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Abstract
Conformal Geometry of Plane Domains
and
Holomorphic Iterated Function Systems
by

Kourosh Tavakoli

Advisor: Professor Linda Keen

We select a sequence of holomorphic functions from a hyperbolic
domain €2 into a subdomain X. Consider the backward iterated
function system corresponding to this sequence. By Montel’s theo-
rem, this system is a normal family. Therefore, it does have a set
of limit functions, which we call the accumulation points of this sys-
tem. The accumulation points are either open maps from €2 into X
or constants. The constants can be inside X or on its boundary.

Suppose € is the unit disk A. Lorentzen and Gill showed that if
X is relatively compact in A then every iterated function system has
a unique accumulation point which is a constant inside X. In other
words, they showed that relative non-compactness of X is necessary
in order to have a boundary point as the accumulation point of an

iterated function system. Beardon, Carne, Minda and Ng ( see [2])



v

defined the notion of hyperbolic Bloch domain. These domains can
be non-compact but satisfy a certain condition ( see section 2.1).
Keen and Lakic showed that if X does not have this property and
¢ is a boundary point of X, we can find an iterated function system
with the constant ¢ as a limit function.

Our main result is that if ¢ is a boundary point of a non-relatively
compact subdomain of A, there always exists an iterated function
system with the constant ¢ as a limit function. In other words, we
show that relative non-compactness of X in A is a sufficient condition
to have ¢ as a limit function.

In [10], Keen and Lakic defined new densities that generalize
the hyperbolic density for a domain. One is a generalization of the
Kobayashi density and the other is a generalization of Caratheodory
density. We show that for a large class of domains €2, with certain
property that we define in chapter 5, the hyperbolic density on a
hyperbolic domain X is equal to the generalized Kobayashi density.
As a result, if X is a Kobayashi-Lipschitz subdomain of € it is a

Caratheodory-Lipschitz subdomain as well.
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Chapter 1

Basic Facts

In this chapter we state basic facts and theorems in complex analysis
which are used throughout this thesis. All of them are standard
materials that can be found in a complex analysis or Riemann surface

textbook.
1.1 The Schwarz Lemma

Theorem 1.1.1 (The Schwarz Lemma) If f : A — A is holomor-
phic and f(0) = 0, then |f(2)| < |z] and |f'(0)| < 1. Equality holds

iof and only if f is a rotation about the origin.

Theorem 1.1.2 (Schwarz-Pick Lemma) If f : A — A is holomor-

phic and p is the hyperbolic metric density on the unit disk then

p(f())-1F ()] < p(t) (1.L.1)



and
p(F(), £(5)) < plt, ). (1.12)

These inequalities mean that f is both an infinitesimal and a global

contraction with respect to hyperbolic metric.
1.2 The Riemann Mapping Theorem

Theorem 1.2.1 (The Riemann mapping Theorem) If X is a sim-
ply connected proper subdomain of the plane then it is conformally

1somorphic to the unit disk.

1.3 Riemann Surfaces and the Uniformiza-
tion Theorem

Definition 1.3.1 A Riemann Surface S is a connected complex man-
ifold of dimension 1. In other words, S is a connected Hausdorff
space, locally homeomorphic to R?, with a mazimal set of charts
{Ua,a} (i-e. {Uy} is an open covering of S and each ¢, : Uy, — C
is a homeomorphism from U, onto its image) such that all the tran-
sition maps oz 0 @t 0a(Us NUg) — ¢s(U, NUg) are holomorphic

whenever U, N Ug is nonempty.

Theorem 1.3.1 (The Uniformization Theorem)



Let S be a non-compact Riemann surface. The universal covering
space of S, denoted by §, 1s conformally isomorphic to either the

complex plane C or the unit disk A.

Definition 1.3.2 If a Riemann surface admits the unit disk A as

the universal covering, it is called a hyperbolic surface.

Theorem 1.3.2 Suppose f is a holomorphic map from a hyperbolic
surface Sy into a hyperbolic surface So with f(a) =b. Let

m A — S) and my 0 A — Sy be holomorphic covering maps with
m(0) = a and m(0) = b. Then f lifts to a holomorphic self map f

of the unit such that f(0) =0 and for every t in A we have

(fom)(t) = (m20 f)(1)

Theorem 1.3.3 Suppose 7 is a universal holomorphic covering map
from the unit disk onto 2. Let wy and wy be in 2 and let t, be a

preimage of wy. Then there exists a preimage ty of wy such that
p(t1,t2) = pa(wi, wo)
(For the definition of pq, see chapter 2)

Definition 1.3.3 The automorphism group of a Riemann surface S

1s the group of all conformal isomorphisms from S onto S. This group

is denoted by Aut(S).



Theorem 1.3.4 Let A be the unit disk and H be the upper half plane

then
z—« :
Aut(A):{f(z):)\l_aZ|a€A,)\€szth|)\|:1}
and
ar +b
Aut(H) = = R w2 —bc=1}.
ut(H) = {f(2) Cz+d\a,b7c,d€ with ad — bc = 1}

1.4 Picard’s Theorems

Theorem 1.4.1 (Picard’s Little Theorem)
An entire function which omits two values must be a constant func-

tion.

Theorem 1.4.2 (Picard’s Great Theorem)
Let f be an analytic function with an essential singularity at z = c.
Then in any neighborhood of ¢, f realizes any complex number with

one possible exception.

1.5 Normal Families and Montel’s The-
orem

Definition 1.5.1 A family § of holomorphic functions defined on

a domain is called a Normal Family if every sequence {f,} in §



contains a locally uniformly convergent subsequence {fn,} or a sub-

sequence which tends locally uniformly to infinity.

Theorem 1.5.1 (Montel’s Theorem) Let § be a family of holomor-
phic maps defined on a domain and suppose there are two points in
the plane which are missed by every map in §. Then § is a normal

family.

Theorem 1.5.2 ( Generalization of Montel’s Theorem) If Sy is a
Riemann surface and Sy is a hyperbolic Riemann Surface then Hol(S1, Sz)

is a normal family.



Chapter 2

Conformal Geometry in the
Plane

2.1 Hyperbolic Density

Remark. In this section we deal with hyperbolic domains. These
are domains with at least two boundary points. Therefore, they
admit the unit disk as a universal covering space such that the pro-

jection map is holomorphic.

Definition 2.1.1 The hyperbolic density on the unit disk A is de-

fined as

1

:1——|Z|2 fOTZEA.

p(2)

Theorem 2.1.1 The hyperbolic density is invariant under every map

of Aut(A). That is [ is in Aut(A), then

p(FNLF (D] = p().



Definition 2.1.2 The p-distance between two points z and w is de-

fined as

p(z,w) = inf/p(t)]dﬂ (2.1.1)

where the infimum is over all paths v in A joining z to w.

REMARK. The p-distance is a complete metric on the unit disk
A. Tt is called the hyperbolic or Poincaré metric on the unit disk.
Moreover, up to multiplication by a positive number, the hyperbolic
metric is the unique Riemannian metric on the unit disk with a con-

stant negative curvature.

Definition 2.1.3 The hyperbolic density on a hyperbolic domain €2

1s defined as

where p is the hyperbolic density on the unit disk and 7 is a holo-

morphic covering map from the unit disk onto 0 with w(t) = w.

Example 1. Consider the upper half plane H and the following

covering map from the unit disk onto the upper half plane

1+=z
7(2) =i




By computation, it follows that

1

pa(w) = W .

Example 2. Let A* = A\ {0} be the unit disk punctured at the

origin and let

7(2) = exp(——

be a covering map from the unit disk onto the punctured disk. By

computation, we have

B 1
~ 2fw[In([5])

pax(w) 1
Example 3. Consider the round annulus A = {z : r < |z| < 1},

where 7 is a non-negative real number smaller than 1. By computa-

tion, we have

/e

- 2|w|lsin(7 In ﬁ) ’

pa(w)

where [ = In %
In the same way as for the unit disk, we can define the distance

between two points in a hyperbolic domain.

Definition 2.1.4 Let Q2 be a hyperbolic domain. The pq-distance



between two points z and w in ) is defined as

pa(z,w) = inf/pg(t)|dt| (2.1.2)

v

where the infimum is over all paths v in ) joining z to w.

REMARK. The po-distance defined above is a complete metric on (2.

It is called the hyperbolic or Poincaré metric on ).

Theorem 2.1.2 (Generalized Schwarz-Pick lemma) Let Q@ and X be
two arbitrary hyperbolic domains and let f : 2 — X be a holomorphic

map. Then

(i) px (F)IF ()] < pa(z) for every z€Q

and

(1i) px (f(2), f(w)) < pa(z,w) for every pair z, wesd.
Corollary 2.1.1 If w is a holomorphic covering from a hyperbolic
domain 2 onto a hyperbolic domain X, then it is an infinitesimal
1sometry. That s

px(m(2))|7'(2)] = palz)

Corollary 2.1.2 Let f be a holomorphic map from a hyperbolic do-

main 2 into a subdomain X of ). Then

pa(f)If ()] < pal2),
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for every z € €.

px(fIF'(2)] < px(2),

for every zeX.

for every z, well.

px(f(2), f(w)) < px(z,w),

for every z,weX .

Definition 2.1.5 Let X be a subdomain of the hyperbolic domain
Q. Then

(i) The infinitesimal Q-contraction constant of a holomorphic map

f:Q — X s defined as

ma(f) = sup palf(2)If(2)]

z2eQ PQ(Z)

(ii) The uniform Q-contraction constant is defined as

mog= sup mq(f).
FEHOI(Q,X)
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(71i) The infinitesimal X -contraction constant of a holomorphic map

f:Q — X s defined as

) — sup IV G)

zeX PX(Z)

(iv) The uniform X -contraction constant is defined as

mx = sup mx(f).
FEHOI(Q,X)

REMARK. By using the Schwarz-Pick lemma, it is easy to deduce

that all of these constants are less than or equal to 1.

Theorem 2.1.3 If X is a proper subdomain of a hyperbolic domain
Q) then we have

(i) pa(z) < px(z) for every z€ X

(i) pa(z,w) < px(z,w) for every pair z,weX.

(In both parts, the inequalities are strict.)

PRrROOF. We prove part(i). Part(ii) is similar.

Let mq be a covering map from A onto Q with mo(0) = 2 and
let mx be a covering map from A onto X with mx(0) = z. By The-
orem 1.3.2, the inclusion map i : X — Q lifts toamap f: A — A

such that f(0) = 0 and mg o f = i o mx. After differentiating both
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sides at 0 we get

Now, if pa(z) = px(z) then |75(0)] = |7 (0)]. Consequently,
|f/(0)| = 1. By the Schwarz lemma, f must be a rigid rotation about
the origin. In particular, f is onto. But, the inclusion map is not

onto, which is a contradiction. [l

Definition 2.1.6 Let X be a subdomain of a domain . The in-

finitesimal contraction constant is defined as

m = su pQ(Z)
S P E)

Since the inclusion map is a contraction , m(X,Q) < 1.

Definition 2.1.7 A subdomain X of a domain € is a Lipschitz or

p-Lip subdomain of € if
m(X,Q) < 1.

Definition 2.1.8 A subdomain X of a domain §2 is called relatively
compact in ) if there exits a compact set K such that X C K C €.

Equivalently, the po-diameter of X, which is defined as

sup po(z, w),
zweX

18 finate.
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Theorem 2.1.4 If X is a relatively compact subdomain of Q0 then

it 1s a Lipschitz subdomain of €.

PROOF. Let K be a compact subdomain of €. Define a function

f K — R as follows:

pa(z)
fz) = px(2)
for z € X and
f(z)=0

for z € K'\ X. Since f is continuous and K is compact, f realizes its

maximum. As we saw before,

pa(z) < px(2)

Consequently,

sup pa(z)

< 1.
zeX PX(Z)

ExamMpLE. A* = A—{0} is a non-Lipschitz subdomain of A, because

pa  2elIn()
pA* 1—2?

as |z| — 1.
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EXAMPLE. The round annulus A = {z : r < |z| < 1} is a non-

Lipschitz subdomain of A, because

pa 2|z[l sin(F In I%I)

pa w(l—22)

as |z| — 1.

Theorem 2.1.5 Suppose f is a conformal homeomorphism from the
hyperbolic domain T' onto f(I'). Then U is a Lipschitz subdomain of

U if and only if f(U) is a Lipschitz subdomain of f(T).

PROOF. Since f is a conformal homeomorphism from I" onto f(I'),

we have
pr(z) = |f'(2)lpra)(f(2))
for every z in I'. Similarly, As f|y is a conformal homeomorphism

from U onto f(U), we have

pu(2) = f'(2)lpsan(f(2))

for every z in U. Therefore,

pr(z) _ pro(®)
pu(z)  pra(t)

where z is in U and ¢ = f(z). Taking the supremum of the both

sides we have

m(U, ") = m(f(U), f(I')).
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This proves the theorem. [J

Definition 2.1.9 A subdomain X is called a p-Bloch subdomain of
Q if the supremum of all radii, measured with respect to pgq, of sub-
disks of Q) which are contained in X is finite. Equivalently, if there is
a constant K such that for every point z in X there exists w € Q\ X

with po(z,w) < K.

Beardon, Carne, Minda, and Ng showed that the Lipschitz condition
and the Bloch condition are equivalent. Here we prove the equiva-
lence of these two conditions in two steps. First, we prove it for the
special case that X is a subdomain of the unit disk. Then, by using

covering map, we prove it for the general case.

Lemma 2.1.1 X s a Lipschitz subdomain of the unit disk A if and

only if it a Bloch subdomain of A.

PROOF. Suppose X is a Bloch subdomain of A. Therefoe, there is
a constant K such that for every z in X, there is a point w in A\ X
such that p(z,w) < K. Let T be a conformal automorphism of the

unit disk which sends w to 0 and let T'(z) = ¢t. We have,

,O(O,f}) = p(z,w) <K
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This shows that ¢ is bounded away from the boundary. On the other

hand, we have

plz) _ plt)
pavwy(2)  pavioy(t)

As X is a subdomain of A\ {w}, we have pa\fu}(2) < px(2). There-

fore,

o) plt)
x(2) = pavgoy (1)

As t tends to 0, the right side of inequality approaches 0. By using

Theorem 2.1.3, p’;(fi) is bounded away from 1. In other words, X is
a Lipschitz subdomain of A.

Now, suppose X is a Lipschitz subdomain of A. Let z be an arbitrary
point in X and D be a hyperbolic disk contained in X and centered
at z with hyperbolic radius r. By a simple computation we know
that if D’ is a hyperbolic disk centered at the origin with hyperbolic

radius  and Euclidean radius R we have pp/(0) = 1/R and R tends

to 1 as r tends to infinity. Therefore, we have

r= PO _ p() _ pl2)
pp(0)  pp(z) ~ px(2)
Consequently, R < m(X,A) < 1. This shows that X is a Bloch

subdomain of A.

O
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Theorem 2.1.6 (/2]) X is a Lipschitz subdomain of a hyperbolic

domain Q2 if and only if it a Bloch subdomain of 2.

PrROOF. Let m be a universal holomorphic covering map from the
unit disk onto . Let Y be a connected component of 7~ !(X).
Therefore, the restriction of 7 to Y is a holomorphic covering map

onto X and we have

px(2) _ pr(w)
palz) ~ plw)

)

where 7m(w) = z and w is in Y. This shows that m(X, Q) = m(Y, A).
Therefore, X is a Lipschitz subdomain of 2 if and only if YV is a
Lipschitz subdomain of A.

Suppose X is a Bloch subdomain of €2. Therefore, there exists a
constant K such that for every z in X there exists 2’ in Q \ X with
pa(z,2') < K. Let w be a preimage of z in Y. By Theorem 1.3.3,
there is w’ in A such that 7(w') = 2" and pq(z, 2') = p(w,w’). Tt is
clear that w’ is not in Y. This shows that Y is a Bloch subdomain of
A. By Lemma 2.1.1, Y is a Lipschitz subdomain of A. Consequently,
X is a Lipschitz subdomain of 2. Now, suppose X is a Lipschitz
subdomain of €2. Therefore Y is a Lipschitz subdomain of A. By
Lemma 2.1.1, Y is a Bloch subdomain of A. Therefore, there exists

a constant K such that for every w in Y there exits w' in A\'Y
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with p(w,w’) < K. Let z be in X and let w be a preimage of z
in Y. Therefore, there exits w’ on the boundary of Y such that
plw,w) < K. Let 2/ = w(w’). It is clear that 2z’ is in Q \ X. In
addition, pq(z,2') < p(w,w’) < K. This shows that X is a Bloch

subdomain of 2. [

2.2 Kobayashi Density

In the previous section we defined hyperbolic density for a hyperbolic

domain as

where 7 is a holomorphic covering from the unit disk A onto X and
7m(t) = z. On the other hand, due to the contraction property of

holomorphic maps we have

p(t)
@)1

where f is a holomorphic map from the unit disk A into X and

px(2) <

f(t) = z. Therefore, the hyperbolic density can be equivalently

defined by using the following formula

p(t)

IHOIK

where the infimum is over all holomorphic maps from the unit disk

px(z) = inf

A into X and all ¢ in the unit disk such that f(t) = z.
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This equivalent definition, introduced first by Kobayashi, has some
advantages. One of the advantages is that it can be defined for any
domain, even non-hyperbolic ones. By pre-composing by appropriate
automorphism of the unit disk, we can assume that ¢ = 0 in the above

definition.

Definition 2.2.1 The standard Kobayashi density for a plane do-

main X 1s defined by

Kix(Z) = inf 1/‘.}0,(0)‘7

T FEHOU(A,X), F(0)=2

where A 1s the unit disk.

ExXAMPLE. Let X = C—{0} and let z € X. Fix 2z and then consider

the following sequence of functions in Hol(A, X).

() = zenbenehh),

where n € N and Log is the principal branch. As we see, f,(0) = z

and f/(0) = nz. By the definition of the Kobayashi density we have

kx(2) < pa(0) 1

2] nlzl

for every n € N. Consequently,

kx(z) =0
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The other advantage of Kobayashi’s definition is that it can be gen-
eralized by using an arbitrary hyperbolic domain instead of using the
unit disk as the source. This generalization was made by Keen and
Lakic as follows. Let’s take a closer look at the standard Kobayashi
density defined on a domain X. Every holomorphic map from the
unit disk into X pushes the hyperbolic density of the unit disk for-
ward onto X. The Kobayashi density is the infimum push-forward.
So, instead of the unit disk we can put any domain admitting hy-

perbolic metric as the source. Therefore, we have

Definition 2.2.2 Let Q) be a hyperbolic plane domain and let X be

a plane domain. The generalized Kobayashi density for z in X is

defined by

Q —in pa(w)
= )

where pq is the hyperbolic density on 0 and the infimum is over all

holomorphic functions f from Q to X and all points w in € such

that f(w) = z.

By integrating the generalized Kobayashi density on X, we can define

the distance between two points in X.

Definition 2.2.3 The generalized k-distance between two points z
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and w is defined as

kS (2, w) = inf/ﬁ?((t)|dt| (2.2.1)

where the infimum is over all paths v in X joining z to w.

REMARK. If X is a hyperbolic domain, the generalized k-distance
defined above is a complete metric on X ( see [10] for the proof).
Note that unlike the usual metrics, the generalized k-distance be-

tween two points is allowed to be infinite.

The generalized Kobayashi density is greater than or equal to the

hyperbolic density.

Theorem 2.2.1 If X is a hyperbolic domain then

px(2) < wx(2),
for every z € X.

PrROOF. As we saw in the previous section, if f is a holomorphic
map from a hyperbolic domain 2 to hyperbolic domain X then it is

a contraction. Therefore if f(w) = z, we have
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Taking the infimum we have

px(2) < K3 (2).

As we mentioned before, if the source is the unit disk the hy-
perbolic density and the Kobayashi density coincide on a hyperbolic
domain X. In fact, this identity remains valid if the source is a

covering space for X.

Theorem 2.2.2 [f() is a covering space for a hyperbolic domain X,

then for every z in X we have

px(2) = Kk (2).

PRrooOF. By proposition 2.2.1

px(2) < KX (2).

So, in order to show the equality it is sufficient to show the inequality
in the opposite direction. Because (2 is a covering space for X, there
is a holomorphic covering 7w from {2 onto X. Since 7 is surjective

and is an infinitesimal isometry there is w in 2 such that

_ pa(w)
P2 = fotu
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where m(w) = z. On the other hand, by the definition of the

Kobayashi density we have

So we have

And consequently, for every z in X,

px(2) = £%(2).

Corollary 2.2.1 If X is a hyperbolic domain, then for every z € X

we have

rx (2) = px(2).

If we replace the source domain by a conformally isomorphic domain,

the generalized Kobayashi density doesn’t change.

Theorem 2.2.3 Let €y, Q5 be two hyperbolic domains. If €21 and

Qy are conformally isomorphic, then

RY (2) = K (2),

for every z € X.
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PROOF.

Let ¢ : €2y — Q5 be a conformal homeomorphism.

By definition,

Qs 2) — in sz(t)
A TIOTk

where pgq, is the hyperbolic density on 25 and the infimum is over
all holomorphic functions f from 25 to X and all points ¢ in {25 such
that f(t) = z. For every t there exists w in €; with p(w) =1t. As ¢

is a conformal homeomorphism, we have

pes (W) = pa, ()| (w)]-

By the chain rule we have

P (W) f'(t) = (fop)(w)

Therefore,

PQs (t) . P (w)

IF'@OF 1(fep) (@)

By taking the infimum of both sides, we conclude

By a similar argument we have

RY () < B (2).
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Consequently,

Corollary 2.2.2 If X is hyperbolic and ) is simply connected then

IQX == pX.

PrRoOOF. Let z be in X. We have

Since (2 is is a simply connected hyperbolic domain it is conformally

isomorphic to the unit disk. Therefore, by theorem 2.2.3 we have

kx (2) = KX (2).

And consequently,

As we saw in the previous section, every holomorphic map is a con-
traction with respect to the hyperbolic density. We have a similar

property with respect to the generalized Kobayashi density.
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Theorem 2.2.4 FEvery holomorphic map is a contraction with re-
spect to the corresponding generalized Kobayashi density. In other
words, if f is a holomorphic map from a plane domain X into a

plane domain Y, we have

for every z € X.

PROOF. Let r be an arbitrary positive number. By the definition
of kt(2), there exists a holomorphic function g € Hol(E, F) and a

point w € 2 with f(w) = z such that

pa(w)

gy = X

By the definition we also have

Q 0 d\w pa(w)
(o)) < R

Since by chain rule we have (fog)'(w) = f'(2)¢'(w), we can equiva-
lently write

Q p (5 IOQ(W)

So by the first and the third inequalities, we can conclude that

ry (JEIF(2)] < K3 (2) + 7.
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As r was an arbitrary positive number we have

Y (fF(2)] < K3 (2).

Definition 2.2.4 Let X be a subdomain of 2. The Kobayashi con-

traction constant is defined as

Q
mk(X, Q) = sup Hg<z) :
zex Ky (2)

Definition 2.2.5 A subdomain X is a Kobayashi-Lipschitz or k-Lip

subdomain of Q if mr(X,Q) < 1.

Theorem 2.2.5 If X is a p-Lip subdomain of Q) then it is also a

k-Lip subdomain of €.

Q

PROOF. Since px(z) < k%(2) and k& = pg, we have :8—(2)) < g)‘;—((zz)),
X

for every z € X. Therefore, the supremum of the left side of the

inequality is less than or equal the supremum of the right side of

inequality. This proves the theorem. [J

Remark. The converse is not necessarily true. Look at the following

example. EXAMPLE. Suppose 2 = C — {—1,1} and X = C —

{—1,0,1}. Let f be a holomorphic map from € into X. By Picard’s
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Great Theorem, f can not have essential singularities at either —1 or
1. Therefore, f can be extended to a rational map. The complement
of ) has two points. So the image of f can not miss more than
two points, unless f is a constant function. Consequently, the only
holomorphic maps from €2 into X are constants. This means that
k% (2) = oo, for every z € X. So, mk(X,Q) = 0 < 1. This shows X
is a k-Lip subdomain of €2. On the other hand, the punctured disks
about —1 and 1 contain hyperbolic disks of arbitrary large radius.
Therefore, X is not a Bloch subdomain of €2. By Theorem 2.1.6, X

is not a p-Lipschitz subdomain of €.

Theorem 2.2.6 Let X be a subdomain of the hyperbolic domain
Q). The Kobayashi contraction constant mr(X,Q) and the uniform
Q-contraction constant mq are equal. FEquivalently, X is a x-Lip
subdomain of €2 if and only if there exists k < 1, such that for every

f € Hol(E, F) and every pair of points z,w € Q) we have

pa(f(2), f(w))

< k.
pﬂ(sz)

PROOF. For every f € Hol(2, X), we have

pa(f(2)) < ma(X, Q)% (f(2))
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and
Ry (f()If(2)] < mg(2).
The first inequality is implied by the definition of mk (X, 2) and
the second is true because any holomorphic map is a contraction

with respect to the generalized Kobayashi density ( Theorem 2.2.4).

By these inequalities and considering the fact that k& = pq, we have

pa(f ()" (2)|
PN < mk(X, Q).

This is true for every z € Q and every f € Hol(2, X ). Therefore,

ma < mkr(X, Q).

Now we show the reverse inequality.

We have mq(f) < mgq, for every f € Hol(Q2, X). Therefore,

pa(f(2)|f'(2)]
pa(?)

< mg.

Equivalently,

pa(z)

Let ¢t be a point in X. Take the supremum of the right side of the

last inequality, over all f € Hol(£2, X) and all z € Q with f(z) = t.

We conclude that

pa(t) < mar%(t).
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Equivalently,

pa(t)
K5 (1)

This is true for every t € X, therefore we have

mr(X, Q) < mgq.

In the same way as we defined a Bloch subdomain with respect to
the hyperbolic metric, we define a Bloch subdomain with respect to
the generalized Kobayashi metric. Then we investigate the relation
between the Kobayashi-Bloch and the Kobayashi-Lipschitz condi-

tions.

Definition 2.2.6 A subdomain X of 2 is called a k-Bloch subdo-
main of ) if there exists a constant K such that for every z in X

there exists w in Q\ X with k2(z,w) < K.
As we saw before, k! = pq. So we have

Theorem 2.2.7 A subdomain X of € is a k-Bloch subdomain of €2

if and only if it is a p-Bloch subdomain of €).

Corollary 2.2.3 If X is a k-Bloch subdomain of 2, then X is a

k-Lipschitz subdomain of 2.
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PRrROOF. It is easily deduced by using Theorem 2.2.7, Theorem 2.1.6,

and Theorem 2.2.5. O

The converse is not necessarily true. Earlier in this section we showed
that X = C—{—1,0, 1} is not a p-Lip subdomain of 2 = C—{—1, 1}.
Therefore, it is not a k-Bloch subdomain of €2. But, X is a s-Lip

subdomain of 2.
2.3 Caratheodory Density

Definition 2.3.1 The standard Caratheodory density for a plane

domain § is defined by

c*(w) = sup p(f(w)|f' (W),

where p is the hyperbolic density on the unit disk A and the supre-

mum is over all f € Hol(2, A).

Every holomorphic map pulls the hyperbolic density of the unit disk
back onto 2. The Caratheodory density is the supremum of the pull-
backs. Therefore, in order to generalize the standard Caratheodory
density, instead of using the unit disk we can use another hyperbolic

domain as the target.
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Definition 2.3.2 Let X be a hyperbolic plane domain. The gener-

alized Carathodory density for w in € is defined by

¢ (w) = sup px (f(w)[ f'(w)],

where px 1s the hyperbolic density on X and the supremum is over

all f € Hol(9, X).

By integrating the generalized Caratheodory density on (), we

can define the pseudo-distance between two points in €2.

Definition 2.3.3 The generalized Caratheodory pseudo-distance be-

tween two points z and w in ) is defined as

Az, w) = inf/cﬁ(t)\dﬂ (2.3.1)

v

where the infimum is over all paths v in € joining z to w.

REMARK. The Caratheodoy pseudo-distance defined above is a
pseudo-metric on the domain €2. It has all the conditions of a metric
with the exception that the distance between two distinct points is

allowed to be zero.

The generalized Caratheodory density is smaller than or equal to

the hyperbolic density.
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Theorem 2.3.1 If Q) is a hyperbolic domain then
Q
cx (w) < pa(w),

for every w € €.

PROOF. As we saw in the previous section, if f is a holomorphic
map from a hyperbolic domain €2 to hyperbolic domain X then it is

a contraction. Therefore, we have

px (f(w)If' (w)] < pa(w).

Taking the supremum over all holomorphic maps from 2 into X, we

have

cx(w) < pa(w).

Theorem 2.3.2 If Q) is a covering space for X, then we have

¢ (w) = pa(w).

PROOF. Suppose 7 is a holomorphic covering map from €2 onto X.

Since 7 is a local isometry, for every w in €2 we have

px (m(w))|7' (w)] = pa(w)
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So, by the definition of the Caratheodory density we have

Consequently, we have

Corollary 2.3.1 If Q2 is a ssimply connected hyperbolic domain, then

for every w € Q) we have

ck(w) = pa(w).

Corollary 2.3.2 If Q) is a hyperbolic domain, then for every w €

we have

ca(w) = pa(w).

Definition 2.3.4 Let X be a subdomain of ). The Caratheodory

contraction constant is defined as

ci ()
me(X, Q) = sup ———=.
R O



35

Definition 2.3.5 A subdomain X is a Caratheodory-Lipschitz or c-
Lip subdomain of Q) if

me(X, Q) < 1.

By using an argument similar to the one that we made for the
Kobayashi density, we can show that every holomorphic map from
one domain into another domain is a contraction with respect to the

generalized Caratheodory density. More, precisely we have

Theorem 2.3.3 If f is a holomorphic map from a domain €y into

a domain €y, we have

& (f(w))]f'(w)] < ¢ (w).

Theorem 2.3.4 Let X be a subdomain of the hyperbolic domain €2.
The Caratheodory contraction constant mc(X, ) and the uniform
X -contraction constant mx are equal. Fquivalently, X is a c-Lip
subdomain of 2 if and only if there exists k < 1, such that for every

f € Hol(E, F) and every pair of points z,w € X we have

px(f(2), f(w))

Px (Z’ w)

<k.

PRrROOF. By using Corollary 2.3.2 and Theorem 2.3.3, for every holo-

morphic map f from € into X we have

px (Fw))If'(w)] = ex (f(w)|f'(w)] < i (w) < me(X, Q)px(w).
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This shows mx < me(X, Q). On the other hand, for every holo-

morphic map f from €2 into X we have

px (fw)]f' (w)] < mxpx(w)

Now, by taking supremum over all f we conclude that

me(X, Q) < myx.

Consequently, me(X, Q) =myx. O



Chapter 3

Iterated Function Systems

3.1 Introduction

Let  be a hyperbolic domain. Suppose that the maps fi, fo, f3, ...
form a sequence of holomorphic maps from the domain €2 into a
subdomain X C €.

Consider the backward compositions

F,=fiofso...fa10 fn. (3.1.1)

The sequence {F,} is called a backward iterated function system,
abbreviated to IFS. The sequence {F,} is a family of holomorphic
maps from €2 into the subdomain X C €. Since X is a hyperbolic
domain, by Montel’s theorem, the iterated function system {F,} is
a normal family. Therefore, there is a subsequence of the sequence
{F,} which converges locally uniformly to a holomorphic map F' or

to infinity. The limit functions of an IFS are called accumulation

37
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points; these are either open maps from €2 into X or constants. The

constant accumulation points are in X.

3.2 Definitions and Theorems

Definition 3.2.1 An iterated function system {F,} is called degen-
erate if it has only constant accumulation points. If the constant
accumulation point is unique, the iterated function system is called

super degenerate.

For example, if 2 and X are the unit disk and all the maps in
an iterated function system are the same and this common map
is not a conformal automorphism of the unit disk, then the iterated
function system is super degenerate. This is, in fact, the Denjoy-Wolf

Theorem.

Theorem 3.2.1 (Denjoy-Wolf Theorem) Let f be a holomorphic
self map of the unit disk A that is not a conformal automorphism.
Then the iterates f°" of f converge locally uniformly in A to a con-

stant value c, where |c| < 1.

Definition 3.2.2 A subdomain X of Q is called degenerate if ev-

ery iterated function system generated by a sequence of maps in
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Hol(Q2, X)) is degenerate. X is called super degenerate in Q if ev-
ery iterated function system generated by a sequence of maps in

Hol($2, X) is super degenerate.

In [2], Beardon, Carne, Minda, and Ng found a condition, based
on the hyperbolic metrics on €2 and X, that implies the degeneracy

of X in .

Theorem 3.2.2 ([2/) If X is a Bloch subdomain of 2, then X is

degenerate.
Therefore, by Theorem 2.1.6, we have

Theorem 3.2.3 If X is a Lipschitz subdomain of ), then X is de-

generate.

REMARK. The converse of the theorem above is not necessarily true.
For example, let
1 1
Q=C\{—=,=
V=g 5

and

11

X =A\{-5 .5}

Let f be an arbitrary holomorphic map from {2 into X. Since f is

bounded, both of the singularities are removable and f extends to
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a holomprphic map f from the entire plane into A. By Liouville’s
Theorem, f is a constant map. Therefore the accumulation points
of any iterated function system are constants. In other words, X is
a degenerate subdomain of €2. But it is not a Lipschitz subdomain
of Q. The reason is that the punctured disks about —1/2 and 1/2
contain hyperbolic disks of arbitrary large radius. Therefore, X is
not a Bloch subdomain of €2. By Theorem 2.1.6, X is not a Lipschitz

subdomain of €.

Since every relatively compact subdomain is a Lipschitz subdo-
main, we can conclude that every relatively compact subdomain is
degenerate. Lorentzen and Gill showed that in this case X is super
degenerate in §2. In addition, they showed that for every iterated
function system the unique constant accumulation point is in X not

on its boundary.

Theorem 3.2.4 (Lorentzen-Gill Theorem) If an iterated function
system {F,} is formed from functions in Hol(2, X), where X is a
relatively compact subdomain of S, then the system {F,} is super
degenerate ( consequently, X is super degenerate in ). Moreover,

the unique constant accumulation point of {F,} is located in X, not
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on its boundary.

PrROOF. As X is a relatively compact subdomain of €2, the di-
ameter of X with respect to pq is finite. We denote it by D.

Since every relatively compact subdomain is a Lipschitz subdo-
main, we have

m(X,Q) <1

By Theorem 2.2.5 and Theorem 2.2.6, we have

mqg < 1

We claim that if f is an arbitrary holomorphic map from €2 into X
and w; and wsy are two arbitrary points in Q we have pq(f(w:), f(ws)) <
mapa(wy,wy). To prove this claim, suppose 7 is a path whose hy-

perbolic length realizes the hyperbolic distance between w; and ws.

We have

pa(f(wi), f(ws)) < pa(f(7)) < mapa(y) = mapa(w:, ws)

This proves the claim.
Let z be a point in €2. By using the above claim and the fact that

a holomorphic map is a contraction, we have

Po(Fn(2), Frim(2)) < pa(fao...o fu(2), f20...0 furm(2))
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and

pa(fzo.. -ofn<z)7 fa0.. -Ofn+m(z)) < mg_QpQ(fn(Z)7 Jno. . 0 fnim(2)).

So, we have

pQ(FN(Z)a Fn-l-m(z)) < m?l_2D'

Therefore, { F,,(z)} is a Cauchy sequence. Since €2 is a complete met-
ric space with respect to the hyperbolic metric, {F,(z)} converges
to a point in X.

Now, we show the limit of {F},} is a constant function. Let z and

w be two distinct points of 2. By using the above claim, we have
pa(Fu(2), Fu(w)) < mg~ pa(fa(2), fa(w)).
Therefore, we have
pa(Fu(2), Fu(w)) < mg ' D.

By using the triangle equality we can conclude that the sequences

{F,(2)} and {F,(w)} have the same limit. [



Chapter 4

New Results in Iterated
Function Systems

4.1 Statement of the results

Consider the backward iterated function systems generated by the
maps in Hol(A, X), where A is the unit disk and X is a subdomain
of A. Let ¢ be a point on the boundary of X. We want to determine
whether ¢ can be an accumulation point of some IFS.

As we mentioned in the previous chapter, Lorentzen and Gill
showed that if X is relatively compact in A, then all the accumula-
tion points are constants and are inside X (not on the boundary of
X). In other words, they showed that the non-relative compactness
of X in A is necessary to have a boundary point ¢ as an accumulation
point.

In [9], Keen and Lakic showed that if X is a non-Bloch subdomain

43
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of A and c is a boundary point of X, we can find an IFS with ¢ as an
accumulation point. They also exhibited two special classes of non-
relatively compact Bloch subdomains that do admit an IFS whose
limit point does lie on the boundary.

In this chapter we show that if ¢ is a boundary point of a non-
relatively compact subdomain of A, there exists an iterated function
system with ¢ as an accumulation point. In other words, we show
that the non-relative compactness of X in A is a sufficient condition
for ¢ to be an accumulation point of some IFS. To prove this result,

first we prove the following theorem

Theorem 1 (The Key Theorem) Let X be any non-relatively com-
pact subdomain of A. Let aq,aq,as,... be a sequence of distinct
points in A\{0}. Then there exists a holomorphic function f: A —
A and a sequence of points x1,xs, T3, ... € X such that f(0) =0 and

foralli=1,2,3,..., f(x;) = a;.

Then we use it in proving the following main theorem

Theorem 2 Suppose X is a non-relatively compact subdomain of
A. Then, for any boundary point ¢ € 0X, there is an IFS with ¢ as

an accumulation point.
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This chapter is organized as follows. In section 2, we state a
lemma, a remark on it, and the key theorem which will be used in
proving the main theorem. In section 3, we state and prove the main
theorem. Section 4 is devoted to an interesting example. In section 5,
we show that if X is a Bloch subdomain of €2 and all the functions f;
are equal to some f € Hol(2, X), then the iterated function system

can not realize any boundary point as an accumulation point.
4.2 Key Facts

When Keen and Lakic were studying the possibility of the existence
of finitely many distinct accumulation points for an IFS with a non-
relatively compact target domain, they came up with the following

lemma.

Lemma 4.2.1 (Keen-Lakic) Suppose X is a non-relatively compact
subdomain of the unit disk . Let aq,...,a, be n distinct points in
A\ {0}. Then there exists a holomorphic function f : A — A and

points x1,...,x, € X such that f(z;) = a;/x;, for alli=1,... n.

Notation. In the proof we use the notation
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where a and z are in the unit disk. A simple computation shows

Aa, A(—a,z)) = z.

Proo¥F. First we will choose points z1,...,z, € X, one at a time,
such that they satisfy a number of inequalities which are essential
in constructing f. Then by using these points, we introduce the

following recursive relations

A, 2)g1 (A1, 2)) = A, £(2)) (1.2.1)
For k=2,...,n,

bik—1)k

A(wbz)gk(A(be)) = A( g(kfl)(A(x(kflﬁz)))’ (4'2'2)

a(k—l)k’

where for 1 < j <k < n, aj; is defined as

ajr = A(z;, xy) (4.2.3)

For 2 < k < n, by, is defined as

b = A(L, 28 (4.2.4)

T
and for 2 < j < k < n, bj is defined as

bi-1); bG-1)k

by = Al (4.2.5)

ag-1)j AG-1)k
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In order that these recursive relations work, we need to have

@
—“l<1 4.2.6
= (42.6)
for 1 <7 <n and also
b.
2 <1 (4.2.7)
Cij

for j < k.
For fixed j and all k > j, when |z| approaches 1, |a;i| approaches
1 as well.

Let j = 1. As |zg| tends to 1, we have
lim sup |bry] < |A(SL, age®)| = By, < 1,
1

where 6}, is chosen so that arg aze’* = arg Z—i—{—w and By, is maximum.
Now we can choose x; such that, if the remaining x; are close enough
to the boundary of the unit disk, inequalities 4.2.6 and 4.2.7 are
satisfied with 7 = 1.

Let j = 2. As |zx| tends to 1, we have

b
lim sup || < |A(—=, bype®)| = By < 1,
a12

where again 6, is chosen so that argage® = arngTz + 7 and By
is maximum. Now we can choose x5 such that, if the remaining z;

are close enough to the boundary of the unit disk, inequalities 4.2.6



48

and 4.2.7 are satisfied with j = 2. By repeating the same argument
we can choose z3,...,x, , in turn, to satisfy the inequalities 4.2.6
and 4.2.7.

Now, let g,,(z) = 0 and work back through the recursive relations
above to obtain f. It is easy to check that by the above construction

we have f(z;) = 2 for 1 <i <n.

Wl
REMARK. In the Lemma above, n points a4, ..., a, were given and
we chose points x4, ..., x, which satisfy inequalities 4.2.6 and 4.2.7.

Now suppose we add one point a,; to the list of the given points
aiy ... 0y (any1 # ai, forl < i < n). The first n chosen points
x1, ..., T, don’t need to change because we only need to choose z, 1

to satisfy the following inequalities

|2t g (4.2.8)
Tnt1
bj(nt1)
|28 ) (4.2.9)
A j(n+1)

for 7 < n.
By an argument similar to the one that we made in the proof of

the lemma above, by choosing x,,; close enough to the boundary
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of the unit disk all the inequalities are satisfied. In the case that n
points aq, ..., a, were given and we choose x4, ..., z,, the function f
was constructed in terms of ay,...,a, and x1,...,x,. When a,; is
added to the list of given points and we choose one more point x,, 1,
the new constructed function, say g, is given in terms of ay, ..., @,
and x1,...,%,41. g is different from f. In fact, f is of degree n — 2
and ¢ is of degree n — 1. But, at each z;, 1 <7 < n, f and g have

the same value. That is

for 1 <i¢<n.

In addition, g(@y+1) = @ni1/Tni1-

Theorem 4.2.1 (The Key Theorem) Let X be a non relatively com-
pact subdomain of A. Let ai,as,as,... be a sequence of infinitely
many distinct points in A\ {0}. Then there ezists a holomorphic

function f: A — A and a sequence of points x1,xo,x3,... € X such

that for alli=1,2,3,..., f(x;) = a; and f(0) = 0.

PROOF. First, we construct a sequence of functions { f,}22; in the
following way: Consider the first point of this sequence, a;. By

lemma 4.2.1, there is a point ;7 € X and a function f; : A — A
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such that fi(z1) = ay/x1. Next, consider the first two points of
the sequence, a; and as. By the remark above, x; does not need to
change and there exists a point x5 and a function f5 : A — A such
that fo(z1) = a1 /21 and fo(xg) = az/z2. In general, in order to con-
struct f,, we consider the first n points of the sequence, ay, ..., a,.
By the remark above, the points x1,...,x,_1, that were selected for
constructing f,_1, do not need to change and there exists a point z,,
and a function f,, : A — A such that f,(z;) = a;/z;, for 1 <i < n.
Therefore, we have a sequence of functions fi, fs, f3,...and a se-

quence of points xq, xa, x3,... € X such that for every fixed n,

fn(l"z) = ai/ifi,

for ¢ < n. That is

filz1) = ar/zy
fa(zr) = ar /1, fowa) = as/xy
f3(@1) = a1 /@1, f3(x2) = as/xa, f3(xs) = as/xs
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fu(z1) = a1/$1, fn(%) = az/x9, fn(x3) = a3/$3a o ful(Tn) = an/zy,

Now, for every n > 1, define

hn(z) = 2fu(2)
It is clear that h,(0) = 0 and for every fixed n,
hn(l'l) = Q;

for i < n.

The sequence hq, hs, hs,... is a normal family, so by Montel’s
Theorem there is a subsequence which converges locally uniformly
to a holomorphic map f from the unit disk to the unit disk with
f(0)=0and f(z;) =a; fori=1,2,3,....

OJ

REMARK. Here, we should emphasize that f is not a constant func-

tion because it takes distinct values aq, as, as, . . ..

4.3 The Main Theorem

Theorem 4.3.1 Suppose X is a non-relatively compact subdomain

of A. Then, for any boundary point ¢ € 0X, there is an IFS with ¢
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as a limit function.

PROOF. Let c¢g,cq,co,c3,... be a sequence of distinct points in
X which converges to c. We claim that there exists a function
fi + A — X and a sequence of points ci1,c19,¢13,... € X such
that for all t = 1,2,3,..., f(c;) = ¢; and f1(0) = ¢o.
Now, we prove this claim. Since X is a hyperbolic domain, it has
a holomorphic covering g : A — X such that g(0) = c¢o. Let
ai,as,as,... be a sequence in A that is mapped onto the sequence
c1,Co,C3,... by g. By Theorem 4.2.1, there is a function h : A — A
and a sequence of points c¢q1, 12, C13,... € X such that for all 1 =
1,2,3,..., h(cy;) = a; and h(0) = 0. Define fi(z) = goh(z). It is clear
that fi is a function from the unit disk into X with f(cy;) = ¢; and
f1(0) = ¢o. This proves our claim. By the same argument there is a
function f5 : A — X and a sequence of points ca19, €213, C214, ... € X
such that for all i = 2,3,4, ..., fa(co1;) = c1; and f2(0) = ¢41.

By using the same argument repeatedly, we can obtain a sequence

of functions f1, fa, f3,... from A to X such that for every fixed n,

fn(cn(n—l)...Zli) = C(n—1)...214,

fori=n,n+1,n+2,... and f,(0) = cr—1)(n—2)..1(n-1)-
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Now, let’s look at the backward compositions and and their values
at 0.

F1(0) = f1(0) = co,

F5(0) = f10£2(0) = e,

F3(0) = fiof20f3(0) = ¢

and in general, F,,(0) = fiof20...0f,(0) = ¢p_1.

The following diagram explains it more clearly.

f1 A — X
0+— ¢
Ci1—C
Ci2 > C2
Ciz3 — C3
Ciq4 > Cy

Ci5 > Cs

fo: A— X



0—cn
C212 > C12
C213 > C13
C214 > C14
C215 = Ci5

C216 — C16

f3 A — X
0 ca12
C3213 — (€213
C3214 > C214
C3215 /> C215
C3216 = C216

C3217 > Co17

o4
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Since the sequence ¢, converges to ¢, any convergent subsequence of

F,, will also converge to c. [J

Corollary 4.3.1 Suppose X is a non-relatively compact subdomain
of A. Then, there is an IFS, {F,}, with the following property: If
p is a point in X , it can be realized * by one of the accumulation
points of {F,}. In other words, there is an IFS, for which any point

in X, can be realized by one of its accumulation points.

PROOF. Let {¢,} be a sequence consisting of all rational points

(i.e. points with rational coordinates) in X. Using the same argu-
ment that we made in the proof of previous theorem, an IFS {F,}
can be constructed with the property that F,(0) = ¢,_;. Let p be a
point in X. Since {c,} is dense in X, there is a subsequence {c,, }
which converges to p. Now, consider the corresponding subsequence
{Fy;+1}. We have F, ;1(0) = cp,. Consequently, {F},,;1(0)} con-
verges to p. Therefore, the limit of the subsequence {F, 11}, which

is a limit function of the IFS, realizes p. [J

LA point p is realized by a function f if f(a) = p for some point a in the
domain of f.
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4.4 An interesting example

Suppose X is the region which is bounded by an ideal triangle, whose
vertices are on the unit circle. Suppose a,, is a sequence consisting of
all rational points (i.e. points with rational coordinates). By The-
orem 4.2.1, there exits a holomorphic function f : A — A and a
sequence of points x1,x9, x3,... € X such that for all: =1,2,3,...,
f(z;) = a; and f(0) = 0. Consider the restriction of f to the subdo-
main X and call it g. Now the sequence a,, which is a dense subset
of the unit disk is in the range of g.

One might think that the range of g should be equal to the unit
disk but it can not be. This is because the domain of ¢ is X which has
finite hyperbolic area m and a holomorphic map contracts hyperbolic
area. The fact is that the range of g is an open dense subset of the
unit disk which is a proper subset of the unit disk ( and as we saw,
it has finite hyperbolic area).

A simple example of a dense subdomain of the unit disk with
finite area is the following.

Example. Let a, be the sequence in the unit disk consisting of
all points with rational coordinates. Around each point a,,, consider

a hyperbolic disk, D,,, centered at a,, with hyperbolic area less than
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or equal to 2% The union of these disks is an open subset of the unit
disk with finite hyperbolic area. Let B, be a region containing a,,
and a,.1, with hyperbolic area less than or equal to 2%

Let W = J>_ (D, UB,). W is a subdomain of the unit disk with

hyperbolic area less than or equal to 2 and is also dense.

4.5 Self Iteration

Theorem 4.5.1 Let X be a p-Bloch subdomain of the unit disk and
let f: A — X be an arbitrary holomorphic map. Then no boundary

point p € 0X can be the limit of {f°"}.

Proor. Let f : A — X be holomorphic. By Theorem 2.3.4, f
is a strong contraction. Therefore, there exists k& < 1 such that
px(f(2), f(w)) < kpx(z,w) for all z and w in X. Now, let’s look
at the orbit of a point z; in X. We claim that {f°"(z)} can not
approach to a boundary point. If it does then px(zq, f°"(20)) ap-

proaches infinity. On the other hand

px (f°" D (=20), f7(20)) < kpx (f772 (20), 7" (20))

for every n > 2. Therefore, if 2y = f(z0), by using the triangle
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inequality we have

px (£ (20), 20) < px(f(20), F7 D (20))+x (f7 7V (20), 7P (20))+- . A px (21, 20)
(4.5.1)

In addition, for every i = 2,...,n we have

px (f(20), £V (20)) < k" px (21, 20) (4.5.2)

Therefore, by inequalities 4.5.1 and 4.5.2 we have
px(f°"(20), 20) < Z K px (21, 20)
i=1

As n tends to infinity, the right side is finite ( because k£ < 1), but

the left side goes to infinity. [



Chapter 5

New Results In Conformal
Geometry

5.1 Special case

As we saw in Theorem 2.2.1, if X is a hyperbolic domain, for every

z in X, we have
px(z) < KR(2)

Let ) be a subdomain of A. In this section we state a condition on
), under which, for every subdomain X of €2 and every z in X we

have

Before talking about that condition, we give an example, in which

the inequality is strict. That is

px(2) < Kx(2)
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EXAMPLE. Let 2 be a domain obtained by removing countably in-
finitely many points from the unit disk A to make a Bloch subdomain
Q). To do this we remove the points so that no hyperbolic disk with
p-radius bigger than 1 can fit in €2 and any pair of removed points
can not have a p-distance less than 1/2. For this purpose, consider
all hyperbolic circles centered at the origin with p-radius n/2, where
n=1,2,3,.... On each circle we remove finitely many points such
that the distance between any two points is neither less that 1/2
nor bigger that 1. Now we construct a subdomain X of Q in the
following way: Let a,, be the sequence of the points that we removed
for making 2. At each a,, remove a closed hyperbolic disk centered
at a, with p-radius 1/5. It is clear that all of these closed disks are
mutually disjoint. Let z be point in X and let r be any positive
number. By the definition of k% (z), there exist f: Q2 — X and w in
2 such that f(w) = z and

pa(w)
|f/(w)]

f is not constant, because k% (z) is not infinity. Now we prove this

< K% (2)+r

claim. Let D be the Euclidean disk contained in X with center z

and Euclidean radius s. Define g : 2 — X as

g(t) =st+z
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Therefore, £t(z) < 20— % This shows f can not be constant.
Since f is a bounded holomorphic map and 2 has only punctures,
all the punctures are removable singularities. Moreover, X has no
punctures. Therefore, f can be extended to holomorphic map f from

A into X. So we can write the above inequality as

sz(w)
|f/(w)]

By Theorem 2.1.6, €2 is a Lipschitz subdomain of the unit disk. In

<KE(2) (5.1.1)

the other words, m(£2, A) < 1. Therefore,

(. A) < pa(w) (5.1.2)

Since, f is a contraction, we have

px(z) < pa(w) (5.1.3)

[f'(w)]

By equations 5.1.1, 5.1.2, and 5.1.3, we have

px(2) 0
—m(Q, N < KE(2) 47 (5.1.4)

This inequality is true for every r» > 0, so we have

px(2) Q
QD) < ky(z) (5.1.5)

Since m(§2, A) < 1, we can conclude that

px(2) < KSE(2) (5.1.6)
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In the example above, {2 is a Lipschitz subdomain of the unit
disk. In fact, we will show that if €2 is a non-Lipschitz subdomain of
the unit disk and X is any hyperbolic domain, then the generalized
Kobayashi density x$% and the hyperbolic density px are equivalent

on X.

Theorem 5.1.1 Suppose €2 is a non-Lipschitz subdomain of the unit

disk and X s any hyperbolic domain. Then
px(2) = Ky (2)
for every z in X.
Proor. We know that
px(2) < K% (2).

Therefore, in order to show that pyx(z) = k%(z), we need only to
show that x$t(2) < px(2).

As X is hyperbolic, there is a holomorphic covering
m: A — X.

Since 7 is a covering, it is locally an isometry and we have

pa(w) = px(2).7' (W)l (5.1.7)
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where 7(w) = z. By precomposing by a Mébius map we can let w
be anywhere in ).

Now, let f be the restriction of 7 to €. Therefore,

Q, po(w) _ pa(w)
"X < @) T )

As we saw

Consequently,

ng((z) < PQ(W> .

Since () is a non-Lipschitz subdomain of A, g Z((Z)) can be made as

close as we wish to 1 by choosing w properly. Therefore,

rx(2) < px(2).

Corollary 5.1.1 Suppose €2 is a non-Lipschitz subdomain of the
unit disk. A subdomain X is a k-Lip subdomain of Q if and only

if it is a p-Lip subdomain of Q.

Corollary 5.1.2 Suppose ) is a non-Lipschitz subdomain of the
unit disk. If X is a k-Lip subdomain of ) then it is a c-Lip sub-

domain of §2.
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5.2 Generalization

In this section we want to state similar results for a large class of

domains in the plane.

Definition 5.2.1 A domain Q in the complex plane is called quasi-
bounded if the smallest simply connected plane domain containing
Q is a proper subset of the complex plane C. The smallest simply

connected domain containing ) is denoted by Q.

EXAMPLE. If Q is the round annulus {z : r < |z| < 1}, then it is

quasi-bounded and Q) = A.

ExampLE. If Q = C\ {—1, 1}, then it is not quasi-bounded because

the smallest simply connected domain containing 2 is C.

Before stating and proving the main theorem of this section, we need

to state one remark.

REMARK. As we saw in Theorem 2.2.4, every holomorphic map is an
infinitesimal contraction with respect to the generalized Kobayashi
density. Therefore, if a map f : X — Y is a conformal homoe-

morhism then it is an infinitesimal isometry with respect to the
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Kobayash density. That is,

for every z in X.

Theorem 5.2.1 Suppose () is quasi-bounded and is a non-Lipschitz

subdomaiin of Q). Then for any hyperbolic domain X we have

for every z in X.

PROOF. Since 2 is quasi-bounded, by the Riemann mapping Theo-
rem there is a conformal homeomorphism f from Q) onto A. By The-
orem 2.1.5 f(2) is a non-Lipschitz subdomain of A. Set A = f(2).

By Theorem 5.1.1
px(t) = Kx(t), (5.2.1)
for every ¢ in X.
As © and A are conformally isomorphic, by Theorem 2.2.3 we

have

K (2) = K (2), (5.2.2)

for every z in X.
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By equations 5.2.1 and 5.2.2, we conclude that

0J

Corollary 5.2.1 Suppose ) is a non-Lipschitz subdomain of 0. A
subdomain X is a k-Lip subdomain of §2 if and only if it is a p-Lip

subdomain of ).
Proor. By Corollary 2.2.1 we have
Ko = pa. (5.2.3)
In addition, by Theorem 5.2.1 we have
px(2) = KL(2). (5.2.4)

Therefore, we conclude that

() =g 8~ S 629

i

Corollary 5.2.2 Suppose () is a non-Lipschitz subdomain of Q. If

X is a k-Lip subdomain of §2 then it is a c-Lip subdomain of ).
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Proor. By Corollary 2.3.2 we have
cx(2) = px(2) (5.2.6)
In addition, by Theorem 2.3.1
L(2) < pal(2). (5.2.7)

Therefore, we have

- % (2) P22 _
me(X, Q) = Ze)}g X02) < Ze)[{) x(2) (X, Q). (5.2.8)

On the other hand, by Corollary 5.2.1, X is a x-Lip subdomain of

if and only if it is a p-Lip subdomain of €2. This completes the proof.

O

Corollary 5.2.3 Suppose €2 is a non-Lipschitz subdomain of Q. If
all the functions f € Hol(2, X) are uniformly strong contractions
with respect to pq then all of them are uniformly contractions with

respect to px.

PRrROOF. By Theorem 2.2.6, X is a x-Lip subdomain of 2 if and only
if all the functions f € Hol(€2, X) are uniformly strong contractions
with respect to po and by Theorem 2.3.4, X is a ¢-Lip subdomain of

Q2 if and only if all the functions f € Hol (€2, X) are uniformly strong
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contractions with respect px. On the other hand, by Corollary 5.2.2,
if X is a k-Lip subdomain of €2 then it is a ¢-Lip subdomain of €.

This completes the proof. [J
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