INTRODUCTION

L e t  R° be n - d i m e n s t o n a l  E u c l i d e a n  s p a c e  w i t h  t h e  u s u a l  norm j x |  

and i n n e r  p r o d u c t  < x , y >  , and l e t  £  ~ { x  6 Rn : | x |  = l )  be i t s  u n i t
CO CO

s p h e r e ,  L i s  a c o m p a c t ,  ( n - 1 ) - d i m e n s i o n a l , C m a n i f o l d ;  C (L) i s  t h e
CO

s p a c e  o f  C f u n c t i o n s  from 1- i n t o  t h e  c o m p le x  n u m b e r s ,  C . (The
OO

s t r u c t u r e  and p r o p e r t i e s  o f  C ( £ )  a r e  d i s c u s s e d  i n  t h e  A p p e n d i x . )  I f  

a = ( o ^ , . . . >Q'n ) f s  an u - t u p l e  o f  n o n - n e g a t i v e  i n t e g e r s ,  we may d e f i n e

f o r  x € Rn , x °  = x ^  x ^  . . . x^n and f o r  f  6 C (Rn ) , D ° f  =

0 Q1 ^ ^
j  • ' *   ̂ • The S c h w a r t z  s p a c e  S i s  t h e  s p a c e  c o n s i s t i n g

1 n

co q \ 8 or i
o f  a l l  u € C (R ) s u c h  t h a t  sup |x  D u (x )  | < “  f o r  a l l  o  and 0

x£Rn

a s  a b o v e .  On 8  we have  t h e  F o u r i e r  t r a n s f o r m  3  d e f i n e d  by

n

[ 3 ( u ) J ( | )  = u ( 5 )  = (2TT) 2 J e " lMc’ 5> u ( x )  dx .

Rn

i s  t h e  s p a c e  o f  m e a s u r a b l e  f u n c t i o n s  on Rn w i t h  i n t e g r a b l e  q 1"*1-  

p o w e r s .  S i s  d e n s e  i n  Lq f o r  a l l  q < .

S u p p o s e  k : Rn X (Rn ~  { 0 } )  — C i s  m e a s u r a b l e ,  and f o r  any

n 00( f i x e d )  x € R , k ( x , « )  i s  a C f u n c t i o n ,  hom ogeneous  o f  d e g r e e  0
CO

( s o ,  k ( x , - ) can  be c o n s i d e r e d  a s  a n  e l e m e n t  o f  C ( £ ) )  . I f  t h e  map 

x *— > k ( x , * )  i s  e s s e n t i a l l y  bounded on  R w i t h  v a l u e s  i n  C ( £ )  , 

t h e n  t h e  C a ld e r on -Z ygm u n d  Theorem [ l ]  s t a t e s  t h a t  t h e  o p e r a t o r  from S 

t o  S d e f i n e d  by

( 1 )  Ku(x)  -  (2TT) J e l < X , 5 >  k < x , 5 )  u ( S )  d t
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e x t e n d s  i n  a u n i q u e  way t o  a bounded o p e r a t o r  from t o  f o r  any

q , 1 q < 00 . We want t o  g e n e r a l i z e  t h i s  r e s u l t ,  s o  t h a t  t h e  map
GO

x I-------- >  k ( x , * )  may t a k e  v a l u e s  i n  s p a c e s  o t h e r  t h a n  C ( 2 )  . In  o r d e r

t o  a c c o m p l i s h  t h i s ,  we em p loy  t h e  t h e o r y  o f  t o p o l o g i c a l  t e n s o r  p r o d u c t s

and n u c l e a r  s p a c e s  d e v e l o p e d  by G r o t h e n d i e c k  [ 4 j .

By a c o u n t a b l y  normed s p a c e  we mean a F r e c h e t  s p a c e  w hose  t o p o l o g y

i s  d e f i n e d  by a c o u n t a b l e  c o l l e c t i o n  o f  norms { 11 } , w i t h
P P=1

il lip i'p+1 f o r  a l l  p ^ 1 . I f  E and F a r e  c o u n t a b l y  n o r m ed ,

we d e f i n e  on E & F , t h e  p r o j e c t i v e  t e n s o r  t o p o l o g y  w h i c h  i s  g i v e n  by

norms p & q d e f i n e d  by

n n

p «  q ( u )  = i n f {  ^  jix iiE lly iip : U = I  x «  y }  .

J - l  P q J“ 1

The c o m p l e t i o n  o f  E X F w i t h  r e s p e c t  t o  t h i s  t o p o l o g y  i s  d e n o t e d  by

A f „ _ A
E ^ F . By a t h e o r e m  o f  G r o t h e n d i e c k  [ 4 j ,  page  5 1 ,  any 9 fc E & F

GO

i s  t h e  sum o f  an a b s o l u t e l y  c o n v e r g e n t  s e r i e s ,  9 = ^  ^ j Xj ^  ^ j  *

J = 1

w h er e  i s  a s e q u e n c e  o f  c o m p le x  numbers s u c h  t h a t  ^  l ^ . l  < ^  ,

j

x ^  0 i n  E , and y — 0 i n  F . U s i n g  t h i s  t h e o r e m ,  one  i s  l e d  
n n

n a t u r a l l y  ( s e e  [ 7 j ,  C h a p te r  47 ) t o  t h e  f o l l o w i n g :

0 . 1  D e f i n i t i o n : S u p p o s e  E and F a r e  c o u n t a b l y  norm ed .  Then a c o n ­

t i n u o u s ,  l i n e a r  map u : E "• F i s  n u c l e a r  i f  t h e r e  a r e  two bounded

s e q u e n c e s  [ y  ̂  : j  * 1 , 2  , . . . } e  F , [ x ^  : j = 1 , 2  , . . .  } a  E , t h e  d u a l

o f  E , and a s e q u e n c e  j } o f  c o m p le x  numbers w i t h  ^  l ^ j l  <  °° s u c h

j
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t h a t  u i s  g i v e n  by

CO

u ( x )  = .  ̂ < x / , x >  y .  , f o r  a l l  x € E
J J J

J=1

The c o m p o s i t i o n  o f  a n u c l e a r  o p e r a t o r  and a bounded o p e r a t o r  ( i n  e i t h e r

o r d e r )  i s  n u c l e a r .  ( S e e  [ / ] ,  page  4 7 9 ) .

I f  we d e n o t e  t h e  c o m p l e t i o n  o f  E w i t h  r e s p e c t  t o  || j| by E ,
E p

P

we have  f o r  m p , t h e  n a t u r a l  i n c l u s i o n  Tm : E “* E . T1" i s  norm
p m p p

d e c r e a s i n g  and h e n c e  c o n t i n u o u s .

0 . 2  D e f i n i t i o n : A c o u n t a b l y  normed s p a c e  E i s  s a i d  t o  be n u c l e a r  i f

g i v e n  any p , t h e r e  i s  an m > p s u c h  t h a t  T™ i s  a n u c l e a r  o p e r a t o r .
P

I f  E and F a r e  n u c l e a r , t h e n  s o  i s  E ^  F , Any n u c l e a r  s p a c e  i s  

p e r f e c t ;  i . e . ,  h a s  t h e  p r o p e r t y  t h a t  e v e r y  c l o s e d  and bounded s u b s e t  i s

c o m p a c t .  (F or  p r o o f s ,  s e e  a g a i n  [ 7 J, C h a p te r  4 7 ) .

In C h a p t e r  I ,  we g e n e r a l i z e  t h e  C a lderon-Z ygm und  Theorem a s  f o l l o w s :
CC CO ^

L e t  C d e n o t e  t h e  s p a c e  o f  C f u n c t i o n s  on  R , a l l  o f  w hoseD

d e r i v a t i v e s  a r e  b o u n d e d . C i s  c o u n t a b l y  normed by |jf|j =B p

max sup  | f ^ ^ ( t ) |  . S u p p o s e  t h a t  E i s  a s u b s p a c e  o f  C , n u c l e a r  
0 ^ j ‘jp t€R

i n  t h e  i n d u c e d  t o p o l o g y .  Th en ,  d e f i n i n g  = [ f ^  € C (R+ ) : f ^ ( e t ) G e } ,

w h er e  R+ = [ t € R : t  > 0 ]  , we c o n s i d e r  the  s p a c e  & C (1 )̂ .

We show t h a t  i s  t o p o l o g i c a l l y  i s o m o r p h i c  t o  a s u b s p a c e  o f

tn oo oo +-
C (R ;C ( £ ) )  , t h e  s p a c e  o f  C f u n c t i o n s  on R w i t h  v a l u e s  i n  

C (I!) . T h u s ,  c a n  b e  v i e w e d  a s  a s u b s p a c e  o f  C (Rn ~  { o ] )  . Then

i f  k : Rn X C i s  m e a s u r a b l e  and i f  t h e  map x *— > k ( x , * )  i s  e s ­

s e n t i a l l y  bounded from Rn i n t o  , t h e n  K a s  i n  ( 1 )  a g a i n  d e f i n e s
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a bounded o p e r a t o r  from Lq t o  Lq f o r  a l l  q , 1 <  q < 00 . N o t e

// OD
t h a t  i f  we t a k e  E t o  be t h e  c o n s t a n t s ,  t h e n  £  i s  C ( £ )  , and we

h a v e  t h e  u s u a l  C a lderon-Z ygm und  Theorem .

We b e g i n  t h e  p r o o f  by i n t r o d u c i n g  t h e  s p a c e  ( m u l t i p l i e r s  on
q

Lq ) = {T € S '  : ^ c > 0 w i t h  ||T * ep|| c(;cp|| f o r  a l l  cp € S ] .
Lq Lq

« / A AHere S i s  t h e  d u a l  o f  S , and T * cp i s  t h e  c o n v o l u t i o n  o f  T w i t h

cp ( s e e  [ 7 j ,  C h a p t e r  2 7 ) .  Thus i f  T € Mq , t h e n  T e x t e n d s  t o  a
q

bounded o p e r a t o r  ( u n d e r  c o n v o l u t i o n )  from Lq t o  Lq . We d e n o t e  i t s

" A nnorm, a s  a map b e t w e e n  Banach s p a c e s ,  by |jT|| . The c r u x  o f  t h e
Lq

q

p r o o f  l i e s  i n  s h o w i n g  t h a t  £ ^  i s  c o n t i n u o u s l y  i n c l u d e d  i n  Mq , f o r
q

a l l  q , 1 ^ q <■ . T h i s  i s  done  u s i n g  t h e  f o l l o w i n g  t h e o r e m  o f

H i k h l i n  and Hormander ( 5 J.

00

0 . 3  T h e o r e m : I f  f  € L , and f o r  some p > n / 2  , t h e r e  i s  a B >  0

w i t h

(Jt 7 2
( 2 )  s u p  L t: Id f ( x )  I dx < B ,

X>°  M ^ P  i < U I < 2

t h e n  f € M q , l < q < ” , and jjf|| ^ C B , w h er e  M  * < > + . . . + a  , 
q Mq q I n

q

[M^f] ( x )  = f  (Ax) , and jjf|| * |jfj| . C l e a r l y  ( f , P , B )  s a t i s f i e s
Mq Lq

q q

( 2 )  i f  and o n l y  i f  (M f , p , B )  d o e s  f o r  p > 0 . Thus we a r e  l e d  t o
P-

c o n s i d e r  s p a c e s  w h i c h  a r e  c l o s e d  u n d e r  d i l a t i o n .  In o r d e r  t o  s e e  what  

t h i s  a s s u m p t i o n  means f o r  E , we m ust  e x a m i n e  t h e  i s o m o r p h i s m  ~  map­

p i n g  C™>(Rn ~  t o } )  o n t o  c “ ( R ; c " ( E ) )  , d e f i n e d  by f f ( t ) ] ( w )  = f ( e tH))



o r  f ( x )  = f  ( l o g  | x  j ) C-|-^j) , s i n c e  £ ^  i s  i s o m o r p h i c  t o  E & C ( £ )  

un d er  ~  . Now, f o r  m- > 0 and f  € £ ^

M̂ f (x)  = f(p-x) = f ( logO* U  | ) )   ̂ J
Im-x  |

= f ( i o g  m. + l o g  | x [)

' 7 i o g  y . c i o g l * ! )  ,

~  00 
wh er e  = f ( t + r )  a s  e l e m e n t s  o f  C (L) . T h u s ,  we a r e  l e d  t o  a s

sume t h a t  E i s  t r a n s l a t i o n  i n v a r i a n t .

In C h a p t e r  I I  we show t h a t  a t r a n s l a t i o n  i n v a r i a n t ,  p e r f e c t  s u b -
CD

s p a c e  E o f  C„ i s  a s p a c e  o f  a l m o s t  p e r i o d i c  f u n c t i o n s .  I f  f  i s  o

a l m o s t  p e r i o d i c ,  i t s  s p e c t r u m  A^ i s  t h e  s e t  o f  i t s  F o u r i e r  e x p o n e n t s

We d e f i n e  t h e  s p e c t r u m  A o f  E t o  be t h e  u n i o n  U A and show
E f€E f

f 00

t h a t  i t  must  be d i s c r e t e .  We c h a r a c t e r i z e  E a s  t h e  s e t  I f  € C : fB

i s  a l m o s t  p e r i o d i c  and A t- A } . Thus E i s  d e t e r m i n e d  by i t s
f  E

s p e c t r u m .  F u r t h e r m o r e ,  i f  A i s  e i t h e r  l i n e a r l y  i n d e p e n d e n t  o v e r
E

t h e  r a t i o n a l s  o r  s a t i s f i e s  a c e r t a i n  g r o w t h  c o n d i t i o n ,  E i s  t o p o l o g i ­

c a l l y  I s o m o r p h i c  t o  a s p a c e  o f  f u n c t i o n s  on i t s  s p e c t r u m .  Our c o n j e c ­

t u r e  i s  t h a t ,  w i t h o u t  r e s t r i c t i o n  on  A , we a l w a y s  h a v e  s u c h  an  i s o -h>

m orp h ism .  The a b o v e  p a r t i a l  r e s u l t s ,  h o w e v e r ,  a r e  t h e  b e s t  we have  

b e e n  a b l e  t o  p r o v e .  We c o n c l u d e  t h e  c h a p t e r  by c h a r a c t e r i z i n g  n u c l e a r

i t y  o f  s u c h  a s p a c e  o f  f u n c t i o n s  on a d i s c r e t e  s e t ,  and t h u s  d e t e r m i n e

# 00 
a c l a s s  o f  s p a c e s  £  w h i c h  g e n e r a l i z e  t h e  s p a c e  o f  C f u n c t i o n s ,
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h o m o g e n e o u s  o f  d e g r e e  0 i n  t h e  C a ld e r o n - Z y g m u n d  T h e o r e m .

In  o r d e r  t o  m a i n t a i n  c o h e s i o n ,  we w i t h h o l d  u n t i l  t h e  A p p e n d i x  

a l l  p r o o f s  and d i s c u s s i o n s  w h i c h  w o u ld  o t h e r w i s e  l e a d  t o  u n n e c e s s a r y  

d i g r e s s  i o n .
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CO
L e t  E be a s u b s p a c e  o f  C , n u c l e a r  i n  t h e  i n d u c e d  t o p o l o g y .

D

D e f i n e  # : C C (R+ ) by f ^ ( t )  = f ( l o g  t )  . #  i s  o n e - o n e  s i n c eD

f ( t )  = (e*") , and we t o p o i o g i z e  E^ = ( f ^  : f  € E} s o  t h a t  #  i s

an  i s o m e t r y  (and  t h e r e f o r e  E^ i s  n u c l e a r ) ,  w i t h  t h e  f o l l o w i n g  norm s:

( 1 )  = max s u p  | f C j ) ( t )  [ , p = 0 , 1 , 2 .................
P O^j^p t€R

□D

T h e s e  a r e  p r e c i s e l y  t h e  d e f i n i n g  norms f o r  C and h e n c e  f o r  E . I tD

w i l l  be c o n v e n i e n t  t o  h a v e  a n o t h e r  c o l l e c t i o n  o f  norms w h i c h  d e f i n e s  t h e  

same t o p o l o g y  on . S o ,  we s e t

( 2 )  lU ^ i i7 = “ a *  SUP+ 1 ^  f ^ ^ ( t ) |
P 0 ^ P t€R+

In o r d e r  t o  show t h e  e q u i v a l e n c e  o f  t h e  t o p o l o g i e s  d e f i n e d  by ( 1 )  and

( 2 )  we n e e d  a  lemma, t h e  p r o o f  o f  w h i c h  a p p e a r s  i n  t h e  A p p e n d i x .

D
1 . 1  Lemma: G iv e n  a n y  i n t e g e r  p ^ 0  ,  t h e r e  e x i s t  c o n s t a n t s  c^ and

d j  j J = s u c h  t h a t  f o r  e v e r y  f ^  £ , we h a v e

P
( 3 )  f ^ ^ P )  ( t ) = 1— \  CP f ^ ^ ( l o g  t )  f o r  a l l  t  € R+ , and

t-P ^  J 
J - 0

( 4 )  f C p ) ( s )  = ^  d P e ^ S f ^ ^ ^ ( e S ) f o r  a l l  s € R

J - 0

By ( 3 ) ,

7



, t P f " ( p ) ( t > |  S I  | c P l | f ( J > ( l o g  t ) |  * I  | c P | | | f # | 

J - 0  J=0

f o r  a l l  t  € R , s o  ijf^iip -  c J j f  ̂  J j , and t h e  norms i n  ( 2 )  d e f i n e  

a w e a k e r  t o p o l o g y  t h a n  t h o s e  i n  ( 1 ) .  On t h e  o t h e r  hand ,  by (4 )

| f ( p ) ( l o g  a) | I  | d p | | s J f # ( J , ( s )  I * I  | d p | | | f ' V
J ^  J P

j - 0  J - 0

f o r  a l l  s  € R , s o  t h e  t o p o l o g i e s  a g r e e .

n ®
Now, l e t  ^ a g a i n  d e n o t e  t h e  u n i t  s p h e r e  i n  R and C ( £ )  t h e

CO  o o

s p a c e  o f  C f u n c t i o n s  on t h e  m a n i f o l d  ^ . Then C ( 1 )  i s  a  n u c l e a r ,

c o u n t a b l y  normed s p a c e ,  w i t h  norms |! ( s e e  A p p e n d i x ,  page 31 ) .
HP <£)

ft ft A ft co
We d e f i n e  £  = E ® C ( £ )  and remark t h a t ,  s i n c e  E and C (1 )̂ a r e

b o t h  n u c l e a r ,  s o  i s  £ ^  . In t h e  A p p e n d i x  ( p a g e  3 3 ) ,  we show t h a t  £^
ft 00 CD GO

i s  t o p o l o g i c a l l y  i s o m o r p h i c  t o  a s u b s p a c e  E (C ( £ ) )  o f  C (R ;C ( £ ) ) ,  

t o p o l o g i z e d  by t h e  norms

( 5 )  1iFjj = max sup jjt  ̂ F ^ \ t ) [ |
P O^j^p t€R+ HP (L)

ff fr
T h r o u g h o u t  t h i s  c h a p t e r  we w i l l  i d e n t i f y  £ and E (C ( £ ) )  , s o  t h a t

we may e v a l u a t e  e l e m e n t s  o f  £  a t  p o i n t s  o f  R . F u r t h e r m o r e  we
^  0 0  +  CO

w i l l  t a k e  t h e  norma i n  ( 5 )  a s  t h e  d e f i n i n g  norms f o r  6  . As C (R ;C ( £ ) )  

i s  i s o m o r p h i c  t o  C (R — i 0 j ) , £  c a n  be  c o n s i d e r e d  a s  a s p a c e  o f

n f "i
C f u n c t i o n s  on R ~  10 s .
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We a r e  now In  a p o s i t i o n  t o  s t a t e  t h e  m a in  t h e o r e m  o f  t h i s  

c h a p t e r .

1 . 2  T h e o r e m : S u p p o s e  k : R° x — C i s  m e a s u r a b l e ,  and t h e  map

x i > k ( x ,■ )  i s  e s s e n t t a l l y  bounded from Rn i n t o  ( c o n s i d e r e d

a s  a s u b s p a c e  o f  C (R° ~  [ o ] ) )  . T h en ,  i f  we d e f i n e ,  f o r  u £ ^ ,

n

<6) Ku(x)  = (2TT) 2 J  e 1<X,&>k ( x , l )  u<5)  d£ ,

Rn

K e x t e n d s  i n  a u n i q u e  way t o  a bounded o p e r a t o r  from t o  f o r

a l l  q , 1 < q < m .

Rem ark: The p r o o f  w i l l  f o l l o w  g e n e r a l l y  t h e  same 1 i n e  a s  t h e  p r o o f  o f

th e  Ca lderon-Z ygm und  Theorem .  However,  wh ere  one  u s u a l l y  u s e s  an  e x ­

p a n s i o n  i n  s p h e r i c a l  h a r m o n ic s  t o  r e p r e s e n t  k ( x , * )  i n  an  a b s o l u t e l y  

c o n v e r g e n t  s e r i e s  ( s e e  e q u a t i o n  ( 1 0 ) ,  b e l o w ) , we n eed  o n l y  t h e  n u c l e a r -  

i t y  o f  , t h u s  s i m p l i f y i n g  t h e  argum en t  som ew hat .

P r o o f  o f  1 . 2 : We b e g i n  by s h o w i n g  t h a t  i s  c o n t i n u o u s l y  i n c l u d e d

i n  , 1 <  q < “  . In o r d e r  t o  do  t h i s  we n e e d  t o  t r a n s l a t e  Theoremq

0 . 3  o f  M i k h l i n  and Hormander ,  [ 5 ] ,  s t a t e d  f o r  f u n c t i o n s  m apping  

Rn ~  { o j  i n t o  C ,  i n t o  a t h e o r e m  r e g a r d i n g  f u n c t i o n s  from R+ i n t o
CO

c (2 ) .

L e t  2 d e n o t e  t h e  a n n u l u s  { x  € Rn : ijf < | x |  < 2 }  , and l e t
CO n  ,  ,  CO _1_ 0 0

~  : C (R ■— t o } )  — C (R ;C ( 2 ) )  be t h e  i s o m o r p h i s m  d e f i n e d  by 

[ f ( t )  j(uu) = f  ( tw )  where  t  € R+ and uu € L . By Theorem 3 . 6  o f  t h e  

A p p e n d i x ,  g i v e n  any  p , t h e r e  e x i s t  c o n s t a n t s  c ^ ,  c^ > 0  , s u c h  t h a t



p

2 d t  *  c„ | | f | ' 2 A
( %  j t o  £  HP‘ j ( I )  2 HP ( I )

Now, d e f i n i n g  a s  b e f o r e ,  M ^ f(x )  = f ( ^ x )  , we s e e  t h a t  (M^f) ( t )

a s  e l e m e n t s  o f  C (71) , s o  (7 )  y i e l d s

P 2
( 8 )  c  s u p  [|Mx f | | 2 a -1 SUP )  J lixJ f ^ ( * t ) | | 2 d t

1 \> 0  HP (E) A>0 i  HP" J (SZ)

 ̂ c  sup  [1mxf l i 2
2 A>0 K HP (L)

S i n r e  s u p  ||m, f112 A = s u p  ) | j D ° ( H , f ) ( x ) | 2 dx w h i c h  i s
A > 0  Hp a : >  * > o  , a * |£ p  ^ | x l < 2

t h e  e x p r e s s  i o n  a p p e a r i n g  i n  Theorem 0 . 3 ,  ( 8 )  e n a b l e s  us  t o  r e s t a t e  t h e

M ik h l i n - H o r m a n d e r  Theorem [ 5 J i n  t h e  f o l l o w i n g  form .

1 . 3  T h e o r e m : S u p p o s e  F : R+ C (II) i s  m e a s u r a b l e  and sup | [ F ( t ) ] ( u j ) l
t€R+

I f  t h e r e  e x i s t  p > n / 2  and B > 0 s u c h  t h a t

P 2
S U P  ) J  | | 0  F ( J ) ( * t ) | | 2 d t  <  B2

j t 0 \

t h e n  F € M 1 < q < 00 , and ]|F|| s. c B . In our  p r e s e n t  c o n t e x t ,
q Mq q

q

i f  F € , u s i n g  t h e  norms Iip ilp d e f i n e d  i n  ( 5 ) ,  we have
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sup
A>0

J - o
}  II* 

4
J F 0 )

HP _ j (E)
d t

{  x’ J
£ sup  / j  --------

j - o  *  ( Xt )
2 j

|f | | 2 d t
p

= c

Thus by Theorem 1 . 2 ,  F € , 1 < q < “  , and | |f |]  ^ C | | f | |
q Mq qp p

q

Hence E^ i s  c o n t i n u o s l y  i n c l u d e d  i n  , 1 < q < .
p q

We now c h o o s e  an i n t e g e r  p > n / 2  ( t h i s  i s  a t e c h n i c a l  a s s u m p t i o n

w h i c h  w i l l  n o t  be u s e d  u n t i l  t h e  end o f  t h e  a r g u m e n t ) .  S i n c e  E^ i s

n u c l e a r ,  t h e r e  i s  an  m > p s u c h  t h a t  t h e  n a t u r a l  map T : ~* £ ^  i s’ m p

n u c l e a r ;  i . e . ,  f o r  any  F £ E ,m

( 9 )  F = T (F )  = /  X <Y F> cp i n  E ,
^  J J J P

j  = l

w h er e  Y 6 (E# ) '  , ||Y ij ^ 1 , cp € C* , S|cp l| < 1 , and k *  0  , 
j ro J J P J J

X  X <  «  , S i n c e  k ( x , * )  6 c_ t from ( 9 )  we g e t
L—i J
j

V ,     ,
j

j = l

(10)  k ( x , - )  = 2, Xj <Yj , k ( x , ' ) >  V, in  E

Now, s e t  T j ( x , l )  = < Y j , k ( x , - ) >  ^ ( 5 )  and l e t  be t h e  i n t e g r a l

o p e r a t o r  w i t h  k e r n e l  r^ , d e f i n e d  a s  b e f o r e :



_ n

R j U ( x )  = (2Ti) 2 J e l  < Y j , k ( x , * ) >  cpj (S)  u ( S )  d5

12

w h e r e  $ . i s  t h e  i n t e g r a l  o p e r a t o r  w i t h  k e r n e l  , . S i n c e  Cf , 6 ^  *
J J j P

and  t h e  i n c l u s i o n  o f  £  i n t o  i s  c o n t i n u o u s ,  4 .  d e f i n e s  a
P q j

b o u n d e d  o p e r a t o r  from i n t o  , and  [|$ , | j  s  C
j

q
j L q pq j p

F u r t h e r m o r e ,  e s s  s u p  i i k ( x , * ) | i  „ ^ , s o  R. i s  a l s o  boun ded  from

x€R m

t o  , C o m p u t i n g  i t s  norm, we o b t a i n

i; R j  I [ q  "  Xj  e s s  S U P 1̂  j » k ^x » ' q
L L

q q

^ x
j

e s s s u p  |<Kj f k ( x , . ) > l  Cqp l|cPjSip *  C \ j

CO

r
T h u s  ) R || ^ C /  X < w , and K = ) R d e f i n e s  a b oun de d

J T q *-* J *-• j
J=1 q j J

o p e r a t o r  from i n t o  , 1 < q < ® ,

S u p p o s e  v i s  i n  . We w an t  t o  show t h a t  KV = Kv . I f  we

I.

s e t  K v = ) R v , t h e n  K v c o n v e r g e s  t o  i n  , s o  i t  s u f -t  i~, j C
j = l

f l e e s  t o  show t h a t  K^v ( x )  g o e s  t o  Kv ( x )  a l m o s t  e v e r y w h e r e .  Now,
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- n t

(K-K^vCx)!  s  ( 2 t t )  2 J ' | e i < X , 5 > | l k ( x , •) - ^  A <Y , k (x , . )>q, (§) | |C

j = l

I

^  C sup | k ( x , £ )  - )  ̂ , j k u ,  *)> <P,(5)1
V F J J J

J - l

We know t h a t  k ( x , * )  = ^   ̂ ^ , k ( x , • ) >  tp̂  In . We c l a i m  t h a t

j

t h i s  c o n v e r g e n c e  i s  a l s o  u n i f o r m  i n  § . S u p p o s e  F^ F i n  .

Then c e r t a i n l y  s u p  I[F ( t ) -  F ( t ) j |  0  a s  n . But we have

t€R+  " »P ^

c h o s e n  p >  n / 2  , s o  by S o b o l e v ' s  Lemma [ 7 ] ,  p a g e  3 3 1 ,  F ( t )  and

F ( t )  a r e  c o n t i n u o u s  f u n c t i o n s ,  and j | F ( t )  -  F ( t ) | i  ^  0 . Hencen n C0 ( I )

s u p  s u p  | [ F ( t >  ] (CD) -  [F ( t ) ] ( o u )  | 0  a s  n . T h e r e f o r e  we have

t eR+ u>€E

shown t h a t

s up  | k ( x , S >  -  )  \  < Y . , k ( x , . ) >  CP ( S ) l   > 0  a s  I  — >
i e * n ~ l o )  j t i

and  s o ,  K = ; R i n  Lq , 1 < q < 00 , w h i c h  c o m p l e t e s  t h e  p r o o f .  
U  j  q
j

( S ) | d §



CHAPTER I I

As we showed i n  t h e  I n t r o d u c t i o n ,  an e x a m i n a t i o n  o f  t h e  M i k h l l n -  

Hormander Theorem l e a d s  us  t o  t r y  t o  d e t e r m i n e  t r a n s l a t i o n  i n v a r i a n t ,
CO

n u c l e a r  s u b s p a c e s  o f  C . B e f o r e  p r o c e e d i n g  w i t h  t h i s  p r o b l e m ,  we 

g i v e  t h e  d e f i n i t i o n  and some p r o p e r t i e s  o f  a l m o s t  p e r i o d i c  f u n c t i o n s  

on t h e  l i n e .  As a g e n e r a l  r e f e r e n c e  we u s e  [ 2 ] ,  C h a p te r  I .

2 . 1  D e f i n i t i o n : a )  A f u n c t i o n  T : R ^  C o f  t h e  form T ( x )  =

n »
i  X) c e k , w h er e  t h e  c a r e  c o m p le x  and t h e  \  a r e  r e a l ,  i s  

Z- k k k
k = l

c a l l e d  a t r i g o n o m e t r i c  p o l y n o m i a l .

b)  A f u n c t i o n  f  : R C i s  a l m o s t  p e r i o d i c  i f  f o r  any e > 0 , t h e r e  

i s  a t r i g o n o m e t r i c  p o l y n o m i a l  Tg s u c h  t h a t  | f ( x )  - Tg ( x ) |  < e f o r  

a l l  x £ R .

2 . 2  P r o p o s i t i o n : f  i s  a l m o s t  p e r i o d i c  i f  and o n l y  i f ,  g i v e n  r e a l  num­

b e r s  t j  » j = 1 , 2 , . . . ,  t h e  s e q u e n c e  o f  f u n c t i o n s  [ f t  ) has  a

u n i f o r m l y  c o n v e r g e n t  s u b s e q u e n c e .  (Here  f  d e n o t e s  t h e  f u n c t i o n
j

x •— > f  (x  -  t ^ )  . )

The s e t  o f  a l m o s t  p e r i o d i c  f u n c t i o n s  forms a c o m p le x  v e c t o r  s p a c e ,  

c l o s e d  u n d er  m u l t i p l i c a t i o n ,  t r a n s l a t i o n  and c o m p le x  c o n j u g a t i o n .  

F u r t h e r m o r e ,  i f  f  i s  a l m o s t  p e r i o d i c  t h e n  t h e  map x t— > f ( t x )  i s  

a l s o ,  f o r  any t  £ R . L e t  0 .  IP, d e n o t e  t h e  s p a c e  o f  a l m o s t  p e r i o d i c

f u n c t i o n s .  On Cl. P .  we have  t h e  mean

a+T

( 1 )  M ( f ) = l i m  ~=  j  f ( x )  dx
r p —* q d

a - T

14
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d e f i n e d  I n d e p e n d e n t  o f  a , and i f  we s e t  f ( X )  =" M (f  e ^  ) , we h a v e

P a r s e v a l ' s  f o r m u l a

( 2 )  I  ^ ( ^ l 2 = M( | f  | 2 ) .

X€R

Thus f ( X )  i s  z e r o  e x c e p t  f o r  c o u n t a b l y  many A , and i f  we w r i t e  t h e  

s e t  ( \  € R ; f ( X )  * o ]  a s  ( X X . . , } , we c a n  r e p r e s e n t  f  i n  a
"  a iXfcX

u n i q u e ,  m e a n - c o n v e r g e n t  F o u r i e r  s e r i e s  f  ~  x f ( \ )  e • The s e t
L k

k = l

( X ^ A ^ , . . . }  i s  c a l l e d  t h e  s p e c t r u m  o f  f  and  w i l l  be d e n o t e d  by A^ .

I f  E i s  a s u b s p a c e  o f  G.  I3. ,  A , t h e  s p e c t r u m  o f  E ,  i s  t h e  u n i o n
Cj

u  Af  '

We c a n  now s t a t e  t h e  f o l l o w i n g  b a s i c  s t r u c t u r e  t h e o r e m .

2 . 3  Th eorem :  S u p p o s e  E i s  a c l o s e d  s u b s p a c e  o f  C„ and  t h a t  i t  i s' D

t r a n s l a t i o n  i n v a r i a n t  and  p e r f e c t ,  i n  t h e  i n d u c e d  t o p o l o g y .  Then

i )  E t C ,  P . ,

1 T
i i )  f  e E, g e  G . P .  =* f  *  g ( x )  = l i m  —  J f ( x - t ) g ( t ) d t  € E,

and

i i i )  X € A »  e lXjl 6 E .

P r o o f : i )  S i n c e  E i s  t r a n s l a t i o n  i n v a r i a n t ,  g i v e n  t ^  € R, i  = 1 , 2 , .

and  f  € E , f  € E, i  *  1 , 2 , . . .  . C l e a r l y  { f  } i s  boun ded  i n  E , 
i  i

and  a s  E i s  p e r f e c t ,  i t  m u s t  h a v e  an  E - c o n v e r g e n t  s u b s e q u e n c e ;  i . e . ,

a s u b s e q u e n c e  w h i c h  c o n v e r g e s ,  a l o n g  w i t h  i t s  d e r i v a t i v e s  o f  a l l  o r d e r s ,

u n i f o r m l y  on  t h e  l i n e .  Hence by P r o p o s i t i o n  2 . 2 ,  we c o n c l u d e  n o t  o n l y
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t h a t  f  G G . P .  , b u t  a l s o  t h a t  £ G . P .  j  * 1 , 2 , . . .

l i )  L e t  f  6 E and  g 6 G. P  . C o n s i d e r  t h e  f u n c t i o n  F : R -* E 

d e f i n e d  by F ( t )  = g ( t ) f ^  . S i n c e  t h e  map t  *— >  f^ i s  c o n t i n u o u s ,  s o  

i s  F . We c l a i m  t h a t ,  f o r  e a c h  T > 0 , t h e  Riemann i n t e g r a l

1 ^
( 4 )  *T = 2T J F ( t )  d t

00
d e f i n e s  an  e l e m e n t  o f  E . To t h i s  e n d ,  s u p p o s e  p : C “* C i s  l i n e a ro

and c o n t i n u o u s ,  and  s u c h  t h a t  < p , h >  = 0 f o r  a l l  h £ E , Then  

1 '
<+i ,Rt >  = —  < + i , l i m ^  w h e r e  t h e  l l m i t  i s  t a k e n  i n

j
CD

C a s  t h e  norm o f  t h e  p a r t i t i o n  o f  [ - T , T j  g o e s  t o  z e r o .  Now, s i n c e
D

M- i s  c o n t i n u o u s ,  l i n e a r ,  and  a n n i h i l a t e s  E ,

" 2T l t m  L  ( t j + l  " t J><^ » F f t J >>  = 0 *

j

T h e r e f o r e ,  a s  ^ was  a r b i t r a r y ,  we c a n  c o n c l u d e  f rom  t h e  H ahn-B anach  

T h eorem  t h a t  R̂ , € E . F u r t h e r m o r e ,  s i n c e  f  <— >  f ( x )  i s  a c o n t i n u o u s

map f r o m  E i n t o  C f o r  e a c h  x  € R ,

T
Rt ( x )  = l i t n ^  ( t J+1 -  t j )  g ( t j ) f ( x  -  t j )  = ~  J f ( x  -  t ) g ( t ) d t .

j

A s i m p l e  a p p l i c a t i o n  o f  t h e  Mean V a l u e  T h eorem  ( s e e  A p p e n d i x , p g . 4 5 )  

show s  t h a t

( 5 )   7 -  f  J *  ,  w h e r e
dx

- J  -  | t | s T
) 0 , 11 1 >  T
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From (5 )  we c an  c o n c l u d e  t h a t  R̂ , i s  bounded i n  E f o r  a l l  T :

T
| | r J |  = max sup j f ^ ^ g ^ C x ) !  ^ max s u p  J  | f  ^  ( x - t )  g ( t )  | d t

P O^j^p x € R  O^j^p x -T

^ max i | f ^ 5 || „  ~  j  l g ( t )  | d t  ------> max | | f ( : )5 || w M ( | g | )  .
O^j^p L -T L

Now, a s  E i s  p e r f e c t ,  ^a s  a p o i n t  H i n  E . But

f o r  e a c h  x € R , t h e  f u n c t i o n  t  I— > f ( x - t ) g ( t )  i s  a l m o s t  p e r i o d i c ,

30  f  u  g ( x )  , w h i c h  i s  t h e  mean ( w i t h  r e s p e c t  t o  t )  o f  t h i s  f u n c t i o n ,

e x i s t s  p o i n t w i s e .  Hence H(x)  = f  *  g ( x )  f o r  e a c h  x , and f  *  g  i sn M

i n  E .

i i i )  G iv e n   ̂ €  A t c h o o s e  f  £ E w i t h  f ( M  * 0 , D e f i n e  a
£

1 i 1 y
f u n c t i o n  g € G. P. by g ( x )  = A e . T h en ,  by i i )  f  *  g 6 E .

f ( M  M

Now,

T
( 6 )  f  *  g ( x )  = l i m  —  J f ( x - t )  e 1?Lt d t

"  T- *00 f ( M  -T

x+T

l i m  J f ( t  ) e  d t
f (A)  2T* } x - T

1 i ^ x  i ^ x ------ f ( \ )  e  = e
f ( M

1. AxT h e r e f o r e ,  e € E , and t h e  p r o o f  i s  c o m p l e t e .

As a d i r e c t  r e s u l t  o f  Theorem 2 . 3 ,  we d e t e r m i n e  t h a t  t h e  s p e c t r u m  

o f  E c a n  have  no a c c u m u l a t i o n  p o i n t .
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2 , k  C o r o l l a r y ; L e t  E be a s  i n  Theorem 2 . 3 .  Then A i s  d i s c r e t e .
E

P r o o f : S u p p o s e  t h e r e  e x i s t  A  ̂ G , k •  1 , 2 , . . .  s u c h  t h a t  ( A } i s

a Cauchy s e q u e n c e .  Then t h e  f u n c t i o n s  = e *  a r e  i n  E a n d ,

s i n c e  s u p | A  | < => , form a bounded  s e t .  Thus L g . }  m ust  have  a u n i -  
k  k  k

f o r m l y  c o n v e r g e n t  s u b s e q u e n c e .  But

iA x 1 ( A . - A  ) x
s u p | g k ( x ) - g ^  ( x )  | = s up  | e  -  e  \ -  s u p l e  -  1

x

s o  t h e  g^ c a n n o t  h a v e  s u c h  a s u b s e q u e n c e , and A^ m ust  be d i s c r e t e .

B e f o r e  we c a n  go f u r t h e r  i n  d e t e r m i n i n g  t h e  s t r u c t u r e  o f  E , we

n e e d  t h e  f o l l o w i n g  lemna w h i c h  i s  p r o v e d  i n  [ 6  J,  page  1 6 5 .

2 . 5  Lenina: G iv e n  A € R , k * 1 , . . . , M  , and e >  0 , t h e r e  e x i s t s  a

t r i g o n o m e  t r i c  p o l y n o m i a l  B s u c h  t h a t

1)  B ( x )  ^ 0 ,

2 )  M(B) = 1 , and

3) 1 > B(Ak ) >  1 -  e , k = 1 , . . , ,M  .

U s i n g  Lenina 2 . 5  and t h e  t e c h n i q u e s  o f  [ 6 J » we g e t  t h e  f o l l o w i n g  a p p r o x ­

i m a t i o n  t h e o r e m  f o r  E .

2 . 6  T h e o r e m : L e t  E a g a i n  be a s  i n  Theorem 2 . 3 .  S u p p o s e  t h a t

f  € c ”  H G. f>. and  t h a t  A t  A Then t h e r e  e x i s t s  a  s e q u e n c e  o f
o I  E

f  -.CO

t r i g o n o m e t r i c  p o l y n o m i a l s  l P  J s u c h  t h a t  Ap £  and t h e  l i m i t
n
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i n  C o f  t h e  P i s  f  . 
o n

P r o o f : W r i t e  A = [ X ^ j A ^ , . . . ]  and l e t  be t h e  t r i g o n o m e t r i c

p o l y n o m i a l  o f  t h e  lemma, f o r  { X^ : 1 -  k s  n } and e = 1 / n  . We c l a i m

t h a t  P “ f  *  B h a s  t h e  d e s i r e d  p r o p e r t i e s .  F i r s t  o f  a l l ,  we c a n
n M n *

w r i t e  P ( x )  a s  /  B (X) f  *  e^  x  w h i c h  by a c o m p u t a t i o n  l i k e  t h e  one
n i—> n M

X6R

i n  ( 6 )  i s  /  B (X) ^ ( X )  e ^ " X s o  t h a t  P (X) = B (X) ^ ( X )  . T h e r e f o r e  
t-j n n n

X€R

we h a v e  t h e  i n c l u s i o n s  A A c. A . F u r t h e r m o r e ,  s i n c e  t h e  s e t
P f  E

n

{X : B(X)  + o }  i s  f i n i t e ,  P i s  a  t r i g o n o m e t r i c  p o l y n o m i a l ,  and by
n

i i i )  o f  Theorem  2 .  3 ,  P i s  i n  E . Th us  we a r e  l e f t  o n l y  t o  p r o v en
00

t h a t  P -* f  i n  C„ . U s i n g  t h e  same a r g u m e n t  w h i c h  g a v e  ( 5 )  ( s e e  
n d

( 1 )  ( OA p p e n d i x ,  p g .  4 5  )  we p r o v e  t h a t  F J = f  *  B^ , s o

|P || * max | | f ( j ) !i w M(B ) = max | | f ( j ) || „
p O^jSp L O^J^p L

Thus t h e  s e q u e n c e  h o u n d e d  i n  E a n d ,  a s  E i s  p e r f e c t ,  h a s

an  a c c u m u l a t i o n  p o i n t  P . We know t h a t  1 >  >  1 ~ 1 / n ,

1 ^ k  ^ n , s o  f o r  a n y  k , l i m  = ^ ^ k ^  = ^ ^ k ^  *

h a v e  a l r e a d y  shown t h a t  i f  X £ A^ , t h e n  X £ , s o  P (X )  = ^ ( X )
n

f o r  a l l  X € R , and  by t h e  u n i q u e n e s s  o f  t h e  F o u r i e r  s e r i e s ,  P = f  .
C O

Thus f  i s  t h e  o n l y  l i m i t  p o i n t  o f  t h e  P , and P ~* f  i n  C .n n n

N o t e  t h a t ,  s i n c e  E i s  c l o s e d ,  we h a v e  sh ow n  t h a t  f  i s  i n  E ,

w h i c h  y i e l d s  t h e  f o l l o w i n g  f a c t  w h i c h  w i l l  p r o v e  e x t r e m e l y  u s e f u l .

a y  ^

2 . 7  C o r o l l a r y : I f  E i s  a s  a b o v e ,  t h e n  E = I f  £ ^ ^  ■



20

Hence  E i s  d e t e r m i n e d  by i t s  s p e c t r u m .  Of more i m p o r t a n c e  w i l l  be

t h e  f a c t  t h a t ,  u n d e r  a p p r o p r i a t e  r e s t r i c t i o n s  on A , E i s  t o p o l o g i -

c a l l y  i s o m o r p h i c  t o  a s p a c e  F o f  f u n c t i o n s  on A . F u r t h e r m o r e ,  we£
w i l l  g i v e  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n s  f o r  F t o  be  n u c l e a r .

I n  o r d e r  t o  g e t  t h e s e  r e s u l t s  we n e e d  t o  r e l a t e  t h e  s e m l n o r m s  i n  E 

t o  -C^-norms o f  F o u r i e r  c o e f f i c i e n t s  o f  f u n c t i o n s  i n  E .

2 . 8  P r o p o s i t i o n : S u p p o s e  A = {A A . . . ]  i s  a c o u n t a b l e  c o l l e c t i o n

o f  r e a l  numbers  w h i c h  a r e  l i n e a r l y  i n d e p e n d e n t  o v e r  t h e  r a t i o n a l s .

T h e n ,  i f  f  £ c ” n G.IP. and Af  i  A , | | f [|  ^  ‘

L k = l
CD

P r o o f :  L e t  P be a s  i n  Theorem  2 . 6 .  P c o n v e r g e s  t o  f  i n  C„ ,----------  n n b

and t h e r e f o r e  u n i f o r m l y ,  s o  ]|fj| = l i m  j j P || . Now, by K r o n e k e r ’ s
T  0  TL n L

Th eorem  ( s e e ,  f o r  i n s t a n c e ,  I 6 J ,  p a g e  1 8 1 ) ,  s i n c e  t h e  A  ̂ a r e  l i n e a r ­

l y  i n d e p e n d e n t ,  |[P )  | p ( A . )  | ( t h i s  sum i s  f i n i t e ) .  We a l r e a d yn . n  k
L k

A A
know t h a t  l i m  P (A, ) *= f ( A  ) f o r  a l l  k , s o  i t  s u f f i c e s  t o  show

n k kn

Urn I  l $n ( V  I " !  l l "  1 A < V
“ k k "

U s i n g  F a t o u ' s  Lemma, we o b t a i n

;  l i m  $  (A ) I £  u n i  y | p „ (  I .4— n K - n K
k n n k

On t h e  o t h e r  h a n d ,  s i n c e  P (A) = ^ ( A )  B (A) and | b  ( A ) |  £  1 , f o r
n n  n

a l l  n and  a l l  A £ R [p (A ) | <■ [ f ( A  ) |  . T h e r e f o r e ,
n k k



l i m  1  ' V V 1 £ I  and t h e  p r o o f  I s  c o m p l e t e .

n  k  k

P r o p o s i t i o n  2 . 8  becom es  much more u s e f u l  when we r e c a l l  t h a t  i f

i s  i n  E , t h e n  f ^ ^  i s  a l m o s t  p e r i o d i c  f o r  a l l  j . F u r t h e r m o r e ,

t h e  F o u r i e r  s e r i e s  o f  £s  o b t a i n e d  by d i f f e r e n t i a t i n g  t h e

F o u r i e r  s e r i e s  o f  f ^ ^  , t er m  by t er m  ( s e e  [ 2 ] ,  page  2 7 ) ;  i . e . ,  by

i n d u c t i o n ,

( 7 )  V J « lXk" ■

T h u s ,  i f  t h e  ^  a r e  I n d e p e n d e n t  P r o p o s i t i o n  2 . 8  i m p l i e s

(8) 2. = C " 
k  L

f o r  a l l  f  € E , and a l l  j = 0 , 1 , 2 , . . .  .

A g a i n  s u p p o s e  A = . . . }  i s  a c o l l e c t i o n  o f  r e a l  numbers

w h i c h  a r e  l i n e a r l y  i n d e p e n d e n t  o v e r  t h e  r a t i o n a l s .  W i th  e q u a t i o n  ( 8 )  

i n  m in d ,  we d e f i n e  t h e  s p a c e  o f  s e q u e n c e s

( 9 )  F = F( A)  = { c  = { e R }“ =1 : c k 6 C and

P j < c ) | c k l U k ) J < " j  = 0 , 1 , 2 , . . . }  .

k

S e t  E = E(A) = { f  € Cg 0 G . P .  : ^ A} and d e f i n e  orE F by o ( f )

2 . 9  P r o p o s i t i o n : W ith  t h e  a b o v e  n o t a t i o n ,  a  i s  a t o p o l o g i c a l  i s o m o r

phisra o f  E o n t o  F .

P r o o f :  By e q u a t i o n  ( 8 ) ,  p ( o ( f ) )  = | j f ^ | |  m < ”  , s o  o  i s  w e l l -
J L
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d e f i n e d .  The c o n t i n u i t y  o f  a> f o l l o w s  f r o m  t h e  same e q u a l i t y  and  t h e

f a c t  t h a t  s  llfll • U s i n g  t h e  u n i q u e n e s s  o f  F o u r i e r  c o e f -
L Ej

f i c i e n t s ,  we c o n c l u d e  t h a t  i t  i s  o n e - o n e .  We c l a i m  t h a t  O' i s  o n t o :

■® i^  x
F o r  c  £ F , d e f i n e  f ( x )  = ^  e . S i n c e  [[c|l  ̂ * P( / c  ̂ <  ”  ’

k- 1  1

rN iX xV k
t h e  p a r t i a l  sums c,  e  c o n v e r g e  u n i f o r m l y  t o  f  , s o  by

i—t K

k = l

D e f i n i t i o n  2 . 1  b ) , f  i s  a l m o s t  p e r i o d i c .  In t h e  same way

i  X. x
f 1 kl c ^ ( i  X ) € £  , s o  ^  c k ^  ^k^ 0 c o n v e r g e s  u n i f o r m l y  a s

k = l

N "• “  and  s o  must  c o n v e r g e  t o  t h e  d e r i v a t i v e  o f  f  . T h u s ,  by i n -

N
V j kX ( \ )

d u c t  i o n  on  j , ^  ° k  ^  ^k^ e ------------  ̂ u n i f o r m l y ,  and by P r o p -

k = l

o s i t i o n  2 . 8 , SSf( J ) !l a, = P . , ( 0  < “  and  f  €  C . C l e a r l y  A £  A ,
L J

and  we h a v e  f  i n  E w i t h  Q'(f) = c . T h u s ,  O' i s  c o n t i n u o u s ,  o n e -  

o n e ,  and  o n t o ;  s o  by t h e  Open M apping  T h eorem  i t  s u f f i c e s  t o  show  t h a t  

E and F a r e  F r ^ c h e t  s p a c e s .  S i n c e  t h e y  a r e  c o u n t a b l y  nor m ed ,  we a r e  

l e f t  o n l y  t o  p r o v e  them b o t h  t o  be  c o m p l e t e .

2 . 1 0  Lemma: E i s  c o m p l e t e .

P r o o f :  S u p p o s e  f  i s  Cauchy i n  E . T h e n ,  s i n c e  i s  c o m p l e t e ,
n

f  has  a u n i f o r m  l i m i t ,  f  . S i n c e  t h e  a r e  Cauchy  i n  C f o r
n ’ n

a n y  j  , f  i s  j - t i m e s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  and c o n -

( j )

a l m o s t  p e r i o d i c ,  and a s  A^ <- A t we h a v e  Af  u A , s o  f  i s  i n  E

v e r g e s  u n i f o r m l y  t o  f  . Thus f  ~* f  i n  C^ . f  i s  c l e a r l y

n
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2 . 1 1  Lenina: F I s  c o m p l e t e .

n r n i00 n
P r o o f : S u p p o s e  c = i s  Cauchy i n  F . Then c i s  Cauchy

i n  t   ̂ and has  a n  - t ^ - l i m i t  c = * S i m i l a r l y  f o r  any  j ^ 1 ,

d °  = t c ” | \  | ^ }. i s  t  ^ -Cauchy  and has  an l i m i t  d = {d } .k k k = l  '  k

C e r t a i n l y  f o r  e a c h  k we have  cj  ̂ -* c^  and d ” — d^ . B u t ,  s i n c e

d k = Ck ^ \ ^  * dk = Ck ^ k ^  ’ and t h e r e f o r e  c  € F , c n ^  c  i n  F ,

and F i s  c o m p l e t e .

I t  i s  i m p o r t a n t  t o  n o t e  t h a t  P r o p o s i t i o n  2 . 9  r e m a i n s  v a l i d  i f  t h e

2 . 1 2  P r o p o s  i t i o n : S u p p o s e  t h e r e  e x i s t s  an i n t e g e r  p >  0 s u c h  t h a t

l^ki  ^ <  00 . Then O' : E — F , d e f i n e d  a s  a b o v e ,  i s  a t o p o l o g i c a l

k = l

i s o m o r p h i s m .

Remark: The f o l l o w i n g  ar gu m en t  i s  p a t t e r n e d  a f t e r  one  i n  [ 3 ] ,  page  8 2 .

P r o o f : I f  f  i s  i n  E , we have  a s  b e f o r e ,

l i n e a r  i n d e p e n d e n c e  o f  A i s  r e p l a c e d  by a g r o w t h  c o n d i t i o n  on t h e  X .

( 10) u
k = l

s o  t h a t ,  by f o r  a l l  j = 0 , 1 , . . .

k

T h e r e f o r e ,  u s i n g  C a u c h y - S c h w a r t z , f o r  any  j

k k



2 k

Thus t> i s  w e l l - d e f i n e d .  F u r t h e r m o r e ,  we h a v e  shown

p ( o ( f ) )  * c  M ( | f ( j + P ) | 2 ) -  d i m  ~  J  I f ( j + P ) ( x ) | 2 dx
J 'P-.OQ f

^ c sup  | f C j + p ) ( x ) | 2 s  c  [[fj[2 (
x€R j+p

s o  a  i s  c o n t i n u o u s .  A g a i n  t h e  u n i q u e n e s s  o f  t h e  F o u r i e r  c o e f f i c i e n t s

i m p l i e s  t h a t  a  i s  o n e - o n e .  To show t h a t  a  i s  o n t o ,  c h o o s e  c £ F ,

c = , and d e f i n e  f ( x )  = ^  c k e i ^kX * As b e f o r e  f  G C H G . P .

k

and A i  A , s o  i t  s u f f i c e s  t o  show t h a t  f ^  i s  bounded f o r  e a c h  j . 

T a k i n g  a b s o l u t e  v a l u e s  i n  ( 1 0 ) ,  we s e e  t h a t

| f ( J ) (x)  I * ' i  |Af ( X k ) |  | * k | J  < -  ,

k

s o  | j f ^ ^ | |  m . As t h e  l i n e a r  i n d e p e n d e n c e  o f  A p l a y e d  no r o l e  in
L

p r o v i n g  E and  F t o  be F r e c h e t  s p a c e s ,  t h e  Open Mapping Theorem  a g a i n

i m p l i e s  t h a t  a  i s  a t o p o l o g i c a l  i s o m o r p h i s m .

T h u s ,  i f  A s a t i s f i e s  e i t h e r  2 . 9  o r  2 . 1 2 ,  E(A) i s  i s o m o r p h i c  t o  

F(A) . The s t r e n g t h  o f  t h i s  r e s u l t  l i e s  i n  t h e  f a c t  t h a t  we can  c h a r a ­

c t e r i z e  v e r y  n i c e l y  t h e  d e s  i r e d  p r o p e r t  i e s  o f  F(A)  .

2 . 1 3  T h e o r e m : L e t  A = { X A. . . . ) be an  a r b i t r a r y  c o u n t a b l e  c o l l e c ­

t i o n  o f  r e a l  numbers and d e f i n e  F = F(A) a s  i n  e q u a t i o n  ( 9 ) .  Then

a )  F i s  p e r f e c t  w A i s  f i n i t e  o r  1 im |A | = “> ,
k k
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b) F i s  n u c l e a r  °  3 p > 0  s u c h  t h a t  ^  | A  ̂ | P < => .

k

P r o o f : I f  A i s  f i n i t e ,  F(A)  i s  f i n i t e  d i m e n s i o n a l  and t h e r e f o r e

n u c l e a r  (and  p e r f e c t ) .  Now assum e  A i s  i n f i n i t e .

a)  : S u p p o s e  1 ini | A 1 i s  n o t  “  ; i . e . ,  t h e  1 i m i t  i s  e i t h e r
k K

f i n i t e  o r  d o e s  n o t  e x i s t .  In e i t h e r  c a s e  t h e r e  must  e x i s t  a b ou n d e d ,

i n f i n i t e  s u b c o l l e c t i o n  A  ̂ Qf  t h e  A  ̂ ( | \  | 5  M , n = 1 , 2 , . . .
n n

The
K

n d e f i n i n g  e °  ^ F by e^ = i s  bounded i n  F , b u t

P g ( e n -  e"1) = 2 f o r  a l l  n i* m , s o  F i s  n o t  p e r f e c t .

a )  *■ : Now s u p p o s e  1 im [ A  ̂ [ = “  and t h a t  |A | i s  i n c r e a s i n g
k

r n "I00w i t h  k . L e t  t c  Jn_^ be a bounded s e q u e n c e  i n  F ; i . e . ,  f o r  any  

i t h e r e  i s  a B,  >  0 s u c h  t h a t
j

( 1 1 )  Pj^cI^  * L, ^C k   ̂ S  Bj * £ o r  a 1 1  n *

t h  f n  *1®
Then t h e  s e q u e n c e  o f  k e n t r i e s  £S bounded i n  C f o r

e a c h  k , and t h u s ,  by t h e  s t a n d a r d  d i a g o n a l i z a t i o n  p r o c e e d u r e  and

p a s s a g e  t o  a s u b s e q u e n c e , we c a n  assum e  t h a t  c n i s  s u c h  t h a t

[ n v® n f yc, ; i s  Cauchy f o r  e a c h  k . L e t  c, = l i m  c and s e t  c = t c ,  JK n* l  K tfy, k k k - l

Then f o r  any  N and any j  ,

N N

1  K l  l \ l J -  l l “  I  1 ^ 1  h k l J * Bj ,
k = l  n k = l
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s o  t a k i n g  l i m i t s  a s  N 00 we o b t a i n  j  | c  j i  ̂ ^ B f o r  a l l  j  .
k k j

k = l

Thus c  € F . We now w a n t  t o  sh o w  t h a t  c 11 -* c  i n  F . I t  c l e a r l y  

s u f f i c e s  t o  show

n , »  £  | c k -  c k" |  P J J — > o as K — > 00
i— K K K

n k=K+l

B u t ,  s i n c e  | ^  I *-s i n c r e a s i n g ,

00

u " 1  K  - CE' |xk |J s Um T O  L K  • ck' |Xk |J+1
n k=K+l n K k=K+l

* T O  2 V i  ~ >  0 a s  K •K

b )  : S u p p o s e  F i s  n u c l e a r .  T h en  t h e r e  i s  a p > 0 s u c h  t h a t

t h e  n a t u r a l  i n c l u s i o n  I  : F “• F_ i s  n u c l e a r .  The map S : F_ F
p 0  U p

d e f i n e d  by S ( { c ,  ) )  = I c.  j X | i s  l i n e a r  and c o n t i n u o u s ,  s i n c e
K  K  K

p p < S ( c ) )  = 2_ I | P U k |P = ' T h e r e f ° r e  t h e  c o m p o s i t i o n

k

T = S o I  : F ~ * F  i s  n u c l e a r ;  i . e . ,
P P

T ( c )  -  ^  U <YJ , c >  cpj i n  Fp

j = l

00

w h e r e  p *  0 w i t h  ^  p < “  , cp̂  € F w i t h  £  1 , and
J  J  P p

J - l

6 f '  w i t h  s  1 . Now, F i s  , w h e r e  v  i s  t h ep 1 F p

m e a s u r e  on t h e  i n t e g e r s  d e f i n e d  by v ( k )  = 1^ 1^ » 30  Pp = ^ ’
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w h i c h  i s  j u s t  t  on  t h e  s e t  {k  : t  o )  . The d u a l i t y  i s  d e f i n e d

by <Y,cf£> = L  \ 9 k l \ t P f o r  Y = [Yk ) € f '  and <p * { c ^ }  € F .

k= l

L e t  e °  € F be d e f i n e d  by e ” = . Then Te^ = | \  | ^ e^ , and
p k k k

<Y J , e * S  -  T J |X k |P . T h e r e f o r e

C D

i \ i ' p *k -  1  ^  i \ i p * j ■
j = i

s o ,  l e t t i n g  n * F C be t h e  k ^  p r o j e c t i o n ,  tt (cp) = c p ,  , we o b t a i n
K  p  K  K

l \
1 k r p ■ k \  k_ ^  Yk , x k ' P * S)

it
j ' i w  •

J = 1 j

Then f o r any i n t e g e r N ,

N 0O N CO N
V
L •p - z ^ I  Yi  ‘Pr I \ i p j  i Z * i * d i \ i p irHIIH. 1=1 k = l j = l k = l

CD

* L  1
^  l < Y J ,cpj > l  *

^ j

•*-1
J.

■ 
-n1 

VI

j - i j j

< co

T h e r e f o r e  ^  P i s  f i n i t e .

k= l

b)  *- : F i n a l l y ,  a ssum e  ^  l \ ^ _P <  °° * G iv e n  n we mu9t p i c k  “

s u c h  t h a t  t h e  n a t u r a l  map F F i s  n u c l e a r .  C o n s i d e r  m “ n +  p ,
m n

and d e f i n e :

k , k , k
e € F by e ,  “ 6 . ■m j j

\ 6  f ;  > *  ■  | x k | n + p  c k  •
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Vr e  Fn by <Pk = l \ i " n e k  * and  

Hk ^ 0 by = l \ l " P *

Then  H^rII “ 1 * ^ k ^  * * * anC* L  ^ k  <  *  ' F u r t b e r m o r e J f ° r a n y
k

c € F , we have  n+p

I  l \ l ' P \ ' n + P ‘ k k
k*=l k k

c, e = c . k

Thus i f  we d e f i n e  T ( c )  = , P- <^ k »c> ^ r * ^ —  t b e  c a n o n i c a l  map

f r o m  F t o  F and i t  i s  n u c l e a r ,  w h i c h  c o m p l e t e s  t h e  p r o o f  o f
n+p n

2 . 1 1 .

Hence  we h a v e  shown t h a t ,  g i v e n  { ^  , ^  » ■ * *  ̂ s u c h  t h a t  f o r  some  

p , , | \  I F ™ , E(A) = { f  £ C H G . P .  | A ^ A) i s  n u c l e a r ,  and
L—i K D I

4k dk A oo co
s o  £  * E & C ( ^ )  w i l l  g e n e r a l i z e  C (^ )  i n  t h e  C a l d e r o n - Z y g m u n d

T h e o r e m .



APPENDIX

SECTION I . Lenina 1 . 1 .

We want  t o  show t h a t  f o r  any  p ^ 0 t h e r e  e x i s t  c o n s t a n t s  

c P , d P , j = s u c h  t h a t  f o r  a l l  f  € E and € E^ d e ­

f i n e d  by f ^ ( t )  « f ( l o g  t ) , we have

P
( 1 )  f # ( p ) ( t )  = —  ' c P f ( j ) ( l o g  t )  V t  £ R+ , and

t P J - 0

( 2 )  f ‘ P ) Cs) = ;  d p e j s  f # ( j ) ( e s ) V a € R .
t -  J

j = o

The p r o o f s  u s e  an  i n d u c t i o n  on p . S i n c e  f ^ ( t )  = f ( l o g  t )  , (1 )  

i s  t r u e  w i t h  c^ = 1 f o r  p = 0 . S u p p o s e  ( 1 )  i s  t r u e  f o r  d ^ m .

Then

m- 1
f W ( t )  ^  c ~ - i  f O ) ( 10R t )

c j = o

m

= —  ) c 7  f ^ ( l o g  t )  , where
J

j «0

0 j = 0 , m >  0
m \ x m - 1 m- 1 .  . .

Cj -  - ( m - l ) c  + C j _ 1 1 < j m

tn- 1 .
V i  1 ■"

A g a i n  t h e  c a s e  p = 0 i s  o b v i o u s  w i t h  d^ = 1 . I f  ( 2 )  h o l d s  f o r

p < m , t h e n

29



m- 1
o _ r ^  ^  . j . £# ( j ) ( . . ) j

j - o

m j s  , # ( j )  , ^  d j  e J f  J (<

J “ 0

,m

0

j d m_1 + dm' J  
J J - l

,m -1
-i1

j * O, m > 0 

0 j <• m

j = m

30
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SECTION I I , C (L) .

S u p p o s e  , . . . , i s  a c o v e r  o f  L by c o o r d i n a t e  n e i g h b o r h o o d s .
CD

L e t  p ^ R  , i  = 1 ,  , . . ,m , be a C p a r t i t i o n  o f  u n i t y  s u b o r d i n a t e

n - 1 “
t o  Vi  , and l e t  Y : — R , i  ~ 1 ,  . . . ,m , be C c o o r d i n a t e  maps .

CO

Then C (^ )  i s  t h e  s p a c e  o f  a l l  f u n c t i o n s  f : L -* C s u c h  t h a t

- 1 os n - 1 00
^ i ^  ° ^ i  i-s a C f u n c t i o n  from R i n t o  C , i  = l , . . . , m  . C (L)

i s  t o p o l o g i z e d  by th e  H i l b e r t  norms

m m
11^:2  ̂ \   ̂ - 1 . II2 _  ̂ I, ,  ...-1,-2
n  i h P L  L  jjD • Vl  >h 2 n . i  = L  ° \  li p n - l

L (R *)  *■ HP (R" ")

CO | | p

The c o m p l e t i o n  o f  C (L) w i t h  r e s p e c t  t o  |! |j i s  d e n o t e d  by H (L)
OC

and i s  a H i l b e r t  s p a c e .  Thus C ( i l )  i s  c o u n t a b l y  normed w i t h  norms 

c o m in g  from i n n e r  p r o d u c t s .  Such a s p a c e  i s  c a l l e d  c o u n t a b l y  H i l b e r t

Remark: Had we c h o s e n  a n o t h e r  o p e n  c o v e r ,  p a r t i t i o n  o f  u n i t y ,  o r  c o -

cu n
o r d i n a t e  m aps ,  t h e  s p a c e s  C (H) and H (^) w ou ld  be t h e  sam e ,  and

t h e  new norms w o u ld  be e q u i v a l e n t  t o  t h e  o l d .

3 . 1  D e f i n i t i o n : A map T: ^  H , w h er e  Ĥ  and Ĥ  a r e  H i l b e r t

s p a c e s  i s  n u c l e a r  i f  T c a n  be w r i t t e n

CO

( 3 )  T ( x )  = ^  \  < x >^k> 2<̂k * w h er e  € l l  ’
k = l

[£,^3 i s  a n  o r t h o n o r m a l  b a s i s  i n  Ĥ  , and *-s an  o r t h o n o r m a l

b a s i s  i n  . ( [  7 ] ,  page  4 9 4  shows t h a t  t h i s  i s  e q u i v a l e n t  t o  0 . 1

i f  E and F a r e  H i l b e r t  s p a c e s . )  A c o u n t a b l y  H i l b e r t  s p a c e  H i s

n u c l e a r  i f  g i v e n  any  p t h e r e  i s  a n  m > p s u c h  t h a t  t h e  n a t u r a l

31



32

i n c l u s i o n  T™: W M i s  n u c l e a r  i n  t h e  s e n s e  o f  ( 3 ) .  
p m p

CO

3*2 P r o p o s i t i o n : C (E) i s  n u c l e a r ,

P r o o f : We w i l l  o n l y  s k e t c h  t h e  p r o o f .  G iv e n  p , c h o o s e  m > p + n -  1 ,

w h e r e  n -  1 i s  t h e  d i m e n s i o n  o f  £  . I f  U i s  a bounded open  s u b s e t

n —1 1c
o f  R we d e f i n e  t o  t îe c l o s u r e  w i t h  r e s p e c t  t o

I I I I 03 tl" 1[I || , 1 o f  t h e  s p a c e  o f  C f u n c t i o n s  on R w i t h  com p act  s u p -
t r c R 11* 1 )

p o r t  c o n t a i n e d  i n  U . By [ 8 ] ,  page  2 7 9 ,  t h e  n a t u r a l  i n c l u s i o n  o f  

HJJ(U) i n t o  h£ (U) i s  n u c l e a r .  Now c o n s i d e r  t h e  c o m p o s i t i o n  ,

^ ( L )  - 2- >  rf“ (L) - & - >  — > Hj(l|ri Vi > — > HP (± )

f I > p ^ f I > M^f ° 't'i 1 '-----> M-1f  “ 1-----> M^f •

a i s  norm d e c r e a s i n g  and t h e r e f o r e  c o n t i n u o u s ,  b and d a r e  i s o m e t r i e s

and c i s  n u c l e a r .  Hence i s  n u c l e a r ,  and by [ 3 ] ,  p a g e  4 9 ,

m m

^  T i s  a l s o .  But  ̂ ^  T i J f  = f  » 80  l_  T i  i s  t h e  n a t u r a l

1=1 i = l

GO

i n c l u s i o n ,  and C (^ )  i s  n u c l e a r .



SECTION I I I . E# ( c” ( E ) )  .

In o r d e r  t o  Improve  t h e  n o t a t i o n  we w i l l  d e n o t e  by F and

C (L) by G , s o  G  ̂ w i l l  be HP (l^) . F(G) i s  t h e  s p a c e  o f  f u n c t i o n s

u:  R+ — F s u c h  t h a t  g i v e n  any p and any o r t h o n o r m a l  b a s i s  {q> ] o f

G , t h e  map t (— > < u ( t ) , a  > i s  i n  F and
P n p p

( 4 )  , l ^ u t  • )  ,tf >  ||pUp i_ " Tn p"F
n » l  P

) max s up  |< t ^ u ^ ^ ( t ) , c p >  |^ < m 
O^j^p t€R+ n p

n = l

3 . 3  P r o p o s i t i o n : The norms liu llp a r e  e q u i v a l e n t  t o

Iu|j = max s up  | | t J u J ( t ) | j
P 0s j^ p  t  Gp

P r o o f : For any  o r t h o n o r m a l  bas i s  [<x } o f  G , we have  — J n p

 ̂ 2

uj| -  max s u p  ) | < t ( t )  ,<r > 12
p OSjSp t  “  " PJ n= l

^ ^  max sup i< t - * u ^ ^  ( t )  ,cfn> p | 2 = |ju|,2 .

n= l

C o n v e r s e l y ,  s i n c e  G i s  n u c l e a r  t ^ u ^ ( t )  c a n  be r e p r e s e n t e d  i n  G  ̂ as

CO

t ^ u ^ \ t )  = ^  ^  < t ^ u ^ \ t )  , ^ > k ^  , where

1  =  1

U ^ )  e t 1 , 1 } i s  an o r t h o n o r m a l  b a s i s  i n  G  ̂ , and £ ^  an

33
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o r t h o n o r m a l  b a s i s  i n  G . Hence
P

liu !|2 = ^  max s u p )  X < t Ju ( J ) ( t M , > .  > I2
P o ^ j ^ p  t  ' 1 k  1  n P

n = l  J r >C = l

CD 0 0  00

r

* ^  M  ^ V V p *  I  Z  M  max s u p l< t J u  J <t > * ^ >k i2
n = l  1 = 1 l  = \  0 S t S p

| x . |  / K  I m3 * sup l i t  (t)Sl^.
t t !  n=l P ^  <*j*k t

2 I  L |xt l >  !,u!lk 2 •
t

N o te  t h a t  P r o p o s i t i o n  3 . 3  i m p l i e s  t h a t ,  had we d e f i n e d  |iu llp fn  (4 )  

w i t h  o t h e r  o r t h o n o r m a l  b a s e s ,  we wou ld  have  g o t t e n  t h e  same t o p o l o g y  

f o r  F (G) ,

3 . 4  P r o p o s i t i o n : F(G) i s  c o m p l e t e .

P r o o f : S i n c e  t h e  t o p o l o g y  o f  F(G) i s  g i v e n  by a c o u n t a b l e  c o l l e c t i o n

o f  norms,  i t  s u f f i c e s  t o  show t h a t  F(G) = H F(G) , w h er e  F(G) i s
P P P

t h e  c o m p l e t i o n  o f  F(G)  w i t h  r e s p e c t  t o  ',[u11p . C l e a r l y  F(G) c F(G)^

f o r  a l l  p s o  i t  i s  i n  t h e  i n t e r s e c t i o n .  S u p p o s e  u 6 H F(G)
p P

G iv e n  p i  u 6 E(F)  s o  t h a t  u — u i n  p -norm;  i . e . ,  m m

max s u p W t ^ u ^  ( t )  -  t ^ u ^ ( t ) j L   > 0  a s  m — > “> .
0* J * P  t  "  Gp

Then c e r t a i n l y  max s u p  l ^ - t ^ u ^ h t )  -  <t^uj^ ( t ) ,<Pn> p |  “* 0 a s

m 00 , and s i n c e  F i s  c o m p l e t e ,  t h e  map t  *— > < u ( t ) , c p  >  i s  i n  Fp n p p
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F u r t h e r m o r e

max sup j < t ^ u ^  ( t )  ,cf > | 2 < TTm |ju || 2 < 00 ,

n
O^j^p t n  ̂ nr*03 m ^

s i n c e  u must  be bounded i n  G , s o  u i s  i n  F(G) , and t h e  p r o o f  m p

i s  c o m p l e t e .

Now d e f i n e  Or; F X G ^  F(G) by o ( f , g ) ( t )  = f ( t ) g  . a i s  w e l l -

d e f i n e d  and c o n t i n u o u s ,  s i n c e  < f ( t ) g , c p  >  = <g,cp >  f ( t )  i s  i n  F ,
n p  n p  p

1 ■ 2 i i 2 11 12
and Ma ( f , g )  i,F / Gv = iifjip ■ 'ShG • The p r o j e c t i v e  t e n s o r  t o p o l o g y  i s

P P P

u n i v e r s a l  w i t h  r e s p e c t  t o  c o n t i n u o u s  b i l i n e a r  f o r m s ,  s o  Or d e t e r m i n e s

t>: F a G “* F(G) , and o  i s  c o n t i n u o u s .  F u r t h e r m o r e ,  a s  F(G) i s

— A A A
c o m p l e t e ,  a  e x t e n d s  t o  o : F >■ G -  F(G) , a - d  Q i s  c o n t i n u o u s .

A
3 . 5  P r o p o s i t i o n : a  i s  o n e - o n e .

P r o o f : S u p p o s e  v € F £  G , and cKv) = 0 . By G r o t h e n d i e c k ’ s

Theorem ( s e e  I n t r o d u c t i o n ) , v can  be  r e p r e s e n t e d  as  an  a b s o l u t e l y  c o n -
CD

v e r g e n t  s e r i e s  v = t p f , & g . , w h er e  {p . } £ , f  0 i n  F ,
J J J J J

j = l

and g , “* 0 i n  G < As b e f o r e ,  g i v e n  any  p , g .  c a n  be  r e p r e s e n t e d  
J j

GO

i n  G a s  g .  = ; X $ . D e f i n ep L-i n j n k n
n = l

N M

v = / X ( } u <& . i)/ > f  j X i  .
NM L  n V L  n k y  n

n = l  j = l

Then i s  i n  F «  Gp , and i n  (F «  C)p , s i n c e
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M 00

'|V ‘ VNM^(I^G)  ̂ L  P j f  j  ^ 8 j + L  ^ j f  j X \  L, < 8 j , '̂n>k * n /
P j =M+1 j = l  n=N+l

00 a>

+ c L T L  > 0 as N,M _>
j = l  n=N+l

00
t-

c

j - t t f  1

Thus , i f  p

an  m s u c h  t

N M

) \ *- n
n= i j - i

p r e s s i o n  w i t h

CO CO

li , \
L - i n U “ j

n = l J- 1
N

s . I K
n = l

“ <VNM) “  °  i n  F (G )m • But S<,V

p r e s s i o n  w i t h  N and M r e p l a c e d  by m , s i n c e  u s i n g  {$ } i n  (4 )

P

| 2 max sup | j  m-. < S 1»Vn> 1( t ^ f ^ < t ) | 2 
O ^ p  t j=M+l

+  l  |Xn | 2 MX s u p l ^ H j  < g j , * n>k

n=N+l j = l

CO CO

T“ ' - -

 ̂
V

V
I

t i .  I )i_  ' j ^
j - 1 n=l

00

* 1 l \ . ' 2

CO

[2 I1 r 112 \

P J»Mfl

L 1^ 1
n=N+l j = l  j - 1

* c I  1 ^ 1  +  c  L
j=Mhl n=N+l

\k  I2 ------> 0 a s  N,M >
n
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T h e r e  f o r e ,

QD CO

1  \ , U  ^ j ’ V k  f J ( ' 0  ‘ n ‘  0 *" F < « p  .
n = l  j * l

and s i n c e  $ i s  a  b a s i s  
n

\  ,  ABut t h e n  v = ) h ® 4 i s  0 i n  (F X G) , s o  v = 0 i n  F X G .L* n n p
n

A
and & i s  o n e - o n e .

A
F i n a l l y  we show t h a t  cr i s  o n t o  and i s  t h e r e f o r e  a t o p o l o g i c a l

i s o m o r p h i s m .  L e t  u be i n  F(G) . G iv e n  p and t  ,
00

r -
u ( t )  = ) X < u ( t ) , *  >  $ i n  G Then < u(* )» ' t [ > , i s  i n  F c-  Fn ’ n k n p ’ n k k p

n = l

and i s  bounded i n  F . $ i s  bounded i n  G and s i n c e  [X } € ,p n p n
CO

V"
v -  } X < u ( - ) J  >. ® $ d e f i n e s  a n  e l e m e n t  o f  (F ^  G) . E x t e n d -  i - n  * n k n p

n= l
N

i n g  Q t o  (F ® G) we s e e  t h a t  o ( v )  ( t )  = 1 im ^ X < u ( t ) , i r >. $ = u ( t )
P N =̂> ^  n n k n

n=l

i n  Gp . Hence o ( v )  ( t )  = u ( t )  f o r  a l l  t  € R+ , s o  o ( v )  = u . T h en ,

A
a  i s  o n t o ,  s i n c e  f o r  any u € F(G)

ff (u) £ H (F ® G) * F S  G ,
P P

and by the  Open Napping Theorem i t  i s  a t o p o l o g i c a l  isomorphism.

We have t h e r e f o r e  shown t h a t  ® C (L) = E^(C (E)) and t h a t
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we may u s e  t h e  norms

Hull' = max sup | | t ^ u ^ ( t ) | |
p O^j^p t€R+ hp (£ )

a s  t h e  d e f i n i n g  norms f o r  .



SECTION IV. E s t i m a t e s  f o r  |j || _ A
H P ( £ )

3 . 6  T h e o r e m : G iv e n  any p , t h e r e  e x i s t  c o n s t a n t s  c i >c 2 >  ® s u c h

t h a t ,  f o r  a l l  f  € C (R° ~  ( o l )

P 2
c

1 !i£|lHP ^  ' l o  {  l i T<j ) ( t ) l i HP- J ® dt  S C2 '| f | lHP A

w h e r e  ^  = { x  € Rn : ^ < | x  | < 2 } and T € C (R+ ;C (L))  i s  d e f i n e d  by

[T(t)J<uO - f(tw) .

P r o o f : The ar gu m en t  w i l l  be i n  two s t e p s ,  t h e  f i r s t  o f  w h ic h  r e q u i r e s

t h e  f o l l o w i n g  p r e l i m i n a r i e s .  L e t  U d e n o t e  t h e  s e t  { x  £ Rn ; x n = 1 } ,

U t h e  s e t  { x  G < x < 2 }  . L e t  V , b e  c o o r d i n a t e  n e i g h -n i  m
CO _  J

b o r h o o d s  f o r  Z , w i t h  C c o o r d i n a t e  maps -U (= R ) . L e t

 ̂ , i  = l , . . . , m  be  a C p a r t i t i o n  o f  u n i t y  s u b o r d i n a t e  t o and

A
d e f i n e  X ( ^ , 2 )  . Now, e x t e n d  t o  R , hom ogeneous

A A a

o f  d e g r e e  0  , and e x t e n d   ̂ t o  ^ ^y = ( 4 ^

Y, , (aj) t )  where  u) € L , i; < t < 2 , and  ̂ i s  t h e  J t h  component
l , n - l  l , j

o f  f u n c t i o n  o f  V  ̂ , 1 £ i  ^ m, 1 s  j ^ n - 1  . N o te  t h a t  i f  we w r i t e  

x = ( x ^ t )  , x 1 € Rn * , t h e n  ^  (x )  = t  ^ ^ ( x ' , 1 )  .

V 7 Lfripma: G iv e n  p ,  t h e r e  e x i s t  p o s i t i v e  c o n s t a n t s  c^ and c^

s u c h  t h a t ,  f o r  any  f  € C (Rn ~  [ o ] )
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P r o o f : f  = t i , f  on £  , so l|f| |^ A 5 m /  l!o,f]i . F u r t h e r -
i f l  HP^  tt l  HP <Wt >

A ta tl r t
m o r e ,  s i n c e  |i^ c a n  be  e x t e n d e d  t o  a C f u n c t i o n  on a l l  o f  R ~  l O j  ,

n r i A
and has  co m p a ct  c l o s u r e  i n  R — 10 i ,   ̂ and  a l l  i t s  p a r t i a l  d e r i v a ­

t i v e s  a r e  bounded o n  . T h u s ,  by L e i b n i t z ' s  f o r m u l a ,  3  c '  > 0  ,
A  n  iy

i n d e p e n d e n t  o f  f  , s u c h  t h a t  | |H , f | |  A C / 1 j f  11 . Hence i t
H * ^ )  HP(£)

s u f f i c e s  t o  show t h e  e q u i v a l e n c e  o f  |[|i. f | j 2 and l i£*f  0 V i ] 2 ,, a
HP(Wi > 1 H (U)

A A - 1 cq
N o te  t h a t ,  a s  w i t h  c a n  be e x t e n d e d  t o  a C f u n c t i o n  on

[ x  € R°: x  >  0 }  , and s o  t h e  f u n c t i o n s  . and t h e i r  p a r t i a l  d e r i v a -
n i ,  j

t i v e s  a r e  bounded on  t h e  s e t  s i n c e  i t  a l s o  has  com p act

c l o s u r e .  The p r o o f  o f  t h e  lemma now f o l l o w s  by i n d u c t i o n  on p . For

A A " 1
l i e n e e  we f i x  i  and d e n o t e

by W

c o n v e n i e n c e  we f i x  i  and d e n o t e  p ^ f  by g , ^  by Qf , and

P  = 0 :  !|g " a !;2 A -   ̂ | g - or( y ) | 2 dy =  ̂ j g ( x )  I 2- o  A ” J |g  “ I V l e w  I _ 1
h (u )  a u  Ij C" ( x ) ) I

u

S C j  | g ( x )  I2 dx  -  c  | | g | | 2 n

H <” >

The l a s t  i n e q u a l i t y  f o l l o w s  from t h e  f a c t  t h a t  t h e  J a c o b i a n  J d o e s  

n o t  c h a n g e  s i g n  on  [ x  € Rn : >  o}  s o  i t  i s  bounded  away from  z e r o

i n  U • By t h e  same a r g u m e n t  llg| |2 n = !ig 0 a  0 a  '̂ 2O " 0
H (W) H CW)

c |]g 0 »]12 A
H (U)

S u p p o s e  t h e  lemma h a s  b e e n  p r o v e d  f o r  p s  m . An e a s y  argum en t
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s h o w s  t h a t  t h e  norm | | f | |  . a  i s  e q u i v a l e n t  t o  t h e  sum
H ^ O J )

f  ! a  + /  — T----  j A  ,  S O

H> )  j t j  y J rf"(U)

ie “ a l l 2 . ■ c lie ■ o i l 2 A + \  |dfi - a H2
18 V l (0) L V ( C )  t x  S

n
11 cf1:2 ^

n

C ^ ' V c w )  + c  ^  d y 5 !V ( G )
!  °  a  i .2

Now, s i n c e  i s  boun ded  a l o n g  w i t h  a l l  o f  i t s  d e r i v a t i v e s ,  an  a p ­

p l i c a t i o n  o f  t h e  c h a i n  r u l e  y i e l d s

n
o o a n 2 \  11Oc :12
“ -------- A - c /  ° °1l A - By t h e  i n d u c t i o n  s t e p ,y .  1 t -  " o x ,  ' . j m / '

I °
dV « ............

i = l
i ^ ( U )  0 x i  ^ ( U )

: ■ Oe ■ ■ 11 Os 11I ° o 11 a  c  K , s o  we have
d x i  V \ G )  dXi  ^ ( W )

n

lig ° A s  c" (l ig ll2 + 2. ' c / ' ^ 8 '‘2jiH-1
( U )  H“ (W) ^  X j  (W) (W)

As b e f o r e ,  t h e  r e v e r s e  i n e q u a l i t y  f o l l o w s  f r o m  t h i s  o n e ,  and t h e  lemma

i s  p r o v e d .  Now we a r e  l e f t  t o  show t h e  e q u i v a 1e n c e  o f

m p 2

^  l i n . f  “ t j V  a  a nd  2 _ j l ' A J ' ( t ) | | 2 d t  -

i . ,  1 » P M  i - o  % H ( I )

S u p p o s e  |cif| *-■ p and  or -  j  , 0  -  j  s  p . Then i f  e -  ( 0 , 0 , . . .  , 1 ) ,
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A _ 1 . , / s |2

i = l  A
1 x U

m 2 n

= L  J* j ' l DQ"j e  ( , ^ r ) J ^ i f  ° ^ / C x ' . t ) ! 2 d x '  dr. . 
i = l  * U n

- 1  A , A A - l  , ,
I f  we d e f i n e  [ Ox^£ u  ̂ ) ( t ) j ( x  , 1 ) = p ^ f  ° ^  (x , t )  , t h e  e x p r e s ­

s i o n s  i n  ( 5 )  a r e  e q u a l  to

m 2

'L * -J ^°a  ^ T ^ i *  ° 1  ̂Cc) j  <x' , 1 )  | 2 d x '  d t  , s o

i = l  ’ U

m m p 2

L  ^ i f  ° ^ i l| i P a  = L  L  I  * ■> ’ v I l ) A ( , ) ( ° j
i = l  H (  ̂ i = l  J=0 i&|^p  ̂ U

V-*
( x / , 1 ) dx'  dt

m p 2
 ̂ ' * ■ - 1 A f i 1 . ?

» A  / „ • * / )  J CO[i D , ^  .
• i  n 1  H <U>1 = 1  j=o  k

m

By d e f i n i t i o n ,  ; j l ^ * ^ ( t ) | | ^  , ) iip . L? ( t )  J u  ^  . ' i  . , s o
H <-> t =l  1 H 0 J)

t o  c o m p l e t e  t h e  p r o o f  i t  s u f f i c e s  t o  show t h a t  (p-^f “  ̂  ̂ ) ^ ^ ( t ) ( x  , 1 )

Ct> j ° ♦ ; 1 ( x # , l )  • We em p loy  i n d u c t i o n  on  j .

A A *  ̂ t
j  = 0:  S i n c e  p.  ̂ i s  hom ogeneous  o f  d e g r e e  0 , and ^  (x  , t )  =

- 1
t  ^  Cx j 1 ) j we have



43

A A - l  ,
M^f 0 4^ U  , t )

= , i ( î l (x'Jl))fT(t ) ](K1 (x')l)) 
-1

-1

= nJTCt)] O , 1)

Now assum e  e q u a l i t y  has  b e e n  shown f o r  j < m + 1 , S i n c e  

[T Ĵ )  ( t )  j (uj) = f  (tiu) ,

t ( ? ( j ) ( t ) j  u r / u ' . i )  = ^ 1 ( t r i 1 ( x / , i ) ) ^ J f c t ^ i ( x / , i ) )- i / '

= a  [a§e)j fJ • n V . o  •

On t h e  o t h e r  hand ,  u 4 ^ )  ^ ^ ( t ) ( x / , l )  -  ^  M- f̂ ° 4^ (x , t )  ,
n

s o  we a r e  l e f t  o n l y  t o  show

? r A
Ax i  n

o  \ m  ' A - l  , / A
c r J  f J u +i  j ( x =

1 \ tn+1 ft " ̂  ✓ • 4. \  f J  . » u  , t )

(6 )
a r a r i  o \mr ft-1 . -  * x

^  K L w  fj  *i j (x
n

1)
dx q=l q

n
r‘ o_ 
Li  dx 

q = l
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I f  we d e f i n e  ^ ( x )  = , t h e n

n

“  g ( x )  = )  ( x )  ‘“q f x )

q - 1  q

F i n a l l y , s i n c e  u) ris: 1 ( * '  , t ) )  -  ^ ^  ( x 7 , ! )  , ( 6 ) c a n  be r e c o g n i z e d  a sq l i,q

m£(5!11(x/ , t)) | t i  (x ', i))  + ĵ 1 ( x ' < * ' . t »

A
s i n c e  m- . i s  hom ogeneous  o f  d e g r e e  0 . Thus t h e  p r o o f  i s  c o m p l e t e .



SECTIOK V : D e r i v a t i v e s  o f  t h e  mean c o n v o l u t i o n .

,  T® x
For  f  6 Cg and g € Ci.lP. we h a v e  d e f i n e d  R^,(x) *  —  j f ( x - t ) g ( t ) d t

f  * , w h er e

i 2T 8

I 0 *

g _ ( t )  -  1 -J-r 8 ( t )  - i t  I ' T
T i

' t  I > T

In o r d e r  t o  show t h a t  R^~^ (x )  = f ^ - ^ *  g^,(x) , we need f i r s t  t o  p r o v e

t h a t

h - 0  -T 

Now

5 t ) —L( * t^, _ ^ ' ( x - t )  = j f  ( x - t + & h )  -  f  ‘ ( x - t ) d 6
0

a n d ,  s i n c e  f '  i s  u n i f o r m l y  c o n t i n u o u s  and g i s  b o u n d e d ( g i v e n  £ > 0 

S c > 0 s u c h  t h a t ,  i f  h < c

sup  I f ^ x - t + Q h )  - f '  ( x - t )  | <
e

t6R sup i g ( t ) |

0 * 3 ' 1  ^

T h en ,  f o r  a l l  h < c

,  sup | f  (x-IB-t) - f  (x-t.) _ f ' (x . t ) |g ( t )
t€R h

1
^ sup J | f ' ( x - t +0 h ) -  f ' < x - t )  |d0 | g ( t )  | < e

t 0

Thus R^.(x) = f '  *  g ^ x )  . The i n d u c t i o n  s t e p  i s  i d e n t i c a l  s i n c e  f ^

i s  u n i f o r m l y  c o n t i n u o u s  f o r  a l l  J . Hence R ^ ^  (x )  = g^,(x) ,

4 5



4 6

and s i n c e  t h e  e s t i m a t e s  a b o v e  w ere  a l l  i n d e p e n d e n t  o f  T , 

g ) ( j ) ( x )  = f ( j )  *  g ( x )  .
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