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PREFACE

T h is  paper u s e s  th e  language o f  c a te g o r y  th e o r y .  P r e r e q u i s i t e s  i n ­

c lu d e  th e  c l a s s i c a l  S e i f e r t - v a n  Kampen Theorem and c o v e r in g  sp a ce  t h e o r y .  

C hapters  4 and 5 in  M assey, [ 9 ] ,  p r o v id e  th e  n e c e s s a r y  m a t e r i a l .  A l l  th e  

graph th e o r y  th a t  i s  used i s  d ev e lo p ed  w i t h in  th e  p a p er .  A r e f e r e n c e  f o r  

th e  graph th eo ry  i s  [ 1 ] ,  Theorem 1 o f  S e c t io n  3 co n cern s  g r o u p o id s . 

G roupoids o ccu r  o n ly  b r i e f l y  in  S e c t io n  3 and are th en ce  f o r g o t t e n .  To 

un d erstan d  th e  m a te r ia l  p r e s e n te d  th e r e  r e q u ir e s  f a m i l i a r i t y  w ith  B iow n's  

work on g ro u p o id s  [ 3 ]  o r  [ 8 ] .

The t o p o l o g i c a l  s e t t i n g  in  w hich a l l  the c o n s t r u c t io n s  are made i s ,

Q , th e  c a te g o r y  o f  q u a s i - t o p o l o g i c a l  sp a c e s  as  d e f in e d  by S p a n ler  [ll]  ,

The c h o ic e  o f  Q was made f o r  c o n v e n ie n c e  r a th e r  than  n e c e s s i t y .  Very 

few o f  th e  p r o p e r t i e s  o f  Q are u s e d .  In f a c t ,  p r a c t i c a l l y  any " n ic e ” 

c a te g o r y  o f  sp a ces  would s u f f i c e .  The few b a s ic  f a c t s  and d e f i n i t i o n s  in  

th e  th e o r y  o f  Q -sp a ces  which are used may be summarized as  f o l l o w s :

D e f i n i t i o n . A q u a s i - t o p o l o g i c a l  sp ace  i s  a s e t ,  X , t o g e t h e r  w ith  a c o l ­

l e c t i o n  o f  a d m is s ib le  maps c7(X) which s a t i s f i e s  th e  f o l lo w in g  f i v e  

p r o p e r t i e s

1) each e lem en t a G (7(X) i s  a s e t  f u n c t io n  from some compact 

H au sd orff  sp a ce  t o  X ;

i i )  each c o n s ta n t  f u n c t io n  i s  an e lem en t o f  <7(X) ; 

i i i )  i f  a: C -* X i s  a d m is s ib le  and f : C ' C i s  c o n t in u o u s ,  th en

fa  i s  a d m is s ib le ;

iv )  i f  a i >a 2   ̂ <7(X) , then  th e  d i s j o i n t  u n ion  8 j  u a 2 € £7{X) ;

v) i f  a: C -»X i s  a f u n c t io n  and p: C ( -* C 1b an o n to  co n t in u o u s



vi

map such  th a t  pa i s  a d m is s ib le ,  th e n  a i s  a d m is s ib l e .

I f  X and X are  Q -sp a ces  and f :  X -» X ' i s  a s e t  f u n c t io n ,

th e n  f  i s  a map (o r  Q-morphism) p ro v id ed  f o r  each  a 6 <7(K) , fa  € C7(X') , 

Q d e n o te s  th e  c a te g o r y  o f  Q -sp a ces  and maps.

D e f i n i t i o n : An i n j e c t i o n  i s  a one to  one f u n c t io n  f:  X -* Y such  th a t  f o r

any sp ace  W and f u n c t io n  g: W -* X , f g  i s  a map i f  and o n ly  i f  f  i s .

A p r o j e c t i o n  i s  an o n to  f u n c t io n  f :  X -* Y such th a t  f o r  any sp a ce  Z

and f u n c t io n  g :  Y -* Z , g f  i s a  map i f  and o n ly  i f  f  i s .

Theorem 1 . I f  X S obQ and i : X * -* X i s  a one t o  one f u n c t io n ,  then

th e r e  i s  a unique Q -to p o lo g y  on X / such  th a t  i i s  an i n j e c t i o n .

P r o o f : The c o l l e c t i o n  C7(X ') i s  d e f in e d  as  f o l lo w s :  a € <7(x') i f  and

o n ly  i f  io  € tJXX) . □

Theorem 1 g i v e s  a n oth er  way o f  d e f i n i n g  th e  u s u a l  su b sp ace  t o p o l o g y .

Theorem 2 . I f  X € obQ and p : X "* Y i s  an o n to  f u n c t io n ,  th en  th e r e  i s  

a un ique Q -to p o lo g y  on Y such  th a t  p i s  a p r o j e c t i o n .

P r o o f : The c o l l e c t i o n  C7(Y) i s  d e f in e d  as  f o l l o w s ;  a: C -» Y i s  an 

e lem en t  o f  <7(Y) p ro v id ed  th e r e  e x i s t s  a compact H ausd orff  sp a ce  C '  and

a d m is s ib le  f u n c t io n  a C * X t o g e t h e r  w ith  an o n to  map cp: C ' -» C

such th a t  th e  diagram

C a ■> X

P
V
C a V 

> Y

commutes. □

Theorem 2 g i v e s  an o th er  way o f  d e f in in g  th e  u s u a l  q u o t ie n t  t o p o lo g y .
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D e f i n i t i o n : A s u b s e t  A o f  a Q -space  X la  open p ro v id ed  f o r  each

a d m is s ib le  map a € C7(X) , a: C -» X, a ^A i s  open in  C .

A nother f a c t  th a t  la  used i s  th a t  an i n j e c t i o n  which i s  o n to  i s  a

Q-homeomorphlsm; I . e .  an e q u iv a le n c e  in  Q . One advantage to  Q i s  

th a t  f u n c t io n  s p a c e s  have a n a tu r a l  Q -to p o lo g y .  T h is  f a c t  i s  not used  

e x c e p t  perhaps in  th e  d e f i n i t i o n  o f  th e  path  sp a ce  fu n c to r  P: Q -» Q :

I f  X 6 obQ , then

PX = { ( f  ,1 )  | f : B+ -* Q i s  a map and f ( t )  = f  (0) t t £ 0 ; f  ( t )  = f ( £ )  , t ^ t

On morphlsras, P i s  d e f in e d  v ia  the  obv ioua  c o m p o s it io n .

I f  X 6 obQ and x ,y  € X , then

P (x ,X ,y )  c  PX

den otea  the s e t  o f  a l l  p a th s  ( £ , t )  in  X w ith  f ( 0 )  -  x and £ {£ )  -  y .

f i(X ,x) = P ( x ,X ,x )  .

I f  A i s  a s e t ,  then  |a | d e n o te s  th e  c a r d i n a l i t y  o f  A .

L) d e n o te s  th e  d i s j o i n t  un ion  (cop ro d u ct)  o f  s e t s ;

11 d e n o te s  th e  d i s j o i n t  un ion  ( c o p r o d u c t )o f  s p a c e s ;

0  d e n o te s  th e  d i r e c t  sum (cop rod u ct)  o f  g ro u p s .

The n o t io n s  o f  p u sh -ou t  and p u l l -b a c k  are  used t o g e t h e r  w ith  th e  

e x p l i c i t  c o n s t r u c t io n  o f  c o l i m i t s  in  Q as a q u o t ie n t  o f  a c e r t a i n  

c o p r o d u c t .

Gp d e n o te s  th e  c a te g o r y  o f  groups; Ab d e n o te s  th e  c a te g o r y  o f  

a b e l i a n  g r o u p s .
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INTRODUCTION

The c l a s s i c a l  S e i f e r t - v a n  Kampen Theorem computes th e  fundam ental group  

o f  a sp a ce  from th e  fundam ental grou p s o f  th e  e le m e n ts  In an open co v er  o f  

th e  s p a c e .  In p a r t i c u l a r ,  I f  {x^ X ^ } i s  an open c o v e r  o f  a sp a ce  X and 

A = Xi n X2 i s  path  c o n n e c te d ,  then  X i s  th e  p u sh -ou t

-> X.

V

-> X

o f  s p a c e s  and n^(X,*) i s  th e  push -ou t

^1 *1
'

U ^ x ^ * )

h . -> n1 (X1 ,* )

o f  g ro u p s .

A more e l e g a n t  way t o  p h rase  t h i s  r e s u l t  I s  by in tr o d u c in g  a 

c a te g o r y  C

V
x.

-i> x.

and a fu n c to r  F: C -+ Q where

F(a) = A, F (x x) <= X ^  F (x2) = X;

= I 1 * F < 1 2 ) =  * 2
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The theorem th en  a s s e r t s  t h a t  I f  F ( a ) , F (x  ) , and F (x  ) a re  open andX z

path  co n n ected  and i f  F ( i  ) and F ( i  ) are  I n c lu s io n s  ( i n j e c t i o n s ) ,
X z

then  f o r  any b a s e p o in t  + £ F (a) ,

T^(colim  F ,* )  = c o l im  tt̂ (F ( ) , * )  ,

T h is  paper d e v e lo p s  an a n a la g o u s  r e s u l t  f o r  th e  secon d  homotopy group,

The main r e s t r i c t i o n  i s  t h a t  th e  fundam ental group o f  each  open s e t  in  th e

c o v e r  i n j e c t  in t o  th e  fundam ental group o f  th e  s p a c e .  I f  th e  sp a ce  has a

two e lem en t open c o v e r  s u c ^ th a t  A = 0 i s  co n n ected  and

V X i,*>  -* ^ ( X , * )  , 1= 1 ,2  and (A, +) -* ^ ( X , * )  are m onic, th en  in  t h i s

s p e c i a l  c a s e ,  the method d ev e lo p e d  h e r e in  i s  e a sy  to  f o l l o w .

C o v e r in g s ,  £ ,X  and X o f  A, X and X are  formed by p u l l i n g -X & i. A
-  a

back ( r e s t r i c t i n g )  the u n iv e r s a l  c o v e r ,  X o f  X . For exam ple, X  ̂ i s

the p u l l - b a c k

-------------- > X
*1

V I

X  > x

I t  tu r n s  out t h a t j

i )  th e r e  i s  a p u sh -o u t

fS A
A ------------------ > X1

V  V

X2 --------------- > x

A A A
and i i )  X ( r e s p .  A, X ) i s  th e  d i s j o i n t  un ion  o f  as many c o p ie s  o f  the

X z

u n iv e r s a l  c o v e r  o f  X ( r e s p .  A, X_) as c o s e t s  in  th e  s e t1 *

tti ( X , + ) / tti (X1 ,* )
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( r e s p .  ^ ( x . t J /T ^ C A ,* )  , ^ ( X . ^ / tî X  ,*>) .

The M a y e r -V ie to r is  Theorem a p p l ie d  to  th e  p r e c e d in g  p u sh -ou t  y i e l d s  

an e x a c t  sequ en ce

H2 (A,Z) -»H2 (Xi : ®  ® H 2 (X2 ;®  -» H2 (X;«) ^ 0

which t e r m in a te s  in  z e r o  s i n c e  A i s  con n ected  and s im ply  con n ected  in  

each  component. Thus H (X;Z) i s  th e  p u sh -ou t

h2 (a , »  ------------------ >  h2 <xi ;x)

V

H2 (X2 ; ®  ---------------- > H2 (X;Z)

S in ce  H (X ;Z) = ® H  (X ;Z) e t c . ,  t h i s  p u sh -ou t  y i e l d s  th e  p u B h -  2 1 2 1

ou t

e  H2 (A;Z) ---------------------- > © H2 (Xi ; Z)

w V

e H2 (X2 ; © -------- > H2 (X;Z) .

Now th e  Hurewicz isomorphism a p p l i e s  to  y i e l d  tt2 (x ,* )  as the  p u sh -ou t

 ̂ tt2 (A, *) ---------------------- > © TT2 (Xr *>

V V

®  TT2 (X2 ’* )  > -n2 (X'*)

where n (A ,* ) = tt (A ,*)  s in c e  A i s  the  u n iv e r s a l  c o v e r  o f  A , e t c .

T h is  paper g e n e r a l i z e s  th e  p r e c e d in g  c o n s t r u c t io n  to  a l a r g e r  c l a s s  

o f  open c o v e r in g s  f o r  which the  fundamental group o f  each  e lem ent in  th e  

c o v e r  i n j e c t s  in t o  th e  fundam ental group o f  th e  s p a c e .
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S e c t io n  1 d e v e lo p s  th e  language n e c e s s a r y  t o  d e s c r ib e  th e  c o v e r s  t o  

which th e  c o n s t r u c t io n  w i l l  a p p ly .

S e c t io n  2 t r e a t s  in  d e t a i l  th e  c a s e  o f  c o v e r s  f o r  which th e  i n t e r ­

s e c t i o n  o f  any th r e e  e le m e n ts  i s  v o id .

S e c t io n  3 c o n s t r u c t s  a fundam ental group f u n c t o r  which i s  used  in

S e c t io n  4 t o  g e n e r a l i z e  th e  c l a s s i c a l  S e i f e r t - v a n  Kampen Theorem t o  t h e

c a se  when not a l l  e le m e n ts  o f  the  c o v e r  c o n ta in  th e  b ase  p o i n t .

S e c t io n  5 g e n e r a l i z e s  th e  p r o c e s s  by which th e  u n iv e r s a l  co v er  o f  X

i s  p u l le d -b a c k  o v e r  each  open s e t  in  th e  c o v e r .

S e c t io n s  6 and 7 g e n e r a l i z e  th e  M a y e r -V ie to r is  Theorem.

S e c t io n  8 c o n t a in s  some exam p les .

S e c t io n  9 c o n t a in s  th e  main r e s u l t :  th e  c o v e r s io n  o f  t h e  homology 

c o n s t r u c t io n s  in  S e c t io n  6 i n t o  homotopy c o n s t r u c t i o n s .

S e c t io n  10 r e l a t e s  t h e s e  r e s u l t s  t o  th e  s p e c i a l  ca se  c o n s id e r e d  in  

S e c t io n  2.

S e c t io n  11 g i v e s  a form al d e s c r i p t i o n  o f  th e  means by w hich one 

p a s s e s  from a c o v e r  to  th e  c a te g o r y  d e s c r ib e d  in  S e c t io n  1 .

S e c t io n  12 c o n t a in s  ex a m p les .



§1, s-Categories.
s - C a t e g o r i e s  are  used  to  model s t r u c t u r e  a s s o c i a t e d  w ith  a c o v e r in g  

o f  a s p a c e .  An a n a la g o u s  s t r u c t u r e  i s  th e  n erv e  o f  a c o v e r in g .  I f  X 

i s  a sp a ce  and Û x^XGA iS  80 open c o v e r ln ® ° *  X in d exed  by a s e t  A , 

th e n  th e  n erve  o f  th e  c o v e r in g  i s  t h e  s i m p l l c i a l  com plex d e s c r ib e d  as  

f o l l o w s :  To each  open s e t  in  th e  c o v e r  i s  a s s o c i a t e d  a v e r t e x .  I f  two

e le m e n ts  o f  th e  c o v e r  i n t e r s e c t ,  th e n  t h i s  I s  recorded  by a t t a c h in g  an 

edge betw een  th e  v e r t i c e s  r e p r e s e n t in g  them. T h is  p r o c e s s  c o n t in u e s  by 

I n d u c t io n  a t t a c h i n g  n -d im e n s io n a l  s im p1i c e s  t o  r e p r e s e n t  th e  i n t e r s e c t i o n  

o f  any n+1 d i s t i n c t  e le m e n ts  o f  th e  c o v e r .  In  what f o l l o w s ,  i t  w i l l  be  

o f  i n t e r e s t  to  record  not o n ly  th e  e x i s t e n c e  o f  i n t e r s e c t i o n s  but a l s o  th e  

path  components o f  th e  i n t e r s e c t i o n s .  That i s ,  whenever n+1 e le m e n ts  

i n t e r s e c t ,  an n - s im p le x  w i l l  be a t ta c h e d  f o r  each  p ath  component o f  th a t  

i n t e r s e c t i o n .  For v a r io u s  r e a s o n s  i t  i s  c o n v e n ie n t  to  record  t h i s  in form a­

t i o n  in  a c a te g o r y  r a th e r  than  in  a com plex . s - C a t e g o r i e s  a re  a c o n c i s e  

means t o  do t h i s .

D e f i n i t i o n : L et A d en o te  a s e t .  An s - c a t e g o r y  b ased  on A i s  a sm a l l

c a t e g o r y ,  C , such  th a t

i )  each  f  € obC i s  an i n j e c t i v e  f u n c t io n  f:  Xf  -+ A w ith

i i )  f o r  each  p a i r  f , g  G obC , | c ( f ,g )  j < 1 ; and i f  C ( f , g )  * 0 ,

th en  irag £  imf ;

i i i )  f o r  each  f  £ obC and non-empty s e t  Y c  im f th e r e  e x i s t s  a 

unique g € obC such t h a t  C ( f , g )  * 0 and irag = Y .

Example 1 : X i s  an an nulus w ith  a two p i e c e  open c o v e r  }i= 1  2

as  i l l u s t r a t e d .

1



2

The s - c a t e g o r y ,  C , a p p r o p r ia te  f o r  t h i s  example i s  based on the  s e t  

{ l , 2 }  and has fo u r  o b j e c t s :

V  {1} ----- > { 1 .2 }  V  ----- > { 1 ,2 }

*2 : {2} ----- > { 1 ,2 }  f 4 : { 1 , 2 } 2  > { 1 ,2 }

(whe re {1 ,2 }^  i s  sh o r t  f o r  { 1 ,2 }  x [ i } , i  = l , 2  ) .  ^  co rresp o n d s  t<

U, , 1= 1 ,2  . f  and each  correspon d  one to  each  component o f  th e

i n t e r s e c t i o n  U fl U . C has e i g h t  non-empty morphism s e t s :  th eX 6

o b v io u s  fo u r  c o n t a in in g  o n ly  the n e c e s s a r y  i d e n t i t i e s  and th e  fo u r  

c(f3,fi> , C ( f 3 l f 2 ) , C ( f 4 , f 1 ) , C ( f 4 , f 2 )

c o n t a in in g  morphisms which correspon d  to  th e  v a r io u s  i n c l u s i o n s  o f  th e  

components o f  U fl U , , C om posit ion  in  C i s  p o s s i b l e  o n ly  w ithX. £

i d e n t i t i e s .  T h is  c a te g o r y  has a r e p r e s e n t a t i o n  as the CW-complex

_  U . 2 } !
{ ! } <  ' ^ > { 2 }

T l  T l , 2 } a

The g e n e r a l  procedure f o r  p a s s in g  from a g iv e n  open c o v e r  o f  a 

sp a ce  to  th e  a s s o c i a t e d  s - c a t e g o r y  i s  d e s c r ib e d  in  d e t a i l  in  S e c t io n  11 .

D e f i n i t i o n : The d im ension  f u n c t io n  d: obC -» , th e  n o n -n e g a t iv e

i n t e g e r s ,  i s  d e f in e d  f o r  f  G obC by d f  + 1 = |x^j . T h is

f u n c t io n  p a r t i t i o n s  obC i n t o  d i s j o i n t  c l a s s e s  C d e f in e d  byn



C = d -1 n f o r  n € *+ . n

In Example 1, d f  = d f„  = 0 and d f  = d f .  = 1 .1 a J 4

D e f i n i t i o n : I f  C i s  an s - c a t e g o r y ,  then  f  € obC i s  a f r e e  f a c e  i f

th e r e  e x i s t s  no g £ obC , g * f  , such  th a t  C ( g , f )  * 0  . The

c o l l e c t i o n  o f  f r e e  f a c e s  in  C w i l l  be denoted  Fr(C) .

I f  f , f  ' 6 obC , t h e  s - c a t e g o r y  f  f l f / b ased  on imf f l  i m f '

i s  d e f in e d  to  be th e  f u l l  su b c a te g o r y  o f  C g e n e r a te d  by th e  s e t

{g e o b c | c < f , g >  * 0  and C ( f ' , g )  + 0 ]  .

The f a c t  th a t  f  fl f  ' has o b j e c t s  w i l l  be w r i t t e n  f  fl f  ' ^ 0  .

Example 2: C i s  th e  s - c a t e g o r y  based  on A = [ 1 , 2 , 3 )  w ith  o b j e c t s

f ."4 * { 1 , 2 ^  — >  h

V  A

f g : [ 1 , 3 ]  — > A
= C,

E7 : [ 2 , 3 ]  — :■> A

f g - [ 1 , 2 , 3 }l — > A "

f 9 - ( 1 , 2 , 3 } 2 - >  A j
= c.

and n o n - i d e n t i t y  morphisms a s  in d ic a t e d  below:

f 8 " f L’ V f 3 ' f 4 ' f 6 ' f 7 

f 9 "* f l , f 2 ’ f 3 , f 5 , f 6 ’ f 7

f 4 " V f 2 

f 5 f l ' f 2

f -  -♦

f_  -*

f l ' f 3

f 2 ' f 3

As a com plex C i s  th e  cone:

f 1

f
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Fr(C) = { f g f f g 3 . fg  n £g i s  th e  s - c a t e g o r y  w i t h  o b j e c t s

V
>  Az - -

£ : {3} > A J

- > a .

— >  A > == (£8 n V o

f 6 : { 1 . 3 }  — > A j  

f 7 : ( 2 , 3 }  — > A j <f8 n V l

£q n f „  i s  th e  complex  o 9 i

f

D e f i n i t i o n : A g ra p h , p , c o n s i s t s  o f  two s e t s  vT and eP t o g e t h e r

w ith  f u n c t io n s  o , t :  eP -+ vT and a f u n c t io n  z,: eT -> e r  . vP i s  th e

s e t  o f  v e r t i c e s  o f  p and eT i s  th e  s e t  o f  e d g e s  o f  r  . The

f u n c t io n  o :  eP  -» vT a s s o c i a t e s  t o  each  e d g e ,  h € eP  , i t s  o r i g i n  .

o ( h ) ,  and th e  f u n c t io n  t :  eP -» vP a s s o c i a t e s  t o  each  e d g e ,  h 6 eP ,

i t s  t e r m in a l  p o i n t , t (h) . The f u n c t io n  t, i s  th e  in v o l u t i o n  and has

th e  p r o p e r ty  th a t  f o r  each  h £ eT , o (z ,h )  = t ( h )  and t ( iJ i )  = o (h) .

Examples o f  graphs appear in  Example 1 and in  Example 2 . In
■K —  ̂ —

Example 1 ,  C i s  a graph w i th  vC = f f  ̂  * "̂ 2̂  and = ^*3 ’ * 3 ' * 4 ’ f  4  ̂

where o < f * )  = o ( f *)  = t  C?3 > = t « 4) = f j . U f * )  = t ( f * )  = o ( f g )  =
_ * _ i|i

( f 4> = f 2 , Lf3 = fg  , and z,t4 = f^ . In  th e  i l l u s t r a t i o n  th e  e d g e s

+ -
f 3 and fg  c o i n c i d e  and are  r e p r e s e n te d  by f g  . S i m i l a r l y  th e  

 ̂ —

e d g e s  f^ and f  c o i n c id e  and are r e p r e se n te d  by f^  , In Example

2 , f  fl f_  i s  a graph w ith  v e r t i c e s  r e p r e se n te d  by th e  o b j e c t so 9

P j f . j f .  and p a i r s  o f  e d g e s  r e p r e se n te d  by th e  o b j e c t s  and f_  .1  ̂ J to /

D e f i n i t i o n : L et C d en o te  an s - c a t e g o r y .  The graph o f  C , T(C) ,
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has v e r t i c e s ,  vr(C ) = Fr(C) . I f  f , f '  €  Fr(C) and f  * f  ' , th en  th e  

ed g es  o f  TCC) w ith  o r i g i n  f  and t e r m in a l  p o in t  f  / co rr esp o n d ,  

under th e  co rr esp o n d en ce  h -* ( f , h , f ') w ith  th e  f r e e  f a c e s  o f  f  fl f  / . 

I f  h € F r ( f H f ' )  and ( f , h , f ' )  € eT(C) , th en  t ( f , h , f ' )  = < f ' , h , f )  . 

S in c e  F r ( f  (~tf ^  = F r(f^ H f)  , t h i s  d e f i n e s  an i n v o l u t i o n .

Exnmnie 3: In th e  s - c a t e g o r y ,  C , o f  Example 2 , vT(C) = { f g , f g } and

er(C )  = U f 8 f f 6 . f 9 ) . ( f 9 » f 6 . f 8 ) ’ ( f 8 *f 7 ' V ' Cf9 *f 7 ' f 8 ) J  * r(C) 1S r e Pr e "
f

se n te d  g

f 7

where ( f 8 »f g ' £9  ̂ and corresp on d  under th e  i n v o lu t i o n  t

and are  r e p r e se n te d  by f g and ^ g > f 7 »^g^ and ^ 9 ’ * 7 ’ f 8  ̂ s i m i l a r l y  

corresp on d  and a re  r e p r e s e n te d  by f^ .

O ften  i t  i s  u n n e c e ssa r y  t o  record  th e  o r i g i n  and te r m in a l  v e r t i c e s  

o f  an ed ge  ( f , h , f  ') € ©r(C) . In t h e s e  c a s e s  such  an edge w i l l  be d e ­

noted  s im p ly  by th e  symbol h .

D e f i n i t i o n : A g e n e r a t in g  graph f o r  an s - c a t e g o r y  C , i s  any su b ­

graph , r  , o f  r(C) such  th a t

i )  v r  = v r c c )

11) i f  ( f , g , f ') 6 er (C )  , then  th e r e  e x i s t s  a f i n i t e  seq u en ce  o f  

ed g es  o f  r  ,

f ' w w  6  e r  = e r ( c ) C o

w ith  f Q = f ,  = t '  and Cfh^ g) * 0  f o r  l=Of . . . , n  .

Example 4: Let C be  th e  s - c a t e g o r y  based  on A = { 1 , 2 j w ith  

o b j e c t s



and w ith  o b v io u s  morphisms. 

C I s  r e p r e se n te d

and f(C ) i s  r e p r e se n te d

A g e n e r a t in g  graph f o r  r(C) i s  o b ta in e d  by s e l e c t i n g  th e  ed g es

^ f 3*h2 , t 4 > ’ <f3'hl’ *4* * (f4*hl* f3* *
( f 4 , h 1 » f 5) , ( f g . h ^ , f 4 > } . For example ( f 3 »h2 »f 5  ̂ € ®r<C) and

i s  a seq u en ce  o f  e d g e s  o f  th e  g e n e r a t in g  graph o f  th e  req u ir ed  t y p e .



T h is  g e n e r a t in g  graph i s  r e p r e se n te d :

h 2

Some d e f i n i t i o n s  from graph th e o r y  w i l l  be needed in  what f o l l o w s ,

D e f i n i t i o n : A c i r c u i t  o f  l e n g t h  n in  a g ra p h , r  ( i s  a seq u en ce  o f

ed ges

t ' i C i

such  t h a t  o t f ^  = i = 2 , . . . , n  , and otfj^) = t C f n> .

F u r th en a o re ,  tf^  * , i - 2 , . . . , n  and 4  p fn .

A p ath  in  a grap h , r  , from a v e r t e x  v t o  a v e r t e x  v ' i s  a 

f i n i t e  seq u en ce  o f  ed g es

t f i C i

w ith  t ( f i ) = o ( f i+ 1 ) , i  = 1 ,  , n - l  and oCf^) = v , t ( n  = v '  .

n i s  th e  l e n g t h  o f  th e  p a th .

A graph i s  path  co n n e c te d  i f  e v e r y  p a ir  o f  v e r t i c e s  may be Jo in ed  

by a p a th .  I f  a graph i s  not path  c o n n e c te d ,  th e n  i t s  p ath  components  

a re  d e f in e d  in  th e  o b v io u s  way. A graph i s  a t r e e  i f  i t  has no c i r c u i t s
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A t r e e  i s  not assumed t o  be co n n ec ted  u n le s s  o th e r w is e  s t a t e d .  For any 

two v e r t i c e s  in  a p a th  component o f  a t r e e  t h e r e  i s  a u n iq u e  m inimal 

l e n g t h  p ath  betw een  them ( o r  e l s e  th e  t r e e  would c o n ta in  a c i r c u i t ) .

Such a m inim al l e n g t h  p ath  i s  c a l l e d  a g e o d e s i c .

D e f i n i t i o n : A g e n e r a t in g  t r e e  f o r  an s - c a t e g o r y ,  C , i s  any g e n e r a t in g

graph which i s  a t r e e .

Theorem 1 . I f  C i s  an s - c a t e g o r y  w i t h  a g e n e r a t in g  t r e e ,  th en  FCO

has no c i r c u i t s  o f  l e n g t h  tw o.

P r o o f : I f  r(C> h as  a c i r c u i t  o f  l e n g t h  tw o, th en  th e r e  e x i s t  d i s ­

t i n c t  v e r t i c e s  f , f  ' € f(C ) and two d i s t i n c t  e d g e s  ( f , g , f  ' ) , ( f ' , g  ' f )

w i t h  g , g '  € F r ( fH f  ') . S in c e  t h e s e  a re  f r e e  f a c e s  both  C t g j g ' )  and

CCg' . g )  a r e  empty.

I f  ev ery  g e n e r a t in g  graph f o r  F(C) c o n t a in s  both  ( f , g , f ') and 

( f , g ' , f  ') , th en  e v e r y  g e n e r a t in g  graph has a c i r c u i t  and i s  t h e r e f o r e  

not a t r e e .  Thus we can assume some g e n e r a t in g  graph , r  , i s  a t r e e  

and d oes  not c o n t a in  ( f , g , f ') .

S in c e  F i s  g e n e r a t in g  th e r e  i s  a seq u en ce  o f  ed ges

^ f i , h i , f i+l^  ̂ e r ^i=0

o f  T such  t h a t  f_ = f ,  f  , = f ‘ and C(h g )  + 0 f o r  i = 0 , . . . , n  .0 n+1 i ,

S in c e  C(g ' , g )  = 0 , no h^ = g ‘ , In p a r t i c u l a r ,  hQ * g ' and 

h^ # g '. I f  ( f , g / , f  ') € eT » th en  th e  seq u en ce

{ ( f ' , g ' , f ) ,  W ^ V ' i + l ^ i - O  

i s  a c i r c u i t  in  F ■ Thus ( f , g / , f /) ^ e f  and th e r e  e x i s t s  a seq u en ce
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^ f i , h i , f i + l *  € e r ^i=0

w ith  f '  = f  , f '  . = f '  and C ( h ' , g ' )  * 0  f o r  1=0 tn .u m+i l

Zf t h e s e  two s e q u en ces  o f  p a th s  are  u n e q u a l , th en  f  c o n t a in s  a 

c i r c u i t .  S in c e  r  i s  a t r e e ,  th e  s e q u en ces  a re  e q u a l  and th e r e  i s  a

seq u en ce  U f i ( h t , f i + 1 > € e r ^i=0 o f  edBes w ith  ^  = f  * f n+ l  = £ ' 

and C(hi t g )  + 0  , C(h i , g /) # 0  f o r  1 = 0 , . . . , n .

Then img £ imh^ and im g ' C imhi  f o r  1 = 0 , . . . , n , Thus

img U img ' c  imh^ f o r  1 = 0 , . . . , n . S in c e  C C f^ h ^ )  + 0  f o r

i = 0 , . , . , n  and C ( f n+1,h n) + 0  , img U im g' c  im ^  f o r  i = 0 ,  —  ,n + i  .

From th e  d e f i n i t i o n  o f  an s - c a t e g o r y  f o l l o w s  th e  e x i s t e n c e  o f

s e q u en ces  Ck and k̂ j^ i~ 0  SUCh th a t  ® and

imkj = img (J im g' , i = 0 , . . . , n + l  and CCh^.k^) * 0  and imk^

= img U im g' , 1 = 0 ,  ,n  .

S in c e  C ( f 1 , h 1) + 0  , C f f ^ k ^ )  + 0  and k ± = k^ f o r  1 = 0 , . . . , n .

A ls o  C(h ,k , )  + 0  , and k = k .n ' n+1 ’ n+1 n

For each  i  , 0 s  i  < n , C ( f . . , h . )  # 0  and C ( f , . , h  ) + 0  .' i+ 1  i  i + 1 ’ i+1

Thus ® and C f̂ i + l , k i + i ^  * ^ ’ and k i  = k i + l  f o r

i = 0 , . .  . , n -1  . By in d u c t io n  a l l  th e  ^ ’s are  eq u a l and in  p a r t i c u l a r ,

k = k . S in c e  img Lj img ' -  imk^ = imk , , t h e r e  a re  e le m e n ts  0 n+1 0 n+1

h ,h  ' w i t h  imh = img and im h ' = im g' and

CdtQ.h) + 0  , c <kn + 1 . h '> •

S in c e  C C f , ^ )  = + 0  and C (f  ' . k n+1> = C ( f„+i ' kn+i ) *

C ( f , h )  + 0  . C ( f ' (h ' )  + 0  . I t  f o l l o w s  th a t  h = g and h '  = g ' . 

Thus CCf.kQl + 0  and C U ' . k f l )  * 0  so  th a t

€ o b ( f  flf ')
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But C(k0 ,g )  * 0  and C(kn + l , g ' )  = C(ko , g ' )  + 0  . S in c e  g and g '  

a re  d i s t i n c t ,  t h i s  shows th a t  a t  l e a s t  one o f  them i s  n o t  a f r e e  f a c e  

o f  f  fl which i s  a c o n t r a d i c t i o n .  □

Example 5: A 1 -d im e n s io n a l  s - c a t e g o r y  may have a g e n e r a t in g  t r e e  and 

a c i r c u i t  o f  l e n g t h  th r e e :

C i s  th e  s - c a t e g o r y  b ased  on A = { 1 , 2 , 3 , 4 }  w ith  o b j e c t s :

V  {>■) f 5 : { 1 , 2 }

f 2* - > A |
=

f 6 : { 2 , 3 }  — >

V  b} — > A
0 f ? : { 2 , 4 }  — >

*4 = {«) — > A j

= C,

and n o n - i d e n t i t y  morphisms:

f B — > V f 2 ; f 6  > V f 3 1 ll — =• f 2 - f 4

C i s  r e p r e se n te d :

and r(C ) i s  r e p r e se n te d :

f
6 f

I t  i s  c l e a r  th a t  r(C) i s  a c i r c u i t  o f  l e n g t h  th r e e  and any two e d g e s  

o f  f(C ) form a g e n e r a t in g  t r e e .
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The I l l u s t r a t i o n s  in  t h i s  s e c t i o n  have r e p r e s e n te d  s - c a t e g o r i e s  a s  

s e m i - s i m p l i c a l  c o m p le x e s .  In g e n e r a l ,  th ey  a r e  not s i m p l i c i a l  c o m p lex e s .  

However, * f  an s - c a t e g o r y  has a g e n e r a t in g  t r e e ,  th en  i t  f r e q u e n t ly  i s  

s i m p l i c i a l .

D e f i n i t i o n : An s - c a t e g o r y  C i s  upward f i n i t e  i f  f o r  each  o b j e c t

g G obC , t h e r e  i s  a f r e e  fa c e  f  G obC w ith  C ( f , g )  + 0  .

D e f i n i t i o n : C i s  an s - c a t e g o r y .  The e le m e n ts  o f  Cq a re  c a l l e d

v e r t i c e s  o f  C . A v e r t e x  v G CQ i s  con n ected  i f  f o r  any v ' G CQ ,

imv / = imv im p l i e s  v = v / .

T h is  d e f i n i t i o n  r e l a t e s  t o  to p o lo g y  in  t h e  f o l l o w i n g  way. I f  th e  

s - c a t e g o r y  C a r i s e s  from an open c o v e r  o f  a s p a c e ,  th en  th e  v e r t i c e s  

o f  C correspon d  to  path  components o f  th e  e le m e n ts  in  th e  c o v e r .

Thus i f  i s  th e  c o v e r ,  th en  th e  v e r t i c e s  w ith  image X c o r r e s -
A A

pond t o  th e  p ath  components o f  U , s i n c e  each  U. r e p r e s e n t s  th eA A

i n t e r s e c t i o n  o f  1 e lem en t  in  th e  c o v e r .  I f  each  i s  p ath  con ­

n e c te d  th en  t h e r e  w i l l  be a s i n g l e  v e r t e x  w ith  image X . That i s ,  

th e  v e r t i c e s  w i l l  be determ ined  by t h e i r  im ages; th e  v e r t i c e s  w i l l  be  

c o n n e c te d .

C le a r l y ,  i f  a g iv e n  open c o v e r  d oes  not c o n s i s t  s o l e l y  o f  path  

co n n e c te d  s p a c e s ,  th en  i t  can be e n la r g e d  to  one which d o e s .  Without  

l o s s  o f  g e n e r a l i t y  i t  w i l l  be assumed t h a t  a l l  s - c a t e g o r i e s  have each  

o f  t h e i r  v e r t i c e s  c o n n e c te d .

D e f i n i t i o n : C i s  an s - c a t e g o r y  and g G obC . The v e r t e x  s e t  o f  g

i s  d enoted  vg and i s  d e f in e d  t o  be th e  s e t

vg = {v G | c ( g , v) t  (S J .
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The e le m e n ts  o f  vg a re  c a l l e d  th e  v e r t i c e s  o f  g . Note th a t

Img = U imv . 
v € \«

Theorem 2 : I f  C I s  an upward f i n i t e  s - c a t e g o r y  w ith  a g e n e r a t in g

t r e e ,  th en  C has a r e p r e s e n t a t i o n  a s  a s i m p l i c i a l  com plex.

P r o o f : I t  s u f f i c e s  t o  show t h a t  each  o b j e c t ,  g € obC , i s  d eterm in ed  by

i t s  v e r t i c e s .  Suppose g '  € obC and vg = vg ' . S in c e  C i s  upward

f i n i t e ,  th e r e  e x i s t  f r e e  f a c e s  f , f  ' € Fr(C) w ith  C ( f , g )  * 0 and

C ( f ' , g ' )  + 0  . I f  f  = f '  , th en  s in c e  img = img" , g = g / .

I f  f  *  f  ' , th en  each  v e r t e x  v € vg = vg ‘ i s  an o b j e c t  in

f  fl f  / and th e r e  i s  a f r e e  f a c e  hy € Fr(fPtf ') w ith  C(hv , v )  * 0  .

S in c e  C has a g e n e r a t in g  t r e e  |F r(fO f ') | = 1 by Theorem 1 .  Thus 

a l l  th e  hv ' s  are  eq u a l  t o  a s i n g l e  e le m e n t ,  h . S in c e  img = img /

£  imh , t h e r e  i s  a un iqu e g" € obC w ith  C (h ,g" ) * 0 and img" = img

= imgi S in c e  C ( f , h )  * 0  , C ( f , g " )  * 0  and g" = g . S i m i l a r l y ,

g" = g ' . Thus g = g ' . □

I t  i s  a conseq u en ce  o f  t h i s  theorem th a t  in  c a s e  th e  s - c a t e g o r y  

C d e r i v e s  from an open co v er ,  i f  C has a g e n e r a t in g  t r e e ,  th en  C 

r e p r e s e n t s  th e  n erve  o f  th e  c o v e r .

The f o l l o w i n g  exam ples  show th a t  th e  c o n v e r se  o f  Theorem 2 

i s  f a l s e :

Example 6: C i s  th e  s - c a t e g o r y  based  on A = [ l , 2 , 3 ]  w ith  o b j e c t s

f 4 : { 1 , 2 ]  - ^ >  A*>

f 5 : { 1 , 3 }  — A

f 6 : { 1 , 4 }  — > A J

1
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and o b v io u s  morphlsius. C has a r e p r e s e n t a t i o n  a s  t h e  s i m p l i c l a l  com' 

p le x

f 2 f

but h as  no g e n e r a t in g  t r e e .

Example 7: C i s  th e  s - c a t e g o r y  based  on A =  { l , 2 , 3 , 4 }  w ith  o b j e c t s :

[1 }  — i> f 5 : { 1 , 2 }  — > A ; V  { 2 , 4 }  — >  A A

f 2 : ( 2}  — > A f : { l , 3 }  — > A  
= o 0 ^

; f 1Q: { 3 , 4 }  — > A
= c i

f 3 : { 3 ]  — > A f ? : { 1 , 4 }  — > A

V  {4} — > A , V  { 2 , 3 }  — >  A

f n : { 1 , 2 , 3 } — > A ^

f 1 2 : { 1 , 2 , 4 }  — > A
_  f

f 1 3 : f l , 3 , 4 }  — > A
" 2

f 1 4 : { 2 , 3 , 4 }  — > A ^

and o b v io u s  m orphism s. C can be r e p r e s e n te d  as  a s i m p l i c l a l com plex

as  t h e  h o l lo w  t e t r a h e d r o n .  T(C) has v e r t i c e s  l a b e l e d  by Fr(C) = Cr 

r (C ) has tw e lv e  e d g e s ,  namely

<f l l ’ f 5' 12 Cf12' V 11

<fl l ’ V 13 t f 13' V 11J

< f12' V 13 ( f 13* V 12

<fl l ’ f 8* 14 t f 1 4 ’ f 8* 11

<f12' f 9' 14 t f 14' V 12

<f1 3 ’ f i o ’ 14 ( f M* f io> 13
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C le a r ly  C ( f 1 , f J ) = 0  i f  i , j  € { 5 , 6 , 7 , 8 , 9 , 1 0 }  and 1 * J  . I t  

f o l l o w s  t h a t  no p ro p er  subgraph o f  F(C) i s  a g e n e r a t i n g  grap h . S in c e  

r (C ) i s  n o t  a t r e e ,  C has no g e n e r a t in g  t r e e .

D e s p i t e  t h e s e  ex a m p les ,  i t  may be th e  c a s e  t h a t  s u f f i c i e n t l y  h ig h  

c o n n e c t i v i t y  o r  c o n t r a c t i b i l i t y  o f  th e  complex g u a r a n te e s  a g e n e r a t in g  

t r e e  ( c f .  Theorem 1 in  S e c t io n  2 ) .  S in c e  t h e s e  q u e s t i o n s  do not a r i s e  

i n  what f o l l o w s ,  th e y  w i l l  n o t  be i n v e s t i g a t e d  h e r e .



§2. One D im en s io n a l s - C a t e g o r i e s .

D e f i n i t i o n : An s - c a t e g o r y ,  C , i s  n -d im e n s io n a l  i f  * 0  but

C, = 0  f o r  k > n . k
T h is  s e c t i o n  d e v e lo p s  the th e o r y  o f  1 -d im e n s io n a l  s - c a t e g o r i e s . 

For th e  rem ainder o f  t h i s  s e c t i o n  th e  o n ly  c a t e g o r i e s  which w i l l  be 

c o n s id e r e d  (a p a r t  from exam p les)  a r e  1 -d im e n s io n a l  s - c a t e g o r i e s . A 

1 -d im e n s io n a l  s - c a t e g o r y  a r i s e s  from a c o v e r  o f  a sp a ce  f o r  w hich no

th r e e  e le m e n ts  have a non-empty i n t e r s e c t i o n .  A u s e f u l  f a c t  about such

c a t e g o r i e s  i s  t h a t  i f  C i s  1 -d im e n s io n a l  and f o r  g » g '  € obC , g 4 g y 

but C ( g , g ' )  * 0  , th en  g € and g '  £ CQ .

As was in d ic a t e d  e a r l i e r  i f  C i s  1 -d im en sIo n a 1, th en  th e  complex  

i t  r e p r e s e n t s  has a n a tu r a l  graph s t r u c t u r e .  T h is  id e a  i s  fo r m a liz e d  in  

th e  f o l l o w i n g  d e f i n i t i o n .

D e f i n i t i o n : C i s  an s - c a t e g o r y .  The g e o m e tr ic  g ra p h , Tg (C) , o f  C

has as v e r t e x  s e t  th e  s e t  vT (C) = CQ . I f  v , v '  are  d i s t i n c t  

e le m e n ts  o f  Cq , th en  th e  ed g es  o f  F ^C) w i t h  o r i g i n  v and te r m in a l  

v* a r e  o f  the  form ( v , f , v ' )  f o r  f  € C , w ith  C ( f , v )  # 0  and

C( f  , v  ') * 0  . I f  ( v , f , v ' )  i s  such  an e d g e ,  £ , ( v , f , v ' )  = ( v ' , f , v )  .

In some in s t a n c e s  i t  i s  p o s s i b l e  t o  ig n o r e  th e  o r i g i n  and te r m in a l  

p o in t s  o f  an e d g e ,  ( v , f , v ' )  € ^ g ^ ^ *  ant* t o  w r i t e  3 Imply f  •

The c a t e g o r i e s  o f  Example 1 and Example 4 in  S e c t io n  1 a re  i l l u s ­

t r a t e d  w ith  t h e i r  g e o m e tr ic  g r a p h s .

P r o p o s i t i o n  1 : I f  C i s  an s - c a t e g o r y ,  th en  ^ ( C )  i s  co n n ected  i f  

and o n ly  i f  F(C) i s  c o n n e c te d .

15
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P r o o f : I f  i s  c o n n e c te d  and f , f '  are  two v e r t i c e s  o f  T(C) ,

th e n  t h e r e  i s  a f i n i t e  l e n g t h  path  i n  F (C) from o ( f )  t o  t ( f ' )
g

s i n c e  t h e s e  are v e r t i c e s  o f  r  (C) when f  i s  regarded  as  an edge  o f
g

F (C) . T h is  path  has  a s u c c e s s i o n  o f  v e r t i c e s  and ed g e s  which are  th e  
g

e d g e s  and v e r t i c e s  o f  a path  in  T(C) from f  t o  f  / ,

I f  T(C) i s  c o n n e c te d ,  th en  no v e r t e x ,  v , o f  r g (C) i s  a f r e e

f a c e  o f  C s i n c e  C ( v , f )  * 0  i m p l i e s  f  = v and v i s  i s o l a t e d  in

F(C) . Thus i f  v , v / are  two v e r t i c e s  o f  ^ ( C )  > th en  t h e r e  e x i s t

f r e e  f a c e s  f , f '  € Fr(C) w i th  C ( f , v )  * 0  , C ( f ' , v ' )  * 0  and a path

i n  F(C) from f  t o  f  ' which d u a l i z e s  as  b e f o r e  i n t o  a path  i n

F (C) from v t o  v / . □
g

Example 5 i n  S e c t i o n  1 i l l u s t r a t e s  a 1 - d i m e n s io n a l  s - c a t e g o r y  f o r  

which Fg (C) i s  a t r e e  but r(C )  i s  not  a t r e e .

Theorem 2 . Suppose C i s  an s - c a t e g o r y .  i )  I f  ^ ( C )  i s  8  t r e e  

th en  e v e r y  maximal t r e e  in  T(C) i s  a g e n e r a t i n g  t r e e ,  i i )  I f  t h e r e  

i s  a g e n e r a t i n g  t r e e  i n  r(C) , then  ^ ( C )  i s  a t r e e .

P r o o f :  i )  Suppose t h a t  some maximal t r e e ,  F £  F(C) i s  not a g e n e r a t ­

ing  t r e e .  For  some edge  ( f , g , f ') in  F(C) t h e r e  i s  no se q u e n c e .

{ ( f i t  f i + 1 ) ) i=Q

o f  e d g e s  o f  r  w i t h  fQ = f  , f n+i = f '  and CCh^g)  * €J f o r  a l l  

i = 0 , . . . , n  . T r i v i a l l y ,  each edge  in  r  has a one term seq u en ce  ( i t ­

s e l f )  which v i o l a t e s  t h i s  p r o p e r t y .  I t  f o l l o w s  t h a t  one may assume 

( f , g , f  ') € eF(C) -  eF .

A maximal t r e e  in  a graph c o n t a i n s  a l l  th e  v e r t i c e s  o f  th e  component
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in  which i t  l i e s .  S i n c e  f , f / <: vp(C) and ( f , g , f ') € e r (C )  , f  and 

f  ' a re  i n  th e  same c o n n e c te d  component o f  T(C) . S i n c e  a maximal t r e e  

i n  a c o n n e c te d  graph i s  c o n n e c t e d ,  t h e r e  i s  a path  i n  T from t h e  v e r ­

t e x  f  t o  th e  v e r t e x  f / : i . e .  a s e q u en ce

H- V W C o
w ith  f  = f  , f  , = f ' . S i n c e  t h e  e l e m e n t s  o f  H are  ed ges  in  a

0  n+ 1

t r e e ,  i t  can be assumed t h a t

1 ) t h e  a re  d i s t i n c t ,

( o r  e l s e  H can be s i m p l i f i e d  t o  such a p a t h ) .  S i n c e ,  a s  was ob s erv ed

e a r l i e r ,  no such  seq u en ce  has C t h ^ g )  * 0  f o r  a l l  i= 0 , . . . , n  , f o r  at

l e a s t  one k , 0  £ k ^ n ,

2 ) C O ^ . g )  = 0  .

I f  any h^ € , th e n  s i n c e  C i s  o n e - d i m e n s i o n s 1,  CCf^.h^) * 0  ,

C ( f  , , h . )  + 0  i m p l i e s  f  = h = f  , which v i o l a t e s  c o n d i t i o n  1 ) .  i + 1  i  i  i  i + 1

S i m i l a r l y  g i s  u d im e n s io n a l  or  e l s e  ( f , g , f  ') does  not  de term ine  

an edge  in  F(C) . For  0 d im e n s io n a l  o b j e c t s  i n  an s - c a t e g o r y

, g )  = 0  i s  e q u i v a l e n t  t o  t h e  i n e q u a l i t y  h^ * g . Thus f o r  some 

k , 0  ^ k ^ n ,

3 )  *  g .

The seq uen ce

S = ( g , hg,  . .  . , h^ ]

l i s t s  t h e  m idd le  terms o f  t h e  e d g e s  o f  a c i r c u i t  in  r(C) . The s u b ­

sequence

S ' = {g>h, . • ■ ■ 3
1 l 1 •

i s  determined  by the p r o p e r t i e s



18

a) g e S '

b) no c o n s e c u t i v e  e l e m e n t s  are  equal

c)  h i j - k i f o r  1 i  k < i  -  i , , , J=2,  . . . ,m
1 j - l  J J 1

d) g = h i  _k f o r  1  <; k <;

e)  h * g ; h . , = g 1 £ k < n - ii  # i  B+k m

C o n d i t io n s  b) -  e)  m ere ly  a f f i r m  th a t  S ' i s  t h e  maximal su bsequence

o f  S w i th  p r o p e r t i e s  a) and b ) . C o n d i t io n  3) above g u a r a n te e s  th a t

S '  has at  l e a s t  two e l e m e n t s .

The subsequence  S '  w i l l  be used t o  produce  a c i r c u i t  in  T (C) .

By c o n s t r u c t i o n  g = h € F r ( f .  ( If .  ) and h. € F r ( f  Hf )
i j - l  1 i _ i  J l  xi Ai 1 i +x

i f  i  > 0  . Thus ( g , f .  ,h ) i s  an edge  in  f  (C) from g to  h .
l  i j  g

I f  1 = 0 , then  (g , fQ , i^ j )  i s  an edge  in  r CO from g to  = h  ̂
i  g l

For 1 < j  < m , h = h € F r ( f  Of ) and
1 J i j  + i

h. € F r ( f .  ftf. p rov ided  h, . t h .  . Thus
1 :*i  ' j . i  1 j * i + 1  XJ+ 1  1 i +i

(h . , f . t h ) i s  an edge in  r  (C) from h t o  h. . I f
g 1 j 1

h i
, = h, , th en  ( h . , h. ) i s  an edge  in  r (C) from

1 j +1 1 j*i  a j i i * i  l g

h. t o  h 
1 J *3 + 1

F i n a l l y ,  h, = h, € F r ( f  Hf . )  and g € F r ( f  Of . )  s o  t h a t  i B i n n n+1 0 n+1

( h . . f  . ,g )  i s  an edge  in T (C) from h. t o  g . l n+1 g 1 «
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n+1

I f  S '  has  more than two e l e m e n t s ,  then the  sequence

( ( g | f j  ih ,  ) , . . . ,  (h , f .  ,h ) , {h »
i i  1 « - i  ■ ** I1TJ-

i s  a seq uence  o f  d i s t i n c t  ed ges  in  ^g(C) which forms a n o n - t r i v i a l  

c i r c u i t  in  r (C) a t  g .e
I f  S ' has e x a c t l y  two e l e m e n t s ,  th e  seq u en ce  becomes

[ ( g ^ i i ^ i ^ )  ,  » f n + x ' e >  ^  ■

I f  h, = h , then = f  O th e r w is e ,  h, = h , f o r  n ' < n .I n ’ i j  n ’ I n

In any c a s e ,  by c o n d i t i o n  1) above ,  f^ =t ^  f o l l o w s  th en  t h a t

T (C) c o n t a i n s  a n o n - t r i v i a l  c i r c u i t  o f  l e n g t h  two and i s  t h e r e f o r e  
K

not a t r e e .

i i )  I f  T (C) i s  not a t r e e  th en  i t  c o n t a i n s  a n o n - t r i v i a l  c i r -  
S

c u l t  o f  minimal f i n i t e  l e n g t h  w i th  ed g e s

{<Ki f  . g i + i ^ i = o

such  t h a t  “ K . ,  *O n+ 1

S i n c e  t h e  c i r c u i t  i s  o f  minimal l e n g t h ,  i t  may be assumed t h a t  th e  

v e r t i c e s  ,

s i n c e  v f ± = tg i ' g i +i 3 and v f j  = t e j t S j + 1 } , th e  v e r t i c e s  g 0 , . . . , g r

, g n a re  d i s t i n c t .  I f  = f^ f o r  i  * j , then
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are not  d i s t i n c t .  I t  f o l l o w s  t h a t  t h e  o b j e c t s  f  , . . . ,  f  ̂  are  a l s o  

d i s t i n c t .

S e t t i n g  f n + 1  = f Q y i e l d s  a sequence

{ ( f i ’ g i ’ f i + l ^ li = 0

o f  e d g e s  o f  r(C) which d e term ine  a c i r c u i t .  I f  r  c  T(C) i s  a g e n e r ­

a t i n g  graph f o r  C , th e n  a t  l e a s t  ame edge ^ k ’gk ’ ^k+l^ ^ S i s  o in i t ted  

from T . S in c e  r  i s  g e n e r a t i n g  t h e r e  e x i s t s  in  r  a sequence

k _k
f ( f  h  f ) ln k  
u  i '  i ’ i + r  Ji = 0

o f  e d g e s  w i th  f£  = f^ , f^ = f fe+i and ^  f o r  •

As in  t h e  p roo f  o f  p ar t  i )  o f  t h i s  theorem ( c f .  remarks a f t e r  c o n d i t i o n  2 ) ) ,

k kt h a t  c (b i ( gk) + 0  i s  e q u i v a l e n t  t o  = g^ ( 1 = 0 , . . .  , 11̂  .

The j u x t a p o s i t i o n ,  =

k k k
( f 0 ' 8 0 ’ f l J ' *  * ”  ( f k - l , g k - l ' £ k * * ^ f 0 , h 0 , f l ^ ' ’ * ’ '

( f nk ' hn k' f n k+ l ) ' ( f k+ l  ’ gk+ l  * f k+2^'* * ■ ' <£n 'gn ' f 0 5 *

f i  * V g k  f ^ + 1

= f

* *» K - l V __ _  _ O J  ________ - . . f
I lt - 1   --------------------- *  V &  f U T ,  k + 2

f 1

f
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forms a c i r c u i t  i n  T(C) . A l l  o f  t h e  ed g e s

U  V  i*  i+1* *i^>

are  i n  T and s i n c e  the  c i r c u i t  i s  not a l l  in  r  , some o t h e r  edge

( f j ’ KJ ’ f j + l }

f o r  J * k must be o m i t t e d .

By i n d u c t i o n ,  each edge  in  S i s  r e p la c e d  by a seq u en ce  o f  ed ges  

in  T w i th  middle  terms eq u a l  t o  t h e  m idd le  term o f  th e  edge  th ey  r e ­

p l a c e .  T h is  p r o c e s s  y i e l d s  a c i r c u i t  in T . Thus no g e n e r a t i n g  graph  

i s  a t r e e ,  □

C o r o l l a r y : I f  C i s  an s - c a t e g o r y  w i th  a g e n e r a t i n g  t r e e ,  th en  ever y

maximal t r e e  in  C i s  a g e n e r a t i n g  t r e e .

P roof :  By p a r t  i i )  o f  Theorem 2 ,  T_(C) i s  a t r e e .  The c o r o l l a r y  th en
B

f o l l o w s  from p a r t  i ) . □

Example 1: A 2 -d im e n s io n a l  s - c a t e g o r y ,  C , may have a g e n e r a t i n g  t r e e

y e t  not  be such t h a t  ever y  maximal t r e e  in  r(C) i s  a g e n e r a t i n g  t r e e :

i s  t he  s - c a t e g o r y based on A =  [ 1 , 2 , 3 , 4 , 5 }  w i t h  o b j e c t s :

f x : [1]  — > V  t l , 2 ]

f 2 : {2} — > A f ? : { 1 , 3 }  — >  A

f 3 r {3} — > A r f 8 : t2 ’3  ̂ — > A

f 4 = — > A V  — > A \  " C1i

V  1*5 — A J f i o : { 3 > 4 } — > A

f n : { 3 , 5 }  — > A |

f 1 2 ; { 4 , 5 }  >  A J
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f 1 3 : { 1 , 2 , 3 }  — > A"

f I 4 : [ 2 , 3 , 4 3  — > A

f X5: [ 3 , 4 , 5 }  — > A

= C,

and n o n - I d e n t i t y  morphisms:

f  13 “* f 6 ' f 7 , f 8 ; f 14 f 8 , f 9 ’ f 10 * f 15 "* * 1 0 * f l l , £ 12

f 6 "* f l , f 2 ' f 7 “* f l ’ f 3 ’ f 8 "* f 2 , f 3 ' f 9 f 2 , f 4 ’

£10 "* f 3 ' f 4 ’ f l l  ■* f 3 ’ f 5 ’ f 12 f 4 ' f 5

C i s  r e p r e s e n t e d  as t h e  s i m p l i c l a l  complex:

14

12

13 15

f 1
11

Then T(C) i s  r e p r e s e n t e d

14

10

f 13 15

Then r(C) c o n t a i n s  a g e n e r a t i n g  t r e e ,  {*-g»^xo )  * ra8X*-mal

t r e© {^g>I 3 } I s  not  a g e n e r a t i n g  graph s i n c e  C ( f , j , f j 0 ) = 0  .

Even i f  th e  f o l l o w i n g  g e n e r a l i z a t i o n  o f  Theorem 2 i s  t r u e  i t  w i l l
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not  be needed i n  what f o l l o w s :

C o n j e c t u r e : I f  C i s  a 1 - d i m e n s i o n a l  s - c a t e g o r y ,  th e n  P(C) c o n t a i n s

a g e n e r a t i n g  graph whose g e o m e t r i c  r e a l i z a t i o n  has t h e  same homotopy typ e  

as the  g e o m e t r i c a l  r e a l i z a t i o n  o f  FgCC) •

Example 2 ( t o  i l l u s t r a t e  th e  c o n j e c t u r e ) :  The f o l l o w i n g  comments r e f e r

t o  Example 4 i n  S e c t i o n  1 .

S i n c e  T (C) i s  a f i g u r e  e i g h t ,  tl { r  (C))  = I  * X . The s e l e c t e dg -L g

g e n e r a t i n g  graph i s  a l s o  a f i g u r e  e i g h t .  To compute tt^(r(C)) th e
t

S e i f e r t - v a n  Kampen Theorem i s  used  w i t h  th e  c o v e r

h

h1

hI

f
5

n ^(r (C ))  i s  th en  th e  p u sh -o u t

[1 ]  ---------------------------------------------- >  X + S

V

z * ->  x * z * z * z = ^ ( r x c ) )
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The remainder  o f  t h i s  s e c t i o n  r e l a t e s  th e  t e r m i n o l o g y  o f  t h i s  

paper  t o  th e  t e r m in o lo g y  in  th e  l i t e r a t u r e .

D e f i n i t i o n : I i s  a s e t .  The f u l l  E-c a t e g o r y  based  on I , E(I )  , has

as o b j e c t s  s i n g l e t o n s  and unordered p a i r s  o f  1  :

obE(I )  = { { a , b } | a , b  € I 2 } .

The n o n - i d e n t i t y  morphisms o f  E(I)  are  o f  t h e  form

{«,„) {.) ; {„,b) - ^ 22-> {to}

f o r  a t  b . There i s  no c o m p o s i t io n  e x c e p t  w i th  i d e n t i t i e s ,

A E-c a t e g o r y  based on I ,  C , i s  any f u l l  s u b c a te g o r y  o f  E(I)  

such t h a t  { a ,b }  € obC i m p l i e s  t h a t  {a},  [b ]  6  obC .

I f  I i s  a s e t  and C i s  a E -c a te g o r y  based on 1 , then  C 

can be g i v e n  the s t r u c t u r e  o f  a 1 - d im e n s io n a l  s - c a t e g o r y  based on I 

( i n  th e  o b v io u s  way) as  f o l l o w s :

To [ a , b }  € obC , t h e r e  corr esp on d s  t h e  I n c l u s i o n

l a . b ): { a , b ]  >  I

(The morphisms o f  C are  th e  same a s  s - c a t e g o r y  and as  E - c a t e g o r y . )

I f  C i s  a E -c a te g o r y  based on 1 , th en  f o r  d i s t i n c t  e l e m e n ts  

a , b  € 1 , t h e r e  i s  a t  most one o b j e c t  { a ,b }  w i th  C ( { a , b } l { a ] )  * 0  

and C ( { a , b } , { b } )  + 0  . In an a r b i t r a r y  1- d im e n s io n a l  s - c a t e g o r y  

t h e r e  i s  no such r e s t r i c t i o n .

P r o p o s i t i o n  2 : I f  C i s  a o n e - d im e n s io n a l  s - c a t e g o r y  based on A ,

th en  C has  the s t r u c t u r e  o f  a E - c a te g o r y  based on A i f  and o n ly  i f

r  (C) has no c i r c u i t s  o f  l e n g t h  2 . g

P r o o f : The p r e v i o u s  remark j u s t i f i e s  th e  a s s e r t i o n  t h a t  i f  C i s  a
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E -ca teg o r y  based on A th en  F (C) has  no c i r c u i t s  o f  l e n g t h  2 .
g

C o n v e r s e ly ,  i f  C a s  an s - c a t e g o r y  has no c i r c u i t s  o f  l e n g t h  2 ,

th en  th e  o b j e c t s  o f  C may be regarded as s i n g l e t o n s  and unordered  p a i r s

o f  e l e m e n t s  o f  A . That i s ,  an e lement  f  € i s  c o m p le t e ly  d e t e r ­

mined by im f .  I f  f  = f '  have imf = i m f t h e n  t h e y  in d u ce  a c i r c u i t

o f  l e n g t h  2 in Pg (c ) • Furthermore,  i f  f  € has  imf = [ a , b }  , then

t h e r e  e x i s t  g , g  ' € CQ w i th  img = {a} , img ' = [b ] . □

P r o p o s i t i o n  3 : I f  C i s  a 1 - d im e n s io n a l  s - c a t e g o r y ,  then  T(C) has

no c i r c u i t s  o f  l e n g t h  two i f  and o n ly  i f  Tg <C) has no c i r c u i t s  o f

l e n g t h  two.

P r o o f : T(C) has a c i r c u i t  o f  l e n g t h  two i f  and o n ly  i f  t h e r e  e x i s t

d i s t i n c t  f , f / € obC^ and d i s t i n c t  g , g '  € obCQ w i t h  g , g '  € F r ( fR f  ;) .

T h is  happens i f  and o n ly  i f  C ( f , g )  * 0,  C ( f , g ' )  * 0 ,  and C ( f ' , g )  * 0  , 

C ( f ' , g ' )  * 0  w i th  f  * f ', g * g' . This  i s  e q u i v a l e n t  t o  th e  e x i s t e n c e  o f  

t h e  c i r c u i t ,  { f , f ' }  o f  l e n g t h  two in  Pg (c  ̂ from th e  v e r t e x  g t o  

the  v e r t e x  g ' . n

D e f i n i t i o n : 1 i s  a s e t .  C i s  a E -ca teg o r y  based on I . The

E-graph o f  C , E(C) , has  as s e t  o f  v e r t i c e s ,  obC , and o r i e n t e d  ed ges

c o r r e s p o n d in g  to  morphisms

ta ,b } ---------> {a}

f o r  a * b .

I t  i s  c l e a r  t h a t  the  E-graph o f  a E -c a te g o r y ,  C , i s  e q u i v a l e n t

( a s  a graph)  to  th e  f i r s t  b a r y c e n t r i c  s u b d i v i s i o n  o f  i t s  g e o m e t r i c

graph, Pg(C) , a s  a 1 - d im e n s io n a l  s - c a t e g o r y .

Thus, th e  E-graph o f  C and i t s  g e o m e tr i c  graph have the
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same hcwotopy ty p e  and one I s  a t r e e  i f  and o n l y  i f  th e  o t h e r  i s  a t r e e .

(Here homotopy typ e  r e f e r s  t o  t h e  homotopy typ e  o f  th e  g e o m e t r i c  r e a l i -  
f

z a t i o n . )

Theorem 3 . I f  C i s  a 1 -d im e n s io n a l  s - c a t e g o r y ,  then  r(C) has a 

g e n e r a t i n g  t r e e  i f  and o n ly  i f  C i s  a L - c a te g o r y  and i t s  2 -graph ,

£(C) has  a s im p ly  con n ec ted  g e o m e t r i c  r e a l i z a t i o n .

P r o o f : By Theorem 1,  i f  f(C) has  a g e n e r a t i n g  t r e e ,  th en  T(C) has

no c i r c u i t s  o f  l e n g t h  tw o.  By P r o p o s i t i o n s  2 and 3 ,  C has  t h e  s t r u c t u r e

o f  a Z - c a t e g o r y .  S in c e  r(C) has a g e n e r a t i n g  t r e e  i t  f o l l o w s  from

t h e  C o r o l l a r y  t o  Theorem 2.  t h a t  r  (C) i s  a t r e e .  Thus T (C) i s
g R

s im p ly  c o n n e c te d .  S i n c e  £(C) and r  (C) have t h e  same homotopy t y p e ,
g

2(C) i s  a l s o  s im p ly  c o n n e c t e d .

I f  2(C) has a s im p ly  co n n ec ted  g e o m e t r i c  r e a l i z a t i o n ,  then  s i n c e  

2(C) has no c i r c u i t s  o f  l e n g t h  two,  i t s  g e o m e t r i c  r e a l i z a t i o n  i s  a 

o n e - d im e n s io n a l  s i m p l i c l a l  complex and i s  th u s  c o n t r a c t i b l e  and th u s  

Pg (C) i s  a t r e e .  Theorem 2 th en  i m p l i e s  t h a t  F(C) has a g e n e r a t i n g  

t r e e . □

I f  C i s  a 1 - d i m e n s io n a l  s - c a t e g o r y  w i th  a g e n e r a t i n g  t r e e  and

F: C -* Gp i s  a f u n c t o r  from C i n t o  t h e  c a t e g o r y  o f  groups  such t h a t

F(o<) i s  i n j e c t i v e  f o r  each  morphism a in  C , then  i t  f o l l o w s  from

Theorem 3 and a theorem on amalgamated p r o d u c t s  [ 7 ] th a t  f o r  each

g € obC the  c o l i m i t  induced morphism  ̂ : F (g )  ■+ co l lm  F i s  i n j e c t i v e .
B

T h is  r e s u l t  I s  p e c u l i a r  t o  1 - d im e n s io n a l  c a t e g o r i e s .  I f  C i s

an n - d im e n s io n a l  s - c a t e g o r y ,  n ^ 2 , th en  t h e r e  i s  a f u n c t o r  F: C -* Gp

such  t h a t  F(cr) i s  i n j e c t i v e  f o r  each morphism i n  C but f o r  some 

g 6 cfoC th e  c o l i m i t  induced morphism ♦ : F (g )  -+ co l im  F i s  not
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i n j e c + ■( iifi This  r e s u l t s  from th e  f o l l o w i n g  example:

Example 3: N i s  t h e  1 - d im e n s io n a l  s - c a t e g o r y  based on A= [ 0 , 1 , 2 }

w i t h  o b j e c t s

V  {0] — > A

f 2 : [2}  — > A

■> A > = N,

f 3 : [ 0 , 1 }  — > A

V  [ 0 , 2 }  — > A |  = Nx

f &: [ 1 , 2 }  — > A

and o b v io u s  morphisms.  N i s  r e p r e s e n te d  a s  a E -ca tegor y  by the  

drawing

There i s  an example [Dj o f  a f u n c t o r ,  P , from t h i s  c a t e g o r y  i n t o  the

c a t e g o r y  o f  groups such t h a t  F(o') i s  i n j e c t i v e  f o r  each morphism a

i n  N but some c o l i m i t  induced  morphism A : F (g )  -t c o l im  F i s  not
g

i n j e c t  i v e .

The c a t e g o r y  N Is  e n la r g e d  t o  th e  c a t e g o r y  N by th e  a d d i t i o n  

o f  th e  o b j e c t

f g : [ 0 , 1 , 2 }  — > A 

and o b v io u s  morphisms.  The morphisms in  N are  r e p r e s e n te d  as arrows  

in  th e  diagram
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The f u n c t o r  F: N Gp i s  th e  e x t e n s i o n  o f  F d e f i n e d  by s e t t i n g

F ( f  ) = [ l ]  and by sen d in g  the  a d d i t i o n a l  morphisms t o  the  t r i v i a lb

i n c l u s i o n s .  C l e a r l y  c o l im  F = c o l im  F and w h ich ev er  f was not  

i n j e c t i v e  i s  s t i l l  not  i n j e c t i v e .

I f  C i s  any n - d im e n s io n a l  s - c a t e g o r y ,  n ^ 2 , then  C t  0

and f o r  any g 6 C , N i s  e q u i v a l e n t  t o  g 0 g . The f u n c t o r

F: N ■+ Gp can be ex tended  t r i v i a l l y  ( a s  was F to  y i e l d  F ) t o
/V

y i e l d  F: C -* Gp which has some c o l i m i t  morphism n o n - i n j e c t  i v e .



§3.  C o n s i s t e n t  Systems

In t h i s  s e c t i o n  we r e s t o r e  th e  g e n e r a l i t y  o f  S e c t i o n  1 and c o n s i d e r  

an a r b i t r a r y  s - c a t e g o r y ,  C , and a f u n c t o r  F: C -* Q . Two q u e s t i o n s  

are  c o n s i d e r e d  i n  t h i s  s e c t i o n ;  both  r e l a t e  to  th e  a ss ign m en t  o f  base  

p o i n t s  t o  th e  s p a c e s  F (g )  f o r  each g € obC , The f i r s t  i s  aimed a t  

making Brown's fundamental  groupoid  [ 2 ]  com putable .  The main r e s u l t ,  

Theorem 1 ,  i s  o f  independent  i n t e r e s t  and i s  n e v e r  r e f e r r e d  t o  in  t h i s  

p a p e r .  The second  c o n c e r n s  th e  d e f i n i t i o n  o f  a fundamental  group  

f u n c t o r  from C to  Gp , the  c a t e g o r y  o f  g r o u p s .  In th e  next  s e c t i o n  th e  

van Kampen Theorem i s  g e n e r a l i z e d  t o  e n a b le  th e  com p u tat ion  o f  c e r t a i n  

fundamental  groups  as  c o l i m i t s  w i th o u t  t h e  as su m p t ion  th a t  each e lem ent  

o f  the  open c o v e r  c o n t a i n s  t h e  b ase  p o i n t .  In t h i s  s e c t i o n  i t  i s  shown 

t h a t  t h e  e x i s t e n c e  o f  a g e n e r a t i n g  t r e e  a l l o w s  t h e  c o n s i s t e n t  l a b e l i n g  

o f  b ase  p o i n t s  r e q u ir e d  in  o r d e r  t o  s t a t e  t h a t  g e n e r a l i z a t i o n .

We b e g in  by d e f i n i n g  a system  o f  p a th s  c a l l e d  t h e  graph o f  F .

D e f i n i t i o n : C i s  an s - c a t e g o r y .  A f u n c t o r  F: C -» Q i s  path  c o n ­

n e c te d  p ro v id ed  F(g )  i s  path  c o n n e c te d  f o r  each  g € obC , I f  F i s

a path  c o n n e c te d  f u n c t o r , t h e n  a graph o f  F i s  any graph,  F(F) , d e ­

r i v e d  by th e  f o l l o w i n g  p r o c e s s :

i )  v r (F )  = i s  any c o l l e c t i o n  o f  p o i n t s  such t h a tf JffcFr(C)

x f 6 F ( f  ) f o r  each f  € Fr(C) ;

i i )  i f  x ^ , x ^ /  are  two v e r t i c e s  o f  T(F) th en  f o r  each

g € F r ( fO f  ') t h e r e  i s  an edge  from x f  t o  x f  , which i s  a path

o f ( f , g , f ' )  e  p ( * f , F ( g ) , x f /)

(where xf  = F ( r ) x f  and x f / = F ( T ' ) x f >, t  € C ( f , g ) ,  t ' € C ( f ' , g ) )
29
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such  t h a t  i )  a r ( f , f , f )  i s  t h e  t r i v i a l  path  i n  F ( f )  a t  x f  ,

i i )  a ( f ' , g , f )  = [ f f W . g . t  ' ) ] _1 .

T h is  l a s t  c o n d i t i o n  p r o v i d e s  t h e  r e q u ir e d  i n v o l u t i o n  i n  TCF) .

C l e a r l y ,  r (F )  and F(C) are i so m o rp h ic  g r a p h s .

D e f i n i t i o n : A g ro u p o id  i s  a s m a l l  c a t e g o r y  in  which e v e r y  morphism i s

an e q u i v a l e n c e . I f  X € obQ , then  the  fundamental  groupo id  o f  X ,

TT X , i s  t h e  group o id  w i th  obnX  = X . I f  x , y  € X , th en  th e  morphism 

s e t  n X ( x , y )  c o n s i s t s  o f  homotopy c l a s s e s  o f  p a t h s  which b e g in  a t  x 

and end at y . I t s  im portance  l i e s  in  the f a c t  t h a t  T iX (x ,x )  = r^ (X ,x )  .

Jr d e n o t e s  th e  c a t e g o r y  o f  g r o u p o id s  and n  Q i  i s  t h e  fundamental

grou po id  f u n c t o r .

P r o p o s i t i o n : Suppose X G obQ ; x , y  € X ; and y 6 r r X (x ,y )  i s  a f i x e d

p ath  c l a s s .  Then e v e r y  e lem en t  o f  n X ( x , y )  i s  o f  th e  form a y  f o r  some 

a  G n^(X,x) .

P r o o f : I f  (3 € tt X ( x ,y )  , th en  a  -  £Y * € r^(X ,x )  and a \  = p . □

D e f i n i t i o n : I f  x , y  G X G obQ , th en  a g e n e r a t o r  f o r  n X ( x , y )  i s  an

e lem en t  y G t t  X ( x , y )  .

D e f i n i t i o n : C i s  an s - c a t e g o r y  and F: C -» Q i s  a path  co n nected

f u n c t o r  w i th  graph f  = r(F) . The f u n c t o r  F^: C -* i s  d e f i n e d  as

f o l l o w s :

i )  f o r  g € obC , obF^(g) = { F ( r f ) x f  | r f  G C ( f , g ) ;  x f  G v r ]

i i )  f o r  x f  = F ( r f ) x f  , x f  / = F ( r f  />xf , € obF^Cg) ,

M ( f , f ') = {PF(Th) a < f , h , f  ') |rh € C (h ,g )  ; c * ( f , h , f ' )  G ep}

Fr ( g ) ( ^ f I x f ,) = 0  i f  M ( f , f ' )  = 0  . I f  M ( f , f ' )  * 0  , then



F p ( g ) ( x f  /) = t t  F (g )  ( x f  ,x^ ,) viewed as  a group o id  g e n e r a te d  by tb e  path

c l a s s e s  o f  e l e m e n t s  in

i i i )  I f  x f  € o b F r <g) ,  i = l , 2 , 3  f and M t f ^ f ^  + 0  , M (f2 , f 3) * 0

then  t h e r e  e x i s t  h , h '  € obC such  t h a t  C ( f  , h ) ,  C (h ,g )  , C ( f  ( h ' ) ,  and
X 3

C(h \ g )  are  non-empty.  Thus g € o b ( f  fl f  ) and th e r e  e x i s t s  anA o

h" € F r ( f  fl f_ )  w i th  C (h" ,g )  + 0  . I t  f o l l o w s  t h a t  M(f , f  ) + 0  .X w 1 |J
Composit ion  in  F^(G) i s  th en  j u s t  c o m p o s i t io n  in  ti F (g) .

i v )  I f  T € C ( g , g ' ) ,  th en  F ^ ( t) : F ^ ( g ') i s  t h e  o b v io u s  f u n c t o r

induced by F ( t) and P F ( t) .

D e f i n i t i o n : A and B are  g r o u p o i d s .  A f u n c t o r  S: A -» B i s  an

e q u i v a l e n c e  o f  g ro u p o id s  p rov id ed

i )  S ( x , y ) :  A ( x ,y )  - » B ( S x , S y )  i s  b i j e c t i v e  f o r  a l l  x , y  € obA ;

i i )  For each  b € obB t h e r e  e x i s t s  an a € obA such  t h a t

e i t h e r  B (S a ,b )  # 0  o r  B (b ,S a )  # 0  .

Two g r o u p o id s  are  e q u i v a l e n t  i f  t h e r e  e x i s t s  such an e q u i v a l e n c e  between  

them.

Theorem 1 . C i s  an upward f i n i t e  s - c a t e g o r y .  F: C -+ Q i s  a path  

con n ec ted  f u n c t o r  w i th  graph r  such  th a t  F ( t) i s  i n j e c t i v e  f o r  each  

morphism t in  C . I f  u: F̂ , n F i s  t h e  o b v io u s  n a t u r a l  t r a n s f o r m a t io n

induced by i n c l u s i o n s ,  th en  c o l im  u: F -* c o l im  t t  F i s  an e q u i v a l e n c e  o f  

g r o u p o id s .

P r o o f : By a theorem o f  Brown ( s e e  [ 2 ]  or  [ 3 ] )  i t  s u f f i c e s  t o  show the

f o l l o w i n g :

i )  For each g € obC , u^: F^(g)  -* t t  F(g)  i s  an e q u i v a l e n c e  o f  

g r o u p o i d s .
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P r o o f : a)  I f  x f , x f  / € obF^(g) , th en  C ( f , g )  and C (f  * , g )  are  non­

empty.  I t  f o l l o w s  t h a t  g € ob<fHf ') and th e r e  e x i s t s  an h € FrCfftfO  

w ith  cr(f ,h ,  f  ') € M ( f , f ' )  * 0  . Then ug ( f , f ' ) :  Fp(g )  ( x f , x f  /) -+ t t  F ( x f , x f  ,) 

i s  th e  i d e n t i t y .

b) S in c e  t h e r e  i s  a f r e e  f a c e ,  f  , such  t h a t  C ( f , g )  * 0  , t h e r e  

i s  an e lem en t  x f  € F^(g)  . S in c e  F (g )  i s  path  c o n n e c t e d ,  i f  y € F(g )  

th e n  0  * n F < g ) ( x f , y )  = t t  F(g)  (u^xf  , y )  .

i i )  For each t  €  C t g j g ' )  th e  f u n c t i o n s  obF^T and obn F t  are  

i n j e c t i v e  and independent  o f  T .

P r o o f : The f i r s t  f o l l o w s  by h y p o t h e s i s ;  th e  second f o l l o w s  from the  f a c t

t h a t  | c (g ,g  ') | < 1 . □

S in c e  by an o th er  o f  Brown's th eorem s ,  [ 3 ] ,  t t  co l im  F and c o l im  t t  F 

are  e q u i v a l e n t  g r o u p o i d s ,  t h i s  theorem has as  c o r o l l a r y  the  e q u i v a l e n c e  

o f  t t  c o l im  F and c o l im  F^ . In p a r t i c u l a r ,  each  o f  t h e i r  morphism 

s e t s  are  e q u i v a l e n t .

I t  i s  not our purpose  to  d e v e lo p  a p r e c i s e  c h a r a c t e r i z a t i o n  o f  

c o l i m i t s  i n  th e  c a t e g o r y  o f  g r o u p o i d s .  J u s t  as in  t h e  c a t e g o r y  o f  

s m a l l  c a t e g o r i e s ,  morphism s e t s  o f  a c o l i m i t  c o n s i s t  o f  e q u i v a l e n c e  

c l a s s e s  o f  c e r t a i n  s e q u e n c e s  o f  morphisms from each  c o n s t i t u e n t  c a t e ­

g o r y .  The id e a  to  keep i n  mind i s  th e  t r i v i a l  c a s e  o f  s i n g l e  o b j e c t  

g r o u p o i d s .  Such g r o u p o id s  are  j u s t  groups  and th e  c o l i m i t  redu ces  to  

a c o l i m i t  in  g r o u p s .  In a s i n g l e  o b j e c t  g r o u p o id ,  th e  morphisms are

th e  e l e m e n t s  o f  th e  group i t  r e p r e s e n t s .  I t  f o l l o w s  t h a t  in  t h i s  c a s e

th e  c o l i m i t  c o n s i s t s  o f  e q u i v a l e n c e  c l a s s e s  o f  words; i . e . ,  s e q u e n c e s  

o f  morphisms.

An example i s  in  order:
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Example 1: Suppose X I s  th e  annulus

w ith  th e  two p i e c e  open c o v e r  I n d i c a t e d .  The a s s o c i a t e d  s - c a t e g o r y ,  

C , i s  g i v e n  in  Example 1 o f  S e c t i o n  1:

f ^ f l ]  — > { 1 , 2 }

V  [2]  — > { 1 , 2 }

F( f  j ) = Uj , 1=1 ,2  ; F ( f 3 ) = X1 ; F ( f 4> = X2 .

A graph r(F) may be ch osen  as  in  th e  p i c t u r e

The f u n c t o r  F i s  then  d e f i n e d  as  f o l l o w s :  

obFr ( , 1 ) = = °bFr ( f 2 >

obFr(,3) - {*fJ  ; obFr<(4) .  t«f>}

V fl>0V V  * " ,<fl ,0W  ‘ 

V V ' ^ ' V  = ’ , ( 'l ’ ‘V V



The square  b r a c k e t s  d en ote  homotopy c l a s s .

Fr(V ° v V  = 1

By th e  c o r o l l a r y  t o  Theorem 1 ,  t t  X = c o l im  Fr ’
For example ,  t l  (X , x _ ) = t t  X(x , x ) = c o l im  F (x , x .  ) . T h is  l a t t e ri  t 3 r3 i 3 i r3 i 3

group c o n s i s t s  o f  s e q u e n c e s  o f  morphisms.  S in c e  t h e r e  are  o n ly  two non-

The p r o c e s s  o f  d e term in in g  the  graph r(F)  o n ly  a s s i g n e d  b a s e  

p o i n t s  t o  the  s p a c e s  F ( f )  f o r  f  a f r e e  f a c e  o f  C , To g e n e r a l i z e  

th e  van-Kampen Theorem i t  w i l l  be n e c e s s a r y  t o  a s s i g n  base  p o i n t s  t o  

each v a lu e  o f  F . A F(F) - s y s t e m  i s  d e s ig n e d  f o r  th a t  p u rp o se .

D e f i n i t i o n ; C i s  an s - c a t e g o r y  and F: C -* Q i s  a path  co n n ec ted

f u n c t o r  w i th  graph r (F )  . A F(F) - s y s t e m  i s  any graph F . ( F )  d e r i v e d
■ " "  3

by th e  f o l l o w i n g  p r o c e s s :

i )  vT (F) = [y } - . _ i s  any c o l l e c t i o n  p o i n t s  such  t h a t  f o r  s w g Jg&)bC

each g € obC t h e r e  e x i s t s  an x f  € v r (F )  such  t h a t  

yg = F ( r ) x  f o r  T € C ( f , g )  ;

ii) if g ' € obC , then B^ , = {f  € Fr(C) |c(f ,g  ') # 0 }  . An

i d e n t i t y  morphisms,  t t  X(x , x ) c o n s i s t s  o f  f i n i t e  J u x t a p o s i t i o n s  o f
f 3

t h o s e  morphisms.  In e x a c t l y  t h i s  way, Brown computes t l  (X , x ) t o  be
3

x  .
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e l e m e n ta r y  g ' - p a th  l a  th e  image P F C T jaC f ,h , f  ') o f  an edge  

o ( f , h , f ' )  € eT(F) w i th  f , f '  6 B  , and t  € C ( h , g ') .

I f  y , y  , € v r  (F) and C ( g , g ' )  * & , th e n  an edge  from y t og g s  g

/ i s  a f i n i t e  c o m p o s i t i o n  o f  e lem en tary  g ' - p a t h s

n
a ( g , g  ') = E 

i=0

such  t h a t  a) one  o f  th e  v e r t i c e s  o f  ar̂  i s  where

yg = F ( T ) x f  , T € C ( f , g )  ;

b) one o f  the  v e r t i c e s  o f  a  i s  x_ , wheren x

y ,  =  F ( t ' ) x „ /  , t € C ( f ' , g ' )  ; and 
g £

c> i f  g = g '  , then o t { g \ g ' )  i s  th e  t r i v i a l

path  a t  y  / .
g

The i n v e r s e  o f  an ed ge  i s  d e f i n e d  in  th e  o b v io u s  way by

n , - 1
a (g  ' , g )  = (  £ 0

i=0

t o  p r o v i d e  t h e  n e c e s s a r y  i n v o l u t i o n  i n  ^ ( F )  ,

D e f i n i t i o n : C i s  an s - c a t e g o r y .  F: C -* Q i s  a path  co n n ec ted  

f u n c t o r  w i t h  graph ,  r (F )  , and s y s t e m ,  r (F) . [tp : F (g )  -» c o l im  F} _
S  g  g t P D U

i s  t h e  s e t  o f  morphisms induced by t h e  c o l i m i t .  A b ase  p o i n t  f o r  Tg (F)

i s  the image z = cp (y ) o f  some v e r t e x  y 6 v f  (F) , t o g e t h e r  
g * g * K* s  

w ith  a f a m i l y  o f  p a th s

âg ĝ €obC

such  t h a t

i )  cr € P((p y . c o l i m  F , z  )
O tS D D ^

i i )  a  i s  t h e  t r i v i a l  path  a t  z
* *  g *

i i i )  f o r  each  g € obC , i s  a f i n i t e  c o m p o s i t io n



of images of edges in f (F) such that one vertex of aCg^g^) is y

and one v e r t e x  o f  a (g  - , g  ) i s  y .n -1  n ^

Example 2: X i s  th e  i l l u s t r a t e d  s p a c e  w i th  th e  f o u r  p i e c e  open c o v e r

as  shown:

IQ,

The a p p r o p r ia t e s - c a t e g o r y  i s  based on

V U 1 — > A^ f 5 ; { l , 2 } — >

V {2} - >  A V  { 1 . 4 }
= Cn

— >

f  3" [3} — > A f ? : { 2 , 3 } — >

f 4* {4} I > f 8 : { 2 ,4 }

f 1 0 : { 1 , 2 , 4 }  — >

= C,

A

f g : { 3 , 4 }  — > A

The morphisms are  o b v i o u s .

I f  F i s  th e  a p p r o p r i a t e  f u n c t o r ,  then  a graph ,  T(F) f o r  F may be 

r e p r e s e n t e d
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10,

There are  a lw ays  many c h o i c e s  f o r  a T ( F ) - s y s t e m .  One has  v e r t i c e s  

d e f i n e d  by the  i n d i c a t e d  T(F) v e r t i c e s :

The f o l l o w i n g  t a b l e  l i s t s  a p o s s i b l e  c h o i c e  o f  th e  r e q u ir e d  ed g e s  f o r  a 

f ( F ) - s y s t e m  based on t h e  p r e v i o u s  c h o i c e  o f  base  p o i n t s :
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t e r m i n a l  
o r i g i n  p o i n t  edge

t e r m in a l  
o r i g i n  p o i n t  edge

10 10

10

10

10

10

10

10

yf .

8

8

or.

O'

8 2 

* d e n o te s  t h e  t r i v i a l  edge ,

O',

For a base  p o in t  one c o u ld  ch oose  y and t h e  sys te m  o f  p a th s  l i s t e d
1

in  the  f o l l o w i n g  t a b l e :
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There a re  two ways t o  proceed  from y t o  the  base  p o i n t .  One
10

i s  d i r e c t l y  v i a  a  = af„ ; th e  o t h e r  i s  v i a  th e  p a th ,  a  , from y
10 3 2 f 10

t o  y , and th en  v i a  Of = ter. . These are  h o m o t o p i c a l l y  d i s t i n c t  
4 4

ways.  In what f o l l o w s  b a s e  p o i n t s  are  changed by u s i n g  th e  isomorphisms

induced by th e  p a th s  in  r (F) and i t s  b ase  p o i n t .  A system which hass

unique isomorphisms I s  c a l l e d  c o n s i s t e n t .  More p r e c i s e l y  we have th e  

f o l l o w i n g  d e f i n i t i o n :

D e f i n i t i o n : C i s  a s m a l l  s - c a t e g o r y .  F: C -» Q a f u n c t o r  w i th

T = (T (F);Z , {a }) a p o i n t e d  r (F )  s y s t e m .  The system  T i s
s  g* g

c o n s i s t e n t  i f

i )  f o r  g^ € obC i = 0 , 1 , 2  w i th  a € C(gQ, g 1) ,  T € CCg^g^)

th e  p a th s

ar(g0 , g 2> and P F ( t) (cr(g0 . g ^ ) + Qftg^gg)

are  homotopic r e l  end p o i n t s  in  F(g  ) and

i i )  f o r  each p a i r  g , g  * € obC such t h a t  C (g ,g  /) * 0  , t h e  p a th s

a  and or , +■ Pep / ( o r ( g , g ' ) )
g g g

are  homotopic r e l  e n d p o in t s  in  colira F .
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Sequences  {QfA } J_0 ' J i=0  C ®rCF) are  ~  r e l a t e d  i f  f o r  some

k ,  0 £ k <■ n ,

^ 1 = 0  = ^ ' ■ • • ' Pk - l ’ Qk ’ ak ’ \ *  * * ** ^n-2^ ’

The s eq u en ces  are  r e l a t e d  i f  th ey  are  r e l a t e d  by th e  e q u i v a l e n c e  r e l a ­

t i o n  g e n e r a te d  by — ,

The system  T i s  very  c o n s i s t e n t  i f

i )  f o r  each  g ± € obC i = 0 , l f 2 w i th  a € C(g(), g 1) ,  t  € C Cg^g )

th e  p a th s

<*(g0 »g2) and PF(r) ( a ( g 0 , g 1 ) )  + crC g^g^

are  such  t h a t  some c h o i c e  o f  s e q u e n c e s  o f  e d g e s  o f  T(F) which determ ine

each are  r e l a t e d .

i i )  f o r  g , g '  € obC such t h a t  C ( g , g ' )  * 0  , th e  p a ths

a  and a  > + Pep\ , (or(g tg ' ) )
D D D

are  such th a t  some c h o i c e  o f  s eq u en ces  o f  ed g e s  o f  T(F) which d e term ine  

each a r e  r e l a t e d .

Theorem 2 . I f  the  upward f i n i t e  s - c a t e g o r y  C has a con nected  graph

r(C) w i th  a g e n e r a t i n g  t r e e  T , then  any path  con n ec ted  f u n c t o r  F: C -> Q

has a p o in t e d  very c o n s i s t e n t  sy stem  T = (F ( F ) ; z  r A a  3) -
® E

P r o o f : i )  f^ € Fr(C) i s  an a r b i t r a r i l y  s e l e c t e d  base  p o i n t .  For

g € obC . f  € Fr(C) i s  a f r e e  f a c e  such  t h a t
g

a) C<fg ,g )  * 0

b) I f  f  € Fr(C) and C ( f , g )  * 0  , then t h e  l e n g t h  

o f  th e  g e o d e s i c  ( i n  r  ) from f  to  f^ i s  

not g r e a t e r  than th e  l e n g t h  o f  th e  g e o d e s i c  from

f  t o  g .
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I f  f  € Fr(C) a l s o  s a t i s f i e s  c o n d i t i o n s  a)  and b ) , th e n  s i n c e

C ( f , g )  *  0  , g € ob<fptf^) and t h e r e  i s  an edge  h € eT(C) from f  t o

f  , w i th  C (h ,g )  * 0  . S in c e  f  and f  are  t h e  same d i s t a n c e  from
g 8

f  i f  h € e f  then r would c o n t a i n  a n o n - t r i v i a l  c i r c u i t .  Thus 

h ^ eT , and t h e r e  e x i s t s  a f i n i t e  s eq uence  o f  ed ges  o f  r

<«i € P r ( t i  n ' i . i ’ t o

such  t h a t  f „ = f  , f  . = f  and C ( g , , h )  + 0  f o r  1 = 0 , . . . , n . I f0 n+1 g i

f  , 0 < i  < n i s  on e i t h e r  th e  g e o d e s i c  from f  t o  f  o r  th e  g e o -  1 *

d e s l c  from f + t o  f  , then  s i n c e  CCf^g^) * 0  , CCg^jh) + 0  and

C (h ,g )  + 0  i t  f o l l o w s  t h a t  C ( f 1 , g )  + 0  and t h e  d i s t a n c e  from f # t o

f  i s  l e s s  than t h e  d i s t a n c e  from f  t o  f  . I t  f o l l o w s  t h a t1 *

{g^}^_0 i s  a path  in  f  from f  t o  f g d i s t i n c t  from t h e  j u x t a p o s i ­

t i o n  o f  th e  g e o d e s i c s  from them t o  f  . S in c e  t h i s  i s  i m p o s s i b l e  in

a t r e e ,  c o n d i t i o n s  a) and b) d e term in e  a unique f r e e  f a c e  f  f o r  each
g

g € obC .

i i )  For f  € Fr(C) , x^ G F ( f )  i s  an a r b i t r a r y  p o i n t .  For

g € obC , y = F ( t) x _ where t £ C ( f  , g )  .
g t g  B

i i i )  For f , f '  € Fr(C) and g € F r ( f  O f ') an edge  o f  r  ,

< r ( f , g , f ' )  i s  any path  in  F (g )  from F ( t) x ,̂ t o  F ( r ) x f  / (where

t  £ C ( f , g )  , t '  € C ( f ' , g )  ) e x c e p t  0f ( f ' , g , f )  = [ o ( f , g , f  ') ] 1 .

i v )  For  g , g ' €  obC and t € C ( g , g ') , i f  f  = f  , , then
g g

a ( g . K /) i s  t h e  t r i v i a l  path  in  F(g  ') a t  , . I f  f^  * f^ , s i n c e

g ' € o b ( f  Ptf /) t h e r e  i s  an h € F r ( f  Plf /) such  t h a t  a  € C (h ,g  ') * 0  . 
g g g g

I f  h ^ f  » then  t h e r e  i s  a f i n i t e  s equence  o f  ed ges  (w hich may be 

assumed t o  be th e  g e o d e s i c ) :
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t* i  6 F r ( f i  n f i* l>  t o

such t h a t  f Q = f  » f n+1 = f  / and ct1 € CCg^h)  * 0  f o r  i = 0 , . . . , n  

The c o m p o s i t io n
n

c r ^ g ' )  = 2 PF(CTCTi ) a ( f 1 ,Ki , f i + 1 )
i=0

i s  a path  i n  F(g ') from F(T)y  t o  y , .
£  D

v)  I f  g € obC , th e n  t h e r e  i s  a unique  g e o d e s i c  from f  t o  f
£

The seq uence

f* i  6 n f  i +l> t o

c o n s e c u t i v e l y  l a b e l s  t h e  e d g e s  o f  t h e  g e o d e s i c  w i th  f Q = f  and

f  = f  . I f  £cp : F (g )  -+ c o l im  F} _ i s  th e  s e t  o f  c o l i m i t  n+l * ^

induced morphisms,  th e n  t h e  c o m p o s i t io n

“ = E PtPg i>
g i=0  Bi

i s  a path  i n  c o l im  F from coy t o  z = cc„ x„ .
e  g g* f*

The v ery  n a tu re  o f  t h e s e  c o n s t r u c t i o n s  i n s u r e s  t h a t  th ey  form a

p o in t e d  sys te m  T = ( f  ( F ) ; z , [a  }) .
s  g

v i )  I f  g t € obC, i = 0 , l , 2  , w i th  a G C(g0 , g 1 >, t € C C g ^ g ^  ,

then
no

°fCgo»g2) = ^  PF(CT0 Ti 0 ) f f< f i 0 ,B i 0 , f i + l , 0 ^  

ni
PF(T)Qf(go f g l ) = +

” 2

orCgl,g2 ) = PP<CT2 Ti 2 )0f<fi 2 ' g i 2 ' f i +l , 2 )
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f o r  h € P r ( f  flf ) ,  h 6 F r ( f  Of ) ,  h € F r ( f  , f  ) 
g0 K2 A *0 *1 ^ * 1 * 2

CT0 € C(hO»g 2) * CT1 6 * ct2 € C(h2*B2)

^ i = 0 , , , . , nj  j;sOt l , 2  •

a p a th  l n  F ( g i j ) f r ° ”  t o

F<Yl + l , j ) * f  . f ° r  Vi J  6 C<£i j ’ 8:i J ) » 1 = 0  “ j  ’ J*0 "1 ' 2 ■
1 + J- | J

The e x i s t e n c e  o f  t h e s e  f a m i l i e s  o f  p a th s  i m p l i e s  t h e  e x i s t e n c e  o f  

f a m i l i e s  o f  ed g e s  o f  r

"j

w i t h

f  = f  = f  g r00 I l , 0  
0

f  = f  = f^  n1+l , l  0 , 2

\  = f "o+ 1- °  = V 1 - 2

S i n c e  r  i s  a t r e e ,  th e  path

fg "}**1 M fg 1^3 
i l  Ji= 0  u i e i 2 Ji=0

can be reduced t o  t h e  g e o d e s i c

nn
Êi 0 ^ i =o

by e l i m i n a t i o n  o f  g o - r e t u m s .  (A g o - re tu r n  in  a path  i s  a p a i r  o f  c o n ­

s e c u t i v e  e d g e s  o f  t h e  form f  , lZ f o r  l  th e  i n v o l u t i o n  i n  t h e  g r a p h . )  

That i s ,  f o r  some k ^ 0

-1
En x-  1 ,1  “ (Bi 2 ) , i = ° » . . . , k - l
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but

S - k . i  *  (*k*>
-1

(where t h e  i n v e r s e  r e f e r s  t o  t h e  i n v o l u t i o n  i n  r  ) and

nx-k

{Bi,o}i=0 {Bi l} i=0 U {Bi 2}i=k *

The c o n s t r u c t i o n  o f  th e  p a ths  i *or  1 = 0 , . . . ,n ,
1J 1J 1+1,  J J

j=0,l,2 g u a r a n t e e s  t h a t  t h e  same J u x t a p o s i t i o n  o f  i n v e r s e s  o c c u r s  in  

t h e  c o m p o s i t io n

P F (T )a (g0 , g l ) + a(K1 , g 2 ) ~  0f(go , g 2) .

v i i )  I f  g , g '  € obC and t € C ( g , g ' )  , then

"« '  J o  P 'p« i 0,<fi , i ! i ’ t i +1 )

V = J o  pV.°<£i.i,',i . i ' W )
and

n„
Fcp^crfg .g ')  = J 0 P f g l ,  Q,(£l l 2 ' g i , 2 ' £ i + 1 , 2 ) '

th e  l a s t  e q u a l i t y  f o l l o w i n g  from th e  diagram

F(g >

c o l im  F

i —0,  . . . , m .

As b e f o r e ,  th e  e x i s t e n c e  o f  t h e s e  p a t h s  i m p l i e s  th e  e x i s t e n c e  

o f  f a m i l i e s
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n
1*1 € F r< f !  °  ' W 1 )i+1  1=0

w ith
f * f n+1 f

V “ f 0 , l  " f n3+l , 2

The p r o o f  c o n c l u d e s  a s  in  part  v i )  above .  □

Remark: T h is  theorem i n d i c a t e s  t h a t  i f  a c a t e g o r y  has a g e n e r a t i n g  t r e e

th en  t h e  e x i s t e n c e  o f  very  c o n s i s t e n t  s y s te m s  i s  a s su r e d  in d e p e n d e n t ly  

o f  any f u n c t o r .  While some c a t e g o r i e s  do not  have g e n e r a t i n g  t r e e s ,  i t  

may be t h a t  p a r t i c u l a r  f u n c t o r s  d e f i n e d  from them have c o n s i s t e n t  

s y s t e m s .  For example ,  in  a s im ply  con n ec ted  space  any system i s  con ­

s i s t e n t .  The n e c e s s a r y  h y p o t h e s i s  in  what f o l l o w s  i s  mere ly  th a t  t h e  

sys te m  be c o n s i s t e n t .

I t  i s  now p o s s i b l e  t o  d e f i n e  th e  fundamental  group f u n c t o r  f o r  

s - c a t e g o r i e s  w i th  c o n s i s t e n t  s y s t e m s .

D e f i n i t i o n : C i s  a s m a l l  s - c a t e g o r y .  F: C -* Q i s  a f u n c t o r  w i th  a

p o in t e d  c o n s i s t e n t  f ( F )  - sy s te m

The f u n c t o r ,  F^: C Gp , from C i n t o  th e  c a t e g o r y  o f  groups  i s  d e ­

f i n e d  a s  f o l l o w s :

i )  f o r  g € obC ,

T = ( r s (F) ; , fag }>.

*T <g> = ^ ( F ( g )
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t o r  y  € v (T  (F ) )  .
K s

i i )  For g , g / € obC and a  € C ( g , g ' )  , the  homomorphism FT<a) 

i s  the  c o m p o s i t io n

TT ( F ( g ) , y  ) n)F(CT> > ( F ( g ' ) , y  ) a ( g f S  } > t l  (F (g  ') ,y  /)
“ D D &

where y = F ( a ) y  and a ( g tg ') i s  t h e  isomorphism Induced by the  
g g

path  oKgjg ') .

P r o p o s i t i o n  1 : The c o n d i t i o n s  o f  t h e  p r e v i o u s  d e f i n i t i o n  d e f i n e  a

f u n c t o r  F ■ C -* Gp .T

P r o o f : For  g^ 6 obC , i = 0 , l , 2  and a  € CCgQ.g^) , t  € C t g ^ . g ^  , 

FT<TJFt ( CT> i s  th e  co,t,Po s i t : l o n

t\ F ( t)

I

I a?(ff i  j8g )
V

^ ( r ( g 2 ) .

S in ce  tt̂ FCt) i s  a homomorphism, th e  c o m p o s i t io n

* ! & < * ! > >yg > aC*n|gl> > ^ F(T--> ^cF(«2).ygi>

i s  eq u a l  t o  the  c o m p o s i t io n

" . c r u p . ?  > ^ » ( « 2 > - V >  P F (T )^ ^ l 8 l ) )  > ^ < F < F 2) , y g ] )
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f o r  y = F(T)y . 
g0 g0

The co m p o s i t io n

TTjCFCg^ , y g ) PF(T)(Qf(8P>gi.)..)- >  TTjCFCg^.yg)  a<gi >ga> :> nL( F ( g 2) , y g a )

i s  the  same a s  t h e  isomorphism

V F ( g 2 > . ;  ^ ( F < g 2 ) , , g j )

which  e q u a l s  th e  isomorphism

^ ( F C g ^ . y  ) -°*SSi£a2_> ^ ( F t e ^ . y  ) 
g o 3

by th e  c o n s i s t e n c y  o f  T . The p r o p o s i t i o n  f o l l o w s ,  □

D e f i n i t i o n : C i s  a sm a l l  s - c a t e g o r y .  F: C -» Q i s  a f u n c t o r  w i th  

a c o n s i s t e n t  system  T = (T (F) ; z , {or ] ) .  £cp : F (g )  -» c o l im  F} are th e  

morph isms induced by t h e  c o l i m i t .  The homomorphisms h^: FT (g)  -» tî  ( c o l i m  F,z^

are  d e f i n e d  by t h e  c o m p o s i t io n

agTtj^CFCgJ.yg) ------- “—> ( c o l i m  F ,cpgyg ) —  >  ( c o l i m  F , z g ) ,

where a  i s  th e  isomorphism induced  by th e  path  or 
g S

Of o b v io u s  i n t e r e s t  i s  t h e  r e l a t i o n s h i p  between c o l im  Ft and

n ( c o l i m  F . z  ) ,
1 g *

P r o p o s i t i o n  2: The f a m i l y  fh :F _ (g )  ff ( c o l i m  F , z  ) ) a s  d e f i n e d-----------------  g T 1 g+ gbobC

above i s  co m p a t ib le  and th u s  in d u c e s  a homomorphism h: co l im  -t tt̂  ( c o l i m  F,a 

Proof:  For g , g '  € obC and a € C ( g , g ') t h e  diagram

(c o l im  F , z  ) 
g

F _ ( ct)
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i s  the diagram

t t  cp
^ ( F t g ) , ^ )  -------- * ----- > ( c o l i m  F, tpgyg )

tt̂ F ct)
g

nx (F(g  ) , y g ) tî  ( c o l i m  F,  z )

a ( g , g  ')
V T^cp ,

^ ( F ( g  ') , y  /> ---------2----- > n ^ c o l i r a  F, cpg / yg ,)

Qf / 
g

S in c e  tt, tp , i s  a homomorphism th e  c o m p o s i t io n  1 ft
<P„ *

/ )  -g i  g
“ 7 "i ^  '

i1 ( F ( g ' ) , y  ) ■ 2 , 2  > n L(F (g  ') , y  ,) ------ ■“— > ^ ( c o l i m  F,  cpg ,yg ,)

e q u a l s  th e  c o m p o s i t io n

n, tp , Pep / ( o ( g , g  ) )  
)   £------------------

g
n1 (F(g 7) , y g ) ----1—«— > ( c o l i m  F, cpg /y

and t h e  diagram becomes

TT1 ( F ( g ) , y g ) ---------2----- > ^ ( c o l i m  F, cpg ,yg )

> tt ( c o l i m  F, cp ,y  , ) 
1 g g

I
(Fa) Pep , ( a ( g , g  ' ) )  

g

ni (F(g  ') , y g ,) t t  ( c o l i m  F, c p  , y ,) 
g g

V
a  I 

g

n^(co l im  F, z )

Of

which commutes s i n c e  T i s  c o n s i s t e n t .  □



§4.  A S e i f e r t - van Kampen Theorem.

We are  now ready t o  g e n e r a l i z e  th e  S e i f e r t - v a n  Kampen Theorem t o  

t h e  c a s e  when not  a l l  t h e  e l e m e n t s  in  t h e  c o v e r  c o n t a i n  th e  base  p o i n t . 

I t  w i l l  be n e c e s s a r y  t o  assume t h a t  t h e  c a t e g o r y  which r e p r e s e n t s  the  

c o v e r  has a g e n e r a t i n g  t r e e .  I t  w i l l  a l s o  be n e c e s s a r y  t o  assume th a t  

t h e  c a t e g o r y  a c c o u n t s  f o r  a l l  t h e  i n t e r s e c t i o n s  o f  e l e m e n t s  i n  th e  

c o v e r .  T h is  c o n d i t i o n  i s  e x p r e s s e d  in  terms o f  th e  a s s o c i a t e d  f u n c t o r .

D e f i n i t i o n : C i s  a s m a l l  s - c a t e g o r y  and F: C -* Q i s  a f u n c t o r  w i th

c o l i m i t  induced morphisms {cp : F (g )  -+ c o l im  F] _ . _ . F i s  c l o s e d
g g&>bC -----------

under f i n i t e  i n t e r s e c t i o n s  i f  f u r  each p a i r  g , g  ' € obC w ith

cp^F(g) H cp̂  ,F(g  ' ) * < ( ,

t h e r e  e x i s t s  a s e t  A and a fa m i ly  { f^  € o b C } ^ ^  such th a t

i )  C ( f £, g )  and C ( f , , g ' )  a re  non-empty f o r  each  6 € A ;o o

i i )  cp F { f
6

each 6 € A ;

i l l )  u  cp. F ( f  ) -  cp F(g)  n  cp /F(g /) .
b g B

The f o l l o w i n g  t e c h n i c a l  lemma w i l l  be needed i n  th e  p r o o f  o f  th e  

Theorem, B a s i c a l l y  i t  a s s e r t s  t h a t  i f  the  a s s o c i a t e d  c a t e g o r y  and 

f u n c t o r  account  f o r  th e  i n t e r s e c t i o n  o f  any two e l e m e n t s  in  t h e  c o v e r ,  

th en  th ey  accou nt  f o r  th e  i n t e r s e c t i o n  o f  any fou r  e l e m e n t s .

Lemma 1 , C i s  an s - c a t e g o r y  and F: C -♦ Q i s  a f u n c t o r  w i t h  c o l i m i t

induced morphisms {cp : F(g )  -* c o l im  F} . I f  F i s  c l o s e d  under

r -,3f i n i t e  i n t e r s e c t i o n s ,  then  f o r  each quadruple  {g^ € w ith

p) i s  a path  component o f  CO F(g)  fl C(̂  /F(g ) f o r
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n  <p F ( g , )  *  0
1=0 8 ‘

t h e r e  e x i s t s  a s e t  A and a fa m i ly  { f   ̂ (: such t h a t

i )  tp F ( f
5 6

) £ D cp F ( g . )  f o r  a l l  6 € A ;
1=0 1

i i )  C ( f . , g . )  + 0  f o r  a l l  6 € A , 1 = 0 , 1 , 2 , 3  ; o i
3

i i i )  U cp F ( f  .) = fl cp F(g  ) ;
6€A 6 i=0  Bi

i v )  i f  j * j / € { 0 , 1 , 2 , 3 }  th en  t h e r e  e x i s t s  a s e t  A , and a
J  J

fa m i ly  {h € obC} such t h a t
“ JJ '

a) C(h ,g  ) + 0 and C(h , g  . ,) + 0  f o r  a l l  or € A - ;a J  Qf J j j

b) f o r  each  or € A . , , cd F(h ) i s  a path  component o f
Jj a

n v / V *  ;

c)  f o r  each  6 6 A t h e r e  e x i s t s  an or € A , such  t h a t
JJ

C (f  , ,h  ) * 0  .6 a

5
P r o o f : The seq u en ce  A = fa ^±—0 *S t *10 se<luence  ordered  p a i r s

{ ( 0 , 1 ) ,  ( 0 , 2 ) ,  ( 0 , 3 ) ,  ( 1 , 2 ) ,  ( 1 , 3 ) ,  ( 2 , 3 ) }  .

S in c e  F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  t h e r e  e x i s t  s e t s

B f o r  a € A and f a m i l i e s  a

{h‘J o£B
a

t h a t  s a t i s f y  c o n d i t i o n s  i v a ) , i v b ) , and

U cp F (h “) = cp F ( g . )  fl  cp F ( g , )  f o r  ( i , j )  = a
o ®  ha ^  Bi  1 BJ J a or
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Ci  = { ha  ' h“ a  1 K '  P (h a ) 0 ‘C * *  F<ha * 1> * * }  ’ 1=0' 2 ’4 *a  cr

S in c e  P i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  t h e r e  e x i s t  s e t s  Dc

f o r  c G C. i = 0 , 2 ,  i  » 4 and f a m i l i e s

{ h 5 }  6€D

t h a t  s a t i s f y  c o n d i t i o n s  i v a ) , i v b ) ,  and

U vV FCh0. 1) = qfi  F ( a *) n POi"1*1) .
6€D 6 6 X  a  o  ac

Ea = {h®1 ,hC>6* s  jc^1 FCh®1) n Cfj;1* 3 FCh®1*2 ) + 0 }  , 1=0,2-

w h e r e

^  « K 1}6€D f o r  C1 6 °1 '

S in c e  F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  t h e r e  e x i s t  s e t s  f e

f o r  e € f c 0 , 2  and f a m i l i e s

I cpJcf€Fe

t h a t  s a t i s f y  c o n d i t i o n s  i v a ) ,  i v b ) ,  and

U cp = cff1 Ffh®1) H c f f 3 F(h0 ‘* a)
cp€F he X  6’ 6 6e tf

0  - K ° - h7  K ° F(hl0) n <* F<h7 } * e ;

where

h 01  €  ^ h ® 1 }  
tp cp J

f o r  e € E i = 0 , 2cp€F i

S in c e  F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  t h e r e  e x i s t  s e t s  H
g
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f o r  g € G and f a m i l i e s

t h a t  s a t i s f i e s  c o n d i t i o n s  i v a ) , and I v b ) , and

, t h V  =  < °  F < h ? >  n  F ( h ? > •+ € h T <P (P

The un ions  U H and y  are a s e t  ant* a *a m i ly
g€G B g€G * t t H g

o f  o b j e c t s  o f  C ,
or

1) With each o b j e c t  h^ o f  the  union i s  a s s o c i a t e d  a sequence

hg (he °  h0E) (hC°  h ° 3 • (h ° s ) ',  h0*)
f  1 cp ’ cp } >  1 6 * 6 ' y b *  ' b }  1

(haO,ha l ; haE, h aE ; (h**3) ' ,  (h8 3 ) '  ; h8 \ h 8 f )\  o  Of a  a cr a a a J

C  ELw ith  14 non-empty morphism s e t s  o f  the ty p e  C(h^®(ha3 ) and 14 

i n c l u s i o n s  o f  t h e  ty p e

*  c Q F <h 6°> c  < °  F£ho°> 0 F (h a  > * h °  at ao

These y i e l d  c o n d i t i o n s  i ) t i i ) , and i v )  o f  the  lemma t o g e t h e r  w ith  

t h e  I n c l u s i o n :

3
U cp F (h g ) c  fl cp F(g ) .

»*“ * 1=0 i  1

3
I f  x € 0 cp F(g ) ,  th en  s i n c e  th e  h 1 ex h a u s t  t h e i r  r e s p e c t i v e  

i=0 gl 1 “

i n t e r s e c t i o n s  t h e r e  e x i s t  s i x  e l e m e n ts

hao ,  h8 l ,  h82 ,  h8 3 , h“« ,  h8f
ĉ , oj ctg cfe a4 Oft
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such t h a t  x € cp P(ha ‘ ) f o r  1 = 0 , . . . , 5 .  S in c e  the  h *1 ex h a u s t
V "  o ,  6

«1

t h e i r  r e s p e c t i v e  i n t e r s e c t i o n s ,  th e r e  e x i s t  t h r e e  e l e m e n ts

hc o hc a hC4
V  V  ^

Q
such  t h a t  x € cp F(h ‘ ) 1 = 0 , 2 , 4 ,  S i m i l a r l y  t h e r e  e x i s t  two e l e m e n t s

» V

he ° ,  h®»
<ft> %

such t h a t  x € cp F(h6° )  . F i n a l l y ,  t h e r e  e x i s t s  an e lem ent  
he o

such t h a t  x € cp F(h ,) . □
h l 

♦

The p r o o f  o f  th e  f o l l o w i n g  theorem i s  a m o d i f i e d  v e r s i o n  o f  a 

p r o o f  i n  Massey ( [ 9 ] ,  pages  1 1 6 - 1 2 2 ) ,  His n o t a t i o n  and o r d e r  o f  p r e ­

s e n t a t i o n  are  adhered t o  whenever p o s s i b l e .  In p a r t i c u l a r ,  th e  p r o o f  

i s  accom p l i shed  by two lemmas.

Theorem 1 . C i s  a s m a l l  s - c a t e g o r y .  F: C -* Q i s  a f u n c t o r  which i s

c l o s e d  under f i n i t e  i n t e r s e c t i o n s  and has a c o n s i s t e n t  system

T = (T (F) ;z , { » } ) .  {cp : F(g)  -+ c o l im  f }  a re  the  morphisms induced  
® B B

by th e  c o l i m i t .  I f  f o r  each g € obC , cp i s  an i n j e c t i o n  and i f  (cp F(g)  )
B B

forms an open c o v e r  o f  c o l im  F , then

h: co l im  F_ t l  ( c o l i m  F , z  ) . □
T 1 8*

Lemma 2 . [ c f .  M assey 's  Lemma 2 . 3 J .  The homomorphism, h , i s  o n t o .

P r o o f : For ot € tt  ( c o l i m  F , z  ) , f :  [ 0 , 1 ]  ■+ c o l im  F i s  a c l o s e d
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u n i t  l e n g t h  path  r e p r e s e n t i n g  or . € i s  th e  Lebesque number o f  the

c o v e r

! t ' V Cg) W c  ■

[ 0 , 1 ]  i s  s u b d iv id e d  i n t o  c l o s e d  s u b i n t e r v a l s

= [ i / n , ( i + l ) / n ]  ( 0 £ i  £ n-1  

w ith  n s o  l a r g e  t h a t  1 /n  < e . Then f ( J . )  C cp Ptg^) f o r  some
® l

(* i  C o  c  ° bc •

a.  = P(tp ) ( f  | J . )  i s  a p a th  i n  F (g  ) . For  each  i  ,1 g [ 1 1

1 s  i  s  n-1  , f ( i / n )  € cp F (g ,  , )  fl cp F(g ) *  0  and t h e r e  i s  an
g i - i  1-1 Ki 1

e lem en t  h^ 6 obC such  t h a t

i )  cr̂  € C^h i ,Ki - ] ?  and Ti   ̂ are  non-empty and

i i )  f ( 1 / n )  € CD F(h ) t  cp F(g . )  (1 cp F(g ) 
n i 1 K l - l  1 -1  «i  1

G P ( y h , F ( h 1) , c ^ 1 f ( i / n ) )  i s  an a r b i t r a r y  path  e x c e p t  i t  i s

t r i v i a l  i f  p o s s i b l e .  By d e f i n i t i o n  y = y. = y.
h0 n

The c o m p o s i t io n

r < V Y ,  a i  p<<Ji + i ) VU 1  “ ' V i ' 8 /

( f o r  Qf(h , g  ) ,gr(h , » B . )  € e f  (F ) )  i s  a loop  in  0 (F (g  ) ,y  ) and I X  1+1 1 3 Si

th e  product

TT Qf(h g ) _1 P(T )V a P (o  «<h1+l , 8 i>
i=0

i s  t h e  r e p r e s e n t a t i v e  o f  an e lem en t  in  c o l im  F .
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l - l
tt  

' 1=0

n-1
t

1=0 Kl 

n-1

n_1 /  -1  = E h tor(h , g  ) P ( t ) y . o4 P ( a  1 1  1 1 1 i + l ^ i + l  “ <hi + l

■  J 0 v  p , i 1( “ ( h i* 8 i r l  p<Ti )Yi “ i  p(<ji + i >v 1; l  ° < \ +i . v > 8l

* Jo ?V  a± PV > V‘J  v .

=■ J 0 X  PV  ai \

3  X  f  X

= f  . □

-1
1+2

i  + 1

1+1
i + 2-1

or(hi+1 1+ 1 , 1+1

1+1

1+1
-1

i+1



Lemma 3 . [ c f .  M a s s e y ' s  Lemma 2 . 4  p g s .  1 1 7 - 1 2 2 ] .  I f  H € obGp 

{p : ■* h ] i s  a c o m p a t ib le  f a m i l y  o f  homomorphlsms and

r
\ h  € FT^g l J i ,1=1

i s  a seq u en ce  of  e l e m e n t s  such  t h a t

h p, ■ h p_ • . . .  ■ h p = 1 € tl ( c o l i m  F , z  )
Bi 1  8 2  2 8 4  *1 1  8 *

then t h e  product

p pL * p (3 * . .  . * p p = 1 € H .
g iT -  Kg a 2 g ,  Q

P r o o f : The product

h p • h p * . . .  • h p
8 1  1  g a 2 g a q

can be r e p r e s e n t e d  by a c o m p o s i t io n

(oC  ^  V ' " * .  e2 “t j  '  " •  ‘ ( ° £  K  V  * 1

f o r  p  ̂a lo o p  r e p r e s e n t i n g  , i= l t* * « » Q  •

For each i  , a  i s  a f i n i t e  c o m p o s i t io n  o f  the form
* 1

k ( i )
£  P,pg

J - U J*1

f o r  Qf(gj ( g j +1> € e r a (F) , a path  in  F ( g J+1) .

The product

h p • h p * —  • h pg l  1 g B^2 gq Q

can th e n  be r e p r e s e n t e d  a s  t h e  c o m p o s i t io n



where each  or i s  a path  In cp F ( S ,  , )  and 6 '  i s  a loop  in
8 1 j 8 i  j i J  1

’ ,* , F ( 8 i ) ■

0 = a _ < a , < . . .  < a  , < a = 10 1 p-1  p

I s  an e q u i p a r t i t i o n  o f  [ 0 , 1 ]  and

V  f V r t l 1 ---------- =* • 1 S J  S k ( 1 ) ‘ 1 5 1  4 q

t » r >a r » - l ^ ----------> , * i . F t g i J ) 1 1 4 J s  k ( 1 )  . 1 s  1 1 “

f k = [ W i ] ---------- =• »g1F ( 8 1> • 1 * 1 * 0

a re  f u n c t i o n s  r e p r e s e n t i n g  r e s p e c t i v e l y

V r  “ u  Bi

such t h a t  i f  f :  [ 0 , 1 ]  - > 0 0 1 1 1 1 1  F r e p r e s e n t s  th e  c o m p o s i t io n  1 ) ,  then

f | [ fl »a ■. ] = 4i or1 r* r+1 i j '  i j  i

f o r  th e  a p p r o p r i a t e  r .

S in c e  f  i s  h o m o t o p i c a l l y  t r i v i a l ,  t h e r e  e x i s t s  a homotopy

G: 1 x I --------- >  c o l im  F

such  t h a t  i f  s , t  € IXI ,

G(s  , 0 )  = f ( s )

G ( s , l )  = G ( 0 , t )  = G ( 1 , t )  = z 

e d e n o t e s  th e  Lebesque number o f  th e  open c o v e r in g

F(g>)}g€obC

The square  I x I i s  s u b d iv id e d  a s  f o l l o w s :
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0  = t  < t  < t  < . . .  < t  , < t  = 10 1 2  m-1 m

are p a r t i t i o n s  o f  I such t h a t

i )  0 = s  < s ,  < s „  < . . . < s  1 < s = 1  r e f i n e s  th e  p a r t i t i o nu i  a ih* i  in

0 = a„ < a ,  < . . .  < a , < a  = 1 .0 1 p-1  p

11) I f  I X I I s  s u b d iv id e d  i n t o  r e c t a n g l e s  by th e  v e r t i c a l  and 

h o r i z o n t a l  l i n e s

s  = s  i = 0 , . ,  , ,m

t  — t j  ( J = 0 , , . ,  , n

th e  l e n g t h  o f  t h e  d ia g o n a l  o f  each r e c t a n g l e  i s  l e s s  than € .

N o t a t i o n  f o r  t h i s  s u b d i v i s i o n :  
t

<0 , 1 )

i - l . J

( 0 , 0 ) ( 1 , 0 )i - 1
-> s



V e r t i c e s :  = ( s ^ t ^ )  t 0 £ i £ m ( 0 ^ J ^ n .

S u b i n t e r v a l s  o f  I  :

Ji -  .

“ j  -  .

R e c t a n g le s :  R ^  = J ^ x K ^  , 1 s  i  s  m j l s j ^ n

H o r iz o n t a l  e d g e s :

a i  j  — J i  x j  3 i 1 ^ i  £ m , 0 5: j  ^ n

V e r t i c a l  ed ges :

b = (s^J X Kj J 0 <; i  <; m , l ^ j ^ n

F u n ct io n s :

 > c o l im  F by A^j<s ) = G ( s f t  ) ,  s  e J ±

Bi j : Kj ------- > o o l i m  F by Bi j ( t )  = G (3 i » t ) » 1 € Kj

i . e .  A ' j  .  a\.1} ; B '} . G I b ^  .

For each  r e c t a n g l e  R ,

u ij  =

i s  an e lem en t  o f  th e  c o v e r  such t h a t

GCBij) = V l }  .

Au =  Bi j =  •

Each v e r t e x  v i s  a v e r t e x  o f  1 , 2  o r  4 r e c t a n g l e s  R
*  J  ■» J

i s  t h e  I n t e r s e c t i o n  o f  th e  c o r r e s p o n d in g  open s e t s .  For each  

t h e r e  I s  an open s e t
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such that

€ \  / ' V  £ W u  • ; u  -  ^ JG C , u ) •

i + l n

mj+1+ 1, nin

)

*L J + l

j

o J-1 i l i + 1 , 1

i  + 1 ,1

i o

For 1 < i  < m

°10  € C ( h i O ’k l l )

hi 6  C ( h i „ - k l „ '

5 i0  € C^h i 0 >ki + 1 ,1^ 

\l  «  C( hi n ’k m , . )

For 1 < j < n

5o- e c ( h 0 J - k u ) h i « c <ho J -k i , J+1)

5«J e C ( W amj ^ C ĥm j ,km,J+l^
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1 + 1 , j+1

i j + l

i + 1 , j + 1

i+1  j

i j - 1

For 1 < i  < ra-1, 1 < j  < n-1  (

5 Ul  € C ( h U ’k i + l , J + l ) ;  5 1J € C < h i j ' k i J >; 5 l j  € C < h l j ' k i . j + l ) ;

o *  6 * CTi j  = PF(oi j J for a11 *• J< and k for which

th e  r i g h t  s i d e  i s  d e f i n e d ,  "y 6 P(v  . F ( h . . ) , y .  ) , y. € v ( f  (F))
i j  iJ i j  “ i j “ i j c

i s  a r b i t r a r y  e x c e p t  i t  i s  o f  t h e  form Of(g,g ;) i f  p o s s i b l e .

The loop  £ £ f!(F(k .) ,y. ) , 1 ^ i  i  m, 1 i j  < n i s  d e f i n e d
1  J  1  J  1 J

as f o l l o w s :

C1J = “ <N - l , j - k l J ) ' S \ j <Yi - l J ) ' \ j ° ^ V " ( V k l J > •

I f  j  = 0 , th e  loop  C O C F f k ^ ) ^  ) } 1 <■ I < m ( i s  d e f i n e d
i l '  k

as
11

f o l l o w s :

^iO “ *hi - l , 0 , k i l ) CTi - l , 0 ^ Yi - l , 0 *  Ai 0  ° i ( / YiO* a *h iO*k i l *
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The loop  71 € Q(F(k ) ,y ) t 1 £ 1 ^ ra, 1 < j  £ n ,  I s  d e f i n e d  as*■ J 1 J K 1 J

f o l l o w s :

I f  i  = 0 f th e  loop  7)^̂  € OCFCk^) , yfe ) ( 1 s  J ^ n ( I s  d e f i n e d  as

f o l l o w s :

“ a ( h 0 , j - 1  ,k l j ) ° 0 j - l (Y0 , j - l ) B0 j CT0 j (V0 j ) a ( h 0 j ’k I J ) *

The e l e m e n t s  or and in  H are d e f i n e d  by

a . . -  p. (£ . .) . 1  ̂ 1 s  mi j  k , j  i j  i

Bu  = pk < V  ■ 1 S i  S m  • 1 5 1 5 1

“ 1 0  -  pk 1 1 (Cio) • 1 5 1 s "

fbj -  v / V  - 1 £ J  " n ■

(These correspond  t o  th e  e l e m e n t s  Massey d e f i n e s  on page 1 2 0 . )  

R e l a t i o n  1 . 0^ = P i _ i j ai j  > l ^ i ^ m ,  l S j ^ n .

P r o o f : Case 1 . 1 <  i , 1 < j  .

i )  In F(k ) ,  the  paths



by

93

are homotopic r e l  (v 1 1 i v 1 -.} s i n c e  th ey  are  homotopic in c o l im  F
1  " i  J  1  t J  " 1

t h e  homotopy G and co i s  a homeomorphism.
k i J

11) “ i j S i j

‘>1. M (0,(hl - l , J ’k l j ) ' 1 ° l - l , j (Yl - X , j r l  \ j  ° i j  Yl j  “ ‘V V  

= Al J Bl'J V j - l ' V j - l '

Pk“ l “ <hl - L , j . k 1j )  ° l - l . J CVi - l , j )

In c o l im  F , 

i s  a path from

CQ y. t o  cfi y in  U H U . . .
1 - 1  , j - i

I t  f o l l o w s  th a t  th e  p o i n t s  are in th e  same path  component and th e r e  

e x i s t s

1  ■ V w i J

w ith  t 1 6 C(<,l t k 1 J 4 )  t 2  6 C(-[,l , k i J )

^  e c C h i - i , j - i - V  T"4 € c < h i l j . i ^ j . i )

k
T = FCl*) f o r  k = 1 , 2 , 3 , 4



In F(k , )  th e r e  i s  a graph o f  paths:  
i  * J

i - 1 ,  j - 1  / '
/

^ V -u V

-1

<

S in ce  T i s  c o n s i s t e n t , ■i j - i

and

P ( t ) a ( h ,  J )<*(■(. , )  =■ Qf(h. . ^ k .  . . )

Thus

-1 4
“ i j -X  " Pk <a<hi - X , j - l ' k i j - l ) a i - X , j - X (Yi - X , j -

i J-1

Ai j - X  ° i  j  -1 ^Yi J -X  ̂a ( h i - l , j  -1 , k i  j - 1 ^

i v , , . ,  ( “ w i  - k i  j  - i >  " l  <p< t1> ( “ ( h i  - i , j  - i  - V  >'

 ̂ 1 O
-X 1 - 1 ^ 1  1 1 1 ^  ^  t (Y )1 i , J  i  1 -1 ,  j - I  i j - l  i j - l VTi j - l '

* x)

Pk (ftK1 J -1 1



( f o r

S in c e

S in ce

and

Thus
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Ai j -1  fPCp-t1) A

H

th e  f a m i ly  {p ) c o m p a t ib l e ,  t h i s  e lem ent  i s

-1 3 -1 -  4
) A. j P ( t U V ^ )P(T ) ( Y i - l , j - l > Ai j - 1

a ( h i j - l  ’^ l ^

Pk i 3 CFT( ^ > ( £, ( h i _ i t J _ i ( V - i p (T-)C Yi_ l j _ i ) - 1 A1j _ 1

* P (T 4) (Y i J - l )0f(hi , j - l - * l ) ) )  

pk, J( a ( 't' l ’k i j ) PtTS) (Qf(hi - l ,  j - l , 't' l ) ) ff i - l ,  j - l (Yi - l ,  j - l } 

’ A i j - X j - l ^ i J - l ^ ^ ^ ^ i j - l ’V ^ l ^ i j ^  *

-1

T i s  c o n s i s t e n t ,

P<T )0r(hi j - i ’V o<V kij> “ “(hu - i ' kij )

-1 4 - 1 - - 1
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and

-1 -1   . , - 1 4  , -1 _ - l
i J^ i j - l  / ° ^ h i - l  j , k l  CTl - l J ^ l - l j ^  Bi - l J

V i / V u * ' 1

ai - 1 ,  j  -1 (Yi - 1 ,  j  - 1 ) a ( h i  - 1 , j - 1 , k i j * } *

In c o l im  F ,

- 1 / ° i - U (Yi - l j ) Bi - U  ° i  - 1 1J “1 -1 f J - 1 > }

i s  a path  from

tfl y to  cd y in  U n U
1 - 1 J h i - i j j ■'i - 1  ̂ j - i  h i - i , J - i  1~1J 1J

I t  f o l l o w s  th a t  th e y  are In t h e  same path  component and t h e r e  e x i s t s

V2 = V ‘V
w i t h  T1” €  C ( 4 2 , k 1 1 J )  T* € C ( t 2 , k  > Tk = F t T 1) t h r  k = 5 , 6 , 7 ,

V  6 C<hl - l , j - l - V  € C(hl - l j - V

In F ( k t ) th e r e  i s  a graph o f  p a th s :



I-

67-1 -1cr(h
i - U

h - i j

a (h

y- - _ _

B-1
' i - l j

S i n c e  T i s  c o n s i s t e n t ,

and

Thus

-1  3^ i ■ = Pi (of(h ,k 4) a. . . , (v, , . ,)i - l j  k i - i j  i - i , j - l '  i - l j  i - l , j - l  i - l , j - l

- l  5, -1
Pki.1/ Q'U2'ki - l j ) P(T )af(hi - l ,J - l ’V

= P, ;i i j <FTrT x ^ v ^ j . r V * 1 

• V l j  P<T,)(V1. 1J)«<*»1.1J, V >



S in c e  th e  fa m i ly  {o J ,  . -  I s  c o m p a t ib l e ,  t h i s  e l em en t  i s  eq u a lg g w b C
to

. p ( t 7 ) ( y i - i , j - 1) ' 1 Vij P(T' ) ( Y 1-1J)

’ pki P<T*’ lar<hi - l ,  J -X, t a> ° l - l , J - l (Yi - l , J - l )

' V i j  p <Y‘ > « Y<Bi - i j ' V ) “ W2 ' ki J) )  •

S in c e  T i s  c o n s i s t e n t

“  “ <hi - i , j - i ’ki j )

and

P ( t ) a ( h i _1j ('f'2^Qf̂ 2 ’k i j )  ^  a ^h i - l j  , k iJ^ '

Thus
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Case 2 .  1 = 1 ,  1 < J ^ m .

As In Case 1: 

- 1  - 1 -1  1
^ j ^ l j ^ l j - l  Pk, J (0rt't'2 ’kl j > P(T )Qf(h0j*'£'2) CT0 j (Y0 j )

BOj a0 j - l (Y0 j - l ) P(T )cr<hO j - l ' ' t'2)0f^ 2 ’kl j )

There I s  a diagram o f  p a th s  in  F (k ^ j)

-1

Oj

-1
Oj

O j - I

S i n c e  T i s  c o n s i s t e n t

O j - 1 '  2'

and

P ( T  ) Q.(h0 j ,<,2) Q . « 2 , k 1 J ) - « ! k 0 J , k 1 J )  •

-1  2 -1

= Pk1 / “(t2’ki j ) ' lp(T6 )“(h0 j - r V 1 “o j - i ' W " 1

and
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Case 3 . J = 1 ,  1 < i  £ n .

As i n  Case 1,

a i l Pi l  = pki x Ca(hi - l t l ’k i l ) Bi - l , l  Ai 0  ^ O ^ i O *

• P ( T 2 ) a ( h i 0 , 4 1 )  o r a i , k u ) )  .

“ iO = = Pk^ (Qf<'h i - l , 0 , k i l ) a i - l , 0 * Yi - l , 0 5

AiO CTiO (YiO^°f̂ hiO , k i l ) )  *

S in c e  T i s  c o n s i s t e n t ,

P(T2) o ( h i 0 ,-t1 ) •ar(t1 , k 11) “  «<h1 0 »k 11>

and

" i i ^ i O  " Pkl l (a(hi - l , l ’ki l ) ai - l , l (Yi - l , l ) Bi - l , l  

CTi - l I0*Yi-l,0*af*hi - l f0,kil*> ’

As in  Case 1:

■ - * — 6 —  • - 2 .(Y, , „ ) - X= pkt 1(a(^2’ki l ) P*T )(Qf(hi-l,0*‘t2) CTi- l ,0 (Yi-l ,0:

Bi -1,1 al- l ,  l^i-1,1* P(T * <a(hi - l , l ,'t,2)Ja('t'2,ki l J)

= pk,J*af*hi-l,o*ki i > ai- l .o (Yi - i io) Bi - i ,X ai - l , l (Yi - l , l )

and



Al . l



and bo,iV ibi"!iV o “ 1 ao tBat = 1 •
m q ft

R e l a t i o n  2 . n a  -  n Pgk Tt *
i = 0  k=l

P r o o f : i )  The product

K  ^  '  h o- $■> ' * * ■ ' h „Si 1  K3  2  g ,  q

i s  r e p r e s e n t e d  as a c o m p o s i t io n  o f  e l e m e n t s  o f  th e  ty p e s

I)  Ptp or(g , ,g  ) * = r -1  o r  r
8 * r - i  r

I I )  3 /  -

For each r , 1 ^ r £ p , i f  f  | [ a  ,a  ] r e p r e s e n t s  an e lem en t  o f
r - l  r

type  I)  , then  d € obC i s  such  t h a t  cr(g . ,g  ) i s  in  F(d) and endsr - l  r

at  y .  . The edge [a  ,  ,a  ] i s  mapped by G i n t o  cp F(d) .d r - l  r d

The v e r t i c e s  {v  ̂ o c c u r  in  a t  most 2 r e c t a n g l e s .  I f  an edge

a .  c  [a  , »a 1 f o r  1 ^ r  ^ p , th en  i t  i s  p o s s i b l e  to  ch oose  th euO L r - l  r

e l e m e n t s  [ h . „ 1™ such  t h a t  lO i - 0

% „ P<huO) C U u l  n u u+l , l  n "!iF(d) -UO

where U = U , .m+lt l  m , l

For v , n v .  v e r t i c e s  o f  a, „ , th e  path  u - 1 , 0  uO kO

CTu - l tO(Vu - l tO) Au0 auO(YuO}

i s  a path  from yh t o  y^ in  Ft hu(j) *
u - 1 , 0  uO

Thus t h e r e  e x i s t s  JL € obC . 1 £ u £ m such  t h a tu



S in ce  T i s  c o n s i s t e n t

P t o 1) ^  n , l  )c*U  ,k . )  ^  a (h  k >u u - 1 , 0  u u u l  u - 1 , 0  u l

and

and

“uO " pk u l<“ ' V ku l ) ' 1 V m ' V i , / '

'  Au0 ^ 0 < \ o > P <°;>“ <hu 0 ^ u > “ Wu ’ku l »

~  p4 u < a ( h u - l t0 ’ ^ u J Tu ^ Vu - l , 0 ) * U0  T ^ u O ^ ^ u O ' ^ u ^

-1 2 1 , ,  -1  -  2 2
?u Tu u - 1 , 0  uO au Tu 'uO' “ '"uO ’~ r'= Pd(“ (hu- i , o ’d) * * A_n <C T “ ( V „ r t ) a ( h , n l d _ ) )

where A = (PtR.) 1 A ' .uO Td uO
r*

The product  n a  „ d e n o t e s  t h e  product  o f  a l l  ( c o n s e c u t i v e )  a  „uO uOr - l

such  t h a t  a c  uO

r r
*  ,  JV - 1

[ a r - l > ‘ r ] ’ " “uO “ ", pd<°'<hu - l , O d)r - l  r - l

2 1 ,  x"1 r 2 2 ,  xCT T (Y , A n G T (Yu u u - 1 , 0  uO u u uO I

. J . - l  2 1 ,  -1
= p (cr(h , d )  a t <Y , n ) d r - l ,0  r r  r - 1 , 0

"* *u0 °r  Tr (YrO) “ <hrO'd»  •
r - l

I f  y = y , then  by c o n s t r u c t i o n  Y i n i s  t r i v i a l  andh _ _ d r - l , Ur-1,0
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Vl,0 ' “(hr-l,0'd,) * “(hr-l,0’d,)’1 • ”  yh , „ * V  thed tl,dldr - 1 , 0

e x i s t  d i s t i n c t  f r e e  f a c e s  f , f f such t h a t  C ( f , h  _ rt) + 0 andr - l , u

c ( f  ' , d ' )  * e  .

'yd ' € 'F ( f  '> 0  \  , „ F<hr - l , 0 >r - 1 , 0  *

Thus t h e r e  e x i s t s  an such  t h a t

C ( f , , f ' )  + 0  and C ( f  , h ) * 0  . o o r —i , o

S in c e  f  ' i s  a f r e e  f a c e ,  f^  -  f / and

C<f > r - 1 , 0 >  * 0

Thus t h e r e  e x i s t s  an edge o f  T (F) o f  th e  forms

in  F(h , and by c o n s t r u c t i o n  y  , „ i s  t h e  pathr - 1 , 0  r - 1 , 0

Q'( h r - 1 . 0 ' d 'r l  ’

S i m i l a r l y  y  = or(h ,d)  1 . r<J ro
r .  _

A l s o ,  n A = Qf(d',d) . 
r - l

T h u s ,

n * “uO = pd ( a ( h r - l , 0 ’d ) "1 “ <hr - l , 0 ' d ') “ <d ' . d»  = 1
r - l

by the  c o n s i s t e n c y  o f  T .

i i )  For r w i th  1 ^ r  ̂ p , i f  f  {[a^ r e p r e s e n t s  a loop

in  F(d)  , th e n  e x a c t l y  as in  p a r t  i )  , th e  h ^  can be rec h o s e n  

t o  y i e l d  an e q u a t i o n

^  “uO = pd(“< V l,0 'd)"1 a'(hr-l,0'd '>P>
r - l  r

s i n c e  in  t h i s  c a s e  tt*A _ = 3uO
r - l
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But s i n c e  p i s  a l o o p ,  yd = / = th e  b ase  p o i n t  o f  F(d)  . Thus

rr* au0 = pd ^  * 
r - l

R e l a t i o n  3 .  aJ = 1 , 1 <■ i  <. m .
— — — m

P r o o f : The v e r t i c e s  fv i n i" j  l i e  *n a t  most 2 r e c t a n g l e s .  By

c o n s t r u c t i o n

G(v ) = G(a,  ) = z  . l ^ i e m  i n i n g +

so t h a t  G(v ) € cp F ( g +) , 1 ^ i  e m .

I t  i s  p o s s i b l e  t o  ch o o se  th e  e l e m e n t s  ^ i n ^ i - 1  80 th a t

ca F(h ) £ U, fl U , (1 cd FCg*)TiIn '  in  in  i + l , n  **

where U ,  -  Um+l,n  mtn

Then t h e r e  are  e l e m e n t s  € obC such t h a t

a* € C (^ . . ,k Jn) o* € C(-ti  , g +) , 1 s i

\ € C(Vln’V \  € C(hin’V >
a i  = PF<S > : CTi  = PF<^>  : TJ = pf ( ^ >  ; \

As b e f o r e :

“in  = pk i n ^ i n )

= pk 1„ <a'(h i - l , n ’k l n ) ‘ 1 V l . n ^ l - l . n * ' 1 Ai n  ° J n (Yi n >“ <hl n ' k i n ) >

S in c e  AJ i s  t r i v i a l  t h i s  becomes  in
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= °(Vl„-V"1 V ln 'W ' 1 “inkin’
’ Ti  Q,(hi n - t i >" W i - 1‘ i n >)

= ^ (“(hi-ln'V‘l T!<Vl’" > ' 1 T?<Yl„>a<hl„’V>

= P g , ( a ( h i - l n - * . r l  4  T1 ^Y1 - l n > _I 4  Tl <Yl a )a < h 1„ ' * . ) )  •

As b e f o r e ,  s i n c e  v , , = v = y ,i - I n  in  B#

Yi - l n  “ Q,<hi - l n ' g « ) "1

Yi n  *

and a  -  1 in

R e l a t i o n  4 . t)Qj = 1 , 1 £ J ;£ n

P r o o f : The v e r t i c e s  V̂QJ^J-1 in  at  mos  ̂ ^ r e c t a n g l e s .  By

c o n s t r u c t  Ion

so

G(v ) = G(jy. ) = z , 1 S j  i  n Oj TJj g+

th a t  G(v ) € tp F<g ) , 1 ■£ j  n . 
u j  g + w

I t  i s  p o s s i b l e  t o  ch oose  th e  e l e m e n t s  [IIqj }"_1 t h a t

(̂ h i n ) F ĥOJ) C D0J n U0J+1 n tPg# F ( * * )

*,h0re U0n+1 ■ U0n '

The r e l a t i o n  f o l l o w s  as  in  th e  p r e v i o u s  c a s e  by p u l l i n g  the  loop

T|qj i n t o  F (g+) .

R e l a t i o n  5 .  0 . 1 = l , l £ j £ n .------------------  mj

P r o o f : As b e f o r e .

The r e s t  o f  th e  p r o o f  o f  t h e  lemma i s  e x a c t l y  as in  Massey
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Thus

S ince
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1 2 1 - 1 2 2 ) :  For any J , 1 £ j  £ n ,

by t o i r t i O B  s

-  C f i  by
R e l a t i o n  1

C-2
n  a .

1=1 ^ J - 1
^ j V l j V l  by  R e l a t l o n  1

m

= ^ ° l j  by J te la t io n  1

m

= n Of. . by R e l a t i o n  4 . 
i = l  3

i n  m

n otj j 1 = II a,  , l o r  1 «£ j  < n . I t  f o l l o w s  th a t
i = l  J i = l  3

m  m

. 0 “ iO = A  “ ini = l  i = l

by R e l a t i o n  3 ,  or, = 1 ,  1 ^ i  ^ m , in  ’ ’

m m

1 _ * = >  = 3 ^ °

q
II p & by R e l a t i o n  2 .  □

k =l  Kk



§5,  Covering Spaces  and C o n n e c t i v i t y

The Hurewicz isomorphism p l a y s  an important  r o l e  in  t h e  theorems  

which f o l l o w .  To be a b le  to  apply  i t  in  d im en s ion  two r e q u i r e s  our  

s p a c e s  t o  be con n ec ted  and s im p ly  c o n n e c t e d .  While we have assumed our  

s p a c e s  t o  be c o n n e c t e d ,  we do not  w ish  t o  impose t h e  f u r t h e r  r e s t r i c t i o n  

t h a t  th ey  be s im p ly  c o n n e c t e d .  Rather we w i l l  c o n s i d e r  th e  u n i v e r s a l  

c o v e r  o f  th e  s p a c e .  T h is  i s  s im ply  c o n n e c te d  and has  th e  same second  

homotopy group as  th e  o r i g i n a l  s p a c e .  The p r o c e s s  o f  p a s s i n g  to  th e  

u n i v e r s a l  c o v e r  r e q u i r e s  th e  t e c h n i c a l  c o n s t r u c t i o n s  which are  made in  

t h i s  s e c t i o n .

D e f i n i t i o n : C i s  an s - c a t e g o r y  and P: C -* Q i s  a f u n c t o r  which i s

c l o s e d  under f i n i t e  I n t e r s e c t i o n s  and has  c o l i m i t  Induced morphisms

ftp : F(g)  -» c o l im  F} _ . _ . {cp F(g)  ] ,  . _ i s  an open c o v e r  o f  c o l im  Fg JgGobC LTg Jg€obC

and each cp i s  assumed t o  be an i n j e c t i o n .  I f  Y € obQ and 
g

p: Y -» c o l im  F i s  an o n to  map, then th e  Y -p u l l - back o f  F i s  denoted  

F^: C -* Q and i s  d e f i n e d  as f o l l o w s :

i )  f o r  g € obC , F^(g)  i s  th e  p u l l - b a c k

£Fy (g) ■> Y

P

F(g)
V

-> c o l im  F

i i )  f o r  a  € C ( g , g ' )  th e  u n i v e r s a l i t y  o f  p u l l - b a c k s  in d u c e s  a

map Fy (a ) :  Fy (g) -* Fy (g ') :

78
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■> Y

F(g) -> co l im  F .

Theorem 1.  i )  Each t  i s  monic .
-----------------------------  Tg

i i )  Each i|î  i s  an i n j e c t i o n .

i i i )  f f  F f g ) } ,  i s  an open c o v e r  o f  Y . g Y JgoobC

iv )  Fy s a t i s f i e s  c o n d i t i o n s  i )  and i i i )  o f  th e  d e f i n i t i o n  

o f  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  

v) c o l im  Fy  = Y .

P r o o f ; i )  In g e n e r a l ,  th e  p u l l - b a c k  o f  a monic i s  monic:

0*

-> D

I 1
-> Ecr

The square  i s  a p u l l - b a c k  and f , f A  -* B are  a p a i r  o f  maps such  t h a t  

pf = pf ' . tYyf = 6pf = 6pf ' = a y f  ' . S in c e  a  i s  monic ,  y f  -  yf  ‘ . The 

diagram commutes and u n iq u e n e s s  i m p l i e s  t h a t  f  = f

i i )  In g e n e r a l ,  th e  p u l l - b a c k  o f  an i n j e c t i o n  i s  an i n j e c t i o n :

I f  f : A -> B i s  a morphism in  s e t s  such th a t  pf i s  a Q-morphism



then  6£f = a y f  i s  a Q-morphism. S i n c e  a  i s  an i n j e c t i o n ,  y f  i s  a

Q-morphism, The p u l l - b a c k  i m p l i e s  th e  e x i s t e n c e  o f  a unique Q-morphism

f ' :  A -»B such t h a t  y f ' = y f , gf ' = gf , S in c e  th e  p u l l - b a c k  in  Q i

th e  p u l l - b a c k  o f  the  u n d e r ly in g  s e t s ,  p o i n t w i s e  f / = f  . I t  f o l l o w s

t h a t  f  -  t' and g i s  an i n j e c t i o n ,

i i i )  In g e n e r a l ,  th e  p u l l - b a c k  o f  an open s e t  i s  open:

The diagram

X --------2---------> Y

i s  a p u l l - b a c k  and oW i s  open in  Z . The p o in t  x i s  an e lem en t  o f  

gX i f  and o n ly  i f  t h e r e  e x i s t s  a p a i r  (w ,y )  € X w i th  g(w,y)  = y = x 

T h is  o c c u r s  i f  and o n ly  i f  th e r e  i s  a w € W w ith  ow = px . But

aw -  px i f  and o n ly  i f  x £ p ^aW . I t  f o l l o w s  t h a t  gX = p Q̂f W .

I f  a: C -t Y i s  a d m i s s i b l e ,  th en  a  ̂gX = a *crW i s  open in  C

s i n c e  a  W i s  open in  Z .

I f  y € Y , th en  py € X . S i n c e  [cp^F(g) } i s  a c o v e r ,  t h e r e

i s  an o b j e c t  g € obC and an e lem en t  x € F(g)  such t h a t  cp̂ X = py , 

Thus ( x , y )  € Fy (g) and +g ( x , y )  = y . I t  f o l l o w s  t h a t  { ^ F Y(g)  

i s  a c o v e r  o f  Y .

i v )  I f  x € F (g )  th en  cp x  € c o l im  F . S in c e  p i s  o n t o ,  t h e r e
K

e x i s t s  a y € Y such  t h a t  py = cp̂ x . Thus ( x , y )  € FY(g)  and

p ( x , y )  = x . I t  f o l l o w s  t h a t  p i s  o n to  and as s e t s  p F ( g )  = F (g )
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I f  g , g  ' 6  obC and

VV(g) n *g 'FY<g } * 0 '

then cp F(g)  0 cp / F ( g ') = cp p F (g)  Pi cp ,p /F (g)
g g g g Y g g Y

= P*gPy (g) n P*g 'PY(K/)

* 0  .

S in c e  F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  t h e r e  e x i s t s  a s e t  A 

and a fa m i ly  ^ 5 ) 5^  w ith

i )  C th^ .g )  * 0  and C ( h fi, g ' )  + 0

i i )  U %  F <h t> = cp F(g)  H cp , F ( g ' ) .
66A 6 E g

I f  X € +KFY(g) n ^ / F y C g O  , then  px 6 cpgF(g)  H cp̂  ,F(g ') and

cp p x = cp fQ / x = px . S in c e  px i s  in  t h e  i n t e r s e c t i o n ,  t h e r e  e x i s t s

6 € A,y 6  cp̂  F( h g) such th a t  cp̂  y = px . Thus Cy,x) 6  FY ĥ ^  ant*
6 6

♦. ( y , x )  = x .
6

v) By c o n s t r u c t i o n ,  th e  fa m i ly  { :  FY<g) ■+ Y } i s  c o m p a t ib le

and in d u c e s  a map

i|r: co l im  F^ ------- > Y .

I f  x i t x 2   ̂ co l im  Fy and i|oĉ  = i|fx2  , th en  f o r  some o b j e c t s

g , g '  6  obC and e l e m e n t s  y x 6  Fy (g>,  € P y U ' ) .  i g yR = Xj_. 

i  ,y^ = Xg where ^g* Fy (g) -» c o l im  P y i g ^ j b c  are  c o i i m i t  induced

morphisms.
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Then ^  = + 1 ^ !  = = n K ,y2 * *g * 2  *

V l  e *gFY(g)  0  '|,g ' FY( g / )  + 0  *

S in c e  Fy  i s  c l o s e d  under f i n i t e  I n t e r s e c t i o n s ,  t h e r e  e x i s t s  an 

h € obC, a  € C (h ,g )  , a '  € C ( h , g ' )  and z € Fy (h) w i th  ^F(or)z  = ^ y 1 ;

4 /F(of ')z = i  ,y„ . S in c e  # i s  monic ,  F(or)z = y.  and F ( o y) z  = y . g g 2  g i  z

The c o l i m i t  r e l a t i o n s  y i e l d  x,  = i  y ,  = i  ,y = x_ ,1 g 1 g 2 2

S i n c e  {t(f F (g)  } ,  c o v e r s  Y , + i s  o n t o ,  g Y JgGobC

The r e s t  o f  t h i s  argument i s  s tandard:

I f  a: C -* c o l im  Fy  i s  such t h a t  î a i s  a d m i s s i b l e  th en  s i n c e

I F, (g)  i s  open in  Y , ( \|fa) 1 i|r F„(g )  i s  open in  C . S in c e  C i s
g Y g Y

compact th e r e  e x i s t s  a f i n i t e  s e t  o f  i n d i c e s  g . s u c h  t h a t  th el  m

c o l l e c t i o n  {(^a) 1 PY^g i ^ i ~ l  c o v e r s  c  ■ Vj  =  ̂ ^gtFY^g i^
m 1

and C -  U V ■ There e x i s t  commutat ive  diagrams
j = l

V. -------------------- > C Lhr 11 * F (g ) --------- > 1 1  + F (g)
J J i = l  g * Y 1 gfobC i g Y

“j J o n to  I q
V

i|f F (g  ) -----   > c o l im  F C    >  c o l im  Fg i  Y i  Y *

S in c e  i  i s  an i n j e c t i o n ,  i s  a Q-morphism. q i s  t h e  p r o j e c t i o n

which t o p o l o g i z e s  c o l im  F^ . For each c € C , th e r e  i s  a j  such  

t h a t  c £ V . For each  x € ^-V t h e r e  are  d i s j o i n t  open s e t s
J  J

W , S in  C w i th  c  € W , x € S and W £ V. . The s e t s  (S j ^x x x ’ x  x j  x xGC-Vj

t o g e t h e r  w ith  c o v e r  C s o  t h e r e  i s  a f i n i t e  s e t  o f  x ^ , . . . ,x^

n
such t h a t  [ s  . , , , ,S , V ) i s  a c o v e r  o f  C . W = fi W i s  open

X 1 x ,  J C Xl
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in  V, and U S  0 W = 0  . C-US = K i s  compact andj  1=1 x t c  Xl c

c  € W £ K c  V, , fw } ^  i s  an open c o v e r  o f  C . Thus t h e r e  e x i s tc c  J l- c JctC

c , . . . , c  such  t h a t  W c o v e r  C . K  K c o v e r  C
c l1 ’ ' ' ' ’ I  

t
and H k i s  compact h a u s d o r f f  and maps o n t o  U v  . S in c e  c o l im  F 

i = l  c ‘ J H

has th e  q u o t i e n t  Q - to p o lo g y ,  a i s  a d m i s s i b l e  and t i s  an i n j e c t i o n .  □

D e f i n i t i o n : C i s  an s - c a t e g o r y  and F: C Q i s  a f u n c t o r  which i s

c l o s e d  under f i n i t e  i n t e r s e c t i o n s  and has a p o in t e d  c o n s i s t e n t  system

T = (F ( F ) ; z  , {a  }) such  t h a t  i f  {cp :F(g) -* c o l im  F} .  and 
s  g* g g goobC

(V V g) -♦ c o l im  F,^} d en ote  th e  c o l i m i t  Induced morphlsms then

i )  cp and ii are  monic f o r  each  g € obC ;
Tg g

i i )  {cp F(g)  J _ . _ i s  an open c o v e r  o f  c o l im  F. 
g gGobC

Under t h e s e  c i r c u m s t a n c e s ,  th e  f u n c t o r  I: C -» Q i s  d e f i n e d  on o b j e c t s  

t o  be th e  d i s c r e t e  sp ace

1 (g )  = c o l im  FT/ + g FT (g) .

For O' € C t g j g 7) , th e r e  i s  a commuting diagram o f  i n c l u s i o n s

c o l im  F,

and an induced epimorphlsm 1 ( a ) :  1 (g )  I ( g ' )  .

The f u n c t o r  F : C -» Q i s  d e f i n e d  t o  be th e  c o l im  F p u l l - b a c k  

o f  F f o r  c o l im  F t h e  u n i v e r s a l  c o v e r  o f  c o l im  F . By Theorem 1,
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c o l im  F = c o l im  F .

Lemma 1 . I f  t h e  diagram

A ---------- -> B

-> C

i s  a p u l l - b a c k  and p i s  a c o v e r i n g  p r o j e c t i o n !  then  p i s  a c o v e r i n g  

p r o j e c t i o n .

P r o o f : S in c e  p i s  a c o v e r i n g  and th e  p r e c e e d in g  diagram i s  a p u l l ­

back,  the  f o l l o w i n g  diagrams are p u l l - b a c k s :

(B,  I )  

^ 1

( P . D -> (C ,I ) (A, I) ( a ' 1} >  (B,

V
B

i )

<p , i >

-> (Ct i )

where Tĵ  i s  t h e  en d p o in t  p r o j e c t i o n .

I f  E i s  a sp ace  and a,  3 are maps such t h a t  th e  diagram

 _________   a

\

(A, I)

\ \
V

'*A -

-> (D( I )

V
-> D

commutes, th en  ( b , I ) a :  E ■* B , ap: E - * B  , and T |^(b ,I )a  = = &P P =

Thus t h e r e  i s  induced  a map y. E ( B , I )  such t h a t  ( p , I ) y  = ( b , I ) a  ;

= QfP . S in c e  ( b , I ) o f  = ( p , I ) v  , t h e r e  i s  Induced a map 6: E -* (A,I  

such  t h a t  (a , I )  6 = y ; (p ' , I )  6 = or .

p ag  .
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T^y: E -+ B and T|0 ( p / , I ) 6 :  E -* D . S in c e  P^qV = ^ ( P i D y  

= T ^ C b . D o ^  T^(b,  I )  ( p ', I )  6 = b T ^ C p ^ D S  t h e r e  i s  induced a map 

e: E -* A such  t h a t  p ' e  = T](j ( p / , I ) 6 ;  a e  = T^y ■ S in c e

= T] ( p ' , I )  5 and a 3 = T^y, e = 3 . S i n c e  p 'T^ 6 = T ^ ( p ' l ) 6  and

aT^ 6 = T^fa , I)  6 = I^Y, € = 6 . I t  f o l l o w s  t h a t  3 -  6 and 6

makes diagram 1) commute.

I f  k a l s o  makes diagram 1) commute th en  s i n c e  ( p , I ) ( a , I ) k

-  b ( p ' , I ) k  -  (b , I ) c r  and T^Ca.Dk = a \̂)k -  ( a , I ) k  = y . S in ce

(p ;I )k  = a  , and 6 was unique w i th  r e s p e c t  t o  t h e s e  p r o p e r t i e s ,

k = 6 . □

Lemma 2 .  I f  th e  diagram

Of

a

-> B

v
-> c

i s  a p u l l - b a c k  and p i s  a c o v e r in g  p r o j e c t i o n ,  then  th e  diagram

V -> tt B̂

V V

V T̂ C*
-> rt Ĉ

i s  a p u l l - b a c k  in  groups  f o r  any c o n s i s t e n t  c h o i c e  o f  b ase  p o i n t s .

P r o o f : G i s  a group and f , f  ' are homomorphisms which make th e

f o l l o w i n g  diagram commute:
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For g € G, f ' g  = [ a ]  i s  a homotopy c l a s s  in  tl̂ D . I f  a £ [ a ]  ,

th en  a: -♦ D . S in c e  p* i s  a c o v e r i n g ,  t h i s  map can be l i f t e d

u n iq u e ly  t o  a map a S* -* A . S in c e  homotopies  may be l i f t e d  as

w e l l ,  th en  e n t i r e  c l a s s  La] l i f t s  t o  a c l a s s  [ a / ] in  n^A .

I f  H: G -* n^A i s  any map which makes th e  diagram

G

commute, then  fo r  each g € G , Hg i s  a l i f t  o f  f  'g . I t  f o l l o w s  

t h a t  i f  th e r e  i s  a homomorphism, i t  i s  un ique .

I f  ' £ G  , th en  s i n c e  t*  i s  a homomorphism, f 'gg ' = f  'g f  'g '

has as  r e p r e s e n t a t i v e  a j u x t a p o s i t i o n  o f  l o o p s .  Then f o r  th e  H d e ­

f i n e d  above ,  HgHg ' c o v e r s  f  7g f  'g ; = f  'gg ' and thus  e q u a l s  Hgg ' .

For g € G, tt o f  'g = [ cm] i s  a c l a s s  in  n^C . I f  Hg = [ a ' ]  , 

th en  s i n c e  th e  square commutes,  pa a y = cm and [a f 'a ' ]  c o v e r s  [cm] . 

S in c e  n^pf = n^jyf' , f g  a l s o  c o v e r s  [cm] . S in c e  l i f t s  are u n iqu e ,

f g  -  t t  a ' [  a '] = r^cr'Hg . □
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Lemma 3 . ^ ( F t g J . y ^ )  -* u ^ o l i m  F >9g yg > l s  n*01110 f o r  each

g € obC

Proof :  For each g G obC , §3 p r o v id e s  a commutative diagram

^ g
FT tg) = TTi ( P ( g ) ' yg ) -> rij ( c o l im  F,<p y )

V
c o l im  F„

Of

->  n, ( c o l im  F , z  ) 
1 8*

where a  i s  an isomorphism, i|r i s  monic by assumption and h i s  
8 8

an isomorphism by th e  Van Kampen Theorem. I t  f o l l o w s  t h a t  ^i^g 

m onic .  □

Theorem 2 . For each g G obC , F(g)  = F (g )  X 1 (g )  f o r  F(g) th e  

u n i v e r s a l  c o v e r in g  o f  F(g)  .

P r o o f : By d e f i n i t i o n  F (g )  i s  th e  p u l l - b a c k

i
F(g)

8

F (g)

-> c o l im  F

JL -> c o l im  F

By th e  p r e v i o u s  lemmas i s  a c o v e r i n g ,  th e  diagram

T^FCg) -> tt̂ co l im  F = 0

" ^ ( g )

V

c o l im  F

i s  a p u l l  back and ^ 9 ^  i s  monic.  The c o n s t r u c t i o n  o f  p u l l - b a c k  in
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groups y i e l d s  iT^F(g) = 0 f o r  any c h o i c e  o f  b ase  p o i n t  o v e r  y^ . I t  

f o l l o w s  t h a t  e a c h  path  component o f  F(g )  i s  a u n i v e r s a l  c o v e r in g  o f  

F(g)  .

The s e t s  p *y , p ĉp y and tl ( c o l i m  F,cp y ) are i s o m o r p h ic .ST
-1n ( F ( g ) , y  ) permutes  t h e  e l e m e n t s  o f  each  component o f  p y s i n c e  

I k g g
-1

each  component o f  p y i s  th e  u n i v e r s a l  c o v e r i n g  space  o f  F(g)  .
g g

t t  t p  t l  (F(g)  , y  ) a s  a  subgroup o f  t l  ( c o l i m  F ,c p y  ) permutes  p t p  y 
t t 6? fit

w h i c h
-1i s  i som orp h ic  t o  tt̂  ( c o l i m  F,cp y ) . The components o f  p y

g g g

correspond  to  th e  o r b i t s  o f  t h e  a c t i o n  and the  o r b i t s  are counted by

tt  ( c o l i m  F.cpy  ) / t l  c p  r t _ ( F ( g ) , y  ) 
1 g g 1 g 1 g

which i s  i som orp h ic  as a s e t  t o  co l im  F^,/tgFT(g)  = 1(g)  . □

Lemma 4 . Suppose I i s  a s e t  and *s  8 s p a c e s  t o ­

g e t h e r  w i th  maps {f^: -* i n t o  t h e  same apace X . Suppose

f u r t h e r  t h a t  X' G obQ and f : X ' -* X i s  a map. The fam i ly

i e  d e f i n e d  by t h e  p u l l - b a c k s

g
B or

or
->  A

Of

V
-> X

f o r  or € I . Under t h e s e  h y p o t h e s e s  the  p u l l - b a c k  

B ---------------£-------------> u A
ot

v
u f

or

-> X
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i s  homeoraorphic t o  U Ba

P r o o f : The diagram

LI

UB

-> U  A

Uf

/X -> X

in d u c e s  a map k: u B - I B  ,or

The d e f i n i t i o n  o f  p u l l - b a c k  y i e l d s  an i n j e c t i o n

B - i - i > U A X X ' = U(A X X ') 
a  a

and B = LI where f o r  each or , = i  * (A X X 1)a
The diagrams

4
A X X J

Of
4
x'

- -------> A X X'
Of a

a

.i_L

Qtcommute fo r  each  or 6 I » t o  y i e l d  a map -t : B -» . The c o m p o s i t io n

m

B = u  Ba  ------- — > u B > Ba

has t h e  p r o p e r ty  th a t  gm = u g^  and hm =■ u . I t  f o l l o w s  t h a t

k U ■(, = 1„ and the  Lemma f o l l o w s .  □a  b

The f o l l o w i n g  g e n e r a l i z a t i o n  o f  Theorem 2 w i l l  be needed in  what 

f o l l o w s :

Theorem 3 . Suppose X , X y € obQ are  path  c o n n e c te d  s p a c e s  and

cr: X * ■+ X i s  a map which in d u c e s  a monomorphism o f  fundamental  groups,
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p: X -* X i s  t h e  u n i v e r s a l  c o v e r in g  s p a c e  o f  X and J i s  an in d e x in g  

s e t .  The p u l l - b a c k  Y

V
X' Qf

-> U X 
J

Up

✓
-> X

has  t h e  p r o p e r t y  t h a t  f o r  some in d e x in g  s e t  J ‘ , Y = LI X * .
J '

P roof :  I f  Y * i s  t h e  p u l l - b a c k

Y '

V

-> X

or
v

> x

th en  by th e  p r o o f  o f  Theorem 2,  Y / i s  t h e  d i s j o i n t  union o f  u n i v e r s a l  

c o v e r i n g  s p a c e s  o f  x '  . By Lemma 4 ,  Y = LI Y / . □

In th e  n ex t  s e c t i o n ,  a few r e s u l t s  about c o n n e c t i v i t y  w i l l  be 

n eed ed .  The n e c e s s a r y  m a t e r i a l  c o n s i s t s  o f  the  f o l l o w i n g  d e f i n i t i o n  

and two p r o p o s i t i o n s .

D e f i n i t i o n : C i s  an s - c a t e g o r y .  Two v e r t i c e s ,  v , v '  € CQ are  r e l a t e d

i f  t h e r e  e x i s t s  an f  € obC such  t h a t  C ( f , v )  and C C f .v ' )  are  non­

empty.  ~  d e n o t e s  th e  g e n e r a te d  e q u i v a l e n c e  r e l a t i o n .  C i s  co nn ected

i f  |c0 / ~ |  = 1 .

P r o p o s i t i o n  1 . C i s  an s - c a t e g o r y  and F i s  a path  con n ec ted  f u n c t o r

which i s  c l o s e d  under f i n i t e  I n t e r s e c t i o n s  and has c o l i m i t  induced

morphisms { cp : F(g) -* c o l im  F} _ , f t p  F(g)  } - . _ i s  an open c o v e rg gfeobc g gbobC

o f  c o l im  F . C i s  c o n n e c te d  i f  and o n l y  i f  c o l im  F i s  path  c o n n e c te d ,
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P r o o f : =>) I f  x , y  € c o l im  P , t h e r e  e x i s t  g , g '  € obC and a

b / € F(g *) such t h a t  cp̂ a ' = x and cp̂  /b * = y . I f  X € img

€ img / t h e r e  e x i s t  v e r t i c e s  v , v ( such  t h a t  imv = X, imv /

and a  € C (g ,v )  * 0 ,  Qf/ € C ( g ' , v ' )  =♦= 0  . The e l e m e n t s  a € F(v)  

b € F(v  ') are  t h e  images a = F(c*)a ' ,  b = F(Qf')b'  .

S in c e  C i s  path  c o n n e c te d ,  v ~  v ' and t h e r e  i s  a f i n i t e  

o f  p r i m i t i v e l y  r e l a t e d  v e r t i c e s

w i th  v = v ,  v = v and a fa m i lyO n

w i th  oii  6 C t f ^ v ^ )  * 0  and pA € C ( f  , v  j )  * i 1 = 0 , . . . , n-1 .

n “Xp o i n t s  {x^ € F t ^ )  J are  a r b i t r a r y .

By d e f i n i t i o n  o f  the  c o l i m i t  r e l a t i o n s ,  F(a^)x^ = F(p^)x^ .

F i s  path  c o n n e c t e d ,  th e  image cp F(v  ) i s  con n ec ted  f o r  i=T vt 1

The p a th s  are  c *losen  as  f o l l o w s :

pQ € P(x,cpvF(v)  ,(pf ^x0 )

p € P(cp x , tp F ( v .)  , cp. x ) , i = l  n-1
A V1 1 1 1 1

Pn €P<<ff„ .V l'V  *<»'>•*> •n — 1

n
The c o m p o s i t io n  £  p i s  a p a th  in  c o l im  F from x to  y .

i=0

<s=) I f  v , v '  € Cq are  v e r t i c e s  o f  C , th en  cpvF(v)  and

cp̂  /F(v ') are  s u b s e t s  o f  th e  c o l im  F , xQ € c(^F(v) and x^ €

are  a r b i t r a r y  p o i n t s ,  p: I -+ c o l im  F i s  a p ath  from to

' € F (g )  , 

and

= X * 
and

s t r i n g

The

S in c e  

0 , . . . ,n .

Cpv /F(v ')
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(p ^cp^F(g) i s  a c o v e r  o f  I and n i s  ch osen  such  t h a t  1 /n

i s  l e s s  than t h e  Lebesque number o f  t h e  c o v e r i n g .  { [ i / n , ( i + l ) / n ] }” *

p a r t i t i o n s  I and p^ = p | [ i / n , ( i + l ) / n ]  , i = 0 , . . . , n - l  . The c o l l e c t i o n  

r i n - li  i - 0  ch osen  such  th a t

p [ i / n , ( i + l ) / n ]  !- cp F(g  ) , i = 0 ...........n-1 .
8 1

S in c e  p ( ( i + l ) / n )  £ cp F(g  ) 0  cp F(g ) i = 0 , . . . , n - l  , th e r e
i  8 1 1 8 i - i  1+1 *

n
e x i s t s  a seq uence  [h^ £ o b C } ^ ^  w ith

C ( h . , g i ) *  0  , C (h i »®i + i ) * 0

f o r  i - 0 , . . . , n -2  .

p . ( 0 )  £ cp F(v )  fl Cp F(g ) and t h e r e  i s  an h , £ obC with0 Tv TgQ 0 -1

C(h , v) * 0 ,  C(h ,g  ) + 0  . S i m i l a r l y ,  p (n) € cp F(g  ) n Cp , F ( v ')

and t h e r e  e x i s t s  an h w ith  C(h ,g  ..) * 0  and C(h , v ' )  * 0  . I fn n n—l  n

n “ 1
V̂i   ̂ ^ 0 ^ i - 0  iS  an  ̂ S e t  v e r t i c e s  wi t h  C(g | V i ) + 0  , then the  

seq uence  {v , v , v ' ]^_q r e l a t e s  v t o  v / . Q

P r o p o s i t i o n  2 . I f  C i s  a con n ec ted  s - c a t e g o r y ,  th en  T(C) i s

c o n n e c t e d .  I f  C i s  an s - c a t e g o r y  such  t h a t  f o r  each v e r t e x  v € Cq

t h e r e  i s  a f r e e  f a c e  f  € Fr(C) w i th  C ( f , v )  £ 0  , then  r(C) co n n ected

I m p l i e s  t h a t  C i s  c o n n e c t e d .

P r o o f : i )  C i s  c o n n e c te d .  I f  f , f  / € Fr(C) are two v e r t i c e s  o f

T(C) , th en  t h e r e  are v e r t i c e s  ( o f  C ) ,  v , v '  € w i th  C { f , v )  + 0

and C ( f  / , v ' )  + 0  . Thus t h e r e  e x i s t s  a sequ en ce  o f  v e r t i c e s
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w ith  vq “ V| vn “ v ' a setluence  ° f  e l e m e n ts

i f  j - 11 i Jl=o

w ith

C ( f 1 , v i ) 4 0 and ® 1 = 0 , . . , , n-1  .

ri“l
I f  {h^ £ Fr(C) i g a s e t  o f  f**ee f a c e s  w i th

C(h , f  ) + 0  f o r  i = 0 , . . . , n - l  ,

then  £ obCh^^Dh ) 4 0  i  = l , . . . , n - l  . A l s o ,  vQ € o b ( fn h g )  and

v € o b ( f h  , )  , These  s e t s  c o n t a i n  a sequ en ce  o f  f r e e  f a c e s  which  n n - 1

c o n n e c t s  f  to  f  ' in  T(C) .

i i )  r(C) i s  c o n n e c t e d .  I f  v , v '  € CQ , then  t h e r e  are f r e e  f a c e s

f , f  ‘ w i th  C ( f , v )  4 0  and C ( f / , v /) 4 0  and a path  i n  r(C)

{h. € Fr ( f  . n f . . )  }" _1 l  1 l + l  1=0

w i th  f  -  f , f -  f  ' . I f  v . € C 0  o b ( f . Of ) i = 0 , . . . ,n , then0 n+1 i  0 l  i+1  J

since 0 and Ĉfi+i,Vi+i> * 0 ' Vj ̂ Vi+1 » 1=0' * ‘ * ’n ~1 *
A l s o ,  C ( f  , v  ) 4 0 ,  C (f  ,v  ') 4 0; C ( f  ,v  ) 4 0 ,  C ( f  ,v )  4 0  . Thusn+i n n+i u u u

v v ' and v ~  v„ s o  t h a t  v ~  v '  and C i s  c o n n e c te d .  □ n 0



§6.  A Mayer V i e t o r l s  Theorem.

T h is  s e c t i o n  c o n c e r n s  d e t e r m i n a t i o n  o f  c o n d i t i o n s  r e q u ir e d  o f  an 

s - c a t e g o r y ,  C , and a f u n c t o r  F: C •+ Q , t o  g u a ra n tee  th a t

*) H ( c o l i m  F ; t )  = co l im  (H ( ; ® F )  ,6 A

where F: C -* Q i s  t h e  c o l im  F p u l l - b a c k  o f  F d e s c r i b e d  in  S e c t i o n  5

and H ( ; 55): Q -+ Ab d e n o t e s  two d im en s io n a l  s i n g u l a r  homology w i th2
i n t e g e r  c o e f f i c i e n t s .  H ( ;K) w i l l  be den oted  H , A c t u a l l y ,  i t  tu r n sA A

out  th a t  a s l i g h t l y  s t r o n g e r  theorem i s  e a s i e r  to  p rove ,  namely th a t

**) H2 ( c o l i m  F ) = c o l im  HgFy

f o r  F th e  Y -p u l lb a ck  o f  F where Y i s  the  d i s j o i n t  u n ion  o f

u n i v e r s a l  c o v e r in g  s p a c e s  o f  c o l im  F :

Y = U co l im  F 
I

f o r  some in d e x  s e t  I . Equat ion  +) i s  e q u a t io n  **) in  Case 1 has  

a s i n g l e  e l e m e n t .

To make the  s t r u c t u r e  o f  the  p roo f  o f  e q u a t io n  **) more i n t e l l i g i b l e ,  

th e  v a r i o u s  t e c h n i c a l  lemmas needed are  o n ly  s t a t e d  h e r e .  T h e ir  p r o o f s  

are  in  S e c t i o n  7 and a few examples  are p r e s e n t e d  in  S e c t i o n  8 .  The n e c e s ­

sa ry  h y p o t h e s e s  w i l l  be d i s c u s s e d  and l e t t e r e d  and t h e  p r o o f  o f  **) w i l l  

be g iv e n  at  t h e  end o f  t h i s  s e c t i o n .  The r e s u l t s  o f  t h i s  s e c t i o n  w i l l  

apply  t o  the  c a s e  in  which C i s  1 - d i m e n s i o n a l ; however,  a weaker s e t  

o f  h y p o th e s e s  than are  g i v e n  h ere  w i l l  a l s o  imply **) in  t h a t  c a s e .

S in c e  t h e  p r o o f s  and r e l a t e d  s t r u c t u r e s  are  somewhat c o m p l i c a t e d ,  th e  

s p e c i a l  f e a t u r e s  o f  t h e  1 - d im e n s io n a l  c a s e  w i l l  be c o n s id e r e d  s e p a r a t e l y

94
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in Section 10.
No attempt  w i l l  be made to  prove t h i s  theorem f o r  an a r b i t r a r y

s - c a t e g o r y :  i t  w i l l  be assumed t h a t

A) C has at  most c o u n ta b ly  many v e r t i c e s ;  and

B) C i s  upward f i n i t e .

T o p o l o g i c a l l y  c o n d i t i o n  A) l i m i t s  c o n s i d e r a t i o n  to  s p a c e s  w i th  c o u n t a b l e  

open c o v e r s  w h i l e  c o n d i t i o n  B) i s  th e  a s s e r t i o n  t h a t  any i n t e r s e c t i o n  o f  

e l e m e n t s  in  th e  c o v e r  i n v o l v e s  o n ly  f i n i t e l y  many open s e t s .  While e n ­

t a i l i n g  no s u b s t a n t i a l  l o s s  o f  g e n e r a l i t y ,  c o n d i t i o n  A) p e r m it s  argument  

by i n d u c t i o n .

The o n ly  c a s e s  o f  i n t e r e s t  are t h o s e  a r i s i n g  from s p a c e s  w i th  open  

c o v e r s .  T h is  in f o r m a t io n  i s  i n s e r t e d  i n t o  th e  h y p o th e s e s  as  th e  assump­

t i o n s  th a t

C) F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  and

D) {cpg F(g)  )g i s  «n open c o v e r  o f  c o l im  F and

each cp̂  i s  an i n j e c t i o n  f o r  (cp̂ : F{g) -» co l im

th e  c o l i m i t  induced morphisms.

D /) For each p a i r  g , g / € obC ,

cp F(g)  = cp ,F(g ') 
g g

i m p l i e s  g = g ' ;

d ”) For each o b j e c t  g € obC , cp^F(g) * 0  .

C o n d i t io n  C) a s s e r t s  t h a t  a l l  t h e  i n t e r s e c t i o n s  are a ccou n ted  f o r .

D i s  t h e  a s s e r t i o n  t h a t  each such i n t e r s e c t i o n  i s  accounted  f o r  o n ly  

once  and Dfl) a s s e r t s  t h a t  C has no "extra" o b j e c t s  which r e p r e s e n t  

n o th in g  in  t h e  c o v e r .
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Another  assumption  on C i s

E) C has  a g e n e r a t i n g  t r e e .

I f  C i s  1 - d i m e n s i o n a l ,  then  th e  c o n s t r u c t i o n s  o f  S e c t i o n  10 

e l i m i n a t e  t h i s  r eq u ir em en t .  In th e  h i g h e r  d im e n s io n a l  c a s e s ,  Example 1 

o f  S e c t i o n  8 shows t h a t  some h y p o t h e s i s  l i k e  t h a t  o f  a g e n e r a t i n g  t r e e  

i s  n e c e s s a r y .  C o n d i t io n  E) t o g e t h e r  w i th  c o n d i t i o n  B) i m p l i e s  th a t  C 

has a r e p r e s e n t a t i o n  as a s i m p l i c i a l  complex ( c f . Theorem 2 o f  S e c t i o n  1 ) .

I t  has  been assumed throughout  t h a t  th e  v e r t i c e s  o f  C are co n n ec ted  

( i . e .  t h a t  each open s e t  in  t h e  c o v e r  i s  c o n n e c t e d ) .

The n ex t  a s su m p t ions  a re  on th e  c o n n e c t i v i t y  o f  th e  space

F) F i s  path  con n ec ted

G) c o l im  F i s  c o n n e c te d .

By P r o p o s i t i o n  1 o f  S e c t i o n  5 ,  the  c o n d i t i o n  t h a t  C i s  con nected  f o l l o w s

from c o n d i t i o n s  C ) , F ) , and G ) .

I t  t u r n s  out  th a t  a c o n d i t i o n  on fundamental  group i s  n e c e s s a r y  

as  w e l l ,  namely:

H) For each g € obC , and some c h o i c e  o f  base  p o i n t

th e  i n c l u s i o n  tp : F(g)  -* c o l im  F in d u c e s  a
g

monomorphism

*
tPg : ^ ( F C g ) , * )  -♦ ( c o l im  F ,* )  

o f  fundamental  groups .

C o n d i t io n s  F) and G) i n s u r e  t h a t  t h i s  c o n d i t i o n  i s  independent  o f  th e  c h o i c e  

o f  base  p o i n t .  By th e  remarks f o l l o w i n g  Theorem 3 o f  S e c t i o n  2,  i f  C 

i s  1 - d i m e n s i o n a l ,  then c o n d i t i o n  E) e n a b l e s  c o n d i t i o n  H) t o  be sub-
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s t i t u t e d  w i th  t h e  weaker assum ption  t h a t

I f  C i s  1 -d linens Iona 1 ,  f o r  each  p a i r  

g , g '  € obC w i th  a  € C ( g (g ' )  , th e  i n ­

c l u s i o n  F(a )  : F(g) - * F ( g ' )  in d u c e s  a

monomorphism

*
F ( a ) :  (F(g) , *) -» (F (g  ') ,* )

f o r  some c h o i c e  o f  b ase  p o i n t .

The importance  o f  c o n d i t i o n  H) i s  r e v e a le d  by Theorem 3 o f  S e c t i o n  5 

which y i e l d s  t h a t  F^Cg) i s  t h e  d i s j o i n t  union  o f  u n i v e r s a l  c o v e r i n g  

s p a c e s  o f  F(g) . That i s ,  each  component o f  F^(g) i s  s im p le  c o n n e c t e d .  

S in c e  H^( ; ®  i s  z e r o  in  each  component,  H^(F^(g);E)  = 0 f o r  each  

o b j e c t  g € obC .

As was i n d i c a t e d  above ,  t h e  p r o o f  o f  e q u a t i o n  **) w i l l  be by 

i n d u c t i o n  on t h e  number o f  v e r t i c e s  o f  C . I f  C has a s i n g l e  v e r t e x ,  

th en  i t  has a s i n g l e  o b j e c t  and e q u a t io n  **) i s  t r i v i a 1 s i n c e  i t  con c e r n s  

c o n s t a n t  f u n c t o r s .

The means o f  red u c ing  th e  number o f  v e r t i c e s  i s  p rov id ed  by th e  

f o l l o w i n g  d e f i n i t i o n s :

D e f i n i t i o n : I f  C i s  an s - c a t e g o r y  and v € i s  a v e r t e x  o f  C ,

th en  th e  c a t e g o r y  i s  th e  f u l l - s u b c a t e g o r y  o f  C g e n e r a te d  by th e

o b j e c t s

obC -  { f  € obC | c ( f  ,v )  * 0]  .

D e f i n i t i o n : I f  C i s  an s - c a t e g o r y  and v € Cq i s  a v e r t e x  o f  C ,

th en  the  s - c a t e g o r y  v fi i s  th e  f u l l - s u b c a t e g o r y  o f  C g e n e r a te d



by the objects

{g € o b c | c ( g , v )  * 0 }  -  {v} .

While both  and v H Cy are t o  be regarded  as s - c a t e g o r i e s  based

on A -  {imv) , v (1 must be g i v e n  an s - c a t e g o r y  s t r u c t u r e  which i s  

not  co m p a t ib le  w i t h  th e  s t r u c t u r e  o f  C . This  s i t u a t i o n  i s  b e s t  u n de r ­

s to o d  through th e  p r o o f s  o f  the f o l l o w i n g  P r o p o s i t i o n s :

P r o p o s i t  ion 1 . C
V

i s  an s - c a t e g o r y based  on A - {imv] . □

P r o p o s i t  ion 2. v n C i s
V

an s - c a t e g o r y  based on A -  {imv} and has

con n ec ted  v e r t i c e s . □

P r o p o s i t  ion 3. I f l°o 1 <“  , then l«Vo 1 * u . □
P r o p o s i t  ion 4 . I f !co 1 ■=00 , then l<» n Vo 1 < l°0 1 - D

P r o p o s i t  ion 5. C
V

and v fl C arev upward f i n i t e . □

The f u n c t o r  F i s  th e  r e s t r i c t i o n  o f  F to  C ; i t  has c o l i m i t  v v

induced morphisms fcpV: F (ff) -* col ira F } . _ . The f u n c t o r  F i sg v v g&>bCv

the  r e s t r i c t i o n  o f  F to  v H C ; i t  has c o l i m i t  induced morphismsv

{cp : F (g )  -* colira F] n . . These two f a m i l i e s  in duce  morphismstTg Jg 6 o b (v r iC v )

cp: co l im  F ----- > colira FT v

and

cp: c o l im  F ---------> c o l im  F

a c c o r d in g  t o  th e  f o l l o w i n g  commutative diagrams:

v
A  : <P

* F (g)  ----------------------------  > colira Fv v



99

&  : 9
2 f ( g )    > c o l im  P

II

F(g)
9

V
c o l im  F f o r  g € ob (v  D Cy)

The f o l l o w i n g  p r o p o s i t i o n s  r e g a r d in g  F and Fy w i l l  be needed:

P r o p o s i t i o n  6 . i s  path  conn ected  and c l o s e d  under f i n i t e  i n t e r -

i n t e r s e c t i o n s .  □

P r o p o s i t i o n  7 .  F i s  path  con n ec ted  and c l o s e d  under f i n i t e  i n t e r s e c t i o n s .  □

P r o p o s i t i o n 7 F and F s a t i s f y  c o n d i t i o n s  D / and
V

■rD . □

P r o p o s i t  ion 8. ftpVF ( g ) }  ,  , _ i s  an open c o v e r  o f  c o l im  F Tg gSobCv K v
and ea ch

vcp i s  an i n j e c t i o n .  □ 
g

P r o p o s i t i o n 9. fcpg F ( g ) } K6ob(vn c v) 18 ™ open c o v e r  o f c o l im F and

each cp i s  an i n j e c t i o n .  □ 
B

P r o p o s i t i o n 1 0 . cp i s  an i n j e c t i o n .  □

P r o p o s i t  ion 11 . cp i s  an i n j e c t i o n .  □

P r o p o s i t  ion 12 . cp co l im  F = cpyF(v) H cp c o l im  , □

P r o p o s i t  ion 13 . has a g e n e r a t i n g  t r e e .  □

P r o p o s i t i o n 14. v n Cy has  a g e n e r a t i n g  t r e e .  □

So fa r n o th in g  has been s a i d  about th e  c o n n e c t i v i t y o f  C . With

no r e s t r i c t i o n  a t  a l l ,  C may not  be con n ec ted  as seen  in  t h e  t h r e ev

p i e c e  cover :
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c— cT7~3 )
P r o p o s i t i o n  1 5 . I f  |c^ | < <» , th en  th e r e  e x i s t s  a v e r t e x  v € CQ

such  t h a t  C I s  c o n n e c te d .  □v

The v e r t e x  v w i l l  a lways be chosen  In accordance  w i th  P r o p o s i t i o n  

15.  From t h e  c o n n e c t i v i t y  o f  comes t h e  f o l l o w i n g  f a c t s :

P r o p o s i t i o n  1 6 . tpyF(v)  0 9  c o l im  i s  c o n n e c t e d .  □

P r o p o s i t i o n  1 7 . co l im  F i s  co n n e c te d .  □

That C and v H C s a t i s f y  c o n d i t i o n  H) f o l l o w s  t r i v i a l l y  fromv v

th e  c om m u ta t iv i ty  o f  th e  diagrams A  and A  ( t o g e t h e r  w i t h  the  f a c t

t h a t  C s a t i s f i e s  c o n d i t i o n  H ) ) .

Thus f a r  C has been broken i n t o  th r e e  p i e c e s ,  v ,  C , and v fl C ,v v

each  o f  which has few er  v e r t i c e s  than C and s a t i s f i e s  th e  c o n d i t i o n s  o f  the  

Theorem. To be a b le  t o  u se  t h i s  i n f o r m a t io n ,  i t  i s  n e c e s s a r y  to  sew C 

back t o g e t h e r  a g a in .  One s t e p  i s  t h e  f o l l o w i n g  P r o p o s i t i o n :

P r o p o s i t i o n  1 8 . The diagram

O'Cj^F(v) H cp co l im  - — > cp co l im

p tp
V tp v

CpvF(v)  --------------------------- --------------------------> c o l im  F

i s  a p u s h - o u t . □

I t  w i l l  be c o n v e n ie n t  t o  l a b e l  th e  diagram in  P r o p o s i t i o n  18 w i th  

a fu n c to r :
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D e f i n i t i o n . C i s  th e  1 -d im e n s io n a l  s - c a t e g o r y  w i th  two v e r t i c e s  

{ v ^ v ^ }  = Cq and 1 f r e e  f a c e  { f }  = t o g e t h e r  w i th  two n o n - i d e n t i t y

morphisms a € C ( f . v ^ )  , b € C ( f  .v^) . G: C -* Q i s  t h e  f u n c t o r  w i th

G (f )  = tp F(v)  fl tp c o l im  F Tv T v

G(v^) = tp c o l im

G(v ) = cp F(v)
2  v

G(a) = o  

B(b) = 0 .

C l e a r l y ,  c o l im  G = c o l im  F .

In t h e  p r o o f  which f o l l o w s  i t  w i l l  be n e c e s s a r y  t o  know t h a t  C

s a t i s f i e s  c o n d i t i o n  H) . I f  0 in d u c e s  a monomorphism, th en  cp̂ jS does

a l s o  s i n c e  tp̂  i s  g i v e n  by c o n d i t i o n  H) on C t o  induce  a monomorphism.

Thus i t  would f o l l o w  t h a t  a  induced a monomorphism. S i n c e

cpvF(v)  H tp c o l im  F^ i s  path  c o n n e c te d ,  th e  c l a s s i c a l  S e i f e r t - v a n  Kampen

Theorem y i e l d s  ( c o l i m  F ,+)  as an amalgam

rL ( c o l im  F ,* )  = tt (tp F(v) ,* )  * n (cp c o l im  F ,* )  .
1 V ^ ( 0 ( 1 ) , * )  1 v

A theorem on amalgamated p r o d u c t s  th en  y i e l d s  t h a t  tp in d u c e s  a monomorphism.  

The o n e -d im e n s io n a l  c a s e  i s  ea sy :

P r o p o s i t i o n  1 9 . I f  C i s  1 - d i m e n s i o n a l ,  th en  C s a t i s f i e s  c o n d i t i o n  H ) . □

Example 2 in  S e c t i o n  8  shows t h a t  C may not  s a t i s f y  c o n d i t i o n  H) i f  

C i s  2 - d i m e n s i o n a l . U n f o r t u n a t e l y ,  j u s t  r e q u i r i n g  t h a t  £ induce  a 

monomorphism i s  not  enough s i n c e  i )  th e  argument w i l l  be i n d u c t i v e  and 

th e  h y p o t h e s i s  must a l s o  hold  f o r  , i i )  th e  argument w i l l  a l s o  have
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t o  be a p p l i e d  t o  v fi . One assum ption  t h a t  woiics r e q u i r e s  a s h o r t  

d e f i n i t i o n .

D e f i n i t i o n . The p a i r  (C ^ w )  c o n s i s t i n g  o f  a su b c a te g o r y  C* £  C 

a v e r t e x  w 6  C ^-obc '  , i s  i n i t i a l  p r o v id e d  i )  f o r  each f  € obC ' , 

C (f ,w )  + 0  and i i )  i f  F / d e n o t e s  th e  r e s t r i c t i o n  o f  F t o  C* , 

then c o l im  F / i s  c o n n e c t e d .

The l a s t  assumption  may now be s t a t e d :

I )  For each i n i t i a l  p a i r  (c ' ,w)  , th e  c o l i m i t  induced map 

c: c o l im  F* -» F(w) in d u c e s  a monomorphism o f  fundamental  groups

c*: ^ ( c o l i m  F 7,* )  ---------> n^(F(w ) ,+ )

f o r  some c h o i c e  o f  base  p o i n t .

I t  sh ou ld  be p o i n t e d  out  t h a t  in  c a s e  C y has a s i n g l e  o b j e c t  

{g} = o b C ' , c o n d i t i o n  I )  f o l l o w s  from c o n d i t i o n  H) and t h e  commutative  

diagram.

c o l im  F = F(g)  tp

co l im  F

V
F(w) —

T h is  comment i s  the  b a s i s  o f  the  p r o o f  o f  th e  f o l l o w i n g  P r o p o s i t i o n .

P r o p o s i t i o n  2 0 . I f  C i s  a 1 - d im e n s io n a l  s - c a t e g o r y  and F: C -» Q 

i s  a f u n c t o r  such th a t  C and F s a t i s f y  c o n d i t i o n s  C) and H ) , then  

th ey  s a t i s f y  c o n d i t i o n  I ) .  □

With t h i s  d i s t i n c t i o n  between t h e  1 and h ig h e r  d im e n s io n a l  c a s e s  

in  mind, c o n d i t i o n  I)  w i l l  be assumed u n t i l  th e  s ta t e m e n t  o f  Theorem 1 .  

A weaker v e r s i o n  o f  c o n d i t i o n  H) t o g e t h e r  w i th  c o n d i t i o n  I)  i m p l i e s
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c o n d i t i o n  H ) :

H ') For  each  v e r t e x  w € obC and some c h o i c e  o f  base  

p o i n t  t h e  i n c l u s i o n  F(w) -* c o l im  F in d u c e s  a

mo nomo rp h i  sm 

*
cpw : Tl̂  (F(w) ,* )  ---------> TT^(colim F , *)

o f  fundamental  group.

I f  g € obC , and w € vg , then  ( { g } , w )  i s  i n i t i a l  and th e  diagram  

c o l im  F ' = F(g) > c o l im  F

y i e l d s  t h a t  cp in d uces  a monomorphism s i n c e  cp does  by c o n d i t i o n  Hy)g w
and o d oes  by c o n d i t i o n  I)  .

To make u se  o f  c o n d i t i o n  I) r e q u i r e s  th e  f o l l o w i n g  p r o p o s i t i o n s :

P r o p o s i t i o n  2 1 . and F  ̂ s a t i s f y  c o n d i t i o n  I )  . □

P r o p o s i t i o n  2 2 . v fl and F s a t i s f y  c o n d i t i o n  I ) .  □

P r o p o s i t i o n  2 3 . C and G s a t i s f y  c o n d i t i o n  H ) . n

The l a s t  lemma i n v o l v e s  c o n v e r t i n g  part  o f  th e  c l a s s i c a l  Mayer-  

V i e t o r i s  s eq uence  i n t o  a p u s h - o u t .

P r o p o s i t i o n  24 .  In th e  c a t e g o r y  Ab , the  sequence

R --------- > F1 ^  Fg — - — > H -------- > 0

i s  e x a c t  i f  and o n l y  i f  t h e  diagram

R ^  ° ^ Qf > Fx

- ( o  D o r !  I e < J >

p(1)
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i s  a p u s h - o u t .  □

The main r e s u l t  may now be s t a t e d  and proved:

Theorem 1 . I f  C i s  an s - c a t e g o r y  and F: C -+ Q i s  a f u n c t o r  such

t h a t  C and F s a t i s f y  c o n d i t i o n s  A) - I ) ,  th en  t h e  map

a: c o l im  H^F^ -* c o l im  F^ induced by t h e  i n c l u s i o n  induced f a m i ly  o f

maps

'H2FY<R) --------- >  H2 COU"' FV W b C

i s  an isomorphism f o r  any d i s j o i n t  u n io n ,  Y = U c o l im  F , o f  u n i v e r s a l  

c o v e r i n g  s p a c e s  o f  c o l im  F .

P r o o f : The p r o o f  i s  by i n d u c t i o n  on th e  number o f  v e r t i c e s  o f  C . The

c a s e  f o r  1 - v e r t e x  has been d e s c r i b e d  p r e v i o u s l y .  S in c e  C and G s a t i s f y  

c o n d i t i o n  H, in  the  diagram

■ 3̂’ c o l im  F = (p F(v) D {p c o l im  F -------- -̂-------->  tp c o l im  Fv

a

v

V

v

cp F ( v ) ------------------------------> c o l im  F = c o l im  Gv %

cpB = tp a: G(f)  -* co l im  G in d u c e s  a monomorphism o f  fundamental  groups  as 
v

d oes  cpc G(v^) -» co l im  G .

Y * and y " are  d e f i n e d  t o  be th e  p u l l - b a c k s

Y ' ---------------------- > Y Y"  > Y

V V V V
colira F ----- ^----->  c o l im  F c o l im  F-------££§— > c o l im  F

By Theorem 3 o f  S e c t i o n  5,  y ' and y " are  the  d i s j o i n t  union  o f  u n i ­

v e r s a l  c o v e r i n g  s p a c e s .  I t  f o l l o w s  from th e  i n d u c t i o n  h y p o t h e s i s  and



results of this section that

H2 c o l im  <Fv>y ' = c o l im  H2 (FV>Y '

and

H c o l im  F„/r = c o l im  H .2 Y z  Y

By Theorem 1 o f  S e c t i o n  5 ,  col ira Gy  = Y = c o l im  Fy . The c l a s s i c a l  Maye

V i e t o r i s  seq u en ce  f o r  th e  open c o v e r  [G (v ) ,  G ( v J } o f  Y i s
Y 1  Y «

H2GY( t )  ------- *  W V  W V  -------=• V  --------> °

(where H^(Gy ( f ) , l ! )  = 0 s i n c e  i t  i s  s im ply  con nected  in  each  component) 

P r o p o s i t i o n  24 c o v e r t s  t h i s  sequence  i n t o  the  p u sh -ou t  :

H2°Y<f> ----------------------------- ’  ‘V W

J  I

H2GY(V2> ------------------------------- *  H2Y

C l e a r l y ,  th e  r e l a t i o n  between c o l i m i t s  and p u s h - o u t s  y i e l d s  th e  f o l l o w ­

ing p u sh -o u t :

h2oy ( ( )  ----------------------------> W V

I
H2 ° Y (V2 >  >  M l 1 " H2GY •

I t  f o l l o w s  th a t  H2Y = c o l im  . S in c e  Gy ( f )  = Y" = co l im  Fy „ ,

Gy ( v i )  = Y' -  c o l im  (Fv ) y t , and Cy ( v 2  ̂ -  FY^V  ̂ > t h i s  p u sh -o u t  may be

r e w r i t t e n  as  t h e  push -ou t  .& :4
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o r  as  3 -  : o

c o lim -> c o l im  H„(F ) 2 v

V y(v>
V

-> c o l im  H G
sS X

For g (E obCv i t h e  s p a c e s  (Fv>Y, ( g )  and Fy(g)  are

t h e  diagram

F(g) c o l im

co l im
v

S in c e  th e  diagrams

Fy (g) -> y

V

F(g) -> c o l i m  F

<FvV Cg)
v

Fv (g)

and

Y /

V
c o l im  F

V

-> c o l im  F

Y'

r e l a t e d  by

■> Y '

V
c o l im  F

a re  p u l l - b a c k  d iagram s,  t h e  diagram
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< V y ' (b) -> Fy (g)

F (g) v

V

-> F(g)

i s  a p u l l - b a c k ,  and (Fv >y /(g)  = Fy (g) .

For g € ob(vflC , t h e  s p a c e s  Fy // (g)  , (Fv> , ( g )  and Fy (g)  are  

r e l a t e d  by the  diagram

c o l i m  F

-> c o l im  F

c o l im  F

and Fy //(g) = (Fy) Y , ( g ) = Fv (g )  as b e f o r e .

The c o m p o s i t io n s

[H2 (Fv) y /(g ) -> H2Fy (g> -> co l im  H2Fv }g&>bc

induce  a map j ;  c o l im  H2 (Fv>y  / -* c o l im  H^FV .2 Y
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The f o l l o w i n g  diagrams commute:

a
c o l im  H,Y

co l im

f o r  th e  c o l i m i t  induced map g € obCvO Cy) ;

*»7 =

V Fv V (g)
JL -> co l im  H (F ) „  / 2 v Y

V
H2 c o l im  Fy

f o r  6 th e  c o l i m i t  induced map g € obC ; g v

■̂ 8 '

H2 V (b) _> W y , (g)

H cp 
2 \

H2 co l im  Fy «
I " * * .

-> H2 co l im  (Fv) y

c o l im  H2 Fy//

H c o l im  F ,
 ̂ y

-> co l im  H2 (Fy ) Y ,

-> H2 co l im  (Fy) y ,

Diagram £ a i s  t h e  d e f i n i t i o n  o f  t h e  arrow e . The diagram M1Q 
y

H2Fy (g) -> h2 ( f v) y , ( g )

“J
c o l i m  H2Fy w

g

-> c o l im  H„(F )2 v Y '
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commutes s i n c e  c e  a  = d b a
g g

= d H cp 2

= cp h 
2 g

= c 8 h 
g

and c i s  an Isomorphism,

The diagram .ft,
11

V

H2 FY(B)

H2 % -> H co l im  F //A I

V
-> H2 Fy (v)

commutes.  T h e r e fo r e  th e  diagram .ft. 9 *

H

c o l im  H F,

H F (v)

commutes f o r  each g G obCvnC^)

For each  g (: ob(vHCv ) , th e  diagrams

■ft13

H2 Fy «(g) -> H2 (Fv) y , (g ) -> H2 Fy (g)

®g v _
c o l im  ^ F ^

g
I .

-i* c o l i m  H2 (Fv) y /
I  ye

-> c o l im  H2 Fy
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14 '

lh

(g)

c o l im  H F, ■> c o l im  F,

commute f o r  V th e  c o l i m i t  induced morphism, j  th e  morphism Induced by 
g

th e  f a m i l y  {y i }  - , and a € C ( g ,v )  .
g ga> ocv

By p r o p e r t i e s  o f  c o l i m i t  Y ^ b  = Je and th e  diagram J).15

c o l im  H F ufa I

l b

-> c o l im  H^(F ) -2 v y

-> c o l im  H2 Fy

commutes.  S in c e  diagram i s  a p u s h - o u t ,  t h e r e  i s  induced a map

$: colira H2 -* c o l im  Hg Fy  ,

S in c e  c o l im  H„ G = H Y , th e  f a m i l y  o f  i n c l u s i o n s  induced homo-
fa I  fa

morphisms

IV h2 V b) -=■ V lg& b C

in d u c e s  a homomorphism

Y: c o l im  Hg Fy ----- > H2Y = Hg c o l im  Fy

A l l  t h a t  i s  r eq u ir ed  t o  com p le te  t h e  p r o o f  i s  t o  v e r i f y  t h a t  Y i s  

an isomorphism,

i )  $ Y = 1 . By p r o p e r t i e s  o f  c o l i m i t  i t  s u f f i c e s  to show t h a t
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f o r  each g € obC , th e  diagram A  :lb

■> co l im  H,c o l im  H„ F, 2 Y

commutes.  In p a r t i c u l a r ,  s i n c e  I .  a l r e a d y  i s  known t o  commute, i t  s u f f i c e s

t o  show t h a t  t h e  diagram £ 17

H2 V g>
> c o l i m  H FA I

commutes f o r  each  g € obC .

a) I f  g € obC . th en  6 i s  th e  i n c l u s i o n  induced  c o m p o s i t io n  v g

H2 Fy (g)
H tpV

> H2 ( F v ) Y , ( g )  ----------- £— >  „ 2 c o l i m  ( F v ) y „

o
c o l im  H (F ) ,2 v Y

H2Y

P r e v io u s  d iagrams y i e l d  t h e  commutative diagram :

“ i

A ^
co l im  H (F )& c o l im  H„ F,

iJ c o l im  H_ G.
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b) I f  g 4 obC^ , th en  t h e r e  i s  a morphism a  € C ( g , v )  and 

commutative d iagrams

Y

c o l im  H„ F,

(v)

H2 F (a)

H2 FY Cg) ------------------------ > H2 FY(V) - > h 2y

where I .  commutes by t h e  d e f i n i t i o n  o f  $ . 

S in c e  t h e  c o m p o s i t io n

c o l im  H2 Fy

H F Co)
H2 FY(g) --------------  > H2 Fy (v)  > H2Y

i s  i n c l u s i o n  in du ced ,  i t  i s  6 and i t  f o l l o w s  t h a t  diagram A *g l o

commutes f o r  each  g (z obC . Thus 4> Y = 1 ,

i i )  Y $ = 1 , For t h i s  i t  s u f f i c e s  t o  show t h a t  th e  diagram

A19'

2  Y

c o l im  H„(F )

<v

colim HgF

I I
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commutes,

a) Since the diagram

g I . f  rom A13

co 11m H2 (Fv) y ,

commutes f o r  each  g € obC^ ,  and t h e  diagram

Y

Y.e

■> Him H„ F,

c o l im  H (F ) 2 v /

2 Y

commutes ( s i n c e  t h e  u n l a b e l e d  maps are  induced by I n c l u s i o n s ) ,

YJ = m

and T r i a n g l e  I .  in  diagram commutes.i  y

The diagram

«2 Fy(v> -> c o l im  Fy

Y

commutes by d e f i n i t i o n  o f  Y . I t  f o l l o w s  t h a t  diagram ,5 commutes 

and Y $ = 1 . □

As was n oted  p r e v i o u s l y ,  e q u a t io n  *) f o l l o w s  im m ediate ly  as  th e  

c a s e  Y -  c o l im  F ,
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Theorem 2 . I f  C I s  an s - c a t e g o r y  and P: C -* Q I s  a f u n c t o r  such  

t h a t  C and F s a t i s f y  c o n d i t i o n s  A) -  I )  , then

H2 c o l im  F = co l im  H^F . □

R e c a l l  from S e c t i o n  5,  t h a t  i f  C i s  an s - c a t e g o r y  and F: C -+ Q

i s  a f u n c t o r  s a t i s f y i n g  c o n d i t i o n s  D) and H ) , th en  th e  f u n c t o r  I: C *♦ Q

i s  d e f i n e d  on o b j e c t s  g € obC t o  be th e  d i s c r e t e  sp ace

1 (g )  = ( c o l i m  F;*)/cp* TT^CPCg),*)

and on morphisms a  € C ( g , g ' )  t o  be th e  map induced by t h e  i n c l u s i o n  

F(t*): F(g )  - * F ( g ' )  .

D e f i n i t i o n : I f  C i s  an s - c a t e g o r y  and F: C -* Q i s  a f u n c t o r  s a t i s ­

f y i n g  c o n d i t i o n s  D) and H ) , th en  th e  f u n c t o r

F : C ----- > AbH

i s  d e f i n e d  f o r  o b j e c t s  g € obC by

F (g)  = ^  H K g )  .
H Kg)  2

I f  a £ C ( g ,g  f) i s  a morphism in  C , then  th e  homomorphism

F (ck) i s  d e f i n e d  in  the  o b v io u s  way as  f o l l o w s :  I f  I! a € © H F(g)  ,
H i€A 1 1 (g )  2

then

F„(o)  z
H i L ' 1 = " 2

where th e  s u b s c r i p t  on th e  b rack et  i n d i c a t e s  the  c o o r d i n a t e .

The f o l l o w i n g  theorem r e l a t e s  Theorem 2 t o  t h e  o r i g i n a l  sp ace :

Theorem 3 .  I f  C i s  an s - c a t e g o r y  and F: C -* Q i s  a f u n c t o r  such  th a t  

C and F s a t i s f y  c o n d i t i o n s  A) - I ) ,  then
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H c o l im  F = c o l im  F . 
* H

P r o o f : By Theorem 2 o f  S e c t i o n  5,

F(g)  = F (g )  X 1 (g )  = U  F(g>
K g )

s i n c e  1 (g )  i s  t o p o l o g i z e d  d i s c r e t e l y .  S in c e  s i n g u l a r  homology i s

a d d i t i v e  , H„ F(g)  = © H F(g)  .
2 1 (g )  2

For a  6 C ( g ,g  ) a morphism in  C , th e  map F(cr) i s  d e f i n e d  by th e  

p u l l - b a c k

F ( g )  ------- ^ -------- > K g 7)

J.V

F (g )

1
^  > F Ck ') .

The diagram

F(g)  x 1 (g )
F(af) x 1 ( a )

-> c o l im  FF (g )

M

F(g) F (a ) -> F(g ')- -> c o l im  F

commutes s i n c e  a l l  t h e  n o n - v e r t i c a l  maps are i n c l u s i o n s  and t h e  v e r t i c a l  

ones  are s im p ly  p r o j e c t i o n s  and c o v e r in g  maps.  S i n c e  square  Z. i s  a 

p u l l - b a c k ,  F(cr) X 1 ( a )  = F(or) .

I t  f o l l o w s  t h a t  th e r e  i s  a n a t u r a l  t r a n s f o r m a t i o n  A: H^F -* F^

by



H2F(g) FH(ff) = h2 <f<00 X 1(a))

V V

H2F(g ') *> FH(g ')

Thus c o l im  F = co l im  H F and Theorem 3 f o l l o w s  from Theorem 2 .  □rl ^

I t  i s  p o s s i b l e  to  use  t h e  t e c h n iq u e s  o f  t h i s  s e c t i o n  t o  prove  a

weak g e n e r a l i z a t i o n  o f  Theorem 3 f o r  h i g h e r  d im e n s io n a l  homology.  Th is

r e q u i r e s  a d e f i n i t i o n .  As b e f o r e ,  H = H ( ;Z ) .n n

D e f i n i t i o n :  I f  C i s  an s - c a t e g o r y  and F: C -+ Q i s  a f u n c t o r  s a t i s ­

f y i n g  c o n d i t i o n s  D) and H ) , th en  t h e  f u n c t o r

where the  s u b s c r i p t  on th e  b ra ck e t  i n d i c a t e s  th e  c o o r d i n a t e .

Theorem 4 . Suppose C i s  an s - c a t e g o r y  and F: C *♦ Q i s  a f u n c t o r  

such th a t  C and F s a t i s f y  c o n d i t i o n s  A) - I ) .  I f  f o r  each  o b j e c t  

g € obC , tt ( F ( g ) , * )  = 0 f o r  i = 0 , 2  n then

F": C ----- > AbH

i s  d e f i n e d  f o r  o b j e c t s  g € obC by

F^(g) = H F(g)
T / \ ^1(g)

I f  a € C ( g , g ’) i s  a morphism in  C , then  th e  homomorphism

i s  d e f i n e d  in  th e  o b v io u s  way f o r  £ a € ^  H F(g )  by. l  n
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f o r  any n £ 2 .

Proof:  As b e f o r e ,  we f i r s t  prove a s t r o n g e r  c o n c l u s i o n ,  namely t h a t  f o r

any d i s j o i n t  u n io n ,  Y = u c o l im  F , o f  u n i v e r s a l  c o v e r i n g  s p a c e s  o f  

c o l im  F ,

H c o l im  F„ = c o l im  H F . n Y n Y

The p r o o f  i s  by i n d u c t i o n  on n . Theorem 1 p ro v es  t h e  Theorem in  

c a s e  n = 2 . I t  i s  now assumed t o  be t r u e  f o r  2 ^ n ^ k -1  . The p roo f  

f o r  n = k i s  by i n d u c t i o n  on th e  number o f  v e r t i c e s .  I f  C has  one  

v e r t e x ,  then  i s  c o n s t a n t  and th e  theorem i s  t r i v i a l .  R e c a l l

diagram JL :*5

c o l im  F = cp^F(v) Cl cf c o l im  Fv ------------- ^ c o l i r a  F^

a v <P

® F(v)  --------------------------------- > c o l im  F = c o l im  G
%'v

C and F s a t i s f y  c o n d i t i o n s  A) -  I )  and have = ® * Thus in

the  u n i v e r s a l  c o v e r ,  j^y" = 0 ln  each component . From the  Hurewicz  

theorem we have j_^y" = 0 * S i n c e  th e  theorem i s  assumed f o r  k -1  ,

we have

 ̂ c o l im  F^« = c o l im  j^y" “ - *

The c l a s s i c a l  M a y e r - V i e t o r l s  seq u en ce  f o r  th e  open c o v e r  {G^Cv^l(G^tVg)} 

o f  Y i s  ^  0 y ( O  -  Qy (v 1) © V v 2) -  ^  Y -» 0 and as  b e f o r e

by P r o p o s i t i o n  24 we have a p u sh -ou t
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\  V «  ------------------ > "k V V

\  Oy <v2) -------------------------------------------> c o l im  1^ Gv

The p r o o f  c o n c l u d e s  e x a c t l y  as  in  Theorem 1 .

As in  Theorem 2 th e  Y 's  are  reduced to  c o l im  F t o  y i e l d  t h e  

e q u a t io n

H c o l im  F = c o l im  H F , n n

The p r o o f  o f  Theorem 3 th e n  y i e l d s  the r e s u l t .  □



5 7.  T e c h n ic a l  Lemmas.

Th is  s e c t i o n  c o n t a i n s  th e  p r o o f s  o f  th e  lemmas s t a t e d  in  S e c t i o n  6.

P r o p o s i t i o n  1 . i s  an s - c a t e g o r y  based  on A - { imv] .

P r o o f : P r o p e r t i e s  i )  and i i i )  are  c l e a r .  I f  f  € °hCv and h 1 £  imf ,

then  th e r e  i s  a unique g € obC w i th  C ( f , g )  * 0  and img = A '  . i f  

g  ̂ ob<-v > then  C(g,v> * 0  and imv £ img £  imf . S in c e  C has  c o n ­

n e c te d  v e r t i c e s ,  t h i s  i m p l i e s  th a t  C ( f , v )  * 0  . Thus g € ohCy .

To show t h a t  C i s  based on A -  imv , i t  s u f f i c e s  to  n o te  th a t  v

i f  imv fl imf * 0  f o r  any f  € obC , then  s i n c e  |imv | = 1 , imv £  imf

and f 4 obC , □v

P r o p o s i t i o n  2 . v fl Cv i s  an s - c a t e g o r y  based  on A -  { imv) and has  

con n ected  v e r t i c e s .

P r o o f : As was noted  in  S e c t i o n  6 ,  w h i l e  v fl i s  a s u b c a te g o r y  o f

the  c a t e g o r y  C , i t  i s  not a s u b - s - c a t e g o r y . I f  t: v fl — > C i s

th e  i n c l u s i o n  f u n c t o r ,  then  f o r  each g 6 obfvHC^) , th e  image tg 

w i l l  be d enoted  g + .

I f  g  ̂ ob(vflC ) , then g € obC and as such maps some s e t
V *

X monomorphica lly i n t o  A . P r e c i s e l y  one e lem ent  v € X i s
g g *

mapped by g+ i n t o  imv . As an o b j e c t  o f  v H , g i s  th e  r e ­

s t r i c t i o n

g -  \xa -  [ v j  ------- > A -  {imv}

o f  g . C l e a r l y  v D C i s  based  on A -  [ imv] .
*  V

2 i
I f  f , g  € ob (vO C ^ )  and img imf , then

119
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lrag^ -  l o g  (J imv ^ i®* U i®v = imf+

and 0  = C ( f + ,g^) = ( v f l C ^ f f . g )  . That morphism s e t s  have at  most one

element  i s  t r i v i a l .

For f  6 obtvHC^ ) and A' c  imf a non-empty s u b s e t ,

A' [J imv £ imf U imv = i®** * S in c e  C I s  an s - c a t e g o r y ,  t h e r e  i s  a

unique g^ € obC , w i th  C ( f ^ , g +) * 0  and i®g* = A' IJ imv . Thus

imv £ img^ and C(g# ,v )  + 0  so t h a t  g € ob(vflCy > . S i n c e

img = i®g* ~ imv ~ A'  U imv -  imv = A/ , c o n d i t i o n  i i i )  i s  s a t i s f i e d  and

v 0  Cy i s  an s - c a t e g o r y .

I f  w ,w / €(vflC ) . and imw = imw / , thenv 0

imw* -  imw U imv = imw' U imv = i®w* *

S in c e  C i s  upward f i n i t e  w i th  a g e n e r a t i n g  t r e e ,  by Theorem 2 o f  S e c t i o n

1 w. = v '  and s i n c e  v. vHC -♦ C i s  an i n c l u s i o n ,  w = w'  . I t' * * v

f o l l o w s  th a t  v fl C has  con n ec ted  v e r t i c e s .  □v

P r o p o s i t i o n  3 . I f  |c  | < , then |(Cy) 0 I < lc 0 I •

P r o o f :  S in c e  (C )„  c  C and v € C_ -  (C ) , t h e  p r o p o s i t i o n  i s---------  v 0 0 0 v 0

t r i v i a l .  I f  v / € CQ , then  C (v * ,v )  + 0  i m p l i e s  t h a t  v '  s= v , Thus

v i s  th e  o n ly  e lem ent  in  -  (Cy )g  and

K J =  K V o  I ♦  1  • n

P r o p o s i t i o n  4 . I f  |CQ | < «> , then  | ( v 0  Cy ) Q | < |c^ | .

P r o o f : I f  g € Cv nCy) 0 i s  a v e r t e x  o f  v (1 Cy , th en  dg = 0 and

|img [ = 1 .  S in c e  img* = img U imv , g + i s  a 1 - d im e n s io n a l  o b j e c t

o f  C . S in c e  img c  img* , th e r e  i s  an o b j e c t  w € obC wl th
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c (g*,w) * ** and imw = img . Thus = { * f v } ■

Th is  procedure  d e f i n e s  a f u n c t i o n

tp: (vOC ) --------- > (C )T v 0 v 0

by the  correspon den ce  qg = w . I f  g / €< v f lC v ) o a l s o  c o r r e s p o n d s  to

w , then

vg+' = [w,v}

and g^ = g* by Theorem 2 o f  S e c t i o n  1 .  I t  f o l l o w s  t h a t  tp i s  a mono­

morphism and j(vDCv) 0 | <. |(Cy) 0  | .

T h is  p r o p o s i t i o n  th en  f o l l o w s  from th e  p r e v i o u s  on e .  a  

P r o p o s i t i o n  5 . and v fl are upward f i n i t e .

P r o o f : i )  I f  g € obC^ , th en  g 6 obC . S in c e  C i s  upward f i n i t e ,

i t  has a f r e e  fa c e  f  £ Fr(C) w i th  C ( f , g )  4 0  • f ' € i s  d e f i n e d

by the  p r o p e r t i e s  imf ' -  imf -  imv and C ( f , f /) + 0  . I f  f  €

and C ( f " , f ') 4 0 , then im f '  C imf" . S in c e  f" € obC , th e r e  i s  a

f r e e  f a c e  h € Fr(C) w i th  C ( h , f " )  4 0 .  I f  h € , then c l e a r l y

h 6 Fr(Cv> s i n c e  i f  h '  € okCv has th e  p r o p e r ty  t h a t  0  4 Cv ( h ' , h )  =

C ( h ' , h )  , th en  h '  = h . S in c e  C^Ch.g) 4 0  , Cv i s  upward f i n i t e  in

t h i s  c a s e .  I f  h 4 obC , then  imv £  imh . S in cev

imf ' £ imf" £ imh ,

imf = i m f '  U imv £  imf" U imv £  imh U imv = imh .

Thus C ( h , f )  + 0  , and s i n c e  f  € Fr(C) , h = f  . Thus C { f , f " )  4 0

and imf" £ imf . But

imf -  imv = imf ' £ imf " .



I t  f o l l o w s  t h a t  imf* -  imf -  imv = imf / and by Theorem 2 o f  S e c t i o n  1,

t"  -  f  * . Thus f / i s  a f r e e  f a c e  and C i s  upward f i n i t e .v

i i )  I f  g € obCvHC^) , then  t h e r e  i s  a f r e e  f a c e  f^ G Fr(C) w i th

C (f  ,g ) * 0  . C ( g , v)  * 0  ; thus  C ( f  ,v )  ± 0  , f  € ob(vflC ) ,  and
T  T  ™ V

C ( f , g)  * 0  . S i n c e  f o r  no h € obC i s  C ( h , f )  * 0  and h * f  , i t

f o l l o w s  t h a t  f o r  no o b j e c t  h € ob<vf!C^) i s  C ( h , f )  * 0  and h + f  .

I t  f o l l o w s  th a t  f  € Fr(vDC )  and v H C i s  upward f i n i t e .  □v v

P r o p o s i t i o n  6 . F i s  p a th  con n ected  and c l o s e d  under f i n i t e  i n t e r ­

s e c t  i o n s .

P r o o f : I t  i s  t r i v i a l  t h a t  th e  r e s t r i c t i o n  o f  a path  con n ec ted  f u n c t o r

i s  path  c o n n e c te d .  The p r o o f  o f  th e  second a s s e r t i o n  o f  th e  p r o p o s i t i o n  

r e q u i r e s  a s e r i e s  o f  Lemmas:

Lemma 1 .  For each  g 6 obC , cp_F(g) = fl tp F(v)  .
g v£vg V

Proof :  £:  I f  x 6 cp F(g )  , then f o r  some y € F(g)  , cp y = x . For
---------  g g
any v € vg , i f  € C ( g pv) , then t h e r e  i s  a diagram

in C , w i th  a y = a Y and 1 y = y . I t  f o l l o w s  from th e  c o l i m i t  
v v

r e l a t i o n s  th a t  c p c r y - c p y = x ,  and x € cp F(v)  .v v g v

2: (By i n d u c t i o n  on th e  number o f  e l e m e n t s  i n  vg . )  I f  vg  has



th en  s i n c e  F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  th e r e  i s  an e lem en t

h £ obC w i t h  C (h ,v )  + 0  , C { h , v ') # 0  t o g e t h e r  w i th  y £ c(^F(h) such

t h a t  cf ŷ = x , S i n c e  imv U imv' ^ imh , th e r e  i s  an e lem en t  h '  £ obC

w ith  C ( h , h ' )  t  0  . S i n c e  imh ' ~ img and C has  a g e n e r a t i n g  t r e e ,  by

Theorem 2 in  S e c t i o n  1 ,  h '  = g . I f  or £ C (h ,g )  , then  cp (̂afy) = x f o r

y £ F(h)  w i t h  c^y = y .

I f  th e  i n c l u s i o n  i s  v a l i d  for  k v e r t i c e s ,  , . . . , v }  ̂ th en  f o r

k+1
x £ fl cp F(v  )

i = i  Vi  1

k
s i n c e  x £ fl cp F ( v l  th e r e  i s  an e lem en t  g '  £ obC w ith  

i = i  v * 1

k
img '  ̂ U imv and y € F ( g ') w i t h  <p ,y ' = x .

i  = l  g

S i n c e  cp . /F(g ') n ®, F (v t i l  > * e  , t h e r e  i s  an e lem en t  h w i th  
B Vk+1 k+1

C (h ,g  ') * 0  and C ( h , v k + l ) * 0  t o g e t h e r  w i th  an e lement  y £ F(h)  

such  t h a t  q^y = x . S in c e  img -  img' U imv^+  ̂ £ imh , C (h ,g )  + 0  .

I f  o  € C (h ,g )  , th en  ay  has  th e  p r o p e r ty  th a t  cp̂ afy = x . n

Lemma 2 . For any g £ ob cv .

cpV F (g) = fl yL F (v)  .~g V _ V̂ V
v€vg

P r o o f : £: I f  x € cp̂ Fv (g) , th en  f o r  some y £ F^(g) , cf ŷ = x . For

any v £ vg i f  o_ € C ( g ,v )  , th e n  t h e r e  i s  a diagram
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in  Cv w i th  a^y = cr ŷ and 1 y = y . I t  f o l l o w s  from t h e  c o l i m i t  r e -
g

V  V  V  -
l a t i o n s  t h a t  = cp y = x and x fc qLFv (v)  .

(By i n d u c t i o n  on th e  number o f  e l e m e n t s  in  vg .  ) i f  vg has

two v e r t i c e s ,  v, t v and J. «

V  -
X  6  n  c p _  P  ( v )

v€vg v v

th en  f o r  some yĵ  £ Fv v̂i * '  y2  ̂ Fv^V2  ̂ ' Yl = x = tp y„ . Thus th e r e  
v s  2

i s  a f i n i t e  diagram

f r>+l

/
n

in  C which r e l a t e s  y,  t o  y„ i n  the  c o l i m i t .  But t h i s  same d i a -  v 1 2

gram i s  a diagram in  C which r e l a t e s  y^ t o  y 2 in  c o l im  F .

S in c e  F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  th e r e  e x i s t s  an h € obC 

t o g e t h e r  w i th  an e lem ent  y such  t h a t  cf ŷ = x . S in c e

img -  imv^ U iniv^ ^ imh ,

C (h ,g )  1 0  , and i f  a  € C (h ,g )  , then  ay € F(g )  = Fv (g) .

There i s  a diagram

andt h a t  ay •-* y
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v
%  ay = (pViy x = X and x e cpK Fv (b) .

I f  t h e  i n c l u s i o n  i s  t r u e  f o r  Jug | = k , th en  i f  vg 

the  p r e c e d i n g  p rocedure  f o r

. , V, , V, , } ,k k+l-*

X 6 n cpV F ( v . )  
i = l  V1 v 1

y i e l d s  an e lem ent  h £ obC t o g e t h e r  w i th  a y € F (h) such t h a t
It

V =  x .  amd imh = U imv, . S in c e  x € cft, F (h) H Cp F (v, ) ,
1 1  i  Ti v vk+l V

V
t h e r e  e x i s t  y € F^fh) and y2 € Fv ( vit+ ^̂  such  t h a t  ^ y ^  = x ant*

tpV y = x . The same method used in  the  c a s e  | v g |  = 2  i s  a p p l i c a b l e  
Vk+1

and t h e  Lemma f o l l o w s .  □

Lemma 3 .  The c o l i m i t  induced map cp: c o l i m  F -+ c o l im  F d e f i n e d  by

th e  f o l l o w i n g  d iagram,

Fv (g)

II

F(g)

£_ -> c o l im  F

i s  raomc.

P roo f :  I f  x . x '  £ c o l im  F , then  t h e r e  e x i s t  o b j e c t s  g , g '  € obC
' ' 1 V  V

and e l e m e n t s  y £  F^(g)  , y '  £ F ^ tg ' )  such  t h a t  tp^y = x , cp^ , y  ' = x '  .

/  V  V / /I f  cfk -  q x  , then  cp cf y =  cp cp ,y and cp y = tp iy .  I t  f o l l o w s  t h a t
S K 8 8

cp y £ tp F(g)  n  cp ,F(g ')
D D S

and th e r e  e x i s t s  an o b j e c t  h £ obC and an e lem ent  z £ F{h) such  

t h a t  i )  C (h ,g )  and C (h ,g  ') are non-empty and c o n t a i n  r e s p e c t i v e l y
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a  and a '  , i i )  q^z = cpgy = tpg ,y  ' .

q c s  has t h e  p r o p e r ty  t h a t  c p ^ c r z  =  q ^ z  = c p  y . S in c e  c p ^  i s  monic,  

<*z = y . S i m i l a r l y ,  a ' z  = y '  . S in c e  imv 4  U img / c  imh , th e r e  

e x i s t s  an h € obC^ , w i th  C (h ,h )  4= 0  . 3 d e n o t e s  th e  morphism in

C (h ,h )  . There i s  i* commutative diagram

in  C w ith  z € F(h) and pz € F(h) = Fv (h) . pz has  th e  p r o p e r t i e s  

t h a t  YPZ = <yz = y and y ' p z  = at'z = y '  . S in c e  th e  diagram

h
/

g
X.

g

i s  a diagram in  , i t  f o l l o w s  th a t

x = e p y = c p / y '  = x ' .  □
g g

P roof  o f  P r o p o s i t i o n  6 ,  I f  g , g '  € obC and tpV F r (g )  D (pV , F r ( g ') * 0  , -----------------------------------------  v Tg Tg

th en  t h e r e  i s  some e lem en t  x £ cpVFr(g)  (1 tpV /Fr (g ') n Fr (v)  .
B g v € \ * U v g '  v

E x a c t l y  as in  the  p r o o f  o f  Lemma 2,  I n d u c t i o n  on t h e  number o f  v e r t i c e s  

in  vg  U v g / y i e l d s  an e lem ent  h € obC w i th  y € F (h ) such  th a t
X V  *  V  X
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C (h , g )  * 0  , C (h , g  ') * 0  and c|£ y = x . The s e t  v x v x Ti
X

and th e  fa m i ly

A = Fv (g> n  Cp\ Fv ( g / )

U {hx ] x€A

s a t i s f i e s  c o n d i t i o n s  i )  and i i i )  in  the  d e f i n i t i o n  o f  c l o s e d  under

f i n i t e  i n t e r s e c t i o n s .

Let A = cpV F (g)  f l  q)V , F {g ' ) ,  x  £ A and or 6 P ( x , A , y )  f o r  g v Tg v

any y  € A •

V  — V  —
t p A = t p _  n cp_F ( v )  = n tp cp_ f  (v )

v€vg(J\jg' v V v€\gU\fe / v V

=  n cp f ( v>
v€vgU\fc' v

_ n  f ( v )  _ n  cp_ f ( v )  
v£vg v v € v g ' v

= Cp F(g)  n cp /F(g ')
£ D

S in c e  cp x € cp F(g )  H cp /F(g ') . th e r e  e x i s t s  an e lement  f  € obC wi t h  
T Tg g *

x^ € such th a t  cp̂, x^ -  cp x and cpf  F f f^ )  i s  a path  component o f
X X

th e  i n t e r s e c t i o n  (PgF(g) fl (p̂  /F(g ') . S in c e  img U img 4 c  imf^ t h e r e

e x i s t s  an e lem ent  f  € obC w i th  C (f  , f  ) + 0  and imf = img U img * .
X V  X X  X

T h is  l a s t  c o n d i t i o n  i m p l i e s  t h a t  f^  = h^ as p r e v i o u s l y  d e f i n e d .

C l e a r l y  any h^ in  th e  f a m i l y  can be a r r i v e d  at  t h i s  f a s h i o n ,  a d e n o t e s

v
th e  morphism in  C ( f x ,h  ) . cp x = cp̂  xi  = ^  axj = *P ^  ax i  * S in c e

X X  X
vcp i s  monic,  c^ ax = x .
x
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9  a  i s  a p a t h  i n  c|^F(g) fl 9^ / F ( g ' )  from cp x t o  cp y . Thus

cp y and cp x a r e  i n  t h e  same p a t h  c o m p o n e n t , S i n c e  9 f  F ( f x ) i s  a
x

p a t h  component o f  t h e  i n t e r s e c t i o n ,  t h e r e  i s  an e l e m e n t  y € ^ * x  ̂

w i t h  <p yA = <p y . Then cp cf£ a y i  = \  a y i  = y i  = ^ y * S i n c e
X  X X X

V  V
cp i s  s o n i c ,  cf  ̂ ay^ = y . I t  f o l l o w s  t h a t  9^ ^ (h^) i s  a Pa t h  com-

X  X

p o n e n t  o f  t h e  i n t e r s e c t i o n  f o r  any h^ i n  t h e  f a m i l y

U [h J
x 6 A  x

p r o v i d e d  a b o v e .  □

P r o p o s i t i o n  7 . F i s  p a t h  c o n n e c t e d  and c l o s e d  under  f i n i t e  i n t e r s e c t i o n s .

P r o o f : Aga in  s i n c e  F i s  t h e  r e s t r i c t i o n  o f  a p a t h  c o n n e c t e d  f u n c t o r ,

i t  i s  p a t h  c o n n e c t e d .  The p r o o f  o f  t h e  s e c o n d  a s s e r t i o n  n e e d s  a lemma:

Lemma 4 . cp i s  roonic.

P r o o f : I f  x , x y € c o l i m  F , t h e n  t h e r e  e x i s t  o b j e c t s  g,g' G ob(vf)  C^)

and e l e m e n t s  y 6 F ( g )  , y *  € F ( g  y) s u c h  t h a t  9 y = x , 9 , y ' = x '  . I f
g g

cp x  = cp x / , t h e n  9  cp y = 9 9  /y * and 9  y = 9  t y  1 . I t  f o l l o w s  t h a t
g g g g

cpg y  €  9g F ( g )  n  9g / F ( g ' )

and t h e r e  e x i s t s  an o b j e c t  h+ 6 obC and an e l e m e n t  z  € F(h^) s u c h

t h a t  i )  C f h ^ .g )  and C ( h ^ , g ' )  a r e  non-empty  and c o n t a i n  r e s p e c t i v e l y

a  and a '  ; i i )  9  z = 9  y = 9  tV ' * <*z h a s  t h e  p r o p e r t y  t h a t
h g  g

9  a z  = cf^z -  9^y . S i n c e  9^ i s  m o n i c , Qfz “  y * S i m i l a r l y ,

a ' z  = y '  . S i n c e  imv c  img+ £  imh# , h € o b ( v P  C ) and t h e  d iagram
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a

e

f

P r o o f  o f  P r o p o s i t i o n  7 . I f  g , g / € o b ( v f l  Cv > a r e  o b j e c t s  s u c h  t h a t

9g F ( g )  0  Cpg /P(g )  * 0  ,

t h e n  cj<cpg F ( g )  H cpg / F ( g ) )  = c^F(g)  fl Cf)g / F ( g ') * 0  . S i n c e  F i s  c l o s e d  

un d er  f i n i t e  i n t e r s e c t i o n s ,  t h e r e  e x i s t s  a s e t  A and a f a m i l y

{ h , €  o b C } £- . such  t h a t  C(h ,g )  * 0  , C(h , g /) *  0 f o r  e a c h  6 € A ,
0 OfcA 0 0

U cc -  9  n cp /F (g  ') and f o r  e a c h  6 € A , ca i s  a

p a t h  component  o f  cp F ( g )  fl cp /F (g  ') . S i n c e  imv C img £  imh ,
g g 6

C ( h ^ ,v )  * 0  f o r  e a c h  6 € A and t h e  f a m i l y  {h  ̂ i s  a s u b ­

s e t  o f  o b (  v P C  ) .  G iv e n  x £ cp F ( g )  P cp„ /F (g  ') , t h e nv g

cp x € cp F (g )  n cp /F(g  ' )  and t h e r e  e x i s t s  h € obC w i t h  a  € C(h ,g) ,
& &  ̂ X

€ % F(\ >  ■ ‘•k z -  cp x . Thus cp Cf̂  z = 9  x . S in c e  cp i s  n ion icJ

C(̂  z = x and U C(̂  = 'P n <P 'F(s  > * I f  6  € A
6 €A “ x " b g

x € ^<h 5> and y € cp P(g) n 9  / F ( g ') w ith  a path
6 g g

o  € P (x ,  cp F (g) n Cp / F(g ') ,y )  . Then cp a  i s  a path  from cp x to  cp y 
g g

in  cp F (g )  P cp / F ( g ') . S in c e  cfl F (h_) i s  a p a th  component o f  
g g 6

cpgF (g) P cpg ,F ( g ' )  , cp y € C|̂  F<hg) and th e r e  e x i s t s  z € cf̂  F ( h &)



w i t h  z  = cp y . Thus cp Cf̂  z  -  cp y and c(  ̂ z = y . I t  f o l l o w s  t h a t
6 6 6

y € cq F ( h  1 and co F(h  „) i s  a p a t h  component o f  cp F ( g )  fl cp , F ( g ')
6 6

f o r  e a c h  6 € A . □

P r o p o s i t i o n  7 and F s a t i s f y  c o n d i t i o n s  D / and D" .

P r o o f : i> I f  g , g y € obC^ and

cpV F ( g )  = $  /F (g  ')T-g v Tg v “

t h e n  cp F ( g )  = cp cpV F <g> = cp cpV , F ( g  ') = cp ,F (g  ') and g = g ' »
g g v Tg g

S i m i l a r l y  f o r  F ,

i i )  I t  i s  t r i v i a l  t h a t  t h e  r e s t r i c t i o n  o f  a f u n c t o r  s a t i s f y i n g  

c o n d i t i o n  d " s a t i s f i e s  c o n d i t i o n  t )" . □

t v
________________  ^g^obC i S  an open  c o v e r  c o l i m  F^ and e a c h

v
cp i s  an i n j e c t i o n ,  

g
v

P r o o f :  That e a c h  cp i s  an i n j e c t i o n  f o l l o w s  t r i v i a l l y  from d iagram
  e

i n  S e c t i o n  6 and t h e  h y p o t h e s i s  t h a t  e a c h  cp̂  i s  an i n j e c t i o n .  I t

i s  a l s o  t r i v i a l  t h a t  f cpVF ( g ) }  c o v e r s  c o l i m  F . S i n c e  by
\  Jg€obCv v

Lemma 3 o f  t h i s  s e c t i o n ,  cp i s  m o n ic ,  cp * cp = p  •
v

a: C -* c o l i m  F i s  a d m i s s i b l e ,  t h e n  
v

- 1  v _ - 1 - 1  v _ ,  ,
a ^  Fv (F> = a Cf cp CPg

= (cp a ) " 1 cp cp* Fv (g )

= (cp a)  1 (p F ( g )  .
g

S i n c e  cp^F(g) i s  open  i n  c o l i m  F , and cp a: C -* c o l i m  F i s  a d m i s s i b l e
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-1 -1 v

(cp a) cj^F(g) i s  open in  C and a c^ Fv <g) l s  open in  C . I t

v
f o l l o w s  t h a t  cp F (g) i s  open in  c o l im  F . □g v v

Propos i t i £ 2 _ £ -  I V ‘« > W b < v n  c  > 18 “  open c o v e r  o f  c o l im  F and 

each  cp̂  i s  an i n j e c t i o n .

P roof:  That each  cp̂  i s  an i n j e c t i o n  f o l l o w s  t r i v i a l l y  from diagram

in  S e c t io n  7 and th e  h y p o t h e s i s  th a t  each  cp i s  an i n j e c t i o n .  I t  2 g

i s  a l s o  t r i v i a l  t h a t  { cp F (g) } _ , . _ „ » c o v e r s  c o l im  F , S in c e  byTg “ JgGob(vn Cv>

Lemma 4 o f  t h i s  s e c t i o n ,  cp i s  m on ic , cp 1 cp = 1 , . = and th e  p ro o f^ c o l im  F

c o n c lu d e s  p r e c i s e l y  as  in  P r o p o s i t i o n  8 ,  □

P r o p o s i t io n  1 0 . cp i s  an i n j e c t i o n .

P r o o f : By Lemma 3 o f  t h i s  s e c t i o n ,  cp i s  m onic. Suppose a: C -* c o l im  Fv

i s  a f u n c t io n  such th a t  th e  c o m p o s it io n

C — 2 > co l im  F----— ^--- > c o l im  Fv

i s  a d m is s ib l e .  S in c e  co l im  F has th e  q u o t ie n t  t o p o lo g y ,  th e r e  i s  a 

com m utative diagram

-LLF (g)

on toa

^  c o l im  Fco lim  F
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w ith  a '  a d m is s ib l e .  I f  x 6 C' , th en

pa 'x = tp a ofof E c o l im  F ,

S in c e  aaof € c o l im  th e r e  e x i s t s  an o b j e c t  g 6 °bCv w ith  y G Fv (f0

and p *y -  acre* . T h is  d e f i n e s  a map c: C '  - * l l F v (g) , su ch  th a t  be = a / .

S in c e  b i s  th e  cop rodu ct o f  th e  cop rod u ct  i n j e c t i o n s

Fv (g ') = F(g ') -----------> U - F ( g )

f o r  g '  € obC^ , b i s  an i n j e c t i o n  and c I s  a d m is s ib l e .  S in c e  c o l im  Fy

has the  q u o t ie n t  t o p o lo g y ,  a i s  a d m is s ib le  and co l im  F  ̂ has th e  i n j e c t i o n

to p o lo g y  w ith  tp an i n j e c t i o n .  □

P r o p o s i t io n  1 1 . cp i s  an i n j e c t i o n .

P r o o f : By Lemma 4 o f  t h i s  s e c t i o n ,  tp i s  m on ic .  Suppose a: C -♦ c o l im  F

i s  a f u n c t io n  such  th a t  th e  c o m p o s it io n

C — 2------- > co l im  F ----^----> c o l im  F

i s  a d m is s ib l e .  S in c e  c o l im  F has th e  q u o t ie n t  t o p o lo g y ,  th e r e  i s  a

com m utative diagram

C ‘ ' ^ c o l im  F — — ---------- ^ c o l i m  F

w ith  a '  a d m is s ib l e .  I f  x 6 c '  , then



133

pa 'x = cp aaa  € c o l im  F .

S in c e  aocif € c o l im  Fv t th e r e  e x i s t s  an o b j e c t  g 6 °bCv w ith  y 6 Fy (g)

and p 'y  = pox . T h is  d e f i n e s  a map c: C / ■+ I I  F (g )  such  th a t  be = a *

S in c e  b i s  th e  cop rodu ct o f  th e  cop rod u ct  i n j e c t i o n s

F ( g ' )  = F (g )  -----------> J l F ( g )

f o r  g 1 € ob (vfl Cv) , b i s  an i n j e c t i o n  and c i s  a d m is s ib le .  S in c e

c o l im  F has th e  q u o t ie n t  t o p o lo g y ,  a i s  a d m is s ib le  and c o l im  F has

th e  i n j e c t i o n  to p o lo g y  w ith  cp an i n j e c t i o n ,  □

P r o p o s i t io n  1 2 . cp c o l im  F = cpyF (v )  fl cp c o l im  Fy .

P r o o f : For each  g € ob(vH Cy) ,

tp cp̂  F (g) = cp̂  F (g) C cp̂  F (v) fl (p c o l im  Fy .

Thus the  fa m ily

[ q> F (g )   > cpv F (v) n cp co l im

in d u ces  a cp-morphism Y: co l im  F -* cpv F (v )  (1 cp c o l im  F^ . Any e lem en t

x € cp F (v )  H cp c o l im  F i s  an e lem en t o fTv T v

c(̂  f ( v) n ^
X

f o r  some h € obC . S in c e  F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,x

th e r e  i s  some e lem en t g € obC w ith  C(g ,v )  * 0  and x € cp F(g ) .
X  X  K  X

X

Thus th e r e  i s  some e lem en t y £ F(g  ) w ith  <p y = x . Then
x Bx

Y cp y = cp cp y = cp y = x  and Y i s  o n t o .  Suppose x , x '  6 c o l im  F 
8 X  B X  g x

and Y x -  Y x ' . Then th e r e  e x i s t  e le m e n ts  y € F (g )  , y '  € P(g ')

w ith  cpg y = x , cpg , y ' = x ' .
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Y x = Y cpg y = cp tpg y = cp x 

Y x '  = Y = 9  cpg y ' = 9  x '  .

S in c e  cp I s  m onic, x = x / and Y i s  monic. 

For each  g € o b (v f |  C ) , th e  diagram

Ip Cp
F (g )  --------------------* ---------------------- > cpv F (v )  0 cp c o l im  Fv

ti

F ( g )

c o l im  F

commutes w ith  cp an i n j e c t i o n .  Thus Cp cp i s  an i n j e c t i o n .  For 
S 8

C -------2— > (p f ( v )  fl cp co lira  Ftv t v

a d m is s ib le ,  a  ̂ cp cp F(g) -  a  ̂ cp F (g )  i s  open in  C . I t  f o l l o w s  

th a t  { cp cpg F (g )  }g& jb(vn ^ j forms an open c o v e r  o f  cpy F (v) fl cp c o l im  F̂

and p r e v io u s  arguments ( c f .  Theorem l v )  o f  S e c t io n  5) y i e l d  t h a t  Y i s  an

i n j e c t i o n  and thu s  a homeomorphism:

c o l im  F = cc F (v) H cp c o l im  FTy 'r v

I t  f o l l o w s  from P r o p o s i t io n  11 th a t  cp i s  a homeomorphism o n to  i t s  im age.

Thus cp c o l im  F = c o l im  F . □

P r o p o s i t i o n  1 3 . has a g e n e r a t in g  t r e e .

P r o o f : The f o l l o w in g  th r e e  lemmas are  req u ired :

Lemma 5 . For each  g £ Fr(Cy) , th e r e  i s  a unique f  £ Fr(C) w ith

C ( f ,g )  t  0  , Furtherm ore, imf -  imv -  img .

P r o o f : I f  g £ Fr(Cv ) , then  s in c e  C i s  upward f i n i t e ,  th e r e  i s  a
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f r e e  fa c e  f  € Fr(C) w ith  C ( f , g) * 0  . I f  f  € °bCv , th en  f  = g and

s i n c e  imv img k imf , imf = imf -  imv = img . I f  f  ^ °hCv , th en

imf -  imv # 0  and th e r e  i s  an e lem ent t '  € obC w ith  C ( f , f ') + 0v

and im f * -  imf -  imv . But img £  i m f * , th u s  s i n c e  g € Fr(Cv> g = f  ' 

and img = imf -  imv .

I f  th e r e  were two f r e e  f a c e s  w ith  t h e s e  p r o p e r t i e s ,  then  t h e i r  

im ages would be th e  same and by Theorem 2 o f  S e c t io n  1 , th ey  would be 

e q u a l .  □

Lemma 6 . I f  f , f  ' € FrfC ) are  d i s t i n c t  f r e e  f a c e s  and f , t '  € Fr(C)  v

w ith  C ( f , f )  * 0  and C ( f , f ') * 0  , th en  f  * f  ' .

P ro o f:  By Lemma 5 , imf = imf -  imv and im f '  = iraf ’ -  imv . I f  f  = f  ' ,

th e n  iraf = imf ; . S in ce  in  t h i s  c a s e  C ( f , f )  + 0  and C ( f , f t  0  , i t

f o l l o w s  from th e  f a c t  th a t  C i s  an s - c a t e g o r y  th a t  f  = f / . □

Lemma 7 . I f  r(C ) has a c i r c u i t  o f  l e n g th  two, then  F(C) has a c i r ­

c u i t  o f  l e n g th  two.

P r o o f : S in c e  has a c i r c u i t  o f  l e n g t h  tw o, th e r e  e x i s t  d i s t i n c t  f r e e  f a c e s

f , f / € Fr(Cv > and d i s t i n c t  e le m e n ts  h , h '  € FrCfHf^) . C orresponding to

f , f / are d i s t i n c t  f r e e  f a c e s  f , f  * € Fr(C) w ith  C ( f , f )  + 0  , C ( f , f /) # 0

and h , h / € ob(£H f / ) . There e x i s t  f r e e  f a c e s  h , h / € F r ( f f l  f  *) w ith

C( h, h)  * 0  , C ( h , , h /) + 0  . Suppose h = h '  ; then

imh U imh ' -  imh £ imf 0 imf * ,

I f  imv 4 imh , th en  imh £  imf 0 imf ‘ -  imv

= imf fl imf * .

Thus C ( f , h )  * 0  and C ( f ' , h )  + 0  so  th a t  h 6 ob(fFl f  ') and s in c e
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C (il ,h )  * 0 , C (h ,h  ') * 0  , e i t h e r  h j h '  are  n o t  d i s t i n c t  o r  e l s e  th ey

are  not f r e e  f a c e s .  Thus imv £  Imh .

S in c e  h i s  not 0 - d im e n s io n a l , imh -  imv * 0  , S in c e

imh -  imv £  imh , th e r e  e x i s t s  an e lem ent li € obC w ith  imh = imh -  imv .

S in c e  imv 4 itnh , h € obC , S in c e  imh £  imh and imh ' £  imh ,^ v

C (h ,h )  * 0  and C <h ,h ')  * 0  .

S in c e  imh = imh -  imv £  imf D i m f / , C ( f , h )  * 0  and C ( f \ h )  + 0  

and h £ o b ( f f l  f  ') . I t  f o l l o w s  th a t  e i t h e r  h , h '  are not d i s t i n c t  o r  

th ey  a re  not f r e e  f a c e s .  □

P roof o f  P r o p o s i t i o n  1 3 . r  £  F(C) i s  a g e n e r a t in g  t r e e  f o r  C . The 

subgrapn r* £ TCC )̂ i s  d e f in e d  t o  have th e  same v e r t i c e s  as F(Cv> .

I f  ( f , h , f  , ) € r(Cv) , th en  th e r e  e x i s t  unique and d i s t i n c t  f r e e  f a c e s  

f , f '  £ Pr(C) wi t h  C ( f , f )  * 0  and C ( f ' , f ' )  + 0  . S in c e  h € ob(?H f ' )  ,

th e r e  e x i s t s  an e lem en t h € F r ( f f l  f / ) w ith  C(h,h> + 0  . S in c e  C has

a g e n e r a t in g  t r e e ,  t h i s  h i s  unique o r  e l s e  C would have a c i r c u i t  

o f  l e n g t h  tw o. The edge ( f , h , f  ') i s  an edge o f  X'* i f  and o n ly  i f

the  edge ( ? , £ , ? ' )  i s  an edge o f  T . 

i )  By c o n s t r u c t io n ,  v T ' -  v T(Cv> 

i i )  I f  r '  i s  not a t r e e ,  then  i t  c o n t a in s  a c i r c u i t  o f  some

f i n i t e  l e n g t h  n :

[<V  V

wi t h  f„ = f  ,  and h,  * h i = 0 , . . . , n - l  , h * h . By c o n s t r u c t i o n ,
0 n+1 i  i+1 « 0

th e  e le m e n ts

<‘ V  S l -  J l +1 > ^ = 0

form a path  in  f  . S in c e  f  i s  a t r e e ,  t h i s  path  i s  not a c i r c u i t  and
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thu s  f o r  some i  ,

(V  V  fi+l) = ^i+l' **i+l’ *1+2*

That i s  f  „ = f ,  and ti = ii , . I t  f o l l o w s  from Lemma 5, t h a t  i  + 2 i  i  i+1

f  = f  . Thus i f  r '  i s  not a t r e e ,  i t  c o n t a in s  a c i r c u i t  o f  l e n g t h  1 i  + 2

two and th u s  T(C ) has a c i r c u i t  o f  l e n g th  tw o. By Lemma 7 ,  r(C) w i l l
v

have a c i r c u i t  o f  l e n g t h  two and th u s  no g e n e r a t in g  t r e e .

i l l )  I f  ( f , h , f ') € eTCCM , then  the  c o n s t r u c t io n  above y i e l d s  a

unique edge ( f , h , f ') € er (C )  . S in c e  T i s  a g e n e r a t in g  t r e e ,  th e r e  i s

a sequence  o f  ed g es

f ‘ V  * v  e e r i"=o

wi t h  f  = f  , f  , = f  ' , and C(h ,h)  * 0 ,  i =0 ,  . . . ,n .
U n+1 1

I f  f o r  any i  , ii, i s  O -d im e n s io n a l ,  h. = h = h and h. £ obCJ ’ i  i  i  v

S i m i l a r l y ,  i f  f^ i s  O -d im en sio n a l f o r  any i  , then  f^ 6 *

I f  f o r  some i  , h, i  obC , then  imh -  imv * 0  and th e r e  e x i s t si  T v i

an e lem en t h. € obC wi t h  C(h . h )  * 0  and imh = imh -  imv . I f
i v  i  i  1 1

h € obCv , then  h  ̂ = . The fa m ily  { f . € obCv ) i _o i s  s l m i l a r ly

d e f in e d .  S in ce

imh^ = imiii -  imv c  imf^ -  imv = imf^ ,

C ( f , , h  ) * 0  . S i m i l a r l y ,  C( f ,  , , h  ) + 0  . Thus f o r  each  i = 0 , . . . , n  ,
i  i i+1 1

h l « ° b<ri  n f l +l> •

I t  h '  6 P r ( I , n  f  , )  n obC , and C (h '  h , ) * 0  , th en  h ' £ o b ( f , n  f ,  , )  i  i  i+1 v i  i  i  i  i+1

and s in c e  T(C) has no c i r c u i t s  o f  l e n g th  tw o, C(h^,h^) + 0  . S in c e

h /  € obC , imv C im h/ and i  v i
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lmhj £  imh^ £ imh^ -  imv = imh^

and imh^ -  imh^ . S in c e  C C f^ h ^ ) and C C f^ h ^ ) are  non-em pty,

. I t  f o l l o w s  th a t  i  ,h i  ’ 1 i +]^ i s  an ed8e o f  F(Cv) and by
/

c o n s t r u c t io n  an edge o f  r  . S in c e

imh £ imh -  imv £ imh^ -  imv = imh^ ,

CCh^.h) * 0  f o r  each  i  and th e  sequence

i s  o f  the req u ir ed  t y p e .  □

P r o p o s i t i o n  1 4 . v D has a g e n e r a t in g  t r e e .

P r o o f : The p ro o f  r e q u ir e s  a lemma:

Lemma 8 .  r (v fl  C ) £  T(C) ,-------------- v

P r o o f : I f  f  € F r(vfl  Cv> but 4 Fr(C) , th en  f o r  some g^ 6 Fr(C)  ,

C( g+ , f +) * 0  , But s i n c e  C ( f , v )  * 0  , C (g ,v )  4= 0  and g € Fr(vft Cy) .

Thus

vrtvn Cv) = Fr(vn Cv) C Fr(C) = vr(C) .

I f  f , f  ' € F r(v f l  C ) are  d i s t i n c t  f r e e  f a c e s  andv

g € F r ( f  0 f ')

then  g + <: F r ( f^ n  f j )  o r  e l s e  th e r e  would be an e lem en t h# € F r ( f # f| f j )

w ith  ® • A gain  t h i s  im p l i e s  th a t  h 6 o b (v fl  Cy) and

g 4 Fr ( f  D f ') , Thus

er(v n  cv) £  er(c)

and th e  lemma f o l l o w s .  G
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( f # , g ^ , f j )  € eT(C) and i f  r  c  p(C) i s  a g e n e r a t in g  t r e e  f o r  C , 

th en  th e r e  i s  a f i n i t e  seq uence

w ith  f^ = f + , f " * 1 = f +' and C tg ^ g ^ )  * 0  f o r  i = 0  n . S in ce

C( g+ , v)  + 0  , C (g * ,v )  * 0  f o r  each  i  and g* G ob(vD  Cv ) . S in c e  

C ( f ^ ,g i ) # 0  f o r  each  i  , f*  6 ob(vf) Cv) . I t  f o l l o w s  th a t  th e  

seq u en ce

{ ( f \  gt , f1+1) € er n er(v n cv)3"=0

i s  o f  th e  re q u ir e d  ty p e  f o r  r  fi r(vD  C^) to  be a g e n e r a t in g  graph f o r  

r<vfl C ) . S in c e  p i s  a t r e e  and r  H P(vfl Cy) s  T , T fl r(vH Cv ) i s  

a g e n e r a t in g  t r e e .  □

P r o p o s i t io n  1 5 . I f  |Cq | < °=> , th en  t h e r e  e x i s t s  a v e r t e x  v € such

th a t  C i s  c o n n e c te d ,  
v

P r o o f : A graph G o f  th e  v e r t i c e s  o f  i s  c o n s tr u c te d  in d u c t i v e l y

such  t h a t  vG = Cq and eG £  Fr(C) :

i )  v0 € CQ i s  a r b i t r a r i l y  c h o s e n .  f Q € Fr(C) i s  such  th a t

CtfQ.Vg) * 0  . Then f^ i s  an edge o f  th e  graph from th e  v e r t e x

to  any v e r t e x  v^ w ith  C ( f t v^) =♦= 0  and ^ vo * ^n vo -̂u^ ion i s

c l e a r ,  v^ and v^ are the  ends o f  th e  grap h . The graph i s  r e p r e se n te d



140

i l )  I f  v , . . . , v  have been s e l e c t e d  In t h i s  way w ith  ends v »v U K  X J

th en  some one o f  th e  v e r t i c e s  in  C^-{vQ, . . . t vfc} has a f r e e  f a c e  in

common w ith  a v e r t e x  in  f v „ , . . . , v, } o r  e l s e  C i s  d i s c o n n e c te d  and byO k

P r o p o s i t io n  2 o f  S e c t io n  5 ,  T(C) i s  d i s c o n n e c t e d .  f  i s  such a f r e e  

f a c e .  f  i s  an edge from some v e r t e x  v € [v , . , . , v  } t o  v . I f
1C VJ K K t  X

L -  i  , then  v, . . v ,  are e n d s .  I f  t  = j , then  v, , , v  are  en d s .  k+1 j  k+1 i

I f  £  * i , K + j , then  v i »vj are e n d s * The f ig u r e  i l l u s t r a t e s ;

■f 3

/ \ /  * a
5̂ v0

V-. and V. are th e  ends,  2 5

/  \

V3 V4

T h is  p r o c e s s  c o n t in u e s  i n d u c t i v e l y  t o  y i e l d  a f i n i t e  graph (w ith  

o b v io u s  i n v o l u t i o n )  which c o n t a in s  a l l  th e  v e r t i c e s  and has two en d s .

C le a r l y ,  removal o f  an end w i l l  not a f f e c t  th e  c o n n e c t i v i t y  o f  the  graph,

The re q u ir e d  v e r t e x  v i s  ch o sen  to  be such an end . □

P r o p o s i t i o n  1 6 . cpvF(v) (1 Cp c o l im  i s  c o n n e c te d .

P r o o f : The p ro o f  r e q u ir e s  th r e e  Lemmas:

Lemma 9 . For each  p a ir  g , g *  € obC w ith

cpg F{g) n cp̂  / F (g  ') * 0

th e r e  i s  an o b j e c t  h € obC w ith  C (h ,g )  + 0 , C (h ,g  ,) + 0  and
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cf^F(h) = cp F ( g )  n CD / F ( g ')
g

P r o o f : S in c e  cp F (g )  H cp / F ( g ') + 0  and F i s  c l o s e d  under f i n i t e  i n t e r -
6 B

s e c t i o n s ,  th e r e  i s  a s e t  A and a fa m ily  [h e} K̂A w ith  C(h ,g )  * 0  ,o 0

C(h , g ' )  + 0  f o r  each  6 € A and
o

U «  F (h P = <p F f s )  n 9  / F(g 0
6€A h 6 b g e

wi t h  C(̂  F Chg) a path  component o f  th e  i n t e r s e c t i o n  f o r  each  5 6 A >
6

I f  h , h '  G { h , } s _ , then  th e r e  are  f r e e  f a c e s  f , f '  € Fr(C) w ith
o ofcA

C ( f , h )  + 0  and C ( f ' , h ' )  # 0  . S in c e  g , g '  € o b ( f f l  f ') and C has a

g e n e r a t in g  t r e e ,  th e r e  e x i s t s  a un ique k € F r ( f f l  f ') and C (k ,g )  + 0 ,

C( k , g  ') + 0  .

S in c e  img c  imh fl im h' H irak , imh n im h' H irak 4= 0  and th e r e  i s  

a u n iq u e ly  determ ined  o b j e c t  € obC w ith  im-C, -  imh fl im h' H imk and

C t t .g )  * 0  f C « , ,g  ') * 0  .

S in c e  C (-t,g) + 0  and C(<£,,g') * 0  ,

cp.F(-t) £  cp F (g )  Pi cp / F (g  ')
*1/ S B

and s i n c e  F i s  p ath  c o n n e c te d ,  caFCt) i s  path  connected*  S in c e
V

im£ £ imh and im h' £  imt , C(h,^,) # 0  and C(h t  0  . I t  f o l l o w s

th a t

^ F ( h )  £ (p^FU) and c ^ , F ( h ') £ cp^FOO .

S in c e  cf^F(h) and cf̂  / F ( h ') were path  components o f  th e  i n t e r ­

s e c t i o n ,  C^F(h) = tp^Ft O  = q ^ /F (h ')  . I t  f o l l o w s  th a t  h = t  = h '  and

K W  * 1 • °
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Lem m alO .

cp F(v) 0  cp c o l im  F = U cp F (v ) D cp F (v)'u T v -  V ”
v € <Cv>0

P r o o f : 2 : I f  x € (J <P F (v) ft cp F (v )  t then  f o r  some v ' € (C ) ,

^ V o v ;

x € cp /F(v and th e r e  i s  an e lem en t y € F(v  w ith  cp ,y = x . Then 
v v

cp Cp̂ <y -  cp ,y = x and x € cp c o l im  .

& : I f  x € cpyF (v) fl cp c o l im  Fv then  fo r  some g € obCv and

some y € F (g) , x = cp cp̂ y . I f  v '  € Mg , th en  C ( g , v ' )  + 0  and s in c e

g 6 obC , v * v '  € (C )_  . I f  a  6 C ( g , v ' )  , then  cp ,F (o )y  = cp y =°  v v O v g

cp cp̂ y = x and x € cpv /F ( v ' )  f o r  some v '  6 t c v 0̂ * D

Lemmas 9 and 10 reduce th e  p r o o f  o f  th e  theorem to  showing th a t  i f

v l * vn € (Cv} 0 and

Cp^F(v) fl cpv Ffv^) * 0  , 1 = 1 ,n

then  th e r e  i s  a path  in  cpvF (v) fl cp c o l im  Fv from some p o in t  in

cp F (v) fl cp F (v ,  ) t o  some p o in t  in  cp F (v) f l  Cp F(v ) .TVj 1 v vn n

Lemma 1 1 . I f  i =0 , l , 2  are  v e r t i c e s  o f  C such  th a t

cp F(v  ) H cp F(v  ) * 0  , cp F(v ) fl cp F(v  ) * 0  
v0 0 V1 1 V1 1 2 2

and cp F(v ) fl cp F(v„) t  0  ,
vO ° 2 2

then

fl cp F(v ) * 0  . 
1= 0  V1 1

P r o o f : By Lemma 9, th e r e  e x i s t  o b j e c t s  h^ 6 obC, i = 0 f l , 2  such  th a t
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' L , ( v  5 V ^ V  n0

CO F (h  ) = cp F ( v  ) n cp F (v  )
1 a

tp. F(h ) = cp F ( v  ) n cp F ( v  ) 
h i  1 v0 0 a 2

and

*) Cthi , v j 5 * 0  f o r  1=0*1 ' 2 and j  * 1 *

The f r e e  f a c e s  f^ 6 Fr(C) are  ch osen  so  th a t  C C f^,!^) * 0  , 

1 = 0 , 1 , 2  . C o n d it io n  *) I m p l ie s  t h a t

v0 € obC fjfl f 2)

v, « ob<f0 n V  

v2 <= o M i 0 n f j )

S in c e  C has a g e n e r a t in g  t r e e ,  th e  s e t s  F r(f^ fl  f^) , 1 < J are

s i n g l e t o n s .  The o b j e c t s  g^ € obC are  chosen  so  th a t

g0 € P r<I! n V

g i  € r r ( f 0 n t 2) 

g 2 e F r ( f 0 n i , )  .

N e c e s s a r i l y ,  C t g ^ v ^ )  # 0  f o r  1 = 0 , 1 , 2  o r  e l s e  th e  s e t s  F r (f^ fl

1 < j are not s i n g l e t o n s .

The seq u en ce

S = { ( f 0 'K2 t f i ^ ’ ^f l ,K0 ’ * 2 ** ^f 2 ’* l *f 0 ^ }  

o f  ed g es  o f  T(C) d e term in e s  a c i r c u i t  in  f(C ) . S in c e  f  i s  a t r e e ,
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some e lem en t o f  S i s  o m it te d  from T . By r e l a b e l i n g  ( I f  n e c e s s a r y ) ,  I t  

I s  th e  edge

^ 0 ' B2 ’ *1* *

S in c e  f  I s  a g e n e r a t in g  graph, th e r e  I s  a f i n i t e  seq u en ce  o f  ed g es

s '  = { ( i ‘ , f**1) € «r}"
,na

1=0

o f  T wi t h  f °  = f Q, f = f l t  and & f ° r i = ° ’ - “ *n2 *

The J u x t a p o s i t io n

S ’ ( f l , g 0 ' f 2) ’ ( f 2 ’g l ’ f 0 ) 

c o n t a in s  a c i r c u i t  u n l e s s  US ' = { ( f ^ , gQ, f ^ ) , ( f g , B ^ >*q) } where th e  un ion  

s ig n  means th e  union  o f  th e  seq u en ce  c o n s id e r e d  as a s e t  o f  e d g e s .

I f  US ' = ) « then  c CgQ i Bg) * 0  and

c ( g 1 , g 2) * 0  .

O th erw ise  an edge o f  th e  J u x t a p o s i t io n  i s  o m it t e d .  S in c e  by co n ­

s t r u c t i o n  S '  £  eT , e i t h e r  ( f ^ g ^ f ^ )  o r  { * 2 'g l f ^0  ̂ o m it*e d *

r e l a b e l i n g  ( i f  n e c e s s a r y ) , th e  o m it te d  edge i s

<f 1 . g0 >f 2) *

S in c e  T i s  a g e n e r a t in g  graph , th e r e  i s  a f i n i t e  seq u en ce  o f  ed ges

.n.a » i  1 , i + l »  ,  0s = i(t0’g0'f0 > 6 eIii=0

0 io f  f  wi t h  f Q = , f Q = f g and C(g0 ,g Q) * 0  f o r  i = 0 , . . . , n  .

As b e fo r e  th e  j u x t a p o s i t i o n

S ,S  , ( t 2 , g l ' £0 )

c o n t a in s  a c i r c u i t  in  F(C) u n l e s s  US' -  \J^“ U {f w^^c *1
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c a s e  C(K^,g^> * 0  s i n c e  th e  m id d le  term o f  e v e r y  edge In S '  was

r e l a t e d  t o  in  t h i s  way.

O th erw ise  ( f  , g 1 ( f  )  i s  o m it te d  from r  . S in c e  T i s  a g e n e r a t ­

ing  grap h , th e r e  i s  a f i n i t e  seq u en ce  o f  ed g es

n.

o f  r w i t h  f (̂   ̂ f 2 , f " i +1 = f^ and C ( g J ,g 1) * 0  f o r  1 = 0 , . . . , n .

S in c e  f  i s  a t r e e  and th e  j u x t a p o s i t i o n

S S '

i s  a l s o  a p ath  in  r  from f  t o  f  ,A 1

U s'" = U S  7 U U s '  .

By c o n s t r u c t io n  C C g^g^) * 0  f o r  each  m id d le  term o f  each  edge o f  s "  «

Thus

and

C(g* . g ^  4= 0 ,  i= 0 ,  . . . ,n Q

In p a r t i c u l a r ,  C(gQ . g ^  4= 0  and C (g 2a , g 1 ) * 0  .

S in c e  ( f Q° , gQ° , f ^  ) = ( f 0° fg 0° . f 2 ) i s  an ed«e o f  r(C) , C ( f 2 ,g 0° )  + 0

n
S in c e  c « b  . * . >  * 0  - i t  f o l l o w s  th a t  C ( f 2 , g^)  4= 0  and

g x € oblfj^n f 2)

gl e ob(fQn f x> .

S in c e  g and g are  r e s p e c t i v e  f r e e  f a c e s  in  t h e s e  c a t e g o r i e s  (which  
2 0
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have but one f r e e  f a c e  each )  C(g , g ) *  0  and C(g ,g  ) *  0  .U 1 « 1

A l l  t h i s  argument y i e l d s  th a t  In any c a s e ,  f o r  th e  (p erh ap s r e l a b e le d )  

P a ir  .

C C g ^ g ^  *  0  .

I t  f o l l o w s  th a t  cp F (g  ) £  cp F(g ) . S in c e  cp F(g  ) £ cp F(v  ) H cp F(v )gQ O Yg 1 1 Tg t  1 tvq 0 v 2 2

and (p F (g 0 ) & 9  F ( v , )  H <p F(v ) any e lem en t x € cp FCg^) i s  co n -
*0 1 2  *0

t a ln e d  in  th e  i n t e r s e c t i o n

n  cp f ( v  )

1=0 v' 1
which i s  t h e r e f o r e  non-em pty. □

P ro o f  o f  P r o p o s i t i o n  16 . I f  v , , v  6 (C ) are  v e r t i c e s  such th a t  ---------------------- c-------------------  I n v„0

'Rp F (v) fl cp F ( v . ) 4 0  and cp F (v )  fl cp F(v ) 4 0  ,v Tva 1 v Tv n n

th en  th e r e  e x i s t  e le m e n ts  h„ , h  € obC w ithO n

%  F(h ) = c^F(v) n %- F(V ) ,
0 1

CD F (h  ) = cp F (v )  n cpv F (vn ) ,
n r

and C(h0 , v)  +0  , C(h0 , V l) 4 0  , C(hn ,v )  4 0 , C<hn ,v n> 4 0  . The f r e e

f a c e s  f  and f  € Fr(C) are ch o sen  so th a t0 n
C ( f i ’ h i ) * **’ i= 0 ,n  *

S in c e  v € o b ( f  fl f  ) and C has a g e n e r a t in g  t r e e ,  th e r e  i s  a 
0 n

unique g n+1 € F r ( f Qn f n) w ith  C (gn+1 ,v )  4 0  . Then g n+1 k obCv and

( f  g , f  ) € er<c) .
™ n+1 n
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S in c e  C I s  co n n ec ted  and v , ,v  € (C )„  , th e r e  I s  a sequen ce  v 1 n v 0 ’ ^

o f  v e r t i c e s

c » X i
and e le m e n ts

i \ «- * x i
wi t h  C(h , v  ) + 0  , C(h , v  ) # 0  f o r  i  = l , . . . , n - l  .1 1 1 i  + J.

The seq u en ce

[ f i  € Fr(C>}"~J

i s  o f  f r e e  f a c e s  o f  C f o r  which C ( f ^ , h  ) + 0 ,  i = l , . . . , n - l  .

-'.since C has a g e n e r a t in g  t r e e  and

v i  € o b ( f 1 jfl  f 1)

f o r  i = l , . . . , n - l  , th e r e  e x i s t  un iq ue e le m e n ts

[Kl € Fr ( f  1_^fl f 1) ) “=1

w ith  C( g i , v i > + 0  f o r  i = l , . . . , n  .

The sequen ce

S = <£n'gn+l’V̂i=l
i s  a p ath  in  F(C) :

n -2

n-1  "

n-1

n+1



i )  S in c e  z  = g ,  , C(g , , v )  * 0  . Thus th e r e  i s  a diagramj ®n+l n + 1’ j

v v
J

in  C and cpy ^ ^ *

i i )  S in c e  C ( f „ , g  - )  * 0  , C ( f ~ , g . )  * 0  and th e r e  i s  a diagram  u n+ i  ̂ J

i i i )  By h y p o t h e s i s  cp F (v) R cp F ( v , ) * 0  . I t  f o l l o w s  from Lemma
V  T V j  1

11 t h a t

iv )  S in ce  c f̂ n >Kn+i^ * C^f n ’EJ  ̂ * ^ an<* th e r e  i s  a d ia 8 rani
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in  C and cp F (v  ) (1 cp F ( v . )  *  0  . I t  f o l l o w s  from Lemma 11 th a t
Tv n n v j J

cp F (v )  n  cp F(v ) n  cp F(v ) + 0  .Tv TVj j  Tv n n

v i )  By Lemma 9 th e r e  e x i s t s  an e lem ent € obC such  th a t

qi c J F ( k j )  =  cPv F ( v )  n  (PV j F ( v j > '

C le a r l y ,  0  * cc F(k  ) fl cp,F(v ) =  cp F (v )  H cp F(v )  0  cp F(v  ) f o r  
I t j J  1 1  V V j  J  V t 1

i = l , n  .

By Lemma 10,

Cf̂  ^ Vy F^vj^ c  CPVF ( V  ̂ H 9 c o l im  Fv .
J 1

x € co F(k ) fl cp F(v ) , i = l , n ,  th en  s i n c e  co F(k ) i s  pathi i t j j i i  T t j jI f

c o n n e c te d ,  i t  i s  p o s s i b l e  t o  J o in  x^ to  x^ by a path  in

F ( k j )  c  % F ^ y )  ^  9  c ° l i m  F v  • W i n c e  x ^  £  cpv F < v )  H cpv  F ^ v ^ )  a , * d

x € cp F (v )  H cp F(v  ) , th e  theorem i s  proved in  t h i s  c a s e ,n v v n n

Case 2 . For no j , 0 < j s  n , d o es  f̂ j - i ’g j , f j^ = ̂ f n ’Bn + l ’ f B̂  *

In t h i s  c a s e  th e  seq u en ce  S c o n t a in s  a c i r c u i t  which c o n t a in s

<fn ' gn + l ’ f0* * By r e l a b e l l n «*

3 ' =  V -  ‘ V W V ^ l

i s  a c i r c u i t  and S # £ S . A lso  ( f ^ g ^ f ^ )  has not been r e la b e le d  and

m—l  m m n - i  n n

The n ext s t e p  i s  t o  prove th e  f o l l o w i n g  a s s e r t i o n :

A s s e r t i o n : I f  T £ T(C) i s  a g e n e r a t in g  t r e e ,  th en  f o r  some k ,

1 < k < m o r  k = n+1 , t h e r e  i s  a doubly Indexed seq u en ce  o f  ed ges



150

= {[<lf gf i f 1) € er]"‘0}

where f o r  1 = 1 ,  . . . , k - l , k + l , . . . , m, n+l

.0 .n,

1 = 1 ...........k - 1  , k + l ,  . . . ,m ,n+ l

a> f i  = f i - l  ' f l 1 1 = f l

b) C (g ^ ,g i ) * 0 ,  0  ̂ j  £ n ±

c )  C<g^,gR) + 0 ,  0 <; j  <; n 1 .

P roof o f  A s s e r t i o n . The p r o o f  w i l l  o n ly  be sk e tc h e d  s i n c e  i t  i s  e s s e n ­

t i a l l y  th e  same as th e  f i r s t  p a r t  o f  th e  p r o o f  o f  Lemma 11 .

S in ce  r  i s  a t r e e ,  some edge ' - l , g k / f ^k ^  i n  S /  i S  nt>t in

e f  . As in  Lemma 11, th e r e  i s  a seq u en ce  o f  ed g e s  o f  f  w hich r e ­

p la c e s  t h i s  e d g e .  I f  ( f R ,g k ,, f R /) i s  th e  o n ly  edge in  s '  which  

i s  not in  eT  , th en  as  in  Lemma 11, U s" = U s '  -  [ ( f  k , g^ / ,  f  k /)  } 

and k '  = k in  th e  a s s e r t i o n .  O th erw ise  th e  p r o c e s s  c o n t in u e s  u n t i l  

a l l  the  ed g es  in  S* -  e f  have been r e p la c e d .  Then ^ k - l ’gk ’ ^k  ̂ *S 

th e  l a s t  edge removed.

Case 2 now b reak s  down i n t o  two s u b c a s e s :

Subcase A. k = n+1 . In t h i s  ca se  th e r e  are  diagram s in  C :

J

V

g n+l g

v
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1+1S

V
v i+1i

which y i e l d

cpyF (v) n cpv F(v^) * 0 ,  i = l , . . . tm 

cp F(v ) n cp .
v i 1 i + i  1+i-

Lemma 11 now y i e l d s  a seq u en ce  o f  i n e q u a l i t i e s

cc F (v )  fl cp F (v ,,)  fl cp F(v . )  + 0  f o r  i = l , . . . rm- l  TVj i  Tv i +1
i + i

Cp F(v)

F(v F(vi+1 ■ -1
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S in c e  cp F(v ) = cp F(v ) , i t  i s  c l e a r  from th e  drawing how t o  c o n s t r u c t  m vn n

a path  In cpvF (v )  fl cp c o l im  from th e  p o in t  x 6 cpvF (v) D F(v^) t o

t h e  p o i n t  y € cp F(v) fl CP F (v  ) .v Tv„ nn

Su bcase  B. k * n+1 . T h is  c a s e  i s  s i m i l a r  t o  su b c a se  A but I t  i s  a b i t

e a s i e r .  As b e f o r e ,  th e r e  are  diagram s

i
n+1 e

k

1

R

V
v

V
v.

1
®n+l

n+1

v
v

in  C w hich t o g e t h e r  wi t h  Lemma 11 y i e l d

cp F (v )  f l  cp F(v  ) n  cp F (v  ) * 0Tv Tv k k Tv x 1

cp F (v )  fl cp F (v  ) (I cp F(v ) * 0  .Tv k k Tv n n

The p ro o f  now c o n c lu d e s  e x a c t l y  as in  Case 1 ab o v e ,  □ 

P r o p o s i t i o n  1 7 . c o l im  F i s  c o n n e c te d .
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Proof: Since by Proposition 12

^ c o l im  f  = cp^FCv) fl cp c o l im  ,

i t  i s  t r i v i a l  from P r o p o s i t i o n  16 , th a t  cp co l im  F i s  c o n n e c te d .  S in c e

cp i s  a homeomorphlsm, c o l im  F i s  c o n n e c te d .  □

P r o p o s i t io n  1 8 . The diagram

<pvF(v) fl cp co l im  Fv ------------------------------> Cp c o l im  Fy

P

V V
cp F<v) ----------------------------------- >  c o l i m  Fv

i s  a p u s h - o u t .

P r o o f : i )  cp c o l im  F^ i s  open in  c o l im  F : Suppose a: C -* co l im  F

i s  a d m is s ib le  and x € a  ̂ cp co l im  F . Thus ax € cp c o l im  F andT v T v

th e r e  i s  an e lem en t  y G c o l im  F^ such  th a t  qy = ax , Thus th e r e  i s
v

an o b j e c t  g € obC^ and an e lem en t z € fv ( b ) such th a t  cp̂  z = y ,
y

and cp z = cp cp z = t f y  = a x .  S in c e  cp F (g )  i s  open in  c o l im  F ,
E K E

th e r e  i s  a neighborhood U £ C wi t h  x € U c  C such  th a t  

ax € aU £. cp^F(g) = cp CfP Fy (g)  C cp c o l im  Fy . I t  f o l l o w s  th a t

x € U £  a ĉp c o l im  F and cp co l im  F i s  open in  c o l im  F .v v

i i )  By h y p o t h e s i s  cpyF (v) i s  open in  c o l im  F so  t h a t  

fcpvF (v) , cp c o l im  F ] i s  an open c o v e r  o f  c o l im  F . An argument s i m i l a r  

t o  th e  one in  Theorem lv )  o f  S e c t io n  5 shows th a t  any sp ace  i s  th e  p u sh -  

ou t  o f  a two p i e c e  open c o v e r .  □

P r o p o s i t i o n  19 . I f  C i s  1 - d im e n s io n a l , th en  C s a t i s f i e s  c o n d i t io n  H ).
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P r o o f : The p ro o f  r e q u ir e s  a lemma:

Lemma 1 2 . There e x i s t s  an e lem en t  h € obC such  th a t  

Cf^F(h) = cpvF(v> H cp c o l im  Fy .

P r o o f : By P r o p o s i t i o n  16,

<d F (v )  n cp c o l im  F Tv v

i s  p ath  c o n n e c te d .  By Lemma 10 o f  t h i s  s e c t i o n

Cp F(v) H cp co l im  F = U CD F (v )  D cp F (v) .
V ^ ( c v >o "

I f  I fv € (C )„  Icp F(v) n cp F (v )  * 0 }  I > 1 , th en  s in c e  th e  i n t e r s e c t i o n1 v 0 1 v “v

i s  path  co n n ected  f o r  some p a ir  v , y2 € (CV) Q ’ °*  d i s t i n c t  e l a n e n t s

cp F(v) fl cp F(v ) fl cp F(v ) * fit .xv v 2 1 xvs 2

By Lemma 1 in  S e c t io n  4 th e r e  i s  a s e t  A and a fa m ily  [ f^  € 

such  th a t

C ( f 6, v)  * 0  , C ( f 6, V l ) + 0 ,  C ( f 6, v 2) + 0

f o r  each  6 6 A . S in c e  C i s  1 -d im e n s io n a l  and { v , v „ , v „ }  C v f ,  ,1 2  o

| t v , v 1 ( v 2 } I <: 2 . S in ce  v 1 and v 2 are  from , n e i t h e r  eq u a l v ,

Thus they  are  not d i s t i n c t .  I t  f o l l o w s  th a t  f o r  seme v ‘ £ (C )
v 0

cp F(v) 0 cp c o l im  F = cp F (v) fl cp / F ( v ') .V T V ~v Tv

Lemma 12 now f o l l o w s  from Lemma 9 .  □

P roo f o f  P r o p o s i t i o n  1 9 . The p r o p o s i t i o n  I s  t r i v i a l  s i n c e  G( f )  i s

r e p r e s e n t a b le  as c^F(h) f o r  some h € obC . Thus
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3: C^F(h) -> cp F (v )  Tv

i s  j u s t  q>vF (a) f o r  some a € C (h ,v )  :

> co l im  F

S in c e  by h y p o t h e s i s  in d u ces  a monoraorphism, P = C(̂  does  a l s o .

P r o p o s i t io n  19 now f o l l o w s  from p r e v io u s  remarks in  S e c t io n  6 , □

P r o p o s i t io n  2 0 . I f  C i s  a 1 -d im e n s io n a l  s - c a t e g o r y  and F: C -* Q

i s  a fu n c to r  such th a t  C and F s a t i s f y  c o n d i t io n s  C) and H) th en  th ey  

s a t i s f y  c o n d i t io n  I ) .

P r o o f : Suppose (C' , w)  i s  an I n i t i a l  p a i r .  I f  |obC ‘ \ 2  2 , th en

s i n c e  co l im  F '  i s  con n ected  th e r e  e x i s t  two o b j e c t s  f , f ' € obC'  

such  th a t

*) cp£' fl <pj / F #<f ') * 0

f o r  [cp̂ : F ^ f )  ■+ c o l im  F ‘ t îe induced morphlsms.

cp': co l im  F '  -* c o l im  F i s  th e  o b v io u s  map which makes th e  diagram s

F ' ( f )

t
F ( t )

% -> co l im  F

co lim  F

commute f o r  f  € o b C ' . 

Equation  *) im p l i e s  th a t
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cp'(cp£' F ' (£)  n  (pf' ,  F y( f  /) ) t0

that is
cpf F ( f  ) 0 cpf  / F ( f  ') * 0  .

S in c e  F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s  th e r e  e x i s t s  a s e t  A and

a f a m i ly  such t h a to ofcA

C(h f ) * 0  and C(h . , f  ') * 0
0 o

f o r  each  6 € A .

By assumption  w i s  0 - d im e n s io n a l  and n o t  an o b j e c t  o f  C / . Thus

n e i t h e r  f  nor t *  e q u a l s  w . S i n c e  C (f ,w )  + 0  and C ( f  ',w) # 0  ,

f  and f '  are 1 - d i m e n s i o n a l . I t  f o l l o w s  t h a t  s i n c e  C i s  1 -d im en­

s i o n a l  , f  = h , = f  ' and lobC ' I = 1 . The P r o p o s i t i o n  now f o l l o w s  from
o

p r e v i o u s  remarks in  S e c t i o n  6 . □

P r o p o s i t i o n  2 1 . and F^ s a t i s f y  c o n d i t i o n  I ) .

P r o o f : I f  (C ^ w )  i s  an i n i t i a l  p a i r  in  , then  i t  i s  a l s o  i n i t i a l

in  C . The p r o p o s i t i o n  f o l l o w s  im mediate ly  from th e  h y p o t h e s i s  t h a t  

C s a t i s f i e s  c o n d i t i o n  I ) .  □

P r o p o s i t i o n  2 2 . v (1 C and F s a t i s f y  c o n d i t i o n  I ) ,

P r o o f : Suppose (C',w) i s  i n i t i a l  i n  v D Cy . S in c e  w € ob(vD Cv) ,

C(w,v)  * 0  . I t  f o l l o w s  t h a t  <C/ , v )  i s  i n i t i a l  in  C . The diagram

c o l  im F '  -------—---------> F / (w)
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commutes , since for each, f € obC ' , the diagrams

F ' ( f )

c o l im  F ----- > F(w) > F(v )

commute. S in c e  ( C ' , v )  i s  i n i t i a l  in  C , th e  c o m p o s i t io n  per in d u c e s  a

monomorphism in  fundamental  group .  Thus cr in d u c e s  a monomorphism and

th e  P r o p o s i t i o n  f o l l o w s .  □

P r o p o s i t i o n  2 3 . C and G s a t i s f y  c o n d i t i o n  H).

Proof:  By the remarks p r i o r  to  P r o p o s i t i o n  19 in  S e c t i o n  i t  s u f f i c e s

t o  show t h a t  p in d uces  a monomorphism in  fundamental  group:

cp F(v)  fl cp c o l im  F ------------------------------------ > c o l im  F
V  V

V
cp F(v)  - >  c o l im  F

C ons ider  t h e  p a i r  (vP C^.v) . By c o n s t r u c t i o n ,  vHC  ̂ £  C and

v € CQ -  obtvf l  Cy) . A l s o  by P r o p o s i t i o n  17,  c o l im  F i s  c o n n e c t e d .  

F u rth er ,  f o r  each o b j e c t  g € ob(vf l  C ) , C ( g ,v )  + 0  . Thus (vfl C^jv)  

i s  i n i t i a l  and s i n c e  C s a t i s f i e s  c o n d i t i o n  I)  , C and G s a t i s f y  

c o n d i t i o n  H ) . □

P r o p o s i t i o n  2 4 . In the  c a t e g o r y  Ab , th e  sequence  

R —  -----> F (?) F  B----- >  H  > 0X «

i s  e x a c t  i f  and o n l y  i f  th e  diagram

B -------Si_2>°------->Fi

"CO D o r  | | P ( J )

P2  0 > H
2 P<”>
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is a push-out.

P roof :  => : For r £: R i f  a ( r )  = ( r , , r „ )  , thenX z

K o) i1 v °r(r) = B( I) <ri> - e<v 0> 

p( J )  -  (o 1 )  «<••> = - 6 (  J )  ( r 2> -  - P ( 0 ,  rg)

S in c e  par = 0 , 0a( r)  = p (r l f r 2> = 3 ( ^ , 0 )  + 3 (0 ,  r^)  = 0 .

3 ( r , tO )  = - 3 ( 0 , r ) and th e  diagram commutes.
X M

i i )  I f  F i s  t h e  p u sh -ou t

Thus

th en  t h e r e  e x i s t s  a f u n c t i o n  p: F -» H

0 = p ( f l , f 2>x -  p( W  * s( “)f2

= 6 ( ^ , 0 )  + 6(0,  f 2)

- M V V .

then t h e r e  e x i s t s  r € R such t h a t  crCr) = ( f  rf  J  .
1 2

( 0  l ) a ( r )  = ( 1  0 ) ( f .  , f _ )  = fv . r  -  ^  ( 0  l ) a ( r )  = ( 0  l ) ( f l t f 2 ) = f 2

and ( f l f f 2 ) = <(1 0 ) a ( r ) ,  -  ( - ( 0  l ) c r ( r ) )  . Thus ( ^ , * 3 ) € X and

p i s  1 : 1  .

I f  g € G , s i n c e  3  i s  o n t o ,  th e r e  e x i s t s  ( f . , f  ) € F. © F such
X X £ t

th a t  3 ( f  , f  ) = g . Then 
1 *
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p<ti,f2)x= e( o/i * s °̂>

p ( f l f o)  + e ( o , f 2>

-  e < v V

= K •

I t  f o l l o w s  th a t  p I s  an isomorphism.

: I f  F i s  th e  p u sh -o u t  in  t h e  above c o n s t r u c t i o n ,  th en  t h e r e

e x i s t s  a diagram

r  U J t t a ---------------- > f .

V
-> FF2

■> H

w ith  p an isomorphism.
-1i )  p i s  o n t o .  I f  g € H , ( f ^ f ^ X  = p (g) , then

g = P <P_ 1 ( g ) )  = P ( f l f f 2) x  = J ) f 1 + p( ° ) f 2 =

i i )  = 0 • For r € R ,

fto(r) = p ( ( l  0 ) o ( r ) , ( 0  l ) a ( r > )

= J ; ( l  O)ff(r) + p( ° ) ( 0  1 ) or(r)

= -p^ ° y ( 0  l ) a ( r )  + p  ̂ >  l)<*(r)

= 0 .

' 1 \  0  *
i i i )  k erp  S ima  . I f  0 = p t ^ . f ^  = pl̂  QJ t 1 + P ^ J * a ’ t h e "
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<  o X  = A 1 / 2  *»d

P(P1 f l  + P2 V  = °

and s i n c e  p i s  an isomorphism + p2*2 = ^ and  ̂ ^  tnC

d e f i n i t i o n  o f  X th e r e  i s  an r € R such  t h a t

( ( 1  0 )  Qf(r) , (0  l)a(r)j= (fi’V and a(r) = (W  * D



§8. Two Examples.
The two examples  in  t h i s  s e c t i o n  i l l u s t r a t e  t h e  n e c e s s i t y  o f  two o f  

th e  h y p o th e s e s  i n  Theorem 1 o f  S e c t i o n  6 .  The f i r s t  c o n c e r n s  th e  n e c e s ­

s i t y  o f  a g e n e r a t i n g  t r e e  in  h ig h e r  d im e n s io n a l  c a s e s .

2Example 1 . The 2 - s p h e r e ,  S , admits  a f o u r  p i e c e  open c o v e r  by fo u r  

o v e r l a p p i n g  e q u i l a t e r a l  s p h e r i c a l  t r i a n g l e s  arranged as in  a t e t r a h e d r o n .  

The s - c a t e g o r y  c o r r e s p o n d in g  to  t h i s  c o v e r  i s  g i v e n  in  Example 7 o f  

S e c t i o n  1 .  I t  was remarked t h e r e  t h a t  t h i s  s - c a t e g o r y  has  no g e n e r a t ­

ing t r e e .

S in c e  the  2 - s p h e r e  i s  s im ply  c o n n e c t e d ,  i t  i s  i t s  own u n i v e r s a l
2

c o v e r i n g  space  and H^S = S * 0 . However,  each e lement  in  th e  c o v e r

i s  c o n t r a c t i b l e ,  i s  i t s  own u n i v e r s a l  c o v e r ,  and has no second  homology

in i t s  c o v e r .  S in c e  th e  c o l i m i t  o f  th e  z e r o  f u n c t o r  i s  z e r o ,  th e  c o n ­

c l u s i o n  o f  Theorem 1 o f  S e c t i o n  6 d o e s  not h o l d .  I t  i s  e a s y  t o  v e r i f y  

t h a t  a l l  th e  h y p o t h e s e s  o f  Theorem 1 e x c e p t  t h a t  o f  a g e n e r a t i n g  t r e e  

are  s a t i s f i e d  by t h i s  example .

The second example  c o n cer n s  th e  n e c e s s i t y  o f  c o n d i t i o n  I ) .

Example 2 . The s p a c e ,  X , f o r  t h i s  example i s  th e  q u o t i e n t  space  o f  the  

2 - s p h e r e  d e te n n in e d  by th e  i d e n t i f i c a t i o n  o f  a p a i r  o f  a n t i p o d a l  p o i n t s .  

T h is  sp ace  i s  o f  th e  same homotopy ty p e  as a t o r u s  w i th  a d i s c  sewn

a c r o s s  one o f  th e  g e n e r a t o r s :

161
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The c o v e r  f o r  t h i s  sp a c e  has t h r e e  p i e c e s  as i l l u s t r a t e d  below:  

each  p i e c e  i s  a s t r o n g  d e form at ion  r e t r a c t  o f  th e  c l o s e d  2 - d i s c  w i th  a 

p a i r  o f  boundary p o i n t s  i d e n t i f i e d :

The c o v e r  i s  o b t a i n e d  from th r e e  such  p i e c e s  by e x t e n d in g  them s l i g h t l y  

t o  form open s u b s e t s  o f  X . T h is  c o v e r  i s  denoted

s - c a t e g o r y  a s s o c i a t e d  to  t h i s  cover  i s  based on A = { 1 , 2 , 3 }  and has  

o b j e c t s :

f 4 ; [ 1 , 2 }  -» f P \v  (1}

f 3 : {3} -> A.

f : { 1 , 3 }  -4 A > = C_
5

f  : { 2 , 3 }  -» A ,

C? : A -* A } = C,

and o b v io u s  morphlsms.  C has  a r e p r e s e n t a t i o n  as  th e  t r i a n g l e

f

The f u n c t o r  F: C -* Q which r e p r e s e n t s  th e  c o v e r  i s  g i v e n  by

F ( f 1) = X± , i = l , 2 , 3

f ( i 4 ) =  x1 n  x 2 ; F ( f &) =  x L n  x3 ; F ( f g ) =  x 2  n  x 3 

F ( f ? ) =  x L n  x 2 n  x 3

P i c t o r i a l l y ,  t h e s e  s p a c e s  may be r e p r e s e n t e d  as f o l l o w s :
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F i t J  = F(f2) = F(f 3>

F ( f 4 ) = F ( f 5> = F ( f g )  :

F ( f ? ) :

As f o r  fundamental  groups:

r^FCf^) = Z f o r  1 = 1 , 2 , 3  as s e e n  through th e  Van Kampen Theorem 

and th e  c o v e r

Then r^FCf^) i s  th e  p u sh -o u t

V
0

*  * X

->  T T j F t ^ )  1 = 1 , 2 , :

C l e a r l y

ni F ( f i ) = X 1 = 4 , 5 , 6  and 

r ^ F t ^ )  = 0 .

I t  i s  e a s y  to  v e r i f y  th a t  a l l  th e  I n c l u s i o n s  induce  monomarphisms o f
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o f  fundamental  g r o u p s .  In f a c t  s i n c e  X I s  a t o r u s  w i t h  one k i l l e d  

g e n e r a t o r ,  tî x = X and t h e  I n c l u s i o n  o f  each  p i e c e  i n t o  X in d u ces  a 

monomorphism o f  fundamental  group .

From the  t r i a n g u l a r  r e p r e s e n t a t i o n  o f  C , one s e e s  th a t  r(C) = { f ^ ] . 

Thus C has  a g e n e r a t i n g  t r e e .  I t  i s  now e a s y  t o  v e r i f y  t h a t  C s a t i s f i e s  

c o n d i t i o n s  A) -  H ) .

However,  C d oes  not s a t i s f y  c o n d i t i o n  I ) .  I f  v = f j  , then  Cy 

has o b j e c t s

V V snd *6
and v n C has o b j e c t s  v

f 4 '  f 5 ’ *

c o l im  F i s  t h e  sp ace  v

and c o l im  F i s  the  space

C l e a r l y ,  tî  c o l im  F = X * X but rt̂  F (v )  = X and t h e  i n c l u s i o n  

c o l im  F F(v)  d oes  not  induce  a monomorphism o f  fundamental  g rou p s ,  so  

t h a t  C and F do not s a t i s f y  c o n d i t i o n  I ) .

The u n i v e r s a l  c o v e r  o f  FCf^) , 1 = 1 , 2 , 3  , i s  most e a s i l y  p i c t u r e d  

by deform ing  FCf^),  1 = 1 , 2 , 3  a c c o r d in g  to  t h e  f o l l o w i n g  sequence  o f  

p i c t u r e s :



^

e S '  &  ®

I .  i i . i n .

where F ( f ^ ) , i = l , 2 , 3  are  s een  t o  be th e  i n d i c a t e d  q u o t i e n t  o f  th e  sp ace

Thus th e  u n i v e r s a l  c o v e r  o f  F ( f ^ ) , 1 = 1 , 2 , 3  i s  th e  same as  f o r  th e  c i r c l e  

and i s  th u s  c o n t r a c t i b l e .  The o t h e r  c a s e s  are  e a s i e r  and y i e l d  t h a t  the  

u n i v e r s a l  c o v e r  o f  F ( f^ )  i s  c o n t r a c t i b l e  f o r  each i = l  7 . ThuB

co l im  F = 0 .H

Theorem 1 o f  S e c t i o n  6 can be used  t o  compute H c o l im  F . S in c e  

th e  g e n e r a t o r s  o f  a t o r u s  a re  i n d i s t i n g u i s h a b l e ,  X may be r e p r e s e n t e d  

as a t o r u s  w i t h  a d i s c  sewn a c r o s s  th e  " i n s i d e " :

A c o v e r  o f  t h i s  sp ace  I s  an i n f i n i t e  c i r c u l a r  c y l i n d e r  w i th  d i s c s  sewn 

in  at  r e g u l a r  i n t e r v a l s

As t h i s  sp a c e  i s  c l e a r l y  s im ply  c o n n e c t e d ,  i t  i s  th e  u n i v e r s a l  c o v e r  o f  

X . I t  i s  a l s o  a s t r i n g  o f  2 - s p h e r e s .

Th is  sp ace  i s  covered  by the  s t r i n g  o f  s p h e r e s  and t h i s  c o v e r  i s
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<srepresented by a 1-dimensional s-category C based on Z

t V  U )  >  * )  -

f1 - 1" ! -----------> * 1  = ^

A
which has f o r  f  (C) t h e  t r e e  

g

f  fi - 1 , i  i + 1 , i+2

f i+1i - 1

A 2 A
F i s  th e  a s s o c i a t e d  f u n c t o r  where F ( f 1> = S and 1+1* -  * *o r

i £ Z . S in c e  t h i s  sp ace  and each p i e c e  in  th e  c o v e r  i s  i t s  own u n i v e r s a l
A

c o v e r ,  Theorem 1 o f  S e c t i o n  6 can be a p p l i e d  t o  compute c o l im  P . I t

i s  perhaps  s i m p l e r  to  u se  an i n d u c t i v e  a p p l i c a t i o n  o f  t h e  M a y e r - V i e t o r i s  

Theorem. In any c a s e ,  c l e a r l y

H c o l im  F = H_ c o l im  F = © X .
Z Z X

S i n c e  c o l im  F^ = 0 , th e  c o n c l u s i o n  o f  Theorem 1 o f  S e c t i o n  6 f a i l s  t o  

hold  f o r  t h i s  example .



§9.  A S e i f e r t - van Kampen Theorem f o r  t h e  Second Homotopy Group.

I f  C i s  an s - c a t e g o r y  and F: C -* Q i s  a f u n c t o r  such  t h a t  C 

and F s a t i s f y  c o n d i t i o n s  A) -  I ) , th en  i t  i s  p o s s i b l e  t o  c a l c u l a t e  th e  

second  homotopy group o f  c o l im  F from t h e  f i r s t  and second homotopy  

groups  o f  each  v a l u e ,  F (g )  f o r  g £ obC , o f  F and t h e  a s s o c i a t e d  maps.  

T h is  s e c t i o n  makes t h e s e  c o n s t r u c t i o n s  e x p l i c i t .

The h y p o t h e s i s  t h a t  C has a g e n e r a t i n g  t r e e  ( c o n d i t i o n  E)> makes 

i t  p o s s i b l e  t o  a s s i g n  a c o n s i s t e n t  system  o f  b ase  p o i n t s  and t o  d e f i n e  

a second homotopy group f u n c t o r  a n a lagou s  t o  the  f u n c t o r  F̂ , d e f i n e d  at  

th e  end o f  S e c t i o n  3 .  More p r e c i s e l y  we make th e  f o l l o w i n g  formal  

d e f i n i t I o n :

D e f i n i t i o n : Suppose C i s  a s m a l l  s - c a t e g o r y  and F: C •+ Q i s  a

f u n c t o r  w i th  a p o in t e d  c o n s i s t e n t  r (F )  - s y s t e m

T = <r (F) ; z , {or }) .
S K

2
The f u n c t o r  F, :̂ C -* Ab , from C i n t o  th e  c a t e g o r y  o f  a b e l i a n  groups  

i s  d e f i n e d  as  f o l l o w s :

i )  f o r  g € obC t

FT (g) = TT2 ( F ( g ) , y g )

g s
2

i i )  For g , g '  6 obC and a € C ( g , g ' )  , th e  homomorphism Ft (ct) i s  

th e  c o m p o s i t io n

f o r  y £ v ( f  (F ) )  .

*  n  F<g ') ,y > - Q (g ' i  ■ —> rr2 (F(g  ') ,y ,)

where y = F (a )y  and o ( g , g  ) i s  th e  isomorphism induced  by t h e  
g g

167
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path a ( g , g ' )  .

P r o p o s i t i o n  1 . The c o n d i t i o n s  o f  t h e  p r e v i o u s  d e f i n i t i o n  d e f i n e  a 
2

f u n c t o r  F ■ C Ab .T

P roof :  The p r o o f  o f  P r o p o s i t i o n  1 o f  S e c t i o n  3 a p p l i e s  by changing

t o  t h r o u g h o u t . □

In v iew  o f  th e  r e s u l t s  i n  S e c t i o n  6 ,  one would not  e x p e c t  t h a t  

2
c o l im  F = t t  ( c o l i m  F , z  ) . However,  th e  Hurewicz isomorphism a l l o w s  

T 2 K*

us t o  c o n v e r t  t h e  homology c o n s t r u c t i o n s  in  Theorem 3 o f  S e c t i o n  6 i n t o

homotopy c o n s t r u c t i o n s . F i r s t  we need a d e f i n i t i o n :

D e f i n i t i o n : Suppose C i s  an s - c a t e g o r y  and F: C -* Q i s  a f u n c t o r  

such  t h a t  F and C s a t i s f y  c o n d i t i o n s  E) and H ) . The f u n c t o r

F : C -* Ab i s  d e f i n e d  f o r  a p o in t e d  c o n s i s t e n t  r ( F ) - s y s t e m  T as
n

fo l lo w  s :
2

i )  On o b j e c t s ,  g € obC , F (g )  = © F (g)  .
n Kg)

i i )  On morphisms,  a  € C ( g , g ' )  , i f

£ a 6 © F ^ (g )
i € A  1 (g )  1

th en

F ( a ) (  £  a ) = L [F^(0f)a J , ,
" 1GA 1 1€A T 1 1 ( 0 ) 1

where th e  s u b s c r i p t  on th e  b ra ck e t  i n d i c a t e s  th e  c o o r d i n a t e .

Note  t h a t  a l th o u g h  F^ depends  upon a p a r t i c u l a r  c h o i c e  o f  T , the

n o t a t i o n  d oes  not  i n d i c a t e  t h i s .

Theorem 1 . Suppose C i s  an s - c a t e g o r y  and F: C -♦ Q i s  a f u n c t o r

such  th a t  C and F s a t i s f y  c o n d i t i o n s  A) -  1 ) .  I f  T = (r ( F ) ; z  , } )
s  g * ’ g J '
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i s  a p o i n t e d  c o n s i s t e n t  r ( F ) - s y s t e m ,  then

TL,(colim F , z  ) = c o l l *  F 
2  g *  TT

Proof:  The n a t u r a l  isomorphism u: F„ -♦ F_ i s  d e f i n e d  f o r  o b j e c t s  1 n n

g € obC t o  be th e  co m p o s i t io n
, -1  *

  P„
F (g)  =  G) H F (g )  - &  >  t t „ ( F ( g ) , y  ) — ©  TT ( F ( g ) , y  )  =  F <g>

"  Kg)  2 Kg)  2 g Z  g TT

where

i )  h i s  th e  Hurewicz homomorphism, which i n  t h i s  c a s e  i s  an i s o -
g

morphism s i n c e  t h e  u n i v e r s a l  c o v e r  i s  s im p ly  con n ected ;
+

i i )  p i s  th e  isomorphism induced by th e  u n i v e r s a l  c o v e r i n g  p r o -
g

j e c t i o n  p : F (g )  -+ F(g)  ; 
g

l i t )  y g € p - 1 yg .

S in c e  th e  Hurewicz homorphism i s  n a t u r a l  and t h e  u n i v e r s a l  c o v e r in g  

p r o j e c t i o n  in d u c e s  a n a t u r a l  t r a n s f o r m a t i o n ,  (i i s  n a t u r a l  and

c o l im  F„ = c o l im  F H TT

I t  f o l l o w s  from Theorem 3 o f  S e c t i o n  6 t h a t

c o l im  F = H„ c o l im  F .
TT 2

A gain ,  by u se  o f  t h e  Hurewicz isomorphism and th e  u n i v e r s a l  c o v e r in g  p r o ­

j e c t  ion

H c o l im  F = tt ( c o l i m  F;z  ) , □2 2 g^

U sing  Theorem 4 o f  S e c t i o n  6 ,  i t  i s  p o s s i b l e  t o  prove a weak g e n e r a ­

l i z a t i o n  o f  Theorem 1 t o  h ig h e r  d im e n s io n a l  homotopy g r o u p s .  F i r s t  we need  

two d e f i n i t i o n s .

D e f i n i t i o n :  Suppose C i s  a s m a l l  c a te g o r y  and F: C -t Q i s  a f u n c t o r
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w ith  a p o in t e d  c o n s i s t e n t  p ( F ) - s y s t e m

T = <rs (F>; , tof^)).

The f u n c t o r  C ■» Ab , from C i n t o  t h e  c a te g o r y  o f  a b e l i a n  groups  i s

d e f i n e d  as f o l l o w s :

i )  f o r  g € obC ,

f £ ( g )  = n (F (g )  , y  )T n g

f o r  y € v (T  ( F ) ) .
g 3

i i )  For g , g '  € obC and a  € C ( g , g ' )  , th e  homomorphism F^(a) i s

th e  c o m p o s i t io n

rM F tg )  , y ) ni - ( a ) "> Trn (F(g ') , y g ) ~ > TTn (F (g  ') , yg ,)

where y = F(cr)y and a ( g , g ' )  i s  th e  isomorphism induced  by th e  path  
g g

Qf(g,g')  .

P r o p o s i t i o n  2 . The c o n d i t i o n s  o f  th e  p r e v i o u s  d e f i n i t i o n  d e f i n e  a 

f u n c t o r  ft : C ■+ Ab .

Proof:  As b e f o r e ,  □

D e f i n i t i o n : Supppose C i s  an s - c a t e g o r y  and F: C -* Q i s  a f u n c t o r

such t h a t  F and C s a t i s f y  c o n d i t i o n s  E) and H ) . The f u n c t o r

f "; C -* Ab i s  d e f i n e d  f o r  a p o i n t e d  c o n s i s t e n t  T(F) - s y s t e m  T as  Tf

f o l l o w s :

i )  On o b j e c t s ,  g € obC , F"(g)  = ©
n I ( g )  T

i i )  On morphisms , a  € C ( g ,g  ') i f

£  a,  € © F*(g)
i6A 1 (g )
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then

r > H

where th e  s u b s c r i p t  on th e  b ra ck e t  I n d i c a t e s  t h e  c o o r d i n a t e .  Note  t h a t  

th e  T i s  s u p p r e s s e d .

Theorem 2 . Suppose C i s  an s - c a t e g o r y  and F: C ■+ Q i s  a f u n c t o r  

such  t h a t  C and F s a t i s f y  c o n d i t i o n s  A) - I ) ,  and suppose a l s o  t h a t

T = (T ( F ) ; z . fa  }) i s  a p o in t e d  c o n s i s t e n t  r ( p) - s y s t e m .  I f  f o rs  g^ g

each  o b j e c t  g € obC , tt  (F (g )  ;z ) = 0 ,  i = 0 , 2 , . . . , n - l  , then
1 g+

tt  ( c o l i m  F . z  ) = c o l im  F° 
n B* "

f o r  any n 2- 2 .

P roo f :  The p r o o f  o f  Theorem 1 s u f f i c e s  h e r e  by ch an gin g  2 t o  n

th ro u g h o u t ,  a

As a f i n a l  c o r o l l a r y  we have t h e  f o l l o w i n g :

C o r o l l a r y . I f  f o r  each o b j e c t  g 6 obC , F (g )  i s  ( n - 1 ) - c o n n e c t e d , then

rr ( c o l i m  F:z  ) = c o l im  .
B* T

P r o o f : By h y p o t h e s i s ,  f o r  each  g € obC , T ^ (F (g ) ,* )  = 0 . S i n c e  C

has  a g e n e r a t i n g  t r e e  and F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  th e  

van-Kampen Theorem o f  S e c t i o n  4 a p p l i e s  and ( c o l i m  F , * )  = c o l im  F^ = 0 .

I t  f o l l o w s  th a t  f o r  each  g € obC , 1 (g )  -  1 and f" = f” , □
TT T

The fundamental  group a c t i o n  i s  an important a s p e c t  o f  t h e  h ig h e r  

d im e n s io n a l  homotopy g r o u p s .  The th e o r y  t h a t  we have d e v e lo p e d  d oes  not
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i n  g e n e r a l  admit a p a r t i c u l a r l y  in f o r m a t i v e  d e s c r i p t i o n  o f  t h i s  a c t i o n .  

In some i n s t a n c e s  i t  i s  e a s y  t o  g i v e  a n i c e  d e s c r i p t i o n  o f  a fundamental  

group a c t i o n  on ^ 0 0  ( f o r  each g in  th e  c a t e g o r y )  which e x t e n d s  to  

th e  u s u a l  a c t i o n  on th e  c o l i m i t .  U s u a l l y  the  a c t i o n  on th e  c o l i m i t  w i l l  

not  r e s t r i c t  i n  any n i c e  way. However,  s i n c e  th e  group a c t i o n  i s  most  

e a s i l y  s e e n  in  th e  homotopy groups  o f  th e  u n i v e r s a l  c o v e r  and our c o n ­

s t r u c t i o n  f i r s t  computes t h o s e  g r o u p s ,  in  p a r t i c u l a r  c a s e s  i t  i s  o f t e n  

e a s y  t o  d e s c r i b e  th e  a c t i o n  on th e  c o l i m i t  w i th o u t  r e f e r r i n g  t o  t h e  

l o c a l  a c t i o n .  T h is  p h i lo s o p h y  i s  supported  by Examples 1 ,  2 and 3 i n  

S e c t i o n  12,



§ 10 ,  The One- d im e n s io n a l  C a s e .

This  s e c t i o n  d e v e l o p s  the  a n a lo g  o f  Theorem 1 o f  S e c t i o n  9 In c a s e  

C i s  1 - d im e n s io n a l  and does  not  have a g e n e r a t i n g  t r e e .  Throughout t h i s

s e c t i o n  C i s  assumed t o  be a 1 -d im e n s io n a l  s - c a t e g o r y . F: C -» Q _l_s a_

con n ected  f u n c t o r  which has c o l i m i t  Induced morphlsms {<p_: F(g)  -* c o l im  Fj 

F urtherm ore , i t  i s  assumed t h a t  C and F s a t i s f y  c o n d i t i o n s  A ) , C ) , D ) , 

D')  , D") , F) , and o f  S e c t i o n  6 and t h a t  ^ ( ^ ( C )  ,+)  i s  £  c o u n t a b le

g r o u p . R e c a l l  t h a t  t h e s e  c o n d i t i o n s  are t h a t

A) C has at  most c o u n ta b ly  many v e r t i c e s ;

C) F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ;

D) {<p F{g)  J i s  an ° P en c ° v e r  o f  co l im  F and each  i s

an i n j e c t i o n ;

D ') For each p a i r  g , g  / € obC

tpg F ( g )  = tPg / F ( g ' )

i m p l i e s  g = g

D") For each o b j e c t  g £ obC , tp^F(g) * 0  ;

F) F i s  path  c o n n ec ted ;

H^) For each p a i r  g , g '  € obC w i th  or € C ( g , g ' )  th e  I n c l u s i o n

F(o)  : F(g)  -* F(g /) in d u c e s  a monomorphism

F * (a ) :   > r^CFtg ') ,*)

f o r  some c h o i c e  o f  base  p o i n t .

The mediia by which th e  h y p o t h e s i s  o f  a g e n e r a t i n g  t r e e  i s  e l i m i n a t e d  

i s  through th e  c o n s t r u c t i o n  o f  a c o v e r i n g  c a t e g o r y  which d oes  have a 

g e n e r a t i n g  t r e e .
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D e f i n i t i o n :  d :F  -+ T ( C ) i s  th e  u n i v e r s a l  c o v e r i n g  p r o j e c t i o n .  F i s
&

c o n s id e r e d  to  have t h e  s t r u c t u r e  o f  a graph.  Each edge  in  F has d i s t i n c t  

v e r t i c e s  s i n c e  o t h e r w i s e  i t s  p r o j e c t i o n  would be an edge  in  w ith

i d e n t i f i e d  v e r t i c e s ,  F^ d e n o t e s  th e  s - c a t e g o r y  based on v f  w i t h

( 0 0 ■ ^

( Fc) = eF
1

w ith  n o n - i d e n t i t y  morphisms o f  th e  form

h ------- >  o (h )  , h ------- > t ( h )  .

T h is  c o n s t r u c t i o n  y i e l d s  an s - c a t e g o r y  w i th  g e o m e t r i c  graph r  (Tg) = ^ ■ 

S in c e  p was a map o f  g ra p h s ,  p Induces  a f u n c t o r  a l s o  denoted  

p: f c  - C  .

Theorem 1 , i )  Pp i s  path  c o n n e c te d  and c o l im  Fp i s  c o n n e c te d  i f  

co l im  F i s .

i i )  Fp i s  c l o s e d  under f i n i t e  I n t e r s e c t i o n s ,

P r o o f : i )  For each  g Gobf^ , Fp(g) = F ( p ( g ) )  . S in c e  P i s  path  

c o n n e c te d ,  Fp(g) i s  c o n n e c te d .

I f  c o l im  F i s  c o n n e c te d ,  th en  by P r o p o s i t i o n  1 o f  S e c t i o n  5 ,  C i s  

c o n n e c te d .  By P r o p o s i t i o n  2 o f  S e c t i o n  5,  F(C) i s  c o n n ec ted  and by Propo­

s i t i o n  1 o f  S e c t i o n  2 ,  F  (C) i s  c o n n e c t e d .  I t  f o l l o w s  t h a t  th e  u n i v e r s a lS
c o v e r i n g  F i s  c o n n e c te d .  S in c e  r  (T ,̂) = T , T (T-)  i s  c o n n e c te d  and byE t  g C

P r o p o s i t i o n  1 o f  S e c t i o n  2,  F ( F _ )  i s  c o n n e c t e d .  By P r o p o s i t i o n  2 o f  S e c t i o n  

5,  F i s  c o n n e c t e d .  S in c e  th e  f i r s t  part  o f  t h e  p r o o f  o f  P r o p o s i t i o n  1 o fIn'

S e c t i o n  5 r e q u i r e s  o n ly  t h a t  F be path  c o n n e c te d ,  c o l im  Fp i s  co n n e c te d ,

i i )  Fp(g) -* co l im  ) d en o te  th e  c o l i m i t  induced maps.
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If g,g* € ob(f_,) are distinct objects such that

tgFp<g) n /̂FfcCg') *0

then  f o r  x 6 * Fp(g)  (1 if , F p ( g ') t h e r e  e x i s t s  a f i n i t e  diagram i n  f _  
K g  c

which r e l a t e s  t h e  a € Fp(g)  f o r  which ^ a  = x t o  t h e  a / € F p ( g ' )

f o r  which |  a '  = x . 
g

Case 1 . The diagram i s  o f  the form 

h_

1) \  Qfa O j /  \

where g . h ^ g '  € € Cfc >t and a t € EfeO^) w i th

Fpa1 a1 = a , =- a2 , = a 2 . FV»Qf4a 3 = a ' * T h is  d i a gram

p r o j e c t s  t o  a diagram

Pg ph. Pg

in  C f o r  which th e  e x i s t e n c e  o f  th e  e l e m e n t s  a^ 6 !%>ĥ  y i e l d

n <Pph3 F<ph3) * 0  ’

S in c e  h ,h are  1 - d i m e n s i o n a l , ph t ph are 1 - d i m e n s i o n a l . S in c e1 J 1 J

F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ,  t h e r e  i s  an e lem en t  h € obC

w ith  C(h,ph ) + 0  and C(h,ph ) * 0  . I t  f o l l o w s  t h a t  ph = h = phi  O 1 O

S in c e  C i s  an s - c a t e g o r y ( p a  = p a  and diagram 2) r ed u ces  t o  aA J

diagram



PS
S in c e  C i s  an s - c a t e g o r y  ){pg,ph ,pg ‘ j | ^ 2  , Diagram 1) y i e l d s  

graph

S in c e  ph = ph , t h i s  graph must p r o j e c t  t o  t h e  graph  
3 X

Pg=Pg
Phi = ph,

’ ------------  — f t .

and pg = pg ' . S in c e  no neighborhood o f  h^ can be mapped homeomorphi-  

c a l l y  t o  a neighborhood o f  ph and p i s  a u n i v e r s a l  c o v e r i n g  p r o j e c t i o n ,  

t h i s  c a s e  i s  i m p o s s i b l e .

Case 2 . The diagram i s  o f  t h e  form

h, h.
A Qb

s

and g f h2 , g '  G ( r c >0 w i th  | [ g , h 2 , g ' ] |  = 3 . By th e  p r e v i o u s  c a s e  b o th  

h^ and h^ are  not  e l e m e n t s  o f  * I f  h^ G * t îen *he

e x i s t e n c e  o f  cr ,o„  y i e l d  g = h = h . S i m i l a r l y ,  i f  h G ,X di X tt ij L U

then  h2 -  h3 = g ' .

Case 3 . The diagram i s  o f  th e  form

h

*  '
g h,
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and | [ g , h 2 ,g  '} | = 3 . By p r e v i o u s  c a s e s  not a l l  g . h ^ g '  € ( f c >0 .

i )  I f  g G ^ c ^ l  ' th en  s l n c e  i s  1 - d i m e n s i o n a l , h^ = g and

s i n c e  | [ g , h 2 , g ' } |  = 3 , h2 * and th u s  Yi  ̂ € . As b e f o r e ,

a.  € Pph^ w i t h  F p a ^  = a , P p o ^  = «2 . F p o ^ g  = a 2 ' FPa4 a 3  = *

The p r o j e c t e d  diagram i s  o f  t h e  form

Pg

ph

pci

Pg

I f  g '  € , then g ' = h3 and as  b e f o r e  pg ' = pg . The

co r r e s p o n d in g  graphs  are

in  y i y

P¥ -  m  ,  Ph, i n  1” (C) . 
g

S in c e  p i s  a c o v e r i n g ,  t h i s  i s  im p o s s ib l e  as  in Case 1.

I f  g '  € ( r c >0 and hg € ( f c ) Q , th en  h 2 = h3 ~ K ' ■ Thus

€ ( f c ) 1 and as in  Case 1 ,  pg = ph^ which c o n t r a d i c t s  p be in g  a 

c o v e r i n g .

S in c e  t h e  diagram i s  sym m etr ic ,  g ' 4 <r_>i .C 1

I t  f o l l o w s  t h a t  h € (F^) ,  and h_ = h = h s o  th a t  f o r  somea L 1 1 2 J

h  ̂ o b f C ’ r c Ch,g> + 0  and f c ( h ,g  ') * 0  .

Case 4 . I f  th e  diagram i s  l o n g e r ,  then  by indue'  on i t  can be reduced

t o  a diagram in  t h e  form o f  diagram 1 ) .

I f  x £ ijf Fp(g) P it yFp(g')  , then  th e  p r e v i o u s  remarks y i e l d  an
D S
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h 6 atld a diagram

g

t o g e t h e r  w i t h  an e lem en t  y € Fp(h) such  t h a t  Fp(cr)y = a , Fp(p)y  = a '  .

Thus * y = i|r F p ( a ) y =  |  a = x . Thus
h g g

U t(fhFp(h) = i|fg Fp(g) P ,Fp(g ')

where th e  u n ion  i s  tak en  o v e r  a l l  th e  h € obP which  th e  p r e v i o u s

c o n s t r u c t i o n  y i e l d s .

I f  h , h '  € are  d i s t i n c t  e l e m e n t s  w i th  f ^ f h , g )  , f p t h . g ' ) ,

rc < h / , g ) ,  ^ ( h ' , g  ') non-empty and g , g '  € Cfc ) 0 , then  r (Fq) = f  

c o n t a i n s  t h e  c i r c u i t
h

This  i s  im p o s s i b l e  s i n c e  r was th e  u n i v e r s a l  c o v e r i n g .  I f  g e (rc)x .

th en  g = h and f L t g . g ' )  + 0  . I t  f o l l o w s  t h a t   ̂ Fp(g) C f  / F p ( g ') .L g g
And i f  g € o r  h € ^ c ) 0 , then  g = h and f c C g,g ' )  * 0 . I t

f o l l o w s  t h a t  ̂ F p ( g )  £ i|î  ,Fp(g ') and

* f t > ( g )  n  * ,F p (g ' )  = t_Fp(g) .
S D D

I f  g '  € ( r c )j_ o r  h '  € <fc ) 0 , th en  g '  = h '  and 

* Fp(g) n  * /FpCg ') = * /Fp(g ') .
D R O

In e i t h e r  c a s e  th e  i n t e r s e c t i o n  has  a s i n g l e  path  component.  □

Lemma. I f  g , g > € obF„ are d i s t i n c t  e l e m e n t s  such t h a t  pg -  pg 1 , thenL>
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* pp(k)  n  * / P p ( g ' )  = 0  .
D S

P roof :  I f  ifFp(g) ft t / F p ( g )  * 0  , then  th e r e  e x i s t s  an e lement
S  D

h ^ obrc sucli t h a t  f c ( h ,g )  * 0  , f c ( h , g ' )  . S in c e  pg = pg ' , g and 

g '  have th e  same d im e n s io n .  I f  t h e i r  d im en s ion  i s  1 th en  th ey  both  

e q u a l  h and are  not d i s t i n c t .  I f  t h e i r  d im ens ion  i s  0 , and the  

dim ens ion  o f  h i s  0 , then th ey  both  e q u a l  h and are not  d i s t i n c t .

I f  the  d im ens ion  o f  g and g * i s  0 and th e  d im ens ion  o f  h i s  

1 , then th e  subgraph 8

h

g

o f  r  ( f r ) = f  p r o j e c t s  on to  th e  v e r t e x  pg o f  r  (C) . T h is  i s  im~ 
8 g

p o s s i b l e  s i n c e  p i s  a c o v e r i n g .  P 

D e f i n i t i o n .  For  each g € o b f„  , th e  i d e n t i t y  map

Fp(g) -> F(pg)

in d u c e s  the  Q-morphism p^: c o l im  F p  -* c o l im  F .

Theorem 2.  For each g € o b f „  , : Fp(g) -* c o l im  Fp i s  an i n j e c t i o n  andg
Fp(g) j i s  an open c o v e r  o f  co l im  Fp ,g gfcobC

P roof :  i )  For each g € obrV, , t h e r e  i s  a commutative diagram

Fp(g) -> co l im  Fp

F(pg)
<P,££_

V
“> c o l im  F .

S i n c e  cp i s  an i n j e c t i o n ,  t i s  a l s o .  
Tpg g



I i )  a: C -* c o l im  Fp i s  an a d m i s s i b l e  map. I t  f o l l o w s  t h a t  t h e  

composit  ion

C --------2— > c o l im  Fp ——*— > c o l im  F

i s  a d m i s s i b l e .  For g € obFV, , pg G obC and cp F(pg) i s  open inc  pg
c o l im  F . Thus

a_1p *1 Vpg'CP*)

i s  open i n  C .

I f  g / £ obT-  i s  such  t h a t  pg ' = pg , th en  f o r  each x € ♦ / F p ( g ’)v e

p^ x £ /F(pg ') . Thus

U *g /F p (g ' )  C p^1 cppgF(pg) .

I f  * G p ”1 cp F(pg) , th en  p . x  € cp F(pg) . For some g '  € o b f _  ,
r * pg * Pg C

x € |  /F(pg /) . I f  pg ' * pg , th en  s i n c e  p.i|r , F ( p g ') = cc / F ( p g ') , 
g * 8  Vg

tp F(pg)  (1 Cp /F (pg ' )  * 0  .
Pg pg

I f  th e  d im en s io n s  o f  pg and pg ' are  e q u a l ,  th en  th e r e  i s  an edge  

h o f  r  (C) and a diagram

PgPg

which y i e l d s  a subgraph

h
* * /

pg Pg

o f  T (C) , T h is  graph can be l i f t e d  t o  g ' t o  y i e l d  a subgraph o f  r  :
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which yields a diagram
P~1h

g ■

and x i s  e q u a l  In the  c o l i m i t  t o  an e lem ent  y € ♦ wF(pgff) w i th  

Pg'' = PR •

I f  t h e  d im en s io n s  o f  pg and pg ' are u n eq u a l ,  th en  C tp g iP g ' )  * 

[ o r  s i m i l a r l y ,  C(pg ,pg)  + 0  ] .  The diagram

Pg

in  C y i e l d s  a subgraph

_E£_
Pg

o f  Fg(C) which may be l i f t e d  to  f  at  pg ‘

g

t o  y i e l d  a diagram

g '

which e q u a te s  x as  an e lem ent  o f  /F(pg ') t o  an e lem ent  y 6 fcF(ph)
g

-1I t  f o l l o w s  t h a t  i f  x € p+ q ^ F ( p g )  , th en  x € f /F(pg ') f o r  some 

g '€ obrc  such  t h a t  pg ' = pg . Thus



U * /P p (g ' )  = p"1 Cp F(pg) .
S Fo

By t h e  Lemma, t h e  union I s  d i s j o i n t  and

a 1p 1 cp F(pg)  = a 1 u i|t , F p ( g ') = u a 1 if ,Fp (g ' )
* pg g g

where th e  union i s  tak en  o v e r  a l l  g ' € obr„  such  t h a t  pg ' = pg .

S in c e  t h i s  d i s j o i n t  union  i s  open in  C , each component o f  i t  i s  

open in  C . In p a r t i c u l a r ,  th e  component a 1 ^ F p ( g )  i s  open in  C .

Theorem 3 . p ^ : c o l im  Fp -* c o l im  F i s  a c o v e r i n g  p r o j e c t i o n .

P r o o f : I f  x € c o l im  F , th en  x € Cf^F(g) f o r  some g € obC . S in c e

cp^F(g) i s  an open ne ighborhood o f  x which i s  e v e n l y  covered  by

P*1 VgFtg) = u  tg 'F p (g ' )

f o r  g '  such  t h a t  p g / = pg , p+ i s  a c o v e r in g  p r o j e c t i o n .  □

Remark: S in c e  C s a t i s f i e s  c o n d i t i o n  H^) f o r  each  morphism a  in  C

TTjF(of) i s  a monomorphism. C l e a r l y  Fp has th e  same p r o p e r t y .

Theorem 3 i m p l i e s  th e  f o l l o w i n g  r e s u l t :

Theorem 4.  C s a t i s f i e s  c o n d i t i o n  H ) , That i s .  f o r  each  g € obC . cp 
----------------- g
in d u c e s  a monomorphism o f  fundamental  g r o u p s .

P r o o f : For each g € obC t h e r e  i s  a commutative diagram

t
FpCg) ---------------6---------------> c o l im  Fp

V tp
F(g)  S ■-> c o l im  F .

S in c e  r  has  a g e n e r a t i n g  t r e e ,  remarks in  S e c t i o n  6 show th a t  

and Fp s a t i s f y  c o n d i t i o n  H ) , S in c e  p i s  a u n i v e r s a l  c o v e r in g  pro-
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J e c t l o n ,  p Induces  a monomorphism o f  fundamental  group .  Thus cp in d u c e s
g

a monomorphism f o r  each g € obC . □

To apply  th e  r e s u l t s  o f  S e c t i o n  9 t o  f  and Pp i t  i s  n e c e s s a r y  to  

know t h a t  th ey  s a t i s f y  c o n d i t i o n s  A) - 1 ) .  That i s ,  th e  c o n t e n t  o f  th e  

n ext  theorem.

Theorem 5 . I f  C i s  a con n ec ted  1 ' d im e n s io n a l  s - c a t e g o r y  and F: C -» Q 

i s  a f u n c t o r  such th a t  C and F s a t i s f y  c o n d i t i o n s  A ) ,  C ) , D ) , D ' ) ,  D * ) , 

F) , and H, )̂ and n ^ r  ( C ) ,* )  i s  c o u n t a b l e ,  then  f c  and Fp s a t i s f y  

c o n d i t i o n s  A, -  I ) .

Proof:  A) S in c e  vT (C) -  C , and C i s  c o u n t a b l e ,------------------------  g  0 U

( f _ ) _  = v f _  = TT (r (C) ,* )  X v f  (c) i s  c o u n t a b l e .C O  C 1 g g

B) By c o n s t r u c t i o n ,  V i s  1 -d im e n s io n a l  and i t  i s  c l e a r  t h a t  

any 1 -d im e n s io n a l  s - c a t e g o r y  i s  upward f i n i t e .

C) That f  s a t i s f i e s  c o n d i t i o n  C) i s  v e r i f i e d  by Theorem l i i )

o f  t h i s  s e c t i o n ,

D) That r  s a t i s f i e s  c o n d i t i o n  D) i s  v e r i f i e d  by Theorem 2
v

o f  t h i s  s e c t i o n .

D C o n d i t i o n  D'  i s  s a t i s f i e d  s i n c e  in  th e  c o l i r a i t ,  c o l im  Fp ,

no i d e n t i f i c a t i o n s  o t h e r  than th e  u s u a l  c o l l m i t  i d e n t i f i c a t i o n s  are  made.

D*) Fp s a t i s f i e s  c o n d i t i o n  d " s i n c e  F d o e s .

E) S in c e  ^ = f  and f" i s  a u n i v e r s a l  c o v e r i n g  grap h ,  f

i s  s im p ly  con n ec ted  and r „ (r _ )  i s  a t r e e .  By Theorem 2 o f  S e c t i o n  2 ,
D  V

e v e r y  maximal t r e e  in  r { f c ) i s  a g e n e r a t i n g  t r e e .

F) Fp i s  path  con nected  s i n c e  F i s .

G) S in c e  C i s  c o n n e c t e d ,  co l im  F i s  path  con n ec ted  and by
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Theorem 11) of this section, colim Fp is path connected.
H) I t  was n o ted  in  S e c t io n  6 th a t  i f  a 1 -d im e n s io n a l  s - c a t e g o r y  

s a t i s f i e s  c o n d i t io n  £) and H ^), th en  i t  s a t i s f i e s  c o n d i t io n  H ). S in c e

C s a t i s f i e s  c o n d i t io n  H^), does  a l s o .

I )  By P r o p o s i t i o n  20 in  S e c t io n  6 , s i n c e  f  and Fp s a t i s f y

c o n d i t io n s  C) and H ) , th ey  s a t i s f y  c o n d i t io n  I ) ,  □

Theorem 1 o f  S e c t io n  9 now a p p l i e s  t o  y i e l d

tt (c o l im  Fp ,*) = co l im (F p )  .

By Theorem 3 o f  t h i s  s e c t i o n  p^: c o l im  Fp -* c o l im  F i s  a c o v e r in g  p r o ­

j e c t i o n  so  th a t

tt ( c o l im  F p ,* )  = tt ( c o l im  F ,* )  
2  2

and

*) tt (c o l im  F ,* )  - co l im (F p )
TT

By d e f i n i t i o n ,  f o r  each  g € °t>rc  ,

(Fp) (g )  = (P p ) f ( g )
11 1 (g )  T

= ff' n ( F p ( g ) .y  )
1 (g )  d g

= no ( F (B)>y >
K g )  1 g

where I: f  -* Q i s  d e f in e d  as  in  S e c t io n  5 by

1(g )  = TTj (c o l im  Fp, *) /  tt̂  (Fp (g) , *)

f o r  each  o b j e c t  g € obC .

(Fp) n(g) i s  d eterm ined  by th e  second homotopy group o f  F (g )  . 

However, to  a c t u a l l y  compute c o l im  (Fp) i t  i s  n e c e s s a r y  t o  know th e
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e f f e c t  o f  (Fp) ^ on morphisms. I f  a  € f ^ g t g ^ )  , then  by d e f i n i t i o n

f o r  £ a € © tt ( F ( g ) , y  ) ,
A ‘ 1 ( 8 )  2  *

A A

2
S in c e  th e  d e f i n i t i o n  o f  (F p)T depends upon th e  c o n s i s t e n t  T (F )-sy s tem

2
T , i t  i s  not p o s s i b l e  to  r e l a t e  (Fp),j,(a) t o  F (a) . In f a c t ,  th e

2
d e f i n i t i o n  o f  (Fp) (a) in v o lv e s  an isomorphism induced by a path  which

does  not e x i s t  in  co l im  F . Thus in  g e n e r a l  i t  i s  not p o s s i b l e  t o  r e l a t e  

2
(Fp>T(a) back to  F . I t  i s  n e c e s s a r y  to  have e x p l i c i t  knowledge o f  

co l im  Fp . The n e c e s s a r y  in fo r m a t io n  i s  determ ined  by F and fundamental 

g r o u p s .

Of i n t e r e s t  i s  th e  a c t io n  o f  (c o l im  F , *) on ^ ( c o l l m  F ,* )  which  

we now p roceed  t o  d e s c r i b e .  For th e  rem ainder o f  t h i s  s e c t i o n , c o l im  F 

w i11 be assumed t o  be l o c a l l y  a r c w is e - c o n n e c te d ■

To b e g in ,  th e r e  i s  th e  u s u a l  f ix e d  p o in t  f r e e  a c t io n

a: rt (T (C) ,* )  X f  -* f
1 g

o f  ri^(r (C ),+ )  on i t s  u n iv e r s a l  c o v e r  f  . T h is  a c t io n  h e lp s  to  d e s c r ib e

an a c t io n

b: ^ ( r  (C) ,* )  X co l im  Fp -# co l im  Fp

o f  n^(r (C ) ,* )  on c o l im  Fp a s  f o l l o w s :

i )  I f  v G ( f _ ) n and a  € t t ( F  (C ) ,* )  i s  a n o n - t r i v i a l  homotopyv t) 1 £

e lem en t ,  th en  th e  a c t io n  a ( o ,v )  y i e l d s  an o th er  v e r t e x  v '  6 

w ith  th e  p r o p e r t i e s

a) v + v '

b) p v '  = p a (o ,) v) = pv



186

c) t vFp(v) n  +v ,F p (v ')  = 0 .

A l l  but th e  l a s t  p r o p e r ty  f o l lo w  from c o v e r in g  sp a ce  t h e o r y .  P ro p er ty  c )  

f o l l o w s  from th e  f a c t  th a t  F i s  c l o s e d  under f i n i t e  I n t e r s e c t i o n s :  i f

th e  i n t e r s e c t i o n  were non-em pty, th en  th e r e  would be an edge g € e f  

from v to  v* which p would p r o j e c t  in t o  a c i r c u i t  o f  l e n g t h  1 in  

r^ tO  which i s  im p o s s ib le  in  th e  g e o m e tr ic  graph o f  an s - c a t e g o r y .

i i )  I f  x € co l im  Fp , th en  f o r  some v e r t e x  v € C q t x € ^PpCv) .

( I f  x € ♦ Fp(p) f o r  g € (f_),  , then  the  morphism from g t o  a v e r t e xP v X

v y i e l d s  th e  a s s e r t i o n . )  For some y € Fp(v) , + y = x . I f  
g v

a  € TT^r (C) ( +) i s  a homotopy e le m e n t ,  then

= * « ( c , v ) y € ',a < a ,v ) F̂ <a(0,' V)) •

S in c e  Fp(v) = F ( p ( v ) )  = F ( p a ( o ,v ) )  = F p (a (o r ,v ) ) ,  y € F p (a (a r ,  v ) )  , and 

the  d e f i n i t i o n  makes s e n s e .

i i i )  I f  a i s  a n o n - t r i v i a l  homotopy e le m e n t ,  th en  x and b ( a ,x )  

occu r  in  d i s t i n c t  and n o n - i n t e r s e c t i n g  open s e t s  in  th e  c o v e r  o f  c o l im  Fp . 

I t  f o l l o w s  th a t  b d e f i n e s  a p r o p e r ly  d is c o n t in u o u s  a c t i o n .  I t  i s  a l s o

c l e a r  t h a t  th e  q u o t ie n t  o f  colira  Fp by t h i s  a c t io n  i s  c o l im  F . Thus

by P r o p o s i t i o n  8 . 2  in  Massey [® ] ,  co l im  Fp i s  a r e g u la r  c o v e r in g  o f  

co lim  F .

We now d e f i n e  a graph f  c  c o l im  F . I f  th e  c o v e r  [cpvF (v) i v g£ 

i s  f i n i t e ,  th e  c o n s t r u c t io n  i s  e a s y .  I f  th e  c o v e r  i s  not f i n i t e ,  

then  i t  may be w r i t t e n  as the  c o l i m i t  o f  i t s  f i n i t e  s u b c o v e r s  and th e  

argument i s  made i n d u c t i v e l y .  P r o p o s i t io n  15 o f  S e c t io n  6 a l lo w s  a 

f i n i t e  seq u en ce  o f  v e r t i c e s  o f  a co n n ected  s - c a t e g o r y  t o  be w r i t t e n  

in  such  an o r d e r  th a t  any i n i t i a l  seq u en ce  a l s o  d e te r m in e s  a co n n ec ted
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s-category. This ordering Is to be used in the Induction.
F i r s t  th e  graph r / c  c o l im  F i s  d e f in e d :

i )  The v e r t e x  s e t  v f / = {x G cp F{g) ] ,  . _ o f  i s  any s e t
g K gGobC

o f  d i s t i n c t  p o i n t s .

i i )  I f  x . x , € v r / and C (g ,g  ') * 0  , g # g ' th en  th e  edge  
g g

cK g.g*) € e r / from x t o  x / i s  any path
g g

a ( g , g ' )  € p <xg > 9g ,f Ck > >xg ') •

The i n v o l u t i o n  i s  path  i n v e r s i o n .

The graph f  £  r '  i s  a s u b s e t  and has th e  p r o p e r t i e s  th a t

i )  v f  i s  a s e t  o f  d i s t i n c t  p o in t s

i i )  The p a th s  d e term in in g  th e  ed g es  o f  f are  homeomorphs o f  the

u n i t  i n t e r v a l

i i i )  I f  two e d g e s  o f  f  i n t e r s e c t  i t  i s  o n ly  a t  t h e i r  e n d p o in t s .

Such c o n d i t io n s  are ea sy  t o  gu a ra n tee  in  th e  f i n i t e  c a s e  a c co r d in g  to

th e  f o l lo w in g  i l l u s t r a t i o n :

r
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r  i s  isom orp h ic  to  th e  f i r s t  b a r y c e n tr ic  s u b d i v i s i o n  o f  ^ ( C )  by

the map
c: T (C) ------- > c o l im  F

8

o f  T (C) o n to  f  a s  f o l l o w s :
8
i )  Each v € C„ = vT (C) i s  mapped t o  x0 g v

i i )  I f  v + v ' and th e r e  i s  an edge g € eT^(C) w ith  C (g ,v )  * 0

and C ( g ,v ' )  # 0  , then  th e  edge g i s  mapped hom eom orphically  o n to  th e

c o m p o s it io n

& a(g ,v) + a ( g , v ' )  .

i i i )  I f  cK g,v) € e f  i s  an ed g e ,  th en  s i n c e  g i s  1 - d im e n s io n a l ,

th e r e  i s  an o th er  v e r t e x  v £ vg such th a t  C (g ,v  ) * 0 . Then v and
8 8

v are  v e r t i c e s  in  T (C) and th e r e  i s  an edge g betw een  them. I t
g S

f o l l o w s  th a t  d i s  o n to .  C o n d it io n s  i ) - i i i )  on f  in s u r e  th a t  d i s

a homeomorphism o f  T^(C) o n to  p .

The n ext s t e p  i s  to  l i f t  f  to  th e  graph f '  in  th e  c o v e r  c o l im  Fp .

S in c e  f / i s  a l i f t ,  i t  c o v e r s  f  and i s  in v a r ia n t  under th e  a c t io n  o f

^ ( r ^ t C ) , * )  . Thus each  component o f  f '  i s  a r e g u la r  c o v e r in g  o f  f

and th u s  o f  Fg (C) . f*  i s ,  how ever, co n n ec ted  f o r  th e  f o l lo w in g  reason:

i f  x and x / are two l i f t e d  v e r t i c e s ,  th en  s in c e  c o l im  Fp i s  
g g

c o n n e c te d ,  th e r e  i s  a p a th  in  co l im  Fp from x^ t o  xg 7 • p r o j e c t i o n

o f  t h i s  p ath  i s  some path  in  c o l im  F . S in c e  p has e d g e s  in  each  open

s e t  in  th e  c o v e r ,  th e r e  i s  a path  from x t o  x , in  th e  graph f  .
pg Pg

The l i f t  o f  t h i s  path  i s  a path  in  f '  from x^ t o  xg 7 *

S in c e  by c o n s t r u c t io n  f o r  any x € c o l im  F , p has th e  same

c a r d i n a l i t y  as tt (T (C) ,* )  , f *  i s  the  u n iv e r s a l  c o v e r  f  o f  T (C) ,
1 g g

Thus P ' i s  s im p ly  c o n n e c te d .
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We now apply Lemma 1 .1  o f  [ 6 ]  t o  th e  space  c o l im  Fp , th e  su b sp ace  

f ; and th e  group Ti^(r^(C)t*) . The c o n c lu s io n  o f  th a t  Lenina s t a t e s  

th a t  ti (c o l im  F ,* )  i s  isom orp h ic  t o  th e  s e m i - d ir e c t  product determ ined  

by th e  s p l i t  e x t e n s io n

1 -¥ ti  ̂( c o l im  F p ,* ) — ( col i ra F ,* )  ^  " ^ (r ^ tC ) ,* )  -» 1

and th e  a c t i o n  o f  ^ ( f  (C ) ,* )  on (c o l im  Fp ,*) i s  th e  t o p o l o g i c a l l y  

induced a c t i o n .

I t  i s  p o s s i b l e  to  d e s c r ib e  the  a c t io n  o f  n ^ (co lim  F ,* )  on 

n (c o l im  F ,* )  in  term s o f  t h i s  s e m i - d ir e c t  sum d e c o m p o s it io n .  The u su a l  

a c t io n  o f  (c o l im  Fp ,*) on n ^ c o l i m  F ,* )  i s  den oted

d :  ( c o l i m  F p ,* )  X T ^ ( c o l i m  F ,* )  ------- > U j  ( c o l i m  F ,* )  .

Our f i r s t  c l a i m  i s  t h a t  the d i a g r a m  :

d
"l

(co lira  Fp ,*) X (c o l im  F ,* ) •> rt (c o l im  F ,* )

i  X 1

n (c o l im  F ,* )  X n2 (c o l im  F ,* ) ->  t t  ( c o l i m  F ,*)  £

commutes f o r  e th e  u s u a l  a c t i o n .  T h is  i s  more e a s i l y  s e e n  in  term s o f  

th e  u n iv e r s a l  c o v e r .  In th e  diagram :£i

T^(colim  Fp,*) X co l im  F -> c o l im  F

i  X 1

"l
( c o l im  F ,* )  X co l im  F ----- ^----- > c o l im  F

th e  maps f  and g  d en o te  th e  u s u a l  a c t i o n .  The way t h e s e  a c t i o n s  are  

d e f in e d  i s  g e o m e t r i c a l l y  by th e  l i f t i n g  o f  p a th s .  I f  cr i s  a r e p r e s e n t a ­

t i v e  o f  a c l a s s  in  ^ { c o l i m  F p ,* ) and x € co l im  F i s  a p o in t  o v e r  th e
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base p o in t  then  th e  a c t i o n  o f  a  on x i s  determ ined  by a l i f t  of o f  a  , 

I f  we now in c lu d e  Of in  (c o l im  F ,* )  , then  & i s  c l e a r l y  a l i f t  o f

i o  . S in c e  i t  i s  a l i f t  to  th e  u n iv e r s a l  c o v e r ,  i t  i s  th e  l i f t  o f  .

I t  f o l l o w s  th a t  a c l a s s  [ a ]  € (c o l im  Fp,*) d e t e m i n e s  th e  same a c t io n  

as i t s  image i [ o ]  € (c o l im  F ,+ )  and diagram ^  commutes. S in c e  th e  

a c t io n  o f  th e  fundam ental group on th e  h ig h e r  homotopy groups i s  determ ined  

by i t s  a c t io n  on th e  u n iv e r s a l  c o v e r  diagram commutes.

We now u se  th e  in c l u s i o n

j :  ^ ( r ^ t C ) , * )  ---------> (c o l im  F ,* )

o f  th e  p r e v io u s  s p l i t  seq u en ce  to  d e f in e  an a c t io n

h: tî  ( (C) , * )  X r ^ tc o l im  F ,* )  --------- > T^(colim F ,* )

by th e  c o m p o s it io n

(T (Cfc*) x n2 (c o l im  F ,* )

By c o n s t r u c t io n  th e  diagram

d( c o l  im F p ,* )  X ^ ( c o l i m  F ,* )  ----- >  n2 (c o l im  F ,* )

n^ (co lim  Ft *) X ^ ( c o l i m  F ,* )  — s—>  ^ ( c o l i m  F ,* )

^(r (c>,+) x n2 (c o l im  F ,* )  — - — > ^ ( c o l i m  F ,* )

A

commutes.

Each e lem en t o f  th e  s e m i - d ir e c t  p ro d u ct ,  rt̂  ( c o l im  F ,* )  , has a

r e p r e s e n t a t i o n  a s  a p a i r

(cr, B)
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f o r  a  E i^ C T  (C ) ,* )  and (3 € jrc^ (c o l im  F p ,* )  . Furtherm ore,

(a ,  3) = ( o , l )  • ( 1 , 0  , The a c t io n  o f  ( a ,  0  on x i s  th en  g iv e n  by 

th e  a c t io n  o f  {a,  1) on th e  image o f  x under th e  a c t io n  o f  ( 1 , 0 .  

T h is  i s , b y  c o n s t r u c t io n ,  th e  u su ^ l a c t i o n .

I t  i s  o b v io u s  th a t  th e  c o n s t r u c t io n s  o f  t h i s  s e c t i o n  g e n e r a l i z e  to  

th e  h ig h e r  d im e n s io n a l  groups e x a c t l y  as in  S e c t io n  9 .



§11. Simple Coverings.

Throughout t h i s  paper a re  r e f e r e n c e s  to  th e  f a c t  th a t  an open c o v e r  o f  

a space  can be r e p r e se n te d  by an s - c a t e g o r y  and a f u n c t o r .  T h is  s e c t i o n  

g i v e s  an e x p l i c i t  c o n s t r u c t io n  which r e a l i z e s  t h a t  r e l a t i o n s h i p .  T h is  

s e c t i o n  u s e s  some o f  th e  d e f i n i t i o n s  but none o f  th e  r e s u l t s  o f  p r e v io u s  

s e c t i o n s .

Not ev ery  c o v e r  i s  so  r e p r e s e n t a b le .  Those which a r e ,  are  th e  s im p le  

c o v e r s  d e f in e d  a s  f o l l o w s :

D e f i n i t i o n : Suppose A i s  a s e t  and X € obQ i s  a sp ace  w ith  an open

c o v e r  d  = f X . h , . .  . d  i s  a s im p le  c o v e r  o f  X p ro v id ed  o n ly  f i n i t e
A At A — —

su b c o v e r s  o f  d  have a n o n -v o id  i n t e r s e c t i o n .

The s - c a te g o r y  co rresp o n d in g  t o  d  i s  th e  s - c a t e g o r y ,  S((2) ,

d e s c r ib e d  as  f o l lo w s :

1) A su b se t  A £ A i s  a d m is s ib le  p rov ided

x .  = n x .  * 0  .
A X€A X

i i )  For an a d m is s ib le  s u b s e t  A £  A , I"A in d e x e s  th e  (maximal, non­

empty) p ath  components o f  X :
A

XA = u  x  
A V A

y€PA

where f o r  each  y € T , X  ̂ i s  a (non-em pty) path  component o f  . .

i l l )  For an a d m is s ib le  s u b s e t  A £  A and e lem en t Y € I \  »A
{y} X A -» A i s  th e  c o m p o s it io nY A

192
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{y} X A ----- ^ — > A---------------> A .

i v )  The o b j e c t s  o f  S(G) c o n s i s t  o f  a l l  o f  th e  f u n c t io n s  f o r  A

a d m is s ib le  and a  €  • The d im ension  f u n c t io n ,  d , i s  g iv e n  f o r  su ch  a

f u n c t io n  by | — 1 . In terms o f  t h i s  f u n c t io n  o b ( S ( 0 )  i s

d e s c r ib e d

( S ( C ) ) n = ta s A (A i s  a d m is s ib l e ,  ot € T'A, (a | = n + 1]

obS(C) = U ( S ( O )  .
n 0 t

v) For S , s_ € obSCO , i f  B £ A and i f  th e r e  e x i s t s  anOf A p o

i n c l u s i o n

Co,A; e ,B ):  ^   > 3^ .

Then SCO , gSfi) = [ ( o ,A ; g ,B ) }  . O th e r w ise ,  s  • pSB> = a  * Compo­

s i t i o n  i s  c o m p o s it io n  o f  i n c l u s i o n s .

P r o p o s i t i o n  1 . The p rocedu re  o u t l in e d  above g i v e s  th e  c a te g o r y  SCO th e  

s t r u c t u r e  o f  an s - c a t e g o r y  based on A .

P r o o f : That SCO i s  a c a te g o r y  i s  c l e a r .  The o b j e c t s  o f  SCO are

monomorphisms by d e f i n i t i o n .  S in c e  C i s  a s im p le  c o v e r ,  th e  a d m is s ib le

s u b s e t s  a re  f i n i t e .  A ls o ,  f o r  S . € o b ( S < 0 )  im( S . )  = A , Is ( O  ( S . , ftS )
Of A Of A a  A P B

s i  f o r  a l l  as A ^ s B e  obS( (D , and SCO ^  = 0  i f  im(gSB)

= B £  A = imC S )a A' *

I f  S .  € obSCO and B £ A , th enat A

x .  « n x .  <= n x .  -  x_
A m  x x ®

and th e  component i s  c o n ta in e d  in  a un ique path  component fo r

some 0 € T . I t  f o l l o w s  th a t  SCO C V  f i V  + 0  f ° r t h lS  ° n ly  t h lSB Of P
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object . Thus S(C3 is an s-category. □
The a p p r o p r ia te  f u n c t o r  F: S ( O  -* Q i s  d e f in e d  in  th e  o b v io u s  way:

i )  On o b j e c t s  S. € obS(GJ , F ( S . )  = X. .
oe A a  A' A

i i )  On morphisms, F i s  th e  I d e n t i t y .

P r o p o s i t i o n  2 . With th e  p r e v io u s  c o n v e n t io n s ,  c o l im  F = X ,

P r o o f : I t  i s  a g e n e r a l  theorem th a t  any sp a ce  i s  th e  c o l i m i t  o f  I t s  open

c o v e r  [ 5 ] ,  The argument f o r  Theorem Iv )  o f  S e c t io n  5 c o n t a in s  th e  b a s i c  

id e a s  needed f o r  th e  g e n e r a l  p r o o f .  □

Some o f  th e  c o n d i t i o n s  in  S e c t io n  6 are  a u t o m a t ic a l ly  s a t i s f i e d  by 

F and S(<3) •

Theorem 1 .  I f  {cp : F (g )  “♦ c o l im  F} _ a re  th e  c o l i m i t  induced  ----------------- g g€obC

morphisms, then

i )  C o n d it io n  C) : cp̂  i s  an i n j e c t i o n  f o r  each  g € obS({9  and

{cp^F(g) i s  an °Pen c o v e r  o f  c o l im  F ;

i i )  C o n d it io n  D ): F i s  c l o s e d  under f i n i t e  i n t e r s e c t i o n s ;

i i i )  C o n d it io n  D ') : cp F (g) = cp / F ( g ') , th en  g = g '  ;
g S

i v )  C o n d it io n  D") : cp^FCg) 4= 0  f o r  a l l  g € obS(G) ;

v) C o n d it io n  F ) : F i s  p ath  c o n n e c te d .

Profrf: i )  I n tt ie diagram ,£*

F (g)

c o l im  F -> X

th e  map i  i s  th e  i n c l u s i o n  o f  an open s u b s e t  o f  X i n t o  X . S in c e

F (g )  has th e  su bsp ace  to p o lo g y ,  i  i s  an i n j e c t i o n  and th u s  tp i s .
g S
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ii) If and are objects of S(C) and

0  * <p g f (  sA) n ^ Br < psB) = xA n ^  ,
a A

th en  0  * fl X = X (13L , and th e r e  i s  a fa m ily  TV -, which In d ex es
X€ALB X A ^  AL*

th e  path  components o f  X  ̂ ft Xg • C le a r ly ,  f o r  each  y € >

F ( y3 ALP) ^ yXA^P 

i s  a p ath  component o f  th e  i n t e r s e c t i o n  and

v € r F<v W  = **1* ’
v€rALB

A ls o ,  S ^ ^ a u b ' c / a *  * 0  and S (^ \ SALB’ * 0  f o r  ®aCh Y € PALB *

i i i )  I f  SAIQS_ e  obS(C) and a  A p B

‘A 55 ‘W W  ' ‘W 'X ’ “ ‘A
fo r  i  th e  i n j e c t i o n  in  diagram 3  , then  .  I t  f o l l o w s  from

th e  c o n s t r u c t io n  th a t  A = B and a  = p .

iv )  t^ P (g) + 0  f o r  a l l  g € obS(C) by d e f i n i t i o n  o f  a d m is s ib le  sub ­

s e t  o f  A .

v) F i s  p ath  co n n ec ted  s in c e  f o r  each  o b j e c t  S A € obS((2), F( SA)K cr A a  A

-  X, i s  a p ath  component o f  X, . □a  A A



§12. Examples.

Example 1 . Suppose Y i s  a f i n i t e  graph w ith  no c i r c u i t s  o f  l e n g t h  1 and

n i s  an i n t e g e r  g r e a t e r  than  o r  eq u a l  t o  2 . The sp a ce  (Y-,^ )  i s  th e

graph o f  n - s p h e r e s  d e f in e d  a s  fo l lo w s :

i )  For each  v e r t e x  w € vY an n - s p h e r e ,  , i s  a s s o c i a t e d .  For

w neach  edge y € eY , w ith  o ( y )  = w , a p o in t  x € S i s  s e l e c t e d  a ty w

random e x c e p t  d i s t i n c t  p o in t s  are  a s s o c i a t e d  t o  each  such  e d g e ,

i i )  The sp a ce  (Y ,n ) i s  th e  q u o t ie n t

U s n /  ~
vY W

wwhere x W /x f o r  y an edge w ith  o ( y )  =■ w and t ( y )  = o ( t y )  = w

For exam ple, i f  Y i s  th e  graph

then  (Y , 2) i s  th e  sp a ce

=x

196
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The n -e p h e r e s  form a c o v e r  o f  (Y ,n) and i f  th ey  a re  f a t t e n e d  in

th e  uBual way th e y  w i l l  form an open c o v e r  in  which no th r e e  e v e r  i n t e r s e c t

and In which a l l  non-empty i n t e r s e c t i o n s  a re  c o n t r a c t i b l e .

The c o n s t r u c t io n  o f  (Y ,n) i s  such  th a t  i f  C i s  th e  s - c a t e g o r y

a s s o c i a t e d  t o  th e  d e s c r ib e d  c o v e r ,  th en  r  (C) = Y . We now u s e  th e  r e s u l t s
K

o f  S e c t io n  10 t o  compute t t  (Y ,n) f o r  m ^ n . C l e a r l y ,  i f  m < n , thenm

s i n c e  each  e n tr y  in  th e  c o l i m i t  i s  z e r o ,  t t  (Y ,n) = 0 . t i  (Y ,n ) i s  th em n

o n ly  i n t e r e s t i n g  c a s e .

I f  Y i s  a t r e e ,  th en  th e  S e i f e r t  van-Kampen Theorem o f  S e c t io n  4 

y i e l d s  TT^(Y,n) = 0 and th e  c o r o l l a r y  t o  Theorem 2 o f  S e c t io n  9 y i e l d s

tt (Y,n> = © E n vvY

w ith  th e  t r i v i a l  a c t i o n .

I f  Y i s  not a t r e e ,  then  by S e c t io n  10 ,

tt  (Y ,n) =  ®  Z 
n vY

t o r  Y th e  u n iv e r s a l  c o v e r  o f  Y . In d e te r m in in g  th e  fundam ental group

a c t io n  f o r  t h i s  c a s e  one n o t e s  th a t  th e  comments on th e  group a c t io n  in

S e c t io n  10 y i e l d  th a t  n^CYtn) o c c u r s  in  th e  s p l i t  e x a c t  seq u en ce

0 -- > ^(Y.n)  > (Y,n ^  > t̂ CY) ---> 0 .

S in c e  (Y ,n ) = (Y ,n ) and th e  c a te g o r y  a s s o c ia t e d  w ith  (Y ,n) has a t r e e  as

i t s  g e o m e tr ic  graph, th e  Van Kampen Theorem y i e l d s  a s  b e fo r e  th a t

n^(Y,n) = 0  . I t  f o l l o w s  th a t  rr^(Y,n) = tt̂ (Y) and th e  a c t i o n  o f  TT^(Y,n)

red u ces  t o  th e  a c t io n  o f  tt̂ CY) . T h is  a c t io n  i s  d eterm ined  by th e  a c t i o n

o f  t l (Y) on Y a s  the  c o o r d in a te  s h i f t  in  © X ,
vY

For any f i n i t e  graph Y w ith  tt (Y) * 0 , th e  sp ace  (Y ,n )  has
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tt  (Y,n) = S' Z . 
n vY

As a group t h i s  I s  j u s t  th e  d i r e c t  sum o f  co u n ta b ly  many c o p ie s  o f

thFor such  g r a p h s ,  th e  n homotopy group s are isom orp h ic  as  g ro u p s ,  

e v e r ,  as modules o v e r  th e  fundam ental group th ey  are  d i s t i n c t .

We w i l l  c o n s id e r  th e  p a r t i c u l a r  c a s e  n = 2 f o r  th e  graph Y :

The sp a ce  (Y ,2 )  may be drawn

=x

2S

=x- X

S in c e  (Y) = Z * Z *  0  , tt2 ( Y , 2 ) = ©  Z .
vY

To d e s c r ib e  th e  a c t io n  we p ic k  a b a se  p o in t  a t  random: say  v 

Some o f  th e  u n iv e r s a l  c o v e r  o f  Y lookB l i k e  th e  graph

How-
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V3

where th e  l a b e l s  I n d ic a t e  th e  image o f  th e  edge under th e  c o v e r in g  map.

rt^(Y) i s  a f r e e  group on two g e n e r a t o r s  which we l a b e l  a and b . a

co rresp o n d s  t o  th e  path  £y„ , y _} and b c o rr esp o n d s  t o  th e  p ath  {y„»y . ]2 1 « 4

The a c t io n  o n ly  a f f e c t s  the g e n e r a t o r s  which a r i s e  from s p h e r e s  which
2

c o v e r  S , The a c t io n  o f  a maps such a g e n e r a to r  to  a g e n e r a to r  
V2

co rr esp o n d in g  to  a sp h ere  one l e v e l  down in  th e  p r e v io u s  p i c t u r e .  The

a c t i o n  o f  b moves i t  one u n i t  t o  th e  r i g h t .  A word in  a and b th en
2

maps th e  g e n e r a to r  o f  n (S ) in  th e  o b v io u s  way a c co r d in g  to  th e
V2

2 3 —1 2in d iv i d u a l  a c t i o n  o f  each  c o n s e c u t iv e  l e t t e r .  For exam ple, a b a  b 

moves th e  g e n e r a to r  2 t o  the r i g h t ,  1 up, 3 more t o  th e  r ig h t  and 

th en  2 down. The a c t i o n  on an a r b i t r a r y  e lem en t o f  n^(Y,n) i s  induced  

in  th e  o b v io u s  way by t h i s  a c t io n  on th e  g e n e r a to r s  o f  th e  d i r e c t  sum.

Example 2 .  The p r e v io u s  example can be ex ten d ed  in  th e  f o l lo w in g  way:

D e f i n i t i o n : I f  Y i s  a graph , th en  a Y -fa m ily  o f  grou ps J<Y) i s  a
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c o l l e c t i o n  o f  a b e l ia n  groups = (G } and monomorphisms {of } such th a tw, y

i )  to  each  v e r t e x  w € vY . co rr esp o n d s  a group G ;

i i )  t o  each  edge y € eY , corresp on d s  a group G w ith  G = G
y y

f o r  each y 6 eY ;

i i i )  f o r  each  G th e r e  i s  an in c l u s i o n  of . . : Gy y , o ( y )  y o (y )

from the  group co rresp o n d in g  to  y t o  th e  group co rr esp o n d in g

to  i t s  i n i t i a l  p o in t .

For n  ̂ 2 such a fa m ily  o f  groups i s  r e p r e se n te d  g e o m e t r i c a l l y  as

th e  space  J<Y,n) a s  f o l l o w s :

i )  t o  each G i s  a s s o c i a t e d  a K(G ,n) f o r  seme x , x x

i i )  f o r  each  edge y , K(G^,n) i s  a d jo in ed  to  K C G ^^^n) v ia  th e

mappping c y l in d e r  o f  th e  in c l u s i o n  Of 

For example i f  Y i s  th e  graph

y , o ( y )

then  G(Y,n) i s  th e  sp ace

K (G

K(G

K(GK(G , n )
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The a p p r o p r ia te  c o v er  f o r  t h i s  example i s

Again th e  a s s o c i a t e d  s - c a t e g o r y  has g e o m e tr ic  graph Y .

I f  Y i s  a t r e e  t h e n Js in c e  n s  2 f a l l  th e  e le m e n ts  in  th e  c o v e r  are

w ith  th e  t r i v i a l  a c t i o n .

The c a s e  when Y i s  not a t r e e  w i l l  y i e l d  th e  d i r e c t  sura o f  co u n ta b ly

Example 1 .

I f  we d e l e t e  th e  c o n d i t io n  th a t  th e  groups be a b e l ia n  and s e t  n = 1 , 

then  th e  sp a ce  J<Y,1) g i v e s  a g e o m e tr ic  p i c t u r e  o f  a group o f  graphs  

as s t u d ie d  by S erre  f l 'J .

Example 3 . In t h i s  example th e  s p a c e ,  X , i s  th e  1 p o in t  un ion  o f  two 

c o p ie s  o f  th e  1 - p o in t  un ion  o f  a c i r c l e  and a 2 - sp h e r e :

s im p ly  con n ected  and as b e fo r e  ^ ( ^ ( Y . n ) )  = 0 . In t h i s  c a s e

n (J<Y,n)>n
f? G 

w€vY w

many c o p ie s  o f  each  f o r  w E vY . The a c t io n  i s  d e s c r ib e d  as in
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w ith  th e  I n d ic a te d  two p ie c e  open c o v e r .  The u n iv e r s a l  c o v e r  o f  X i s  

th e  u n iv e r s a l  c o v e r  o f  th e  f i g u r e  8 w ith  2 - s p h e r e s  a t ta c h e d  between  

v e r t  i c e s :

j S ------

e t c .

S in c e  th e  index  o f  r ^ f u ^ x )  in  tt̂ X . x) i s  c o u n ta b ly  i n f i n i t e ,  th e  

r e s t r i c t i o n  o f  t h i s  c o v e r  to  i s  a c o u n ta b ly  i n f i n i t e  sequence  o f

u n iv e r s a l  c o v e r s  o f  U, *
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The a c t i o n  o f  a on t h i s  c o v e r  moves th e  g e n e r a to r  one u n i t  t o  th e  r i g h t .  

The a c t io n  o f  b in te r c h a n g e s  s h e e t s  and moves th e  g e n e r a t o r  one u n i t  up.

The p o in t  h ere  i s  t h a t  th e  d e s c r i p t i o n  o f  th e  fundam ental group a c t io n  

on t h i s  p a r t  o f  th e  c o v e r  I s  no e a s i e r  than  i t s  d e s c r i p t i o n  in  g e n e r a l .

Example 4 . (due to  E. Dyer) T h is  example i l l u s t r a t e s  th e  n e c e s s i t y  o f

th e  h y p o t h e s i s  th a t  th e  I n c l u s i o n s  in  the  c o v e r  in d u ce  monomorphisms o f

th e  fundam ental g ro u p s .  We w i l l  p r e s e n t  two s p a c e s  w ith  d i f f e r e n t  second  

homotopy grou ps but w ith  c o v e r s  which are  i n d i s t i n g u i s h a b l e  by t h e i r  homo- 

topy  groups o r  th e  fundam ental group a c t io n .

Let A = K(Z ,1 )  = P (R) and X = K (Z „,2) . The cohomology o f2 00 2

Pffl(R) i s  a p o ly n o m ia l r in g  in  a s i n g l e  g e n e r a to r ,  Tj , in  d im en sion  1.

T|2 i s  a cohomology c l a s s  in  H2 (A ;* 2> = [K(Z2 , 1) ,K (*2 , 2) ] . Thus th e r e

* 2i s  a map f :  A -» X such th a t  f  ( i )  -- T] f o r  i  th e  fundam ental c l a s s .

The mapping c y l i n d e r  c o n s t r u c t io n  r e p l a c e s  f  by a c o f i b r a t i o n .

The lo n g  e x a c t  homotopy seq u en ce  o f  t h e  p a ir  (X,A) i s

0 = tt2 (A ,* )  -> n2 <X,*) -» tt2 (X,A,*> (A ,*) ^ ( X , * )

-* D (X ,A ,* )  -♦ T^(A) = 0 .

S in c e  n ^ fx ,* )  = 0 , t h i s  y i e l d s  th e  sh ort  e x a c t  sequen ce

1) 0 -» Z2 -» tt̂ X .A ,* )  -* Z2 0

and th e  f a c t  th a t  n ^ (x ,A ,* )  = 0 . S in c e  X and A a re  con n ected  

th e  r e l a t i v e  Hurewlcz isom orphism  theorem y i e l d s

2) H (X,A;Z) = 0 

and

3) h: T72 (X ,A ,* )  H2 (X ,A ;D  i s  o n to .
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The u n i v e r s a l  c o e f f i c i e n t  theorem  f o r  homology y i e l d s  t h e  s p l i t  s h o r t  

e x a c t  s e q u e n c e

0 -4 H2 (X,A:Z)  ® ^  -> H2 ( X ,A :* 2 )  -* T o r C ^  (X, A: Z ) , * 2 > -4 0

which  i n  v i e w  o f  2) i m p l i e s

4)  H2 (X,A:X)  <8 * 2 - H 2 ( X , A ; * 2 ) .

The l o n g  e x a c t  c o h om ology  s e q u e n c e  o f  t h e  p a i r  (X,A) i s  

♦
5)  -  H2 (A ;* 2 )  < i-? -—  H2 ( X ; * 2> -  H2 <X,A;Z2> -  H ^ A ; ^ )  -  0

H ^ A ; *  ) i s  Z and i s  g e n e r a t e d  by T|2 . H2 (X;Z ) i s  Z and i s  
6 2 £ &

+ 2  *g e n e r a t e d  by i  . S i n c e  f  ( i )  = T1 , f  i s  an i som or p h ism  and

k e r  f  = 0 . Thus H2 (X ,A ;Z„)  ) . But Hl (A;Z ) 2* Z . S i n c e
2  2  2  2

(X,A) i s  a f i n i t e  c e l l  c o m p le x ,  H (X,A;Z ) i s  a f i n i t e  v e c t o r  s p a c e  and
2 2

o
t h e  u n i v e r s a l  c o e f f i c i e n t  th e ore m  y i e l d s  H ( X f A ; ^ )  — H2 (X ,A ;Z 2 > . Thus

K2 ( X , A ; « 2 ) = * 2 .

I f  H (X,A;Z)  were  not  c y c l i c  t h e n  i t  would be t h e  d i r e c t  sum o f

c y c l i c  g r o u p s  and s i n c e  t e n s o r i n g  commutes w i t h  d i r e c t  sum, H2 ( X , A ; U  ® Z2

would be a d i r e c t  sum. Thus H (X ,A ;Z)  i s  c y c l i c .
2

The homology s e q u e n c e  o f  t h e  p a i r  (X,A) i s

6)  H2 (A;X) -* H2 (X;Z) 4 H 2 (X(A ; »  - t H ^ A ; * )  - ^ ( X ; * )

S i n c e  A i s  p r o j e c t i v e  s p a c e ,  H (A;Z) = 0 . The H ur ew ic z  i som orph ism2

th e o re m  y i e l d s  H2 (X;Z) ^  n2 ( X ; * )  ^  Z 2 a* ̂ ( A , * )  ^ H j CAjZ) .  Thus t h e

lo n g  e x a c t  s e q u e n c e  6 )  y i e l d s  t h e  s h o r t  e x a c t  s e q u e n c e

7 )  0 -4 I 2 -» H2 ( X , A ; »  i Z 2 4 0  .

S i n c e  H (X,A;ZD i s  c y c l i c ,  i t  i s  Z . The s h o r t  e x a c t  s e q u e n c e  1)
2 *

g i v e s  ti ( X , A , * )  t o  be e i t h e r  Z0 © Z o r  Z  . By 3)  t h e  Hurewicz
2 2 2 4

map i a  o n t o  s o  t h a t  ri ( X , A , * )  Z4 ,
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The k e r n e l  o f  h Is  g iv e n  by

k e r (h )  = [x -a x  |x € tt̂ x . A , * ) ,  a € ^ ( A t* )  } .

S in c e  tt2 (X ,A ,* )  = H2 (X,A;Z) , k er  h = 0 and th e  a c t io n  o f  n^CA) on

tt (X ,A ,* )  i s  t r i v i a l .  By 1) tt (X ,* )  — >rr (X ,A ,* )  i s  m onic . S in c e  th e  a c t i o n  
2 «  2

commutes w ith  t h i s  map, th e  a c t io n  o f  t t  (A ,* )  on tt (X ,* )  i s  t r i v i a l .X «

From [ 4 ]  we have th a t  th e  r e l a t i v e  Hurewicz isomorphism may be 

w r i t t e n  as th e  c o m p o s it io n

8 )  tt2 (X ,A ,* )  ° n t °" > n2 (X U CA,*) ----- > H2 <X U CA;*) ^ H 2 <X,A;*)

( f o r  CA th e  cone on A) .

That th e  f i r s t  map i s  o n to  i s  a consequen ce  o f  th e  t r i a d  c o n n e c t i v i t y

theorem and th e  e x a c t  sequence

TT3 (X U CA;X,CA,*) — > tt2 (X ,A ,* )  — > ^ ( X  U CA.CA) = TT^X U CA,*) .

(A gain , s e e  [ 4 ] ) .

The c o m p o s it io n  8) may be r e w r i t t e n

Z4 ° n t°  > tt2 (X U CA,*) ----- > ZA .

S in ce  t h i s  i s  an isomorphism

tt2 <X U CA,*) = *4 .

We are  now ready to  p r e s e n t  th e  two s p a c e s .

Space 1 : T h is  i s  formed by a t t a c h in g  a cone to  A on the  mapping

c y l i n d e r  o f  f  :
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CA

Then X U CA i s  th e  p u sh -o u t

CA

/

U CA

By h y p o t h e s i s ,

i )  tt (A ,*) -  %2 and t t^ A ,* )  = 0 ,  i  * 1 ;

i i )  rr^CA,*) = 0 ;

i i i )  tt <Xf *) = Z2 and (X ,*) = 0 ,  i  *  2 ;

iv )  ^ ( A , * )  a c t s  t r i v i a l l y  on tt̂ X , * )  (and on tî  (A ,* )  , i  ^ 2 ,

n^CX,*), 1 ^ 2  and tt̂ C A ,* )  s in c e  a l l  t h e s e  groups are t r i v i a l . )

Our p r e v io u s  r e s u l t  was th a t  in  t h i s  case*

tt2 (X U CA,*) ^  Z4 .

Space 2 : T h is  sp a ce  i s  th e  one p o in t  u n ion  o f  th e  unreduced su s p e n s io n  o f

A, SA, and X :

CA

-> X
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This space is the push-out

A  > CA

V v
Y ---------------> XVSA

The sp a ce  A i s  th e  same a s  b e fo r e  and Y 

type  as X . S in c e  t̂ CA,*) a c t s  on ^ ( X , * )  

tt̂  (A,* )  -* ^ ( X , * )  , th e  a c t i o n  o f  n^(A,*) on  

However,

n 2 (XV SA,*)  = n 2 ( K ( * 2 , 2 )  VSK(Z2 , 1 ) )  -  Z 2

has th e  same homotopy 

through  th e  i n c l u s i o n  

tt̂ CX,*) i s  t r i v i a l .
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