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Abstract

Volume Data Set Visualization using Topological Zone Segmentation

by

Nazma Ferdous 

Advisor: Dr. James L. Cox

For the last two decades, different aspects of visualization have been very popular area of 

research due to increasing visualization demands of medical and scientific applications in 

the late twentieth century. A major portion of this research work has been conducted 

concerning visualization of volume data sets in general, and isosurface extraction in 

particular. We summarized some of the currently used algorithms in this field, and their 

efficiency issues in first few chapters. Certainly, the effort of the visualization specialists 

has come a long way in improving of both quality and applicability. Many more issues 

remain unresolved, particularly when visualizing large volume data sets, such as the 

bottleneck induced by excessive I/O operations.

We present an algorithm for organizing the discrete scalar volume data on external 

storage with important application to out-of-core visualization of extremely large data 

sets. The application include extraction isosurfaces in a manner that minimizes both I/O 

and disk seek time, topologically correct isosurface simplification and producing a visual
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atlas of all topologically distinct objects in the data set, with the range of scalar isovalues 

that reveal each. The segmentation algorithm computes the region of space called 

topological zone components, so that any isosurface component is completely contained 

in a zone component and all contours contained in a zone component are homeomorphic. 

The algorithm also develops a search structure called criticality tree as by-product and 

both of these computation is carried out in space efficient manner. The algorithm is very 

generic in nature. It does not assume any specific structure of the input data or any 

specific interpolants and can be extended to data sets with non-unique values. Towards 

the end, we give a simple, efficient and provably correct algorithm for constructing 

isosurfaces. Finally we present the results obtained by various experiments that justifies 

our assumption.
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C h ap ter 1 

In tro d u ctio n

Objects and natural phenomenon in our spatial and temporal surrounding are sam­

pled at discrete points to produce computational models, generating 3D volumes of 

data. Volume data  sets are 3D (or higher) entities that have information inside, 

may or may not consist of surfaces, and may be too large and complex to be rep­

resented geometrically. Volume visualization is a  method of extracting meaningful 

information from volumetric da ta  sets, through interactive graphics and imaging. 

These techniques are mainly designed to manipulate, render and represent the data  

set, usually in the form of a  multidimensional digital image. Volume visualization 

provides techniques to explore 3D data, inside or outside the objects. This allows un­

derstanding of the complex boundary structure, as well as peering inside the object 

to  reveal the inner structure, and giving visual insight into opaque or complex da ta  

sets. Also, in some applications (such as computational fluid dynamics, and other sci­

entific simulations), it gives a  way to visualize the dynamics, which are not ordinarily 

easily comprehensible. Volume visualization, as a technique, brings a revolution to 

computer graphics and promises important breakthroughs in numerous applications.

Volume visualization is a very effective tool, where the acquired data set is inher­
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ently volumetric. In many application areas such as medical and scientific imaging, 

computational fluid dynamics, X-ray crystallography, computer aided design (e.g. 

solid modeling), simulation and animation (e.g. flight simulation), the data sets that 

axe usually obtained fall into this category. Different aspects of visualization methods 

have kept the attention of scientists since the early ’80s. The technology still holds 

substantial challenges and promises for future extension. This report discusses dif­

ferent stages of visualization and effective visualization methods currently in use in 

the first few chapters. As the  field matured, the algorithms focused on overcoming 

existing bottlenecks and acquiring better performance by making the process efficient, 

faster, easier to use, more meaningful and more interactive. Most of these methods 

have their special features, and  each is best suited for use in specific applications. 

This report also includes a comparative discussion between different methods of vi­

sualization, along with the existing challenges in the field. In addition, the features 

and applications of a new scheme for visualization, designed to  expedite correct iso­

surface construction, is discussed and some empirical results are presented to verify 

its usefulness. Due to the lim itations of this report, only a few popular algorithms 

have been summarized despite the enormous amount of work tha t has been done in 

this field. Details of each m ethod and related figures can be found in the associated 

references.

1.1 Phases of Visualization

The process of visualization is described step by step below. Figure 1.1 shows the 

flow chart of different phases of visualization.
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Phase 1: Data Acquisition

The primary sources of volumetric data  axe the following:

•  Sampled data of a real object or phenomenon. These are acquired by multi­

channel scanners or sensors th a t measure the real object or phenomenon, pro­

ducing a sequence of 2D cross sections or slices. For example, a real human 

organ is sampled with medical scanners as in Computed Tomography (CT), 

Magnetic Resonance Imaging (MRI) or ultrasonography, and is represented by 

a series of slices through the  sampled organ.

•  Simulated data  produced by a computer, by executing a simulation of a mathe­

matical or physical model. The data  produced can be a scalar, vector, or tensor 

field of the 3D spatial grid, or a sequence of 2D planar slices. Examples of such 

computer modeling can be seen in fluid dynamics, molecular graphics, etc.

•  Another source of discrete 3D data  is the data  generated from a geometric 

model, for example in Com puter Aided Design.

The original data is often enhanced by changing it into a form th a t is more infor­

mative, filtered, and is uniformly distributed on an orthogonal grid, using well-known 

2D image processing techniques. While reconstructing a contiguous 3D data set, the 

2D slices are stacked together, the missing data between slices or scattered points 

are estimated by linear, bilinear, trilinear, or sophisticated nonlinear interpolation, 

depending on the accuracy level required for the application.

Phase 2: Format of 3D Discrete Data

In order to manipulate a discrete da ta  set in an efficient way, the  3D data  points are 

stored and ordered in some specific formats, which are described below.
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V o x e liz a tio n  o f  3D  D isc r e te  D a ta

Most commonly, the 3D volumetric d a ta  set resides in 3D discrete voxel space, which 

is a 3D integer grid of unit volume cells or elements called voxels. A voxel is a 3D 

counterpart of 2D pixel. Each voxel is a  unit of volume and has a numerical value(s) 

associated with it, which represents some measurable properties of the real objects, 

such as color, opacity, density, velocity, etc. A voxel is commonly represented as a 

unit cube centered at each grid point or having each of its eight vertices located at 

adjacent grid points. The aggregate of the voxels occupying the whole space forms 

the volumetric data set.

Both data  generated by a com puter simulation and sampled data  are often inher ­

ently voxelized. Otherwise, the data  value at each grid point is approximated from the 

closest da ta  points available by linear, bilinear, trilinear, or nonlinear interpolation, 

depending on the application. In order to create a 3D voxel image from geomet­

ric models, a 3D scan conversion algorithm  is used, which generates a well-matched 

discrete representation of geometric models.

The synthesis and analysis of voxel models need a substantial m athem atical foun­

dation. For example, the generated 3D data  must satisfy some connectivity require­

ments. Thus, the framework for discrete space should be a close analog of continuous 

space, and in this case the discrete space is said to be well-behaved. There has been 

a fairly extensive literature on digital topology. Discussion about the characteristics 

and nature of well-behaved digital spaces and connectivity requirements for digital 

topologies can be found in [21].
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O th er F orm ats

Sometimes, it is beneficial to store the data  in an uneven grid [29], especially in cases 

where some regions of the data  space have greater fluctuations in values, whereas in 

other parts of the data  space, the data values do not change significantly. In such 

cases (e.g., computational fluid dynamics), while cell density is required to be very 

high in a region of interest, having the same high density throughout the data space 

would lead to expensive storage and data  manipulation requirements. The search for 

an optimal solution suggests that the data  geometry be a rectilinear volume, where 

data  points are arranged in a uneven rectangular lattice.

Some other applications create differently sized and shaped cells, such as te tra ­

hedral, or other types of polyhedral. A preprocessing phase is required to create an 

irregular grid of these aforementioned cells from the original discrete data. In the 

case of some sampling modalities, the mapping of the data onto an irregular grid is 

no more difficult than  the transformation to a cubic lattice. Each of these mapping 

algorithm must m aintain connectivity requirements for Digital space.

Phase 3: Filtering Volumetric Data

The visualization methodologies employed often display sensitivity to noise, and the 

type of noise encountered is often dependent on the data acquisition technology. 

Thus the next step is often the filtering of the volume data  to remove distortions 

produced by noise. The filtering techniques used include fairly standard techniques 

th a t are normally employed in signal processing (e.g. Gaussian filters). The filtering 

techniques are sometimes adapted to the source of the volume data. For example, 

one might use different filtering techniques for MRI data than  the one used for X-ray 

crystallographic data. The discussion of the filtering techniques and their suitability
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to the d a ta  acquired by different devices, is beyond the scope of this paper.

Phase 4: Classification of Volumetric Data

This step is used to classify objects within the image, either by thresholding or ma­

terial classification step. Thresholding is prim arily used by the surface rendering 

approach, where the surfaces of each object are approxim ated by geometric primi­

tives. An enormous amount of research has been done for fast and efficient surface 

rendering techniques. Some of the well-known algorithms are discussed in chapter 3.

The other approach, material classification, is often used by volume rendering 

techniques, where each voxel is classified depending on the percentage of material 

contained in it. Volume rendering is also a very popular area of research, and the 

techniques are discussed in the next chapter.

Phase 5: Mapping of the Volumetric Data

After the 3D d a ta  set is rendered, it is mapped into geometric or display primitives. 

Various kinds of display primitives are generated by different rendering algorithms, 

such as zero dimensional points or particles, one dimensional curves, lines, vectors, two 

dimensional polygon meshes or curved surfaces, or three dimensional voxels. These 

display primitives are then used to display the 3D data  set as an image.

Phase 6: Volume Viewing and Shading

Once the display primitives are generated, they are projected to form a 2D screen 

image. The projection algorithms depend heavily on the kind of display primitives 

generated and the rendering algorithms used. In  the case of surface rendering, the 

geometric primitives can be displayed using conventional viewing algorithms.
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Sampled DataSimulated Data Gemeotric Modeling

Volume Rendering

Voxel Shading

Surface Rendering

Surface Shading

Surface Projection Voxel Projection

Classifying Filtered Data

Data Acquisition

Formatting Input Data

Filtering Formatted Data

Figure 1.1: Phases of Visualization
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In volume rendering, volume primitives axe displayed directly and special viewing 

algorithms are used to capture the content of the voxels. The viewing algorithms 

can be categorized into two groups: object order, and image order. In object order 

algorithms, the object space is scanned and voxels are mapped into pixels. In image 

order algorithms, a ray is passed through each pixel and the color contribution for 

each pixel is gathered from the voxel space, by tracing the color along the path of 

the ray. This latter procedure, called ray tracing or ray casting, is an efficient way to 

implement volume rendering directly. An optical model for direct volume rendering 

is discussed in the next chapter.

While constructing the 2D projected image, each pixel within the image needs 

to be shaded. For this purpose, a surface normal has to be calculated. If geometric 

primitives are used to create the 2D image, conventional computation methods can 

be used to calculate the surface normal of each geometric primitive. Otherwise, the 

gradient information is recovered from volume data itself.

1.2 Hardware for Volume Rendering

Volume images axe huge 3D matrices, in the order of gigabits for moderate spatial 

resolution, with voxel granularity as fine as that of a pixel. This places new demands 

on graphics systems for more memory, faster computation and communication, and 

a new breed of processing and display techniques. Some innovative special purpose 

hardware architectures, such as GODPA, SCOPE, CUBE architecture, PARCUM 

system, etc., have been designed for volume visualization. A detailed discussion and 

comparison of these architectures’ organization, capabilities and performance can be 

found in [32], Several contemporary general purpose systems provide some software 

support for volume visualization, relying on the partial hardware support from the
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geometry and pixel engines. These systems include the Ardent T itan, the AT&T 

pixel machine, the Hewlett-Packard Turbo SRX/VRX, the Pixar Image Computer, 

the Pixel plane, the Silicon Graphics 4D, the Stellar GS2000, and the Sun TAAC-1.
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C h ap ter  2 

V olu m e R en d erin g

Volume rendering is a very thorough and informative method for visualizing volumet­

ric data. In this approach, the data values at the  vertices of each voxel are examined 

and a property value (such as light attenuation, or opacity) is assigned to the  voxel, 

depending on the  composition of the m aterial present in it [31]. While forming the 

2D image, the volume primitives are directly projected onto the screen w ithout any 

intermediate representation. This technique models the volume as cloud-like cells 

of sem itransparent material. Each cell emits light, partially transmits light to  other 

cells, and absorbs some incoming light. Figure 2.1 shows the process diagram of the 

volume rendering of a typical medical CT d a ta  set, which is a mixture of fat, soft 

tissue, bone and air. In addition to the final image, at each stage, one slice from the 

stage is shown. The basic algorithm is discussed below.

At first the input volume data is converted into several material percentage vol­

umes. The value of each voxel in each of these m aterial percentage volume is the 

percentage of th a t particular material present in th a t region of space. These values 

can be directly received from the input device, or can be determined from the  input 

data using probabilistic classification techniques. From the knowledge of the kind of
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material present in the  volume data, the percentage of each m aterial within a voxel 

tha t has an intensity I, can be estimated by the following probabilistic method:

n  \  /
1

where,

P i ( / )  is the percentage of m aterial i within the voxel 

Pi( I ) is the probability tha t m aterial i has intensity I 

n is the number of m aterials present in the volume data.

Given the m aterials’ property value and the m aterial percentage volumes, a com­

posite volume corresponding to tha t property can be calculated by multiplying the 

percentage of each m aterial tim es the property value assigned to that m aterial and 

summing up all the values. Using this method a composite color volume is obtained 

from the material percentage volumes and color and opacity values of each m aterial.

Along with the composite volume, the boundaries between materials are detected 

by applying a three dimensional gradient to a density volume. Each m aterial within 

the volume is assigned a  density value p and the density volume is computed from the 

material percentage volume by summing the product of the percentage of m aterial 

times the m aterial’s density, as follows.

n

d j  =  y  ] P i P i j  
i=1

where,

dj is the density of the voxel j

Pi is the density of m aterial i

Pij is the percentage of m aterial i in voxel j
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n is the number of materials in voxel j

The gradient is largest where there is a  sharp transition between m aterials having 

two different densities. This allows one to detect the interface between the two differ­

ent materials, or in other words, allows one to detect a surface. The m agnitude of the 

gradient is stored as a surface strength  volume and is used to estim ate the position of 

the surface present in the image. The direction of the gradient is stored in a surface 

normal volume, and is used for the  shading computation.

From the composite color volume, surface strength volume, and surface normal 

volume, the shaded color volume is obtained. It is the sum of the light em itted  by the 

volume and scattered by the surface. The relative contribution of the volume emission 

and the surface scattering can be varied, depending on the application. The reflective 

component of the light from the surface can be computed from the position and 

color of the light source, position of the eye, composite color volume, surface strength 

volume, and surface normal volume. The amount of emitted light is proportional to 

the percentage of luminous m aterial present in each voxel.

The image is formed from the shaded color volume. In order to  lessen the com­

putation, it is often beneficial to transform the volume, so th a t it lies in the viewing 

coordinate system. In that case, the eye is at infinity, and all rays are parallel to an 

axis of the volume. An image of the transformed volume is created by projecting the 

volumes onto the image plane, taking into account the emission and attenuation of 

light in each voxel along the ray, passed through each pixel. The accum ulated color of 

the final pixel can be computed by using a simple composite scheme. In back to front 

composition, if the current voxel has color C, opacity a , and the incoming intensity 

of the color I, the outgoing intensity I’ can be computed as follows, where the over 

operator is defined by the calculation:

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



1 4

I ' =  C o l  +  / ( I  — a )  =  Cover I.

Final output is created by projecting the voxels and calculating the color of each 

pixel on the image plane.

2.1 Optical Model for Direct Volume Rendering

The Optical Model for direct volume rendering utilizes front to back color composition 

to shade the pixels [17]. A ray is passed through every pixel on the screen. The 

effects of the optical properties axe integrated continuously along each viewing ray to 

compute the final image. The method also models the light interaction with volume 

densities, such as, only absorption, only emission, combination of absorption and 

emission, single scattering of external illumination without shadows, single scattering 

with shadows, multiple scattering, etc. For each model, it derives the differential and 

integral equations for light transport and also provides calculation m ethods to solve 

them  numerically. The color and opacity of each voxel is determined using these 

equations for absorption, emission, scattering and by considering the kind of material 

contained in it. To determine the color for each pixel, a ray is cast through it from 

the view point, and the voxels intersecting its path are traced. The final color is 

calculated by composition of the colors of all the voxels intersecting the ray using a 

formula similar to the one stated above.
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2.2 The Parallel Volume Rendering (PVR) Sys­

tem

Traditional volume rendering methods are too slow to handle large data sets. The 

P VR  system [16] implements parallel volume rendering to speed up the visualization 

process, allowing interactive steering of the simulation. Parallel Volume Rendering 

can exploit three main type of parallelism:

•  Object based parallelism: Where each rendering node gets a portion of the data  

set.

•  Image space parallelism: Where different nodes compute disjoint part of the 

image.

• Time, space, or temporal parallelism: W here different portions of the rendering 

process are divided, in pipeline fashion, among independent sets of nodes.

The P VR  system discussed here, is based on a combination of data set load bal­

ancing and composition of schemes to produce the final image. One such procedure is 

illustrated in Figure 2.2. The processors are divided into two distinct groups of nodes. 

First, the rendering nodes, each receive a portion of the da ta  set, with approximately 

the same number of voxels. These nodes sample and compute the accumulated color 

along their part of a ray. The other group is the composition of the nodes, which are 

responsible for turning a collection of sub-ray images into a complete image. This 

operation produces the correct result, because of the fact th a t the composition is an 

associative operation. So the sub-ray contribution can be combined recursively to 

produce the final color of the pixel. By setting the rendering nodes and composit­

ing nodes as two stages of the pipeline, one can exploit the inherent time and space
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Figure 2.2: The Parallel Volume Rendering Process 

parallelism available.
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C h ap ter  3 

Surface R en d er in g

Isosurface extraction is a powerful tool for investigating scalar fields within volumetric 

data sets. Isosurfaces are surfaces of constant scalar value. These surfaces provide 

information about the interfaces between regions, rather than  the region itself, giving 

clues about underlying structure of the scalar field. Isosurface extraction techniques 

produce the topological boundaries of the scalar regions.

The isosurface extraction problem is often stated as follows. A scalar volume data 

set consists of tuples (x, g(x)), where x is a point in 3D, and g is a scalar function 

defined over a discrete set of these 3D points. Given an isovalue v, the isosurface 

extraction problem is to compute the surface consisting of the points {x  : f ( x ) = v},  

where /  is a function (interpolant) which extends g to all of the 3D space. A more 

m athem atically precise statem ent is to say that we are computing the topological 

boundary of { r : f ( x )  > u}, as the set of points of constant value v may in fact 

include a 3D volume in the degenerative case, and we may have multiple isosurfaces 

(e.g. boundary components) th a t surrounds the set.

Appropriate and comprehensive techniques (see Spider Web and Digital Morse 

Theory below) can identify particular objects and their boundary isosurfaces and not
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just merely extract particular isosurfaces.

The algorithms for extracting isosurfaces are discussed below. There are numerous 

algorithms for extracting isosurfaces. Marching Cubes seems to be the most popular 

among them, and V tK is one of the most popular commercial visualization packages 

with isosurface extraction capability.

3.1 Connecting 2D Contours

An early approach [5] for constructing a surface in 3D volume data was to extract 

a 2D planar contour of the surface in each slice, and then join the contours of con­

secutive slices using triangles. Unfortunately, if more than  one contour exists in a 

slice, ambiguity arises as to which contour to connect, which is sometimes solved by 

interactive intervention. This method uses the information between parallel slices. 

Surface rendering techniques, with a voxel oriented approach, were later developed. 

These techniques use the information within a voxel. R ather than finding a global 

solution, surfaces are approximated locally within a cell. These new techniques are 

often unambiguous, more accurate and reliable to represent 3D images, and can take 

advantage of the inherent coherence th a t exists between adjacent cells.

3.2 Marching Cubes

A classic algorithm, proposed by Lorenson and Cline [1], called Marching Cubes, 

constructs a polygonal mesh to represent the 3D surface, which is later projected to 

the screen. In order to generate an isosurface, corresponding to  a user specified value, 

the algorithm visits all logical cubes created from eight adjacent pixels, four each from 

two adjacent slices, determines whether any surface component intersects with this
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cubic voxel, and then moves to the adjacent voxel. To determine surface intersection 

within a cube, the algorithm  examines all its vertices and assigns 1, if the data  value 

is higher than or equal to the isovalue, (e.g. these vertices are considered to be inside 

the surface) or 0 , if the  data  value falls below the isovalue, (e.g. these vertices are 

considered to be outside the surface). A cube edge is intersected by the surface if 

and only if one of its two vertices is inside, and the other is outside the region of 

space bounded the surface. The isosurfaces are assumed to be oriented manifolds. 

The location of the intersection point can be approximated by linear interpolation. 

The topology of the surface within a cube can be determined by the pattern of its 

vertex values (e.g. 0 or 1). Although there are 256 wrays to color 8 vertices with 2 

colors, taking into account rotational and complementary symmetry, there are only 

15 topologically distinct patterns. A lookup table is built that includes all 15 patterns 

and a corresponding surface approximation for each. The surface approximation uses 

triangles that connect the intersection points. All the distinct patterns of surface 

approximation are enum erated in figure 3.1. While visiting each voxel, the algorithm 

determines its intersection pattern  and tessellates its configuration using the look up 

table. Along with the triangulated surface, the algorithm calculates the unit normal 

at each triangle vertex, by interpolating the voxel vertex gradient vectors. W hen 

displayed, the triangles tha t are projected on the view plane are shaded smoothly by 

grading the intensity value.

3.2.1 Asymptotic Decider: Remedy for Tiling Error

It was later pointed out by Nielson [2], that the original Marching Cubes produced 

tiling errors between voxels, and he proposed an Asymptotic Decider to remedy this 

problem. The problem occurs in what Nielson terms as ambiguous faces, those faces
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Figure 3.1: Distinct patterns of surface intersection
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Figure 3.2: An example illustrating flaw in Marching Cubes

with 4 separate isosurface intersection points (e.g. we term these faces as 4 hit face). 

Figure 3.2 shows one such case where triangles produced by Marching Cubes do not 

produce a continuous surface. For instance, if a voxel with configuration case 6 shares 

a face with a voxel having a configuration 3, (e.g. which is complement of case 3), 

triangles produced by the Marching Cubes algorithm will create a hole in the resultant 

isosurface. In order to correct this problem, different triangulation can be used. 

Figure 3.3 depicts two possible triangulation tha t will result in a topologically correct 

isosurface. The choice of triangulation can be made using the proposed Asymptotic 

Decider which is based on bilinear interpolation of the value of an interior point in 

the face.

3.3 Dividing Cubes

The Dividing Cubes algorithm [30] uses point primitives instead of geometric prim­

itives. As a result, scan conversion of two or three dimensional primitives can be 

eliminated. For complex medical images, where the number of polygonal faces is very 

high, the size of the polygon approaches a pixel size. Therefore, it is more efficient in 

time and memory to display these images using point primitives.
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Figure 3.3: Two possible triangulation that produce correct isosurfaces
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The Dividing Cubes algorithm subdivides the voxels into small cubes tha t lie on the 

surface of the objects. The number of divisions is chosen to make the divided cubes 

small enough so that each one of these is equal to the pixel size of the raster display. 

The density at each of the eight corners of these small cubic elements is calculated 

from the original voxel vertices by linear interpolation. All these generated cubes are 

scanned and tested for surface intersection, using the methods mentioned above in 

the Marching Cubes algorithm. The cubes inside a voxel intersected by a surface, are 

then classified to be inside, outside, or lying on the surface. The cube that has some, 

but not all the density values exceeding the surface constant, is marked as lying on 

the surface. The gradient vector at each cube lying on the surface, is interpolated 

from the gradient vector at each of the vertices of its parent voxel. Each of these 

surface points are then projected onto the view plane.

3.4 Spider Web

The Spider Web algorithm [22] [27] determines a voxel intersecting the isosurface and 

then determines hit points along the voxel edges using linear interpolation. In the 

current implementation of the algorithm [25], the pair of hit points on a voxel face 

with 2 hits are considered adjacent. On a voxel face containing 4 hits a decision 

of pair-wise hit adjacency is made, using a strategy similar to Nielson’s Asymptotic 

Decider. The adjacency defines one or several connected sets of hits within the voxel. 

After th a t the centroid point of all the hits within each connected set is calculated. 

This point, called the articulation point (AP), is used as the voxel interior triangle 

vertex for all of the subsequently constructed triangles within that set of hits. Each 

triangle consists of the AP and a pair of adjacent hits on a voxel face. Hits on a voxel 

face are shared by the voxel that shares this face, and thus the algorithm can continue
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surface construction in the adjoining voxels. This algorithm has an advantage for not 

being case table driven. It also produces topologically correct isosurfaces with no 

tiling errors or holes, and is completely parallelizable, as each voxel can be processed 

independently. But it produces more triangles than other algorithms. The primary 

cases where it produces more triangles are when the hit set consists of 3 or 4 hits. In 

the former case one can remove the articulation point to produce one triangle only. 

W hen there are 4 hits, Marching Cubes produces two triangles. However the inclusion 

of the interior AP and the subsequent 4 triangles results in a better approximation 

of the small scale curvature of the surface.

The algorithm  is easily extendable to  higher dimensions. For an n > 3 dimensional 

cell, recursively build the (hyper) surface patches in the n  — 1 dimensional boundary 

cells. Each of these patches will consist of n — 2 dimensional simplices and each patch 

will be homeomorphic to an n  — 2 dimensional ball. Now for each connected set of 

hits in the n  dimensional cell select an AP. For each pair of adjacent hits in the set 

construct 2n_3 simplices, each consisting of the AP and an n — 2 dimensional simplex 

tha t contains the pair in a boundary cell. Each such simplex will consist of the pair 

of hits, the AP, and n — 3 lower dimensional articulation points. The simplices thus 

formed with the AP for the set will form a (hyper) surface patch homeomorphic to 

an n  — 1 dimensional unit ball.

For example, in a 4 dimensional cell, the lower dimensional patches will be the 

normal triangular meshes in the 3 dimensional boundary cubes. For a connected 

set of hits, these patches will form a closed surface within the 4 dimensional cell, 

topologically equivalent to a sphere (e.g. by the proof of correctness of the original 

Spider Web). Tetrahedra will be formed from an interior AP to each triangle on 

the closed surface, forming a 3 dimensional surface patch equivalent to  a ball. This 

patch will intersect the patches in neighboring hypercubic cells by completely sharing
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a 2D surface patch in a 3D boundary cube, since this boundary cube will be com­

pletely shared by two neighboring 4 dimensional cells. In this way a collection of 3 

dimensional manifolds is constructed.

Finally, analysis of the connectivity behavior of Spider Web as well as Marching 

Cubes led its inventors to develop the new techniques called Digital Morse Theory 

[23], [25] [26]. In particular, the decision to disambiguate 4 hit faces should be made 

using all data readings from both voxels sharing the face. Otherwise, as the isovalue 

is varied we can see th a t incorrect choices lead not only to tiling errors at a specific 

isovalue, but to situations that are inconsistent with a continuous interpolant for 

the volume data. In particular, it can lead to cases where the identical point sets 

satisfying f (p)  > c and —f ( p ) < —c are interpolated differently. Consideration of 

these issues led to the formulation of a m athem atical theory of the properties that 

results in correct isosurfaces over the entire range of isovalues.

3.5 Exploiting Tetrahedral Decomposition

Decomposing the voxel into five tetrahedral cells [7] can lead to an efficient surface 

extraction, primarily because of the fact tha t this method does not suffer from the well 

known inconsistency discussed before. The faces of the tetrahedral cells can only be 

classified (or colored) in three distinct ways, where the connectivity among the vertices 

can be resolved w ithout any ambiguity. The vertices of the cells can be reordered 

according to their ascending values, say v l to v4, in the initialization stage. When 

a cell is determined to  intersect the isosurface, at most two vertices (v2 and v3) are 

needed to be examined. Because there are only three distinct ways that a tetrahedral 

cell can be intersected, a  lookup table is not needed to find the approximated surface. 

The three possible cases, described in figure 3.4, are the following:
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Figure 3.4: Surface intersection within tetrahedral cells

• only v l is outside the surface, the rest are lying inside.

• vl and v2 are outside the surface, and v3 and v4 are inside.

• only v4 is inside the surface, the rest are outside.

For each case the possible triangulation is also shown in the figure 3.4. All the 5 

cells within the voxel is examined for surface intersection and the triangles are built 

accordingly. However, Zhou et al [33] showed that tetrahedral decomposition and 

linear approximation along the introduced diagonals change the original function and 

may lead to incorrect, though consistent topology. They proposed trilinear approx­

imation across the diagonal of the cells as a solution to this problem, rather than

applying linear approximation along all edges. This method has a disadvantage of

increasing fivefold the number of cells that have to be processed individually.

3.6 Faster Active Cell Selection

In general, isosurface passes through only a small fraction of to ta l cells (approximately 

0 ( n 2/3), where n is the number of total cells). Exhaustive search of all cells often prove 

to be inefficient, because a large amount of time is spent traversing the cells which 

do not contribute to the isosurface generation. One of the key issues of isosurface
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construction algorithm is selection of active cells, which are, the cells known to have 

intersected the isosurface. The next group of algorithms are concerned with the 

faster selection of the active cells. The basic idea is to preprocess the scalar data 

and construct a search structure which accelerates the repeated action of isosurface 

generation and allows increased interactivity during the modification of the isovalue. 

The preprocessing algorithms presented below is classified into three major group 

depending on whether it decomposes the data based on geometric space or value 

space or topological structure.

3.7 Geometric Space Decomposition

This group of algorithms decomposes the geometric space and exploits the inherent 

coherence along the shared cell faces while generating the isosurface.

3.7.1 Octree

The original Marching Cubes, Dividing Cubes, and Spider Web algorithms did not 

consider the problem of optimizing the time needed active cell (e.g. those cells which 

actually intersect the surface) search. The issue was later addressed by Wilhelms 

and Gelder, who used an Octree to sort out the cells of interest [3]. The Octree is 

basically a hierarchical decomposition of the cell set. Several different representations 

of the Octree [6], each of which differs either by the heuristics of subdivision or 

by the representational data  structure, have been proposed. Each node in the tree 

represents a volume. The root node represents the entire object space. The volume 

represented by any internal node is subdivided by three orthogonal planes, creating 

eight subvolumes, represented by eight child nodes. This process is repeated until 

some criterion is satisfied, or the maximum height allowed has been reached. Usually,
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each volume is subdivided only when there is more than one object intersecting the 

volume, enabling one to trim  off the  portion of the space containing only one object, 

during the search.

However, the representation of such a tree using pointers can be very memory 

intensive. Solutions without pointers have been proposed, such as Coded Tree [5], 

where a list of tree nodes are arranged according to a preset tree traversal mode. 

Also, Octree decomposition are known to be sensitive to noise.

3.7.2 Extrema Graph

This method proposed by Itoh and Koyamada[8] presents a new way of searching 

for the intersected cells. The search starts at a seed cell known to have intersected 

the surface, and propagates recursively to its neighboring cells. Knowledge of how 

the current cell has been intersected by the isosurface, and taking advantage of the 

inherent coherence between cells, the  search can be propagated to only those neighbors 

that are guaranteed to intersect the surface.

The algorithm also autom atically searches for the seed cell, using an Extrema 

Graph. First, extrema points (e.g. local minimum and maximum) in a scalar field are 

extracted and then connected by a graph, called an Extrema Graph. The cells that 

are intersected by each arc of the Extrema Graph are placed in a list called the cell 

list. The boundary cells of the volume are placed in a boundary list. Each of these 

lists is sorted.

The cells residing on a closed surface can be found by visiting the cell list along 

the path  of each arc. The cells intersected by a open surface can be found in the 

boundary cell list.

For a specific isovalue, the Extrema Graph is first scanned to locate the axes that
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span across the value. The cell list ancl the boundary list are searched sequentially for 

the seed cells, which are then put into a FIFO queue. The search is then propagated 

among the adjacent cells and the isosurface is constructed from the active cell list.

Storage requirements for the extrema graph may be high, since the propagation 

requires six links from each cell. The required size of the queue is unknown in advance.

3.8 Value Space Decomposition

The next group of m ethods decomposes the value space of the data, and thus results 

in decreased ability to exploit geometric coherence information. While the storage 

costs for some of the methods can be higher than  a geometric decomposition of the 

data, they have the advantage th a t they can be used even when the data  is residing 

on an unstructured or irregular grid. Also since active cells are selected by their 

maximum and m inimum values only, the dimensionality of the problem reduces to 

two dimensions for 3D scalar volume data.

3.8.1 The Span Filter

The Span Filter, proposed by Gallagher [10], a ttem pts to minimize the number of 

cells that have to  be scanned for isosurface intersection by subdividing the range 

domain into buckets. Each cell is classified based on the bucket its m i n i m u m  value 

resides in and on how many buckets the cell range spans. Cells are first grouped 

together according to their starting  bucket and within each such group they are 

further regrouped depending on their span of the range value. Each cell is associated 

with a unique id and is listed under a span list of a specific span length, based on its 

span.

Figure 3.5 shows the organization of cells into buckets over span space. Given a
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Figure 3.5: Span Filter. The division of the range into buckets is depicted.

isovalue v, the cells which lie above and to the left of the dashed line are selected as 

the active cells. This can be done only by examining those cells whose spans extents 

to the bucket th a t contains the isovalue, which is only a small fraction of the to ta l 

cells. The entire organization of the domain, as well as the cells, depends on the 

division of the range into buckets. While the cells may be evenly distributed initially 

by carefully choosing the buckets, span length of these cells cannot be controlled. 

Moreover, the division of the range has to be done interactively and has to be crafted 

for each data set. The search algorithm has a complexity of O(n).

3.8.2 The Active List

A different approach was taken by Giles and Haimes [9] to  find the intersected cells. 

The Active List m ethod is based on two cell lists, ordered by the cell’s maximum 

and minimum value respectively, and on A, the global maximum range of the cells. 

The active cell list is first initialized as all the cells with a minimum value between 

v and v — A, by consulting the minimum list. The maximum list for these cells is

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



3 1

■ A

Figure 3.6: Active List: The organization of da ta  points in min and max coordinates.

then examined, and cells having maximum value less then  v  are taken out. Figure

3.6 depicts the Active List algorithm  over the span space. Though the algorithm does 

not partition the range in advance, the use of the global maximum cell span does that 

implicitly. The width of the area th a t needs to  be scanned is constantly m aintained 

by the use of A, thereby autom ating the division of the span space.

Another nice feature of this algorithm is th a t once the active cells for an isovalue 

v are detected, the active cells for a neighboring isosurface can be found with minimal 

effort. If the isovalue is changed by less than A , the active list is augmented with 

the cells that lie between the  previous isovalue v and the new isovalue nv. The new 

cells are found by using one of the ordered lists, based upon whether the change was 

positive or negative. The active cell list is then purged again to remove the cells tha t 

do not intersect the isosurface using the other extreme value. If the change is more 

than  A, a totally new list is created.

Since A depends on the d a ta  set, the algorithm has no control over the size of the
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scanned list . If A is too large, the algorithm has to scan a  large portion of the data  

set. If A is too small, while searching for a neighboring isosurface, any previously 

scanned list will be of little  use. W hen the change of the isovalue is continuous and 

smooth, it gives small improvement over a non-optimized method. The complexity 

of the algorithm is also O(n).

3.8.3 Sweeping Simplices

The Sweeping Simplices m ethod for extracting isosurfaces developed by Shen and 

Johnson [11] uses two ordered cell lists, a sweep list and a min list, similarly as 

the Active List algorithm. Each element in the sweep list contains a pointer to a 

cell, the cell’s maximum value, and a flag and is sorted according to its maximum 

value. The min list contains the minimum value for each cell, as well as a pointer to 

the corresponding element in the sweep list, and is ordered by the minimum value. 

The Sweeping Simplices algorithm  also augments the approach with a hierarchical 

organization of the value space for faster search. The root node is associated with the 

entire range of data values. A t each level the cells are subdivided into several groups, 

each of which maintains its own min list and sweep list. T he precomputation needs 

a time of 0 (n log n).

Given an isovalue v, a  binary search in the min list m arks all the cells that have 

a minimum value higher than  the given isovalue and sets the corresponding cell’s 

flag in the sweep list. The candidate cell that has largest maximum less than the 

isovalue is also determined. All candidate cells having higher maximum than this 

cell is reported as active cells. If any isovalue was previously gfven, then the min 

list is traversed between the  old and the new isovalue and the sweep list is updated 

accordingly, from which the  active cells are selected. The complexity of the algorithm
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remains as 0 (n) in worst case.

Sweeping Simplices does not depend on A and its space decomposition may not 

be optimal. Each group whose range intersects the isovalue must be linearly scanned, 

and each such group may contain an area outside the region of interest.

3.8.4 Isosurface Extraction using Span Space

The above algorithms decompose the value space, and order the cells, by maintaining 

two different lists for minimum and maximum value. Isosurface Extraction using Span 

Space algorithm proposed by Livnat, Shen and Johnson [12] attem pts to combine the 

two lists into a single one. Using the span space as the underlying domain, a search 

tree is employed as the means for the simultaneous ordering of the cells according to 

their minimum and maximum values. The authors call this search tree a Kd-tree. 

The median of the data  values along one dimension (either min or max) is stored 

as a key in the root node. D ata points are partitioned according to the median and 

recursively stored in the two subtrees. The partition at each level alternates between 

the min and max coordinates. The construction of the Kd-tree can be done in optimal 

0 (n  log n) time. Figure 3.7 depicts a typical decomposition of the span space by a 

Kd-tree.

Given an isovalue v, the Kd-tree is traversed recursively comparing v with the key 

stored at the current root. This automatically alternates the search for minimum and 

maximum value at odd and even levels, and determines the intersected cells. The 

worst case complexity of the query is 0 (y/n +  k ), where k is the output size.
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Figure 3.7: The organization of cells in a Kcl-tree. The splitting of data  is done by 
alternating between min and max coordinates

3.8.5 Interval Tree

The Interval Tree is an optimally efficient search structure proposed by Edelsbrunner 

[13] to organize a set of (possibly overlapping) intervals on the real line, so that one 

may retrieve those intervals th a t contain a given query value. Cignoni proposed an 

algorithm [14] that focuses on the fast selection of the active cells by organizing the 

cells using a similar data structure. The location of the active cells is computed as 

follows. Let E be the entire da ta  set (e.g. structured or unstructured). Each cell 

crj £  E is associated with an interval I3 whose extremes are a3 and b3, the minimum 

and maximum value of the cell, respectively. Oj is considered to be an active cell if 

the isovalue lies within its interval.

The intervals can be organized into an interval tree, which gives rise to an efficient 

way of selecting the cells having an interval containing the isovalue v. For each 

cell j  =  1, 2, 3 , . . . ,  m, consider a sorted sequence of values X =  ( r i , X2, X3 , . . . ,  Xh) 

corresponding to the distinct extrem a (e.g. aj and bj) of the intervals. The interval 

tree is a balanced binary tree 7”, whose nodes correspond to the values of X, and an
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additional structure, which lists the cells within the interval, referenced by the node.

The interval tree is defined recursively as follows:

The root of the tree has a discrim inant value 5r = x T = , which partitions the

whole interval I into three subsets.

•  Ii =■ {Ij E I\bj <  This interval corresponds to the left subtree, the cells 

having a maximum value less than  Sr .

• Ir = {Ij  E I\aj  > £r } This interval corresponds to the right subtree, the cells 

having a minimum value higher than  5r.

•  ISr = {Ij  E I\a.j < Sr < bj} This interval corresponds to the node itself.

The cells within each interval are arranged as two sorted lists, called AL and DR.

• AL contains all cells in the interval sorted in ascending order of their minimum 

value.

•  DR contains all cells in the interval sorted in descending order of their maximum 

value.

The left and right subtrees are defined recursively, by considering the interval sets 

Ii and I r and ( x i , . . . ,  and (X|-£-|+1, . . . ,  Xh) as the extreme sets, respectively.

The resulting structure is a balanced binary tree of h nodes, and of height flog h] , 

where h is the total number of distinct extrema of cell intervals. The interval tree 

can be constructed in 0(%  log tim e, for a total of n  list elements. Figure 3.8 shows 

a typical interval tree organization of 13 cells.

Given an isovalue v, the tree is traversed, starting at the root, to  search for active 

cells as follows:
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Figure 3.8: An example of an Interval Tree. The white dots represent nodes with 
empty AL and DR lists

•  if v < 5r (e.g. the discriminant value), then the AL list is scanned until a cell is 

found having a minimum value a7- >  v. The left subtree is visited recursively. 

All the scanned cells are considered to  be active.

•  if v > 8r (e.g. the discriminant value), then the DR list is scanned until a cell is 

found having a maximum value bj < v. The right subtree is visited recursively. 

All the scanned cells are considered to  be active.

•  If v =  s, then the whole AL list is reported.

While selecting the active cells, the maximum number of nodes th a t are visited is 

flog/i]. So, if k  is the output size (e.g. usually 0 (n 2/3), where n is the total number 

of cells), the com putational complexity for finding the active cells is 0 ( k  + log h). 

The algorithm  also suggests how to reduce the number of intervals to be stored,
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using a 3D chessboard approach, where the intervals of the black cells are stored in 

the tree. The active black cells are first selected using an interval tree. All active 

white cells can then be located by searching the neighborhood of the active black 

cells, in constant time per cell. Since the number of black ceils is only l / 4 £/l of the 

whole data set, this reduces the number of intervals to be stored significantly.

3.8.6 I/O Optimal Interval Tree

As a follow up of the previous idea, an I/O  Optimal Interval Tree has been proposed 

and implemented by Chiang and Silva [15]. The search structure is specifically de­

signed to reduce the I/O  communication (and particularly disk seek time) between 

main memory and the slower external memory, specially when the entire da ta  set- is 

too large to fit in main memory. The algorithm preprocesses the data  set to  build an 

efficient search structure on the disk. When constructing an isosurface an output sen­

sitive query is performed on the search structure to retrieve only active cells. During 

the query operation, only two blocks of main memory are used to bring in the active 

cells and negligible disk overhead is required.

Each node of the I /O  Optimal Interval Tree is one block on disk, and the maximum 

number of children it can have is equal to b which is dependent on B, where B  is the 

amount of cell information that can fit into one block, b is assumed to be 0( y / B)  

in the proposed algorithm, in order to fit three accessory lists associated with each 

node (cell) within one block. Let S  be the set of all intervals and E  be the set of all 

extremas. The I /O  Optimal Interval Tree is defined recursively as follows:

The root u is associated with the entire range of E  and the set of all intervals 

in S. If S  contains less than  B  intervals, it is a  leaf node containing all intervals of 

S. Otherwise, E  is equally divided among b slabs namely, E q, E i , . . . ,  -Eb-i. The slab
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boundaries are stored as keys in node u. Every interval /  in S  is examined, and if 

both its endpoints lie w ithin the  slab £ ,  then it is put into the associated interval 

set S i. If the two endpoints of interval I  lie in different slabs, I  belongs to node u. 

All information regarding I  is stored in an additional structure associated with node

u.

The subtrees Ui, for i =  1,2, rooted at node u are defined recursively by

using range E x and interval set Si.

The additional structure associated with each node consists of three sorted lists 

named l e f t , right and m u lti, which lists the intervals according to their minimum, 

their maximum, and their span, respectively. A careful implementation of this da ta  

structure arranges the lists and nodes on disk in a m anner that allows each list to be 

retrieved with one I/O  operation. The branching factor, b, is chosen in a manner, so 

tha t all information for a node can fit in one block.

An example of an I /O  Optimal Interval Tree can be found in figure 3.9. Con­

sider the intervals shown in the figure. The set all extremas E  is divided into 

five slabs, Eq through E 4, a t the root node u. The interval sets for each of these 

slabs are So through S4. These sets contain all cell intervals that are completely 

contained within the corresponding slab. Thus, in this case the interval sets are 

Sc =  {/o},5i =  S2 =  S 3  = S 4  =  0. For intervals th a t are not part of any of these 

interval sets, are associated with the root node u  itself. We examine each of these 

intervals and decide whether it should be placed on the l e f t , righ t, and m ulti lists for 

node u. Node u will have a l e f t  list and a right list for each slab and these lists will 

contain all the cells whose interval has its lower bound and its upper bound contained 

in the corresponding slab, respectively. The m ulti lists for node u contain all the in­

tervals who span more than  one slab and completely cover at least one slab. Note 

that, some intervals may simultaneously be on both a l e f t  (or right) list and m ulti list
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Figure 3.9: An example of I /O  Optimal Interval Tree for branching factor b=5.

for node u. For example, the l e f t , right, and m ulti lists of node u are the following: 

le f t{ 0) =  {I2, /?}, l e f t ( l )  = { h ,h } , l e f t { 2) =  {14 ,I5, / 6} and left{2>) = le f t{ 4) =  0 

. right( 0 ) =  r ig h t{ l) =  0 ,rig h t(  2 ) =  { f ,  I 2,1 /} ,r ig h t(3 ) = [Is, I 7 } and right( 4) =  

{14, I&}. m ulti([  1,1]) =  {^2}, m u lti([1 , 2]) =  { I 7 }, m u lti([ l, 3]) =  m ulti([2,2]) =  

multi([2, 3]) =  0 and m ulti{[  3,3]) =  { /4 , / 6} .  The subtrees u q , u i , . . . , u 4 are recur­

sively defined using Eq, E i, . . . ,  E 4  as the range and So, S i , . . . ,  S4 as the interval list, 

respectively.

Given an isovalue v, s tarting  from the root, the search algorithm iteratively visits 

a series of nodes until a leaf node is encountered. For each node visited, the associated 

lists of intervals are retrieved from the disk, which amounts to a single disk block per 

node. From a given node, the child that is next visited is determ ined using the slab 

boundaries.

The height of the tree is 0 (log6 N )  =  0 (logs  Ar). The num ber of I/O  operations 

needed to retrieve k active cell is 0(\ogB N  +  k / B ), where \k/B~\ disk reads are
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necessary to report all active cells. Approximately 0 ( N / B) blocks are needed to 

store the interval tree.

3.9 Topology Based Decomposition

As we can see, the geometric space and value space decomposition exploit coherence 

in one sense by sacrificing coherence in another. In order to combine the advantages of 

both  coherence with the goal of extracting the boundary surfaces of individual shapes, 

a natural and advanced approach of decomposition is utilized by the following group of 

algorithms. At first, the d a ta  points within individuals shapes are grouped together, 

and then a search structure is created for each group. This approach efficiently 

minimizes the search only w ithin related data points and not further. For grouping 

the data  points, this set of algorithms records the creation, disappearance, split, merge 

and change in genus of individual components using Morse theory. Morse theory 

studies all changes in topology of the level sets of a function / ,  as its parameter x  

changes. The level set is defined as follows. Let, pi,po, • • -, Pn is a set of n points in a 

d-dimensional space R d, with corresponding scalar values hi, ho, . . . ,  hn. A piece-wise 

linear function /  interpolates the values from the data points in the entire region such 

that, f ( p i ) =  hi for all i — 1 ,2 , . . .  ,n . The level set of /  for some parameter x  is the 

set p e  R d \ f (p)  = x. Points at which the topology change occurs in the level sets are 

called critical points. The following algorithms detects the location of critical points 

and partitions the data  accordingly.

3.9.1 Contour Tree

The Contour Tree [35] [34] is a graph that tracks the components of level sets as 

the they split and appear or join and disappear, by incrementally increasing the
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Figure 3.10: Level set of /  as the parameter x decreases 

param eter. The Contour Tree is defined as follows:

1. Each leaf vertex represents the creation (respectively deletion) of a component 

at a local maximum (respectively minimum) critical point.

2. Each interior vertex represents the joining and/or splitting of two or more dif­

ferent components at saddle critical point.

3. Each edge represents a component in the level sets for all values of the parameter 

between the values of the vertices it joins.

Figure 3.10 depicts the level set of a function / .  As the param eter x is decreased, it 

evolves from four sticks, to two rings, to two disks, to a single ring, to a hollow ball, to 

a solid. The corresponding Contour Tree is shown in the figure 3.11. Starting from the 

bottom, the four leaves (e.g. 7 - 10) correspond to four sticks (figure 3.10 (leftmost)), 

which merge in pair at node 5 and 6 forming two rings (figure 3.10 (2nd from the 

left)) followed by two disks (figure 3.10 (3rd from the left)). The two disks then merge 

at node 4 forming a single component (figure 3.10 (3rd from the right)). At node 3 it 

encloses a hollow (figure 3.10 (second from the right)), where two separate boundaries 

are created. The inner boundary slowly contracts and disappear a t node 2 forming a 

solid (figure 3.10 (rightmost)). The change in genus within a single component (e.g. 

from ring to disk ) is not recorded because the isosurface can still be traced from a 

single seed cell.
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Figure 3.11: Contour Tree constructed for the level set shown 3.10
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The vertices and edges of the Contour Tree axe called super-nodes and super-arcs, 

respectively. All the super-arcs are augmented w ith  the  left over points swept through 

by the respective components, which are then connected in sorted order. The next 

phase is to generate seed set for each component for a all range of isovalue to be used 

for isosurface construction. Note that each individual component whose cells span 

across the isovalue gives rise to an individual isosurface. Due to this property, search 

for seed cells is restricted only within the cells of th a t particular component. Several 

methods for efficient seed set generation are discussed in [36]. Given a isovalue v, 

the seed set of the components intersected by isosurface is searched for appropriate 

seed cells and the search propagates recursively through all neighbors guaranteed to 

intersect the isosurface.

3.9.2 Digital Morse Theory

This method identifies the critical points at which topology" of the level set changes 

as before, and constructs a search structure called Criticality Tree which traces the 

creation, deletion, merge, split of different components as well as changes in genus, 

as the isovalue is decreased. The algorithm also segments and organizes the da ta  set 

into individual zones, each of which contains the d a ta  points in between neighboring 

critical points. The motivation behind the thought and the algorithm is discussed 

in greater detail in the following chapters. The Criticality Tree generated by this 

method is also compared with the Contour Tree generated by the previous m ethod 

in chapter 12.
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Chapter 4

C om parison  b etw een  m eth o d s

From, the discussion of the last two chapters, it can be understood that to visualize 

a volume data set either of the two basic methods, volume or surface rendering, is 

utilized to classify the voxels. Each of these methods has its advantages as well as 

shortcomings. In the following paragraphs, both the methods are compared against 

each other with respect to  several important application issues.

In volume rendering, the volume primitives are directly projected into 2D pixel 

space and stored as a raster image in a frame buffer. Alternatively, in surface ren­

dering, isosurfaces are extracted from the volume data  and are approximated by 

geometric primitives, which are then projected to the screen. Surface rendering is 

thus, an indirect technique for visualization where the voxels are first converted into 

an intermediate surface representation.

Surface rendering results in a significant reduction in data storage, as only the 

active cells intersecting the  surface need to be stored in main memory. Geometric 

primitives are easier to manipulate and display, and can take advantage of the existing 

software. However substantial preprocessing is needed to identify the active cells and 

to approximate a surface representation using other primitives. Most of the algorithms
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described in chapter 3, are dedicated to  efficient search of the active cells, and to 

organize them  so that I/O  is optim al. Moreover, surface rendering assumes that the 

data  consists of tangible surfaces th a t can be extracted and visualized. Therefore, 

for some complex cloud and gel-like objects, it is not possible to have a surface 

representation. Most importantly, surface rendering techniques only concentrate on 

the boundary geometry of an object and do not provide any information regarding 

the internal structure of the object. W hen the surface is extracted and rendered, the 

interior da ta  values are not displayed.

Volume rendering, on the other hand, requires a large memory to hold the entire 

da ta  set, during every phase of visualization. Any part of the object, including interior 

structure can be viewed and explored, because the entire data  set is maintained 

throughout. This process is inherently slower than its counterpart because the whole 

data  set needs to be handled at every phase. But very importantly, this technique 

lets us see the inside of an object, beneath the surface. For instance, while a surface 

rendering of the human body might show the skin, a complete volume rendering also 

shows the bones and internal organs, visible from any side in proper perspective. 

Furthermore, volume rendering does not assume any particular boundary structure, 

and can work with objects of any structure. For cloud or gel-like objects, the method 

assigns properties, such as light attenuation, brightness, to each volume primitive, 

and can be displayed without any modification of the algorithm. Volume rendering 

does not require much preprocessing, as surface rendering does. But while displaying 

volume primitives, special software has to be used to project them  on the screen, 

because most conventional software handles only geometric primitives.

Some applications (such as com putational fluid dynamics) require surface con­

struction and accurate surface normals. Methods for surface reconstruction from a 

volume image exist, but the presence of multiple nested surfaces can be obscured
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in the volume image. On the other hand, the normals obtained from the gradient 

volume can often be less accurate than the geometric normals obtained from surface 

extraction methods.

Both approaches are concerned with rendering volume data so tha t the information 

important to the user is retained and portrayed in the image. Since the two approaches 

seem complementary, the choice of approach (surface, volume, or mixed rendering) 

depends primarily on the visualization task and the computational requirements.
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Chapter 5

C h allen ges o f  F u tu re R esearch: 

M o tiv a tio n  b eh in d  D ig ita l M orse  

T h eory

After navigating through different techniques for volume data visualization we see 

that most of the research was carried out in an effort to design effective and efficient 

visualization techniques. Future work will aim at overcoming the existing problems 

and extending the practical use of these techniques. Some important research chal­

lenges in volume visualization that are yet to overcome are listed below.

Meeting the Demand of Interactive and Collaborative Visual­

ization

The need to allow interactive exploration of the data set, transmission over the net­

works, and the use of volume visualization with multimedia, puts tremendous perfor­

mance demands on the systems of the future. These demands require better systems
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with improved speed (e.g. real time performance for anim ation), and capable of dis­

playing images and restoring all important information. Each step in the visualization 

pipeline has to be implemented efficiently. A multi-pronged approach will involve new 

and improved hardware, the use of multi-resolution and hierarchical models, better 

compression algorithms, distributed and parallel computing, and sophisticated net­

work caching schemes.

Segmentation and Feature Extraction

Segmentation and feature extraction of the data  set is the process that identifies the 

data points (or voxels) tha t belongs to a particular material, object, or anatomical 

feature. It is extremely difficult to develop fully automatic algorithms for segmen­

tation because local attributes are often insufficient to make global decisions. The 

contextual a,nd higher level knowledge about the data  and the object to be identified, 

are required. Also, when using isosurface techniques to perform feature extraction, 

it is often difficult to  identify the correct isovalue that reveals the desired structure. 

Designing methods for identifying the isovalues that reveal desired features is an 

important research challenge.

Level of Details Management

By choosing the right level of details it is possible to learn more from an image within 

less time and space. Properly done, this also allows one to reduce the rendering com­

plexity in areas of the image with less variation of data  values (e.g. correspondingly 

less interesting geometry), while retaining higher resolution for the important features 

in other part of the image. Thereby, it allowing one to construct the volumetric image 

or surfaces more efficiently. Visualization tools need to be designed which allow the
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user to choose the different and correct level of details in different parts of the data 

set.

Volume Modeling

Surfaces and their polygon approximations form the mainstay of modeling objects 

in computer graphics today. There is a myriad of algorithm to deal with them, and 

many workstations are specifically designed to process and render them. But methods 

for modeling and rendering the volume are lacking. Spline and other mathematical 

models have been used to model surfaces, but an analogous model for volumes is 

missing. There is a need for volume modeling methods and subsequent discretization 

algorithms to drive the rendering pipeline.

Efficient Use of Memory and I/O Optimality

For a very large data set, it is often not possible to fit the entire da ta  set in the main 

memory. Since the da ta  transfer speed from a secondary storage device to the main 

memory is much slower than  the  processor speed, I/O  operations can slow down the 

visualization process by quite an extent. More attention should be given to design 

I/O  optimal visualization tools, so tha t unnecessary I/O  operations can be avoided, 

expediting the visualization process. Related data regions for a specific object or 

isosurface, should be determ ined a priori, and only the necessary data  points should 

be retrieved from the disk. This will reduce I/O  operations significantly and avoid 

any unnecessarily large allocation of main memory space. The I /O  Optimal Interval 

Tree of [15] are an example of a success in this regard.
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Motivation behind Digital Morse Theory

The discussion above certainly suggests th a t the visualization field has a long way to 

go before all demands have been satisfied. Future concentration should be given to the 

development of tools which will a ttem p t to solve these existing problems. Having this 

in mind, we propose to implement a  suite of data  set visualization tools, using a new 

m ethod to organize discrete volumetric data. The method will provide a complete 

topological organization of the data  and can be used for searching embedded geometry 

in extremely large data sets.

The m ethod is called Digital Morse Theory [25] [26] and is based on an adaptation 

of the ideas of Morse theory to volume d a ta  sets. Morse theory [24] studies the change 

in topology of the level sets of a Morse function /  at the critical points (e.g. w'here 

the first derivative vanishes). A Morse function /  has the property th a t all its critical 

points are isolated and are true local maxima, minima or saddles (e.g. by non­

singularity of the Hessian a t critical points). In volume data  sets, we cannot assume 

th a t the interpolating function is Morse. This is because clusters of identically valued 

readings in the  data  set can imply plateaus, ridges or other structures. Nevertheless, 

by exploiting properties satisfied by standard interpolants for volume data, Digital 

Morse Theory is able to characterize the isovalues at which the topology of the level 

sets and associated boundary isosurfaces changes, as the isovalue is varied. These 

axe the values at which the isosurfaces obtained by, for example, an appropriately 

corrected Marching Cubes, or Spider Web, would change in topology.

An algorithm derived from the theory can quickly identify these critical isovalues 

and the intersected voxels. This is to  be contrasted with methods th a t have applied 

Morse theory to surfaces produced at a fixed isovalue. From the identified critical 

isovalues, one can then construct an  atlas of all topologically distinct objects in the

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



5 1

volume data over the entire range of isovalues.

The algorithm also segments the data  into zones. Zones are the regions of space 

associated with each topologically distinct family of objects within the data. Each 

zone consists of the volume swept by the boundary isosurfaces of a single object, as 

the isovalue is decreased from a critical value until the topology of the object changes 

(e.g. another critical point is encountered). Thus each zone has an associated real 

interval (7-1, 72], and consists of one or more spatially connected components (e.g. 

one component for each boundary isosurface of the associated family of objects). 

Each component of the zone contains a single isosurface for any isovalue within the 

interval. Conversely, each level set boundary isosurface lies completely within a single 

zone component.

The zones also provide a representation of all topologically distinct internal struc­

tures within the volume data, up to approximate geometry, together with the range 

of isovalues that reveal each object.

Using the above method, one can organize the volume data  set into zone files and 

zone component subfiles. Each of these files contains the voxels intersected by a given 

zone. Since each isosurface is completely contained with a single zone component, this 

organization reduces the I/O  needed to compute object boundaries, simply because for 

a given isovalue, only data points within the related zones have to be scanned. Using 

the language above, the active cells for an isosurface are all contained in a single zone 

component. Note that the zone organization uses value space information, spatial 

proximity, and topological information in its organization of the data. Moreover, 

the data  can be simplified (e.g. by forming larger voxels or cells) within a zone 

component, while preserving the topology of the associated family of isosurfaces. This 

allows one to dynamically choose the level of details of the rendering, and reduces 

unnecessary computation. A visualization tool based on this method allows one
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to view ail topologically distinct threshold defined objects, to dynamically vary the 

isovalue within the range of an associated zone, and to dynamically refine the level 

of geometric details of a given rendering.

Very interestingly, this method preserves all information about the internal struc­

tures to  a desired accuracy, and identifies the active cells intersecting isosurfaces, 

which can then be used to produce boundaries. Thus, rather than taking either one 

of the two traditional paths (e.g. surface rendering or volume rendering), this tech­

nique represents a hybrid of both methods. This new methodology attem pts to assist 

one in solving some of the existing challenges associated with very large data  set 

visualization.
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Chapter 6

T op olog ica l Z one S eg m en ta tio n  o f  

Scalar V o lu m e D a ta

Topological Zone Segmentation  is a preprocessing algorithm to organize discrete scalar 

volume data on external storage based on the changes in topology of the level set. 

The preprocessed da ta  can be used very efficiently for applications to out-of-core vi­

sualization of large da ta  set. This method [25] [26] based on an adaptation of the 

ideas of Morse theory to volume data  sets, can quickly identify the critical points and 

the associated isovalues at which the topological changes occur. Based the identified 

critical isovalues, the algorithm segments the data into zones which are the regions 

of space associated w ith each topologically distinct family of objects within the data. 

The algorithm further segments the zones into several components based on the con­

nectivity, each one of which contains the data  points of one distinct object of that 

family. The zones provide a representation of all topologically distinct internal struc­

tures within the volume data, up to approximate geometry, together with the range 

of isovalues that reveal each object. Once the zones are computed, one can then 

construct an atlas of all topologically distinct objects in the volume data over the
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Figure 6.1: Critical points and associated topology changes

entire range of isovalues. Also, isosurface extraction and a topologically correct iso­

surface simplification can be efficiently implemented because the related data points 

lie completely within a single zone component.

6.1 Base of the Algorithm: Morse Theory

Morse theory [24] studies the change in topology of the level sets of a Morse function /  

as the param eter r  is decreased. This changes occur at the critical points of / ,  where 

the first derivative vanishes. A Morse function /  has the property that all its critical 

points are isolated and the Hessian is nonsingular at each of these critical points. 

The critical points at which the topology of the level sets changes are local maxima, 

minima and saddles. At a local maxima, a level set emerges, at a local minima, a 

level set vanishes, and at a saddle point one level set splits into more than one level 

sets or one or more level sets merges into one. Figure 6.1 demonstrates critical points 

and associated changes in topology recorded by Morse Theory.
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6.1.1 The Digital Adaptation: Digital Morse Theory

In volume data  sets, one cannot assume th a t the interpolating function is Morse. 

This is because clusters of identically valued readings in the data  can imply plateaus, 

ridges or other structures such as a maxima set at which a level set emerges. The 

Digital Morse Theory relaxes the restriction imposed by Morse theory for having 

isolated critical points. The identically valued connected data points are considered 

as a set and are treated similarly as other isolated points. Thus the results can be 

extended to da ta  where the values are not unique. Topology changing criticalities are 

given a combinatorial characteristics in this case. Nevertheless, This adaptation does 

not results in an incorrect output or in any inability in computation. By exploiting 

properties satisfied by standard interpolants for volume data, Digital Morse Theory is 

able to characterize the isovalues at which the topology of the level sets and associated 

boundary manifolds of the isosurfaces changes. These are the values at which the 

isosurfaces obtained by, for example, an appropriately corrected Marching Cubes or 

Spider Web, would change in topology. Our M athematical analysis in the following 

chapter dem onstrates tha t the contours produced by the algorithm axe sufficiently 

well behaved so th a t the topological changes, as the threshold is varied, are well 

defined and easily identifiable, without any recourse to Morse theory.
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Chapter 7

M a th em a tica l A n a ly s is

The m athem atical analysis presented here starts by defining some terminologies used 

in rest of the chapter. The properties satisfied by admissible interpolants for volume 

data are sta ted  in subsequent section, followed by an analysis that shows tha t the 

topological changes in contours are uniquely defined by admissible interpolants for 

volume d a ta  and can be inferred from local information. The data obtained in many 

practical applications can not be extended to a Morse function, due to the restriction 

imposed for having only isolated critical points, w ithout modifying the data  by re- 

gridding and perturbation. Rather than modifying the data, we use an adaptation of 

Morse theory, namely Digital Morse Theory and analyze the behavior of the standard 

interpolants commonly used in isosurface extraction methods. The m athem atical 

analysis presented here shows tha t the contours produced by these methods are suf­

ficiently well-behaved and critical points are uniquely defined. The results obtained 

by this m ethod are more general and conform to the isosurfaces that one extracts in 

practice.
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7.1 Definitions

D e fin itio n  1 We will assume the volume data set is given by a real-valued function  

8 defined on a discrete set of points V  in HP. Regularly gridded data is given by a 

function defined on Z n, where we form  unit hypercube in natural way. Irregularly 

gridded data is given on the vertices of a simplicial decomposition o f R n and we 

assume that the vertex adjacency information is represented in some fo rm  in external 

storage. We term both hypercube and simplices, cells. Without any loss o f generality, 

we shall assume 5 is non-negative over the entire domain, and that 5 >  0 on a finite 

subset o f points. I f  8 does not take the same value on any two points, we say that it 

satisfies data uniqueness.

For simplicity, we will describe our algorithm  for volume data th a t satisfies data 

uniqueness at first. Later we will extend it for non-unique data, where identically 

valued spatially proximate data reading imply isovolumes.

D e fin itio n  2 A continuous real valued function f  interpolates 5 i f  it extends 5 to all 

o f HP and is nonzero only on the finite subset o f cells that 8 is nonzero on.

We denote by f ~ l {> r), the set of p E R n such that f (p) > r ,  for /  th a t in­

terpolates S. The topologically connected components of this set are called objects. 

Similarly 5-1 (>  r )  denotes the set of p G V  such that S(p) > r.  Clearly if /  interpo­

lates 8 then £-1 (>  r )  C / _1(> r ) . The points p €  V  whose function value is above or 

equal to (respectively, below) the threshold axe termed as Highs (respectively, Lows).

D e fin itio n  3 The isosurface construction problem is to compute the contours or the 

boundary o f the set o f / -1(> r )  fo r specific real number r . We use the notation 

B ( f ~ 1(> t )) to denote the topological boundary o f set / -1(> r), which encloses all 

the Highs o f the data set for isovalue r .
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Figure 7.1: Connected sets of Highs

Commonly used isosurface extraction methods construct r))  with the

simplest topology, consistent with the data. These methods interpolate a single con­

tour intersection point named as hit, along a cell edge, if and only if the two end 

points are identified as High and Low, respectively. Objects are defined as connected 

set of Highs (see figure 7.1) and the isosurfaces are the contours of this objects mod­

eled using geometric primitives. For irregularly gridded data, connectivity between 

the Highs are defined solely by cell edge adjacency. However for regularly gridded 

data, cell edge adjacency is not sufficient. It may contain the well-known ambiguity, 

which occurs when for a range of threshold a cube face F  contains diagonally opposite 

Highs and diagonally opposite Lows. We call F  a 4-Hit face, because there are hits on 

each edge. The ambiguity is resolved in a similar manner as it is done in Asymptotic  

Decider (see section 3.2.1) proposed by Neilson.

D efin itio n  4 The Disambiguation value c with respect to a function f  is the m axi­

mum threshold fo r  which the diagonally opposite Highs in a 4~Hit face F  are locally 

connected through the interior o f a cell sharing the face.
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Note that once the da ta  points are path connected they will remain connected for 

all threshold less than c. We associate a disambiguation point with F, having the 

value c, which may actually be in the cube interior, and extend 6 to this point. For 

isovalue r  >  c, we create a pseudo-edge connecting the two diagonally opposite Lows. 

For any isovalue r  <  c, a pseudo-edge connects the two diagonally opposite Highs. 

We extend the definitions of adjacency and connectivity of Highs and Lows to include 

the pseudo-edges. The coordinate and the value c of the disambiguation point of a 

4-Hit face is computed by bilinear interpolation of vertex values over the face as it is 

done in Asymptotic Decider (see figure 7.2).

7.2 Properties of Admissible Interpolating Func­

tions

We restrict the class of interpolants to those whose contours behave in a manner con­

sistent with standard isosurface extraction methods. The properties of the admissible 

interpolants are described as follows.

Let r  be an isovalue not in the range of the extended 6 (e.g. not a data value or 

disambiguation value).

•  For n dimensional da ta  the contours of r))  form a finite collection of

disjoint, compact and oriented n  — 1 dimensional manifolds embedded in Rn. 

These contours divide R n into disjoint n dimensional connected components, 

each of which contains either a single non-empty connected component of Highs 

or Lows. An example for 3 dimensional case is shown in figure 7.3, where the 

space is divided between disjoint 3 dimensional connected components of Highs 

and Lows, by their 2 dimensional boundary manifolds.
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Figure 7.3: Connected components in 3D

Figure 7.4: 3D Cell divided among components of Highs and Lows with 2D surface 
patches

•  The intersection of the contours with any d-dimensional cell C, r))flC ,

where d < n, is a finite set of (d — 1) dimensional components called surface 

patches. These surface patches are bicontinuously mappable to a {d— 1) dimen­

sional unit disk (ball) and the intersection divides C  into disjoint d dimensional 

simply connected components, each of which contains precisely the vertices from 

a single non-empty connected components of Highs or Lows. An example for a 

3 dimensional hypercube is shown is figure 7.4.
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Figure 7.5: Possible intersection of the isosurface with a cubic cell face

For r  in the range of 5 we require th a t B ( f ~ l (> r)) = B { n x<Tf ~ l {> z)). This 

insures th a t the boundary encloses all the data  readings precisely equal to r .

D efin it io n  5 A function f  is admissible i f  and only if it interpolates 8 and satisfies 

the properties listed above.

Property 1 merely expresses the goal of isosurface construction from a global 

point of view, and property 2 expresses the type of local non-degeneracy assumed by 

isosurface construction algorithms. Figure 7.5 illustrates all possible intersection of 

isosurface with a cubic cell face and associated division of objects. For tetrahedral 

cell there is always single patch tha t intersects the cell. For cubic cells, the number 

of distinct surface patches can go up to four. This situation occurs when there exists 

a particular threshold for which all cell faces are 4-Hit face and the given isovalue is 

above the disambiguation value of all faces. All the 4 High vertices will be part of 

disjoint components of Highs.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



6 3

7.3 Admissibility Uniquely Defines Topology

We now show tha t these properties are sufficient to uniquely define the  topology of 

irregularly gridded data. For regularly gridded data, the disambiguation values of 

4-Hit faces are also required. More precisely,

T h e o re m  1 i f  f  and f  are admissible and additionally, fo r regularly gridded data 

both of them have the same disambiguation values, then the boundary contours (man­

ifolds) of B ( f ~ l (> r))  and B ( f ' ~ l (> r)) are homeomorphic.

P roof: We prove this theorem by a series of lemma (see appendix A). Here is an

outline of the proof. We first observe that no cell face can have an odd number of hits. 

The dual of data reading connectivity is the hit connectivity. We identify the hits by 

the cell edge on which they occur. Hits are adjacent if they are connected by a curve 

segment of the contour in a cell face. Property 2 ensures that pair of hits on a cell face 

with 2 hits is adjacent. For a 4-Hit face the hits will be divided into 2 adjacent pairs 

(see figure 7.2 ). Since both  /  and f  are admissible and have the same disambiguation 

value for all 4-Hit faces, they will have the same hit set and the same connectivity 

between the hits for any isovalue. Let M  and M ' be the manifold of B ( f ~ L(> r))  

and B ( f ' ~ l (> r )) .  We form a graph from the surface patches of a manifold where 

the nodes of the graph are patches and the edges connect intersecting patches. Since 

intersecting patches m ust share a common hits and the patches intersect by sharing 

lower dimensional patches, it follows from property 2 that we can iteratively construct 

a continuous bijection from M  to M'.  In order words, one can show th a t the graphs 

G  and G' , formed from M  and M 1, are isomorphic.
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C h a p ter  8 

C ritica l V alues

For the rest of the discussion we refer to components of / - l (> r)  as objects and 

components of / _1(<  t ) as complementary objects. Topology changes occur when 

the isovalue becomes equal to a critical value. Let us first look at the possible critical 

values and the associated changes in topology before arguing how the admissibility 

uniquely defines the topological changes.

8.1 Critical Points for Volume Data Set Satisfying 

Data Uniqueness

Let us assume th a t 5 satisfies data-uniqueness. A critical value c is a value at which 

the topology of the contours of f  change as the threshold is decreased through c. Each 

such change has an associated critical point p for which f ( p ) =  c. We use the term  

critical point in analogy to Morse theory, but we are not actually using any differential 

properties of the Morse function. We rather use the admissibility properties of the 

function to define the topology changes.

Let p E V.  Let N  be the set of points in V  adjacent to p by cell edge or pseudo
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Figure 8.1: Local maximum critical point

Figure 8.2: Local minimum critical point

edge. Let N h (respectively, N l ) be the Highs in N  (respectively, Lows) with respect 

to the value of p. Compute the connected components of N h and N l within the cells 

that share p but excluding p itself. For example, two Highs are connected if they are 

connected within the cells that share p by a path  th a t does not include p.

1. If iV =  N l , meaning p has a higher value than  all its neighbors, then p is a 

local maximum critical point and f (p)  is a local maximum critical value. A 

new contour emerges at each of these critical points (see figure 8.1)

2. If N  = N h , meaning p has a lower value than  all its neighbors, then p is a local 

minimum critical point and /(p) is a local minimum critical value. An existing 

contour vanishes at each of these critical points (see figure 8.2)

3. If either N l and N h consists of more than one connected component then p  is 

saddle critical point and f (p)  is a  saddle critical value. Two or more contours
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Figure 8.3: Saddle critical point

may merge into one, contours may split into two or more pieces or genus change 

can occur at these critical points. Figure 8.3 gives an illustration of these 

topological changes at saddle critical points.

4. Let p be the disambiguation point of a cell face F  w ith disambiguation value c. 

If the Highs of F  (respectively, Lows) are not part of the same connected com­

ponent of Highs (respectively, Lows) within the cells sharing F  for all threshold 

values c +  e (respectively, c — e) then p is saddle critical point and c = f (p)  

is a saddle critical value. Similar topological changes as described for the pre­

vious type can occur at critical disambiguation points. However, not all 4-Hit 

faces produce critical disambiguation point. Figure 8.4 differentiates between a 

critical and a non-critical disambiguation point.

Critical points of type 1, 2 and 3 can be encountered both for simplicial and 

regularly gridded data, whereas critical points of type 4 can occur only for the later 

data  type.

Topology changes to  the contours can only occur at critical values (see appendix 

B). Hence the following theorem  can be stated as,

T h eorem  2 Lei f  be admissible and 5 satisfy data uniqueness. I f  [ti , To] is a critical
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Figure 8.4: Critical and non-critical disambiguation point

value free interval then B ( f ~ 1(> Tx)) and B ( f ~ 1(> To)) are homeomorphic. Con­

versely topological changes to B ( f ~ l (> r) occur only at critical values.

P roo f: Refer to the appendix B for the proof.

8.2 Critical Isosets when Data Set does not Satisfy 

Data Uniqueness

If the data does not satisfy data  uniqueness then the properties of the admissible 

functions imply th a t connected sets of data points (as Highs) of identical value c will 

be enclosed in isovolumes a t thresholds c —e. As the threshold is decreased through c, 

an object can merge with the  isovolume containing these points. Complex topology 

change can occur at the value c of these sets, term ed isosets. Let S  be an isoset
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with value c and N , N h and N l be defined as previous section. For an admissible 

function / ,  in addition to the point criticalities described in section 8.1. there are set 

criticalities.

1. If N  = N l , then S  is a maximum isoset and c is a maximum critical value. A 

new contour emerges at each of these critical isosets.

2. If N  =  N h , then S' is a minimum isoset and c is a minimum critical value. An 

existing contour vanishes a t each of these critical isosets.

3. If either N l or N h contains more than  one connected components, then S  is a 

saddle isoset, and c is a saddle critical value. Two or more contours may merge, 

contours may spit into two or more pieces, or a genus change may occur at these 

critical isosets

4. If N h and N l , each is consist of a single nonempty component then S  is called 

a regular isoset. In 3 dimensions, this can cause a genus change in an object 

or complimentary object O  if, when it merges with 0  it adds or destroys a 

handle. This occurs if there exists a loop through N l or N h and a loop through 

S  so that the loops are interlocked. For n > 3 dimensions the condition is 

tha t there exists a closed n  — 1 dimensional surface in N l or N h and a closed 

n  — 1 dimensional surface in S  so that the two surfaces are interlocked, but 

non-intersecting. In this case the corresponding Betti number of a contour is 

changed.

Note tha t a new object of arbitrary topological complexity with possibly multiple 

boundary manifolds is created a t a  maximum isoset. One or several manifolds vanish 

and multiple objects can merge at a minimum isoset. Extremely complex merges, 

joins, splits, and genus change can occur at saddle isosets. At regular isoset, genus
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iso  se t

object

Figure 8.5: Critical and non-critical regular isoset

change can occur. For example, consider a donut-shaped critical regular isoset with 

flat bottom  and sides. Suppose this critical set merges with a solid cube object. If 

the merge is such that the donut rests flat on top of the cube, then no topological 

change occurs because boundary of the resultant object is still homeomorphic to a 

sphere. But if the merge is such th a t the isoset is glued to the top  of the cube resting 

on its side, then a new handle will be formed causing genus change. Both of these 

cases are depicted in figure 8.5. We leave it as an open problem to  develop an efficient 

combinatorial algorithm for recognizing critical isosets in all dimensions.

W ith the addition of the critical isosets we can drop the da ta  uniqueness require­

ment and Theorem 2 can be revised as follows.
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T h e o re m  3 Let f  be admissible. if[ry, r2] is a critical value free interval then

Ti)) and B ( f ~ l (> To))  are homeomorphic. Conversely topological changes to B ( f ~ i (>

t ) o c c u r  o n l y  a t  c r i t i c a l  v a l u e s .

P ro o f: An maximum or minimum critical isoset S  in 3 dimensions can induce

changes in the number of contours. Consider a saddle isoset S  with critical value 

c. Assume without any loss of generality th a t N h consists of at least two connected 

sets of Highs, namely iVj and No (e.g. the case of Lows is symmetric) If N i  and 

No are part of two different global objects, then those two distinct objects will merge 

at S  as the threshold is lowered through c. Assume that, they are globally part of 

the same object O above the critical threshold c. One can then find a loop L on the 

boundary faces of N  that separates these two component and No, so tha t the loop 

lies completely outside of O. This is because, as in the proof of theorem 2, by the 

definitions of connectivity of Highs and Lows a loop consisting of cell edges and cell 

face diagonals connecting adjacent Lows can be found. As in the proof of theorem 2, 

one can find a loop L'  formed interior to  object O, when these two object portions 

merge at the threshold c. This loop L'  is incompressible, as it is interlocked with the 

above loop L.

The proof for dimension n >  3 is similar. In this case the two sets of Highs can 

be separated by a closed n — 1 dimensional surface £  on the boundary of the cells 

bordering S  (e.g. not in the interior of any cell). Again, as in the proof of theorem 

2, £  can be constructed from n — 2 dimensional cells. In this way the class of closed 

surfaces formed on the contour of O when the object merges with S  at the threshold 

c, will be incompressible. This is because each such surface will be interlocked with, 

but not intersect £ , thus indicating a change in the corresponding Betti number of 

the contour.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



7 1

An additional type of topology' change can occur, one that is caused when an 

isoset is merged w ith another object and either adds a class of incompressible loops 

(or surfaces) to the  object or destroys a class of incompressible loops (or surfaces) in 

the complementary object.

Hence the admissibility uniquely' defines the  topological changes with can only 

occur at critical values.
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C h ap ter 9 

T op olog ica l Zones and  C ritica lity  

Tree

9.1 Topological Zones

The intuition behind the Topological Zone is quite simple. As the threshold is de­

creased from the value of a critical point p, the object containing the criticality grows 

and deforms with homeomorphic boundary until it encounters another criticality q, 

which in some m anner changes the topology of the contours bounding the objects. 

The Topological Zone of criticality p is the volume thus swept by the topological 

boundary of this object. Each connected component of this zone is the volume swept 

by individual boundary manifold of the object. Figure 9.1 gives a visual representa­

tion of the zones.

We define the zones by a set difference so that no assumption that the contours 

vary continuously is required. In practice, if the data  contains isoset, the contours 

will not vary continuously.

Let Op{r) be the object containing p at threshold r .  For any r  that is equal to
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Figure 9.1: Topological Zones and corresponding Criticality Tree

a data  value, define Op(r)  to be the closure of Uc>rOp(c). The Topological Zone for 

criticality p can be defined as,

D e fin itio n  6 Let p be a critical point with critical value x p. ,4s the threshold, is 

decreased f r o mx p, suppose q is the first criticality with critical value x,.. becomes part 

o f the same object containing p and there exists no other critical point r with critical 

value x r within the same object, such that xp > x r > x q. The Topological Zone o f p. 

denoted as £(p) is the set difference between Op( f ( q )) — Op(f{p)).

D efin itio n  7 The Topological Zone components are the connected components o f the 

zone o f the critical point p, Q(p).

9.2 Criticality Tree

The Criticality Tree is a  search structure that hierarchically organizes the zones based 

on values and proximity, and traces the evolution of the objects as it gets created, 

destroys, merges, splits or genus change occurs. This tree is used to navigate and 

identify the zones that includes data  points of the cells intersected by the isosurface 

for any range of isovalue. At any critical value, a new zone is created and it keeps
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growing till it meets another criticality, when this zone freezes ancl another new zone 

is formed. The nodes and the edges of the Criticality Tree are formed in the following 

way.

•  Each node in the Criticality Tree represents a criticality.

•  As the threshold is decreased from the value of a critical point p, if q is the

first critical point encountered within the same object tha t contains p, then q 

is made the parent of p (see figure 9.1). For data that does not satisfy the data  

uniqueness, a given object containing criticality p may meet several criticalities 

as the same time. We just arbitrarily order the parentage of these to break ties.

9.3 Properties of the Topological Zones

T h e o re m  4 Lei p be a criticality with parent q, where f (p)  =  a and f (q)  = b.

1. For each t  satisfying a >  r  >  b, B ( Op( r )) is contained in C(p) and each com­

ponent M  o f B( Op(r)) is contained in a single component o f C,{p). This means

for any isovalue between the value o f a node that represents the critical point

and that of its parent’s, the contour is completely contained within the zone for  

the criticality corresponding that node.

2. For an pair [ t1;to], i f  a >  T\ > T2 > b, B{Op{t{)) and B^Opirf ))  are homeo- 

morphic.

3. For all t , i f  O is any component o f B ( f ~ l {> r))  that does not contain p. then 

B ( 0 )  and £(p) are disjoint.

4- For all r , such that r  > a and r  < b, B ( f ~ l(> r ))  and £(p) are disjoint.
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P ro o f:

A point r E C(p) if and only if f (q)  <  f ( r )  <  f (p)  and r  6 Op(f(q)) .  For any r, 

f ( p ) >  r  >  f {q) .  each point r  E B( Op( r )) satisfies f ( r )  — r  by continuity of / .  Also, 

because each such r E 0 P(f(q))  too, B( Op( t ) )  is contained in C(p) by monotonicity 

of / - I ( ^  T)- The connectivity of the manifolds insures that it is contained in a single 

component of C(p). establishing claim 1. By definition. C(p) contains no critical point 

between with a value between f (p)  and f (q)  which establishes the second claim. Claim 

3 follows from the connectivity of the Op(r) and the fact that boundary manifolds 

are pair-wise disjoint by the property 1 of admissible interpolant functions. Claim 4 

follows immediately from the proof of claim 1.
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C h ap ter 10 

Zone S eg m en ta tio n  A lgorith m

10.1 Computing Zones when Data Uniqueness is 

Satisfied

The preprocessing of the volume data to compute the cells that intersect each zone 

component is performed in three phases, which axe described below. The zone com­

putation algorithm proceeds by assigning labels to the data  points, according to the 

zone, where the particular point belongs. We shall assume that cell edge adjacency 

information is stored in the disk for irregularly gridded data.

Phase 1: Identifying the Critical Points

In the first phase the data  is scanned thoroughly and the critical points are identified 

by computing the connected components of Highs and Lows in its neighborhood, 

as described in section 8.1. Because each critical point is always part of the zone 

th a t corresponds to  its own criticality, they are labeled by their own coordinates, i.e. 

assigns l(p) =  p, where p is a critical point. Simultaneously, it also creates the zone
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file for criticality p for storing the information of all data  points included in that zone. 

The critical points are then put into a max-heap ordered by value (with priority given 

to a critical point to break ties when we extend to non-unique data). Rest of the non 

critical points remain unlabellecl at this point.

Phase 2: Zone Computation

One then iterates the following step until the max-heap is empty. Remove the m ax­

imally valued point r  from the heap with label l (r) =  p. Point r  can either be a 

critical or non-critical point. We elaborate the actions taken in both the cases below.

N on -C ritica l P o in t:

For a non-critical point r p, examine the neighbors of r. If a neighbor q of r is 

unlabelled then assign a tentative label to q from the label of r (i e. L(q) = l(r) =  p) 

and place q on the heap. The label of r is now finalized and it is placed in the file for 

criticality p.

C ritical P oint:

For a critical point r = p, examine the neighbors of r  and if there any unlabelled 

neighbor assign the ten ta tive  label as before. If there is a neighbor q that has a 

finalized label different from the label of r  or in other words l(q) = a, such that 

a ^  p, then make the node th a t corresponds to criticality a, parent of the node that 

corresponds to the criticality r. The flooding of the zone for criticality r is now over. 

The points that are still waiting in the heap with a ten tative label p  are relabeled 

tentatively by a, and each one of them are also placed in the file for criticality r (see 

section 10.2 for discussion on efficient relabeling).
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Critical disambiguation points are regarded adjacent to all the four vertices of the 

4-Hit cell face.

Phase 3: Zone Component Computation &: Cell List Creation

One divides each zone file into its connected components. This can be done by 

employing sparse m atrix technology and using depth first search or the well-known 

set union-find da ta  structure.

After the zone components are computed a new file is created for each zone com­

ponent tha t stores the cell information (e.g. coordinate, values at all vertices, local 

maximum and local minimum) of all the cells whose one or more data  vertices lie 

within the zone component. The cell information are also sorted by the local maxi­

mum first followed by the local minimum values to enable efficient active cell search.

Observe that the algorithm  labels the entire data  set by highest value first order. 

T hat ensures tha t a zone is expanded as much as possible by searching in lowest 

steepest descent direction before it is terminated. Also, at any point of time, all 

points greater than  or equal to a particular r  have been labeled. These are precisely 

tha t points that comprise the components of f ~ l {> r).  W henever a zone labeling for 

a point p terminates, the points remaining in the heap w ith a tentative label p are 

the ones that lie in the cells that contain the boundary of this zone, and the data  

points with the finalized label of p are precisely the points contained in C(p)- Both of 

these types of points are placed in the zone file for criticality p, so tha t the complete 

cell information can be fetched. The cells that are intersected by a zone boundary 

axe included all the zones th a t is bounded by that boundary. These cells are part of 

multiple zones, so our zone segmentation is not a true partition  of the data  points.
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10.2 Implementing Zone Segmentation Algorithm

Because our primary focus is to limit the I/O  and maintain as less in-core data as 

possible throughout the execution, there are several techniques that are used for 

efficient implementation.

Relabeling

The most expensive step is the relabeling of the boundary points of a zone in phase

2. Instead of immediately relabeling the points, we use a lazy approach that results 

in correct but efficient relabeling. The points tha t have to be relabeled are left as it 

is with the first tentative label that was assigned to it, as long as it remains m the 

heap. Only when they are removed from the heap, we trace the parent pointer of 

the node that corresponds to the current tentative label, up to the root node in the 

partially built criticality tree, give them a finalized label th a t corresponds to the root 

node. While following the parent pointer, the data  points are also placed in all the 

zone files corresponding the nodes on the path. These points occur in the cells that 

straddle the boundary of the zone corresponding each node.

Data Read into Main Memory

During phase 1 the maximum number of consecutive slides that are read into the 

main memory at any points of time are restricted to three. This is actually enough 

to  detect the critical points in the middle slide. For instance, suppose currently slide 

(z — 1), z and (z’ +  l) are read into memory. All critical points in the slide z are detected 

and then the next slide (z +  2) is read into the same space as (z — 1), for detecting 

the critical points of slide (z +  1). If the data includes isoset then additional data 

needs to be read from arbitrary slides. In that case only the necessary data points
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are brought into memory, not the whole slide.

Compute Connected Components of One Zone at a Time

We choose to compute the connected component within one zone at a  time, so that 

only a single zone needs to be maintained at once in the memory.

Max-heap Size

In phase 2, the data readings are immediately placed into the zone files once they 

are removed from the heap. So, the number of in-core data is proportionate to the 

contour size. We can further reduce the memory complexity by sorting the criticalities 

and only labeling one zone at a time.

Active Cell Search

The critical value associated with each zone represents the maximum value of the 

zone. This is the maximum value any data  point within the zone may have. The 

zone is not searched for active cells if the given isovalue is above this value. The 

critical value associated with the parent represents the minimum value of the zone. 

It represents the boundary value at which the zone has terminated. The zone is not 

searched for the active cells if this value is higher than or equal to the given isovalue.

While constructing the zone components, the program also calculates the maxi­

mum and minimum value associated with each component by searching the values of 

all the cells included in the component.
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Results Obtained are Stored at each Phase Completion

Each phase is implemented in such a way so th a t the results obtained during each 

phase, are written in the disk at completion. Execution of any phase can be carried 

out independently given that all the previous phases has been carried out before. The 

execution of the whole procedure need not be done continuously and can be stopped 

after any phase and the next phase can resume later by reading the results stored 

from the previous phase and initializing the environment.

10.3 Zone Segmentation Algorithm when Data Unique­

ness is not Satisfied

We modify the zone labeling algorithm to handle the isosets by modifying the phase 

1 so tha t it uses depth-first search to identify all isosets as well. In addition to the 

critical points, we also identify the critical isosets of type 1 through 3, and the regular 

isosets. Select an arbitrary  point in each isoset as the label, and place only this point 

into the heap. We call this point the Set Representative which is given a higher 

priority than  a non set representative point of the same isoset.

Phase 2 is modified as follows. If a set representative point is selected then com­

pute the isoset using depth first search and examine the neighbors of the isoset. The 

whole isoset is placed in the zone file for corresponding criticality. At the end of the 

iteration cycle, remove any point that is part of the isoset from the heap.

Since we do not have a exact procedure to identify critical regular sets, we assume 

all of them  to be critical. However in tha t case, some zones may be divided by 

regular isosets th a t are not actually criticalities. This will not change the properties 

of the zones that we have defined, but will segment the zone unnecessarily and make
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it smaller. In order to remedy the problem, one solution can be stated as follows. 

Consider a isoset S  with value c. Use an isosurface extraction method and compute 

the triangle mesh that models the boundary of the objects in the neighborhood of S  

for isovalue c + e and c — e. Using Euler’s formula determine whether or nor a genus 

change has occurred as the threshold is decreased from c +  e to  c - e .  If so, then the 

regular isoset is a criticality and leave the zones as it is. If not, then it is not a critical 

isoset and merges the corresponding zones together.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



S 3

C h ap ter 11 

C o m p u tin g  Isosu rfaces

11.1 Basis: The Spider Web Algorithm

The original Spider Web algorithm [22] constructs the isosurfaces for regularly gridded 

3D data  by creating the surface patches in the cells as follows.

For each connected set of hits within a given 3D cube, we interpolate an interior 

Articulation Point (A P ) which is the center of mass of all the hits in tha t set. For 

each pair of adjacent hits in the set, we form a triangle consisting A P  and the two 

adjacent face hits. We repeat this action for all cubes with hits. Figure 11.1 shows 

an example of isosurface construction for a 3 dimensional cubic cell.

The proof of correctness for 3D is quite simple and illustrated in detail in [22].

11.2 Implementing the Spider Web on Zone Com­

ponents

The visualization tool employs Spider Web algorithm as the basis for constructing 

isosurfaces. This tool is used to  construct the contour at any given isovalue r ,  after
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Articulation
Point

Figure 11.1: Constructing isosurfaces using Spider Web

the d a ta  is preprocessed, segmented into zone and associated components and cell list 

for each zone component is created and sorted by their extrema values. The tool first 

uses the criticality tree for navigating into the correct zone components and active 

cell search. It then produces the isosurface only within the active cells using Spider 

Web algorithm. The procedure works as follows.

1. The visualization toolkit a t first reads the Criticality Tree from the disk and 

rebuilds it.

2. Given a isovalue r ,  it travels the tree nodes in preorder, starting  at the root 

node and conducts the search for active zone components as follows. Let Qcurrent 

is the zone associated with the current node being traveled and we call a zone 

component active if the any cell within the component is intersected by the 

isosurface.

•  if r  > min^current) then the active zones are not yet reached. All of its 

children nodes axe visited.

• if max^Qcarrent) >  t  < min^current) then the boundaries of the zone that 

corresponds to the  current node straddle the given isovalue t .  Scan through 

its component list. Suppose, there are n components of this zone. For any

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



8 5

zone component Qompi of the current zone, where i = 1. 2, . . . .  n, that sat­

isfies m a i( (compi) > r  <  mzn(Ccompi), report it as active zone component.

•  if r  <  m ax ((current) then the active zones in this pa th  have already been 

visited. So, the descendants of the subtree rooted at the current node are 

ignored.

3. Once the active zone components are reported the program scans through the 

cell list of each one of them  for active cells. For any cell C. if max( C)  > r  < 

min(C) ,  then  it is an active cell. The isosurface is constructed locally within 

the cell using the Spider Web algorithm. Because the cell lists are sorted, as 

soon as a cell with max( C)  <  r  is encountered, the search for the active cells 

is term inated for that zone component.

Using the procedure described above the visualization tool searches for the active 

cells within active zone components and applies the Spider Web algorithm to locally 

construct the isosurfaces. Since admissibility and disambiguation values uniquely 

define the structure of the contours and every contour is completely contained within 

a single zone component, it results in correct and continuous isosurfaces without any 

holes or tiling errors in it.
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C h ap ter 12 

C ritica lity  Tree V s. C on tou r Tree

There are some essential difference between the Criticality Tree and the Contour 

Tree [35], [36], search structure produced by the other topology-based decomposition 

algorithm (see section 3.9.1). The two search structures are contrasted and compared 

in table 12.1.

C o n to u r T ree C r it ic a lity  Tree

W h a t d o es  it Traces the evolution of individ­ Traces the evolution of the ob­

trace? ual contours. jects bounded by the contours.

C hanges Does not record the change in Records the creation, deletion,

th a t are genus since th a t does not ef­ merge, split of objects as well

recorded fect the number of contours. as the genus change of the

It only records the creation, boundary manifolds.

deletion, merge and split of

components.
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C on tou r Tree C r it ic a lity  Tree

L eaf n o d es The leaf nodes are the max­ The leaf nodes can only be

ima and the minima, where the maxima, where an object is

boundary manifold are created 

and vanished.

created.

N o d e s  w ith A node with multiple children A node with multiple chil­

m u ltip le can occur when two or more dren strictly signifies that two

ch ild ren distinct objects merge or two distinct objects have merged.

or more boundary manifolds of Any type of genus change in

the same object merge/split. the boundary manifolds of the 

same object would yield a node 

with a single child.

Search  for While searching for the ac­ While searching for the active

a c tiv e  ce lls tive cells, a seed cell known cells, only the corresponding

and I /O to have intersected the con­ zone component file contain­

effic ien cy tour is first located and then ing all the related active cells,

the algorithm locally propa­ is read into memory, resulting

gates from it, resulting too 

many I/O  operations.

optimum I/O  operations.

Table 12.2: Contour Tree Vs. Criticality Tree

Let us illustrate the difference between the Contour Tree and the Criticality Tree 

through an example. Let us consider a previous example that is used to define the 

Contour Tree in section 3.9.1. Figure 12.2 shows the level set of a function /  as the 

param eter r  is decreased and figure 12.1 shows the corresponding Contour Tree and 

the Criticality Tree. Initially there are four objects created at maxima 7 through 10.
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Figure 12.1: Contour Tree

Figure 12.2: Level set of /  as the param eter x decreases
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These merge at saddles 5 and 6. Then the contours bounding each of the objects 

undergo two genus changes, changing from sphere to torus to sphere again at saddles 

5: and -5” (and at saddles 6’ and 6” , respectively). These changes axe not reflected in 

the Contour Tree. Then the two objects merge at saddle 4, the boundary of the this 

object becomes toroidal at saddle 4’ and a inner boundary is created at saddle 3 by 

a split. At this point the object comes to enclose a hollow. Note that the Contour 

Tree has two edges coming out from node 3, which represents the outer and inner 

boundary manifolds of the object respectively. Finally the bubble is closed at minima 

2 and this node represents the single object containing the entire data set.
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C h ap ter  13 

C on clu sion

The Topological Zone Segmentation algorithm has m ultiple applications in out-of-core 

visualization of large data  set and possible image registration. Some of these applica­

tions have already been implemented and presented here with the results obtained by 

conducting various experiments. The results shown here confirms our postulates for 

most of the cases, and demonstrates the benefits achieved, which includes significant 

improvement for active cell search. Some other applications are not yet implemented. 

These axe mentioned here for future references and further improvements of the visu­

alization toolkit th a t has been developed as the first step towards Topological Zone 

Segmentation.

13.1 Results & Applications of Zone Segmentation

Atlas of all Topologically Distinct Objects in the Data Set

The zone segmentation allows us to produce a visual atlas of all topologically distinct 

objects in the data  set together with the range of isovalues tha t reveals each object, 

not just the individual contours . A common criticism of the isosurface extraction
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methods is that they obscure the underlying structure of the scalar field. The zones 

reveal it. The range of isovalues associated with each zone makes it much easier to 

find the correct isovalue for the structure we are interested in.

Based on these ideas, we built a visualization toolkit tha t can be used to navigate 

into the data set for different isovalues. Once the d a ta  is preprocessed, all the zones 

and their corresponding components as well as the Criticality Tree is stored in the 

disk. The visualization toolkit reads the Criticality Tree, initialized the environment 

and inputs the user for the initial, isovalue, and for the A value by which the isovalue 

will be changed a t each stage, during navigation. The toolkit then travels in the 

tree starting at the root and searches for the zones whose boundaries contain the 

current isovalue and their active components. 1’he zone component files contain a 

sorted list of the cells. All the cells, for which the current isovalue is in betw'een 

the maximum and minimum vertex values, are considered to be the active cells. 

The Spider Web algorithm  is used to construct isosurface withiu those cells. The 

search continues w ithin a selected zone component file until a cell is found that has 

a maximum vertex value less than the current isovalue. The visualization tool also 

allows us to increment or decrement the isovalue by the A value entered by user. It 

reconstructs the isosurface every time the isovalue is changed. In other words, user 

can navigate into the da ta  set for various isovalue, and find the correct isovalue for 

the object(s) of interest. Due to the zone preprocessing, the search space reduces to 

a much smaller sub space, which works as a great advantage for the toolkit. The 

toolkit loads and visits only a small percentage of the to ta l cells and can generate 

isosurface in real tim e. It also allows the user to rotate the objects generated at any 

isovalue, incrementally, so tha t the objects can be examined from different points of 

view. It can also be used for anim ating the evolution of the objects as the isovalue is 

decreased from the global maxima to global minima. Figure 13.1 shows few snapshot
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of such an anim ation done on a simulated data set tha t has a similar structure as the 

data set shown in figure 3.10.

Faster Isosurface Extraction

Our m ethod constructs the isosurface without any local propagation. The active cells 

for any isosurface component are completely contained in a single zone component and 

the zone component files stores all necessary information regarding the cells w'ithin 

it. If the zone component is small enough (e.g. the size of the file is less than  or 

equal to one disk block) we read this single file containing a super set of the active 

cells into memory reducing the seek time to O (i). Otherwise, we further organize the 

cells within that zone component into I/O  optimal interval tree and use this search 

structure to  read the active cells from the file. This results in minimal I/O  time over 

all known methods for isosurface extraction. Table 13.1 shows the results obtained 

for various data  set.

Experiment 1 was conducted on simulated data  th a t modeled similar object as 

figure 3.10. Experim ent 2 was conducted on unfiltered medical data. Experiment 3 

was conducted on the same data set as Experiment 2, bu t filtered. All of these da ta  

set were of size 20 X 20 x 20 (e.g. row X col X slide) and had 19 X 19 X 19 (e.g. 

6859) cells (the d a ta  set is artificially bounded by an isoset of value 0). The fourth 

row ’Total zone created’ gives an account of the num ber of critical points identified 

and the associated zones in the data  set. The unfiltered medical data  set resulted 

in too many critical points and corresponding zones, bu t for the other two d a ta  sets 

the number of critical points were reasonable. The next row shows the maximum, 

minimum and average number of points in the zones created. For both filtered and 

unfiltered medical d a ta  set, many of zones included fewer than 0.1 percent of the  to tal
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Figure 13.1: Snapshot of the level set of a function /  as the parameter r  is decreased
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Exp. 1 Exp. 2 Exp. 3
Data descrip. Simulated Unfiltered Medical Filtered Medical

Size (Row 
x Col x Slide)

20 x 20 x 20 20 x 20 x 20 20 x 20 x 20

Total no. 
of cells

6859 6859 6859

Total zone 
created

27 1345 167

Max. Avg. Min. Max. Avg. Min Max. Avg. Min.
Points in zone 2659 957 23 2187 1217 1 2605 1116 1

Active cells 3148 1978 64 3351 1143 8 2477 800 8
Cells visited 4563 2410 72 3356 1149 9 2733 843 9
Cells loaded 
in memory

4563 2923 624 4392 1459 26 2985 1063 46

Load utility (%) 100 64.7 10.3 100 71.6 30.8 100 58.7 17.0
Travel utility (%) 100 86.4 64.3 100 97.4 88.9 100 95.6 80.1

%tage of 
cells loaded

66.5 42.6 9.1 64 21.3 0.4 43.5 15.5 0.7

%tage of 
active cells

45.9 28.8 0.93 48.7 16.7 0.1 36.1 11.7 0.1

Table 13.1: Experiment Results
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data  points, as can be seen from the minimum column. This zones does not really 

reflect any significant change in the topology and can be put off the record without 

too much loss of information. In the next section some suggestions are made on how 

to classify the zones in terms of their essentiality or ability to reflect significant change 

in topology and how to keep only essential zones into account. The modification will 

further optimize the I/O  overhead for the neighborhood search as discussed in the 

end of the next section. The next three rows, ’Active cells’, ’Cells visited’ and ’Cells 

loaded in memory’ are the number of cells tha t actually intersected the isosurface, the 

number of cells that are examined in the active zone component files and the number 

of cells tha t are brought into memory (e.g. the cells in the active zone components) 

respectively. The load utility designates the percentage of active cells among the one 

that are brought into memory. In other words this percentage of cells were actually 

utilized to construct the isosurface. The travel utility means the percentage of active 

cells among the one that are examined As we can see, lor all the three experiments, 

both the utility factor turned out to  be quite high. This shows that the preprocessing 

of the data  results in efficient load and search of active cells. Specially because the cells 

of an active zone component resides in the same file, the number of I/O  operations 

will be further minimized because the cell information will be packed in one or more 

disk blocks. The last two rows shows the percentage of to tal cells that are loaded 

into memory and are active, respectively. The average percentage of in-core data is 

around 20% for medical data, which is quite reasonable, because in an average 15% of 

the to tal cells are indeed active cells th a t we actually need to produce the isosurface. 

As we can see, The zone segmentation preprocessing reduces the amount of in-core 

data  significantly (e.g. very close to the amount that we actually need to construct 

the isosurface), produces correct isosurface and takes a big step forward to overcome 

the I/O  bottle neck for visualizing very large data set.
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13.2 Future Applications of Zone Segmentation 

Noise and Inessential Feature Reduction

One of the limitations of our algorithm  is that it is sensitive to noise. The inclusion 

of noise in the data may result in additional critical points with very high value and 

associated zones that are very sm all in size. Also there can be some critical points 

th a t has regular data  value (e.g. not a noise) and very small zones associated with 

it. We can simplify the data set by eliminating smaller zones by merging them  with 

larger ones, if we feel that the zone and associated critical point represents a noise or 

an inessential feature.

As the experimental results show, the unfiltered medical data  set results in too 

many critical points.' Handling too many zones for large data  sets may prove to be 

impractical. However, many of these critical points are indeed insignificant, since for 

these, the parent, critical point is encountered soon after the original critical point 

resulting very little or no flood of the corresponding zone in the neighborhood. The 

topology does not really change too significantly, for any isovalue r  w ithin the range 

of the the two critical values. T he boundaries of the parent zone ju st wrap that of 

the child zone tightly. These critical points can be eliminated as insignificant without 

loosing any significant change in the  topology. The corresponding zone can be merged 

with the zone of its parent, resulting fewer critical points and associated zone files. 

Now the question arises, how do we determine which are the insignificant critical 

points. Here are some suggestions on how to determine significant critical points and 

lower the number of zone to a desired level.
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S u g g estio n  for R ed u c in g  In e ssen tia l C ritica l P o in ts

First, let us examine, what is the end result of having too many zones and too little 

zones.

In one extreme, if there axe too few zones, it will result in larger zones and zone 

component files which will probably not fit in one disk block. Thar, means we will have 

to perform more than one I/O  operations for transporting a single zone component 

file. In the other extreme, as the number of the zone increases, the size of the zone 

reduces. The smaller the size of the zones, the higher the possibility that single zone 

component will fit in one disk block resulting a single I/O  operation to bring this zone 

component into main memory. But too many zones will also result in transporting 

too many zone files from the secondary memory detoriating the I/O  efficiency. For the 

fastest results, the best choice is to create optimum size zone and optimum number 

of zones. Since real life medical images results in too many critical points, the first 

step would be to reduce these criticality to only significant ones. Some heuristics can 

be applied to identify the insignificant critical points as follows.

•  The zone file are not created until the zone is term inated. Till then keep the 

points with final label of that zone stored in the memory at part of the structure. 

If th a t results in burdening the memory too much, then we can store them in 

a tem porary file with a capabilities to move the data, and removing the file 

altogether, when needed. When a zone terminates, we first decide whether it 

is significant or not. If so, then we create the original zone file and place the 

points in it. Otherwise we merge the zone with its paren t’s. For each case, we 

remove the temporary file (e.g. if it exists) at the end of the operation.

•  We keep a count of how many points get finalized label of a critical point before 

its parent critical point is encountered. This is exactly the area th a t is flooded

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



9 8

Deprecated
Zone

Figure 13.2: Rearrangem ent of the Criticality Tree when a zone is tagged as depre­
cated

by a zone before the parent critical point is reached.

•  We need to  set a threshold that will be minimum number of points tha t must 

have a finalized label of the zone for it to  be a significant one. For example 

one may decide that at least 0.1% of the to tal data must be flooded for a zone 

to be accounted. Any zone that does not satisfy the criteria will be considered 

inessential.

•  When a zone term inates we check whether or not it is essential. If not, then 

tree node corresponding this critical point will be tagged as deprecated in the 

Criticality Tree. We can not completely eliminate this tree node because we 

need to relabel the points with tem porary label of this zone. All direct children 

of the tree node will bypass this deprecated node and direct point to its parent. 

The points with the finalized label of this zone will be moved to the  zone of its 

parent. The maximum value and the number of points with finalized label of 

the parent zone is reseted accordingly. Figure 13.2 shows the rearrangem ent of 

the Criticality Tree if a zone is tagged as deprecated.
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•  While relabeling a point with tem porary label corresponding to a deprecated 

zone, parent pointers are traced until a node is found with a zone that is not yet 

deprecated. The relabeling continues as before, by tracing the parent pointers 

starting from this node.

•  At the end of phase 2, only the nodes corresponding essential zones in Criticality 

Tree are stored, ignoring the deprecated ones.

•  The threshold value depends on the desired size of the zone and number of zone. 

At first we need to  figure out a relationship between the number of zone and 

the size of the zone using different threshold. The best chosen threshold will 

the one, the results in optimum number of zone of optimum size of the zone.

•  We can store the zone files in a database for faster access. A B Tree can be 

created for efficient search of the zone files.

The reduction of the zones only to essential ones should not hamper the travel 

utility to any significant extent. As we can see the  filtered medical data  v/ith much 

fewer zones, resulted in lower but very close travel utility factor (e.g. only 2% lower 

travel utility with 87% reduction of critical points). The load utility suffered little 

bit more for filtered medical data. The primary reason for that is the data  set was 

smoothened by filtering, resulting some big chunks of da ta  set without any change 

is topology, and some chunk with still too many criticality. Zone reduction using 

above method restricts the minimum volume swept by a zone to a preset value with­

out smoothing or changing the actual values. So, there will not any large chunk of 

smoothened data  w ithout much variation that results in big zones. Also no parent 

zone boundary will tightly  wrap any child zone boundary reflecting no significant 

change in topology, increasing the range of isovalue for each zone. This will result in
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very efficient isosurface construction for any small increment of isovalue, where some 

of all the active zone components remain to be same, and most of the cells already 

loaded in the memory can be used once again. No further I/O  operation is needed 

to perform for the overlapping active zone components, further improving the I/O  

efficiency.

A Priori Topology Preserving Simplification and Dynamic Ren­

dering

The topology of the boundary manifold of a zone component remains invariant for any 

isovalue that lies w ithin the range of that component, and the topology changes occur 

only at critical points. This means as long as we retain the critical points or critical 

isosets, we can coalesce cells within a zone component up to the limits given by the 

zone structure without changing the topology of the resulting isosurface components. 

In this manner we can reduce the tiling complexity of the resulting isosurfaces, either 

prior to actually extracting them or during actual extraction based on users’ demand. 

This allows us to have a  control on the rendering complexity and manage the level of 

detail either statically or dynamically, preserving the topology of the contours. Thus, 

we can have finely rendered surfaces in the areas of interest, and coarsely rendered 

surfaces in other areas.

Consider the case of 3D regularly gridded data. In order to obtain coarsely ren­

dered surfaces we can coalesce 8 adjacent small cube into a large cube and calculate 

the hit points and extract the surface patches based on the values of the vertices of 

this large cube. While refining the rendering, we can divide this large cube into 8 

small cubes, by adding back the interior data points, which are anyway part of the 

same zone component, and extract the isosurface individually for each of these 8 small
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Figure 13.3: Finely and coarsely rendered surfaces without changing the topology 

cubes. Figure 13.3 shows an example of different rendering complexity.

Image Registration

It will be very interesting to  explore the potential use of Topological Zones in ap­

plications such as multi-modal image registration. Note tha t the criticality tree is 

invariant with respect to rotation, scaling, translation and uniform value translation 

of the data set. Two images with same contents rotated at different angle, scaled 

differently or translated will result in similar or partially similar Criticality Tree. The 

Criticality Trees can be compared to verify whether or not the images has the same 

contents. Once the corresponding critical points are identified, two graphs G and G' 

can be drawn tha t connect the corresponding critical points. The image registration 

problem can then be reduced to registration of these graphs only.

The zone segmentation provides a very natural and efficient way of organizing 

the data set since the organization is based on the contents of the data set itself. 

The whole procedure of the preprocessing is automatic and does not need any user 

intervention. The zone segmentation preprocessing results in optimum 1/O operation
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which provides a great starting  point for overcoming one of the still unresolved chal­

lenges of visualization and anim ation of very large data  set. Also because the zone 

segmentation traces the evolution of objects, this can be used to  model the volumes 

and objects. We have dem onstrated the feasibility, correctness and utility of zone 

segmentation and organization in visualizing volume data  sets. We believe that we 

have provided a basis for exploiting this powerful technique th a t will ultimately re­

sult in the ability to visually navigate extremely large volume d a ta  sets in real time 

without any special purpose hardware.
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A p p e n d ix  A  

P r o o f  o f  th eo rem  1

L em m a  1 Let e be a cell edge. Then e has a single intersection point termed as hit 

with t )) i f  and only i f  the incident end points are High and Low, respectively.

Proof: This follows immediately from property 2.

L e m m a  2 Each 2 dimensional hypercube face F  (e.g. square) has 0, 2 or4  hit points. 

Each 2 dimensional simplex face F  (e.g. triangle) has 0 or 2 hits.

P roof: This follows from a simple parity argument or by examining the 4

possible arrangements of Highs and Lows on the 4 vertices of a cube face. 1, 2 or 3 

edge adjacent Highs give 2 hits and a  pair of diagonally opposite Highs give 4 hits 

(See figure 7.5).

D e fin itio n  8 Two hits are adjacent in a face F  if  they are connected by a curve 

segment o f B ( f ~ l (>  t ))HF.  Connectivity o f the sets of hits is defined by the transitive 

closure of adjacency. Connected components are defined accordingly.

L e m m a  3 Each hit point h o f face F  is connected by a curve segment of B ( f ~ l (> 

r))  Pi F  to a unique adjacent hit point h' in F .
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P roo f: The results follows from the previous lemma, the disambiguation rule

and property 2 of admissible interpolants (See figure 7.5).

D efin ition  9 We can uniquely identify a hit point by the cell edge on which it occurs 

by interpolating the values o f the two endpoints o f the cell edge.

L em m a 4  B ( f ~ 1(> r ) )  and f 3 ( / /_1( >  r ) )  have the same hit sets and the hit con­

nectivity, i f  f  and f  are both admissible.

P ro o f: Changing the interpolation function does not change whether a vertex is

High or Low. For regularly gridded data, /  and f  both has the same disambiguation 

values resulting same hit connectivity.

D efin ition  10 Two surface patches are adjacent i f  they intersect.

L em m a 5 Two d — 1 dimensional surface patches o f M , a  E C and a' E C  are 

adjacent, i f  and only i f  their intersection is a set o f d — 2 dimensional surface patches 

of M  in the d — 1 dimensional boundary cell shared by C and C '. Further, i f  rr 

and cr' are adjacent then they share at least one hit point in each component o f their 

intersection.

P roof: The fact that they must intersect in some lower dimensional patch follows

from the fact tha t the d — 1 dimensional boundary cell is completely shared by C  and 

C' and property 2 of the admissible interpolants. The fact that they share a hit point 

in each component of their intersection is due to the fact that their intersection must 

occur on at least one cell edge, and thus they share the hit along this cell edge.

L em m a 6 Each connected component of hits in cell C  is a member of a unique 

surface patch a  E B ( f ~ i (> r)) n  C. Conversely the hits contained in each surface 

patch a  E B ( f ~ 1(> r ) )  H C form a unique connected component of hits in C .
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Proof: By definition of hit adjacency and connectivity, each pair of hit in a

connected component of the hits within C  is connected by a path within B ( f ~ l (> 

r ) )  n  C.  By the path connectivity of the surface patches, this path must be a part of 

the same patch. Thus the connected set of hits all lie in a single patch a  of C .

For the other direction, we must show that the hit points of a  form a connected 

set within C.  The proof is by induction on the dimension d. The result is clearly true 

for d =  1 and d = 2. For inductive hypothesis, we assume th a t for all j  < d -- 1. the 

hits of each patch of a j  dimensional cell C  is a connected set within C.  Let h and /?/ 

be any two hit points of a. Since a  is homeomorphic to the unit ball, its boundary 

,3 is connected and contained in the d — 1 dimensional boundary cells of C  Then 

there is a path 7r E 3  from h\ to ho such that, this path 7r passes through a sequence. 

crj, 0-2, . . . ,  crm, that are adjacent d — 2 dimensional patches in the d — 1 dimensional 

boundary cells of C. Let hi be any hit point in cq and h i+1 be a hit point in cq. 

where 1 < i < m. We claim th a t hi and hij.i are part of the same component of hits 

of C  which is justified as follows. Since cr,- and cq+i are adjacent, by lemma 5 they 

share at least one hit point. By induction hypothesis, the hits of cq and cq+1 are each 

connected individually w ithin their respective boundary cells. Thus the union of the 

hits of cq and cq+1 must be part of the same connected set of hits in C.  This also 

implies that hi and /q+i are part of the same connected component of hits in C and 

established the claim sta ted  before. That means any two hit points in a  are part of 

the same connected set. In other words, the hit points contained any surface patch 

cr form a unique connected component of hits within the cell C.

L em m a 7 Each connected component o f hits is contained in a unique component 

manifold M  of B ( f ~ l (> r ) )  and conversely the hits contained in each such manifold 

M  form  a unique connected component of hits.
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P ro o f: A connected component of hits is contained in a single manifold M  by

the definition of hit adjacency and the hit connectivity. This manifold is unique, since 

by property 1 of admissible interpolant. the manifolds are pair-wise disjoint.

For the other direction, suppose that M  contains two hit points hi and ho. There 

is clearly a path n in M  from hi and ho. This path passes through some sequence 

of patches of M, a i , rxo,. . . ,  a m of cells C\, Co, • - -, Cm, where hi E (J\ and ho E am. 

For each 1 <  i  < m, cr* contains a unique connected component of hits within O* by 

lemma 6. For each such i , a t and crt+i intersect in a shared boundary cell of C, and 

Ci+i and share at least one hit point by lemma 5. Thus the  hit points of oq and <Ji+i 

are part of the same connected component of hits, which means h\ and ho are part 

of the same connected set of hits as well.

L em m a  8 if f  and f  are both admissible. B { f ~ l (> r))  and r)) consists

of the same number o f components.

P ro o f: Let H  be a connected component of hits. Let M  and M ! be the compo­

nent of B ( f ~ l{> r ) )  and B ( f ' ~ l (> r))  containing H.

L em m a  9 Let M  and M ' be consists of the patches E =  cri, cro,. . . .  cr̂  and E ' =  

cr'i, a'o, . . . ,  a'k . There exists a one-to-one mapping ip o f  E onto E ' so that for all 

I < i < j  < lc, ai is adjacent to aj, i f  and only if if {a f) is also adjacent to ffcrf). In  

addition their respective intersection have same number o f components.

P ro o f:

The mapping if associates two patches if they share the same hit set. The mapping 

is one-to-one and onto by lem m a 6. If ai is adjacent to a3, then  from the above lemmas, 

they share at least one hit in  common. Suppose they share a hit on cell edge e. Then 

if(ai) and if(crj) also share a common hit on the cell edge e and are adjacent.
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In other words if we represent the patches and their adjacencies by graphs in the 

natural way, then the graphs representing M  and M ' are isomorphic. Using the above 

fact we can prove,

L em m a  10 M  and M ' are homeomorphic.

P roof: We can construct a global homeomorphism from M  and A/', piece-wise

via their patches. From property 2 of admissible interpolants, both patches cr, and 

ip(cTi) are bicontinuously mappable to a unit disk. From lemma 9, we know that Oi 

is adjacent to cr, if and only if U(cr;) is also adjacent to w{<jj). Also by lemma 5 and 

property 2 we know that the intersections of the corresponding pair of the adjacent 

patches are bicontinuously mappable. We cam thus bicontinuously map cr, to <A(cr,) 

and extend the mapping for each adjacent patches recursively. Thus we can define the 

homeomorphism iteratively on each cr,- and extend it to define globed homeomorphism 

from M  to AT, proving the lemma.

Theorem 1 now follows immediately from lemma 7 and 10.
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A p p en d ix  B  

P r o o f  o f  th eo rem  2

Proof:

Observe th a t objects and sets of Highs are rnonotonic in the sense that, as the 

threshold is decreased, High data  readings remain High, and points tha t were part of 

an object, remain as part of the same object, throughout. The Lows becomes High 

after a certain time and new points are added to the objects.

Topology changes to r ) )  can thus occur in several ways and of course,

several changes can occur at the same time. First of all a new object can be created 

as the threshold r  is decreased through a value c, and hence a new contour is created. 

It is straightforward to see from tha t property 1 of the admissible functions that this 

can only happen if c is a local maximum critical value. In this case there is no object 

in some region of space for all thresholds r  >  c, but a new object exists in the same 

region for r  <  c. By admissibility and data  uniqueness, this new object must contain 

a single data  point p and must comprised of a single connected component of Highs. 

Thus p is the local maximum critical point. Similarly a contour can vanish at c, and 

by monotonicity this can happen only if c is a local minimum critical value, where 

the associated point p comprises a single connected component of Lows for r  =  c +  e.
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Two or more separate contours can merge at value c. From property 1 and mono- 

tonicitv, this means that there exists two separate components of Highs at threshold 

r  =  c 4- e, th a t are merged into one component of Highs at r  =  c — e. This can only 

happen if c is a saddle critical value of type 3 and a point p becomes High at c and 

unites the two components, or c is a critical saddle point of type 4 and the change of 

the connectivity of Highs in a 4-Hit face unites the two locally separate component 

of Highs.

One or several contours can split at c. From admissibility property 1 and mono­

tonicity, this will happen only when a component of Lows is separated by a change 

in connectivity at c. This can happen only if c. is a saddle critical value of type 3 or 

4.

In 3 dimensions a  contour can change in genus at c, when a class of incompressible 

loops is created or destroyed. Monotonicity and homctopy imply that an increase in 

the genus of a  contour can only occur in the following way. As the threshold is 

decreased through a value c, two separate portions of the same object th a t existed 

in a neighborhood of a point p a t threshold c + e, are merged at threshold c — e, 

so that the boundary of the object can be surrounded by an incompressible loop 

in this region. Similarly, a decrease in the genus can occur only when there is a 

region of space containing the connected set of points of the complementary object 

(e.g. corresponding component of Lows) a t threshold c + e, so that its boundary 

can be surrounded by an incompressible loop in this region. At threshold c — e, the 

complementary object splits and the boundaries are separated destroying the loop. 

By admissibility, this means two locally separate components of Lows exist a t c — e, 

so that N l m ust consist of at least two components and p is a saddle critical point of 

type 3 or 4.

For dimensions greater than 3, the same argument holds, with the difference being
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that a class of incompressible n — 2 dimensional surfaces (e.g. equivalent to a sphere) 

are created or destroyed resulting in a change of the corresponding Betti number of 

the contour.

We now dem onstrate that topological changes occur only at critical values. By 

admissibility, a new object is created at a local maximum and a contour vanishes at 

local minimum. Multiple changes can occur a t saddles, including any combination 

of contour merges, splits, and handles axe created and destroyed. We argue th a t at 

least one of these changes occur at a saddle value. F irst of all, the saddle point p with 

value c, is part of the same global component of Lows at threshold c-be. At threshold 

c — e, when p becomes high, the component gets separated from p. By property 1, 

a boundary contour has split, a t c. Similarly if two globally separate component of 

Highs are merged a t c, at. least one pair of the corresponding boundary contours has 

merged.

For changes to  topological type (e.g. genus or higher order Betti number of a 

contour), note that, the cells N  sharing saddle point p with value c. are homeomorphic 

to unit ball B ,  w ith p a t the center and the  other da ta  points on the spherical 

boundary of the ball. Suppose that there are at least two components of Highs 

of N h  namely, iVj and No  on the boundary of B  at thresholds above c (e.g. the 

argument for Nl, is symmetric). By assumption both  N \  and No are part of the same 

object O .  In 3 dimensions one can find a loop L  on the boundary of B  (e.g. on the 

cell faces) tha t separates N i  and No so tha t L  is exterior to O .  The definitions of 

connectivity assure th a t we can construct L  as a loop consisting of cell edges and cell 

face diagonals connecting adjacent Lows. O  will intersect the boundary of B  in at 

least two components 0 \  and Oo containing N \  and No respectively. By connectivity 

of O and its boundary contours, one can find a path  t t  in the boundary of O from 

O i to Oo so tha t 7r never intersects the interior of the cells B .  At c — e, t t  can be
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extended to a loop L' by a path from O\ to Oo through the interior of B. Clearly L' is 

incompressible as it will be interlocked with the above loop L. For n > 3 dimensions 

from connectivity of data readings and cell structure, one can similarly find a closed 

loop L on the boundary of B, consisting of n — 2 dimensional surface patches. For 

example, in 4D the surface patches will consist of 2 dimensional cell faces. Again one 

can find an n — 2 dimensional surface patch loop L' on a contour of O, extending 

through and out of B, so that L  and L' are nonintersecting but interlocked. Thus 

there is a resulting change to the corresponding Betti number of the contour at the 

critical value.
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