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PREFACE

This paper uses the language of category theory. Prerequisites in-
clude the classical Seifert~van Kampen Theorem and covering space theory.
Chapters 4 and 5 in Massey, [9], provide the necessury material. All the
graph theory that is used is developed within the paper. A reference for
the graph theory is [l1l], Theorem 1 of Section 3 concerns groupoids.
Groupoids occur only briefly in Section 3 and are thence forgotten. To
understand the materigl presented there requires familiarity with Brown's
work on groupoids (3] or [8].

The topological setting in which all the constructions are made ia,
Q@ , the category of guasi-topological spaces as defined by Spanier (j.
The choice of @ was made for convenience rather than necessity. Very
few of the properties of Q are used. In fact, practically any 'nice’
category of spaces would suffice. The few basic facts and definitions in

the theory of Q-spaces which are used may be summarized as follows:

Definition. A quasi-topological space is a set, X , together with a col-
lection of admissible maps (X)) which satisfies the following five
properties
1) each element a € @(X) is a set function from some compact

Hausdorff space to X ;

11) each constant function is an element of @&(X) ;

i11) if a: C + X 1is admissible and t: C’ » C 1is continuous, then
fa is admissible;

iv) 1f a,,a

1 € ¢(X) , then the disjoint union a, U a_, & @(X) ;

2 1 2

v) if a; C + X ig a function and p: C’ +C is an onto continuous
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map such that pa 1is admissible, then a is admissible.
If X and X' are Q-spaces and f: X + X’ is a set function,
then f is a map (or Q-morphism) provided for each a € (X)), fa € AX"

Q denotes the category of Q-spaces and maps.

Definition: An injection is a one to one function f: X Y such that for
any space W and function g: W +X , fg 18 a map if and only if £ is,

A projection is an onto function f: X + Y such that for any space Z
and function g: Y *2Z , gf 1is a map if and only if f is.

Theorem 1. If X € obQ and i: X' +X 1is a one to one function, then

there is a unique Q-topology on X’ such that 1 is an injection,

Proof: The collection ¢AX’) 1is defined as follows: a € AX’Y if and
only it ia € Q(X) . O

Theorem 1 gives another way of defining the usual subspace topology.

Theorem 2, If X € obQ and p: X *Y 1is an onto function, then there is

a unique Q-topology on Y such that p 1s a projection,

Proaf: The collection (YY) 1is defined as follows: a: C 2+ Y 18 an

element of (Y) provided there exists a compact Hausdorff apace ¢’ and
admissible function a’: C’ + X together with an onto map ¢ C’ 4+ C

such that the diagram

c’ N > X

¥ p
v

C 2 > Y

commutea, O

Theorem 2 gives another way of dsfining the usual quotient topology.
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Definition: A subset A of a Q-space X ia open provided for each
admissible map a € (X)), a: C =+ X, a-IA is open in C .,
Another fact that is used is that an injection which is onto is a

Q-homeomorphism,; i.e., an equivalence in Q . One advantage to Q |is

that function spaces have a natural Q-topology. This fact is not used
except perhaps in the definition of the path space functor P: Q -+ Q
If X € obQ , then

PX = {(£,4)|f: ®® 2 Q is a map and f£(t) = £(0), t <O ; f£(t) = £(L),t 24

On morphisms, P is defined via the obvious composition,

It X € obQ and x,y € X , then
P(x,X,y) = PX
denotes the set of all paths (f,{) in X with f(0) = x and f£{{) =y .
(X, x) = P{x,X,x)

I1f A is a set, then |A| denotes the cardinality of A .

! denotes the digjoint uninn (coproduct) of sets;

1! denotes the disjoint union (coproduct)of spaces;

@ denotes the direct sum (coproduct) of groups.

The notions of push-out and pull-back are used together with the
explicit construction of colimits in Q as a quotient of a certain
coproduct .,

Gp denotes the category of groups; Ab denotes the category of

abelisn groups.
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INTRODUCT ION

The classical Seifert-van Kampen Theorem computes the fundamental group

of a space from the fundamental groups of the elements in an open cover of

the space. In particular, if [xl,xz] is

an open cover of a space X and

A= Xl N X, 1is path connected, them X 1is the push-out
1
>
A Xl
I2
vV vV
X >
2 X
of aspaces and nl(x,*) is the push-out
(A, %) oL > (X, ,*)
TH' 1 1 1’
nh
v
nl(xz.*) > ﬂi(x,*)

of groups.

A more elegant way to phrase this result 1s by introducing a

category C

g ——L > x

1
12
v
X2
and a functor F: C + Q where
F(a) = A, F(xl) = Xl, F(xz)
F(il) = 1,,F(1,) = I

X2

2
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The theorem then asserts that 1f F(a), F(xl), and F(xz) are open and
path connected and if F(il) and F(iz) are inclusions (injectionsa),

then for any basepoint * € F{a) ,
T&(colim F,*) = colim ﬂ&(F( ),*x)

This paper develops an anslagous result for the second homotopy group.
The main restriction is that the fundamental group of each open set in the
cover inject into the fundamental group of the space, If the space has a
two element open cover [xl,xz} such that A = X, n X, 1s connected and
T&(Xi,*) - ﬂ&(x,*). i=1,2 and ﬂi(A’*) -+ ﬂi(x,*) are monic, then in this
spacial case, the method developed herein is easy to follow,

Coverings, ﬁ,ﬁ and ﬁz of A, Xl and X are formed by pulling-

1 2
—~ A
back (restricting) the universal cover, X of X ., For example, Xl is

the pull-back

<
 —

It turns out that}

i} there iz a push-out

WY C— )

<

2

Y
and ii) xl {resp. 3, iz) is the disjoint union of as many copies of the

universal cover of xl (reap. A, xz) as cosets in the set

(X, €/ (x, ")
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(resp. T (X,*)/7 (A,*), TR T X, 9D
The Mayer-Vietoris Theorem applied to the preceding puash-out yields
an exact sequence
H,R,2) + H,(X 0 @ H(X,;B -+ Hy(K;®) 0
which terminates in zero since ﬁ 18 connected and simply connected in

each component. Thus Hz(f;z) is the push-out

P My
H, (R, D > Hy (X, i %)
v v
X, (X:2)
Hz(xz.ﬂ > H2 ;

N —
Since H2(X1:Z) = @ Hz(Xl;z) etc., this push-out yields the push-

out
@ HZ(A;Z) > @ H2(X1;l)
W Vv
@ Hz(xz;n o Hz(x;‘) .

Now the Huyewicz isomorphism applies to yield nz(x,*) as the push-out

+ ﬂz(A,*) > B nz(xl,*)
vV v
*
enz(xz,*) > (X, )
where 112(5,*) = ﬂz(A,*) since A 1is the universal cover of A , etc.

This paper generalizes the preceding construction to a larger class
of open coverings for which the fundamental group of each element in the

cover injects into the fundamental group of the space,
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Section 1 develops the language necessary to describe the covers to

which the conatruction will apply.

Section 2 treats in detail the case of covers for which the inter-

section of any three elements is void.

Section 3 constructs a fundamental group functor which is used in
Section 4 to generalize the classical Seifert-van Kampen Theorem to the

case when not all elements of the cover contain the base point.

Section 5 generalizes the process by which the universal cover of X

is pulled-back over each open set in the cover.
Sections 6 and 7 generalize the Mayer-Vietoris Theorem.
Section 8 contains some examples.

Section 9 contains the main result: the coversion of the homology

constructions in Section 6 into homotopy consgtructions.

Section 10 relates these results to the special case considered in

Section 2,

Section 11 gives a formal description of the means by which one

passes from a cover to the category described in Section 1.

Section 12 containas examples,



81, s-Categories.

s—Categories are used to model structure associated with a covering
of a space., An analagous structure is the nerve of a covering. If X
is a space and [UK}XEH is an open covering of X indexed by a set A,
then the nerve of the covering is the simplicial complex described as
follows: To each open set in the cover is associated a vertex, If two
elements of the cover intersect, then this is recorded by attaching an
edge between the vertices representing them, This process continues by
induction attaching n-dimensional simplices to represent the intersection
of any n+l distinct elements of the cover. In what follows, it will be
of interest to record not only the existence of intersectiona but also the
path components of the intersections. That is, whenever n+l elements
intersect, an n-simplex will be attached for each path component of that
intersection, For various reasons it is convenient to record this informa-
tion in a category rather than in a complex, s-Categories are a concise

means to do this.

Definition: Let A denote a set. An s-category based on A 1is a small
category, C , such that
i) each f € obC is an injective function f: xf -+ A with
|Xf| <@
ii) for each pair £,g € obC , |C(f,g)| <1 ; and 1f C(f,g) * 0 ,
then img & imf ;
iii) for each f € obC and non-empty set Y < imf there exists a
unique g € obC such that C(f£,g) +# and img =Y .
Examgle 1: X 1is an annulus with a two piece open cover [Ui}i=l,2

as illustrated.



e
.

The s-category, C , approprieste for this example is based on the set

{1,2] and has four objects:

£ 1} —> {1,2} £ [1,2}l —_— {1,2}

£, (2} —> {1,2} £, [1,2}2 —> {1,2}
(where {1,2}1 is short for f{1,2} x {i}, i=1,2). £, corresponds to
Ui , i=1,2 | f3 and f4 each correspond one to each component of the
intersection Ul M U2 . € has eight non-empty mcrphism sets: the

obvious four containing only the necessary identities and the four

c(f_,f.) , Cf, .1, c(f

4 2

containing morphisms which correspond to the various inclusions of the
components of U, U2 . Composition in C is possible only with

1
identities, This category has a representation as the CW-complex

b & _“J_[lggl}
o >t e Mo >0
B T, Nzl

The general procedure for passing from a given gpen cover of a

space to the associated s-category is described in detail in Section 11l.

+
Definition: The dimension function d: obC -+ E , the non-negative
integers, is defined for f € obC by df + 1 = |Xf| . This

function partitions obC into disjoint classes Cn defined by



Cn =d n for n € lr .

In Example 1, dfl = dfz = 0 and df3 = df4 =1
Definition: If C is an s-category, then f € obC 1is a free face if
there exists no g €EobC , g #+ £ , such that C{(g,f) + & . The
collection of free faces in € will be denoted Fr(C) .

If f,f° € obC , the s-category £ Nf’ based on imf N imf’

is defined to be the full suhcategory of C generated hy the set
{g € obC|c(£,g) +@ and C(£’,g) %+ 8] .
The fact that £ N £’ has objects will be written f Nf’' 3+ @ ,

Example 2: C 1is the s-category based on A= {1,2,3} with objects

£ {1} — & £,0 {1,2}, —> A

£, {2} —> A = €, £: [1,2}2 —> A e

£ {3) —> A £ {1,3] — A Sl
£, {2,3} — A

fo: {1,2,3}1 —> A

£y: [1,2,3}2 —_— A

and non-identity morphisms as indicated below:

SR SUT 0% 3% 0% e £, £, tg + £.1,

SRE S SUE  JE A £+ 2,1, £+ f

As a complex C 1s the cone:




n £ is the s-category with objects

8 9
£fo: {1} —> A £.: {1,3} —> A
1 6
= (g N L),
£, {2} —> A = (£g N fg)o £, {2,3} —> A
£, {3} —> A
£, N £

Definition: A graph, I' , consists of two sets v[ and e[ together
with functions @,t: el -+ v[[ and a function +: e[ » e[ . v[ 18 the
set of vertices of T and el 1is the set of edges of T . The
function o: e[’ + v associates to each edge, h € e[ , its origin ,
@(h), and the function t: el + v[C associates to each edge, h € el ,

its terminal point, t(h) . The function ¢ is the involution and has

the property that for each h € e’ , o{th) = t(h) and t{(zh) =o(h) .

Examples of graphs appear in Example 1 and in Example 2, In

|- x _
Example 1, C is a graph with vC = {fl,fz} and eC = {fa,fa,f4,f4}
here O(f0) = 0(£7) = t(E.) = t(E) = £ ,t(£) = t(£) = o(E,)
where <ML R A M At ML LV I
- * - * -
(f4) = fz, Lf3 = f3 , and f, = f4 . In the illugtration the edges

* -
f3 and f3 coincide and are represented by f3 . Similarly the

* -
edges f and f coincide and are represented by

4 4 In Example

4 L
2, £_. N f, 1s a graph with vertices represented by the objects

fl,f2,f3 and pairs of edges represented by the objects fG and f7 .

Definition: Let C denote an s-category. The graph of C , T(C) ,
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has vertices, v[(C) = Fr(C) . If £,£° € Fr(C) and £ %+ £’ , then the
edges of T(C) with origin f and terminal point £’ correspond,
under the correspondence h - (t,h,f') with the free faces of £ N £’ .
If h € Pr(f®’) and (f,h,£’) € eT(C) , then (f£,h,£’) = (£',h,L) .

Since Fr(fnf’) = Fr(£'nf) , this defines an involution.

Example 3: In the s-category, C , of Example 2, v[(C) = {fs,fg] and

BI"(C) = {(fs,f6:£9)|(f9!f6pf8),(fs,f,?’-fg),(fg’f?yfa)} . r(C) is repre-

f
$
t

7

where (fs,fs,fg) and (fg,fs,fs) correspond under the involution

sented

and are represented by f6 and (fs,f7,fg) and (fg,f7,f8) similarly
correspond and are represented by f7 .
Often it is unnecessary to record the origin and terminal vertices

of an edge (f,h,f’) € er(C) . 1In these cases such an edge will be de~

noted simply by the symbol h ,

Definition: A generating graph for an s-category C , is any sub-
graph, " , of T(C) such that

i} vI = vI(C)

1i) 1f (f,g,f’) € eT(C) , then there exists a finite sequence of
edges of T ,

n
f(fi,hi,f“l) €el cel(@}, o

with f£_ = f, f = £’ and C(h1 g) + 8 for 1=0,...,n .
1]

Example 4: Let C be the s-category based on A= {1,2} with



hlz{l] —> A £ {1,2}; —> A

]
(o]

h,: {2} — A t,: {1,2}2 —_ A

£, : [1,2}3 —> A

and with obvious morphisms,

C 1is represented

and T{(C) 1is represeanted

A generating graph for T©'(C) is obtained by selecting the edges
{CEg0h 0 £, (£, h,, 220, (£,,h,, 20, (£,,h,, 8,0, (2,,h,,2,),(2,,h) ,£),

(f4,h ,fs),(fs,hl,f4)} . For example (fs,hz,fs) € er(C) and

1

{(f3,h2,f )9 (f43h23f5)}

is a sequence of edges of the generating graph of the required typeo,



This generating graph is represented:

Some definitions from graph theory will be needed in what follows.

Definition: A circuit of length n 1in a graph, ', is a sequence of

edges n

{fi}i=1

such that o(fi) = t(fi—l) 1=2,...,n , and o(f)) = t(fn) .

Furthemore, Lfi ¥ Lfi"‘l’ i-‘=2,...,n and Lfl + Lfn .
A path in a graph, [, from a vertex v to a vertex v’ 1is a

finite sequence of edges
n

{fi }i=l

!
with t(fi) = o(fi+l). i=1,...,n~1 and o(fl) v o, t(fn) = v .
n is the length of the path,

A graph is path connected if every pair of vertices may be joined

by a path., If a graph is not path connected, then its path components

are defined in the obvious way., A graph is a tree if it has no circuits.



A tree is not assumed to be connected unless otherwise stated., For any
two vertices in a path component of a tree there is a unique minimal
length path between them (or olse the tree would contain a circuit),

Such a minimal length path is called a geodesic.

Definition: A generating tree for an s-category, C , is any generating

graph which is a tree,

Theorem 1. If C 1s an s-category with a generating tree, then [(C)

has no circuits of length two.

Proof: 1If T[(C) has a circuit of length two, then there exist dis-
tinet vertices f,f’ € ['(C) and two distinct edges (f,g,f”),(f’,g'f)
with g,g’ € Fr(fNf’) ., Since these are free faces both C(g,g’) and
C(g',g) are empty.

If every generating graph for T(C) contains both (f,g,f’) and
(£,g',£') , then every generating graph has a circuit and is therefore
not a tree. Thus we can assume gsome generating graph, ' , is a tree
and does not contain (f,g,f£") .

Since [ is generating there is a seguence of edges

n
[(fi’h ) € eF]1=0

1’fi+1

L —
of [ such that fo = £, fn+1 = f and C(hi’g) @ for i=0,...,n .

Since C(g',g) = @ , no hi =g’ . 1In particular, hO + g’ and

h #g’. If (f,g',£") € eI , then the sequence

n

f1+1)}1-_-0

[(f fsg ”f) ] (fi’hi’

is a circuit in ' . Thus (f,g’,f’) £ eI and there exists a sequence



4 7 ’ m
{(fi’hi’fi+1) € eF]i=0

/

’ f—
with fo =, £m+1

= £’ and c(ni",g’) £#@6 for i=0,...,m ,
If these two sequences of paths are unequal, then [ contains a
circuit. Since [ 1is a tree, the sequences are equal and there is a

n B et
sequence {(fi,hi,fi+1) € er}i=0 of edges with %) = £, fn+1 = £

and C(h ,g) 9 , C(hi,g’) +@ for i=0,...,n .
Then img < imh, and img ‘ €imh, for 1=0,...,n . Thus
img U img’ < 1mhi for i=0,...,n . Since C(Ii,hi) +@ for

i=0,...,n and C(£ h) +6, ing U img ' < imf, for 1=0,...,n41 .

n+l’

From the definition of an s-category follows the existence of

n+1 Y ¢}
sequences [ki]i=0 and {ki]izﬁ such that C(fi,ki) #+ @ and

imk, = img { img ' , 1=0,...,n+1 and C(hi,ki’) +# and imki'

= img U 1mg' ’ i=0,...,n -

Since C(f ,h) *0 , C(fi,ki') +@ and k, = ki' for 1=0,...,n .
Also C(hn,kn+l) +@ , and ko1 = kn .

For each i , 0 s1i <n , C(f1+1,hi) ¥# and C(fi+1'hi+1) +0 .
Thus C(f1+1,ki) + @ and C(fi+1’k1+l) +@ , and ki = k1+1 for
i=0,...,n=-1 , By inductien all the ki's are equal and in particular,
ky =k ., « Since img U img ' = imk, = imk . , there are elements

h,h’ with imh = img and imh’ = img’ and
?
Clk,,h} 0, Clk b ) ¥08 .

Since C(f,ky) = C(fy,k,) # 6 and C(f’,knl ) = (£ .k ) 0# e,

+1 n+l

f

C(f,h) +& . C(f',h’) £+ , It follows that h=g and h’' =g’ .

Thus C(f,ky) #+@8 and C(£',kg) + @ s0 that

k, € ob(fnf ‘)
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N [ ’
But C(k,,g) * @ and C(kn+1,g ) = C(ko,g ) @4 . Since g and ¢
are distinct, this shows that at least one of them 1s not a free face

of £ N £’ which is a contradiction. O

Example 5: A 1-dimensional s-category may have a generating tree and
a circuit of length three:

C 1is the s-category based on A= {1,2,3,4] with objects:

£,: {1} —> A f.: {1,2} —> A

£, {2} —> A e £y {2,3}] — A = €
- o

f: {31 — A £, {2,4} — A

f4: fa} —> A

and non-identity morphisms:

B> £, 0, 0 B —> £, 00 5 £, —> 1,8, .
C 1s represented: £,
f
7
¢ i fs p
1 3
2
and T[(C) 1is represented: 15

It is clear that T(C) is a circuit of length three and any two edges

of T(C) form a generating tree.
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The illustrations in thig section have represented s-categories as
semi-simplical complexes. In general, they are not simplicial complexes,
However, :f an s-category has a generating tree, then it frequently is

simplicial.

Definition: An s-category C is upward finite 1f for each object

g€ € obC , there is a free face f € obC with C(f,g) +8 .

Definition: € is an s-category. The elements of C0 are called
vertices of C , A vertex v € C0 is connected if for any v’ € C0 .
imv’ = imv implies v = v .

This definition relates to topology in the following way. 1f the
s~category C arises from an open cover of a space, then the vertices
of C correspond to path components of the elements in the cover.

Thus if is the cover, then the vertices with image XA corres-

U3 en

pond to the path components of U since each U represents the

a? A
intersection of 1 element in the cover. If each Uk 1s path con-
nected then there will be a single vertex with image X . That is,
thce vertices will be determined by their images; the vertices will be
connected,

Clearly, if a given open cover does not consist solely of path
connected spaces, then it can be enlarged to one which does. Without

loss of generality it will be assumed that all s-categories have each

of their vertices connected.

Definition: C€ is an s-category and g € obC . The vertex set of g

is denoted vg and is defined to be the set

ve = {v €€ jce,v) + a8} .
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The elements of wvg are called the vertices of g . Note that
img = U imv .,
vEw

Theorem 2: If C 1is an upward finite s-category with a generating

tree, then € has a representation as a pimplicial complex.

Proof: It suffices to show that each object, g € obC , is determined by
its vertices. Suppose g' €obC and w=wg’' . Since C 1is upward

finite, there exist free faces f£,f’ € Fr(C) with C(f,g) ¥ &6 and

! £ 4

c(£',g’) +#@8 . It f£=1£", then since img = img’ , g = g’ .

’

If £ +£', then each vertex v € vg = g’ 1is an object in
f Nt’ and there is a free face h € Fr(fnt ‘) with C(h ,v) +4 .

Since C has a generating tree [Fr(fnt’)| =1 by Theorem 1., Thus

F

all the hv's are equal to a single element, h . Since img img

C imh , there is a unique g” € obC with C(h,g”) ¥+ @ and img” = img
= img! Since C(f,h) +6 , C(£,g”) +@® and g’ = g . Similarly,
g€ =88 . Thus g=¢g" . O

It is a consequence of this theorem that in case the s-category
C derives from an open cover,1f € has a generating tree, then C
represents the nerve of the cover.

The following examples show that the converse of Theorem 2

is false:

Example 6: C 1is the s-category based on A= {1,2,3} with objects

£ f1} = A £, (1,2} —> A
£, {2} ~—> A = C, £ {1,3}) —> A = C,
£, {3} ~=> 7 fg: {1,4} ~—> A
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and obvious morphisms. € has a representation as the simplicial com-

plex

but has no generating tree,

Example 7: € 1is the s-category based on A= {1,2,3,4} with objects:

f1:[1} —> A fs:{1,2} — A fg:[2,4} —> A

£,: {2} — A _ ¢, £g:{1,3} —> A £,,:{3,4} —> A - ¢,
f3:{3} —> A £,:{1,4} —> A

t,: {41 —> A 18;{2,3] —> A

£+ {1,2,3] —> A

11

£, {1,2,4) —> A e
£, {1,3,4] —> A S 2
£ 4 {2,3,4} —> A

and obvious morphisms. € can be represented as a simplicial complex

as the hollow tetrahedron., [(C} has vertices labeled by Fr(C) = 02 .

'{C) has twelve edges, namely

(tll' Ty 112) (f12' j!5’ fll)
(£110 Tgr 130 ()30 fgr Tpy)
“12’ t 1:13) ”13' I j"12)
(111' g 1:14.) “14’ fgs 111)
(£)50 Tgr f14) (f140 fgr ;)
(113' 110,114) “14’ 110’f13) '
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Clearly C(ti,fj) =@ 1f i,j € {5,6,7,8,9,10} and 1 %Jj . It
follows that no proper subgraph of T[{(C) is a generating graph. Since
T(C) is not a tree, C has no generating tree,

Deapite these examples, it may be the case that sufficiently high
connectivity or contractibility of the complex guarantees a generating
tree (cf, Theorem 1l in Section 2), §Since these questions do not arise

in what follows, they will not be investigated here.



§2. One Dimensional s-Categories.

Definition: An s-category, C , is n-dimensional 1f Cn + @ but

Ck =®3 for k >n .

This section develops the theory of 1-~dimensional s-categories,

For the remainder of this section the only categories which will be

considered (apart from examples) are 1l-dimensional s-categories. A

l-dimensional s-category arises from a cover of a space for which no
three elements have a non-empty intersection., A useful fact about such
categories is that if € 1is l-dimensional and for g,g’ €EobC , g +g°
but C(g,g’) + B , then g € C1 and g’ € C0 .

As was indicated earlier if C is 1l-~dimensional, then the complex
it represents has a natural graph structure, This idea is formalized in

the following definition,

Definition: C 1is an s-category. The geomeiric graph, Fk(c) , of C

has as vertex set the set VFE(C) = C If v,v’ are distinct

0 -
elements of C, » then the edges of Fg(C) with origin v and terminal
v’ are of the form (v,f,v’) for f €C , with C(f,v) #& and
cC(f,v’) #+8 . If (v,f,v’) 1is such an edge, t(v,f,v’) = (v', £,v) .

In some 1lnstances it is possible to ignore the origin and temminal
points of an edge, (v,f,v’) € FE(C), and to write simply f .

The categories of Example 1 and Example 4 in Section 1 are illus-

trated with their geometric graphs.

Proposition 1: If C 18 an s-category, then ré(c) is connected if

and only if T(C) 1is connected.

15
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'

Proof: If ré(c) is connected and £,f are two vertices of T(C) ,
then there is a finite length path in ré(c) from o(f) to t(f")
since these are vertices of ré(C) when f 1is regarded as an edge of
Ié(c) . This path has a succession of vertices and edges which are the
edges and vertices of a path in [(C) from f to £’ .

If T1(C) 1is connected, then no vertex, v , of FE(C) is a free
face of C since C(v,f) #@ implies f = v and v 1is isolated in
I'(C) . Thus if v,v’ are two vertices of FE(C) , then there exist
free faces f,f’ € Fr(C) with C(f,v) #@ , C(£',v’) ¥+ @ and a path
in T(C) from f to f’ which dualizes as before into a path in
Té(C) from v to v’ . O

Example 5 in Section 1 illustrates a 1l-dimensional s-category for

which ré(C) is a tree but T[(C) 1s not a tree.

Theorem 2, Suppose C 1is an s~-category. 1) If rg(C) is a tree
then every maximal tree in T'(C) 1is a generating tree, ii)} Jf there

is a generating tree in T[(C) , then ré(c) is a tree.

Proof: i) Suppose that some maximal tree, ' @ T(C) 1is not a generat-

ing tree. For some edge (f,g,f’) in T[(C) there is no sequence.

n

{(f’ » b i+1) }i=0

i i? £

of edges of T with fO =f , fn+1 = £’ and C(hi’g) +@ for all
i=0,...,n . Trivially, each edge in [ has a one term sequence (it-
self) which violates this property. It follows that one may assume

(frgrf") € el (C) ~ e .

A maximal tree in a graph contains all the vertices of the component
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in which it lies. Since f,f’ € vi(C) and (f,g,f’) €e[(C) , £ and
f’' are in the same connected component of T'(C) . Since a maximal tree

in a connected graph is connected, there is a path in T from the ver-

tex f to the vertex f’ : 1i.e. a sequence
n
H = [(fi' Bys f1+1)}1=o
with £ =£, £ ., = f’ ., Since the elements of H are edges in a

tree, it can be assumed that
1) the fi‘s are distinct,
(or else H can be simplified to such a path). Since, as was observed

earlier, no such sequence has C(hi,g) + @ for all i=0,...,n , for at
least one k , 0 sk <n ,

If any h, £ C1 , then since C is one—-dimensional, C(fi,hi) @,

i

hi) +® implies £ = h = f which violates condition 1).

c(t i i i+l

i+1’
Similarly g 1is O dimensional or else (f,g,f’) does not determine
an edge in [(C) . For O dimensional objects in an s-category
C(hk,g) = @ is equivalent to the inequality hk + g . Thus for some
k , 0 <k <n,

3) h +g .

The sequence

5 = [g’hoy-c‘rhn]

lists the middle terms of the edges of a circuit in T(C) . The sub-

sequence

5 = {gthili---’hi.}

is determined by the properties
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)

a) g €8’
b} no consecutive elements are egual
h = h ) ¢ <k <=1, - =2, ...
c) bk . or 1 j 1J—1’ J=2, ,m
d) g = hil—k for 1 <k = 11
: h = 4 < n-
e) hi. + g 1tk g 1 k n im
Conditions b) - e) merely affirm that S’ is the maximal subsequence
of 8 with properties a) and b). Condition 3) above guarantees that
S’ has at least two elements,
The subsequence S  will be used to produce a circuit in Té(C) .
By construction g = hil“l € Fr(fil-lnfil) and hil € Fr(filﬂfil+l
if i, >0 . Thus (g,f, ,h, ) 1is an edge in [ (C) from g to
1 s PR ) g
It i, = 0 , then (g,fg.Iy) 1is an edge in ré(C) from g to hy
For 1 <j <m h = h € Fr(f L ) and
by 14,71 1,171 "1,
h. € Fr(f_ Nt ) provided h, + h, . Thus
1in lyor yatl” i+l lin
(th ,fI. h ) 1is an edge in [ (C) from h to h, . If
1,7 017 1y, g 1, ie1
h. = h then (h, ,f h, ) is an edge in [ _(C) from
i, +1 iye1 : 11’ 1ye1' 141 g
h. to h .
1: iJrl
Finally, hi = hi € Fr(fnfin+l) and g € Fr(fofwn+1) so that

(h_ .fn+1,g)

1a

is an edge in Fg(C)

from

h

i

to

4
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- = & hl’ thtl -
- Y
fiJ¢1
£
1-
h
h .
11 \ i-
f A — fh4d
i,
g

If S’ has more than two elements, then the sequence

% FUN N I TR SRR 23

(g,f ,h ) . (h
[ i1 il ’ ’ 1!-1 | | n

is a sequence of distinct edges in ré(c) which forms a non-trivial
circuit in ré(C) at g .

If S’ has exactly two elements, the sequence becomes

[, ,hy ), Gy W @)

1,
If h, =h , then £, = f ., Otherwise, h, = h_ , for n’ <n .
1 n i, n 1 n
In any case, by condition 1) above, fi * fn+1 . It follows then that
1

fé(c) contains a non-trivial c¢ircuit of length two and is therefore
not a tree.

ii) 1If fé(c) is not a tree then it contains a non~-trivial cir-
cuilt of minimal finite length with edges

n
ey, £, 8,10},

such that 30 = gn+1

Since the circuit is of minimal length, it may be assumed that the

vertices COWEEREY - are distinct, If fi = fj for 1 % 3j , then

since vfi = [gi’gi+l] and ij = [gj,g ] , the vertices go,...,gn

J+l
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are not distinct, It follows that the objects fo,...,fn are also
distinct.
Setting fn+1 = fo yields a sequence

n
s = {8 0 )0

of edges of T(C) which determine a circuit. If [ S T(C) 1is a gener-

ating graph for C , then at least sne edge (fk,gk,fk+1) €5 1is omitted

from [ . Since [ 1is generating there exigsts in [ a sequence
k k k n,
feeg, nyy £, D5
of edges with fk = T fk = I and C(hk ) +8 for i=0
g 07 "k ' "np+l Tk+l 1Bk =0sece,y

As in the proof of part i) of this theorem (cf. remarks after condition 2)),

k k
i'gk) + @ 1is equivalent to h / =g  1=0,...,n .

that C(h i

The juxtaposition, S1 =

k _k _k
(fo,go,fl)'ooc’(fk_llgk_llfk)l(foil’loifl)""’
Kk k k
(fnk'hnk'fnk+1)’(fk+l’gk+1’fk+2)’""(fn'gn’fo) !
k k
fi hi_gk f§+1
Mttt e ettt
» -.' fk
he-g m
0 "k Kk
£
¢ - R 4 SE— z s fk
k-1 P 2 ok an B +2
K 0 f =f -
. k+l m+1 R
o a
-
£ L
gO :#,/”é;//
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forms a circuit in T(C) . All of the edges

Kk Lk n,
{(fli" by fa) hido
are in [ and since the circuit S1 is not all in T , some other edge
(£,, g4, £,,)

for J # k must be omitted.

By induction, each edge in S 1is replaced by a sequence of edges
in [ with middle terms equal to the middle term of the edge they re-
place. This process yields a circuit in [ . Thus no generating graph

is a tree, 0O

Corollary: If C 1is an s-category with a generating tree, then every

maximal tree in C 1s a generating tree.

Proof: By part ii) of Theorem 2, FB(C) is @ tree, The corollary then

follows from part 1). O

Example 1: A 2-dimensional s-category, C , may have a generating tree
yet not be such that every maximal tree in T[(C) 1is & generating tree:

C 1is the s-category based on A = [1,2,3,4,5} with objects:

£: 1} — & g0 1,2] —> A

£,: {2] —> A £,: {1,3} —=> A

£.: {3} —> A =G £ {2,3) — A

£, {4} — A £y (2,4} — 1 =C

£ {5] —> A flo:{3,4} —> A !
£,:03,5) —> A }

£, f4,51 — A
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113: {1,2,3}] —> A
£ 4 {2,3,4] —> A =C,
£ g {3,4,5] =—> A

and non-identity morphisms:

f £ - £_.f

13 2 Tertyitg s By 2 Ity tig s

f

15 * forfia0hin

R A A A NI A A

C is represented as the simplicial complex:

f7 Ia fll b

Then T{C) 18 represented

Then [{(C) contalns a generating tree, [fs,flo] , but the maximal
t f = R
ree | s’fs] is not a generating graph since C(fs'flo) @

Even if the following generalization of Theorem 2 is true it will
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not be needed in what follows:

Conjecture: If C is a 1l-dimensional s-category, then r(C) contains
a generating graph whose geometric realization has the same homotopy type

as the geometrical realization of rk(c) .

Example 2 {(to illustrate the conjecture): The following comments refer
to Example 4 in Section 1.

Since Té(C) is a figure eight, nl(ré(C)) = § * X . The selected
generating graph is also a figure eight. To compute ﬂl(F(C)) the

,

Seifert-van Kampen Theorom is used with the cover

T&(F(C)) is then the push-out

{1} > % % 2

v \Y

T*z > B %2 %2 %Z= n(rec)
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The remainder of this section relates the termminology of this

paper to the terminology in the literature.

Definition: I is a set, The full ZX-category based on I , IZ(I) , has

as objects singletons and unordered pairs of I :
2
obZ(I) = {{a,b}|a,b € 1} .
The non-identity morphisms of Z£(I) are of the form
fa,b} =222 5 a4} ; fa,b} =282 (p)

for a #b , There is no composition except with identities,

A  I-category based on I, C, is any full subcategory of z(I)

such that {a,b} € obC implies that {a},{b] € obC .

If I is a set and C 1is a I-category hased on I , then C
can be given the structure of a l-dimensional s-category based on 1
(in the obvious way) as follows:

To {a,b} € obC , there corresponds the inclusion

a,b}: {a,p} —=>1
(The morphisms of C are the same as s-category and as I-category.)
If € is a L-category based on I , then for distinct elements
a,b € I , there is at most one object {a,b} with C({a,b},{a]) ¢+ @
and C({a,b},{b}) #@ ., In an arbitrary l-dimensional s--category

there is no such restriction.

Proposition 2: If C is a one-dimensional s-~category based on A,

then C has the structure of a ZIZ-category based on A if and only if

fé(C) has no circuits of length 2 .

Proof: The previous remark justifies the assgertion that 1f C 1is a
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T-category based on A then F;(C) has no circults of length 2 .
Conversely, if C as an s-category has no circuits of length 2 ,
then the objects of C may be regarded as singletons and unordered pairs
of elements of A, That is, an element f € C1 is completely deter-
mined by imf. If £ = f’ have imf = imf’, then they induce a circuit
of length 2 in ré(c) . Purthermore, if f € C, has imf = {a,p} , then

there exist g, € C, with img = fa} , img’ = {p} . O

Proposition 3: If C is a l-dimensional s-category, then TI(C) has

no circuits of length two if and only if ré(c) has no circuits of

length two,

Proof: T(C) has a circuit of length two if and only if there exist

distinct f,f’ € obC, and distinct g,g’ € obC, with g,2’ €Fr(ent’) .

1
This happens if and only if C(f,g) +@, C(f,g’) +@&, and C(f’',g) + 6 ,
C(t'g’) +@ with f£+f',g*g . This is equivalent to the existence of
the circuit, {f,f’} of length two in Fé(C) from the vertex g to

the vertex g' . O

Definition: 1 1is & set, C 1is a ZI-category based on 1 . The
t~graph of C , 3{C) , has as set of vertices, obC , and oriented edges

corresponding to morphisms

{a,b} > {a}
for a ¥b .

It 15 clear that the ZI-graph of a ZI-category, C , is equivalent
(as a graph) to the first barycentric subdivision of its geometric

graph, ré(c) , as a l-dimensional s-category.

Thus, the Z-graph of C and its geometric graph ré(c) have the
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same homotopy type and one 1s a tree if and only if the other is a tree.
(Here homotopy type refers to the homotopy type of the geometric reali-
¢

zation,)

Thecorem 3., If € 1is a 1l-dimensional s-category, then [(C) has a
generating tree if and only if C is a ZI-category and its ZIZ-graph,

Z{C) has a simply connected geometric realization.

Proof: By Theorem 1, if [(C) has a generating tree, then T(C) has
no circuits of length two, By Propositions 2 and 3, C has the structure
of A Z-category. Since T['(C) has a generating tree it follows from
the Corollary to Theorem 2, that FE(C) is a tree. Thus Fg(C) is
simply connected. Since I{(C) and ré(C) have the same homotopy type,
Z(C) 1is also simply connected.
If Z{(C) has a simply connected geometric realization, then since
Z(C) has no circuits of length two, its geometric realization is a
one-dimensional simplicial complex and is thus contractible and thus
fé(c) is a tree. Theorem 2 then implies that T[{(C) has a generating
tree, 0O
If C is a 1-dimensional s-category with a generating tree and
F: C +Gp is a functor from C into the category of groups such that
F(a) 1is injective for each morphism o in C , then it follows from
Theorem 3 and a theorem on amalgamated products [7] that for each
g € obC the colimit induced morphism wg: F{g) » colim F 1is injective.
This result is peculiar to 1l-dimensional categories. If C is
an n-dimensional s-category, n = 2 , then there is a functor F: C -+ Gp

such that F(ax) 1is injective for each morphism in C but for some

g € obC the colimit induced morphism *g: F(g) -+ colim F 1is not
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inject+~, This results from the following example:

Example 3: N is the 1l-dimensional s-category based on A = {0,1,2}
with objects

£,: {0} —> A £ fo,1} —> A

£ {1} —> A = N, 2, 0,2} — 2 = Ny

£, {2} —> A £y (1,2} — A

and obvious morphisms. N 1is represented as a ZI-category by the

f
drawing 5

- ‘f f

f0 1 2

There is an example [D] of a functor, F , from this category into the
category of groups such that F(a) is injective for each morphism «
in N but some colimit induced worphism ﬁg: F(g) - colim F 1is not

injective,

The category N 1is enlarged to the category N by the addition

of the object

£ {0,1,2} —> A

and obvious morphisms. The morphisms in N are represented as arrows

in the diagram
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L] J)
13\ /14\
v -
f1

The functor F: N -+ Gp is the extension of F defined by setting

T

E(fs) = {1} and by sending the additional morphisms to the trivial
inclugions, Clearly colim F = colim F and whichever tg was not
injective is still not injective.

If C is any n-dimensional s-category, n 2 2 , then C2 + 6
and for any g €C, , N is equivalent to g N g . The functor
F: N + Gp c¢an be extended trivially {(as was F to yield F Yy to

yield %: C + Gp which has some colimit morphism non-injective,



§3. Consistent Systems

In this section we restore the generality of Section 1 and consider
an arbitrary s-category, C , and a functor F: C 2+ Q . Two questions
are considered in this section; both relate to the assignment of base
points to the spaces F{g) for each g € obC . The first is aimed at
meking Brown's fundamental groupoid [2] computable, The main result,
Theorem 1, is of independent interest and is never referred to in this

paper. The second concerns the definition of a fundamental group

functor from C to Gp , the category of groups. 1In the next section the

van Kampen Theorem is generalized to enable the computation of certain
fundamental groups as colimits without the assumption that each element
of the open cover contains the base point, In this section it is shown
that the existence of s generating tree allows the consistent labeling
of base points required in order to state that generalization,

We begin by defining a system of paths called the graph of F .

Definition: C is an s-category. A functor F: C »+Q is path con-
nected provided F(g) is path connected for each g €obC , If F |is
a path connected functor,then a graph of F 1is any graph, reey , de-

rived by the following process:

i F) =
)  vI(F) [xf]fEFr(C) is any collection of points such that
Xe € P(f) for each f € Fr{(C) ;
ii) if xf,xf, are two vertices of T(F) then for each
€ € Fr(f¥’) there is an edge from x_. to x which is a path

o £’
alf,g,£’) € P(xf,F(g).xf,)

(where ;f = F(T)x, and ;f, = F(T)x,+, 7 € C(f,g), ' € c(f’,g))
29
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such that 1) off,f,£) 1is the trivial path in F(f) at Xp 1
-1
11) olt’,g,8) = [alt,g,£)] .
This last condition provides the required involution in T[(F) .

Clearly, T(F) and T(C) are isomorphic graphs.

Definition: A groupoid is a small category in which every morphiam is

an equivalence. If X € obQ , then the fundamental groupoid of X ,

mX , is the groupoid with obnX = X ., If x,y € X, then the morphism
set nX{x,y) consists of homotopy classes of paths which begin at x

and end at y . Its importance lies in the fact that 7TX(x,x) = T&(x,x) .
4 denotes the category of groupoids and m Q -+ & 1is the fundamental

groupoid functor,

Proposition: Suppose X €obQ ; x,y € X ; and Y € nX(x,y) 1is a fixed

path class. Then every element of 1 X(x,y) 1is of the form oy for some

a € nl(X,X) .
Proof: If £ € nX{(x,y) , then o = BY_I € r&(x,x) and ay = B . D

Definition: If x,y € X € obQ , then a generator for 1 X(x,y) 1is an

element vy € 7 X(x,y) .

Definition: C€ is an s-category and F: C + Q is a path connected

functor with graph [ = I'(F) . The functor FF: C +» 4 is defined as

follows:

1) for g € obC , obF (&) = {F(Tf)xfle € C(£,g); x, € v}

£

i1) for Xp = F(-rf)xf y Kgs = F(Tf,)xf, € obFr(g) ,

M(£,£°)

{PF(T Yalt,h,1") |Th € c(h,g) ; o(f,h,£') € eI'}

Fr(g)(if,if,) - @ if M(£,£) =@ . If M(£,f') + @ , then
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Fr(g)(if,;f;) = TrF(g)(§I,§t,) viewed as a groupoid generated by the path
classes of elements in M(f,f’) .

1) It x, €obF (@), 1=1,2,3 , and M(f;,f,) +@ , M(f,,1) + &
then there exist h,h’ € obC such that C(fl,h), C(h,g), C(fa,h'), and
Cth’,g) are non-empty, Thus g € ob(flﬂ 13) and there exists an
n" € Fr(f N f,) with cth’,g) ¥+ @ . It follows that M(f,2) 0@ .
Composition in FF(G) is then just composition in T F{g) .

iv) If 1 € c(g,g’), then FF(T): Fr(g’) is the obvious functor

induced by F(1) and PF(T) .

Definition: A and B are groupoids. A functor §: A + B is an

equivalence of groquids provided

i) S{x,y): A(x,y) -» B(5x,8y) 1is bijective for all x,y € obA ;
i1) For each b € obB there exists an a € obA such that
either B(Sa,b) +@ or B(b,Sa) + @ .
Two groupoids are eguivalent if there exists such an equivalence between

them,

Theorem 1. € is an upward finite s-category. F: C +Q 1is a path
connected functor with graph [ such that F(7) is8 injective for each
morphism T in C ., 1If u: FF + nF is the obvious natural transformation

induced by inclusions, then colim u: FF + colim M F 1is an equivalence of

groupoids,
Proof: By a theorem of Browm (see [2] or [3]) it suffices to show the
following:

i) For each g € obC , ug: Fr(g) -+ 71 F(g) 1ia an equivalence of

groupoids.
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Proof: a) If x,,x,, € obF (g) , then C(f,g) and C(f’,g) are non-
empty. It follows that g € ob(£Nf‘) and there exists an h € Fr(fnt’)
with o(f,h,f’) €M(£,f") +& . Then ug(i’,f’): Fr(g)(if,if,) -+ nr(ir,if,)
is the identity.

b) Since there is a free face, £ , such that C(f,g) +#+ @& , there
is an element if € Fr(g) . Since F(g) 1is path connected, if y € F(g)
then @& * ﬂF(g)(J_(f,y) = 1 F(g) (ugif,y) .

i1) For each T € C(g,g’) the functions obFrT and obmn FT are

injective and independent of T .,

Proof: The first follows by hypothesis; the second follows from the fact
that |c(g,g”| <1 . ©

Since by another of Brown's theorems, [3], ™ colim F and colim 1 F
are equivalent groupoids, this theorem has as corollary the equivalence
of meolim F and colim Fr . In particular, each of their morphism
sets are equivalent.

It is not our purpose to develop a precise characterization of
colimits in the category of groupoids. Just as in the category of
small categories, morphism sets of a colimit consist of equivalence
classes of certain sequences of morphisms from each constituent cate-
gory. The idea to keep in mind is the trivial case of single object
groupoids. Such groupoids are just groups and the colimit reduces to
a colimit in groups. In a single object groupoid, the morphisms are
the elements of the group it represents. It fellows that in this case
the colimlt consists of equivalence classes of words; i.e., sequences
of morphisms,.

An example is in order:
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Example 1: Suppose X 1s the annulus

with the two piece open cover indicated. The associated s-category,

C , is given in Example 1 of Section 1:

fl:[l] —> {1,2} £, (1,2}, —> 1,2}

3

£,: (2] —> {1,2) f,:{1,2}, — {i,2]

' F(f4) - XZ .

i

F(fi) = U 1=1,2 ; F(fa) = xl

A graph T(F) may be chosen as in the picture

a(fa,t2,f4)

The functor FF is then defined as follows:

obFr(fl) = {xfa'xf4} = obFr(fz)
ObF () = [xfa] ; obP (2,) = [xf‘}
F (8 (xg vxg ) = MRy 2%, ) = [ty 1), 2)]]

3

|
~
-
L
-~
Fd

w
~—
1

— X
I AR A mEE)) (X WX )
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ﬂi(r(fl)’xfa) =1

Fr(fl)(xf X, )

e ﬂ F(Il)(xr‘,x )

e

ni(F(fl)’xf‘) =1

The square brackets denote homotopy class.

FF(f2>(fo.xf‘) = TR(L) (xfs,xfg = {[a(fs,rz.f4)]}
Fr(f2)(xfa’xta) =1
=1

Fr(fz)(xf4,xr4)

It

Fr(fa)(xf ' X, )

.5t 1= Fr(f4)(xf‘.x )

£,
By the corollary to Theorem 1, m X = colim FF .

For example, TLL(X,Xf ) = T X{(x ) = colim Ff(xf '%X, ) . This latter
3

f3 ’ xfa 3 fS

group consists of sequences of morphisms. 3ince there are only two non-
identity morphisms, T x(xfa,xfa) congists of finite juxtapositions of
those morphisms, In exactly this way, Brown computes r&(x,xfs) to be
X .

The process of determining the graph [(F) only assigned base
points to the spaces F(£) for f a free face of C , To generalize

the van-Kampen Theorem it will he necessary to assign base points to

each value of P . A [I'(F) -system is designed for that purpose.

Definition: € is an s-category and F: C +Q 1is a path connected

t t ith h F) . A - t i

unctor w grap T (F) [(F) -system is any graph FS(F] derived
by the following process:

i) vFS(F) = is any collection points such that for

each g € obC there exists an Xg € v['(F) auch that

y_ = F(T)xf for T € C(f,g) ;

£
i1) if g’ € obC , then Bg, = {£ €EFr(c) |c(£,8") + 6} . An
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elementary g '-path is the image PR{T)a(f,h,f’) of an edge

a(f,h,t’) € e'(F) with f£,f’ EBK, and T € C(h,g ") .

If YgrYg ! € VFS(F) and C(g,g’) #@ , then an edge from Vg to

yg; is a finite composition of elementary g '-paths

n

og,g) = Z «

i=0 1

such that a) one of the vertices of Qb is xf where

Yg = F(T}xf ,» T €EC(L,g8) ;

b) one of the vertices of Qh is x where

fl
Vg ' = F(-r’)xf, , T €Ec(£’,g”) ; and

c) it g=¢g' , then a(g’,g’) 1s the trivial
path at yg; .

The inverse of an edge is defined in the obvious way by
n -1
a(g ,8) = ( z °’1)
1=0
to provide the necessary involution in TQ(F) .

Definition: C 1is an s-category. F: C -2 Q 1is a path conmected

functor with graph, I'(F) , and system, FS(F) . [qh: F(g) - colim F}geobc
is the set of morphisms induced by the colimit. A base point for FS(F)
is the image zg = @ (yg ) of some vertex yg € VFS(F) , together

* By E, *
with a family of paths

lag 3 conc

such that

i) « €P colim F,2z
g (‘Pg 'S ’ g,.,)
il) o is the trivial path at =z
iii) for each g € obC , ag is a finite composition
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n-1
= Zz P
ag 1=0 ‘pB:n (a(gi'g“l))

of images of edges in FS(F) such that one vertex of a(go,gl) is yg

d »
and one vertex of a(gn~1’gn) is vy

5

Example 2: X 1is the illustrated space with the four piece open cover

as shown:

Uz

The appropriate s-category is based on A= {1,2,3,4] and has objects

£:1} — A £.:{1,2) —> A £, {1,2,4) — SN
fz:{z} — A e fs:{l,fl} —> A
£.:[3) —> & = % £,:{2,3}) —> A - ¢,
£, {4} — 1 £ {(2,4) —=> A
19:{3,4] —> A

The morphisms are obvious.
If F is the appropriate functor, then a graph, [(F) for F may be

represented
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0'3 =

There are always many choices for a TI'(F)-system. One has vertices

defined by the indicated T[(F) vertices:

1,7 e, A
e, * *t, Ve, * e
iy T xfg Yig " xf10
't ) xfg £y xfa
yfs xf10 yf10= “flo

The following table lists a possible choice of the required edges for a

['(F)-system based on the previous choice of base points:
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terminal terminal
origin point Eﬂﬁﬁ origin point gggg
yf10 yfm ) yfv yf7 *
yflo yfa * yf7 yfs o
yflo yfe ) yf7 yf2 *
Yf yf * Yf yf *
10 5 6 6
£ 1o Ve, % Ve, Ve, %2
yflo yfz 73 yf6 ytl "
"0 7ty " Tt Tt "
Ve, ’t, * Ve, yfz %
yfg yf4 * yfs yfl *
yfg yfa * yf4 yf4 *
yfs yfs ) yfs yfs )
£ Ve, % yfz yf2 *
1, yfz % yfl yf1 *

* denotes the trivial edge,

For a base point one could choose yf and the system of paths listed

1
in the following tahle:
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o = o (o 4 = Q.
fl 3 ts 3
o = * o - *®
2 5
¥4 = Lo o - o
fa 1 ts 3
o = Lo @ = Lo
= 1
f4 1 19
o - o o - a3 .
f5 3 flO 3
There are two ways to proceed from yf to the base point. One
10
is directly via o = @, ; the other is via the path, o, , from ¥y
b 3 2 £
10 10
to Ye and then via ¥ = oy . These are homotopically distinct
4 4

ways., In what follows base points are changed by using the 1somorphisms
induced by the pathsa in FQ(F) and its base point. A system which has
unique isomorphisms is called consistent. More precisely we have the

fellowing definition:

Definition: C€ is a small sa-category. F: € -+ Q a functor with
T = (FS(F);Zg*,{ag}) a pointed T[(F) system, The system T 1is
consistent if

i) for g, € obC 1=0,1,2 with o € C(go,gl), T € C(gl,g2)

i
the paths

0(20,32) and PF(T)(a(go,sl)) + “(31’32)

are homotopic rel end points in F(gz) and

i1) for each pair g,g’ € obC such that C(g,g’) +@ , the paths

o and @+ qu,(a(s,g'))

are homotopic rel endpoints in colim F .
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n n-2
Sequences {ai]izo ' {Ei]i=0 S e['(F) are ~ related if for some

k, 0 =k <n ,

n -1
[Qi}izo = {ﬂo""'ak—l'ak’ak ’Bk""’an—z} '
The segquences are related if they are related by the equivalence rela-

tion generated by -~ ,

The system T is very consistent if

i) for each g, € obC 1i=0,1,2 with o € C(go,gl), T € C(gl,gz)
the paths

a(go,gz) and PF(T)(a(gO,gl)) + a(gl,gz)

are such that some choice of sequences of edges of T (F) which determine

each are related.

i1) for g,g’ € obC such that C(g,g’) *+ @ , the paths

@y and o .+ Pq&;(a(g,g’))

are such that some choice of sequences of edges of ['(F) which determine

each are related.

Theorem 2. If the upward finite s-category C has a connected graph
I'(C) with a generating tree [ , then any path connected functor F: C 4 Q

has a pointed very consistent system T = (FS(F); zg ’{QEJ) «
%

Proof: i) f* € Fr(C) 1is an arbitrarily selected base point, For

g € obC , fg € Fr{C) 1is a free face such that
a) C(fg,g) + @

b) If £ € Fr{(C) and C(f,g) + @ , then the length

of the geodesic {(in ') from fg to f* is

not greater than the length of the geodesic from

t to g
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If £ € Fr(C) also satisfies conditions a) and b), then since
C(f,g) +8 , g € ob(frmg) and there is an edge h € el'(C) from £ to
fg , with C(h,g) +@ . Since £ and fg Are the same distance from

£ if h € e[ then [ would contain a non~trivial circuit. Thus

h ¢ el , and there exists a finite sequence of edges of T

n

{gjL € Fr(fi n fi+1)}i=0

such that £, = f , £ = fg and C(gi,h) +4 for i=0,.,,,n . If

0 n+l

fi » 0 <1 <n is on either the geodesic from f* to f or the geo-

desic from f, to fg , then since C(f Y+ @, C(gi,h) +@ and

1184
C(h,g) #8 it follows that C(fi.g) +@ and the distance from f_ to

fi is less than the distance from fl'l to f£f . It follows that

[gi}zzo is a path in [ from £ to £, distinct from the juxtaposi-
tion of the geodesics from them to f* » Since this is impossible in
a tree, conditions a) and b) determine a unique free face fz for each
g € obC .

ii) For f € Fr(C) , Xe € F(f) is an arbitrary point, For

g €obC , ¥y = F(7x where 1T € C(f ,g) .
g fg g

/

i1i} For f£,f' € Fr(C) and g € Fr(fNf’) an edge of T ,

a(f,g,£’) 1is any path in F(g) from F('r)xf to F(1)x,, (where

TEC(E,g) , T €EC(£',g) ) except off’,g,f) [a(fss.f')]_l .

iv) For g,g'€obC and T € C(g,g’) , if fg = fg, , then

a(g,g’) 18 the trivial path in F(g’) at yg, . If fg % fg‘

g’ € ob(fgﬂig,) there is an h € Fr(fgrﬁg,) such that o € C(h,g’) + 0 ,

since

If h ¢ ' , then there is a finite sequence of edges {(which may be

assumed to be the geodesic):
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n
ey €Fr(ey N2 D)o
such that fo = fg » fn+1 = fg; and Ui E C(Ki,h) ¥ ﬂ for 1=0,ooc.n
The composition
n
F
Q’(gag Y = z PF(cci)a(fi’gi’fi+l)

1=0
is a path in F(g") from l"('r)yg to yg o
v) If g € obC , then there is a unique geodesic from fg to £

The sequence
n
[gi € Fr(t, N fi+1)]i=0

consecutively labels the edges of the geodesic with fo = £ and

B
£,1= fu - If [qhz F(g) -+ colim F}gEObC is the set of colimit
induced morphisms, then the composition

n
o = L Pg o(f ,g.,f, .)
g€ 4.0 8y 177177441
is a path in ¢olim F from y to =z = X .
cpg £ g* (pf* f*

The very nature of these constructions insures that they form a

pointed system T = (FS(F); zg ’[aé}) .
*

vi) If g, €obC, i=0,1,2 , with o € c(go.gl), T € c(gl.gz) ,

then

a(go.gz) = I PF(obTiO)a(f )

£
10°840" *141,0

PF(Dalg,,g,) = Z PF(TUITil)“(fil'gil’f1+1,1)

)

a(gl,gz) PF<02T12)0<f12'312’f1+1,2
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for h_  €PFr(f Nf ), h, €EFr(f £ ), h,Z € Fr(f ,f )
0 By 1 & & 2 & &

) , oo €c(h

T € C(h 1 1'81

0)32 ) y O € C(hz,gz)

2

Tij < C(gij’hj)’ i=0,...,nj j=0,1,2 .
u(fij’gij'ti+1,3) a path in F(gij) from F(Yij)xfij to

F(y )xr for vy

€ C(f, _,g..) i=0,...,n, , j=0,1,2 ,
i+1, LA M J

i+l,} ij

The existence of these families of paths implies the existence of

families of edges of T

J
lg,; €Frlt ;02 D) 4, 370,1,2
with
f =f£ =f
gb Qo0 1,0
f = = f
gl n1+1,1 0,2
T = Th 41,0 n_+1,2
82 0 ¥ 2 ¥

Since [ is a tree, the path
n

n
IR PR VIR C-FPY N

can be reduced to the geodesic

n
0
[310]1=o

by elimination of go-returns. (A go-return in a path is a pair of con-

secutive edges of the form f , ¢tf for ¢ the involution in the graph.)

That is, for some Kk =0
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but

-1
€ k,1 ¥ Eo

{where the inverse refers to the involution in [ ) and

{10}10‘{311}10 U{i2}1k'

The construction of the paths a(fij.g f ) for 1i=0,..,,n

13’ 141, h

Jj=0,1,2 guarantees that the same juxtaposition of inverses occurs in

the composition

PF(T) a(g,,g,) + alg,,8,) ~ x(g,,e,) .

vii) If g,g’ €EobC and T € C(g,g’) , then

a = -?0 Pcpglcr(fi,gi.fiﬂ)
I'l
Y’ = ) P alfy 1485 18i4,1)
1=0
and
ng
P o Y= T P a(f f ;
'S LI 1=0 :pgm ( 1,2'31,2' 1+1,2)
the last equality following from the diagram
F(Bi’z) %
l \
v SN
F{h) colim F
7
|F(ii’f”,ﬂ’fff¢af
v Q!
&
F(g ) i=0,...,m .

As before, the existence of these paths implies the existence

of families
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ey €Free, N1, D0
n
{ EFr(f,, N¢ )}J 3=1,2
Bij 1j i+l, 3’ 10 ITTeS -
with
fy = fn+1 fn1+1,l

g 0,1 ny+l,2
The proof concludes as in part vi) above, O

Remark: This theorem indicates that i1if a category has a generating tree
then the existence of very consistent systems is assured independently
of any functor, While some categories do not have generating trees, it
may bhe that particular functors defined from them have consistent
systems. For example, in a simply connected space any system 13 con-
sistent. The necessary hypothesis in what follows is merely that the
system be consistent.

It is now possible to define the fundamental group functor for

s-categories with consistent systems.

Definition: C is a small s-category. F: C +Q is a functor with a

pointed consistent [(F) -system
T = F} ; ),
(r ¢ Zg* , [ag}

The functor, FT: C +Gp , from C 1intoc the category of groups is de-
fined as follows:

1) for g € obC ,

FT(g) = ni(F(g),yg)
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for yg € V(FS(F)) .

i1) For g,g’ €obC and o € C(g,g’) , the homomorphism FT(c)
is the composition
BB D > (rg Dy )

!EIF(U) N
ﬂl(F(g).yg) > ﬂi(F(s ).yg)

where 378 = F(c:r)yg and o(g,g ') 1is the isomorphism induced by the

path olg,g’) .

Proposition 1: The conditions of the previous definition define a

functor FT: C »GCGp .

Proof: For g, € obC , i=0,1,2 and o € C(go,gl) , T E C(gl,gz) .

ET(T)FT(U) is the composition

m F(o) -
T&(F(go),yg ) > “I(F(gl)’ygo)

o

[ Ot(so.gl)

™ F(T)
v
q(F(gz).ygl)

Q’(g]_ Jgg)
v

T&(F(Ez) ’yga) .
Since ﬂlF(T) is a homomorphism, the composition

- af ) L F(1) ”
Ty (R8s, ) RS ()Y, ) > m (Fley) ¥, )

is equal to the composition

- F(T) = PF{7) (af )) =
MY ) Sl m (Fley),vg ) — RS 1y (Flg Y, )
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tor y_ = F(My_ .
€g €

The composition

m ) 5, ) PR (gouta D) s 1y (g7, ) —XELER G1.62) @)y, )

is the same as the isomorphism

PF{7) {af ) )+al )
) 8028 €12827 . ni(F(gz),ygz)

(F(g )t
b 2" Vg,

which equals the isomorphism

= a(go,g25)
”i(F(gz)'ng) > “i(F(gz)’yga)
by the consistency of T . The proposition follows, O

Definition: C is a small s-category. F: C 4+ Q is a functor with
a consistent system T = (rh(F); 2g ,[ag]). {q%: F(g) -+ colim F} are the
*
morphisms induced by the colimit. The homomorphisms hg: FT(g) + 1 (colim F,zG

are defined by the composition

¢ o
ni(F(g)’yg) _:i_ﬂ—> ni(colim F,qhyg) —B r&(colim F,zg*) )

where aé is the isomorphism induced by the path o -

0f obvious interest is the relationship between colim FT and

ﬂl(colim F,zg*) .

Proposition 2: The family [hg:FT(g) » ﬂl(colim F,zg*)]geobc as defined

above is compatible and thus induces a homomorphism h: colim FT -+ ri(colim F,z

Proof: For g,g’ €obC and o € C(g,g’) the diagram

(g)
T
L ::;NEHHH‘ ni(colim F, zg )
W
FT ; /
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18 the diagram

¢
ﬂl(F(g).yg) —nLE———> nl(colil F, tngg)

ﬂl(Fo) \\\\\\\\Qé
v A1

ﬂl(F(g'),gg) nl(colim F, 2y )

*
Q’(g’gf) /a ,
vV ) L

T )
. 1
mFED,y, ) ——£— n (colim F, Gy Vg )

Since ﬂiq%; is a homomorphism the composition

no- a( ") ’ nlcp !
M5 ) SEES s (R ),y, ) —E—> m (colin F, @y, )

equals the composition

- ny ., _ PiPEt(Q’(GJEI))
n&(F(g ),yg) — N/ 2N ni(colim F, thyg) > ni(colim F,q&,yg,)

and the diagram becomes

" -
'nl(F(g),yg) —f TLl-(colim F, cpg ,yg)

. g
lnl(Fo) *‘\,%‘ Py ,(alg,g"))
¥y g
f -
F i f
ﬂi(F(g ),yg,) T&(colim , qh yg ) Oﬁ

o

v E

1im F
r&(co mF, zg*)

which commutes since T 1is consistent, O



§4. A Seifert-van Kampen Theorem.

we are now ready to generallze the Selfert-van Kampen Theorem to
the case when not all the elements in the cover contain the base point,
It will be necessary to assume that the category which represents the
cover has a generating tree. It will also be necessary to assume that
the category accounts for all the intersections of elements in the

cover, This condition is expressed in terms of the associated functor.

Definition: € 1s a small s-category and F: C -+ Q 1is a functor with

colimit induced morphisms [¢§: F(g) = colim F} F is closed

gtobC °
under finite intersections if fur each pair g,g’' € obC with

F N o Flg'
f'pg(g) (Pg. (gD +8,

there exists a set A and a family {fé € obC}6€A such that
i) C(fé,g) and C(fé,g') are non-empty for each 5§ € A ;
i1) @, F(f ) 1is a path component of P(g) N ¢ F(g') for
f6 ) qh g
each & € A |

1i1) U o, F(£) = ¢ Fg) Ny F@) .
sen tg O & g

The following technical lemma will be needed in the proof of the
Theorem, Basically it asserts that if the associated category and
functor account for the intersection of any two elements in the cover,

then they account for the intersection of any four elements.

Lemma 1., C 1is an s-category and F:. C 4+ Q 1is a functor with colimit
induced morphisms {qh: F(g) #+ colim F} , If F 1is closed under

3
finite intersections, then for each quadruple [g1 € ch}i_o with

49
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3
N ¢ PFg,) +8
1=0 g 1

there exists a set A and & family [f6 € obc]GEA such that

3

1) @, F(£,) & N F ) for all & € A
s s =0 & ®1

1) C(f,g,) +8 forall 6 €4, 1=0,1,2,3 ;

3

111) U @, F(£) = N ¢ Fg,) ;
s€a T § 1=0 B i

iv) 1f Jj,i’ € {0,1,2,3} then there exists a set AJJ' and a
family [ha € obC}aGAJJ’ such that

a) C(ha’gj) + @ and C(ha,g )} £+@ for all o €A _,

3 i3’
b) for each o € A _, F(h is a path component of
o c 3577 qha ( d) s p p
qh

F(gJ) N q% !F(EJ:) ;

J J

c) for each &6 € 4 there exists an o € AJJ’ such that

C(f ,h )} + 8 .
6 o

Proof: The sequence A = [ai]f_o is the sequence of ordered pairs

{(0,1), (0,2), (0,3), (1,2), (1,3), (2,3)} .

Since F 1is closed under finite intersections, there exist sets

Ba for a € A and families
a
{n2}
o aﬁBa

that satisfy conditions 4iva), ivb), and

U e, F(h:) = ¢ Fg) Ng Fl@) ftor (1,3) =a.

Q'e?ra ha i j
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c, = {hzl,h“gl |:pha‘ F(h;‘) n q:ﬁ”l F(hz“l) #6} , 1=0,2,4 .
e § o 4

Since F 1is closed under finite intersections, there exist sets Dc

for c¢ € Ci: 1=0,2,4 and families

{h%} 5€D
C

that satisfy conditions 1va), 1vb), and

U ¢t F(hS) = ¢t F(P1) n f1e1 F(haifl)
6€Dc s] 8 qi'ia e q}la o

_ €, . Cy,35[.C1 c, Ci, o Ci,p } ~
E = {ho ,h 3 lqhﬁ F(h6 yn ¢h6 F(h6 ) ¥8p , i=0,2.

where

<,y

g

Cy
5}6@(: for ¢y € Ci .

i

e{h

Since F 1is closed under finite intersections, there exist sets fe

for e EEi 0,2 and families
e
n®}
{ s GEF
that satisfy conditions iva), ivb), and

Cy

e C c
U ¢  F(h) = F(h}!') N @'*2 F(h
:pEFe h?p q;hé 6 tph&

Cie

2
5 )

e €, €0 €g e, e, 1
G=+h%n F(h %) n F(h ) + 0
{Kp iplq’hq,(cp cphq)(tp i

where

e, { el} a
h@ € Lhcp oEF for e € Ei i=0,2 .

e,

Since F 1is closed under finite intersections, there exist sets Hg
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for g € G and families

g
..h
Ly ﬁE%;

that satisfies conditions iva), and ivb), and

U FO®) = &2 F®) n 2 F(n®3) .
¢ (h%) |} ( @ ) |, ( ® )

g ¥
YEH h* @ ¢

The unions U H  and {J {h

are a set and a family
gec & gEG

)
Vven

of objects of C ,

i) With each object hi of the union is associated a sequence
g 8, . €, Co .Cg . Cay ' LG4
hV (hm,hw), (hé’hé ; (hé) ' 6) ’

a, .8 a. @ a fq. s a, . a
h80 1. 2 o83 . 3y 4 3 . 4 5
( a ’ha ' ha ’ha ' (ha > (ha ) ha 'hu

with 14 non-empty morphism sets of the type C(hga,hZ?) and 14

inclusions of the type

; O a
9 oo T = G0 F(hD2) N g} F(nD)
h o o
&
These yield conditions 1), ii), and iv) of the lemma together with

the inclusion:

3
F(n® )
Ue (b)) < N P F(gi)

E
h¢ \ i=0 i
3 a
If x € N q% F(gi), then since the hal exhaust their respective
i=0 =t

intersections there exist six elements
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such that x € @ a F(h:‘) for 1=0,...,5. Since the hg‘ exhaust
1 1
ha_1

their respective intersections, there exist three elements

hco hcﬂ hc“

G’ B b
such that x € ¢  P(h"') 1=0,2,4, Similarly there exist two elements
hc 1 61
6,
heo , hea
Yo R
such that x € ¢ F(heo) . Finally, there exists an element
heo Yo
%

hg

such that x € ¢ F(hi) . O

By

The proof of the following theorem is a modified version of a
proof in Massey ([9], pages 116-122), His notation and order of pre-
sentation are adhered to whenever possible, In particular, the proof

is accomplished by two lemmas.

Theorem 1. C 1is a small s-category. F: C +Q is a functor which is
closed under finite intersections and haa a consistent system

T = (FS(F);zg ,{Qé]). {q&: F(g) - colim F} are the morphisms induced
*

by the colimit, If for each g € obC , qﬁ is an injection and if [q%F(g)]

forms an open cover of colim F , then

h: colim FT a;?&(colim F,zg*) . O

Lemma 2. [cf. Massey's Lemma 2.3]. The homomorphism, h , 1is onto.

Proof: For o € ni(colim F,zg ) , £: [0,1] » colim F is a closed
*
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unit length path representing o . € 1s the Lebesque number of the

cover

-1
f .
EIR L0 ) W
fo,1] is subdivided into closed subintervals
J, = [i/n,(i+1)/n] , 0 St <n-1

with n so large that 1/n < € . Then f£(J)) < P F(g,) for some
1

n-1
[gi]1=0 < obC .,

o = P(q% )—1(f|Ji) is a path in F(gi) . For each i ,
i

1 =1 s=n-1, £{(1/n) € ¢ F(g ) Ny F(g,) #6 and there is an
81.1 i-1 gl i

element h1 € obC such that

i) o, € C¢h

i ) and 171, € C(hi’gi) are non-empty and

1813 1

11) £(1/n) € q})lF(hi) < chi_lF(si_l) N %, F&y)
Yi € P(yh ,F(hi).qgl £f{(i/n)) 1is an arbitrary path except it is
i 1

trivial if possible. By definition ¥ =Y, =¥, -
Ex 0 n

The composition

-1 -1
alhy,g) © POTDY, o POy ) Y alhy 08y
(for a(hi,gi),a(hi+1,gi) € eFS(F)) is a loop in Q(F(si),ygl) and

the product

n-1
mn afh
i=0

-1 -1
1’81) P(Ti)\ria1 P(01+1)Y1+1 a(h1+1.81)

is the representative of an element in colim FT .
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-1
-1 -1 )
h (:I; athy,e,) - POT IV, POO, Dy, o(hy ) 08,)

1

- 1
= hgi(a(hi'gi) PCTIY PO 10Y 0 “(h1+1'313)

-1 -1 -1
P
% Pcpgi(fx(higgi) P(T )y, (crj_d)\(i+1 a(hu_l,gi) )agl

a:nzﬁl lp Pp «a P y, L
=0 %, %Y1 T, % T, %hias

o= 1 py o
a i=0 aho B 1“]1‘1
=1
= f
o, T o
= f , a
" i+l
f _._) f( i+2
fGl-) ai R - 3\.___7 o n
PUINIPEEELS, T 1+l
.__‘___._-——-.._/“‘-\--'———"' '\-._.—-\’_‘__‘\-_._\_7 _ _ .
1 v $ 1
i 1+1 v
i+2
y
i
g hi+1
Y . n
hi ( )_ . A3 1 i+2
" . oh,E & -
! 154 oz a(h B )
. ath, _,g) A P RL PN
R i+1'71 P a(hi+1,gi+1)
1N -
i \\_ €iv1
ahi+1
ag r a-l
i g4l
X
5,
AN
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Lemma 3. [cf, Massey's Lemma 2.4 pgs. 117-122]. 1If H € obGp ,

[pg: F.(g) - H} is a compatible family of homomorphisms and
{o, e v
By € Fplgy Jion

is a sequence of elements such that

h Bl .

gl 82 * e ! hg Bq =1 e TTl(colim F,zg )

h
g2 q *

then the product
. * eaas " =1 €H.
pslal 'R Py P& Bq
Proof: The product

h *h * ves * h
3181 3382 gqeq

can be represented by a composition

-1 ’ -1 ‘ ~1 ’
o o o *ees t (x a_ ) =1
(31 Bl 31)( €z Bz agg) (gq Bq g,
for 51 a loop representing ﬂ1¢h1Bi’ i=1l,...,q .
For each 1 , «o is a finite composition of the form
i
k(1)
z
Ptpg (“(33'3_1.1))
j=0 11
for a(gJ,gJ+l) € eFS(F) , a path in F(gj+1) .

The product

h * h * e * h
gt Mg, P g, a

can then be represented as the composition

q
_1 -
1) La e v g} B! o . o
1=1 Bix (1) Bi1 1 By, EBix (1)
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where each « is & path in ¢ PF(g. ) and B’ is a loop in
Biy By, ij i
Flg.) .
qhx i
0 = < C e < < =1
a, <& a1 <%

is an equipartition of [0,1] and

ru: [ar,aﬂl] —_— q:guF(giJ) , 1 <3 <sk(i), 1 <1 <gq
-1

fiJ' [ar’aﬂl] - cpgi JF(giJ) y 123 <k, 1 <1 <q
fk : [ar’ar+1] —— cpgiF(gi) s 1 <1 <q

are functions repregenting respectively

-1 ,

aij' aij and Bi

such that if f: [0,1] -+ colim F represents the composition 1), then

-1
fl[ar,ar+1] = fiJ’ fij or f

for the appropriate r .

Since f is homotopically trivial, there exists a homotopy
G: I x 1 ——> colim F
such that if s,t € IxI ,

G(s,0) £(s)

G(s,1) = G(O,t) = G(1,t) = z_ .

Bx

¢ denotes the Lebesgue number of the open covering

tpren} .
& g&oblC

The square 1 x I is subdivided as follows:
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= < < < ... < =
0 to tl t2 t <t 1

are partitions of 1 such that

i) 0 =8 <5 <8, <... <8 <s_ = 1 refines the partition

ii) If I x 1 +is subdivided into rectangles by the vertical and

horizontal lines
s = s, i=0,...,m

= tJ' J=0,c-o,n
the length of the diagonal of each rectangle is less than ¢ .

Notation for this subdivision:

t
A
0,1) a,1)
N Yi-l,g ¥ JON
j | ij
A A
K
J bi—l,j Py j
R 1 V. i1
J-1 Yio1,3-1 8y j-1 ' i,J
1
]
|
1
]
I
1
1
I
|
1
i > B
(0,0) 8,1 Iy 8, (1,0)
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Vertices: Vig = (si’tj) ,

Subintervals of I :

0 <1 <m, 0 <3 <n .

J, = [51—1’31] , 151 <=m
K= [ty ,,t)] | 154 <n.
. = <
Rectangles: RiJ J1 X KJ , 1l 1 s=m s l <3 <n

Horizontal edges:

aiJ=Jix[tJ}l L <i<m, 0<js<n

Vertical edges:

bi‘j:{si}xxj , 0 <ism | 1=<j<n
Functions:
f: > ! -
Aij Ji colim F by Aij(s) G(s,tJ), 8 € J1
’l ’ —
Bij' KJ > colim F by Bij(t) = G(si,t), t € Kj
i,e. A’ =Gla,_ ; B’ =aG|b, . .
e Ajy=Glay ;B =cly,
For each rectangle Rij ’
= F(k
Uij qicu(ij)
is an element of the cover such that
- .
G(Rij) U1J
A, = (Pg y1 ar B, = (Pq y e,
13 L 13 1j ‘ 1
Each vertex viJ is a vertex of 1,2 or 4 rectangles Rij . “ij
is the intersection of the corresponding open sets, For each "ij

there 1s an open set

F(h
¢h11 ( ij)



such that

-1

G(vij) € qLIJF(hij) = '1J . v1J = whi:G(viJ) .

v T Ui+1n
in , \\
Vielan / Vig o Vil o
R
\ in R +1l,n //// Umj+l
= = y ! Va1, 341 Vaj+r '
I Vicl,n-1 in-} 141,2-1
— ] Y3+l ~ y d !
Yoyt Yiye ) - ' maj+1
L —_— - - -
%”J+1 _ /’
1. S / ;] Va1 Vai
Vo, Vi J \\;‘- - mj .
. t :
H \ Va-1,14 Vas-1
- ~.
Voi-l Vyg-1 U ) A
° - ! i1 1+1,1 Vo Yy
1J Vieg 1 Vi oo Vieln -
° | 3
— - 1 ,\
Rill i+1,1
[_
Vi-1p . Vio ! Vislp
For 1 <i <m
sYecm, k) 5.2 ecn )
10 10’ il 10 i’ 1,1
1 - 2
n € C(hin’kin) %n € C(hin’ki+l,n)
For 1 < j <n
Leem, k) 52 ecm ,k )
0 0j° 1 0j 0§’ 1,j+1
52 ecth k) 52 ecn k )
J 3t my “m mj’ " m, j+1



Vi-1,j-1

T ™~ —_—
- . /-/‘
- 61 T
1,341 Ui+1,J+1
/Y1
1,3+1 1+1,3+1
— Tt e — — _
th
/{J
Vij
1j _f,/’/// Riviy e -
/
;
;
{
/
h
U b Vij_l /
i
‘_j ) Ui+lj
For 1 <i <m-1, 1 <3 <n-1,
- C(h .,k y; 5.2 € c(h. ,k ): a 3 €cth  k )
ij i3’ i+1,4+1°7° i3 ijd' i7" 1] ij'i,3+17°
5% ecm, ) o ¥ - pra %) ¢ 11 i d k £ hich
oij i %141,37 ¢ ij = Uij or a , J, an or whic
the

right side is defined. Yi € p(vij'F(hiJ)'Yhij)’ yhij € V(FC(F))

J

is arbitrary except it is of the form afg,g’) if possible.

The loop gij € (({F(k ),1 i <=m, 1 sj <n is defined

13)'3’1(1J

as follows:

-1_4 -1 2
Cog = oty ) kDTl Sty )AL

i 1j )

Ya(h

(Yij 1J’kij

0 , the loop gio € Q(F(kil),y ), 1 =1 =m, is defined as

kyy !
follows:

-1 2 -1

01-1,0(Y1-1,0) A )

1
Cio = @My okyy) 10 %i0(Yi0? ¥Myigokyy



62

Viey Ay o
-.I o Y
Yi-14 \\H\*“ijy
- - *"h
. 1 1
yhx -1} M\&m_wgwra(/h;’kij)
Y
k!j
R1147
The loop T € ((P(k, ),y ),1 <1 sm, 1 <j sn, 1s defined as
134 1377k
follows:
-1 3 -1 2
T]iJ = a(hi'j_l,k”) Gi,j-l(Yi,j-l) Bij Uij(YiJ)a(hiJ’kij) .

If i = 0, the loop an € Q(F(kl ),y ), 1 £3J €£n, is defined as

‘j k15
fallows:

12 -1 1
Toj = @y 5 1) 95100, 517 Boy%y oy @M oKy y) -

The elements o and P in H are defined by

ij ij
aij - kij(cij) y 1=dosm 5 1 =3 <n
By = kij(T]U) , 151 <m , 1 <j sn
a = 1 i €m

i
=

Bbj Pk (nﬂj) P 1=y

(These correspond to the elements Massey defines on page 120.)

1

—_— S i — Ll
Relation 1. ai,.j——lBiJ Bi-l,jai,j , 1 i <£m, 1 3 =<sn

Proof: Case 1. 1 <i, 1 <

i) In F(kij)' the paths

and B 1 <31 <=m, 1 <3 <n

Ai,J—laij 1—1.JA1J
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are homotopic rel[G since they are homotopic in colim F by

1-13’“1,J-1}
the homotopy G and qL is 8 homeomorphism,
1

i1) aijB;; =
pki,(“(hi—x,J'kij)-l Uiil,J(Yi—l,j)—l Ay °1§ iy @By gk
) “(hij’kij)_l ofj(Yij)_lB;j 01?J~1(Y1,J—l)a(hi,J-l’kij))
= pkié(a(hi-l,j’kij)-l 0?-1,3(Y1—1,J)-1 AijB;; Og,J—l(Yi,J—l)
. a(hi,j-l’kij))
pkil(“(hi-L,J'kij)_l "?-1,3“’1-1,3)_l B;{l,in.j-l 0?,3-1(Y1,J-1
a(hi,J-l’kij))
In colim F ,
eri':_1(0?—1,j-1(Yi—1,j—1) N Aij-lof,J—l(Yi,j—l))
is a path from
q%1-1,4-1 Yh to th - th‘3.1 in Ui,J-l F]Uij

1-1,3-1 ?

It follows that the points are in the same path component and there

exists
V) - FUp
with 1 ecw. .k ) 2 ec. k. )
1'71,3-1 1’743
2 ecm 1) ¢ cn 4 )
i-1,3j-1'"1 1,3-1"%1,5-1

k
2 F(*) for k = 1,2,3,4 .
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in l?(k1 J—l) there is a graph of paths:
A
- i,j-1
Yi-1,5-1 7 >
S
4 -1
_/01-1.3-1“1—1,3-1’
,f
athy ) 5-14) Yo, ahy ot
AT )
hl—ll -1 \""M______ix ./:‘yhi -1
Ny oty kg ) /
a(h K )-\I“*\\_H // )
i-1,3-1" ij-1 "“xﬂ\ - (hij—l'kij-l
\ 3 IR < - -
Yk
Since T 1is consistent, 13-1
1 T
P(T )a(hi_l’j_l.cl)a({.l,kij_l) a(hi_l’j_l,kij_l)
and
1 -~
P(T )a(hi,,j—l’{‘l)a('cl,kij-l) a(hij—l'kij—l)
Thus
-1 4 -1
j-1 T Py Calhy 4 oyok50) 7 950,50, g
13-1
A . (v, Dah k.. )
ij-1 “13-1° Y131 i-1,j-1""ij-1
-1 1 -1
= By, @@k DT RO Gy )
» 4 "l
%15 M g0 T AL Oy )
PO (athy At k)
1 -
= py, . FpT et 2T Peh Gy )
. 4
AiJ-lp('r )(Yij—l)“(hij—l"bl))
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)
A

(for Ay = (Po ) AT )

FT(‘LL)Q\>
FT(TI) _ H
/1
Frle j27 ®wad
Since the family {pg]geDbC is compatible, this element is
1 3 -1 - 4
= p{,l(a(hi—l,;j-l’{'l) P(T )(Yi_l’J_l) Al PT YV y )
C a4
- -1 -1 -
_ )
= pkH(FT(T )(a(hi_l’J_l.Ll) P(ﬁ)(vi_l’J_l) Ay
TR (Y _pathy L4
- (atd, k. ) "P(r2) (adn 1) Hot (v
= Py 1" i-1,j-1'""1 i-1,3-1"7i-1,3-1
. 3 a
Aij—lcij—l(YiJ—l)P(T )“(hij-l""l)““l’kij))

Since T is consistent,

2 o
P(T )a(hi_l’jwl.bl)u(cl,kij) a(hi-l,J-l’kij)

and

2 o
P(T )a(hij_l,él)a(tl,kij) a(hij-l’kij)

Thus

-1 -1 4 -1_-1
%P1y T P, ,(“(hi—l,J’kij) o3y By Auya

S CANIB 11

ij-1"Ti3 ij-l'kij))

)

-1



66

-1 4 -1 -1
= P,y Ry Ty Waa g By A
Loy ) PODam L) ol k)
%i3-1 1j-1" 13
and
-1 -1 -1 4 -1
8y Yy T pklj(a(hi—lj'kij) 913WMiay?  Biogy
v gt ( ) P(T9) (ot 4.))
i-1,3-1%Yi-1, 51 oo, -1
. G(Ll’kij))
-1 4 1 -1
= P Oy Ry G Wiy’ Biayg
! ( ya(h k..
9 -1,5-1%Yi-1,3-17 "1, 9105
In colim F ,
2 1 -1 3
qk,_lj( 1131y By %5, 3%, ga”?
is a path from
t in U nu
th-liyhi-x,: ° qhi-1_4-1yh1_1,:—1 BERETSF ij

It follows that they are in the same path component and there exists

VZ = CP-LQF(‘LZ)
- g k =k =
with T € C(Lz,ki_lj) T € C(Lz,kij) T = F(T) for k=5,6,7,
? '
€c ) ity TP ech ¢,
In F(k ) there is a graph of paths:

i-1j



-1 2 )1
3-13VY1-1

S T

Yn-ij )

a(hi_IJ,Lz)

alld_,k )

T2y Ty, J 1-13

h
a( 11, 4-1%2

y
alhy ) og-1rKiay) Th

Since T 1is consistent,

5 ="
P(T)alh ,Lz)u(éz,ki_ } = a(h )

i-1j 1j 1-15"%1-15

and

5 D
P(T ) ath *1’L2)Q(L2'k ) alh ) .

i-1,j i-1j i-l,j—l'ki—lj

Thus

-1 Cy y 1

(a(h k ) 91,5141, 5

By = i-1,3-1""i-1}

1-15 ~ Px,yy

"B o2 Cy

i-15 %1-13 )a(hI‘ k »

i-1] 13’7113

]

-1 5 -1
pki.lsta(éz,ki_lj) P(T )a(hi_l'j_l,éz)

-1 2

3
> By gy 93y

®i-1,3-1 )

41, 3-1

5
TR ath, |t )all,k, ) ))

3 1j

-5 -1 1 -1
(FplmCathy ;g ) " PO 4 )

p
ki_q3

- B )
By, PUTD(y, ) patn

N Lz))

i-13’
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(for B = (PY '1}31 )

113 1o ‘T1-1y

Since the family {pE }geabc is compatible, this element is equal to

-1 y -1 = 4
0, (o0 ) st ROy DT By PO atay ) 0L
- (F..(7*) (atn L) Py B L POy, D)
T P, T i-1,3-1"%2 i-1,3-1 i-1j 1-1j
" athy | 04p)))
-1 . -1 -
= By, (allyky DT RO Gty ) i) AR A
. 4 s
Bi-lj gi-lj(yi-l.j) p(T )(a(hi-lj"{’z))a(&z’kij)) .
Since T 1is consistent
‘ Ea
P(T )a(hi-l,j-—l'{‘z)d({'z’kij) a(hi-l,,j—l’kij)
and
‘ aer
P(T )a(hi_lj,{,z)cr(-bz,kij) af(hi_lj,k”) .
Thus
-1 -1
o B Ta L = p -1 . -1 4 -1
13715 %13-1 7 Py ety )T PO ety 40T gyl )
. ol 1 &
B 13 9.1, 51451, 3-12P 07 Yathy 4 10ty
and
-1 -1
Bio1y%igPry®g1 = L
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Case 2, 1 =1,1<j sm .

As in Case 1:

-1 -1 -1 6 -1 -1
aljsljalj—l = pktl(a(cz,klj) P(T )a(hOJ,Lz) cbj(\bj)
N N ) POT) atn L) d k. )
0j ®03-1Yo3-1 0j-1'%2 2 %13
There is & diagram of paths in F(k )
-1
//(/—‘d/oj/ a(ho‘j’ l‘j)
G(‘L 'klj yk
B H
” ‘72 ( 4.) ’
l___0j-1'Y, ) afh ’ a
v =1 0j-1" "2
0j-1 **m___higlﬁx,__hﬁ%égJ‘l’,ﬁ d('a(hoj_l,klj)
ChX e N /
Since T 1is consistent T
6 =
P(T)alng )it )ally k) ) = alhy, )k )
and
6
P(T )O’(hOJ.Lz)Q'(Lz.kLJ) a(ho,j’klj) .
- (M) = (alh . k. 2P o2 ( )L s 0()
BOJ - "k“ Tbj N pk“ @ 0j-1""11 C’0j~1 Y03—1 Oj 03 Yo
a(ho‘j’klj))
-1 .6 -1 2 -1
=, (alyuisy PTRCAG2)T og ) (o)
B . ar (Y. )P(T) ath, 4 )ald, k. ))
03 %05 Yo R M M L &
and

1
=

-1 -1
Pos13P1y® -1 =
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Case 3. J=1,1 <1 =n.
As in Case 1,

-1 -1 4 -1 -1 1
@By = P, @y k) T o 1M n) T B Ao %10V’

. 2
P(T )cr(hi &1) a(&l,k ) 3 I

0’ il

-1 2 -1
%0 pkli(gio) = pkil(a(hi-l,O'kil) 9-1,0041,0

1
Alg Ti0 Vil @hygikyy))

Since T 1s consistent,

2 —
P(T )a(hio,él) a(Ll,kil) a(hio’kil)
and
-1 -1 -1 4 -1 _-1
¥ P%o = pkil(a(hi-l,l’kil) 91,101,127 By
2« ) a(h k,.))
91,0 Yi-1,07%""3 9 07%12? -
As in Case 1:
-1_,.6 -1 2 -1
Bia1,1 = pkll(a(éz'kil) PeTCathy ) o0ty 95y 0Y501,0)

4 6
* By 3 9512 0yop ) POty g ad))alt, k)

-1 2 -1 4
= pkll(a(hi-l,o’kil) Oi—l,O(Yi-l,O) Bi—l,l Ui-l,l(yi—l,l)
noalhy k)
and
-1 -1
By1,1%1P11%0 = 1
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Case 4. 1 =1, i =1,

-1 -1 -1 -1
Po,1%,1P1,1%,0 = pkl.l(nb,l)pk1‘1(c1,1)pk1‘1(n1,1)pk111(C1,0)

gl
= Py, 1(no Cl 1 1 1 C1,0)

-1 -1 1
= pkl,l(a(ho,o’kl,l) O(YO,O) BO,l Gb,l(yb,l)

.11 -1
« a(h
ahy ok Pulhg yakg 1) 7 9,10 )
“ A, . 6% (Y. Jath, Lk, Dath, .k )t
1,1 1,111 1,171,179 1%
2 -1 -1
919,17 By,1 91,000,070y o0k
-1 1 -1 -1
alhy o0y ) 9 00100 Ao
. O(YO’O)a(hO’O,kl’l))
(for o £ C(ho,o'kl,l)) .
- (ah. k. 3 Y aty. 1B A
Pky,y 10,0771, 0,0 0,1 "1,1
A1 -1

"By Ao 90 by ook 1))

Al o
Yo,1 . V1,1
f
\
B

Bo 1 1,1
v,
0,0 == v

’ A 1,0
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-1, -1 -1 -1

== =1 .
and BO,IAl,lBl,lAl,O 1l 80 that Bb,1°1,15 ’101’0
m q
Relation 2. %g = T pgkﬂk'
i=0 k=1

Procf: 1) The product

B h
g, 1 Bz

is represented as a composition of elements of the types

I) th*a(gr_l,gr) * = r-1 or r
1 ‘.
1) By

Foreach r , 1 <r sp , if f][a 1,ar] represents an element of

_—
type 1), then d € ob{C 1is such that a(gr_l,gr) is in F{d) and ends
at y, . The edge [ar_l,arj is mapped by G into qldF(d) .

The vertices [vi}T—O occur in at most 2 rectangles. If an edge

[ <
a0 {ar_l,ur] for 1 r <p , then it is possible to choose the

elements [hiO]T:O such that
G Fhyg) U MU 1 GF@ L =u<m
u0
where Um+1,1 = Um,l .
For vu—l,O VuO vertices of akO , the path
[:1-1.21-1,(}(.%-1,O).h1 AuO cto(yﬁo)
is a path from yhu-l’o to yhuo in F(huo) .

Thus there exists Lu €obC , 1 <u sm such that

g

ok € c K o2 € Ch )

11) '

2
€ c(h L) , T GC(huo,Lu)

T
u-1,0"'"u u

cE -~
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%o = P . Cyo?
ul
-1 2 -1 1
= pkul(a(hu—l,o’kul) Gu-l,O(Yu-l,O) AuO oﬁO(Yuo)a(huO'kul)) *
Since T 18 consistent
1 .
P(Gﬁ)a(hu-l,O’Lu)a(Lu'kul) a(hu-l,ﬂ’kul)
and
1 o
p<cﬁ)a(hu0’tu)a(£u’kul) cr(huo’kul)
and
-1 1 -1 2 ~1
“wo = pkul("‘(‘t‘u""ul) Plodath, ) oty %o1,0Wu-1,0
* A o (v IP(cath Lt Yald k)
uo “uo'*Yuo %7 oty u' ul
-1 1 -1 - 2
= pLu(a(hu-l,U’Lu) Tu(Yu—l,O) AuO i (Yuo)a(hUO'Lu))
-1 2 1 -1 = 2 2
= pd(a(hu-l,o’d) % Tu(Yu-l,O) AuO %u Tu(YuO)a(huo’dr))
where A = (P )-1 A’
u0 d u(
Ly
The product m aho denotes the product of all (consecutive) aho
r-1
r. r 1
h - =
such that a8 [ar_l,ar] . T m pd(a(hu—l,od)
r-1 r-1
2 1 -1 = 2 2
g, Tu(Yu-l,O) A 0% Tu(YuO)a(huO,d)J
-1 2 1 -1
= Pglath 00 " o (G o

r
-
Ir

uo Cr )a(hro,d)) .

(Yﬁ)

then by construction Yr- is trivial and
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d’) = G O,d")-1 LIy +y . then there
' r-1,0

exist distinct free faces f,f’ such that C(f,hr_1 0) @ and

= a(h

Yr-l,O r-1,0’

c(e’,d’) +8 .

I
D ¥y ¢ € q&;F(f y N G, F(hr-l,O)
r-1,0
Thus there exists an IG such that
I

C(fb,f ) + @ and C(fﬁ’hr—l,o) @ .

Since f’ 1is a free face, f6 = £’ and

'
c(f 'hr—l,O) + 0

Thus there exists an edge of F;(F) of the form

4

alf ’hr-l,O)
' th
in F(hr-l,o) and by construction Yr-l,o is the pa
PR |
ath. 1,009 -
Similarl - ath
y .YIO i x‘O’ -
I'* - )
Also, T A = a(d ,d) .
uQ
r-1
Thus,
r -1 , ,
= [ =
a* %o = Pgl¥h o ® T oath |y 4,0) a(d7,d)) =1
r-1

by the consistency of T .

ii) For r with 1 =r <p , if f'[arﬁl’ar] represents a loop

’ in F{(d) , then exactly as in part i), the h can be rechosen

B ul

to yield an equation

r-1
since in this case ?T*Kuo = B .
r-1
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But since B is a loop, Yq = Vg’ = the base point of F(4) . Thus
r
e %uo T pd(B) '
r~1
Relation 3. A= 1, 1 =1 <m ,

Proof: The vertices [vin]z_l lie in at most 2 rectangles. By

construction

= = < <
G(vin) G(ain) zg* ., 1 i m

so that G(Vin) € q%*F(g*), 1 <41 =m .

It is possible to choose the elements {hin}z—l 80 that
o
q:}unp(hin) Uin N Ui+1,n A qh*F(g‘)
where U =u
m+l,n m,n

Then there are elements Li € obC such that

1 -2

g, € C(ti,kin) a; € C(Li.g*) , 1 <4 <m
T ecnm L) Zecth, 4) 1 si<m
i i-1ln’™i i in'™"i? B
1 -1 2 -2 1 ~1 2 -T
o; = PF(oi) p ooy = PF(Gi) p Ty T PF(Ti) ;TS PF(TZ)
As before:
ain = pkln(gin)
-1 4 -1 2
- pkln(a(hi-l,n’kin) oi-l,n(Yiﬁl,n) Ain Uin(Yin)u(hin’kin))

Since Ain is trivial this becomes
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-1 4 -1 2
Oy o1n?  %inVin?

4y)

-1 1
%(1:“(41'k1n) Ty ¥y Gt 9%,

2
- T a(hm,&i)a({.i,kin))

-1 1 -1 2
= Py, (alh, o) TiCy _1en) T T (Y dath, 20))
-1 2 1 -1 2 2
B pz‘(a(hi—ln'g*) op i Man? 9 Ti (Yt ee)) .
As before, since Vigin = Yin = yg* ’
= a(h )
Yi-1n = ¥Pio1nBs
-1
Yil‘l = a(hin’g*)
and ain =1

Relation 4. E'Oj:]' » 1 =3 =n .,

Proof: The vertices lie in at most 2 rectangles. By

n
{VOJ}J=1

construction

G(v = G(qoj) = zg , 1 €3 sn

)
0j .
so that G(VOJ) € q&*F(g*) » 1 £33 <n

It is possible to choose the elements [h0j}3=1 so that
q(hin)F(hOJ) < UOJ n UOJ+1 n qk*F(g‘)

h = U .
where U, +1 On

The relation follows as in the previous case by pulling the loop

Tbj into F(g*) .

Relation 5, Qmj =1, 1 <J <n .,

Proof: As before.

The rest of the proof of the lemma is exactly as in Massey
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{pages 121-122): For any J, 1 £3j sn ,

( ? oy j-l) = ( g ai 4 I)B by Relation 5

i
(m-l
= N «
421 i,J=l m,J—lBhJ
(a e
= I b -1) o by Relation 1
i=1 ’J Bm-l,_j mj y
(m-2
= Il )a a
o C1,3-1 m-1,3-1Pn-1, 1%3
(D-Z
= I Relati
o 3-1) m-23%-15%y ©°Y Relation d
 om
o g 1 o
1,3~171j jog 1J
m
= BOJQIJ Iy &ij by Relation 1
i=1
m
= [l o by Relation 4
i3
i=1
m m
Thus il G1J_1 = 1 @ for 1 =3 «<n ., It follows that
i=1 i=1
m m
Noa,.= I«
i=1 10 o 1P
Since by Relation 3, ain =1, 1 <31 <m ,
m m
1= o, = 0a
1=1 1M gy 10
q

by Relaticon 2. 0O
k=1 gkak ¢



§5. Covering Spaces and Connectivity

The Hurewicz isomorphism plays an important role in the theorems
which follow. To he able to apply it in dimension two requires our
spaces to be connected and simply connected. While we have assumed our
spaces to be comnected, we do not wish to impose the further restriction
that they be simply connected. Rather we will consider the universal
cover of the space. This is simply connected and has the same second
homotopy group as the original space. The process of passing to the
universal cover requires the technical constructions which are made in

this section,.

Definition: C is an sS-category and F: C + Q is a functor which is
closed under finite intergections and has colimit induced morphisms

{q&: F(g) - colim F]gEObC . {qu(g)}gEbbC is an open cover of colim F
and each q% is assumed to be an injection, If Y € obQ and

p: Y + colim F is an onto map, then the Y‘EEll‘EEEE.Of F  is denoted
F,: C +Q and is defined as follows:

Y
i) for g € obC , FY(g) is the pull-back

Fy (&) E > Y

g o

vV ® v
F(g) —Ff _ > colim F

11) for o € C(g,g’) the universality of pull-backs induces a

map FY(a): FY(g) -+ FY(g ):

78
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¥
F,(g) £ > Y
Y M v
¥ g, / /(
FY(g ) <
p o |
g v P
Fg") .
V d ¥ cg\
})/ S v
F(g) ~> colim F .
qg
Theorem 1. 1) Each *g is monic,.

ii) Each *g is an injection,
111) [¢gFY(g)}g60bC is an open cover of Y .

iv) FY satisfies conditions 1) and iii) of the definition

of closed under finite intersections,

v) colim FY =Y .

Proof: i) In general, the pull-back of a monic is monic:

—_—— Bt
A
LAY

\\\)5\\\ -x\\\K‘
o B —E o
v Y lé
V
C > E

’

The square is a pull-back and f,f': A + B are a pair of maps such that

[

Bf = Bf' . avf = 6Bf = BBE’ = ayf’ . Since o is monic, ¥f = yf’ ., The
diagram commutes and uniqueness implies that f = £
i1) In general, the pull-back of an injection is en injection:

If f: A B is a morphism in sets such that fpf is a Q-morphism
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A f > B E > D

Y I &
v
c —% -k

then &8f = ayf is a Q-morphism. Since a 1is an injection, yf is a
Q-morphism, The pull-back implies the existence of a unique Q-morphism
f'’: A +B such that vf’ = yvf, B’ = Bf . Since the pull-back in Q is
the pull-back of the underlying sets, pointwisge £’ = f . It follows

£

that f = £ and B is an injection,
i11) In general, the pull~-back of an open set is open:

The diagram

e

B

e ]

N <

is a pull-back and oW 1is open in Z . The point X 1is an element of
gX if and only if there exists a pair (w,y) € X with pl{w,y) = ¥y = x .
This occurs if and only if there is a w € W with ow = px . But
aow = px 1f and only if x € p_loﬁl . It follows that @X = p_law .
If a: C +Y 1is admissible, then a“lﬁx = a-lpmla\\' is open in C
gince oW 1is open in 2 ,

If y €Y, then py € X . Since [qEF(g)}gEDbC is a cover, there
is an object g € obC and an element x € F(g) such that q%x = py .
Thus (x,y) € FY(g) and ﬁg(x,y) =y . It follows that {*gFY(g)}EEbbC
is a cover of Y .

iv) If x € F(g) then qu € colim F ., Since p 13 onto, there

exists a y €Y such that py = (pgx . Thus (x,y) € FY(g) and

pg(x,y) = x . It follows that Py is onto and as sets ngY(g) = F(g) .
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If g,g' € obC and
*gFY(g) n tg ,FY(g ) ¥ 8,

then q&F(g) ! ¢E;F(g’) = thgFY(g) N q%:pg:FY(g)

p'I'gFY(z) N p'llg F &
+ @ .

Since F 1is closed under finite intersections, there exists a set 4

and a family {hé}GEA with

i) C(hé,g) + 6 and C(hé,g') + @

i1) U FCh,) = ¢ F(g) N ¢ Fg".
oen My 8 e &

K )
p d
If x € ngY(g) N ﬁg,FY(g ) , then px € th(g) N q% F(g ') an
qﬁpgx = q%;pgfx:= px , 8ince px is in the intersection, there exists

6§ € A,y € thF(he? such that qhéy = px » Thus (y,x) € F,(h ) and

¥ (v,x) = x .
he

v) By construction, the family {ﬁg: F (g - Y} is compatible

and induces a map

¥: colim FY ——— Y .,

If X11X, € colim F, and W, = *xz , then for some objects

/ 4 —
g,2' € obC and elements Yy € Fy(g), Y, € FY(S ), 1gyk = X0

ig Y. = X, where {ig: FY(g) -+ colim FY] are the colimit induced

2 2 g<obC

morphisms.



by, € LF® Ny R &) +0 .

Since FY is closed under finite intersections, there exists an

h e Obc, o E C(h’g)y a' E C(h,g‘) and z e FY(h) with ¢3F(Q')z = *gyl H

! _ _ Fi _
¢g;F(a )z = #g;y Since ¢g is monic, F(adz = y, and F(alz =y, .

2 L[ ]
The colimit relations yield X, = igy1 = ig,yz = X,
Since {ngY(g)}ngbC covers Y , § 1is onto.

The rest of this argument is standard:

If a: C -+ colim FY is such that +{a 1is admissible then since
¢EFY(g) is open in Y , (v‘ka)_1 ngY(g) is open in €., Since C i=s

compact there exists a finite set of indices g such that the

1!"‘!gm

collection [(ﬁa)_l ¢giFY(gi)]T=1 covers C . VJ = (ﬁa)_1 tg‘FY(gi)

m

and C = ] V‘j . There exist commutative diagrams
Jj=1
Ly o
v > C wj —d Uy Fy(g,) —_— Y ¥ F, (&)
J i=1 &1 géobe (&
o L J ya onto q
J AY
i a v
—— e — i o
¢81FY(gi) > colim FY C colim FY
Since i is an injection, a& igs a Q-morphism. q is the projection
which topologizes c¢olim FY . For each ¢ € C , there is a Jj such

that ¢ &€ VJ . For each x € C-Vj there are disjoint open sets

w i v < .
x5, in C with e €W, x €5 _ and W_ Vj The sets [Sx}xGC—VJ
together with VJ cover C so there is a finite set of xl,...,x.
n
such that {S_.,,,.8 ,V,] isacoverof C . W _= NW is open
x b 4 c 1 X1

1 [ ] J i=1
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m
in V and s N Wc =@ , C-USx = Kc is compact and

J i=1 xl i

c €Ew <K <v, ., {w] is an open cover of C . Thus there exist
C c J c'c€&C

cl,...,cL such that WCI,...,WCL cover C , Kcl""’Kc cover (
1

and LLKC is compact hausdorff and maps ontoﬂ.vJ . Since colim EY
i=1l !

has the quotient Q-topology, a is admissible and § 1is an injection,

Definition: C 1is an s-category and F: C + Q is a functor which is
closed under finite intersections and has a pointed consistent system

T = (rs(F);zg*’{aé}) such that if {qE:F(g) -+ colim F}gGDbC and

[*g: FT(g) -+ colim FT} denote the colimit induced morphisms then

i) @ and §  are monic for each. g € obC ;

ii) [qEF(g)}

gGobC is an open cover of colim F,

Under these circumstances, the functor I: C 4+ @ 1is defined on objects

to be the discrete space

I(g) = colim FT/¢gFT(E) .

For « € C(g,g’) , there is a commuting diagram of inclusions

v
\
N

FT(G) colim FT

-7
%

%

F (&)

FT(g')

and an induced epimorphism I(a): I(g) = I(g")
~ R el
The functor P: C +Q 18 defined to be the c¢olim F pull-back

—— et
of F for colim F the universal cover of colim F , By Theorem 1,
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colim P = colim P .

Lemma 1., If the diagram

A a > B
p’ p

v

D b > C

is a pull-back and p 1is a covering projection, then p’ is a covering

projection,

Proof: Since p is a covering and the preceeding diagram is a pull-

back, the following diagrams are pull-backs:

(B,I) . ¢, (A, 1) (a,1) > (B, 1)

T T (D (®,D)
\Y v Vv
B S > C (D, I) ) > (C, 1)

where ﬂo is the endpoint projection,

If E is a space and «,R are maps such that the diagram

(A, I (p .I) ; (D, n

P’ > P

commutes, then (b,I)a: E +B , ap: E+B, and T (b,Da = bla = bp ‘B = pap .
Thus there is induced a map y¥: E - (B,I) such that (p,Dvy = (b, ;
ﬂOY = @B . Since (b,DDa= (p,I)Y , there is induced a map &: E + (A,I)

such that (a,I)é6=v ; (p',DDé= o .
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T]Oy: E +B and no(p’,l) 6: E-+D . Since pT]Oy = T]O(p,I)Y
= ﬂo(b,l)a = no(b,I)(p',I)é = bTb(p',I)b there is induced a map
€: E+A such that p’e= %(p’,l)a; ae = T,y . Since p’'B = Tyx
= no(p’,l)é and aB=Tyy, e= B . Since p'ﬁné = Tb(p'I)ﬁ and
aﬂoé = ﬂo(a,l)é = ﬂOY, € = noé . It follows that B = ﬂoé and b

makes diagram 1) commute.

If k also makes diasgram 1) commute then since (p,I)(a,I)k
=b(p’,Dk = (b,I)a and Tp(a, Dk = aTyk = ap, (a,Dk = y . Since
(p’'IDk = o, and 5 was unique with respect to these properties,
k= 6. O

Lemma 2. If the diagram

A—"2 B

> C

)

e 4

is a pull-back and p 1is a covering projection, then the diagram

4
T&A ho > r&B
)
P oP
v v
%D Ha >1HC

is a pull-back in groups for any consistent choice of base points.

Proof: G 1is a group and f,f' are homomorphisms which make the

following diagram commute:



w---
mp’ P
o v
ﬁ1D > nlc
For g €G, f’g = {a] 1s a homotopy class in mD . If a €lal ,
then a: S1 <+ D . Since p' is a covering, this map can be lifted
uniquely to a map a': S1 + A . Since homotopies may be lifted asg

well, then entire class [a] Llifts to a class [a’] in T&A .

If H: G + nlA is any map which makes the diagram

commute, then for each g € G , Hg 1is a 1ift of f'g . It follows

that if there is a homomorphism, it is unique,

’ /

I1f g,g €G , then since £f' 1is a homomorphism, t'gg’ = t'gt’g
has as representative a juxtaposition of loops. Then for the H de-
fined above, HgHg ' covers t'gf'g’ = £'gg’ and thus equals Hgg'

For g € G, nlorf’g = [@a] 1is a class in mC . If Hg = (a’] ,

then since the square commutes, pax‘a’ = om and [a’a’] covers [om]

Since nipf = niaf' , Ig also covers [om] . Since lifts are unique,

— l l"-I 3 4
fg ﬂia fa’) ﬂla Mg . O
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Lemma 3. ﬂlcpg: ﬂl(F(g),yg) -+ rrlcolim F,:pgyg) is monic for each

g € obC ,

Proof: For each g € obC , §3 provides a commutative diaggram

%
FT(g) = ﬂl(F(g),yg) > 1 (colim F,q:gyg)
*K a&
A% h N
colim FT = o> nl(colim F,z }

Ex
where « is an isomorphism, ﬁg is monic by assumption and h 1is
E

an isomorphism by the Van Kampen Theorem. It follows that ﬂlcpg is

monic. O

Theorem 2. For each g € obC , F(g) = F(g) x I{g) tfor F(g) the

universal covering of F(g) .

Proof: By definition PF(g) is the pull-back

; i
F(g) & > colim F
Pg p
v @
F(g) E. > colim F .

By the previous lemmas pg is a covering, the diagram

-~ L e S
ﬂlF(g) > nlcolim F=20
7P
v
% y
m Fg) > 1 colim F

is a pull-back and ﬂlcpg is monic. The construction of pull-~-back in
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groups yields ﬂif(g) = 0 for any choice of base point over yg . It

follows that each path component of E(E) is a universal covering of

F(g) .

-1
The sets and (colim P, ) are isomorphic.
Pg Ygr P B¢ ™ %g ™

g’

ﬂl(F(g),yg) permuies the elements of each component of p;lyg since
-1

each component of pg yg is the universal covering space of F(g) .

nitha(F(g),yg) as a subgroup of T&(colim F,q%yg) permutes p'I(ngg

which is iscmorphic to ﬂi(colim F,q%yg) . The components of p;]'yg

correspond to the orbits of the action and the orbits are counted by
m lim F / . (F
p (eolim .q&yg) % € (g),yg)

which is isomorphic as a set to colin FT/ﬁgFT(g) = I(g) . O

Lemma 4. Suppose I 1s a set and [AQ}GEI igs a family of spaces to-

th ith f + X i .
gether wi maps { o Aa ]QEI nto the same Bpace X Suppose

further that X' € obQ and f: X' +X 1is a map. The family [Ba]aEI

is definmd by the pull-backs

g
B a > A
o o
h f
o o
v A"
X’ £ > X

for o €1 . Under these hypotheses the pull-back

B -4 > U A
o
1
ho| L
‘ v
X > X
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is homeocmorphic to¢ U Ba .

I
Proof: The diagram
B . >UA0
u

ha h uf
o

v

T X! > X

induces a map k: UL Ba + B .

The definition of pull-back yields an injection
B—>UA XX =uaXxX)
[v 4 o

o -1
and B = UB where for each o , BCf = 1i (Aax X’y . The diagrams

BY L o AXX ———
o a
4
A x X' f
o a
+
v
I
X’ L > X
o
commute for each o € I , to yield a map La: B = Ba . The composition
m
u4d
B-uB® —%>up X8

o
has the property that gm = U ga and hm = U ha . It follows that

k w La = 1B and the Lemma follows, O

The following generalization of Theorem 2 will be needed in what

follows:

Theorem 3, Suppose X,X’ € obQ are path connected spaces and

a: X' +X is a map which induces a monomorphism of fundamental groups.
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p: f + X 1is the universasl covering space of X and J is an indexing

set. The pull-back Y

Y > U X
J
Up
\Y, v
X’ x > X

has the property that for some indexing set J’ , ¥ = LU X' .
JI

Proof: If Y' is the pull-back

Y’ > X

P
v v
X’ C > X

then by the proof of Theorem 2, Y’ is the disjoint union of universal
covering spaces of X’ . By Lemma 4, Y = U Y’ . o

In the next section, a few results about connectivity will be
needed. The necessary material consists of the fellowing definition

and two propositions,

Definition: C 1is an s-category. Two vertices, v,v’ € C, are related
if there exists an f £ obC such that C(f,v) and C(f,v') are non-
empty. ~ denotes the generated equivalence relation. C 1is connected

it e/~ =1,

Proposition 1. € 1s an s-category and F is a path connected functor

which is closed under finite intersections and has colimit induced

hi : .
morphisms [q& F(g) - colim F]gGDbC [q%F(g)}geobC is an open cover

of colim F, C 1s connected if and only if colim F is path connected,.
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Proof: =>) If x,y € colim P , there exist g,g’ €obC and a’ € F(g),

b’ € F(g') such that qha' = x and qh;b’ =y . If X\€img and
A’ € img’ there exist vertices v,v’ such that imv = A, tmv’ = A’
and o € C(g,v) ¥+ 6, o’ €C(g’',v’) + @ . The elements a € F(v) and
b € F(v’) are the images a = F(a)a’, b = F(a)b’

‘

Since C is path connected, v ~ v and there is a finite string

of primitively related vertices
n
fvidie
with v_=v, v. = v  and a family
n-1
{fi € obc}i=0

) +@, 1=0,...,n-1 . The

with o, € C(fi’vi) + @ and Bi € C(f1

Vil

n-1
int
poeints {xi € F(fi)}i=0 are arbitrary.

By definition of the colimit relations, F(ai)xi = F(Bi)xi . Since

F is path connected, the image ¢v F(vi) is connected for i=0,...,n .
1

n
The paths [pi}i__0 are chosen as follows:

Py € P(X.ng(v),q&oxo)

€PpP i=l, ..., n-1
Py (¢E1,1X1-1 '“QIF(Vj)’qklxi) . rerey
i
pn e P((«pfnlen_lgcpvf F(V ),Y) -
n
The composition Z Di is a path in c¢olim F from x to y .
i=0

=) If v,v' € C, @are vertices of C , then qu(v) and

!
¢, F(v) are subsets of the colim F . x, € @F(v) and x € @ ,F(v"

are arbitrary points. p: I + colim F 1is a path from xo to xn .
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[p‘1¢hp(g)]gﬁbbc is a cover of I and n is chosen such that 1/n
is less than the Lebesque number of the covering. [[i/n,(i+l)/n]}T:;
partitions I and P, = pl[i/n,(i+1)/n], i=0,...,n-1 . The collection

{ }n-l is chosen such that
€i'y—0 '®
p.[i/n,(i+1)/n] « ¢ PF(g, ) , 1i=0,...,n-1 .,
i € i
Since pi((i+l)/n) € qkiF(gi) ] qhich(gi+1) , 1=0,...,n-1 , there
n-1
exists a sequence [hi € obC]1=O with

C(hi,gi) *0 C(hi,gi+1) + @

for i-0,,..,n-2 .

Py(0) € 9 F(v) N ¢EOF(30) and there is an h_; € obC with

7
C(h_l,V) @, C(h—l’go) + @ ., Similarly, pn_l(n) € ¢% F(En_l) n q%,F(v )

n~1

F
and there exists an h_ with C(hn,gn_l) + ® and C(hn,v ) +6 . If
n-1 .
[vi € CO]i:O is any set of vertices with C(gi,vi) + 6 , then the

n-..
sequence [v,vi,v']i_; retates v to v’ , O

Proposition 2. If C is a connectad s-category, themn T(C) is

connected, If C is an s-category such that for each vertex v € C0

there is a free face £ € Fr(C) with C(f,v) ¥+ 8 , then [(C) connected

implies that € 1is connected.

Proof: 1) C 1is connected. If f,f' € Fr{C) are two vertices of
['(C) , then there are vertices (of C ), v,v’' € C, with C(f,v) +@

and C(£',v’) +@ . Thus there exists a sequence of vertices

(v, Ym0
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'

with Vg = Ve V=V and a seguence cof elements
n=-1
{fi ]1=O
with

C(t,,v,) +6 and C(f,

) ) 0 i=0,...,n-1 .

Vidl

1f {hi € Fr(C)}T:; is a set of free faces with

C(hi'fi) +@ for i=0,...,n-1 ,

then v, € Ob(hi—lnhi) +#6 i=1,...,n-1 . Also, v, € ob(frH%) and

o

v € ob(f’ﬂiln ) . These sets contain a sequence of free faces which

-1
connects f to f

r

in T(C) .,

ii) TI(C) is connected. If v,v’' € C0 , then there are free faces

4

f£f,f° with C(f,v) #+® and C(f’,v’) ¥+ @ and a path in [(C)

n
[hi € Fr(f, Nf, )}i:o

i+l

n , then

p— p— ! —a|
with fo = £, f = f° . If v, € C, N ob(fiﬂfi+l)' 1=0,...

since C(f ,vi) +@ and C(fi+ ,V Y £+ 8, v, ~

i+l i Vislo 1=0,...,n-1 .

i+l 1

Also, C(f v) % 8, C(f v) = @; C(fo,vo) + 8, C(f,,v) + @ . Thus

n+l’ ntl’

v ~v' and v ~ v, SO that v ~v’ and € is connected, D



§6. A Mayer Vietoris Theorem.

This section concerns determination of conditions required of an

s-category, C , and a functor F: C + Q , to guarantee that
*) Hz(colim F; % = colim (Hz( BDF)

where F: C +Q 1is the colim F pull-hack of F described in Section 5
and Hz( ;2): Q * Ab denotes two dimensional singular homology with
integer coefficients. H2( :%) will be denoted H2 . Actually, it turns

out that a slightly stronger theorem is easier to prove, namely that

o =
) Hz(colim FY) colim H2FY

for FY the Y-pullback cf F where Y 1is the disjoint union of

universal covering spaces of colim F

Y = W colim F
I

for some index set I . Equation *) is equation **) in Case I has
a single element,

To make the structure of the proof of equation **) more intelligible,
the various technical lemmas needed are only stated here. Their proofs
are in Section 7 and a few examples are presented in Section 8, The neces-
sary hypotheses will be discussed and lettered and the proof of #**) will
be given at the end of this section. The results of this section will
apply to the case in which C is 1-dimensional; however, a weaker set
of hypotheses than are given here will also imply **) in that case,
Since the proofs and related structures are somewhat complicated, the
special features of the l-dimensional case will be considered separately

94
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No attempt will be made to prove this theorem for an arbitrary

s-category: 1t will be assumed that

A)

B)

C has at most countably many vertices; and

C is upward finite.

Topologically condition A) limits consideration to spaces with countable

open covers while condition B) is the assertion that any intersection of

elements in the cover involves only finitely many open sets, While en-

tailing no substantial loss of generality, condition A) permits argument

by induction.

The only cases of interest are those arising from spaces with open

covers, This information is inserted into the hypotheses as the assump-

tions that
C)

D)

I

D)

F is closed under finite intersections, and

f lim F d
[th(g)]gEObC is an open cover of colinm an
each % is an injection for [qh: F(g) - colim F}gGDbC
the colimit induced morphisms.

For each pair g,g’ € obC ,

F ) = ;F !
cpg (g tpg ")

’

implies g =g ;

For each object g € obC , qEF(g) 0 .

Condition C) asserts that all the intersections are accounted for,

D’) 1s the assertion that each such intersection is accounted for only

once and D”) asserts that C has no "extra’ objects which represent

nothing in the cover.
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Another assumption on C is
E) € has a generating tree.

If C is l-dimensional, then the constructions of Section 10
eliminate this requirement. 1In the higher dimensional cases, Example 1
of Section 8 showa that some hypothesis like that of a generating tree
is necessary. Condition E) together with condition B) implies that C
has a representation as a simplicial complex {(c¢f. Theorem 2 of Section 1),
It has been assumed throughout that the vertices of C are connected
(i.e. that each open set in the cover is connected).

The next assumptions are on the connectivity of the space

F) F 1is path connected

G) colim F 1is connected,

By Proposition 1 of Section 6§, the condition that C 1is connected follows

from conditions C), F), and G).

It turns out that a condition on fundamental group is necessary

as well, namely:

H) PFor each g € obC , and some choice of bage point
the inclusion q&: F(g) -+ colim F induces a

monomorphism

*
q&: ni(F(g),*} -+ T&(colim F,*)

of fundamental groups.
Conditions F) and G) insure that this condition is independent of the choice

of base point, By the remarks following Theorem 3 of Section 2, if C

is l-dimensional, then condition E) enables condition K) to be sub-
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stituted with the weaker assumption that

Hl) If C is 1l-dimensional, for each pair
g€,8 €obC with «o € C(g,g’) , the in-
clusion F(a): F(g) - F(g') 1induces a

monomorphism

* ’

F (a): nl(F(s).*) +n FD),»
for some choice of base point.

The importance of condition H) 13 revealed by Theorem 3 of Section 5
which yields that FY(g) is the disjoint union of universal covering
spaces of F(g) . That is, each component of FY(S) is simple connected.
Since Hl( ;X) 1is zero in each component, Hl(FY(g);l) = 0 for each
object g € obC .,

As was indicated above, the proof of equation **) will be by
induction on the number of vertices of C , If € has a single vertex,
then it has a single object and equation **} is trivial since it concerns
constant functors,

The means of reducing the number of vertices is provided by the

following definitions:

pefinition: If € is an s-category and v € C0 is a vertex of C ,

then the category C‘ir is the full-subcategory of C generated by the

objects
obC - {f € obClc(t,v) * 8] .

Definition: If € 1is an s-category and v €C is a vertex of C ,

o

then the s-category v () Cv is the full-subcategory of C pgenerated
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by the objects
{g € obClC(g,v) + @} - {v].

While both Cv and v [ Cv are to be regarded as s-categories hased
on A - [imv] , v 1N Cv must be given an s-category structure which is
not compatible with the atructure of C . This situation is best under-

stood through the proofs of the following Propositions:

Proposition 1. C_ is an s-category based on A- {imv]} . D

Proposition 2., v N Cv is an s-category based on A - [imv} and has

connected vertices, O

Proposition 3, 1If ICol < @« , then I(CV)OI < ICOI . DO

Proposition 4. If |CO| < @ , then |(v n Cv)ol < |CO| . O

Propogition 5, Cv and v N Cv are upward finite, O

The functor Fv is the restriction of F to Cv ; 1t has colimit

induced morphisms [qg: FV(E) + colim Fv}gﬁbva . The functor F is

the restriction of F to v N Cv ; 1t has colimit induced morphisms

{Ek: F(g) - colim F]gGob(vflc y + These two families induce morphisms
v
@: colim Fv —> colim F
and
&x colim F > colim F

according to the following commutative diagrams:

v
A s P
1 g
FV (g) > colim F
" ¢
v
@
F(g) E

> colim F for g € ova
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> colim F

z F(g)
F(g)
colim F for g € ob(v Cv)

The following propositions regarding F and Fv will be needed:

Proposition 6. Fv is path connected and closed under finite inter-

intersections, O

Proposition 7, F 1is path connected and closed under finite intersections, 0O

Proposition 7", Fv and F satisfy conditions p’ and D" . O

Proposition 8, [¢£F(g)] is an open cover of colim F, and each

gEova

qg is an injection. 0O

= . - — i bt
Proposition 9 {qEF(g)}gEDb(vﬂCv) 8 an open cover of colim F and
each &E is an injection, 0O

Propogition 10. ¢ is an injection, O

Proposition 11, @ is an injection. O

Proposition 12, @ colim F = qu(v) N ¢ colim F, . O

Proposition 13, Cv has a generating tree, O

Proposition 14, v [ Cv has a generating tree. O

So far nothing has been said about the connectivity of Cv . With
no restriction at all, CV may not be connected as seen in the three

piece cover:
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Proposition 15. If |C0| < « , then there exists a vertex v € S

such that Cv is connected. 0O

The vertex v will always be chosen in accordance with Proposition

15. From the connectivity ot Cv comes the following facts:

Proposition 16, qu(v) N w colim Fv is connected. O

Proposition 17. colim F 18 connected. O

That Cv and v Cv satisfy condition H) follows trivially from

the commutativity of the diagrams B

, and JE (together with the fact

that C satisfies condition H)).

Thus far C has been broken into three pileces, v, Cv’ and v ) Cv '
each of which has fewer vertices than C and satisfies the conditions of the
Theorem. To be able to use this information, it is necessary to sew C

back together again. One step is the following Proposition:

Proposition 18, The diagram

qu(v) N ¢ colim Fv > ¢ colim F
B ¢
v (0 \Y
v
q%F(V) > colim F

is a push-out. O

It will be convenient to label the diagram in Proposition 18 with

a functor:
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Definition. C is the 1l-dimensional s-category with two vertices

{vl,vz} = C, and 1 free face {t} = ¢, together with two non-identity

1
morphisms a € E(f,vl) , b € E(r,vz) . G: C Q@ 1is the functor with

G6(f) = ¢ F(v) N ¢ colim F,

G(vl) = ¢ colim F_
G(vz) = qLF(V)
G(a) = «

B(b) = B .

Clearly, colim G = colim F ,

In the proof which follows it will be necessary to know that C
satisfies condition H), If § induces a monomorphism, then qLB does
also since q; is given by condition H) on € +to induce a monomorphism.
Thus it would follow that ¢ induced a monomorphism. Since
qu(v) M ¢ colim Fv is path connected, the classical Seifert-van Kampen

Theorem yields T&(colim F,*) as an amalgam

(colim F,*) = (p F(v) ,*) * m (¢ colim F_,*)
ni ni v ﬂl(G(f)!*) 1 v

A theorem on amalgamated products then yields that ¢ induces a monomorphism.

The one-dimensional case is easy:

Proposition 19. If C 1is 1l-dimensional, then C satisfies condition H)Y. 0O

Example 2 in Section 8 shows that C may not satisfy condition H) if
C is 2-dimensional. Unfortunately, just requiring that F induce a
monomorphism is not enough since 1) the argument will be inductive and

the hypothesis must also hold for Cv , ii) the argument will also have
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to be applied to v (i Cv . One assumption that works requires a short

definition.

Definition, The pair (C',w) consisting of a subcategory c'cc
a vertex w € Co-obC’ , 18 initial provided i) for each f € obC’ ,
C(f,w) #+® and ii) if F’ denotes the restriction of F to C' ,
then colim F’ is connected.

The last assumption may now be stated:

1) For each initial pair (C’,w) , the colimit induced map

c: colim F’' + F(w) induces a monomorphiam of fundamental groups

c*: T&(colim F’,%) > ﬂi(F(W).*)

for some choice of base point.
It should be peinted out that in case ¢’ has a single object
{g} = obC’ , condition I) follows from condition H) and the commutative

diagram,

colim F = F(g) @

\K_\

colim F

v 7
F(w) ”’13:”

This comment is the basgis of the proof of the following Proposition,

Proposition 20, If C is a 1l-dimensional s-category and F: C -+ Q

is a functor such that C and F satisfy conditions C) and H), then
they satisfy condition I), O

With this distinction between the 1 and higher dimensional cases
in mind, condition I) will be assumed until the statement of Theorem 1,

A weaker version of condition H) together with condition I) implies
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condition H):
H’) For each vertex w € obC and some choice of base
point the inclusion Q) F{(w) - colim F induces a

monomorphism

*
Q' r&(F(w),#) > r&(colim F,*)
of fundamental group.

It g €obC , and w € vg , then ({g},w) 1is initial and the diagram

¢
colim F’ = F(g) £ > colim F
7
&4
vV
F(w)

yields that q& induces a monomorphism since q; does by condition H")
and ¢ does by condition I) ,

To make use of condition 1) requires the following propositions:

Proposition 21, Cv and Fv satisfy condition I) . O

Proposition 22, v [ Cv and F satisfy condition I). O

Proposition 23, C and G satisfy condition H), O

The last lemma involves converting part of the classical Mayer-

Vietoris sequence into a push-out.

Propogition 24, In the category Ab , the sequence

R B

o> F1 - F = H > 0

2
18 exact 1f and only i1f the diagram
p 1 Qo F
-0 Dal | e

Fe o> H
B(,)
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is a push-out, 0O

The main result may now be stated and proved:

Theorem 1. If C 1is an s-category and F: C » Q 1is a functor such
that C and F satisfy conditions A) - I), then the map

a: colim H2FY -+ H2 colim FY induced by the inclusion induced family of

maps

> H2 colim FY}geobC

{HzFY ®)

P e
is an isomorphism for any disjoint union, Y = U colim F , of universal

covering spaces of colim F .,

Proof: The proof is by induction on the number of vertices of C ., The

case for l-vertex has been described previously. Since C and G satisfy

condition H, in the diagram

ﬂb: colim F = ¢LF(V) M @ colim Fv — B > P colim Fv
@ ¢
v v
F{v) > colim F = colim G
Q =y

wB = ¢ba: G(f) -+ colim G induces a monomorphism of fundamental groups as

does G(vl) -+ colim G ,

Y’ and Y’ are defined to be the pull-backs

Y’ > Y y” > Y

v Vv A vV
colim FV —2 colim F colim F —QL—> colim F

By Theorem 3 of Section 5, Y’ and Y' are the disjoint union of uni-

versal covering spaces., It follows from the induction hypothesis and
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results of this section that
H2 colim (FV)Y' = colim Hz(Fv)Y;
and
H colim FYn = colin H2 F.ov .

2 Y

By Theorem 1 of Section 5, colim GY =Y = colim FY . The classical Mayer-

Vietoris sequence for the open cover {Gy(vl)' Gy(vz)} of Y 1is

> O

HzGY(f) > Hzﬁy(vl) ® HzﬁY(vz) —_— H2Y

{where Hl(GY(f),l) = 0 since it is simply connected in each component).

Proposition 24 coverts this sequence into the push-out .§

)y
Hch(f) o> Hzc‘.Y(vl)
HzGY(vz) ] H2Y

Clearly, the relation between colimits and push-outs yields the follow-

ing push—-out:

HZGY(f) ) HzGY(vl)
) ¢
HzGY(vz) > colim HzGY .

It follows that H2Y = colim HzGY . Since GY(f) = Y’ = colim EYu .
— f —_ pr—
GY(vl) =Y = colim (FV)Y; , and GY(VZ) = FY(V) , this push-out may be

rewritten as the push-out ﬂa

H2 colim FYH =3 H2 colim (FV)Y’

v Vv
HZFY(V) —> colim HZGY
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or as &

s
colim HzFY” > colim HZ(FV)Y'
vV A
HzFY(v) > colim H2GY .

For g € ova , the spaces (F )

v Y:(B) and FY(E) are related by

the diagram

(FV)Y:(g) > Y
¥ v
F(g) > colim F
= ,/”//’,7
v v
F“’r () » colim Fv

Since the diagrams

FY(g) > Y (FV)Y;(g) > Y
v v v \
F(g) —> colim F Fv(g) > colim Fv
and
Yy’ > Y
v vV
colim Fv > colim F

are pull-back diagrama, the diagram
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(F)y (&) £ > F(8)

v \
Fv (g) > F(g)

is a pull-back, and (FV)Y,(g) = Fy(g) .
For g € ob(vﬂ(:v) , the spaces ﬁY”(g),(Fv)Y;(g) and FY(E) are

related by the diagram

FY(S) > Y
/7
’
(F‘V)Y;(g) > Y
ﬁYﬂ(g) —> y”
v v
/i(g) >colim F
=7
Fv(g) > colim F
v v
-
v v /
F(g) > colim F

and FYH(E) = (FV)Y H{g) = FY(g) as before.

The compositions

(Hy (F )y, () > H,Fy, (8) > colim H2FY}gEova

induce a map Jj: colim HZ(FV)Y’ -+ colim H2FY .
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The following diagrams commute:

B
- -:EL -
H, FYﬂ(g) > colim H, FY»
b
- v
H, & H, colim P,

for a the colimit induced map g € ob(vNn Cv) ;

&

E_
H2(FV)Y;(g) > golim Hz(Fv)Y;

44

H, ¢ A
H2 colim Fv

for Bg the colimit induced map g € ova ;

i%
H, Fo(g) . > H_(F)_ (g)
2 y”'B = 2ty y '8
- v
H,6 ¢ H.6 ¢
2 & 4 v 28
H2 colim FY” o H2 colim (FV)Y,
J%
- e
colim H2 FYa > colim HZ(FV)Y’
hL c
W
= d
H2 colim Fyu = H2 colim (Fv)Y' '
Diagram j% ig the definition of the arrow e . The diagram jﬁo
H2§Y(g) - > H2 (FV)Y +(g)

Q‘J v Bg

colim Hszu > colim HZ(FV)Y’




commutes since c e aé =db Qk
=du2?pg
=H2cp;h
= c Bg h

and ¢ is an isomorphism,.

i
The diagram j&l

H
- 2 % _
H2 FYn(g) >4 H2 colim EYﬂ
= L
pY, v
H,, FY(g) > H2 F&(v)
comnmutes, Therefore the diagram j&z:
HEFY”(E)
A -
colim H2 FYH
[s
HzcolimF-‘Yﬂ
{
LR
H2 FY(V)
commutes for each g € ob(vﬂQJ .
For each g € ob(vﬁCv) , the diagrams
jiS
H, Fyr(g) ———> H (F), /(8) ————> H, F,(g)

2 y"\& - 2V ly B = 2 “y'B

B I,
ag M \!Yg

v _
i ————— ___;l__4>
colim H2EY > colim H2(Fv)Y' colim H

2

Fy
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14
- ih
H, FY« (g) — > H, I"Y(s)
E\\:h
A
H, F_(g) a
o 2 'y
§ H ?a&\ - Yg
v ZFY pAY v o
H, F» ——tR > -
colim o FYH Hz FY(V) > colim H2 FY

commute for Yg the colimit induced morphiam, J the morphism induced by

the family and o € C(g,v) .

{Ygi }gGDbCV _'

By properties of colimit YVLb = je and the diagram 555

. = e
colim H2 Fyn > colim H2(FV)Y'
4b 3
vV
v, =
H2 FY(V) > colim H2 FY

commutes. Since diagram ﬁs is a push-out, there is induced a map

$: colim Hz GY + colim H, F,, .

2Y
Since colim H2 GY = H2Y , the family of inclusions induced homo-
morphisms
: H,Z F > H,_ Y
{6 Hy Fy(e) 2 }gG)bC
induces a homomorphism
¥: colim H2 FY —_— HZY = H2 colim FY .

All that is required to complete the proof is to verify that ¥ 1is
an isomorphism,

1) ¢ ¥ =1 . By properties of colimit it suffices toc show that
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for each g € obC , the diapgram j&ﬁ :

H2 FY(E)

AN

> colim H2 FY

commutes. In particular, since I. already is known to commute, it suffices

to show that the diagram ji?

H
2 FY(g)
EE Y
v Y
$
H2Y > ¢olim H2 FY

commutes for each g € obC .

a) If g € ova , then Eh is the inclusion induced composition
v

H, ¢
1 —2 &
H, FY(g) > Hz(Fv)Y’(g) > H, colim (Fv)Yﬂ

8 v
N
colim Hz(Fv)Y;

C

J
HY
2
Previous diagrams yield the commutative diagram J&B :
=$ n ~
H,(F ), (&) - > H, Fy(g)
s 3 V
colim H_(F ) > colim H, F
° 27 vy’ 2 7Y
+

} colim H2 GY
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b) I1f g é ova , then there is a morphism o € C(g,v) and

commutative diagrams

H, FY(s)
Yk
H F (Q-)
2°Y
colim H2 FY
7
v Yv
H2 F&(v)

H, FY (g)

where I, commutes by the definition of ¢

Since the composition

H_F,_ (o)
2 Y > H

FY(V) _— }{2‘{

H2 FY(g) 2

is inclusion induced, it is § and it follows that diagram Jﬁe

commutes for each g €obC ., Thus ¢ ¥ =1 .,

For this it suffices to show that the diagram

ii) ¥ ¢ =1 .
ﬁig:
colim Hz(Fv)Y'
m
N m
H2FY(V) —> colim H2 GY ¢ I,

\ )
Y > eolim HF
v Y y{
11, colim HoG y

TTTTe—— 7

11




113

commutes .,

a) Since the diagram

HZ(FV’)Y{(g) - > H2 FY(K)
B Y
'3 I, from .:913 g
v AN
J ¥
colim Hz(Fv)Y; > colim H2 FY > H2Y

commutes for each g € ova s and the diagram

Hz(Fv)Y (&) - > H, FY(g)
BE
v n vV
colim H2(FV)Y' o] H2Y

commutes (since the unlabeled maps are induced by inclusions),

¥} = m
and Triangle I. in diagram iag commutes.
The diagram
Yy
H2 FY(V) > colim H2 EY
b4

n

v
Y

H2Y

commutes by definition of Y ., It follows that diagram ﬁﬁg commutes
and Y é =1, O

As was noted previously, equation *) follows immediately as the

case Y = colim F ,
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Theorem 2, If C is an s8-category and F: C + Q 1is a functor such

that € and F satisfy conditions A) -~ I), then

~

H2 colim F = colim H2F . 0

Recall from Section 5§, that 1if C 4is an 8-category and F: C + Q
is a functor satisfying conditions D) and H), then the functor I: C -+ Q

is defined on objects g € obC to be the discrete apace
1(g) = m (colim F;*¥)/¢ T (F(g),®
(g) = m (colim F; ¢ ™ (Fle),

and on morphisms o € C(g,g’) to be the map induced by the inclusion

F(a): F(g) » F(g" .

Definition: If € is an a-category and F: C + Q 1s a functor satis-

fying conditions D) and H), then the functor

FH: C —>= Ab

is defined for objects g € obC by

——

FH(E) = ™ H,F(g) .
I{g)

If o €C(g,g’) 1is a morphism in C , then the homomorphism

F () 1is defined in the obvious way as follows: If Z a, € ® HF(D
H jea ' 1 2

then

1'I(a) i

Fy(@) Ta = T(H ¥
H i €A i ieq[ 2 () a

where the subscript on the bracket indicates the coordinate.
The following theorem relates Theorem 2 to the original space:

Theorem 3. If € 1is an s-category and F: C 4+ Q 1is a functor such that

C and F satisfy conditions A) - 1), then
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~

H2 colim F = colim FH .

Proof: By Theorem 2 of Section 5,

Fg) = F(@) X I(@) = u F(p)
I

gince I(g) 1is topologized discretely. Since singular homology is

additive, H, F(g) = ® HF(@{g .
2
I(g)

For o € C(g,g’) a morphism in C , the map F(a) is defined by the

pull-back
o) —@ . Fg)
} !
F(g) LGN R

The diagram

Fl®) x 1)

y \’G X I(Q‘)
Y —— ————

F(g) F(g') x 1" > colim F
T
F(g") I.
v v v
F(g) F() > F(g") > colim F

commutes since all the non-vertical maps are inclusions and the vertical

ones are simply projections and covering maps. Since square I. 1is a
e -

pull-back, F(a) x I(x) = F(a) .

It follows that there is a natural transformation A: Hzﬁ -+ FH

by
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- - o
H2F(8) FH(B)
—~ i
H,F(g) F (@) = H, (F(a@ x I(a))
WV v
o~ r 4 .
H2F(g ) > FH(S )
Thus colim FH = colim Hzﬁ and Theorem 3 follows from Theorem 2, O

It is possible to use the techniques of this section to prove a
weak generalization of Theorem 3 for higher dimensional homology. This

requires a definition. As before, Hn = Hn( E) .

Definition: If C is an s-category and F: C + Q 1is a functor satis-

fying conditions D) and H), then the functor

F“H: C —> Ab

is defined for objects g € obC by

Fn(g)z @ H F(E’)
1 (g "

If o € C(g,g’) 1is a morphism in C , then the homomorphism F:(a)

is defined in the obvious way for z ay € @\Hn F(g) by
icA

F;(d) )y a, = Z[Hn F(oOai]

i€a I(i

where the subscript on the bracket indicates the coordinate.

Theorem 4. Suppose C 1is an s-category and F: C 4+ ¢ is a functor

gsuch that C and F satisfy conditions A) - I). If for each object

g € obC , ﬂi(F(g),*) =0 for 1i=0,2,...,n then

H colim E = colim Fn
n H
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for any n =22 ,

Proof: As before, we first prove s stronger conclusion, nemely that for

———ee
any disjoint union, Y = U colim F , of universal covering spaces of
calim F ,

H colim FY = ¢colim Hn FY .

The proof is by induction on n . Theorem 1 proves the Theorem in

case n = 2 , It is now assumed to be true for 2 <n <k-1 . The proof
for n = k 1s by induction on the number of vertices, If C has one
vertex, then F is constant and the theorem is trivial. Recall

Y
diagram ﬁb :

colim F = q;F(v) N ¢ colim Fv B > (p colim Fv
o ®
v
¢%F(v) m > colim F = colim G
v

C and F satisfy conditions A) -~ I} and have TL_IE =0 . Thus in
the universal cover, Tk_IEYﬂ = 0 1in each component. From the Hurewicz
theorem we have F.. =0 . Since the theorem is assumed for k-1 .

we have

-H= F =00
Hk—l colim FY colim Hk—l Y

The classical Mayer-Vietoris segquence for the open cover [GY(vl),GY(vz)}

of Y |is Hk GY(f) -+ l-lk GY(vl) OHk GY(VZ) - Hk Y 0 and as before

by Proposition 24 we have a push-out
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H GY(I) > H GY(VI)

Hk GY(vz) > colim l-lk GY

The proof concludes exactly as in Theorem 1.
T e
As in Theorem 2 the Y's are reduced to colim F to yield the

equation

H colim F = colim H E .
n n

The proof of Theorem 3 then yields the result. O



§ 7. Technical Lemmas,

This section contains the proofs of the lemmas stated in Section 6.

Proposition 1. C_ 1is an s-category based on A - {imv} .

Proof: Properties i) and iii) are clear. If f € obC_ and A S imf
then there is a unique g € obC with C(f,g) #+ @ and img = A’ . 1If
€ 4 ova , then C(g,v) ¥ @ and imv = img < imf . Since C has con-
nected vertices, this implies that C(f,v) £+8 ., Thus g € ova .

To show that CV is based on A - imv , it suffices to note that
if imv N imf # @ for any f €obC , then since |1mv| =1, imv < imf

and f 4 ova , O

Proposgition 2, v [l Cv is an s-category based on A - [1mv} and has

connected vertices.

Proof: As was noted in Section 6, while v (1 Cv is a subcategory of
the category C , it is not a sub-s-category. If ¢: v I Cv —_—>C 1is
the inclusion functor, then for each g € ob(vﬂCv) , the image g
will be denoted By -

If g € ob(vﬂcv) , then By € obC and as such maps some set

xg monomorphically into A . Precisely one element vg € Xg is
* *

mapped by g, into imv . As an object of v [l Cv , 8 1s the re-

striction

€ = 8, X, > A - {imv}

- v,

*
of g, . Clearly v NC_ 1is based on A - {inv} ,
If f,g € ob(vnc‘,)2 and img ¢ imf , then

119
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img, = img | imv 4 imf | imv = 1mf*

and @ = C(f*,g*) = (vﬂcv)(f,g) . That morphism sets have at most one
element is trivial,

For f € ob(vﬂCv) and A’ © imf a non-empty subset,
AU tmv S imf U imv = imf, . Since C 1is an s-category, there is a

unique g, € obC , with C(¢f ) +@ and img, = A’ U tmv . Thus

« B
imv < img, and C(g,,v)} * @ 80 that g € ob(vﬂCv) . Since

img = img, - imv = AU imv - imv = A’ , condition 311) is satisfied and

v Cv is an s-category.

It w,w’ E(vﬂCv)o , and imw - imw’ , then

imw, = imw U imv = imw’ U imv = 1mw; .

Since C is upward finite with a generating tree, by Theorem 2 of Section
1, w, = w, and since t: viiC, + C 1is an inclusion, w = w . It

follows that v Cv has connected vertices. 0O

Proposition 3. If [COI < @ , then [(Cv)ol < |CO| .

. oy - th
Proof: Since (CV)0 C0 and v € C0 (Cv)0 s e proposition is
? F

trivial, If v’ € C0 , then C(v’,v) # @ 1implies that v’ = v ., Thus

l -
v 1is the only element in C0 (CV)0 and

le, | = lcy,l+1. o

Proposition 4, If |CO| < = , then l(vFICv)Ol < |CO| .

Proof: If g € (vﬂcv)o is a vertex of v N Cv , then dg = 0 and

limgl =1 . S8ince img* = img |J imv , E, is a 1-dimensional object

of C , Since img C img , there is an object w € obC Wi th
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C(gy,#)+ @ and imw = img . Thus g, = {w,v]} .

This procedure defines a function

@ (vﬂCv)O > (Cv)o

by the correspondence g = w . If g’ E(Vﬂ(:v)o also corresponds to

w then

)
\JB; = {wlv]

and g, = g4 by Theorem 2 of Section 1. It follows that ¢ is a mono-

norphism and |(vﬂcv)0| < l(CV)Ol .

This proposition then follows from the previous one, O

Proposition 5. Cv and v N Cv are upward finite.

Proof: i) If g € ova , then g € obC . Since C is upward finite,
it has a free face f € Fr(C) with C(f,g) +& . '€ ova is defined
by the properties imf’ = imf - imv and C(£,t°) +@ , If t’ € obC
and C(f”,f’) +® , then imf < imf” . Since t” € obC , there is a

free face h € Fr(C) with C(nh,t”) +@ . If h € ova , then clearly
h € Fr(Cv) since if h' € ova has the property that @ #* Cv(h',h) =

C(h',h) , then h’ = h . Since Cv(h,g) + 0 , Cv is upward finite in

this case, If h ¢ ova , then imv = imh . Since
imf’ < imf” < imh ,
imf = imf’ J imv = imf’ U imv & imh U imv = imh .

Thus C(h,f) + @ , and since f € Fr(C) , h=f . Thus C(f,f") + @

and imf” < imf . But

imf - imv = imf’ < imf” .
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It follows that imf” = imf - imv = imf’ and by Theorem 2 of Section 1,
t“ = ', Thus f’ is a free face and C, 1s upward finite.

i1l If g € ob(vﬂCv) . then there 18 a free face f'.l € Fr(C) with
C(f*.g*) +@ . C(g,v) #@ ; thus CL,,v) +8 , £ € ob(vﬂCv ), and
Ci(f,g) +@ . Since fornoc h €obC is C(h,f) ¥ and h + £ , it
follows that for no object h € ob(vﬂC;) is C(h,f) ¥+@& and h £ ,

It follows that f € Fr(vﬂCv) and v N Cv is upward finite. O

Proposition 6, F is path connected and closed under finite inter-
v

sect ions.

Proof: It is trivial that the restriction of a path connected functor
is path connected, The proof of the second assertion of the proposition

requires a series of Lemmas:

LLemma 1, For each g € obC , ¢ F(g) = N qu(v) .
g vEug
Proof: &=: If x € q%F(g) , then for some y € F{(g) , q&y = x , For

any v € vg , if @, € C(g,v) , then there is a diagram

in C , with avy = avy and lgy =y . It follows from the colimit

relations that QALY = By = X, and x € @ F(v) .
2: (By induction on the number of elements in vw .) If ug has

two vertices, vl,v2 and

x € N @ F(v)
vEug v !
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then since F 1is closed under finite intersections, there is an element

h € obC with C(h,v) #6 , C(h,v') # 8 together with y € th(h) such

that }Y = X . Since imv {J imv’ < imh , there is an element h’ € obC

with C(h,h’) #6 . Since imh' = img and C has a generating tree, by
Theorem 2 in Section 1, h' ' = g . If o € C(h,g) , then ¢h(a§) = x for

y EF(M) with @y =y .

If the inclusion is valid for k vertices, [vl,...,vk}J then for

k+l
x € N ¢ F(v))
i=1 Vi i
k
since x € N ¢ F(v)) there is an element g’ € obC with
i=1 Vt
k
img’ = U dmv, and y € F(g’) with qk,y' =X .

Since qh;F(gf) N ¢bk+1F(vk+l) +® , there is an element h with

C(h,g’) #+# 8 and C(h,vk+l) + @ together with an element y € F(h)

such that qh§ = x . Since img = img’ | imv < imh , C(h,g) + 0 .

k+1
If « € C(h,g) , then oy has the property that qkai =x . 0O

Lemms 2. For any g € ova ,

v v -
qh Fv(g) = N P Fv(v) .
vEvg

Proof: @ If x € ngv(g) , then for some y € Fv(g) . qu = x , For

any v &€ vg 1If az € C(g,;) , then there is a diagram

g

<
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in Cv with afvy 2= vy and lgy =¥% . It follows from the colimit re-

lations that qiaby = qu = x and x € ngv(;) .

= (By induction on the number of elements in vg.) if g has

two vertices, v_ ,v and

1° 2
v -
x € _N @ Fv(v)
vEg Vv
v v
= = R th
then for some Y, € Fv(vl), Yo € Fv(vz), <%1Y1 X thayz Thus ere
is a finite diagram
10 19+1
B ’ J‘"
. .
/ . \ ¥
v o
1 1l tn v2

in Cv which relates Y1 to Yq in the colimit. But this same dia-
gram is a diagram in C€ which relates yl to Lo in colim F ,
Since F is closed under finite intersections, there exists an h € obC

together with an element ; such that qh; = X . Since

img = imv1 9] imv2 < imh ,

C(h,g) + @ , and if o € C(h,g) , then oy € F(g) = F () .

There is a diagram

>
= |

o
g ——

ay
Ya J{// \\xwa ¥a

in € . It follows that o§ — yl and a§ il PN sa that
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v - \4 \4
(pg oy = chIyl = x and x € (Pg FV(B) .

I1f the inclusion is true for ‘vgl = k , then if vg = {vl,...,vk,vk+1} ,

the preceding procedure for

k
v
x € N @ F (v)
i=1 vy v i

yields an element h € obC together with a y € Fv(h) such that

k
v v v
= imh = . i F (h F
RY x , and im 191 1mvi Since x € R v( Yy n ¢bk+1 v(vk+1) .

v
there exist Y1 € Fv(h) and Yo € Fv(vk+1) such that whyl = X and
9, Y, = X. The same method used in the case |vg| = 2 1is applicable
and the Lemma follows. O

Lemma 3. The colimit induced map ¢ colim Fv -+ colim F defined by

the following diagram,

v
'3
Fv(g) > colim Fv
1t
F(g) ¢
%\> A

is monic.

Proof: If x,x’ € colim F, o then there exist objects g,g’ € ova

and elements y € F () , y' € Fv(g') such that ¢;y = x , w;,y' =x .

If @ = gx' , then cpq?y = q:ﬁz,y' and q&y = q&;y' ., It follows that
g

F f Flg’
R € ® (g) ° "

and there exists an object h € obC and an element 2z € F(h) such

that i) C(h,g) and C(h,g’) are non-empty and contain respectively
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T, id = = -
a and a , ) 4,z cpgy P Y
oz has the property that oz = z = . Since is monic,
property ? @, R P
@z =y . Similarly, a‘z =y’ . Since 1imv ¢ img U img’' < imh , there
exists an h € ova , with C(h,ﬁ) +® . P denotes the morphism in

C(h,h) . There is . commutative diagram

h
la
o a’
h
Y \\1:
g g’

in C with =z € F(h) and Pz € F(h) = Fv(ﬁ) . Pz has the properties

’

that vyBz= 2z = y and Yy'Bz = a’z =y’ . Since the diagram

1s a diagram in Cv s it follows that

Proof of Proposition 6, If g,g’ € ova and qg Fr(g) N qg, Fr{g’) +@ ,

then there is some element x € qur(g) N qr;Fr(g’) = n ¢E Fr(v) .
& B veuglvg * v

Exactly as in the proof of Lemma 2, induction on the number of vertices

in vg U vg’ yields an element hx € ova with y € Fv(hx) such that
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’ v
Cv(hx,g) + @ , Cv(hx,g }) £ 8 and ] Y= x. The set

X
v v ’
6=¢ F @& N§ F &)
and the family

U {h}
x€A x

satigfies conditions i) and 1ii) in the definition of clesed under
finite intersections,
v v
Let 4=¢ F (& Ne¢. F& ), x €4 and a € P(x,4,y) for

any y € A,

oa=¢_ N ¢ F (V) = _ N ¢ @ F (1)
vevglhg' Y veg Uy’ v
= _ N ¢ F(v)
vEwglUwg’® v

1]

N @ F(WM_ N ¢ F(W)
vEug v vevg’ v

qEF(g) N qE,F(g )

Since @ x € q&F(g) N q&,F(g') , there exists an element fx € obC with

x, € F(fx) such that

1 = ¢ x and @, F(fx) is a path component of
X

P *1
X
the intersection qu(g) N q%fF(g') . Since img U img’' < imfx there

exists an element fx € ova with C(¢f ,fx) +9® and imfx = img U img’ .

x
This last condition implies that fx = hx as previously defined.

Clearly any hx in the family can be arrived at this fashion, a denotes

the morphism in C(fx,hx) . P X = q& Xy = qh axi =@ qi axl . Since
X X X

; \]
¢ 1is monic, ax_ = x .
%
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¢ o is a path in :ng(g) n cpg,F(g') from @®x to ¢y . Thus

¢y and ¢ x are in the same path component. Since Py F(fx) is a
x

path component of the intersection, there is an element Y1 € F(fx)

A\
with ¢fxy1,cpy . Then w%xayl_cphx ay ‘(Pfx yl-cpy. Since

¢ 1s monic, qi ay, =y - It follows that ¢i Fv(hx) is a path com-
X x

ponent of the intersection for any hx in the family

v fn}
x€4 X

provided above. O

Proposition 7. F 1is path connected and closed under finite intersections.

Proof: Again since F 1is the restriction of a path connected functor,

it is path connected. The proof of the second assertion needs a lemma:

Lemma 4. g is monic.

Proof: If x,x’ € colim F , then there exist objects g,g' € ob(v/ Cv)

(g) such that &&y = x , a%,y' =x" ., 11

zy' and ¢hy = q&;y' . It follows that

m
y

and elements y € F(g), vy’

1

St

", ::_ : th © =
¥ x Px en ¢ qu b

®.y € =pgl"(g) n % /Flg ")

and there exists an object h, € obC and an element z € F(h,) such
that 1) C(h;,g) and C(h*,g') are non-empty and contain respectively
o and o ; ii) qhz = q&y = qh,y’ . @z has the property that

= = . Since is monic zZ = . Similarly
Cpg x>z Qphz CPg_ y ‘Pg . { y '

a’z =y’ . Since imv < img, S imh_ , h € ob(vN Cv) and the diagram



129

E g

'

in v Cv . It follows that Epgy = cpg,y' and x = x . O

Proof of Proposition 7. If g,g’ € ob(vN Cv) are cbjects such that

cng(g) N q:g Fg) + @,

then Ep(;pgf(g) N Epg,f‘(g)) = cng(g) n :pg F(D +8 . Since F is closed
under finite intersections, there exists a set A and a family

Fi
, il
{h6 € Obc]ﬁe’.\ suchk that C(hé,g) + 9, C(h6,g Y + @8 for each & € ,

523 :phaF(hé) = cng(g) N cpg JF(&’) and for each 6 € & , cphéF(ha) is a

path component of :ng(g) N cpg D . Since imv S img & imh5 R
C(h,,v) +8 for each 6 €4 and the family {h{5 }sea 18 a sub-
get of ob( v N Cv)' Given x € HJS_F(g) N Epg /F(g’) , then

Ep x € cng(g) N cpg F(g’) and there exists h_ € obC with o € C(hx,g) ,

z € qhxF(hx) ' :phxz = ®x . Thus ?p-cﬁhxz = @x . Since @ is monic,

@ z=x and U @ F(h) = oF@g Neo Flg) . If §€a,
cphx 6&%’( X E E

x € EFhé F(hﬁ) and y € EPgF(E) N ‘E’g:i';(g "}y with a path
a € P(x,Epgl;(g) n Epg,« F(g'),y) . Then @a is a path from $x to @y

in tng(g) N @ JF(E’ . Since %, F(hb) is a path component of
&

cng(g) n cpg Fg" , ;py € :PhéF(hﬁ) and there exists z € cphaF(ha)
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with :q_léz=t-py. Thus Ep&hz::py and ?&_lz=y. It follows that
& 6

y € cphéF(hé) and q:h&F(h 6) is a path component of cng(g) N :pg Fg )

for each 6 € 4 . O

Proposition 7. F_ and F satisfy conditions D’ and D" .

Proof: i) 1f g,g"eotnt:v and

v _ v ’
@ F (@) = ¢ F (g

’

then cng(g) = @ q:; F (8 = ¢ tp;, F(g") = ?, F(g) and g =g’ .

Similarly for F ,

11) It is trivial that the restriction of a functor satisfying

1"

condition D’ satisfies condition D . O

v
Proposition 8. | :ng(g)]geobcv is an open cover of colim Fv and each

v
q% 1s an injection.

Proof: That each qg is an injection follows trivially from diagram

B

1 in Section 6 and the hypothesis that each ¢h is an injection. It

is also trivial that | :p;F(g)}geobcv covers colim F_ . Since by

Lemma 3 of this section, ¢ is monic, ¢71¢:= 1 it

colim F °
v

a: C -+ colim Fv is admissible, then

-1

v -1 -1
a q% Fv(g)

v
¢ ¢ F (@
1

It
]

- \'d
(pa) " 9o F (@

1

(gt ¢, F®) .

Since q%F(E) is open in colim F, and ¢ a: C » colim F 1is admissible,
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-1 -1 v
(¢ 8) qu(g) is open in C and a q% Fv(g) ig open in C ., It

follows that cp; F (g) 1is open in colim F_. O

Proposition 9. | qkr(g)}geob(vﬁ CV) is an open cover of colim F and

each EE is an injection,

Proof: That each q& is an injection follows trivially from diagram

JE in Section 7 and the hypothesis that each qh is an injection. It

is also trivial that covers colim F . Since by

{ F@® }con(vn c,)

-=1 =

Lemma 4 of this section, a is monic, ¢ ® = and the proof

1colim F

concludes precisely as in Proposition 8, 0O

Proposition 10. ¢ 1is an injection,

Proof: By Lemma 3 of this section, ¢ is monic, Suppose a: C =+ colim Fv
is a function such that the composition

c —>——> colim F, —2 . colim F

is admissible, Since colim F has the quotient topology, there is g

commutative diagram

c —> colim F; - ? colim F
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with a’ admissible. If x € C’ , then
pa‘’x = 9a ao € colim F ,

Since aox € colim Fv there exiasts an object g € obC =~ with y € Fv(g)
and p’y = aaxx . This defines a map c¢: C’ -illF}(g) , such that bc = a’ .

Since b is the coproduct of the coproduct injections

F (g Y = F(g") > 1l F(g)

for g' € ova , b 1is an injection and ¢ 18 admissible. Since colim FV
has the quotient topology, a 1s admissible and colim Fv has the injection

topology with ¢ an injection. O

Proposition 11, & is an injection.

Proof: By Lemma 4 of this section, 5 is monic. Suppose a: C -+ colim F

is a function such that the composition

C—a—-> colim F —J;> colim F

is admissible. Since colim F has the quotient topology, there is a

commutative diagram

. » 1L F(g)
c! -~ -7 l, T
T W F()
F
!

o | onto p P

v

a . - -q—a
C ¥ c¢olim F —» colim F

with a’ admissible, If x € C’ , then
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pa’‘x = ¢ aox € colim F ,

Since aocy € colim Fv ¢ there exists an object g € ova with y € Fv(g)
and p'y = aoy . This defines a map c¢: C’ S LUF {g) such that bc = a’ .

Since b 1is the coproduct of the coproduct injections
F(g") = F(g) ——> LLF(g)

for g’ € ob(vN Cv) , b 1is an injection and ¢ 1is admissible. Since
colim F has the quotient topology, a is admissible and colim F has

the injection topology with © an injection, O

Proposition 12, 6 colim F = q%F(v) N ¢ colim Fv .

Proof: For each g € ob(vN Cv) ,
9% F® = ¢ F(@ S g F() N gcolin F_ .

Thus the family

(%5 F@) ——> @ FO ngeolin Bl e )

induces a ¢morphism Y¥: colim F o P, F(v) N ¢ colim Fv . Any element
x € ¢LF(V) N ¢ colim F, 18 an element of
@ F(v) N q F(h)
x

for some hx € obC . Since F is closed under finite intersections,

there is some element g, € obC with C(gx,v) +@® and x € qE F(gx) .
X

Thus there is some element y € F(gx) with qh y = x . Then
x

L Eh y = a &% Yy =@ ¥ =X and Y 1is onto, Suppose x,x' € colim F
x b X

and ¥ x = ¥ x’' . Then there exist elements y € F(g) , y' € E(g')

with CBgy = X , Cpg;y = X -



g g
¥ ’ = - & = - 4 = - / .
x ¥ 9y P XY ¢ x
Since ¢ is monic, x = x’ and Y is monic.
For each g € ob(vN Cv) , the diagram

- CP&

F(g) > @, F(v) N @ colim F,
n

F(g)

& colim F

commutes with q;-g an injection. Thus Epfpg is an injection, For

a
C—— q, F(v) N ¢ colim F,

admissible, a-l :-p :-pg E-‘(g) = a-l cpg F(g) 1is open in C ., It follows

that forms an open cover of %, F(v) N ¢ colim l.?"'r

(o cpg Flg) }gepb(vﬂ Cv)
and previous arguments (cf. Theorem lv) of Section 5) yield that ¥ is an

injection and thus a homeomorphism:
colim F = g, F(v) N @ colim F_ .

It follows from Proposition 11 that '(-p is a homeomorphism onto its image.

Thus @ colim F = colim F . O

Propositicn 13. Cv has a generating tree,

Proof: The following three lemmas are required:

Lemma 5. For each g € Fr(Cv) , there is m unique f € Fr(C) with

C(f,g) ¥ ., Furthermore, imf - imv = img .

Proof: If g € Fr(Cv) , then since C 1is upward finite, there is a
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free face f € Fr(C) with C(Z,g) +@ . If £ € ova , then f = g and
since imv § img = imf , imf = imf - imv = img . If f § obC_ , then
imf - imv + @ and there is an element f’ € obC_~ with C(£,t’) + 0
and imf’ = imf - imv . But img € imf’ , thus since g € Fr(Cv) g =1
and img = imf - imv .

If there wore two free faces with these properties, then their
images would be the same and by Theorem 2 of Section 1, they would be

equal. O

Lemma 6, If f,f’ € Fr(Cv) are distinct free faces and f,f’ € Fr{(C)

with C(f,f) +@ and C(f,f’) #0 , then f %+ £’ .

’

Proof: By Lemma 5, imf = imf -~ imv and imf imf’ - imv . If £ =1t

then imf - imf’ . Since in this case C(f,f) +@ and C(f,t") *@ , it

follows from the fact that C 1s an s-category that f = £’ ., O

Lemma 7. If F(CV) has a circuit of length two, then T(C) has a cir-

cuit of length two,

Proof: Since Cv has a circuit of length two, there exiat distinct free faces
0 Al - Fr(Cv) and distinct elements h,h’ € Fr(fNt’ . Corresponding to
£,2’ are distinct free faces £, € Fr(C) with C(I,f) + 06 , C(£,£) + @

and h,h’ € ob(fN £’) . There exist free faces h,h’ € Fr(fN £’) with

C(h,h) + 0 , Cc(h’',h’) +® . Suppose h = h’ ; then
imh U imh’ C imh S imf N imf’ ,
If imv ¢ imh , then imh & imf N imf’ - imv
= imf N imf "’ .,

Thus C(f,h) +@ and C(£’,h) +@ so that h € ob(fN £') and since
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C(h,h) +@ , C(h,h’) #@ , either h,h’ are not distinct or else they
are not free faces. Thus imv S imh .
Since h is not O-dimensional, imh - imv # @ ., Since
imh - imv @ imh , there exists an element % € obC with imh = imh - imv .
since tmv ¢ imh , h €obC_ . Since imh © iwh and imh’ & tmh ,
ch,h) +@ and ch,h’) 3 @ .
Since imh = imh - imv € imf N imf’ . C(f,%) + @ and C(f':h) +0

and h € ob(fN £’) . It follows that either h,h’ are not distinct or

they are not free faces., O

Proof of Proposition 13. I & I'{(C) is a generating tree for C , The

subgrapn [’ & F(Cv) is defined to have the same vertices as F(Cv) .

If (f,h,f) € r(Cv) , then there exist unique and distinct free faces
£,f’ € Fr(C) with C(f,f) +® and C(f’,f’) +® . Since h € ob(fN f’) ,
there exists an element h € Fr(fN f’) with C(h,h) + & . Since C has

a generating tree, this nois unique or else C would have a circuit

!

of length twe. The edge (f,h,f’) is an edge of | if and only if
the edge (f,h,f’) 1is an edge of T .
i) By construction, v[' = vF(Cv)

ii) 1If TI“ is not a tree, then it contains a circuit of some

finite length n

n
i By, fi+1)]1=0

with £ = £ and hi * h1+

o nel i=0,...,n-1 , hn + h . By construction,

o

the elements
= - = n
{(fi’ hi' f1+1)}1=0

form a path in [ . Since [ 1is a tree, this path is not a circuit and
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thus for some 1 ,

h, f = h
(fi’ i' i+1) L(r1+1’ h1+1’ ti+2)
f = f h = E .
That is f1+2 i and hi sel It follows from Lemma 5, that
£ =t . Thus if T’ is not a tree, it contains a circuit of length

two and thus F(CV) has a circuit of length two. By Lemma 7, ['(C) will
have a circuit of length two and thus no generating tree,

i11) If (£,h,f’) € er(cv) , then the construction above ylelds a
unique edge (E,ﬂ,f') € el(C) . Since F 1s a generating tree, there is

a sequence of edges

- - — ] n
S L er}, o
with Eo =t , En+1 =t’ , and c(ﬁi,ﬁ) +@, i=0,...,n .
If for any i , Ei is O-dimensional, ﬁi =h=nh and h, €obC_ .

Similarly, if fi is O~dimensgsional for any 1 , then fi € ova .

It for some i , h, §obC_, then 1mﬁ1 - imv + @ and there exists

i
an element h € obC_ with C(ﬁi,hi) +@ and imh, = 1mH1 - imv . If
- - n+l

h, €obC , then h, =h . The family {fi € ova]i:O is similarly

defined., Since
= h - = F -— =
imh1 1mhi imv 1mfi imv 1mfi ,
C(fi'hi) +# @ . Similarly, C(ti+l,h1) @ . Thus for each 1i=0,...,n ,

hi € ob(fi n ti+l) .

F ’ ’ : 3
th
It hi € Fr(fiﬂ fi+1) n ova , and C(hi'hi) 0, en h1 € ob(fiﬂ ti+1)

and since T(C) has no circuits of length two, C(ﬁi,h;) +@ . Since

h! € obC , imv € imh’ and
i v i
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, -
o - =
imhi < imh1 imhi imv imh1
and imhi = 1mh; . Since C(fi,hi) and C(fi,h;) are non-empty,
Fi
h1 = hi . It follows that (Ii,hi,ti+1) is an edge of F(Cv) and by
Fs
construction an edge of [ . Since

imh S imh - imv & mmﬁ1 - imv = imh
C(hi.h) @ for each i and the sequence

FR1}!
[(fi’ hi’ fi+1) € el }1=0

is of the required type, O

Proposition 14, v N Cv has n generating tree.

Procof: The proof requires a lemnua:
Lemma 8, ['(vN Cv) « T'(C) .

Proof: If £ € Fr(vi Cv) but f_ d Fr(C) , then for some g, € Fr(C) ,

C(g*,f*) + @ , But since C(f,v) *#@ , C(g,v) #+0 and g € Fr(vn Cv) .

Thus

vI'(v(l Cv) = Fr(vn Cv) < Fr(C) = v[(C) .
If f£,£' € Fr(vn Cv) are distinct free faces and
g €EFr(eNn t")
then g, € Fr{f.n f;) or else there would be an element h € Fr(£ N f;)

with C(h ) +@® . Again this implies that h € ob{vN Cv) and

x' 8y

g Q Fr(fN £’) . Thus
el (v N Cv) < eT(C)

and the lemma follows, O
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Proof of Proposition 14, If (f,g,f’) € er{vn Cv) , then by Lemma 8,

(t t:) € el'(C) and if I S T(C) 1is a generating tree for C ,

*!g*’

then there 1s a finite sequence

i i 1+1 n
with fg = £ fn:l = I; and C(gi,g*) +@ for 1=0,...,n . Since

C(g*,v) @, C(gi,v) +@ for each 1 and gi € ob({vNn Cv) . Since
C(f:,gi) + @ for each i , f1 € ob{(vN Cv) . It follows that the

sequence

i i+1 n
{(£7, g,y £777) €el Neltv NCHY 4

is of the required type for [ N T'{vN Cv) to be a generating graph for
r<vn Cv) . Since [ is a tree and T N I'(vh Cv) ST, TNrn Cv) is

a generating tree, O

Proposition 15, If ICOl < ®, then there exists a vertex v € C, such

that CV is connected.

Proof: A graph G of the vertices of C0 is constructed inductively

such that G = C and eG < Fr(C)

0
i) Vo € C0 is arbitrarily chosen. fO € Fr(C) 1is such that
C(Io,vo) +@ ., Then fU 18 an edge of the graph from the vertex Yo

to any vertex vy with C(f,vl) + ¢ and vy ¥ vy - The involution is

clear, v and v are the ends of the graph. The graph is represented

o 1
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i1) It Vgree Vg have been selected in this way with ends vi,vJ

then some one of the vertices in CO-[VO,...,Vk} has a free face in

common with a vertex in [vo,...,vk] or else C 1is disconnected and by

Proposition 2 of Section 5, ['(C) 1is disconnected. fk is such a free

. If

face. f  is an edge from some vertex v, € [vo,...,vk} to v,

k

4L = 1i , then v are ends, If { = j , then are ends.

k+1’"j V41V

If £ +i, 4 £ jJ , then vi,v are ends, The figure illustrates;

J
Ef//fa \Ey
} . .
2 v3 v4

VAVANZN

Vg 1 Vo

v2 and v5 are the ends,
This process continues inductively to yield a finite graph (with
obvious involuticon) which contains all the vertices and has two ends.

Clearly, removal of an end will not affect the connectivity of the graph,

The required vertex v is chosen to be such an end. 0O

Proposition 16. Q%F(v) N ¢ colim F_ is connected.

Proof: The proof requires three Lemmas:
Lemma 3, For each pair g,g’ € obC with
F(g) N Fig) +0
O (g Py’ g

there 13 an object h € obC with C(h,g) #@ , C(h,g’) +@ and
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@ F(n) = cpgl"(g) N F(g) .

Proof: Since qEF(g) N q&;F(g’) +@ and F 18 closed under finite inter-
sections, there is a set A and a family [hé}éeﬂ with C(hé,g) + @,

C(hé,g') +@ for each § € A and

F = @F , Pg’
U § Fp = o F® Ng ., F)
with qh F(hé) a path component of the intersection for each & € A .
o

If h,h’ € [ha}ﬁeﬂ , then there are free faces f,f’ € Fr(C) with
C(f,h) +@ and C(£',h’) 3+ B . Since g,g’ €ob(fN£f’) and C has a
generating tree, there exists a unique k € Fr(fN f’) and C(k,g) + @ ,
Ck,g’) +8 .

Since img S imh N imh‘ N imk , imh N imh’ N imk ¥ @ and there is
a uniquely determined object £ € obC with iml = imh N imh’ N imk and
Ci,g) #+¢ , Cll,g) +0 .

Since C({{,g) #+ @ and C{(L,g") +0 ,
chF(L) <9 F(g) N % ¢ F(g )

and since F is path connected, F({) 1is path connected, Since

%
im{, < imh and imh’ © im{ , C(h,4) + @ and C(h',L) + 4 . It follows

that
HQF(h) < chF(.L) and @ F(h) < chF(L)

Since qLF(h) and qh,F(h') woere path components of the inter-

2

section, @F(h) = §F() = qh;F(h') . It follows that h =4 = h’ and

I{hﬁ}aeﬁ‘.‘:l * =
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Lemma 10,

@ F(v) N @colim F_= U ¢ F(v) N o PV
v v —G(C ) v ;
v v'O
Proof: 2: ir x € _U @ F(v) N qLF(;) , then for some v’ € (C )0 .
- vee) ¥ v v

x € q%,F(v') and there is an element y € F(v') with qL,y = x . Then

v
PE, YRy =X and x € ¢ colim F,

< It x € ¢ F(v) N gcolim F then for some g € obC  and

some y €F(g) , x= @ ¢§y . It v' € yvg, then cg,v’) # 8 and since
/ ! _ _
g €obC , v v €(CH, . If o €C,v) , then @ Fldy= qy=

v ’ ’
¥ ¢%Y = x and x € qh;F(v ) for some v € (Cv)0 . O

Lemmas 9 and 10 reduce the proof of the theorem to showing that if

ViV, € (Cv)0 and

¢LF(V) n ¢M1F(V1) @ , i=1l,n

then there is a path in qu(v) N @ colim Fv trom some point in

¢;F(v) N ¢b1F(v1) to some point in qu(v) N ¢b F(vn) .

n

Lemma 11, If v, €C

N 0 i=0,1,2 are vertices of C such that

9, F(VG) N ?, F(vl) + @, ?, F(vl) M ®, F(vz) =@

4] 1 1 2
and qb F(vo) M qb F(vz) @ ,
O 2
then
2
N ¢ F(v)) +@ ,
i=0 v+ 1

Proof: By Lemma 9, there exist objects h1 € obC, 1=0,1,2 such that
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qhaF(hz) = q%OF(VO) n q;lF(vl)
qiloF(hO) = tpvlF(vl) N qJVQF(vz)
thF(hl) = q;oF(vo) N q%zF(vz)
and
*) C(hi,vJ) +® for 1=0,1,2 and j + 1 .

The free faces fi € Fr(C) are chosen so that C(ri'hi) +0 ,

1=0,1,2 . Condition *) implies that

Yo € ob(flﬂ fz)

vl € ob(foﬂ 12)

v, € ob(foﬂ 11)
Since C has a generating tree, the sets Fr(fiﬂ ), 1 <j are

J

singletons. The objects g, € obC are chosen so that

g, € Fr(flﬂ fz)

4]
g; € Fr(foﬂ f2)
32 € Fr(foﬂ fl) .

Necessarily, C(gi,vi) +@ for 1=0,1,2 or else the sets Fr(tiﬂ ),

J

i <j are not singletons.

The sequence
S = {(ro’gz’fl)’“1'30"2)’“2’31"0)}

of edges of [(C) determines a circuit in [(C) . Since [ 1is a tree,
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some element of S is omitted from I , By relabeling (if necessary), it

is the edge

(z t.)

0’82! 1 .

Since [ is a generating graph, there is a finite sequence of edges

n
i i 2
s/ = {(fz, €y r;*l) € er}

1=0

of T with 0 - ¢  ¢%*l _ ¢

i
2 o’ I2 > and Clg,,g,) +@ for 1i=0,...,n

2

The Jjuxtaposition

r
57, (2,81, (£,,8,, 1)

contains a circuit unless U8’ = [(fl,go,fz),(fz,gl,fo)] where the union

sign means the union of the sequence considered as a set of edges,

If s’ = {(¢ £), (£ to)} , then C(g,,8,) #8 and

1!30? 2'&1!

C(gl,g2) +d ,

Otherwise an edge of the juxtaposition is omitted. BSince by con-

struction S’ < eI , either (fl,go,t ) or (t

2 2.81,10) is omitted. By

relabeling (if necessary), the omitted edge is
(fl,go,tz) .
Since ' 1is a generating graph, there is a finite sequence of edges
n
Sﬂ _ {(fi,gi,fi+l) € er} 0
0°°0'7°0 i=0

0 Ro*tt i
of [ with fo = fl , fo = 12 and C(go,go) + @3 for 1:0,...,“0 .

As before the juxtaposition

o
s’,s", (f2'gl'f0)

contains a circuit in T(C) unless Us’' = US" U [f2,gl,ro) ., in which
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case C(gl,gz) + @ since the middle term of every edge in S’ was

related to 32 in this way.

Otherwise (fz,gl,tl) is omitted from [ , Since [ 1is a generat-

ing graph, there is a finite sequence of edges

n
“ i i i+l 1

O n,+1
. - 1
of ' with fl 12, fl

= f and C(gi,gl) +@® for i=0,...,n

1 1

Since ' 1is a tree and the juxtaposition

"

s’, s

is also a path in [ from fz to fl 5

Jgs“=uyus‘yuuyus”.

By construction C(gi,gl) +@ for each middle term of each edge of 5",

Thus

i
C(g,,8,) +0, 1=0,...,n,

and

i

C&,,8) #8, 1=0,...,n, .
nO n

In particular, C(g, ,8,) +@ and C(g,%,g,) +#80 .

n nO n, +1 n n n

o
o "€ ,foo ) = (foo,goo,f ) is an edge of [(C) , C(f,,g,) * 0 .

Since (f 2

n
Since C(gbo,gl) + @, it follows that C(fz,gl) + @ and

g, € ob(flﬂ 12)

g, € ob(foﬂ fl) .

Since g2 and go are respective free faces in these categories (which



146

have but one free face each) C(go,gl) +@ and C(gz,gl) +8 .
All this argument yields that in any case, for the (perhaps relabeled)

pair KO'gl 1

It follows that qh F(go) o q& F(gl) . Since q& F(gl) < qk F(vo) N q; F(vz)

0 1 1 0 2

and q%OF(gO) S q%lF(vl) N ¢$2F(v2) any element x € qEOF(gO) is con-

tained in the intersection 2

N @ F(v )
j=o V1 1

which is therefore non-empty. O

Proof of Proposition 16, If v

v E {(C ) are vertices such that
n Vo

1!
¢, F(v) N qLIF(Vl) + @ and @ Fv) N q%nF(vn) + @,

then there exist elements hﬂ’h € obC with
n

¢EOF(hO) qu(v) N qLIF(vl) ;

1t

%, P

n

qLF(v) N e, F(vn) )

and C(ho,v) + @, C(ho,vl) + @, C(hn,v) 0 , C(hn,vn) +@ ., The free
faces IO and fn € Fr(C) are chosen so that
C(fi’hi) + @, 1=0,n .

Since v € ob(foﬂ tn) and C has a generating tree, there is a

unique 41 € Fr(foﬂ fn) with C(gn+1,v) +@ . Then B, 41 & ova and

c) .
(fo,gn+1,fn) € e['(C)
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Since Cv is connected and Vi'Vn € (Cv)0 , there is a sequence

cf vertices
{V1}T=1
and elements
[hi € Obcv}:;i
with C(hi’vi) 0, C(hi,v1+1) +@ for i=1,...,n-1 .
The sequence
[fi € Fr(C)]T;i

is of free faces of C for which C(ti,hi) £+, i=1,...,n-1 .

Since C has a generating tree and

nf£)

v, € ol:i(fi__1 s

i
for i=1,...,n-1 , there exist unique elements
(g, €Fr(z, N2}
i i-1 17 71=1

with C(gi,vi) + @ for i=1,...,n .

The sequence
s = (£ £y, (f t)}"
= W Bt BNl dia

is a path in T[(C) :
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Case 1. For some J % n+l , (fj-l’gj'fj) = (In’gn+1’f0)

i) Since gJ =g , C(gn+1,vj) £ @ . Thus there is a diagram

n+1

n+l

in C and quF(vJ) n qu(v) +d .

ii) Since C(fo,gn+1) 0 , C(fc,gj) + @ and there is a diagram

s
f i
~

h

0 €
| !
Y, v

1 j

in € and qblF(vl) N qLJF(VJ) +0 .

1ii) By hypothesis ¢;F(v) N ?, F(vl) + 3 ., It follows from Lemma
1

11 that

q%F(v) N q%JF(vj

)y N Q%lF(vl) + @ .

iv) Since C(fn,gn+l) +4d, C(fn,gJ) + @ and there is a diagram

RN
!{'n 53

n J
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in C and g F(v) N F(VJ) @ . It follows from Lemma 11 that
n 1

+
@ F(v) N q’vJF(VJ) N cpvn!‘(vn) 8 .
vi) By Lemma 9 there exists an element kJ € obC such that

qLJF(kJ) = ¢ F(v) N q%JF(vJ) .

Clearly, @ + qLJF(kJ) N qﬁF(vi) = qLF(v) n quF(vJ) N qblF(vi) for

1=1.n .

By Lemma 10,

quF(kJ) = q%F(v) N ¢%JF(VJ) = q%F(v) N ¢ colim F .

If Xy € quF(kJ) n an(vi), i=1,n, then since q, F(kj) is path

)

connected, it is possible to join x1 to X, by a path in

quF(kJ) < gF(v) N@colim F . Since x; € @F(v) N qLIF(Vl) and

x € gF(v) N F(v) , the theorem is proved in this case.
n v v, n

Case 2, Forno j , 0 <j sn , does (f ) = (fn,g )

j-185 14 n+1' T

In this case the sequence S contains a circuit which contains

(fn,gml,fo) . By relabeling,

o m

is a circuit and S’ <8 . Alse (fo,gl,fl) has not been relabeled and

(fm-l'gm’fm) = (fn-l’gn’fn) -

The next step is to prove the following assertion:

Assertion: If [ & T(C} 1is a generating tree, then for some k ,

1l sk «£m or k = n+l there is a doubly indexed sequence of edges
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, 3 3 J+1 n,
S = f » ¥ r
{[( i gi i ) e 6]"]_1:0 1=1."',k_l’k+1’_..,m,n+1

where for 1 1, ...,k=-1,k+1,...,m,n+l

]

0 _ L LT S
a) fi=f 1 =&
J
b) Cg ,g) +0,0 <j sn,
c) C(g‘j £.) 9,0 <3 <n
1'%k ! i’

Proof of Assertion. The proof will only be sketched since it is essen-

tially the same as the first part of the proof of Lemma 11,

’

Since [ is a tree, some edge (fk’-l’gk"fk') in 8 is not in

e[ . As in Lemma 11, there is a sequence 5" of edges of [ which re-~
places this edge. If (fk'-l’gk"fk') is the only edge in S8’ which

is not in e[, then as in Lemma 11, |J s" =us’ -~ {(¢ fk’)]

k"_llgk ’r
and k'’ = k 1in the assertion. Otherwise the process continues until

all the edges in S8’ - e[ have been replaced., Then (£ ,fk) is

k-1"8k
the last edge removed.

Case 2 now breaks down into two subcases:

Subcase A, k = n+l . In this case there are diagrams in C

J
By
v
Y
n+l gi
v Vi

i=1l,...,m
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f1+1
4
& g
Ei i+l
Vv
v
Vi v1+1

which yield

an(v) n qblF(vi) +@, i=1,..,,m

qbiF(vi) n q; F(Vi+l) +@, i=1,...,m .

t+1l

Lemma 11 now yields a sequence of inequalities

q%F(v) N qbiF(vi) N @, F(v1+1) +@& for 1i=1,...,m-1 .

i1+
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Since @ F(vm) = @, F(vn) , it is clear from the drawing how to construct
L] n
a path in q%F(v) N @ colim F, from the point x € q%F(v) n e, F(vl) to
1

the point y € q%F(V) n P, F(Vn) .

Subcaxe B, k ¥ n+l , This case is similar to subcase A but it is a bit

easier, As hefore, there are diagrams

i i
Enel €1
22 i
i
n+l By g
AY) \l vV
v Vk vl
i i
Bnsl 2
£
& "3
vy
n+l k gn
v \If v
v Yk Yn

in C which together with Lemma 11 yield
¢bF(v) N q%kF(vk) n q;lF(vl) +0
QFMW N @ Flv) N g Flv) +0 .

The proof now concludes exsctly as in Case 1 above, D

Proposition 17. colim F is connected.
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Proof: Since by Proposition 12

P colim F = ¢, F(v) N ¢ colim F_,

it is trivial from Proposition 16, that @ colim E is connected. Since

¢ is a homeomorphism, colim F is connected. D

Proposition 18, The diagram

=
qu(v) N ¢ colim Fv ¢ colim FV
p
v
qLF(v) > colim F

is a push-out,

Proof: i} « colim Fv is open in colim F : Suppose a: C <+ colim F
is admissible and x € a~l ¢ colim F . Thus ax € ¢ colim F, and
there is an element y € colim Fv such that o = ax , Thus there is

an object g € ova and an element 2z € Fv(g) such that qg zZ =Yy ,
and ¢E z = @ qg z2 = @y = ax , 8Since q%F(g) is open in colim F ,
there is a neighborhood U C C with x € UgC C such that
ax € aV ¢ @ F@® = ¢ ¢ F (g) € ¢ colim F_ . It follows that
x €U a-lw colim Fv and ¢ colim Fv is open in colim F .,

i1) By hypothesis q%F(v) is open in colim F so that
[¢bF(V),¢ colim Fv] is an open cover of colim F . An argument similar
to the one in Theorem lv) of Section 5 shows that any space is the push-

out of a two piece open cover. D

Proposition 19. If C is l-dimensional, then C satisfies condition H).
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Proof: The proof requires a lemma:
Lemma 12, There exists an element h € obC such that

th(h) = qLF(v) N ¢ colim F, .

Proof: By Proposition 16,
¢LF(V} N ¢ colim F
is path connected. By Lemma 10 of this section

@F(V) N gcolim F = _U  QF(M N gFM .
Y vE(C ), v

<1

8 |[ € (Cv)0|qu(v) M qLF(;) * ﬂ}l > 1 , then since the intersection
v

i path connected for some pair v_,v

1 € (Cv)0 , of distinct elaments

2

qLF(v) N thF(vl) n WLSF(VE) 9 .
By Lemma 1 in Section 4 there is a set A and a family [fé € Obc}ééﬂ
such that
C(fé.V) 0, C(fa,vl) + d, C(fé,vz) + 0
for each 6§ €4 . Since C is 1-dimensional and {v,vl,vz} S P

I[v,vl,vz}l <2 . Since v, and v, are from C_, neither equal v .

Thus they are not distinct, It follows that for same v’ € (Cv)0
qLF(v) N ¢ colim Fv = qu(v) N qL;F(v ) .
Lemma 12 now Yollows from Lemma 9. O

Proof of Proposition 19, The proposition is trivial since G(f) is

representable as qLF(h) for some h € obC . Thus
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B: ¢hF(h) > q%F(v)

is just qLF(a) for some a € C(h,v)

%

F{h) > colim F
'7
F(a)
v Ry
F(v)

Since by hypothesis qh induces a monomorphism, B = qh does also.

Proposition 19 now follows from previcus remarks in Section 6 , O

Proposition 20. If C is a 1l-dimensional s-category and F: C -+ Q

is a functor such that C and P satisfy conditions C) and H) then they

satisfy condition I),

Proof;: Suppose (C’,w) 1is an initial pair., 1If Iobc'l z 2 , then
since colim F’ is connected there exist two objects £,f’ € obC’

such that

!

*) ?, F'(r) N ¢ F'(2) + @

for {‘Pr.:’ F'(f) + colim F’}fa)br’ the colimit induced morphisms.

¢’: colim F' 5 colim F is the obvious map which makes the diagrams

/

@
F' () L > colim F’
F{L) ‘
@
‘P! v
= colim F

commute for f € obC’ .

Equation *) implies that
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¢’ (9, F'(D N g, F'(t)) 0
that is

G F(E) N gy, F(£T) 0 .

Since F 1s closed under finite intersections there exists a set A and

a family such that

b Ysen

C(ha.f) + @ and C(hé,f’) + 0

for each 6 € & .

By assumption w is O-dimensional and not an object of C’ . Thus
neither f nor t’ equals w . Since C(f,w) #@ and C(f',w) %@ ,
f and f’ are l-dimensional. It follows that since C ts 1-dimen-
siomal, £ = h, = £’ and |obC’| = 1 . The Proposition now follows from

previous remarks in Section 6., D

Proposition 21. Cv and Fv satisfy condition I).

Proof: If (C’,w) 1is an initial pair in cv , then it is alsc initial
in C , The proposition follows immediately from the hypothesis that

C satisfies condition I), 0O

Proposition 22. v I C‘“r and F satisfy condition I),

Proof: Suppose (C’,w) 1is initial in v ) C, . Since w € ob(vN Cv) ,
C(w,v) +@ , It follows that (C’,v) 1is initial in C ., The diagram

2 > F(w)

1]
= F(w)
Iﬁ

v
P{v}

colim P’
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commutes , since for each, £ € obC’ , the diagrams

F’/(t)

[ No—

colim F’/ —> F(w) ————> F(v)

commute, Since (C’,v) is initial in C , the composition fa induces a
monomorphism in fundamental group, Thus o induces a monomorphism and

the Propeosition follows. D

Proposition 23. € and G sstisfy condition H).

Proof: By the remarks prior to Proposition 19 in Section 6, it suffices

to show that B induces a monomorphism in fundamental group:

q%F(v) N ® colim F, > colim Fv
P
vV \'4
qu(v) > colim F o,

Consider the pair (vD Cv,v) . By construction, vﬂCv & C and

v € Co - ob{v( Cv) . Also by Proposition 17, colim F is connected.
Further, for each object g € ob{vN Cv) , Cg,v) £@ . Thus (v Cv,v)
is initial and since C satisfies condition I) , C and G asatisfy

condition H). 0O

Proposition 24, In the category Ab , the sequence

o B -
R > Fl G\Fz — H > 0

is exact if and only if the diagram

(d Qo
R > Fl
-0 Da l B(g)
\'4
Fb 0 > H

B( Y
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is a push-out.

Proof: =>: For r €R 1if olr) = (rl,rz) , then

B( 0) (1 0} alr) = ( ) (r) = B(r,,0)
f(3)- (1) aw s(o) (rp) = -B(O,r,)

Since po =0 , pa(r) = B(rl,rz) = B(rl,O) + B(O,rz) =0 . Thus

E(rl,O) = —B(O,r2) and the diagram commutes.

ii) If F 1is the push-out

R a Do > F
1
-0 D
Py ’ 1)
v o v & o
F, Y- > F

then there exists a function p: F + H . If (fl,fz)x €F 1is a coset and

o)y + 801,

0 = p(fl,fz)x

B(fl,o) + B(O,fz)

£,)

= B(fl’ 27

then there exists r € R such that o(r) = (11,12)

(0 Na(r) = (1 0) (£ ) = f (0 Da(r) = (0 1)(f1,f2) = f2

1’ 2
and (fl,fz) = ({1 O)oa(r), - (~(0 1)a(r)) . Thus (fl,fz) €X and
p 1is 1:1 ,

If g €G , since B is onto, there exisats (fl'fz) € F1 ® F2 such

that B(fl,fz) =g . Then
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B( ;)tl * B( 2)132

B(f,,0) + B(O,1,)

p(fl,fz)x

It

B(fl, fz)
= g .
It follows that p is an isomorphism,

<= : If F is the push-out in the above construction, then there

exists a diagram

{1 Qa
R Fl
8 o
F Ps >\i?
2

with p an isomorphism,
i) B isonto. If g €H, (£.1,
- pp @) = pCt. £k = B 1 '0)r~ £ ,1)
€ =p@ () =p 10X = B o), + B( | )1, = BU 1,

ii) Pa=0 . For r €R ,

ga(r) = 3L Oalr), (O Da(r) )

I 0N
Bl 0,0 0atm + 8l 90 Da

i

-ﬁ\ 2}(0 1)alr) + B( (1):1(0 1) o(r)
=0 .

- kerp © 4 £ 0= B(f I)—I’1>f O then
111) kerp Sima . I = BE L) = Bl o )B + By JEy o the
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o By - o Sy
PPyt =-pPpy 1,
p(Pl fl + Py 12) =0
and since p is an isomorphism plfl + p2f2 =0 and (fl,fz) € X, By the

definition of X there is an r € R such that

((1 Malr), (© l)cr(r)) - (£,,2) and o) = (£,£,) . O



8. Two Examples.

The two examples in this section illustrate the necessity of two of
the hypotheses in Theorem 1 of Section 6. The first concerns the neces-

sity of a generating tree in higher dimensional cases.

Example 1. The 2-sphere, 82 , admits a four piece open cover by four
overlapping equilateral spherical triangles arranged as in a tetrahedron.
The s-category corresponding to this cover 1s given in Example 7 of
Section 1. It was remarked there that this s-category has no generat-
ing tree.

Since the 2-sphere is simply connected, it is its own universal
covering space and st2 = R +0 ., However, each element in the cover
is contractible, is its own universal cover, and has no second homology
in its cover. 8Since the colimit of the zero functor is zero, the con-
clusion of Theorem 1 of Section 6 does not hold. It is easy to verify

that all the hypotheses of Theorem 1 except that of a generating tree

are satisfied by this example.

The second example concerns the necessity of condition 1).

Example 2, The space, X , for this example is the quotient space of the
2-sphere determined by the identification of a pair of antipodal points,
This space is of the same homotopy type as a torus with a disc sewn

across one of the generators:

tl
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The cover for this space has three pieces as illustrated below:
each plece is a strong deformation retract of the closed 2-disc with a

palr of boundary points identified:

The cover is obtained from three such pieces by extending them slightly

to form open subsets of X . This cover is denoted [xl,x xa] . The

2!

s-category associated to this cover is based on A= {1,2,3] and has

obhjects:
£, 1} -+ A f4:[1,2] + A £,: A A } = c,
£, {2} -+ A} = C, f5:{1,3} + A = C,
£, {3} » A f6:{2,3} + A

and obvious morphisms. € has a representation as the triangle

7
f2 3

The functor F: C + Q which represents the cover is given by

F(£) = X, , i=1,2,3

xl N X2 ; F(fs) = Xl n X3 ; F(fs) = X2 n X3

F(f4)

F(£,)

Xl n X2 n X3

Pictortally, these spaces may be represented as follows:
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F(fl) = F(fz) = F(f3)
F(£,) = F(£) = F(t,)
F(f7) : ™

As for fundamental groups:

T&F(fi) = 2Z for 1i=1,2,3 as seen through the Van Kampen Theorem

and the cover
e ———

-~

Then ﬂiF(fi) is the push-out

x LR
v
0 > T F(L)) i=1,2,3
Clearly
mF(£) = X 1=4,5,6 and

L}
=]

ﬂiF(f7)

It 'is easy to verify that all the inclusions induce monomorphisms of
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of fundamental groups. In fact since X 1is s torus with one killed
generator, rax = X and the inclusion of each piece into X induces a
monomorphism of fundamental group.

From the triangular representation of C , one sees that T[(C) = {f7] .
Thus C has a generating tree. It is now easy to verify that C satigfies

conditions A) - H).

\
I

However, C does not satisfy condition 1), If v 1’ then Cv

has objects

and f

f 13, 6

2!
and v 1 Cv has objects

£, £, f7 -

colim Fv is the space

and colim F is the space

Clearly, Uy colim F = £ * X but i F(v) = ¥ and the inclusion
colim F F(v) does not induce a monomorphism of fundamental groups, so
that C and F do not satisfy condition I).

The universal cover of F(fij , 1=1,2,3 , is most easily pictured
by deforming F(fi), i=1,2,3 according to the following sequence of

pictures:
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1. II, Ii1.

where F(fi), i=1,2,3 are seen to be the indicated quotient of the space

T a2

Thus the universal cover of F(fi)’ i=1,2,3 is the same as for the circle
and is thus contractible. The other cases are easier and yield that the

universal cover of F(fi) is contractible for each 1i=1,...,7 . Thus

=0 .,
colim FH

Thecrem 1 of Section 6 can be used to compute H2 colim F . Since
the generators of a torus are indistinguishable, X may be represented

as a torus with a disc sewn across the "inside':

A cover of this space is an infinite circular cylinder with discs sewn

in at regular intervals

(0 b7

As this space is clearly simply connected, it is the universal cover of

NN

X . 1It ig also a string of 2-spheres,

This space is covered by the string of spheres and this cover is
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()
represented by a 1l1l-dimensional s-category C based on X

P
{fi- [1] g x} = CO
[fi’1+1: {1,141} > %} = €,
which has for rg(&) the tree
/ i i+l 1+1 1+2
fi-l

~ ~ 2 ~
F 1is the associated functor where F(fi) = 8 and F(f ) = * for

i,i+1
i €EX . Since this space and each piece in the cover is its own universal

M~
cover, Theorem 1 of Section 6 can be applied to compute H2 colim F . It
is perhaps simpler to use an inductive application of the Mayer-Vietoris

Theorem. In any case, clearly

H_ colim ? = H_ colim F = & B,
2 2 z

Since colim FH = 0 , the conclusion of Theorem 1 of Section 6 fails to

hold for this example.



§9. A Seifert-van Kampen Theorem for the Second Homotopy Group.

If C 1is an sS-category and F: C 4+ Q 1is a functor such that C
and F satisfy conditions A) - I), then it is possible to calculate the
second homotopy group of colim F from the first and second homotopy
groups of each value, F(g) for g € obC , of F and the associated maps.
This section makes these constructions explicit.

The hypothesis that C has a generating tree {(condition E)) makes
it possible to assign a consistent system of base points and to define
a second homotopy group functor analagous to the functor FT defined at

the end of Section 3. More precisely we make the following formal

definition:

Definition: Suppose € 1is a small s-category and F: C +Q 1is a

functor with a pointed consistent [(F) -system

T = (I (F) ; zg* ) {org}) .

2
The functor FT: C 2 Ab , from C into the category of abelian groups

is defined as follows:

i) for g € obC ,
F2g) = m.(F),y)
1@ = L FEE,y,
for Y € V(FS(F)) .

ii) For g,g’ €obC and o € C(g,g’) , the homomorphism F:(o) is

the composition

m, (F@),y ) LEC) n F (g ’)J«g) (g8 ) m, (F(g ) Vg !

where ;g = F(O')yg and o(g,g ) 1is the isomorphism induced by the

167
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path afg,g’) .

Proposition 1. The conditions of the previous definition define a

2
functor FT: C =+ Ab .,

Proof: The proof of Proposition 1 of Section 3 applies by changing
ﬂi to rb throughout. 0O

In view of the results in Section 6, one would not expect that

colim Fi = ﬂé(colim F,zg ) . However, the Hurewicz isomorphism allows
*

us to convert the homology constructions in Theorem 3 of Section 6 into

homotopy constructions. First we need a definition:

Definition: Suppose € 1s an s-category and F: C 4+ Q 1s a functor
such that F and C satisfy conditions E) and H). The functor

Fﬂ: C + Ab is defined for a pointed consistent [(F)-system T as
follows:

i) On objects, g SobC , F (g) = ™ Fz(g) .
n 1) T

ii) On morphisms, &« € C(g,g’) , if

2
L a, € @& F{g)
Yo T

then

2
F(@(Xa)= Z[F(x)a_]
™ L €A i €A T 1°I(a1
where the subscript on the bracket indicates the coordinate.
Note that although Fn depends upon a particular choice of T , the

notation does not indicate this.

Theorem 1. Suppose C 1is an s-category and F: C 4+ Q@ is a functor

such that € and F satisfy conditions A) - 1). If T = (I (M:z ,{a ]}
s €' B
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is a pointed consistent T(F)-system, then

1n,(colim F,z ) = colim F_ .
2 By Ll

Proof: The natural isomorphism u: FH -+ Fn is defined for objects

g € obC to be the composition
-1 *

— h — P
F @) =@ HFE —£—= o n(F@E,y) —$E>0n,Ew@.y) = F
I(e) 1(g) 8 &

where
1) h is the Hurewicz homomorphism, which in this case 13 an iso-
morphism since the universal cover is simply connected;
*
ii) pg is the isomorphism induced by the universal covering pro-
Ea sl
jection Py F(g) » F(g) ;

1i1) y €p "~y .

Since the Hurewicz homorphism is natural and the universal covering

projection induces a natural transformation, j, is8 natural and
colim FH = colim Fn .
It follows from Theorem 3 of Section 6 that

colim F_ = H_ colim F .
m 2

Again, by use of the Hurewicz isomorphism and the universal covering pro-
Jection

H2 colim F = nz(colim F;zg‘) . D

Using Theorem 4 of Section 6, it is possible to prove a weask genera-
Iization of Theorem 1 to higher dimensional homotopy groups., First we need

two definitions,

Definition: Suppose C 1is a small category and F: C + Q 1is a functor
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with a pointed consistent [(F)-system
T= (r F); z o a
RUTENFRCE)

The functor F;: C +Ab , from C 1into the category of abelian groups is

defined as follows:

i) for g € obC ,
Fp(e) = m (F(B),y.)
for yg € v(FS(F)) .

ii) For g,g’ €obC and o € C(g,g’) , the homomorphism F;(G) is

the composition

ey,
@,y ) _mFCo) n (FG DY) g, @,y 0

where ;g = F(U)yg and a(g,g’) 1is the isomorphism induced by the path

alg,g’) .

Proposition 2. The conditions of the previous definition define g

functor F;: C + Ab .

Proof: As before, OQ

Definition: Supppose C is an s-category and F: C + Q is a functor

such that F and C satisfy conditions E) and H). The functor

Fri

follows:

C + Ab is defined for a pointed consistent T[(F)-system T as

i) On objects, g € obC , Fz(g) = @ Fg(g) ]
I(g)

ii) On morphisms, o € C(g,g’) if

Za, € ® F;(E)
i€A I(g)
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then

Fﬁ(a@( z al) = 4 [F¥(Gﬂai]

i€A L1 €A I(i

where the subscript on the bracket indicates the coordinate, Note that

the T 1is suppressed,

Theorem 2, Suppose C 18 an sB-category and F: C +Q 1is a functor
such that C and F satisfy conditions A) - I}, and suppose also that

T = (IE(F); zg ' [ag]) is a pointed consistent [(F)-system. If for
*

each object g € obC , ﬂ&(F(g);zg ) =0, i=0,2,,..,n~-1 , then
*

m {colim F,z ) = colim F
n By n

for any n =2 2 ,

Proof: The proof of Theorem 1 suffices here by changing 2 to n

throughout. 0O

As a2 final corollary we have the following:
Corollary. If for each object g € obC , F(g) 1is (n-1)-connected, then

nh(colim F;zg*) = colim Fg .
Proof: By hypothesis, for each g € obC , T&(F(g),*) = 0 ., Since C
has a generating tree and F 1is closed under finite intersections, the
van-Kampen Theorem of Section 4 applies and ni(colim F,*) = colim FT =0 .
It follows that for each g € obC , I{(g) = 1 and Fz = F; . 0

The fundamental group action is an important aspect of the higher

dimensional homotopy groups. The theory that we have developed does not
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in general admit a particularly informative description of this action.
In some instances it is easy to give a nice description of a fundamental
group action on Fi(g) (for each g 1in the category) which extends to
the usual action on the colimit. Usually the action on the colimit will
not restrict in any nice way. However, since the group action is most
easily seen in the homotopy groups of the universal cover and our con-
struction first computes those groups, in particular cases it is often
easy to describe the action on the colimit without referring to the
local action, This philosophy is supported by Examples 1, 2 and 3 in

Section 12,



¢ 10, The One-dimensional Case,

This section develops the analog of Theorem 1 of Section 9 in case

C is 1-dimensional and does not have a generating tree. Throgghout this

gection € is assumed to be a l-dimensional s-category. F: C +Q is a path

connected functor which has colimit induced morphisms {¢§: F(g) -+ colim F]gﬁob(

Furthermore, it is assumed that C and F satisfy conditions A), C), D),

p’)y, p”), F), and Hl) of Section 6 and that ﬂi(Fg(C).*) is a countable

group. Recall that these conditions are that
A) € has at most countably many vertices;
Q) F is closed under finite intersections,

D) {q&F(g)}gGDbc is an open cover of colim F and each ® is

an injection;

D’) For each pair g,g € obC

th(E) = QEIF(E')
implies g =g’ ,
D’) For each object g € obC , cng(g) + @ ;
F) F 1is path connected;
Hl) For each pair g,g’ € obC with o € C(g,g’) the inclusion

F(a): F(g) » F(g') 1induces a monomorphism
*
F (o) ﬂi(F(g),*) e nl(F(g’),m)
for some choice of base point.
The means by which the hypothesis of a generating tree is eliminated
is through the conatruction of a covering category which does have a

generating tree.

173
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Definition: p:f:-.rk(c)is the universal covering projection. T 1s
considered to have the structure of a graph., Each edge in I has distinct
vertices since otherwise its projection would be an edge in IE(C) with
identified vertices. ﬁé denotes the s-category based on vi® with

( rc) vl

0
( FC) el

with non-identity morphisms of the form

1]

h ——> ofh), h > t(h) .
This construction yields an s-category with geometric graph FE(FC) =T .
Since p was a map of graphs, p 1induces a functor also denoted

~

p: Tb -+ C,

Theorem 1. i) Fp 1is path connected and colim Fp 1is connected it
colim F 1is.

i1) Fp 1is closed under finite intersections.

Proof: 1) For each g €obl, , Fp(g) = F(p(g)) . Since F 1is path
connected, Fp(g) is connected.

If colim F 1is connected, then by Proposition 1 of Section 5, C is
connected. By Proposition 2 of Section 5, ['(C) 1is connected and by Propo-
sition 1 of Section 2, Fg(C) is connected. It follows that the universal
covering I' is connected. Since Fg(fc) =T, FK(FC) is connected and by
Proposition 1 of Section 2, F(fh) is connected. By Propoaition 2 of Section
5, T is connected. Since the first part of the proof of Proposition 1 of

C

Section 5 requires only that F be path connected, colim Fp 1is connected.

11) {tg: Fp(g) - colim F‘p}geob(FC) denote the colimit induced maps.
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If g,g’ € ob(fc) are distinct objects such that

*EFD(E) f #g»l‘b(s ) + @

—~

then for x € ing(g) n ‘E,Fp(g') there exists a finite diagram in [,

which relates the a € Fp(g) for which ‘Ea = x to the a’ € Pp(g")

for which tga' =X .

Case 1. The diagram is of the form

h1 h3
L
B -5h2” g

!

where g,h,,& € (I:C)0 ; h.,h_ € (fc)1 and a

1'"3 € Fb(hi) with

i

2

= = = = - d
Fpalal a , Fbabal a, Fpabaa a, , Fba4a3 a This diagram
projects to a diagram

h
PRy

ph3
2) pa pog pa \
X\ 2 ,
PE

PE ph2

in C for which the existence of the elements a, € thi yield

F{ph F(ph @,
q£h1 {r 1) n q$ha (ph) #+
Since hl,h3 are l-dimensional, phl ; ph3 are l—-dimensional. Since

F is closed under finite intersections, there is an element h € obC

with C(h,phl) +@ and C(h,ph3) $+@ . It follows that ph, = h = ph3 .

Since C 1B an s-category, pw, = pa and diagram 2} reduces to a

2 3

diagram
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ph,

pay

L F
Pg Phy pg -

Since C 1is an s-category l[pg,phz,pg'}l <2 , Diagram 1) yields a

graph
hy hy

g- hz ogf
Since ph3 = ph1 , this graph must project to the graph

PE=PE ph,

and pg = pg' . Since no neighborhood of h2 can be mapped homeomorphi-~

cally to a neighborhood of ph and p 1s a universal covering projection,

2

this case is impossible.

Case 2. The diagram is of the form

h, hy
2N TN
g h, g’

and g,hz,g' € (FC)O with I[g,hz,g']| 3 . By the previoua case both

h1 and h3 are not elements of (rb)l . If h1 € (FC)0 , then the

ist i = = h_ ., ™
existence of a ., yield g h1 o Similarly, if h3 € (FC)O ,

then h2 = h3 — g: .

Case 3. The diagram is of the fomrm

h, h,
o/ \ / \
F A 1!
g h, g’
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and |[g,h2,g'}| = 3 , By previous cases not all g,hz,g' € (fé)o .

i) If g € (fb)l , then since fb is l-dimensional, h, = g and

aince |[g,h2,g’}| =3, h, +h oand thus h, € (FC)O . As before,

= = = = 4
a, € th1 with Fpalal = a , Epazal a, Fpubaa 2, Fpahaa a’ ,

The prujected diagram is of the form

ph

PE
/ \ pa pa,
)
PE

I
ph, Pg .

1f g' € (Fé)l , then g' = h3 and as before pg' = pg . The

corresponding graphs are

g g o
in I‘g(I“C)

P& = pg oh in Fg(C) .

Since p is a covering, this is impossible as in Case 1,

F - = F
It g’ € (rb)O and h3 € (Fb)o ., then h2 = h3 = g’ . Thus

h3 € (fc)1 and as in Case 1, pg = ph3 which contradicts p being a

covering .

Since the diagram is symmetric, g’ $ (ﬁc)l
h

It follows that h_ € (T.) and h1 =h, = h3 so that for some

2 c’1
h € obf, , Fc(h,g) +@ and [ (hg") +0

Case 4. If the diagram is longer, then by induc’ ‘on it can be reduced
to a diagram in the form of diagram 1).

If x € tng(g) n *g;FP(g') , then the previous remarks yield an
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h € obf‘c and a diagram

’

E g

together with an element y € Fp(h) such that Fp(ady = a , Fp(Py = a’ .

Thus ihy = #gF‘p(Ot)y= tga = x . Thus
U *th(h) = ‘lng(g) D *g sz(g )

where the union is taken over all the h € obe which the previous
construction yields,

If h,h’ € (fc)l are distinct elements with f‘c(h,g), Fc(h,g'),
= # / , ¢ = = _
rb(h s€), fc(h &) non-empty and g,g’ € (Fb)o , then Fé(rc) =T

contains the circuit

This is impossible since [ was the universal covering. If g € (fb)l )
then g = h and fb(g,g') +@ . It follows that *ng(g) = *ngp(gr),

- = s !
And if g € (fb)l or h & (FC)O , then g = h and Fc(g,g ) 16, It

follows that q;ng(g) < q.g Fp(g’) and
\Ilng &) N \I'g Fpg’) = 'irgl“p(g) .

If g € (Fb) or h’' € (FC)O , then g’ = h

1

*SFP(E) N #g Fpg) = #g Fpg’) .

In either case the intersection has a single path component. O

Lemma. If g,g’ € obﬁc are distinct elements such that pg = pg’ , then
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ﬁgFD(g) N *s;Fp(g ) =0 .

Proof: If ﬂgFP(B) n #EJFD(E’) # 0 , then there exists an element

h € obf, such that T .(n,g) +@ , [ (h,g') . Since pg=pg’, g and

g' have the same dimension, If their dimension is 1 then they both

equal h and are not distinct, If their dimension is 0 , and the

dimension of h is O , then they both equal h and are not distinct.
If the dimension of g and g" is 0 and the dimension of h is

1 , then the subgraph g.

L
g
of ré(fc) = " projects onto the vertex pg of Fg(C) ., This is im~

possible since p is a covering. O

Definition. For each g € obfc , the identity map

Fp (g) > F(pg)
induces the Q-morphism p,: colim Frn -+ colim F .

Theorem 2. For each g € ob[ , llig: Fp(g) -+ colim Fp is an injection and

[*ng(g) }gGObC is an open cover of colim Fp .

Proof: 1) For each g € obf‘c , there is a commutative diagram

¥

Fp(g) - > colim Fp
cPI-"

F(pg) g > colim F ,

Since @ is an injection, ¥ is also,
PE E
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1i) a: € -+ colim Fp is an admissible map. It follows that the

compogition

¢ —2 > colim Fp — %> colim F

is admissible, For g € obf‘C , PE € obC and q%gF(pg) is open in
colim F . Thus
-1 -1
a F(pg)
Py @ F(PE

is open in C

It g’ € obfb is such that pg’ = pg , then for each x € #g:Fp(g') s

p,x € qhg;F(pg') . Thus
’ -1
c F .
U ¥, Frg) <p, @ Fipg)
If X € p;l ¢bgF(pg) , then p_X € ¢£gF(pg) . For some g’ € obfC .

} ¢ r F
x € ¢g,F(pg Y . If pg’' *#pg , then since p*¢g,F(pg ) = q£g,F(pg ),

F Fpg’) £+ .
Pg {(pg) N L (pg ")

If the dimensions of pg and pg' are egual, then there is an edge

h of Fé(C) and a diagram

o \
_h 4

PE PE

which yieids a subgraph

PE PE

of Fé(c) . This graph can be lifted to g’ to yield a subgraph of T :

p " h
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which yields a diagram

pln
g’.b \\\\\\\\\\n.g”

and x 1is equal in the colimit to an element y € ﬁgaF(psﬁ) with

o

PE = PE .

If the dimensions of pg and pg ' are unequal, then Clpg,pe’) *+ @

[or similarly, C(pg ,pg) *#@ ). The diagram

AN

PE

in € yields a subgraph

Pg

4
PE

of FE(C) which may be lifted to [ at pg

h

to yield a diagram

N

which equates x as an element of ﬁg;F(pg’) to an element y € thF(ph) .
It follows that tf x € p;l qbKF(pg) , then x € tg;F(pg') for some

g€ obfc such that pg = pg . Thus
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n -1
U #g Fp") = p, tpng(pg) .

By the Lemma, the union is disjoint and

a p;l ngF(pg) = 3-1 o #ngp(E') = U ﬂ—l*ngP(SI)

where the union is taken over all g’ € obfb such that pg’ = pg .
Since this disjoint union 18 open in C , each component of it is

open in C . 1In particular, the component n-1¢ng(3) is open in C , D
Theorem 3. Pe' colim Fp + colim F is a covering projection.

Proof: If x € colim F, then x € th(g) for some g € obC . Since

qEF(g) is an open neighborhood of x which is evenly covered by
~-1 p
p, @F@ =U4y Fpe?
g g
for g’ such that pg’ = pg , P, is a covering projection., O

Remark: Since C satisfies condition Hl)- for each morphism &« in C ,
ﬂiF(a) is a monomorphism, Clearly Fp has the same property.

Theorem 3 implies the followlng result:

Theorem 4. C satisfies condition H), That is, for each g € obC , q&

induces a monomorphism of fundamental groups.

Proof: For each g € obC there is a commutative diagram

¥
Fp(g) £ > colim Fp
= P
v ¢ A
F(g) £ > golim P .
Since FC hag a generating tree, remarks in Section 6 show that fC

and Fp satisfy condition H). Since p is a universal covering pro-
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jection, p induces a monhomorphism of fundamental group. Thus q% induces
a monomorphism for each g €obC , O

To apply the results of Section 9 to ﬁc and Fp 1t is necessary to
know that they satisfy conditions A) - 1), That is, the content of the

next theorem,.

Theorem 5., If C 1is a connected 1l~dimensional s-category and F: C » Q
is a functor such that C and F satisfy conditions A), C}, D), D), D"y,

and Fp satisfy

F), and Hl) and TH(IE(C),*) is countable, then FC

conditions A, - I),.

Proof: A) Since vFg(C) = C0 , and C0 is countable,

(FC)0 = vrb = ni(ré(c),*) X vfé(c) is countable.

B) By construction, fé is 1l-dimensional and it is clear that
any l-dimensional s-category is upward finite,

C) That [. satisfies condition C) is verified by Theorem 1lii)

C
of this section,

D) That TC satisfies condition D) is verified by Theorem 2
of this serlion.

D’} Condition D’ 1is satisfied since in the colimit, colim Fp ,

no identifications other than the usual colimit identifications are made.

D) Fp satisfies condition D’ since F does.

E) Since ré(fc) =T and ¥ 1is a universal covering graph, T
is simply connected and Fk(fc) is a tree, By Thecrem 2 of Section 2,
every maximal tree in F(FC) is a generating tree.

F) Fp 1is path connected since F |is,

G) Since C 1is connected, colim F is path connected and by
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Theorem 1i) of this section, colim Fp is path connected.
H) It was noted in Section 6 that if a 1-dimengional s-category
satisfies condition E) and Hl)’ then it satisfies condition H). Since

C satisfies condition Hl), I, does also.

C

1) By Proposition 20 in Section 6, since FC and Fp satisfy

conditions C) and H), they satisfy condition 1), O

Theorem 1 of Section 9 now applies to yield
ﬂé(colim Fp,*) = colim(Fp)TT .

By Theorem 3 of this section p_: colim Fp + colim F is a covering pro-

Jection so that

nz(colim Fp,*) = ﬂé(colim F,*)
and

*) né(colim F,*) = colim(Fp)n

By definition, for each g € obfc ,

) & = & (F) i)

1(g)

& n,(Fp(g),y )
I(g) 2 g

Tg 2 g

where 1I: Fc +Q 18 defined as in Section 5 by

I(®) = m (colim Fp,*)/m (Fp(g),*)

for each object g € obC .
(Fp)”(g) is determined by the second homotopy group of F(g)

-

However, to actually compute colim (Fp)n it is necessary to know the
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eftect of (Fp)  on morphisms. If o € fb(g,g’) , then by definition
for Za € ® m(F®,y) ,
A b e ? g

2
(B9 (@ (Ba) = L[(Fp)p(da, ]z,

Since the definition of (Fp)2 depends upon the consaistent T'(F)-sysatem

T
T , it is not possible to relate (Fp)i(a) to PF(a) . In fact, the
definition of (Fp)i(aﬂ involves an isomorphism induced by a path which
does not exist in colim F . Thus in general it i3 not possible to relate
(Fp)i(a) back to F . It is necessary to have explicit knowledge of
colim Fp . The necessary information is determined by F and fundamental
groups.

Of interest is the action of nl(colim F.*) on rb(colim P,*) which

we now proceed to describe. For the remainder 2£ this section, c¢olim E

will be assumed to be locally arcwise-connected.

To begin, there is the usual fixed pecint free action
a: 1 ([ (C),*) x I +T
1 g

of T&(IE(C)'*) on its universal cover f . This action helps to describe
an action

b T&(ré(C),*) X colim Fp - colim Fp

of T&(TE(C),*) on colim Fp as follows:
-~ * _

1) It v € (rb)o and o € ﬂ&(Fé(C), ) 1is a non-trivial homotopy
element, then the action a(q,v) yields another vertex v’ € (FC)O
with the properties

a) v ¥ v’

b) pv’ = pala,v) = pv
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c) #va(v) i tv,Fp(v') =9 .

All but the last property follow from covering space theory. Property c)
follows from the fact that F 1is closed under finite intersections: it
the intersection were non-empty, then there would be an edge g € el
from v to v’ which p would project into a circuit of length 1 in
TE(CD which is impossible in the geometric graph of an s8-category.

ii) It x € colim Fp , then for some vertex v € (FC)O , x € iva(v) .

(If x € thp(p) for g € (fE)l , then the morphism from g to a vertex

X . It

1l

Vg yields the assertion,) For some y € Fp(v) , *vy

o € ﬂl(Fg(C),*) is a homotopy element, then

b{a,x) = V)Fp(a(a,v)) .

*a(a,v)y € qia(or,

Since Fp(v) = F(p(v)) = F(pa(a,v)) = Fp(a(a,v)), y € Fp(a(a,v)) , and
the definition makes sense.

iii) If o 1is a non-trivial homotopy element, then x and b(x,x)
occur in distinet and non-intersecting open sets in the cover of colim Fp .
It follows that b defines a properly dizcontinuous action. It is also
clear that the quotient of colim Pp by this action is colim F ., Thus
by Proposition 8.2 in Massey [9], colim Fp is a regular covering of
colim F |

We now define a graph T & colim F . If the cover {q%F(v)]vECO
is finite, the construction is easy. If the cover is not finite,
then it may be written as the colimit of its finite subcovers and the
argument is made inductively. Proposition 15 of Section 6 allows a

finite sequence of vertices of a connected s-category to be written

in such an order that any initial sequence also determines a connected
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s-category. This ordering is to be used in the induction,
First the graph ' € colim F is defined:
i) The vertex set vI[' = {x € @F of ’ 18 any set
{ g €% (s)]gepbc r y
of distinct points.
i1) If x , X €Evl’' and C(g,g’) #0 , g ¥ g’ then the edge

4

o(g,g’) € eI’ trom xg to xgz is8 any path

! P(x ,p Flg),x ) .
a(g,g ) € (xg % €2 X,

The involution is path inversion,
The graph [ T’ 1is a subset and has the properties that
1) v[ is a set of distinct points
ii) The paths determining the edges of [ are homeomorphs of the
unit interval
iii) If two edges of f intersect it is only at their endpoints.

Such conditions are easy to guarantee in the finite case according to

the following illustrat ion:
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I is isomorphic to the first barycentric subdivision of TE(C) by
the map

C: l"g(C) — colim F

of FK(C) onto T as follows:
i) Each v € C0 = vfé(C) is mapped to x, -
i1) If v ¥ v’ and there is an edge g € ng(C) with C(g,v) + @
and C(g,v') +@ , then the edge g 1is mapped homeomorphically onto the
composition
valg,v) + alg,v’) .

111) If ofg,v) € e[ is an edge, then since g 1is l-dimensional,
there is another vertex Ve € & such that C(g,vg) +@% . Then v and
v are vertices in Fg(C) and there is an edge g between them, It
follows that d isg onto. Conditions 1)-1ii) on T insure that d is
a homeomorphism of TE(C) onto T .

The next step is to lift F to the graph T’ in the cover colim Fp .
Since T’ 1is a lift, it caovers i and is invariant under the action of

r&(Tg(C),*) . Thus each component of '’ is a regular covering of [

-

and thus of TE(C) . T is, however, connected for the following reason:
if xg and xg; are two lifted vertices, then since colim Fp is
connected, there is a path in colim Fp from xg to xg, . The projection
of this path is some path in colim F , 8ince F has edges in each open
set in the cover, there is a path from xpg to xpg, in the graph r .

The 1ift of this path is a path in T’ from Xg to xg

Since by construction for any x € colim F , p-lx has the same
cardinality as r&(rg(c),*) . f' is the universal cover I of Fg(C) .

Thus [’ is simply connected.
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We now apply Lemma 1.1 of [6] to the space colim Fp , the subspace
T’ and the group TH(FE(C)'*) . The conclusion of that Lemma states
that ﬂl(colim F,*) is isomorphic to the semi-direct product determined
by the split extension

1 + 7 (colim Fp,*) N m (colim F,*) .'J_' M Ar (), %) + 1

and the action of nl(rg(C),*) on TH(colim Fp,*) 1is the topologically
induced action.

It is possible to describe the action of ﬂi(colim F,*) on
n2(colim F,*) 1in terms of this semi-direct sum decomposition. The usual

action of w&(colim Fp,*) on ﬂz(colim F,*) is denoted

d: rﬁ(colim Fp,*) X ﬂé(colim F,*) > nbfcolim F,% .

our first claim is that the diagram lﬁ:

> 11, (colim F, %)

ﬂi(colim Fp,*) X ﬂé(colim F,*) 5

ix1 1

nl(colim F,*) X ﬂz(colim F,*) — ﬂé(colim F,*)

commutes for e the usual action, This i8 more easily seen in terms of

the universal cover, In the diagram 32:

> colim F

’—F"-'-‘—...,_’
ﬂl(colim Fp,*) X colim F

ix1 1

et .;-—_.1__-—"'
rrl(colim F,*) X colim F —E& > Coiim F

the maps f and g denote the usual action. The way these actions are
defined is geometrically by the lifting of paths, If o 1is a representa-

tive of a class in T (colim Fp,*) and x € colim F is a point over the
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base point then the action of o on x 1s determined by a 1ift 9 of o .
If we now include « in 7, (colim F,*) , then & 1is clearly a lift of

ig . Since it is a lift to the universal cover, it is the 1lift of io .

It follows that a class [a] € ﬂi(colim Fp,*) determines the same action
as its image i{a] € ﬂ&(colim F,*) and diagram ﬂb commutes. Since the
action of the fundamental group on the higher homotopy groups is determined
by its action on the universal cover diagram Jﬁ commutes.

We now use the inclusion

J: ﬂl(rg(C),*) > nl(colim F,*)

of the pravious split sequence to define an action

h: Tﬁ(rg(C)’*) X m,(colim F,*) > my(colim F,*)

by the composition

r&(réﬁm*) be(colim F,*x) dlzl-€> ﬂ&(colim F,*) x rb(colim F,*) £ né(colim F,*

By construction the diagram

T&(colim Fp,¥*) X ﬂz(colim F,*) —E—D ﬂz(colim F,¥*)

oo r.

v
nl(colim F,*) Xx le(colim F,*) —£ ﬂz(colim F,*)

A
Ij x 1 =

ﬂl(Fg(C),*) X T,(colim F,*)

> nz(colim F,*x)

commutes,
Each element of the semi-direct product, T&(colim F,*) , has a
representatlon as a pair

(o, B)
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for a € iﬂl(ré(C),*) and f € Jni(colim Fp,*) . Furthermore,
(o, = (a,2) * (1, . The action of (a,p) on x is then given by
the action of (w,1) on the image of x under the action of (1,p) .
This is,by construction, the usull sction,

It is obvious that the constructions of this section genreralize to

the higher dimensional groups exactly as in Section 9.



§11. Simple Coverings.

Throughout this paper are references to the fact that an open cover of
a space can be represented by an s-category and a functor. This section
gives an explicit construction which realizes that relationship. This
section uses some of the definitions but none of the results of previous
sections.

Not every cover is so representable., Those which are, are the simple

covers defined as follows:

Definition: Suppose A 1is a set and X € obQ 1is a space with an open

cover C = ¢ 1is a simple cover of X provided only finite

X hen -

subcovers of ( have a non-void intersection.

The s-category correspondng‘Eg 2 is the s-category, S(&% ,

described as follows:

i) A subset A & A is admissible provided

X, = n X + @ .
A xea
i1} For an admissible subset A & A, FA indexes the (maximal, non-
empty) path components of XA
X = ol X
A v A
vel,
where for each v € [, Y;A is a (non-empty) path component of XA..

iii) For an admissible subset A & A and element Y € tﬂ s

YSA: {v]1 XA -+ A 18 the composition

192
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(v} x A —E5—s A > A

iv) The objects of S(@ consist of all of the functions GSA for A
admissible and o € rA . The dimension function, d , is given for such a

function by d(aﬁA) = lAl -1, In terms of this function ob{(S(™) 1s

described
(8@ = {aSAlA is admissible, o € T,, A =n + 1]
obs(® = U + (S(C))n .
nex
v) For GSA . BSB €Eobs(®» , 1if B S A and if there exists an
inclusion

(a,A; B,B): axA —— BXB .

{¢a,A; $,B)} . Otherwise, S(®( S5,, S,) =@ . Compo-

Then S(C)( S oSAr 5B

A’B B

sition is composition of inclusions.

Proposition 1. The procedure outlined above gives the category S((® the

structure of an s-category based on A .,

Proof: That 5() 1s a category is clear, The objects of S{(® are
monomorphisms by definition. Since € 1is a simple cover, the admissible
subsets are finite, Also, for asA € ob(S{(™) im(aSA) = A , |S(c)(dsA,BsB)|

51 for all € obS(®» , and s(C)(S ) =8 if 1”(83

o A'E B
=B &A= im(S,)

A’B B

| § oA € obS(®» and B S A , then

X=ﬂXCﬂX=xB

A

A e M e

and the component axA i3 contained in a unique path component éKB

some B E€T . It follows that S(CD(QSA’HSB) +@ for this and only thia
B



194

object dSB . Thus S(® 1is an s-category. O
The appropriate functor F: 5() -+ Q 1is defined in the obvious way:

1) On objects 6, € obS() , F(8)= X, .

i1) On morphisms, F 1is the identity.

Proposition 2. With the previous conventions, colim F = X ,

Proof: It is a general theorem that any space is the colimit of its open
cover [5]. The argument for Theorem Iv) of Section 5 contains the basic
ideas needed for the general proof. O

Some of the conditions in Section 6 are automatical 1y satisfied by

F and S(™ .

: - th i induce

Theorem 1. If {qh. F(g) - colim F]geobc are the colimit induced
morphisms, then

i) Condition C): ¥g 15 an injection for each g € obS(C) and

F is open cover of colim F ;

[ng (g) }gEObS(C) an op
il) Condition D): F is closed under finite intersections;
ii1i) Condition D’): qEF(g) = q%:F(g') , then g =g’ ;
iv) Condition D”): ®F(g) +@ for all g € obS(® ;

v) Condition F): F 1is path connected.

Propt: i) In the diagram J5:

F{g)

g

i 1Y
colim F > X

the map 1g is the ind usion of an open subset of X into X . Since

F(g) has the subspace topology, ig is an injection and thus qh is,
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ii) It Q!S“‘ and ﬁsB are objects of S( and

F(GSA) n chsBF(BsB) =X, NXg ,

@ +
QSA

then 6 + )\GQLB x)\ =X, N X, , and there is a family FALB which indexes

the path components of ;A M XB o« Clearly, for each vy € thB ,

F(\FAUB) = 'YXALB

is a path component of the intersection and

WEI“‘,M3

Also, S(C)(VSALB'Q'SA) + @ and S(G)(YSALB, BSB) +@ for each Yy € rALB .

ii1) 1If aSA'BSB € obS(® and
=] = 1 o=
1axA upasAF(asA) ansBF( aSB) BxB
for i the injection in diagram J , then QFA = BKB « It follows from

the construction that A =B and o= B .
iv) th(g) +® for all g € obS(® by definition of admissible sub-
set of A .,

v) F 1is path connected since for each object chA € obsS(®, F(QSA)

= QFA is a path component of XA . O



§12. Examples,

Example 1. Suppose Y 1is a finite graph with no circuits of length 1 and
n is an integer greater than or equal to 2 , The space (Y,n) 1is the
graph of n-spheres defined as follows:

i) PFor each vertex w € vY an n-sphere, S: , 18 associated. For
each edge y € eY , with o(y) = w , a point x: € S: is selected at
random except distinct points are associated to each such edge.

ii) The space (Y,n) is the guotient

us:/~
vY
w w'
where xy ﬂaxby for y an edge with o(y) = w and t{y) = o(ry) = v’ .

For example, if Y 1s the graph

Yo
. b A1 - //ﬂ\. .
Ya

then (Y,2) 1is the space

1396



197

The n-spheres form a cover of (Y,n) and if they are fattened in
the usual way they will form an open cover in which no three ever intersect
and in which all non-empty intersections are contractible.

The construction of (Y,n) is such that if C 1is the s-category
associated to the described cover, then Fg(c) =Y . We now use the results
of Section 10 to compute rh(Y,n) for m <n . Clearly, if m <n , then
since each entry in the colimit is zero, Th(Y,n) =0 . nn(Y,n) is the
only interesting case.

If Y is a tree, then the Seifert van-Kampen Theorem of Section 4

yields nl(Y,n) = 0 and the corollary to Theorem 2 of Section 9 yields

mn (¥,n) = ® E
n
vY

with the trivial action,

If Y 48 not a tree, then by Section 10,

mn(Y,n) = ® Z
n vY

tor Y the universal cover of Y . In determining the fundamental group
action for this case one notes that the comments on the group action in

Section 10 yield that ni(Y,n) occeurs in the split exact sequence
P —
0 —> nl(Y,n) — nl(Y.n)q.-_—_k T&(Y) _—0 .

Since (Y,n) = (f,n) and the category associated with (f,n) has a tree as
its geometric graph, the Van Kampen Theorem yields as before that

—
T&(Y,n) = 0 , It follows that ni(Y,n) = T&(Y) and the action of ﬂl(Y,n)
reduces to the action of ni(Y) . This action is determined by the action

of T&(Y) on Y as the coordinate shift in 6{! .
vy

For any finite graph Y with “i(Y) + 0 , the gspace (Y,n) has
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mn(¥,n) = @ & .
n o
vY

As a group this is just the direct sum of countably many copies of X .

t
For such graphs, the n h homotopy groups are isomorphic as groups., How-
ever, as modules over the fundamental group they are distinct,

We will consider the particular case n = 2 for the graph Y

y ¥a
v
Vl 2 3
Yo b P
The space (Y,2) may be drawn
xv1=xv= xV2=xV3
Yi "N Ya, L¥a

\xva_xvl \ x'e=x"3
Ya ¥z Yo s

Since nl(Y) = E* X 0 , Tb(Y’z) =® %,
vY

To describe the action we pick a base point at random: say v_ .

Some of the universal cover of Y looks like the graph
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2 2
\ B2 YY2
L Vl L ] Vl
Y
4 Yy Yl
vy Ja B s h
Y2 Y2
Y
k 3
Ya
1t v t vy
YY1 Y
J
3 v2 V2

where the labels indicate the image of the edge under the covering map.
ﬂl(Y) is a free group on two generators which we label a and b . a
corresponds to the path [yz,yl} and b corresponds to the path [ya,y4] .
The action only affects the generators which arise from spheres which
cover 332 . The action of a maps such a generater to a generator
corregponding to a sphere one level down in the previous picture. The
action of b moves it one unit to the right, A word in a and b then
maps the generator of nz(si ) in the obvious way according to the

2
individual action of each consecutive letter. For example, azbaa-lb2
moves the generator 2 to the right, 1 up, 3 more to the right and

then 2 down., The action on an arbitrary element of né(Y,n) ig induced

in the obvious way by this action on the generators of the direct sum.
Example 2. The previous example can be extended in the following way:

Definition: If Y 1s a graph, then a Y-family of groups BJY) is a
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collection of abelian groups &= {G,} and monomorphisms [Q%'y} such that
i} to each vertex w € vY ., corresponds a group Gw ;
ii) to each edge y € eY , corresponds a group Gy with Gy = GLy
for each y € ey ;

G ———

11i)} for each G there is an inclusion ¢ : G
y y,o(y) y o(y)

from the group corresponding to y to the group corresponding
to its initial point.
For n =22 such a family of groups is represented geometrically as
the space MY,n) as follows:
i} to each Gx is associated a K(Gx,n) for same x ,
i1) for each edge y , K(Gy,n) is adjoined to K(Go(y)’n) via the
mappping cylinder of the inclusion « o)

Y0

For example if Y is the graph
y
; & O
Y1 3 3

then G(Y,n) is the space

K(Gy s
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The appropriate cover for this example is

Again the associated s-category has geometrie graph Y .
If Y is a tree then; since n =z 2, all the elements in the cover are

simply connected and as before nl(J(Y,n)) =0 . 1In this case

n(HAY,n)) = & G
n wevy

with the trivial action.

The case when ¥ 1is not a tree will yield the direct sum of countably
many copies of each Gw for w € v¥ . The action is described as in
Example 1.

If we delete the condition that the groups be abelian and set n = 1 ,

then the space MY,l1) gives a geometric picture of a group of graphs

as studied by Serre [1].

Example 3. In this example the space, X , is the 1 point union of two

copies of the 1l-point union of a circle and a 2-sphere:




with the indicated two piece o

the universal cover of the fig

vertices:

202

pen cover, The universal cover of X is

ure 8 with 2-spheres attached between

—

ole
=

¥\

&

O

&

(3 &

&
=
S

etc,

Since the index of TH(UI'X)

restriction of this cover to

universal covers of U1

in ﬂl(x,x) is countably infinite, the

U1 is a countably infinite sequence of

* - . * * *

oy

N
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The action of & on this cover moves the generator onse unit to the right.
The action of b interchanges sheets and moves the generator one unit up.
The point here is that the description of the fundamental group action

on thig part of the cover is no easier than its description in general,

Exemple 4. {due to E. Dyver) Thim example illustrates the necessity of
the hypothesis that the inclusions in the cover induce monomorphisms of
the fundamental groupa. We will present two spaces with different second
homotopy groups but with covers which are indistinguishable by their homo-
topy groups or the fundamental group action,

Let A = K(zz,l) =P (R) and X = K(zz,z) . The cohomology of
P_(R) 1s s polynomial ring in a single generator, T , in dimension 1.
ﬂz i a cohomology class in Hz(A;lz) = [K(Zz,l),K(xz,z)] . Thuas there
isa amap f£: A + X such that r*(i) = ﬂz for 1 the fundamental class,
The mepping cylinder construction replaces £ by a cofibration.

The long exact homotopy sequence of the pair (X,A) is

0= T,(A,%) 4 M(X,%) + T,(X,A,*) + T (A,*) -+ mK*)
-+ ni(x’A,*) -+ nb(A) =0,

Since nl(x,*) = 0 , this ylelds the short exact sequence
+ *)
1) o z2 -+ nz(x,g, ) 22 40
and the fact that ﬁl(X,A,*) =0 . Since X and A are connected

the relative Hurewicz isomorphism theorem vields

2) HI(X,A;Z) =0
and

3 h: nz(x,n,*) -+ Hz(x,A;ID is onto.
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The universal coefficient theorem for homology yields the split short
exact sequence

0 - - -
+ H, (X,A:2) ® X, + H,(X,A:Z,) - Tor(H (X,A:Z),%,) +0
which in view of 2) implies
4) HZ(X,A:!) & 22 EHZ(X,A;lz) .

The long exact cohomology sequence of the pair (X,A) 1is

*

5 - K AR S KX E - HAX,AK) - HI(AK) -0

HZ(A;Z 2) is 52 and is generated by 1]2 . Hz(x;zz) is Zz and is
generated by 1 . Since t*(i) = T]2 . f* is an isomorphism and
ker f = 0 . Thus HZ(X,A;Zz) aHl(A;ZZ) . But Hl(A;zz) alz . Since
(X,A) is a finite cell complex, HZ(X,A;lz) is a finite vector space and
the universal coefficient theorem yields H2(X,A;lz) =] H2(x,n;z2) . Thus
H2(X,A;!2) 3‘82 .

1f Hz(x,a;z) were not cyclic then it would be the direct sum of
cyclic groups and since tensoring commutes with direct sum, HZ(X,A;IO ® 12
would be a direct sum, Thus Hz(K,A;Z) is cyclic,

The homology sequence of the pair (X,A) is

6) H (AR - H,(X;X) + H,(X,A;D - H (AL -'Hl(x:l)

Since A 1is projective space, Hz(A;z) = 0 . The Hurewicz isomorphism
theorem yields Hz(x;x) o= nz(x;*) a-zz > nl(A,*) aHl(A;z) . Thus the
long exact saquence 6) yields the short exact sequence

7 .
Y 0 82 > Hz(X,A,ID -+ 22 -0 .

Since Hz(x,A;l) is c¢yclic, it is 24 . The short exact sequence 1)

gives ﬂz(x,A,*) to be either &, ® 2z, or 4 By 3) the Hurewicz

4 L]

map is onto so that ﬂz(x,A,*) =%y .
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The kernel of h 1is given by

ker(h) = [x-ox|x € m(X,A,%), o € T (A,%] .

Since ﬂﬁ(x,A,*) = HZ(X,A;Z) , ker h = 0 and the action of ﬂl(A) on
ﬂz(x,A,*) is trivial. By 1) né(x,*) __c.né(x,A,*) is monic. Since the action
commutes with this map, the action of ﬂi(A,*) on né(x,*) is trivial.
From [4] we have that the relative Hurewicz isomorphism may be
written as the composition

8) (K, 4,%) =0 (X Y €AY —> Hy(X U CAID T Hy(X, A

(for CA the cone on A) .
That the first map is onto i3 a consequence of the triad connectivity
theorem and the exact sequence

W (X Uca;x,ca,%) —> T, (X,A,%) —> m,(X U CA,CA) = T (X U CA,*) .

(Again, see [4]).
The composition 8) may be rewritten

z, _onto m, (X U CA,%) —=> Z

4
Since this is an isomorphiam

ﬂz(X Uca=* = 34 .

We are now ready to present the two spaces,.

Space 1: This is formed by attaching a cone to A on the mapping

cylinder of &
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Then X U CA is the push-out

A > CA
A%
X ——————> X UCA

By hypothesis,

i) nl(A,*) = %, and m (A% =0, 1 #1;
11) 1 (CA,*) = 0 ;
i11) T7,(X,*) = Z, and T (X,*%) =0, i ¥2 ;

iv) ﬂl(A,*) acts trivially on ﬂz(x,*) (and on ﬂi(A,*), 1 =22,
ﬂi(x,*), i > 2 and ﬂ;(CA,*) since all these groups are trivial.)
Our previous result was that in this case;
ﬂz(x U ca,*%) =2, .

Space 2: This space is the one point union of the unreduced suspension of

A, SA, and X :

4




Thia space is the push-out

A > CA
v v
Y > XVSA

The space A 18 the same as before and Y has the same homotopy
type as X . Since ﬂi(A,*) acts on T, (X,*) through the inclusion
ni(A,*) -+ ni(x,*) , the action of ﬂi(A,*) on n;(x,*) ts triviael.

However,

nz(xvsa,*) = ﬂz(K(zz,z) VsK(Z,,1)) =2, 2, .
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cn,z

Cv,97
s-Category,l
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p”,95
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1,102
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s-category, 950
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Fundamental groupoid, 30
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I,30
r.,174

T(F),29
['(F)-system,34
FB(F),34

Generating graph,d
tree,8
Generator, 30
Geodesic,B
Geometric Graph,l5
Gp,vii
Graph,4



Graph ot an s-category,4
functor, 29
Groupoid, 30

I,83

L,4

im, 1

Initial subcategory,102
Injection,vi

Involution, 4
Length of path,7
Map,vi

v, 1.
n-dimensional,1l5

Nerve,1l

o,4

Q,vii

Open set,vii
Origin of edge,4

P,vii
P(x,X,y),vil

I1,30

Path,7

Path connected,7

Path connected functor, 29
Fath space,vii

Pointed syatem, 35

Projection,vi

Q,vi

Q-homeomorphism,vii
Q-morphiam, vi
Quasi-topological space,v

s=-Category,1l

s-category corresponding
to a cover,192

I-category, 24

simple cover,192
system, 34

system, consiastent,39

very conslatent, 40

t,4
T,39
terminal vertex of edge,4

tree,7
upward finite,ll

v e 97
v

vertices of a graph,4

an object,ll
vertex, connected,ll
vertex set,ll

very congistent system, 40

X,.,1

f’
Y - family of groups,199
Y - pull-back,78

zZ,2

Symbola

n,3 {1, vii
r,4 | {,vit
2,4 U, vii
v, 11 ®, vii
™, 30 11, vii
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