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Abstract

Some Results on Large Cardinals and the Continuum Function
by

Brent Cody

Advisor: Joel David Hamkins

Given a Woodin cardinal 4, I show that if F' is any Easton function
with F79 C ¢ and GCH holds, then there is a cofinality-preserving forcing
extension in which 27 = F() for each regular cardinal v < 4, and in which
0 remains Woodin.

I also present a new example in which forcing a certain behavior of the
continuum function on the regular cardinals, while preserving a given large
cardinal, requires large cardinal strength beyond that of the original large
cardinal under consideration. Specifically, I prove that the existence of a
A-supercompact cardinal x such that GCH fails at A is equiconsistent with
the existence of a cardinal x that is A-supercompact and A*-tall.

I generalize a theorem on measurable cardinals due to Levinski, which

says that given a measurable cardinal, there is a forcing extension preserving



iv
the measurability of x in which & is the least regular cardinal at which GCH
holds. Indeed, I show that Levinski’s result can be extended to many other
large cardinal contexts. This work paves the way for many additional results,
analogous to the results stated above for Woodin cardinals and partially

supercompact cardinals.
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Chapter 1

Introduction and Background

Easton proved that the continuum function s — 2% on regular cardinals can
be forced to behave in any way that is consistent with Konig’s Theorem
(k < cf(2¥)) and monotonicity (k < A implies 2% < 2*). In the presence
of large cardinals, there are additional restrictions on the possible behaviors
of the continuum function on regular cardinals. For example, Scott proved
that if GCH fails at a measurable cardinal x, then GCH fails with normal
measure one below k. An FEaston function is a class of the form F': REG —
CARD such that (1) k < cf(F(k)) for each k € REG and (2) k < X implies

F(r) < F(A) for k, A € REG. It seems natural to ask:

Question 1. Given a large cardinal s, what Easton functions can be forced
to equal the continuum function on the regular cardinals, while preserving

the large cardinal property of k7
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This dissertation fits into the program of answering the above question
for the plenitude of large cardinal axioms; see [Men76], [Apt05], [FHO8], and
[CG].

I now give a brief summary of the literature in this area. In [Sil71], Silver
proved that given a measurable cardinal k, one can force the continuum to
agree with a very specific Easton function, namely v — ~*, and preserve
the measurability of k. Kunen and Paris showed in [KP71] that under GCH,
given a measurable cardinal x, an Easton function F, and a set £ C &k
assigned measure zero by some measure on k, there is a cofinality-preserving
forcing extension in which x remains measurable and for each regular v € FE
one has 27 = F(v). Silver then devised a method for forcing a violation of
GCH at a measurable cardinal x, which of course requires violating GCH on a
measure one subset of x, assuming k is kT T-supercompact. Menas combined
the methods of Easton and Silver in [Men76] to prove that if F' is a locally
definable Easton function (for a definition see [Men76, Theorem 18] or [FHOS,
Definition 3.16]), then there is a forcing extension V[G] in which 27 = F(7)
for each regular cardinal v and each supercompact cardinal in V' remains
supercompact in V'[G|. Levinski proved [Lev95| that if x is measurable, then
there is a forcing extension in which x remains measurable, 2° = ™, and yet

29 = §+7 for each regular cardinal § < x. Levinski’s result stands in contrast
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to the result of Scott mentioned above. Although not as general as some of
the other results discussed herein, Levinski’s result illustrates that there are
special cases that are interesting and surprising. In [Apt05], Apter proved
an Easton theorem for the level-by-level equivalence of strong compactness
and supercompactness.

In [FHO§], Friedman and Honsik extend the theorems of Easton and
Menas to the large cardinal concepts of strong cardinals and partially hyper-
measurable cardinals. They prove that if F' is any locally definable Easton
function, then there is a forcing extension in which the continuum function
agrees with F' and in which all strong cardinals are preserved. They also
determine precisely what additional assumptions need to be made on an
Easton function F' and a measurable cardinal x in order to force the contin-
uum function to agree with F' and preserve the measurability of x. To prove
these results, Friedman and Honsik use the tuning fork method, introduced
in [FT08], which has come to be an extremely versatile tool in the study of
large cardinal embeddings and forcing. Indeed, the tuning fork method led
to a solution of the number of normal measures problem, see [FM09].

In Chapter 3, I will give a full answer to Question 1 for the case of Woodin
cardinals. Indeed, I will show that under GCH, if ¢ is a Woodin cardinal and

F'is an Easton function with closure point §, then there is a cofinality-
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preserving forcing extension in which § remains Woodin and 27 = F(v) for
each regular cardinal 7. In Chapter 4, I produce a new example of the
phenomenon in which, forcing a certain behavior of the continuum function,
while preserving a large cardinal property, requires additional large cardinal
strength beyond the original large cardinal under consideration. Specifically,
I will determine the precise consistency strength of the existence of a -
supercompact cardinal » such that 2* > A*. In Chapter 5, I explore the
possibility of generalizing the result of Levinski mentioned above to other
large cardinal contexts. That is, I consider the task of forcing nonreflections
of GCH while preserving large cardinals. The work in Chapter 5 lays the
groundwork for many more general results along the lines of the main result

in Chapter 3.



Chapter 2

Preliminaries

2.1 Lifting Embeddings

In what follows, I will be concerned with arguing that various large cardinals
are preserved through forcing. The large cardinal properties will be witnessed
by elementary embeddings of the form j : M — N between models of set
theory. To show that a given large cardinal property is preserved to a forcing
extension, say V[G], one can lift the embedding to j : M[G] — N[j(G)] and
argue that the lifted embedding witnesses the large cardinal property in V[G].
In this chapter, I will present some standard lemmas that will be useful for
lifting embeddings. For proofs of Lemmas 2.1 - 2.5, one may consult [Ham],
[Cum10], or [Cum92].

In what follows N and M are always assumed to be transitive models of

ZFC. The following two lemmas are useful for building generic objects.
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Lemma 2.1. Suppose that M*» C M in'V and there is in V an M-generic

filter H C Q for some forcing Q € M. Then M[H)* C M[H] in V.

Lemma 2.2. Suppose that M C 'V is a model of ZFC, M<* C M in'V and

P is A-c.c. If G C P is V-generic, then M|G]<* C M[G] in V[G].

Suppose 7 : M — N is an embedding and P € M a forcing notion. In
order to lift j to M[G] where G is M-generic for IP, one typically uses Lemmas
2.1 and 2.2 to build an N-generic filter H for j(IP) satisfying condition (1) in

Lemma 2.3 below.

Lemma 2.3. Let j: M — N be an elementary embedding between transitive
models of ZFC. Let P € M be a notion of forcing, let G be M -generic for P

and let H be N-generic for j(IP). Then the following are equivalent.
1. ’GCH

2. There exists an elementary embedding j* : M|G] — N[H], such that

J(G)=H and j* | M = j.

The embedding j* in condition (2) above is called a [lift of j.
Suppose j : V — M is an elementary embedding. A set S € V is said to

generate 7 over V if M is of the form

M= Li(h)(s) | h: [A]S — V,s € [S]<“, he V). (2.1)
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where A € V and S C j(A). In this context, the elements of S are called
seeds. For more on ‘seed theory’ and its applications, see [Ham| and [Ham97].
I will often make use of the following lemma which states that the above
representation (2.1) of the target model of an elementary embedding remains

valid after forcing.

Lemma 2.4. If j : V — M 1is an elementary embedding generated over
V by a set S € V then any lift of this embedding to a forcing extension
Jj*  VIG] — M[5*(G)] is generated by S over V|G| even if j* is a class in

some further forcing extension N O V[G].

The following standard lemma, which appears in [Ham, Chapter 1], as-
serts that embeddings witnessed by extenders are preserved by highly dis-

tributive forcing.

Lemma 2.5. If j : V — M is generated by S C j(I), and V|G| is obtained
by <|I|-distributive forcing, then j lifts uniquely to an embedding j : V[G] —

M[j(G)].

Proof. Suppose P is < |I|-distributive forcing and that G is V-generic for P.
By intersecting at most |I| open dense subsets of P, one may show that j”G

generates an M-generic filter on j(IP). O
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The following standard Lemma due to Easton will be used in many proofs

below.

Lemma 2.6. Suppose P is kT -c.c. and Q is <k-closed. Then Q remains

<k-distributive in VF.

For a proof of Lemma 2.6 see [Jec03, Lemma 15.19].

2.2 Iterations of Almost Homogeneous Forc-
ing

Recall that a poset P is almost homogeneous if for each pair of conditions,
P, q € P, there is an automorphism f € Aut(IP) such that f(p) and ¢q are com-
patible. Given an Easton support iteration Pg = ((PQ,QQ) | o < (), T will
isolate a condition such that if each stage of forcing satisfies this condition,
then the iteration Pg will be almost homogeneous. This will be used below
in the proof of Theorem 3.1.

Let me discuss some preliminaries regarding automorphisms of forcing
notions. Suppose f € Aut(P) is an automorphism of some forcing notion P.
One can recursively extend f to P-names by letting &/ = {(3/, f(p)) | (¥,p) €
t}. Since every automorphism of IP fixes the top element 1p, it easily follows
that check names are invariant under the application of automorphisms of P.

In other words, @/ = a for each a € V. Furthermore, I will use the fact that
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automorphisms of posets respect the forcing relation in the following sense.
Suppose f € Aut(P) and p Ik p(&) where p € P and ¢(2) is a formula in the
forcing language for P. Then f(p) I+ ¢(i7).

Suppose P is almost homogeneous and G is V-generic for P. Let ay, ..., a,
be elements of V. Then for each first order formula ¢ with n free variables,
it follows by a density argument that V|G| = ¢(aq,...,a,) if and only if
11+ ¢(agp,...,a,). Hence, if G and H are V-generic for almost homogeneous
forcing P, then V[G] and V[H] are elementarily equivalent, and in fact they
satisfy the same formulas with parameters from V.

Suppose P is almost homogeneous and IFp “Q is almost homogeneous.”
It is not generally the case that the iteration P * Q is almost homogeneous.
For example, suppose GCH holds and P is almost homogeneous. Let Q be a
P-name and let ag,a; € P such that aq IFp Q = Add(wy, l)VP and a; IFp Q =
Add(w,ws)"" (such a name Q can be obtained by the Mixing Lemma). In
this case, IFp “Q is almost homogeneous,” but there are conditions in P x Q
that force incompatible statements, namely CH and —CH. Hence P % Q is
not almost homogeneous. In this example, the value of Q in V¥ depends on
the generic taken for P.

I will now isolate a condition on iterations that will suffice to conclude

that P % Q is almost homogeneous. If P is an almost homogeneous forcing
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notion, a P-name z is called a symmetric if for every automorphism f €
Aut(P) one has IF &/ = &. Suppose P is almost homogeneous and IFp “Q is
almost homogeneous.” I will show below that if one also assumes that Q is
symmetric, then one can conclude that P * Q is almost homogeneous.

Let me discuss a property of P-names that will be easy to verify in our
application, and which will imply that a P-name X is symmetric. Suppose
that there is a first order formula ¢(zq, ..., x,) such that IFp “Vz [z € X if

b

and only if ¢(x,aq,...,a,)],” where ay,...,a, € V. In this case I will say
that ¢ defines X in VP from check names. If there is such a formula ©,

and f € Aut(PP) is any automorphism of P, then it follows that IFp “Vz[z €

X7 if and only if ¢(x,dy,. .., a,)]." Hence, if & is a P-name, then
bp i€ X «—— @(i,ay,...,0,) — & € X7

This shows that if some first order formula ¢ defines X in VP from check
names (indeed even from symmetric names), then for each f € Aut(PP) one
has IFp X/ = X. Hence if ¢ defines a given P-name X from check names (or
even symmetric names), then X is symmetric.

Now I will show that if P is almost homogeneous, Q is forced to be almost

homogeneous, and Q is symmetric, then P % Q is almost homogeneous.

Lemma 2.7. Suppose P is almost homogeneous and |Fp “Q is almost homoge-
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neous.” Suppose further that Q is symmetric; that is, for each automorphism

f € Aut(P) one has Ikp Qf = Q. Then P * Q is almost homogeneous.

Proof. Let (py,p1) and (go,¢1) be conditions in P % Q. Since P is almost
homogeneous and Q is symmetric, it follows that there is a f € Aut(P)
such that f(po) is compatible with ¢y and IFp Q/ = Q. Let r, € P with
ro < f(po) and ro < qo. Since IFp ¢ € Q, it follows that IFp c]fl € Q since
e QF = Q. Furthermore, since IFp “Q is almost homogeneous,” it follows
that IFp “there is a & € Aut(Q) such that h(p;) is compatible with Q{_l.”
By the fullness principle let i be a P-name such that IFp “h € Auf(@) and
h(pl) is compatible with (j{fl.” Let 7y be a P-name with IFp “r; < h(pl)
and 7 < ¢/ .7 Now, for (ag, @) € P+ Q, define m(ag, &1) = (f(ao), h(ar)?)
where h(dl) is shorthand notation for a P-name, say 7, with the property
Fp 7 = h(@). T will now show that m € Aut(P % Q) and that 7(po,p1) is
compatible with (¢o, ¢1) via (ro, 7).

First I will demonstrate the compatibility. We have 7(po,p1) = (f(po),
h(pl)f) where 79 < f(pg) and 19 < ¢qo. By applying f to the statement
ke 71 < h(p1) and 7 < Q{_l,” one obtains IFp “# < A(p) and 7 < ¢,
From this it follows that (rg,71) extends both 7(pg, p1) and (qo, G1).

Now suppose (ag, a1), (bg, by) € PxQ with (ag, a1) < (bo, by). Thus ag < by

and this implies f(ag) < f(by). Furthermore, ag IFp a3 < by, and since
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Fp i € Aut(Q) it follows that ag IFp h(a1) < h(b;). Now applying f to this
statement yields f(ao) IFp h(ay)! < h(by).

Now let me show that 7 is a bijection. Suppose (ag, a1), (b, by) € P x Q
and that (f(ao), h(a1)®) = (f(bo), h(b1)?). Since f is an automorphism of P,
it easily follows that ag = by and that h(a,) = h(b;), where the last equality
is an equality of P-names. Hence IFp 2(d;) = h(by) and since IFp h € Aut(Q)
one has IFp a; = by. This implies that (ag, a1) < (bo, by) and (by, by) < (ag, a1).
By replacing the elements of P x Q with equivalence classes if necessary, we
can assume without loss of generality that this implies (ag, a1) = (bo, by). It
can easily be verified that 7, as defined above, produces a well-defined map

on equivalence classes. Furthermore, it follows that 7 is surjective using the

map (ao, a1) — (fH(ao), A~ (ar)’ ). o

Lemma 2.8. Suppose Pz = ((Po,Q.) | a < 3) is an Easton support iteration
and that for each o < 3 one has IFp, “Q, is almost homogeneous.” Suppose
further that for each oo < (3, one has that Q. is a symmetric Py-name; that
is, for each automorphism f € Aut(P,) one has IFp, Qf = Q.. Then the

iteration Pg is almost homogeneous.

Proof. Suppose p = (py | @ < ) and ¢ = (g | @ < ) are conditions in P.

I will build a condition r = (r, | @ < ) and a sequence of automorphisms
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(me | € < B) by induction such that for each £ < 3 one has
(1) me € Aut([P),

2) rié<mpl&andr[{<ql§,

Since Py is trivial, let mp = hy = idp,. For the successor stages a < (3,
assume that (m¢ | { < a+1), (he | £ < @), and (r¢ | € < a) have all been
defined. By assumption, IFp, “Q,, is almost homogeneous,” and for each f €

Aut(P,) one has Ikp, Qf = Q.. Thus IFp, (¢a)™ € Qq, and it follows from
the fullness principle that there is a P, name h,, such that lFp_ “h, € Aut(@a)
and h,(pe) is compatible with (g,)™ ' Thus there is a P, name r, such
that IFp, “ra < ha(pa) and 7o < (ga)™ .7 For a = (ag | € <a+1) € Pyyq
define mo41(a) = (he(ag)™ | € < a+1). It follows as in the proof of Lemma
2.7, and by the induction hypothesis, that 7,41 € Aut(P,,1) and that the
conditions m,41(p [ (a+1)) and ¢ | (a+1) are compatible viar | (a+1). In
the above successor stage procedure, with an eye toward preserving supports,
[ also dictate that if IFp, “(qoé)”;1 is the trivial condition,” then IFp, “h, is
the identity map on Qy.”

For the limit stages n < (3, assume that (m¢ | € < 1), (he | £ <n), and (r¢ |

¢ < n) have all been defined. Given a condition a = (a¢ | £ < n) € P, define

my(a) = (he(ag)™ | € < n). It follows that supp(m,(a)) C supp(a) U supp(q).
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This defines (m¢ | € < 3), (he | € < ), and (r¢ | £ < ). One can define
m3 as above depending on whether 3 is a limit or a successor ordinal. It
follows by induction that 75 € Aut(Ps) and that 73(p) and ¢ are compatible
via 7. One can check that 75 provides a bijection as in the proof of Lemma

2.7. [l



Chapter 3

Woodin Cardinals and Easton’s
Theorem

The concept of a Woodin cardinal (see Definition 3.3 below) was originally
formulated, by Woodin, for the purpose of establishing the large cardinal
consistency strength of The Axiom of Determinacy. Although part of the
folklore, there has been little published, to the author’s knowledge, concern-
ing the preservation of Woodin cardinals through forcing. For example, it
is widely known that if § is a Woodin cardinal, then the following forcing
notions preserve this: (1) any forcing of size less than § (see [HWO00] for
this result and more), (2) the canonical forcing to achieve GCH, and (3) any
<0-closed forcing (see Lemma 3.6 below).

In this Chapter I will apply the methods of [FH08] and [FT08] to prove

the following theorem.

15
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Theorem 3.1. Suppose GCH holds, F' : REG — CARD s an Faston func-
tion, and ¢ is a Woodin cardinal with F”6 C §. Then there is a cofinality-
preserving forcing extension in which 6 remains Woodin and 27 = F(v) for

each regqular cardinal .

Notice that in Theorem 3.1, there is no requirement stating that /" must
be locally definable as in the results of [Men76] and [FHO8]. It is the property
j(A) N~y = AN~ in the characterization of Woodin cardinals (see Lemma
3.4) that allows the removal of this additional requirement on F'.

Since a straight forward argument shows that <d-closed forcing preserves
the Woodinness of 0 (see Lemma 3.6 below), the bulk of the work in proving
Theorem 3.1 will be to show that the continuum function can be forced to
agree with I’ below 6 while preserving the Woodinness of 4.

Let me remark here that as a corollary to the proof of Theorem 3.1, one

has the following.

Corollary 3.2. Suppose C' is a class of Woodin cardinals and F is an Easton
function such that for each 6 € C' one has F”d C 6. Then there is a cofinality-
preserving forcing extension in which § remains Woodin and 27 = F(~) for

each reqular cardinal ~y.
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3.1 Preliminaries for the Proof of Theorem

3.1

I now give some definitions and lemmas that will be used in the proof of

Theorem 3.1. The following definition is due to Woodin.

Definition 3.3. A cardinal ¢ is called a Woodin cardinal if for every function
f:0 — 0 thereis a k <9 with f"x C k and there is a j : V — M with

critical point s such that Vjs ) € M.

As it turns out, Woodin cardinals have another characterization which is
more commonly used in practice. We present several versions of this char-
acterization in the next lemma. First let me give a few definitions. Suppose
A C Vs and k < 9. One says that k is y-strong for A if thereisa j:V — M
with critical point x such that V, C M, j(k) > v, and j(A) NV, =ANV,.

By definition k is <d-strong for A if k is y-strong for A for each v < 9.
Lemma 3.4. The following are equivalent.
(1) 0 is a Woodin cardinal.

(2) For every A C Vs the following set is stationary.

{k < 6| Kk is <d-strong for A}
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(3) For every A C Vy there is a k < § that is <d-strong for A.

(4) For every A C § there is a k < § such that for any v < § there is a

j ' V.— M with critical point k such thaty < j(k) and j(A)Ny = ANn.

(5) For any pair of sets Ay, A1 C 0 there is a k < 0 such that for any
v < 9§ there is a j : V. — M with critical point k such that v < j(k),

J(Ag) Ny = AN, and j(Ar) Ny = A1 N7,

Proof. (1) = (2). Suppose A C Vs and let C' C ¢ be closed and unbounded.
I must show that there is a k € C' that is <d-strong for A. Define f: 9 — ¢
as follows. If o < § is not <d-strong for A, let f(a) be a limit ordinal in C'\ «
such that there is a v < f(«) such that « is not 7-strong for A. Otherwise,
let f(a) = 0. Now let k < § be such that f”x C k and thereisa j: V — M
with critical point x such that Vjs ) € M. Since f”x C &, it follows that
C' Nk is unbounded in k and hence x € j(C). By elementarity, it will suffice
to show that M |= k is <j(0)-strong for j(A). Suppose that M |= k is
not <j(d)-strong for j(A). Notice that j(J) = ¢ since j(d) = supj”d < 6.
Then, using the definition of f, one may let v < j(f)(x) be the least ordinal
such that M |= k is not ~-strong for j(A). Let X = {j(h)(s) | h : V; —
V,s € V,,h € V}. It follows by the Tarski-Vaught criterion that X < M.

Let m : X — M, be the Mostowski collapse. Since ran(j) C X, we can



CHAPTER 3. WOODIN CARDINALS AND EASTON’S THEOREM 19

define an elementary map jo = moj: V — M. Since () = 7, it follows
that v < j(k). Furthermore, it follows that the critical point of j, is &,
V, € My, and My = {jo(h)(s) | h: Vi, — V,s € V,,h € V}}. It follows that
My = Ult(V, E) is the ultrapower by a (, |V, |)-extender £, and that £ € M.
Moreover, V.M =V, C Ult(M, E)M. Let jp' : M — N := Ult(M, E)". This
implies that x is y-strong in M. To derive a contradiction it will suffice to

show that ja'(j(A)) N VM = j(A) N VM. It follows that

JA) NV = (AN V,)
= je(ANV,)
=jg (ANV,)
= jg ((A)NV,)

= ji (G(A) N g (Vi)

(2) = (3) = (4) is trivial.

(4) = (5). Suppose Ay and A; are subsets of § and let
A={0,a)|ae A} U{(l,a) | a € A}

where (i, ) denotes the ordinal given by the Godel pairing function (-, ).
Now, let k < 0 be as in (4) for the A specified above. I will show that x also

satisfies (5) for this Ay and A;. Fix a cardinal v < §. Then by (4), there is
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a j:V — M with critical point x such that j(A) Ny = AN~y and j(k) > 7.
Since 7y is closed under Godel pairing and since Godel pairing is absolute to

M, it follows that j(Ag) Ny = AgN~y and j(A;)Ny = A;Ny. Thus (4) =

(5) = (1). Suppose f: 3§ — 0. Let R C § x § be a relation such
that (3, R) = (Vs, €) with the property that for each [-fixed point n < 0
one has (n, R [ n) = (V,, €). It follows by the Mostowski Collapse Lemma
that the isomorphism, say 7 : (§, R) — (Vj, €), is unique and indeed, 7 [ 7 :
(n,R T n) — (V,,€) is an isomorphism for each J-fixed point nn < §. Let
Ao = {{a, B) | (a, B) € R} be the subset of 0 that codes R via Gddel pairing.
Let A; := 717 f be the subset of § that codes f via the isomorphism 7. For
this choice of Ay and A; let k be as in (5) above. Let v be the least J-fixed
point greater than max(x, f(k)). Let j : V' — M have critical point x such
that v < j(k), 7(Ag) Ny = ApgN~y, and j(A;) Ny = A;N~y. Since AgN~y codes
R | v via Godel pairing, which is absolute to M, it follows by elementarity
that j(R) [ v = R [ 7. Furthermore, (V,,€) = (v,R [ v = (7,j(R) [ v) and
thus the Mostowski collapse of (7, j(R) | ) taken in M is (V,, €). Hence
vV, C M.

It will suffice to show that f”x C k and that j(f)(k) < 7. Let me first
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illustrate that j(m) [ v =7 [ 7. It follows that

Ty (1, R — (V,,€)

and since V,, € M one also has

G(m) Ty (7 5(R) 1) — (Vi €).

Since j(R) [ v = R | 7 it follows from the uniqueness of the Mostowski
collapse that j(m) | v = 7 [ 7. Now I will show that f"x C k. Suppose
a < K. Since Aj, the code for f, agrees with j(A;) up to v, and since
j(m) I v=m |7, it follows that j(f)(a) = f(a) < v < j(k). Since « is less
than the critical point of j, it follows that j(f(«)) < j(k). By elementarity
this implies f(a) < k. It easily follows that j(f)(k) = f(k) < 7.

]

If 6 is Woodin, then this is witnessed by embeddings as in Lemma 3.4(3).
By considering a factor diagram, these embeddings can always be assumed
to be extender embeddings, meaning that the target of such an embedding,

j:V — M, is of the form
M={jh)(a) | h:V,—=V,aeV,, and h € V}.

The following lemma will be required in our proof of Theorem 3.1.
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Lemma 3.5. Suppose k is <d-strong for A C Vs where 6 s a Woodin car-
dinal. There is a function ¢ : k — Kk such that for any 6 < § there is a

j 'V — M witnessing that k is 0-strong for A such that j(£)(k) = 6.

Proof. Define a function ¢ with domain & as follows. If v < k is not <d-strong
for A then define ¢(y) to be the least ordinal such that + is not ¢(vy)-strong
for A. Otherwise define ¢(y) = 0.

Let me show that ¢(y) < k for each v < k. Suppose 7 is not <d-strong
for A and that ¢(y) > k. I will show that since x is <d-strong for A it
follows that v is also <d-strong for A, a contradiction. Choose 6 < § and let
j 'V — M witness that k is f-strong for A. Since ¢(v) > & it follows that
v is <k-strong for A. By elementarity v = j(y) is <j(k)-strong for j(A) in
M. Thus 7 is #-strong for j(A) in M. Let i : M — N witness this. Now let
j*i=io0j:V — N. It follows that 7 is the critical point of j*, that j*(v) =
i(j(v)) =i(y) >0, and j*(A)NO =i(j(A)NO=jA)NO=ANE. Hence
v is O-strong for A. This implies that 7 is <d-strong for A, a contradiction.
This shows that £ is a function from « to k.

Now fix § < d and let j : V — M be an embedding witnessing that « is
f-strong for A such that  is not #-strong for A in M. Such an embedding
can be obtained by taking j(x) to be minimal. It follows that x is G-strong

for A'in M for every 5 < 0. Thus, j(f)(k) = 6.
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]

The next widely known lemma' is important for our proof of Theorem 3.1,
because it easily implies that if § is a Woodin cardinal, then one can force

the continuum function to agree with any Easton function on the interval

9, 00).

Lemma 3.6. If § is a Woodin cardinal and P is <d-closed then & remains

Woodin after forcing with P.

Proof. For this proof, I will use the definition of Woodin cardinal as opposed
to one of the characterizations given in Lemma 3.4. Let G be generic for
P and suppose p € G and p - f : & — 8. Let D be the set of conditions
g < p such that ¢ forces there is a k < ¢ such that f”x C & and there is a
j: V[G] = M[j(G)] with critical point s and (Vj(f-)(ﬁ))v[él C M[j(G)]. Note
that the existence of the previous embedding is equivalent to the existence of
an extender that has a first order definition. I will show that D is dense below
p. Choose r < p and use the <d-closure of P to find a descending sequence
(pa | a < 0) of conditions below r such that p, decides f [ (a + 1) for each
a <. Let F': § — ¢ be the function in V' determined by the sequence (p, |

a < §). By applying the Woodinness of § in V' to F find a k < § such that

T would like to thank Arthur Apter for an enlightening discussion concerning Lemma
3.6 and its proof.
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F7k C k and thereis a j : V' — M with critical point x and Vjp),) € M. In
addition, by taking a factor embedding if necessary, one may assume without
loss of generality that M = {j(h)(a) | h: V. =V, a € Vjp)x), and h € V}.
Now choose @ < & large enough so that p, forces f to agree with F up
to and including at k. Let H be V-generic for P with p, € H. Then
27k C k. Since P is <k-distributive, it follows by Lemma 2.5 that j lifts to
j: V[H] — MJ[j(H)]. By elementarity and the fact that p, € H, it follows
that j(f7)(k) = j(F)(k). Since P is <d-closed, it follows that (Vj(py))" ! =
Viryw- Thus, (Vg ) = (Vi) = Vi) € M M[j(H)].
This shows that p, € D and thus that D is dense below p.

Now choose a condition ¢ € G N D so that by the definition of D it
follows that in V[G] there is a k < ¢ such that f"x C k and there is a

J : VIG] — M[j(G)] with critical point & and V[G]; ) € M[j(G)]. O

Kanamori was the first to generalize Sacks forcing to uncountable car-
dinals in [Kan80]. In what follows I will use a version of generalized Sacks
forcing introduced by Friedman and Thompson in [FT08], which works par-
ticularly well for preserving large cardinals. For the reader’s convenience I
will recall the definition and properties of generalized Sacks forcing given in

[FT08] and [FHOS].



CHAPTER 3. WOODIN CARDINALS AND EASTON’S THEOREM 25

Suppose & is an inaccessible cardinal. Then p C 2<% is a perfect k-tree if

the following conditions hold.
(1) If s € p and t € 2<% is an initial segment of s, then t € p.

(2) If (so | @ < m) is a sequence of elements of p with < k where s, C s3

for a < 3, then |, _, sa € p.

a<n

(3) For each s € pthereisat €pwiths Ctandt~0,t7 1€ p.

(4) Let Split(p) = {s € p|s~0,s" 1€ p}. Then for some unique closed

unbounded set C'(p) C &, Split(p) = {s € p | length(s) € C(p)}.

Sacks forcing on k is denoted by Sacks(r) and conditions in Sacks(k) are
perfect k-trees. For p,q € Sacks(k), one says that p is stronger than ¢ and
writes p < ¢ if and only if p C ¢. For a condition p € Sacks(k) let (o | i < k)
be the increasing enumeration of C'(p). Let Split,(p) := {s € p | length(s) =
a;} denote the i splitting level of p. For p,q € Sacks(k), define p <g q if
and only if p < ¢ and Split,(p) = Split,(q) for i < 5. It is easy to verify that
Sacks(k) is <k-closed and satisfies the k™ *-chain condition under GCH. By
standard arguments, this implies that Sacks(k) preserves cardinals less than
or equal to k and greater than or equal to k™ under GCH. Furthermore,

as shown in [FT08], Sacks(k) satisfies the following fusion property. If (p, |
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a < k) is a decreasing sequence of conditions in Sacks(x) and for each a < k&,
Pat1 <a Pa, then the sequence has a lower bound in Sacks(x). The sequence
(pa | @ < K) is called a fusion sequence. This fusion property implies that
Sacks(k) preserves kT by the following straightforward argument. Suppose
plF f: & — &T. One can build a fusion sequence (p, | @ < k) such that for
each a < k, the condition p, € Sacks(k) forces f(@) to equal the check name
of an element of some set A, = {f | £ < 2%} where each (¢ is less than
kt. By the fusion property, this sequence has a lower bound, call it r, and
it follows that r I ran(f) C Ua<sr Aa- Since |, ., A has size at most &, it
follows that r forces ran(f) to be bounded below x*. The forcing Sacks(k)
adds a single subset of x given by a cofinal branch through 2<% and preserves
cardinals under GCH.

Define Sacks(k, \) to be the product forcing obtained by taking the prod-
uct of A-many copies of Sacks(x) with supports of size less than or equal
to k. Thus, a condition p’ € Sacks(k,A) can be thought of as a function
P+ A — Sacks(k) such that the set {o < X | pla) # 25"} has size at most
k. The ordering on Sacks(k, A) is given by the usual product ordering. It is
easy to verify that Sacks(rk, \) is <k-closed and satisfies the k™ "-chain con-

dition under GCH. Thus, assuming GCH, the poset Sacks(k, \) preserves

cardinals less than or equal to s and greater than or equal to k™. To show
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that Sacks(k, \) preserves k™ one may use the following generalized fusion
property (see [FT08]). For X C X and p,q € Sacks(k, \) write p <g x ¢ if
and only if o < ¢ and for each a € X, p(a) <g ¢(a). The generalized fusion
property for Sacks(k, \) asserts that if (j, | @ < k) is a descending sequence
of conditions in Sacks(k, A) and there is an increasing sequence (X, | a < k)
of subsets of A, each of size less than &, such that | J,_, Xo = U, supp(pa),
and for each 8 <k, Pgy1 <p x, Dp, then there is a lower bound of the sequence
(Do | @ < K) in Sacks(k, A). The above generalized fusion property implies
that x* is preserved by the following argument. Suppose plF f : & — &*.
One can build a fusion sequence (p, | @ < k) such that for each a < k, the
condition i, forces f(a) to belong to a subset of x* of size (2*)7 for some
v < k. A lower bound 7 of this fusion sequence forces a bound on f below
KT,

Since Sacks(k, A) is not kT-c.c. more than Lemma 2.2 will be required

to see that Sacks(rk, A) preserves closure under x sequences on inner models.

For this reason will need the following.

Lemma 3.7. Suppose M C V' is an inner model with M* C M i V. If G

is V-generic for Sacks(k, \), then M[G]* C M[G] in V[G].

Proof. Let me recall the proof given in [FT08, Lemma 3]. Let G be generic
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for Sacks(k, A). Suppose X is a k-sequence of ordinals in V[G] and that this
is forced by p € GG. Using generalized fusion, one can show that every q¢ < p
can be extended to a condition 7 such that r forces that X can be determined

from r and GG. This implies that there is such an r € G. Since r and G are

both in M|[G], it follows that X € M[G]. O

The following lemma, which is analagous to Lemma 2.6 above, will be

important for the proof of our main theorem.

Lemma 3.8. Suppose P is any <k-closed forcing and « is an ordinal. Then

after forcing with Sacks(k, «), P remains <k-distributive.

Proof. Suppose p € Sacks(k, \) x P forces that f is a function with dom(f) =
k. One can show, using generalized fusion in the first coordinate and closure
in the second coordinate, that every condition ¢ below p can be extended to
a condition  which forces over Sacks(x,\) x P that the values of f can be

determined from r and G, the generic for Sacks(k, ). O

For a more detailed proof of Lemma 3.8 see [FH08, Lemma 3.7].

3.2 Proof of Theorem 3.1

Recall the statement of Theorem 3.1.
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Theorem 3.1. Suppose GCH holds, F' : REG — CARD s an Faston func-
tion, and ¢ is a Woodin cardinal with F”6 C §. Then there is a cofinality-
preserving forcing extension in which 6 remains Woodin and 27 = F(v) for

each regqular cardinal .

Proof of Theorem 3.1.

Suppose 0 is a Woodin cardinal and F' : REG — CARD is an Easton
function with F”¢§ C d. For an ordinal « let @ denote the least closure point
of F greater than a. The forcing is, the same iteration introduced in [FHO8],
that is, an Easton support iteration P = ((P,,Q,) : 7 € ORD) of Easton

support products defined as follows.

(1) If n is an inaccessible closure point of F in VF7, then @n is a IP,-name

for the Easton support product

Sacks(n, F(n)) x H Add(~, F(v))

v€[n,7)NREG

as defined in V¥ and P, = P, x @n

(2) If n is a singular closure point of F' in V7 then Qn is a P,-name for

I cpymrrec Add(y, F(7)) as defined in V7 and P,y = P, * Q-

(3) Otherwise, if 7 is not a closure point of F', then @n is a P;-name for

trivial forcing and P, ., = P, * Qn-
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Let G be V-generic for P. As in [FHO0S]|, it follows that cardinals are
preserved (see [FHO8, Lemma 3.6]) and that for each regular cardinal v one
has 27 = F(v) (see [FHO8, Theorem 3.8]).

Let me now discuss some notation that will be useful for factoring P. If n
is a closure point of F', then one can factor P = P, * P[n,oo) where IP,, denotes
the iteration up to stage n and P[n,oo) is a P,-name for the remaining stages.
Thus G naturally factors as G = G, * G|;o). The stage n forcing in the
iteration P is Q, and I will write Q, = Qp, 5 to emphasize the interval on
which the stage 7 forcing has an effect. Let Hp, 5 denote the V[G,]-generic
for Q5 obtained from G. Let R, denote a particular factor of the product
forcing Q.5 so that Qp, 5 = nye[n,ﬁ)ﬂREG R,. In this situation let H., denote
that V[G,]-generic for R, obtained from G. In general, if I C [, 77) then let
Q= HweIﬁREG R,

Since P50 is <d-closed in V¥ it follows by Lemma 3.6 that if ¢ is
Woodin in V® then § remains Woodin in VE*ise) . Thus it will suffice to
show that § remains Woodin in V[Gs]. Let me note here that by the previous
statements, one could have defined the iteration above so that IP’[(;,OO) is simply
a Ps-name for an Easton support product of Cohen forcing.

Let me note here that in what follows I will use the fact that since condi-

tions in Ps have bounded support, one can view them as sequences of length
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less than ¢. Indeed, by cutting off trivial coordinates, one can view a condi-
tion p € Ps as being a condition in some initial segment of the poset.

I will show that property (3) in Lemma 3.4 holds in V[Gs]. Suppose
A C ¢ with A € V[Gy] and let A be a Ps-name for A. For each a < 4, let
A, be a maximal antichain of conditions in Ps that decide & € A. Define a
function ¢ : § — 9 such that o(vy) equals the least ordinal # such that for
each o < 7, the antichain A,, is contained in Pg.

Now I will apply the Woodinness of § in V. By an argument similar to
that for Lemma 3.4(5), i.e. by coding the name A C Vj, the Easton funciton
F'Nod x4, and the function o C § x 9, into a single subset of §, that there
is a k < 0 that is <d-strong for the name A, the Easton function F' | 8, and
the function . As an abbreviation, I will say that such a k is <d-strong for
(A, F,0). Since Cp := {a < | F?a C a} is a closed unbounded subset of
6 and since the set S := {x < 0 | k is <d-strong for (A, F, o)} is stationary,
one may choose such a k € C'NS. This is, of course, necessary since there is
no hope of k remaining measurable in V[Gy] if £ is not a closure point of F.

Fix k < § such that k is a closure point of F' and k is <d-strong for
(A,F,u). Fix a function ¢ : k — x as in Lemma 3.5. I will show that
property (3) in Lemma 3.4 holds for this £ and the initially chosen A C § in

VI[Gs].
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Since the inaccessible closure points of F' are unbounded in ¢, one can
choose 1 to be an inaccessible closure point of F' with F'(k) < p < 9. It will
suffice to show that in V[Gs] there is an embedding j : V[Gs] — M[j(Gs)]
with critical point x and j(A) N u = AN u. Now I will define a singular
0 > p and lift an embedding that is f-strong for (A, F,o). 1 will also show
that the lifted embedding satisfies j(A) Ny = AN p and indeed witnesses
that k is p-strong for A in V[Gs|. Using a singular degree of strength is
advantageous since this will mean there will be no forcing over  on the M
side, and hence the relevant tail forcing will be sufficiently closed. Let i’ be
the least inaccessible closure point of o greater than u. Define a sequence
(Vo | @ < K1) by recursion as follows. Let g be the least inaccessible
closure point of F' greater than p/. Assuming 7, is defined where o < kT,
let 7,41 be the least inaccessible closure point of F' greater than ,. At
limit stages ¢ < kT, assuming (7, | @ < () is defined, let . be the least
inaccessible closure point of F' greater than sup{vy, | @ < (}. Now define

6 :=sup{7. | @ < k*}. We have
K< FR)<p<p <yp<  <vya<---<80.
For emphasis, let me state the following explicitly.

e (7, | @ < k™) is a discontinuous sequence of inaccessible closure points
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of F.

o O =sup{y, | a<k'}

By assumption on «, thereis a j : V' — M with critical point « such that

the following hold.
(1) Vo C M & 0 < j(k)
(2) J(A)NO=AN0 & j(F)[0=F [0 & j(o)[0=010
(3) M ={j(h)(s) | h:V, = V,s € Vp,h eV}
(4) j(¢)(r) = 0 (using Lemma 3.5)

Since j(F') | @ = F [ 0, the sequence (7, | a < k™) can be constructed in M

from j(F') just as it was constructed in V from F. This implies that
(5) cf(O)M = kT
3.2.1 Lifting j Through G,.

In order to lift j to V[G,], I will find an M-generic filter j(G,) for j(Py)
that satisfies j” G, C j(G,). To do so, the length j(x) iteration j(P,) will be

factored in M. See Figure 3.1 for the placement of various ordinals involved.
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Figure 3.1: The placement of relevant ordinals.

Since Vp C M it follows that j(P,) = P, * ]ffl’hoﬁ) * ]ILD[(;J-(H)) where ﬁ[%,g) is
a P,,-term for the iteration over the interval [yo, ) as defined in M"0 and
similarly [?[97]-(&)) is a Py, * IAEPE[%’g))—term for the tail of the iteration j(IP,) as
defined in M PVO*ﬁ[Woﬂk Since Vp C M, the iteration j(P,) agrees with Ps up
to stage vp. Thus it follows that G, is M-generic for IP,. Since 0 is singular
in V, conditions in P, 4) are allowed to have unbounded support. Since M
and V' do not agree on the collection of unbounded subsets of 6, it follows
by a density argument that G, is not contained in IF’[%@). Nonetheless,
Lemmas 3.9 and 3.11 below will establish that there is an M[G,,]-generic
filter, call it ém’g), in V[G,,][G}yy,0) for ﬁ[7079). In Lemma 3.9, I will show
that there is a condition p, € [, 9) Which forces all dense subsets of Iﬁﬁ’ho,@)
in M[G,,] to be met by G|, ). It might not be the case that p. € Gy 0),

but in Lemma 3.11 I will show that p, is in an automorphic image of G|, ¢),
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which I shall argue is good enough.

Let me note here that the proof of Lemma 3.9 resembles the construction
of ps in [FHO8, Sublemma 3.12]. However, there is an important difference
in that the forcing here, namely P}, g), is an iteration, whereas in [FHOS],

the analagous forcing is a product.

Lemma 3.9. There is a condition pe € Ppyy ) such that if G}, 4 is V[Go]-
generic for Py, 0) with pos € GJ, 4, then Gf o N @[7079) is M[G.,]-generic

fO’I" P[W’g) .

Proof. By our choice of 6, the sequence (7, | @ < £¥) is an increasing cofinal
sequence of inaccessible closure points of F'in #. Recall the placement of the

following ordinals.
U< <Y< < <Y< <l
It follows that, in M[G,,], for each a < k™,
Pro) 2 Pros * Prios

where Py, ) is 74 -c.c. in V[G,] and Iﬁﬁ’hmg) is forced to be <7,-closed.

A few sublemmas will be required.

Sublemma 3.9.1. Suppose p, = (ry,4.) € R+ Q and D C R+ Q is open

dense. Then there is an R-name ¢p such that the following hold.
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(1) (re,dp) < (74, )
(2) D={r <r.|(r,4gp) € D} is open dense in R below r,.
(3) 7o lFg Ir € G (r,4p) € D

Proof. 1 will work below (7, ¢s). Choose (19, qo) < (74, ¢x) with (19, qo) € D.
Let r{ < r with ry L 9. Now let (71, ¢1) < (10, ¢«) with (r1,¢1) € D. Proceed
by induction.

If o is a successor ordinal, say o = 3 + 1, choose rj; < r, with 7 L {r¢ |
§ < B}. Let (rg41,4s+1) € D with (rpi1,dgs1) < (15, Gx)-

If v is a limit ordinal, suppose {r¢ | £ < a} is the antichain of R con-
structed so far. Let 72 € R be such that 7/ L {r¢ | £ < a}. Let (ra,4a) € D
with (7o, Ga) < (72, ¢.).

The process terminates at some stage v once A := {r¢ | £ < v} forms a
maximal antichain of R below r,. Let ¢p be the R-name obtained by mixing
the names ¢, defined above, over A. In other words, ¢p has the property
that for each £ < 7 the condition r¢ forces ¢p = ge.

Let me show that (1) holds. Any generic for R containing 7, will contain
e for some & < 7. Since r¢ - gp = ¢e and (re, §e) < (74, ¢s), it follows that
re IFgp = g < ¢,. Hence r, IF gp < g,

I will now show that (2) holds. Since D is open it easily follows that D
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is open. Suppose p < r, with p € R. Since A is a maximal antichain of R
below r, the condition p is compatible with some r¢ € A. Thus, let s € R
with s < r1¢ and s < p. Since (r¢, ) € D and D is open dense, to show that
s € D it will suffice to show that (s,¢p) < (r¢, ge). This easily follows since

s <re and 7¢ IF gp = g¢ imply that s Ik ¢p < ge. -

Sublemma 3.9.2. Suppose q € fp/)ho,g). For all functions h € V with
dom(h) =V, and all < 0 there is a p < q with p € ]:/E)[,YO’Q) such that if
p € G}, 4 is V[Gy,]-generic for Py, ), then G o meets every dense subset

of Ebhoﬁ) of the form j(h)(a)%o where a € V3.

Proof. Fix q € @[7079), a function h, and [ as in the statement of the sub-
lemma. I will obtain the condition p < ¢ as a lower bound of a descending
sequence of conditions in ]ffl’ho,g). Since (7, | @ < k™) is cofinal in #, one may
choose 7o > |Vs|. It follows that there is an enumeration D = (D} | € < (),
in M[G.,,], of all dense subsets of ]i’/’ho,g) of the form j(h)(a)%o with a € V3.
Clearly one has ¢ < |V3| < v,. Factor @[%9) as ]IN”[WO,@) 2 Pl ya) * IF’[M,(;). In
order to simplify notation, let me define R := P, ..y and Q:= ﬁiha,@), so that
ﬁ[%g) >~ R« Q. Note that IFp “Q is <v.-closed.” Since ¢ € ]@[7079) ~RxQ
one may write ¢ = (74, ) where r, = ¢ | [70,7) € R and ¢, denotes the

Rename, g | [a, 0).
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By the repeated application of Sublemma 3.9.1, and using the fact that
g “Q is <7Ya-closed,” one may build a descending sequence of conditions

((1+,4¢) | € < ¢) in R % Q such that for each & < ¢, the set
D? ={r <r.|(r,q4e) € D¢}

is dense below 7* in R = Pp, ). Let p := (74, 4¢)-

*

Suppose p € G[wﬁ)

is V[G,,]-generic for P, 4. Fix an a € Vj such
that j(h)(a)%vo is a dense subset of Iﬁ’m,@). Since j(h)(a)%o must appear on
the enumeration of dense sets we fixed above, there is a ¢ < ( such that
Df = j(h)(a)%o. Since Dg is dense below r* in R = P, .., there is a
condition r € G|~ 1 N De. By definition of D, it follows that (r,q¢) € Dy.
By padding r with 1’s, one sees that there is an R-name b such that (r, b) €
G}y Since p = (1, qc) and (r, b) are both in G}, 0 they have a common
extension (r',¢') € G, ,. Since (', ¢') < (r,qc), and since r, I ¢c < gg,

it follows that (r',¢) < (r,de). Since G, 4 is a filter, one concludes that

(r.de) € Gf, 4 N DE. 0

Continuing with the proof of Lemma 3.9, I will now use Sublemma 3.9.2
to construct the condition po, € Ppy,9). Let (fe | £ < k) € V be a sequence
of functions with domain V,; such that every dense subset of ]?’[,Yo,g) in M[G,,]

has a name of the form j(f¢)(a) for some & < x* and some a € Vp. Let
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w: kT — kT x kT be a bijection. It follows that w € M|[G,,] since w € Vj.
For each o < k% let w(a) = (w(a)y, w(a);). The function w provides a
well-ordering of pairs of the form (fe,7,). Notice that the well-ordering is
not in M|[G.,] since the sequence (fe | £ < w¥) is not in M[G,,]. T will
use this well-ordering of all pairs of the form (f¢,7,) of order type k* to
build a descending sequence of conditions (pg | 8 < k™) in VI[G,,] with
J RS Iﬁ?’[ﬁmﬂ) such that if pg € G o is V[G,,]-generic for P, g), then G,
meets D¢ = j(fe)(a)a,, for each a € V, where w(3) = (& ). Since the

above mentioned well-ordering will not be in M[G,,], I will need the next

lemma to build the descending sequence.

Lemma 3.10. The model M[G.,,] is closed under k-sequences in V[G.,].

Proof. Since P, is k-c.c. in V| it follows that M[G,]* C M[G,] in V[G,]. By
Lemma 3.7 it follows that M[G,|[H,.]" C M[G,][H,] in V[G,]|[H,]. Since the
remaining forcing Q.+ z) * Pz o) is <r-distributive in V[G,][H,] (by Lemma

3.8) it follows that M[G,,]" C M[G.,] in V[G,,]. O

I will now use the bijection w : k™ — kT X k" defined above to build
the descending sequence. Let py be the condition obtained by applying
Sublemma 3.9.2 below the trivial condition to the function h = f¢ where

¢ = w(0)g and to the ordinal = 5, where a = w(0);. For successor
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stages, assume that (p, | n < () has been constructed, where { < x*.
Let pey1 € ]ff”ho,g) be obtained by applying Sublemma 3.9.2 below p. to the
function h = fe where & = w(¢ + 1) and to the ordinal 5 = 7, where
a = w(( + 1);. At limit stages ¢ < w1, assume (p, | 7 < () has been
constructed. The fact that M[G,]" € M[G,,] implies that the sequence
(py | m <€) isin M[G,,] since it has been constructed from an initial segment
of (fe | € < k™) and from (v, | @ < k™) € M[G,,]. Since Iﬁﬁ)m’g) is <~yp-closed
in M[G.,], one may let p; € IAPB[%,g) be a lower bound of (pg | § < (). Now
let p; be obtained by applying Sublemma 3.9.2 below p’C to the function f;
where £ = w(()o and the ordinal § = v, where a = w(();.

This defines the sequence (p, | n < k) in V[G,,] where p, € IAEVDHO’(,) -

Pp,,0) for each n < x*. Let ps € P}y, ) be a lower bound of (p, | n < ™).

*

Suppose ps € G}, 9

) is V[G,,]-generic for P, 9). Suppose D € M[G,] is
a dense subset of I?P/)[»Yoﬂ). Then D = DJ = J(fe)(a)Co for some € < k* and
where a € V,, for some a < k. Let ¢ < v with w(¢) = (w(¢)o, w({)1) =
(€,a). Since pos < pe, it follows that p, € erﬁ) and hence, G’[;Oﬁ) meets
DI, by Sublemma 3.9.2.

This concludes the proof of Lemma 3.9. 0

I will now show that there is an automorphic image of G|, ¢) containing

Peo-
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Lemma 3.11. Suppose ¢ € Py, ). There is an automorphism m : P, 9 —

Po.0) in VI[Ga] such that ¢ € 7 Gy 9.

Proof of Lemma 8.11. Working in V[G,,], I claim each stage in the iteration
P10y is forced to be homogeneous over the previous stages. For the Cohen
forcing conditions, this claim is obvious. One can see that the Sacks forcing
Sacks(n, A) is almost homogeneous by using automorphisms that permute
coordinates. Furthermore, at each stage a € [y, 0), there is a formula ¢,
defining Q, in VP from check names (see Section 2.2). Thus it follows from
Lemma 2.8, that P, ) is almost homogeneous in V[G,,]. By the almost
homogeneity of P, ) in V[G,,], every condition p € P, ) can be extended
to a condition ¢ < p such that there is an f € Aut(P, ) with f(q) < c.
Therefore, by the genericity of G|y, ), there is such a ¢ € G, ) with such
an f € Aut(Pp,,). Let 7 := f. Since "G, 0) is a filter and 7(q) < ¢, it

follows that ¢ € 77 G\, ). O

As discussed above, one may use Lemmas 3.9 and 3.11 to obtain G o,0) €
VG]G0, an MGy, 0)]-generic for IAEVDhO’g).

To finish lifting j through j(By) = Poy % Pr ) * P iy, 1 will build an
M[GWO][CNJ[ng)]—generic for I?P;[OJ(N)) in V[G,][Gpy0)- The following lemma

will be required.
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Lemma 3.12. M[GVO][G[WO,Q)] is closed under k-sequences in V[Gy,][Gyo.0))-

Proof. Since P, is k-c.c., it follows by Lemma 2.2 that M[G,] is closed un-
der k-sequences in V[G,]. It is shown in [FHO8, Lemma 3.14] and [FT08,
Lemma 3], using a fusion argument, that M|[G,][H,| is closed under k-
sequences in V[G,][H,]. It will suffice to show that M[G.,,] [é[%,@)] has every
r-sequence of ordinals in V'[G,][G,0)]. Suppose & is a k-sequence of ordinals
in V[G,,][Gy,0)]. Then since Qo+ 5y * Ppi gy is <r-distributive in V[G,][H,],

it follows that € V[G,][H,]. Thus # € M[G,|[H.] € M[G,][Gpron]. O

Suppose D is a dense subset of Iﬁﬁ’[g’j(,i)) in M[G%][é[%ﬁ)]. Let D € M
be a nice Py-name for D. Let h be a function in V with dom(h) = V,
and s € Vp with D = j(h)(s). Without loss of generality, assume that
ran(h) is contained in the set of nice names for dense subsets of a particular

tail of P. Since 6 is singular, Py j(.)) is < O-closed in M[GWO][éhOﬁ)]. The

collection D := {j(h)(s) | s € Vy} is in M[G%][é[,mﬂ)]. Since 6 is

Gy *Grg.0)
a J-fixed point, there are at most 6 dense subsets of @[g’j(,{)) in D. Thus,
there is a single condition in ﬁp[g,j(ﬁ)) that meets every dense set in D. Since
there are at most ™ functions from V,, to nice names for dense subsets of a

tail of P,, and since every dense subset of @[97j(n)) has a name in M which is

represented by such a function, the above procedure can be iterated to obtain
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a descending kT -sequence of conditions in I?D[97j(n)) meeting every dense subset
of IAPV’[(M(H)) in M[G.,] [ém,g)]. Let Gyair be the M[G,,] [é[«m,@)]—generic filter for
P, generated by this sequence.

Now let j(Gy) == G5, * ého,g) * étail and note that 7°G, C j(G,) since
conditions in G, have support bounded below the critical point of 7. Hence

by Lemma 2.3, the embedding lifts to
j: VIG] — M[j(Gy)]

in V(G (G

3.2.2 Lifting j Through Sacks(k, F(k)).

It remains to show that the embedding lifts further through the forcing Py »).
I will now argue that j lifts through R, = Sacks(k, F'(k))VI¢ the first factor
of the stage k forcing. I will use the tuning fork method of [FT08] to construct
an M[j(G,)]-generic for j(R,) = Sacks(j(x),j(F(k)))MV )] in V[G,][H,]
that satisfies the lifting criterion in Lemma 2.3. Say that ¢t C 2<i(K) ig a
tuning fork that splits at x if and only if t = t° U ¢! where t° and ¢! are two
distinct cofinal branches of 2<7*%) such that Nk = t' Nk, t°(k) = 0, and

t'(k) = 1. For a < j(F(k)) let

to = i(P)(@) | p € Hy}.



CHAPTER 3. WOODIN CARDINALS AND EASTON’S THEOREM 44

The next lemma is key.

Lemma 3.13. If a € j”F(«a) then t, is a tuning fork that splits at k. Oth-
erwise, if a < j(F(k)) is not in the range of j, then t, is a cofinal branch

through 2<7().

Proof. The following proof follows [FT08] closely, except that here Lemma

3.5 is required. Working in V[G,], let
X = {j(C) | C Criscluband C € V}.

First let me show that X = {k}. If @ < & then clearly o ¢ X since there is a
closed unbounded subset C' of k whose least element is greater than «, and
thus a ¢ j(C'). Since the limit cardinals below x form a closed unbounded
subset of x it follows that any element of X must be a limit cardinal in
M]j(Gy)] which is greater than or equal to k. Suppose A < j(k) is a limit
cardinal and A > #. Then A = j(h)(a) for some function h : V,, — k in V[G]
and some a € Vy. Let C), := {y < k| 7 is a limit cardinal and A"V, C ~}.
Then Cj, is a closed unbounded subset of x and A ¢ j(C},) since A > 6 and
J(h)"Vy & A. Now suppose k < A < 6. Above, the function ¢ is chosen using
Lemma 3.5 so that £ : k — k and j(¢)(k) = 6. Then Cp:={y <k | "y C ~}

is a closed unbounded subset of k in V[G,] and A ¢ j(Cy) since 6 € j(£)” A
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and this implies j(£)” A € A. This shows that X C {x}. Clearly x € X since
for each closed unbounded C' C k in V[G,], j(C) Nk = C.

The rest of the proof is exactly as in [FT08] and [FHOS].

Let C be any closed unbounded subset of k in V[G,]. Choose a < j(F(k))
and write o = j(f)(a) where f : V, — F(k) and a € V. It is easy to show

that the following set is dense in Sacks(k, F'(k)).

D¢ = {p € Sacks(r, F(x)) | § € ran(f) = C(p(§)) € C}

Thus there is a p € H, N D¢ with C(j(p)(a)) C j(C). Since C' was an
arbitrary closed unbounded subset of x, this, together with the fact that
X = {k}, implies that ¢, can only possibly split at k. If o € ran(j) then
since k is a limit point of j(C) for every closed unbounded C' C & in V[G,],
it follows that ¢, splits at x and is a tuning fork.

If « ¢ ran(j) then ran(f) must have size  since otherwise o € j(ran(f)) =
j"ran(f). Let (& | ¢ < k) enumerate ran(f). Then j({(&; | i < k)) = (o |
i < j(k)) in an enumeration of ran(j(f)). It is easy to see that the set of
conditions p € Sacks(k, F'(k)) such that for each i < &, the least splitting
level of p(a;) is above level ¢ is dense. Thus there is a p € H, such that
for each i < j(k) the least splitting level of j(p)(c;) is beyond level i. Since

a ¢ ran(j) it follows that o = «; for some i € [k, j(k)). It follows that the
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first splitting level of j(p)(«) is above k. Thus, £, is a cofinal branch. O

Each t, generates an M[j(G,)|-generic filter for j(R,) as follows. For
a € jF(k), let t2 and t! be the left-most and right-most branches of ¢,

respectively; that is, for &k € {0,1} let
th={secty |k €dom(s) = s(k) =k}

For a < j(F(k)) not in the range of j, let ° := t, be the cofinal branch in

Lemma 3.13. Let

g:=1{P € j(Ry) | Ya < j(F(x)) to € Pla)}.

It is easy to check that j”H, C g, so to show that j lifts through R, it
remains to show that g is M[j(G,)]-generic for j(R,). For this the following
two definitions will be used, both of which are given in [FT08]. Suppose p €
Sacks(k, F(k))VIG S C F(k) with |S|VI¢] < k. Friedman and Thompson
say that an (S, «)-thinning of p is an extension of p obtained by thinning

each p(§) for £ € S to the subtree

p&) [ se:={sep(&)]|seCsorsCse}

where s¢ is some particular node of p(£) on the a-th splitting level of p(¢).

A condition p € Sacks(k, F(x))VI%! is said to reduce a dense subset D of
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Sacks(k, F'(k))VIG if and only if for some S C F(k) of size less than x in
V[Gy], any (S, a)-thinning of p meets D.

Let me now argue that g is M[j(G,)]-generic for the poset j(R,) =
Sacks(j(k), j(F (k)M Suppose D is a dense subset of j(R,) in the
model M[j(Gx)]. Then by Lemma 2.4 one can write D = j(h)(a) where
h € V[G,] is a function from Vj; to the collection of dense subsets of Sacks(k,
F(r))VIG] and a € V. Let (Dg | 8 < k) € V[G,] enumerate the range of h.
One may show, as in [FT08] that any condition p € Sacks(k, F(x))V ] can
be extended to ¢ < p which reduces each Dg for 8 < k. This implies that

the following is a dense subset of Sacks(k, F'(k))VICx],
D" :={p € R, | p reduces each Dj for 3 < k}

Thus one may choose a condition p € H N D'. By elementarity j(p) reduces
each dense subset of j(R,) in the range of j(h); in particular, j(p) reduces
D = j(h)(a). Thus it follows that there is an S C j(F(k)) of size less than
j(k) and an o < j(k) such that any (S, «)-thinning of j(p) meets D. For
each £ € S let g(£) be the thinning of j(p)(&) obtained by choosing an initial
segment of 7 on the a-th splitting level of j(p)(§). For & € j(F(k))\ S let
q(&) := j(p)(&). The fact that ¢ is a condition in j(R,) will follow from the

next lemma.
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Lemma 3.14. For any B < j(k) and any subset S of j(F(k)) of size at most

j(k) in M[j(Gy)], the sequence (t{ | 3| & € S) belongs to M[j(G.)].

Proof of Lemma 3.14. Write 8 = j(fo)(a) where fy : V, — k and a € Vj.
Let C = {\ < k| fo”Vi C A and Ais a limit cardinal}. By Lemma 2.4
it follows that S = j(f)(b) where f : Vi, — [F(x)]=F and b € Vj. Since
S C j(Uran(f)) it can be assumed without loss of generality that S = j(.9)
for some S € [F(k)]=*. Let (@&; | i < k) be an enumeration of S. Then

Jj{a; | i < k)) = {a; | i < j(k)) is an enumeration of S. One can easily see

that
D = {p € Sacks(k, F(r)) | for each i < k, C(p(a;)) CC\ (i +1)}

is a dense subset of Sacks(k, F'(k)). Let p € H,N D. Then for each i < j(k),
C(j(p)(a;)) € C\ (i +1). Thus, for each «;, the tree j(p)(a;) has no splits
between k and a. If k <@ < j(k) then j(p)(a;) does not split between 0 and
a. If k <4 < j(k) then ¢, | o is the unique element of j(p)(q;) of length .
If i < &, then 2 [ a is the unique element of j(p)(c;) that extends ¢ | &

and takes on value 0 at k. O

By Lemma 3.14, p is in M[j(G,)] and is thus a condition in j(R,). Fur-

thermore, p meets D and since t{ C p(€) for each & < F(k), it follows that
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p is in g. This establishes that g is M[j(G,)]-generic for j(R,). Thus the

embedding lifts to j : V[GL][Hx] — M[j(Gy)][j(H,)]-
3.2.3 Lifting j Through Q.+ ) * Pz 5)-

By Lemma 3.8, the poset Q.+ z) * Prs) is < s-distributive in V[G,][H,].
Thus, from Lemma 2.5 one sees that j” Hj.+ ) * Gz 5) generates an M [j(G.)]
[j(H,)]-generic filter for j(Qpe+ z) * Plrs)), call it j(Hp+ z) * Grg)). Thus j
lifts to j : V[Gs] — MIj(Gy)] whete j(Gs) = §(G) * (/(Hy) % j(Hiws ) *
1(Gr)-

3.2.4 Verifying strongness for A

Let me argue that the lifted embedding j : V[Gs] — M[j(Gs)] satisfies

J(A)N = AN p. This will follow from the next fact.

Fact 3.15.
(1) j(A) NV =AnV,
(2) j(Gs) = Gy % CNJ[%,Q) * CNJ[g,j(,{)) agrees with Gs up to u’ since u' < 7.

(3) jlu) I =u Ty
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Using the above fact, one has the following.

Anp=A%np

= ANV Np (using the definition of u)
= ({((A) NV Ny (by Fact 3.15(1))
= j(AYE) Ny (by Fact 3.15(2) and (3))
=Jj(A)Nu

This completes the proof of Theorem 3.1. O



Chapter 4

The Failure of GCH at a Degree
of Supercompactness

4.1 Introduction

Silver proved that if x is x*"-supercompact and GCH holds then there is
a cofinality-preserving forcing extension in which x is measurable and GCH
fails at k. It was known at the time, by the work of Kunen [Kun71], that a
model with a measurable cardinal at which GCH fails could not be obtained
from a mere measurable cardinal. In [Git89], Gitik established the consis-
tency of the existence of a measurable cardinal at which GCH fails from the
existence of a k with o(k) = x™*. Gitik then proved that this hypothesis
was optimal, see [Git91].

Woodin produced a new proof of the consistency of the existence of a

measurable cardinal at which GCH fails, from a hypothesis that is equicon-

51
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sistent with o(k) = x¥. That is, Woodin showed that the existence of a
measurable cardinal at which GCH fails is equiconsistent with the existence
of a cardinal £ that is k™ *-tall (see [Ham09], [Git89], or [Jec03]), where a
cardinal x is 0-tall if there is a nontrivial elementary embedding 7 : V — M
with critical point x such that j(k) > 6 and M* C M in V. In this chapter,
I extend Woodin’s result into the realm of partially supercompact cardinals.
Since k is measurable if and only if k is k-supercompact, one immediately
sees several natural ways of doing this. Consider the following questions for

cardinals k, A, and 6.

1. What is the strength of the hypothesis that x is A-supercompact and

GCH fails at w7

2. What is the strength of the hypothesis that x is A-supercompact and

GCH fails at x with 2% > 07

3. What is the strength of the hypothesis that « is A-supercompact and

GCH fails at A?

4. What is the strength of the hypothesis that x is A-supercompact and

GCH fails at \ with 2* > 6?

Note that Woodin’s theorem answers question (1) in the case that A = k.
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The following theorem, together with Woodin’s result, provides complete

answers to questions (1) - (4).

Theorem 4.1. Suppose \ and 0 are cardinals.

1. For A\ > K, the existence of a \-supercompact cardinal k such that
GCH fails at k is equiconsistent with the existence of a \-supercompact

cardinal.

2. The existence of a \-supercompact cardinal k such that 2% > 60 is
equiconsistent with the existence of a A-supercompact cardinal that is

also 0-tall.

3. The existence of a A-supercompact cardinal k such that GCH fails at A
is equiconsistent with the existence of a \-supercompact cardinal that is

AT -tall.

4. The existence of a \-supercompact cardinal r such that 2* > 0 is

equiconsistent with the existence of a A-supercompact cardinal that is

0-tall.

In each case above, the term “equiconsistent” is intended to mean that, in the

forward direction the same cardinal witnessing the hypothesis also witnesses
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the conclusion; and in the reverse direction, the same cardinal witnessing the

hypothesis witnesses the conclusion in a forcing extension.

The details of cardinal preservation in the various forcing extensions in
parts (1) - (4) of the main theorem will be worked out below.
Questions (1) - (4) above can be seen as a special case to a more general

question:

(5) What kind of GCH patterns are consistent with a A-supercompact car-

dinal from what type of large cardinal assumption?

There are some obvious restrictions, such as if GCH fails at x, a A-supercom-
pact cardinal, then it must fail unboundedly often below k. Also, if A is a
strong limit and GCH holds below and at x then GCH must hold up to A.
There are some more subtle issues in answering question (5) as well.

The backward direction of Theorem 4.1(2) - (4) will be established by
using forcing that achieves 2% > AT, and hence 2* > A*, and preserves
the A-supercompactness of x, where A > k is a cardinal. This suggests the
question, can one force a violation of GCH at A while preserving GCH in
the interval [k, \) and preserving the A-supercompactness of x? It seems as
though the method of surgical modification of a generic, due to Woodin, does

not generalize to answer this question. However, Friedman and Honsik show
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in their forthcoming paper [FH| that the answer to the previous question is
yes by using generalized Sacks forcing and the tuning fork method.

Let me now give an outline of the rest of the chapter. I will prove Theo-
rem 4.1(1) in Section 4.2. In Section 4.3, in order to prepare for the proof of
Theorem 4.1(2) - (4), I discuss the large cardinal concept of “tallness with clo-
sure,” which synthesizes the concepts of A-supercompactness and -tallness.

I prove Theorem 4.1(2) - (4) in Section 4.4.

4.2 Proof of Theorem 4.1(1)

The proof of Theorem 4.1(1) will use a preparatory forcing notion called
the lottery preparation, which was introduced by Hamkins in [Ham00]. The
lottery preparation works uniformly as a generalized Laver preparation in
a variety of large cardinal contexts. Here I give a brief introduction to the
lottery preparation.

The lottery sum of a collection of posets {(Qq, <,) | a<r} is

P{Qa | a<r} = {1} U [ J{(e,q) | ¢ € Qu}

a<k

where the ordering on the lottery sum is defined by (1) («,q) < 0 for all
a<rk and q € Q, and (2) (a,p) < (0, ¢q) if and only if & = § and p <, ¢. As

Hamkins says, a generic for the lottery sum of a collection of posets chooses
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a poset and forces with it. For a detailed account of the lottery preparation
see [HamO00].

A poset Q is said to be allowed at stage v if Q is <y-strategically closed;
note that “<~-strategic closure” will not play a role in the arguments to come,
so the reader who is unfamiliar with this concept may take this to simply
mean <7v-closed. For a partial function f C k x k the lottery preparation
of k with respect to f is defined to be the Easton support forcing iteration
of length s, such that if y<k is inaccessible and f”+ C ~, then the stage

P.
V77 and

forcing is the lottery sum in Vv of all allowed posets in H(f(y)")
otherwise the stage v forcing is trivial. Suppose P is the lottery preparation
of k with respect to a partial function f C k X k. Let p = (p, | a<k) € P be
the condition such that p, = 0 for a # v and p, = 1g, where 1g is the top
element of Q. Since forcing below p provides a V¥7-generic for Q, Hamkins
says that the condition p opts for Q at stage ~.

The lottery preparation P of some large cardinal x is usually used with
respect to a partial function f C k x k with the Menas property, such as a
function added by fast function forcing (see Section 4.3.2). Using the lottery
preparation with respect to such a function insures that j(P), where j is an

elementary embedding witnessing the large cardinal property at hand, has a

tail with a high degree of closure.



CHAPTER 4. SUPERCOMPACTNESS AND FAILURES OF GCH o7

I will now show that given a A-supercompact cardinal x, one may pump
up the power set of k to have size at least A while maintaining the -
supercompactness of k. This will establish Theorem 4.1(1) because A > &

and 2¢ > \* trivially implies 2% > g+,

Theorem 4.2. If k is A-supercompact then there is a forcing extension pre-

serving this in which 2% > \*.

Proof. Since every A-supercompactness embedding is a A<"-supercompactness
embedding, it follows that one may assume that A<* = \. I also will assume
2% < )\ since otherwise the theorem is trivial. Further, I assume that 2* = A\*
since this can be forced using <A-distributive forcing, which easily preserves
the A-supercompactness of k. Let f C k X k be a partial function and let

j 'V — M witness that x is A\-supercompact such that j(f)(x) > X where
M={j(h) ("N |h: PA—V,heV}.

Note that (AT)M = AT since M is closed under \ sequences in V. Thus,
since j(k) is inaccessible in M it follows that j(k) > AT. Now let P be
the lottery preparation of k relative to f. Let G be V-generic for P. Let
Q := Add(x, A")VI¢ and let H be V[G]-generic for Q.

By elementarity, j(IP) is the lottery preparation of j(x) defined relative to

J(f). Since M is closed under A-sequences in V| the first s stages of P and
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j(P) agree. Furthermore, j(f) [ k = f implies that j(f)”x C &, and since £ is
inaccessible in M, it follows that the stage x forcing in j(IP) is the lottery sum
in M[G] of all allowed posets in H(j(f)(k)*)™¢. Since Q is in M[G] and
also in H(j(f)(k)T)MIA it follows that Q appears in the stage x lottery sum
in j(P). Thus, j(P) factors below a condition p that opts for Q at stage x as
J(P) | p X Px Q % P,,i where P, is a term for the forcing j(P) beyond stage
k. For example, p could be the condition (p, | @ < j(x)) such that p, = 1g
and p, = 0 for every other o < j(x). The next stage of nontrivial forcing in
§(P) is beyond X since j(f)(x) > A. From this it follows that Py is a P % Q-
name for <A-closed forcing. Since M C V, it follows that G is M-generic
for P and H is M|[G]-generic for Q. Thus P, is <A-closed in M[G][H].
Furthermore, it follows from Lemma 2.2 that M[G][H] is closed under A-
sequences in V[G][H] because P * Q is k*-c.c.. Since in V, P has at most
2% < A-many dense subsets, it follows that Py,; has at most j(\)-many dense
subsets in M[G][H] where |j(A)]V < (A)*™" = M = 2* = X*. Thus, one can
see that there is an M[G][H]-generic Gy for Piyy in V[G][H] by building
a descending sequence of conditions. Furthermore, j77G C G * H % Gy,
since each condition in P has support bounded below the critical point of
j. This implies that the embedding lifts to j : V[G] — M[j(G)] where

J(G) = G H %Gy and the lifted embedding is a class of V[G][H]. It follows
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from Lemma 2.1 that M[j(G)] is closed under A sequences in V[G][H].
Now it is shown, using the methods of [AH02, Corollary 10], that the
embedding lifts through Q. Let A C j(Q) = Add(j(k),j(AT)) be a maximal
antichain in M[j(G)]. Let r € j(Q) be a condition that is compatible with
every element of 77 H. I will argue that there is a condition 7’ < r deciding A
that is still compatible with every element of j” H. Since j(Q) is j(k™1)-c.c. it
follows that |A| < j(k) in M[j(G)]. Furthermore, sup j” At = j(A1) follows
from the fact that cf(A*) > A, and this implies A C Add(j(k), j(«)) for some
a < AT. Fix such an « so that also r € Add(j(k),j(«)). Let ¢ = J(47(H N
Add(k,a))). Since j(p) = j'p for p € Add(k,a) one has |g] < X < j(kK)
and thus ¢ € M[j(G)] is a master condition in Add(j(k),j(«)) (which is a
complete subposet of Add(j(k), 7(A1))). Now since r is compatible with every
element of j”H it follows that r and ¢ are compatible in Add(j(k),j(«a)).
Choose " € Add(j(k), j(a)) below r and ¢ deciding A. Let me show that r’
remains compatible with 57 H. Consider j(p) for p € H. One may split p into
two pieces: p = po U p; where dom(pg) C a X k and dom(py) C [o, AT) X k.
Then j(p) = j(po) U j(p1) where the domain of j(p;) is disjoint from the
domain of any element of Add(j(k),j(«)). Thus, r" is compatible with j(p;)
in Add(j(k), j(A")). Furthermore, ' < ¢ < j(po) and hence 7’ is compatible

with j(p).
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Since @ has A™-many antichains, the above procedure may be iterated to
choose a decreasing sequence of conditions in V[G][H], meeting all the an-
tichains of Add(j(k),j(AT)), such that each element of the sequence is com-
patible with j” H. Let j(H) be the filter generated by this sequence. Then
Jj(H) is an M[j(G)]-generic filter for Add(j(k),j(A\T)) with j”H C j(H).
Hence the embedding lifts to j : V[G][H] — M[j(G)]|[j(H)] in V|G|[H],

which implies that x is A-supercompact in V[G][H]. O

4.3 Tallness with Closure

4.3.1 Definitions and Basic Facts

Here I include some basic definitions and results about -tall cardinals, and
f-tall cardinals with closure A\, where \ is some cardinal and € is an ordinal.
Both of these large cardinal notions are defined in [Ham09]. A cardinal s
is called 0-tall if there is a nontrivial elementary embedding j : V. — M
with critical point x such that j(k) > 6 and M* C M. Woodin and Gitik
used such cardinals to determine the strength of the failure of GCH at a
measurable cardinal (see [Git89]), and Hamkins has studied them in their
own right in [Ham09]. Hamkins says that x is 6-tall with closure X if there
is an elementary embedding j : V. — M with cp(j) = &, j(k) > 6, and

M* C M in V. By composing embeddings, one can see that a cardinal & is
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f-tall and A-supercopmact if and only if it is 6-tall with closure .

The following lemma will be required below.

Lemma 4.3. If s is 0-tall with closure X then there is an embedding witness-

ing this j : V. — M such that

M={jh)(7"\a)|a < and h: PA x k — V is a function in V'}

where § = (0M)M.

Proof. Let jo : V — M, witness the #-tallness with closure A of x and let

X = {o(h)(Go" A a) |a < dand h: P x k— V with h € V}

where ¢ := (0*)™. By Tarski-Vaught, it follows that X < My. Let 7 : X —
M be the Mostowski collapse of X and define an elementary embedding
j:V—-Mbyj=mojoanlet k:=n1: M — X C M,. It follows that j

is the desired embedding. O

I will often make use of the easy fact that if x is f-tall with closure A, then
it is 0 -tall with closure A<*, which I demonstrate now. Suppose j : V — M
witnesses the #-tallness with closure A of k. 1 will argue that j actually
witnesses the §*-tallness with closure A<* of k. If o € P\ then j(o) = j"0,

and from this it follows that ;7 P.A = P.(j”A). Thus j”P,A € M, since
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47X € M. By using a bijection from P, to A<", it is routine to verify that
77A<% € M and this implies that M*™" C M. Since M*™" C M, it follows
that (*~"9)M = A™"9. Furthermore, j(x) is inaccessible in M and hence
02" < (0*"")M < j(k). This proves the following.

By the remarks in the previous paragraph, given that k is 6-tall with
closure ), in many arguments we will be able to assume without loss of
generality that #* = 6 and A<* = X. Then by Lemma 4.3 there is an

embedding 7 : V' — M witnessing that x is #-tall with closure A such that

M={jh)(J"\a) | a <0 and h: P\ x k — V is a function in V}.
4.3.2 Fast Function Forcing and Tallness with Closure

The goal of this section will be to prove that one can force to add a function
with the Menas property with respect to 6-tallness with closure A. In other
words, it is shown that if j : V' — M witnesses that x is #-tall with closure
A, then one may force to add a partial function f C k x k with the property
J(f)(k) > 6 and that j lifts to j : V[f] — M[j(f)]. In fact, one can arrange
that j(f)(k) is equal to any ordinal less than j(k), the degree of tallness of
k. To accomplish this I will use a technique invented by Woodin called fast
function forcing.

For a cardinal x, define the fast function forcing poset F, as follows.
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Conditions in [, are partial functions p C k x x such that the following two

conditions hold.

1. Each v € dom(p) is inaccessible and p”~y C .

2. If v<k is inaccessible then [p [ 7| < 7.

The ordering on FF, is given by p < ¢ if and only if p O ¢. For a fixed condition
of the form p := {(,0)} the poset [, factors below p as F, [ p = F, x Fp )
where A is the next inaccessible beyond max(vy,d) and Fp, .y == {p € F, |
dom(p) C [\, k)}. A generic G for F, provides a partial function f := |JG
from & to k. Since f determines GG, the forcing extension by the fast-function-
forcing poset will be written as V[f] from this point forward. For a more

detailed account of fast-function-forcing see [Hamo00].

Lemma 4.4. Suppose j : V. — M 1is a 0-tallness embedding with closure A
with critical point k where X < 0 (or merely X is less than the first inaccessible
beyond 6). Then there is a fast function forcing extension V[f]| such that j
lifts to j : V[f] — M[j(f)] witnessing the 6-tallness with closure X in V[f]
such that j(f)(k) > 0. Furthermore, for any 6 < j(k) there is such a lift j

such that j(f)(k) = 4.

Proof. As mentioned at the end of Subsection 4.3.1, it can be assumed with-

out loss of generality that A<* = X and #* = 6. It can further be assumed
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that 2* = A\*, since this can be accomplished using <\-distributive forcing,
which preserves the f-tallness with closure A of x by Lemma 2.5. Let f be
V-generic for F,, and let j : V' — M be a 6-tallness embedding with closure

A such that
M={jh)(j"\ a)|a <0 and h: P\ X k — V is a function in V}.

Let § be an ordinal with § < 0 < j(k) and let p := {(k,d)}. The poset
J(Fy) factors below the p as j(Fy) [ p = F, x F}, () where v is the next
inaccessible cardinal above 9.

An M-generic filter for F, ;) will be constructed in V. Let D be a
dense subset of F[, ;) in M. Then D = j(hp)(j” A, «) for some o < 6 and
hp : P.A x k — V. Since j”A and j(hp) are both in M it follows that
D = (j(hp)(j" M\ @) | a < 0) € M. Using the <6-closure of Fry i) in M
one may find a single condition in I}, ;(.)) meeting every dense set mentioned
by D = (j(hp)(5" A a) | o < 6).

Now assume without loss of generality that
hp : P\ x k — {dense subsets of a tail of I, }.

Since |F,| = & it follows that there are 2" dense subsets of a tail of F,. This
implies that there are (2%)*™" = 2* = \* functions h with domain P\ x &

that represent dense subsets of a tail of F,. In V', one may enumerate such
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Ws as h = (he | € < At). Since every dense subset of Fpy iy in M is
represented by a function h¢ on the list, an M-generic filter for F, ;(.)) can be
constructed in V' as follows. At successor stages &, by using the <f-closure of
'y i(x)) in M, one can find a single condition pe € [, jx)) below all previously
constructed conditions meeting each dense set of the form j(he)(j” A, ) for
a < 0. At limit stages one may use the fact that M* C M is <)\-closed in V
to find a condition below all previously constructed conditions. This defines
a descending sequence of conditions in V. Let f[, () be the M-generic filter
for Fy j(x)) generated by the sequence. Since ff, ) € V and f is V-generic
for I, it follows from the product forcing lemma that f U pU fi () is M-
generic for j(F,) [ p. Since j”f C fUpU fp,jw) the embedding lifts to
g VIf] = M[j(f)] where j(f) = fUPU fih,x) and j is a class of V[f].
Since F, is s-c.c. and f}, jx)) is in V, it follows by Lemmas 2.1 and 2.2
that M[j(f)] is closed under A-sequences in V[f] and hence that the lifted

embedding witnesses that « is 6-tall with closure A in V[f]. O

4.3.3 The Lottery Preparation and Tallness with Clo-
sure

In [Ham00], Hamkins shows that the lottery preparation makes many large
cardinals indestructible by a wide array of forcing notions. Here I will extend

the results in [HamO00] to include #-tallness with closure A.
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Theorem 4.5. Suppose k is 0-tall with closure X\ where X < 0. Then after
the lottery preparation of k, the 0-tallness with closure X of k is indestructible

by <k-directed closed forcing of size < \.

Proof. Suppose j : V — M witnesses the #-tallness with closure A\ of k. As

before, without loss of generality assume that A<® = X\, 0* = 0, 2* = \*, and
M={jh)(J"\ a)|a <0 and h: P\ x k — V is a function in V}.

Let me remark that the forcing to obtain 2* = A* collapses cardinals in the
interval [AT,2%] to A*. By Lemma 4.4, assume that there is a fast function
f € rxkwith j(f)(k) > 0. Let P be the lottery preparation defined relative
to f and let G be V-generic for P. Let Q be any <k-directed closed forcing
of size less than or equal to A in V[G] and let H be V[G]-generic for Q.
Since Q could be trivial forcing it will suffice to lift j to V[G][H] in
V[G][H]. Assume without loss of generality that @ C ORD. Since |P|V = &
it follows from Lemma 2.2 that M|[G]* C M[G] in V[G] and hence Q € M[G].
By elementarity, j(IP) is the lottery preparation of j(x) with respect to j(f).
Since M is closed under A-sequences in V', it follows that the first x stages in P
and j(P) are the same. Since A < 6, one concludes that Q € H(j(f)(x)*)MIC]
and thus Q appears in the lottery sum at stage x in j(P). Thus j(IP) factors

below a condition p that opts for Q at stage k as j(P) [ p = P Q * Py,
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where Pmil is a term for the iteration beyond stage . It follows that Ptail
is a term for < f-closed forcing because j(f)(x) > 6. Since |Q[VI¢ < A,
it follows that M[G][H]* C M|G][H] in V[G][H]. T will show that one can
construct an M[G][H]-generic for Py, in V[G][H]. Let D be a dense subset
of Py in M[G][H]. Let D € M be a P x Q-name for D, that is Dg.y = D,
and let D = J(hp) (47 A, «) where hyy, : PA Xk — V, hy € V, and o < 6.
Since j(hp,),5”A € M the sequence of names D := (j(hp)(57\ @) | a < 6)
is in M, and furthermore the sequence of dense subsets of P, EG*H =
(J(hp) ("N, @)awerr | o < 6), is in M[G][H]. Since Py is < #-closed in
MI|G][H] there is a single condition below every dense set mentioned by
EG* - Without loss of generality, assume that the range of hj, is contained
in the set of nice names for dense subsets of a tail of P. Working in V[G][H],

I will put a bound on the number of functions
h: P.A X k — {nice names for dense subsets of a tail of P}.

Since |P| = & there are 2"-many nice names for subsets of a tail of P. Thus
there are at most (2°)*~" = 2* = AT-many such &’s. In V[G][H] one may
enumerate all such h’s as (he | & < AT). Since every dense subset of Py
in M[G][H] has a nice P * Q-name and each nice P * Q-name is represented

by one of the h¢’s on our list, one may construct an M |[G][H]-generic de-
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scending sequence of conditions of P;,; as follows. At successor stages &,
one work in M[G][H] and use the fact that P is < 6-closed in M[G][H]
to find a condition of P;,; meeting every dense subset of P;,; which has a
name on the list (j(he)(j7A, @) | o < 0). At limits £ < AT, since M|[G][H]
is closed under A-sequences in V[G][H] it follows that Py is < A-closed
in V[G][H], and hence, in V[G][H], there is a condition of P,; below all
previously constructed conditions. This defines a descending A*-sequence of
conditions in P;,;. Let Gy be the filter generated by this sequence of con-
ditions. Clearly G,y € V[G|[H] is an M[G][H]-generic filter for Pi,;. Thus
the embedding lifts to j : V|G| — M|[j(G)] where j(G) := G * H % Gy and
j is a class of V[G][H]. Since P+ Q is A™-c.c. it follows from Lemma 2.2 that
MI[G][H]* € M[G][H] in V[G][H]. Furthermore, since Gy € V|[G][H], it
follows from Lemma 2.1 that M[j(G)] is closed under A-seqences in V[G|[H].

Now I will show that j lifts to V[G]|[H]. Since H and j”Q are both in
Mj(@)] it follows that 77 H is in M[j(G)]. Since j(Q) is <j(r)-directed
closed in M[j(G)] it follows that in M[j(G)], there is a master condition
r € j(Q) below each element of j”H. Let me now construct an M[j(G)]-
generic filter for j(Q) in V|[G|[H]. Let D € M[j(G)] be a dense subset of
j(Q). Then D is of the form D = j(hp)(j” A, «) where hp € V]G] is a

function from P\ X k to the collection of dense subsets of Q and o < 6.
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Now let D := (j(hp)(j" A, a) | a < 6). Since 5 and j(hp) are in M[j(G)],
it follows that D € M[j(G)]. Since j(Q) is <j(k)-directed closed in M[j(G)],
one can find, via an internal argument in M[j(G)], a single condition that
meets every dense set mentioned by D. In V[G], |Q| = A and this implies that

A<K

there are at most (2*)*™" = AT-many functions h € V[G] that represent dense
subsets of j(Q) in M[j(G)]. As before, one can enumerate these functions
as (he | € < A7) and define a descending sequence of conditions meeting
every dense subset of j(Q). Start the descending sequence with the master
condition, r. If £ is a successor, use the <j(k)-directed closure of j(Q)
in M[j(G)] to meet all dense sets mentioned in (j(he)(j" A\, ) | a < 0)
with a single condition that is also below r. At limit stages & < AT, since
M{[j(G)] is closed under A-sequences in V[G][H], it follows that j(Q) is <A-
closed in V[G][H], and hence one may find a condition of j(Q) below all
previously constructed conditions. This defines a descending A"-sequence
of conditions below the master condition r. Let j(H) be the generic filter
generated by this sequence. Since r is stronger than every element of j”7 H
and v € j(H) it follows that j7H C j(H) and thus the embedding lifts
to j : V|G][H] — M[j(G)][j(H)], where the lifted embedding is a class in
VIG|[H].

This shows that the #-tallness with closure A of x is indestructible by any
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<k-directed closed forcing of size <A in V[G]. O

Let me now give a quick application of Theorem 4.5. The following corol-
lary can be proven using a master condition argument, but it also follows

directly from Theorem 4.5.

Corollary 4.6. Suppose GCH holds and k s 0-tall with closure A where
A < 0. Then there is a forcing extension in which k is 0-tall with closure A

and 2% = ).

4.4 Proof of Theorem 4.1(2) - (4)

Let me now argue that the equiconsistencies in the forward directions in
Theorem 4.1(2) - (4) are actually implications. For Theorem 4.1(2), suppose
j : V. — M witnesses that x is A-supercompact and 2" > 6. Since j(k) is
inaccessible in M it follows that 6 < 2% < (25) < j(k). Hence j is a 6-
tallness embedding with closure A. The forward directions in Theorem 4.1(3)
and (4) are similar.

It remains to prove the backward directions of Theorem 4.1(2) - (4). To
do this, start with an embedding j : V' — M witnessing the 6-tallness with
closure A of k, force to violate GCH at either x or A, and then lift the

embedding to the forcing extension. In order to lift the embedding, I will use
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Woodin’s method of surgery to modify a certain generic g to obtain ¢g* with
the pullback property ;7 H C g*. The following lemma, due to Woodin, will

imply that ¢g* is still a generic filter.

Key Lemma. Suppose N and M are transitive inner models of ZFC and
7+ N — M is a nontrivial elementary embedding with critical point k that

is continuous at reqular cardinals > \* where A > k. If A € M is such that

|AM < 5(N) then |ANTan(j)]Y < A

Proof. Let j : N — M and A € M be as above; that is, |A] < j(A).

First I will argue that it suffices to consider the case where A is a set of
ordinals. Let B := (b, | @ < ) € N be a sequence of length  such that
A C ran(j(B)); for example, B could be an enumeration of some sufficiently
large V; so that j(B) is an enumeration of Vi Clearly j (B) is a sequence
of length j(3) in M, write j(B) = (, | a < j(8)). Let 4y = {a < j(0) |
b, € A}. Then Ay € M and |Ag|M = |A|M. Clearly b/, € ran(j) if and only
if for some ¢ < (3 it holds that bj, = j(b¢) = b),). In other words, b;, € ran(j)
if and only if « € ran(j). It follows that |A Nran(j)|" = |4 Nran(j)|V, and
hence it will suffice to consider the case in which A is a set of ordinals.

Suppose A € M is a set of ordinals with |A|™ < j()\) and |ANran(j)]"V >

AT. Then A contains AT-many elements of the form j(«). That is, A contains
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elements of the form j(f5,) where @ < AT and (3, | @ < A1) € V is a strictly
increasing sequence of ordinals which is not necessarily in N since it was
defined using A € M. Now let 6 = sup(f, | @ < A*). It follows that
cf(6)V = At and hence cf(6)Y > A*. By elementarity this implies that
cf(5(6))™ > j(A*). Since j is continuous at regular cardinals > A*, and thus
at cf(§)", it follows that A contains unboundedly many j(f,) less than j(4).
So in M, A is unbounded in j(4), but this implies that |A|* > j(AT) which

contradicts our assumption that |A[M < j(\). O
The following theorem suffices to finish the proof of Theorem4.1(2) - (4).

Theorem 4.7. For any cardinals k < A < 0, if k is A-supercompact and
O-tall then there is a forcing extension in which k is A-supercompact and
28 > 0; and hence also 2% > 0. Indeed, the forcing preserves cardinals
on [k, AT U (2%, 00) and assuming GCH holds at A, all cardinals > k are

preserved.

In the following proof of Theorem 4.7, I will use Woodin’s method of

surgery referred to just before the Key Lemma above.

Proof of Theorem 4.7.
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4.4.1 Setup

Let k be A-supercompact and #-tall. As before, by the remarks at the end of
Subsection 4.3.1, one may assume without loss of generality that A<® = \ and
6 = 0. One may further assume that 2* = \* since the forcing to achieve
this is < A-distributive and thus preserves the A-supercompactness and 6-
tallness of k. By Lemma 4.3, there is an elementary embedding j : V — M

with cp(j) = &, j(k) > 0, M* C M, and
M={jh)(j"\a)|a <0 and h: P\ x k — V is a function in V}.

By Lemma 4.4, one can assume without loss of generality that there is a
partial function f C k x & in V such that j(f)(x) > 6. Let P be the lottery
preparation relative to f. Let G C P be V-generic and let Q = Add(s, 0)V1¢].
Let H C Q be V[G]-generic. Notice that since P has size k and Q is k-c.c.
it follows that PxQ is k-c.c., and thus by Lemma 2.2 that M[G][H] is closed

under A-sequences in V[G][H].

4.4.2 Lifting j Through the Lottery Preparation

By elementarity j(IP) is the lottery preparation of length j(x) relative to j(f)
as defined in M. Since M is closed under A-sequences in V' it follows that
the iterations P and j(P) agree up to stage x and since Q € M[G] is <k-

closed it appears in the stage x lottery in j(IP). Hence j(IP) factors below a
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condition p € j(IP) that opts for Q at stage xk as j(P) [ p = P * Q * Pyay.
Since j(f)(k) > 0 it follows that the next nontrivial stage of forcing in j(IP)
is beyond 6 and hence that P;,; is a term for <6-closed forcing. As in the
proof of Theorem 4.5 it will be shown that one may construct a descending
AT-sequence of conditions in V[G|[H] that meets every dense subset of Py,
in M[G][H]. Let D be a dense subset of Py in M[G][H] and let D € M
be a nice P x Q-name for D. Then D = j(hp)(j” A, a)gen for some o < 0
and some function hj;, with domain P,\ X xk and range contained in the set
of nice names for dense subsets of a tail of P. Since the sequence of names
(J(hp) ("N, @) | @ < 6)isin M and Py, is < f-closed in M|G][H], there
is a condition in Py,; meeting every dense set mentioned by the sequence
(J(hp)(J" A, @) | @ < 0). Since there are <AT-many functions from P\ X &
to the set of nice names for dense subsets of a tail of P, it follows from the fact
that M[G][H] is closed under A-sequences in V'[G][H] that one can construct
a descending A\T-sequence in V[G][H| that meets each dense subset of Py, in
M|[G][H] as in the proof of Theorem 4.5. Let Gyay be the M[G|[H]-generic
filter generated by this descending sequence. Then the embedding lifts in
VIG][H] to j : V[G] — M[j(G)] where j(G) = G * H * Gy and since
G € V[G|[H] it follows from Lemma 2.1 that M[j(G)] is closed under

A-sequences in V[G][H].
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4.4.3 The Factor Diagram

Let X = {j(A)(j"\.0) | h : P\ x & — V[G] where h € V[G]}. Then it
follows that X < M[j(G)]. Let k : M} — M[j(G)] be the inverse of the
Mostowski collapse © : X — M} and let jo : V[G] — M| be defined by
jo := k™' o j. It follows that jj is the ultrapower embedding by the measure
pi={X CPAXK|(N0O) € j(X)} where u € V[G][H]. By elementarity,
M is of the form My[jo(G)], where My C M/ and jo(G) C jo(P) € M is My-
generic. Furthermore, jo(G) = G * Hy * G2 ., where Hy is My[G]-generic for

Add (s, 7(6))Ml¢ and GY

tail

is M[G][Ho|-generic for the tail of the iteration

Jo(P) above k. The following diagram is commutative.

V[G] —> M[j(G)]

b

Mo [jo(G)]
It follows that jy is a class of V[G][Hy] and that My[jo(G)] is closed under

A-sequences in V[G|[Hy| and that jo(k) > m(0).
4.4.4 Outline of the Rest of the Proof

One would like to lift j through the stage x forcing, Q. This cannot be
accomplished using a master condition argument since A may be less than

|57 H|VI¢) = 6. In order to lift the embedding, force with jo(Q) over V[G][H]
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to obtain a generic go for jo(Q). In Subsection 4.4.5, I will argue that k" go
generates an M [j(G)]-generic g for j(Q). However, one has no reason to
expect that j7H C g, and thus one needs to do more work in order to lift
the embedding. In Subsection 4.4.6 I will use Woodin’s method of surgery to
modify the filter ¢ to obtain an M[j(G)]-generic g* for j(Q) with ;7 H C g*.

Then the embedding lifts to
J: VIGI[H] — M[j(G)]lg7] (4.1)

in VI[G|[H][go] where j(H) = g*.

The embedding (4.1) does not witness that x is A-supercompact in V[G][H]
because the embedding is a class of V[G][H][go]. Under the assumption that
the embedding lifts to V[G][H] as in (4.1), I will now show that the embed-
ding lifts further to the final model V[G][H][go] witnessing that r is -tall
and A-supercompact in V[G][H][go]. Furthermore, I will show in Subsection

4.4.7 that
(25 > 6)VICIH]lgo] (4.2)

Let me first argue, assuming that ¢* is as above, that M[j(G)][¢"] is
closed under A-sequences in V[G|[H][go]. I will now show that j,(Q) is <A-
distributive in V[G|[H]. Since jo(k) > A it follows that jo(Q) is <A-closed

in Myljo(G)]. Since Myljo(G)] is closed under A-sequences in V[G][Hy] it



CHAPTER 4. SUPERCOMPACTNESS AND FAILURES OF GCH 7

follows that jo(Q) is <A-closed in V[G|[Hy| and since <A-closed forcing re-
mains <A-distributive in A*-c.c. forcing extensions, it follows that jo(Q)
is <A-distributive in V[G][H]. Since M[j(G)] is closed under A-sequences
in V[G|[H] and jy(Q) is <A-distributive in V[G][H] it easily follows that
Mj(G)] is closed under A-sequences in V[G][H][go]. Since g* is constructed
from g one concludes that ¢* € V[G][H][go], and from this it follows that
Mj(G)][g*] is closed under A-sequences of ordinals in V[G][H][go]. By using
a well ordering of a sufficient initial segment of the universe M[j(G)][g*], it
follows that M[j(G)][g*] is closed under A-sequences in V[G|[H][go].

Now I show that the embedding (4.1) lifts through jy(Q). Every element
of M[j(G)][g*] is of the form j(h)(5” A, @) where h : P.A X k — V[G][H] is in
VIG|[H] and o < 0. In other words, M[j(G)][g*] is generated by {(j” A, «) |
a < 0} C P x k over V[G][H]. Since P,A x k has size A and jo(Q) is
<\-distributive, it follows by Lemma 2.5 that j” gy generates an M[j(G)][g*]-

generic filter j(go) for the poset j(jo(Q)). Thus j lifts in V[G][H][go] to

J - VIGI[H]lgo] — M[5(G)]lg7]li(90)]-

Since j(go) € VI[G][H][go] and M[j(G)][g*] is closed under A-sequences in
VIG|[H][go] it follows that M[j(G)][g*][7(g0)] is closed under A-sequences

in V[G][H][go]. Since j is a lift of the original embedding it still satisfies
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j(k) > 0. Hence j witnesses that x is 6-tall with closure A in V[G][H][go].
To complete the proof of Theorem 4.7 it remains to carry out the surgery

argument and to show that (4.2) holds.
4.4.5 Obtaining the Generic for Use in Surgery

Let go be as in Subsection 4.4.4; that is, go is V[G|[H]-generic for jo(Q).
In this Subsection I will argue that k" gy generates an M|[j(G)]-generic for
j(Q). Each z € M[j(G)] is of the form = = j(h)(j” A, a) for some a < 6
and some h : P.A x K — V[G] with h € VI[G]. Since jo" A € M, it follows
that each x € M[j(G)] is of the form k(h)(a) for some o < 6 and some
h: jo(k) — My[jo(G)] with h € My[jo(G)]; in fact, since k(h [ 7(0)), where
m(0) is the collapse of 6, still has every a < @ in its domain, one may assume
that h : w(#) — M,. Let D be an open dense subset of j(Q) in M[j(G)].
Then D = k(D)(a) for some fixed a < @ where D = (Dy | # < 7(0)) is a
sequence of dense open subsets of jo(Q). Since jo(Q) is <m(f)-distributive
one sees that D := Ms<n(e)(Ds) is open dense in jo(Q). Hence there is a
condition p € go N D. Then k(p) € k”go N k(D). Now D C Dy = D(B) for
cach 3 < m(0) and this implies k(D) C k(D)(8) for each 3 < k(x(6)) = 0. It

follows that
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J(r)

K

Figure 4.1: The domain of j(Q).

and hence k(p) € k”go N k(D) C D. Therefore k” gy generates an M[j(G)]-

generic filter for j(Q).
4.4.6 Surgery

From the work above, g is M[j(G)]-generic for j(Q). I now use Woodin’s
method of surgery to obtain an M{[j(G)]-generic g* for j(Q) with j7H C g*.
Define ¢* in terms of g and ;7 H in the following way. Let A be the set

of coordinates («, 3) € j(0) x j(k) such that there is a p € H such that

(o, B) € dom(p) and j(p)(e, B) # g(a,5) and let m : j(Q) — j(Q) be the

automorphism induced by flipping bits over coordinates in A. Let ¢* := 7”7 g.

In other words, one obtains the modified generic ¢* simply by using g, except
that whenever g and j” H disagree, one changes g to match 7”7 H.

Since j is continuous at regular cardinals > A1 the key lemma applies
and will be used to show that ¢g* is a generic filter on j(Q). First note that

if p € j(Q) then [p|MV(@)] < j(k) and so the set of coordinates on which
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J(r)

K

Figure 4.2: The domain of A.

p* == m(p) # p has size < A by the key lemma and is thus in M[j(G)] since
M[j(G) € M[j(G)] in V[G][H][go]. This implies that p* € M[j(G)] and
thus that ¢* defines a filter in M[j(G)].

Now I show that ¢* is M[j(G)]-generic for j(Q). Let A C j(Q) be a
maximal antichain in M[j(G)]. Since j(Q) has the j(k)"-c.c. it follows that
|AMU@) < (k). Furthermore, each p € A has |p|MU(@] < j(k). Hence
| Upen dom(p)|MU(@! < j(k). By the key lemma, the set of coordinates
mentioned by conditions in A that were involved in the changes made in
going from g to g* has size < A, call this set A4. In other words, Ay =
AN <UP€A dom(p)). Let m4 : 7(Q) — j(Q) be the automorphism induced by
flipping bits over coordinates in A 4. The coordinates of bits that get flipped
by 74 are contained in the domain of the antichain (see the shaded region in
the figure below).

Since |[A4| < A one has Ay € M[j(G)] and it follows that 74 € M[j(G)].
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Then 7" A is a maximal antichain of j(Q) and by genericity of g there is
a condition p € g that decides 7,'” A. Tt follows that 7(p) € ¢g* decides A
since 7" A = w4” A. This establishes that ¢* is M[j(G)]-generic for j(Q).
Since j7H C g* was arranged by definition, one may use Lemma 2.3 to
lift the embedding to j : V[G|[H] — M[j(G)][j(H)] where j(H) = g*. Since
go was used to define g*, this lift is a class of V[G][H][go]. It was shown
above (in the outline given in Section 4.4.4) that the embedding lifts further
through the go forcing. So all that remains is to show that j,(Q) preserves

cardinals and that 2® > 0 in V[G][H][go]-
4.4.7 Preserving 2" > 0 in V[G|[H][g0]

I have already argued that jo(Q) is < A-distributive in V[G|[H] and I will
now argue that jo(Q) is ATT-c.c. From this it follows that jo(Q) preserves
cardinals over V[G|[H] and 2% > 0 in V[G][H]. Each condition p € jo(Q)
is in My[jo(G)] and is thus of the form p = jo(h,) (50" A, 0) for some h,, :
P x k — Q with h € V[G]. For each p € jo(Q), dom(h,) has size A in
V[G] and thus h, leads to a function h, : A — Q, which can be viewed as
a condition in the full support product of A-many copies of Q as defined in
V[G], which I denote by Q. I will show that jo(Q) is A**-c.c. in V[G][H] by

arguing that Q is A*T-c.c. in V[G][H] and that an antichain of jo(Q) of size
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M in V[G][H] would lead to an antichain of Q of size \** in V[G][H].

Claim 4.8. Q is AT -c.c. in V[G][H]

Proof of claim. By a delta system argument Q is A*-c.c. in V[G]. Suppose
A € V[G][H] is an antichain of Q with |A] = §. I will show that A leads to

an antichain of size § of Q = Q x Q in V[G] and thus that § < A\**. Let
q - A is an antichain of Q and f 10— Ais bijective

where ¢ € QN H and Ay = A. For each a < § let ¢, < ¢ be such that
Go IF f(&) = po where po € Q. Tt follows that Q = Q x Q in V[G] and I
now show that W := {(qa,Pa) € Q x Q | a < §} is an antichain of size § of
QxQin V[G]. Clearly W € V[G] because in choosing the pairs (¢, po) in W
one only needs to use the forcing relation I-g. Suppose for a contradiction
that W is not an antichain, i.e. that (¢*,p*) < (¢a,Pa), (¢3,pg) for some
a, 3 < 6 with a # 3 and some (¢*,p*) € Q x Q. Let H* be V[G]-generic for
Q with ¢* € H*. Since ¢* < ¢ it follows that fy- enumerates an antichain.
Furthermore, it follows that fH*(Oé) = Do f1- (B) = pg, and p* < p,,pg, &
contradiction. Hence one concludes that W is an antichain of Q x Q in V[G]
and since Q = Q x Q it follows that W leads to an antichain of Q of size §
in V[G]. Therefore, § < A™*. Hence, an antichain A of Q in V[G][H] must

have size < \TT. O
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Now I complete the proof of Theorem 4.7 by showing that jo(Q) is A™*-
c.c. in V[G][H]. Suppose that in V[G][H], jo(Q) has an antichain A of size 4.
For each p € A C jo(Q) let hy, : P.A x £ — Q be such that p = jo(hy)(j” A, 6)
where h, € V[G]. As above each h, yields a condition in Q, call it h,,.
For p,q € A it follows that jo(hp)(5” A, 0) Lji@) Jo(he)(j” A, 0), and thus by
elementarity, there is a (o, @) € P,A x x such that h,(o,a) L hy(o,«). This
implies that A := {h, | p € A} is an antichain in Q where |A| = §. By Claim
4.8, < AT, Thus jy(Q) is A" -c.c. in V[G|[H].

Thus in V[G][H][go],  is A-supercompact and #-tall, and 2* > 6.

Let me argue that cardinals in [k, \T] U (2%, 00) are preserved. I started
with a model and forced 2 = AT which may have collapsed cardinals in
(AT,2*]. T then add a fast function using x*-c.c. forcing which preserves
cardinals > k. The remaining forcing is P * Q * jo(Q) where P x Q is x*-
c.c. and jo(Q) preserves cardinals over V[G|[H]. Thus in the final model

V[G][H][go] cardinals are preserved in [k, \*] U (2%, 00). O



Chapter 5

The Levinski Property

Levinski proved in [Lev95], from merely the existence of a measurable cardi-
nal, say k, that there is a forcing extension in which s remains measurable
and yet k is the least regular cardinal at which GCH holds. This result is
in contrast with Scott’s well known theorem that if GCH fails at a measur-
able cardinal s, then {0 < k | 2° > §*} has measure one with respect to
some normal measure on x. In preparation for what follows let me give the

following definition.

Definition 5.1. A cardinal « is said to have the Levinski property if k is
the least regular cardinal such that 2¢ = k™. Additionally, x has the strict
Levinski property if k has the Levinski Property and both (1) for each regular
cardinal § < k one has 2° = 6** and (2) for each regular § >  one has

20 = 5+,

84
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Clearly, the strict Levinski property implies the Levinski property. 1
make the distinction because forcing the strict Levinski property requires
controlling the continuum function in a more specific manner than forcing
the Levinski property.

In this chapter, I recall a proof of Levinski’s theorem suggested in [AC02],
and I generalize Levinski’s theorem to other large cardinal contexts. It will
easily follow that one may force inaccessible cardinals, Mahlo cardinals, and
weakly compact cardinals to have the Levinski property. Due to the fact
that many of the stronger large cardinals are »,-reflecting, it is impossible
for them to have the Levinski property. For example, supercompact cardi-
nals and huge cardinals are Ys-reflecting and thus cannot have the Levinski
property. However, I will show that the proof of Levinski’s theorem can be
extended to show that, among other things, the degree of hugeness can be
forced to have the Levinski property; more precisely, if k is an n-huge cardi-
nal and GCH holds, I will show that there is a forcing extension in which x

remains n-huge and j"(x) has the strong Levinski property.
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5.1 Levinski’s Theorem and a Generalization

5.1.1 The Forcing

Here I provide a discussion of the forcing notion due to Levinski that will
produce, from a measurable cardinal x, a forcing extension in which x remains
measurable and « has the Levinski property. The forcing will be an Easton
support iteration of Easton support products. First, define the length
iteration P, = ((Pa, Qa) : a < k) as follows. For a cardinal \, let A denote
the least inaccessible cardinal in the interval (A, k), if such a cardinal exists,
and \ = k otherwise. In general, for a set I C ORD, define

Q=[] Add(y,+")

~€INREG

where the product has Easton support. The Levinsk: iteration up to k, de-

noted by P, is defined by the following.
1. The first stage of nontrivial forcing is Q. := Qp, z).

2. If & < k is an inaccessible cardinal, then Q,, is a P,-name for the forcing

Qa,a) as defined in VPe and Py := P, * Q..

3. If a < k is a singular limit of inaccessible cardinals, then Q, is a P,-
name for the forcing Qpu.a) = Qjo+,a) as defined in VP and Py =

P, *Qa.



CHAPTER 5. THE LEVINSKI PROPERTY 87

4. Otherwise, for a < k, Qa is a P,-name for trivial forcing and P, :=

P, * Qa.
5. The iteration uses Easton support.

Condition 3 above is necessary in order to, for example, force GCH to fail
at the successor of the least singular limit of inaccessible cardinals. Notice
that if o is a singular limit of inaccessible cardinals, then IFp, “Qq is <a-

closed,” since (@a is a Po-name for Qo+ 4.
Remark 1 (Notation).

e If 0 < k is either an inaccessible cardinal or a singular limit of in-
accessible cardinals, then the Levinski iteration can be factored as
P, = Ps x Q[&g) * ]I"’[g,,{). Furthermore, working in V®¢, for each reg-
ular cardinal v € [§,0) let R., denote the v"-factor of the product Qps.5)

so that Q[575) = R(5 X Q[(;J,-’g).

e In the results below, I will typically be lifting elementary embeddings of
the form j : V' — M with critical point x through the Levinski iteration.
Thus, j(P,) will be the Levinski iteration up to j(x) as defined in M.
Working in M, suppose § < j(k) is an inaccessible cardinal or a singular

limit of inaccessible cardinals. In M¥s let @[5751\4) denote the stage ¢



CHAPTER 5. THE LEVINSKI PROPERTY 38

forcing in j(P,), where §* is the least M-inaccessible cardinal greater

than 0. As above, I will write @[5’51\4) >~ R, x @[5+75M).

As it will be used many times in later sections, let me isolate the fol-
lowing lemma which asserts that the Levinski iteration up to s preserves
cardinals and forces k to have the Levinski property. This lemma shows that
in the results that follow, one only needs to be concerned with preserving the
large cardinal property under consideration. The proof of the next lemma is

omitted, as it is completely standard.

Lemma 5.2. If GCH holds then the Levinski iteration up to k, written as

P.., preserves cofinalities and forces k to have the strict Levinski property.

5.1.2 Proof of Levinski’s Theorem

I now state and prove Levinski’s result which originally appeared in [Lev95]
and is discussed in [AC02]. The proof presented below, while substantially
different from Levinski’s, is suggested by the discussion in [AC02], and is

similar to the proof of Theorem 4.2.

Theorem 5.3 (Levinski). Suppose k is measurable and GCH holds. Then
there is a cofinality-preserving forcing extension in which Kk remains measur-
able and r has the strict Levinski property, i.e. 2° = §+F for each regular

cardinal < K, and 2F = k™.
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Proof. Let G, be V-generic for the Levinski iteration P, define above and
let H, be V[G,]-generic for R, := Add(x, x*)"[C,

It is routine to check that P, xR, preserves cardinals and that in V[G,][H,],
29 = §+ for each regular § < k, and 2" = x*. It remains to show that & is
measurable in V[G,][H,].

Let 5 : V. — M be an ultrapower by a normal measure on x. Then
M = {jh)(k) | h: k= Vand h € V} and M* C M in V. This implies

that

Jj(Py) =Py * @[n,zM) * fP;[zM,j(n))

=P, * (@R X @w,w)) * IF[:%M,j(n))

where &M is the next M-inaccessible cardinal greater than s and @[KﬁM) is
the Easton support product violating GCH at regulars on the interval [x, &)
as defined in M[G,] and R,, = Add(x, x++)MICx],

Since P, is k-c.c., it follows that M[G,|®* C M[G,]. Furthermore, since

Qe+ 711y is < k-closed in M[G,] and has at most 2* = ¥ many dense subsets
in M[G,] one can build an M|[G,]-generic filter .E[[K+7RJ\4) for @[HJr’,—{JW) in V[G,].

Since j () has size s it follows that (k7)™ < k™. Since M and V agree
MG &

on subsets of (k7+)M of size < &, there is an isomorphism Add(k, x*7)

Add(k, k7)1 in V[G,]. By using i to rearrange H, and by noting that
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ﬁ[,{Jr,,gM) € VI[G,] it follows that there is an M[G,] [fI[W,RM)]—generic H,, for
R, in V|G,][H.]. By the product forcing lemma, H, zuy := H, x ﬁ[,ﬁﬁM)
is M[G,]-generic for R, x @[H+7RM). Since P, * R, is kT-c.c. it follows
that M[G,][H,] is closed under r-sequences in V[G,][H,]. Since H [+ ,7M) €
V[G.][H,] it follows that M[G,][H,][H o+ M) is closed under k-sequences in
VIGK][H,].

The forcing I?PJ’[RMJ-(,{)) is < k-closed and has at most ™ dense subsets
in M [GK][ﬁ[H’RM)]. This implies that there is an M |[G,|[H, zum)]-generic

é[,—ﬁkld‘(n)) for ]TD[RM ) in V[Gn] [Hﬁ]

J(K)

Since conditions in G, have support bounded below « it follows that
J'G. C J(Gy) == Gy % [?[[,MM) * G[RMJ(,{)) and thus the embedding lifts to
j VG — M[j(G)] in V[G,][Hs] where M[j(G,)] is closed under k-
sequences in V[G,][Hy).

It remains to lift j through R, = Add(s,x)VI]. Notice that since
R, has size kT a master condition argument is not possible here. I will
build a descending sequence of increasingly masterful conditions in j(R,) =
Ad( (), () 5]

Suppose A € M[j(G})] is a maximal antichain of j(R,) and p € j(R,)

is a condition that is compatible with every element of ;7 H,. T will first

argue that p extends to some p’ < p that decides A and remains compatible
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with every element of j” H,. Since j(R,) is j(k)-c.c., A has size at most
Jj(k) in M[j(G,)]. Since sup j”k+ = j(kT) and j(kT) is regular in M[j(G,)]
it follows that there is an o < k™ such that A C Add(j(k),j(«)). Let me
fix such an a with p € Add(j(k),j(a)) as well. Since j”(H, N Add(k, a))
is a k-sequence of elements of M[j(G,)] which is in V[G,][H], it follows
that ¢ := |77 (H, N Add(k, «)) is a master condition in Add(j(k),j(a)).
Since p is compatible with every element of j” H, it follows that p and q
are compatible in Add(j(k),j(«)). Let p’ be a condition in Add(j(k),j(«))
that extends p and ¢ and decides the maximal antichain A. Let me argue
that p’ remains compatible with every element of j” H,, C Add(j(k),j(k™)).
Suppose j(r) € 77 H,. Then j(r) = roUr; where dom(ry) C j(a) x j(k) and
dom(ry) C [j(«),j(kT)) x j(k). It follows that p’ is compatible with ry since
p < q <rgand p' is compatible with r; since dom(p’) Ndom(r;) = (). Hence
p’ and r are compatible in j(R,) = Add(j(k),j(kT)).

Since R, has at most £ maximal antichains it follows that j(R,) has at
most j(kT) maximal antichains in M[j(G,)]. Since |j(sT)[V < (k1) = kT
it follows that V[G,] has an enumeration (A¢ | £ < k™) of all maximal an-
tichains of j(R,) in M[j(G,)]. By iterating the procedure in the previous
paragraph and using the facts that j(R,) is < k-closed in M[j(G,)] and

M]j(Gy)] is closed under x sequences in V[G,|[H,], one can build a descend-
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ing sequence of conditions (pe | £ < kT) in V[G,][H,] such that pe € j(R,)
decides A¢ and is compatible with every element of ;7 H,.. Let j(H,) be the fil-
ter generated by this descending sequence. It follows that j(H,) € V[G,][H,]
and that j(H,) is M[j(G,)]-generic for j(R,). Suppose p € H, then since
every element of j(H,) is compatible with j(p) it follows from the fact that
generic filters are maximal that j(p) € j(H,). Hence the embedding lifts to
J: VIG]|[H]) — M[j(G,)][j(Hy)] in V[G,]|[H,], witnessing that x is measur-

able in V[G]|[H,]. O

Let me note here that by modifying the definition of the forcing used
in the proof of Theorem 5.3 one may in fact show that from a measurable
cardinal x, any Easton function F' : REG — CARD with F”x C k can be
realized as the continuum function below . In a related result, Friedman
and Honsik have shown in [FHO8|] that if F' : REG — CARD is an Easton
function with F”k C k and k is F(k)-hypermeasurable witnessed by an
embedding j with j(F)(k) > F(k), then there is a forcing extension in which

K is measurable and 2° = F(§) for every regular cardinal.
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5.1.3 A Generalization of Levinski’s Theorem Involv-
ing Measurable Cardinals

I will now generalize Levinski’s theorem by starting with a class of measurable
cardinals, force to a model in which GCH fails at every nonmeasurable regular
cardinal, GCH holds at every measurable cardinal, every measurable cardinal

is preserved, and no new measurable cardinals are created.

Theorem 5.4. Suppose there is a measurable cardinal and GCH holds. There
1s a forcing extension in which all measurable cardinals are preserved, no new
measurable cardinals are created, and GCH holds at every measurable cardinal

and fails at every nonmeasurable reqular cardinal.

Proof. Let P be the Easton support iteration defined as follows. Let vy de-
note the least inaccessible cardinal. Note that the forcing which violates GCH
on the interval [w,~y) will be put off until later so that Hamkins’ results in
[Ham99] or [Hamo03]. The first stage of forcing in P is Add(w,1) * Qpy, 50)-
Here I will use the notation Q; to denote the Easton support product forcing
over an interval I as defined at the beginning of Subsection 5.1.1. If v is a
nonmeasurable inaccessible cardinal or a singular limit of inaccessible cardi-
nals then force at stage v with Q,5) as defined in VP If 4 is a measurable

cardinal then the stage v forcing is Add(y,7") X Qp+ 5) as defined in V.
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If there is a largest inaccessible cardinal, say J, then there is a last stage of
forcing in the iteration P of the form Q5 ), where the first factor of Q5
depends as above on whether ¢ is a measurable cardinal or a nonmeasurable
inaccessible cardinal. If there is no largest inaccessible cardinal, but the in-
accessible cardinals are bounded, say 0 = sup{+y | v is inaccessible}, then the
last stage of forcing occurs at stage d and is of the form Qso0) = Qs+ 00)
since 6 must be singular. If there is no largest inaccessible cardinal, then PP is
a class length iteration as defined above. Let G be V-generic for P and let H
be V[G]-generic for Qp, zy. Note that @ = . I will show that the conclusion
of the theorem holds in V[G|[H].

By factoring the iteration one can verify that [P preserves all cardinals and
cofinalities. It is also easy to check that GCH holds at every cardinal that
is measurable in V' and fails at every cardinal which is nonmeasurable and
regular in V| starting at the least inaccessible. Since the forcing P factors as
Add(w,1) * Py where | Add(w, 1)| < w; and Py is < wy closed it follows by
Hamkins’ gap forcing theorem (see [Ham99]) that every measurable cardinal
in V[G] is measurable in V' and hence that GCH holds at every measurable
cardinal in V[G]. Since the forcing H C Q) is small relative to the least
measurable cardinal, it neither creates nor destroys any measurable cardinals.

Thus it will suffice to show that if x is a measurable cardinal in V', then it
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remains so in V[G].

It remains to show that P preserves every measurable cardinal. Suppose
k is a measurable cardinal and factor P = P, * Q[H,R) * ]P)[R,oo)‘ Let 7:V —- M
be an ultrapower embedding by a normal measure on s such that x is not
measurable in M. Since j(k) is measurable in M there will be many M-

inaccessible cardinals below j(k). It follows that
j(PK) = ]P)l*”v * (I@N X @[H+,RN1)) * tha'il

where ]ﬁ,{ is a P.-term for Add(k, x*+)MIGx] @[K+7R]ﬂ) is a P.-term for the
relevant Easton product on the interval [x*, KM) where &M is the next M-
inaccessible cardinal above x, and ﬁtuil is a P, (I@,i X @[W,RM))—term for < k-
closed forcing. It follows as in the proof of Theorem 5.3, that the embedding
lifts to j : V[G,] — M[j(G,)] in V[G.][H.] where H, is V|[G,]-generic for
R,.

As before, the embedding lifts further through R, = Add(k, <)V by
building a descending sequence of increasingly masterful conditions in j(RR,).
Thus j lifts to j : V[G.[Hs] — M[j(G.i(H,)] in V[G,][H,] witnessing
that s is measurable in V[G,][H,].

By Lemma 2.6 the remaining forcing Qe+ z) * ]P’[Eoo) is < k distributive

in V[G,][H,] and therefore will not kill the measurability of x. So x remains



CHAPTER 5. THE LEVINSKI PROPERTY 96

measurable in V[G]. O

5.2 Other Large Cardinals and the Levinski
Property

I now begin a survey in which various large cardinals are preserved through
forcing that achieves the Levinski property at some cardinal relevant to the
definition of the large cardinal property. For example, I will show that if x
is n-huge then there is a forcing extension preserving this in which j"(x) has

the Levinski property.

5.2.1 Various Small Large Cardinals and the Levinski
Property

I will begin with a few easy cases and work my way up through the large
cardinal hierarchy. If k is inaccessible, it is easy to show, using standard
arguments, that x remains inaccessible after forcing with the Levinski itera-
tion up to . If k is Mahlo, standard arguments show that after forcing with
P.., each inaccessible cardinal less than x remains inaccessible and every new
club contains an old club. Hence in V=, every club subset of x contains an
inaccessible and thus x remains Mahlo and has the Levinski property.

Let me now consider weakly compact cardinals. I will quickly review a

characterization of weak compactness that is useful in preserving the property
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through forcing. First, a transitive set M is a k-model if |M| =k, M<" C M,
and M satisfies ZFC™ where ZFC™ is the theory consisting of the usual
axioms of ZFC, excluding the powerset axiom, and using the collection axiom
in place of the replacement axiom. A cardinal k is weakly compact if for every
A C k there is a k-model M with k, A € M and a transitive set N with an

embedding j : M — N with critical point k.

Theorem 5.5. Suppose k is weakly compact and GCH holds. Then there
s a cofinality-preserving forcing extension in which k has the strict Levinski

property and remains weakly compact.

Proof. Assume without loss of generality that GCH holds since this can be
forced without disturbing the weak compactness of k. Let P, be the Levinski
iteration up to k and let G, be V-generic for P,. Suppose A C k in V[G,]
and let A be a nice P.-name for A such that Ae H.+. Fix a k-model M
with A, V. € M and an elementary embedding 7 : M — N where N is also
a k-model. Since V,, € M it follows that P, € M. I will lift the embedding
to j: M[|G.] — N[j(Gx)] in V[G,] thus showing that in V[G,] the set A can
be put into a x model which is the domain of an elementary embedding with
critical point k.

Clearly j(IP,;) is the Levinski iteration up to j(x) as defined in N. Fur-
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thermore, j(P,) = P, * ﬁ[ﬁ7j(ﬁ)) where I’@[ij(ﬁ)) is the Levinski iteration over
the interval [k, j(k)) as defined in N[G,]|. It follows that IF)[W(N)) is <k-
closed in N[G,]. Since N has size x in V it follows that Iﬁ’[m(ﬁ)) has at
most k£ dense subsets in N[G,]. Furthermore, since N<* C N in V and P,
is k-c.c. it follows by Lemma 2.2 that N[G,]<" C N[G,| in V[G,]. Thus
one may diagonalize to build an N|G,|-generic filter CE[W-(H)) for Iﬁ’[n,j(,{)) in
V[G,]. Since conditions in P, have support bounded below the critical point
of j, it follows that ;" G, C G, % é[m(,{)) and hence the embedding lifts to

J: VI[Gi] — M[j(G,)] in V[G,] where j(G,) = G, * CNJ[W(K)). O

5.2.2 Partially Supercompact Cardinals and the Levin-
ski Property

If x is even k'-supercompact and 2¢ = k% then GCH must hold on a
measure one subset of k. So, of course, there is no hope of having a non-
trivially partially supercompact cardinal with the Levinski property. I will
show that one can generalize the proof of Levinski’s theorem to show that
from a A-supercompact cardinal there is a forcing extension in which « is

A-supercompact and A has the Levinski property, assuming A is regular.

Theorem 5.6. Suppose k is A-supercompact where X is reqular and GCH

holds. Then there is a cofinality-preserving forcing extension in which K
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remains \-supercompact and \ has the strict Levinski property.

Proof. Let Py be the Levinski forcing up to A, that is force at stage v < A
with Qy, 5) provided 7 is either inaccessible or a singular limit of inaccessibles.
As before, if v is inaccessible or a singular limit of inaccessible cardinals and
there is no inaccessible cardinal in the interval (v, \), then P, has a last
stage of forcing of the form Qp, ). Let Ry = Add(A, A*)VIP*. Let Gy x Hy be
V-generic for Py * R 2

Let j : V — M be the ultrapower by a normal fine measure on P,A\.
One may assume without loss of generality that A<" = X since any \-
supercompactness embedding is also a A<"-supercompactness embedding.
Then A € [#,0M) where 6 is either an M-inaccessible cardinal or a singu-

lar limit of M-inaccessible cardinals. It follows that
§(Py) = Py % Pl gy * (Quon) X R, x @[AtéM)) «P [67M ()

where Ry, = Add(A\, A\H)MG) and the iteration j(P,) agrees with Py :=
Py = @[6, » up to A since M is closed under A-sequences.

Let me argue that Py is AT-c.c. If § is M-inaccessible then since M* C M
in V, it follows that @ is inaccessible in V', and hence that Py has size <% = 0
and is thus #%-c.c. Since A\ € [0,0™), this implies Py is At-c.c. If 0 is a

singular limit of M-inaccessible cardinals, then V' agrees on this. Now Py
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has size at most 2 = #T and is thus §t"-c.c. Furthermore, §+ < X since A
is regular and hence 61+ < A*. It easily follows that Py is AT-c.c.

Since Py is AT-c.c. in either case above, it follows that M[Gy]* C M[Gy]
in V[Gy] by Lemma 2.2. As before one can build an M[Gy|-generic f]{)\+79’1w)
for @[,\JF,Q-M) in V[Gy| and it follows by Lemma 2.1 that M[G@Hﬁ[)\tgz\/])] is
closed under A-sequences in V[Gg]. Now Hp )y x Hy is V[Ggl-generic for
Qp,» x Ry and since Ry is isomorphic to R, in V[Gp] this implies that
there is a V/[Gy|[Hp ) ]-generic H, in VIGy)[Hjpny x H,| for R,. Since the
forcing Qo n) X Ry = Qpgn) X ]INQA is AT-c.c. it follows by Lemma 2.2 that
MI[Gy|[H o] [Higny X H,] is closed under A-sequences in V[G,]. Further-
more, by the product forcing lemma [:Ii[g’é]w) = Hippy % Hy x ﬁ[[)ﬁ»}é}\l) is
M{[Ggl-generic for Q) x Ry x @[,\+7ng) and M[Gp| [ﬁ[[MM)] is closed under
A-sequences in V[G,]. Finally since I’@[gM’j(H)) is < A-closed in M[G][H, 10,021)]
one can build an M[Gg][ﬁ[g,gM)]—generic é[Q_M’j(,{)) for it in V[G,\|[H,]. Since
conditions in G, have bounded support it follows that j”G, C j(G,) =
Go *ﬁ[eﬁM) *é[éMJ‘(H)) and thus the embedding lifts to j : V[G,] — M[j(G,)]
in V[G,][H)] where M[j(G,)] is closed under A-seqeunces in V[G,][H,].

It remains to demonstrate that j lifts through Py, g) * (Qp,) X Ry ). Since
P is <r-directed closed in V[G,], the forcing j(P.q) is <A-directed

closed. Since H,g) has size at most A (a slightly different calculation de-
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pending on if @ is singular or inaccessible in M) it follows that there is a
master condition p € j (]P[,{’g)) below each element of j” Hj, ). Let me show
that one may build an M[j(G)]-generic filter for j(IP}.q)) below p. Since
[P0y has size at most A it has at most 2* dense subsets. By elementarity
j(Ppsp)) has at most j(2*) dense subsets in M[j(G,)]. Since each element of
j(2*) is witnessed by a function P,A — 2* in V[G,] it follows that j(P}, ¢)) has
at most (2))*™" = (2*)* = 2% = \* dense subsets in M[j(G,.)]. Furthermore,
since j(P9)) is < A-closed in M[j(G,)] and since M[j(G.,)] is closed under
A-sequences in V' [G,][H,], it follows that one can build an M[j(G,)]-generic

filter j(H.p)) for j(Pp.g) in V[G,|[H,] and lift the embedding to

72 VIG][Hkp] — M[7(G)][i (Hisp))]

in V[G,|[H,]. Additionally, M[j(G.)][j(Hxg))] is closed under A-sequences
in V[G\|[H,] since j(Hj.p)) € V[GA][H)].

A standard argument shows that since A is regular, Qg ) is <6-directed
closed in V[Gy|. By elementarity, j(Qj,)) is < A-directed closed in the model
Mj(Go)]li(Hisp))]. Since Qg has at most 2* = AT dense subsets it follows
that j(Q,»)) has at most A dense subsets in M[j(G)][j(H[xp))]. Thus one

can use a master condition argument to lift j to

7 VIGH] — M[j(G))]
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in V[G\][H)] where j(G)) = j(Gr) * j(Glsp) * j(Hp,) and M[j(G))] is
closed under A-seqeunces in V[G,|[H,] since j(Hp,x)) € V[GA][H)].

Now I will lift the embedding through the forcing Ry = Add(A, A*)VIG,
It follows that j(R,) = Add(j(A),j(AT)). Suppose A is a maximal an-
tichain of j(R,) in M[j(G,)] and r € j(R,) is compatible with every ele-
ment of j7 Hy. I will show that there is a condition » < r that decides A
and remains compatible with j” Hy. Since j(R,) is j(AT)-c.c. in M[j(G))]
one has |AJMU(EI] < 5()). Since j(AT) is regular in M[j(G,)] and since
sup 77 AT = j(AT) there is an o < AT such that A C Add(j()), j(a)) and also
r € Add(j(A),j(a)). Now j”(H) N Add(), «)) is a subset of Add(j(\),j(«))
of size at most A which is in V[G,|[H,] and therefore also in M[j(G,)]. Now
in M[j(G))], each element of j7(H, N Add(\, «)) has size less than j(\).
Hence p := Jj” (Hy N Add(\, «)) has size less than j(\) in M[j(G))] and is
thus a condition in Add(j(\), j(a))MU(@)], Since r is compatible with every
element of j” H, it follows that r and p are compatible in Add(j(\),j(«))
and thus one may let v € Add(j()\),j(a)) decide the maximal antichain
A of Add(j(N),j(«)) with " < r,p. Choose a condition ¢ € j"H, C
Add(j(N), j(AT)), then ¢ is of the form g = goUg; where dom(qg) C j(a)xj(A)
and dom(q;) C [j(«),j(AT)) x j(A). Since ' < p we conclude that " < go

and since dom(r’) C j(«) x j(\) it follows that ' is compatible with ¢;. Thus
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r’ is compatible with q.

Finally, since j(R,) has at most AT maximal antichains in M[j(G,)] the
above procedure can be iterated to build in V[G,][H,] a descending sequence
of conditions meeting every maximal antichain of j(R,) in M[j(G))] such that
each member of the sequence is compatible with j” Hy. Let j(H,) be the filter
generated by the descending sequence. It follows that j(H,) is M[j(G,)]-
generic for j(Ry) and j”H, C j(H,). This implies that the embedding lifts
to

J: VIGA[H] — M[j(G))][7(H))]
in V[G)\][H)\] [l

Notice that in Theorem 5.6 if A happened to be a measurable cardinal,
then one could also preserve this through the forcing, using the argument

given in Theorem 5.3.
5.2.3 n-huge Cardinals and the Levinski Property

A cardinal kK > w is n-huge with target A if there is a nontrivial elementary
embedding j : V — M with critical point » such that j"(k) = X\ and M* C
M in V. As with many other large cardinal notions, n-hugeness can be
characterized by the existence of a certain type of ultrafilter. I will give a

brief outline showing how this is done. Suppose j : V — M witnesses the
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n-hugeness of x and let \; := j(k) for 0 < i < n and \g := k. Define

Then U is a xk-complete ultrafilter and has the following properties.
1. For each a < \, {x € M\]* ' |a e} €.

2. For every function f that is regressive on a set in U, meaning {z €

[AJA»=1 | f(x) € 2} € U, f is constant on a set in U.

3. Furthermore, U has the property that for each i < n, {z € [A\J*1 |
Ot(l’ N )‘i-‘rl) = )\z} eU.

Let jy : V. — My = Ult(V,U). Then (3) implies that for i < n, jp(\;) =

Ait1, since:

Ait1 = 0t(Ju" AN ju(Ais1))
= [ot({z N i) |z € A )]p
=[(Ai]z € N )]w (by (3))
= Jj(A)
Furthermore, ji;” A = [id]y € My so that M} C My. Since jy is the ultra-

power by U it follows that My = {ju(h)(ju"A) | h: [N} — V,h € V}.

This establishes the following.
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Lemma 5.7. A cardinal k > w is n-huge if an only if there is an ultrapower

embedding j : V — M by a normal fine measure on [\*

n=1 itnessing the
n-hugeness of k where \; == j'(k), Ao = Kk, and X\ = N\,. Furthermore,

M = {j(h)(G"A) | b= [\ =V h eV}

Note that, using the notation above, for each i € [1,n], by elementarity \;
is measurable in M. Furthermore, since M and V' have the same powerset of
A; it follows that \; is measurable in V. This will simplify various calculations
performed in V below such as A\ = \,.

Now I will show that the n-hugeness of a cardinal is preserved by various

forcing notions.

Lemma 5.8. If k is n-huge with target \ then this is preserved by <\-

distributive forcing.

Proof. Suppose P is < A-distributive and G is V-generic for P. Let j : V —
M = Ult(V,U) where U is a normal fine measure on [AJ*-! as in Lemma
5.7. Since each open dense subset of j(P) is of the form j(h)(5”\) where h
is a function from [A\|*~' to open dense subsets of P, one may show that
H :={pe€ jP)|3q e G jlq < p}is M-generic for j(P) by intersecting
[[AJ*»=1] = Mn=1 = X open dense sets. Then since ;7G C H, Lemma 2.3

implies that j lifts to j : V[G] — M[j(G)] in V[G] where j(G) := H. Since
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P is < A-distributive it follows that M[j(G)] is closed under A-sequences of
ordinals in V[G] and hence M[j(G)]* € M[j(G)] in V[G]. Thus & is huge in

VI[a). O

The next theorem (Theorem 5.9) is part of the folklore; I include a proof
as the proof of Theorem 5.10 builds naturally upon the proof of Theorem

5.9.

Theorem 5.9. If k is n-huge with target \ then there is a forcing extension

in which GCH holds and k remains n-huge with target .

Proof. Let P be the canonical forcing of the GCH and suppose j : V — M
witnesses that s is n-huge with target A\. Furthermore, assume that M =

Ult(V,U) where U is as in Lemma 5.7. It follows that
PP, P[)\W\l) * P[)\h/\Z) Kok ]:[:D[)\n—ly)\n) * Ptail
where
(1) Ao =K, \p =\, and \; = j'(k),
(2) P, denotes the iteration up to x,

(3) for each i € [0,n) the symbol Py, »,,, is a Py -term for the iteration

over the interval [\;, A\;11), and
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(4) Pyait is a Py-term for < A-distributive forcing in VP,

Let Gy * Gy,a,) be V-generic for P, * P[,\m,\l). Then j(P,) = P, P[,\O,,\l)
and since conditions in P, have support of size less than x it follows that
J"Gy C Gy % Gpny)- Thus the embedding lifts to j : V[G,] — M[Gy,] in
VI[Gy,] where j(Gy) = Gy, = G, *x Gpg,n)- Since Py, is A*-c.c. it follows
that M[Gy,|* C M[Gy,] in V[G,,].

By elementarity, j(Ppga,)) = Ppoag)- Clearly j(Ppg,a,)) is < Aj-directed
closed. Since j”Gpy, ) is a directed subset of j(IPp,,)) of size A; it follows
that there is a master condition p; € j(Ppa,)) = Pia,n.) which extends
every condition in 57 G|y, ;). Force with Py, y,) below this master condition
to obtain G, »,) which is V|G, ]-generic for Py, »,) and has p; € Gy, a,)- It

follows that 77 Gy, 0,) € Gy, ,) and thus the embedding lifts to
J: V[GHHG[/\O,M)] — MG, GP\O,M)][G[AL/\z)]

in V[G][Gpor)l[Giangy) Where j(Gr) = Gy * Gpgoayy and §(Gpgay) =
G- As before it follows that M[G),]* € M[Gy,] in V[Gy,].

Continuing in this way one may lift the embedding to j : V[G,,_,] —
M[G\,] in V[G),] where M[Gy |* € M[G),] in V[Gy,]. Now I must lift
the embedding further through Py, , ). Since j(Pp,_, ) is < A-directed

closed in MG, ] it follows that there is a master condition p, € j(Pp,_, 1))
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which is below every condition in j”Ga, ;.. Let H be V[G), |-generic
for j(Pp,_,a.) with p, € H. Since the master condition p, is in H it
follows that j;7G\,_, ) € H and thus one may lift the embedding to
Jj : VIGa,] — M[j(G,,)] in V[G,,|[H] where j(G,,) = G, * H. Since
J(Pp,_ia) 18 < A-closed over M[G), ] and hence also over V[G,,] it fol-
lows that GCH holds below A\, = X in V|G, ][H] and that M[G,, * H}* C
MIG,, x H] in V[G,,|[H]. Furthermore, GCH holds at A in V[G,,][H] since
Add(A\F, DMl = Add(AT, 1)VIG] Let j(H) be the filter generated by
j”H and note that by intersecting open dense sets one may see that j(H)
is M[j(Gx,)]-generic for j(j(Pp, ,a,))). Thus one may lift the embedding
to j - VIGLIH] — MGy (H)] in VG, ][H] where M[j(An)][7(H)] is
closed under A-sequences in V[G,,|[H]. This shows that x remains n-huge
with target A in V[G,, |[H] where GCH holds up to and including at A. One
may now use < A-distributive forcing over V[G,, |[H] to obtain a model in
which GCH holds everywhere. By Lemma 5.8 this produces a forcing exten-

sion in which GCH holds and & is n-huge with target \. m

Next I will show that the target of an n-hugeness embedding for x can be

forced to have the Levinski property while preserving the n-hugeness of .

Theorem 5.10. Suppose k is n-huge witnessed by 7 : V. — M and GCH
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holds. Then there is a cofinality-preserving forcing extension in which j™ (k)
has the strict Levinski property and to which the embedding j lifts, witnessing

the n-hugeness of k in the extension.

Proof. Without loss of generality, one may assume that GCH holds by using
Theorem 5.9. Let PPy be the Levinski iteration up to A and let j : V — M =
Ult(V, U) witness that x is n-huge with target A = j"(x). Let K = A\g < A\; <
-+ < A, = X be as in Lemma 5.7, that is let \; = j%(k) for 0 < i < n. The

Levinski iteration factors as
]P,\ & ]P)H * ]P)P\o)\l) koooee 3k P[)\n717>\n).

Let Gy *Giyy 1) be V-generic for PH*P[,\MI). Then j(P,) =Py, = ]P’N*P[AO’M).
Since conditions in P, support bounded below the critical point of 7, it follows
that j”G., C Gy * Gy,\,) and hence the embedding lifts to j : V[G,.] —
M[j(G,)] in V[Gy,] where j(Gy) = Gy % Gppgay) and M[j(G,)]* € M[j(Gy)]
in VIGy,].

Now 7"Gpony € 7(Ppor)) = Ppgne). Since 577Gy a) has size Ay in
M[j(G,)] and Py, »,) is only < Aj-directed closed in M[j(G)] one may fac-
tor Py = Qpgag) * P[Xo,h) where \o is the least inaccessible cardinal
greater than Ao and Qpy, 5,) = [T epo50)REG Add(y,y*") where the prod-

uct has Easton support. Let me write Gy, x,) = Hpy 5) * Gg,n,) Where
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Hpy, 5, 18 V[G]-generic for Qp 5,y and G, ) 18 V[Gk][H]y, x,)]-generic for
Proay: Now 57 Hpg 5y € F(Qpoxe)) = Qpyxy) Where j7 Hy 5y has size o
and Qy,, 5,) is < As-directed closed. Since A; is measurable it follows that
Ao < A; and hence there is a master condition p; in Q. x,) below every ele-
ment of j” Hp, 5,)- Force below the master condition p; to obtain Hpy, 5, a
V]G, ]-generic for Qpy, x,)- Now one has j7 G5, y,) € 7(Ppga)) = P, ) and
since 7G5, 5,) has size Ay and P, ) is < Ai-directed closed there is a mas-
ter condition py in P, ,,) below every element of j7Gy, ). Now force over
VIGy |[H, x,)) below the master condition py to obtain a VI[Gy,][H|y, x,))-
generic Gy, »,) for Pry, ) with py € Gy, 5,y Since pi*p) € Hyy, 3,1 xGpx, ) it
follows that 57 (Hp, 300 *G o)) € Hing i *G g, and hence the embedding
lifts to

j : V[GH] [G[)\o,)\l)} - M[](GH)H](G[/\O,M))]

in V[Gﬂ][G[)\Q,Al)][G[Al,)\2):| where j(G[x\o,)q)) = G[)\l,)\2) = H[)\1,5\1) * G[S\l,)\2)'
Furthermore, M[j(G)][j(Gon1))] is closed under A-sequences in the model
VIG[Gproan)][Giag ] since the forcing Gy, x,) is At-c.c.

Continuing in this way, the embedding lifts to
3 VIGx, ] = M[i(G, )]

in V[Gx,_ J[Ga,_iag) Where §(Gy, ) = Gi x Gpgay) * - % G,y 0, and
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where M[j(G,,_,)] is closed under A\-sequences in V]G, ].
Now j(Pp, 1 a0)) ﬂﬁ[,\,j(,\)) where I?P/’[,\,j(,\)) is the Levinski iteration, as

defined in M[j(G,,_,)] = M[G,], over the interval [\, j(\)). Hence

T(Pian_1 ) = (Qx X Qs 5ay) * Plar i)

where Qy = Add(\, ATT)MIGA] @[)\+75\ILI), is an Easton support product that
is < A-directed closed in M|[G,], and ]:/E)[;\AIJ(/\)) is the tail of the iteration in
MIG,]. Since j7Hp+ 5 is a directed subset of @[)\+75\1\4) in M|G,] and
has size A it follows that there is a master condition p € @[,\Jr’;\zu) below
every element of j” H[A;ll%q)' Since @[/\+7;\) has at most A\T-dense subsets
in M[G,] as counted in V[G,] it follows that one may diagonalize to build
an M|G,]-generic fl[,\+7;\zu) for @[)\-&-’5\]\/[) in V[G,] below the master condition
p. Tt follows that 57 H, _, is a directed subset of Qy of size at most At*, in
MIG,]. Thus, since Qy is < A-directed closed, there is a master condition
P e @A below every condition in j”H, _,. Since the forcing @,\ is merely
<A-closed in M[G,] one cannot build a generic for it. So force with Q,
below p’ to obtain a V[G,]-generic H » containing p’. Since H vy was built
in V[G,] it follows that Hy is V[G,] [f[[,\Jr,;\M)]—generic for Qy and is hence
M[G,)] [fI[A+7;\M)]—generic as well. By the product forcing lemma H) x ﬁ[)\+7:\]\/[)

is M|[G,]-generic for Qy x @P\-Q-j\M). Since (p,p') € Hy x I:jf[A+75\M) it follows
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that j” Hjy, 5, ) C H, x ﬁ[pﬁ-’j\M) and thus the embedding lifts to

7 VIGx I H 3] = MGG DT (Hp, oy 5,o0)]

in V[G,\][ﬁ,\] where j(Hp, | x, 1) = H)y ¥ ﬁ[/\+75\1w). Furthermore since Q 2
Add(X, AH)VIE it follows that Q) is AT-c.c. in V[G,] and hence M[G,][Hy x
ﬁ[,\+’;z\4)] is closed under A-sequences in V[G,][H,]. Since 7 G 18
a directed subset of ]:’E)[S\IM,]‘()\)) in M[G,][H, X .FI[)\+75\M)] of size \ and since
]?’[;\A“-(/\)) is < A-directed closed in M[G][H, X _FI[)H—’S\]M)] it follows that there is
a master condition p” € ﬁ[j\]\d,j(}\)) below every condition in j” Gy, , »,)- Now
since M[G,][H % ﬁ[,\+7p4)] is closed under A-sequences in V[G,][H,], one may
casily diagonalize to build G ) an MG [H\x H i+ aany|-generic filter for
Iﬁﬁ’[;\M’j(/\)) in V[G,][H,] below the master condition p”. Thus 7 G C

é[}\]\/ld()\)) and the embedding lifts to

7 VIGA JHp, o] = VIGA] — MGG, )T (Hpn, o o00)]

in V[Gy][H,] where j(Hp, y o) = (Hx x Hpi 5a) % Gpaar - Note that
M[j(Gx,_)]li(Hp, 1 a0)] is closed under A sequences in V[G)] [H,].

It remains to lift the embedding through H, which is V[G,]-generic for
Qy = Add(A\, ATHMIG] o Add(A, ATV Let Hy be V[G,]-generic for
Qy = Add(M\, AT)VIG Tt will suffice to lift the embedding through Q,

since V[G,][H,] = V[G,][H,]. This can be done by building a descending
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sequence of increasingly masterful conditions as in the proofs of Theorems
5.3 and 5.6. Thus the embedding lifts to j : V[GA|][H\] — M[j(GA)][7(H))]
and M[j(G,)][j(H))] is closed under A-sequences in V[G,][H,] since Q) is

At-c.c. O

As mentioned above, if x is n-huge then j"(k) is measurable. It follows,
as a corollary to Theorem 5.10, that if x is n-huge then j"(x) need not exhibit

any nontrivial degree of strength or supercompactness.
5.2.4 I1(k) and the Levinski Property

I(k) is the assertion that for some A there is a nontrivial elementary embed-
ding 7 : Viy1 — Viyq with critical point k. Define I;(k, A) to be the axiom
asserting the existence of such an embedding for a specified A. Hamkins
shows in [Ham94, Theorem 5.3], that if I;(x, A) holds witnessed by j, and [P,

is an Easton support iteration such that for each v < A,
(1) j(B,) = By and
(2) P, forces Qv is <7-directed closed forcing of size at most 27,

then forcing with P, preserves Ii(k,A). Thus, as noted in [Ham94], the

canonical forcing of the GCH preserves I (k, \).
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The usual reflection argument shows that if I;(x, A) holds then x cannot
have the Levinski property. In analogy to the previous sections, one could
hope to show that if I1(x, A) holds then there is a forcing extension preserving
this in which A has the Levinski property. The Levinski iteration up to A does
not satisfy Hamkins’s (2) above because at inaccessible stages v, the forcing
is of the form Qy, 5), which has size greater than 27 in V. Nonetheless, I

will now show that, the methods of [Ham94] establish the following.

Theorem 5.11. Suppose I1(k, ) holds witnessed by j : Vayr — Vag1. Then
there is a forcing extension in which I (k,\) holds witnessed by a lift of 7,

and in which X has the strict Levinski property.
Proof. Let Py be the Levinski iteration up to A. Then
]P))\ — ]P)Ho * P[Ho,m) koooee ok ]P)[HnﬁnH) koo

where A\ = sup,,,, K, is singular and thus conditions in Py may have support
unbounded in . Let 1 denote the trivial condition in P,.

First I will show that P, admits a master condition for j; in other words,
there is a ¢ € Py such that ¢ I p € G — j(p) € G. Define ¢ inductively as
follows. Let ¢ [ k1 be the trivial condition in P,,. Assuming that ¢ | x, has

beed defined, we define ¢ | x,41 as follows. Notice that for each n < w,

(1) ks, Q,{n = R[,{mkn) is < k,-directed closed,
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(2) Ik, |(77C) (Ra)| = |G (Kno1)| = 2701 < Ky, and
(3) k.. 77G(ky) C Q,, is directed.
Conditions (1) - (3) imply that there is a P, -name a such that
by, a € Q,, and Vp € G(a < j(p)(kn)).

Now define ¢(k,) := a and let g(a) be the trivial condition for a € (k,, ky).

At stage R,, one has
(4) IFg, P, oy is < #p-directed closed,
(5) W |(57G) 1 (B bing1)| = |G T (Rnzts in)| < iy and
(6) s, (j7G) T (FnsFint1) C P, ki) is directed.
Hence by conditions (4) - (6) there is a P5, -name, call it b, such that

Fr, b€ Py and Vp € G (b < j(p) | [y Fing1))

~

Now define q [ [Fn, kne1) :=band q [ Kns1 :=q [ Kn " q | [Kn, Kna1). Now
define ¢ = q [ A =, -, ¢ | kn. Since an inverse limit is taken at A (because
A is singular) the support of ¢ matches that of P,.

I will now show that ¢ is the desired master condition; i.e., ¢ IF p € G —

j(p) € G. Suppose G is V-generic for Py with ¢ € G. If p € G then by
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construction, for each n > 1 it follows that ¢ [ [kn, Knt1) < 7(P) | [Fns Kns1)
in VB Hence q | [k1,\) < 5(p) | [k1,A) in VB, Since q | [x, ;) and
J(p) I [k, k1) are both trivial, it follows that ¢ | [£,\) < j(p) | [k, A) in VFx,
It follows that ¢ < (1 [ k) ~q | [k, A) < (1 | k) " j(p) | [k, A) and thus
(LK)~ j(p) [k A) € G. Since p € G it follows that (p [ k) "1 | [k, A) € G.
Hence (p [ k)1 | [k, A) and (1 | k) ~j(p) | [k, ) have a common extension,
call it r, with r € G. Since r < j(p) = (p | k) " j(p) | [r, A) it follows that

j(p) €G.

The following lemma will be required to show that ¢ I j lifts to V[G]x41.

Lemma 5.12. If G C P, is V-generic, then Vy1[U, _, Grn] = V[G]|r41 where

n<w N

G, :=G,,.

Proof. First I prove V[, .., Gn] = V[G]\. C is immediate. Suppose = =

n<w N

7¢ € V[G]y. It follows that 7¢ € V[G],, for some n. The closure properties
of the iteration Py imply that 75 could not have been added by the tail

P10 Let o be a Py, ,-name with z = 0g,,, = 7¢. We can assume that

Rn41

the rank of o is less than k,4o. Thus z = 0¢,,,, = 7¢ € VM\[U,,-, Gnl-

n<w N

Now I will show that Vi 1[U, ., Gn] = V[G]as1. C is immediate. Suppose

n<w N

x =1 € V[G]ry1. Then 2 C VI[G|\ and x =7 = ,,_, 7¢ N V[G],,. From

n<w

the previous paragraph, each piece of the union has a name in V), call it o,,,



CHAPTER 5. THE LEVINSKI PROPERTY 117

which can be evaluated using only an initial segment of G. It follows that

the sequence (o, | n < w) is in Vi4y. Hence |J,__ o, € Viy1. It follows that

n<w

ZL’:Tg€V)\+1[Un<an]. ]

Now I argue that ¢ IF j lifts to V[G]x41. Suppose ¢ € G where G is V-
generic for Py. Define j : V[G] 11 — V[G]rs1 by j(7¢) = j(7)e. By Lemma

5.12 one can assume that 7 € V)1 and can be evaluated using | J G, thus

n<w
7 € dom(j). Let me show that j is well defined. If o = 7¢ then plF o =17
for some p € G. Since V), can verify the statement p I 0 = 7 it follows by
applying j that j(p) IF j(o) = j(7). Now j(p) € G since q € G serves as a

master condition. Thus j(0)g = j(7)g. Similarly, j is elementary. The lift

of j witnesses I;(k, A) holds in V[G]. O
I end with a question.

Question 2. Is there some large cardinal notion, say ¢(k), among those com-
monly considered, such that the consistency strength of “ZFC + Jr(p(k) A
 has the Levinski property)” is strictly greater than the consistency strength

of “ZFC + Jkp(k)"?
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