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Design of Parallel M ergesort and 

Quicksort Algorithm s

Renbing Xiong

This thesis is primarily concerned with presenting improved parallel process­

ing versions of the quicksort and mergesort algorithms. In doing so we also touch 

on the broader issues of devising divide-and-conquer algorithms for parallel ma­

chines. These two sorting methods have been chosen not only because of their 

inherent interest and numerous studies over the years, but also as a paradigm 

for a larger class of algorithms that is especially suited for parallel processing - 

divide-and-conquer.

Although there has been interest in parallel computing for some time, re­

cently there has been considerable research activity in the design, analysis, im­

plementation, and the use of parallel algorithms. Whereas a few years ago there 

were almost no books, new books seems to appear almost monthly. There are 

books on the development and implementation of parallel programming languages: 

eg. Brawer[1989] and Babb II [1988]; others concentrate on parallel algorithms: 

Akl[1989], Quinn[1987], Modi[1988]. There are at least two journals devoted to 

parallel processing algorithms, and several conferences a year devoted only to par­

allel processing.

A few years ago parallel computers could be found only in research labora­

tories. Now they are available commercially. To name a few: the Connection



Machine, Alliant FX/8, BBN Butterfly Parallel Processor, CRAY X-MP, FPS T 

Serial Parallel Processor, IBM 3090 series, Intel iPSC Concurrent Computer, Loral 

Dataflo LDF 100, and the Sequent Balance Series. Architecturally these machines 

vary greatly although they can generally be categorized as MIMD (Multiple In­

struction stream - Multiple Data stream), or SIMD (Single Instruction stream - 

Multiple Data stream). Their architectural memory access connections also vary 

considerably as well, from a globally shared memory to no shared memory. Below 

we give more detail on the architectural choices.

It has been found that it is not a straight forward exercise to take a (sequen­

tial) program and run it on a parallel machine. Many algorithms that run well 

on sequential computers are not easily transformed to algorithms that efficiently 

run on parallel computers. We are interested in examining ways of improving the 

implementations of programs that result from using the paradigm of divide-and- 

conquer on MIMD tightly coupled machines.

The scope of this thesis is primarily sorting algorithms, specifically: quick­

sort and mergesort. Sorting is one of the most common activities performed by 

computers. It is often said that 25 — 50% of all the work performed by computers 

consists of sorting data. Many programs such as compilers and editors often choose 

to sort tables and lists of symbols stored in memory in order to enhance the speed 

and simplicity of algorithms used to access them. Some results on parallel sorting 

are related to a sorting network, such as odd even merge sort and bitonic sort 

[Batcher 1968], others are for theoretical models of parallel processors with shared
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memory [Hirschberg 1978; Preparata 1978]. We present improved version of two 

sorting algorithms: quicksort and mergesort on an MIMD with shared memory. 

In doing so we make use of probabilistic analyses, simulations, and complexity 

arguments.

Chapter 1 introduces the methods used in this paper and some terminology, 

including a literature review concentrating on the recent results of parallel merging 

(or mergesort). Chapter 2 presents the design and analysis of a parallel merging 

algorithm - more median splitting, k-splitting, merging, and sorting algorithms. 

Chapter 3 starts from a literature review on the recent results of parallel quicksort, 

followed by the design and analysis of two quicksort algorithms: a parallel quicksort 

and a probabilistic parallel quicksort. In chapter 4, an annotated bibliography 

appears.
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C hapter 1 In troduction

1.1 D ivide-and-Conquer Paradigm

Divide-and-conquer has been a popular paradigm for algorithms for many 

years. Many algorithms fall within its classification. Examples are: finding the 

maximum (minimum) of a set of numbers, finding the sum of a set of values, 

etc. Almost any book on the design and analysis of algorithms includes a section 

on divide and conquer. Horowitz and Sahni [1978] for example has a well done 

chapter. What follows is outline of the paradigm. We are interested in improving 

the efficiency of the algorithms that are of a divide-and-conquer type.

Divide and conquer works by dividing the set of input data items into two or 

more disjoint subsets with different processes working on each subset. The partial 

results from these processes are then combined to get a final answer. The paradigm 

can be thought of as consisting of 1) a splitting step, 2) the divide-and-conquer 

calls, then 3) the merging or combining of the subproblem results. The algorithm 

that results is often written recursively. As an example, consider the finding of a 

maximum of a set of numbers. One way of finding the maximum of a set is by 

dividing the set into two disjoint subsets Si and S2 and then finding the maximum 

of each. If there are more than 2 elements in the resulting subset the algorithm 

could divide the subset again in two (via a recursive call). The third part of the 

algorithm is the determination of the global maximum of the subset maximums.

The dynamic nature of divide-and-conquer algorithms makes them especially
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interesting for parallel processing. With dynamic (parallel) processes the interac­

tions between subprocesses cannot be predicted, as the processes can spawn new 

processes, or be killed by other processes. Static parallel processes are interesting 

in other ways in that a programmer knows in advance how many subprocesses 

are created and how they interact. The interest then is one of scheduling. There 

are many papers devoted to implement divide-and-conquer paradigm on a parallel 

computer. Horowitz and Zorat [1983] design a general algorithm to implement 

divide-and-conquer algorithms on a parallel computer. Mou and Hudak [1988] 

give an algebraic model for divide-and-conquer.

1.2 M IM D and SIMD Machines

In an MIMD machine each processor can follow an independent instruction 

stream. An MIMD machine can consist of p asynchronous processors and p local 

memories, called a  distributed system, or p processors and a global shared memory, 

called a tightly coupled machine, or other intermediate organizations. We deal here 

with the tightly coupled machine. In this organization any processor may access 

any location of the global memory at every computation step with the same access 

delay.

In a SIMD (single instruction stream and multiple data stream) machine there 

are N identical processors, each of them possessing its own local memory. Both 

instructions and data can be stored into the local memory. All processors operate 

under the control of a single instruction stream issued by a central control unit
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(CCU). All the processing elemer.ts perform the same function synchronously in 

a lock-step fashion under the command of the CCU. The processors may commu­

nicate with each other via shared memory (SM), called SM- SIMD machine, or 

a connected network. We deil here with the SM-SIMD machine, which is also 

known as the Parallel Random-Access Machine (PRAM) model.

Data exchanges among the processors are Hone via the shared memory. The 

basic model allows all processors to gain access to the chared memory simulta­

neously if the memory locations they are trying to read from or write into «»re 

different. Algorithms that run on shared-memory (SM) computers can be divided 

into four subclasses, according to whether more than one processor is required 

to read from or write to the same memory location simultaneously. The three 

important ones are:

(1) Exclusive-Read, Exclusive-Write (EREW). Access to memory locations is 

exclusive, i.e. no two processors are requested to simultaneously to read from or 

write into the same memory location.

(2) Concurrent-Read, Exclusive-Write (CREW). The algorithm allows re­

quests from multiple processors to read from the same memory location but no two 

processors are allowed to write simultaneously into the same memory location.

(3) Concurrent-Read, Concurrent-Write (CRCW) SM Computers. Both mul­

tiple read and multiple write are allowed.

This last category requires further specifications as to what happens if more 

than one processor tries to write to one location and their values are different.
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Various possibilities have been considered, adding additional complications. One 

such is a random-write model In this model if more than one processor tries to 

write to the same memory location simultaneously, exactly one processor wins in 

writing its value; the writing processor is determined randomly, and each processor 

wishing to write to this location has equal opportunity to succeed.

An instruction that is useful when concurrent reads and concurrent writes are 

allowed is a Fetch-and-Add (F&cA) instruction. A fetch and add (F&A) instruc­

tion [Lipovski 1987] permits highly concurrent execution of operating system and 

applications programs. This instruction has two operands: F&zA(V, e). V  is an 

integer variable and e is an integer expression. This operation returns the (old) 

value of V  and replaces V  by the sum of V  +  e. If many fetch and add opera­

tions simultaneously address V  (i.e. in the same memory cycle) the effect of these 

operation is exactly what it would be if they occurred in some serial order, i.e. 

V  is modified by the appropriate total increment and each operation yields the 

intermediate value of V  corresponding to its position in this order. Simultaneous 

memory updates are in fact accomplished in one cycle.

1.3 R un  Time Analysis

A measure of performance for an algorithm running on a parallel computer is 

its speedup, Sp, defined as the ratio of the total execution time, if it were to run 

on a sequential computer T (l), to the corresponding execution time, T(p), on the
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parallel computer for the same problem, i.e.

Sp = T(l)/T(p).

A second measure is efficiency, Ep, defined as the ratio of the total execution 

time, if it were to run on a sequential computer T (l), to the product of the num­

ber of processors, p, and the corresponding execution time, T(p), on the parallel 

computer for the same problem, i.e.

E p = T ( m p * T ( p ) )  = Sp/p.

Of course T (l)  < p * T(p). That is, Ep < 1. If Ep = 1, we say that algorithm is 

optimal in the sense that its total cost, (the number of processors it uses multiplied 

by its parallel running time) equals the lower bound on a sequential machine.

1.4 D iv ide-and-C onquer P arad igm  on an  M IM D  M achine

Moller-Neilsen and Staustrup [1987] suppose that a control task list, which we 

call a  problem heap, is used to schedule tasks for processors of the MIMD system 

[Moller 1987]. The problem heap supplies all processes with tasks. In the divide- 

and-conquer paradigm the task (subtask of the original problem) might be solved 

immediately if the subtask is simple enough, or it might generate two or more new 

subtasks which are put then back onto the problem heap. This paradigm splits 

a task into a number of identical, asynchronous subtasks. The standard way the 

divide-and-conquer paradigm is rim is to start with one task. Consequently all
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but one of the p processors are idle to start. Only as more subtasks are generated 

can more processors start execution. Once the number of tasks is greater than or 

equal to the number of processors, every processor has gotten a problem to work 

on, and no processor will be idle. But the initial idleness of processors causes a 

loss in efficiency and is called a starvation loss.

This starvation is a direct cause of a loss in efficiency of an algorithm as pro­

cessing power of the MIMD system is lost. In some algorithms the loss caused by 

the initial tasks is negligible, in others it is not. Quicksort’s starvation is consid­

ered by some as the bottleneck of the algorithm [Moller-Nielsen and Staustrup, 

1987]. Mergesort for a MIMD machine as described by Yousif and Evans[1987] has 

starvation phase at the end. Their algorithm is the standard one applied to MIMD 

machines. In this algorithm the number of problems is reduced in each following 

step until there is only one task at the end. Of course this is true generally in any 

merging type of algorithm.

Although our broad interest is in how the divide-and-conquer paradigm can 

be structured in an MIMD machine environment to improve efficiency, we next 

look at two common sorting algorithms as examples, as they exhibit behavior 

which illustrates our discussion.

1.5 Sorting Algorithm s

Sorting in computer terminology is defined as the process of rearranging a 

sequence of values in ascending or descending order. This thesis improves two
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of the most important sorting algorithms designed for an MIMD machine, all of 

which are internal sorts (sorting tables small enough to fit entirely in primary 

memory). Both of the sorting algorithms we consider sort by comparing pairs of 

keys and are based on the divide-and-conquer paradigm.

The following sections of this thesis reviews the literature, and then using 

quicksort and mergesort examines the effects of some improvements in efficiency 

based on reducing starvation.

1.6 Parallel M ergesort

The merging algorithms usually include two phases: the first phase to sepa­

rate the ordered lists into p disjoint parts, and the second consists of p parallel 

sequential merges. The merging algorithms of Akl[1987] and that of Valiant[1975] 

and Kruskal [1983] (Kruskal improves Valiant’s algorithm) differ only in their first 

phase. Since the time complexity of the second phase is 0 ((m  + n)/p), and this 

is optimal as long as the first phase has a smaller complexity, both algorithms are 

optimal. Consequently it is in their differing first phase that improvements that 

can be made.

In the first phase, Akl’s algorithm makes use of Rodeh’s idea of distributed 

median. The complexity of this part is 0(lgplg(m  +  n)) and so his algorithm will 

be optimal as long as for lgplg(m +n) < (m + n)/p , i.e. p < (m +n)/(lg(m +n)lgp), 

adding more restrict, p < (m +  n )/lg 2(m -I- n). Below we reduce the complexity 

of the first to 0(lg(m  + n)) by generalizing the idea of distributed median to that
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of distributed k,k smallest (largest). These ideas are presented as Lemma 1 and 2 

below.

1.6.1 Yousif and Evans’s M ergesort

A shared memory MIMD version of a mergesort algorithm has been analyzed 

by Yousif and Evans [1987]. The algorithm evenly divides the N elements to be 

sorted into M subsets, and sorts each subset by an efficient sequential algorithm. 

Then each pair of sorted lists is merged using any free processor and a binary 

search merge algorithm to form a sorted list of double length. When there are 

fewer than p (number of processors) tasks left some processors are idle. At the 

final step all processors are idle but one.

1.6.2 Q uinn’s Q uick/M erge Algorithm

Quinn [1988] designed a p-way quick/merge algorithm. Each of p processor 

sorts a contiguous set of about size N /p  using sequential quicksort. Then p — 1 

evenly-spaced keys from the first sorted list are used as divisors to partition each of 

the remaining sorted sets into p  sublists. Each processor *, 1 < » <  p, performs a p- 

way merge of the i th sorted sublists. This version removes the starvation problems 

of the Yousif and Evans’s algorithm. The size of partitions to be assigned to each 

processor might be very different which can still create substantial starvation at 

the end.
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1.6.3 Shiloach's Parallel Merging

Assume there are two sorted lists, in ascending order, X  =  (x j,...,x m),Y  = 

(Vi, •••> V n \m <  n, with the merged list to be stored in Z  =  ( z j , ..., zm+„). Shiloach 

[1981] designed a merging algorithm in two different cases. Case 1: assume m = 

n = p (the number of processors). Case 2: p < m < n.

In the case 1, m = n = p, processor i by a binary search (O(lgn) operations) 

finds the smallest yj such that x* < yj and then performs Zi+j-i *— x,. If there 

is no such yj it performs zn+, «— Xj. Processor i then finds the smallest x} such 

that I/, < Xj and then sets Z i + j - i  *— y%- If there is no such Xj it sets 2 m+, yi. 

The time complexity is 21gn.

In the case 2 p < m < n, the algorithm is as follows:

Stage 1.

1. Choose p — 1 evenly-spaced keys x' from X  and p — 1 evenly spaced keys 

y' from Y.

2. Merge x' and y' into a vector A  of length 2p — 2. Associate with each 

element in A  its original set (X  or Y )  membership and its index in it.

Stage 2.

3. Processor t, 2 < i < p, checks the origin of the (21 — 2)th elements in A. If 

it belongs to X (Y )  it finds (by a binary search) the smallest element in Y ( X)  that 

is greater than it. These two elements provide processor t with a starting point 

for its merging. (The starting point for processor 1 is Xi and yi).

4. Processor *, 2 < * < p — 1, merges (by inserting into Z)  all the elements
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that fall between the (21 — 2)‘* and 2itk elements of A. Processor 1 does the same 

for the elements that are smaller than the second element of A. Processor p merges 

the elements that are greater than the greatest element of A.

Note that the size of each interval to be merged by each processor does not 

exceed 2(m +n)/p . Therefore the time complexity is 2 lgp+lg m +lg n+2(m +n)/p .

1.6.4 Akl’s EREW  M erging and Sorting

Akl [1987] has given an EREW merging algorithm to merge two sorted lists 

A  and B  of size m and n (m > n). Set N  equal to m + n. The building block of 

this algorithm is Rodeh’s algorithm [1982] to find the distributive median.

Rodeh [1982] gives an algorithm for finding the distributive median using two 

communicating processes, pA and pB, having local access to equal sized sets, A 

and B , respectively. Rodeh’s algorithm sorts A  and B  in separate local memories 

first. It then determines the distributive median by reducing the set of possibilities 

through a sequence of steps. At the end of each step, some elements of A  are 

removed to either A l  or A2 (which are initially considered empty) and some from 

B  are removed to B 1 or B 2, thereby reducing the cardinality of A  and B, and 

increasing either that of Al and B2 or A2 and B 1. When all the elements of A 

and B  are exhausted, i.e. A 1 (B2) of size x and A2 ( B 1) of size m — x, the process 

terminates. The median should be the maximum of Al and B 1 or the minimum 

of A2 and B2.

The definition of distributive median of two sorted lists with unequal sizes is
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similar to the equal size one except B1 including N /2  — x  smallest of B  and B2 

the rest of B. Let la and ua be the lower and upper bound of indexes of A  and lb 

and ub the same of B.

The algorithm is as follows: 

procedure Select
{Sorted lists A  and B  of size m and n}
{ are initially in array j4(l,...,n ) and 5 (1 ,... ,m).} 
begin 

la := 1 
ua := m 
lb := 1 
ub := n
ra := m { the number of elements at that time in A } 
rb := n { the same as above in B } 
u := [m/2] 
v := [n/2]
while ra > 1 and rb > 1 do 

if a , > bv then
ra := u — la + 1 
rb := ub — v 
ua := u 
/6 := v +  1 

else
ra := ua — u 
rb := v — lb +  1 
la := u +  1 
ub := v 

end if
u := la +  [(ua — la — l)/2] 
v := lb+ [(u6 — lb — l)/2] 

end while
X  :=< au- i , a u,au+i >
Y  : = <  6„_i,6„,6„+i >  

end. { Select }

The algorithm returns the pair (a*, b9) € X  x Y.  It requires ci 4- lg(m»n(n, m)) 

time, which is 0(lg(m  + n)). Akl’s(l] EREW splitting at the beginning assigns 

single processor to run procedure Select, to split A L B  into two equal sized pairs,
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A l  -L B 1 and A2 J. B2, in 0(lg(m  +  n)) time. Then assign two processors to 

run the same procedure: one is assigned to work on A l  _L S I , and the other on 

A2 ±  B 2. When the pair of sublists of A  and B  is split into two equal sized pairs, 

one processor is assigned to each pair. This process does not terminate until p 

equal sized pairs are generated, which is lg(p) iterations. The complexity of his 

splitting is 0(lg(p) lg(m + n)) and so is optimal if lg(p) lg(ni +  n) < (m + n)/p, or, 

by solving for p with p < m + n, p < (m + n )/ lg2(m + n).

The sorting algorithm includes two main steps. In the first step, the input set 

is subdivided into p subsets of size N /p  each. Each subset is then sorted sequen­

tially by one of the processors in 0((N /p)\g(N /p))  time if an optimal sequential 

algorithm is used.

In the second step, pairs of sublists are merged simultaneously using the 

merging algorithm above using all p processors; pairs of resulting sublists are 

merged in turn, and the process is continued until one sorted list of size N is 

produced. There are lgp merging stages; at stage *, 1 < i < lgp, 2' processors 

are used to merge two sublists of size 2,~1N /p  each. Hence, this step requires 

0((N /p )  lg p + lg iV lg2 p) time. The total running time of this algorithm is, there­

fore, 0 ( N  lg N /p  +  lg N  lg2 p). It is optimal for p < N /  lg2 N.

1.6.5 V aliant/K ruskal’s M erging

Valiant[9] is able to claim a speed of 2 lg lg n +  c comparisons to create A L B  

with p = [y/rnn\ processors and 1 < n < m. (This algorithm determines indices;
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it does not move the values.) A sample from A, say < a* ,» > 1 > ,a j = cl\s/^ \  

and the rest \y/m\ apart, and a like sample from B, say < b* > that are [’v/n~| 

apart are chosen. The p  processors are enough to compare every element in one 

sample sequence with every element from the other sample sequence in one step. 

These comparisons determine the position of each 6* into which it belongs in the A 

sequence up to the interval Since there are \y/m\ — 1 elements between

Oj_i and aj in A , the exact merge location of each b* in A  can be determined in 

parallel in one additional step using | _ ( T — 1) comparisons. The location 

of these b* segment the B  sequence into |V n | segments and the location of 6* in 

A  segments the A  sequence into \y/n\ segments that can be paired with the B  

segments. Again there are enough processors to assign to each pair of segments 

(i.e. the square root of the product of the paired size of the segments) to repeat 

these steps inductively for each pair in parallel.

When there are more elements to merge than there are processors available 

(i.e. 1 < p < n < m )  Valiant [9] modifies this algorithm. A sample of p — 1 equally 

spaced points from each list is chosen. The sampled values’ locations up to their 

interval in the other list can be determined in 0(lg lg(p)) using the algorithm stated 

above. The exact location in the original list of each sample value can be then 

found in 0(lg(n/p) +  lg(m/p)) by using, for example, binary search (Shiloach[7]). 

The resulting locations determine 2p — 1 pairs of disjoint sublists to be merged, in 

which no pair contains more than (m + n)/p  elements. As there are twice as many 

pairs as processors, Valiant [9] argues a (complicated) scheduling of processors can
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be used so that the merging time can be (m +  n)/p  (rather than twice as much).

The resulting total time of this algorithm is 0 ((m  +  n )/p+ lg (m nlgp /p2) + c), 

based on comparison steps. As two lists can be merged in 0 (m  +  n) time with one 

processor, an algorithm that uses p processors are optimal only if it merges the 

lists in 0 ((m  +  n)/p) time. Hence this algorithm is optimal only when the first 

term dominates the others.

Kruskal [5] has improved Valiant’s algorithm. By using a different sampling 

plan, he is able to reduce the problem of merging two lists of length m  and n to 

the problem of merging a number of pairs of lists where each pair’s shorter list 

has length less than n*/k. A sample from A, say a*,» > 1, m 1-1/* apart, and a 

sample from B, say 6*, i > 1, n 1/* apart are chosen. The p processors are enough 

to compare every element in sample B* with every element from A * in one step. 

These comparisons determine the position of each 6* into which it belong in A 

sequence up to the interval a*_,, aj. Since there are m1-1/* elements between 

Oj-i and a* in A. To determine the exact location of 6* in interval by

m}!k processors, choose evenly spaced vn}!k elements A** from that interval, then 

compare them with b* in one step. These comparisons determine the position of 

each b* into which it belong in A  up to the interval [a*lj,aJ*] of size m 1-2/*. By 

repeating this step k times on the newly found interval, the exact merge location 

of 6* in A  is found. The location of these b* segment the B  sequence into n l~l!k 

segments and the location of b* in A  segments the A  sequence into n 1-1/* segments 

that can be paired with the B  segments. This procedure continues until p pairs of
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segments are generated. The time complexity is +  111 h > 2. When k

it reaches the minimum, i.e. 1.893 lglgn + 4.
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C hapter 2 Parallel Median Splitting, 

k-Splitting, Merging, and Sorting

Let A A. B  represent the result of the merging of two non-decreasing sequences 

A =< a i,a j,  > and B  = <  bi,bi,...,b„ >. Median splitting divides the

two sequences A  and B  into two parts so that A l ±  A2 = A, B 1 _L B2 =  B, 

|j41| 4 - |B1| =  f(m + n)/2], \A2\ +  \B2\ =  [(m -I- n )/2 j, and all the elements in 

A l  and B 1  are less than or equal to those in A2 and B 2. We present MIMD 

algorithms to do median splitting, k-splitting (a generalization of median splitting 

in which |i41| + |B1| =  k), and splitting using a vector of k values. This latter 

algorithm leads to an optimally efficient merging algorithm that is faster than 

Valiant’s when the ratio of the number of values to be sorted to the number of 

processors is greater than (lg p)1/34. It is also superior in that the partitioned 

sections it creates for parallel merging are all the same size.

Section 2.1 Introduction

We have two non-decreasing sequences A  = <  a i ,. . . ,a m > and B  =< 6 i , ..., 

bn > (i.e. ordered lists) that are to be merged and p MIMD (Multiple Instruction 

stream, Multiple Data stream) processors available. Denote the merged sequence 

as A  _L B. We are interested in devising algorithms that split the two lists into 

pairs of disjoint sublists so that the pairs can be efficiently merged in parallel. 

We restrict our attention to shared memory MIMD (SM-MIMD) machines [1989].
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This paradigm is powerful, but care must be taken for memory conflicts in algo­

rithms written under its assumptions. It creates the possibility of synchrony and 

concurrency problems that have worried designers of multiprogramming operating 

systems for some time [1988]. It is common to characterize a parallel algorithm 

for a shared memory machine as an EREW (exclusive read, exclusive write), as 

an CREW (concurrent read, exclusive write), or a CRCW (concurrent read, con­

current write) algorithm.

The fastest merging algorithm reported to date for a SM-MIMD for p = 

[y/rrm\ is Valiant’s [1975] which is 0(lglg(n)), and which is asymptotically opti­

mal. We make use of his algorithm for p < (which is also optimal) and we

have outlined it before.

Section 2.2 M edian and M edian Splitting

We make use of algorithms for finding a median of the A  _L B  sequence, as a 

median can then be used to separate the two sequences into equal parts. Firstly, 

exactly what is meant by a median needs clarification. The classical definition of 

the median of a distribution is that value that splits the distribution in half, in 

the sense that the probability is one half that an outcome is less than this value 

and half more. To be consonant with this definition, the median of finite sample 

of values is often also defined as the value that divides the sample into two equal 

parts. Consequently, if the size of the sample, n, is odd, the median is the (n + 1)/2 

ordered value; if it is even, the median is generally defined as the average of the
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n/2  and n / 2  +  1  ordered values.

The algorithm below shall partition both A and B  into two parts each say >11, 

A2, and B 1, B2, respectively so that A = A l 1. A2, B — B l  ±  B2, |>11 j +  |B1| = 

f(m +  n)/2] and |A2| +  \B2\ =  [(m + n)/2J, and all the elements in A l  and B l  

are less than or equal to those in A2 and B2.

We shall define the distributive median of A  X B  as the f(m + n)/2] ordered 

value. Consequently the distributive median equals the maximum value of A l  X 

B l.  According to traditional definition, the median is the maximum of the largest 

element in Al X B l  when n is odd (equal to our definition of distributive median) 

or the average of this value and the minimum of the smallest values in A2 X B2 

when n is even.

The term “distributive median” is borrowed from Rodeh [1982]. His algorithm 

determines what he also calls the distributive median. Akl’s [1987] makes use of 

Rodeh’s distributive median in his merging algorithm, but their definitions have 

slightly different meanings. We do not dwell here on the differences between 

definitions since our interest is in dividing the two sequences into two equal parts 

when n is even or equal but one if n is odd. A generalized version of Rodeh’s 

procedure follows in the paragraph below. The method is based on reducing the 

set of possibilities that belong to A  and B  until both are empty. The elements that 

sue removed sure put into Al, A2, B l or B2  as appropriate. Assume for the time 

being that the sizes of both lists sue equal to n. We remove this restriction shortly. 

The simple, but crucisd idea used to sepsu'ate the lists into two psurts is that the n
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largest elements of A  J. B belong in A2 or B2  and the n smallest elements belong 

in Al  or B l.  (Rodeh’s [1982] algorithm is based on m =  n, no equality between 

keys, and having the x of the algorithm as defined immediately below equal to

\n /21.)

Suppose we compare az with b9 for any fixed x 6  (1,2, ...,n) and y =  n +  1 — x. 

Call y the complementary index of x since for any x and y, x + y =  n + 1 . If a z < b9 

we can place < a j ,. . . ,a z > into A l  and < bt ,...,bn > into B2 because we know 

that for the former sequence, there are at least n elements of A  _L B  greater than 

any of these elements, namely < az+i,..., a„ > plus < b9,...,b„ > and for the 

latter sequence that there are at least n elements of A L B  less than any of these 

elements, namely < a i ,. . . ,a z > plus < b\, . . . ,b9- i  >.

If, on the comparison the inequality is reversed, the elements < 6 j , . . . , 6 y > 

have at least n elements greater and can be removed to B l and < az,.. .,a n > 

have at least n elements less and can be removed to A2 , using reasoning similar 

to that above.

When these values are placed in Al, A 2, B l, or B 2, they are also removed 

from A  or B. As a result when az < 6 y the sizes of A  and B are both reduced by 

x elements and when 6 y < az their sizes are reduced by n +  1 — x. Importantly, 

whichever action is the one taken, we have removed the same number of elements 

from the left side of A 1  B as from the right and we are left with the original 

problem of dividing A ±  B  into two equal parts, but for a smaller sized problem. 

Notice also that the best a priori choice of x is [n /2 ] (as in Rodeh’s algorithm) as
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then independent of the outcome of the comparison, the size of A  X B, is reduced 

by at least n. With this choice of z the number of steps to reduce A  and B to null 

sets is equal to at worst [lg(n)j +  1 .

If on any iteration ax — bf  then the algorithm can terminate immediately. 

This is because, for the reasoning identical to that above, we can move < a\ , 

...,a t  > into A l, < a s+ i,...,a n > into A2 , < 6 j , . . . , 6 f _i > into B l, and < 

b9, ..., 6 n > into B2 immediately. (Note that ax and 6 V could as well be put 

into A2 and B l, so multiple solutions exist.) Figure 1 shows these three cases 

schematically. The part of A  (B) that are to be kept for the next iteration is 

denoted by A' (B').
Figure I
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The procedure Mediansplit defined below incorporated these ideas. It calls upon 

the procedure Reduce to reduce the size of A  and B. Rather than move the 

elements between sets (eg, from A  into >11 or >12), the indices la, lb, ua, ub are 

used to represent the movement of the data between sets. Values to the left of la 

(lb) are to be considered in the >11 (B l) set, and to the right of ua (ub) are in the 

A2 (B2) set. Values from la through ua inclusive are in A  and likewise for B.

Mediansplit expects that it is passed la and lb having values equal to the low 

index of A  and B, respectively, and ua and ub the high indices, respectively. The 

Reducetoequal procedure is needed when m  ^  n and is explained below. When 

>1 (and B) are null the while loop is exited. The procedure Reduce implements 

the three cases stated above by modifying the appropriate indices: la, lb, ua or ub. 

When Mediansplit is exited: ua equals la +  1 and u6  equals lb +  1 ; ua points to 

the lowest index of A2, la points to the highest index of A l,  and likewise for lb 

and ub. One of the two indices, la and lb is the index of median of A  J. B.



Chapter t: Parallel Merging 25

If we envision the sequence A  directly above sequence B, and envision a line 

intersecting A  between la and ua and intersecting B  between lb and ub, then the 

values to the left of this line belong to Al or B l  and those to the right to A2 

or B2. See figure 2. Call this line a splitline. Since la (lb) and ua (ub) have 

redundant in ' nation we define pa = la + e, and pb = lb + e,0 < e < 1 . Then we 

can say that the intersection of the cutline with the A  sequence occurs at pa and 

its intersection with B  at pb. Call the pair (pa, pb) a split pair. Clearly la =  \pa\, 

ua = [pa] and similarly for pb.

Figure 2

A1
A

A2
A

split line

V

B1 B2

procedure  Mediansplit (la,ua,lb,ub) 
begin

Reducetoequal(/a, ua, lb, ub) { see below } 
while la < ua do 

Reduce(/a, ua, lb, ub) 
end  {while} 
la «-► ua
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lb *-* ub 
end . { Mediansplit }

p rocedure  Reduce (/a, ua,lb, ub) 
begin

:= L(«a -  la)/2J 
=  la +  d 

:= ub — d 
if  az < b9 then 

la := x +  1  

ub :— y -  1 
else if  a , > b9 then  

ua := x — 1  

lb := y +  1  

else {at = b9] 
la := i  +  1  

ua := z 
/ 6  := y 
ub :=y -  1  

end if 
end. {Reduce}

The Mediansplit procedure either removes one more than half the remaining 

elements from consideration from each list on each iteration, or (on equality) it 

terminates immediately. Hence it requires [lg(n)J + 1  comparisons in the worst 

case.

We are now in a position to assume that the sizes of A  and B  are not nec­

essarily the same. With |i4| =  m, \B\ =  n, without loss of generality assume that 

n < m .

There are m — [(m + n)/2j elements of A that can be removed immedi­

ately to A l  and m — [(m + n)/2] elements to A2, reducing the problem to 

one with both sequences equal to n. This is true because the elements Ai =< 

alf ...,am-[(m+fl)/2 j > of A must belong to A l  since there are [(m -fn)/2 j elements
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that are greater than or equal to any of those in Ai namely, am-L(m+n)/2 j + ii 

Likewise, the elements A r = <  af(m+n)/2 l+ii > of A  must belong to A2 since

the f(m +  n)/2] elements a i,...,a f(m+n)/2 l are le8S than or equal to those in A r. 

Removing these elements from A leaves it with n elements, and since the same 

number of elements were removed from both sides of the cutpoint if m + n is even, 

and the same number but one were removed from both sides if m + n is odd, we 

are left with the basic problem. Procedure Reducetoequal below, already invoked 

immediately above the while loop of the Mediansplit procedure, incorporates these 

ideas.

procedure Reducetoequal ( la,ua,lb,ub) 
begin

if m > n then
ua := la + f(m + n ) / 2 ] — 1 

la := la + m — [(m + n ) / 2 j 
else if m < n then

u6  := lb +  f(m + n ) / 2 ] — 1 

lb := lb + n — [(m + n ) / 2 j 
end if 

end. { Reducetoequal }

Therefore without loss of generality we can suppose that |A| =  |B| =  n. There 

is another way of explaining the way median splitting works that is enlightening. 

See figure 1 . The element and those to the left of (those smaller than) the smaller 

of az and by, are added to >11 or B l as appropriate, and the element and those 

to the right of (those larger than) the larger of the two are added to > 1 2  or B 2 , 

as appropriate. The values in between are kept in >1 and B for a next comparison 

and are denoted by >1' and B ' respectively.

Suppose we know the results of more than one complementary comparison.
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For example suppose we do three comparisons as shown in figure 3a. In this figure, 

the original sequence A is represented by the top horizontal line and the lower hor­

izontal line represents the B  sequence. The three complementary comparisons are 

represented by the lines that intersect both sequences. The sense of the resulting 

inequality of these comparisons can be represented by the inequality symbols that 

are at the ends of these lines. Fbr instance if suppose a ,, > brt then a “>” symbol 

could be added to the figure at the intersection of this line with A and a “<” 

symbol at its intersection with B. See figure 3b. As a result of this comparison, 

the part of A to the right of the > symbol ( and <*,,) be removed to A2 and the 

part of B  to the left of the , (and bu ) be removed to B l.  Now imagine the results 

of all three comparisons are known and are as shown in figure 3c. Independent of 

the order that these comparisons have been made the resulting set compositions 

are as shown. The part of the original A  (B ) sequence that becomes A' (B ') is 

that part between the innermost < and > symbols.

Figure 3a

**2 a*3

b
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Figure 3b
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Figure 3c
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The advantage of this view is that we can replace the sequential viewpoint of 

the Mediansplit procedure to a view of the process as a parallel one. In this view 

we do multiple comparisons in parallel. The part of A and B  that must be kept 

for an additional iteration is that part that is between the comparison reversals.

Suppose t complementary comparisons are made. Let the comparisons be 

made at points zi,X 2 ,...,z< (x; < x>> if * < j )  in combination with their comple­
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mentary points denoted by yi,ya,...,y« where x* + y* = n + 1 :

( 1 ) ar , : b9l, aXj : b9i, ..., aXj :b9i,...,aZt :b9t.

Lemma 1. If we make the t comparisons of (1), then there is at most one index 

at which the inequality reverses.
m

Proof. The lemma is trivially true since both sequences < a i,..., a„ > 

said < bi,...,bn > are by definition monotonically non-decreasing. Thus the sub­

sequence < a r ar , > is monotonically non-decreasing and the subsequence 

< b9l,...,b9t > is monotonically non-increasing. Once they cross they cannot 

cross again. |

The following theorem is an immediate consequence of this lemma. 

Theorem  1. Denote by A'(B ')  the elements left in A  (B) after the t comparisons 

of ( 1 ). The following divisions of A  and B  result:

if az . =  b9j, for at least one j ,  then
a):

A l =< a i , . . . ,a x> >,
A2 = <  a r  ̂ an >,
B l  = <  6 j , 6 ^ _j >,
B 2 = <  b9J, . . . ,6n >,
A ' = *,
B ' =  <f>\ or,

if ar , < b9l and aZt < b9t then
b):

A l  = <  a i ,. . . ,a x, >,
A2 = <f>,
B l  = <t>,
B2  = <  b9l, ...,bn >,
A ' =< aXl+ i,...,a„  >,
B' = <  6 i , . . . , 6 „ _ i >; or,

if aZx < b9l and there exists a j  such that ax>_, < b9j_x and aZj > b9j then
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A l  —< flii
A2 = < Qfj ) •••) On ^i
B l  = <  bu ...,b9i >,
5 2  =<  bpj_t, b„ >,
A' = <  “ i j - i  + l i ' - . O i / - !
B* = <  6 ^ + 1 , > ;

if instead az, > b9l then 
d):

A \  = <f>,
A2  =  < a Zl, on >,
51  = <  bi,...,b9l >,
B2 = (f>,
A' = <  o i,...,a* ,_ i >,
5  = <  6 >1 +i , > .

Notice that in case a) we have completed the median split of >1 _L B.

C orollary  la .  If xi = 1  then in case d) we have completed the median split or if 

X| =  n then in case b) we have completed the median split.

The following two algorithms accomplish the divisions of A  and B  of Theorem 

1; they determine if the j  of the above theorem exists and its location. We present 

two different versions. The first takes advantage of the possibility that ati = b9i by 

exiting a loop early, but it is a CRCW algorithm; the other does not try to make 

use of this knowledge and is an EREW algorithm. Both assume that Xi < x,+i; 

that is the Xj’s are unique. An array of boolean variable’s, b[], is used locally to 

determine sign changes.

p rocedure  MSP(/a, ua ,/6 , u 6 ,p){ a CRCW version}
6 [ l , . . . ,p +  1 ] =  true : boolean 
c : integer
exit = false : boolean 
begin

Reducetoequal(/a, ua, lb, ub) 
w hile la < ua do
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{one possible choice of an Xi and y; sequence appears below} 
for * := 1  to  p do in parallel

Xi := la + i * f(ua -  la +  l) /(p  +  1 )] 
y< := la + u b -  Xj 

end for

{ from Theorem 1 }
for t := 1 to  p do in parallel {one time step} 

if aZ( > b9i then  
if i = 1 then

ua := Xj — 1 

lb := yi +  1  

exit:=true 
end if

1 : else if aZj < b9. then
if i = p  then

la := xp +  1 

ub := yp -  1 

exit:=true 
else

b[i]:=false 
end if

2 : else {az< =  b9i}
{ concurrent writing may occur in this next statement}

3: c:=i
end if 

end for

4: barrier

if not exit then
for i := 1 to  p do in parallel {one time step}

5: if c=i then
la := Xi + 1  

ua := Xi 
lb := yi

6 : ub := yi — 1

end if
if (not 6[t]) and b[i + 1] then

la := Xi +  1  

ua := Xi+i — 1  

lb :=  y i+ i +  1 
ub := yi -  1  

end if
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end for 
end if 

end while
la O  ua 
lb ub 

end. {MSP}

In this algorithm as in all the algorithms that appear below we assume that 

a processor knows its own index. The processor with the same index value as the 

for index in a construction “for...in parallel” in meant to execute the code within 

the loop. The “barrier” statement (statement labeled 4:) forces synchronization; 

it causes the processes to wait at this statement until all have arrived.

If the xj’s (and yi s) are unique, the only place that a concurrent read can 

occur in this algorithm is in the “if c=i...” statement. Because a Z| > b9i and 

aZf < b9r cannot occur simultaneously, no concurrent write to variable “exit” can 

occur. Interestingly, the algorithm correctly works no matter which i is the last 

one stored in c. To make this procedure into an EREW version we need to remove 

the else clause that tests for equality (statements labeled 2: and 3:) and also the 

if statement (statements 5: through 6 :) and replace the test condition aXi < b9i 

(statement 1:) by aXi < b9i. These changes no longer allow exiting the loop when 

ax. =  b9i as the CRCW algorithm allows.

Corollary lb . If Xi = la + *[(ua — la + 1 )/(p  + 1)1,* = 1,2, ...,p, then using the 

MSP procedure we can determine the median-split of A  J. B  in |_lg(n )/ lg(p+l)J +1 

comparison steps.

Proof: After the first parallel comparison step we have reduced the sizes of 

A  and B  to at most n /(p  -|-1 ) each. The while loop is not exited until A (and B)
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is reduced to an empty set. Let z be the number of repetitions of the loop, then

n/(P + 1)* < 1

holds. Solving of z gives z =  Lte(n )/te(P  + 1)J + 1-1  

Corollary lc . MSP requires one comparison step if p > n.

If p > n, then set x, =  i for i =  1,2,.... Each element of A and B  would 

then be compared to its complement in one parallel step. Therefore after one 

iteration of the while loop in MSP, ua < la, ub < lb\ and Al =

A2 = <  Q/o» •••) On B l  = <  bt ,..., >, and B 2 = < bn, ..., bn >. |

Section 2.3 k-Splitting

The definition of a median-split is easily generalized to a k-split. Define a 

k-split as partitioning A -L B  so that |A1| + |£1 | =  k and |A2| +  \B2\ =  m + n — k\ 

and define .Y[*] as a set of the k smallest values of a set X. Interestingly a k-split 

problem can be made equivalent to a median split problem as shown below.

Theorem  2. Assume without loss of generality that |A| =  m > \B\ =  n. A

k-split of A ±  B ,  1 < k < m  + n, is equivalent to a median split of

a) A(t] 1  B[k] if 1 < k < n, or

b) (A[kj -  A[t _nj) ± B  if n < k < m, or

c) (A -  A[k_ nj) ± ( B -  5[t _ ro]) if m < *: < m + n.

Proof. A k-split of A L B  can be thought of in terms of determining the k-th 

smallest of A L  B  in the following sense: If A  _L B  is k-split then |A1| +  |£ l |  =  k 

and hence the k-th smallest item (and those that are less) is to be part of Al _L B l. 

Consequently the sets A2 and B2  are where we put the non-candidate elements
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for the k-th smallest. Clearly the elements {a*, i > k] and {bj, j  > fc} cannot 

be candidates for the k-th smallest and consequently they can immediately be 

removed from A and B  and put into >12 and B2, respectively. Doing so leaves us 

with a). The problem remaining is a median split of Am _L B[*].

Likewise when n < k < m  (case b) we can remove from A and add to A2 the 

elements < a, , i > k > for the same reason. Furthermore, the first k — n elements 

of A, <  ai, i < k — n > must belong to Al as they could belong to A2 only if there 

are k elements of A L B  less then or equal to each of them. There cannot be, for 

at most there are the n elements from B.

I f m < J b < m  + n a s in  case c) the arguments of case b) used in removing 

A[*_n] from consideration from set for A hold for B  as well, and consequently the 

first k-m elements of B  must be part of B l. |

The ideas of theorem 2 are incorporated into the procedure Adjustbound

below. Also below procedure ksplit, that does k-splitting, first calls this procedure

before invoking Mediansplit.

procedure Adjustbound (la,ua,lb,ub,k) 
begin

if k < min(m, n) then  
ua := la +  k — 1  

ub := lb + k — 1  

else if min(m,n) < k < max(m,n) then  
if n < m  then  

la := la +  k — n 
ua := la + k — 1  

else
lb := lb + k — m  
ub := lb + k — 1  

end if 
else {k > max(m, n)}
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la := la + k — n 
lb := l b + k - m  

end if 
end. {Adjustbound}

procedure  ksplit (la,ua,lb,ub,k)
{ ksplit will split A ±  B )
{ so that |j41| + |B1| = k, \A2\ +  \B2\ = m  4 - n — Jb} 
begin

Adju8 tbound( la,ua,lb,ub ,k)
Mediansplit(la,ua,lb,ub) 

end  {ksplit}

We can make this algorithm into a parallel version by replacing the call to

Mediansplit with a call to MSP. This gives us a new degree of freedom in that we

can assign some of the p processors to do the k-split. We call this procedure KSP

and write it below for reference.

procedure  KSP (la, ua, lb, ub, k, p) 
begin
{ 1  < p < min(fc,m +  n +  1  — k ,n ,m )}

Adjustbound(/a, ua, lb, ub, k)
MSP(/a, ua, lb, ub, p) 

end. {KSP}

C orollary  2. By using KSP a k-split of A  -L B  can be accomplished in single 

comparison step with min(&, m  +  n — k, n, m)  processors for 1  < k < m + n.

Consequently if, as we have been assuming n < m, then KSP can k-split 

A  1  B  in single comparison step needing no more than k  processors if k < n; 

or needing no more than n processors if n < k <  m; or needing no more than 

m + n — k processors if m < k < m + n. The following symmetry exists: we require 

the same number of processors to calculate the i ik largest value (=  m  +  n -I- 1  — i 

smallest) as the itk smallest.
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Section 2.4 M ultiple Split Points

In this section we use the results of the previous sections to help determine 

multiple split pairs (or equivalently multiple split lines) simultaneously. The prob­

lem addressed here is to simultaneous split A L  B  according to a splitting vector 

K  =  (ku k2,.. .,k t), where ki < Jbj+i, i =  — 1. Doing so results in sec­

tioning A L B  into t +  1 sections. If we denote each section by Ai and Bi then 

£>=i 14/1 + \&i\ =  *•»* =  !>•••»*> UjijA j =  A , =  B. The first procedure

presented below is a straightforward generalization of the Mediansplit procedure 

(remember it uses a single processor to find a single split pair). This algorithm 

assigns one processor to each ki so it requires that t =  p. It is a CREW algorithm.

procedure Kpartition { parallel p splitting} 
begin

la := lb := 1  

ua := m; ub := n 
for t := 1 to  p do in parallel 

k8 plit(/a, ua, lb, ub, ki) 
end for 

end. {Kpartition}

As we have p calls to ksplit running in parallel, the complexity of this algo­

rithm is equal to the complexity of ksplit which is |lg(min(m,n))J +  1 .

We now present an algorithm that determines t =  p/2q sections, for a fixed 

integer q, 0  <  q < (lg(p) — l j , so that all sections are of equal size (except possibly 

the last), i.e. |Ai| -I- |Bi| =  f(m -I- n)/t},» = 1,...,/. The algorithm is a CREW 

algorithm. For the sake of efficiency in explanation (but not necessarily) assume 

that p, m, and n are powers of two.
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Algorithm  A Evenly split A L B  into t  sections.

Step 1.

Create A*, a subsequence of A, that are the »f(m +  n)/<"|,i =  1,2,... 

elements from the original sequence. Likewise create B* from B. We do 

not need am or b„ to be an element of A* or B*\ therefore remove them 

if they have been included. (They are be by our assumption that p, m, 

and n are powers of two.) Consequently |A*| +  |B*| =  t — 2.

The A* subsequence segments the A sequence. Call these segments A ', 

j  > 1 and have the elements of A' be the elements of A between a*_l 

and a*j (see figure 4). Likewise denote by B ', j  > 1 the segments of B. 

|A' | < [(m + n )/t] — 1 j  > 1; likewise for |BJ|, j  > 1.

Figure 4

A‘1 A '2 \  A’3 A'r

B’1 B'2 B's

{ Basically, steps 2 through 5 are designed to find the split lines of A* X 

B* for K  =  (1,3,5, ...,< —3). Note that \K\ =  </2 —1. If there are enough 

processors available this can be accomplished in one comparison step 

(step 2 ), otherwise we resort to recursively reducing the problem (steps
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3 through 5). We can represent the result of this partitioning pictorially 

as in figure 4. The stars in the figure represent the starred sample. The 

lines crossing both sequences denote the split fines. Splitting using the 

odd starred points results in there being two starred values between each 

split line except the ends, which have one. We say that a splitting fine 

intersects segment A' (or £ ' ) if it between a' and a ' .}

{ Consider the total number of comparisons needed to calculate the split 

points of K in the worst case. Since when k is in the range n < k < 

m, corollary 2  says that the number of comparisons needed is equal to 

min(n, m + n — k) = n, the worst case number of comparisons occurs 

when m = n, for k in this range. Assume this is the case. Since (1 + 3 + 

... +  (2x — 1 )) =  i 2, and by the symmetry discussed following corollary 

2, the worst case requires 2(1 + 3 + ... +  (t/2 — 2)) = (t — 2)2/8  (for t/2  

odd) or 2(1 + 3 +  ... + (t/2  -  3)) +  (t/2  -  1) =  (t -  2)2/8 +  1/2 (for t/2  

even). Both sums are bounded by t2/ 8  for t > 1 .}

S tep  2.

If t > 2[v^p) then continue with step 3, otherwise, use Kpartition on 

A* ±  B* with K  =  (1,3,5,..., t — 3). This step determines t/2  — 1 split 

fines of A* ± B* in single step. Continue with s tep  6 .

S tep  3.

Create A** and B ** as subsequences of A * and B* that are the i [(< —
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2)/(2>/2p)l, i =  1,2,... elements from the A* and B* respectively se­

quences. Remove the last elements of A* and B* from A ** and B** if 

included.

{Consequently |A**| -I-|£**| =  2[v^pJ — 2.}

Step 4.

Use KSP on A** and B ** for each element of K, K  = (1,3,..., 2 Ln/^pJ — 3)-

{There are enough processors available to do this in parallel in one step. 

(See discussion above Step 2).}

Step 5.

The A** subsequence divides the A * sequence into segments; call the 

segments A'*,i =  0,1,.... Likewise define B J*. Since |/^| =  y/%p — 1, the 

odd split points determine y/Zp — 1 split lines. Think of these split lines 

as intersecting segments of the A* and B* sequences.

In parallel, do a median split of the \JZp — 1 pair of segments, A * and 

£ '* , that each split line intersects.

{Since the size of A'* JL B'* is bounded by f(t — 2)/y/Zp\ — 1 we can 

accomplish this median split using MSP on each in one step, by assigning 

y/Zp/2 processors for each median split, (see corollary lc.)}

{At this point we have split A* _L B* into [\/SpJ equal sized segment, 

each of size [(< — 2) /\ /Ip \  but we need to split it into t segments. We



Chapter 2: Parallel Merging 41

now treat each segment as an independent problem, assigning pfy/^p =  

Lv/p72J processors to each, and recursively repeat steps 4 and 5 on each 

until each segment is of size two.}

{Steps 3 through 5 contain two comparison steps. If we take this path 

after k iterations we have reduced the interval size by (2p)1-^*/2̂ . Thus 

the complexity, in the number of comparisons, of these steps is 2 (lglgp —

lg(? +  l))- }

S tep  6 .

{ In either step 2 or in steps 3 through 5 we have determined the location 

of the odd split lines of A* X B*. That is, we have determined the 

sequence A* X B* up to a partial order.)

{ Step 6  does a simple comparison of the starred values between the split 

lines. This step fully sorts the starred values and can be thought of, in 

effect, obtaining t — 3 split lines or split pairs.}

Using processor i determine the order of two elements of A* X B* im­

mediately to the left of the i +  1  — st splitting line, t > 1 .

S tep  7.

{ At this point we have t — 3 splitting lines. As in s tep  5, think of the 

split lines of A* X B* intersecting A  and B  within specific segments.

This step positions the split lines of A* X B* to their accurate positions 

in A  X B. }
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In parallel do a median split of the t — 3 segment pairs of A and B  that 

each of the t — 3 splitting lines intersect. At the same time do a median 

split of A\ with B\ and of the last two segments of A  and B. These 

median split lines divide A L B  into t equal sized sections all, except 

possibly the last, each equal to f(m + n)/<"|.

{In this step we are executing t — 1 processes in parallel and have p > 

t — 1  processors available. Thus using MSP this step can be executed in 

|.lg((m +n)/<)/lg(Lp/(t-l)J + l)J +1 comparisons by assigning [p /(< -l)J 

processors to each process (see corollary lb). }

{The idea of recursively reducing the problem using a sample of y/p 

elements comes from Valiant [1975].}

T heorem  3. The number of comparisons necessary if Algorithm A partitions 

A L B  into t equal sized segments is 

lg((m +  n ) /t) / lg ( [p /(< - l)J  + l )  + 2 ( lg lg p -lg (g  +  l »  +  2 , if t > 2y/Ip, or

lg((m + n ) / t ) /  lg( \p/(t -  1 )J +  1 ) + 3, if t < 2 y/Zp.

C orollary  3. If p = n = m, then A L B  can be partitioned into t parts in

2 (lglg(p) — lg(? + 1 )) +  1 comparisons.

If p = n = m  then steps 1  and 6  of Algorithm A are unnecessary and A* =  A 

and B* = B.

Section 2.5 A pplications of K -sp litting  to  M erging and  Sorting

Although k-splitting can be useful in its own right this paper is predicated on 

the need to create A L B .  Certainly two natural applications of k-splitting are
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merging and merge sorting. Previous work on parallel merging includes Akl [1987] 

and the previously mentioned Valiant’s algorithm [1975] with Kruskal’s [1983] im­

provement. Akl’s[1987] algorithm, like Valiant/Kruskal’s, partitions A L B  into 

disjoint sections. Akl does this by making use of Rodeh’s idea of a distributed 

median [6 ]. The distributive median is used to first divide A L B  into two dis­

joint parts; the distributive median of both parts are then found and this process 

repeated until these are p sections (p is a power of two). The time complexity of 

this algorithm is (m + n)/p  +  ci lg(p)lg(m + n) +  cj cj > 1. Valiant’s algorithm 

(with or without Kruskal’s improvement) is faster, but Akl’s algorithm is a EREW 

algorithm.

We can use Algorithm A to section A L  B  as well. By first using t = p/2 

in Algorithm A to get p/2 disjoint sections, two processors can then be used for 

the actual merging of each pair of sections (see e.g. Knuth [1973]). Adding the 

merging time to time given by Theorem 3, the time complexity is then seen to be 

(m + n)/p+ lg((m  + n )/p )/lg 3  + 21glg(p) +  l. The second term is lower by afactor 

of 1 / lg 3 «  0.63 than the Valiant/Kruskal’s algorithm and the coefficient in front 

of the lglg term is 0.11 greater. If we let r  =  (m +  n)/p , the ratio of the number 

of values over the number of processors, then it can be shown that Algorithm A 

is faster than the Valiant/Kruskal version if

p < 2r*, where x =  (lg3 — l)/(21g3 — 3) «  3.4.

Hence, if we need to merge twice as many numbers as processors, Algorithm A is 

faster when the number of processors is less than 512; if the ratio is three to one
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then Algorithm A is faster if p <  4.1 x 1012! Algorithm A also has the advantage 

over the Valiant/Kruskal algorithm in that it creates sections that are of equal 

size.

The key reason Algorithm A is faster than Valiant’s is that by finding the odd 

splitting points and hence only determining the partial order of the elements in 

the main loop (steps 3* 5), we are able to reduce the number of comparisons in the 

loop by about half. Had we used a K  =  (1,2,...), then the number of comparisons 

would be the same as a Valiant’s and the speed of the algorithm would have been 

essentially the same.

To sort N  > p values first divide the values into p parts. In parallel, use 

an efficient sequential sort on each of the p parts, one part on each proces­

sor. This requires \N/p\ lg\N/p\ comparison steps at most. Repeatedly, two- 

way merge each pair of the resulting sequences, first using two processors and 

Algorithm A for each pair, then four processors for each pair, then eight, etc, 

each time using Algorithm A, until sorted. This requires flgp] steps. Con­

sequently, from Theorem 3, sorting can be accomplished using Algorithm A in 

\N/p] lg N  + 0.63flgp] lg(N/p)  +  2flgp](lglg(p) -I- 1), which is optimally efficient 

as long as the first term is larger than the others. This is true for p < N/  lglg N.  

If p = N  then as a consequence of corollary 3, we can sort in 0(lg(7V)lglg(7V)) 

which is not optimal. Recently Cole [1988] has devised an optimal algorithm for 

this case.

Section 2.6 E R E W  sp littin g
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Now we present two EREW algorithms to determine p equal sized split pairs 

(eg \Ai\ +  |B,| =  (m + n)/p, i =  1, ...,p.

Akl’s[1987] splitting algorithm, an EREW type, is described in section 1.7.4. 

Its complexity is 0(lg(p)lg(m + n)).

We present two algorithms. One for p = (m + n)/2 , and one for p < (m + n)/2. 

For the sake of efficiency in explanation we also assume each of m ,n ,p  to be a 

power of two. The first requires half as many processors as values to be split.

Case 1 . p =  (m + n ) /2.

The algorithm first assigns p processors to run MSP to split A L B  into two 

equal sized pairs, A1 L  B \  and A2 _L B 2. There are sufficient processors available 

so that this can be accomplished in single comparison step; see Corollary lc. Now 

assign p/2 processors to each pair (child) to run MSP, again in one comparison 

step resulting in four equal sized pairs, etc. The process can be likened to a tree 

structure. It terminates when p equal sized pairs are generated, which take lg(p) 

steps.

It is not difficulty to see that, during each step, the sublists on which proces­

sors are working to determine the new partition are all disjoint, and MSP can be 

an EREW algorithm no memory conflicts occur.

If |B | = n < |;4| =  m, and p =  (m n)/2. We store the splitlines into array A 

as storing nodes of a search tree. First store the p-splitting line into a\ , then store 

the p/2tk an^ 3d/2‘* splitlines into 0 2  and <*3 respectively, and so on. Procedure 

PMSP is an implementation of the EREW splitting, which is coded as follows:
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procedure  PMSP (la,ua,lb,ub,p)
{la, ua, lb, ub are the bounds of input data}
La,Ua, Lb, Ub: array[l..p] of integer 
begin
{ use parameter la,ua,lb,ub as initial lower or upper indices }
{ of p- splitting line } 

cobegin
£a[l] := la 
L6[l] := lb 
f/a[l] := ua 
1/6(1] := ub 

coend
for t := 1 to  lgp -  1 do

for j  := 2 ' - 1  to  2 ' — 1 do in parallel
{ pass the parents’ indices to their children } 

cobegin
La\2j) := La\j\
Lb[2j) := Lb\j)
Ua[2j + 1] := Ua\j]
Ub[2j +  1] := Ub\j] 

coend
MSP(La\j), Ua\j], Lb\j], Ub\j), p /2 '" 1)

{ pass the parents’ indices to their children } 
cobegin

Ua[2j] := La\j]
Ub[2j) := Lb\j)
La[2j + 1] := Ua\j\
Lb[2j + 1] := Ub[j) 

coend 
end for 

end for
for j  := p / 2  to  p — 1 do in parallel

MSP(La\j], Ua\j], Lb\j), Ub\j},2) 
end for 

end { PMSP }

The procedure that follows is another version. In this version each child

procedure can locate its nearest parents.

p rocedure  EREWPMSP (la,ua,lb,ub,p)
{la, ua, lb, ub are the bounds of input data}
La, Ua, Lb,Ub: array[0..p] of integer 
begin
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{ use parameter la, ua, lb, ub as initial lower or upper indices }
{ of ptk splitting line } 

cobegin
La\p/2] := la 
Lbjp/2] := lb 
Ua\p/2] := ua 
Ub\p/2] := ub 

coend
for t := 1 to  lgp -  1 do

for j  := 1 to  2 , _ 1  do in parallel
kj := p / 2 '( 2 j  — 1 ) {kj and qj are local variables }
9i :=  P/2i+l 

{ pass the parents’ indices to their children } 
cobegin

La[kj -  qj] := La[kj] 
L b lk j-q ;)  :=Lb[kj) 
Ua[kj + qj] := Ua[kj] 
U b lk j+ q A ^U b ik j)

coend
MSPiLalkj], Ua[kj), Lbikj), Ub[kj],p /2 ' " 1 )

{ pass the parents’ indices to their children } 
cobegin

Ua[kj -  qj] := La[kj] 
Ub[kj -  qi) := Lb[kj) 
La[kj + qj) := Ua[kj]
Lb[kj +  qj) := U b ^ )  

coend 
end for 

end for
for j  := 1 to  p / 2  do in parallel

kj  : =  2j  -  1
MSP(Ia(Jb>], Ua[kj), Lb[kj], Ub[kj], 2) 

end for 
end { EREWPMSP }

Case 2. p < (m + n)/2

If p < (m + n)/2, n < m, we consider multiple splitting .4 ±  B  at 

and kjh ordered values (kx < A:2). A V ,A 2 ',B V ,B 2 '  are used to represent the 

four subsets A \ ,A 2 ,B \ ,  and B2  which are defined by k\- splitting. Likewise 

A \" , A2", B \ " , B2"  for splitting. Any x € A V , which is less than at least
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m + n — k% elements of A  _L B, so that it less than m + n — Jfcj(m+n — Jfcj < m +n+fcj) 

elements of A L B, which leads x € A \" , we have AV  C A \" . By the similar 

argument, A T  C A2', B V  C B l '\  and B2" C B2'.

If fci-splitting of A  _L B  is equivalent to median splitting (/a ', ua') and 

(lb', ub'), where la' and lb' are lower indices of sublists of A  and B  and ua' and ub' 

are upper indices of them and Jbj-splitting A L B  equivalent to median splitting 

{la",ua"), and (lb",ub"), where la", lb", ua", ub" have similar meaning. Assume 

sublists (la',ua') and (lb',ub')  have equal sizes. So do ( la",ua") and (lb",ub").

Lem m a 2. A k \-splitting of A L B  is equivalent to a median splitting of {la', ua") 

and {lb' + {ua' — ua"),ub') if ua" < ua'.

proof. Because of A2" C A2', every az € A2", (x > ua"), can be removed 

to A2', so ua' can be updated to ua". The elements at the left most of sublist 

{lb", ub") with size ua' — ua" cab be removed to 2?1' since if they were in B2', B2' 

would overflow. |

Lem m a 3. A ^-splitting of A X B  is equivalent to a median splitting of {la', ua") 

and {IV, u V  -  {la' -  la")) if la' > la".

proof. Because of AV  C A \" , every az € AV,{x < la'), can be removed 

to A \" , so la" can be updated to la'. The elements at the right most of sublist 

{lb", u V )  with size la' — la" can be removed to B2" because they have no way to 

be in B l" .  |

Likewise for list B.

Lem m a 4. A Jbj-splitting of A L B  is equivalent to a median splitting of {la' +
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(u 6 ' — ub"), ua') and (IV, ub") if u V  < ub'.

Lem m a 5. A ^-splitting of A 1  B is equivalent to a median splitting of 

(la",ua" -  (IV  -  IV)) and (IV, u V )  if lb' > IV.

To split A L B  into p equal sized segments, we create A*, a subsequence 

of A, that are the »[(m +  n)/(2p)]<*,i =  1,2,... elements from original sequence. 

Likewise create B* from B. We do not need either am or 6 „ to be an element of A* 

or B*; therefore remove them if they have been included. (They will be included 

by our assumption that p, m, and n are power of two.) Add two dummy records: 

di < m tn (a ,,6 , ) and d2 > max(am,bn). Consequently |A*| + |B*| =  2 p.

Run EREWPMSP on A* and B* using p processors to split A* L  B * into p 

equal sized segments in lg(p) steps, i.e. each segment has two elements except the 

ends which have single element with one dummy, and there is a splitline between 

two consecutive segments.

The A* subsequence divides the A  sequence into segments; call the segments 

A\,i  = 0,1,.... Similarly define B{. Think of these splitlines as intersecting seg­

ments of the A  and B sequences. In parallel, do a median split of the pair of 

segments, A\ and B ', that each split line intersects. If two or more splitlines in­

tersect the same segment say A\ (or B '). In parallel, doing median splitting of the 

pairs of segments of A and B sequences (as that in Algorithm A) may have con­

current reading. To avoid that, we schedule these p — 1 median splitting jobs into 

a pipeline. First work on the p /2th splitline, when the sizes of its A\ and B ' are 

reduced to half of themselves, start working on the (p/4)‘* and (3p/4),fc splitlines,
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then work next on (p /8 )‘fc, (3p/8)*\ (5p/8),fc, and (7p/8)‘*, and so on,.... The 

job is scheduled like a balanced binary tree. Between the consecutive levels, there 

is one comparison time delay. If two or more splitlines in different levels of the 

tree intersect the same segment A\ (or 2?'), they may read the same value from A\ 

(or B j ) but at different time by this scheduling method, so there is no concurrent 

read between levels.

Let us consider two splitlines Jbj and £2 , (Jfci < Jfe2)» which intersect the same 

segment in A  (or B), are scheduled at the same level, By the scheduling method 

at least one splitline k, ki < k < k2, at the higher level of the tree, intersects the 

same segment. Assume ktk splitline is intersecting (/a,ua) and (/6 , u6 ), k[k split- 

line intersecting (/a i,u a j)  and (/6 j ,u 6 i), and k2k splitline intersecting (/a2 ,ua 2 ) 

and lb2,ubi). Without loss of generality assume lat =  la2 and uai =  u6 2, and 

(/a,ua) C (lai,ua\). If la > la2, the bounds of k2% segments can be reduced to 

(/a ,ua 2 ) and (/&2 ,u &2 ~ (1° -  ^ 2 )) by lemma 3, and if ua < uaj, the bounds of 

k\s segments can be reduced to (/a i,ua) and (lb\ +  (uaj — ua),u&i) by lemma 2 . 

One or two possible conditions above is true, i.e. Jb's bound reduces the bound for 

at least one child.

Lem m a 6 . If x(x > 2 integer) splitlines intersect the same segment in A (or B) 

at the same level, at least x — 1  pairs of bounds intersecting these splitlines can 

be reduced by their parents.

P roof. The x splitlines at least have x — 1 parents, which intersect the 

same segment. One parent may reduce the bounds of one or two children by the
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discussion above. So x — 1 parents reduce the bounds of at least * — 1 children, g

Note that at most one out of x pair of bounds, which intersect the same 

segment at the same level, has to be reduced by reading data from the segment, 

any others do not. Therefore there is no concurrent reading from the common 

segment if use current lower and upper bounds of ancestors to reduce the bounds 

of their children.

The code of this EREW algorithm is as follows:

p rocedure  EREWsplit(m,n)
La[],[/a[],.L6 [],t/&[] : array of integer
flag[]: array of boolean
begin

cobegin
q := [2 pm /(m  + n)] -  1 

r  := \2pn/{m +  n)] -  1  

coend
{ set up Xi and y, sequence and two dummies for A* and B* } 

cobegin
for t := 1  to  q do in parallel 

Xi := f(m +  n )/( 2 p)l * i 
end  for
for t := 1  to  r do in parallel

y. := r(m  + n )/( 2 p)l * i
end for

{ add two dummy elements }
a*o := min(au bi) -  1 

btr+i '■= max(am,bn) +  1 

coend
{ run EREWPMSP on A * and B*}
{ set up la =  0 , ua =  q, lb =  1 , ub = r +  1 } 
s tl. EREPW M SP(/a,ua,/6 ,u 6 ,p)
{ initially £a[0] =  L6[0] =  £a[p] = Lb[p] =  1,}
{t/a[0] =  Ua\p) = m,Ub[0) =  Uh\p\ = n} 

for i := 1 to  p — 1 do in  parallel 
La[i] := La[i] x f(m +  n)/(2p)] +  1 
Ua[i] := Ua[i] x f(m + n)/(2p)] -  1 
Lb[i) := Lb[i] x f(m +  n)/{2p)\ +  1 
Ub[i] := Ub[i) x f(m + n)/(2p)l -  1
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{flag\\ keep flags }
flagi := true 

end for 
{ assume p = 2* — 1} 
st2. for t := 1 to  lg(m + n) — 1 do 
st3. for s :=  1 to  min(i, h) do in parallel
st4. for j := l  to  2*-1 do in parallel
[flag[] controls to set up kj,nlj, nrj only once } 

if flagi then 
{ set kjK ordered value of A ± B  as splitting point } 

kj := 2 * - ( 2 j  -  1 )
{ set nlj to be the nearest splitting point started to the left of fc; } 

nlj := kj -  2h~*
{ set nrj to be the nearest splitting point started to the right of fy} 

n tj  := kj + 2h~* 
flagt := false  

end if
dj := L(£fo[7] -  La\j})/2\ 

st5. if La[nlj] — La\j] > dj then
La\j] := La{j] +  dj 
Ub[j) := U b \j ) -d j  

else if Ua\j] — Ua\nrj\ > dj then  
Ua\j] := Ua\j] -  dj 
Lb\j] := Lb\j) +  dj 

else
{ may access elements at indices La\j] + dj, and Ub\j] — dj} 

reducing(La\j],Ua[j], Lb\j), Ub\j]) 
end if 

end for {7 } 
end for {5 } 

end for {i} 
end. { EREWsplit}

Let iis analyze this algorithm statement by statement. There are two cobegin 

- coend blocks, before the statement stl., which set up at most 2 p evenly spaced 

elements from A or B as Xi and y,, which takes single step. s tl. is a  procedure call, 

which takes lg(p) time to split the sequence A* J. B* at all its odd points. Thus 

there are p — 1 pairs of A\ and B} with size (m +  n)/p  each. The “for” loop, before 

st2., takes 0(1) time. st2., st3., and st4., three nested for loops, implement the
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pipeline scheduling strategy. When i equals lg(p) in st2., all jobs are scheduled, 

the splitting terminate after lg((m + n )/( 2 p)) additional steps. Therefore the total 

steps of the three nested “for” loops are lg(m + n) — 1 . Within the “for” loop, 

there are two “if” statement, which take constant time. Thus the time complexity 

of this algorithm is 0 (lg(m -I- n)).

T heorem  4. The number of comparisons necessary if Algorithm EREWsplit 

partitions A 1  B  into p equal sized segments is

0 (lg(m + n)).

Section 2.7 E R E W  M erging and S orting

When two sorted lists are split into p disjoint sections, assign one processor 

to merge one pair. The time complexity for merging is 0 ((m  + n)/p  +  lg(m + n)), 

which is faster than Akl’s algorithm by a factor of lg(p).

To sort N  > p values, first divide the values into N /p  parts. In parallel use an 

efficient sequential sort on each of the p parts. This takes 0(N /p \g(N /p))  time. 

Repeatedly merge each of the resulting sequences, first with two processors, then 

four processors, then eight, etc, each time using the EREWsplit, until sorted. This 

requires [lg pj steps. Consequently, from Theorem 4 sorting can be accomplishing 

using Algorithm EREWsplit in 0 ( N \g N /p  +  lgplg N)  time, which is optimal 

efficient as long as the first term is larger than the second. This is true for p < 

N /lg (N ).



Chapter 8: Parallel Quicksort Algorithms 54 

C h a p te r  3 A n Im proved Paralle l Q uicksort A lgorithm  

on an  M IM D  M achine

Section 3.1 In tro d u c tio n

This chapter deals with improvements possible when quicksort is made into a 

parallel algorithm. The input is N keys in an array A = (at, We assume

that the keys are pairwise distinct. This is not a real restriction since if we are 

given N arbitrary keys at ,..., we can replace each a, by the tuple (a,, i) and 

define an order of the tuples by (aj,i) < (a; , j )  iff a< < a} or a< = a} and i < j.

Because it has excellent average-case behavior, quicksort is a commonly used 

sorting algorithm on serial computers. Given a random permutation of N  keys, 

quicksort can be expected to sort the N  keys in about 2N  lg N  comparisons [Knuth, 

1973]. Quicksort is generally written as a divide-and-conquer recursive algorithm. 

As such it splits an unsorted set of values into two disjoint subsets (subarrays) by 

creating one subset with values greater than a chosen pivot value and the other 

with values less than the pivot. Its sorting of each subset is accomplished by 

independently using recursive calls to quicksort on each subset.

A shared memory MIMD version of a quicksort algorithm was suggested by 

Sedgwick [1978], implemented by Deminet [1982] and Quinn [1988], and analyzed 

by Evans and Dunbar [1982], and by Evans and Yousif [1985]. A task queue is 

used to store the tuple of the upper and lower bound indices of subarrays that 

are unsorted. Any processor that is unoccupied checks the task queue to see if
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it is empty. If it is not, the processor locks the queue, pops a tuple of indices of 

a task from the queue, and unlocks the queue. Locking is necessary to prevent 

concurrent problems. The processor then splits the subset, using the splitting 

algorithm described above, into two smaller subsets, containing keys less than 

or greater than a  chosen pivot value. The processor then locks the task queue, 

pushes the indices of one of unsorted subarrays onto the queue, and then unlocks 

the queue. The processor repeats the splitting process on the other unsorted 

subarray.

This implementation of quicksort exhibits a power loss due to what we have 

called starvation. At first only the single tuple of the array boundaries are in the 

stack. Since the first step of the quicksort consists of splitting the keys into two 

subsets by one processor, during this period one processor only is working. As this 

splitting requires an inspection of all keys, the time to split is proportional to the 

number of elements in the set N. Once this is done, only two processors can work 

on splitting the resulting two subsets into four, etc. The total loss of efficiency is 

(p -  1 )N + ( p -  2)N/2 + ... +  (p/2)2N/p =  ^ ( p  -  V ) N /V  =  2N(p  -  1 -  k) 

(supposing p =  2 *).

Quinn [1988] implemented this algorithm with two modifications to improve 

the running time. One modification used the median of the first, middle, and last 

elements of the subarray as the pivot value. The other used a linear insertion 

sorting algorithm to sort a subarray that has fewer than ten elements. These 

are not really new ideas, as both modifications are standardly used for sequential
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algorithms (Sedgwick [1978]). Quinn points out that even with these modifications 

the parallel quicksort algorithm efficiency is rather mediocre. He states that the 

most important factor is the low amount of parallelism that occurs early in the 

algorithm’s execution (i.e., starvation).

Mattel and Gusfield[1989] have given a version of parallel quicksort algorithm 

which sort8  N  elements using N  processors in O(lgJV) time in a CRCW random- 

write PRAM model. No starvation occurs early in the algorithm’s execution. Each 

processor has one element of the set to be sorted. The values are be sorted in an 

array A[l, ...,2^ — 1]. All processors try to write their value to A[l]. Each processor 

decides if their value is larger or smaller than A[l]. Because of the random write 

model one random processor succeeds. Assume x* is written into A[l]. Elements 

less than x, are called a “smalV, and elements bigger than x< are called a “large”. 

All processors with small values try to write to A[2] and all processors with large 

values try to write to A[3]. The remaining (active) processors now are partitioned 

into four groups: those small in both iterations, those small in the first but large 

in the second, those large in the first and small in the second, and those large in 

both. In the third iteration each of these groups of processor write to locations 

A[4] through A[7], in the order above. This procedure continues until all n values 

have been written into the array A.

After writing all the values into the array A, the array contains the sorted list 

of values. To see how this, think of the array A as a representation of a binary 

search tree. Consider A[l] the root, A[2] the root of the left subtree, and A[3] the
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root of the right subtree. In general, A[2i] is the left child of Afi], A[2t + 1 ] is the 

right child of A[t], and A[[i/2J] is the parent of A[»]. FYom this binary search tree 

we obtain a sorted list by doing a preordered traversal.

On average the time complexity to write the values into A is O(lgJV), the 

average depth of the binary search tree. The algorithm has a small constants 

associated with its running time. The disadvantage of this algorithm is that it 

uses a more powerful model, CRCW, rather than EREW or CREW, and has a 

larger space requirement than the other sorting algorithm. It needs 2^ — 1 space 

in the worst case, and N 3 space in the average case.

Mattel and Gusfield [1989] give two techniques to reduce the space require­

ment. One of these techniques is to be more careful in choosing the pivot element 

which divides the current list into large and small elements. They suggest using 

the median of three: choose three random elements, and use the median of these 

as the pivot element. Simulations they did show that the median of three (or five) 

rule reduce the space bound to below N 2. The other technique is to combine the 

median of three with an attempt to allocate less space for empty subtrees. To do 

this they build the tree for [lg 7VJ iterations. Then they collect all the subtrees 

which still have at least one element and assign them to the next m locations of 

A, where m is the number of such subtrees. After that they continuously assign 

space to their children as before, until the total space used is 2N.  They collect 

the nonempty subtrees and reassign them to the next consecutive locations of A. 

They continue splitting these subtrees until total space used reach 3N,  at which
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point they collect the nonempty subtrees and reassign location. This continues 

until the entire tree is built. The process of collecting the nonempty subtrees and 

reassigning addresses in A  can be done in 0(lg JV). Their simulations suggest that 

it uses linear space. On problems of up to 8  million elements at most 6 N  locations 

in A  were needed to complete the computation.

Heidelberger, Norton, Robinson, and Watson [1987] give a parallel quicksort 

algorithm which sorts N  elements using N  processors in 0(lg  N )  time on a CRCW 

PRAM machine. They cleverly make use of the Fetch and Add (F&.A) instruction 

to remove the bottlenecks.

They partition an array A  into two subarrays which are the left and right 

portions of A  by copying the values into another array B. The partitioning is done 

as one parallel loop. Let 7, L, and R  be shared integer variables. I  (initialized to

1 ) is used to index A. I (initialized to 1) and r (initialized to N )  are used to point 

to positions from the left and right of B\ B(l) is the location into which an element 

less than pivot V  is stored and B(r) is the location into which an element greater 

than or equal to V  is stored, t j  is a local variable. F&iA distribution makes the 

partitioning algorithm simple:

for I  := 1  to  N  do in parallel
h  := A(I) 
i f  (</ < V ) th en

B(F&A(L, 1)) := t j  
else

B {F k A {R ,~  1)) :=</ 
end  for

They also give two improved algorithms: one that is in-place for p <C N,
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the other that reduces the number of F k A  operations. The in-place partitioning 

removes the need for dual copies by adding a small constant-time procedure to 

clean up at the end. The variables I  ,L, and R  have the same initial values and 

meaning as that above. I and r are local integers into which the results of Fetch- 

and-Add on L and R  are stored. Let N  = R  + 1 — L, and let Swap be a local 

boolean variable indicating whether or not a processor has fetched an element from 

the left which is greater than V  and needs to be swapped with an element fetched 

from the right. Swap is initialized to be false. Through the use of the parallel for 

loop each processor does a F&zA(1, 1) to determine if any more elements need to 

be examined. If the value returned is less than or equal to N  it does either step 1  

to 2 below and then gets another value of I.

1. If Swap — False, then the processor allocates an element from the left by 

executing / =  Fk,A(L, 1). If a[/] > V , it sets Swap =  True.

2. If Swap =  True, then the processor allocates an element from the right by 

executing r =  F&tA(R, —1). If a[r] < V, then a[/] and a[r] are interchanged and 

Swap is set back to False.

At the end of the parallel for loop, L = R  — 1. However, L may not be the 

number of elements less than V  since a processor may have fetched an element 

a[/] > V  from the left but was unable to find an element from the right with which 

to swap a[/]. This is the case if Swap =  True. To clean up needs a procedure 

which at most performs P  Fetch-and-Add.

Reischuk [1985] has described a quicksort-like parallel algorithm which runs
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in 0(lg  N)  expected time, using N processors on a parallel decision tree model 

(Valiant [1975]). In a parallel decision tree model, the only work charged is for 

the comparison of pairs of elements.

The first part of his algorithm makes use of a probabilistic parallel selection 

algorithm. Suppose we wish to select the Ith ordered value from set Y . If the 

size of y , m, is not greater than y/2N, then it is possible to compare every pair 

of elements in parallel in Y  in one step determining the ltk ordered value. If 

m > \/2N  then choose a sample S of size s =  y/m and let /  =  /(m ) = m7/ 16. 

In parallel do a pairwise comparison of every element in S. Define two integers 

=  max(0, [l(s + l)/(m  + l ) - / J )  and t2 = min(s +  l, [7(s +  l)/(m  + l)  + /D . Let 

S|,t =  1,2 denote the element of rank t, in 5. Compare in parallel every element 

of Y  with s j, and compare in parallel every element of Y  with s2. Split Y  into 

three parts:
A = {y e  Y\y  < si}

B  =  {y e  Y\»x < y < s2}

C = {y G y |s 2  < y}.

If |j4| <  I and |.A| + |2?| > I then as next step select the (/ — |j4|)<fc value from set 

then select the ltk value from A , and if |j4| +  |B| < / select / — |A| — |B| 

from C recursively.

Reischuk [1985] proves that for any Jfc, 1 < k < N,  this probabilistic parallel 

decision tree algorithm selects the kth smallest element of a set of N  elements 

in 0(1) time with probability greater than 1 — exp(—N 3/ 16/ 4 + O(lgTV)). As N  

increases this probability goes to one. A probabilistic selection algorithm running
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in constant time implies a 0 (lg n) probabilistic sorting algorithm.

We now look into modifications of the parallel quicksort algorithm that reduce 

this starvation and so improve the speedup. The general idea is to have each of the 

p processors in parallel perform pivoting using a single pivot value. In standard 

quicksort, the pivoting step involves data movement, i.e., values less than the pivot 

are moved to the low indices and those greater than the pivot are moved to the 

higher indices. Trying to do this in parallel causes concurrency problems from the 

movement of data required by these parallel writes. Each write could require a 

lock out to protect the integrity of the data base. Below we give a solution to the 

problem that avoids this difficulty.

The quicksort partitioning algorithm that we give in section 3.2.1 is faster 

than the standard parallel version of quicksort. A standard version has a loss in 

efficiency of about C  «  2Np  (see section 3.1), which we remove in our algorithm. 

The total cost to sort N  elements for a standard parallel quicksort is 0 ( N  lg N  + 

Np). Consequently this algorithm is optimal only if p < lg N. The algorithm 

of section 3.2 is optimal if p < N/(lgN).  The algorithm has some disadvantages 

however. In the worst case a doubling the space is required. We show in section 

3.2.2 that by using the Fetch-and-Add instruction. In section 3.3 we present a 

probabilistic quicksort partitioning, which reduces the space needed, and reduces 

the coefficient in the time complexity.

Section 3.2 Q uicksort P a rtitio n in g  A lgorithm s
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Section 3.2.1 Algorithm  A

We consider a shared memory MIMD machine with p independent processors 

and N  keys stored in an array < ai,...,a /v  >. We give an outline here of the 

partitioning algorithm. The algorithm moves the values in the array so that values 

less than the pivot value are to its left in the array, values greater are to the right 

and the pivot is in its correct place: the same result as if the partitioning were 

done sequentially. When called recursively, partitioning uses three variables, I and 

r, the bounds of a subset of A, at, ...,ar, and a subset of processors of size q < p. 

Initially we call partitioning(l, N,p). 

procedure  partitioning(/, r, q)

If q =  1  then partition using the sequential quicksort partition, 

else { q > 1} do steps 1) to 3).

1). Distribute the pivot V (stored in a/), the left bound /, the right bound r, 

and the number of processors assigned q to each processor. Consider the input set 

(starting from a/4 1 ), so that elements whose indices modulo q are equal are in the 

same subset (Si, * =  1,..., q). Each processor partitions one subset, therefore the q 

processors can simultaneously work without starvation or concurrency problems. 

Each processor runs a sequential quicksort partition using the same pivot V split­

ting each subset 5, into two parts. The one on the left side contains the keys that 

are less than the pivot V, and the one on the right side, keys greater than it. Call 

the index of the right-most element less than V, </, and left-most element greater 

than V, Si (note that s/ — f, = 9 ). If a/ < V for all i in a subset, the boundary
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Si can be defined as equal to +  q, or if a; > V  for all t in the subset, we define 

ti = Si -  q.

For example, suppose there are 17 elements to be partitioned in A, four pro­

cessors are available, and the elements in the array A  are as follows (pivot V is in 

a,):

a l a 2  03 a* a5 a« a7 Os Og djo Ojj a 1 2  0 ] 3  014 Oi5 ais 0 ( 7

A = ( 13 12 1 23 25 18 9 7 16 14 22 10 0 15 20 17 5).

The processors are assigned values:

P i  12 1 8  14 15

P2 1 9 22 20

P i  23 7 10 17

p4  25 16 0 5

V = 13. After the splitting step, subsets are reordered as follows:

12’ 14” | 18 15

1 9’ | 22” 20

10 T  23” 17

5 | 0’ 16” 25

and t\ =  2, =  6 , <2 = 7 , s2 =  11, < 3  = 8 , S 3  = 12, < 4  = 9, and 5 4  = 13. In this

diagram, an apostrophe presents the location of <,, a quote represents the location 

of Sj, and a single vertical line presents the location of the pivot in sequential 

quicksort.

2). Define the smin  =  m in(s i ,..., s9), tmax  =  max(<j,..., tq), and s =  tm ax—
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smin. As long as tmax > smin  > 1 we partition A  into as many as three 

subsets: [a /,...,a ,min_,], [a,min,.. .,a fm„ ] ,  [alm«,+i , . . . ,a r]. The one on the left 

side of smin  has values that are less than the pivot, the one on the right side of 

tmax has values that are greater than the pivot, and the elements in the interval 

[smin, tmax], if there are any such elements, are mixed - there are some values 

greater than the pivot and some less. A swapping procedure is needed to partition 

the mixed part. The swapping procedure below first calculates the exact location 

of pivot V so that wrong -sided elements can be discovered and can be swapped.

The procedure swapping is as follows: 

procedure Swapping

a). The q processors calculate the exact location of the pivot S  in array A, 

where 5  =  maz(0, [(*, —/)/g]), in flggl time. Then each of the processors 

compares its Sj and t, with 5.

Each processor has to move elements either to the right of V  (eg t, > 5)

or to the left of V  (e.g. s, < S), not both. Call a processor a “right” 

or a “left ” processor.

b). Two auxiliary arrays are used to associate swapping the wrong-sided 

elements; a “right array”, or a “left array”. Two pointer sets, L, and R, 1 < i < q, 

are used to point to positions into which the next wrong side element from set 

Si moves. Each of the processors calculates two partial sums, one of them is 

Li = 1 + max(0, ~|), and the other /?, =  1 +  Y^)=\ max(0,

for 1 < * < q, which takes 2 lg 9  time in parallel. The right (left) processors
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remove their wrong-sized elements into right (left) array using its pointer Ri (Li) 

simultaneously; after a barrier, they get the same number of left (right) elements 

from the left array (right array) by using the same pointer Ri (Li) in parallel in 

at most 2M/q  time; after a barrier, processor pi swaps pivot V in ai with as  to 

move the pivot into its exact location.

3). We now call the partitioning procedure recursively on the two partitions 

created, proportioning the number of available processors. Let Mi =  5  — /, q\ =  

M iq/M .  Call the procedures Partitioning(/, 5 — l,? i) , and Partitioning(5+l,r, q— 

qi) recursively.

Section 3.2.2 A nalysis o f th e  T im e Com plexity

We analyze this algorithm by comparing the cost of the parallel version with 

the cost of sequential quicksort. The calls to the partitioning algorithm may 

be thought of as a “recursive” tree. The root of this tree is the initial call. The 

embedded calls create left and right children. We define the cost, C, as the product 

of T  (the time spent for a job) and p (the number of processors assigned for the 

job), i.e. C  =  T  x p. Thus if we know the total cost for a job is C, and if the 

number of processors used stays fixed, the time complexity is C/p.

In step one, distributing the pivot, the left and right bounds / and r, and, 

q, the number of processors assigned to each processor takes 4 lg q time, the cost 

being 4q lg q. Then in parallel each of the processors partitions the elements into 

their subset of array A, which costs M  + q. In step 2, the calculation of 5  (the
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exact location of V), the partial sum of Li =  1 + »t»«*(0, )), and the

partial sum of Ri =  1  +  max(0 , for 1  < « < g, takes 31gg time in

parallel; the cost is 3glgg, the comparison of 5  with s, and ti takes two time and 

costs 2q. The swapping procedure at most costs 2M  +  3q. So on the whole in one 

partitioning step the cost is 3A/ + 7q lg q +  6q.

Lemma 3.1 explode the relations between M , size of a subset of A, and q, the 

number of processors assigned for a partitioning, if N,  the size of input set and p, 

the number of processors available have p < N/ ( l gN)  or p < N y, 7  < 1 .

Lem m a 3.1.

Ifp<7V /(lg7V ),theng<  A//(lgM ), (3.1)

if p < N \  7 < 1, then q < M y, (3.2)

at every level of this recursive parallel quicksort algorithm.

Proof. We prove these by induction. For level one, q =  p and M  = N,  the 

Lemma is true obviously. Suppose they are true for level i — 1  (we add subscripts 

to q and M  to distinguish them at different levels); that is

(for eq(3.1)) and

9 i - l  <  M x - l

(for eq(3.2)). FVom step 3) of the algorithm

(3.3)
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and Mi <  A/,_i, so lg M, < lg M ,_i; therefore

The last step follows by the induction assumption. Hence the eq(3.1) follows.

To prove eq(3.2), we start from (3.3), on substitution from the induction 

assumption, hence

9i < =  Mi/M-Zi < M ? t

Lem m a 3.2 If p < N/(\g N), the cost for this parallel quicksort partitioning 

algorithm at any level is less than 16Af.

Proof. In any level, the cost is 3Af +  7qlgq +  6g. Since q < M/ ( l gM)  by 

Lemma 3.1, which implies lgg < lgM  — lglgM , therefore

q lg q < (M /(lg M))  x (lg M -  lg lg M ) < M,

for M  > 2, and 7q\gq + 6q < 13M. Thus the cost in any level of the partitioning 

is less than 3M  + 13M  =  16Af. |

Since the cost of a sequential partition is M , the cost of our algorithm is 16 

times greater.

Knuth [1973] analyzes the complexity of sequential quicksort in the average 

case. He uses Cn to denote the cost for sorting a set of TV elements, and the cost 

is

CN a  2 (AT + 1 ) l g ( | r ^ ) ,  for N  > K,
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where K  specifies the threshold value between straight insertion and partitioning. 

Since the cost needed for our algorithm is not more than 16 times as much as that 

for a  sequential quicksort in any level, the total cost for sorting N  elements by our 

algorithm is 16Cjv, i.e.

Cn  «  32(N +  l ) lg (^ T ^ )>  for N  > K
A + 2  (3.4)

= 0 ( N  lgiV).

Since there are p processors available, the work can be done in 0(jV lg N/p)  time 

in parallel.

T heorem  3.1 It takes 0 ( N  lg N/p)  time to sort N  elements by p (p < N / l g N )  

processors on a EREW SM-MIMD model by the parallel quicksort partitioning.

In addition, for p < N/ l g  N,  this algorithm is optimal, in view of the lower 

bound Q(N  lg TV) on sequential sort.

Section 3.2.3 Im proving  A lgorithm  A by U sing F&cA O p era tio n

If a Fetch-and-Add instruction is available, the algorithm can be more ef­

ficient. To distribute a variable X  to the processors, each processor can call

x = FfcA(X,  0), where x  is variable local to the processor. Thus to distribute the 

pivot V, the left bound /, right bound r, and number of processors assigned q to 

each processor, call Fetch-and-Add replacing X  by V, /, r, or q, and replacing x by 

different local variables. This only takes four time units. In step 2, to calculate the
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exact location 5  of pivot V, each processor issues 5  =  FicA(S,max(  0, [(<, —J)/g])) 

(5  initialized to /). To distribute the calculated 5, calls to F&i4(S, 0) (in previous 

algorithm, we can calculate and distribute S  in one procedure). Next compare 5  

with its ti and s, to decide if it is a left or a right processor. These steps require four 

time units. To do the actual swapping of the mixed values use L and R, two shared 

integers (both initialized to 1), to allocate places in left array or right array. To get 

the pointer Li or Ri, Each processor issues Li = F&cA(L,max(0, and

Ri =  F&cA(R,max(0, f )), which takes two time units. Therefore ten addi­

tional time units are required. Equivalently the cost is lOg. In addition, splitting 

costs Af + q, and swapping costs at most 2M  +  3q.

Thus the total cost is at most 3M + 14g, which has an upper bound of 17M, if 

we assume q < M. This is equivalent to 17 times the cost of a sequential quicksort 

partitioning. To sort the N  elements the cost will be at most 17 times cost that 

spent by sequential quicksort, i.e.

CN «34(1V + I ) l g ( ^ ± | ) ,  for N  > M  

=  O(Nl gN) .

Thus the time complexity is 0 ( N  lg N/p),  which is optimal if p < IV.

Section 3.3 A P robabilistic  Q uicksort P a rtitio n in g

Section 3.3.1 P robab ilis tic  P a rtitio n in g  A lgorithm , A lgorithm  B

We give here an outline of the partitioning algorithm. The algorithm par-
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titions in the same way as if done by a sequential quicksort that uses a median 

of a sample to choose a pivot. When called recursively, partitioning uses three 

variables, I and r  the bounds of a subset of A , a /,...,a r , of size M  < N ,  and a 

subset of processors of size q < p. Initially we call partitioning(/, r,p).

procedure partitioning(/,r,g)

If q = 1 then partition using the sequential quicksort partition,

else { q > 1} do steps 1) to 4).

1). Choose a small sample of size m = y/M = o(M)  from the subset of 

A, a / , ..., a r . Find the median of this sample, which is used as the pivot V  for 

partitioning. If q > y/M  call Reischuk’s probabilistic parallel selection (see section 

3.1) which executes in constant time and costs 0 (q ); if q < y /M , this task can be 

done by one processor in 0(m ),  and cost o(M).

2). Distribute the pivot V  (stored in aj) to each processor. Consider the input 

set (starting from a/+1 ), so that elements whose indices modulo q are equal are in 

the same subset (5 ;,t =  1, ...,q). Each processor partitions one subset, therefore 

the q processors can simultaneously work without starvation or concurrency prob­

lems. Each processor runs a sequential quicksort partition using the same pivot 

V. Each subset Si can be considered as being split into two parts. The one on 

the left side contains the keys that are less than the pivot V, and the other on the 

right side keys greater than it. ti and s; (s, — t, =  q) are defined as before. (If 

cq < V for all t in a subset, the boundary s* can be defined as equal to t; +  q, or 

if ai > V  for all * in the subset, we define — q.)
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3). Define the smin  and tmax  as before, and s = tmax — smin. As long as 

tmax > smin  > 1 we have partitioned A  into three subsets. Obviously the one on 

the left side of smin  has values that are less than the pivot, the one on the right 

side of tmax  has values that are greater than the pivot, and the elements in the 

interval [sm tn,tm ar], if there is any, are mixed - there are some values greater 

than the pivot and some less. A swapping procedure is needed to partition the 

mixed part. The swapping procedure below first calculates the exact location of 

pivot V so that wrong -sided elements can be discovered and can be swapped.

4). We now call the partitioning procedure recursively on the two partitions 

created, proportioning the number of available processors. Let Mi = S  — I, qi = 

Miq/ M.  Call procedure partitioning(/,5  —l,g i), and partitioning(5 + l , r ,q — qi) 

recursively.

The procedure swapping is as follows: 

procedure Swapping

a). The q processors calculate the exact location 5  of the pivot in array A, 

where 5  =  /+ £ ? =  i m a i(0, f(<i — O/tfl), in pgg] time. Then each of the processors 

compares its Si and t, with 5.

Each processor has to move elements either to the right of V  (eg t, > S)

or to the left of V  (eg Sj < S), not both. Call a processor a “right” or a

“left ” processor.

b). Two auxiliary arrays are used to associate swapping the wrong-sided 

elements; a “right array”, or a “left array”. Two pointer sets, Li and i?, 1 < i < q,
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are used to point to positions into which the next wrong sided element from set 

5, moves. Each of the processors calculates two partial sums, one of them is 

Li =  1  +  mox(0 , r^ - m  and the other Ri = 1  +  ma*(0 , r ^ ^ l ) ,

for 1 <  i < q, which takes 21gf time in parallel. The right (left) processors 

remove their wrong-sized elements into right (left) array using its pointer Ri (Li) 

simultaneously; after a barrier, they get the same amount of left (right) elements 

from the left array (right array) by using the same pointer Ri (£ ,) in parallel in 

at most 2M/q  time; after a barrier, processor pi swaps pivot V in a; with as  to 

move pivot into its exact location.

Section 3.3.2 A nalysis o f  th e  tim e C om plexity

3.3.2.1 P ro b ab ility  and  S ta tis tic s  Background

There are three statistical distributions important to this algorithm.

1). The hypergeom etric  d is trib u tio n  arises when there is a finite popula­

tion of items of two types and sampling is done without replacement. (Guenther 

1984)

Let there be N  items in the set, k of which have some identifiable characteristic 

and N —k which do not have this characteristic. Choose a sample of size n and let X  

be the number of items in the sample which have the identifiable characteristic. A 

drawing in which an item that has the characteristic are called a success, otherwise 

the drawing are called a failure. It is well known that if all possible draws are
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equally likely then the probability of obtaining x  successes in a sample of size n is

Pr(X = x) = h(x; N ,k ,n )  = x =  0 ,...,* . (3.5)

.Y is a hypergeometric random variable, and (3.5) is the hypergeometric density 

function. Symmetry directly shows that h(x\ N , Jfc, n) =  h(x; N , n, k). We use cap­

ital letters to denote cumulative distributions. Thus H  denotes the cumulative 

distribution of h :
r

tf ( r )  =  (3.6)
r = 0

The mean and variance of a hypergeometric distribution are

E ( X ) =  np, (3.7)

Var(X)  =  „> =  (J 8)
N — 1

where p =  Jb/7V. [Guenther, 1984]

When N  is large, the hypergeometric distribution (1) can be approximated

by a Normal distribution.

h(x; N ,k ,n )  & <f>((x — np)/<r)/er or
(3.9)

<rh(x; N , k, n) «  ^((x — np)/o). 
where 4> denotes the density function of a Normal distribution.

2). The second distribution of interest is so closely related to the hypergeo­

metric, that is called the inverse hypergeom etric  d istrib u tio n .

For this distribution to occur we should have a situation identical to 1 above, 

except instead of a prespecified sample size, we sample until we obtain a pre­

determined number of successes; the random variable is the sample size that is 

needed.
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Now let X  be the number of drawings required to obtain exactly c successes.

The form of this distribution is

*'<*) = ■ (3.10)
\ k)

for c < x < N  — k + c, and

N  +  1E (X )  =  C ^ y  (3.11)

[Guenther, 1984].

Use the notation

J r »  = £ * ' ( * ) ,  (3.12)
rase

equation (3.10) can be derived directly by observing that

Pr(X  =  x) = P r(c-l successes are obtained in the first x — 1  draws) 

xP r(a success occurs on the x tk draw, given that c — 1  

successes have already been obtained).

This is

l y  , k - e + \  . . .
iv — i  + 1 " h ( l ) -

Assume k =  y/N. Then for any integer /  > 0 Reischuk [1985] has shown that for 

the inverse hypergeometric the tails can be bounded thusly:

1 -  ̂ TTT^+ /)-» *  el*-W7T)+ 0(18 JV»-

H’(f+T(c"  / ) )  5  exp(~ 4 (*Ti) +  0(lgJV,)' (313)
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3). The third distribution of interest is the Sample Range. Let X i , X„ be a 

random sample of size n from a normal distribution. Let ^(x) denotes the density 

function, and $(x) the CDF of Normal distribution. If these X'b are arranged in 

ascending order of magnitude and written Jf(i) < X ^ )  5= ••• < the range W  

of a sample of size n is X(n) — -X(i). For a standard normal parent, the probability 

density function g(w; n) and the cumulative density function G(w; n) are given by 

David [1970] and Harter [1969a] as

/ o o

[*(x + u») — $(x)]n V (x)^(x  -f- u>)dx, w > 0 ,
■OO

G(tv]n) = n j  [$(x +  w) — ♦(x)]n_V (;r)di,
J “ OO

and an approximation to the CDF G(w;n) is

G(2 y; n) *  (2 *(y) -  1 )" +  2 na(2 *(y) -  I ) - 1

x exp(—(l/2 )y2(l -  a2))( 1 -  *(ay)), (3.14)

where a - 2  =  1 + (n — l)^(y )/(^(y ) — 1/2). (Cadwell 1954)

3.3.2.2 The Tim e Complexity of the Parallel Quicksort Algorithm

In step one of the partitioning algorithm, a sample of size m =  y/M  is drawn 

from the population, and the pivot V is the median of the sample. Let X  be the 

rank of V in the population M . If X  =  j , then [m/2j elements which are less than 

V  in the sample need to be chosen from the j  — 1 elements, that are less than V  

in the population, and the other [m /2 ] — 1  elements in the sample come from the
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other Af — j  elements of the population. The probability of X  =  j, given V  is the 

median of the sample of size m, has an inverse hypergeometric distribution (see 

eq(3.10)):
/  > - i  w  M - j  \

P r(X  =  j )  =  hm(j)  =  ( 3  15)
(m)

where [m/2j + 1 < j  < M  — [m/2] +  1. The mean pivot location is E (X )  =  (Af + 

l)/2 . Let D denote the interval around the median [E(A’) — , E (X ) + /-£f+f],

where /  =  /(A /) > 0 is an increasing function of Af. FYom Reischuk’s bounds 

(3.13) by replacing N  by Af, k by m, and c(N  + l)/(Jfc + 1) by E(X),  we get

1 -  H '(E (X )  +  f £ ± l  _  ,)  < eIp(_ _ 2 ! _  + o(lgM )),

H ’(E (X )  -  l ^ - \ )  < cxp(-  f l  +  O(lgM)). m + 1 4 (m + 1)

Adding these two inequalities and replacing H*(E(X) — f  ) — H*(E(X) +

by P r(X  e  D), we get

P r(X  £ D ) >  1  -  2exp(—/ 2 /(4(m + 1)) + 0(lg  Af)). (3.16)

We choose /(A f) =  Af!/4+“ , where a  > 0. Since [D| =  2 / M il , the size of D, is 

bounded by 2Af3̂ 4+“ (o(Af)) with high probability by (3.16).

Let ki be the number of elements in subset S, not greater than the pivot 

V. If the rank of V is j ,  then (kt , k2, ..., it,) satisfy a multivariate hypergeometric 

distribution. Namely for 0 < ki < r»j, where n* represents the size of S, and 

5 3  =  h  holds

("*)("») (*.)
P r(k l , h , . . . , k , \ X = j ) =  ‘ ^  ■ (3.17)
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Let pi(ibi) be the marginal probability given X  = j. Lemma 3.3 below shows 

that p(ki) is independent of i, i.e. the k[s are identically distributed random 

variables, although they are not statistically independent.

Lemma 3.3

/nA /A#-nA

K t.)  =  ■ (s-1*)

Proof. For 1 < i < q, the marginal distribution is

*<*<)= e
k i + . . . + A j _ i + t i + l + . . . + k f = j  — ki v j  )

reordering the binomial coefficients and multiplying both denominator and numer- 

ator by ( % " ' ) ,

/n,\ /m.A/n. + A /n,\ /A#-nA/n,\
^ - \  j - k ( ) \ k i )

P i K K i )  ~  2 ^ >  / A # —n , \  X  ( M \
Al  +  . . . +  fcm +  - - - + f c « = J  — Ai '  )  — k t  /  V j  /

— h(ki\ n»),

which follows since the last term in the sum is independent of the indexes and can 

be taken out of the summation and since the remaining terms sum to one. |

Let n, =  M /q  for all i then it follows from (3.7) and (3.8) that E(kj) = j /q  

and Var(ki) = <r2 = (M /q)(j/M )(  1 - j / M )  x (M(q -  1 ) /q )/(M  -  1). Replace 

(j / M ) ( l —j / M )  by its maximum, 1/4, which occurs when j  = M /2 for 1 < j  < M, 

and replace (M(q — 1 ) /q ) /(M  — 1) by an upper bound of 1 if M > q. This results 

in the upper bound of a2 of M/(4q), denoted by a2.

Let yi = (ki — j /q ) /o .  Assume we have q independent random variables j/j,
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Vi, yf - Then the lower bound to the CDF of the range W  =  j/(,) — y<i) is shown 

below:

Lemma 3.4

G(va\q) > 1 — (4q/w) x 1/\Z2tt x exp(—w2/ 8 ) (3.19)

Proof. For any normal random variable y,

*(y) =  1 -  1 /y / to  J “  e x p ( - t2/ 2 )dt

= 1 — l/\/27r J  (l/t)exp{— t2/ 2)d(t2/ 2 ) 

> 1 ~ ^ =  J  e x p ( - t2/ 2 )d(t2/ 2 ),

we have

* ( y ) > l - ( l / y ) * ( y ) .  (3.20)

FVom (3.14) and (3.9),

G(w,q) «  (2$(u;/2) -  1)« + 2ya(2$(u>/2) -  1 ) , _ 1

x exp(—(1/2)(u>/2)2(1 -  a2))(l -  $(ati>/2 ))

> (2* (w /2) -  I )1

where a~ 2 =  1  +  (q — l)^(u>/2 )/($(u>/2 ) — 1 / 2 ), which follows from omitting the 

non-negative terms when w > 0. We have, on substitution from (3.20),

G(w;q) > (1 -  (4/w)<f>(w/2)y

> 1 -  {4q/w)<t>{w/2), 

which follows from a Taylor series expansion about the point 0. |

Let w be defined as w =  M&, then G(M^;q) > 1 — (4q/M^)<l>(M^/2) >

1 — o(l/Af), for any fi > 0. In our algorithm, ki i =  1, ...,q is hypergeometrically
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distributed and can be approximately by a normal distribution for Af large enough. 

The size of mixed part, s , can be denoted by W, the range of Jb;, times q, i.e. 

s = qW. If denote s/q  by s*, when s < qaM

Pr(s• < oM*) > q)>  1  -  o (l/A f). (3.21)

Since we choose q based on Af, i.e. q =  Af7,0 < 7  < 1 , we can choose 0 > 0 to 

make £  +  7 / 2  < 1/2 and qoM & =  y/qM1/2*^ / 2 = o(M). Consequently the size of 

mixed part, is bounded by o(Af) with high probability. Thus this algorithm needs 

o(Af) more extra space in each level, and swaps o(Af) size od elements as extra 

work if compare with a sequential quicksort.

We consider the complexity of the algorithm. On the average, this proba­

bilistic parallel quicksort with divide-and-conquer strategy sorts N  items in time 

0 ( N  lg N/p)  for p < N y any 0 < 7  < 1  on an MIMD machine with shared memory.

To see this, let us analyze that partitioning step by step. In the step one, a 

small sample of size m = y/M  is chosen and a median of the sample is generated 

which costs o(Af) or 0(q). Since p < N y, from eq(3.2) we have q < Af7, for 

0 < 7  < 1, in any level. Therefore 0(q) < 0 ( M y) =  o(Af), which leads the cost in 

step one is o(Af). In step 2, distributing the pivot V, the bound / and r, the number 

of processors assigned q to each processor takes 4 lg q time, and the cost is 4q lg q. 

Then each of the processors examines every element in the subset in parallel, which 

costs Af +  q. In step 3, calculate 5  (the exact location of V), the partial sums 

of Li — 1  +  max{0 , [ 5 +1g~J il), and = 1  +  £ > = 1  max(0 , which

takes 31g? time in parallel. The cost is 3?lgg, and the comparison of S  with s;
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and t, costs 2q. To see the complexity of swapping, we can choose the threshold 

value as qdM*, 0  > 0.

If s > qaM*1, the swapping assigns at most M /q  elements to each processor, 

therefore the expense, C(s > qaM ^), is in 2A/+3g; otherwise since qaM * =  o(M ), 

for q < Af' r , 7  < 1, and some fi > 0 (/} + y /2  < 1/2); Thus the cost, C{s < qaM^), 

to swap the wrong sides elements, is 0 (q a M *) = o(M). We have, on substitution 

from (3.21), the average cost, C , of this step is bounded by 

C =  Pr(s  < qaM *) x C(s < qaM **) +  Pr(s > qaM *) x C(s > qaM **)

= (1 -  o(l/M )) x o(M) + o(l/Af) x (2Af + 3q) = o(M).

Thus the expense of the partitioning(/, r, q) is in o(M) +  Aq lg q + M  -f q +  3^ lg q + 

2q +  o(M)  time, that is equivalent to in O(M) time with a small constant, for 

p < N y, 7  < 1.

FYom (3.16), we can see the sample sort ensure the location j  of the pivot V  

is within interval D  of size o(M ), with high probability. It leads the sizes of two 

parts partitioned by V  are approximately equal. Thus the total cost required to 

sort a set of size N  is close to TV lg TV with high probability, which leads to the time 

complexity of our probabilistic quicksort algorithm, 0(TV lg TV/p, for p < N y, 7  < 1 

with probability 1 — o(l/TV).

T heorem  3.2 For an input set of size TV and P  processors there are a probabilistic 

parallel quicksort algorithm that sorts the TV elements in 0(TVlgTV/P) time for 

any input on an MIMD machine with a shared memory which is optimal efficient 

algorithm, for P  =  TV7  , 0 < 7  < 1, in the view of the lower bound ft(TVlgTV) on
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the sequential sort.

Section 3.3.3 Revisiting Algorithm  A

Note that the size of mixed part, s, bounded by o(Af) is independent of the 

way to choose a pivot in section 3.3.2. Thus the analysis above can be used to 

analyze the average cost of the Algorithm A at every level.

In comparison of the average cost of the Algorithm A to the Algorithm B, 

Algorithm A costs o( Af) less than that of Algorithm B by without choosing median 

from a sample, which leads to the average cost for Algorithm A at any level of 

recursive call is bounded by 7qlgq +  Af +  3<7 +  o(Af), i.e. in 0 (M )  time with a 

small constant, for p < AH, 7  < 1.

The total cost to sort a set of size N  is about 2N  lg N\ therefore the time 

complexity of Algorithm A on average case is 0 ( (N  lg N )/p)  with small constant, 

for p <  AH, 7  < 1.

Section 3.4 An in-place swapping procedure

We can have an in-place swapping procedure to clear up the “wrong- sided” 

elements.

Assume S  (the exact location of Pivot V) has been calculated, and each of 

the processors has compared S  with its Sj and tj, so that the right or left processor
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is defined. For distributing the same number of elements to be swapped to each 

processor, q processors calculate the total number of wrong-sided elements, U, 

by U = ^3*_|(mai(0, 4- maz(0, which takes lgq time. We

represent U by 2tq — d, where integers t, d > 0, and d <  2q, about 21 elements are 

assigned to each processor: t wrong-sided elements from one side and the same 

from the other side.

We maintain two stacks, A  and B, to hold the pointers which point to the 

locations where the wrong-sided elements are stored. First of all, each of the right 

processors locks the stack B , pushes its tj into B,  unlocks it, and goes to an 

idle queue. Each of the left processors looks into stack B  to find a job tj. The 

processor, having gotten a job tj, runs a getjob procedure in constant time as 

follows:

procedure getjob(s;,tj)
{u,,u; , u, and w are local variables, w is initialized to <} 
begin

u, := \(S  +  1 -  Sj)/q\ 
ui := T(*> -  S)/q]
u := min(ui,uj)  
if u > w then

push Si +  tv x q to stack A 
push tj — tv x q to stack B  
w := 0 

else if Uj < Uj then
push tj — iii x q to stack B  
w := w — Uj

else
push s, +  Uj x q to stack A  
w := w — Uj 

end if 
end { getjob}.

The processor, having found the jobs, swaps the wrong-sided elements. When
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the swapping terminates, the process goes back to the idle queue.

A processor in the idle queue goes to stack A recursively to find a task s,. 

When a task is found, it looks into stack B  to find a job tj. The processor, having 

found both s; and tj, runs the procedure getjob (above) until its w gets down to 

0 or no any task that is in the stacks. Then one processor swaps at with as  to 

make the pivot V  at its exact location. When every processor is back to the idle 

queue, it reaches the end of swapping.

Let us consider the time complexity of this swapping. The calculation of U 

takes 0(lg  q) time, to access the two job stacks for putting or getting jobs which 

are critical sections needs 0 (q) time and the remaining part is swapped, which 

takes 0 (M /q )  time at most. The time spent is 0(lgq + q + M/q).
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C hap ter 4 Summary, Conclusion, and Future Work

We have shown the design of two merging (or mergesort) algorithms. One 

merges two non-decreasing sequences 4 and B  with size m and n respectively in 

(m + n )/p  -I- lg((m -|- n )/p )/lg 3  +  21glgp -I- 1 time. This is faster than Valiant 

[1975]/Kru8kal[1983]’s algorithm when the ratio of m +  n, the number of the 

elements to be merged, over p, the number of processors available is greater than 

(lgp)1/34. It is optimal efficient algorithm when p < (m + n)/lg lg(m  + n). The 

other is an EREW algorithm which merges A  and B  in 0 ((m  +  n )/p  + lg(m + n)) 

time. It removes the starvation, that occurs in Akl’s algorithm. It is faster than 

Akl[1987]’s merging by a factor of lgp.

We also have shown the design of several versions of a parallel quicksort 

algorithm which sorts N  elements by p processors (p < N  lg N )  in 0 (N \g N /p )  

time on a EREW SM-MIMD machine. It removes the starvation, which occurs at 

the beginning of the Deminet[1982], Quinn[1988], Evans and Dunbar[1982], and 

Evans and Yousif[1985]’s parallel quicksort algorithms. Our algorithm is optimal 

for p < N /  lg N ; theirs is optimal for p < lg N.

This thesis has demonstrated that merging, mergesort, and quicksort can be 

efficiently parallelized on a SM MIMD or SIMD machine by removing starvation. 

Future work can include examining other algorithms that suffer starvation. We 

believe these too can be improved. Also divide-and-conquer algorithms on compu­

tation models other than those studied here can be the subject of further research, 

for instance distributed memory systems.
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