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ABSTRACT

SERVICE LEVEL BASED VEHICLE ROUTING PROBLEM: MATHEMATICAL
MODELS. NEURAL NETWORKS HEURISTIC AND OPERATIONAL
IMPLICATIONS

by

Ri Xia

Advisors: Professor William Chien, Professor George Sphicas,
and Professor Elsie Gottlieb

We extend the Vehicle Routing Problem (VRP) by taking the service level into
consideration. The result is called the Service Level Based Vehicle Routing Problem
(SLB-VRP). In this study, the service level perceived by a customer is measured by the
waiting time of that customer. Three models are constructed for the SLB-VRP. Among
them, two are mixed integer linear programming models that are based on the modeling
of traffic flows. The third model uses decision variables that record the sequence of the
customers who receive service from the vehicles and has a quadratic objective function.
We have also studied how to deal with several varieties, such as the minimization of total
traveled distance. the minimization of maximum waiting time, capacity constraint, and
time windows.

We have developed a neural networks based heuristic to solve the SLB-VRP. The
neural networks used in the heuristic are Hopfield networks. We have used a guided

sampling process in the algorithm to save the computation time and estimated the
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maximum and minimum number of customers in a route to reduce the complexity of the
networks. Two local search procedures, an oscillating procedure and a 2-opt exchanging
procedure, are also implemented to improve the performance of our heuristic.

We have tested the performance of our algorithm by three approaches. The first
approach is to compare our solution to an estimated optimal solution. The second
approach is to compare our solution to the solutions of other well-known heunstics. The
third approach is to design a performance indicator based on our solution and the
statistics of the traveling distance matrix. Qur experiments have shown that our
algorithm has good performance according to all three approaches.

Experiments are also conducted to study the operational implications, such as the
effects of the shape of the service region and the location of the depot. We have found
that Circle service region has the shortest Total Waiting Time and the average Total
Waiting Time in the depot at comner case is estimated to be 1.5 times of the average Total

Waiting Time in the depot at center case.
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Chapter |

INTRODUCTION

1.1 Introduction

Vehicle Routing Problem (VRP) is a well-known problem in the field of
Operations Management and Combinatorial Optimization. One brief definition for the
basic type of VRP can be stated as:

One set of customers {1.2, ..., n} requires service from the depot {0}. There are
m vehicles originally located at the depot. The vehicles will provide service when they
visit the customers. There is a cost associated with each pair of points from the set
{0.1.2, ... . n}). A feasible solution is defined as m routes that visit each customer exactly
once. The optimal solution is the feasible solution with the least total cost.

Three entities are used in the definition of the VRP: customer, depot, and vehicle.
The customer is the driving force of the whole vehicle routing system. Each customer
requires a certain type of service. The whole system exists because we wish to serve the
customers effectively and efficiently. The depot contains the resource that the customers
ask for, and we will use vehicles to carry the required resource from the depot to the
customers. These three entities should be treated as abstract terms. The customer may be
a real customer, or a grocery store, or any entity requiring certain resource. The depot
may be a real warehouse, or a data center, as long as it plays the role as the resource
origin. The vehicle should be regarded as the general term for any facility that allows the

resource to flow between the depot and the customers.
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As one logistical problem, the VRP has significant economic impacts. According
to Srivastava and Benton (1990), the combined transportation and warehousing costs
account for at least 20 percent of the U.S. GDP each year. The potential huge gain from
the improvement of the vehicle routing system is believed to be one major cause why the
VRP is so popular in the literature. Besides, practical distribution cases have many
specific requirements, which will prompt researchers to develop new models to
accommodate these practical situations. Furthermore, the model and method used to
study the VRP can be applied to problems in other fields. For example, Chen, Wan, and
Xu (1998) formulate the rolling batch planning problem in the steel industry as one
vehicle routing problem with time windows. Given the above-mentioned reasons, it is
not a surprise to find many different VRP models in the literature.

In essence, the VRP can be regarded as a resource allocation problem. What the
VRP considers is how to allocate the resource according to some time and space
requirements. Space requirements come from the customers. The locations of the
customers specify where the allocated resource should go. On the other hand, the time
issue is affected by two factors. One is the spatial distribution of customers and the other
one is the instrument used to deliver the requested resource. If we adopt this
understanding of the VRP and treat the three entities of the VRP as abstract terms
mentioned above, we can then extend the VRP to various related decision problems

requiring resource allocation planning.
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1.2 Motivation and research questions

The VRP originally arose from the distnbution industry. Although there are some
papers in the literature discussing the applications of the VRP in other fields, most
models are constructed while physical distribution is kept in the researcher’s mind.
Therefore, current available models more or less take some characteristics of the
distribution industry into granted, which limits the applicability of the VRP to other
resource allocation problems.

As far as the resource is concerned, two parties are involved in the VRP. They
are the resource owner and the resource user. The customers are the resource users and
the depot can be regarded as the representative of the resource owner. The objective of
the vehicle routing system should reflect the interests of these two parties. Since the
resource owner is interested in decreasing the cost of delivering the resource while the
resource users pay more attention to the service related to how the resource is received,
the main objective of the VRP is either to minimize the delivery cost or to maximize the
service level. In the distribution industry, the distribution cost is a major concern while
we take its contribution to the GDP into consideration. On the other hand, few
requirements on how service should be provided are specified, maybe because in most
cases the resource is physical. Therefore, minimizing the system-wide cost is the main
objective of the VRP. However, in some cases when the distribution cost is negligible,
the service level or customer satisfaction level becomes much more important.
Especially. while we consider the general resource allocation problem, the resource may
not be physical goods and the usage of the resource may heavily depend on how the

resource is received. Consequently, it is worthwhile to integrate the service level with the
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ordinary vehicle routing requirements. The result is a relatively new class of VRP called
the Service Level Based Vehicle Routing Problem (SLB-VRP), whose objective function
is defined over the service level related cost items.

More specifically, we are interested in studying the SLB-VRP for the following
three reasons. First, for the vehicle routing systems in the domain of public service, the
service level is expected to be the first priority in the mind of decision-makers. Decision-
makers cannot use cost as the only argument to justify their decisions. Hence, the service
level will inevitably enter into the objective function. Second, in today’s tough
competition market, customer satisfaction is critical to gain competitive advantage.
Finally, The recognition of the importance of the SLB-VRP benefits from the integration
of the organization-wide operations. While treating the vehicle routing system as an
independent system, we may need to sacrifice the cost savings to improve the service
level; however, if we regard this system as one part of the whole supply chain, the
achievement in the service level may lead to savings in the total cost for the entire supply
chain.

In the literature, two groups of algorithms are developed to solve the VRP. The
first group includes the exact algorithms. Most algorithms in this group use the branch
and bound method. The second group includes the heuristics. Among these heuristics, a
special class of algorithms, called metaheuristics, has been reported with good
performance. Metaheunistics includes tabu search, simulated annealing, genetic
algorithm. evolutionary strategies, and neural networks. Although pursuing optimality is
the ultimate goal while studying one optimization problem, the intractability of the VRP

limits the problem size we can handle using currently available exact algorithms.
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Without a breakthrough in the theoretical base of integer programming, it is difficult to
make progress in developing exact algonthms. Since one intention of this research is to
promote the recognition of the SLB-VRP, we do need to demonstrate computational
results. Therefore, in this research, we will use heuristics as the solution technique and at
the same time, construct mathematical models to leave the door open for the future
development of exact algorithms.

Our research questions come from three areas. The first one is the modeling. Can
we construct mathematical models for the SLB-VRP? The second one is the solution
technique. Are we able to develop an efficient and effective heuristic algorithm to solve
the SLB-VRP? The last one is the operational implications. If we adopt the
maximization of the service level as the objective, what is the effect of this adoption on
operating the warehousing and distributing system?

At the end of this section, we discuss two possible applications of the SLB-VRP.

An Emergency Responding System A utility company has a fleet of
vehicles that are responsible for emergencies occurring in a city. Instead of using the
minimization of the total traveling cost as the objective, this company wants to minimize
the total waiting time of the customers for the following two reasons. First, the highest
priority is to minimize shutdown time, and total waiting time is a good measurement for
shutdown time. Second, if the system is operated with this objective, no customer's
service will be extremely delayed, which is helpful in reducing the number of complaints
and maintaining a high level of the credibility of this system.

A waste collection system A company is responsible for collecting waste from
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some dumping sites in a city. For certain economical and environmental reasons, the
objective is to minimize the cumulative waste level in those dumping sites. The waste in
each dumping site is accumulated at a certain constant rate. So the cumulative waste
level in a dumping site can be expressed in terms of the waiting time of that site, where
the waiting time of a site is defined as the time from the start of the planning period till
the time that this site's waste gets collected. Therefore, the objective can be set as the

minimization of the total waiting time of those dumping sites.

1.3 Research methodology and expected contributions

In this study, the service level is measured by the waiting time, where the waiting
time of a customer is the time from the start of the planning period till the time that this
customer receives service, assuming that all customer demands arrive at the start of the
planning period. Hence, the objective of maximizing the system-wide service level can
be achieved by the minimization of the total waiting time. Furthermore, if we assume
that the vehicles have constant speed, the travelling time is proportional to the travelling
distance. Since the waiting time of a customer is simply the traveling time from the
depot to the location of this customer, the waiting time can be expressed in terms of the
traveling distance. So in our SLB-VRP, we will minimize the summation of each
customer's traveling distance. Here, the traveling distance of a customer is defined as the
traveling distance from the depot to the location of this customer.

Three basic models are constructed for the SLB-VRP. Among them, two are
mixed integer linear programming models that are based on the modeling of traffic flows.

The first model uses a three-index decision variable that specifies the starting customer,
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the ending customer. and the vehicle used for the trip. The second model is more
compact because only the starting customer and the ending customer for the trip are
specified in the decision vanables. The third model that we propose is not constructed
upon the traffic flows. Instead, its decision variables record the sequence of the
customers who receive service from the vehicles. Since a trip is defined by a starting
customer and an ending customer, we need two decision variables to decide whether a
trip happens or not. Therefore, we will have a quadratic objective function in the third
model. To illustrate the difference between the VRP and the SLB-VRP, we have done an
experiment, that reveals that the value of the optimal solution changes significantly when
we switch to the SLB-VRP model from the VRP model.

In our basic models. we do not consider the capacity constraints, but capacity
constraints can be easily incorporated into our modeling framework. Besides, since our
objective is to minimize the total waiting time, all available vehicles will be used in the
optimal solution. So our basic models are constructed by treating the VRP as m-TSP.
We will also present some variations of our basic models, taking more characteristics of
VRP into consideration.

Although existing methods to the VRP can be modified to solve the SLB-VRP,
we develop a new algorithm, partly because we want to add a new method to the domain
of the VRP and partly due to the following two concerns for future research. First,
although in this study we will only consider the basic measurement of the service level,
which is the total waiting time, we can expect that in practical situations many other
measurements will be used by the customers to evaluate the perceived service level.

Therefore. our algonthm should have the potential to be extended to accommodate
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various other measurements for the service level. The other concemn is how fast the
algorithm can provide a solution. [f we construct the vehicle routing system around the
intention to achieve a better service level, most likely we are facing a volatile
environment. For example, the demand may occur randomly and it is possible to lose
customers if we cannot provide timely service. Therefore, quick response will be critical
to be competitive in handling the SLB-VRP, and our algorithm should be able to provide
solutions instantaneously.

Based on the above-mentioned concems, we choose neural networks as the
solution technique since neurons can make instantaneous response and be modeled with
different measurements for the service level. We construct Hopfield networks
(Hopfield, 1982, 1984), which are stochastic neural networks, to solve the SLB-VRP
because Hopfield networks have been used to solve the Traveling Salesman Problem
(TSP), which can be regarded as a special case of the VRP. Qur networks are constructed
based on the third model because the Hopfield networks require the objective function be
in a quadratic form. The Hopfield networks act as a global searching device and two
local searching procedures are also developed to improve the performance. Furthermore,
because the Hopfield networks have been criticized for their complexity and time-
consuming computation in their application to the TSP, we provide two additional
procedures to improve our networks by reducing the number of neurons and speeding up
the computation.

We have taken two approaches to evaluate the performance of our Hopfield

networks based algorithm. The first approach is to compare our solutions with estimated
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optimal solutions or solutions obtained by other well known heuristics. We have to use
estimated optimal solutions because SLB-VRP is NP-Complete

(Sahni and Gonzalez, 1976); therefore, no optimal solution is available for large size
SLB-VRP. The estimated optimal solution is estimated by a method based on order
statistics of a sequence of solutions (Dannenbring, 1977). For solutions obtained by other
heunistics, we have modified the Savings algorithm and the Sweep algorithm so that they
can solve the SLB-VRP. The second approach is to directly measure the quality of a
solution. We have designed a performance indicator to measure how short an average
trip in a solution is. The smallness is measured based on the statistics of all elements in
the travelling distance matnix.

Since the direct application of the SLB-VRP is still in the distribution industry, it
is worthwhile to study the operational implications of the SLB-VRP to the
warehousing/distributing system. The first issue is the shape of the service region. We
want to know if the shape of service region has any effect on the system-wide service
level. The second issue is the location of the depot. We want to know if there are
significant differences in the service level for different locations of the depot. We are
interested in these two issues because they are related to two tactical decisions the
distribution manager needs to make. These two decisions are how to divide a large
service region into smaller ones and where to locate the depot. Several experiments will
be designed to address these concerns.

According to our research questions and preliminary research, we can expect the
following contributions:

e Three mathematical models for the SLB-VRP are constructed.
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e The difference between the VRP and the SLB-VRP is studied.

e A Hopfield-networks-based heuristic algorithm is built to solve the SLB-VRP.

e Two local searching procedures are developed to improve the performance.

e Two procedures are developed to improve the efficiency of the Hopfield networks
by reducing the number of neurons and speeding up the computation.

e Savings algorithm and Sweep algorithm are modified to solve the SLB-VRP.

e A performance indicator is designed to measure the quality of a solution to SLB-
VRP.

e The effects of the service regions with different shapes are examined.

e The effects of the location of the depot are studied.
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Chapter 11

LITERATURE REVIEW

Since the first paper about the VRP was discussed in Dantzig and Ramser (1959),
many different models and solution techniques have appeared in the literature. In this
chapter, we provide a literature review of the VRP. Since the purpose of this review is to
gain insights to the current research directions, we will not provide a full scale and
detailed review; instead, except for some classical papers, only recently published papers
are included. For extensive reviews on this subject, readers can go to Christofides,
Mingozzi, and Toth (1979), Bodin, Golden, Assad, and Ball (1983), Laporte and Nobert
(1987), Laporte (1992). Assad and Golden (1995), Eiselt, Gendreau, and Laporte (1995a,
1995b), Laporte and Osman (1995) and Psaraftis (1995).

This chapter is organized as follows. To have a full understanding of the VRP,
we provide a classification scheme in section 2.1. Some ideas about this scheme come
from Golden, Magnanti, and Nguyen (1977), Bodin and Golden (1981), and Desrochers,
Lenstra, and Savelsbergh (1990). Then, we will discuss the solution techniques. Exact

algorithms are covered in section 2.2 and heuristic algorithms are covered in section 2.3.

2.1 Classification of Vehicle Routing Problem

To classify the VRP models, we need to first recognize those elements that
specify a model. Essentially, there are two parts in a VRP model: an objective function
and constraints. The objective function reflects the interest of the whole routing system,

which is used to evaluate the performance of different ways to do the vehicle routing. On
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the other hand, constraints describe the features of the problem. Since the depot,
customer, and vehicle are the only three entities in the VRP, those features can be
classified according to these entities. Some features only require the involvement of a
single entity, but some features are defined as a certain type of relationship among
entities. Therefore, we will use five elements to classify the VRP. They are objective
function, depot, customer, vehicle, and relationship. After the discussion of each
element, some research papers are introduced to illustrate the context of some special

options that an element might take.

2.1.1 Objective function

The objective function is a function of costs. Many different types of cost items
have been discovered in practical situations. While vehicles are traveling between the
depot and the customers, traveling cost occurs. Usually this cost is calculated on the
traveling distance or time. As mentioned above, we have constraints guiding us on what
we have to do and what we cannot do. Sometimes, we can violate those constraints by
paying a certain amount of penalty, which is called penalty cost. Another common type
of cost is vehicle cost. It is fixed and depends on the vehicle type. The most frequently
used objective function takes the form of minimizing the sum of the costs, which reflects
the intention to minimize the system-wide total cost. Another form of the objective
function is to minimize the maximum individual cost item. This objective function is
used to do damage control or maintain a certain level of customer satisfaction.

Park and Koelling (1989) build an interactive computerized algorithm for

multicriteria vehicle routing problems. The model consists of the following relevant
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objectives: (1) the minimization of the travel distance of vehicles, (2) the minimization of
the total deterioration of goods during transportation. and (3) the maximization of the
total fulfillment of emergent services and conditional dependencies of customers. Anily
and Federgrun (1990a) examine the general cost function defined over the length and the
number of points on the route with the assumption that the cost function is nondecreasing
and concave. Anily and Federgrun (1990b) study a distribution system with the objective
to determine the feasible replenishment strategies that minimize the long run average
transportation and inventory costs. Wijeratne, Turnquist and Mirchandani (1993)
develop a method for determining a set of non-dominated routes in stochastic networks
when multiple, uncertain measures form the basis of route evaluation. Karkazis and
Boffey (1995) describe one case related to the transportation of hazardous materials
where the objective is to minimize the expected damage effects on the population in case
of an accident. Maimborg (1996) uses the service level as the cost item in a mail delivery
system, where the service level is defined as the waiting time periods for one mail
between the accumulation at the origin and the arrival at the destination. Golden,
Laporte, and Taillard (1997) study the situation in which the objective function takes the
minmax form. They cover a class of vehicle routing problems, including the Capacitated
VRP, the Capacitated VRP with multiple use of vehicles, and the m-Traveling Salesman
Problem with multiple use of vehicles. Herer and Levy (1997) integrate the VRP with
inventory management. The objective in their model is to determine when to serve each
customer and the route to be performed by each truck. in order to minimize the total
discounted costs. including holding, transportation, fixed ordering, and stock out costs.

Butt and Ryan (1999) assume that each customer provides a reward if visited, and study
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how to maximize the collected reward if it is impossible to visit all customers. Hong and
Park (1999) propose a bi-objective model. The objectives are to minimize both the total
vehicle traveling time and the total customer waiting time. Solutions are generated by
specifying both the target values of these objectives and the decision-maker's preference
for the objectives expressed. Weintraub, Aboud, Femandez, Laporte, and

Ramirez (1999) study an emergency vehicle dispatching system, aiming to optimize
service quality that was measured by response time while taking prionty level into

consideration.

2.1.2 Depot

Depot can be further classified according to three sub elements: number, type, and
capacity. Most models assume there is only one depot, but a multiple depot case is not
rare in the literature. In addition to the common type of depot, another facility, called
satellite site, can be regarded as a special type of depot. Satellite site has some
characteristics of the depot, such as providing resource that the customers are asking for,
but it lacks other characteristics, such as the inability of vehicles to start from or return to
it. With satellite facility. drivers are allowed to continue making deliveries until the end
of their shifts without necessarily returning to the central depot for replenishment.
Usually we will assume that the depot has enough capacity. but sometimes a limited
capacity constraint is imposed over the depot. We may even have the situation where the
depot is a workstation. in which case the production rate will be used to address the

capacity requirement.
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A multiple depot case is one recent trend in the literature. Usually, some location
or allocation features are included in the model. Some examples can be found in
Sumichrast and Markham (1995), Renaud, Laporte, and Boctor (1996), Salhi and Sari
(1997), Hadjiconstantinou (1998), Salhi and Nagy (1999), Chan (2001). For satellite
facility, Bard, Huang, Dror, and Jaillet (1998) use it as one way of safeguarding against
unexpected demand. Sanklis and Powell (2000) study a special case of the VRP called
the open vehicle routing problem, where the vehicles are either not required to return to
the depot, or they have to return by revisiting the customers assigned to them in the

reversed order.

2.1.3 Customer

This element has four sub-elements: location. service type, demand, and temporal
constraint. If treating all paths that the vehicles can travel as one network, the customers,
with demand, can be located on the edge or on the node. Of course, it is not necessary to
require that all customers have the same location type. In terms of the service type,
usually we consider only two alternatives: delivery and pickup. Sometimes, a group of
customers asks for a delivery and another group wants a pickup; then, we have a mixed
delivery and pickup case. The demand of customers may be known in advance, which is
the deterministic case, or follow a certain type of probability distribution, which is the
stochastic case. The temporal constraint of customers is called time windows, which is
used to model the situation that some customers require service in some predetermined

time intervals.
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The VRP with time windows is an active topic in the literature. The main stream
is the development of heuristic algonthms. especially metaheuristics, which will be
covered in section 2.3. Balakrishnan (1993) describes a related temporal constraint,
called the soft time windows, where the time windows constraint can be violated by
paying a certain amount of penalty. The pickup and delivery problem is another
interesting feature of the VRP. Dumas, Desrosiers, and Soumis (1991) study the
construction of optimal routes to satisfy transportation requests, each requiring both
pickup and delivery under capacity constraint. Min, Current, and Schilling (1992) tackle
the case of customers who simultaneously request pickup and delivery. Shang and Cuff
(1996) consider a special pickup and delivery problem where the customers are allowed
to transfer between the vehicles and many-to-many transportation is integrated in the
model. Mosheiov (1998) studies an important version of the VRP with pickup and
delivery, called the delivery and backhaul problem, where the pickup transports goods
from customers to the depot. Swihart and Papastavrou (1999) develop a stochastic and
dynamic model for the pickup and delivery problem, where the pickup locations are
independent and uniformly distributed over a service region and the demand for service
arrives according to a Poisson process in time. The VRP with stochastic demand is one
step forward in capturing the practical situation. The type of probability distribution and
the related probabilistic analysis are two popular issues in the current literature. Some
recent research papers are Benton and Rossetti (1992), Bertsimas (1992), Gendreau,
Laporte. and Seguin (1996), Ong, Ang, Goh, and Deng (1997), Secomandi (2000, 2001),

and Chan (2001).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17

2.1.4 Vehicle

This element has five sub-elements. The first sub-element is the fleet size. Fleet
size can be fixed or be varied but restricted in one range specified by an upper bound and
a lower bound. The second sub-element is the vehicle type. If all vehicles are the same,
we have a homogeneous fleet; otherwise, we have a heterogeneous fleet. Capacity is the
third sub-element. If the demand of customers has quantity characteristic, we usually put
a capacity constraint on the vehicle. If the demand of customers is one kind of service,
we may assume the vehicles have unlimited capacity. A special issue is compartment.
The involvement of the compartment makes the concern of the capacity of vehicles more
complicated. In the multi-product distribution case, vehicles may have compartments to
store different products. A compartment itself can be divided into two types:
interchangeable and dedicated. An interchangeable compartment can be used to store
similar products, but dedicated compartment can be used only to store pre-specified
products. The fourth sub-element is the temporal constraint. Vehicles can have time
windows as well, which happens because sometimes vehicles are not able to work
continuously. Another temporal constraint is the route duration. Some routing system
may put a limit on the maximum time a vehicle can work. The last sun-element is the
serving strategy. There are three common strategic decisions involved in the routing
system. Serving quantity is one concern. The basic assumption is that a customer's
demand will be satisfied in full amount. Some special cases will allow a demand split,
which means some customers may be served by more than one vehicle or more than one
visit. This decision can be made a prioni in the deterministic demand case, or a posteriori

in the stochastic demand case. Another decision is about backhauling. In case we have
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mixed deliveries and pickups. backhauling is one common option, which means
delivering first to empty the vehicle and then collecting loads on the way back to the
depot. How many shifts one vehicle can take in one planning time period is the third
decision problem. In most cases, a vehicle will take at most one shift per period. but a
multiple shifts situation has been studied in the literature as well.

Desrochers and Verhoog (1991) address the problem of simultaneously selecting
the composition and routing of a fleet of vehicles in order to efficiently serve customers
with known demands for a central depot. This problem is called the fleet size and mix
vehicle routing problem. Gendreau, Laporte, Musaraganyi, and Taillard (1999) study the
heterogeneous fleet vehicle routing problem. In this problem, the assumption of identical
vehicles is dropped from the classical VRP. Vehicles are different in capacity, variable
cost, and fixed cost. Liu and Shen (1999) extend the fleet size and mix vehicle routing
problem with time windows constraints and study the short term and long term
implication of this problem. Vaidyanathan, Matson, Miller and Matson (1999) study the
vehicle routing issue of a just-in-time production system. This problem is formulated as
a Capacitated VRP. In addition, a non-linear capacity constraint is added to achieve the
minimization of vehicle idle time and the inventories at the locations of the customers.
Split delivery, backhauling, and multiple use of vehicles are three often-seen serving
strategies in the literature. Examples can be found in Frizzle and Giffin (1995), Taillard,
Laporte, and Gendreau (1996), Thangian, Potvin and Sun (1996), Brandao and Mercer
(1997, 1998). Salht and Nagy (1999), Toth and Vigo (1999), and Belenguer, Martinez,

and Mota (2000).
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2.1.5 Relationship

We consider five relationships among the entities of the VRP. They are
customer-to-customer, customer-to-vehicle, customer-to-depot, vehicle-to-vehicle and
vehicle-to-depot. Customer-to-customer refers to the relationship among the customers.
There are four types of such relationship. The first type is precedence. If a customer
must be visited before another customer, we say there is a precedence relationship
between these two customers. The second type is the origin-destination pair, which
models the situation when a customer sends out something to another customer. This is
similar to precedence. The difference is that we usually view this origin-destination pair
as one single customer. The other two types are inclusion set and exclusion set.
Inclusion set refers to a set of customers that need to be visited in the same route.
Exclusion set refers to a set of customers that cannot be visited in the same route.
Customer-to-vehicle, customer-to-depot, and vehicle-to-depot can be regarded as types of
inclusion set relationship since they just state that some entities need to be included in the
same route. We list them separately simply for the sake of clarity. Vehicle-to-vehicle
relationship considers the situation when vehicle synchronization is necessary. Usually
vehicle synchronization is required because the customers have multiple services
requested and we have a heterogeneous fleet with different vehicles providing different
services.

Jansen (1992) develops an approximation algorithm for the general routing
problem. The goal of the general routing problem is to find a minimum cost cycle that
visits each vertex in a required subset exactly once and traverses each edge in a required

subset of the network. Malmborg (1996) studies the origin-destination relationship in a
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probabilistic sense, where a probability is assigned for each pair of customers to specify
the strength of the relationship. Shang and Cuff (1996) discuss the many-to-many
transportation relationships in a pickup and delivery case. Brandao and Mercer (1997)
address a constraint that the access to some customers is restricted to some vehicles. Ong
et al. (1997) suggest a selection criterion to serve a selected set of customers with the
objective to minimize the total traveling cost and possible losses. Chao, Golden, and
Wasil (1999) and Cordeau and Laporte (2001) study the site dependent vehicle routing
problem. The characteristic of this problem is that each customer can only be served by a
subset of a heterogeneous fleet. Ghiam and Improta (2000) tackle the generalized vehicle
routing problem. This problem is an extension of the VRP featuring a customers set
consisting of mutually exclusive and exhaustive clusters, each cluster having only one
customer visited.

In table 2-1, we present the summary for this classification. This table contains
three columns. The first column lists those five elements. The second column lists sub-
elements of each element. And the last column lists possible options for each sub-

element.

2.2 Exact algorithms

According to Laporte and Nobert (1987), exact algorithms can be classified into
three categones: direct tree search methods, dynamic programming, and integer linear
programming. In this section, we will provide a review for each category, including

classical papers and available recent research results. Some algorithms may not aim at
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optimality in their original research. We will regard them as exact algorithms as long as

they can be extended to pursue optimality.

2.2.1 Integer linear programming

According to different types of decision variables, there are two major groups of
integer linear programming models. The models in the first group use decision variables
defined over cost items of pairs of vertices in the network. Fisher and Jatkumar (1981)
develop a three-index vehicle flow formulation for the VRP. The decision variable is
Xk, denoting whether the kth vehicle travels the trip from the ith customer/depot to jth
customer/depot. Benders' decomposition is used to decompose the VRP into two sub-
problems. One is the generalized assignment problem (GAP) and the other the traveling
salesman problem with time windows (TSPTW). The procedure iterates between solving
a GAP master problem that assigns vertices to vehicles, and solving a TSPTW to
determine the best vehicle route for each vehicle. Laporte, Nobert, and Desrochers
(1985) propose a two-index integer linear programming model by dropping the index k
from the decision variable. The validity of the model is guaranteed by the flow
conservation constraint. This model is solved by constraint relaxation and branching.
The subtour elimination constraint is first taken out of the model. After getting one
feasible solution, any violated subtour elimination constraint will be identified and the
detected constraints will be added to the model. Then the model will be resolved until
there is no violation of subtour elimination constraint. If the solution is integer, the
solution will be reserved as the best known solution; otherwise, sub-problems will be

created by branching on a fractional variable. The models in the second group use
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decision variables defined over the cost of feasible routes. The model is formulated in
finding the minimum cost of some routes that cover each customer once and only once.
This kind of formulation is called the set partitioning formulation. Balinski and Quandt
(1964) are among the first to propose such a formulation for the VRP. The large number
of feasible routes is the major difficulty associated with this formulation. One popular
method of getting around this difficulty is column generation. Here a column represents
a feasible route. In column generation algorithm, a restricted subset of all feasible routes
is used to solve the linear relaxation of the set partitioning formulation of the VRP. Then
an algorithm is used to find the column with the least reduced cost. If this column has a
non-negative reduced cost, the current solution is optimal. Otherwise, this column will
enter the basis and the problem is re-optimized. This technique has been applied to the
field of vehicle routing by Rao and Zionts (1968), Foster and Ryan (1976), Orloff (1976),
Desrosiers. Soumis, and Desrochers (1984), Agarwal, Mathur, and Salkin (1989),

Desrochers, Desrosiers, and Solomon (1992), and Butt and Ryan (1999).

2.2.2 Direct tree search method

In this category, the VRP is usually also formulated as an integer linear
programming model. The difference between a direct tree search method and an integer
linear programming method is that, in the direct tree search method, the network property
of the VRP is used to provide lower bounds to facilitate the branch and bound process.
Chnistofides. Mingozzi, and Toth (1981a) develop an algorithm for the symmetrical VRP
based on the k-degree center tree relaxation. A k-degree tree is one spanning over the

network, where the degree of the depot is k, where k equals to 2m-y. Here m is the
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number of vehicles and y is an integer between 0 and m. We can construct a feasible
solution for the VRP based on each k-degree center tree. After we get a tree, the edge set
is divided into four subsets. Set 1 includes edges not belonging to the solution. Set 2
includes edges forming a k-degree center tree. Set 3 includes y edges incident to the
depot. Set 4 includes m-y edges not incident to the depot. It is clear that sets 2, 3, and 4
can be used to form m routes. The VRP is formulated by finding the minimum-cost k-
degree center trees, and Lagrangean relaxation is used to obtain a lower bound that can be
used in the branch and bound scheme. Laporte, Mercure and Nobert (1986) provide an
algorithm by capitalizing on the relationship between the VRP and one of its relaxations,
the m-TSP. The m-TSP can be further transformed into the regular TSP according to
Lenstra and Rinnooy Kan (1975). Then, a branch and bound process can be started with
assignment problems as its sub-problems. Fischetti, Toth, and Vigo (1994) discuss a
branch and bound algorithm with two new bounding procedures based on an additive
approach. Fisher (1994) proposes another spanning tree based algorithm. For the VRP
with n customers and k vehicles, a k-tree is defined as one set of n+k edges that span over
the graph. The VRP is formulated as the problem of finding a minimum-cost k-tree with
2k edges incident to the depot. Then Lagrangean relaxation and branch and bound
process are used to solve this problem as well. Achuthan, Caccetta, and Hill (1996)
implement a branch and bound procedure with a new subtour elimination constraint.
Fisher. Jornstern. and Madsen (1997) describe two optimization methods for the VRP
with ime windows. One is a k-tree relaxation and the other is a Lagrangean
decomposition with two sub-problems: a semi-assignment problem and a series of

shortest path problems. Kohl and Madsen (1997) present an optimization method based
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on the Lagrangean relaxation of the constraint set requiring that each customer be served.
The master problem consists of finding the optimal Lagrangean multipliers and the sub-
problem is a shortest path problem with time windows and capacity constraints.
Achuthan, Caccetta. and Hill (1998) provide eight new strong cutting planes for the
Capacitated Vehicle Routing Problem (CVRP). These cutting planes come from three
ideas. The first is the connectivity. By eliminating the subtour, some new constraints are
constructed. The second idea is based on the fact that if several customers of a set S are
required to be served by the same vehicle, the minimal number of the vehicles to serve S
may increase. The lower bound from Bin Packing Problem (BPP) is used to develop
several new strong cutting planes. The third idea is to study the relationship between the
ordinary CVRP and the CVRP with unitary demand. Then some constraints called
multistar constraints are developed. Augerat, Belenguer, Benavent, Corberan, and
Naddef (1998) study how to efficiently identify valid inequalities in the branch and
bound method. Emphasis is put on the capacity constraints, and three algorithms are
developed to identify them. Those algorithms are a constructive heuristic capitalizing on
the minimum capacity cut, a greedy randomized algorithm and a tabu search algorithm.
Bard, Huang, Dror, and Jaillet (1998) show a branch and bound algorithm in which a
subtour violation is recognized in the support graph, and some constraints out of a

sequential lifting procedure are used as well.

2.2.3 Dynamic programming

Eilon, Watson-Gandy. and Christofides (1971) first propose a dynamic

programming approach for the VRP. The basic idea is to treat the set of customers as
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states and the number of vehicies as a stage. Let c(S) denote the cost of a vehicle route
through depot and all vertices of set S. And let fi(U) be the minimum cost achievable,
using k vehicles and delivering to a subset U of customer set V. We can have the

following recursive relationship:
cU) k=1

f‘(U)={P)Cip[j;_,(U\U')+c(U°)] k>l
The solution cost is equal to f(V) and the optimal solution corresponds to the U's in the
recursive process. One drawback of this method is that a huge number of states need to
be considered, even for a moderate size problem. Therefore, the state-space reduction
technique is necessary to successfully implement the above-mentioned scheme. Usually,
some side constraints, such as a capacity constraint, can provide some reduction in the
number of states. Another efficient approach is state-space relaxation. This method is
introduced in Chrnistofides. Mingozzi, and Toth (1981b). A mapping function will be
used to transfer the original state-space into a smaller cardinality state-space. At the
same time, the original recursion will be transferred correspondingly. Lower bounds of
the original problem can be obtained from the new recursive relationship and can be used

in the branch and bound process to obtain optimal solution.

23 Heuristic algorithms

Due to the computational intractability, it is usually inefficient to implement exact
algonthms. Heunistic algorithms can provide near-optimal or satisfactory solutions with
significant reduction in computational resource. In the current literature. heuristic

algonthms are the main solution techniques to handle the VRP. The basic ideaistodo a
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restricted search in the solution space. The rule of defining the search region and the
mechanism to conduct the search are cnitical to the performance of a heuristic. In this
section, some classical heuristic algorithms will be introduced. At the same time, a

relatively newly formed group. called metaheuristics, will be reviewed as well.

2.3.1 Classical heuristics

Algornithms in this group usually take two strategies to achieve the satisfactory
solution. One is the construct-then-improve. Initial routes will be constructed first, and
then an improvement process is applied to get a better solution. The construction of
routes often takes types of insertion, and the improvement process usually is done by
exchanging customers' positions in routes. The other strategy is the cluster-then-route.
The set of customers will first be divided into clusters, and then a route will be formed for
each cluster. The core of this strategy is the clustering, since methods for TSP can be

used to obtain optimal route for each cluster.

2.3.1.1 Construct-then-improve methods

Clarke and Wright 's (1964) savings algorithm is probably the most famous
heuristic for the VRP. In this algorithm, initially, each customer is assumed to form one
route separately. For each pair of customers, the saving in cost is calculated by assuming
merging two single customer routes into one route. Then routes will be merged
according to the savings between the first customer in one route and the last customer in
the other route. Or (1976) introduces the Or-opt exchange method. In this method, a

sequence of up-to-three adjacent nodes is removed and is inserted at another location
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within the same route. This exchange method can be regarded as a special type of 3-opt
exchange. Paessens (1988) uses one parametrical savings function to improve the result.
Van Landeghem (1988) extends the savings algorithm for the VRP with time windows by
incorporating an intuitive view of time influence on route building. Desrochers and
Verhoog (1991) present a savings heuristic based on successive route fusion. A weighted
matching problem is solved at each iteration to select the best fusion. Potvin and
Rousseau (1993) build the routes in parallel and use a generalized regret measure over all
unrouted customers to pick up the next candidate for insertion. Potvin and Rousseau
(1995) compare different exchanging heunstics for the VRP with time windows. In their
study, a new 2-opt exchange method is introduced and a hybnd approach, based on Or-
opt and 2-opt. has been shown to be particularly successful. Thangian, Potvin, and

Sun (1996) study the vehicle routing problem with backhauls and time windows. A route
construction heuristic is described and several different local search heuristics are used to
improve the initial solutions. Vigo (1996) proposes a heuristic algorithm that starts with
an infeasible solution and determines the final set of routes through an insertion
procedure as well as an intra-route and inter-route arc exchange procedure. Mosheiov
(1998) constructs routes by breaking a TSP tour into disjoint segments. Basnet, Foulds
and Wilson (1999) modify the savings algorithm by taking the tree structure of one
special VRP into consideration. Salhi and Nagy (1999) study the case in which the
backhauling is used. Their heunistic constructs the routes by first forming routes for

linehaul customers only. then inserting backhaul customers in a cluster manner.
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2.3.1.2 Cluster-then-route methods

Gillett and Miller 's (1974) sweep algonthm is a classical cluster first route second
algorithm. Customers are first assigned to clusters according to their polar coordinates.
Capacity constraint is used to decide if a cluster is full of customers or not. Then the
final vehicle routes are obtained by solving the corresponding TSP exactly or
approximately. Fisher and Jaikumar (1981) relax the original VRP to one generalized
assignment problem. The solution to the generalized assignment problem is used to form
clusters of customers. The final routes are constructed by sequencing customers in each
cluster into one route through a TSP algorithm. Chung and Norback (1991) apply this
cluster-then-route strategy for one large food distributor. A cluster and insertion heuristic
is developed to obtain satisfactory solutions. Baker and Sheasby (1999) extend the
generalized assignment heunstic, following Fisher and Jaikumar (1981). and do an
analysis on the relationship between the solution to the VRP and the solution to the
generalized assignment problem. Hong and Park (1999) develop a heuristic for a bi-
objective VRP with time windows. The heuristic algorithm consists of a parallel
insertion method for clustering, and a sequential linear goal programming procedure for
routing. Liu and Shen (1999) consider a different type of clustering. Instead of
constructing clusters according to the relationship among customers, based on a
reasonable conjecture that a customer holds a higher probability of being served by
nearby routes than by farther routes. clusters are formed by considering the relationship
between route and customer. Toth and Vigo (1999) use Lagrangian relaxation to form
clusters, and then apply one matching step and a routing step to solve the VRP with

backhauls.
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2.3.2 Metaheuristics

Like classical heuristic algorithms, metaheuristics still attempt to search in a
restricted area of the solution space. The relationship among the customers. and hence
the searching region. are defined on an abstract level. And some search mechanisms are
borrowed from other disciplines. such as biology and physics. In the current literature,
the popular metaheuristics include tabu search, neural networks, simulated annealing, and

evolutionary metaheuristics.

2.3.2.1 Tabu search

Tabu search is a method that is very effective in avoiding being trapped in local
optimal. Given the current solution, tabu search will find the next solution from a set of
solutions called neighborhood. It is not necessary for the objective to be improved.
Hence it is possible to leave the local optimal. To avoid cycling, solutions that are
recently examined are forbidden to be selected for a certain number of iterations. These
solutions are called tabu, and they will form a tabu list. After a solution is selected, this
solution will be added to the end of the tabu list, and the first element in the tabu list will
be removed and becomes non-tabu. In some studies. the whole neighborhood is explored
and the best non-tabu move is selected; in some other studies, the first feasible non-tabu-
improving move is selected. A solution in the tabu list is legally selected if it satisfies the
aspiration criterion. The aspiration criterion is a measure solely designed to override the
tabu status of one move if this move leads to a solution better than the best found solution

so far. The strategies about search scope and direction can be classified into two groups.
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Intensification strategies refer to those strategies that do intensive search in a promising
region of the solution space; diversification strategies, on the other hand, are used to
broaden the search into less explored regions. Some recent research papers related to this
topic are Garcia, Potvin, and Rousseau (1994), Gendreau, Hertz, and Laporte (1994),
Rego and Roucairol (1995), Gendreau, Laporte, and Seguin (1996), Renaud, Laporte, and
Boctor (1996), Brandao and Mercer (1997), Golden, Laporte, and Taillard (1997),

Rego (1998), Barbarosoglu and Ozgur (1999), Gendreau, Laporte, Musaraganyi, and

Taillard (1999). Cordeau and Laporte (2001), Cordeau, Laporte, and Mercier (2001).

2.3.2.2 Neural networks

There are two types of neural networks used in the literature of VRP and TSP.
One is the Hopfield networks (Hopfield, 1982, 1984) and the other is the self-organizing
neural networks (Kohonen, 1982). Hopfield and Tank (1985) introduce the application of
the neural networks into the field of TSP. In their network, each neuron indicates the
combination of a customer and a position. Given a TSP with n customers, there will be
n’ neurons. With carefully selected threshold value and weights, neurons can change their
status and the objective function based on cost items and neurons' status will be
decreased correspondingly. The final network configuration can be used to construct the
actual TSP route. However, this approach is not popular in the literature because of its
complexity, excessive memory and computational requirements, infeasibility, and local
minima effect. While Hopfield networks try to configure themselves from the problem
data, the self-organizing neural networks use unsupervised learning to form routes. At

the beginning of the self-organizing process, several rings consisting of nodes will be
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generated. Then the problem data will be repetitively presented to those nodes. For each
presented data, which usually is the location of a customer, a node will be declared
winner according to a certain measurement. This node and those nodes in its
neighborhood will adjust their positions, intending to be pulled toward the location of the
presented customer. Finally, all customers can be found in or near one ring and those
rings represent the actual routes. Some recent studies in self-organizing neural networks
can be found in Toure, Rabelo, and Velasco (1993), Torki, Somhon, and Enkawa (1997),

Somhom, Modares, and Enkawa (1999) and Soylu, Ozdemirel, and Kayaligil (2000).

2.3.2.3 Simulated annealing

Simulated annealing was first introduced to model the physical annealing of
solids. Later on, this method was used to deal with optimization problem. In the
analogy, the different states of substance correspond to different feasible solutions to the
combinatorial optimization problem, and the energy of the system corresponds to the
function to be minimized. A typical simulated annealing process needs to first set up an
initial value for the objective function, then continuously reduce this objective function
by moving to another feasible solution. Usually, the algorithm needs to specify the
reduction rate, the number of repetition, and the stopping criterion. Alfa, Heragu, and
Chen (1991) develop a solution procedure for the VRP by combining simulated annealing
with the 3-opt procedure. Breedam (1995) reports an improvement heuristic based on
simulated annealing. Ree and Yoon (1996) use a simulated annealing algorithm to

provide solutions to a newspaper delivery problem.
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2.3.2.4 Evolutionary metaheuristics

Genetic Algonithms, along with a similar technique called Evolutionary
Strategies, form the class of evolutionary metaheuristics. Genetic Algorithms are
stochastic search methods managing a population of simultaneous search positions. A
conventional genetic algorithm consists of three essential elements: a coding of the
optimization problem. a mutation operator, and a set of information exchange operators.
The coding of the optimization problem produces the required discretization of the
variable values and makes their simple management in a population of search points
possible. The mutation operator determines the probability with which the data structures
are modified. The information exchange operators control the recombination of the
search points in order to generate a new, better population of points at each iteration step.
Evolutionary strategy is different in that there is no encoding of individuals. The
evolution process is simulated directly on the level of problem solution, not coded
individuals. Recent research of the application of evolutionary metaheuristics in the VRP
can be found in Malmborg (1996), Homberger and Gehring (1999), Chen, Hay, and Ke

(2001), and Gehring and Homberger (2001).
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Element Sub-element Options

Objective Function
Cost Traveling cost. penalty cost, vehicle cost
Function type MinSum, minMax

Depot
Number 1. multiple
Type Regular, satellite
Capacity Limited. unlimited

Customer
Location Edge. node
Service type Delivery. pick-up
Demand Determuinistic, stochastic
Temporal Time windows

Vehicle
Fleet size Fixed, upper bound, lower bound
Vehicle type Homogeneous, heterogeneous
Capacity Limited, compartment
Temporal Time window, route duration

Serving strategy

Demand split. backhauling, multiple shifts

Relationship

Customer to customer

Precedence, origin-destination, inclusion, exclusion

Customer to vehicle

Customer-vehicle binding

Customer to depot

Customer-depot binding

Vehicle to vehicle

Vehicle synchronization

Vehicle to depot

Vehicle-depot binding
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Chapter 111

MODELING SERVICE LEVEL BASED VEHICLE ROUTING PROBLEM

3.1 Basic models

Waiting time is used as the measurement for the service level. We define the
waiting time of a customer as the time between the time point the vehicle leaves the depot
and the time point the vehicle reaches this customer. Note that the actual waiting time of
a customer is the time between the time point the customer places an order and the time
point this customer receives service. The difference between our definition and the actual
waiting time 1s that we have i1gnored the time period from placing the order to dispatching
the vehicle. This difference will have no effect on optimization since the ignored time
periods are constant terms in our objective function. For example, if a customer places
an order at time minus 10 and we start to dispatch a vehicle at time O, the actual waiting
time is our waiting time plus 10 and the objective function can be rewritten as the original
objective function plus 10. Since 10 is a constant term, the optimization process will be
the same as before.

If assuming vehicles have constant speed, the waiting time of a customer will be
proportional to the traveled distance of the arrived vehicle. In this study, we will directly
use the traveled distance as the representative of the waiting time. Our objective will be
minimizing the total waiting time of all customers.

For our basic models, we have the following assumptions:

a. There is one depot.

b. There are n customers.
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c. There are m vehicles.

d. All vehicles onginally stay at the depot.

e. All vehicles are identical.

f. There is no capacity limit for the vehicles, which implies either that

customers only request pure service or that the demand is so small that the
capacity is large enough for any possible route.

g. A route is defined as the traveling of a vehicle that starts from the depot,
visits some customers, and then returns to the depot.

h. One vehicle serves one and only one route.

1. Each customer can be served by any one of those m vehicles.

J. The service time is negligible.

The first model is a three-index model. We use the decision variable x, to denote
if the kth vehicle first visits the ith node, then visits the jth node without stopping at any
other nodes. Here, the set of nodes includes the depot and the customers. The depot is
node O and the customers are node 1 to node n. Decision vanable d; is used to record the
waiting time of the ith node if the kth vehicle visits this node. The decision variable dio
needs special treatment. The kth vehicle will be at the depot twice since it not only starts
from the depot but also returns to the depot. Because we assume all vehicles originally
stay at the depot, only the returning is worthy of being modeled; therefore, we let dio

record the total traveled distance of the kth vehicle. Following is the first model.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

Notation

Customer set C={1, 2. ....n}
Depot set  V={0}

Node set N=CuV

1 if the kth vehicle visits the jth node directly after visiting the ith node
Xyk™ .
*o otherwise

di., the traveled distance of the kth vehicle when it reaches ith customer
dy, the traveled distance of the kth vehicle when it returns the depot
¢, the distance between the ith node and the jth node

D  avery large positive number
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dex (1)
=1 k=1
s.t
D Xy =1 k=1,2,...m (2)
)=1
D xp =1 k=1,2,...m (3)

i 2 Xy =1 i=1,2,..,n (4)

k=l =0, pn
> S x, =1 j=1.2,..n (5)
k=1 1=0m)
Zx,,k— ZXN‘ =0 1=12,...n

120, j=e 7=0, 1=

k=1,2,...m (6)
d, >c,*x, i=1.2,..n

k=1,2,...m @)
d, -d,+D2(c,+D)*x, i=1,2,...,n

1=0,1,2,..,n, j=i
k=1,2,...,m (8)
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Each customer i is associated with a set of traveled distance variable dy;. k=1. 2,
..., m. As mentioned before, vanable dj, represents the traveled distance of vehicle k
while it visits customer i. Since only one vehicle visits customer i, only one out of those
m varniables should have meaningful value. In the model. we have constraints enforcing
that vanable to take the value of the actual traveled distance. No constraint is imposed on
other varniables. Since this is a minimization model, other variables will take the value 0.

Note that in this study we directly use distance to represent time. So the waiting time of

~
customer i can be expressed as Zd . and the objective function (1) is the summation of
k=1

each customer’s waiting time. Constraints (2) and (3) make sure that each vehicle leaves
and returns to the depot. Constraints (4), (5) and (6) guarantee that each customer is
visited by a vehicle and that this vehicle leaves the same customer. Constraints (7) and
(8) define the traveled distance when a vehicle reaches a node. Here, a node can be a
customer or the depot. Constraint (7) sets the value of dy, if customer i is the first
customer in a route. If so, suppose the visiting vehicle is the kth vehicle, variable xoix

equals 1, and constraint (7) becomes d,; > ¢,;,. This constraint will force dy; to be no less

than cy,, the distance between depot and customer i. Since this is a minimization model,
dy; will take the value of cq,. In other cases, i.e., customer i is not the first one in a route
or vehicle k does not visit customer i, and constraint (7) only forces di, to be nonnegative.
Constraint (8) sets the value of dy, if customer j is not the first one in a route. Suppose
trip from i to j happens and the vehicle traveling this trip is the kth vehicle; therefore,

variable x,x equals 1 and constraint (8) becomes d,, —d,, 2 ¢, . The traveled distance of

j will be updated as the traveled distance of i plus the distance between i and j. Since we
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have already set the traveled distance of the customers who are the first ones in a route,
the traveled distance of other customers can be updated according to constraint (8). In

other cases, vaniable x;;x equals to 0 and constraint (8) becomes d, —d,, + D > 0. This

constraint will always be satisfied since D is a very large positive number.

The above model is a three-index model. Three-index variables can show
detailed information about which vehicle visits which customer. This detailed
information is very useful in modeling complex vehicle routing systems. For our basic
case, we can develop a two-index model, which has less size and can be solved more
efficiently.

In the two-index model, our decision variables will be x,,, which will be 1 if the
customer i is directly ahead of the customer j to be served by the same vehicle. Even
though we do not explicitly mention which vehicle visits which customer, the model can
guarantee there will be one vehicle in and one vehicle out for each customer, implying
that the incoming vehicle is the same as the outgoing vehicle. Another group of variables
is d;, which records the traveled distance when one vehicle visits the customer i.

Following is the detailed model.
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Model I
Min > d, &)
=1
s.t.
Y xy =m (10)
1=1
Z-‘,o =m (11)
1=1
> x, =1 i=1,2....n (12)
1=0. =
> x, =1 i=12...n (13)
12042
d, 2c, 1=1,2,..,n (14)
d ~-d +D2(c,+D)*x, i=1,2,...n

j=1,2,...n (15)
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The objective function (9) is still the summation of the waiting time of each
customer. Instead of using a set of traveled distance variables d, to record the waiting
time of the ith customer as in the first model, we have only one traveled distance variable
d, for the ith customer in this model. Constraint (10) makes sure there are m vehicles that
leave the depot and constraint (11) makes sure that those m vehicles return to the depot.
Constraint (12) guarantees that each customer is visited by a vehicle, and constraint (13)
guarantees there is a vehicle that leaves each customer. These two constraints imply that
the vehicle that visits a customer is the same as the vehicle that leaves this customer.
Constraint (14) sets up a lower bound for each traveled distance variable d,. This lower
bound is set as the traveled distance from the depot to the location of the ith customer. If
the ith customer is the first one in a route, this constraint assigns d, exactly what it should
have, the distance between the depot and the customer. If the ith customer is not the first
one in a route, this constraint is still valid because of the triangle inequality. Constraint
(15) sets the value of traveled distance variables for customers who are not the first ones
in the routes. If a trip from i to j happens, the value of dj is set as d| plus the distance
between i and ).

The above two models use traffic flows to model the vehicle routing system. The
solution will be several chains of nodes. Each chain represents a route. We need to
decode those chains to get each customer’s position in the route. In the third model, we
take a different approach. Instead of modeling the traffic flow, we construct the model
by directly tackling the customers’ positions.

Table 3-1 is an entity vs. position table that can be used to demonstrate our

approach to directly tackle the customers' positions. Corresponding to each cell (i, k), a
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decision vanable xix is used to denote if the ith entity takes the kth position. The rows
represent the entities. We have n customers and construct an artificial depot for each one
of the m vehicles. The customers are indexed from 1 to n and the artificial depots are
from n+1 to n+m. The columns represent the positions. The m*n columns can be broken
into m disjoint segments. Each segment corresponds to a route and consists of n
consecutive columns. We prepare n positions for a route because of the following reason.
If we do not consider the single vehicle case, which actually is the traveling salesman
problem (TSP), a route can have at most n-1 customers; otherwise, the other routes will
be empty. Although it is obvious that each route starts from and returns to the depot, we
will still reserve one position for the artificial depot, which will be useful in the
modeling. So a route will be represented by up to n-1 customers and one artificial depot
and we need to prepare n positiors for the most crowded route.

Each artificial depot needs to be assigned a position indicating the end of the
route. The m*n positions have been divided into m segments. For convenience, we
assume that the jth artificial depot will be assigned a position out of the jth segment. The
assigned position cannot be the first one in the segment. If we do so, since the depot is
the last stop of the vehicle, we construct an empty route. After the artificial depot is
assigned a position, the number of customers in this route is determined. If we write the
depot position index as (k-1)*n+j, where k shows the kth segment or kth vehicle and j is
the actual position in the route, the number of positions assigned for the customers in this
route will be j-1. If we call this j-1 as the valid number of positions for this route, the
total valid number of positions should be n since we have n customers. We can guarantee

that each customer be assigned a valid position by making sure that each customer takes a
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position, each position is assigned to no more than one entity, and in each segment of
positions, no position after the associated artificial depot’s position is assigned to the
entities.

The objective function will be defined over individual cost items. Each cost item
is the length of a trip from one entity to another entity. The lengths of the trips at the
beginning part of the route will be counted more times than the lengths of the trips at the
ending part of the route. For example, given one route depot O - customer 1 - customer 2
- customer 3 - depot O, there will be three trips involved in the calculation of the waiting
time. The lengths of those three trips are ¢y, c12, and ¢33. The waiting time of the
customer 1 is co;. The waiting time of customer 2 is co;+c;2. And the waiting time of
customer 3 is co1+c2+c23. Therefore, the total waiting time is 3co;+2c)2+¢23. The weight
of the length of a tnp depends on the total number of customers in the route and the
positions of the entities associated with this trip. Suppose the total number of customers
in the route is T and the position of the ending entity of the trip is t. The weight can be
calculated as T-t+1. The t can be figured out from the local information, but we need
global information to obtain the T. In the above-mentioned example, for the trip from the
depot to the customer 1, the available local information is only that x), equals to 1 if
assuming that route is the first route. We can use that local information to figure out that
co1 should be included in the objective function and the position of the ending entity is 0.
To figure out the T, assuming the artificial depot is the fourth entity, we need to know xa4
equals to 1, which is a piece of global information. We do not want to include global
information in the model because the modeling will become difficult. To overcome this

obstacle, we observe that the T-t+1 of a trip is exactly the same as the position of the
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beginning entity of the trip in the reversed route. Since the position of an entity is local
information, we are able to calculate the total waiting time of the customers in a route
through the reversed route. For the route depot O - customer 1 - customer 2 - customer 3 -
depot 0, we can write down c|>+2c¢23+3¢30 based only on local information, which is the
total waiting time for the route depot O - customer 3 - customer 2 -customer | - depot 0.
So we can write down the objective function in this way as long as we keep in mind that
the calculated total waiting time is for the reversed routes.

The validity of our objective function can be explained as follows. A feasible
solution consists of m routes. If we reverse each route, we get a different feasible
solution. These two solutions will be called the onginal solution and the reversed
solution respectively in the following text. Note that if we reverse those m routes twice,
we get back to the original solution. Note also that the reversed solution is unique to the
original solution and vice versa. If we formulate the objective function as described
before, our optimal solution is a feasible solution, denoted by O,, whose reversed solution
has the shortest total waiting time. We can claim that this reversed solution, denoted by
R, is the feasible solution with shortest total waiting time, i.e. the optimal solution we
are looking for. If not, suppose that there is a different feasible solution, denoted by R,
with shorter total waiting time. Since R can be viewed as the reversed solution of a
feasible solution, denoted by O, O should be better than O, in terms of our objective
function, which is a contradiction. So R, is the feasible solution with the shortest total
waiting time.

Conceptually, the major concern for our treatment of the objective function is that

it seems the constraints define a feasible solution, but the objective function is for a
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different feasible solution. This concem is not necessary because of the following.

Given is a set of decision vanables {xy, 1=1, 2, ..., n+m, k=1, 2, .... n*m}. Ifit defines a
feasible solution, it implicitly defines the reversed solution at the same time. Since each
feasible solution can be viewed as the reversed solution of an original solution, the set of
all reversed solutions equals the feasible solution set. Therefore, we are able to say that
the constraints define a feasible solution and the objective function is the total waiting
time of that feasible solution. Our optimal solution out of the optimization process is just
the feasible solution with the shortest total waiting time. While we decode the decision
variables. we need to keep in mind that we want to get the reversed solution implicitly
defined by those decision varniables. Typically, the position k is behind the position k+1.
For example, if decision variables x;;, x22, x33 and x44 are equal to 1, where entities 1, 2,
and 3 are customers and entity 4 is the artificial depot, we need to decode those decision
vanables as the route 0 - 3 - 2 - 1 - 0. In our basic situation, both the original solution and
the reversed solution are feasible if either one is feasible; therefore, we can formulate the
constraints with the intention to make either solution feasible. If we add some side
constraints, such as the time windows and the capacity constraints, the feasibility may not
be held for both solutions at the same time. Since the objective function is formulated as
the total waiting time of the reversed solution, we need to make sure that the reversed
solution is feasible.

Based on the above discussion, we can construct the following model.
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Notation

Customer set C={1. 2. ....n}

Depot set V={n+1, ..., n+m}

Entityset E=C UV

Positionset P={1.2, ....n.n+1,n+2, ....n+n, ... ... ., (m-1)*n+1, (m-1)*n+2, ..., (m-
1)*n+n}

Node set N=E x P

cyy the traveling distance between ith entity and jth entity
. 1 if ith entity is located at kth position
*o otherwise
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Model 111

m
y * * *
Mln z ] Cu xuk-l)‘n'l x/.(k—ll'n.l.l (]6)

s.t.

anot.(k—l)‘nol = 1 k = l., 2~---q m (17)
1=2

xn*k.(‘-l)'n‘l = O k = IQZQ-Nq m (18)

D D X =0 k=1,2....m (19)

1=l =k I=1

DY U =Dx,phryny =1 (20)
k=t =2

dx, =1 i=1,2,...n (1)
1=l

dx, <l j=1.2,...,n*m (22)
i=}

Zx:.(k—l)‘n‘/ = Z'rl.(k—n'n-/-l .’ = 2' 3' - 1

1=l =1

k=1,2,..,m (23)
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Objective function (16) is nonlinear and it is calculated as the total waiting time of
the reversed routes. Constraint (17) assigns one position for each artificial depot.
Constraint (18) makes the empty route impossible. Constraint (19) prevents the artificial
depots from taking positions in position segments other than the associated position
segment. Constraint (20) guarantees there are n valid positions. If an artificial depot
takes the /th position in its associated segment, there are /-1 valid positions in that
segment. Constraint (20) just sets the total number of valid positions to be the number of
customers. Constraint (21) is the row constraint, which assigns a position for each
customer. Constraint (22) is the column constraint, which makes sure that each position
is assigned to at most one entity. Constraint (23) guarantees that no invalid positions are
assigned to the customers and the detailed reasoning is discussed next. A position is
invalid if it is behind the position taken by the artificial depot. The summation of all
decision vanables in one column, called column value, is either 1 or 0. For a feasible
route, the column values should be {1, 1, ..., 1,0, ..., 0}. The last 1 is the column value
for the position taken by the artificial depot. Since the total number of assigned positions
are fixed to n+m, if an invalid position is assigned to an entity, some valid position will
not be assigned. Therefore, the column values will be something like {1,...,1,0,1, ...,

1,0, ..., 0}. The chain of Is is interrupted by Os, which is prevented by constraint (23).

3.2 Varieties of basic models
In the previous section, we have developed three mathematical models for the
basic case of the SLB-VRP. Since flexibility is an essential feature we want the SLB-

VRP to have, we will discuss some varieties of the basic models in this section.
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Although we formulate the objective function as the minimization of the total waiting
time in our basic models, we should prepare for the situation that the vehicle routing
svstem has a different objective. In this section, we will discuss how to model two other
common objectives in the literature of the VRP: the minimization of the total traveled
distance and the minimization of the maximum waiting time. In practical situations, the
vehicle routing system usually has some side constraints. The most popular two are the
time windows and the capacity constraints. We will also introduce the modeling

techniques for these two constraints in this section.

3.2.1 The minimization of the total traveled distance
In Model 1. we have variable dy, that records the traveled distance of the kth

vehicle when it visits the ith node. Since dyo is the traveled distance of the kth vehicle

when it returns to the depot, we can easily model the total traveled distance as Zd ‘o -
k=)

In Model II, we do not explicitly specify which vehicle serves which customer;
therefore, we cannot formulate the minimization of the total traveled distance as we have
done in Model 1. Since the variable d, represents the traveled distance for the vehicle
when it visits the ith customer, as long as we can figure out the last customer in a route,
we are able to calculate the length of that route and then obtain the total traveled distance.
In order to achieve this goal, we need to introduce a set of nonnegative variables p,. i=1,

2, ..., n. By imposing the constraint p, —-d, + D 2 (D + ¢,;) * x,,, if the ith customer is

the last customer in the route, x,0 equals 1 and p; will be d,+c,0, which is the length of this

”n
route. The minimization of the total traveled distance is Z P, -

=1
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In Model III, it is easier to model the total traveled distance than the total waiting
time since each trip will be counted only once to calculate the total traveled distance. For
a trip started from node i and ended at node j, the length is c,; and the contribution of this

trip to the objectiveis ¢, * x, * x_,_,. This expression works for all trips except those
p J ] 1.k 7kl p p ep

that are the first trip in a route. For those trips, since we implicitly assume each route
starts from the depot, it is not necessary to use the decision variable xo;. The only
decision variable we need is the one that attaches with the ending node of the trip, which
is the first customer in that route. Suppose the ith customer is the first customer visited

by a vehicle, the contribution of the first trip to the objective is simply ¢, * x, ;0.

where / belongs to the set {1, 2, ..., m} and is used to specify which route the ith

customer is in. If we add all of these contributions together, we have the total traveled

nemnasmna®m-1 L]

L
distance Z Z ZC,, . Xix .x,;q + zzco, ‘xi.tl-l)‘nol .

=1 g2l k=l i=] =l

3.2.2 The minimization of the maximum waiting time

In Model I and Model II, we have variables that record the waiting time of each
customer; therefore, the minimization of the maximum waiting time can be impiemented
as minimizing the maximum value of those variables. In Model I, the variable d,, stores
the waiting time of the ith customer if the kth vehicle visits this customer. We can
introduce an additional variable d and impose constraints

dz2d, k=12,..m;i=1,2,...n. If we use the objective Mind in the model. d will

be the maximum waiting time. In Model II, the variable d, records the waiting time of the
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ith customer, and we can implement the minimization of the maximum waiting time as

Min d . along with the constraints d >2d, 1=1,2,....n.

In Model III, we have variables that represent the entity-position relationship. We
need to first figure out the waiting time of the last customer in each route, which
definitely is the maximum waiting time of all customers in the same route, and then find
out the overall maximum waiting time out of the waiting times we have obtained at the

first step. For the /th route, where /=1, 2, ..., m, the waiting time of the last customer is

nemnsm n-1
% * 1 1
€, * X omet ¥ X, 1-tymeior - 1f We denote the previous expression as d; and
=l g=) k=)

introduce an additional variable d, we can formulate the minimization of the maximum

waiting time as Min d ., along with the constraints d 2d, /=1,2,..,n.

3.2.3 The time windows

The time windows refer to the temporal constraints that the customers may
require the service be provided in some specified time intervals. Since in this study we
directly use traveled distance to represent the traveling time, in the following text we will
directly use the traveled distance variables to model the time windows. For a given
customer i, suppose the time interval is [T;, T.], the assigned vehicle is required to visit
this customer no earlier than T and no later than T.. Since the variable dy, records when

the kth vehicle will visit the ith customer, in Model I, we can add constraints 4,;, > T, and
d, <T_ .where k=1, 2, ..., m. for the ith customer to impose this constraint. Similarly,
in Model Il. we add constraints d,>2 7, and d, <T,. In Model III. we need to introduce

an additional set of variables {d, i=1, 2, .... n+m, k=1, 2, ..., n*m}. The variable d
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records the time point that the ith node is served when this node takes the kth position. If

the ith node is the depot, which means i € [n + 1,n + m], dix is set to zero since each route

starts from the depot. We can then figure out each d,x in a propagation manner by
imposing the constraints

d,-d,,,+D2(c;+D)*x,, *x

1

st €llin]jell,n+m]ke[l,n*m-1], where D

is a large positive number. To understand these constraints, we need to keep in mind that
in Model III the actual route follows the reversed order; therefore, the k+1 position
actually is before the kth position. After we obtain the d\x, we can impose the time
windows as we have done in Model [ and Model II.

If a customer is allowed to have multiple time windows, we need to introduce a
set of indication variables to specify which time window is actually effective. Suppose
customer i has q time windows [Ty, Tei], [Ts2, Te2], - .., [Tsq, Teq)- A set of 0-1 integer
vaniable {I,, I, ..., Iy}, along with the constraint I;+I>+...+[;=1, can specify in which
time window the actual service happens. If I; equals 1, the actual service happens in the
time window [Ts;, Tg]. Then the multiple time windows can be modeled by replacing the

constraints d 27, and d < T, with the constraints d + D >/, *(T, + D) and
d-D<1[, *(T, - D), where d, I, Ty, T,; are the waiting time variable, the indication

variable, and the start point of a time window and the end point of a time window
respectively. The subscription needs to be added to the variables according to the actual

model.
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3.2.4 The capacity constraint

When the quantity issue is addressed in the requested service, we usually need to
consider the capacity of the vehicles. If the vehicle will pick up something from the
customer, we need to make sure that there is enough room in the vehicle to put what we
will pick up. Ifthe vehicle will deliver something to the customer, we need to guarantee
there is something in the vehicle to be delivered. In other words, the requested resource
should not be used up in the previous deliveries. To impose the capacity constraint, we
need to introduce a set of vanables to record the capacity status of the vehicles. In Model
I, we use the vanable g,x to represent the capacity of the kth vehicle after it serves the ith
customer. The gox will be set to the initial capacity of the kth vehicie and the values of
the other variables will be set by the constraint
9% —9. =P, *x,u,1€(0,n), je[1,n],k €[1,m], where p; is the service quantity
requested by the jth customer. In the pickup case, p; is a positive number, and in the
delivery case, p; is a negative number. If the trip from customer i to customer j is taken
by the kth vehicle, x;; is 1 and we can see that the capacity of the kth vehicle is correctly
updated form gix to gix+p;. If that trip is not taken by the kth vehicle, x;y is O and the gjx is
set meaninglessly to gi. After we define these variables, we can impose the capacity
constraint. Two typical cases will be that the capacity should not be negative and that the

capacity should not exceed a specified maximum level. We canuse ¢, =20 and ¢, <Q,

where Q is the specified maximum capacity level, to enforce these constraints. In Model
I1, we do not need to specify which vehicle the capacity variable represents since Model

I1 is a two-index model. We will use g, to denote the capacity of the vehicle immediately
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after it servers the ith customer. and which vehicle serving the ith customer is not
specified. Since g, represents the capacity of the vehicle when it stays at the depot, this
variable should be set to the initial capacity of the vehicle. In case we have a
heterogeneous fleet and the vehicles have different initial capacity, we may need to
introduce artificial depots and the vanable attached with those artificial depots that can be
set to those different initial capacities. The other variables will be set by the constraint

q,-q, =p,*x,;.1€[0.n],je[1.n]. In Model III, we define a capacity vaniable for each

entity the same way as in Model II. Since the depot and the artificial depots are indexed
from n+1 to n+m. q,, i=n+1, ..., n+m, will be set to the initial capacities of those vehicles,

and the other vanables will get their values by the constraint

n°m-1
q,-4,=p,* D.x,%,.,.ie[l.n+m],je[l,n]. Note here that we are modeling the
k=l

reversed route. In Model II and Model III, after we set the values of the vanable ¢, , we

can impose the capacity constraints as we have done in Model I.

3.3 Difference between SLB-VRP and VRP

We have constructed several models for the SLB-VRP. One concern is whether it
is worthwhile to do so. I[n other words, we want to know if there is a significant
difference between the solution to the traditional VRP and the solution to the SLB-VRP.
To answer this question, we test 10 problems. Each problem has 1 depot, 8 customers,
and 2 vehicles. We set the depot's location at the origin, and randomly assign each
customer’s X and Y coordinates from a uniform distribution with 0 and 100 as ending
points. After we get those locations, we then calculate their pairwise Euclidean distances.

The Euclidean distance is used as the traveling distance. Two models are constructed for
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each problem. One is a two-index SLB-VRP model. The other one is a two-index VRP
model. We use CPLEX to solve these models. After we get the optimal solution of a
model, we evaluate this solution by the altemative objective function as well. If there is
no much difference between the total waiting time of the optimal solution to the VRP
model and the optimal solution to the SLB-VRP model, it is not necessary to apply the
SLB-VRP model for the vehicle routing system originally constructed using the VRP
model. If the optimal solution to the SLB-VRP model has almost the same total traveled
distance as the optimal solution to the VRP model, we may be able to claim that the SLB-
VRP model can substitute the VRP model even when the vehicle routing system should

be operated with the objective of minimizing the total traveled distance.
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Example 3-1 Suppose the depot is located at the origin (0, 0) and 2 vehicles are used to
serve 8 customers. The locations of customers are specified in Table 3-2 and the
traveling distance matrix is in Table 3-3.

The optimal solution to the SLB-VRP model is:

Route 1 0-8-1-6-7-0

Route 2 0-5-4-2-3-0.
The total waiting time of this solution is 614.51 and the total traveled distance is 455.78.
The optimal solution to the traditional VRP model is:

Route | 0-8-0

Route 2 0-1-7-6-2-3-4-5-0.
The total waiting time of this solution is 1300 and the total traveled distance is 345.16. If
this vehicle routing system should be operated with the objective of minimizing the total
traveled distance, we need to apply the VRP model; otherwise, the total traveled distance
will be increased by 32 percent ((455.78-345.16)/345.16=0.32). If this vehicle routing
system aims to improve the service level that is measured by the total waiting time, we
need to use the SLB-VRP model; otherwise, the total waiting time will be damaged by
111.6 percent ((1300-614.51)/614.51=1.116).

Table 3-4 contains the computational results for the comparison between the
SLB-VRP model and the VRP model. If the objective is to minimize the total waiting
time, the solution of SLB-VRP model is the optimal solution. The percentage increase in
total waiting time of the corresponding solution of VRP model ranges from 43.1% to
141.0% and the average is 79.1%. If the objective is to minimize the total traveled

distance, the solution of VRP model is the optimal solution. The percentage increase in
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total traveled distance of the corresponding solution of SLB-VRP model ranges from
5.6% to 36.8% and the average is 22.8%. In both situations, there is huge difference
between the outcomes of these models; therefore, we cannot use one model to substitute
for the other one. Hence, we do need to develop models for the SLB-VRP if achieving

better service level is the objective.
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Table 3-1 Entity-Position Matrix
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Table 3-2 Location file for Example 3-1

Customer X Y

1 33.45 33.74
2 72.77 20.49
3 82.50 5.05
4 58.18 1.07
5 52.32 1.98
6 83.88 63.09
7 83.68 97.95
8 5.83 17.09

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 3-3 Traveling distance matrix for example 3-1

0 1 2 3 4 5 6 7 8

0 47.51 75.6 82.65 58.19 52.36 104.95128.82 18.05
1 41.48 56.81 4097 36.93 58.34 81.52 32.25
2 18.24 24.29 27.58 4401 7822 67.02
3 2464 30.32 58.04 929 77.6

4 592 67.12 100.17 54.75
5 68.76 100.95 48.88
6 34.86 90.59
7 112.24
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Table 3-4 Summary of the difference between SLB-VRP and VRP

Total Waiting Time Total Traveled Distance
SLB-VRP | VRP ot VRP SLB-VRP | o,%

Problem 1 | 614.51 1300.00 | 111.6 345.16 455.78 32.0
Problem 2 | 723.85 1097.80 51.7 386.29 451.05 16.8
Problem 3 | 663.05 1066.73 60.9 340.04 459.76 35.2
Problem 4 | 525.23 915.76 74.4 348.49 442.10 26.9
Problem 5 | 718.49 1157.67 61.1 398.71 437.85 9.8
Problem 6 | 588.28 1151.44 95.7 361.41 458.14 26.8
Problem 7 | 597.43 1038.47 73.8 313.16 428.44 36.8
Problem 8 | 834.60 1194.46 43.1 455.24 488.16 7.2
Problem 9 | 595.75 1058.61 77.7 348.14 455.63 309
Problem 537.98 1296.76 | 141.0 385.82 407.34 5.6
Average 639.92 1127.77 79.1 368.25 448.43 22.8
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Chapter IV
AN ALGORITHM FOR SERVICE LEVEL BASED VEHICLE ROUTING

PROBLEM

In this chapter, we develop a Hopfield networks based heuristic algorithm to solve
the SLB-VRP. This chapter is organized as follows. In Section 4.1, we make an
introduction to the Hopfield networks and discuss the application of the Hopfield
networks to the TSP. In Section 4.2, we extend the application of the Hopfield networks
to the SLB-VRP. We provide several procedures in Section 4.3 to improve our Hopfield
networks based algorithm. An overview of the proposed algorithm is presented in

Section 4.4.

4.1 Introduction to the Hopfield networks

The Hopfield networks can be used to optimize objective function having the

g7

following form: — —;—ZZ w,x,x, + D 0.x,, where x, is a 0-1 integer variable. Usually
i J i

this function is called the energy function. The network is organized as follows.
Corresponding to each vanable x;, a neuron is built. The weight between the ith neuron
and the jth neuron is w;; and the threshold value of the ith neuron is 8. At each step, one

neuron will be chosen randomly. Then the activation is calculated. Suppose neuron i is

the current chosen neuron. The activation will be z w,x, . If activation is more than the

J=i

threshold value, x, will be 1; otherwise, x, will be assigned 0. It can be proved that the
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objective function will be decreased at each step, and this procedure will eventually reach
the optimal point.

The above claim can be proved as follows (Rojas, 1996). Suppose neuron k
changes status from x; to xi at one step. Let us look at the change of the objective

function. Only those items related with neuron k need to be considered. So the change is

- Z wh.r,.r," +6,x, - (—Z WX, X, +6,x,) = (Z w,X, —60)*(x, —x,).

1=k j=k =k
If the activation is larger than the threshold value, status is changed from O to 1. Then the
change of the objective function is negative because the expression within the first
parenthesis has positive value and the expression within the second parenthesis has
negative value. If the activation is less than the threshold value, status is changed from 1
to 0. The change of the objective function is also negative because the expression within
the first parenthesis has negative value and the expression within the second parenthesis
has positive value. So, at any step, if one neuron changes its status, the objective function
will be decreased.

For the TSP, supposing that we have one depot and n customers, let x; be the

decision variable, where i=1, ...,n, n+1, denoting the depot and customers, k=1,...,n,n+1,

denoting the traveling order. This design can be demonstrated in the following matrix:
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L.k 1 2 n n+l

1 xn Xj2 cee Xin X1 n=1
n

n+l | xpe1 Xn+1.2 ...  Xa~ln Xn+la+1

Each decision variable x,x corresponds to a neuron, and x;i is eitherOor 1. Ifitis 1,
customer/depot i is visited at step k. The objective function can be written as

nel
; Zc X, X, ;.. Where ¢; is the distance between i and j. This objective function
1.7k

represents the total traveling distance of a round trip; therefore, if k equals n+1, k+1
should be regarded as 1. Obviously, each row needs to have one and only one 1 and so

does each column. These constraints can be implemented by adding penalty function to
nel nel nel  mel

the objective function. The penalty functionis > (D x, -1)* + Y. (3 x, —1)* and we

j=l i=l =l jul
can multiply it by a large number y/2 to enforce those embedded constraints. So the final

objective function is

Ael nel n+l  nmel

Z € XuX aa + (Z(Zx.,—l) +Z(Zx

y=l =l =l y=

NI—-

By simply arranging the term, the objective function E becomes

nel nel ne«l

ZC" tk /.lol 2 zx:.j.'rl./; +l;- in,.;xi:.j —}'in, +2(Il + l)}’ ’

"':rk [N “~ nay. g i
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which has the form of the energy function of the Hopfield networks. Note that the last
term of E is constant. Each neuron has a threshold of -y/2. The weight between two
neurons in the same row or column is -y. For neuron (1, k) and neuron (j, k+1), there is

one additional term -c,, in the weight wy;.

4.2 Application of the Hopfield networks to SLB-VRP

In order to be solvable by the Hopfield networks, the SLB-VRP needs to be
represented by an entity-position matrix and have a quadratic form objective function.
We will build the Hopfield networks to the SLB-VRP based on the Model III and the
following three issues need to be addressed:

a. Design one notation system to describe routes.

b. Transform the objective function to the form of the Energy function of the

Hopfield networks.
c. Implement constraints to guarantee feasibility.

According to the entity-position matrix of Model IlI, the Hopfield networks

should consist of (n+m)*n*m neurons. Each neuron is denoted as (i, k), where i=1, 2, ..

65

*

n+m is the index of the entity and k=1, 2, ..., n®*m is the index of the position. The status

of the neuron (i, k) is recorded by the variable xi. If xix equals 1, the neuron (i, k) is

active, which means that the ith entity takes the kth position; if x;x equals 0, the neuron (i,

k) 1s inactive, which means that the ith entity does not take the kth position. The first n
entities are the customers and the next m entities are the artificial depots. The n*m
positions are divided into m disjoint segments. Each segment consists of n consecutive

positions, and we assign a segment for each route.
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Example 4-1 Given the SLB-VRP with 10 customers and 2 vehicles, the entity-position

matrix consists of 12 rows and 20 columns.

Positions

1 2 10 11 12 20

(39 ]

m

=2

g.
10
11
12

The eleventh entity is the artificial depot assigned to the first route and the twelfth entity
is the artificial depot assigned to the second route. The entities in the first route will take
positions from position 1 to position 10 and the entities in the second route will take
positions from position 11 to position 20. Suppose that the first route is depot - customer
1 - customer 2 - customer 3 - depot. To represent this route, the neurons (1, 1), (2, 2), (3,

3). (11, 4) will be active and the vanables x;, x22. x33, x11.4 Will have the value of 1.
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The objective function of Model II1 ch X, X ., has already been in the form

ik
L.k

of the energy function of the Hopfield networks. which means the weight between neuron
(1, k) and neuron (j. k+1) should be set as -kc,,. One thing needing to be kept in mind is
that this function gives the total waiting time of the reversed routes.
We have three types of constraints in Model III. They are:
a. Each row must have one and only one 1.
b. Each column has at most one 1.
c. Each route must be ended at the depot.

The first constraint is easy to handle. It corresponds to constraint (21) in Model

III. We simply add one penalty function AZ(Z x, —1)* . If we break down this
' k

penalty function and use the relationship x; = x, if xi is a 0-1 integer variable, we get

2A0° 3D xux, —AD. ) x, + A 1. If we drop the constant component 1) 1, we
' & & i i

I~k t

can recognize the penalty function as an energy function and realize that the threshold
value of each neuron should be set as -A and the weight between a pair of neurons in the
same row should be set as -2A.

The second constraint is complicated because some positions may not be taken.
In Model 111, constraint (22) handles this situation. If one position is taken, which means
one neuron in that column is set to 1. no more neurons in that column can be set to 1, but
if that position 1s not taken yet, it is not necessary to have one 1 in that column. Our
solution to this problem is that we will dynamically enforce this constraint. At the
beginning we will not consider this constraint. As soon as one neuron is set to 1. suppose

it 1s the neuron (i1, k), the kth column needs to have that constraint and we will add one
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penalty component A( Z x, —1)° to the objective function. If we organize this function

as the form of the energy function, we can realize that the weight between a pair of
neurons in the kth column should be set as -2 and the threshold value of each neuron in
the kth column should be added -A. And later on. if the active neuron in the kth column
1s deactivated, we need to drop the previous added penalty component from the objective
function and reverse the previous change made to the threshold values and weights.

The third constraint is much more difficult to enforce. In Model III, we use
constraints (17), (18), (19), (20). and (23) to make sure that each depot finds one position
and there are n valid positions for customers. There is no straightforward approach to
implement it. So we decide not to include this constraint in the model. Instead, we will
programmatically enforce it while we computerize our algorithm. The idea is to let the
artificial depots pick up their positions at the beginning of each run of the algorithm in a
way that the total number of valid positions is n and only choose neurons associated with
valid positions in the following computation.

We have configured the Hopfield networks according to the energy function. In
the actual implementation, sometimes we need to manipulate the weights and threshold
values in order to operate the network more effectively. In the following text, we will
discuss how to set the value of parameter A. Since the parameter A is related only to the
penalty components of the energy function, it is not necessary for us to set the related
weights and threshold values strictly following the above-mentioned configuration as
long as we can make sure the row and column constraints still hold.

As the coefficient in the penalty function, the parameter A is used to avoid

violation of row and column constraints. For two neurons in the same row, since the
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weight between them is -2A, if one neuron is active, the activation of the other one will be
-2 plus some value contributed by neurons in other rows. Because the threshold value is
-A, we can see that the other neuron will not be activated as long as A is large enough to
compensate the activation contributed by neurons in other rows. In our Hopfield
networks, the activation contributed by neurons in other rows will always be negative
since it is the product of a negative coefficient and a positive traveling distance;

therefore, the row constraint will be satisfied no matter which value the parameter A
takes.

The parameter A is also used to make sure the column constraints are held. For
two neurons in the same column, if one neuron is active, the weight between them is the
same as the weight between two neurons in the same row, which is -2A, but the threshold
value now is -2A because the threshold value is added by -A while implementing the
column constraint. In our Hopfield networks, the column constraint will hold because the
activation contributed by neurons in other columns is negative, as we have explained
before. In general Hopfield networks, the column constraint may not be effective if the
activation contributed by neurons in other columns can be positive. The traditional
approach in dealing with this problem is not to update the threshold value while
implementing the column constraint. Because the threshold value has already been set as
-A while implementing the row constraint, it is clear that the column constraint will be
satisfied. In this approach, the value of A is shared in the implementation of row
constraint and the implementation of column constraint. This sharing is logical because
the neuron will not be activated as long as either the row constraint or the column

constraint is not satisfied. If we update the threshold value to -2A, we are actually

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



70

modeling the situation that the neuron is not activated unless both the row constraint and
the column constraint are not satisfied, which obviously is not a valid assumption.
Although in our network the threshold value -2X works, we will still not update the
threshold value while implementing the column constraint in order to follow the tradition
and be more flexible.

Another role that the parameter A plays is to control the solution quality. Suppose
neuron (p, k-1) and neuron (q, k+1) are active and we want to decide if neuron (i, k)
should be active or not. Since the activation is -[(k-1)*c,i+k*ciq] and the threshold value
is -A, we will activate the neuron (i, k) if (k-1)*cp+k*ciq is less than A and then the total
waiting time will be increased by (k-1)*c,,+k*ciq. If A is large, we can see that some long
trips will be allowed in the routes and the solution quality will not be good. On the other
hand, if A is small, only short trips will be in the routes and the solution quality will be
good.

Since the row and column constraints will always be satisfied no matter what
value the parameter A takes, we will select the value of A by focusing on how to
effectively achieve good quality solutions. As mentioned above, the value of A is used to
evaluate if the waiting time (k-1)*cpi+k*ciq is small enough. We can approximate
(k-1)*cp+k*cqas (2k-1)*c, where c is a positive parameter and can be regarded as the
length of a general trip. This approximated waiting time varies with different value of k.
To effectively play the role as the controller of the solution quality, the threshold value
should be adjusted accordingly, which means the value of A will be set differently in
different columns. For the neuron associated with the kth position in a route, the value of

A is set as (2k-1)*c, where c is a positive parameter. This change has no effect on the
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column constraints, but for the row constraints, since the neurons in the same row have
different value of A, the weights between a pair of neurons will not be symmetric any
more.

To sum up, the network used to solve the SLB-VRP has (n+m)*n*m neurons. x;
is the decision vanable and each decision variable corresponds to a neuron. Subscription
1is from 1 to n+m, where 1 to n refers to the customers and n+1 to n+m corresponds to
the artificial depots. Subscription k is from | to n*m. The range of n*m is divided into

m disjoint segments. Each segment corresponds to one vehicle. The initial objective

ik
i)k 1.k i

function is D kc,x,x,,., and becomes Y kc,x,x,,., + 4> (D x, —1)° after adding a
&
penalty component, where A is a large positive number. After simple algebraic
arrangements and setting the value of A as discussed before, the configuration of the
neurons can be stated as follows. For neuron (i, k), the threshold is -(2k-1)*c, where c is
a positive parameter and the weight connecting with another neuron in the same row is
-2*(2k-1)*c. The weight between neuron (i, k) and neuron (j, k+1) is -kc;;, and the
weight between neuron (i, k) and neuron (j, k-1) is -(k-1)c;j. If the neuron (i, k) changes

status to 1, the kth column needs to enforce the column constraint, which means

A.(Zx,,t ~1)* needs to be added to the objective function. To implement this constraint,

the weight between any two neurons in the kth column should be set as -2*(2k-1)*c and
the threshold value of the neurons in the kth column should be set as -(2k-1)*c. Since the
threshold value of each neuron has already been set as -(2k-1)*c due to the row
constraint, we do not need to update the threshold value while we implement the column

constraint.
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The network configuration based on the above explanation is illustrated in Figure
4-1 and Figure 4-2. The stochastic computation process of the Hopfield networks is

demonstrated in the following example.

Example 4-2 Use the Hopfield networks to solve a 5 customers 2 vehicles SLB-VRP.

The locations of customers are specified in Table 4-1 and the traveling distance matrix is

in Table 4-2.

The network is built according to the following entity-position matrix:

Entity 6 is the artificial depot for the first vehicle. Positions 1, 2, 3, 4, 5 are reserved for
the first route. Entity 7 is the artificial depot for the second vehicle. Positions 6, 7, 8, 9,

10 are reserved for the second route. Totally, we have 70 neurons. The threshold value
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of a neuron is -(2k-1)*c, where k is this neuron's position in the route it belongs to and ¢
1s a positive parameter. We set ¢ as 70 in this example. For neurons in each row, their
threshold value will be -70, -210, -350, -490, -630, -70, -210, -350, -490, -630,
respectively. For a neuron (i, k), the related weights are:

-kc,), with neuron (j, k+1);

-(k-1)cy, with neuron (j, k-1);

-2*(2k-1)*70, with neuron (i, 1);

-2*(2k-1)*70, with neuron (j, k) if column constraint is implemented.
A particular run of the algonithm can be illustrated as follows. The corresponding

network states are demonstrated in Table 4-3 to Table 4-14.

Step1 Assign positions to the artificial depots.

We first randomly assign a position to the first artificial depot. Suppose neuron
(6. 4) is picked up. We activate this neuron, which means that the artificial depot 6 takes
the 4™ position and there are 3 valid positions in the first route. Since the total valid
positions should be 5, the valid position in the second route should be 2; therefore, the
artificial depot 7 needs to take the 8" position, which is the third position in the second
segment, and the neuron (7, 8) now is active.

After we initialize the artificial depots, the algorithm proceeds as follows. At
each step, we randomly pick up one neuron to calculate its activation. Let us define that
the neighborhood be all neurons connected with this neuron. Only active neurons in the

neighborhood can contribute to the activation since other neurons either have 0 status
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values or have 0 weight values. After we obtain the activation, we can compare it to the

threshold value to determine the status value.

Step 2 Randomly pick up a neuron - neuron (3, 2).
Since no neuron in the neighborhood is active, the activation is 0, which is larger
than the threshold value -210. We activate neuron (3, 2) and add the column constraint.

Now there is a weight -420 assigned to any pair of neurons in the second column.

Step 3 Randomly pick up a neuron - neuron (1, 2).
In the neighborhood, neuron (3, 2) is active. The weight between neuron (1, 2)
and neuron (3, 2) is -420. The activation is -420, which is smaller than the threshold

value -210. We do not activate neuron (1, 2).

Step 4 Randomly pick up a neuron - neuron (3, 1).
In the neighborhood, neuron (3, 2) is active. The weight between neuron (3, 1)
and neuron (3, 2) is -140. The activation is -140, which is smaller than the threshold

value -70. We do not activate neuron (3, 1).

Step S Randomly pick up a neuron - neuron (4, 1).
In the neighborhood, neuron (3, 2) is active. The weight between neuron (4, 1)
and neuron (3, 2) is -57.92. The activation is -57.92, which is larger than the threshold

value -70. We activate neuron (4, 1) and add column constraint.
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Step 6 Randomly pick up a neuron - neuron (1, 3).

In the neighborhood, neuron (3, 2) and neuron (6, 4) are active. The weight
between neuron (1, 3) and neuron (3, 2) is -2*83.32=-166.64. The weight between
neuron (1, 3) and neuron (6, 4) is -3*27.81=-83.43. The activation is -250.07, which is
larger than the threshold value -350. We activate neuron (1, 3) and add column

constraint.

Step 7 Randomly pick up a neuron - neuron (3, 2).

In the neighborhood, neuron (1, 3) and neuron (4, 1) are active. The weight
between neuron (3, 2) and neuron (1, 3) is -2*83.32=-166.64. The weight between
neuron (3, 2) and neuron (4, 1) is -57.92. The activation is -224.56, which is smaller than

the threshold value -210. We deactivate neuron (3, 2) and remove column constraint.

Step 8 Randomly pick up a neuron - neuron (5, 2).

In the neighborhood, neuron (1, 3) and neuron (4, 1) are active. The weight
between neuron (5, 2) and neuron (1, 3) is -2*81.32=-162.64. The weight between
neuron (5, 2) and neuron (4, 1) is -30.4. The activation is -193.04, which is larger than

the threshold value -210. We activate neuron (5, 2) and add column constraint.

Step 9 Randomly pick up a neuron - neuron (3, 7).
In the neighborhood, neuron (7, 8) is active. The weight between neuron (3, 7)
and neuron (7, 8) is -2*96.24=-192.48. The activation is -192.48, which is larger than the

threshold value -210. We activate neuron (3, 7) and add column constraint.
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Step 10 Randomly pick up a neuron - neuron (2, 6).
In the neighborhood, neuron (3. 7) is active. The weight between neuron (2, 6)
and neuron (3, 7) is -2*96.24=-32. The activation is -32, which is larger than the

threshold value -70. We activate neuron (2, 6) and add column constraint.

Step 11 Output.
Now neurons (4. 1), (5, 2), (1, 3), (6, 4), (2, 6). (3. 7) and (7, 8) are active. We get
a feasible solution. The actual routesare 0-1-5-4-0and0-3-2-0. The total

waiting time is 500.95.

4.3 Several improvement procedures

In this section, we will discuss several techniques we have applied to improve our
Hopfield networks. To reduce the complexity of the Hopfield networks, we provide an
estimation of the maximum number of customers in a route; therefore, we do not need to
assume that each route takes up to n positions, and consequently we can decrease the
number of neurons used in the network. As a byproduct, the minimum number of
customers in a route is estimated as well, which can help us to narrow the solution space.
We have also developed a guided sampling process that can save much computation time
to reach a feasible solution. After a feasible solution is obtained, we will then apply two
local search procedures to improve the solution. The first local search procedure is called
the oscillating procedure. By manipulating the threshold values of the neurons up and

down, we can replace some trips with shorter ones and maintain the feasibility at the
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same time. The second local search procedure is a traditional exchanging procedure. We
will implement a 2-opt exchanging procedure using the computational mechanism of the

Hopfield networks.

4.3.1 Estimation of the maximum/minimum number of customers in a route

In Model II1. the entity-position matrix has n+m rows and n*m columns.
Correspondingly, we need (n+m)*n*m neurons in the Hopfield networks to solve the
SLB-VRP. This scheme is designed with the assumption that each route can consist of
up to n customers. Although this assumption is valid and makes modeling a more
straightforward task, it overestimates the maximum number of customers in a route,
which leads to some unnecessary neurons in the network. If we can obtain a good
estimation of the number of customers in the most crowded route, which will be denoted
as M (<n) in the following texts for simplicity, we only need M*m columns in the entity-
position matrix and the number of neurons can be reduced to (n+m)*M*m. We will
estimate M based on the following observation:

If a route is much longer than another one, by inserting the last customer of the
longer route into the last position of the shorter route, we may end up with two better

routes in terms of the total waiting time.

Example 4-3 Route 1: 0-1-2-3-0; Route 2: 0 -4 - 0. The waiting time of customer

3 in route 1 i1s 100 time units. The waiting time of customer 4 in route 2 is 60 time units.

The travel time from customer 4 to customer 3 is 20 units. If we insert customer 3 behind

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



78

customer 4, the waiting time of customer 3 is 80 time units. Since all other customers

have the same waiting time, the total waiting time is better off by 20 time units.

Property 1  For the SLB-VRP with n customers and m vehicles. if the length of a trip

follows a distribution with the mean of pu and the standard deviation of o, the

ne(m-1*( 2152, +Z 41
approximation of M is - £ . where Z, satisfies
m

P(Z,)=1-a and P(.) is the distribution function of the standard normal distribution.

Proof Suppose onginally route 1 and route 2 consist of p and q customers,
respectively. If we denote X,, i=1, 2, ..., p, as the length of the p trips from the depot to
the pth customer inroute | and Y, j=1, 2, ..., q, as the length of the q trips from the depot
to the qth customer in route 2, the total waiting time of customers in route 1 is
Li=pXi+(p-1)X:+...+X, and the total waiting time of customers in route 2 is
L:=qY:i+(q-1)Y2+...+Y, Now let us take the pth customer out of route 1 and insert this
customer into route 2 as the (q+1)th customer. The new total waiting time of customers
in route 1 is L3=(p-1)X,+(p-2)X2+...+Xp.; and the new total waiting time of customers in
route 2 is Ly=(q+1)Y +qY:+...+2Y +Y .1, Where Y., is the length of the trip from the
qth customer to the (q+1)th customer. The change of the total waiting time of these p+q
customers is L=L;+Ls-Li-L2=Y 1+ Yo+, .+ Y +Y4.1-X-X>-...-X. Since each Xjand Y,
follows the same distribution, by the Central Limit Theory, L follows the Normal

distribution N((g+1-p). (p+q+1)c°). Let the probability of L<0 equal to 1-a. Since
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L-G@q+l-p follows the standard normal distnibution N(0,1),
J p+qg+lo

L-@g+l-pu _-(g+1-p)u

\/Tp+q+ld \/;-q+10'

Prob(L<0)=Prob( )=1-a. Therefore, as long as

-(g+1-pu

,/p+q+10’

the oniginal total waiting time. In the optimal solution, we need to have

> Z,_ . in a significance level of a, the new total waiting time is less than

—@*l-pu Z, ; otherwise, the solution can be improved by the previously
Jp+q+lo
mentioned adjustment. In the SLB-VRP with n customers and m vehicles, supposing the

number of customers in the m routes to be ny, ny, ..., ny, respectively and

("l _"n —l)ﬂ
Jn, +n, +lo

n, 2n, 2...2n,, we have the following relationship <Z,. Since route 1

1
1s the most crowded route and route m is the least crowded route, we can approximate

f 2n_ o ] ..
n+nm as 2*n/m; therefore, n, - n, < /1 +—2Z,—+1. Since n;+ny+...+nn=n, it is clear
m " u

that n, takes the maximum value while n=n;=...=nn, and we can deduct the largest

nem-n*( 2R +102,+Z 41
possible value of n; 1s z £
m

Q.E.D.

Similarly. we can provide an approximation for the minimum number of
customers in a route. As we discussed before, the artificial depots will pick up their

positions at the beginning of each run. After the artificial depots obtain their positions,
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the number of customers in each route is fixed. With the approximation of the minimum
number of customers in a route, we can reduce the number of possible positions the
artificial depots can take and consequently narrow the solution space we need to search.

This approximation is stated in Property 2.

Property 2 For the SLB-VRP with n customers and m vehicles, if the length of a trip
follows a distribution with the mean of p and the standard deviation of ¢, the

approximation of the minimum number of customers in a route is

n-(m-l)*(,/z—"-n'za T4
m H

m

, where Z_ satisfies @(Z, )=1-a and &(.) is the

distribution function of the standard normal distribution.

Proof In the SLB-VRP with n customers and m vehicles, supposing the number

of customers in the m routes to be ny, ny, ..., n respectivelyand n, 2n, 2...2n_, we

(n,—n,-u

Jn, +n, +lo

Property 1. Since route 1 is the most crowded route and route m is the least crowded

have the following relationship < Z_ that has been shown in the proof of

. 2n_, o .
route, we can approximate n;+nm as 2*n/m; therefore, n, — n,, < Jl +—Z,—+1. Since
m - u

n+n:+...+n,=n. it 1s clear that n,, takes the minimum value while ny=n,=...=n,.; and we

5
n—(m-1*(|Z+1*2, *Z+1)
can deduct the smallest possible value of ny, is i “
m

Q.E.D.
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An obvious range of M can be set up as follows. M cannot exceed n-m+1 since
each of the other m-1 routes consists of at least 1 customer. On the other hand, a route
consists of [n/m] customers at the average. and the most crowded route should have at
least [n/m] customers, where [n/m] refers to the largest integer that is smaller than n/m.
Therefore, the range of M is from [n/m] to n-m+1. After we calculate M according to
Property 1. if M is less than [n/m], we round it up to [n/m]; if M is larger thar. n-m+1, we
round it down to n-m+1. For the minimum number of customers in a route, the range is
from 1 to [/m]). If the approximation is out of this range, we need to round it to 1 or

[n/m)].

4.3.2 Guided sampling process

The Hopfield networks are operated stochastically. At each step, a neuron is
selected randomly, and then the activation is calculated to decide the status. Because of
the row and column constraints, at some steps, the selected neuron may have no chance
to be set to 1; therefore, the computational time spent at those steps is wasted. To save
the computational time. we implement a guided sampling process. If neuron (i,k) sets its
status to 1, the neurons in both the ith row and the kth column will not be selected. One
drawback to this scheme is that neuron (i.k) will not be selected again either, and we lost
the capability to set its status back to 0. Fortunately, this problem can be alleviated by

the oscillating procedure discussed next.
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4.3.3 Oscillating procedure

The oscillating procedure is a local search procedure to replace trips with shorter
ones by manipulating the threshold value up and down. After we obtain a feasible
solution, we increase the threshold value and scan all of those active neurons again.
Since the threshold value is increased, some neurons will be deactivated, which means
that some customers now are not assigned to the routes and there are some unoccupied
positions in the routes. We then focus on those neurons corresponding to these
unassigned customers and unoccupied positions and try to activate some neurons to
obtain a new feasible solution. Due to the increased threshold value, the new feasible
solution will be better than the original one. If we can obtain a new feasible solution, we
will increase the threshold value again and repeat the process; if we cannot obtain a new
feasible solution, we will decrease the threshold value to get a feasible solution first and

then increase the threshold value to see if we can get a better solution.

4.3.4 Exchanging procedure

The exchanging procedure is an ordinary 2-opt procedure. Suppose we have two
route segments: i; -i-1;and j; - j - jo. To see if it is worthwhile to exchange i and ), we
need to study the difference in the total waiting time. Let us assume customer i takes the
pth position and customer j takes the qth position. The total waiting time related with

these two customers is (p —1l)c,, + pc, +(q —1)c;, + qc; before the exchange. After
the exchange, the related waiting time is (p —l)c,; + pc, +(q9-Dc,, +qc, . Ifthe

related waiting time is reduced, we should switch customer i and customer j. To

implement this procedure in the Hopfield networks, each neuron is added to the
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capability of calculating the waiting time related to itself in the current position or the

other positions. For example, neuron (i, p) will know how to calculate (p - 1)c,, + pc,

and (g - l)ch, +4c,, .

44 Overview

Our Hopfield networks based heuristic includes two stages: the initialization stage
and the running stage. Figure 4-3 is the flow-chart for the heuristic. We construct and
configure the network in the initialization stage. We first do some statistical analysis
about the traveling distances among all entities to derive the mean u and the standard
deviation o of the distribution that we assume the length of a trip should follow. We then
can estimate the maximum number of customers in a route and decide how many neurons
need to be created. The minimum number of customers in a route is estimated as well,
which is used as a lower bound for the number of customers in the routes. The parameter
c is set as p+p*c, where p is a parameter. The weights among neurons are calculated,
based on the traveling distance matrix as we stated in section 4.2. The threshold value of
neuron (i, k) is set as (2k-1)*(u+p*c). We can adjust the value of p to increase and
decrease the threshold value. The running stage includes multiple iterations. In each
iteration, we first conduct the guided sampling process to generate one feasible solution
and then apply the oscillating procedure and the exchanging procedure to improve it. If
the solution is better than the best solution among all previous found solutions, we will
keep this solution as the best solution. The running stage will be stopped if the

improvement is not significant any more. We will check the improvement every n/m*$
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runs. The improvement is considered insignificant if the current best solution is less than

1 percent better than the previous best solution.
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Table 4-1 Location file for Example 4-2

X Y
Depot 0 0 0
Customer 1 12.17 25.01
Customer 2 62.97 16.50
Customer 3  94.96 15.68
Customer 4 94.02 73.59
Customer 5 91.41 43.30
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Table 4-2 Traveling distance matrix for Example 4-2

0 1 2 3
0 27.81 65.09 96.24
1 51.51 83.32
2 32
3
4
5
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95.18

64.99

57.92
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101.14

81.32

39.07

27.84
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Table 4-3 Demonstration of Example 4-2: Configuration

For (i,k):

d=70
0=-70(2k-1)
Weights:

-kc;j g.k+1)
'(k' 1 )C'J (j’k‘ 1 )
-2d(2k-1) (i,9)
-2d(2k-1) (p. k)
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Table 4-4 Demonstration of Example 4-2: Step 1

Assign positions
to the artificial

depots
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Table 4-5 Demonstration of Example 4-2: Step 2

For (3.,2):
active neighbor:
none

activation:

0

threshold:

-210
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Table 4-6 Demonstration of Example 4-2: Step 3

For (1,2):
active neighbor:
3.2)

activation:

-420

threshold:

-210
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Table 4-7 Demonstration of Example 4-2: Step 4

91

For (3,1):

active neighbor:
3,2)

activation:

-140

threshold:

-70
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Table 4-8 Demonstration of Example 4-2: Step §

For (4,1):

active neighbor:
(3.2)

activation:
-57.92
threshold:

-70
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Table 4-9 Demonstration of Example 4-2: Step 6

For (1,3):

active neighbor:
(3.2),(6,4)
activation:
-250.07
threshold:

-350
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Table 4-10 Demonstration of Example 4-2: Step 7

For (3,2):
active neighbor:
(4,1).(1,3)
activation:
-224.56
threshold:

-210
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Table 4-11 Demonstration of Example 4-2: Step 8

For (5,2):

active neighbor:
(4,1),(1,3)
activation:
-193.04
threshold:

-210
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Table 4-12 Demonstration of Example 4-2: Step 9

For (3,7):

active neighbor:
(7.8)

activation:
-192.48
threshold:

-210
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Table 4-13 Demonstration of Example 4-2: Step 10

For (2,6):

active neighbor:
3.7

activation:

-32

threshold:

-210
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Table 4-14 Demonstration of Example 4-2: Result

Routes:
0-1-5-4-0
0-3-2-

Waiting time:
500.95
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Figure 4-1. Network used to solve a SLB-VRP with n customers m vehicles
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Figure 4-2. Network configuration

Column k Column k+1
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»y

Row i

Row j1

Row j2
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Figure 4-3. Flow-chart of Hopfield networks based heuristic for SLB-VRP

Input: n. m, ¢,
Estimate u, o, M

Setp

Build the network
Guided Sampling

Oscillating

Exchanging

Stop?

Output

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



102

Chapter V

EXPERIMENTAL DESIGN AND COMPUTATIONAL RESULTS

In this study. experiments are designed for the following two purposes. The first
one is to test the performance of our heuristic algorithm. Since SLB-VRP is
NP-complete (Sahni and Gonzalez, 1976) and relatively new in the literature, no
benchmark cases are available. So we need to measure the quality of our solutions by
some indirect approaches. The second purpose is to study the operational implications of
SLB-VRP. The operational implications we want to study include the effect of the shape
of service region and the effect of the location of the depot. These implications can help

us configure the warehousing and distributing system.

5.1 Experimental design
S.1.1 Performance measurements

The approach we use to measure the performance is to compare our solutions with
some estimated optimal solutions. We have developed three estimations for the optimal
solution. The first estimator is based on the order statistics of all of the solutions
generated in our algorithm and then calculate the percentage error of our final solution.
The optimal solution X* is estimated as 2X(1)-X(2) (Dannebring, 1977), where X(1) and
X(2) are the first and second order statistics of all obtained solutions. The other
estimators are to generate some near optimal solutions by some other well-known good

heunistic algorithms. We have modified the Savings algorithm and the Sweep algorithm
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to solve the SLB-VRP. Details of these two algorithms are provided in Appendix A and
Appendix B.

Another approach in evaluating the quality of our solutions can be described as
follows. The total waiting time is defined upon those individual elements of the traveling
distance matrix. We can regard solving this problem as looking for a set of those
elements that corresponds to a feasible routing scheme with the shortest total waiting
time. Therefore, one characteristic of the set consisting of those selected elements is that,
in general, elements in this set have smaller values than elements not in this set. After we
get one solution, if we can construct an indicator to show how small the selected
elements’ values are, we will be able to get some insight into how good that solution is.

Given one route consisting of n customers, n elements of the traveling distance
matrix will be used to calculate the total waiting time. Actually, there are n*(n+1)/2
elements involved because the first element will be counted n times, the second elements
will be counted n-1 times, and so on. If we divide the total waiting time by n*(n+1)/2,
the result should be a good measurement for the average value of all elements involved.
If there is more than one route, we can first get the total number of elements involved by
considering those routes one by one, then calculate the average value by dividing the total
waiting time by that number. To determine how small this average value is, we will
measure it using the mean and standard deviation of all of the elements in the traveling
distance matrix. We will divide the difference between the average value and the mean
by the standard deviation. The result is the indicator that we will use to evaluate how
small the values of those selected elements are. To illustrate this idea, an example is

provided in Appendix C.
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In order to obtain some insights about how to use this indictor, we have done a
small experiment. This experiment is set up as follows. Since we can solve small size
SLB-VRP by CPLEX (a mathematical programming software package), we can calculate
this performance indicator for those optimal solutions and hence derive some preliminary
conclusions about which value of this indicator indicates a good quality solution. We
have randomly generated 720 problem instances. The number of customers for the
problem instance used in this experiments is ranged from S to 8. The number of vehicles
is ranged from 1 to 3. For each problem instance, we build the linear programming
model (Model II) and solve it by CPLEX. We then calculate this indicator and have done
a univariate analysis. The detailed result is in Appendix D. Based on the mean -0.735,
standard deviation 0.342, 75% quantile -0.53 and 25% quantile -0.988, we construct the

following tentative grading system to help us judge the performance of a solution:

Grade Range Explanation

A <=-1.0 Performance is excellent

B (-1.0,-0.75] Performance is good

C (-0.75,-0.5] Performance is acceptable

D (-0.5, 0} Performance needs to be monitored
E >0 Performance is not acceptable

5.1.2 Operational implications
The operational implications we want to study include the effect of the shape of

service region and the effect of the location of a depot. We will study if service regions
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with different shapes lead to different total waiting time. The result can guide the
distribution manager in deciding how to divide the entire responsible service region into
some smalier operating regions. And we will try to find the difference in total waiting
time if we move the depot from the comner of the service region to the center of the
service region. If the depot is located at the comer, several adjacent service regions can
share a large depot, which usually means a less fixed cost compared to several smaller
depots. We call this type of warehousing system the centralized system. On the other
hand, if the depot is located at the center of the service region, we can expect shorter total
waiting time compared to the depot at the comer case, but we need to have a depot for

each service region. We call this type of warehousing system the decentralized system.

5.1.3 Experiments setup

To test the performance, the service region is set as a 100*100 square and the
depot is located at the origin. Based on some trial runs, we have found that our current
computing system (a Compagq Presario 5304, CPU Cyrix MII 366 MHz) can effectively
handle only up to 100 customers; therefore, we consider the problems with 50, 60, 70, 80,
90 and 100 customers. The number of vehicles is chosen so that the ration between the
number of customers (n) and the number of vehicles (m) is around 10. Let each
combination of n and m specify a problem case. We will study the following 18 problem
cases: (50. 5), (50, 6). (50, 7), (60, 6), (60, 7), (60, 8), (70, 7), (70, 8), (70, 9), (80, 8), (80,
9), (80. 10), (90, 9), (90, 10), (90, 11), (100, 10), (100, 11) and (100, 12). For each

problem case. we generate 10 problem instances. We will solve these problem instances
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using our Hopfield networks based heunistic, the modified Savings algorithm and the
modified Sweep algorithm.

To study the operational implication, we consider 6 shapes of the service region
and 2 locations of the depot. If we characterize the type of service region by the shape of
the service region and the location of the depot, we have 12 types of service region. The
problem case can be specified by three parameters: the service region type, the number of
customers (n), and the number of vehicles (m). To ensure that the operational
implications are derived from reliable experimental results, we will not include the n=100
case in our study. For each service region type, we consider 15 (n, m) combinations:

(50, 5), (50, 6), (50, 7), (60, 6), (60, 7), (60, 8), (70, 7), (70. 8), (70, 9), (80, 8), (80, 9),
(80, 10), (90, 9), (90, 10), and (90, 11). For each problem case, we generate 10 problem
instances; therefore, we have 180 problem cases and 1800 problem instances to solve.

The details of the service region are as follows. The area of service region is
fixed to 10,000. Without loss of generality, we do not mention the unit. One shape is
square, two are rectangles, one is a circle, one is equilateral triangle, and one is a sector.
A detailed description is in Table 5-1. Note that the Rectangle-Horizontal shape and the
Rectangle-Vertical shape are symmetric. So we do expect these two shapes to have
similar results in total waiting time. Note also that the Triangle shape is similar to the
Sector shape. So we also expect these two shapes to have similar results in total waiting
time. The rectangular-shaped and sectorial-shaped regions are well studied in the
literature (Ballou and Agarwal, 1988; Chien, 1992). The rectangular-shaped service
region occurs where the locations of customers are forced into a linear pattern usually due

to some natural or man-made barriers. The sectorial-shaped service region results from
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the manner in which the routes are formed throughout a week, or other time periods. One
depot usually covers a service region around itself. This 360-degree service region is
divided into sectors so that each sector will be served in a particular day, or other time
units. We study the Triangle-shaped service region simply for the purpose of
comparison.

The depot can be located at either the comner or the center of the service region. In
the depot at corner case, square and rectangular-shaped service regions are put in the first
quadrant, and all other service regions are put in the upper half-plane and symmetric to
the Y-axis. In the depot at center case, all service regions are centered at the origin. The
details of the layout are given in Table 5-2.

Our algorithm will have multiple runs. In each run, the computation process
consists of two stages. We use our Hopfield networks to generate an initial solution at
the first stage. If this initial solution is feasible, we will feed it into the local search
procedures at the second stage. The computation process of our algorithm is controlled
by parameter p. The parameter p sets up a threshold value pu+po, where u is the mean of
the lengths of all trips and o is the standard deviation of the lengths of all trips. Trips
whose lengths exceed this threshold value will not be considered while forming a route.
If p is small, only tnps with short length can be included in our solution; therefore, the
solution quality is good, but we may not be able to reach a feasible initial solution. On
the other hand, if p is large, we can easily reach a feasible initial solution, but the quality
cannot be guaranteed. The quality of a final solution depends on two factors. The first
factor is the quality of the initial solution. With a better quality initial solution, it is more

likely to find a better quality final solution. The second factor is the number of valid
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runs, i.e.. the number of runs that generate feasible initial solutions. Since our algorithm
1s, In essence, a partial enumeration algorithm, we will have more chance to reach a better
final solution with more valid runs.

We have done a preliminary study to find a suitable value for p. In a Square-
Corner service region, we have studied 9 problem cases. The (n. m) combinations are
(20, 2). (20, 3), (20, 4), (25, 3), (25, 4), (25, 5), (30, 3), (30, 4), and (30, 5). We have
solved 10 instances for each problem case with different p values and recorded the
number of runs, the number of infeasible runs, the initial solution quality, and the final
solution quality. Details are in Table 5-3. The results are consistent with our argument
above. We find the number of valid runs is not a serious problem while p is more than 2.
The percentage of invalid runs is 0.01% for p=3 and O for p=4. Except for the p=0 case,
the initial solution quality and the final solution quality are similar among all p>0 cases.
Since p=0 case has a too high percentage of invalid runs (93.37%), we do not think our
algorithm will be robust with p=0. Based on this preliminary study, the parameter p is set
to 3. which means that only trips whose length is less than 3 times standard deviation

larger than the mean can be included in a solution.

5.2 Computational results
5.2.1 Performance

The computational result of performance measurement is presented in Table 5-4,
Table 5-5., Table 5-6, and Table 5-7. We have used a Compaq Presario 5304 (CPU Cyrix
MII 366 MHz) to solve all problem instances. The performance measurement based on

order statistics is called %error. For a problem instance, suppose the best solution is x;
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and the second best solution is x>. The optimal solution x* is estimated as 2*x;-x, and
%error is (X;-x*)/x*. The performance measurements based on the solution of the
modified Savings algorithm and the modified Sweep algorithm are called %diff1 and
%diff2, respectively. For a problem instance, suppose X,, is the solution from our
algorithm, Xsavings is the solution from the modified Savings algorithm, and Xucep is the
solution from the modified Sweep algorithm. %diff1 is (Xan-Xsavings)/Xsavings and %difT2 is
(Xnn-Xsweep)/Xsweep- T he performance indicator is calculated by comparing the trips
included in our solution to all of the available trips. Let us denote the weighted average
length of the trips included in our solution as AvgCost, the mean of the length of all trips
as mean, and the standard deviation of the length of all trips as sd. The performance
indicator is calculated as (AvgCost - mean)/sd.

Table 5-4 provides the overall performance information. On the average, our
algorithm spends 203 seconds to solve a problem instance. The range is from 19 seconds
to 845 seconds. The %error is from 0 percent to 5.31 percent with a mean at 0.68
percent. Compared to the modified Savings algorithm, our algorithm is 6.21 percent
better and the range is from 16.94 percent better to 1.17 percent worse. Compared to the
modified Sweep algorithm, our algorithm is 2.35 percent better on the average and the
range is from 18.77 percent better to 5.3 percent worse. The range of performance
indicator is from -1.61 to -1.2 with amean at -1.43. Considering the fact that the neural
networks based algorithm usually needs massive parallel computing and we have used
only a PC, the CPU time spent by our algorithm is acceptable. All performance
measurements indicate that the performance of our algorithm is good. The %error is very

small, which means our algorithm has generated a sequence of solutions that have little
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improvement potential. The %diff1 and %diff2 indicate that our algorithm can produce
better solutions than the modified Savings algorithm and the modified Sweep algorithm.
The performance indicator is well below -1, which means that our solutions consist of
some trips whose average length is more than 1 standard deviation below the average
length of all trips.

Table 5-5 is the performance information for each category of n. Table 5-6
provides the performance information for each combination of (n, m). As the problem
size increases, the solution space becomes bigger. Since our algorithm is an enumeration
based algorithm., it will be more difficult for us to search the solution space and hence the
performance of our algorithm shows a tendency of deteriorating that is indicated by the
increase of %diffl and %diff2. The phenomena that the modified Savings and the
modified Sweep algorithms have relative better performance while the problem size
becomes larger can be explained as follows. Both the modified Savings algorithm and
the modified Sweep algorithm are designed to take advantage of some configuration
information. They only search a subset of the solution space that is related to the
configuration information they utilize. The reason why our algorithm can generate better
solutions is that we do not restrict our search in that subset of the solution space. While
problem size increases, our search becomes relatively difficult; therefore, the
improvement of our algorithm over the modified Savings and the modified Sweep
algonthms becomes relatively small. In other words. while problem size becomes larger,
the modified Savings and the modified Sweep algorithms do not necessarily have better
performance; it is more that our algorithm has a relatively worse performance. Note that

%error is stable as the problem size increases, which can be explained as follows. %error
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is based on order statistics. As long as we have a converged solution sequence, %error
will be small. Even for large problem, our algorithm will generate a converged sequence
of solution because the search is conducted in a sub-region around a local optimal
solution Table 5-7 provides the performance indicator categorized by (n.m). For each
problem case, we have shown the range and mean of the performance indicator. Based

on our tentative grading system, our solutions can receive grade A in all problem cases.

§.2.2 Operational implications
5.2.2.1 Effect of the shape of service region

The overall average Total Waiting Time and the average Total Waiting Time for
each problem case are reported in Table 5-8 to Table 5-11. In Table 5-8, the overall
average Total Waiting Time of type Square-Center, Rectangle-Vertical-Center,
Rectangle-Horizontal-Center, Circle-Center, Triangle-Center, and Sector-Center are
4123.19, 4680.36, 4753.53, 2941.53, 4068.22 and 4061.21, respectively. In Table 5-9,
the overall average Total Waiting Time of type Square-Comer, Rectangle-Vertical-
Comer, Rectangle-Horizontal-Comer, Circle-Comer, Triangle-Comer. and Sector-Comer
are 5990.96, 7764.02, 7842.86, 4991.02, 5052.18 and 5129.44, respectively. The
information in Table 5-8 and Table 5-9 reveals the following five facts:

1. Rectangle service regions have longer Total Waiting Time than non-rectangle

service regions,

[ ]

Among rectangle service regions, the square service region has the shortest
Total Watting Time;

3. Circle service region has the shortest Total Waiting Time;
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4. Rectangle-Vertical and Rectangle-Horizontal service regions have almost the

same total waiting time as expected; and

5. Tnangle and Sector service regions have almost the same total waiting time as

expected.
These findings are further supported by the Total Waiting Time for each problem case,
which are reported in Table 5-10 and Table 5-11.

We have done an ANOV A analysis based on the Total Waiting Time of each
problem instance; the results support our observation. In the depot at center case, those
six shapes can be classified into three groups. Group I includes type Rectangle-Vertical-
Center and type Rectangle-Honzontal-Center. Group II includes type Square-Center,
type Triangle-Center, and type Sector-Center. Group III includes type Circle-Center. In
the depot at corner case, those six shapes can be classified into three groups as well.
Group [ includes type Rectangle-Vertical-Comer and type Rectangle-Horizontal-Corner.
Group II includes type Square-Comer. Group III includes type Circle-Comer, type
Tnangle-Comer, and type Sector-Cormer. The ANOVA analysis results are reported in
Table 5-12 and Table 5-13. Similar results can be obtained from the ANOVA analysis

for each problem case. The grouping information is available in Tables 5-14 and 5-15.

5.2.2.2 Effect of the location of depot

To study the effect of the location of depot, we need to arrange a data set to
compare the Total Waiting Time between the depot at center case and the depot at comner
case. Since we have 15 problem cases and 6 shapes of service region, we have 90

scenarios for this comparison. Each scenario refers to the combination of one problem

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



113

case and one shape of service region. In our experiment, each shape corresponds to two
types of service region, depending on the depot at center or at comner, and there are 10
problem instances for each combination of problem case and service region type. So
totally we have 20 problem instances for each scenario. We generate a data record for
each scenano. The data record includes two elements. The first element is the average
Total Waiting Time of those 10 problem instances whose depots are at comer. The
second element is the average Total Waiting Time of those 10 problem instances whose
depots are at center. Then we run a simple regression using the first element (total
waiting time for depot at corner case) as dependent variable and the second element (total
waiting time for depot at center case) as independent variable. The regression result is
reported in Table 5-16. The average Total Waiting Time in the depot at comer case is
estimated to be 1.5 times of the average Total Waiting Time in the depot at center case.
The result obtained above can help the distribution manager in configuring a
distribution system. If the depot is at center, the Total Waiting Time should be shorter
than the depot at corner case since the average distance between customers and depot is
shorter. If the depot is at corner, although the Total Waiting Time is longer as discussed
before, we may be able to save some warehousing cost since several adjacent service
regions can share a large depot. The location of depot depends on whether the savings in

warehousing can compensate the extra cost incurred from longer Total Waiting Time.
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Table 5-1 Description of service region shape

Shape

Characteristics

Square

Length of side: 100

Rectangle-Vertical

Length: 200; Width: 50; Vertical side is longer than honizontal side

Rectangle- Length: 200; Width: 50; Horizontal side is longer than vertical side
Hornzontal

Circle Radius: 56.42;

Triangle Equilateral triangle; Length of side: 151.97

Sector Radius: 138.2; Angle: 60 degree
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Table 5-2 Description of service region type

Type* Layout in X-Y plane**
Type 1 Square-Center Comer points: (50, 50), (50. -50), (-50. 50).
(-50. -50)
Type 2 Square-Comer Comer points: (0, 0), (0, 100), (100, 100), (100, 0)

Type 3 Rectangle-Vertical-Center Comer points: (25, 100), (-25, 100), (-25, -100),

(25, -100)

Type 4 Rectangle-Vertical-Comer Commer points: (0, 0), (0, 200), (50, 200), (50, 0)

Type 5 Rectangie-Horizontal-Center | Comer points: (100, 25), (-100, 25), (-100,-25),

(100, -25)

Type 6 Rectangie-Horizontal-Comer | Comer points: (0, 0), (0, 50), (200, 50), (200, 0)

Type 7 | Circle-Center Center: (0, 0), Radius: 56.42
Type 8 Circle-Comer Center: (0, 56.42), Radius: 56.42
Type 9 | Tnangle-Center Comer points: (0, -65.81), (-75.98, 65.81),

(75.98, 65.81)

Type 10 | Triangle-Comer Comer points: (0, 0), (-75.98, 131.61), (75.98, 131.61)
Type 11 | Sector-Center Comer points: (0, -69.1), (-69.099, 50.58),

(69.099, 50.58)
Type 12 | Sector-Corner Comer points: (0, 0), (-69.1, 119.68), (69.1, 119.68)

* Type name is given by shape name + "-" + location of depot

** Depot is always at (0.0)
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Table 5-3 Effects of Parameter p

p | Run* | Invalid-Run* | Percentage | APE-Initial** | APE-Final***
0 | 315.56 293.53 93.37% 76.72% 19.46%
1 | 308.00 88.91 29.82% 123.10% 28.37%
2| 317.44 4.07 1.45% 134.00% 28.70%
3 | 307.00 0.02 0.01% 136.88% 29.81%
4 | 338.44 0 0 136.45% 29.43%

* This number is an average number of all tested problem instances.

** Average percentage error for initial solution. In each run, the initial solution is
compared with the best solution, which is the multiple run result.

*** Average percentage error for the final solution. In each run, the final solution is
compared with the best solution, which is the multiple run resulit.
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Table 5-4 Overall Performance*
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Min Max Mean

Cost 3687.33 8937.36 6398.65
Time 19.00 845.00 203.26
Yoerror** 0 5.31 0.68
%diff1*** -16.94 1.17 -6.21
Yodiff2**** -18.77 5.30 -2.35
Performance -1.61 -1.20 -1.43
indicator*****

* Based on solutions for all 180 problem instances mentioned on Page 104.

e This value shows the performance of our algorithm based on order

statistics. Among all solutions generated by our algorithm for one problem
instance, suppose X, is the best solution and x; is the second best solution. The
optimal solution is estimated as xp=2*X-X2. %error is defined as (X;-Xop)/Xop.

***  This value shows the difference between our algorithm and the modified
Savings algorithm. Suppose Xq, is solution generated by our algorithm and X vings
is the solution from the modified Savings algorithm. %diff1 is (Xan-Xsavings)/Xsavings-

**%** This value shows the difference between our algorithm and the modified
Sweep algorithm. Suppose x., is solution generated by our algorithm and Xsuweep IS
the solution from the modified Sweep algorithm. %diff2 is (Xan-Xsweep)/Xsweep-

*#*%%* This value shows how small the average length of trips in our solution is,
when compared to the overall average (i) and standard deviation (sd) of the
length of all elements in the traveling distance matrix. Suppose the average
length of trips in our solution is AvgCost. This performance indicator is defined
as (AvgCost-p)/sd.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




‘uoissiwad noyum panqiyosd uononpoidas Jayung “Joumo ybuAdoo ay} Jo uoissiuiad yum paonpoidey

Table 5-5 Performance classified by n*

n=50 n=60 n=70
Min Max Mean Min Max Mean Min Max Mean
Cost 3687.33 5241.58 4357.10 4662.38 5734.32 5224.07 5376.64 6713.18 5986.17
Time 19.00 221.00 36.57 32.00 205.00 99.33 49.00 297.00 147.93
%error 0.01 5.31 0.81 0.05 5.18 0.71 0.01 2.65 0.59
%diff] -16.94 -0.89 -7.81 -14.99 -0.58 -6.87 -12.50 -1.19 -6.52
%diff2 -18.77 3.23 -4.73 -9.53 2.07 -3.77 -12.10 5.30 -2.76
n=80 n=90 n=100
Min Max Mean Min Max Mean Min Max Mean
Cost 6193.16 7359.99 6665.36 6889.71 8488.89 7722.09 7905.09 8937.36 8437.10
Time 75.00 660.00 256.90 116.00 722.00 272.13 151.00 845.00 377.97
%error 0 2.04 0.58 0.04 2.77 0.72 0.02 3.05 0.67
%diffl -15.06 1.17 -6.44 -10.94 -0.40 -4.85 -10.55 0.99 -4.74
%diff2 -11.52 5.01 -1.49 -5.28 3.75 -1.17 -4.63 3.61 -0.18

»

30 problem instances in each n category
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Table 5-6 Performance classified by (n, m)*

(50,5) (50,6) (50,7)
Min Max Mean Min Max Mean Min Max Mean
Cost 3986.05 5241.58 4589.16 3794.27 4865.78 4319.46 3687.33 4575.85 4162.69
Time 20.00 221.00 70.70 19.00 111.00 63.70 37.00 106.00 61.40
%error 0.07 5.31 1.17 0.06 2.06 0.90 0.01 1.54 0.36
%diff1 -16.94 -5.48 -10.74 -16.13 -2.59 -8.13 -7.41 -0.89 -4.55
%diff2 -18.77 2.40 -8.32 -17.51 3.23 -4.20 -3.84 0.58 -1.66
(60,6) (60,7) (60,8)
Min Max Mean Min Max Mean Min Max Mean
Cost 4902.98 5734.32 5453.92 4803.25 5419.13 5187.33 4662.38 5248.69 5030.97
Time 34.00 205.00 117.50 64.00 192.00 103.40 32.00 162.00 77.10
Y%error 0.06 5.18 0.99 0.08 1.89 0.71 0.05 1.87 0.42
%diff1 -14.77 -5.06 -8.71 -14.40 -2.53 -7.50 -14.99 -0.58 -4.40
%diff2 -9.53 -0.90 -5.38 -6.07 2,07 -2.62 -7.30 -0.72 -3.32
(70,7) (70,8) (70,9)
Min Max Mean Min Max Mean Min Max Mean
Cost 5893.35 6713.18 6250.79 5624.58 6357.26 5950.84 5376.64 6066.77 5756.87
Time 53.00 277.00 137.20 52.00 258.00 169.00 49.00 297.00 137.60
%error 0.10 2.65 0.91 0.01 7.16 0.36 0.04 2.07 0.51
%diff1 -12.50 -2.21 -7.83 -9.75 -1.19 -5.74 -9.30 -3.72 -5.98
%diff2 -12.10 5.30 -6.25 -6.01 1.34 -1.63 -3.45 1.90 -0.40

10 problem instances in each (n, m) category
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Table 5-6 Performance classified by (n, m) (continued)*

(80.8) (80,9) (80,10)

Min Max Mean Min Max Mean Min Max Mean
Cost 6554.57 7359.99 6895.80 6327.16 7031.39 6626.11 6193.16 6770.94 6474.16
Time 161.00 660.00 320.10 75.00 314.00 200.00 159.00 480.00 250.60
%error 0.02 1.27 0.41 0.37 2.04 0.72 0 1.90 0.61
%diffl -15.06 1.17 -6.75 -10.68 -2.72 -1.57 -8.27 -1.06 -5.02
%diff2 -11.52 5.01 -1.93 -6.13 1.53 -1.51 -4.21 2.01 -1.03

(90,9) (90,10) (90,11)

Min Max Mean Min Max Mean Min Max Mean
Cost 7213.05 8488.89 7924.80 6912.86 8065.71 7690.39 6889.71 8040.93 7551.09
Time 116.00 722.00 262.20 120.00 480.00 308.00 119.00 351.00 249.20
%%eerror 0.29 2.77 1.07 0.05 2.04 0.63 0.04 1.07 0.44
%diffl -10.94 -2.31 -6.50 -9.45 -0.40 -5.12 -7.73 -1.10 -2.92
%diff2 -5.28 1.72 -2.11 -4.40 0.46 -1.06 -3.46 3.75 -0.33

(100,10) (100,11) (100,12)

Min Max Mean Min Max Mean Min Max Mean
Cost 8248.15 8937.36 8613.42 8032.29 8676.48 8425.32 7905.09 8544.88 8272.57
Time 168.00 643.00 364.40 164.00 814.00 377.30 161.00 845.00 392.20
%%error 0.23 3.05 1.35 0.19 7.20 0.24 0.06 0.95 0.42
%diffl -10.55 -2.05 -6.29 -10.42 0.99 -4.27 -6.82 -0.51 -3.66
%diff2 -4.63 3.61 -0.90 -1.75 1.91 0.03 -2.43 2.55 0.33

10 problem instances in each (n, m) category.
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Table 5-7 Performance indicator classified by (n, m)

n=50, mean of traveling distance matrix elements=53.18, standard deviation of traveling distance matrix elements=25.09

Grade

(50,5) (50,6) (50,7)
Min Max Mean Min Max Mean Min Max Mean
Average 14.23 18.85 16.4 15.67 20.61 18.1 17.89 22.21 20.22
Length
Indicator -1.61 -1.33 -1.47 -1.55 -1.26 -14 -1.48 -1.2 -1.31
Tentative A A A A A A A A A
Grade
n=60, mean of traveling distance matrix elements=53.27, standard deviation of traveling distance matrix elements=25.32
(60,6) (60,7) (60,8)
Min Max Mean Min Max Mean Min Max Mean
Average 14.63 17.81 16.25 16.17 18.36 17.63 18.14 20.02 19.69
Length
Indicator -1.57 -1.39 -1.46 -1.5 -1.33 -1.41 -1.42 -1.27 -1.34
Tentative A A A A A A A A A
Grade
n=70, mecan of traveling distance matrix elements=51.92, standard deviation of traveling distance matrix elements=24.58
(70,7) (70,8) (70,9)
Min Max Mean Min Max Mean Min Max Mean
Average 15.03 19.63 15.99 15.93 18.00 17.05 17.01 19.63 18.46
Length
Indicator -1.51 -1.38 -1.46 -1.47 -1.34 -1.42 -1.41 -1.29 -1.36
Tentative A A A A A A A A A

IT1
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Table 5-7 Performance indicator classified by (n, m) (continued)

n=80, mean of traveling distance matrix elements=52.46, standard deviation of traveling distance matrix elements=24.93

(80,8) (80,9) (80,10)
Min Max Mean Min Max Mean Min Max Mean
Average 14.67 16.35 15.41 15.68 17.44 16.39 16.64 18.34 17.52
Length
Indicator -1.55 -1.42 -1.49 -1.5 -1.37 -1.45 -1.46 -1.32 -1.4
Tentative A A A A A A A A A
Grade
n=90, mean of traveling distance matrix elements=52.65, standard deviation of traveling distance matrix elements=25.01
(90,9) (90,10) (90,11)
Min Max Mean Min Max Mean Min Max Mean
Average 14.28 16.94 15.71 15.06 17.53 16.72 16.05 18.91 17.70
Length
Indicator -1.56 -1.40 -1.48 -1.53 -1.37 -1.44 -1.49 -1.32 -1.40
Tentative A A A A A A A A A
Grade
n=100, mean of traveling distance matrix elements=52.54, standard deviation of traveling distance matrix elements=24.80
(100,10) (100,11) (100,12)
Min Max Mean Min Max Mean Min Max Mean
Average 14.67 15.98 15.36 15.59 16.81 16.35 16.40 18.02 17.30
Length
Indicator -1.54 -1.45 -1.50 -1.51 -1.42 -1.46 -1.48 -1.36 -1.42
Tentative A A A A A A A A A
Grade

Tl



Table 5-8 Total waiting time for each shape of service region - Depot at center
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Average Minimum Maximum
Square-Center 4123.19 2302.66 5864.49
Rectangle-Vertical-Center 4680.36 2854.96 6658.39
Rectangle-Honzontal-Center 4753.53 2728.09 6881.16
Circle-Center 2941.53 1625.98 4497.61
Trnangle-Center 4068.22 2338.16 5890.29
Sector-Center 4061.21 2421.46 6088.53
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Table 5-9 Total waiting time for each shape of service region - Depot at corner
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Average Minimum Maximum
Square-Corner 5990.96 3687.33 8488.89
Rectangle-Vertical-Comer 7764.02 5020.92 10861.60
Rectangle-Honzontal-Comer 7842.86 4958.89 10458.20
Circle-Comer 4991.02 3093.51 7076.48
Tnangle-Corner 5052.18 3031.13 6912.75
Sector-Corner 5129.44 3090.51 7464.50
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Table 5-10 Average total waiting time for each problem case - Depot at center

Square- Rectangle- | Rectangle- | Circle- Tnangle- | Sector-
Center Vertical- Honzontal | Center Center Center
Center -Center

(50.,5) 3455.63 3735.62 3855.12 2441.46 3420.78 3379.67
(50.,6) 3006.27 3336.29 3436.80 2106.08 3022.82 2933.21
(50,7) 2683.01 3081.43 3133.81 1896.74 2760.89 2659.02
(60,6) 4109.35 444421 4459.59 2946.73 3876.08 3882.28
(60.7) 3658.29 4040.46 4066.66 2567.56 3467.04 3495.25
(60,8) 3296.23 3755.33 3792.31 2339.08 3192.38 3236.24
(70,7) 4479.23 5006.85 5213.10 3191.81 4503.62 4357.57
(70,8) 4042 .96 4673.79 4752.37 2876.54 4062.83 3995.50
(70,9) 3761.02 4364.68 4454 98 2651.01 3815.48 3720.92
(80.8) 4996.37 5688.13 5697.54 3494 42 4943 .24 4957.13
(80.9) 4555.98 5314.19 5319.88 3226.35 4576.44 4566.97
(80.10) 4254.68 5083.05 5052.20 2999.68 4269.41 4317.28
(90,9) 5561.41 6182.67 6385.50 4055.41 5361.61 5505.68
(90,10) 5151.57 5909.32 5970.25 3790.23 4988.01 5073.74
(90,11) 4835.84 5690.46 5712.85 3539.85 4762.62 4837.65
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Table 5-11 Average total waiting time for each problem case - Depot at corner

Square- Rectangle- | Rectangle- | Circle- Tnangle- | Sector-
Comer Vertical- Horizontal | Comer Comer Comer
Comer -Comer

(50,5) 4589.16 5766.34 5599.24 3787.86 3576.28 3852.25
(50,6) 4319.46 5633.57 5472.26 3510.43 3453.33 3716.53
(50,7) 4162.69 5546.33 5383.83 3369.28 3400.69 3637.01
(60,6) 5453.92 6923.61 6986.56 4477.68 4612.65 4412.90
(60,7) 5187.33 6796.04 6841.25 4224 85 4484.86 4305.89
(60,8) 5030.97 6699.63 6764.12 4046.57 4402.69 4224 .97
(70,7) 6250.79 7884.20 7958.50 5252.11 5197.72 5278.34
(70,8) 5950.84 7764.44 7817.82 4986.25 5054.47 5141.56
(70,9) 5756.87 7680.64 7760.98 4807.48 4978.08 5054.54
(80.,8) 6895.80 8871.27 9170.19 5983.47 5863.61 5752.36
80.9) 6626.11 8733.88 9038.86 5788.51 5749.33 5636.16
(80,10) 6474.16 8651.30 8952.67 5563.27 5685.27 5570.82
(90,9) 7924.80 9946.46 | 10070.24 6582.14 6532.11 6885.53
(90,10) 7690.39 9817.78 9946.13 6325.27 6428.87 6777.50
(90,11) 7551.09 9744.89 9880.31 6160.11 6362.76 6695.18
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Table 5-12 ANOVA for depot at center situation

The ANOV A Procedure

Dependent Variable: cost

Sum of
Source DF  Squares
Model 5  316003384.4
Error 894 645285480.5
Corrected Total 899 961288864.9

Mean Square F Value

632006769 87.46
722604.1

Means with the same letter are not significantly different.

Duncan Grouping

I
I
I

II
I1
I1
I1
I1

41|
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Mean

4753.53

4680.36

4123.19

4068.22

4061.21

2941.53

N

150

149

150

150

150

150

type
5

11

127

Pr>F

<.0001
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Table 5-13 ANOV A for depot at corner situation

Dependent Vaniable: cost

Sum of
Source DF  Squares Mean Square F Value Pr>F
Model 5 1362504817 272500963 164.17 <.0001
Error 894 1483899193 1659842
Corrected Total 899 2846404010

Means with the same letter are not significantly different.

Duncan Grouping Mean N type

I 78429 150 6
I

I 77640 150 4
I 5991.0 150 2
11 51294 150 12
I

I11 5052.2 150 10
I11

I 4991.0 150 8
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Table 5-14 ANOVA grouping for each probiem case - Depot at center

Square- Rectangle- | Rectangle- | Circle- Tnangle- | Sector-
Center Vertical- Honzontal | Center Center Center
Center -Center

(50,5) 11 I 1 111 11 I
(50,6) I1 | [ 111 Il Il
(50.7) I1 I I I11 11 I1
(60,6) I I [ Il I1 I1
(60.7) 11 | I I11 II I
(60,8) I [ | 111 I 11
(70,7) Il [ I 111 i1 11
(70,8) 11 [ I 111 I I1
(70,9) 11 I I II1 | I1
(80,8) 11 I | 111 I1 I1
(80,9) I1 I I 111 11 I1
(80,10) 11 I I 111 11 I1
(90,9) I1 I I I11 I1 I1
(90,10) I1 [ I I 11 I1
(90,11) Il [ I 111 11 11
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Table 5-15 ANOVA grouping for each problem case - Depot at corner

130

| Square- Rectangle- | Rectangle- | Circle- Triangle- | Sector-
| Comer Vertical- Honzontal | Comer Comner Cormer
Comer -Comer
(50,3) I1 | 1 111 111 I
(50,6) I1 I I I I 111
(50.7) I1 I I I1 111 111
(60.6) I1 I I 111 111 111
(60,7) I1 I I 11 111 Il
(60.8) I1 | I 1\ I11 1\%
(70.7) I1 I 1 I 111 [11
(70.8) I1 I I 111 I I1
(70,9) I1 I I I 111 I1I
(80.8) I1 I I [11 111 I11
(80.9) I1 [ I I 111 111
(80,10) I1 [ I 11 111 11
(90,9) I1 I I Il 111 111
(90,10) I1 [ I v v I
(90,11) I1 1 I v I11 111
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Table 5-16 Center vs. corner regression analysis result

The REG Procedure
Model: MODEL.1
Dependent Variable: m_cost1
Analysis of Variance
Sum of Mean

Source DF  Squares Square F Value Pr>F
Model 1 212672711 212672711 300.11 <.0001
Error 88 62360630 708644
Corrected Total 89 275033342

Root MSE 841.80967 R-Square 0.7733

Dependent Mean 6128.41367 AdjR-Sq 0.7707

Coeff Var 13.73618

Parameter Estimates

Parameter Standard
Variable DF Estimate Error t Value Pr>|t

Intercept 1 -126.50467 371.80414 -0.34 0.7345
m_cost 1 1.52344 0.08794 17.32 <.0001
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Chapter VI

SUMMARY, CONCLUSION AND FUTURE RESEARCH DIRECTIONS

6.1 Thesis summary

In this research, we extend the traditional Vehicle Routing Problem (VRP)
to the Service Level Based Vehicle Routing Problem (SLB-VRP) by integrating the
concern of the customer service level into the objective function. We construct several
mathematical models and develop a neural networks based heuristic algonthm for the
SLB-VRP. Furthermore, we study the operational implications related to the SLB-VRP,
which can provide some guidelines while implementing a distnibution/warehousing
system.

In Chapter I, we define the SLB-VRP, and then discuss the research motivations
and research methodology. We find that the introduction of SLB-VRP can be supported
by several economical and social factors. Then several research questions are raised,
including model construction, solution technique, and concerns for operational
implication. We outline our research methodology for these research questions and
discuss some expected research results.

In Chapter 11, we provide a literature review. We first propose a classification
scheme for VRP. In our classification scheme, a VRP model consists of five elements:
objective function, depot, vehicle, customer, and relationship. Different combinations of
options in those five elements lead to various different VRP models studied in the
literature. Some popular solution techniques are summarized in this chapter. These

solution techniques can be categorized as two groups. The first group consists of exact
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algorithms. These solution techniques are further grouped as direct tree search method,

dynamic programming method, and integer programming method. The second group of
solution techniques includes heuristic algorithms. In addition to some classical heuristic
algorithms, we also discuss several metaheuristics.

In Chapter 11, we construct three mathematical models for SLB-VRP. The first
and second models take the traditional approach in handling the routing problem by
modeling the traffic flow. The first model is a three-index model. Its decision variable
corresponds to a potential trip and specifies the beginning customer, the ending customer,
and the vehicle. The second model is a compact version of the first model. It is a two-
index model. Its decision variable specifies only the beginning customer and the ending
customer. The third model deals with the routing problem by studying the sequence of
customers in a route. Its decision variable x;x indicates whether the ith customer takes the
kth place in the sequence of customers. Since that a trip from customer i to customer j
happens or not is determined by the value of xix*x;x+1 , the third model is a quadratic
model. In addition to modeling the basic SLB-VRP, we suggest the ways to model some
variations for each mathematical model. The variations considered in this research
include different objective functions, time windows, and capacity requirements. We also
study the difference between the traditional VRP and SLB-VRP using the two-index
model. The results reveal significant differences between VRP and SLB-VRP for both
total traveled distance and total waiting time.

In Chapter IV, we develop a Hopfield networks based heuristic algorithm. Our
algorithm is developed based on the third model because Hopfield networks require a

quadratic objective function. For each decision variable x;;, we build a neuron. The
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status of this neuron indicates if the ith customer takes the kth place in a route. In order
to fit the SLB-VRP into the Hopfield networks structure, we assume that each route can
have up to n-1 customers, where n is the total number of customers, and we assign an
artificial depot for each route to indicate the end of that route. Totally, we have
(n+m)*m*n neurons and they are organized as a (n+m) row times m*n columns network,
where n is the number of customers and m is the number of vehicles. Our algorithm
follows the regular Hopfield networks computing process. At each step, a neuron is
randomly picked up and its status is determined by the status of its neighbors. The
solution that is represented by the status of neurons will gradually converge to one local
optimal point.

To improve the efficiency of our algorithm, we estimate the maximum and
minimum number of customers in a route. These estimations can help us to simplify the

network structure and speed up the computing process. In Property 1, we prove that the

nem=1)* 2122, + T 41y
maximum number of customers in a route is m 4 . We
m

assume that the length of a trip follows a distribution with mean p and standard deviation
o, where n is the number of customers, m is the number of vehicles and the area under
the standard normal curve to the left of Z; is 1-a. With this esimation, the network
structure can be simplified since now we do not need to assume that each route can have
up to n-1 customers. Similarly, we estimate the minimum number of customers in a route

,7
n—(m-1)*( i4»1"2‘,"“24»1)
m H

as in Property 2. With this estimation, we do not
m
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need to consider those routes whose number of customers is below this estimated lower
bound; therefore, the computation time can further be reduced.

We also improve our algorithm by modifying the sampling process. At each step,
if we turn on one neuron x,x, the neurons in the ith row and kth column will be prevented
from being picked up in the following steps. In other words, after we activate one
neuron, we will not deactivate this neuron in the following steps; therefore, we can reach
a feasible solution more quickly. To alleviate the lack of option to deactivate a neuron,
we attach an oscillating process after we obtain a feasible solution. In the oscillating
process, we manipulate the threshold value of neurons to deactivate some unfavorable
ones and then start over the sampling process to generate another feasible solution.

Our algorithm is organized as a multiple run algorithm. In each run, we first use
the Hopfield networks computing process to generate a feasible solution, then apply the
oscillating process to delete some long trips and start the Hopfield networks computing
process again. This procedure terminates when the oscillating process can not delete any
trip from the generated solution. We then apply a two-opt exchanging procedure to do a
local search for this solution. The resulted solution is recorded as the solution of this run.
The best solution is checked after a certain number of runs. The whole algorithm stops if
there is not much improvement in the best solution.

In Chapter V, we conduct experiments to test the performance of our algorithm.
We consider 18 problem cases. Each problem case is specified by a combination of
number of customers (n) and number of vehicles (m). The 18 (n, m) combinations are:
(50, 5), (50. 6). (50, 7), (60, 6), (60, 7), (60, 8), (70, 7), (70, 8), (70, 9), (80, 8), (80, 9),

(80, 10), (90, 9). (90, 10), (90, 11), (100, 10), (100, 11), and (100, 12). For each problem
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case, we generate 10 problem instances in a 100*100 service region. The results of our
algorithm are first measured by an order statistics based estimation of the optimal
solution. Our algorithm has less than 1% error on average according to this
measurement. We then compare our results with the results from a modified Savings
algonthm and a modified Sweep algorithm. Our algorithm can produce better solutions
in most problem cases. We also develop a performance grading indicator for SLB-VRP.
The results of our algorithm show excellent performances based on this indicator.

We also study the operational implications of SLB-VRP in Chapter V. We are
interested in studying the effects of service region shape and location of depot on the total
waiting time. To study the effect of service region shape, we consider 6 shapes: Square,
Rectangle-Vertical, Rectangle-Horizontal, Circle, Triangle, and Sector. To study the
effect of the location of the depot, we consider the case that the depot is at center and the
case that the depot is at corner. Therefore, we have 12 types of service region. The area
of each service region is fixed to be 10,000. We consider 15 problem cases: (50, 5), (50,
6), (50. 7), (60. 6), (60, 7), (60, 8), (70, 7), (70, 8), (70, 9), (80, 8), (80, 9), (80, 10), (90,
9), (90, 10), and (90, 11). We generat 10 problem instances for each problem case. We
find that the circle shape has the least total waiting time and that the depot at corner case

has 50% longer total waiting time than the depot at center case.

6.2 Thesis conclusion
The first major contribution of this study is that we extend the VRP to the
SLB-VRP. We build two linear programming models and one quadratic programming

model for the SLB-VRP. We also show that some variations of the basic SLB-VRP. such
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as different objective function and side-constraints, can be incorporated into our
modeling framework.

The second major contribution is that we develop a Hopfield networks based
heunstic algorithm to solve the SLB-VRP. The motivations for us to develop such an
algorithm are partly due to the NP-completeness of SLB-VRP and partly due to our
desire to develop a new solution technique in this field. In this study, we show that we
can apply the Hopfield networks framework on SLB-VRP with a little bit of sacrifice in
efficiency. The sacrificed efficiency is compensated later by several improvement
procedures. The most important improvement procedure is based on our estimations of
the maximum and minimum number of customers in a route. We use these estimations to
reduce the complexity of our networks and hence save some computation time.

The third major contribution comes from our study of the operational implications
of SLB-VRP. We consider two factors that should be concerned while designing a
warehousing/distributing system. They are the shape of service region and the location of
depot. We find that the effect of the shape of service region is significant, i.e., that
different shapes of service region will lead to significant different total waiting time. Our
finding suggests that potential performance improvement is possible if we take the shape
factor into consideration while dividing service regions. To study the effect of the
location of the depot, we consider two situations: depot at cormer and depot at center. We
obtain the total waiting time on both situations for each problem instance. The result of a
regression analysis reveals that there exists strong correlation between the total waiting
time in these two situations. In our experiments, the relationship is that the total waiting

time if the depot is at the comer is about 50% more than the totai waiting time if the
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depot is set at the center. This finding can help us study the trade-off between a
centralized warehousing system and a decentralized warehousing system. Besides, this

finding can help us to have insight into the location-routing integration problem.

6.3 Future research directions

The most imminent research question is to study how to avoid being trapped in a
local optimal solution. Our algorithm searches the solution space by updating the status
of neurons. At each step, the status of one neuron will be checked and the value of the
energy function will be decreased or unchanged. If the current solution is a local optimal
solution, we will not be able to move away from this solution since its neighbors have
higher values of the energy function. To address this concern, our algorithm adopts a
multiple run mechanism. In each run, the initial solution is randomly picked up so that
we can search different regions in the solution space. Although this mechanism lets us
avoid being trapped in a limited region, it is time consuming and does not take advantage
of the self-adaptation capability of neural networks. Ideally, we should let the neural
networks escape the local optimal solution by themselves and accordingly be able to
implement a single run mechanism in our algorithm.

To escape the local optimal solution, our neural networks should be able to move
from one solution to a worse solution. The typical approach in handling this situation is
to let neurons change their status according to a certain probability distribution; therefore,
a neuron may be turned on even if its activation is less than its threshold value.
Consequently, we can jump from a local optimal solution to one of its neighbors and have

a chance to leave the local region. In the literature, this kind of neural networks is called
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the Boltzman machine. For our SLB-VRP, the probability distribution can be determined
based on the travelling distances among customers.

It is also an interesting research direction to extend the application of our
algornithm to those vanations of SLB-VRP. In Chapter IIl. we have discussed some
variations of the basic type of SLB-VRP. For those variations with side constraints, there
is a straightforward way to apply our algorithm. We can let the neurons carry out the
feasibility check, i.e., while we turn on one neuron, we will require that those side
constraints be satisfied. Furthermore, we might be able to derive some properties out of
those side constraints and hence use them to reduce the solution space or facilitate the
computation process. For those vanations related to the objective function, we need to
first study how to turn the objective function into the energy function form and then
design the network accordingly.

Another interesting future research direction is to study the stochastic SLB-VRP.
In the stochastic SLB-VRP, the demand arrives stochastically in terms of both location
and quantity. Some statistical characteristics, such as the expected waiting time, and
expected amount of demand, will be useful while designing and operating the
warehousing/distributing system. How to estimate those characteristics will be an active
research topic in this field. An effective algorithm will also be needed to quickly respond
to the changing delivery requirements. To achieve the quick response in our neural
networks based algorithm, some type of memory must be used for a neuron to recognize
a similar environment and then decide its status accordingly. So we need to integrate a
leaming mechanism into our algorithm. During the leaming process, some memory will

be developed and kept in each neuron. How to design the learning process and use the
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developed memory will be an interesting research question if we want to apply our

algorithm on stochastic SLB-VRP.
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Appendix A

Modified Savings Algorithm

Step 1: Initialize, form n routes, with each route containing only one customer
Step 2: Calculate savings for each pair of routes.

Suppose we have two routes: route 1 and route 2. If we merge these two routes
by appending route 2 at the end of route 1, the savings is defined as: Waiting time of new
route - (Waiting time of route 1 + Waiting time of route 2).

Note that the savings are not symmetric.

Step 3: Pick up the smallest savings and merge the associated two routes

Step 4: Repeat step 2 and step 3 until there are m routes.

Step 5: Within each route, exchange the position of customers by a 2-opt procedure to
reduce the waiting time.

Step 6: Exchange customers in different routes to reduce the waiting time.

Step 7: Repeat step 5 and step 6 until no further improvement is available.
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Appendix B

Modified Sweep Algorithm

Step 1: Calculate polar coordinates for each customer.

Step 2: Calculate the estimated maximum number of customers in a route and the
estimated minimum number of customers in a route as stated in Property 1 and
Property 2, Chapter IV.

Step 3: Randomly decide how many customers are in each of those m routes, using the
result of step 2 as upper bound and lower bound.

Step 4: Formn m routes with a 360 degree sweep. Note that we terminate a route while the
number of customers in this route achieve the number assigned at step 3.

Step 5: Within each route, exchange the position of customers by a 2-opt procedure to
reduce the waiting time.

Step 6: Exchange customers in two adjacent routes by a 2-opt procedure to reduce the
waiting time.

Step 7: Repeat step S and step 6 until no further improvement is available.
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Appendix C

An Example for Performance Indicator

EXAMPLE

There are 8 customers and 2 vehicles. The depot is at the origin (0, 0). The

coordinates of those 8 customers are:
(33.454, 33.736), (72.77, 20.493),
(82.498, 5.054), (58.182, 1.069),
(52.324, 1.983), (83.877, 63.085),
(83.677, 97.949), (5.827, 17.09).

The traveling distance matrix is:

143

0 1 2 3 4 5 6 7 8
0 1]0 47.51 75.6 82.65 58.19 52.36 10495 12882 18.05
1 0 41.48 56.81 40.97 36.93 58.34 81.52 32.25
2 0 18.24 24.29 27.58 44 .01 78.22 67.02
3 0 24.64 30.32 58.04 929 77.6
4 0 5.92 67.12 100.17 54.75
5 0 68.76 100.95 48.88
6 0 34.86 90.59
7 0 112.24
8 0
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Appendix C

An Example for Performance Indicator (continued)

The mean is 59.54 and the standard deviation is 29.34. The optimal solution
consists of the following two routes:
Route 1: 0-8-1-6-7-0,
Route 2: 0-5-4-2-3-0.
The total waiting time is 614.51. Since each route consists of 4 customers, there are
4*(4+1)/2=10 traveling distance matrix elements for each route and the total number is

20. So the average value is 614.51/20=30.726 and the indicator is
(30.726-59.54)/29.34=-0.982.
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Appendix D

Univariate Analysis for Performance Indicator

The UNIVARIATE Procedure
Variable: indicator

Moments
N 720 Sum Weights 720
Mean -0.7345782 Sum Observations -528.89633
Std Deviation 0.34189516 Vanance 0.1168923
Skewness 0.77842874 Kurtosis 0.53232588
Uncorrected SS 472.561304 Corrected SS 84.0455635
Coeff Vanation -46.543055 Std Error Mean 0.01274168
Basic Statistical Measures
Location Variability
Mean  -0.73458 Std Deviation 0.34190
Median -0.78585 Variance 0.11689
Mode Range 1.91054
Interquartile Range 0.45824
Quantiles (Definition 5)
Quantile Estimate
100% Max 0.5653355
99%, 0.2172846
95% -0.0966509
90% -0.2860529
The UNIVARIATE Procedure
Vanable: indicator
Quantile Estimate
75% Q3 -0.5295905
50% Median -0.7858476
25% Q1 -0.9878342
10% -1.1344955
5% -1.1894170
1% -1.3018812
0% Min -1.3452085
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Appendix E
Examples
Example 1
Description:
Shape: Square Depot: Center
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 5569.46

CPU Time: 582 seconds
Route 1 0-22-66-35-43-40-33-27-67-0
Route 2 0-89-9-1-64-87-65-85-74-78-39-0
Route 3 0-72-55-51-44-48-20-82-54-12-42-0

Route 4 0-50-34-86-80-28-84-60-88-29-59-24-0
Route 5 0-8-57-45-30-62-49-70-53-25-69-56-0
Route 6 0-71-5-75-79-31-47-10-63-2-0

Route 7 0-61-77-32-3-90-58-36-52-4-6-83-0
Route 8 0-68-37-18-26-73-21-7-17-13-81-0

Route 9 0-15-16-23-76-46-19-38-14-41-11-0
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Example 1 - Customer Locations:

X

1 -37.58
2 4.86
3 12.32
4 -9.23
5 -3.83
6 -11.35
7 -29.69
8 43.85
9 -47.50
10 11.29
11 -10.66
12 -22.01
13 -18.90
14 -4.08
15 44.68
16 49.81
17  -21.95
18 -30.80
19 0.66
20 -43.53
21  -l6.51
22 43.39
23 49.69
24 7.62
25 22.15
26 -22.60
27 17.82
28 28.02
29 40.44
30 26.58

Y
41.78
2.08
45.13
12.81
49.78
-0.66
-37.62
18.56
46.25
20.13
-15.56
-19.32
-24.31
-23.04
15.83
15.63
-27.40
-43.33
-29.06
-9.83
-32.86
-47.72
5.46
-5.02
18.94
-43.51
-42.88
14.45
-2.15
42.26

Appendix E

31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47

49
50
s1
52
s3

5§

57
58
59
60

X
2.89
13.22
18.50
16.12
36.43
-14.43
-39.19
-2.30
-14.93
22.75
-6.18
-25.73
32.77
-43.83
24.14
2.56
9.59
-38.57
35.76
8.35
-41.69
-11.85
29.93
-26.03
-45.40
1.46
36.08
-16.97
22.10
32.34

Examples (continued)

Y
27.69
30.63

-43.86
-19.16
-37.49
24.18
-39.05
-27.35
9.48
-39.71
-18.62
-8.60
-35.96
-27.64
49.25
-33.13
31.69
-18.59
37.64
-43.36
-35.09
14.05
26.51
-17.72
-44.10
6.99
49.28
30.34
-8.06
10.83

61
62
63

65

67
68
69
70
n
72
73
74
75
76
77
78
9
80
81
82
83

85

87

89
90

X
47.36
31.97

8.11
-40.85
-40.67

43.34
11.10
-32.46
15.31
40.50
-24.00
-38.86
-13.15
-31.52
-1.71
20.08
42.89
-29.15
2.87
29.82
-13.83
-42.69
-11.19
27.46
-39.75
21.72
-44.15
37.78
-44.16
-4.51
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Y
39.80
43.52

4.85
31.19
23.60

-47.56
-28.56
-30.03
22.77
23.34
46.28
-45.38
-31.59
22.18
33.65
-31.58
40.01
20.50
30.33
19.49
-24.34
-6.61
-4.40
11.59
2243
-14.96
30.50

448
20.99
42.17



Appendix E

Examples (continued)

Example 2
Description:
Shape: Square Depot:
Customers: 90 Vehicles:
Solution:

Total Waiting Time: 8134.30

148

Corner

9

CPU Time: 244 seconds
Route 1 0-62-24-11-5-33-76-19-83-6-84-88-2-0
Route 2 0-66-50-10-42-77-12-28-4-64-39-0
Route 3 0-71-55-68-41-59-85-14-26-43-0
Route 4 0-69-56-31-8-90-48-70-89-73-61-0
Route § 0-51-29-13-30-16-82-52-54-49-60-0
Route 6 0-32-21-79-15-3-35-22-44-17-37-72-23-0
Route 7 0-45-34-46-9-86-20-47-57-53-0
Route 8 0-36-40-25-1-38-78-80-87-58-81-0
Route 9 0-65-18-74-27-67-7-75-63-0
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Appendix E

Examples (continued)

Example 2 - Customer Locations:

X

1 83.36
2 2.18
3 92.01
4 53.64
5 39.78
6 6.38
7 84.19
8 47.09
9 41.11
10 64.63
11 43.58
12 61.60
13 99.28
14 23.74
15 93.36
16 94.27
17 78.47
18 97.12
19 17.60
20 28.22
21 96.76
22 86.90
23 4.63
24 51.33
25 83.92
26 10.91
27 95.31
28 56.42
29 99.15
30 94.28

Y
76.40
56.53
53.46

5.30
86.79
66.99
18.53
77.76
4891
39.33
89.87
23.44
11.22
51.84
63.59

7.17
30.29
62.12
81.64
49.74
79.48
35.74

7.08
95.63
80.14
43.70
28.46

9.00
24.45

3.97

31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47
48
49

51
52
53

s§
56
57
S8
59

X
52.16
95.32
36.94
10.21
90.49
83.96
74.84
80.01
37.36
80.87
41.51
66.79

9.61
86.21

8.60
22.99
26.74
33.77
34.98
76.11
99.87
73.01
16.88
62.67
62.63
63.65
22.33
45.15
35.10
29.75

Y
74.72
85.85
84.07
67.49
47.32
95.24
23.73
74.06

1.32
87.45
63.87
28.51
31.95
32.00
61.56
72.53
48.30
73.38

3.69
52.52
40.88
17.42
31.76

8.97
74.62
86.14
42.22
37.53
63.88

4.05

61
62
63

65

67
68
69
70
n
72
73
74
75
76
77
78
79
80
81
82
83

8§
86
87
88
89
90

X
13.56
71.43
36.77
45.90
85.79
61.89
89.57
52.52
75.96
33.59
76.86
22.64
19.88
96.42
49.68
27.47
61.39
81.11
95.89
72.89
41.89
83.63
13.58

4.27
24.01
35.92
54.47

1.82
27.63
37.64
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Y
31.67
97.43
11.32

3.70
80.91
67.47
17.01
63.47
97.11
74.98
89.60
15.32
58.16
48.23
16.16
85.67
28.37
67.58
72.29
56.97
39.61
15.87
79.12
63.16
57.18
53.27
38.96
56.64
74.33
67.19



Appendix E

Examples (continued)

Example 3
Description:
Shape: Rectangle-Vertical Depot: Center
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 5973.95

CPU Time: 762 seconds
Route 1 0-29-45-89-60-8-32-40-7-80-15-84-28-85-0
Route 2 0-86-63-39-35-73-1-81-43-0
Route 3 0-37-22-25-3-78-62-75-11-61-16-36-66-88-0
Route 4 0-48-76-69-19-46-33-74-50-6-41-47-0
Route § 0-51-26-38-54-70-30-49-0

Route 6 0-13-68-53-65-52-72-87-18-44-10-31-64-0
Route 7 0-90-17-82-4-9-59-12-27-2-0
Route 8 0-24-21-23-56-42-20-34-55-0

Route 9 0-67-77-57-5-58-83-71-79-14-0
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Example 3 - Customer Locations:

X

1 20.47
2 4.15
3 22.78
4 -8.43
S 24.31
6 -18.12
7 -12.32
8 -19.32
9 5.34
10 -6.82
11 21.73
12 18.79
13 -23.79
14 11.74
15 -1.89
16 17.48
17 -11.05
18 -0.93
19 -4.73
20 11.93
21 7.35
22 17.74
23 15.27
24 0.68
25 14.06
26 9.81
27 23.84
28 1.57
29 -20.74
30 -4.44

Y
43.43
-4.06
-69.52
-52.27
61.84
0.26
-26.05
-51.18
-37.09
36.06
2.60
-17.05
95.33
21.74
-13.21
17.52
-61.94
53.97
-85.33
-45.47
-73.22
-88.00
-66.08
-92.58
-85.74
-86.47
-9.50
-1.45
-96.74
-27.28

Appendix E

31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

X
-5.06
-15.08
-19.98
9.63
5.46
7.76
22.35
4.68
-11.92
-15.03
-20.06
14.87
12.59
-3.74
-23.57
-16.00
-20.96
-10.10
0.67
-24.25
17.86
6.92
6.31
-4.11
5.19
11.89
10.45
18.86
13.84
-20.98

Examples (continued)

Y
27.66
-46.91
-60.03
-38.63
58.47
15.05
-93.54
-76.18
75.17
-38.68
0.32
-53.48
8.73
39.43
-60.19
-67.09
1.65
-95.19
-17.24
-15.43
-92.46
83.40
97.60
-60.80
-19.39
-64.69
74.67
66.39
-31.55
-54.63

61
62
63

65
66
67
68
69
70
7
72
73
74
75
76
77
78
79
80
81
82
83

85
86
87
88
89
90

X
17.69
23.51

-17.07
-5.53
9.20
5.55
1.65
-1.20
-1.78
-3.56
15.23
544
16.58
-18.86
23.59
-6.02
8.72
19.69
5.62
-10.68
22.68
-10.13
14.71
0.37
-0.34
-19.06
3.50
4.38
-23.52
-19.24
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Y
16.18
-28.06
71.21
16.35
93.11
11.34
80.73
90.52
-92.80
-36.55
62.60
75.53
46.52
-35.00
-5.31
-99.77
72.76
-43.35
25.26
-23.73
28.49
-58.45
64.04
-8.78
2.80
7.07
69.45
9.12
-56.49
-89.51
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Appendix E

Examples (continued)

Example 4
Description:
Shape: Rectangle-Vertical Depot: Comer
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 9870.99

CPU Time: 127 seconds
Route 1 0-48-86-50-84-89-27-1-25-67-39-73-16-61-0
Route 2 0-17-28-44-59-6-10-18-0
Route 3 0-4-2-29-26-13-83-21-49-66-45-72-76-34-0
Route 4 0-33-71-68-47-22-46-56-15-38-23-63-19-0
Route § 0-75-51-88-78-32-36-80-70-77-55-0
Route 6 0-3-9-40-82-12-69-5-31-42-90-11-0
Route 7 0-41-64-62-60-53-87-8-0
Route 8 0-35-81-24-37-14-85-20-65-0
Route 9 0-7-30-54-43-79-57-74-58-52-0
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Appendix E

Examples (continued)

Example 4 - Customer Locations:

X

1 7.44
2 14.10
3 39.99
4 29.39
5 38.96
6 44 41
7 11.01
8 18.59
9 48.63
10 41.46
11 20.34
12 38.53
13 3.80
14 43.61
15 26.22
16 8.43
17 36.40
18 31.22
19 7.33
20 36.08
21 6.38
22 24.05
23 22.50
24 45.01
25 6.56
26 6.68
27 11.08
28 43.31
29 10.57
30 12.17

Y
118.97
175.41
197.86
179.57
108.25

45.75
192.11
28.85
188.60
27.93
5.42
132.95
98.18
2.77
53.08
36.57
153.60
15.16
4.99
9.27
88.36
78.35
21.53
16.86
114.56
143.87
125.58
77.55
145.94
187.81

31
32
33

35
36
37
38
39
40
41
42
43

45

47

49
50
51
52
53

55
56
57
58
59

X
42.09
20.07
28.34

6.02
32.65
18.19
45.64
25.53
18.57
44.57
37.15
41.88
22.73
41.53

4.70
24.68
29.28

5.24

4.96

1.69
34.06

0.22
43.39
18.22

4.26
30.67
23.54
13.86
4298
42.50

Y
73.73
178.44
170.72
14.09
140.27
178.37
12.39
25.68
76.90
172.71
166.83
64.52
161.74
46.00
53.92
70.80
100.72
188.19
72.07
162.52
194.77
0.17
93.85
186.07
35.93
64.53
90.99
38.55
45.87
107.23

61
62
63

65

67

69
70
n
72
73
74
75
76
77
78
79
80
81
82
83

8§
86
87
88
89

X

3.75
46.33
16.49
42.07
25.20

4.77
14.83
30.33
38.29
17.51
28.71
13.48
16.42
21.56
38.28
13.80

9.20
23.73
21.62
16.67
49.00
45.83

3.69

2.64
37.88

8.78
28.53
25.47

4.03
23.02
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Y
27.12
112.70
19.90
125.95
6.48
65.18
89.86
110.97
116.79
158.97
169.23
34.31
54.79
80.68
193.51
32.92
72.49
183.56
119.45
161.69
32.55
157.01
96.19
142.15
11.05
173.34
71.68
182.45
135.87
12.51



Appendix E
Examples (continued)
Example §
Description:
Shape: Rectangle-Hornzontal Depot: Center
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 6930.66

CPU Time: 500 seconds
Route 1 0-15-12-31-69-45-84-66-58-24-21-90-9-40-0
Route 2 0-52-20-11-76-36-37-43-68-56-19-27-70-2-0
Route 3 0-47-1-81-17-86-78-14-33-54-65-63-0
Route 4 0-30-5-89-10-28-71-18-82-75-0
Route § 0-16-39-38-35-73-67-25-59-0
Route 6 0-32-80-57-6-23-51-60-0
Route 7 0-26-46-61-53-29-44-4-64-72-0
Route 8 0-42-62-50-55-7-83-88-0
Route 9 0-8-77-41-85-34-79-3-13-48-49-74-87-22-0
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Example § - Customer Locations:

X

1 -7833
2 37.74
3 -71.25
4 -36.32
s -87.57
6 40.41
7 12.77
8 -98.62
9 21.59
10 -80.69
11 28.72
12 77.32
13 -68.18
14 -39.28
15 98.96
16 96.97
17 -61.06
18 -59.57
19 56.53
20 23.57
21 48.03
22 -22.18
23 27.09
24 65.02
25 61.71
26 4586
27 50.25
28 -71.54
29 3238
30 -85.46

Y
-7.72
17.05

-10.79
6.71
8.13

-17.38

-19.85

19.78
-5.53
13.51
18.23
21.65
-5.76
16.43

6.35

-19.54

4.59
16.12
11.96
24.11
-9.70
-5.28
-24.62
-4.99
0.29
-23.96
11.84
17.05
-3.25
17.46

Appendix E

31
32
33
34
35
36
37
38
39
40
41
42
43

45

47
48
49

51
52
53
54
55
56
57
58
59
60

X
72.52
87.21

-17.77
-76.40
93.70
54.60
57.88
93.49
98.86
9.07
-89.80
-45.23
57.90
-34.70
72.82
-11.11
-75.25
-64.29
-63.48
-7.66
18.17
-23.05
-20.19
-8.35
16.34
65.90
47.89
78.99
47.05
-0.30

Examples (continued)

Y
23.23
-6.30
18.91
-15.40
-2.40
18.67
16.17
-3.58
-12.44
-6.89
-2.50
-8.88
20.67
5.74
6.73
-24.66
7.65
-5.07
-4.11
-18.10
-23.07
24.15
-18.97
23.89
-23.92
14.63
-22.27
-4.82
-6.34
-8.06

61
62
63

65

67

69
70
n
72
73
74
75
76
77
78
79
80
81
82

85
86
87
88
89
90

X
-12.84
-12.23

5.68
-35.64
-7.79
77.87
83.02
66.43
72.34
49.96
-65.23
-27.62
94.71
-41.55
-24.99
50.01
-88.96
-57.37
-74.55
56.69
-75.04
-54.46
2.63
68.76
-92.95
-59.95
-24.96
-3.35
-85.44
31.69
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Y
-24.35
-19.89

17.22
15.05
24.56
-2.55
5.75
19.71
16.00
16.57
17.46
19.82
7.91
-4.31]
-3.81
23.36
1.80
5.16
-17.80
-18.25
-5.69
10.87
-24.18
4.24
-11.95
5.46
-5.43
-18.99
8.46
-12.43
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Appendix E

Examples (continued)

Example 6
Description:
Shape: Rectangle-Horizontal Depot: Comer
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 10457.80

CPU Time: 381 seconds
Route 1 0-11-58-53-61-76-65-88-48-0
Route 2 0-8-46-59-71-35-79-34-68-28-52-60-7-0
Route 3 0-20-89-17-9-4-40-85-29-74-63-26-0

Route 4 0-75-67-10-54-25-24-18-62-31-33-41-82-37-0
Route 5§ 0-78-55-12-15-83-39-56-0

Route 6 0-49-16-32-70-22-19-30-6-1-0

Route 7 0-3-27-5-80-64-77-50-0

Route 8 0-21-69-2-45-72-23-84-57-86-43-81-14-0

Route 9 0-47-42-87-38-51-73-44-90-36-13-66-0
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Appendix E

Examples (continued)

Example 6 - Customer Locations:

002NN L W=

NN N NN NNNDN = o o o o e et e e
W VA NEWN=OOOIAANMEWN=O

29
30

X
32.95
186.53
164.54
78.87
74.01
69.33
37.74
195.45
89.63
169.02
78.72
9.81
85.27
107.82
16.56
186.07
94.52
129.99
94.20
99.83
195.73
148.59
171.62
131.04
147.36
8.14
145.17
126.29
49.17
82.64

Y
4.52
40.41
18.65
29.53
23.76
16.36
9.60
14.95
45.62
31.39
44.59
41.33
12.15
23.44
37.68
2.29
40.88
45.13
24.14
49.77
42.76
4.74
4391
49.01
40.60
5.50
28.51
11.72
22.26
21.17

31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47

49

51
52
53

55

57
58
59
60

X
114.84
174.92

86.21
178.50
181.73

93.62

62.65
161.83

7.55

63.89

82.52
179.76
118.32
117.02
184.41
195.19
184.26

11.08
187.01

4.64
157.86

94.39

52.71
158.54

2.23
0.13
126.25

53.73
191.71

66.49

Y
32.38
1.39
2591
7.72
11.83
17.25
16.70
14.18
17.62
25.66
27.15
17.59
29.18
20.58
45.66
19.89
21.67
6.95
0.22
6.87
18.84
13.36
47.05
31.95
47.81
3.20
35.97
49.83
23.84
15.40

61
62
63

65

67

69
70
T
72
73
74
75
76
77
78
e
80
81
82
83

85
86
87
88
89
90

X
55.28
117.44
16.81
27.01
50.15
52.52
175.44
165.49
189.67
163.31
182.58
180.20
130.11
31.70
180.30
51.72
24.32
62.96
180.26
59.08
108.02
70.82
20.59
138.71
60.43
121.32
169.39
30.62

©96.02

105.11
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Y
37.36
37.98

6.13
28.96
27.56

5.82
27.78

7.71
42.40

4.64
15.84
43.99
20.89
13.10
29.81
33.03
23.62
36.37

9.26
21.79
22.98
18.74
34.02
38.64
24.81
32.73
12.71
23.05
43.38
19.64
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Appendix E

Examples (continued)

Example 7
Description:
Shape: Circle Depot: Center
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 4291.67

CPU Time: 490 seconds
Route 1 0-31-60-44-83-38-4-86-70-18-0
Route 2 0-41-54-48-74-49-81-63-52-89-43-0
Route 3 0-37-75-32-62-29-6-90-16-21-82-67-30-0
Route 4 0-12-66-39-50-59-8-3-84-45-17-13-26-0
Route § 0-20-34-14-55-7-5-19-68-77-10-0
Route 6 0-8-23-1-40-78-25-11-72-36-65-15-69-0
Route 7 0-27-61-56-80-71-53-76-33-0

Route 8 0-46-9-79-58-57-42-64-47-0

Route 9 0-51-28-35-87-73-24-88-2-22-0
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Example 7 - Customer Locations:

X

1 5.71
2 10.31
3 33.96
4 4.71
5 5.70
6 -1099
7 -13.96
8 36.72
9 -4901
10 3.83
11 13.11
12 49.16
13 13.91
14 -2031
15 4.92
16 -15.39
17 17.90
18 5.22
19 10.32
20 -3.08
21 -16.52
22 10.56
23 5.56
24 19.21
25 2041
26 12.90
27 -2752
28 31.71
29 -4.12
30 0.41

Y
-30.59
15.71
7.19
-17.96
37.14
-30.88
23.27
7.25
-4.12
18.33
294
-25.26
-14.15
35.53
5.15
-25.15
-14.57
1.99
34.03
55.09
-22.13
14.31
-40.15
40.05
-4.33
-12.22
-49.19
44.63
-32.56
-1.20

Appendix E

31
32
3
34
35
36
37
38
39
40
41
42
43

45
46
47
48
49
50
51
52
53

55
57

58
59

X
-46.07
17.99
-21.87
-7.80
25.42
5.41
33.02
3.32
45.81
6.85
-42.72
-5.15
0.10
-21.28
20.24
-46.54
-0.35
-27.15
-25.09
43.66
28.43
-4.63
-27.42
-33.33
-15.27
-31.02
-19.29
-20.81
35.15
-45.50

Examples (continued)

Y
-31.63
-35.68

0.96
54.86
46.82

9.38

-36.69
-19.91
23.55
-26.79
35.15
8.08
0.13
-12.75
-21.37
-20.65
-0.05
36.98
17.19
20.90
38.68
14.38
-11.36
37.35
27.68
-34.93

5.54

4.50
13.41

-23.4

61
62
63
64
65
66
67
68
69
70
n
72
73
74
75
76
77
78
79
80
81
82
83

85
86
87
88
89

X
-31.51
2.01
-5.82
-6.88
4.39
47.22
-5.75
5.93
3.03
12.90
-37.45
5.64
23.63
-30.47
30.72
-26.70
4.40
1.77
-31.13
-32.60
-12.94
-18.18
-5.40
28.78
-20.00
8.99
23.32
20.70
0.01
-18.40
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Y
-45.15
-34.96

13.82
-0.70
9.48
-25.34
-6.65
22.10
1.39
-7.35
-20.28
7.27
41.14
35.00
-27.67
-7.62
20.13
-24.16
2.26
-22.79
13.23
-21.81
-19.94
-23.91
-51.12
-11.66
47.66
32.31
0.48
-27.84



Appendix E

Examples (continued)

Example 8
Description:
Shape: Circle Depot: Comer
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 6643.77

CPU Time: 124 seconds
Route 1 0-33-69-10-89-87-14-56-72-22-61-34-0
Route 2 0-52-37-40-53-39-11-29-23-18-66-49-74-0
Route 3 0-58-36-59-68-64-76-75-82-38-0

Route 4 0-16-6-35-17-3-9-45-73-2-20-57-7-0
Route § 0-42-31-50-71-81-60-30-12-13-86-0
Route 6 0-55-85-47-51-28-44-19-26-46-77-27-0
Route 7 0-90-43-78-8-5-63-48-25-0

Route 8 0-1-62-15-70-67-84-79-24-0

Route 9 0-41-54-88-21-4-65-83-80-32-0
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Example 8 - Customer Locations:

X

1 -8.85
2 -2235
3 -11.50
4 12.30
5 14.80
6 -4.67
7 -7.94
8 18.36
9 -12.72
10 -3243
11 -0.93
12 -2.17
13 -1.69
14 -15.69
15 -4.66
16 3.59
17 -8.73
18 0.08
19 -32.05
20 -20.60
21 9.25
22 6.54
23 0.48
24 -7.38
25 1.99
26 -25.69
27 -30.61
28 -27.60
29 0.67
30 2.25

Y
94.79
47.05
74.00
64.76
64.73
88.91
16.55
65.15
64.80
50.54
58.83
53.47
52.70
55.65
62.78

105.52
74.32
54.92
35.40
44.40
65.61
47.89
55.21
11.17
30.53
29.64
17.61
54.71
55.59
56.70

Appendix E

31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47
48
49
50
51
52
53

55
56
57
58
59
60

X
-15.75
15.71
-35.75
9.94
-3.07
45.32
4.92
25.02
-0.17
7.62
-51.10
-17.38
14.38
-28.19
-21.40
-24.93
-18.44
13.21
-0.07
-12.66
-20.54
3.74
8.71
-52.99
-33.00
-9.46
-16.57
30.20
46.52
433

Examples (continued)

Y
80.55
34.45
96.10
34.66
83.64
83.53
83.90
18.71
59.54
71.74
57.03
83.21
93.94
43.75
51.91
26.73
81.29
51.15
50.61
79.45
63.70
87.54
66.31
41.22
91.88
50.39
37.71
70.75
75.65
65.60

61
62
63

65
66
67
68
69
70
A
72
73
74
75
76
7
78
79
80
81
82
83

85
86
87
88
89
90

X
11.83
-8.17
14.41

43.22
26.64
0.73
-12.29
50.22
-44.02
-10.45
-5.28
-3.94
-22.53
-0.65
46.47
51.57
-30.61
19.19
-11.89
21.21
4.10
44.02
32.08
-16.89
-32.04
-3.15
-17.73
-39.51
-19.81
15.95
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Y
44.43
64.67
62.30
51.63
55.08
54.06
48.50
64.62
50.52
58.11
76.78
47.80
49.12
45.88
34.40
40.64
20.57
67.66
14.62
41.99
70.80
31.51
50.66
30.76
87.33
46.87
57.41
31.94
57.87

103.95



Appendix E

Examples (continued)

Example 9
Description:
Shape: Tnangle Depot: Center
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 5520.98

CPU Time: 507 seconds
Route 1 0-47-17-30-77-12-61-60-3-55-44-36-42-0
Route 2 0-29-73-50-16-2-33-49-74-90-78-27-0
Route 3 0-1-19-37-51-28-20-39-70-54-0
Route 4 0-57-66-81-40-53-80-84-38-23-0
Route § 0-34-71-82-83-52-89-48-15-88-5-0
Route 6 0-87-75-21-31-24-35-65-69-4-0
Route 7 0-68-56-62-10-76-25-41-63-0
Route 8 0-22-11-59-6-72-85-26-64-9-43-79-0
Route 9 0-13-58-7-14-67-32-86-45-18-8-46-0
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Example 9 - Customer Locations:

X

1 -0.67
2 4151
3 12.13
4 -4.14
5 9.47
6 48.78
7 -0.22
8 2.53
9 33.68
10 -13.97
11 46.19
12 47.75
13 0.36
14 -0.20
15 6.85
16 -36.04
17 51.88
18 2.47
19 2.89
20 27.68
21 -6.51
22 64.91
23 -6.03
24  -14.85
25 -9.56
26 49.30
27 -11.80
28 32.57
29 4374
30 46.00

Y
64.70
19.60
58.31

3.59
-14.80
35.01
-62.83
-45.48
-3.49
-17.06
45.53
51.45
-58.75
-65.06
-20.78
14.79
60.42
-46.99
61.95
21.17
41.63
52.73
-25.21
36.64
-8.41
25.25
1.15
32.95
51.57
56.27

Appendix E

31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47
48
49
50
51
52
53
54
55
56
57
58
59

X
-15.02
0.19
-44 81
3.88
-28.07
5.87
35.66
-4.06
13.95
-3.66
-7.37
5.73
12.80
-4.98
0.90
3.44
72.63
13.19
-41.85
-27.63
33.87
3.81
-7.00
7.74
-4.05
-48.62
6.22
-1.71
37.95
20.37

Examples (continued)

Y
42.97
-64.06
13.34
-45.35
19.64
30.45
63.16
-31.29
29.75
-53.23
-2.52
15.76
4.72
45.68
-54.08
-26.13
64.00
-28.49
11.23
33.06
50.58
-33.37
-46.48
4.06
48.80
45.87
-52.58
-62.33
34.15
58.14

61
62
63

65
66
67
68
69
70
n
72
73
74
75
76
77
78
79
80
81
82

85
86
87
88
89
90

X
4491
-14.82
2.37
37.45
-17.96
-2.00
-0.03
-63.50
-1.29
14.34
10.97
50.98
-35.47
-33.43
-11.14
-8.43
51.69
-11.56
10.78
-8.64
-5.12
11.26
2.98
-3.4
49.77
2.00
-13.16
8.38
13.82
-23.16
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Y
52.07
-33.97
-3.64
10.70
14.83
-57.95
-64.11
64.37
9.65
12.59
-43.69
35.67
48.67
3.80
50.11
-14.33
49.85
4.52
-2.03
-45.11
-55.68
-39.79
-34.03
-36.55
29.40
-60.45
49.20
-19.24
-35.83
4.84
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Appendix E

Examples (continued)

Example 10
Description:
Shape: Trangle Depot: Comer
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 6709.34

CPU Time: 381 seconds
Route 1 0-88-33-43-86-3-40-49-59-50-44-38-80-0
Route 2 0-89-42-60-30-61-32-57-90-0
Route 3 0-17-58-53-54-66-87-41-22-64-0
Route 4 0-18-16-77-69-20-51-82-46-73-74-81-67-0
Route 5 0-83-9-47-15-39-37-75-79-0
Route 6 0-10-2-7-36-1-12-14-48-71-13-0
Route 7 0-29-23-34-63-85-35-8-31-6-56-5-21-0
Route 8 0-68-70-28-24-84-19-25-11-52-4-0
Route 9 0-72-26-62-78-27-65-55-76-45-0
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Appendix E

Examples (continued)

Example 10 - Customer Locations:

X

1 10.06
2 4.74
3 37.63
4 -0.42
5 3.60
6 16.72
7 11.52
8 18.45
9 27.98
10 -0.55
11 1.30
12 13.39
13 0.51
14 11.04
15 12.12
16 -14.08
17 -68.32
18 -48.83
19 2.51
20 -6.31
21 0.30
22 -14.16
23 -10.52
24 -14.18
25 -0.66
26 56.60
27 26.59
28 -15.10
29 -39.21
30 -32.65

Y
63.98
102.70
105.04
241
49.05
90.05
93.20
98.30
51.13
111.25
57.77
57.68
6.47
46.74
36.48
89.63
131.60
92.41
72.74
60.30
28.30
39.47
123.96
96.84
67.71
100.52
77.59
109.76
126.92
74.14

31
32
3

35
36
37
38
39
40
41
42
43
44
45
46
47
48
49

51
52
53

§5
56
57
58
59

X
18.37
-24.55
39.52
1.11
19.36
10.21
10.42
11.52
9.77
29.88
-14.06
-45.16
48.32
17.04
0.84
0.02
18.86
5.74
30.31
25.27
-4.23
-1.05
-48.49
-27.57
5.35
15.44
-15.08
-54.07
31.30
-36.46

Y
97.55
43.64

128.49
122.53
108.82
67.08
22.87
20.30
24.84
77.41
44.86
83.11
117.43
33.97
2.54
42.15
41.36
34.83
75.30
60.00
58.90
5.89
102.39
88.27
15.10
88.44
36.10
117.36
70.05
80.89

61
62
63

65

67

69
70
n
72
73
74
75
76
77
78
79
80
81
82
83

85

87
88
89
9%

-24 88
35.37
17.31
-2.10
14.53

-25.44
-3.73
-6.35
-8.27

-15.70

1.10
71.69
-5.02
-6.97

1.24

1.89

-18.58

27.82
0.03
4.89

-7.37
0.35

19.98

-4.29

21.79

38.02

-17.69
26.74

-46.44

-12.62
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54.61
85.09
120.50
7.70
47.20
86.22
8.93
105.40
59.93
110.33
18.74
127.32
32.35
15.76
2.83
7.50
84.47
85.79
0.30
8.95
13.57
45.27
96.16
93.54
115.39
108.11
75.82
126.13
81.22
25.71



Appendix E

Examples (continued)

Example 11
Description:
Shape: Sector Depot: Center
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 5545.77

CPU Time: 498 seconds
Route 1 0-83-33-15-49-18-26-39-30-1-12-27-86-40-0
Route 2 0-4-65-56-43-63-32-46-89-50-0
Route 3 0-20-70-38-6-9-51-44-37-82-62-25-53-0
Route 4 0-87-11-69-5-57-36-19-0
Route § 0-71-48-54-75-73-10-28-78-81-0
Route 6 0-76-67-23-22-29-2-34-16-79-0
Route 7 0-3-72-7-60-13-77-41-45-66-0
Route 8 0-35-64-47-21-52-24-90-42-59-0
Route 9 0-68-8-80-85-14-84-58-61-74-88-31-55-17-0
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Appendix E

Examples (continued)

Example 11 - Customer Locations:

X

1 -8.55
2 -15.12
3 1.04
4 -56.12
5 24.94
6 1.31
7 4.09
8 -5.02
9 2.19
10 34.32
11 16.82
12 -13.04
13 11.58
14 -7.68
15 -0.43
16 -0.38
17 5.93
18 2.17
19 12.70
20 -20.48
21 -33.73
22 -15.70
23 2.93
24 -33.31
25 -5.15
26 0.79
27  -1296
28 41.24
29 -13.32
30 -4.46

Y
-47.89
-20.22
-64.94

51.29
-20.29
-44 41
-50.56
-59.09
-46.62

11.97
-37.48
-43.55
-45.50
-52.79
-64.73
-27.73
-19.64
-58.58
-12.35

14.73

10.99

20.84

42.61

-5.57
-18.38
-55.77
-41.15

32.02

17.15
-50.36

31
32
33
34
35
36
37
38
39
40
41
42
43

45

47

49
50
51
52
53

55
56
57
58
59
60

X

293
-2.21
-1.13
-10.93
-43.15
29.88
-11.64
-20.56
0.21
1.22
9.50
-21.81
-19.26
-9.88
8.71
-7.97
-54.14
27.05
3.13
-2.86
-3.32
-30.51
-5.02
41.86
5.06
-23.66
30.36
-9.17
1.21
10.07

Y
-27.19
58.05
-64.59
-23.34
41.57
-9.20
-36.14
-23.92
-54.77
-8.04
-21.85
-10.09
57.78
-41.76
-16.86
34.03
28.26
21.26
-60.66
13.32
-46.37
71
-15.64
6.54
-20.74
56.98
-8.64
-43.73
-0.56
-45.65

61
62
63

65

67
68
69
70
!
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90

X
-7.28
-9.76

-11.61
-44.96
-55.97
6.18
26.86
-3.72
18.70
-19.87
59.80
5.47
35.52
-4.32
36.27
4434
11.07
33.80
1.76
-5.24
18.07
-12.22
-0.26
-6.48
-6.69
-7.38
-25.89
-4.11
-4.46
-24.15
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Y
-43.38
-22.94

57.42
33.70
53.48
-4.03
51.81
-59.48
-31.36
-23.05
37.89
-56.55
6.32
-39.34
2.76
58.66
-32.50
44.74
-19.14
-55.66
5.73
-28.42
-68.20
-52.20
-54.37
-29.33
34.76
-36.73
25.59
-5.60



Appendix E

Examples (continued)

Example 12
Description:
Shape: Sector Depot: Comer
Customers: 90 Vehicles: 9
Solution:

Total Waiting Time: 6912.8

CPU Time: 391 seconds
Route 1 0-54-38-66-56-33-36-74-16-64-19-0
Route 2 0-81-29-76-45-3-58-60-27-0
Route 3 0-77-51-72-8-75-12-85-53-80-9-0
Route 4 0-17-34-68-15-78-62-28-83-73-88-0
Route § 0-41-25-65-23-90-1-82-18-21-49-0
Route 6 0-31-70-46-69-59-2-30-40-13-42-0
Route 7 0-71-52-26-86-10-6-24-22-84-5-79-43-0
Route 8 0-20-61-7-67-39-50-89-63-87-0
Route 9 0-4-11-48-14-37-57-47-35-55-44-32-0
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Appendix E

Examples (continued)

Example 12 - Customer Locations:

X

1 -14.79
2 11.21
3 22.32
4 -4690
5 9.84
6 2.51
7 21.60
8 30.68
9 -0.06
10 0.54
11 -18.70
12 27.20
13 293
14 -14.50
15 16.38
16 -16.31
17 6.52
18 -10.96
19 -1.39
20 19.13
21 -10.28
22 16.10
23 -3297
24 10.90
28  -22.96
26 12.92
27 2.73
28 21.82
29 42.93
30 9.19

Y
77.93
53.95
49.46

117.10
26.95
81.92

108.37
83.94

0.13
94.38

110.82
69.32
16.84

113.28
77.74
30.23

130.94
41.49

3.20

124.92
33.42
62.16
93.97
73.33

116.94

118.56

6.13
48.13
88.48
47.65

31
32
33
34
35
36
37
38
39
40
41
42
43

45
46
47
48
49

S1
52
S3

55
57

58
59

X
59.81
-0.27
-36.29
18.97
8.52
-21.34
-11.11
-36.47
14.61
6.60
-18.20
0.90
6.88
3.4
29.31
45.16
-0.74
14.28
-1.17
4.74
30.04
15.59
13.07
54.56
4.66
25.78
-7.28
23.40
24.70
17.20

Y
115.48
11.19
66.31
92.36
59.04
37.13
101.51
104.01
89.45
32.52
127.34
5.04
18.25
19.95
61.84
103.13
67.03
115.79
2.58
75.01
101.87
118.08
39.36
103.71
41.45
65.71
75.40
40.99
72.24
31.80

61
62
63
64
65

67

69
70
n
72
73
74
75
76
77
78
79
80
81
82
83

85
86
87
88
89

X
25.92
22.34

-2.81
-5.21
-30.98
-18.18
18.72
19.97
26.21
49.96
15.76
27.42
11.33
-14.10
33.69
39.14
32.39
20.31
7.12
2.52
43.47
-10.41
17.12
13.31
19.24
6.12
-5.34
6.58
-6.19
-20.70
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Y
109.25
67.79
48.31
10.86
107.48
69.47
97.51
92.19
86.16
107.17
127.59
96.04
24.13
39.12
80.88
67.84
128.75
75.27
19.41
9.35
116.74
65.18
34.79
55.69
53.26
104.19
32.82
14.40
49.94
80.56
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