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ABSTRACT

Association Theory and Liquid Structure
by
Alvert S. Kirsch

Advisor: Professor Robert Ginell

An approach to a theory of liquids is presented which discards
earlier assumptioﬁs ol association theory, especially that which
assumed the presence in the liquid of clusters of every size, It is
shown that this assumption leads to contradictions that may be
resolved by sbandoning it. Discussions of the nature and cause of the
gas-liquid transition and of the critical state are given in light of
the new approach. It is predicted that the postulated gap in cluster
size disappears at the critical temperature and that the cluster size
charecteristic of the critical state should be five. Simple calcula-
tions show that For argon, nitrogen, oxygen, and water this value is
indeed equal to 5.3, 5.2, 4.8, and 6.1, respectively. A discussion is
presented of the reasons for the excellent results obtained for the
atomic radii of the alkali metals using the now-discarded assumptions.

Appendices discuss the techniques of calculating compressibil-
ity parameters of the Tait-Tammann equation using a new approach,
methods of gauging the reliability of compressibility data for liquids,
and the range of applicability of the Tait-Tammann equation. A computer
program for performing the calculations in the first appendix is

included.,
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Table of Symbols
Roman alphabet:
Bk = k-th virial coefficient.
C = number of clusters (in units of Avogadro's number) per unit volume.
Cj = number of clusters of size j ("j-mers”; in units of Avogadro's
number) per unit volume.

E = integration constant of theoretical expression for J in Tait-
Tammann equation.

H = integration constant of Tait-Tammenn equation.

J = empirical constant in Tait-Tammann equation.

X1 .3 = equilibrium constant for the chemical reaction X + X. & X, ;.
sJ J j+l

€

Kj = equilibrium constant for overall net reaction jX = Xj‘ Kj = Cj/Clj.
L = empirical constant in Tait-Tammann equation.

m = mass of sample, in grams; also used as size of largest cluster.

m, = molecular weight of the l-mer.

N = number of clusters of all sizes present in a sample. (In units
of Avogacdro's number.) N = Cv.

Nj

number of clusters of size j present in a sample. Nj = ij.

number of formmula weights of sample. N, = Cgv.

S s

I

P = pressure,
(o]

P~ = vapor pressure.

R

gas constant.

H
]

absolute temperature.
u=1- %rv,
v = volume,

Zn = number-average degree of assoclation; Zn = NS[H = Cs[g.
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Table of Symbols (continued)
7w = welght-averare degree of association; 7w = EijJ/NS = Ejacj/Cs.

reek alphabet:

smallest cluster size (other than 1) postulated to be present in

a
the liqui:,

€ = heat of l-mer “ornation (calories/mole).

A = PgpZn; define’ by analogy to the theoretical expression for L/J

except that o is held constant.

=
]

-dlnCl/dv.

@ = -(31nCy /3v),.

Cyrillic alphabet:
B = total excluded volume of a sample,

Bj = excluded volume per mole of j-mer.
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Introduction

The attempts to understand the varieties of macroscopic
experience in terms of the "eternal" properties of atoms go back
as far as Democritus in the fifth century before Christ. Atomism
had no firm basis, however, until resurrected by Dalton to explain
the Laws of Definite and Multiple Proportions. At roughly the same
time, the caloric theory of heat gave way to the modern kinetic
theory, and the ideas, generated thereby, of molecules in constant
random motion, colliding with each other and with the walls of the
containing vessel, led ultimately to a theoretical derivation of
the ideal-gas law, Pv = NgRT, which had been known experimentally
years earlier (1). (Ng is the number of formula weights of the
sample.)

The derivation of this simple law implicitly assumed two
things which are true only at high temperatures and high dilution,
namely (a) that the volume of the molecules themselves was negligible
compared to the volume of the container, and (b) that the moleaules
exerted no force on each other except for elastic recoil on collision.
Both of these assumptions are, in general, false, and the earliest
attempts to correct them theoretically were carried out by Clausius
and especially van der Waals, in 1873 (2).

Borrowing from Clausius, van der Waals assumed that the
volume available to a molecule is actually less than the volume of

the container by an amount b, the "excluded volume" or "covolume"



of the molecules themselves, and that therefore this term should be
subtracted from v and the difference inserted into the ideal-gas law.

In addition, van der Waals corrected the pressure in the
following way: There is a net force directed towards the interior
exerted by the molecules in the bulk of the gas on those at the
walls., If we imagine the gas divided into layers of molecules
parallel to the walls, the total inward pull can be assumed propor-
tional to the number of molecules in the layer near the wall (n),
and to the number of molecules in the adjacent inner layer (also n),
the other molecules being too far away from the walls to exert any
influence. This pull has the effect of lowering the pressure from
the ideal-gas value, and so the correction term must be added to the
observed pressure,

The number of molecules, n, in any layer is proportional to
the number density, Ng/v, ot the gas. Hence the force inward is
proportional to n® and therefore to (Ng/v)? or:

correction term = a(lNg/v)? (1)
where a is a proportionality constant.

Adding these two corrections to the ideal-gas law, we @et

(P + aNg®/v®) (v - b) = NgRT (2)
for Ng moles oi gas. This equation represented a substantiil
improvement over the ideal law. Since it is cubic in v, a graph of
P vs. v will exhibit a loop ("van der Waals loop") implying the
coexistence of two volumes at the same pressure (see Figure 1), the

smaller of which 1s characteristic of the liquid phase. Above a



L

certain critical temperature, two of the roots become imaginary, and
only a single fluid state is predicted., Thus van der Waals' equation
was the first to include the peculiar phenomenon of the critical
state.

Still other equations for gases have been proposed (3), but
none of such general applicability as the virial equation first
proposed by H. Kamerlingh Onnes (4). Originally presented simply as
a curve-fitting device and written only in the first, second, fourth,
and sixth powers of v, it is now generally employed in the more
general form of the infinite series:

B
WgRT

= 1 + B20 + 3302 + cesee (3)
where By is called the k-th virial coefficient, and o is the number
density of the molecules, Ng/v. The coefficients are temperature-

dependent, and can be given meaning from theoretical considerations,

as is shown in the following sections.



Figure 1. A plot of van der Waal's equation at three
successively increasing temperatures, Ty, T, and T3.
T, exhibits the loop (ABCDE) described in the text.
The areas ABC and CDE are equal. The volume at A is
that of the liquid; that at E is the vapor. The line
AE is the vapor pressure. To is the critical tempera-
ture, exhibiting an inflection point (dP/dv = d®P/dv?
= 0) at F, the critical point. Ty is well above the
critical, and the material behaves much like an ideal
gas. The dashed curve AFE is the locus of all points

like A and E at temperatures less than the critical.
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Statistical-Mechanical Derivation

of the Virial Equation

It is most convenient, for this problem, to start with the
grand partition function = (5), defined by

=(v, T, u) = ePV/KT = < exp(fNu - eg}/kT) (%)
J,N

where y is the chemical potential. = 1s summed over the energy

states j and the number of molecules N, It may also be written
== T Nu/kT 7*e-ed/kT

N J
= Tgpt (5)
N
where gy = ° exp(-e3/kT) (6a)
J
Mnd A = exp(u/kT). (6b)
Then 2 = exp(Pv/kT) =1 + = gl (7
N=1

where we have set Q3 = 1 since for N = O there is only one state,
that with E = O,

Let us define a new "activity", z, proportional to the
"absolute activity", A, and having the property that z - p as
p -+ 0.

To find the desired relation between z and A\, take the limit
of Equation 7 as A 4+ 0 so that = +» 1:

In B = Pv/KT = Qi\ +.... (8)



Now, as P -+ O:

P/XT = Ng/v = o = Q\/v. (9)
Then clearly,
z = QMv. (20)
If we put zv/0; in place of A in Equation 7 we get
5= 1o+ S (/e (11)
N=1
Let us define a new quantity Zy by
= Niagh/al. (12)
Then Equation 11 may be written:
= = exp(Pv/kT) = 1+ N§1(Z1\I/N3)ZN- (13)

Take the logarithm of both sides of Equation 13, expand the

term on the right, divide by v, and get:

P/xT = j:b 529 (1)
>

in which the bj are given by:

l:Vbl = Zl = Vv

2lvby = Zp = 273 (15)
3ivby = Z3 - 32175 + 27,3

ete.

Now, since the ensemble average number of particles in the
system is (6):
Ns = A(d ln‘:‘/ak),l,’V (16)

and since
nE = Pv/kT (from Equation 7) (17)



Then we may write

o=Ns/V=K<%)\AC_'£>T = Z% (18)

since z is proportional to A\.
Taking the derivative of Equation 1k using the relationship
in Equation 18, we get

n = ‘—,‘,ijZJ. (19)
J=1

To convert the z expansion (Equation 19) into a p expansion,
we invert the series by substituting
z = 0+ apP? +a303+... (20)
into Equation 19 to obtain an identity in o. Equating the coefficients

of like powers of n we find:

ap = =2bp
a3 = -3b3 - )-l-aebz = -3b3 + 8b22 (21)
etc,

Finally, using the a's just deduced, put them into Equation

14 via Equation 20 and get:

Pv/NIT = 1+ Byp + B3o® +eeus (22)
where B, = ~bo
ete.

Note that to calculate By, we need only @ and Qp; for By we need
Only Q’l, Qg’ and Q30
Let us examine the second virial coefficient. The ZN above

are in fact the classical configuration integrals f.%ﬂre-vu(rij)/deTl...dTNo



Hence the first two are:

Z, = rdT =V
1o, (24)
Zo = £Ie'u(r12)/deTld72

The second virial coefficient is then:

= ~L
By = by = 5u(Zp - 23?)

évj‘[‘(e'“(rlz) fxT _ 1)drydTo. (25)

Changing the origin to molecule 1 so that |1, - 7| = 7, we may

write:
_ =1 -u(r,,) /kT
B, = zwvlid'rl“l;(e 12 - 1)am,,

r )

= %?r;(l - e-u(r)/kT)'hm-adr (r=r,

-u(r)/ KTy 2 4r, (26)

=onf” (L-e
We will later show this last expression (Equation 26) to be
identical to that obtained from assoclation theory, which 1is

described in the next section.
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Theory of Association

The fundamental postulates of the theory of association are
twofold (7). First, because of the attractive forces between molecules,
they will tend to cluster; since under any steady-state conditions
the numbers of clusters 6f various sizes will be constant with time,
they may be treated as being in chemical equilibrium with each other.
For a given molecule X, the growth and decay of a particular cluster,
or j-mer, XJ, is presumed to occur vias the addition or subtraction

of single molecules (l-mers) according to the scheme:

N4
Xy * X 2 Xy (27)
for which the equilibrium constant is
c
K1 = — (28)
J-1-1

where CJ is the concentration of j=-mers in the system.

In considering the various possible equilibria (34), the
question arises: is one justified in writing the equilibrium constants
under the assumption that the addition and loss of l-mers is the
only process occurring, and totally neglecting the equilibria among
larger species? Blatz (8) formulated a general principle which can
be stated thus: the equilibrium equations are unique, no matter
what the formal mechanisms by which they have been derived. The one-
constant theory of Ginell (9), who neglects all the higher equilibria,
and that of Blatz and Tobolsky (10) (also using one constant), who

consider all of them to be present, lead to identical equations at



-11-

equilibrium (11). They differ, however, at times before equilibrium.
It is not self-evident from all this, however, that Blatz's
principle also applies to cases where the equilibrium constants are
not identical. That it does apply can be shown by the following
proof,
The equilibria involved can be written thus:
X+X2%
X+% 2X,
X+ Xq X K+ X @ X,
X+ X ? X535 Xy + Xq 2 XS
X + X5 pid X6; X, + Xh rd X6; X3 + x3 rd Xg

etec. etc. etc,

(29)

Writing the equilibrium constants for the individual processes,

we have:

Ky p = Co/Cy?

K1, = C3/C1C

Ky 3 = C/CiC033 K 5 = €/C,°

Ky 1, = C5/Ci043 Ky 3= C5/CoCq

K1,5 = C6/C 1053 Ky ), = Cg/C0s Ky o = Ce/C.?

ete,

(30)

From the first colum of Bquation 30 we have
= J
cy = (Ki,1K1,2K1,3°"Ki,j-l)cl (31)
which is the recurrence equation given by Ginell (7) which neglects
higher-order interactions. Since these are simultaneous equilibria,

solving colums 1 and 2 of Equation 30 simultaneously gives:
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K1,1%1,1K2,2 = K 1% oK 3

ors Koo = %y oK1 ,3/K1 1
and Ky 3 =Ky g ) /%) 5
Kp g =Ky 3K g41/K1,1 (32)
Similarly: K3,3 = Ky 3K 1K 5/ 1K o

K3,u =% 1K K o/K 1K o
and K’-l-,’-* = 1(1,)-*}%.’5](1961{197/}{1311(1’21(1’3

the general expression for any Igl n being:
b
mn=-1

n~1
Kn,m =J_.LK1’1/ JUl’&,g (33)

This shows that all the higher equilibrium constants can be expressed
in terms of the K‘.L, J's and need not therefore enter into the equations
unless it is convenient that they do so. The simplest relationship

is the one already given in Equation 31, which is equivalent to that

given by Woolley (12), if one states that

n-
Kn(W) - ]’f’ Ky, x (34)
x=1
- .
ere Ig‘ is Woolley's constant.

In association theory, the string of constants in Equation 34

is also combined into a single constant, so that we have, in general:

cy; = chl" (35)
where KJ is defined by the expression, analogous to Woolley's,
J-1
K, = % 4 (36)



This is equivalent to the net chemlcal reaction

X ® X (37)
in whiech j l-mers combine to form one j-mer, To avoid ambiguity,
the term molecule is replaced bjr the term unimer; the unimer is
either unassociated, in which case it is called a l-mer, or it is
bound with others in a cluster (or j-mer) of j unimers. Note the
l-mer may be considered a j-mer with j = 1. K;, therefore, is
unity.

In addition to clustering, the j-mers occupy a finite volume;
however, the excluded volume of the j-mer is not J times the
excluded volume of the l-mer. A glance st Figure 2 shows the truth
of this in the simple case of the 2-mer., Since the excluded volume
in this treatment is different from that defined by van der Waals,
it is represented by the cyrillic character B (read "beth"), such
that

B = BN, (38)
where Bj is the excluded volume per mole of j-mer, and Nj is the
number of moles of such j-mers.

We wlll now derive an equation of state incorporating the
two basic ideas, association and excluded volume, of association
theory (13). In the derivation we will follow in principle the
classical kinetic derivation of the ideal gas law.

Let us imagine we have a cubical box of side a, containing

a gas at equilibrium. As a consequence of the preceding discussion

the particles in the box are of masses which are multiples of m,,
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the mass of the unimer. When a j-mer strikes the wall of the box,
it undergoes a change in momentum on collision of ZmJuJ, where my
is its mass and s its velocity component normal to the wall it is
striking, The number of collisiong it has in unit time with the two
walls in this direction is uj/(a - B,j) vhere Bs is its diameter.
This is obvious since 1f the particle has a volume, and for the
moment we are imagining it to be a sphere, then its center camnot
approach either wall closer than %ﬁj. The change in the component
of momentum per unit time in this direction is then

21!13-11J x _:16— = ZmJudz . (39)

a - 3 a - Bj

The area of the walls against which this particle strikes in this
direction is necessarily 2(a - BJ-)”. Hence, the pressure exerted by
the particle is:

P;j = mjuja/(a - B5)%. (ko)

Since the total pressure is the sum of the pressures exerted by

each particle, the total pressure is
- 2 3
P= ?njmj(uj Y/ (a - ej) (41)

where nj is the mumber of J-mers in the box and (uj’) is the
average of the squares of the u-component of the velocity of the
particles of size j.

Now the prime condition of equilibrium requires that all the
various species of particles be at the same temperature, and hence
have the same aversge kinetic energy. Hence,

nle2) = my{cy?) (12)
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for all x and y, vhere {(c,®) is the mean square velocity of the
x-mer, Since by definition m; = jm, then, from Equation L2,
(P> = (o)) (13)

and since the commonent velocities along the three spatial axes

are equal,
() = {e)/3 = (e?)/3 (M)
Hence m; (uja) = m,{cy®)/3 (45)
and, from Equation hl:
3
p = Mol T (46)
3 (a - @3
By the law of equipartition of energy,
mo{c;?Y/3 = KT, (47)
Hence n
P = XkT ZT;-‘?_TJP
or, P = RO NJ/(a - BJ-)3 (u8)
vhere N, is the number of j-mers in units of Avogadro's number.

J
The term g is the length of the box and the assumption was

made that the particle must travel a distance a-BJ- before it
could exert pressure on the wall. If we now consider that the box
has a large nunber of particles in it and that the collisions with
the wall are not instantaneous, there will then be particles
between the one in question and the wall at collision. The distance
that this particle must travel to exert its pressure is then less

by the average thickness of particles between itself and the wall,




=16=-

On the average this will be a = (v - 8)1/3 where v is the actual
volume of the box and B is the excluded volume of all the particles,
discussed earlier. This gives us the equivalent cube in free space
of the particle,

Our equation then becomes

o/ = D/l - ORI (u9)

or: Pv/RT = ZNJ/{(l - B/w)3 ‘5%73}3 (50)
J

If the volume that the gas occupies is comparatively large

then 8, can be neglected; this assumption would be invalid if, for

J
instance, the behavior in narrow capillaries were being considered.
Consequently, Equation 50 becomes:
Pv/RT = N/u
(51)

or: P(v - ®) = NRT
where the term u has been substituted for (1 - B/v), and N is the
total number of Jj-mers in the sample,

N = ;'.NJ. (52)

The number of unimers in a sample of mass m is given by the usual

expression

N, = m/m,. (53)

s
Reflection will show that

N, = 3‘ INy. (54)
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// \\
/ \
[ | o excluded volume
\ ! of 1-mer
\ /
\‘~,.__._,r'/

~
/ N
/ \
‘l "4_ :?czl:a::c: volume
\
N\ ,r/

Figure 2. Excluded volumes of l-mer and 2-mer. The
dashed surface represents a volume whose interior is
denied to the center of an approaching l-mer. The
radius of the sphere sbout the l-mer is equal to the
diameter of the l-mer, hence B; = ;" d®. Because of
the overlap of the covolumes of the two unimers
making up the 2-mer, this excluded volume is only

% m a3, not twice that of the l-mer.
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Derivation of the Virial Equation

from Association Theory

From the definition of Cj (Equation 35), we may define two
important quantities. First, the total concentration of clusters,
C, is given by

C=N/v= ;‘ cy = ;‘ chlj (k; = 1) (55)

and second, the classical concentration of formula weights per unit

volume, Cq, is obtained by dividing Equations 53 and 54 by v:

Cg =Ng/v =% ¢y = ¥ jchl‘j = n/mgv, (56)
J J
Now Equation 56 can be inverted to give an infinite series
k
L= T e (57)

in which the 4, 's may be evaluated as follows (14, 15a):
Cp = d3(Cy + 2KpCq? + ooe) + Ap(Cy® +eed) + ceee (58)

Since this i1s an identity, like powers of C, can be equated, and
the coefficients of all powers of C1 greater than the first must
vanish. Hence we get:

i =1

dp = -2

d3 = 8Ké” - 3K3

) = -MOKy® + 30K Ky - UK),
5 22UK,* - 252K5%Ky + UBK,K), + 2TKg* - 5Kg

etec.

(59)

d
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Substituting the value of Cy from Equation 57 into Equation

55 gives:

¢ = Tog, (60)

where, by the same reasoning used to obtain the 4 's,

g1 = 1
g = -
2 K> (61
gy = th’ - 2K3
etec,
Dividing Equation 51 by v,
Pu = CRT (62)
We may therefore write
P/RT =C/u = T gszk/u. (63)
k

Expending 1/u (15b) and substituting in Equation 63 gives:
P/RT = (Cg + goCg® + @3Ce2 +ee0) (1 + B/v + {B/VP +...)
(64)
From Equation 38, we get

B/v = ;:B‘_]c‘.j = ;‘ B‘;,chlj. (65)

Substituting Equation 65 into Equation 6L, carrying out the

algebrs and collecting terms, gives:

P/RT = irkcsk. (66)
k=1
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Finally, we may write, dividing Equation 66 by Cg,
PV/NRT = 1 + rpCq + r3Ce® + 0es (67)
Comparison of Equation 67 with Equation 3, identifying Cg as
Ns/v or p, immediately identifies each ry with the corresponding
B - The ryx, as calculated from association theory, are:
r, = 1
T = B, =
2 1K (68)
ry = MK - 2K3 + Kp(Bp - 3Bp) + Ry?
etc.
In the next section we will show, for r, at least, the
equivalency of r, with the expression for the second virial

coefficient in Equation 26, obtained from statistical mechanics.
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Equivalency of the Second Virial Coefficients

Calculated by Statistical Mechanics and by Association Theory

The equilibrium constant K, can be related to the partition
functions for single and double molecules. From the Boltzmann

distribution law the number of single molecules ny with energy E4

is given by

ny = gyexp(-E/kT)exp(-a) (69)
and for double molecules (primed quantities) by

ny' = gy'exp(-E}/kr)exp(~2a) (70)

where gg and g5 are the degeneracies of states i and j, and a is

a constant (16). Here we have assumed the same energy zero for
both l-mers and 2-mers; the factor 2 in the exponent of Equation TO
arises from the fact that the total number of unimers in the system
mast count the 2-mers twice.

Now the total nmumbers of l-mers and 2-mers in the system

Ny = exp( -a)?i:? giexp(-E4/kT) = Qexp(-e) (71)

Qpexp(-2a) (72)

and N, e@(-Za)?gjexp('Ej/kT)

where Q; and Q, are the partition functions for l-mers and 2-mers,

regpectively.
Then K, = Co/C2 = Nav/Ny? = vRp/Qs?. (73)
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Inserting the translational partition function yields~

) ﬂzn-Zm.,kMx')V 2 {
2 " A (/) KT

where Qy is the internal partition function of the 2-mer,

} Qi (74)

The phase integral form for Q; is:
= (1/26°)[ .. fexp(-Elp,q}/kT)dag e daqdpy o0 edpg  (75)
where the factor 2 is the symmetry number of the 2-mer.,
Now the internal energy of the 2-mer is
E(p,a) = (1/2p) (0,2 + p,® + 2,2) + u(x). (76)
Here p is the reduced mass, x, y, and z are the relative internal
coordinates, and r is the internuclear separsation.
Then each momentum integral is
Jexp(<r? /mxT)ap = (molﬂ)% (17)
and therefore
Qs = Hmgrr/w®) Y[ exp{-u(r) /xr}dq;dgpda,. (78)
Shifting to spherical coordinates and integrating over the angles
(giving the factor Lm):
o = enrmger/e) 2] Cemplu(r) tPar  (79)
vhere r, 1s the diameter of the unimer, the internuclear distance
at which the 2-mer is assumed to have been formed.

Combining this result with Equation 7k,

- an[:° expl-u(z) KT} ar (80)
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and, from the deTinition of ro (Equation 63):
rp = By =F - K
- Ry - 2ﬂJ‘:° exp{-u(zr) /kT}r2dr. (81)
However, F-l represents the volume excluded from a single
molecule, and will be #(}4/3)mr 2. The factor % is introduced to
avoid counting the members of the 2-mer twice.

Then
r

r, = (2/3)mry - aﬂfooexp{-u(r)/k'l‘}rzdr
r
= 2nf°°{ 1 - exp{-u(r)/xT} } r3dr. (82)

Finally, if u(r) is much less than kT, the expression
in the exponential will be small, and if u(r) is proportional to
r-6, as 1s true for the London forces, the integral will converge
rapidly with increasing r; one may therefore shift the upper limit
to infinity, giving (Equation 83) an expression for r, identical

to that for B,, Bquation 26:

r, = B, = 211_[.:{ 1 - exp{~-u(r)/xr} } r2dr. (83)

From the foregoing discussion we may infer that association
theory and statistical mechanics provide parsllel approaches to
chemical theory, and in general we can say that the choice of
method on the part of the scientist becomes one of convenience,
mathematical end/or conceptual, assuming, of course, that the choice

made leads to agreement with experience. With this in mind,

association theory was applied to liquids, and the Tait-Tamann



e

equation for their isothermal compressibilities was derived (17).

This work is reviewed in the next section.



-25a

Derivation of the Tait-Tammann

Equation

Tait (18) sought an equation to represent the isothermal
compressibility of seea water, the density of which had been measured
by the oceanographic research vessel H. M, S. Challenger, and
proposed the relation

Y = A (84)

where v, is the volume at P = O, and A and B are positive constants,
vhich vary only with the temperature. The relationship was later
erroneously reported by Temmann (19), and subsequently used by

others, as a differential equation,

-~ dv/dp = _B-%—?— (85)

in which we use the notation of the total derivative to signify a
derivative teken at constant temperature. The reasons for this will
become clear when we dlscuss the modifications needed in thk theory
of liquids; there can be no ambiguity since all discussions regarding
Equation 85 involve isotherms.

It is Equation 85 or its integrated form

B + P
Vo=V = Clog [—__ (86)

B + P,
where C = 2,303A, which is usually called "Tait's equation”, but

it makes more sense to call it the Tait-Temmann equation. The
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substitution of Equations 85-86 for Equation 84 was detected in
1967 by Heyward (20), who pointed out that the fit of both equations
as well as others depends heavily upon the quality of the data,
and the uncertainties in even the best deta make it impossible to
diseriminate among the better equations. Up to rather high pressures
all good equations fit equally as well; hence the choice of
equation depends upon other criteria, While simplicity is clearly
one such criterion, a sound theoretical basis 1s at least as
desirable,
If we differentiate Equation 62,

Pu = CRT (62)

with respect to v, and divide by u, we may write

d@p _ BT & P du
% - Swtiw (87)

Inverting and multiplying numerator. and denominator of the right-

hand side by 1/(dlnu/dv), we get

-F = TRy (88)
du/dv
which is identical in form to Equation 85, If we write
J = u/(du/dav)
. (89)

=RT(aC/av)

du/dv
we see that J may be equated with the empirical constant A, and L
with B.

Since J is constant with P and v at a given temperature, the

first of Equations 89 can be integrated with ease:
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1/J dlnu/av

E exp(v/J) (90)

where E is an integration constant which depends on the temperature.

hence: u

From Equations 90 and 62,

C = EPE exp(v/J) (91)
RT

and the number-average degree of association, Zn, defined as
Zn = TiNy/TN; = Ng/N = Cg/C (92)

may therefore be written

Za = (%T’_E).“‘_vl?mii’ﬂ . (93)

In addition to being able to derive Equation 85 theoretically,
we have the knowledge of experience in its applicstion to liquids
other than water, for example, methyl, ethyl, propyl, isobutyl,
and amyl alcohols (21), acetone (21), ethyl ether (21), ethyl
chloride, bromide, and iodide (21), carbon disulfide (21),
phosphorus trichloride (21), benzene (22), chloro-, bromo-, and
nitrobenzene (23), aniline (23), ethylene glycol and its aqmeous
solutions (24), etc. Hirschfelder, Curtiss, and Bird (25) claim
for the Tait-Tammenn equation "almost perfect agreement with
experimental observations."

MacDonald (26) has pointed out that the Tait-Tammenn equation
leads to negative volumes at high pressures; clearly this means
that while J and L are constant over an extended pressure range

(up to 100,000 atm.) they will vary if the pressure gets much
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higher. High-pressure modifications have been propcsed by Kirkwood
and his co-workers (27) who proposed an "adiabatic" equation using
pressure and entropy instead of pressure and temperature as the
independent variables.

Writing Equation 86 in the form

Yo-V = liog{ 1+ p/B(T) } (94)
Vo n

where 1/n = C/v, and is treated as a constant throughout, and
Py = 0, they modified it via thermodynamic arguments to

log(vy/v) = ilog{ 1 + P/A(S) } (95)

where instead of isotherms, v and v, are measured at the same

entropy, so that

v v(pP,s) = v(p,T[P,S])

v(0,8) (cf. vo = v(0,T). )

1
and A(s) = B(1{0,87)

The ease of using Equation 95 is open to some question; it does
' extend Bquation 94 over a g_rea.ter pressure range, however,

Estimates of the 1"a.nge of velidity of the Tait~-Tammann
equation are given in Appendix IV. At more normal pressures, though,
its empirical utility coupled with its theoretical foundation
enable one to use it with association theory to study liquids under
applied pressures. It is clear, of course, that any pfogress in
this direction will hinge on the success of the assumptions made

in evaluating the constant E of Equations 90, 91, and 93.



One interesting point should be raised: from the point of
view of many workers (28, 29) the essential difference between
liquids and solids is one of symmetry, the latter being characterized
by mdlecules in a space-filling symmetry (3-, 4-, or 6-fold), and
the former by 5-fold symmetry, an arrangement unable to fill space
without leaving void spaces. Thus the conversion between liquids
and solids is one of symmetry. In view of this, we might suppose
the compressibilities of the two states should obey the same laws,
and it was shown by Ginell and Quigley (30) that the Tait-Tammann
equation did in fact apply to at least one class of solids, the
alkall metals. Thus we may conclude that the association eqaation
of state, Equation 62, is valid for all three states of matter,

Understehding the detailed behavior of the derivatives in
Equations 89 is meeded to explore the intricacies of the structures
of condensed phases, and the original attempt, along with the

problems raised thereby, are discussed in the following section.
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Eveluation of the Derivatives in

the Tait-Tammann Constants

The original evaluation (17, 31) of the derivatives led
to certain difficulties, the resolution of which is the principal
subject of this thesis. Let us follow here the original scheme and
see where it leads.

From Equations 89 we see:

J = u/(dw/dv) = -u/.g_‘;g_)

(9%6)
L = -RT(dc/dv) = + RT(ac/av)
(du/dv) a
avr\w
since u = 1 ~ B/v, From this we may write
d
a‘;@‘) = -u/J = gg(dg/dv)
(97)

and dC/dv

i

-Lu/JRT = -IC/JP
where the last expression incorporates Equation 62, Pu = CRT.
The two derivatives in Equation 97 may be evaluated as

follows:

oY)
K
~—’
|

7% 5%

d
. ? RiksCy

aviv

J

DL ‘_jclj"l (ac, /av)

% JRyC4(a 1nc; /av) (98)



By similar reasoning,

ac/av = -a% T Cy
5 JKJCl‘j-l(dCl/dv)

T ic J(dlncl/dv)
Cg(dlnCy /av) = —=(dlnCy/av) (99)
(o]

To evaluate the derivative of C; on the right of Equations
98 and 99, it is helpful to go back to equation 57:
k
¢ = % 4, Cyq (57)
From this, one gets:
aCy/fdv = ¥ kdkcsk'l(dcs/dv) (100)
and, since C, is equal to m/m,v,
dCq/av = -m/m @ = ~Cg/v. (101)
Putting this relation back into Equation 100 gives
dcy /av = % kdkcsk(-l/v) . (102)
Let us go back to Equeation 99, and using Equation 102
therein:
acfav = ~Cg % ki Cq /Cyv (103)

and, again inserting Equation 57 for Cy:

acfav = _ g;"L 5. k:;cczﬁk ] (104)
The two series, when divided, will yield a series of the form
T sk(l/v)k-l
This may be inserted into Equation 104, giving the result
d¢/av = ~C, T sk(l/v)k (105)
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To evaluate the sk's , differentiate Equation 60, obtaining:
ac/av ¥ kgyC T (aC,/av)
(-1/v) T key (m/mg) S (1/)"
(~-n/mov) = ke (m/mo) 5t (1/v)E
Cg T {kgy (m/m) =1} (2/m)" (106)
Equating Equation 106 term-by-term with Equation 105 shows

that
s = ey (n/mg) (107)
For simplicity, let us introduce the symbol &, such that
3 = ¥ gvk, (108)
Then, from Equations 105 and 99,
dlnCy/dv = -§ (109)

and Bquations 90 and 99 become, respectively,

ﬁ@) = -8 3 gRyc, (110)
and dC/dv = -Cgd. (111)

Putting Equation 111 back into Equation 97, we see
Cgd = Lu/dRT = IC/JP (122)

from which the number-averasge degree of association, Zn, is:
Zn = Cg/C = L/JPs. (113)

Consequently, & may also be expressed in terms of the constant
E of Equation 93 by equating that expression with Equation 113:
3 = (Lm,E/JRT) (v/m)exp(v/J) (114)

or, more simply,
$ = D(v/m)exp(v/J) (115)
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where D is the first expression in parentheses in Equation 11k,
Lm E/JRT.

It is found experimentally that as the pressure is increased,
the quantity Zn, given by Bquation 93, passes through a minimum,
It is a simple process to find the condition for the minimum, as
the following section demonstrstes,

Using Equations 113 and 115, we may write:
= {lw/JD 116
m = By (118)

At the minimum, the derivative of Zn vanishes, so:

aZn/ap =0 = "anin{ '13;_1; * v%,g; ¥ %)HF;;)} ()

The term in braces must be the one that vanishes. Equate it to
zero and cancel out the lowest common denominator, Pminvmin(L"'Pmin) ’
giving:
O = Vuin(L + Pyip) = 9Pmin = PrinVmin (118)
or finally:

Poin/Vin = L/ (119)

Now the weight-average degree of association, Zw, is
defined as:
zw = T §2C4/Cq. (120)
This quantity is simple to derive in terms of association theory,
as follows:
dCg/av = -m/my?® = Cg/v = % F2K3c1971(dcy /av)
-Cg/v = -8 T J2Cy
whence Zw = 1/vd. (121)
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If, at any pressure P,, Zn is equal to Zw, we can write:
I./J'I"'eiﬁe = 1/v &,

or: P,/vy = L/J. (122)

Since the ratio P/v increases monotonically with P, that
ratio can equal the constant L/J at only one point. That point is
the pressure P, which, by Equation 119, is also Ppine Hence, when
Zn is at its minimm velue, Zn = Zw,

But when Equation 115 is substituted into Equation 121,
we find:

7w = m/(Dv@e"/J). (123)
Equation 123 does not exhibit any minimm, and the two terms,
Zn and Zw, behave schematically as in Figure 3. This behavior
is impossible, since mathematically Zw can never be less than
Zn. To develop association theory properly, this difficulty must
be removed,

A second problem arose in attempting to calculate the
number of l-mers present in a given system, Since § is -dlnCl/dv,
one may Integrate Equation 115 to get:

InC; = -(0/m)#e"/I(v/3 - 1) * q (121)
where @ is an integration constant. Now at Pmin’ Zn and Zw are
assumed to be equal, according to the reasoning just given. The
assumption made in the original work (32) was that at Poin®

Zn = Zw = 1, (125)



Given this assumption, we may write

CLin = m/moVpan = Omin = Cg min (126)

and, since Zw = 1 at this pressure, we may use Equation 123 to

find:

m
D = Vmin= exp (Viin 735' (127)

Equation 124 may then be solved for Q at Ppine
Q = In(n/mgvimtn) + (I/Vmin) (X = 3/Vpin) (128)
Substituting this into Equation 124, we get, after some rearrange-

ment:

Cy = (m/movmin)exp{ﬁ_n_’_ue@(yﬁ"ﬁuin) (3-v) - (J'Vmin)]}(]_gg)

Since D (Equation 127), and therefore E (Equation 11k4) are
known, C may be readily calculated from Equation 91. A comparison
of N and Ny (C end C; multiplied by v) for water at 25 degrees
based upon the above equations is presented in Figure 4. The data
are from Adams (33). It is immediately clear that N, is greater than
N, an absurd conclusion. This same contradiction has been observed
in all other systems studied.

One finel problem encountered was this: combining Equations

110 and 111 in Equation 96, we get:

. __<RIC.3 _ RTw/m,_
T ooTEen %ﬁ (%)

At Pmin’ if the only species present is the l-mer, then
TBN; = LxBN, = Rm/n, (P = Pyy) (131)
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and L reduces to:

L = RT/®. (132)
Since L becomes negative at high temperatures, Equation 132 gives
a negative excluded volume for the smallest species, again a
disturbing result.

The difficulties discussed here can all be traced to the
derivatives taken in Equations 98, 99, 100, 106, and 121, in which
the equilibrium constants KJ were held constant during the
differentiation. But if, during compression (or even at atmospheric
pressure), a particular j-mer should have its concentration go
to zero, not only would that imply a variable equilibrium constant,

but it would lead to a singularity in Bquation 36,

j..
K; = ﬂlxl,x (36)
x=1

since, if for some i less than j, C; =0, then K3 4.3 =0 and

all'KJ for j =2 i would vanish. In the next section a new model for

liquids is proposed in which this approach is elaborated upon.
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Figure 3. Calculated behavior of Zn and Zw with pressure.
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Figure L. N and Ny vs. pressure, Data from Adams (33).




II
The Discontinuous Case and

the Structure of Liquids



Introductory

The origin of the assumption of a continuous distribution
of cluster sizes lies in the kinetic derivation of the distribution
equations (7), which assumes that we start with a hypothetical
matrix of single molecules and from these we bulld an associated
substance, This is equivalent to starting with a mass of matter at
infinite volume where there are no collisions, and then compressing
it to the volume, v, where the molecules will collide and associlate,
This is actually an unnecessary concept, since the same equations
can be obtained by considering the equilibrium gituation, as we
have done in Section I (See also Ref. 34). The concept underlying
this assumption was reinforced by the thought experiment (35) in
which the individual frames of a hypothetical motion picture of a
gas were examined one by one. In such an examination, l-mers, 2-mers,
3-mers, etc,, were seen, From the dynamic point of view, the 2-mers
were static representations of binary collisions, the 3-mers of
ternary collisions, and so on. This picture is the one presented
by the kinetic-molecular theory and is true of a gas. Extrapolating
this view to condensed phases led to the difficulties discussed in
the previous section.

One must, therefore, look for an acceptable plcture of
liquids and solids within the framework of assoclation theory.

Part of this problem has been considered (28, 29) in connection

with a discussion of close-packing in j-mers of large size, and
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the suggestion has been made (28) that the essential difference
between liquids and solids is one of symmetry. From this work it
appears that higher j-mers packed in 3=, 4=, or 6-symmetry give
rise to particles of regular form which are recognizable as
prototypes of crystals, whereas higher j-mers packed in 5-symmetry
form particles of irregular shape full of voids, corresponding to
our current views of the structure of liquids, as mentioned
briefly earlier in Section I.

This symmetry difference leads to an explanation of the
mechanism of nucleation (28, 36). It seems, then, that we must
consider a 1liquid to consist of an array of such 5-symmetric
j-mers, separated by defects, all in equilibrium due to l-mers
breaking off one j-mer, crossing the defect volume, and joining
another j-mer. The number of such l-mers in the liquid is small,
the bulk consisting of the larger j-mers. The equilibrium mechanism
postulated is very similar to the mechanism proposed by Brown and
Ginell (36) for the growth of crystals after heterogeneous
nucleation,

If one views the liquid as a crowded aggregation of
molecules, it is obvious that the vast majority of molecules, or
unimers, exist as members of large S5-symmetric eggregates in
equilibrium with each other. This equilibriul may be represented
es an exchange of l-mers, either "free":

L 2 X3+t X

X + xs ® xs+1

(133)
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or '"bound":
X + X ® Kpua + Xgae (134)

The question of whether 2-mers cen exist in the liquid will
depend upon the abundance of l-mers; if N is small then the
probability of two l-mers colliding with each other before either
encounters a large j=-mer is vanishingly small, The number of 3-mers
is still smaller, and this leaves us with a substantial gap in
cluster size between the l-mer and the smallest large j-mer which
exists in the liquid, which we call the a-mer.

This picture is substantially like that presented in Byringis
significant structures theory (37). That treatment represents the
liquid as an equilibrium mixture of "gas-like" unbonded molecules
(equivalent to l-mers) and "solid-like" molecules bound in large
aggregates (equivalent to large j-mers.) A partition function is
then set up as a weighted combination of gas and solid partition
functions, the weighting being done according to the excess volume,
v - vg, of the liquid. (vg is the volume of the solid at the
melting point.) In this treatment, the fraction of the molemules
which are unbound (gas-like, l-mers) is:

fraction unbound = (v -~ vg)/v (135)
and the fraction of bound molecules (solid-like, members of
large j-mers) is:

fraction bound = vg/v. (136)

By this picture, about one molecule in every eight 1s unbound
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at the melting point, the fractlon increasing with the temperature.
This seemed unreasonably large in light of the discussion in the
preceding paragraph, so alternative approaches were sought.
Another difference between the theories is that association
theory specifies the 5~-gymmetric nature of the large j-mers, while
Eyring considers the molecules so situated to have the properties
of the solid (extrapolated to the appropriate temperature), and
of necessity that treatment contains some arbitrary parameters
which have the effect of altering the coordinstion number of the
solid-like molecules. In addition, because it ignores symmetry
eonsiderations, Eyring's theory is unable to account for nucle-

ation, as does association theery (36).
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Liquid-Gas Transition

The concept of a discontimious distributdon raises several
questions, namely (a) how and why does such a distributdon arise,
and (b) why is it more applicable to liquids? Qualitatively, we
may understand it in the following way . (38, 39).

Let us imagine thet we have a gas at some elevated tempera-
ture. The j-mers present will be l-mers, 2-mers, 3-mers, and
perhaps some L-mers and 5-mers. Reducing the temperature would now
have the effect of decreasing the energy, velocity, and momentum
of the particles. Since every collision, except a direct-line
collision (Figure 5), results in the transfer of some of the
kinetic energy into rotational energy, there is time for additional
bonds to form. From geometric considerations, the chance of a
direct-line collision is small, hence extra bonds will be formed
(Figure 6). This means that as the higher j~mers form, they tend
t0 be more complex in terms of the number of bonds to each
individual unimer, The situation in the case of the formation of
8 L-mer from a 3-mer and a l-mer is shown in Figure 7. Here the
h-mer ends up with each unimer bonded to three others (Figure 7-d).
We refer to such a situation as three-hole (3-hole) bonding since
the triangular array of the 3-mer forms a hole bounded by three
unimers. The bonds in Figure 7 were formed one at a time; the
breakup of the li-mer may also proceed by sequential breaking of

individual bonds.
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As the temperature is lowered still further, higher j-mers
have time to form. These clusters have L-hole bonds, in which two
bonds are formed simultaneously (Figure 8). The reverse process
therefore demands the simultaneous breskup of two bonds, which is
energetically more diffiicult than breaking bonds sequentially. Such
stable structures, requiring the simultaneous breaking of two or
more bonds, may be called "multiply-bonded" structures. When the
temperature is low enough so that the multiply-bonded strucures
persist, their stability will rapidly drain the gas of simply-
bonded j-mers. As the mltiply-bonded j-mers form, there is an
extra release of energy due to thelr formation which is not used up
in dissociating them because of their unususl stability; instead
it will appear as kinetic energy, compensating for the drop in
temperature. A halt in the temperature drop thus ensues while the
mltiply~bonded j-mers form a new (liquid) phase.

Clearly, if the temperature is too high for the S-mer (the
smallest multiply-bonded j-mer) to Permist, no liquid will form.
As the temperature is lowered, a temperature will be reached where
the 5-mer will persist long enough to drain the vapor of molecules
and form still larger clusters; this will be the critical tempera-
ture, T,. Approaching T, from below, the vapor phase, according to
the model described earlier, will consist of simply-bonded j-mers
(3 = 1 through 4) and the liquid will consist of l-mers and larger,
miltiply-bonded j-mers. When T, is reached, o will be about 5,

producing a distribution which overall is contimuous (j = 1 to L



in the former vapor, 5 and up in the former ligquid) but with the
heavier clusters concentrated at the bottom of the vessel. The
overall contimuous distribution accounts for the disappearance of
the meniscus, but the density gradient will persist due to gravity.
This phenomenon has been observed (4O); the density difference
persists above the critical temperature, though it may be removed

by agitation,
The prediction that the 5-mer is characteristic of the

critical state is reinforced below, in Section III.
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Figure 5 l-mer and 2-mer; straight-line collision.

A) Approach.

B) Collision. During the lifetime of the 3-mer, the
energy of the collision is stored as potential
energy of distortion, although no distortion
1s shown in the figure.

C) Departure. The departing molecule will carry all
the kinetic energy only in the case of collision
precisely along the intermolecular axis, as

shown here,
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(A) (B)

(C) (D)

(E)

Figure 6. Collision between a l-mer and a 2-mer,
Partial transfer of kinetic to rotational energy. If the
energy of impact is slight, a 3-mer may form at step C.
At slightly higher energy, termination would be step D,
a structure in equilibrium with C.

A) Approach.

B) Collision; formetion of first bond.

C) Formation of second bond due to rotation.

D) Degradation; breeking of first bond,

E) Complete degradation; breaking of second bond.
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(A) (8)

& .

O

Figure 7. Bond formation in a 3-hole.

A) Approach, B) First bond forms.

C) Second bond forms. D) Third bond forms.

E) First bond bresks. F) Second bond breaks,

G) Third bond breaks (departure.)
The process may stop at any of several stages to form
a h-mer, The stages gone through and the amount of
energy transferred depend on the impact energy and on
the ceometry of the collision. The most stable lY-mer

(Least energy) is D.




L
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Figure 8, Bond formation in a L-hole.

A) Approach.

B) First bond forms.

C) Second bond forms,

D) Third and fourth bonds form simultaneously.
Degradetion takes place in the reverse order; two
bonds bresk simultaneously in the first step. The
example in the figure is a l-mer and a 5-mer; atom 5
is necessary since the Y-mer would be more stable in

a tetrahedral arrangement, rather than a square planar.
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Mathematical Development

Let us define the o-mer as the next largest cluster size
present in the system after the l-mer, so that:
N2 = N3 = ...N(I-l = Oo
The chemical equations and the corresponding equilibrium constants

are then:
X + Xg ® Xaqp1 Ki,o = Cat1/C1Ca
X+ Za41 = Xayp Ky,a+1 = Ca+2/C1Cas1
" . (137)
X+ Xpe1 = X K1,m-1 = Cm/ C1Cme1
where the m-mer is the dargest species present. Consequently,
Ny = N
I‘l’J = 0 (2<J<o)
(138)
= < <
Ny N f (o3 <m)
Ny =0 (3 >m).

In Table -I are presented the equations and definitions for both
the continuocus (Section I) and discontinuous cases; the continuous
case 18 readily seen to be the case in which a = 1.

The equation of state (Equation 62) will not change, but
the derivatives evaluated for the Talt-Tammann constants were
all taken assuming dKy/dv = O. Since, however, o will vary with

the applied pressure, this assumption must be discarded, since
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K, =0 for j < n, but is finite for j = a; obviously, as o changes,

J
the value of a partichlar Kj will shift sharply as the value of
a passes the fixed value of J in question.

We may hold the Kj constant under one condition, namely
that the derivatives evaluated in Section I be partials at constant
0. The following equations result; note again the use of the
notation d/dv for isothermak derivatives (a/av)T and the partial
notation (3/3v), for isothermal derivatives with a held fixed,
(a/av)a,T.

The equations used in deriving the Tait-Tammann equation are
the same (Equations 37 to 93), as is the condition for the minimum
in Zn, Equation 119. However, the derivation of Zw (Equations 120
and 121) assumed the Kj constant; this can be true only if a is

held fixed, hence:

n/mgv = Cg = :;.: jcy = ? :jKjClj

(305/31)q = /gy = ~Co/v =7 PEie” (3ncy /2v)g

or: Cg/v = o 73303 (139)
vhere ¢ = -(3InCy/v)q (110)
by analogy with & (Equation 109).
Rearranging Equsation 139,
Zw = 1/veo. (141)
This term ¢ cannot be easily integrated, since the integration

must be carried out at constant o, and we do not know the



dependence of a on v, But the problem posed in vhich Zw was less
than Zn may be qualitatively resolved as follows:
From Equation 62, we may obtain a "Tait-Tammann-like"
equation using partials:
-(3v/2p )g = & aua"a.__. (142a)
e

u/(u/3v) (142v)

-RI(3/)q (1k2¢)

(Bu; v)gq

These equations are precisely analogous in form to Equations 38

Letting Jy

and L,

and 89, except that while J and L, by definition, are empirical
constants, the behavior of J§ and Lv with applied pressure is not
known.

The partial derivatives may be evaluated as the total

derivatives were in Section I, giving:

(¢/av)g = -l (113)
and, from Equations 1:2,

Ly/Jy = A = RTqCg/u. (11h)
Inserting Equation 62,

A = PwZn

or, Zn = \/Py. (1k5)

Note the difference between Equation 145 and Equation 113. If, now,
a point (Pe, ve) exists such that at that point Zn = Zw, then from

Equations 14l and 1k5,
Pe/ve = A (146)
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This is not the same point as P, , v, , unless A = L/J, which

it need not. Indeed, it is conceivable that a point given by

Bquation 146 may not exist at aXl, depending on the behavior of A,
The relevont equations for the continuous and discontinoaus

cases are summarized in Table II. It can be seen that the defini-

tions of Zn and 7w have changed due to the aprearance ot a new

variable, A, vhich will prevent Zw from falling below Zn. It has

go far proved irmossible to evaluate A unambiguously. Progress

has been made in evaluating o for liquids in equilibrium with thedr

vepors, and some interesting results have been obtained. This

discussion follows irmediately, in Section ITI,



TABLE T

Association Equations for

Continuous and Discontinuous Cases

Cp = O
Cy = Cy (2<3<m
Cj = 0 (j>m)

Equilibrium constants (single index)

Kl=l

Kj CJ,/Clj (l <J= m)

J=1

Cb = G
¢; = 0 (2<3<n)
Cy = Cy (e <3 <m)
¢y =0 (3 > m)
r. ----------------
K ,5 = C341/C1C;
(3 = o
Kl = 1
Ky = 0O (2<3<a)
Ky =C3/C1) (ns 3 <m)
3-1
= Ka TrKi,x
X=0

Considering the definitions of the Kﬁ's and Cj's above,

the continuous definition can be used in either case.
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TABLE II
Comparison of Equations for Degrees of Association,
Zn and Zw,

for the Continuous and Discontinuous Cases

Continuous Case Discontinuous Case

$ = -dInC,y/av 9= -(21nCy/3v) 4

= (Eng/RT) (1/3) (v/m)e"/? = (Emo/RT) (1) (v/m)e"/ 7

Zn = L/JPE Zn = \/Pop

= (RT/mgEP) (/v)e™T = (Rr/ngER) (n/v)e™"/”
................. | e e e e e e e

Zw = 1/v§ Zw = 1/wvop

= (RY/mgE) (w@)e ™/ T(3/my | = (RT/mgE) (m/v@)e /I (/)
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Cluster Sizes in the Saturated Liquid
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Assumptions

For the sake of simplicity in calculation and of obtaining
useful results, approximations must be made, to be justified by
their reasonableness and by the results deduced therefrom. The
first assumption made here is that the range of cluster sizes
from a to m is small, and that a may therefore be redefined as an
average quantity intermediate in value between the smallest and
largest cluster sizes (excluding the l-mer) and close in magnitude
to both. This changes none of the foregoing discussion, but
simplifies the calculations in this section while still preserving
the basic concepts of the theory.

Accordingly, we may write the usual parameters as follows:

N =N + N
(247)
Ng = Ny + afg
From the two equations above it follows immediately that
- N
Ne = N1 (148)

- *FTF-M
There are two unknowns on the right of Equation 148, N and Ny,
and to solve the equation we must make further assumptions.

Let us therefore assume that only the l-mers contribute to
the vapor pressure in the two-phase system along the saturation
line. This is consistent with the model proposed in Section II,
in which the 1liquid is presumed to consist of l-mers and very

large a-mers, and since the a-mers are much larger than any
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clusters in the vapor phase, they are non-volatile, and the l-mers
will be the only species that can escape, While the essence of
this assumption is not true at the critical point, the liquid-
vapor equilibrium below that point may be assumed to obey this
model; even at Tc this argument may still be valid, inasmuch as
association theory treats cluster equilibria as an exchange of
l-mers. The liquid-solid nucleation problem has been successfully
quantitatively considered this way (36); it makes sense to extend
the idea to other phase equilibria as well. The excellent results
at the critical point obtained in this work would seem to bear
this out.

From kinetic theory we know (41) thaet the number of
molecules veporizing from unit surface per unit time is propor-
tional to the product of their vibration frequency and the
probability that one possesses sufficient energy to break away
from its neighbors; a molecule meeting that energy criterion
clearly qualifies as a l-mer., Thus we can say that the number of
molecules enfering the vapor phase is proportional to the number
of l-mers in the liquid, and the pressure exerted by the vapor is
proportional to the number of molecules in that phase. Association
of vapor-phagse molecules at the higher temperatures and vapor
pressures will muddle this simple picture, and it is probably this
tendency more than any other which will counteract the growing
volatility of the a-mer in the critical region, suggested in the

previous paragreph.



Keeping these ideas in their simplest form, then, yields:
N = kPP
or, 1lnN; = 1ink + 1nf (149)
where k is an unknown constant and F° is the vapor pressure.
The vapor pressure can conveniently be expressed as s function of
temperature by the well-known empirical equation (42):
Inf® = A - B/T. (150)
The accuracy of this simple equation may be improved by adding
additional parameters. For example, the Antoine equation (43),
Inf® =a - b/(T + c) (151)
has been proposed, and represents an improvement, especially for
polar liquids. An example of the extremes to which one can go
in improving the accuracy of vapor-pressure equations is the one

for water by Osborne and Meyers (4k):

5/4
logoF° = A + % + -gi(lom‘a-l) + ge107Y (152)

in which P 1is in atmospheres, and

x=T - K C = 1.3869 x 10-4
K # 293,700 D = 1,1965 x 10-11
y = 647,27 - T E = -0,004b

A = 5,426651L F = -0,0057148

B = -2005.1

Equation 152 is said to be good to one part in 2000 for all
temperetures,

For theoretical purposes, however, the simplest equation
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(Equation 150) is sufficient, even preferable for the utility it
offers. Even a complex liquid such as water exhibits only a 7.8%
standard deviation in the vapor pressure from Equation 150, which
for this work is acceptable. (See under "Calculations!

If, then, we substitute Equation 150 into Equation 149, we
get:

1nN; = constant - B/T. (153)
To evaluate this constant, we note that as T goes to infinity,
the extrapelated "vapor pressure" stays finite. We may imagine
this to be an infinitely expanded system of two phases, the
liquid phase being vanishingly small, and the likelihood of
intermolecular collision in the vapor phase being likewise
negligible. In that case the entire system can be considered to
consist only of l-mers and therefore:
constant = lnN. (154)

The usuel interpretation of B is that it is equal to
AH/R, where AH is the heat of vaporization. This assumption
(the Clausius-Clapeyron equation) is not correct, since, as is
well known, AH drops off at high temperatures, reaching zero at
the critical point. From the point of view of associstion theory,
however, AH is the difference between the net heat of the pro-
cesses in the liquid represented by

X471 = X +Xg  Heat = (155)
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and the net heat o the processes in the vapor,

X+ X5 =Xy,  Heat = ¢ (136)
so that

AH = € =e' (157)

As the liquid and vapor cluster sizes become more alike towards
the critical point, AH will fall to zero, as observed., The term
e corresponds to the formation of the l-mer in the liquid phase;
since small clusters have been ruled out in that phase by this

theory, processes analogous to Equation 156 are not involved, so

that a better representation of B is as e¢/R. At low vapor pressures,

of course, there is virtuelly no cluster formation in the vapor
phase, and AH at those temperatures is about equal to s.
Values of ¢ for liguids considered in this study are

shown in Table III.
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TABLE III

Calculated Values of ¢ (Calories per Mole)

Argon 1590
Nitrogen 1400
Oxyegen 1720

Water 9720
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Calculations

Calculations were carried out on data readily avallable
on oxygen (45), nitrogen (45), argon (L45), and water (L6).
Calculation of N from the equation of state, P(v - ®) = NRT,
requires an estimate of the excluded volume, B, If we assume the
void space of the solid to be negligible in comparison to the
total volume, vg, then the excluded volume may be approximated by

B = v, (158)
where vg is the volume of the solid at the melting point. This
is the same approximation Eyring makes (37); however, expansion
of the "solid-like" lattice into the liquid region is not necessary
gince, as a first approximation, any expansion represents a
contribution to the free volume, v - B, and not to B itself.

In the case of ice, the void spaces are certainly not
negligible, as evidenced by its contraction on melting. To obviate
this problem, B for water was taken to be 11% below the volume of
the liquid at freezing. This is the relative volume change
characteristic of simple liquids like argon, nitrogen, etc., and
it seems logical to suppose that the covolume of water is similarly
smaller than the liquid volume. The large voids in ice are, of
course, due to the geometric requirements of forming four hydrogen
bonds around each water molecule, giving ice its unusual tetra-

hedral arrangement (coordination nmumber = 4) as opposed to more
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conventional solids with coordination numbers of 6 or more.

P -v-T data were taken every five degrees from the triple
point to the critical point (every ten degrees for water); the
constant B in Equation 150 was evaluated by linear least-squares
treatment of InP® vs. 1/T. The relative standard deviation, o,
of the observed vepor pressures from the calculated ones was

computed as:

o =/%2[ P ;Ulp (calc.ljr (159)

where n is the nunber of data points in the calculation. The
data are shown in Table IV, and the values of o calculated are

nlotted in Figure 9.
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CALTZULATION

AXYSFN RONER NDATA NRS 15]

RETH TAKFN AS

T KFLVIN

54,218
6.0
AS, NN
7TH, 00
75.N0
3%, 0N
a§,nn
91,00
935,70
1A, NN
1N5,ND
11'\.(\0
115.0N
123,00
125,00
137,00
135,07
143,00
145,00
157,0N
154,77

TARLE TV, ©

AGE 7

NF MILAR PAPAMFTERS FNR SATYRATED LINJINS,

VAP PRESSIIPFE

1,15900F =02
f,.'f?'\nm:-n')
AG22900NF=01
TeH14)0F=NY
Ne14300F N9
N,a297H0F 0N
N.56100F DN
N.98191°¢ 0)
T.151106 N1
V1.25090F Ny
1,3738NF 0]
N,5363NE N1
N, 74540 01
N, 1NNR2E (2
N",13321€ 02
A,17249F 0O°
N,21947F 0?
N,2T501F 2
D.34018F 02
D.41638€ N2
N,SN14NF N

?21.5663"

JAN 195617,

r,ALr:o VO D’

N,15Q37F=7
1, 75683F=N2
N,22935F~-"1
Ne5A323F=-N1
N, 13%13F 01
N,27790F NN
D.52486F 0N
0,923A7F NN
V7.15316F 01
N.246145F N1
N.3K44LTF O]
Ne52Q97F N1
N,74593F N1
M 1N2N4E N2
Ng13613F M2
Na17763F A2
N,22T2AF N2
Nn,28563F N2
N,3538%F N2
0,43125F 02
N,5151NF N2

STANDARD PFRRCENT DEVIATIIN IN P =

P IN ATM, V IN CC/MOLE.

DCT. DEV.

12.8¢9
“.116
Nl &4
-3,283
~5.469
-6 41
-F o bh?
-5 .844
—Q.Q?R
-3.7‘3Q
=2.496
-1.181
7,771
1.211
2.,9“
2.992
3.551
3.881
3,916
3,571
2.733

44,75 PEPCENT,

VILUME

24.%8900
24,35599
25.43500
25.,31599
?26,40199
26.90990
27.45000
28,3099
?8,55900
29.,34299
3n0,79299
31,92099
31. 34499
32,882R99
34,179099
35,57299
37.21799
39,40199
42,41399
47,31400
75. 70090




SHARAYT INF

T KFELVIM

54425
AV, 00
65,09
TN, 0N
75,00
7.0
RE, NN
93,Mnn
qe ., NN
AR AN
1785,nD
117,07
115,07
120,00
125,010
139,09
135,MN
140,0¢
145,00
151, 0N
154,77

FOSTLON =

2617,

CALC.,

N (MOLES)

NeQ4AKARE N4
Ne&B127E-08
Ne16136F=-04
Ne4529076~04
Na?2354RF-03
N,46377c-02
NeB42R1E-03
Ne14405F~02
N"e23397¢-0n2
Ne36440E=-07
N.54R8NTE=N?
N,’N136F-02
Ne11452F =01
Nel6NA2E-N]
)422298F =01
V.30TNHE-C]
N.,42311F-01
7.59113E-01
N,A6458F-01
N,20Q81F 07

TF MOLAR

TABLF 1V,

N1 (MILFS)

N,12304KF=NA
N S5C12F=-05
Ne166TIE=NS
Ng&4312NF-nN5H
N, QR2857F-N5%
Ne27200F=-04
Ne38150F-N4
N.6T7138F=-N4
Nel11133E-N3
N,17E5NF-N3
0 e2K492FE-N3
N,38622F-013
NeS4219F-N72
N.7417IF=-N3
N,939K51F~-N3
7.,12912F-02
Ne165135-n2
Ne2NT765E=02
Ne25605F=-02
N,.31346E£-02
N,a37441F-N2

171R,33 CAL/MNLF

IXYGEN ROANER NATA NRS 361 JAN 1363,

p

PAGE 3

N ALPHA

Ye32392F-N6

N 42626F-N5

Ne164469F=04
N, 4N9R5F =04
N,99888F~(4
N.21628E-)3
Ne42562F-03
N TT55T7F-03
1. 132Q2F-02
D, 21642F=02
D.33791F-02
N.5%9564F - 02
Ve T4T14E=02
Ne10711F=-n1
N,15092€-01
Ne?10N6F=(1
0,29252F- N1
N 60234F=01
(1.5556436=-11
n.833723E-01
D.206075 O

IN ATM,

vV IN

PARAMETERS FRNM VAPNR PRESSURES.

ALPHA

N.12137F
Ne23650F
N.69114F
N,24399¢
" 17311F
N, 46?235F
N.23494F
N.12391F
N, 752265F
N,46198E
Y.?79586F
N.19618F
7.13377F
Ce93296F
N.656194E
Ne&4T543F
N.34363F
N.24873E
7.17640E
N, 119564F
Ne48346F

CC/MILE.,

07
s
ns
N5
5
AL
e
neg
N3
n3
03
n3
03
02
02
n?2
02
02
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Figure 9. Saturated liquids, a vs. T*, where:

™ = (T - Ty ) /(T - Tgp)e
T% is thus a reduced temperature such that T™* = 0 at
the triple point, and ™ = 1 at the eritical point

for a1l liquids.




Discussion

The number of l-mers in all cases is low compared to the
treatments of Eyring and (for water) of Nemethy and Scheraga (47).
Substitution of their values into Equation 62 gives negative
values for B, an unreasonable result from our point of view.
However, the numbers may be reconciled in the following way: the
numbers these auvthors get are characteristic of short-lived
"flickering" clusters (48) of lifetime less than 10711 sec., These
are the l-mers participating in exchanges like those represented
by Equation 134, and one would expect large numbers of these. In
this type of process, though, the l-mers are never really free to
leave the liquid, ii indeed they are ever free at all, Their short
lifetimes are sufficient to account for relaxation phenomena, as
Nemethy and Scheragae point out, but from the point of view of this
theory only those l-mers generated by processes such as that
represented in Tquation 133 could properly be said to exist free
long enough to leave the liquid phase.

Hence the other models, in which as many as one molecule in
three (47) is unbonded to any other, are in effect smapshots taken
during diffusion over at most one molecular diameter, a picture

Eisenberg and Kauzmenn (49) call a "vibrationally-averaged"”

structure. These authors go on to state: "Thermodynamic properties

measured by the usual methods are characteristic of the [diffusionally-
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averaged] structure of the liquid" with lifetime long compared to
the former. In effect, this picture is more blurred than the other,
Consequently, since we are looking at only those l-mers which are
free for a comparatively long time, there will be fewer of them, and
by the same reasoning the molecules will, on the average, be
clustered in much larpger asggregates than those calculated by these
other workers.

The much larger values of o for water vis-a-vis argon and
nitrogen are exvected because of the gtrong intermolecular forces
in water. These values give quantitative meaning to often-heard
statements like "water is a highly associated substance." Oxygen,
too, presents an interesting case; at the triple point its cluster
size is of the same order of magnitude as that for water, and some
100 times that for argon and nitrogen, although both of the latter
are non-polar, like oxygen, and nitrogen is a homonuclear diatomic
as well, The cluster size of liquid oxygen drops off more rapidly
than does water's as the temperature is raised, until at about 9/10
of the way from the trliple point to the critical point it exhibits
subgtantially identical behavior with argon and nitrogen. (See
Figure 9.)

What is undoubtedly at work here is an intermolecular w-bond
between the singly occupied antibonding orbitals of adjacent oxygen
molecules. This iz similar to the "back-bonding" in complex ions in
which the two electrons of a filled metal d-orbital enter an empty
m orbital of the ligand, providing additional stability to the

aggregate; here the molecules contribute one electron apiece. The
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orbitals are said to be antibonding because they exhibit a nodal
plane midway along the interatomic axls; Figure 10 demonstrates that
there is no such nolle between two adjacent molecules, and hence
overlap may occur. Such & bond will be weak, as there can be no
intermolecular o-bond. Hence it comes as no surprise that it is
easily overcome st higher temperatures where oxygen reverts to
exhibiting corresponding-states behavior with simpler substances
like argon and nitrogen.

The values of a at the critical point are especially note-
worthy. Keeping in mind the caveats mentioned at the beginning of
this section, we find that a for all three non-podsr liquids is
approximately 5 at the criticel point. The 5-mer is the smallest
miltiply-bonded structure predicted by association theory, and in
Section II of this work it was predicted that this cluster size
should be characteristic of the critical state.

This sort of corresponding-states behavior has been obgerved
also in the critical ratio RTc/Pcvc' (See Table V.) Water is
anomalous here as it is in its value of Coo While the anomaly in a
may well be due to the many approximations made in calculation, the
consistency of the a values at Tc for the other liquids, along with
the dates in Table V, hint that it may indeed be real. In any case,
the results for water should not be put forth with the same force as
those for the other three substances. There are too many complicating
factors in that molecule to be adequately covered by a treatment

which made its predictions on the basis of the geometries of



clusters of spherical moleculas. These results do demonstrate that
reasonable (if not correct) values for water can be obtained even
treating it as a simple substance. They indicste that refinements
which take into account the detailed structure of the molecule
should be expected to improve them greatly.

There is no easy way at present to check the values of a or
to calculate any thermodynamic functions from them. This check will
undoubtedly involve a marriage of association theory with statistical
mecﬁanics, creating a partition function based on that work and
comparing the calculated thermodynamic properties with the observed
ones. Such a project is unfortunately beyond the scope of the

present work.
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TABLE V

Values of the Critical Ratio RT./P.v,

Calculated from Experimental Data

Argon 3.434  (a)
3.435 (b)
Nitrogen 3.522  (a)
3.467 (b)
Oxygen 3.2 (a)
3.377 (b)
Water 4.325 (a)
4367 (c)

(a) lMoelwyn-Hughes, Ref. L1, page 536
(b) Roder et al., Ref. 45

(¢) Dorsey, Ref. 46
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The Atomic Radii of the Alkali Metals
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One of the more striking successes of agsociation theory was
the calculation from compressibility data of the atomic radii of
the alkali metals by Ginell and Quigley (32). The calculation, how-
ever, was based on the assumption that at the minimum in Zn, Zn was
equal to Zw and that both were equal to unity. (See Equations 119,
122, and 125.) The difficulties in this idea were discussed in Sec-
tion I and resolved in Section II of this work, but the question
remains: why are such good results obtained?

To understand this situation, rearrange Equation 93 to read:

E = (%E)(g) exp(-v/J). (160)

P Zn

Assuming E can be found, one can obtain B at any ppessure (at the
smme temperature) from Equation 90:

® = v(1 - EeV/J). (161)
The radii of the alkali metals were calculated from the known
geometry of their crystals (body-centered cubic) and the compress-
ibility data of Bridgman (50), giving:

r = 3 Bmg (162)

33om

where N, is Avogadro's number.
Clearly, then, the value of r obtained depends on the esti-
mate of B, and the success of the earlier work l#es in the fact that

the void space, v-B, of the solid is comparatively small, so that
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when widely differing values are calculated for the void space, B is
still close to v, and the sensitivity of Equation 162 is reduced.

Let us examine the behavior of these numbers in the case of
sodium, for example. Setting Zn = 1 at P, ;, in Equation 160, Ginell
and Quigley calculated a value of 0.368 cm® for B per gram of sodium
at 1 atm. The specific volume of sodium at that pressure and at room
temperature is 1.030 cnf /gm, giving a free volume of 0,162 cr®/gm.
Substituting B into Equation 162 gives the result,

r = 1,75 L. (163)
This compares extremely favorably with the x-ray work of Slater (51),
Bragg (52), and Aruja and Perlitz (53), which are presented in Table
VI.

In attempting to find alternative assumptdons for the calcu-
lation of E, the following idea was tried on a purely intuitive
basis.

Let the crystal of mass m at the lowest pressures be regarded
as a single crystal, hehce a single cluster of the Ng atoms in the
sample, That is, there are presumed to be no l-mers, and

o® = 2zn° = Zw’ = Ny = Nom/m, (16k)
at the vapor pressure P°, the lowest pressure at which the crystal
is stable.

Application of higher pressure would presumably deform the

lattice, producing l-mers, raising N, and lowering a, Zn, and Zw.
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Then in the single crystal, Equation 160 becomes

Taking the vapor pressure at room temperature from Millar (5k4),
W = Eexp(v°/J) = 1.20 x 10~° (166)

so that we may set

B°

From Equation 162, then,

v = 1,030 cr®/gm. (167)

r 1.85 &, (168)

This value is included in Table VI for easy comparison. We
may conclude that the extreme insensitivity of this calculation
mhkes it useless for deciding the correctness of a model, since the
vold space of a solid is so small compared to the total volume, As
can be seen from the table, the two calculations of the void space
differ by a factor of 10®, yet the resulting calculations of the
atomic radius each differ by 2.8% from Slater's value. This accounts
for the good results obtained by Ginell and Quigley using assump-

tions now known to be logically incorrect.
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TABLE VI
Calculated Crystal Data and Atomic Radili for Sodium

1,030 cm®/gram.)

(Room Temperature, 1 Atm. Volume

B (cw®/gm) v - B (cw?/gm) r (R)

Ginell & Quigley (32) 0.868 0.162 1.75
This work 1.030 1.2h x 10™® 1.85
Slater (51) (0.941) (0.089) 1.80
Bragg (52) (0.895) (0.135) 1.77
Aruja & Perlitz (53) (1.021) (0.009) 1.85

The values in parentheses are back~calculated using Equation

162, and are presented for complete comparison.



APPENDIX I

CALCULATION OF TAIT-TAMMANN CONSTANTS



The constants J and L of the Tait-Tammann equation were
evaluated in the following way. The equation itself may be inverted
to give:

-dP/dv = L/J + P/J. (169)
Thus a plot of ~dP/dv vs. P will give a straight line with slope
1/J and intercept L/J (55). The derivative may be obtained from P-v
data by the Lagrangian method (56, 57) for equal intervals of the

independent variable:

n
(av/ap) T A v /AP (170)
VN I

kth point ~ 3

where &P is the interval between any two points, n is 6 (usually),

and the coefficients Akj are given by:

_(-1)EY k! (n-k)!
bes = "'("")“')(F'T'J. B=3) T(k=3) " (171e)

where k # j. If k = j, the relation becomes

n-k
Ay = ;=i;£l/i) (2x < n-1)
(x71v)
k
or Ay = i:n§k+§l/1) (n-1 < 2%)

These coefficients arise from the differentiation of the
Lagrangian interpolation formula, which is used explicitly if the

data are unequally spaced. The formula is (57):

n n B
w o= LAy (172)

J=1 i=1
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in which n is usually taken as 7, and P) 1is the observed pressure
closest to the desired Pye It is possible to take the derivative st
unequally speaced points, but in that case the Akj would have to be
calculated individually for each data set. From the point of view of
computer programming, it is clearly simpler to use the Akj calculated
from Equations 171 and tabulate them (See reference 56) and inter-
polate if necessary.

However, this method has certain disadvantages, principally
(a) the use of interpoleted points in the original data, and (b) the
exaggeration of smgll errors in the P-v data into larger fluctuvations
in the derivative. Hence it was decided to use the J and L determined
in this way as initial approximations in a least-squares iteration
procedure which uses only the experimental points and does not depend
on interpolated points or derivetives beyond this first step; in fact,
the computer program has been written (Appendix II) to allow the
investigator to supply his own initial approximations.

To carry out this procedure, one first integrates the Tait-

Tammann equation:

dy = =P
P+1L

v = J1ln P_Ef (1733-)

and H = (P + L)exp(v/J) (173b)

where H is the constant of integration. To get a suitable initial
approximation for H, use the initial J and L to calculate a term

like Equation 173b for each experimental point and average the
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H-values thus obtalned.

In a least-squares procedure, the object is to minimize a
function S (ideally zero) with respect to the adjustable parameters.
" S is the sum of the squares of the function

Fo(P, v, J, L, H) = 0. (174)
Since F, does not, in general, equal zero, we must minimize
S = T FA2. (175)

From Equation 173b, we see
F, = (P + L)exp(v/J) - H. (176)

The iteration is carried out according to the method outlined
by Deming (58):

1. Calculate values of F, @t each pressure, using the most
recent approximations of J, L, and H.

2, Calculate values for the derivatives of Fo with respect to
each parameter J, L, H, and v. (P is assumed relatively error-free.)
Note that for the parameter x (where x is J, L, H, or v) we define
our notation such that:

F, = dFo/dx. (177)
The differentiation is done algebraically, from Equation 176, not
numerically.

¥. Divide Ty, Fy, and Fy by F, at each experimental point.

4, Sum the squares and cross-products, so:

Fi = D(Fy/Fy)?

and Fyy = Z(F,Fy/F ).

(178)




-89_

These lead to the normal equations:

- -
[ Py Frg] [0 [For
Frg Fou Py LAHJ Fon J

Equations 179 are three equations in three unknowns, AJ, AL, and AH.
They may be solved by determinants or shortcuts; the latter method
was chosen, using the Gauss-Doolittle (or Gauss-Jordan) method (59)
which, in matrix notation, is the following:

Premultiply both sides of Equation 179 by a matrix M, such

that the 3 x 3 matrix resulting on the left-hand side is triangular:

1 ul U.2 AL. U.)_'_
0 1 ug Ix |AT] =] v (180)
0O 0 1 AHJ ug

where the uy's are complicated functions, yielding the results:

.LJH_LJH'F_U-%E.LIHEQJ‘F_DLLLL” Fryfor,
A = Fou- Il - Fryf/F 7
H = Foy = F Fis
g - - ; - F
JJ TLL LL
AT = Fog - FLJEQL/FLL - AH(FJH - FLJFLH/FLL) (181)
Fzg - Frof/Fri
AL = (Top - Fp AT - FrphH)/Frz.

While the derivation is formidable, only the results (Equations 181)
need be programmed into the computer, at a considerable saving in
time. The new estimate of the Tait-Tammann constant is obtained by

subtracting the residual calculated by Equations 181 from the
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vrevious estimate. The entire process is repeated (step 1 above) with
the new estimates until the successive values of J, L, and H are
within the desired relative tolerances (1071°), More than one
iteration is needed since the basic assumption of this least-squares
technique is based on a Taylor expansion and neglects terms beyond
the square. Where these higher-order terms are small, the iterations
converge quickly, otherwise many are needed., With data deviating
widely from the Tait-Tammann equation, the iterations may not con-
verge at all,

As an aid in speeding up the iterations, a "rapid convergence"
technique (60) was used, viz:

For a converging sequence of numbers, a;, the kth term ay may

be "improved" to the value g * via the equation:

a* =g - (8 -8 1)2/(ag o + 8 - 2a,1). (182)

This has the effect of projecting ahead several iterations, but does
so for J, L, and H separately, without regard for their mutual
interrelationship or for the requirement that S in Equation 175 be
a minimum. Hence the process used in the computer program is to
conduct eight least-squares iterations followed by the rapid-con-
vergence treatment and then repeating the whole procedure until
convergence is reached. If the iterations diverge after a long
enough time the process is abandoned and only the initial approx-
imations of J, L, and H are retained.

The progrem for these calculations and some samples of output

are found in Appendix II.
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COMPUTER PROGRAM (#500)
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Flowchart for Program 500 - Input and Calculations of

Initial Approximations of J, L, and H.

START

Read and
CadiE
Print Input

Change to
P-v

Initial
Approx.?

Read
Initial
Approx.

Calculate

Initial
Approx.

Prepare for
Tterations ‘D page 93

Interpolation
Subroutine

Derivative
Subroutine

Least-Squares
Slope and
Intercept



Tteration Procedure

Calculate

Functtons .
.. and

Residuals

Yes

Rapid
Convergence |
Routine

8 Tterat'ng
9

Yes

Ready
for Rapid
Conv.?

Yes




Convergence

Set KONV = 1
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Calculations

v pege 93

Call GVAR

Calculate

Theoretical
Quantities
c

Find Ppyn

page 93

No Converg'ce}
Set KONV = 2
and use init,
J, L, and H

!

Recalculate
FXY, etc. for
original J,
L, and H

Print

Sheet

Subroutine Calculates
Variances of J, L, & H.

v page 92
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PRNRAMME 500.8 BY ASK, REVISED JULY 1970,

* %
% %
* X

2 %

*x
* %
* X

* %

CARD 3

LFAD CARD BEFORE ALL DATA = DATE. (CIOLUMN 1 BLANK,)
CARD 1
CARD 2

TITLE AND NTHER INFORMATIUN., (CIOL. 1 BLANK,)

TIONS ARE SUBMITTED, = 2 IF THEY ARE,
My Dy TJUKy KIy PI(1)s HH, & PN,

FORMAT IS [3,F12,212,3F12,

M = NUMBER OF DATA POINTS.

N = DENSITY IN GM/CC.

TJK 1 FOR COMPRESSION DATA (VO-V)I/VO.
FOR RELATIVE VOLUME DATA, V/VD,
FIR PLAIN OLD VOLUME VS. PRESSJRFE,
FOR DENSITY DATA,

FOR COMPRESSIBILITY Z = PV/RT.
DR PV VS. P DATA,

[PYERS |

oMo

(SRS ) A

KI = ORDER OF INTERPOLATION = 3, 5, OR (USUALLY) 7.

PI(1) = LOWEST OF INTERPOLATED PRESSURES.

HH = INTERPOLATION INTERVAL.

PN = HIGHEST 0OF INTERPOLATED PRESSURES.,

THESE LAST THREE SHOULD CORRESPOND AS CLISELY AS
POSSIARLE WITH THE EXPERIMENTAL RANGE AND INTERVAL.

CARDS 4FF = PRESSJRE AND DEPENDENT VARIARLE, FIRMAT 2F12.

NECK ONLY IF INDEX = 2.

ITEFRATION METHOD DUE TN DEMING, CHAPTERS 6 & 9.
RAPID-CONVERGENCFEF PRICEDURE FROM ZAGUSKIN, PAGE 133,

INDEX (FORMAT T4). INDEX = 1 IF NO INITIAL APPRUXIMA-

CARD 5 = NAME NF ABOVE DEPENDENT VARIABRLE, IN FIRST 16 COLUMNS.

CARD 6 = R (GAS COINSTANT) AND T (KELVIN). CARD 6 BELONGS IN
DECK ONLY IF IJK = 5.

CARD 7 = Jy Ly & 4 AS INITIAL APPROXIMATIONS. CARD 7 BELONGS IN

kR kR ko Rk kg ko ko Rk kR kkkkk kR kR K

% 3 W o e 3 3 o3 3t R 3 3¢ 4 b 4 3 W

EXPLANATION 0OF SUNDRY VARIABLES IN PRNOGRAMME

NOUT = NUMBER OF INTERPOLATED POINTS.

PEX EXPERIMENTAL PRESSURE,

VE X EXPERIMENTAL DEPENDENT VARIABLE. CONVERTED TO
VOLUME IF NECESSARY,

PI = INTERPOLATED PRESSURES.

v INTERPCLATEND VOLUMES (FARLY PART JF PROGRAM),

VOLUMES CALCULATED FROM TAIT CONSTANTS (LATTER PART

NF PROGRAM,)

OVNDP, NPOV = DERIVATIVES OV/DP & DP/DV, RESPECTIVELY.

SLOPE = SLOPE OF LINE DP/DV VS. P.

AIN = INTERCEPT OF THAT LINE.

SIGMA = STANDARD DEVIATION.

VAR = VARIANCE,

HVAL = INDIVIDUAL H-VALUE CALCULATED AT EACH PRESSURE.
THEY ARE AVERAGED TO GET INITIAL APPRIOXIMATION FOR

He
FXY = SUM(FX®FY/FV%%2) SEE DEMING.
FO = ABS(P+L)*EXP(V/J) - H. DITTO.
FX = D(FD)/DX., DITTO.

e e me a m M s e M m M e M M M M M
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* RESX = RESTNUAL OF X (DELTA X) = 0OLDX - NEW X.

* VARX = VARIANCE OF X. CALCULATED BY SUBROUTINE GVAR.

* SIGX = STANDARD ERROR OF X = SQRT(VARX),

* KONV = 1 [F ITERATIONS CONVERGE, =2 IF NOT,

* C = J/VO WITH P) TAKEN AS LOAFST EXPERIMENTAL PRESSURE.
* PMIN = PRESSURE WHERE IN (Q. V.) IS A MINIMUM AND WHERE
* P/V = L/ J.

* VMIN = VOLUME AT PMIN,

* IN = NUMBER-AVERAGE DEGREE 0OF ASSOCIATION,

*® INA = IN*FC&MO/MER%T,

* E IS AN UNDETERMINED CONSTANT,

* M IS THE MASS NF THE SAMPLE, AND

* MO IS THE MOLECULAR WFEIGHT (OF THE UNIMER.

*«

Aok K ok ko ok ok de ek ek ek ok dkkok ok ek ok ko e ko k ok k k ok kk Rk ok Rk kk kkkkokkkkk g

DNUBLE PRECISION DyPI(S50) yHH PNGyPEX(50) 4VEX(50)4RyTy RToJeloHyVIL

]
»
]
]
]
"
"
1
4
1
4
1
4
1
1

10),DVOP(50),DPDVI(5D )y DCALC(53),DEVI5D),SLIPE,AIN,SISMA, SUMyHVAL{5(
2)sFMyVARy ILNJyOLDL ¢ OLOH o FLL s FLU 9 FLHy FJJ 9y FUHyFHH,FOL y FOJy FOHy ZONK |
IV FOWFJWFLIFINKyD4yN34D2¢E34F4yRESHIRESL yRESJyXJ9pXL o XHy GNUH(8) ,GNL
4L(8)yGNUJ(3) ,VARL ¢y VAR J,VARH,SIGLSTGJySIGH,RAPIDJ»RAPIDLRAPIDH,C;
SINA{SN) yPMIN(S0) yPMORYX19X2 ¢ZNL yZN24PXIL1),VP{50)yPP(5D)4AJL(50) )
5MIN

101
1
102
1
193
104
105
106
113
11)
111
112
114
116
113
122
611
1002
1050
1051
1069
1061
1089
20110
3n99
6005
6999
7531
7501

7502

NIMENSION VARBL{4)
FORMAT (30H

)
FORMAT(ROH

)
FORMAT(L1HL*PROGRAM 520,98 BY ASK. CALCULATIIN OF TAIT PARAMETERS.®
FORMAT(I3yF12.0,21243F12.0)
FORMAT(2F12.0)
FIRMAT(*ODRIGINAL DATA'/)
FORMAT(2(1XD16.9))
FORMAT(*OPRESSURE'3 X*VOLUME' /)
FORMAT( *OPRESSURE*S X* VOLUMESLLXDV/DP*L2X*DP/DV/ )
FORMAT(/*DEXP PRESSURE*4X*EXP VOLUME*TX*H-VALUE*10X*DEVIATION®/)
FORMAT('OAVERAGE H-VALUE = 'D16.9)
FAORMAT (*OPRESSURE*SX*THEOR VOL'8X'EXP VOL*LIX®*ZIN*EMDI/MRT /)
FORMAT(*0 Vv MIN = 'D16.9)
FIRMAT('0 R = ®D]1649¢'y T = "Dl6.9,*' DEG KELVIN')
FORMAT ( *OCONVERGENCE O.K.'/)
FORMAT(*OVARIANCE OF L= 'D16.9,%y STD ERR
FARMAT(14)
FORMAT(3F12.0)
FORMAT(4A4)
FORMAT( *OPRESSURE'8Xy4A4 /)
FORMAT{4(1XD16.9))
FORMAT (*OVARIANCE OF J= *'D16.9,'y STD ERR 'D16.9)
FARMAT(*OVARIANCE OF H= 'D16.9,'y STD ERR = "D16.9)
FORMAT('ONN CONVERGENCE. INITIAL APPROXIMATIONS USED.'/)
FORMAT(*0 P MIN = '"D16.9)
FORMAT(1HL)
FORMAT(1HOLOX®* SUMMARY SHEET,.'/)
FORMAT('0 J = 'D16.9/)

'D16.9)
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7573
7504
7511
7604
8031
R101
R101
31n2
8201
R27?2
8273
A301
9339
9101
9002

999

FORMAT('O L = 'N16.9/)
FORMAT('0 H = 'D16.9/)

FORMAT( 'O CUONVERGENCE CODE (KONV) =t13/)
FORMAT(*OINITIAL APPRIXIMATIONS SUBMITTED ON CARD.'/)

FORMAT(*OC = J/VO = 'D16.9,' WITH PO TAKEN AS *'Dl6.9,'.")

FORMAT(*OINITIAL APPROXIMATIONS FOR ITERATION='/)
FORMAT('0QJ= *D1A.9y* L= 'D16.94" H= *D16.9 )
FORMAT{'QITERATICN NUMBER'I4)
FORMAT('ONELTA J INCRFASING,
FIRMAT (*ODELTA L INCREASING, "ND16.9y* VS. *'D16.9)
FORMAT (*ONDEL TA 4 INCRFASING, 'D16.9,*' VS. 'ND16.9)
FORMAT(/'ORAPID CONVERGENCE VALUES, SERIES'I4)

015499 VS. 'D16.9)

FORMAT (*CPRFESSURFE!IX'DP/NDV EXP*8X*DP/DV THEJQR'6X*DEV'/)

FORMAT (POSLNOPF = *ND15.94% INTERCEPT = *N16,.9)
FORMAT (*OSTANNARD DEVIATION = *D16.9)
CaLL SETCLK (15)

READ(1,101)

READ(1,102)

WRITE(3,103)

WRITE(3,102)

WRITE(3,121)

READ(1,41050) INDEX
READ(1,1040M Dy TJKy KT 4PT (1) 4HH,PN
READ(L,1OS)M(PEX(T)y VEX(T)oI=14M)
WRITE(3,106)

READ(1,1069) VARBL

WRITE(3,1061) VARSBL

WRITE(341083) (PEX(I)VEXTI),I=1,M)

GO TO (1492933,4,546), 1JK

CHANGE DATA YO P-V,

NO 51 1 = 1,M
VEX(I)=(1a=-VEX(T)I/D
6N 10 3

DD 52 [=1,:M
vEXTI)=VEX(L)}/D

GO 10 3
READ(1,105)R,T
RT=R*T
WRITE(3,122)R,T

NGO 56 I=1.,M

VEX(1) = RTRVEX({T1)/PEX(T])
GO TO 3

DO 55 [=1,M
VEX(I)=1./VEX{I)

GO TO 3

DO 54 [=1,M
VEX{I)=VEXITI)}/PEX{T)

WRITE(3,110)
WRITE(341NB8)(PEX(I)yVEX{TI)yl=1,M)
NOUT = (PN-PI(1))/HH + 1,

NG 955 [=2,NOUT
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76171
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PI(IN=PI(I~1) + HH

GO TO (7601,7602),INDEX
READ(1,1051)J,4L4H

WRITE(3,7604)

GO TO 7605

CALL GINTER(KTI yM¢NIUT yPEXSVEXPIoV)
CALL GDERV{HH,VNOUT,DVOP,DPNDV,2)

INTERPOLATIUON PERFORMFD AND DFRIVATIVES CALCULATED.

WRITE(3,111)
ARITE(32 10300 (PECTI) 4V I(I),DVOPCI),,OPDVII)I=1,NOUT)

PERFORM LEAST-SQUARES ON DP/DV VS. P,

CALL GLEASQUPI»DPDV,NCALC ¢DEV,NOUT,SLOPELAIN, SIGMA)
WRITE(3,9200)
WRITE(3,1080)(PI(I),IPNDV(I),DCALC(I},DEV(I),I=1,NOUT)
WRITE(3,9001)SLNOPE,AIN

WRITF({3,9002)S1GMA

J = -1./SLIPE

L = AIN/SLOPF

CALCULATE INITIAL VALYE FOR H.

SUM = N,

DO 501 I = 1,M

HVAL (1) =DEXP(VEX(1)/J)*DABS (PEX(I)+L)
SUM = SUM + HVAL(T)

FM=M

H= SUM/FM

VAR=0.

NN 502 I=1,M

DEVII)=HVAL(I)=~H
VAR=VAR ¢DEV( 1) *DEV( I)

SIGMA = DSQRT(VAR/(FY¥=1,))
WRITE(3,112)

WRITE(3,1080 ) (PEXET)oVEX (L) yHVAL(T)4DEVIE),1=1,M)
WRITE(3,114)H

WRITE(3,9002)SIGMA

BEGIN ITERATIDN PRNCEDURE.,

WRITE(3,8100)
ARITEC(3381010d4LoH
aLbdJd=J

oLoL=L
OLDH=H

KNNV=1

ITER=]
IRAPID=1
KTER=1
KRAUT=1
FLL=D.
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A50D

8501

89
8119
811

810
81139
811

12
8150
15

FLI=O,

FLH=D,

FJJ=0.

FJIH=0.

FHH=0 .

FOL=0,

FDJ=0.

FOH=0,

nNO 8500 T=1,M

ZIONK = DABSHIPEX(1) +L)RDEXP(VEX(I)/J)
FV=ZUNK/J

FO=( ZONK-H)/FV

Fd= -VEX(I)/J

FL= J/DABS(PEX(I)+L)

NOTE FCACH OF THE ABOVE HAS ALREADY BEEN DIVIDED BY FV,
NNTE ALSO FH = =1, SO FH/FV = -1/FV, AS BELOW,

FLL=FLL+FL *FL

FLI=FLJI+FL*FJ

FLH=FLH=-FL/FV

FJJI=FJI+FJI%FJ

FIH=FJH-FJ/FV

FHH=FHH¢]1 . /(FV%FV)

FOL=FOL+FO*FL

FOJ=FNJ+FD*FY

FOH=FOH-FO/FV

60 TO (8521,8388), KONV
FINK=FLJ/FLL

N4=FOJ-FINK*FOL

DA=FJH-F INK*FLH

D2=FJJ-F INK*FLJ

E3=FHH-D3%N3/D2 - FLH*FLH/FLL
F4=FOH-D3%D4/D2 - FLH*FOL/FLL
RESH=E4/ER

RESJ = (D& - RESH=%D3) /N2
RFSL=(FOL-RESH*FLH-RESJ®FLJI/FLL
NORK=1

NJ=1

NL=1

NH=1

WRITE(3,8102)ITER
IF(ITER-1)38,88,89
IF(DABS(RESJ)I-DABS(XJ)IB10+8110,811
NJ=2

WRITE(3,8201)RESJ,XJ

NORK=2
IF{DABS(RESL)-DABS(XL))B12,8130,813
NL=2

WRITE(3,8202)RESLyXL

NORK=2

IF(DABS (RESHI-DABS[XH))B88,8150,815
NH=2

WRITE(3,82)3)RESHyXH



33

359
RK2
861
8241
B241
3213

824
826
899

aEaER]

8883

R27

NORK=2

XJ=RESJ

XL=RESL

XH=RE SH

GNUH (KTER) =H-RESH
GNUL(KTER)=L-RESL
GNUJ(KTER)=J-RESJ

H=GNUH(KTER)

L=GNUL{KTER)

J=GNUJ(KTER)

WRITF(3,8101)J4L4H
IF(DABS(RESH/H)I-1.0D=-19)860,4861,861
IF{NABSIRESJ/J)I=-1.0D-121862,861,861
IF({DABS{RESL/L)-1.0D-1D)84,861,861
IF{KTFR-T7)4323,8240,82¢4%

GO TO (B8241,4823) ¢NUIRK
KRAUT=KRAUT+1

KTER=KTER+1

[TER=ITER+1

GO TO 877

GO T (8259326) ¢ NORK
[FIITER-321827,899, 899

J=0LDJ

L=0LDL

H=0OLDH

KONV =2

WRITE(3,6025)

GO 10O 877

NO CONVERGENCE IF HERE.

CALL GVAR(FLL yFLJUyFLHoFJIJoFIH FHHyPEXWEX oMyl oy JyHyVARL ,VARJyVARH,

1 SIGL,SIGJ,SIGH)
WRITE(3,422001VARIySIGY
ARITE(3,1092)VARL,SIGL
WRITE(3,3000)VARH,SIGH
GN TO 1101
KTER=1
ITER=ITER+]

KRAYT=1
GO 1O 877

RAPID-CONVERGENCE ROUTINE.

KRAUT=KRAUT+1
IF(KRAUT-3)826,328,828
IF{RFSJ)829,830,829
RAPIDJ=J

G0 1O 833

GO TO (831,832), NJ

RAPIDJ=2.%J=-GNUJI(T)
GO TO 833
RAPIDJ= J - ({J-GNUJIT)I*%2)/(J+GNUJ(6)-2.%GNUJI(T))

IF(RESL)B34,835,834
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aNeNel

ao

835

R34
238

817
236
849

839
R4

342
841

31
33
a2
859

34

1171

508

515

514

=101~

RAPIDL=L

GO TO 836

GO TO (827,828), NL

RAPIDL=?24*%L~-GNULI(T)

G TD 836

RAPIDL= L = ((L=GNUL(T))*%2)/(L+GNJIL(6)=2.%GNUL(T))
IF{RESH) 839,840,839

RAPIDH=H

GO TO 841

GO TO(R42,843)4NH

RAPIDH=2 4% H-GNUH{(T)

GO TO B4l

RAPIDH= H = ((H=GNUH(7))*%2)/(H+GNUH{6)}=2 . *GNUH(T))
WRITE(3,8331) IRAPID

H=RAPIDH

J=RAPIDJ

L=RAPIDL

WRITE(3,8171)JsL,H
IF{DABS({J~-GNUJ{R)I/GNUJI(B))I-1.0D-10)81,+82,82
IF(DARS{LL-GNULI(B))/GNULIB))-1.0D-10)83,82,82
IF(NDABS((H=-GNUH(8)) /GNUH(8))-1.0D-10)84,82, 82
IF(IRAPID~161359,899,899

IRAPIN=TRAPID+1

KTER=1

ITER=1

KRAUT=1

GO TN 877

KONV=1

WRITE (3,4611)

ITERATIONS CONVERGE. WHNOPEE«eee o

GO TN 88813
C = 1./DLOG{H/DABSIPEX(1)+L))
WRITE(3,80011C,PEX(1])

CALCULATE THEORETICAL QUANTITIES,

NO 503 I=1,M

VI =J*DLOG{H/DABS(PEX(L)+L))
INACT)=DEXP{-V(I}/J)/IPEX(I)%V(I))
WRITE(3,116)
WRITE(3,1080 MPEX(TI )y VIT) VEX(TI)oZNA(T)yI=1,M)
N 514 1T =24M

SEARCH FOR MINIMUM IN IZIN AMONG EXPERIMENTAL POINTS.

IFCINACL)I-ZNA(I-1))5144515,515
PMIN(1)=PEX(T)

GO TO 516

CONT INUE

PMIN(1)=PEX(M)

IF HERE, MINIMUM BEYOND EXPERIMENT AL RANGE.
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519 PMOR=PMIN(1)+45,%HH
X1=H/DABS(PMIN(1)+L)
X2=H/DARBS( PMOR +L)

INL=1./ (XL 2PMIN(1)%J%DLNG{X]1))
IN2=14/7( X2%PMOR *JRDLOGIX2))
IF(ZIN2-ZN1)517,4518,518

517 PMIN(1)=PMIR
GN TO 519

513 PMIN(]1)}=PMNR

514 OX(L1)=PMIN(]1)~-5,%HH
TFIPX(1))520,52D,521

52) HH=(PMIN(1)~-1.)/5,

GO TN 516

521 NO 707 1=2,11

707 PX{I)=PX{TI-1)+HH
NO 602 1=1,11
I1=12-1
VPITII)=J*DLOG(H/DABS(PX{I)+L)}/PX(])

622 PPLIT)=PX(T)}

AJL(L)=J/L
CALL GINTER(7,11,41,VP,PP,AJL,PMIN)

INTERPOLATES FUR POINT WHERE V/P = J/L.

e le]

[ XREe]

7507
76356
61

62
67

VMIN=AJLIL I*PMIN(D)
WRITE(3,6999)PMIN(L)
WRITE(3,118)VMIN

PRINT SUMMARY SHFET.

WRITE(3,7530)
WRITF(3,103)
WRITE(3,102)
WRITE(3,101)
WRITE(3,7501)
WRITE(3,7511)KONV
GO TO (7606476071, INDEX
WRITE(3,7674)

6O TO (61+62) KONV
WRITE (3,611)

GN TO 67
WRITE(3,6005)
WRITE(3,7502)J
WRITE(3,7503)L
WRITF(3,752%4)H
WRITE{3,8091)C,PEX(1)
WRITE(3,6999)1PMIN(L)
WRITE(3,113)VMIN
WRITE (3,7520)

GO TO 999

END
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SUBROUTINE GINTER (KIoMXyNNA,XIN,YIN,XOUT,YOUT)
KI = DRDER OF INTERPOLATION, 3, 5, OR 7,
MX = NUMBER OF DATA POINTS,

NNA = NO, POINTS OUTPUT.
XIN = INDEPENNDENT VARIABLE DATA INPUT,
YIN = DEPENDENT VARIABLE DATA INPUT,.

XNUT = INDEPENDENT VARTABLE QUTPUT.,
YOUT = NCPENDENT VARTABLE QUTPUT,
DOUBLE PRECISION XIN{SO)sYIN(5D) ¢XDOUTI(50) 4YOIUT(50),SI11),G111,11),
1SBEI1)4RR(S5D),TTA(SN)YXXySAySU,PR
KJ={({KI=1)/2)+]
N3 606 [=1,NNA
In=0
MA=MX=-KJ+1
K2=KJ=-1
N 605 MN=KJ,MA
IFIXINIMN)=XOUT(T1)) 604,608,660
604 TF((MX=-KZ)~-MN)HIT,H03,605
605 CONTINUE
604 CONTINUE
G0 TH 626
607 WRITE(34683)
6R3 FORMAT('NINTERP SNAFU,...NEG. QUANTITY STATEMENT 604, GSINTER.*)
SToP
667 XX={XIN{MN)+XIN{MN~-1))/2.
IF{XX=X0UT(1))608,60R,661
661 J=MN-1
12=J
TFLIQ-KJ) 663,662,662
63 J=KJ
GO TO 662
603 J=MN
662 NN 639 JJ=1,MX
IF(XINCIIY-XOUT(I)) 639,637,639
637 YOUT(I)=YIN(JJ)
10=1
639 CONTINUE
IF(I0)60T,609,605
609 10=1
NO 630 IX=1,KI
KY=J+IX-KJ
630 SUIX)I=XIN(KY)
SA=X0UT(1)
DO 610 LX=1,KI
GILXeLX)=SA-S(LX)
LL=LX+]
IF(LL-KI) 613,613,614
613 NN 611 L=LL,KI
GILLX)=S(L)=-S(LX)
611 GULXyL)==GlL, LX)}
613 CONTINUE
614 DD 615 IX=1,KI1
KY=J+IX=-KJ
615 SS(IX)=YIN(KY)



635
621
622
634

24

625

651
6131

626
682

N3 622 L=1,KI
RR(L)=1,

DN 621 K=1,KI
IF(GIL,K)) 635,621,635
RRALI=RRILIRG(L k)
CONTINYE
TTALL)=SB(LY/RR (L)
SU=0.

NI 624K=1,KI
SU=SU+TTA(K)

PR=1.

DO 625 K=1,KI
PR=PR®*G(K,K)
YOUT(T)=PR%SU}
WRITE(3,681)1,J
FIARMATI('C I=13,*, J=*113})
GO TO 605
WRITE(3,682)1KI

FORMAT('OEND INTERPOLATION, ORDER =1'13)

RETURN
END
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549

561

544
545
562

5413
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SUBROUTINE GDERV (HsAV NNyAT AR, IND)
FQUALLY SPACEN POINTS, INTERVAL = H.

AV = DEPENDENT VARIABLE.

NN = NO. OF POINTS, MAXIMUM 50,

AT = DERIVATIVF CAV/D(INDEP.).

AR = 1/AT

ALLOWS SKIPPING 1ST AND LAST 3 POINTS. IND = 1 FOR SKXIP,
NO SKIP.

NOUBLE PRECISION AV(S50),AT(50),ARI5D) yH,AA(49),AZ
AAL 1)==1T764.
AA( 2)=4320.
AAL 3)=-5400,
AA( 4)=4809.
AA( 5)=-2700,
AA( 6)=864.
AA( T)=-129.
AA( 81)=-120.
AA( 9)=-924,
AA{10)=1801.
AA{11)=-1290.
AA(12)=600.
AA{13)=-181,
AA(14)=24,
AA(15)=24,
AA[16)=-2819,
AA(1T)==-42),
AA(18)=960.
AA(19)==360,

AA(20)=96.
AA(21)=-12.
AAL22)=-12,

AA(23)=108.
AA{24)=-549,
AA(25)=0,

DO 500 1 = 26,49

J = 50-1
AALT)==AALY)
AZ=T720,%H

DO 540 I = 1,NN
AR(TI)=0.

AT([)=0.

GO TD (562,561),IND
DO 545 N=1,3

DD S44 1=1,7
K=1+N*7 -7
ATIN)=ATIN}+AA(K)*AV(])
ATIN)=AT{(N)/AZ
K=NN-6

DN 547 J=1,K

L=J+3

DO 548 1=1,7
KK=1+21

JJ=J-1+1
ATLL)I=ATIL) + AALKK)I®*AV(J)

=2 FOR



547

563

551

55

564

565
5652
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AT{L)=AT(L)/AZ

GN TU (5644+563),IND

N=NN-?

NM=0

ND 550 L=NyNN

DO 851 I = 1,7

KK=T+2R+¢NM%T
JJ=NN=-T+1

AT(L)=ATIL) + AA(KKI)I*AV{JJ)
AT{L)=AT(L)/AZ

NM=NM+1

IN=1

TNN=NN

GO TO 545

IN=6

INN=NN-=-3

NO 552 I=IN,INN
AR{(T)=1./7AT(I)

RETURN

END



51

52

53
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SUBROUTINF GLEASQUX,Y,CALCY,DEV,NySLOPE,AIN,SIGMA)
DOUBLE PRECISION X(52),y Y(S50)4SLOPE2AIN,SUMXySUMX2,SUMY, SUMXYFM,V
1AR4SIGMA,CALCY(50),DEV(50)
SUMX =0,
SUMx2=0,
SUMY =9,
SMxy=1,
NN S1 I = 1,N
SUMX=SUMX+X( 1)
UMX2=SUMX2+X ([ )%X( ]}
SUMY=SUMY+Y (1)
SUMXY=SUMXY+X(])*Y(1])
FM=N
SLOPE={ SUMX*SUMY=SUMXY%FM)/ (SUMX%XSUMX~FMXSMX2)
AIN=(SUMY=SLOPE®SUMX) /FM
DO 52 1=14N
CALCY(I)=SLOPE«X{I}+AIN
DEVII)=yY (I )-CALCY(I])
VAR =Oo
DN 53 [=1,N
VAR = VAR + DEV(I)%DEV(I])
SIGMA=NSQRT(VAR/(FM=-2,1))
RETURN
END
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SUBROUTINE GVAR(AA AS 4 ACyBB¢eRCyCCyXeYyMeAyB,CoVARA,VARB,VARC,,SIGA,
1SIGB,SIGC)

CALCUL ATES VARIANCE AND STANDARD FRRORS NF 3 PARAMETERS A, By &

Cey OF THE FORM Y = BxLAG(C/IX+A)),

REF, DEMING PAGE 167, SECTION 62.

NOUBLE PRECISION AA,ABAC,BB,yBCHyCCyX(50),Y(50)4A4ByCyVARA,VARB,VAR
1CySIGA,SIG3,SIGC+DELTA,COFAALCOFRB,COFCC,SSS+CLOT,FM

CNFAA = BB*CC~-BC*BC

CNFBB = AA*CC-AC*AC

COFCC = AA*BB-AR%AB

DELTA = AA=COFAA-AB%x(AR*CC-AC*BC)I+AC*({AR*BC-AC*HB)
$§5=0.

00 50 I=1,M
$SS=SSS+(Y(I1)=BXDLIG(C/DABS (X{1)+A)) ) %%
FM=M
CLOT=SSS/(DELTA®{FU=3,))
VARA=DABS(COFAA%CLOT)
VARB=DARS( COFBB*CLOT)
VARC=DABS(COFCC*CLNT)
SIGA=DSORT{VARA)
SIGR=NSQRT(VARB)
SIGC=DSQRT(VARC)

RE TURN

END



PROGRAM 501,8 BY ASK,
ADAMS, COMPRFSSIIN OF WATER,

CALCULATION
D =

SAMPLE DATA FNR THESIS.

ORIGINAL DATA

PRESSURE

0.1017000000D
0.50060001000D
0.100000009D
N,1506000009N
0.2700007000

0.300000N7DNAY

0s4)0I00N00D
0.570300007D
Ne6IND00INID
N. TNINOONIIND
0.870007000D
“0,.,93C¢00G10IN
Ne13CINON0OID
0.,11900000D00
0, 1200000000

PRFSSHRF

0.1 0.N00DINDD
0.5700002300D
Ne13000000ND
0., 150000000D
0,2713000039D

0. 3I0000nnnn

D.4070000000
N.,5703007070D
Ne6ICCOO0VOUD
0.7C0000N00D
0,800030000D

0, 90073000000

N.10000003CD
D.1109000000D
0.12¢300030D

COMPRESSIUN

AR
03
04
04
04
N
NG
04
04
04
06
04
05
05
05

01
03
04
D4
N4
04
04
N4
04
na
04
0%
05
05
05

0.0

N,212000N0H13IN-01
7.39300000)D-01
0.55500001730-01
0,699000007D-01
0.94500003730-11
0.1152200070 00
7.1339530090 39
N.14850000)30 9N
0.162209%02330 00
0.174600000) 00
M,185822003D A0
0.1964000)33N 20
0,20590001%20 90
0.21470N00CUD N0

VOL UME

0.1002956879D 11
N,981705849N 0N
0,9635521140 00
0, 94730403200 D0
0.932861269D 00
D.908IRB237D 00O
N. 8874267830 00
J.869573939D 0N
0.854027923D 00
N.B840287257M 00
N.827850437D 00

"0.81661718370 OO

0.805985713D0 00
0.796457514D 0N
0, 7876313890 QA0

I= 1y J=
END INTERPCLATION, ORDER = 7
PRESSURE VOLUME
Q0.0 0.1003016770H 01
T0J10000N0000 047 0.,95635521140°00
0.,2GC2000000D 04 0N.9328AK1269N 00
0.30000G0000 04 0,908188237H 00
D.470000000D 04 0.8874267830 00
0.5000000970N0 04 N.869573939D 00
0.6000000027D 04 N,854N279230 00
S OTI00000000
0.87003C1300D 04 0,B2785043 7D 00
N.900000IN00D 04 OJ81661T18TD 00
0.130000000D 05 0.805985718D 00
"0.110N00000D 05  0.796457514D 00
N 1 ANANANAN AR N_727A212R3N NN

De99704,

pv/DP

OF TAIT PARAMETERS,
T =25 C. P IN BARS,

DP/DV

-0,446493667D-04 -0,223967343D 05
=0,.,3%462546450-04 =0,288R04 739000 05—
~0.272423761D-04 -0,367375175D 05
-0,2245622857TD-04 -0,445190670D0 0% — ~
-0,191901361D0-04 -0,521101045D 05
-0.166141780D=-04 -N,6018955630 05
-0, 145547487D-04 -0.687060985D 05

0% T0.,8&T2872500 00 -0,1304695230=-04 -0.7656462574%0 05

-0,117648239D-04 ~0,.849991475D 05
<“0N,1093068820=0% =0, 9148554820 0%
-0.102152371D0-04 ~0,.,978929799D 05
-0.8814%42%03D-0% =0,113550%08D 06
«N0.98374521 9D-=-05 ~0.101652336D0 06
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J= 0D,127702646N (N L? 7.271259985D0 04 H=
lfFRATIﬂN NIJMBER b

J= D.1277076460 €O L= D.,271259985D N4 H=
ITERATIIN NUYMRER 7

J= 1,12770%646D 0O L= D,271258985D 24

CONVERGENCE oK.

VARTANCE 9F J=
VARTANCE OF L=
VARTANCY 0OF H=

C = J/vh =

PRESSURE

0.107300700300 N1
Ny 5NAN0NI0NND N3
D, 10ONDNINTD) D4
Je 1500000000 04
N.2N000I0000 D4
N,30000)000D (4
0, 27020001700 N4
NDHONNOGONOD 04
0,60NNNJIDOND N4
J. 70302000270 04
VLRNONDNADIN 04
0. 9300000030 N4
0.10730007030 0%
Ne110N00GONON 05
N,12003C000N 05

1= 1, J=

N.127287512D

8

THEOR VOL

D.10N324252D
Ue98161350830
N.962213952D
Ve 947CT3282D
0.9327554100
7.9081824910
N, 8875827420
0.869849081D
0.8%4287°44630
N,8404)15314D
N.R278910°34N
DeB164944935N
0. 80603218730
(1a 719635249350
0. 78T737375AN

END INTFRPOLATION; DROER = 7T

P MIN =

Vv MIN

N.16N641670D 05

D.756250318N 00

D62170317640-06,
04577193370 03,
0.2324259320 11,

20 WITH

01
N0
00
00
0n
09
00
00
N0
00
0o
09

00

Q0
GO

STD

m
pei

e
L}

STD ERR

STO ERR

PO TAKFEN AS
EXP VOL

J.1202968B73D
7.981705849D
N, 963552114D
1649473040200
1.932861269D
J.908188237D
J.RBT7426783N
N, 8695739399
N.8547727923D
9.8402872500
7.B2785043 7D
N.8166171870
., B05Y85718D
De 764575140
7.787631389D

0l

o0
00
00
00
oo
1qe]
oo
00
00
0o
oQ

06~

0o
00

0.7005716010 07

0.7700571600D 27

H=  0,T70G5T1600D 07

N,465B65929N-03
D.213943763D J2
D. 15245521710 D6
N,109000020D J1.
IN®EMO/MRT

N.9342464T71D-06
0.550177532D-06
0.423272531D-06
0.3605867790-06
N.299286371D-06

0.2698B79186D-06

0.253124603D-06
N.242629450D-06
Ne2356655710D-06
N.230876139D-06
04227512367D-06

Ne223441476D-06
1,222266860N-06

TN Z2Z512797TTD-06 T
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PROGRAM 507.8 BY ASK. CALCULATION OF TAIT PARAMETERS.,
ANDAMS . COMPRESSEION OF WATER, D = 0.99704. T = 25 C. P IN BARS.
SAMPLE DATA FNR THESIS. ' S T

SUMMARY SHEFT,

CONVERGENCE CONE (KONV) = 1

CONVERGENCE J.K.

J = 0.127700§460 QO
L = 0,271259935D 04
H = 0,7005716000 07
C = J/V) = 0,12T72R7912D 00 AITH PO TAKFN AS  0,100000009n0 01,
P MIN = 0,1560641670D 05

L]

V MIN 1.7562503180 09
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J= J,1405456374D
I TERATION NUMBER
J= 0.149930447D

[TERATINN NUMBER

090 L=
7
o0 L=

3

NDELTA L INCREASING, =

J=  0.140989285D
I TERATT N NUMBER
J= N,14)9934G68N
T TERATIODN NUMRER
Jd= De14N9999461)
ITTERATIIN NUMBER
J= 1. 1410031740
ITEKATIIN NUMBER
Jd=  D.16107)209D
[TTFEATION NYMBER
Jd= D, 141000215D
ITERATION NUMBER
J= D.1410031216D
TTERATION NJUMBFR
J= 141410002160
ITTERATIUN NUMBER

J= N.141N00)216D

00 L=

Q

GY L=

17

0% L=

11

0N L=

12

CI L=

13

00 {=

14

00 L=

15

00 L=

16

00 L=

0.311361899N 04 H= 0,402009239D 07

1.311473440D 04 H= 0,3972084550 N7

0. 135707609D 21 VS, -0,1115%41137D 01

Je311629148D N4 H= I, 3962894406N 07

De3114335738) e A= 0,396136798D N7

1431153734990 V4 H= 0,396112590D0 07

1431156376520 N4 H= 0,3961087850N O7

143116382470 N4 H N.,3961481880 N7

N.3116380420D N4 H N.396108094D 07

Je 3116380640 04 H

0.396108080D N7

N¢3116380640 N4 H 0.3961038077Hh 07

N¢31163830640D 04 H

(.396108077D 07

RAPID CONVERGENCFE VALUES, SERIES 1

J= 2.141720716D
ITERATINN NIMRER

J= ).141207216N0

00 L=
1

N L=

CONVERGENCE J.K.

VARTANCF OF J=
VARTANCE OF L=

VARTANCE JF H=

N.5363609940-095, STD ERR
0.377839993D D4, STD ERR

J.150326%330 12, STD ERR

" J3.311638064D 04 H= D,396108077D 07

N+3116383064D N4 H D.396108077TD 07

[0}

0.231594688D-02

0.387719013D 26

C = J/v0 = 3.139913384D 00 4ITH PO TAKEN AS 0.100000000D 01.

PRESSURE

THEOR vOL ExXP vOL IN®EMO/MRT

0.614686907TD 02
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PROGRAM 510,8 RY ASK, CALCULATICN OF TAIT PARAMETERS.

KENNEDY WATER DATA FIJR 41 DEGRFES. PRESSURE IN BARS.
SAMPLE DATA FNR THFSIS. ' ‘
SUMMARY SHEET.,
CONVERGENCE CUDE (KONV) = 1

INTTIAL APPROXTIMATIONS SUBMITTED ON CARND,

CONVERGENCE 3.K.

V MIN D.,748159114D 00

J = 2,1411700216D NO
L = 0,311638064D 04
H = 0,396108077D N7
7.; = J/V) = 1.139913384D J0 NITH’PO TAKFN AS (').10C)(ﬂ)}')d’)‘f"00[')“’)]..‘_vmm_"__‘__w
P MIN = 0.,1653578020 05




APPENDIX III
THE CRITERTA FOR GOOD COMPRESSIBILITY

DATA IN LIQUIDS
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Now that we have, hopefully, the best set of constants for a
set of data, calculated by the methods of Appendix I, how can we
judge the quality of the original data? Offhand, we may say that if
the iterations failed to converge, we would be justified in presum-
ing that the data did not confédrm to the Tait-Tammann equation, which
we know to be & widely applicable empirical standard. In any cease,
we can calculate the stendard errors of J, L, and H from the rela-
tions given in Deming (58):

02 = o?cof (Fyy) /3et(F) (183)

where:
x represents J, L, or H, as the case may be,

o is the standard error in the constant x,

cof (Fyy) is the cofactor of Fy, in the matrix F,

F is the matrix on the left-hand side of
Equation 179,

det(F) is the determinant of F,

and 0® is given by:

n
# - LgRgEelt o am
k=1

where n is the number of data points.
The subroutine GVAR for performing this calculation is included in
Appendix II.
| However, although this may give an estimate of the precision
of the data, there is no way to judge the accuracy of a single set.

But if data are taken over an extended range of temperatures, especially
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towards the critical, we may make use of a simple relationship,
namely that I descends linearly as the temperature is ragied (61,
62). This relation does not hold at lower temperatures, where L goes
through a maximum before beginning its descent (62). By way of ex-
ample, the linear region of L for water is approximately that from
the boiling point to the critical point (63).

Note that at the critical point, dP/dv = O, and hence, from
Equation 169,

L, = ~P,. (185)

If the critical temperature is known, the critical pressure can be
predicted by extrapolating the linear portion of the L versus T
curve to T, (62). Very few compressibility data have been carried
to these elevated temperatures; some of those examined in this work
are shown in Table VII. While the date may be checked for accuracy
this way in the high-temperature region, there is no guarantee that
work by the same authors will be as reliable gt lower temperatures.
For example, the data of Smith and Keyes (64) on water are very well-
behaved at high temperatures, but the iterations failed to converge
for any temperature below 250 degrees. Unfortunately, it is their
data which is currently used to derive the steam tables. The work of
Kennedy and his co-workers (65, 66) was found by the criteria out-
lined here to be generally superior throughout the entire liquid
range of water; their work was undertaken expressly "with the hope
of resolving this conflict [among the investigators of water's com-
pressibility]." Some more detailed comments on the reliability of

water data by many other investigators (not including Kennedy's),



-120-

published before the iteration process could be accomodated by the
Brooklyn College computer (although the conclusions are unchanged),

may be found in the work of the Ginells (63).
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TABLE VII
Critical Pressures Calculated by Extrapolation of L to T,

Substance Crit. Temp. Crit. Press. -L,(atm) Error
Helium I (67) 5.2°K 2.26 atm. 2.3 (62) od,
Water (64, Series I) 374.15°C  217.7 atm. 320 L7,
Water (64, Series II) w * " oL 119

Water (64, Series IIT) " " 214 29,
Water (66) " " 239 9%
Water (68) " " 59 73%

- o w e e @ o mm e e e W W e = o M e E e e m e e @ o M e @ e m e e =

Note: Among the water values, the "bad" -ralues may be forgiven;
Series I data of Smith and Keyes (64) do not go above 300°,
Series II goes in 10° steps from 300° to 360°, while the
Tammenn and Rihembeck data (68) are reported only at 300°
and 400°, At supercritical temperatures it is not meningful

to apply the Tait-Tammenn equation in any case.
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At elevated temperatures, L becomes nerative. The immediate
implication of this is that, at pressures less than the absolute
velue of L, the derivative dv/dP is positive. However, the pressure
given by the absolute value of L is below the vapor pressure of the
liquid, P°, as can be seen from the following discussion.

The integrated Tait-Tammann equation, FEquation 173b, may be
rearranged to give:

P = H exp(-v/J) - L. (136)
A graeph of P againgt v exhibits a decreasing pressure until P = -L,
(This is a positive pressure, since L is negative; at lower temper-
atures where I, is positive, this discussion applies to negative
pressures and can be ignored.) At P = -L, the volume is infinite, by
Equation 186.
Recalling Lquation 173a,

- H
v = J]n____P+L (1732)

so at pressures less than -L we may still draw a "low-pressure"
branch of the P-v curve. (The logarithm is real since the denominator
takes the absolute value on integration of the Tait-Tammann equation.)
As can be geen from Figure 11, the Tait-Temmann equation is meaning-
less in this region and the peculiar behavior of dv/dP described
here is seen to be a mathematical fiction,

While the extrapolation of L to the critical temperature does
give the critical pressure, as discussed in Appendix III, it is

clear from the above discussion that the Tait-Tammann equation
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incorrectly gives an infinite critical volume. Since the Tait-
Tammann isotherm passes the observed critical volume above the
critical pressure, a discontinuity is implied, since ordinarily the
isotherm passes through the observed points to the vapor pressure,
and the extrapolated isotherm becomes infinite below the lowest
experimental pressure; see Figure 12. That is, as long as the
temperature lies below the critical, the Tait-Tammenn equation will
glve the correct P-v relations at pressures dowm to the equilibrium
vapor pressure. At the critical temperature, however, the isotherm
misses the boundery of the two-phase region. This suggests at least
two intriguing possibilities.

One possibility is suggested by the Mayers (69); they pre-
dicted, from statistical-mechanical arguments, the existence of a
"pubble" in the phase diagram, like that showm in Figure 13. While
they place the critical pressure at the top of the bubble, our work
suggests it may be at the bottom.

A second suggestion was made privately by Ginell, who raised
the possibility that the Law of Rectilinear Diameters (70) may not
lead to equal densities at the critical point, in which case a
discontinuity might appear as in Figure 1!, (The density difference
has already been discussed in Section II; see also reference L0.,)
The precise meaning of the critical pressure, and the detailed
behavior of the fluid at that point, must be examined with these
possibilities in mind.

In any case, the meaning of the critical pressure must be
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refined. Using the Mayers' picture, we might suppose that the
meniscus would disappear at the bottom of the bubble, and the
density difference at the top. This would be in accord with the
discussion in Section II, where it was poAnted out that these two
phenomena, do occur at different temperatures; lfurther experimental
work is needed to look for pressure changes on moving from the
meniscus loss to the liguid-vapor isochore.

A common criticism of the Tait-Tammann equation is its
prediction of negative volumes at high pressures (26). It has
already been mentioned that at very high pressures J and L, which
are composite terms involving derivatives, will not be constant
under such extremec conditions, and that modifications have been
proposed (27). It would be appropriate here to ask just how extreme
the pressure must be for v to become negative, assuming J and L
stay constant.

It can be seen from Equation 173a that v will be negative if
the denominator, P + L, becomes greater than H, or, equivalently,

H-L < P. (187)
However, our calculations show that H is cconsistently on the order
of 108 - 10® atmospheres. Since L is much smaller than H (typically
0 to 5000 atm.) it can be neglected in Equation 187. Where are
pressures of millions of atmospheres encountered? They are found
in the interiors of stars and planets; a pressure of 107 or 108
atmospheres is thought to represent a limit to the size of cooled,

planetary bodies, a limit approached by Jupiter. Above these
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pressures, presumably, atoms would be crushed to plasmas, as in the
interior of stars (71).

It is clear, then, that the Tait-Tammann equation does not
yield physically unreasonable results for any nressures encountered
in laboratory worl:. Of course, data may be produced at pressures
higher than 100,000 atmospheres, the highest to date (50), at which
the Tait-Tammann "constants" may change, but the equation is

excellent for pressures studied until now.



critical point

boundary of two-
7N phase reygion

to oQ

/ “low - pressure’ branch
/ of P-v curve

/ (dP/dv positive)

l

Figure 11. Greph of the integrated Tait-Tammann
equation superimposed on a P-v vhase diagram, Only
that portion of the curve above the vepor pressure

P is physically real.
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PIT)L

-L (T

Figure 12, Behavior of the critical isotherm
(T = T,) predicted by the Tait-Tammann equation
compared to the behavior of a subcritical isotherm

at T = Tl'
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\ <— Tait - Tammann
critical isotherm

Figure 13. Mayer and Mayer's Figure 1h4.3 (69)
redrawn to include the Tait-Temmenn critical
isotherm. P, has here been placed at the bottom
of the bubble, instead of at the top, since this

P, is the one predicted by Equation 185.

to OO
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P
« Tait -Tammann
critical isotherm
P=-L // RN » to co
VA N
/ \ \
/ \ \
/ \ \
I Mean volume of
/ liquid and vapor
{ \ phases
! \ \
!
: ‘. \
Vs

Figure 1k, Discontinuity in density at the

critical point, as suggested by Ginell.
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