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Abstract

Thresholds in Random Graphs

By: Ariel Halpert
Advisor: Prof. Janos Pach

This thesis follows the work of Erdés and Rényi, on the evolution of ran-
dom graphs. We consider several models of random graphs and present re-
sults relating to the asymptotic existence of certain invariant graph theoretic
properties, such as connectedness and planarity.

In Chapter 1 we describe a dynamic load sharing algorithm for a cellular
telephone network with n transceiver towers. We model this network via a
hypergraph and show how a random sequence of calls within the network
can be modelled by a random bipartite graph. We show that an admissible
sequence, i.e. a sequence of calls, each of which is accepted by the network,
is equivalent to the existence of a matching of the random bipartite graph

and find thresholds on the number of calls for admissibility.

iv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In Chapter 2 we study the Gy model for random graphs. In this
model, each vertex randomly connects “out” to k other vertices. We find
connectivity, planarity and maximal degree properties of the model. We
also extend the model to non-integer values of k& and find connectivity and
planarity properties for this model as well.

In Chapter 3 we use combinatorial techniques for counting the num-
ber of connected random graphs in G;_ou to solve number theoretic prob-
lems related to determining the asymptotics of > w;,wy, - - - wy, where w =
(wy, we, w3, - ) is a sequence of numbers called weights and the sum is taken
over all k-part compositions t; + t2 + - - - + tx of n. We note that although
this problem has been recently solved using methods of complex analysis,

our combinatorial approach is of interest due to its relative simplicity.
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Chapter 0

Introduction

This thesis follows the work of Erdés and Rényi of half a century ago, on the
evolution of random graphs. In their work they considered among other mod-
els, the random graph model I', . In this model each graph with n labelled
vertices and IV edges is equally likely. In the limit as n — oo, they found that
the probabilities of a random graph having certain fundamental structural
properties, properties that remain invariant with a graph isomorphism, sud-
denly changed from 0 to 1, as the number of edges reached a critical function
of n. They termed such a function a threshold function. For example, the
threshold for the number of edges required so that there is a.s. a triangle in
a random G € I'y, v, is n and the threshold for connectedness is nlogn. We
consider several models of random graphs and present results relating to the
asymptotic existence of certain invariant graph theoretic properties, such as

connectedness, planarity and a matching within these models.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In Chapter 1 we describe a dynamic load sharing algorithm for a cellular
telephone network with n transceiver towers. We model this network via a
hypergraph and show how a random sequence of calls within the network
can be modelled by a random bipartite graph. We show that an admissible
sequence, i.e. a sequence of calls, each of which is accepted by the network. is
equivalent to the existence of a matching of the random bipartite graph. We
then prove that the expected number of rejected calls E[X ], in a sequence

of m calls has the threshold function

— 0 if mg nril,
lim E[X,] = .
nee oo if m > nF.

We use martingale techniques to show that random call sequences of length
m < O(n71) will a.s. have a matching, i.e. be admissible and that sequences
of length m > O(n'_+r175) will a.s. not be admissible. Here r represents the
uniform number of transceivers available within each calling region. In the
case r = 2, we find a probability distribution for admissibility.

In Chapter 2 we study the Gp_o.u: model for random graphs. In this
model, each vertex randomly connects “out” to k other vertices. We find
connectivity, planarity and maximal degree properties of the model. We also
extend the model to non-integer values of k and find structural properties
for this model as well. We use the “Poisson Paradigm” to show that the
number of isolated vertices in Gy_oy: is Poisson with mean e72/2. From there

we prove that the the model Gs_.out is disconnected with positive probability
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for € > 0. In contrast, if ¢ = 0 then the graph is a.s. connected. We also

prove that for constant k& the maximum degree A of Groy is a.s.

From there we prove that Gj1e-out is a.s. non-planar for ¢ > 0. In contrast if
€ = 0 then the graph is always planar.

In Chapter 3 we use combinatorial techniques for counting the number
of connected random graphs in Gy ou to solve number theoretic problems
related to determining the asymptotics of Z,m(n) Wy, Wy, +* - Wy, Where w =
(wy, wa, ws, - -+ ) is a sequence of numbers called weights and the sum is taken

over all k-part compositions t; + t; + -+ + t; of n. In particular, we prove

that if p > 3/2 and n, k are positive integers so that k£ < n — 1, then

1 k a*

= < (n—k)7?

Z ( 1t2 -~ 1)P tl+t2'§‘tk=n (tata---tx)P V2r )
t;>1,1<j<k

where @ = e'/12 \/27. We note that although this problem has been recently
solved using sophisticated methods of complex analysis, our combinatorial

approach is of interest due to its relative simplicity.
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Chapter 1

Cellular Telephone Networks

and Random Bipartite Graphs

1.1 Introduction

In the first part of this dissertation we study the call acceptance behavior of
an idealized cellular telephone network. Given a large network with n calling
regions and a sequence of m calls placed randomly to regions of the network
we find thresholds for m so that all calls of the sequence are accepted. We do
this by modelling the network via a hypergraph and then consider a bipartite
graph with the modelled hypergraph as one component and the sequence of
calls as the other. We then show that a perfect matching of this bipartite
graph is equivalent to the acceptance of every call in the sequence and find

conditions under which the random bipartite graph has a perfect matching.
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1.1.1 Non-Idealized Systems

At the second International Workshop on Discrete Algorithms and Meth-
ods for Mobile Computing and Communications in 1998, Matula, Iridon and
Yang presented a paper [29] which motivated the problems that we have an-
alyzed. In our research we idealized the system in their paper and consider
only the combinatorial elements of their work. We thus ignored any phys-
ical and engineering problems present in the design and implementation of
cellular telephone networks. We briefly mention here some of the physical
and engineering issues that are present in the real world system invented by
Matula and Yang [40] in order to motivate our research.

The system of Matula and Yang allows for callers within a calling region
to connect to a set of transceivers. A single transceiver can accommodate
several calls by several resource sharing methods. Typically, each call will
communicate with a transceiver within a narrow frequency band. Several
calls can be directed to the same transceiver each at different frequencies.
This method is known as Frequency Division Multi Access or FDM. Time
Division Multi Access or TDM is a method by which calls can communicate
with a transceiver at the same frequency but at discretized time intervals,
each call communicating with the transceiver for a an integer number of
milliseconds at a time after which a different call is allowed access to the
transceiver. A combination of FDM and TDM known as Code Division Multi
Access or CDM is now most often used in cellular telephone networks.

Each of the three methods FDM, TDM and CDM have relative advan-

5
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tages and disadvantages which in practice would affect the capacity of a
system to accept a random sequence of calls. In our analysis we assume that
each transceiver has a finite load capacity c of calls that it can handle at any
point in time. We do not consider the method by which a call is transmitted
to the network and assume the only issue in connecting a call to a transceiver
is that of finding a matching of our modelled bipartite graph. In reality issues
such as limited frequency bandwidth, transmission interference, topography,
weather and transmission power, among others will affect the performance
of the system!.

The main result in the Matula and Yang paper is the Capacity-Demand
Theorem which shows that an assignment of calls to transceivers exists under
certain conditions similar to those of the Konig-Hall Lemma. Finding such
a matching could be accomplished only via a centralized decision algorithm.
Such an algorithm would have information on the location of every call and
the load of every transceiver. It would then make the necessary switches of
calls from one transceiver to another in order to accommodate all calls. In
practice switching calls creates a load on the power and computing resources
of the system and decreases reliability and thus is to be minimized. Addition-
ally, a centralized algorithm would take too long to find a perfect matching
and thus local algorithms are needed. Our results represent a theoretical

maximum for the call acceptance performance of the system for a centralized

1My thanks to Prof. Amotz Bar-Noy for our discussion on the physical and engineering
issues mentioned here.
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algorithm.

1.1.2 Random Graphs

We now turn our attention to the study of random graphs, which we use as
an idealized model of the cellular telephone network. The study of random
graphs was pioneered by Paul Erdés and Alfred Rényi with an investigation
of the connectivity of random graphs which resulted in a series of seminal
papers published from 1959 - 1961 [12], [13] and [14]. In these papers they
analyzed connectivity properties of a random graph process in which an edge
is randomly added to a graph of large order n at each point in the process.
They considered two related models, G, , and G, ps. In the G, , model each
vertex pair is given an edge with probability p = p(n) and in the G, »s model
the process randomly adds edges from the remaining vertex pairs without
edges until there are M edges in the graph. Among other things, they found
thresholds on M and p for almost sure (a.s.) connectivity. In the next chapter
we will discuss connectivity thresholds for a third model of random graph.
From 1964 - 1968 Erd6s and Rényi published a second set of papers finding
among other things, thresholds for the a.s. existence of perfect matchings in
random graphs [15], [16] and [17]. A perfect matching in a graph G = (V, E)
is a subgraph of G that covers V' and consists of disjoint edges. They show
that the threshold for minimum vertex degree § = 1 is the same threshold as
that for a perfect matching. In particular if G € G, 5, is random graph from

a random bipartite graph space with n vertices in each class and probability

7
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p for an edge between any two vertices in different classes, they showed that

1 if np —Inn — oo,
Pr[G has a perfect matching] = ¢ e=2 if np—Inn — ¢,
0 if np—Inn — —oo0.

This is an example of the “minimum degree phenomenon” [31], which
states that if a necessary condition for a random graph to have Property P
is a minimum degree of § then the threshold for Property P is the same as
the threshold for a minimum degree of §.

A similar problem to the one considered in our research is contained in the
paper of Gimbal and Palmer [24]. They consider a random bipartite graph
model B, , with vertex sets U and V of size n, and in which each vertex u
in U independently chooses a set of r vertices in V' as neighbors. They find

conditions on 7 so that a random graph from B, , has a.s. a perfect matching.

1.1.3 The Idealized Cellular Telephone Network Prob-

lem

We now turn to our problem, which is an idealization of the cellular telephone
network that considers only the graph theoretic elements of the physical sys-
tem. The network consists of n calling regions, each region being associated
with a fixed number of transceivers s, and each transceiver being capable of

servicing at most a constant number of calls ¢, at any one point in time.
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We consider a random sequence of calls placed within the calling regions
of the network. The network is equipped with the load sharing algorithm of
Matula and Yang, which finds, if possible, a set of switches of calls. Each call
may be switched from its current transceiver to a neighboring transceiver,
with the intent of freeing a transceiver somewhere in the network to accept
a subsequent call. As previously implied the algorithm finds a matching of
calls within regions to neighboring transceivers, if in fact such a matching
exists.

For the purposes of our analysis we assume that each call, once placed
within a particular calling region remains immobile and additionally, does
not terminate. Thus we consider essentially the state of the network at a
single point in time.

Given such a network and algorithm or system, one may inquire as to
the length of admissible sequences as a function of n, the number of calling
regions within the system. In our analysis we find threshold functions for
the lengths of admissible sequences. Additionally, Fléridn Lengyel [26] has
also found a limiting probability distribution for the linear system which is

described in the next section.

1.2 Polygonal Models

Our first step in this analysis is to model the system in a most direct manner.

We do this via a polygonal lattice-like tiling. By lattice-like we mean that
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vertices of the tiling polygons meet other polygons at vertices and not at
edges. Subsequently we model the system in a graph theoretic setting, re-
alizing through this process that the geometry plays no role in the system’s
call sequence acceptance behavior. Rather, it is the incidence relationships
of regions and their associated transceivers that plays the pivotal role. In
fact, our results are independent of the dimension of the system. Despite

this statement we begin with a description of the simplest geometric model.

1.2.1 The One Dimensional Model

We model the linear system as a segment of length n over R. More precisely,
the system is represented by the interval [0, n] with integer points represent-
ing transceiver towers and the segments between towers representing calling
regions or cells. Figure 1.1 depicts a section of a linear system. Calls placed
to cells of the system, represented by z’s, may be routed through either the
right or left transceiver tower of that cell, as indicated by the arrows from

the z’s. Cells are labelled ¢ — 1 through 7 + 4.

A A s S A
i-1 i i+l i+2 i+3 i+4

Figure 1.1: Section of a One Dimensional System

In our current example each tower may serve at most one call. Thus a

set of switches is necessary to accommodate a new call, represented by a y,

10
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placed in cell i. Broken line arrows in Figure 1.2 indicate switched calls.

/TN, N ALY x/\r‘"\x/\ MAY
i-1 i i+l i+2 i+3 i+4

Tigure 1.2: A Set of Switches on the System

Definition 1.1. A cell is said to be saturated if no set of switches of calls
to neighboring transceivers exists within the network to connect a new call

placed within that cell to a neighboring transceiver.
Definition 1.2. A call placed within a saturated cell is said to be rejected.

It is clear that cells i—1,4,...,7+4 in Figure 1.2 are saturated. Figure
1.3 depicts a rejected call, represented by a z with no arrow, placed into cell
i of the saturated set of Figure 1.2. There is no set of switches that will free
a transceiver for call z.

NN N ey ay Ay Y

T t i t T i 1
i-1 i i+l i+2 i+3 i+4

Figure 1.3: Saturated Cells and a Rejected Call on the Linear System

Definition 1.3. A call that is not rejected it is said to be accepted.

Definition 1.4. A sequence of calls is said to be admissible if every call of

the sequence is accepted.

11
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Thus, a sequence for which there exists a matching of calls to transceiver

towers is an admissible sequence. After discussing the hypergraph model the

following will become clear.

Remark 1.5. Admissibility of a call sequence is invariant with respect to

permutation of the sequence.

1.2.2 The Two Dimensional Model

Matula and Yang's patent illustrates an implementation of their algorithm
over an hexagonal lattice of the plane. Figure 1.4 depicts a section of an
hexagonal system with a set of connected calls. Vertices represent transceiver
towers, while the interiors of the hexagons represent cells. In the figure, calls
are represented by z’s and connections to vertices are represented by arrows
from the z’s. Cells are labelled A through G. A call placed within a cell may

connect only to an adjacent vertex, i.e., a vertex of the hexagon in which it

was placed.

In Figure 1.5 we add a new call y to cell B, this causes calls in cells
E and F to be switched. These switches are again represented by broken
line arrows. Addition of the call y also causes cells B,C and E to become
saturated. We indicate this by shading those cells. Finally, a rejected call z
with no associated arrow is shown placed to cell E.

In the hexagonal case each cell is adjacent to and thus served by s = 6

transceiver towers or vertices. We will need to impose a technical condition

12
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Figure 1.4: Section of a Two Dimensional Regular Hexagonal System

on the structure of the tiling or lattice of the system. We will require that
all systems under consideration, have the Property P which we define below

for polygonal models of a system.

Definition 1.6. We will say that a polygonal system of s-gons has Property

P if for every non-empty subset A of cells we have
|A|+S—1 SlUAL

where UA is the set of all vertices associated with cells in A.

A simple check will show that a one-dimensional system whose end points

13
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Figure 1.5: Saturated Cells and a Rejected Call on the Hexagonal System

are not identified has Property P. In two dimensions however it is not true
that every polygonal system has Property P. Figure 1.6 shows subsets of
two polygonal systems which do not have Property P. For example, Figure
1.6a2 has |A| = 3 cells, s = 3 and |U A| = 4 vertices in all. Thus, in this case
|Aj+s—-1£ U A

The following proposition gives a class of polygonal systems having Prop-

erty P.

Proposition 1.7. Let L be a lattice-like tiling of a disk in the plane via

congruent translates of a (convez) polygon Q, then L has Property P.

2This illustrative example was bought to my attention by Prof. Alex Heller.

14
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Figure 1.6: Subsets of Polygonal Systems that do not have Property P

Proof. For s > 3 let Q be an s—gon. Furthermore, let @ # A C L. Fix
a vertex of @ to be associated with each copy of @ in L£. Since the copies
of Q are translates, each cell in A has a distinct associated vertex. Choose
Q' € 0A so that Q' has an unassociated vertex. Such a @' must exist since
all associated vertices have the same orientation.

We must show the existence of at least s — 1 unassociated vertices of UA.
This can be seen by induction on |A|. For |A| = 1 there is 1 associated vertex
and exactly s — 1 unassociated vertices. Now consider the set A— @', this has
cardinality |A—1| and thus by the inductive hypothesis has s—1 unassociated
vertices. Addition of @’ to this set will add at least one unassociated vertex,
by our choice of @’. On the other hand it will associate only 1 previously

unassociated vertex. There remain at least s — 1 unassociated vertices after

the addition of Q’. O

15
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1.3 The Hypergraph Model

We begin with the definition of a hypergraph and an r-uniform hypergraph.

Definition 1.8. A hypergraph H is a pair (V,E) of disjoint sets where the

elements of E consist of nonempty subsets of V.

Definition 1.9. An r-uniform hypergraph is a hypergraph where the each

element of E has cardinality precisely r.
Remark 1.10. A 2-uniform hypergraph is a graph.

The hypergraph model of the system of Matula and Yang is a connected
r-uniform hypergraph H = (V, E) with |E| = n and such that each vertex
is adjacent to at most d hyperedges or cells. In the sequel we refer to the
hyperedges of H as cells to emphasize the analogy with the polygonal model.
Additionally, as in the polygonal model, we require that H have Property P
given in Definition 1.7 with r replacing s.

In this model, each vertex is capable of accepting at most one call. We
begin to establish equivalence with the polygonal model by setting r = cs
where c is the number of calls a transceiver tower in the polygonal model can
accept and s in the uniform number of vertices in each polygon.

Denote by [m] the set {1,2,...,m}. A sequence of calls to the cells of
the system is represented by a function f : {m] — E. The elements of [m]

represent calls. f assigns each call j € [m] to the cell f(j) € E, where E is
the edge set of H.

16
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Given H and f a bipartite graph I'y = (V}, Ey) can be assigned as follows.

We define and bipartition the vertex set of Iy as
Vi=[m |J V.
where V is the vertex set of H. The edge set of I'y is defined as
Ey={(j,v) | j € [m] and v € f(j) SV}

In analogy with the polygonal model the edge set of I'y lists all possible
connections between a call j € [m] and the vertices of the cell f(j), in which

it was placed.
Remark 1.11. All vertices in the call set [m| of I'y have uniform degree r.

Figure 1.7 shows a bipartite graph I'; for the admissible function f[5] — E
whose call sequence is given by {2,1,1,3,4} on a system with 4 cells. Note
that both vertices and cells of H are labelled in the figure. For clarity only
f(1) and f(3) are drawn with connections to H. Also for clarity, the cells of
H are labelled with circled numbers. For example f(3) = 1 means that the
third call is placed within cell number 1 and by Figure 1.7 has as neighboring
vertices, those numbered 5, 6,8 and 9. Thus we draw 4 connections between

vertex 3 € [m] and vertices {5,6,8,9} C V. In Figure 1.8 we eliminate the

geometry and draw the same bipartite graph as in Figure 1.7. Notice the

vertices of [m] have uniform degree 4. We now give a definition and widely

17
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Figure 1.7: An Admissible Call Sequence on the Hypergraph Model

used theorem that we will use as well.

Definition 1.12. Let G = (V, E) be a bipartite graph with bipartition { A, B}.
A matching in G from A to B is a set of independent edges of G that cover
A.

The bipartite graph in Figure 1.8 has a matching, the edges of which are
in bold.

Theorem 1.13. (Kénig-Hall 1985) A bipartite graph G contains a matching
of A iff
IS| S IN(S)|V S C A4,

where N(S) is the set of vertices in B, each adjacent to some vertez in S.

We refer the reader to books on Graph Theory by Bollobés (5] and Diestel

[10] for several proofs of this theorem.

18
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Figure 1.8: A Matched Bipartite Graph of the Sequence in Figure 1.7

We have previously defined a sequence to be admissible in the polygonal
model if each of it’s calls was accepted. That is, each call in the sequence was
connected to a vertex to which no other call in the sequence was connected.
This however translates into the existence of a matching in I'y between the
sequence of calls [m] and the set of vertices V, of H. Figures 1.7 and 1.8
illustrate this by displaying a matching for the given admissible call sequence
f.

By the Konig-Hall theorem we may say that a sequence f is admissible

iff for every S C [m] we have |S| < |[N(S)|. This is precisely the statement

19
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that no subsequence of calls is placed into a set of cells with fewer vertices
than calls. Such a subsequence will certainly have a rejected call under the
polygonal model. Thus, we have equivalence of the two models in the sense
that a call sequence is admissible in one model iff it is also admissible in the
other. In Chapter 2 we will be concerned with finding limiting probabilities
that a random uniformly distributed call sequence placed into the n cells of
the hypergraph model will be admissible.

The definitions of saturated cell and rejected call carry over naturally to
the hypergraph model. Given a finite function f : {[m] — E we may define
the admissible domain Ay of [m] as the lexicographically smallest subset
Af C [m] of maximal cardinality such that f restricted to Ay is admissible.
A call in [m] is rejected if it is not in Aj. A call j € [m] saturates the cell

e = f(j) iff j € Ay and for any call k > j is rejected if f(k) =e.

1.4 The Probabilistic Method

In the sequel we state and prove our results related to the cellular telephone
switching system of Matula and Yang. We use the probabilistic method in
(1] to find upper and lower threshold functions for the asymptotic probability
of admissibility of a random sequence of calls f, uniformly distributed to the
cells of the hypergraph model H. Additionally, we state a limiting probability
distribution of Lengyel [26] for the one dimensional case where r = 2 and use

it as a basis for a conjecture in the general case.
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We use the notation f < g, f > g and f ~ g to indicate the limiting
ratio lim,,_,o ‘—;%,% tends to 0, co and 1 respectively. We will also use the
notation f = O(g) if f = O(g) and g = O(f). Lastly, we say that s(n)
is a lower threshold function for a Property Q of a model of the telephone
switching system on n cells if Pr[Q] — 0 when the number of calls m{n) <
t(n). Similarly t(n) is an upper threshold function for Q if Pr[Q] — 1 when
m(n) > t(n).

1.5 A Lower Threshold for Admissibility

Let H = (V,E) be an r-uniform hypergraph with |E| = n cells such that
each cell intersects at most d other cells, with r and d fixed. Furthermore,
assume H has Property P of Definition 1.7. We consider the uniformly
distributed probability space of all sequences f : [m] — E, where n — oo

and m = m(n) — oo.

Definition 1.14. Let Ry be the event that the k-th call of the sequence f is

rejected. Furthermore let Xy be the indicator random variable for Ry and let

k
Xe=Y_ X;.
j=1

Then we have the following theorem, which gives a lower threshold func-

tion on the expected number of rejections in a random call sequence f :

[m] — E.
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Theorem 1.15.

_— 0 if mgK n#f,
lim E[Xn] = ) (1.1)
nmee 0o if m>>nTH,

We will need a few more definitions and lemmas before proceeding to the

proof of Theorem 1.15.

Definition 1.16. Let Y; be the random variable that is the number of previ-

ously not saturated cells of H that become saturated precisely at the j-th call.

Let
. k
Te=3,
j=1
the number of saturated cells of H after k calls.

Remark 1.17. If the j-th call is rejected then Y; = 0. Additionally, Y; =0

for all j < r since at least T calls are needed to saturate even a single cell.

Definition 1.18. A u—cluster is a connected set U of u cells of E. A rooted

u~—cluster is a pair (U,e) consisting of a u—cluster U and a oot celle € U.

Lemma 1.19. For any 1 < u < n, the number of u—clusters in H is bounded

above by
(3d)

no__W%
v (d-1)u+1

Proof. As depicted in Figure 1.9 for each rooted u—cluster there is at least
one rooted d-ary tree with u vertices. Simply take the graph induced by the

u—cluster, vertices of the graph are cells of the u—cluster and edges of the
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Figure 1.9: A Rooted 6-Cluster with 2 of Several Associated Trees

graph are adjacencies between cells. This graph has at least one spanning
tree. Thus the number of rooted u—clusters is bounded above by the number

of rooted d-ary trees with u vertices. But this number is known (36] to be

du 1 (3d)
(u)(d—l)u+l = (d—1u+1

Now there are n possible choices for a root and we identify the u rooted

u~—clusters that differ only in their root. Thus we have the factor of 2 in the

upper bound. O

Lemma 1.20. Forr <j<m < n,

23
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Proof. We will need more definitions in the proof of this lemma. As in the

statement of the lemma for the proof we assume r < j < m <K n.

Definition 1.21. Fore € U C E let (U,e) be a rooted u-cluster. Then by
S;ue) we denote the set of all sequences f : [m] — E whose j~th call satu-

rates each of the u = |U| cells of U and no others and f(j) = e. Furthermore
let

Sj,U = U S',(U,e)-
ecU

Thus Sy is simply the set of all sequences of length m that saturate the

u-cluster U precisely at the j-th call. We now have the equation

ElYj]= > uPrSjul= Y u) PrlSjwel= D uPrlSyul, (12)

1Su<y 1Sus) e€U 1<u<j
[Ul=u {U|=u Ul=u

where the first sum is over all u—clusters U and all v € {1,2,...,5}. As
the probability Pr[S;y] is simply the number of sequences of length m that
saturate the u—cluster U precisely at the j—th call, we have

1S;ul

nm

Pr[S;v] =

We thus look for upper and lower bounds on |S;y].
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1.5.1 An Upper Bound For E[Y]]

We consider first an upper bound on |S;w,.)|. Let v(U) be the number of
vertices of U. There will be v(U) calls connected to the v(U) vertices of U
when the j-th call of the sequence f arrives to saturate U. We may order
the v(U) vertices of (U, €) so that the last vertex is one of the r vertices of e,
in (v(U) —1)! - 7 ways.

The (v(U) — 1) calls that will precede the j-th call in saturating U can
appear in ((v(’ij)l_l)) ways within the first j — 1 calls. Each of these initial
v(U) — 1 calls must appear in one of the, at most, d cells containing the
vertex to which it is assigned. This can be done in at most, d*¥)~! ways.

The remaining calls prior to j are assigned to cells in E — U in ni~*®)
ways and the m — j calls after the j—th call can be assigned to any of the n
cells of E in n™7 ways. With this we have the following upper bound for
|Siwel-

—1 . .
1Sjv.e) < (v(U) - 1)! .- (U(JU) B 1) L@ g0 ym=d o (1.3)

25

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Combining 1.2 and 1.3 we obtain the upper bound for E[Y}],

mg= 3wy

1Susj  Ul=u

Si(U.e
< >S5 Pu

1<u<jy |U|=u ecU

r(d\"V (G-
<2 “ZZE(E) G — o))

1<u<j |U|=ue€lU
u? dj u—1 d_] v(U)-u
=O(Z @) Z6) )
1<u<y |Ul=u

Recall that requiring H to have Property P means that every non-empty
subset A C E(H) must have |A] +r —1 < |U A|. In our current notation
this becomes r — 1 < v(U) — u for every u~cluster U. Using this inequality

together with the last upper bound and then Lemma 1.19 we obtain,

ElY;)}=0 ( > (%’-) DD (%-)1> (14)

1<ugj |U|=u
.\ -1 2 di u—1
=0 |dt? (l) w (.l) 1
n 1521‘9' AR lt§=:u
.\ =1 2 .\ u—1 u
_ol(% A )
—O<(n) lgéjn (n) u(d-1)u+1/" (1.5)

The last sum in Equation 1.5 can be bounded above by the series

S (58" o

u=0
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and since 7 < m < n we may choose n large enough so that %1' < 1 and

the sum in 1.6 becomes a convergent geometric series. We have thus shown

B[] =0 ((9_1) | (w7)

It remains to find a lower bound for E[Y]].

1.5.2 A Lower Bound for E[Y]]

To obtain a lower bound for E[Y;] we underestimate the probability that a
1-cluster is saturated by a sequence f : [m] — E on the j-th call, where
again j < m <« n. Using the same notation as above let S;. be the set of
all sequences that saturate the 1-cluster consisting of the cell e at the j-th
call. Since Pr(S;.) < E[Y}], this underestimate will also be valid for E[Y}].
If f € Sje, then necessarily » < j, and there must be a subsequence S of
length r —1 of the first j — 1 calls that connect to the at most d cells adjacent
to f(j) = e. We underestimate S;. by counting sequences f : [m] — E that
send all of the calls of SU {j} to e, and which send the remaining calls to
cells disjoint from e. This is possible because there are at least n —d — 1
cells disjoint from e. This is done in (n — d — 1)"! ways. We choose the
subsequence S is (ﬁ:i) ways. Finally we choose e in n ways. This gives the

following lower bound,

n(n—d'— 1)i-r <j -1

i r— 1) < Pr(S;1) < E[Y)).
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By Stirling’s formula [49], for some constant C' > 0,

c (ﬁ#)rl (;%%)r_l < E[Y)). (1.8)

Now for j € n, (n~d—1)/n)! - 1and (z:555)! — (£) ' asn — .

This shows
.\ =1
'7 f— .
(2) -owm.

which completes the proof of the lemma. O

1.5.3 Proof of the Expectation Threshold Function

Proof. We now conclude our proof of Theorem 1.15. By linearity of expec-

tation and the provided definitions we have the following identity:

-— m m ) — m 1 k-1
CeBES SUINCE R ST R SIS Soiy1a)

The second equality holds since the probability of a rejection is equal to the
expected number of saturated cells, divided by the number 7, of cells. The
index k starts at r+ 1 since all calls up to r are accepted. The index j starts

at 7 since at least r calls are needed for the j-th to saturate a cluster. By

Lemma 1.20,

=25 T (2) o (). s

n‘r
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from which the statement of the theorem,

— 0 ifm<k nF*IrT,
lim E[X,] = (1.10)

=00 . L
- oo ifm>n™

follows immediately. 0

It should be noted that Property P is not a necessary condition for The-
orem 1.15. This is because Property P was only used in Equation 1.4 where
all u—clusters, or equivalently sets of hyperedges A had cardinality at most
m = m(n). Thus for example, cycles in 2-uniform graphs do not have
Property P but Theorem 1.15 is true for large cycles since the inequality in
question, [A] +r —1 < | U A| holds for all proper subsets of cycles.

In general however, to prove Theorem 1.15 for lattice-like tilings of the
plane that do not have Property P a more subtle approach may be needed.
In particular the lattice-like tiling by equilateral triangles given in Figure 1.6
violates the inequality in Property P for sets of constant cardinality as well
as for sets of very large cardinality ¢ = ¢(n). For these types of systems
it is unclear how one would arrive at the upper bound in Equation 1.4 by
methods similar to those used here.

As a corollary to Theorem 1.15 we have a lower threshold function for

admissibility of a call sequence f : [m] — E.
Corollary 1.22. X,, = 0 almost surely if m < nvi.

Proof. The random variable X,, takes on non-negative integer values as it
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is the sum of indicator random variables. We thus take the expectation over

non-negative integers and by Theorem 1.15, for m < n71 we have trivially,

m—r+1 m—~r+1
0=EXn= > kPrXi=k2> Y Pr[X;=4k=Pi[Xn>0
k=0 k=1
and hence Pr[X,, = 0] = 1. O

1.6 Applying Martingale Techniques

We will write X,, ~ E[X ] almost surely when the limiting ratio

lim 1

Xn__
n—co E[X ]
for all sequences f[m] — E except for perhaps on a subset of sequences of
zero probability measure.

One may ask the next natural question, what is the behavior, almost
surely, of the random variable X,, for m > n#1. Unfortunately, we have
not been able to show the analog to Corollary 1.22, that is, for m > n™7 we

have been unable to show X, ~ E[Xy,] almost surely.

1.6.1 An Upper Threshold for Rejection

Using martingale techniques and Azuma’s inequality (also called Hoeffding’s

Inequality) we have been able to prove the weaker statement of the following
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theorem.
Theorem 1.23. X, ~ E[Xn] almost surely, if m > n™7

Before proceeding to the proof we will go through some of the machinery
and notation of martingale theory much of which is adopted here from [1).
For a detailed discussion of Azuma’s inequality and proofs, we also refer the
reader to the original papers of Azuma [3] and Hoeffding [27] as well as two
other papers of Maury [41] and Milman [43}.

Definition 1.24. A martingale is a sequence of random variables {M;},

with the conditional expectation property that almost surely,
E[Mi.H‘Mi] = Mi, Vi= 0, 1,2,. ey — 1.

Denote by E!™ the uniformly distributed probability space of all se-
quences f : [m] — E, then the random variable X is a functional on
this space, as it maps a call sequence to a real number, which is the number

of rejected calls in that sequence. Thus we write,

X, EM™ SR,
Consider now the gradation
=By CByC-- C By =[m] (1.11)
31
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where B; = [i] = {1,2,...,i}. We now define the martingale we will use,

{ M}, as follows. Let f,g € EI™ then

Mi(f) = E[Xm(f)] £(b) =g(b) ¥ b € Bi]. (1.12)

M; is the random variable that is the expected number of rejected calls in a
randomly chosen sequence f € EI™, after the first i values of this sequence
are revealed, i.e. known to equal the first  values of a fixed g € El™. Clearly
then, My(f) = E[Xm| and My (f) = Xm(f), which is the total number of
rejections in the complete sequence f.

M; as defined in Equation 1.12 is a martingale. For consider M;,,, this is
the expectation for the number of rejections in a random sequence g, the first
i+1 calls of which are known. But conditioning E[M;.1|M;](f) on M; means
that we take the expectation only with respect to random sequences f, from
a subset FI™ C El™. But these sequences all have the same expectation for
number of rejections, namely, M;.

We will need two forms of Azuma’s inequality. The first of which is quoted

here.

Theorem 1.25 (Martingale Form of Azuma’s Inequality). Let {M;}2,
be a martingale with My = 0 and

|Mi+1'—Mi|_<_1, Vz'=0,1,2,...,m.
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Then for any A > 0 we have
Pr[M, > A/m) < e/,

Definition 1.26. A functionalY : E™ — R satisfies the Lipschitz condition
relative to the gradation in Equation 1.11 if for any two sequences g,g' €

E™ that differ only over B;y1 — B; we have

Y (g9) -Y(¢")I < 1.

Clearly X,,(f) satisfies the Lipschitz condition as two sequences that
differ in a single call can differ in at most a single rejected call. This is most
easily seen via the hypergraph model as there it is clear that the order of the
calls is unimportant in determining the total number of rejections and then

we may assume g and ¢’ differ only in their last call.

Remark 1.27. It can be proven that the martingale defined in Equation 1.12
also satisfies the Lipschitz condition as a consequence of Xm(f) satisfying this
condition, see [1] for a proof. This fact together with the martingale form of

Azuma’s inequality in Theorem 1.25 gives the generalized form of Azuma’s

inequality.
Theorem 1.28 (Generalized Form of Azuma’s Inequality). Let Y :

E™ R satisfy the Lipschitz condition relative to a gradation of length m
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and let p = E[Y]. Then for all A > 0,
Pr[]Y — p| > \v/m] < 2¢™V/2,

Since X,,(f) satisfies the conditions of Azuma’s inequality as stated in

Theorem 1.28 we have for all A > 0
Pr|Xm — EXn]| > MWm] < 2e7/2. (1.13)

To complete the proof of Theorem 1.23 choose € > 0 and set A = eE[X)//m.

Equation 1.13 then becomes

Pr U E}[% ] 1‘ > 6] < 2¢=¢(BXn])"/2m, (1.14)
“Am

Taking m > n#ﬂﬁ, Equation 1.9 in the proof of Theorem 1.15 implies
that E[X,)//m — 0o as n — oo, which with Inequality 1.14 implies that
Xm ~ E[Xp] almost surely. O

1.6.2 Closing the Gap between n71 and N

The upper and lower thresholds for lengths of admissible sequences and those
with infinitely many rejections are n7 and nr_+'r177, respectively. The ques-
tion of whether this gap can be narrowed or eliminated remains open.

One may attempt to close this gap via Chebyschev’s inequality in the
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form,

. . . Var[7m]
PrllXm = BXml > eBXnll < s

where one chooses any € > 0 and Var{X,,] is the variance of X,. With
this inequality, showing Var[Xm] = o(E[Xn]?) for m > n#1 would imply
X ~ E[Xn] almost surely. If this were indeed the case all sequences of
length ™ > n¥ with infrequent rejections would themselves occur with
such infrequency so as to have measure zero.

Now if the events of call rejection R;, were independent then the covari-
ances Cov[X;X;] = 0, V i # j and Var[Xn] = o(E[Xn|?) would follow
immediately. In reality however the R; are not independent. Consider the
pair of calls i, 7, with ¢ < j. Knowledge that call ¢ was rejected, no matter
how far back in the sequence is essentially the same as one less call in the

system and hence call j actually now has the higher acceptance probability

of call j — 1.

Conjecture 1.29. Based on the results of the next section for hypergraphs
H for which the parameter v = 2 we conjecture that Xm ~ E[Xm] almost

surely for m > ne,

1.7 A Limiting Probability Distribution

Theorem 1.30 is attributable to Florian Lengyel. It gives a limiting proba-
bility distribution for the admissibility of a random sequence f : [m| — [n]

on the linear system, i.e., the hypergraph model H in the case where r = 2.
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Theorem 1.30. Let A be a positive constant. Then in the 2-uniform hyper-

graph model H, we have

1 if m K« n?/3,
lim Prf : [m] — [n] is admissible ] = { e=4%/6 if m ~ An?/3,
n—0o0

0 if m > n?3,

We refer the reader to [26] for a detailed proof and offer here only a
broad outline. The algebraic proof has several steps. Set wy to be the word
of length n on the alphabet {0,1,2,...,n}, where the k-th symbol of wy
is the number of times that a call is placed to the k—th segment of the 2-
dimensional system. Then the set of all admissible words wy is given by
L =(0*1*(21*0)*)* (¢ U 21*), where ¢ is the empty word and * is the Kleene
x—operation, i.e., £x represents any finite number of £’s.

We write A(m,n) = M(m,n) + N(m,n), where M (m,n) is the number
of admissible functions f : [m] — [n] whose word w; does not end in 21* and
where N(m,n) is the number of admissible functions f whose word wy ends
in 21*.

Towards solving for M (m,n) we define M(m,z2) = M (m,m + 2), where
z > 0. We write a formal sum of words of £ that represents the admissible

functions counted by M(m, 2) as follows

Lm/2] m—2k
k
(m+z>1m+ Z Z Z (S+ +z)1do ldl“‘aekldkv (115)

k=1 s=0 Ti'eD, x
e EE, k
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where D, = {(do,...,dk) : di = O,Z;?:Odj = s}, Esp = {(e1,...,€k) : € =
2,351 e; =m — s}, and where o; denotes the word 21°20, where i > 2.
Now every admissible function z not ending in 21* comes from a unique

word y of the form

190, 19 ..o, 1% (1.16)

by inserting z = |z| — |y| O’s into y. It remains to compute the number of
functions f : [m] — [m + 2] that have an associated word of the form (1.16).

Let #w; denote the number of functions with w, = wy. For j with
1< j <nlet|f1(j)| denote the cardinality of the pre-image of j, i.e., the
number of calls placed to the j—th segment of the system. Then

m
g = (If‘l(l)l, - lf“(n)l>' (L.17)

Furthermore, if f : [j] — [r] and g : [k] — [s] are functions with words

u = wy and v = wy, respectively, then
#(uv) = #u - #v (7 j k). (1.18)

After some algebra we have

M= 5L LT (1 ke (moa )
o (1.19)

We compute N(m,n), the number of admissible functions ending in 21*
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as follows. Suppose that f : [m] — [n] has word wy ending in 21*~! where
1 < k £ m—1. Then wy = uv, where u does not end with 21*. Furthermore
|u| = n—k, and C(u) = m—k—1. The number of functions g : [n—k—1] —
[n— k] with word wy = u is by definition M(m—k—1, n—m+1). By (1.17),
the number of functions h : [k + 1] — [k] with w, = v is Q’{—lx By (1.18),

the number of functions f is

m—1
, (k+1)!/ m
;M(m k-—1n—-—m+1) 5 k1)

An application of Gosper’s algorithm to the inner sum of Equation 1.19

gives M(m, z) in terms of the generalized hypergeometric function

Qy,...,0p ad (01)n°"(ap)nxn
F o = e el T
o bl,...,bq n=0 (bl)n"'(bq)n n'

Further asymptotic analysis concludes the proof.

Using Theorem 1.30 it is not difficult to show that the conjecture of the
previous section is true for hypergraphs in which » = 2. 'We must show
that for sequence lengths m >> n?/3 there are arbitrarily many rejections.
In particular for any M € N choose € = 1/M then the sequence of length
em > n*/3 and hence by Theorem 1.30 has at least on rejected call, almost
surely. We may append M such sequences of length em > n??® to the first
sequence to obtain at least one rejected call per appended sequence for a

total of at least M rejected calls.
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Chapter 2

The Gi_out Model for Random

Graphs

2.1 Introduction

In the second part of this dissertation we study the Gi_o, model for random
graphs. After defining the model we study connectedness and vertex degree
distribution properties. In particular we bring down two proofs [34], {37]
showing that Gy for £ = 1 is a.s. disconnected and offer a new proof to
the known result that for kK = 2 Gyou is a.s. connected.

We extend the model from integer values of k to positive real values r and

study the connectedness properties for this model as well. Lastly, we study

the planarity properties of the Gi.out model and our extension of this model.

We find bounds on 7 and ¢ so that a.s. G € G.ou has a minor K,.. In the
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next chapter we apply some of the techniques developed here to a problem
in analytic number theory.

As mentioned in the introduction to Chapter One, from 1959-1961 Paul
Erdés and Alfréd Rényi published a series of seminal papers on the random
graph models G, and G, » [12], (13] and [14]. In the papers they studied
some of the basic properties of these models, including degree distributions
and connectivity thresholds. There has since been a plethora of research on
these models, [31] and [4] are thorough accounts of the recent research. We
will study a relatively new model for generating random graphs.

Our study of the Gi_ou¢ model is motivated by discussion of a graph the-
oretic problem stemming from the study of neural structure and develop-
ment. The brain may be described on some level as a graph where neurons
are vertices and connections between neurons are edges. In studying neural
development we allow for an initial stage where there are no connections
between neurons. Each neuron is then allowed to connect, at random, to
an integer number & of other neurons. The resulting structure describes the
Gi-out model.

An important property of this a structure is the average distance between
any two vertices, where distance is defined as the least number of edges in a
path connecting two vertices. When simulating the Gy, model, we found
that the average distance between any two vertices increased with the total
number of vertices in the graph. Unexpectedly though, we also noted that

the rate of increase was periodic when viewed on a logarithmic scale [51].
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The explanation of this phenomena is at present incomplete and will not be

addressed here.

2.2 Defining the Model

Bollobds describes the model Gy ou in [4] (page 37). For k > 1 a fixed
integer, n a large integer and vertex set V = {1,2,...,n}, we construct
the edge set F, of a random graph from Gi_ou, as follows. For each vertex
v € V select k distinct vertices {uy,us, . . . , ux} uniformly and at random from
V —{v}. This selection describes the set of directed edges {vu, vuy, ..., vux}
of E. However, unless stated otherwise, we ignore the direction of an edge in
subsequent analysis and consider Gi—ut an undirected random graph space.
In the event v connects “out” to u and u connects “out” to v we count the
edge vu = wv only once. It is immediate that there are no parallel edges in
the Grout model. It is also clear that vertices have minimum degree k and
maximum degree n — 1. Figure 2.1 shows a subset of three vertices from a
random G € Gz, model. Note that the edge between vertices u and v is
both an “in” and “out” edge. We will later show the maximum degree in

Gk-out is almost surely, in a sense defined below, O (—E—lo‘:lozﬂ),
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Figure 2.1: A Section from a random graph G € Gz out

2.3 On the Connectedness of Gi_out

Recall that a graph is said to be simply connected if any two vertices can
be joined by a path, otherwise it is disconnected. It is natural to ask for a
probability distribution for simple connectedness on Giou. We will show at
least asymptotically, that such probabilities are either 0 or 1 depending on
the value of k. We say that a random graph model G almost surely or a.s.
has Property P if Pr[Gp] — 1 as n — oo, where Gp is the event that a

randomly chosen graph G € G has Property P.
Theorem 2.1. (Katz 1955) Gi-out is a.s. disconnected.

In the next chapter we apply an alternative method of counting connected
graphs G € Gy-out, which, together with Theorem 2.1, gives a graph theoretic

technique for arriving at results in analytic number theory.
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There are several proofs of Theorem 2.1 in the literature. We outline here

two such proofs.

Proof 1. Kolchin [37] (Theorem 1.7.1) enumerates the set U, of all labelled
graphs on n vertices each of whose components is unicyclic, i.e., contains

exactly one cycle. He gives this as

V2 e3/4

un =0l = 5Tt/

a4 (1 4 o(1)), (2.1)

where
I(z) = f ” £ e8¢
0

is the gamma function.

By the construction of a random G € Gy it is clear that any connected
component is unicyclic (see Figure 3.1). We show this as follows. Each cycle
on q vertices has g edges and since each vertex has only a single “out” edge
which must be in the cycle there can be no “out” edges emanating from this
cycle. Assume that a single component has more than one cycle, C; and
C, . Then there must be a vertex with an edge oriented “out” toward Cj
and an edge oriented “out” toward C,. But this is a violation of the Gj oyt
construction, requiring only one edge “out” of any single vertex.

Let U, be the event that a random graph G € Gyt is unicyclic with a

single component. Since the set of unicyclic graphs with a single component
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Figure 2.2: A connected graph from Gy oy

is a subset of Uy, we have by equation 2.1

IUn| Un (nn—l/4) ~1/4
P un < = =0|——]}=0(n — 0,
Wl < =m0 ) =0
which shows Gyou a.s. disconnected. O

Proof 2. Katz [34] proves the same result with faster convergence of O (1//n)
by considering random mappings from a set onto itself, f : @ — Q.

A map is hollow if f(w) # w for all w € Q and a map is indecomposable
if the minimal non-null subset ¥ C Q for which f(¥) = ¥ and f~}(¥) = ¥
is the whole set, that is ¥ = Q. There is a one-one correspondence between

hollow mappings from the set [n] to itself and the random graph space Gy_.

44

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Furthermore, the set of indecomposable mappings corresponds to connected
graphs G € Gi-out-

To complete our proof we note that Katz proves that the probability of
a random hollow mapping f : @ —  being indecomposable is O (1//n).

Thus we see the probability of a graph G € Gy, being connected tends to

Zero. O

The result of Katz shows faster convergence than that of Kolchin since
the former finds the probability of only single component unicyclic graphs
while the latter finds the probability of all unicyclic graphs. These results,
while tending to zero with n — 0o do so rather slowly, much more so than
say 1/n. We will return to this fact when considering connectivity thresholds
for the model G, for real 1 < r < 2. We now consider the connectedness

of G ou for k > 2.
Theorem 2.2. (Fenner and Frieze 1982) For k > 2, Gi-out 15 a.5. connected.

Proof. 1t is enough to consider the case k = 2. For assume the Theorem
true for k = 2, then for k > 2, in the directed model, randomly color black 2
“out” edges from each vertex, color white the remaining k — 2 “out” edges.
The subgraph consisting of only black edges is a random element of Ga oyt
and hence is a.s. connected by the assumption. But this subgraph spans all
vertices so the entire graph is a.s. connected.

Let Ggisconn b€ the event that a randomly chosen graph G € Gaoyt is
disconnected. We will prove Pr{Guisconn] — 0. For every disconnected graph
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G € Gaout there is a bipartition of the vertex set V(G) = UUW into disjoint
sets U, W so that no edges cross between U and W. Furthermore each set
of the bipartition contains at least 3 vertices since each vertex must connect
to at least 2 distinct vertices. Denote by Gigisconn the event that there is an
i element subset I C V(G) such that there are no edges between [ and its

complement I. Note that i need not be the order of the smallest component.

We have the inequality,
L3
Pr[Gdisconn] < ZPY[Gi-disconn]~ (2‘2)
=3

We do not have strict equality since the terms on the right are not mutually

exclusive, as a graph may be disconnected with several components of order

<13l

Figure 2.3: A component of order 4 from the G, model

To find an upper bound on Pr{G;_disconn] We consider a set I C V(G) of
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order 7 and count the number of mappings from I into the set of distinct pairs
of I, such that if  + (y, z) then z # y A z # z, where the last condition on
the mapping stems from the restriction that Gx-ou contain no loops. Figure
2.3 illustrates this with |I| = 4. The event that we refer to as z — (y, 2) is
illustrated with the bold edges zz and zy. There are (igl)i such mappings.

We thus have an upper bound,

Pr[Gi_gisconn] < (T:) (igl)i(,s;:?)n—i, (2.3)

where the first factor finds a specific choice for a bipartition of V(G) into

sets of order ¢ and n — 7. Using the version of Stirling’s formula (see [49]),

m m
m! = V2mm (—) em where

e Lm+1- 9= Tom

on the right side of Inequality 2.3 we obtain the upper bound

Pr{C ] < T D /2 #(n — i
I|Gi-disconn| < o CFHE (= )12 (o= 1)(n - 2)
§i-1/2 (n— i)n—i-l/Z
ST -2 (24)
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Together with Inequality 2.2 we have

L3l

i=3
LEJ . .
< ('ﬂ _ 2)1/2—-11 ZZ'L (n _ i)n—t-—l/2 (2.6)
=3
< 33pl/2n %nn—7/2 (2.7)
= O(n—2), (28)

where the bound in (2.7) comes from the fact that the product * - (n —
)" is maximized over the interval [3,|%]] when ¢ = 3. We have shown

Pr|Glisconn] = O(n~2) — 0 and thus Gy ou is a.s. connected. O

It seems reasonable to expect the approximations in Inequalities 2.6 and
2.7 to be refined with further analysis and that one could show the bound in
Inequality 2.8 to converge faster than O (n~2). Thus for some extension of
our model there may be an a.s. connected random graph space between the
a.s. connected Go_out and the a.s. disconnected Gy In the next section we

define an extension of Gy, to study this idea.
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2.4 An Extension of G; .. and the Poisson
Paradigm

We define a random graph space G,y On n vertices, for r = r(n) € R¥,
which is an extension of the space Gy o for k¥ € N. Basically each vertex
chooses |r| vertices to draw edges out to and then with probability r — |r|
the [r]-th edge is also drawn. So that each vertex has either |r| edges
drawn out or |r] + 1 = [r] drawn out. We find the threshold on r for a.s.
connectedness.

For fixed r € R*, n a large integer and vertex set V = {1,2,...,n}, we
construct the edge set F, of a random graph from G, o, in a manner similar
to the construction of the integer based model G oyu. Let p = r— |r]. For
each vertex v € V select |r| distinct vertices {u1,ua,...,u|r|} uniformly and
at random from V — {v}. Add the edges {vu;,vus,...,vuj} to E. With
probability p select an additional vertex w, uniformly and at random from
V —{v,u1,ug,...,u|r } and add the edge vw to E.

In studying G,ou, we are primarily interested in the phase transition?
interval 1 < 7 < 2. Being that the probability of the G € G, model being
connected converges to zero rather slowly, on the order of 1/n'/2 by a result
of Katz [34] previously stated, it would seem intuitive to expect small values

of p to be associated with the connectedness phase transition. In fact as the

1My thanks to Prof. Noson Yanofsky for our discussions on phase transitions.
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next result shows, this is not the case at all. 2

Jaworski and Smit [32] study some of the properties of similar graphs.
They consider doubly random digraphs, where first a random number of
“out” edges from a particular vertex is determined and next the terminal
vertices to these edges are selected.

In what follows we will need to find a distribution for the number of
isolated edges in the G, model. We denote this number by the random
variable X. Denote by §; the event that the i—th vertex pair of G € Gioy; is
an isolated edge, i = 1,..., () and let X; be the indicator random variable
for & so that X =} . X;. There is an implicit assumption here that X is a
function of n, the number of vertices in a random G € Gjoyt.

If the events §; were independent then X would be the sum of independent
trials and hence binomial. This is not the case however, since knowledge that
a particular edge is isolated, say &1, increases the probability that some other
edge is isolated, say &. This, since vertices of edge 1 are necessarily isolated
from vertices of edge 2. To take the most extreme case, if we know that all
but one edge is isolated, the last edge must also be isolated. However, the
events &; are “mostly” independent and thus we use the “Poisson Paradigm”,
which roughly states that if X is a random variable which is the sum of many
“mostly” independent random variables, each with small probability, then X
is asymptotically Poisson.

We use the Brun’s sieve approach to the “Poisson Paradigm” to show

2] am grateful to Prof. Béla Bollobas for his insights in arriving at this result.
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that X is asymptotically Poisson. The approach is outlined in [1] (Chapter
8), and in the methods in the classic paper of Erdés and Rényi {13} (Lemma

1 of §2). In the sequel we follow the approach in [13].

Lemma 2.3. (Erdds and Rényi 1961) Let Xp1,Xn2,..-s Xnt, n=1,2,...

be indicator random variables on some probability space and let

Xn=) Xu;

If

AP
lim Z E[Xn,i1 Xn,iz o Xﬂ,”:p] =7

noco bt P!
1<i1<i2 < <1p<ln

uniformly in p for all p = 1,2,..., where A > 0 and the summation is over
all combinations {i1,12,...,%,} C {1,2,...,4,} then X, — X is Poisson

distributed with mean .

Remark 2.4. Although the statement of the lemma requires uniform con-
vergence with respect to p, the actual proof of the lemma uses only a weaker

form of convergence. In particular the weaker convergence is given by

: P _ oAz
,}_qgo;r(n,p)z = eV, (2.9)

where

F(na ,0) = Zpr[gil A A E‘.P]’
the sum being over all p-sets and |z| < 1. By a p-set we mean a subset
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{i1,82,...,ip} € {1,2,...,€,}. We will use this weaker condition in applying

the lemma.

Theorem 2.5. If r(n) < 2 — ¢ for some € > 0, then Gr_ou is disconnected
with positive probability p(e) > 0.

On the other hand, if r(n) > 2 — -7;%-2- then Gr_out 18 a.s. connected.

Proof. Let ¢ = g(n) = 2—r(n) and p = 1 — g. We construct a random graph
in G,out by first choosing a random G € Gy and then adding an additional
random edge with probability p from each vertex in G to generate a random
H € Grout- By Theorem 2.1 G is a.s. disconnected. Let X be the number
of isolated edges in G. Each such edge must be both an “in” and an “out”

edge as illustrated in Figure 2.4. Then it is clear that

Figure 2.4: Isolated edges of the G-y model
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: . (n 1 \? 2 \"? e?
tim 200 = i (3) (5) (1-%) =% eo

The second term finds the probability that a particular edge is a double edge,
while the last term finds the probability that no other vertex connects to that
edge. A double edge connects the same vertex pair via two dirccted cdges,
an in-edge and an out-edge.

We use Lemma 2.3 to show that X is asymptotically Poisson. Denote by
&; be the event that the i-th vertex pair of G € Gi_out is an isolated edge,
i=1,..., (’;) and let X be the indicator random variable for &; so that X =
> Xi. Note that we have omitted the subscripts of n so that X =3, X;
should be understood in the context of Lemma 2.3 as X, = Y, Xn;, the
implicit assumption being that every G € G,y has n vertices and n — oo.

By Remark 2.4 we need show only that (2.9) holds instead of the stronger

uniform convergence requirement in [13]. We will first show that

lim T(n,p) = lim » "Pr{g, A+ A&

L,

=1}i_l£°ZE[Xi|Xi2'”X =

ip

forall p =1,2,..., and then that this convergence is fast enough so that (2.9)
also holds. Here again, the summations are over all p-sets of vertex pairs,
ie. potential edges of G, so that £(n) = (}). The first equality in (2.11)

holds by definition and the second holds since the random variables X, are
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indicators and thus their joint expectations are the joint probabilities of the
&, -

For the third equality in (2.11) we need to compute the probabilities of
p-sets of edges being isolated edges. To illustrate these events Figure 2.5
depicts a 3—set of isolated edges and Figure 2.6 depicts a 3-set of edges not

all of which are isolated.

Figure 2.5: A 3-set of isolated edges

Now there are ((E)) summands in the sum of (2.11) but not all events have
equal probability. In particular we must exclude summands where not all of
the edges in the p-set are mutually vertex disjoint, for these by definition

can not all be isolated and thus have probability zero. The number of p—sets

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 2.6: A 3-set of edges with one non-isolated edge

for which all edges are mutually vertex disjoint is given by

] e R i DI =11 e = .

p! 2°0pl " (n—2p)lpl2e’

(2.12)

Now each of the summands for these mutually vertex disjoint p-sets of edges

have identical probability and given the previous argument we rewrite the

second term in (2.11) as

! 2/2)°
lim —————— Prl€, A A&,] = lim @2 Prle;, A+ A&,
n—oo (n — 2p)!pl2¢ n—ooo  pl

for fixed p. Multiplying the last term and (2.11) by p!2” we have that (2.11)
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is equivalent to

lim n* Prlgy A--- A &,] = lim n2"HPr &l N\&] =¥ (213)

n—0oo
s<o

for fixed p. The first equality follows from the definition of conditional prob-
ability. Expanding the conditional probability in the middle term of (2.13)
and again noting that there are a fixed number of terms in the product, we

bring the limit and the n? term into the product,

P

i o TPl | A gl = I i 2P e A6

o=1 s<o o=1 s<o
P 2 n—-2-2o0
2
—Hhmn( ! )(1—-————)
- n—i00 —-1-20 n—1-—20
p
=[[e?=¢". (2.14)
o=1

We compute the conditional probability,

) 2 9 n—2-20
Prg, | /<\€i.] = (F:I—:EE) (l_ n—1—2<7)

in (2.14) as follows. We have the event &;_ for fixed o < p conditioned upon

the events A;<&;,. The first term of
1 2
(n -1- 20)
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gives the probability of the i-th edge being a double edge. Since we know
there are ¢ isolated edges there are only n — 1 — 20 vertices that a vertex can
randomly be drawn “out” to. The second term gives the probability that no
other vertex draws an edge “in” to &;. But again since we know there are o
isolated edges, there are only n — 2 — 20 vertices for which an edge can be

drawn “in” to one of the 2 vertices of ;. The term

n—-2-2c
12
n—1~2c

gives the probability that no such edge is drawn to &. Since o is fixed the

first two factors in the product of (2.14) are

1 2
lim n?( ————) =
navo " (n—l—za) L

while the last factor is

2 n—2-2¢
li l-——rr =e72,
nago ( n—1-— 20’) ¢

We have now shown

P
lim I'(n, p) = i

n—oo p' !
for every fixed p, where A = ?

It remains to show that (2.9) also holds. Taking a Taylor series expansion
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of e** about 2z = 0 we have

Az . o
= Z P 2,
p=0
so that (2.9) becomes
L% 15 AP
: Az . 1; AN _—
J%;F(n,p)z” — e = 7}1{&; <I‘(n, p) p!>z” = 0.

Setting
AP
v(n,p) =T(n,p) - o
the previous equation becomes
3]
. p—
lim gv(n,p)z 0.

We take the sum from p =0 to p = | %] and not to p = oo since there can

be at most | %] isolated edges. Write

12) N 12
lim > y(n,p)2" = lim " y(n,p)2" + lim > (n, p)",
p=0 p=0 p=N+1

as n — oo the first term on the right converges to zero, since for p < N each of
the y(n, p) can be made arbitrarily small. To show that the second term also
converges to zero we note that y(n,p) < 1forallnandfor N < p < [5] -1,

since under these conditions both ) /p! < 1 and I'(n,p) < 1. In particular
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for p > e\ we have A?/p! < 1. We now show that I'(n,p) < 1 for all n and

for N < p < [%] — 1. Using the same analysis as in (2.12) and (2.14) we

have
) = e [ Pe e | A 6]
np)= T T (&ir is
(n B 2p)!p!2P o=1 <o
1 P 2 n—-2-20
I | VA W A
(n—2p)!p!2i"a=1 n—1-2c n—1-2c
2
< n! 1 pe'z”
(n—2p)1p12\n—-1-2p
e? n %
<
pe2e (e(n - 2p))

- (=)

2p
n
_ < T Jz“eps/Z) <1 (2.15)
if n < \/2epn — 2v/2ep®? or p < §. We thus rewrite the second term as

12) 13
lim Z v(n, p)zf < lim Z 2 = lim 2

n—00 n—oo 1 — 2
p=N+1 p=N+1

N+1

By Remark 2.4 we have |z| < 1, thus the last term can be made smaller than

any € > 0 by choosing

N > max [e/\, lig—[il—:—fl]—]
log 2

We have shown X to be asymptotically Poisson with mean e—;z- Thus,
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with probability 1 — exp(—e~2/2) a random graph G € Gyoy has an isolated
edge. Now, if 7(n) < 2 (i.e. p = p(n) < 1), then this edge remains isolated
in G,ou With probability

which can be bounded from below by a positive number, unless r(n) — 2
(i.e. p(n) — 1). This proves the first statement of Theorem 2.5.

It remains to show if g(n) < -%; then G,.ou is a.s. connected. As in
the proof of Theorem 2.2, we find a bound to Pr[Gigisconn], the probability
that a random G € G,y is disconnected with a component of order i. We
count the probability of a subset of vertices of order i having “out” edges
only to itself and having j vertices with out-degree 2 and ¢ — j vertices with
out—degree 1, summed over all possible j. We proceed in the same way for

the complement of order » — ¢. This gives

Pr(Gi-discomn) < (T:) > (;) (n . i) PeipieTh (216)

(Y () eyt (") 22

(DT e e ey

where

i (i 'i—ji-—lji_ i—j
Ai=Z(j)p7q (3) G-1)

=0 (=32’
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_—_(i—l)i[q+p(i~2)]i

n—2
and o ) N ;
B — :\:j Nl N i
i = n=2\¢
par; (25%)
(i — 4 _ 1\n—i p(n—_’i—2) "
=(n—-1-1) [q + — ] .

Now X, the number of isolated edges in G oy is Poisson with mean A =

e~2/2. Thus for large s

aA°
s’

Pr[X >s] <2

Furthermore, the probability that at least one out of s fixed isolated edges
remains isolated after the addition of extra edges to Giou is < s(1 — p)2.
Thus, no matter how slowly p = p(n) tends to 1, we can find s = s(n) =
0(1/(1—p)?) — oo such that the last probability as well as Pr[X > s] — 0. In
other words, a.s. G,_oyt Will have no isolated edges. Therefore, it is sufficient

to consider the sum in (2.2), starting with ¢ = 3.

Pr{Gutscon] < (n—_l—l)—é (’:) (i =1y [q N PS: 22)]‘.

(n—i-1) [q + p(nn— i 2)]"'i +o(1)
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< (n-l_m % (’:) (i - 1)i(n — ¢ — 1)~ [Q(" —nz)_+2z' - QY +o(1).

i=3

2
For q < -=; we have

Pr{Guteom] < =275 H () v i[5 +om,

1 LZ] . ‘
= }:‘;(z — 1 —i—1)"" =o(1),

by the same argument as in (2.5) to (2.8). We have shown Pr{Glisconn] — 0

ifq<;‘—2;3. O

Remark 2.6. Bollobds [6] has suggested methods for biasing the probability
of a second edge so that we have a.s. connectedness in a model that has
minimally more edges than Gy_,y. Some ideas for study are to determine
the effects on a.s. connectedness of sending an edge from each component of
Gi-out that is a cycle and from each vertex of degree one. A second idea is

to send an edge from one of the vertices of every edge of total degree at least

four.

2.5 On Higher Connectivity of Gi_out

A result of Erdds and Rényi [12] roughly states that a random graph on n
vertices with %n logn + O(n) edges has a.s. connectivity equal to its min-

imum degree. Bollobds and Thomason [7] showed that for every function
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k = k(n) < n — 1, the random graph models G,, and G, » have a.s. k-
connectivity, where k is the minimum degree of the graph. Despite the fact
that Giout has at most kn edges we can give similar connectivity results here
as well.

A graph is k—vertex (edge)-connected if deletion of any k& — 1 vertices
(edges) will not disconnect the graph. As a corollary to Menger’s theorem
[42] one can show that a graph is k-vertex-connected if any two vertices
can be joined by k independent paths, i.e. paths whose only vertices in
common are the endpoints. One can also show as a corollary, that a graph is
k-edge—connected if any two vertices can be joined by k edge-disjoint paths.

We say that a graph has vertex (edge)-connectivity k if k is the largest
integer for which the graph is k—vertex (edge)-connected. It is clear that
the minimum degree of a graph represents an upper bound on its edge and
vertex connectivity. For deletion of all edges of a minimal degree vertex will
render that vertex isolated and the graph disconnected in both the edge and
vertex sense. A result of Fenner and Freize [20] which we quote here gives

that this upper bound is also a lower bound.

Theorem 2.7. (Fenner and Frieze 1982) Let C,(G) and C¢(G) be the vertex
and edge-connectivity (resp.) of a graph G € Gi-out for k 2 2. Then

lim Pr [Cy(G) =k] =1

n—00
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and

lim Pr[Ce(G) = k| = 1.

n—0o0

We prove now a corollary to Theorem 2.7 relating to graph planarity. A
graph G is said to be planar if there exists a representation of G in the plane,
such that no two edges of G intersect. Kuratowski’s Theorem [39] states that
a graph G is not planar if and only if there is a K5 or K33 is imbedded G,
i.e. G has a complete subgraph on 5 vertices or a complete bipartite graph
with vertex sets of order 3 and 3. Wagner in an extension of Kuratowski’s
result [53] proves that a graph G is planar if and only if it is not contractible
to K5 or K33. By contractible it is meant that a series of edge contractions
exists, that is the identification of two vertices at the ends of an edge. The
graph resulting from a series of edge contractions is said to be a minor of
the original graph.

The existence of a set of 5 vertices of V(G) such that all the vertices are
connected to each other via mutually independent paths is equivalent to K5
being a contraction of G. For first, contract all edges not on one of these
independent paths and then contract each independent path to a single edge.

The existence of such a contraction would render G' non-planar.
Corollary 2.8. For k > 4 G € Gi_ow 8 a.s. non-planar.

Proof. By Theorem 2.7 G3 oy is a.s. 3—connected. By a well known theorem
of Steinitz [2] the embedding of any 3-connected planar graph in the plane

is essentially unique, i.e., the facets are uniquely determined. Add a random
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edge from each vertex to obtain Gyou. The probability that none of the
additional edges connects two vertices in different cells is extremely small.

The details are omitted, since in Theorem 2.13 we establish a stronger result.

g

Another related result of Fenner and Frieze [21] says that for k > ko, Gx-out

is a.s. Hamiltonian. Bollobas [4] shows that their theorem holds for kp = 23.

2.6 On the Degree Sequence Distribution of
gk—out

Many results are known for random regular graphs [56] and for graphs whose
degree sequence is known to have fixed upper and lower bounds. In this sec-
tion we study some properties of the degree sequence of Gi—y:- We first show
that the in-degree of any vertex in G, converges to a Poisson distribution
with mean k, as the number of vertices, |V| =n — oo.

Let Y; be the random variable on Giou that gives the in-degree of a
vertex v € V. Of course by definition the out-degree of each vertex is k.

Clearly Y} is independent of v and so we do not include this in the notation

of the random variable.

Proposition 2.9. For fized k, Y} converges uniformly to the Poisson distri-
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bution with mean k asn — oo. Thatis, for0<j<n—1

ki

. — il — kM

nlLIEOPr[Yk =jl=e T

Proof. Consider an oriented edge uv from u € V — {v} a “success” of a
Bernoulli trial with probability of success p = -£;. For any n > k the
in-degree of v is the sum of independent successes and is thus binomially
distributed. Since pn converges monotonically for n — oo to & we have the

following inequalities (see [19], p. 161)
] 2 j 2 n "j
Pt = -I;—' <PrlYy =j] < R % (2.17)

O

Theorem 2.10. For constant k and G € Gi_ow; let A(G) = maxyeq in-deg(v).

Then a.s.

_ logn
AlG) =0 (log log n) '

Proof. Denote by &, ;, ¥y; and @, ; the events of vertex v € V(Gr—out) having
in-degree precisely j, < j, and > j respectively. Now knowledge that some
vertex v € V(Grout) has in-degree < j can not increase the probability that
some other vertex u € V(Gi-out) has in-degree < j. For each edge that does
not connect “in” to v may potentially connect “in” to u thereby raising the

total in-degree of u and thus lower the probability that u has in-degree less
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than some number j. Thus we have for u # v

Pr ['lpu,j l"pv,j] <Pr ['@bu,j] .

Let V; be the number of vertices with in-degree > j. By the same reasoning
this inequality holds for sets as well. Fix aset S C V with u ¢ S. Denote

by Ts the event that every vertex in S has in-degree < j, then

Pr [¢u; | Ts] < Pr [tu;). (2.18)
By repeated application of (2.19) and (2.18) we have

Pr[N; >0] =1—Pr[N; =0

=1-Pr[ /\ vu,]

veV

>1- HPr [':[)v,]-].

veV

By Proposition 2.9, we have from the upper bound given by (2.17) that

i-1 . =1 4
. . Kty Kkt
nli.r& Pryy;] = nlg%o ?_0 Pr¢, ;] < ew-n ¢~k ;—0 T (2.19)
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Thus,

. k2(n+1) kj_l k\ "
JEEOPI [Nj > 0] >1-— nh_{& (e nn-1) g Z ﬁ)

i=0

j n
>1— lim (1 —e* k—) , (2.20)

n—oo 7!

But the last term in (2.20) tends to zero as n — oo provided j < ﬁﬁ%;.

Using Stirling’s approximation [49] on the last term in (2.20) we have

E\" d \" e\ \"
—e kM — 1 I ]
(1 ) < (1 jf+1/2) = (1 (3) ) ’
where ¢, and ¢, are constants < 2ek. Now, let s(n) — oo as n — oo, but

arbitrarily slowly. Then

@2 (-()) - e

But
lim nS = jm 087 ilog(e) _
n—co ji m—co  jlog(j)
: !
for J < Iogolo;n
We now show that Pr[N; > 0] = 0 for j > ﬁﬁg—n. Since N; is the number

of vertices with in-degree > j we have

lim Pr[N; > 0] < lim nPr{p,;]
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_ k2 (n+1 i ki . _ k]

< lim ne k) E = < lim 2ne *=,

n—00 — 1,! n—o00 ]l
=]

since the first summand is dominating. The right hand side tends to zero for

j> 135"— since

og logn
& AV log los(2k
o < i P gy BT
nmoo Jl “nmeo i meo jlog(j)
for ] > lo:)logn‘ 0

2.7 On the Planarity of G out

Recall that a graph is planar if it can be represented in the plane, such that
no two edges intersect. In this section® we prove the threshold for a.s. non-
planarity is k = 2, i.e. for k > 2 G € Gion is a.s. non-planar. We also
prove, in the G, oy model that for r = 1 + p and p = p(n) very small, that

G € Gioyt is a.s. non-planar.
Proposition 2.11. Every G € Gi_oyu: is planar.

Proof. By construction every connected component of any G € Gyt cOD-
tains at most one cycle, see the proof to Theorem 2.1. Since all unicyclic

graphs are planar, each component of G is planar and thus G is planar. O

We have previously noted with Corollary 2.8 that for k > 4, Gxoyt is a.s.

non-planar. The well known result attributable to Euler (see for example [5]

3My thanks to Dr. Jeffrey Jaffe Head of Research and Advanced Technologies at Bell
Labs for raising the question of planarity in these graphs.
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Theorem 16) stating that a planar graph on n > 3 vertices with more than
3n — 6 edges is non-planar by itself is not sufficient to establish that Gy ou
is a.s. non-planar for £k = 3. There are at most 3n edges in this model but
in general there will be less than that due to the existence of double edges.
Recall that uv is a double edge if v has an “out” edge and an “in” edge

adjacent to v. The expected number of double edges is

() ()~

and there may be non-zero probability that the number of double edges

exceeds 6.
Before proving that indeed we have a.s. non-planarity for k > 3 we state
and prove a lemma relating to the planarity of multigraphs. A multigraph is

a graph with more than one edge connecting any two vertices.

Lemma 2.12. Let G be a multigraph that does not contain any of the for-
bidden (not necessarily induced) subgraphs of Figure 2.7. Then contraction

of all multiple edges of G results in a graph H with no multiple edges.

Proof. We characterize the forbidden subgraphs as follows: any double edge
is not part of a triangle and any two double edges are separated by at least
two other edges. Assume now that G does not possess any of the forbidden
subgraphs, then any cycle containing 2 double edges must have length at
least 6 and any cycle containing one double edge must have length at least

4. Contraction of the double edges on any cycle results in a cycle of length
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Case 3

Figure 2.7: Forbidden subgraphs
at least 3, but a cycle of length 2 is needed to create a double edge. O

Theorem 2.13. Let G € Gi_out be a random graph with k > 3. Then G 1is

a.s. non-planar.

Proof. We address the case of k = 3 with higher k obvious from the definition
of the Gyt model. One can think of generating a random G € Gx_out by
first generating a random G’ € Gy_;u and then adding random edges.

Let d be the number of double edges of G. We will show the existence
of a graph minor H of G such that H has a.s. = n — d vertices and
3n — 2d > 3m edges, where here we count a double edge only once. From
this we have that H is a.s. non-planar by the Euler condition mentioned
above. Let H be the minor of G obtained by contraction of all double edges

of G. In the event contraction of a double edge creates a new double edge,
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the new double edge must also be contracted.

If there are no forbidden subgraphs of Figure 2.7 in G, then H hasn —d
vertices and 3n — 2d edges (counting double edges once). Starting with n
vertices and n — d edges in G, since there are d contractions of edges in G
and each contraction eliminates one vertex and one edge. We now show that
a.s. there are no forbidden subgraphs. The probability of Case 1 is bounded

from above by

() () () =ofi] -

similarly the probability of Case 2 is bounded above by

@ (nﬁ 1)2 (n6_ 1)2 - o[i—] Ny

The probability of Case 3 is bounded above by

() ) ) (75) =eff] -

O

Using the same model as in Theorem 2.5 we prove that fewer than 2 “out”

edges per vertex are needed for a.s. non-planarity.

Lemma 2.14. Let s = s(n), ¢ = ¢(n) and p = p(n) be functions such that
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§s—00,sp<nandc>e. If

— >N
logc
then
. 8
lim c2(1 - ﬁ) =0
nN—00 n
Proof.
sp\’ sp\"]"
lim c2(1-— ——) = lim 02[( - ——) ]
n—0o0 n n—00 n
= lim c®exp ( — sp) » = lim exp (ffE)
n—o00 n—oo n
. s’p
= nll‘ngoexp (2logc— T) =0
when the given condition is satisfied. a

Definition 2.15. Let T be a tree and let S be a subtree formed by deletion of
an edge es € E(T). We say that T is pruned into the subtrees S and T — S
by deletion of edge eg.

Lemma 2.16. Let T be a tree on m vertices with mazimum degree A and
let c<m/A. Then T can be pruned into ¢ subtrees each containing at least
| &) vertices.

Proof. We describe an algorithm for pruning 7'. Assign a root vertex r to T
and orient all edges toward r. For each vertex v # r, let T, be the pruned
subtree that results from deletion of the edge adjacent to v in the direction

of r. Let t(v) = |T,|. We prune T as follows.
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Figure 2.8: Pruning T at vertex v

1. Starting at a leaf, take successive adjacent vertices, proceeding toward

r until we reach the first vertex v such that t(v) > 2.

2. If t(v) < 2 41 then prune T, and repeat Step 1 for T — T}, unless
|T — T,| < 2. See Figure 2.8.

3. If t(v) > 2 + 1, then, since deg(v) < A, there is an edge uv toward
vertex u adjacent to v and oriented toward v such that t(u) > 2.

Substitute vertex u for vertex v and return to Step 2.

Note that,since t(u) < t(v), the process will eventually end. Since each
pruning removes at most £ vertices from T, the pruning step (Step 2) can
be repeated at least ¢ — 1 times, resulting in at least ¢ trees meeting the

requirement,. a

Theorem 2.17. Let ¢ = ¢(n) be an integer, p = p(n) be a probability and
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G € Gr-out be a random graph with r(n) =1+ p(n). If

P log*n i
clogc ™ n(loglogn)

then G a.s. has a minor K,.

Proof. We generate a random G € G,y by first choosing a random H €
G1-out 2nd then adding a random edge “out” of each vertex with probability
p(n). By a result of Kolchin [37] the number of connected components of
H is asymptotically normally distributed with mean %logn and variance
similarly %log n. Thus, there are a.s. O(logn) connected components of H
and at least one component C of order m = (n/logn), i.e. there exists a
constant o such that m > an/logn.

Since C is connected it has a spanning tree T with m = Q(n/logn) ver-
tices. By Proposition 2.10 the maximum degree of T is O(—%2-). Applying

loglogn
Lemma 2.16, there is a pruning of T into c¢ subtrees, T1,T5,..., T, each

containing at least

s(n) = Q(M)

clog®n
vertices. Now add the random “out” edges with probability p. The proba-
bility of an “out” edge between some specific vertex v € T; and any vertex
in Tj is at least ps/(n — 1) and the probability of no such edge is at most

(1 —ps/(n—1)). Thus, the probability of no “out” edges from any vertex of
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T; to any vertex of T} is at most
S
(-75)
n—1
and the probability of no edges between any of the trees T3,75,...,T; is at
ps \°
2
1———}.
“(1-7%5)

P log*n
>
ctloge ™ n(loglog n)2

most

But for

the conditions of Lemma 2.14 are satisfied, and thus in the limit the proba-

bility that there is a pair (T}, T;) with no connecting edges is at most

lim c? <1 - ilI-)-) =0.
n—00 n

We have shown the a.s. existence of an edge between every pair of subtrees

T; and T;. Contraction of each T; to a point gives K.. d

Corollary 2.18. Let G € Gk-out be a random graph with k > 2. If

¢ o \/ﬁlogzlogn
ogc log“n

then G a.s. has a complete minor K.
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Proof. Setting p =1 in Theorem 2.17 we have that

cloghn
1> &

log cn( loglog n) 2
which is implied by the condition. O

Corollary 2.19. Let G € Gyt be a random graph with k > 2. Then G is

a.s. non-planar.

Proof. By the previous corollary there is a.s. a minor K, for ¢ = 5 (in fact
much larger than ¢ = 5), which by Kurotowski’s Theorem [39] implies non

planarity. a

Corollary 2.20. Let c be a fized integer and G € G,_ou: be a random graph

withr =1+p. If
logtn
n(loglog'n)T

then G a.s. has a K, and is thus a.s. non-planar.

Proof. Fix c in Theorem 2.17. O
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Chapter 3

An Application of Graph

Theory to Number Theory

This chapter gives an application of the G, model of random graphs to a
problem in analytic number theory. In attempting to find a new proof for
Theorem 2.1 we generated a sum over the ordered partitions of an integer
and reduced the proof of the theorem to finding the asymptotic nature of
this sum.

Recent methods devised in analytic number theory [22] apply to the prob-
lem we present here. These however, require sophisticated techniques in
complex analysis. We present a different line of proof using combinatorial

methods, which we note is of interest due to its relative simplicity.
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3.1 Introduction

Definition 3.1. A composition of n is an ordered partition of n, i.e. a

representation of n as the sum of positive integers with regard to order in the

sum.

For instance, 4 has the following eight compositions

4=34+1=14+3=24+2=24+1+1=14+2+1=14+1+2=1+1+1+1.

A k-part composition is an ordered partition consisting of exactly k£ terms.
We denote by vi(n) the set of all k-part compositions of n and by ~(n) the
set of all compositions of n.

Examples of weighted sums over compositions have appeared in the lit-
erature (see [44, 28, 35]). Let w = (w1, wo, w3, - - ) be a sequence of numbers
called weights. The general problem is to find exact formulas or at least good

asymptotic estimates for sums of the following type:

Cﬂ,k(w) = Z Wiy Wey =+ - W, (31)
Tk (n)
and
Cn(’UI) = ch,k(w) = Z Wy, Wy - * (3.2)
k=1 ¥(n)

where the first sum is taken over all k-part compositions ¢, + 3 + - - - + ¢, of

n, while the second one is taken over all compositions of n.
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So far, estimates for sums as above were obtained by using the power

series generating function of w namely,

W(z) = i Wp "
n=1

To obtain an explicit representation, notice that

1+ ) [W(a)k o* = yw(x) 1+ch,,,,(w . (3.3)

k=1 1 n=k

As an example, let w, = 1,Vn > 1, so that W(z) = z+2%+--- = z/(1-xz)
and replacing in (3.3)

yW (x) Ty -
1+ =1+ =1l4azy) z"(1+y)"
1—yW(z) 1-z(1+vy) yg (1+9)
o0 n
_1+EZ<) n+1 k+1_1+ZZ( ) yk’ (3.4)
n=0 k=0 n=1 k=1
so that

=g ()

Yk (n)
is the number of compositions of n into k parts. This appears in [48] and

can also be proved by a simple combinatorial argument. It follows that in

this case
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en(w) =) 1= Zn: enp(w) = zn: (:: i) _ gn-1

~(n) k=1 k=1
is the total number of compositions of n. For some other similar examples
the reader is referred to [28, 44].
However, it is not always the case that a closed formula can be obtained.
Knopfmacher and Ridley [35] considered the case

w,=—, VYn2>1

1
n

It is known (see [33], p.146) that in this case

k!
Cak(w) = —5s(n, k) (3:5)

where s(n, k) is the signless Stirling number of the first kind. The asymptotic
behavior of s(n, k) has been studied in {45, 52, 54]; for k fixed and n — oo it

is known that

(n— 1)l

s k) ~ )

(Inn)*-1,

Using the above estimate in (3.5) we obtain that

1 k
Ca (W) = =~ Z(lnn)* (356)
t1+t2§tk=n tlt2 e tk n
t;21,1<j<k
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In [35], the authors prove that in this case

e—1

n 1 e n
w) = k(W) = + O(1). 3.7)
calw) =) ens (55) +o (

In attempting to find a new proof for a well known theorem from graph
theory (Theorem 2.1) we were lead to a similar sum over the k-part com-
positions of an integer. More precisely, we had to estimate c¢,x(w) when
w, =n"P, Vn > 1, where p is some constant > 1. Being unable to success-
fully estimate this sum, we proceeded to prove the theorem in an alternate
manner and then show that the theorem itself may be used to describe the
order of magnitude of this sum.

It is natural to consider the more general problem of estimating c, x(w)

when w, = n"?, Vn > 1, where p is some constant > 1. Here is our main

result:

Theorem 3.2. Given p > 3/2 and n, k positive integers so that k < n — 1,

then
1 1 ka*
C(n,k,p) = —_— = < n— k)P,
i) 2(1;) (batz -+ 2P n+tn+-z--+ek=n (tato- - ti)?P vam ( )
™ £;21, 15i<k
where a=e?V2r=27244.... (3.8)
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Remark. It is obvious that

1
s T 2 kvt Voo (39)
‘H"zg-tk:n (tita- - te)P
tj>1,1<5<k

For take the k-part compositions of n where k — 1 of the terms are equal to
1 and the remaining one equals n — k + 1. There are k such compositions
which already gives that C(n,k,p) > k(n—k+1)"? > kn™?.

From this and the above theorem it follows that if we fix p and k (k

positive integer and p > 3/2) and let n — oo we have that

C(n,k,p) = 0(n7?). (3.10)

On the other hand, relation (3.6) shows that n~P is not the correct order
of magnitude when p = 1. We suspect that our result remains valid for all
values of p > 1. Since the theorem is obvious for £ = 1, in the sequel we will
assume k > 2.

In the following section we mention a few well-known facts related to the

graph enumeration problems of the previous chapter. These facts will be

needed in the proof of the theorem.
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3.2 Counting Connected Graphs

Denote by f(n,e€) the number of connected graphs having n labelled vertices
and e edges. It is trivial that f(n,e) = 0 if e < n — 1 and it has long been
known [9] that f(n,n — 1) = n"2.

Formulas for f(n,n) have been found by Katz [34], Renyi [47] and Wright
[57]. An important observation is that any connected labelled graph with n
vertices and n edges contains just one cycle of k points where k > 1 (we
allow loops and multiple edges), and each vertex in the cycle is a root of a
rooted tree (possibly the degenerate tree consists of a single vertex). Figure

3.1 illustrates this characterization, with trees labelled T1,T5,--- , T,

Figure 3.1: A Connected Graph from Gyt
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If the edges of the cycle are deleted from such a graph there remains
a graph consisting of k disjoint rooted trees, or in other words a planted
forest with & components. The number pi(n) of planted forests has been

determined by Cayley (see e.g. [50] p. 23-26 for a nice Priifer type proof);

pelo) =k (7).

Let fi(n,n) be the number of connected graphs on n labelled vertices,

having n edges and a k-cycle. Then

~ 1)1 plprk-l

fk(n,n) =pk(n) (k 9 = 2(n _ k‘)'

(3.11)

because the planted forest with k& components can be chosen in pi(n) different
ways and the roots can be arranged in a cycle in (k — 1)!/2 different ways.

This last relation will be useful in the sequel.

3.3 Proof for p=3/2

We use an alternate way for counting the unicyclic labelled graphs on n
vertices, containing a k-cycle, 2 < k < n— 1. Partition first V(G) into k sets
T;, each of cardinality |T;| = t; > 1. The k-cycle will have one vertex in each

of these subsets. Then cyclically order these sets; this can be done in

1 n
ﬁ(tl S tq) (3.12)
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ways. Each set T; must be the vertex set of a tree. By Cayley’s theorem [9)]

we form these trees in
k

[ (3.13)

i=1
ways. For each tree we choose a root vertex which is to become part of the

k-cycle. This is done in
It (3.14)

ways. Summing over the k-part compositions the product of the factors in

(3.12), (3.13) and (3.14) we have the following equation for fi(n,n):

1 _ - tf‘
fe(n,n) = Z ﬁ(tl b - tk) Htt Htt' 2 _ == Z tl'tzl

Yk (n) =1 =l

Using now (3.11) we obtain that

tgy—l téz-—l ttk -1 k nn—k—l

= . 3.15)
%Z(;I) tl! tz! tk. (n - k)' (
We will need the following version of Stirling’s formula (see [49]):
m! = v2mm (m)m eom where L <op < —1— (3.16)
e 2m+1~ """ 12m

This implies that
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\/271' 1 1
odeety] < (_ t‘*“/z —
tltgl- - t! < — E exp | p- 44 o

(61/12\/27T) tn+1/2tt2+1/2 ttk+1/2
SR SutlV AN 5 et .

< (8.17)
en
From (3.15) and (3.17) it follows that
. y—k—1
bn (3.18)

> —————,
(n—k)~— (61/12\/%‘ k Z (tata - tk)3/2

vk (n)

Stirling’s formula gives that

n—k—1 n-k-1 _n-k e'n.—k n )n-—k 1
< =
(n—=Fk)! = er(n—k)yk+t1/2 \2n(n - k)32 (n ~k
en

Ver (n — k)3/2

which used in (3.18) implies

k (e2'2v/2m)" .
< — k)32, .
C(n,k,3/2) = Z Tt tk)3/2 < Nor: (n—k) (3.19)

This proves the theorem when p = 3/2.
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3.4 Proof for large enough powers

Fix n and 2 < k < n —1 and choose Ny(n,k) = [(k — 1) logyn]. We will

now prove the theorem for all powers N > Ny(n, k). Indeed, we have

— 1 k o fn—1 1
sk = ‘v%(;) (trta- - tx)N . (n—k+1)¥N i (k— 1) 2V (n—k)¥

(3.20)
The first term in the right hand member represents the sum over all &-
part compositions of n in which & — 1 of the terms are equal to 1 and the
remaining one equals n — k+ 1. The second term represents an upper bound
for the sum over the remaining k-part compositions. There are (}7}) — k
such compositions and it is easy to see that the product ¢, t2 - - - t; attains its

minimum when t; =tg =+ =tro=1, 1 =2and ty =n — k.
From (3.20) and our choice for N it immediately follows that for every

k>2

k nk-1 k+1 ka* N
< < < kY=, (3.
Ol N) € o+ i < o S v (0™ (320

3.5 Proof for all powers p > 3/2

Let p > 3/2 be an arbitrary constant. Given n and k < n — 1, choose N

large enough so that inequality (3.21) is satisfied. Obviously, we can restrict
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ourselves to the case p < N. By Holder’s inequality we have

C(n,k,p) = Y (tata--tx)?

Yk (n)
3(N= N(2p-3
= Z [(tltz )~ L= (tatp -+ -tgp)” 28-3 ]
i (n)
2(N -~
2N-3
(N~ =4
< Z (trty--- tk)——z%vt’él-ﬁx—_;‘,y
| Tk (n)
2p=3
2N-3
-3
Z(tlt2 )~ -2ty
Vi (1)

= [C(n, k,3/2) % - [C(n, k, N))F5

kat\ AN —p)
< (72__—> -(n— k)-' 2N-3 .
T
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