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Abstract

Mesoscopic Correlation in Transmitted Speckle Pattern and Wave
Localization

by
Bing Hu

Advisor: Professor Azriel Z. Genack

This thesis is an experimental study of the statistical character of the
field distribution within one-dimensional and transmitted through quasi-1D
random samples.

We measured the spatial extent of the field for extended, evanescent,
and localized wave in random single-mode waveguide. We find that spectrally
and spatially overlapping modes in a nominally localized region of an open
dissipative system can be decomposed into quasi-normal-modes.

Microwave field measurements of the near-field transmitted speckle
pattern through random quasi-one-dimensional samples were carried out with
polarization rotation, along a line, on a tight grid covering the full output
surface. The field spectrum is Fourier transformed to give the temporal
evolution of the speckle pattern. Field and intensity correlation versus

displacement, frequency shift, and polarization rotation were studied to exhibit
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the growing impact of mesoscopic fluctuation and photon localization with
time delay from a exciting pulse. The variation of key distributions and
correlation functions with delay time were examined. We find a universal
expression for the intensity correlation function which is valid for localized
and diffusive waves in steady-state and in the time domain. It is a function
only of the field correlation function which is the same in steady state and in
the time domain and the degree of correlation, k, which also indicates the
closeness of the random system to the localization transition. We also studied
the microstatistics of the transmitted field in individual sample realizations, as
opposed to the traditional focus on fluctuations relative to the ensemble
average. We find that the field distribution in each configuration is Gaussian
and that mesoscopic correlation arises as a result of fluctuation of the total
transmission. The degree of correlation x is just the variance of total
transmission normalized by its ensemble average.

Other aspects on phase statistics of the speckle pattern are also
reported. The distributions and correlations of phase, the first spatial derivation
of the phase, and the transverse current density, which may be expressed as the
product of the intensity and the first spatial derivative of phase, are all

determined by a parameter derived from spatial correlation function of the

field.
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CHAPTER 1

INTRODUCTION

1.1 General Introduction

Classical and quantum mechanical waves are used to transmit energy
and information and to control, probe and image our environment. Wave
propagation in diverse complex media, either natural or manmade, such as
electronic and photonic devices, metamaterials fabricated to highlight the
characteristics of the wave interaction with structural elements on the scale of
the wavelength, is therefore of fundamental and applied interest. The
particularities of wave interactions between different type of wave and
different systems are the basis of our rich experience of the world, but their
common characteristics provide a framework for understanding transport and
often point to new applications.

The study of classical wave transport in random '~ and periodic **
media has been stimulated by the analogies '° between electron localization '
13

. . . 14-18 .
, universal conductance fluctuations in conductors , and forbidden band

gaps in semiconductors and insulators. A wave in a random medium may
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follow innumerable trajectories with a wide distribution of path length called
partial waves. Some trajectories encompass the pairs of time-reversal closed
loops that return to the same coherence volume within the sample. A
coherence volume inside the medium is V., ~(K/2)3 . As a result of constructive
interference between trajectories with closed loops, the return probability is
enhanced leading to a narrow cone in backscattered light '°. This effect is
called weak localization effect *°?* In the weak scattering limit, weak
localization is small and average transport can be well described by the
diffusion equation for intensity, which corresponds to the random walk model
of photons. In strong scattering samples, weak localization modifies average
transport and eventually leads to the breakdown of diffusion and to Anderson
localization. Localization in three-dimensions occurs when the loffe-Regel
criterion * is fullfilled k¢ <1, , where ¢ is transport mean free path in which
the wave direction is totally randomized. Thus, weak localization is the
precursor of Anderson localization. Both weak localization and Anderson

o «“ . 5 2627
localization are known as “mesoscopic”™

, indicating the multiple-scattered
wave is temporally coherent through the static sample. This condition can be
achieved at ultra-low temperatures in electronic samples with dimensions
intermediate between the microscopic atomic size comparable to the

wavelength and the macroscopic size of everyday objects. In contrast, classical

waves are ordinarily coherent on the time scale in which the wave traverses
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a’ b’
Transmittance T= 2, T3 = Zap Tap
= g = Gl(e’/h)

Fig. 1-1: Illustration of three principle
transmission quantities

the sample. Unlike electronic systems, in which the only measurable quantity
is the conductance, a variety of local and spatially averaged parameters can be
studied for classical waves. Three principle transmission quantities that can be
measured are shown in Fig.1-1. Ty, is the transmission coefficient of an
outgoing channel » with respect to an incoming channel ¢. Summing over all
outgoing channels gives the total transmission T,. Further summing over all
incoming channels gives the transmittance, which is associated with the

. . . 28
dimensionless conductance g in electron system by Landauer formula *°,

g=GNe’Ih)=> <T,>=> <T,>=<T>. (1-1)

a.b a
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The existence of interference between waves containing time-reversal

. . . . 20,
loop trajectories results in long-range correlation 2%

of intensity with
frequency shift, spatial displacement or polarization rotation. This leads to
dramatically enhanced fluctuations in the total transmission and transmittance
even in weak scattering samples.

19,31,32
1 31,3

From the experimental point of view, optica and microwave

33 measurements in disordered systems have been fruitful because of the
high spatial, spectral and temporal resolution that can be obtained in
collections of statistically equivalent samples. Interference between multiple
scattered waves gives rise to the granular intensity variation on output
boundary, known as the “speckle pattern”. Just as the bright-dark line pattern
gives the slit width and distance between slits in Young’s double-slit
experiment of wave interference, the speckle pattern is a finger print of a
particular realization of the random sample though uncovering the sample
structure remains a formidable challenge. However, the statistical study on a
random ensemble of speckle patterns and microstatistics performed on a single
speckle pattern, leads to a better understanding of statistical aspects of wave
transport in random samples.

This thesis investigates the microstatistics of single sample realizations

and the statistics for random ensembles. The impact of weak localization on

the statistics of both static and dynamic transport properties will be examined
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for single-channel transmission and total transmission. Our goal is to make the
link between mesoscopic fluctuation and correlation on the one hand and
photon localization on the other. We measured the microwave field on the
output surface of quasi-1D random samples to gain a deeper insight into
localization and correlation. In the quasi-1D geometry the transverse size W is
much smaller than the sample length I (W<<L). The structure of spatial
intensity correlation within the transmitted speckle pattern is determined
experimentally. We find that the spatial intensity correlation can be expressed
as a sum of terms which are either multiplicative, additive, or constant with
respect to complex square of the field correlation function with displacement
of the source and detector. When the source is fixed the intensity correlation
function can be expressed in terms of the field correlation function and a single
parameter x, the degree of correlation which equals the value of intensity
correlation function at points at which field correlation vanishes. We find that
Kk = 2/3g, where g is the dimensionless conductance in the absence of
absorption. However, the measured transmittance by itself no longer indicates
the closeness to the localization threshold, but x still serves as a localization
parameter in both steady state and the time domain. Non-local intensity
correlation, as well as the fluctuation of total transmission, may be described
in terms of a parameter that gives the closeness to the threshold of the

Anderson localization transition. When localization occurs, waves are trapped
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within a finite region with intensity exponentially decaying away from the
region. Though absorption is ubiquitous it is often neglected in theoretical
studies. By examining transport as a function of time following pulsed
excitation, the affect of absorption can be removed while the growing impact
of localization can be clearly discerned. We obtain the pulse response respect
to an incident Gaussian pulse from our steady-state measurements of field
spectra measurements by Fourier transforming the product of a Gaussian
envelope and the measured spectrum. We find that the functional forms of the
probability distributions of intensity and total transmission, and of the intensity
correlation functions in the time domain are the same as found in the
frequency domain.

Localization is directly reflected by the spatial extent of the wave. We
have carried out measurements of the field spectrum at points along the entire
length of a sample constructed by randomly juxtaposing dielectric slabs within
a single-mode waveguide. This allows us to distinguish the extended,
evanescent, localized waves as well as to discover the underlying modes which
overlap in space and frequency. The overlapped modes can be decomposed
into several quasi-normal modes and enhance the transmission particularly in
the presence of absorption. This work allows us explore the nature of modes in

open dissipative system.
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1.2 Signatures of photon localization

The wave character of electron is neglected in classical electron
transport theory in metals and semiconductors. In general, it is reasonable to
disregarding the interference effect since the typical coherence length of an
electron, which is around 10nm at room temperature, is much smaller than the
typical size of electronic system '. Indeed classical transport theory may fail
completely when the conductor is cooled down to the low enough temperature
(~1K). Since the electron wave is dephased by thermally activated inelastic
processes, lowering the temperature below 1K freezes out inelastic collisions
so that the phase coherence length can reach the scale of several microns.
Electronic systems of size comparable to the phase coherence length are called
mesoscopic since they are in size intermediate between the microscopic and
the macroscopic. In the mesoscopic regime, interference leads to large
fluctuations that do not self-averaged. In strongly scattering samples, Ohm’s
law may fail and electron transport may be suppressed by weak localization.
We will give a brief review of wave localization below.

In 1958, Anderson proposed that electrons can be localized by
sufficiently strong disorder. Electrons are trapped by quantum interference.
When Anderson localization occurs, the diffusion coefficient drops to zero and
conductance vanishes. This explains the metal-insulator transition in

semiconductors. However, it was not until the mid 1980s the Anderson
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localization of classical waves became an attractive field based on the
common wave nature of electrons and electromagnetic (EM) radiation.
Because of the differences between photons and electrons, this posed entirely
new experimental and theoretical challenges for finding convincing evidence
of localization, and for investigating the characteristics of the transition from
diffusive to localized waves. Many new EM phenomena were introduced such
as weak localization, short- and long-range intensity correlation, and strong
localization. And many experiments excited great interest in the localization of
photons such as the coherent backscattering of light, microwave transmission
measurement in quasi-1D and 3D system, optical transmission measurements
in slabs, and lasing in random media.

In unbounded three-dimensional random systems, Anderson

localization is predicted to occur where Toffe-Regal criterion =, k7 ~ 1 is

satistied, where k=27/4 is the wave number and /is the transport mean free

path. The diffusion constant approaches zero at the localization threshold in
large samples. For real systems, the sample length L and cross sectional area 4
arc of importance. Three key indicators of localization are the Thouless

13

number ', the dimensionless conductance g, and the variance of total

transmission * with a single incident channel. The relationship between these
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parameters and the explicit connection between mesoscopic fluctuations and
localization described below.

The Thouless number, & ]3, is the ratio of the average linewidth and
line space between energy states, which can be written as 6=0E/AE where AE
is inverse of the density of states, in electron system energy spectra. For
classical wave transport, o is the ratio of the spectral width and spacing of
quasi-states in the random medium, 6 = o0v/Av. The linewidth dv in the
absence of absorption and dephasing is due to leakage through the boundary.
When 6<1, dv <Av, the poor spectral overlap of quasimodes from different
spatial regions of the sample suppresses the transport and waves becomes
localized in space. When 6>1, quasimodes overlap spectrally and transport is
uninhibited. Therefore, 6~1 gives the threshold of localization in the absence
of absorption. For electron systems, the direct proportionality relation between

the conductivity and the diffusion coefficient is known as the “Einstein

2

relation”,a=%Dn(v) where n(v)=(dn/dv) =(dN/dv)/AL 1is the density of

states (DOS) per unit volume and frequency shift at frequency v, and D is the
diffusion coefficient. The conductance can then be written as G= c4/L= (¢*/h)
Dn (v)A/L. For weak scattering, the linewidth of the state corresponds to the

width of the field correlation function with frequency shift ** and is given as
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Sv =D/L° " . The line spacing is the inverse of the density of states of the
sample as a whole, and may be written as Av=1/(n(v)AL). The equality of the
dimensionless conductance g¢ and the Thouless number & in absence of
absorption can be seen from the follows: g = G/(e*/h) = Dn (VA/L = 6v/ Av
=0. The average over an ensemble of statistically equivalent samples of the
conductance <g>, where <...> represents the average over an ensemble, act as

137 6f the localization transition. In the weak scattering

a scaling parameter
limit in the absence of absorption, the variance of relative fluctuations of the
total transmission normalized by its ensemble average for an incident wave a,
var(sy), 18 inversely proportional to the average value of the dimensionless

30333840 yar(s,) = 2/3g. In this thesis, the study of the structure

conductance g
of field and intensity correlation in quasi-1D random sample introduces the
degree of correlationk, which is the fractional correlation of fluctuations in
intensity at points at which the field correlation function vanishes. Fluctuation
of total transmission var(s,) and the degree of correlation are directly linked, x

H4 " The localization transition between waves that extend

= var(sy)
throughout the sample and waves that are exponentially peaked within it
occurs at g~/. And the probability distribution of total transmission may be

expressed in terms of a single parameter g in the absence of inelastic

scattering. How does the absorption change the picture? The explicit
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connection between mesoscopic statistics and average transport via the
parameter g breaks down in the presence of absorption. Indeed, g can no
longer serve as a localization parameter in absorbing samples since its value
decreases with increasing absorption, while the wave, if anything, is more
removed from the localization transition since the contribution of waves
follows longer trajectories in which the trajectories are more likely to cross is
reduced. However, var(s,) is relatively insensitive to absorption, and may still
serve as a localization parameter. Microwave experimental studies in quasi-1D
samples show that the probability distribution of transmission depends only on

the variance of total transmission normalized by its ensemble average, var(s,)

40 35

3

1.3 Speckle pattern through random medium

1.3.1 Spatial correlation of intensity in speckle pattern

Since the invention of the laser as the coherent light source in early the
1960s, there has been growing interest in the speckle pattern. The speckle
patterns in transmission or reflection show large spatial intensity fluctuations.
The transmitted speckle is the main concern of this thesis. The short-range
correlation of intensity is seen in the bright spots of speckle pattern with size
the order of the wavelength. The probability distribution of intensity follows

45

the Rayleigh statistics >* when localization effects can be neglected. The
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distribution for a single polarization component of intensity is a negative
exponential. With increasing scattering strength or sample length, interference
between waves following time reversal looped path cannot be neglected. This
leads to the deviations from the diffusion model in the suppressed average
transport and enhanced long-range correlations. The intensity probability
distribution deviates from Rayleigh statistics. This thesis focuses on long-
range spatial correlation in steady state wave transport and its dynamics, which
is beyond the diffusion approach.

In field the factorization approximation, the theoretical expression of
the spatial intensity correlation function inside a random sample is C(Ax) =
(sinkAx/kAx)ze'Aw 46, where £ is the wave number, / the mean free path, and
Ax  the spatial displacement. Later Freund derived the spatial intensity
correlation function on the output surface *’. Indeed this intensity correlation
in the field factorization approximation exponentially decays on the scale of
the mean free path and vanishes in short distance, so called short-range
intensity correlation but there are other terms. Stephen and Cwilich *
considered long-range correlation in intensity by including mesoscopic
corrections. This approach gives rise to enhanced fluctuations on the total
transmission. Microwave measurements found long-range correlation in the
intensity with spectral, spatial or temporal shift. Feng et al. expanded the

intensity correlation in three terms in terms of the parameter (1//g), C=C; + C;
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+ (3. The C; term is short-range and is seen in the scale of speckle spot. The
C, term decays slower and has a magnitude is proportional to (1/g). The Cs
term is proportional to (1/g)*. Long-range correlation can be explicitly related
to the wvariations of total transmission with frequency and sample
configuration. The C; term is the optical analog of universal conductance
fluctuation in electron transport due to the quantum interference.

This thesis reports the experimental study of the structure of intensity
correlation with the coordinate shift and gives a more complete expression
based on a simple functional form, which involves the field correlation
function. By unscrambling the intensity spatial correlation in the time-domain,
we find the time dependence of k. The short-range correlation function is
invariant with time. The measurement of the full speckle patterns through
random samples gives a map of key wave aspects including intensity, phase,

phase singularities, and 2D polarization singularities.

1.3.2 Observations of full speckle pattern map

We have measured the near field transmitted speckle pattern through
random sample for two perpendicular polarizations. The random quasi-1D
sample consists of randomly mixed 1.27-cm-diam polystyrene spheres. The
detector is a 100 micron diameter and 4-mm-long antenna mounted on a four-

dimensional motion stage includes X-Y-Z 3D translation stage. The Arrick
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Robotic stage has two MD?2 dual step motor controllers, and one Hurst rotation
step motor controlled by the bi-polar stepping Motor Control board. The
stepping motors have 0.9° angular step to give a spatial resolution 0.05mm.
The different orientations of the detector couple to various polarization
components of the wave. The length of the detector should be sufficient to
pick up different polarization waves, as well as to obtain sufficient coupling
strength, but short enough to have low spatial resolution along the x and y
direction due to the detector orientation. This setup allows us to achieve the
speckle pattern measurements by moving the detector along x-y plane parallel
to the sample output surface with Imm spacing mesh to cover the entire79-
mm-diameter tube cross section and rotating the orientation of detector 90
degree back and forth. The alignment of the detector is crucial for making sure
the distant from the sample surface is constant. The frequency range 16.8 —
17.8 GHz is swept with 625 kHz resolution by using vector network analyzer
for each spatial point and each polarization.

The 2D maps of intensity and phase within [-rt, 7] of the field are
shown in Fig. 1-2. The phase map (right) reveals the striking feature of the
topological singularities by means of the invalidation of some quantities used
to describe the complex field pattern. The phase singularities, also called
topological charges, dislocations, or optical vertices, are points at which the

phase is ill-defined since both the real and imaginary parts of the field
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Later in this section, we will also show the other type of singularity,
polarization singularities indicate the vanishing of the polarization ellipse. We
searched the 2D field maps for points at which the zero contours of real and
imaginary part of field cross to precisely locate the positions of phase
singularities in each speckle pattern. It is noteworthy that apparently disparate

zeros of real and imaginary parts of the field in the two-dimensional plane are

Frequency = 16.800 GHz (<)

£ ¥

¥ g ¥

H
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K”i”‘«-um'-"mww.;*‘_‘ﬁ"w"fa
s e

)

N

Y (mm

Figure 1-3: Positions and sign of phase singularities in speckle pattern of
single polarization component and single frequency. Blue and red curves
are zero contours for real and imaginary parts of field. Blue and red dots are
positive and negative phase singularities or topological charge.
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indeed continuous in three-dimensions. In terms of topological charge,

1 = ) . .
= 2—4 < ¢<dl , where ¢ is the local phase, and the line integral is taken
7w

over the path on the close curve c¢. Phase change around a given phase
singularity is 271, where the sign gives either positive or negative topological
charge corresponding to the phase increase clockwise or counterclockwise.
Fig. 1-3 shows the positions of positive and negative phase singularities within
the single speckle pattern.

The full description of the electromagnetic field should consider its
vector character. Chapter 4 deals with polarization correlation. The intensity
correlation between wave fields with perpendicular polarizations reveals the
mesoscopic correlation in the system. As a result of random phasor in the
wave superposition of the field at a specific position and component of linear
polarization, each spatial point has its own degree of elliptical polarization,
which is given by the polarization ellipse. Two parameters are used to describe
the polarization ellipse at each point, the angle between the longer semi-axis of
the ellipse and the x-axis © and the eccentricity e, defined as the ratio of the
two semi-axis. A plot of the polarization ellipses in the two-dimensional plane

of near-field speckle pattern respect is shown in Fig. 1-4.
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Fig. 1-4: Measured polarization ellipses 1 a microwave field in different
parts of speckle pattern with single frequency 16.8 GHz.
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1.4 Quasi-1D geometry

In the past two decades, much effort has focused on achieving
localization of classical waves in three-dimensional samples. To date, photons

have only been localized in samples without residual long-range order in one-

49,50 D 3335

. two- **, quasi-1 samples and in layered samples *'**. As mentioned
before, waves are always localized in sufficiently large 1D and 2D system.
One way to localize radiation is to reduce the sample dimensionality. The
quasi-1D geometry is in fact three-dimensional locally but confined in the
transverse directions with reflecting boundaries of length L., considerably
exceeding the sample’s transverse dimension, L>> W. As a result, there are
only finite number of modes N= 27z4/4°. Because of reflected boundaries, the
return of waves to any region of the sample is enhanced and the probability of
returning to a typical coherent volume consequently with increases with
sample length. As a result, the wave can be localized as the sample length is
increased, while the cross section area remains fixed. Since all modes may be
assumed to be mixed, the statistics of propagation are the same at any point on
the output surface. This can be achieved experimentally, in samples contained

54,55

in a long metallic cylinder. The methods of random matrix theory are well

suited to such systems and have provided nonperturbative results in the weak

scattering limit'®**",
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1.5 Outline of this thesis

This thesis deals with wave transport in one-dimensional random
waveguides and in multiple scattered quasi-1D systems. Chapter 1 reviews key
concepts and presents a broad overview of the thesis. It also presents our
observations of the speckle pattern and reveals its essential structure. In
Chapter 2, we explore the character of waves in an open dissipative one-
dimensional random waveguide. When the field distribution is not a single
peak and the corresponding spectrum is not Lorentzian, we are able to
decompose the field into a sum of quasimodes. These modes are multi-peaked
in space and have Lorenztian linewidths. Transmission is dominated by these
overlapping quasimodes. This is particularly the case when absorption is
present since long-lived localized modes are more strongly suppressed than
quasi-extended quasimodes. In Chapter 3, we show that the intensity
correlation function may be expressed in terms of the complex square of the
field correlation functions with respect to displacements of the source and
detector. The correlation function is a sum of three types of terms -
multiplicative, additive and constant with respect to displacements of the
source or detector. When the source position is fixed, the correlation function
takes on a universal form in terms of a single parameter, the degree of
correlation. In the last part of this chapter, we present a preliminary study of

microstatistics of the two-dimensional speckle pattern of single sample
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realizations measured in scan of the field transmitted through a quasi-1D
random sample over the output surface. In chapter 4, we consider the pulse
response by appropriately Fourier transforming the measured spectrum. We
investigate the time dependence of field and intensity correlation with
displacement and polarization rotation. This allows us to view the growth of
weak localization and mesoscopic fluctuations in the time domain. Chapter 5
addresses the statistical properties on the phase, the first derivative of phase in
frequency and space, and the transverse current, which is the product of the
intensity and the first derivative of phase with spatial coordinate x. An
important experimental consideration is the effect of the finite spatial step size
upon the probability distribution of the first derivative of phase and the
transverse current. Our findings and conclusions are summarized in Chapter 6.

Most of the results of this thesis are presented in Refs. %%,
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CHAPTER 2

WAVE TRANSPORT IN PERIODIC AND RANDOM
SINGLE MODE WAVEGUIDE

2.1 Introduction

Periodic structures of diclectric material exhibit the band structure
similar to that for quantum-mechanical electron, waves in the band in which
propagation for forbidden ®”. This so called photonic band gap (PBG) can be
used to control wave propagation through inhomogeneous dielectric contrast.
The periodicity of such photonic crystals (PCs) can be disrupted to create
localized modes. These confined modes are high quality factor cavities within
the disordered PC, which can be used as optical resonators. The most obvious
application for imperfect PCs is to provide laser cavity for random laser or for

single-defect of photonic band gap lasers *°'

. With manipulating disorder, we
can change our system from ordered PC, single defect PC to completely
random media in one dimensional waveguide geometry.

Though the nature of wave propagation in disordered samples reflects

12,13

the spatial extent of wave within the medium , in part because of the

inaccessibility of the interior of multiple-scattering samples, the problem of
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transport in the presence of disorder has been treated as a scattering problem
with the transition from being extended in space to localized charted in terms
of characteristics of conductance and transmission. In the presence of disorder,
waves undergo the transition from extended to localized in space. However, in
systems of lower dimension like 1D, multiple scattering leads to wave
localization since the wave will always return upon itself leading to closed
loops of wave trajectories for which interference leads to suppression of
transport.

In general, The Thouless number, which is the degree of level overlap,
is used to determine the onset of localization in the absence of absorption. It is
the ratio of the average width and spacing of states of an open random
medium, 6 = ovAv. When 6 > 1, resonances of the sample overlap spectrally
and the wave spreads throughout the sample. When ¢ </, however, coupling
of the waves between deferent portions of the sample is impeded. Well
resolved Lorentzian lines in transmission spectra of localized 1D system,
known as Azbel resonance®, originate from the resonances associate with
exponentially peaked localized modes in space. However, even in the regime
for which 6 </, modes may occasionally overlap and become extended over
space. Mott argued that interactions between closely clustered levels in the
range of energy in which ¢ </ would be associated with two or more centers

of localization within the sample®. Pendry predicted that when modes overlap,
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they create a quasi-extended field distribution referred to as a necklace states.
These states play an outsized role in transport since waves may then flow
through the sample via regions of high intensity which appear to be strung
together like beads in the necklace 4%,

In this chapter, we present measurement of the spatial and spectral
dependence of the field for microwave radiation inside an open absorbing
single-mode waveguide filled with dielectric slabs either arranged periodically,
with single defect, or randomly. In the spectral region in which the density of
states vanishes, defect or disorder induced localized modes may appear. In this
region, the average level spacing exceeds the typical level width, thus o </.
Measurement along the entire length of the waveguide reveals spectral regions
in which the energy sometimes exponential peaked at a single localized center,
and sometimes peaked at a number of points in the sample. These studies add
to our understanding the nature of overlapped modes in region for which & </.

Section 2 of this chapter produces details of the experimental setup and
the sample fabrication. We present comparisons between measured spectra
with numerical simulation based on the transfer matrix method has been
performed.

In section 3, we discuss results from three types of sample. Those are a
periodic sample, a sample with single defect, and ensemble of 100 realization

of random sample. These experiments allows us to explore the wave transport
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properties and spatial distribution for PBG band edge mode, band gap
exponentially decay evanescent mode, single defect mode, disorder-induced
exponential decay mode due to Anderson localization, and overlapped modes.
Special concern is on the decomposition of overlapped modes in which ¢ </
into quasi-normal modes.

Our conclusions are summarized in section 4.

This investigation of microwave propagation in 1D random samples
leads to a deeper understanding of the connections between key aspects of
wave propagation, localization, and absorption. It has advantages that samples
are relatively easy to fabricate with good control of the defects introduced, and
to compare measured results with one-dimensional analytical and numerical

results.

2.2 Experimental setup and samples

Field spectra are taken along a slotted WR-42 rectangular microwave
waveguide with cross section (10.67 x 4.32 mm?). The empty waveguide
support only a single mode in the frequency range from 13.5GHz to 19.5GHz
The ceramic block milled to form the main binary structural element of length
a= 7.74 £0.04 mm. The ceramic material has index of refraction ny = 2 and

the cross section (10.42 x 3.25 mm?) + 0.2 mm”. The first half of the block is a
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solid piece and the second half has two projecting thin walls of thickness 0.8

mm on either side, shown in the inset of Fig. 2-1. Since the cross section of the

HP8720C

Amplifier ¢

Fig. 2-1: Schematic of experiment setup. Inset shows
the structure element of the random sample inside
the waveguide.

structural element only fills 67% that of the waveguide, we can estimate the
effective index of refractions as n; ~ 1.67 and n, ~ 1.08 respect to high and low
index of refraction of the structure by using volume filling factor, f, for two
halves of block, n = fngy+ (I-f) n; . In above expression, n; = / is the index of
refraction of air. This result is in agreement with the value obtained from a
comparison between the measured and simulated band gap position as we
form the periodic structure by applying the binary element described above,
see Fig. 2-2.

One hundred realizations of random sample are composed of randomly
juxtaposed dielectric elements in two steps. First, orientations of thirty-one
binary elements toward or away from the front of the waveguide are randomly

selected. Then, five high dielectric ceramic material single blocks and five low
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Fig. 22 Photonic Band Gap (PBG) comparison
between measurement and simulation. The simulation
result of transmission through 36 binary elements with
n, = 1.67, n, = 1.08 gives PBG between 14.7GHz and
19.1GHz. Inset shows the measured transmission for

the same structure which exhibits PBG between 14.65
GHz to 19.15 GHz.

dielectric Styrofoam single blocks, each of length 4mm, randomly inserted
into the sample from step one. The purpose of the second step is to break the
AB pair structure so that localized modes can be created deep in the band gap,
where the density of states is low, and the waves is strongly localized. Thus,
the total sample length is 28.8 cm. A 2 mm slot was milled along the length of
the top of the waveguide to allow us to measure the microwave field. The

experiment setup is shown schematically in Fig. 2-1. In order not to distort the
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field by the measurement process, the field was weakly coupled to the
detector. The core of coaxial adapter, which measures the field to the network
analyzer through the cable, was coupled to the sample through a 2 mm-
diameter hole in the enclosure where the cable terminated. This enclosure was
mounted on the computer-controlled translation stage. In order to reduce the
leakage from the open slot, two Smm thick copper bars were attached to both
sides of the box and moved along with it. In addition, many springy copper
fingers uniformly applied along the waveguide assured covers maintained
good electrical contact with the waveguide. The connector through which the
incident field is coupled to the waveguide is a standard waveguide adaptor
located 60cm apart from the front of the random slabs. For each random
realization of the sample, the detector was translated to 350 points spaced by
Imm. The first sixty-two points correspond to the empty waveguide before the
sample. This allows us to normalize the field within the sample by the incident
wave, which is obtained by analyzing the standing wave spatial distribution in
this empty regime.

Complex field spectra are collected at each position with use of a
HP8720C vector network analyzer. Each spectrum covered a 6 GHz-range
with 1601 points, giving a frequency step of 3.75MHz, which is considerably
smaller than the linewidth of the narrowest modes observed, which is

approximately 20MHz. This frequency resolution allows us to study the time
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response of a broad band Gaussian incident pulse by applying a Fourier
transform technique, which will described in chapter 4. By using smaller
integrate frequency bandwidth as 100 kHz for the field spectrum
measurement, we achieved low noise result yet much time consuming than the

measurement with large integrated frequency bandwidth.

2.3 Results and Discussion

2.3.1 Observation of band gap and Bloch waves in periodic sample

In late 1980’s, it was shown experimentally and theoretically the
existence of certain propagation forbidden frequency ranges in three
dimensional periodic dielectric structures® . However, design and fabrication
of such 3D photonic crystal with omni-direction band gap is drastically
arduous and sensitive to manufacturing imperfections. For simplifying the
complication and still grasping the key feature of PBG, we consider the one
dimensional PC, discovered as omni-directional Bagg-reflector ®. Our sample
is a periodic arrangement of slabs of alternating indices of refraction n; and n,
inside the single mode waveguide. For an infinite sample length, the
dispersion relation between wave vector K and frequency v can be estimated
by solving the following transient equation by using the scalar Kronig-Penney

model for 1D periodic structures .
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where a is the period of the structure, k; = n,2zve, ky = n2 rv/e, ¢ is the light

speed in vacuum, v is the frequency and K is the complex wave vector. In the

4
k=rn/a=3.93
3 _ _
2
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L 1 m— real part
1 === imagary part
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Fig. 2-3 Complex wave vector K for our periodic structure
in single-mode waveguide in unit of cm™. Solid line is the
real part and dash line is the imaginary part.

formula, n; and n; correspond to two indices of refraction of the two materials.

Since the sample is enclosed in a waveguide with a single-mode TE ;¢ mode,

2
must be applied. In

the waveguide dispersion relation n = [n,*> ——
. P \/ (@ W

this way the effective indices of the two materials in the waveguide, n; and ny,

are determined based on the indices of the two materials ng and nyy. The W is
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the width of the waveguide cross section. A plot the dispersion relation of our
1D PBG for the lowest band gap is shown in Fig. 2-3. As we traverse the gap,
the real part of wave vector k = Re(K) = wa ~3.93¢m™ does not change and is
determined by the period of structure.

Fig. 2-4 shows the 3D plot of measured field amplitude and a top view
of the same data. The gap occurs between the edges of the allowed Brillouin
zones between 14.65GHz and 19.15 GHz in frequency. Fig. 2-4(b) shows that
waves within the band gap cannot propagate through the sample but decay
exponentially with decaying length equal to the inverse of imaginary part of
wave vector. The plot of the field amplitude shows parallel ridges with period
a over the whole band gap. This corresponds to half the wavelength of
standing waves corresponding to the real part of the wave vector, 4 = 2a.
Thus, the phase change along the sample is given by: ¢ = k L = (w/a)L =
nl/(3/2) = Nmn where N is the number of ridges in space. Fach time tune
frequency through a Lorentzian mode, the phase increases by 7. Since there
are no modes in the band gap, as we traverse the gap, N is invariant thus there
is no additional phase change along the length of the sample. However, the
envelope of the field amplitude decays exponentially corresponding to the

imaginary part of wave vector, k. The decay length, 1/k, increases as the
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Fig. 2-4. a) 3D plot of the measured field amplitude inside
1D PBG structure in waveguide over 6 GHz frequency
range. b) The top view of Fig.2-4 (a).
frequency is tuned from the edge of the gap to the center of gap, then
disappears at the other side of edge.
More details of wave propagation and energy penetration into the

sample are directly observed from the spatial profiles. Though band theory of

photonic crystal is for the ideally infinite structure, the sample in reality is
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always finite. This introduces a series of band edge modes which we observe

experimentally.

i

FEHk

2453
Poaition oo}

Fig. 2-5. Show the spatial profiles of 5% band
edge traveling wave (a) and evanescent waves
when incident waves excites frequency with band

gap.

Fig. 2-5 (a) shows the spatial profile of the 5th band edge mode.
Energy is transported all the way through the sample. The variation of the peak
of the envelope is due to the imperfections in the structure. Band edge modes
closer to the band gap are more significantly distorted since coherence of the

structure must be maintained over a longer length scale for these longer lived
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modes. Fig. 2-5 (b) also shows the spatial profile of evanescent wave when the

incident wave excites the frequency within band gap.

2.3.2 Observation of defect modes

In the perfect periodic structures, waves are evanescent and decay
exponentially within the band gap. Thus the density of states, which is related
to the spatial average of the integrated intensity in the sample, tends to zero as
the sample length increase. However, a single defect or distributed disorder
will introduce long-lived localized modes into the gap. Fig. 2-6 (a) shows the
top view of the defect mode as the function of frequency and space. Energy
peaks at the position where the single defect introduced. In the spectrum
shown in fig. 2-6 (b), a narrow peaked Lorentzian line appears within the gap.

The corresponding resonant frequency of this defect mode depends on
the length of the defect. The flow of energy out of the sample and dissipation
in the system, such as absorption or gain, broaden the linewidth. Thus, the
width of the Lorentzian line, ', is the sum of two terms one associated with
leakage, and the other with absorption, /"= 7; + 7. When the single defect is
moved deeper into the center of the sample, the effect of leakage has lesser
impact while the impact of absorption increases. When the sample length is
much larger than the localization length with the defect at the center of the

sample, where far from the sample boundaries, width of Lorentzian line
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Fig.2-6 a) Top view of field amplitude as
function of frequency and space. In the circle is
the localized mode due to the single defect at the
middle of 26-pair periodic structure, which has
sample length 21.2 cm. b) spectral lorentzain line
for defect mode. c¢) spatial distribution of defect

mode.

saturates to 7/, Fig. 2-6 (c) shows a semi-logarithmic plot of the spatial
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We carried out two additional experiments to study single defect

modes. One is that single defect is kept at the middle of the sample while

sample length is varied from 10cm to 21.2 em. The exponential decay length

of intensity near the defect is about 1.3 cm. We found that the linewidth of the

defect mode saturate to a value of about 27 MHz. Comparison to simulation

suggests this is the contribution of absorption. Fig. 2-7 shows the linewidth as

a function of sample length L. In the second experiment, the sample length is

fixed at 24.4 cm, but the position of single defect, x, is changed from 2.6 ¢cm to

12.2 cm into the sample. The linewidth saturates to about 27 MHz while the

peak intensity decay exponentially with increasing x,(Fig. 2-8).
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mode as the function of position of defect for
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2.3.3 Isolated and overlapping modes in random waveguide
In all random samples, spectrally isolated Lorentzian lines associated

with localized waves were observed. Only when the field displays overlapping
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spatial and spectral peaks, however, does the field penetrate substantially
beyond the first half of the sample as a result of absorption at the frequency
less than 18.7GHz. Thus frequency range, which is smaller than 18.7 GHz,
gives the work regime of localization where & > 1. Above 18.7 GHz, modes
typically overlapped, so that & > 1 and wave are extended. The exponential

decay in space defines the localization length £ of the mode as a function of

i

e piriodic ;
- pandom {averaged over 100) ©

Decay Lenpth (mm)

uli SRt s - : : 3
15 16 7 1% 19
Freguaney (GH2)

Fig.2-9. Exponential decay length in space shows the localization
length of the random ensemble as function of frequency. Thin curve
1s for pertodic structure and it shows the band gap.

frequency, see Fig.2-9. The thin curve is for periodic structure and shows the
small decay length within band gap for exponential decay. The thick curve is

for random sample and shows the residual of the band gap.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



49

In the regime, in which the wave is generally localized, that is typically
the linewidth dv, is shown to be smaller than the space between successive
localized mode, Av, we found that whenever modes overlapped in spectra,
they are also overlapped in space and exhibit enhanced transmission. Fig. 2-10
shows two projections of the field amplitude of the spectrally overlapped
mode. When the frequency is tuned through a Lorentzian line, which
corresponds to a localized mode (e.g. v = 15.3 GHz), the phase of field
increases by 1 rad and an additional peak in the amplitude variation across the
sample is introduced. This is shown in the top view of the logarithm of the
amplitude plotted in Fig. 2-8 (b).

In the frequency interval between 15.6 GHz to 15.8 GHz in which
multiple peaks are observed in the field amplitude, the number of ridges in
space is increased by three, corresponding to three successive m phase shift.
This suggests that three Lorentzian shaped modes are superposed to form the

field in the sample.

2.3.4 Decomposition of quasi-normal modes and impact of structural
perturbation

The idea that the field can be expressed as the superposition of quasi-
modes in this region can be tested by fitting the measured field spectrum

excited by the incident wave at each position to the sum of three Lorentzian
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Fig 2-10 (a) Field amplitude of mode overlapped in spectrum and
m space. (b) Top view of field amplitude to see the ridges across

the sample which shows the 7 shift for each mode.

lines for overlapped modes, and a slowly varying polynomial of the second

degree centered at v representing the sum of the evanescent wave and the tail
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of the response of distant lines. In the following expression, two “satellite”

lines at 15.3 GHz and 16.06 GHz are also included,

m

E(v,x) = 25: GACIREACIN 22: C () —v,) @-1)

n=1 Fn (x) + i(V - Vn) m=0

where vy is the center of our frequency range and n = 1,2,3.4,5 stand for three
quasi-modes. C,(x) is the complex coefficient. Therefore, fields of five

decoupled quasi-modes can be given by 4,(x)+i B,(x). Here, vo = 15.66 GHz,

GF

Frequency

Fig. 2-11: Comparison of the measured field magnitude (dots) to Eq.2-1
(full line) at four different locations. The Lorentzian lines and the
polynomial in Eq. 2-1 are represented in dotted lines.
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which is the center of the frequency interval considered. An iterative double
least-square fit procedure is applied independently at each position x within
the sample as follows: first guesses for the central frequencies, v, and
linewidth I', from the measured peaks used to fit the spectrum at each position
x to Eq. 2-1 with the amplitude coefficient 4,(x), B,(x) and C,(x) as fitting
parameters. These values are used in a second step in which, only the v,(x) and
['n(x) are fitting parameters with a bounded spectral range. This double fitting
procedure can be repeated to improve the fit. The quality of the fit can be seen
in Fig. 2-11. Indeed, the chi-square normalized by the product of the integrated
spectrum and degrees of freedom (the number of point minus the number of
free parameters), remains below 2x10° over 90% of the sample length. The
noise is higher near the sample output where the signal is generally close to the
noise level. The central frequencies, vy(x) and linewidths I'(x), found in the fit

are shown in Fig. 2-12. Fig. 2-13 shows plots of the field magnitudes

A (x)+ B2 (x) associate with corresponding T'y(x) and v,(x). Fluctuations in

va(x) and I'(x) are large only at positions for which the peak magnitude of the
terms for the ™ mode are low, as can be seen by comparing Fig. 2-12 and Fig.
2-13. In the domain in which fluctuations in the central frequencies and
linewidths for a particular quasimode are low, these quantities are virtually

independent of position and the field amplitude is given to good accuracy by
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Fig. 2-12: Spatial dependence of central frequency and linewidth for the five
modes shown mn Fig. 2-10.

substituting the average values of vy(x) =v,, and I'y(x) = [, in Eq. 2-1. The
drift is greatest in mode 2, where the variation in v»(X) is less than 20% of 1.
With v, and [, specified, each of the Lorentzian terms in Eq.2-1
corresponds to a quasimode. The Fourier transform of each term gives the
response to an incident pulse in which the temporal and spatial variation
factorize, f.( x.t) = fof x)exp(-i( 2nv,- il,)t) corresponding to a sum of

exponentially decaying quasimodes. The independent decay of the quasimodes
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indicates that they are orthogonal. For the three spectrally overlapping modes,
“model” (vi~ 15.56 GHz, I'} = 0.67GHz) is broad as a result of its closeness
to the input. “mode2” (vo~ 15.70 GHz, 1> ~ 0.051GHz) and “mode3” (v; ~
15.73GHz, T's ~ 0.07GHz) are spatially extended and multi-peaked in a
spectral range in which quasimodes are otherwise strongly localized. In fact,
“satellite modes”™ are not strictly localized due to the overlap with other modes.
The sharply defined modes appearing in the expansion of Eq.2-1 in the regions
in which the amplitude of specific modes is greater than the noise in the
measured field is consistent with these modes representing a complete set even
when they overlap.

Due to dissipation in and leakage from the random sample, the system
has non-Hermitian but still symmetric Hamiltonian since reciprocity is
preserved. Thus, such Hamiltonian has complex orthogonal eigenvalues when
the appropriate inner product is used’®’". If the amplitude given by fit are
orthogonal, the linewidths of quasimodes would equal to the sum of the
absorption rate, I',, and the leakage rate for specific modes, 'y, for nth
quasimodes. The sample dissipation rate is given by the ratio of the net flux
into the sample, which is the difference between the incident flux and the sum

of the reflected and transmitted fluxes, and the steady-state electromagnetic

L
energy in the sample, which is proportional to Jg(x)Ezdx, where g(x) is the
0
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Fig. 2-13: Field magnitude for quasimodes and slowly varying
polynomial term in Eq. 2-1.

effective relative permittivity found from measurements in the periodic
structure, which make it possible to take account of waveguide dispersion. Iy,
is determined from the ratio of flux away from the sample for a given
quasimode to the energy in the sample for this quasimode for steady-state
excitation. The leakage from the sample for a given quasimode is obtained by
decomposing the scattered wave in the empty waveguide surrounding the
random sample into a sum of Lorentzian lines as given in the first sum on the
right hand side of Eq. 2.1. The flux is then proportional to the product of the
square of the amplitude of this field component and the group velocity in the
waveguide. Within experimental uncertainty of 25%, we found that the mode

linewidths are equal to the sum of the absorption and the leakage rates.
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2.4 Conclusion

We have measured the microwave field inside periodic, single defect,
and random configurations of dielectric elements in an open dissipative single-
mode waveguide. We observed the different kinds of wave propagation. The
deeper penetration of energy associates with the overlapped states with
presence of absorption. Decomposition of such overlapped states gives quasi-
normal modes with multiple peaked spatial field distribution. The linewidths
of quasimodes are equal to the sum of the absorption and leakage rates within
experimental uncertainty. The demonstration that quasimodes are well-defined
when the spacing between their central frequencies is comparable to their
linewidth, suggests that a quasimode description may also be appropriate for

diffusing waves in samples with 6 > 1.
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CHAPTER 3

STEADY STATE SPATIAL CORRELATION IN QUASI-1D
RANDOM SAMPLE

3.1 Introduction

A wave propagating in a random medium undergoes multiple
scattering. And within a static sample, transmitted waves respect to a
monochromatic incident wave is temporally coherent. As a result, a complex
interference speckle pattern arises in the transmitted field. This spatially
granular structure of intensity manifests large fluctuation with a correlation
length on the scale of wavelength in transmission*®. The intensity within the
speckle pattern exhibits long-range correlation®’%, which results in enhanced
fluctuations in total transmission and transmittance.

When waves enter an inhomogeneous sample, the original direction is
randomized after a transport mean free path. Waves then undergo different
sequences of scattering events, which we refer to as trajectories of partial
waves, which have a wide distribution of path length s. The field at a given

point on the outgoing boundary of the sample is the superposition of randomly
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phased contributions of all partial waves reaching that point and can be

represented by the complex field amplitude with magnitude 4 and phase ¢ :

E(v,r)=> A% = Av,re”*",  (3-1)

where A4, and ¢, are respectively the magnitude and phase of the field

amplitude associate with the n™ trajectory through the sample. Figure 3-1

Alm E Alm E

\ v+ov

v

Re E Re E

Fig. 3-1. Schematic graph for the total field as superposition of
partial waves assoclated with different trajactories.

schematically illustrates the partial waves and the resultant field at given point
for incident monochromatic waves at two frequencies. Each partial wave is
represented by an arrow or phasor with length proportional to the magnitude
and at an angle to x-axis equal to its phase. The fluctuations in the field with
frequency shift at a given point are mainly due to changes in the phase
associated with similar trajectories, Ag = 275/ (A+A4) - 2ms/A = 2msA(L/4)

since ¢/A=v, A¢ = (2ms/c)Av. The study of laser speckle patterns is ordinarily
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based on the assumption, that all partial waves are statistically independent.
This is satisfied for weak scattering sample. Many statistical properties of the
complex field, the intensity, the phase and derivative of phase can be derived
under this assumption 2. Since a large number of partial waves are added to
produce the resultant field, the real and imaginary parts of field are
asymptotically Gaussian as a result of the central limit theorem. The field
amplitude Ae'? is referred to as a circular complex Gaussian random variable.
The phase of the field, modulus 2 7, is uniformly distributed over the interval |-
7,1, while the magnitude of field amplitude follows the Rayleigh distribution.
The intensity transmission coefficient into channel b for a wave incident in
channel a, Ty, is given as the square of the field, T, (v,r) = 4,(v,r)|". For
the single polarization component in the weak scattering limit, the probability
distribution of normalized intensity obeys negative exponential
statistics, P(s,, ) =e ", where 5, =T,/ <T, > is the intensity normalized by
its average over an ensemble of random sample realizations represented by the
brackets, <...>. In this case, intensity correlation within the speckle pattern is
short ranged, which is given by the modulus squared of the field correlation
function. The intensity correlation length, or ~ A/2, gives the size of the
speckle spot. For quasi-1D systems which are transversely confined, number

of transverse modes can be estimated by the number of statistically
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independent coherence area, N =2 A2 , where A4 is the cross-section area of
the sample.

However, the assumption of statistically independent partial waves is
not satisfied in multiple scattering systems. This can be observed
experimentally. First, the large fluctuations in the transmission coefficient,
total transmission in microwave and optical measurements are beyond the
prediction of Gaussian statistics and waves deviate from Rayleigh distribution.

Second, coherent backscattering **"

shows the enhanced probability of
returning on average, known as weak localization effect for diffusive samples
for which, g>>/. Third, long-range spatial correlation of transmission
coefficient is observed in microwave measurement. All above are generated by
the constructive interference of time-reversed path which cross to form a loop
within a sample. These effects called "mesoscopic”, which is in between
macroscopic and microscopic regime, since the average transport modified
explicitly by the wave interference within the sample of temporally coherent
waves. As the scattering strength increase, the probability of finding crossed
paths in a finite sample increases and weak localization effects increase.
Consequently, the long-range intensity correlation grows. Feng, Kane, Lee and
Stone calculated the correlation of transmission coefficients for scalar waves

in the diffusive regime and identified three contributions® by perturbation

theory. In an expansion of the cumulant intensity correlation function, denoted
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by C, C is the sum of three distinguished terms, short-range correlation Cj,
long-range correlation Cs, and infinite-range correlation Cs:

C=Ci+Ca+Cs, 3-2)
The C, term dominates the fluctuations > in total transmission and C; term

leads to the universal conductance fluctuation ™.

In this chapter, we report the microwave measurements of the field and
intensity spatial correlation function for the field transmitted through a quasi-
1D random sample with displacement of the source and detector, AR and Ar,
respectively. The measurement, confirmed by diagrammatic theory, allows us
to analyze each individual contribution to the intensity correlation function
with distinctive spatial dependence. Each term only depends upon the sum or
product of the square of field correlation function, F' =F3” or a constant. Short-
range correlation is the multiplicative term F(AR)F(Ar). Long-range
correlation, C,, is shown to be the additive term, F(AR) + F(Ar). The infinite-
range term, Cs, is a mixed term consisting of a constant, multiplicative term,
and additive term, F(AR)F(Ar) + F(AR) + F(Ar) + 1. This spatially extended
correlation, C, and Cs, is essential in approaching the statistics of steady-state
wave transport in random media with monochromatic sources. This detailed
study suggests that the intensity correlation function can be organized into

multiplicative, additive and constant terms and leads us to introduce the degree
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of long-range correlation, k, defined as the value of the intensity correlation
when field correlation vanishes. x is then shown to be equal to the variance of
total transmission normalized to its ensemble average value, var(s,), s, =

1/<1T,>, where T, :ZTub and var(s,) serve as a robust localization
b

parameter . In the next chapter, we will discuss the time dependence of « in
the transmitted pulse response through random sample, thus, the dynamics of
x provides a useful tool for understanding features of dynamics of wave

transport from diffusive to localized system.

3.2 Samples and measurement

The samples studied are random mixtures of 1.27-cm-diameter
polystyrene spheres at a volume filling factor of 0.52. Randomly positioned
scatterers are contained within an OFHC (oxygen-free-high-conductance)
99.999% purity copper circular waveguide with a diameter of (7.62 + 0.01) cm
and length of 100 cm, capped with thin Plexiglass plates. The high purity
copper reduces the absorption from the metal wall. The Polystyrene scatterers
have a relative dielectric constant € = 2.35 compared to the air background (e =
1). The spectral field correlation function for quasi-one-dimensional geometry

is calculated to be as”>"":
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sinhg,a sinhalL'

C.(Av)= ., (3-3)

sinhg,L' sinhaa
Where L” = L + 2z, is effective length corrected by the extrapolation length

2((1+R . . .
z, = 3((1—R)) , R is the reflection coefficient at boundary average over
internal incident angle which is measured as 0.1378, a=1/L, where L, is

absorption length, a=5(/3 is the randomization distance from the plane in

which the intensity inside the medium extrapolates to zero. gy = % + iy,

where 7§=%(\/a4+ﬂ4ia2) and f=~27Av/D . A fit of the spectral

correlation function with three parameters (Fig. 3-2) to the measured function

10 60 80 100
Ay (MHz)

Fig. 3-2: Real (blue line) and imaginary part (red line) for

spectral correlation function.
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gave an absorption length, L, = 33.3 cm, a diffusion coefficient. D = 3.3 x 10'°
cm’/s, and a=18.3 cm *. Thus, the mean free path ( =3a/5 is approximately

l1lcm and zp is about 9.5cm. Field and intensity spectra are obtained in the
frequency range from 16.8 GHz to 17.8 GHz with sweep step size of 625 kHz
using a Hewlett-Packard 8722C vector network analyzer. Measurement are
taken in an ensemble of 690 random samples by tumbling the tube to create
new realizations of scatterers after each set of spectra are taken. The output
power from network analyzer is 10dBm (10mw).

Fig. 3-3 shows a scheme of experimental set up and sample. To

2 Sources

Figure 3 — 3: Scheme of experimental setup and sample.
(a) show the picture of the cross-section of sample (b) show
the detector
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compensate for losses due to cables, connectors and sample, the microwave
system amplifier HP83020A is applied to provide about 30dB gain with noise
figure about 10. Field spectra are obtained for each realization by translating a
vertical antenna detector along a horizontal line cross the center of the output
surface to 50 locations separated by 1.06 mm responding to each of two fixed
antenna sources at the incident surface, which are separated by AR =3 £+ 0.1
c¢m = d. The detector and sources antennas have 1mm thickness and about
Smm length. They are aligned perpendicular to the line of translation and are
held about 3mm away from the surface. A PC-driven microwave switch
(Narda SEM123D) was used to switch from one source to another. Intensity
spectra are obtained by squaring the field spectra. To measure the symmetric
property of the spatial correlation function with respect to the source and
detector, a similar measurement has been carried out by translating the source
along a line for each of two fixed detectors at the output surface separated by
Ar = d. The separation distance d is much greater than the field correlation
length, and the field correlation is no larger than 0.01 at this distance.

In this setup, several technical points are worth mentioning: 1) both the
source and detector are isolated in the absorbing chamber from the
environment to eliminate noise in the measurement; 2) the moving detector or
source were carefully aligned to keep its distance from the surface at a fixed

value; 3) the cable length and number of connectors were minimized and all
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clements were solidly attached to the optical stage. This assures the relative

low noise and large dynamic range measurement.

3.3 Results and discussions

3.3.1 Spatial Field Correlation

Radiation of frequency v emitted by a source antenna at R from one
end of the tube and detector set at point 7 at the other end. Intensity is then
denote by /, (R.7) . We consider the normalized cumulant intensity correlation

function defined as:

<S8I1.(r,R)SI.(r',R") >
<I(r,R)><I.,(r'\R")>"

C(Ar,AR) = 3-4)

Where 01 is the deviation of the intensity from its ensemble average value,

and AR=‘I§—]§'

Ar = ‘17 -r' are the displacements across the output and

input surface, respectively, and <...> denote the average over an ensemble of
random realizations. The leading contribution to C is obtained by factorizing
the field is ***%7:

N 2
<E (r,R)E (r'.\R")>
C (Ar,AR) = ‘ . - ‘ \
<l (r,Ry><I1.(r',R")>

(3-5)

which is the square of field-field correlation function.
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Fig.3-4: Typical normalized field and intensity spectra from
the measurement at a fixed point. Blue and red curve
corresponding to the real and imaginary part of field.

Intensity obtains from the square of the magnitude of field,
I=|E|”

We first present the observation of the transmitted field correlation
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function <EE'*> in the spatial domain, whose corresponding Fourier
transformation gives the angular distribution of intensity in the far field *. In
order to remove the instrumental response in the measurements of field and
intensity, the field is normalized by the square root of the ensemble averaged
intensity and the intensity is normalized by the ensemble averaged intensity at
each position and frequency. Figure 3-4 shows the typical normalized field and
intensity spectra from measurement at a fixed observation point. Intensity is
taken as the square of the magnitude of field I = [E|%.

The real and imaginary parts of the spatial field correlation function,

0 10 20 30 40
Ar (mm)

Figure 3 -5: Real and imaginary part of spatial field
correlation  function  averaged  over 690
configurations and frequency between 16.8 ~ 17.8
GHz
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Fe(Ar) = <E(r,v)E*(r+Ar , v)>, and the fit to the theoretical form are shown in
Figure 3-5. Results obtained from averaging over all 690 configurations,
frequency v between 16.8~17.8 GHz, where transport parameters do not
change quickly ®'. The real part of the field correlation function is unity due to
the field normalization. The imaginary part of the field correlation function is
very small. As shown below, this is the consequence of the isotropic random
sample. From definition, Fg(Ar) = <E(r,v) E*(r+Ar,v)> = < E*(r-Ar, v) E (1,v)>
= Fg*(-Ar). Since the sample is isotropic, Ar and -Ar can be exchanged. It gives
Fe(Ar) = Fg*(Ar). Since the complex conjugate of field correlation function is
equal to itself, the imaginary part vanished. In contrast, for the spectral
correlation, Cg(Av) = Cr*(-Av). However, frequency shift to higher or lower
frequency, Av or -Av respectively, can not be exchanged. So, Cy(dv) #
Cr*(Av), the imaginary part does not vanish.

The first theoretical study on the short-range correlation inside a bulk
medium, C; contribution, was based on diagrammatic methods within the
factorization approximation *°. As result, C; is the square of field correlation

function, given as:

sin kAr

Fp(Ar) = exp(=Ar/20), (3-6)

where k is the wave vector within the medium, and (is the scattering mean

free path. This yields the short-range correlation in the bulk. However, the
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equivalent field correlation function at the surface directly derived from
diffusion theory and accounting for the non-isotropic distribution of & and

. . . . 4
surface was carried out and gives the following expression *’:

Fo(Ar) = 1 A sin k,Ar N J, (k,Ar) E)
14+2A ky,Ar k,Ar

where ky is the wave vector in free space and A = z,//. The solid curve in Fig.
3 -5 is the two parameter fit of the field spatial correlation function to Eq. 3-7.
It gives good agreement up to 30 mm displacement with 4 =0.73 , and ky =
3.6 em”. This near-field correlation is indeed the Fourier transform of the
angular distribution of the scattered intensity in far-field predicted to be the
following expression *':
I1(0)=AcosO+cos’ 6, (3-8}

where 01is the scattering angle measured from normal direction.

For later use, we define the modulus square of field correlation

function as a form factor F(x) = |Fx(x) |°, where x may be either AR or Ar.

3.3.2 Contributions to the intensity spatial correlation

Squaring the field gives the intensity which is used to compute the
cumulant intensity correlation function, C(AR, Ar). Fig. 3-6 shows the
comparison of the intensity correlation function and modulus square of the

field correlation function, which gives the C; contribution, when either the
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Fig.3 — 6: Spatial correlation of normalized mtensity
(solid curve) and the form factor function which is
defined as the square of field correlation function
(dotted curve) for fixed source (a) and fixed detector
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source or the detector is moved. Part (a) of the figure shows C(AR=0, Ar) and
C1(AR=0,Ar) as functions of detector displacement at the output surface
corresponding to a single source. Part (b) of the figure shows C(AR, Ar=0) and
Ci(AR, Ar=0) as function of source displacement at incident surface
corresponding for a single detector. The first zero defines the correlation
length, or = 7k = A/2~ 7 mm in our sample with effective index of refraction
approximately 1.3. Compare to the half wavelength within the sample 6.5 mm
for central frequency 17.3GHz, it suggests that even our measurement is
carried out outside of the sample, sample properties still agree with those
within the sample due to near-field. The short-range correlation function,
Ci(AR, Ar=0), is nearly identical to C;(AR=0, Ar). The solid line in the figure
is the theoretical fit to the factorization functional form, F(x). This shows that
Ci(AR=0, Ar) = C/(AR, Ar=0) = F(AR) = F(Ar). When either AR or Ar are
larger than the correlation length, C; drops rapidly to the noise level.
Measurements of C; (AR, Ar) for AR=0 and AR=d is shown in Figure
3-7. Within the noise level of 10'4, the two functions have the same variation
with displacement, Ar, C; (d, Ar) = 2x107C, (0, Ar). The difference between
two curves in the figure seems larger, that is due to the rescale for the curve of
Ci (d, Ar) for comparison. This numerical factor, C; (d, 0), is approximately

equal to the value of C; (0, d). These results, taken together with the symmetry
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Figure 3 — 7: Comparison of C,(AR = d, Ar) with factor
2x107, which is equal to C,(AR = 0, Ar=d), and C,(AR =
0, Ar)

with respect to interchange AR and Ar, suggest that C; can be written as the
product of two identical function, C; (AR, Ar) = F(AR)F( Ar).

Actually, intensity is correlated at length considerably larger than the
correlation length, or, which defined from short-range correlation of intensity.
This indicates that the intensities of spatially separated speckle spots are not
statistically independent. Since when one speckle spot is brighter than the
average, there is a tendency for all the speckle spots to be brighter.

Consequently, the C, term produces an enhancement in total transmission
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fluctuations over that given by the field factorization approximation by a factor
of L/ ¢ when absorption is absent.
We now examine the long range correlation by substituting the C; term
from the cumulant intensity correlation function, C (AR, Ar) —C/(AR, Ar) =(C-
1) (AR, Ar), which is dominated by C, in the our diffusive samples with g =
Akol/37L ~ 7 7 (See Figure 3-8) for a single source (AR=0) and for two
sources separate by 4AR=d. The functional forms of (C-C;) versus Ar for AR=0
and AR=d have nearly the same functional form as F(x). For a single source,

(C-C))(AR=0, Ar) drops from the peak value of about 0.15 to a constant level

0.15
— [C-CJ(AR=0, Ar)
T [C-C(AR=d, Ar)
C,(AR=0, Ar)x
0.10° [C-C,J(AR=d, Ar=0)
0.05 \
\
\
\—’l:;\\ - -
O L. \’I Q—J'--I-a“-._-T—rﬁ-ﬁ'_q:-—-:’ -
10 20 30 40 50
0 Ar (mm) 7

Fig. 3-8: The (C — C))(AR = 0, Ar) and (C — C))(AR = d, Ar) which is
dominate by the C, term in our sample .
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with approximately half of the peak value. Continuing to move detector, (C-
CiI)(AR=d>>dr, Ar) drops to the noise level. In addition to the comparison of
(C-Cy) and C,, shown as the dotted line in the Fig. 3-8, this suggests that the
dominant term in (C-C)) is the addition of two identical functional forms F as
function of AR and Ar, so that it is proportional to (F{AR) + F(Ar)). Moreover,
the residual of (C-C;)( AR=d, Ar>odr) gives the evidence of a constant (3 term.
For Ar>30 mm, the correlation function becomes negative, but here the noise
becomes larger than the signal because of the reduced number of pairs of
points with increasing 4r.

The structure of the joint spatial and frequency dependences of C; and
C, is obtained from measurements of the correlation functions C; (Av, Ar) and
(C- Cy) (Av, Ar) for AR = 0, shown in Fig. 3-9a and 3-9b, respectively. The
semilog representations in the figure show that, within the limits set by the
noise level, C; have the same frequency dependence for any Ar, while C; have
the same spatial dependence for any Av for i = 1, 2. Thus their spatial and
spectral variations for a single source are given by Cy(4v, Ar) = A,(Av)Ci(Ar).
The noise level found in C; is low compared to that in C> because the field
correlation function, F, is computed and then squared to give (', giving a
signal to noise ratio which is the square of that for the field correlation

function. The form of the intensity correlation function suggested by
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Figure 3 — 9: The structure of the joint spatial and frequency
dependence of C, and C, terms. (a) C,(Av, Ar) respect to single source,
(b) (C - C)(Av, Ar) respect to single source.

experiment is borne out in the diagrammatic calculation summarized in the

next section.

3.3.4 Expression of the spatial correlation of intensity

The three contributions to the cumulant spatial correlation of intensity
can be represented diagrammatically. Considering scalar monochromatic

wave, the wave function can be written as:

[P+ (+e()+ia)} E,()=0. (3-9)
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The field £ (r) is for the classical scalar wave. The wave vector is,k =w/c,

where ¢ is the speed of wave in the average medium. The imaginary part

represents absorption in the average medium. The term &(r) representing the
inhomogeneity of the medium is assumed to be a white-noise Gaussian
random variable, with< g(r) >=0 and < g(r)e(r') >= g,0(r —r"') . The Green's
function method can be used to solve the Helmholtz equation for a specific
sample realization. In the weak disordered limit:
E,(r)= E,(")+ [d'r Gyr.n) f)E, (7). (3-10)

where E,(r) corresponds to the field at position r in a homogeneous medium
and G,(r,R)1s the Green's function for homogeneous medium, which is a
solution of the equation (<”+k*(1+in))G,(r,R)=06(r—R) . The term

f(r)=—k’&(r) represents the spatial inhomogeneity of the medium. The full

Greens function for the field at point r due to a point source at position R can

be expressed through the following recursive expression:

G,(r,Ry=G,(r,R)+ Id3rlGO (r.n)f(r)G, (n,R), 3-11)
To calculate the ensemble averaged quantities, the above expression for
G, (r,R) is first expanded in a Born series and averaged term by term. The

procedure for the finding ensemble average of full Greens function can be

described using diagram in Fig. 3-10. The thick solid line represents the
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<G> r VRS S S R
-
= + e + - + 4 ~,
G, o F
= + Z
Gy

Figure 3- 10: Diagram for finding ensemble average of full Greens
function.

ensemble average of the Green's function, whereas the thin solid line
represents Gy. The dashed line includes all possible connection between r; and
r;. The crosses stand for scattering events. The symbol, 2., represents the self-
energy operator and includes the sum of all scattering events associated with
the scatterers. This gives Dyson's equation for the ensemble of field Green's
functions: <G> = Gy + Go2.<G>. Consider the first term of 2., the ensemble
average of field at position r due to point source at R can be shown to be:

. 1 klr—R|_—|r=R|/2¢
<G (r,R)>=————— "R (312
SRy == (3-12)

where ( is the scattering mean free path.
The field correlation function can then be expressed as <GG*>= <G><G*>

+<GG*>,, shown as the ladder diagram Fig. 3-11.
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Fig. 3-11: Diagram corresponding to field-field correlation <GG*>.
Solid line stands for averaged Green’s function

This gives the field correlation function:

<E(7, E)E * AT 'R Y>= |d’r |d’r G (¥, 1)G, *(F.K)
J- IJ- 2 _ ! ~ [ (3_13)
xT,,(1.15)G, (15, )G, * (73, R')

where T (7.7,)1s called the diffusion ladder or diffuson. For the quasi-one-

dimensional geometry, the diffuson is independent of its transverse

coordinates, while the Green’s functions decay rapidly on a scale of the mean
free path. Take R=R' and v =v', we obtain:

<E,(F,R)E*,(F.R")>= 4—6” j d%le (F,F)

XGl’*(Fyﬂﬁ)<]|/(ﬁDE)> (3' 14)
= F(&r)

where 7 (¥ .R)is the intensity at r, normalized to its average value at the

output surface of the tube. The diagram for C; term factorizes into a product of

two field functions. Thus, C,(AR,Ar) = F (AR)F(Ar)= F(AR)F(Ar).
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The diagram for all three contributions to the intensity correlation is
shown in Fig. 3-12. Part (a) is for C; correlation; (b) for C; correlation; (c) for
C; correlation and (d) is the interaction vertex of the Hikami box, which
represent crossing diffusons. In these diagrams, each pair GG* of external
Green’s functions contributes a spatial form factor Fg as in Eq. 3-11. The full
expression of intensity correlation as following **:

C=C+C,+C,

_ F(AR)F(Ar)+3i A (F(AR)+ F(Ar)) (G-15)
g

+ 52 A,(1+ F(AR)F(Ar)+ F(AR) + F(Ar))

2

It confirmed our experimental results on first two terms. As mentioned in the

2
3
=~
=
||||H
=]
=

! ‘R/

]
r -y

£

Cortrespond to C,; term -

-)Hk- Jk— -)\k- Fret [ [ ] rrn
- + AN Ve T N -7 4 4
NCTNC N N (¢ R

HikﬂmibOX NENEE

JN T M Brer

+

Correspond to C; term

Figure 3 — 12: The diagram for all three contributions of intensity
correlations
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discussion of the experimental results, the functional form of F(x) is the square
of field correlation function. C; term is normalized to unity when neither the
source nor the detector is displaced, whereas C, term is smaller by a factor of
order (1/g). For our diffusive sample g = 7, the C; term dominates. The Cs
term is of order (1/g)* and is given from theory as a sum of constant,
multiplicative, and additive terms. The structure in Eq.3-15 is similar to that of
the correlation in transmission, obtained in the multichannel formalism *%**"*.
The coefficients 4, (i = 1, 2, 3) depend on the absorption coefficient o0 = L/L,,

where L, is absorption length obtained as 33.3 c¢m, and frequency shift, Av.

The field factorization term A;(Av=0, ) is unity and independent of

absorption by definition, while 4,(Av, ) is given by 478283,

A(Av=0.0)= 3 {stha—Za(Z—coshZa)

, (3-16
16 sinh” o } (3-16)

The A,(Av,a) coefficient depends weakly on a and its limiting values are

As(o = 0) = 1, As(ae = 0)=15/16. For our sample, g~ 7 and o~ 3 "*. From the
measurement of (C-Cy) at Ar =0, we find (2/3g) A, = 0.076 giving A, = 0.87.
This is in agreement with the theoretical prediction for A, in Eq. 3-16, which

is equal to 0.8719.
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3.3.5 Degree of long-range correlation
Let's consider C for AR = 0 and rearrange the Eq. 3-15 for the case of
AR = 0, thus F(AR) = 1 in terms of multiplicative, additive and constant terms

as following:

C(Ar) = F(Ar)+ (% A, + éz@(l +F(Ar)), (3-17)

If define « as the value of C when F = 0, with this definition we get the values

of k= ('i A, + 15%214 ;). We can then write,
g

3g
C(Ar)= F(Ar)+x(1+ F(Ar)).

The parameter « is the correlation when the detector is displaced considerably
more than the correlation length,, Ar >> &r, for a monochromatic incident
wave, where F vanishes. In this case, the short-range contribution to C, F(Ar),
approaches zero. On the other hand, when Ar=0, F(Ar) =1, C(Ar=0) =1+ 2x =
var(syp) gives the variance of normalized transmission coefficient. Random
matrix theory (RMT) for quasi-1D geometry gives the variance of normalized
total transmission var(s,) = 2var(se) — 1°*. Combining two results, gives the
degree of long-range correlation is equivalent to the fluctuation of total
transmission, K = var(s,), in absence of absorption. Thus, the long-range
intensity correlation of temporally coherent waves through a mesoscopic

sample leads to a dramatic enhancement in fluctuations of total transmission.
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Therefore, the spatial intensity correlation function depends only on the
functional form of F(x) and the single parameter, « for the single incident
mode. It is noteworthy that localization and fluctuation are linked in many
ways. In the absence of absorption, in the diffusive regime, var(s,) is inversely
proportional to the average of the dimensionless conductance g, which is the
scaling parameter of the Anderson localization transition, var(s,) = 2/3g. When

g~1, var(s,) ~ 2/3, Anderson localization occurs.

3.4 Conclusion

In conclusion, we have found the connection between the field and
intensity correlation functions in the spatial structure of the three contributions
to the cumulant intensity correlation functions. All terms can be expressed in
terms of a single form factor, obtained from field correlation function. We
have demonstrated the multiplicative character of C; and the additive character
of C,. Diagrammatic calculation predicts a mixed character for C; term, which
includes a multiplicative, an additive, and a constant term of equal amplitude.
From the feature of each term, reorganization the intensity correlation function
in terms of multiplicative, additive and constant terms introduces the important
localization parameter, the degree of long-range correlation, k. We will further
discuss this quantity by the correlation function in time domain and thereby

unscrambling the effect of correlation and absorption.
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We have carried out the measurement of full speckle pattern which
allows us to study the statistics of total transmission normalized by ensemble
average, s, = 1,/<T>. The distribution of the field in the random ensemble can
be seen to be a mixture of Gaussian distribution weighted by the total

38.84

transmission distribution P(s,) written as:

P(ri)= [ds, P(s,)——exp(~(” +7)/5,). (3—18)
0 ﬂ.su

where 7 and i are real and imaginary parts of field, respectively. Since sq = 7

+%, the intensity distribution P(sw) is related with P(sy) *° as

P(s,)= J.dsuP(sU)%exp(—suh /s,). This can be interpreted that if field E
; :

a

normalized by \/s_“ in each configuration, defined as E'=E/,/s, . then the

conditional distribution of the normalized field is independent of s,. Letting 7'
. o : 1 2 .
and i' real and imaginary parts of E', P(ri'|s,)=—exp[—(r""+i"")]. This
T

implies that £' and s, are statistically independent and the probability
distribution of E'is Gaussian. Therefore, the field correlation function of E

with frequency shift can be written as the product of the field correlation

function of £' and the correlation function of \/; with frequency shift:

F,(AV)=F,(Av)xC (Av), (3-19)
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Above expression suggests that the mesoscopic fluctuation from configuration

1 \:?1
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=
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Figure 3-13: The spectral correlation of the square root of

normalized total transmission, C o for polystyrene sample
to configuration gives arise of the deviation from Gaussian Statistics. Fig. 3-13

shows the correlation function of the square root of normalized total

transmission, /s, for polystyrene quasi-1D sample discussed in this chapter.
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CHAPTER 4

DYNAMIC SPATIAL CORRELATION IN QUASI-1D
RANDOM SAMPLE

4.1 Introduction

23085
3085 and

The statistics of steady-state classical wave propagation
clectronic conductance *® in disordered system reflect the superposition of
partial waves following trajectories with a wide distribution of path lengths, s,
which is proportional to the particle time-of-flight distribution. The impact of
wave interference on average transport with multiple-scattering sample is
proportional to the likelihood that a meandering wave trajectory will return to a
typical coherent volume, V. ~ (A/2)° . which increase with s. Mesoscopic
transport is characterized by the degree of non-local intensity correlation, which
reflects the closeness to the Anderson localization threshold. In the last chapter,
we showed that the steady state spatial intensity correlation function is the sum
of multiplicative, additive and constant terms with respect to the square of the
field correlation function with displacements of source and detector. Similar

structure is observed in mesoscopic correlation of transmitted intensity with

shift in polarization of microwave transport through a quasi-one-dimensional
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resonant random sample *'. In that study. the higher-order constant contribution
can be clearly seen since g ~ 2.3, so that transport is close to the localization
threshold. Mesoscopic correlation is linked to the localization, which can be
characterized statistically by anomalous large fluctuation of normalized total
transmission, var(s,). The degree of long-range correlation, x; which is the
fractional correlation of fluctuations in intensity at points at which the field
correlation function vanishes, is equal to var(s,), x=var(s,. Indeed, x
determines the closeness to localization even in the presence of absorption,
which alters the distribution of trajectories of partial waves passing through the
sample. In the steady-state case, absorption is entangled with localization.
Consequently, the conventional localization parameter, g, in absorbing samples
breaks down since its value decreases with increasing absorption though the
wave is surely not localized by absorption. However, at a given delay time, t,
from a narrow exciting pulse, all partial waves have the sample path length, s =
vt. The intensity change intensively due to absorption becomes a common

-f/
factor, e ™

, where 1, is the absorption time within the sample. Therefore, the
suppression of transport by weak localization at a fixed time can be examined
independently of the effect of absorption, which is given by the simple
exponential factor. Furthermore, the path length increases with time and the

longer path lengths having a higher probability of forming recurrent loop within

the sample. Thus, the impact of weak localization could be expected to build in
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: 23,87-9
time =%

In the other word, x=var(s,) is expected to increase with time.
Since the feasibility of studying the isolated path length by carrying out pulse
evolution measurement for classical wave, it allows us to investigate the
variation of weak localization in time. In weak scattering sample, the pulse
profile can be presented by the ensemble average of time-resolved transmitted
intensity, <I(t)>. Diffusion theory predicts that transmission will decay
exponentially with decay rate 77D/(L+z)°, where D is diffusion coefficient and
L is the sample length. However, increasing weak localization with time delay
would reduce the rate of transport with time and might be characterized in
terms of a time dependent diffusion coefficient 7D(0)/(L+zp)° 7. The
observation of time dependent diffusion coefficient, D(t), in the transmitted
pulse through quasi-1D random sample for microwave radiation has been
reported *°.

To achieve a systematic understanding of weak localization in the time
domain, it is essential to examine the statistics of propagation in addition to
ensemble-average transport. This can be accomplished by parsing transmission
according to the delay from an exciting pulse and studying the correlation and
probability distribution of intensity as a function of delay time.

In this chapter, we report microwave measurements of the time-
resolved field transmitted through random quasi-1D dielectric samples

following an exciting pulse. This is achieved by Fourier transforming the
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product of the frequency-domain transmitted field spectrum and Gaussian
envelope into time domain. The Gaussian envelope is the Fourier transform of
Gaussian incident pulse. Section 2 introduces the samples and setup of
measurements involved. Section 3 gives main results of dynamic correlation
and distribution. We find that the normalized field correlation is independent
of time delay and identical to the steady state results shown in chapter 3. We
found further that, with single source, the normalized intensity correlation
function for an incident narrow pulse of bandwidth o at delay time 7 is a
function only of field correlation function and k(?), the residual degree of
intensity correlation function at points at which the field correlation function
vanishes. The probability distribution of normalized intensity, P(s.(?)), has the
same form as for the steady-state transmitted intensity distribution ***°, but
with 2/3 k(1) substituted for g. We find that even in diffusive samples, x(?)
may reach values exceeding the steady-state value at Anderson localization
threshold'? of x=2/3 *°. The steady state may be seen as the limiting case of
dynamic statistics, in which the incident pulse bandwidth vanishes, c—0,

Ko=0—K.
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4.2 Experimental setup and Data analysis of measurement

for the time-resolved field

Spectral measurements of the field transmission coefficient of
microwave radiation as a function of displacement and rotation of linear
polarization are made with use of HP8722C vector network analyzer in an
ensemble of random dielectric samples in which wave is diffusive. The
samples are enclosed in a OFHC copper circular waveguide with open ends of
length L. greatly exceeding its 7.3-cm diameter. New realizations are produced
by tumbling the sample briefly about its axis.

Spatial correlation measurements were carried out with the same setup

Fig. 4-1: Scheme of the alumina sample with 0.95-cm-
diameter alumina sphere embedded in 1.9 ecm Styrofoam
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and sample as described in chapter 3, in which the steady state degree o f
correlation was found to be ko = 0.06.

Measurements of the dependence of the field and intensity correlation
with polarization rotation are for microwave radiation transmitted through a
random resonant dielectric sample with use of a pair of conical horns for
launching and detecting the field. The source horn, S, emits linear polarized

microwave radiation while the detector, D, receives horizontally or vertically

Sample

Fig.4-2: Scheme of experiment setup with polarization rotation. Both
mncident and output sections are enclosed in absorbing chamber.

polarized components of the transmitted field. The source, detector and sample
tube are carefully aligned to be coaxial and rotate independently about this
axis. Both source and detector are placed about 40 cm from the sample surface
and connected with one-direction-transmitted microwave thermo-isolators to
prevent multiple reflections within the system. Samples are composed of 0.95-
cm-diameter alumina spheres with index of refraction 3.14 embedded in
styrofoam spheres of diameter 1.9 cm and index of refraction 1.04 at an

alumina volume fraction of 0.068 (see Fig. 4-1). Results are obtained from an
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ensemble of 10000 alumina configurations of L. = 61 cm (sample A) over the
frequency range 14.7 ~ 15.7 GHz in a sweep with steps of 625 kHz for a single
orientation of the horn detector. Measurement are also carried out in an
ensemble of 12000 alumina configurations of L. = 90 cm (sample B) over the
frequency range 16.95 ~ 17.05 GHz in 1MHz frequency resolution for seven
orientations of the horn detector rotated in step of 15° over a range of 90°. The
experimental setup is shown in Fig. 4-2. Steady-state measurements of
intensity correlation give ko= 0.09 in sample A and o= 0.29 in sample B *'.
The alumina sample can open a narrow window of photon
localization® in quasi-1D geometry in frequency. Mie resonances for high-
index spherical sphere help to achieve strong scattering. This requires the low
concentration of scatterers in order to maintain the resonant peaks. Figure 4-3
shows the frequency dependence of scattering cross section (Jy.,, for alumina
sphere with diameter 0.95 and index of refraction 3.14. Peaks correspond to
Mie resonances. Slightly above first Mie resonance (9.95 ~ 10.15 GHz)
localization is observed. The localization parameter var(s,) is well above the
localization threshold value 2/3 *®. The frequency range (16.95 ~ 17.05 GHz)
for sample B is centered at the peak of forth Mie resonance and is much
narrower than the width of the resonance so that propagation parameters

within this range are nearly constant. At v =17 GHz, the number of transverse

channels in the sample tube is N = Ak*/2n = 84. The transport mean free path
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Fig. 4-3: Scattering efficiency -6, of Mie scattering of 0.98-cm-diam
alumina sphere as the function of frequency.

is estimated from Mie theory to be / = 2.34 cm. A fit of diffusion theory to the
measured spectral field correlation gives D = 8.0 cm*/ns and absorption length
L.=249 cm.

The Gaussian pulse profile with carrier frequency vy is obtained by

Fourier transformation of the product of the field transmission spectra and a

_(V_V(] )2

Gaussian spectral envelope with bandwidth 6, G(v) =e 2°° . An example of

this process is shown in Fig. 4-4. The incident pulse excitation then obtained

by Fourier transformation of the spectral Gaussian envelope so that the pulse
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Gv)= exp(%)
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Fig.4-4: Example of Fourier transformation from typical spectral field to
pulse responds field respect to the Guassian pulse with carrier frequency v,

and bandwidth G.

width is o, = !

’ N2mo .

square of temporal field, E(t). I(t) = [E(0)]". The ensemble average of time-

The temporal response of the intensity is the modulus

resolved intensity, <I(t)>, gives the time-of-flight distribution.

The temporal response to excitation pulses with three different values
of ¢ in a single realization of sample A are shown in Fig. 4-5 (a) as a function
of the delay from the center of the incident pulses in units of the diffusion time

_(L+ ZO)2

T

5 , where D = 39.4 cm?’/ns is the diffusion coefficient and Zy =
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9.6cm is the boundary extrapolation length *°. The temporal oscillations in
transmitted intensity are due to the superposition of randomly phased

transmitted waves over the bandwidth . The width of fluctuations is seen to

ls
;5”’
1.0
0.8
= 08
S
Iy
- 0.4
0.2
0.0
6

Fig. 4-5: (a) Transmitted intensity through a random
realization of sample A (solid line) following imcident
Gaussian pulses (dashed curve) with ¢ = 7, 15, 30 MHz.
The incident pulses are centered at t = () and shown with
the same height. (b) Absolute value of the field
correlation function Eq(t)/ <Is(t) with time shift for the

values of G 1n (a).
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be approximately equal to the incident pulse width. This can be expressed
quantitatively via the correlation function with time shift At of the transmitted
field normalized to the square root of the ensemble average of the time

varying intensity at time t,

<E_(OE (t+At)>
Fie (B0)= . . @)
‘ J<L () ><I (t+Af) >
o= 15MHz
G8F
a7
08t
osh
G4+
02p
C_ (a4t =FTi=(y>]
a1t E,
“‘/ - R
{1% 43 A 2 P P .
Atit,

Fig. 4-6: The temporal field correlation function and
the power spectrum with Gaussian profile are the
Fourter transformation pair. Solid lime 1s the Fourter
transformation of Gaussian profile of incident pulse.
Square curve is the temporal field correlation function.
which forms the Fourier transformation pair with the power spectrum with
Gaussian profile (Fig. 4-6).

In addition, though I4(t) in any given realization depends strongly upon

the bandwidth, its ensemble average, <I;(t)>, depends only weakly upon
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bandwidth for ¢ >1p, once o > I/7tp (Fig. 4-7). However, the noise level

increase with decrease of .

43 Results and discussion
4.3.1 Dynamics of spatial correlation function

In weakly scattering systems excited by a narrow incident pulse, an
initial ballistic burst of unscattered radiation is transmitted through the sample
followed by a broad pulse of multiple-scattered radiation. The temporal

variation of this pulse average over a random ensemble is well approximated

107 - ; ; . : t
e g = 5 WHE
e = 10 MHZ
R R g = &
1o L e g = 20 MHZ |
~ = 2R R
3= 35 MHZ
A e 5 = 30 M7
5 e 5 = 40 MHZ
210+ G =45 M ]
v e = 5O MM
167
107 e : e T
-20h 00 0 100 200 300 400 200

time t{ns)
Fig.4-7: Pulse response for Polystyrene random ensemble <Is(t)>

depends weakly upon the bandwidth ¢ of Gaussian envelope, once t > t;

= 56ns.
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by the solution of the time dependent diffusive equation "*7*1%;

I(x,t)= Zsin 2zl +2,) sin 27X+ %) e TR L (422)
p (L+2z,) (L+2z,)

where tp is the transport time through random sample and x is the longitudinal
position within the sample of length L. and t is the time from the center of the
incident pulse. The diffusion intensity reaches an asymptotic single
exponential decay shortly after the peak in pulsed transmission with decay rate
equal to the sum of leakage rate of energy out of the lowest diffusion mode n =
1, 1/tp and the absorption rate 1/t,, 1/7,=1/tp +1/1,.

We investigated the spatial correlation function of the field and
intensity for waves with different delay time ¢ in polystyrene random sample,
in which waves propagate diffusively with g ~ 7. Fig. 4 — 8(a) shows the field
correlation functions, Fr(Ar, t), where Ar is the detector displacement along
the output surface for a single source, at delay times, t = 3.5tp (triangle curve),
4.8tp (diamond curve) and for monochromatic excitation (CW case) (square
curve). For this sample, the averaged transport time is 56 ns. The bandwidth of
the Gaussian envelope is 20 MHz, which is greater than the correlation
frequency ov ~ 7 MHz for this sample. The logarithm of the average pulsed
transmission through the sample normalized by the average steady-state

transmitted intensity is shown in the inset. The overlap of these curves
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Figure 4-8: (a) Real part of spatial field correlation function at different
time delay t = 3.5t,, 4.8t and corresponding steady-state case. (b)
Intensity spatial correlation function at different time delays as shown

in (a) give increasing of K. Solid line is the square of field correlation
function. Inset shows the incident Gaussian pulse with bandwidth 20
MHz.

indicates that the field spatial correlation function is independent of time ¢ and
the same form as with the steady-state field correlation function.
The corresponding intensity correlation functions, shown in Fig.4-8(b),

have the functional form as:
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CoAr, t) = F(Ar) + k)(F(Ar )+1), (4-3)
with time-dependent parameter, x(1). k(1) is determined from the residual
correlation at displacements Ar > 3.5 cm, which is greater than the correlation
length, and equal to the time-dependent variance of intensity as:
var, (1) =C,(0,1) =1+2x,(1), 4-4
The signal to noise ratio is significant low at long times at the tail of the pulse.
Compare to the steady-state result, at time t = 3.5tp, &) ~ 0.10; andx (1) ~

0.13 at time t = 4.8tp.

4.3.2 Dynamics of correlation function with polarization rotation
Transmitted fields are depolarized for multiple scattered waves, the

average intensity is independent of the polarization of the field at the source or

detector, and fields with perpendicular polarization are uncorrelated. Thus the

field with polarization rotation A8 from 6 can be express by the superposition

of two perpendicular components E(0) and E(6+n/2) as E(0+A0) = E(0)cosAO

+ E(6+7/2)sinA0 so that the field correlation can be expressed as ***:

E(6) E(0+A0)
J<I1(0) > < 1(0+A0) >

F,(AG) =< (4-5)

E@)  E*©0)

= A6
) \/< 1(6)> \/< 1(0)> cosar=
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E©®) E*O+7r/2)

< sin Ad >=cosAd
J<IO) > < 1(0+7/2)>
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Figure 4 — 9: (a) Field correlation function with polarization rotation at
different time delays t = 0.9t;,, 4.0t;, and corresponding steady-state case.
(b) Intensity correlation function with polarization rotation at different time
delays as shown 1n (a) give increasing of k. Solid line 1s the square of field
correlation function. Inset shows the incident Gaussian pulse with

bandwidth 5 MHz.
since the second term vanishes. This field correlation function is shown in Fig.

4-9(a) for two delay times indicated by the vertical lines in the inset for the
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incident pulse of bandwidth ¢ = 5 MHz and for the static case. All functions
are well described by the steady-state result shown in Eq. 4-3.

The corresponding intensity correlation functions are shown in fig. 4-
9(b) with the same form as for the spatial correlation function:

CoAAO 1) = F(AO) + kof)(F(AO)+1), (4-06)

For t = 0.9tp, value of the degree of long range correlation is smaller than that
found in steady-state, k4(t) = 0.24 < ko =0.29, while for t = 4.0tp > tp, value of
the degree of long range correlation is greater than that found in steady-state,

Ko(t) = 0.32 > k.

4.3.3 Dynamics of intensity probability distribution

In the limit of large g, the normalized transmission coefficient s,
distributed according to Rayleigh’s law ?, which leads to negative exponential
decay, P(syp) = ¢*® Non-local correlation leads to higher probabilities at large
value of the intensity. The relationship between the probability distribution of
intensity and total transmission for quasi-1D sample in absence of absorption

was found by Kogan and Keveh ** from random matrix theory in terms of g:

o0

ds
P(Sab) = J‘—(IP(Su)eXp(_Sab /Sa) . (4 - 7)

0 “a
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This is equivalent to the relationship between the moments of the distribution
of s, and Syp, <Sgp > = n!<s,™> for nth moment. When n = 2, this gives the link
between the fluctuations of sy, and s, as
2var(sy) = var(Sap) — 1. (4-8)

Experimental studies of the probability distributions of transmitted intensity
and total transmission normalized by their respective ensemble average, su =
Ta/<Ta>, 8a = To/<Tp>, in the random polystyrene sample confirmed these
results ',

In the limit of weak scattering in the absence of absorption, the

distribution of total transmission is found from diagrammatic and from random

matrix theory to be **:
“ do
P(s)= [~—exp(us, —DW)), (4-8)
- 27i

where

(D(U)=g1n2(\/1—u/g +\/u/g) , (4-9)
is the generation function with the single parameter g. For s, >>1, P(s,) has a
exponential tail while for s,<<1 it essentially log-normal growth. It follows
from Eq. 4-8 and 4-9, that var(s,) = 2/3g. This together with equivalence of
degree of long-range correlation, k, and fluctuation of total transmission,

var(s,), lead to a connection between correlation, fluctuation, and average
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transmission as k = var(s,)=2/3g. Therefore, Eq. 4-10 can be rewritten as

follows:

D) =3i1n2(\/1—3w</2 +~3ok/2).  (4-10)
K

which is only depended on the parameter k.

The time-resolved as well as the corresponding steady-state probability
distributions of normalized transmitted intensity P(sy) for three types of
samples are shown in Fig. 4-10. The dashed curves in Fig.4—10 is obtained
from the theoretical expression for steady-state intensity distribution P(s,)
from Eq. 4-7, 8, 10. Curves 1 and 2 show the results for sample A to the same
Gaussian incident pulse with bandwidth 15 MHz at different delay time, t/tp =
13.5 and 8.6, respectively. Curves 2, 3, 4 are that for different Gaussian pulse
with bandwidth 15, 7, 30 MHz at the same time delay, t/tp = 8.6 in sample A.
Average over wider bandwidth gives smaller value of k. Curves 5, 6 show the
results of P(sy,) for sample B, which has larger k and closer to localization.
Curve 6 is the steady-state probability distribution. Curve 5 is the distribution
at delay time t/tp = 0.9 < 1 respected to the Gaussian pulse incidence with
bandwidth 5 MHz. For shorter time delay, k(t) is smaller than the steady-state
value; while for larger time delay x(t) is larger than the steady-state value. For
larger time delay t/tp =3.5 > tp, P(sa) for the polystyrene sample for a pulse

with a Gaussian bandwidth of 20 MHz is shown in curve 7 and compared to
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Fig.4-10: The time-resolved and corresponding steady-state
probability distribution of normalized transmitted intensity P(Sab) for
three types of samples.

the corresponding steady-state result shown in curve 8. Excellent agreement
with measured results is obtained in all cases. These encompass both steady-
state and dynamic propagation, in the presence of strong and weak absorption,
for both weak and strong correlation regimes in which k exceeds its value at
the Anderson localization threshold of 2/3. The properties of these samples are

shown in the following table:
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Polystyrene Alumina (Resonant) n=3.14
(n=1.59) Sample A Sample B
Sample Length L 100 cm 61 cm 90 cm
Vol. Filling Factor 0.52 0.068 0.068
f
D
Diffusion Coef. 33 cm/ns 39.4 cm’/ns 39.4 cm’/ns
Transport time tp 56 ns 13 ns 25 ns
g ~7 ~5 ~23
1380 10000 12000
# of config. (50 line scan) (7 pol.Rotation)
Frequency Range | 16.8~17.8 GHz | 14.7~15.7 GHz [6.95~17.05 GHz
Ko 0.06 0.09 0.29

44 Conclusion

The form C =F + k(1 + F) for single source introduces the parameter k
which characterizes wave transport and relate to the correlations, fluctuations,
and average transport. In this chapter, we have extended this idea to time
domain At the same time, Kk(t) reflects the statistics of propagation even in
presence of absorption In the limit of ¢ > 0, ks — Ko yielding steady-state
statistics. Thus, the time-varying degree of correlation, k4(t), is the controlling

function of mesoscopic statistics. It is, therefore, of prime importance to
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explore the possibility of a universal formulation of the time variation of the

degree of correlation and its relationship to spatial localization.
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CHAPTER 5

STATISTICS OF THE PHASE GRADIENT AND
TRANSVERSE SPACE CURRENT DENSITY

51 Introduction

Each polarization component of the electromagnetic field can be
represented by the complex field, Ae', which obeys circular Gaussian statistics
2. Both real and imaginary parts of the field are described by a normal
distribution. Equivalently, the field amplitude 4 has a Rayleigh distribution
while the phase ¢ has a uniform distribution between -n and n. However,
multiple scattering with crossing of wave trajectories leads to non-Rayleigh
distribution, and weak localization modifies average wave transport. The
distinct effect of localization on the statistical distribution of intensity * and
phase'™ have been reported microwave experiments in quasi-1D sample.
Large fluctuations are a consequence of interference, which distinguishes the
diffusion of particle and waves and reflects the essential role played by the
phase in statistics and dynamic aspects of mesoscopic physics.

To study phase statistics, we unwrap the phase so that discontinuous

phase jump of £27 are removed leading to a phase which is not restricted to
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the range of (-m, 7). In addition, the occasional phase jumps by © which occur
when moving across phase singularities, which are observed at positions at
which the amplitude vanishes. At a phase singularity, both real and imaginary
parts of complex field vanish and the phase which is tangent of the ratio of the
imaginary and real parts of the field is then indeterminate. In our study of

spatial the phase derivative, phase jumps of *2r are unwrapped in space to

0

climinate the 2 discontinuity as was done in frequency ' and time domains

1% The unwrapped phase may be represented as ¢ = ¢2r + 2nm, where n is an
integer.

Phase statistics can reveal important details relating to wave dynamics.
The single-channel delay time is defined as the first derivative of unwrapped phase

delay with frequency for one outgoing channel b for one incoming channel a,

4, = da’iz)h The intensity weighted single channel delay time, W, =T, %

do

0

called the Wigner single channel delay time ', is the key variable since that

the sum of W, over all incoming and outgoing channels gives the density of

state multiplied by (m/2N)'*®, where N is the number of channels. Both

104,109 104,109.110

experimental and theoretical results of the probability

distributions of delay times for diffusive and localized waves has been studied
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and are in excellent agreement. The probability distribution of the normalized

1

delay time ¢3’ = for diffusive waves is as following:

<¢'>

Q

P(g) = T
TR

(-1

where Q is a dimensionless parameter calculated from the field spectral
correlation function which is a function of o = L/L, The probability

distribution of ## in the Gaussian approximation is given by:

POV) = )

1 )
exp(—— ). (-2
JI+0 oMY+ J1+0Q
where @(W) is the Heaviside step function and W=W/<W>.As wave

propagation approaches the localization regime, P(Vf/) shows large deviation

from the prediction of Eq. 5 -2 in the large delay time limit. This is a dynamic
signature of wave localization in dynamics of wave transport.

In this chapter, we investigate the statistical properties of the spatial
derivative of phase in the transmitted speckle pattern with monochromatic
microwave excitation in the weak scattering limit. The probability
distributions, joint distribution with intensity, and spatial correlation of the
phase derivative will be considered. One-to-one correspondence exists

between the quantum probability current density from the Schrodinger
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equation and the Poynting vector S = Ex H =Im(E*(r)<E@)) ', The
current density of a scalar wave in the stationary case can be expressed as'':

J(ry=Im(E(r)y*<E(r)), (5-3)
If we substitute the field, £, (r) = A(r)e”"”, into the equation, it shows that the

product of intensity, 7 = [4|* we find:

Jry=1(r<g(ry. (G-4)
The current can be understood as a flow of energy through the random
medium with transport velocity ve.

Along the horizontal line on the output surface, one component of

d¢

transverse current density is obtained as: J = = The first spatial
x

derivative of phase obtained from the discrete measurement is indeed the
difference with finite step size Axv instead of the infinitesimal increment dx. We

investigated the impact of finite step size on the theoretic prediction of the

probability distribution P(ﬁ) and P(J.). When Ax — 0, the continuous

dx
case is recovered.
The sample studied in this chapter is the Polystyrene sample described
in Chapter 3. The measurements of complex fields for a single polarization
component are carried out on the near-field output surface along a straight line

with Imm as well as 100 micron steps. To increase the spatial resolution for a
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Fig.5 — 1: Phase of complex transmitted field wrapped 1 [T, 7] cross over 5cm
spatial range with sudden phase jump(a) and over frequency range (e);
Unwrapped phase over space(b) and over frequency (f); Normalized
transmission coefficient over space (c) and over frequency (g); corresponding
first derivative of phase over space (d) and over frequency (h)

finer line scan of 500 positions with 100 micron step, the thinner wired
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detector with core thickness 100 micron is chosen. The detector is

perpendicular to the line along which the translation motion.

5.2 Phase map and correlation in space

Fig. 5-1 shows the wrapped phase in ¢»; and unwrapped phase ¢, the
intensity normalized by its ensemble average of intensity S, and the first
derivative of the phase. The four figures on the left presents functions of
frequency. The zero of unwrapped phase in frequency domain should occur at
frequency v = 0. The four figures on the right are the corresponding results for
variation in space. It is worth to mention, unwrapping phase in space is path
dependence. Here we unwrap phase straight along a x-axis along which the

measurements were done. Large peaks in the spatial phase derivative are

Fig. 5-2: 3D surface plots of unwrapped phases in frequency domain (a)
and m space (b) as the function of frequency and position.
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associated with small value of intensity. The corresponding surface plots of
unwrapped phase in the frequency domain and in space over the frequency
range from 16.8 ~ 17.8 GHz as functions of both frequency and position are
shown in Fig. 5 — 2 (a), (b) respectively.

Normally, the measured phase of the field Ae'? is wrapped in 27 and is

uniformly distributed:

L (—z<¢<nm)

P(p,) = { 6 (other) ,(5=3)

This is seen in the probability distribution shown in Fig.5-3 for the
measurement of phase vs. microwave radiation frequency transmitted through
the random Polystyrene sample over single point measurement over 15000
configurations.

For the unwrapped phase ¢, we could compute the probability distribution
P(¢) from single point field spectra measurement. Fig. 54 (a) shows the
probability distribution of unwrapped phase fluctuation from its ensemble
average, P (0¢/c), where 8¢ = ¢ - <¢> and o is the variance. The ensemble
average of the unwrapped phase is seen in the inset of Fig.5-4, to increase

monotonically with frequency.
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Fig. 5-3: The probability distribution of wrapped phase
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Fig.54: The probability distribution of unwrapped
phase P(6¢/c) shown in (a) gives Gaussian distribution,
where 80 = ¢ - <¢>, and G is the standard deviation.
And <¢> is the ensemble average of unwrapped phase
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53 Statistics of the first spatial derivative of phase
5.3.1 Theoretical background

We will start our discussion with a brief summary on the statistical
properties of the spatial derivatives of the phase based on Ref. ** and '",
under the Gaussian approximation.

The monochromatic speckle pattern can be described as the sum of

fields associated with a large number of partial waves as:
o1 Z\: b
E=4¢"=—) Ae" (5-6)
Ni=

where 4, and ¢, are the amplitude and the phase of the " partial wave. Let r

and i to be the real and imaginary part of corresponding field, respectively.
Then the joint distribution function of four variables 7, i, r, i, can be expressed

114
as :

P(r.i,r.i

1
i) = ———
’ 47*Jdet M

exp[—%uM‘u"'], (5-7)

r di . . .
where 7, = d_ = d_ ,u=[r i ry i,/ and M is the 4x4 symmetric covariant
X

X
X
matrix, in which each matrix element can be written in terms of correlators of

real and imaginary parts of the field as:
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<rr> <ri> <rr,> <ri >

<ir> <ii> <ir.> <ii_ > :
M= . . . (5-8)
< r‘ir > < VXZ > < rxrx > < Vxlx >

<ir> <ii> <ir > <ii >
For Gaussian field statistics, the real and imaginary parts are uncorrelated to
each other. It is also true that 7, i, r,, i, are jointly Gaussian. So that,
<rr>=<ii>=0, <ir>=<ri>=0. (5-9)

By using the relation of <f/>' = < (f)"> = 2<ff>'", we obtain:

<rr, SO L >:l£(02):0,and<ii‘_ >=0. (5-10)
’ 2 Ox 2 0Ox ’

a(ﬂ+nz)
Apply R- g (Ax)=(=1)" FywT) R, (Ax) into the follow elements, obtain
(see ref. ' p317):

o .
<’t\"t\‘ >:_—2Rrr(Ax) Eb\ =<lxl.x >’
6A'x Axv=0

=c, =—<ri>, (5-11)
Ax=0

<ri,>= —iRN(Ax)
’ OAx

<ri,>=<ir >=0.
Therefore, substitute Eq. 5-9 to Eq. 5-11 into Eq. 5-8 gives:

o> 0 0 ¢

X

0 . 0 ,

M = 7 s T 5212
0 —, b O
c, O 0 b,
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From this form, the determinant and the inverse of M are found to be:

b, 0 0 —c
. 1 0 b ¢ O d
= 5 , an
JdetM | 0 ¢ o
-, 0 0 o
det M =(co’b, —c’) . (5-13)

Letting D =+/det M , we then obtain:

p(r,i,r.,i,)
1 1 2 %) 2 bl 2 . . b4 (5 - 14)
=———exp[——0b.(r" +i)+o (r- +i2)+2c_(ir. —ri_
47Z_2D p[ ZD(Y( ) (,x ,\) x( X \))]
Transforming the variables of the probability distribution from 7, i, ry, iy to I, ¢
Ay, ¢, where I is the spatial derivative of intensity and ¢, is the spatial

derivative of the phase gives:

p(]9¢’[x’¢x)

slysty

s (5_15)

16 D exp[——(b I+o

where the HJ H=1/4 is the Jacobian. Integrating over I, ¢ I, to obtain the

probability distribution of the first spatial derivative of phase ¢ gives:

p(¢)—— obhTe  (5-16)
20 (o’ =2c,8, +b,)
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Each of the parameter in this expression is important in our experimental
study. The spatial field correlation function can be rewrite as:

C.(Ax)=< E*(x)E(x+Ax) > 517
= (R,.(Ax)+ R, (Ax)) +i(R, (Ax) = R, (Ax))”
where R, (Ax) [,,.o= R, (AX) |,..o= o’ = 7Re(C(AY)) |y - So at first, o is the

variance of the real or imaginary parts of the field, which can be interpreted as

half of the real part of field spatial correlation when the spatial displacement is

. For the normalized field Cg(Ax=0) = I, thus

Ax=0

zero, o’ :%RG(CH (Ax))

o'=1/2. Second, b, is actually one half of the second derivative of the real part

of field spatial correlation when the spatial displacement is zero,

1 o , .
bx = _Z anz {Re(CE(A‘x))J

. Here, we can define the parameter Q=2b,.
Ax=0

Third, ¢, is half of the first derivative of the imaginary part of the field spatial
correlation function when spatial displacement is zero. Since the imaginary
part of spatial field correlation function in our isotropic system vanishes,
which has been shown is chapter 3, ¢, is indeed zero. Therefore, we could
write the expression of the probability distribution of the 1D phase gradient,

which can be measured experimentally:

0 (5-18)

1
p(¢,\.)—5W:
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As a result of this expression, p(¢,)only depends on the parameter Q, which

can be expressed as half of the second derivative of the spatial field correlation

1 & ,
functionas Ax >0, Q=———C, . (Ax
o > A 1 (Ax)

Ax—0 °

5.3.2 Experimental results and the impact of finite step
The sample studied is composed of randomly positioned 1.27-cm-diam
Polystyrene spheres at a volume filling fraction of 0.52 enclosed in a 1-m-

long, 7.5-cm-diam copper tube. The amplitude and phase of microwave field

10°

— —_—
S S
N N

P(d¢/dx)

—_—
o
w

d¢/dx

Fig. 5-5: The probability distribution of first derivative of phase
p(d—¢) with spatial tesolution 1mm. Solid line is from experimental
X

data and dashed line 1s theoretical result.
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is measured with use of a Hewlett Packard 8722C vector network analyzer
between 16.8 ~ 17.8 GHz, using frequency interval of 625 kHz. The wired
detector with core diameter ~Imm is translated to 50 positions along the x-
direction on the near-field output surface with 1.06 mm step size.

In order to obtain the first spatial derivative of the phase, phases
measured modulus 27 at each frequency was unwrapped in space along the x-

axis. The difference in phase at adjacent is then computed. The probability

d¢

distribution p(d—) shown in Fig.5 — 5 is computed over 500 configurations
2%

and 1600 frequencies. The figure gives a comparison of experimental result
(solid curve) and the theoretical prediction (dashed line) by applying Eq.5-18
with parameter Q ~ 0.063 estimated from the second derivative of spatial field

correlation function when Ax is zero. Since the C,(Ax =0) includes higher

noise which cannot be average out as uncorrelated correlation of noise at

different position, Q is actually hard to determine accurately. The first moment

d¢

of d— vanishes and the deviation at tails attracted our attention.
x

In the studies in which the detector is of translated with different step

sizes such as 0.1 mm, 0.2 mm and 0.5 mm, we find that the finite size of Ax

changes the tail of the distribution. Fig.5 -6 shows the p(?) with Ax is 0.1
A%

mm, where the deviation of tail becomes much smaller. Thus leads us to
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Fig. 5-6: The probability distribution of first derivative of

d¢

phase p(d—) with spatial resolution 0.1mm. Solid line is from
x

experimental data and dashed line is theoretical result.

pursue the theoretical result for the probability distribution of p(%) with

finite step, and eventually to take the limit of Ax — 0 to recover Eq. 5 —18.

In the following, the brief theoretical approach carried out by Bart van

11

tigglen ''® will be shown below. For a finite translation step Ax = x—x' is

ig(x)

finite and for a field represents as E(x)= A(x)e”" . The four variable joint

distribution of amplitudes and phases at position x and x' can be written as,

P(4,4',9,¢")
2

_ /u v A% —\:\2 ‘427;12‘4'2+2\:\y‘4/4'c0s(¢7¢'+7) 5 (5 - 19)
~Ad'e " e
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10%

107 E
3107}
2 :

3| L ' Y i

107 = P(A¢)-Data :

) - - -~ P(Ad)--Fit
W% "4 2 0 2 4 6
Ad(rad)

Figure 5 — 7: The probability distribution of first dertvative of
A
phase p(g) with considering the finite translating step. Black

curve 1s calculated from data and red curve is the fit by using the
parameter C, (Ax=1.06 mm) =0.96366

where z, gzand y are defined by:

<EME*(x)>_

<I>  firzp

and 1> =1+|z|*, Z=|z|e” . The field spatial correlation function is shown to

=Cp(Ax) =—, (5-20)

= | W

be real value in chapter 3, thus y =0. Then integrate Eq. 5-19 over A(x),

A'(x"y , ¢'(x") at constant Ag(x)=¢@(x)—¢'(x") . Let A= Acosd ,

A'=A4sind, fdAfdA' can be written as fAdAf 2d49, this gives:
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21— AQ|
87°
_27-|Ag|  1-C.(Ax) y
47°  1-C,*(Ax)cos” Ag
N C,(Ax)cos Agcos™ (—=C, (Ax) cos Ag)
JI=C,(Ax)cos® Ag

sin @
(1-C,.(Ax)cos Agsin 0)

P(AP) = (1-C,*(Ax)) L do

(5-21)

[1

Note that the single parameter for this expression is the value of spatial field
correlation at finite step size Ax. When Ax approaches zero, the expression
recovers the expression of the continuous case in Eq. 5-18. Excellent
agreement between the experimental result and the above result is shown in

Fig. 5-7 with the parameter C,(Ax =1.06mm) =0.964.

54 Statistics of current density

The transverse current density is defined in Eq. 5-4. In our

) d o .
measurements, we only consider X-component, J =/ d_¢ , while is the similar
2%

in form to the single channel Wigner delay time , W =/ 49 , but involves the
@

116

spatial derivative of phase. The theoretical form of p(J ) obtained by

-1 dg

analogy with the one on W for normalized current density J_ =

<[> dx

following:
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P, =——exp( 217 |
odR2b e, ya++-2b

Y. (5-22)

Parameters a and b can be calculated from the first and second terms in the

o)

10° : ; 3
1 L it to ’ )
/b theoretical
I result
~7 i
10 7°F 4
P (j X /
10" i
107 i
10° . ; k
-10 -5 0 5 10
J

N

Fig. 5 — 8: The probability distribution of transverse current density
p(j ) with spatial resolution 1 mm and the theotetical prediction

Taylor expansion of the field correlation function:

C,(Ax) = 1+iaAx +b(Ax)” +O(AX), (5-23)
which results in a =<.J_>and Q =-2b which is the same as Q in Eq.5-18.
Therefore, Eq. 5-22 can be rewritten as:

P = j§ exp(‘zJ"—Q]*' |

). (5-24)
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Microwave measurements of this probability distribution are shown in Fig. 5-

8. In the figure, the fit to the data obtained by applying Eq. 5-24 with Q ~

-0 o 0 40

I<i>Ad

Foanasved

Figure 5 — 9: The probability distribution of transverse current

Ag

density p(/ E) with considering the finite translating step.

0.063 is the circle line. Agreement is only down to 107

Ag

The numerical calculation of p(/ ek which is modified by

Ag

considering the impact of the finite size of Ax . as well as measured p(/ ™~

corresponding to wrapping phase are shown in Fig. 5-9 with parameter

C,(Ax =1.06mm) = 0.964 applied to the calculation.
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Chapter 6

SUMMARY

The main goal of this work was to investigate the statistical character
of the field distribution inside and transmitted through random sample to
understand the connection between mesoscopic fluctuations, correlations, and
wave localization. For this purpose, we developed 1) a one-dimensional
random waveguide system allowing us to measure the microwave amplitude
and phase inside the sample along the entire length of the waveguide; 2) a
microwave field image system to measure the full transmitted speckle pattern
at output surface of a quasi-one-dimensional system two orthogonal
polarization components. Measurements of field spectra have been carried out
with monochromatic incident microwave radiation. We were able to study
pulse propagation by Fourier transforming steady-state results into the time
domain. Since in real system, impact of ubiquitous absorption intertwines with
the impact of localization in steady-state measurements, we explored key
aspects of propagation in the time domain and were able to observe the
increasing impact of localization separately from the influence of absorption.

After lots of efforts on overcoming technical difficulties of designing

the one-dimensional random waveguide system such as optimizing detector
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structure to reduce distortion to the system but still pick up sufficient large
signal, uniformly improving conductor contact along entire waveguide, the
system becomes stable and flexible and allows us to study wave propagation in
one-dimensional samples with various arrangements. We have studied 1) the
spatial extent of field for Bloch waves and evanescent waves in nearly periodic
sample; 2) the spatial extent, linewidth for localized waves in single defect and
random samples; 3) the spatially and spectrally overlapping modes which can
be decomposed into quasi-normal modes. We studied the relation of these
modes to the transmission and impact of absorption. These results suggest that
the concept of quasi-normal modes in an open dissipative sample is
appropriate even for overlapping modes. When a disordered system exhibiting
multiple peaks in the spatial field distribution is modified randomly, level
repulsion is observed with the sum of the linewidths of the true coupled modes
remaining approximately constant as the separation between the modes
changes. We find that modes do not come closer than the linewidths of the
modes when they are nearest in frequency. The mechanism for such level
repulsion is not yet well understood.

We have presented the results from the measurements of transmitted
speckle pattern along a line across the output surface and on a tight grid over
the surface: 1) find structures of the spatial intensity correlation function; 2)

for a fixed input, organize the intensity correlation function in terms of field

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



129

correlation function and single parameter ( in steady-state wave propagation
and with different time delays; 3) phase statistics such as the probability
distributions of phase, phase derivative and transverse current density within
speckle pattern; 4) microstatistics in a single speckle pattern and statistics of
total transmission. Measurements of full speckle pattern with two polarization
components lead to locating phase singularities and polarization singularities.
Though the intensity at phase singularity vanishes, the measured fields at
points around the singularities are still well defined allowing the phase
singularity be accurately located. Since such measurements are extremely
time consuming (about three days for each sample realization), the stability of
instrument and environment. The temperature fluctuation, sample or cable

motions are all of concern.
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