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Abstract

N-extended Supersymmetric Quantum Mechanics
by

Maxime Kudinov

Advisor: Professor Sultan Catto

Supersymmetric quantum mechanics is a theory where the Hamiltonian of conventional
guantum mechanics forms an algebraic structure: superalgebra, along with other operators:
supercharges. This symmetry is responsible for the degeneracy of the spectrum of the re-
sulting partner Hamiltonians. This work extends the number of supersymmetries - number
of supercharge operators - to an arbitrary number. The procedure is given in algebraic and
matrix formalism. The scheme is related to the backward potential problem of constructing
guantum mechanical systems for a wide range of modified potentials. The totally isospec-
tral potentials are a natural result in the extended supersymmetric system. It is shown how
to construct families of isospectral potentials for any number of supersymmetries. It is also
shown that the supersymmetric Hamiltonians of the many particle system can be extended.

The two particle Calogero potential is given for the case of two pairs of supercharges.
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Chapter 1

Introduction

Despite a long and successful history of the supersymmetric quantum mechanics (SUSY
QM), an elegant and simple theory remains largely unknown to the physics community. It
is commonly perceived as an auxiliary tool to solve models which can be otherwise com-
pletely understood in the terms of the conventional QM. At present SUSY QM must be
incorporated in the framework of quantum mechanics not just as a useful calculation pro-
cedure but as the foundation of a much broader understanding of the principles of quantum
theory.

Among the numerous developments in SUSY QM, this work focuses on the possibilities
of extending the number of supersymmetric charges: the generators of the supersymmetric
algebra, and the consequences of the resulting theories. In particular, the solutions of ex-
actly solvable models with known potentials for one and many particles will be obtained in
the extended case of an arbitrary number of supercha¥g#¥e discuss how the results of
the backward potential problems known as "quantum design” can be understood in terms
of the extended SUSY QM.

The fact that factorization is possible and simplifies obtaining the spectrum and eigen-
states of the Hamiltonian was known to Satlinger himself as Darboux’s transforma-

tion. For a long time it stood alone as an elegant way to solve some potentials which



could be solved anyway by more standard methods. The supersymmetric structure of the
Schibdinger equation was discovered not long after the advent of supersymmetric field
theory [1]. It was quickly realized that practically all conventional QM can be "supersym-
metrized”. The review of the results can be found in [18].

The dominant view of SUSY QM today is similar, by analogy, to the relation between
real and complex analysis. Conventional QM is a satisfactory and complete description of
the "real” physical world (experiment) and SUSY QM is a build-up above it , "complexi-
fication” with respect to imaginary (grassmannian) variables. The situation however could
be more complex. This might be a new description and interpretation of experiments in

guantum physics.

1.1 Outline of the thesis

First, the general formalism of SUSY QM is presented. The supersymmetric algebra and
properties of its generators are given, all in the case of one pair of chalges { SUSY

QM). This is used to illustrate the techniques of the backward potential problem using
a toy model: infinite well potentials. The most important modification of the spectrum
of the potential that can be obtained analytically will be discussed in detail. The Calogero
potential - one of the exactly solvable models - has been solved in the case of many particles
in conventional QM [3], [4]. It is shown how the spectrum and eigenfunctions can be
obtained using the techniques of the backward potential problem. Later in this work a
multiparticle Calogero model is extended in the number of supersymmetries. In the next
chapter the formalism of the extended SUSY QM is defined. The case oV the 2
extension is given in algebraic and matrix forms. Then the case of arbitrégsyresented.

The iteration scheme has been found in [2] that allows us to prove the existence theorem
for the extension to arbitraryy. The procedure is discussed in detail for a number of steps

of the iterations. It is shown how the family of completely isospectral Hamiltonians which



arise in the conventional SUSY QM as the result of the arbitrary constructions [5] are the
natural result of the extended SUSY QM. An important conformal QM model is shown to
have an algebraic structure in the coefficients of its conformal potential. The final chapter
is dedicated to the multiparticle potentials in SUSY QM. This problem might be related to
the thermodynamical property of the spectrum of the black hole [21], [8], [17]. The two

particle SUSY potential is obtained.



Chapter 2

General formalism

2.1 N=1 extended supersymmetric quantum mechanics.

Supersymmetric quantum mechanics is defined by its gener@t@scalled supercharges

|

0 0 o
Q= Q= (2.1)
0

A0 0
whereA and A are two conjugate differential operators

A=d+w, A=-9+w (2.2)

whered is the derivative and Iifav) = 0. They are elements of the superalgebra (symbols

{, } and[, ] stand for anti- and commutator)

{Q.Q}=H, {Q.Q}={Q.Q}=0, [Q.H]=[QH]=0 (2.3)

together with another generathf, the superhamiltonian

H = (2.4)



with two partner Hamiltonian& and H written in terms of4 and 4 as

H = AA+E=-*+uw’ —uw' + €& (2.5)

H = AA+E=-0*+uw?+uw +& (2.6)
(2.6) appears as the Sdinger equation with the potentiaﬂéandf/ given by
V=uw—-uw+¢& (2.7)

V=V+2w=w?+w +& (2.8)

with £ called the energy of factorization. The Sgtiinger equation with potenti&l is said
to be supersymmetric if it can be factorized by meand ahd A into H or H with its part-
ner. There are a number of exactly solvable potentials and all of them are supersymmetric.
In particular, the coulomb potential gives the supersymmetric@lthger equation (radial
part) of the hydrogen atom.

The consequence of the symmetry in the theory is degeneracy of its spectrum. Now it
will be shown that the hamiltonian§ and H are isospectral except for the ground state.
The following equations reveal the relationship between the eigenfun@miansl@ﬁ of the

two HamiltoniansH and H with eigenvaluesy andE

Hy =By, Hip=E) (2.9)
)=Ay, =AY (2.10)

Hip = AA(AY) = A(AAp) = A(EY) = B (2.11)
Hy = AA(AY) = A(AAYD) = A(EY) = Ey (2.12)

The identity of spectrd& and E is not total since the andg can not both be ground
state wavefunctions, one being the result of action of the differential operator of the first
order on the other. This remarkable fact produces the foundation of the backward potential

problem, which will be discussed next briefly.



2.2 The backward potential problem

In the backward potential problem (also known as quantum design problem) one can start
with a supersymmetric potenti&l for which the Schrodinger equation can be solved so
that its eigenfunctions,, satisfying some boundary conditions and its bound state energy
levels E,, are known explicitly. Then one can modify in a number of ways (in principle,
arbitrarily) one or some energy levels Bf keeping others unchanged and group them into

a new spectrunk,. Using the relationships of SUSY QM it is possible to find explicitly

the potential[7 and eigenfunction@n corresponding to the constructed spectrﬁm The
resulting new exactly solvable potentials are too complicated for a standard forward meth-
ods to obtain. It was shown that some of the results are equivalent to the ones of the inverse
scattering problem.ltis hard to overstate the significance of this remarkable procedure. And

yet it is not in the curriculum of quantum physics courses.

This is all the more regretable as the calculations are simple and accessible. | would like
to illustrate some ways to construct a new spectrum as well as the corresponding eigenvalue
problems here with the hope of reaching as many readers as the subject deserves. As a

simple toy model an infinite well potential

V(z) = (2.13)
00, x| > %

will be used. The normalized solutions of the Schrodinger equation (2.9) satisfying the
boundary conditiong(+7) = 0 are

Un(z) = (2)2 cos [(n—k 1)x +ng , E,=nn+2), n=012.. (2.14)

are shown in Figure 2.1 for several low energy levels (the eigenfunctions are graphed
around their levels).
For this system we demonstrate the results of several procedures of the backward po-

tential problem.



Figure 2.1: Graph of (2.13) and (2.14) for=0, 1, 2, 3
2.2.1 Deleting a state.

For a given system with HamiltoniaH, potentiall’, egenfunctions),, and eigenvalues

E,, one can construct a system with Hamiltoni& potential17, egenfunctionsﬁn and
eigenvalues@n, in which a state (states) corresponding to any energy level is deleted and
the rest unchanged. The prepoteniiah (2.10) can be written in terms of a new function

u as

-~ u

Uy = (0 —w)h,, w= . (2.15)

which, when substituted in (2.7), turns out to be the solution of the Schrodinger equation
of H with energy&
—u' +Vu=_~Eu (2.16)

Now, if u is chosen as an eigenstatg of H of energyF,, then zZm vanishes (becomes
non-normalizable): state:, ground or any excited state, is deleted . For example, when

m = 0 is deleted in (2.13), (2.14) the new system has

o =cosx, W= —%, Wy = (04 w)cosx =0, Uy = (04w, n>1
0
(2.17)
V=V42u =-1+ (2.18)

cos? x



Figure 2.2: Graph of (2.17) and (2.18) fer=1, 2, 3

The constructed normalized wave functiqhsand potentia[7 are shown on the graph
(Figure 2.2) around their energy levels.

The ground state of the resulting system can be again deleted. Before repeating (2.15)
the new potential must be shifted to make its ground state energy zero. When deleting
an excited state the new eigenfunctions and potential in general have singularities, which

could be removed by applying another transformation on them (see below).

2.2.2 Inserting a new ground state.

In order to construct a new systemﬁfdifferent from the system off only in having a
new ground state, consider the Schrodinger equation with the factorized supersymmetric
HamiltonianH

Hi = (AA+ &)Y =&Y (2.19)

with solutiony annihilated byA
A = (—0+w) =0 (2.20)

The last equation is identically satisfied by taking

d=1 w=_t (2.21)
u



The potentials” and V are parametrized with prepotential according to (2.7). After
substitution it can be reduced to
—u' +Vu=~Eu (2.22)
Thus, it follows that the solution o is the new ground state @f for the same energy
E. For the eigenfunctiordj = % to be with no singularities must not have zeros. Such
a solution of (2.22) exists for energy below the ground state energy of the bounded states:

& < Ey. Thus, this procedure constructs a new system with

1 u'

e = w=—— Up=(@+whh,, V=V+2', E<E, n>0, (2.23)

aa
It should be noticed here that (2.21) can be integrated

u=e v (2.24)

This shows the sense of the prepotentiait relates solutions of the Sabdinger equation
with its potential; if the latter can be parametrizedibyhen (2.24) gives the solution.
The insertion of the ground state can be iterated indefinitely along the following scheme:
Start with the systems aff; and f[l, factorize H, by parametrizing/; with w; then
obtainy,c = uil andV;, = wi +w) + & =V, + 2w) asin (2.23).
To construct the systems &f, and flg notice thatls is 171 This is equivalent to the

equation

w? + w) + E = wi — wh + & (2.25)
For supersymmetric potentials this Riccati equation has simple solutions farterms of
ws (this will be discussed later). The values&fare restricted and related &. With w,
known construct the system &, as in (2.23).
Repeat the above steps for the next system.
To illustrate the construction the two new ground states will be inserted in the system

of (2.13), (2.14). A zero-free solution of (2.22) for potential

up = cosh/|&| — 1z ,w; = —/|&1] — Ltanh/|& | — 1z (2.26)

9



Figure 2.3: Graph of (2.28) and (2.29) fer= 1, 2, 3, 4

corresponds to an energy|&;| below the ground state enerdy, = 0. Then the new

ground state eigenfunction is

~

Vg =

E=—|&], (2.27)

1
cosh \/|&| — 1z

with the rest of the states having energy unchanged in the new pof@ﬁntial
bnt = (0 + w1 )bn, Ep=n(n+2), n>0 (2.28)
2(1&] - 1)

cosh® \/|&| — 1z

The graph (Figure 2.3) shows the new eigenfuncti&ngﬂ, zZn around their energy

Vi=Vi+2uw)=—-1-

(2.29)

levels in the new potentia7(1 with a new ground state inserted&t= —5.
To insert another staﬁé_w at|&| > |&1| and construct the second system tiehas

to be obtained from the condition

w4+ w) — & | = wh — wh — |&| (2.30)
let wy = aw; and usingw? — w| — |&;| = —1 it can be checked that

10



Figure 2.4: Graph of (2.33) - (2.36) far= 0, 1, 2

The second system constructed is

U9 = COSh2 \ |(C:1| - 11‘, Wy = —2\/ ‘51| — 1tanh \ ‘51| — 1z

o~
~

Ve =

= _‘62‘7

1
, FE
cosh? \/|&1] — 1z

zZ—l&\ =0+ w2)$—|51|, E =—|&],

o~
~ ~

an = (a + wZ)wnla En = n(n + 2), n>0
6(1&:| —1)

cosh? \/|&1] — 1z

Vo=V +2uwh=—-1—

(2.32)

(2.33)

(2.34)
(2.35)

(2.36)

The graph of the two constructed ground stdfes —|&;| = —5andE = —|&| = —17in

the potential[A/g with extended stateggn2 around their energy levels is shown in Figure 2.4.

2.2.3 Deleting and reinserting states. Isospectral Hamiltonians.

One can, first, delete any number of states starting anywhere in the spectrum/of the

Then, one can reinsert the deleted states at the same energy levels as the ones that were

deleted. The result is a new system with the Hamiltonian totally isospectféldad its

eigenfunctions in the constructed potential. To illustrate the construction a single state will

be first deleted and then reinserted back. The system o@l{hﬁith a state of theld; at

11



energy&; deleted is given by (2.15), (2.16). To insert the state at an er&répgllowing

the (2.30) one has to solve
w? +w) + E = ws —wh + & (2.37)

for wy to insurel, = 171 Notice that the two energ§,and &, are the same if the state
is inserted back at the energy it was deleted. In general, the two may be different if the
procedure results in shifting an arbitrary state (states) in spectrum with the rest remaining

unchanged. In the case &f= &, the equation (2.37) can be reduced, with the substitution

/ /

wy=—wi k=, W=, W= —— (2.38)
z U U2
to a linear equation
2= 2wz =—1 (2.39)
which has a known general solution
1 ! ’ 2 1 ! 2
—=-—In'(y - uy), ug=—(—v— uy) (2.40)
z Uy

with a constant parameter> 0 to insure that:, is free of zeros. In general, whéh # &,

the general solution can be found in terms of the generalized Legendre funEticensd
Q-

Thus, the system is constructed with the same spectrum in the new potential

Vo=—1-In'(—y— / u?), (2.41)

which can be readily checked and illustrated below for the system of (2.13), (2.14) with

E=E =0, wu; =vg=coszx (2.42)

Po=0, Up=0O+w)tn, E,=nn+2), n>1 (2.43)
=~ 1

Yo=—, Eo=0 (2.44)
U2



~
-~

O, = (@ +w)y, E,=nn+2), n>1 (2.45)

This procedure can be applied in a number of ways. Several states can be first deleted
one followed by the next in the spectrum. Then all are reinserted back starting from the
last deleted in reversed order. The resulting potentials are isospectral ones parametrized
by many constant one for each state. It was shown that these potentials turn out to be the
multi-soliton solutions of the evolution wave equations. The insertion of new states can be
performed first followed by the deletion of these states. The isospectral potentials obtained
as the result are different from the ones derived above, since the potential is determined by

the state functiom, in (2.41) that is either the deleted or inserted state of the first step.

2.2.4 Finding the spectrum and eigenfunctions of the supersymmetric

Hamiltonians by iteration.

The spectrum and eigenfunctions of the supersymmetric Hamiltonians can be obtained by
using the relation between th1e$ (2.10) and the potential expression in terms of the func-
tion w (2.7). The scheme is similar to the one used in the harmonic oscillator eigenvalue
problem where the spectrum is obtained by means of the creation and annihilations opera-
tors. One starts with the ground state function of th&orresponding to the potentil
factorized in terms ofv;. Assuming that the ground state energy is zero, the eigenfunction

is found from

Hypg = ZlAﬂﬂo =0, A= (8 + wl)wo =0, w = —%7 Yy = effwl (2-46)
0

The partner Hamiltoniat, corresponding to the potenti§1 has identical spectrum
as that of H; except for the ground state (deleted as explained above). In particular, the
ground state energy df, is the same as the energy of the first excited statd0f The

eigenfunctions of the two are related by

= A (2.47)

13



so that one can find the first excited stateFffrom the ground state cﬁl. The ground
state eigenfunction o, can be found in the same way as in (2.46) by rewriting the system

of the H, as an equivalent system &, with the ground state energy zero. Consider
(H — B} = Hy) = 0 (2.48)
so that potentials of the two systems are related by
w? 4w — E = wj — wh (2.49)

Once thew, is known (2.48) can be solved

-~

Y= Jm (2.50)

as well as the excited state of the original system can be found by means of (2.47). One

can seek the solution of the Riccati equation (2.49) in the form

Wy = aw (2.51)

(1-a)wi+ (1+a)w,—E=0 (2.52)

Using the functional properties of the prepotentia{shape invariance) for each spe-
cific supersymmetric potential one can satisfy (2.51) for a set of the coefficieand .

For example, in case of the system of the infinite well potential (2.13), (2.14) using the

condition
w? = w) — 1 (2.53)
results in
(2+a—ad)w)+(a®*—1)—E=0 (2.54)
which has two solutions:one
a=-1, E=0 (2.55)

14



corresponds to reinserting the state at the same energy that was deleted (ground state) and

was considered above; and another
a=2, FE=3 (2.56)

gives the first excited eigenstate of the system (2.13), (2.14). By repeating these steps one

can generate the entire spectrum of the supersymmetric system.

2.3 Calogero potential.

The Hamiltonian ofN = 0 conventional QM of one particle with = 2m = 1 with the

Calogero potential is given by

—1
H=—-0*+b2" + ale=1) _ b(2a — 1), a>1 (2.57)

2

It can be supersymmetrized by factorizing in termsicdind A as

H=74A, A=0+uw, w:bx—% (2.58)
Starting with the ground state on the first iteration
Hio =0, to=e /¥ =g% 2" [y=0 (2.59)

one can obtain all the eigenfunctions and the spectrum lo§ the method discussed above.
The first excited state aff has the ground state energy of the partner HamiltoAlanSo

the Hamiltonian of the second iteratiéfy
(ﬁl - El)% = HQ{Z}\I =0 (2.60)

gives both the energy;and the eigenfunction); of the first excited state through the
solution of the

w? 4w — By = w5 — wh (2.61)

15



Using (2.58) forw, and
wy = br — — (2.62)

one can find two solutions: one
ay =—op =—a, Fy=2b—4ba, Y =(—-0+ wg)x_"‘e_%lm2 (2.63)
is not normalizable but can be used to create an isospectral Hamiltonian and another
ay = (a+1), Ey=4b, = (-0+ WQ)$Q+1€_%bx2 (2.64)

is the known solution of the eigenvalue problem with the equidistant spectrum in terms of

the Laguerre polynomials

_1

E, =4bn, 1, = 2% 2 L2 Y br?), n=0,1,... (2.65)

16



Chapter 3

N-extended SUSY QM

3.1 Algebra of the extended SUSY QM

The SUSY QM superalgebra (2.3), (2.4) can be generalized to any numioérsuper-
charges; and @, with NV being the order of the extension. First, the= 2 case will
be considered in detail, then the case of the arbitréarwill be stated. By analogy with

conventionalV = 1 SUSY QM one can define two sets of superchar@es?, and their

conjugatel, @, as
Q1 =0, (0+Wo+ 0W1), Q=050+ Wy+ o1W) (3.1)

Q) =0 (=0 + W+ 0cuWh), Qy =05 (—0+ W+ oW) (3.2)

with W, and1¥/; being real functions. Here - matrices are related to the Pauli matrices as

oy =0 ®1, 0, =1®0, o=0"®1, ca=1R0" (3.3)
0 0 01 1 0

o = , ot = . (3.4)
10 0 0 0 —1

which satisfy the usual (anti)commutation relations
ot 0] =0% {0t} =1 (3.5)

17



The direct product of the matrices is defined here as
M1:M®17 M2: 1®M, M1M2:M2M1 :M1®M2 (36)
The superalgebra fa¥ = 2 is

{Ql,@l} = {Q2a@2} =H, {Q; Q]} = {@z’@]} =0, [QiH]= [@mH] =0

(3.7)
Both anticommutators evaluated using (3.1), (3.2)
{Q1,Q,} = >+ W2 + W — W' + 022Wo W) — 010, (3.8)
{Qa, Q) = —0* + W2 + W2 — 03Wy + 01 2WoW, — a10oW, (3.9)
must give the same expression for the superhamiltoRiatiat is
H=—-0+ W24+ W?2— (01 + 02)W, — 5105W, (3.10)
with the requirement
Wy = —2W, W, (3.11)
3.2 Matrix formulation.
In matrix form the supercharges are given by
0O 0 00 0 0 0 O
0 0 00 A 0 0 0
Q1= , Q= (3.12)
A 0 00 0 0 0 O
0 A, 0 O 0 0 Ay O
with A; and A, defined as
A1:8+W0+W17 Azza—i-WO—Wl (313)

18



Wy, W1 being same as in (3.1). The anticommutators (3.7) with their conjugates lead to

H 0 0 0
_ 0 H, 0 0
{le Ql} = ~

0O 0 H O

0 0 0 H

H 0 0 0

_ 0 H 0 0

{QQv QZ} =

0 0 Hy O

0 0 0 M
with the hamiltonians factorized by means of 3.13
Hy =A A1, Hy=AAy,  Hy=7aAy, Hy = AyAy

The corresponding potentials are

Vi=(Wy+ VV1)2 — (Wo + W),

Vi=(Wo+ W02+ (Wo+ Wy, Vo= Wy— W)+ Wy — W)

Vo = (Wo — Wh)? — (Wo — W)’

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

In order for the two anticommutators (3.14) and (3.15) to be the same superhamiltbnian

one has to set

Hy = Hy, A/A =A,A,

which by using (3.13) is reduced to

(Wo + W12+ (Wo +Wh) = (Wo — W1)? — (W — W)

and is simplified giving

LWy
Wy =—-
D RTA
After introducing new variableg;, andw, as
wy =Wo+ Wi, we=Wy—W;

19

(3.19)

(3.20)

(3.21)

(3.22)



the equation (3.20) turns out to be the conditionfpe= V4 in the procedure of successive
deletion and reinsertion of a state (2.37) wéh= &. Thus it follows that theV = 2
extended superhamiltoniaii contains two pairs of completely isospectral hamiltonians

Hi, I% andﬁl, H,, the latter being different from the former in only one state deleted.

3.3 N-extended superalgebra.

The N SUSY QM is defined by the generatdps, Q,, H of the superalgebra in the simplest

case without the central charges as follows

{Q@-,@j} = H5z‘j, {Qm@j} = {@wéj} =0, [Qz‘,H] = [GNH} =0 (3.23)

Qi:O'; [az—|—W(.Z‘,O’l,...,0'1'71,0'2‘+1,...,0'N)]7 H= —8§+W2—|—aiW’ (324)

wherec;", o, 03,7 = 1...N are direct products of the Pauli matrices as defined in (3.4) -
(3.6). One has to require that thé supercharges are to be transformed by the irreducible
representations of the symmetric group. Hence, a superpoténtalid its derivativel”’

must be totally symmetric with respect to its fermionic variables. The form of the expres-
sion for NV supercharges above insures that the anticommutataps ahd@j vanish for

all i # j. The anticommutators d@; and@j in the (3.23) give the same superhamiltonian

‘H for all 7 if N — 1 conditions
W 2(37, 02,03, - UN) - O'1W /(.Z', 02,03, - JN) (325)
= W*x,01,03,....,0n) — W ' (2,01,03, ..., 0n)

are imposed on the coefficients of the prepotertiain (3.24). In fact, since thél is
totally symmetric in allo;, the equation for only a pair of potentials written above is suffi-
cient. A symmetric form fofl” with respect tas;‘s is written as

W(Z’, 092,03, ..., O'N> = WO + (0'2 +o03+ ...+ O'N)Wl + ...+ O'QO'g...O'NWN,1 (326)
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With this form of W the condition (3.25) turns into a system &f — 1 first order dif-
ferential equations foN functionsW,, Wi,..., Wy_;. For the supersymmetric potentials
parametrized in terms of thid” it can be shown that the system (3.25) can be solved for
N — 1 functionsWV;, each being a function of only one paramétéy. The HamiltoniariH

can be parametrized by a single function.

3.3.1 N=2

The superpotentidl” (3.26) and the compatibility condition (3.25) for the case\of= 2

are
W(ZL‘, 0'2) = WO + UQWl (327)
W2(z,02) — W' (x,00) = W?(z,01) — 0o W' (2, 01) (3.28)
This reduces to
ng - —2WOW1 (329)

The Hamiltoniar{ and the superpotential are parametrized by a single fungtipas

H = —62 + WOQ + Wf - W(),(O'l + 0'2) — Wllalag (330)
1 Wy

Wy =—- 3.31

AT (3.31)

3.3.2 N=3

The symmetric form of thél” in (3.26) can be written recursively. In the case\oE= 3 it

now has the form
W(l',O'Q,O’g) = W0+02W1 + 03 (Wl +O’2W2). (332)

Comparing this with théV = 2 case (3.27), one can write the solution (3.29) of the condi-

tion (3.28) for theN = 3 case similarly as
[Wo(l') + O'QWl(iL')], = -2 [Wo(l’) + Ule(l')] [Wl(ﬂf) + O'QWQ(Z')] (333)

21



This is equivalent to

1
—§W0/ — W()Wl + W1W2
1

(3.34)
After substitution of the new variables
w, = WO + Wl, Wy = W() — W1 (336)
into (3.33) it is reduced to the equation
1w, 1w,
el G Wi + W, =22 o Wi — W, (3.37)
2 w1 2 Wo
The last two equations can be combined giving
lw, 1w
w1 — Wa - - (338)
2 w1 2 W2
Setting
14
wy = wy + (3:39)
2u
with « being an arbitrary function, one obtains the quadratic equation
1 !/
w? — 52101 —u=0 (3.40)
which yields two roots

1o 1 w2
-4y 2) 116
w 4 u 4J [(u) +ou

1o 1 w2
P L) 16
4 u 4J [(u) +ou

(3.41)

Thus, in the case oV = 3 the superpotential is parametrized again by means of a single
functionu through the coefficients

1 1
Wy = W=-L Wy=-
0 L= 2=,

EJ [(%> o u?y/[(£)? 4 16u]

This is the superpotential that was first obtained by Pashnev [19].

2uu —

3(u/>2

(3.42)
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Next, a different parametrization of the superpotential in terms of the funttiomill
be considered with the goal of extending it to the case of an arbif¥aryThe equation

(3.38) can be written as

wh = —2w3 4+ wo (2w, — ﬂ) (3.43)
w1y
This is a Bernoulli's equation with the general solution
1 2 [wy
m:gm%/e ) (3.44)

w1

solved in terms ofv; and a consant set to zero. Now, one can express the coefficients of

W in terms of thew; by solving a system of the linear equations (3.36), (3.37). This yields
1 1 1 [w) W)
Wy = 5(11)1 + w2)7 Wy = 5(11)1 - UJ2>7 Wy = Z (w_i - UJ_Z) (3.45)

The HamiltoniarH and the superpotential are parametrized by a single function as

H= —82+W()2+2W12+W22—W0/(0'1 —|—0'2—|—0'3)—W1/(0'10'2+0'20'3+0'30'1) —W2/0'10'20'3

(3.46)
3.3.3 N=4
A totally symmetric form ofit” can be now written as
WN:4($,02,03,04) = W0—|—04W1 —|—O’3 (Wl —|—0'4W2) (347)

“+09 [Wl + O'4W2 + o3 (W2 + 0'4W3)]

Following the same steps as between (3.32) and (3.38) we arrive at the two equations, each

being analogous to (3.38)

lw] 1w lwy 1wy
— = —— 4 ——= — = ——=4 ——= 4
w w2 2w1 + 211}2’ w2 ws 2UJ2 + 2w3 (3 8)
where
wp = (W() + Wl) + (Wl —+ Wg), Wo = (WO — W1> — (WI — WQ) (349)
1w
ws = (W0+W1)—(W1+W2), §w—1:(W1+W2)+(W2+W3)
1w, 1w,
— 2 = (W =Wy) — (W= W), === W+ W) — (Wy+ W)
2w2 2’[1)3
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Notice that the right hand side of the equationsdg@rcan be turned into those of the

equations foﬁ’jji’ by replacingiy, — Wy, W, — Ws, Wy — W3, Therefore, in order to
invert this system fobV; it is enough to solve only the first three equations, which gige

W1, andW,, obtaining the lastVs by replacing in the solution fai/; all w; on ==

1 1 1
W() = Z (w1 -+ wz) + 5’(1)3, W1 = Z (w1 — U)Q) 3 (350)
1 1 1 /w Wl 1w
Wy = - - Wae=- |24 22)_2-28
2 4 (wl +w2) 2w37 3 4 <w1 + w2> 2U}3

This holds for the case of an arbitraly. The two equations (3.48) are the same as the

equation (3.44) of the previous = 3 case. Hence, they have the same solutions

Wy = lln’ [/ M] , ws = lln’ [/M] (3.51)

2 w1 2 Wa

Taking againw;as an arbitrary parameter we can expiésgs_, trough only this function.

The HamiltoniartH is

H o= =0+ W5 +3WP 430+ Wg =Wy os =W ) oi0;  (3.52)
i i<j
—WQI Z 0,00 — W310'10'20'30'4

i<j<k

3.4 Arbitrary N.

The symmetric form of th&/ (x, 05, 03, ..., o) is parametrized recursively by functions

W()in! -"lWN—l
W = W() -+ O'2W1 + O3 (Wl -+ O'QWQ) + ...+ O'N(W1 -+ O'QWQ + O3 (Wg -+ O'QWg)
+...+UN_1(...+0'3 (WN_2+UQWN_1) )) (3.53)

The new variablesv;, ws, ... wy_1 are introduced similarly to thé&/ = 3 case (3.36).

They are all the distinct combinations of the functidiig, 117, ..., Wy _, in the first half of
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the superpotentidll” aso; run over the valueg-1 in turn. We haveV — 1 other relations
betweeniV;,Ws,, ..., Wy_; from the compatibility condition in a way similar to (3.33). In

the new variables); the compatibility condition is written as the system'of- 2 equations

1w, 1w} lw lw
'LUl_wQ — __1+__2 wz—w3:——2+——3 (3.54)
2w1 2w2 2’LU2 2’(03

/ /
lwy o, 1wy,

e WN—2 —WN=-1 =
2wy_2 2wy

The solution of a given equation is expressed in terms of the solution of the previous one

according to the iteration scheme

1., e/ w 1., e2 ) we 1., e2) wn-2
wy = = In w3 = = In . WN—1 = —=1n
2 wy 2 Wo 2 WN_2

(3.55)

One can always invert a system of linear equations relating the new variables in order to
expres3dV; in terms ofw;, so that the Hamiltonian can be parametrized by a single function,

sayw;.

3.5 Matrix formalism and isospectral Hamiltonians.

The matrix formalism of the extended SUSY QM was discussed above for the case of

N = 2. Here it will be presented for the case of arbitré¥y The superhamiltoniai is
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given as

H 0 0
0 I
H,
H = t (3.56)
Hy s
Hy 0
0 .. 0 Hy

with the partner hamiltoniang; and H; defined as
Hi=-8+uw—w, H=-0"+uw+u (3.57)
and satisfying théV — 1 conditions on the potentialg andXA/Z-
Vi=Vo, Va=Vs, .. Vy_1=Vy (3.58)

This system of first order differential equations can be solved by iterations. After substitu-

tion of

1
Wi1 :—’U}Z—i——, 1= 172,N—1 (359)

Z;
into

!

the system (3.58) is reduced to linear differential equations with general solution obtained

by iterations. On the first step the solution is

1 1
Wy = —Wq + -, — =—1In |:1 + 01/6_2fw1:| (361)

<1 <1
It is useful to express a prepotentia) in terms of the ground state functien of the H,

(corresponding td’, = 0 ) as before

wy = ——L (3.62)



Now (3.61) becomes

1
— = —IH/(Il), Il =1 + Cl /u% (363)

21

By continuing iteration one can write the solutions in the form

1 r

— = —IHI(IQ), [2 == 1+Cg B} (364)
Z9 uy
1 u?l?
— = —W'(L), L=1+C; [ 12
= n'(l3), I + 3/ I
1 w?l?...1?
= —1In'(Iv_ In 1 =1+Cn_ 172 N2
N1 n( N 1)7 N-1 + N 1/ 112]]2\[_3

Now using the solutions, one can write the potentials of the superhamiltdh&axplicitly

using the definition (3.57) and conditions (3.58)

-~ g I N
VVQn - ‘/2714-1:‘/1-}_22( )7 n:1a27"'75 (365)

- R n 1 !/ N
Vo1 = V2n+2:v1+22 — n=12.,—-—1

These are two families of totally isospectral potentials parametrized in terms of the con-
stantsC;. Notice that the formg; are positively definite if the constants are positive.

This ensures that there are no singularities in the constructed potentials except where they
are present in the original potentig]. Thus, an extended supersymmetric Hamiltonian
‘Hof degreeN consists of two sets aV isospectral hamiltonians in each. Hamiltonians of

one are totally isospectral #@, and of the other tdi. It follows from the discussion above

that the entire system can be constructed just from one functidhe prepotential of{.
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Chapter 4

Calogero Potential and Extended SUSY
QM

4.1 Conformal Quantum Mechanics.

The conformal quantum mechanicsdn= 1 is defined [20] by the generators of the con-

formal groupH, K, andD. The Hamiltonian of the theory

H= % (r* + %) (4.1)
was found to have a non-normalizable ground state. When the isomorphism between the
conformal group and the grouf)(2, 1) was used to construct new generators as the linear
combinations of the old, it was suggested to use the generator of the compact rotation of

SO(2,1) as a new Hamiltonian (with = 1)

1 2
Hpew == (02 + L + 2 (4.2)
2 2 a
which has a normalizable ground state and the spectrum similar to that of a compact oper-

ator

r = ro+nn=0,1,.. (4.3)

1(1+ +1)
rg = = -
0 2 VIT 14
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It has been noted, that this is equivalent to elimination of a coordinate singularity [21] or to
a non-linear change of the space-time variables [10]. In the later developments [10], [11]
the supersymmetric conformal QM fof = 1 and2 was constructed.

The N = 1 Hamiltonian of conformal QM

o? a

Hy_1=-0*+ 5013 (4.4)

can be regularized by adding the term of the harmonic oscillator with the results discussed
in the previous section. Here, it should be noticed, thatrtdependence in the conformal
potential is factorized, leaving the numerator as a polynomial of the fermionic varable

It has been conjectured [19], that the factorization of the bosonic variables in the case of the
conformal potential occurs for an arbitraiy. It will be shown next that this is indeed the
case. One can writte a whole class of fisupersymmetric potentials with such a property.

The ansatz for the prepotentidl with fermionic variables factorized and symmetric is

W(ZL’,O'Q,O'g,...,O’N) = W()P(O'Q,O'g,...,O'N) (45)

P(o3,03,...,0n8) = 14ai(oa+...+0n)+ ... +ay_10203...0x (4.6)

where all the coefficientdd’; are proportional td1, = <. Substituting it into the condition

(3.25) gives

WO2P(02, 035 +eny UN)2 — oWy P(02,03,...,0N) 4.7)

= WZP(01,03,....,0n)* — 0sWiP(01,03, ..., 0n)

It reduces to a system af — 1 second order algebraic equations fgrvariables - the
coefficientsu;, with o being a parameter. As an example we now consideMhe 4 case.

The coefficients:; are the solution of the system
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2@1 + 2&2&3 + 4(11&2 = — (48)
(0%
2@% + 2&% + 2&2 —+ 2@1@3 = —ﬂ
(0%
b6aias + 2a3 = _&
(0%

which can be turned into an equation of the 6th order and gives the roots explicitly. Simi-
larly, N = 3 case gives three and = 5 fifteen roots. The solutions could be relevant to the
classification of the irreducible representations$gf It may turn out, that there exists the
correspondence between thearticle conformal SUSY QM andU(n) YM in D = 2,
which was discussed in [22]. Symmetry and classification of the solutions for arhitrary
requires an additional analysis. However, there is one solution that can be found fér any
Whenz, is zero, it corresponds to the known = 1 and2 conformal SUSY QM of [11],

[10] and its generalization for arbitrary. In order to see that we rewrite the potential as a

complete square

[O‘P(U2703, ey ON) — %1]2 _ (%)2

W24+ o W' = - (4.9)

T
The compatibility condition in this case can be written as

QP(027037 ---,UN) — % =+ |:CVP(O'170'3, '--70-N) — %]

For anyNV it has a solution, which corresponds to thesign in the equation above

a = 0 i#l (4.10)
1

a = ——
2a

Thus, the complete Hamiltonian of conformal SUSY QM for aviyas identical structure

with that of N = 1 (4.4 ), except for the constant

HNZE _82+1(2&—UN—...—0'2)(2&—0']\/—...—201)

2 4 T2

(4.11)
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The spectrum is obtained by redefining the consgantthe spectrum of théV = 0 theory

(4.3) with the result

1
ro =3 1+&P(82,33,~~,3N)_% r=ro+n n=01,.. (4.12)
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Chapter 5

Toward multiparticle SUSY QM

5.1 Quasiclassical superfield formalism.

In order to write the supersymmetric system for the given HamiltoAigaupersymmetrize

the HamiltonianH ), one can use a superfield approach. In this formulation the quantum
mechanical Hamiltonian is obtained by means of canonical quantization. One can start
with the classical action written in terms of the fields, which are explicitly invariant un-
der supersymmetric transformations. A theory derived from such an action will be also
supersymmetric, that is satisfying the supersymmetric algebra for its generators. This stan-
dard approach in the field theory can be used to derive the results of the previous sections.
However, in the case of multiparticle systems the process of writing the supersymmetric
Hamiltonians is not a straightforward generalization of the one particle case. Here, an at-
tempt will be made to derive a multiparticle extended supersymmetric Hamiltonian from a

field theoretical formulation.

5.2 General formalism.

First of all, a superfield parameters of the action must be defined. It was shown that in one

particle case the quantization of the classical action written in terms of a scalar superfield
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defined as

1 — = _
@ = x(t) + —s[0u(t) + D(1)0] — OOF (1) (5.1)

leads to the correcV. = 1 supersymmetric system. In order to extend the number of

supersymmetries, a second chiral superfield
A=\t)+y(t)0 + %éew) (5.2)

is introduced. To generalize this standard procedure to the multiparticle case, the bold-
faced variables in (5.1) and (5.2) now represent vectors witomponents depending
only on time. Sox(t) andF(t) are real n-componet fieldg,and are the Grassmann
numbers (imaginary time); and\ are complex, and is a time derivative. The fermionic

degrees) (for A it will be given later) satisfy the usual anticommutation rules

{, b} = ou, {, v} = {0, ¥} =0 (5.3)

We also define a covariant derivative

0 i-0 — o i, 0

so that the chirality of the superfieldl is manifest

— g i,0

DA=(—-—=—--0—)A=0 5.5
( 00 2 at) (5-5)

The action written in terms of the superfield defined above is invariant under the transfor-

mation of the supersymmetry. A proper form of the kinetic term and most general form for

the interaction are satisfied action in the form
S = /dtd@d@ [—2ﬁ~1>D<I' + W(®, A,K)} (5.6)

The potentialV so far is an arbitrary function of the superfields. It reduces to the action of

N = 2 andn = 1 (one particle) SUSY QM [19] for the potential in the form

W =2W(®) + AV(®)A (5.7)
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The functioni? and matrixV of the scalar superfiel® in the superpotential are under-
stood in terms of the Taylor expansion with respect tosthadd as
1
W(X -+ @) = W(X) -+ 81W(X)@l + Ealﬁl/W(x)@l@l/ + ... (58)
1
V2

In order to write the action of a theory extended to an arbitrary number of supersymmetries

O = (041 +y0) — 00 F,

N one has to introduc& — 1 chiral fieldsA! and further expand the potentidb in the
powers of A’ . The supersymmetry then acts in the superspac¥ stalar and chiral
superfields.

After integration in (5.6) with respect to the Grassmann variables the action becomes

S — / dtL = / i+ Lip - Lyt v - v+ orr (5.9)
2% T3 2 2 2
1- _ o _ _
— 1700V [y — iy A = SO0 WIpe — Yipy] = 200W

1 — _ _
_ﬁ(yalv%)\ + sz&Vy) — AFOV+ VVy}

Notice, that, ands, are summed over their spatial indices, while in the bold face expres-
sions (for examplgVy ) there are matrix summations. To write the kinetic terms in a

canonical form new variables are introduced as
A=v 1y, V =v? (5.10)

Next, one can eliminate the auxiliary variablésy, andy : minimizing L with respect to a
variable, solving the resulting equation and plugging back into the Lagrangian. The result
is

= - — - = — — =YY—— A1
L 5X T PP = PP+ XX~ XX 2(81W) (5.11)
1 1 _ _
—Eyﬁle_lﬁle_lx — Ealal/W[@Dﬂ/)l/ — @Dﬂbl/]
1 — — 1
—ﬂvflﬁzauVV‘lx[wzwp - ¢z¢l']+§(YV7131VV_1X)2

1 — 1 _ o
—§wlv—1alvv—1al,Vv—lwl/X—Zyv—lalV(yv Loy Vv iy )vly
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Finally, the transformation to the classical Hamiltonian is performed as usual

0L 0L 6L 0L _JOL
H=x—+4+¢Yv—+Y—+x—+Xx——-1L (5.12)
O sy X X

The Hamiltonian is the result of the involution of the two generaf@randQ,

{Q1.Q,} = H, (5.13)
Q1 = VO +IOW +AAVN), Q= (=0+ AW + A5 V)

where{, } are graded Poisson brackets - Marten brackets. In order for the Hamiltonian of
the (5.12) to transform a& = 2 supersymmetries one has to introduce another pair of the

supercharge§, andQ,

Qy = N(O + O W + 9O, V) (5.14)

Qy = MN(=0,+ W + 9o, Vi)

As before, in order to achiev® = 2 supersymmetry one has to require the Hamiltonian

H to be totally symmetric with respect to the interchange
Y A (5.15)
so that the second pair of the supercharges would give the Bame

{Q2,Q5} =H (5.16)

The potential of thed has to be symmetrized in its combinations of the Grassmann vari-
ables: in the second...x , ¥,...1oy and fourthyx .. Xx , X¢r ...¢,;x degree. Using the

canonical anticommutation relations (5.3) and
X =67 (X=X =0 (5.17)
one can rearrange all terms in theto one of the four forms above as in the following

1.
HE:§X2+16+VTHQ (5.18)
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1
Vo = %(alvv)? - Lopw (5.19)

— 1
Vo = ¢la,al,w¢l,+§yale—1ale—1X (5.20)

1 1
— ZYV’H?;VV*(%VV*)@%Z—LYV’lﬁva_lx

1
V, = g(Xv_lalVV_lx)(Yv_lalVV_lx) (5.21)

1 —
+§X¢1V_181VV7185/VV7177/11/X

1 .
—§Y¢1V713151/VV " x

Upon observation of (5.11) one has to impose a set of conditions on the fumttiand

the matrixV

0,0;W = %alW(v—lale—l)” - %(v—lalvvlalvvl)ij + %(v—lafvvl)ij (5.22)

i(v‘lale_l)ij v o Vvv ) = (v 9,VV o, Vv )i — (v 19,0, Vv 1) (5.23)

The remaining relationships of th¥ = 2 superalgebra are satisfied automatically for
the chosen form of the supercharges. The canonical quantization of the classical Hamil-
tonian is performed in a standard way: the Poisson brackets are replaced by canonical

(anti)commutation relations for the canonical variables.

5.3 Two particle N=2 Calogero potential.

Here, the solution of the conditions (5.22) and (5.23) will be given. The fori dhat

gives the multiparticle and two particle Calogero potential is

- (6]
DY L_A (5.24)
gA =Tt

IW = agiy = —hLW, ¢z’j = (5-25)

%i—l’j
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. 1
0,0;W = —2¢7, A5, A, = 3 , i,,7=1,2 (5.26)
-1 1

Notice that in (5.22) and (5.23) the spatial derivatives match matrix indices. These equa-
tions are first order differential equations for the unknown matrix. The inverse of the
unknown matrix also enters the equations that makes them very difficult to solve in the
multiparticle case.

To solve the equations is to find a two by two matiVk One can expand the matrix in

its projectors4; as
n=2
V=v  v=> NA,  AA=Ag;, Y Ai=1 (5.27)

with \; being its eigenvalues. Since the left hand side of the equation (5.22) has matrix
A,- a projector satisfying (5.27) one can use as an ansatz for the solution the following
expansion

1 1
V= fEA+ i A (5.28)

whereA is another projector in (5.27)
A= (5.29)

For the ansatz chosen, the squared and inverted matrices are easy to obtain
V= FTEALH Ay, V=v2= fiA+ foAs (5.30)
Upon substitution and using the symmetry identities
0 =—0y ¢r12=—¢a (5.31)

the equations (5.22) and (5.23) are found to be

0 0 of1\ af\’
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of o of - of, \" _[[of o,
(ﬁAlifM><ﬁAl‘fM)_q{(ﬁ)M (ﬁ)A4
(5.33)

where the right-hand side brackets are taken with minué$of’ and with plus for £ ['.

The property of theA matrices
il Ald 1 ij iAld 1 ij

(convention on the double sign being the same) forces us i asta constant. The second

equation is reduced to

1 af2)2 (Wz)'
N B IR 5.35
1 < 2 7 (5:35)
with the solution
fg = (l’l — 1'2)4 (536)
It also solves the first one
0 fs (6‘f2>
—4¢7, = 2a0—= + 5.37
¢12 «@ f2 f2 ( )
whena = % and the integration constamtis zero
% =72/ o (—4a / ¢ o 4 7) (5.38)
2

Thus the unknown matri¥” is found to be
V = V2 = CA1 + (.171 — I2)4A2 (539)

The symmetrized potential of the classical Hamiltonian (5.18) is

1 , 1,2 1
_ _ e A4
Vo= 5 @W) = SoW =2 TR (5.40)
_ _2 1 oAl N
Ve =~ ap O + XA (5.41)
12 —
Vi=- X [ Py +xAax] Asx (5.42)
(z1 — 22)
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