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Abstract
FLAVOR UNLFICATION
by
Jayprokas Chakrabarti

Adviser: Professor Rabindra Nath Mohapatra

_The present unified field theories-namely, (i) the

SU(2);,(X)U(1) theory of the weak and electromagnetic

interactions and (ii) the SU(S)'grand unified theory -
treat fermions in terms of families. This is because
these are incdmplete theories. We attempt flavor uni-
fication by introducing a '"horizontal'' gauge group.

‘At the level of the weak and electromagnetic interactions
we conjecture that the b-quark could decay dominantly
via the horizontal interactions. Bounds ére derived on
the lifetime of the b-quark and B, - Eo 'mixing, assuming
this to be true. The multilepton_signature for such

a scenerio in the decay of upsilon is evaluated. It is
shown that the multilepton events get related to the
branching ratios for the decay of the t-lepton.

Next we investigate the problem of incorporating
the flavor generations within the framework of a grand
unified SU(N)lgauge theory. The requirement of no
triangle anomaly and an asymptotically free gauge
‘coupiing constant appears to limit the number of.

"light" fermion generations to four. Specializing
gh g 5p
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to an SU(8) model, we exhibit a Higg's mechanism that
splits the fermions into heavy and light sets, the
later containing only three generations. We argue
that the mass of the heavy generations is in the
Tev. regioﬁ. |

We discuss the radiative effects on the Weinberg
angle in such theories. . Further uéing one lLoop re-
normalization group equations we obtain the scale at
which the flavor-grand unification occurs. we argue
that logical completeness requires that we consider
SU(10) and SO(1l5) gauge groups as serious candidate

theories.
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CHAPTER 1

INTRODUCTION

The theory of beta decay as proposed by Fermi involves

the hamiltonian interaction part goes as:

H, - Zﬁi‘{}oﬂﬂeoi%e | s

where
Oi =1 i.e., scalar inﬁeraétion
==¥; vector interaction
=YMY5 axial vector interaction
= Ouv tensof interagtion .

==)g ' pseudo scalar interaction |
However, the syﬁmétries or the lack of symmetries of
the weak interactions rule out several of the above
possibilities. Isospin, hypercharge, parity, are all
broken through the weak interactions. The observed parity
violation of the weak interactions led Marshak and
Sudarshan to propose that the interaction lagrangian be

written as

2

Lo O ey, o

Aside from the CP violation such tree interaction

term account for the usual weak interactions. The



coupling constant, which carries a dimension is

experimentally CT;: = ). 435 X |5M1 cré.cmB (3)

ox E" = {.165 Xll55 (ch)'z

¢

Similar interaction lagrangian can be written at the
level of quarks. For example, in the SU(3) nomenclature

the weak interaction hamiltonian is written as:

.— GF i
AR @
where Ju= 1u + hu; 1u denotes the leptonic current

given as, 1, = e'g,((+Y5)fv€+4/;'{” (|+75) ?%* and the

quark-hadron current is

gz, k2 Gis - p4415) . »
(WA )osh (4 A0 sing.

\ {3 -
T e : '1 .
Vor Z4WNT L A ddyxg
First part of the hadronic current conserve strangeness.
The second part, that changes strangeness is Cabibbo

. suppressed.

There are two parts about these interactions that need



to be stressed, The first, that they lead to

vidlations of unitarity and second that these inter-
actions are non-renormalizable.

Unitarity2

Consider, fortexample,‘the process gLﬁ; -? é.ié | The

total cross-section, is given as:

G= 1L Z(ZCH)(Z"F?’W) ©
K 2 |

where the fo's are the partial wave amplitudes which

<14 . However,

-

are bounded in magnitude as | £f,|

the born cross-section for the above process with the

interaction hamiltonian given in is
computed as follow:
i
L M
% fim T NG
' Ge = - _
where M= fiF \}'%04-“(5)?,\}'.%(”7,”; | in the
" centre of mass frame the2
fbi.: f%ﬁ. L ‘ (8)
dﬂ ‘mz m

Keeping only the s-wave term in the partial wave

analysis we have

LI}
6= 95 Ecm (9



6 & % ' (10)
ez o_on (11)

9 .2 (12)
ECYH - 32%_
Ge

This leads to an unitarity bound in the range of around
300 Gev.

Attempts to improve the high-energy behavior led to
thevpostulate of intermediate vector bosons. The

lagrangian is now replaced as
9Tt *]‘W\‘}, ' (13)
at' ﬁ{"];»w/’ » M

where g unlike before is a dimensionless coupling

constant and J as before is the sum of the leptonic and
the hadronic currents. However the high energy behavior

improves somewhat; it is still critical as in@icated in

the following analysis.

The propagator for the W boson is given as

A | S,Uv"r —— (14)

The proéess]})’)p.—) Ve.c‘ can be computed. The answer

is g 3f&j§_ 2
(V"ﬁfq‘)

(15)



In the centre of mass frame, the scattering angle, 0,

and energy E are related to the q2 as

q%'-'.-@" C_OSO)E2 for E large.
Therefore, the high energy behavi&r of the
ttneory is improved for this process. However, the
process e're’—; N+N" ) v;:—) W+N- are stiltl
‘badly behaved. The tirst. renormalisable model of the
weak interaction were constructed in 1967-8 by Weinberg
and Salam? The theory has an exact local guage
symmetry ot SU (R )l‘x U (1) which is broken by the
ground state leaving only the U(l) of electromagnetism
as the symmetry realized in the physical states. ‘the

fermionic representation go as follows:

u° c® A
\ i ST L
the leptons belong to:
- )
oy |
keL '/uL TL ‘ ,



The right handed objects are taken as singlets as:

= Ce >
l .
-3 (18

Aside from the fermions the theory contains Gauge Bosons,

Higg's bosons and the Ghosts. ‘the Higg's posons in

the standard version is a doublet transforming as:

@0) ) (19)

The lagrangian for the gauge bosons and the fermions
is given as

| - e 2R 7

P QaY a—L‘it.w+L&.IB)Q-

o e ) 3 |
Vo Y Var (3%’ J Pfc)*;‘. YA '+ €, W, ) (21)



The lagrangian for the higg's bosons read

L= -0 - ve) |
: - (DM¢*+|‘_§ 43* fﬁ,ﬁ 1‘_3_'4;*&)(3(}'.‘ ?ﬁ,.x}.a_‘g'w). (22)

» 12 A
-v(¢)
where, |
RS ORP L @)

The minimum of the potential corresponds to

LA E (24)

( ?¢)4>=4¢> o

this gives 0\ (25)
' = (g)

This gives the following mass terms for the gauge bosons

12,4 - ¥yt 3
im-"zl, e ‘%W» "7 (ﬂBﬂ*gwpf - (26)
The neutral gauge bosons, that are mass eigenstates, are
Z. = (Q’Bﬂ\’ﬁw’)/ A ")%‘
M i3+ (27)
. , i
A/A.- (ﬂ%,fﬂW;)/(aag,z}z (28)

The mass eigenvalues are

2
Mo, = gla2 (29)
A
M2, = (g2 + gr?)a® . (30)
4 ‘



' _ i 1 '
Define - N 9/(91*9'2)1 = (0SB (31)
1 .
' 9[(9%9")* = Swby (32)

In terms of this angle we get

. 3.
ZM: (OSGN BM - Simdy w,u | (33)
° ’ . . 3 ‘
W Sunbyy By + Cosby Wy (34)
We obtain from the interaction lagrangian the following
identifications:
o= 949" .guby- CosOw (35)
! .
9 = €/sm6w (36)
g e[ cosby | (37

The u-decay into e-\7evu gives

(¢ . gz__g_oséw

B S (38)
y B
L he ,
Ad /
W g GF .C0$10w (39)



Similarly,

2 % 1 ‘
\“z - €a -

— - (40)
Z}beéu!§u39h/
These are estimated as
My % 80 Gew. (41)
My = 906u. o (42)

Hadronic Part:

The transformation properties of the hadronic matter
is listed in eqn.l6 The feature of hadronic matter that
is of interest is the mass matrix. The mass terms for
the fermions arise due to the Yukawa Intefactions:
L ad i
I\{ = h«‘j &iL¢ B t Hij-an.q’ o (43)
where 1 and j are the generatioﬁal index., When $ is
replaced by {¢) we get the fermion masses. In such a
scheme the identically charged fermions mix a;bitrarily
amongst themselves. These in general lead to several
important consequences: ‘
(1) The physical fermions display cabibbo
like mixings |
(ii) The possibility arises for CP violation in

some of the processes resulting from complex

phases appearing in the mass-matrix.



(iii) ‘The neutral currents conserve flavor
quantum number because the mixing
matrix is uﬁitary and that éIl tﬁe
fermions of a given.charge have
identical transformation with respect
to the gauge group.

(iv) In the leptonic sector since the neutrino
is massless, the mixing of fermions do

not havé any physical significance.

There are several features of this theory that need
mentioning:
(1) The theory is renormalisable;

(ii) The quarks and leptons come in generations.

10



CHAPTER II
HORIZONTAL GAUGE SYMMETRY

"Let those facts be causes
with whom coordinated other facts
arise. :

Non-causes will they be,

So far the other facts have not
arisen'.

(Treatise on the Middle Doctrine)

Motivations to go beyond the standard theory:

There are several motivations to go beyond the standard
model. The standard model leaves out the strong
interactions. According to present indications, the .
strong interactions are described by the‘SU(3) "colox"
gauge theory? Therefore,‘the group of physical interest
is at least SU(2), (NU(L) (X)SU(3). |
The standard model, further is wedded to the concept
of generations. Tf the quarks and the leptons are all
fundamental and elementary objects it is difficult to
~understand that they come in families. We shall

address ourselves mainly to this issue.5

11



The standard model treats the left-handed and the
right-handed fermions on different footing. Thus the
lagrangian is not invariant under discrete symmetries
like parity, charge, conjugation, etc. It is appealing
to think that,iike other symmetries in nature,these
too are softly broken? -

We shall focus almost.exclusively to the second
issue though we shall have several occasions to go into
the other points as well. There are several physical
motivations for raising the family issue. The standard
SU(2)1,(X)U(l) model with three families of quarks and
leptons at -the ievel of the lagrangian has at least:
seveﬁteen undetermined parameters. It is therefore
nétﬁral to think of SU(Z)L(X)U(l) as coming from a

‘1arger symmetry where the parameters are constrained.
Physically, such larger symmetries could give rise to
mass relations amongst quarks and leptons, determine
the mixing-angle and fix the value of Weinberg angle.
It was also noted that in the standard framework
_in the limit that the quarks are massless there is no
diséinction between particles of identical charge. Thus
the up and the charm quark are identical if they are
massless. Thus in this limit there is an extra symmetry

in the system at least in the gauge interactionms.

12



Horizontal Gauges - Historical Notes

There have been several attempts to utilize this
symmetry in order to constrain the tree parameters in
the lagrangian. There are three early attempts. In
order to get -ﬁhe cabibbo angle A. Zee introduced an
électr_ic‘ charge carrying SU(2) triplet 6f gauge bosons?
Ap attempt was made to calculate the electron-muon mass
ratio by introducing neutral SU(2) gauge triplet in
addition to the standard fnodel. However, these two models
'do not utilize the family symmetry as it is being
presently done. The first attempt in the direction of
family symmetry appears in the work of R. N. Mohapatra,
J. C. Pati and L. Wolfensteinawhere they use such a
symmetry to understand the superweak nature of CP
violation., The family symmetry in the way it is used
toda}; was introduced by S. M. Barr and A. Zee in the
context of calculable electron-muon mass ratio.

The more recent attempt in this direction have
been made by F. Wilc'zek and A. Zee, C. L. Ong, K. C. Wali,
Koca and A. Davidson as also by J. Chakrabarti.

We shall review the model ot F. Wilczex and A. Zee
for two reasons:

(i) The model has the feature that all the

quark mixing angles are computable.

(i1) The model yields somewﬁat unusual results

when attempt is made towards unification

with the strong interactions.

13



' 10
The Model of Wilczek and Zee:

The gauge group is
- 8U(2) (X)SU(2) , (X)U(L)

The fermions transform as follows:
A

(.L;:L . (CS‘;)L ({b:)b ﬁ | (44?

‘Tvo (o] o‘
Ug Ce ke
\ J (45)
r .
dz S8 ng ' (46)

i 1
If the following Higg's bosons (t: and nd (where 1i.j
are the horizdntal indices and o the vertical index) are
chosen and if there vacuum expectation values are
i 0 oo
y > X lo o

A=+t (47)

0 o -

14



and <'fl{ > o (l) | where € <<
ol=t\ | € (48)

then, the charge 2/3 quark mass matrix is

2 0 +C o©
M> - (—- C -a +th (49)
' 0 -b +io

. . . ’ ’ /
Similar, mass-matrix with a, b, ¢, replace by a, b, c,

prevail for the charge 1/3 sector. The Cabibbo angle

is computed as

~ M
O = |7, (50)

The other angle - the mixing between the first and the

third generation is given by the angle

| =

4
(Myms)”  (myme)* on
My Me

This theory has the important teature that it predicts
that the bottom quark decays preferentially into the up
quark. Further, the lifetime of bb is shorter than
that predicted by the standard model. “he unobservability
of flavor changing neutral currents is administered by
making the horizontal gauge bosons heavy. While the
calculability of all the fermion mixing angles make

‘the theory attractive there are two points about this

15



theory that need to be emphasized. First of all - we
.shall discuss this point more explicitly later - this
theory faces difficulties when attempt is made to
grandunify it. Second, the idea that all the horizontal
gauge bosons are heavy make such a theory physically
unattractive. .

Attempts at realizing the possibility that the
horizontal gauge bosons need not be heavy encounter the
usual difficulty that flavor-changing neutral currents
between the known fermions (more precisely, only between
the first two generations) has to be considerably
suppressed compared to known intefactidns. Their strength
is at best as GFdz.

However, a theory that solves the above menfioned
difficulties is easy to construct.ll To do that let's
consider the gauge group:

SU(2)1,(X)SU(2) (X)U(L)
whgre SU(Z)H mediates interactions in the horizontal

_direction. The unrotated hadronic constituents then

transform as follows:

Q"_ =. { 3:)" ({b:)(.} o (52)
oy (V] ('Ii'il'%)

}Q,ﬁ {( sb)L (3°U O (53)

n% z {0 8 } A

16



4% b
q?\ { R} . (O,z’ 3) (55)
R

m
-~
N
[+
O
o
Sy

Amongst the leptons we assume that the horizontal in-
teraction mediates between the electron and the tau
multiplet 'as also between muon and M multiplet. The

‘higg's content of the theory is as follows:
t. t t
X { &9 42,]
= ) 0 (56)
I 4f ¢i db
(Lo01)

V,., ) ‘52] | 57y
¢Z dk 42 ‘

We impose the following discrete symmetry
C a%,.9% ob g}
D: Qi 47k ) R %
Lyl e lie
| .‘)(-|"".X‘| , % 2%,

17



We assume that the discrete symmetry is softly broken
in the lagrangian by terms of the type XT XZ' The
vacuum expectation value that minimizes the effective

potential is given as

o o) o |
] . (58)
v, Vv, o .
o © o
(59)

The invariant Yukawa interactions are:

18



V2 |
' BT
t % L'\J% 2L¢¢l Yot ]

VL
*%[‘E KRN ]
T AT b hot
AR %
+ % - \J%_\hl,i’:h“

By P , : +] ~(60)
+Ti [" 3 \‘lzl.c}‘\“’g :
Similar Yukawa couplings arise in the leptonic part of

the theory. Note that owing to the discrete symmetry

D, the leptons couple only to Xl. This is crucial for

the determination of the mass of the t quark.

The mass matrices are

[ C . h (61)

19



The mass matrix for the leptons is

e M T M T
Ay Bt' .
\ ke (-B{ A;) O C(62)

Ay 5{') (A B,
&y AN *,)
B A\ B, A

- where A, A&, B, and Bé are the Yukawa couplings in

the lepton sector. Note also that since the neutrinos
are massless the mixing of the lepton does not have any -
impact as far as the vertical interactions are concerned.

For d, b, s, g we get

"‘ . -
a (vs S
-EVq Vs iy Vs

' (vs o\ o (Vs 0
-y - Vs Vg -Vs

[

{
—
~

(63)
6

It is known that the above matrices can be diagonalized

by the following biorthogonal transformations:

1) 0T |
dl. Mi U(g - D{ z diagonal matrix. (64)

oSO, Sumb, (I\. B\ T

stw. coso.) B A')“ﬁ =D
COSGZ Swéz_ \-"Z. 0 U"T ’ : (66)
—S@Gz ' COSGZ‘ "'Jrz._vl —Vz & ’ D?—

20



sty 350.) (2 b\t p,

—syae§ Cos6sl \b & (67)
Cos6y Sty (’VS o\, uT_ | o
("Sﬁﬂq. (,,,,94) ..J‘iw ~Vg 'ug - P4 . (68)

Then, so far as the vertical interactions are concerned,

‘we get the following effective flavor states:

| {ﬁ&(wh S[b(%)]}L ’ {q[s(oc)]c-r s (3(ee)] }L

T ' ] (69)
n[b(&)] _¢ [d (ec)]}L> {Y] [9 (9,_)] - S[S(éc)J }L
where 9c=93’61' (ﬁ: eq“ez aYlfCOS*a%Sin‘* (70

dfo] < dcoso +ssing, S[8c]< -dsino, + scCos b
b[6c]= bcos +9singes 9[0c] = ~bsint, +gcosbc

.The angle 0 is computable in terms of masses of the

quarks and the relationship is

4 L | .
¢ -( Vnd )2- mu 2
Mty (7"4; + Dy 1)
Therefore,_ :
(Rl
m, (72)

Comparing with Egs. (7) and (13) we find that Eq. (31)
is a good estimate for g .
From the mass matrices for the fermions we get the

following mass relations:
O M, = LT

(73)
M4fmy, = Mgmq (74)
W'e/mt = mp/mM (75)

21



me My (76)

-~

As a:resuit of the above relationg, masses of aii the
upcoming fermions are determined in the theory. In
particular, the mass of the t quark, which is .of consid-
erable interest at the preéent time, is predicted to

lie between 14 to 27 GeV.

Experimental Signatures: Implication for the b Quark

In the event that the above is realized the‘b quark
decays dominantly into the up quark (through verticle
interaction) and down quark (through horizontal inter-
action). This is one of the important predictions of
the theory and differs considerably from the present
standard (KM) view. The multilepton events that follow
the production ofrTN(Rev. 10) can distinguish bétween
ﬁhese theoretical alternatives. There are two other
‘features that are worth noting. The first is the mixing
between the BO and Bo . Horizontal interactions connect
b to d and s to g. They do not connect b to g or d to s.
As a result the mixing betwgen BO and BO may begin to
differ. from the standard view. The second distinguish
feature is that owing to the presence of ‘horizontal
interactions, the lifetime of the b quark become shorter
than that predicted by the KM model. These féaturés
clearly distinguish this case from all other currently

held views about the b quark.

29



Flavor Changing Neutral Currents -

The horizontal gauge bosons mediate flavor changing
neutral currents. However the pattern of fermion
mixing énsure the following:
(i) There is no direct neutral current
connecting up with charm.
(ii) There is no direct neutral Eurrént
connecting down with strange.
Thus, these processes are naturally suppressed.
However,
(i) There is a direct neutral coupling
betwéen the bottom and the down quark
(ii) Similar direct neutral coupling exists
between the strange and the g-quark.
Experimentally no bounds exist on these processes.
Therefore, physically the horizontal gauge bosons need not
necessarily be heavy. However, in future if these
processes remain unobserved (or largely suppreséed) it
would Be necessary to make the horizontal gauge bosons
heavier than the usual W and Z bosons.
However, the leptonic.sector can be used tc proVide
bound on the masses of the horizontal gauge bosons. The
The present data on the decay of the T -lepton
into the muon and the electron are as follows}
T —> AVY | (77)
T- eV

23



In the horizontal gauge sector there are two unknowns.
Firét, the gauge coupling constant and second, the
masses of the horizontal gauge bosons. We shall assume
in the spirit of unification that the gauge coupiing
constant in the horizontal sector and the usual vertical
sector are roughly equal. This leaves us with one‘
unknown.

The experimental data on  -decay may be interpreted

' to mean that the lepton decays into the electron at

most 25% more than lepton into the muon. Thus, we get:
4
m
_ Moy 4 (78)
7
4 | A
My

where My denotes the masses of the horizontal gauge bosons

and MW is the mass of the usual W boson mediating beta

decay.
Therefore, l} 4
My, 2 4y (79)
W\wa >/ 100 GCV. . (80)
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A somewhat better bound is obtained by noting that

the decay of lepton that comes about through the
horizontal gauge boson is not pure V-A. It depends

on the details of mixing of the right-handed léptons.
For the mass-matrixes, that we have obtained, the mix-
ing in the left and right sector are not equal. In
the absence of any experimental numbers on lepton
mixings we will pretend ﬁhat these mixings,_if any, are
small. Since fhe lepton decays are known to be of
the V-A type we get: My 2 WMy | (81)
The b-Quark:

Owing to flavor mixing the b-quark decéys, the standard
prediction, with Kobayashi and Maskawa mixing matrix,
is somewhat arbitary. However, it 'may be interpreted
to mean that the b-quark decays, in the hadronic sector,
dominantly into the charm quark. Experimentally, it
is known that the b-quark does decay ( '('b Z 5x|6852c. ).
However, the decay mode of the b-quark remains unverified.
In the pattern of flavor mixing that we are
discussing the b-quark once again decays. The decay
modes however contrast with the standard prediction.
The vertical interactions make b-quark decay dominantly
into the up quark. The horizontal interactions make
b-quark decay into the down quark. Since the horizontal
interactions are not necessarily suﬁpressed (for reasons -

that we have indicated) the two rates could be comparable.

25



Since we have a boun& on the mass of the horizontal
gauge bosdns, it is possible to put a bound on the lifetime
of the b-quark. Further the decay modes are experimentally
diétihguisable from the standard scheme. Also, there is
mére ﬁixing between B° and ﬁo mesons.

b-Quafk Lifetime:

Assuming that the dominant modes of decay of the b-quark
are as predicted by this theory we get the following

channels for the decay of the b-quark.

b- wc (ev,)

u,¢ (m¥)
W (T ve)

¢ (da)ruc(sir)
we (dc)+uc(s.e)
d (%w%)
d (Te)
d (Vyy)

(82)
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The decay of b into d quark is the dominant decay
mode for the b-quark. All other decay modes are
suppressed by a factor of 32::!56. Thus the bound on
the litetime of the b-quark 1s easily éomputable.

| We assume i1n the analysis below that the mass
of the horizontal gauge bosons is the four -times the

mass of the usual W-bosons. Thus, the decay rate.

of the b-quark is given as

R £ (O COTS) R

2
h Giwd
wnere Xx-

192 1°

(84)

and :F(ij): U-‘jh) (\-' 8‘024' "dq) - '7‘34'"}’1 | (85)

This gives us a lifetime of the bottom quark ot

- (86)
Tb b/ |0lq sec,

This compares with the prediction of the standard model

£ ' -
(.) /Cb>/|0|q$cc.
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B_ - B, Mixing

(¥}

Though the lifetime of the b-quark does not differ
radically ffém the standard model, the picture of ﬁo-ﬁo
mixing is entifely different. In the standard model,
the mixing comes about by the diagrams in figure 1.
Note that the mixing takes place at the one loop level.
However in our case the Bo-ﬁo mixing appears in the
tree level as shown in the figure 2.

In order to evaluate the Bo—ﬁo mixing it is
necessary to write down the effective lagrangian.
Here B stands for the bottomness quantum number. From
the tree graph mediating AB=2 process the effective
lagfangian is

i

AB=2

-g- ntsse B, ws)ﬂ[ 1 lepre)d]
- (87)

where A ahde dependé on the magnitudes of the left
and the right-handed mixings of the fermions. From the
mass-maxtix displayed in eqn 63 it is clear that the
left-handed and the right-handed mixings are not identical.
Further the mixiﬁgs are not computable as far}as the
right handed sector is concerned.

Letus evaluate the upper bound on the matrix
element between B, and Bo. In order to evaluate the
upper bound let us insert the vacuum state between two

-AB = 1 currents. Therefore,
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22! [’B;Y,u (2+pBYs)d T8
= 4 < Bo‘ Ey(d*f'fshlo)(o] .};% (""(375)&,8,)

(88)

where the factor of & appears because of various Fierz

ordering of the four fermion operator. Since,

Lo} brd|8e)=0
(89)
because of parity, therefore, the upper bound on MB=MBL-

Mpg is obtained by'settingF=l. Thus,

2 2
Amg & 2 neos 5 -mg

gmg - (90)
b, 4, p2. ) .
amg ¢ GEN s fgmp (91)
42
. 2 -

Mg (92)

Amg £ Qﬂ&,a

.4

_ -5 (93)
£ 0.3 X107 Grev. -

Where we assume that fB = 0.5 Gev. and MB = 5 Gev.
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The decay width of B® is estimated as

e Sl ,
B ]qzﬂs 16 (94)
Therefore the ratio éﬂﬂ? is given |
ﬁf
by - Amg 4
—i:,;;.o ‘0 (95)

This compares with the value of 101 given in KM theory.

More on the b-Quark:

So far as the b-quark is concerned the horizontal in-~
teractions make one further.contribution. If we assume
that the horizontal mode of decay as the dominant mode
(as we have done so far), then it is clear that the
b-decay is not V- A type. It is a admixtufe of vector
and axial vector currents the precise mixture depending
on the_reiative magnitudes of the left and the'right
hand mixings.

Multilepton Events:

So far we have assumed that the dominant mode of decay
of the b-fuark is through the horizontal interactions.
We shall continue to assume the above in the following
discussions.

What is the experimental signature of the above
scenerio? The multilepfon eﬁents that follow from the

decay of the b-quark after the production of -upsilon may
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yield indirect support for the horizontal interactions. 12
We assume in the eubseqﬁent discussions that the decay of
t and’B are uncorrelated. If &, @ and Y ar}e defined
as probabilities of the b-quark going into an e-, e+ and

ete- respectively, then,

i 6’<bb—>no e;)
% = ey - £’ (%)
6 . 6(bhoe) +6(bbre)
o 6(bb) 22648) 1-p-2) o7y
& - 6(b-e') |
+- S6) ‘:o(zféz-fzy(,_d_ﬁ_r) (98)
6. - [G(bb-:ee)w’(bi)-»ee')] Zo(F (99)
_ 6(vB) |
and .63 = [6— rbb-! €c)+.6(b§-—;?e"¢,‘)] (100)
| 6(3) =2 oy
N Y L O R -G
In this model 6 (B! =
M [bydve'] 102

pz

7 b et

P[b"dfﬁl r'[t'—’c] (103)
r'[b-mu] T [ oM]
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Therefore, we get, {P[b—pd‘fﬁ]} P[’t—’C] (104)
P[b»au

~ 287
6% 257 < 2 o]

(105)

(106)

This relates to the multilepton events in the decay
of upislon to the branching ratio of the lepton going
into electron. This, theretore, serves as an experi-

mental test of the picture ot the decay of the b-quark

that we have presented.
13

An Alternative Scenerio: Calculable Cabibbo Angle:

An alternative horizontal interaction scenerio is
obtained by regrouping quarks and leptons.
In this scheme, due to regrouping, the possibility
of the horizontal gauge bosons being of the same order of
‘mass aswis destroyed. However the cabibbo angle becomes.
calculable. Fﬁrther, we show how CP violation arises
naturally in these horizontally extended modes.
As for thé question of CP violation we show that

CP violation may be more widespread than the present
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theoretical ideas-admit. In fact, they may be present
" in almost all forms of weak interactions. However,
roughly SPeaking, the CP violating_comﬁonent is
proportional to the deviation from universality, ‘Thus
the CP-violating component is not so well preceived.
They of course yield the observed CP-violationg mixing
between the KO and Komesons.

As a by-product of this analysis.we recover a definite
prediction about the decay mode of the bottom quark. .
The dominant decay of the bottom is into the up quark.,
Further, we get relations connecting the masses of the
fermions. We make prediction about the masses of some
of the upcoming fermions. These fermions will be
accessible in the next generation of machines.

~ Horizontal extension.

The gauge group is SUZ,L X) SUz H (X) Up- The

hadronic-constituent trasform is
)
(]

Qs “h,.-—-(ﬁf)t by (§°)L,QZL§ 42 (t: )L %,f(g:L (107)

o - W e . e |
- R TR, T RTR, (108)

55 - dO go o 6
9. = 9 >R, b Ip . |
R —t IS :
. (109)

The leptons transform as
[ V| ' y
Ly ( ) (‘l y Ly 2 (”s) (‘*) . (110)
e L 2L T .
AT \MIL -
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(111)

Note that all the netrinoes are taken to be massless.
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Higg's bosons of the theory are X, and X9 both trans- |

1
forming as (%, 1, 1), where

r_____._._-—-v r | '
',(.‘2147' 4’2_ 4’4. X, “bq d)s 4’_5_“ ' (112)

We add the following discrete symmetry:

Loy
cliL'4 Qg Qﬁ;.-yfia' ‘};.44%;

(P) L
Lil. - Lf!- L”\-’-l;& Xy=-% %, %,

We assume that the above discrete symmetry is broken
softly by terms like X{ Xp.
Vacuum expectation values that are consistent with

the minimum of the potential are

——
L v

A

AV Ve 0y KTl Vs 9, - ai)

The Yukawa couplings are:

[J‘E\yu<¥ QR“"iLd’s"sfs ]t -—-[ RS 9g+f34’3L¢ be + ]
—b- -B §, 8% v] [Iqj&, $p +- -]

[F ILQC&.‘- ]* [J;%Ld’h'**']
1_%[.}%%3&& ]+.»[- B hdcer]

(114)
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where we assume that a, a', b, b',

all complex.

Va

-hv,
b
Vg

BVy

1
) Va
-}‘\ A(-ﬁ.v, ) (
V2
Es(dmﬁ ‘%{)
d.
bl
1 (“szq -Vs (
i
Vs ) a (Vs
RAY TR iVl

Similar Yukawa couplings arise amongst the léptons.

mass matrix for the leptons is

M-

| V, ©
Bl (‘ﬁ\/: ‘Vz)

36
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‘ﬁV. -V

6 \]

The mass matrices ‘are:

h

0
- V‘, “

)
-Vs ]

-V, Va

- AL (\.\Jz o ) B" (Vz_.
i -\ A

’(Vz. o)
! kv, -Val |

A, A',

o).-‘

B and B' are

(115)

(116)

(117)
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Note that since the neutrinos have been taken to be
massless, mixing amongst the leptons does not have any
physiéal significance as far as the vertical interactions
are concerned.

We know that the mass matrices are diagonalized by |

'biunitary transformation of the type

T I
LfL Mi Ug =D  Diagonal (118)

Let
' toly ;ﬁ . r

o [ty ePsmo | (A B) ¥

"?[“h](.g'P'S,;9| é"('Cosbl)(B N Ue = D,

cosd, Swé\[y, o t -
( )( " )U; = D, (120)

-S l»;ieg Losal 'ftV. -

(119)

iy (J'f’%sﬂs Poiog 1o byt
4 ‘E'Pssﬁe’ él“swo’)(b 0,) Ug : ])3 (121) ‘
A Caqu Sh‘AOQ VS' o UQ'r D - |
: "SU;\Qq- COSOQ "IZ.VQ Vs R ~ ¥y | (122)
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Then the flavor eigenstrates are

[ «‘h{ cost,ulo) + ' Psimat(6:)]

a) .
( { " costy d(0u) + € cuity b o)) ]
|$| l°(| igl - 7
o e {e. s () + eT's &h(&}
\4’{ %05 3 (o,,) + eF S 9;9(04)}
"h{e Swe,u(ba) + e_ coséa ‘5(9:.)} —1.
@) v 3{ -2 Psm63d(0z.) + ém’COSGJ b(oq)}J
and
i h{*e swd, (o) + "dsso, k(“z)? )
e_“k‘{ -é‘p’su&Q,S(éu)-‘* & "cos 05 9(04)] J»
L
@)

. Mu e Oy % TS |
Sméz'v-;nc 1 Sw Oy Mg (123)
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where u(®) = ucos & + ¢ and ¢c(8) = -~ u sin 8 + ¢ cos 0 etc.

The angles 8, and 6, are calculated as

2 - : 2 m)
¢ - Mg

Note that @, is roughly the Cabibbo angle. We get also

the following Mass relationship:

W\uznlt

-— ™ ~
me h (125
my _ "
my My
(125)
e . Wr
"v’ﬁ,ﬁ M
(126)
Mu  Me |
(127)
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CP violation:
We eliminate the redundant phases by the following
pi‘ocedure. We define the physical fields with a subscript

u,,(& '@*M ule) % (9) c( 4‘) 4(03), Cplsa) e 'é(”d‘)c(h)
(g) c'(el"ﬁ)h(&)
P(On (0(3#4’,)d (0u), 5'?(9«) C( yé) (¢ ), bl

(128)

Oq :C@’*éﬁb(ea)
9 (oﬂ)' € ‘3*47,)3 (91\)

Then the physical flavour states are

1

€0$9, u? (9;) -)-. Sv.w é\ téal )

@ | sty lelw) + s ds bolen) |
1 ]

-

05, Gples) + Swbhp(B)

® I CQSO, fp(@u) + 3“93 3,;(94)_

| o
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i) [ -swe Up(8s) + cosa.’cf»(o.)}1

() L_ é-i(mf:) {, Sl Af(o.,) + Cosh; LP (00} 1

and

I

& (M'){' sunth (03] + Cos By h[B)] |
(d)

.é.i(Xg,-rP’){-sinOg S (.0“) + s g(ou)}a

.L .

Note ‘that the horizontal interaction mediate'Between (ap)
and (bp) and also between (cp) énd (dp). Thus horizontal
interactions do not carry any phases. Therefore, they
conserve CP.

In the vertical direction we have the freedom to
redefine that Wﬁ. We define WE (physical) such that in
the.multiplies (a?) and (bp) there is no CP-violating
interactions. Therefore, we have CP violationlin the (cp)
and (dp) multiplets. 'Note also that the CP-violating
amplitude has only one undertermined phase angle. |

We have, therefore, established the existence of CP
violation. The magﬁitude depends on the values of angles
0; and O3. In the K°-RO system the CP violating mixing

comes about through the diagrams in Figure 3.
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Experimental signatures - the decay of the bottom quark:
The decay of the bottom quark'may provide some small
evidence in favour of the above-mentioned model. The
model predicts that the decay ot the bottom quark takes
place dominantly into the up-quark, Such a situation

is distinguishabfe from one where the bottom goes into
chafm by counting the number of leptons that are produced
in the decay of the upsilon. We would like to add that
there are a few theories where a similar ‘scenario prevails
with the respect to the bottom quark.

The masses of the horizontal gauge bosons are, pre-
sumably, larger than the ones mediating the ﬁsual weak
interactions. This is necessitated by the fact thaf
they'mediate-unobserved flavor-changing neutral processes.

One other observation that may ha#e some bearing
on experiménts by the next generation of machines is
the mass of the g-quark. It is predicted to lie between

80 to 100 Gev.
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Discreté Summetries:

Tt has been proposed by sevefal authors that flavorA
unification beaachiéﬁed by impdsition of discrete
stmep;ies amongst the fermion families.l4 Such a choice
is interesting because it does not necessitate an
. enlargement of the gauge group. Further, in many such
models one obtains relations amongst the quark masses
and mixing angles. |

Amongst many such examples, the groupé very
widely used are permutation group of order n - ie, Sp.
Other non-abelian point groups, like Cyy have also
been used. |

As an example consider the work of S. Pakavasa
and H. Sugawaral? where they use the group SU(2)L X)
U(l) (X) S3(X) R. The quark multiplets are defined as

| {G)., ' (i)z} | S .<129>
wiofed

{dg S’& (131)

Higg's fields are

TS as
{th{*’z’j | (133)
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The reflection symmetry, R is defined as

b -4 | (1}34>

Analysis of the Yukawa interactions and the quark

mass-matrices yield:

m
tond, : -—ﬁf‘ | (135)

There are several such schemes that lead to mass re-
lations and calculable mixing angles. However, the
class of discrete symmetries that do this is quite
large. Further, the discrete symmetries, though
they reduce the number of free parameters in the

theory, do not have any observable consequences.
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CHAPTER III
o FLAVOR-GRAND-UNIFICATION
Grand Unification: _

The standard SU(Z)L (X) U(l) gauge theory describes
only the weak and electromagnetié interactions. The
strong interactions are described by SU(3) color gauge
theory. In the spirit of unification they can be
- combined into an SU(5) theory describing all the three
interactions. Such a theory was proposed by Georgilana
Glashow. The content of such a theory is given as
follows:

Gauge Group  SU(5)
Férmions belong in the representations 5% and 10 as

foilows:

L (136)

(4 c |
and [ o ‘Us ‘uz -,

..J, \
O a’
' - -d) -
| (137)
O Ly g
O et
o4
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The basic representations are repeated once tor each
generation. Thus to accommodate the known fermions
| three SL* and three 10L's are réquired.

In the simplest version of SU(5) the higg's bosons
are as follows:

(i)&'belonging to the representation 5 of SU(5)

(ii)tbelonging to the 24 dimensional repfesen-
tation ot SU(S5).
The gauge bosons connect the d quarks to the electron.
Thus in thesé_theories the possibility for the decay
ot protdn arises. This constrains the possible choice

of vacuum expectation values as follows:

ty= 0(106w)

(138)
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The pattern of symmetry breaking is as follows:
| ; K 7
]

(’X"\> > O (’0 GCV.) \ O ' '(139)
h -3

O 7

Aside from proton decay the theory predictg the following:

-3
i

Sy 2.20 ~ present energies.

Me=Mg; M =Mg; M=M,, at energies of the order of
1015 Gev.

However, at the level of grand unification the
generation issue resurfaces. The idea that the funda-
mental fermions come in families has no physical justi-
fication. At the level of SU(5) the issue remains
unsolved. .

FERMION GENERATIONS IN GRAND UNIFIED THEORIES

At the level of SU(5) the problem of generation persists.

To explain the present spectrum of quarks and leptons

*'

one is forced to take three 5" 's and 10 representations.

There are three different approaches to this problem.

1
The Minimal Extension - 7

The minimal extension of SU(5) to solve the generation

problem was proposed by J. Chakrabarti, M. Popovic and
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R. N. Mohapatra.

The constraint on the fermionic content ot this
scheme come from several consideratibns. The first of
these is the idea that a11 rermions belong to
1, 3 and 3* of color. Of course, no fermions that
belong to any other representation of color is ''known'".

‘'he above-mentioned criterion imposes severe
restrictions on.the possible representation of interest.
It says that only totally antisymmetric representations
are of physical interest. Totally autisymmetric repre-

sentation of SU(N) is denoted by youngtableaux as:
3

\’ M‘!)OXCS

where (méN,)

Such representation will be represented as (N, m). The
dimeﬁsion of the representation is (:). Before pro-
ceeding further it is convenient to decompose (N,m) into

its SU(b) content. The decomposition is as follows:

e (1] (12) s (8 ) "
' }

(s !
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where 1, 5, 10, 10%, 5* are all the antisymmetric
representations of the SU(5) gauge group.

Followiné the above procedure let us decompose‘the
well known representations 5% and 10 of SU(5) into its
color content. The representation 5% of SuU(5) in}our
notation is (5, 4). The decomposition into color,

therefore, is
. [5-3)3" ¢-3 | ,
[5"."]' (q—z)é + (q-:) : (141
= 3"+ 2 (1) (L42)

Similarly, the representation 10 is denoted in our

notation by (5, 2) and its color contént is
-3 - , ¥
Gle (7)2 (72 ¢ ()2

1 2l) s

(143)

-

49



Therefore, in 5% and 10, number of times the represen-
tation 3 of color appears is two. The same 1s true

for the representation 3™ of color. Thus, in the simple
SU(5) of Georgi-Glashow color is real. As we shall see
that this feature of grand unification presists when the
families are tied together.

' One turther remark is in order. The model of
Wilczek and Zee gets naturally excluded under this con-
stréint. It is easy to verify that attempt at grand
unifying their model would necessarily require fermions
belonging to representations other that 1, 3 and 3* of
color.

The second constraint is as fOLlOWS. Several
representations of the type (N, m) are to be taken.
However, this set be such that no irreducible representétion
be repeated. We shall denote the set of interest by
{Nm} It is convenient for future reference to set up
the decomposition of {N'm} with respect to the SU(5)

subgroup.

o {N,m}z n(l),'f-r. n{s)S +n{) 10 + "('f).!?‘*‘"(fv_f 145)
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where n(5), for éxample, denotes the number of times
the representatibn 5 of SU(b) appears in the set

The thrid constraint on the fermionic content
comés from renormalizability of the theory. In order
for the theory to be free ot divergent VVA triangle
graphs, the fermionic content must be chosen in a special
way. The problem has been investigated by S. Okubg'gand
the result as applying to the totally antisymmetric repre-
sentations is as follows:
The VVA triangle anomaly A(n,m) is given by

A(N,m) = -A(N, n-m) =(N-zm) (n-3)! (146)
(N-m-L1)! @-1)!

"Thus in order for the anomaly to cancel, we must require
that the anomaly associated with the set (N, m) must be
zero. Thus,
z (N-2m ) (N-3)!
-m=1)! {m-))

It is convenient at this point to discuss the anomaly

(147)

cancellation at the level of SU(5) grand unified

theory. Applying the formula, the anomaly associated
with the representation 5% of SU(Y) is -1, while the
anomaly associated with 10 of Su(5) is +1. ‘herefore
the net anomaly is.zero. Lét's for future reterence

‘list this result
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A(5, 4) = -A(5, 2) (148)

similarily,  A(5, 1) = -A(5, 3) (149)
The.fourth observation relates to the question of
identification of the known quarks. - In any scheme
that relates to family issue several new termions

are introduced. Thus a process of identifiying the
known fermions - also called “lightﬁ fermions -

becbme necessary. In the process of putting the
generations together it becomes necessary to go to a
group like SU(N) with N 5. -The embedding of SU(5)

in Sﬁ(N) méy be exemplified by breaking SU(N) into
Su(5) X SU(N;S) x U(l). The group SU(N-5) is called
the horizontal group.

The identification scheme for the known -.or
"light" fermions - is as follows. We demand that the
"light fermions" transform as the simplest representation
(i.e., the vector representation) of the horizontal SU(N-5)
group. As we shall see that this provides the minimal
extension of the SU(5) theory.

As a consequence of the above mentioned identifi-
cation it is easy to verify (as we will) that SU(5+n)
group gives n generations of '"light fermions".

The above choice of "guidelines'" lead to the following

set of group and representations.
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(1) su(m 7, L+ @, 3+ O 5 (150)

(2) SUB) : (8, 3)p + (8, 6) + (8, ) (151)
(3) SU®) = (9, 2)p + (9, 5) (151)
(4) SU (10): (10, 3)p + (10, S)p + (10, 6)p  (153)
and so on. -

The decomposition of the above representations with
respect to SU(5) representations are as follows: |

Su(7):

(154)
(7, 1) =2( 1) + 5 |
(7, 3) = 5+ 2( 10 ) + 10¥ (155)
(7, 5) = 10" +2 (5%) +1 (156)

We note that only two ''light'" generations exist in the

SU(7) model.

Su(8)
(8, 3) = 1+ 3% (5) + 3(10) + 10* (157)
(8, 6) = 3(1) + 3%(5™ + 10" ~ (158)
8, 7) = 3*) + 57 (159)

Note tﬁat these contain only three "1ight" generations.
.SU(9):
(9, 2)
(9, 5

Note four generations.

U

6(1) + 4(5) + 10 ~(160)
5 4+ 4(10) + 6(10™) + 4(5% + 1 (161)
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SU(10):

(10, 3) = 10(1) + 10(5) + 5(10) + 10% (162)
(10, 6) = 5 + 5(10) + 10(10%) + 10(¢57) + 5(1) (163)
(10, 5) = 1(1) + 5% (5) + 10%(10) + 10 (10™) + 5(5™)

+ 1(1) (164)
Note five generations.

Partial Flavor Unification and SU(7):

It is interesting to ponder over partially unified models
before flavor unification is achieved completely. It
turns ouﬁ that they contain the model that we have discussed
‘ ét the level of horizontally extended standérd SU(2)y, (X) (1)
model.

| SU(7) serves as a good example of this phenomenon of
paritial flavor unification. 1In order for this to happen
we relax the criteria.phat the representations cannot be
rlepeated in the set {7, m}. ‘Allowing for repeatition,

we get the following set of interest.

{7,7»\} g 2(70 ')._" S (7'3)1. 'l‘2(7;$)l_ - : (1é5)

Owing to the decomposition given previously, we note
that this set contain four light generations. If we
aséume that (7, 3) - which 2(10) of SU(5) - to contain
the e, 4, d, ¢, t s, b in one and M4, ¢, s, M, h, g in
the other then we have made a partially flavor unified
model that just embeds the model we discussed.

Hdwever, the model of Wilczek and Zee remains

outside the periphery of this scheme of flavor unification
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because they require fermions with exotic color. We
have allowed only for fermions to transform as 1, 3, 3
of color.

Flavor Unification and SU(8):

Flavor unification is achieved in SU(8). It is the
minimal group that does the job and the representation
of interest as indicated 'is (8, 3) + (8, 6) + (8, 7).

The total number of helicity states is

(f)'{ E t (5): q2 '(166)

Note that aside from the 3 '"light" geﬁerations, it has
twq "heavy" generations thaf have V + A weak interactionms.
Note also that one of these heavy generations does not
come with its charge 2/3 quark.

Fermion Mass Matrix:

In order for the identification of "light'" and "heavy"
fermions to go through it is necessary to display their
mass matrices.
Do the mass-matrices for the fermions respect such
identification?

There are two types of masé-matrices that will
respect the above identification. The first one is
complete decoupling where‘the mass matrix would look

like:
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Light Sector

Heavy Sector

.

(167)

However, in practice such a mass matrix is difficult

to realize.

the identification mentioned before

-

Light Sector .

X

€ < XY

56

Heavy Sector

3

The other mass-matrix that will respect

(168)



In the SU(8) theory we show that it is possible to
realize this mass matrix.
To do that we introduce the following Higg's

multiplet in the theory

4,«? ¢ 75 ¢§Y) ¢fTAf5

The "heavy'" fermions acquire their masses and mixing

from the following gauge invariant couplings:

- T ’
(1) *-[’T“f”“c' "}'w (P«qi; . (169)
' ol s\ 6T |
i) ¢o¢ *d(t? | (170)
(ii Top 4 | | -
(i1i) ¢ op ¢ \k”ﬁ"‘/‘”#) MY (171)‘
(V) L}»T“PC"}})/W 4;” - am

\ .
Where q’s with superscripts are obtained by
applying the totally antisymmetric 6 -symboli for the
SU(8) group. The desired pattern of heavy particle

masses ensue on setting

30, 4" S 40 .<4>S>M=Cr o

abABe (173)
abe

4’“7 #0 1< Pen” ¥
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where a, b, ¢ stand for SU(5) indices, A, B,
stand for the horizontal SU(3) indices and 4, P,'r,
stand for SU(8) indices.

The masses of the "light'" sector is obtained

‘ ' “ \
by introducing o (P o vith <¢:B 2#0
« - sge * -
and 4{’ . 44’:A'> #0 . The latter contr1bute§

to the mass matrix for the down quarks whereas the
former contributes to the up-quark masses.

Aside from the couplings that we have displayed
the rest of the gauge invariant yukawa couplings are
taken to come with smaller coupling constrants. This
ensures that thé resulting mass matrix is as given in eqn.l68.
SU(9) :
SU(9) gives flavor unification with four genérations.
The novel feature of this model is that all the light
fermions are contained in one single irreducible feﬁreseﬁ-
tation of SU(9). Thus (9, 5 ) contains 4(5*) and
4 (10) of SU(5) gauge theory. |

This feature of SU(9) may provide ways of relating
the masses of the charge 2/3 quarks and leptons. In
particular, it may give the mass of the top quark.

As in SU(8) theory the heavy quarks "decouple”.

from the light quarks in the mass-matrix.
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"Heavy' Fermions:

A question that natﬁrally arises in the context of
flavor unification is what aré the masses of the unknown
quarks that are introduced?

Physical constraint on the masses of the "heavy"
quarks appear from the asymptotic freedom of the color
SU(3) group. Experimentél.indications favor free parton
like picture of deep inelastic collisions. It is con-
jectured (through not experimeﬁtally verified) that the
strong interactuonis asymptopically free - i.e., the
coupling constrant decrease with increase of eﬁergy.

In order for this feature of the theory to be true
it is required that the number of flavors not exceed 16.
In the process of flavor unification several new |
fermions are introduced. However in order for the color
subgroup to be asymptotically free we may follow three
alternative paths: | |

(i) Introduce less than 16 flavoré. An examplg
is SU(8) theory.

(ii) If more than 16 flavors make the 'unwanted"
fermions superheavy. In such a scheme these fermions
will decouple from the low-energy phenomenology. The
color subgroup will remain asymptotically free up to
superheavy energies (c'.lo‘caav.) . Example of such a
theory could be QU(9) theory.
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(iii) In case the scenerio (ii) appears
(as in SU(9) it is in principle possible to claim
that the experimental indications of asymptotic free-
dom is an epiphenomenon and that the strong intera-
ction gauge coupling may tend to become asymptotically
strong'as'the threshold for these new fermions are
reached. The overall gauge gfoup though is still
'asymptotically free. An example of such a theory is
SU(9). It may not require ''superheavy'" fermions.

There is a fourth possibility which we shall
discuss subsequently.

Asymptotic Freedom in SU(N) Gauge Theory

If we restrict our discussions to gauge bosons and
fermions only and demand that the overall representa-
tion be complex we arrive at the following set of

interest

su(s5): (5, 1) + (5, 3) ‘ (174)
Su(7): (7, 1+ @, 3) + (@, 5) (175)
SU(8): (8, 3) + (8, 6) + (8, 7) (176)
SU(9): (9, 2) + (9, 5) (177)
©or (9, ) + (9, 3) + (9, 5) + (9, 7) - (178)
SU(10): (10, 3).+ (10, 6) (179)
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If however we demand that the "light" fermions belong
to the simplest (ie, the vector) repn of the horizontél
group, then SU(10) is ruled out. The number of '"light"
generations seem bounded by four.

Symmetry Breaking:

Since SU(5) is the minimal group encompassing the weak,
electromagnétic and the strong interactions therefore
the breaking of SU(8) must reaiize SU(5) at some stage.
Recently it has been shown by Ruegg et al that it is
possible to achieVe the above mentioned breaking if we
introduce two higg's bosons one in the fundamental and
another in the adjoint'representation of SU(8). We
assume thé scale at which SU(8) breaks is higher than
1015 Gev. The exact estimate of this scale will be
érrived at later. We assume that it breaks into SU(S)
(X)SU(3)H. Subsequently, the breaking pattern of SU(S)
will follow the scenerio of the usual Georgi-Glashow.
SU(?). The horizontal symmetry will break completely
down at around 102'Tev. Detailed analysis of the scales
and coupling constants are discussed subsequently.

Alternative Viewpoints - The "Dynamical' Approach: - 19

Two alternative viewpoints which assume various degrees

of dynamical mechanisms exist in the literature.
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Approach I: This approach, due to Georgi, preceeded
the aﬁproach‘that we have discussed so far. The
assumptions run parallel to ours except in the identi-
ficé;ion of "light" fermions.
For this purpose the genération number, g. is defined. From
the eqns. 148. it follows that cancellation of triangle
anomalies require : .
n(16)-n(0%) = n(S) - n(s) - (180)
w'here‘ YI(") represents the number of times the re-
‘presentations X of SU(5) occurs in the set {N, m} of
SU(N).
If there is a "dynamical mechanism' that makeln(lo*)
combine with n(10) to give heavy masses keeping only
n(l0)- n(lO*) massless (similarly for the n(5)'s and
n(S* ), then, the above eqh. makes for an interesting

definition of the generation number g
g= n(l0) - n(10™) = n(5* - n(5) (181)

In such a scheme, the minimum group that has three

generations is SU(ll) and the set N, m is

{N,' m}= (11, 4)+ (11, 8) + (11, 9) + (11, 10)  (182)

62



Note that though a generation number has been defined
the light fermions remain unidentified. The identifi-
cation is to come about "dyﬁamically". |
Thé theory is also asymptotically strong and the author
takes the view that the unwanted fermions are superheavy
(ldsﬁc% ) . in .order for color subgroup to retain
asymbtotic}freedom up to 1015 Gev.
Approach II:?0 This approach "identifies" the 'light"
fermions in the same way as Georgi. However, the
restriction on repetition of irreducible representation
in the set N, m is lifted as follows:

The decomposition of {N, m} into its irreducible
components is written as:

{v, m] =g§fm (¥, m) (183)
Repeatition of (N, m) is allowed such that C;s do not
all have a common factor. Model with three generations
is obtained in SU(7). The representation is:

| {N, m} =2 (7, 2) +(7,3) +8(7, 6) (184)

Physical Consequences of Flavor Unification

There are several observable consequencies of flavor
unification. In order to be specific, let us concentrate
on the two models that we have used extensively. These
are the SU(Z)L(X)SU(Z)H(X)U(l) model and the SU(8)

flavor - grand unified model.
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The first'obvious'signaturé of flavor unification
is the possible existence of the flavor-changing neutral
processés. We have shown in the context of SU(2)1(X)
SU(Z)H(X)U(l) that such prbcesses éould}exist with
appreciable rate between the top and the up family"
witﬁout funniﬁg afoul of the present experimental bounds
on the first two families. Such a scenerio may be further
cohfirmedvby &ecay modes of the bottom quark, the Bo-ﬁo
mixihg and the multilepton eVents.that follow the pro-
duction éf upsilon. These we have already discussed.

In the context of flavor, grand unified theory
namely SU(8) theory the physical signatures are as
follows. These signatures are given in decreasing order
of importance.

(1) The fourth generation has V + A weak interactions.
This happens irrespective of the presence or the absenée
of the top quark.

The model with the top quark has already been presented.
It is easy to observe that fourth generation onward. The
structure of weak interactions become V + A.

The model without the top quark is obtained by
reversing our argument about identification of the light
fermions. If the objects that tfansform as vector of

the horizontal SU(3) is identified as '"heavy" (instéad
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of "light" as before) then we obtain a model without
the top qﬁark. However, even in this scenario the
fourth generation has V + A interactions.

We note parenthetically that V - A interaction of
the fourth generation require going to SU(9) theory
that we have discussed.

(2) Neutrino bscillations and Neutrino Decays:

Let's display the SU(8) representation and its SU(5)

decomposition for the above mentioned purpose.

(8, 3)p = 1 +3%(5) +3(10) + 10* - (185)
(8, 6], = 3(1) +3%(s™) + 10" (186)
- (8, 7)L = 3(1) + 5° (187)

Note the presence of -extra "neuffinoeé? that are singlets
of SU(5). The higg's boson's that we have introduced
mixes these SU(5) singlets with the neutrinoes that are
contained in 3*(§*) or 3*(§) and ;# representations.

This therefore can lead to the phenomenon of
neutrino oscillation. Further such mixing can give

rise to the neutrino decay22

vl — '))z‘i‘f _ (188)
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by the diagram shown in figure 4.

Radiative Effects:

23
The renormalisation of Qw: -

To be specific we shall confine ourselves to the SU(8)
gauge theory. ' In order to understand the effect on the
rénérmalized value of Qw‘calculate Qw in the SU(8)
model.
The angle 6y in our thedry is given as:
site, = = T (189)
Z i

where i goes over all fermlons in an irreducible

representation. Using this we get,
Sinzew = 3/8 in our example

We shall like to emphasize the pattern of symmetry
breaking at this point. We have assumed that the group

SU(8) breaks down as follows:
SU(s)
dy) (cb"‘)od‘ ?locm/

Su(s)x su(®"™x U(')

\l'lo Gev .

Su(e) @sw(z)@)u(\)() ORI0
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Su(s)c® SuR)®VE) ®suBfpul)
L 10> Tew.
suB3) @sv@)*v()

300Guw.

SuEe L™

It is important to note two points at this stage:
(i) That SU(8) breaks into SU(5) (X)SU(3) (X)U(L)
at a scale above.lO15 Gev.

(ii) The breakdown of SU(5) follows the conventional
pattern. The intefmediate scale that we have introducgd
(102 Tev) breaks the horizontal SU(3) group. Therefore,
the renormalization of the.SU(Z) and U(l) coupling
constants are unaffected by introduction of this scale.

To proceed further, let us use the '"decoupling
theorem" e la Appelquist, Carrazone. It Says that
when "light" particles are in the external lines and
their momenta are small, then any superheavy particle
.may be omitted from internal . lines provided their effect
has been taken account of in the renormalization of

coupling constant..
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‘ Wlth the above provision we may now write down
the renormallzatlon group equations for the subgroups.
We, of course, assume that the low energy subgroup
is SU(3)C(X)SU(2) (X)U(l). Let's denote the coupling

constants by 81+ 89> g3 respectively.

Thus, , ' '
..ég-' = ?(gl) ‘ | (190)
‘535 (%) (191)
des |
" where, t = lnu ?(ﬁs) (192)

Using the for SU(3)C, SU(2) and U(l) we get

g - 2in<m>(“)]— 2 O

- 7
dv e m-l Ten Lo
A ‘5:. {22‘ .‘.U’l;] s -gl .x
FORR ’ Tt (195)
4 . %
-5 a3 g 3, - X (196)
T TR |

The relationship between the unifying coupling constant
(ie., the SU(5) coupling constant), with 81 8 and g4
can be obtained by integrating the above equations

from g down to gy (), where u is the low energy scale

(197)
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Integrating , We get

NP N RN 1Y )
- - .-_-. ¢ n (198)
Thus Qw ﬁt(’) gn? M | |
1 . =-—'—;- | M (199)

i 0] 311’ M

In our case
- . 22
W=l xezo, we g

We note that -

L LN (200)
‘ - . .
Therefore Qt é‘! ﬁ| '
3 :e‘(.) . 2 l’ ﬂ)'. . 2 . M .
Sin By o0 .s»eo[ ?'%* %Q.Ca* 8, ln;‘_‘] (201)
This yields the value of 0.21 at low energies.

The value of the coupling constant at 1015 Gev. is

obtained by using the eqns

Sintg, = & ")) (202)
»
and using the renormal:l.zatzl.onC group equation for 9:.(“)
get the value at 32 ([o a,,) . Using <N 9~ .22
and 93' . L at low energies we get
287
'Y (203)
WIS () ‘
(VK -—gt'
Sin-éw
Lo YR
137 o.20 |
(205)

A(m) = .43



Using the renormalization group eqn for go we get
the value of SU(5) coupling constants gg at 1012

Gev is g2.43.
5~

The Trajectory of gz'(u)LHorizontal Coupling Constants:

In order to obtain the actual trajectory of g4 ()

we shall make the following observations:

| (i) If finite renormalization effects are
disregarded, the tfajectory of gZ (u) will
be as if the horizontal symmetry is unbroken.

(ii) The effective strength of horizontal

interactions is bounded by GFO(2 at low
energies,

The second observation gives:

2.2 : |
Qe qﬂz (206)
T TTH
N 2 Mn
T P S
M

M .
Assuming My z10 Tev., ‘M, x100 Gev., o= 10'2,
2 -4 t T
g2 =4, we ge
‘ 2 - (208)

at low energies.
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Disregarding finite renormalization, have the following

renormalization group egn for g,.

dgy = - %% 2[33 - 30} (209)
I i |
el . o
dt T 0’

Integrating this eqn with gz 0.4 at low energies
gives the trajectory of the horizontal coupliﬁg constant.

Uﬁifibation Scale:

Next we like to find the scale at which g, given by edn 210
"merge" with the SU(5) gauge group which is good at
1012 Gev.

The trajectory of g, is fixed by the above
equation along with the low energy value of g,=00.4 at
ordinary energies. In order to estimate the scale at -
which this merges with the SU(5) coupling constant let's
investigate the scale behaviour of SU(5) coupling
constant, ge. |

The.scale variation of gg is given by the edn.

Aﬁs [SS 22 n(m) (g"" ] (211)

_c_ij_s : . [s5- 47] @)
dt qx I
_‘_9_5_ 13 | (213)
y8n’
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d9s 13 5 95

(214)

The value of gg at 1015 Gev. has been obtained earlier.

It is ‘352' 204 . Integrating the renormalization

group eqn for SU(S) gauge group we get |
(215)

x5 4. ln

65(“ 30 f >

' .l N’
95"(*‘)+9n‘4 "

The hor1zonta1 gauge coupling constant g, eqn can be

(216)

similarly integrated. We get that:

. v
Lo cn M (217)

ANREY )
Va0 9, (“’) 8"2 /"
Equating the above two equations we get

: ! !
L doapm b A !n.._, (218)

s(&') g Pge g

for /u.:lo G, qszaq and for M | C{w,ng.lf

Thus, we get,

Ao L 4),,_:51_ RN N PV

0 q 8" IO' Gey 0. l'* 8 ‘

(219)
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which gives N’?&ID%Z,_Thus, the unification of hori-
zonfal interaction with‘SU(S) gauge interaction occurs
at 1020 gev..

- We note parenthetically fhat since 1019 is the
planck mass, therefore, the flavof unification appears

to take place almost at the gravitational scale.
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CHAPTER IV

Fermion Irreducibility:

A logical extension of what we have discussed so far is
to put all the fermions in one irreducible representation.

At the level of SU(8) or SU(9), we have noticed
that the representation set of interest is such as to
contain no.repeatitions. However, the fermionic set
is still,reducibie.

There are at least two ways to get irreducible
fermionic content. These are in SU(L0) or SO(15). |
These are the minimal groups that allow for fermion
irreducibility.

SU(10) and Fermion Irreducibility:

The irreducible representation of interest is (10, 5).
The decomposition of (10, 5) into its SU(5) content
is as follows: (220)

= * * r10%y o %* .
(10, 5)— 1) +5 (5) +107(10) + 10(10%) + 5(57) + 1(1)
Note that the representation is real and therefore contain
" no triangle anomalies. |

Embedding of SU(8) in SU(10): - This group has 99

gauge bosons. We mnow want to show that the representatién
(10, 5) embeds the representations (8, 3) (+) (8, 6).

(+) (8, 7). 1In order to do that let's decompose

(10, 5) according to the following breaking of SU(10)

~into SU(5) of Geofgi and Glashow.

| SU(10)

. ? 1015Gev.
Sulg)xsu(2) % v ()
T4



SU(8) X SU(2) X U(1)

)1015 Gev.

SU(S) (X) SU(3) (X) SU) (X) ULy
We noﬁ display the SU(5) (X) SU(3) (X) SU(2) content

of (10, 5) .

The decomposition of 10, 5 according to the above
subroup is as follows: | |
(10, 5)= 1(1) + (5, 3%, 1) + (5, 1, 2%)

+ (10, 3%, 2) + (10, 3, 1)

+(10, 1, 1)+ (0%, 3, 2)

+ (10, 3% 1) +(o, 1, 1]+] 5%, 3, 1)

#s*, 1, 2) + 1) (221)
Note that this contains 3 "light" generations és in
su(s8).
There are two remarks to be made about SU(10) gauge
theory. The first is that the gauge coupling constant
with the representation 10, 5 is asymptotically free.
The second point is that the repn is real. This may

be problematic. However, we believe that the reality
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of the representation does not preclude it from being
physically interesting. |
S0(15): This group which has 105 gauge fields also

- provides an irreducible basis for the fermions. The
representation of interest is the spinorial represen-
tation of SO(l5). This has a dimension of 27=128.

24, 25
Special Orthogonal Groups:

It is generally easier to work with special unitafy
groups. Therefore, it is interesting to work with
special orthogonal groups in the basis of special

unitary groups. Such a basis was set up by Mohapatra

and Sakita.
This is easily constructed. If a"(i=i, N )
and its hermitean conjugate satisfy | .
?*} K. r999)
{a“ be 8y (222)
{O‘.,a"’}za v:

then, the generators, X}, of U(N) group, which satisfy:
. y K R4 et yk
[XJ ’Xt]’gexg'sl XJ (223)
are constructed of a's as

PN P (224)
Xjra,a |
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The 0(2N) basis is obtained by defining r:) (U") ZN),

QJ-_, = -1 (%) | (225)
F’ZJ = (% 1—Xf) ' (226)

Thus, ’
{CﬁJﬁ}:zé‘w @)

The generators are obtained as
' L Ir.0]
- . ry
Z/uv 21[/“
For SO(2N+1) the element is to.be included in the

(228)

"
above algebra, wherelo is defined as

r=iNO. Dy . (229)
The spinorial representation of SO(2N+1l) has the
dimension 2N.' A specific example of how this
spinorial representation embeds SU(5) representations
will be shown for SO(l5).

Yukawa Couplings:

The Yukawa couplings are given as

Toc'nd, , To QAL Gt -

where B satisfies

87,8 =+

(230)
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The solution of the B in terms of-{;A is given as

=l [
M

for N = even
:0‘3 ‘

(231)

B’J‘;mr’" for N = odd

(232)
Embedding SU(5) in SO(15) |

The SO(1l5) spinorial basis has the dimension 27.

It
is constructed as follows:

So(1s) Spinor Basis  |Dimension SU() Decomposition
lo> ! 1
(]€.|0>“ ‘7 5+2 (l)
1 afafioy |21 | lox2l)ed

Loojaja;lo> |39 0% 2(19)+ 5

A dlop | 35 2@’* ')+ Je
L ofatat afalioy| 21 |10% 2(s7)+ !
atafafotafanr| 7 | 5% 2(1)
afataf ofafavoid 1 | 4
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Note that on this basis, we have 4(5%)'s and 4(10)'s
in éll. Thus, this repreéentation contains four

"light" generations. It is interesting to note tﬁatF
the SO groups have even number of families only.
Further, Qe find that this repn of SU(1l5) gives

asymptotically free gauge coupling.
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CONCLUSIONS

The present standard theories - namely.(i)SU(Z)L(X)U(l)
theory of the weak and electromagnetic fields and (ii)
the SU(5) grand unified theory - are both incomﬁlete.
This arises because of repetitions of identical repre-
sentations for the fermions.

It has been suggested by several authors that a
step towards making the above théories logically complete
- would involve introducing horizontal gauge symmetry.
Physically, these .symmetries would give rise to the
possibility of flavor-changing neutral processes.

In the framework of the weak and electromagnetic
iﬁteractions it is known that the flavor changing neutral
current do certainly exist. This is exemplified by
sévérai sYstéms such as KO-R°, Db- D° and perhaps
Bo - Bo. However, it is also known that these processes
take place at most with strength GgX , if we have only
four -quarks (ie, u, d, s, and c¢). This compares with
strengtﬁ Gp for the usual weak and electromagnetic
interactions. |

It is knowﬁ now that there are more than four
quarks. In particular the fifth quark, b, has’been
"found". It has also been conjectured that the charge

2/3 counterpart of the b-quark is there.
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As these quarks are 'discovered" the question
naﬁurally arises about flavor changing neutral
ﬁrocesses. The standard SU(2)L (S)U(1l) scenerio predicts
that as far as these currents are concerned they are
suppressed as before.

However, such a conclusion is not inevitable. In
fact, we show that there are theories where in spite of
suppressioﬁ of FCNC betweén u, ¢ and d, and s,the FCNCs
between b to d or t to u are not suppressed. These are
theories precisely with horizontal gauge symmetries.

In such a model we discuss in detail about the
picture of the b-quark. The 1ifetime of the b-quark ié
shown to be bounded by () lo’l‘,‘uc‘. Because of hori-
zontal interactions the b-decay need not be pure V-A.
Further because of neutral current connecting b to d we
show that the mixing between B® and Bo may exceed
present expectations.

We dgal then with experimental signatures of -
such a scenario. 1In particular, we show that if we focus
on the multilepton events that follow the production of
upsilon, then the ratio 64 to 63 (defined in the text)
is related to the braﬁching ratio for the decay of the

-lepton into electron. The relationship is:
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In another version of such a model we display how CP
violating currents arise. The AS=2, CP violating
amplitude is hown to be proportional to deviations from
universality of the weak interactions and, therefore,
suppressed. Coming then, to the question of'grand uni-
fication wé embed the above models in a theory based on
SU(7). However, owing to repetitions of the basic fermionic
set in SU(7) we find that the theory is still incomplete.

The complepe flavor unification arises at the
level of SU(8). 1In such flavor unified schemes the
horizontal guége bosons that mediate FCNC are perhaps
all suppressed. The strength G is used to define the
masses of the corresponding guage bosons.

| We discuss how t6 arrive at plausible fermion

mass-matrixes in these theories. We also note as an
aside that the SU(8) theory is good irrespective of
whether a top quark exists or not.

Experimental signature of flavor unification are

two fold. First we expect that beyond the third or
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fourth génerations the weak interactions become V + A
as against V - A of the "light'" fermions. Further
these theories quite generally lead to neutrino oscil-
lations and neutrino decay.

Aside from these peculiarities that appear at
the treellagrangian, we discuss some of the radiative
effects. The one loop renormalization group equations
are used to arrive at the value of the Weinberg angle'
Qé'at low energies. We note that this value seems
insensitive to the number of fermion generatiomns.

We use these renormalization group equations to
discuss the scale at which flavor grand unification
occur. While the '"conventional' SU(5) unification

15 Gev. scale, the flavor-grand uni-

appears at the 10
fication appears at 1019-20 Gev. We note in péssing
that at such a scale the.gravitational effects perhaps
are important.

The story of flavor unification is still not
complete. A complete flavor unification requires all
fermions to belong to one irreducible multiplet of the
gauge group. To that effect, we discover that SU(10)

is the minimal group that is capable of achieving the

above objective. We show that the representation
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(10, 5) embeds the representation of Sﬁ(8) in one siﬁgle
irreducible multiplet.

In spite of the fact that SU(l0) embeds SU(S)
.multiplet, the representation (10, 5) is plagued with
‘difficulties. The most important difficulty is’ the

fact that thé representatién is real and it is difficult
to arrive at V - A nature of.the weak interaction for |
the fermion mass eigenstates.

It may be more profitable to embed SU(8) in the
SO(15) gauge group. We show how this is achieved. It

is interesting to note that SO(l5) allows an embedding

of left-right symmetry.
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